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ROBUST NONLOCAL TRACE AND EXTENSION THEOREMS

FLORIAN GRUBE AND MORITZ KASSMANN

We prove trace and extension results for Sobolev-type function spaces that are well suited for nonlocal
Dirichlet and Neumann problems including those for the fractional p-Laplacian. Our results are robust
with respect to the order of differentiability. In this sense they align with the classical trace and extension
theorems.

1. Introduction

We are concerned with well-posedness of nonlinear nonlocal equations in bounded domains, such as
(=Ayu=f inQ,

) (1-1)
u:g lan \Q,

where the fractional p-Laplacian is defined via

dy
jx — y|dtsp’

(=AY u@) = (1—5)p.v. /R ) = w1 w) — u(y)

A standard approach to problems like (1-1) is the variational approach, which is based on an energy
functional and corresponding function spaces. Since the operator (—A)ju is nonlocal, it is necessary
to prescribe values u(x) for x € R? \ Q in order for (1-1) to be well-posed. A possible yet restrictive
option is to work in the Sobolev—Slobodeckij space W*?(R?). Note that an assumption of the type
g € WP (RY) imposes unnatural restrictions since problem (1-1) does not involve any regularity of g in
R?\ Q other than some weighted integrability. Popular workarounds include assumptions of the type
g e WsP(Q )N LP(R%; (14 |x|)~?~*P dx) for some enlarged domain 2, = {x € R? | dist(x, Q) < &}.

We introduce and study trace spaces on R? \ € that allow for a natural variational approach to nonlocal
nonlinear problems. An important feature of our approach is the robustness of our results as s — 1.
This allows for a theory of well-posedness for problems like (1-1) that is continuous in the parameter s at
s = 1. In this case, problem (1-1) reduces to

—div(|Vul?>Vu) = f inQ,
u=g ondf.
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In order to derive the setting of the variational approach, let us explain the definition of a weak solution
to our model example (1-1). Given a sufficiently regular solution « to (1-1) and a regular test function
¢ : RY — R with compact support in 2, the following should hold:

/(—A);u¢=/ fe,
Q Q

which, after an application of Fubini’s theorem, reads
// () — (V)P 72 w(x) —u(y)) (p(x) — (.0()’)) |d+vp f fo.  (1-2)
C XQC)C

This line motivates the following definition of an energy space. For a bounded open set 2 C R¢ and
1 < p < oo, we consider the fractional Sobolev-type space

VEP(Q|RY) := {u : RY - R measurable | [u]ys.rq|ge) < 00}, (1-3)
lu(x) —u(y)|?
P = (1— / — 7 dxdy, A, B € B(RY). 1-4
[t]yepca)py =1 —5) s Ty y (R) (1-4)
We endow this space with the norm ||u||€3_p(Q|Rd) = ||u||Lp(Q) + [u ]Vs Q| RY)" The space V57 (2| R?)

is a separable Banach space and reflexive for p > 1; see, e.g., [Foghem Gounoue 2020, Chapter 3.4].
It is well known that this space converges to W' 7 () for 1 < p < oo as s — 17; see [Bourgain et al.
2001, Theorem 2] and [Foghem Gounoue 2023, Theorems 1.1, 1.3, 1.5]. In his famous work, Gagliardo
[1957] proved that the classical trace y : Whr(Q) — WI=1/r.P(5Q) is linear and continuous and has a
continuous right inverse. We are concerned with the search for a trace theorem and extension result for
the fractional Sobolev spaces of type V*7(2 | R%) onto the nonlocal boundary Q¢ such that the result is
robust in the limit s — 1.

Remark 1.1. In some more applied fields such as peridynamics, one studies nonlocal problems in bounded
open sets €2, where data are prescribed in a bounded open set E D €2; see [Mengesha and Du 2016]. Then,
there is no need to discuss the decay at infinity, but the main challenge remains: quantify local behavior
of functions across the boundary 2. Our results apply to such problems directly as R¢ can be replaced
by a general set E.

Main results. We introduce a space of functions 7°7(Q2¢) defined on Q€, see (1-6), and prove trace
and extension results which are robust in the parameter s; see Theorems 1.2 and 1.3. Lastly, we prove
the asymptotic of the spaces 7°7(2°) as well as some related weighted L” spaces as s — 17; see
Theorem 1.4.

Due to the nonlocality of the operators under consideration, problems like (1-1) can be formulated in
open sets, which are not necessarily connected. Since our main results do not require €2 to be connected,
we define Q C R? to be a Lipschitz domain if it is open and has a uniform Lipschitz boundary; see
Section 2. We define measures

s (dx) == Loe(x) (1 —9)d° (1+d) P~ dx (1-5)
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on the Borel o-algebra B(R?), s € (0, 1), 1 < p < oo, where d, := dist(x, d2) for x € R?. We simply
write s (x) for the density of the measure 1, with respect to the Lebesgue measure on R¢. Given an
open bounded set A C R?, note that Us(A) < (1 —y) fAch d,* dx and g converges weakly for s — 17
to the Hausdorff measure on 02N A; see Lemma 5.1.

We introduce for s € (0, 1), 1 < p < 00, our trace spaces
T5P(Q°) :={g : Q° — R measurable | || gll7s.r ) < 00},

”gllg’s,p(QC) = ”gllip(gr;m) + [g]fjj's.p(gc),

L. g1” '_/ f | f () = fFOIP2(f () — fF()(&x) —g(y)
> 8 TSP(Q2°) " e ((lx _y| +dx +dy) A 1)d+s(p72)

(1-6)

s (dx) g (dy).

Here, we use the convention [g]7s.r(qc) = [g, gl757(qc). The space T () is a separable Banach space
(Hilbert space for p = 2) and reflexive for p > 1; see Lemma 2.2. Now we state the trace result and
extension result for p > 1.

Theorem 1.2. Let Q C R? be a bounded Lipschitz domain, s € (0, 1), 1 < p < oo. Then the trace operator
Try: VIP(QIRY) — THP(QF),  u> ulge,
is continuous and linear and there exists a continuous linear right inverse
Exts : T57(Q°) — VSP(Q|RY), g Ext(g),

which we call the nonlocal extension operator. Moreover, the continuity constants of the linear trace and
extension operator only depend on Q2 and a lower bound on s, as well as a lower and upper bound on p.

An extension of Theorem 1.2 to the case p = 1 requires a refined consideration. Analogously to the
case p > 1, one might guess that the limit space of V*1(Q|RY) as s — 1~ is W1(Q). But, in fact,
the Sobolev space W!-!(Q) is too small to capture all functions such that liminf,_, - | f lvs1(@ray 18
finite. The limit space of VSI(Q|R?) as s — 1~ turns out to be the space of functions of bounded
variation BV (2); see [Dévila 2002, Theorem 1; Bourgain et al. 2001, Theorem 3’, Corollaries 2 and 5;
Foghem Gounoue 2023, Theorems 1.3 and 1.4]. It is well known that functions in BV (£2) have a trace
to the boundary 3<2 that is integrable and the trace map to L' (dRQ) is surjective; see [Gagliardo 1957],
[Dévila 2002, Theorem 1] or [Leoni 2017, Theorem 18.13]. Theorem 1.2 may be extended to the case
p =1 as follows.

Theorem 1.3. Let Q@ C RY be a bounded Lipschitz domain, s € (0, 1). Then the trace operator
Trs : VSUQIRY) = LYQC; uy(dx)),  u— ulge,
is continuous and linear. There exists a continuous linear right inverse
Exts: T51(Q9) — VOUQ|RY), g ext(g).

The continuity constants of the linear trace and extension operator only depend on Q2 and a lower bound
on s. In addition, the norm of the extension operator in dimension d = 1 also depends on a lower bound

onl—s.



2370 FLORIAN GRUBE AND MORITZ KASSMANN

This result is analogous to the local setting where LY(Q; Ws) 18 a suitable replacement for L'(3Q). In
particular, a direct analog of the trace result from Theorem 1.2 for p =1, i.e., [|u|l7s.1(qe) S lltllys1 @ reys
cannot hold; see the counterexample in Remark 3.11. This is in alignment with the local setting. Recall
that there exists a nonlinear bounded extension operator from L'(3) to BV (Q); see, e. g., [Maly et al.
2018, Theorem 1.2]. It was shown in [Peetre 1979] that a continuous extension map of integrable functions
on 0€2 to a function of bounded variation in Q2 cannot be linear. If we restrict ourselves to the Besov
space B?’l(a Q) c L'(3), then a continuous linear extension to functions BV () that is a right inverse
to the trace map exists; see [Maly et al. 2018, Theorem 1.1]. A function f € L'(3) is in the Besov
space B?’l(a 2) whenever the seminorm [ f] BY,(99) is finite, where

[F1ay, 00 = / f ) = O

B ey = AT (RS

Here, the measure o is the surface measure on d€2. The Besov space BO 1.1(9€2) is a Banach space endowed
with the norm ||f||301(39) =1 flc oo +Lf] BY,(99)" In Step 1 of the proof of Theorem 1.4, see Section 5,
we show that our trace norm || f'||7s.1(qe) converges to ||f||Bo [(39) 38 — 1~ forany f € C0 Y(R?). In this
regard, we recover the local extension theorem to BV (£2) functlons in the limit s — 17 as the extension
operator in Theorem 1.3 has a uniformly bounded norm in the same limit.

As mentioned above, the spaces V*?(Q|R?), 1 < p < oo, converge to the traditional Sobolev space
W1P(Q) as the order of differentiability s reaches 1. Having established the robust continuity of the trace
and extension operators from Theorems 1.2 and 1.3, our second goal is to study the limiting properties of
the spaces 7% 7 (2¢) for s — 1~ and to recover the classical trace and extension results for Sobolev spaces.

Theorem 1.4. Let Q C R? be a bounded Lipschitz domain, s € (0, 1), 1 < p < 00. Then
ITrs ullLre; ) — lvullLroo), ueWwhr®R?,
[Trs ulrsriey = [Yulwi-urppay, € WHP(R?),
ITrs ull 1 (@espey) = Y2l o0)- u € BV(RY),

[Trs uls ey = [yulgo o) ue CON(RY,

as s — 17. Here, y denotes the classical trace operator and B? 1(0€2) is the Besov space defined above.

Remark 1.5. In the case of a bounded connected C!-!-domain Q and p = 2, Theorems 1.2 and 1.4 have
been established in [Grube and Hensiek 2024]; see the discussion of related literature below.

Applications to the Dirichlet problem. Let us present a well-posedness result for (1-1). We define the
space of test functions for the Dirichlet problem as follows:

Vo' (QIRD) = {v e VSP(Q|RY) |v=0ae. on R?\ Q) (1-7)

Definition 1.6. Let  C R? be a bounded Lipschitz domain, s € (0, 1), 1 < p < co. Let g € T5P(Q°)
and f € VSP(Q|RY) D L? (). We say that u € V57(Q | RY) is a weak solution of (1-1) if, for every
@ € Vy'" (2| RY), the equation (1-2) holds.
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Here is our result on well-posedness of the Dirichlet problem.

Corollary 1.7. Let Q C R be a bounded Lipschitz domain, s, <s <1, 1 < p <oo. Let g € T*P(Q2°) and
feVsP(Q|RY > L”/(Q). Then there exists a unique weak solution u € V57 (2| R?) to problem (1-1).
Moreover, there is a constant ¢ > 0, depending only on p, 2, s,, such that

lullys.r @ rey < cUgllrsre) + I fllvsr@ rey)- (1-8)

Proof. Let Vgs "P(Q | R?) be the set of all functions v of the form v =Ext,(g)+vo with vy € Vg P(Q|R?) and
Exts(g) as in Theorem 1.2. This set is a closed convex subset of V7 (2| RY). Let [ : Vgs’p(Q |RY) — R

be defined by
lv(x) —v(I”
= dydx — .
217 //txszc)c |x — y|d+sp ¥ S

We note that f(v) is the duality pairing between the functional f € V*7(Q|R?)’ and the function
ve VP (Q R?). The functional I is strictly convex and weakly lower semicontinuous on the reflexive,
separable Banach space V; P(Q | RY). Since

F O < 1 Iver@imey Illver@irs < 810100 me + PGP P UL, 6 0y

for every § € (0, 1), we can apply the Poincaré inequality, see Proposition 2.1, to the function v — Exts(g)
to obtain

-1 !
I(U) Z [U]Vs P(Q | Rd) +cl ||v||€p(g2) —C1 ||f||1‘j's.p(Q‘Rd)/ ClHEXti(g)”VJ P(Q|RD)

for some constant ¢; depending on p and on the constant from Proposition 2.1. Thus, the functional
I is coercive in the sense that [ (v) — 400 for [|[v|lys.r(q|rey = +00. We have shown that [ attains
a unique minimizer u on the set Vgs P(Q|RY). It is now straightforward to show that the function u
solves problem (1-1). The claimed estimate follows from 7 (u) < I (Exts(g)), the above estimate and
Theorem 1.2. (]

Let us quickly review some related results on problems for nonlocal operators in bounded domains
with given exterior data. Note that there are also approaches to nonlocal problems in bounded domains €2
with data given on 02 such as [Grubb 2015], which we do not take into account here.

Some early well-posedness results for variational nonlocal problems of the type (1-1) can be found
in [Servadei and Valdinoci 2012; 2013; Felsinger et al. 2015]. The case of homogeneous problems,
i.e., when g = 0, is particularly simple and has been treated by several authors. Note that the vector
space DsP (€2) in [Piersanti and Pucci 2017] equals the space Vg P(QRY). Existing results for nonzero
data g often assume g to be regular in all of R4, e.g., [Di Castro et al. 2016, Theorem 2.3; Lindgren
and Lindqvist 2017, Theorem 8; Acosta et al. 2019, Proposition 2.2]. As [Korvenpai et al. 2017,
Example 1] shows, optimal results require extra care and more regularity than just suitable integrability
of g in R?. Also, g € WSP(Q)NLP(RY; (1+ |x|)~?~*P dx) does not imply well-posedness as claimed in
[Palatucci 2018], which is not essential at all for the main results of that work. Workarounds avoiding
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global W* 7 (R?)-regularity are used in [Korvenpii et al. 2016; 2017, Lemma 6; Brasco et al. 2018,
Definition 2.10]. These approaches assume g € W57 (Q2,) N L? (R%; (1+|x|)~?—*P dx) for some enlarged
domain 2, = {x € R4 | dist(x, Q) < €}. Concerning the case p = 1, we refer to [Bucur et al. 2023] for
results on existence and regularity of solutions to (1-1) with given exterior data.

Note that well-posedness and energy estimates similar to (1-8) are proved for p =2 in [Foghem and
Kassmann 2024] and for general p in [Foghem 2025]. The present work resolves the matter of optimal
assumptions on exterior data g, which has been achieved for p =2 and C!-!-domains in [Grube and
Hensiek 2024].

Remark 1.8. Note that the fractional p-Laplacian is well defined at a point x € R? if u is sufficiently
regular in a neighborhood of x and u € L?~1(R?; (1 + |x|)~¥~*7 dx). For a variational approach, the tail
space L” (R?: (1 + |x])~?5P dx) is more natural, but modifications are possible.

Remark 1.9. For demonstration purposes, we have presented the well-posedness result for the fractional
p-Laplacian. It is straightforward to extend to more general nonlinear operators of the form

P-V-/d @ (x, Ju(x) —u(y))(u(x) —u(y)ks(x, y)dy
R
for appropriate functions ® and kernels kg, s € (0, 1).

Related results. Let us discuss related results concerning function spaces, in particular trace theorems. As
explained above, the main new feature of the energy space V*7 (2 | R?) is that functions in V57 (Q | RY)
satisfy some incremental regularity across the boundary plus some integrability at infinity. Dyda and
Kassmann [2019] provide trace and extension results for V57 (2 | R4) for rather general domains .
The proof is based on a Whitney decomposition of 2 and Q€¢, which we employ here, too. However,
the construction of the extension operator in [Dyda and Kassmann 2019] is much simpler and uses the
Lebesgue measure. Thus, for s — 17, one does not recover the classical extension result. In order to
resolve this problem, we introduce the measure s on 2¢, which converges to the surface measure on 9€2.

In [Bogdan et al. 2020], the authors prove a version of the Douglas identity and provide trace and
extensions results for spaces like V*2(Q2| RY), where they allow for a large class of Lévy measures
v(dh) instead of |h|~¢~2 dh. The proof is based on a careful study of the Poisson kernel and provides a
representation of the energy of the solution u to problems like (1-1) (p = 2) in terms of its trace on Q°.
The article leaves open the question of robustness as s — 17. Unlike [Bogdan et al. 2020], we define the
trace space for general p > 1 with the help of explicitly given norms that allow for robustness and limit
results as s — 1. Extensions of the results in [Bogdan et al. 2020] to some nonlinear cases, still based
on L%-Lévy integrable kernels, can be found in [Bogdan et al. 2023].

A systematic study of generalizations of the energy space V(2| R?) in the case of p =2 and a
Lévy measure v(dh) can be found in [Foghem and Kassmann 2024], where functional inequalities, well-
posedness results and some nonlocal-to-local convergence results are provided. The trace space is shown to
contain a certain weighted L2-space of functions on Q€. Foghem [2025] provided extensions to the general

INote that in [Dyda and Kassmann 2019] the domain of integration in (1.6) and (1.7) has to be changed from Q¢ x Q€ to
M x Q€ with M = {x € Q¢ | dist(x, 0Q) < 1}.
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case p > 1. Nonlocal energy spaces appear also in the context of Markov jump processes in [Vondracek
2021]. Here, the author considers the intersection with L>(R?; m), where m(x) = 1o (x) + p(x)1gc (x)
and 1(x) behaves like dist(x, 3Q)~2* for x close to 9S2; see Remark 2.37 in [Foghem and Kassmann
2024] for detailed comments. This approach together with functional inequalities and questions of
well-posedness has been studied for more general kernels in [Frerick et al. 2025].

The present work can be seen as an extension of results in [Grube and Hensiek 2024]. Here we treat
general bounded Lipschitz domains and the full range p > 1 instead of bounded C'-!-domains and p =2
in the aforementioned work. Both works use the measure ug, but the construction of the extension
operator is different. In the present work we employ the Whitney decomposition technique and not the
Poisson extension. The study of nonlocal Neumann problems as in [Grube and Hensiek 2024] together
with the asymptotic behavior for s — 17 is possible in our framework, too. In order to keep the scope of
this work reasonable, we defer this line of research until a later date.

Last, let us mention recent trace and extension results for nonlocal function spaces, where problems
similar to ours occur but the setup is conceptually different. In [Tian and Du 2017] the trace space
H'2(3Q) is recovered as the trace space of a certain LZ(Q)—Space with a nonlocal interaction kernel
that has a localizing property at the boundary Q. The analogous result for W*~1/7:7(3Q) is proved
in [Du et al. 2022a]. The result is extended further to domains with very rough boundaries including
those with spatially varying dimension in [Foss 2021]. See [Scott and Du 2024] for applications to
nonlocal equations with Dirichlet data given on 9€2. Given a localization parameter 6 > 0 and a domain €2,
the authors of [Du et al. 2022b] study trace and extension operators between the domain and a layer
{x € Q¢ | dist(x, 02) < &}. The operators are shown to be robust as § — 0, which makes it possible to
recover classical trace results. For more details we refer to the discussion in [Grube and Hensiek 2024,
Section 1.2].

The development of nonlocal function spaces and related trace and extension results benefits greatly
from classical results for Sobolev, Sobolev—Slobodeckij, or Besov spaces. Early results on trace spaces
for Wl’p(Q) can be found in [Aronszajn 1955; Slobodeckii and Babi¢ 1956; Prodi 1956; Gagliardo 1957,
Slobodeckii 1958] and the monograph [Necas 1967]. See [Necas 2012] for an English translation and, in
particular, Chapter 2.5 therein. Lipschitz domains and fractional-order spaces are covered in [Grisvard
2011], e.g., in Theorems 1.5.1.3 and 1.5.2.1. For domains with corners see also [Yakovlev 1967]. The
corresponding state-of-the-art around this time is summarized in Chapter 1, Sections 7-9 of [Lions and
Magenes 1972]. Another standard reference focusing on contributions of researchers from the Soviet
Union is [Besov et al. 1975, Chapter IV]. Another important monograph in this direction is [Triebel 1983],
in particular Chapters 3.3.3 and 3.3.4. Trace and extensions results are provided in [Marschall 1987]
under minimal regularity assumptions on the domains. A survey of results on boundary value problems
for higher-order elliptic equations with degeneracies along the boundary is given in [Nikolskii et al. 1988].
Kim [2007] extends well-known trace assertions for weighted Sobolev spaces. The aforementioned list
is rather selective and not complete at all. Even some fundamental problems such as a trace result for
H (), 1<s < %, and €2 a bounded Lipschitz domain are not covered in the list above; see [Ding 1996].
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Very useful references for our work are contributions of A. Jonsson and H. Wallin [Jonsson and Wallin
1978; 1984; Jonsson 1994]. The setting in the aforementioned references includes results for subsets of
the Euclidean space endowed with general doubling measures. This is related to our framework because
we consider measure spaces (2¢; us) with g as in (1-5). Moreover, the construction used in the proof
of the extension result Theorem 1.2 is inspired by the corresponding results Theorems 3.1 and 4.1 in
[Jonsson and Wallin 1978].

Outline. In Section 2 we fix the notation and shortly introduce function spaces used throughout this
work. The trace embeddings are studied in Section 3. We divide the proofs of the trace results from
Theorems 1.2 and 1.3 into the L”-embedding, see Proposition 3.9, and the seminorm inequality, see
Proposition 3.10. We construct the extension operator in Section 4. The extension theorems are proven in
Proposition 4.5 as well as Proposition 4.6 with precise dependencies of the operator norms. Lastly, the
limiting properties of the spaces 77 (€2), see Theorem 1.4, are proven in Section 5.

2. Preliminaries

2.1. Notation. For two real numbers a, b € R, we write a A b = min{a, b}, a vV b := max{a, b} and
la| = max(—o0, a]NZ. The ball of radius r > 0 centered at x € R in the d-dimensional Euclidean
space is written as B, (x) or Br(d) whenever we want to specify the dimension. For a set A, we denote by
14 the indicator function on A. An open set 2 C R is said to have a uniform Lipschitz boundary if there
exists a localization radius r > 0 and a constant L > 0 such that, for any boundary point z € IQ2 # &,
there exists a translation and rotation 7, : RY — R satisfying 7. (z) = 0 as well as a Lipschitz continuous
function ¢. : R?~! — R whose Lipschitz constant is bounded by L such that

T,(QN B, (2)) = {(x, x4) € B;(0) | ¢ (x) > x4};

see, e.g., [Leoni 2017, Definition 13.11] and the discussion in [Grisvard 2011, Chapter 1.2.1]. An open
set @ # B C R? is said to satisfy the uniform exterior cone condition if we find an opening angle «
and a height &y > 0 such that, for any z € 32, there exists an exterior cone C, C Q¢ with apex at z and
height /g. The notion of the uniform interior cone condition is defined analogously. Note that an open
set with a uniform Lipschitz boundary satisfies both uniform interior and exterior cone conditions. The
interior cones (resp. the exterior cones) can simply be constructed via

Co:=T, '{(x',x4) € B,(0) | xa < =3 LIx'|}

for z € 3. We say that @ C R? is a Lipschitz domain if it is open and has a uniform Lipschitz boundary.
Notice that we do not assume 2 to be connected. Nevertheless, a bounded Lipschitz domain has finitely
many connected components since the uniform interior cone condition bounds the volume of each
connected component from below by a uniform positive constant. We denote the distance of x to a closed
set A C R? by dist(x, A) = inf{|x —a| | a € A}. When the dependencies are clear, we write for short
d, :=dist(x, dR2) for any x € R“. Furthermore, we use for r > 0 the notation

QX i={xeQ|d, <r}, QL ,=xeQ|d >r} (2-1)

ext *
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We denote by #“~ the normalized (d—I)-dimensional Hausdorff measure on R¢. The surface measure
of the (d—1)-dimensional unit sphere will be written for short as #¢~1 (3 B;) = wy_;. To shorten the
notation, we write o for the surface measure on d€2. The inner radius of the domain 2 we denote by

inr(2) :=sup{r | B, C 2}.

We will use lowercase letters c1, ¢, ... with running indices as constants in our proofs and reset them
after every proof. When we introduce a new constant, we write C = C(....) to indicate what the constant
depends on, i.e., C = C(d, 2) > 0 depends only on the dimension d and the set 2.

2.2. Function spaces. The following function spaces will be used throughout this work. We denote by
WP (Q) (resp. WP (9€2)), s € (0, 1), p > 1, the Sobolev—Slobodeckij space of functions in u € L?(£2)
satisfying

[ulws.r(@) = [ulvsri@ o) <00

endowed with the norm ||| {5 g, := lull7 () + (13,0 () (resp. 2 with the surface measure). See (1-4)
for the definition of the seminorm [ - Jys.r(a | g). We write BV (€2) for the space of functions u € L'(2) with
bounded variation endowed with the norm ||u|| gy (@) := |lull 1 (@) + |Vu|(£2). The Bessel potential spaces
H*%P(RY) are defined in (3-5). As mentioned in the introduction, a variational approach to equations like
(1-1) leads naturally to function spaces like V7 (2 | R4) which we introduced in (1-3). These function
spaces are the focus of our study. They were first introduced in [Servadei and Valdinoci 2012; 2014;
Felsinger et al. 2015] for the case p = 2. We also refer to [Dipierro et al. 2017], in which the nonlocal
normal operator was introduced, and [Foghem Gounoue 2020; Foghem and Kassmann 2024; Foghem
2025] for an intensive study of these spaces for general p. It is well known that V57 (2 | R?) is a separable
Banach space (Hilbert space for p = 2) which is reflexive for 1 < p < oo; see, e.g., [Foghem Gounoue
2020, Chapter 3.4].

The spaces V*7 (2 | R?) allow for a Poincaré inequality, which is an important ingredient for the proof
of well-posedness for the Dirichlet problem (1-1) together with an energy estimate; see Corollary 1.7. We
will need a version of the Poincaré inequality that is robust as s reaches 1.

Proposition 2.1 [Foghem 2025, Theorem 10.1]. Let p > 1 and s, € (0, 1). Let 2 C R? be a bounded
Lipschitz domain. Then there exists ¢ > 0 such that, forall s, <s <1 andu € VOS P(Q [Rd),

lullLr@) < cllullysrqrd)- (2-2)
Let us recall our trace spaces 7* 7 (€2¢), which are introduced in (1-6). For s € (0, 1), 1 < p < 0o and

A, B € B(£2°), we define

[f ¢l ,_ |f () = FOIP(f @) = F))(gx) —g(»)
f 81 7snarm) = NA (% — ]+ ds +dy) A DT

s (dx) a5 (dy) (2-3)

with the convention [g]7s.r(a | B) =[g, &lTsr(a| B)- Note that [ f, gl7srey =[f, gl75.r(Qc | Q). We employ
standard techniques to prove that these spaces are separable Banach spaces (resp. Hilbert spaces if p =2).
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Lemma 2.2. Let Q2 be an open set. The space T*P(2°) is a separable Banach space, reflexive for
1 < p < 00, and in the case p =2, it is a separable Hilbert space with inner product

(M, v)TS’Z(QC) = (l/l, v)LZ(QC’MS) + [M, v]%’s‘Z(Qc)-

Proof. To prove completeness, we take a Cauchy sequence {u,}, CT>P(2°). Then v, (x):=u, (x) s (x) 1/p
is Cauchy in L?(Q¢) with limit v € L?(Q°). Define u(x) := v(x)u;(x)~"/?. Then u is the limit of u,
with respect to || - || Lr(q¢;u,)- Take a subsequence {u,,}; converging a.e. to u on R?. Then, by Fatou’s
lemma, we have
p s P
[u — un,]Ts,p(Q(.) < hkrglorgf[unk — unl]TS‘p(Qc) —0 asl— oo.

Separability follows from the fact that the map ¢ : 757 (Q2¢) — LP(Q2°) x LP(Q2° x Q°),

u(x) = u(y)
(1 =yl +dy +dy) AP HG=277

= <xr—>u(x),us(x)l/p, (x,y) —~ Ms(x)l/plis(y)l/p),

is an isometric injection. As ((7%7(2°)) is closed and since L?(2¢) x L (2¢ x Q°) is separable, so is
T5P(29). In the same manner, as L? (Q2¢) x LP(2¢ x Q°) is reflexive for 1 < p < 00, sois 757(Q2¢). O

The functions from 7% 7 (£2¢) have some regularity at the boundary because the weight in the seminorm
[, l7sr(e becomes ((|x — y) A DH=4=50=2) 35 x, y — 9. Thereby, for sufficiently large s, the
functions in the trace space 77 (2¢) themselves have a trace onto the boundary 9€2. This is a direct
consequence of Theorem 1.2.

Corollary 2.3. The space T*P(Q€) is continuously embedded in W3~/ PP (3Q) forany s € (1/p, 1) and
p € (1,00). The embedding is surjective. The continuity constant depends only on 2, p and a lower
bound on s.

Proof. By Theorem 1.2, the extension Ext, : 757 (Q¢) — V7 (| R?) is continuous and the continuity
constant ¢; > 0 depends only on €2, p and a lower bound on s. The space V* (22| R?) is embedded in
W#-P(Q) with the embedding constant depending only on a lower bound on s. The result follows from
the classical trace result W5 ?(Q2) — W*~1/P:P(3Q). The embedding is surjective since we can extend a
function from W*~1/7-P(3Q) to an element from W*?(R?) — V5P (Q|R?) — TP (Q°). O

3. Trace theorem

Here we aim to prove the trace parts of Theorems 1.2 and 1.3. This proof is carried out in Propositions 3.9
and 3.10. Essential building blocks in the respective proofs are an approximation to the classical L”-trace
embedding in Theorem 3.5 and, for p = 1, a Hardy-type inequality provided in Theorem 3.6. On a more
technical level, we use upper and lower bounds of the distance function; see Lemmas 3.7 and 3.8.

To prove Theorem 3.5 we apply techniques developed in [Jonsson and Wallin 1984]. In particular,
we use the interpolation between Bessel potential spaces on R?. For this reason we need a Sobolev
extension operator for fractional Sobolev spaces W* 7 (2) whose continuity constant is independent of s.
The existence of such an extension is well known in the literature. We provide this result in the following
theorem for the convenience of the reader.
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Theorem 3.1 [Jonsson and Wallin 1984, Chapter V1.2, Theorem 3; Triebel 1995]. Let Q2 C R be a
connected Lipschitz domain. There exists a linear map E, which extends measurable functions f : Q — R
such that E : LP(Q) — LP(R?) for all p > 1 and, with some constant C = C(d, 2, p) > 0, for any
O0<s<l,

NEf lws.e@ey < Cll fllwsrg)-

Remark 3.2. The extension is constructed via a Whitney decomposition of Q¢, a smooth partition of
unity and copying mean values of f from inside to respective Whitney cubes. The construction of the
extension E f is independent of s and p and satisfies E : WP (Q) — W7 (R?). Real interpolation allows
us to choose the constant C(d, €2, p) in the theorem independent of s.

Analogously to the measure g from (1-5), we define for s € (0, 1) the measure

1—s

Ty(dx) = lo(x)dx (3-1)

N
X

on the o-algebra B (R?). Recall that d, = dist(x, 3$2). The measure 7, (dx) plays the same role as u but
is supported inside 2. We use it in Theorem 3.5 for the proof of the trace part of our main theorems;
see also Propositions 3.9 and 3.10. In contrast to us, the measure 7; does not need the additional term
(14d,)~4=P=D for the decay at infinity since the open set € is assumed to be bounded throughout
this work. The following lemma shows how balls scale under ;. This scaling plays a crucial role in
Theorem 3.5.

Lemma 3.3. Let Q@ C R? be a bounded Lipschitz domain with a localization radius ro > 0. There exists a
constant C = C(d, 2) > 0 such that, foranys € (0,1), 0 <r < %ro and x € 2,

(B, (x)) < Cri=. (3-2)

Proof. Letd > 2. If r <d,, ie., B,(x) € Q, thend, >r — |x — y| for any y € B,(x) and, thus,

1—s 1—s T 1—s ‘
% (B, (%)) :/ dy 5/ o =wd1/ 7N dE < wggr? T
o B dy B.(x) r =[x —y])* o (r—1°

Now we consider the case r > d, i.e., B, (x) N3 # &. Without loss of generality we assume that 0 € 02
is a minimizer of d,. Since € is a Lipschitz domain, we find a Lipschitz map ¢ : R?~! — R such that
QN B, ={(, ya) € By, | ya < ¢(y")}. The Lipschitz constant of ¢ is bounded by L > 0 independent
of x. A simple calculation yields, for any y = (y/, y4) € B, (x) N L,

Iyl < lx|+1y —x| < 2r,

ya =N = inf ya—¢GNI+100) -Gl
(V. ¢ (¥")€By,

<2214+ L) _inf ly— G o)
(V.9 (3))€EBy,

=221+ L)d,. (3-3)
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In the case that the minimizer of d,, is not in the graph of ¢, we simply pick a smaller ry depending only
on the constant L. Therefore,

s/2 s 1—s /
(B, (x)) <2°/“(1+ L) 4, ya)
BoyN{ya<¢ ()} [Ya — @ (V)]
Q+L)yr 1 _ s
<21 + LY gz 2r)! / =2 Dosar™ ()
0 d

The proof in the case d =1 is straightforward. Note that similar arguments as in this proof are employed
in the proof of Lemma 4.1. U

In the proof of Theorem 3.5, we use interpolation results, which we explain now. Let G, o > 0 be the
Bessel potential kernel. We introduce the Bessel potential spaces

H*P(RY) :={g: R > R|If € LP(RY) : g = Gy % f) (3-5)

with the canonical norm ||g|| ge.rray := | f |l Lr@e) If g € H*P(RY) and g = G, * f. The convolution
of the Bessel potential kernel with the function f can be written as Gy * f = % A+ P2z 1),
where % is the Fourier transformation; see [Bergh and Lofstréom 1976, p. 139, Definition 6.2.3]. We
refer the reader to [Aronszajn and Smith 1961] for more details on the kernel G,. We recall the real
interpolation result

[H(Xo,p(Rd), Hal’p(Rd)]pg — W&P(Rd)’ (3_6)

where 0 < g < ¢y, 8 € (0, 1), s = (1 —0)ag+60a; and p > 1; see, e.g., [Bergh and Lofstrom 1976,
Theorem 6.2.4]. Analogously to [Jonsson and Wallin 1984, Chapter V], we calculate bounds on the
Bessel potential kernel G, for some 0 < ap < s < o1, see Lemma 3.4, and prove an approximate trace
result inside €2; see Theorem 3.5.

The following lemma is a slight modification of [Jonsson and Wallin 1984, Lemma C] that fits our
setting. The well-known estimates of the Bessel potential kernel, its gradient and decay at infinity are
crucial in the proof. For more details on the Bessel potential we refer to [Taibleson 1964, Chapter IV]. In
particular, we need to pay attention to the constants and their dependencies.

Lemma 3.4 [Jonsson and Wallin 1984, Chapter V, Lemma C]. Let Q C R be a bounded connected

Lipschitz domain, 0 < s, <s <land1 < p, < p < p* < 0o. We set

1
+ p’ ap =1+ i,
2p 2p
and B; :=a; —s/p fori € {0, 1}. There exists a constant C = C(d, Q, p«, p*, s+) > 0 such that, for all
O<r< %ro and f € LP(RY), we have

1

yd—s

(3-7)

oy =S

[ 16 1) = G s £ (@) (@0) = CPIF 1] (3-8)
QxQ

lx—yl<r

/Q (Ga, # FOIPT(dx) < CIE I g (3-9)
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Proof. In [Jonsson and Wallin 1984, Chapter V, Lemma C], the statement is proven for doubling measures
satisfying (3-2) under the assumptions 0 < 8; < 1 and 0 < «; # d. The proof uses estimates of the Bessel
potential kernel G; see [loc. cit., Chapter V, Lemmas 1, A, B]. Carefully inspecting the proof of [loc. cit.,
Chapter V, Lemma C], we find that the resulting constant depends on the constant C from (3-2), a lower
bound 0 < B; . < B; and an upper bound B; < B* < 1, as well as a lower bound on |d — «;|. We calculate

]7*—1 P—l 1
< =By < =
0 < sy 2 <s o ,30_2<1,
1 x
O<le—<lo— =g <1-2_1,
Px 2p p*
Furthermore, we have
1 —1 y — 1
d—aol=d—s—L=@-n+2 ="y
and
d—1-221-2->0, d=2,
ld —ai| = p P
2> 5, d=1.
2p — 2p*
This yields the estimates with dependencies of the constants as claimed. 0

Theorem 3.5 (approximate trace inequality). Let Q C RY be a bounded Lipschitz domain, 1 < p, < p* < 00
and s, € (0, 1). There exists a constant C = C(d, 2, px, p*, 8x) > 0 such that, for every s € (s, 1),
P« <p<pranduec W"P(Q),

|u(x) —u(y)l”
p p -
f9|u(x)| B+ /Qfg ((|x = y| +dy +dy) A1)d+s=2) &5 = Cllullysr g G-10)

Before we give the proof of this theorem we want to motivate it. In anticipation of Section 5, the
left-hand side of (3-10) converges in the limit s — 1 to

lu(x) —u(y)|?
p - p
/aszlu| dot /39xas2 (Ix — y| A Dd=1+p0=1/p) (@ @), y) =< llullyyi-in o)

Thereby, we retrieve the classical trace result whr(Q) — wi=1/r.r(3Q) in the limit s — 1~

Proof. Since 2 is a bounded open set with a uniform Lipschitz boundary, 2 decomposes into finitely
many connected components €2;, i € {1, ..., I}, and each ; is a connected bounded Lipschitz domain.
First, we prove (3-10) for each ;.

We define o and «; as in (3-7) depending on p and s. We set 6 := % € (0, 1) and notice that
s)p

Most importantly, the relation s = (1 — 8)ag + 6 is true. By Theorem 3.1, it is sufficient to prove the
existence of a constant C > 0 such that

lu(x) —u(y)|?
V4 p
/sz,- o+ fg,» /szi (% =yl +ds +dy) A DTG (dy)ze(dx) = Cliullyyep o)
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for any u € WP (RY). Let ¢; > 0 be the constant from Lemma 3.4. The equality (3-9) proves the
continuity of the restriction operator Ru(x) = u|g, as a map from R : H% P(RY) — LP(Q;, t4(dx)),
i =0, 1. Real interpolation yields the continuity of

R:[HYPRY), H"P(R)] 0 = WP (RY) — [LP(Q, 75), LP (2, )1 po = L7 (2, 5)

with the continuity constant c1; see, e.g., [Bergh and Lofstrom 1976]. Now we consider the second term
on the left-hand side of (3-10) with €2; in place of Q2. Let u € W*7? (R?). We write

lu(x) —u(y)|?
/sz,- fsz,- (% =y ds +dy) A Drap) (@) T(@)

00
<2) 2wt / f ) — uyyp E 8 n)(djy,‘ X))
n=0 Qi xQ; lx — y[4=

- 2—n—1§|x_y|<2—n

+f/g o lu(x) —u(y)| 7, (dy) s (dx) =: (I) + (D).
151|;<—§\

We estimate (II) using the continuity of R shown above. We have

(I < prs(Qi)/ |Ru(x)|Pty(dx) < CfZPTs(Qi)||u||§,s,p(Rd)-
Q;

We set H := LP(Q; x Q;, |x — y| 4T 1,(dy)7,(dx)) and define for any 1 < g < 0o, B > 0 the space of
sequences
1P = {(hn)n | by € HY, 1 B)llisa = [ QP Ikl )n [ g -
Notice that
(D = (@) = () Lyt eyl iy (3-11)
We define the linear map

Tf(x,y) = ((f&x) = FONLynicp_yjca-dns  fiRI—>R

Lemma 3.4, in particular (3-8), shows the continuity of 7 : H%** — [F»> with f; = a; —s/p and the
continuity constant ¢y, i =0, 1. Real interpolation yields the continuity of 7" : [ H*0-? (R, H*-P(RY)] o=
WP (RY) — [1Po-o, lﬂl’oo]pg = [(1=0ho+6P1.P with the continuity constant cy; see, e.g., [Bergh and
Lofstrom 1976]. This proves the claimed inequality for each connected component €2; by (3-11) and

(1=0)Bo+0p1=(1—Oop+0oy — > =5 — =
p p
Simply summing over i € {1, ..., I} yields a constant c; = c2(d, 2, px, p*, s) > 0 such that
”u”zl’(ﬁ;g) = C2||u||a/s,p(g)~ (3-12)

It remains to prove the existence of a constant c3 = ¢3(d, 2, p., p*, s,) > 0 such that, for any i # j,

() — u ()P )
/Q | /Q T S @5 @0 = g
i 82
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Since the distance between any two connected components is bounded from below by a uniform constant,
this is an immediate consequence of the triangle inequality and Lemma 3.3, as well as (3-12). (|

Theorem 3.5 is not true in the case p = 1; see Remark 3.11. If we only keep the first term on the
left-hand side in the estimate (3-10), then it is a fractional Hardy inequality; see, e.g., [Dyda 2004].
In [Dyda and Kijaczko 2022, Theorem 4], such a Hardy inequality is proven with a constant whose
dependency on the parameter s is not known. Since the dependency on s is crucial in our setup, we
prove the following theorem based on a Hardy inequality on the half-space with the best constant; see
Theorem B.1.

Theorem 3.6 (Hardy inequality). Let Q@ C RY be a bounded Lipschitz domain and s € (0, 1). There exists
a constant C = C(d, 2) > 0 such that

a-s [ O = C(nunu(m Fs(iosy [ OO y))

axq  |lx =yt
for any u € WH1(Q).

Before we state the proof of the theorem, let us remark that the previous inequality, in the limit s — 17,
yields the classical trace embedding W'!1(dQ) — L'(dQ) since the measure 7, converges weakly to the
surface measure on 9€2.

Proof. 1t is sufficient to prove the statement for any connected component of €2 in place of 2. Thus, we
can assume without loss of generality that €2 is a connected bounded Lipschitz domain. Therefore, we
can cover the boundary with finitely many neighborhoods U; and bi-Lipschitz maps ¢; : U; — B1(0)
such that ¢; (U; N ) = B1(0)4 :={(x, x4) € B1(0) | x4 >0}, i €{l,..., N}; see, e.g., [Grisvard 2011,
Chapter 1.2.1]. We denote the distance of 2N ﬂlN: , Uf to the boundary 92 by 2ry > 0. We fix

N
Uy := {x eR? ) dist(x, en() Uf) < ro} c Q.

i=1

Notice that {U; | i =0, ..., N} is an open cover of Q and dist(Up, d2) > ry. Next, we pick a partition
of unity 1; € C2(U;) adapted to U, i.e., Y i omi = | on Q. We define 7j; := n; 0 ¢, ' € CO'(B,(0)).
Letcy =c1(q1, ..., ) > 1 such that [;]co1 <cj foralli =1, ..., N. Without loss of generality, we
assume that 7; = 1 in By2(0) foralli =1, ..., N. Then
Iu()sc)l d
Q di
N
Iu(</> ')l _ . |u(x)]

= Z / ni(¢; ' (x))Idet(Dg; ' (x))] dx + / () == dx =t 3 (1) + (ID).

Bi(0)+ ~1(x) Uo x i=1
We define u; :==uo¢; Uforalli =1, ..., N. By the bi-Lipschitz continuity of the ¢;, we find a constant
¢y = ca(p1, ..., ¢n) > 1 such that cz_lxd < d¢i—1(x) < crxq for any x € Bj(0); andi € {1,..., N};

see (3-3). Further, we find a constant c3 = c3(¢y, ..., ¢n) > 1 such that both [¢, 1]Co,1 and [¢;]co1 are
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bounded from above by ¢3 and from below by c5 !for all i. We apply Theorem B.1 to the function 7);u;
to find
d f |7 (x)ui @l 4,

R

(I;) < cacl
Xy
d

< 2D /Rd ) |ﬁi(x)”i(x)_ﬁi()’)”i(}’)|d(x,y)

|x—y|d“
- ui(x) —ui ()]
<CZC3DS1( f i) 4 (x, )
B1(0)4 x By (0)4 lx =yl

[7: (x) — 1; ()]
+/ I gy
B1(0)4 x By (0)4 lx —yl

+2/ 1 (%) |ui (x)] e =y~ dy dx) =: (1) + AVy) + (Vi).
Bi(0)+ Bi(0)°

The first term in the previous estimate, i.e., (IIl;), can be simply estimated using a change of variables
and the bi-Lipschitz continuity of ¢;:
|u(x) —u(y)l

|x—y|d+s

(L) < c2c3 7D} ) f d(x, y).

U;NQ)x (UiNK)
To estimate (IV;), we calculate
ni (X) — 0 wg—12!7°
/ |77i (x) 1z;+(y)ldxfc1 12"
B0 |lx—yleFs l—s
Using this, we find

_12w4-1
/ lui ()| dy < c1c2¢3'Dy | = f lu(x)| dx.
B1(0)+ U;NQ

Now, we estimate (V;). Since 7); € C?’l (By1), we find a constant ¢4 > 1 such that 7; (x) < c4(1 — |x|) for
alli =1,..., N. We notice for any x € B1(0)

/ Ix—yl‘d‘sdyff x =y dy = w4
B1(0)¢ Bi—pxp(0)¢

aIv; < clczcgiD_

d—-Ixp~
7
s

and, thus,
—1 —1

d Ds,l Ds 1
(Vi) <2cc5c4——wq—1 lu; ()| dx < 2c¢3%ca—wq_, lu(x)|dx.
S B (0)4 S U;,NQ

To estimate (II), we simply notice that the distance function is bounded from below by r¢ on Uy. So,
finally, we put everything together. This yields

Iu(X)I < /|u(x)|dx—|—C7S/ IM(X)—u(y)Id(x’y)‘
l—S QxQ

d
o 4 [x — y[d+s

Here

ce = (ro A\ 1)_1 +2wd,1Nclcgc§dC4C5, c7 chcA"H'1 cs

and cs is the constant from Lemma B.2. O
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The next two lemmas are technical tools which we employ in the proof of the trace result; see
Propositions 3.9 and 3.10. They allow us to rewrite the distance functions appearing in the measure p; as
an integral over §2. This enables us to use the regularity of the functions from V*?(Q|R¢) in  when
we prove the trace result.

Lemma 3.7. Let @ # B C R? be an open set, s > 0 and f : [0, 00) — [0, 00) be a nonincreasing function.

For any x € B, we have .
flx =z, _ @1 fUdistx, B))
g lx—zdts T~ s dist(x, B)*

If B is bounded, then there exists a constant C = C(d, B) such that, for any x € B¢,

flx—=zD . < c f(dist(x, B))
B lx —z|4ts "7 s dist(x, B)*(1 +dist(x, B))4

Proof. Fix x € B¢. We use B C Buist(x,B)(x)¢ and apply polar coordinates to get
_ - o0 dist(x, B
Sx—z|) dzf/ S(x—=z]) dZ:C!)dl/ S (dist(x, B))
B d

—1—s
SO dt <wg—1—; :
B X — Zld—H dist(x, B) (X)€ lx — Zld—H ist(x, B) s dist(x, B)*

In the case that dist(x, B) < 1, the second claim for bounded B is a direct consequence of the first
statement. If B is bounded and dist(x, B) > 1, then

fx—zl) f(dist(x, B))

dist(x, B
dz < |B|L S (dist(x, B))
dist(x, B)d+s

dist(x, B)* (1 +dist(x, B))d

Lemma 3.8. Let @ # B C R? be an open set satisfying the uniform interior cone condition with a compact

< |B|2¢ O

B |x _Z|d+s

boundary. Then there exists a constant C = C(d, B) > 0 such that, for any nonincreasing function
f:10, 00) — [0, o0) and any s > 0,
f2dist(x, B)) “C fx—z]

= —— < —_— (0 (2)dz
distCx, By (1 +dist(x, Bt~y Jx — gl Preans @@

forall x € B.

Proof. Fix x € B¢ and a minimizer xo € 8B of the distance dist(x, B). Since B satisfies the uniform
interior cone condition we find an interior cone C with apex at xo whose height /g and open angle are
independent of x. Without loss of generality, we assume g < 1. Let C:={zeC||z—xo| <dist(x, B)}
be a subcone with a reduced height. Notice CCB |-+dist(x. B) (x) N B. For any 7 € E, we have

|x —z| < |x —xo| + |x — z| < dist(x, B) + min{dist(x, B), ho} < 2dist(x, B).

Thus, the claim simply follows from

f(x—z)) f@dist(x, B)) ~ . = ci(min{dist(x, B), ho})*
g (2)dz > _ C|= f(2dist(x, B -
5 |lx —z|d+s By disix, By y(2)dz > 2 dist(r. B))d+s| | = f(2dist(x, B)) (2 dist(x. B))d+s
c1hd f(2dist(x, B))

> — —.
~ 2441 dist(x, B)* (1 +dist(x, B))?

Here we used |5| = ci(min{dist(x, B), ho})?, where ¢; > 0 depends only on d and the opening angle
of C, which is independent of xg. O
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We are now in the position to prove the trace part in Theorems 1.2 and 1.3. We split the proof into two
propositions. The following proposition contains the trace embedding V*7 (2 | RY) — LP(QC; s (dx))
for all 1 < p < o0o. The estimates of the seminorm [ - ]7s.»(q¢) for 1 < p < oo are proven thereafter in
Proposition 3.10. Recall the definition of the sets QS*' and €2/

I in (2-1) for given r > 0.

Proposition 3.9. Let Q2 C RY, d € N, be a bounded Lipschitz domain, s, € (0, 1) and 1 < p* < 0o. There
exists a constant C = C(L2, p*, s,) > 0 such that

I Trs wllLr@e;uy) < Cllullysr @ rey (3-13)
foranys € (s,,1), 1 < p <p*andu € V*P(Q|R?)
Letci =c1(d, 2) > 0 be

Proof. We split the integration domain of || Tr u||€,, (@) into QX and QL.

the constant from Lemma 3.8 when applied to B = Q and f = 1. We have

P P
Tl e <(Qms) [ PO G naq g, LGOI
Lo gon dist(x, Q)° o ¢ as S Jx — 2|

— ()| u()|?
<24tr(1 — / ulx) Zu)l dz dx—i—/ / dzd }
=2 S)cl[ amlo X —zlit a Ja x — 2t

=: (I) + (II).

The term (I) is estimated easily via

(D) <2 ey (diam Q@+ D [ul], g o

An application of Lemma 3.7 with B = Q{*" and Theorem 3.5 (resp. Theorem 3.6 in the case p = 1)
yields the following bound on the term (II):

wg—1 [ u(2)|? * W41
() <277 (1 = 5)e1— f 4z =20 == crea (Ul gy + Il )
Q *

Z
Here ¢, > 0 is the constant from Theorem 3.5 in the case p > 1. In the case p = 1 let ¢; be the constant

from Theorem 3.6. For the estimate of Q.. ., we define diam Q+ 1 =: ¢3 > 1 and notice that d, > |x —z|/c3

ext?

as well as ., C B(z)¢ holds for any z €  and x € QL. Thus,
lu(x) —u(2)|? + |u(z)|”
r*
Tt gy <27 1= )/ggmf & dyrson W
x « u(x) —u(z)|? N u(z)|?
<2P C;”‘SP (1—s) Mdzdx—i—?’ (1—s5) widzdx
) al Ja  lx—z]dte ol Jo dit?
* d-Hp * d+sp*
2P ¢ wi—12? ¢ (1—y)
p 3 p _
< o et o] el - (3-14)
In the last step we used
1 dts / 1 d+sp @Wd—1
——dx <P ——dx = P, 3-15
/Qéxt dd+Sp - Bi(xo) X0 — x|dFsp 3 sp ( )

where xg € €2 is a fixed point. Combining the estimates of (I) and (II), as well as (3-14) yields (3-13). I
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Proposition 3.10. Ler Q2 C R, d € N, be a bounded Lipschitz domain, s, € (0, 1) and 1 < p, < p* < o0.
There exists a constant C = C(2, p., p*, sx) > 0 such that, for any s € (sy, 1), p. < p < p* and
ue VP (Q|RY,

[Trs ul7sre) < Cllullysr (g rd- (3-16)
Proof. We fix p := inr(2) > 0 and divide the integration domain of [Trs u ]?v P Q) into Qe’“ Qe’“

Q¢ x QF and Q5 x Q. By symmetry the estimates for Q¢ x Q4 and Q% x Q° are equlvalent Thus
we settle on 5, x Q°. Since |x — y|+dy +dy > p for any x € Q° and y € Q

— P
Tl 0y < /Q , / D = o (@)

(1 A )d+p

ext> We have

27(1 —s)? lu(x)|? 1
= d+p s dts(p—1) s oo dydx
(LA p)*P" [ Jqe di(1+dy )5 ap, dy(1+dy)a+sty

+/ uI” / ! dedy|. (3-17)
oF ds(l—i-d )d+s(p 1) Q dS(l—i-d )d+s(p 1) Y|

ext

After covering Q{*' by finitely many balls, a calculation similar to (3-4) yields a constant ¢; > 0,
independent of s, such that

/ d7%dx <ci(1—s)""
Q?xt

By possibly enlarging the constant, we assume ¢ > wq_1(1 + diam(£2))4*?". With this observation
and (3-15), we find

/ ! dx < idx+/ d=0=P dy < — (3-18)
g di(1+d)dHsr=D "7 Joe d Q! s(1—s)

ext

Now, we combine this estimate with Proposition 3.9:

T 2p *+1 c T p

[Trs u ]TJP(Q'D[\Q )T (LA p)dtr s . rsu”L”(Q";M)
< P+l Cc1C2
= (1/\,0)d+p s, ” ”VSp(Qle)

Here ¢y = (2, p*, s,) > 0O is the constant from Proposition 3.9.

Lastly, we prove the inequality for the more delicate part of the seminorm, where higher-order
singularities close to the boundary may occur. For x, y € Q‘;’“, we have

(Ix =yl +dx +dy) <4p+diam(R2) + 1 =: ¢3
and, thus,
(x =yl +di +d) A1 >c3 (x —y|+di +dy).

We apply Lemma 3.8 twice with the monotone decreasing function f(r) = (|x — ] + sr+d ) ~d=s(p-2)

and then again with the function f(r) = (Ix —y|+ 3 |x —z|+3r) " ~457D We now letC4—C4(S2,d)>0
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and r > 0 be the constants from Lemma 3.8. This yields

)4
[TrS u]']’s,p(Q%xl | Q;xt)

dip lu(x) — u(y)|?
<(1-=9); "¢ dzdxug(d
(1=9)e; s /QfQ/Q = 275 (x =yl + Ix — 212+ dyydrsr 42 dris(dy)

_ Plv — ~|—d—S|~, _ —d—s
< (1—5)2ctr 2/ / // lu(x) —uI”|x — 2|7y l:l)l — dw dz dx dy
axJastJoto (x =y + (Ix — 2] + ]y —w])/2)4HP=2)

< 27" 48 P 2 (1) 4 2(IV)).

Here we added £u(z) & u(w) and used the triangle inequality. The terms are

an:=q@ —5)2 / / lu(z) —u(w)|fa(z, w)dwdz,
QJa

1
a(z, w) =
e /szw/szw|x—zld+5'|y—w|d+s<|x—y|+2|x—z|+2|y—w|>d+s<1’—2>

dx dy,

av) —(l—s) flu(x)—u(w)l”b(x,w) dw dx,

Qexl
1

b(x,w):=
) ./Qp/Q |x — z|4Hs |y — w]dHs (|x — y| +2[x — 2| + 2]y — w[)d+sP=2

Estimate of (III): Our goal is to find an appropriate estimate of kernel a to apply Theorem 3.5. Notice
that

dzdy.

Ix —y|+2|x —z|+ 2]y —w| > |z—w|+|x —z|+|y—w| foranyx,y, w,zeR.

Thus, for any z, w € €,

e !
a(z,w) <
Qe J e |x—z|d+S|y—w|d+s(|z—w|+|x—z|+|y—w|)d+“(1’—2)

dx dy.

Now, we apply Lemma 3.7 twice with B = Q’;’“. We use the function f(#1, ) = (|[z—w|+1# 1)~ (p=2)
which is decreasing in both #; and f,. Thereby,
a);‘,}_1 1

s dsd(|z—w|+d; +dy,)H P’

a(z,w) < (3-19)

This yields the desired estimate for (III) via Theorem 3.5:

lu(z) —u(w)|?
am < 2411 —y) // 5 (7= w| T T du) T dw dz

”M”WYP(Q)

”u”‘/v (S Rd)

Here c5 = ¢5(d, 2, ps, p*, s+) > 0 is the constant from Theorem 3.5.
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Estimate of (IV): Our approach to estimate (IV) is similar to the proof of [Dyda and Kassmann 2019,
Theorem 5]. Analogously to the estimate of a, see (3-19), we find

2
Wy—1 1

bx, w) <
W) = =T By (x —wl s + d) @D

for any x € QF and w € Q. We define

(V) = (1—5)2/ / ) = u(w)|” dw dx.
agt/a

dsds (|x —w| +dy +dy)d+sr=2)
The previous estimate of b yields
(IV) < wj_15;,2(V).

Claim: We will show that there exists a constant cg = c¢(d, 2, p, p*) > 0 such that

V) <c¢ ;[u]p +d —s)Z// u(2) = u()l” dwdz
~ O\ p - @ oo didy, (2 —wl+d;+dy) 0D ‘

Let W(R?\ Q) be the Whitney decomposition from Appendix A and recall that p = inr($2). We define the
set of Whitney cubes Q € W(R? \ ©) with diam(Q) < p by W,(R¢\ Q). As in Appendix A and [Dyda
and Kassmann 2019], we denote by é C 2 the reflected Whitney cube for any cube Q € Wp([R{d \ Q).
The collection of reflected Whitney cubes satisfies a bounded overlap property; see (A-4). Let N € N be
the constant from the bounded overlap property. Furthermore, the distance to the boundary as well as the

diameter of the reflected cubes are comparable to the original cubes with the constant M > 0 from (A-2).
By the covering properties of the Whitney cubes (A-1) and the reflecting cubes (A-3), we find

\ E — lu(x) —u(w)|?
V) = ¢! S)Z/ / I5d dw dx. (3-20)
0, dids,(|1x —w| +dy +dy)dTsP=2)
Q17Q2€WP(R‘1\§) 01V 02 “x w(l w| X w)

For the moment we fix two cubes Q;, Q> € W(R? \ Q) satisfying diam Q;, diam Q, < p. For each
xeQrandw € éz, we define

X =49, W—{qp,
20001 21(0»)

d&w%=q@+( )uéoeéb

The map z connects points in Q1, éz with points in Ql in a continuous way. We will use it for a change
of variables in either x or w. Therefore,

lu(x)—u(w)|?
7 5 dw dx
0.J0, d3ds,(|x —w|+dy4dy)d+s(P=2

lu(z(x, w)) —u(w)|? f / u(x) —u(z(x, w))|”
<2v dw dx 427 dwd
= /Ql/@ &5, (7wl tdy )00 T s Ed (r—wl s dgyied

=:2P((VD+(VID). (3-21)
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We make a few observations before estimating (VI). For x € Q) and w € éz, we have d, > M _ldz(x,w)
as well as

lx —w|+dy+dy = M~ (|x —w|+dist(Qy, 01))+ (1 =M |x —w|+d,
> M~ (dist(Q1, 02)+dist(Q1. O1)+(1— M) (dist(Q1, 92) +dist(Q2, 9Q)) +du
> M~V dist(0y, 02)+(1— M~ YM~ dist(D1, 3Q) + (2— M~ ") dist(0a, 99)
_a — M HYM 1 (dist(Q1, 02)+ Y i, dist(Qy, 32)) (|z(x, w) — w|+dsx w) +du)
- (diam Q| +dist(Q,, 02)+diam 0)+ "7, (dist(Q;, d2) +diam Q)
> (1=M M 5(j2(x, w) —w|+d(x.w) +dw).

We define ¢7 := %M 2(M —1)"! > 1 and use the previous calculation to estimate (VI) by

' - p
(VI) < MSC;’-H(P—z)/ / lu(z(x, w)) —u(w)| ! e du
0270, z(x w) dy, (12(x, w) — w| + dzx,w) +dw) +5(p=2)

< M- 2)(21(Q1)) ff lu(z) — u(w)|? ded
7 10 ) Jo.Js dsdy(z—wi+d. +d) D

* — p
< MOV =) 5 yd Ju(2) — uw)| dw dz. (3-22)
7 5.)5, dsdw(lz—wl—i-d +dw)d+s(p 2)

* d+(OV(p 2))Md+1 Now we

Here we used the change of variables z = z(x, w). We set cg := 2¢17"¢
sum (VI) over all Whitney cubes in W, (R?\ Q). By the bounded overlap property of the Whitney

decomposition, see (A-4), we have

lu(z) —u(w)|?
1—5)%2P(VI) < cg(1—s)? // dwd

Z 7( s) (VD) = es( 5) 5,Jo dsds (lZ—w|+dz+dw)d+S(p_2) wdz
01,026V, (RI\Q) 01, Q2€Wp RN\Q)

2 777w
— p
SNzcs(l—s)Z// @ a4 de. (3-23)
alo did;,(Iz—w|+d;+d,)* P2

Now we estimate (VII). We make a few observations upon the choice of the Whitney decomposition and
reflected cubes in Appendix A. For x € Q1 and w € O, we have

de = 1+ MY dy +doew) = A+ M D7 x —20x, w1,
dy > dist(Q2, 39),
de +dy + |x —w| > dist(Qy, 32) + dist(Q2, 0R) +dist(Q1, 02),
Ix —z(x, w)| <dist(Q1, Q1) < M dist(Q1, IQ).

We set
dist(Qy, 9Q)4+sp=D

dist(0s, 99)" (dist(Q1, Q) + dist(0», Q) +dist(Q,, 0p))d -2

J(Q1, Q2) =
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Therefore,
lu(x) —u(z(x, w))l?

(VII)5(1+M‘1)3M"+5(P_1)J(Q1,@z)/ /~ dw dx
0170

|x — z(x, w)|9tsp

21 — p
< (1+M M, Q2)< (Q2)> ff ) = WO g, gy
1(Q1) 01704 |x —z|4+sp
Here we used the change of variables z := z(x, w). Set cg := (1 + M~)YMI+P*~12d+P" By (A-4),
(1—1s)2 > 27 (VI

01,026W, [RI\Q)

<o(-s? > I, Q2>((Q2))/Q/Q @) Zu@F 44y, (3249

l _x —z d+sp
01,0:6W, (R\D) (Q1) |

Therefore, it is sufficient to prove that

~ (10
Q)= Y. J(QI,Q2)<(92))
026, (RI\D) Q1)

is bounded independent of Q. We fix Q; € Wp([R{d \ ©2) and set a :=dist(Q1, Q). Let go, € 92 be
a minimizer of the distance of gg, to dQ; i.e., |§g, — g, = dist(gg,, 92). By the properties of the
Whitney cubes, we have for any w € éz

dist(Q2, 0Q) > 3(dist(Q2, 9Q) + diam 05) > 3du, (3-25)

lw—b| < |w—qg,|+lq90, —do,| < diam Q, +dist(Q,, Q1) +dist(gp,, IR)
< dist(Qa, Q1) + 3dist(Q1, 0) < 4dist(Q2, O1). (3-26)

We estimate /(Q1) using the properties of the Whitney cubes, (3-25), (3-26) and (A-4):

Z diam(éz)das(p_l)

1(Q) < M947 - L -
dist(Q», 02)% (a + dist(Q», 02) + dist(Q1, Qz))dH(P—Z)

02eW, (R\Q)

s(p—1)
= M949 / —— : = dw
Gremy (Rd\m 0 dist(Q2, 99)° (a +dist(Q2, Q) +dist(Q1, 02))H+57 -2

a*P=D
< 2544+s(P=2) prdpd Ny / (3-27)

d
@ diy(@+dy +w =G, N2 "
We claim that the integral in the last line is bounded independent of a and G, .
We localize the boundary in a neighborhood of g¢,. Let ro > 0 be the localization radius, and let
¢ : B, (Go,) — B1(0) be a bi-Lipschitz flattening of the boundary since €2 has a uniform Lipschitz boundary.
A change of variables and an estimate similar to (3-3) yields a constant cjg = cj0(d, 2) > 1 such that

f s(p=1) s(p—1)
~ dw < Clof dw.
QNB,, (Go,) 4w (@ +dy +|w—qo, |)d+s(p=2) 5,0y, W@+ w)aH?2)
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To calculate this integral, we apply the coarea formula; see, e.g., [Federer 1969] with (r, t) = (wg, |w|)
in the case d > 2:

a’P=h Lpt gs(p=1)yd=2
dw < wq- dr dr
/Bl(ou wy(a+ [wl)dHse=2 7 = 2f0/0 rs(a+r)d+s(r=2)
W42 1 as(p—l)td—l—s
= de
1—sJy (@a+1)d+sp=2)

1 s(p—1)
_ @d-2 / a dr < W4-2 .
Tl=sJy (a+p)!TED T T A—s)s(p—1)

(3-28)

Here we used

HID(w e Qwg=r, [w| =1}) < wg_21,<1972.

A similar calculation shows the same estimate in the case d = 1. Furthermore, the remainder of the
integral on the right-hand side of (3-27), i.e.,

a*r=1
/ s - drs ) W
QNB,(Go,)¢ D@+ dw +Iw—gg, NP

is easily bounded independent of a since a +d,, + |w — gg,| = ro for w € QN B, (§p,) and a < 4p.
Therefore (1 —s)1(Q) is bounded independent of Q; by a constant c;; = c11(d, 2, px, p*, sx) > 0.
We combine (3-24), (3-27) and (3-28) as well as (A-4) to obtain

|u(x) —u(@)|”

2

01,026V, (R\Q)

dzdx
oxtJe

= C9C1] N[u]e,\p(g ‘ Qt/))xl) . (3-29)

Finally, we combine (3-20), (3-21), (3-23) and (3-29) and the claim follows. The constant is given by
c¢ := N max{Ncg, coci1}.
We finish the estimate of (IV) using the previous claim and Theorem 3.5:

1
(V) < ¢ (52(17*—_1) [M]{;s,,,(ﬂ Q) +cs ||M||€Vx,p(9)>-
Combining the estimates of (III) and (IV) yields (3-16). O

Remark 3.11. As mentioned in the introduction, the trace embedding V1 (Q | RY) — 7% 1(Q¢) cannot
be continuous. This may be seen as follows: Consider the sequence of functions

0, x €,
u,(x):={n'"%, xe Q‘f’}‘n
1
0, xeQl

for n € N. By Lemmas 3.7 and 3.8 one easily sees that ||u,|ys1qrey X lunllp@e:p,) < 1, but a
simple calculation yields [u,]7s.1(qe) <X In(n) — 00 as n — oco. A similar sequence of functions proves
Theorem 3.5 to be false for p = 1.
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4. Extension results

The aim of this section is to prove the extension parts of Theorems 1.2 and 1.3. This proof is carried out
in Propositions 4.5 and 4.6. We are able to treat the cases 1 < p < oo and p = 1 together.

The method used in this section is essentially inspired by [Jonsson and Wallin 1984, Chapter V].
We decompose the domain 2 into Whitney cubes and consider neighborhoods of each cube intersected
with Q€. The extension is constructed by copying weighted mean values of the exterior data g from this
intersection into the respective cube; see (4-11). The weights are taken with respect to a measure that
behaves like u; close to the boundary 9€2.

Throughout this section we fix an open nonempty proper subset & C RY. We will introduce additional
assumptions on 2 when needed. Further, we fix a dyadic Whitney-decomposition WW(£2) of L2 consisting
of cubes with parallel sides to the axes of R? such that

(@) Q= UQeW(SZ) 0,
(b) the interior of the cubes are mutually disjoint,

(c) for all cubes Q € W(£2), the diameter is comparable to the distance to the boundary of Q; i.e.,
diam Q <d(Q, 02) < 4diam Q. 4-1)

We set sp € 27 to be the side length of a cube Q and let qo € Q be the center of the cube Q. We
denote the diameter of the cube Q by lp = diam(Q) = \/ESQ. This decomposition satisfies the following:
Suppose Q1, Q2 € W(L2) touch each other. Then

le diam Q| < diam Q; < 4diam Q. 4-2)

Additionally, we denote by Q* a cube having the same center as Q € W(S2) but side length (1 + %)SQ.
We denote the collection of these scaled cubes by

WA Q) :={0"| Q e W(Q)}.

These scaled cubes satisfy a finite overlap property; i.e., Y orew+(@) Lor =N, where N € N is a fixed
number for the remainder of this section. Additionally, two cubes Q7, Q5 € W*(£2) have nonempty
intersection if and only if O and Q; touch. We define J; C W(£2) to be the set of all cubes with side
lengths 27, and set
D= ] 0. D:=|]D; (4-3)
el jzi
Analogously to [Jonsson and Wallin 1984, Section 1.2], we introduce a specific partition of unity on €2
which we will use to construct an extension operator 757 (Q°) — V5P (Q | RY). We emphasize that the
construction of the extension is independent of p. Let ¢ € C2° (R?) be a bump function such that i = 1
on [—%, %]d and ¢ =0 on ([—%(1 + %), %(1 + %)]d)c, 0 < ¢ < 1. Then we define for any Q € W(2) a
translated and rescaled version of v,
. X—4dg
Volx) = W( )

S0
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and our partition functions

Yo (x)
Po(xX) = =" 9 —. (4-4)
2 gewe Vo
Then obviously ZQ ¢o = 1q holds. Furthermore, we set
pi=%inr(Q) A% >0,
o
Kk :=|log, — |, 4-5)
\‘ 22 \/EJ

W< (2) :={Q e W(Q) | sp =2°}.

Since lg = «/ESQ for any Q € W and the cubes have dyadic side lengths, /o < p for any Q € W<,.. For
any x € Q € W, we know
dy <lp+dist(Q, 2) <5lp,
d, > dist(Q, 9Q) = 3lo.
Therefore,
{erldx<Alfp}C U OcCci{xeQ|d, <5p}. (4-6)
QW< ()

For any cube O € W<, such that all neighboring cubes are in W<, we have

Y pox)=1, xeQ.
Q/walc
By (4-2), all cubes Q with a side length that is at most 22 only have neighboring cubes in W-,.
Therefore,

Z po(x)=1, x€D>_,47. (4-7)

QW<
We define for s € (0, 1) the measure on B(R?)
1—s

dS

Z

fs(dz) = Llae(z) dz. (4-8)
This measure behaves like 14, see (1-5), near the boundary 9€2. We will use i, to construct the extension
of a function g : Q¢ — R; see (4-11). In particular, the value of the extension Exts(g) in a cube O € W<,
will depend on a fi;-mean of g in a neighborhood of Q. Since fi; converges weakly to the surface measure
on 92, we recover a classical Whitney extension of functions in wi=1/p.P(3Q) in the limit s — 1~. We
set for O € W(R2)

ags = (fs(Boip ()~ (4-9)
Since dist(gg, 9€2) < Slg, the intersection Bg,(qo) N 2 has nonempty interior. The following lemma

shows the order of ag s in terms of /[y and s for Lipschitz domains. The estimate (4-10) is essential in
Propositions 4.5 and 4.6.
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Lemma 4.1. Let @ # Q C R? be a Lipschitz domain. There exists a constant C = C(d, Q) > 1 such that,
forany s € (0,1) and Q € W<,16(£2),

1y <ag, < Cly (4-10)

Proof. Let zp € 02 be a minimizer of the distance of g to the boundary 9$2. Since the distance
dist(qg, €2) is bounded from above by 5/p, we have B, (zp) C Be,(q0) C Biu,(zg). Since €2 has
a uniform Lipschitz boundary, we find a radius » = r(2) > 0 and a constant L = L(£2) > 0, both
independent of z¢, and a rotation and translation Ty, : R? — R? as well as a Lipschitz continuous function
¢ : R~ - R such that

T.o (2N B, (29)) = {(x', xa) € By (z0) | xa > ¢(x")} and [¢p]cor < L.

Without loss of generality, we assume T, to be the identity map, in particular, zg = 0. By arguments

similar to (3-3), we find 2(1 + L)d, > |x4 — ¢ (x')| for any (x/, x;) € B,(0) such that x; > ¢(x"). First

we assume that 11/p < r. Then proceeding as in (3-4) yields

1—s

aé,ls <(@d +L))S/ d(x’, xg) <2(11 +L)(11)dl‘é_5,

Biiip Nxa=¢p (xN)} (xg — P (x"))*

If 111y > r, then we simply cover By, (zg) N3<2 by finitely many balls By, ..., By. Since [ is bounded
from above by 2%p, the number of balls of radius r which are needed can be picked uniformly. Set

A= QN Biig(zp) N ﬂj B]?' and ry := dist(02, A). We pick the balls By, ..., By such that r; > %r.
Then, by a similar calculation as above,
N
agl < Z fis(B)) + jts(A) < N2(11 + L)(ADr ™ + 2711041 r A1) (o v DIG
/=1 < (N2(11 + L)(ID* 42711y (r A1) (o v IS,
For the upper bound in (4-10), we simply notice that
1—s
-1 ’
ayl > (', xa)

Q- fB,Qm{xdzas(x'n (xa = (x))*

and proceed in a similar fashion. O
For g € L{;C([R{d ), we define the extension Exts(g) as
Exts(g)(x) := ZQEWS”(Q) Poag.s fQCﬂB@’Q(qQ) 8(2)s(dz) for x € 2, (4-11)
g(x) for x € Q°.

For any Q € W<, (£2), we have
sup{dist(x, 9Q) | x € 0*} < dist(Q*, 3) + diam(Q*) <4p + 2 p < 6p.

Therefore, Exts(g)(x) = 0 for x € Q such that d, > 6p. Additionally, the definition of Exts(g) inside 2
depends only on the values of g on Qg’;} C Qg’;;r(m. We could use the measure p; introduced in (1-5)
instead of ji; in the definition of the extension because Exts(g)|q does not depend on the values of g far

away from the boundary. But the benefit of fi is that the extension is independent of the parameter p.
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We begin by proving some properties of Exts analogous to [Jonsson 1994, Lemma 1]. The proof follows
the same lines as [Jonsson and Wallin 1984, Chapter V, Lemma D]. We define for cubes Q1, Q2 € W<, (£2)
and g € L (RY)

loc

1/p
Ipqg,,q0,) = (an,San,s/ / 1g(z1) — g(Zz)lp/ls(dm)ﬂs(le)) . (4-12)
B0, (@o,) Y Bsoig, (d0,)

Lemma 4.2. Lets € (0,1) and 1 < p < oo, and assume that 2 satisfies (4-10). Further, let Q1, Q> €
We—2(2). There exists a constant C = C(d, 2, ¥, W(2)) > 0 such that, for any g € L?(Q2°) and
xeQi, yeQraswellas b e R:

(@) [Exty(8)(x) — Exty()(»)| < CJp(qo,- 90,)-
(b) |V Exts()(x)| < Cly! T, (q0,. 90,),

(©) [EXt(®) () = bl < Clagu.s [y, (g0 181 = bIP s (d2) 7,

(@) |VEXt()w)| = CLy' (a0, [, (400 1817 72:(02)) 7 for any w € Q € W(Q).

Proof. (a) By (4-7),
D po@=1= Y ¢o(.
QEWEK QEWSK
By the choice of ag , we find

Ext () () — Exty()()
= Y dowaos [ (g -~ Exu@ o))

QeW<, () Beiy (q90)
= 2. $oggagsag, f (8(z1) — §(22)) ks (dz2) s (dz1).
0,0eW<(Q) Beig (90)Y Bei5(45)

We apply Holder’s inequality to find

|Exts(g)(x) — Exty(9) (7))
< Y o@ez(ag.sap.(iis(Bsy(qo)its(Bay(gp)) "

0.0eW< () Up
X (/ / 1g(z1) —g(Zz)lpﬁs(dm)ﬂs(le))
Boig(a0) Y Beiz(q)

1/p
= Y ¢z (aQ,sa@,s / 18z1) — g (221" fis (dzZ)ﬂs<dz1)) .
0,0eW<(Q) Boiz(q5)
Let QO € W<, be a cube such that ¢ (x) # 0. Then Q touches Q; by the definition of ¢¢o. By (4-2), we

find

Beip (90)

[t —qgo,| <t —qol+lq0—q0,| <6lg+(g+1g) <(6-44+4+1)lp, <30lp,
for any 1 € Bg,(q0)- Let ey = c1(d, 2, p) > 1 be the constant from (4-10); then

ag,s < cllsQ_d < c14d_slsQ_ld < c%4dan,s.
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By the finite overlap property, there exist at most N — 1 cubes touching Q. The same holds for Q;
replaced by Q5. Therefore,

|Exts(g)(x) — Exts(g)(»)]

1/p
< (N—1)2(0124d)2/p<aQ1,saQ2,s fB |g(zl>—g(zz)vms(dzz)ﬁs(dzl)) :

3009, (@) /113301Q2 (90,)

(b) By (4-7), ZQ6W<K ¢ =1on Dsy_, and thus ZQ6W<K Voo =0on Dsy_,. We write

VEX ()= Y. V¢Q<x><ag,s fB g(zo;zs(dm)—Exts(g)(y))

0eW () 6o (90)
= ). Véos(agsag, / (g(z21) — g(22)) fis (dz2) fis (dz).
0.0eW<,(Q) Beiy (40 Beiz(45)

By definition of the partition of unity ¢.), see (4-4), there exists a positive constant ¢ = co(W(£2), d, V)
such that, for any Q € W<, touching Q; or O itself, we have

Vo ()| < casy' <4vderly!.
We calculate using the same arguments as in the proof of (a) and get
|V Exts(8) ()] < Ig!4v/der(N = 1)*(ci4) P T (0,5 40,)-
The proofs of (c) and (d) follow the same lines as the proofs of (a) and (b). Therefore, we omit them. [J

Lemma 4.3 [Jonsson 1994, Lemma 2; Jonsson and Wallin 1984, Chapter V, Lemma 2]. Let s € (0, 1),
a>0, h:Q— R. Set, for x € Q,

F) = / (6 (D)
Balg(QQ)

ifx € Q for Q € Ji, i € N, and f(x) = 0 otherwise. There exist constants C = C(d,a) > 0 and
ag = ap(d, a) > 0 such that, for any xy € RY and 0 < r < o0,

/ fx)dx < C2id/ h(t)as (dr). (4-13)
DiNB,(xo)

ext .
Q\/gazfi r—\Brthz()Zf’ (x0)

Lemma 4.4. Assume a, b > 0 and p* > 1. There exists a constant C = C(a, b, d, p,) > 0 such that, for
s€(0,1)and 1< p =< p*,

o0
>t f /| 8 0@ @
/=0 dx);b_ff

- C / lg(x) —gWI? "
Td+s(p—2) J)x—yiza ((Ix =yl +dy +dy) A)dTsP=D
d.<b

(dy)ps(dx).
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It is only due to this lemma that the norm of the extension operator in Theorem 1.3 in the case d =1
depends on a lower bound of (1 — ).

Proof. The left-hand side of the inequality is equal to

33 2isr-2) / / 12(¥) — g1 iy (dy)jy (dx)

— ‘ 27 < |x—y|<a2™
j=0knzj b2kl <q, <p2k

k n
=( DI 2)2"“’“”’2” / / 18(0) — g ()17 s (dy) i, (dx)

— — a2 l<|x—y|<a2™"
n>k>0 j=0 k>n>0 j=0 bZ’k’lfdxgbZ’k

(kAn)(d+s(p—2))
<ot Y 2T Ty st / f 18(6) — ()1 s () s (dx)
d+ S(P - 2) a2 " <|x—y|<a2™"

n,k=20 b2k <, <b2*

=: (D).

For x, y € Q¢ satisfying |x — y| <a2™" and d, < b27%, we have |x — y| +d, +d, < 2(a + b)2~*.
Therefore,

(dy)pes (dx). [

@ < Gt + DT / / 1200 — g ()17
T d+s(p-2) oyiza (K = I+ do +dy) A T2
d.<b

Now we are in the position to prove the continuity of the L? part. Recall the definition of the sets Q¢
and Qf,, in (2-1) for given r > 0.

Proposition 4.5. Let s € (0, 1) and 1 < p < p* < 00, and assume that Q2 satisfies (4-10). Then, for every
measurable g : Q¢ — R,
C
Xt (O lILr@ = 775181 Lr @500
with a constant C = C(d, 2, p*) > 0 which is independent of s and p.

Proof. Firstly, [, ¢o(x)dx <|Q*| < (1+ é)ds‘é for any Q e W(R). Let c; =c;(d, Q) > 1 be the constant
from (4-10). Recall the definitions of p and « in (4-5). For any Q € W<, and z € Q°N B, (q0), we know
d, <6lg = 6«/3sQ < 64/d2° < 6p. We use the finite overlap property of the Whitney decomposition to
estimate

d
IExt (@120 < (14+ 5 NP Y sg(fg

QEWSK(Q) 6lo (QQ)

<29, NP (6p+ D P1a " > s“‘Q/ 18(@)17 s (dz) =2 ().

QW< (Q) BGZQ (g0)

p
18 (@) fLs (dZ))

Now, we consider i € N and two cubes Q1, Q2 € W<,(£2) such that sg, =59, = 270 If

lg0, — g0, = 6o, +10,) = 124/d27",
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then B61Q1 (@) N B61Q2 (90, = 9. The number of cubes Q € W<, with side length 2~ that fit in the ball
B\, ja»-1(q0,) is bounded from above by [124/d277 /so1¢ = [124/d 9. Therefore,

#MQ € War |50 =27, Beig, (sg,) N Belg(ag) # @} < [12V/d1°, (4-14)

We set ¢; := 2% NP (6p+ 1)4+P~1, For any z € Q€ such that there exists a cube O € W<, which satisfies
z € Beiy(q0), we have

d; <|z—qg| <6lgp <6p.

We change the order of summation and use the above consideration to estimate

w=e) ¥ [ erm@
B ,-i(q0)

i=0 QeW<(DNJ;
1

< [12/d1?
< caf12Vd] o

2
|l @ ide) < M2V gl g
Qext S 3

mr(Q);ll'«V)
6p

Thus, the proposition is proven with the constant
C =241 NP (6p + D)4 -1 112/d 4. O

Proposition 4.6. Lets € (0,1) and 1 < p < p* < 00. We assume that Q2 is bounded and satisfies (4-10).
Then, for every g € T>P(Q2°),

[Exts(g)lysrrey < g ll7s.r e

@ +s(p—)/es2r
with a constant C = C(d, 2, p*) > 0 which is independent of s and p.

Proof. We set ¢| := (\/32’““1) A 21—4 <2pA % and jp := —k — 6, where « and p are as in (4-5) and split
the integration domain of the seminorm into

[EXt() T ey :(I_S)/Q/Hmm} IEXtS(g)(x)I_hllzt;(g)(erh)lp 4 d
+ <§]~0(1 —5) fD | /{C|21’5|h|<c]} [Exty(g)(x) - ﬁit;(g)(x +nr dx)
' (J;O(l —S)ij/“hlm} IEth(g)(x)I—hﬁitssp(g)(wrh)lp i dx)
=: (D) + (1) + (D) + (IV).

Recall that D; is the collection of Whitney cubes with side length 277 see (4-3). We handle these four
terms separately.
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Estimate of (IV): Forany x € D;, j < jo and |h| < c, the distance of x as well as x + & to the boundary
02 is bigger or equal to
dy — |h| = dist(D;, 0R2) — ¢

> \/Ez_j_z —C1
2\/3(2/(4‘4_2/(-‘1-1)
> 6p.

Therefore,
Exts(g)(x) =0 =Exts(g)(x+h) and IV)=

Estimate of (I): Using the triangle inequality and the definition of the extension Exts(g), we estimate (I)
as follows:

|Exts(g)(x)|” |Exts(g)(x +7)|”
P(1 —
(I) =2 (1 S)</ fh>c| |h|d+sp dh dx //h|>¢1 |h|d+sp a dx)

2P(1—5) _ e d—s(p—
<2 o Bl gy + 2720l [ teima@n,
QL‘

By Proposition 4.5 and the previous inequality, we find a constant ¢c; = ¢>(d, 2, p*) > 0 such that

1 —s2Ptl g, 1c2 »
D =< 2 el g ||Lp(Qr Jks) +2 |Q|||g||Lp(Qc )"
1

This is the desired estimate for (I).

Estimate of (II): For the moment we fix j €N, j > jo, Q; € J;, x € Q; and |h| < 27/ < 2l4st.
Under these assumptions, x + h € Q;, where Q; is the cube with the same center as Q; but side length
(1 + %)SQ_I,. Thus, for any ¢ € [0, 1], the vector x +th is either in Q; or in a neighboring cube, say Q,
touching Q;. By (4-2),

L, <lg<d4lg, and |g0, —qol < diam(Q)) + diam(Q) < (1 +4)lp,.

Further, for z € B3y, (q¢0), we find
lz—q0;1 = (30-4+5)lg,.

Set ¢3:=30-445, and let ¢4 > 0 be the constant from Lemma 4.2 and ¢5 > 0 be the constant from (4-10).
We want to apply Lemma 4.2(b) and (d) to estimate (II). We set j| := jo+ 8 = —« + 2 and write

m=3 -y / / [Exty(8) () ~Ext (@) + )7
{|h|<c1277}

|h|d+vp
J=h

Ji—1
+ Z(l_s)/ / |Eth(g)(X)—Eth(g)(x+h)|1’ hdx
{|h|<c1277}

|h|d+sp

j=lo
=: (1) + ().
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For all j > ji, all neighboring cubes of Q; have side lengths at most 2%, and thus B, -j(x) C D> .
Since Extg(g) is smooth in €2, the fundamental theorem of calculus and Lemma 4.2(b) yield

|Exts(g)(x) — Exts(g) (x +h)|

1
/ V Exty(g)(x + th) - hdt
0

< |hl sup [VExt(g)l

Bc127j (X)
2 26— 2(j+2)(d—s) -~ e
< C4|hl—(65\/3 27 * / 1g(z1) — g(z2)|” (jis ® jig)(d(z1, zz))) .
Vd (Beyig, (@0;))?
Using this, we estimate
o
(II]) < (1 _S)C£742(dfs)+pcg Z 22j(dfs)+jp Z .|h|*d+p(lfs) dh
j=io Qey; 7 M=z
X / / lg(z1) — g(2)IP (fis ® fis)(d(z1, 22)) dx
0 (Beyiy90))?
p(=s) ps2(d—s)+p,2 X
B L R S S 3 22 =oip=ip=5) 3

p ji=jo Qel;

X /f lg(z1) — g (2)IP (fis @ fis)(d(z1, 22)) dx.
0 By (40))

lz1—z2]<2+/dc3277
We define the functions

fiiQ—=R and h;:Q° - R
via

hj(z1) :=/ lg(z1) — g(z2)IP fig(dza), z1 € QF,
lz1—22|<2+/dc327

Si(o) 12/ hj(z1)jts(dzy), x e,
BC3lQ(qQ)

whenever there exists Q € J; such that x € Q otherwise we set f; = 0. With this notation we estimate (II;)
using Lemma 4.3 and d, < c3v/d2¥ for z € By (qo) N2 and Q € We,:

p(1—s) Pg2(d—s)+py2 X ) .
(< 29 S 3 g2 / £(o) d
p — D;
j=Jo :
wg_1(c v D)PcP4d+re2 2 3 .
< 4 5 ce Z J(d+s(p=2)) N hi(z1)fis(dzy)
p J:]0 «/176327/.
cs 1g(z1) — g(z2)|” -
<—F (fs ® f15)(d(z1, 22))-
d+s(p=2 Jas xor (21— 22l Fd +di) A DTHP=2 T 00

lz1—z2[<2V/dc3



2400 FLORIAN GRUBE AND MORITZ KASSMANN

In the last inequality we used Lemma 4.4. Here c¢ = cg(d, c3) > 0 is the constant from Lemma 4.3,
c7 =c¢7(d, p, c3) > 0 is the constant from Lemma 4.4 and

wg—1(c1 VvV l)pcf42d+pc§ (c

p

3vV/d2E + 1420 Deger,

cg =cg(d, p,c1,c3,¢5,C6,C7) 1=

Just as in the proof of the estimate of (II;), we apply the fundamental theorem of calculus and Lemma 4.2(d),
(4-10), and Lemma 4.3 to estimate (II,):

2—joyp(1=s) J' !
(L) < wq-1(c1277°)

p S / max |V Exts(g)(y)|” dx

Jj=Jjo Q€J;
. 1
Wg—1(c12770yP1=5) 7 2(i+DNP i .
< =7 cs(Va2 Ity fo 18(2)I7 s (d2) dx
p ] JO QE] cng(‘]Q)
. . —1
wg_1(c;2-0)PA=9) 7 2GI+D\P I .
< ez ) esWaZ YT e | 8@ (@2)
P im0 ¥y
<wd_1(c1210v1>1’( 2<f'1“>)” (Lt Vdes2 YT el
= 4 5 . Cc6(J1 — Jo ex . .
p Jd (Vd2=i+1 A 1)d JLT Jorl8 LPQT i)

Estimate of (III): We put h,, := ¢127" and write

oo j—1

|Exts(g)(x) — Exts(g)(x + h)l”
) = (1 — hd
= S)JXJ%";)]IJJ/mHﬂhkh || +sp *
- [Exty(g) (x) — Exty()(x + )| |
1— hd
= S)mXE)J—;LJO /D/ fhm+.<|h|<hm || +5p !
|Exts(g)(x) — Exts(g)(x + h)l"
=(1— hd
= S)Z/D>m+10/m+1<lhl<h |h|d+Sp *

5(1—s>2h,;i?”( [ [ @ - Ex @0 dyds
m=0

>m+]o

+/ |Exts(g)(x) — gWIP Lx—yi<n,, dy dX)
D>y jy v S2¢
=: (1 =) (L) + (IlI2)).
Estimate of (I1l}): For x € Q C D>+ j, and y € €2 such that [x — y| < h,,, we have
dy <d,+|x —y| < dist(Q, 0R2) + diam(Q) + h,,

< (5Vd +cp)27"
< a3
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and, therefore, y € D>, j,—3 by (4-1). We calculate

o0 o [e.¢]
UNED DD DI DI fD fD o [EXLE) — EXt@ )1 dxdy
n im (Y.

m=0 k=m+jo n=m+ jo—3

oo o0 oo
=Y Y Y ma [ e -E@or
Dﬂ kama(}')

m=j1— jo+3 k=m+ jo n=m+ jo—3
Ji—jo+2 oo 00

+ Y Y myT fD fD o [EXLE) — EXt (@ 01" dxdy

m=0 k=m+jo n=m+jo—3
=: (IlIy,1) + Iy 2). (4-15)

We estimate (III; ;) first. For
m>ji—jo+3=11, xe€Qre and yeQ@,€eJ,, n=>=m+ jo—3, k2m+jo
such that [x — y| < h,, and z1 € Bso,, (q0,), 22 € B3oly, (90,), we have n, k > ji and

|21 — 22|l < |21 —qo, 1+ 10, — x|+ |x =y + 1y —q0,I +1q90, — 22l
<31V/d2F 4127 4 31Vd27" < 27,
where cg := 31/d27/0 + ¢ 4+ 314/d237/0. Note that s, , sg, < 2~2. Lemma 4.2(a) yields
|Exts(g) (x) — Exts(g) (0)]”

p
S C4ansSaQn»S /

/ 1g(z1) — 822|117, 2y <co2-m s (dz2) fs (dz1)
B30]Qk (a0,) Y Bsog, (o)

=clag, sag, s fm(x), (4-16)

where f,, : R — R is defined by

fn(x) = [ o (z1) fis (dz1)
3301Q(qQ)

for x € R? whenever there exists Q € J; such that x € Q otherwise we set fm = 0. Here h,, : Q¢ > Ris
defined by

A (21) :=/ 18(z1) — 82711 —gy)<co2m s (dz2), 71 € Q°.
Bsog, (90,)
Thus, Lemma 4.3 together with (4-16) yields
/ / |Eth(g)(X)—Eth(g)()’)|pdde Scfan,SaQn,S/ / fm(x)dXdy
D, Dkﬂma(y) D, kaBlzm(y)

5656102_kdagk,sagn,s// o (21) 15 (dz1) dy
Dy Bh)71+lll27k(y)

=: (Il ). (4-17)
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Here cjg = ci0(d) > 0 and a; = a;(d) > 0 are the constants from Lemma 4.3. For y € D, and
71 € By, a2+ (y) NQ°, we find

d, <ly—2z1| < (c1 +a27 702"

and set ¢1; := (¢ +a;27/). Then, (ITIM) becomes, after applying Lemma 4.3 again,

(I ) < < an sAQ,.s f / / lg(z1) — 8(@2) |7 11z, — 2 <cor-m s (dz1) fis (dz2) dy
Bsoiy, (q0,)

c11 2 m
¢y c12¢10 » - -
= Slermd 90ks40ns aJas. 18(z1) — 8(22)1" 11z 2y <corn fhs (d21) A5 (d22)

CpCSCIZCIO
el N IR T EICS [ TR RUSENCSE (@-18)

e 2"

In the last inequality, we used (4-10) and cj» = c12(d) > 0 is the constant from Lemma 4.3. We set
c13 = cffcscloclde*”(co A 1)74=P_ Recall that Jj1 — jo = 8. The estimates (4-17) and (4-18) yield

00 00 00
(HII,I) <cr3 Z Z Z 2m(d+sp)2—s(k+n)

m=ji— jo+3 k=m+ jo n=m+ jo—3

X/ ‘/em 18(21) —8 (2217 Lz, —25 ) <co2—m s (dZ1) fLs (d22)

2 o0
C13 25
=22]—3<_> PIEE | f 18D oz G202

25 —1
<1+C9+cu>2"“” Y / / lg(z1)—g(@)I”
<cius s (dz)pg(dzz).
s2(d+s(p—=2)) et JQenBe (22) ((lz1 —z2|+dg, +d,) A1)d+5(=2) s s

In the last estimate we used Lemma 4.4. Here ¢4 := 222000 ¢ 3615 and ¢15 = ¢15(d, p,cy,c11) >0is
the constant from Lemma 4.4. This is the desired estimate for (IIl; ;). To estimate (III; 7), we calculate

Ji—Jo+2
(1) < / f [Exts(¢)(x) — Exty ()(»)|” dx dy
T ”>d+"’kzm,zoz - ;
<ot 10 / / [Exts(g)(x)? dx dy
(€127 7)‘””’ kn% 39 DI DunBe ()
2p+5

P
=< Wwd—lcl IExts (&)l (g

2P0, lcf 02

(C 2T A 1)d+l’ Ky 5 Nl ”LF(Q?:“(Q) Hs)®

Here we used Proposition 4.5. Combining the estimates of (III; 1) and (III; 7) yields the desired estimate
of (IIIy).
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Estimate of (Ill): In contrast to (III}), we integrate over 2° where the extension is just g. For x € Q € Ji,
k>m+ joand y € Q€ such that [x — y| < h,, = c127"", the distance of y to the center of the cube g is
smaller than

dy <y —qol <ly —x|+1x — gl <12 +d27F < Vd(c; + 277027,
Set c16:=2c LJd(ci+27741). Thus (1— s)cioh,ty < —s)d,*. With this we split (1—s)(IIl>) into
(1 —s)(IIIy)

Ji—jo—1
1—
< > (d+j,) Z > f / |Extg(g)(x) = g7 Ljx—y|<h,, dy dx

m=0 m+1 k=m+jo Qe Ji 1‘1627’"(qQ)
—d—s(p—1 _
AN il S f / [Exty (8)() — 80P Ly iy (dy) dx
m=ji—jo k=m+jo Q€Ji (162*"1 (g0)
=: (Illp,1) + (111 2). 4-19)

We estimate (III 1) by

(HIzl)<2p(J1—J0)<(1—S)Z > / / |Exts(8) ()P Lx—y)<c, dy dx

k=jo Qe i Beygao)

aE

|8 NP Ly <e, s (dy) dX>
k=jo Q€Jy Bei(q0)

d+
<278((1 = )wa-1cf ||Exts<g>||ip(g) + e T @a1 1217 gz 1)

d+sp d p
p —
52 8((1 S)C()d 101 s ||g||Lp(cht @’ W) +c16 wd—lcl ”g“LP(QSTt()’Ms))

Here, we used Proposition 4.5. We apply Lemma 4.2(c) and (4-10) to estimate (Il »):
(I, 2)

<y Sode s auny [

/ |g(z) —g ()7 jis(dy)jis(dz) dx. (4-20)
m=ji—jo m+1 k=m+jo QeJi B0 (90)/ Beyg/om (q0)

301Q
For z € By, /7,-+(qo) and y € Q€ with |gg — y| < c1627", we have
ly — 2| < (c16+~/d30)27".

We write ¢17 := ci6 + +/d30. Now, we apply Lemma 4.3 with r = 400 and conclude, with a positive
constant c¢ig = cg(d),

S 19() — g7, (dy)/iy (d2) dx
oeJ, Y @ B3ig o)/ B r-m(qg)

<27 /Q / 18(2) = g7 fis (dy) s (dz). - (4-21)

30/d2—m B 7a-m (2)
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By (4-20), (4-21) and Lemma 4.4,

I, ) < C463¢%s 2770
( 2’2) - Cii-‘rs(p—l) 1—=2-s

o0
cig y_2m o= 18(2) — g (V)P s (dy)is (d2)
m=0

S‘zext B _
304/d2—m " Cep727" @

U / / 12(2) — 817 }
T s@+s(p=2) Josm S5 o Iy =zl +d+dy) ADTHED

Here the constant is

(dy) s (dz).

o0 := 227000 (¢ A 1)_d_(p_])cfcscl6(60«/3+ 2¢17)4H1P=2le 1,

where c19 = c19(d, p, c17) > 0O is the constant from Lemma 4.4. Combining (Il ;) and (IIl ») yields
the desired estimate of (Ill;). Further, the previous estimates of (III;) and (IIl;) finish the proof of the
bound on (III). U

Proof of Theorems 1.2 and 1.3. The proof of Theorem 1.2 follows from Propositions 3.9 and 3.10,
Lemma 4.1, and Propositions 4.5 and 4.6. The proof of Theorem 1.2 does not require Proposition 3.10. [J

5. Nonlocal to local

In this section, we prove the convergence of the trace spaces 7°°7(2¢) — wi=l/r.rQ)ass — 1~ as
claimed in Theorem 1.4.

The following lemma is a minor extension of [Grube and Hensiek 2024, Lemma 4.1] to Lipschitz
domains. Note that the term (1 —s)/d; in the measure j, is responsible for the reduction of Q€ to d<2.
Recall the definition of the sets Q¢ and ., in (2-1) for given r > 0.

Lemma 5.1. Let Q C R? be a Lipschitz domain, d > 2, and 0 < r < 0o. We define a family of measures
its on (R4, B(RY)) via

1—s
a;

/_LS()C) = 1Q§x1(x).

Let o be the surface measure on the Lipschitz submanifold 0<2, and set o (D) := o (02N D) for all sets

D e B(RY). Then {jis}s converges weakly to o as s — 17, i.e., when integrated against test functions
in C.(RY).

Remark. (1) In dimension d = 1, the previous convergence result reads
Ly — Z 8y, weakly,
xoeaﬁ

i.e., when tested against C.(R) functions. Here §,, is the Dirac measure in the boundary point
X0 € Q2.

(2) In [Grube and Hensiek 2024, Lemma 4.1], the first author and his coauthor proved Lemma 5.1 for
bounded C'-domains. Below, we adopt this proof and explain necessary differences to that result.
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Proof. Let f € C.(R%). We have shown in [Grube and Hensiek 2024, Lemma 4.1] without using that the
boundary 3Q is C' that /ng | flits = 0 as s — 1~ for any ¢ > 0. Thus, the problem localizes. Without
loss of generality, we find a cube Q = (—p, p)¢ and a Lipschitz continuous map ¢ : RY~! — R such that
QN O ={(x, xg) | xqa < @(x)}N Q. Furthermore, on this cube we have

_ P 1—s
[ o= e
onQe (=p.p) "1 p(x") ', xq)

is an approximate identity evaluating at x; = ¢(x’) as s — 17, it remains to show that

x"d_—d)(x) S V1 IVOO)?E as xg — d(x') (5-1)
(x',xq)

1—s

Xa—P(x')

Since

for almost every x’ € (—p, p)?~!. Since ¢ is Lipschitz continuous, it is differentiable at almost every
point x” € (—p, ,o)d_l by Rademacher’s theorem. In [Grube and Hensiek 2024, Lemma 4.1], we used
continuous differentiability of ¢ to show (5-1). Here we only assume ¢ to be Lipschitz continuous. We fix
x" € (—p, p)?~! such that ¢ is differentiable at x’. For x4 > ¢ (x’) such that x; < p, we pick a minimizer
of the distance of x = (x’, x;) to the surface Q2 and call it y = y(xz) = (¥', #(¥’)). Analogously to the
estimate (3-3), we have

|xa — ()| < 2(1 + [@]cor)dy. (5-2)
Furthermore, we define the hyperplane
Pi={(Z, () + (& —x)- Vo)) | € (=p, )

which is tangential to the surface at x. Let z = z(x4) = (z/, z4) be the minimizer of x = x(x’, x4) to the
plane P. A small calculation yields

;o Xd— @) ,
7 =x +—1+|¢(x/)|zv¢(x )s
o |V (x)? ,
a=¢(x)+ W(Xd —¢p(x)),
xq —¢(x')

dist(x, P)=|x —z| =

VI Vo)

Since ¢ is differentiable, the error function r : (—p, p)?~! — R given by

r(w) :=¢ W) —¢px")—(w —x") Vo)
satisfies
r(w’) , ,
—— =0 asw — x'.
|w" —x'|

Since |y — x| <dy < |x4 — ¢ (x)|, we know

r(y)

m—)O as xg —> ¢(x'). (5-3)
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Now, we will estimate dist(x, P) by d, and an error and vice versa. Let y; € R such that (y’, y;) € P.
By the triangle inequality, we have

1, ya) — (& x) < 1O, ) — & x)l + 1O ya) — O, ¢ (YD =die +r (Y).

Since (y’, y4) € P and z is the minimizer of the distance of x to P, we have dist(x, P) < d, + r(y’).
Again by the triangle inequality,
dy <@, ¢(@) = (', x| 2 1@, 20) — (', x| + (2, 9(2) = (&, za) | = dist(x, P) +7(2).
Therefore,
1 dy _ ldist(x, P) —do| _ max{|r(y)), Ir(z)]}
dist(x, P) dist(x, P) dist(x, P)
/ /
Tl oL Ir @l
|Xa — (x|
as x4 — ¢(x’) by (5-3), the choice of 7’ and the properties of the error function r. By the previous

calculation of dist(x, P) and this convergence, (5-1) follows. Since (1—s)/|x;—¢ (x")|* is an approximate
identity, we have for any x’ € (—p, p)?~! such that ¢ is differentiable at x’

P
/ & xp) dig = fOL OV [VROP ass — 17,
o) iy 2

Since f has compact support, there exists R > 0 such that supp(f) C Bg(0). By (5-2), we have

P l—s , , l—s
7 S& xq) dxa| < |1 fllLeLBgo)(x) 7 dxg
O (") “(x',xq) O (") “(x',xq)
P 1—s
<2(1 + [@lco) f Lo Lpg(0)(x) ————dxy

o0 1Xa — &I

<2(1+[@lco) (o + DI fllzoeL gz (0) (x).
By dominated convergence,

/ fdus — fdo ass— 1.
ongQe RN
Following the proof of [Grube and Hensiek 2024, Lemma 4.1], the result follows. U

We are now in the position to prove the convergence theorem. We use similar arguments as in the
proof of [Grube and Hensiek 2024, Proposition 4.3, Theorem 1.4].

Proof of Theorem 1.4. First, we prove the convergence result for u € C?’I(Rd ). Then we apply a density
argument.

Step 1: Let us assume u € C?’I(Rd).

ext oxt We apply the estimates from the proof of the

trace continuity. By (3-14), there exists a constant ¢; = ¢ (d, 2, p) > 0 such that

L? part: We split Q€ into the union Q' U Ql .. OngQl

P <¢; lim [u]?

lim || Trg u .
sﬁl—” s ”L”(Qém;us)_ s> - VEr@I Qb
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Notice that

u() —uly + W
W giary <=9 [ [ dy di
VP (| QL)) B, (0)° |h|d+sp
1 2P wg_1
<2P(1— dh = 1— 5-4
(A=l [ o T =l G

and, thus, lim,_, |- || Trg u||” =0. On Q" we consider the family of measures {i,} from Lemma 5.1

LP(QL )

ext’

with r = 1. This family converges weakly to the surface measure on 92, which we denote by . Thus,
we conclude the claim via

|u(x)|”

”Tl’s u“Lp(QexIM) Rd (1+dx)d+s(p_1

s (dx) < | Ju(0)|P g (de) = | Ju ()] do (x)
R4 a2

and similarly
|u(x)[”

T ot > —(dx) — rd 1
1Tl g 2 /R s (@) /mlu(X)' o) ass—

because x — (1 +d,)~¢~P*! is continuous.
Seminorm part: The main task is to show

/f lu(x) —u(WP(1+d) 4PV (A 4 dy)~d=P=D
e x Qe ((Jx — y| +dy +dy) A1)d+s(=2)

—>/f jux) —uG)I” do®o)(x,y) ass— 1"
)

axan X — yldtr=2

d(ies ® i) ((x, ¥))

for some r > 0 in the definition of ;. The choice of r is arbitrary and will be made later. Let i, be
the measure from Lemma 5.1 to the parameter r. As in the proof of Proposition 3.10, we split ¢ x Q¢
into the union Q' x QX' UQC x QL U QL x Q°. The proof in the case Q¢ x

ext ext “x¢ 1 the same as the

one in the case Q[ x Q¢ and shows that [Tr; ”]T? p(q, | Q) CONverges to zero. By (3-17), (5-4) and a
calculation similar to (3-18), we find a constant ¢, = cz(Q p) > 0 such that

[Tr . QC)s2P(<1—s>||Trsu||ip(Qc;m) / A7 dx + | Tesul) g )MS(QC)>
Qr exts s

ext

» (1 —s)cor—s?
<2 f”Tr@ u“LP(QF ) + ||Tr< MHL”(QQ)“;M) — 0

as s — 1—. Now, we consider the interesting part Q' x Q. We would like to apply Lemma 5.1 to the
function
1) —u )P (1 +d) =4SP (1 +dy) =0 D

hS , =
) ((Ix =yl +dx +dy) A1)d+sr=2

since

T g = [ [ B3 ) ()
SX[X ext
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and
lu(w) —u(z)|?

hs(x,y)%W fOI‘x—)u}EBQ,y—)ZGE)Q,s—)l_ forw;éz.

Lemma 5.1 cannot be applied directly because /4 is neither continuous on Q€ x Q€ nor independent of s. We
resolve this issue by arguments similar to the ones used in [Grube and Hensiek 2024, Proposition 4.3]. Let
us fix a radial bump function ¢ € Cfo(m), 0<@p <1, ¢=11in By, and define . (x, y) :=@(|x — y|/€)
for ¢ € (0, 1). We set

* 1’ p Z 2, e 8(173)([772)’ p Z 2’
T gm0, 1< p<2, anei= )y L<p<2
. lu(x) —u()”
hé‘(x’y):: (|x—y|/\1)d+P_2(1_gog(x’y))’
|u(x) —u()P((1 +d) (1 +d,y) =7
h€,*(-x7 y)= a . (1_§0e(x» )’))»

((Jx —yl +dx +dy) A 1)d+p72
8s.e(x,y) i=hy(x, y)p:(x, y).

For every s € (0, 1) and every ¢ > 0, we have a, ,he « + g5 o < hg <aih;+ g, .. We will now consider the
limit s — 1~ and subsequently ¢ — O of the upper and lower bound in this inequality integrated against
s @ [Lg. Both hg , and h} are continuous and bounded on RY x R4. By Lemma 5.1, {u,}; converges
weakly to o, and thus the sequence of product measures {uu; ® s} converges weakly to o ® o. Therefore,

/ / hea(x, ¥) d(iy ® 1) (X, ¥))

- /f lum_u(y)'p(l—wa(x,y))d(ff@U)(x»y) ass— 17,

sexoe X —yldTrP=2
lu(x) —u(y)|?

— dlo®oa)(x,y) ase — 0+.
//QXBQ |x — y|d+p=2

The same is true for h}. Furthermore, a, a; . — 17. Now, we show that

s U

tim [ [ g @m0 =0 ase—0+.

s—>1-

Note

// gs,s(x, y)d(s @ fis)(x, y) < [u]coa /:/ |x — yl—d—s(p—2)+2 d(its ® iLs)(x, ).
QexlXQexl

lx—yl<2e
The problem localizes. Since €2 is a bounded Lipschitz domain, we find a uniform localization radius
ro > 0. Let Q be a cover of 02 with balls B € O with radius rg > 0 such that the union of these balls
with half their radii still contains 2. Now, we fix r > 0 from the beginning of the proof such that
Useo 3 1B D Q% where 1B is the ball with half the radius. We assume & < 17y such that, for any
x, y € QS satisfying x € 2B, B € Q, |x —y| <2e, we have y € B. Thus, we only need to consider one
ball B € Q. After translation we assume, with loss of generality, B = B,,(0). We flatten the boundary
9% that lies in B with the function ¢ € C%'(R4~1) such that QN B = {(x’, x4) € B | x4 < ¢ (x")}. Since
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2 has a uniform Lipschitz boundary, the Lipschitz constant of ¢ does not depend on the position of B.
For any x € BN Q°, we have d, > (14 ||¢]|co1) " |xg — ¢ (x")|. Therefore,

/ / L, 0y D) x — ¥ 7452920 (3 © i) (x, )
QNO)x(2NQ)

2ro 2ro (1 _ S)2|X —y | d—s(p—2)+2p
=+ ”¢”COY])2/W 1 / /(d 1 / (xg —d () (yg — P (¥))* dya dy/dxd dx’
BY 0o /B Sy (a =) (ya — ¢y

2-2 d 2 d 1
0

(28)(1 s)(p—=2)+1

2
22 2 d 2 d- 2@a 2 4-1

= 1 — (1 1) — 2¢ — 0.
=ry “( +||</5||cﬂl) —1'o (1_s)(p_2)+1 (I+1l@llcor) 7—10 €

In the last line, we first consider the limit s — 1~ and then the limit ¢ — O+. Thus,

[[ et ome ) < Zf/ Ly 0y ()1 — ¥4 (3, @ i) (x, y) — 0.

BeQ

The result for C>!(R¢) functions follows from
as,*hs,* + 85 = hg < a;hg + gs.e-

The proof of [u]7s.1qe) — [u] B, (09 follows analogously.

Step 2: Let 1 < p < oo. We generalize the result from Step 1 to all functions in W7 (R¢) via a density
argument. Firstly, there exists a constant c3 = ¢3(d, p) > 0 such that |[ullys»q rey < c3llullwsr -
Combining this estimate with (3-13) and (3-16) yields

Trs ull7sr(@e) < C4||M||vs~p(sz||Rgd) = C3C4||u||W1«P([I‘\Pd)-

Here c4 > 0 is the sum of the constants from Propositions 3.9 and 3.10. Now take any u € whp(RY).
Since C?’l (RY) is dense in W!7(R?), we find a sequence u, € C?’l (R?) such that |ju — u, lwi.rway — 0
as n — oo. Since the classical trace is continuous, the mapping

yo: WHPRY) <= whe(Q) L5 wirr o)
is linear and continuous. Thus, uniformly in s € (0, 1),

Tt u — Trg wp ||l 750 (@c) < 1l —upllwrogey = 0,

lvou — younllwi-1rraq) < Callu — unllwirgey = 0 asn — oo.

Finally, Step 1 yields [|uy ||7s.r@c) = |unllwi-1/r.r@9g) as s — 17. The proof of the statement for d = 1
follows with minor changes and we omit it. Notice in this case that functions in W*?(2) for s > 1/p are
continuous by Morrey’s inequality. Lastly, the proof of || Trs ul|z1(q.,,) = llYull 11 (5q) follows analogously
to the proof in Step 2 using the uniform trace embedding Proposition 3.9. O
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Appendix A: Reflected Whitney cubes

The following results are taken from [Dyda and Kassmann 2019, Section 3.2]. Throughout this section,
we fix a Lipschitz domain Q C RY. We fix a Whitney decomposition W(R? \ Q) of the open set with
Lipschitz boundary R? \ Q; i.e., each cube Q € W(R? \ Q) satisfies diam Q < dist(Q, 92) < 4diam Q.
We denote the center of a Whitney cube Q € W(R? \ Q) by qo € Q. These cubes satisfy

Z 1Q le‘l\STZ' (A_l)
QeW(RN\Q)

Bounded Lipschitz domains are both interior and exterior thick; see [loc. cit., Definition 14 and 15].
Thereby, we find a constant M > 1 and a reflected Whitney cube é C Q forany Q € W(R?\ Q) such
that diam Q < inr(2) = sup{r | B, C 2} satisfying

diam Q < dist(Q, 9Q) < 4diam O,
M~"diam Q < diam O < M diam O, (A-2)
dist(Q, 0) < M dist(Q, 9%).

Again we denote the centers of the reflected cubes by g5 € é . The collection of these reflected cubes
cover the domain 2; i.e.,

U ¢=x (A-3)

QeW(RN\Q)
diam Q <inr(2)

Additionally, the reflected cubes satisfy the bounded overlap property; i.e., there exists a constant N > 1
such that

> 15=Nig; (A-4)

QeW(RN\Q)
diam Q <inr(2)

see [loc. cit., Remark 19]. We define

Winre) (R \ Q) := {0 e W(R?\ Q) | diam Q < inr(Q)}.

Appendix B: Hardy inequality for the half-space

The following Hardy inequality for the half-space is proven in [Frank and Seiringer 2010; Bogdan and
Dyda 2011] in the case p = 2. See [Dyda and Kijaczko 2024] for a corresponding weighted Hardy
inequality. Note that the constant D; , is optimal.

Theorem B.1 [Frank and Seiringer 2010, Theorem 1.1; Dyda and Kijaczko 2024, Theorem 1]. Let
O<s<l1,deN, pell,oo)with ps # 1. Then

p _ p
D, [ MO 4 < ) = WO 4, ) (B-1)
RL Xy RIxRd X — y|eFP
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foranyu e W(‘;’p([Ri) =Cx (Ri)” “lwsr The constant is given by

1+ (—
D _ Zﬂ(dfl)/zr( ZSP) /1 |1_t(pb 1)/17|P
$,p =
p F(dJ;Sp) 0 (1— t)1+ps

Furthermore, in the case p = 1 and d = 1, the inequality only holds for functions that are proportional to
a nonincreasing function.

(B-2)

Lemma B.2. There exists a constant C = C(d) > 1 such that, forall 0 <s < 1,
C™'<sDy1 <C,
where Dy 1 is the constant defined in (B-2).
Proof. We split the integral in (B-2) into two parts. First,
_ s
[y i

A lower bound in the same term is calculated similarly:

1/2 |1_ts—1| 1\I-s 1/2 . Zl—s_l 1—5
/ — dr> (1—(—) )/ 7 hdr = > .
0 (1 —l‘)H—S 2 0 2s 4s

We move to the remaining part of the integral:

1 s—1 1 1 1
11— l—s 1 . l—s
—lﬂdt§2 ’ i (1—y) rodr)der<?2 —Sdl‘§2
12 (1—=1) 12 (1—=1) ‘ 12 (1—=1)

And a lower bound is calculated in a similar fashion:

1 |1_ts—1| 1 1 1 N 1 1—s 1\ 1 1
—Hsdti — o \(=s) [ rdr)de > —Sdt:(—) > —,
12 (1=1) 12 (1—1) , 12 (1—=1) 2 2

Therefore, r ( | )
1 1 5 6
2 d=D/2 <D, <2pd-D/2 2 O
Tor@vrE s T T r@an(Eh)y
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