
ANALYSIS & PDE

msp

Volume 18 No. 10 2025

FLORIAN GRUBE AND MORITZ KASSMANN

ROBUST NONLOCAL TRACE AND EXTENSION THEOREMS



ANALYSIS AND PDE
Vol. 18 (2025), No. 10, pp. 2367–2414

DOI: 10.2140/apde.2025.18.2367 msp

ROBUST NONLOCAL TRACE AND EXTENSION THEOREMS

FLORIAN GRUBE AND MORITZ KASSMANN

We prove trace and extension results for Sobolev-type function spaces that are well suited for nonlocal
Dirichlet and Neumann problems including those for the fractional p-Laplacian. Our results are robust
with respect to the order of differentiability. In this sense they align with the classical trace and extension
theorems.

1. Introduction

We are concerned with well-posedness of nonlinear nonlocal equations in bounded domains, such as

(−1)spu = f in �,

u = g in Rd
\�,

(1-1)

where the fractional p-Laplacian is defined via

(−1)spu(x)= (1 − s) p.v.
∫

Rd
|u(x)− u(y)|p−2(u(x)− u(y))

dy
|x − y|d+sp .

A standard approach to problems like (1-1) is the variational approach, which is based on an energy
functional and corresponding function spaces. Since the operator (−1)spu is nonlocal, it is necessary
to prescribe values u(x) for x ∈ Rd

\� in order for (1-1) to be well-posed. A possible yet restrictive
option is to work in the Sobolev–Slobodeckij space W s,p(Rd). Note that an assumption of the type
g ∈ W s,p(Rd) imposes unnatural restrictions since problem (1-1) does not involve any regularity of g in
Rd

\� other than some weighted integrability. Popular workarounds include assumptions of the type
g ∈ W s,p(�ε)∩ L p(Rd

; (1 + |x |)−d−sp dx) for some enlarged domain �ε = {x ∈ Rd
| dist(x, �) < ε}.

We introduce and study trace spaces on Rd
\� that allow for a natural variational approach to nonlocal

nonlinear problems. An important feature of our approach is the robustness of our results as s → 1−.
This allows for a theory of well-posedness for problems like (1-1) that is continuous in the parameter s at
s = 1. In this case, problem (1-1) reduces to

−div(|∇u|
p−2

∇u)= f in �,

u = g on ∂�.
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In order to derive the setting of the variational approach, let us explain the definition of a weak solution
to our model example (1-1). Given a sufficiently regular solution u to (1-1) and a regular test function
ϕ : Rd

→ R with compact support in �, the following should hold:∫
�

(−1)spu ϕ =

∫
�

f ϕ,

which, after an application of Fubini’s theorem, reads

1−s
2

∫∫
(�c×�c)c

|u(x)− u(y)|p−2(u(x)− u(y))(ϕ(x)−ϕ(y))
dy dx

|x − y|d+sp =

∫
�

f ϕ. (1-2)

This line motivates the following definition of an energy space. For a bounded open set � ⊂ Rd and
1 ≤ p <∞, we consider the fractional Sobolev-type space

V s,p(� | Rd) := {u : Rd
→ R measurable | [u]V s,p(� | Rd ) <∞}, (1-3)

[u]
p
V s,p(A | B) := (1 − s)

∫
A

∫
B

|u(x)− u(y)|p

|x − y|d+sp dx dy, A, B ∈ B(Rd). (1-4)

We endow this space with the norm ∥u∥
p
V s,p(� | Rd )

:= ∥u∥
p
L p(�) +[u]

p
V s,p(� | Rd )

. The space V s,p(� | Rd)

is a separable Banach space and reflexive for p > 1; see, e.g., [Foghem Gounoue 2020, Chapter 3.4].
It is well known that this space converges to W 1,p(�) for 1 < p <∞ as s → 1−; see [Bourgain et al.
2001, Theorem 2] and [Foghem Gounoue 2023, Theorems 1.1, 1.3, 1.5]. In his famous work, Gagliardo
[1957] proved that the classical trace γ : W 1,p(�)→ W 1−1/p,p(∂�) is linear and continuous and has a
continuous right inverse. We are concerned with the search for a trace theorem and extension result for
the fractional Sobolev spaces of type V s,p(� | Rd) onto the nonlocal boundary �c such that the result is
robust in the limit s → 1−.

Remark 1.1. In some more applied fields such as peridynamics, one studies nonlocal problems in bounded
open sets �, where data are prescribed in a bounded open set E ⊃�; see [Mengesha and Du 2016]. Then,
there is no need to discuss the decay at infinity, but the main challenge remains: quantify local behavior
of functions across the boundary ∂�. Our results apply to such problems directly as Rd can be replaced
by a general set E .

Main results. We introduce a space of functions T s,p(�c) defined on �c, see (1-6), and prove trace
and extension results which are robust in the parameter s; see Theorems 1.2 and 1.3. Lastly, we prove
the asymptotic of the spaces T s,p(�c) as well as some related weighted L p spaces as s → 1−; see
Theorem 1.4.

Due to the nonlocality of the operators under consideration, problems like (1-1) can be formulated in
open sets, which are not necessarily connected. Since our main results do not require � to be connected,
we define � ⊂ Rd to be a Lipschitz domain if it is open and has a uniform Lipschitz boundary; see
Section 2. We define measures

µs(dx) := 1�c(x)(1 − s)d−s
x (1 + dx)

−d−s(p−1) dx (1-5)
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on the Borel σ -algebra B(Rd), s ∈ (0, 1), 1 ≤ p <∞, where dx := dist(x, ∂�) for x ∈ Rd . We simply
write µs(x) for the density of the measure µs with respect to the Lebesgue measure on Rd . Given an
open bounded set A ⊂ Rd , note that µs(A)≍ (1 − s)

∫
A∩�c d−s

x dx and µs converges weakly for s → 1−

to the Hausdorff measure on ∂�∩ A; see Lemma 5.1.

We introduce for s ∈ (0, 1), 1 ≤ p <∞, our trace spaces

T s,p(�c) := {g :�c
→ R measurable | ∥g∥T s,p(�c) <∞},

∥g∥
p
T s,p(�c) := ∥g∥

p
L p(�c;µs)

+ [g]
p
T s,p(�c),

[ f, g]
p
T s,p(�c) :=

∫
�c

∫
�c

| f (x)− f (y)|p−2( f (x)− f (y))(g(x)− g(y))
((|x − y| + dx + dy)∧ 1)d+s(p−2) µs(dx)µs(dy).

(1-6)

Here, we use the convention [g]T s,p(�c) = [g, g]T s,p(�c). The space T s,p(�c) is a separable Banach space
(Hilbert space for p = 2) and reflexive for p > 1; see Lemma 2.2. Now we state the trace result and
extension result for p > 1.

Theorem 1.2. Let�⊂ Rd be a bounded Lipschitz domain, s ∈ (0, 1), 1< p<∞. Then the trace operator

Trs : V s,p(� | Rd)→ T s,p(�c), u 7→ u|�c ,

is continuous and linear and there exists a continuous linear right inverse

Exts : T s,p(�c)→ V s,p(� | Rd), g 7→ Exts(g),

which we call the nonlocal extension operator. Moreover, the continuity constants of the linear trace and
extension operator only depend on � and a lower bound on s, as well as a lower and upper bound on p.

An extension of Theorem 1.2 to the case p = 1 requires a refined consideration. Analogously to the
case p > 1, one might guess that the limit space of V s,1(� | Rd) as s → 1− is W 1,1(�). But, in fact,
the Sobolev space W 1,1(�) is too small to capture all functions such that lim infs→1−∥ f ∥V s,1(� | Rd ) is
finite. The limit space of V s,1(� | Rd) as s → 1− turns out to be the space of functions of bounded
variation BV (�); see [Dávila 2002, Theorem 1; Bourgain et al. 2001, Theorem 3′, Corollaries 2 and 5;
Foghem Gounoue 2023, Theorems 1.3 and 1.4′]. It is well known that functions in BV (�) have a trace
to the boundary ∂� that is integrable and the trace map to L1(∂�) is surjective; see [Gagliardo 1957],
[Dávila 2002, Theorem 1] or [Leoni 2017, Theorem 18.13]. Theorem 1.2 may be extended to the case
p = 1 as follows.

Theorem 1.3. Let �⊂ Rd be a bounded Lipschitz domain, s ∈ (0, 1). Then the trace operator

Trs : V s,1(� | Rd)→ L1(�c
;µs(dx)), u 7→ u|�c ,

is continuous and linear. There exists a continuous linear right inverse

Exts : T s,1(�c)→ V s,1(� | Rd), g 7→ ext(g).

The continuity constants of the linear trace and extension operator only depend on � and a lower bound
on s. In addition, the norm of the extension operator in dimension d = 1 also depends on a lower bound
on 1 − s.
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This result is analogous to the local setting where L1(�c
;µs) is a suitable replacement for L1(∂�). In

particular, a direct analog of the trace result from Theorem 1.2 for p = 1, i.e., ∥u∥T s,1(�c) ≲ ∥u∥V s,1(� | Rd ),
cannot hold; see the counterexample in Remark 3.11. This is in alignment with the local setting. Recall
that there exists a nonlinear bounded extension operator from L1(∂�) to BV (�); see, e.g., [Malý et al.
2018, Theorem 1.2]. It was shown in [Peetre 1979] that a continuous extension map of integrable functions
on ∂� to a function of bounded variation in � cannot be linear. If we restrict ourselves to the Besov
space B0

1,1(∂�)⊂ L1(∂�), then a continuous linear extension to functions BV (�) that is a right inverse
to the trace map exists; see [Malý et al. 2018, Theorem 1.1]. A function f ∈ L1(∂�) is in the Besov
space B0

1,1(∂�) whenever the seminorm [ f ]B0
1,1(∂�)

is finite, where

[ f ]B0
1,1(∂�)

:=

∫
∂�×∂�

| f (x)− f (y)|
|x − y|d−1 (σ ⊗ σ)(d(x, y)).

Here, the measure σ is the surface measure on ∂�. The Besov space B0
1,1(∂�) is a Banach space endowed

with the norm ∥ f ∥B0
1,1(∂�)

:= ∥ f ∥L1(∂�)+[ f ]B0
1,1(∂�)

. In Step 1 of the proof of Theorem 1.4, see Section 5,
we show that our trace norm ∥ f ∥T s,1(�c) converges to ∥ f ∥B0

1,1(∂�)
as s → 1− for any f ∈ C0,1

c (Rd). In this
regard, we recover the local extension theorem to BV (�) functions in the limit s → 1− as the extension
operator in Theorem 1.3 has a uniformly bounded norm in the same limit.

As mentioned above, the spaces V s,p(� | Rd), 1< p <∞, converge to the traditional Sobolev space
W 1,p(�) as the order of differentiability s reaches 1. Having established the robust continuity of the trace
and extension operators from Theorems 1.2 and 1.3, our second goal is to study the limiting properties of
the spaces T s,p(�c) for s → 1− and to recover the classical trace and extension results for Sobolev spaces.

Theorem 1.4. Let �⊂ Rd be a bounded Lipschitz domain, s ∈ (0, 1), 1< p <∞. Then

∥Trs u∥L p(�c;µs) → ∥γ u∥L p(∂�), u ∈ W 1,p(Rd),

[Trs u]T s,p(�c) → [γ u]W 1−1/p,p(∂�), u ∈ W 1,p(Rd),

∥Trs u∥L1(�c;µs) → ∥γ u∥L1(∂�), u ∈ BV (Rd),

[Trs u]T s,1(�c) → [γ u]B0
1,1(∂�)

, u ∈ C0,1
c (Rd),

as s → 1−. Here, γ denotes the classical trace operator and B0
1,1(∂�) is the Besov space defined above.

Remark 1.5. In the case of a bounded connected C1,1-domain � and p = 2, Theorems 1.2 and 1.4 have
been established in [Grube and Hensiek 2024]; see the discussion of related literature below.

Applications to the Dirichlet problem. Let us present a well-posedness result for (1-1). We define the
space of test functions for the Dirichlet problem as follows:

V s,p
0 (� | Rd)= {v ∈ V s,p(� | Rd) | v = 0 a.e. on Rd

\�} (1-7)

Definition 1.6. Let �⊂ Rd be a bounded Lipschitz domain, s ∈ (0, 1), 1< p <∞. Let g ∈ T s,p(�c)

and f ∈ V s,p(� | Rd)′ ⊃ L p′

(�). We say that u ∈ V s,p(� | Rd) is a weak solution of (1-1) if, for every
ϕ ∈ V s,p

0 (� | Rd), the equation (1-2) holds.
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Here is our result on well-posedness of the Dirichlet problem.

Corollary 1.7. Let�⊂ Rd be a bounded Lipschitz domain, s⋆ ≤ s < 1, 1< p<∞. Let g ∈ T s,p(�c) and
f ∈ V s,p(� | Rd)′ ⊃ L p′

(�). Then there exists a unique weak solution u ∈ V s,p(� | Rd) to problem (1-1).
Moreover, there is a constant c > 0, depending only on p, �, s⋆, such that

∥u∥V s,p(� | Rd ) ≤ c(∥g∥T s,p(�c) + ∥ f ∥V s,p(� | Rd )′). (1-8)

Proof. Let V s,p
g (� | Rd) be the set of all functions v of the form v=Exts(g)+v0 with v0 ∈ V s,p

0 (� | Rd) and
Exts(g) as in Theorem 1.2. This set is a closed convex subset of V s,p(� | Rd). Let I : V s,p

g (� | Rd)→ R

be defined by

I (v)=
1−s
2p

∫∫
(�c×�c)c

|v(x)− v(y)|p

|x − y|d+sp dy dx − f (v).

We note that f (v) is the duality pairing between the functional f ∈ V s,p(� | Rd)′ and the function
v ∈ V s,p

g (� | Rd). The functional I is strictly convex and weakly lower semicontinuous on the reflexive,
separable Banach space V s,p

g (� | Rd). Since

| f (v)| ≤ ∥ f ∥V s,p(� | Rd )′∥v∥V s,p(� | Rd ) ≤ δ∥v∥
p
V s,p(� | Rd )

+ (p′)−1(δp)−1/(p−1)
∥ f ∥

p′

V s,p(� | Rd )′
,

for every δ ∈ (0, 1), we can apply the Poincaré inequality, see Proposition 2.1, to the function v−Exts(g)
to obtain

I (v)≥
1

4p
[v]

p
V s,p(� | Rd )

+ c−1
1 ∥v∥

p
L p(�) − c1∥ f ∥

p′

V s,p(� | Rd )′
− c1∥Exts(g)∥

p
V s,p(� | Rd )

for some constant c1 depending on p and on the constant from Proposition 2.1. Thus, the functional
I is coercive in the sense that I (v) → +∞ for ∥v∥V s,p(� | Rd ) → +∞. We have shown that I attains
a unique minimizer u on the set V s,p

g (� | Rd). It is now straightforward to show that the function u
solves problem (1-1). The claimed estimate follows from I (u) ≤ I (Exts(g)), the above estimate and
Theorem 1.2. □

Let us quickly review some related results on problems for nonlocal operators in bounded domains
with given exterior data. Note that there are also approaches to nonlocal problems in bounded domains �
with data given on ∂� such as [Grubb 2015], which we do not take into account here.

Some early well-posedness results for variational nonlocal problems of the type (1-1) can be found
in [Servadei and Valdinoci 2012; 2013; Felsinger et al. 2015]. The case of homogeneous problems,
i.e., when g = 0, is particularly simple and has been treated by several authors. Note that the vector
space D̃s,p(�) in [Piersanti and Pucci 2017] equals the space V s,p

0 (� | Rd). Existing results for nonzero
data g often assume g to be regular in all of Rd , e.g., [Di Castro et al. 2016, Theorem 2.3; Lindgren
and Lindqvist 2017, Theorem 8; Acosta et al. 2019, Proposition 2.2]. As [Korvenpää et al. 2017,
Example 1] shows, optimal results require extra care and more regularity than just suitable integrability
of g in Rd . Also, g ∈ W s,p(�)∩ L p(Rd

; (1 +|x |)−d−sp dx) does not imply well-posedness as claimed in
[Palatucci 2018], which is not essential at all for the main results of that work. Workarounds avoiding
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global W s,p(Rd)-regularity are used in [Korvenpää et al. 2016; 2017, Lemma 6; Brasco et al. 2018,
Definition 2.10]. These approaches assume g ∈ W s,p(�ε)∩ L p(Rd

; (1+|x |)−d−sp dx) for some enlarged
domain �ε = {x ∈ Rd

| dist(x, �) < ε}. Concerning the case p = 1, we refer to [Bucur et al. 2023] for
results on existence and regularity of solutions to (1-1) with given exterior data.

Note that well-posedness and energy estimates similar to (1-8) are proved for p = 2 in [Foghem and
Kassmann 2024] and for general p in [Foghem 2025]. The present work resolves the matter of optimal
assumptions on exterior data g, which has been achieved for p = 2 and C1,1-domains in [Grube and
Hensiek 2024].

Remark 1.8. Note that the fractional p-Laplacian is well defined at a point x ∈ Rd if u is sufficiently
regular in a neighborhood of x and u ∈ L p−1(Rd

; (1 + |x |)−d−sp dx). For a variational approach, the tail
space L p(Rd

; (1 + |x |)−d−sp dx) is more natural, but modifications are possible.

Remark 1.9. For demonstration purposes, we have presented the well-posedness result for the fractional
p-Laplacian. It is straightforward to extend to more general nonlinear operators of the form

p.v.
∫

Rd
8(x, |u(x)− u(y)|)(u(x)− u(y))ks(x, y) dy

for appropriate functions 8 and kernels ks , s ∈ (0, 1).

Related results. Let us discuss related results concerning function spaces, in particular trace theorems. As
explained above, the main new feature of the energy space V s,p(� | Rd) is that functions in V s,p(� | Rd)

satisfy some incremental regularity across the boundary plus some integrability at infinity. Dyda and
Kassmann [2019] provide trace and extension results for V s,p(� | Rd) for rather general domains �.1

The proof is based on a Whitney decomposition of � and �c, which we employ here, too. However,
the construction of the extension operator in [Dyda and Kassmann 2019] is much simpler and uses the
Lebesgue measure. Thus, for s → 1−, one does not recover the classical extension result. In order to
resolve this problem, we introduce the measure µs on �c, which converges to the surface measure on ∂�.

In [Bogdan et al. 2020], the authors prove a version of the Douglas identity and provide trace and
extensions results for spaces like V s,2(� | Rd), where they allow for a large class of Lévy measures
ν(dh) instead of |h|

−d−2s dh. The proof is based on a careful study of the Poisson kernel and provides a
representation of the energy of the solution u to problems like (1-1) (p = 2) in terms of its trace on �c.
The article leaves open the question of robustness as s → 1−. Unlike [Bogdan et al. 2020], we define the
trace space for general p ≥ 1 with the help of explicitly given norms that allow for robustness and limit
results as s → 1−. Extensions of the results in [Bogdan et al. 2020] to some nonlinear cases, still based
on L2-Lévy integrable kernels, can be found in [Bogdan et al. 2023].

A systematic study of generalizations of the energy space V s,p(� | Rd) in the case of p = 2 and a
Lévy measure ν(dh) can be found in [Foghem and Kassmann 2024], where functional inequalities, well-
posedness results and some nonlocal-to-local convergence results are provided. The trace space is shown to
contain a certain weighted L2-space of functions on�c. Foghem [2025] provided extensions to the general

1Note that in [Dyda and Kassmann 2019] the domain of integration in (1.6) and (1.7) has to be changed from �c
×�c to

M ×�c with M = {x ∈�c
| dist(x, ∂�) < 1}.
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case p > 1. Nonlocal energy spaces appear also in the context of Markov jump processes in [Vondraček
2021]. Here, the author considers the intersection with L2(Rd

; m), where m(x)= 1�(x)+µ(x)1�c(x)
and µ(x) behaves like dist(x, ∂�)−2s for x close to ∂�; see Remark 2.37 in [Foghem and Kassmann
2024] for detailed comments. This approach together with functional inequalities and questions of
well-posedness has been studied for more general kernels in [Frerick et al. 2025].

The present work can be seen as an extension of results in [Grube and Hensiek 2024]. Here we treat
general bounded Lipschitz domains and the full range p ≥ 1 instead of bounded C1,1-domains and p = 2
in the aforementioned work. Both works use the measure µs , but the construction of the extension
operator is different. In the present work we employ the Whitney decomposition technique and not the
Poisson extension. The study of nonlocal Neumann problems as in [Grube and Hensiek 2024] together
with the asymptotic behavior for s → 1− is possible in our framework, too. In order to keep the scope of
this work reasonable, we defer this line of research until a later date.

Last, let us mention recent trace and extension results for nonlocal function spaces, where problems
similar to ours occur but the setup is conceptually different. In [Tian and Du 2017] the trace space
H 1/2(∂�) is recovered as the trace space of a certain L2(�)-space with a nonlocal interaction kernel
that has a localizing property at the boundary ∂�. The analogous result for W s−1/p,p(∂�) is proved
in [Du et al. 2022a]. The result is extended further to domains with very rough boundaries including
those with spatially varying dimension in [Foss 2021]. See [Scott and Du 2024] for applications to
nonlocal equations with Dirichlet data given on ∂�. Given a localization parameter δ > 0 and a domain �,
the authors of [Du et al. 2022b] study trace and extension operators between the domain and a layer
{x ∈�c

| dist(x, ∂�) < δ}. The operators are shown to be robust as δ → 0, which makes it possible to
recover classical trace results. For more details we refer to the discussion in [Grube and Hensiek 2024,
Section 1.2].

The development of nonlocal function spaces and related trace and extension results benefits greatly
from classical results for Sobolev, Sobolev–Slobodeckij, or Besov spaces. Early results on trace spaces
for W 1,p(�) can be found in [Aronszajn 1955; Slobodeckiı̆ and Babič 1956; Prodi 1956; Gagliardo 1957;
Slobodeckiı̆ 1958] and the monograph [Nečas 1967]. See [Nečas 2012] for an English translation and, in
particular, Chapter 2.5 therein. Lipschitz domains and fractional-order spaces are covered in [Grisvard
2011], e.g., in Theorems 1.5.1.3 and 1.5.2.1. For domains with corners see also [Yakovlev 1967]. The
corresponding state-of-the-art around this time is summarized in Chapter 1, Sections 7–9 of [Lions and
Magenes 1972]. Another standard reference focusing on contributions of researchers from the Soviet
Union is [Besov et al. 1975, Chapter IV]. Another important monograph in this direction is [Triebel 1983],
in particular Chapters 3.3.3 and 3.3.4. Trace and extensions results are provided in [Marschall 1987]
under minimal regularity assumptions on the domains. A survey of results on boundary value problems
for higher-order elliptic equations with degeneracies along the boundary is given in [Nikolskiı̆ et al. 1988].
Kim [2007] extends well-known trace assertions for weighted Sobolev spaces. The aforementioned list
is rather selective and not complete at all. Even some fundamental problems such as a trace result for
H s(�), 1< s < 3

2 , and � a bounded Lipschitz domain are not covered in the list above; see [Ding 1996].
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Very useful references for our work are contributions of A. Jonsson and H. Wallin [Jonsson and Wallin
1978; 1984; Jonsson 1994]. The setting in the aforementioned references includes results for subsets of
the Euclidean space endowed with general doubling measures. This is related to our framework because
we consider measure spaces (�c

;µs) with µs as in (1-5). Moreover, the construction used in the proof
of the extension result Theorem 1.2 is inspired by the corresponding results Theorems 3.1 and 4.1 in
[Jonsson and Wallin 1978].

Outline. In Section 2 we fix the notation and shortly introduce function spaces used throughout this
work. The trace embeddings are studied in Section 3. We divide the proofs of the trace results from
Theorems 1.2 and 1.3 into the L p-embedding, see Proposition 3.9, and the seminorm inequality, see
Proposition 3.10. We construct the extension operator in Section 4. The extension theorems are proven in
Proposition 4.5 as well as Proposition 4.6 with precise dependencies of the operator norms. Lastly, the
limiting properties of the spaces T s,p(�c), see Theorem 1.4, are proven in Section 5.

2. Preliminaries

2.1. Notation. For two real numbers a, b ∈ R, we write a ∧ b = min{a, b}, a ∨ b := max{a, b} and
⌊a⌋ = max(−∞, a] ∩ Z. The ball of radius r > 0 centered at x ∈ Rd in the d-dimensional Euclidean
space is written as Br (x) or B(d)r whenever we want to specify the dimension. For a set A, we denote by
1A the indicator function on A. An open set �⊂ Rd is said to have a uniform Lipschitz boundary if there
exists a localization radius r > 0 and a constant L > 0 such that, for any boundary point z ∈ ∂� ̸= ∅,
there exists a translation and rotation Tz : Rd

→ Rd satisfying Tz(z)= 0 as well as a Lipschitz continuous
function φz : Rd−1

→ R whose Lipschitz constant is bounded by L such that

Tz(�∩ Br (z))= {(x ′, xd) ∈ Br (0) | φz(x ′) > xd};

see, e.g., [Leoni 2017, Definition 13.11] and the discussion in [Grisvard 2011, Chapter 1.2.1]. An open
set ∅ ̸= B ⊂ Rd is said to satisfy the uniform exterior cone condition if we find an opening angle α
and a height h0 > 0 such that, for any z ∈ ∂�, there exists an exterior cone Cz ⊂�c with apex at z and
height h0. The notion of the uniform interior cone condition is defined analogously. Note that an open
set with a uniform Lipschitz boundary satisfies both uniform interior and exterior cone conditions. The
interior cones (resp. the exterior cones) can simply be constructed via

Cz := T −1
z

{
(x ′, xd) ∈ Br (0) | xd <−

1
2 L|x ′

|
}

for z ∈ ∂�. We say that �⊂ Rd is a Lipschitz domain if it is open and has a uniform Lipschitz boundary.
Notice that we do not assume � to be connected. Nevertheless, a bounded Lipschitz domain has finitely
many connected components since the uniform interior cone condition bounds the volume of each
connected component from below by a uniform positive constant. We denote the distance of x to a closed
set A ⊂ Rd by dist(x, A) = inf{|x − a| | a ∈ A}. When the dependencies are clear, we write for short
dx := dist(x, ∂�) for any x ∈ Rd . Furthermore, we use for r > 0 the notation

�ext
r := {x ∈�c

| dx < r}, �r
ext := {x ∈�c

| dx ≥ r}. (2-1)
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We denote by H(d−l) the normalized (d−l)-dimensional Hausdorff measure on Rd . The surface measure
of the (d−1)-dimensional unit sphere will be written for short as H(d−1)(∂B1)= ωd−1. To shorten the
notation, we write σ for the surface measure on ∂�. The inner radius of the domain � we denote by

inr(�) := sup{r | Br ⊂�}.

We will use lowercase letters c1, c2, . . . with running indices as constants in our proofs and reset them
after every proof. When we introduce a new constant, we write C = C( . . . ) to indicate what the constant
depends on, i.e., C = C(d, �) > 0 depends only on the dimension d and the set �.

2.2. Function spaces. The following function spaces will be used throughout this work. We denote by
W s,p(�) (resp. W s,p(∂�)), s ∈ (0, 1), p ≥ 1, the Sobolev–Slobodeckij space of functions in u ∈ L p(�)

satisfying

[u]W s,p(�) := [u]V s,p(� |�) <∞

endowed with the norm ∥u∥
p
W s,p(�) :=∥u∥

p
L p(�)+[u]

p
W s,p(�) (resp. ∂� with the surface measure). See (1-4)

for the definition of the seminorm [ · ]V s,p(A | B). We write BV (�) for the space of functions u ∈ L1(�) with
bounded variation endowed with the norm ∥u∥BV (�) := ∥u∥L1(�)+|∇u|(�). The Bessel potential spaces
H s,p(Rd) are defined in (3-5). As mentioned in the introduction, a variational approach to equations like
(1-1) leads naturally to function spaces like V s,p(� | Rd) which we introduced in (1-3). These function
spaces are the focus of our study. They were first introduced in [Servadei and Valdinoci 2012; 2014;
Felsinger et al. 2015] for the case p = 2. We also refer to [Dipierro et al. 2017], in which the nonlocal
normal operator was introduced, and [Foghem Gounoue 2020; Foghem and Kassmann 2024; Foghem
2025] for an intensive study of these spaces for general p. It is well known that V s,p(� | Rd) is a separable
Banach space (Hilbert space for p = 2) which is reflexive for 1< p <∞; see, e.g., [Foghem Gounoue
2020, Chapter 3.4].

The spaces V s,p(� | Rd) allow for a Poincaré inequality, which is an important ingredient for the proof
of well-posedness for the Dirichlet problem (1-1) together with an energy estimate; see Corollary 1.7. We
will need a version of the Poincaré inequality that is robust as s reaches 1.

Proposition 2.1 [Foghem 2025, Theorem 10.1]. Let p > 1 and s⋆ ∈ (0, 1). Let � ⊂ Rd be a bounded
Lipschitz domain. Then there exists c > 0 such that, for all s⋆ ≤ s < 1 and u ∈ V s,p

0 (� | Rd),

∥u∥L p(�) ≤ c∥u∥V s,p(� | Rd ). (2-2)

Let us recall our trace spaces T s,p(�c), which are introduced in (1-6). For s ∈ (0, 1), 1 ≤ p <∞ and
A, B ∈ B(�c), we define

[ f, g]
p
T s,p(A | B) :=

∫
A

∫
B

| f (x)− f (y)|p−2( f (x)− f (y))(g(x)− g(y))
((|x − y| + dx + dy)∧ 1)d+s(p−2) µs(dx)µs(dy) (2-3)

with the convention [g]T s,p(A | B) =[g, g]T s,p(A | B). Note that [ f, g]T s,p(�c) =[ f, g]T s,p(�c |�c). We employ
standard techniques to prove that these spaces are separable Banach spaces (resp. Hilbert spaces if p = 2).
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Lemma 2.2. Let � be an open set. The space T s,p(�c) is a separable Banach space, reflexive for
1< p <∞, and in the case p = 2, it is a separable Hilbert space with inner product

(u, v)T s,2(�c) = (u, v)L2(�c,µs) + [u, v]2
T s,2(�c)

.

Proof. To prove completeness, we take a Cauchy sequence {un}n ⊂T s,p(�c). Then vn(x):=un(x)µs(x)1/p

is Cauchy in L p(�c) with limit v ∈ L p(�c). Define u(x) := v(x)µs(x)−1/p. Then u is the limit of un

with respect to ∥ · ∥L p(�c;µs). Take a subsequence {unl }l converging a.e. to u on Rd . Then, by Fatou’s
lemma, we have

[u − unl ]
p
T s,p(�c) ≤ lim inf

k→∞

[unk − unl ]
p
T s,p(�c) → 0 as l → ∞.

Separability follows from the fact that the map ι : T s,p(�c)→ L p(�c)× L p(�c
×�c),

u 7→

(
x 7→ u(x)µs(x)1/p, (x, y) 7→

u(x)− u(y)
((|x − y| + dx + dy)∧ 1)d/p+s(p−2)/pµs(x)1/pµs(y)1/p

)
,

is an isometric injection. As ι(T s,p(�c)) is closed and since L p(�c)× L p(�c
×�c) is separable, so is

T s,p(�c). In the same manner, as L p(�c)× L p(�c
×�c) is reflexive for 1< p<∞, so is T s,p(�c). □

The functions from T s,p(�c) have some regularity at the boundary because the weight in the seminorm
[ · , · ]T s,p(�c) becomes ((|x − y|) ∧ 1)−d−s(p−2) as x, y → ∂�. Thereby, for sufficiently large s, the
functions in the trace space T s,p(�c) themselves have a trace onto the boundary ∂�. This is a direct
consequence of Theorem 1.2.

Corollary 2.3. The space T s,p(�c) is continuously embedded in W s−1/p,p(∂�) for any s ∈ (1/p, 1) and
p ∈ (1,∞). The embedding is surjective. The continuity constant depends only on �, p and a lower
bound on s.

Proof. By Theorem 1.2, the extension Exts : T s,p(�c)→ V s,p(� | Rd) is continuous and the continuity
constant c1 > 0 depends only on �, p and a lower bound on s. The space V s,p(� | Rd) is embedded in
W s,p(�) with the embedding constant depending only on a lower bound on s. The result follows from
the classical trace result W s,p(�)→ W s−1/p,p(∂�). The embedding is surjective since we can extend a
function from W s−1/p,p(∂�) to an element from W s,p(Rd) ↪→ V s,p(� | Rd) ↪→ T s,p(�c). □

3. Trace theorem

Here we aim to prove the trace parts of Theorems 1.2 and 1.3. This proof is carried out in Propositions 3.9
and 3.10. Essential building blocks in the respective proofs are an approximation to the classical L p-trace
embedding in Theorem 3.5 and, for p = 1, a Hardy-type inequality provided in Theorem 3.6. On a more
technical level, we use upper and lower bounds of the distance function; see Lemmas 3.7 and 3.8.

To prove Theorem 3.5 we apply techniques developed in [Jonsson and Wallin 1984]. In particular,
we use the interpolation between Bessel potential spaces on Rd . For this reason we need a Sobolev
extension operator for fractional Sobolev spaces W s,p(�) whose continuity constant is independent of s.
The existence of such an extension is well known in the literature. We provide this result in the following
theorem for the convenience of the reader.
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Theorem 3.1 [Jonsson and Wallin 1984, Chapter VI.2, Theorem 3; Triebel 1995]. Let � ⊂ Rd be a
connected Lipschitz domain. There exists a linear map E , which extends measurable functions f :�→ R

such that E : L p(�) → L p(Rd) for all p ≥ 1 and, with some constant C = C(d, �, p) > 0, for any
0< s ≤ 1,

∥E f ∥W s,p(Rd ) ≤ C∥ f ∥W s,p(�).

Remark 3.2. The extension is constructed via a Whitney decomposition of �c, a smooth partition of
unity and copying mean values of f from inside to respective Whitney cubes. The construction of the
extension E f is independent of s and p and satisfies E : W 1,p(�)→ W 1,p(Rd). Real interpolation allows
us to choose the constant C(d, �, p) in the theorem independent of s.

Analogously to the measure µs from (1-5), we define for s ∈ (0, 1) the measure

τs(dx)=
1 − s

ds
x

1�(x) dx (3-1)

on the σ -algebra B(Rd). Recall that dx = dist(x, ∂�). The measure τs(dx) plays the same role as µs but
is supported inside �. We use it in Theorem 3.5 for the proof of the trace part of our main theorems;
see also Propositions 3.9 and 3.10. In contrast to µs , the measure τs does not need the additional term
(1 + dx)

−d−s(p−1) for the decay at infinity since the open set � is assumed to be bounded throughout
this work. The following lemma shows how balls scale under τs . This scaling plays a crucial role in
Theorem 3.5.

Lemma 3.3. Let �⊂ Rd be a bounded Lipschitz domain with a localization radius r0 > 0. There exists a
constant C = C(d, �) > 0 such that, for any s ∈ (0, 1), 0< r ≤

1
2r0 and x ∈�,

τs(Br (x))≤ Crd−s . (3-2)

Proof. Let d ≥ 2. If r ≤ dx , i.e., Br (x)⋐�, then dy ≥ r − |x − y| for any y ∈ Br (x) and, thus,

τs(Br (x))=

∫
Br (x)

1 − s
ds

y
dy ≤

∫
Br (x)

1 − s
(r − |x − y|)s

dy = ωd−1

∫ r

0

1 − s
(r − t)s

td−1 dt ≤ ωd−1rd−s .

Now we consider the case r > dx , i.e., Br (x)∩∂� ̸=∅. Without loss of generality we assume that 0 ∈ ∂�

is a minimizer of dx . Since � is a Lipschitz domain, we find a Lipschitz map φ : Rd−1
→ R such that

�∩ Br0 = {(y′, yd) ∈ Br0 | yd < φ(y′)}. The Lipschitz constant of φ is bounded by L > 0 independent
of x . A simple calculation yields, for any y = (y′, yd) ∈ Br (x)∩�,

|y| ≤ |x | + |y − x | ≤ 2r,

|yd −φ(y′)| ≤ inf
(ỹ′,φ(ỹ′))∈Br0

|yd −φ(ỹ′)| + |φ(y′)−φ(ỹ′)|

≤ 21/2(1 + L) inf
(ỹ′,φ(ỹ′))∈Br0

|y − (ỹ′, φ(ỹ′))|

= 21/2(1 + L)dy . (3-3)
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In the case that the minimizer of dy is not in the graph of φ, we simply pick a smaller r0 depending only
on the constant L . Therefore,

τs(Br (x))≤ 2s/2(1 + L)s
∫

B2r ∩{yd<φ(y′)}

1 − s
|yd −φ(y′)|s

d(y′, yd)

≤ 2(1 + L)sωd−2(2r)d−1
∫ (2+L)r

0

1 − s
ys

d
dyd ≤ 2d+1(2 + L)ωd−2rd−s . (3-4)

The proof in the case d = 1 is straightforward. Note that similar arguments as in this proof are employed
in the proof of Lemma 4.1. □

In the proof of Theorem 3.5, we use interpolation results, which we explain now. Let Gα , α > 0 be the
Bessel potential kernel. We introduce the Bessel potential spaces

Hα,p(Rd) := {g : Rd
→ R | ∃ f ∈ L p(Rd) : g = Gα ∗ f } (3-5)

with the canonical norm ∥g∥Hα,p(Rd ) := ∥ f ∥L p(Rd ) if g ∈ Hα,p(Rd) and g = Gα ∗ f . The convolution
of the Bessel potential kernel with the function f can be written as Gα ∗ f = F−1((1 + | · |

2)−α/2F f ),
where F is the Fourier transformation; see [Bergh and Löfström 1976, p. 139, Definition 6.2.3]. We
refer the reader to [Aronszajn and Smith 1961] for more details on the kernel Gα. We recall the real
interpolation result

[Hα0,p(Rd), Hα1,p(Rd)]pθ = W s,p(Rd), (3-6)

where 0 < α0 < α1, θ ∈ (0, 1), s = (1 − θ)α0 + θα1 and p ≥ 1; see, e.g., [Bergh and Löfström 1976,
Theorem 6.2.4]. Analogously to [Jonsson and Wallin 1984, Chapter V], we calculate bounds on the
Bessel potential kernel Gαi for some 0< α0 < s < α1, see Lemma 3.4, and prove an approximate trace
result inside �; see Theorem 3.5.

The following lemma is a slight modification of [Jonsson and Wallin 1984, Lemma C] that fits our
setting. The well-known estimates of the Bessel potential kernel, its gradient and decay at infinity are
crucial in the proof. For more details on the Bessel potential we refer to [Taibleson 1964, Chapter IV]. In
particular, we need to pay attention to the constants and their dependencies.

Lemma 3.4 [Jonsson and Wallin 1984, Chapter V, Lemma C]. Let � ⊂ Rd be a bounded connected
Lipschitz domain, 0< s⋆ ≤ s < 1 and 1< p⋆ ≤ p ≤ p⋆ <∞. We set

α0 := s
1 + p

2p
, α1 := 1 +

s
2p
, (3-7)

and βi := αi − s/p for i ∈ {0, 1}. There exists a constant C = C(d, �, p⋆, p⋆, s⋆) > 0 such that, for all
0< r ≤

1
2r0 and f ∈ L p(Rd), we have

1
rd−s

∫∫
�×�

|x−y|<r

|Gαi ∗ f (x)− Gαi ∗ f (y)|pτs(dy)τs(dx)≤ Cr pβi ∥ f ∥
p
L p(Rd )

, (3-8)∫
�

|Gαi ∗ f (x)|pτs(dx)≤ C∥ f ∥
p
L p(Rd )

. (3-9)
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Proof. In [Jonsson and Wallin 1984, Chapter V, Lemma C], the statement is proven for doubling measures
satisfying (3-2) under the assumptions 0< βi < 1 and 0< αi ̸= d . The proof uses estimates of the Bessel
potential kernel Gα; see [loc. cit., Chapter V, Lemmas 1, A, B]. Carefully inspecting the proof of [loc. cit.,
Chapter V, Lemma C], we find that the resulting constant depends on the constant C from (3-2), a lower
bound 0< βi,⋆ ≤ βi and an upper bound βi ≤ β⋆i < 1, as well as a lower bound on |d −αi |. We calculate

0< s⋆
p⋆ − 1
2p⋆

≤ s
p − 1
2p

= β0 ≤
1
2
< 1,

0< 1 −
1
p⋆
< 1 −

s
2p

= β1 ≤ 1 −
s⋆
p⋆
< 1.

Furthermore, we have

|d −α0| = d − s
1 + p

2p
≥ (d − 1)+

p − 1
2p

≥
p⋆ − 1
2p⋆

> 0

and

|d −α1| =

d − 1 −
s

2p
≥ 1 −

1
2p⋆

> 0, d ≥ 2,
s

2p
≥

s⋆
2p⋆

> 0, d = 1.

This yields the estimates with dependencies of the constants as claimed. □

Theorem 3.5 (approximate trace inequality). Let�⊂Rd be a bounded Lipschitz domain, 1< p⋆< p⋆<∞

and s⋆ ∈ (0, 1). There exists a constant C = C(d, �, p⋆, p⋆, s⋆) > 0 such that, for every s ∈ (s⋆, 1),
p⋆ ≤ p ≤ p⋆ and u ∈ W s,p(�),∫

�

|u(x)|pτs(dx)+
∫
�

∫
�

|u(x)− u(y)|p

((|x − y| + dx + dy)∧ 1)d+s(p−2) τs(dy)τs(dx)≤ C∥u∥
p
W s,p(�). (3-10)

Before we give the proof of this theorem we want to motivate it. In anticipation of Section 5, the
left-hand side of (3-10) converges in the limit s → 1 to∫

∂�

|u|
p dσ +

∫
∂�×∂�

|u(x)− u(y)|p

(|x − y| ∧ 1)d−1+p(1−1/p) (σ ⊗ σ)(x, y)≍ ∥u∥
p
W 1−1/p,p(∂�)

.

Thereby, we retrieve the classical trace result W 1,p(�)→ W 1−1/p,p(∂�) in the limit s → 1−.

Proof. Since � is a bounded open set with a uniform Lipschitz boundary, � decomposes into finitely
many connected components �i , i ∈ {1, . . . , I }, and each �i is a connected bounded Lipschitz domain.
First, we prove (3-10) for each �i .

We define α0 and α1 as in (3-7) depending on p and s. We set θ :=
s(p−1)
(2+s)p

∈ (0, 1) and notice that

0< s⋆
p⋆ − 1

(2 + s⋆)p⋆
≤ θ ≤

p⋆ − 1
3p⋆

< 1.

Most importantly, the relation s = (1 − θ)α0 + θα1 is true. By Theorem 3.1, it is sufficient to prove the
existence of a constant C > 0 such that∫

�i

|u(x)|pτs(dx)+
∫
�i

∫
�i

|u(x)− u(y)|p

((|x − y| + dx + dy)∧ 1)d+s(p−2) τs(dy)τs(dx)≤ C∥u∥
p
W s,p(Rd )
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for any u ∈ W s,p(Rd). Let c1 > 0 be the constant from Lemma 3.4. The equality (3-9) proves the
continuity of the restriction operator Ru(x) = u|�i as a map from R : Hαi ,p(Rd) → L p(�i , τs(dx)),
i = 0, 1. Real interpolation yields the continuity of

R : [Hα0,p(Rd), Hα1,p(Rd)]pθ = W s,p(Rd)→ [L p(�i , τs), L p(�i , τs)]pθ = L p(�i , τs)

with the continuity constant c1; see, e.g., [Bergh and Löfström 1976]. Now we consider the second term
on the left-hand side of (3-10) with �i in place of �. Let u ∈ W s,p(Rd). We write∫
�i

∫
�i

|u(x)− u(y)|p

((|x − y| + dx + dy)∧ 1)d+s(p−2) τs(dy)τs(dx)

≤ 2
∞∑

n=0

2ns(p−1)
∫∫

�i ×�i
2−n−1

≤|x−y|<2−n

|u(x)− u(y)|p (τs ⊗ τs)(d(y, x))
|x − y|d−s

+

∫∫
�i ×�i

1≤|x−y|

|u(x)− u(y)|pτs(dy)τs(dx)=: (I)+ (II).

We estimate (II) using the continuity of R shown above. We have

(II)≤ 2pτs(�i )

∫
�i

|Ru(x)|pτs(dx)≤ cp
1 2pτs(�i )∥u∥

p
W s,p(Rd )

.

We set H := L p(�i ×�i , |x − y|
−d+sτs(dy)τs(dx)) and define for any 1< q ≤ ∞, β > 0 the space of

sequences

lβ,q := {(hn)n | hn ∈ H}, ∥(hn)∥lβ,q :=
∥∥(2nβ

∥hn∥H )n
∥∥

lq (N)
.

Notice that

(I)= ∥((u(x)− u(y))12−n−1≤|x−y|<2−n )n∥
p
ls−s/p,p . (3-11)

We define the linear map

T f (x, y) := (( f (x)− f (y))12−n−1≤|x−y|<2−n )n, f : Rd
→ R.

Lemma 3.4, in particular (3-8), shows the continuity of T : Hαi ,s → lβi ,∞ with βi = αi − s/p and the
continuity constant c1, i =0, 1. Real interpolation yields the continuity of T : [Hα0,p(Rd), Hα1,p(Rd)]pθ =

W s,p(Rd) → [lβ0,∞, lβ1,∞]pθ = l(1−θ)β0+θβ1,p with the continuity constant c1; see, e.g., [Bergh and
Löfström 1976]. This proves the claimed inequality for each connected component �i by (3-11) and

(1 − θ)β0 + θβ1 = (1 − θ)α0 + θα1 −
s
p

= s −
s
p
.

Simply summing over i ∈ {1, . . . , I } yields a constant c2 = c2(d, �, p⋆, p⋆, s⋆) > 0 such that

∥u∥
p
L p(�;τs)

≤ c2∥u∥
p
W s,p(�). (3-12)

It remains to prove the existence of a constant c3 = c3(d, �, p⋆, p⋆, s⋆) > 0 such that, for any i ̸= j ,∫
�i

∫
�j

|u(x)− u(y)|p

((|x − y| + dx + dy)∧ 1)d+s(p−2) τs(dy)τs(dx)≤ c3∥u∥
p
W s,p(�).
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Since the distance between any two connected components is bounded from below by a uniform constant,
this is an immediate consequence of the triangle inequality and Lemma 3.3, as well as (3-12). □

Theorem 3.5 is not true in the case p = 1; see Remark 3.11. If we only keep the first term on the
left-hand side in the estimate (3-10), then it is a fractional Hardy inequality; see, e.g., [Dyda 2004].
In [Dyda and Kijaczko 2022, Theorem 4], such a Hardy inequality is proven with a constant whose
dependency on the parameter s is not known. Since the dependency on s is crucial in our setup, we
prove the following theorem based on a Hardy inequality on the half-space with the best constant; see
Theorem B.1.

Theorem 3.6 (Hardy inequality). Let �⊂ Rd be a bounded Lipschitz domain and s ∈ (0, 1). There exists
a constant C = C(d, �) > 0 such that

(1 − s)
∫
�

|u(x)|
ds

x
dx ≤ C

(
∥u∥L1(�) + s(1 − s)

∫
�×�

|u(x)− u(y)|
|x − y|d+s d(x, y)

)
for any u ∈ W s,1(�).

Before we state the proof of the theorem, let us remark that the previous inequality, in the limit s → 1−,
yields the classical trace embedding W 1,1(∂�)→ L1(∂�) since the measure τs converges weakly to the
surface measure on ∂�.

Proof. It is sufficient to prove the statement for any connected component of � in place of �. Thus, we
can assume without loss of generality that � is a connected bounded Lipschitz domain. Therefore, we
can cover the boundary with finitely many neighborhoods Ui and bi-Lipschitz maps φi : Ui → B1(0)
such that φi (Ui ∩�)= B1(0)+ := {(x ′, xd) ∈ B1(0) | xd > 0}, i ∈ {1, . . . , N }; see, e.g., [Grisvard 2011,
Chapter 1.2.1]. We denote the distance of �∩

⋂N
i=1 U c

i to the boundary ∂� by 2r0 > 0. We fix

U0 :=

{
x ∈ Rd

∣∣∣ dist
(

x, �∩

N⋂
i=1

U c
i

)
< r0

}
⊂�.

Notice that {Ui | i = 0, . . . , N } is an open cover of � and dist(U0, ∂�)≥ r0. Next, we pick a partition
of unity ηi ∈ C∞

c (Ui ) adapted to Ui , i.e.,
∑N

i=0 ηi = 1 on �. We define η̃i := ηi ◦ φ−1
i ∈ C0,1

c (B1(0)).
Let c1 = c1(η̃1, . . . , η̃N )≥ 1 such that [η̃i ]C0,1 ≤ c1 for all i = 1, . . . , N . Without loss of generality, we
assume that η̃i = 1 in B1/2(0) for all i = 1, . . . , N . Then∫
�

|u(x)|
ds

x
dx

=

N∑
i=1

∫
B1(0)+

|u(φ−1
i (x))|

ds
φ−1

i (x)

ηi (φ
−1
i (x))|det(Dφ−1

i (x))| dx +

∫
U0

η0(x)
|u(x)|

ds
x

dx =:

N∑
i=1

(Ii )+ (II).

We define ui := u ◦φ−1
i for all i = 1, . . . , N . By the bi-Lipschitz continuity of the φi , we find a constant

c2 = c2(φ1, . . . , φN ) > 1 such that c−1
2 xd ≤ dφ−1

i (x) ≤ c2xd for any x ∈ B1(0)+ and i ∈ {1, . . . , N };
see (3-3). Further, we find a constant c3 = c3(φ1, . . . , φN )≥ 1 such that both [φ−1

i ]C0,1 and [φi ]C0,1 are
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bounded from above by c3 and from below by c−1
3 for all i . We apply Theorem B.1 to the function η̃i ui

to find

(Ii )≤ c2cd
3

∫
Rd

+

|η̃i (x)ui (x)|
x s

d
dx

≤ c2cd
3D

−1
s,1

∫
Rd

+×Rd
+

|η̃i (x)ui (x)− η̃i (y)ui (y)|
|x − y|d+s d(x, y)

≤ c2cd
3D

−1
s,1

(∫
B1(0)+×B1(0)+

η̃i (x)
|ui (x)− ui (y)|

|x − y|d+s d(x, y)

+

∫
B1(0)+×B1(0)+

|ui (y)|
|η̃i (x)− η̃i (y)|

|x − y|d+s d(x, y)

+ 2
∫

B1(0)+
η̃i (x)|ui (x)|

∫
B1(0)c

|x − y|
−d−s dy dx

)
=: (IIIi )+ (IVi )+ (Vi ).

The first term in the previous estimate, i.e., (IIIi ), can be simply estimated using a change of variables
and the bi-Lipschitz continuity of φi :

(IIIi )≤ c2c4d+s
3 D−1

s,1

∫
(Ui ∩�)×(Ui ∩�)

|u(x)− u(y)|
|x − y|d+s d(x, y).

To estimate (IVi ), we calculate ∫
B1(0)

|η̃i (x)− η̃i (y)|
|x − y|d+s dx ≤ c1

ωd−121−s

1 − s
.

Using this, we find

(IVi )≤ c1c2cd
3D

−1
s,1

2ωd−1

1 − s

∫
B1(0)+

|ui (y)| dy ≤ c1c2c2d
3 D−1

s,1
2ωd−1

1 − s

∫
Ui ∩�

|u(x)| dx .

Now, we estimate (Vi ). Since η̃i ∈ C0,1
c (B1), we find a constant c4 ≥ 1 such that η̃i (x)≤ c4(1 − |x |) for

all i = 1, . . . , N . We notice for any x ∈ B1(0)∫
B1(0)c

|x − y|
−d−s dy ≤

∫
B(1−|x |)(x)c

|x − y|
−d−s dy = ωd−1

(1 − |x |)−s

s
and, thus,

(Vi )≤ 2c2cd
3 c4

D−1
s,1

s
ωd−1

∫
B1(0)+

|ui (x)| dx ≤ 2c2c2d
3 c4

D−1
s,1

s
ωd−1

∫
Ui ∩�

|u(x)| dx .

To estimate (II), we simply notice that the distance function is bounded from below by r0 on U0. So,
finally, we put everything together. This yields∫

�

|u(x)|
ds

x
dx ≤

c6

1 − s

∫
�

|u(x)| dx + c7s
∫
�×�

|u(x)− u(y)|
|x − y|d+s d(x, y).

Here
c6 := (r0 ∧ 1)−1

+ 2ωd−1 Nc1c2c2d
3 c4c5, c7 := Nc2c4d+1

3 c5

and c5 is the constant from Lemma B.2. □



ROBUST NONLOCAL TRACE AND EXTENSION THEOREMS 2383

The next two lemmas are technical tools which we employ in the proof of the trace result; see
Propositions 3.9 and 3.10. They allow us to rewrite the distance functions appearing in the measure µs as
an integral over �. This enables us to use the regularity of the functions from V s,p(� | Rd) in � when
we prove the trace result.

Lemma 3.7. Let ∅ ̸= B ⊂ Rd be an open set, s > 0 and f : [0,∞)→ [0,∞) be a nonincreasing function.
For any x ∈ Bc, we have ∫

B

f (|x − z|)
|x − z|d+s dz ≤

ωd−1

s
f (dist(x, B))
dist(x, B)s

.

If B is bounded, then there exists a constant C = C(d, B) such that, for any x ∈ Bc,∫
B

f (|x − z|)
|x − z|d+s dz ≤

C
s

f (dist(x, B))
dist(x, B)s(1 + dist(x, B))d

.

Proof. Fix x ∈ Bc. We use B ⊂ Bdist(x,B)(x)c and apply polar coordinates to get∫
B

f (|x − z|)
|x − z|d+s dz ≤

∫
Bdist(x,B)(x)c

f (|x − z|)
|x − z|d+s dz = ωd−1

∫
∞

dist(x,B)
f (t)t−1−s dt ≤ ωd−1

f (dist(x, B))
s dist(x, B)s

.

In the case that dist(x, B) < 1, the second claim for bounded B is a direct consequence of the first
statement. If B is bounded and dist(x, B)≥ 1, then∫

B

f (|x − z|)
|x − z|d+s dz ≤ |B|

f (dist(x, B))
dist(x, B)d+s ≤ |B|2d f (dist(x, B))

dist(x, B)s(1 + dist(x, B))d
. □

Lemma 3.8. Let ∅ ̸= B ⊂ Rd be an open set satisfying the uniform interior cone condition with a compact
boundary. Then there exists a constant C = C(d, B) > 0 such that, for any nonincreasing function
f : [0,∞)→ [0,∞) and any s > 0,

f (2 dist(x, B))

dist(x, B)s(1 + dist(x, B))d
≤ C

∫
B

f (|x − z|)
|x − z|d+s 1B1+dist(x,B)(x)(z) dz

for all x ∈ Bc.

Proof. Fix x ∈ Bc and a minimizer x0 ∈ ∂B of the distance dist(x, B). Since B satisfies the uniform
interior cone condition we find an interior cone C with apex at x0 whose height h0 and open angle are
independent of x0. Without loss of generality, we assume h0 ≤ 1. Let C̃ := {z ∈ C | |z − x0|< dist(x, B)}
be a subcone with a reduced height. Notice C̃ ⊂ B1+dist(x,B)(x)∩ B. For any z ∈ C̃, we have

|x − z| ≤ |x − x0| + |x − z| ≤ dist(x, B)+ min{dist(x, B), h0} ≤ 2 dist(x, B).

Thus, the claim simply follows from∫
B

f (|x − z|)
|x − z|d+s 1B1+dist(x,B)(x)(z) dz ≥

f (2 dist(x, B))

(2 dist(x, B))d+s
|̃C| = f (2 dist(x, B))

c1(min{dist(x, B), h0})
d

(2 dist(x, B))d+s

≥
c1hd

0

2d+1

f (2 dist(x, B))

dist(x, B)s(1 + dist(x, B))d
.

Here we used |̃C| = c1(min{dist(x, B), h0})
d , where c1 > 0 depends only on d and the opening angle

of C̃, which is independent of x0. □
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We are now in the position to prove the trace part in Theorems 1.2 and 1.3. We split the proof into two
propositions. The following proposition contains the trace embedding V s,p(� | Rd)→ L p(�c

;µs(dx))
for all 1 ≤ p <∞. The estimates of the seminorm [ · ]T s,p(�c) for 1 < p <∞ are proven thereafter in
Proposition 3.10. Recall the definition of the sets �ext

r and �r
ext in (2-1) for given r > 0.

Proposition 3.9. Let �⊂ Rd , d ∈ N, be a bounded Lipschitz domain, s⋆ ∈ (0, 1) and 1< p⋆ <∞. There
exists a constant C = C(�, p⋆, s⋆) > 0 such that

∥Trs u∥L p(�c;µs) ≤ C∥u∥V s,p(� | Rd ) (3-13)

for any s ∈ (s⋆, 1), 1 ≤ p ≤ p⋆ and u ∈ V s,p(� | Rd)

Proof. We split the integration domain of ∥Trs u∥
p
L p(�c;µs)

into �ext
1 and �1

ext. Let c1 = c1(d, �) > 0 be
the constant from Lemma 3.8 when applied to B =� and f = 1. We have

∥Trs u∥
p
L p(�ext

1 ;µs)
≤ (1 − s)

∫
�ext

1

|u(x)|p

dist(x, �)s
dx ≤ 2d(1 − s)c1

∫
�ext

1

∫
�

|u(x)|p

|x − z|d+s dz dx

≤ 2d+p(1 − s)c1

[∫
�ext

1

∫
�

|u(x)− u(z)|p

|x − z|d+s dz dx +

∫
�ext

1

∫
�

|u(z)|p

|x − z|d+s dz dx
]

=: (I)+ (II).

The term (I) is estimated easily via

(I)≤ 2d+p⋆c1(diam�+ 1)p⋆−1
[u]

p
V s,p(� |�ext

1 )
.

An application of Lemma 3.7 with B = �ext
1 and Theorem 3.5 (resp. Theorem 3.6 in the case p = 1)

yields the following bound on the term (II):

(II)≤ 2d+p(1 − s)c1
ωd−1

s

∫
�

|u(z)|p

ds
z

dz ≤ 2d+p⋆ ωd−1

s⋆
c1c2([u]

p
W s,p(�) + ∥u∥

p
L p(�)).

Here c2 > 0 is the constant from Theorem 3.5 in the case p > 1. In the case p = 1 let c2 be the constant
from Theorem 3.6. For the estimate of�1

ext, we define diam�+1 =: c3 ≥ 1 and notice that dx ≥ |x −z|/c3

as well as �1
ext ⊂ B1(z)c holds for any z ∈� and x ∈�1

ext. Thus,

∥Trs u∥
p
L p(�1

ext;µs)
≤ 2p⋆(1 − s)

∫
�1

ext

/

∫
�

|u(x)− u(z)|p
+ |u(z)|p

ds
x(1 + dx)d+s(p−1) dz dx

≤ 2p⋆cd+sp⋆

3 (1 − s)
∫
�1

ext

/

∫
�

|u(x)− u(z)|p

|x − z|d+sp dz dx + 2p⋆(1 − s)
∫
�1

ext

/

∫
�

|u(z)|p

dd+sp
x

dz dx

≤
2p⋆cd+sp⋆

3

|�|
[u]

p
V s,p(� |�1

ext)
+
ωd−12p⋆cd+sp⋆

3 (1 − s)
sp|�|

∥u∥
p
L p(�). (3-14)

In the last step we used∫
�1

ext

1

dd+sp
x

dx ≤ cd+sp
3

∫
B1(x0)c

1
|x0 − x |d+sp dx = cd+sp

3
ωd−1

sp
, (3-15)

where x0 ∈� is a fixed point. Combining the estimates of (I) and (II), as well as (3-14) yields (3-13). □
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Proposition 3.10. Let �⊂ Rd , d ∈ N, be a bounded Lipschitz domain, s⋆ ∈ (0, 1) and 1< p⋆ < p⋆ <∞.
There exists a constant C = C(�, p⋆, p⋆, s⋆) > 0 such that, for any s ∈ (s⋆, 1), p⋆ ≤ p ≤ p⋆ and
u ∈ V s,p(� | Rd),

[Trs u]T s,p(�c) ≤ C∥u∥V s,p(� | Rd ). (3-16)

Proof. We fix ρ := inr(�) > 0 and divide the integration domain of [Trs u]
p
T s,p(�c) into �ext

ρ ×�ext
ρ ,

�c
×�

ρ
ext and �ρext ×�

c. By symmetry the estimates for �c
×�

ρ
ext and �ρext ×�

c are equivalent. Thus,
we settle on �ρext ×�

c. Since |x − y| + dx + dy ≥ ρ for any x ∈�c and y ∈�
ρ
ext, we have

[Trs u]
p
T s,p(�

ρ
ext |�

c)
≤

∫
�
ρ
ext

∫
�c

|u(x)− u(y)|p

(1 ∧ ρ)d+p⋆ µs(dx)µs(dy)

≤
2p(1 − s)2

(1 ∧ ρ)d+p⋆

[∫
�c

|u(x)|p

ds
x(1 + dx)d+s(p−1)

∫
�
ρ
ext

1
ds

y(1 + dy)d+s(p−1) dy dx

+

∫
�
ρ
ext

|u(y)|p

ds
y(1 + dy)d+s(p−1)

∫
�c

1
ds

x(1 + dx)d+s(p−1) dx dy
]
. (3-17)

After covering �ext
1 by finitely many balls, a calculation similar to (3-4) yields a constant c1 > 0,

independent of s, such that ∫
�ext

1

d−s
x dx ≤ c1(1 − s)−1.

By possibly enlarging the constant, we assume c1 ≥ ωd−1(1 + diam(�))d+p⋆ . With this observation
and (3-15), we find∫

�c

1
ds

x(1 + dx)d+s(p−1) dx ≤

∫
�ext

1

1
ds

x
dx +

∫
�1

ext

d−d−sp
x dx ≤

c1

s(1 − s)
. (3-18)

Now, we combine this estimate with Proposition 3.9:

[Trs u]
p
T s,p(�

ρ
ext |�

c)
≤

2p⋆+1

(1 ∧ ρ)d+p⋆
c1

s
∥Trs u∥

p
L p(�c;µs)

≤
2p⋆+1

(1 ∧ ρ)d+p⋆
c1c2

s⋆
∥u∥

p
V s,p(� | Rd )

.

Here c2 = c2(�, p⋆, s⋆) > 0 is the constant from Proposition 3.9.

Lastly, we prove the inequality for the more delicate part of the seminorm, where higher-order
singularities close to the boundary may occur. For x, y ∈�ext

ρ , we have

(|x − y| + dx + dy)≤ 4ρ+ diam(�)+ 1 =: c3

and, thus,
(|x − y| + dx + dy)∧ 1 ≥ c−1

3 (|x − y| + dx + dy).

We apply Lemma 3.8 twice with the monotone decreasing function f (r)=
(
|x − y| +

1
2r + dy

)−d−s(p−2)

and then again with the function f (r)=
(
|x − y|+

1
2 |x −z|+ 1

2r
)−d−s(p−2). We now let c4 = c4(�, d) > 0
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and r > 0 be the constants from Lemma 3.8. This yields

[Trs u]
p
T s,p(�ext

ρ |�ext
ρ )

≤ (1 − s)cd+p
3 c4

∫
�ext
ρ

∫
�ext
ρ

∫
�

|u(x)− u(y)|p

|x − z|d+s(|x − y| + |x − z|/2 + dy)d+s(p−2) dz dxµs(dy)

≤ (1 − s)2cd+p
3 c2

4

∫
�ext
ρ

∫
�ext
ρ

∫
�

∫
�

|u(x)− u(y)|p
|x − z|−d−s

|y −w|
−d−s

(|x − y| + (|x − z| + |y −w|)/2)d+s(p−2) dw dz dx dy

≤ 2p⋆4d+p⋆cd+p⋆

3 c2
4((III)+ 2(IV)).

Here we added ±u(z)± u(w) and used the triangle inequality. The terms are

(III) := (1 − s)2
∫
�

∫
�

|u(z)− u(w)|pa(z, w) dw dz,

a(z, w) :=

∫
�ext
ρ

∫
�ext
ρ

1
|x − z|d+s |y −w|d+s(|x − y| + 2|x − z| + 2|y −w|)d+s(p−2) dx dy,

(IV) := (1 − s)2
∫
�ext
ρ

∫
�

|u(x)− u(w)|pb(x, w) dw dx,

b(x, w) :=

∫
�ext
ρ

∫
�

1
|x − z|d+s |y −w|d+s(|x − y| + 2|x − z| + 2|y −w|)d+s(p−2) dz dy.

Estimate of (III): Our goal is to find an appropriate estimate of kernel a to apply Theorem 3.5. Notice
that

|x − y| + 2|x − z| + 2|y −w| ≥ |z −w| + |x − z| + |y −w| for any x, y, w, z ∈ Rd .

Thus, for any z, w ∈�,

a(z, w)≤

∫
�ext
ρ

∫
�ext
ρ

1
|x − z|d+s |y −w|d+s(|z −w| + |x − z| + |y −w|)d+s(p−2) dx dy.

Now, we apply Lemma 3.7 twice with B =�ext
ρ . We use the function f (t1, t2)= (|z−w|+t1+t2)−d−s(p−2)

which is decreasing in both t1 and t2. Thereby,

a(z, w)≤
ω2

d−1

s2

1
ds

z ds
w(|z −w| + dz + dw)d+s(p−2) . (3-19)

This yields the desired estimate for (III) via Theorem 3.5:

(III)≤
ω2

d−1

s2 (1 − s)2
∫
�

∫
�

|u(z)− u(w)|p

ds
z ds
w(|z −w| + dz + dw)d+s(p−2) dw dz

≤ c5
ω2

d−1

s2 ∥u∥
p
W s,p(�)

≤ c5
ω2

d−1

s2
⋆

∥u∥
p
V s,p(� | Rd )

.

Here c5 = c5(d, �, p⋆, p⋆, s⋆) > 0 is the constant from Theorem 3.5.
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Estimate of (IV): Our approach to estimate (IV) is similar to the proof of [Dyda and Kassmann 2019,
Theorem 5]. Analogously to the estimate of a, see (3-19), we find

b(x, w)≤
ω2

d−1

s2

1
ds

x ds
w(|x −w| + dx + dw)d+s(p−2)

for any x ∈�ext
ρ and w ∈�. We define

(V) := (1 − s)2
∫
�ext
ρ

∫
�

|u(x)− u(w)|p

ds
x ds
w(|x −w| + dx + dw)d+s(p−2) dw dx .

The previous estimate of b yields

(IV)≤ ω2
d−1s−2

⋆ (V).

Claim: We will show that there exists a constant c6 = c6(d, �, ρ, p⋆) > 0 such that

(V)≤ c6

(
1

s2(p⋆ − 1)
[u]

p
V s,p(� |�ext

ρ )
+ (1 − s)2

∫
�

∫
�

|u(z)− u(w)|p

ds
z ds
w(|z −w| + dz + dw)d+s(p−2) dw dz

)
.

Let W(Rd
\�) be the Whitney decomposition from Appendix A and recall that ρ = inr(�). We define the

set of Whitney cubes Q ∈ W(Rd
\�) with diam(Q)≤ ρ by Wρ(R

d
\�). As in Appendix A and [Dyda

and Kassmann 2019], we denote by Q̃ ⊂� the reflected Whitney cube for any cube Q ∈ Wρ(R
d
\�).

The collection of reflected Whitney cubes satisfies a bounded overlap property; see (A-4). Let N ∈ N be
the constant from the bounded overlap property. Furthermore, the distance to the boundary as well as the
diameter of the reflected cubes are comparable to the original cubes with the constant M > 0 from (A-2).
By the covering properties of the Whitney cubes (A-1) and the reflecting cubes (A-3), we find

(V)≤

∑
Q1,Q2∈Wρ(Rd\�)

(1 − s)2
∫

Q1

∫
Q̃2

|u(x)− u(w)|p

ds
x ds
w(|x −w| + dx + dw)d+s(p−2) dw dx . (3-20)

For the moment we fix two cubes Q1, Q2 ∈ W(Rd
\�) satisfying diam Q1, diam Q2 ≤ ρ. For each

x ∈ Q1 and w ∈ Q̃2, we define

z(x, w) := qQ̃1
+

(
x − qQ1

2l(Q1)
+
w− qQ̃2

2l(Q̃2)

)
l(Q̃1) ∈ Q̃1.

The map z connects points in Q1, Q̃2 with points in Q̃1 in a continuous way. We will use it for a change
of variables in either x or w. Therefore,∫

Q1

∫
Q̃2

|u(x)−u(w)|p

ds
x ds
w(|x−w|+dx +dw)d+s(p−2) dw dx

≤ 2p
∫

Q1

∫
Q̃2

|u(z(x, w))−u(w)|p

ds
x ds
w(|x−w|+dx +dw)d+s(p−2) dw dx+2p

∫
Q1

∫
Q̃2

|u(x)−u(z(x, w))|p

ds
x ds
w(|x−w|+dx +dw)d+s(p−2) dw dx

=: 2p((VI)+(VII)). (3-21)
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We make a few observations before estimating (VI). For x ∈ Q1 and w ∈ Q̃2, we have dx ≥ M−1dz(x,w)

as well as

|x −w|+dx +dw ≥ M−1(|x −w|+dist(Q1, Q̃1))+(1− M−1)|x −w|+dw

≥ M−1(dist(Q1, Q̃2)+dist(Q1, Q̃1))+(1− M−1)(dist(Q1, ∂�)+dist(Q̃2, ∂�))+dw

≥ M−1 dist(Q̃1, Q̃2)+(1− M−1)M−1 dist(Q̃1, ∂�)+(2− M−1) dist(Q̃2, ∂�)

≥
(1− M−1)M−1

(
dist(Q̃1, Q̃2)+

∑2
i=1 dist(Q̃i , ∂�)

)
(|z(x, w)−w|+dz(x,w)+dw)

(diam Q̃1 +dist(Q̃1, Q̃2)+diam Q̃2)+
∑2

i=1(dist(Q̃i , ∂�)+diam Q̃i )

≥ (1− M−1)M−1 2
3(|z(x, w)−w|+dz(x,w)+dw).

We define c7 :=
3
2 M2(M − 1)−1 > 1 and use the previous calculation to estimate (VI) by

(VI)≤ M scd+s(p−2)
7

∫
Q̃2

∫
Q1

|u(z(x, w))− u(w)|p

ds
z(x,w)d

s
w(|z(x, w)−w| + dz(x,w) + dw)d+s(p−2) dx dw

≤ M scd+s(p−2)
7

(
2l(Q1)

l(Q̃1)

)d ∫
Q̃2

∫
Q̃1

|u(z)− u(w)|p

ds
z ds
w(|z −w| + dz + dw)d+s(p−2) dz dw

≤ Mcd+(0∨(p⋆−2))
7 (2M)d

∫
Q̃1

∫
Q̃2

|u(z)− u(w)|p

ds
z ds
w(|z −w| + dz + dw)d+s(p−2) dw dz. (3-22)

Here we used the change of variables z = z(x, w). We set c8 := 2d+p⋆cd+(0∨(p⋆−2))
7 Md+1. Now we

sum (VI) over all Whitney cubes in Wρ(R
d

\�). By the bounded overlap property of the Whitney
decomposition, see (A-4), we have∑
Q1,Q2∈Wρ(Rd\�)

(1−s)22p(VI)≤ c8(1−s)2
∑

Q1,Q2∈Wρ(Rd\�)

∫
Q̃1

∫
Q̃2

|u(z)−u(w)|p

ds
z ds
w(|z−w|+dz +dw)d+s(p−2) dwdz

≤ N 2c8(1−s)2
∫
�

∫
�

|u(z)−u(w)|p

ds
z ds
w(|z−w|+dz +dw)d+s(p−2) dwdz. (3-23)

Now we estimate (VII). We make a few observations upon the choice of the Whitney decomposition and
reflected cubes in Appendix A. For x ∈ Q1 and w ∈ Q̃2, we have

dx ≥ (1 + M−1)−1(dx + dz(x,w))≥ (1 + M−1)−1
|x − z(x, w)|,

dw ≥ dist(Q̃2, ∂�),

dx + dw + |x −w| ≥ dist(Q1, ∂�)+ dist(Q̃2, ∂�)+ dist(Q1, Q̃2),

|x − z(x, w)| ≤ dist(Q1, Q̃1)≤ M dist(Q1, ∂�).

We set

J (Q1, Q2) :=
dist(Q1, ∂�)

d+s(p−1)

dist(Q̃2, ∂�)s(dist(Q1, ∂�)+ dist(Q̃2, ∂�)+ dist(Q1, Q̃2))d+s(p−2)
.
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Therefore,

(VII)≤ (1 + M−1)s Md+s(p−1) J (Q1, Q̃2)

∫
Q1

∫
Q̃2

|u(x)− u(z(x, w))|p

|x − z(x, w)|d+sp dw dx

≤ (1 + M−1)Md+p−1 J (Q1, Q̃2)

(
2l(Q̃2)

l(Q̃1)

)d ∫
Q1

∫
Q̃1

|u(x)− u(z)|p

|x − z|d+sp dz dx .

Here we used the change of variables z := z(x, w). Set c9 := (1 + M−1)Md+p⋆−12d+p⋆ . By (A-4),

(1 − s)2
∑

Q1,Q2∈Wρ(Rd\�)

2p(VII)

≤ c9(1 − s)2
∑

Q1,Q2∈Wρ(Rd\�)

J (Q1, Q̃2)

(
l(Q̃2)

l(Q̃1)

)d ∫
Q1

∫
Q̃1

|u(x)− u(z)|p

|x − z|d+sp dz dx . (3-24)

Therefore, it is sufficient to prove that

I (Q1) :=

∑
Q2∈Wρ(Rd\�)

J (Q1, Q̃2)

(
l(Q̃2)

l(Q̃1)

)d

is bounded independent of Q1. We fix Q1 ∈ Wρ(R
d
\�) and set a := dist(Q1, ∂�). Let q̂Q1 ∈ ∂� be

a minimizer of the distance of qQ1 to ∂�; i.e., |q̂Q1 − qQ1 | = dist(qQ1, ∂�). By the properties of the
Whitney cubes, we have for any w ∈ Q̃2

dist(Q̃2, ∂�)≥
1
2(dist(Q̃2, ∂�)+ diam Q̃2)≥

1
2 dw, (3-25)

|w− b| ≤ |w− qQ1 | + |qQ1 − q̂Q1 | ≤ diam Q1 + dist(Q̃2, Q1)+ dist(qQ1, ∂�)

≤ dist(Q̃2, Q1)+ 3 dist(Q1, ∂�)≤ 4 dist(Q̃2, Q1). (3-26)

We estimate I (Q1) using the properties of the Whitney cubes, (3-25), (3-26) and (A-4):

I (Q1)≤ Md4d
∑

Q2∈Wρ(Rd\�)

diam(Q̃2)
das(p−1)

dist(Q̃2, ∂�)s(a + dist(Q̃2, ∂�)+ dist(Q1, Q̃2))d+s(p−2)

= Md4d
∑

Q2∈Wρ(Rd\�)

∫
Q̃2

as(p−1)

dist(Q̃2, ∂�)s(a + dist(Q̃2, ∂�)+ dist(Q1, Q̃2))d+s(p−2)
dw

≤ 2s4d+s(p−2)Md4d N
∫
�

as(p−1)

ds
w(a + dw + |w− q̂Q1 |)

d+s(p−2) dw. (3-27)

We claim that the integral in the last line is bounded independent of a and q̂Q1 .
We localize the boundary in a neighborhood of q̂Q1 . Let r0 > 0 be the localization radius, and let

φ : Br0(q̂Q1)→ B1(0) be a bi-Lipschitz flattening of the boundary since� has a uniform Lipschitz boundary.
A change of variables and an estimate similar to (3-3) yields a constant c10 = c10(d, �)≥ 1 such that∫

�∩Br0 (q̂Q1 )

as(p−1)

ds
w(a + dw + |w− q̂Q1 |)

d+s(p−2) dw ≤ c10

∫
B1(0)+

as(p−1)

ws
d(a + |w|)d+s(p−2) dw.
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To calculate this integral, we apply the coarea formula; see, e.g., [Federer 1969] with (r, t)= (wd , |w|)

in the case d ≥ 2:∫
B1(0)+

as(p−1)

ws
d(a + |w|)d+s(p−2) dw ≤ ωd−2

∫ 1

0

∫ t

0

as(p−1)td−2

r s(a + t)d+s(p−2) dr dt

≤
ωd−2

1 − s

∫ 1

0

as(p−1)td−1−s

(a + t)d+s(p−2) dt

≤
ωd−2

1 − s

∫ 1

0

as(p−1)

(a + t)1+s(p−1) dt ≤
ωd−2

(1 − s)s(p − 1)
. (3-28)

Here we used

H(d−2)({w ∈� | wd = r, |w| = t})≤ ωd−21r≤t td−2.

A similar calculation shows the same estimate in the case d = 1. Furthermore, the remainder of the
integral on the right-hand side of (3-27), i.e.,∫

�∩Br0 (q̂Q1 )
c

as(p−1)

ds
w(a + dw + |w− q̂Q1 |)

d+s(p−2) dw,

is easily bounded independent of a since a + dw + |w− q̂Q1 | ≥ r0 for w ∈�∩ Br0(q̂Q1)
c and a ≤ 4ρ.

Therefore (1 − s)I (Q1) is bounded independent of Q1 by a constant c11 = c11(d, �, p⋆, p⋆, s⋆) > 0.
We combine (3-24), (3-27) and (3-28) as well as (A-4) to obtain

(1 − s)2
∑

Q1,Q2∈Wρ(Rd\�)

2p(VII)≤ c9c11 N (1 − s)
∫
�ext
ρ

∫
�

|u(x)− u(z)|p

|x − z|d+sp dz dx

= c9c11 N [u]
p
V s,p(� |�ext

ρ )
. (3-29)

Finally, we combine (3-20), (3-21), (3-23) and (3-29) and the claim follows. The constant is given by
c6 := N max{Nc8, c9c11}.

We finish the estimate of (IV) using the previous claim and Theorem 3.5:

(V)≤ c6

(
1

s2(p⋆ − 1)
[u]

p
V s,p(� |�ext

ρ )
+ c5∥u∥

p
W s,p(�)

)
.

Combining the estimates of (III) and (IV) yields (3-16). □

Remark 3.11. As mentioned in the introduction, the trace embedding V s,1(� | Rd)→ T s,1(�c) cannot
be continuous. This may be seen as follows: Consider the sequence of functions

un(x) :=


0, x ∈�,

n1−s, x ∈�ext
1/n,

0, x ∈�
1/n
ext ,

for n ∈ N. By Lemmas 3.7 and 3.8 one easily sees that ∥un∥V s,1(� | Rd ) ≍ ∥un∥L1(�c;µs) ≍ 1, but a
simple calculation yields [un]T s,1(�c) ≍ ln(n)→ ∞ as n → ∞. A similar sequence of functions proves
Theorem 3.5 to be false for p = 1.
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4. Extension results

The aim of this section is to prove the extension parts of Theorems 1.2 and 1.3. This proof is carried out
in Propositions 4.5 and 4.6. We are able to treat the cases 1< p <∞ and p = 1 together.

The method used in this section is essentially inspired by [Jonsson and Wallin 1984, Chapter V].
We decompose the domain � into Whitney cubes and consider neighborhoods of each cube intersected
with �c. The extension is constructed by copying weighted mean values of the exterior data g from this
intersection into the respective cube; see (4-11). The weights are taken with respect to a measure that
behaves like µs close to the boundary ∂�.

Throughout this section we fix an open nonempty proper subset �⊂ Rd . We will introduce additional
assumptions on � when needed. Further, we fix a dyadic Whitney-decomposition W(�) of � consisting
of cubes with parallel sides to the axes of Rd such that

(a) �=
⋃

Q∈W(�) Q,

(b) the interior of the cubes are mutually disjoint,

(c) for all cubes Q ∈ W(�), the diameter is comparable to the distance to the boundary of �; i.e.,

diam Q ≤ d(Q, ∂�)≤ 4 diam Q. (4-1)

We set sQ ∈ 2Z to be the side length of a cube Q and let qQ ∈ Q be the center of the cube Q. We
denote the diameter of the cube Q by lQ = diam(Q)=

√
dsQ . This decomposition satisfies the following:

Suppose Q1, Q2 ∈ W(�) touch each other. Then

1
4 diam Q1 ≤ diam Q2 ≤ 4 diam Q1. (4-2)

Additionally, we denote by Q⋆ a cube having the same center as Q ∈ W(�) but side length
(
1 +

1
8

)
sQ .

We denote the collection of these scaled cubes by

W⋆(�) := {Q⋆
| Q ∈ W(�)}.

These scaled cubes satisfy a finite overlap property; i.e.,
∑

Q⋆∈W⋆(�) 1Q⋆ ≤ N , where N ∈ N is a fixed
number for the remainder of this section. Additionally, two cubes Q⋆

1, Q⋆
2 ∈ W⋆(�) have nonempty

intersection if and only if Q1 and Q2 touch. We define Ji ⊂ W(�) to be the set of all cubes with side
lengths 2−i , and set

Di :=

⋃
Q∈Ji

Q, D≥i :=

⋃
j≥i

Dj . (4-3)

Analogously to [Jonsson and Wallin 1984, Section 1.2], we introduce a specific partition of unity on �
which we will use to construct an extension operator T s,p(�c)→ V s,p(� | Rd). We emphasize that the
construction of the extension is independent of p. Let ψ ∈ C∞

c (R
d) be a bump function such that ψ = 1

on
[
−

1
2 ,

1
2

]d and ψ = 0 on
([

−
1
2

(
1 +

1
8

)
, 1

2

(
1 +

1
8

)]d)c, 0 ≤ ψ ≤ 1. Then we define for any Q ∈ W(�) a
translated and rescaled version of ψ ,

ψQ(x) := ψ

(
x − qQ

sQ

)
,
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and our partition functions

φQ(x) :=
ψQ(x)∑

Q̃∈W(�) ψQ̃(x)
. (4-4)

Then obviously
∑

Q φQ = 1� holds. Furthermore, we set

ρ :=
1
2 inr(�)∧ 1

2 > 0,

κ :=

⌊
log2

ρ
√

d

⌋
,

W≤κ(�) := {Q ∈ W(�) | sQ ≤ 2κ}.

(4-5)

Since lQ =
√

dsQ for any Q ∈ W and the cubes have dyadic side lengths, lQ ≤ ρ for any Q ∈ W≤κ . For
any x ∈ Q ∈ W , we know

dx ≤ lQ + dist(Q, ∂�)≤ 5lQ,

dx ≥ dist(Q, ∂�)≥
1
4 lQ .

Therefore, {
x ∈� | dx <

1
4ρ

}
⊂

⋃
Q∈W≤κ (�)

Q ⊂ {x ∈� | dx < 5ρ}. (4-6)

For any cube Q ∈ W≤κ such that all neighboring cubes are in W≤κ , we have∑
Q′∈W≤κ

φQ′(x)= 1, x ∈ Q.

By (4-2), all cubes Q with a side length that is at most 2κ−2 only have neighboring cubes in W≤κ .
Therefore, ∑

Q∈W≤κ

φQ(x)= 1, x ∈ D≥−κ+2. (4-7)

We define for s ∈ (0, 1) the measure on B(Rd)

µ̃s(dz)= 1�c(z)
1 − s

ds
z

dz. (4-8)

This measure behaves like µs , see (1-5), near the boundary ∂�. We will use µ̃s to construct the extension
of a function g :�c

→ R; see (4-11). In particular, the value of the extension Exts(g) in a cube Q ∈ W≤κ

will depend on a µ̃s-mean of g in a neighborhood of Q. Since µ̃s converges weakly to the surface measure
on ∂�, we recover a classical Whitney extension of functions in W 1−1/p,p(∂�) in the limit s → 1−. We
set for Q ∈ W(�)

aQ,s := (µ̃s(B6lQ (qQ)))
−1. (4-9)

Since dist(qQ, ∂�)≤ 5lQ , the intersection B6lQ (qQ)∩�
c has nonempty interior. The following lemma

shows the order of aQ,s in terms of lQ and s for Lipschitz domains. The estimate (4-10) is essential in
Propositions 4.5 and 4.6.
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Lemma 4.1. Let ∅ ̸=�⊂ Rd be a Lipschitz domain. There exists a constant C = C(d, �) > 1 such that,
for any s ∈ (0, 1) and Q ∈ W≤κ+6(�),

C−1ls−d
Q ≤ aQ,s ≤ Cls−d

Q . (4-10)

Proof. Let zQ ∈ ∂� be a minimizer of the distance of qQ to the boundary ∂�. Since the distance
dist(qQ, ∂�) is bounded from above by 5lQ , we have BlQ (zQ) ⊂ B6lQ (qQ) ⊂ B11lQ (zQ). Since � has
a uniform Lipschitz boundary, we find a radius r = r(�) > 0 and a constant L = L(�) > 0, both
independent of zQ , and a rotation and translation TzQ : Rd

→ Rd as well as a Lipschitz continuous function
φ : Rd−1

→ R such that

TzQ (�∩ Br (zq))= {(x ′, xd) ∈ Br (zQ) | xd > φ(x ′)} and [φ]C0,1 ≤ L .

Without loss of generality, we assume TzQ to be the identity map, in particular, zQ = 0. By arguments
similar to (3-3), we find 2(1 + L)dx ≥ |xd −φ(x ′)| for any (x ′, xd) ∈ Br (0) such that xd > φ(x ′). First
we assume that 11lQ ≤ r . Then proceeding as in (3-4) yields

a−1
Q,s ≤ (2(1 + L))s

∫
B11lQ ∩{xd≥φ(x ′)}

1 − s
(xd −φ(x ′))s

d(x ′, xd)≤ 2(11 + L)(11)dld−s
Q .

If 11lQ > r , then we simply cover B11lQ (zQ)∩∂� by finitely many balls B1, . . . , BN . Since lQ is bounded
from above by 26ρ, the number of balls of radius r which are needed can be picked uniformly. Set
A :=�c

∩ B11l Q(zQ)∩
⋂

j Bc
j and r1 := dist(∂�, A). We pick the balls B1, . . . , BN such that r1 >

1
2r .

Then, by a similar calculation as above,

a−1
Q,s ≤

N∑
j=1

µ̃s(Bj )+ µ̃s(A)≤ N2(11 + L)(11)drd−s
+ 2711dωd−1(r ∧ 1)−1(ρ ∨ 1)ld−s

Q

≤ (N2(11 + L)(11)2d
+ 2711dωd−1(r ∧ 1)−1(ρ ∨ 1))ld−s

Q .

For the upper bound in (4-10), we simply notice that

a−1
Q,s ≥

∫
BlQ∧r ∩{xd≥φ(x ′)}

1 − s
(xd −φ(x ′))s

d(x ′, xd)

and proceed in a similar fashion. □

For g ∈ L p
loc(R

d), we define the extension Exts(g) as

Exts(g)(x) :=

{∑
Q∈W≤κ (�)

φQ(x)aQ,s
∫
�c∩B6lQ (qQ)

g(z)µ̃s(dz) for x ∈�,

g(x) for x ∈�c.
(4-11)

For any Q ∈ W≤κ(�), we have

sup{dist(x, ∂�) | x ∈ Q⋆
} ≤ dist(Q⋆, ∂�)+ diam(Q⋆)≤ 4ρ+

9
8ρ ≤ 6ρ.

Therefore, Exts(g)(x)= 0 for x ∈� such that dx > 6ρ. Additionally, the definition of Exts(g) inside �
depends only on the values of g on �ext

6ρ ⊂ �ext
3 inr(�). We could use the measure µs introduced in (1-5)

instead of µ̃s in the definition of the extension because Exts(g)|� does not depend on the values of g far
away from the boundary. But the benefit of µ̃s is that the extension is independent of the parameter p.
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We begin by proving some properties of Exts analogous to [Jonsson 1994, Lemma 1]. The proof follows
the same lines as [Jonsson and Wallin 1984, Chapter V, Lemma D]. We define for cubes Q1, Q2 ∈W≤κ(�)

and g ∈ L p
loc(R

d)

Jp(qQ1, qQ2) :=

(
aQ1,saQ2,s

∫
B30lQ1

(qQ1 )

∫
B30lQ2

(qQ2 )

|g(z1)− g(z2)|
pµ̃s(dz2)µ̃s(dz1)

)1/p

. (4-12)

Lemma 4.2. Let s ∈ (0, 1) and 1 ≤ p <∞, and assume that � satisfies (4-10). Further, let Q1, Q2 ∈

W≤κ−2(�). There exists a constant C = C(d, �,ψ,W(�)) > 0 such that, for any g ∈ L p(�c) and
x ∈ Q1, y ∈ Q2 as well as b ∈ R:

(a) |Exts(g)(x)− Exts(g)(y)| ≤ C Jp(qQ1, qQ2),

(b) |∇ Exts(g)(x)| ≤ Cl−1
Q1

Jp(qQ1, qQ2),

(c) |Exts(g)(x)− b| ≤ C
(
aQ1,s

∫
B30lQ1

(qQ1 )
|g(z1)− b|

pµ̃s(dz1)
)1/p,

(d) |∇ Exts(g)(w)| ≤ Cl−1
Q

(
aQ,s

∫
B30lQ (qQ)

|g(z)|pµ̃s(dz)
)1/p for any w ∈ Q ∈ W(�).

Proof. (a) By (4-7), ∑
Q∈W≤κ

φQ(x)= 1 =

∑
Q∈W≤κ

φQ(y).

By the choice of aQ,s , we find

Exts(g)(x)− Exts(g)(y)

=

∑
Q∈W≤κ (�)

φQ(x)aQ,s

∫
B6lQ (qQ)

(g(z1)− Exts(g)(y))µ̃s(dz1)

=

∑
Q,Q̃∈W≤κ (�)

φQ(x)φQ̃(y)aQ,saQ̃,s

∫
B6lQ (qQ)

∫
B6lQ̃

(qQ̃)

(g(z1)− g(z2))µ̃s(dz2)µ̃s(dz1).

We apply Hölder’s inequality to find

|Exts(g)(x)− Exts(g)(y)|

≤

∑
Q,Q̃∈W≤κ (�)

φQ(x)φQ̃(y)aQ,saQ̃,s
(
µ̃s(B6lQ (qQ))µ̃s(B6lQ̃

(qQ̃))
)1−1/p

×

(∫
B6lQ (qQ)

∫
B6lQ̃

(qQ̃)

|g(z1)− g(z2)|
pµ̃s(dz2)µ̃s(dz1)

)1/p

=

∑
Q,Q̃∈W≤κ (�)

φQ(x)φQ̃(y)
(

aQ,saQ̃,s

∫
B6lQ (qQ)

∫
B6lQ̃

(qQ̃)

|g(z1)− g(z2)|
pµ̃s(dz2)µ̃s(dz1)

)1/p

.

Let Q ∈ W≤κ be a cube such that φQ(x) ̸= 0. Then Q touches Q1 by the definition of φQ . By (4-2), we
find

|t − qQ1 | ≤ |t − qQ | + |qQ − qQ1 | ≤ 6lQ + (lQ + lQ1)≤ (6 · 4 + 4 + 1)lQ1 ≤ 30lQ1

for any t ∈ B6lQ (qQ). Let c1 = c1(d, �, p) > 1 be the constant from (4-10); then

aQ,s ≤ c1ls−d
Q ≤ c14d−sls−d

Q1
≤ c2

14daQ1,s .
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By the finite overlap property, there exist at most N − 1 cubes touching Q1. The same holds for Q1

replaced by Q2. Therefore,

|Exts(g)(x)− Exts(g)(y)|

≤ (N − 1)2(c2
14d)2/p

(
aQ1,saQ2,s

∫
B30lQ1

(qQ1 )

∫
B30lQ2

(qQ2 )

|g(z1)− g(z2)|
pµ̃s(dz2)µ̃s(dz1)

)1/p

.

(b) By (4-7),
∑

Q∈W≤κ
φQ = 1 on D≥2−κ , and thus

∑
Q∈W≤κ

∇φQ = 0 on D≥2−κ . We write

∇ Exts(g)(x)=

∑
Q∈W≤κ (�)

∇φQ(x)
(

aQ,s

∫
B6lQ (qQ)

g(z1)µ̃s(dz1)− Exts(g)(y)
)

=

∑
Q,Q̃∈W≤κ (�)

∇φQ(x)φQ̃(y)aQ,saQ̃,s

∫
B6lQ (qQ)

∫
B6lQ̃

(qQ̃)

(g(z1)− g(z2))µ̃s(dz2)µ̃s(dz1).

By definition of the partition of unity φ( · ), see (4-4), there exists a positive constant c2 = c2(W(�), d, ψ)
such that, for any Q ∈ W≤κ touching Q1 or Q1 itself, we have

|∇φQ(x)| ≤ c2s−1
Q ≤ 4

√
dc2l−1

Q1
.

We calculate using the same arguments as in the proof of (a) and get

|∇ Exts(g)(x)| ≤ l−1
Q1

4
√

dc2(N − 1)2(c2
14d)2/p Jp(qQ1, qQ2).

The proofs of (c) and (d) follow the same lines as the proofs of (a) and (b). Therefore, we omit them. □

Lemma 4.3 [Jonsson 1994, Lemma 2; Jonsson and Wallin 1984, Chapter V, Lemma 2]. Let s ∈ (0, 1),
a > 0, h :�c

→ R. Set, for x ∈�,

f (x)=

∫
BalQ (qQ)

h(t)µ̃s(dt)

if x ∈ Q̊ for Q ∈ Ji , i ∈ N, and f (x) = 0 otherwise. There exist constants C = C(d, a) > 0 and
a0 = a0(d, a) > 0 such that, for any x0 ∈ Rd and 0< r ≤ ∞,∫

Di ∩Br (x0)

f (x) dx ≤ C2−id
∫
�ext

√
da2−i ∩Br+a02−i (x0)

h(t)µ̃s(dt). (4-13)

Lemma 4.4. Assume a, b > 0 and p⋆ ≥ 1. There exists a constant C = C(a, b, d, p⋆) > 0 such that, for
s ∈ (0, 1) and 1 ≤ p ≤ p⋆,

∞∑
j=0

2 j (d+s(p−2))
∫∫

|x−y|≤a2− j

dx≤b2− j

|g(x)− g(y)|pµ̃s(dy)µ̃s(dx)

≤
C

d + s(p − 2)

∫∫
|x−y|≤a

dx≤b

|g(x)− g(y)|p

((|x − y| + dx + dy)∧ 1)d+s(p−2)µs(dy)µs(dx).
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It is only due to this lemma that the norm of the extension operator in Theorem 1.3 in the case d = 1
depends on a lower bound of (1 − s).

Proof. The left-hand side of the inequality is equal to

∞∑
j=0

∑
k,n≥ j

2 j (d+s(p−2))
∫∫

a2−n−1
≤ |x−y|≤a2−n

b2−k−1
≤dx≤b2−k

|g(x)− g(y)|pµ̃s(dy)µ̃s(dx)

=

( ∑
n≥k≥0

k∑
j=0

+

∑
k>n≥0

n∑
j=0

)
2 j (d+s(p−2))

∫∫
a2−n−1

≤|x−y|≤a2−n

b2−k−1
≤dx≤b2−k

|g(x)− g(y)|pµ̃s(dy)µ̃s(dx)

≤ 2d+p+1
∑

n,k≥0

2(k∧n)(d+s(p−2))

d + s(p − 2)
(1 + a + b)2d+2s(p−1)

∫∫
a2−n−1

≤|x−y|≤a2−n

b2−k−1
≤dx≤b2−k

|g(x)− g(y)|pµs(dy)µs(dx)

=: (I).

For x, y ∈ �c satisfying |x − y| ≤ a2−n and dx ≤ b2−k , we have |x − y| + dx + dy ≤ 2(a + b)2−(k∧n).
Therefore,

(I)≤
(2(a + b)+ 1)4d+4p+1

d + s(p − 2)

∫∫
|x−y|≤a

dx≤b

|g(x)− g(y)|p

((|x − y| + dx + dy)∧ 1)d+s(p−2)µs(dy)µs(dx). □

Now we are in the position to prove the continuity of the L p part. Recall the definition of the sets �ext
r

and �r
ext in (2-1) for given r > 0.

Proposition 4.5. Let s ∈ (0, 1) and 1 ≤ p ≤ p⋆ <∞, and assume that � satisfies (4-10). Then, for every
measurable g :�c

→ R,

∥Exts(g)∥L p(�) ≤
C

s1/p ∥g∥L p(�ext
3 inr(�);µs)

with a constant C = C(d, �, p⋆) > 0 which is independent of s and p.

Proof. Firstly,
∫
�
φQ(x) dx ≤ |Q⋆

| ≤
(
1+

1
8

)dsd
Q for any Q ∈W(�). Let c1 = c1(d, �)> 1 be the constant

from (4-10). Recall the definitions of ρ and κ in (4-5). For any Q ∈W≤κ and z ∈�c
∩ B6lQ (qQ), we know

dz ≤ 6lQ = 6
√

dsQ ≤ 6
√

d2κ ≤ 6ρ. We use the finite overlap property of the Whitney decomposition to
estimate

∥Exts(g)∥
p
L p(�) ≤

(
1 +

1
8

)d N p
∑

Q∈W≤κ (�)

sd
Q

(
/

∫
B6lQ (qQ)

|g(z)|µ̃s(dz)
)p

≤ 2dc1 N p(6ρ+ 1)d+p−1
√

d
s−d ∑

Q∈W≤κ (�)

ss
Q

∫
B6lQ (qQ)

|g(z)|pµs(dz)=: (⋆).

Now, we consider i ∈ N and two cubes Q1, Q2 ∈ W≤κ(�) such that sQ1 = sQ2 = 2−i . If

|qQ1 − qQ2 | ≥ 6(lQ1 + lQ2)= 12
√

d2−i ,
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then B6lQ1 (qQ1 )
∩ B6lQ2 (qQ2 )

= ∅. The number of cubes Q ∈ W≤κ with side length 2−i that fit in the ball
B12

√
d2−i (qQ1) is bounded from above by ⌈12

√
d2−i/sQ⌉

d
= ⌈12

√
d ⌉

d . Therefore,

#{Q ∈ W≤κ | sQ = 2−i , B6lQ1 (qQ1 )
∩ B6lQ(qQ) ̸= ∅} ≤ ⌈12

√
d ⌉

d . (4-14)

We set c2 := 2dc1 N p(6ρ+1)d+p−1. For any z ∈�c such that there exists a cube Q ∈W≤κ which satisfies
z ∈ B6lQ (qQ), we have

dz ≤ |z − qQ | ≤ 6lQ ≤ 6ρ.

We change the order of summation and use the above consideration to estimate

(⋆)≤ c2

∞∑
i=0

∑
Q∈W≤κ (�)∩Ji

2−is
∫

B6·2−i (qQ)

|g(z)|pµs(dz)

≤ c2⌈12
√

d ⌉
d 1

1 − 2−s

∫
�ext

6ρ

|g(z)|pµs(dz)≤ c2⌈12
√

d ⌉
d 2

s
∥g∥

p
L p(�ext

3 inr(�);µs)
.

Thus, the proposition is proven with the constant

C := 2d+1c1 N p⋆(6ρ+ 1)d+p⋆−1
⌈12

√
d ⌉

d . □

Proposition 4.6. Let s ∈ (0, 1) and 1 ≤ p ≤ p⋆ <∞. We assume that � is bounded and satisfies (4-10).
Then, for every g ∈ T s,p(�c),

[Exts(g)]V s,p(� | Rd ) ≤
C

(d + s(p − 2))1/ps2/p ∥g∥T s,p(�c)

with a constant C = C(d, �, p⋆) > 0 which is independent of s and p.

Proof. We set c1 := (
√

d2κ+1)∧ 1
24 < 2ρ ∧

1
8 and j0 := −κ − 6, where κ and ρ are as in (4-5) and split

the integration domain of the seminorm into

[Exts(g)]
p
V s,p(� | Rd )

= (1 − s)
∫
�

∫
{|h|≥c1}

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx

+

( ∞∑
j= j0

(1 − s)
∫

Dj

∫
{|h|<c12− j }

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx
)

+

( ∞∑
j= j0

(1 − s)
∫

Dj

∫
{c12− j ≤|h|<c1}

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx
)

+

(∑
j< j0

(1 − s)
∫

Dj

∫
{|h|<c1}

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx
)

=: (I)+ (II)+ (III)+ (IV).

Recall that Dj is the collection of Whitney cubes with side length 2− j ; see (4-3). We handle these four
terms separately.
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Estimate of (IV): For any x ∈ Dj , j < j0 and |h|< c1, the distance of x as well as x + h to the boundary
∂� is bigger or equal to

dx − |h| ≥ dist(Dj , ∂�)− c1

≥
√

d2− j−2
− c1

≥
√

d(2κ+4
− 2κ+1)

> 6ρ.

Therefore,

Exts(g)(x)= 0 = Exts(g)(x + h) and (IV)= 0.

Estimate of (I): Using the triangle inequality and the definition of the extension Exts(g), we estimate (I)
as follows:

(I)≤ 2p(1 − s)
(∫

�

∫
|h|≥c1

|Exts(g)(x)|p

|h|d+sp dh dx +

∫
�

∫
|h|≥c1

|Exts(g)(x + h)|p

|h|d+sp dh dx
)

≤ 2
2p(1 − s)

sp
c−sp

1 ωd−1∥Exts(g)∥
p
L p(�) + 2p2−d−s(p−1)

|�|

∫
�c

|g(y)|pµs(dy).

By Proposition 4.5 and the previous inequality, we find a constant c2 = c2(d, �, p⋆) > 0 such that

(I)≤
1 − s

s2

2p+1ωd−1cp
2

pcp
1

∥g∥
p
L p(�c;µs)

+ 2p
|�|∥g∥

p
L p(�c;µs)

.

This is the desired estimate for (I).

Estimate of (II): For the moment we fix j ∈ N, j ≥ j0, Q j ∈ Jj , x ∈ Q j and |h| < c12− j
≤

1
24 sQ j .

Under these assumptions, x + h ∈ Q⋆
j , where Q⋆

j is the cube with the same center as Q j but side length(
1 +

1
8

)
sQ j . Thus, for any t ∈ [0, 1], the vector x + th is either in Q j or in a neighboring cube, say Q,

touching Q j . By (4-2),

1
4 lQ j ≤ lQ ≤ 4lQ j and |qQ j − qQ | ≤ diam(Q j )+ diam(Q)≤ (1 + 4)lQ j .

Further, for z ∈ B30lQ (qQ), we find

|z − qQ j | ≤ (30 · 4 + 5)lQ j .

Set c3 := 30 ·4+5, and let c4 > 0 be the constant from Lemma 4.2 and c5 > 0 be the constant from (4-10).
We want to apply Lemma 4.2(b) and (d) to estimate (II). We set j1 := j0 + 8 = −κ + 2 and write

(II)=

∞∑
j= j1

(1 − s)
∫

Dj

∫
{|h|<c12− j }

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx

+

j1−1∑
j= j0

(1 − s)
∫

Dj

∫
{|h|<c12− j }

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx

=: (II1)+ (II2).
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For all j ≥ j1, all neighboring cubes of Q j have side lengths at most 2κ , and thus Bc12− j (x)⊂ D≥−κ .
Since Exts(g) is smooth in �, the fundamental theorem of calculus and Lemma 4.2(b) yield

|Exts(g)(x)− Exts(g)(x + h)|

=

∣∣∣∣∫ 1

0
∇ Exts(g)(x + th) · h dt

∣∣∣∣
≤ |h| sup

Bc12− j (x)
|∇ Exts(g)|

≤ c4|h|
2 j+2
√

d

(
c2

5

√
d

2(s−d)
22( j+2)(d−s)

∫
(Bc3lQj

(qQj ))
2
|g(z1)− g(z2)|

p(µ̃s ⊗ µ̃s)(d(z1, z2))

)1/p

.

Using this, we estimate

(II1)≤ (1 − s)cp
4 42(d−s)+pc2

5

∞∑
j= j0

22 j (d−s)+ j p
∑
Q∈Jj

∫
|h|<c12− j

|h|
−d+p(1−s) dh

×

∫
Q

∫
(Bc3lQ (qQ))2

|g(z1)− g(z2)|
p(µ̃s ⊗ µ̃s)(d(z1, z2)) dx

≤
ωd−1cp(1−s)

1 cp
4 42(d−s)+pc2

5

p

∞∑
j= j0

22 j (d−s)+ j p− j p(1−s)
∑
Q∈Jj

×

∫
Q

∫
(Bc3lQ (qQ))

2

|z1−z2|≤2
√

dc32− j

|g(z1)− g(z2)|
p(µ̃s ⊗ µ̃s)(d(z1, z2)) dx .

We define the functions

f j :�→ R and h j :�c
→ R

via

h j (z1) :=

∫
|z1−z2|≤2

√
dc32− j

|g(z1)− g(z2)|
pµ̃s(dz2), z1 ∈�c,

f j (x) :=

∫
Bc3lQ (qQ)

h j (z1)µ̃s(dz1), x ∈�,

whenever there exists Q ∈ Jj such that x ∈ Q̊, otherwise we set f j = 0. With this notation we estimate (II1)

using Lemma 4.3 and dz ≤ c3
√

d2κ for z ∈ Bc3lQ (qQ)∩�
c and Q ∈ W≤κ :

(II1)≤
ωd−1cp(1−s)

1 cp
4 42(d−s)+pc2

5

p

∞∑
j= j0

22 j (d−s)+ j ps
∫

Dj

f j (x) dx

≤
ωd−1(c1 ∨ 1)pcp

4 42d+pc2
5

p
c6

∞∑
j= j0

2 j (d+s(p−2))
∫
�ext

√
dc32− j

h j (z1)µ̃s(dz1)

≤
c8

d + s(p − 2)

∫
�ext√

dc3
×�c

|z1−z2|≤2
√

dc3

|g(z1)− g(z2)|
p

((|z1 − z2| + dz1 + dz2)∧ 1)d+s(p−2) (µ̃s ⊗ µ̃s)(d(z1, z2)).
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In the last inequality we used Lemma 4.4. Here c6 = c6(d, c3) > 0 is the constant from Lemma 4.3,
c7 = c7(d, p, c3) > 0 is the constant from Lemma 4.4 and

c8 = c8(d, p, c1, c3, c5, c6, c7) :=
ωd−1(c1 ∨ 1)pcp

4 42d+pc2
5

p
(c3

√
d2κ + 1)2d+2(p−1)c6c7.

Just as in the proof of the estimate of (II1), we apply the fundamental theorem of calculus and Lemma 4.2(d),
(4-10), and Lemma 4.3 to estimate (II2):

(II2)≤
ωd−1(c12− j0)p(1−s)

p

j1−1∑
j= j0

∑
Q∈Jj

∫
Q

max
y∈Q⋆

|∇ Exts(g)(y)|p dx

≤
ωd−1(c12− j0)p(1−s)

p

(
c4

2( j1+1)
√

d

)p

c5(
√

d2− j1+1)s−d
j1−1∑
j= j0

∑
Q∈Jj

∫
Q

∫
Bc3lQ (qQ)

|g(z)|pµ̃s(dz) dx

≤
ωd−1(c12− j0)p(1−s)

p

(
c4

2( j1+1)
√

d

)p

c5(
√

d2− j1+1)s−d
j1−1∑
j= j0

c6

∫
�ext

√
dc32− j

|g(z)|pµ̃s(dz)

≤
ωd−1(c12− j0 ∨ 1)p

p

(
c4

2( j1+1)
√

d

)p

c5
(1 +

√
dc32− j0)d+p−1

(
√

d2− j1+1 ∧ 1)d
c6( j1 − j0)∥g∥

p
L p(�ext

√
dc32− j0

;µs)
.

Estimate of (III): We put hm := c12−m and write

(III)= (1 − s)
∞∑

j= j0

j−1∑
m=0

∫
Dj

∫
{hm+1≤|h|<hm}

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx

≤ (1 − s)
∞∑

m=0

∞∑
j=m+ j0

∫
Dj

∫
{hm+1≤|h|<hm}

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx

= (1 − s)
∞∑

m=0

∫
D≥m+ j0

∫
{hm+1≤|h|<hm}

|Exts(g)(x)− Exts(g)(x + h)|p

|h|d+sp dh dx

≤ (1 − s)
∞∑

m=0

h−d−sp
m+1

(∫
D≥m+ j0

∫
�

|Exts(g)(x)− Exts(g)(y)|p1|x−y|≤hm dy dx

+

∫
D≥m+ j0

∫
�c

|Exts(g)(x)− g(y)|p1|x−y|≤hm dy dx
)

=: (1 − s)((III1)+ (III2)).

Estimate of (III1): For x ∈ Q ⊂ D≥m+ j0 and y ∈� such that |x − y| ≤ hm , we have

dy ≤ dx + |x − y| ≤ dist(Q, ∂�)+ diam(Q)+ hm

≤ (5
√

d + c1)2−m− j0

≤
√

d23− j0−m
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and, therefore, y ∈ D≥m+ j0−3 by (4-1). We calculate

(III1)≤

∞∑
m=0

∞∑
k=m+ j0

∞∑
n=m+ j0−3

h−d−sp
m+1

∫
Dn

∫
Dk∩Bhm (y)

|Exts(g)(x)− Exts(g)(y)|p dx dy

=

∞∑
m= j1− j0+3

∞∑
k=m+ j0

∞∑
n=m+ j0−3

h−d−sp
m+1

∫
Dn

∫
Dk∩Bhm (y)

|Exts(g)(x)− Exts(g)(y)|p dx dy

+

j1− j0+2∑
m=0

∞∑
k=m+ j0

∞∑
n=m+ j0−3

h−d−sp
m+1

∫
Dn

∫
Dk∩Bhm (y)

|Exts(g)(x)− Exts(g)(y)|p dx dy

=: (III1,1)+ (III1,2). (4-15)

We estimate (III1,1) first. For

m ≥ j1 − j0 + 3 = 11, x ∈ Qk ∈ Jk and y ∈ Qn ∈ Jn, n ≥ m + j0 − 3, k ≥ m + j0

such that |x − y| ≤ hm and z1 ∈ B30lQk
(qQk ), z2 ∈ B30lQn

(qQn ), we have n, k ≥ j1 and

|z1 − z2| ≤ |z1 − qQk | + |qQk − x | + |x − y| + |y − qQn | + |qQn − z2|

≤ 31
√

d2−k
+ c12−m

+ 31
√

d2−n
≤ c92−m,

where c9 := 31
√

d2− j0 + c1 + 31
√

d23− j0 . Note that sQk , sQn ≤ 2κ−2. Lemma 4.2(a) yields

|Exts(g)(x)− Exts(g)(y)|p

≤ cp
4 aQk ,saQn,s

∫
B30lQk

(qQk )

∫
B30lQn

(qQn )

|g(z1)− g(z2)|
p1|z1−z2|≤c92−m µ̃s(dz2)µ̃s(dz1)

= cp
4 aQk ,saQn,s f̃m(x), (4-16)

where f̃m : Rd
→ R is defined by

f̃m(x) :=

∫
B30lQ (qQ)

h̃m(z1)µ̃s(dz1)

for x ∈ Rd whenever there exists Q ∈ Jk such that x ∈ Q̊, otherwise we set f̃m = 0. Here h̃m :�c
→ R is

defined by

h̃m(z1) :=

∫
B30lQn

(qQn )

|g(z1)− g(z2)|
p1|z1−z2|≤c92−m µ̃s(dz2), z1 ∈�c.

Thus, Lemma 4.3 together with (4-16) yields∫
Dn

∫
Dk∩Bhm (y)

|Exts(g)(x)−Exts(g)(y)|p dy dx ≤ cp
4 aQk ,saQn,s

∫
Dn

∫
Dk∩Bhm (y)

f̃m(x)dx dy

≤ cp
4 c102−kdaQk ,saQn,s

∫
Dn

∫
Bhm+a12−k (y)

h̃m(z1)µ̃s(dz1)dy

=: (ĨII1,1). (4-17)
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Here c10 = c10(d) > 0 and a1 = a1(d) > 0 are the constants from Lemma 4.3. For y ∈ Dn and
z1 ∈ Bhm+a12−k (y)∩�c, we find

dz1 ≤ |y − z1| ≤ (c1 + a12− j0)2−m

and set c11 := (c1 + a12− j0). Then, (ĨII1,1) becomes, after applying Lemma 4.3 again,

(ĨII1,1)≤
cp

4 c10

2kd aQk ,saQn,s

∫
Dn

∫
B30lQn

(qQn )

∫
�ext

c112−m

|g(z1)− g(z2)|
p1|z1−z2|≤c92−m µ̃s(dz1)µ̃s(dz2) dy

≤
cp

4 c12c10

2(k+n)d aQk ,saQn,s

∫
�c

∫
�ext

c112−m

|g(z1)− g(z2)|
p1|z1−z2|≤c92−m µ̃s(dz1)µ̃s(dz2)

≤
cp

4 c5c12c10

2s(k+n)

∫
�c

∫
�ext

c112−m

|g(z1)− g(z2)|
p1|z1−z2|≤c92−m µ̃s(dz1)µ̃s(dz2). (4-18)

In the last inequality, we used (4-10) and c12 = c12(d) > 0 is the constant from Lemma 4.3. We set
c13 := cp

4 c5c10c122d+p(c0 ∧ 1)−d−p. Recall that j1 − j0 = 8. The estimates (4-17) and (4-18) yield

(III1,1)≤ c13

∞∑
m= j1− j0+3

∞∑
k=m+ j0

∞∑
n=m+ j0−3

2m(d+sp)2−s(k+n)

×

∫
�c

∫
�ext

c112−m

|g(z1)−g(z2)|
p1|z1−z2|≤c92−m µ̃s(dz1)µ̃s(dz2)

=
c13

22s j0−3s

(
2s

2s −1

)2 ∞∑
m=11

2m(d+s(p−2))
∫
�c

∫
�ext

c112−m

|g(z1)−g(z2)|
p1|z1−z2|≤c92−m µ̃s(dz1)µ̃s(dz2)

≤ c14
(1+c9+c11)

2d+2(p−1)

s2(d+s(p−2))

∫
�ext

c11

∫
�c∩Bc9 (z2)

|g(z1)−g(z2)|
p

((|z1−z2|+dz1 +dz2)∧1)d+s(p−2)µs(dz1)µs(dz2).

In the last estimate we used Lemma 4.4. Here c14 := 25−2( j0∧0)c13c15 and c15 = c15(d, p, c9, c11) > 0 is
the constant from Lemma 4.4. This is the desired estimate for (III1,1). To estimate (III1,2), we calculate

(III1,2)≤
j1 − j0 + 2

(c12−( j1− j0−1))d+sp

∞∑
k= j0

∞∑
n= j0−3

∫
Dk

∫
Dn∩Bc1 (y)

|Exts(g)(x)− Exts(g)(y)|p dx dy

≤ 2p+1 10
(c12−7)d+sp

∞∑
k,n= j0−3

∫
Dk

∫
Dn∩Bc1 (y)

|Exts(g)(x)|p dx dy

≤
2p+5

(c12−7)d+spωd−1cd
1∥Exts(g)∥

p
L p(�)

≤
2p+5ωd−1cd

1

(c12−7 ∧ 1)d+p

cp
2

s
∥g∥

p
L p(�ext

3 inr(�);µs)
.

Here we used Proposition 4.5. Combining the estimates of (III1,1) and (III1,2) yields the desired estimate
of (III1).
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Estimate of (III2): In contrast to (III1), we integrate over �c where the extension is just g. For x ∈ Q ∈ Jk ,
k ≥ m + j0 and y ∈�c such that |x − y| ≤ hm = c12−m , the distance of y to the center of the cube qQ is
smaller than

dy ≤ |y − qQ | ≤ |y − x | + |x − qQ | ≤ c12−m
+

√
d2−k

≤
√

d(c1 + 2− j0)2−m .

Set c16 := 2c−1
1

√
d(c1 +2− j0 +1). Thus (1−s)c−s

16 h−s
m+1 ≤ (1−s)d−s

y . With this we split (1−s)(III2) into

(1 − s)(III2)

≤

j1− j0−1∑
m=0

(1 − s)

hd+sp
m+1

∞∑
k=m+ j0

∑
Q∈Jk

∫
Q

∫
Bc162−m (qQ)

|Exts(g)(x)− g(y)|p1|x−y|≤hm dy dx

+ cs
16

∞∑
m= j1− j0

h−d−s(p−1)
m+1

∞∑
k=m+ j0

∑
Q∈Jk

∫
Q

∫
Bc162−m (qQ)

|Exts(g)(x)− g(y)|p1|x−y|≤hm µ̃s(dy) dx

=: (III2,1)+ (III2,2). (4-19)

We estimate (III2,1) by

(III2,1)≤ 2p( j1 − j0)
(
(1 − s)

∞∑
k= j0

∑
Q∈Jk

∫
Q

∫
Bc16 (qQ)

|Exts(g)(x)|p1|x−y|≤c1 dy dx

+ cd+sp
16

∞∑
k= j0

∑
Q∈Jk

∫
Q

∫
Bc16 (qQ)

|g(y)|p1|x−y|≤c1µs(dy) dx
)

≤ 2p8
(
(1 − s)ωd−1cd

1∥Exts(g)∥
p
L p(�) + cd+sp

16 ωd−1cd
1∥g∥

p
L p(�ext

c16
;µs)

)
≤ 2p8

(
(1 − s)ωd−1cd

1
c2

s
∥g∥

p
L p(�ext

3 inr(�);µs)
+ cd+sp

16 ωd−1cd
1∥g∥

p
L p(�ext

c16
;µs)

)
.

Here, we used Proposition 4.5. We apply Lemma 4.2(c) and (4-10) to estimate (III2,2):

(III2,2)

≤

∞∑
m= j1− j0

cp
4 c5cs

16

hd+s(p−1)
m+1

∞∑
k=m+ j0

2k(d−s)
∑
Q∈Jk

∫
Q

∫
B30lQ (qQ)

∫
Bc16/2

m (qQ)

|g(z)−g(y)|pµ̃s(dy)µ̃s(dz) dx . (4-20)

For z ∈ B30
√

d2−k (qQ) and y ∈�c with |qQ − y| ≤ c162−m , we have

|y − z| ≤ (c16 +
√

d30)2−m .

We write c17 := c16 +
√

d30. Now, we apply Lemma 4.3 with r = +∞ and conclude, with a positive
constant c18 = c18(d),∑
Q∈Jk

∫
Q

∫
B30lQ (qQ)

∫
Bc162−m (qQ)

|g(z)− g(y)|pµ̃s(dy)µ̃s(dz) dx

≤ c182−kd
∫
�ext

30
√

d2−m

∫
Bc172−m (z)

|g(z)− g(y)|pµ̃s(dy)µ̃s(dz). (4-21)
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By (4-20), (4-21) and Lemma 4.4,

(III2,2)≤
cp

4 c5cs
16

cd+s(p−1)
1

2−s( j0∧0)

1 − 2−s c18

∞∑
m=0

2m(d+s(p−2))
∫
�ext

30
√

d2−m

∫
Bc172−m (z)

|g(z)− g(y)|pµ̃s(dy)µ̃s(dz)

≤
c20

s(d + s(p − 2))

∫
�ext

30
√

d

∫
Bc17 (z)

|g(z)− g(y)|p

((|y − z| + dz + dy)∧ 1)d+s(p−2)µs(dy)µs(dz).

Here the constant is

c20 := 22−( j0∧0)(c1 ∧ 1)−d−(p−1)cp
4 c5c16(60

√
d + 2c17)

d+|p−2|c19,

where c19 = c19(d, p, c17) > 0 is the constant from Lemma 4.4. Combining (III2,1) and (III2,2) yields
the desired estimate of (III2). Further, the previous estimates of (III1) and (III2) finish the proof of the
bound on (III). □

Proof of Theorems 1.2 and 1.3. The proof of Theorem 1.2 follows from Propositions 3.9 and 3.10,
Lemma 4.1, and Propositions 4.5 and 4.6. The proof of Theorem 1.2 does not require Proposition 3.10. □

5. Nonlocal to local

In this section, we prove the convergence of the trace spaces T s,p(�c)→ W 1−1/p,p(∂�) as s → 1− as
claimed in Theorem 1.4.

The following lemma is a minor extension of [Grube and Hensiek 2024, Lemma 4.1] to Lipschitz
domains. Note that the term (1 − s)/ds

x in the measure µs is responsible for the reduction of �c to ∂�.
Recall the definition of the sets �ext

r and �r
ext in (2-1) for given r > 0.

Lemma 5.1. Let �⊂ Rd be a Lipschitz domain, d ≥ 2, and 0< r ≤ ∞. We define a family of measures
µ̄s on (Rd ,B(Rd)) via

µ̄s(x) :=
1−s
ds

x
1�ext

r
(x).

Let σ be the surface measure on the Lipschitz submanifold ∂�, and set σ(D) := σ(∂�∩ D) for all sets
D ∈ B(Rd). Then {µ̄s}s converges weakly to σ as s → 1−, i.e., when integrated against test functions
in Cc(R

d).

Remark. (1) In dimension d = 1, the previous convergence result reads

µ̄s →

∑
x0∈∂�

δx0 weakly,

i.e., when tested against Cc(R) functions. Here δx0 is the Dirac measure in the boundary point
x0 ∈ ∂�.

(2) In [Grube and Hensiek 2024, Lemma 4.1], the first author and his coauthor proved Lemma 5.1 for
bounded C1-domains. Below, we adopt this proof and explain necessary differences to that result.
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Proof. Let f ∈ Cc(R
d). We have shown in [Grube and Hensiek 2024, Lemma 4.1] without using that the

boundary ∂� is C1 that
∫
�εext

| f |µ̄s → 0 as s → 1− for any ε > 0. Thus, the problem localizes. Without
loss of generality, we find a cube Q = (−ρ, ρ)d and a Lipschitz continuous map φ : Rd−1

→ R such that
�∩ Q = {(x ′, xd) | xd < φ(x ′)} ∩ Q. Furthermore, on this cube we have∫

Q∩�c
f dµ̄s =

∫
(−ρ,ρ)d−1

∫ ρ

φ(x ′)

f (x ′, xd)
1 − s

ds
(x ′,xd )

dxd dx ′.

Since 1−s
xd −φ(x ′)

is an approximate identity evaluating at xd = φ(x ′) as s → 1−, it remains to show that

xd −φ(x ′)

d(x ′,xd )

→

√
1 + |∇φ(x ′)|2 as xd → φ(x ′) (5-1)

for almost every x ′
∈ (−ρ, ρ)d−1. Since φ is Lipschitz continuous, it is differentiable at almost every

point x ′
∈ (−ρ, ρ)d−1 by Rademacher’s theorem. In [Grube and Hensiek 2024, Lemma 4.1], we used

continuous differentiability of φ to show (5-1). Here we only assume φ to be Lipschitz continuous. We fix
x ′

∈ (−ρ, ρ)d−1 such that φ is differentiable at x ′. For xd > φ(x ′) such that xd < ρ, we pick a minimizer
of the distance of x = (x ′, xd) to the surface ∂� and call it y = y(xd)= (y′, φ(y′)). Analogously to the
estimate (3-3), we have

|xd −φ(x ′)| ≤ 2(1 + [φ]C0,1)dx . (5-2)

Furthermore, we define the hyperplane

P := {(z′, φ(x ′)+ (z′
− x ′) · ∇φ(x ′)) | z′

∈ (−ρ, ρ)d−1
}

which is tangential to the surface at x . Let z = z(xd)= (z′, zd) be the minimizer of x = x(x ′, xd) to the
plane P . A small calculation yields

z′
= x ′

+
xd −φ(x ′)

1 + |φ(x ′)|2
∇φ(x ′),

zd = φ(x ′)+
|∇φ(x ′)|2

1 + |∇φ(x ′)|2
(xd −φ(x ′)),

dist(x, P)= |x − z| =
xd −φ(x ′)√

1 + |∇φ(x ′)|2
.

Since φ is differentiable, the error function r : (−ρ, ρ)d−1
→ R given by

r(w′) := φ(w′)−φ(x ′)− (w′
− x ′) · ∇φ(x ′)

satisfies
r(w′)

|w′ − x ′|
→ 0 as w′

→ x ′.

Since |y′
− x ′

| ≤ dx ≤ |xd −φ(x ′)|, we know

r(y′)

|xd −φ(x ′)|
→ 0 as xd → φ(x ′). (5-3)
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Now, we will estimate dist(x, P) by dx and an error and vice versa. Let yd ∈ R such that (y′, yd) ∈ P .
By the triangle inequality, we have

|(y′, yd)− (x ′, xd)| ≤ |(y′, φ(y′))− (x ′, xd)| + |(y′, yd)− (y′, φ(y′)| = dx + r(y′).

Since (y′, yd) ∈ P and z is the minimizer of the distance of x to P , we have dist(x, P) ≤ dx + r(y′).
Again by the triangle inequality,

dx ≤ |(z′, φ(z′))− (x ′, xd)| ≤ |(z′, zd)− (x ′, xd)| + |(z′, φ(z′))− (z′, zd)| = dist(x, P)+ r(z′).

Therefore, ∣∣∣∣1 −
dx

dist(x, P)

∣∣∣∣ =
|dist(x, P)− dx |

dist(x, P)
≤

max{|r(y′)|, |r(z′)|}

dist(x, P)

=

√
1 + |∇φ(x ′)|2

max{|r(y′)|, |r(z′)|}

|xd −φ(x ′)|
→ 0

as xd → φ(x ′) by (5-3), the choice of z′ and the properties of the error function r . By the previous
calculation of dist(x, P) and this convergence, (5-1) follows. Since (1−s)/|xd −φ(x ′)|s is an approximate
identity, we have for any x ′

∈ (−ρ, ρ)d−1 such that φ is differentiable at x ′∫ ρ

φ(x ′)

1 − s
ds
(x ′,xd )

f (x ′, xd) dxd → f (x ′, 0)
√

1 + |∇φ(x ′)|2 as s → 1−.

Since f has compact support, there exists R > 0 such that supp( f )⊂ BR(0). By (5-2), we have∣∣∣∣∫ ρ

φ(x ′)

1 − s
ds
(x ′,xd )

f (x ′, xd) dxd

∣∣∣∣ ≤ ∥ f ∥L∞1BR(0)(x
′)

∫ ρ

φ(x ′)

1 − s
ds
(x ′,xd )

dxd

≤ 2(1 + [φ]C0,1)∥ f ∥L∞1BR(0)(x
′)

∫ ρ

φ(x ′)

1 − s
|xd −φ(x ′)|s

dxd

≤ 2(1 + [φ]C0,1)(ρ+ 1)∥ f ∥L∞1BR(0)(x
′).

By dominated convergence, ∫
Q∩�c

f dµ̄s →

∫
∂�∩Q

f dσ as s → 1−.

Following the proof of [Grube and Hensiek 2024, Lemma 4.1], the result follows. □

We are now in the position to prove the convergence theorem. We use similar arguments as in the
proof of [Grube and Hensiek 2024, Proposition 4.3, Theorem 1.4].

Proof of Theorem 1.4. First, we prove the convergence result for u ∈ C0,1
c (Rd). Then we apply a density

argument.

Step 1: Let us assume u ∈ C0,1
c (Rd).

L p part: We split �c into the union �ext
1 ∪�1

ext. On �1
ext we apply the estimates from the proof of the

trace continuity. By (3-14), there exists a constant c1 = c1(d, �, p) > 0 such that

lim
s→1−

∥Trs u∥
p
L p(�1

ext;µs)
≤ c1 lim

s→1−

[u]
p
V s,p(� |�1

ext)
.
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Notice that

[u]
p
V s,p(� |�1

ext)
≤ (1 − s)

∫
B1(0)c

∫
�

|u(y)− u(y + h)|p

|h|d+sp dy dh

≤ 2p(1 − s)∥u∥
p
L p(Rd )

∫
B1(0)c

1
|h|d+sp dh =

2pωd−1

p
(1 − s)∥u∥L p(Rd ) (5-4)

and, thus, lims→1−∥Trs u∥
p
L p(�1

ext;µs)
=0. On�ext

1 we consider the family of measures {µ̄s} from Lemma 5.1
with r = 1. This family converges weakly to the surface measure on ∂�, which we denote by σ . Thus,
we conclude the claim via

∥Trs u∥
p
L p(�ext

1 ;µs)
=

∫
Rd

|u(x)|p

(1 + dx)d+s(p−1) µ̄s(dx)≤

∫
Rd

|u(x)|pµ̄s(dx)→

∫
∂�

|u(x)|p dσ(x)

and similarly

∥Trs u∥
p
L p(�ext

1 ;µs)
≥

∫
Rd

|u(x)|p

(1 + dx)d+p−1 µ̄s(dx)→

∫
∂�

|u(x)|p dσ(x) as s → 1−

because x 7→ (1 + dx)
−d−p+1 is continuous.

Seminorm part: The main task is to show∫∫
�c×�c

|u(x)− u(y)|p(1 + dx)
−d−s(p−1)(1 + dy)

−d−s(p−1)

((|x − y| + dx + dy)∧ 1)d+s(p−2) d(µ̄s ⊗ µ̄s)((x, y))

→

∫∫
∂�×∂�

|u(x)− u(y)|p

|x − y|d+p−2 d(σ ⊗ σ)(x, y) as s → 1−

for some r > 0 in the definition of µ̄s . The choice of r is arbitrary and will be made later. Let µ̄s be
the measure from Lemma 5.1 to the parameter r . As in the proof of Proposition 3.10, we split �c

×�c

into the union �ext
r ×�ext

r ∪�c
×�r

ext ∪�
r
ext ×�

c. The proof in the case �c
×�r

ext is the same as the
one in the case �r

ext ×�c and shows that [Trs u]
p
T s,p(�r

ext |�
c)

converges to zero. By (3-17), (5-4) and a
calculation similar to (3-18), we find a constant c2 = c2(�, p) > 0 such that

[Trs u]
p
T s,p(�r

ext |�
c)

≤ 2p
(
(1 − s)∥Trs u∥

p
L p(�c;µs)

∫
�r

ext

d−d−sp
x dx + ∥Trs u∥

p
L p(�r

ext;µs)
µs(�

c)

)
≤ 2p

(
(1 − s)c2r−sp

s
∥Trs u∥

p
L p(�c;µs)

+
c2

s
∥Trs u∥

p
L p(�r

ext;µs)

)
→ 0

as s → 1−. Now, we consider the interesting part �ext
r ×�ext

r . We would like to apply Lemma 5.1 to the
function

hs(x, y) :=
|u(x)− u(y)|p(1 + dx)

−d−s(p−1)(1 + dy)
−d−s(p−1)

((|x − y| + dx + dy)∧ 1)d+s(p−2)

since

[Trs u]
p
T s,p(�ext

r |�ext
r )

=

∫∫
�ext

r ×�ext
r

hs(x, y) d(µ̄s ⊗ µ̄s)((x, y))
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and

hs(x, y)→
|u(w)− u(z)|p

|w− z|d+p−2 for x → w ∈ ∂�, y → z ∈ ∂�, s → 1− for w ̸= z.

Lemma 5.1 cannot be applied directly because hs is neither continuous on�c
×�c nor independent of s. We

resolve this issue by arguments similar to the ones used in [Grube and Hensiek 2024, Proposition 4.3]. Let
us fix a radial bump function ϕ ∈ C∞

c (B2(0)), 0 ≤ϕ≤ 1, ϕ= 1 in B1, and define ϕε(x, y) :=ϕ(|x − y|/ε)

for ε ∈ (0, 1). We set

a⋆s :=

{
1, p ≥ 2,
ε−(1−s)(2−p), 1 ≤ p < 2,

as,⋆ :=

{
ε(1−s)(p−2), p ≥ 2,
1, 1 ≤ p < 2,

h⋆ε(x, y) :=
|u(x)− u(y)|p

(|x − y| ∧ 1)d+p−2 (1 −ϕε(x, y)),

hε,⋆(x, y) :=
|u(x)− u(y)|p((1 + dx)(1 + dy))

−d−p+1

((|x − y| + dx + dy)∧ 1)d+p−2 (1 −ϕε(x, y)),

gs,ε(x, y) := hs(x, y)ϕε(x, y).

For every s ∈ (0, 1) and every ε > 0, we have as,⋆hε,⋆+gs,ε ≤ hs ≤ a⋆s h⋆ε+gs,ε. We will now consider the
limit s → 1− and subsequently ε→ 0+ of the upper and lower bound in this inequality integrated against
µ̄s ⊗ µ̄s . Both hε,⋆ and h⋆ε are continuous and bounded on Rd

× Rd . By Lemma 5.1, {µs}s converges
weakly to σ , and thus the sequence of product measures {µs ⊗µs} converges weakly to σ ⊗σ . Therefore,∫∫

hε,⋆(x, y) d(µ̄s ⊗ µ̄s)((x, y))

→

∫∫
∂�×∂�

|u(x)− u(y)|p

|x − y|d+p−2 (1 −ϕε(x, y)) d(σ ⊗ σ)(x, y) as s → 1−,

→

∫∫
∂�×∂�

|u(x)− u(y)|p

|x − y|d+p−2 d(σ ⊗ σ)(x, y) as ε→ 0 + .

The same is true for h⋆ε. Furthermore, a⋆s , as,⋆ → 1−. Now, we show that

lim
s→1−

∫∫
gs,ε d(µ̄s ⊗ µ̄s)(x, y)→ 0 as ε→ 0 + .

Note ∫∫
gs,ε(x, y) d(µ̄s ⊗ µ̄s)(x, y)≤ [u]C0,1

∫∫
�ext

r ×�ext
r

|x−y|<2ε

|x − y|
−d−s(p−2)+2 d(µ̄s ⊗ µ̄s)(x, y).

The problem localizes. Since � is a bounded Lipschitz domain, we find a uniform localization radius
r0 > 0. Let Q be a cover of ∂� with balls B ∈ Q with radius r0 > 0 such that the union of these balls
with half their radii still contains ∂�. Now, we fix r > 0 from the beginning of the proof such that⋃

B∈Q
1
2 B ⊃ �ext

r , where 1
2 B is the ball with half the radius. We assume ε < 1

4r0 such that, for any
x, y ∈�ext

r satisfying x ∈
1
2 B, B ∈ Q, |x − y|< 2ε, we have y ∈ B. Thus, we only need to consider one

ball B ∈ Q. After translation we assume, with loss of generality, B = Br0(0). We flatten the boundary
∂� that lies in B with the function φ ∈ C0,1(Rd−1) such that �∩ B = {(x ′, xd) ∈ B | xd < φ(x ′)}. Since
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� has a uniform Lipschitz boundary, the Lipschitz constant of φ does not depend on the position of B.
For any x ∈ B ∩�c, we have dx ≥ (1 + ∥φ∥C0,1)−1

|xd −φ(x ′)|. Therefore,∫∫
(�c∩Q)×(�c∩Q)

1B2ε(x)(y)|x − y|
−d−s(p−2)+2p d(µ̄s ⊗ µ̄s)(x, y)

≤ (1 + ∥φ∥C0,1)2
∫

B(d−1)
r0 (0)

∫ 2r0

φ(x ′)

∫
B(d−1)

2ε (x ′)

∫ 2r0

φ(y′)

(1 − s)2|x ′
− y′

|
−d−s(p−2)+2p

(xd −φ(x ′))s(yd −φ(y′))s
dyd dy′ dxd dx ′

≤ r2−2s
0 (1 + ∥φ∥C0,1)2

ω2
d−2

d − 1
rd−1

0

∫ 2ε

0
t (1−s)(p−2) dt

= r2−2s
0 (1 + ∥φ∥C0,1)2

ω2
d−2

d − 1
rd−1

0
(2ε)(1−s)(p−2)+1

(1 − s)(p − 2)+ 1
→ (1 + ∥φ∥C0,1)2

ω2
d−2

d − 1
rd−1

0 2ε→ 0.

In the last line, we first consider the limit s → 1− and then the limit ε→ 0+. Thus,∫∫
gs,ε(x, y) d(µ̄s ⊗ µ̄s)(x, y)≤

∑
B∈Q

∫∫
Q×Q

1B2ε(x)(y)|x − y|
−d−s(p−2)+2p d(µ̄s ⊗ µ̄s)(x, y)→ 0.

The result for C0,1
c (Rd) functions follows from

as,⋆hε,⋆ + gs,ε ≤ hs ≤ a⋆s h⋆ε + gs,ε.

The proof of [u]T s,1(�c) → [u]B0
1,1(∂�)

follows analogously.

Step 2: Let 1< p <∞. We generalize the result from Step 1 to all functions in W 1,p(Rd) via a density
argument. Firstly, there exists a constant c3 = c3(d, p) > 0 such that ∥u∥V s,p(� | Rd ) ≤ c3∥u∥W s,p(Rd ).
Combining this estimate with (3-13) and (3-16) yields

∥Trs u∥T s,p(�c) ≤ c4∥u∥V s,p(� | Rd ) ≤ c3c4∥u∥W 1,p(Rd ).

Here c4 > 0 is the sum of the constants from Propositions 3.9 and 3.10. Now take any u ∈ W 1,p(Rd).
Since C0,1

c (Rd) is dense in W 1,p(Rd), we find a sequence un ∈ C0,1
c (Rd) such that ∥u − un∥W 1,p(Rd ) → 0

as n → ∞. Since the classical trace is continuous, the mapping

γ0 : W 1,p(Rd)
cts.
↪−−→ W 1,p(�)

γ
−→ W 1−1/p,p(∂�)

is linear and continuous. Thus, uniformly in s ∈ (0, 1),

∥Trs u − Trs un∥T s,p(�c) ≤ c1∥u − un∥W 1,p(Rd ) → 0,

∥γ0u − γ0un∥W 1−1/p,p(∂�) ≤ C3∥u − un∥W 1,p(Rd ) → 0 as n → ∞.

Finally, Step 1 yields ∥un∥T s,p(�c) → ∥un∥W 1−1/p,p(∂�) as s → 1−. The proof of the statement for d = 1
follows with minor changes and we omit it. Notice in this case that functions in W s,p(�) for s > 1/p are
continuous by Morrey’s inequality. Lastly, the proof of ∥Trs u∥L1(�;µs)→∥γ u∥L1(∂�) follows analogously
to the proof in Step 2 using the uniform trace embedding Proposition 3.9. □
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Appendix A: Reflected Whitney cubes

The following results are taken from [Dyda and Kassmann 2019, Section 3.2]. Throughout this section,
we fix a Lipschitz domain � ⊂ Rd . We fix a Whitney decomposition W(Rd

\�) of the open set with
Lipschitz boundary Rd

\�; i.e., each cube Q ∈ W(Rd
\�) satisfies diam Q ≤ dist(Q, ∂�)≤ 4 diam Q.

We denote the center of a Whitney cube Q ∈ W(Rd
\�) by qQ ∈ Q. These cubes satisfy∑

Q∈W(Rd\�)

1Q = 1Rd\�. (A-1)

Bounded Lipschitz domains are both interior and exterior thick; see [loc. cit., Definition 14 and 15].
Thereby, we find a constant M > 1 and a reflected Whitney cube Q̃ ⊂� for any Q ∈ W(Rd

\�) such
that diam Q ≤ inr(�)= sup{r | Br ⊂�} satisfying

diam Q̃ ≤ dist(Q̃, ∂�)≤ 4 diam Q̃,

M−1 diam Q ≤ diam Q̃ ≤ M diam Q, (A-2)

dist(Q, Q̃)≤ M dist(Q, ∂�).

Again we denote the centers of the reflected cubes by qQ̃ ∈ Q̃. The collection of these reflected cubes
cover the domain �; i.e., ⋃

Q∈W(Rd
\�)

diam Q≤inr(�)

Q̃ =�. (A-3)

Additionally, the reflected cubes satisfy the bounded overlap property; i.e., there exists a constant N ≥ 1
such that ∑

Q∈W(Rd
\�)

diam Q≤inr(�)

1Q̃ ≤ N1�; (A-4)

see [loc. cit., Remark 19]. We define

Winr(�)(R
d
\�) := {Q ∈ W(Rd

\�) | diam Q ≤ inr(�)}.

Appendix B: Hardy inequality for the half-space

The following Hardy inequality for the half-space is proven in [Frank and Seiringer 2010; Bogdan and
Dyda 2011] in the case p = 2. See [Dyda and Kijaczko 2024] for a corresponding weighted Hardy
inequality. Note that the constant Ds,p is optimal.

Theorem B.1 [Frank and Seiringer 2010, Theorem 1.1; Dyda and Kijaczko 2024, Theorem 1]. Let
0< s < 1, d ∈ N, p ∈ [1,∞) with ps ̸= 1. Then

Ds,p

∫
Rd

+

|u(x)|p

x sp
d

dx ≤

∫
Rd

+×Rd
+

|u(x)− u(y)|p

|x − y|d+sp d(x, y) (B-1)
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for any u ∈ W s,p
0 (Rd

+
)= C∞

c (R
d
+)

∥ · ∥W s,p . The constant is given by

Ds,p := 2π (d−1)/20
(1+sp

2

)
0

( d+sp
2

) ∫ 1

0

|1 − t (ps−1)/p
|

p

(1 − t)1+ps dt. (B-2)

Furthermore, in the case p = 1 and d = 1, the inequality only holds for functions that are proportional to
a nonincreasing function.

Lemma B.2. There exists a constant C = C(d)≥ 1 such that, for all 0< s < 1,

C−1
≤ sDs,1 ≤ C,

where Ds,1 is the constant defined in (B-2).

Proof. We split the integral in (B-2) into two parts. First,∫ 1/2

0

|1 − t s−1
|

(1 − t)1+s dt ≤ 21+s
∫ 1/2

0
t s−1 dt ≤ 4

( 1
2

)s

s
≤

4
s
.

A lower bound in the same term is calculated similarly:∫ 1/2

0

|1 − t s−1
|

(1 − t)1+s dt ≥

(
1 −

(1
2

)1−s ) ∫ 1/2

0
t s−1 dt =

21−s
− 1

2s
≥

1 − s
4s

.

We move to the remaining part of the integral:∫ 1

1/2

|1 − t s−1
|

(1 − t)1+s dt ≤ 21−s
∫ 1

1/2

1
(1 − t)1+s

(
(1 − s)

∫ 1

t
r−s dr

)
dt ≤ 2

∫ 1

1/2

1 − s
(1 − t)s

dt ≤ 2.

And a lower bound is calculated in a similar fashion:∫ 1

1/2

|1 − t s−1
|

(1 − t)1+s dt ≥

∫ 1

1/2

1
(1 − t)1+s

(
(1 − s)

∫ 1

t
r−s dr

)
dt ≥

∫ 1

1/2

1 − s
(1 − t)s

dt =

(1
2

)1−s
≥

1
2
.

Therefore,

2π (d−1)/2 1

0
( d

2

)
∨0

(
(d+1)

2

) 1
4s

≤ Ds,1 ≤ 2π (d−1)/2 0
( 1

2

)
0

( d
2

)
∧0

(
(d+1)

2

) 6
s
. □

Acknowledgements

The authors thank Juan Pablo Borthagaray for helpful discussions and Solveig Hepp and Thorben Hensiek
for comments that made the arguments more perspicuous.

References

[Acosta et al. 2019] G. Acosta, J. P. Borthagaray, and N. Heuer, “Finite element approximations of the nonhomogeneous
fractional Dirichlet problem”, IMA J. Numer. Anal. 39:3 (2019), 1471–1501. MR

[Aronszajn 1955] N. Aronszajn, “Boundary values of functions with finite Dirichlet integral”, pp. 77–93 in Conference on
partial differential equations (University of Kansas, Summer, 1954), Univ. of Kansas Dept. of Math., 1955.

[Aronszajn and Smith 1961] N. Aronszajn and K. T. Smith, “Theory of Bessel potentials, I”, Ann. Inst. Fourier (Grenoble) 11
(1961), 385–475. MR

https://doi.org/10.1093/imanum/dry023
https://doi.org/10.1093/imanum/dry023
http://msp.org/idx/mr/4023752
http://www.numdam.org/item?id=AIF_1961__11__385_0
http://msp.org/idx/mr/143935


2412 FLORIAN GRUBE AND MORITZ KASSMANN

[Bergh and Löfström 1976] J. Bergh and J. Löfström, Interpolation spaces: an introduction, Grundl. Math. Wissen. 223, Springer,
1976. MR

[Besov et al. 1975] O. V. Besov, V. P. Ilin, and S. M. Nikolskiı̆, Integralnye predstavleni� funkcĭı i teoremy
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