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We extend the Margulis lemma for manifolds with lower Ricci curvature bounds to the RCD(K, N)
setting. As one of our main tools, we obtain improved regularity estimates for regular Lagrangian flows
on these spaces.
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1. Introduction

The main result of this paper extends the Margulis lemma to RCD(K, N) spaces. Recall that for a
group G, we say an (ordered) generating set 8 = {y1, ..., ¥u} C G is a nilpotent basis of length n if for
all i, j €{l,...,n}onehas [y;, y;1€ ({y1,...,vi-1})

Theorem 1.1. For each K € R, N > 1, there exist ¢ > 0 and C € N such that if (X, d, m, p) is a pointed
RCD(K, N) space of rectifiable dimension n, the image of the map

71(Be(p), p) = mi(X, p)
induced by inclusion contains a subgroup of index < C that admits a nilpotent basis of length < n.

From [Kapovitch and Wilking 2011], Theorem 1.1 is known to hold when X is a smooth Riemannian
manifold. On the other hand, Breuillard, Green and Tao [Breuillard et al. 2012, Corollary 11.17] proved
that, after quotienting by a finite normal subgroup, Theorem 1.1 holds in more general metric spaces with
nice packing properties.

The proof strategy of Theorem 1.1 is similar to that of Kapovitch and Wilking, including a reverse
induction argument (see Theorem 1.14). Nevertheless, there are quite a few technical challenges to
generalizing their arguments to a nonsmooth framework. An important tool used in [Kapovitch and
Wilking 2011] is the gradient flow of smooth functions with suitable integral Hessian bounds and their
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associated regularity estimates. In the nonsmooth framework, these gradient flows are by necessity
replaced by the regular Lagrangian flows (RLFs) of Sobolev vector fields. Intuitively, RLFs are the
appropriate notion of flows in a context where pointwise defined flows do not make sense and might not
be unique. When restricted to smooth vector fields on Riemannian manifolds, RLFs coincide with the
classical flows almost everywhere.

Several regularity results have been obtained for RLFs in [Brué¢ and Semola 2020a; 2020b; Brué et al.
2022], but are not quite strong enough to give the necessary estimates; see the discussion at the end of
Section 1.1 for more details. The main technical contribution of this paper, therefore, is to establish new
regularity estimates for regular Lagrangian flows on the RCD(K, N) spaces. These estimates match the
effective estimates known for smooth manifolds with a Ricci curvature lower bound. We mention that
related estimates of this type have also been employed successfully in other works to study the structure
of Ricci limit spaces (see [Cheeger and Colding 1996; Colding and Naber 2012; Kapovitch and Li 2018])
and RCD(K, N) spaces (see [Brué and Semola 2020b; Deng 2020]).

For the rest of the paper we shall assume some basic familiarity with the theory of RCD(K, N) spaces,
and in particular that of its first and second order calculus framework. We refer to [Sturm 2006a; 2006b;
Lott and Villani 2009; Ambrosio et al. 2014a; 2014b; 2015; Savaré 2014; Gigli 2015; Mondino and Naber
2019; Gigli 2018; Brué and Semola 2020b], among others, for a detailed treatment.

1.1. Main regularity estimates on RLFs. Let us first define regular Lagrangian flows [Ambrosio 2004;
Ambrosio and Trevisan 2014] and maximal functions [Stein 1993].

Definition 1.2. Let (X, d, m) be an RCD(K, N) space, T > 0, and let V : [0, T] — L? (TX) be a

loc

time-dependent vector field. A Borel map X : [0, T] x X — X is called a regular Lagrangian flow (RLF)
to V if the following holds:

R.1 Xp(x) =xand [0, T] >t — X,(x) is continuous for every x € X.
R.2 For every f € TestF(X) and m-a.e. x € X, t — f(X,(x)) is in w10, T1) and

%f(X,(x)) =df(V())(X;(x)) forae. te[0,T]. (1.3)

R.3 There exists a constant C (V) such that (X;),m < Cwm for all ¢ in [0, T'].

Definition 1.4. Let (X, d, m) be an RCD(K, N) space, R > 0, and & : X — R' measurable. The
R-maximal function Mxg(h) : X — R is defined as

Mxg(h)(x) ;== sup f hdm.
0<r<R J B,(x)

For simplicity, we denote Mx; by Mx.

The following regularity result is our substitute for smoothness in the context of regular Lagrangian
flows. Roughly speaking, it establishes that for a vector field V, if one has enough integral control
on Mx(|VV]) along most flow lines that start in a ball B, then the RLF of V maps most points of B to a
ball of similar scale. Theorem 1.5 will be later used as a base of induction to produce stronger quantitative
estimates along flow lines in Section 5.
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Theorem 1.5. Let p >0, T >0, L > 1, D >0, (X,d,m) an RCD(—(N — 1), N) space, V €
L'([0, T, Hé:z(TX)) a vector field with ||V (t)|lco < L and ||div(V(t))|lco < D for all t € [0, T],

X:[0,T]x X — X its RLF, and define H : X — Ras H(y) := fOT Mx,(IVV(@))(X(y)) dt. Then there
are5(D,T,N) >0, M(D, T, N) > 0, such that if x € X satisfies

5 m({y € B,(x)|H(y) > 3})
im sup <3
r—0 m(B,(x))

then there is ry < p/100 and a representative X: [0, T] x X — X of the RLF to V such that for allr <r,
the following holds:

S.1 There is A, C B, (x) withm(A,) > 3 m(B,(x)) and

(1.6)

X.(A,) C By (X,(x)) forallt €[0,T].

S.2 Forallt €0, T], ~
Mm(Br (x)) =m(B,(X;(x))) < Mm(B,(x)).

Moreover, X can be chosen so that any point x € X satisfying (1.6) also satisfies S.1 and S.2 for r
sufficiently small (depending on x).

For smooth vector fields on Riemannian manifolds, the previous result follows immediately from the
infinitesimal to local property in differential calculus (see [Kapovitch and Wilking 2011, Lemma 3.7;
Colding and Naber 2012, Proposition 3.6]). This issue is far more delicate in the nonsmooth setting since
one cannot perform infinitesimal calculus pointwise. To overcome this, we directly obtain quantitative
estimates on all scales using some new technical arguments developed in [Deng 2020], which builds on
the ideas of [Kapovitch and Wilking 2011; Colding and Naber 2012].

The proof of Theorem 1.5 uses a similar technique as [Deng 2020, Lemma 5.1], generalizing it to a
wider class of flows. However, in order to successfully use it to perform the topological arguments required
for Theorem 1.1, we need to adjust the RLF to obtain the appropriate representative X mentioned at the
end of the theorem, while in [Deng 2020] the flow one initially works with is already good enough for the
required application (roughly this is because, in [Deng 2020], one can show that the flows starting from
close to a given point should always limit in some sense to a geodesic, which can be identified canonically
and without ambiguity, whereas in this work, all objects considered are defined “almost-everywhere” and
there was no natural canonical limit to begin with).

Definition 1.7. Let M (1, T, N) > 0 be given by Theorem 1.5, (X, d, m) an RCD(—(N — 1), N) space,
V:[0,T]— LIZOC(TX) a vector field, and X : [0, T] x X — X its RLF. We say that x € X is a point of
essential stability of X if there is r, > 0 such that S.1 and S.2 hold for all » < r,.

Corollary 1.8. Foreach N > 1, T >0, D >0,r >0, L > 0and ¢ > 0, there are R > 1, n > 0, such that
the following holds. Let (X, d, m, p) be an RCD(—(N — 1), N) space, V € Hé’j(TX) a vector field with
1Vlieo <L, ||div(V)|leo < D,and X : [0, T] x X — X its RLF. Assume that for all s € [1, R] one has

f IVV2dm <.
Bs(p)
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Then if G C X denotes the set of points of essential stability of X, one has

(GNB:(p) = (1 —&)m(B-(p)).

We remark that for noncollapsed RCD (K, N) spaces, a version of these regularity results were obtained
in [Brué et al. 2022] using alternative methods relying on estimates of the Green’s function, which cannot
be readily applied in collapsed cases. Moreover, the use of the Green’s function in [Brué et al. 2022]
resulted in the dependence of various estimates on nonstructural information such as the space itself,
somewhat inevitably since the Green’s function naturally contains global information about X. This
is undesirable for the application at present since we will need to consider sequences of RCD spaces
and therefore cannot make use of estimates which depend on the space. Indeed this dependence can be
avoided by adapting the scheme of [Deng 2020]. We point out that the advantage of using the Green’s
function in the noncollapsed setting is that one obtains optimal infinitesimal Lipschitz estimates [Brué
et al. 2022, Theorem 1.6], which does not seem to be readily obtainable using the methods employed here.

1.2. Induction theorem. In this subsection we state Theorem 1.14; our main technical result from
which Theorem 1.1 follows. Recall that for a semilocally simply connected space X, we can identify its
fundamental group 711 (X) with the group of deck transformations of its universal cover X.

Definition 1.9. Let X be a semilocally simply connected geodesic space and X its universal cover. We
say a function f : X — X is of deck type if there is an automorphism f, € Aut(mr;(X)) such that for all

g €m1(X) and x € X, one has f(g(x)) = f.(8)(f (x)).
Example 1.10. If f € 7;(X), then it is of deck type with f,(g) := fogo f~L

Definition 1.11. For metric spaces X, Y, a function f : X — Y, and r > 0, the distortion at scale r is
defined as the map dt, (f) : X x X — [0, r] with

dt, (f)(x1, x2) :=min{r, |dx (x1, x2) —dy (f (x1), f(x2))]}.

If X is equipped with a measure m, we say that x € X is a point of essential continuity of f if there
exists rg > 0 such that for all » < ry there is a subset A, C B,(x) with m(4,) > %m(Br(x)) and
f(Ar) C By (f(x)).

The next definition is a nonsmooth version of the maps with zoom-in property from [Kapovitch and
Wilking 2011]. Although the notion is very technical, these are precisely the properties present in gradient
flows of §-splittings (and as we will show, also in the RLFs of §-splittings in the RCD setting).
Definition 1.12. Let (Xl.j, a’l.j, mlj pl.j), j €{1, 2} be two sequences of pointed RCD(K, N) spaces. We
say that a sequence of measurable functions f; : [X l.l, pl.l] — [X 1_2’ pl.z] is good at all scales (GS) if there
is a sequence of measurable functions fl._] : [Xiz, pl.Z] — [X i], pil] such that fi_] o fi = Idy: almost
everywhere and f; o fl.’l = IdX[2 almost everywhere, satisfying the following: l

(1) (fi)e(m}) <m? and (f;")s(m?) < m! for all i.

(2) There is Ry > 0 and sequences S/ C Bi(p!) for j € {1,2} with m/(S}) > 1m/(Bi(p))) and
fi(S C Bry (D), £;71(S7) C Bry(p)).
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(3) There is a sequence &; — 0 and sequences of subsets Ul.j cX f for j € {1, 2} such that:
(a) The points of Ul.1 (resp. UI.Z) are of essential continuity of f; (resp. fi_]).
(b) fi (resp. fi_l) restricted to Ul.1 (resp. Ul.z) is measure preserving.
(c) Forall R > 0 and j € {1, 2}, one has

om0 Br(p])

. . 1.
i=oe m{(Br(p))

(d) For all xl.1 € Ul.l, xi2 € Ul.z, r <1, one has
f dt.(f)(a, b)d(m} x m})(a, b) < &;r,
Br(xl‘l)xz

dt, (f7 " (a, b)d(m? x m¥)(a, b) < &;r.
By o

Definition 1.13. Let I" be a group, G < I" a subgroup admitting a nilpotent basis 8 = {yy, ..., Y.}, and
¢ € Aut(I"). We say that ¢ respects f if it preserves ({y1, ..., ¥}) for each m, and acts trivially on
<{y15 ] )/I’H}>/({y19 ML Vm—1}> for eaCh m.

Theorem 1.14. Let (X;, d;, m;, p;) be a sequence of pointed RCD(—%, N ) spaces of rectifiable dimension
n and a pointed compact metric space (Y, y) of diameter D for which the sequence (X;, p;) converges
in the pointed Gromov—Hausdorff sense to (R* x Y, (0, y)). Let X, be the sequence of universal covers,
Di € X, in the preimage of p;, Ui < m(X;) be the group generated by the elements g € w(X;) with
d(gpi, pi) <2D+1, and for each j € {1, ..., ¢}, f;: [X;, pil—> [X:, pil a sequence of deck type maps
with the GS property. Then for some C > 0 and i large enough, I'; contains a subgroup G; < T'; with the
following properties:

o I, Gil = C.
o G; admits a nilpotent basis B; of length <n — k.
o (f;.0)S" respects B; for each j.

Naber and Zhang [2016, Appendix A] proved a blown-down version of Theorem 1.14 for Riemannian
manifolds. The techniques they used to obtain this version from Theorem 1.14 (also present in [Kapovitch
and Wilking 2011]) apply to RCD(K, N) spaces, giving the following result.

Corollary 1.15. Let (X, d, m, p) be a pointed RCD(K, N) space of rectifiable dimension k. Then there
is € > 0 such that if a pointed RCD(K, N) space (X', d’',w', p') of rectifiable dimension n satisfies

deu (X', p'), (X, p)) <e,
then the image of the map
m1(Be(p)), p") — mi (X', p)

induced by inclusion contains a subgroup of index < C (X, p) that admits a nilpotent basis of length <n—k.
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1.3. Main ideas of the proof. A natural approach to prove a result like Theorem 1.1 is to consider a
contradicting sequence of pointed RCD(K, N) spaces (X;, d;, m;, p;) of rectifiable dimension n, and
¢; — 0 for which the group I'; := j, (7w (B, (pi), pi)) does not contain a subgroup of index <i admitting
a nilpotent basis of length < n, where j,. : m1(Bg, (p;i), pi) — m1(X;, p;) is the natural map induced
by inclusion. After slowly blowing up and taking a subsequence, one can assume the universal covers
(? i di, ™y, pi) converge in the pointed measured Gromov—Hausdorff sense to a pointed RCD(0, N) space
(X, d,m, p), and the actions of I'; on these spaces converge equivariantly to a Lie group I' < Iso(X).

From here, it would be easy to obtain via well-established techniques that the identity connected
component I'yg < I" is nilpotent and [I" : I'g] < oo. This nice behavior can be traced back to the groups I';
using Gromov—Hausdorff approximations v; : I'; — I'. This would finish the proof, if not for the
possibility that there may be subgroups H; < I'; too small for the Gromov—Hausdorff approximations to
detect them. Recall that while a sequence of Gromov—Hausdorff approximations describes very well the
geometry of a sequence of spaces at a certain scale, it fails to see

o features that are too small,
« features that are too far from the basepoints.

To remedy the issue of having subgroups H; < I'; which are too small, one could blow up the sequence
by factors A; — o0 to a scale at which the groups H; are visible, and again take a subsequence in such a
way that the actions of I'; on the spaces (X;, hid;, Wy, pi) converge equivariantly to a Lie group I'" acting
by isometries on a new limit space (X', d’, m’, p’). The problem with doing so is that relevant elements
of the original group I'; may be sent too far for the new Gromov—Hausdorff approximations ¢’ : I'; — I/
to see them.

In order to understand how the elements of H; interact with the elements lost due the blow-up, we
need to bring these elements back by homotopy. For this purpose, the gradient flow of semiconcave
(resp. harmonic) functions is used in [Kapovitch et al. 2010] (resp. [Kapovitch and Wilking 2011]). In the
setting of RCD(K, N) spaces, the regular Lagrangian flows play the role of such tools. However, since
this process has to be done multiple times, without prior knowledge about scale and location, one needs
to control the regularity of such flows at all small scales. This is the reason for the technical nature of
Theorems 1.5 and 1.14. The maps f;; in Theorem 1.14 are precisely these isometries in I'; that were
sent too far and then brought back by composing them with an appropriate regular Lagrangian flow.

1.4. Open problems. In the context of Theorem 1.1, it has been conjectured that the nilpotent group
can be taken so that its torsion lies in its center. This is not known even for Riemannian manifolds of
sectional curvature > K /(N — 1) [Kapovitch et al. 2010; 2018] (see also [Fukaya and Yamaguchi 1992,
Conjecture 0.16]).

Conjecture 1.16. For each K € R, N > 1, there exist ¢ > 0 and C € N such that if (X,d,m, p) is a
pointed RCD(K, N) space of rectifiable dimension n, the image of the map

T (Be(p), p) — mi(X, p)

induced by inclusion contains a subgroup of index < C whose torsion elements are contained in its center.
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On the other hand, it is also a very challenging problem to find an explicit expression for C(K, N) in
Theorem 1.1. Such an expression hasn’t been found even for Riemannian manifolds of sectional curvature
> K /(N — 1) (see [Kapovitch et al. 2010]).

1.5. Structure of the paper. In Section 2, we cover the background material we will need. In Section 3,
we prove Theorem 3.1, which provides us with subgroups Y; < I'; that play the role of identity connected
components in the discrete groups I';.

In Section 4 we prove Theorem 1.5 and Corollary 1.8, allowing us to find points of essential stability,
and in Section 5 we study how essential stability allows one to obtain stronger estimates. In Section 6 we
prove properties of GS maps, and in Section 7 we give two ways to construct GS maps (cf. [Kapovitch
and Wilking 2011, Section 3]).

In Section 8 we show Theorem 8.1, reducing Theorem 1.14 to the case ¥ # {x} (cf. [Kapovitch
and Wilking 2011, Section 5]). In Section 9 we prove Theorem 1.14 and with it Theorem 1.1 and
Corollary 1.15.

2. Preamble

2.1. Notation. For a set A, we denote by A*Zthe set A x A. If A C X, we denote by x4 : X — [0, 1] the
characteristic function of A. For a group G and g € G, we denote by g, € Aut(G) the map i +— ghg~'. For
metric spaces (X, dx) and (Y, dy), we denote by X x Y the L? product. That is, for x1, x, € X, y1, y» €7,

dxxy (X1, Y1), (r2, 2)) 1= Vdx (x1, x2)* +dy (31, y2)*-

We say a pointed metric measure space (X, d, m, p) is normalized if

/ (1—-d(p,-))dm=1.
Bi(p)

For m e N, we denote by R™ the m-dimensional Euclidean space equipped with its usual metric, and by H™
the m-dimensional Hausdorff measure for which the metric measure space (R™, H™, 0) is normalized.
To a metric space (X, d), we can adjoin a point * at infinite distance from any point of X to get a new
space we denote by X U {x}. Similarly, to any group G we can adjoin an element x whose product with
any element of G is defined as *, obtaining a binary operation on G U {x}.
We write C(«a, B, y) to denote a constant C that depends only on the quantities «, 8, y.

2.2. RCD(K, N) spaces; doubling, isometries, covers, and geodesics. The main objects of this text
are RCD(K, N) spaces. We note that a large number of papers in the literature work with a condition
known as RCD*(K, N), originally introduced in [Bacher and Sturm 2010]. Since it is now known that
this condition is equivalent to the RCD(K, N) condition [Cavalletti and Milman 2021; Li 2024], we will
make no distinction between them.

One of the most powerful tools in the study of RCD(K, N) spaces is the Bishop—Gromov inequality
[Sturm 2006b].
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Theorem 2.1 (Sturm). Foreach K e R, N> 1, R >0, A > 1 thereis C(K, N, R, 1) > O such that for
any pointed RCD(K, N) space (X, d, m, p), and any r < R, one has

m(By,(p)) = C-m(B,(p)).
Moreover, for fixed K, N, R, if , — 1 then C — 1.

Corollary 2.2. Let (X;, d;, m;, p;) be a sequence of pointed RCD(K, N) spaces and consider a sequence
of subsets U; C X;. Then the following are equivalent:

e Forall R > 0, there is a sequence n; — 0 such that
m; (Ui N Br(pi)) = (1 —ni)mi (Br(pi))-
e Forall R > § > 0, there is a sequence ¢; — 0 such that if x € Bg(p;), one has
m; (Ui N Bs(x)) = (1 —&;)m;(Bs(x)).
In either case, we say that the sequence U; has asymptotically full measure.

Proof. Assume the first condition holds. If the second condition fails for some R > § > 0, then after
passing to a subsequence, there would be ¢ > 0 and x; € Br(p;) with

m; (Bs(x;)\Ui) = € - m; (Bs(x;)). (2.3)
By the triangle inequality and Theorem 2.1, there is C(K, N, R, §) > 0 with

m; (Brys(pi)) <mi(Barys(x)) < C-m;(Bs(x;)). (2.4)

Since Bs(x;) C Bris(pi), combining (2.3) and (2.4) we get

m; (Bris(pi)\U;) > & -m;(Brys(pi))/C,

contradicting our hypothesis.
The other implication is evident by taking § = R and x = p;. (I

The following well-known facts follow from Theorem 2.1 (see [Stein 1993, p. 12; Kapovitch and
Wilking 2011, p. 6]). For definition of maximal function, see for example Definition 1.4.

Proposition 2.5. Let (X, d, m) be an RCD(K, N) space, h : X — R measurable, and R > 0.

(1) Forall § >0, C(E.N. R
m(x € X | Mxp(h)(x) = 8)) < %f hdm
X

(2) Foralla > 1,
[Mxg(h)|le < C(K, N, R, o)||h]q-

(3) Foralla > 1,s < R/2,
MxS(MxS(h)a) S C(K7 Na Ra a)MXR(ha)
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For a proper metric space X, the topology that we use on its group of isometries Iso(X) is the compact-
open topology, which in this setting coincides with both the topology of pointwise convergence and the
topology of uniform convergence on compact sets. This topology makes Iso(X) a locally compact second
countable metric group. In the case (X, d, m) is an RCD(K, N) space, Iso(X) is a Lie group [Guijarro
and Santos-Rodriguez 2019; Sosa 2018].

Theorem 2.6 (Sosa, Guijarro and Santos-Rodriguez). Let (X, d, m) be an RCD(K, N) space. Then
Iso(X) is a Lie group.

The RCD(K, N) condition can be checked locally (see [Erbar et al. 2015, Section 3]). Hence if (X, d, m)
is an RCD(K, N) space and p : X—> Xisa covering space, X admits a unique measure making it an
RCD(K, N) space, and for which p is a local isomorphism of metric measure spaces (see [Mondino and
Wei 2019, Section 2.3]). Whenever we have a covering space of an RCD(K, N) space, we assume it is
equipped with such measure. This allows one to lift estimates on maximal functions [Kapovitch and
Wilking 2011, Lemma 1.6].

Proposition 2.7. Let (X, d, m) be an RCD(K, N), p: ()?, d, m) — (X, d, m) a covering space, x € X,
X € p‘l(x), f : X — R" measurable. Then for all r < R, one has

f (fop)dmn <C(K,N,R) fdm.
B, (%) B, (x)

In particular,
Mxg(fop) <C(K,N,R)-Mxg(f)op.

An important topological property of RCD(K, N) spaces is that they are semilocally simply connected
[Wang 2024].

Theorem 2.8 (Wang). Let (X, d, m) be an RCD(K, N) space. Then X is semilocally simply connected,
so its universal cover X is simply connected and we can identify w1 (X) with the group of deck transforma-
tions X — X.

The following is a well-known equivalence of semilocal simple-connectedness (see for example [Calcut
and McCarthy 2009]). We include its proof for completeness.

Proposition 2.9. Let X be a semilocally simply connected geodesic space. Then for each compact set
K C X there is § > 0 with the property that any two curves a, B : [0, 1] = K sharing endpoints and at

uniform distance < § are homotopic relative to their endpoints.

Proof. By hypothesis, X admits an open cover U/ with the property that each loop contained in an element
of U is contractible in X. It is an easy exercise to check that if U € U, and o1, 07 : [0, 1] — U are two
paths with the same endpoints, then o] and o, are homotopic relative to their endpoints as curves in X.

Consider a compact set K C X. Then there is § > 0 such that 2§ is a Lebesgue number of I/ as a
cover of K. That is, for any x € K there is an element of I/ that contains Bys(x). Then take two curves
o, B:[0, 1] - K with the same endpoints and at uniform distance < §. We claim that they are homotopic
relative to their endpoints as curves in X.
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To see this, take a partition 0 =7y < f; < --- < f = 1 with the property that a(r) € Bs(a(t;)) for
all r € [tj_y1,;], j €{l,...,k}. For j € {1,...,k} define y; : [0, 1] — X to be a curve that agrees
with B along [0, ¢;], with o along [#;41, 1], and along [#;, ;11] is a minimizing curve connecting B(f;)
with «(7;11). Notice that y; = B.

It is then easy to see by induction that « and y; are homotopic relative to their endpoints. Indeed, if
we set ¥ := «a, then for each j € {1, ..., k} the curves y;_; and y; are identical except along an interval
where their images are contained in Bys(c(?;)), and hence in an element of ¢/ and consequently homotopic
relative to their endpoints. O

To conclude this subsection, we note that by the Kuratowski—Ryll-Nardzewski measurable selection
theorem, for any RCD(K, N) space (X, d, m), there is a measurable map

y.(-): X xXx[0,1] - X

such that, for all x, y € X, the map [0, 1] > s = y, ,(s) is a constant speed geodesic from x to y. For
the rest of this paper, for each (X, d, m) we fix such a choice of y. This allows us to state the segment
inequality for RCD(K, N) spaces [Deng 2020, Theorem 3.22].

Theorem 2.10. Let (X, d, m) be an RCD(K, N) space, h : X — R™ measurable, p € X, andr < R. Then

1
f d(x,y)|:/ h(yx,y(s))ds] dimxm)(x,y)<r-C(K,N, R) hdm.
B, (p)*? 0 By (p)

We will also need the following variation of the Lebesgue differentiation theorem (see [Stein and
Shakarchi 2005; Heinonen et al. 2015]).

Definition 2.11. Let (X, d, m) be a metric measure space. We say that a family of measures V on X has
bounded eccentricity if there are M > 1>n > O suchthat v < Mm forallve V,andamap6:V — X
such that for all v € V there is r(v) > 0 with supp(v) C B,(6(v)) and v(B,(0(v))) > nm(B,(0(v))). We
then say that a net v; € V converges to x € X if 0(v;) = x for all large i and r(v;) — 0.

Lemma 2.12. Let (X, d, m) be an RCD(K, N) space, f € L'(m), and V a family of measures of bounded
eccentricity. Then for m-almost every x € X we have

. 1
f) = lim v(X)fod"'

Proof. For o > 0, define

E, = {xeX:limsup ! /f(y)—f(x)dv
X

>2a}.
V—>Xx V(X)

Given ¢ > 0, pick a continuous function g € L'(m) with

If—gllim <e& (2.13)
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For v € V with r(v) <1 and 8(v) = x we have

/X () = F() dv(y)‘

v(X)
5o~ g(y))dv(y)‘ ol R du(y)‘ Flg— Fl (2.14)
Since g is continuous, for all x € X we have
tim | [ 6 - s v =0, 2.15)

To deal with the first summand, we compute
M
— d _— — d —M — . (2.16
() ‘/ (f) =gk v(y)‘ (B ) oo lf ) —g(ldm < . X(If —ghx). (2.16)
Combining (2.14), (2.15), and (2.16), we get

E, C {MX(If g = W}U{If gl=a}.

Then from (2.13) and Proposition 2.5(1) we obtain

C(K,N)M

n—a&

Since ¢ was arbitrary we get m(E,) = 0, and hence the result. U

m(Ey) <

2.3. Gromov-Hausdorf{f topology.

Definition 2.17. Let (X;, p;) be a sequence of pointed proper metric spaces. We say that it converges in
the pointed Gromov—Hausdorff sense to a proper pointed metric space (X, p) if there is a sequence of
functions ¢; : X; — X U {*} with ¢;(p;) — p such that, for each R > 0,

o7 (Br(p)) C Bar(p;) for i large enough,
im  sup  |d(@i(x1), 9i(x2)) —d(x1, x2)| =0,

1730 x1,x2€Bar(pi)

lim sup inf d(p;(x),y) =
i—00 ye Bp(p) ¥EB2R(Pi)

If, in addition, (X}, d;, m;), (X, d, m) are metric measure spaces, the maps ¢; are Borel measurable, and

/ Fd(@)em) — f f-dm
X X

for all f: X — R bounded continuous with compact support, then we say that (X;, d;, m;, p;) converges
to (X, d, m, p) in the pointed measured Gromov—Hausdor{f sense.

Remark 2.18. Whenever a sequence of pointed spaces (X;, p;) converges in the pointed Gromov—
Hausdorff sense to some pointed space (X, p), we implicitly assume the existence of the maps ¢;, called
Gromov—Hausdorff approximations satisfying the above conditions, and if a sequence x; € X; is such that
@i (x;) — x € X, by an abuse of notation we say that x; converges to x.
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The topology induced by this convergence is also given by a metric [Gromov 2007].

Theorem 2.19 (Gromov). There is a metric dgy in the class of pointed proper metric spaces modulo
pointed isometry with the property that a sequence (X;, p;) converges to a space (X, p) in the pointed
Gromov-Hausdorff sense if and only if dgy (X;, pi), (X, p)) = 0.

Remark 2.20. The only property we will need about this metric is that if (¥, y) is a pointed compact
geodesic space for which

der (RF x Y, (0, y)), (R¥,0)) < 155 for some k € N,
then diam(Y) < 11—0.

One of the main features of the class of RCD(K, N) spaces is the compactness property. Theorem 2.21
follows immediately from Gromov’s compactness criterion [2007, Proposition 5.2], and Theorem 2.22
was proven in [Gigli et al. 2015] building upon [Lott and Villani 2009; Sturm 2006a; 2006b; Ambrosio
et al. 2014b].

Theorem 2.21. If (X;, d;, m;, p;) is a sequence of pointed RCD(K, N) spaces, then one can find a
subsequence for which (X;, p;) converges in the pointed Gromov-Hausdorf{f sense to some pointed proper
geodesic space (X, p).

Notice that for any pointed RCD(K, N) space (X, d, m, p), there is a unique ¢ > 0 for which (X, d, cm, p)
is normalized.

Theorem 2.22. The class of pointed normalized RCD(K, N) spaces is closed under pointed measured
Gromov-Hausdorff convergence. Moreover, if (X;, d;, m;, p;) is a sequence of RCD(K — ¢;, N) spaces
such that ; — 0 and (X;, p;) converges in the pointed Gromov—-Hausdorff sense to a pointed proper
metric space (X, p), then X admits a measure m that makes it a normalized RCD(K, N) space, and after
passing to a subsequence, there are c¢; > 0 for which (X;, d;, c;m;, p;) converges in the pointed measured
Gromov-Hausdorff sense to (X, d, m, p).

Definition 2.23. Let (X, d, m) be an RCD(K, N) space and m € N. We say that p € X is an m-regular

point if for each A; — oo, the sequence (A; X, p) converges in the pointed Gromov—Hausdorff sense
to (R™, 0).

Mondino and Naber [2019] showed that the set of regular points in an RCD(K, N) space has full
measure. This result was refined by Brué and Semola [2020b] who showed that most points have the
same local dimension.

Theorem 2.24 (Brué and Semola). Let (X, d, m) be an RCD(K, N) space. Then there is a unique
m € NN [0, N] such that the set of m-regular points in X has full measure. This number m is called the
rectifiable dimension of X.

The Cheeger—Gromoll splitting theorem was extended by Gigli [2014] to this setting.

Theorem 2.25 (Gigli). Let (X, d, m) be an RCD(0, N) space of rectifiable dimension n and assume the
metric space (X, d) contains an isometric copy of R™, then there is ¢ > 0 and an RCD(0, N — m)
space (Y, dY,v) of rectifiable dimension n — m such that (X,d, cm) is isomorphic to the product
(R™ x Y, d¥" x d¥, H" ® v). In particular m < n, and if m = n then Y is a point.
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Corollary 2.26. Let (X;, d;, m;, p;) be a sequence of pointed normalized RCD(—6;, N) spaces with
8; — 0. If (X;, p;i) converges in the pointed Gromov—Hausdorff sense to (R¥, 0), then (X;, d;, m;, pi)
converges to (R¥, d RE gk , 0) in the pointed measured Gromov—Hausdor{f sense as well.

Corollary 2.27 below follows from Theorem 2.25 the same way [Cheeger and Gromoll 1971/72,
Theorem 3] follows from the splitting theorem for smooth manifolds.

Corollary 2.27. Let (Y, d, m) be an RCD(O0, N) space of rectifiable dimension n for which Y / Iso(Y)

is compact. Then there are m < n and a compact metric space Z for which Y is isometric to the
product R™ x Z.

The rectifiable dimension is lower semicontinuous [Kitabeppu 2019].

Theorem 2.28 (Kitabeppu). Let (X;, d;, m;, p;) be a sequence of pointed RCD (K, N) spaces of rectifiable
dimension m. Assume (X;, p;) converges in the pointed Gromov—Hausdorff sense to (X, p). If m is a
measure on X that makes it an RCD(K, N) space, then (X, d, m) has rectifiable dimension at most m.

2.4. Equivariant Gromov-Hausdorff convergence. In the setting of Gromov—Hausdorff convergence,
there is a notion of convergence of group actions [Fukaya and Yamaguchi 1992, Section 3]. For a pointed
proper metric space (X, p), we equip its isometry group Iso(X) with the metric d(f given by

dy (hi, hy) == inf{l + sup d(hx, hzx)} (2.29)
r=0r  xeB,(p)
for hy, hy € Iso(X). It is easy to see that this metric is left invariant, induces the compact-open topology,
and makes Iso(X) a proper metric space.
Recall that if a sequence of pointed proper metric spaces (X;, p;) converges in the pointed Gromov—
Hausdorff sense to the pointed proper metric space (X, p), one has Gromov—Hausdorff approximations
@i X; > X U{x}.

Definition 2.30. Consider a sequence of pointed proper metric spaces (X;, p;) that converges in the
pointed Gromov—Hausdorff sense to a pointed proper metric space (X, p), a sequence of closed groups
of isometries I'; < Iso(X;), and a closed group I' < Iso(X). Equip I'; with the metric a’g "and I" with
the metric dé’ . We say that the sequence I'; converges equivariantly to T" if there is a sequence of
Gromov—Hausdorff approximations ¥; : I'; — I' U {x} such that for each R > 0 one has

lim  sup  sup d(gi(gx), ¥i(g)(pix)) =0.

1700 geBr(Idy;) x€Br(pi)

Isometry groups of proper spaces satisfy a compactness property [Fukaya and Yamaguchi 1992,

Proposition 3.6].

Theorem 2.31 (Fukaya and Yamaguchi). Let (Y;, g;) be a sequence of proper metric spaces that converges
in the pointed Gromov-Hausdorff sense to a proper space (Y, q), and take a sequence I'; < Iso(Y;) of
closed groups of isometries. Then, after taking a subsequence, I'; converges equivariantly to a closed
group I < Iso(Y), and the sequence (Y;/ i, [qi]) converges in the pointed Gromov—Hausdorff sense
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to (Y/T,[q)). Moreover,if p; :Y; — Y;/ i, p: Y — Y/ T are the projections, there are §; — 0, R; — 00,
and Gromov—Hausdorff approximations ¢; : Y; — Y U {x}, ¢; : Y;/ Ty — Y /T U {x} such that for all
X € Bg,(g;) one has

d(i(pi(x)), p(gi(x))) < 3. (2.32)

As a consequence of Theorems 2.25 and 2.31, one gets the following well-known result.

Proposition 2.33. For each i € N, let (X;, d;, m;, p;) be a pointed RCD(—}T, N ) space of rectifiable
dimension n. Assume (X;, p;) converges in the pointed Gromov—Hausdorff sense to (X, p), there is a
sequence of closed groups of isometries I'; < 1so(X;) that converges equivariantly to I' < Iso(X), and
the sequence of pointed metric spaces (X;/ ', [ pi]) converges in the pointed Gromov—Hausdorff sense
to (R¥ x Y, (0, q)) for some pointed proper metric space (Y, q).

Then there is a pointed metric space (f; ,q) for which X is isomorphic to the product RF x Y, the
[-action respects the splitting RF x Y, and acts trivially on the first factor. In particular, if k = n, then Y
is a point.

Proof. By Theorem 2.31, X/T' = R* x ¥, and one can use the submetry p : X — X/T to lift the
lines of R¥ to lines in X passing through p. By Theorem 2.22, X admits a measure that makes it an
RCD(0, N) space, so by Theorems 2.25 and 2.28, we get the desired splitting X = R¥ x Y with the
property that p(x, §) = (x, ¢) for all x € R,

Now we show that the action of I" respects the Y-fibers. Let g € I" and assume g(x1, g) = (x2, y) for
some xp, xp € RK, y € Y. Then for all ¢ > 1, one has

tlx; —x2| =d(p(x1 +t(x2 —x1), q), p(x1,4))
=d(p(x1+1t(x2—x1),9q), p(x2,))
<d¥((x; +t(x2—x1),§), (x2,))

= \/l(t — D —x)2+d" (G, y)*

As t — 00, this is only possible if x; = x. This shows that g(x, g) = (x, y) for some y € Y independent
of x € RX. Now assume g(x1, z) = (x», z') for some z, 7/ € Y. Then

Pl — P +d” (G, 2 = d¥ (1 +1(x2 — x1), §). (x1, 2))>
=d*((x; +1(x2 — x1), ¥), (x2,2))?
= |(t = )(xa — x> +d¥ (y, 2%

This is only possible if x; = x,, showing that I" acts trivially on the R¥-factor. ]

2.5. §-splittings. Let us recall some results on §-splittings. For proof and detailed discussions see for
example [Brue et al. 2023, Section 3.1].

Lemma 2.34. Let (X;, d;, m;, p;) be a sequence ofRCD(—llv, N) spaces for which (X;, p;) converges
in the pointed Gromov—Hausdorff sense to (R€ x Y, (0, y)) for some metric space (Y, y). Then for any
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sequence of Gromov—Hausdorff approximations ¢; : X; — RF x Y U {x}, there are sequences 8; — 0,
R; — 00, and a sequence of L(N)-Lipschitz functions h' € H"?(X;; R*) such that
e h' is harmonic (equivalently, Vh' is divergence free) in Bg,(p;),

e forallr € [1, R;], one has

k k
f [ > |<Vh’jl,Vh;2>—3jl,j2|+Z|VVh'j|2] dm; <82,
B, (pi) Jiaja=1 j=1

e for all x € Bg,(pi) one has
| (x) =7 (@ix)| < 8. (2.35)

where T : R x Y — R is the projection.

Lemma 2.36. Let (X;, d;, m;, p;) be a sequence of RCD(—%, N ) Assume there are sequences 5; — 0,
R; — 00, and a sequence of L-Lipschitz functions h' € H"?(X;; R) with h' (p;) = 0 for all i and
such that

e h' is harmonic (equivalently, Vh' is divergence free) in B, (p;),

e forallr € [1, R;], one has

k k
f [ Z |<Vhljl’Vhljz>_81'1,j2|+z|vv}llj|2j| an 58?'
Br(pidLj =1 j=1

Then, after taking a subsequence, there is a metric space (Y, y) and a sequence of Gromov—Hausdorff
approximations ¢; - X; — R¥ x Y U {x} for which

sup |h (x) — T(pix)]— 0 asi— oo, 2.37)
X€Bg, (pi)

where 1w : R x Y — R is the projection.

Remark 2.38. In the literature, Lemmas 2.34 and 2.36 are often stated without equations (2.35) and (2.37).
However, these equations follow from how the functions /; (resp. ¢;) are constructed in the proof of
Lemma 2.34 (resp. Lemma 2.36). Similarly, the maps #4; are usually only defined on balls around p; with
radii going to infinity, but thanks to the existence of good cut-off functions [Mondino and Naber 2019,
Lemma 3.1], we can assume they are fully defined on the spaces X;.

2.6. Regular Lagrangian flows. In RCD(K, N) spaces, there exist flows of certain Sobolev vector fields.
For the definition of RLFs, see for example Definition 1.2. For sufficiently regular vector fields, RLFs
satisfy an existence and uniqueness property [Ambrosio and Trevisan 2014].

Theorem 2.39. Let (X, d, m) be an RCD(K, N) space, and assume V € L' ([0, T1, L>(TX)) satisfies
V(t) € D(div) for a.e. t € [0, T] with

div(V(-)) e L'([0, T, L>*(m)), (div(V(-)))~" e L' (0, T], L>®(m)), VV(-)eL' ([0, T], LX(T®?X)).



2496 QIN DENG, JAIME SANTOS-RODRIGUEZ, SERGIO ZAMORA AND XINRUI ZHAO

Then there exists a unique (up to m-a.e. equality) RLF X : [0, T] x X — X for V satisfying

t
(X1)x(m) < eXp(/ (div(V ()™ [l oo (m) dS>m (2.40)
0
foreveryt €[0,T].
The estimate (2.40) can be localized [Gigli and Violo 2023, Proposition 5.3].

Proposition 2.41. Let (X,d, m), T, V, and X be as in Theorem 2.39. Then for any S € B(X) and t € [0, T']
one has

(Xp)s(mls) < GXP(/O Idiv(V ()~ [l 2o ((X,), (mls)) ds)m.

Remark 2.42. From R.2, we get that if ||V (¢)||cc < L for all ¢ € [0, T'] and some L > 0, then for m-a.e.
x € X, the map
[0,T]>¢t+— X,(x) is L-Lipschitz. (2.43)

Thus, after modifying X on a set of measure zero, we can always assume (2.43) holds for all x € X (see
[Gigli and Tamanini 2021, Theorem A.4]).

For nice vector fields, there is a reverse flow [Deng 2020, Proposition 3.12].

Proposition 2.44. Let (X, d, m), V, X, be as in Theorem 2.39, and define V : [0, T1 — L*(TX) as
V() (x) == =V(T —1)(x)

foreacht €[0,T], x € X. Then there is amap X : [0, T]1 x X — X which is an RLF for V and for m-a.e.
x € X one has
X (X7(x))=Xr_(x) foralltel0,T].

Remark 2.45. If ||div(V (?))]lcoc < D for all t € [0, T'] and some D > 0, (2.40) implies
e PTm < (X,(-))s(m) <ePTm forallz e [0, T]. (2.46)
The integral first variation formula extends to RCD(K, N) spaces [Brué et al. 2022, Corollary 4.2].

Theorem 2.47. Letr > 0, (X, d, m) an RCD(K, N) space, and V a time-dependent vector field satisfying
the conditions of Theorem 2.39. Set

dt, : [0, T]x X x X — [0, r],

dt, (¢)(a, b) := sup dt,(Xy)(a, b). (2.48)
s€[0,1]

Let S1, S be Borel subsets of X with finite positive measure, and define
') :={(@a,b)e S xS |dt(t)(a,b) <r}. (2.49)

Then the map t +— fSl S dt,(t)(a, b) d(m x m)(a, b) is Lipschitz on [0, T] and for a.e. t € [0, T one has

d 1
Jr dt,(t)(a,b)d(mxm)(a,b)g/ / d(X:(a), X;(D)IVV (OI(vx,@).x,)(s)) d(mxm)(a,D)ds.
I JsixS$, 0 JIr(@
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Remark 2.50. Although [Brué et al. 2022, Corollary 4.2] was stated only for the noncollapsed case
(e, m = 2N), its proof follows that of [Deng 2020, Proposition 3.27] (see also [Brué et al. 2022,
Proposition 4.1] for additional comments) and in particular works without the noncollapsed assumption.

2.7. Group norms. Let (X, p) be a pointed proper geodesic space and I' < Iso(X) a closed group of
isometries. The norm | - ||, : I' — R associated to p is defined as |g||, := d(gp, p). We denote as
G(T', X, p, r) the subgroup of I" generated by the elements of norm || - ||, < r. The norm spectrum o (I")
is defined as the set of r > 0 for which G(T', X, p,r) # G(I', X, p,r —¢) for all ¢ > 0. Notice that we
always have 0 € o (I'). If we want redundancy we sometimes write o (I', X, p) to denote the spectrum
of the action of I' on the pointed space (X, p). See also [Sormani and Wei 2004; 2015; Plaut 2021] for
similar notions of group spectra and their relationship.

Proposition 2.51. IfT" is equipped with the metric dé) from (2.29),and ' =G (T, X, p, D) for some D > 0,
then T’ = (BD+2ﬁ+€(IdX))for all e > 0.

Proof. From (2.29) with r = 1/+/2, for all g € " one gets
lell, < df (g, Ix) < ligll, +2v/2.
Then {g €T | lgll, < D} C By, 5, (Idx) forall € > 0. O
It also satisfies a continuity property [Santos-Rodriguez and Zamora 2023, Proposition 47].

Proposition 2.52. Let (X;, p;) be a sequence of pointed proper metric spaces that converges in the pointed
Gromov—Hausdorff sense to (X, p) and consider a sequence of closed isometry groups I'; <Iso(X;) that
converges equivariantly to a closed group I' < 1so(X). Then for any convergent sequence of real numbers
ri € o(I'y), the limit lim; _, 5o 1; lies in o (I').

Remark 2.53. It is possible that an element in o (I') is not a limit of elements in o (I';), so this spectrum
is not necessarily continuous with respect to equivariant convergence (see [Kapovitch and Wilking 2011,
Example 1]).

Proposition 2.54. For any a > 0, one has G(I', X, p,a) =G([, X, p, a + ¢) for ¢ > 0 small enough.

Proof. Assuming the proposition fails, there is a sequence of elements g; not in G(I', X, p, a) with
llgill, — a. As the sequence ||g; ||, is bounded, after taking a subsequence we can assume g; — g for
some g € I' with ||g|l , = a. Then for large enough i, g™ g:ll, < a,s0 g = (g)(g"'g:) € G(I, X, p, a),
which is a contradiction. U

Corollary 2.55. For any [a, b] C (0, 00), the following are equivalent:
« o(M)N(a,b]l=2.
* G(I, X, p,a) =G(T', X, p, b).

It is well known that when a group action is co-compact, the spectrum is bounded [Gromov 2007,
Proposition 5.28].
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Lemma 2.56. Let (X, p) be a pointed proper geodesic space and I' <Iso(X) a closed group of isometries.
Thenr <2-diam(X/T") forallr € o (T, X, p).

To prove Theorem 1.14, one needs to control the number of generators of the groups I';. This was done
in [Santos-Rodriguez and Zamora 2023, Theorem 80] after [Kapovitch and Wilking 2011, Theorem 2.5].

Lemma 2.57. Let (X,d, m, p) be a pointed RCD(K, N) space, and I' < Iso(X) a discrete group of
measure preserving isometries with I' = G(I', X, p, D). Then I can be generated by at most C(K, N, D)
elements.

2.8. Group theory. In this section we cover basic group theory results needed later. Proofs of Proposi-
tions 2.58 and 2.60 below can be found in [Fukaya and Yamaguchi 1992, Section 4].

Proposition 2.58. Let G be a group generated by k elements and H < G a subgroup of index |G : H] < M.
Then there is a characteristic subgroup H' <G with H' < H and [G : H'] < C(M, k).

Remark 2.59. By Lemma 2.57 and Proposition 2.58, whenever Theorem 1.14 holds, we may assume the
subgroups G; <« I'; are characteristic.

Proposition 2.60. Let A be an abelian group generated by m elements, and ¢ : G — A a surjective

morphism with finite kernel. Then G contains a finite index abelian subgroup generated by m elements.

Proposition 2.61. Let G be a group, H <G a normal subgroup, a, b € G such that [a, bl € H, and Hy<H
a characteristic subgroup of H with [H : Hy] < M. Then for all C > 2M one has [a€', b] € H.

Proof. In the group G/Hy, set o :=aHpy and B := bHy. Then afa~' = Bh for some h € H/Hy. A direct
computation shows that ok Ba=* = B(h)(aha™") - (@F Tha*t1). As H/Hy is normal in G/Hy and
|H/Hy| < M, one gets that aMha=M' = h, so

M!'M—1 M!—1

M
oMM go MM _ g ]_[ (a@/ha™) =,8( 1_[ (afha—f)> = B.
Jj=0 j=0

If C > 2M, then C! is a multiple of M!M, and
(€', Bl = aC' BaC'p~" = aMM (... (@MMBy=MMy .. o=M'Myg=1 _ gg—1 _ eG/
This shows that [a€", b] € Hy. O

Proposition 2.62. Let I" be a group, G <" a characteristic subgroup admitting a nilpotent basis, g € ",
¢ € Aut(l"), and C € 2Z. If [T : G] < C/2, then the nilpotent basis in G is preserved by ¢ if and only if
it is preserved by (¢ o g,)¢".

Proof. First we observe that for any £ € N we have
(pog)f=(pogiop )@ ogiog ™) - (¢Fogiop )
= (9(9))+(@*(©))s - - (9" ()"
= (p(8)¢*(8) - - " ()" (2.63)
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On the other hand, as G is characteristic in I', the group G, :={x,:I" — I' | x € G} is normal in Aut(I"), so
one has y€ G, =G, forall y e T'. Also, notice that 9(/?'(g)G =gG inT'/ G, s0 (¢“/?*(£))+ G+ = g+G
in Aut(I')/G,. Thus if £ = (C — 1)!/(C/2)!, using (2.63) we have

(908 Gu= (9% (@) ¢V () )97 G = 07 G

This implies that (¢ o g,)¢" and @' differ only by an element of G, which clearly respects the nilpotent
basis in G. O

We will also need the following version of the Bieberbach theorem [Fukaya and Yamaguchi 1992,
Section 4].

Theorem 2.64 (Fukaya and Yamaguchi). Let G < Iso(R™) be a closed group of isometries and Gy < G
its identity connected component. Then G/ G contains a finite index abelian subgroup generated by at
most m elements.

Corollary 2.65. Let Z be a compact metric space, I' < Iso(R™ x Z) a closed group of isometries and
'y < T its identity connected component. If Iso(Z) is a Lie group, then I'/ I'g contains a finite index
abelian subgroup generated by at most m elements.

Proof. Notice that for each (x, z) € R™ x Z, the R™-fiber passing through (x, z) can be characterized as
the union of the images of all infinite geodesics passing through (x, z). This implies that Iso(R" x Z)
respects the splitting R™ x Z and decomposes as Iso(R" x Z) = Iso(R") x Iso(Z). Let G < Iso(R") be
the image of I" under the projection 7 : Iso(R" x Z) — Iso(R™). As I is closed and Iso(Z) = Ker(rr) is
compact, G is closed in Iso(R™).

We claim that 7 (I'g) = Go. Assuming the contrary, as Gy is connected, there would be a sequence
xi € Go\m(I'p) with x; — eg,. Pick g; € I' with w(g;) = x;. Since Iso(Z) is compact, after passing to a
subsequence we can assume g; — goo for some go, € Ker(mr). Then ggol gi — er, so for i large enough
one has go_ol gi € I'g. This would mean that n(go_olgi) =m(g;) =x; € m(I'y), which is a contradiction.

Let H := 77 1(Go) NT. We claim that [H : T'y] < co. Otherwise, there would be a sequence
h; € HNKer(w) with hl._lh j € H\I'g for all i # j. As Ker(m) is compact, after taking a subsequence
we can assume h; — hy for some /o, € Ker(sr). This would mean that for i, j large enough, one has
hi_lh ; € I'o, which is a contradiction.

The above implies that I'/ ['g is a finite extension of (I'/ I'g)/(H/To0) =T'/H = G/ Gy, so the result
follows from Theorem 2.64 and Proposition 2.60. Il

3. Groups of connected components

The goal of this section is to prove the following result (cf. [Fukaya and Yamaguchi 1992, Theorem 3.10]
and [Santos-Rodriguez and Zamora 2023, Lemma 58]). The groups Y; play the role of “connected
component of the identity” in the groups I';.

Theorem 3.1. Let (X;, p;) be a sequence of proper geodesic spaces that converges in the pointed Gromov—
Hausdorff sense to a space (X, p), I'i <Iso(X;) a sequence of closed groups of isometries that converges
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equivariantly to a closed group I' <Iso(X), and y; : I'; — ' U {x} the Gromov Hausdorff approximations
given by Definition 2.30. Assume

e Iy =Gy, X;, pi, D) for some D > V2,
e Iy, the connected component of the identity of T, is open,
o '/ Ty is finitely presented.
Then there are subgroups Y; <T'; such that
e Y; is normal in T; for i large enough,
e forany R >0, Y; = <lﬁ;l(BR(Idx) NTy)) fori large enough,
e fori large enough, there are surjective morphisms I'/ T'o — I'; /Y.

Proof. Let r > 0 be such that B, (Idx) C I'g. First we show that for any fixed R > r and § € (0, ], the
subgroup of I'; generated by wi‘l (Bs(Idy)) in T'; coincides with (wi_l (Br(Idx)NTy)) for large enough i.
To see this, first take a collection yq, ..., y, € Br(Idx) NIy with

Br(Idx)NTo C U Bsjio(y;)-

j=1

By connectedness, for each j € {1,...,n} we can construct a sequence ¢ =z, ..., Zjk; =Yj inI"
with d(z;¢—1,2j¢) < 6/10 for each £ € {1, ..., k;}. Since all z;, are contained in a compact subset
of 'y, if i is large enough, for any element x € wi’l(BR (Idx) NT"p) we can find y; with d(y;, ¥;(x)) <
§/10, and e = xp, ..., xk; = x in I'; with d(z; ¢, ¥i(x¢)) < 3/10 for each €. This allows us to write
x = (xl)(xl_lxz) e (xk_,_l_lxkj) as a product of k; elements in wi_l (Bs(Idx)), proving our claim. Set Y;
to be the subgroup of I'; generated by wi_l (B,(Idx)).

Choose § > 0 small enough so that for all g € B3p(Idy), i € Bs(Idx) one has ghg™' € B, />(Idy). Then
for large enough i, the conjugate of an element in wi_l (Bs(Idx)) by an element in wi_l (B3p(Idy)) lies in
wi_l(B, (Idx)). By Proposition 2.51, wi_l(Bg p(Idy)) generates I'; and wl._l(Bg (Idx)) generates Y; for
large enough i, implying that Y; is normal in I';.

Let So = {51, ..., 5k} CT'/T'p be a finite symmetric generating set containing all connected components
intersecting Bsp(Idx), S ={s1, ..., sk} CI' a set of representatives, and for each j € {1, ..., k}, pick a
sequence gl.j e I'; with v (gi.’) — 5. Then define h; :So— i/ Y as h;(ij) = gij Y; e';/7Y;. Itis easy
to check that /;(s;) does not depend on the choices of the representatives s; nor the sequences gij for i
large enough.

By hypothesis, I'/ I'p admits a presentation (So, W) with W a finite set of words. For s, ...5;, € W,
one has dj (v (gfl) ey (gf‘), v (gl’.'1 e gll:‘)) < r for i large enough, and hence ; (gf' e gf‘) € Ty. This
means, again for i large enough, that gl':‘ . -gll." €Yy, and Al (s;,) - - - hi(s;,) = gl’:‘ . -gll." YT =7;el/Y;.
As there are only finitely many words in W, the functions A : So — I';/Y; extend to group morphisms
h; :T'/Tg— I'i/Y;. As S intersects each connected component in B4p(Idyx) and I'; is generated by
B3p(Idy,), the maps h; are surjective. O

The following result deals with the base of induction in the proof of Theorem 1.14.



MARGULIS LEMMA ON RCD(K, N) SPACES 2501

Lemma 3.2. Let (X;, d;, m;, p;) be a sequence of RCD(K, N) spaces of rectifiable dimension n, and
I'; <Iso(X;) a sequence of closed groups of isometries. Assume the sequence (X;, d;, m;, p;) converges in
the pointed measured Gromov—-Hausdorff sense to a pointed RCD(K, N) space (X, d, m, p) of rectifiable
dimension n. If there is D > 0 such that I'; = G(I';, X;, pi, D) for alli, and T'; converges equivariantly
to the trivial group, then the groups T; are trivial for i large enough.

Proof. Clearly, we can assume D > +/2. Let Y; < I'; be the subgroups given by Theorem 3.1. Then
=7 = (wi_l (Idyx)) for i large enough. From the definition of equivariant convergence, it is easy to
see that the i;-preimage of an open compact subgroup of I' is a subgroup in I'; for i large enough; hence
;= wi_l (Idx). This means that I'; are small subgroups in the sense of [Santos-Rodriguez and Zamora
2023, Definition 66 and Remark 75], so by [loc. cit., Theorem 93] the result follows. O

4. Proof of main regularity estimates on RLFs

In this section we prove Theorem 1.5 and Corollary 1.8, the key step being Lemma 4.1.

Proof of Theorem 1.5. Let r, < p/100 be such that for all » <r, one has
m({y € B, (x) | H(y) <8}) = ym(B,(x)).

Lemma 4.1. Fixr <ry. If § is small enough, there is x, € B,(x) N{H < &} and a constant Cy(N) > 1
which is independent of r such that:

S,.1 There is B/(x,) C B, (x,) such that m(B.(x,)) > (1 — ~/8)m(B,(x,)) and

X, (B.(x;)) € By (X;(x,)) forallt €0, T].
S,..2 Forallt €0, T],

1
C_Om(Br (x)) = m(B,(X;(x))) < Com(B(x,)).

Lemma 4.1 is proven by an induction on time following the scheme of [Deng 2020, Section 5]. We
now give an outline of this proof.

First choose x,o so that H(x,9) < . Then by the Bishop—Gromov inequality, the estimates S,.1
and S,.2 trivially hold for x, = x;, 0 up to time r/(10L). This serves as the base of induction. We then
assume there is x,; with H(x,x) < and such that S,.1 and S,.2 hold for x, = x,.; along the interval
[0, kr/(10L)]. The goal is then to show there is x, 41 with H(x,x+1) < and such that S,.1 and S,.2
hold for x, = x, x4+ along the interval [0, #], where # := min{(k 4+ 1)r/(10L), T'}.

In order to achieve this, we first combine the fact that flow lines are L-Lipschitz with the inductive
hypothesis to obtain integral estimates on dt, (#;) over carefully chosen sets (see (4.5) and (4.7)), from
which we deduce that a significant portion of By, (x) stays within 7r of X,(x,) up to time f;. This
allows us to choose x,x+1 € B-(x) N {H < §} so that along the interval [0, #], most of the flow lines
starting at By (x, x+1) stay within 27 of X, (x;x+1). This is enough to guarantee that both S,.1 and the
first inequality of S,.2 hold up to time #.

By the Bishop—Gromov inequality, we also have the other inequality, but with a worse constant. In
order to improve this constant back to the original one, we perform the analysis of the previous paragraph
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but in the reverse direction using the flow X given by Proposition 2.44. We show that for each ¢ € [0, 7],
under the reverse flow X, a significant portion of B, (X;(x, x+1)) returns to By, (x, x+1), and hence close
to x. This is enough to improve the volume ratio to the desired constant.

We now turn to the actual proof, where for the sake of detail, we also present the case k = 0.

Proof of Lemma 4.1. Let Iy = [0, r/(10L)] and fix some x, o € B,(x) with H(x, ) <§. By Remark 2.42,
for any y € B, (x) and any ¢ € Iy, we have

d(X;(y), Xi(xr,0)) <d(X:(y), y) +d(y, x) +d(x, x.0) +d(xr,0, X;(xr0)) < LW +2r <3r. (4.2)
Define dt,(¢) as in (2.48), and set S| = B,(x) N {H < 6}, S2 = By (x), and I'(¢) as in (2.49). By
Theorem 2.47, we obtain

/S1><S2 dt, (IOL)(y 2)d(m xm)(y, 2)

:/ 4 dt. (1) (y, 2) d(m x m)(y, z) dt
Iy dt S1x8

1
< / f /r ) X DIV O, 50O dmxm (. dsdr. (43
Iy t

Using (2.46) and a change of variables, for any ¢ € Iy we have
f [ a0 XY Ol 01,0060 dm x w3, 2) ds
r()

DT/[ d(y, DIVV D) (ry.2(s)) dm x m)(y, 2) ds.
X, (T(@)
Furthermore,
DT// A0y, DIVV O (yy.2(5)) dlm x m)(y, 2) ds
X (I'(1))
o7 / / d(y, DIVV D) (y.2()) dlm x m)(y, ) ds
B6r(Xt(xr0))X2
< ePTC(N)rm(Bs (X:(x,.0)))* IVV(t)|dm

B2 (X (xr,0))

< ePTC(N)rm(B,(x))* [VV(t)| dm,
Bior (X1 (xr,0))
where we used (4.2) for the second line, Theorem 2.10 for the third line, and Theorem 2.1 for the fourth
line. Combining the above estimates starting from (4.3), we obtain

/ dt ( 4 )(y 2)d(m x m)(y, z) < e?TC(N)rm(B, (x))Z/f IVV ()| dmdt
S1x S 10L Bio (X1 (x0))

< PTC(N)rm(B,(x))* | Mx,(IVV®))(X;(xy,0)) dt
1)

<ePTC(N)rm(B,(x))*H (x,0) < " C(N)rm(B, (x))?s.
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By Chebyshev’s inequality, there is x,.1 € B, (x) N {H < §} with

f dt, (L><xr,1, ¥ dm(y) < ®T C(N)rm(B, (x))5.
By \10L

By Theorem 2.1, we have
1
m(B,(xr,1)) = mm(Br(x)),

thus another instance of Chebyshev’s inequality implies there is B, 1(x,1) € B (x,1) with m(B;1(x, 1)) >

(1= v/8)m(B,(x,1)) and

dt, (10%)0”’1’ 2) <ePTC(N)rv/s forall z € By i(x.1).

Hence if eDTC(N)\/S < 1, then by the definition of dt,(¢), for all € Iy and z € B, 1(x,1) we have
d(X,(xr1), X,(2)) <d(x,2) +ePTC(N) Vs < 2r,
s0 X;(By,1(x1)) C Bar(X((x,1)) forall t € Ip. As
By/p(xr,1) C B (X;(xr,1)) C B3rja(xr,1) forallz € Iy,

from Theorem 2.1 we have, for all ¢t € I,
1
Em(Br(xr,l)) <m(B,(X;(x,1))) < Cm(B(xy,1))-

The argument above establishes S,.1 and S,.2 up to time r/(10L). Now we show we can establish the
same estimate up to time 7 provided ¢ is small enough.
Let k € N with k < [107L/r], and assume there is x, ; € B,(x) such that

Sr.k-1 There exists B) (x,x) € By (x,x) with m(B, (x,x)) > (1 — V& m(B, (x,x)) and

k
X(B.(x,1)) C By (x,x) foralle [0, I()_rL:|

S,.x.2 Forallt € [0, kr/(10L)],

1
C—Om(Br (xXrk)) < (B, (X (x,1))) < Com(B(xr.k))-

Set

) {(k—l—l)r

t = T d I, :=[0, %]
kaHIOL,}ank[k]

From S, ;.1 and Remark 2.42, for all ¢ € I; we have

X (B (xr.)) C Borgrp2 (X1 (xp.4))- (4.4)
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Let S; := B/(xk), S2 := By, (x), and I'(r) be given by (2.49). By Theorem 2.47,

fs A )0, dmxm3.2)

=/ i/ dt, (1) (v, z) d(m x m)(y, z) dt
Iy dt S1x 8>
1
< fl fo fr A0, X @IVV 107011, () dm x )3, 2) s
1
< / D7 / / d(y, DIVV D) (ry.2(s)) dlm x m)(y, 2) ds di
Iy 0 JX,(I'(¥)

1
< / P f f d(y, DIVV D) (py.()) dlm x m)(y, ) ds d
I 0 Bér(Xt(Xr,k))Xz

< / 2T C(NYrm(Biy (X, (x4)))° YV @)l dmdr
Iy Ber (X (xr,1))

< / ePTCIC(N)rm(B,(x))? |VV (1)| dmdt. 4.5)
I Ber(XT (xr.k))

where we used (2.46), (4.4), Theorem 2.10, and Theorem 2.1 with (4.4). From the above estimates we get
| dhwdmxm.o < e G, @) [ f YV ()| dmds
B Iy J Bror (X (xr.))

< ePTCiC(Nyrm(B,(x))* | Mx,(IVV ()X, (x,x)) dt
Iy

< ePTCEC(NYyrm(B,(x))* H (x.x)
< ePTCIC(N)yrm(B, (x))?s.

By Chebyshev’s inequality, there is some x’ € B].(x, ;) with
| ey dne) < e Germs, wp.
Bar (x)

Thus there are C(D, T, N) > 1 and By C B, (x) with

dt, (t)(x', y) < Cr/8 forall y € By,
m(By) = (1 = v/8/2)m(By (x)). (4.6)
As x" € B/(x,x), from (4.4) we have X, (x") € Boy4,/2(X;(x, 1)) for all ¢ € I, provided C+/8 < 1. Thus
for all ¢ € I;, we also have

X:(By) C By, (X (x1)).
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Define S| = By, S = B, (x) N{H < §}, and I'(¢) as in (2.49). Similar to before, we have
/ dt, (1) (y, 2) d(m x m)(y, 2) < ePT CGC(N)rm(B, (x))* f f IVV(t)|dmdt
NEY I J Boor (X (x1,k))

< PTCEC(NYrm(B,(x))? | Mx,(IVV)(X,(x,4)) dt
Iy
< ePTCIC(N)rm(B, (x))?s. (4.7)

Thus there is x, ;41 € B, (x) N {H < §} such that
/ dt, () (X xt1, ) dm(y) < ePT CEC(N)rm(B, (x))8.
By

From (4.6) and Theorem 2.1, there are C(D, T, N) > 1 and B/ (x; k+1) C B, (X x+1) With

dt, (1) (g1, ¥) < CN/Sr forall y € B.(Xrx41)
m(B] (xr4+1)) = (1 = VE)mM(B, (xrs41))-

Thus if C«/g < 1, for all r € I} we have
X/ (B (xr.k+1)) € Bor (X (Xpk41))-

Also, from Theorem 2.1 and (2.46) we have, for some C(D, T, N) > 1,
1 1
m(B, (X (xrx+1))) = Em(BZr(Xt(xr,k-i-l))) > Em(Xt(B;(xr,k—H)))

1
= Em(Br(xr,k-H))- (4.8)

To obtain the other direction of the volume estimate corresponding to S,.2, we consider the reversal of
the flow. Fix ¢ € I, define V € L'([0, ¢]; Hé”f(TX)) as

V(s):=—-V(t—s) forallsel0,1],
and let X : [0, 7] x X — X be its RLF. Define dt; (00,1l x X x X — [0, r] as

dt (s)(y,z) := sup dt,(X,)(»,2),

0<u<s

S1 = X:(B/(xrx+1)), and S» = B, (X;(xyk+1)). Similar to before we have

t
f At (1)(y, 2) d(m x m)(y, z) < ePTC3C(N)rm(B, (x,441))> / f |VV (s)| dmds
S1x 8> 0 JB

20r(Xr—s(xr,k+1))
t
=< eDTC(%C(N)Fm(Br(X))Z/ Mx, (IVV () ) (Xi—s (xr.k+1)) ds
0

< ePTCIC(N)rm(B, (x))?s.
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Thus we have x” € X, (B (x,k+1)) with
/ 4", y) dm(y) < ePT CRC(N)rm(B, (x))3.
Br(Xt(xr,k+1))

Hence there are C(D, T, N) > 0 and A’ C B, (X;(x;x+1)) such that
dt.(1)(x", y) < Cr+/8 forally € A’,
m(A') = (1 = V&m(B, (X, (xrx11))-

Thus we have, for some C(D, T, N) > 1,
1 1 _
m(B, (xrk+1)) = Em(BZr (Xrk+1)) = Em(Xt(A/))

1
> Em(Br(Xt (Xrk+1)))-

Combining with (4.8) we have the desired volume bound, concluding the induction step. The result

follows by taking x, := x,x with k = [10TL/r].

Take
Xy € B (x) N {H <6}, B;(xr) C B (x,),

Xr/2 € Brp(x) N{H <8}, B/;(xr/2) C Brja(xry2)

0

given by Lemma 4.1. That is, they satisfy S,.1 and S,.2 with r and r/2 respectively. We claim that

d(X;(x), X;(x;2)) <20r foralltel0,T].

Take S| = B, (x) and S> = B/ 12 (xr/2). Arguing as before, we can find x’ € B/ 12(xr/2) with

/B ( )dn(T)(xC ) dm(y) < T C(N)rm(B, (x))3,
and B}/ (x) C B,(x) such that
dt,(T)(x',y) <r forall y € B)(x),
m(B/(x)) = (1 = V8)m(B, (x)).
Hence for all # € [0, T'], y € B (x), using (4.10) we have
d(X(xr2), X1 () < d(X: (x,2), X, (X)) +d (X, (x), X (y))
<r+r+dx’,y) <4r
In a similar fashion, one can find a subset B/ (x) C B,(x) with
X, (B (x)) C Bior (X (x,)),
m(B;"(x)) = (1 = V&m(B, (x)).

4.9)

(4.10)
(4.11)

4.12)

(4.13)
(4.14)

From (4.11) and (4.14), one can find z € B, (x) N B,”(x). Then from (4.12) and (4.13) applied to z, we

conclude (4.9).



MARGULIS LEMMA ON RCD(K, N) SPACES 2507

Notice that by iterated applications of (4.9), for ri,r, <r, and ¢t € [0, T'], one gets
d(X; (xr,), X, (5,)) < 100 max{ry, ra). (4.15)

Now we will use what we have proven so far to construct an adjusted representative X of the RLF
to V with the property that any x € X satisfying (1.6) also satisfies S.1 and S.2 for r sufficiently small.
Let S C X denote the set of x satisfying (1.6) and for each x € § define r, < /100 such that for all » <r,

one has
m({H > 8} N B, (x))

m(B,(x))

IA
-

As the construction of r, only uses measurable functions, guaranteed from Kuratowski—Ryll-Nardzewski
measurable selection theorem (see for example [Deng 2020, Remark 2.26]) we can take a measurable
choice of ry : § — R. Moreover, the same is true for x, given by Lemma 4.1, allowing us to define a
measurable map ¥ : RT x X — X as

x(r, x) :={

x, ifxesS, r<ry,

X otherwise.

Then let us define the adjusted flow X: [0, T]x X — X as

X(x,t)= lirr(l) X((E(r, x), 1).

By (4.15), the limit exists and satisfies S.1 and S.2 for all x € S and r <r,. Now we need to verify that X
is also a regular Lagrangian flow.

R.1 holds as (2.43) passes to the limit trajectories. Given x € S, r < ry, choose a set A,(x) C B, (x)
satisfying S.1, and consider the probability measures

_ XAr(x)
Mrx () = (X1)« (—m(A,(x))m)'

From the definition of X, for all f € TestF(X) we have

d

d_/ fdpr () = / df (V1)) dprx(1). (4.16)

I Jx X
Also notice that, by S.1, for all ¢ € [0, T] we have
SUpp(sr.x (1)) C Boy (X, (x)), 4.17)
and, by S.2, the map p; ,(7) s f, (x) makes
{I’Lr,x(t) |x € S’ r S r)C7 t S [09 T]}

a family of bounded eccentricity. Let f € TestF(X) and ¢ € [0, T']. From Lemma 2.12 we have, for
m-a.e. x € S,

df (V) (X, (x)) = rlig})/xdf(V(t)) dppr,x (1).
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Hence, for all 7y, t; € [0, T] and m-a.e. x € S,

/ af (V) (X, (pdi = lim / /X A (V) ditrc (1)

= lim/ Sfdur (1) _/ S durx(t)
r—>(’)v X B X
= f (X (x)) = f (X (x)),

where we used dominated convergence on the first two lines, (4.16) on the second, and (4.17) on the third.
This implies X satisfies R.2 for m-almost all x € S. Since X and X coincide on X \S, and X satisfies R.2,
we deduce X satisfies R.2 as well.

Let Sy :={x e S|r, >} Forallr <,y € X, we have

/ XX, (A, x) (V) dm(x) < M XBo, (y) (X1 (X)) dm(o)
s, m(Ar(x)) - s, M(B-(X;(x)))

1
sz - d((X,
< 5y (o) (B, mB,2) ((X1)s(m)(z)

1
M2ePT / e
=M ] o mB)

< M?ePTC(N), (4.18)

where the first line follows from S.1 and S.2, the second from a change of variables, the third from (2.46),
and the fourth from Theorem 2.1. Then, given any 0 < f € TestF(X), we compute

fx fd((X)«(mls)) = / (foX,)dm
<11m/S f FO) dpr (@) (y) dm(x)

XX, (A, ) (V)
—1 X1)x«
im f ) fs RO dm(x) (X))

< MzeDTC(N)/Xf(y)d((Xt)*m)(y)
< M?*PTC(N) / fdm, (4.19)
X

where we used (4.17) on the second line, Tonelli’s theorem on the third, (4.18) on the fourth, and (2.46)
on the fifth. Since f was arbitrary, (4.19) implies that ()? 1)«m|s, < €m for some &(D, T, N) > 0. Hence

XD.m = (X)) (mlxs) + (X (mls)
= (Xx(mlx\s) + lim (X)), (mls,)
< (" +O)m,

establishing R.3 for X, so we conclude X is an RLF for b. U
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Proof of Corollary 1.8. By Proposition 2.5(2), for all s € [1, R — 1], one has

Mx(|VV])?dm < C(N)n.
Bs(p)

Define H : X — R as H(x) := fOT Mx(|JVV])(X;(x))dt. Then by the Cauchy-Schwarz inequality
and (2.46) one gets

2 T 2
[ H(x) dm(x)] < f |:/ Mx(|IVV ) (X:(x)) dti| dm(x)
B (p) B (p)LJO

IA

T
T f / Mx(|VV)2(X,(x)) dt dm(x)
B:(p) /0O

IA

T
TezDT/ f Mx(|VV (X, (x)) dm(x) dt
0 X, (B, (x))

IA

T
C(D,T, N)/ f MX(lVVl)Z(Xt(x)) dm(x) dt
0 JBryrr(x)
<C(D, T, N)n. (4.20)

Let 6(D, T, N) > 0 be given by Theorem 1.5. From (4.20), there is C(D, T, N) > 1 such that

m({H <38}N B,(p)) = (1 —C/n)m(B,(p)). (4.21)
By Theorem 1.5, G contains the density points of {H < §}, so the result follows from (4.21) provided
n<e?/C% 0

5. Self-improving stability

In this section, we show that combining essential stability with integral control on the covariant derivative
of the corresponding vector field, one can improve the conditions of essential stability to much better
estimates. For example, one could compare Corollary 5.13 with S.2 and Proposition 5.14 with S.1.
This improvement is attained by induction on the radius. Roughly speaking, if for some small > 0
one has S.1, S.2, and enough control on the covariant derivative of the vector field, then at a scale slightly
larger than r, one can obtain conditions similar to S.1 and S.2 but with better constants. This is the content
of Lemma 5.1 (cf. [Kapovitch and Wilking 2011, Lemma 3.7; Colding and Naber 2012, Proposition 3.6]).

Lemma 5.1. Foreach N > 1, M > 1, there are A(N) >4, e(N, M) > 0, such that the following holds. Let
(X,d,m) be an RCD(—(N — 1), N) space, x € X,V € L([0, T1; Hé:f(TX)) a divergence-free vector
field, and X : [0, T] x X — X the RLF of V. Assume

T
/MX4(|VV(t)|)(Xz(X))dt§8-
0

For some r < 1/X one has

%m(Br(x)) =m(B(X;(x))) = Mm(B,(x)) forallt€[0,T], (5.2)
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and there is S, C B, (x) with

m(S;) > %m(Br(x))»
X:(S;) C By (X, (x)) forallt €]0,T].
Then
Tm(B;, (x)) < m(By, (X, (x))) <2m(B;,(x)) forallt€[0,T], (5.3)

and there is Ay, C By, (x) with

X,(Ay) C Bitay (X, (x))  forallt €0, T], (5.4)
m(X,(Az) N By (X1 (x))) = 5m(By, (X, (x)))  forallt €0, T. (5.5)

Proof. Pick A(N) > 5 such that
M(B(+5)5 () < 105m(Bas (»)) (5.6)

for all y € X, s < 10/A. With this choice of A, (5.3) will follow from (5.4) and (5.5). Let dt,(¢) be given
by (2.48) and

'@ :={(@,b)eS, x B, (x)|dt.(t)(a,b) <r}.
Notice that for each t € [0, T], (a, b) € I'(¢), one has d(X;(a), X,;(x)) <2r, and

d(X:(b), X:(x)) <d(X,(b), X(a)) +d(X,(a), X(x))
<d(a,b)+r+2r

< Ar+4r. (5.7)
Then

f dt,(T) d(m x m)
SrXB)Lr(x)

M T 1
< W/o /F(z)d(Xt(y)’X[(Z))[/o |VV(t)|(VX,(y),X,(z)(S))ds] d(m xm)(y,z)dt

M T 1
< s /O /X ,(r(,))d(y’Z)[/o |VV<r>|(yy,z(s)>ds]d<mxm)(y,zwz

M T 1
= W /O /l;(x+4)r(X1(X))X2 d(y’ 2 |:/(; |VV(t)|(yy’Z(S)) ds:| dm x m)(y’ Qdr

T
5C(N)-M3-r-/ f [VV()|(y) dm(y) dt
0 Boats)r (X:(x))

T
< C(N)-M3-r-[ Mx4(|[VV (@O (X,(x))dt < C(N)M3er, (5.8)
0
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where the first inequality follows from Theorem 2.47, the second from Tonelli’s theorem, the third
from (5.7), and the fourth from Theorem 2.10 and (5.2). Hence there is y € S, with

f dt,(T)(y, z) dm(z) < C(N)M3er. (5.9)
Byr(x)

We can then define A,, := {z € B, (x) | dt,(T)(y, z) < r}, which by (5.7) satisfies (5.4), and by (5.9)
satisfies
m(Ay) = (1 = C(N)Me)m(By, (x)) = fo5m(By(x)), (5.10)

provided ¢ is small enough. To verify (5.5), fix ¢t € [0, T'], consider the vector field VeLl((0,1], Hé? (TX))
given by V(s) ;== —V(t —s), and X : [0, t] x X — X its RLF. Also set

dt.()(-,):[0,1] x X x X —> R,

dt,()(y,2) := sup dt.(X,)(, 2),
uel0,s]

and define T'(s) := {(a,b) € X,(S,) X By, (X,;(x)) | dt,(s)(a,b) < r}. Then for all s € [0, ¢] and
(a,b) € T(s), one has d(X(a), X;_y(x)) < 2r, and

d(Xs(b), X;—s(x)) <d(X;(b), Xs(a)) +d(X,(a), X;—s(x))
<d(a,b)+r+2r
< Ar+5r. (5.11)

As in (5.8), using (5.11) instead of (5.7) we get

f dt, (£) d(m x m)
X ($;)x By (X (x))

m(B <x>>2/ /md(x . % (Z))[/ VY@l <y>x<z><u>>du] d(m x m)(y. 2) ds
= m(B (x)) //mmd(y Z)U |VV(S)|(Vyz(M))du] dm xm)(y, z)ds

< m / /B — z)[ / |VV(s>|<yyZ<u>>du] d(m x m)(y. 2)ds
< CNMPr f f VT (s)[(y) dm(y) ds
Bi+10)r (X1 —5(x))
< C(N)M3r/ Mxa(|[VV (i — $)D(X,—s(x)) ds < C(N)Mer.
0

Pick y, € X;(S,) such that

f &r(t)(yt, 2)dm(z) < C(N)M3er.
Byr (X (x))
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Then the set A’M ={z € By, (X;(x)) | dt, (t)(ys, 7) < r} satisfies
m(A},) = (1= C(N)Me)m(B, (X, (x))).
Since XI(A’M) C B(s)r(x) and X, is measure preserving, using (5.6) we have
m(By (x)) = 1o m(Byr (X, (x))) (5.12)
provided ¢ is small enough. We conclude
m(X,(Axr) N Byr (X1 (X)) = m(X;(Azr)) — m(Botay (X (X))\ By (X1 (x)))
= m(Azr) — 1pm(Bar (X (1))

> oM (Bir (X)) — om(Bar (X: (X))

> ym(Br (X (x))),
where we used (5.4) on the first inequality, (5.6) on the second, (5.10) on the third, and (5.12) on the
fourth. O

Corollary 5.13. Let (X, d, m) be an RCD(—(N — 1), N) space, x € X, V € L'([0, T]; H.2(TX)) a
divergence-free vector field, and X : [0, T] x X — X the RLF of V. Assume x is a point of essential
stability of X and

T
| muavvenaenar<e.
0
If € is small enough, depending only on N, then for allr <1,t € [0, T], one has
sm(B,(x)) < m(B,(X;(x))) < 2m(B,(x)).

Proof. By the definition of essential stability, there is M (N) > 0 for which the hypotheses of Lemma 5.1
hold for small enough r < 1. By Lemma 5.1, if they hold for a certain r, then they hold for Ar so we can
apply Lemma 5.1 repeatedly, and (5.3) is valid for all »r < 1/A. (|

Proposition 5.14. There is Co(N) > 0 such that, under the conditions of Corollary 5.13, forall r <1
there is A, C B,(x) such that
m(A,) = (1 - Coe)m(B,(x)), (5.15)
X:(A;) C By (X, (x)) forallt [0, T]. (5.16)

Proof. By the definition of essential stability, for » < 1 sufficiently small, there is S, /10 C B,/10(x) with
m(S/10) = 37 M(Br/10(x)) and X, (S;/10) C Byys(X,(x)) for all 7 € [0, T]. Set

dist,/10(-)(-,-): [0, T] x X x X — [0, r/10],

dist,/10(£)(y, z) := sup dist,/10(X5)(y, 2),
s€[0,1]

L(t) :={(a, b) € §;/10 x By (x) | dist,/10(¢)(a, b) < r/10}.



MARGULIS LEMMA ON RCD(K, N) SPACES 2513

Then for (y, z) € '(¢), for each ¢ € [0, T'] we have

d(X;(b), X;(x)) <d(X;(b), X;(a)) +d(X(a), X;(x))
<d(a,b)+r/10+71/5
<r/2+47/10+7r/10+7/5 <, (5.17)

so as in (5.8), using Corollary 5.13 one gets

T
f dty10(T) d(m x m) < C(N) - - / Mxs(IVV(OD (X, () di < C(N)er.
Sr/10% By (x) 0

Then there is y € S, /10 with
f dt,/10(T)(y, z) dm(z) < C(N)er. (5.18)
B, (x)

We can then define A, := {z € B,(x) | dt,/10(T)(y, z) < r/10}, which by (5.18) satisfies (5.15) and
by (5.17) also (5.16). The above analysis shows that (5.15) and (5.16) hold for all » small enough. An
identical argument (using A,,1¢ instead of S,,19) shows that if (5.15) and (5.16) hold for some r/10 < 1/10,
then they hold for r. (Il

Proposition 5.19. There is Co(N) > 0 such that under the conditions of Corollary 5.13, forallr <1,
one has

f dt,(X7)d(m x m) < Coer.
B (x)*2
Proof. For A, C B,(x) given by Proposition 5.14, a computation analogous to (5.8) yields

f dt,(X7)d(m xm) < C(N)er.
AX?

Combining this with (5.15), we get the result. (I
Definition 5.20. Let (X, d, m) be an RCD(—(N — 1), N) space, Vi,..., Vi € L0, 17; Héiﬁ(TX))
divergence-free vector fields, X J 110, 1] x X — X their RLFs, and x1, ..., xx € X such that

e x; is a point of essential stability of X/ foreach j e (1,...,k}.

° X{(xj)zxj+1 foreach j e{l,...,k—1}.

If V e L([0, 1]; H.2(TX)) is given by

1
V(t):=k-Vitkt —j+1) forte[]k £i|

and X : [0, 1] x X — X is its RLF, then we say x| is a point of weak essential stability of X.

The following proposition shows that, under suitable conditions, weak essential stability can be
upgraded to essential stability, allowing one to concatenate well behaved flows; a crucial step in the proof
of the rescaling theorem.
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Proposition 5.21. Under the conditions of Definition 5.20, there is n(N) > 0 such that if
1 k 1 )
/ Mx(IVV()D(X,;(x1)) dt = Z/ Mx(I[VV;()D(X] (x)) dt <,
0 : 0
j=1

then x1 is a point of essential stability of X.

Proof. By induction we can assume k = 2. By Corollary 5.13, and Proposition 5.14, we can apply
Lemma 5.1 to both X! and X2, provided 7 is small enough. By (5.3), for each r < 1, ¢ € [0, 1], we get

Im(B, (x1)) <m(Br (X, (x1))) < 4m(B(x1)).
Let Vi € L1([0, 1]; Hi2(TX)) be given by V1 (r) := —V;(1 — 1) and let X' : [0, 1] x X — X be its RLF.
Again by Lemma 5.1, for r small enough there are sets A!, A2 C B, (x2) such that
X! (A}) C By (X! (x2)), X[(A}) C Bor(X[(x2)),
m(X/(A]) N B (X[ (x2))) = 5m(B- (X, (x2))),
m(X7 (A7) N B, (X7 (x2))) = 15m(B- (X7 (x2)))
for all # € [0, 1]. Then A, := B,(x1) N X| (Al N A?) satisfies
X,(A,) C By (X,(x)) forallz €0, 1],
and using (5.3) we conclude
m(A,) = m(B,(x1) N X1(A})) —m(A]\A?)
> s5m(B, (x1)) — 15m(B, (x2))
>[5 — 2]m(B(x1))
> ym(B,(x1)). O

6. Properties of GS maps

In this section we prove the main properties of GS maps; they converge weakly to an isometry (Lemma 6.4),
have the zoom-in property (Proposition 6.7), and can be concatenated (Proposition 6.8).

Remark 6.1. From condition (1) of Definition 1.12, we can assume that for all x € U il, y € Ul.z, we have
O @ =1fi)and ()71 = (£ 0)):

Definition 6.2. For j € {1,2}, let (X7, d/, m!, p/), be a sequence of pointed RCD(K, N) spaces for
which (X! i D; ) converges to (X7, p/) in the pointed Gromov—Hausdorff sense. We say a sequence of
maps fi : X l.l — Xi2 converges weakly to fs : X' — X? if there is a sequence of subsets U; C Xl.1 with
asymptotically full measure such that

lim sup d(@} fi(x), foop} () =0 (6.3)

0 xeU;

where (pij X lj — X/ U {%} are Gromov—Hausdorff approximations for j € {1, 2}.
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Lemma 6.4. For j € {1, 2}, let (X ;/ , dij , m{ , pij ), be a sequence of pointed RCD(K, N) spaces for which

(X.j, pij) converges to (X7, p’) in the pointed Gromov—Hausdorff sense. If f; : [Xl.l, pl.l] — [Xl.z, piz] isa

l
sequence of GS maps, then, after taking a subsequence, f; converges weakly to an isometry foo : X' — X2

Proof. Let Ry > 0, &; — 0, and Sij, Ul-j C Xl.j be given by Definition 1.12 (see Remark 6.1).
Step 1: For i large enough, x € Ul.l, r <1, there is A C B, (x) such that

fi(A) C By (fi(x)) and m](A) > im/(B.(x)).

From the definition of essential continuity, the statement holds for » small enough (depending on x).
We now see that if i is large enough, and there is A9 C B,10(x) such that f;(Ag) C B,/5(fi(x)), and
m/ (Ag) > m} (B,5(x)), then there is A C B, (x) such that f;(A) C By, (f;(x)), and m! (A) > 1m! (B, (x)).
Since there is C(K, N) > 0 such that m! (B, (x)) < Cm/ (Ag), we have

f dt, (f;)d(m} xm}) < Cre;.
Br(xil)XA()

Hence if A:={y € B,(x) | d(fy, fx) <2r}, one gets

m! (B, (x)\A) _ f(B,(x)\A)xAO dt, (f;) d(m] x m;)
’ m! (B, (x)) m} (B, (x)) - m}(Ap)

<Creg,

implying that m}(4) > 1m! (B, (x)) provided &; < 5.
Step 2: For all distinct x;, y; € Uil with d(x;, y;) < %, one has

d(fixi, fiyi
lim sup (fixi, fiyvi) <1
isoo  d(xi, yi)
Set r; :=d(x;, y;) and assume, after taking a subsequence, that d(fix;, fiyi) = (14 8)r; for some § > 0
and all i. By Step 1, there are subsets A; C Bsy,/10(x;), B; C Bsy,/10(yi) with f;(A;) C Bs,/s5(fixi),
fi(Bi) C Bsyys(fivi), ml(A;) = Jm!(Bsy10(xi)), and m!(B;) > ym!(Bsy,10(yi)). Since there is
C(K, N) > 0 such that
m; (Bay, (xi)) < C -min{m; (4;), m (B)},

one has
8r; g 4t (f) d(m! x m})
ri < fA,xB, lr i ff dt,(f)d(m} xmil) <2rie;.
10-C m; (By, (x;)) Bay, ()2

which is impossible as g; — 0.

Step 3: For R > 0 and distinct x;, y; € Ul.1 with d (x;, pil), d(y;, pl.l) < R, one has

d(fixi, fiyi
isoo  d(xi, yi)
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By Step 2, we can assume d (x;, y;) > % for all i. For each i, choose a sequence x; = z?, R zf.‘ =y € Xl.1
withd(z/ ™', z/) < Lforeach je{l,... .k} d(xi, i)=Y %_, d(z/ "', z}),and k= 10R]. Foreachi eN
and j € {1,...,k}, let w/ € U} be such that

dw!, /)y <2-infldw, z}) | w e U}}.
As the sets Ul.1 have asymptotically full measure, sup; d (wij , sz ) — 0 as i — oo, and the claim follows
from Step 2 applied to pairs (w! ", w).
Step 4: For R > 0 and x; € Ul.1 with d (x;, pil) < R, one has

limsupd(fixi, p?) < Ro+ R+ 1.

i—00
As the sets Ul.1 have asymptotically full measure, for i large enough one can pick y; € Ul.1 N Sl.l. Then the
result follows from Step 3 and the fact that d(x;, y;) < R+ 1 for all ;.

Step 5: For R > 0, x; € Ul.1 with d (x;, pl.l) < R, and § > 0, for large enough i there is
vi € Bs)nUM N 7N WU,

Without loss of generality assume § < % As the sets Ui] have asymptotically full measure, the sets
A; = Bs(x;)N Ul.1 satisfy mi1 (A}) > %m}(Bg (x;)) for i large enough. Assuming the claim fails, one has
from Step 2, after taking a subsequence, that f;(A;) C Bas( f,'xi)\Ui2 for all i. As f; restricted to A; is
measure preserving, and the sets Ul.2 have asymptotically full measure, this means that

m} (Bs(x;))
m? (Bos(fixi))

From Step 4 we know that Bys(fix;) C Bry+r+2(p;) for large i, and from the Bishop—-Gromov inequality,
there is C(K, N, Ry, R, §) > 0 such that

—0 asi— oo. (6.5)

. ml?(BRO+R+2(pi2)) <C- miZ(Sl.2 N Ul.z) for large enough i,
e m}(Bgy(p})) < C-m(Bs(x;)).
Combining this with the fact that fi_1 (Sl.2 N Uiz) C Bg,( pil), we get that
m,'z(lea(fixi)) <c?
m; (Bs(x;))
for i large enough, contradicting (6.5).
Step 6: For R > 0 and distinct x;, y; € U} with d(x;, p}), d(yi, p!) < R, one has
Lim |d(fixi, fiyi) —d(xi, yi)| =0.
11— 00
From Step 3, one gets

lim sup(d( fixi, fiyi) —d(xi, yi)) <O.

i—00
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By Step 5, there are sequences w;, z; € Ui1 ﬂhi(Uiz) with d(w;, x;), d(z;, yi) = 0. By Step 2, we have
d(fiw;, fix;), d(fizi, fiyi) = 0, and by Step 3 applied to A;, one gets

lim sup(d (w;, z;) —d(fiw;, fizi)) <0.
i—00
Hence
limsup(d(x;, y;) —d(fixi, fiyi)) <O.

1—>00
Step 7: Lemma 6.4 holds.

Let (pij X IJ — X7/ U {*} be Gromov—Hausdorff approximations and fix D C X' a countable dense
set. For x € D, choose x; € Ul.1 converging to x. By Step 4 we can define (after taking a subsequence)
fl(x) e X2 as

flo(x) := lim @7 fi(x;).
11— 00

By a diagonal argument, this can be done simultaneously for all x € D. It is easy to see from Step 6 that
fL : D — X? extends to an isometry fo, : X! — X? and satisfies (6.3). O

Proposition 6.6. For j € {1, 2}, let (Xij, dl] mlj, pij), be a sequence of pointed RCD(K, N) spaces
that converges in the pointed measured Gromov—Hausdorff sense to a pointed RCD(K, N) space
(X/,d’,m/, p/), and assume there is a sequence f; : [Xl.l, pil] — [Xl.z, pl.z] of GS maps. If sequences
of sets Vl-1 C Xi1 and Vi2 C Xl.2 have asymptotically full measure, then the sequences fl-(Vl-l) C Xi2

and fi_l (Vl.2) cX ll have asymptotically full measure as well.

Proof. Let Ul.j cX IJ be sets given by condition (3) of Definition 1.12. By replacing Ul.j and Vl.j by
Ul.j N Vl.j, We can assume Ul.j = Vl.j for all j € {1,2},i e N. Fix R > § > 0, and consider a sequence
x;i € Bg( pl.l). As the sets Ul.1 have asymptotically full measure, by Step 5 above, there is a sequence
vl e U0 f71(V2) with d(x;, y!) — 0. Define y? := fiy!, A/ := U/ N Bs(y/) for j € {1,2}. By Step 6
above, there is a sequence &; — 0 such that

fi(AD) C Bsie, 03), f71(A2) C Byye, ).

Then

po MG ADNBG)) L m (T AD) L m(A)

lim : : > lim ————> lim ————

=00 m; (BS(XI' ) =00 m; (Al) =00 my; (fl(A,))

2 2
> m;(Bs(yg)) _q
I—~>oom; (Bs (y,' )

This shows that fi_l(Uiz) has asymptotically full measure. The result for fi(Uil) is analogous. ([

Proposition 6.7. Ler (X lj , dl.j , mlj , pij ), j € {1, 2} be a pair of sequences of pointed RCD(K, N) spaces
and f; : [X 1.1, pl.l] — [Xl-z, piz] is a sequence of GS maps. Then there is a sequence of subsets Wl-1 C Xl.1
of asymptotically full measure with the property that for all w; € Wl-1 and A; — 00, the sequence

fi X wil — A X2, fi(w)] is GS.
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Proof. Let Ul.j C Xl-j be given by Definition 1.12 and consider a sequence §; — 0. Set
Xij :=1—xUj:X{—>R,

and Vl’ ={xe Ul.j | Mx(xlzi)(x) < §;}. Then by Proposition 2.5(1) and Proposition 6.6, if §; — 0 slowly
enough, the sets

have asymptotically full measure. Moreover, by construction, for any sequences A; — oo and w; € Wl.l,
the sets Wl.1 and Wi2 also have asymptotically full measure when regarded as subsets of the spaces
(X!, nd!, ml, w) and (X7, A;d?, m2, fi(w;)), respectively.

Using the sets Wij as a replacement for Ul.j , all the properties of Definition 1.12 for f; : [)Lin.l, w;] —
(L X l.2, fi(w;)] follow from the ones of the original sequence, except for condition (2), which follows

from Step 1 in the proof of Lemma 6.4. O

Proposition 6.8. Let (Xl-lj, dl.j, m, pij), Jj €1{1, 2, 3} be sequences of pointed RCD(K, N) spaces, and

1

fi: [Xl.l, pl.l] — [Xl.z, pl.z], hi: [Xiz, pl.z] — [Xl.3, p?] be sequences of GS maps. Then h; o f; : [Xl.l, pl.l] —
[X 13 pf] is GS. Moreover, if f; converges weakly to f and h; converges weakly to h, then h; f; converges

weakly to hf.

Proof. Let U} C X}, U? C X?, V} C X7, V; C X; be given by Definition 1.12 applied to f; and h;
respectively. Set W/ := Ul.l N fl._1 (Ul.2 N Vi2 ﬂhi_l (Vi3)), xi:=1— Xw!s and for a sequence §; — 0, define

W; == {x € U! | Mx(j;)(x) < &}

By Proposition 2.5(1), if §; — 0 slowly enough, the sets W; C X l.l have asymptotically full measure, so
from Lemma 6.4, Sl.1 = W; N B ( pil) and h; f; satisfy condition (2) from Definition 1.12. By Step 2 in
the proof of Lemma 6.4 (applied to both f; and fi_l), there is 7; — 0 such that for all » < 10, a, b € W/
with d(a, b) < 2r, one has

dt,(fi)(a, D), dt,(hi)(fia, fib) < ni-d(a,b).

This implies that W; consists of essential continuity points of 4; f; provided §;, n; < % Also, for x € W;,

r < 5. set Z = B,(x) N W/. Then

m/ (B, (x)\Z) 1 dt (h; f;)
s | a
m; (Br ()C)) m; (Br (x)) zx2
528i+f dt-(h)(fi-, fi-) +dt.(f)(-,-)
7Zx2

r

1 1
(m; xm;)

r r

1
T vy xmb <2
B, (x)*?

d(m! xml

<28 +4n;.

This shows that A; f; satisfies condition (3)(d) from Definition 1.12, with r < % instead of » < 1. Identical

arguments show that fl._lhl._1 also satisfy the corresponding properties in Definition 1.12. Conditions (1)
and (3)(b) for A, f; follow from the corresponding conditions for /; and f;.
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Notice that the proof of Lemma 6.4 still goes through if we replace 1 by % in (3)(d). In particular, by
Step 6, if we replace W; by W; N Bg, ( pil) for some sequence R; — oo diverging slowly enough, then
(3)(d) holds for r € [ 15, 1] as well, and the sequence /; f; is GS.

To verify the last claim, let (X/, dj, m/, p/) be pointed RCD(K, N) spaces and (pij : Xl.j — X/ U{x}
Gromov—Hausdorff approximations for j € {1, 2, 3}. Then by hypothesis, there are ¢; — 0 and sets
A{ cX IJ with j € {1, 2} having asymptotically full measure such that for x € Al.l, ye€ Al.2 one has

d(@? (%), fooi (X)), d(@}hi (), hoow?(Y)) < &i.

Then by Proposition 6.6, the sets A; := Ail N fi_1 (Aiz) have asymptotically full measure, and for all x € A;,
one has

d(@Phi £i(X), hoo foo! (X)) < d(@Ph; £i(x), hoo@? £ (X)) 4 d (hoo®? fi (), hoo foo! (x)) < 2¢;,

so h; f; converges weakly to fis foo- (Il

7. Construction of GS maps

In this section we follow [Kapovitch and Wilking 2011] closely in order to construct GS maps out of
RLFs of suitable functions. Specifically, Lemmas 7.1 and 7.7 are adaptations of Lemmas 3.8 and 3.6 of
[Kapovitch and Wilking 2011], respectively. Both proofs make heavy use of the estimates obtained in
Section 5.

Roughly speaking, Lemma 7.1 establishes that if a sequence of RCD spaces X; converges to a space
of the form R¥ x Y, and the universal covers X; converge to RF x Y, then any translation on the first
factor of R¥ x Y is a limit of GS maps f; : X ;= X ; which are lifts of maps X; — X; homotopic to the
identity Idy,. These maps are constructed via RLFs of the gradient vector fields of the §-splittings given
by Lemma 2.34.

Lemma 7.1. Let (X;, d;, m;, p;) be a sequence ofRCD(—:T, N) spaces,
pi 1 (Xi, di, @, pi) — (Xi, di, my, pi)

their universal covers, (Y, y), Y, $) a pair of pointed metric spaces, and a closed group T' < Iso(RF x Y)
that acts trivially on the R¥ factor with ?/ I' =Y. Assume the sequences (X;, p;) and ()N( i» Di) converge
in the pointed Gromov—Hausdorff sense to (R€ x Y, (0, y)) and (R* x Y , (0, y)), respectively, and the
sequence of groups w1(X;) converges to I'. Let ¢; : X, > Rkx YU (%}, 0 : Xi > R x Y U (%) be
the Gromov—Hausdorff approximations given by Theorem 2.31. Then for all s € R, there is a sequence
fi: [i,-, pil— [i,-, pil of deck type GS maps with (f;)« = 1dy, (x,), and such that f; converges weakly to
the map 5§ : RF x Y — RF x 17, where s(x,y) == (x +s, y).

Proof. Notice that by replacing ¥ by s* x Y, where s < R* denotes the orthogonal complement of s,
we can assume k = 1 and s > 0. By Lemma 2.34, there are §; — 0, R; — oo, and a sequence of
L(N)-Lipschitz functions hi € H“2(X;) such that

e Vh' is divergence free in B R (Pi),
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e for all r € [1, R;], one has
f [[IVA' > = 1| +|VVA ] dm; < 67,
Br(pi
o for all x € Bg,(p;), one has
d(h' (x), (i (x))) < &,
where 7 : R x Y — R is the projection.

Set Al : )?i —Rash:=h opi,and 7T : R x Y > Ras7:=7x op. By (2.32) one gets for x € Bg,(p;),
after possibly updating §; and R;, that

d(h' (x), 7 (@i (x))) < d(h' (pi (x)), (@i (pi (x)))) +d (7 (@i (p; (x))). 7 (p(F; (x))))
<4 +4;.
Then by Proposition 2.7 one gets, after possibly updating §; and R;, that

o Vh' is divergence free in By, (j;),
e for all r € [1, R;], one has

f (VAP = 1| +1V V'] dit; < 57,

B, (pi
o for all x € Bg, (p;), one has
d(h' (x), T (@i (x)) < 8. (7.2)

Set V; := sVii, X' : [0, 1] x X; — X, the corresponding RLF, and f; := X{. Forr > 1, and i large
enough, using the Cauchy-Schwarz inequality and Proposition 2.5(2), we have

1 1
f [/ MX4(|V%|)(X§(X))dt]dfﬁi(X)=/ [f MX4(|VVI'|)dﬁiii|dt
B,(p) LJo o LJxi5.G)

sc<N,s,r>f Mxa(|VV; ) df;
BV+J‘L(ﬁi)

<C(N,s, r)\/f Mx4(|VV;])? di;
Br+sL(ﬁi)
<C(N,s,r)é;. (7.3)
Set

1
U} = {x e X; 'f Mm(WMD(Xi(x))dtsJE},
0

and let U; C U/ be the density points of U;. From (7.3), the sets U; have asymptotically full measure. By
Theorem 1.5, for i large enough, U; consists of points of essential stability of X/, and hence of essential
continuity of f;. To verify part (2) of Definition 1.12, we notice that for all i we have

fi(B1(pi)) C BiysL(Pi).
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Applying Proposition 5.19 to the points in U;, we see that part (3)(d) of Definition 1.12 holds. The
corresponding properties for fl._1 follow by identical arguments applied to the reverse flow, so we get
that the maps f; are good at all scales and converge, by Lemma 6.4, to a measure preserving isometry
Joo 1R % Y — R x Y. It remains to show that foo coincides with the translation s.

For g e R x Y with d(q, (0,y)) < R, choose g; € U; N fi_l(Ui) converging to g, and n < %. Then,
for i large enough we have

an (qi )

1
/0 Vi(X (o) di — s

1
dm;(x) < s% U |IVh;| — 1](X§(x))dt} dm; (x)
Bn(i]i) 0

1
gs/ H }|Vh,~|—1\dt?1,}dt
0 X; (By(gi))

SC(N,R,s,n)f |IVhi| — 1] dw;
B

n+R+sL(Di)

<C(N,R,s, n)\/f |IVh;|> = 1|d;
Byt R+sL(pi)

<C(N,R,s,n)é;.

Hence, from the derivative formula [Deng 2020, Proposition 3.6], and using the fact that U; have
asymptotically full measure, we have

f max{d(f;(x),x)—s,0}dm;(x) < C(N, R, s, n)é;. (7.4)
By (gi)NU;

From Step 2 of Lemma 6.4, we know that for i large enough, d(f;(x), x) varies by at most 55 for
x € By(q;) NU;. Since n was arbitrary, (7.4) implies that

d(fo(q), q) :l_l_i)lgod(ﬁ(%)v%) <s. (7.5)

Similarly, by the definition of RLF, if n < 1,

1
f |(hi (fi (X)) — hi(x)) — s| dif; (x) 5sf [ f ||vﬁ,~|2—1|(X;'<x>>dr] dm; (x)
By (qi) By (gi) LJO

<C(N,s,R,n) -8

n

Then, as n was arbitrary, from (7.2) we get

7 (fooq) = 7 (q) = Tim [h; (fi(g1) — hi(gi)] = s. (7.6)
Since § is the only map R x Y>RxY satisfying (7.5) and (7.6), we get fo =S5. U

Lemma 7.7 gives another way of constructing GS maps. One needs a sequence of vector fields V; and
for each i a point x; of essential stability of the flow of V;. If one has enough control on the covariant
derivative VV; along the trajectory of x;, then after blowing up around x;, one obtains GS maps as the
endpoint maps of the flows of the vector fields V;.
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Lemma 7.7. Let (X;, d;, m;) be a sequence of RCD(—(N — 1), N) spaces, V; € L'([0, 11; H-3(TX))) a
sequence of piecewise constant on time, divergence-free vector fields, X' : [0, 1] x X; — X, their RLFs,
and x; € X; a sequence such that x; is a point of essential stability of X i and

1
f Mx(IVVi(O)I?)? (X[ (x)) dit = &;.
0
If e; — 0, then for all A; — oo, the sequence of maps
X X, xi = i Xi, X ()]
has the GS property.

Proof. For r < }‘, let
Al :={y € B,(x;) | X} (y) € B2 (X} (x;)) for all £ € [0, 1]}.

By Corollary 5.13 and Proposition 5.14, we have, for i large enough,

m; (B (X (x:))) < 2m; (B, (x;))- (7.8)
m; (AL) > (1 — C(N)&)m; (B, (x;)), (7.9)
Also, using (7.8) and Proposition 2.5(3),

1 1
fA/O Mxl/2<|vw<r)|)<x;(y))drdnu(y)=/O fi(A,)Mxl/zuvvi(r)D(y)dnu(y)dr
1
sC(N)/f M (VY OD () dmi(y) di
0 J By (X} (x:))
1
<o) /0 Mx1 2 (Mx1 21V Vi (D) (X' () dt

1
<C(N) f Mx(|V Vi ()23 (X! (x;)) dt
0

< C(N)g;. (7.10)
Let U;(r) be the density points of the set

1
{y € AL / Mx12(IVVi()D(Xi () dt < ﬁ}
0
By Theorem 1.5, the set U; (r) consists of points of essential stability of X’ for i large enough. From (7.9)
and (7.10), we have

w; (Ui (r)) = (1 = C(N) /&) m;i (B (x;)). (7.11)

Given A; — oo and r; — 0, by (7.11) and Theorem 2.1, if A;r; — oo slowly enough, the sets U; (r;) have

asymptotically full measure in the spaces (X;, A;d;, m;, x;). By Proposition 5.19, for y € U;(r;), r <1/,

we get

f dt, (XDd(m; x m;) < C(N)/er,
B, ()"
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verifying part (3)(d) of Definition 1.12. The analogue properties for )("_1 [ X, X‘i (x)] — i X, xi]
follow from an identical argument. Property (2) of Definition 1.12 follows from the definition of
essential stability. O

Definition 7.12. Let X be a geodesic space, p : Y — X a covering map, and ¢ : [0, T] x X — X be a
function such that for each x € X, the map ¢ — ¢(¢, x) is continuous, and ¢(0, x) = x. The [ift of ¢
is defined to be the unique map ¥ : [0, T] X Y — Y such that for each y € Y, the map ¢ — ¥ (¢, y) is
continuous, ¥ (0, y) =y, and p(y¥ (¢, y)) = ¢(t, y) forall t € [0, T].

Notice that if Y is the universal cover of X, then v is a deck type map with . = Id,, (x).

Proposition 7.13. Let (X, d, m, p) be a pointed RCD(—(N — 1), N) space, (?, d,m, D) its universal
cover,V e L'([0, T]; LX(TX)) a vector field satisfying the conditions of Theorem 2.39, X :[0, T]x X — X
its RLF, and V : [0, T] — L2 (T X) its lift. Then X : [0, T]1x X — X, the lift of X, is the RLF of V.
Moreover, if p is a point of essential stability of X, then p is a point of essential stability of X.
Proof. Let p : X — X be the projection. R.1 holds by construction. To verify R.2, notice that by linearity,
it is enough to check it for fe TestF(X) supported in a ball B C X sent isomorphically as a metric
measure space to a ball B = p(B). For such f, it induces a function f € TestF(X) supported in B with
f|l§, = foplz. Then R.2 holds for X and f since it holds for X and f by locality of (1.3).

To verify R.3, consider a Borel partition { Ej }ren Of X consisting of subsets sent isomorphically by p
as metric measure spaces to subsets of X. For a Borel set A C X ,and ¢t € [0, T], setting

Ao =ANENX Y (E),
and using that X satisfies R.3, we get

X (A) = Y BX (A)) = Y mX,(p(Ar.0))

k,eN k,teN
< Y Cmp(Arn) =) Cii(Arp) = CR(A),
k,LeN kL

and hence X is the RLF of V.

Now assume p is a point of essential stability. Let R > 1 be such that X ([0, T'] x {p}) C Br(p). By

Proposition 2.9, there is ry < 11—0 such that any two curves «, 8 : [a, b] = Byg(p) sharing endpoints and

at uniform distance < 10rg, are homotopic relative to their endpoints. Then for each ¢ € [0, T'], the ball
By, (f +(P)) is isomorphic as a metric measure space to By, (X;(p)), so for r < rg small enough one has

%ﬁ(Br(ﬁ)) < W(B, (X(p))) < M&(B,(p)) forallte[0,T].
By hypothesis, for r < ry small enough, there is A, C B,(p) with
m(A,) > %m(Br(p)), and X,(A,) C By (X;(p)) foralltel0,T].
Then if Ar C X denotes the intersection of the preimage of A, with B,(p), one has

W(A,) = $/(B,(5)), and X:(A,) C By (X:(p)) forallsel0,T]. O
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8. Rescaling theorem

In this section we prove the following result, following the lines of [Kapovitch and Wilking 2011,
Section 5].

Theorem 8.1. For each i, let (X;,d;, m;, p;) be an RCD(—— N ) space of rectifiable dimension n,
(X,, d,, m;, p;) be its universal cover, and define I'; := G(m(X;), Xl, pi, ). If (X;, p;) converges in
the pointed Gromov—Hausdorff sense to (R, 0) with k < n, then, after taking a subsequence, there are
sets ®; C By2(p;) such that w; (®~)/ml~(Bl/2(p,~)) — lasi — o0, a sequence \; — 00, and a compact
space (Y, y) such that Y # {x}, diam(Y) < and

10’
(1) for all x; € ©;, after taking a subsequence, (A X;, x;) converges to (R¥ x Y, (0, y1)) in the pointed
Gromov—-Hausdorff sense (y; may depend on the x;, but Y doesn’t), and, for any lift X; € B1,2(p;),
i =G(mi(Xi), A Xi, xi, 1),
(2) forall a;, b; € ©; and lifts a;, b; € B12(pi), there are sequences
hi 2 [ Xi, ai] = [Ai X, bil,
fi i [iXi, @il — Xy, bi
of maps with the GS property such that the f; are deck maps with (f;)« € (I';)« for all i, where
(T = {gs :m(X;) »> m1(X;) | g € Ty}

Lemma 8.2. Foreach N > 1, L > 1, thereare R > 1, § < —= 100, such that the following holds. If r <1,
(X,d,m, p) is a pointed RCD(—38, N) space with dgy ((r~'X, p), (R*,0)) <8, and fe HY2(X; R is
an L-Lipschitz function with f(p) = 0 such that V f; is divergence free in Bg(p) for each j € {1, ..., k},
and for all s € [r, R], one has

k k
f [ 3 |<ijl,Vf,-2>—8j1,j2|+Z|W(f,~>|2}dmsa.
By (p) ji.ja=1 j=1

Then:
(1) Forall xy, xy € Byge(p), and ry, 1y € [er (10F + 1)r], one has
i
m(By, (x1)) <2- o ~m(By, (x2)).
2

(2) Forall x € By, (p), if X : [0, 1] x X — X denotes the RLF of the vector field

k
== [V, (8.3)

Jj=l

then there is a set A C B,/10(x) of points of essential stability of X with

m(A) > im(B,/10(x)) and Xi(A) C Bys(p). (8.4)
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Proof. By replacing X by r~'X and f by r~! f, we can assume r = 1, and without loss of generality
we can also assume (X, d, m, p) is normalized. Arguing by contradiction, we get sequences R; — 00,
3; — 0, a sequence (X;, d;, m;, p;) of normalized RCD(—3§;, N) spaces for which (X;, p;) converges
to (R¥, 0) in the pointed Gromov—Hausdorff sense and L-Lipschitz functions f i e HY2(X;; R*) with
fi(pi) = 0 such that

. Vfii is divergence free in Bg,(p;) foreach j e {1,...,k},i € N,

e for all s € [1, R;], one has

k k
f [ > VLY ;;>—8j1,12|+2|vwf;>|2]dm,-sa,-.
Bs(pi)

Jt.j2=1 j=1
And for each i, at least one of the conditions (1) or (2) fails. Notice however, that (1) holds as by

Corollary 2.26, (X;, d;, m;, p;) converges to (R, d Rk, #*, 0) in the pointed measured Gromov—Hausdorff
sense. For a sequence x; € By (p;), let

k
e HC
j=1

and X’ : [0, 1] x X; — X; its RLF. Then, for s = (k 4+ 1) - 10FL? and i large enough,

fB ( f Z (Y FLL VL) — 11J2|<X’<y))drdm,<y>
1/10(x;)

Ji,2=1

- / f S UVFLL VL) =85 1) dmi(y) d
X{(Bij10(x)

J1.j2=1
k
m; (B (Pz)) f i i
VL VLY =8, 5,1(y) dm;
= B0 T /;Zlu Fivr VIR = 8| 0) dmi ()
< C(N, L)J;.
Then, from the definition of RLF,
fB o (X)) = O+ £ ] dmi(y)
1/10(X; k
stB D = FoD+ il dmi
j=1 " b1/l
<Zf ( |f;~<xl~)|/0 IV £717 = 1{(X[ () di dw; (y)
Bi10(xi)
k 1
+ > fB ( £}, (i) fo (Vi V)X () di dmi(y)
Jrojp=17 B0
J#

<C(N, L)é;.



2526 QIN DENG, JAIME SANTOS-RODRIGUEZ, SERGIO ZAMORA AND XINRUI ZHAO

From the last assertion of Lemma 2.36, | ' (y) — fi(x)] < 23—0 for all y € By/10(x;) if i is large enough,
so the set )
A} = {y € Bijiox) | IX{(0)] < 1}

satisfies m;(A})/m;(By10(x;)) — 1. Then by Corollary 1.8, if we define A; to be the points of A;
that are of essential stability of X i we get that m; (A4;) > %m,-(Bl /10(x;)) for i large enough, implying
condition (2); a contradiction. U
Lemma 8.5. For N > 1, L > 1, let § > O be given by Lemma 8.2. Then there are R > 1, Cyp > 1,
g0 > 0 such that the following holds. Let r < 1, (X, d, m, p) be a pointed RCD(—38, N) space with
dou(r=1X, p), (R¥,0)) <6, and f € H"*(X; R¥) an L-Lipschitz function with f(p) = 0 such that V f;
is divergence free in Bg(p) for each j € {1, ..., k}, and

k k
MxR( > |<ij1,ij2>—5j1,jz|+ZIVV(fj)|2)(p) <e?<el.

Ji,2=1 j=I1
For x € By, (p), let Vy be given by (8.3), and let X : [0, 1] x X — X be the RLF of V,. Then there is a
subset B, P (x) C B, )2(x) of points of essential stability of X satisfying

X1(B,(0) C B (p), 8.6)

(B () = (1 — Coer)m(Byn(x)). 8.7)
1

_ f / MV Ve P22P(X, () di dm(y) < Cosr: (8.8)
m(B,2(x)) Jp; ) Jo

Proof. Sets = (k+1) - 10FL%r and compute, provided R > 2s + 8,

1 1
f f Mxs(IVV, 723X, (y)) dt dm(y) = f f Mxy(|VV, 7?3 dm dt
By2(x) JO 0 JX(B2(x))

U
— m(B,2(x)) JB,(p)
_ m(By(p))

m(B,/2(x)) JB,(p)
< C(N, L) -Mx,(Mx4(|IVV, ¥ (p)
< C(N, L) -Mxg(]VVy[H)'*(p)

k

<C(N, L) Y1 fi0)PMxg(IVV £ 1) (p)

j=1
<C(N,L)-¢-r (8.9)

Mx4(|VV, [*?)?3 dm

Mx4(|VV, [*)?3 dm

Combining this with Theorem 1.5, if

Ao :={y € B,2(x) | y is of essential stability of X},

then
m(Ag) = (1 —C(N, L)er)m(B,2(x)). (8.10)
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From Lemma 8.2, if ¢ is small enough, there is a set A C B,/19(x) N A satisfying (8.4). By (8.9), there
is ¢ € A with fol Mx(|VV,])(X;(g))dt < C(N, L)er, and by Proposition 5.19, this implies

f dt,(1)d(m x m) < C(N, L)er?,
B, (q)*?
SO
f dt, (1) d(m x m) < C(N, L)er?.
AXAg

Hence there is y € A such that
f dt(1)(y, 2) dm(z) < C(N, L)er?, (8.11)
so we define e
By, (x) == {z € Ao | dt,(1)(y, 2) < r/10}.
Then for all z € B, 12(x) we have
d(X1(2), p) =d(X1(2), Xi(y)) +d(X1(y), p)
<d(z,y)+r/10+r/5
<r/2+r/104+r/104r/5 <,
s0 (8.6) holds. (8.10) and (8.11) imply (8.7), and (8.9) implies (8.8). O
Lemma 8.12. For N > 1, L > 1, let § > 0 be given by Lemma 8.2. Then there are R > 1, Co > 1,
g0 > 0 such that the following holds. Assume (X,d,m, p) is a pointed RCD(—6, N) space with

dou((X, p), (R¥,0)) <8, and f € H"*(X; RX) is an L-Lipschitz function with f(p) =0 such that V f;
is divergence free in Bg(p) for each j € {1, ..., k}, and

k k
MxR( > UV V) =8 nl+ Y |W<f,->|2) (p) <> <.
Jt.j2=1 Jj=l1
Assume p is an n-regular point with n > k and let

p = sup{r € 0, 1] | deu (-~ X, p), (R, 0)) = 8}.

Then there is a set G C B1(p) with
m(G) = (1 = Coe)m(Bi(p)),

a finite number of divergence-free on Biooc,(p) vector fields
Vi,..o, Vi € L'([0, 11; HE2(TX))
with ||Vi(t)lloo < Co forallt € [0, 1], j € {1, ..., m}, with RLFs
XL Xm0, x X — X,

and a measurable map 0 : G — {1, ..., m} such that for all y € G, y is a point of weak essential stability
of X', X\ (y) € B,(p), and

1
F [ Mx(9vin PP 0 di i) = Ce.
G JO
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Proof. We will show that for each r < 1, there is G, C B,(p) with
m(G,) = (1 = Coer)m(B:(p)),
a finite number of divergence-free on Bigoc,(p) vector fields
Wi, ..., Wy € L'([0, 1]; HE2(TX))
with [|W;(#)|loc < Cor forall t € [0, 1], j € {1, ..., m}, with RLFs
d' .., "0, 1] x X — X,

and a measurable map 6, : G, — {1, ..., m} satisfying that for all y € G,, y is a point of weak essential
stability of %™, @Y (y) € B,(p), and

1
f / (Mx(|V W, () (D)3 (@) (y) dt dm(y) < Coer.
G, JO

Clearly, the claim holds for r < p with G, = B, (p) and the zero vector field. Now we check that if the
claim holds for some » < 107, then it also holds for 10%r.
Choose {q1, . .., q¢}, a maximal r/2-separated set in By, (p). By Lemma 8.2.(1), one has

l l
> m(Bra(g) <27y " m(Bra(g)) < 2P m(B g (p)).
j=1 j=1

By Lemma 8.5, if ¢ is small enough and R is large enough, for each j € {1, ..., £} there is a divergence-free
vector field W; € Hp2(TX) such that |W[|os < C(N, L)r, with RLF

O/ [0,1]x X — X,

and a set B/ 12(q;) of points of essential stability of ®/ such that 5‘{ (B’ 12(q;)) C B,(p), and

r

m(B,5(q;)) = (1= C(N, L)er)m(B,2(q;)),

1 1 o N
R Mx(IVW ;13/2)2/3 (Dzj did CN. Dyer.
m(B,2(q;)) /B )/0 X(IVW;[79)72(@; (y)) dt dm(y) < C(N, L)er

r/z(‘Ij
Set ‘ o
Giotr 1= Biow (p) N U (B 2(g)) N (BD (G ).

j=1

Then

4
(G ) = M(Byoer(p)) — Z(m(Br/Z (/) —m(By5(q;)) +m(B,(p)) —m(G,))
=1
J(i
> m(Byg (p) — Y _(C(N, Lyerm(B,2(g))) + 2 Coerm(B,2(q))))
j=1
> (1=2"(C(N, Lyer + 2" Coer))m(B g, (p))

> (1 — Coel10F r)m(By o, (p)),
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provided Cy was chosen large enough, depending on N and L. For each y € G, set V) as follows: let
j €{l,..., £} be the smallest index for which y € B//z(%) N ((@’) 1(G,)). Then define
Vo 2W; ift € [0, 1)
y\h) = : 1
2W, iy 2t =1 ifref3 1],

Notice that || Vy(7)]looc < max{C(N, L)r,2Cor} < Col0%r forall ¢ € [0, 1], provided Co was chosen large
enough. Set W~ be the RLF of V,, and set

j—1
B;//z(%') =G N B;/z(%’)\ Ul B;/z(q(x)-
o=
Then

f f Mx(|VV, P53 (W) (v)) dt dm(y)

14

1 / /1 3/242/3 (Y
<— Mx(IVVy [/ (7 (1)) dt dm(y)
m(Biot(P) =SBy ’ f
j= /231
¢
1
< —————» (C(N, L)erm(B,2(¢;)) + 2> Coerm(B,/2(¢)))
m(B1gt, (p) ;( T 724)
< Coel0Fr,
again provided Cy was chosen large enough, depending on N and L. U

Proof of Theorem 8.1. By Lemma 2.34, there are sequences §; — 0, R; — 00, and a sequence of
L(N)-Lipschitz maps h' € H"“2(X;; R¥) with hi(p;) =0 for all i, Vhi. divergence free in B, (p;) for
each j € {1, ..., k}, and such that if

k
Z (VRS V) =85, 5+ Y IVVRE?

J1j2=1 j=1

f uidm; < 51-3.
Br(pi)

Set ®; :={x € By,2(p;) | x is n-regular, Mx(u;) < 51.2}. By Proposition 2.5(1), m; (©;) /m; (B;,2(p;)) — L.
Notice that, possibly after modifying §; and R;, we may assume

then for all r € [1, R;], one has

Mxg, (u;)(x) <87 forall x € ©;.
For 6 < W%o given by Lemma 8.2, set

A = inf inf{A > 1| dgy ((AX;, x), (Rk 0)) > 8}.

xe®;

First we check that A; is finite. Fix i € N and take z € ®;. Since z is n-regular, as A — oo the distance
der((AX;, z), (R, 0)) converges to dgy (R, 0), (R¥,0)) > 8, so A; < 0o.
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Now we show that A; — oo. If after passing to a subsequence, the sequence A; converges to a number
Aso € [1, 00), then for any choice of x; € ®; the sequence (X; X;, x;) converges to (Ao RK, 0) = (R¥, 0)
in the pointed Gromov—Hausdorff sense. However, by the definition of A; there are y; € ®; with
deg (i Xi, yi), (R*, 0)) > &/2; a contradiction.

We claim there is a sequence (; — oo with the property that for all x; € ®;, and any lift X; € By 2(p;),

i =G(mi(X,), Xi, &, 1)) = G(m1(X:), Xi, %, i) (8.13)
Otherwise, by Corollary 2.55, after taking a subsequence, there would be a sequence

ri € o(m(Xy), Xi, %) N[1/A;, M] for some M > 0.
After again taking a subsequence, by Lemma 2.36 and Proposition 2.33, we can assume (r;lx i Xi),
(ri_lf,-, X;) converge to (R* x Z,(0, 2)), (R* x 2, (0, 2)), respectively, for some spaces Z, 7 with
diam(Z) < 1—10 (see Remark 2.20) in such a way that the sequence I'; converges equivariantly to some
group I' < Iso(RF x Z) that acts trivially on the first factor and such that Z /I'=Z. By Lemma 2.56,
r< % for all r € o (T"), but by construction 1 € o (I';, ri_l)? i» X;) for all i, contradicting Proposition 2.52
and proving (8.13).

Let x; € ®; be such that
inf{A > 1| dgu (X, x), (R, 0)) = 8} < 4 + 1.

After passing to a subsequence, by Lemma 2.36, we can assume (; X;, x;) converges to (Rf x Y, (0, y))
for some compact space (Y, y) with diam(Y) € (0, %]

For a;, b; € ©;, let G(a;) C Bi(a;), G(b;) C Bi(b;) be the sets given by Lemma 8.12, and let
U; := G(a;) N G(b;). Notice that for i large enough we have

max{m;(B1(a;)), m;(B1(b;))} < C-m;(U;) for some C(N).

For each y € U;, let Vy', V;”' e L'([0, 1]; Hé:f(TXi)) denote the vector fields given by Lemma 8.12,
define Vy, € L'([0, 1]; H'*(TX;)) as

Vo) e {—2vy‘”(1 —2t) ifref0,1],

U 2w ifreli],
and let X7 : [0, 1] x X; — X; be its RLF. Then there are measurable maps
ViU — L¥([0, 11; HEX(TX:))
with finite image such that, for all y € U;, V, is a divergence-free on Bigoc(v)(p;) vector field with
|Vy(#)llooc < C(N), there is a point y" € By, (a;) of weak essential stability of X with Xf (') € Biy, (by),
and q
f / Mx(VV, ()23} () di dmi () < C(N)S:.
u; Jo

This implies there is a sequence y; € By, (a;) and vector fields W; € L'([0, 17; Hé’i(TX,»)) with RLFs
X':[0,1] x X; = X; such that y; is a point of weak essential stability of X, X‘i (i) € By, (b;), and

1
/ Mx(|VW; (0)**)?3 (X! (i) dt < C(N)8;.
0
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By Proposition 5.21, y; is a point of essential stability of X’ for i large enough, so by Lemma 7.7, we
get a sequence of GS maps h; : [A; X;, a;] — [A; X;, b;]. This implies, by Lemma 6.4, that the pointed
measured Gromov—Hausdorff limit of the sequence (A; X;, a;) does not depend on the choice of a; € ©;.
By Propositions 2.7, 7.13, and Lemma 7.7, for lifts a;, l;,- € Bi2(pi), we also get a sequence of deck
type GS maps f/ : X, a]— X, b1 with (f/), =1Idy, (x,) for some b; in the preimage of b; with

d(@;, b)) < C(N) (8.14)

and such that (f/), = Idy, (x,). From (8.13) and (8.14), there are g; € I'; with g; (b)) = b;. Composing f/
with g;, we get a sequence of deck type GS maps f; : X, ai1— (7 X:, b;] with (fi)s=(g)+e )y O

9. Proof of main theorems

We now prove Theorem 1.14 by reverse induction on k. This is done by contradiction; after passing to a
subsequence, we assume the following.

Assumption 9.1. There is a sequence of integers & — oo such that no subgroup of I'; of index < &;
admits a nilpotent basis of length < n — k respected by (f j,i)i" ' for each jefl, ..., ¢}

The base of induction consists of Proposition 9.2. The induction step is first proved assuming that
the sequences f;; converge to the identity and Y # {x} (Proposition 9.3). Then we drop the assumption
that the maps f;; converge to the identity (Proposition 9.4), and the last step consists on dropping the
assumption Y # {x} (Proposition 9.5).

After taking a subsequence we may assume (X, pi) converges to a space (RF x Y, (0, y)) and T;
converges equivariantly to some closed group I" < Iso(R¥ x 17), which by Proposition 2.33, acts trivially
on the R¥ factor. By Corollary 2.27, Y splits as a product R" x Z for some compact space Z, and by
Corollary 2.65, I'/ I'g has an abelian subgroup of finite index generated by at most m elements. After
passing to a subsequence, by Lemma 6.4 we can also assume that for each j € {1, ..., ¢}, f;; converges
weakly to an isometry fj o : R x ¥ — RF x V.

Proposition 9.2. Theorem 1.14 holds if k = n.
Proof. By dimensionality, Y is trivial and so is T. By Lemma 3.2, the sequence I'; is trivial as well. [

Proposition 9.3. In the induction step, Assumption 9.1 leads to a contradiction if Y # {*} and f; oc =
Idpe 7 forall j.

Proof. Let vy, ..., v, € " be such that {v I, ..., v,[o} generates a finite index abelian subgroup
of '/ T'y. For each j € {1, ..., m} pick u); e I'; with w; — v}, and define Y; < I'; to be the subgroups
given by Theorem 3.1. Then from the proof of Theorem 3.1 one has, for i large enough, that

« (13, wi, ..., wl ) is a finite index subgroup of T,
. [wz-l, wz-z] e Y; for Ji, ja€{l,...,m}.
Furthermore, as f;; — Idg«, 7 for each j € {1, ..., £}, we also have

o [fjis w;l] e Y; forall j; e {1,...,m} and large enough i.
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Case 1: The sequence [I'; : Y;] is bounded.

By Lemma 2.57 and Proposition 2.58, there are characteristic subgroups H; <I'; contained in Y; such
that the sequence [Y; : H;] is bounded. After slightly shifting the basepoints p;, we may assume y is an
a-regular point of Y. Let A; — oo so slowly that

e (M Xi, pi) — (R 0) in the pointed Gromov—Hausdorff sense,

o fii: [)\,-i,-, pil— [)\;ii, pi] still is GS and converges to Idgm+e,

o lim;_ o SUp o (Hi, A X;, pi) < 00.

By Proposition 2.33, any pointed Gromov-Hausdorff limit of A X /Hj, [pi]) splits off R¥*% and as
H; «T'; is characteristic, it is preserved by (f; ;)« for each j, so the induction hypothesis applies to the
spaces (X-/H,-, Aid;i, m;, [p;]), contradicting Assumption 9.1.

Case 2: After passing to a subsequence, [['; : T;] — oo.

Foreach j € {l,...,m},setI'; ; := (1}, wj., R w,"n) and I'; 41 :="1;. Let jo € {1, ..., m} be the
smallest number such that, after passing to a subsequence, we get [I'; j, : I'; j+1]1 — 00, and let F; =T
Y/ :=T; j,+1. Notice that by our choice of w;’s, Y/ is normal in I}

Let X! := fi/Tlf, p; € X! the image of p;, and fr41; := wz.o € Iso(X;). After taking a subsequence,
we can assume (X, p.) converges to a space (R x ¥, (0, ")), Y/ converges to a closed group Y’ < T,
and I'} converges to a closed group I'" < T" with [I" : T'] < oo. By Theorem 3.1, [I"" : Y'] = o0, so the
group I’/ Y’ is noncompact.

Since T/’ acts on Y’ with compact quotient ¥/ I”, Corollary 2.27 applies, and since I/’ is
noncompact, Y’ contains a nontrivial Euclidean factor. Therefore the induction hypothesis applies to the
I, p)), the groups Y/, and the maps f;; for j € {1,..., £+ 1} (as fj; = Idp,7,
(f}.i)« preserves Y;). This means there is C > 0 and subgroups G; < Y/ such that, for i large enough,

- [Y]: G}l <C.

sequence of spaces (X

« G/ admits a nilpotent basis B/ of length <n —k —1,
o (f;.0)S respects ] for j e {1,..., £+ 1}
By Lemma 2.57 and Proposition 2.58, we can assume G is characteristic in Y/. Then we define

G, := (G}, fﬁ?}). Notice that G; admits the nilpotent chain f; obtained by appending fﬁf’); to B;. From

the fact that [ f;;, fey1,i] € Tl./ for j € {1, ..., £} and Proposition 2.61, we have that (fj’,')f! respects
for j € {1, ..., ¢}. Finally, the sequence

[T;:Gil=I[T;: T/ : Gl < [I; : T/120)!C
is bounded, contradicting Assumption 9.1. U
Proposition 9.4. In the induction step, Assumption 9.1 leads to a contradiction if Y # {x}.

Proof. Fix j € {1,...,£}. Then f;(0,¥) = (s,y') for some s € RK, y' € Y. By Proposition 6.8,
after composing f;; with maps given by Lemma 7.1, we can assume fj (0, y) = (0, y’). Since I'
acts co-compactly on Y, there is a sequence y, € I' such that the sequence f Jff (0, y)) is bounded.
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As Iso(R* x Y ) is proper, there is a sequence v, — oo such that f }),aoo (»,) 1s a Cauchy sequence in
Iso(R* x Y ). This implies that the sequence

Vi) ™ S Vo) = (7 T O e D W)

converges to Idp, 7.

Set g i= Voi1 — Vg, g i= [(f}fgo);l(yv;l)](va), and choose g, ; € I'; such that g, ; converges
to g as i — 0o0. By Proposition 6.8 and a diagonal argument, if a function i +— «(i) diverges to
infinity slowly enough, the maps f}flf’ga,,- : [)N(i, pil — [i,-, pi] are GS and converge to Idp, 7. By
Proposition 2.62, if a function i — «/(i) diverges slowly enough, we can replace f;; by f J’.f i 8a,i and
still have Assumption 9.1. By doing this independently for each j, we can assume f; oo = Idps, ¢ for all
j €{l,..., £} and Proposition 9.3 applies. (Il

Proposition 9.5. In the induction step, Assumption 9.1 leads to a contradiction.

Proof. After rescaling down each X; by a fixed factor, we can assume f; o displaces (0, y) at most 1/10.
If Y = {*}, let A; and ©®; C By ,2(p;) be given by Theorem 8.1, and O; C B1,2(p;) their lifts. For each
jefl,.... £}, let W}’i C X, be the sets obtained by applying Proposition 6.7 to each f;;, and set

W,’ = (:)i N m WJll
J

Then for large enough i, we can take a; € W; such that f;;(a;) € W; for each j. Let
®ji: % X, fiita)] — 1 Xi, ai

be the maps given by part (2) of Theorem 8.1. By Remark 2.59 and Proposition 2.62, if we replace f;;
by ¢, ; f;.i, we still have Assumption 9.1. Then by part (1) of Theorem 8.1, Proposition 9.4 applies to the
spaces (A; X;, a;) and the GS maps ¢; ; f;; : [)»X,-, a;]l — [)\,-i,-, a;]. O
Proof of Theorem 1.1. Assuming the result fails, there is a sequence (X;, d;, m;, p;) of pointed RCD(K, N)
spaces, ¢; — 0, and integers & — oo, such that if H; < m(X;, p;) denotes the image of the map
w1 (Bg; (pi), pi) = m1(X;, p;) induced by the inclusion, then no subgroup of H; of index < &; admits a
nilpotent basis of length < n.

Taking the pointed universal covers (% iy Ji, m;, p;), for each i one can identify H; with a subgroup of
Gori (X)), ii, Di, 2¢&;). After taking a subsequence, we can assume (X;, p;) and (fi, pi) converge in the
pointed Gromov—Hausdorff sense to spaces (X, p) and ()’Z , ), respectively, and the sequence 71 (X;)
converges equivariantly to a closed group of isometries G < Iso()N( ).

Let K < G be the stabilizer of p, and let m be the number of connected components of G it intersects.
Fix ¢ > 0 such that the set {g € G | d(dp, p) < 2¢} intersects the same m connected components of G
as K, and define

H{:=({g e mi(X;) | d(gpi, pi) < ¢€}).

After taking a subsequence, we can assume H/ converges equivariantly to a closed group H' < G, and let
Y; < H/ be given by Theorem 3.1. Then for i large enough, H; < H; and by Theorem 3.1, [H : Y;] < m.
Hence no subgroup of Y; of index < &;/m admits a nilpotent basis of length < n.
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Pick g € B(p) a k-regular point, g € B (p) alift, and g; € B;(p;) converging to g. If we equip 71 (X;)
with the metric d(‘f " from (2.29), then for any g € Bs (Idg,) with § < 1 one has d(gg;, ¢i) < 8. Hence for
all § < 1 we have

Bs(ldg,) C {g € mi(Xi)|d(ggi, gi) < 3} 9.6)

For a sequence 6§; — 0, define I'; := G (1 (X)), fi, gi, ;). By (9.6) and Theorem 3.1, if §; — O slowly
enough, for all i large we have Y; < I';. Finally, consider a sequence A; — oo diverging so slowly that
Aié; — 0, and such that (A; X;, ¢;) converges to (R¥, 0) in the pointed Gromov—Hausdorff sense. Then
I, =463, )\,-g,-, gi, 1), contradicting Theorem 1.14 with £ = 0. |

Finally, we point out that the proof of Corollary 1.15 is the same as of Theorem 1.1 almost verbatim.
The only differences are that the contradicting sequence a priori converges to (X, p), and the nilpotent
bases we are seeking are of length < n — k instead of < n.
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