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CONTINUOUS SYMMETRIZATIONS AND UNIQUENESS
OF SOLUTIONS TO NONLOCAL EQUATIONS

MATIAS G. DELGADINO AND MARY VAUGHAN

We show that nonlocal seminorms are strictly decreasing under the continuous Steiner rearrangement.
This implies that all solutions to nonlocal equations which arise as critical points of nonlocal energies
are radially symmetric and decreasing. Moreover, we show uniqueness of solutions by exploiting the
convexity of the energies under a tailored interpolation in the space of radially symmetric and decreasing
functions. As an application, we consider the long-time dynamics of a higher-order nonlocal equation
which models the growth of symmetric cracks in an elastic medium.

1. Introduction

In [Carrillo et al. 2019], Carrillo, Hittmeir, Volzone and Yao used continuous Steiner symmetrization to
show that all critical points of

1 1
Elpl = ﬁllpllip(w) + sz/np(x)p(y)w(x —y)dxdy -1

local repulsion nonlocal attraction

are radially symmetric and decreasing as long as W : R" — R is isotropic and attractive, meaning
W (z) = w(|z]) with w’ > 0. Noticing that the nonlinear aggregation-diffusion equation

9o =Ap? +V - (o0VW=xp) inR"x(0,T) (1-2)

is the gradient flow of £ in (1-1), they were able to conclude that all steady states of (1-2) are radially
symmetric and decreasing; see also [Carrillo et al. 2018; Huang et al. 2024] for the extension of this
result to more singular potentials. Nonlocal attraction-repulsion of interacting particle models have
recently garnered a lot of attention in the mathematical community, noting in particular the case of the
Patlak—Keller—Segel model [Blanchet et al. 2006; Dolbeault and Perthame 2004; Yao 2014]. Under
an appropriate scaling limit, these models converge towards the higher-order degenerate Cahn—Hilliard
equation [Topaz et al. 2006; Delgadino 2018; Carrillo et al. 2024; 2025; Elbar and Skrzeczkowski 2023],
where the local repulsion potential is given by the Dirichlet energy or the H'! energy.

The main aim of this paper is to extend the methods in [Carrillo et al. 2019] to more singular nonlocal
equations. More specifically, we consider the models that arise when the repulsion potential energy is

MSC2020: primary 35C06, 35G20, 35R11; secondary 35B40, 74G30.
Keywords: continuous Steiner symmetrizations, nonlocal seminorms, fractional thin-film equation, higher-order equations.
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given by a fractional Gagliardo seminorm

_ p
L1y oy = / / @ =fON (13)

eyl

with s € (0, 1). In the case p =2, we define H® := ws2,
As an application, we study the long-time behavior of the fractional thin-film equation

du —div™V(=A)u) =0 inR" x (0, T), (1-4)

where m € R and (—A)* denotes the fractional Laplacian of order 0 < 2s < 2. It was recently proved
by Lisini that (1-4) with m =1 is the 2-Wasserstein gradient flow of the square of the H* seminorm up
to multiplying by an explicit constant depending on dimension n and s € (0, 1); see [Lisini 2024]. For
m # 1, interpreting (1-4) is an open problem; we reference [Dolbeault et al. 2009] for m € (0, 1). This
equation arises as a model for the propagation of symmetric hydraulic fractures in an elastic medium; see
below for more details.

We finally bring attention to the fact that modeling attraction and repulsion isotropically does not
necessarily imply radial symmetry of steady state solutions. When the repulsion potential is nonlocal
there are several examples of nonradial energy minimizers; see for instance [Kolokolnikov et al. 2011].

1.1. Symmetric decreasing rearrangements. Symmetric rearrangements are invaluable tools in the study
of symmetry of solutions to partial differential equations. Thanks to the famous inequalities of Riesz
[1930], Pdlya and Szegd [1951], Almgren and Lieb [1989], see also [Lieb and Loss 2001; Burchard
2009], we know that the absolute minimizer of many physical energies needs to be radially symmetric
and decreasing. Hence it follows that ground state solutions associated to partial differential equations
that arise as first variations of these energies need to be radially symmetric and decreasing. However, this
does not imply directly the symmetry of nonminimizing critical points, if they exist.

Continuous symmetrizations provide a useful way to deal with critical points; see [Kawohl 1989]. The
continuous Steiner symmetrization f7, 0 < 7 < 00, is a continuous interpolation between the original
function f and its Steiner symmetrization; see Figure 1. We write the precise definition with more details
in Section 2. Brock [1995; 2000] used this method to show radial symmetry of any positive solution to
the nonlinear p-Laplace equations. More recently, Carrillo, Hittmeir, Volzone, and Yao [Carrillo et al.
2019] revisited this technique to show symmetry of steady states of isotropic aggregation equations;
see also Proposition 3.1 below. We further mention that the continuous Steiner symmetrization is used
in [Bonacini et al. 2022] to establish a discrete isoperimetric inequality in R? for Riesz-type nonlocal
energies.

Our first main result is that the Gagliardo seminorms are decreasing under continuous Steiner sym-
metrizations. It is well known that the Gagliardo seminorms (1-3) are the natural energies associated
to fractional p-Laplacians and thus are linked to free energies arising from fractional equations, such
as (1-4). They also arise in game theory [Caffarelli 2012], anomalous diffusion [Metzler and Klafter
2000], minimal surfaces [Caffarelli et al. 2010], to name only a few. We refer the reader to [Di Nezza
et al. 2012] for more on fractional Sobolev spaces and fractional p-Laplacians.
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Figure 1. The continuous Steiner symmetrization f* for 0 < 7; < 1, < oo as it interpolates
between the function f and its Steiner symmetrization Sf.

Theorem 1.1. Let 0 <s < 1 and 1 < p < co. For any positive [ € L'(R™) N C(R") that is not radially
decreasing about any center, there are constants y = y(n,s, p, f) > 0 and t9 = ©p(f) > 0 and a
hyperplane H such that

[f ]Wv PRy = [f]Wv P(R") bl for all0 <71 =1, (1'5)
where f7 is the continuous Steiner symmetrization of f about H.
Our result extends to a more general class of kernels as highlighted in the next remark.

Remark 1.2. As a direct consequence of the proof, Theorem 1.1 holds for any fractional seminorm of

// If(x)—f(y)ll’dxdy’
nJre  K(lx—y))

where K : [0, co) — [0, oo] is increasing.

the form

To recover the corresponding local results as s — 1~ and s — 0, one must normalize the energy by
multiplying (1-5) by s(1 — s); see [Bourgain et al. 2001; Maz’ya and Shaposhnikova 2002]. We will
showcase in Remark 3.6 that the constant ¥ = y (s) in Theorem 1.1 remains strictly positive and bounded
as s — 01, 17. Consequently, s(1—s)y — 0as s — 0", 17. Regarding s = 0, it is known that continuous
Steiner symmetrizations preserve the L” norms; see [Carrillo et al. 2019]. As for s = 1, we have the
following.

Corollary 1.3. Let | < p < co. For any nonnegative f € L'(R") N C(R") that is not radially decreasing
about any center, there is a constant tg = to(f) > 0 such that

[f Wl p(Rn) — f]Wl p(R") for all 0 S T S f()

Consequently,
[f Lipwy < [flLipwny forall0 <t < 1. (1-6)
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The control on the Lipschitz norm in (1-6) was first established by Brock [1995, Theorem 11] for a
different variant of continuous Steiner symmetrizations but can be adapted to our setting. We echo his
observation in Remark 8 of the same work, which states that Lipschitz continuity is the best regularity one
can expect under continuous Steiner symmetrizations as kinks can form when symmetrizing a C' function
that is not quasiconvex. The inequality in Corollary 1.3 is not strict as a simple counterexample can be
constructed using that the norm is local; see Example 4.9.

Since Steiner symmetrizations are rearrangements in R” with respect to a single direction, the proof of
Theorem 1.1 relies on a corresponding one-dimensional result for characteristic functions (see Lemma 3.4).
In fact, the definition of continuous Steiner symmetrization of a set (and hence a function) is understood
first in terms of open intervals, then finite unions of open intervals, and lastly infinite unions. Accordingly,
we have found it insightful to make a special study of those functions whose level sets can be expressed
as a finite union of open intervals, also known as good functions. We establish an explicit version of
Theorem 1.1 for good functions. Here, we will explain the simplest setting and delay the detailed result
until Section 4.

Let p =2 and consider a function with a simple geometry, that is, a positive function f : R — R whose
level sets are each a single open interval. In particular, for each 4 > 0, there are at most two solutions
to f(x) = h, which we denote by x_ = x_(h) and x; = x4 (h). Note that if f is radially decreasing,
then each level set (x_, x) is centered at the origin. We use a continuous Steiner symmetrization with
constant speed towards the origin:

xL =xy—tsgn(xy +x_) forall0<rt < %|x++x_|. (1-7)

The energy [ f T]%]A.(R) is a double integral involving f* over the spatial variables x, y € R. Formally, we
can make a change of variables to write the energy instead as a double integral involving x} and y} over
the heights 4, u > 0, where f*(xy+) =h and f*(y+) = u; see Lemma 4.14. With this, we can write the
derivative of the energy for f* in terms of the level sets of f as

d[fr]%.lv(R)
dt

o0 o0
= Cs/ / (sgn(xy+x_)—sgn(ys+y-))
0 Jo
o [Sgn(er —y4)  sgn(xy—y-) sgn(x——yq)  sgn(x_—y-)
Xt =y x4 —y_|? Ix— —y4[? |x_ —y_|?

In the integrand, we see the derivative in T of (1-7) multiplied by an antiderivative of the kernel at the

=0

]dh du.

endpoints of the corresponding level sets. We will show in the proof of Proposition 4.10 that this product
is negative when the level sets (x_, x;) and (y_, y4) are not centered. We should note that a different
expression for the derivative can already be found in [Carrillo et al. 2019, (2.23)] for more regular kernels.
In Section 4, we also write an explicit formula for the derivative d/dt|V f* |€ »; see Proposition 4.6 and
Corollary 4.7.

1.2. Uniqueness. Uniqueness of critical points within the class of positive and fixed-mass functions
does not follow immediately from the fact that these are radially symmetric and decreasing. For the
specific case of the nonlinear aggregation equation (1-2), when p € (1, 2) one can construct an ad hoc
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isotropic attractive interaction potential such that there are an infinite amount of steady state solutions; see
[Delgadino et al. 2022, Theorem 1.2]. On the other hand, in the case p € [2, 00), [Delgadino et al. 2022]
also shows uniqueness of critical points by introducing a height function interpolation curve over radially
symmetric profiles and showing that the associated energy (1-1) is strictly convex under the interpolation.
See Section 5 for definitions and details.

We show that the square of the H® seminorms are strictly convex under the height function interpolation.

Theorem 1.4. Fix 0 < s < 1. Let fy, f1 € C(R") be two distinct, nonnegative, symmetric decreasing
Sfunctions with unit mass, and let { f;}:c[0,1] be the height function interpolation between fy and f1. Then

2
[ = ||ft||1-1s(u;gn)

is strictly convex for all 0 <t < 1.

The uniqueness of solutions to fractional Laplace equations is a deep and active area of research;
see for instance [Frank and Lenzmann 2013; Frank et al. 2016; Chan et al. 2020; de Pablo et al. 2011;
Viazquez 2014; Cabré and Sire 2015; Bonforte et al. 2017; Caffarelli and Silvestre 2009]. Currently, the
methods to show uniqueness within the class of radially symmetric states are quite involved and at times
only address the uniqueness of global minimizers and not of general critical points [Frank and Lenzmann
2013; Frank et al. 2016]. The spirit of Theorem 1.4 is to try to simplify the theory, when possible.

The uniqueness methods presented here do not cover the general Gagliardo seminorm W*? for p # 2.
Still, we are able to show the convexity under the interpolant of W7 seminorms for p > 2n/(n+ 1); see
Proposition 5.2. Moreover, we also cover the case of the potential energy when the potential is radial and
increasing, which we use in the next section; see Proposition 5.4.

1.3. Application to fractional thin-film equations. As an application of Theorems 1.1 and 1.4, we study
the uniqueness of stationary solutions and the long-time asymptotic of fractional thin-film equations given
by (1-4). The fractional thin-film equation with exponent s = % and mobility m = 3 was originally derived
to model the growth of symmetric hydraulic fractures in an elastic material arising from the pressure
of a viscous fluid pumped into the opening; see the original references [Geertsma and De Klerk 1969;
Zheltov and Khristianovich 1955]. A practical man-made application of this phenomenon is commonly
known as fracking, which enhances oil or gas extraction from a well. In nature, this process occurs in
volcanic dikes when magma causes fracture propagation through the earth’s crust and also when water
opens fractures in ice shelf.

Nonetheless, due to the nonlocal and higher-order nature of this equation, there is a striking lack of
mathematical analysis regarding solutions to fractional thin-film equations. Indeed, (1-4) is an interpolation
between the second-order porous medium equation (s = 0), see [Vdzquez 2007], and the fourth-order
thin-film equation (s = 1), see [Bertozzi and Pugh 1994; Otto 1998]. We mention that the study of
self-similar solutions was first started by Spence and Sharp [1985], but rigorous existence of solutions
was only recently shown by Imbert and Mellet [2011; 2015].

Even more recently, Segatti and Vazquez [2020] studied the long-time behavior of (1-4) with linear
mobility m (1) = u by studying the rescalings of Barenblatt [1962]. Namely, if « is a solution to (1-4), we
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consider v defined by the rescaling

u(x,t) =

X . n
(1+1)° v((l oy leed “)) in R" > (0, T,

where «, B > 0 are given explicitly by
n 1
a=— Bf=—""-:
n+2(1+s) n+2(1+s)

The function v = v(y, t) satisfies the rescaled equation

o= (om(coreen)
v=V-[(vV, (—A)v—i—ﬂT , (1-8)

which contains an extra confining term. Under an extra qualitative assumption on the integrability of the
gradient, Segatti and Vazquez [2020, Theorem 5.9] showed that v converges as T — oo to a solution of

{(—A)Sv =Y hixp (v) — 1Bly[> in supp(v) C R”,

1-9
v=>0 in R", (1-9)

where P; are the connected components of supp(v) and A; are the corresponding Lagrange multipliers,
which can change from one connected component to another.

As is the case for higher-order equations, like for instance the classical thin-film equation, uniqueness
results that do not assume strict positivity of the functions are rare. We mention the work of Majdoub,
Masmoudi and Tayachi [Majdoub et al. 2018] as one of the few available examples on uniqueness of
source solutions to the thin-film equation. With respect to the problem at hand, Segatti and Vazquez
showed the solution to (1-9) is unique under the extra assumption that the solution has a single connected
component. In this work, we instead use the rearrangement techniques described above to show that the
solution to (1-9) is first radially symmetric and then unique by using Theorems 1.1 and 1.4, respectively.

Theorem 1.5. Fix0 <s < % and let v e C%Y(R") be a compactly supported solution to (1-9); then v is
radially decreasing. Moreover, up to scaling, it is uniquely given by

1
v() = (1= Ax )", (1-10)

where ). > 0 and k = 4T (s + 2)I" (s + %n)/ F(%n)
Remark 1.6. The function v in (1-10) belongs to C!**; hence the Lipschitz assumption in Theorem 1.5

is natural, but it is not currently known.

Following [Lisini 2024] (see also [Otto 1998]), (1-8) is the 2-Wasserstein gradient flow of the energy
functional

£) = a0l + 1P /R o)y, (1-11)

where ¢, ;s > s(1 —s) > 0 is a normalizing constant, depending only on n € N and s € (0, 1), such that
c,,,s[v]2 s = ((=A)v, v) 2y Hence any steady state is a critical point of (1-11). By Theorem 1.1, we
can show that if v is not radially decreasing, then (1-11) is decreasing to first-order under continuous
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Steiner symmetrization. However, notice from Figure 1 that f* does not necessarily preserve the support
of f, which we need for the proof of Theorem 1.5 since (1-9) is only satisfied in supp(v). To address this
issue, we slow down the speed of the level sets near the base of the solution v. In particular, for 4 > 0, if
x4+ = x4 (h) are the boundary of the superlevel set { f > h}, then we replace (1-7) with

xL =xp —Tsgn(xy +x_) min{l, :_0}
for some small, fixed /o > 0. Unlike (1-7), the perturbation only makes sense for superlevel sets. The
regularity assumption on v ensures that the perturbation is well-defined, as in general level sets can fall,
see Figure 5. This idea first appeared in the work of Carrillo, Hittmeir, Volzone, and Yao [Carrillo et al.
2019] and is fundamental for these types of free boundary problems.

We should note that our uniqueness result does not complete the full characterization of the long-time
asymptotic of the fractional thin-film equation. Our methods only cover the range s € (0 ) and require
a Lipschitz regularity assumption, which is not currently known. Moreover, the convergence result of
Segatti and Vazquez [2020, Theorem 5.9] requires an extra qualitative condition on the integrability of
the gradient of the solution, which is also not currently known.

Lastly, we note that the symmetrization methods in Theorem 1.5 hold for any equation that arises as a
positive mass-constrained critical point of energies that are a combination of:

« isotropic local first-order seminorms:

f G(|Vv|)dx with G :[0, 0] — R convex,

isotropic nonlocal seminorms:

_ P
/ / o) —vMI” dxdy with K : [0, oo] — [0, co] increasing,
n n K(l.x - y|)

local functionals:

/F(v)dx with F : [0, o0o] — R,

isotropic interaction energies:

%/ W(x —yDhv(x)v(y)dxdy with W :[0, oo] — R increasing,
n RI’L

radial potential functionals:
/ U(JxDv(x)dx with U : [0, co] — R increasing.

The uniqueness strategy presented here is a bit more finicky and only holds for a strict subset of these
equations.
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1.4. Organization of the paper. The rest of the paper is organized as follows. Section 2 contains
background and preliminary results on continuous Steiner symmetrizations. Theorem 1.1 is proved in
Section 3. An explicit version of Theorem 1.1 for good functions is discussed in Section 4. Section 5
presents the height function interpolation and proves Theorem 1.4. Finally, Section 6 establishes properties
of truncated continuous Steiner symmetrizations which are then used to prove Theorem 1.5.

2. Continuous Steiner symmetrization

In this section, we present background and preliminaries on continuous Steiner symmetrizations with
constant speed in the direction e € S*~!. For simplicity in the presentation, we will assume that e = e,
and write x = (x', x,) € R*~! x R.

Given x’ € R"~!, we denote the section of an open subset U C R" in the direction e, by

Uy ={x, eR:(x,x,) eU}.
The Steiner symmetrization of U with respect to the direction e, is defined by
SU)={x="x) eR":x, €US},

where U, = {xn eR:|x,| < %lUx/|} is the symmetric rearrangement of U, in R. Note that |U,| = |Uy|.
To define Sf for a nonnegative function f € LY(R") N C(R"), we denote the h > 0 level sets of f in the
direction of e, by

Ul ={x, eR: f(x', x,) > h}.

Then, the Steiner symmetrization Sf of f in the direction e, is given by

Sf()c):/0 XS(U;,/)(xn)dh.

Definition 2.1. The continuous Steiner symmetrization of an open set U C R is denoted by M*(U),
T > 0, and defined as follows.

(1) Intervals. If U = (y—, y4), then M*(U) = (y*, y}), where

{yi =y_—tsgn(y++yo),

for0 <t <Xy, +y_|
yi =y+ —tsgn(ys +y-) g

and

for T > %|y++y,|.

Y =—30+—yo),
yi=30—y)

(2) Finite union of intervals. If U = U:"zl I;, m € N, where [; are disjoint, open intervals, then

m
MY (U)=| ML) for0O<t <1,
i=1
where 7 is the first time that two intervals M (1;) touch. At 7|, we merge the two intervals and start
again.
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(3) Countably infinite union of intervals. If U = Ufilli, where [; are disjoint, open intervals, then
x m
M U) =M (W), where Uy = JI;. meN.
i=1 i=1

Definition 2.2. The continuous Steiner symmetrization of a nonnegative function f € L'(R") N C(R") in
the direction ¢, is denoted by f*, v > 0, and defined as

[e.¢]
T (x) :/0 XMT(U?,)(X,,) dh forx = (x', x,) € R".

By definition, f7 interpolates continuously between f = f? and Sf = f*°; see Figure 1. As a
consequence of the layer-cake representation, the continuous Steiner symmetrization of f preserves the
L? norm, see [Carrillo et al. 2019, Lemma 2.14],

If @y =I1f llLe@ny, 1<p <oo. (2-1)
We also have the semigroup property presented in the next lemma.

Lemma 2.3 [Carrillo et al. 2019, Lemma 2.1]. The collection of operators (M) satisfies the semigroup
property. That is, for each t1, T2 > 0 and any open set U C R,

MY (MTZ(U)) — Mn—i—rz(U)_
Consequently, f* satisfies the semigroup property: (f™)% = f1T2 for 1, 1, > 0.

A priori, one could define M* with any sufficiently smooth speed V =V (y,h) : R x Ry — R by
replacing sgn(y) with V (y, k) in Definition 2.1(1). With a different speed however, (M");>o will not
necessarily satisfy the desired semigroup property. Instead, one should replace Definition 2.1(1) with
the ODE

DL ==VOL YL h), >0, 22

With this modification, (M*),> satisfies the semigroup property, as long as the level sets remain ordered;
see Section 6.1.

Remark 2.4. The continuous symmetrization considered by Brock [2000; 1995] is equivalent to taking
Vi, h=y.
Lastly, we note the following consequence of the semigroup property.

Lemma 2.5. Let h > 0 and 1, T» > 0. For a nonnegative function f € LY (R™) N C(R"), we have
dist({f™ > h}, 3{f™ > h}) <|t1 — mal.
Proof. If 1, = 0, then it is clear from the definition that
dist(d{ f™ > h}, o{f > h}) < 1.

The result follows from Lemma 2.3. |
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3. On Theorem 1.1
This section contains the proof of Theorem 1.1. We begin by presenting a simplified version of the result
in [Carrillo et al. 2019].

Proposition 3.1 [Carrillo et al. 2019, Proposition 2.15]. Consider W € C Y(R™) an increasing radially
symmetric kernel with associated interaction energy

1= f [ rwrowe=ydxdy.

Assume f € L'(R") is positive and not radially decreasing. Then, there exist constants y =y (W, ) >0
and 19 = 19(f) > 0 and a hyperplane H such that

IIf 1 <ZI[fl—yt forall0 <t <71,
where f7 is the continuous Steiner symmetrization about H.

The original result in [Carrillo et al. 2019] allows for more singular kernels, but our prototype kernels
W(x) ~ —|x|~"7*P are too singular to directly apply their result. In fact, for Z(f) to be well-defined
in our setting, one must replace f(x) f(y) by | f(x) — f(y)|”. To see this, consider the case p =2 and
W(x) =cpnys |x| =%, where cn,s > 0 is the normalizing constant for the fractional Laplacian. Using the
Fourier transform, we can formally write

I[f1= /R If©PW ) de,

but W(é ) is not defined. On the other hand, using the definition of (—A)?,

%f RnIf(x)—f(y)|2W(x—y)dycbc:/w f(x)(_A)Sf(x)dx=fRn FE)2IEI d,

which is a well-defined seminorm.
We use an e-regularization of W for which Proposition 3.1 holds. For each 0 < ¢ < 1, we consider the
energy given by

1
7= [ [ 15w rer W —ydxdy, W =

Notice that the kernel associated to F7 is integrable for each fixed € > 0 and that

gi_r)rz)]:f(f) = sup FI(f)= [f]jljvs-p([@n)-

0<e<l1

Using that W, is radially symmetric, the energy FZ (f) can be written as
fep(f)Z/[REZ (1f@) = fODIP = 1f I =1 fWI)We(x — y)dx dy
+ [ QP+ OIIWetx =) dxdy

= /Rzn(lf(x) — DI =1f P =1 fDIPHWe(x —y) dxdy+C£||f||2’p(Rn),
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where the constant C, = C,(s, p) satisfies

C.=2| W,(y)dy— o0 ase— 0", (3-2)
R)‘l
For convenience, we define

I2(f) = FL) = Cell Al

- fRzn(lf(X) — SO =1 @I = [ ()P Wex = y) dx dy. o
Consider the continuous Steiner symmetrization f* of f. As a consequence of (2-1),
LI = L@ + Cl W] = AT
In the special case of p =2, the integrand in Iz( f) simplifies nicely, and we get
A= =2 [ r0rowe =y dxdy] =24 W i,
Since Ws := —2W, € C'(R") is symmetric and increasing along its rays, we apply Proposition 3.1 to

find constants y., 79 > 0 such that

(5 We s f7) oy < (s We % f) 2@ — vet forall 0 <t < 1.

We will show that y, can be bounded uniformly from below in 0 < ¢ < 1 and also that we can handle all
1 < p < 0o. More precisely, we prove the following result.

Proposition 3.2. Let0<s <1, 1 < p < o0, and f € L'(R") N C(R") be nonnegative. Assume that, up
to translation or rotation, the nonlinear center of mass is at the origin

f tan~' (x,) f(x)dx =0 (3-4)

and f is not symmetric decreasing across the plane {x,, = 0}. Then, there are constants y =y (n, s, p, f),
790 = 10(f) > 0, independent of ¢, such that

IP(fF) <IP(f)—yt forall0 <t <.

Remark 3.3. In the original reference [Carrillo et al. 2019], the condition of the nonlinear center of
mass (3-4) is replaced by the hyperplane {x, = 0} dividing the mass in half. We impose condition (3-4)
to simplify some measure-theoretical aspects of the proof. We chose the function tan~!(x,) because it
is odd, strictly monotone, and bounded, which makes the integral well-defined under the assumption
f e LY(R".

Since f7 is defined as an integral in terms of the one-dimensional level sets U f, C R of f, roughly
speaking, one can reduce the proof of Proposition 3.2 to a one-dimensional setting. For a fixed ¢ > 0,
consider the one-dimensional kernel

1

Ko (r)=Kg(r) = e forO<e<1,
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so that W (x', x,) = K, |v|(x,,). With the layer-cake-type representation

Lf ) = fOIP = 1f I =1 fWIP =—p(p— 1)/0 fo |h —u|P*2XUf/(xn)XU5(yn)dh du,
we write (3-3) as

2 (f) = . (f G x) = FOL vl = LG x) P =1 F O v D) K ey (Xn — yu) dx dy

= —p(p—1) f 2 f =l )t ) Kooy o — ) dh e dy
R JR2 x :

=-p(p—1) / / |h—ulP~? / Xut ) Xy (V)
R2(m—1) R%r R2 X y
X K |x—y|(Xp — yn) dxn dy, dh dudx'dy’. (3-5)

Consequently,

Li7r(f)) = —p(p—1) h—ul?2 [ Do o G Xnge ) )

dT € R2(n—1) Rer d-c R2 M (Ux/) n M (Uy/) n
XKE,\x’—y’I(xn_yn)]dxn dyndhdudx’dy’.

Hence, to establish Proposition 3.2, we first study the corresponding problem in one dimension.
For open sets Uj, U, C R, define

I:(t) = I[Uy, Us](7) := /RZ XM= U X)Xty (V) Ke(x —y)dx dy,

where K, = K, ¢ for a fixed £ > 0. The main lemma of this section establishes that /. (t) is strictly
increasing in T > 0 when U, and U, are sufficiently separated.
For a function g = g(t), we denote the upper and lower Dini derivatives of g respectively by

+ S) — — S) —
d_g(f) :hmsupg(r-i-—)g(f) and d_g(f) = lim sup M (3-6)
dt 50+ 8 dt 50~ 8
Lemma 3.4. Let Uy, U, C R be open sets with finite measure. Then
d+
Elg(r) >0 forallt>0. (3-7)

If, in addition, there exist 0 < a < 1 and R > max{|U,|, |Us|} such that |U1 N (%|U1|, R)| > a and
|Uzﬂ (—R, —%|U2|)| > a, then

d* 1 3
—I:(7) > g4 > 0 forall0<t<

e a, (3-8)

Bl—

where
c=min{|K{(r)| : r € [5a.4R]}.

To prove Lemma 3.4, we apply Propositions 2.16 and 2.17 in [Carrillo et al. 2019] to I, and show
that the upper Dini derivative of I, can be uniformly bounded below. For the sake of the reader, we first
provide a brief, formal argument in the simplest setting. Indeed, if U; = [¢; — 1, ¢; + 1], i =1, 2, then
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we can write

r1+c1—17 sgn(cy) ry+co—1 sgn(ca)
I:(7) =f / Ke(x —y)dydx. (3-9)
—ri1+c1—tsgn(cy) J —ra+ca—1 sgn(cy)
By the semigroup property, it is enough to take the derivative at T = 0 and estimate
d+ r r+c—cq ,
Elg(O) = (sgn(cp) —sgn(cy)) K.(x —y)dydx. (3-10)
—r1J —rn+tcan——c

If ¢; > ¢y, then Q = [—ry,7r1] X [—r2 4+ ¢c2 — c1, 72 4+ ¢2 — c1] is a rectangle in the xy-plane centered
across {x = 0}. Since K, is increasing in {y > 0} and decreasing in {y < 0}, one can show that
d*/dtI,(0) > 0. The more refined lower bound is roughly controlled by the size of the excess strip
[—r1, 1] x [rz + %(cz —c1),rn+c2— cl] and by K.

Proof of Lemma 3.4. First consider when U; = [¢; —r;, ¢; +1;], i =1, 2, are intervals. Then, following
the proof of [Carrillo et al. 2019, Lemma 2.16], we can show that

d* .
EIE(O) > dg min{ry, ra}|c2 — ¢y,
where
de =min{|K/(r)|:r € [%|62 —cil,ri+r+le—call}
Since n
reN n—+sp 2 | 2\(n+sp)/2—1
Ka(r) - ((£2+r2)(n+sp)/2+8)2 (= +r9 r
forall 0 < ¢ <1, we have
|K (r)| = |K{(r)]. (3-1D)

Hence d. > d; and

+
Z—Tls(O) > dymin{ry, rn}lc; —ci| forall0<e <1.

With this, we follow the proof of [Carrillo et al. 2019, Lemma 2.17] for U;, U, finite open sets to show

£I (r)>Lc a’>0 forallO<t<la
dr ° 7= 128°° - T4
where
Ce =min{|Kg(r)| re [%a,4R]} > min{|Ki(r)| re [%a,4R]} =c. O

Before proceeding with the proof of Proposition 3.2, we will need the following technical lemma for
the case p # 2.

Lemma 3.5. Under the assumptions of Proposition 3.2, for a > 0 small and R > 0 large, define the sets
B{, B¢:

B ={(' h) e R x(0,00): |ULN(IULI R)| > a and |x'|, h < R}, 12
B ={(x',h) e R" ' x (0,00) : U N (=R, —3|ULI)| > a and |x'|, h < R}.

If B¢ has positive measure, then there are heights 0 < hy < hy < 00 such that both
Bi{N{h <h} and B{N{h> hy}

have positive measure. Similarly for B°.
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Proof. Consider a density point (x, ) € B{ and the rectangles
Recs = {(y',u): |y'| < R, |u—h| < §}.
Note that |Recs| = w,8 R"~', where w, is the volume of the unit ball in R"~!. By density,
|B{ NRecs | >0 for every 6 > 0.
Let § <« 1 be small enough to guarantee

|B{ N (Recs)“| > 0.

For such a small §, it follows that
min(| B NRecsz |, | B N (Recs)]) > 0.
The lemma holds by choosing 7y =h' —§ and hy =h' — 18, or hy =h'+ 18 and hp, = h' + 3. O

Proof of Proposition 3.2. The proof follows along the same lines as the proof of [Carrillo et al. 2019,
Proposition 2.15]. We will sketch the idea in order to showcase where we need Lemma 3.5 and where we
apply the estimates in Lemma 3.4, which we have already established to be independent of 0 < ¢ < 1.
First, since f is not symmetric across H = {x,, = 0}, there exist @ > 0 small and R > 0 large enough to
guarantee that at least one of the sets BY, B? defined in (3-12) has positive measure. Due to the nonlinear
center of mass condition (3-4), we know that both of them need to have positive measure.
As a consequence of Lemma 3.5, there exist 0 < h; < hy < oo and 0 < u; < upy < 0o such that the sets

BiN{h <hi}, BiN{h>hy}, BiN{u<ui}, BLN{u>uy}

all have positive measure. Without loss of generality, assume that u; < h,. Otherwise h; < u, and the
proof is analogous.
Next, we use (3-5) and the definitions of £ and I/ [U;’,, U;’,](r) to write

ZP(f)y=-pp—1 Rzml)/Rz b —u|P2IPIUY, Usl(t) dhdudx’ dy'.
+

Using (3-7), we can estimate

+
— = pp-1 / b= ulr 2SO, URA©1dhdx dudy’
dt BN {u<u1}J B{N{h>hy} dt

ZMmp.f / / di[lgp[Uf/, U;/](‘L')] dhdx'dudy’,
BN {u<ui}J BEN{h>hy} 4T
where
lhy —uy|P=% if p> 2,
mpri=pp—131 if p=2,
(2R)P2 ifl <p<2.
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Applying now (3-8) and following the proof of [Carrillo et al. 2019, Proposition 2.15], we obtain

d* 1 . 4
——TIP(f" > — B¢ N{h > hy}||B* N !
forall0 <t < ‘—lla where, with an abuse of notation, Wi (r) is such that W (|x|) := W (x). [l

We conclude this section with the proofs of Theorem 1.1 and Corollary 1.3.

Proof of Theorem 1.1. Without loss of generality, assume that H = {x, = 0} coincides with the nonlinear
center of mass condition and that f is not symmetric decreasing across H. For 0 < & < 1, let 7/ and 7/
be as in (3-1) and (3-3), respectively. Using (2-1), we have

FL) = Cell I pny +ZL(fT)
=FL(O+IEST) =TI
By Proposition 3.2, there are constants y =y (n, s, p, f) and 1o = 79(f) > 0, independent of ¢, such that
FP(fY) <FP(f)—yr forall0<rt <r1.
The statement follows by taking & — 0. ]
Remark 3.6. Notice from the proof of Proposition 3.2 that

(n + p)rn-i-p—l

lim min W)= min —————— >0
s—>17 refa/4,4R] rela/4,4R]  (r"tP 4 1)2
and also
=1
lim min |W/(r)]= min — >0.
s—>0% refa/4,4R] rela/4,4R] (r" + 1)2

Therefore, we have
linll y(n,s, p, f) >0,
S— 1"

lim A ) 07
Jim y (n, s, p. f) >

and we have s(1 —s)y — 0 as s — 0", 17. After multiplying both sides of (1-5) by s(1—s) and taking the
limit as s — 17—, we obtain Corollary 1.3. Note that if we instead take s — 0", we do not contradict (2-1).

4. Explicit representations for good functions

Here, we define and establish preliminary results for good functions, then we prove an explicit version of
Theorem 1.1 for good functions.

4.1. Good functions and local energies. We begin by presenting the definition of good functions and
highlight their uses, which can be found in the work of Brock [2000; 1995]. We note that Definition 2.1
is broken down into cases for which the open set U C R is either an interval, a finite union of intervals, or
an infinite union of intervals. Good functions are those functions whose sections U )’:, are a finite union of
intervals which allows for explicit computation of both the fractional energy for f* and its derivative in t.
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Definition 4.1. A nonnegative, piecewise smooth function f = f(x’,x,), x' € R x, € R, with
compact support is called a good function if:

(1) for every x’ € R*~! and every h > 0 except a finite set, the equation f(x’, x,,) = h has exactly 2m

solutions, denoted by x, = xt(x, h), satisfying x! < x‘*1 ¢ =1,..., 2m, where m =m(x’, h) < oo,
and
: af 1 / n—1 9 / .
(2) inf 5 (x| :x'eR", x, R, and (x", x,) exists ¢ > 0.
Xn Xn

The functions illustrated in Figure 1 and below in Figure 2 are good functions. In general, one might
think of good functions as a collection of peaks, creating a mountain range.

Notation 4.2. We denote the solutions x, to f(x’, x,) = h using subscript notation xp;_; < xp; for

k=1,...,m =my. (This is not to be confused with the subscripts in x’ = (x1, ..., x,_1).) In the case
of m = 1 or when considering an arbitrary interval (xp;—1, x2¢), we will commonly adopt the notation
Xy = xpr and x_ := xp¢_1. We will also denote solutions y, to f(y', y,) = u by y_1 < yy for
b=1,....,.m=m,.

Remark 4.3. If f is a good function that is symmetric and decreasing across {x, = 0}, then it must be
thatm =1and x_ = —x forall 0 < h < || f|l Lo ().

Just as finite union of intervals can be used to approximate open sets in R, good functions can be used
to approximate Sobolev functions.

Lemma 4.4 (see [Brock 2000]). (1) Good functions are dense in Wi’p (R™) forevery 1 < p < oc.
(2) If f is a good function, then f* is a good function for 0 < T < oo.

Good functions are a powerful tool for continuous Steiner symmetrizations as they allow us to take the
t-derivative directly and expose a quantification of asymmetry. Even in the local setting (see Corollary 1.3),

we can explicitly estimate the derivative in 7 of || f*|| when f is a good function. This is in

{jvhp(Rn )
contrast to the original approach of Brock [2000], which relies on convexity to estimate the difference in
norms of f and f°.

We present the following discussion for the interested reader to showcase the convenience of using
good functions in computations.

Since the sign function is not differentiable at the origin, fix & > 0, let §; be an e-regularization of the

usual Dirac delta |

8e(x) = {2_

0 if |x| > e,

if x| <&,

and consider V; in (2-2) such that V., =2§,. Let M™*(U) denote the continuous Steiner symmetrization of
an open set U C R with speed V., and let f™¢ denote the corresponding continuous Steiner symmetrization
of f. As the regularization parameter & goes to 0T, we recover the original rearrangement:

Lemma 4.5. Let f : R" — R be a good function. For any continuous function g : R* — R, we have

lim fTfgdx= | [fTgdx.
Rn

e—01 Rn
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Proof. Step 1. We consider
-
U= a1, x2)

i=1
an open set which is the union of » € N intervals. Then, we can show the following bound:

IM™¢(U)AM®(U)| < (r+3)e forall r >0. 4-1)

Proof of Step 1. We start by perturbing the set U by considering
S
Uf =UU(—e )= J@5_. x5).
j=1

with s <r + 1. As we added the set (—e¢, ¢), there can exist at most one interval [;, = (xgio_ 1 xﬁio)
satisfying |x§i0_1 + x5i0| < &. We expand this interval to center it; namely we consider the new interval

T _  ze ~e N _ 7.
liy = (Xpi,—15 X34) = Liy U P

such that | P| < ¢ and |i§i071 — i§i0| = 0. If there are any new nontrivial intersections with I;,, we relabel
the intervals and repeat the process. This procedure finishes in kg steps with 1 < ko <r + 1, where r is
the original number of intervals. Hence we constructed an open set S(U?) that satisfies U? C S(U?) with
at most r — ko + 2 disjoint intervals and

U AS(U®)| < koe.
The advantage of the set S(U?) is that the rearrangements coincide:
MYE(S(U®) =M"(S(U®)) forallt <14,

where 71 is larger than the first time when two intervals meet. At 7, when there exist an interval
1, = (x5, _y, x5; ) satisfying |x3; | +x3, | <&, we repeat the procedure of enlargement and centering
from before. This process ends in k; steps with 1 <k; <n —kg+ 1 and produces a new set S(M™ (S(U¥?))
that satisfies M*' (S(U?)) C S(M™(S(U?))) with at most r — kg — k1 + 2 disjoint intervals and

M (SU)ASMT (S(U)))| < ke
Again, the rearrangements coincide for the set S(M™ (S(U?))):
MPE(S(MT(S(U®))) =M (S(MT(S(U?))) forall T <1,

where 17 is larger than the time when two intervals meet. Continuing this process inductively, we can
produce a discontinuous family of open set {U£}.-¢. Using that the rearrangements preserve containment,
we can obtain

M*(U)UM®™*(U) cU; forall t>0.

This process adds at most r + 3 intervals of size . Hence

IM*(U)AM®*(U)| < IMT(U)AUL| < (r +3)e.
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Step 2. We show that, for any good function f, satisfying that U ;’, has at most r € N intervals for every
x’ € R"~! and every & > 0, we have for any g € C(R") that

lim fFfgdx= | flgdx.
R}’l

e—>0% Jgn

Proof of Step 2. Using the representation,

/Rng(X)fr’g(X)dx—/ng(X)fT(X)dx

/ (f7° () = [T (x)g(x) dx
supp f

I flloo
/0 / f(XMTVE(Uh,) - XM-{(Uh,))g(x) dx dh‘
supp x x
= ||g||L1(suppf) ”f”oo sup |Mr’8(U£/)AMr(Uf/)|
x',h

= ”g”Ll(suppf)”f”oo(r +3)e > 0,
where we have used Step 1 for the last bound.

Step 3. To conclude the proof, we can approximate any good function f by a sequence { f,},en of good
functions such that f, satisfies the properties of Step 2. (Il

We now present an explicit estimate on the derivative of || f7||

ﬁ,]' bR For simplicity, we will only
state the case of n = 2.

Proposition 4.6. Assume that f = f(x,y) is a nonnegative good function; then

d P
E[fT]WI*P(R2) =0

* & yar | P 0yok—1 "
< —liminf é _1)|—
< ~limin /R/o kEZI e (Vok + Yak—1) o ‘ oh
v\ PRY v\ (8yax Oyak—1\ | dyak || Byax—1 |P
| p(( =) +1 +
0x 0x 0x 0x oh oh

Ay |”

oh

31\ V2 9y [/ 3vor—1\ | 9yor_
+ p Yok—1 + 1 Yok—1 Yok + Yok—1 Yok—1
dx 0x 0x 0x oh

(1) 02k 2+1 P12\ 8yor_1 | (| By | 9y2r-1
p ox oh oh oh
aya_1\ P12\ 3yo |7 (| Byan 0y2%—1
—1 1 — dhdx,
P )(( ox ) + ) oh oh oh *

where f(x,yi(h))=h fori=1,...,2my, and m, = m(x, h).

When p = 2, we can further factor the integrand to readily check the sign of the derivative.
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f ./‘T h

*

L 2
L 4

T

iy 23 Vi Y3 Vi Y4

Figure 2. Graph of f and f* in Example 4.9 with t = .25, x =0.

Corollary 4.7. Assume that f = f(x, y) is a nonnegative good function; then

d 2
E[fT]HI(RZ) —

< —ljminff/ Z‘S (vt + )| 22 a)’2k - dy2k—1 - dy2x n dy2x—1
=T o Y2k T 2k oh oh oh
0 Oy2h— 0 0 0 Oyok—
< Yok | | 0YV2k—1 + Ar(h) y2k Y2k—1 )721{’ Yok—1 dhdx <0,
oh oh 0x 0x 0x 0x
where Ay (h) is the positive semidefinite matrix
a2
Ar(h) =
(k) ok am—l‘ Ay |2
ah ah ah

Remark 4.8. In the case of p #~ 2, we have checked numerically that the integrand in the expression
for the derivative is indeed negative, but due to the nonlinearity, we have not been able to analytically
observe the sign as cleanly as in the case of p = 2.

Notice in Corollary 4.7 that the derivative is strictly negative if and only if

3y2k 0y2k—
= (4-2)

on a set of positive measure. Indeed, as mentioned after Corollary 1.3, the strict inequality does not hold

in general. For instance, the derivative in T can be zero when supp f is not connected but f is radially
decreasing in each connected component. We illustrate this with a simple example.

Example 4.9. Consider the good function f : R* — R given by

=l y=2)|+1  if|x,y=2)| =1,
JE,y) =121, y+2)+2 if|(x,y+2D)[ =1,
0 otherwise
and illustrated in Figure 2 at x = 0. One can readily check that equality holds in (4-2), so that the integrand
in Proposition 4.6 is exactly zero.
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Proof of Proposition 4.6. Begin by writing the energy as

. . afT 2 AfT 2\p/2
Lf ]€V1~ﬁ(R2)=/R2|Vf |dedx=/Rz<(ax> +(3y)> dydx.

For each fixed x € R, we make the change of variables f(x, y) = h using the coarea formula in the

variable y to write

f oFTY L (2FTV N
Lf Tyt any = /Rz (( ax> * ( 8y) ) ay

dy 3y

LG

dy

dydx

dhdx.

'{f(x,y)=h}

Since f is a good function, for each & > 0 except a finite set, there are at most 2m, solutions to f (x, y) =h.

We denote these by y; = y;i(x, h), i =1, ..., 2my. In the new variables, we have
f’ LY of T\~
0, ,y_) = 0 4-3
( y+) = o < oy —— @, yo) = o > (4-3)
and
If" ayT (ayl\'  afT ay” (ay"\!
ox =00 ) 0 W= U

for an arbitrary y_ < y; (recall Notation 4.2). Then, we write

9 9vE -2 T -2\ p/2

1y = / / Z[(( ka) (%) +(%> )
Y31 g AY2r_1 - Y31 2\

(52 55 +(50))

For simplicity in the proof, let us assume that m;, =1 or m, = 0 for all 4 except a finite set and write

CALTS
oh

AV2k_1
oh

:|dh dx.

ay ay -2 ayr -2\ p/2 ayr
TP + + + Y+
= [T () +G0) ) T
Oyt \2(ayt\2  [ay"\“2\/? oyt
(5 G +(5) ) Rl
8y+ p/2 ay_ri_ I-p Ay~ 2 p/2 Ay~ I-p
-1 ) ) Rl () ) B

We have now arrived at a useful expression for taking the derivative in . Indeed, let V, be an approximation
of the speed V(y) = sgn(y) such that § = V/. Then, from (2-2) with speed V;, we obtain

32yt 9
= = 8. (y+ +y- )(—+L>

dTdh ah ah
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and similarly
dy-

32yi
—5, O+ 9=
379x O+ +y- )( + ax)

With this we can use the lower-semicontinuity of the W!-? seminorm to have

[f wl P(R" -0

S d 7,610
< — )
— li\rg(l)llf dT [f wl /’(R”)

o [ o) ) (oo o ()
(5 ) G- (B )
+(p—1) ((%)2 + 1),,/2 aaLh o @ﬁ) 8 (vi +y- )(Ziy_+ + aaih)
+(p— 1)((%)2 + 1>P/2 % o <88Lh>8 O+ +y- )(— + aaih):| dhdx.
Recalling (4-3) and factoring gives the desired expression. ]

4.2. Explicit derivative computation for good functions. The objective of this section is to compute the
derivative of the nonlocal energy explicitly. With the same notation as in Section 3, we consider again
F? and 7} defined in (3-1) and (3-3), respectively. When f is a good function, we can write each U ;’,
in (3-5) as a finite union of open intervals. This provides a useful expression of ZZ which allows for more
explicit computation.

It will be useful to notate the first and second antiderivatives of K (r) = K, |,|(r) in r respectively by

_ r — r p
K= fo KE)de, K(r)= /O /0 K (&) de dp. (4-4)

We now present the main result of this section.

Proposition 4.10. Let ¢ > 0. Assume that f is a nonnegative good function. Then,

d rp
d‘r]:S =0
my  mp
=—p(p—1 h—ulP?
p(p )/RfR/f Do lh—ul
t=1 k=1
X [ K e, 1=y (Xak — ¥20) — K g jvr—yr (¥2k — Y20—1)

— Ko -y (Xak—1 — ¥20) + K g vy (kok—1 — y20-1)]
X (sgn(xax + xok—1) — sgn(y2e + y2e—1)) dhdu dx'dy’ <0, (4-5)
where f(x',x;(h))=h, f(Y,yiw)=u fori=1,...,2mand my =m(x', h), m, =m(y, u).
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g g g
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Figure 3. Decomposition of supp f based on the center of mass of the level sets.

Even more, we can explicitly write down the derivative in real variables.

Notation 4.11. For an interval I = (a, b) C R, we write

IT ifa+b>0,
I=31° ifa+b=0,
I— ifa+b<0O.

For a fixed x € R", we write the sections as a finite union of intervals:

Ul = Lnj I = (Lj 1i+) U (@ 11.0) U (U 1;) for h = f(x)
i=1 i=1 i=1

i=1

and where m = my +mo+m_. We define E, Ey, E_ C BU)'Cf,(x) as the set of points that belong to a
piece of a boundary of a level set that is moving to the left, centered, and moving to the right, respectively;
see Figure 3. More precisely,

Ei={x:x,€0I"}, Ey={x:x,€0l°, E_={x:x,€09l7}.
The following corollary of Proposition 4.10 follows from undoing the change of variables.

Corollary 4.12. Assume that f is a good function. Then,

d —

arro| L =wo-n([ [ Kot sof o0
T =0 E.JE_UE,

- f / I?Wyq(xn—yn>fx,l(x)fy,l<y)dxdy). (4-6)
E_JELUE,

One can view the expression on the right-hand side of (4-6) as a quantification of asymmetry. Indeed,
if f is radially symmetric across {x,, = 0}, then E4 = E_ = @& and the derivative is zero. Note that if
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|Eg| = 0, then (4-6) can be written concisely as
d _
L] =40 [ [ Kot -mfa@p,0rdxdy. @)
T =0 EyJE_

Unfortunately the integrand of this expression does not have a clear sign, and the sign only appears when
we are considering the level-set representation. We illustrate this in the following example.
Example 4.13. Consider the good function f : R> — R given in Example 4.9, and let
Bi(0,1) = {(x',xa) € R"™ xR | (', xy = 1) < 1},
From (4-7), we have

Xp+2 Vo —2
L rrir|. —4p(p—1>/ f G — ) dx dy
=0 5,0.2 8,02 Ketw—y1 0 = 3 (G X+ 211 yn —2)]

Yn=%n X, +2 Vo —2
=—4p(p—1 Ke |-y (r)—; - drdxdy
B1(0,2)JB,0,-2)J0 (X", X +2)[ (Y yo —2)|

since x, <0 < y, for all [(x', x, +2)| < 1, [(/, y» —2)| < 1. Notice that the sign of the integrand in this

expression is not positive for each fixed (x’, x,,), (¥, yn), and r in the domain of integration. The sign is
instead observed by studying the endpoints of the level sets as done in the proof of Proposition 4.10.

4.2.1. Proof of Proposition 4.10. We begin with an expression for the fractional energy in terms of its
level sets.

Lemma 4.14. Assume that f is a nonnegative, good function. Then,

FL) = Cell A1 gy
m, mpy

=po-0 [ [ [T e

=1 k=1
X [Es,uuyq(xzk y20) — K jx/—y | (X2k — y20-1)
— Kooy (akmt = y20) + Kooy (oot — yae—1) | dh du dx’ dy',
where f(x',x;(h))=h, f(y,yiw)=u fori =1,...,2mand my =m(x', h), m, =m(y, u).
Proof. As in (3-5), we begin by writing

FL) = Cell £ o any

——p(p—1) f f h—ulP2 / Xt o) Xt ) K ey Con — y) dot dyy dh da d’ dy'
R2(n—1) Ri R2 x ¥

Fix x',y € R"~! and let h,u > 0. Since f is a good function, there are at most m; solutions to
x’, x,) = h, which we denote by x,_1 < xo, k=1, ..., my,. We similarly denote the solutions to
y y
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fO' y) =uby yy_1 <y, £=1,...,my. Then we have

/2 Xuh (xn)XUf, (yn)Ks,lx’—y’l (Xp — yn) dx, dy,
R * :

’"" ’"h Y
/ / K., [x'—y \(xn yn) dx, dy,
Y2u—1¢ X2k—1

yzlz _
= Z K, |x/—y I(x2k yn) — K, |x/—y \(XZk 1— yn)] dyy
(=1 k=1 Y Y2t~ 1
My My _
= —Z Z[Ke,lx’—y’l(XZk —y20) — K¢ jx—y | (X2k — Y20-1)

=1 k=1

Elkl

my  mp

— Ko jo—y | (vak—1 — y20) + K jr—y | (x2k—1 — y2e—1)]. O
We are now prepared to present the proof of Proposition 4.10.

Proof of Proposition 4.10. First fix ¢ > 0. Since f is a good function, we know that f7 is also a good
function. By Lemma 4.14 for f* and applying (2-1), we have

mu mp

FLUD = Collf W+ pp=1) | /Rf/ Zm ulp?

=1 k=1
x [Es,lx’fy/l(xfk ¥30) = Ke jo—y | (63 — ¥34_1)
— Ko jo—y | (X3 — ¥3) + Kg,\x/_yq(xz,{,l —¥3_D]dhdudx'dy'.
From Definition 2.1(1), we have

d

E(Xf — ) = —(sgn(xox + xok—1) — sgn(y2e + y2e—1)) fori =2k, 2k —1, j=2¢,2¢—1.

Therefore, taking the derivative of F/ (f7) with respect to T gives

LR =pp— 1 // >l
k=1 ¢=1

R2(1—1)

X == dt [Ks X'~y (03 — Y30) — Ee,lx/fy/l(xztk = Y3o-1)

- KS,IX’*)’/I(XZk—l — y30) + I?S»\X’*y/l(xgk—l - thz—l)] dhdudx'dy'
o0 o0 m m
=—p<p—1>/ ff |h—u|"™?
X [Ks,lx’—y’l(xzk Vae) = Ke -y (X3 — ¥30-1)
- I?S,IX’*y/I(xgk—l —y30) + KS»\X’*y/I(xgk—l - yzre—l)]

X (sgn(xar + X2k —1) — sgn(y2e + y2e—1)) dh du dx' dy'.
Evaluating at T = 0, we obtain (4-5).
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We next show that the integrand in (4-5) is positive for each fixed x’, y’, h, u, k, £. For this, we use the
simplified notation

Xy =Xk, X—=X2k—1, Y4 =DY2, Y- =DY2u-1 (4-8)
and K, (r) = K¢ |y'—y|(r). Assume, without loss of generality, that
(cy+x-)—(y++y-)>0.
Then, it is enough to check that
[Ke(xy —yi) — Ke(xy —y-) — Ke(xo —y ) + Ko(x- —y_)| > 0. (4-9)

We break into three cases based on the interaction of the intervals (x_, x4 ) and (y_, y4+). In the following,
we will use the antisymmetry of K.(r) and that K L(ry<Oforr>0.

Case 1. Embedded intervals: (y_, y1) C (x—, x4).
Since x_ < y_ < y4 < x4, we have

I?g(er—y+)—l?g(x+—y_)—lzg(x_—y+)+l?g(x_—y_)
:/ o Ks(r)dr—f Tk dr

—(x——y-) —(x——y4)
(xp+x_)—(y++y-)
=/ [Ke(r + (- —x-)) — Ke(r + (y+ —x-))1dr
0
(xp+x_)—(y4+y-) py——x-
:/ / Ké(r—i—%)a’&dr
0

V=X
G x )= t+y-) py+—y-
=—/ / Ki(r+&+y —x_)dgdr
0 0

> [y +x2) — g + )10+ — y-) min . |K.(r)| > 0.

Yo —X_<r<xi—

Case 2. Separated intervals: (y—, y+) N (x_, x4) = <.
Since x_ < y_ < y4 < x4, we have

Eﬁ(XJr_Y+)_I?€(x+_y7)_l?£(x7_y+)+1?8(x7_y7)
=/ o Ks(r)dr—f o K.(r)dr

—=y+ =y

=/ DK 4 xe — ) — K (4 x_ — yO)ldr
0

_ / A / T K46 dedr
0 X

_—y-
Xp=X— LY+ Y~
=—/ f K.(r+&+x_—y,)dédr
0 0

> (xp—x_)(y4—y-)  min  |K[(r)]>0.

X_ =Yy <r<xy—y_
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Case 3. Overlapping intervals: (y_, y4+) & (x—, x4) and (y—, y4) N (x_, x4) # .
Since y_ < x_ < y; < x4, we have

Xp—y- =@ = y) + Oy —x-) + (x= —y-),
so that

Ke(xp—yp) —Ke(xy —y ) —Ke(xo —y) + Ko (x_ —y-)
X+—Y+ Y+ —x— X——y- Xy—y-
=/ Kg(r)dr—i—/ Kg(r)dr—{—/ Kg(r)dr—/ K:.(r)dr
0 0 0 0

Y4—x— X_—y- Xy—y-
=/ Kg(r)dr+/ Kg(r)dr—/ K. (r)dr
0 0 X

+— Y+

Y+ —X— X_—y— T
=/ K(r)dr+/ Ks(r)dr—/ K.(r+x4—yy)dr
0 0 0

ye—xe xo—y-
:/ Ks(r)dr+f K.(r)dr
0 0

Xo—y- y+—y-
—f Kg<r+x+—y+)dr—/ Ko+ x4 — i) dr
0 X_—y_
V4—X_ X_—y_
=/ Kg(r)dr+/ K.(r)dr
0 0

X_—y- V=X
—/ Ks(r+X+—y+)dr—/ Ke(r+xy —yir+x_—y)dr
0 0

Y+—x— g Fx)—(ye+y-) Xo—y- X4V
:—[/ f Kg(r+§)d§dr+/ / Ké(r—l—é)dé‘dr]
0 0 0 0

> [0y ) = Oy )0 —x0) | min KL

+

+ (- —y ) (xgp — min K. (r)|=0.
( y-) (x4 y+)0<r<(x++x7)7(y+iyi)| ()]

We have established (4-9) in all possible cases. Recalling (3-11) and a further analysis of the final
expressions in Cases 1-3 shows that they are monotone as ¢ — 0". Moreover, FP( f) — FP(f) as
¢ — 0. Hence, in this case, we can conclude that

. d d
lim & Fp(fT — 9 rpqT
e—1>r8+ dtfs ) =0 d‘L']: ) =0
and that the sign of the derivative is preserved. O

5. Interpolation between symmetric decreasing functions

Let us now review the interpolation between symmetric decreasing functions of unit mass introduced in
[Delgadino et al. 2022]. Consider a nonnegative, symmetric decreasing function f € L'(R") N C(R")
with mass 1. The associated height function H : (0, 1) = (0, || f||ze®»)) is defined implicitly by

/ min{ f(x), Hm)}dx =m form € (0, 1). (5-1)
Rn
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--------- fx)=H(m)

"l cooooo

Figure 4. The height function H (m) associated to f(x).

That is, H (m) is the unique value such that the mass under the plane f(x) = H (m) has mass m € (0, 1);
see Figure 4. The height function H satisfies the following properties.

Lemma 5.1 (see [Delgadino et al. 2022]). Let f € LY (R") N C(R") and H be its associated height
function defined in (5-1). Then:

(1) H=H@m) € (0, || f|lzocwn)) is continuous, strictly increasing, and convex on (0, 1).

(2) If in addition we assume that f has compact support and is strictly decreasing in the radial variable,
then
lim H'm)=|{f >0}|"" and lim H'(m)= +oo.
m—0t m—1-

(3) The function H fully determines f as

1
Fx) = / Xew -1 GV H (m) dim, where x,(x) = X(0.r) (). (5-2)
0
(4) For almost every m € (0, 1), we have

B (H/(m))Z-H/n
—®'((c,H'(m))~/") = nc,ll/"H//—(m) >0, (5-3)
where @ : [0, c0) — [0, 00) satisfies f(x) = D(|x]).
Proof. Properties (1)-(3) are established in [Delgadino et al. 2022, Lemma 2.1]. Property (4), established
in [Delgadino et al. 2022, Lemma 4.2], follows from differentiating the identity
D ((c, H'(m))~!") = H(m). O

Now, consider two symmetric decreasing functions fy, f1 € L'(R") N C(R"), both with unit mass, and
let Hy, H; denote their associated height functions. Let H;, 0 <t < 1, be a linear interpolation between
Hy and Hy:

H;(m) = (1 —1t)Ho(m) +1H(m). (5-4)

By Lemma 5.1 statement (3), the height function H; uniquely determines a radially decreasing function
fi € L"(R") N C(R") with unit mass. In particular, { f;};c[0,17 is an interpolation between fy and fj.
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It is shown in [Delgadino et al. 2022, Proposition 2.3] that the p-th power of the L” norms are convex
under this interpolation if and only if p > 2. More precisely,

2 <0 ifl<p<?2,
il 1 =0 ifp=2, for0 <t < 1. (5-5)
>0 ifp>2

In our next result, we determine when the W!:? seminorms are convex under the height function interpo-
lation.

Proposition 5.2. Fix 1 < p < oco. Let fy, fi € W'P(R") be two distinct, nonnegative, symmetric
decreasing functions with unit mass, and let f;, 0 <t <1, be the height function interpolation between fy
and fi. Then,

o Uiy = [ V517 dx
R)l

is convex if p>2n/(n+1).
Consequently, the following a priori estimate on the interpolation holds when p > 2n/(n 4+ 1):

tg%(?’)f][ﬁ]l‘;ﬂ"p(ﬂ%n) E max{[fo][‘,)vlﬂ(ﬂn)’ [fl]l‘,jvl,p(Rn)}' (5_6)

Remark 5.3. It is not known if the condition p > 2n/(n + 1) is sharp for the convexity in Proposition 5.2.

Proof. Given a symmetric, radially decreasing function f € W7 (R"), we let & : [0, c0) — [0, c0) be
such that f(x) = ®(|x|) and write

oo
/ |Vf|ﬂdx=ncn/ @ ()P dr. (5-7)
n 0
As a consequence of (5-2), the radial variable r can be expressed in terms of the height function H as

r=(c,H'(m))~"",

which gives

ci " H"(m)
dr = — m.
n H’(m)lH/”
Moreover, using (5-3), we can write
H/ 2+1/n
'(r) = —nc," Hm)™ .

" H"(m)

Therefore, applying the change of variable r — m in (5-7) gives

1 / Q+1/n) —1/n ”
H p H
IVfIPdx = ncn/ (an/(m))_lJr]/”npcp/"( () n ()
0

R T H m)? o Hm)H/

1
:Cn,P/ (H/(m))p(2+l/")*z(H//(m))lfpdm‘
0
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We consider the function W : R x [0, oo) — [0, co) given by
W(a,b) =d*b" for fixed k, £ € R.

To check the convexity or concavity of W, we find the Hessian matrix

D2W(a. by — (k(k—l)ak—zbZ kta*1pt! )

kea*=1pt=1 ¢t — Da*pt—2
Momentarily, we will set

k:p(2+%>—2 and £=1—p, (5-8)
so we assume that £ < 0 and k£ > 0 since p > 1. Now, we have two cases, 0 < k < 1 and 1 < k, which
correspond to 1 < p <3n/(2n+ 1) and p > 3n/(2n + 1), respectively. In the case 0 < k < 1, the first
minor is negative; hence if the determinant det D>W is positive, then the matrix D>W is negative definite.
In the case 1 < k, the first minor is positive, so if the determinant is positive, then the matrix D2V is
positive definite.

Hence, to determine the convexity or concavity of W, we need to check the positivity of the determinant
of the Hessian, which is given by

det(D*W(a, b)) = a** V2D (k(k — D) — 1) — k2% = a®2p* 2kt (1 —k — 0).

Now taking k and ¢ as in (5-8), we find that

k(1 —k—£) = (p(Z—l—%)—Z)(l—p)(l—(p<2+%)—2>—(1—p)>

~(ple+ )01+ 2)

is nonnegative if and only if

2n
>
p= n+1’
The stated result follows after writing
1
IV ;12 dx = Cn,,,f W(H/ (m), H' (m))dm. a
R" 0

Strict convexity under the height function interpolation also holds for potential energies with symmetric
increasing potentials.

Proposition 5.4. Consider V a smooth, bounded, increasing radially symmetric potential. Let fy, f1 €
C(R") be two distinct, nonnegative, symmetric decreasing functions with unit mass, and let f;, 0 <t <1,
be the height function interpolation. Then

t— / V(x)fi(x)dx
RVI

is strictly convex for all 0 <t < 1.
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Proof. Let v : [0, c0) — R be such that V(x) = v(|x|). With this and (5-2) for f;, we rewrite

1
/ V(x)fi(x) dx:/ V()c)/O X(en H (myy-1n (X) H (m) dm dx

1 (coH] (m))~1/n
:/ (ncn/ v(r)r"_la’r)Ht/(m) dm
0 0

1
- / Fy (e H}(m)) ™" B! (m) dim, (5-9)
0
where we define

Fy(§) := nc, /OE v(r)r"tdr, & >0.
Differentiating this function we obtain
Fy(€) =nc,v(6)g" ™,
so that, differentiating the potential energy (5-9), we obtain

& | s

B fl 1 Fy ((cn ) (m))~1/m)
—Jo (_n (co H/(m))1/n

+ Fy ((cn H[(m))‘”"))(H{ (m) — Hy(m)) dm

1 1 —1/n
0 H; (m)

Differentiating again gives the desired result:

d2 1 1 v/((anl/(m))fl/n) ) /
dr? A" V) fitodx = /0‘ Crlz/nl’l (H,/(m))2+1/" (Hy(m) — Ho(m))2 dm > 0. 0

Lastly, we turn our attention to the proof of Theorem 1.4. For reference, we state a simplified version
of the result in [Delgadino et al. 2022].

Proposition 5.5 [Delgadino et al. 2022, Proposition 4.5]. Consider W a smooth, bounded, increasing
radially symmetric kernel. Let fy, f1 € C(R") be two distinct, nonnegative, symmetric decreasing functions
with unit mass, and let f;, 0 <t <1, be the height function interpolation. Then

t'—>/n Rnfz(x)fz(y)W(x—y)dxdy

is strictly convex for all 0 < t < 1. Moreover, the convexity is monotonic on the derivative with respect to
the radial variable W' of the potential.

While the original result in [Delgadino et al. 2022] allows for more singular kernels, the kernels in the
Gagliardo seminorms are not included. We again utilize the e-regularization in (3-1).
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Proof of Theorem 1.4. Fix & > 0 and let ]-"3 be as in (3-1). Recalling (3-3), we write

FAE) = Coll il =2 [ | A0 i Wetx =) drdy.

Note that W, = —2W, is a smooth, bounded, increasing radially symmetric kernel. Consequently, we
may apply (5-5) and Proposition 5.5 to obtain
d2

d? ~
d?‘Fsz(ﬁ) =0+ W[/Rzn Ji () fr(x)We(x —y)dxdyi| > 0.

The convexity now follows by taking ¢ — 0%, using the monotonicity with respect to ¢ of W/, and the
monotonicity of convexity under Proposition 5.5. O

6. On Theorem 1.5

In this section, we use Theorems 1.1 and 1.4 to establish Theorem 1.5. Notice from Figures 1 and 2 that
the continuous Steiner symmetrization v* of v does not preserve the support of v, so we cannot directly
compare v and v* using (1-9) to establish uniqueness. To preserve the support of v, we slow down the
speed of the level sets near # = 0 in Definition 2.1.

Before proceeding with the proof of Theorem 1.5, we present truncated continuous Steiner symmetriza-
tions and their properties.

6.1. Truncated symmetrizations. Fix hg > 0 and let vy(h) = min{l1, & /hgy} for h > 0. The continuous
Steiner symmetrization truncated at height /g of a superlevel set U = {f > h} C R of a function f at
height 7 > 0 is given by M""7* (). The continuous Steiner symmetrization truncated at height /¢ of a
nonnegative function f € L'(R") in the direction of e, is denoted by f* and defined as

[e.¢]
T (x) :/0 XMU()(h)f(Uj,)(xn) dh forx = (x',x,) € R", h > 0.

Given a Lipschitz function f, we know by Corollary 1.3 that f* is also Lipschitz. However, the
corresponding truncated symmetrization, £7, is not necessarily Lipschitz for all 7 since the level sets
near & = 0 move slower than those above. In particular, the higher level sets may “drop”; see Figure 5.
We will show that, when 7 is sufficiently small, this does not happen and that f7 is Lipschitz with the
same support as f.

f ‘/‘r f‘fr A~ ]’l

/i N\ v N

?

v

Figure 5. The graphs of f, f7, and /7 in Example 4.9 at x = 0 with hg = 7 = .25 illustrating
how the level sets below the line & = h( have dropped.
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Proposition 6.1. Let f : R" — [0, 00) be Lipschitz with co = [ fLip. Then, for each 0 <t < hy/co, the

function f7 is Lipschitz with

= Coho
[ lLip < ———
f P ho — 0T
and satisfies

supp f*=supp f and fT=f"  in{f" > ho}.

Consequently, the upper Dini derivative of f° with respect to T satisfies
2

d+ FT1. . Co
dt [f ]Llp =0 = ho‘

First, we prove a characterization of Lipschitz functions with respect to their level sets.

Lemma 6.2. For a function f : R" — [0, 00), we have

hy —hy
sup

Ulip= S Gt@1/ = ha) 9F <m])’

Proof. For ease, set
hy — h

sup  — .
0<h,<h, dist(d{f > ha}, o{f < h1})

cy =

We will show that co = [ f]Lip.

(6-1)

(6-2)

(6-3)

(6-4)

First, we claim that co <[ fLip. If [ f]Lip = +00, there is nothing to show, so assume that f" is Lipschitz.

Fix 0 < hy < hy. If x, y € R" are such that f(y) = hy and f(x) = hy, then
hy—hy=1f(x) = fOI = [fluiplx — yI.
Taking the infimum over all x € {f = h;} and y € {f = h,}, we have that

hy—hy=1f() = fO = [fILip dist(@{f = ha}, 3{f = }).
Equivalently,

hZ—I’ll
= p forall0 < hy < hy,
dist(( f > ha}, o{f <)) — [flp forall0<hy <hs

and we have that co < [ f]Lip-

Let us now show that [ ], < co. We may assume that ¢y < 0o; otherwise we are done. Let x, y € R"

and set h; = f(y) and hy = f(x). Without loss of generality, assume 0 < h; < h;. Then

|f () = fF)=ha—h1 <codist@{f = ha}, 3{f < hi}) < colx —yl,
which shows that f is Lipschitz with [ f]Lip, < co. This completes the proof of (6-4).

Remark 6.3. Following the proof of Lemma 6.2, one can show for o € (0, 1) that
hy —hy
sup - .
O<hi<hy [dist(@{f = ha}, 3{f < i}

We expect that a result similar to Proposition 6.1 holds for all C*-seminorms.

[flce =
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Note in the following that if f is a good function, then
H{f=ht=0{f >h}=0{f <h} forh>0.

Proof of Proposition 6.1. By Corollary 1.3, we have that f is Lipschitz with [ /" |rip < co. Fix hy > hy > 0.
By Lemma 6.2, we have that

dist O f* > ha), 9T <)) = 12

for all T > 0.
co

Assume for now that f, and consequently f°, is a good function, so that

hy —hy

dist({ 7 > ha}, 3{f* > h}) > for all 7 > 0.

co
With this and Lemma 2.5, we have
dist@{f ™" = ha), 8T < hy})
= dist(3{ f70") > o}, 3{FTOM) > pyY)

> dist(@{ 70" > o}, 3TN > b)) — dist(@{fTO") > k), d{ TR > ko))

hy — hy
> o — vo(h2)T —vo(h1)T]

hy—h ho \ !
2 ‘—(hz—h1>i=<“)—°) (hy— hy).
€o ho ho —cot

For each fixed x’ € R"~!, we can similarly show that

=

h 71
dist(@{ ™" (x", ) = ha}, (T, ) < hy)) = (%) (hy —h1) >0
T
for all T < hg/cg. Consequently,
MYOTUy c M T forall 0 < hy < hy and x' € R"!

That is, the sections U f, remain ordered and we have (6-2). Therefore, f7 = f%0®) for all T < ho/co
and i > 0, so we have

-1
dist(d{ f* > ha}, 3{f" < h1}) = dist@{ 70" > hy}, 3 fT0M) < hy}) > (%) (hy — hy).
0—¢C0

It follows from Lemma 6.2 that f T is Lipschitz for t < hg/co with (6-1).
Suppose now that f is a Lipschitz function but not a good function. In light of Lemma 4.4, there is an

approximating sequence of functions f; that are both good and Lipschitz with [ fi ] ipwe) < co. By the
above, we have that fkf are also good and Lipschitz. Consequently,

[f Tipny < [FE = Fluipwn + A Lipn)

~ ~ coho coho
<Uff = M lupwn) + — as k — 00,
= [fk f ]Llp(R ) hO ot /’lo ot

and the result holds.
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To prove (6-3), we simply use (6-1) to estimate

+ 1. _ %—Co 2 2
;l_r[fr]upt OzlimsupM§limsuph°_L:1imsupC—0—c—0

= —. U
= —0+ T —0+ T 1—0+ ho—CO‘L' h()

We will also need the following estimate on the distance between f and f in L. See [Brock 2000,
Theorem 4.2] for a similar result in the setting of Remark 2.4.

Lemma 6.4. Let f : R" — [0, 00) have compact support. If f € L°°(R") is Lipschitz with co = [ f ILips
then

Lf = frllze@y < Tl fLipmn  forall T < ho/co. (6-5)
Consequently,
If = f @y < tlfip@wnlsupp f|  forall T < ho/co.

Moreover, the same bounds also hold for the standard symmetrization f°.

Proof. Assume, up to an approximation, that f is a good function. Fix x = (x’, x,,) € supp f and
0<t<hg/cy. Let h; = f’ (x) and hy = f(x), and assume, without loss of generality, that 0 < h| < h5.
Note that there is a y, € R such that f7(x’,x,) = f(x', y»), which implies that 3{ f(x', -) < h;} is
nonempty. Then, from Lemma 6.2,

£ () = FT @) = (ha =) < codist@{f (X', -) = ha}, 3{f (&', ) <)),
and with Lemma 2.5, we obtain
£ )= fT(0)] < codist({f (x',) = ha}, { f (x',-) <))
=codist@{f (x,-) > ha}, {f(x',-) > h1})
<co(dist@{f (x',-) > ha}, {fT(x',) > D +dist{ f7 (', -) > hi}, 3{f (&, ) > I )
< co(0+vo(h1)T) <cot.
Hence the L estimate holds. With Proposition 6.1, we conclude that
Lf =l = /Suppf | f(x) = f*(x)|dx < cot|supp f]. O

We conclude this section with an estimate proving that the H® norms of f7 and f* can be made
arbitrarily close for sufficiently small #g > 0 and in the case 0 < s < %

Lemma 6.5. Let0 <5 < % Assume that f is Lipschitz with | fLipwre) < co and not radially decreasing
across {x, = 0}. Then, for any ¢ > 0, there is a hy = ho(e, n, s, f) > 0 and 9 = 19(hg, f) > 0 such that

FT 2 2
L7 sy = 1 Wy

Proof. Fix ¢ > 0, and let hy > 0 to be determined. From Proposition 6.1, we have

<et forall) <1 <71.

~ h h
[fr]Lip(Rn) < hC& <2c¢ forallO<t< -0 =: 7.
0—CoT o
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Moreover, f* = f7in {fT > ho}U ({fT =0} N{fT =0}), so that
. (fT) = fT N> = (fT(x) — fT()?
”fT”%{x(Rn) - ||ft||%1s([|§n) = A /A dx dy,
n ]’lo

|x — y[rt

where
Apy = ({fT < ho} U{fT < ho}) N (supp f* Usupp f7).

That is, Aj, is the set in which fT # f7. To estimate the integral, we split into short and long-range
interactions. Let R > 0 be such that supp /7 Usupp f*° C Bg, and write

2 . (fT) = FT N = (fT(x) = f7(»))?
1/ ”%{S(Rn) - ”%IS(R”) N /Aho/lxyl<R |x — |2 v dx

£t _fT 2 T _fT 2
+/ / (fTx) = fTO)™ = (fT(x) = fT(y) dy dx
Apy/ Ix=y|=R

|x_y|n+2s
=:I+1I.

First considering I, notice that the support of the integrand is contained in the set

{(x,y)rIxI <Ror |yl < R}N{(x,y): [x —y| < R}
C{(x,y):|x] <2R and |y| <2R}N{(x,y):|x —y| < R}.

£t _fT 2 _ (g1 T 2
I=/ / ST =) =T =) dydx.
ApgNBarJ BorNBR(x)

Therefore,

|x — y[rt2
With the Lipschitz bounds for f7 and f7, we estimate
I(FT) = FrON? = (fT () — fF )
= (7)) = TN+ (FT@) = FFONIFTx) = £7@)) = (FF () — fFFO)
< (L Tip®n + L Tuip@n)x — YT = 7)) = (F7 () — £7 ()]
<3colx = yII(FTx) = 1) = (FT () — FTO)I-

Therefore,

1| 5300/ / )= F D =T D= O
ApyNBar Y BorNBRr(x)

|x _ y|n+2s—1

- 1
§3CO|:/ |fr(x)—fr(x)|</ —dy)dx
AhomBZR ByrNBR(x) |x - )7|n+2371
1

+/ |fr(y)_fr(y)|(/ md)é)dy}. (6-6)
B AngNBarNBR(y) 1X — V]

Since 0 < s < % we have

1 1 1
. d}’f/ —dy:f — 5 dZ:C S.R < 00, (6_7)
/szﬂBR(X) Ix — y|n+23_1 Brx) |x — y|”"‘25—1 Bx |Z|"+2“_1 n,s
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and similarly

! 1
Sy SN
x/z;homBZRmBR()’) |x — y[rt2s-l Br(y) 1X — y|n+2s—1

Using again that 7 = f7 in R"\ Ap,, we note that

/B 1T = ffldy = f 7)) = Tl dy. (6-9)

AhomBZR

Therefore, from (6-6)—(6-9),

|| < Cos. R [/ | fT(x) — fT(x)|dx +/ 17 ) = fT I dy}
ApgNBag Bar

<2Cos i /A 7 — £ ()] dx.

hq
By Lemma 6.4, we arrive at

|I| = Cn,s,flAho|T-

Regarding /1, we expand the squares to obtain

£t 2 (fT 2 £t 2 (fT 2
II:/ / (fT(x)" = (f"(x)) dydx+/ / (ST = (T () dy dx
Apy Y lx—y|=R Apyd lx—y|=R

|X - y|n+23 |x — y|n+2s
ApyJ Ix—y|=R |x — y|n+2s

First observe that

£t 2 _(fT 2 B
[ ORGrt f fr(x))z_(ff(x))z]< [
Apg o/ [Xx=y|ZR |

|x - y|n+2s Ah() ZlER |Z

1
|n+2s dy) dx

= Cus R UL I 32a, ) = 1 W2, ) (6-11)
and similarly, using Lemma 6.4,

£t 2 T 2
/ / (fT) (f2 ) dy dx
Ang 1x—yI=R |x — y[rtas

£t 2 (fT 2
:f / (TN =) dx dy
AngJ1x—yI=R |x — y|nt2s

- ~ 1
= /A [(FT) = TN + fT )] ( /| EE= dz> dy

z|>R |z

< Cous kIl F7 = FT L gy
< Cuys, fRrIARIT. (6-12)

Consequently, from (6-10)—(6-12),

FT@Wr fx) = fT@)(Wr f1)(x) dy dx

Apy

|II| =< Cn,s,f,RlAho|T +

k)




SYMMETRIZATIONS AND UNIQUENESS OF SOLUTIONS TO NONLOCAL EQUATIONS 2361
where Wgr(x) = |x|_”_2SXRn\BR(0) (x). Using that
VWex [N < | WeOIVFT(x=p)ldy <2e0 [ Wr(y)dy = cus.r
and similarly for |VWg x 7|, we can follow the proof of [Carrillo et al. 2019, Proposition 2.8] to show
that

FrEOWr* f)(x) — fTx)(Wg x £ (x) dy dx

Aho

< Cus, p.rI min{ f, Ao}l L1 @nyT-

Summarizing, we have
FT2 2
S W s ey = L™ s oy

for hy sufficiently small. (I

= |+ | = Cus, £,RUAR |+ [l min{ f, ho}ll L1 wn)) T < €T

6.2. Proof of Theorem 1.5. The proof relies on two results regarding the nonlocal energy
& (V) = e s [Vl + / ¢ Po(x) dx,
Rn

where we recall that ¢, s[V)%s = (—A) v, v) r2wny- First, we will show that small perturbations of
stationary solutions v to the fractional thin-film equation that preserve the support of v correspond to
small perturbations in the energy.

Lemma 6.6. Assume that v is Lipschitz and satisfies the stationary equation

(=AY =3 hixp,(y) = 3Bly* in supp(v) C R,
(6-13)

v>0 in R".
Let v* be a perturbation of v which is continuous in the C* norm for every 0 < a < 1 and preserves mass

in each connected component. Then
o EED =&

=0t T
Proof. From the definition of & and the fact that (—A)° is self-adjoint, we have

&7 — & o T
BB [ (Gearr o+ p0R) Sy

0.

T _
(v —v) dy.
T

= [ (carvegone) S ay+ ] NCSECE

Using that v solves (6-13) and that v* preserves the mass of v in each P;, we notice that the first term

s 1 @ —v) 1 r
| (oo 3pR) e dyzlzxi;fﬂ(v—v)dwo.

Using Lemma 6.4 and that

vanishes:

(=AY (W' —v) > 0 in CORM),

we take T — 07 in the second term to complete the proof. ]
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Next, we show that if the perturbation is precisely the truncated Steiner symmetrization of v, then the
energy is in fact strictly decreasing.

Proposition 6.7. Assume 0 < s < % and v is Lipschitz, nonnegative with compact support. If v is not
radially decreasing, then there exist constants hg, v, tg > 0 such that

E(DY) < &(v) — %cn,syt forall 0 < 1 < 19,
where V' is the continuous Steiner symmetrization truncated at height hy.

Proof. Begin by writing

E@T) — &) = cns ([0 1as mry — [V]Hs @) + %,3 /R IyI?(@F — v) dy.

Rearranging, we have

o0
fR Y@ () — () dy = /I; 2 /0 Gtagaor iy ) = X, () dh dy

o0
=f / (/ |yn|2dyn—/ |yn|2dyn)dhdy’
R=1J0 MMt v
507

where the last inequality follows by the definition of the symmetrization. On the other hand, by Theorem 1.1
and Lemma 6.5 with ¢ = %y, there are A, tgp > O such that

[ﬁt]%lv(Rn) - [U]%{Y(Rn) - ([ﬁf]%{v(u‘\gn) - [UT]ZHS(Rn)) + ([UT]ZHS(RH) - [v]%_lr(Rn))

< %yr —yT = —%yr forany t < tp. U
Proof of Theorem 1.5. Assume, by way of contradiction, that v is not radially decreasing, and let v
denote the continuous Steiner symmetrization of v truncated at height 2o > 0. By Proposition 6.1, we have
that v° is Lipschitz for sufficiently small O < t < ¢¢/ ho and preserves the mass of v in each connected
component. Moreover, by Lemma 6.4, 0° is continuous in 7 in the C* norm for any 0 < o < 1. Hence
the hypotheses of Lemma 6.6 are satisfied, so that, for all ¢ > 0, there is § > 0 such that

—eT <&@ —EW) <te forall0 <t <§.
On the other hand, Proposition 6.7 guarantees that
@) —EW) < —%cmyr forall 0 <71 < 19.

We arrive at a contradiction by choosing 0 < & < ¢, ¢ %y. Therefore, it must be that v is radially decreasing.
Consequently, supp v is a single connected component.

To show uniqueness, up to the scaling, we follow the argument in the proof of [Delgadino et al. 2022,
Theorem 1.1]. Consider two radially symmetric critical points vy and v; that are Lipschitz, and let
{v:}ref0,17 be the height function interpolation presented in Section 5. Using that vy, vi € C 0.1(RM), we
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can use Proposition 5.2 to conclude that {v;};¢[0,1] is continuous in C*(R") for any 0 < o < 1. Recall the
upper and lower Dini derivatives in (3-6). We claim that

d+ _ o E@)—Ewy) &) —E@) _ d-
dtg (v’)t 0_11_151+ t O_tl_lf?— 1—¢ dtg (v’)

Following the proof of [Delgadino et al. 2022, Proposition 4.4], it is enough to show that

dvr
/ (=A) v

as the potential part of the energy follows in the same way. Since (—A)? is self-adjoint,

d+
[Ut]Hv

dx (6-14)
=0

dt
E[Ur]ys —0 tlif(r)l” R"( A) vr
Then, (6-14) holds as long as the pairing
dv,

(—A)’ v, dx
R? dt
is continuous in . From the Lipschitz a priori estimate, we know that

(=A)Y’vy = (—A)’vg strongly in continuous functions as T — 0,

so we only need to check that weakly
dv; IR dv,
dt dt

=0
This follows directly from [Delgadino et al. 2022, Lemma 4.3], after noticing that both vy and v; are not
degenerate. More specifically, vg and v; are twice differentiable around zero, and there exists a ¢ > 0
such that

max{Avy(0), Avi(0)} < —c.

This follows because both v and v; solve a fractional elliptic equation in a neighborhood of zero.
However, by the strict convexity of £ (v;), see Theorem 1.4 and Proposition 5.4, we know that

dt d~
ESS(W) =0 < Egs(vt) 1’
which is a contradiction. Therefore, for any given mass, there is a unique critical point to &, and it is
given by (1-10); see [Dyda 2012]. O
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ROBUST NONLOCAL TRACE AND EXTENSION THEOREMS

FLORIAN GRUBE AND MORITZ KASSMANN

We prove trace and extension results for Sobolev-type function spaces that are well suited for nonlocal
Dirichlet and Neumann problems including those for the fractional p-Laplacian. Our results are robust
with respect to the order of differentiability. In this sense they align with the classical trace and extension
theorems.

1. Introduction

We are concerned with well-posedness of nonlinear nonlocal equations in bounded domains, such as
s .
(=A)u=jf inQ,

. (1-1)
u=g inR"\Q,

where the fractional p-Laplacian is defined via

dy
|x — yldtsp

(—A)u(x)=(1-1) p-V-/Rd () — (V)P w(x) — u(y))

A standard approach to problems like (1-1) is the variational approach, which is based on an energy
functional and corresponding function spaces. Since the operator (—A)ju is nonlocal, it is necessary
to prescribe values u(x) for x € R? \ Q in order for (1-1) to be well-posed. A possible yet restrictive
option is to work in the Sobolev—Slobodeckij space W*?(R?). Note that an assumption of the type
g € W*P(R?) imposes unnatural restrictions since problem (1-1) does not involve any regularity of g in
R?\ Q other than some weighted integrability. Popular workarounds include assumptions of the type
g € WOP(Q.) NLP(RY; (1 + |x])~¢~57 dx) for some enlarged domain 2, = {x € R4 | dist(x, Q) < €}.

We introduce and study trace spaces on R \ € that allow for a natural variational approach to nonlocal
nonlinear problems. An important feature of our approach is the robustness of our results as s — 1.
This allows for a theory of well-posedness for problems like (1-1) that is continuous in the parameter s at
s = 1. In this case, problem (1-1) reduces to

—div(|Vu|P"2Vu) = f inQ,
u=g onoadf2.
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In order to derive the setting of the variational approach, let us explain the definition of a weak solution
to our model example (1-1). Given a sufficiently regular solution u to (1-1) and a regular test function
¢ : R? - R with compact support in ©, the following should hold:

/(—A);u<ﬂ=/ fe,
Q Q

which, after an application of Fubini’s theorem, reads
2 / 100 ) a0 ) — o) |d+vp / fo.  (2)

This line motivates the following definition of an energy space. For a bounded open set Q@ ¢ R? and
1 < p < oo, we consider the fractional Sobolev-type space

VEP(Q|R?Y) = {u : R? - R measurable | [u]ys.rq|re) < 00}, (1-3)
|u(x) —u(y)|” d
()50 a5y = (1 = )/ Tyt dxdy, A, B € B(RY). (1-4)

We endow this space with the norm ||”||€s,p(g|Rd) = ||u||’L’,,(Q) + [u]ﬁw(mw). The space V5P (2| RY)
is a separable Banach space and reflexive for p > 1; see, e.g., [Foghem Gounoue 2020, Chapter 3.4].
It is well known that this space converges to W7 (Q) for 1 < p < oo as s — 17; see [Bourgain et al.
2001, Theorem 2] and [Foghem Gounoue 2023, Theorems 1.1, 1.3, 1.5]. In his famous work, Gagliardo
[1957] proved that the classical trace y : Whr(Q) — W!=1/P-P(3Q) is linear and continuous and has a
continuous right inverse. We are concerned with the search for a trace theorem and extension result for
the fractional Sobolev spaces of type V7 (2| R?) onto the nonlocal boundary Q¢ such that the result is

robust in the limit s — 1~

Remark 1.1. In some more applied fields such as peridynamics, one studies nonlocal problems in bounded
open sets €2, where data are prescribed in a bounded open set E D £2; see [Mengesha and Du 2016]. Then,
there is no need to discuss the decay at infinity, but the main challenge remains: quantify local behavior
of functions across the boundary 2. Our results apply to such problems directly as R¢ can be replaced
by a general set E.

Main results. We introduce a space of functions 7°-7(2¢) defined on Q€, see (1-6), and prove trace
and extension results which are robust in the parameter s; see Theorems 1.2 and 1.3. Lastly, we prove
the asymptotic of the spaces 7°7(2°) as well as some related weighted L? spaces as s — 17; see
Theorem 1.4.

Due to the nonlocality of the operators under consideration, problems like (1-1) can be formulated in
open sets, which are not necessarily connected. Since our main results do not require €2 to be connected,
we define Q € RY to be a Lipschitz domain if it is open and has a uniform Lipschitz boundary; see
Section 2. We define measures

s (dx) == Loe () (1 = $)d 7 (14 dy) =P~V dx (1-5)
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on the Borel o-algebra B(RY), s €(0,1), 1 < p < oo, where d, := dist(x, ) for x € RY. We simply
write i, (x) for the density of the measure j; with respect to the Lebesgue measure on R¢. Given an
open bounded set A C R?, note that j5(A) < (1 —s) f Aange 4y ° dx and s converges weakly for s — 17
to the Hausdorff measure on 02N A; see Lemma 5.1.

We introduce for s € (0, 1), 1 < p < oo, our trace spaces
THP(Q°) :={g: Q° — R measurable | || g|7sr ) < 00},

”g”f[?'s.p(gt') = ”g”zp(gc;m) + [g]g’a‘,p(gzc)s

» , |f(x) = fFODIP2(f () — F)(g(x) — g(»)
LS. 81enae) = T2
e Jae ((lx =yl +dx +dy) AT
Here, we use the convention [g]7s.r(qc) = [g, gl757 (). The space T%7(Q2°) is a separable Banach space
(Hilbert space for p = 2) and reflexive for p > 1; see Lemma 2.2. Now we state the trace result and

(1-6)

s (dx) g (dy).

extension result for p > 1.

Theorem 1.2. Let Q C R? be a bounded Lipschitz domain, s € (0, 1), 1 < p < oo. Then the trace operator
Try: VSP(QIRY) — T57(Q°),  ur> ulge,
is continuous and linear and there exists a continuous linear right inverse
Ext: TP (Q°) — VP(Q|RY), g+ Exty(g),

which we call the nonlocal extension operator. Moreover, the continuity constants of the linear trace and
extension operator only depend on 2 and a lower bound on s, as well as a lower and upper bound on p.

An extension of Theorem 1.2 to the case p = 1 requires a refined consideration. Analogously to the
case p > 1, one might guess that the limit space of V! (Q|R%) as s — 17 is WH1(Q). But, in fact,
the Sobolev space W!1(Q) is too small to capture all functions such that liminf,_, ;- || f|| ysl(Q|Rd) 18
finite. The limit space of V* T(Q|RY) as s — 1~ turns out to be the space of functions of bounded
variation BV (£2); see [Davila 2002, Theorem 1; Bourgain et al. 2001, Theorem 3’, Corollaries 2 and 5;
Foghem Gounoue 2023, Theorems 1.3 and 1.4']. Tt is well known that functions in BV (£2) have a trace
to the boundary d<2 that is integrable and the trace map to L' (dR) is surjective; see [Gagliardo 1957],
[D4vila 2002, Theorem 1] or [Leoni 2017, Theorem 18.13]. Theorem 1.2 may be extended to the case
p =1 as follows.

Theorem 1.3. Let Q@ C R? be a bounded Lipschitz domain, s € (0, 1). Then the trace operator
Trs : VSUQ I RY) — LY(QC; uy(dx)),  u > ulqe,
is continuous and linear. There exists a continuous linear right inverse
Exts: T51(Q9) — VEUQIRY), g ext(g).

The continuity constants of the linear trace and extension operator only depend on 2 and a lower bound
on s. In addition, the norm of the extension operator in dimension d = 1 also depends on a lower bound
onl—s.
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This result is analogous to the local setting where L'(Q; 1) is a suitable replacement for L'(3). In
particular, a direct analog of the trace result from Theorem 1.2 for p =1, i.e., [[ull75.1(qe) S llullysi (| ra),
cannot hold; see the counterexample in Remark 3.11. This is in alignment with the local setting. Recall
that there exists a nonlinear bounded extension operator from L'(3Q) to BV (S); see, e.g., [Maly et al.
2018, Theorem 1.2]. It was shown in [Peetre 1979] that a continuous extension map of integrable functions
on 02 to a function of bounded variation in €2 cannot be linear. If we restrict ourselves to the Besov
space B?’l (02) C L'(9R), then a continuous linear extension to functions BV () that is a right inverse
to the trace map exists; see [Maly et al. 2018, Theorem 1.1]. A function f € L'(3) is in the Besov
space B?’l (0€2) whenever the seminorm [ f] B, (52 is finite, where

Lf1p o) = fmxm W(s ®0)(d(x, y)).

Here, the measure o is the surface measure on 9€2. The Besov space B0 1.1(0€2) is a Banach space endowed
with the norm ||f||Bo (09Q) "= =/l oo+l f]Bo (09" In Step 1 of the proof of Theorem 1.4, see Section 5,
we show that our trace norm || f|-7s.1(qe) converges to ||f||Bo [(99) A5 = 1~ forany f € C0 H(R?). In this
regard, we recover the local extension theorem to BV (£2) functlons in the limit s — 17 as the extension
operator in Theorem 1.3 has a uniformly bounded norm in the same limit.

As mentioned above, the spaces V57 (Q|RY), 1 < p < oo, converge to the traditional Sobolev space
W!-P(Q) as the order of differentiability s reaches 1. Having established the robust continuity of the trace
and extension operators from Theorems 1.2 and 1.3, our second goal is to study the limiting properties of
the spaces 7° 7 (2°) for s — 1~ and to recover the classical trace and extension results for Sobolev spaces.

Theorem 1.4. Let Q@ C RY be a bounded Lipschitz domain, s € (0, 1), 1 < p < oo. Then
ITrs ull e e ) —> Iy ulle o), ueWwhr(®R9,
[Trs ulsr@e) = Yulwi-urs@gy, 1€ WHPRD,
ITrs wll 21 (e, ) = lvulliee) u € BV (R,
[Trs ulysi ey —> [V”]B?J(ag)’ uec C((;)’l(Rd),

as s — 17. Here, y denotes the classical trace operator and B? 1(0K2) is the Besov space defined above.

Remark 1.5. In the case of a bounded connected C!:!-domain Q and p = 2, Theorems 1.2 and 1.4 have
been established in [Grube and Hensiek 2024]; see the discussion of related literature below.

Applications to the Dirichlet problem. Let us present a well-posedness result for (1-1). We define the
space of test functions for the Dirichlet problem as follows:

Vi (QIRYD) = {v e VS (QIRY) [v=0ae. on R\ Q) (1-7)

Definition 1.6. Let  C R? be a bounded Lipschitz domain, s € (0, 1), 1 < p < 0o. Let g € T5P(Q°)
and f € V5P(Q| RYY > L”/(Q). We say that u € V5P (Q | RY) is a weak solution of (1-1) if, for every
(NS Vos’p(Q | RY), the equation (1-2) holds.
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Here is our result on well-posedness of the Dirichlet problem.

Corollary 1.7. Let Q C R4 be a bounded Lipschitz domain, s, <s <1, 1 < p <oo. Let g € T*P(Q2°) and
feVsP(Q] RYY > LP,(Q). Then there exists a unique weak solution u € V5P (Q2 | RY) to problem (1-1).
Moreover, there is a constant ¢ > 0, depending only on p, 2, S., such that

”’/‘HV&P(Q|R‘1) <c(lglrsre) + ||f||VW(Q|Rd)/)- (1-8)

Proof. Let Vgs P (@ | RY) be the set of all functions v of the form v = Exts(g)+vo with vg € Vg P R?) and
Extg(g) as in Theorem 1.2. This set is a closed convex subset of V57 (2| R?). Let I : Vgs’p(Q IR - R

be defined by
@ —vI”
o )__f/ (Q€x Q)¢ |x_ |d+sp dx—f(v).

We note that f(v) is the duality pairing between the functional f € V*7(Q|R¢) and the function
ve VP (Q R%). The functional I is strictly convex and weakly lower semicontinuous on the reflexive,
separable Banach space Véf P(Q|R?). Since

—1/(p—

|FOI = fllvsr@imy Vllvsr re < 8101, g pe + @D GV FIT. g pays

for every § € (0, 1), we can apply the Poincaré inequality, see Proposition 2.1, to the function v — Exts(g)
to obtain

I(U) [U]V’ 2(Q|RY) + Cl ||U”LP(Q) C1 ”f” VP (Q|RAY —C ||EXt€(g)|| Vs (Q|Rd)

for some constant ¢; depending on p and on the constant from Proposition 2.1. Thus, the functional
I is coercive in the sense that I (v) — 400 for [[v|lys.»q re) — +00. We have shown that [ attains
a unique minimizer # on the set Vgs P(Q|RY). It is now straightforward to show that the function u
solves problem (1-1). The claimed estimate follows from I (u) < I (Exts(g)), the above estimate and
Theorem 1.2. [l

Let us quickly review some related results on problems for nonlocal operators in bounded domains
with given exterior data. Note that there are also approaches to nonlocal problems in bounded domains €2
with data given on 02 such as [Grubb 2015], which we do not take into account here.

Some early well-posedness results for variational nonlocal problems of the type (1-1) can be found
in [Servadei and Valdinoci 2012; 2013; Felsinger et al. 2015]. The case of homogeneous problems,
i.e., when g = 0, is particularly simple and has been treated by several authors. Note that the vector
space Ds-P (€2) in [Piersanti and Pucci 2017] equals the space Vg P RY). Existing results for nonzero
data g often assume g to be regular in all of R4, e.g., [Di Castro et al. 2016, Theorem 2.3; Lindgren
and Lindqvist 2017, Theorem 8; Acosta et al. 2019, Proposition 2.2]. As [Korvenpdd et al. 2017,
Example 1] shows, optimal results require extra care and more regularity than just suitable integrability
of gin R?. Also, g € WSP(Q)NLP(RY; (1 + |x|)~?~*P dx) does not imply well-posedness as claimed in
[Palatucci 2018], which is not essential at all for the main results of that work. Workarounds avoiding
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global W* 7 (R?)-regularity are used in [Korvenpii et al. 2016; 2017, Lemma 6; Brasco et al. 2018,
Definition 2.10]. These approaches assume g € W57 ()N LP(R?: (1+|x|)~4=*P dx) for some enlarged
domain Q, = {x € R? | dist(x, Q) < ¢}. Concerning the case p = 1, we refer to [Bucur et al. 2023] for
results on existence and regularity of solutions to (1-1) with given exterior data.

Note that well-posedness and energy estimates similar to (1-8) are proved for p =2 in [Foghem and
Kassmann 2024] and for general p in [Foghem 2025]. The present work resolves the matter of optimal
assumptions on exterior data g, which has been achieved for p = 2 and C!-!'-domains in [Grube and
Hensiek 2024].

Remark 1.8. Note that the fractional p-Laplacian is well defined at a point x € RY if u is sufficiently
regular in a neighborhood of x and u € LP~!(R?; (1 + |x|)~¢~*” dx). For a variational approach, the tail
space LP(R?; (14 |x|)~9=? dx) is more natural, but modifications are possible.

Remark 1.9. For demonstration purposes, we have presented the well-posedness result for the fractional
p-Laplacian. It is straightforward to extend to more general nonlinear operators of the form

P-V-/d D@ (x, Ju(x) —u(y))(ux) —u(y)ks(x, y)dy
R
for appropriate functions & and kernels kg, s € (0, 1).

Related results. Let us discuss related results concerning function spaces, in particular trace theorems. As
explained above, the main new feature of the energy space V7 (2 | R?) is that functions in V7 (2 | R?)
satisfy some incremental regularity across the boundary plus some integrability at infinity. Dyda and
Kassmann [2019] provide trace and extension results for V57 (Q | R4) for rather general domains Q!
The proof is based on a Whitney decomposition of 2 and 2¢, which we employ here, too. However,
the construction of the extension operator in [Dyda and Kassmann 2019] is much simpler and uses the
Lebesgue measure. Thus, for s — 17, one does not recover the classical extension result. In order to
resolve this problem, we introduce the measure u, on 2¢, which converges to the surface measure on 92.

In [Bogdan et al. 2020], the authors prove a version of the Douglas identity and provide trace and
extensions results for spaces like V*2(Q|R?), where they allow for a large class of Lévy measures
v(dh) instead of |1|~¢~2% dh. The proof is based on a careful study of the Poisson kernel and provides a
representation of the energy of the solution u to problems like (1-1) (p = 2) in terms of its trace on Q.
The article leaves open the question of robustness as s — 17. Unlike [Bogdan et al. 2020], we define the
trace space for general p > 1 with the help of explicitly given norms that allow for robustness and limit
results as s — 1. Extensions of the results in [Bogdan et al. 2020] to some nonlinear cases, still based
on L2-Lévy integrable kernels, can be found in [Bogdan et al. 2023].

A systematic study of generalizations of the energy space V*7(Q|R¢) in the case of p =2 and a
Lévy measure v(dh) can be found in [Foghem and Kassmann 2024], where functional inequalities, well-
posedness results and some nonlocal-to-local convergence results are provided. The trace space is shown to
contain a certain weighted L2-space of functions on ©2¢. Foghem [2025] provided extensions to the general

INote that in [Dyda and Kassmann 2019] the domain of integration in (1.6) and (1.7) has to be changed from Q¢ x Q¢ to
M x Q€ with M = {x € Q¢ | dist(x, IQ) < 1}.
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case p > 1. Nonlocal energy spaces appear also in the context of Markov jump processes in [Vondracek
2021]. Here, the author considers the intersection with L2(R?: m), where m(x) = 1o (x) + u(x)1gc (x)
and . (x) behaves like dist(x, 92)~2* for x close to 92; see Remark 2.37 in [Foghem and Kassmann
2024] for detailed comments. This approach together with functional inequalities and questions of
well-posedness has been studied for more general kernels in [Frerick et al. 2025].

The present work can be seen as an extension of results in [Grube and Hensiek 2024]. Here we treat
general bounded Lipschitz domains and the full range p > 1 instead of bounded C'-!-domains and p =2
in the aforementioned work. Both works use the measure (g, but the construction of the extension
operator is different. In the present work we employ the Whitney decomposition technique and not the
Poisson extension. The study of nonlocal Neumann problems as in [Grube and Hensiek 2024] together
with the asymptotic behavior for s — 17 is possible in our framework, too. In order to keep the scope of
this work reasonable, we defer this line of research until a later date.

Last, let us mention recent trace and extension results for nonlocal function spaces, where problems
similar to ours occur but the setup is conceptually different. In [Tian and Du 2017] the trace space
H'/2(3Q) is recovered as the trace space of a certain L?(£2)-space with a nonlocal interaction kernel
that has a localizing property at the boundary 3. The analogous result for W*~1/7:?(3Q) is proved
in [Du et al. 2022a]. The result is extended further to domains with very rough boundaries including
those with spatially varying dimension in [Foss 2021]. See [Scott and Du 2024] for applications to
nonlocal equations with Dirichlet data given on d<2. Given a localization parameter § > 0 and a domain €2,
the authors of [Du et al. 2022b] study trace and extension operators between the domain and a layer
{x € Q¢ | dist(x, d2) < &}. The operators are shown to be robust as § — 0, which makes it possible to
recover classical trace results. For more details we refer to the discussion in [Grube and Hensiek 2024,
Section 1.2].

The development of nonlocal function spaces and related trace and extension results benefits greatly
from classical results for Sobolev, Sobolev—Slobodeckij, or Besov spaces. Early results on trace spaces
for W7 (Q) can be found in [Aronszajn 1955; Slobodeckii and Babic¢ 1956; Prodi 1956; Gagliardo 1957;
Slobodeckii 1958] and the monograph [Necas 1967]. See [Necas 2012] for an English translation and, in
particular, Chapter 2.5 therein. Lipschitz domains and fractional-order spaces are covered in [Grisvard
2011], e.g., in Theorems 1.5.1.3 and 1.5.2.1. For domains with corners see also [Yakovlev 1967]. The
corresponding state-of-the-art around this time is summarized in Chapter 1, Sections 7-9 of [Lions and
Magenes 1972]. Another standard reference focusing on contributions of researchers from the Soviet
Union is [Besov et al. 1975, Chapter IV]. Another important monograph in this direction is [Triebel 1983],
in particular Chapters 3.3.3 and 3.3.4. Trace and extensions results are provided in [Marschall 1987]
under minimal regularity assumptions on the domains. A survey of results on boundary value problems
for higher-order elliptic equations with degeneracies along the boundary is given in [Nikolskii et al. 1988].
Kim [2007] extends well-known trace assertions for weighted Sobolev spaces. The aforementioned list
is rather selective and not complete at all. Even some fundamental problems such as a trace result for
H(Q), 1<s < %, and €2 a bounded Lipschitz domain are not covered in the list above; see [Ding 1996].
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Very useful references for our work are contributions of A. Jonsson and H. Wallin [Jonsson and Wallin
1978; 1984; Jonsson 1994]. The setting in the aforementioned references includes results for subsets of
the Euclidean space endowed with general doubling measures. This is related to our framework because
we consider measure spaces (€2¢; i) with g as in (1-5). Moreover, the construction used in the proof
of the extension result Theorem 1.2 is inspired by the corresponding results Theorems 3.1 and 4.1 in
[Jonsson and Wallin 1978].

Outline. In Section 2 we fix the notation and shortly introduce function spaces used throughout this
work. The trace embeddings are studied in Section 3. We divide the proofs of the trace results from
Theorems 1.2 and 1.3 into the L”-embedding, see Proposition 3.9, and the seminorm inequality, see
Proposition 3.10. We construct the extension operator in Section 4. The extension theorems are proven in
Proposition 4.5 as well as Proposition 4.6 with precise dependencies of the operator norms. Lastly, the
limiting properties of the spaces 7*7(£2°), see Theorem 1.4, are proven in Section 5.

2. Preliminaries

2.1. Notation. For two real numbers a, b € R, we write a A b = min{a, b}, a vV b := max{a, b} and
la] = max(—o00, a] N Z. The ball of radius r > 0 centered at x € R? in the d-dimensional Euclidean
space is written as B, (x) or B,(d) whenever we want to specify the dimension. For a set A, we denote by
14 the indicator function on A. An open set 2 C R? is said to have a uniform Lipschitz boundary if there
exists a localization radius r > 0 and a constant L > 0 such that, for any boundary point z € 92 # &,
there exists a translation and rotation T, : RY — R? satisfying 7. (z) = 0 as well as a Lipschitz continuous
function ¢. : R?~! — R whose Lipschitz constant is bounded by L such that

T.(QN B, (2)) = {(x', x4) € B;(0) | ¢ (x) > x4};

see, e.g., [Leoni 2017, Definition 13.11] and the discussion in [Grisvard 2011, Chapter 1.2.1]. An open
set @ # B C R? is said to satisfy the uniform exterior cone condition if we find an opening angle «
and a height h¢ > 0 such that, for any z € 92, there exists an exterior cone C, C Q¢ with apex at z and
height /¢. The notion of the uniform interior cone condition is defined analogously. Note that an open
set with a uniform Lipschitz boundary satisfies both uniform interior and exterior cone conditions. The
interior cones (resp. the exterior cones) can simply be constructed via

C.:=T, '{(x',xa) € B,(0) | xg < —5LIx"|}

for z € 3. We say that Q@ C R? is a Lipschitz domain if it is open and has a uniform Lipschitz boundary.
Notice that we do not assume €2 to be connected. Nevertheless, a bounded Lipschitz domain has finitely
many connected components since the uniform interior cone condition bounds the volume of each
connected component from below by a uniform positive constant. We denote the distance of x to a closed
set A C R? by dist(x, A) = inf{|x —a| | a € A}. When the dependencies are clear, we write for short
d, :=dist(x, dQ2) for any x € R?. Furthermore, we use for r > 0 the notation

QM ={xeQ|d, <r}, QL =xeQ|d >r}. (2-1)

ext *
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We denote by #“=D the normalized (d—I)-dimensional Hausdorff measure on R?. The surface measure
of the (d—1)-dimensional unit sphere will be written for short as H@=D(3B;) = wy_,. To shorten the
notation, we write o for the surface measure on d<2. The inner radius of the domain 2 we denote by

inr(2) := sup{r | B, C Q}.

We will use lowercase letters ¢y, ¢, ... with running indices as constants in our proofs and reset them
after every proof. When we introduce a new constant, we write C = C(....) to indicate what the constant
depends on, i.e., C = C(d, 2) > 0 depends only on the dimension d and the set 2.

2.2. Function spaces. The following function spaces will be used throughout this work. We denote by
W5P(Q) (resp. WP (3%2)), s € (0, 1), p > 1, the Sobolev—Slobodeckij space of functions in u € L (£2)
satisfying

[ulws.r@) = [ulysr@ o) <00

endowed with the norm ||u ||y ) := 1|} p ) + (U130 () (r€Sp. dK2 with the surface measure). See (1-4)
for the definition of the seminorm [ - Jys.»(a | B). We write BV (€2) for the space of functions u € L'(2) with
bounded variation endowed with the norm ||u| gy (@) := |lull11(q) + Vu|(£2). The Bessel potential spaces
H*P(R?) are defined in (3-5). As mentioned in the introduction, a variational approach to equations like
(1-1) leads naturally to function spaces like V57 (2 | R4) which we introduced in (1-3). These function
spaces are the focus of our study. They were first introduced in [Servadei and Valdinoci 2012; 2014;
Felsinger et al. 2015] for the case p = 2. We also refer to [Dipierro et al. 2017], in which the nonlocal
normal operator was introduced, and [Foghem Gounoue 2020; Foghem and Kassmann 2024; Foghem
2025] for an intensive study of these spaces for general p. It is well known that V57 (2 | R?) is a separable
Banach space (Hilbert space for p = 2) which is reflexive for 1 < p < oo; see, e.g., [Foghem Gounoue
2020, Chapter 3.4].

The spaces V*7 (2| R?) allow for a Poincaré inequality, which is an important ingredient for the proof
of well-posedness for the Dirichlet problem (1-1) together with an energy estimate; see Corollary 1.7. We
will need a version of the Poincaré inequality that is robust as s reaches 1.

Proposition 2.1 [Foghem 2025, Theorem 10.1]. Let p > 1 and s, € (0, 1). Let Q C R4 be a bounded
Lipschitz domain. Then there exists ¢ > 0 such that, forall s, <s <1 andu € VOS P(Q|RY,

lullLr@) < cllullysrqrd)- (2-2)
Let us recall our trace spaces 77 (€2¢), which are introduced in (1-6). For s € (0, 1), 1 < p < 00 and
A, B € B(Q2°), we define

ol _ f £ ) = OIS — FON () — g(3))
@ = [ (% — v+ ds +dy) A DaTs=2

s (dx) pas (dy) (2-3)

with the convention [g]7s.r(a| B) =[g, gl75r(a| B). Note that [ f, gl7sr ey =1, gl7sr(Qc| 0. We employ
standard techniques to prove that these spaces are separable Banach spaces (resp. Hilbert spaces if p = 2).
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Lemma 2.2. Let 2 be an open set. The space T>P(2°) is a separable Banach space, reflexive for
1 < p < 00, and in the case p =2, it is a separable Hilbert space with inner product

(l/t, v)TS.Z(QL') = (M, U)LZ(QC’MS) + [l/t, v]%‘s,Z(QC)'

Proof. To prove completeness, we take a Cauchy sequence {u, }, CT>P(2°). Then v, (x):=u, (x) s (x)!/p
is Cauchy in LP(Q¢) with limit v € L?(Q°). Define u(x) := v(x)us(x)~"/?. Then u is the limit of u,
with respect to || - [ Lr(qe:u,)- Take a subsequence {u,,}; converging a.e. to u on R?. Then, by Fatou’s
lemma, we have

[u— unl]g-s,p(gc) < likrgil.}f[unk — unl]%,p(gc) —0 asl— oo.

Separability follows from the fact that the map ¢ : 757 (Q¢) — LP(Q2°) x L?(Q° x Q°),

u(x) —u(y)
((1x =yl +dy +dy) A DT PHED]p

U (xr—>u(x)us(x)l/", (x,y) > Ms(x)l/pus(Y)l/p),

is an isometric injection. As ¢(77(Q2°)) is closed and since L7 (2¢) x LP(Q2¢ x Q°) is separable, so is
T5P(2). In the same manner, as LP (2¢) x L? (¢ x Q°) is reflexive for 1 < p < o0, sois 757(Q2°). U

The functions from 7% 7 (£2°) have some regularity at the boundary because the weight in the seminorm
[, Irsr(qe becomes ((|x — y|) A =42 a5 x, y — 9Q. Thereby, for sufficiently large s, the
functions in the trace space 77 (2¢) themselves have a trace onto the boundary d€2. This is a direct
consequence of Theorem 1.2.

Corollary 2.3. The space TP (Q°) is continuously embedded in W*~'/P-P(dQ) forany s € (1/p, 1) and
p € (1,00). The embedding is surjective. The continuity constant depends only on 2, p and a lower
bound on s.

Proof. By Theorem 1.2, the extension Ext, : 757(Q¢) — V*?(Q | R?) is continuous and the continuity
constant ¢; > 0 depends only on €2, p and a lower bound on s. The space V57 (2| R¢) is embedded in
WS-P(2) with the embedding constant depending only on a lower bound on s. The result follows from
the classical trace result W*”(Q) — W*~1/P-P(3Q). The embedding is surjective since we can extend a
function from W*~1/7-7(3Q) to an element from W*?(RY) — V5P (Q|RY) — TP (Q°). O

3. Trace theorem

Here we aim to prove the trace parts of Theorems 1.2 and 1.3. This proof is carried out in Propositions 3.9
and 3.10. Essential building blocks in the respective proofs are an approximation to the classical L”-trace
embedding in Theorem 3.5 and, for p = 1, a Hardy-type inequality provided in Theorem 3.6. On a more
technical level, we use upper and lower bounds of the distance function; see Lemmas 3.7 and 3.8.

To prove Theorem 3.5 we apply techniques developed in [Jonsson and Wallin 1984]. In particular,
we use the interpolation between Bessel potential spaces on R?. For this reason we need a Sobolev
extension operator for fractional Sobolev spaces W*-?(£2) whose continuity constant is independent of s.
The existence of such an extension is well known in the literature. We provide this result in the following
theorem for the convenience of the reader.
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Theorem 3.1 [Jonsson and Wallin 1984, Chapter V1.2, Theorem 3; Triebel 1995]. Let 2 C R be a
connected Lipschitz domain. There exists a linear map E, which extends measurable functions f : Q2 — R
such that E : L?(Q) — LP(RY) forall p > 1 and, with some constant C = C(d, 2, p) > 0, for any
O0<s<l,

NEf lwsrmway < Cllfllwsrg-

Remark 3.2. The extension is constructed via a Whitney decomposition of Q¢, a smooth partition of
unity and copying mean values of f from inside to respective Whitney cubes. The construction of the
extension Ef is independent of s and p and satisfies £ : W7 (Q) — WP (R?). Real interpolation allows
us to choose the constant C(d, €2, p) in the theorem independent of s.

Analogously to the measure w; from (1-5), we define for s € (0, 1) the measure

1—ys

dS

X

To(dx) =

lo(x)dx (3-1)

on the o -algebra B(R?). Recall that d, = dist(x, 32). The measure 7, (dx) plays the same role as pu but
is supported inside 2. We use it in Theorem 3.5 for the proof of the trace part of our main theorems;
see also Propositions 3.9 and 3.10. In contrast to s, the measure 7; does not need the additional term
(1 4d,)~?=#»=D for the decay at infinity since the open set €2 is assumed to be bounded throughout
this work. The following lemma shows how balls scale under z;. This scaling plays a crucial role in
Theorem 3.5.

Lemma 3.3. Let Q@ C R? be a bounded Lipschitz domain with a localization radius ro > 0. There exists a
constant C = C(d, 2) > 0 such that, foranys € (0,1), 0 <r < %ro and x € Q,
T (B, (x)) < Cri™". (3-2)

Proof. Letd > 2. If r <d,, ie., B,(x) €, thend, > r — |x —y| for any y € B,(x) and, thus,

1—s 1—s ' 1—¢
T (Br(x)) :/ dy < / ————dy= C()all/k 4 dr =< a)dflrd_s.
o B dy B.(x) (r —lx —y]? 0 (r—1)

Now we consider the case r > d, i.e., B, (x)N3dQ # &. Without loss of generality we assume that 0 € 92
is a minimizer of d,. Since € is a Lipschitz domain, we find a Lipschitz map ¢ : R?~! — R such that
QN B, ={(y, ya) € By, | ya < ¢(y')}. The Lipschitz constant of ¢ is bounded by L > 0 independent
of x. A simple calculation yields, for any y = (y’, ys) € B-(x) N L2,

Iyl < Ix[+1y = x| < 2r,

Ya—¢ONI = inf ya =¢GN+ — oGl
(V. ¢ (¥))€By,

521/2(14_[,) _inf ly =, ¢
(V.9 (Y))€EBy,

=22(1+ L)d,. (3-3)
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In the case that the minimizer of dy, is not in the graph of ¢, we simply pick a smaller ry depending only
on the constant L. Therefore,

1—
7,(B,(x)) <2'*(1+ L)* f ——————d(Y, ya)
BaN{ya<d )} 1Yd — @ (Y]
Q+Lr | _g
<2(1 + LY wg_r(2r)?! f . dys <22+ Lywg_ord™*. (3-4)
0 d

The proof in the case d =1 is straightforward. Note that similar arguments as in this proof are employed
in the proof of Lemma 4.1. O

In the proof of Theorem 3.5, we use interpolation results, which we explain now. Let G, o > 0 be the
Bessel potential kernel. We introduce the Bessel potential spaces

H*P(RY) :={g:R? > R|3f € LP(RY) : g = Gy % f} (3-5)

with the canonical norm ||g|| ge.r@ay := | f Il Lr ey if & € H*P(RY) and g = G, * f. The convolution
of the Bessel potential kernel with the function f can be written as Go * f =.Z (1 + |- |?)"%/2.Z f),
where % is the Fourier transformation; see [Bergh and Lofstrém 1976, p. 139, Definition 6.2.3]. We
refer the reader to [Aronszajn and Smith 1961] for more details on the kernel G,. We recall the real
interpolation result

[HP(RY), HOP (R pp = WP (R, (3-6)

where 0 < g < a1, 6 € (0,1), s = (1 —0)ag+60a; and p > 1; see, e.g., [Bergh and Lofstrom 1976,
Theorem 6.2.4]. Analogously to [Jonsson and Wallin 1984, Chapter V], we calculate bounds on the
Bessel potential kernel G, for some 0 < ap < s < o1, see Lemma 3.4, and prove an approximate trace
result inside €2; see Theorem 3.5.

The following lemma is a slight modification of [Jonsson and Wallin 1984, Lemma C] that fits our
setting. The well-known estimates of the Bessel potential kernel, its gradient and decay at infinity are
crucial in the proof. For more details on the Bessel potential we refer to [Taibleson 1964, Chapter IV]. In
particular, we need to pay attention to the constants and their dependencies.

Lemma 3.4 [Jonsson and Wallin 1984, Chapter V, Lemma C]. Let Q C R4 be a bounded connected
Lipschitz domain, 0 < s, <s <land 1 < p, < p < p* < 00. We set
1
hi P =14 —,
2p 2p
and B; :=a; —s/p fori € {0, 1}. There exists a constant C = C(d, 2, px, p*, sx) > 0 such that, for all

O0<r< %ro and f € LP(RY), we have

1

rd—s

o =S (3-7)

/ / Gy % £ () = Gy FOIPT () (d) = CrP L1, (3-8)
QxQ

lx—yl<r

[ (G £GP0 = CIF I (3-9)
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Proof. In [Jonsson and Wallin 1984, Chapter V, Lemma C], the statement is proven for doubling measures

satisfying (3-2) under the assumptions 0 < 8; < 1 and 0 < «; # d. The proof uses estimates of the Bessel

potential kernel G; see [loc. cit., Chapter V, Lemmas 1, A, B]. Carefully inspecting the proof of [loc. cit.,

Chapter V, Lemma C], we find that the resulting constant depends on the constant C from (3-2), a lower

bound 0 < B; . < B; and an upper bound B; < B* < 1, as well as a lower bound on |d — «;|. We calculate
p«—1 _ p—1

* 1
< frd < —
0 <s 2Py =3 2p '80_2

1 S Sy
O<l——<l—-——=8<1—-—<1.
P+ 2p p*
Furthermore, we have

1 1 —1
ld —ao|l =d —s +p_ 1)+—2p >0
2p 2p.

and

d—1-2>1- >0, d=>2,

d—arl=1 , 2P P

> >0, d=1.

2p Zp*
This yields the estimates with dependencies of the constants as claimed. ]

Theorem 3.5 (approximate trace inequality). Let Q C R? be a bounded Lipschitz domain, 1 < p, < p* < oo
and s, € (0, 1). There exists a constant C = C(d, 2, px, p*, 8x) > 0 such that, for every s € (s4, 1),
P <p=<p*andu e W5’ (Q),

_ p
/ (0177, (dx) + f /Q ((|x_y|'+”(;) +;‘y()yi|1)d+s(p_2)u(dy)n(dx)<C||u||wrp(m (3-10)

Before we give the proof of this theorem we want to motivate it. In anticipation of Section 5, the
left-hand side of (3-10) converges in the limit s — 1 to

|lu(x) —u(y)|”
/as2|u|pda+/aszxm (o — y| A Dyd=tp0=17p) (7 ® @ 7) = el o

Thereby, we retrieve the classical trace result W7 (Q) — W!=1/P:P(3Q) in the limit s — 1.

Proof. Since Q2 is a bounded open set with a uniform Lipschitz boundary, 2 decomposes into finitely
many connected components €2;, i € {1, ..., I}, and each €2; is a connected bounded Lipschitz domain.
First, we prove (3-10) for each ;.

We define oy and «; as in (3-7) depending on p and s. We set 6 := iéﬁ_ ) € (0, 1) and notice that
s)p

e — 1 *—1
P <p < 1.

O<s,—— <#6
(24 54) s 3p*

Most importantly, the relation s = (1 — 6)g + 0« is true. By Theorem 3.1, it is sufficient to prove the
existence of a constant C > 0 such that

lu(x) —u(y)|?
/szi el @+ [sz/sz xSyl +ds T dy) A DD @D = Cluly
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for any u € WP (R%). Let ¢; > 0 be the constant from Lemma 3.4. The equality (3-9) proves the
continuity of the restriction operator Ru(x) = u|g, as a map from R : H @.P(RY) — LP(Q;, T,(dx)),
i =0, 1. Real interpolation yields the continuity of

R:[H®PRY), HPR)]pp = WP (R — [LP(Qi, 7), L7 (R, T)]po = L7 (R, 7o)

with the continuity constant cy; see, e.g., [Bergh and Lofstrom 1976]. Now we consider the second term
on the left-hand side of (3-10) with €; in place of Q. Let u € W*?(RY). We write

lu(x) —u(y)|?
LiLi ((lx_)’|+dx+dy)/\1)d+s(17—2) ‘L's(dy)fs(dX)

o] s® s d ’
S222ns(p—1) // Iu(x)—u(y)lp(r |xr_);|£;sx))
n=0

Q; XQ,’
2l <lx—y|<27"

+/ﬂ2 o lu(x) — u(y)|P 1 (dy) s (dx) =: (I) + (II).
15\?—}[

We estimate (II) using the continuity of R shown above. We have

D) = 2P7,(£2) /Q_IRM(X)I”TS(dX) < 7277 () Ul p ga)-

We set H := LP(2; x Q;, |x — ylfd“rs(dy)rs (dx)) and define for any 1 < g < oo, B > 0 the space of
sequences
1P = () | hn € HY, 1) i = [ @ Rl ) | -
Notice that
(D = () = )Lyt <peyica-nll sy (3-11)

We define the linear map

Tf(x,y) = ((f&) = fFONLyni<py_yjca-dns  [iRI—>R

Lemma 3.4, in particular (3-8), shows the continuity of 7 : H%* — [F*> with f; = a; —s/p and the
continuity constant ¢y, i =0, 1. Real interpolation yields the continuity of T : [ H**? (RY), H*1'P(R)] .9 =
WSP(RY) — [1Po [P1:20] 5 = [(1=0)Pt9B1P with the continuity constant c;; see, e.g., [Bergh and
Lofstrom 1976]. This proves the claimed inequality for each connected component €2; by (3-11) and

(1=0)Bo+0B1 = (1 — O+ 0oy — = =5 — =
p p
Simply summing over i € {1, ..., I} yields a constant ¢c; = ¢c3(d, 2, ps, p*, s,) > 0 such that
112 s ey < C2llitllyen gy (3-12)

It remains to prove the existence of a constant c3 = ¢3(d, 2, py, p*, sx) > 0 such that, for any i # j,

lu(x) —u(y)|” P
/Q/Q (% =y +ds + dy) A Do @B = alully g
i 'y
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Since the distance between any two connected components is bounded from below by a uniform constant,
this is an immediate consequence of the triangle inequality and Lemma 3.3, as well as (3-12). (I

Theorem 3.5 is not true in the case p = 1; see Remark 3.11. If we only keep the first term on the
left-hand side in the estimate (3-10), then it is a fractional Hardy inequality; see, e.g., [Dyda 2004].
In [Dyda and Kijaczko 2022, Theorem 4], such a Hardy inequality is proven with a constant whose
dependency on the parameter s is not known. Since the dependency on s is crucial in our setup, we
prove the following theorem based on a Hardy inequality on the half-space with the best constant; see
Theorem B.1.

Theorem 3.6 (Hardy inequality). Let Q C R? be a bounded Lipschitz domain and s € (0, 1). There exists
a constant C = C(d, 2) > 0 such that

a-s [ O] gy < C(IIMIILI(Q) tsi—sy [ OO y))

d axq X —yldts

for any u € WS1(Q).

Before we state the proof of the theorem, let us remark that the previous inequality, in the limit s — 17,
yields the classical trace embedding W'!(3Q) — L!(dRQ) since the measure 7, converges weakly to the
surface measure on 9€2.

Proof. 1t is sufficient to prove the statement for any connected component of €2 in place of 2. Thus, we
can assume without loss of generality that €2 is a connected bounded Lipschitz domain. Therefore, we
can cover the boundary with finitely many neighborhoods U; and bi-Lipschitz maps ¢; : U; — B1(0)
such that ¢; (U; N Q) = B1(0)+ :={(x’, x4) € B1(0) | x4 >0}, i €{1, ..., N}; see, e.g., [Grisvard 2011,
Chapter 1.2.1]. We denote the distance of 2N ﬂlN: , Uf to the boundary 92 by 2ryp > 0. We fix

N
Up 1= {x c R4 ‘ dist<x’ QﬂmUiC) <r0} C Q.
i=1

Notice that {U; |i =0, ..., N} is an open cover of Q and dist(Up, 92) > ry. Next, we pick a partition
of unity n; € C°(U;) adapted to Uj, i.e., Z;V:O ni = 1 on Q. We define #; := n; °¢i_1 € C?’l(Bl(O)).
Letc; =c1 (01, -..,7n) > 1 such that [;]co1 <cj foralli =1, ..., N. Without loss of generality, we
assume that 7; = 1 in By2(0) foralli =1, ..., N. Then
Iu(J:)I d
o 4}
N -1 N
lu(e; " (x))| _ _ |u(x)]
=) f i (¢ () et (D ()| dx + / no(x) —— dx =: Y _(I;) + (D).
i=1 B1(0)+ d(p:l(x) Uy dx i1
We define u; :==uo@; Uforalli =1, ..., N. By the bi-Lipschitz continuity of the ¢;, we find a constant
¢y = c(¢1,...,¢N) > 1 such that c2_1xd < d¢[_—'(x) < cyxg for any x € Bi(0); andi € {1,...,N};

see (3-3). Further, we find a constant c3 = c3(¢1, ..., ¢n) > 1 such that both [¢,” 1]Co,1 and [¢;]co1 are



2382 FLORIAN GRUBE AND MORITZ KASSMANN

bounded from above by c¢3 and from below by c5 ! for all i. We apply Theorem B.1 to the function 7j; u;
to find

(L) < 02(3?/ M dx
RY

Xd

< 02c3D [7: ()u; (x) — Zi(y)ui(Y)l d(x. y)
RY xR |x — ylats
L i (o) —ui ()]
< e§D; (/ i () === d(x, )
By (0)1 x B1 (0)+ lx =yl

[7: (x) — 0; ()]
+f i ()| === d(x, )
B1(0)4 x B (0)+ lx —yl

+2/ i () |ui (x)] o=y~ dde) =: () + (IV3) + (Vi).
Bi(0)+ B (0)

The first term in the previous estimate, i.e., (III;), can be simply estimated using a change of variables
and the bi-Lipschitz continuity of ¢;:
|u(x) —u(y)l

(IT;) < czcg‘d“D;}/ P (x, y).

(U;NQ) x (U;NK)
To estimate (IV;), we calculate

n; (x) —n; wg_12'°
/ 17; (x) 7zlz+(y)|dx§c1 d—1 '
Bi(0) |1x—y[¢ts 1—s

Using this, we find

W41 12041
f lu; ()| dy < c1c2¢3D; | - / lu(x)|dx.
B1(0)+ U,NQ

Now, we estimate (V;). Since 7; € Cg’l(Bl), we find a constant ¢4 > 1 such that 7; (x) < c4(1 — |x]) for
alli=1,..., N. We notice for any x € B;(0)

120,
aIv;) < clczc3D:1 T

e e (I—1lxp~*
f lx =yl ‘“dys/ =y dy = wg_j ————
B1(0)¢ B—jxp(x)¢ S

and, thus,
-1 —1

d Ds,l 2d Ds,l
(Vi) <2cpc5ca——wa—1 lui (x)]dx < 2crc5" ca——wq—1 [u(x)| dx.
s B1(0) 4 s U;nQ

To estimate (II), we simply notice that the distance function is bounded from below by rg on Uy. So,
finally, we put everything together. This yields

|u(x)] |u(x) —u(y)|
o d;\f dx <—/ |M(X)|dX+C7S/ngwd(X,y).

= (ro A 1)_1 +2wd,1Nclczc§dC4C5, c7 chc4d+1 Cs

Here

and cs is the constant from Lemma B.2. |
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The next two lemmas are technical tools which we employ in the proof of the trace result; see
Propositions 3.9 and 3.10. They allow us to rewrite the distance functions appearing in the measure ug as
an integral over 2. This enables us to use the regularity of the functions from V*7 (2 | R?) in Q when
we prove the trace result.

Lemma 3.7. Let @ # B C R? be an open set, s > 0 and f : [0, 00) — [0, 00) be a nonincreasing function.
For any x € B, we have

Slx=z2D) @ f (dist(x, B))

= ; .
B |x —z|dts s dist(x, B)S

If B is bounded, then there exists a constant C = C(d, B) such that, for any x € B¢,

flx—=zD d C f(dist(x, B))
— . dz = —— - .
B lx —z|4ts s dist(x, B)*(1 +dist(x, B))4

Proof. Fix x € B¢. We use B C Bist(x, By(x)¢ and apply polar coordinates to get
— — o dist(x, B
flr=zh / flrzdy / PO dt < g LS B).
B |x - Z| +s Bist(x, B) (x)¢ |x - Z| +s dist(x,B) s dISt(x9 B)S
In the case that dist(x, B) < 1, the second claim for bounded B is a direct consequence of the first
statement. If B is bounded and dist(x, B) > 1, then

flx =2 g fiste, B)

g lx—zldts T~ | |dist(x, B)d+s —

f(dist(x, B))
dist(x, B)* (1 +dist(x, B))?"

Lemma 3.8. Let @ # B C R? be an open set satisfying the uniform interior cone condition with a compact

O

|B|2¢

boundary. Then there exists a constant C = C(d, B) > 0 such that, for any nonincreasing function
f:10, 00) — [0, o0) and any s > 0,
fQ2dist(x, B)) -C Jx —ZI)1
dist(x, B)* (1 +dist(x, B))d ~—  Jp Ix —z[+

By L gist(x. 5) %) (z)dz
forall x € Be.

Proof. Fix x € B¢ and a minimizer xo € 8B of the distance dist(x, B). Since B satisfies the uniform
interior cone condition we find an interior cone C with apex at xo whose height /2y and open angle are
independent of xy. Without loss of generality, we assume hg < 1. Let C:= {z €C||z—xo| <dist(x, B)}
be a subcone with a reduced height. Notice C C B, +distx, B)(X) N B. For any z € C, we have

|x —z] < |x —xo| + |x — z| < dist(x, B) + min{dist(x, B), ho} < 2dist(x, B).

Thus, the claim simply follows from

fQx=zD, f(2dist(x, B))

~ . —__cy(min{dist(x, B), ho})?
L @2 €= rdise, By et Db
[ LT

2 dist(x, B))d+s (2 dist(x, B))?+s
c1hd f(2dist(x, B))
~ 24+ dist(x, B)*(1 +dist(x, B))¢

Here we used |5| = ¢y (min{dist(x, B), hoh)?, where ¢; > 0 depends only on d and the opening angle
of C, which is independent of xg. U
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We are now in the position to prove the trace part in Theorems 1.2 and 1.3. We split the proof into two
propositions. The following proposition contains the trace embedding V*7 (2 | RY) — LP(QC; s (dx))
for all 1 < p < oo. The estimates of the seminorm [ - ]7s.»(qc) for 1 < p < 0o are proven thereafter in
Proposition 3.10. Recall the definition of the sets Q' and €, in (2-1) for given r > 0.

Proposition 3.9. Let Q2 C R, d € N, be a bounded Lipschitz domain, s, € (0, 1) and 1 < p* < 0o. There
exists a constant C = C (2, p*, s,) > 0 such that

ITrs wllLr@e; ) < Cllullysrre (3-13)
foranys € (sy, 1), 1 <p <p*andu e VP (Q| R9)
Letc; =ci1(d, 2) >0 be

Proof. We split the integration domain of || Trs u ||€ Qe ) into Qf* and Qext

the constant from Lemma 3.8 when applied to B = Q2 and f = 1. We have

p p
ITrsull?, v < (1—s) / O 241~ 5y f f WO gz de
L2 (25 1) oo dist(x, Q)° Q)v o) |x — z|d+s

— P lu(z)|?
<2d+r(] = U ) Zu@I 4 +/ / dx]
= ( S)Cl QT"‘ o |X _ Zld-‘rs Qext |X _ Z|d+s

=: () + D).
The term (I) is estimated easily via

@) <27 ¢ (diam Q + 1)~ '[u ]VS P(@] )’

An application of Lemma 3.7 with B = Q§*" and Theorem 3.5 (resp. Theorem 3.6 in the case p = 1)
yields the following bound on the term (II):

(1) < 29+7 (1 — 5)¢, 24= 1/ lu(z)l dz < 24+ 2

C1C2([u]€vs.p(g) + ||u”€p(gz))

Sk

Here ¢, > 0 is the constant from Theorem 3.5 in the case p > 1. In the case p = 1 let ¢, be the constant

we define diam 241 =: ¢3 > 1 and notice that d, > |x —z|/c3

from Theorem 3.6. For the estimate of Q.. =

as well as QL , C Bj(z)¢ holds for any z € Q and x € Q. Thus,
lu(x) —u@)|? + |u(z)|?
P
||Trgu||Lp(Ql <27 (1 —ys) /Ql lf A=Y dzdx
* * — P . p
<27 IHP (1 ) Mdzdx-l—ﬂ (1—s) '“ff)' dz dx
Qi 2 |x —z|¢Hop el/ dy or
- 2P'C§1+SP* , wd_lzp*cngSP'(l — ) » 314
= T[”]V&P(Qlﬂém) sp|Q| el Zp - (3-14)

In the last step we used

1 d+s / 1 dtsp Dd—1
—_dr < S M (3-15)
/sz‘ adtsr 3 Bi(xp)¢ 1X0 — x|4FsP 3 sp

ext

where xg € €2 is a fixed point. Combining the estimates of (I) and (II), as well as (3-14) yields (3-13). U
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Proposition 3.10. Ler Q2 C RY, d € N, be a bounded Lipschitz domain, s, € (0, 1) and 1 < p, < p* < o0.
There exists a constant C = C(2, ps, p*, sx) > 0 such that, for any s € (s,, 1), p. < p < p* and
ueVerP(Q|RY,

[Trs ulsre) < Cllullysrq|re)- (3-16)

Proof. We fix p := inr(2) > 0 and divide the integration domain of [Tr; u]f}r P Q) into Qe’“ Qe’“
Q¢ x QF, and QF, x Q¢. By symmetry the estimates for Q¢ x Q% and Q7 x Q¢ are equlvalent Thus

we settle on Q5 x Q€. Since |[x — y| +dy +dy > p for any x € Q¢ and y € Q5,, we have

— P
[T 1] ) = /Q , / O = o (@)

(1A )d+p

ext»

2°(1 —s)? [/ |lu(x)|? f 1
= - dydx
(LA )37 | oo dS(1 4 dy)d+s=D Jop ds(l +d, yd+s(p=1)

ext

n Q1" ! dedy|. (3-17)
ar, i (1 +d) 0D Joo dy(T+ddme=D = 2 ]

ext

After covering Q7" by finitely many balls, a calculation similar to (3-4) yields a constant ¢; > 0,
independent of s, such that

/ d7%dx <ci(1—s)""
Qext

By possibly enlarging the constant, we assume ¢ > wq_;(1 + diam(£2))4+?". With this observation
and (3-15), we find

1 1 Cl
dx < —d d777P dx < 3-18
/Qc dy(1+d,)d+sr=D x_/Q?“ d3 H/Ql s(1—s) 19

ext

Now, we combine this estimate with Proposition 3.9:
20 ¢ »
rior o0 = T — T ull7, qe.
Tor(Qh 190 = (A7 s (1 115)

SR T,
= (1A p)tr s, Ullys.p @) rey:

[Try ul?

Here ¢, = (2, p*, s.) > 0 is the constant from Proposition 3.9.

Lastly, we prove the inequality for the more delicate part of the seminorm, where higher-order
singularities close to the boundary may occur. For x, y € QZ’“, we have

(|x — y| +dx +dy) < 4p+diam(Q) + 1 =: 3
and, thus,
(x =yl +di +d) Al >c (x =yl +di +dy).

We apply Lemma 3.8 twice with the monotone decreasing function fr)= (|x —y|+ 1 sr+d ) 4=sp=2)

and then again with the function f(r) = (|x —y|+ % |x —z|+ %r) =072 We now let ca=c4(2,d)>0
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and r > 0 be the constants from Lemma 3.8. This yields

p
[Trs u]TS.p(szt | Q;xt)

d+p lu(x) —u(y)|?
<(1—-s); "¢ dzdxu,(d
( ) 3 4/;}ﬁ(fg}ﬁ(/; |x—Zld“(lx—y|+|x—Z|/2+dy)d+s(p72) s (dy)

_ Plyv — ~|—d—S|~, _ —d—s
< (1— 52t Zf / // |u(x) —u()|Plx —z[ "y I:I qwdzdxdy
e JasJaJo (x =31+ (x =2+ [y — w])/2)7 5

< 2P 4+ TP 2 (I 4 2(1IV)).

Here we added £u(z) = u(w) and used the triangle inequality. The terms are

(I1D) := (1 —s)Z//|u(z)—u(w)|pa(z, w) dw dz,
QJIQ

1
a(z, w) :=/ /
aeJaen X — 2|9y —w|H (Jx — y[ +20x — 2] + 2]y — w2

dxdy,

av) —(1—s) /|u(x)—u(w)|pb(x,w)dwdx,
Qexl

1
b(x,w) =
(o) /Q;XI/Q|X—Z|d+s|y—w|d+s(|x—y|+2|x—z|+2|y—w|)d+s(ﬂ—2)

dzdy.

Estimate of (III): Our goal is to find an appropriate estimate of kernel a to apply Theorem 3.5. Notice
that

lx =y +2/x —z|+2y—w|>|z—w|+|x —z|+ |y —w| foranyx,y,w,zeRd.
Thus, for any z, w € €2,

1
a(z, w) Sf /
aeJaen X —z|TH [y —w|H (Jz —wl + |x — 2| + [y —w)dtsr=2

dx dy.
Now, we apply Lemma 3.7 twice with B = SZ;“. We use the function f (¢, ) = (|Jz—w]|+1 +1p)" =52
which is decreasing in both #; and f,. Thereby,

Wy 1
s2 dids,(|z —w| +d; +d,)d+sp=D°

a(z,w) < (3-19)

This yields the desired estimate for (III) via Theorem 3.5:

2
Wy zf/ lu(z) —u(w)|”
1) < ~L(1 - dwd
WD == U= | Jo @ay (= wi+ d. + dyyiso %

w
d—1
=cs 2 ”u”Ws.P(Q)

<C5

||l/t || Vs p(Q | Rd)

Here c5 = ¢5(d, 2, p., p*, sx) > 0 is the constant from Theorem 3.5.
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Estimate of (IV): Our approach to estimate (IV) is similar to the proof of [Dyda and Kassmann 2019,
Theorem 5]. Analogously to the estimate of a, see (3-19), we find
; 1

) = =T s (= wl + de + d) D)

for any x € Q% and w € Q. We define

lu(x) —u(w)|?
V) :=(1—ys)? dw dx.
V) ( s) /;2;*‘/;2 d;dﬁ)ﬂx—U)|+dx+dw)d+s(p_2) w

The previous estimate of b yields

(V) < w3_;s72(V).

Claim: We will show that there exists a constant cg = c¢(d, 2, o, p*) > 0 such that

1 ) |u(z) —u(w)|”
V) §C6( 2(ps )[u] €P(Q|QCXI)+(1 s) /f dzsdlsuﬂZ—W|+dz+dw)d+s(p_2) dde)

Let W(R?\ Q) be the Whitney decomposition from Appendix A and recall that p = inr($2). We define the
set of Whitney cubes Q € W(R? \ Q) with diam(Q) < p by W, (R?\ Q). As in Appendix A and [Dyda
and Kassmann 2019], we denote by é C €2 the reflected Whitney cube for any cube Q € Wp([Rd \ Q).
The collection of reflected Whitney cubes satisfies a bounded overlap property; see (A-4). Let N € N be
the constant from the bounded overlap property. Furthermore, the distance to the boundary as well as the

diameter of the reflected cubes are comparable to the original cubes with the constant M > 0 from (A-2).
By the covering properties of the Whitney cubes (A-1) and the reflecting cubes (A-3), we find

2 |u(x) —u(w)|?
V) < 1—-y) dsds (|x —w|+dy +d )d+s(p—2) dw dx. (3-20)
01, Qzewp(Rd\Q) 0,70, dxay, x w

For the moment we fix two cubes Q1, Qs € W(R4 \ Q) satisfying diam Q1, diam Q, < p. For each
x€ Qrand w € ég, we define

2. w) ==q5 +(x_qQ‘ + ) (01 € 0.
QN 210 T 20(09)

The map z connects points in Q1, éz with points in él in a continuous way. We will use it for a change
of variables in either x or w. Therefore,

o (x) —u(w)|”
dw dx
0,100, dids,(1x —w|+dy+d,,) 5 P=2

|u(z(x, w)) —u(w)|” / / | (x) —u(z(x, w))|”
<?2° dw dx+2° dw dx
- /Qlf@ dsds (|x —w|+dy+d,)?+5P=2) W 0, dids, (|x —w|+d+d,)d+5P=2) v

=: 27 ((VD)+(VID). (3-21)
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We make a few observations before estimating (VI). For x € Q| and w € éz, we have d, > M _1dz(x,w)
as well as

x—wl+dy+dy = M~ (Ix —w|+dist(Q1, 1))+ (1 - M) |x —w|+d,
> M~ (dist(Q1, 02)+dist(Q1, 01)+(1— M) (dist(Q1, 32) +dist(Q2, IQ)) +du
> M~ dist(Q1, 02)+(1— M~ HYM 1 dist(D, 92) + (22— M~ 1) dist(D», 322)
_ (=M HM - (dist(Q1, Qo)+ i, dist(Qr, 99)) (2(x, w) = w] +dzqe ) +d)
- (diam Q| +dist(Q1, Q) +diam 0,)+ Y7, (dist(Q;, 82) +diam Q)
> (=M HM " 3(12(x, w) = wl+deir ) +du).

We define ¢7 := %M 2(M —1)~' > 1 and use the previous calculation to estimate (VI) by

— p
V1) SMSC;Hs(p—z)/ / lu(z(x, w)) — u(w)| d aean
027 01 Z(x w) w(|Z(-x w)—w|+dz(x w)+d ) +s(p—2)

< - 2)(21(Q1)) f / lu(z) — u(w)|? dedw
“ 10y ) 15,05, dids(jz — wl+d. +dy)H =D

* — p
< MOV D) 3y / / e Iu(z|)+ du(fy T dw dz. (3-22)
0,/0, d;ay(lz—w z T Ay B

*C;H(OV(p =) prd+ Now we

Here we used the change of variables z = z(x, w). We set cg := 2d+p
sum (VI) over all Whitney cubes in W, (R?\ ). By the bounded overlap property of the Whitney

decomposition, see (A-4), we have

_ 2P _ lu(z) —u(w)|”
Yo a-92°(VD =l s) /Q/Q e e v de
01,0:W, (R1\Q) 2ewp<Rd\sz> ! ¢

2 7777w
— P
N2C8(1_5)2f/ lute) —u(w)] dwdz. (3-23)
QIQ dzsdi;(|z_w|+dz+dw)d+s(p_2)

Now we estimate (VII). We make a few observations upon the choice of the Whitney decomposition and
reflected cubes in Appendix A. For x € Q; and w € ég, we have

de = 1+ M) de +dopewy) = A+MH 7 x —20x, w)l,
dy, > dist(Q2, 992),
dye +dy + |x — w| > dist(Q1, 92) + dist(Q2, 9Q2) +dist(Q1, 02),
Ix — z(x, w)| < dist(Q1, 01) < M dist(Q, 0K).

We set
dist(Qy, 9Q)d+s(r—1

dist(Q, 3R2)* (dist(Q1, 9) + dist(Q, IK) + dist(Q1, 02)) 4+ »=2"

J(Q1, Q2) =
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Therefore,
lu(x) —u(z(x, w))|?
|x — z(x, w)|d+sp

_ _ ~ (21(02) lu(x) — u(z)|?
1+ M YHYm*r=1j0,, <~)// dz dx.
=1+ ) (Q1, 02) 100 ) Jols Tk=aie zdx

Here we used the change of variables z := z(x, w). Set cg := (1 + M~)YMITP ~12d+P" By (A-4),

(1—s)2 > 27 (VII)

01.026W, (RI\Q)

S UEDD Y J(Ql’éz)(l(Q2)> /Q/Q JuC) Z @I ge (324

_ I |x — z|d+sp
01,0:6W,(RI\D) (Q1)

dw dx

(VID) < (1 + M~ Y M4TP=D (0, 0,) / f
01J 0>

Therefore, it is sufficient to prove that

o= Y J(QI,QZ)((QZ))
02eW,(RN\G) oD

is bounded independent of Q. We fix Q| € Wp([R{d \ ©2) and set a :=dist(Q1, Q). Let go, € 92 be
a minimizer of the distance of g¢, to 9Q; i.e., |§g, — qo,| = dist(qp,, 9€2). By the properties of the
Whitney cubes, we have for any w € éz

dist(Q2, 9Q) > 5(dist(Q2, 9R) + diam 02) > 3d,, (3-25)
lw—b| < |w—qg,|+lg0, —do,| < diam Q; +dist(Q2, Q1) +dist(gp,, I)
< dist(Q2, Q1) +3dist(Qy, %) < 4dist(02, 01). (3-26)
We estimate /((Q;) using the properties of the Whitney cubes, (3-25), (3-26) and (A-4):

diam(Q0;)?a* =D
dist(Q2, 32)* (a + dist(Q2, 8) + dist(Q1, 02))d+(P=2)

1) =miat "

026V, (R\Q)

s(p=1
= M44 / — . = dw
Qzewp(Rd\Q) 0, dist(Qs, 0Q)* (a +dist(Qa, 98) +dist(Q1, 02)¢ ¥ ~2
< 294D ppdad Ny / ar’ dw. (3-27)
- o dy(@+dy +|w—Go, P2

We claim that the integral in the last line is bounded independent of a and gy, .

We localize the boundary in a neighborhood of g¢,. Let ry > 0 be the localization radius, and let
¢: B, (Go,) — Bi1(0) be a bi-Lipschitz flattening of the boundary since €2 has a uniform Lipschitz boundary.
A change of variables and an estimate similar to (3-3) yields a constant cjg = c19(d, €2) > 1 such that

/ s(p—1) s(p—=1)
= dw < CIO/ . dw.
QNB,(do,) (@ +duw + 1w —qo, )d+s(p=2) B1(0), Wy(a+|w)dtsr=2)
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To calculate this integral, we apply the coarea formula; see, e.g., [Federer 1969] with (r, t) = (wy, |w|)
in the case d > 2:

as(p—l) 1 pt as(p—l)td—Z
dw < wy— dr dr
/1;1(0)+ wf](a"‘l_ |w|)d+s(p—2) = Wd 2/0 [) rS(a+t)d+S(p—2)

Wd—2 1 as(pfl)[dflfs
< dr
0 (a+ t)d+s(p—2)

“1-—s
1 s(p=1)
< L2 / a dr<—2422 (328
1—sJo (@a+n)ttstr=D (I=s)s(p—1)

Here we used

HYD(weQ|wg=r, |w|=1}) < wg-21, 1772

A similar calculation shows the same estimate in the case d = 1. Furthermore, the remainder of the
integral on the right-hand side of (3-27), i.e.,

/ 5 —an =y W
QNByy (Go,)¢ D@+ duw + 1w —Go, NP

is easily bounded independent of a since a +d,, + |w — gg,| = ro for w € QN B, (§p,) and a < 4p.
Therefore (1 —s)1(Q) is bounded independent of Q; by a constant c;; = c11(d, 2, px, p*, $x) > 0.
We combine (3-24), (3-27) and (3-28) as well as (A-4) to obtain

(1—s5)2 Z 27 (VI) < cocq i N(1 —s)/
01.0:eW,(R\D) @

= (9C11 N[u][‘;s,p(ﬂ [ Q,%Xt) . (3-29)

/ |u(x) —u(@)|” dz dx
Q

|x _Z|d+sp

Finally, we combine (3-20), (3-21), (3-23) and (3-29) and the claim follows. The constant is given by
Co := Nl’naX{NCg, 69611}.
We finish the estimate of (IV) using the previous claim and Theorem 3.5:
V) < 1 p P
( ) = Ce Sz(p*—_l)[u]vs,p(g | sz[) + Cs5 ||M || wsp(Q) )
Combining the estimates of (III) and (IV) yields (3-16). O

Remark 3.11. As mentioned in the introduction, the trace embedding V5! (Q | RY) — 751(Q¢) cannot
be continuous. This may be seen as follows: Consider the sequence of functions

0, x €,
u,(x):=4n'"%, xe Q?’;tn
0, X e Ql/n

ext »
for n € N. By Lemmas 3.7 and 3.8 one easily sees that [lu,|lys1q rey < lunll 1@,y < 1, but a

simple calculation yields [u,]7+.1(qc) < In(n) — 00 as n — oo. A similar sequence of functions proves
Theorem 3.5 to be false for p = 1.
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4. Extension results

The aim of this section is to prove the extension parts of Theorems 1.2 and 1.3. This proof is carried out
in Propositions 4.5 and 4.6. We are able to treat the cases 1 < p < oo and p =1 together.

The method used in this section is essentially inspired by [Jonsson and Wallin 1984, Chapter V].
We decompose the domain €2 into Whitney cubes and consider neighborhoods of each cube intersected
with Q€. The extension is constructed by copying weighted mean values of the exterior data g from this
intersection into the respective cube; see (4-11). The weights are taken with respect to a measure that
behaves like 1  close to the boundary 9€2.

Throughout this section we fix an open nonempty proper subset  C R?. We will introduce additional

assumptions on €2 when needed. Further, we fix a dyadic Whitney-decomposition W(€2) of €2 consisting
of cubes with parallel sides to the axes of R? such that

(a) Q= UQE)/V(Q) 0,
(b) the interior of the cubes are mutually disjoint,

(c) for all cubes Q € W(£2), the diameter is comparable to the distance to the boundary of 2; i.e.,
diam Q <d(Q, 0R2) < 4diam Q. 4-1)

We set sg € 27 to be the side length of a cube Q and let qo € Q be the center of the cube Q. We
denote the diameter of the cube Q by /o = diam(Q) = \/c_isQ. This decomposition satisfies the following:
Suppose Q1, Q2 € W(L2) touch each other. Then

zlt diam Q| < diam Q;, <4diam Q. 4-2)

Additionally, we denote by Q* a cube having the same center as Q € W(2) but side length (1 + %)SQ.
We denote the collection of these scaled cubes by

W) :={0"| Q e W(Q)}.

These scaled cubes satisfy a finite overlap property; i.e., Y orew+ (@) Llo» =N, where N € N is a fixed
number for the remainder of this section. Additionally, two cubes Q7, Q7 € W*(£2) have nonempty
intersection if and only if Q| and O, touch. We define J; C W(£2) to be the set of all cubes with side
lengths 27/, and set
D;:=|J 0. D:=|]D; (4-3)
QelJ; Jj=i
Analogously to [Jonsson and Wallin 1984, Section 1.2], we introduce a specific partition of unity on €2
which we will use to construct an extension operator 77 (Q°) — V5P (Q| RY). We emphasize that the
construction of the extension is independent of p. Let ¢ € C(?O([Rd ) be a bump function such that ¢ = 1
on [—%, %]d and ¥ =0 on ([—%(1 + %), %(1 + %)]d)c, 0 < ¢ < 1. Then we define for any Q € W(2) a
translated and rescaled version of v,
o (x - QQ)
Volx) =y ,
S0
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and our partition functions

Yo (x)
Po(x) 1= =L (4-4)
2 Gew@ Vow
Then obviously ZQ ¢o = 1q holds. Furthermore, we set
p = %inr(Q) /\% > 0,
P
Kk = |log, — |, 4-5)
L 22 «/EJ

W (2) :={Q e W(Q) | sp =2°}.

Since lp = «/ESQ for any Q € W and the cubes have dyadic side lengths, /o < p for any Q € W<,.. For
any x € Q € W, we know
dy <lg+dist(Q, d2) <5lp,
dy > dist(Q, 3Q) > 1.
Therefore,
[reQldi<ip}c |J ©QcixeQld. <5p). (4-6)
0eW<, ()

For any cube Q € W<, such that all neighboring cubes are in W<,, we have

> o) =1, xeQ.
Q/GWEK
By (4-2), all cubes Q with a side length that is at most 22 only have neighboring cubes in W<,.
Therefore,

> po) =1, xe€D: . (4-7)

0eW<,
We define for s € (0, 1) the measure on B(R?)
1—s

dS

Z

fs(dz) = 1ge(z) dz. (4-8)
This measure behaves like g, see (1-5), near the boundary 9€2. We will use i to construct the extension
of a function g : 2 — R; see (4-11). In particular, the value of the extension Exts(g) in a cube O € W,
will depend on a fi;-mean of g in a neighborhood of Q. Since ji; converges weakly to the surface measure
on 3S2, we recover a classical Whitney extension of functions in W!~!/7:7(3Q) in the limit s — 1~. We
set for O € W(Q2)

ag,s = (fis(Beig(q0)) " (4-9)
Since dist(gg, d€2) < Slg, the intersection Bg;,(qg) N Q¢ has nonempty interior. The following lemma

shows the order of ag s in terms of [ and s for Lipschitz domains. The estimate (4-10) is essential in
Propositions 4.5 and 4.6.
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Lemma 4.1. Let @ # Q C R? be a Lipschitz domain. There exists a constant C = C(d, Q) > 1 such that,
foranys € (0, 1) and Q € W<, 46(S2),

C g <ags=Cly. (4-10)

Proof. Let zp € 02 be a minimizer of the distance of g to the boundary 9$2. Since the distance
dist(qg, 9€2) is bounded from above by 5/¢, we have B, (zg) C Be,(q0) C Bi1,(zg)- Since €2 has
a uniform Lipschitz boundary, we find a radius r = r(€2) > 0 and a constant L = L(£2) > 0, both
independent of z ¢, and a rotation and translation 77, : R? — R? as well as a Lipschitz continuous function
¢ : R - R such that

T.o (2N B, (29) = {(x', xa) € Br(z0) | xa > ¢(x")} and [¢]cor < L.

Without loss of generality, we assume T, to be the identity map, in particular, zp = 0. By arguments
similar to (3-3), we find 2(1 + L)d, > |x4 — ¢ (x")| for any (x/, x4) € B,(0) such that x; > ¢ (x’). First
we assume that 11/p < r. Then proceeding as in (3-4) yields

agl < @0+ L)y f -

A, xg) <2(114 L)1 1)%1%s,
BiugNbaz¢ () (Xa — @ (x))* 0

If 11/p > r, then we simply cover By, (z)Nd<2 by finitely many balls By, ..., By. Since [ is bounded
from above by 2%p, the number of balls of radius r which are needed can be picked uniformly. Set
A= QN Biyg(zg) N ﬂj BJC and r; := dist(0€2, A). We pick the balls By, ..., By such that r; > %r.
Then, by a similar calculation as above,

N
agl < Z fis(B)) + is(A) < N2(11 + L) (D r* ™ + 271101 (r AT (o v DIG
/= < (N2(11+ L)AD* + 271101 (r AT (o v IS,
For the upper bound in (4-10), we simply notice that
1—ys
—1 1
ag > ——————d(x', xq)

Qs /Blwm{xmb(x’)} (xa —p(x"))*

and proceed in a similar fashion. (I

For g € Lf;c([R{d ), we define the extension Exts(g) as

ZQGWSK(Q) ¢Q(x)aQ,s fQCﬂBelQ(qQ) g(Z)ﬂs (dz) forx e,

4-11)
g(x) for x € Q°.

Exts(g)(x) := {

For any O € W<, (£2), we have
sup{dist(x, dQ) | x € 0*} < dist(Q*, 3) + diam(Q*) <4p + 2 p < 6p.

Therefore, Exts(g)(x) = 0 for x € Q such that d, > 6p. Additionally, the definition of Ext;(g) inside 2
depends only on the values of g on Qg’/‘; C Qgﬁlr(g)- We could use the measure uy introduced in (1-5)
instead of [i; in the definition of the extension because Exts(g)|q does not depend on the values of g far

away from the boundary. But the benefit of [i, is that the extension is independent of the parameter p.
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We begin by proving some properties of Exts analogous to [Jonsson 1994, Lemma 1]. The proof follows
the same lines as [Jonsson and Wallin 1984, Chapter V, Lemma D]. We define for cubes Q, Q2 € W<, (2)
and g € LY (RY)

loc

1/p
Ip(q0,:90,) = (agl,sagz,sz Ig(m)—g(zz)l”ﬁs(dzz)ﬁx(dm)) . (4-12)

3000, (f]QI)/Ble2 (90,)

Lemma 4.2. Lets € (0, 1) and 1 < p < o0, and assume that Q2 satisfies (4-10). Further, let Q1, Q; €
We—2(2). There exists a constant C = C(d, 2, ¥, W(2)) > 0 such that, for any g € LP(Q2°) and
xe€Qi,yeQoraswellasb e R:

(@) [Exts(g)(x) —Exts(8)(W| = CJp(go,, 90,)

(b) |V Exts(8)(x)| < Cly! J,(q0,5 90,),

(©) [EX(®) () = bl < C(agu.s [, (g0 181 = bIPfEs(d2) 7,

(@ |VExt()W)| = Clo (@05 [, (100 181 715(82)7 for any w € Q e W(S).

Proof. (a) By (4-7),
Y po)=1= Y o0y,
QEWﬁK QGWEK
By the choice of ag ;, we find

Extg() (x) — Exty(8)(y)
= Y $oag, / (8(z1) — Exty() (»))iis (dz1)

QW< (Q) Bsig (90)
= Y poez(ag.ag, | (e - gz @
0,0eW< () Beig (90)Y Bei5(45)

We apply Holder’s inequality to find

|Exts(g)(x) — Exts(g)(y)]
< Y ozag.sag,(iis(Bsy(@o)is(Bsyas)) "

0.0eW< () 1/p
X (/ / lg(z1) — g(Zz)lpﬁs(dm)ﬁs(le))
By (90) B()]é(Qé)

I/p
= Z b0 (X)P5(y) (aQ,saQs / 1g(z1) — g(z2)|” fus (dz2) s (dm)) .
0,0eW=(Q) Boiz(45)
Let O € W<, be a cube such that ¢ (x) # 0. Then Q touches Q; by the definition of ¢o. By (4-2), we

find

Bsi (90)

It —qo,l <1t —qol+Ilg90 —qg,| <6lg+(g+1g,) < (6-4+4+ 1)y, <30I,
for any 7 € Be,(q0)- Let cy = c1(d, 2, p) > 1 be the constant from (4-10); then

ag.s < cllSQ_d < cl4d_slsQ_ld <cldagp, .
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By the finite overlap property, there exist at most N — 1 cubes touching Q. The same holds for Q;
replaced by Q5. Therefore,

|Exts(g) (x) — Exts(g)(y)]

I/p
< (N — D*(ciah)/r (agl,sagz,s / g(z1) — g(22)1” fis (dz2) it (dzo) :
B

3000, @0, )~/19301Q2 (90,)

(b) By (4-7), ZQqu ¢ =1o0n D>y_,, and thus ZQewq Voo =0on Dsy_,. We write

VExt(e)(x) = Y V¢Q(x)<aQ,s/B g(Zl)ﬁs(dm)—Exts(g)(y))

QW< () 61 (90)
= Y Veowds(agsap, f (8(z1) — g(22)) ks (d22) fis (dz1).
0.0eW<,(Q) By (90) Y Beiz(ag)

By definition of the partition of unity ¢.), see (4-4), there exists a positive constant ¢ = co(W(2), d, ¥)
such that, for any O € W<, touching QO or Q itself, we have

—1 —1
Vo ()] < casy' < avdealy).
We calculate using the same arguments as in the proof of (a) and get
|V Exts(8)(x)] < I5!4v/dear(N = D*(ci4) P T, (g0, 40,)-
The proofs of (c) and (d) follow the same lines as the proofs of (a) and (b). Therefore, we omit them. [J

Lemma 4.3 [Jonsson 1994, Lemma 2; Jonsson and Wallin 1984, Chapter V, Lemma 2]. Let s € (0, 1),
a>0, h:Q°— R. Set, forx € Q,

F) = / 70ty ()
BaIQ (QQ)

if x € Q for Q € J;, i € N, and f(x) = 0 otherwise. There exist constants C = C(d,a) > 0 and
ao = ap(d, a) > 0 such that, for any xg € R? and 0 < r < o0,

/ f(x)dx < c27id f h(t)jis(dr). (4-13)
D;NB;(xo)

ext .
Q‘/ﬁazfi mBrJraOZ” (x0)

Lemma 4.4. Assume a, b > 0 and p* > 1. There exists a constant C = C(a, b, d, p.) > 0 such that, for
s€(0,1)and 1< p < p*,

x—y|<a27/
dy<b2™/

3 2isr-2) / /| 1g(x) — §)IP fis (dy) it (dx)
j=0

< ¢ / 1g(x) —g(NI”
T d+5(p=2) JJx—yiza ((x =Y+ di +dy) A P2
d.<b

5 s (dy) s (dx).
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It is only due to this lemma that the norm of the extension operator in Theorem 1.3 in the case d =1
depends on a lower bound of (1 —s).

Proof. The left-hand side of the inequality is equal to

33 i) / / 18(x) — ()17 s (dy) s (dx)

— . 27"l < |x—y|<a2™"
j=0knzj b2k <g, <b2k

k n
=( IIDILDSD 2)2’("““"2” /] 180 = gO) 1P 1, (@) (@)

] - 27 l<|x—y|<a2™"
n=k=0 j=0 k>n=0 j—0 a b2*"'*_“<dxy<|l;2*"

d+p+1 20Am@hsip—2) 2d+25(p—1) ,
Z d+s(p—2) ( 02_"_]§\x—y|§a2—"|g ) — &P s (dy) e

n.k=0 p2—k—1<d, <b2*

=: (D).

For x, y € Q° satisfying |x — y| <a27" and d, < b27%, we have |x — y| + d, +dy <2(a+ b)2~knm,
Therefore,

_ Qa+b)+ 1)dd+aptl /f lg(x) —gWIP
lx—y|<a ((x —

I S d S d . D
R R ey Tt d o A T s s @)

de<b
Now we are in the position to prove the continuity of the L? part. Recall the definition of the sets Q*

and [, in (2-1) for given r > 0.

Proposition 4.5. Lets € (0, 1) and 1 < p < p* < 00, and assume that Q satisfies (4-10). Then, for every
measurable g : Q° — R,

C
IExts(&)llLr@) < m||8||u(§2§*i}“m);m)
with a constant C = C(d, 2, p*) > 0 which is independent of s and p.

Proof. Firstly, [, ¢o(x)dx <|Q*| < (1+ %)ds‘é forany Q e W(R). Let ¢; =c;(d, Q) > 1 be the constant
from (4-10). Recall the definitions of p and « in (4-5). For any Q € W<, and z € QN Bg;,(q0), we know
d, <6lg = 6«/3sQ < 6/d2* < 6p. We use the finite overlap property of the Whitney decomposition to
estimate

d
IEX() ey < (14 D)'NP Y s (f
QGWSK(Q) BGIQ((IQ)

s—d .
<2 NPGp+ )PV Y sy / 1821 s (d2) =2 (»).
QW (Q) B6IQ(‘]Q)

)4
lg(2)|fLs (dz))

Now, we consider i € N and two cubes Q1, Q2 € W<,(2) such that sg, =509, = 270 If

|90, —q0,| = 6(g, +1g,) = 12\/32_i,
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then B6lQl o)) N B61Q2 (90, = 2. The number of cubes O € W<, with side length 2~/ that fit in the ball
By, /a»-1(qg,) is bounded from above by [124/d277 /so1¢ = [124/d1?. Therefore,

#{Q € Wei |50 =27, Beig, (go,) N Belo(ge) # D} < [12v/d 17 (4-14)

We set ¢ :=2%; NP (6p+ 1)¢tP~1. For any z € Q€ such that there exists a cube Q € W<, which satisfies
Z € Beiy(q0), we have

d; <|z—qgl <6lg <6p.
We change the order of summation and use the above consideration to estimate

CEES SED SIS RGNS

i=0 QEW- (DNJ; Bg,-ildag)
1
1—-2-¢

2
<al2VaV o [ s@I @) <2V e g
Qg);)l inr(Q2)> s

Thus, the proposition is proven with the constant
C =291 NP (6p + DT -1 1124/d 4. O

Proposition 4.6. Lets € (0,1) and 1 < p < p* < 0o. We assume that Q2 is bounded and satisfies (4-10).
Then, for every g € TP (Q2°),

C
(d+s(p—2)l/rs2r

[Exts(g)]ysr(@ rd) < lgll7sr e

with a constant C = C(d, 2, p*) > 0 which is independent of s and p.

Proof. We set ¢y := (\/32"“) A % <2p A % and jo := —k — 6, where « and p are as in (4-5) and split
the integration domain of the seminorm into

|Exts(g)(x) — Exts(g)(x + h)|?
[Exts(g)]";s,p(gle) - (1 —S) /S‘Z/{Ah>q} |h|d+sp dh dx

- |Exty(g) (x) — Exts(g)(x + 1)|?
+ 1— f/ dhd>
<j=zjo( ? D;J{Ih<ei277}) |h|d+sp 8

= |Exts(g)(x) — Exts(g) (x +h)|? )
+ 1— dh dx
(Z( K /D//{clzfs|h|<c.} || 5P

J=Jo
|Exts(g)(x) — Exts(g)(x + h)[?
+ 1- / / : dhd )
<j<Zjo( ! D;J{Ihl<er) || #Fsp *
=: (I) + (II) 4 (1) + (IV).

Recall that D; is the collection of Whitney cubes with side length 27J; see (4-3). We handle these four
terms separately.
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Estimate of (IV): Forany x € D;, j < jo and |h| < cy, the distance of x as well as x + & to the boundary
d€2 is bigger or equal to
dy — |h| = dist(D;, 0R2) — ¢y

> «/32_1_2 —C1
Zﬁ(2K+4_2K+1)
> 6p.

Therefore,

Exts(g)(x) = 0=Exts(g)(x+h) and AV)=

Estimate of (I): Using the triangle inequality and the definition of the extension Exts(g), we estimate (I)
as follows:

[Exty () ()17 [Exty(8) (x + )17
P(1 —
=2 ”(/Q/mm e / /Mm [j o dhdx)

_,20-9)
sp

c1 T a1 IBx (@17 gy +2727P7VIQ | g1 s (dy).
Qc

By Proposition 4.5 and the previous inequality, we find a constant ¢, = ¢2(d, 2, p*) > 0 such that

1—s22T wy_1c?
M= P 2118l ey + 27121817 e

This is the desired estimate for (I).

Estimate of (II): For the moment we fix j € N, j > jo, Q; € J;, x € Q; and |h| < 27/ < 2—14st.
Under these assumptions, x +h € Q%, where QJ*. is the cube with the same center as Q; but side length
(1 + é)st. Thus, for any ¢ € [0, 1], the vector x + th is either in Q; or in a neighboring cube, say Q,
touching Q;. By (4-2),

Lo, <lg<4lg, and |gg, —qol < diam(Q)) +diam(Q) < (1+4)lp,.

Further, for z € B3y, (q¢), we find
|z —q0;1 = (30-4+5)lg,.

Set ¢3:=30-4+35, and let ¢4 > 0 be the constant from Lemma 4.2 and ¢5 > 0 be the constant from (4-10).
We want to apply Lemma 4.2(b) and (d) to estimate (II). We set j; := jo + 8 = —«k + 2 and write

aIn) = (1_s)/ / Ext©)0) ~ Bt @ +hl?
J=i {lh|<c127}

|h|d+sp

J1—1
£ 0y / / [Ext(9)(x) —Ext()(x +MI”
{|h|<c1277}

|h|d+sp

j=Jo
=: (II}) + ().
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For all j > jj, all neighboring cubes of Q; have side lengths at most 2, and thus B, ,-;(x) C D>_.
Since Extg(g) is smooth in €2, the fundamental theorem of calculus and Lemma 4.2(b) yield

|Exts(g)(x) — Exts(g) (x +h)|

1
/ V Exts(g)(x +th) - hdt
0

<|hl sup |VExt(g)l
35127j(x)

Jj+2

Vd
Using this, we estimate

(1)) < (1 — s)ch4?d= S)+pc2222’(d Drir Y / |h|~4+P=9) dp
i=jo QelJ; |h|<c1277

X// lg(z1) — g(22) P (fis ® fis)(d(z1, 22)) dx
L31Q(4Q))2

1/p
lg(z1) — g@)|P (fts ® fis)(d(z1, Zz))) .
L3l (qQ,))

1—
0 1Cp( =) P42(d s)-i—pc5
<

< - ZZZJ(d s)+jp—jp(1—s) Z

P J=Jo QelJ;
X// lg(z1) — g(22)|” (jis ® fi5)(d(z1, 22)) dx.
210 (90))?

|21 —2z2]|<2v/d 3277

We define the functions
fiQ—=R and h;:Q =R
via

hj(z1) :=/ lg(z1) — g (2P g (dz2), z1 € QF,
lz1—z2]<2V/d 327

Ji(0) IZ/ hj(z1)ts(dzy), x e,
c3l (qQ)

whenever there exists Q € J; such that x € Q°, otherwise we set f; = 0. With this notation we estimate (II;)
using Lemma 4.3 and d,; < c3/d2* for z € Besiy(qo) N Q2 and O € Wx,:

p(1—s) .U42(d s)+pc

o0

Cl) C

p

Jj=Jjo

a)dfl(CI v l)pcp42d+PC ~

- ’ 4 5, Z i d+s(p=2) - hj(z1) s (dzy)
j=jo f"327j
ce lg(z1) — g(z2)I”

N ~v Nv d s .
S dts(p-2) ors e ((|z1—zz|+dz,+dZZ)A1)d+s<p—2>(“‘®“‘)( (21, 22))

21— zz|<2~fC3
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In the last inequality we used Lemma 4.4. Here c¢ = c¢(d, c3) > O is the constant from Lemma 4.3,
c7 =c7(d, p, c3) > 0 is the constant from Lemma 4.4 and

P A42d 2
Cl)d_l(Cl Vv 1)17044 +p65 (C3\/32K 4 1)2d+2(l7—1)
p

cg =cg(d, p,c1,c3,c5,C6,C7) 1= C6C7.

Just as in the proof of the estimate of (II;), we apply the fundamental theorem of calculus and Lemma 4.2(d),
(4-10), and Lemma 4.3 to estimate (II,):

wg—1(c;2770)P1=9) 3 Z

() = max |V Ext; (g) ()" dx
j=jo 0e; 02 <0
w1 (ci2=Joypl=s) 201+DN\P ) Ji—1 )
< @ 1(c1 ) (c4 ) cs(Wd2—itys—d Z Z // 12()|7 i (d2) dx
g vd J=io 0el; 7 @ Besig(40)
wi_1(c12~Joyp(1=s) 2(1+DN\P ) ' Ji—1 i
< d—1(c1 ) <C4 \/E > Cs(\/EZ_J"H)“_d ZC6/ t |g(Z)|pMs(dZ)
P J=Jo x/JC32—.I'
wa_1 (1270 )P [ 2UHDNP (1 fdesp—ydtet
= Ca 5 ‘ coGr = JlgN] e
p ﬁ (\/32_]14_1 N 1)d ~/3032_-10”'LA

Estimate of (II1): We put h,, := c;27" and write

oo j—1

Extg — Ext h)|P
(III):(I—S)ZZ// [Exty(g)(x) d’:(g)(H W ah dx
imjom=0" Di/ hms1=lhl<hn} |h|“+sp
o] o] Ext — Bxt Y
SEDDDY f/ |Exts () (x) diss(g)(wr W i dx
m:0j=m+j() Dj {hm+1§|h|<hm} |h| p

o0
Ext; — Ext; h)|P
=<1—S>Z/ / Bt ©00) ~Ex@G P
m=0 DZ»H»]'O {hm+15|h|<hm} |h| top

o0
< (-9 Y T ( [ [ @ ® - Ex @0 Ly, dy d
m=0 DZm+j0 Q

+ f [Exts(8)(x) =817 Ljx—y<n,, dy dX)
D2m+j0 Qe
=: (I —s)((II}) + (IIL)).
Estimate of (IIl;): For x € Q C D>, , and y € 2 such that [x — y| < h,,, we have
dy <dy+ |x — y| = dist(Q, 9€2) + diam(Q) + Ay,

< (5v/d +¢)27"m o
< V2o
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and, therefore, y € D>, j,—3 by (4-1). We calculate

o0 o0 o
WOEDDED DD DN /D /D o BRI — EXL@ )1 dxdy

m=0 k=m+ jo n=m+ jo—3

D DD DD DI e / f |Exts(2)(x) — Exts()()|” dx dy
D, Dkﬂma().)

m=ji—jo+3 k=m+ jo n=m+ jo—3
Ji—jo+2 oo 00

DD DD DI e / f |Exts(g)(x) — Exty(9)()|? dx dy
Dy kama(}')

m=0 k=m+ jo n=m+jo—3
=: (11 1) + (III; 2). (4-15)

We estimate (III; ;) first. For
m>ji—jo+3=11, xeQreJyad yeQ,€J,, nzm+jo—3, k=m+jo
such that |x — y| < h,, and z1 € B3oiy, (90,), 22 € B3, (90,), we have n, k = j; and

lz1 —z2l <lz1 —qo + g0, —xI+ 1x =y + 1y —q0,| + 190, — 22|
<31/d2 K+ 127" +31Vd27" < 27,

where cg := 31/d2770 + ¢ 4+ 314/d23 /. Note that s, , sp, < 272. Lemma 4.2(a) yields
|[Exts(g)(x) — Exts(g) ()"

p
= C4an,saQn,sf

/ 18(z1) — 822" 1) —z5)<cor-m s (d22) L5 (dz1)
Baole (q0,) Y Boig, (904)

=clag, sag,.s fn(x), (4-16)

where f,, : R¢ — R is defined by

fm(x) ::f flm(Zl)/ls(le)
Bsoiy (q0)

for x € R? whenever there exists Q € J; such that x € Q°, otherwise we set fm = 0. Here fzm Q> Ris
defined by

B (21) 1=/ 18(z1) — 8@ Lz —zs)<co2m s (d22), 21 € Q°.
Bsoiy,, (90n)
Thus, Lemma 4.3 together with (4-16) yields

/ / |Eth(g)(x)_Eth(g)(y)|pdydxScfan,saQn,s/ / fm(x)dxdy
Dn kama(y) Dn kama(}')

SCfClOzkdan,saQn,S/ / Em(zl)ﬁs(dzl)dy
Dy, ma+a127k(y)

=: (Il ;). (4-17)
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Here cj9p = ci0(d) > 0 and a; = a;(d) > 0 are the constants from Lemma 4.3. For y € D, and
71 € ma+a12—k (y) N QC, we find

dy <|y—z1| < (c1 +a@270)2™™

and set ¢11 := (c] +a;27%). Then, (ITIM) becomes, after applying Lemma 4.3 again,

p
C
(HI11)< anSaQn // /Qt 1g(z1) — (@)1 Lz — 2y <cor—m s (dz1) fis (dz2) dy
Bioig, (90,) X

04612010 » - -
= S 0ust0us [l JL 1860 8@ e cizoen s @2 022)

p
e gz — g1’ i (dz1)is (d22). (4-18)
= s(k4n) e Je 8121 822 |z1—z2|<c92™ s 1) Ms(A22

c112” m

In the last inequality, we used (4-10) and cj» = c12(d) > 0O is the constant from Lemma 4.3. We set
c13 := chesc10c12297P (co A 1) 7477, Recall that ji — jo = 8. The estimates (4-17) and (4-18) yield

(e.0] (e8] (e.0]
(1) < c13 Z Z Z pmidsp)p=s(k+n)

m=j1— jo+3 k=m+jo n=m+ jo—3
/ fex 18(z1) — 8@ 1) — 5 <cor-m iLs (dz1) L5 (d22)

112~ m

2 o0
C13 28
=m(2s ) Z rd+sp=2) / / e |g<zl) 8@ 1P Ly, oyl <corn s (dz1) s (dz2)

e (1+09+611)2d+2(p 1)/ / 1g(z1) —g(22)]” (s (d22)
=cCl4 1 2).
s2(d+s(p—2)) et Jaenp, ) ((121—22]+dz, +d)) AT ’ ’

In the last estimate we used Lemma 4.4. Here ¢4 := 22 200/"0 ¢ 3¢15 and ¢15 = ¢15(d, p,co,cr1) >0is
the constant from Lemma 4.4. This is the desired estimate for (III; ;). To estimate (Il »), we calculate

o]

J1—Jjo+2
) < / f |Exty(g)(x) — Exts () (0)|” dx dy
(ci 2 (11 Jo=1))d+sp kz;;n%:3 DyuN B, (¥)
10
ot 10 [ @
(612_7)d+spkn:2j(;—3 Dy J DN B, (¥) i

2p+5
<—— I Exts ()17
= (e 2—Tyd+sp VA1 TIERS 8 e (@)
p+5 d
M—dlclc_z” .
- (C12 7 N 1)d+p S Lp(Q31nr(SZ) H’V)

Here we used Proposition 4.5. Combining the estimates of (III; 1) and (III; ) yields the desired estimate
of (III).
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Estimate of (Ill): In contrast to (III}), we integrate over 2 where the extension is just g. For x € Q € Ji,
k> m+ joand y € Q€ such that [x — y| < h,, = 127", the distance of y to the center of the cube g is
smaller than

<ly—qol <|y—x|+Ix —qol <127 +d27* < Vd(c; +277)27".
Set 16 :=2¢; ' V/d(ci +270 +1). Thus (1 —s)cjdh,% < (1—s)d;*. With this we split (1 —s)(III) into
(1 —s)(Illy)

Ji—jo—1
1_
=y (Mf,) 3 / / IEXt(2)(0) — 8017 Le_yj<, dy dx

m=0 m+l k=m+jo QeJi B c2-m(q0)
1 ~
e Z hmﬂ“” ) Z )3 / / [Exts(£)(X) — 8017 Ly < it (dy) dx
m=ji— k=m+jo QeJi Llﬁz*m((lQ)
=: ([llz,;) + (IHz,z)- (4-19)

We estimate (111 1) by

(lel)<2p(J1—Jo)<(1—S)Z > / / |Exts(8) ()P Lxy)<c, dy dx

k=jo QeJi Beyg(go)

vy [

k=jo QeJi Beyg(ao)

< 278((1 — $)wg-1¢§ [EXt() 1] gy + €l

1§ NP Ljx—y)<c) s (dy) dX>
a)d—lcl ||g||ib(Q?)l(16»//«s))

3inr(2)’ Mﬂ

d+sp d p
< p —
2 8((1 S)a)d lcl < ”g”Lp(QEXt +Cl6 C()d_lcl ||g||L’)(Q?l([6’M°)>'

Here, we used Proposition 4.5. We apply Lemma 4.2(c) and (4-10) to estimate (Il 7):
(I, 2)

<y S s auay [

f 18()— g ()17 (dy) iy (d2) dx.  (4-20)
m=j1—jo m+1 k=m+jo QcJ; QY B30iy(q0) Y Beygjom (q0)

For z € By /z,-+(qp) and y € Q° with |gg — y| < c1627™, we have
v —z| < (c16 + V/d30)27".

We write c17 := c16 + +/d30. Now, we apply Lemma 4.3 with r = 400 and conclude, with a positive
constant c1g = c18(d),

/ f / 12(2) — 2017y (dy) iy (d2) dx
QJ B30 (q0) Y B (2-m (q0)

a2 [ 182) — 8P (@))fs (). (@-21)

304/d2—m Beyz2-m (2)

Qe
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By (4-20), (4-21) and Lemma 4.4,

P oS —s5(jon0) >
C C5Cc 2 _ - -
) < oty g 3 27400 | 1) — ()17 iy () (d)

Q;‘)lfz m Y Bejgam (2)

1g(z) —gMI”
s(d+s(p 2)) /E.Z:’(‘)‘\/,/r”(z) ((Iy —Z| +d +d YA 1)d+s(p 2) :us(dy)//vs(dZ)-

Here the constant is
20 = 22=(or0) (c1 A 1)—(1—(17 D pC5cl6(60\/_+ 2C17)d+|17 2'019

where c19 = c19(d, p, c17) > 0 is the constant from Lemma 4.4. Combining (Il ;) and (IIl ») yields
the desired estimate of (Ill,). Further, the previous estimates of (III;) and (IIl,) finish the proof of the
bound on (III). O

Proof of Theorems 1.2 and 1.3. The proof of Theorem 1.2 follows from Propositions 3.9 and 3.10,
Lemma 4.1, and Propositions 4.5 and 4.6. The proof of Theorem 1.2 does not require Proposition 3.10. [J

5. Nonlocal to local

In this section, we prove the convergence of the trace spaces 77 (Q¢) — W!=1/P-P(3Q) as s — 1~ as
claimed in Theorem 1.4.

The following lemma is a minor extension of [Grube and Hensiek 2024, Lemma 4.1] to Lipschitz
domains. Note that the term (1 —s)/d; in the measure 1 is responsible for the reduction of ¢ to 9€2.
Recall the definition of the sets Q¢ and ., in (2-1) for given r > 0.

Lemma 5.1. Let Q C R? be a Lipschitz domain, d > 2, and 0 < r < co. We define a family of measures
s on (R, B(RY)) via
1
s (x) := d—s Qo (X).

X

Let o be the surface measure on the Lipschitz submanifold 02, and set o (D) := o (02N D) for all sets

D € B(RY). Then {jis}; converges weakly to o as s — 17, i.e., when integrated against test functions
in Ce(RY).

Remark. (1) In dimension d = 1, the previous convergence result reads
s — Z 8y, weakly,
Xp€02

i.e., when tested against C.(R) functions. Here §y, is the Dirac measure in the boundary point
X0 € d082.

(2) In [Grube and Hensiek 2024, Lemma 4.1], the first author and his coauthor proved Lemma 5.1 for
bounded C'-domains. Below, we adopt this proof and explain necessary differences to that result.
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Proof. Let f € C.(R%). We have shown in [Grube and Hensiek 2024, Lemma 4.1] without using that the
boundary 92 is C' that fngt |flits = 0 as s — 1~ for any ¢ > 0. Thus, the problem localizes. Without
loss of generality, we find a cube Q = (—p, p)? and a Lipschitz continuous map ¢ : R‘~! — R such that
QN QO ={(, xg) | xa < ¢ (')} N Q. Furthermore, on this cube we have

p 1 —
/ S dpg =/ f& x)— ® drgdy’.
ongr (=01 ) At xg)
Since % is an approximate identity evaluating at x; = ¢(x’) as s — 17, it remains to show that
Xg— QX
_ /
M) L TE VR asxu— ) 5-1)
A xy)

for almost every x’ € (—p, p)¢~!. Since ¢ is Lipschitz continuous, it is differentiable at almost every
point x” € (—p, p)4=1 by Rademacher’s theorem. In [Grube and Hensiek 2024, Lemma 4.1], we used
continuous differentiability of ¢ to show (5-1). Here we only assume ¢ to be Lipschitz continuous. We fix
x’ € (—p, p)?~! such that ¢ is differentiable at x’. For x4 > ¢ (x’) such that x; < p, we pick a minimizer
of the distance of x = (x’, x4) to the surface Q2 and call it y = y(xz) = (y’, ¢ (»’)). Analogously to the
estimate (3-3), we have

[xa — ¢ (x")] < 2(1 + [p] o1 )dy. (5-2)
Furthermore, we define the hyperplane
Pi={E, () + @@ =x) - Vo) |2 € (=p. )

which is tangential to the surface at x. Let z = z(xy) = (z/, z4) be the minimizer of x = x(x’, x;) to the
plane P. A small calculation yields

—(x)
/=x/+xd—v X,
) EArTSEA A
Vo (x)|?
_ / L A _ !/
24 =¢()+7 n |V¢(x’)|2(xd ¢(x")),
_ /
dist(x, P) = |x — 2| = 2= 9@
V1+|Vo(x)|?
Since ¢ is differentiable, the error function r : (—p, p)¢~! — R given by

rw) =¢w)—ox)—(w —x) Vo)
satisfies
r(w) , ,
—— =0 asw —x'.
jw' = x|

Since |y’ — x| < dy < |xq — ¢ (x")], we know
r(y")

m — 0 as Xd — ¢(X ) (5-3)
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Now, we will estimate dist(x, P) by d, and an error and vice versa. Let y; € R such that (y’, y;) € P.
By the triangle inequality, we have

1 ya) — (& x) < 1O 0O0) — K x) 1 ya) — O, d O =de + 1 ().

Since (y’, y4) € P and z is the minimizer of the distance of x to P, we have dist(x, P) < d, +r(y’).
Again by the triangle inequality,
dy <1, () = (& x)| <12, 2a) — (s x) | + (2, @(2) — (2, za) | = dist(x, P) + ().
Therefore,
- _ Mdist(x, P) —d| _ max{|r(y)l, Irz)]}
dist(x, P) dist(x, P) — dist(x, P)
/ /
— 1+|v¢(x/)|zmax{|”()’)|,|f(Z)|} =0
|xa — ¢ (x")]
as xg — ¢(x’) by (5-3), the choice of 7' and the properties of the error function r. By the previous

calculation of dist(x, P) and this convergence, (5-1) follows. Since (1—s)/|xs—¢ (x')|* is an approximate
identity, we have for any x” € (—p, p)?~! such that ¢ is differentiable at x’

P
/ il F(x xg)dxg — f(x',00/1+|Vp((x)|* ass— 1.
o) iy vy

Since f has compact support, there exists R > 0 such that supp(f) C Bg(0). By (5-2), we have

P l—s
‘/ o 2 xa) dxg| < Il 2oL B0y (x") T dxq
d(x") “(x' xyg) d(x") Y (x'xg)
1—s5
<2(1+[@lcoD) | fllLoeLpp(0) (x) ————dxg
¢ KO oy Txa = @GP
<2(1+[plco) (o + DI fllzoeLpp0) (x).
By dominated convergence,
/ fdug — fdo ass—1".
ongQe aeNQ
Following the proof of [Grube and Hensiek 2024, Lemma 4.1], the result follows. O

We are now in the position to prove the convergence theorem. We use similar arguments as in the
proof of [Grube and Hensiek 2024, Proposition 4.3, Theorem 1.4].

Proof of Theorem 1.4. First, we prove the convergence result for u € C%!(R?). Then we apply a density
argument.

Step 1: Let us assume u € C?’l(le).

On Q!

ext

. . . . 1
L? part: We split ¢ into the union QU

oxt- we apply the estimates from the proof of the

trace continuity. By (3-14), there exists a constant ¢; = ¢;(d, €2, p) > 0 such that

hm ||Trsu||Lp(Ql ) =€ hm [u]vw(mﬂl N
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Notice that
lu(y) —u(y +h)|?

[u ]vap(mgl )f(l_s) 50 Jo NES dydh
1 2P wg_ 4
<2°(1 —S)llulle(Rd)/ oy TRITEP dh = » (I =) llullLr gy (5-4)

and, thus, lim,_, ;- || Trs u||” , =0. On Qe’“ we consider the family of measures {jt;} from Lemma 5.1
with » = 1. This family converges weakly to the surface measure on 9<2, which we denote by o. Thus,

we conclude the claim via

B lu(x)|? - p- P
||Tr§u||Lp Qext s ) Rd (1 +dx)d+s(p_l) /'LS(dx) S Rd|u(x)| /’l’é(dx) - 8Qlu(x)| da(x)
and similarly
| Tt u|| > ﬂ (dx) — lu(x)|Pdo(x) ass— 1"
SN Lr (@ puy) — Rd (1+d)d+p [ Hs 90

because x — (1 +d,)~¢~P*! is continuous.
Seminorm part: The main task is to show

// u(x) —u(V)|P (A +d) "=V (1 4+ dy)=4=@=D
exQe ((Ix =yl +dx +dy) A)d+s(p=2)

— f/ jux) —u(y)ll’ dlo®o)(x,y) ass— 1"

saxsn X — yldtP=2

d(fts @ fus)((x, y))

for some r > 0 in the definition of ;. The choice of r is arbitrary and will be made later. Let s be
the measure from Lemma 5.1 to the parameter r. As in the proof of Proposition 3.10, we split ¢ x Q¢
into the union Q™ x QXU QC x QL UQL, x Q°. The proof in the case Q¢ x Q, i

x Q¢ and shows that [Tr; u]%, P, | @) CONVerges to zero. By (3-17), (5-4) and a

is the same as the
,
one in the case [,

calculation similar to (3-18), we find a constant ¢, = ¢(€2, p) > 0 such that

[Trs u]7—v P, | Q0) = <2? ((1 —5) || Trs u”LP(Q( 1) f d;dis‘p dx + [|Trs u”zrl(gr _MV)Ms(QC))
Qr ext s

ext

o A=8)cor™?
<2 f”T u”Lp(QcM)"i_ ||Tr9u“Lp(Q’ Ts) -0

as s — 1—. Now, we consider the interesting part Q' x QS*'. We would like to apply Lemma 5.1 to the
function
u(x) —u()|P(1 +d) P D 4d,) @D

hs . =
) ((Ix =yl +dy +dy) A 1)d+sp=2)

since

e | R G LAY RIS
r r Qext x Qext
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and
lu(w) —u(z)|”

hs(x,y) — o 2@t forx =wedR, y—>z€dQ, s— 1 forw#z.

Lemma 5.1 cannot be applied directly because /; is neither continuous on ¢ x 2¢ nor independent of s. We
resolve this issue by arguments similar to the ones used in [Grube and Hensiek 2024, Proposition 4.3]. Let
us fix a radial bump function ¢ € CSO(M), 0<¢p <1, p=11n By, and define . (x, y) :=@(|x —y|/&)
for ¢ € (0, 1). We set

. L p=2, eI p >0,
s = e=U=9C-P 1 <p<2, S, 1<p<2,
« lu(x) —u(y)|?
hi(x,y) = (|x_y|M)d+p_2(1—%(x,y)),
u(x) —u( P (1 +de)(1 +dy)) 4P H!
heo(x,y) = - > (I —@e(x,y)),

((lx — y|+dy +dy) A1)d+r=2
8s.e(X,y) i=hs(x, y)p:(x,y).

For every s € (0, 1) and every € > 0, we have a, /e .+ g5 < hg <aih;+ g .. We will now consider the
limit s — 1~ and subsequently € — O™ of the upper and lower bound in this inequality integrated against
s @ [is. Both h,, and h} are continuous and bounded on R4 x R4, By Lemma 5.1, {us}; converges
weakly to o, and thus the sequence of product measures {u; ® (s} converges weakly to o ® o. Therefore,

/ / ea(x ) d(jis ® i) (2, 7))

_ p
- // 'M(X)yﬁf?'z( —¢e(x, ) Ao ®0)(x,y) ass—17,

axae |1x —
lu(x) —u(y)|?
— dlo®o)(x,y) ase — 0+.
/faszxasz |x — y|d+p=2

The same is true for A}. Furthermore, a}, a; . — 1~. Now, we show that

lim //gs,sd(ﬁs®ﬁs)(x,y)—>0 ase — 0+.

s—>1-

Note

/ / 25 (X, ¥) d(js ® i) (x, ¥) < [u]co. / / lx — y| 74P 41 ® fig) (x, y).
QexlXQexl

[x—y|<2e

The problem localizes. Since €2 is a bounded Lipschitz domain, we find a uniform localization radius
ro > 0. Let Q be a cover of 02 with balls B € O with radius rg > 0 such that the union of these balls
with half their radii still contains 2. Now, we fix r > 0 from the beginning of the proof such that
Usp €02 1> QX where lB is the ball with half the radius. We assume & < ro such that, for any
x,y € QX satisfying x € 2B, B e Q, |[x—y| <2e, we have y € B. Thus, we only need to consider one
ball B € Q. After translation we assume, with loss of generality, B = B,,/(0). We flatten the boundary
d<2 that lies in B with the function ¢ € C*1(R4~") such that QN B = {(x’, x4) € B | x4 < ¢ (x')}. Since
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2 has a uniform Lipschitz boundary, the Lipschitz constant of ¢ does not depend on the position of B.
For any x € BN Q¢, we have d; > (1 + [|¢]lco1) " [xs — ¢ (x")|. Therefore,

f / Lo, 00 O)lx — y| 402920 4, @ 1) (x, y)
QNQ)x (Q°NO)

2rg 2rg (1 —s)2|x —y/| d—s(p=2)+2p
<A+l [ / /(d e dvay dngax
B0 o) B V) Joy (X — () (va — ()

=75 2S(1+||¢||COI)2 g lf (T
0

(28)(] —s)(p—2)+1

2
22 2 d 2 .d—1 2@0 2 41
= 1+ — 1+ ) 2¢ — 0.
=T ( ||¢||C01) 1 o I—5)(p—2)+1 ( @1l cor) d 17’0 &

In the last line, we first consider the limit s — 1~ and then the limit ¢ — 0+. Thus,

/fgse(x y) d(its @ fs)(x, y) < Z// 1,0y |x — y| 75 PTDFP d(fa g ® ) (x, ) — 0.

BeQ

The result for C>! (RY) functions follows from
ds, *hs * T &5 < hs < a*h* + &s.e-

The proof of [u]7s.1qey — [u] BY,(09) follows analogously.

Step 2: Let 1 < p < co. We generalize the result from Step 1 to all functions in W7 (R?) via a density
argument. Firstly, there exists a constant c3 = ¢3(d, p) > 0 such that |lullys»q rs) < c3llullws.r -
Combining this estimate with (3-13) and (3-16) yields

ITrs ullrsr(@ey < callullysrqray < cscalluellwipgay-

Here c4 > 0 is the sum of the constants from Propositions 3.9 and 3.10. Now take any u € whr(RY).
Since C?’l(Rd) is dense in W7 (R9), we find a sequence u, € Cg’l(le) such that [|u — u, || w1.pray = 0

as n — oo. Since the classical trace is continuous, the mapping
yo: WHP (R <= WHE(Q) L5 WP ()
is linear and continuous. Thus, uniformly in s € (0, 1),

ITrs u — Trs wy || 7500y < crllu — unllwrpgey — 0,

lvou — younllwi-1rrpq) < Cillu —unllwirey = 0 asn — oo.

Finally, Step 1 yields [lu,||7s.r@c) = lunllwi-1/r.r@9g) @s s — 17. The proof of the statement for d = 1
follows with minor changes and we omit it. Notice in this case that functions in W*?(2) for s > 1/p are
continuous by Morrey’s inequality. Lastly, the proof of || Trs u|[11(q.,,) = Yl 11 (5q) follows analogously
to the proof in Step 2 using the uniform trace embedding Proposition 3.9. ]
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Appendix A: Reflected Whitney cubes

The following results are taken from [Dyda and Kassmann 2019, Section 3.2]. Throughout this section,
we fix a Lipschitz domain Q c R?. We fix a Whitney decomposition W(R? \ Q) of the open set with
Lipschitz boundary RY\ Q; i.e., each cube Q € W(R? \ Q) satisfies diam Q < dist(Q, 92) < 4 diam Q.
We denote the center of a Whitney cube Q € W(R?\ ) by gp € Q. These cubes satisfy

> lo=lua (A-D)
QeW(RN\Q)

Bounded Lipschitz domains are both interior and exterior thick; see [loc. cit., Definition 14 and 15].
Thereby, we find a constant M > 1 and a reflected Whitney cube é C Qforany Q € W(R?\ Q) such
that diam Q < inr(2) = sup{r | B, C 2} satisfying

diam O < dist(Q, 9Q) <4 diam O,
M~"diam Q < diam O < M diam O, (A-2)
dist(Q, 0) < M dist(Q, 9Q).

Again we denote the centers of the reflected cubes by g5 € @ . The collection of these reflected cubes
cover the domain Q; i.e.,

U o0=2 (A-3)

QeWRN\Q)
diam Q <inr(2)

Additionally, the reflected cubes satisfy the bounded overlap property; i.e., there exists a constant N > 1
such that

Y 15=Nig; (A-4)

QeWRN\Q)
diam Q <inr(2)

see [loc. cit., Remark 19]. We define

Winr@) (R \ Q) := {Q € W(R'\ Q) | diam Q < inr(Q)}.

Appendix B: Hardy inequality for the half-space

The following Hardy inequality for the half-space is proven in [Frank and Seiringer 2010; Bogdan and
Dyda 2011] in the case p = 2. See [Dyda and Kijaczko 2024] for a corresponding weighted Hardy
inequality. Note that the constant Dy, is optimal.

Theorem B.1 [Frank and Seiringer 2010, Theorem 1.1; Dyda and Kijaczko 2024, Theorem 1]. Let
O<s<l1,deN, pel[l,oo)with ps # 1. Then

mwfﬂwﬁwws/dd99519E«mw (B-1)
R RY xR4

¢ Xy |x — y|d+sp
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forany u € Wé’p(Ri) = Céx’([R{‘i)” “lwsr The constant is given by

Idsp 11 _+(ps—1)
D, :mN*WF(Z) -7 mwm (B-2)
S,p F(d—;sp) 0 (1 _ t)l-i—ps )

Furthermore, in the case p = 1 and d = 1, the inequality only holds for functions that are proportional to
a nonincreasing function.

Lemma B.2. There exists a constant C = C(d) > 1 such that, forall 0 <s < 1,
C_l S SDS,I S Ca
where Dy 1 is the constant defined in (B-2).

Proof. We split the integral in (B-2) into two parts. First,

1/2 |1 _ts—1| 1/2 l)s
/ ———dr < pl+s / #7hdr <42 <
o (I—=plts 0 s

A lower bound in the same term is calculated similarly:

1/2|1_ts—1| 1]_5 1/2 ) 2]—s_1 1—g
[P s (- () ) [ |
y  (I—p)i+s 2 A 2s 4s

We move to the remaining part of the integral:

1 s—1 1 1 1
11— o 1 . 1 —s
—lﬂdl‘§2 i (1—3) reodr)der<2 —Sdl‘§2
12 (1—1) 12 (1—1) ¢ 12 (1—1)

And a lower bound is calculated in a similar fashion:

1 s—1 1 1
[1 -7 / 1 / / I—s I\ 1
——dr > —_— Sdr)dr> ——dr=|(= > .
/;/2 (1 —p)l+s B 1/2 (1 —t)1+s =) ' 1/2 (1 —1)* <2) -2

SN

v

Therefore, r ( 1 )
1 1 5 6
2y d=1)/2 — <D, <2g@d-D/2 2 e O
Tor@vrE s T T r@ (@)
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We study the blow-up dynamics for the energy-critical 1-corotational wave map problem with target the
2-sphere. Raphaél and Rodnianski (Publ. Math. Inst. Hautes Etudes Sci. 115 (2012), 1-122) exhibited
stable finite-time blow-up dynamics arising from smooth initial data. In this paper, we exhibit a sequence
of new finite-time blow-up rates (quantized rates), which can still arise from well-localized smooth initial
data. We closely follow the strategy of Raphaél and Schweyer (Anal. PDE 7:8 (2014), 1713—-1805), who
exhibited a similar construction of the quantized blow-up rates for the harmonic map heat flow. The main
difficulty in our wave map setting stems from the lack of dissipation and its critical nature, which we
overcome by a systematic identification of correction terms in higher-order energy estimates.
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1. Introduction
1.1. Wave map problem. For a map ® : R"*! — S”, the wave map problem is given by
3 ®— AD = D(VD2—18,D7), D) :=(D,9P)(t) €S" x TpS". (1-1)

Problem (1-1) has an intrinsic derivation from the Lagrangian action

1/ (VO (x, 1)[> — |8, (x, 1)|*) dx dt, (1-2)
2 R)Hrl

which yields the energy conservation

E®()) = %fR IV®|2 + (9, dx = E(D(0)). (1-3)
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In particular, for the case n = 2, (1-1) is called energy-critical since the conserved energy is invariant
under the scaling symmetry: if ®(¢, x) is a solution to (1-1), then @, (¢, x) is also a solution to (1-1):

s (ot X\ 1 rox
q’*“’”"@(x’A)’Aa’q)(wx))’

and @; (¢, x) satisfies E(D;) = E(D).

When observing a complicated model, it makes sense from a physics perspective to extract the essential
dynamics of the problem by reducing the degrees of freedom. Especially for field theories such as (1-1),
the geodesic approximation — that is, a method of approximating the dynamics of the full problem as a
geodesic motion over a space of static solutions —is prevalent (see [Manton and Sutcliffe 2004]).

To discuss static solutions in more detail, we focus on the solutions with finite energy. This assumption
extends the spatial domain of ® to S? and allows the fopological degree of ® to be well-defined:

1 1
k=— P* = — ®-(0,D d .
B /%2 (dw) = /I;z (0P x 0y ®)dxdy

Here, dw is the area form on S? and k is given only as an integer. We also remark that k is conserved
over time.
We now consider static solutions to (1-1),

AD+ PIVD|? =0, (1-4)

so-called harmonic maps. Recalling our Lagrangian action (1-2), harmonic maps are characterized as the
(local) minimizer of the Dirichlet energy

1/ VO[> dx dy.
2 J

Assume the topological degree of a harmonic map ® is k € Z. Then we have the inequality

1[ |vq>|2dxdy:1/ 18, @2 + 3, @ dx dy
2 RZ 2 R2

=% |8x<I>:|:<I>x8yCI>|2dxdy:F/ 0, ® - (O x 0,®) dx dy
R2 R2

> if @ (8, P x 8,D) dx dy = 4 |k|.
R2

Hence, in a given topological sector k, ® satisfies the Bogomolny equation [1976]
PP x9,®=0 for £k=>0. (1-5)

That is, the field equation (1-4) can be reduced from a second-order PDE to a first-order PDE. From the

stereographic projection, we can see that equation (1-5) is equivalent to the Cauchy—Riemann equation,'

which clearly identifies the space of harmonic maps as the space of rational maps of degree k.

UIf k is negative, we adopt the conjugate Cauchy—Riemann equation instead of the Cauchy—Riemann equation. Thence,
harmonic maps can be represented as rational maps with 7 as a complex variable.
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Under the L? metric induced naturally from the kinetic energy formula, it is well known that the
space of static solutions is geodesically incomplete, which leads us to expect a blow-up scenario of the
low-energy problem.

1.2. Corotational symmetry. We consider an ansatz of solutions to (1-1) with k-corotational symmetry:
sin(u(t, r)) cos kO
O, r,0) = | sin(u(t,r))sink6 |, (1-6)
cos(u(t,r))
where (r, ) are polar coordinates on R
Under the k-corotational symmetry assumption, u (¢, r) satisfies

{attu_arru_(l/r)aru+k2f(u)/r2:0a _ sin 2u

flu) =35+, (1-7)

Uli=o0 = uo, Ouli=o = io,
It is known that the flow (1-1) preserves such corotational symmetry (1-6) with smooth initial data at

least locally in time; see [Raphaél and Rodnianski 2012].
Also, the energy functional (1-3) can be rewritten as

sin?u

o0
E(u, ) :=nf <|a|2+|a,u|2+k2 5 >rdr=E(u0,do). (1-8)
0 r

From the above expression, we can observe that a solution to (1-7) with finite energy must satisfy the
boundary conditions

limu(r)=mm and lim u(r) =nmw, m,nel. (1-9)
r—0 r—>00

We have additional symmetries from the geometry of the target domain S?:
—u(t,r), u(t,r)+m (1-10)

are also solutions to (1-7). Thus, we restrict our solution space to a set of functions (u, i) that have finite en-
ergy and satisfy the boundary conditions (1-9) with m =0, n = 1, which provides the local well-posedness
of (1-7) (see also [Klainerman and Machedon 1993; 1995; Krieger 2004; Tao 2001; Tataru 2005]).

1.3. Harmonic map. With this restriction, the harmonic map is uniquely determined (up to scaling) and
can be written explicitly as
Q@) =2tan" ! rk. (1-11)

Based on the geodesic approximation, it can be said that observing the vicinity of Q under the corotational
symmetry assumption facilitates the analysis of blow-up dynamics. This has been proven as a rigorous
statement in several past global regularity works (see [Christodoulou and Tahvildar-Zadeh 1993; Shatah
and Tahvildar-Zadeh 1992; 1994; Struwe 2003]).

The above results proved that if a wave map blows up in finite time, such a singularity should be
created by bubbling off of a nontrivial harmonic map (strictly) inside the backward light cone.

This statement has inspired other researches studying global behaviors of solutions, and many of the
results have been developed based on the existence of nontrivial harmonic maps.
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Firstly, there is global existence, which is a consequence of the preceding blow-up criteria. If the
initial data cannot form a nontrivial harmonic map — that is, if the energy is less than the ground state
energy — it can be naturally predicted that the solution exists globally in time, and mathematical proof is
also contained in the previously mentioned global regularity results.

This study also allows us to consider the problems of energy threshold (see [Cote et al. 2008] for the
symmetric case and [Krieger and Schlag 2012; Sterbenz and Tataru 2010a; 2010b; Tao 2008a; 2008b;
2008c; 2009a; 2009b] for the general case). In this case, it is also important to set an appropriate threshold
value and the ground state energy is suitable for our problem setting. However, for other boundary
conditions or other topological degrees, it is often given as an integer multiple of E(Q, 0). The heuristic
reason is that the degree condition cannot be satisfied with just one bubble (see [Cdte et al. 2015a; Lawrie
and Oh 2016]). This goes beyond suggesting the existence of a multibubble solution [Jendrej and Lawrie
2018; 2022a; 2022b; 2023; Rodriguez 2021] and serves as an opportunity to verify the soliton resolution
conjecture [Duyckaerts et al. 2022; Jendrej and Lawrie 2025] (see also [Cote 2015; Cdte et al. 2015a;
2015b; Jia and Kenig 2017]).

The most recent soliton resolution result [Jendrej and Lawrie 2025] fully characterizes the profile
decomposition of the solution in all equivariant classes. Thus, our interest is to observe how the scale of
the profile given by the harmonic map changes over time within the lifespan of the solution. In particular,
for the case of low energy — that is, when the energy is slightly greater than the ground state energy — the
geodesic approximation discussed earlier leads us to focus on the situation of having only one harmonic
map as the blow-up profile.

1.4. Blow-up near . From a methodological perspective, studies investigating the blow-up of a single
bubble can be broadly divided into the backward construction starting from Krieger, Schlag and Tataru
[Krieger et al. 2008] and the forward construction inspired by Rodnianski and Sterbenz [2010] and
Raphaél and Rodnianski [2012].

The former work obtained a continuum of blow-up rates for the case k = 1 via the iteration method
and inspired other extended results such as stability under regular perturbations [Krieger and Miao 2020;
Krieger et al. 2020] and the construction of more exotic solutions [Pillai 2023b; 2023a]. Beyond direct
extensions of this approach, there is a classification result [Jendrej et al. 2022] via configuring radiations
appropriately at the blow-up time. These constructions inevitably involve some constraints on regularity
and degeneracy of the initial data.

The latter case adopts a method that accurately describes the initial data set that drives blowup.
Although it is difficult (probably impossible) to form a family of blow-up rates as in the previous results,
the emphasis is on being able to observe the construction of blow-up solutions with smooth initial data.
Especially in [Raphaél and Rodnianski 2012], the authors explicitly describe an initial data set that is
open under H? topology around Q and prove the so-called stable blowup, in which the solutions starting
from that set blow up with a universal rate that slightly misses the self-similar one for all k£ > 1.

We note that the initial data set in the above result does not imply a universal blowup of all well-
localized smooth data. Our main theorem says that there exist other smooth solutions that blow up in
finite time with quantized rates corresponding to the excited regime.
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1.5. Main theorem. We focus on the solution to (1-7) with 1-corotational initial data, i.e., k = 1. Let us
restate the stable blowup result.

Theorem 1.1 (stable blowup for 1-corotational wave maps [Kim 2023; Raphaél and Rodnianski 2012]).
There exists a constant gy > 0 such that, for all 1-corotational initial data (ug, ttg) with

luo — Q. tioll32 < €0, (1-12)

the corresponding solutions to (1-7) blow up in finite time 0 < T = T (ug, tg) < 00 as follows: for some
(u*, u*) € H,

r

Hu(t,r)—Q(m)—u ,hu(t,r)y—u H—)O ast —> T (1-13)
with the universal blow-up speed
M) =2e7 (1 0 p (D)(T — 1) VIoed=0L, (1-14)

Here, H and H? are given by (1-24) and (1-25), respectively.

Remark (1-corotational symmetry). Raphaél and Rodnianski [2012] mentioned that the nature of the
harmonic map, which varies depending on whether & is equal to 1 or not, leads to distinctive blow-up
rates. As a result of the logarithmic calculation that occurs additionally only when k = 1, the universality
of the blow-up rate in this case was unclear. The sharp constant 2¢~! in (1-14) was later obtained by
Kim [2023] using a refined modulation analysis.

Nevertheless, the slow decaying nature of the harmonic map is rather an advantage in our analysis,
which allows us to exhibit the following smooth blowup with the quantized blow-up rates corresponding
to the excited regime.

Theorem 1.2 (quantized blowup for 1-corotational wave map). For a natural number £ > 2 and an
arbitrarily small constant gy > 0, there exists a smooth 1-corotational initial data (ug, ug) with

luo — Q, uoll < €o (1-15)

such that the corresponding solution to (1-7) blows up in finite time 0 < T = T (ug, tig) < 00 and
satisfies (1-13), with the quantized blow-up speed

(T —n)*
llog(T' = N[/

A(t) = c(uo, uo)(1 + 0, 7(1)) c(uo, o) > 0. (1-16)
Remark (further regularity of asymptotic profile). The asymptotic profile (u*, it*) also has H¢ x H!™!
regularity in the sense that certain £-fold (resp. (£—1)-fold) derivatives of u* (resp. 1*) belong to L. This
is a consequence of the fact that the £-th-order energy of the radiative part of the solution satisfies the
scaling invariance bound (&, < CA2E=D: see (4-13)) similar to [Raphaél and Schweyer 2014].

Remark (quantized blowup). The existence of (type-II) blow-up solutions with quantized blow-up rates
has also been well studied in parabolic equations, especially for nonlinear heat equations. Starting with
the discovery of formal mechanisms [Filippas et al. 2000; Herrero and Veldzquez 1992; 1994], there
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are classification works [Mizoguchi 2007; 2011] in the energy-supercritical regime. The proofs in this
literature are based on the maximum principle (see [Matano and Merle 2004; 2009]).

Through modulation analysis, not relying on maximum principle, there have been some (type-II)
quantized rate constructions in the critical parabolic equations such as [HadZi¢ and Raphaél 2019; Rapha¢l
and Schweyer 2014] for the energy-critical case and [Collot et al. 2022] for the mass-critical case. See
also [del Pino et al. 2020; Harada 2020], which rely on the inner-outer gluing method. Raphaél and
Schweyer [2014] expected that their modulation technique could be robust enough to be propagated
to dispersive models including the wave map problem, and the quantized rate constructions have been
established in the energy-supercritical dispersive equations [Collot 2018; Ghoul et al. 2018; Merle et al.
2015]. To our knowledge, Theorem 1.2 provides the first rigorous quantized rate constructions for critical
dispersive equations. We expect that our analysis can also be extended to other energy-critical dispersive
equations such as the nonlinear wave equation.

Remark (instability of blowup). In contrast to Theorem 1.1, our initial data set is of codimension (£ — 1),
similar to [Raphaél and Schweyer 2014], due to unstable directions inherent in the ODE system driving
the blow-up dynamics. This similarity follows from the fact that the wave map problem and the harmonic
map heat flow share the same ground states and linearized Hamiltonian under the 1-corotational symmetry.
We also expect the stability formulated by constructing a smooth manifold of initial data leading to our
quantized blow-up scenario.

1.6. Notation. We introduce some notation needed for the proof before going into the strategy of the
proof. We first use the bold notation for vectors in R?:

= (”) o) = (M”) : (1-17)
u u(r)

For % > 0, the H' x L? scaling is defined by

o w(r) . uly) _r )
u;,(r)= (k‘%ﬂr}) = (A‘lzk(y)) T (1-18)

and the corresponding generator is denoted by

d
Awo= (D) = 2O (e ) (1-19)
Aot dr |, (1470, )u(r)
In general, we employ the H* scaling generator
= —c%(x"—luk(r))’k_l = (—k+ 1+7rd)u(r). (1-20)

We now reformulate (1-7) using the vector-valued function F : R? — R2:

{B,u =F@),

(1-21)
uli—o = uy,

u=u(t,r), F(u):= (Au—;(u)/”2>’

where A =0, + (1/r)0,.
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‘We use two subsets of the real line:
Ry ={reR:x >0},
k .
Ry ={reR:x>0}.

We denote by x a C* radial cut-off function on R, :

1 forr<l,

x(r)= {0 for r > 2.

We let xp(r) := x(r/B) for B > 0. Similarly, we denote by 14(y) the indicator function on the set A. In
particular, 15<,<>p will be rewritten as 1, p, or abusively as simply 15. The cut-off boundary B will
often be chosen as the constant multiples of

1 log b1 |
Bl':|0g 1

By:= —, By .= -2t
0= b,

by > 0. (1-22)

Later, we will choose y = 1+ £, where £ appeared in Theorem 1.2. Here, we denote by i the remainder
of dividing i by 2, i.e., i =i mod 2 for an integer i. We also write L = £+ £+ 1, i.e., L is the smallest
odd integer greater than or equal to £. We also abuse the indicator notation 1> ,):

1 ifl>m,
1“2’"}:{0 iflem DMEL

We adopt the following L?(R?) inner product for radial functions u, v:
oo
(u, v) ::/ u(r)v(r)rdr,
0
and the L? x L? inner product for vector-valued functions u, v:

(uav> = <u7U>+<”27i)> (1_23)
We introduce two Sobolev spaces # and H? with the following norms:
02 2 |M|2 .12
[, wllyy == [ [9yul +7+|u| ; (1-24)
12
. . . u 1 2
o, )3 = llu, |3, +/ |05ul® + [0yi]* + % +/ —z(ayu — Z) : (1-25)
y lyl<1 Y y

where the above shorthand for integrals is given by [ = fRZ'
For any x := (x1, ..., x,) € R", we set |x|? =x12+- .- +x5 and

B":={x e R", |x| < 1},
S":=0B"={x eR", |x|=1}.

We use the Kronecker delta notation: §;; = 1 for i = j and §;; =0 for i # j.
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1.7. Strategy of the proof. Our proof is based on the general modulation analysis scheme developed
by Raphaél and Rodnianski [2012], Merle, Rapha&l and Rodnianski [Merle et al. 2013] and Raphaél
and Schweyer [2014], which also have difficulties arising from the energy-critical nature and the small
equivariance index, including logarithmic computations. We closely follow the main strategy of [Raphaél
and Schweyer 2014]. However, notable differences stem from the lack of dissipation in the higher-
order (HE+!, L > 1) energy estimates due to the dispersive nature of our problem. We overcome this
difficulty by carefully correcting the higher-order energy functional to uncover the repulsive property (to
identify terms with good sign), generalizing the computation in the H? energy estimates of [Raphaél and
Rodnianski 2012].
Given an odd integer L > 3, we first construct the blow-up profile @, of the form

0 L L+2
Qy:=0Q+ap:= (0)4—2191'7}-!—251', (1-26)

i=1 i=2
where b = (by, ..., byr) is a set of modulation parameters and 7; and S; are deformation directions so

that (Qp))aq) solves (1-21) approximately. Equivalently, Q) satisfies

ds 1

As
asz—F(Qb)—TAQb ~ 0,

From the imposed relations (1-27), the blow-up dynamics are determined by the evolution of the modulation
parameters b = (by, ..., br). The leading dynamics of b and T; are determined by considering the
linearized flow of (1-27) near Q:

. "
O%asz_F(Qb)_TAQb =0;,(Q» — Q)—F(Qb)—I—F(Q)—TAQb

A
~ dyop + Hoyy — fA(Q +ap), (1-28)
where H denotes the linearized Hamiltonian:
_ (0 -1 _ f(Q)
H'_(H 0), H=-A+ . (1-29)
After defining 7; inductively,
HT, ., =-T;, To:=A0, (1-30)

equation (1-28) and the asymptotics AT; ~ (i — 1)T; yield the leading dynamics of b:
A
——=b1, (b)s=bry1—(k—=1Dbiby, bpy1:=0, 1<k=<L. (1-31)

S; appears to correct (1-28) to (1-27) containing some radiative terms from the difference AT; — (i — 1) T;
and the nonlinear effect from F(Qp) — F(Q) + Hay. Then b drives the ODE system

1
by)s =b —\k—14+——-———\biby, b =0, 1<k<L. 1-32
(br) k1 ( (1+81k)logs) 1bx L+1 ( )
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We then choose a special solution of (1-32),

¢ (1 (-1t
bi(s) ~ — L G , (1-33)
£—1\s slogs
which leads to (1-16) from the relations
ds 1
_)"t = b] and E = X

Since the special solution we choose is formally codimension (£—1) stable, we control the unstable
directions in the vicinity of these special solutions to ODE system (1-32) by Brouwer’s fixed point
theorem.

Now, we decompose the solution # = u(t, r) to (1-21) as

u=(Qp +&iv = (Qv)rny +w, (He ®y)=0, 0<i<L, (1-34)

where @, is defined in (3-1). The orthogonality conditions in (1-34) uniquely determine the decomposition
by the implicit function theorem. Then we derive the evolution equation of & from (1-21), which contains
the formal modulation ODE (1-32) with some errors in terms of €.

To justify the formal modulation ODE (1-32), we need sufficient smallness of € and we need to propagate
it. For this purpose, we consider the higher-order energy associated to the linearized Hamiltonian H:

SL+1 — (H(L+1)/28, H(L+1)/28> + (HH(Lfl)/Zé’ H(L*l)/2é>. (1_35)

This energy is coercive thanks to the orthogonality conditions in (1-34).

Thus, our analysis boils down to estimating the time derivative of £;41. Unlike in [Rapha&l and
Schweyer 2014], we cannot employ dissipation to control the time derivative of £ due to the dispersive
nature of our problem. Instead, we use the repulsive property of the (supersymmetric) conjugated
Hamiltonian H of H observed in [Raphaél and Rodnianski 2012; Rodnianski and Sterbenz 2010]. To
illuminate the repulsive property in the energy estimate, we consider the linearized flow in terms of w
from w = (w, w) and the well-known factorization:

Ccos
wn—i—ka:O, HAIA;AX, A)L:—ar—i- Q)L.
r

Defining the higher-order derivatives adapted to H, and its corresponding operator

wpi=Aw, A =An, A=AGA,, ..., A= ATAALA,
— ———
the higher-order energy (1-35) can essentially be written as f tmes
Erp1 = P ((wrgr, wi) + (dwe, dw))
= 1 ((Hywr, we) + (@wr, dwy))

where H, = A, A7 is the conjugated Hamiltonian of H,. As an advantage of the adoption of the Leibniz
rule notation between an operator and a function,

W(Pf)=0,(P)f+ Pfi, 0:(P):=[d, P,
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we can express the energy estimate for £;41 succinctly:

d 1|
dt | 2A2L

~
~

(O (Hy)wr, w) + (Hywg, dwy) + (9w, dwr)

(0 (Hy)wr, wr) + 23w, 8 (ADyw;).

N = N —

Integrating the second term by parts in time, we get

d {5L+1

di | 222L ~ (0 (A )wy, wr) +2(wr, 3 (AL ws).

| —

2wy, at<«4£>wt>} ~

Raphaél and Rodnianski [2012] exhibited the repulsive property by directly calculating the following
identity with the advantage of L = 1:

(i, 8 (A)wa) = L@, (H)wi, wi) <0.

However, this computation does not seem to directly extend to our case L > 3. We overcome this problem
by first writing AL = HAAf ~2 and pulling out the repulsive term using the Leibniz rule:

(w, 8 (ALY w) = (wy, & (Hy)wr) + (Hywr, 8 (AL w,)
~ (wr, & (H)wr) — (dwr, & (AL ws).
Again integrating by parts in time, we obtain

d {5L+1

Ti1 3par — 2(6we, 8 (AW = w8, (AP )wa) + (wi, af<A§—2>afwz>)}

~ 240, (Fwe, wr) + 20w, 5(AL)wa).

Repeating the above correction procedure, we arrive at the term with good sign:

d|¢ . 2L—1,, =~
E{zj;j +correcuons} ~ (@ (Howe, wr) +2(wr, 3 (A)wi 1)
2L+1 ~
~ 2 0w, we) <0,

In the actual energy estimate, there are also error terms such as the profile equation error and nonlinear
terms in €. For these nonlinear terms, we also estimate the intermediate energies &, which can be defined
similarly to £r,41.

Organization of the paper. In Section 2, we construct the approximate blow-up profile with the description
of the ODE dynamics of the modulation equations. Section 3 is devoted to the decomposition of the
solution into the blow-up profile constructed in the previous section and the remaining error. We also
introduce the bootstrap setting to control the error and establish a Lyapunov-type monotonicity for the
higher-order energy with respect to such error. Section 4 provides the proof of Theorem 1.2 by closing
the bootstrap with some standard topological arguments.
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2. Construction of the approximate solution

In this section, we construct the approximate blow-up profile Qp, represented by a deformation of the
harmonic map Q through modulation parameters b = (b1, ..., by). We also derive formal dynamical
laws of b, which leads to our desired blow-up rate.

2.1. The linearized dynamics. It is natural to look into the linearized dynamics of our system near the
stationary solution Q. Let u = Q +¢&, where Q = (Q, 0) and u is the solution to (1-21). Then & satisfies

é

de=F(Q+e)—F(Q) = (Ag_(f(QJrs)—f(Q))/rz)

é 1 0
- (Ae - rzf/(Q)e) 2 (f(Q +e)— f(Q) - f’(Q)e) '

Ignoring higher-order terms for & and setting A =1 (i.e., r = y), we roughly obtain the linearized system

0 —1 &
b6+ He =0, He_(H o)@ 2-1)

where H is the Schrodinger operator with explicitly computable potential f/(Q) from (1-7) and (1-11),

v yr—6y?+1
Hi=—A+2, V= Q) ="—5"5 22
f@ == 2-2)
Due to the scaling invariance, we have H A Q = 0, where
2y
= 2-3
AQ = 52 (2-3)

However, A Q slightly fails to belong to L*(R?), so we call AQ the resonance of H. The positivity of
A Q on R allows us to factorize H:

Z 1+Z 1—y?
H=A*A, A=-d,+=, A"=3,+——, Z(y)=cos Q= ——.
y y 14 y?

The above factorization facilitates examining the formal kernel of H on R* , denoted by Ker(H). More

(2-4)

precisely, the equivalent form

Au = —dyu + d,(log AQ)u = —A Qd, (AQ) (2-5)
Ay = %ay(yu) +0,(log AQ)u = Qa L (UuyAQ) (2-6)
yields, for y > 0, Ker(H) = Span(A Q, I'), where
o(l/y) asy — 0,
r A @ 2.7
)= Q/ (AQ(x))2 {y/4+ O(logy/y) asy— co. &

From variation of parameters, we obtain the formal inverse of H:

H1f=AQ/y fodx—F/y fAQxdx, (2-8)
0 0
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1. 0 H!
wo ()

We remark that the inverse formula (2-8) is uniquely determined by the boundary condition at the origin:
for any smooth function f with f = O (1), we have H~!' f = O(y?) near the origin.
On the other hand, the supersymmetric conjugate operator H is given by

so the inverse of H is given by

~

~ . % ~ ) 4
H:=AA"=-A+—=, VO)=0+2)-AZ=— . (2-9)
y y+1
We note that H has a repulsive property represented by its potential
~ 4 ~ 8y?
V== >0, AV=-—"—5<0. (2-10)
ye+1 y=+1
Based on the commutation relation
AH=HA,

we can naturally define higher-order derivatives adapted to the linearized Hamiltonian H inductively:

Afy,  for k even,
= f, = 2-11
for=1f fiw {A*fk for k odd. (2-11)
For the sake of simplicity, we denote the corresponding operator as follows:
A=A, A =A%A, A =AA%A, ..., A= ATAATA. (2-12)
k times

We observe that f needs an odd parity condition near the origin to define f;. More precisely, for any
smooth function f, (2-5) implies

fi=Af ~ =y, f) (2-13)

near y = 0. Thus, f must degenerate near the origin as f =cy + O(y?), and so Af =c’y + O(y?). Here,
the leading term ¢’y comes from the cancellation

Ay = 0(y?), (2-14)

which is a direct consequence of (2-13). However, f, does not degenerate near the origin like f, since A*
does not have any cancellation like (2-14). Hence, f should be more degenerate near the origin as
f=cy+c'y>+ 0. Furthermore, if f; is to be well-defined for all k € N, f must satisfy the following
condition: for all p € N, f has a Taylor expansion near the origin:

p

fO) =) ay™ 00, (2-15)
k=0

In Appendix A of [Raphaél and Schweyer 2014], it is proved that, for a well-localized smooth 1-corotational
map P(r, 0), the corresponding u is a smooth function that satisfies (2-15).
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2.2. Admissible functions. As mentioned earlier, the leading dynamics of the blow-up are determined
by the leading growth of tails from the blow-up profile. In the same way as [Collot 2018; Raphaél and
Schweyer 2014], we first define an “admissible” vector-valued function characterized by three different
indices, which represent a certain behavior near the origin and infinity, and the position of a nonzero
coordinate.

Definition 2.1 (admissible functions). We say that a smooth vector-valued function f : R, — RZ is
admissible of degree (p1, p2,t) € N x Z x {0, 1} if it satisfies the following:

(i) f is situated on the (¢41)-th coordinate, i.e.,

f:(é) ifi=0 and f:(?) ifi=1. (2-16)

In such cases, we use f and f interchangeably.
(ii)) We can expand f near y = 0: for all 2p > pjy,

2p

f= Y '+ oG, 2-17)

k=p1—t
k is even

and similar expansions hold after taking derivatives.

(iii)) The adapted derivatives f; have the following bounds: for all k >0 and y > 1,

e Sy 7 A+ log y 11, ——iz). (2-18)
Remark. The logarithmic term in (2-18) comes from integrating y~'.

From (2-3), we can easily check that AQ = (AQ, 0)' is admissible of degree (0, 0, 0). The next
lemma says that admissible functions are designed to be compatible with the linearized operator H.

Lemma 2.2 (action of H and H~' on admissible functions). Let f be an admissible function of degree
(p1, p2, v). Recall i =i mod 2. Then,

() forallk € N, H* f is admissible of degree
(max(p; —k, 1), pp —k, t+k), (2-19)
(i) forall k e N and py > 1, H™* f is admissible of degree
(p1+k, py+k, t+k). (2-20)
Proof. () This claim directly comes from the facts
050 ()

More precisely, the maximum choice, max(p; —k, ¢), appears from the cancellation (2-14) near the origin.
Near infinity, the degree condition p, — k is a consequence of the simple relation H f = f5.
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(i1) It suffices to calculate the case k = 1 by induction. For ¢ =0,

mr=(37) (@)= ()

and H~! f is admissible of degree (p; + 1, po+1,1). For t =1, we have

ra-(5%)0)-(2)

Instead of using the formal inverse formula (2-8) directly, we utilize the relation (2-6) as

1 y
AH™'f = —/ fAQxdx, (2-21)
yAQ Jo
and the relation (2-5) as
. YAH™'f
H'f=-AQ dx. (2-22)
o AQ
Near the origin, (2-21) gives the following expansion for AH ! f:
2p
AHT'f= )" &y + 007, (2-23)
k=p1—1
k is even
and thus H~! f satisfies the Taylor expansion
2p 2p
H*lf — Z Ekyk+3 + 0(y2p+5) — Z Ekyk+1 + 0(y2p+3)‘ (2_24)
k=p;—1 k=p1+1-0
k is even k is even

For y > 1, (2-21) and (2-22) imply

y y
IAH“fIS/ |f|dx,§/ xP272(1 4 [log x|1,,>2) dx
0 1

< yPAD=I=071 (1 log y[1,,51), (2-25)

y y
|H_1f|§§/ |xAH_1f|dx§§/ xP2 (14 [logx|1p,>1) dx
0 1
< yP =071 (1 4 Jlog y|1,,20), (2-26)

and we obtain (2-18) for f and f;. The higher derivative results come from H(H~!f) = f. Hence
H~' f is admissible of degree (p; + 1, p» + 1, 0). O

Lemma 2.2 yields the presence of the admissible functions which generate the generalized null space
of H, which we now define formally.

Definition 2.3 (generalized kernel of H). For each i > 0, we define an admissible function 7; of degree
(i,i,i) as
T,:=(—H)"'AQ. (2-27)

Remark. By the definition of the admissible functions, we will use the notation 7; as a scalar function.
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2.3. by-admissible functions. We will keep track of the logarithmic weight [log b;| from the blow-up
profiles to be constructed later. In this sense, the logarithmic loss of T; hinders our analysis, so we settle
this problem by introducing a new class of functions.

Definition 2.4 (b;-admissible functions). We say that a smooth vector-valued function f : R} xRy — R?
is b1-admissible of degree (p1, p2, ) € N x Z x {0, 1} if it satisfies the following:

(i) f is situated on the (t+1)-th coordinate (so we use f and f interchangeably).

(i1) f = f(b1,y) can be expressed as a finite sum of smooth functions of the form 4 (b;) f (y), where

f (y) has a Taylor expansion (2-17) and h(b;) satisfies,

a'h;
bl

1

for all/ >0, 5—1,
b,

by > 0. (2-28)

(iii) f and its adapted derivatives f; given by (2-11) have the following bounds: there exists a constant
Cp, > 0 such that, forall k > 0 and y > 1,

k1 log y|2 1yp,>k+3+1.y>3Bo)
b , < yP2 k—1 L( L b, + pP2= »Y=Z3Do , 229
| fe@r, ISy gpr—k—(b1,y) = V252 loghy| (2-29)
and, forall/ > 1,
szkflfz |10gy|6‘]72 1{ >k+434 7>7)B}
b (g ki (b1, y) + Pz Y= °>, 2-30
‘ab’ Jr(br, y)‘ W lloghn| (gm k= (b1, y) = V202 (2-30)
where By is given by (1-22) and g;, g; are defined as
1+ [log(b1y)1y=1 N 1+ [log y[1y>1
aby,y) = — SNy by = 2 By (231

[log by | [log by |

Remark. One may think that the asymptotics (2-29) and (2-30) are quite artificial, however, the functions
ge(by, y) and g,(by, y) will appear in the cancellation by the radiation in Lemma 2.6. Then the indicator
part 1,,>1434.,y>38, comes from integrating g, in the region 1 <y < 3By to take H~!, which can be
seen in more detail in the proof of the following lemma.

Lemma 2.5 (action of H and H~! on b;-admissible functions). Let f be a bi-admissible function of
degree (p1, p2,t). Then,

() forall k € N, H* f is by-admissible of degree
(max(pi —k, 1), p2 —k, 1+ k), (2-32)
(i) forallk € Nand ps > 1, H™* f is bi-admissible of degree
(p1+k, pa+k, +k), (2-33)

(iii) the operators
A:f—>Af d b 9 o f Bf
> an — b
"ob, "ob,

preserve the degree.
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Proof. (i) We can borrow the proof of Lemma 2.2 since b; is independent of H.

(i1) Similar to the proof of Lemma 2.2, it suffices to consider the case ¢ = 1 and k = 1. Near the origin,

we still use (2-23) and (2-24) for f from h(b;) f(y) in Definition 2.4.

However, for y > 1, we need a subtle calculation to integrate the terms containing g; and g;, defined

in (2-31). More precisely, (2-25) implies, for 1 <y < 3By,

y
AHTf| < / P2 (b1, %) + 27 log x| dx
1

< /y 2 1+ [log(b1x)[1),>2) dx + yP3[log y| o
1 [log b1
1
" b llog |
1+ [log(b1y) 1 (p,>1
llog b1

oie [log y|"*r2
:y(l?z-i-l) 1-1 O(g(p2+l)1(b1,y)+T ’

by
/ xP72(1+ Jlog x[1p,=2)) dx + yP > |log y| ' +er
0

—1
< yﬂz

~

+ Y72 log y|'*r

and, for y > 3By,

-1 < y p2—2 pr—4 c xp2_41{17224,x2330}
JAH™ fIS | x7778p,—1(b1, x) +x7 7" [log x |2 + 5
1 billog by |

< 1 VP2
~ b oghy|  billoghil

] -
< y(pz+1)—1—1—o(1{p221+3,y2330} n |log y| +"’2)
- y2billog bi| y?

Lty log y| e

Once again, (2-26) and (2-34) yield, for 1 <y < 3By,
y
|H™'fI S § / xP2gp, (b1, x) +x72[log x| n dx
1

i llog y[**<r
:y(Pz-H) 1 O(gp2+l(bl’y)+T ,

and (2-35) implies, for y > 3By,

-2
P21 py >4, x>3Bo)

y
B f| < i/ P2 log x| Hem 4
1

b}|log by
1 |lo |2+CP2
< y(P2+1)—1—0< {p223,y=3Bo} gy )
- y2bi[log by | y?

(2-34)

(2-35)

and we obtain (2-29) for f and f;. The higher derivative results come from H(H ™' f) = f. We can
easily prove (2-30) by replacing g; with g; and dividing by bl1 llog by |. Hence H~! f is bj-admissible of

degree (p1 + 1, p2+1,0).
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(ii1) Note that
Af= (Af,0) %ft=0,
0, Ao f)' ife=1,
and Ao f = f + Af; therefore we get the desired result since A preserves the parity of f and its adapted
derivative satisfies the bound

AP S D fist]l 1 fel +yP275370 y > 1,

which was established in [Raphaél and Schweyer 2014].
Near the origin, the property of the operator b1(d/db;) comes from the fact that b;(9/0b1) preserves
the parity of f. For y > 1, (2-30) multiplied by b; with / =1 is bounded by (2-29) with the bound

$OLD) < 1, 3. 0
[log b1
2.4. Control of the extra growth. The elements of the null space of H, which was defined in (2-27),
serve as a kind of tail in our blow-up profile. Since we basically plan a bubbling off of the blowup by
scaling, the situation where the scaling generator A is taken by the tails 7; naturally emerges. Especially
for i > 2, the leading asymptotics of A7; matches that of (i — 1)7; and determines the leading dynamical
laws. However, the extra growth of AT; — (i — 1)T; is inadequate to close our analysis. We will eliminate
it by adding some radiations, which were first introduced in [Merle et al. 2013].
We now define the radiation situated on the first coordinate as follows: for small b1 > 0,

by _
Xy = < 6)1> , Ep = H N—cp xByaAQ +dp, HI(1 — x5,) A Q1}, (2-36)
where
4 ! + 0( ) (2-37)
Cp, = = s -
Y [ xya(AQ)? |logh| |log by |2
By
dy, =c AQlydy =0 ——— ). 2-38
by = Cb, ./0 XBy/aAQLUydy (b%|logb1|> (2-38)
From the inverse formula (2-8), we obtain the asymptotics near the origin and infinity:
T, fory<1B
Ty, = Cpy L2 10Ory = 7 Do, (2-39)
4r for y > 3By.
To deal with T, which is radiative itself, we further define
AoAQ, A 1 1
Gy = (AoAQ, AQ) — + 0<—2> (2-40)
(XBo/aAQ, AQ)  2[logby] llog b1
Lemma 2.6 (cancellation by the radiation). Fori > 1, let ®; be defined as
O := AT\ —cp, xByaT, (2-41)
fori=2, ©;:=AT,—(i— 1T —(—H)"%,,, (2-42)

where T; is given by (2-27). Then ©; is by-admissible of degree (i, i, 1).
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Remark. As mentioned earlier, our radiation X, cancels the extra growth of AT, — 7> ~ y from the

asymptotics

llog y|>
y

_ _ llog y|>
T, =ylogy+cy+ O , ATh,=ylogy+(c+1y+0 —

by 4I" in (2-39). Since 7, and I" are elements of the generalized null space of H, the above cancellation
holds for all ®;, i > 2.

Proof. Step 1: i = 1. Note that @, = (0, ®;)" and
O1=AoAQ —Cp, AQ XBy/4s

and we have that @, is b;-admissible of degree (1, 1, 1) from the explicit formulae

AOD) =2 ApAQ() = —2
VST PR T ey
and the bounds, for/ > 1,
dley, | 198G, 1 d'dy, 1 ' xB, < Lig (2.43)
ab! ob} |~ blilloghi > | obl [~ b\ loghy” | 0k} T by

Step 2: i =2. Now, we use induction on i > 2. For i =2, (2-39) and the admissibility of 75 imply that
®, satisfies the desired condition near zero (2-17) since

NN Y ]
o ()-(75 )

To exhibit the behavior near infinity, we deal with the cases 1 <y < 3By and y > 3By separately. The
inverse formula (2-8) yields, for 1 <y < 3By,

y y
Sy () =T / o xmua(AO)x dx — AQ f o x5ya A OTx dx +dy, (1 — x5 ) A Q
0 0

5 xBoya(AQ)%x ( l1+y )
= +o : 2-45
Y a0 O \joghil (24
|10gY|2> 15 xBosa(AQ)x ( 1+y )
® =y+0 — o
0=y ( v ) w602 llog bi|
zyfyBO XBoy4(AQ)*x 0( 1+y )+0<|logy|2>
[ xBoja(AQ)? [log b1 y
I+y
= 0( I+ |10g(b1y)|))- (2-46)
[log by |

For y > 3By, (2-7) implies

y ) log y
Yo, =T [ cpxpya(AQ)xdx=y+0 v ) (2-47)
0




DYNAMICS FOR THE ENERGY-CRITICAL COROTATIONAL WAVE MAP PROBLEM 2433

Hence, for y > 1, ©, satisfies (2-29) for the case k =0 as
10201 <y 0 (b1, y) +y* 0 log )% (2-48)

The higher derivatives, namely f; and 9 f;/db!, can also be estimated by using (2-21), the bounds of the
coefficients (2-37), (2-38), (2-43) and the commutator relation

AZ AV
A(Af)=Af+AAf—Tf, H(Af)=2Hf+AHf_7f’

where Z and V are given by (2-2) and (2-4), respectively. Here, we can easily check that AZ/y is an odd
function and AV /y? is an even function. Furthermore, for y > 1,

ok (AZ 1 ok (AV 1
— | — )| S —. —— )| S — (2-49)
ayk y 1+ yk+3 ayk y 1+ yk+4

Therefore, @, is by-admissible of degree (2, 2, 0).

Step 3: Induction on i. Suppose that ©; is bi-admissible of degree (i, i, i). For even i, we have that
©; 1 is bj-admissible of degree (i + 1,i + 1,7 + 1) since

6. — 0 3 0 (0
T\ AT —i T — (—H) sy, ) T\AT - - DT - (—H) s, ) T e
For odd i, we have

0 1) (0
wor= (5 0) (")

0
(HATH-I —iHT; 4 — H(—H)~(tD/2H1 Ehl)
~ " )
AHTip1— (=2 HTip1 — y 2 AV T 4 (—H) D2 s,
_ 0
AL = (=T — (—H) VS, +y 2 AV T
. 0 N 0
— \ATi = (= DT = (=H) Vs, Y PAV T

0
= —0; .
o (y—ZAVTiH)

The Taylor expansion condition (2-17) of (O, y‘zAVTiH)’ comes from the definition of 7; and the
cancellation AV = O(y?) near y =0.
For y > 1, (2-49) implies

AV Lo
Al <7 i—H) <Y Wy‘*“‘*”llogylc" Sy log e,
=0

Hence (0, y‘zAVT,'Jr 1)" is by-admissible of degree (i, i, 1); the desired result comes from Lemma 2.5. [J
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2.5. Adapted norms of by admissible functions. The next lemma yields some suitable norms correspond-
ing to the adapted derivatives of b;-admissible functions.

Lemma 2.7 (adapted norms of bj-admissible function). Fori > 1, a by-admissible function f of degree
(i,i,1) has the following bounds:

(1) Global bounds: _
by llogby [P0l ifk <i -3,

1 fiill 2y <2m,) S { BY/log il ifk=i—2,i—1, (2-50)
1 if k>i.
(ii) Logarithmic weighted bounds:
i 1+|10gy|f ' - {bT—i|1ogb1|c form <i—1, (2-51)
=0 1+ ym_k k=i L2(|y|<2B)) ~ |10g b] |C fOrm > i.
(iii) Improved global bounds:
k—i ) .
D Iy D Fill 2y S by log by [PETEDL (2-52)
j=0

Here, By = [logb|"/bj and y =1+ L.

Remark. Due to the growth in (2-29), it is indispensable to restrict the integration domain by taking the
L? norm. Later, we will attach a cutoff function xp, to the profile modifications. Considering Leibniz’s
rule, the adapted derivative .A* can be taken on such modifications or the cutoff function. Then the global
bounds (2-50) yield some estimates for the former case and (2-52) gives those for the latter case. The
choice of cutoff region B will be determined by the localization of our blow-up profile, which can be
seen in more detail in Proposition 2.10.

Proof. (i) From (2-29), f,_; satisfies the following estimate for y > 2:

L log |72 1{i>k43,y>3Bo)
o< ik (b1, +| = Y=350 )

Therefore, we obtain (2-50) fori > k + 1:
i—k—1 14+ |1Og(b1y)|

”fk—lT”LZ(\y\EZBl) 5 ”1|y|§2”L2 + ‘

y
[log b1 L22<|y|<3By)
i—k—3
e _ Y izkrs)
+ 1y P log yI1l 2 0< <28, + Hz—l
byllog by | L2(3By<|y|<2By)
< m b]f_i +b(k—i+2)1{izk+2)|log b1|C + il{- k+3)
~ =
loghy] ! billogbi|
k—i
< Y |log by |]/(i—k—2)1(izk+3},
™~ llog by |

and the case i < k also holds similarly.
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(i) The logarithmic weighted bounds (2-51) are nothing but (2-50) multiplied by the logarithmic loss
llog b{|€ and then using the fact that |log y|/|logb| <1 on2 < |y| < 3B.

(iii)) We can prove (2-52) from a pointwise estimate in the region y ~ Bj:

- 1,..=. .
—Gk=i=) £.1 < yi=k=3 (|10 y|C + {tzz+1+3}>< y ,
|y filsy (I gyl Dllogh| )~ Tlogby P71

and the proof is complete. O

i—k—1

(2-53)

2.6. Approximate blow-up profiles. From now on, we fix
£>2 and L=¢+(+1.

We construct the blow-up profiles based on the generalized kernels 7;. To be more specific, our blow-up
scenario is created by bubbling off @ via scaling and adding b; T;; the evolution of A is determined by the
system of dynamical laws for b = (by, ..., by). Here, we are faced with unnecessary growth caused by
linear and nonlinear terms. To minimize this growth, we define the homogeneous functions, which do not
affect the evolution of b (i.e., b; T;). We note that this kind of construction was introduced in [Raphaél
and Schweyer 2014].

Definition 2.8 (homogeneous functions). Write J = (Jy, ..., Jr) and |J|, = Z,le kJr. We say that a
smooth vector-valued function S(b, y) = S(by, ..., br, y) is homogeneous of degree (pi, p2, ¢, p3) €
N x Z x {0, 1} x N if it can be expressed as a finite sum of smooth functions of the form ([ T/, /") S, (»),
where Sy (y) is a bj-admissible function of degree (p1, p2, t) with |J |, = p3.

Proposition 2.9 (construction of the approximate profile). Given a large constant M > 0, there exists a

small constant 0 < b*(M) < 1 such that a C' map
bist> (bi(s),..., b (s) e RE x RE!

verifies the existence of a slowly modulated profile Q, given by

0= 0 +ay, ab:=ib,-T,- +LZ+2&~, (2-54)
which drives the equation = =
95 Qp — F(Qp) +b1AQp =Mod(1) + ¢, (2-55)
where Mod () := (Mod(t), Mbd(t))’ establishes the dynamical law of b:
L | L2 s,
Mod(r) = E«bns + (i — 1+ cpy,)bibi — mn(n +j;-+1 W) (2-56)

where we set by 1 =0 for convenience and cyp, ; is defined by

Gy = ROAD LD

b
' Usoah 0. AQ) ]
Ch =; fori # 1. 7
" xBoa(AQ)?

Chy,i =
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Here, Tj is given by (2-27) and S; is a homogeneous function of degree (i, i, i, i) satisfying
a.S;
$1=0, — =0 for2<i<j<L. (2-58)
ob;
Moreover, the restrictions |by| < b'l‘ and 0 < by < b*(M) yield the estimates below for ¥, = (Y, Up)'

(i) Global bound: for2 <k <L —1,

1A Y 11 2 gy <28,y + 1A 1l 2y <08,y S By ITog b€, (2-59)
L L—1; blLH
1AVl L2 y1<28) + 1A Yol 2y <28 S Tlog by /2" (2-60)
L+2
ALF - ALy <oy < ——. 2-61
I UnllL2qyi<28) + 1A bl L2y 1<28) S llog by] (2-61)
(i) Logarithmic weighted bound: form > 1 and 0 <k <m,
1+|lo
MA’W;, <™ logh ¢, m<L+1, (2-62)
1_|_ m—k 1
y L2(]y|<2B))
1+ 1 .
1A Hoeyl e, < b 2|loghy|€, m<L. (2-63)
1+ m—k ~ "1
y L2(|y|<2B))
(ii1) Improved local bound: forall2 <k <L +1,
1A W5 [l 22y <2my + DA Wbl 121y <20y S CM)BEH, (2-64)

Here, By =1/b) and By = |log b|”/b;.

Remark. As can be seen in the following proof, the homogeneous profile S; is eventually derived from
the b;-admissible function ®;_; with some nonlinear effects.

Proof. Step 1: Linearization. We pull out the modulation law of b from linearizing the renormalized
equation. Recall

u
F(u) .= (Au _ f(u)/rz) .

Since F(Q) =0, we have
0s0p+b1AQp — F(Qp) =050, +b1A(Q +0ap) — (F(Q +0ap) — F(Q))
=b)AQ+ (0 +b1A)ay + Hap + N(ayp),

where NV denotes the higher-order terms:

N(ay) = - ( 0 ) oy = (“b) . (2-65)
Y2\ f(Q+ap)— f(Q)— f(Qayp)’ ap
Note that

L L

By =Y | (bi)s T+ LZH (b 21 1= 3" (b T'+§(b~) YIS0 8SL“J{L“(M DL
s&h = t’s 1 L)s 8b - s 1 ; J Sab] P t)s abl — 1)s 8bl .

i=1 j=i+1 ! i=1 i=1
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Rearranging the linear terms to the degree with respect to b; and using the fact HT; | = —1T; for
1<i<L-1,
blAQ + (05 +b1 Ay + Hay,

i—1

dS;
= Z[(b )T +bibi AT, = bi T3] +Z[Hsz+1 +bIAS; +Z<b ho ]
i=1 i=1 ]

08142
+b1ASL+2+Z<b sy (260

a8
+b1ASL 1+ HSL 1 +Z<b Ja

From Lemma 2.6,
(b1)s Ty + b1 ATy — by Ty = ((by)s + bicy, — b) Ty — bics, (1 — xpya)T1 + 67O,
and, for2 <i <L,
bi)sT; +b1b;AT; — b 1 T;
= ((b;)s + (i = 14cp)bibi — bis1)T; 4+ b1b;(—H) " T2(Zp, — cp, To) +b1;®;.  (2-67)

Hence, we can separate Mod(¢) from the right-hand side of (2-66) to get the expression

L

Mod(1) — b33, (1 — xpya)Ti + Y biby(—H) "2 (Zp, — ¢y, T2)

2
i= i—1

3S;
+Z[Hsl+1+b1b® +biAS; =) ((j— 1+cp, j)bibj — JWW}
J

i=1 j=1
L

+HSL12+b1AS 1 — ) (G — 1 +cp, )bibi = bis)
i=1

0Sr+1
ob;

L

+b1ASL 12— ) (=1 +cp )bibi — biy1)
i=1

08142
ab;

(2-68)

Step 2: Construction of S;. One can observe that the second and third lines of (2-68) provide the
definition of the homogeneous profiles §; inductively. We need to pull out the additional homogeneous
functions from N (et;,) = (0, N(ap))" via Taylor’s theorem:

LD/2 ()
v =5l 3 L]+ MoGanal ),

j=2

where Ny(ctp) is the coefficient of the remainder term:

No(@) = — )R FED (g 4 ray) dr.

e,
(L+ /2Ly

Roughly speaking, No(ap) = 0(b1L+3). We also rewrite the Taylor polynomial part of N («p) in terms of
the degree of b;: for the L-tuple J := (J2, J4, ..., Jp—1, fz, f4, ey fL+1),

(L+1)/2
/ 1,
]‘

(L+1)/2

= Z P21+R

j=2
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where
(L+D/2 =i  (L-1))2 L+1/2
J
Z Z CjJ 1_[ (b Tox) ™ l_[ Sy _
=2 1= S Q)
L+1)/2|J]2>L+3 L-1)/2 L+1)/2 I = H@T=D2 (L+D/2 7
L2l e Zk( Y/ o k=t D! Ty Jax!
Z Z Cj.J 1_[ (b Tor)” 1_[ S
j=2 Jh=j

with two distinct counting notations
(L—1)/2 (L+1)/2 (L—1)/2 (L+1)/2
Ulii= Y Jut D dwe b= Y 2%kt Y 2kJx.
k=1 k=1 k=1 k=1
In short, Py; = O(bfi) and R = O(blL+3). We collect all O(blL+3) terms as follows:
R := No(ap)at V> + R, (2-69)

We claim that P2,-/y2 = (0, Pz,-/yz) is homogeneous of degree (2i —1,2i —1,1,2i) for1 <i < %(L +1).
The case i =1 is trivial since P, =0. For2 <i < %(L + 1), we recall that P,;/ y? is a linear combination
of the following monomials: for |J|; = j, |[J]; =2i and 2 < j <1,

(D(Q) i I
/ yzQ H(bszzk)J” HSZJ,?‘-
k=1 k=1

Near the origin, we observe that 7>, and Sy, are odd functions, and the parity of a function f D(Q) is
determined by the parity of j, so each monomial is either an odd or even function. Hence it suffices to
calculate the leading power of the Taylor expansion of each function constituting the monomial:

Ty~ y* Sy~ 01y and Q) ~ T,
and the leading power of each monomial is given by
Ly 2k, ) ¥ j
pi=t PR i 2K i (2-70)
y 2y Ty i Chet D e Sy QA Do 204 1=
Therefore, the Taylor expansion condition (2-17) comes from the fact that j — 1 — j is a positive odd

integer when j > 2. )
Similarly, for y > 1, we have that [T | < y*~!logy, |Sx| < b2k 2k=Land | £ (Q)| <y~ imply

i i -
. _ T _ _ J
Sy I I ogyl 2 T T Iy ™
k=1 k=1
§b%iy2i_j_3+j|10gy|c

<biyH 3 log y|© 2-71)

) i
PO a5k
k=1

k=1

with the fact that j — j > 2. We can easily estimate the higher derivatives of each monomial.
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Under the setting P11 := (0, 0)" for k € N, we obtain the final definition of S;: §; := 0 and, for
i=1,...,L+1,

i—1
_ P . LAY
Sit1:=(—H) l(blbi®i+blASi+7_Z((]_1+Cb1,j)blbj_bj+l)£)- (2-72)

j=1 /

From the homogeneity of P;/y” established above and Lemmas 2.5 and 2.6, we can prove that S; is
homogeneous of degree (i, i, i,i) for 1 <i <L +2 with (2-58) via induction. To sum up, we get (2-55)
by collecting remaining errors into ¥:

L

¥y = —biCs, (1 = xgya)T1 + Y _ bibi(—H) 71?5y,

i=2 L

+b1ASL 12— ) (i =1 +cp )bk —biy1)

i=1

where ib] =X, —cp, T> and R = (0, R)' from (2-69).

08142

+ R omn
0b; y2

Step 3: Error bounds. Now, it remains to prove the Sobolev bounds (2-59)—(2-64). We can treat the
errors involving Sy 45 in (2-73) easily. Since Sy, is homogeneous of degree (L +2, L +2,1, L +2),
Lemma 2.5 ensures that the functions containing Sy 1, are homogeneous of degree (L+2, L+2, 1, L+3),
and thus the desired bounds come from Lemma 2.7.

The other errors require separate integration to conclude. We start with the first line of (2-73). Noting
that Ty = (0, T1)" and AQ ~ 1/y on y > 1, we have, for k > 0,

|AR (1 = x| Sy~ %015 gy 4, (2-74)

which imply (2-59), (2-60) and (2-61): for2 <k < L +1,

2 k+1
b
b2 &, A1 — T <—L |yt . <A 2-75
e AT =m0 Tl 2228 S Jog py 17 N2maasiviz2nn S 00 (2-75)
For 2 <i < L, we rewrite
(—H)™2H1%, , 0)f for even i,

(2-76)

1

- H i+2§ — { ) -~
= ’ 0, —(—H)~@=D/2+15, ) for odd i

using the fact H2=—H"'. Moreover, supp(f)bl) C {|y| > %Bo} and, for k > 0, we have the following
crude bound: for iBo <y <2Bj,

[log y| < i—k—1
[logby| ™~

Hence, for 1 <k <i < L, we obtain (2-59) from the estimation

|Ak—iH—(i—E)/2+1§bl| < yi—k—l 2-77)
Ibyb A H DAL, Ir2(y1<2m)) < by ! 2By sa<iyi<2B)) S blf“ logby V970, (2-78)

We also observe, for k > i, ] )
AT DR, Ty S (2-79)
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and together with the sharp bounds

= 1,>p,41 - 1,~p .
HE | S o0 JAHE | S = j2 1, (2-80)
llogb1| y B)" [log by
this implies (2-59), (2-60) and (2-61):

k—i 179 il—"_1 i —k—1 bllc_'—1
bibi AT HS <L |yike -1y < —1
161D; by ”L2(|y|§231) ~ log by | lly ||L2(BO/4_|)|§231) ~ llog b1|1/2

bli-i-l bf+2

<

1615 AST T H S 2 <08y S : S :
! 1IL2(1y|<2By) Béﬁ‘rl—l“ogb” |10gb1|

The logarithmic weighted bounds (2-62) and (2-63) come from the above estimation with the trivial bound
[log y/logbi| <1 on %BO <y < 2B and the fact that the errors in the first line of (2-73) are supported
iny> %BO. This support property also yields the improved local bound (2-64) by choosing b*(M) small
enough.

Now, we move to the last error: R/y?. Recalling (2-69), we observe that R/y> = (0, R/y?) has two
parts: a sum of monomials like P»;/y* and nonlinear terms

1 L+3)/2
?No(ab)al(] /2,

For the monomial part, we borrow the calculation of P»;/y?: (2-70), (2-71). Under the range |J|; = j,
[Jlp>=L+3,2<j< %(L + 1), those k-th suitable derivatives (i.e., .A*) have the pointwise bounds

{b{‘+3 fory <1,
by E=k=S)log y|C for I <y <28,

and we simply obtain the bounds (2-59)—(2-64) via integrating the above bound. It remains to estimate

(2-81)

the nonlinear term. For y < 1, we utilize the parity of f(Z+3/2(0Q) and o). We already know that o, is
an odd function with the leading term O(b%) y3, the parity of f{E+3/2(0) is opposite that of %(L +3),
and N()((x;,)(>z£L+3)/2/y2 is an odd function with the leading term O(blL+3)y3(L+3)/2_1_(L+3)/2. Hence, for

1<k<L,
HAk <NO(§[b)Ol,(,L+3)/2> < blL+3‘
Y Le(y<1)
For 1 <y < 2By, the simple bound
[log by |€
05(Q +Tap)| S —e k=2l
implies
llog by |©

INo(ap)| S 1. 198 No(e)| < —yng for k > 1.

From the Leibniz rule and the crude bound |8§ab| < b%llog bi|y'*, we have
k j (L+3)/2
No(ap) [0y (No(ap)ex )| o
‘Ak< y2 (Xl(jL+3)/2 S Z Y y2+k_bj S bf+3|10g bl |Cy(L+3)/2 2—k (2-82)

j=0
for 0 < k < L, and the above pointwise bound yields (2-59)—(2-64) via integration. ]
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2.7. Localization of the approximate profile. In the previous construction, we observe that the blow-up
profile does not approximate the solution of (2-55) on the region y > 2B;. Hence it is necessary to cut
off the overgrowth of each tail.

Proposition 2.10 (localization of the approximate profile). Assume the hypotheses of Proposition 2.9,

and assume moreover the a priori bounds

L
(b)) <b%, |br| < o b | when =1L —1. (2-83)
1
Then the localized profile Qb given by
0= 0+ xs (2-84)
drives the equation
0y 0y — F(Qp) +b1A Qp = xp, Mod(t) + ¥, (2-85)

where Mod(t) was defined in (2-56) and {0 b= (1/71,, 1/L/b)t satisfies the following bounds:

(1) Global bound: forall2 <k <L —1,

1A G 1 o+ 1A, 12 S BE log b€, (2-86)
LAl 2 + 1Ay 12 S bEF log bl (2-87)
. L+2
IAS G 2 + AR Il S ——. (2-88)
|log by]
(i) Logarithmic weighted bound: form > 1 and 0 <k <m,
1411 -
|| shriogni€. msL, 2-89)
LZ
14+ ]lo L
H 1+|ymgilA"m H SbPlloghi|, m<L. (2:90)
LZ
(iii) Improved local bound: forall2 <k <L +1,
LA Dbl 2y <20y + 1A Dl L2y <m) S CODBTH. (2-91)

Remark. This proposition says that our cutoff function xp, does not affect the estimates (2-59)—(2-64)
in Proposition 2.9. Although such bounds came from integrating over the region |y| < 2By, there are two
main reasons why this is possible. First, we do not need to keep track of the logarithmic weight |log b1 |
except for (2-61) corresponding to the highest-order derivative. Second, (2-61) was derived from the
sharp pointwise bound (2-80), which only depends on By. Thus, B; = [log b;|¥/b; just needs to be large
enough to obtain (2-88) by increasing y .

Proof. Noting that 1/~/ » =¥, on |y| < Bj, we see that (2-64) directly implies the local bound (2-91). For
the other estimates, we will prove the global bounds (2-86) and (2-88) first, and the less demanding
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logarithmic weighted bounds (2-89) and (2-90) later. By a straightforward calculation, 1/~r 5 18 given by

V= x5,V + 0s(x8) +b1(yx) sy +b1(1— x5)A Q

(s ) U@ 0o r) o
Alxsap) — x5 Alep) ) y2 \f(Qp) — f(Q) — x5, (f(Qp) — f(Q)))
Before we estimate xp, ¥, in (2-92), we introduce a useful asymptotics of cutoff:

k—1
A ) = xm A S + 1y, Y 07D AY. (2-93)
j=0
Applying the above asymptotics to xp, ¥;, we get from Proposition 2.9 that we only need to estimate
the errors localized in y ~ B;. From (2-53), (2-74), (2-77), (2-81) and (2-82), we obtain the following
pointwise bounds: for y ~ By and 0 < j <k,

(L-1)/2
y DAY S Y BT S B log by PR B (2-94)
i=1
and
o (L+1)/2 bL+3yL+1—k L3)/2rkt ]
y~ DA | S Y By Tl R P 1o | €

< llog by [27+1
< bt loghy P ETP B
These pointwise bounds directly imply the global bounds (2-86), (2-87) and (2-88) if we choose y > 1.
For the second term in the right-hand side of (2-92), we recall

L+2
op = <ab)= (Zz levenb T+Z +2€venS>‘

42
Z, Lodd DiTi + 22555 0ad

From the a priori bound |b; 4| < b%,

|1§‘|
by

195 () +b1(vx VB | S ( +b1>|(yx )81 S bily~p. (2-95)

One can easily check that (2-93) still holds even if we replace the cutoff function yp, with other cutoff
functions supported in y ~ Bj. Hence the cutoff asymptotics (2-93) and the admissibility of 7; imply, for
1<i<L,

k—i

15: A Oy (s A1 X V) Till .2 S Y bilbilly ™ 7 DA Tl 2y S b1 1bi 1y log vl L2y 5y
j=0

SHT b [logby [P ETRH, (2-96)

and, for 2 <i < L 42, Lemma 2.7 implies
k—i
1A @y () +D1x Ve Sille Sbr Y Iy VA Sy S DY Hlog by [7ETRP T (2-97)
j=0
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so we obtain the global bounds (2-86) and (2-87). In (2-96), we cannot cancel log y from 7;: the additional

|log b1| appears. Thus, we need to choose y =1+ ¢ for the case (k,i) = (L + 1, L), which corresponds

to (2-88). We note that ¥y = 1 when £ = L — 1 since we have the additional |log b;| gain of b from (2-83).
The third term in the right-hand side of (2-92) can be estimated as

k+1
Koy < —k—1 < _ 71
11 AR =) A QL S brlly ™ =) S fiocp

Finally, we compute (2-92):
A(xB,ap) — xB, Alap) = (Axp,)ap + 20y (xB,)dy(ap),

1
f(Qp) = f(Q) — xB,(f(Qp) — f(Q) = xB, / [F'(Q+Txp00) — f(Q+Ta)]dr,
0
and we can easily check that each term is localized in y ~ Bj. In this region, the rough bounds

If®1<1 and 8501+ 105 xm | Sy

yield
k

d
B_yk (A(XBI(Xb) — XB A((Xb) +

£(Qp) = £(Q) = x5, (f(Q) — f(Q)))‘ o

y2 yk+2

and we can borrow the estimation of d;(xp,)otp, namely (2-96) and (2-97).

The logarithmic weighted bounds (2-89) and (2-90) basically come from the fact that |log y| ~ |log b1 |
on y ~ Bj. We further use the decay property [log y|¢/y — 0 as y — oo for the third term in the
right-hand side of (2-92). [l

We also introduce another localization that depends on £ to verify the further regularity found in the
remark after Theorem 1.2 on page 2419.

Proposition 2.11 (localization for the case when ¢ = L). Assume the hypotheses of Proposition 2.10.
Then the localized profile Qb given by

0y = 0+, := Qv+ (xs, — x8)bLT; (2-98)
drives the equation
8;Qp — F(Qp) + b1 A Qp =Mod(1) + . (2-99)
where M(Td(t} is given by
Mod(1) = x5,Mod(t) + (x5, — x5,)(br)s + (L — 1 +cp 1)b1br) Ty (2-100)

and ¥, = (Y, Y1) satisfies the bounds

IAE (W — (B, — X)L To—1)ll 2 S BETY, (2-101)
IAL= (W) — Bsxmy + 51XV B)PLTL) N 2 S BET. (2-102)
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Proof. Note that F(Qp+¢,) — F(Qp) = (x8, — x8,)br T 1. From (2-67) and (2-56), we have

8 0p — F(Qp) +b1A Qp = x5, Mod(t) + ¥, + 8,8, — (F(Qp +8,,) — F(Qp)) + b1AL,,
= Mod(¢) + b1br.(xp, — xp){(—H) "5y, +01)
+ ¥, — B (xs) + 01XV p)bLTL
+ (35 (xsy) + b1 (v XV )L T + (X8, — XB)bLTL 1 (2-103)

From the above identity, we can see that the last line of (2-103) is exactly subtracted from 1/; p in (2-101)
and (2-102). Hence we need to estimate the second term and second line of the right-hand side of (2-103).
We point out that the logarithm weight |log b;| in (2-87) comes from the estimate (2-96) when i = L,
which is eliminated in the second line of the right-hand side of (2-103). For the second term of the
right-hand side of (2-103), we can borrow the bound (2-80) and use Lemma 2.7. [l

Proposition 2.12 (localization for the case when £ = L — 1). Assume the hypotheses of Proposition 2.10.
Then the localized profile Qb given by

05=0p+2,:= 0p+ (x5, — x8)br1Ti_1 +b.Tp) (2-104)
drives the equation
3, Qp— F(Qp) +bi1AQy=Mod(1) + V), (2-105)

where M(Td(t) is given by
Mod(r) = x5, Mod(t) + (x5, — x5,)(bL—1)s + (L =24 cp 1 1)brbr )T

+ (xBy — xB)((bL)s + (L — 1 +¢p,)b1b)TL  (2-106)
and 1/;,) = (¥, @b)’ satisfies the bounds

IAL Y (rp — B xBy + b1 X ) B)PL-1TL—1 — (XB, — XB)PLTL-Dl ;2 S bF, (2-107)
IAL =2y, — B xBo + b1 (Y x ) Bo)bLTL +br—1H(x, — x8,)TL) | ;2 S bE. (2-108)

Remark. We point out that Propositions 2.11 and 2.12 provide improved bounds (2-101), (2-102), (2-107)
and (2-108) compared to (2-86) and (2-87) in Proposition 2.10. These improved bounds will be essential
to prove the monotonicity formula (4-12) later.
Proof. Note that

F(Qy+¢,)— F(Qy)=—H{,— NL(,) — L(&,), (2-109)

where

0 1 0
L(,) = ==\ .5 ~ ~ 2-11
NEG) (NL(@)) y2 <f(Qh+¢h>—f(Qh)—f’(th)’ 2-110)

0 1 0
L = = — ~ . 2-111
€s) (L(g)) )2 <(f/(Qh) - f’(Q))Q) (2-111)
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From (2-67) and (2-56), we have
8 Qb — F(Qb) +b1A Q) = x5, Mod(t) + ¥, + 358, — (F(Qp+£,) — F(Q1)) +b1 AL,
= Mod(1) +b1br—1 (x5, — x5 ){(—H) T E), +0, 1}
+b1br (X8, — x){(—H) 25y +0.}+ NL(& )+ L(E))
+9,— Bs(x8) +b1(yx)8) (L1 Ty -1 +bLTL)
+ (05 (xBy) + b1 xVB)br TL + (xB, — XB)bLTL—1 + HEp,. (2-112)
Based on the proof of the previous proposition, it suffices to show that
IA* N L@z + A" 2L (@) 2 S b
which comes from the following crude pointwise bounds on By <y <2By: for k > 0,

JAKN L) S bPE2y*E =0 K log by €, |AXL()| S bEyE4F|logby|€. O

2.8. Dynamical laws of b = (by, ..., br). As previously mentioned, the blow-up rate is determined by
the evolution of the vector b, so we will figure out its dynamical laws from (2-56): for 1 <k <L,

(br)s = b1 — (k -1 br+1=0. (2-113)

b \bin,
<1+81k>logs> o

One can check that the above system has L independent solutions characterized by the number of nonzero
coordinates: for 1 <k < L, we have b = (by, ..., b, 0, ...,0). Here, we adopt two special solutions
(recall that there are two £s that can achieve the same L) among them.

Lemma 2.13 (special solutions for the b system). For all £ > 2, the vector of functions

dk
sklog s

b (s) = X + forl<k<t, b=0 fork>¢ (2-114)
N

solves (2-113) approximately: for1 <k <L,

1 1
b7)s k—14+———|bSb; —b}, , =0 ———— , 2-115
s + ( " (I4681x) logs) ok Pt <Sk+1(logs)2) ass = +00 ( )

where the sequence (cy, dy)i=1....¢ is given by

.....

L L—k
- __ Cl<k<e, 2-116
o=y Gk 1% ( )
and, for2 <k <{-—1,
i 1, t—k  L—k)
di=———, d=—-d+=c7, dii1=-— d . 2-117
1 T 1560 ik 1 k+(€_1)20k ( )

Remark. The recurrence relations (2-116) and (2-117) are obtained by substituting (2-114) into (2-115)
and comparing the coefficients of s and (s* log s)~!, yielding the proof.
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For our solution b to drive the system like the special solution b¢, we should control the fluctuation

Ue(s) e
W .—bk(S)—bk(S) for1 <k <. (2-118)
Here, (2-114) and (2-115) restrict the range of 8 to 1 < 8 < 2; we will choose 8 = % later. The next
lemma provides the evolution of U = (Uy, ..., U;) from (2-113).

Lemma 2.14 (evolution of U). Let by (s) be a solution to (2-113) and U be defined by (2-118). Then U
solves

(2-119)

1 Ul+|U|?
s<U>s:Aw+o( Ui+ ')

(log s)2—# log s
where the £ x £ matrix Ay has the form

1 1
—C2 =1
—203 — 1

0)

0o
o~
| -

~
|
—lw

A= (2-120)

—(€—=2)co— (0) "

1
—— 1)y 0
Moreover, there exists an invertible matrix Py such that Ay = P[ng Py with

-1

= (0)

o~

D,

= . (2-121)

Proof. Observing the relation

(k —1)¢ 0 —k
k—1)e; —k = _
(k="Der (—1 (—1

we obtain (2-119) and (2-120) since

(bk)s + (k -
= —1 U, kU, 0( Ul > o —1
= (logs)? [s( Ds = kU O og s ] " (sk+1<1ogs>2)

U|+|UJ?
(k= DeUr + k= DeyUp = U1 + 0| ———
log s

1+————|bibi—b
(1+81k)logs> e

+ sk+1(log s)P
L—k
s(Up)s + (k — DUy — mUk —Uks1

n 1 U|+|U?|
sk+1(10g s)2 sk+1(log s)H'/B

Equation (2-121) is obtained by substituting @ = 1 in [Collot 2018, Lemma 2.17]. ]

~ sk (logs)P [

) . (2-122)
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Remark. Since the above process can be seen as linearizing (2-113) around our special solution 5, the
appearance of the matrix A, is quite natural. We also note that £ — 1 unstable directions corresponding to
£ — 1 positive eigenvalues yield the (formal) codimension (£ — 1) restriction of our initial data.

3. The trapped solutions

Our goal in this section is to implement the blow-up dynamics constructed in the previous section into
the real solution u. To do this, we first decompose the solution u as the blow-up profile and the error,
1.e.,u= (éb +e&), = Qb, » + w. For the term “error” to be meaningful, we need to control the “direction”
and “size” of w = ¢;.

Here, ¢ must be orthogonal to the directions that provoke blowup from Qb, »- Such orthogonal
conditions determine the system modulation equations of the dynamical parameters b as designed in
Section 2.8.

In this process, € appears as an error that is small in some suitable norms. The smallness is required in
order to keep the leading-order evolution laws unchanged (2-113). We describe the set of initial data and
the trapped conditions represented by some bootstrap bounds for such suitable norms, i.e, the higher-order
energies.

After establishing estimates of modulation parameters, we also establish a Lyapunov-type monotonicity
of the higher-order energies to close our bootstrap assumptions.

3.1. Decomposition of the flow. We recall the approximate direction ®,; which was defined in [Collot
2018]. For a large constant M > 0, we define

L 0 H
b= ot A0, 1 =(_ 1), G-

p=0
where ¢, y is given by

Y E b cpn (H* (xuA Q). T)
(xuAQ,AQ)

One can easily verify (see [Collot 2018, Section 3.1.1]) that H* is an adjoint operator of H in the sense
that

, 1<k<L. (3-2)

k41
com=1, cxm= (D"

(Hu,v) = (u, H"v),
and ®,, = (P, 0) satisfies
(@, AQ) = (xuAQ.AQ) ~4logM, |cpm| SMP, Pyl ~clogM. (3-3)

We then obtain our desired decomposition by imposing a collection of orthogonal directions, which
approximates the generalized kernel defined in Definition 2.3.

Lemma 3.1 (decomposition). Let u(t) be a solution to (1-21) starting close enough to Q in ‘H. Then
there exist C' functions A (t) and b(t) = (b1, ..., br) such that u can be decomposed as

u=(0pi)+ &) (3-4)
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where Qb is given in Proposition 2.10 and € satisfies the orthogonality conditions

(e, H ®y)=0, for0O<i<L. (3-5)
and an orbital stability estimate
1)+ llelln < 1. (3-6)
Remark. Equation (3-7) says that the elements of {(-, H* & M) }i>o serve as coordinate functions on the
space Span{T; };o.
Proof. 1t is clear that H'T; =0 for i > j. For 0 <i < j,
(@u, H'T)) = (1) (w1, Tji)

j—i—1

=(=D" Y cpuHP(muAQ), Tj—i) + (=1 ¢; i m{xuAQ, AQ)
p=0

=D/ (xuAQ,AQ)5; ;. (3-7)

Now, we consider & :=uy ) — éb as a map in the (A, b, u) basis. By the implicit function theorem, (3-4)
is deduced from the nondegeneracy of the Jacobian

a *I
‘(aa, Shi q’M))ogsL

= (=D Ty, HY ®y))0<i j<1

=|(®um, H'T}))o<i j<L|
=1((=D/ (xuA @, A Q)5; o<i,j<L]
=(_1)(L+1)/2<XMAQ’AQ>L+I #O 0

(A,b,u)=(1,0,0)

3.2. Equation for the error. Based on the previously established decomposition

U= Qpu)e)+w=(Qpi) +&())xrc)

(1-21) turns into the following evolution equation of e:

A ~ Ay, ~
856—7&A€+H€=—<8sz—TSAQb)+F(Qb+€)+H€

- - - As - - -
=_(asz_F(Qb)+blAQb)+(T‘Fbl)AQb‘i‘F(Qb‘Fe)_F(Qb)+H€

=—Mod(1) — ¥, — NL(e) — L(e), (3-8)
where —_
Vod (1) := — (ﬁ b )AQ Mod(t) := Mod() (3-9)
Mod (1) := x5 Mod(r) — ( ~* +by by = vae)
NL(e) := 1 ( ~ 0 ~ ) , L(e):= 1 ( .0 ) . (3-10)
y2 \f(Qp+e)— f(Qp) — f(Qp)e y2 \(f"(Qp) — f'(Q))e

For later analysis, we also employ the following evolution equation of w:

8,w+H,\w=%.7-'A, F=—Mod(t)— ¥, — NL(e) — L(e), (3-11)
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where
0 -1 0 -1
H, = = , 3-12
* (H,\ +0) (—A +r72f1(Q) +0> 12
‘We notice that the NL and L terms are situated on the second coordinate:
0 0
NL(e) = (NL(s)) , L(e)= (L(e))' (3-13)

We also introduce another decomposition

u= Qpuyrn)+ W= (Qpis)+&())s)

which depends on whether ¢ = L (Proposition 2.11) or £ = L — 1 (Proposition 2.12). The evolution
equation of & is given by

38 — %Aé—kHé = —Mod'(t) — ¥, — NL(8) — L(&), (3-14)
where
Mod (1) := Mod(t) — (%erl)A 0, (3-15)
NL(#) := 1 ( 0 ) L@®) = 1 ( 0 ) (3-16)
Ty \f(Qp+8)— f(Qp) — f1(On)E)’ T2 \(fQp) - f(O)E)

We also employ the evolution equation of w:
O + Hytb = %.7?,\, F = _Mod (1) — ¥, NLE) —L(®). (3-17)

3.3. Initial data setting for the bootstrap. In this subsection, we describe our initial data and the bootstrap
assumption. To do this, we recall the fluctuation (2-118), i.e., U = (Uy, ..., Up),

Uk(s) = 5" (log s)° (bi(s) — b (s)).
We also define the adapted higher-order energies given by
E = ek, &x) + (6k—1, ék—1), 2=<k=<L+1 (3-18)

We set our renormalized space-time variables (s, y) as follows: for a large enough s9 > 1,

r ® N /’ dt
y = —, S =50 — .
A1) o A1)
For the sake of simplicity, we use a transformed fluctuation V = (Vi (s), ..., Vi(s)),
V="PU, (3-19)

where Py yields the diagonalization (2-121). Then we illustrate the modulation parameters b as a sum of
the exact solutions b°(s) and V(s): for{ =L —1or L,

(P7'V(s) PV ()
s(logs)P 777 stlogs)P ’

b(s) =b°(s) + ( ber1(s), ..., bL(s)).
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Now, we assume some smallness conditions for our initial data u(sg) = (uo, itg) as follows: for large
constants M = M (L), K = K(L, M), sy =so(L, M, K), we set the initial data uy = u(sg) as

10 = (Qhisy) +€(50))ats0)» (3-20)
where €(sg) satisfies the orthogonality conditions (3-5), we have the smallness of higher-order energies
Ex(s0) < b (50, (3-21)
and b(sg) satisfies the smallness of the stable modes:

1
[Vi(so)| < T
| (3-22)

1D (s0)| < —— for{ =L —1,
so” "V (log 50)3/2

where ¢; = £/(€ — 1). Furthermore, we may assume
A(sp) =1 (3-23)
up to rescaling.

Proposition 3.2 (existence of trapped solutions). Given u(sg) of the form (3-20) satisfying (3-5), (3-21)
and (3-22), there exists an initial direction of the unstable modes

(Va(s0), - .., Vi(so)) € B! (3-24)

such that the corresponding solution to (1-21) becomes trapped; namely, it satisfies the following bounds
forall s > sg:

o Control of the higher-order energies: for2 <k <{—1,

&(s) < b7 D 1og by K,

b%L+2 (3-25)

& <K—,

L+1(s) = llog by |2
£1(s) < {Kkz(L_l) when £ =L, (3-26)
S -
B = b2t log by (K when € =L —1,
Er_i(s) < KA*E=2 when € =L —1. (3-27)
o Control of the stable modes:
Vi)l =1,

3-28
|bL(s)|§L; when{ =1L —1. ( )

sL(log )P

o Control of the unstable modes:

(Va(s), ..., Ve(s)) e B (3-29)
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Under the initial setting of (e(so), V (s0), be+1(50), - .., br(s0)) (see (3-20)—(3-22) and (3-24)), we
define an exit time

s* = sup{s > s¢ : (3-25)—(3-29) hold on [so, s]}. (3-30)

From (3-20)-(3-22) and (3-24), it is clear that (3-25)—(3-29) hold at s = sg. We will prove Proposition 3.2
in Section 4 by contradiction, assume that

s* < oo forall (Va(so), ..., Vi(so)) € B (3-31)

At the exit time s*, we claim that only (3-29) fails among the bootstrap bounds in Proposition 3.2 through
establishing estimates of modulation parameters and some monotonicity formulae of the higher-order
energies. Then, the codimension (£ — 1) stability (2-121) leads to a contradiction by Brouwer’s fixed
point theorem.

3.4. Modulation equations. Now we provide the evolution of the modulation parameters from the
orthogonality conditions (3-5).

Lemma 3.3 (modulation equations). The modulation parameters (A, by, ..., by) satisfy the bounds
2 L-1
b+ ) |G+ G = T ep Dbibi = bit| S CONbIVEL +b77). (3:32)
i=1
VEL+1 L+3
br)s + (L —1+cp, 1)biby| S ———= + C(M)b{ ™. 3-33
[(bL)s + ( b,,L)1LINW (M)b (3-33)

Remark. The bounds (3-32) and (3-25) allow us to obtain the a priori assumption (2-83).

Proof. Step 1: Modulation identity. Write D(t) = (Dy(t), ..., Dp(t)), where D;(t) is given by
A .
Dy(t) := —(TX +b1>, Dj(t) := (bi)s + (i — L+ cp, i)b1bi — bit1, bry1=0.

We take the vector-valued inner product (1-23) of (3-8) with H *)@ s for 0 < k < L. Then we have the
identity

(Mod (1), H*®,,) + (He, H* ® ;)
As ~
= (Ae, H @) — (¥, H @) — (NL(e) + L(e), H ®yy).  (3-34)
Step 2: Estimates for each term in (3-34). We claim that the left-hand side of (3-34) gives the main
contribution needed to prove (3-32) and (3-33).

@) MKd(t) terms. First, xp,ap = ap holds on |y| <2M for small enough b;. We also have the pointwise

bound
L L+2

A+ D

i=1 j=it1

LI <pc(M) for|y| <2M

28,
ob;
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from our blow-up profile construction. Hence we estimate the NTJd(t) term in (3-34) by the transversality
(3-7) and the compact support property of ®;:

L L+2
— aS;
Mod(r), H*® ;) = Dy(1)(A Q, H* ® Di()(T; —L H*®
(Mod(t) ) = Do(t){A Qy M>+Z <r>< +.Z T, "
i=1 j=i+1
L L L+2 98
_ . ] *k . J *k
=Y Dit)T,, H <I>M>+<Do(z>Aab+Z > D5, - H <I>M>

i=0 i=1 j=i+1
= (=D*Dr()(A Q, @) + O(C(M)by|D()]). (3-35)

(i1) Linear terms. For 0 <k < L — 1, we have
(He, H*® ) = (e, H***V @) =0
from the orthogonal conditions (3-5). For k = L, the Cauchy—Schwarz inequality implies
(e, H*E D@y = |(H e, @u)| S Viog MV/EL 1. (3-36)

(iii) Scaling terms. We can estimate the scaling term in (3-34) from the compact support property of @,
and the coercivity bound (A-15):
ay

= (Ae, H*® )| < (b1 + Do) |(Ae, H @)

S b1+ Do) DC M)V E 1. (3-37)
@iv) 1}1, terms. Here, the improved local bound (2-91) implies
¥y, H* ®11)| S CODBIH. (3-38)

(v) NL(e) and L(e) terms. Using the coercivity bound (A-15) with the crude bound |[NL(g)| < le|?/y?
and |L(e)| < blel/y,

(NL(e), H' ®y)| S C(M)Eps1,  (L(e), H ®y)| S C(M)biNELL. (3-39)
Step 3: Conclusion. Injecting the estimates from (3-35)—(3-39) into (3-34), we obtain

(=1 Di(t)(A Q. ®u) + O(C(M)bi|D(1)])
= 0(VIog MVEL 1)L + O(C(M)by (VEL 1 +b{ ™)) (3-40)

for 0 < k < L. Dividing the above equation by (A @, ®,,), (3-3) implies

NZ
D)+ 0(CMDbIDOD = 0( FZ‘;)BM + O(C(Mby (VELw1 +b1 ),

which yields (3-32) and (3-33). O
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3.5. Improved modulation equation of by. At first glance, (3-33) seems sufficient to close the modulation
equation for b; because of the presence of 4/log M. However, our desired blow-up scenario comes from
the exact solution b7 , and (3-33) is inadequate to close the bootstrap bounds for stable/unstable modes V (s).
Thus, we need to obtain further logarithmic room by adding some correction to by .

Lemma 3.4 (improved modulation equation of b;). Let Bs = Bg and

(HL€7 XBaA Q>

by =b -t 3-41
L=br+ (=1 48llog b1 | (3-41)
for some small enough universal constant 0 < 8 < 1. Then by, satisfies
by —br| S byt (3-42)
and
~ ~ VELt
br)s+(L—14cp)b1br| S ———. 3-43
|(bL)s + ( b,L)b1DL | Togh] (3-43)

Remark. We point out that b; is well-defined at time s = s since b; — by only depends on b; and &.
Proof. We obtain (3-42) from the coercivity bound (A-15) and (3-32):

[(H'e, x5,A Q)| S IH" V28, x5, AQ)| S COMSHT NVELL ST (3-44)
We also know

4 (He, x5,A Q) = (HVe,, x5,A Q) + (He, (x5)sA Q). (3-45)

We compute the last inner product in (3-45) similar to (3-44):
[(H"e, (x5,)sA @)1 = 18b1)sby | I(H Y™V, (y8,X) 5, AQ)| S C(MISh, " VELsr.  (3-46)
Using (3-8), we obtain an identity similar to (3-34):
(H e, x5,A Q) = —(H'"Mod(1), x3,A Q) — (H"'e, x5,A Q) + HLAe x5, A Q)
—(H ¥, x5,A Q) — HLNL<e) x5, A Q) — (H"L(e), xp,A Q).

Considering the support of xp, A Q, we can borrow all the estimates in Step 2 of the proof of Lemma 3.3
by replacing the weight log M and C (M) with |log b;| and bl—ca’ respectively. Hence Lemma 3.3 and
(3-46) give a “Bj; version” of (3-40):

4 Hle, x5,AQ) = (—) DL (1)(A Q. x5,A Q)+ OB~ D))

ds
+ O Nlogh1|VEL1) + OB~ (VEL 1 +bET2)
= (=) 1 48]log by | DL (1) + O (VTlog b1 [V EL+1).

Hence we obtain (3-43) as follows:

) ~ d 1 NVEL+1
5 L—1 biby| <|(H"e, x5,AQ)||b e
|(br)s +( +co)bibr | S (H"e, x,A Q)] ' 1+ {48logb1} + Togb]
VErLt1 L+2-C8
+b1+ . [l

< NoLtl
™ Vllogb]
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3.6. Lyapunov monotonicity for €1 +1. A simple way to control the adapted higher-order energy £r 41 is
to estimate its time derivative. However, we cannot obtain enough estimates to close the bootstrap bound
(3-25) with £41 by itself, i.e., with by ~ —A;:
& & Er1(t Er+1(0 & T
dfénl oy L L+1()S L+1()+ bl() 1+1(7)
dr | \2L A2L+1 A2L () A2L 0) 0 )\2L+1( )
‘b 5o
=K 241 7 dt
o AEH(T) llogbi(7)]
K b%(L-H) (l)
~ A1) [log by ()]*

Thus, we use the repulsive property of the conjugated Hamiltonian H of H observed in [Raphaél and
Rodnianski 2012; Rodnianski and Sterbenz 2010] with some additional integration by parts to pull out
the accurate corrections.

Proposition 3.5 (Lyapunov monotonicity for £;.41). We have the bound

d €L+ b1C(M)EL 41 by [ bt ELt1
— (0] <C 3-47
dt{ L+ ( 2L =520 Ilogb1|v L1+ —— Tog 11 ) (3-47)

Proof. Step 1: Evolution of adapted derivatives. We start by introducing the rescaled version of the
operators A and A*:

7 1+7
AA;:_8,+TA, Aj::a,+ rk, Z(ry=12

(r) _ 1=/

AT+ /W

We also recall H, in (3-12) and define its conjugate operator H, as the rescaled version of the lincarized
operator H and its conjugate H:

Vi yr—6y2+1
H o =AfA =—A+—2, V)= "
A A AN +r2 ) 02+ 1)2
Hy e A AT = — A4 V)= —5—
A . ALy r29 y y2+1

In the same manner as (2-12), we define the rescaled version of the adapted derivative operator

A=Ay, AT=ARA,, A= AARA,, ..., A= ATALATA, (3-48)
————— —
k times

so the higher-order derivatives of w = (w, W)’ adapted to the Hamiltonian H; are given by
Wy = .A],{w, u')k = Aiw
One can easily check that wy = (&¢),/ AKX and Wy = (&p); / Ak*1 and our target energy can be written as

Ery1

50 = (Wrat wip) + (. be) = (Huwg, wr) + (g, ). (3-49)
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To describe the evolution of wy and 1wy, we first rewrite the flow (3-11) of w = (w, W) componentwise:

w, —w = Fy, Fi 1 1(F
= —f = — . . 3-50
{wz + Hyw = F, <f2> 2T <f>k (-0

Substituting A’,{ given by (3-48) into (3-50), we obtain the evolution equation of wy

{a,wk — g = [3, AN w + AX 7,

3-51
0 Wi + wr42 = [0, Ali]li) + Al)i.]:z. ( )

Lastly, we employ the following notation: for any time-dependent operator P,
9 (P) :=[9, Pl
which yields the Leibniz rule between the operator and function:
o (Pf)=0,(P)f+ Pf;. (3-52)
Step 2: First energy identity. Recalling (3-49), we compute the energy identity
() -

(0 (H)wr, w) + (Hywp, dwr) + (wy, dbr)

(0 (Hy)wr, wr) + (Hywg, 8 (ADw) + (., 8, (AL ) )
+ (Hywr, ALF) + (o, AEF). (3-53)

= N —

We will check that the last two terms of (3-53) satisfy the desired bound (3-47) later. Unlike the last two
terms of (3-53), when the first three terms of (3-53) are estimated using coercivity (A-15) directly, we
obtain the insufficient bound

by
WC(M)gL-H- (3-54)

One can employ repulsive property (2-10) for the first term of (3-53) with the modulation equation (3-32):

~ A (AV),  bi+OGE 8 ~
O (Hy) =—=" =— = (3 (H)wp, 0. 3-55

We claim that the sum (I:IkaL, 0y (Af)w) + (wy, 0 (Af)u')) in (3-53) is eventually negative like (3-55) by
adding some corrections. For this, we start by employing (3-51) to exchange Hywy for —d,y:

(Hywr, 9 (ADw) = —(d,r, 8, (ADYw) + (8, (A, 8, (ADyw) + (AL F, 8, (AD)yw), (3-56)

and we can treat the first term on the right-hand side of (3-56) via integration by parts in time with (3-50):
— (e, B (AL W) +3, (i, 3 (AP w) = (W, 3y (AL w)+ (b, 3 (AL)w,)

= (W, 3 (A} W)+ (L, 3y (AL w) + (L, 3 (A7) Fi). (3-57)

In short, we add a correction to the energy identity to transform the inner product (ﬁ Wi, Of (Af)w) to
the inner product (wy,, o; (.Af )w) in (3-53) up to some errors from (3-56) and (3-57):

(Hywr, 9 (AL w) +8, Do 1.1 = (g, 8 (ALY ) 4+ Eo.1.1 4 Eo12 4 Fo.i1 + Fo1.2. (3-58)
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where
Do.11 = (W, & (AD)w),

(u
Eo1.1 = (r, 8 (ADw),
Eo.12 = (3 (AW, 8 (AD)w),
Fo1.1 = (W, 3 (AHF),

(A

Foi2=(ALF, 8,(ADw).

However, the inner product (w, 0 (.Af )w) in (3-53) is also not small enough to close our bootstrap by
itself. Thus, we use (3-51) again to exchange wy, for d;wr:

(W, 3 (AD) = (Bwe, 3 (AD) — (8 (AL w, B (A ) — (AL F1, 8 (AD)). (3-59)
Integrating by parts in time once more,

(dwr, & (AN W) — 3 (wr, & (A W) = —(wp, 3 (AL ) — (wi, 3 (ADy)
= (wr, & (AL wa) — (wr, Iy (AD)) — (wr, 3 (AD)F). (3-60)

To sum it up, we obtain a relation similar to (3-58):

(W, 3 (AN W) + 8 Do a1 = (wr, & (AD)wa) + Eo 2.1+ Eop2+ Fo21 + Fooo, (3-61)
where ;
wr, 8,(.;4;»)11)),
wy, Oy (A)W),

Doo 1 =—(
(
Egp2=—(8(ADw, 3, (AD)w),
(
(

Epr1=—

AL FL 8 (AR,
wr, 3 (AL Fa).

Fop1=—
Fooo=—
Raphaél and Rodnianski [2012] directly checked that (wy, o; (Af)wz) < 01n the case L = 1. In contrast,
when L > 3, we cannot obtain similar information from (w; , o; (Aﬁ)wz) by itself. We pull out the
repulsive terms using the Leibniz rule:
(i, % (ADwa) = (wr, & (H)we) + (wr, Hyd, (AL ws)
= (wr. & (H)we) + (Hawp, 9 (AL~ H)wy). (3-62)

We observe that the second inner product in (3-62) has the same form as the first inner product in (3-58);
we can iterate integration by parts, which leads to the following recurrence equations: for 0 <k < %(L —1),

(Hywr, 8 (AE"Ywor) + 8, Dy 1.1 = (i, & (AL iog) + Ex i+ Exio+ Firg + Feaa,  (3-63)
where
D11 = (r, 9 (A}~ Zk)wzm
Er1,1 = (r, 3 (AF ) wap),
Ei 12 = (3, (AW, 8, (AL war) + (rr, 05 (A} =)0 (Hyw),
Fia = (ir, (AL HY F),
(A

Fii2= (AP, 8, (AF ) wy)
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and

(r,, 3 (ALY iog) + 8 Dot = (wr, 3 (AX" P wopia) + Ex ot + Exoo + Fion + Fron,  (3-64)

where
Dioa = —(wr, (AL iy,
—(wr, 3 (AL )abg),
Er22=— (0 (ADw, 8, (A; o) — (wr, 3 (AL )9, (HW),
— (AL F1, B (AL i),
—(

wr, 3 (A} ") Fa).
We can also pull out the repulsive term like (3-62) from (3-64): for 0 <k < %(L —3),
(w, 3 (AF Y warsa) = (w, 8 (H)we) + (Hawe, i (AL wpa). (3-65)

The displays (3-63), (3-64) and (3-65) allow us to iterate our recurrence relations. For k = %(L —1), we

can verify that (3-64) is negative from the facts
—Ai (AZ),,
3 (Ax) = 9,(A}) = - 5
(0, (H)wr, wr) = (9, (A A wr, wi)
= (0 (A ASwr, wr) + (A0, (ADwr, wi)

=2(0;(A)wr41, wr).

Hence we write the following decomposition of the term (ﬁx wyr,, 0 (Aﬁ)w) of (3-53):

(L-1)/2 2 . (L-12 2
(Hhwe, 0, (ADw) + Z Z 9 Dyit = 5 (0 (H)wr, we) + Z Z (Ek,i,j + Fri,j)-
k=0 i=1 k=0 i.j=1

Similarly, we write the following decomposition the term (wy , d; (Af)u')) of (3-53):

(L-1)/2 2
(r. & (ADWY+ > > 81 —8.08i.1) Dii
k=0 i=l L-1)/2 2
=L@ Hwn, v+ Y Y (1= 8080 Beij + Fei ).
k=0 i, j=1

Together with the first term and the last two terms of (3-53), we obtain the following initial identity
of Er41:

(L-1)/2 2
& 2L+1,, ~ .
{ ot Z Z(z 81,08, I)Dk,l} O e, wi) + (Hawg, ALF) + G, ALF)

(L-1)/2 2

+ > )@= 8008 (Erij + Frij).  (3-66)

k=0 i, j=1
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Step 3: Second energy identity. We find additional corrections from Ey ; 1, which contain 8,1(/4)% —2k ).
More precisely, from Lemma C.1,

Epi1= <u>L, e (ALY woy)

L—1 O(bz)
1 2
= Z xL+1 “m (@, )L WaWm, W) + Z S L+2—m () )L AW, WL)
m=2k m=2k
and ,
Exoi = —(wg, 3 (AL )iy
L—1 L—-1 2
At 1 O (by) 2
== i (@ onth wi) = 37 @, Db, wi),
m=2k m=2k
where @) () := ®Y",, | (v) with j; = 1,2, s0 that
(/1
1D, (y)|<—1+yL+2_m.

Here, we cannot treat A, directly because we do not have estimates on second derivatives of the modulation
parameters (and we did not set A, = —by). Thus, we add (b1); to A, and use (3-32):

O(b?)
)\‘L+2—m

)\'tt
)\‘L—H—m

(Ar +D1);
)\‘L—H m

(@), Drwn. b)) = (@), )wm, or) + (), i ). (3-67)

We then correct (3-67) via integration by parts in time with (3-51):

(A +b1) A+ by
ﬁ«q’(ll )1 Wiy W) — Oy ﬁ((q)(ll )3 Wms WL)

1 o . A+ by M . M
= O+ b\ 0{ S Pz ) )W WL )+ 7 LRy g 20w, L) + (P )i, L))

Ar(Ar +by) . At + by
— T (B @) 0nw, 1) = (@) 0 G+ 8 (AT Yw + AL Fy). i)
A+b
+ A2+1—::1 (D) Dawm, wrgz — 8 (AL — ALF).

We can also obtain the same correction for Ej 5 1:

(Ar +D1) . A+ Dby .
S (@t wi) =0 S (@) )b wr)

Ae(Ar +by) . At + by
— T B @) Dt wi) = (@) 0 (w2 = B (AT — AL Fa) wi )
A+ b
o (@ it L+ 8 (AP w + AL Fr).

Rearranging the existing errors Ey ; ;, Fy ; j, while introducing a new correction notation Dy ; > and new

error notation E F,j’i,j for0<k< %(L —1)andi =1, 2, we have

k., j’

Epi1—0Drio+ Exio+ Frin+ Frio=E ;1 +Ef o+ Fl + Fios (3-68)
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where
L—1
A+ by
Dy = Z Aiﬂ_m (@) awm, W),
m=2k
— A (A +by) L
I . 1
Efii== 0 i (@4 i ) = Y S () 0 o + 8, (A w). )
m=2k m=2k
L—1
A+ by .
2 i (i, Wiz = 0 (ADD),
=2k
L—1 O(bz) @ "
E;L2==EhL2+-§: AL+£WA(¢mJﬂwkwm»wL%
m=2k
L—1
A+ by
Fiun=Fein = 3 5 (@ L 0r AL Fi i),
m=2k
L—1
A+ by
Flio=Foa— ) A2+1—m (D) Dawm, ALF),
m=2k
and
L—1
A + by )
Dina == Sy (@) rtom. wr),
m=2k
= MGt b) +b
! 1 1 .
E;‘k’z»l = Z I)\L—ti-Tm«Am Lq)m Lk))twm’ wr) + Z A£+l _— ;)L,k)k(wm—i-Z_at(A;\n)w), wr)
m=2k k=2m
L=l 1y
1 1
= D S (@ a8 (ADw),
2%
L—1 O(bz) ) "=
Efoo=Er22— 2: AL+£WJ(¢(1;QAwm,wL)
m=2k
L-1
A+ by .
Fiyr=Froi— Z A£+1—m ((CD(I) Ortm, AL T,
m=2k
L-1
M+ b 1
Fion=Feaa= ) 5 (@ s Al Fa ).
m=2k
Hence we obtain the modified energy identity
< (L-1)/2 2 2L—F1
L+1 ~ ~ )
{2)LJ2FL Z Z (2 = 85,08:,1) D ]} (0 (Hy)wr, wi) + (Hywp, AL Fr) + (wr, AL F2)
=0 1
"= (L-1)/2 2

+ > )@= Sk0di)(Ef  +FL ). (3-69)

k=0 i, j=1
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Step 4: Error estimation. All we need is to estimate all inner products except the repulsive one
(0;(H,)wp, wr). We can classify such inner products into two main categories: quadratic terms with

respect to w (i.e., Dy ; ; and Ek ; ]) or those involving F;,i =1, 2 (i.e., F,j‘ - and the last terms of (3-53)).

(i) Dy, terms. From (C-1) and Lemma C.1, all inner products of Dy ; ; can be written as sums of terms
of the form, forO<m <L —1,

O (b)) ) O(by)

oz (Pm.LEm, EL), )LT“bm,Lém’gL)v |q>m,L(y)|§l+ym-

Indeed, the ®,, ; included in each of the above inner products are different functions (e.g., <I>m1)2k L2k

QDI(fz o Dm—L CD,(,} )L «» - - -)» but we abuse the notation because they are all rational functions with the
same asymptotics. From the coercive property (A-15), we obtain the desired bound for the correction
in (3-47):

_ &
(P, .ms EL)] S HH_ﬁ VEL+1 S CM)E 4,
1+ |log y]
(@ Lém, £1)] H%sm Ve S CMEL4.
L2

(i) Ej; ; terms. Similarly, all inner products of E; C ; can be written as sums of terms of the form, for
0<m,n 5 L—-1,

0 (b}) . o(b}) . 0 (b}) :
it \Pmrems EL) o (P €)o7y (P Lémy P, LEn),

O(b}) . 0(b}) 0(b})
W(q)m,Lgma8L>’ W<q);n,L8m,8L+2>, W(®m,L8m+2,8L),

which are bounded by
2

)LZL+1 C(M)EL41.
(iii) F 9 and the last two terms of (3-53). Recalling F| = A~1F, and F, = A2 F,, all inner products
of F, k*l J can be written as sums of terms of the form, for0 <m < L —1,
O (by) ) 0 (by) : O (by) :
st @t ATFL L) o @b ANF) S @ik AN (BT0)
M<c1> A"Foer),  ——{ert1, ALTUF) (¢, AV F) (3-71)
J2L+1 VT mL PELD g WD © el vk '
We claim that F and F satisfy the following estimates: for 0 <k < L — 1,
L+1 L+ blLJrl EL+1
AMHLE AYFll2 Sb N : 3-72
| 2+ 2 5 1[|logb1|+ 10gMi| (3-72)
1+ |log y]
H TLf]y_kAkf Sbogh €. (3-73)
L
141 bt 3
Lt llogyl < g [l (3-74)
14 yt+ 2~ |logby] log M
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Assuming the claims (3-72)—(3-74) with the coercivity (A-15), we can estimate Fk* terms as follows:
the three inner products in (3-70) are bounded by

by

WHC(M)bL”uogbuC ELtt.

For the three inner products in (3-71), we obtain the sharp bound
by bt [ €41
VE
A2LA+1 (|10gb1| + log M L
from (3-72), (3-74) and the sharp coercivity bound
2

€L
H <C(Hsp,e1) < CEL1.

y(I+[logyD .
Hence it remains to prove (3-72)—(3-74).

Step 5: Proof of (3-72), (3-73) and (3-74). Recalling (3-11), we have F = (F, F)! and

F —_ ~ 0 0
<].__) =—Mod(t) - ¢, —~NL(e) — L(¢), NL(e)= (NL(S)) - Lle)= (L(8)> .

Thus, we will estimate each of the above four errors.

@) l/~I » term. It directly follows from the global and logarithmic weighted bounds of Proposition 2.10.
(ii) Mod(7) rerm. Recall (3-9): we have

L+2
Mod() = —( +bl)(AQ+Zb A<XB1T>+ZA<XBIS>>

1 2
1= 1= L+2 aS
+ Z((bi)s + (i — 1+ co.)bibi —bi1)xs, (T + Z a—bf) (3-75)
i=1 j=i+l1
Due to Lemma 3.3, the logarithmic weighted bounds (3-73) and (3-74) are derived from the finiteness of

the integrals
2

1+ |log y| L+2
f’ e kAk[AQJer A ,<;<BIT>+ZA1 ,<xBIS>}

L+2
1+|10gy| 0S;
Z/‘ yL+1= A xs T+ X, Z abj.
. 1

j=i+1

,Sl

’

which comes from the admissibility of T; and Lemma 2.7. For the global bounds (3-72), we need to gain
one extra b; as follows: since AAQ = 0, the admissibility of T; and Lemma 2.7 imply

/

L+42
AL“AQ+Zb AFA s T+ Y AR A (0, S1)]

i=2

2

L+1 2(L+1)
+ by +
i=2

+ [log y|)y' 2
1+y

< p2.
|lo gb 2~

<231
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For (3-75), we additionally use the cancellation ALT: =0 for 1 <i < L to estimate

1 210gy

wa“ G THI? <Z/ <,
)~B|
L+2 2 L+2 2y b2(L+1—i)
AL+1 i < b J—t 1 < bZ.
f‘ lab S 2T g S

j= l+1 Jj=i+1

Hence (3-72) comes from Lemma 3.3:

.y s bL+1 £
IAE T Mod (1) | 12 + | AEMod (1) | 2 € by | —L— + [ 2L |,
[log by| log M

For the remaining two terms, NV L(e) and L(e), we follow the approach developed in [Raphaél and

Schweyer 2014]. We deal with the cases y <1 and y > 1 separately.

(iii) NL(e) term: (a) y < 1. From a Taylor Lagrange formula in Lemma B.1, N L(e) also satisfies a
Taylor Lagrange formula

L-1)/2
NL@e)= Yyt +r, (3-76)
i=0
where
leil SCMYErtr, A | S yE ¥ llog y|C(M)EL 41, 0<k<L. (3-77)

Since the expansion part of N L(e) is an odd function, that of A*N L(¢) also has a single parity from the
cancellation A(y) = O (y?). Using (3-77), we obtain

ASNL@E ()| S C(M)llogyléryr, 0<k<L, (3-78)
and thus we conclude
1+ |10gy|c
||A NL(8)||L2(y<1) + H wAkNL(S) S C(M)8L+1 rs b%L-‘rl .
I+y L2(y<1)
(b) y>1. Let
1
NLo)=¢NE), c=5 M= f (1= 0) "Dy +1e) d. (3-79)
0
We have the following bounds fori >0, j >1land 1 <i+ j <L:
e dir "
= - < log by |“F gl e S 1 (3-80)
y L>(y=1) Yo llL2y=n

INi(e) S 1, |a§fN1<e)|5|logb1|C<K>[ +b’"k+l}, 1<k<L, (3-81)

yk-‘rl

where
kcy ifl<k<L-2,

mry1 =1L ifk=L—-1, (3-82)
L+1 ifk=L.
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The estimates (3-80) are consequences of Lemma B.1 and the orbital stability (3-6). We can prove the
estimates (3-81) by borrowing the proof of (3-77) in [Raphaél and Schweyer 2014] (see page 1768 line 1
in that work), since we can obtain the crude bound

(L+1)/2
18¥ 0 < |logb1|c[ ot Z by yH "ly%]
_ lloghi|©
yk—i-l
Returning to the estimates for N L(e), we have the trivial bound,

1+ |log y|C
yL+1-k

AXNL(e)
L k

’

for0 <k <L, ‘ A"NL()‘ ‘

and (3-79) and (3-81) imply
L [OYNL(e)|

D DR

k=0 y
L 1 k _ _
SZFZIB;CZII?);‘"M(S)I
log b€ m
<Z|Og 1| |:|8k 2|+Zbk1+l|a§|i|
|logb1|c<’<> ; e i
<Z Zmna" WZZ’? a0l e .

i=0 j=0

‘AkNL(s)
nyk

Writing I} =k —i, I, =i, there exists J, € N such that

max(0,1—i) < <min(L+1—k,L—i), Ji=L+1—k—Js,
and we have

I<h+h=<L, 1<hb+h,h=<L, Lh+bLhb+Ni+h=L+1

Thus,
i k—i I I
‘ 9,6 - 9y7'¢ H 0,'¢ 0,2¢
L—k = 1
y 2ozn 1Y isgenll Y72 ll2ge
S llog by |C(K)b’1"11+11+1b’1"12+12+1 SJ bf(L)b{‘Jrz
since

(L4 1)y ifh+Ji<L—-—land h+J,<L-—1,
mp4+n+1+mpin+1=13L+2c; ifh+Ji=L—-lorh+J,=L—-1,
L+14c¢ ifL+Ji=LorhLh+J,=L
>L+2.
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We calculate the latter term similarly except for the cases k = L and 0 <i = j < k — 1. Here, we use the
energy bound [|¢|2(y>1) S 1 and obtain

log b1 |“FOBY 07 - Ll 21y S log bil “FOBT 100 | Loz 1)
llog by [CKIPEFDD i 0 < i < L —1,
< 1 log by [CEBET2if i =1, L -2,
llog by |[CFOpLTIHer i j =0, L —1,
Sb?(L)bf+2.
The remaining case can be estimated by the following inequalities: since k—i > 1, [ +J1>1, L+ J,>1
and [ +L+J1+Hhr=L+1—(k—1i),

C(K)p(L+Der  wpy _
|10gb1|C(K)bllﬂkfm+m11+11+1+m12+12+1 < {|10gb1| b] ifk—i<L—1,

~ jlog by |CBBEFT itk —i=L -1,
S b?(L)bf+2.

(iv) L(e) term: (a) y < 1. Similar to the case VL (&), we obtain a Taylor Lagrange formula for L(¢):

(L-1)/2
L(e)=b%[ > a~y2"“+fg}, (3-83)
i=0
where
6| S CDVELy1, AT S yF  log y|C(M)VEL1, 0<k<L. (3-84)

Using the cancellation A(y) = O (y?) and (3-84), we obtain

A L(e)(»)] S C(M)billog yIVeELwT, 0<k<L, (3-85)
and thus we conclude
1+ |log y|¢
A" L@l 2(y<r) + H R A L(e) S CMDbIVELL1.
I+y L2(:=1)
(b) y>1. Let
7% / 1
(Op) — [ (Q)  xpo
L&) =eNa(@y),  Na(ay) = -2 7 SO _ ?2 2| @+ txsan) dr.
0
Similar to (3-81), we have the bound
bi[logb;|©
By N2l € e 0<ksL. (3-86)
Since L(¢) satisfies the pointwise bound
AL(e)| S 10%el10F N LTI
‘ Sk | S > — ik Sbilleehi” ) s (3-87)
i=0 i=0

this yields the desired result. U
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4. Proof of the main theorem

4.1. Proof of Proposition 3.2. Step 1: Control of the scaling law. We have the bound

As_c1+ d; 4o 1
A s slogs s(logs)? )"

d c1 di
A= (log(s”' (log )" 1(5)))|

‘We rewrite this as

s(logs)?’
integration and (3-23) give

50" (log 50) 1
Q) s¢(log S)dl T (log SO)B—I 4-1)
Note that
d (b7"(logby)™™ b (log by)*" s m i
E( \2k—2 =2 22k—2 (k — 1)b1 +bis(n+ l()g—b] + O(bl ). 4-2)

From Lemma 3.3 with (2-118), (2-115) and (3-28),

m
k —1)b* + by = (k—1)b>+ by — cp, .1 b? O(bE+?
( )bi + lé(n—i_logbl) ( )1+(2 Cpy,1b7 n+logb1 +0(®B™)
(k= 1) by 22T (O
- L T log by (log b)?
_ k- 12 +ne; N 2(k — Derdy —ndy —mey + gnc? 1
52 s2logs s2(logs)?)
The recurrence relations (2-116) and (2-117) imply
14
(k — 1)c%+ncz=c1((k— 1)6—1 — )
and
2(k — Deydy — ndy + snef = di2(k — ey +n) < 0.
Hence,if wesetn =L+ 1andm=—1fork=L+1, ¢; > L/(L — 1) implies
h= D%+ by nt ") > L (- 4o L 0
— n — >0,
1o loghy ) ~ s2\L—1 log s
and, if we set n = (k — 1)c; and m = m(k, L) large enough for k < L,
m c m 1
k—1)b3+b > —40(—0— 0
k-bo+ “("+logb1) = szlogs<2 " (aogs)ﬂ—l)) g
for all s € [s9, s™) with sufficiently large sg. Thus,
b%(l‘+l)(0) b?(L+l)(t) @3
(log b1(0))2A2E(0) ~ (log b1 (1))?A2L(2)
and
b D 0)log by ()™ B2ET V(1) log by (1)
1 (0)[log b1 (0)| _h (#)[log by (1)| ' (4-4)

)L2(k—]) (0) - XZ(k—l) (t)
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Step 2: Improved bound on £1,41. We integrate the Lyapunov monotonicity (3-47) and inject the bootstrap
bounds (3-21) and (3-25):

)\‘ZL
Er+1(1) S Tm(l +01C(M))Er+1(0) +b1C(M)EL+1(2)
22L(0) e
2L
+[W +f]k (”/ T log i
b%(L-H)(t) ) 2(L+1)
L
~Togbi )P |:«/10g_ i \/_]k (I)/ e llogbi " (4-5)

To deal with the integral in (4-5), one can directly replace A and b; with functions of s using (4-1) and
(2-118). However, the fact that sg in (4-1) depends on the bootstrap constant K requires (more) care
in direct substitution. On behalf of this approach, we integrate by parts using (4-2), (4-3) and the fact
ct=L/(L—1)

[l B B, P
0 22L+1 |10gb1|2 - B A2L+1 |10gb1|2 0 1 A2L+lllogb1|2
L|: b%(L'H)(t) ~ b%(LH)(O) ]
2L [ AL ()|log by (1)1> A2E(0)[log b1 (0)[?
_L ti<b2(L+l)> /IO(bL-i-Z) b%(m—l)

2L Jo A2L\|log b |? A2L+1log by |?
) b%(LJrl)(t) _|_ft by (L2—1+ C )b%(LJrl)
~ A2L(t)|log by (1) |2 o AL+l L? |log by| |logb1|2’

and we obtain the bound

/z b bf(L“) - bf(L“)(t)
o AMFlog b2 ™ AL (1) [log by (1>
and therefore,

K . K] b2(L+1)(t) K bz(L+1)(t)
Vieg M |10gb1(t)l2 = 2 [loghy (1)
Step 3: Improved bound on &,. We now claim the improved bound on the intermediate energies: for
2<k<L,

Err1() S |:1 + (4-6)

& < b "V log by [CHK/2, 4-7)

This follows from the monotonicity formula, for 2 <k < L,

d| & by|log by |€ e
E{ ,\Zkk—Z} =C 1,\25_11 (V&1 + b} 45O g (4-8)

for some universal constants C, § > 0 independent of the bootstrap constant K. Estimate (4-7) will be
proved in Appendix D. We integrate the above monotonicity formula (K /2 comes from /&) and obtain

1+2(k De

& <b2(k 1)cl|10gb |C+K/2 2 2k= 2(t)f |logb1IC+K/2. (4-9)

AZkfl
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In this case, we directly substitute A and b; with functions of s since the possible large coefficient can be
absorbed by [log 5{|€. From (4-1), (2-114) and (2-118),

plH2t=De s plH2tk=Dyei
}\’Zk 2(f)/ )sz - |10gb1|C+K/2 dt = )\2](*2(5,) 1)\‘2]{72 |10gb1|C+K/2 do
50
< (10gS)C+K/2 s 1 J
N T 20 Der e
50
< b * D 1og by | CHKL2, (4-10)

However, these improved bounds (4-7) are inadequate to close the bootstrap bounds when ¢ = L (3-26)
and when £ = L — 1 (3-27) due to the logarithm factor. In these cases, we employ alternative energies
defined by
Eo 1= (Be, 80) + (Be—1, Bem1). (4-11)
We can easily check that
Ee=E+ 0BT |logh ).

Then we have the monotonicity formulae

d[_E bi‘llogbi [P\ | _ by llog by’
dt | a26-2 226-2 = 261

Integrating (4-12), the initial bounds (3-21) and the bootstrap bounds (3-26), (3-27) imply

) bflloghiP() SO+ OlloghOF (b llogbl® L e
WD ()~ T 22y 220D (0) A T( logby| + /&) dt

t bZHIlogb]I‘S/ s 1 K
<1 A= ar <1 / do < 2.
~ +/0 7 R ; o (log o) /T3 oS >

(b [log b1| + /E). (4-12)

The monotonicity formulae (4-8), (4-12) are proved in Appendix D.

Remark. We remark that the exponent 1 +2(k — 1)c; of b; in (4-9) can be replaced by 146 +2(k —1)c;
for some small § > 0 when 2 <k < ¢ — 1, so we can improve the bound (4-10) to bz(k 1Wréﬂogb €.
Hence, for 2 < k < £, we get the uniform bounds

& A2, (4-13)
Step 4: Control of stable/unstable parameters. We make use of the modified modulation parameters

b= (b1,...,br1, I;L) with 15L given by (3-41) and the corresponding fluctuation V= Py U , Where
U= (U, ..., U, is defined by

U N
——k  —he—bt, 1<k<L.
sk(log s)#
We note that the existence of V (sg) in Proposition 3.2 is equivalent to the existence of V(so) from the
remark on page 2453 and (3-42) in view of

|V — VI < stllogs|Plby —by| < stllogs|PpET=C0 < — (4-14)

~ 12
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Hence we can replace V for all the V of the initial assumptions (3-22), (3-24) and bootstrap bounds
(3-28), (3-29) in Section 3.3. In particular, we replace the assumption (3-31) with

§* <00 forall (Va(so), ..., Vi(so)) € B, (4-15)

where §* denotes the modified exit time to indicate that V has been changed to V.

We start by closing the bootstrap bounds for the stable parameters b;, (for the case £ = L — 1) and Vi,
then we rule out the assumption of the unstable parameters (172 (s),..., % (s)) via showing a contradiction
by Brouwer’s fixed point theorem.

(i) Stable parameter by when £ = L — 1: Recalling Lemma 3.4, we have

~ ~ VErLt
|(br)s + (L —14cp)b1br| S —F——. (4-16)
Y Togbi]
Note that c; = (L —1)/(L —2) and by ~ c¢1/s +d; /(s logs). Then, from (3-28) and (4-16),
~ 3/2\ ~
i(s@*“Cl (logs)*2by) = sE=D= dog )32 ((L — 1)cy +—/ by
ds log s
(L—D)ey 3/2 - VEL+
-5 (log s) ((L —1+cpL)b1br + O(—))
V|logbi|
1 1
— (L=Dei—1g 320
’ (log) (sL(logs>l+ﬁ - sL(logs>3/2>
— O(S(L_I)CI_L_I).
We integrate the above equation and estimate using the initial condition (3-22)
by (5)] < bEH1=CP 4 SéLil)cl(IOg 50)*/2|br(s0)| 1+ (so/s)LDe—L __ 12
LRI~ s=Dei(log 5)3/2 sL(logs)3/2 ~ sL(logs)?
with the fact (L — 1)cy > L. Here, we choose 8 = %.
To control the modes \7, we rewrite (2-119) for our b as follows:
U),— AU =0 ! 4-17
W=l = 0\ Gogsys o

using (2-122) and Lemmas 3.3 and 3.4. Here, the reduced exponent % comes from (4-16). By the
definition of V, (4-17) is equivalent to

~ ~ 1
S(V)S—D(V= O(W>, (4'18)

where Dy is given by (2-121).
(i1) Stable mode Vi: The first coordinate of (4-18) can be written as

~ ~ ~ 1
s(VD)s+Vi=(6Vi)s = 0(w>-
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Hence we improve the bound for Vi (s) from the initial assumption (3-22):

~ 50~ c [° dt 1
V < |V, — —_— < .
| l(s)l ~ g | 1(S())| + s N (10g _L_)3/2_ﬂ )

(iii) Unstable mode ﬁk, 2 <k < {: Our goal is to construct a continuous map f : B — ST defined as

F(Vas0), - -, Velso)) = (Va3), ..., VeB™).
The assumption (4-15) yields that f can be well-defined on B¢~! and the improved bootstrap bounds
give the exit condition (V»(5%), ..., V,(5%)) € St
We obtain the outgoing behavior of the flow map s +— (\72, e, 17@) from (4-18): for all time s € [sg, §*]
such that Y°f_, V2 > 3

b4 £ L .
45 92) = AR W B v - ]
e (Z%)—zg(vosv,—s Z[E_lv,- +0((10gs)3/2—/3)i| > 0. (4-19)

i=2 i=2

We note that (4-19) implies two key results. First, (4-19) allows us to prove the continuity of f by

showing the continuity of the map (\72 (s0), ..., % (s0)) — §* with some standard arguments (see [Cote
et al. 2011, Lemma 6]).
Second, if we choose s = sg and (Vz(so), Cee, Vg(so)) e S 1, we have Zfzz f/;.z(s) > 1 for any s > 50,

and so §* = sp. Hence f is an identity map on S¢~! itself, which contradicts to Brouwer’s fixed point
theorem. ]

4.2. Proof of Theorem 1.2. Recall that there exists c(ug, ig) > 0 such that

_ c(ug, o) 1
Als) = 51 (log 5)" [1 + 0(—(logso)ﬂ—1)]’

Using T —t =fsook(s)ds < 00, we have T < o0 and
(T — )" = ¢ (uo, itg)s " (log )/ P14+ 0,7 (1)] = ¢ (uo, o)A () (log )[1 + 0,7 (1)].

Therefore, we obtain
(T -1
llog(T — )] /=1

The strong convergence (1-13) follows as in [Raphaél and Rodnianski 2012].

A(t) = " (uo, 1io) (1407 (D]

Appendix A: Coercive properties
We recall that @, = (P, 0)’, and hence the orthogonality conditions (3-5) are equivalent to
(e, H'®y) = (5, H'®y) =0, 0<i=<z(L—1). (A-D)

In this section, we claim that the above equivalent orthogonality conditions yield the coercive property of
the higher-order energy & 41:

Er+1 = (Ex+1, Ek+1) + (ks k), 1<k <L. (A-2)
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L+1

Our desired result is deduced from the coercivity of {||v,, || 2} m—; under the orthogonality conditions

(v, Hoy)=0, 0<i<|im-D]. (A-3)

First, we restate Lemma B.5 of [Raphaél and Schweyer 2014], which established the coercivity of ||v, ||i2
when m is even. For the rest of the paper, we use [RS14] to abbreviate this work.

Lemma A.1 (coercivity of ||v2k+2||2Lz). Let0<k < %(L —1)and M = M(L) > 0 be a large constant.
Then there exists C(M) > 0 such that the following holds. For all radially symmetric v with

lvakt1 [
/|v2k+2| +[ A+

+Z/ |U2t 1| + |v2,| > (A_4)
5 0+ llog yP)(1+yHE0) T yE(1 4 Jlog yP)(1 4+ yHED)

(we write v_1 = 0) and (A-3) for m =2k + 2, we have

2

’ V21l
v >C(M _—
f' el = CC ){/y2<1+|logy|2>

[voi—1] |U21|2 i|}
+ — + - . (A-5
;0/ [yéa T ilog (1 4376 D) T 30+ log y(1 4y [ A

We additionally prove the coercivity of ||vy, ||i2 when m is odd, which is an unnecessary step in [RS14].

Lemma A.2 (coercivity of ||vpri IIiz). Let1 <k < %(L — 1D and M = M(L) > 0 be a large constant.
Then there exists C(M) > 0 such that the following holds. For all radially symmetric v with

lvae |? lvak—1]?
[v2k 1|2+f + |
/ - y? y*(1 + [log y|?)
k—1 4|2

[vai—1] vy
+ . T |
; / yO(1 +[log y[>) (1 4 y4*k=D=2) = y4(1 4 [log y|>)(1 + y**k=)=2)

<00 (A-6)
(we write v_1 = 0) and (A-3) form =2k + 1, we have
2 2
’ [vox | [vok—1l
v >CM +
/' 2wt ( ){/ 2 y*(1+|logyl?)

— |vai—1]? |vai |2 “
+ - + : . (A7
2/ [y6<1+|10gy|2>(1+y4<kM) Wi +llogyP) (1 4y [ AP

Remark. The case k = 0 is nothing but the coercivity of H described in Lemma B.1 of [RS14].

Based on the induction on k introduced in the proof of Lemma B.5 of [RS14], Lemma A.2 can be
deduced from the following two lemmas, corresponding to the cases k =1 and k — k + 1.
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Lemma A.3 (coercivity of ||vs ||i2). Let M = M (L) > 0 be a large constant. Then there exists C(M) > 0
such that the following holds: for all radially symmetric v with

/|v3|2+/ |v2|2+/ lug]? +/ lv|? o
y? y*(1+ [log y|?) yH 1+ [log y[») (14 y?)

(we write v_1 = 0) and (A-3) for m =3, we have

/Iv 2 >C(M){/| CIR— f v } (A-8)
y*(1+ [log y[?) y*(1 +[logyH)(1+y?) )

Proof. From the coercivity of H, we have

. foaP _
lv3|” = (Hvz, v2) = C(M) Ea (A-9)

To prove the rest of (A-8), we claim the following weighted coercive bound:

/ |Hvl|? (){/ v|? L AP } (A-10)
Y2 (1 +Jlog yP) Y41+ logyH)(1+y?) — y4(1 +logy») |’

By proving Lemma B.4 in [RS14], it is sufficient for (A-10) to prove only the subcoercivity estimate

/ |Hol? f |97v)? +/ |9y v)?
Y2(1+llogy?) ~ ) y2(1+llogy) ) y*(1+[logyP)(1 +y?)

+/ i CU |8yv|2+f il ] (A-11)
y4(1 +[log y[2)(1 4+ y?) 1+y° 1+y8 |

Unlike the region y < 1, which can be directly proved by borrowing the proof of Lemma B.4 in [RS14],

we remark that (A-11) required some cautious estimates in the region y > 1: we have

|I’IU|2 |ay(yayv)|2 2 v
2 n = 7 N WI"A| = 2
y=1 y=(I+1logy[®) = Jy=1 y* (A +1logy[?)  Jy=1 y*(1+1log y|*)

+/ VAl C/ 10,02+ v, (A-12)
S U v y -
y>1 yo(l+ |10g)’|2) 1<y<2 Y

where V (y) = 1 —8y?/(1 + y?)? is the potential part of H. Using the sharp logarithmic Hardy inequality
employed in the proof of Lemma B.4 of [RS14], we obtain

3y (yd,v)|2 1
/ SR _f |U|2A(ﬁ) - _C/ 3ol -+ P
y>1 y (1+|10gy| ) y>1 y (1+|10gy| ) I<y<2

Now we employ the additional positive term in (A-12) with the asymptotics of the potential V (y) =
1+0(py ) fory=>1,

[ R o v cf v -
y=1 Yo(1 +logy[?) — y=1 Yo(1+|log y|?) 1+y8
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Lemma A.4 (weighted coercivity bound). For k > 1 and radially symmetric v with

/ El§ . |Av|? (A-13)
< o0 -
Y1+ log y[H (1 +y%+2) © yo(1+ [log y|H) (1 + y*=2)

and
(v, Py) =0,

we have

|Hv|?
/ Y1+ [log y|2) (1 + y*=2)
>C(M){/ i n |AvP” } (A-14)
- Y1 +[log y[2)(1+ y*+2) © yo(1 + [log y[2)(1 + y*=2)
Proof. We can prove (A-14) easily by replacing all 4k in the proof of Lemma B.4 of [RS14] with 4k — 2
since the range of our k is k > 1. O

From the previous lemmas, we obtain the coercivity of & .
Lemma A.5 (coercivity of 41). Let 1 <k <L and M = M(L) > 0 be a large constant. Then there
exists C(M) > 0 such that
Ek+1 = (&k+1, Ekv1) + &k &k)
2 2

k k—1 .
lei / |&i }
M : : . (A
= )[g/y2(1+y2<"‘1>)(1+llogy|2)+i§ P+ 0y 1 logy®y | A

Remark. The finiteness assumptions (A-4), (A-6) and (A-13) for (A-15) are satisfied from the well-
localized smoothness of the 1-corotational map (®, 9, P) (see Lemma A.1 in [RS14]).

Appendix B: Interpolation estimates
In this section, we provide some interpolation estimates for &, i.e., the first coordinate part of €. We will
employ these bounds to deal with NL(e) and L(¢) terms in the evolution equation of & (3-8).

Lemma B.1 (interpolation estimates). (i) For y <1, & has a Taylor-Lagrange expansion

(L+1)/2

&= E ¢ciTpy1-2i +rs,
i=1

where T,; is the first coordinate part of Ty; and
leil SCMVEL1,  105rel S CM)y" ¥ logy|v/EL1, 0<k<L.
(ii) Fory <1, e satisfies the pointwise bounds
el S CODY Fllog yIVELyT, O<k<L-1,
leLl £ C(M)VEL11,
9%e] < M)y log ylVEr1. 0<k<L.
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(iii) For1 <k <L and0<i <k,

1+ |log y|¢ ) - e |2 Cu2m
— s lEl H19elN + | = S log by |=by™
/ 1+ yZ(k—H—l) ! Y yk—t Lo(yz1) 1
where
ke fl<k<L-2,
miy1 =14 L ifk=L—1,
L+1 ifk=L.
Proof. 1t is provided by the proof of Lemma C.1 in [RS14]. ]

Appendix C: Leibniz rule for 4%

Unlike [RS14], we encounter some terms in which 9, is applied more than once to AX, such as 8,,(./4]){),
oy (AQ)BI(HAJ ), etc. To control those terms, we recall the asymptotics

1
0, (AS) () = /\k+lz<l>(“(y)ﬁ(y) LRGBS S e (C-1)

which were introduced in Appendices D and E of [RS14]. We note that near, the origin, d>§’lk) satisfies

CI)(l)(y) _ Zgzo c,;k,,,yzp + 0 (y*N*2), k —1i is even, (c-2)
ok SN ik py? P+ OGN, k—iis odd.
Based on the above facts, we can obtain the following lemma.
Lemma C.1. Let | <k < 3(L—1). Then
3 (A f3.r) = WI Z o0 £+ 2 wz Z O (9 fi (v, (C-3)
L—2k k O(b%) 3)
0 (A7)0, (Hy) fa(r) = 172 <I> L fi(y), (C-4)
i=0
where | |
2 (3)
|<D (y)|<m, |® (Y)|<m-

Proof. Recalling that 9, (AY) fi = [3;, 9, (A")] f5 and

t

A A
TP i) = wl @D ODA L), 8Py ==L (AD);,

we get (C-3) since

At At ()2
[a,, T ,(cbfl,i)mk}f T @UOALf — o (@0t

o (PLOAB (A £

)"tl‘
= TP WA + )JE+2 Zcbl,k(y)f,(y)
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where

@i j NS Tk
Moreover, we can easily check that d31(2k) satisfies (C-2) because the scaling generator A preserves the
asymptotics near the origin as well as at infinity.

To prove (C-4), we need to justify the terms of the form A’ o ®.A/. When j is an even number, we can
use the Leibniz rule from Appendix D of [RS14]. However, when j is odd, terms such as A o ® A appear,
making the problem a bit more tricky.

Fortunately, our ® from the terms of the form A’ o ®.4%/*! have an expansion

N

q)(y) — Zcpyzp-l-l + 0(y2N+3)
p=0

near the origin since each ®.4%/*! comes from 3, (H}) or d,,(HY), satisfying (C-2). Hence

1427

(Ao @AY f = (AD) foj 11— DDy frj41 = (—3y+ >¢'f2j+1 —®frj12 =Py f2j+1— Pf2j+2,

where @ satisfies
N

Di(y) =Y cpy + 0
p=0

near the origin. If we take A* here,

(Ho ®AYT f = A*(®) frj41 — Pfaj42)

=0y P1) frjt1+ (P — A D) frj 40 — DIy f2j42

1427
=0y P1) foj+1+ (<D1 —0y®— +T<D>f2j+2 + @f2j43,

we can justify A’ o ®A%/*! by iterating the above calculation. O

Appendix D: Monotonicity for the intermediate energy

Proposition D.1 (Lyapunov monotonicity for &). Let 2 <k < L. We have

d| & by|log by|€® e
dr { 32k—2 } = )\%kfl (Ve + b} + 50TV Ve, (D-1)

where C(k), §(k) > 0 are constants that depend only on k and L.

Proof. We compute the energy identity

&k . .
af (W) = (Brwie, we) + By i1, W1

= (3, (A w, wy) 4 (B3 (A, ) 4+ (A F, we) + (AT i), (D-2)
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We can directly estimate the first two terms of the right-hand side of (D-2) by Lemma C.1:

k—1
b
(3 (ADw, wi)| S k‘_1§ (DD, e, e0)]
m= 0

)LZ
biC(M) ———
1+yk+2 m LZ\/g_N )\‘2]( 1 €k+1€ s (D_3)
T . blC (M)
(01 (A5 i, k1) S 1Z| it &) S =25V (D-4)
m=0
Then we conclude (D-1) from the bounds
IA Fll 2 + 1A Fll 2 S billog by |16 + 5y 0T, (D-5)
The last two terms of the right-hand side of (D-2) is bounded by
bi|logby|€ _
1|)L2§_11| (b'f—l—bf(kmk bewy JE. (D-6)

Now, it remains to prove (D-5), and we address it by separating F = (F, ) into four types, as we did
for Step 5 in the proof of Proposition 3.5.

1) 1/~f ;, terms. The contribution of 1} ; terms to the above inequalities is estimated from the global weighted
bounds of Proposition 2.10.

(ii) M\()/d(t) terms. Similar to (ii) of Step 5 in the proof of Proposition 3.5 with the cancellation AT =0
for 1 <i <k and Lemma 2.7, we obtain

L+2 2
/ ATA ,(xB1T>]+ZA’< A i (e SD1| <3
L+2 9S. 2
Z/ AR l|:XBlT +xs Z a_bj] < b P llog by PrERF2,
=i+l !

Hence Lemma 3.3 and the bootstrap bound (3-25) 1mply
bL+l
AN |2 + A Mod ()] 2 < b log by |7 LR T n—— e < B log by [P R
0g
(iii)) NL(e) term: We can utilize the bound (3-78) near the origin. For y > 1, we recall the calculation
and estimates from (iii) of Step 5 in the proof of Proposition 3.5: | A*"'NL(e)|| L2(y=1) 1s bounded by

|10gb1 |Cb;"1+lb:"1+l + |10g bl |Cb’]’”X+]bTY+]b;’lJ+l ,
where I, J, X, Y, Z>1, I +J =k and X + Y 4+ Z = k. From the bootstrap bounds (3-25), (3-27) and
the fact that ¢; > 1, we obtain

— k 14+8(k)+(k—1)c
A NL@) 12021y S log by Wby S by FPOTEDe,

(iv) L(e) term: With some modifications (replacing L by k — 1, for instance), it is proved by (3-85)
and (3-87). ]
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Remark. In step (iii) when k = L, we can avoid the case that either / = L —1 or J = L — 1 by estimating
105~ N1 (&)l 12(y=1y instead of |91~ Ny (&)l Lo(y=1)-

Recall the modified higher-order energies

o~

Eo = (¢, &¢) + (E¢—1, E—1).

We rewrite the flow (3-17) componentwise: for 1 <k < ¢,

0,bx — g = 0, (AW + ALF F\._ 1= 1(F
2 n Ky A e ~ |==F,==|=]) . (D-7)
0wy + Wi42 = 0, (A w + A3 Fa, F2 A A i
Proposition D.2 (Lyapunov monotonicity for £1). Let £ = L. Then we have
d| &L bitflogh P\ | _ bf ' lloghi)®
dt { A2L-2 < A2L-2 = 22L—1 (b7 llog 1| +V/EL), (D-8)
where 0 < § < 1 is a sufficient small constant that depend only on L.
Proof. We compute the energy identity
gL A A — AR - A~ 1= A
a’ (m) = (0, (AD)YD, ) + (3 (AL~ )i, r—1) + (AL Fr, W) + (AL Fo ). (D-9)

We can directly estimate the first two terms of the right-hand side of (D-9) from the bounds (D-3), (D-4)
and the fact € — & = ¢, we obtain the upper bound

biC(M
L~/<9L+1<‘3L +

)\2L71

bElog by (€
)\2L71

bt log by |©
A2L71

VEL +

We can borrow steps (ii), (iii) and (iv) in the proof of Proposition D.1 to estimate the last two terms of the

(D-10)

right-hand side of (D-9) except for the 1& p terms. Also, by Proposition 2.11, all the inner products we
have to deal with are

br(A (s, — xB)Te-1.81),  bL{A" " @sxs, +b1(vX)B) L, EL-1)- (D-11)
From the fact £ = ¢ and AL T, = (—=1)L=D/2A 0, we obtain
A sy = x8) T = (=D D2 (g, — x8,) AQ + (1y, + 1,25,) O (v~ 'log y)).
Hence the bootstrap bound (3-25) yields
(A" (x5, — xB) Tr—1. 8)| = (A" (x5, = xB) TL-1. 8141)]

<y Mgyzy<am, + (ymp, +1y~p)y 'log yl, e141)]
< (llog b1 | + [log b1 )V/EL+1 < b [log by .

Note that & = & +b1(xB, — xB,)Tr. The asymptotics (2-95) imply

AL @5 x8y + b1 (VX ) Bo) Tes €1-1)| < b1l(AF"2(1yepyy" 2 log 1), &1)]
< |logby|v/EL11 < b}t loghy|°.
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To estimate the last inner product, we employ the sharp asymptotics

bllyNBO)

from the fact (b)), = by + O(b%/llog b1|). Using the cancellation ALT; =0 and xB, =1 ony~ By, the
remaining inner product can be written as
2L+1

|log by |

FAR 05Oy T, AR (8, T)) + 0( A (1y~BoTL>IILz> ©-12)

L-1

We can easily check that the second term in (D-12) is bounded by b]zL+1 |log by|. For the first term in

(D-12), we use integration by parts in time to find out the correction for Er:

2

2)»21‘ 1
2

by
= Stz AT G T I

b2
S AT 0 (s Te), AR (s To)) = A5 (A" (xy ) A* (8, T1))

By Lemma 3.3, we conclude (D-8):

2

2A2L 2

2

2)2L-2

b} (L—1Db2x;  bp(br) _
—_y, <2sz 2)||AL ‘<xBOTL)||L2—< ST ALZsz’)nAL "o T2

— L AR (g T 72 — ( AL~ 1<XBOTL>||L2>

by 2L+1
= =577 (bL)s + (L = Dbi1bL) O(llogbi[*) = O (m rllogbil). O

Proposition D.3 (Lyapunov monotonicity for £;_1). Let £ = L — 1. Then we have

d [ & bi* 2llogbi|*\| _ billoghil’
E{AZH + 0( S < =50 loghi] + VELD), (D-13)
where 0 < § < 1 is a sufficient small constant that depends only on L.

Proof. Based on the proof of Proposition D.2 with Proposition 2.12, all the inner products we have to
deal with are

b (A" (s, — xB) T-1. 1), bL1 (A" @Qsxp, + b1y X)) TL-1. 8-1)
br_1(A*2H (xp, — xB) 1. é1-2),  br(A"2@sxp, + b1 (A ) B) L, é1-2).
By additionally considering ¢ = ¢ +br_1(x8, — XB,)TL—1, We can estimate the above inner products

similarly to (D-12) due to the derivative gain AX~>H = A’ and the logarithmic gain [log b;|~# from the
bootstrap bound (3-28) for b; when £ = L — 1. The exact correction term is given by

bi_, L-1 2
— 0 (m”v‘t (XBOTL—I)”LZ)- O
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We extend the Margulis lemma for manifolds with lower Ricci curvature bounds to the RCD(K, N)
setting. As one of our main tools, we obtain improved regularity estimates for regular Lagrangian flows
on these spaces.
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1. Introduction

The main result of this paper extends the Margulis lemma to RCD(K, N) spaces. Recall that for a
group G, we say an (ordered) generating set 8 = {y1, ..., ¥u} C G is a nilpotent basis of length n if for
all i, j €{l,...,n}onehas [y;, y;1€ ({y1,...,vi-1})

Theorem 1.1. For each K € R, N > 1, there exist ¢ > 0 and C € N such that if (X, d, m, p) is a pointed
RCD(K, N) space of rectifiable dimension n, the image of the map

71(Be(p), p) = mi(X, p)
induced by inclusion contains a subgroup of index < C that admits a nilpotent basis of length < n.

From [Kapovitch and Wilking 2011], Theorem 1.1 is known to hold when X is a smooth Riemannian
manifold. On the other hand, Breuillard, Green and Tao [Breuillard et al. 2012, Corollary 11.17] proved
that, after quotienting by a finite normal subgroup, Theorem 1.1 holds in more general metric spaces with
nice packing properties.

The proof strategy of Theorem 1.1 is similar to that of Kapovitch and Wilking, including a reverse
induction argument (see Theorem 1.14). Nevertheless, there are quite a few technical challenges to
generalizing their arguments to a nonsmooth framework. An important tool used in [Kapovitch and
Wilking 2011] is the gradient flow of smooth functions with suitable integral Hessian bounds and their

MSC2020: 53C21, 53C23.
Keywords: regular Lagrangian flows, Margulis lemma, RCD spaces.
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associated regularity estimates. In the nonsmooth framework, these gradient flows are by necessity
replaced by the regular Lagrangian flows (RLFs) of Sobolev vector fields. Intuitively, RLFs are the
appropriate notion of flows in a context where pointwise defined flows do not make sense and might not
be unique. When restricted to smooth vector fields on Riemannian manifolds, RLFs coincide with the
classical flows almost everywhere.

Several regularity results have been obtained for RLFs in [Brué¢ and Semola 2020a; 2020b; Brué et al.
2022], but are not quite strong enough to give the necessary estimates; see the discussion at the end of
Section 1.1 for more details. The main technical contribution of this paper, therefore, is to establish new
regularity estimates for regular Lagrangian flows on the RCD(K, N) spaces. These estimates match the
effective estimates known for smooth manifolds with a Ricci curvature lower bound. We mention that
related estimates of this type have also been employed successfully in other works to study the structure
of Ricci limit spaces (see [Cheeger and Colding 1996; Colding and Naber 2012; Kapovitch and Li 2018])
and RCD(K, N) spaces (see [Brué and Semola 2020b; Deng 2020]).

For the rest of the paper we shall assume some basic familiarity with the theory of RCD(K, N) spaces,
and in particular that of its first and second order calculus framework. We refer to [Sturm 2006a; 2006b;
Lott and Villani 2009; Ambrosio et al. 2014a; 2014b; 2015; Savaré 2014; Gigli 2015; Mondino and Naber
2019; Gigli 2018; Brué and Semola 2020b], among others, for a detailed treatment.

1.1. Main regularity estimates on RLFs. Let us first define regular Lagrangian flows [Ambrosio 2004;
Ambrosio and Trevisan 2014] and maximal functions [Stein 1993].

Definition 1.2. Let (X, d, m) be an RCD(K, N) space, T > 0, and let V : [0, T] — L? (TX) be a

loc

time-dependent vector field. A Borel map X : [0, T] x X — X is called a regular Lagrangian flow (RLF)
to V if the following holds:

R.1 Xp(x) =xand [0, T] >t — X,(x) is continuous for every x € X.
R.2 For every f € TestF(X) and m-a.e. x € X, t — f(X,(x)) is in w10, T1) and

%f(X,(x)) =df(V())(X;(x)) forae. te[0,T]. (1.3)

R.3 There exists a constant C (V) such that (X;),m < Cwm for all ¢ in [0, T'].

Definition 1.4. Let (X, d, m) be an RCD(K, N) space, R > 0, and & : X — R' measurable. The
R-maximal function Mxg(h) : X — R is defined as

Mxg(h)(x) ;== sup f hdm.
0<r<R J B,(x)

For simplicity, we denote Mx; by Mx.

The following regularity result is our substitute for smoothness in the context of regular Lagrangian
flows. Roughly speaking, it establishes that for a vector field V, if one has enough integral control
on Mx(|VV]) along most flow lines that start in a ball B, then the RLF of V maps most points of B to a
ball of similar scale. Theorem 1.5 will be later used as a base of induction to produce stronger quantitative
estimates along flow lines in Section 5.
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Theorem 1.5. Let p >0, T >0, L > 1, D >0, (X,d,m) an RCD(—(N — 1), N) space, V €
L'([0, T, Hé:z(TX)) a vector field with ||V (t)|lco < L and ||div(V(t))|lco < D for all t € [0, T],

X:[0,T]x X — X its RLF, and define H : X — Ras H(y) := fOT Mx,(IVV(@))(X(y)) dt. Then there
are5(D,T,N) >0, M(D, T, N) > 0, such that if x € X satisfies

5 m({y € B,(x)|H(y) > 3})
im sup <3
r—0 m(B,(x))

then there is ry < p/100 and a representative X: [0, T] x X — X of the RLF to V such that for allr <r,
the following holds:

S.1 There is A, C B, (x) withm(A,) > 3 m(B,(x)) and

(1.6)

X.(A,) C By (X,(x)) forallt €[0,T].

S.2 Forallt €0, T], ~
Mm(Br (x)) =m(B,(X;(x))) < Mm(B,(x)).

Moreover, X can be chosen so that any point x € X satisfying (1.6) also satisfies S.1 and S.2 for r
sufficiently small (depending on x).

For smooth vector fields on Riemannian manifolds, the previous result follows immediately from the
infinitesimal to local property in differential calculus (see [Kapovitch and Wilking 2011, Lemma 3.7;
Colding and Naber 2012, Proposition 3.6]). This issue is far more delicate in the nonsmooth setting since
one cannot perform infinitesimal calculus pointwise. To overcome this, we directly obtain quantitative
estimates on all scales using some new technical arguments developed in [Deng 2020], which builds on
the ideas of [Kapovitch and Wilking 2011; Colding and Naber 2012].

The proof of Theorem 1.5 uses a similar technique as [Deng 2020, Lemma 5.1], generalizing it to a
wider class of flows. However, in order to successfully use it to perform the topological arguments required
for Theorem 1.1, we need to adjust the RLF to obtain the appropriate representative X mentioned at the
end of the theorem, while in [Deng 2020] the flow one initially works with is already good enough for the
required application (roughly this is because, in [Deng 2020], one can show that the flows starting from
close to a given point should always limit in some sense to a geodesic, which can be identified canonically
and without ambiguity, whereas in this work, all objects considered are defined “almost-everywhere” and
there was no natural canonical limit to begin with).

Definition 1.7. Let M (1, T, N) > 0 be given by Theorem 1.5, (X, d, m) an RCD(—(N — 1), N) space,
V:[0,T]— LIZOC(TX) a vector field, and X : [0, T] x X — X its RLF. We say that x € X is a point of
essential stability of X if there is r, > 0 such that S.1 and S.2 hold for all » < r,.

Corollary 1.8. Foreach N > 1, T >0, D >0,r >0, L > 0and ¢ > 0, there are R > 1, n > 0, such that
the following holds. Let (X, d, m, p) be an RCD(—(N — 1), N) space, V € Hé’j(TX) a vector field with
1Vlieo <L, ||div(V)|leo < D,and X : [0, T] x X — X its RLF. Assume that for all s € [1, R] one has

f IVV2dm <.
Bs(p)
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Then if G C X denotes the set of points of essential stability of X, one has

(GNB:(p) = (1 —&)m(B-(p)).

We remark that for noncollapsed RCD (K, N) spaces, a version of these regularity results were obtained
in [Brué et al. 2022] using alternative methods relying on estimates of the Green’s function, which cannot
be readily applied in collapsed cases. Moreover, the use of the Green’s function in [Brué et al. 2022]
resulted in the dependence of various estimates on nonstructural information such as the space itself,
somewhat inevitably since the Green’s function naturally contains global information about X. This
is undesirable for the application at present since we will need to consider sequences of RCD spaces
and therefore cannot make use of estimates which depend on the space. Indeed this dependence can be
avoided by adapting the scheme of [Deng 2020]. We point out that the advantage of using the Green’s
function in the noncollapsed setting is that one obtains optimal infinitesimal Lipschitz estimates [Brué
et al. 2022, Theorem 1.6], which does not seem to be readily obtainable using the methods employed here.

1.2. Induction theorem. In this subsection we state Theorem 1.14; our main technical result from
which Theorem 1.1 follows. Recall that for a semilocally simply connected space X, we can identify its
fundamental group 711 (X) with the group of deck transformations of its universal cover X.

Definition 1.9. Let X be a semilocally simply connected geodesic space and X its universal cover. We
say a function f : X — X is of deck type if there is an automorphism f, € Aut(mr;(X)) such that for all

g €m1(X) and x € X, one has f(g(x)) = f.(8)(f (x)).
Example 1.10. If f € 7;(X), then it is of deck type with f,(g) := fogo f~L

Definition 1.11. For metric spaces X, Y, a function f : X — Y, and r > 0, the distortion at scale r is
defined as the map dt, (f) : X x X — [0, r] with

dt, (f)(x1, x2) :=min{r, |dx (x1, x2) —dy (f (x1), f(x2))]}.

If X is equipped with a measure m, we say that x € X is a point of essential continuity of f if there
exists rg > 0 such that for all » < ry there is a subset A, C B,(x) with m(4,) > %m(Br(x)) and
f(Ar) C By (f(x)).

The next definition is a nonsmooth version of the maps with zoom-in property from [Kapovitch and
Wilking 2011]. Although the notion is very technical, these are precisely the properties present in gradient
flows of §-splittings (and as we will show, also in the RLFs of §-splittings in the RCD setting).
Definition 1.12. Let (Xl.j, a’l.j, mlj pl.j), j €{1, 2} be two sequences of pointed RCD(K, N) spaces. We
say that a sequence of measurable functions f; : [X l.l, pl.l] — [X 1_2’ pl.z] is good at all scales (GS) if there
is a sequence of measurable functions fl._] : [Xiz, pl.Z] — [X i], pil] such that fi_] o fi = Idy: almost
everywhere and f; o fl.’l = IdX[2 almost everywhere, satisfying the following: l

(1) (fi)e(m}) <m? and (f;")s(m?) < m! for all i.

(2) There is Ry > 0 and sequences S/ C Bi(p!) for j € {1,2} with m/(S}) > 1m/(Bi(p))) and
fi(S C Bry (D), £;71(S7) C Bry(p)).
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(3) There is a sequence &; — 0 and sequences of subsets Ul.j cX f for j € {1, 2} such that:
(a) The points of Ul.1 (resp. UI.Z) are of essential continuity of f; (resp. fi_]).
(b) fi (resp. fi_l) restricted to Ul.1 (resp. Ul.z) is measure preserving.
(c) Forall R > 0 and j € {1, 2}, one has

om0 Br(p])

. . 1.
i=oe m{(Br(p))

(d) For all xl.1 € Ul.l, xi2 € Ul.z, r <1, one has
f dt.(f)(a, b)d(m} x m})(a, b) < &;r,
Br(xl‘l)xz

dt, (f7 " (a, b)d(m? x m¥)(a, b) < &;r.
By o

Definition 1.13. Let I" be a group, G < I" a subgroup admitting a nilpotent basis 8 = {yy, ..., Y.}, and
¢ € Aut(I"). We say that ¢ respects f if it preserves ({y1, ..., ¥}) for each m, and acts trivially on
<{y15 ] )/I’H}>/({y19 ML Vm—1}> for eaCh m.

Theorem 1.14. Let (X;, d;, m;, p;) be a sequence of pointed RCD(—%, N ) spaces of rectifiable dimension
n and a pointed compact metric space (Y, y) of diameter D for which the sequence (X;, p;) converges
in the pointed Gromov—Hausdorff sense to (R* x Y, (0, y)). Let X, be the sequence of universal covers,
Di € X, in the preimage of p;, Ui < m(X;) be the group generated by the elements g € w(X;) with
d(gpi, pi) <2D+1, and for each j € {1, ..., ¢}, f;: [X;, pil—> [X:, pil a sequence of deck type maps
with the GS property. Then for some C > 0 and i large enough, I'; contains a subgroup G; < T'; with the
following properties:

o I, Gil = C.
o G; admits a nilpotent basis B; of length <n — k.
o (f;.0)S" respects B; for each j.

Naber and Zhang [2016, Appendix A] proved a blown-down version of Theorem 1.14 for Riemannian
manifolds. The techniques they used to obtain this version from Theorem 1.14 (also present in [Kapovitch
and Wilking 2011]) apply to RCD(K, N) spaces, giving the following result.

Corollary 1.15. Let (X, d, m, p) be a pointed RCD(K, N) space of rectifiable dimension k. Then there
is € > 0 such that if a pointed RCD(K, N) space (X', d’',w', p') of rectifiable dimension n satisfies

deu (X', p'), (X, p)) <e,
then the image of the map
m1(Be(p)), p") — mi (X', p)

induced by inclusion contains a subgroup of index < C (X, p) that admits a nilpotent basis of length <n—k.
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1.3. Main ideas of the proof. A natural approach to prove a result like Theorem 1.1 is to consider a
contradicting sequence of pointed RCD(K, N) spaces (X;, d;, m;, p;) of rectifiable dimension n, and
¢; — 0 for which the group I'; := j, (7w (B, (pi), pi)) does not contain a subgroup of index <i admitting
a nilpotent basis of length < n, where j,. : m1(Bg, (p;i), pi) — m1(X;, p;) is the natural map induced
by inclusion. After slowly blowing up and taking a subsequence, one can assume the universal covers
(? i di, ™y, pi) converge in the pointed measured Gromov—Hausdorff sense to a pointed RCD(0, N) space
(X, d,m, p), and the actions of I'; on these spaces converge equivariantly to a Lie group I' < Iso(X).

From here, it would be easy to obtain via well-established techniques that the identity connected
component I'yg < I" is nilpotent and [I" : I'g] < oo. This nice behavior can be traced back to the groups I';
using Gromov—Hausdorff approximations v; : I'; — I'. This would finish the proof, if not for the
possibility that there may be subgroups H; < I'; too small for the Gromov—Hausdorff approximations to
detect them. Recall that while a sequence of Gromov—Hausdorff approximations describes very well the
geometry of a sequence of spaces at a certain scale, it fails to see

o features that are too small,
« features that are too far from the basepoints.

To remedy the issue of having subgroups H; < I'; which are too small, one could blow up the sequence
by factors A; — o0 to a scale at which the groups H; are visible, and again take a subsequence in such a
way that the actions of I'; on the spaces (X;, hid;, Wy, pi) converge equivariantly to a Lie group I'" acting
by isometries on a new limit space (X', d’, m’, p’). The problem with doing so is that relevant elements
of the original group I'; may be sent too far for the new Gromov—Hausdorff approximations ¢’ : I'; — I/
to see them.

In order to understand how the elements of H; interact with the elements lost due the blow-up, we
need to bring these elements back by homotopy. For this purpose, the gradient flow of semiconcave
(resp. harmonic) functions is used in [Kapovitch et al. 2010] (resp. [Kapovitch and Wilking 2011]). In the
setting of RCD(K, N) spaces, the regular Lagrangian flows play the role of such tools. However, since
this process has to be done multiple times, without prior knowledge about scale and location, one needs
to control the regularity of such flows at all small scales. This is the reason for the technical nature of
Theorems 1.5 and 1.14. The maps f;; in Theorem 1.14 are precisely these isometries in I'; that were
sent too far and then brought back by composing them with an appropriate regular Lagrangian flow.

1.4. Open problems. In the context of Theorem 1.1, it has been conjectured that the nilpotent group
can be taken so that its torsion lies in its center. This is not known even for Riemannian manifolds of
sectional curvature > K /(N — 1) [Kapovitch et al. 2010; 2018] (see also [Fukaya and Yamaguchi 1992,
Conjecture 0.16]).

Conjecture 1.16. For each K € R, N > 1, there exist ¢ > 0 and C € N such that if (X,d,m, p) is a
pointed RCD(K, N) space of rectifiable dimension n, the image of the map

T (Be(p), p) — mi(X, p)

induced by inclusion contains a subgroup of index < C whose torsion elements are contained in its center.
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On the other hand, it is also a very challenging problem to find an explicit expression for C(K, N) in
Theorem 1.1. Such an expression hasn’t been found even for Riemannian manifolds of sectional curvature
> K /(N — 1) (see [Kapovitch et al. 2010]).

1.5. Structure of the paper. In Section 2, we cover the background material we will need. In Section 3,
we prove Theorem 3.1, which provides us with subgroups Y; < I'; that play the role of identity connected
components in the discrete groups I';.

In Section 4 we prove Theorem 1.5 and Corollary 1.8, allowing us to find points of essential stability,
and in Section 5 we study how essential stability allows one to obtain stronger estimates. In Section 6 we
prove properties of GS maps, and in Section 7 we give two ways to construct GS maps (cf. [Kapovitch
and Wilking 2011, Section 3]).

In Section 8 we show Theorem 8.1, reducing Theorem 1.14 to the case ¥ # {x} (cf. [Kapovitch
and Wilking 2011, Section 5]). In Section 9 we prove Theorem 1.14 and with it Theorem 1.1 and
Corollary 1.15.

2. Preamble

2.1. Notation. For a set A, we denote by A*Zthe set A x A. If A C X, we denote by x4 : X — [0, 1] the
characteristic function of A. For a group G and g € G, we denote by g, € Aut(G) the map i +— ghg~'. For
metric spaces (X, dx) and (Y, dy), we denote by X x Y the L? product. That is, for x1, x, € X, y1, y» €7,

dxxy (X1, Y1), (r2, 2)) 1= Vdx (x1, x2)* +dy (31, y2)*-

We say a pointed metric measure space (X, d, m, p) is normalized if

/ (1—-d(p,-))dm=1.
Bi(p)

For m e N, we denote by R™ the m-dimensional Euclidean space equipped with its usual metric, and by H™
the m-dimensional Hausdorff measure for which the metric measure space (R™, H™, 0) is normalized.
To a metric space (X, d), we can adjoin a point * at infinite distance from any point of X to get a new
space we denote by X U {x}. Similarly, to any group G we can adjoin an element x whose product with
any element of G is defined as *, obtaining a binary operation on G U {x}.
We write C(«a, B, y) to denote a constant C that depends only on the quantities «, 8, y.

2.2. RCD(K, N) spaces; doubling, isometries, covers, and geodesics. The main objects of this text
are RCD(K, N) spaces. We note that a large number of papers in the literature work with a condition
known as RCD*(K, N), originally introduced in [Bacher and Sturm 2010]. Since it is now known that
this condition is equivalent to the RCD(K, N) condition [Cavalletti and Milman 2021; Li 2024], we will
make no distinction between them.

One of the most powerful tools in the study of RCD(K, N) spaces is the Bishop—Gromov inequality
[Sturm 2006b].
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Theorem 2.1 (Sturm). Foreach K e R, N> 1, R >0, A > 1 thereis C(K, N, R, 1) > O such that for
any pointed RCD(K, N) space (X, d, m, p), and any r < R, one has

m(By,(p)) = C-m(B,(p)).
Moreover, for fixed K, N, R, if , — 1 then C — 1.

Corollary 2.2. Let (X;, d;, m;, p;) be a sequence of pointed RCD(K, N) spaces and consider a sequence
of subsets U; C X;. Then the following are equivalent:

e Forall R > 0, there is a sequence n; — 0 such that
m; (Ui N Br(pi)) = (1 —ni)mi (Br(pi))-
e Forall R > § > 0, there is a sequence ¢; — 0 such that if x € Bg(p;), one has
m; (Ui N Bs(x)) = (1 —&;)m;(Bs(x)).
In either case, we say that the sequence U; has asymptotically full measure.

Proof. Assume the first condition holds. If the second condition fails for some R > § > 0, then after
passing to a subsequence, there would be ¢ > 0 and x; € Br(p;) with

m; (Bs(x;)\Ui) = € - m; (Bs(x;)). (2.3)
By the triangle inequality and Theorem 2.1, there is C(K, N, R, §) > 0 with

m; (Brys(pi)) <mi(Barys(x)) < C-m;(Bs(x;)). (2.4)

Since Bs(x;) C Bris(pi), combining (2.3) and (2.4) we get

m; (Bris(pi)\U;) > & -m;(Brys(pi))/C,

contradicting our hypothesis.
The other implication is evident by taking § = R and x = p;. (I

The following well-known facts follow from Theorem 2.1 (see [Stein 1993, p. 12; Kapovitch and
Wilking 2011, p. 6]). For definition of maximal function, see for example Definition 1.4.

Proposition 2.5. Let (X, d, m) be an RCD(K, N) space, h : X — R measurable, and R > 0.

(1) Forall § >0, C(E.N. R
m(x € X | Mxp(h)(x) = 8)) < %f hdm
X

(2) Foralla > 1,
[Mxg(h)|le < C(K, N, R, o)||h]q-

(3) Foralla > 1,s < R/2,
MxS(MxS(h)a) S C(K7 Na Ra a)MXR(ha)
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For a proper metric space X, the topology that we use on its group of isometries Iso(X) is the compact-
open topology, which in this setting coincides with both the topology of pointwise convergence and the
topology of uniform convergence on compact sets. This topology makes Iso(X) a locally compact second
countable metric group. In the case (X, d, m) is an RCD(K, N) space, Iso(X) is a Lie group [Guijarro
and Santos-Rodriguez 2019; Sosa 2018].

Theorem 2.6 (Sosa, Guijarro and Santos-Rodriguez). Let (X, d, m) be an RCD(K, N) space. Then
Iso(X) is a Lie group.

The RCD(K, N) condition can be checked locally (see [Erbar et al. 2015, Section 3]). Hence if (X, d, m)
is an RCD(K, N) space and p : X—> Xisa covering space, X admits a unique measure making it an
RCD(K, N) space, and for which p is a local isomorphism of metric measure spaces (see [Mondino and
Wei 2019, Section 2.3]). Whenever we have a covering space of an RCD(K, N) space, we assume it is
equipped with such measure. This allows one to lift estimates on maximal functions [Kapovitch and
Wilking 2011, Lemma 1.6].

Proposition 2.7. Let (X, d, m) be an RCD(K, N), p: ()?, d, m) — (X, d, m) a covering space, x € X,
X € p‘l(x), f : X — R" measurable. Then for all r < R, one has

f (fop)dmn <C(K,N,R) fdm.
B, (%) B, (x)

In particular,
Mxg(fop) <C(K,N,R)-Mxg(f)op.

An important topological property of RCD(K, N) spaces is that they are semilocally simply connected
[Wang 2024].

Theorem 2.8 (Wang). Let (X, d, m) be an RCD(K, N) space. Then X is semilocally simply connected,
so its universal cover X is simply connected and we can identify w1 (X) with the group of deck transforma-
tions X — X.

The following is a well-known equivalence of semilocal simple-connectedness (see for example [Calcut
and McCarthy 2009]). We include its proof for completeness.

Proposition 2.9. Let X be a semilocally simply connected geodesic space. Then for each compact set
K C X there is § > 0 with the property that any two curves a, B : [0, 1] = K sharing endpoints and at

uniform distance < § are homotopic relative to their endpoints.

Proof. By hypothesis, X admits an open cover U/ with the property that each loop contained in an element
of U is contractible in X. It is an easy exercise to check that if U € U, and o1, 07 : [0, 1] — U are two
paths with the same endpoints, then o] and o, are homotopic relative to their endpoints as curves in X.

Consider a compact set K C X. Then there is § > 0 such that 2§ is a Lebesgue number of I/ as a
cover of K. That is, for any x € K there is an element of I/ that contains Bys(x). Then take two curves
o, B:[0, 1] - K with the same endpoints and at uniform distance < §. We claim that they are homotopic
relative to their endpoints as curves in X.
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To see this, take a partition 0 =7y < f; < --- < f = 1 with the property that a(r) € Bs(a(t;)) for
all r € [tj_y1,;], j €{l,...,k}. For j € {1,...,k} define y; : [0, 1] — X to be a curve that agrees
with B along [0, ¢;], with o along [#;41, 1], and along [#;, ;11] is a minimizing curve connecting B(f;)
with «(7;11). Notice that y; = B.

It is then easy to see by induction that « and y; are homotopic relative to their endpoints. Indeed, if
we set ¥ := «a, then for each j € {1, ..., k} the curves y;_; and y; are identical except along an interval
where their images are contained in Bys(c(?;)), and hence in an element of ¢/ and consequently homotopic
relative to their endpoints. O

To conclude this subsection, we note that by the Kuratowski—Ryll-Nardzewski measurable selection
theorem, for any RCD(K, N) space (X, d, m), there is a measurable map

y.(-): X xXx[0,1] - X

such that, for all x, y € X, the map [0, 1] > s = y, ,(s) is a constant speed geodesic from x to y. For
the rest of this paper, for each (X, d, m) we fix such a choice of y. This allows us to state the segment
inequality for RCD(K, N) spaces [Deng 2020, Theorem 3.22].

Theorem 2.10. Let (X, d, m) be an RCD(K, N) space, h : X — R™ measurable, p € X, andr < R. Then

1
f d(x,y)|:/ h(yx,y(s))ds] dimxm)(x,y)<r-C(K,N, R) hdm.
B, (p)*? 0 By (p)

We will also need the following variation of the Lebesgue differentiation theorem (see [Stein and
Shakarchi 2005; Heinonen et al. 2015]).

Definition 2.11. Let (X, d, m) be a metric measure space. We say that a family of measures V on X has
bounded eccentricity if there are M > 1>n > O suchthat v < Mm forallve V,andamap6:V — X
such that for all v € V there is r(v) > 0 with supp(v) C B,(6(v)) and v(B,(0(v))) > nm(B,(0(v))). We
then say that a net v; € V converges to x € X if 0(v;) = x for all large i and r(v;) — 0.

Lemma 2.12. Let (X, d, m) be an RCD(K, N) space, f € L'(m), and V a family of measures of bounded
eccentricity. Then for m-almost every x € X we have

. 1
f) = lim v(X)fod"'

Proof. For o > 0, define

E, = {xeX:limsup ! /f(y)—f(x)dv
X

>2a}.
V—>Xx V(X)

Given ¢ > 0, pick a continuous function g € L'(m) with

If—gllim <e& (2.13)
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For v € V with r(v) <1 and 8(v) = x we have

/X () = F() dv(y)‘

v(X)
5o~ g(y))dv(y)‘ ol R du(y)‘ Flg— Fl (2.14)
Since g is continuous, for all x € X we have
tim | [ 6 - s v =0, 2.15)

To deal with the first summand, we compute
M
— d _— — d —M — . (2.16
() ‘/ (f) =gk v(y)‘ (B ) oo lf ) —g(ldm < . X(If —ghx). (2.16)
Combining (2.14), (2.15), and (2.16), we get

E, C {MX(If g = W}U{If gl=a}.

Then from (2.13) and Proposition 2.5(1) we obtain

C(K,N)M

n—a&

Since ¢ was arbitrary we get m(E,) = 0, and hence the result. U

m(Ey) <

2.3. Gromov-Hausdorf{f topology.

Definition 2.17. Let (X;, p;) be a sequence of pointed proper metric spaces. We say that it converges in
the pointed Gromov—Hausdorff sense to a proper pointed metric space (X, p) if there is a sequence of
functions ¢; : X; — X U {*} with ¢;(p;) — p such that, for each R > 0,

o7 (Br(p)) C Bar(p;) for i large enough,
im  sup  |d(@i(x1), 9i(x2)) —d(x1, x2)| =0,

1730 x1,x2€Bar(pi)

lim sup inf d(p;(x),y) =
i—00 ye Bp(p) ¥EB2R(Pi)

If, in addition, (X}, d;, m;), (X, d, m) are metric measure spaces, the maps ¢; are Borel measurable, and

/ Fd(@)em) — f f-dm
X X

for all f: X — R bounded continuous with compact support, then we say that (X;, d;, m;, p;) converges
to (X, d, m, p) in the pointed measured Gromov—Hausdor{f sense.

Remark 2.18. Whenever a sequence of pointed spaces (X;, p;) converges in the pointed Gromov—
Hausdorff sense to some pointed space (X, p), we implicitly assume the existence of the maps ¢;, called
Gromov—Hausdorff approximations satisfying the above conditions, and if a sequence x; € X; is such that
@i (x;) — x € X, by an abuse of notation we say that x; converges to x.
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The topology induced by this convergence is also given by a metric [Gromov 2007].

Theorem 2.19 (Gromov). There is a metric dgy in the class of pointed proper metric spaces modulo
pointed isometry with the property that a sequence (X;, p;) converges to a space (X, p) in the pointed
Gromov-Hausdorff sense if and only if dgy (X;, pi), (X, p)) = 0.

Remark 2.20. The only property we will need about this metric is that if (¥, y) is a pointed compact
geodesic space for which

der (RF x Y, (0, y)), (R¥,0)) < 155 for some k € N,
then diam(Y) < 11—0.

One of the main features of the class of RCD(K, N) spaces is the compactness property. Theorem 2.21
follows immediately from Gromov’s compactness criterion [2007, Proposition 5.2], and Theorem 2.22
was proven in [Gigli et al. 2015] building upon [Lott and Villani 2009; Sturm 2006a; 2006b; Ambrosio
et al. 2014b].

Theorem 2.21. If (X;, d;, m;, p;) is a sequence of pointed RCD(K, N) spaces, then one can find a
subsequence for which (X;, p;) converges in the pointed Gromov-Hausdorf{f sense to some pointed proper
geodesic space (X, p).

Notice that for any pointed RCD(K, N) space (X, d, m, p), there is a unique ¢ > 0 for which (X, d, cm, p)
is normalized.

Theorem 2.22. The class of pointed normalized RCD(K, N) spaces is closed under pointed measured
Gromov-Hausdorff convergence. Moreover, if (X;, d;, m;, p;) is a sequence of RCD(K — ¢;, N) spaces
such that ; — 0 and (X;, p;) converges in the pointed Gromov—-Hausdorff sense to a pointed proper
metric space (X, p), then X admits a measure m that makes it a normalized RCD(K, N) space, and after
passing to a subsequence, there are c¢; > 0 for which (X;, d;, c;m;, p;) converges in the pointed measured
Gromov-Hausdorff sense to (X, d, m, p).

Definition 2.23. Let (X, d, m) be an RCD(K, N) space and m € N. We say that p € X is an m-regular

point if for each A; — oo, the sequence (A; X, p) converges in the pointed Gromov—Hausdorff sense
to (R™, 0).

Mondino and Naber [2019] showed that the set of regular points in an RCD(K, N) space has full
measure. This result was refined by Brué and Semola [2020b] who showed that most points have the
same local dimension.

Theorem 2.24 (Brué and Semola). Let (X, d, m) be an RCD(K, N) space. Then there is a unique
m € NN [0, N] such that the set of m-regular points in X has full measure. This number m is called the
rectifiable dimension of X.

The Cheeger—Gromoll splitting theorem was extended by Gigli [2014] to this setting.

Theorem 2.25 (Gigli). Let (X, d, m) be an RCD(0, N) space of rectifiable dimension n and assume the
metric space (X, d) contains an isometric copy of R™, then there is ¢ > 0 and an RCD(0, N — m)
space (Y, dY,v) of rectifiable dimension n — m such that (X,d, cm) is isomorphic to the product
(R™ x Y, d¥" x d¥, H" ® v). In particular m < n, and if m = n then Y is a point.
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Corollary 2.26. Let (X;, d;, m;, p;) be a sequence of pointed normalized RCD(—6;, N) spaces with
8; — 0. If (X;, p;i) converges in the pointed Gromov—Hausdorff sense to (R¥, 0), then (X;, d;, m;, pi)
converges to (R¥, d RE gk , 0) in the pointed measured Gromov—Hausdor{f sense as well.

Corollary 2.27 below follows from Theorem 2.25 the same way [Cheeger and Gromoll 1971/72,
Theorem 3] follows from the splitting theorem for smooth manifolds.

Corollary 2.27. Let (Y, d, m) be an RCD(O0, N) space of rectifiable dimension n for which Y / Iso(Y)

is compact. Then there are m < n and a compact metric space Z for which Y is isometric to the
product R™ x Z.

The rectifiable dimension is lower semicontinuous [Kitabeppu 2019].

Theorem 2.28 (Kitabeppu). Let (X;, d;, m;, p;) be a sequence of pointed RCD (K, N) spaces of rectifiable
dimension m. Assume (X;, p;) converges in the pointed Gromov—Hausdorff sense to (X, p). If m is a
measure on X that makes it an RCD(K, N) space, then (X, d, m) has rectifiable dimension at most m.

2.4. Equivariant Gromov-Hausdorff convergence. In the setting of Gromov—Hausdorff convergence,
there is a notion of convergence of group actions [Fukaya and Yamaguchi 1992, Section 3]. For a pointed
proper metric space (X, p), we equip its isometry group Iso(X) with the metric d(f given by

dy (hi, hy) == inf{l + sup d(hx, hzx)} (2.29)
r=0r  xeB,(p)
for hy, hy € Iso(X). It is easy to see that this metric is left invariant, induces the compact-open topology,
and makes Iso(X) a proper metric space.
Recall that if a sequence of pointed proper metric spaces (X;, p;) converges in the pointed Gromov—
Hausdorff sense to the pointed proper metric space (X, p), one has Gromov—Hausdorff approximations
@i X; > X U{x}.

Definition 2.30. Consider a sequence of pointed proper metric spaces (X;, p;) that converges in the
pointed Gromov—Hausdorff sense to a pointed proper metric space (X, p), a sequence of closed groups
of isometries I'; < Iso(X;), and a closed group I' < Iso(X). Equip I'; with the metric a’g "and I" with
the metric dé’ . We say that the sequence I'; converges equivariantly to T" if there is a sequence of
Gromov—Hausdorff approximations ¥; : I'; — I' U {x} such that for each R > 0 one has

lim  sup  sup d(gi(gx), ¥i(g)(pix)) =0.

1700 geBr(Idy;) x€Br(pi)

Isometry groups of proper spaces satisfy a compactness property [Fukaya and Yamaguchi 1992,

Proposition 3.6].

Theorem 2.31 (Fukaya and Yamaguchi). Let (Y;, g;) be a sequence of proper metric spaces that converges
in the pointed Gromov-Hausdorff sense to a proper space (Y, q), and take a sequence I'; < Iso(Y;) of
closed groups of isometries. Then, after taking a subsequence, I'; converges equivariantly to a closed
group I < Iso(Y), and the sequence (Y;/ i, [qi]) converges in the pointed Gromov—Hausdorff sense
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to (Y/T,[q)). Moreover,if p; :Y; — Y;/ i, p: Y — Y/ T are the projections, there are §; — 0, R; — 00,
and Gromov—Hausdorff approximations ¢; : Y; — Y U {x}, ¢; : Y;/ Ty — Y /T U {x} such that for all
X € Bg,(g;) one has

d(i(pi(x)), p(gi(x))) < 3. (2.32)

As a consequence of Theorems 2.25 and 2.31, one gets the following well-known result.

Proposition 2.33. For each i € N, let (X;, d;, m;, p;) be a pointed RCD(—}T, N ) space of rectifiable
dimension n. Assume (X;, p;) converges in the pointed Gromov—Hausdorff sense to (X, p), there is a
sequence of closed groups of isometries I'; < 1so(X;) that converges equivariantly to I' < Iso(X), and
the sequence of pointed metric spaces (X;/ ', [ pi]) converges in the pointed Gromov—Hausdorff sense
to (R¥ x Y, (0, q)) for some pointed proper metric space (Y, q).

Then there is a pointed metric space (f; ,q) for which X is isomorphic to the product RF x Y, the
[-action respects the splitting RF x Y, and acts trivially on the first factor. In particular, if k = n, then Y
is a point.

Proof. By Theorem 2.31, X/T' = R* x ¥, and one can use the submetry p : X — X/T to lift the
lines of R¥ to lines in X passing through p. By Theorem 2.22, X admits a measure that makes it an
RCD(0, N) space, so by Theorems 2.25 and 2.28, we get the desired splitting X = R¥ x Y with the
property that p(x, §) = (x, ¢) for all x € R,

Now we show that the action of I" respects the Y-fibers. Let g € I" and assume g(x1, g) = (x2, y) for
some xp, xp € RK, y € Y. Then for all ¢ > 1, one has

tlx; —x2| =d(p(x1 +t(x2 —x1), q), p(x1,4))
=d(p(x1+1t(x2—x1),9q), p(x2,))
<d¥((x; +t(x2—x1),§), (x2,))

= \/l(t — D —x)2+d" (G, y)*

As t — 00, this is only possible if x; = x. This shows that g(x, g) = (x, y) for some y € Y independent
of x € RX. Now assume g(x1, z) = (x», z') for some z, 7/ € Y. Then

Pl — P +d” (G, 2 = d¥ (1 +1(x2 — x1), §). (x1, 2))>
=d*((x; +1(x2 — x1), ¥), (x2,2))?
= |(t = )(xa — x> +d¥ (y, 2%

This is only possible if x; = x,, showing that I" acts trivially on the R¥-factor. ]

2.5. §-splittings. Let us recall some results on §-splittings. For proof and detailed discussions see for
example [Brue et al. 2023, Section 3.1].

Lemma 2.34. Let (X;, d;, m;, p;) be a sequence ofRCD(—llv, N) spaces for which (X;, p;) converges
in the pointed Gromov—Hausdorff sense to (R€ x Y, (0, y)) for some metric space (Y, y). Then for any
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sequence of Gromov—Hausdorff approximations ¢; : X; — RF x Y U {x}, there are sequences 8; — 0,
R; — 00, and a sequence of L(N)-Lipschitz functions h' € H"?(X;; R*) such that
e h' is harmonic (equivalently, Vh' is divergence free) in Bg,(p;),

e forallr € [1, R;], one has

k k
f [ > |<Vh’jl,Vh;2>—3jl,j2|+Z|VVh'j|2] dm; <82,
B, (pi) Jiaja=1 j=1

e for all x € Bg,(pi) one has
| (x) =7 (@ix)| < 8. (2.35)

where T : R x Y — R is the projection.

Lemma 2.36. Let (X;, d;, m;, p;) be a sequence of RCD(—%, N ) Assume there are sequences 5; — 0,
R; — 00, and a sequence of L-Lipschitz functions h' € H"?(X;; R) with h' (p;) = 0 for all i and
such that

e h' is harmonic (equivalently, Vh' is divergence free) in B, (p;),

e forallr € [1, R;], one has

k k
f [ Z |<Vhljl’Vhljz>_81'1,j2|+z|vv}llj|2j| an 58?'
Br(pidLj =1 j=1

Then, after taking a subsequence, there is a metric space (Y, y) and a sequence of Gromov—Hausdorff
approximations ¢; - X; — R¥ x Y U {x} for which

sup |h (x) — T(pix)]— 0 asi— oo, 2.37)
X€Bg, (pi)

where 1w : R x Y — R is the projection.

Remark 2.38. In the literature, Lemmas 2.34 and 2.36 are often stated without equations (2.35) and (2.37).
However, these equations follow from how the functions /; (resp. ¢;) are constructed in the proof of
Lemma 2.34 (resp. Lemma 2.36). Similarly, the maps #4; are usually only defined on balls around p; with
radii going to infinity, but thanks to the existence of good cut-off functions [Mondino and Naber 2019,
Lemma 3.1], we can assume they are fully defined on the spaces X;.

2.6. Regular Lagrangian flows. In RCD(K, N) spaces, there exist flows of certain Sobolev vector fields.
For the definition of RLFs, see for example Definition 1.2. For sufficiently regular vector fields, RLFs
satisfy an existence and uniqueness property [Ambrosio and Trevisan 2014].

Theorem 2.39. Let (X, d, m) be an RCD(K, N) space, and assume V € L' ([0, T1, L>(TX)) satisfies
V(t) € D(div) for a.e. t € [0, T] with

div(V(-)) e L'([0, T, L>*(m)), (div(V(-)))~" e L' (0, T], L>®(m)), VV(-)eL' ([0, T], LX(T®?X)).
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Then there exists a unique (up to m-a.e. equality) RLF X : [0, T] x X — X for V satisfying

t
(X1)x(m) < eXp(/ (div(V ()™ [l oo (m) dS>m (2.40)
0
foreveryt €[0,T].
The estimate (2.40) can be localized [Gigli and Violo 2023, Proposition 5.3].

Proposition 2.41. Let (X,d, m), T, V, and X be as in Theorem 2.39. Then for any S € B(X) and t € [0, T']
one has

(Xp)s(mls) < GXP(/O Idiv(V ()~ [l 2o ((X,), (mls)) ds)m.

Remark 2.42. From R.2, we get that if ||V (¢)||cc < L for all ¢ € [0, T'] and some L > 0, then for m-a.e.
x € X, the map
[0,T]>¢t+— X,(x) is L-Lipschitz. (2.43)

Thus, after modifying X on a set of measure zero, we can always assume (2.43) holds for all x € X (see
[Gigli and Tamanini 2021, Theorem A.4]).

For nice vector fields, there is a reverse flow [Deng 2020, Proposition 3.12].

Proposition 2.44. Let (X, d, m), V, X, be as in Theorem 2.39, and define V : [0, T1 — L*(TX) as
V() (x) == =V(T —1)(x)

foreacht €[0,T], x € X. Then there is amap X : [0, T]1 x X — X which is an RLF for V and for m-a.e.
x € X one has
X (X7(x))=Xr_(x) foralltel0,T].

Remark 2.45. If ||div(V (?))]lcoc < D for all t € [0, T'] and some D > 0, (2.40) implies
e PTm < (X,(-))s(m) <ePTm forallz e [0, T]. (2.46)
The integral first variation formula extends to RCD(K, N) spaces [Brué et al. 2022, Corollary 4.2].

Theorem 2.47. Letr > 0, (X, d, m) an RCD(K, N) space, and V a time-dependent vector field satisfying
the conditions of Theorem 2.39. Set

dt, : [0, T]x X x X — [0, r],

dt, (¢)(a, b) := sup dt,(Xy)(a, b). (2.48)
s€[0,1]

Let S1, S be Borel subsets of X with finite positive measure, and define
') :={(@a,b)e S xS |dt(t)(a,b) <r}. (2.49)

Then the map t +— fSl S dt,(t)(a, b) d(m x m)(a, b) is Lipschitz on [0, T] and for a.e. t € [0, T one has

d 1
Jr dt,(t)(a,b)d(mxm)(a,b)g/ / d(X:(a), X;(D)IVV (OI(vx,@).x,)(s)) d(mxm)(a,D)ds.
I JsixS$, 0 JIr(@
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Remark 2.50. Although [Brué et al. 2022, Corollary 4.2] was stated only for the noncollapsed case
(e, m = 2N), its proof follows that of [Deng 2020, Proposition 3.27] (see also [Brué et al. 2022,
Proposition 4.1] for additional comments) and in particular works without the noncollapsed assumption.

2.7. Group norms. Let (X, p) be a pointed proper geodesic space and I' < Iso(X) a closed group of
isometries. The norm | - ||, : I' — R associated to p is defined as |g||, := d(gp, p). We denote as
G(T', X, p, r) the subgroup of I" generated by the elements of norm || - ||, < r. The norm spectrum o (I")
is defined as the set of r > 0 for which G(T', X, p,r) # G(I', X, p,r —¢) for all ¢ > 0. Notice that we
always have 0 € o (I'). If we want redundancy we sometimes write o (I', X, p) to denote the spectrum
of the action of I' on the pointed space (X, p). See also [Sormani and Wei 2004; 2015; Plaut 2021] for
similar notions of group spectra and their relationship.

Proposition 2.51. IfT" is equipped with the metric dé) from (2.29),and ' =G (T, X, p, D) for some D > 0,
then T’ = (BD+2ﬁ+€(IdX))for all e > 0.

Proof. From (2.29) with r = 1/+/2, for all g € " one gets
lell, < df (g, Ix) < ligll, +2v/2.
Then {g €T | lgll, < D} C By, 5, (Idx) forall € > 0. O
It also satisfies a continuity property [Santos-Rodriguez and Zamora 2023, Proposition 47].

Proposition 2.52. Let (X;, p;) be a sequence of pointed proper metric spaces that converges in the pointed
Gromov—Hausdorff sense to (X, p) and consider a sequence of closed isometry groups I'; <Iso(X;) that
converges equivariantly to a closed group I' < 1so(X). Then for any convergent sequence of real numbers
ri € o(I'y), the limit lim; _, 5o 1; lies in o (I').

Remark 2.53. It is possible that an element in o (I') is not a limit of elements in o (I';), so this spectrum
is not necessarily continuous with respect to equivariant convergence (see [Kapovitch and Wilking 2011,
Example 1]).

Proposition 2.54. For any a > 0, one has G(I', X, p,a) =G([, X, p, a + ¢) for ¢ > 0 small enough.

Proof. Assuming the proposition fails, there is a sequence of elements g; not in G(I', X, p, a) with
llgill, — a. As the sequence ||g; ||, is bounded, after taking a subsequence we can assume g; — g for
some g € I' with ||g|l , = a. Then for large enough i, g™ g:ll, < a,s0 g = (g)(g"'g:) € G(I, X, p, a),
which is a contradiction. U

Corollary 2.55. For any [a, b] C (0, 00), the following are equivalent:
« o(M)N(a,b]l=2.
* G(I, X, p,a) =G(T', X, p, b).

It is well known that when a group action is co-compact, the spectrum is bounded [Gromov 2007,
Proposition 5.28].
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Lemma 2.56. Let (X, p) be a pointed proper geodesic space and I' <Iso(X) a closed group of isometries.
Thenr <2-diam(X/T") forallr € o (T, X, p).

To prove Theorem 1.14, one needs to control the number of generators of the groups I';. This was done
in [Santos-Rodriguez and Zamora 2023, Theorem 80] after [Kapovitch and Wilking 2011, Theorem 2.5].

Lemma 2.57. Let (X,d, m, p) be a pointed RCD(K, N) space, and I' < Iso(X) a discrete group of
measure preserving isometries with I' = G(I', X, p, D). Then I can be generated by at most C(K, N, D)
elements.

2.8. Group theory. In this section we cover basic group theory results needed later. Proofs of Proposi-
tions 2.58 and 2.60 below can be found in [Fukaya and Yamaguchi 1992, Section 4].

Proposition 2.58. Let G be a group generated by k elements and H < G a subgroup of index |G : H] < M.
Then there is a characteristic subgroup H' <G with H' < H and [G : H'] < C(M, k).

Remark 2.59. By Lemma 2.57 and Proposition 2.58, whenever Theorem 1.14 holds, we may assume the
subgroups G; <« I'; are characteristic.

Proposition 2.60. Let A be an abelian group generated by m elements, and ¢ : G — A a surjective

morphism with finite kernel. Then G contains a finite index abelian subgroup generated by m elements.

Proposition 2.61. Let G be a group, H <G a normal subgroup, a, b € G such that [a, bl € H, and Hy<H
a characteristic subgroup of H with [H : Hy] < M. Then for all C > 2M one has [a€', b] € H.

Proof. In the group G/Hy, set o :=aHpy and B := bHy. Then afa~' = Bh for some h € H/Hy. A direct
computation shows that ok Ba=* = B(h)(aha™") - (@F Tha*t1). As H/Hy is normal in G/Hy and
|H/Hy| < M, one gets that aMha=M' = h, so

M!'M—1 M!—1

M
oMM go MM _ g ]_[ (a@/ha™) =,8( 1_[ (afha—f)> = B.
Jj=0 j=0

If C > 2M, then C! is a multiple of M!M, and
(€', Bl = aC' BaC'p~" = aMM (... (@MMBy=MMy .. o=M'Myg=1 _ gg—1 _ eG/
This shows that [a€", b] € Hy. O

Proposition 2.62. Let I" be a group, G <" a characteristic subgroup admitting a nilpotent basis, g € ",
¢ € Aut(l"), and C € 2Z. If [T : G] < C/2, then the nilpotent basis in G is preserved by ¢ if and only if
it is preserved by (¢ o g,)¢".

Proof. First we observe that for any £ € N we have
(pog)f=(pogiop )@ ogiog ™) - (¢Fogiop )
= (9(9))+(@*(©))s - - (9" ()"
= (p(8)¢*(8) - - " ()" (2.63)
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On the other hand, as G is characteristic in I', the group G, :={x,:I" — I' | x € G} is normal in Aut(I"), so
one has y€ G, =G, forall y e T'. Also, notice that 9(/?'(g)G =gG inT'/ G, s0 (¢“/?*(£))+ G+ = g+G
in Aut(I')/G,. Thus if £ = (C — 1)!/(C/2)!, using (2.63) we have

(908 Gu= (9% (@) ¢V () )97 G = 07 G

This implies that (¢ o g,)¢" and @' differ only by an element of G, which clearly respects the nilpotent
basis in G. O

We will also need the following version of the Bieberbach theorem [Fukaya and Yamaguchi 1992,
Section 4].

Theorem 2.64 (Fukaya and Yamaguchi). Let G < Iso(R™) be a closed group of isometries and Gy < G
its identity connected component. Then G/ G contains a finite index abelian subgroup generated by at
most m elements.

Corollary 2.65. Let Z be a compact metric space, I' < Iso(R™ x Z) a closed group of isometries and
'y < T its identity connected component. If Iso(Z) is a Lie group, then I'/ I'g contains a finite index
abelian subgroup generated by at most m elements.

Proof. Notice that for each (x, z) € R™ x Z, the R™-fiber passing through (x, z) can be characterized as
the union of the images of all infinite geodesics passing through (x, z). This implies that Iso(R" x Z)
respects the splitting R™ x Z and decomposes as Iso(R" x Z) = Iso(R") x Iso(Z). Let G < Iso(R") be
the image of I" under the projection 7 : Iso(R" x Z) — Iso(R™). As I is closed and Iso(Z) = Ker(rr) is
compact, G is closed in Iso(R™).

We claim that 7 (I'g) = Go. Assuming the contrary, as Gy is connected, there would be a sequence
xi € Go\m(I'p) with x; — eg,. Pick g; € I' with w(g;) = x;. Since Iso(Z) is compact, after passing to a
subsequence we can assume g; — goo for some go, € Ker(mr). Then ggol gi — er, so for i large enough
one has go_ol gi € I'g. This would mean that n(go_olgi) =m(g;) =x; € m(I'y), which is a contradiction.

Let H := 77 1(Go) NT. We claim that [H : T'y] < co. Otherwise, there would be a sequence
h; € HNKer(w) with hl._lh j € H\I'g for all i # j. As Ker(m) is compact, after taking a subsequence
we can assume h; — hy for some /o, € Ker(sr). This would mean that for i, j large enough, one has
hi_lh ; € I'o, which is a contradiction.

The above implies that I'/ ['g is a finite extension of (I'/ I'g)/(H/To0) =T'/H = G/ Gy, so the result
follows from Theorem 2.64 and Proposition 2.60. Il

3. Groups of connected components

The goal of this section is to prove the following result (cf. [Fukaya and Yamaguchi 1992, Theorem 3.10]
and [Santos-Rodriguez and Zamora 2023, Lemma 58]). The groups Y; play the role of “connected
component of the identity” in the groups I';.

Theorem 3.1. Let (X;, p;) be a sequence of proper geodesic spaces that converges in the pointed Gromov—
Hausdorff sense to a space (X, p), I'i <Iso(X;) a sequence of closed groups of isometries that converges
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equivariantly to a closed group I' <Iso(X), and y; : I'; — ' U {x} the Gromov Hausdorff approximations
given by Definition 2.30. Assume

e Iy =Gy, X;, pi, D) for some D > V2,
e Iy, the connected component of the identity of T, is open,
o '/ Ty is finitely presented.
Then there are subgroups Y; <T'; such that
e Y; is normal in T; for i large enough,
e forany R >0, Y; = <lﬁ;l(BR(Idx) NTy)) fori large enough,
e fori large enough, there are surjective morphisms I'/ T'o — I'; /Y.

Proof. Let r > 0 be such that B, (Idx) C I'g. First we show that for any fixed R > r and § € (0, ], the
subgroup of I'; generated by wi‘l (Bs(Idy)) in T'; coincides with (wi_l (Br(Idx)NTy)) for large enough i.
To see this, first take a collection yq, ..., y, € Br(Idx) NIy with

Br(Idx)NTo C U Bsjio(y;)-

j=1

By connectedness, for each j € {1,...,n} we can construct a sequence ¢ =z, ..., Zjk; =Yj inI"
with d(z;¢—1,2j¢) < 6/10 for each £ € {1, ..., k;}. Since all z;, are contained in a compact subset
of 'y, if i is large enough, for any element x € wi’l(BR (Idx) NT"p) we can find y; with d(y;, ¥;(x)) <
§/10, and e = xp, ..., xk; = x in I'; with d(z; ¢, ¥i(x¢)) < 3/10 for each €. This allows us to write
x = (xl)(xl_lxz) e (xk_,_l_lxkj) as a product of k; elements in wi_l (Bs(Idx)), proving our claim. Set Y;
to be the subgroup of I'; generated by wi_l (B,(Idx)).

Choose § > 0 small enough so that for all g € B3p(Idy), i € Bs(Idx) one has ghg™' € B, />(Idy). Then
for large enough i, the conjugate of an element in wi_l (Bs(Idx)) by an element in wi_l (B3p(Idy)) lies in
wi_l(B, (Idx)). By Proposition 2.51, wi_l(Bg p(Idy)) generates I'; and wl._l(Bg (Idx)) generates Y; for
large enough i, implying that Y; is normal in I';.

Let So = {51, ..., 5k} CT'/T'p be a finite symmetric generating set containing all connected components
intersecting Bsp(Idx), S ={s1, ..., sk} CI' a set of representatives, and for each j € {1, ..., k}, pick a
sequence gl.j e I'; with v (gi.’) — 5. Then define h; :So— i/ Y as h;(ij) = gij Y; e';/7Y;. Itis easy
to check that /;(s;) does not depend on the choices of the representatives s; nor the sequences gij for i
large enough.

By hypothesis, I'/ I'p admits a presentation (So, W) with W a finite set of words. For s, ...5;, € W,
one has dj (v (gfl) ey (gf‘), v (gl’.'1 e gll:‘)) < r for i large enough, and hence ; (gf' e gf‘) € Ty. This
means, again for i large enough, that gl':‘ . -gll." €Yy, and Al (s;,) - - - hi(s;,) = gl’:‘ . -gll." YT =7;el/Y;.
As there are only finitely many words in W, the functions A : So — I';/Y; extend to group morphisms
h; :T'/Tg— I'i/Y;. As S intersects each connected component in B4p(Idyx) and I'; is generated by
B3p(Idy,), the maps h; are surjective. O

The following result deals with the base of induction in the proof of Theorem 1.14.
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Lemma 3.2. Let (X;, d;, m;, p;) be a sequence of RCD(K, N) spaces of rectifiable dimension n, and
I'; <Iso(X;) a sequence of closed groups of isometries. Assume the sequence (X;, d;, m;, p;) converges in
the pointed measured Gromov—-Hausdorff sense to a pointed RCD(K, N) space (X, d, m, p) of rectifiable
dimension n. If there is D > 0 such that I'; = G(I';, X;, pi, D) for alli, and T'; converges equivariantly
to the trivial group, then the groups T; are trivial for i large enough.

Proof. Clearly, we can assume D > +/2. Let Y; < I'; be the subgroups given by Theorem 3.1. Then
=7 = (wi_l (Idyx)) for i large enough. From the definition of equivariant convergence, it is easy to
see that the i;-preimage of an open compact subgroup of I' is a subgroup in I'; for i large enough; hence
;= wi_l (Idx). This means that I'; are small subgroups in the sense of [Santos-Rodriguez and Zamora
2023, Definition 66 and Remark 75], so by [loc. cit., Theorem 93] the result follows. O

4. Proof of main regularity estimates on RLFs

In this section we prove Theorem 1.5 and Corollary 1.8, the key step being Lemma 4.1.

Proof of Theorem 1.5. Let r, < p/100 be such that for all » <r, one has
m({y € B, (x) | H(y) <8}) = ym(B,(x)).

Lemma 4.1. Fixr <ry. If § is small enough, there is x, € B,(x) N{H < &} and a constant Cy(N) > 1
which is independent of r such that:

S,.1 There is B/(x,) C B, (x,) such that m(B.(x,)) > (1 — ~/8)m(B,(x,)) and

X, (B.(x;)) € By (X;(x,)) forallt €0, T].
S,..2 Forallt €0, T],

1
C_Om(Br (x)) = m(B,(X;(x))) < Com(B(x,)).

Lemma 4.1 is proven by an induction on time following the scheme of [Deng 2020, Section 5]. We
now give an outline of this proof.

First choose x,o so that H(x,9) < . Then by the Bishop—Gromov inequality, the estimates S,.1
and S,.2 trivially hold for x, = x;, 0 up to time r/(10L). This serves as the base of induction. We then
assume there is x,; with H(x,x) < and such that S,.1 and S,.2 hold for x, = x,.; along the interval
[0, kr/(10L)]. The goal is then to show there is x, 41 with H(x,x+1) < and such that S,.1 and S,.2
hold for x, = x, x4+ along the interval [0, #], where # := min{(k 4+ 1)r/(10L), T'}.

In order to achieve this, we first combine the fact that flow lines are L-Lipschitz with the inductive
hypothesis to obtain integral estimates on dt, (#;) over carefully chosen sets (see (4.5) and (4.7)), from
which we deduce that a significant portion of By, (x) stays within 7r of X,(x,) up to time f;. This
allows us to choose x,x+1 € B-(x) N {H < §} so that along the interval [0, #], most of the flow lines
starting at By (x, x+1) stay within 27 of X, (x;x+1). This is enough to guarantee that both S,.1 and the
first inequality of S,.2 hold up to time #.

By the Bishop—Gromov inequality, we also have the other inequality, but with a worse constant. In
order to improve this constant back to the original one, we perform the analysis of the previous paragraph
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but in the reverse direction using the flow X given by Proposition 2.44. We show that for each ¢ € [0, 7],
under the reverse flow X, a significant portion of B, (X;(x, x+1)) returns to By, (x, x+1), and hence close
to x. This is enough to improve the volume ratio to the desired constant.

We now turn to the actual proof, where for the sake of detail, we also present the case k = 0.

Proof of Lemma 4.1. Let Iy = [0, r/(10L)] and fix some x, o € B,(x) with H(x, ) <§. By Remark 2.42,
for any y € B, (x) and any ¢ € Iy, we have

d(X;(y), Xi(xr,0)) <d(X:(y), y) +d(y, x) +d(x, x.0) +d(xr,0, X;(xr0)) < LW +2r <3r. (4.2)
Define dt,(¢) as in (2.48), and set S| = B,(x) N {H < 6}, S2 = By (x), and I'(¢) as in (2.49). By
Theorem 2.47, we obtain

/S1><S2 dt, (IOL)(y 2)d(m xm)(y, 2)

:/ 4 dt. (1) (y, 2) d(m x m)(y, z) dt
Iy dt S1x8

1
< / f /r ) X DIV O, 50O dmxm (. dsdr. (43
Iy t

Using (2.46) and a change of variables, for any ¢ € Iy we have
f [ a0 XY Ol 01,0060 dm x w3, 2) ds
r()

DT/[ d(y, DIVV D) (ry.2(s)) dm x m)(y, 2) ds.
X, (T(@)
Furthermore,
DT// A0y, DIVV O (yy.2(5)) dlm x m)(y, 2) ds
X (I'(1))
o7 / / d(y, DIVV D) (y.2()) dlm x m)(y, ) ds
B6r(Xt(xr0))X2
< ePTC(N)rm(Bs (X:(x,.0)))* IVV(t)|dm

B2 (X (xr,0))

< ePTC(N)rm(B,(x))* [VV(t)| dm,
Bior (X1 (xr,0))
where we used (4.2) for the second line, Theorem 2.10 for the third line, and Theorem 2.1 for the fourth
line. Combining the above estimates starting from (4.3), we obtain

/ dt ( 4 )(y 2)d(m x m)(y, z) < e?TC(N)rm(B, (x))Z/f IVV ()| dmdt
S1x S 10L Bio (X1 (x0))

< PTC(N)rm(B,(x))* | Mx,(IVV®))(X;(xy,0)) dt
1)

<ePTC(N)rm(B,(x))*H (x,0) < " C(N)rm(B, (x))?s.
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By Chebyshev’s inequality, there is x,.1 € B, (x) N {H < §} with

f dt, (L><xr,1, ¥ dm(y) < ®T C(N)rm(B, (x))5.
By \10L

By Theorem 2.1, we have
1
m(B,(xr,1)) = mm(Br(x)),

thus another instance of Chebyshev’s inequality implies there is B, 1(x,1) € B (x,1) with m(B;1(x, 1)) >

(1= v/8)m(B,(x,1)) and

dt, (10%)0”’1’ 2) <ePTC(N)rv/s forall z € By i(x.1).

Hence if eDTC(N)\/S < 1, then by the definition of dt,(¢), for all € Iy and z € B, 1(x,1) we have
d(X,(xr1), X,(2)) <d(x,2) +ePTC(N) Vs < 2r,
s0 X;(By,1(x1)) C Bar(X((x,1)) forall t € Ip. As
By/p(xr,1) C B (X;(xr,1)) C B3rja(xr,1) forallz € Iy,

from Theorem 2.1 we have, for all ¢t € I,
1
Em(Br(xr,l)) <m(B,(X;(x,1))) < Cm(B(xy,1))-

The argument above establishes S,.1 and S,.2 up to time r/(10L). Now we show we can establish the
same estimate up to time 7 provided ¢ is small enough.
Let k € N with k < [107L/r], and assume there is x, ; € B,(x) such that

Sr.k-1 There exists B) (x,x) € By (x,x) with m(B, (x,x)) > (1 — V& m(B, (x,x)) and

k
X(B.(x,1)) C By (x,x) foralle [0, I()_rL:|

S,.x.2 Forallt € [0, kr/(10L)],

1
C—Om(Br (xXrk)) < (B, (X (x,1))) < Com(B(xr.k))-

Set

) {(k—l—l)r

t = T d I, :=[0, %]
kaHIOL,}ank[k]

From S, ;.1 and Remark 2.42, for all ¢ € I; we have

X (B (xr.)) C Borgrp2 (X1 (xp.4))- (4.4)
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Let S; := B/(xk), S2 := By, (x), and I'(r) be given by (2.49). By Theorem 2.47,

fs A )0, dmxm3.2)

=/ i/ dt, (1) (v, z) d(m x m)(y, z) dt
Iy dt S1x 8>
1
< fl fo fr A0, X @IVV 107011, () dm x )3, 2) s
1
< / D7 / / d(y, DIVV D) (ry.2(s)) dlm x m)(y, 2) ds di
Iy 0 JX,(I'(¥)

1
< / P f f d(y, DIVV D) (py.()) dlm x m)(y, ) ds d
I 0 Bér(Xt(Xr,k))Xz

< / 2T C(NYrm(Biy (X, (x4)))° YV @)l dmdr
Iy Ber (X (xr,1))

< / ePTCIC(N)rm(B,(x))? |VV (1)| dmdt. 4.5)
I Ber(XT (xr.k))

where we used (2.46), (4.4), Theorem 2.10, and Theorem 2.1 with (4.4). From the above estimates we get
| dhwdmxm.o < e G, @) [ f YV ()| dmds
B Iy J Bror (X (xr.))

< ePTCiC(Nyrm(B,(x))* | Mx,(IVV ()X, (x,x)) dt
Iy

< ePTCEC(NYyrm(B,(x))* H (x.x)
< ePTCIC(N)yrm(B, (x))?s.

By Chebyshev’s inequality, there is some x’ € B].(x, ;) with
| ey dne) < e Germs, wp.
Bar (x)

Thus there are C(D, T, N) > 1 and By C B, (x) with

dt, (t)(x', y) < Cr/8 forall y € By,
m(By) = (1 = v/8/2)m(By (x)). (4.6)
As x" € B/(x,x), from (4.4) we have X, (x") € Boy4,/2(X;(x, 1)) for all ¢ € I, provided C+/8 < 1. Thus
for all ¢ € I;, we also have

X:(By) C By, (X (x1)).
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Define S| = By, S = B, (x) N{H < §}, and I'(¢) as in (2.49). Similar to before, we have
/ dt, (1) (y, 2) d(m x m)(y, 2) < ePT CGC(N)rm(B, (x))* f f IVV(t)|dmdt
NEY I J Boor (X (x1,k))

< PTCEC(NYrm(B,(x))? | Mx,(IVV)(X,(x,4)) dt
Iy
< ePTCIC(N)rm(B, (x))?s. (4.7)

Thus there is x, ;41 € B, (x) N {H < §} such that
/ dt, () (X xt1, ) dm(y) < ePT CEC(N)rm(B, (x))8.
By

From (4.6) and Theorem 2.1, there are C(D, T, N) > 1 and B/ (x; k+1) C B, (X x+1) With

dt, (1) (g1, ¥) < CN/Sr forall y € B.(Xrx41)
m(B] (xr4+1)) = (1 = VE)mM(B, (xrs41))-

Thus if C«/g < 1, for all r € I} we have
X/ (B (xr.k+1)) € Bor (X (Xpk41))-

Also, from Theorem 2.1 and (2.46) we have, for some C(D, T, N) > 1,
1 1
m(B, (X (xrx+1))) = Em(BZr(Xt(xr,k-i-l))) > Em(Xt(B;(xr,k—H)))

1
= Em(Br(xr,k-H))- (4.8)

To obtain the other direction of the volume estimate corresponding to S,.2, we consider the reversal of
the flow. Fix ¢ € I, define V € L'([0, ¢]; Hé”f(TX)) as

V(s):=—-V(t—s) forallsel0,1],
and let X : [0, 7] x X — X be its RLF. Define dt; (00,1l x X x X — [0, r] as

dt (s)(y,z) := sup dt,(X,)(»,2),

0<u<s

S1 = X:(B/(xrx+1)), and S» = B, (X;(xyk+1)). Similar to before we have

t
f At (1)(y, 2) d(m x m)(y, z) < ePTC3C(N)rm(B, (x,441))> / f |VV (s)| dmds
S1x 8> 0 JB

20r(Xr—s(xr,k+1))
t
=< eDTC(%C(N)Fm(Br(X))Z/ Mx, (IVV () ) (Xi—s (xr.k+1)) ds
0

< ePTCIC(N)rm(B, (x))?s.
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Thus we have x” € X, (B (x,k+1)) with
/ 4", y) dm(y) < ePT CRC(N)rm(B, (x))3.
Br(Xt(xr,k+1))

Hence there are C(D, T, N) > 0 and A’ C B, (X;(x;x+1)) such that
dt.(1)(x", y) < Cr+/8 forally € A’,
m(A') = (1 = V&m(B, (X, (xrx11))-

Thus we have, for some C(D, T, N) > 1,
1 1 _
m(B, (xrk+1)) = Em(BZr (Xrk+1)) = Em(Xt(A/))

1
> Em(Br(Xt (Xrk+1)))-

Combining with (4.8) we have the desired volume bound, concluding the induction step. The result

follows by taking x, := x,x with k = [10TL/r].

Take
Xy € B (x) N {H <6}, B;(xr) C B (x,),

Xr/2 € Brp(x) N{H <8}, B/;(xr/2) C Brja(xry2)

0

given by Lemma 4.1. That is, they satisfy S,.1 and S,.2 with r and r/2 respectively. We claim that

d(X;(x), X;(x;2)) <20r foralltel0,T].

Take S| = B, (x) and S> = B/ 12 (xr/2). Arguing as before, we can find x’ € B/ 12(xr/2) with

/B ( )dn(T)(xC ) dm(y) < T C(N)rm(B, (x))3,
and B}/ (x) C B,(x) such that
dt,(T)(x',y) <r forall y € B)(x),
m(B/(x)) = (1 = V8)m(B, (x)).
Hence for all # € [0, T'], y € B (x), using (4.10) we have
d(X(xr2), X1 () < d(X: (x,2), X, (X)) +d (X, (x), X (y))
<r+r+dx’,y) <4r
In a similar fashion, one can find a subset B/ (x) C B,(x) with
X, (B (x)) C Bior (X (x,)),
m(B;"(x)) = (1 = V&m(B, (x)).

4.9)

(4.10)
(4.11)

4.12)

(4.13)
(4.14)

From (4.11) and (4.14), one can find z € B, (x) N B,”(x). Then from (4.12) and (4.13) applied to z, we

conclude (4.9).
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Notice that by iterated applications of (4.9), for ri,r, <r, and ¢t € [0, T'], one gets
d(X; (xr,), X, (5,)) < 100 max{ry, ra). (4.15)

Now we will use what we have proven so far to construct an adjusted representative X of the RLF
to V with the property that any x € X satisfying (1.6) also satisfies S.1 and S.2 for r sufficiently small.
Let S C X denote the set of x satisfying (1.6) and for each x € § define r, < /100 such that for all » <r,

one has
m({H > 8} N B, (x))

m(B,(x))

IA
-

As the construction of r, only uses measurable functions, guaranteed from Kuratowski—Ryll-Nardzewski
measurable selection theorem (see for example [Deng 2020, Remark 2.26]) we can take a measurable
choice of ry : § — R. Moreover, the same is true for x, given by Lemma 4.1, allowing us to define a
measurable map ¥ : RT x X — X as

x(r, x) :={

x, ifxesS, r<ry,

X otherwise.

Then let us define the adjusted flow X: [0, T]x X — X as

X(x,t)= lirr(l) X((E(r, x), 1).

By (4.15), the limit exists and satisfies S.1 and S.2 for all x € S and r <r,. Now we need to verify that X
is also a regular Lagrangian flow.

R.1 holds as (2.43) passes to the limit trajectories. Given x € S, r < ry, choose a set A,(x) C B, (x)
satisfying S.1, and consider the probability measures

_ XAr(x)
Mrx () = (X1)« (—m(A,(x))m)'

From the definition of X, for all f € TestF(X) we have

d

d_/ fdpr () = / df (V1)) dprx(1). (4.16)

I Jx X
Also notice that, by S.1, for all ¢ € [0, T] we have
SUpp(sr.x (1)) C Boy (X, (x)), 4.17)
and, by S.2, the map p; ,(7) s f, (x) makes
{I’Lr,x(t) |x € S’ r S r)C7 t S [09 T]}

a family of bounded eccentricity. Let f € TestF(X) and ¢ € [0, T']. From Lemma 2.12 we have, for
m-a.e. x € S,

df (V) (X, (x)) = rlig})/xdf(V(t)) dppr,x (1).
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Hence, for all 7y, t; € [0, T] and m-a.e. x € S,

/ af (V) (X, (pdi = lim / /X A (V) ditrc (1)

= lim/ Sfdur (1) _/ S durx(t)
r—>(’)v X B X
= f (X (x)) = f (X (x)),

where we used dominated convergence on the first two lines, (4.16) on the second, and (4.17) on the third.
This implies X satisfies R.2 for m-almost all x € S. Since X and X coincide on X \S, and X satisfies R.2,
we deduce X satisfies R.2 as well.

Let Sy :={x e S|r, >} Forallr <,y € X, we have

/ XX, (A, x) (V) dm(x) < M XBo, (y) (X1 (X)) dm(o)
s, m(Ar(x)) - s, M(B-(X;(x)))

1
sz - d((X,
< 5y (o) (B, mB,2) ((X1)s(m)(z)

1
M2ePT / e
=M ] o mB)

< M?ePTC(N), (4.18)

where the first line follows from S.1 and S.2, the second from a change of variables, the third from (2.46),
and the fourth from Theorem 2.1. Then, given any 0 < f € TestF(X), we compute

fx fd((X)«(mls)) = / (foX,)dm
<11m/S f FO) dpr (@) (y) dm(x)

XX, (A, ) (V)
—1 X1)x«
im f ) fs RO dm(x) (X))

< MzeDTC(N)/Xf(y)d((Xt)*m)(y)
< M?*PTC(N) / fdm, (4.19)
X

where we used (4.17) on the second line, Tonelli’s theorem on the third, (4.18) on the fourth, and (2.46)
on the fifth. Since f was arbitrary, (4.19) implies that ()? 1)«m|s, < €m for some &(D, T, N) > 0. Hence

XD.m = (X)) (mlxs) + (X (mls)
= (Xx(mlx\s) + lim (X)), (mls,)
< (" +O)m,

establishing R.3 for X, so we conclude X is an RLF for b. U
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Proof of Corollary 1.8. By Proposition 2.5(2), for all s € [1, R — 1], one has

Mx(|VV])?dm < C(N)n.
Bs(p)

Define H : X — R as H(x) := fOT Mx(|JVV])(X;(x))dt. Then by the Cauchy-Schwarz inequality
and (2.46) one gets

2 T 2
[ H(x) dm(x)] < f |:/ Mx(|IVV ) (X:(x)) dti| dm(x)
B (p) B (p)LJO

IA

T
T f / Mx(|VV)2(X,(x)) dt dm(x)
B:(p) /0O

IA

T
TezDT/ f Mx(|VV (X, (x)) dm(x) dt
0 X, (B, (x))

IA

T
C(D,T, N)/ f MX(lVVl)Z(Xt(x)) dm(x) dt
0 JBryrr(x)
<C(D, T, N)n. (4.20)

Let 6(D, T, N) > 0 be given by Theorem 1.5. From (4.20), there is C(D, T, N) > 1 such that

m({H <38}N B,(p)) = (1 —C/n)m(B,(p)). (4.21)
By Theorem 1.5, G contains the density points of {H < §}, so the result follows from (4.21) provided
n<e?/C% 0

5. Self-improving stability

In this section, we show that combining essential stability with integral control on the covariant derivative
of the corresponding vector field, one can improve the conditions of essential stability to much better
estimates. For example, one could compare Corollary 5.13 with S.2 and Proposition 5.14 with S.1.
This improvement is attained by induction on the radius. Roughly speaking, if for some small > 0
one has S.1, S.2, and enough control on the covariant derivative of the vector field, then at a scale slightly
larger than r, one can obtain conditions similar to S.1 and S.2 but with better constants. This is the content
of Lemma 5.1 (cf. [Kapovitch and Wilking 2011, Lemma 3.7; Colding and Naber 2012, Proposition 3.6]).

Lemma 5.1. Foreach N > 1, M > 1, there are A(N) >4, e(N, M) > 0, such that the following holds. Let
(X,d,m) be an RCD(—(N — 1), N) space, x € X,V € L([0, T1; Hé:f(TX)) a divergence-free vector
field, and X : [0, T] x X — X the RLF of V. Assume

T
/MX4(|VV(t)|)(Xz(X))dt§8-
0

For some r < 1/X one has

%m(Br(x)) =m(B(X;(x))) = Mm(B,(x)) forallt€[0,T], (5.2)
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and there is S, C B, (x) with

m(S;) > %m(Br(x))»
X:(S;) C By (X, (x)) forallt €]0,T].
Then
Tm(B;, (x)) < m(By, (X, (x))) <2m(B;,(x)) forallt€[0,T], (5.3)

and there is Ay, C By, (x) with

X,(Ay) C Bitay (X, (x))  forallt €0, T], (5.4)
m(X,(Az) N By (X1 (x))) = 5m(By, (X, (x)))  forallt €0, T. (5.5)

Proof. Pick A(N) > 5 such that
M(B(+5)5 () < 105m(Bas (»)) (5.6)

for all y € X, s < 10/A. With this choice of A, (5.3) will follow from (5.4) and (5.5). Let dt,(¢) be given
by (2.48) and

'@ :={(@,b)eS, x B, (x)|dt.(t)(a,b) <r}.
Notice that for each t € [0, T], (a, b) € I'(¢), one has d(X;(a), X,;(x)) <2r, and

d(X:(b), X:(x)) <d(X,(b), X(a)) +d(X,(a), X(x))
<d(a,b)+r+2r

< Ar+4r. (5.7)
Then

f dt,(T) d(m x m)
SrXB)Lr(x)

M T 1
< W/o /F(z)d(Xt(y)’X[(Z))[/o |VV(t)|(VX,(y),X,(z)(S))ds] d(m xm)(y,z)dt

M T 1
< s /O /X ,(r(,))d(y’Z)[/o |VV<r>|(yy,z(s)>ds]d<mxm)(y,zwz

M T 1
= W /O /l;(x+4)r(X1(X))X2 d(y’ 2 |:/(; |VV(t)|(yy’Z(S)) ds:| dm x m)(y’ Qdr

T
5C(N)-M3-r-/ f [VV()|(y) dm(y) dt
0 Boats)r (X:(x))

T
< C(N)-M3-r-[ Mx4(|[VV (@O (X,(x))dt < C(N)M3er, (5.8)
0
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where the first inequality follows from Theorem 2.47, the second from Tonelli’s theorem, the third
from (5.7), and the fourth from Theorem 2.10 and (5.2). Hence there is y € S, with

f dt,(T)(y, z) dm(z) < C(N)M3er. (5.9)
Byr(x)

We can then define A,, := {z € B, (x) | dt,(T)(y, z) < r}, which by (5.7) satisfies (5.4), and by (5.9)
satisfies
m(Ay) = (1 = C(N)Me)m(By, (x)) = fo5m(By(x)), (5.10)

provided ¢ is small enough. To verify (5.5), fix ¢t € [0, T'], consider the vector field VeLl((0,1], Hé? (TX))
given by V(s) ;== —V(t —s), and X : [0, t] x X — X its RLF. Also set

dt.()(-,):[0,1] x X x X —> R,

dt,()(y,2) := sup dt.(X,)(, 2),
uel0,s]

and define T'(s) := {(a,b) € X,(S,) X By, (X,;(x)) | dt,(s)(a,b) < r}. Then for all s € [0, ¢] and
(a,b) € T(s), one has d(X(a), X;_y(x)) < 2r, and

d(Xs(b), X;—s(x)) <d(X;(b), Xs(a)) +d(X,(a), X;—s(x))
<d(a,b)+r+2r
< Ar+5r. (5.11)

As in (5.8), using (5.11) instead of (5.7) we get

f dt, (£) d(m x m)
X ($;)x By (X (x))

m(B <x>>2/ /md(x . % (Z))[/ VY@l <y>x<z><u>>du] d(m x m)(y. 2) ds
= m(B (x)) //mmd(y Z)U |VV(S)|(Vyz(M))du] dm xm)(y, z)ds

< m / /B — z)[ / |VV(s>|<yyZ<u>>du] d(m x m)(y. 2)ds
< CNMPr f f VT (s)[(y) dm(y) ds
Bi+10)r (X1 —5(x))
< C(N)M3r/ Mxa(|[VV (i — $)D(X,—s(x)) ds < C(N)Mer.
0

Pick y, € X;(S,) such that

f &r(t)(yt, 2)dm(z) < C(N)M3er.
Byr (X (x))
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Then the set A’M ={z € By, (X;(x)) | dt, (t)(ys, 7) < r} satisfies
m(A},) = (1= C(N)Me)m(B, (X, (x))).
Since XI(A’M) C B(s)r(x) and X, is measure preserving, using (5.6) we have
m(By (x)) = 1o m(Byr (X, (x))) (5.12)
provided ¢ is small enough. We conclude
m(X,(Axr) N Byr (X1 (X)) = m(X;(Azr)) — m(Botay (X (X))\ By (X1 (x)))
= m(Azr) — 1pm(Bar (X (1))

> oM (Bir (X)) — om(Bar (X: (X))

> ym(Br (X (x))),
where we used (5.4) on the first inequality, (5.6) on the second, (5.10) on the third, and (5.12) on the
fourth. O

Corollary 5.13. Let (X, d, m) be an RCD(—(N — 1), N) space, x € X, V € L'([0, T]; H.2(TX)) a
divergence-free vector field, and X : [0, T] x X — X the RLF of V. Assume x is a point of essential
stability of X and

T
| muavvenaenar<e.
0
If € is small enough, depending only on N, then for allr <1,t € [0, T], one has
sm(B,(x)) < m(B,(X;(x))) < 2m(B,(x)).

Proof. By the definition of essential stability, there is M (N) > 0 for which the hypotheses of Lemma 5.1
hold for small enough r < 1. By Lemma 5.1, if they hold for a certain r, then they hold for Ar so we can
apply Lemma 5.1 repeatedly, and (5.3) is valid for all »r < 1/A. (|

Proposition 5.14. There is Co(N) > 0 such that, under the conditions of Corollary 5.13, forall r <1
there is A, C B,(x) such that
m(A,) = (1 - Coe)m(B,(x)), (5.15)
X:(A;) C By (X, (x)) forallt [0, T]. (5.16)

Proof. By the definition of essential stability, for » < 1 sufficiently small, there is S, /10 C B,/10(x) with
m(S/10) = 37 M(Br/10(x)) and X, (S;/10) C Byys(X,(x)) for all 7 € [0, T]. Set

dist,/10(-)(-,-): [0, T] x X x X — [0, r/10],

dist,/10(£)(y, z) := sup dist,/10(X5)(y, 2),
s€[0,1]

L(t) :={(a, b) € §;/10 x By (x) | dist,/10(¢)(a, b) < r/10}.
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Then for (y, z) € '(¢), for each ¢ € [0, T'] we have

d(X;(b), X;(x)) <d(X;(b), X;(a)) +d(X(a), X;(x))
<d(a,b)+r/10+71/5
<r/2+47/10+7r/10+7/5 <, (5.17)

so as in (5.8), using Corollary 5.13 one gets

T
f dty10(T) d(m x m) < C(N) - - / Mxs(IVV(OD (X, () di < C(N)er.
Sr/10% By (x) 0

Then there is y € S, /10 with
f dt,/10(T)(y, z) dm(z) < C(N)er. (5.18)
B, (x)

We can then define A, := {z € B,(x) | dt,/10(T)(y, z) < r/10}, which by (5.18) satisfies (5.15) and
by (5.17) also (5.16). The above analysis shows that (5.15) and (5.16) hold for all » small enough. An
identical argument (using A,,1¢ instead of S,,19) shows that if (5.15) and (5.16) hold for some r/10 < 1/10,
then they hold for r. (Il

Proposition 5.19. There is Co(N) > 0 such that under the conditions of Corollary 5.13, forallr <1,
one has

f dt,(X7)d(m x m) < Coer.
B (x)*2
Proof. For A, C B,(x) given by Proposition 5.14, a computation analogous to (5.8) yields

f dt,(X7)d(m xm) < C(N)er.
AX?

Combining this with (5.15), we get the result. (I
Definition 5.20. Let (X, d, m) be an RCD(—(N — 1), N) space, Vi,..., Vi € L0, 17; Héiﬁ(TX))
divergence-free vector fields, X J 110, 1] x X — X their RLFs, and x1, ..., xx € X such that

e x; is a point of essential stability of X/ foreach j e (1,...,k}.

° X{(xj)zxj+1 foreach j e{l,...,k—1}.

If V e L([0, 1]; H.2(TX)) is given by

1
V(t):=k-Vitkt —j+1) forte[]k £i|

and X : [0, 1] x X — X is its RLF, then we say x| is a point of weak essential stability of X.

The following proposition shows that, under suitable conditions, weak essential stability can be
upgraded to essential stability, allowing one to concatenate well behaved flows; a crucial step in the proof
of the rescaling theorem.
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Proposition 5.21. Under the conditions of Definition 5.20, there is n(N) > 0 such that if
1 k 1 )
/ Mx(IVV()D(X,;(x1)) dt = Z/ Mx(I[VV;()D(X] (x)) dt <,
0 : 0
j=1

then x1 is a point of essential stability of X.

Proof. By induction we can assume k = 2. By Corollary 5.13, and Proposition 5.14, we can apply
Lemma 5.1 to both X! and X2, provided 7 is small enough. By (5.3), for each r < 1, ¢ € [0, 1], we get

Im(B, (x1)) <m(Br (X, (x1))) < 4m(B(x1)).
Let Vi € L1([0, 1]; Hi2(TX)) be given by V1 (r) := —V;(1 — 1) and let X' : [0, 1] x X — X be its RLF.
Again by Lemma 5.1, for r small enough there are sets A!, A2 C B, (x2) such that
X! (A}) C By (X! (x2)), X[(A}) C Bor(X[(x2)),
m(X/(A]) N B (X[ (x2))) = 5m(B- (X, (x2))),
m(X7 (A7) N B, (X7 (x2))) = 15m(B- (X7 (x2)))
for all # € [0, 1]. Then A, := B,(x1) N X| (Al N A?) satisfies
X,(A,) C By (X,(x)) forallz €0, 1],
and using (5.3) we conclude
m(A,) = m(B,(x1) N X1(A})) —m(A]\A?)
> s5m(B, (x1)) — 15m(B, (x2))
>[5 — 2]m(B(x1))
> ym(B,(x1)). O

6. Properties of GS maps

In this section we prove the main properties of GS maps; they converge weakly to an isometry (Lemma 6.4),
have the zoom-in property (Proposition 6.7), and can be concatenated (Proposition 6.8).

Remark 6.1. From condition (1) of Definition 1.12, we can assume that for all x € U il, y € Ul.z, we have
O @ =1fi)and ()71 = (£ 0)):

Definition 6.2. For j € {1,2}, let (X7, d/, m!, p/), be a sequence of pointed RCD(K, N) spaces for
which (X! i D; ) converges to (X7, p/) in the pointed Gromov—Hausdorff sense. We say a sequence of
maps fi : X l.l — Xi2 converges weakly to fs : X' — X? if there is a sequence of subsets U; C Xl.1 with
asymptotically full measure such that

lim sup d(@} fi(x), foop} () =0 (6.3)

0 xeU;

where (pij X lj — X/ U {%} are Gromov—Hausdorff approximations for j € {1, 2}.
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Lemma 6.4. For j € {1, 2}, let (X ;/ , dij , m{ , pij ), be a sequence of pointed RCD(K, N) spaces for which

(X.j, pij) converges to (X7, p’) in the pointed Gromov—Hausdorff sense. If f; : [Xl.l, pl.l] — [Xl.z, piz] isa

l
sequence of GS maps, then, after taking a subsequence, f; converges weakly to an isometry foo : X' — X2

Proof. Let Ry > 0, &; — 0, and Sij, Ul-j C Xl.j be given by Definition 1.12 (see Remark 6.1).
Step 1: For i large enough, x € Ul.l, r <1, there is A C B, (x) such that

fi(A) C By (fi(x)) and m](A) > im/(B.(x)).

From the definition of essential continuity, the statement holds for » small enough (depending on x).
We now see that if i is large enough, and there is A9 C B,10(x) such that f;(Ag) C B,/5(fi(x)), and
m/ (Ag) > m} (B,5(x)), then there is A C B, (x) such that f;(A) C By, (f;(x)), and m! (A) > 1m! (B, (x)).
Since there is C(K, N) > 0 such that m! (B, (x)) < Cm/ (Ag), we have

f dt, (f;)d(m} xm}) < Cre;.
Br(xil)XA()

Hence if A:={y € B,(x) | d(fy, fx) <2r}, one gets

m! (B, (x)\A) _ f(B,(x)\A)xAO dt, (f;) d(m] x m;)
’ m! (B, (x)) m} (B, (x)) - m}(Ap)

<Creg,

implying that m}(4) > 1m! (B, (x)) provided &; < 5.
Step 2: For all distinct x;, y; € Uil with d(x;, y;) < %, one has

d(fixi, fiyi
lim sup (fixi, fiyvi) <1
isoo  d(xi, yi)
Set r; :=d(x;, y;) and assume, after taking a subsequence, that d(fix;, fiyi) = (14 8)r; for some § > 0
and all i. By Step 1, there are subsets A; C Bsy,/10(x;), B; C Bsy,/10(yi) with f;(A;) C Bs,/s5(fixi),
fi(Bi) C Bsyys(fivi), ml(A;) = Jm!(Bsy10(xi)), and m!(B;) > ym!(Bsy,10(yi)). Since there is
C(K, N) > 0 such that
m; (Bay, (xi)) < C -min{m; (4;), m (B)},

one has
8r; g 4t (f) d(m! x m})
ri < fA,xB, lr i ff dt,(f)d(m} xmil) <2rie;.
10-C m; (By, (x;)) Bay, ()2

which is impossible as g; — 0.

Step 3: For R > 0 and distinct x;, y; € Ul.1 with d (x;, pil), d(y;, pl.l) < R, one has

d(fixi, fiyi
isoo  d(xi, yi)
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By Step 2, we can assume d (x;, y;) > % for all i. For each i, choose a sequence x; = z?, R zf.‘ =y € Xl.1
withd(z/ ™', z/) < Lforeach je{l,... .k} d(xi, i)=Y %_, d(z/ "', z}),and k= 10R]. Foreachi eN
and j € {1,...,k}, let w/ € U} be such that

dw!, /)y <2-infldw, z}) | w e U}}.
As the sets Ul.1 have asymptotically full measure, sup; d (wij , sz ) — 0 as i — oo, and the claim follows
from Step 2 applied to pairs (w! ", w).
Step 4: For R > 0 and x; € Ul.1 with d (x;, pil) < R, one has

limsupd(fixi, p?) < Ro+ R+ 1.

i—00
As the sets Ul.1 have asymptotically full measure, for i large enough one can pick y; € Ul.1 N Sl.l. Then the
result follows from Step 3 and the fact that d(x;, y;) < R+ 1 for all ;.

Step 5: For R > 0, x; € Ul.1 with d (x;, pl.l) < R, and § > 0, for large enough i there is
vi € Bs)nUM N 7N WU,

Without loss of generality assume § < % As the sets Ui] have asymptotically full measure, the sets
A; = Bs(x;)N Ul.1 satisfy mi1 (A}) > %m}(Bg (x;)) for i large enough. Assuming the claim fails, one has
from Step 2, after taking a subsequence, that f;(A;) C Bas( f,'xi)\Ui2 for all i. As f; restricted to A; is
measure preserving, and the sets Ul.2 have asymptotically full measure, this means that

m} (Bs(x;))
m? (Bos(fixi))

From Step 4 we know that Bys(fix;) C Bry+r+2(p;) for large i, and from the Bishop—-Gromov inequality,
there is C(K, N, Ry, R, §) > 0 such that

—0 asi— oo. (6.5)

. ml?(BRO+R+2(pi2)) <C- miZ(Sl.2 N Ul.z) for large enough i,
e m}(Bgy(p})) < C-m(Bs(x;)).
Combining this with the fact that fi_1 (Sl.2 N Uiz) C Bg,( pil), we get that
m,'z(lea(fixi)) <c?
m; (Bs(x;))
for i large enough, contradicting (6.5).
Step 6: For R > 0 and distinct x;, y; € U} with d(x;, p}), d(yi, p!) < R, one has
Lim |d(fixi, fiyi) —d(xi, yi)| =0.
11— 00
From Step 3, one gets

lim sup(d( fixi, fiyi) —d(xi, yi)) <O.

i—00
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By Step 5, there are sequences w;, z; € Ui1 ﬂhi(Uiz) with d(w;, x;), d(z;, yi) = 0. By Step 2, we have
d(fiw;, fix;), d(fizi, fiyi) = 0, and by Step 3 applied to A;, one gets

lim sup(d (w;, z;) —d(fiw;, fizi)) <0.
i—00
Hence
limsup(d(x;, y;) —d(fixi, fiyi)) <O.

1—>00
Step 7: Lemma 6.4 holds.

Let (pij X IJ — X7/ U {*} be Gromov—Hausdorff approximations and fix D C X' a countable dense
set. For x € D, choose x; € Ul.1 converging to x. By Step 4 we can define (after taking a subsequence)
fl(x) e X2 as

flo(x) := lim @7 fi(x;).
11— 00

By a diagonal argument, this can be done simultaneously for all x € D. It is easy to see from Step 6 that
fL : D — X? extends to an isometry fo, : X! — X? and satisfies (6.3). O

Proposition 6.6. For j € {1, 2}, let (Xij, dl] mlj, pij), be a sequence of pointed RCD(K, N) spaces
that converges in the pointed measured Gromov—Hausdorff sense to a pointed RCD(K, N) space
(X/,d’,m/, p/), and assume there is a sequence f; : [Xl.l, pil] — [Xl.z, pl.z] of GS maps. If sequences
of sets Vl-1 C Xi1 and Vi2 C Xl.2 have asymptotically full measure, then the sequences fl-(Vl-l) C Xi2

and fi_l (Vl.2) cX ll have asymptotically full measure as well.

Proof. Let Ul.j cX IJ be sets given by condition (3) of Definition 1.12. By replacing Ul.j and Vl.j by
Ul.j N Vl.j, We can assume Ul.j = Vl.j for all j € {1,2},i e N. Fix R > § > 0, and consider a sequence
x;i € Bg( pl.l). As the sets Ul.1 have asymptotically full measure, by Step 5 above, there is a sequence
vl e U0 f71(V2) with d(x;, y!) — 0. Define y? := fiy!, A/ := U/ N Bs(y/) for j € {1,2}. By Step 6
above, there is a sequence &; — 0 such that

fi(AD) C Bsie, 03), f71(A2) C Byye, ).

Then

po MG ADNBG)) L m (T AD) L m(A)

lim : : > lim ————> lim ————

=00 m; (BS(XI' ) =00 m; (Al) =00 my; (fl(A,))

2 2
> m;(Bs(yg)) _q
I—~>oom; (Bs (y,' )

This shows that fi_l(Uiz) has asymptotically full measure. The result for fi(Uil) is analogous. ([

Proposition 6.7. Ler (X lj , dl.j , mlj , pij ), j € {1, 2} be a pair of sequences of pointed RCD(K, N) spaces
and f; : [X 1.1, pl.l] — [Xl-z, piz] is a sequence of GS maps. Then there is a sequence of subsets Wl-1 C Xl.1
of asymptotically full measure with the property that for all w; € Wl-1 and A; — 00, the sequence

fi X wil — A X2, fi(w)] is GS.
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Proof. Let Ul.j C Xl-j be given by Definition 1.12 and consider a sequence §; — 0. Set
Xij :=1—xUj:X{—>R,

and Vl’ ={xe Ul.j | Mx(xlzi)(x) < §;}. Then by Proposition 2.5(1) and Proposition 6.6, if §; — 0 slowly
enough, the sets

have asymptotically full measure. Moreover, by construction, for any sequences A; — oo and w; € Wl.l,
the sets Wl.1 and Wi2 also have asymptotically full measure when regarded as subsets of the spaces
(X!, nd!, ml, w) and (X7, A;d?, m2, fi(w;)), respectively.

Using the sets Wij as a replacement for Ul.j , all the properties of Definition 1.12 for f; : [)Lin.l, w;] —
(L X l.2, fi(w;)] follow from the ones of the original sequence, except for condition (2), which follows

from Step 1 in the proof of Lemma 6.4. O

Proposition 6.8. Let (Xl-lj, dl.j, m, pij), Jj €1{1, 2, 3} be sequences of pointed RCD(K, N) spaces, and

1

fi: [Xl.l, pl.l] — [Xl.z, pl.z], hi: [Xiz, pl.z] — [Xl.3, p?] be sequences of GS maps. Then h; o f; : [Xl.l, pl.l] —
[X 13 pf] is GS. Moreover, if f; converges weakly to f and h; converges weakly to h, then h; f; converges

weakly to hf.

Proof. Let U} C X}, U? C X?, V} C X7, V; C X; be given by Definition 1.12 applied to f; and h;
respectively. Set W/ := Ul.l N fl._1 (Ul.2 N Vi2 ﬂhi_l (Vi3)), xi:=1— Xw!s and for a sequence §; — 0, define

W; == {x € U! | Mx(j;)(x) < &}

By Proposition 2.5(1), if §; — 0 slowly enough, the sets W; C X l.l have asymptotically full measure, so
from Lemma 6.4, Sl.1 = W; N B ( pil) and h; f; satisfy condition (2) from Definition 1.12. By Step 2 in
the proof of Lemma 6.4 (applied to both f; and fi_l), there is 7; — 0 such that for all » < 10, a, b € W/
with d(a, b) < 2r, one has

dt,(fi)(a, D), dt,(hi)(fia, fib) < ni-d(a,b).

This implies that W; consists of essential continuity points of 4; f; provided §;, n; < % Also, for x € W;,

r < 5. set Z = B,(x) N W/. Then

m/ (B, (x)\Z) 1 dt (h; f;)
s | a
m; (Br ()C)) m; (Br (x)) zx2
528i+f dt-(h)(fi-, fi-) +dt.(f)(-,-)
7Zx2

r

1 1
(m; xm;)

r r

1
T vy xmb <2
B, (x)*?

d(m! xml

<28 +4n;.

This shows that A; f; satisfies condition (3)(d) from Definition 1.12, with r < % instead of » < 1. Identical

arguments show that fl._lhl._1 also satisfy the corresponding properties in Definition 1.12. Conditions (1)
and (3)(b) for A, f; follow from the corresponding conditions for /; and f;.
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Notice that the proof of Lemma 6.4 still goes through if we replace 1 by % in (3)(d). In particular, by
Step 6, if we replace W; by W; N Bg, ( pil) for some sequence R; — oo diverging slowly enough, then
(3)(d) holds for r € [ 15, 1] as well, and the sequence /; f; is GS.

To verify the last claim, let (X/, dj, m/, p/) be pointed RCD(K, N) spaces and (pij : Xl.j — X/ U{x}
Gromov—Hausdorff approximations for j € {1, 2, 3}. Then by hypothesis, there are ¢; — 0 and sets
A{ cX IJ with j € {1, 2} having asymptotically full measure such that for x € Al.l, ye€ Al.2 one has

d(@? (%), fooi (X)), d(@}hi (), hoow?(Y)) < &i.

Then by Proposition 6.6, the sets A; := Ail N fi_1 (Aiz) have asymptotically full measure, and for all x € A;,
one has

d(@Phi £i(X), hoo foo! (X)) < d(@Ph; £i(x), hoo@? £ (X)) 4 d (hoo®? fi (), hoo foo! (x)) < 2¢;,

so h; f; converges weakly to fis foo- (Il

7. Construction of GS maps

In this section we follow [Kapovitch and Wilking 2011] closely in order to construct GS maps out of
RLFs of suitable functions. Specifically, Lemmas 7.1 and 7.7 are adaptations of Lemmas 3.8 and 3.6 of
[Kapovitch and Wilking 2011], respectively. Both proofs make heavy use of the estimates obtained in
Section 5.

Roughly speaking, Lemma 7.1 establishes that if a sequence of RCD spaces X; converges to a space
of the form R¥ x Y, and the universal covers X; converge to RF x Y, then any translation on the first
factor of R¥ x Y is a limit of GS maps f; : X ;= X ; which are lifts of maps X; — X; homotopic to the
identity Idy,. These maps are constructed via RLFs of the gradient vector fields of the §-splittings given
by Lemma 2.34.

Lemma 7.1. Let (X;, d;, m;, p;) be a sequence ofRCD(—:T, N) spaces,
pi 1 (Xi, di, @, pi) — (Xi, di, my, pi)

their universal covers, (Y, y), Y, $) a pair of pointed metric spaces, and a closed group T' < Iso(RF x Y)
that acts trivially on the R¥ factor with ?/ I' =Y. Assume the sequences (X;, p;) and ()N( i» Di) converge
in the pointed Gromov—Hausdorff sense to (R€ x Y, (0, y)) and (R* x Y , (0, y)), respectively, and the
sequence of groups w1(X;) converges to I'. Let ¢; : X, > Rkx YU (%}, 0 : Xi > R x Y U (%) be
the Gromov—Hausdorff approximations given by Theorem 2.31. Then for all s € R, there is a sequence
fi: [i,-, pil— [i,-, pil of deck type GS maps with (f;)« = 1dy, (x,), and such that f; converges weakly to
the map 5§ : RF x Y — RF x 17, where s(x,y) == (x +s, y).

Proof. Notice that by replacing ¥ by s* x Y, where s < R* denotes the orthogonal complement of s,
we can assume k = 1 and s > 0. By Lemma 2.34, there are §; — 0, R; — oo, and a sequence of
L(N)-Lipschitz functions hi € H“2(X;) such that

e Vh' is divergence free in B R (Pi),
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e for all r € [1, R;], one has
f [[IVA' > = 1| +|VVA ] dm; < 67,
Br(pi
o for all x € Bg,(p;), one has
d(h' (x), (i (x))) < &,
where 7 : R x Y — R is the projection.

Set Al : )?i —Rash:=h opi,and 7T : R x Y > Ras7:=7x op. By (2.32) one gets for x € Bg,(p;),
after possibly updating §; and R;, that

d(h' (x), 7 (@i (x))) < d(h' (pi (x)), (@i (pi (x)))) +d (7 (@i (p; (x))). 7 (p(F; (x))))
<4 +4;.
Then by Proposition 2.7 one gets, after possibly updating §; and R;, that

o Vh' is divergence free in By, (j;),
e for all r € [1, R;], one has

f (VAP = 1| +1V V'] dit; < 57,

B, (pi
o for all x € Bg, (p;), one has
d(h' (x), T (@i (x)) < 8. (7.2)

Set V; := sVii, X' : [0, 1] x X; — X, the corresponding RLF, and f; := X{. Forr > 1, and i large
enough, using the Cauchy-Schwarz inequality and Proposition 2.5(2), we have

1 1
f [/ MX4(|V%|)(X§(X))dt]dfﬁi(X)=/ [f MX4(|VVI'|)dﬁiii|dt
B,(p) LJo o LJxi5.G)

sc<N,s,r>f Mxa(|VV; ) df;
BV+J‘L(ﬁi)

<C(N,s, r)\/f Mx4(|VV;])? di;
Br+sL(ﬁi)
<C(N,s,r)é;. (7.3)
Set

1
U} = {x e X; 'f Mm(WMD(Xi(x))dtsJE},
0

and let U; C U/ be the density points of U;. From (7.3), the sets U; have asymptotically full measure. By
Theorem 1.5, for i large enough, U; consists of points of essential stability of X/, and hence of essential
continuity of f;. To verify part (2) of Definition 1.12, we notice that for all i we have

fi(B1(pi)) C BiysL(Pi).
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Applying Proposition 5.19 to the points in U;, we see that part (3)(d) of Definition 1.12 holds. The
corresponding properties for fl._1 follow by identical arguments applied to the reverse flow, so we get
that the maps f; are good at all scales and converge, by Lemma 6.4, to a measure preserving isometry
Joo 1R % Y — R x Y. It remains to show that foo coincides with the translation s.

For g e R x Y with d(q, (0,y)) < R, choose g; € U; N fi_l(Ui) converging to g, and n < %. Then,
for i large enough we have

an (qi )

1
/0 Vi(X (o) di — s

1
dm;(x) < s% U |IVh;| — 1](X§(x))dt} dm; (x)
Bn(i]i) 0

1
gs/ H }|Vh,~|—1\dt?1,}dt
0 X; (By(gi))

SC(N,R,s,n)f |IVhi| — 1] dw;
B

n+R+sL(Di)

<C(N,R,s, n)\/f |IVh;|> = 1|d;
Byt R+sL(pi)

<C(N,R,s,n)é;.

Hence, from the derivative formula [Deng 2020, Proposition 3.6], and using the fact that U; have
asymptotically full measure, we have

f max{d(f;(x),x)—s,0}dm;(x) < C(N, R, s, n)é;. (7.4)
By (gi)NU;

From Step 2 of Lemma 6.4, we know that for i large enough, d(f;(x), x) varies by at most 55 for
x € By(q;) NU;. Since n was arbitrary, (7.4) implies that

d(fo(q), q) :l_l_i)lgod(ﬁ(%)v%) <s. (7.5)

Similarly, by the definition of RLF, if n < 1,

1
f |(hi (fi (X)) — hi(x)) — s| dif; (x) 5sf [ f ||vﬁ,~|2—1|(X;'<x>>dr] dm; (x)
By (qi) By (gi) LJO

<C(N,s,R,n) -8

n

Then, as n was arbitrary, from (7.2) we get

7 (fooq) = 7 (q) = Tim [h; (fi(g1) — hi(gi)] = s. (7.6)
Since § is the only map R x Y>RxY satisfying (7.5) and (7.6), we get fo =S5. U

Lemma 7.7 gives another way of constructing GS maps. One needs a sequence of vector fields V; and
for each i a point x; of essential stability of the flow of V;. If one has enough control on the covariant
derivative VV; along the trajectory of x;, then after blowing up around x;, one obtains GS maps as the
endpoint maps of the flows of the vector fields V;.
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Lemma 7.7. Let (X;, d;, m;) be a sequence of RCD(—(N — 1), N) spaces, V; € L'([0, 11; H-3(TX))) a
sequence of piecewise constant on time, divergence-free vector fields, X' : [0, 1] x X; — X, their RLFs,
and x; € X; a sequence such that x; is a point of essential stability of X i and

1
f Mx(IVVi(O)I?)? (X[ (x)) dit = &;.
0
If e; — 0, then for all A; — oo, the sequence of maps
X X, xi = i Xi, X ()]
has the GS property.

Proof. For r < }‘, let
Al :={y € B,(x;) | X} (y) € B2 (X} (x;)) for all £ € [0, 1]}.

By Corollary 5.13 and Proposition 5.14, we have, for i large enough,

m; (B (X (x:))) < 2m; (B, (x;))- (7.8)
m; (AL) > (1 — C(N)&)m; (B, (x;)), (7.9)
Also, using (7.8) and Proposition 2.5(3),

1 1
fA/O Mxl/2<|vw<r)|)<x;(y))drdnu(y)=/O fi(A,)Mxl/zuvvi(r)D(y)dnu(y)dr
1
sC(N)/f M (VY OD () dmi(y) di
0 J By (X} (x:))
1
<o) /0 Mx1 2 (Mx1 21V Vi (D) (X' () dt

1
<C(N) f Mx(|V Vi ()23 (X! (x;)) dt
0

< C(N)g;. (7.10)
Let U;(r) be the density points of the set

1
{y € AL / Mx12(IVVi()D(Xi () dt < ﬁ}
0
By Theorem 1.5, the set U; (r) consists of points of essential stability of X’ for i large enough. From (7.9)
and (7.10), we have

w; (Ui (r)) = (1 = C(N) /&) m;i (B (x;)). (7.11)

Given A; — oo and r; — 0, by (7.11) and Theorem 2.1, if A;r; — oo slowly enough, the sets U; (r;) have

asymptotically full measure in the spaces (X;, A;d;, m;, x;). By Proposition 5.19, for y € U;(r;), r <1/,

we get

f dt, (XDd(m; x m;) < C(N)/er,
B, ()"
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verifying part (3)(d) of Definition 1.12. The analogue properties for )("_1 [ X, X‘i (x)] — i X, xi]
follow from an identical argument. Property (2) of Definition 1.12 follows from the definition of
essential stability. O

Definition 7.12. Let X be a geodesic space, p : Y — X a covering map, and ¢ : [0, T] x X — X be a
function such that for each x € X, the map ¢ — ¢(¢, x) is continuous, and ¢(0, x) = x. The [ift of ¢
is defined to be the unique map ¥ : [0, T] X Y — Y such that for each y € Y, the map ¢ — ¥ (¢, y) is
continuous, ¥ (0, y) =y, and p(y¥ (¢, y)) = ¢(t, y) forall t € [0, T].

Notice that if Y is the universal cover of X, then v is a deck type map with . = Id,, (x).

Proposition 7.13. Let (X, d, m, p) be a pointed RCD(—(N — 1), N) space, (?, d,m, D) its universal
cover,V e L'([0, T]; LX(TX)) a vector field satisfying the conditions of Theorem 2.39, X :[0, T]x X — X
its RLF, and V : [0, T] — L2 (T X) its lift. Then X : [0, T]1x X — X, the lift of X, is the RLF of V.
Moreover, if p is a point of essential stability of X, then p is a point of essential stability of X.
Proof. Let p : X — X be the projection. R.1 holds by construction. To verify R.2, notice that by linearity,
it is enough to check it for fe TestF(X) supported in a ball B C X sent isomorphically as a metric
measure space to a ball B = p(B). For such f, it induces a function f € TestF(X) supported in B with
f|l§, = foplz. Then R.2 holds for X and f since it holds for X and f by locality of (1.3).

To verify R.3, consider a Borel partition { Ej }ren Of X consisting of subsets sent isomorphically by p
as metric measure spaces to subsets of X. For a Borel set A C X ,and ¢t € [0, T], setting

Ao =ANENX Y (E),
and using that X satisfies R.3, we get

X (A) = Y BX (A)) = Y mX,(p(Ar.0))

k,eN k,teN
< Y Cmp(Arn) =) Cii(Arp) = CR(A),
k,LeN kL

and hence X is the RLF of V.

Now assume p is a point of essential stability. Let R > 1 be such that X ([0, T'] x {p}) C Br(p). By

Proposition 2.9, there is ry < 11—0 such that any two curves «, 8 : [a, b] = Byg(p) sharing endpoints and

at uniform distance < 10rg, are homotopic relative to their endpoints. Then for each ¢ € [0, T'], the ball
By, (f +(P)) is isomorphic as a metric measure space to By, (X;(p)), so for r < rg small enough one has

%ﬁ(Br(ﬁ)) < W(B, (X(p))) < M&(B,(p)) forallte[0,T].
By hypothesis, for r < ry small enough, there is A, C B,(p) with
m(A,) > %m(Br(p)), and X,(A,) C By (X;(p)) foralltel0,T].
Then if Ar C X denotes the intersection of the preimage of A, with B,(p), one has

W(A,) = $/(B,(5)), and X:(A,) C By (X:(p)) forallsel0,T]. O
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8. Rescaling theorem

In this section we prove the following result, following the lines of [Kapovitch and Wilking 2011,
Section 5].

Theorem 8.1. For each i, let (X;,d;, m;, p;) be an RCD(—— N ) space of rectifiable dimension n,
(X,, d,, m;, p;) be its universal cover, and define I'; := G(m(X;), Xl, pi, ). If (X;, p;) converges in
the pointed Gromov—Hausdorff sense to (R, 0) with k < n, then, after taking a subsequence, there are
sets ®; C By2(p;) such that w; (®~)/ml~(Bl/2(p,~)) — lasi — o0, a sequence \; — 00, and a compact
space (Y, y) such that Y # {x}, diam(Y) < and

10’
(1) for all x; € ©;, after taking a subsequence, (A X;, x;) converges to (R¥ x Y, (0, y1)) in the pointed
Gromov—-Hausdorff sense (y; may depend on the x;, but Y doesn’t), and, for any lift X; € B1,2(p;),
i =G(mi(Xi), A Xi, xi, 1),
(2) forall a;, b; € ©; and lifts a;, b; € B12(pi), there are sequences
hi 2 [ Xi, ai] = [Ai X, bil,
fi i [iXi, @il — Xy, bi
of maps with the GS property such that the f; are deck maps with (f;)« € (I';)« for all i, where
(T = {gs :m(X;) »> m1(X;) | g € Ty}

Lemma 8.2. Foreach N > 1, L > 1, thereare R > 1, § < —= 100, such that the following holds. If r <1,
(X,d,m, p) is a pointed RCD(—38, N) space with dgy ((r~'X, p), (R*,0)) <8, and fe HY2(X; R is
an L-Lipschitz function with f(p) = 0 such that V f; is divergence free in Bg(p) for each j € {1, ..., k},
and for all s € [r, R], one has

k k
f [ 3 |<ijl,Vf,-2>—8j1,j2|+Z|W(f,~>|2}dmsa.
By (p) ji.ja=1 j=1

Then:
(1) Forall xy, xy € Byge(p), and ry, 1y € [er (10F + 1)r], one has
i
m(By, (x1)) <2- o ~m(By, (x2)).
2

(2) Forall x € By, (p), if X : [0, 1] x X — X denotes the RLF of the vector field

k
== [V, (8.3)

Jj=l

then there is a set A C B,/10(x) of points of essential stability of X with

m(A) > im(B,/10(x)) and Xi(A) C Bys(p). (8.4)
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Proof. By replacing X by r~'X and f by r~! f, we can assume r = 1, and without loss of generality
we can also assume (X, d, m, p) is normalized. Arguing by contradiction, we get sequences R; — 00,
3; — 0, a sequence (X;, d;, m;, p;) of normalized RCD(—3§;, N) spaces for which (X;, p;) converges
to (R¥, 0) in the pointed Gromov—Hausdorff sense and L-Lipschitz functions f i e HY2(X;; R*) with
fi(pi) = 0 such that

. Vfii is divergence free in Bg,(p;) foreach j e {1,...,k},i € N,

e for all s € [1, R;], one has

k k
f [ > VLY ;;>—8j1,12|+2|vwf;>|2]dm,-sa,-.
Bs(pi)

Jt.j2=1 j=1
And for each i, at least one of the conditions (1) or (2) fails. Notice however, that (1) holds as by

Corollary 2.26, (X;, d;, m;, p;) converges to (R, d Rk, #*, 0) in the pointed measured Gromov—Hausdorff
sense. For a sequence x; € By (p;), let

k
e HC
j=1

and X’ : [0, 1] x X; — X; its RLF. Then, for s = (k 4+ 1) - 10FL? and i large enough,

fB ( f Z (Y FLL VL) — 11J2|<X’<y))drdm,<y>
1/10(x;)

Ji,2=1

- / f S UVFLL VL) =85 1) dmi(y) d
X{(Bij10(x)

J1.j2=1
k
m; (B (Pz)) f i i
VL VLY =8, 5,1(y) dm;
= B0 T /;Zlu Fivr VIR = 8| 0) dmi ()
< C(N, L)J;.
Then, from the definition of RLF,
fB o (X)) = O+ £ ] dmi(y)
1/10(X; k
stB D = FoD+ il dmi
j=1 " b1/l
<Zf ( |f;~<xl~)|/0 IV £717 = 1{(X[ () di dw; (y)
Bi10(xi)
k 1
+ > fB ( £}, (i) fo (Vi V)X () di dmi(y)
Jrojp=17 B0
J#

<C(N, L)é;.
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From the last assertion of Lemma 2.36, | ' (y) — fi(x)] < 23—0 for all y € By/10(x;) if i is large enough,
so the set )
A} = {y € Bijiox) | IX{(0)] < 1}

satisfies m;(A})/m;(By10(x;)) — 1. Then by Corollary 1.8, if we define A; to be the points of A;
that are of essential stability of X i we get that m; (A4;) > %m,-(Bl /10(x;)) for i large enough, implying
condition (2); a contradiction. U
Lemma 8.5. For N > 1, L > 1, let § > O be given by Lemma 8.2. Then there are R > 1, Cyp > 1,
g0 > 0 such that the following holds. Let r < 1, (X, d, m, p) be a pointed RCD(—38, N) space with
dou(r=1X, p), (R¥,0)) <6, and f € H"*(X; R¥) an L-Lipschitz function with f(p) = 0 such that V f;
is divergence free in Bg(p) for each j € {1, ..., k}, and

k k
MxR( > |<ij1,ij2>—5j1,jz|+ZIVV(fj)|2)(p) <e?<el.

Ji,2=1 j=I1
For x € By, (p), let Vy be given by (8.3), and let X : [0, 1] x X — X be the RLF of V,. Then there is a
subset B, P (x) C B, )2(x) of points of essential stability of X satisfying

X1(B,(0) C B (p), 8.6)

(B () = (1 — Coer)m(Byn(x)). 8.7)
1

_ f / MV Ve P22P(X, () di dm(y) < Cosr: (8.8)
m(B,2(x)) Jp; ) Jo

Proof. Sets = (k+1) - 10FL%r and compute, provided R > 2s + 8,

1 1
f f Mxs(IVV, 723X, (y)) dt dm(y) = f f Mxy(|VV, 7?3 dm dt
By2(x) JO 0 JX(B2(x))

U
— m(B,2(x)) JB,(p)
_ m(By(p))

m(B,/2(x)) JB,(p)
< C(N, L) -Mx,(Mx4(|IVV, ¥ (p)
< C(N, L) -Mxg(]VVy[H)'*(p)

k

<C(N, L) Y1 fi0)PMxg(IVV £ 1) (p)

j=1
<C(N,L)-¢-r (8.9)

Mx4(|VV, [*?)?3 dm

Mx4(|VV, [*)?3 dm

Combining this with Theorem 1.5, if

Ao :={y € B,2(x) | y is of essential stability of X},

then
m(Ag) = (1 —C(N, L)er)m(B,2(x)). (8.10)
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From Lemma 8.2, if ¢ is small enough, there is a set A C B,/19(x) N A satisfying (8.4). By (8.9), there
is ¢ € A with fol Mx(|VV,])(X;(g))dt < C(N, L)er, and by Proposition 5.19, this implies

f dt,(1)d(m x m) < C(N, L)er?,
B, (q)*?
SO
f dt, (1) d(m x m) < C(N, L)er?.
AXAg

Hence there is y € A such that
f dt(1)(y, 2) dm(z) < C(N, L)er?, (8.11)
so we define e
By, (x) == {z € Ao | dt,(1)(y, 2) < r/10}.
Then for all z € B, 12(x) we have
d(X1(2), p) =d(X1(2), Xi(y)) +d(X1(y), p)
<d(z,y)+r/10+r/5
<r/2+r/104+r/104r/5 <,
s0 (8.6) holds. (8.10) and (8.11) imply (8.7), and (8.9) implies (8.8). O
Lemma 8.12. For N > 1, L > 1, let § > 0 be given by Lemma 8.2. Then there are R > 1, Co > 1,
g0 > 0 such that the following holds. Assume (X,d,m, p) is a pointed RCD(—6, N) space with

dou((X, p), (R¥,0)) <8, and f € H"*(X; RX) is an L-Lipschitz function with f(p) =0 such that V f;
is divergence free in Bg(p) for each j € {1, ..., k}, and

k k
MxR( > UV V) =8 nl+ Y |W<f,->|2) (p) <> <.
Jt.j2=1 Jj=l1
Assume p is an n-regular point with n > k and let

p = sup{r € 0, 1] | deu (-~ X, p), (R, 0)) = 8}.

Then there is a set G C B1(p) with
m(G) = (1 = Coe)m(Bi(p)),

a finite number of divergence-free on Biooc,(p) vector fields
Vi,..o, Vi € L'([0, 11; HE2(TX))
with ||Vi(t)lloo < Co forallt € [0, 1], j € {1, ..., m}, with RLFs
XL Xm0, x X — X,

and a measurable map 0 : G — {1, ..., m} such that for all y € G, y is a point of weak essential stability
of X', X\ (y) € B,(p), and

1
F [ Mx(9vin PP 0 di i) = Ce.
G JO
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Proof. We will show that for each r < 1, there is G, C B,(p) with
m(G,) = (1 = Coer)m(B:(p)),
a finite number of divergence-free on Bigoc,(p) vector fields
Wi, ..., Wy € L'([0, 1]; HE2(TX))
with [|W;(#)|loc < Cor forall t € [0, 1], j € {1, ..., m}, with RLFs
d' .., "0, 1] x X — X,

and a measurable map 6, : G, — {1, ..., m} satisfying that for all y € G,, y is a point of weak essential
stability of %™, @Y (y) € B,(p), and

1
f / (Mx(|V W, () (D)3 (@) (y) dt dm(y) < Coer.
G, JO

Clearly, the claim holds for r < p with G, = B, (p) and the zero vector field. Now we check that if the
claim holds for some » < 107, then it also holds for 10%r.
Choose {q1, . .., q¢}, a maximal r/2-separated set in By, (p). By Lemma 8.2.(1), one has

l l
> m(Bra(g) <27y " m(Bra(g)) < 2P m(B g (p)).
j=1 j=1

By Lemma 8.5, if ¢ is small enough and R is large enough, for each j € {1, ..., £} there is a divergence-free
vector field W; € Hp2(TX) such that |W[|os < C(N, L)r, with RLF

O/ [0,1]x X — X,

and a set B/ 12(q;) of points of essential stability of ®/ such that 5‘{ (B’ 12(q;)) C B,(p), and

r

m(B,5(q;)) = (1= C(N, L)er)m(B,2(q;)),

1 1 o N
R Mx(IVW ;13/2)2/3 (Dzj did CN. Dyer.
m(B,2(q;)) /B )/0 X(IVW;[79)72(@; (y)) dt dm(y) < C(N, L)er

r/z(‘Ij
Set ‘ o
Giotr 1= Biow (p) N U (B 2(g)) N (BD (G ).

j=1

Then

4
(G ) = M(Byoer(p)) — Z(m(Br/Z (/) —m(By5(q;)) +m(B,(p)) —m(G,))
=1
J(i
> m(Byg (p) — Y _(C(N, Lyerm(B,2(g))) + 2 Coerm(B,2(q))))
j=1
> (1=2"(C(N, Lyer + 2" Coer))m(B g, (p))

> (1 — Coel10F r)m(By o, (p)),
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provided Cy was chosen large enough, depending on N and L. For each y € G, set V) as follows: let
j €{l,..., £} be the smallest index for which y € B//z(%) N ((@’) 1(G,)). Then define
Vo 2W; ift € [0, 1)
y\h) = : 1
2W, iy 2t =1 ifref3 1],

Notice that || Vy(7)]looc < max{C(N, L)r,2Cor} < Col0%r forall ¢ € [0, 1], provided Co was chosen large
enough. Set W~ be the RLF of V,, and set

j—1
B;//z(%') =G N B;/z(%’)\ Ul B;/z(q(x)-
o=
Then

f f Mx(|VV, P53 (W) (v)) dt dm(y)

14

1 / /1 3/242/3 (Y
<— Mx(IVVy [/ (7 (1)) dt dm(y)
m(Biot(P) =SBy ’ f
j= /231
¢
1
< —————» (C(N, L)erm(B,2(¢;)) + 2> Coerm(B,/2(¢)))
m(B1gt, (p) ;( T 724)
< Coel0Fr,
again provided Cy was chosen large enough, depending on N and L. U

Proof of Theorem 8.1. By Lemma 2.34, there are sequences §; — 0, R; — 00, and a sequence of
L(N)-Lipschitz maps h' € H"“2(X;; R¥) with hi(p;) =0 for all i, Vhi. divergence free in B, (p;) for
each j € {1, ..., k}, and such that if

k
Z (VRS V) =85, 5+ Y IVVRE?

J1j2=1 j=1

f uidm; < 51-3.
Br(pi)

Set ®; :={x € By,2(p;) | x is n-regular, Mx(u;) < 51.2}. By Proposition 2.5(1), m; (©;) /m; (B;,2(p;)) — L.
Notice that, possibly after modifying §; and R;, we may assume

then for all r € [1, R;], one has

Mxg, (u;)(x) <87 forall x € ©;.
For 6 < W%o given by Lemma 8.2, set

A = inf inf{A > 1| dgy ((AX;, x), (Rk 0)) > 8}.

xe®;

First we check that A; is finite. Fix i € N and take z € ®;. Since z is n-regular, as A — oo the distance
der((AX;, z), (R, 0)) converges to dgy (R, 0), (R¥,0)) > 8, so A; < 0o.
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Now we show that A; — oo. If after passing to a subsequence, the sequence A; converges to a number
Aso € [1, 00), then for any choice of x; € ®; the sequence (X; X;, x;) converges to (Ao RK, 0) = (R¥, 0)
in the pointed Gromov—Hausdorff sense. However, by the definition of A; there are y; € ®; with
deg (i Xi, yi), (R*, 0)) > &/2; a contradiction.

We claim there is a sequence (; — oo with the property that for all x; € ®;, and any lift X; € By 2(p;),

i =G(mi(X,), Xi, &, 1)) = G(m1(X:), Xi, %, i) (8.13)
Otherwise, by Corollary 2.55, after taking a subsequence, there would be a sequence

ri € o(m(Xy), Xi, %) N[1/A;, M] for some M > 0.
After again taking a subsequence, by Lemma 2.36 and Proposition 2.33, we can assume (r;lx i Xi),
(ri_lf,-, X;) converge to (R* x Z,(0, 2)), (R* x 2, (0, 2)), respectively, for some spaces Z, 7 with
diam(Z) < 1—10 (see Remark 2.20) in such a way that the sequence I'; converges equivariantly to some
group I' < Iso(RF x Z) that acts trivially on the first factor and such that Z /I'=Z. By Lemma 2.56,
r< % for all r € o (T"), but by construction 1 € o (I';, ri_l)? i» X;) for all i, contradicting Proposition 2.52
and proving (8.13).

Let x; € ®; be such that
inf{A > 1| dgu (X, x), (R, 0)) = 8} < 4 + 1.

After passing to a subsequence, by Lemma 2.36, we can assume (; X;, x;) converges to (Rf x Y, (0, y))
for some compact space (Y, y) with diam(Y) € (0, %]

For a;, b; € ©;, let G(a;) C Bi(a;), G(b;) C Bi(b;) be the sets given by Lemma 8.12, and let
U; := G(a;) N G(b;). Notice that for i large enough we have

max{m;(B1(a;)), m;(B1(b;))} < C-m;(U;) for some C(N).

For each y € U;, let Vy', V;”' e L'([0, 1]; Hé:f(TXi)) denote the vector fields given by Lemma 8.12,
define Vy, € L'([0, 1]; H'*(TX;)) as

Vo) e {—2vy‘”(1 —2t) ifref0,1],

U 2w ifreli],
and let X7 : [0, 1] x X; — X; be its RLF. Then there are measurable maps
ViU — L¥([0, 11; HEX(TX:))
with finite image such that, for all y € U;, V, is a divergence-free on Bigoc(v)(p;) vector field with
|Vy(#)llooc < C(N), there is a point y" € By, (a;) of weak essential stability of X with Xf (') € Biy, (by),
and q
f / Mx(VV, ()23} () di dmi () < C(N)S:.
u; Jo

This implies there is a sequence y; € By, (a;) and vector fields W; € L'([0, 17; Hé’i(TX,»)) with RLFs
X':[0,1] x X; = X; such that y; is a point of weak essential stability of X, X‘i (i) € By, (b;), and

1
/ Mx(|VW; (0)**)?3 (X! (i) dt < C(N)8;.
0
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By Proposition 5.21, y; is a point of essential stability of X’ for i large enough, so by Lemma 7.7, we
get a sequence of GS maps h; : [A; X;, a;] — [A; X;, b;]. This implies, by Lemma 6.4, that the pointed
measured Gromov—Hausdorff limit of the sequence (A; X;, a;) does not depend on the choice of a; € ©;.
By Propositions 2.7, 7.13, and Lemma 7.7, for lifts a;, l;,- € Bi2(pi), we also get a sequence of deck
type GS maps f/ : X, a]— X, b1 with (f/), =1Idy, (x,) for some b; in the preimage of b; with

d(@;, b)) < C(N) (8.14)

and such that (f/), = Idy, (x,). From (8.13) and (8.14), there are g; € I'; with g; (b)) = b;. Composing f/
with g;, we get a sequence of deck type GS maps f; : X, ai1— (7 X:, b;] with (fi)s=(g)+e )y O

9. Proof of main theorems

We now prove Theorem 1.14 by reverse induction on k. This is done by contradiction; after passing to a
subsequence, we assume the following.

Assumption 9.1. There is a sequence of integers & — oo such that no subgroup of I'; of index < &;
admits a nilpotent basis of length < n — k respected by (f j,i)i" ' for each jefl, ..., ¢}

The base of induction consists of Proposition 9.2. The induction step is first proved assuming that
the sequences f;; converge to the identity and Y # {x} (Proposition 9.3). Then we drop the assumption
that the maps f;; converge to the identity (Proposition 9.4), and the last step consists on dropping the
assumption Y # {x} (Proposition 9.5).

After taking a subsequence we may assume (X, pi) converges to a space (RF x Y, (0, y)) and T;
converges equivariantly to some closed group I" < Iso(R¥ x 17), which by Proposition 2.33, acts trivially
on the R¥ factor. By Corollary 2.27, Y splits as a product R" x Z for some compact space Z, and by
Corollary 2.65, I'/ I'g has an abelian subgroup of finite index generated by at most m elements. After
passing to a subsequence, by Lemma 6.4 we can also assume that for each j € {1, ..., ¢}, f;; converges
weakly to an isometry fj o : R x ¥ — RF x V.

Proposition 9.2. Theorem 1.14 holds if k = n.
Proof. By dimensionality, Y is trivial and so is T. By Lemma 3.2, the sequence I'; is trivial as well. [

Proposition 9.3. In the induction step, Assumption 9.1 leads to a contradiction if Y # {*} and f; oc =
Idpe 7 forall j.

Proof. Let vy, ..., v, € " be such that {v I, ..., v,[o} generates a finite index abelian subgroup
of '/ T'y. For each j € {1, ..., m} pick u); e I'; with w; — v}, and define Y; < I'; to be the subgroups
given by Theorem 3.1. Then from the proof of Theorem 3.1 one has, for i large enough, that

« (13, wi, ..., wl ) is a finite index subgroup of T,
. [wz-l, wz-z] e Y; for Ji, ja€{l,...,m}.
Furthermore, as f;; — Idg«, 7 for each j € {1, ..., £}, we also have

o [fjis w;l] e Y; forall j; e {1,...,m} and large enough i.
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Case 1: The sequence [I'; : Y;] is bounded.

By Lemma 2.57 and Proposition 2.58, there are characteristic subgroups H; <I'; contained in Y; such
that the sequence [Y; : H;] is bounded. After slightly shifting the basepoints p;, we may assume y is an
a-regular point of Y. Let A; — oo so slowly that

e (M Xi, pi) — (R 0) in the pointed Gromov—Hausdorff sense,

o fii: [)\,-i,-, pil— [)\;ii, pi] still is GS and converges to Idgm+e,

o lim;_ o SUp o (Hi, A X;, pi) < 00.

By Proposition 2.33, any pointed Gromov-Hausdorff limit of A X /Hj, [pi]) splits off R¥*% and as
H; «T'; is characteristic, it is preserved by (f; ;)« for each j, so the induction hypothesis applies to the
spaces (X-/H,-, Aid;i, m;, [p;]), contradicting Assumption 9.1.

Case 2: After passing to a subsequence, [['; : T;] — oo.

Foreach j € {l,...,m},setI'; ; := (1}, wj., R w,"n) and I'; 41 :="1;. Let jo € {1, ..., m} be the
smallest number such that, after passing to a subsequence, we get [I'; j, : I'; j+1]1 — 00, and let F; =T
Y/ :=T; j,+1. Notice that by our choice of w;’s, Y/ is normal in I}

Let X! := fi/Tlf, p; € X! the image of p;, and fr41; := wz.o € Iso(X;). After taking a subsequence,
we can assume (X, p.) converges to a space (R x ¥, (0, ")), Y/ converges to a closed group Y’ < T,
and I'} converges to a closed group I'" < T" with [I" : T'] < oo. By Theorem 3.1, [I"" : Y'] = o0, so the
group I’/ Y’ is noncompact.

Since T/’ acts on Y’ with compact quotient ¥/ I”, Corollary 2.27 applies, and since I/’ is
noncompact, Y’ contains a nontrivial Euclidean factor. Therefore the induction hypothesis applies to the
I, p)), the groups Y/, and the maps f;; for j € {1,..., £+ 1} (as fj; = Idp,7,
(f}.i)« preserves Y;). This means there is C > 0 and subgroups G; < Y/ such that, for i large enough,

- [Y]: G}l <C.

sequence of spaces (X

« G/ admits a nilpotent basis B/ of length <n —k —1,
o (f;.0)S respects ] for j e {1,..., £+ 1}
By Lemma 2.57 and Proposition 2.58, we can assume G is characteristic in Y/. Then we define

G, := (G}, fﬁ?}). Notice that G; admits the nilpotent chain f; obtained by appending fﬁf’); to B;. From

the fact that [ f;;, fey1,i] € Tl./ for j € {1, ..., £} and Proposition 2.61, we have that (fj’,')f! respects
for j € {1, ..., ¢}. Finally, the sequence

[T;:Gil=I[T;: T/ : Gl < [I; : T/120)!C
is bounded, contradicting Assumption 9.1. U
Proposition 9.4. In the induction step, Assumption 9.1 leads to a contradiction if Y # {x}.

Proof. Fix j € {1,...,£}. Then f;(0,¥) = (s,y') for some s € RK, y' € Y. By Proposition 6.8,
after composing f;; with maps given by Lemma 7.1, we can assume fj (0, y) = (0, y’). Since I'
acts co-compactly on Y, there is a sequence y, € I' such that the sequence f Jff (0, y)) is bounded.
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As Iso(R* x Y ) is proper, there is a sequence v, — oo such that f }),aoo (»,) 1s a Cauchy sequence in
Iso(R* x Y ). This implies that the sequence

Vi) ™ S Vo) = (7 T O e D W)

converges to Idp, 7.

Set g i= Voi1 — Vg, g i= [(f}fgo);l(yv;l)](va), and choose g, ; € I'; such that g, ; converges
to g as i — 0o0. By Proposition 6.8 and a diagonal argument, if a function i +— «(i) diverges to
infinity slowly enough, the maps f}flf’ga,,- : [)N(i, pil — [i,-, pi] are GS and converge to Idp, 7. By
Proposition 2.62, if a function i — «/(i) diverges slowly enough, we can replace f;; by f J’.f i 8a,i and
still have Assumption 9.1. By doing this independently for each j, we can assume f; oo = Idps, ¢ for all
j €{l,..., £} and Proposition 9.3 applies. (Il

Proposition 9.5. In the induction step, Assumption 9.1 leads to a contradiction.

Proof. After rescaling down each X; by a fixed factor, we can assume f; o displaces (0, y) at most 1/10.
If Y = {*}, let A; and ©®; C By ,2(p;) be given by Theorem 8.1, and O; C B1,2(p;) their lifts. For each
jefl,.... £}, let W}’i C X, be the sets obtained by applying Proposition 6.7 to each f;;, and set

W,’ = (:)i N m WJll
J

Then for large enough i, we can take a; € W; such that f;;(a;) € W; for each j. Let
®ji: % X, fiita)] — 1 Xi, ai

be the maps given by part (2) of Theorem 8.1. By Remark 2.59 and Proposition 2.62, if we replace f;;
by ¢, ; f;.i, we still have Assumption 9.1. Then by part (1) of Theorem 8.1, Proposition 9.4 applies to the
spaces (A; X;, a;) and the GS maps ¢; ; f;; : [)»X,-, a;]l — [)\,-i,-, a;]. O
Proof of Theorem 1.1. Assuming the result fails, there is a sequence (X;, d;, m;, p;) of pointed RCD(K, N)
spaces, ¢; — 0, and integers & — oo, such that if H; < m(X;, p;) denotes the image of the map
w1 (Bg; (pi), pi) = m1(X;, p;) induced by the inclusion, then no subgroup of H; of index < &; admits a
nilpotent basis of length < n.

Taking the pointed universal covers (% iy Ji, m;, p;), for each i one can identify H; with a subgroup of
Gori (X)), ii, Di, 2¢&;). After taking a subsequence, we can assume (X;, p;) and (fi, pi) converge in the
pointed Gromov—Hausdorff sense to spaces (X, p) and ()’Z , ), respectively, and the sequence 71 (X;)
converges equivariantly to a closed group of isometries G < Iso()N( ).

Let K < G be the stabilizer of p, and let m be the number of connected components of G it intersects.
Fix ¢ > 0 such that the set {g € G | d(dp, p) < 2¢} intersects the same m connected components of G
as K, and define

H{:=({g e mi(X;) | d(gpi, pi) < ¢€}).

After taking a subsequence, we can assume H/ converges equivariantly to a closed group H' < G, and let
Y; < H/ be given by Theorem 3.1. Then for i large enough, H; < H; and by Theorem 3.1, [H : Y;] < m.
Hence no subgroup of Y; of index < &;/m admits a nilpotent basis of length < n.
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Pick g € B(p) a k-regular point, g € B (p) alift, and g; € B;(p;) converging to g. If we equip 71 (X;)
with the metric d(‘f " from (2.29), then for any g € Bs (Idg,) with § < 1 one has d(gg;, ¢i) < 8. Hence for
all § < 1 we have

Bs(ldg,) C {g € mi(Xi)|d(ggi, gi) < 3} 9.6)

For a sequence 6§; — 0, define I'; := G (1 (X)), fi, gi, ;). By (9.6) and Theorem 3.1, if §; — O slowly
enough, for all i large we have Y; < I';. Finally, consider a sequence A; — oo diverging so slowly that
Aié; — 0, and such that (A; X;, ¢;) converges to (R¥, 0) in the pointed Gromov—Hausdorff sense. Then
I, =463, )\,-g,-, gi, 1), contradicting Theorem 1.14 with £ = 0. |

Finally, we point out that the proof of Corollary 1.15 is the same as of Theorem 1.1 almost verbatim.
The only differences are that the contradicting sequence a priori converges to (X, p), and the nilpotent
bases we are seeking are of length < n — k instead of < n.
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LIOUVILLE THEOREM FOR MINIMAL GRAPHS
OVER MANIFOLDS OF NONNEGATIVE RICCI CURVATURE

Q1 DING

Let ¥ be a complete Riemannian manifold of nonnegative Ricci curvature. We prove a Liouville-type
theorem: every smooth solution u to the minimal hypersurface equation on X is a constant provided u has
sublinear growth for its negative part. Here, the sublinear growth condition is sharp. Our proof relies on a
gradient estimate for minimal graphs over ¥ with small linear growth of the negative parts of graphic
functions via iteration.

1. Introduction

Let X be a complete noncompact Riemannian manifold. Let D and divy, be the Levi-Civita connection
and the divergence operator (in terms of the Riemannian metric of X)), respectively. In this paper, we
study the minimal hypersurface equation on X,

Du
divy (—) =0, (1-1)
V14 |Dul?

which is a nonlinear partial differential equation describing the minimal graph
M={(x,u(x))e TxR|xeX}

over X. The smooth solution u to (1-1) is the height function of the minimal graph M in X xR. Therefore,
we call u a minimal graphic function on X.

When ¥ is Euclidean space R”, equation (1-1) has been studied successfully by many mathematicians.
Bombieri, De Giorgi, and Miranda [Bombieri et al. 1969b] (see also [Gilbarg and Trudinger 1983])
proved interior gradient estimates for solutions to the minimal hypersurface equation on R”, where the
2-dimensional case had already been obtained in [Finn 1954]. As a corollary, they immediately got a
Liouville-type theorem in [Bombieri et al. 1969b] as follows.

Theorem 1.1. If a minimal graphic function u on R" satisfies sublinear growth for its negative part, i.e.,

i max{—u(x), 0}
limsup —— =

X—>00 | x|

0, (1-2)
then u is a constant.

The condition (1-2) is sharp since any affine function is a minimal graphic function on R”. When the
minimal graphic function # on R” has the uniformly bounded gradient, Moser [1961] proved u is affine
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using Harnack’s inequalities for uniformly elliptic equations. The gradient estimate of # on R” can also be
derived by the maximum principle (see [Korevaar 1986; Wang 1998] for instance). Without the “uniformly
bounded gradient” condition, it is the celebrated Bernstein theorem; see [Fleming 1962; De Giorgi 1965;
Almgren 1966; Simons 1968] and the counterexample in [Bombieri et al. 1969a]. Specifically, any
minimal graphic function on R” is affine for » < 7 by Simons [1968].

Let us review Liouville-type theorems for nonnegative minimal graphic functions on manifolds briefly.
From Fischer-Colbrie and Schoen [1980], any positive minimal graphic function on a Riemann surface S
of nonnegative curvature is constant (see [Rosenberg 2002] for the case of minimal surfaces in S x R).
Rosenberg, Schulze, and Spruck [Rosenberg et al. 2013] proved that every nonnegative minimal graphic
function on a complete manifold of nonnegative Ricci curvature and sectional curvature uniformly
bounded below is a constant. Casteras, Heinonen, and Holopainen [Casteras et al. 2020] showed that
every nonnegative minimal graphic function # on a complete manifold of asymptotically nonnegative
sectional curvature is a constant provided u has at most linear growth. In [Ding 2021], the author proved
that every nonnegative minimal graphic function on a complete manifold of nonnegative Ricci curvature
is constant, which was also obtained independently by Colombo, Magliaro, Mari, and Rigoli [Colombo
et al. 2022]. In fact, the “nonnegative Ricci curvature” condition can be further weakened to the volume
doubling property and the Neumann—Poincaré inequality in [Ding 2021].

In some situations, the above ‘“nonnegative” condition for the solution # on a manifold ¥ can be
weakened to the condition of “sublinear growth for its negative part”, i.e.,

max{—u(x),0}

lim sup =0 (1-3)

X3x—>00 d(x » P )

for some p € X, where d(x, p) denotes the distance function on ¥ between x and p. Motivated by
Theorem 1.1, for brevity, we say the strong Liouville theorem for minimal graphs over % holds if every
minimal graphic function # on X is a constant provided # admits sublinear growth for its negative part.

In [Rosenberg et al. 2013], the strong Liouville theorem for minimal graphs over complete manifolds
of nonnegative sectional curvature was proved. Ding, Jost, and Xin [Ding et al. 2016] proved the strong
Liouville theorem for minimal graphs over complete manifolds of nonnegative Ricci curvature, Euclidean
volume growth and quadratic curvature decay. In [Ding 2025], the author proved the same without the
above quadratic curvature decay condition, which is a biproduct of Poincaré inequality on minimal graphs;
see [Bombieri and Giusti 1972] for the Euclidean case. Colombo, Gama, Mari, and Rigoli [Colombo et al.
2024] proved the strong Liouville theorem for minimal graphs over complete manifolds of nonnegative
Ricci curvature and that the (n—2)-th Ricci curvature in the radial direction from a fixed origin has a
lower bound decaying quadratically to zero.

Colombo, Mari, and Rigoli [Colombo et al. 2023] proved an interesting theorem: if a minimal graphic
function # on a complete noncompact Riemannian manifold ¥ of nonnegative Ricci curvature satisfies

, logd(x. p)
limsup —————

Imsup = %) max{—u(x), 0} < oo (1-4)

for some p € %, then u is a constant.
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From now on, we always let ¥ denote a complete noncompact Riemannian manifold of nonnegative
Ricci curvature (without extra assumptions). In this paper, we can weaken the condition (1-4) to (1-3)
and prove the strong Liouville theorem for minimal graphs over X as follows.

Theorem 1.2. Any minimal graphic function u on X is a constant provided u has sublinear growth for its
negative part.

The condition of “sublinear growth for its negative part”, i.e., (1-3), is sharp from the Euclidean case
and the manifolds case; see Proposition 9 in [Colombo et al. 2024]. To arrive at Theorem 1.2, we prove a
stronger result: a gradient estimate for small linear growth of the negative part of u (without the upper
bound condition of u) as follows.

Theorem 1.3. There exists a constant By > 0 depending only on n such that if a minimal graphic
function u on X satisfies

L Uu(X)
lim inf — ) > —Ps (1-5)

for some p € X, then there is a constant ¢ > 0 depending only on n such that

sup |Du|(x) < climsup M. (1-6)
X€X X—>00 d(x, p)

The key ingredient in the proof of Theorem 1.3 is to get an integral estimate of vk on geodesic balls
in ¥ for a large constant k by an iteration (on /) of an integral of (log v)’v, where v is the volume function
of the minimal graphic function u. Then using the Sobolev inequality on X, we can carry out a (modified)
De Giorgi—Nash—Moser iteration on geodesic balls in ¥ starting from an integral of v2k with k > n and
get the bound of v; see Theorem 4.3 since Harnack’s inequality holds in Theorem 4.3 of [Ding 2021].

Once we get the uniform gradient estimate (1-6), from Theorem 8 (or Theorem 6(ii)) in [Colombo
et al. 2024], we can conclude that any tangent cone of X at infinity splits off a line isometrically; compare
with the harmonic case by Cheeger, Colding, and Minicozzi [Cheeger et al. 1995]. It’s worth pointing out
that £ may not split off any line from a counterexample in Proposition 9 of [Colombo et al. 2024].

Without (1-5), we have the gradient estimates without the “entire” condition of M or X, where the
estimates depend on the lower bound of the volume of geodesic balls of X; see [Ding 2025]. In [Colombo
et al. 2024], the authors obtained gradient estimates for minimal graphs over manifolds of nonnegative
Ricci curvature and that the (n—2)-th Ricci curvature of X in radial direction from a fixed origin has a
lower bound decaying quadratically to zero.

2. Preliminaries

Let ¥ be an n-dimensional complete Riemannian manifold of nonnegative Ricci curvature. For any R > 0
and p € X, let Br(p) be the geodesic ball in X centered at p with radius R. For each integer & > 0,
let %K denote the k-dimensional Hausdorff measure. From the Bishop—Gromov volume comparison

theorem,

LA=ngn=L 0B, (p) < 1" (B, (p) < 57" H" (By(p) @D



2540 QI DING

for all 0 < s < r. Let D be the Levi-Civita connection of . From [Anderson 1992] or [Croke 1980], the
Sobolev inequality

n—1

(H"(B,(p)))# ( ) ‘o b .~
r /Br(p)w| B /Br(m' 7 2

holds for any Lipschitz function ¢ on B, (p) with compact support in B, (p), where ® > 0 is a constant
depending only 7.

Let @ be a Lipschitz function on B,1¢(p), s € (0, r], and ¢ be a nonnegative Lipschitz function such
that { =1on B,(p), { =0outside B,4+5(p) and | D{| < 1/s. Then, from the Cauchy—Schwarz inequality,

we have
/ |D(@%0)] < 2/ 0[] DO +/ % D¢|
B (p) B (p) Br(P)

fr/ |D<1>|2§+1/ c1>2§+1/ @2, (2-3)
B (p) " JB,(p) 5 JBrys(p)

From (2-2), it follows that

n—1
(H"(Br(p»)i(/ |q>|f—”1) s®r2/ |D<I>|2+@/ o (4
Br(p) Br(P) s Br+s(1’)

From [Buser 1982] or [Cheeger and Colding 1996], we have the Neumann—Poincaré inequality on geodesic
balls of . Namely, we have (up to a choice of ®)

/ ¢ — B, (p)| = OF / | Dol (2-5)
Br(P) B, (P)

for any Lipschitz function ¢ on B, (p), where

1
0B, (p) = f Q= 0.
@ T ) H"(Br(p)) JB,(p)

Let M be a minimal graph over X with the graphic function u on X, where M has the induced metric
from ¥ x R equipped with the standard product metric. By Stokes’ formula, M is area-minimizing
in ¥ x R by an argument analog to the case of Euclidean space. Let V and A denote the Levi-Civita
connection and Laplacian of M, respectively. We also see u as a function on M by projection M — 3;
ie., u(x,u(x)) = u(x) for any x € X. Then equation (1-1) is equivalent to the condition that u is
harmonic on M, i.e.,

Au = 0. (2-6)
Let

v=+V1+|Dul?

be the volume function of M (as mentioned above); we see v as a function on M by identifying
v(x,u(x)) = v(x). Recall the following Bochner-type formula:

Av! = —(|4)* + v 2 Ric(Du, Du))v~L. (2-7)
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Here, A denotes the second fundamental form of M in ¥ x R, and Ric denotes the Ricci curvature of X.
From (2-7), it follows that

Alogv = |A|* + v 2 Ric(Du, Du) + |V logv|* > |V log v|?. (2-8)

For a C!-function f on an open set of X, we can see / as a function on M: f(x,u(x)) = f(x). Then

| Dul?
2

1 1
IV/1>=1Df)? - U—ZI(DM»DJ’H2 > |Df|2—v—|Df|2 = E|Df|2- (2-9)

Notational convention. When we write an integral over a subset of a Riemannian manifold with respect
to its standard metric of the manifold, we always omit the volume element for simplicity.

3. Integral estimates of powers of the volume function

Lemma 3.1. Let & be a Lipschitz function on X with compact support. For all constants | > 1 and q, 0 > 0,
we have

/ | D(log v)! |£9+! SIQr/(logv)l_lleSIZ—i-L/(logv)l_lvszq. (3-1)
= b Or Js

Proof. We also see £ as a function on M by letting &£ (x, u(x)) = £(x). From (2-8), for each !’ > 0, from
the Cauchy—Schwarz inequality we have

/ (logv)l/52|Vlogv|2 5/ (logv)l/ézAlogvf—Z/ (logv)l/évg-VIOgv
M M M

<3 | togo) €Viogal +2 [ (g 1VEP, (32
M M
which implies

f (logv)!'|V log v|%62 < 4 f (logv)!'| VE[2. (3-3)
M M

From (2-9) and (3-3), for all constants ¢, 0 > 0 and / > 1, we have
[ 1paoguy g+ < [ 19aogo) e =1 [ (ogu)!~!Viogulge !
b)) M M
<10 [ togu) T Viogol6 + - [ (togo) =1
4 M 9}" M

<I10r /M(log v)! T ve)? + Gl_r /M(log ) ~1g24, (3-4)
This gives (3-1) by combining with (2-9) again. O
Given two constants 8, rg > 0, we assume
lu(x)| < B max{rg,d(x, p)} foreachx e X. (3-5)
For each r > rg, it’s clear that
lu(x)| < Bmax{r,d(x, p)} foreachx € X. (3-6)

We fix the point p and write p(x) = d(x, p) for each x € X.
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Lemma 3.2. Given a constant 6 € (0, 1] and a constant 0 < § < 1, for each constant [ > 1, we have

1 n+1 2M(1]
f (log v)lvf (1+5)ﬁlﬂ% (log v)l_lv—i—M (log v)l, (3-7)
B (p) ¢ B +o)r(p) ¢ B +o)r(p)

where cg > 1 is a constant depending only on n and §.

Proof. Let § be a positive constant, § < 1, and & be a Lipschitz function on X with supp& C B(j49),(p),
&=1on B,(p) and

cos _p();)r—r for x € B(1+66/4)r (P) \ Br(p),
0= costs/4) (1 _ plr)=r o
-y (1 -5 ) for x € B(1+9)r () \ B(1+56/2)r (D).
Then
in % for x € B(1+50/4)r(P) \ Br(p),
OrIDEIC) = | gos(s/a) <)
v for x € B(1+6)r(P) \ B(1+86/4)r(D)-
Let ¢ = ¢gs > 1 such that
sin(6/4)
9(5/4) = :
cost(8/4) = 17 5/4
Noting that (1 —§/4)72 <1468 as 0 < § < 1, with (3-9) we have
0%r2|DE> 4+ 629 <(1-68/4)"2<1+68 onZX. (3-10)

In [Bombieri et al. 1969b], the authors gave an estimate of an integral of vlog v using (1-1) in the
Euclidean case; see also [Gilbarg and Trudinger 1983] and [Ding et al. 2016] for manifolds. Enlightened
by this, we further estimate an integral of (log v)!v on geodesic balls of X using (1-1) for each / > 0.
Integrating by parts, for each » > r¢ with (3-6) we have

0= | == D(u(logv)'&7*")

D 2
/ |Dul” u| ylga+! 4 / §q+1 Du Do 4 / u(log v)l%.ng-H
b b

2/' 5P
p)

0 B+o)r(p)
Here, c¢g > 1 is a constant depending only on n and ¢ = ¢s. Then it follows that

/E(log v)lvgdt! S/Z(%—i_ 1)(10g v)/gat!

<(1+6)pr / |D(logv)!§9+" +
>

(logv)!.  (3-11)

(4 0)pr / £4+1 D(log v)!| — 9P

1+ csp

(log v)". (3-12)
0 B(140)r(p)
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For each / > 1, from (3-1) and (3-10) we have

| 1Dtoguy e+t < (Iogv)! ™ v(6%r2| DEP +£)
z " JB(110)r(p)

1
< ( +5)l/ (log v)l_lv. (3-13)
0r  JBuyor )

Substituting (3-13) into (3-12), we get

1+6
(1+6) (logv)l_lv—i—
B1+6)r(p)

1+c¢sp
0

This finishes the proof with (2-1). O

(logv)!. (3-14)

/ (log v)lv <(146)8!
B, (p) B+6)r(p)

Now we further assume B < 1. Write ys = (1 + 8)n(1 + 1/n)"*!1. By taking 6 = 1/n in (3-7), for
each / > 1 (up to a choice of ¢ > 1), we have

% (log v)lv <ysB! (log v)l_1 v+ cg % (log v)l. (3-15)
By (p)

B+ 1)r/n(p) Bu+1)r/n(p)

Since M is area-minimizing in ¥ x R, with (2-1) we get

[ o= 0B <) <1 B+ [l
B:(p) 9B (p)

<H"(Br(p)) + BrH"(0B+(p)) = (1 +np)H"(Br(p)). (3-16)
Let us iterate the estimate (3-15) on /.
Lemma 3.3. Let cg be the constant in (3-15) with the given 0 < § < 1. For each integer j > 0, we have

Jj+m

sp £ (og )= 1y
B, (p 5 m

r=ro

)(1 +np), (3-17)

where m = [C—‘S;B] + 1 € N depends onn, §, B, and
Vs

(j+m)_ (m—+ j)!
m ) jim!

Proof. Let us prove it by induction. From (3-15) and log v < v, for each j > 1, we have

sup % (logv)v < ysBj sup f (logv)’ v + ¢5 sup % (logv)’ ~1v. (3-18)
B, (p) B, (p B, (p)

r=ro r=ro r=ro

Letm = [%] +1 e Ndepend on n, 8, B, and let {a; }jen be a sequence defined by
Vs

aj = sup % (log v)’ v. (3-19)
By (p)

r=ro

From (3-18), for each integer j > 1, one has

aj <ysBjaj_1 +csaj_1 < ysB(j +m)aj_q. (3-20)
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By iteration,

i, (J+m —I—m
a; Sygﬁfu jlyi B J ao. (3-21)
m!

From (3-16), ag < 1 + nB. This completes the proof. O

Theorem 3.4. Let u be a minimal graphic function on X satisfying (3-6) for some constant 8 € (0, 1].
There is a constant c(n, 8, B) > 0 depending only on n, 8, B such that, for each constant A € (0, 1/(ys8)),
we have

supf vV < e, 8, B)(1—Aysp) (3-22)
B, (p)

r=ro

Proof. Let A < L,B be a positive constant. From Taylor’s expansion
Vs

o0

J ;
A e (3-23)
— !
Jj=0
combining with (3-17) we get

% A+1 i A % il )j
v — — ogv)'v
B/ (p) = /B

<Z—]' 8 (7))

+m
— (14 08) Y Gy (7M. (3-24)
Jj=0
From
s Jj+tm j ]+m 1 d"
X" = o Z = i (17) (25)
for each ¢ € (0, 1), we complete the proof. O

4. Mean value inequality and gradient estimate

For each nonnegative measurable function f on X and each constant ¢ > 0, we define

1/q
g = (fB - f") .

Now, let us carry out a (modified) De Giorgi—-Nash—Moser iteration to get the mean value inequality for
the volume function v with the help of the Sobolev inequality on X.

Lemma 4.1. For each constant k > n and o € (0, 1), there is a constant ¢4y depending only onn, o, k
such that

n/(k—n)
lloo,or = ok (lV]|2k,r)° (4-1)

foranyr > 0.
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Proof. Let n be a Lipschitz function on ¥ with compact support which will be defined later. Write
n(x) = n(x, u(x)). From (2-8), we have Av > 0 on M clearly. For any constant £ > 1, we have

OZ—/ vzer)zAv—%/ 261 2|Vv|2+2/ vzzan-Vn
M
>2£/ 24—1 2|VU|2 6/ 24—1 2|v |2 _/ v2€+1|vn|2
M
ZK/ 20—1 2|vv| / v2€+1|vn|2' (4_2)
M M
From (2-9) and (4-2), we infer that

/ |Dvﬁ|2n2 S/ |VU€|2U7]2 :€2/ |VU|2v2€—ln2 S/ v25+1|Vn|2 S/ U2£+2|D77|2. (4_3)
by M M M b

Foreachr > 7 >0, letnbe definedby n=10n B, 1 r/2(p), n=(2/7)(r+7—p) on By (p)\ Br41/2(p).
n = 0 outside B,4.(p). Then |Dn| <2/7. Combining (2-4) and (4-3), we have

2¢ 20 otk 4r 2t
e I (e R e [ Py

r
o . v2‘+2|Dn|2+7||v”||1,r+f)

IA

4r2 . 2et2 4r 2t
<O( I P e+ LN N1 4c)
2
r 2442 24+2
= C‘E2 ||'U ”1 r+t — C ||v||2€+2,r+t’ (4'4)

Here, ¢ = 80 is a constant depending only on #. Given a constant k > n, we set

ntk—1)
=—>1. 4-5
(n—1Dk (4-5)
For £ +1 > k, we have
20 2
L —(2£+2)a——n(£+1—k)20. (4-6)
(n—1Dk
From the Holder inequality and (4-4), one has
T
Wl@et2er < llvl2em , <c2trer™e llvllze+2 . 47
For any o € (0, 1) and any integer i > —1, set m; = 2ka’, £; = Lm; —1, ; = 270+D (1 —o)r and
Tig1 =1 —Ti41 with »_; = r. Then
i+1
rit1 ZV—Z‘L’]‘ =0r—+7ti41 =1,
j=0

and lim;_, r; = or. By iterating (4-7), for each i > 0, we have

L -+ 4+l
7 z
”v”ami,r, Cze,r lf' ”U“txm, LoFio1- (4-8)
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Set & =10g || v|lam,.r; for each integer i > —1, and set by = ¢/(1 —0)?. Note that 7; /r; > -0+ (1—0)
and £; > ko' —1> (k — l)ai for every i > 0. Then

1 K—H 1 +i

5,_26 logc—i-g—log 57 logbs —i—lz log2+e Gigy
__L__ 1+i = ]
_Z(k—l) llogb +(k et -log2+e é, 1. (49

For all 0 <iy <i, we have
; ; 1—i
| _a 0
T = T Zi=ig ¥ < ¢ G—Dla—D

Hence, foreachi > 1,

log by (1+i)log2 ot log by 4 ilogz. e olt -
2w—uw1 (k — i1

&fzm—nw (k — o

i

i
logbg 1+] a” a”
<...< _ log2 k— k=1
< _2(2(k_1)a]+(k_1)]o ) [T <t 1+slne ]

J=j+1
logh, 1 l 21
< ¢ TD@=D Z(z((;cg_ D a7 Ofl (:;J)+g(kl)(al)g » (4-10)
Since
> J+1 o? 411
z%af"m—nf @10
j=
we have 5
1 (loghs « log2 « «
- < e k—D(@—1) ®K—D@—D &_,. 4-12
Sise (Mk—na—l F—1@-12) "¢ s-1 (4-12)
4 _ k—n a _ nk=1) .
Fromo—1= Dk and 1= fon , we obtain
n (nlogh n%k log?2 .
& <ek-n (Z(kfi;:) (k—ng)2 ) +ek-nf_q. (4-13)
Namely,

n n IOg ba n2k log 2 n/(k—n)
ol = exp(e7 (32200 + B} ol ) @14)

Letting i — o0, it follows that

n (nloghy n?klog2 n/(k—n)
o = exp(e77 (5207 4 D) g ) @15)

This completes the proof. O

Remark 4.2. The factor ¢/ =) in (4-1) comes from (4-3), which transforms an estimate on M to
another estimate on X with a slight but definite “loss”. In fact, the factor could be smaller if we choose a
larger factor than « in (4-7) for large £. However, we cannot reduce the constant k to a constant < n,
since we need o > 1 in (4-5). Hence, unlike the classic De Giorgi—-Nash—Moser iteration, here we are not
able to obtain supp, (,) v bounded by a multiple of an integral of v¥ with y < 2n on By, (p).
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Put

1 1 —n—1
b= (1 +a) @10

To prove Theorem 1.3, we only need to show the following theorem since we have Harnack’s inequality
in Theorem 4.3 of [Ding 2021] (or (A-8) in the Appendix directly).

Theorem 4.3. If a minimal graphic function u on ¥ satisfies

< Bn (4-17)

for some p € X, then there is a constant ¢ > 0 depending only on n such that

|u(x)]

sup | Du|(x) < climsup . (4-18)
X€X x—o0 d(X,p)
Proof. From (4-17), there is a constant § € (0, 8,) such that
fimsup L _ g, (4-19)
x—o0 d(X,p)
Then there is a constant rg > 0 such that
lu(x)| < Bmax{rg,d(x, p)} foreachx e X. (4-20)

We fix a positive constant § = §(8) < 1 satisfying (1 4+ §) < By. Recall y5 = (1 +8)n(l + 1/n)"+1.
From Theorem 3.4, there is a constant

an
b= (14 s ) (= 5) 41

A c(n.8. p) _ ( 2B )’"“ ]
fmp)” = A== ypyrtt P\ g T 21

for all r > rg. From Lemma 4.1, we get

such that

n/()uﬁ/an)

<y(np), (4-22)

sup = [[0]ag,5 <

1 2 (llag, e
Br/Z(P) 222

where Y = (n, B) is a positive function depending only on n and B < B, satisfying limg_, g ¥ (n, B) = o0,
which may change from line to line. In other words, we have concluded that v is uniformly bounded
on X. In the following, let us give a better bound of v than (4-22).

Let p = (p,u(p)), and let B, (p) denote the geodesic ball in X x R with radius r centered at p. From
[Ding 2023, (3.5)], (2-1) and (3-16), we get

2H (B (p)) = W (M 0 B () = T (Byya(5) = S (B () (423)

for each r > 0. Here, ¢ > 1 is a constant depending only on n, which may change from line to line.
Combining (2-2) and (4-22), (by projection from 3 xR into 3) we have the Sobolev inequality on M ; i.e.,

n—1
(f |¢|n"1) < wrf Do (4-24)
MNB,(p) MNB,(p)




2548 QI DING

holds for any Lipschitz function ¢ on M N B, (p) with compact support in M N B, (p). Combining (2-5)
and (4-22), we have the Neumann—Poincaré inequality on exterior geodesic balls of M ; i.e.,

/ 0= Bpr < yr / Dyl (4-25)
MnNB,(p) MnNB:(p)

for any Lipschitz function ¢ on M N B, (p) with @p, = £, B, (5) ¢- From De Giorgi—Nash—Moser
iteration, the mean value inequalities hold on M for sub- and superharmonic functions on M . Define
| Dulog = supy, | Du|. Since | Du|? is subharmonic on M from (2-7), we conclude that |Du|(2) — | Dul? is
nonnegative superharmonic on M. Then (see page 42 in [Ding 2025] or Lemma 3.5 in [Ding et al. 2016]
up to a suitable modification)

| Du|3 = sup |Du|? = lim | Dul?. (4-26)
r=% JMNB, (5)

Let 7 be a Lipschitz function on X with supp 7 C B, (p), =1o0n B,(p) and |D7j| <1/r. We see 7
as a function on M by letting 77(x, u(x)) = 7(x). From (2-6) and the Cauchy—Schwarz inequality, it
follows that

O—f Vu- V(unz)—/ |Vu|?7 2+2/ unVu - Vi
M

/|Vu|2 T /|Vu|2 T /u2|Vﬁ|2. (4-27)

Combining this with (2-1) and (3-16), we get
/ Vul? s[ Va7 54/ Vi <1682 [ v <16(1+nB)B>H (Bor(p))
B, (p) M M By (p
<16(14np)2"B*H" (B, (p)). (4-28)

Since M N B, (p) C By (p) xR, combining with (2-9), (4-23), (4-26), and (4-28), we get

|Dul3 |Dul*> _ . 2
—2 < lim sup >— = limsup [Vul
1+ |Dulg r—oco JMNB,(p) V r—>o00 JMNB.(p)
1
<limsup |Vu|?v < ¢ lim sup |Vu|?v < cp?. (4-29)
r—>oo H"(M 0 B (p)) JB,(p) r—>c0 JB.(p)
Letting B — limsup,_, .o 71 (x, p)|u(x)|, we deduce (4-18), which completes the proof. O

Appendix

Let ¥ be an n-dimensional complete Riemannian manifold of nonnegative Ricci curvature. Let M be a
minimal graph over ¥ with the graphic function u on 3. Suppose u is not a constant. For any » > 0 and
X = (x,tx) € 2 xR, we define

Ozr ={(.5) € TXR[d(y. x) +|s —tx| <1}
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and %,(x) = M NDx,,. For each s <infp, () u, write ps = (p,u(p) —s). From Theorem 4.3 in
[Ding 2021], u — s satisfies Harnack’s inequality as follows:

sup (u—s)<v inf (u—ys) (A-1)
Zrr(Ds) %2R (Ds)

for some constant ¢ > 2 depending only on 7.

We suppose that there is a positive constant S < B with B, defined as in (4-16) such that

40 —1)
o u(x)
> _ -
ljlcrggéfd(x’p) > —Bx (A-2)
itee=_ P 1 i
for some p € X. Write € = SB0-D 2 > (. There is a constant r¢ > 0 such that
u(x) =2 —(1+€)f« max{d(x, p). re; (A-3)

forall x € X. Foreach R >rc, letiug =u+4(1+€)BxRand pr = (p,ur(p)) € ZxR. Theniig >0
on B4r(p), which implies that

sup Ugp <9v inf dg <ugr(p) (A-4)
#2Rr(PR) #2Rr(PR)

from (A-1). Since

(@ = Ditr(p) = (@ = D((p) +4(1 +€)B«R) = (0 — Du(p) + (Bn + 4(0 — l)ﬂ*)g, (A-5)

we get
(@ —Ditr(p) < BnR (A-6)

for sufficiently large R > re. Note that Br(p) x (=R +1ig(p). R+ilg(p)) CDp
conclude that

r,2R- From (A-4), we

sup Ug < PR (A-7)
Br(p)

for all sufficiently large R > r¢. From (A-7) and the definition of # g, it follows that

sup u < sup Ur—4BxR < (Bn—4B+«)R. (A-8)
Br(p) Br(p)
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