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RANDOM SCHRODINGER OPERATORS
WITH COMPLEX DECAYING POTENTIALS

JEAN-CLAUDE CUENIN AND KONSTANTIN MERZ

We prove that the eigenvalues of a continuum random Schrodinger operator —A + V,, of Anderson-type,
with complex decaying potential, can be bounded (with high probability) in terms of an L7 norm of the
potential for all ¢ < d + 1. This shows that, in the random setting, the exponent g can be essentially
doubled compared to the deterministic bounds of Frank (Bull. Lond. Math. Soc. 43:4 (2011), 745-750).
This improvement is based on ideas of Bourgain (Discrete Contin. Dyn. Syst. 8:1, (2002), 1-15) related to
almost-sure scattering for lattice Schrodinger operators.

1. Introduction and main result

Consider a Schrodinger operator —A + V on L?(R%). Frank [2011] proved the scale-invariant bounds
|z|‘f—"/2§/ |V ()] dx (1)
Rd

for eigenvalues z of —A + V, when g < %(d + 1) (we call such V short range). The short range condition
is best possible, i.e., (1) is generally not true for g > %(d +1). Counterexamples for z > 0 were constructed
by Frank and Simon [2017], and for Im z # 0 by Bogli and the first author [Bogli and Cuenin 2023].
These counterexamples settle the Laptev—Safronov conjecture [Laptev and Safronov 2009] in the negative.

The aim of this paper is to show that, for random potentials, the short range exponent can be essentially
doubled, from %(d + 1) to d + 1, compared to the deterministic case. We consider Anderson-type
Schrédinger operators of the form —A + V,,, where

Vo) = Y ojuilo((x—j)/h), Q=I[0,1)%, h>0. )
jehzd

More generally, given a deterministic potential V, consider its randomization at scale # > 0, given by

Vo)=Y @;V(:)lo((x —j)/h). 3)

jehzd
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One could also replace 1¢; with some rapidly decaying function. Note that, in both cases (2) and (3), the

1/q
| Voo ll Lo (ray = (hd Z |Uj|q) , “4)

jehzd

L% norm of V,, is deterministic:

where v; is the L9-average of V over j+hQ in the general case (3), and we have ||V || Lo (mey = |V | Lo (re)-
For this reason, we also denote the norm (4) by ||V || 4(re) in case (2). Crucially, we assume that (;)cpz4
are independent, mean-zero Gaussian or symmetric Bernoulli random variables (real- or complex-valued).
In the following, V,, will always denote the randomization (3) of a given deterministic potential V, and
(x) =2+ |x|. The standard assumptions on the local singularities of V € L4(R%),

g>1 ifd=1, g>1 ifd=2, qg>3id ifd=>3, (5)

ensure that —A + V can be defined as an m-sectorial operator. These can be slightly weakened (see
Remark 2 (ii)) and only play a minor role here. In contrast, the average decay of the potential (i.e., an upper
bound on g) —to be stated in the assumptions of the following theorems —is of central importance. We
tacitly assume g > %(a’ +1), since the case g < %(d +1) is already covered by the deterministic bound (1).

Theorem 1. There exist constants My, ¢ > 0 such that the following holds. Forany R, A >0, 0 <h <R,
le| € A, g <d+1, forany V € L1(RY) supported in a ball of radius R, and, for any M > My, each
eigenvalue 7 = (. +ig)? of —A + V,, satisfies

22—d/q

)2 (1o (ARY T2 =

M|V | Loy,

except for w in a set of measure at most exp(—cM?).

Remark 2. (i) Outside the set A > 0, |¢] < X, obvious estimates (as in the case of real potentials) are
available. These even hold for sums of powers of eigenvalues as in the classical Lieb—Thirring inequalities;
see Frank, Laptev, Lieb, and Seiringer [Frank et al. 2006].

(i) As in [Cuenin and Merz 2021] (see also [Ionescu and Schlag 2006]), one could weaken the local
o (R, with go satisfying (5), and then replace ||V|| 4 ra) by the

loc

right-hand side of (4), where v; is now the L%-average of V over j +hQ.

singularity assumption to V € L

Remark 3. There are three scales in the problem:
« the energy scale A2,
« the scale R measuring the support of the potential,

o the randomization scale & < R.

In addition, we have introduced an arbitrary (dimensionless) parameter M that appears in the large
deviation bound. There is a separation of scales at Az = 1 (and to a lesser extent at AR = 1 but we ignore
logarithms for the purpose of this remark). All eigenvalues with |z|'/?> < h~! are contained in a ball
of radius proportional to || Vll‘zé(zq_d). By Holder’s inequality, the deterministic bound (6) shows that

|z|'/2 < h~! is satisfied whenever h <« Rd((d+1)/(2‘1)_1)||V||Z,§d+1)/2.
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Remark 4. Of course, a compactly supported potential of the form (2) is in any L4 space. The point of
the estimate is the very weak dependence on R (logarithmic) compared to what one would get by using
Holder’s inequality and the deterministic bound (1), namely

|Z|l/(d+l) < Rd(2/(d+l)_l/q)||V”Lq. (6)

Moreover, compactly supported potentials are interesting in view of the counterexample to the Laptev—
Safronov conjecture of Bogli and the first author [Bogli and Cuenin 2023]. The counterexample yields a
sequence of potentials V,, & > 0 small, with |V,| < ex., where ¥, is the indicator function of the tube

Te = {(x1, X)) |xi| < &', ¥ <e™1/%)

such that 1 +i¢ is an eigenvalue of —A 4 V,. Since

Ve ll Lo gy S g17@HD/CD,

this shows that (1) cannot hold for g > %(d +1). In this context, Theorem 1 says that, after randomization

on the scale
h< [8(d+1)/(24)—1 log(l/g)—7/2]2/d’

the counterexample for %(d +1) < g <d+1 is almost surely destroyed.

Remark 5. Safronov [2023] has recently considered eigenvalue sums for random Schrodinger operators
with complex potentials of the same form as (2), but without the assumption on the distribution of w;.
However, these results do not give any new information about individual eigenvalues beyond what is
known in the deterministic case [Frank 2011; 2018]. Moreover, Safronov’s results only apply to the
smaller range g < %(d + 1)+ 1/(2d —4) compared to g < d + 1. Our results are of a quite different
character and therefore a direct comparison is not possible.

The compact support assumption can be removed at the price of a tiny bit of pointwise decay.

Theorem 6. For any § > 0, there exist constants My, ¢ > 0 such that the following holds. For any h,
A>0, |e| <A, g<d+1, forany V € (x) O LI(RY), and for any M > My, each eigenvalue 7 = (A +ie)?
of —A+ 'V, satisfies

224/ .
< M|{(Ax)°V ,
()\‘h>d/2(10g<)\‘h>)2 = ||< x) ||L‘1(|Rd)

except for w in a set of measure at most exp(—cM?).
In fact, if we sacrifice the endpoint, we can also remove the pointwise decay assumption.

Theorem 7. For any g < d + 1, there exist constants My, ¢ > 0 such that the following holds. For any h,
A>0, l[e]| KA, forany V € L1 (RY), and for any M > My, each eigenvalue z = (A + i)? of —A+V,
satisfies

A2—d/q
<Ah>d/2(10g<)\‘h>)2 = M” V”Lq(Rd),

except for w in a set of measure at most exp(—cM 2).
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Remark 8. (i) For fixed & (and up to logarithms) and large A, the left-hand side of the inequality is
A?>~4/a=d/2_The exponent is negative for d >3 and g < d+ 1. Therefore, the estimate gives no information
about large eigenvalues in this case. We believe that a factor of the form (LA)* in the denominator is
unavoidable, and is an expression of the fact that randomization only occurs down to scale 4 but not below
(meaning that at scale & and below, V is deterministic). The example in Appendix B suggests that one
should expect a loss of at least k = Alr(d +1). Our method of proof only yields x = %d . It is an interesting
question whether this can be improved. It would also be interesting to study the case where V' is random
at all scales (i.e., V is a random field). In particular, under which assumptions on the randomization is
the estimate true with k = 0?

(i) For d =2 and 2 < g < 3 the exponent is positive. Bounding the logarithm by an arbitrary small
power of Ak, we see that if Ak > 1, then

Wt < S (MR Ve a2me),
and hence h = (M| Vllq)_‘f/(zq_z). Conversely, if h < (M| V”q)—q/(Zq—Z)’ then the case Ak > 1 does not
occur and we have A>~%/¢ < M|V llg-

(iii) The techniques we use were originally developed in the discrete setting. In this case the spectrum is
compact, and the issue of large eigenvalues does not arise (for operators on 1Z¢ the largest frequencies
are of order A~ 1).

Corollary 9. Let J C (0, 00) be a compact interval, q < d + 1, and h > 0. Then we have

|Z|q7d/2

sup 7]
RezeJ ||V||q

almost surely. The supremum is taken over eigenvalues z = (A +ig)? of —A + V,, with |e| < A.

Proof. Denote the supremum by S, and consider the events Ejy; = {S /4 > M}. Since Eyy D E m+1 and
P(Ey;,) < 0o, we have
P(S=00)= lim P(Ey)=0. Il
M— o0

Remark 10. The proof shows that Theorem 7 (and hence Corollary 9) actually hold with ||V || s replaced
by the (smaller) Lorentz norm ||V || Lg.cc.

The key technical elements in this work are estimates on certain “elementary operators”, roughly of
the form

Ry*VuRy, (7

where Ry is the free resolvent at a fixed (complex) energy and V,, is supported on a ball of radius

R > 1. In dimension 2 and in the discrete case (i.e., when A is replaced by the discrete Laplacian),

Schlag, Shubin, and Wolff [Schlag et al. 2002] proved!' that the norm of these operators is bounded by

a power of log R. Their proof used in an essential way that the level sets corresponding to the symbol

IThis is roughly the content of [Schlag et al. 2002, Lemma 3.9]. Strictly speaking, the half powers of the resolvent are
replaced by Fourier restriction and extension operators (or some mollified versions thereof); see also [Bourgain 2002, (1.12)].
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of A (the discrete Laplacian) are curved. Bourgain [2002] gave a different proof using entropy bounds.
His result is stated in dimension 2 but works in any dimension since it does not require curvature of
the level sets (for the discrete Laplacian, these sets are not curved in higher dimensions). Motivated
by work of Rodnianski and Schlag [2003], he uses these bounds to prove almost-sure existence and
uniqueness of wave operators and absolutely continuous spectrum (for energies away from the edges
of the spectrum and zero). The result shaves off half a power of pointwise decay compared to the
classical (deterministic) Agmon—Kato—Kuroda theory. In a follow-up work, Bourgain [2003] combined
his method with the two-dimensional Stein—Tomas restriction theorem to obtain the same conclusion for
potentials in (x)~%¢3(Z?) (8 > 0 arbitrary). Note that there is a gap between the pointwise decay (x)~!/?
and £3(Z?%). Bourgain [2003] observes that this gap cannot be overcome if one works with operators of
the form (7) since the corresponding bounds (involving the £3/?(Z?) norm of the potential) are saturated
(up to logarithms) by a Knapp example. Since the argument in [Bourgain 2003] is only stated in the
two-dimensional discrete case, we will provide a similar, but more detailed, argument suggesting the
optimality of our operator norm estimates (for the continuum multidimensional case) in Appendix B.> A
representative (and simplified) example of these estimates, when A and /4 are of unit size, is that
1Ry Vo Ry * 1l S (log YOIV flas1
with high probability (see Lemma 31 for a precise statement). Via a Born series argument (see Section 2 for
details) this bound leads to a proof of Theorem 1. The proof of Theorem 6 then follows by a straightforward
decomposition of the potential into dyadic shells |x| =< 2¥, similar to techniques of Bourgain [2002; 2003].
The proof of Theorem 7 requires more effort and the argument presented in Section 7 is new to the best
of our knowledge. The technique? is reminiscent of an “epsilon removal lemma” in the context of Fourier
restriction theory (see, e.g., [Tao 1999]). However, the technical implementation is a bit different since we
are working with multilinear bounds (and with the resolvent instead of the Fourier restriction operator).
While the bounds (7) are optimal (up to logarithms) in the sense that the Lebesgue exponent d + 1
cannot be increased, it is an interesting open problem whether our eigenvalue estimates (say in the form
of Corollary 9) are optimal. This problem is connected to a remark of Bourgain [2003] that contains the
idea of renormalizing away the self-energy interactions and then controlling the Born series via the sharp
two-dimensional Fourier restriction theory of Carleson—Sjolin and Zygmund. This would amount to an
£*(Z?) bound on the potential and would be natural and optimal from the point of view of restriction
theory. A rigorous implementation of this idea seems difficult and has not been done so far, to the best of
our knowledge.

Notation. We write A < B for two nonnegative quantities A, B > 0 to indicate that there is a constant C > 0
such that A < CB. The dependence of the constant on fixed parameters like d and ¢ is usually omitted
(except in Section 7). The notation A < B means A < B S A. The product measure associated to the w;
is denoted by P and the expectation by E. We denote the L” norm of a function f in R? by || f|| LP(RA)-

2Bourgain’s ideas and his Knapp example were also explained in a talk of Wilhelm Schlag at the Institute for Advanced Study
on March 29, 2017.
3Although Bourgain was almost certainly aware of these techniques, he did not bother to remove the logarithmic losses.
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If the function is defined on a countable set A, we write || f[|¢p(a) = (ZveA |f(v)|”)1/p. If A is finite,
we also set || f o2 ay = (IAI7' X ea |f(v)|p)1/p. If it is clear from the context which norm is meant,
we sometimes use the abbreviation || /|| ,. If T : X — Y is a bounded linear operator between two Banach
spaces X and Y, we denote its operator norm by || T || x—. y. The indicator function of a set 2 C R? is denoted
by 1. For 1 < p < oo, we denote its Holder conjugate by p’ = (1 —1/p)~!. An arbitrary ball of radius R
will be denoted by Bg, without specifying its center. We use the convention f &)= fRd e(—x-&)f(x)dx
for the Fourier transform of f, where e(x) = e and ( HY(x) = fRd e(x - &) f (&) d& for the inverse
Fourier transform. Moreover, we recall the notation (x) =2+ |x]|.

Organization. In Section 2 we outline the rough top-down strategy to prove our main results (see
Proposition 11 for a summary). In Section 3, we collect basic facts related to the uncertainty principle
and recall the Stein—Tomas theorem for a discrete version of the Fourier extension operator that will
play a major technical role in the proofs of the estimates in Section 6. Section 4 is a short summary of
probabilistic tools that will be used in the article. Section 5 fleshes out Bourgain’s key idea of using entropy
bounds. Section 6 contains the main local estimates and the completion of the proof of Theorem 1. Finally,
in Section 7, the local estimates are converted to global ones, leading to the proofs of Theorems 6 and 7.

2. Born series

The proof of the eigenvalue estimates starts with the standard observation that z € C \ [0, c0) is an
eigenvalue if and only if 7/ 4+ Ro(z)V fails to be invertible as a bounded operator. This follows from the
identity

—A+V —z=(—A—-2)(I+ Ro(2)V). (8)

Here we denoted the free resolvent operator (—A — 2)7! by Ro(z) and we omitted the subscript w on V.
Similarly, we will denote the perturbed resolvent operator (—A +V — 7))~} by R(z). There are several
variations of this argument based on variations of the identity (8). Perhaps the most well-known version is
the so called Birman—Schwinger principle: z is an eigenvalue of —A+V if and only if —1 is an eigenvalue
of the Birman—Schwinger operator BS(z) = |V/| 12Ro(z)V/2. In particular, the norm of BS(z) must be
at least 1. This is perhaps the most commonly used approach in the literature since the seminal work of
Frank [2011]. In the random case, this approach does not work so well because the sign (or phase) of the
potential is of crucial importance. To exploit cancellations, we will work with the spectral radius (which
must also be at least 1 but is in general smaller and harder to estimate than the norm). Although we could
work with BS(z), we prefer to work directly with the Born series; our approach may also be viewed as a
multilinear version of the Birman—Schwinger principle.

In the following, to avoid confusion between the deterministic and the random potential, we focus
our attention on the Anderson-type potentials (2). In this case, the assumption that V e L7 (R¢) already
implies that V is bounded (this follows from (4) and the fact that the £7 spaces are nested). In particular,
Ry(2)V is a bounded operator. In the general case (3), one truncates the potential at some fixed large
level. Since the estimates of Theorems 1-7 are independent of the L> norm of V and the truncated
Schrodinger operator converges to the untruncated one in the norm resolvent sense, there is no loss of
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generality in assuming that the deterministic potential is bounded. In the following, we assume that V
is supported on a ball of radius R, i.e., the setting of Theorem 1. The case where V is not compactly
supported (Theorems 6 and 7) will be considered in Section 7.

Returning to (8), we see that z cannot be an eigenvalue if the Born series

R(z) =) _(=1)"[Ro(2)V]"Ro(z)

neN
converges, which is the case if the spectral radius of RyV is less than 1. Consider the following multilinear
expansion (omitting z):
[RoVI"= Y R{'VRV .- R{"V, (9)

where o; € {low, high}. Here, RE)OW is the resolvent (smoothly) localized to frequencies in B(0, 2) and
Rglgh =Ro— R})"W. Since we are dealing with scale-invariant estimates, we may assume without loss of
generality that A = 1, hence z = (1 +ie)? (see Remark 14 for more details). Then each summand is a

composition of operators of the form C©®? V@), where C®) denotes a function satisfying a bound

ICO®)] < (|l2nel—1]+08) 77, (10)

and the corresponding Fourier multiplier is denoted by the same symbol. Clearly, the bound (10) holds
with § = 1 for C® = (Rloqigh)l/2 or C® = |R3igh|1/2. In Section 6.2, we will show that (10) holds with
§ =1/R if C® is a mollification of (R})"W)l/ 2 or |RE)°W|1/ 2 at scale 1/R. Such a mollification can always
be performed (except for the first resolvent in the Born series, but this does not affect convergence),
due to the localizing effect of the potential, which we assumed to be supported in a ball of radius R.
The spectral radius is given by Gelfand’s formula: spr(RyV) = lim,— [|[[RoV]" ||1/ ™. Thus, in view of
the previous discussion, we have spr(RoV) < sup |C©®) V C® ||, where the supremum is taken over all
functions satisfying (10). We will ignore the high frequency part of the resolvent Rgigh from now on since
there are obvious elliptic estimates available for this part. We may thus restrict our attention to functions
as in (10) that are compactly supported in B(0, 2). We summarize the observations of this section in the

following proposition.

Proposition 11. Let z = (1 +ie)?, with |e| < 1. Let V be supported in a ball of radius R. If (for a given
realization of )
IC® Ve <e<1 (11)

for all functions C®), i = 1,2, satisfying (10) with 81, 8, = 1/ R and supported in B(0, 2), then 7 is not
an eigenvalue of —A+V.

We refer to operators of the form (11) as “elementary operators” since they form the building blocks
of the Born series. We prove norm estimates on these and related operators in Section 6. These estimates
are the key technical elements in this work.

Remark 12. Strictly speaking, the previous argument is only valid for € # 0, but there are techniques to
extend this to embedded eigenvalues (¢ = 0); see, e.g., [Frank and Simon 2017, Proposition 3.1].
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Remark 13. Later on, we will assume that all functions C®) are supported in a small neighborhood of
the unit sphere. This does not affect the validity of the above argument.

Remark 14. To restore the A-dependence in the inequalities one can, e.g., use dimensional analysis: Since
h and R have the dimension of a length L, the eigenvalue z and the potential V have the dimension L2,
i.e., A has the dimension L~! and ||V |4 has the dimension L4/472 Therefore, once an inequality for an
eigenvalue (1 +ie)? involving 1, R, ||V l; has been proved, the A-dependence is restored by multiplying
h and R by A and ||V ||, by A9/472,

3. Localization and discretization

3.1. Localization in momentum space. Denote by Q) the collection of all cubes Q) of sidelength 4.
Define the weight function

wo, (x) = (1+h~ " dist(x, 04) 7', xR, Q)€ Q.

Lemma 15. Let v € S(R?), and assume that v is supported in B(0, 1/h). Then v is locally constant on
cubes Qy, of sidelength h in the sense that

vl S 1CHI V1L g, -
Proof. By scaling, it suffices to prove this for # = 1. Choose n € S (R?) such that n = 1 on B(0, 1). Then

we have 0 = 10, and hence v = ()" % v. Since ()" € S(R?), it follows that

kw=sup sup ()Y (x—we(» ' < oo,
0€Q (x,y)eQxR4

where the first supremum is taken over all cubes of sidelength 1. Thus, for any cube Q of sidelength 1
and for x € Q, we have

lv(x)| < » 1) (x = Ay < kullvllLigwg)-

Taking the supremum over x € Q proves the claim. UJ

Lemma 16. Let v € S(RY), and assume that ¥ is supported in B(0, 1/h). Let Ay, C R? be a set of
h-separated points. Then, for any p > 1, we have

—d
lollercan S Pl Lo gy

Proof. Again by scaling, we can assume 4 = 1. Thus, let A C R? be a set of 1-separated points. Pick a
collection of cubes Q of sidelength 1 that cover A. By Lemma 15,

101500y = D I0OIP S Y 1011

VEA o

Write v =) o' Vo'» Where vo is supported on Q’. Then

0ol 11wy < (1+dist(Q, @)™ " lug |11 gy
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By Hélder, ”'UQ/ ”Ll(Rd) < || Vo' ”Ll’(Rd)- HenCC,

D M0l S D A +dist(Q. 0N ugl], oy S 1017 gy
Q 0.0

where we summed a geometric series in Q. O

3.2. Localization in position space. We will make use of the following standard device in local restriction
theory (see, e.g., [Demeter 2020, Lemma 1.26]).

Lemma 17. There exists a bump function ¢ on R¢ with supp ¢ C B(0, 1) and with nonnegative Fourier
transform satisfying 1p,1) < <]3 Moreover, qAb is an even function.

It is clear that the rescaled function ¢ (£) = R%¢ (RE) satisfies
supppr C B0, R™),  1p0.x) < Pr.
Let M, = {£ € R?: |&| = A}, and consider the extension operator
& 1 L* (M, dop) — LYRY),  (£,8)(x) = (gd03)" (),
where o; is the surface measure on M,. We write £ =&, and M = M;, o = 0].

3.3. Discrete Fourier extension operator.

Definition 18. Let Discres(M, p, 2) be the best constant such that the following holds for each R > 2,
each collection A% consisting of 1/R-separated points on M, each sequence a, C C, each ball Bg, and
each collection A of 1-separated points in R?:

> ave(v-x) < Discres(M, p, 2) RV |lay [l2(as)- (12)
veAL €7 (A1NBg)
Proposition 19. If 1 < p < o0, then
DiSCI‘CS(M, p, 2) 5 ”g”LZ(M,dO’)A)Lp/(Rd)' (13)

Moreover, if p > 2, then the reverse inequality also holds.

Proof. The claim is a special case of [Demeter 2020, Proposition 1.29], with one small difference.
There, Discres(M, p, 2) is defined with the Lp/(BR) norm in the left-hand side of (12). Thus, let
Discres'(M, p, 2) be the best constant in the inequality

Z aye(v-x)

*
VEATL

< Discres' (M, p, 2)R“"V?||ay[|2(as).- (14)
LP (Bg)

Then [Demeter 2020, Proposition 1.29] asserts that the proposition holds with Discres’ (M, p, 2) in place
of Discres(M, p, 2). Thus, (13) follows once we show that

Discres’ (M, p, 2) > Discres(M, p, 2). (15)
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Without loss of generality we may assume that B = B(0, R). If we set
f) =" ae@-x), then F(fPr)(E) = Y apr(E+),
veA} veAR

where ¢ is as before and F denotes the Fourier transform. Note that F(f¢g) = f * @p is supported in
an 1/R-neighborhood of M. In particular, it is supported on the ball B(0, 2). Thus, for any collection A
of 1-separated points in R,

||f||gp’(A]mBR) = ||f¢R||gp’(A1) S, ||f¢R||L17’(Rd)a

where we used ¢z > 1 B, 1n the first inequality and Lemma 16 in the second. By a partition of unity and
a sparsification argument, we may assume that f is supported on a disjoint union of balls of radius R. By
the rapid decay of ér and by the definition of Discres’(M, p, 2),

[o.¢]
1R 1o gty S8 Y T VI I .y S Diseres' (M, p, )RV ayll s,
j=1
where we used that (14) holds uniformly in the centers of the balls. Combining the last two estimates
yields (15).

To prove the reverse inequality to (13), we may assume that By = B(0, R). By [Demeter 2020,
Proposition 1.29] it suffices to prove the reverse inequality to (15). Let A be a 1-net of points x; € Bg.
Let f(x) be defined as above. Without loss of generality we may assume that f is supported on a disjoint
collection of balls B(x;, 10). Then

) 1/p' 1/p'
, — P — . P
11l gy = (2 : ||f||Lp,(B(x_/,m))) = ( fB ooy 2 G 2) dy)
J R

< Discres(M, p, 2)RUY=D12| g, ||132(A;;)»

where we used that (12) holds for each collection x; + y of 1-separated points, uniformly in y. U

3.4. Stein—-Tomas theorem. The following is an immediate consequence of the Stein—Tomas theorem
and Proposition 19 (see also [Demeter 2020, Corollary 1.30]).

Proposition 20. Let p’ > 2(d +1)/(d — 1). Then Discres(M, p,2) < 1.

4. Randomization

4.1. Subgaussian random variables. We recall that a (complex) scalar random variable X is called
subgaussian if it has finite subgaussian norm:

Xy, =inf{t > 0: E exp(|X|*/t%) <2} < o0.

We will need the following elementary properties of subgaussian (e.g., Gaussian or symmetric Bernoulli)
random variables (see, e.g., [ Vershynin 2018, Proposition 2.6.1 and Exercise 2.5.10]).
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N

Proposition 21. Assume that (X;);_,,

N > 2, is a finite collection of i.i.d. mean-zero subgaussian random
variables.

(1) Then Z?’zl X is also subgaussian, and

N
> X
j=1

2 N
2
S X,
V2 =

(11) %have
E X:| <./log Nmax | X; .

Proof. The claim follows by applying [Vershynin 2018, Proposition 2.6.1 and Exercise 2.5.10] to Re X;
and Im X; separately. U

4.2. Tail bounds. We now consider tail bounds for vector-valued Gaussian or Bernoulli random vari-
ables X. We have (E|X||”)!/? < (E|X||7)"/4 for all p,q > O (see [Ledoux and Talagrand 1991,
Corollary 3.2 and Theorem 4.7]), which, combined with [Ledoux and Talagrand 1991, (3.5), (4.12)],
implies

ct?
P(X||>1) 5CXP<_W)

for some ¢ > 0. Thus the following lemma is obvious.

Lemma 22. If E||X|| < C, then

P(I|IX| > MC) < exp(—cM?)
forany M > 0.

5. Entropy bound

oo
m°

Consider a linear operator S : H — £;°, where # is a finite-dimensional Hilbert space and £;° =
£°({1, ..., m}). For ¢ > 0, let N/(¢) be the minimal number of balls in £° of radius ¢ needed to cover
the set {Sx : x € H, ||x||l% < 1}. Here we use the convention that the centers of the balls are contained in
the set they cover (i.e., N'(¢) is the covering number as opposed to the exterior covering number; see,
e.g., [Vershynin 2018, Section 4.2]). Using an entropy bound known as the “dual Sudakov inequality” —

which is attributed to Pajor and Tomczak-Jaegermann [1986] — Bourgain [2002, (4.2)] shows that
log N (e) S (logm)e 2 (IS |13, gzo- (16)

The quantity log N (¢) is called the entropy number of the image of the unit ball in # under the map S.
The crucial observation is that (16) is independent of dim 7. We apply this bound to the operator featuring
in (12), i.e.,

S:H — £°(A; N BR), {av}H{Z a,,e(v-x)} . (17)

*
veEAT
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In this case, H = ¢2(A%) with norm Jlally; := RY4"V2(3 . jay1?)""? and £° = €%(A; N Bg). In

m

particular, we have m =< R?. Here and in the following we always assume R > 2. Proposition 20 gives
IS1 3 er (A,nBpy S 1 Tor p'>2(d+1)/(d—1). (18)
In particular, we have the trivial bound (p’ = c0)

1S3 eo(arnBr) S 1- (19)
Combining the latter with (16) yields the following entropy bound.
Proposition 23. Let S be given by (17). The entropy number satisfies the bound
log NV (¢) < (log R)e 2.

Corollary 24. Let p' > 2(d 4+ 1)/(d — 1). For every k € Z ., there exist sets F, C £°° (A1 N Bg) with the
following properties:

(@) log | Fi| < 10g(R)4k (here | - | denotes the counting measure).

(b) For & € Fy,

IENean S275 1€l ay S 1

(c) For each a € H with ||a|ly < 1, there is a representation

Sa = Z g(") for some S(k) € Fk.
keZ
Proof. We follow Bourgain [2003, pages 75-76], but provide more details (note also that there is a misprint
in (3.13) in that work; it should be 4", not 4="). This is a standard chaining argument.

We start by noting that, in view of (16) and (19), we have N'(C) = 1 for C sufficiently large. In the
following (and only in this proof), denote the unit ball in H by B;. Similarly, B(&, ¢) denotes a ball
centered at £ and with radius € in £>°(A 1N Bg). We also write || ||, = [|-l¢r(a,) here. By possibly rescaling
S B; by a constant, we may assume that C = 1. Thus, we have A'(1) = 1. We get, by Proposition 23,

log V'(27%) <log(R)4.
Thus, for each k > 0, there exist subsets & C £*°(A| N Bg) of cardinality N2 satisfying

sBic | BE27H.
se&
Applying these nets for each k, we can assign to each element Sa € SB; a chain {&} converging to Sa,
with &, € &, and
1€ — Ee—1lloo <27 27 (20)

for all k. By telescoping, we have

N
Sa =&+ lim ;@k—sk_l).
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Thus, we may choose Fy = &) and Fy C & — &c—1, k > 0, as the collection of all vectors £X) =& — & _,
for which (20) holds. Since the difference set & — £ has cardinality | ||Ex—1], the claimed properties
hold by construction. (|

6. Local bounds on elementary operators

6.1. Local extension bound. Let h, R > (. Consider V,, of the form (3), where V is a given deterministic
potential supported in Bg. Also fix p’ > 2(d +1)/(d — 1), and define g by 1/g = 1/p — 1/p’. Note that
this convention differs from that in the main theorems by a change of variables ¢ — 2q.

Lemma 25. Under the above assumptions, we have
ENE Volll 12 (M.d0)— L2M.doy < (h)*(log(R))' /> (log(h) +1og(RNZIV || 124 (-

Proof. Since the right-hand side only gets larger if we replace R and & by R + 2 and h + 2, respectively,
we may assume R, h > 2. We first observe that

EVYE =E"(Vypx9)E 21

for any Schwartz function ¢ satisfying ¢ = 1 on B(0, 2). We can thus assume without loss of generality
that V is smooth on the unit scale. Let g, g’ be unit vectors in L2(M, do). Then

(EVulsg. &) = Z w; V(x)(Eg)(x)(Eg")(x) dx,
thZd Qh+j

where Qj, = [0, h)?. Let A% ={n,} be al/R-netin M. By working with a partition of unity, we may
assume that g is supported on a collection of disjoint balls B(#,, 10/R). After a change of variables
g(n) = g(n, + 1), we may write

Eg(x) = Zf e(x - (m+1))gny + 1) dr,
v MnNB(0,10/R)

where dt denotes the surface measure, and similarly (summing over a possibly different index set)

IOEDY fM e(x - (ny + )8 (ny + 1) de.

NB(0,10/R)

Similar to the change of variables n = n,, 4+ 7 in the domain, we change variables x = x; 4 y in the target.
Here, A; = {x;} is a 1-net in R¢. Hence, for any integrable function F : R — C supported on a disjoint
collection of balls B(x;, 10),

F(x)dx = / F(x; +y)dy.
/[Rd Z B(0,10)

i

Using a partition of unity we may sparsify the potential, so that the above holds for

Fj(x) = V(x)(£9)(x)(£gN (1)1 g+ (x).
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Note that in this case the sum is restricted to those i satisfying x; € B(j, 10+h). For fixed t € B(0, 10/R)
and y € B(0, 10), we consider the discrete extension operator

S:H— (AN Br)., {gu+T)} > {Ze((x,- +3)- (i +1)glny + r)} :
v i
Note that the points 1, =71, + 7 and z; = x; + y form a 1/R-separated set in M and a 1-separated set
in R?, respectively, so that (18) and (19) hold. Using Corollary 24, we can find a representation (note that
the vectors f(k) depend on 1, y)

Y e+ -+ogm+n =Y & ¥er,
v keZ,
with bounds

1§% 000 S27 g + DMz, 15Ny S lgOn+Dllez,, 22

forall k € Z, and y € B(0, 10). Similarly, there is a representation

Y ey +TNg i+ =D &0 ¥ eF,
1 keZ,

with bounds
1€ N0 S270 Mg O+ ez, 1ED Ny SN v+, - 29

The above observations lead to the estimate

supl(€ Vg, g) < Y f@g{‘;i‘f"xf Zw]V(xl—l—y)S,
k k’ .

8.8 kk'eZ, i

dydrdr/,

where the integral is taken over (y, 7, t/) € B(0, 10) x (M N B(0, 10/ R))? and the sum over i is restricted
to x; +y € Qn + j (we recall that y is fixed). By monotonicity of the expectation,

ESUP|(5*V £g. ¢l < E /E max |Xg ¢ |dydedr/,
Fi X Fyr
&8 kk'eZ,

where (suppressing the dependence on y, 7, t’)

Xegr= ) wJZV(xl+y>s,

jehzd
The conclusion follows by Lemmas 26 and 38 (details of the calculation are provided in Appendix A). [J

Lemma 26. Let R, h > 2. Then we have the bounds
/E max Xegldydr de’ < (og R)' 2RV || 24 ey,

f max |X§ gl dydrdr’ < RTYCOLFEHK Y oy ga.
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Proof. Note first that the index set of X¢ ¢ is finite and has cardinality N, satisfying
log N = log | F x Fir| < log R max(4X, 4°) (24)

by Corollary 24 (a). Proposition 21 implies that X ¢ are (scalar) subgaussian random variables, and
2\1/2
E max [Xge| S \/logN( DD Vi +Eg ) :

]:k X]:k’ jehzd ;
where we recall that we are assuming [lwj ||y, S 1. Using Holder’s inequality twice, it follows that

E max |Xee| S log NIV G+ )l &l 181, | 2
Fi X Fyr ! i i J

S VIog NIV Gei 4 90 leg | 2o |18 1670, (25)
i i J
where we recall that i is restricted to x; +y € Qp + j and y is fixed. In particular, we have
{jehz?: xi+yeQn+j}l=1 foreachi (26)
and
i :xi+yeQn+j} <h® foreach jehz?. (27)

We will show that

181 17

v,av

| SAYP min@™*, 27 gy + D)l NI8' G + T2, (28)
J v',av

By symmetry in & and &/, it suffices to prove this in the case k > k’. Using Holder once more, we have

060 V&7 o L = 0T g e 1870

By Fubini’s theorem and (26),

1/p' 1/p'

AP P (Z > |s,f|f’> = (Z |s,f|") = 11€'ll
i jehzd i

Similarly, by (27), we have

10|

o SHYPE oo
J

Combining these estimates with (22) and (23) yields (28). Next, we have (again by Holder, Fubini
and (27))

11V G+ 3l 2o < BV CONNY i 430 20 ]
= WDV G+ )l o | o = KTV G543 9)
j i 1

Integrating (25) over y, 7, 7’ and using (28) and (29), we obtain

/ E max |Xeg|dydede’ < /log Nmin2™*, 27 a2 |V || 12 e,
FixFyr



294 JEAN-CLAUDE CUENIN AND KONSTANTIN MERZ

where we used 5 = 1/(2q) + 1/p". IV (xi + ) 2020 S IV [l 24 o) and

i

R Vlgn +Dllizer, I8 0w + T2, S 8lz2ar.ao 18 200,00y = 1-
Combining this with (24) yields the first bound of the lemma. The second bound follows from the estimate
Xeel < D D V@ +0EE|< Y IVEi+0le & e & e
jehzd' i jehzd

IV + ) Mg 1€ 1100 l1€"lloo

=V +9lee €10 1E N0

=1V + e 1ElsollE oo

S RTVCONY (x4 )l 20 1€ oo 18 lloo

SREVCONY (i + )l 227 Fllg O+ Ol Mg v + e,

v,av

where we used Holder in the first, second and fifth line, Fubini in the third line, (26) in the fourth,
supp V C Bg in the fifth and (22), (23) in the last line. Integrating over y, t, T’ and using Holder as
before yields the second bound in the lemma. (]

Remark 27. If we restore the frequency in the extension operator, i.e., if we consider &£ V,,&;., then it is
obvious from the proof of Lemma 25 that the same estimate holds for this operator, locally uniformly in
A, A =< 1. Explicitly,

sup E”g)ikvwg)»’”LZ(MA,dUA)eLZ(MA/,dU)L/) <A(h, R, V),

A A=1 (30)
A(h, R, V) < (h)"*(log(R))'/ (log () +10g(R)* IV || 2 g

6.2. Smoothing. We observe that if m (D) is a Fourier multiplier and Bg, and Bg, are two balls with the
same center, then

1gg m(D)1p, =1p, mp(D)lp,,, mpg:=yg=*m, €1y

whenever R > R; + R», yr(€) = RYy(RE), and (y)V is a bump function such that (y)¥(x) = 1 for
|x| < 1. This can be checked by comparing the kernels of both sides in (31) and using the convolution
theorem. The convolution with y can be considered a smoothing operator at scale R~!. We recall from
Section 2 that C®) denotes a generic function satisfying a bound

-1/2
ICP@E) < (|lR7el? — 1] +8)7"% (32)
We will apply (31) to
m(&) = (122§ = (1+i0)%) 7! (33)
to produce a product of two functions C @) (&) satisfying (32) with § = R -1

Lemma 28. For R > 1, we have
lyr *m| S R.

In particular, (yg +m)'/? satisfies (32) with 8 = R™".
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Proof. By a partition of unity we may assume that m is supported in a small conic neighborhood of the
first coordinate axis. The implicit function theorem then allows us to reduce the proof to the bound

1 ‘ <
- R,
&1+i01 7~

where ygr(£1) = Ry (R&)) is a function of one variable. By the convolution theorem,

‘VR*

1 ‘ N
) —= < < R,
‘VR E 10|~ Vel <
where we used that the Fourier transform of (£; +10)~! is bounded. See also [Ruiz 2002, Lemma 5.2] for
an alternative proof. g

Remark 29. The boundary value in (33) is defined in the usual way (in the sense of tempered distributions,
see, e.g., [Hormander 1990]). The analogue expression with (1 —i0)? clearly satisfies the same bound. A
similar argument (using the Malgrange preparation theorem) also works for ¢ nonzero and fixed. This
argument is presented in the proof of Lemma 23 in [Bogli and Cuenin 2023]. Alternatively, one can work
with the boundary values throughout and appeal to the Phragmén—Lindel6f maximum principle to extend
the results to nonzero ¢ (see, e.g., [Cuenin 2017, Appendix A; Guillarmou et al. 2020; Ruiz 2002]). We
will not pursue this issue.

In practice, we are working with a localized version of (33), supported near the singular manifold M.
Even though yr *m loses compact support, it decays rapidly away from M on the 1/R scale. Neglecting
the tail (which can be bounded in a straightforward way), we assume that all functions C® that appear
from now on are compactly supported in a small neighborhood of M. Alternatively, one could avoid tails
by smoothing the resolvent first and then perform the low/high decomposition as in Section 2.

6.3. Foliation by level sets. In the following we will assume that C® is supported in a c-neighborhood
(c small and fixed) of M and satisfies (32). We will also assume that A € [1 — ¢, 1 4+ ¢] and denote the
constant A(h, R, V) appearing in (30) by A.

Lemma 30. Assume that (30) and (32) hold. Then we have

5 1 1/2
EIEVCD | iy 2, S A(log 5) : (34)
Moreover, if (32) holds for C ) and C) | then
1\1/2 1\1/2
E[CVED | 2y 2ty S A(log E) (1og g) . (35)
Proof. For f e L*(R?), we foliate by level sets M,
1+c¢ .
s 2/ / e(x - £)CV(E) £ (§) doy (§) di, (36)
l—C A

up to an innocuous Jacobian factor. Without loss of generality we now assume that f has Fourier support
in 1 —c < |&| < 14c. Using (32) and the fact that (do;)" * f is a constant multiple of &, &}’ f, we get, by
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Cauchy—Schwarz,

. I+ 1 1/2 J 5 1/2 1\1/2
E||£fVC“f||Lz(MUsA</ dx’<|x’—1|+8>—) (/1 d)LIHEI/f”Lz(MK,)) <A (log3) 1712,

1—c —c

where we used

I+c I+c
| By = [ [ 1O 4o S 1 37
1—c 1—c M,
and
1+c 1
/ dV (A =1 +8)~! Slogg. (38)
1—c
This proves (34). To prove (35), we use the dual estimate to (37), which is
I4c l+c 1/2
‘ /1 Evg (W) i’ S ( / lg G201, dw> (39)
—c L2(RY) l—c

for g(\') € L>(M;,). This follows from

I4c
/; (&T/f» g()"/)>L2(MA/) dr' = <f7 /1‘

—C

I4+c
Erg () dx>

—c

L2(R4)

Using the foliation (36) for the C @1) factor and using (34) and (38), inequality (39) gives, with g(A") =

(X =11 +8)7'2ve® f,
I+c 5 1/2
/ l

—C

14+c
E”C((SI)VC(SZ)]C”LZ(Rd) S H/ Ex'g(x’) dn/
l1—c

L2(R)

1\/2 1\1/2
<A(log5) " (log 5) Iz, -

6.4. Local resolvent bound. We use the same conventions as in the previous section. Additionally,
in the following, the norm is the L2(R?) — L2(RY) operator norm. Recall that, by the discussion at
the end of Section 6.2, the square root of the localized resolvent R%)OW can be replaced by a compactly
supported multiplier satisfying the bound (32) with 6 = 1/R. As a consequence of Lemma 25, (35), and
the discussion in Section 2, we immediately obtain the following resolvent bound.

Lemma 31. Assume that (32) holds for CO) and C®) | with 8, 8, = 1/R. Then we have
E(|C®V,CP | < (h)4*(log(R))**(log(h) +1og{R)?|I VIl 120 a)-

By using the tail bound of Lemma 22 and rescaling, we obtain the following corollary.

Corollary 32. Let h, R, A, M > 0, and let |e| < A. Then the spectral radius of Ro((A + i£)?)V,, is
bounded by

spr(RoV) < M (Ah)**(log(AR))** (log(rh) +10g(AR)* 1Y CD =2V || L2 ay,

except for w in a set of measure at most exp(—cM 2).
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6.5. Completion of the proof of Theorem 1. We first undo the change of variables ¢ — 2¢. Theorem 1
then follows immediately from Proposition 11 and Corollary 32. O

7. Local to global arguments

7.1. Proof of Theorem 6. To complete the proof of Theorem 6, we rescale again to A = 1. We decompose
V =3Y",.s+ Vi into dyadic pieces with support in {0 < |x| < 1} for k =0, and in {27! < |x| < 2} for
k > 1. The assumption on V' guarantees that ||Vi|, < 2_5k||(x)5V||q. Instead of (9), we consider the
multilinear expansion

[RoV]" = Z Z R Vi, R Vi, -~ RY" Vi,

where we again omitted the spectral parameter z, and we are assuming, as we may, that z = (1 4ig)?,
le] < 1. By the same arguments in Section 2, it suffices to estimate the norms of elementary blocks of
the form C@-VV,, C®, where §; = (2% +2k-1)~1. Lemmas 25 and 30 and an analogue of Lemma 28
with § = §; or §;— yield (again undoing the change of variables ¢ — 2q)

E|COYV, CON < (kj—1 + ki 4 ki 1) (h) 72 (k) 2 (log (h) + (ki))*27581 [ ()2 V |-
Applying the tail bound of Lemma 22 yields
[CO=DV,, CO || < My (k-1 + ki + k1) ()Y (k) 2 log (R + (ki) 22724 [ (x)° V] 4,

except for w in a set of measure at most exp(—c’M ]2). Choosing M| = M (kj—1 + k; + k;+1) and summing
the previous bound over ki, ..., k, yields

spr(RoV) = Tim [[[RoVI"[I'V" < ()" (logth))*[1(x)° V I
except for w in a set of measure at most

> exp(—c'M}) < exp(—cM?).
ki—1,ki ki1

This concludes the proof of Theorem 6. U

7.2. Sparse decomposition. To prove Theorem 7, we use a device reminiscent of an “epsilon removal
lemma” (see, e.g., [Tao 1999]) but adapted to our multilinear bounds (and the resolvent as opposed to the
Fourier restriction operator). For this reason, we need to perform several decompositions simultaneously:

(1) We first decompose V dyadically:
V=> Vi Vi=Vlgzvizn,. H=inf{t>0:|{|V]>1)]<27").
ieZ,

This is a “horizontal” dyadic decomposition since the widths of the supports of V; are approximately 2'.
Here we are assuming that V' is constant on the unit scale (hence i > 0 in the sum above). In view of (21),
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there is no loss of generality in this assumption for the purpose of proving estimates (this is the same
argument as explained in the paragraph before [Tao 1999, Lemma 3.3]). Note that we have

IH: 27 2,y =< 1V I Lars

where L?" denotes a Lorentz space (see, e.g., [Tao 2006, Theorem 6.6]). Also note that L99 = L9.

(2) Next, split each dyadic piece into a sum of “sparse families”,

Ki N;
Vi=) > Vi (40)

j=1 k=1

where, for fixed i and j, the V;j; are supported on a “sparse collection” of balls {B(x, Ri)}/]:’;r By this
we mean that the support of V;;; is contained in B(xy, R;) and that the following definition is satisfied
(see [Tao 1999, Definition 3.1]) for some sufficiently large y (to be chosen later).

Definition 33. A collection {B(xy, R)},ICVZ1 is y-sparse if the centers x; are (RN )Y -separated.

For fixed y > 0 and K > 1, [Tao 1999, Lemma 3.3] asserts that (40) holds with
Ki=0(K27%), Ny=0@2), R=0@2""). (41)

7.3. Spectral radius estimates. The preceding decompositions produce a multilinear expansion of the
Born series,
[RoV]" = > RoVeyRoVa, -+ RoVa,. (42)

where o; = (i, ji, k) and iy e Z1, 1 < j; <K, 1 <k; < Nj,. To estimate the spectral radius of RyV, we
estimate the summands in (42) in two different ways. For the first estimate, we follow a similar strategy
as before. However, since the smoothing of the resolvent (see Section 6.2) now depends on the mutual
positions of the supports of Vy,, we consider the (slightly more general) elementary operators

COV1pWCP, (43)

where the By = B(x, Ry) are arbitrary balls and W is a bounded potential. As before, the C®) are Fourier
multipliers satisfying (32), now with

81 = (d(B1, Bo) +2R; +2Ry)~", 8, = (d(Ba, B3) + 2Ry +2R3) .

The operators (43) arise from an analogue of (31) and Lemma 28 for balls with different centers. In the
same way that Lemma 31 and its corollary follow from Lemma 25, (35), and the tail bound of Lemma 22,
we obtain

1, 1\
IC®V15,W,,C® || < M1h%*(log h)z[log<a + 5_2)] IWlza By “4)

for any ¢ <d + 1 and for all @ except for a set of measure at most exp(—c’'M 12). Here we have assumed
again, as we may, that A = 1 and R, & > 2. For the remainder of this section we omit the (obvious)
dependence on i. We also switch from the (modified) Vinogradov notation A < B to the Hardy notation
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A < CB or Landau notation A = O(B), and we indicate the dependence of constants on g (since g will
no longer be in a compact interval) or other related parameters. It is also convenient to use the letter A
for quantities (norms, constants) containing O(1) terms that are bounded uniformly in n (and may change
from line to line).

The case of interest is of course when the balls in (44) contain the supports of the potentials in (42), and
W is one of these potentials. Similar to the proof of Theorem 6, we choose M| = M[log(1/8;+1/8,)]°D
without qualitatively changing the estimate (44). In this way, the union bound for the probability of the
complementary event yields

P( L fe:4) does nothold}>§ > exp(—c'MY)

o],02,03 o],02,03

= Z Ni1Ki1Ni2Ki2Ni3Ki3 exp(_C/Mlz)

i1,i2,13
< exp(—cM?),
and hence we have
n
1 1 \700
| RoVay RoVay -+ RoVe, | = AM" [ [[1og(5-) +1og(5—) ] Vel (45)
o A+1

=1

except for w in a set of measure at most exp(—cM?).
For the second estimate, we observe that, by the triangle inequality and Cauchy—Schwarz,

IRV I < D R0l Vi |V > Rol Vs |21+ V3% Rol Ve, I 211Vl
Here we are again assuming, as we may, that V is bounded. The operator norm || Valn/ 2|| (equal to the
L* norm) will be annihilated by taking the n-th root at the end and letting n tend to infinity. Let
La,ﬁ = 80{,/3 +d(Ba, Bﬁ),
where the balls B, contain the support of V.
Lemma 34. Forg < %(d + 1),
1—(d+1)/2

1V Rol Vsl 21l = Cy Loy VIV 1V (46)

Proof. To prove this, one uses the well known pointwise bound
RS (6 = )] = €& fx — y @D/t 47

fora e [%(d —1), %(d + 1)] and d > 2 (see, e.g., [Lee and Seo 2019, (2.5)]), or the explicit formula for
the resolvent kernel in d = 1. More precisely, consider the analytic family A / zRé [Vl /2. Then (47)
implies that, for Re ¢ = ¢, the kernel is bounded by

2
|V ()R (x — ) [Vp(0)|*/2] < Ce ML Ve (x) |42 Vp () |412,
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where 1 = %(d + 1) — g > 0, leading to the Hilbert—Schmidt bound
IVEPRG VeI 1 < CoLy I V2211 V119

for some constant C,, (allowed to change from line to line). Interpolating this with the trivial bound
IVERE 1V |€/2)| < €1eC2MmO” for Re ¢ =0 yields (46). O

The previous lemma yields the second estimate

o041

n
IR0 Ve, RoVesy -+ RV, Il < ACE ] T U1 Vey llg, Loy,
=1

where n’ = n/(%(d +1)— n) and g, = %(d + 1) — n. Interpolating this with (45), we get, for0 <0 < 1,

n

IR0 Vo Ro Vi, - - Ro Vg, || < ACC,M)" [ [llog(1 + Ry, + Riy + Riy IOV L2 Vi 181 Vi 11,

a1
I=1
except on an exceptional set of measure at most exp(—cM?). (Here we used L;,eg,ﬁ to control
d(By,;, By,.,,) appearing in log(1/8,,).) Using that
Ve llg S Hii 2"

for all ¢ > 1 and summing the resulting estimate first over k, then continuing up to k,_, yields

n—1
Z ||R0Va1ROVa2 . R()Van ” S A(CnM)n l_[[log(l + Ri[_] + Ri/ + Rl/+|)]O(l)Hllzll((l_e)/q—‘re/qn)
ki,....kn—1 =1

Here we have used that, for oy = (i1, j1, k1), o2 = (i2, j2, ko) and iy, ji, i2, jo, ko fixed, the sum over ky
is bounded:

> {d(B(xky» Riy), Bay)) 7% = 0, (1), (48)
ki <N;,

uniformly in iy, ji, i2, j2, ko, provided %Qn’ o > 1 and y > yp. We will momentarily fix n and 6, and
then choose yp =4/(n'9). See also [Cho et al. 2022] for a precise version of Tao’s lemma; there, it is clear
that ¢ can be chosen. Note that, even though the balls in (48) may belong to different sparse families, we
have that

d(B(xt,. Ri)). Bay) = 5(Ni, Ri))”

for all but at most one k;. Indeed, suppose for contradiction that this does not hold for two distinct ki, }.
Then by the triangle inequality,

d(B(xk,, Ri)), B(xp;, Riy)) < (Niy Ri,),

which contradicts the sparsity of the collection {B(xg,, R;,)}.
Note that the last summation over k, produces a O(2) factor, but this can be absorbed into the
constant A after summing over i,, and hence we do dot display it.
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Summing over ji, ..., j, yields
D> ) IRoVa RoVay -+ RoVa, |
Jlseeosgn kiyeeiskn

n
S A(CnM)n H[IOg(l +Ri],1 +Ri1 +Ri,+1)]0(1)Ki,Hi,zil((l_e)/q+9/qn)’
=1

where K; is as in (41). Finally, summing over iy, ..., i, yields

n
IRVl < A<CnMK)”<Z <i>0<‘>Hi2i<<1—9>/‘1+9/qn+‘/’<>> :

i€Z+

Once K is fixed, we choose 1 and 6 such that 0 < 6(1/g,, —1/q) < 1/K. Then

spr(RoVe) = lim [[[RoVI"|'" < CyxeM ) H;2'/92/K, (49)
i€Z+

where we used that (i)°) < Cg2/K.

7.4. Completion of the proof of Theorem 7. We use (49) for g > ¢ instead of ¢; that is, we now regard
%(d—i— 1) <g <d—+1 as given and choose § < d + 1 and K such that 1/ +3/K < 1/q. Then

spr(RoV,) < sup H;2'/4 " 2/ V/I=HIHIE) < Cp e MV || s
ieZ+ icZ,

Clearly, the choice of ¢ depends only on ¢, K, d and ||V ||z¢ < ||V ||re.. We have thus proved the main
estimate of this section, which also completes the proof of Theorem 7.
Lemma 35. Let g < d + 1. Then there exists ¢ and My such that, for all M > My, z = (A + 18)2, A=,
le] < 1,and V € L4(RY),

spr(Ro(z)Vw) < M|V ”q,

except for w in a set of measure at most exp(—cM?).
7.5. Global extension bound. For potential future reference we include a similar bound to that proved in
Lemma 35 but for the norms of the elementary operators (11) instead of the spectral radius of RoV.

Proposition 36. Let g < d+ 1. Then there exist constants M and ¢ such that, for any M > My, A, A’ <1,
and V € L1(RY),
I Vil | < M () (Qog(h)* ||V || o

except for w in a set of measure at most exp(—cM?).

We refer to [Cuenin and Merz 2023, Theorem 5] for novel bounds on &;'V,,&y in Schatten norms.

In the following, we use the notation ||V |[¢rs = sup; -y IV llLe(B(x;,r)) and Vj = V1(p(;, r)), When-
ever V is supported on a y-sparse collection {B(x;, R)}jvzl. We will show that Proposition 36 follows
from the subsequent lemma.
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Lemma 37. There exist constants My, c, Yo > 0 such that the following holds. Forany R >0, 0 <h < R,
MM =<1, g<d+1, NeN, y >y, forany V e LI(R?) supported on a y-sparse collection
{B(x;, R)};.Vzl, and, for any M > My, ¢ > 0,

1€ Vi€ || < Cq.e(M? +10g N)'/2 ()2 (log (h))* (R)* |V |0
except for w in a set of measure at most exp(—cM?).

Proof. We may assume without loss of generality that A, A’ =1 and R > 2. We omit the subscripts in &
and &,, as well as the (obvious) h-dependence (i.e., we set & = 1). Consider the operators
T, ="V, 1<j<N,
where we omitted @ from the notation. Then
T, =EViEEXVE, T/Tj =E*V,EE V€.
As in the endpoint proof of the Stein—Tomas theorem (see, e.g., [Stein 1993, IX.1.2.2]) we embed £E*
into an analytic family of operators Uj in the strip %(1 —d) <Res <1, satisfying
1Usll2mp2 ST, Res =1, 1Uslispe S1, Res=35(1—d),
and Uy = ££*. Similar to the proof of Lemma 34, we then use complex interpolation on the family
|V;|1=9/2U| v;|179)/2 (o obtain the bound

-’ 1/2 1/2
Vi 2 V121 S L Vil fan V3 o

for ' =n/qy. q, = %(d +1) —n, and 0 < n < 1. By the Stein—Tomas theorem and Holder’s inequality,

we also have
1/2
Lin»

1/2 1/2

1/2
le* v, ENS IV

IS vl 1V

Combining the last two displayed formulas yields the deterministic bound
LT+ N T2 S LT IV e o
for all i, j < N. On the other hand, the bound of Lemma 25 (and changing variables 2qg — ¢q) yields
LT+ 17T 01? < Mi(log RYY ||V |l Lo

foralli, j <N, and for all w except for an exceptional set of measure at most N exp(—cM 12). Interpolating
the previous two estimates as in the proof of Lemma 35, we get, by the Cotlar—Stein lemma and (48),

IEXVEN < Cpyollog RY [V lgoral IV 9

for any 0 € (0, 1) and for all w except for an exceptional set, provided %977’ 1o > 1 and y > yy. Finally,

we use Holder’s inequality

IVilgero < RV |gope, — =141
qn Sp 4q

to convert the previous estimate to

IEXVE| < Cypllog RPOZRIVSI|V || g g
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We now fix 0 < n < 1 (small, but independent of ¢) and choose 6 € (0, 1) such that

Moreover, we choose M| = (M? + ¢! log N )!/2, which ensures that the exceptional set has measure at
most exp(—cM?). Then the claim holds with the choice yy = 4/(1’6). The remainder of the proof is the
same as that of Lemma 35. (|

Proof of Proposition 36. We again use the sparse decomposition of Section 7.2 and recall the bounds (41)
on K;, Nj, R;. As before, we also set A, A’, h = 1. Lemma 37 yields the estimate

IE* Vi ENl < Cyqe(MF +10g N)'2RE (Vi1

for all ¢ < d + 1, uniformly in i and j, and for w outside of a set of measure exp(—ch.z). Here we are
assuming, as we may, that M;, N;, R; > 2, say. We may choose M; freely, and we take M; = 2M (i)°,
with § > 0. Summing over j yields, by the triangle inequality,

IE*ViENl < Cy e Ki (M +1og N)' 2 RE ([ Vil
Summing over i,
”g*Vlg” < Cq,e,K Z Hizi(l/q+2/1<+syk)'
ieZy

Here we also used (41), || Vill4 S H;2'/4 and (M? + log N)V?2 < CxM2/K We again apply this bound
for ¢ > ¢ instead of g, this time with § <d + 1 and K, & such that 1/§ +2/K + ey X < 1/q. Then the
claimed bound again follows by summing a geometric series. The union bound yields that this bound
holds outside an exceptional set of measure at most

Z exp(—c'M}) < Z K, exp(—c'M}?) < exp(—cM?),
i,j i
due to the choice of M;. O

Appendix A: Geometric series estimate

Lemma 38. Let A > 0. Then we have

, A(l+JogA)?) if A<1
S mingt¥, g [A0HGog) A<l
1 if A>1.

k.k'eZ,

Proof. The case A > 1 is trivial. Assume A < 1. We split the double sum into the obvious regions
T ={(k, k") : 275K < A} and =, = {(k, k') : 27% ¥ > A}. Then we have

> min@F = > 2 Y 27F < Y 2 min(1, 24 4).
(k,k"eX k'ez k2% <2k A kez,
Splitting the last sum again in the obvious way yields

> min@F T, A) S A1 +1og AT
(k,k"eX
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Turning to the contribution of X;, we have
D min@* T A)=A4 ) |kez,:27F>2YA) <A ) (logA—K)y < A(log A).
(k, k)€, KeZy KezZy
The claim follows since log A~! < 1+ (log A)2. U

We now provide details of the calculation at the end of the proof of Lemma 25. Without loss of
generality we may assume that ||V |, = 1. By Lemma 26, we have

> /E max Xegldydrdr’ SRITYCD N min2 T 4),
kk'eZ, kk'eZ,

with A = R=4+4/C29 (log R)'/?h?/2, where we recall that we are assuming that R, i > 2. Since we may
always assume that R > 1 and h < R (otherwise there is no randomization), we have A < 1, and thus

RIZ4/@D 3™ min2* K, 4) < (log B)'/2h%/(log h + log R)?

kk'eZ,
by Lemma 38.

Appendix B: Knapp example

As mentioned in the introduction, we give an example that suggests optimality of the key bounds of
Lemmas 25 and 31 with respect to the Lebesgue exponent g. (Here we work with second moments
whereas in these lemmas we used first moments.)
In view of the foliation (36) it is sufficient to prove optimality of Lemma 25. To this end, let V be the
indicator function of the tube
Tg = {(x1,x) x| < R, x| < R'2),

normalized in LY, i.e., V = R=@+D/CD 1, (we will mollify this later). Here R > 1 is a large parameter.
We consider the randomization V,, (as in (3)) of this potential. We assume in the following that A = 1 in
Lemma 25 and that # is sufficiently small (to be fixed later). It is easy to see that we have
EIEVLEI? = ENEVoEEVoEI =E  sup  [(EEVoES, Vol £
10 2200y =1
> sup |E(EEVL,EL VuEf) =  sup  |Re E(EETVLE S, Vol ),

11120y =1 1120y =1
where we recall that M is the unit sphere in R¢. In order to estimate the last expression from below, we
consider a Knapp example (see, e.g., [Demeter 2020, Example 1.8])

fr(E) = RV (Rg, RV?E),

where £ = (£, &) e RxR?andn e Cy°(B(0, 2)) is a nonnegative bump function equal to 1 on B(0, 1).
The normalization is chosen such that (up to an R-independent constant) || frllz2() = 1. Assuming, as
we may, that Ew;w; = §;;, we have

E(EEVLESVLES) = ) /Rd Rd(c‘ft"f*)(x—y)V(y)(<9f)(y)V(JC)(EJ‘)(X)dde

jehzd
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where we wrote V; = V,,1p, and Q; = j +hQ. Since EE* is proportional to convolution with (do)Y and
the latter oscillates on the unit scale, there are positive constants r and ¢ such that Re(do)Y (1) > ¢ for
|u| < r (this follows from standard stationary phase asymptotics). Assume now that 24 < r. Then, using
the above Knapp example fr as a test function and changing variables u = x — y, we obtain

E|E*V,EI* 2 Re ) / Fi(x —u)Fj(x)dudx (F; = V;Efr)
S JRIXRE ' ' ‘
jehz
up to an error involving the imaginary part Fj(x —u)F;(x) (which is small as we will see). At this
point we consider a smooth (at the scale of Tx) version of the potential; this does not affect the previous
arguments. What we gain by this is that now |V Fj(x)| = O(R™Y 2)|Fj(x) |, whence, by Taylor expansion,

> fR RdF,-(x—u)@(x)dudx=<2h>d<1—0(R—”2>> > /Rlej(x)lzdx.

jehzd jehzd

Computing the integral, this shows that
E|EVEI? 2 iR DI v,

which implies that g < d 4 1 is necessary for Lemma 25 to hold (since R is arbitrarily large). If 7 > 1,
one uses Re(do)Y (1) > c|u|~“~1/2 for at least one percent of the u in B(0, 2h). Then the u integration
gives h@+1/2 instead of h¢.

Added in proof

Recently, we have proved estimates for Schatten norms of the elementary operators C©®?V,,C©) for
pointwise decaying potentials. They allowed us to prove estimates for sums over functions of the distances
of the eigenvalues of —A + V,, to the origin or to the positive real axis, which quantify the eigenvalue
accummulation. These results appear in [Cuenin and Merz 2023].
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ROTATING WAVES IN NONLINEAR MEDIA
AND CRITICAL DEGENERATE SOBOLEV INEQUALITIES

JOEL KUBLER AND TOBIAS WETH

We investigate the presence of rotating wave solutions of the nonlinear wave equation 8°v — Av +mv =
[v|?~%v in R x B, where B C R" is the unit ball, complemented with Dirichlet boundary conditions on
R x 0 B. Depending on the prescribed angular velocity « of the rotation, this leads to a Dirichlet problem
for a semilinear elliptic or degenerate elliptic equation. We show that this problem is governed by an
associated critical degenerate Sobolev inequality in the half-space. After proving this inequality and the
existence of associated extremal functions, we then deduce necessary and sufficient conditions for the
existence of ground state solutions. Moreover, we analyze under which conditions on ¢, m and p these
ground states are nonradial and therefore give rise to truly rotating waves. Our approach carries over to the
corresponding Dirichlet problems in an annulus and in more general Riemannian models with boundary,
including the hemisphere. We briefly discuss these problems and show that they are related to a larger
family of associated critical degenerate Sobolev inequalities.
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1. Introduction

Within a simple model, the analysis of wave propagation in an ambient medium with nonlinear response
leads to the study of a nonlinear wave equation of the type

v —Av+mv=f(v) inRxe, (1-1)

in an ambient domain  C R" with mass parameter m > 0 and nonlinear response function f. In the case
m =0, (1-1) is the classical nonlinear wave equation, while the case m > 0 is also known as a nonlinear

MSC2020: primary 35J20; secondary 35B33, 35J70.

Keywords: nonlinear wave equation, degenerate Sobolev inequality, rotating solutions, symmetry-breaking,
concentration-compactness.
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Klein—Gordon equation. For nonlinearities of the form f(v) = g(lv|»)v with a real-valued function g,
standing wave solutions can be found by the ansatz

—ikt

v(t,x)=e "ulx), k>0, (1-2)

with a real-valued function u. Depending on the frequency parameter k, this reduces (1-1) either to a
stationary nonlinear Schrodinger or a nonlinear Helmholtz equation (see, e.g., [Evéquoz and Weth 2015]
for more details).

The resulting stationary nonlinear Schrodinger equation has been studied extensively in the past four
decades by variational methods, see, e.g., the monograph [Ambrosetti and Malchiodi 2006]. Due to a
lack of a direct variational framework, the nonlinear Helmholtz equation requires a different approach
and has been studied more recently, e.g., in [Chen et al. 2021; Evéquoz and Weth 2015; Gutiérrez 2004;
Mandel et al. 2017; 2021] by dual variational methods and bifurcation theory.

Clearly, the amplitude |v| of a solution v of (1-1) given by the ansatz (1-2) remains time-independent.
As a consequence, the analysis of standing wave solutions does not lead to a full understanding of (1-1)
from a dynamical point of view and should be complemented, in particular, by the study of nonstationary
real-valued time-periodic solutions, traveling wave solutions and scattering solutions. We stress that the
ansatz (1-2) does not give rise to nonstationary real-valued time-periodic solutions since the nonlinearity
of the problem does not allow to pass to real and imaginary parts.

In the case where Q@ = R and f(v) in (1-1) is replaced by ¢(x) f (v) with a compactly supported
weight function ¢, spatially localized real-valued time-periodic solutions, also called breathers, have
attracted increasing attention recently, see, e.g., [Hirsch and Reichel 2019; Mandel and Scheider 2021].
In the case where 2 is a radial domain, a further interesting type of real-valued time-periodic solution is
given by rotating wave solutions. In particular, if €2 is a bounded radial domain and (1-1) is complemented
with the Dirichlet boundary condition v = 0 on R x 9€2, the existence of rotating waves and their
variational characterization arises as a natural question which, to our knowledge, has not been addressed
systematically so far.

The main purpose of the present paper is to provide such a systematic study. While we mainly focus
on the case where 2 = B is the open unit ball in RY, we will also address the case where €2 is an annulus
or a Riemannian model with boundary; see Sections 5 and 6 below. Specifically, we study the case of a
focusing nonlinearity of the form f(v) = |v|? ~2p, which leads to the superlinear problem

2v— Av+mv=v|"2v inRx B,
{ : v 13

v=0 on R x 0B,

for N > 2, where

2<p<?2" and m> —Xi{(B).

Here, A1(B) denotes the first Dirichlet eigenvalue of —A on B and 2* denotes the critical Sobolev
exponent given by

2N
2*=m for N >3 and 2*=00 for N =2.
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The ansatz for time-periodic rotating solutions of (1-3) is given by
v(t, x) = u(Ro: (¥)), (1-4)

where, for 6 € R, we let Ry € O(N) denote a planar rotation in R with angle 6, so the constant o > 0
in (1-4) is the angular velocity of the rotation. Without loss of generality, we may assume that

Ry(x) = (x1cosO 4+ xpsinf, —x; sinf + xp cos O, x3,...,xy) forx e RY,

so Ry is the rotation in the (x1, x)-plane with fixed point set {Og2} x RV 2. In the following, we call a
function u on the unit ball (x1, x»)-nonradial if it is not Rg-invariant for at least one angle 6 € R. If the
profile function u in (1-4) is (x;, x2)-nonradial, then the corresponding solution v can be interpreted as a
rotating wave in a medium with nonlinear response given by the right-hand side of (1-3). The ansatz (1-4)
reduces (1-3) to
{—Au+a2 32u+mu = ulP">u in B, (1-5)
u=~0 on 0B,

where dg = x| 9y, — X2 dy, denotes the associated angular derivative operator. We point out that a seemingly
closely related equation, with the term o? 892u replaced by —a? agu, arises in an ansatz for solutions of
nonlinear Schrodinger equations in R with invariance with respect to screw motion, see [Agudelo et al.
2022] and also [del Pino et al. 2012] for a related work on Allen—Cahn equations. Note, however, that the
positive sign of the term o 8§u results in a drastic change of the nature of the problem, as the operator
—A+0o? 892 loses uniform ellipticity in B if @ > 1. For balls of arbitrary radius, the threshold for «
corresponds to the inverse of the radius. In our case, for « = 1, we will observe that ellipticity is lost on
the great circle

yi={xcdB:ix3=---=xy =0}, (1-6)

which equals d B in the case N = 2. This also distinguishes the study of (1-5) from the related study
of rotating solutions to nonlinear Schrédinger equations, where the angular velocity « appears within
a first-order term which does not affect the ellipticity of the associated Schrédinger operator, see, e.g.,
[Lieb and Seiringer 2006; Seiringer 2002].

If a solution u of (1-5) satisfies dgu =0 in B, then u solves the classical stationary nonlinear Schrédinger
equation —Au +mu = |u|P~2u in B with Dirichlet boundary conditions on d B, so it satisfies (1-5) with
o = 0. If, in addition, u is positive, then u has to be a radial function as a consequence of the symmetry
result of Gidas, Ni and Nirenberg [Gidas et al. 1979]. Thus, the ansatz (1-4) then merely gives rise to a
radial stationary solution of (1-3). We mention here that radially symmetric nonstationary solutions of (1-1)
in 2 = B were first studied by Ben-Naoum and Mawhin [1993] for sublinear nonlinearities, and more
recently by Chen and Zhang [2014; 2016; 2017]. In this problem, the spectral properties of the radial wave
operator lead to delicate assumptions on the dimension as well as the ratio between the radius of the ball
and the period length. The main purpose of the present paper is to analyze for which range of parameters
o, m and p ground state solutions of (1-5) exist and to distinguish under which assumptions on «, m
and p they are radial or (x, xp)-nonradial and therefore correspond to rotating waves via the ansatz (1-4).
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By a ground state solution of (1-5), we mean a solution characterized as a minimizer of the minimization
problem for

%a,m,p(B) = inf Ra,m,p(”)’ (1-7)
ueH} (B)\{0}

where, form € R, o > 0 and p € [2, 2¥), we consider the associated Rayleigh quotient R, , given by
[p(IVu|? — &?|3gu)? +mu?) dx
2
(fp lul? )™

As we shall see in Remark 4.20 below, this minimization problem is only meaningful for 0 <« < 1, since,

R, p(u) = . ueHj(B)\{0}. (1-8)

for every p € [2,2*) and m € R, we have
Ca,m,p(B) =—00 fora > 1.
Moreover, for every p € [2,2*) and m € R,
the function o — %, ., (B) is continuous and nonincreasing on [0, 1]. (1-9)

In the case 0 < o < 1, the operator —A + o 892 is uniformly elliptic, as can be seen by writing the operator
in polar coordinates as

1
—A+a? agz—Aru—r—zAquu +a?dlu, (1-10)

where Agy-1 denotes the Laplace—Beltrami operator on the unit sphere SV ~!. In this case the existence of
minimizers of Ry, , on H(} (B) \ {0} follows by a standard compactness and weak lower-semicontinuity

argument. However, even in this case it is difficult to decide in general whether minimizers are radial or

2
L2(B)
(x1, xo)-nonradial functions as energy minimizers. On the other hand, the P6lya—Szego inequality yields

/|Vu*|2dx§/ |Vul? dx,
B B

where u* denotes the (radial) Schwarz symmetrization of a function u € H(} (B).

nonradial functions. This is due to competing effects. Firstly, the additional term —a?||dpu]| favors

Since Ry m,p (1) = Ro,m, p (u) for every radial function u € HO1 (B)\ {0} and every « € [0, 1], a sufficient
condition for the (x;, x;)-nonradiality of all ground state solutions is the inequality

(ga,m,p(B) < %O,m,p(B)' (1'11)

In particular, we will be interested in proving this inequality for « close to 1. As mentioned already, the
borderline case o = 1 differs significantly from the case 0 < o < 1, since in this case —A + 892 fails to be
uniformly elliptic in a neighborhood of the great circle y defined in (1-6). We shall see in this paper that
the minimization problem in the case o« =1 is essentially governed by a degenerate anisotropic critical
Sobolev inequality in the half-space. The corresponding critical exponent in this Sobolev inequality is
given by

__4N+2

" 2N-3°

This exponent’s relevance is indicated by our first main result which yields the following characterization.

2
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Theorem 1.1. Let m > —A;(B) and p € (2, 2%).
(1) If « € (0, 1), then there exists a ground state solution of (1-5).
(i) We have
Cm,p(B) =0 for p>2] and Clm,p(B) >0 for p <2]. (1-12)
Moreover, for any p € (27,2%), there exists o), € (0, 1) with the property that
Cam,p(B) < Com,p(B)  fora e (ap, 1],
and therefore every ground state solution of (1-5) is (x1, x2)-nonradial for a € (ap, 1).

The following new degenerate Sobolev inequality is an immediate consequence of the special case
m=0, « =1 in Theorem 1.1.

Corollary 1.2. We have

AN 1
|u|? dx> < —/(|W|2— |0gu|®)dx  foru € H (B).
</B ©1,02:(B) Jp ’ 0

Moreover, the exponent 27 is optimal in the sense that no such inequality holds for p > 27.

Theorem 1.1 yields symmetry-breaking of ground states for suitable parameter values of p, « and m,
but the precise parameter range giving rise to this symmetry-breaking remains largely open. To shed
further light on this question, we state the following result which establishes uniqueness and radial
symmetry of ground state solutions for « close to zero and every m > 0, 2 < p < 2*.

Theorem 1.3. Letm > 0 and 2 < p < 2*. Then there exists ag > 0 such that
Cga,m,p(B) — <gO,m,p(B) fOl"O[ € [0’ 0[()).

Moreover, for a € [0, ag), there is, up to sign, a unique ground state solution of (1-5) which is a radial
function.

Our proof of this theorem relies on the uniqueness and nondegeneracy of the radial positive solution
of (1-5) in the case ¢ = 0. Combining Theorems 1.1 and 1.3, we find that, for fixed p > 2%, symmetry-
breaking of ground state solutions occurs when passing a critical parameter « = «(p) which lies in
the interval [ap, o) ]. However, so far it remains unclear whether symmetry-breaking also occurs in
the case p < 2. Before stating a partial answer to this question for 2 < p < 27, we first note that
symmetry-breaking does not occur in the linear case p = 2. More precisely, we shall observe in Section 4
below that

Guma(B) = Com2(B) =01 (B)+m foralla €[0,1], m € R.

Moreover, if o € (0, 1) and m > 0 are fixed, then every minimizer of (1-7) is radial if p > 2 is sufficiently
close to 2; see Remark 4.16 below. On the other hand, for every p strictly greater than 2, symmetry-
breaking occurs for sufficiently large values of the parameter m, as the following result shows.
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Theorem 1.4. Let o € (0, 1) and 2 < p < 2*. Then there exists my > 0 with the property that (1-11) holds
for m > my, and therefore every ground state solution of (1-5) is (x1, x2)-nonradial for m > my.

As symmetry-breaking occurs, for fixed p € (2, 2%), both in the parameter « and m, it is tempting to
guess that there exists a unique curve in the (o, m)-plane separating the parameter region of symmetry-
breaking from the one where radial symmetry of ground state solutions is preserved. A bifurcation analysis
might be useful to detect the precise symmetry-breaking regime, but this seems far from straightforward,
and we leave it for future research.

Next, we discuss the limit case « = 1 in the minimization problem (1-7). We may study this limit case
based on Corollary 1.2, but we need to look for minimizers in a space larger than HO1 (B). More precisely,
we let H; be given as the completion of C!(B) with respect to the norm | - ||, given by

2, 3=/(|Vu|2—|3«9u|2)dx-
B

Here we recall that Corollary 1.2 gives the norm property of || - ||, on CCl (B) C HO1 (B), and it also implies
that 7, is embedded in L2 (B). We then have the following result, which complements Theorems 1.1
and 1.4 in the case o = 1.

Theorem 1.5. Let2 < p <2 and o = 1.
(1) For every m > —A1(B), there exists a ground state solution of (1-5).

(ii) There exists mg > 0 with the property that (1-11) holds for m > mg, and therefore every ground state
solution u € H, of (1-5) is (x1, x2)-nonradial for m > m.

The critical case & = 1, p = 27 remains largely open, but we have a partial result on the existence of
ground state solutions which relates problem (1-5) to a degenerate Sobolev inequality of the form

N-1 1/2
2 2
lull 25 §C</RN > " 1dul® +xj|oyul dx) (1-13)

+ =l
in the half-space
RY :={x e RV : x; > 0}.

This inequality seems new and of independent interest, and it is the key ingredient in the proof of
Theorem 1.1. Our main result related to this half-space inequality is the following.

Theorem 1.6. Let s > 0, and set 2% := (4N +25)/(2N — 4 + ). Then we have

S SNV 1000 + xS Oy ue]? dx
SRY):= inf Ry &=l !

ueClRY) (/M lu|% a’x)z/zj

> 0. (1-14)

Moreover, the value S, (Rf ) is attained in H; \ {0}, where Hy denotes the closure of C Cl (Rf ) in the space

N—-1
{u e L¥RY) : lully, = /N D 10ul* + xjlonul* dx < oo} (1-15)

+ i=1

with respect to the norm || - || g, .
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Here, distributional derivatives are considered in (1-15). Moreover, we note that || - || 5, defines a norm
on the space defined in (1-15), as the vanishing of ||u|| g, implies that the distributional gradient Vu
vanishes a.e. in [F\Rf . This, in turn, implies that # must be constant on RY . and therefore u = 0 since
ue L% RY).

Several remarks regarding Theorem 1.6 are in order. First, we point out that the criticality of the
exponent 27 := (4N +2s)/(2N —4+s) in Theorem 1.6 corresponds to the fact that the quotient in (1-14)
is invariant under an anisotropic rescaling given by u — u; for A > 0, with

U (x) = u(hxy, Axa, .. Axn—1, AT 2x0).

This invariance leads to a lack of compactness, and we have to apply concentration-compactness methods
to deduce the existence of minimizers. We further note that the existence of minimizers in the half-space
problem is in striking contrast to the case s = 0 which is excluded in Theorem 1.6. Indeed, the case s =0
in Theorem 1.6 corresponds to the classical Sobolev inequality which only admits extremal functions in
the entire space RY: see, e.g., [Struwe 2008, Chapter III, Theorem 1.2].

We have already noted that the case s = 1 in Theorem 1.6 is of key importance in the proof of
Theorem 1.1. The more general case s € (0, 2] arises in a similar way when (1-5) is studied in Riemannian
models with boundary in place of B, and we will discuss this case in Section 6 below. We point out
that the setting of Riemannian models includes hypersurfaces of revolution with boundary in R¥*!, and
that the particular case of a hemisphere corresponds to the case s = 2. The latter is no surprise in view
of the recent work of Taylor [2016] and Mukherjee [2017; 2018], who studied the problem of rotating
solutions on the unit sphere. In particular, their work relies on degenerate Sobolev embeddings on the
unit sphere where also the value 25 =2(N +1)/(N — 1) appears as a critical exponent; see [Taylor 2016,
Proposition 3.2] and [Mukherjee 2017, Proposition 1.2 and Lemma 1.3]. In fact, our approach allows
to use the case s = 2 in Theorem 1.6 and the corresponding inequality in RY (see Theorem 2.2 below)
to give new proofs of these degenerate Sobolev embeddings which do not rely on the Fourier analytic
arguments used in [Taylor 2016].

Next we remark that degenerate Sobolev-type inequalities have been studied extensively in the context
of Grushin operators which take the form

L=A+clx|’Ay

on RY = R" x R, where x € R”, y € R and s > 0. For a comprehensive survey of the properties of
these operators, see, e.g., [Hajtasz and Koskela 2000]. In particular, an associated Sobolev-type inequality
of the type

L 2m+k(s+2)—4 (RN)

1/2
Nl amsokoe2 <C(/ |vxu|2+c|x|~“|vyu|2d(x,y)) , ueClRM) (1-16)
RN

has been established. Here, the associated critical exponent is related to the homogeneous dimension
in the context of more general weighted Sobolev inequalities. We also mention symmetry results for
positive entire solutions to semilinear problems involving £ in [Monti and Morbidelli 2006], as well as
the existence of extremal functions on RY shown in [Beckner 2001; Monti 2006].
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We point out that the restriction of inequality (1-16) to the half-space coincides with the inequality (1-13)
in the case N =2, m =k = 1. On the other hand, for N >3, m = N — 1 and k = 1, the critical exponents
in (1-13) and (1-16) still coincide, but (1-13) is a strict improvement of (1-16) since the weight x7 is
strictly smaller than |(xy, ..., xy—1)|® away from the x;-axis. More closely related to Theorem 1.6 in the
case N > 3 is [Filippas et al. 2008, Theorem 1.7], where a more general family of Grushin-type operators
and their associated inequalities has been considered. However, the inequality (1-13) associated to (1-11)
is a limit case which is not part of the family of inequalities considered in [Filippas et al. 2008]. More
precisely, inequality (1-13) extends [Filippas et al. 2008, Theorem 1.7] to the case A = B =0 (with A
and B given in [Filippas et al. 2008]).

Coming back to the existence of ground state solutions of (1-5) in the critical case @ = 1, p =27, we
state the following result.

Theorem 1.7. (i) If
Gm2r (B) < 227128 (RY) (1-17)

for some m > —A1(B), then the value C1m.2:(B) is attained in H \ {0} by a ground state solution of (1-5).
(i1) There exists € > 0 with the property that (1-17) holds for every m € (—A1(B), —A1(B) + ¢).

Here, the factor 2!/271/21 is due to the scaling properties of a more general quotient related to (1-14);
see Remark 2.3 (ii) below. We note that criterion (1-17) prevents, with the help of Theorem 1.6 and a
blow-up argument, the concentration of minimizing sequences close to the great circle y defined in (1-6).

The paper is organized as follows. We first study the degenerate Sobolev inequality (1-13) and hence
prove Theorem 1.6 in Section 2. This is subsequently used in Section 3 to prove the second part of
Theorem 1.1. In Section 4 we then discuss the properties of ground state solutions of (1-5) in detail
and give the proofs of Theorems 1.3 and 1.4. This also includes the degenerate case @ = 1 and the
proofs of Theorems 1.5 and 1.7. Section 5 is then devoted to the properties of rotating waves when B is
replaced by an annulus. In this case, our methods give rise to an analogue of Theorem 1.1 with more
explicit conditions for (x;, x2)-nonradiality of ground states. In Section 6 we discuss how the general
degenerate Sobolev inequality (1-13) can be used to give an analogue of Theorem 1.1 for Riemannian
models. Finally, in Appendix A, we prove uniform L°°-bounds for weak solutions of (1-5) in the case
o = 1. Moreover, we recall in Appendix B useful formulas related to the round metric on the unit sphere
in angular coordinates.

We finally remark that the general approach of the present paper also allows to analyze (x1, x»)-nonradial
solutions of (1-5) on domains of the type

{(x1, x2,x") e RV :x12+x§ <1, x| < W(xlz+x§)}

for suitable functions v : [0, 1) — (0, co) satisfying lim,_, - ¥ (r) = 0. However, the underlying analysis
will be more involved, and limiting Sobolev inequalities different from (1-13) might arise. We shall leave
this open problem for future research.!

I'We wish to thank the referee for pointing out this question.
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2. A family of degenerate Sobolev inequalities

In this section, we give the proof of Theorem 1.6. More precisely, in the first part of the section, we prove
the corresponding degenerate Sobolev inequality

N-1

2/2¢
(fRN |u|> dx) <C /RN (Z |0;u|* + |x1|S|8Nu|2) dx forueC!R"Y) (2-1)
i=1

in the entire space with a constant C > 0, from which the positivity of SS([RH ) in (1-14) follows.
In the second part of the section, we then prove the existence of minimizers of the quotient in (1-14) in
the larger space H; defined in Theorem 1.6.

2.1. A degenerate Sobolev inequality on RN. The first step in the proof of (2-1) is the following
inequality.

Lemma 2.1. Let o > 0 and p > 2 be given. Then we have

2/(2+a) o/(2+a)
f Iulpdxflc(/ |x1|°‘|u|qu> (/ |81u|2dx) foru e CLRY),
RN RN RN

g=1pQ2+a)—2a)>2

with

and
(qaiZ)ZOl/(z-‘ra)’ 0<a 52’
k= p2a/(2+a)’ o > 2.

Proof. We first consider the case « € (0, 2), and we let u € Cg (RM). By Holder’s inequality, we have

1o 1/o
/ lu|? dx < (/ |x11%7 |u|™® dx) (/ 1|75 |u| PO dx)
RN RN RN
1/0'/ l/(r
- ( / |x1|“|u|qu) ( [ oo dx> , 22)
RN RN

with
2 2
o= +oz’ o=—2 = to € (1, 00), si=2 and ri=2,
20 c—1 2—« o’ o’
Here we used that 0 < r < p. Indeed we have
_2q+2a_i a(q+2)_r+q+2
- 24a o 24a 20’
which furthermore implies that
(p—ryo—1= %q > 0. (2-3)

Since also
so=afc—1)=32-a)e(0,1), (2-4)
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we may integrate by parts and use Holder’s inequality again to get

—r)o
/ ey |75 Ju| P dx=——(’f : / 1o | 750 u| PO By dix
RN — SO RN

(p—r)o _ o
<[ " P B u| dx
1—s0 Jgpv

) 172 172
s (/ 1 (% dx) (f |81u|2dx) . (2-5)
(07 RN RN

Here we have used (2-3), (2-4) and the identity

(p—ro _ q+2
l—so  «

in the last step. Combining (2-2) and (2-5) gives

2 1/o 1/6'+1/20) 1/(20)
/|u|ﬂdxs<ﬂ) (/ |x1|“|u|‘fdx> (/ |alu|2dx>
RN o RN RN
2 20/ (2+a) 2/(2+a) a/(2+a)
=(q+) (f |x1|a|u|qu) </ |alu|2dx) ,
o RN RN

as claimed. Next we note that the case o = 2 follows by continuity, which gives

2
(/ |u|de) 5p2(/ |x1|2|u|2(p_1)dx></ |81u|2dx). (2-6)
RN IRN IRN

From this we now deduce the claim in the case o > 2. Indeed, writing

et [Plae PP = ey [P a2 Ju P01
we get, by Holder’s inequality,

2/a (@=2)/a
/ |x1|2|u|2<1’—‘>dx5(/ |x1|“|u|‘fdx) (/ |u|<2“/<“—2”'“’—1—"/“>dx) : (2-7)
RN RN RN

Since Qo /(o —2))-(p — 1 —¢q/a) = p, we deduce from (2-6) and (2-7) that

(a+2)/a 2/a
(/ |u|de) spz(/ |x1|“|u|4dx) (/ |alu|2dx),
RN RN RN
2/(a+2) a/(a+2)
/|u|f’dx§p2°‘/<“+2>(/ |x1|°‘|u|"dx) </ Ialulzdx> . O
RN RN RN

We may now complete the proof of the main result of this section, given as follows.

Theorem 2.2. Let s > 0 and 2§ = (4N +25)/(2N —4+5) as in Theorem 1.6. Then inequality (2-1) holds
with some constant C > 0.

and hence

We remark that this may be proven by combining Lemma 2.1 with a suitable adaptation of the inequality
on the half-space given in [Filippas et al. 2008, Theorem 1.7] to the setting of the entire space R". For
the convenience of the reader, we give a self-contained proof.
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Proof. In the following, the letter ¢ > O stands for a constant which may change from line to line. Let
o =s5/(2(N —1)). Then Lemma 2.1 yields

2 o

2+4a 2+«
/ |u| > dx</<</ x| ue |9 dx) (/ |81u|2dx) for u e CH(RV),
RN RN RN

with g, := N(2} +2)/(2(N — 1)). To estimate the term fRN |x1|%|u|% dx, we define, fori =1,..., N,
the functions a; € C.(RV~1) by

~ gs(
Cli(xi)i=/ |u
R

:(xl,...,xi_l,xiH,...,xN)GRN_l forxe[R{N and iZl,...,N.

where

(N=1)/N

Integrating the derivative 9; (|u|%™~D/NY in the x;-direction, we find that |u(x)|% < ca; (x;) for

allx eRY, i=1,..., N, and therefore
N
@)@V <c[Jai®) forxeRY.
i=1

l/(N=1) ...,a,l\,/ij;[_l) and the function

Applying Gagliardo’s lemma [1958, Lemma 4.1] to the functions a,
x = |x]® }V/(N 1)(x), we thus find that

N—1 1
N—-1
f |x1|“|u|qsdx5c( f |V Pay @) diy ] f a,-<)e,-)d)ei)
RN RN—I i1 RN’I
w-1) N W-1) T
. gs(N—1) gs(N—1)
:c(f e |2 ) N 1|8Nu|dxl_[/ |u| 1|8,~u|dx)
RN ie1 RN

_N N—1 1

gs(N=1) _ 2N=D) IN=T)

Sc(/ lu|?>"N 2dx> (/ lx1* |8 ul* dx | |/ |8l~u|2dx> .
RN RV i /RN

Since 2(N — 1)gqs/N —2 = 2%, we conclude that

/Iulzﬁdx
RN
2 o
24a ) Tta
§c</ |x1|“|u|%dx> (/ oyl dx)
RN RN

N

2 o
" 2(N—1) 2(N D 24a
§c<(/ lu|> dx) <f Ix1|% |0y u|? dx l_[f |9; 1] dx) ) (/ |81u|2dx>
RN RN RY
2<N+>/2 IN— 1) 72 %
% —1D)+s +s —D+s
:c(/ |u|2s dx) (/ lx1|° |8Nu| dx l_[ f |0;u| dx) (/ |81u|2dx) ,
RN RN RN

and therefore

N=2+s/2

1+s5/2
N = e L\
lu|® dx <c |x1| |ayul? dx ]_[ e ul? dx 101u|? dx .
RN RN
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Finally, Young’s inequality gives

. 2/2r N—1 - 2
(/ u|® dx> 50(/ |x1|s|8Nu|2dxl_[/ |8,-u|2dx> </ |81u|2dx)
RV RN iy JRY RN

N—-1
< *loyul*d dju|*dx ). O
<c( [, o x+§/RN|zu| )

In particular, this implies

N . fM Z,N:;] 10;ul? + x§|Oyul* dx
S.Y(R+) = inf 375
ueC:RY) (/Rf u| dx)™™

and thus the first part of Theorem 1.6.

> 0,

Remark 2.3 (optimality and variants). (i) The exponent 2} in (1-14) is optimal in the sense that

Jon (SN 10002+ 11 18y u?) dx

inf 3 =0 for p#2;. (2-8)
MGCJ(RN) ”u”LP(RN)
This follows by considering the rescaling u — u;, A > 0, with
U (X) = uOxy, Axa, « ooy AXN—1, A5 2x0).

Indeed, foru € C 01 (RV), we have

N—1 N—1
ai 2 K} 9 2 d :A._(2N+S_4)/2/ ai 2 K P 2 d
/RN(?_f' url? + | Nuu) x . i§_1j| o2+ i layul® | dx

and, for 1 < p < o0,
2/p 2/p
</ lun|? dx) = 3~ @/P(N+s/2) (f u|? dx) .
RN RY

Since (2N +s —4) = (2/p)(N + 1s) if and only if p = 2%, (2-8) follows.

(i1) Fork >0, u e C Cl (RM), we may consider a rescaled function of the form

() = ( x—”)
vixX)=1u xl,...,fol,\/E .

Comparing the associated quotients then yields

Jar (0 10 + iy | [oyul?) dox
2
L% (RN)

inf

= i 27E S (RY). (2-9)
ueC!H(RN) [lae]|

In the special case k = 2, this quotient will appear later when we connect %l,m,Z*l‘(B) and S (Rf ), in
particular in the proof of Theorem 1.7.

Recalling the space H; defined in Theorem 1.6, we see that Theorem 2.2 immediately implies that H;
is continuously embedded into L% ([R{ﬂ ).
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2.2. Existence of minimizers. In the following, we fix s > 0 and study minimizing sequences for
N—1 ,
fRQ’ (i 19;ul® + xj|9yul?) dx

S:=8&@®RY)=inf 0
s(RY) ue}g\{()} e dx)2/2§ >
+

First, consider the following classical lemma due to Lions [1984], which we give in the form presented in
[Struwe 2008].

Lemma 2.4 (concentration-compactness lemma). Suppose (i,), is a sequence of probability measures
on RN, Then, after passing to a subsequence, one of the following three conditions holds:

(i) Compactness: There exists a sequence (x,), C RN such that, for any & > 0, there exists R > 0 such

that
/ diu, >1—c¢.
Br(xp)

lim ( sup / a’,un> =0.
">\ xeRN J Br(x)

(iii) Dichotomy: There exists A € (0, 1) such that, for any € > 0, there exists R > 0 and (x,),, C RN with

(i1) Vanishing: For all R > 0,

the following property: given R’ > R there are nonnegative measures pL,11, ,u% such that

0<pl+p2 <, supputCBr(x,), suppu CRY\ Br(x,),

limsup(k—/ du! +‘(1—X)—/ du? ) <e.
RN RN

n—oo
A characterization of minimizing sequences in the sense of measures is given in the following lemma,

which is a straightforward adaption of [Struwe 2008, Lemma 4.8].

Lemma 2.5 (concentration-compactness lemma II). Let s > 0, and suppose u, — u in Hy and p, :=
(ZlNz_ll 191 |? +xf|8Nun|2) dx — @, v, = |u,,|2§k dx — v weakly in the sense of measures, where |1
and v are finite measures on R_’X . Then:

(i) There exists an at most countable set J and sets {x/ : j € J} C [F\R_]X and {v/ : j € J} C (0, 00) such that
v =ul> dx + Z V8.
jeJ

(ii) There exists a set {u/ - j € J} C (0, 00) such that

N—1

n= (Z EE +xf|aNu|2) dx+) sy,

i=1 jel

where
S <

for j € J. In particular, Zjej(v.i)2/2§‘ < 00.

Our main result then states that S is attained in H; and completes the proof of Theorem 1.6.
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Theorem 2.6. Let s > 0, and suppose (uy), is a minimizing sequence for

fRN (le\/:_ll |0ul* + xf|31vu|2) dx
S= inf + "
ueH;\{0} (fM |u| dx) 3

El

with |[uy || 2 = 1. Then, up to translations orthogonal to x, and anisotropic scaling, (uy), is relatively

compact in H;.

Proof. The proof consists of four steps: In the first step, we use a suitable anisotropic scaling and
translations to exclude vanishing in the sense of Lemma 2.4. This is adapted from the classical case s =0
with adjustments based on the different scaling properties appearing in this case.

In the second step, we similarly adapt the classical arguments to show that dichotomy cannot occur.

The third step then uses Lemma 2.5 to deduce further information on potential concentration behavior
of the minimizing sequence in order to exclude the existence of multiple concentration points.

In the fourth step we then show that the sequence cannot concentrate in a single point either. Compared
to the classical case, the scaling and translation properties are much weaker in our setting, making this
step much more involved. A crucial idea is the following: If the sequence concentrates in a single point,
its L9-norm will blow up for any ¢ > 27 in a neighborhood of this point. If the concentration point is not
on the boundary however, the H;-norm is comparable to the Sobolev-norm in a neighborhood and can be
used to bound the L?-norm for g < 2*. Since 2} < 2*, this can be brought to a contradiction.

Step 1: After rescaling and translation, the sequence cannot vanish.
For r > 0 we define the family of rectangles

Qr i={(0,r) x (v + (=2, PN 2 (=1, PP 1y e RV,
It is important to note that, for R > 0, with respect to the transformation
tR(x) = (R%x1, RPx2, ... RPxy—1, R xy), (2-10)
these sets satisfy

TR(Qr) = QrR-

Moreover, the functions

Qn(r) := sup / lun|> dx
E

Ee€Q,
are continuous on [0, co) and satisfy

liII(l) 0,(r)=0, lim Q,(r)=1.

Moreover, the supremum in the definition of Q, is attained. Indeed, by definition there exists a sequence
(yi)x € RV~ such that fEk lun|® dx — Q,(r) as k — oo, where

E = (0,r%) x (y + (=2, r)N 25 (=2, 24,

Since |u,|> dx is a finite measure, (y;)x must be bounded so we may pass to a convergent subsequence,
whose limit attains the supremum.
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Hence we may choose A, > 0, y, € R¥~! such that the rescaled sequence v, € H; given by

Up(x) 1= ACN T2y (A2x1, A2(xa 4+ ) 1), - A2 (e + () v—1))

Qn(1) = sup / |Un|25 dX:/ |Un|25 dx:%
EeQ, JE 0,1)x(=1,1)N-1

. . . * .
After passing to a subsequence, we may assume v, — v in Hy and in L% ([R{f ). We now consider the

satisfies

measures
N-1

un:=<Z|aivn|2+xi|ann|2)dx and v = |v, ¥ dx
i=1

and apply Lemma 2.4 to (v,),, where we note that 1, and v, are initially measures on [R{_’X but can trivially
be extended to RV . By our normalization, vanishing cannot occur.

Step 2: Exclusion of dichotomy.

We argue by contradiction and assume that we have dichotomy, and thus let A € (0, 1) be as in
Lemma 2.4 (iii). Then, considering a sequence ¢, | 0, for any n € N, there exist R, > 0, x, € [R{ﬁ as well
as nonnegative measures v, and v? on RY such that

0< v,{ + v,% <v,, Ssupp v,{ C Rﬁ N Bg,(x,), supp v,f C Rf \ BzR,ﬁz*“)/erl(x”)’

'x—f dv! +'(1—,\)—/ dv?| <2e,,
RY RY

Y
limsup(‘)»—/ dv] ):0.
n—00 RY

+ '(1 —A)—/ dv?
RN
From the proof of Lemma 2.4 (see [Struwe 2008]) we can assume R, — oo and, in particular, R, > 1.

and thus

+

For r > 0, let the anisotropic scaling 7, be defined as in (2-10). We crucially note that

Bg,(0) C 7 sz (B1(0))
and

RN By gernr,(0) C RY\ 7 /z-(B2(0)).

We take ¢ € C°(B2(0)) with0 < ¢ <1 and ¢ =1 in B(0). Forn e N, let ¢, (x) := w(r;}T(x —Xn)),
so that
gn=1 onx,+7 5 (B1(0), ¢, =0 onR¥\ (x,+71 7 (B20))),
and thus, in particular,
¢ =1 onsupp v,t, ¢, =0 on supp v,f.

Note that

18; v % 4+ 25108V [ > (18;0a|* 4+ X518 va ) (@2 + (1 — )P fori=1,...,N—1.
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We have
N-1

1/2
(/(Z |8i<<pnvn)|2+xf|aN<¢nvn)|2> dx)
roE N-1 12 N-1 12
< (/Nso,%(z |a,-vn|2+xf|ann|2) dx) + (f v,%(Z |a,-gon|2+xi|awn|2) dx)
RY RY

i=1 i=1
and analogously for (1 — ¢,) instead of ¢,. Squaring and adding these estimates gives

l@nvallzy, + 11— @) vallF,
N—-1 N—-1

5/ (Z|a,-vn|2+xf|ann|2>dx+2/ v5(2|ai<pn|2+xf|awn|2>dx
RY ot A
N-1 1/2 N-1 1/2
+4(f( |a,~u,,|2+xf|an,,|2)dx> (/ v,f(z|ai<p,,|2+xf|awn|2)dx) :
RY \ioT RY - \iDT
Setting
N—-1
Bn :=2fN vﬁ(Z |ai<on|2+xi‘|awn|2) dx
RY 1
l N-1 1/2 N-1 1/2
+4(/ (Z|aivn|2+xf|azvvn|2)dx) (/ v,%(Z|al-son|2+xf|awn|2)dx) ,
RY \izi RY NS
we thus have
N—-1
/N(Z |a,~vn|2+x~;|ann|2) dx = @nvallyy, + 111 = @) a7, — Bu.
Ry Ni=1

Next, we define the anisotropic annulus

An =% + T s (B2 0D\ T sz (B1 (0))

and consider § > 0. Using Young’s inequality and the fact that any derivative of ¢, vanishes outside
of A,,, we can estimate

N-1 N—-1
B < S/N(Z |a,»vn|2+xi|ann|2) dx+C(a)f v,%(Z |ai¢n|2+xf|awn|2) dx.
Ry Ni=1 A Ni=i

Note that
N—-1 N—-1
D 13ieal +xilonenl’ = R Y 11801 5 (D + R, [an ] (¢ (1))
i=1 i=1
N-—1
- R,IZ(Z |[al-<p]|2+(-)i|[aw|2) Ly
i=1
and thus
N—-1

D 10ignl* +x{10ngal® < CR
i=1
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for some C > 0 independent of n. This gives

J. A

Using Holder’s inequality then further yields

N—-1

D ol +Xf|aN9""|2) dx = CR o,
i=1

_1 -1 2/2N
Ry Mvnllz2cay < Ry ALV ol 22 4

< Cllvn ”L2§F(A,1)

1/2*
50(/ dvn—</ du,1+/ duﬁ)) -0
RN RN RN

|Anl =17 /g (B2(xn))] — T yz-(Bi(xn))| = REN 9721 By (0)] — [ B1 (0))).

as n — 0o. Here we used

Overall, we find that, for any § > 0,

. 2
limsup B, < 8 sup ||v, 5,
n—o00 n

and since (v;), remains bounded in Hg, we conclude

N—-1

/N(Z 1;vn] +xf|ann|2> dx = | gnvallyy, + 11 = @) vallzy, — B
Ry Ni=1
> S(lonvnlz; g,y + 11— @)l 5 ) +0(1)

2/2; 2/2;
28((/ a’vn) +(/ a’vn> )—I—o(l)
Bg, (xn) Rﬂ\BR; (xn)
2/2% 2/2%
() () )
RY RY

> SOHE + (1 =0)¥%y+0(1).

But since A € (0, 1), we have A%% + (1 —1)%% > 1, and thus

N—1
S = lim (Z |0; v |2 +x~;‘|ann|2> dx > liminf(SO*% + (1 — 0)¥%) +0(1)) > S,
Rﬁ n—oo

i=1
a contradiction. Hence we cannot have dichotomy.

Step 3: The sequence cannot concentrate in multiple points.
Since we are therefore in condition (i) of Lemma 2.4, there exists a sequence (x;), such that, for any
& > 0, there exists R = R(e) > 0 with

/ dv,,z/ dv, >1—¢.
Bg(xn) Br (xy)NRY



324 JOEL KUBLER AND TOBIAS WETH

Since we normalized so that

/ fon % dx = 1,
0,1)x(=1,1)N-1

we must have (0, 1) x (=1, DY~ N Bg(x,) #gife < % By making R larger if necessary, we can thus

/ dvn=/ dv, >1—e¢.
Br(0) Br(0)NRY

In particular, we may therefore pass to a subsequence such that v, — v weakly in the sense of measure,
where v is a finite measure on Rf. By weak lower- (and upper-) semicontinuity (of measures), we then

/ dv=1.
RY
N—1

pn = = ) (3P aflanoly da+ Y u/sy and v, = ol dx+) 078y
i=1 jel jel

assume

have

By Lemma 2.5, we may now assume

for points x/ € RY and positive 1/, v/ satisfying S(v/)*% < /. We have

S0 =ty = [ dun= [ duro) = oy + Yo +o()
R+

Ry jel
. 2/2;
2 jN2/2 3 J
> 3(||v||L2j(M) —i—Z(v ) ) +o(l) > S<||v||L2§(M) —|—Zv ) +o(l)
2 J J
:S(/ dv) +o(1)=8+0(1) (2-11)
RN

¥
as n — oo. In the second inequality, we used the fact that the map 7 — 1>/% is strictly concave and hence

subadditive. Moreover, the strict concavity implies that equality can only hold, if at most one of the terms
2*
vl

L% (RY
Step 4: The sequence cannot concentrate in a single point, i.e., we have v/ =0 for all j.
Assuming that this is false, we have v, — 8,1 for some x! € @f. By our normalization and weak

, and v/, j e J, is nonzero.

lower-semicontinuity (of measures), x'¢ Q:=(0,1) x (=1, DV since
8,1(Q) <liminfv,(Q) = 3.
n—oo
Moreover, if dist(x!, Q) > 0, there exists & > 0 such that B, (x;) N Q # @, and thus

1 =8, (Be(x") < liminfv,(B.(x")) < 1,
n—oo

which is a contradiction. Hence it only remains to consider the case x! € Q. Due to the normalization

sup / |vn|2fdx:/ |vn|2?dx:%,
EcO, JE 0,1)x(=1,HN-!
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we have x! & ((0, y) + Q) for all y € R¥~!, so x! must be of the form x! = (1, y) or (0, y) for some
y € (—1, )N~1. The latter case can be excluded, since, for & € (0, 1),

8,1 (B (0, y)) < liminf v, (B¢ (0, y)) < liminfv,((0, y) + Q) < 3.
n—oo n—oo

After a translation orthogonal to the x;-direction, we may therefore assume x! = (1,0, ..., 0) and first
note that v = 0 and hence p > S§,1 by (2-11). On the other hand,

/ dufliminf/ dun, =S,
RN n—oo RN

Forany 0 < § < %, Bs := Bs(x1) is a continuity set of v = §y,; hence

whence we conclude © = S6,1.

v (Bs) > 1
and similarly
Mn(Bs) = S

as n — oo. In particular, for fixed ¢ > 0, we find ng = ng(¢, §) such that

/|vn|2§‘dxz1—e, 5—55/(
Bs Bs

for n > ny. Furthermore,

N—1
Z |8,~v,,|2+x‘f|8an|2> dx <S+z¢
i=1

N—-1

1

N
|a,~vn|2+xf|ann|2) dxsf > 10iva]* dx
=1 Bs i=

and
N—1

N
1
/B E [0; vy |”dx < 1—3 Ba(lézl |0; U | +X1| anl) X

s =1

imply

N
S— S
85/ 3l Pdx < 22
1438 = Jp, = 1-35

for n > ny. It is important to note that the weak convergence v, — §,1 implies that, for any 7 € (0, §) and
q € (2§, 2%), we have
%/q
[un]? dx) .

n—oo

2 /q
1= liminf/ lva |5 dx < |B,|'75/4 liminf< |0 |7 dx) <|B,|'"%/4 liminf<
Bt n—oo n—oo

B, Bs

In particular, this implies

2 /q
liminf< |Un |7 dx) > |B,|»/47 1, (2-12)
Bs

n—oo

and since ¢ € (0, §) was arbitrary, we conclude that [|v,||z4(p;) — 00 as n — oo for any g € (27, 2%).
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Now let ¢ € C2°(R") such that ¢ = 1 on B;(0) and ¢ =0 on RV \ B,(0), and set

L x—xl
ps(x) =9 5 )

so that g5 = 1 on Bs(x!) and ¢ =0 on RV \ Bs(x'). Then, by Sobolev’s inequality,

2/q N
(f |<pavn|‘1dx) qu</ §j|ai<<aavn>|2dx+f |¢5vn|2dx>. (2-13)
RY RY RY

+ i=1

Note that (2-12) implies that the left-hand side goes to infinity as n — oo since

vl dx < f sunle dx.
Bs RN
On the other hand,

2/2¢
/ |@sval® dx < |Bas|'72/% (f v | dx> < |By|' 7%
R Bss

+

and, noting that Vs (x) = §~'[Ve]((x — x1)/8),

N 1/2 N 1/2 N 1/2
([ X mmrar) <([ X mura) +([ @Y @)
+ i=1 + i=1 + i=1
N 1/2 12
s(f Z|aivn|2dx) +ﬁ6—1||w||oo(f |vn|2dx>
B B

25 =1 25\ Bs

i ! 1/2—1/2* - 172
§F+Jﬁ5‘ IV llool Bas \ Bs|V/>~1/% (/ . de)
1_28 BZ(S\BS
S+e ~ o
S\/;-i-\/ﬁS 1||V(p||00|328\35|1/2 125

This implies that the right-hand side of (2-13) remains bounded as n — 00, a contradiction.

We conclude v/ =0 for all j, and hence ||v|| 12 —1. Since L% ([R{ﬁ ) is uniformly convex, this implies

®Y)
vy, = v in LE (RY). Moreover, since ||[v]|%, > S, weak lower-semicontinuity gives |[v, |3 — S = |[v]||% ,
+ H, y g H; H;

and hence v,, — v in H; again by uniform cbnvexity of the Hilbert space H;. This completes the proof. [
Remark 2.7 (existence of minimizers on R"Y). We note that Theorem 2.2 implies

N-1 2 s 2
1 |0iul” + x| |oNu|”) dx
SS(RN) — inf fRN (Zz_l | | | ll/lz*N | ) -0
ueCL®RY) (f[RN |u|2§f dx) s

Consequently, we can look for minimizers in the closure of C!(R") in
N—1
iu e L5 (RV): / D 1ul + x| lowul* dx < oo}.
RN °
i=1

The previous arguments can then easily be adapted to prove the existence of minimizers of Ss(R") similar
to Theorem 2.6.
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3. A degenerate Sobolev inequality on B

In this section we shall prove the second part of Theorem 1.1, namely the properties of € ,,,, ,(B) given
in (1-12).

We first use the scaling properties discussed in Remark 2.3 (i) to prove the following.

Proposition 3.1. Let p > 27 and m > —A{(B). Then €\ ,,(B) =0, i.e.,

2 2 2
Vull3 — [ dpuellz +-mllull;

inf 5 0.
ueC(B)\(0} lluell%,
Proof. Let v e C}(RY) \ {0} be arbitrary and, for A € (0, 1), let
B RY, 1) =000+ 1,425, A, A ), (3-1)

and set u := v o 1,. If A is chosen sufficiently small, we have u € C Cl(B) and

2 2
||VI/£ ||L2(B) - ”89"{ ||L2(B)
N

:/ (Z 10;u|* — |x1 Dot — x2 31u|2> dx
B

i=1
N—-1

:/ (Z A2 [3ivloTal* + A [y v] o T — |x1/\—3[an]orA—xzrz[alv]omz) dx
BNz

N-1

— 32N+ f (Z A0 v 2+ 270N ) — |(R2x — DA dyv — APpn 2 81v|2> dx
RY NG
N-1

— )\2N-3 /N (Z 10;v)? +2x1|an|2> dx
Ry

i=1

42 2N3 f <—)L2x12|81\/v|2 — 2x2A2(k2x1 —1)ojvonv +A6x22|810|2> dx,
N

R+
while
2 2N+1 2 2 4N+2 2
Il z2 gy = 2N 0N gy, and ullLocgy = AP I0IL, g

We conclude that

||Vu||iZ(B) - ||89M||%2(B) +m“u”i2(3)

<gl,m,p(B) = B
||u||LP(B)
N-1 2 2
: 0; 2x1]0 d
— 3 (P@N=3)—(4N+2))/p fRﬁ(lel | ,v|2 2alove ) i +0(A(P(2N—3)—(4N+2))/P) —0
”vHL]’(Rﬁ)
as A — 0, since p > 27 = (4N +2)/(2N —3). O

To prove the second assertion on %} ,, ,(B) in (1-12), we now transfer the information given by
Theorem 1.6 in the case s = 1 to the ball B.



328 JOEL KUBLER AND TOBIAS WETH

Lemma 3.2. Consider the great circle y defined in (1-6), and let ¢ > 0. Then there exists § > O with the
property that, for any xg € v,

Ja, (VP = [0gul?) dx

2
2*
LA (Q4.5)

i > (1—e)2"27VASRY)  foru e CL(Q,5) \ {0},
u

where S ([RR_/X) is given in Theorem 1.6 and
Q.5 := BN Bs(x0) ={x € B : |x —xo| <§}. (3-2)

Proof. We may assume xo = e, = (0, 1,0, ..., 0) is the second coordinate vector. We fix § > 0 and
consider a function u € C!(,, s) which we extend trivially to a function u € C!(R"). Moreover, we
write u in N-dimensional polar coordinates, so we consider U := [0, 1] x (—m, w) x (0, 7)N =2 and the
function

v=uoP:U — R,
with P : U — R" given by
P(r,0,9,...,0y_2)=((sinty---sindy_pcosh, rsint} ---sindy_,sino,

rcosty, rsinty costy, ..., rsinty ---sin¥y_3zcosdy_z2). (3-3)

We emphasize here that we use the angular variable 6 € (—m, ) for the angle of the (x, x2)-coordinate
of x € SV~ relative to the positive x;-axis in R2 (in the literature, this is usually done for the (xy_1, xy)-
coordinate). Noting that

1
IVu(r®)” =0,u(r®)|* + = |Veu(r®)* forr >0, ® € ¥,
r

we then have, by (B-3) from Appendix B,

f<|w|2— o) dx
B

1 pr pm b3 1 N-2 /’lN—l
=// / / (|8,v|2+—22h,-|819[v|2+< . —l)langZ)hdﬁl---dl?N_dedr, (3-4)
0J-mJ0 0 e — r

with the functions 4, h; : U - R, i =1,..., N — 1, given by

N-2 i—1

1
hr 0,01, ... 0n) =rV T [ sic" "o hiG0.0n v =[5 (39
bl ey SIN O
In particular, we have h < land h; > 1in U fori =1, ..., N — 1. Moreover, since

P le)=(1,%,...,%) and hK(1,Z,....2)=1,

we can choose § > 0 small enough that

PN Q0,5 c O Dx©OmY " and h>1-g) in P (Q,s). (3-6)
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Therefore

/(IWIZ— pul) dx
B

>(1—s)/// /(w vl +Z|a r)(1+r)|a |>d191---d19N_2d0dr.

Noting that
A-n+rn 2=-5Hd-r)
r2 - (1-6)2

and substituting ¢t = 1 — r, we thus find that

1 pm T T N-2
/(qu|2—|89u|2)de(1—8)// / f <|a,5|2+z|aﬂia|2+2z|agﬁ|2) doy--- don_odo dt,
B 0J-mJo 0 i1

with

>2(1—r)

v:U—->R, 0t 0,...,9v=2,0)=v(1—1,0,...,0v_2,0).

Note that u € C}(Q,, ) implies, by (3-6), that v is compactly supported in (0, 1) x (0, m)V~1 c RY, so
we may regard ¥ as a function in C! ([F\Rﬁ ) and deduce that

N—-1
[Lavur <ty ax=a-er [ (31008 + 20l0008 ) dx.
B RY \iZ]

Rather directly, we also find that, by a change of variables,

/ |u|2“fdx=/ |v|2?‘hd(r,e,m,...,ﬁN_z>5/ |2 d(r, 6,01, ..., 0y 2)
Qeys U U

=/ |ﬁ|27d<r,9,01,...,zm_z):/ 151 dax.
U Rfﬁ

Using (2-9) with ¥ = 2, we conclude that

Ja,,,(IVul* = 13pul*) dx - f&( 10017 +2x1|an DI?) dx

2 ~2 2/2%
” ”LZT(QLZB) ('/Rﬁ |U| ld.x) 1

as claimed. O

> (1 —¢)2"27 V25 (RY)

We can now prove the main result of this section.

Theorem 3.3. For any 1 < p < 2%, there exists C > 0 such that any u € C!(B) satisfies

lullZp gy < C/ (IVul* = |9pul*) dx. 3-7)
B

Moreover, in the case p = 2, (3-7) holds with C = 1/A1(B).

Recall here that A;(B) is the first Dirichlet eigenvalue of —A on B.
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Proof. Letu € C Ll (B). We first show that
fB (Vul® = |9pul®) dx = A (B)[ull72 - (3-8)

In the following, for every integer £ >0, we let {Y; ;. : £ e NU{0}, k=1, ..., d¢} denote an L2-orthonormal
basis of LZ(SV~!) of spherical harmonics of degree £. More precisely, we can choose Yy ; in such a way
that, for every £ € NU {0}, the functions Y, x, k=1, ..., dy, form a basis of the eigenspace of the Laplace
Beltrami operator —Agn-1 corresponding to the eigenvalue £(£ + N — 2) and such that

—3Yyx=0Yy fork=1,...,d,

where [{;| < ¢; see, e.g., [Higuchi 1987]. Next, let u, x € C 1([0, 1]) be the angular Fourier coefficient
functions defined by

ug x(r) =/ u(ro)Yep(w)do, 0<r<1.
gN-1
For fixed r € [0, 1], we then have the Parseval identities

l(r a1y = D ek PP el oy,
£,k
10 (r ) G2 gno1y = Y 10rue k(PN Ye k13 2on-1
L.k
IVen1u(r ) 2oy = Y (L +N =Dlue () Yokl 2gvo, and
L.k

2 2 2 2
1361 (r )17 2gn-r) = Y Elue s 1Yokl 2y,
£,k

in L2(SN~'). Hereafter, we simply write )", , in place of )72 ZZ“ZI. Since £(¢ + N —2)/r? > €3 for
r € [0, 1] and every £, k, we estimate that

1
1
/(|Vu|2—|89u|2)dx=/ erfN 1(|8,u(rw)|2+r—2|V§N1u(ra))|2—|89u(ra))|2) dodr
B 0 SN—=
1
_ Ll+N-2)
=Y I¥erlfasnm / N 1(|arue,k<r>|2+(r—2—fzi)|uz,k<r>|2> dr
0
£,k
1
> 1Yokl 2gno f PN O ug i ()] dr
0k 0 1
= 0B Y el [ s ar
0
0,k

1
=x1<—A,B)/ Pt gy dr
0

= ,\1(3)/ lu|? dx.
B



ROTATING WAVES IN NONLINEAR MEDIA AND CRITICAL DEGENERATE SOBOLEV INEQUALITIES 331

Hence (3-8) holds. To show (3-7), it suffices to consider the case p = 27. In the following, C > 0is a

1

constant independent of # which may change from line to line. Fix ¢ € (0, 5) and let § > 0 be given as in

Lemma 3.2. Take points x1, ..., Xx,, € y such that the sets Uy := Bs(x;) satisfy
m
y C U Uy,
k=1
and let & := dist(y, B\ \U{, Ux). We then let Uy := {x € B :dist(x, y) > 38}, and thus we have
B C |UJ{— Ux. We may then choose a partition of unity 7y, . .., ,, subordinate to this covering. Then

m m 1/2
lall 2t gy < D lmkell 2.y, < € Z( /U k(|V<nku>|2 — 139 () ) dx) :
k=0 k=0

where we used Lemma 3.2 and the fact that v > |, U0(|Vv|2 — |39v]?) dx induces an equivalent norm on
HO1 (Up). Indeed, recall that 99 = x1 0y, — x2 dy,, and hence

[(@pv)| < |(x1, x2)|[VV] ae.in B, (3-9)
which implies

(|VU|2—|30U|2)dXZ/ (1= |(x1, x| Vv|* dx.
Uy Uy

Letting x = (x1, X2, x") € Uy with x’ € RV 2, we then find that
185 <dist(x, )* = (1 — [(x1, x2)D* + x> < (1 = |[(x1, x2)D? + 1= [ (xp, x2) P < 2(1 = |(x1, x2) ),

and hence

<|W|2—|aev|2)dxz§83/ IVol? dx,

Uy Uy

ie., v fUO(|Vv|2 — |3pv]?) dx induces an equivalent norm on HO1 (Uy), as claimed.
Note that, for k =0, ..., m, we have

(¥ () — 13 (i) ) dx < 2(/
Uk

<C | (Vul*>—|9ul* +u?) dx,
Uy

(VP — |39M|2)dx+/

Uk

u(|Vel* — |aenk|2)dx)
Uk

with some fixed C > 0. Here we used the fact that

2V - Vi — dgmy dpu) = —(|V (k. — ) |* — 135 (i — 1) *) + (| Vi[> — 186> + (| Vu|* — |8pu|?)
< (IVoil* = 19emi|*) + (| Vuu|* — |u|?)

pointwisely on B again by (3-9). We conclude that

m 1/2
leel 25, < C Z(/U (IVul® = |8gu|* + u?) a’x) :
k=0 k
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and thus
m
iy <C> | (Vul* = [Boul” + ) dx < C/ (IVul® = [Bpul* + u?) dx
L71(B) = Ui B
< [ (vul* = 1ol d. (3-10)
B
where we used (3-8) in the last step. The proof is finished. U

4. The variational setting for and main results on ground state solutions

In this section, we set up the variational framework for (1-5) and discuss the notions of weak and ground
state solutions of (1-5). Then, we shall complete the proofs of Theorems 1.3, 1.4, 1.5 and 1.7.

4.1. The variational setting. We need to fix some notation. Let 0 < o < 1. It then follows from
Theorem 3.3 that

(U, v) = (u, v)y, = / (Vu-Vou —a® du dpv) dx
B

defines a scalar product on C Cl (B). The induced norm will be denoted by || - ||7;,. We then let H, be the
Hilbert space defined as the completion of C Cl (B) with respect to the norm || - [|4,. Since

luell3, = & llull3y, + (1= a®) | Vuljsy forue CL(B),
it follows that || - |4, is equivalent to || - || H(B) for a € [0, 1), and therefore
Ho = H)(B) fora €0, 1).
As a consequence, we have embeddings
Hy > LP(B) forae[0,1), 1 <p<2%,

which are compact in the Sobolev subcritical case p < 2*. The next lemma is concerned with the
exceptional case o« = 1.

Lemma 4.1. H, is embedded in L” (B) for p € [1,2]]. Moreover, if 1 < p < 27, then the embedding
‘Hi < LP(B) is compact.

Proof. The embedding H; < L?(B) for p € [1, 2]] is an immediate consequence of Theorem 3.3 and
the fact that L?(B) C L% (B) for p € [I, 27]. To prove the compactness of the embedding for fixed
p € [1,2]), we let (u,), C H; be a bounded sequence. Moreover, we put By, := Bi_1,,(0) C B for
m > 2. Then u™ := 1p u, defines a bounded sequence in H'(B,,) for every m > 2. After passing to a
subsequence, (u)'), converges in L”(B,,) by Rellich—-Kondrachov. After passing to a diagonal sequence
we may therefore assume that there exists u € L? (B) with the property that u,, — u for m € N pointwisely
in B. Moreover,

1/p—1/2;
lu —wnllrmy <l —unliLes,) + lu—unll 2 g g 1B\ Bl /P
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Since ||u — u,|| Uyl , 2, ,. remains bounded independently of m and n, this gives

Limgy = 14— unll 2 )

limsup lu — up|lzrgy < C|B\ By|"/P~ 1/

n—oo
for some C > 0 independent of m, where the right-hand side tends to zero as m — oo. This proves that
U, — uin L?(B). O

Remark 4.2. Let « € [0, 1]. We first note that, for any f € C '(R) such that f’ is bounded and f(0) =0,
we have f ou € H,. Indeed, recall that by the definition of H,, there exists a sequence (u,), C C Cl (B)
such that ||u —u,|/7, — 0 as n — oo, and the differentiability of f readily implies fou, € C Ll (B) CHy
for all n. Using the chain rule and the boundedness of f’, it can then be shown that f ou, — fou in H,
as n — oo. Via approximation, this observation can be used to show u*, |u| € Hy, which is a classical
fact in the case o < 1, where H, = HO1 (B).

Definition 4.3. Let @ € [0, 1] and f € L2 (B), where 2? =27/(27 — 1) denotes the conjugate of 2].
(i) We call u € H, a weak solution of
~Au+a*Pu=f (4-1)
if
(u, v)u / fvdx forevery v e H,. (4-2)

(i) We call u € H, a weak supersolution of (4-1) if (4-2) holds with > in place of = for every v € H,,
v>0.

We have the following useful properties.
Lemma 4.4. Leta € [0, 1] and f € L* (B).

(1) If f>0andu € Hy is a weak supersolution of (4-1), then u > 0.

(i) If f € L°°(B) and u € H is a weak solution of (4-1), thenu € C
where y is the great circle defined in (1-6). Additionally, if f € C_
ueCrl(B\y).

10C(B\J/)ﬂc(§) withu=00n 0B,
(B\y) for some o € (0, 1), then

loc

Moreover, B\ y can be replaced by B in these statements if o < 1.

Proof. (i) Using v =u~ = — min{0, u} in the definition of a weak supersolution, we find that

12, = (. v /fu dx >0,
and thus u~— =0.

(ii) Since the operator —Au + a? 892 is uniformly elliptic on B if & € [0, 1) and locally uniformly elliptic
on B\ y if « = 1, all statements follow from standard elliptic regularity theory, with the exception of the
claim

ueC(B) withu=0 on dB. (4-3)
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To prove (4-3), we let ¢ := || f||L=(B), and we note that u. € H, defined by u.(x) =c(1 — Ix|%)/(2N) is
a classical solution of

(—A+a*d)u.=—Au.=c inB, u=0 ondB.

Hence u. —u € H, is a weak supersolution of (4-1) with f replaced by ¢ — f >0, so u. —u > 0 by (i).
Similarly, we see that u. +u > 0, and therefore

u(x)| < ue(x) = %(1 —x?) forx e B.

This shows the continuity of # at all points xo € d B and that necessarily u(xg) = 0. U

Remark 4.5. Leta €[0, 1], V € L*°(B), and let u € H,, be a weak solution of (4-1) with f =Vu. Ifu is
nonnegative in B, then either u = 0, or u is strictly positive in B. This follows from the strong maximum
principle, since the operator — A 42 892 —V is uniformly elliptic in every compactly contained subset of B.

The following proposition extends the Poincaré-type estimate for the case p = 2 given in Theorem 3.3.
Recall again that A;(B) is the first Dirichlet eigenvalue of —A on B.

Proposition 4.6. For 0 <« <1, we have

3,
. B)= inf —— =A(B). 4-4
,0,2(B) T 1(B) (4-4)
Moreover, the minimizers are precisely the Dirichlet eigenfunctions of —A on B corresponding to the

eigenvalue )1 (B) and are therefore radial.

Proof. Leta € [0, 1]. Since A1 (B) <%1,02(B) < 6u.02(B) <%,0.2(B) =X 1 (B) by Theorem 3.3 and the
variational characterization of A;(B), we obtain (4-4). Moreover, it follows that every minimizer of (4-4)
also minimizes (4-4) with « = 0; hence it is a Dirichlet eigenfunction of —A on B corresponding to the
eigenvalue A (B) and therefore radial. O

Remark 4.7. Once the existence and compactness of the embedding #, < L?(B) is established, a direct
proof of Proposition 4.6 without expansion in spherical harmonics, as used in the proof of inequality
(3-8), can be given at least in the case N = 2. Indeed, one may then show by weak lower-semicontinuity
of the Hy-norm that the infimum in (4-4) is attained. Moreover, by standard variational arguments, a
function u € H,, \ {0} is a minimizer of (4-4) if and only if u is a weak solution of

—Au+a® u = Cyo2(B)u. (4-5)

Additionally, if u € H, \ {0} solves (4-5), then also |u| € H,, is a minimizer of (4-4) and therefore a solution
of (4-5). Consequently, |u| > 0 by Remark 4.5. Thus every weak solution of (4-5) does not change
sign in B, which shows that the solutions of (4-5) form a one-dimensional subspace of #,. Combining
this information with the fact that (4-5) remains invariant under transformations A € O(2) x O(N —2),
we conclude that the (up to a factor unique) solution u of (4-5) must satisfy u o A = u for every
A€ 0O@2)x O(N —2). In the case N =2 this implies that « is radial. Thus u is a Dirichlet eigenfunction
of —A corresponding to the eigenvalue % o.2(B). Since u does not change sign, it must correspond to
the first Dirichlet eigenvalue of —A on B, so a posteriori we conclude that 6, 0 2(B) = A1 (B).
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Corollary 4.8. Let o € [0, 1] and m € R.

(1) We have €y 2(B) = 6o,m2(B) = A1 (B) +m.
(i) If m > —A1(B) and2 < p < 2%, we have Ry, p(u) > 0 foru € H, \ {0}.

Here we recall that the quantities Ry ., (#) and €, ,(B) have been defined in (1-7) and (1-8).

Proof. (i) This follows immediately from Proposition 4.6.

(i) Since m > —A(B), we have, by (i), for u € H, \ {0},

||u||%2(8) ”u”%}(B) ||u”22(3)
Ra,m,p(“) = Ra,m,Z(u)T = Cga,ml(B)z— = ()\-I(B) +m)T > 0. O
”u”Lp(B) ”u”Lp(B) ||u||Lp(B)

Definition 4.9. Let m > —A{(B), p € (2,2]] and o € [0, 1].

(i) We call u € H, a weak solution of (1-5) if u is a weak solution of (4-1), with f = |u|”?~2u — mu.
(i) A weak solution u € H, \ {0} of (1-5) will be called a ground state solution if u is a minimizer for
Ry, p»> 1.€., we have Ry p(U) = Gy, p(B).

Lemma 4.10. Let0<a <1, 2 < p <2*and m > —1(B), and let u € H, be a weak solution of (1-5).

1) Ifa <1,thenu e C%°(B)withu=00ndB forall o € (0, 1).

() Ifa=1land2 < p < 2%, thenu € Clzo’g(l_g\y)ﬂC(l_?) forall o € (0, 1) withu =0 on 0B, where y
is the great circle defined in (1-6).

(ii1) If u is a ground state solution, then u does not change sign in B.

Proof. The regularity results in (i) and (ii) follow immediately from Lemma 4.4 once we have shown that
u € L>®(B). This is a well-known consequence of classical Moser iteration in the case & < 1, which can
be performed similarly also in the case @ = 1; see Lemma A.1 in Appendix A for a detailed proof.

It thus remains to prove (iii). If u# is a ground state solution, then

Ra,m,p(|u|) = Ra,m,p(“) = <goz,m,p(B)’

and therefore |u| is also a ground state solution of (1-5). By Remark 4.5 and since u # 0, it follows that
|u| > 01in B, so u does not change sign in B. g

Lemma4.11. LetO<a <1,2<p<2*andm > —\(B). If
a<1 or a=1 and p <27, (4-6)
then

Cga,m,p(B) > Oa (4'7)

and this value is attained in Hy \ {0}. Moreover, up to multiplication by a positive constant, all minimizers
are ground state solutions of (1-5), so they have the properties in Lemma 4.10.
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Proof. We first note that, following from Proposition 4.6, the quadratic form
U / (1Vul? = a®|9pu)® +m|u|?) dx
B

is positive on Hy \ {0}, so it is weakly lower-semicontinuous on H,. Moreover, by the assumption (4-6),
Sobolev embeddings (in the case « < 1) and Lemma 4.1 (in the case o« = 1), the embedding H, — L?(B)
is compact. Hence, by a standard analysis of minimizing sequences, the value ¢, ,(B) is attained in
He \ {0}, and thus it is positive. Moreover, standard variational arguments show that every L?-normalized
minimizer uo must be a weak solution of

—Au+a® Zu+mu=Cym,(B)ul"*u in B. (4-8)
We then conclude that [€ . p(B)]l/ (r=2y, weakly solves (1-5). O

Next, we treat the critical case p = 2]. We first show that Clom, 2t (B) is attained, provided it is small
enough, as stated in Theorem 1.7 (i). The strategy of the proof is inspired by [Frank et al. 2018] and
requires the following characterization of sequences in #;.

Lemma 4.12. Let
Z(v)::f(|Vv|2—|89v|2—|—mv2)dx forv e H,
B

and
N(v) ::/ v2idx  forveH,.
B

Then we have
21271258 (RY) < inf{liminf Z(w,) : (wy)n CH, N(wy) =1, w, — 0in Hy ).
n—oo

Proof. Let (wy), C H; such that N(w,) =1, w, — 0in H,. Let ¢ > 0, and choose Uy, ..., U,, C B as
in the proof of Theorem 3.3, so that

m
B C U Uy.
k=0
We may then choose functions 7o, ..., 7, € Cf(B) such that supp nx C Uy and ZZ’:O n,% =1 on B. Then
/ (Y ewn) > = 199 (mewn) 1) dx = / eIV wal* + 2w, Vwy, - Vi + wi | Ve ?) dx
B B

—f(n,%|aewn|2+2wnnk Do - g + w2l ]2) dx,
B

and thus

/(|an|2—|agwn|2+mw2>dxzZ/(|V(nkwn>|2—|ae(nkwn>|2)dx—0f w, dx
B k=0""B B
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with a constant C > 0 independent of n. Here we used the fact that the mixed terms can be estimated as
follows:

/w£<|wk|2—|aenk|2>dxsz sup ||Vnk||§o/w3dx,
B m} B

/nkwn(an-Vnk—aewn 3677k)dx§/ mw?| — Ang + 37 i dx
B B

< sup
m

||—Ank+a§nk||oof || dx.
kef0,...,m} B

We first note that w,, — 0 in L2(B) since the embedding H — L*(B)is compact by Lemma 4.1. Moreover,
it is easy to see that || - ||, induces an equivalent norm on HO1 (Up), which implies that now, — 0 in
H(} (Up). In particular, noting that by 2] < 2* the classical Rellich-Kondrachov theorem implies now, — 0
in L2 (B), we conclude

lim inf f (1Y Glow) P— (36 (own) 2-Hm (now,)?) dx = (1—£)21/271/2 5 RY) Tim (/ 0w, | "")
n—oo B n—oo B

since the limit on the right-hand side is zero. On the other hand, Lemma 3.2 gives

. . 2/21
/ <|V<nkwn>|2—|ae<nkwn>|2>dxz(l—e)z”z—”zlsl(ﬂ%ﬁ)( f — dx)
B B

fork=1, ..., m, and hence

n—oo

liminf/ (IVwn|? = [8gw,|? +mw?) dx
B

> liminf /B IV Grewn)I = 136 () ) dx

n—00
k=0

* - * 2/2T
> (1 —8)21/2—1/2151(R1)1iminf§ (/ kw2 dx)
n—oo B
k=0

m m
1/2—1/2% LI 2.2 1/2—1/2% st 2.2
= (=227 V2S R iminf Y Clligwillag > (1= )2 2728 RY) liminf| > nfwy|
k=0 k=0 21/2
= (1= 22712 R lim inf [[wallz; /2 = (1 - £)2'27 128, (RY).
Since ¢ > 0 was arbitrary, we conclude that
liminf/ (IVwal? — [3gw, | + mw?) dx > 21272 s (RY). O
n—oo B

We may now complete the proof of our main result.

Proof of Theorem 1.7 (i). Consider a minimizing sequence (u,), C H, for %l,ml’[(B) with lunll2: = 1.
Then (u,), is bounded in #;; hence, after passing to a subsequence, we may assume u,, — ug in H;. We
set v, := u, — ug and note that, by Lemma 4.1,

v, — 0 in LY(B)
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for 1 < g < 27. Moreover, we may pass to a subsequence such that u,, — u almost everywhere. Weak
convergence implies
Cm2:(B) = lim Z(up) = Z(uo) + lim Z(vy),
n— o0 n—oo

whereas the Brezis—Lieb lemma yields
1 =N(u,) = Nuo)+ N(v,)+o(l).
In particular, the limits 7 :=lim,_, oo N (v,) and M :=lim,,_, o, Z(v,) exist, and
M =222 g, ([R{f)Tz/Tf.
Indeed, this is trivial if 7 = 0 and follows from Lemma 4.12 in the case T > 0. Moreover, by definition
we have
Z (o) = €1.m 23 (B)N (ug)*/1. 4-9)
Hence
Crm2;(B) = Z(uo) + M > Z(ug) + 227125 (R T
> Z(ug) + 22 VS| RY) — 61 s (B)TYH +67 0 (B)(1 — N () >
> Z(uo) + 2" VASIRY) = €1 mar (BNTY? + €1 2z (B) — 61 w2 (B)N (o)1
> 22 VHS RY) — G1n oy (BNTH + 61y 2 (B), (4-10)
where we used the inequality (a — b)* > a® —b* fora > b > 0and 0 < 7 < 1. It follows that
Q2728 RY) — G2 (B) T < 0.
We assumed 21/2_1/2781([R§i’) — %1,m,2T(B) > 0, so we must have T = 0. Hence N (1g) = 1, and therefore
Z(ug) = 61,m,2:(B) by (4-9) and the second line of (4-10), which implies that u¢ is a minimizer. O
We note the following consequence of Theorem 1.7 (i), which extends (4-7) to the critical case.
Corollary 4.13. We have %Lm,zsf(B) > 0 form > —\(B).

Proof. If the value %Lm,g»f (B) is attained in A \ {0}, then we have (fl,m,zs{(B) > 0 by Corollary 4.8 (ii). If
not, we have %ﬂl,m,Z’{(B) > 21/2_1/2751(R_’X) > 0 by Theorem 1.7 (i) and Theorem 1.6. U
In general, the existence of ground state solutions in the case « = 1, p = 2] remains an open problem

and might depend on the parameter m > —X(B). We have the following partial existence result in the
critical case.

Theorem 4.14. There exists € > 0 such that, for m € (=1 (B), —A1(B) + &), there exists ug € H \ {0}
such that
Ry m,2x (uo) = ueile{{()} Ry m,2x (u),

i.e., ug minimizes R 1,m, 2% Furthermore, after multiplication by a positive constant, u is a weak solution

of

—Au+ 892u +mu = IulzT_zu in B.
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Proof. For a (necessarily radial) eigenfunction ¢; of —A on B corresponding to A;(B), we have
(A1(B)+m) [y ¢f dx
* 2/2%
([ lg1 %1 dx) /%

which implies C1m2: (B) — 0asm — —A(B)™. In particular, it follows that there exists & > 0 such that

C1m,2r(B) < Rim2i(91) =

Gim2r(B) <22 1VHS (RY)
holds for m € (—A1(B), —A1(B) 4 ¢). By Theorem 1.7 (i), this finishes the proof. O

Note that this implies Theorem 1.7 (ii).

4.2. Radiality versus (x1, x3)-nonradiality of ground state solutions. As outlined in the introduction, it
is in general difficult to decide whether ground states of (1-5) are (x, x»)-nonradial or not. In this section,
we follow several approaches to this problem.

The first approach is based on the continuity of the ground state energy and the sufficient condition
(1-11) to make use of the results of Section 3 for the endpoint case o« = 1. To this end, we recall that, in
the case m > 0, by classical results due to [Kwong 1989; Kwong and Zhang 1991; McLeod and Serrin
1987] (see also [Damascelli et al. 1999]), the problem

{—Au+mu=|ulp 2y in B, G-11)
u=>0 ondB,

has a unique radial positive solution u,q € HO1 (B), which is a minimizer for €y, ,(B). Clearly, u,q is
also a weak solution of (1-5) for every o > 0, but it might not be a ground state solution, as we see next.

Lemma 4.15. Let2 < p < 2* and m > —\|(B) be fixed.

(i) The map
[0, 11> R, ar> Cymp(B)

is continuous and nonincreasing.

(ii) Let o € (0, 1], and suppose that p < 2”1‘ in the case o = 1. Then the following properties are equivalent:
(11)1 (ga,m,p(B) < %O,m,p(B)-
(1), Every ground state solution of (1-5) is (x1, x2)-nonradial.

Proof. (i) The monotonicity of €, ,(B) in o follows immediately from the definition. In order to prove
continuity, we first consider « € (0, 1] and let ¢ > 0. Moreover, we let ug € HO1 (B)\ {0} be a function
with Ryg i, p(10) < Cugm,p(B) + €. For a < ag, we then have

[ 19guol* dx
(/5 luol? dx)*'"

[ 19uol? dx
(/5 luol? dx)*'"”

which implies that lim SUPy g |Ca,m,p(B) — Cag,m,p(B)| < &. This shows continuity from the left in c.

Cgao,m,p(B) = %ot,m,p(B) = Ra,m,p(”O) = Rag,m,p(”O) + (O[(z) - 0[2)

< Gogm.p(B) + &+ (af — a?)
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Next we let g € [0, 1) and show continuity from the right in «g. For this we fix § > 0 such that
(ag, ap+38) C (0, 1). For o € (atg, g + &), Lemma 4.11 implies that the value €y, ,(B) is attained at a
function u, € HO1 (B) \ {0} with fB lug|? dx = 1. Therefore

%ao,m,p(B) = Cga,m,p(B) = Ra,m,p(ua) = Rao,m,p(uoc) + (a(% - aZ) / |89Ma|2dx
B

> Gyomp(B) — 02— &) f Vita 2 dx,
B

whence, using the fact that

(1—a?) / |Vig|* dx < / (IVug|? — a?|8puua|?) dx = Gy, p(B) < Go.m.p(B),
B B

we conclude
oty — o

(0%
Cao.m.p(B) = Cam.p(B) = Gy p(B) = =P —=Com.p(B)

2
oy — O
) | Gom.»(B).

2
> Cag,m,p(B) — m 0,m,p

This shows continuity from the right in .

(i1) As noted above, %y, ,(B) is attained by a radial positive solution ugq of (4-11), and we have
Ro,m, p(Urad) = Ro,m,p(Urad). Hence, if 6o, p(B) = Gy,m,p(B), then up,g is also a radial ground state
solution of (1-5). Hence (ii); and (i) imply that €, ,(B) < %o,m,,(B). If, conversely, there exists a
radial ground state solution u of (1-5), then we have

%O,m,p(B) =< RO,m,p(”) = Ra,m,p(”) = Cgot,m,p(B),

and therefore equality holds by (i). Consequently, the inequality € ., (B) < 60,m,p(B) implies that
every ground state solution of (1-5) is (x1, xp)-nonradial. O

We now turn to the proof of Theorem 1.3, which yields radiality of ground state solutions for « close to
zero. This essentially relies on the implicit function theorem and the fact that the case @ = 0 corresponds
to the classical nonlinear Schrodinger equation (4-11), where nondegeneracy results are available.

Proof of Theorem 1.3. We fix m > 0 and 2 < p < 2*. Moreover, we consider a sequence of numbers
o, €(0,1), ay, — 0, and, for every n € N, a positive ground state solution u,, € HOI(B) of (1-5) with
o = «,. Recall that the existence of u,, is proved in Lemma 4.11. In order to prove the theorem, it then
suffices to show that

u, =upnq forn sufficiently large, 4-12)

where up,g is the unique positive solution of (4-11).
Step 1: We claim that

Up —> U in H)(B) asn— oo. (4-13)

To this end, we put v, := u,/||u,|lLrB), SO v, is an LP-normalized minimizer for €,  ,(B). Then
(v,)n 1s bounded in HO1 (B) by definition of €, », p(B). Consequently, we have v, — vy in H0] (B) after
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passing to a subsequence, which implies that v, — vg in L”(B), and therefore |’ g |vol?” dx = 1. We show
that vg is a minimizer for % ,, , (B). Indeed, by weak lower-semicontinuity, we have

Com.p(B) = Rom,p(v0) < Himinf Ro,p,p(va) = Hm (Reymp(vn) + 5 10601 72 )
< im (G, p(B) + u0ull i1 ) = Gom.p(B).,
where we used Lemma 4.15 in the last step. Hence vy is a minimizer of %, ,(B), and a posteriori we
find that
IV Va1 gy + 00172 gy = Ry, p (V) + 2 1060 175,
— Rom,p(v0) = IVvoll7s g +mlvoll}zg asn— oo,

By uniform convexity of H (B), we thus conclude that v,, — v in HO1 (B). Next we recall that, as noted
in the proof of Lemma 4.11, we have

U, = [‘Kan,m,p(B)]l/(p*Z)vn and, by uniqueness, Upyq = [%amm,p(B)]l/(p*Z)vo.

Hence Lemma 4.15 implies that u,, — uy,q in H(} (B). Although we have proved this only after passing
to a subsequence, the convergence of the full sequence now follows from the uniqueness of u.,q and
yields (4-13).

Step 2: Next, we improve this convergence by noting that
Un —> g in H*(B). (4-14)
This follows in a standard way from (4-13) and standard elliptic regularity theory (see, e.g., [Gilbarg and
Trudinger 1977, Theorem 8.12]) since wy, = tyag — Uy € H(} (B) is a weak solution of
{_Awn +a 9wy +mwy = [vraal”*vraa = [va|” v, in B,
w, =0 on 0B,
and the coefficients of the differential operator —A + a2 9 are uniformly bounded and elliptic in n € N.

Step 3 (conclusion): To complete the proof of (4-12), we consider the map
F:(=1,1)x HX(B)N H)(B) — L*(B), F(a,u):=—Au+a*ju+mu — |u|”u,

and we note that weak solutions of (1-5) correspond to zeroes of F'. We also note that F(«, u,q) = 0 for
all . We wish to apply the implicit function theorem at (0, u,9), SO we need to check that

[0, F1(0, ttraq) = —A +m — (p — 1) |traa| "2

is invertible as a map H 2(B)N HO1 (B) — L*(B). This is equivalent to the nondegeneracy of u,g as a
solution of (4-11) which is noted, e.g., in [Damascelli et al. 1999, Theorem 4.2] for m = 0 and in [Aftalion
and Pacella 2003, Theorem 1.1] in the case m > 0. Now the implicit function theorem yields ¢ > 0 with
the following property: if u € H>(B) N HO1 (B) satisfies [lu — uraqll y2(py < € and F(«, u) = 0 for some
o € (—e,¢), then u = upyq.

Hence (4-14) implies that u,, = u.,q for n sufficiently large, which shows (4-12), as claimed. O
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Remark 4.16. In a similar way, the following result can be shown: for fixed o € (0, 1) and m > 0,
there exists po > 2 with the property that, for 2 < p < py, there exists a unique positive L?-normalized
minimizer for 6o m,p,(B) in Hy which is a radial function.

To see this, we first show, similar to the proof of Lemma 4.15, that the map

[2,2) >R, p> Comp(B),

is continuous. Then we argue by contradiction again and assume that, for some sequence of numbers p, > 2
with p, — 2 as n — oo, there exists nonradial minimizers u, € H for €y p, p(B) with [lu,||Lmp) =1
for n € N. Similar to the proof of Theorem 1.3 above, one can then show with the help of Proposition 4.6
that, after passing to a subsequence,

u, — us in H, and pointwisely a.e.on B as n — 00, (4-15)
where u, is the unique LZ-normalized positive eigenfunction of the Dirichlet Laplacian on B. The
nonradiality of u, then allows us to distinguish two cases.

Case 1: After passing to a subsequence, u,, is (x, x2)-nonradial for every n € N.

Case 2: After passing to a subsequence, there exists, for every n € N, a reflection o, at a hyperplane
containing the (x, x»)-plane with u,, # i,, where i, := u, o 0,.

We then define v, : B — R by v,, := dyu,, in Case 1 and v, = u, —u, in Case 2. Then v, € H, = HOl (B)
by Lemma 4.10 (i) since o < 1. Moreover, since u, is a radial function, we have

/ vpt,dx =0 forevery n € N. (4-16)
B

We then consider w, := v, /||vl7,, Which is a weak solution of
—Aw, 4+ a? Pw, +mw, =Gy p, (B)cy(x)w, in B,
with
cn=(pp— DuP"~ in Case 1
and

1
cn=(pn—1) f ((1 = T)u, + tii,)P"">dr  in Case 2.
0
In particular, this implies that
Gom. p, (B) / Cn () [wy > dox = llwa 15, +mllwall 72y = 1+ mllwall 72 (4-17)
B

for n € N. Since w,, is bounded in H,, we may, since o < 1, pass to a subsequence such that w, — w
in Hy, w, — w strongly in L?(B) for p € [2,2*) and w, — w pointwisely a.e. on B. Moreover, from
(4-15), it is not difficult to see that ¢, — 1 in L4(B) for every g € [2, co). By Holder’s inequality, we
may therefore pass to the limit in (4-17) to see that

Camo B w22 ) = 1+ mlwll2s p:



ROTATING WAVES IN NONLINEAR MEDIA AND CRITICAL DEGENERATE SOBOLEV INEQUALITIES 343

hence w # 0 and

2
I lwli?,
>
2 2

Ca,0,2(B) > )
L2(B) L2(B)

wll ~ wl]

From Proposition 4.6, it then follows that w = cu, for some ¢ € R\ {0}, which contradicts the fact that

/ wi, dx = lim Wyt dx =0
B

n—oo B

by (4-16). The contradiction allows us to conclude that there exists py > 2 with the property that all
minimizers for %, ,, ,(B) are radial functions for 2 < p < po. The uniqueness statement then follows
from the uniqueness of positive radial solutions of (4-11).

In the remainder of this section, we show the existence of (x;, x;)-nonradial ground states for large m,
as claimed in Theorem 1.4. This is based on the scaling property

dplu(e(-))]=[dgul(e(-))

for ¢ > 0, which is used to relate (1-5) to a similar problem on larger balls. Localized ground states of the
associated classical nonlinear Schrodinger on RV can then be used to construct suitable test functions
and disprove symmetry via energy estimates for small ¢, which translates into a large mass term. We first
restate Theorem 1.4 here in an equivalent form.

Theorem 4.17. Let o € (0, 1] and 2 < p < 2*. Then there exists &g > 0 such that the ground states of

{—Au+a2 Bgu—{—u/sz: |u|P~2u in B, (4-18)

u = 0 on BB,
are (x1, xp)-nonradial for ¢ € (0, &9). Moreover, if p < 2%, the same result holds for o = 1.

Proof. We first treat the case a € (0, 1). In the following, for u € HO1 (B) and ¢ > 0, we consider
B¢ := By/:(0) and the rescaled function u, € H(} (Bi/e), ue(x) = u(ex). A direct computation then

shows that
fBl/g (| Vue|* — a?e?|dgue |> +u?) dx

_ 2—N+42N/p
5 =¢ Ra,l/sz,p(u). (4-19)
([, luel? dx)*'”

As a consequence, we have

_ fBl/E(|Vv|2—a282|89v|2—|—v2) dx
Cae1,p(B1/e) = inf

__ J2—N+2N/p
=& Cu.1/62.p(B).
veH! (B1)\{0} ( fBl/F lv|P dx)Z/P a.1/e2,p

It suffices to show that there exists &y > 0 such that all minimizers for €y 1, (B1/e) in Hol(Bl 7e) \ {0}
are (x, xp)-nonradial if € € (0, &9). We argue by contradiction and suppose that there exists a sequence
en — 0 and, for every n € N, a minimizer v,, € Hol(Bl/gn) \ {0} for Gy, .1,p(B1/s,) Which satisfies

d9vs, =0 in By, (4-20)
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To simplify the notation, we continue writing ¢ in place of ¢, in the following. From (4-20) and the
inclusion H) (B/.) C H'(R"), we then deduce that

[, (IVvel? +v%) dx - Jan (IVV]? +v?) dx

- = %0,1,RY). (@21
(fBl/ |v|pdx)2/l7 ve HI(RN)\{0} (fRN Ivlp dx)Z/p 0,1,p

%as,l,p(Bl/s) =

We will now derive a contradiction to this inequality by constructing suitable functions in HO1 (B1/: \ {0})
to estimate %ye 1, (B1/¢). To this end, we first note that the value %p 1, p([RN ) is attained by any translation
of the unique positive radial solution iio € H'(R") of the nonlinear Schrodinger equation

—Au+u=u"?u inR".

Now take a radial function n € CLI. (B) such that 0 <n < 1and n=11in By, and let ug(x) :=uto(x —ey),
where ¢; = (1,0, ..., 0). We then define

Ne, We € CL(B1ye) by 0e(x) = n(ex), we(x) = ns(X)uo(x).
Then we have w, = ug in By;(), and
., (IVws?—ae?|dgwe |*+w?) dx

(‘/Bl/e |w£|pdx)2/p

., n2(VuoP+ugydx  [p (ugVenl*+2neu0Vne-Vuo—a’e*nZ|dguol*) dx

(/‘Bl/g ﬂfluol”dX)z/p (fBl/s nf|u0|pdx)2/"

Gae,1,p(B1ye) <

(4-22)
We first estimate the second term and note that classical results (see [Berestycki and Lions 1983]) imply
that there exist Cy, 8o > 0 such that

luo(x)|, |Vug(x)| < Coe ™ for x e RV. (4-23)

Noting that Vi, = 0 on By (2, this readily implies

(W3 Ve + 2neuo Ve - Vug) dx < Cre™1/¢
Bl/s

for some constants Ci, §; > 0. Moreover, for ¢ € (0, %), we have
a282/ n?|8puo|* dx > Cre%,  with Cy := a2/ |8guo|? dx > 0,
Bl/g B

since ug is an (x1, xp)-nonradial function. After possibly modifying C, C» > 0, this gives
S, WV nel” +20:u0 Ve - Vug — a?e?n|8puol?) dx

< Cle—3|/£ — C282.
2 J—
(fBl/s né luol? dx) /P
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Next we consider the first term in (4-22) and note that
S, 21 Vuol* +up) dx _ Jav (Vo +uf) dx

([, uol? dx)™" = ([ luolp dx)*"

while (4-23) implies

/ lug|? dx < Cye™ /¢
R¥\B1/26)

for some C3, 6, > 0. It thus follows that
Sy, (Vuol® +ugydx [y (VuoP +udydx [ (IVuol +ud) dx
2 = 2/p — 2
([, nEluol? dx)™" = (fy . luol dx)™” ™ (fa luolP dx — Cae=22/¢) ™7
_ Jar (Vuol? + 1) dx
(J lwol? dx)*'”

for ¢ > O sufficiently small with some constant C4 > 0, since ug attains %p,1, p([RN ). In view of (4-21)
and (4-22), this yields that

4" =G 1 p(RY) + Cae /(P9

%0.1,p(RY) < et p(B1ye) < Go.1,p(RY) — Core® + Cre™ Ve + Cpe 22/ P9

and the right-hand side of this inequality is smaller than %j 1, p([R{N ) if € > 0 is sufficiently small. This is
a contradiction, and thus the claim follows in this case.

In the case o = 1, the argument is the same up to replacing HO1 (B) by H; and by considering the
corresponding rescaled function space H, on Bj/.. Then the contradiction argument can be carried out in
the same way, since radial functions in H, belong to H(} (B1je) CH L(RM). Il

4.3. Additional remarks.

Remark 4.18. Let0 <« <1, 2 < p <2* and m > —A;(B). While we have seen that ground state
solutions of (1-5) are not radially symmetric in general, it is reasonable to expect that, in the case N > 3,
they are invariant under rotations which leave the (x1, xp)-plane fixed. This is indeed the case, and we
give a brief sketch of the proof in the following. By the O (2) x O (N —2)-equivariance of (1-5), it suffices
to show that

{any ground state solution u of (1-5) is symmetric (4-24)

with respect to the reflection x — (xy, ..., xy_1, —XN)-

Then it follows that any such ground state solution is symmetric with respect to reflection at any hyperplane
which contains the (x1, xp)-plane, so u(x) only depends on (x1, xp) and |(x3, ..., xn)]|.

To prove (4-24), we fix a positive ground state solution u € H, of (1-5), and we introduce some
notation. For fixed A € (0, 1), we consider the open affine half-space ¥; := {x € RV : xy < A} and the
reflection at X, given by

X x = (X1, 000y XNZ1, 24 — XN).
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Moreover, we define the polarization u) of u with respect to X, by

min{u(x), u(x)} ifxe B\ X,,
up(x) = { max{u(x), u(x;)} ifxeBNY, and x* € B,
u(x) ifxe BNY, and x* ¢ B.

By the same argument as given, for example, in Section 3 of the survey paper [Weth 2010], we then
find that u; € Hy and Ry, p(45.) = Rom, p(1t) = Co.m,p(B). Consequently, both u and u; solve (4-8), so
w;, = u,; — u solves

—Aw;y +a? Bezw,x =c(x)w, in B,

with a function ¢ € L*°(B). Since w; > 0 in B \ X, by definition, it follows from the strong maximum
principle that either wy = 0 or w; > 0in B\ X,. Here we note again that the operator —A + o 892 —cis
uniformly elliptic in every compactly contained subset of the open set B \ X;. Since w; (x) = u(x*) > 0
on 3B \ X, we can exclude the case w; =0in B\ %,. Hence wy, > 0 in B\ X;, so u(x) < u(x") for
x € B\ ;. Since A € (0, 1) was fixed arbitrarily, we may pass to the limit A — 0T in this inequality
and see that u(x) <u(xy,...,xy—1, —xy) for all x € B with xy > 0. Applying the same argument to
the reflection of u with respect to the xy-variable, we also find that u(x) < u(xy, ..., xy—1, —xy) for all
x € B with xy < 0. Consequently, (4-24) holds, as required.

Remark 4.19. Let m > —A(B). The compactness of the embedding H, < L”(B) in the cases

O<a<l, 2<p<?2F
and

a=1, 2<p<2]

suggests that one may show via Lusternik—Schnirelmann theory (or by using the symmetric mountain-pass
theorem [Ambrosetti and Rabinowitz 1973]) that (1-5) admits infinitely many solutions under these
assumptions. This is indeed the case, but it does not provide new information as it is well known that
(1-5) admits infinitely many radial solutions if p is Sobolev subcritical; see, e.g., [Struwe 1982]. On the
other hand, one might ask how many geometrically distinct (x;, x)-nonradial solutions of (1-5) exist.
Here we call two solutions of (1-5) geometrically distinct if they do not coincide up to rotation. We leave
this question for future work.

Remark 4.20 (the case o > 1). We finally discuss the natural question of what happens for & > 1. In
fact, in this case, the infimum €, ,(B) in (1-7) satisfies

Ga,m,p(B) =—00 foreverym e R, p €2, 00). (4-25)

To see this, we fix € € (0, 1) and nonzero functions ¢ € CLI.(I —g, 1), Y e CLI. (% — &, % +8). Moreover,
we consider the sequence of functions uy; € CC1 (B) which, in the polar coordinates from (3-3), are given
by

(r, 0,01, ..., 0n=2) > @)Y (D) - - Y (On-2) Xk (0), where X;(0) = sin(k0).
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. . N-2
Similar to (3-4), we then find, with U, := (1 —¢, 1) X (—m, ) X (% —¢, % +8) , that

/<|Vuk|2—a2|aeuk|2) dx
B

N-=-2
=/U <|go’<r>|2|xk<9)|2 []woor

i=1
1 N-2 N-=-2
+ 5 2 hW @PleOPIXk@F T 1we)P
i=1 j=1,j#i N>

hy_
+( ’:21 —a2>|xz<6>|2|¢<r)|2 [1 |w<ﬂi>|2>hd<r,e, 91, ..., On2),
i=1

with the functions h, h; : U — R, i =1,..., N — 1, given in (3-5). Since @ > 1, we may now choose
& = &(a) > 0 small enough that

<h<1 and o2

>¢ on U,.

=

r

Since also | Xi| < 1 by definition, we estimate

f(|wk|2—a2|aeuk|2>dx <c—d(k),
B

where
N-=-2 1 N-2 N-2
c:=/ (|go/<r)|21_[|w<m>|2+—2Zh,-w%mnzuo(rnz 11 |w<ﬁj>|2)d<r,0,ﬁ1,...,ﬁN_z)
Ue i=1 A j=1,j#i
and
h . N-2
N—
d(k) :=/ (az— 2 )|X,;<9>|2|¢<r>|21_[|«zr<ﬂi>|2gd<r,e,m,...,ﬁN_z)
& i=1
2 1 7 /2+¢ N-2
> K [ o) Par f cosz(ke)de( / |w<z9)|2dﬁ) = T k2,
2 l—e¢ -7 w/2—¢ 2
with

1 /24 N-2
d> :=/ o) dr (/ |1/f(19>|2d19) .
1—¢ w/2—¢

Hence d(k) — oo as k — oo. Moreover, for every p € [2, 00), we have

N-2

[t ax = [ @@ ] w@oredeo.01.....on-2) <dy.
B U, i=1

with
1 w/24¢ N-2
d,:= 271/ lo(r)|? dr(/ [y (9)|” dz?) < 0.
1 T

—& /2—e
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It thus follows that
Jp(UVurl® — a?|0gui* + miw ) dx ¢ —d(k) —mdy
([ lul? dx)z/p B (dp)*'r
for every p € [2, 00), m € R. This shows (4-25).

Consequently, the study of ground state solutions of (1-5) requires a completely different approach in
the case o > 1. This is further treated in [Kiibler 2023].

— —00 ask —> o0

5. The case of an annulus
In this section, we consider rotating solutions of (1-3) in the case where B is replaced by an annulus
A ={xeRY:r<|x| <1}

for some r € (0, 1). The ansatz (1-4) then leads to the reduced problem

{—Au +a? Pu+mu=ulP2u in A,, 5-1)

u=>0 on 0A,,
where m > —A1(A,), p € (2,2%) and dyp = x; dy, — x2 dy, as before. Here, 1;(A,) denotes the first

Dirichlet eigenvalue of —A on A,. As in (1-7), we may then define

Gump(A) = inf  Rym ), (5-2)
ueH) (A\(0)

with the Rayleigh quotient Ry ., (#) given by (1-8) for functions u € HO1 (A;). In the following, a weak
solution of (5-1) will be called a ground state solution if it is a minimizer for (5-2). We then have the
following analogue of Theorem 1.1.

Theorem 5.1. Letr € (0, 1), m > —A1(A,) and p € (2,2%).
(1) If a € (0, 1), then there exists a ground state solution of (5-1).
(i) We have
Clm,p(Ar) =0 for p > 2] and Clm,p(Ar) >0 for p <27.
Moreover, for any p € (27, 2%), there exists o), € (0, 1) with the property that
Cam,p(Ar) < Com,p(Ar)  fora € (ap, 1],
and therefore every ground state solution of (5-1) is (x1, x2)-nonradial for a € (o, 1].

This theorem does not come as a surprise and is proved by precisely the same arguments as Theorem 1.1,
so we omit the proof. Instead, we now discuss an interesting additional feature of the annulus A,. Unlike
in the case of the ball, we can formulate explicit sufficient conditions for the parameters p, o, m and r
which guarantee that every ground state solution of (5-1) is (x;, x»)-nonradial. This is the content of the
following theorem.
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Theorem 5.2. Let N >2, m >0, r,a € (0, 1), and assume

N —1—r2a? N
24— <p<?27,
K (r, m)
with
mr? +max{(¥%2)%, (&) V1), N =3,

2
(5-3)
mr? 4 ()N N =

k(r,m) =

Then every ground state solution of (5-1) is (x1, xp)-nonradial.

We point out that «x (m, r) — oo if m — oo or r — 17. Consequently, for given p > 2, ground states
of (5-1) are nonradial if either m is large or the annulus is thin, i.e., r is close to 1. The proof is based on
the following lemma.

Lemma 5.3. Suppose thatm > 0, o € (0, 1), p € (2,2%) and that there exists a function v € HO1 (A))
satisfying

/ v(s(-))do =0 foreveryse(r,1) (5-4)
gN-1
and
/ (V| = &?|9gv|> + mv?) dx — (p — 1)/ luol?~2v* dx < 0. (5-5)
A, A,
Then we have
Cga,m,p(Ar) < Ra,m,p(”O), (5'6)

where ug € HO1 (A,) is the unique positive radial solution of (5-1).

Here we note that, in the case m = 0, the uniqueness of the positive radial solution ug of (5-1) has
been first proved by Ni and Nussbaum [1985]. In the case m > 0, the uniqueness is due to Tang [2003]
and Felmer, Martinez and Tanaka [Felmer et al. 2008] for N > 3 and N = 2, respectively.

Proof. We argue by contradiction and assume that equality holds in (5-6). Then u¢ is a minimizer for the
C?-functional Rom,p: HO1 (A;)\ {0}) — R, which implies, in particular, that
R&,m,p(uo)ﬁ =0 and R, (u0)(D,0)>0 forall v € HO1 (Ay). (5-7)

a,m,p

In the following, we write Ry ., = Z(u)/N (u) for u € H'(A,) \ {0}, with

2/p
Z(u)::/ (\Vu|* — o?|pu|*> +mu®)dx and N(u):= </ |u|”dx) .
A, A,

The first property in (5-7), applied with © = v, then gives N (1o) Z' (ug)v = Z (ug) N’ (ug)v and consequently
N (0)*[Ra,m,p]" (o) (v, v) = N (u0)*Z" (uo) (v, v) — Z (o) N (o) N” (1) (v, v)

forv e H(} (A;). Therefore, applying the second property in (5-7) with ¥ = v yields

Z(uo)
N (uop)

Z" (up) (v, v) — N"(up)(v, v) > 0.
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Moreover, noting that uq is a weak solution of (5-1) and therefore Z(up) = N (u9)P/?, we conclude that

~ Z(uo)
N (u)

0< %(Z//(uo)(v, v)

N" (up) (v, v))
:/ (IVv|> = &?|9gv|* + mv?) dx
A, 2
(-1 / |M0|p_21)2dx+(P—2)N(uo)_p/2( / |uo|P—2uovdx) .
A, A,

This, however, contradicts (5-5), since f A lug|P2ugvdx =0 by (5-4). The proof is thus finished. [

Proof of Theorem 5.2. Our goal is to construct a function that satisfies the conditions of Lemma 5.3. To
this end, let 1 be the first eigenvalue of the weighted eigenvalue problem

{—wpp — b, +mw — (p = Dluo(p)IPw = 25w in (r, 1),

w(r)=w(l) =0,

and let w be the unique positive eigenfunction up to normalization. Moreover, let ¥ € C®(SV~1)
be given by Y (x) = x,. Then Y is a spherical harmonic of degree 1 on SV~!, which in the polar
coordinates from (3-3) is written as Y (r, 0, ¢, ..., Oy_2) = rsinf@sinv} - - - sin ¥y_,, and therefore
satisfies 802Y = —Y on SV~ Moreover, set v(p, ) := w(p)Y (w). Then condition (5-4) of Lemma 5.3
is satisfied. By construction, v also satisfies

SN
—Av+ a2 82v+mv — (p — 1)up|”2v = ’“Tv — o,

and testing this equation with v itself yields
2
/ (1Vv]? — a?|9gv]> + mv* — (p — Dlug|P2v*) dx = (u, + (N — 1))/ # dx —012/ v2dx
A, A X A,

2
v
<(ui+(N=1—=r%? / —dx.  (5-8)
A, 1x]
We recall that 1| can be characterized by

. S IV +meg?) dx — (p—1) [, |uol”"*¢* dx
ny = min .

peH] g (AD\(0} Ja, #*/1x1? dx

Taking ¢ = ug in this quotient, we obtain the estimate
_ S, (Ym0l +mu) dx —(p—1) [, luol? dx
H1= fAr uj/|x|? dx
Sy, (Vuol? +mud) dx
Ja uj/|x|?dx
Ja, |Vuo|* dx 2)
r
fAr uj/|x|?dx

=—(p—-2)

< —(P—2)< (5-9)
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We now distinguish the cases N > 3 and N = 2. If N > 3, Hardy’s inequality gives

N—2 2 2
wauoﬂdxz( : )/Ap%dx. (5-10)

Alternatively, we may also estimate, since ug is radial,

1 1
/ Vuol? dx = |V / PV oue(p) P dp = SV |V / Byu0(0) P dp
A, r r

2 1 2 1
I - A _ _
=15 ( ) [Cderde= 188 () o [ o as
r r

2 2

7 N—1 Uy
— 20 gy 5-11
(l—r)r /A 2 G-1h

Thus (5-9) gives w1 < —(p —2)x(r, m), with « (r, m) given in (5-3) for N > 3. Inserting this into (5-8)
yields

/ (IVVl* —a?3v]* + mv? — (p — D]uol?"*vP) dx < —(p — 2k + N — 1 —r?a?,
A,

i.e., condition (5-5) of Lemma 5.3 is satisfied if p > (N — 1 — r2a?)/« + 2, which holds by assumption.

Hence v satisfies the assumptions of Lemma 5.3, which implies that (5-6) holds and therefore every
minimizer for (5-2) is nonradial. Let u denote such a nonradial ground state solution, and suppose by
contradiction that dgug = 0. The nonradiality of # implies that there exists an isometry A € O (N) such
that it :=uoA e H(} (A,) satisfies dgut = 0. Since A is an isometry, this implies

) fA, |9git|? dx
([, lul? dx)*”

which contradicts (5-2). Consequently, we have dyug = 0, which yields that uq is (x1, xp)-nonradial. This

ch,m,p(ﬁ) = ch,m,p(u) - < R(x,m,p(”) = Cgl,m,p(Ar)a

finishes the proof in the case N > 3.
It remains to consider the case N = 2. In this case, we replace the estimates (5-10) and (5-11) by

2 1 2 2
u
[ vurarzis1({) A~ [Cdoan= ((5) [ S
A I=r g L=r) " Ja, IxP?

Combining this with (5-9) we again get u; < —(p — 2)k (r, m), with « (r, m) given in (5-3) for N = 2.
We may thus complete the proof as above. O

6. Riemannian models

So far we only used the inequality stated in Theorem 2.2 in the case s = 1. We shall now consider an
application for general s € (0, 2] by considering (1-3) on some Riemannian manifolds with boundary.
More precisely, we consider a class of Riemannian models given by (B, g), where, as before, B denotes
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the open ball of radius 1 centered at zero, and the metric g on B is written, in polar coordinates, as
ds> =dr* + (Y (r))? d©? (6-1)

for r >0, ® € SV~!. Here d®? denotes the canonical metric on SV~! and v is a smooth function that
is positive on (0, oo). Moreover, we assume

v (©0)>0 and ¢y 0)=0 forkeN. (6-2)

We note that the second condition in (6-2) ensures smoothness of g at the origin. For such a Riemannian
model, the associated Laplace—Beltrami operator becomes

1 _ 1
Agf =—= W0, )+ —Asv f,
v v
where Agv-1 denotes the Laplace-Beltrami operator on SV~!. Riemannian models are of independent
geometric interest; we refer to [Berchio et al. 2014] for a more detailed discussion.
We again study the problem

{8,21) — Agv+mv=|v|""2v inM,

6-3
v=20 on oM, ©-3)

where 2 < p <2N /(N —2) and m > —\(M), with A (M) denoting the first Dirichlet eigenvalue of —A,
on M. We stress that the case 1/ (r) = r corresponds to the classical flat metric on B considered in detail
in the previous sections. A further example is the hemisphere SQ{ L=1{xe RV x| =1, xXy+1 > 0}
of radius T > 0. Indeed, using polar coordinates (r, w) € (0, 1) x S¥~!, a parametrization B — S?{ L s
given by (r, w) — t(sin(%r)w, cos(%r)). This yields (6-1) with ¥ (r) =t sin(%r). Similarly, spherical
caps can be considered.

As in the flat case, we restrict our attention to solutions of (6-3) of the form v (¢, x) = u(Ry;(x)), where

Ry is the rotation in the (x1, xp)-plane with angle 6. This leads to the reduced equation

—A 2 82 = p=2 in M,
{ g+ dpu+mu=ulP""u i (6-4)
u=~0 onJdM,
with the differential operator d9 =x 9x,—x2 dy, associated to the Killing vector field x = (—x3,x1,0,...,0)

on M. We may then again study the quotient
Sy Veul? — a?|8pul* +mu®) dg

RM Hy(M)\{0} >R, RM (u):

a,m,p o,m,p 2
[|u ||LI7(M)

and its minimizers, i.e.,

. M) = inf RM u).
a,m,p( ) ueCC](B)\{O} a,m,p()

Analogously to Theorem 1.1, we can use the general inequality stated in Theorem 2.2 to give the following
result, recalling that we set 27 = (4N +25)/(2N —4+5).
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Theorem 6.1. Let s € (0, 2], and let (M, g) be a Riemannian model, with M = B and associated function
Y e C*°[0, 1) satisfying (6-2) and

ci(1=r)<1—=v¢@) <c(l—r) forre(0,1) with constants c1, co > 0. (6-5)
Moreover, let m > —A (M), and let 2 < p < 2*,

(1) If a € (0, 1), then there exists a ground state solution of (6-4).
(i) We have
Clom,p(M)=0 for p>27 and Clom,p(M) >0 forp <27 (6-6)

Moreover, for any p € (25, 2%), there exists a,, € (0, 1) with the property that
(ga,m,p(M) < %O,m,p(M) fora e (Olpa 1],
and therefore every ground state solution of (6-4) is (x1, x2)-nonradial for a € (ap, 1).

Proof. Since the proof is completely parallel to the proof of Theorem 1.1, we omit some details and focus
our attention on showing where condition (6-5) enters. It is again useful to introduce polar coordinates
(r,0,91,...,9y_2) €U :=(0,1) x (=7, w) x (0, )N 2 given by

(X1,...,xy)=(rsint---sin¥y_pcosO, rsinty ---sin¥y_p sin O, r cos ¥y,
rsint; cosdy, ..., rsint ---sin¥y_3CcosOy_o, rsintd; ---cos¥y_s). (6-7)
In the following, we will abbreviate the coordinates (6, ¥, ..., ?y_2) to ® for simplicity. Using (B-1)

from Appendix B, we see that the metric (6-1) is written in these coordinates as

N-2 ,i—1

N—1
dg =dr’>+ (w(r))2<z (]‘[ sin? ﬂk) do? + (]_[ sin’ z?k) d92>.
k:1

i=1 “k=l1

Therefore, by (B-3), the quadratic form associated to the operator —A + 892 is given by

N-=-2
1 hn-1 )
(IVqul? — [8pul*) dg =f (|aru|2+— hi|819,.u|2+( — 1>|39M| )|g|d(r, ®)
/M # U Y2 ; Y2

for u € C1(M), with

N-2 i—1
1810, ©) = DY [T sinV " op, hir @) =[] —5—
k=1 ey SIN° Uk

Moreover,

f lul” dg :/ lul’|g|d(r, ®) forue CCI(M) and p > 1.
M U
Next we note that, as a consequence of (6-5), we have

1g1(®p) =1 and hj(©g) =1 fori=1,...,N—1, with®¢:=(1,0,%,...,

(S

). (6-8)
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Setting
Uy := (%, l) X (=1, ) % (%, %n)N_2 cU,

we now claim that assumption (6-5) implies that the function hy_; /> — 1 satisfies

N-2 N-2
. 2 hn 2
cl((l—r>‘+2(0k—%) ) <= ~(r, @)—1<62((1—r) +Y (%) ) (6-9)
k=1 k=1
for (r, 0, 01, ..., On_2) € Uy, with suitable constants ¢, ¢ > 0. Indeed, note that
hn-1
%— wz(hzv =Y =— 7 L (o 0 =)

and that, in Uy, the factor (v/Ay_; +v¥)/¥? can clearly be bounded from above and below by positive
constants. Moreover, since the first-order derivatives of \/Ay_| = ]_[,1(\/:_12 1/sin ¥ vanish in ®¢, a Taylor
expansion yields

N-2 N-2
1+C12(ﬁk—%)2§ hN—1§1+CzZ(ﬁk—%)2 in Up,
k=1 k=1

with constants Cq, C2 > 0. We thus find that

N-2

1—w<r>+c12 0~ %) > w1 - w<1—w<r)+c22 o — %)

holds in Uy, and (6-9) can finally be deduced from (6-5).
We now consider a fixed function u € C g U\ {0}ccC Cl (U) \ {0}, which, regarded as a function of
polar coordinates, gives rise to a function in C!(M). For A € (0, 1), we consider the map

A :Up— Uy, (0> (L+ar— 1), A0, 24+ a(dh —3), ..., T +A(Ov—2—3)).

and we define u; :=uo A;l € CCI(UO) \ {0} for A € (0, 1). Note that A, shrinks Uy to the point ®g,
which we may show similarly to the arguments in the proof of Proposition 3.1.
Using (6-8) and (6-9), we find that

2/p 2/p 2/p
r@N*-")“’(/U |uA|P|g|d<r,®>) =(/U |u|f’<|g|oAk>d<r,®>> —></U |u|f’d<r,®>> —cu(p)

as L — 01 and

N—

h
hmsupxz“”—N/(m us|? t5e Z i109,u2 +< o 1)|36M/\|2)|g|d(r, ®)
0+ - ¥?
1 = h
=limsup/ (|a,u|2+—zoAxZ(hio/\maﬁimzﬂS(( - 1)OAA— >|89u|2)(|g|oA;L)d(r, ©)
w0t Ju 14 p Y2

<d}+d. (6-10)
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with
N-2
d! ::/ (|aru|2+2|aﬁ,.u|2> d(r, ®)
4 i=1
and
N-2
dlf:Ezlimsup/ ((l—r)s+A2_s Z(z‘}k——) >|89u| d(r, ®)
r—01 U k=1
[52 [y (L=7)*19gul*d(r, ©), s €(0,2),
& [ (A=r2+ XN 20 — 2 0pul>d(r, ©), s=2.

It thus follows that

C\,m,p(M) < limsup Rl m, p(uk)

A—0t
)\N+s/2—2 dl d2 K(2N+S)/2 2
= lim sup @, +d,)+ Cu()=0 if p>27.
A—0F ACN+9/pe, (p) ’

This shows the first identity in (6-6). To see the second identity in (6-6), we argue as in Section 3. More
precisely, we first note that it is sufficient to consider the case p = 27, and then we show the inequality

2/2}
(/ |g||u|2?d(r,®)) SC/<I3M| +— Zhwm +( 2 1)|aeu|2>|g|d<r,®>
U

for functions u € Cg(UO), with a suitable constant C > 0. For this, we use Theorem 1.6 and the first

inequality in (6-9). The argument is then completed by using the rotation invariance of the problem and a
partition of unity argument to localize the problem. U

Remark 6.2. (i) As noted before, the case of a hemisphere Sll\f . of radius 1 corresponds to ¥ (r) =
sin(%r). In this case Theorem 6.1 applies with s = 2, and it yields nonradial ground state solutions
for p > 25 = 2(N + 1)/(N — 1). Notably, this corresponds to the critical exponent for generalized
traveling waves on the sphere SV found in [Mukherjee 2017; 2018; Taylor 2016]. In fact, our approach
based on Theorem 1.6 can be used to give an alternative proof for the existence of nontrivial solutions
and the embeddings stated in [Taylor 2016, Proposition 3.2] and [Mukherjee 2017, Proposition 1.2 and
Lemma 1.3].

(i) Theorem 6.1 leaves open the case s > 2. Note that the two-sided estimate (6-9) needs to be analyzed
more carefully if s > 2 and N > 3, as the leading-order term is then 2 in place of s. In this case, if (6-5)
holds for some s > 2, Theorem 6.1 (ii) holds with 2} replaced by 23, i.e.,

Clm,p(M)=0 for p>2; and Clm,p(M) >0 for p <23.

For N = 2, on the other hand, no angular terms appear in (6-9). Consequently, Theorem 6.1 holds for
arbitrary s > 0 in this case.
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Appendix A: Boundedness of solutions

In the proof of the regularity properties of weak solutions of (1-5) in the case o« = 1 stated in Lemma 4.10,
we used the following.

Lemma A.l. Let2 < p <2%, m > —\y, and let u € H, be a weak solution of
—Au+u+mu=ul""*u inB. (A-1)
Then u € L°°(B). Furthermore, there exist constants C = C(N, m), o > 0 such that
uloo < Cllull3,- (A-2)
For m > 0, the constant C = C(N) > 0 can be chosen independent of m.

Proof. The proof is based on a Moser iteration scheme and essentially identical to the classical arguments
with the Sobolev critical exponent replaced by 27; see [Struwe 2008, Appendix B].
We fix L, s > 2 and consider auxiliary functions /, g € C'([0, o0)) defined by

t t
h(t) ::sf min{t* ™", L*'}dtr and g(r) ::/ (W (7)]*dz.
0 0

We note that
h(ty=1t" fort <L and g(t) <tg' () =t (t))* fort>0 (A-3)

since the function # > A'(r) = s min{r*~!, L*~ 1} is nondecreasing. We now show that w :=u* € L*(B)
and that ||w|| is bounded by the right-hand side of (A-2). Since we may replace u with —u, the claim
will then follow.

We now note that w € H; and ¢ := g(w) € H;, with

Vw=1y=03Vu, Veo=gWw)Vw, dhw=1y=0du, e =g (w)dpw.

As outlined in Remark 4.2, this follows from the boundedness of g’ and the estimate g(¢) < s2t>~! for
t > 0. Testing (A-1) with ¢ gives

/B(vu-w— (Bgu dg) + mug) dx =/B|u|l’2u¢dx,
from where we estimate, using /' (w)? = g’ (w),
/B (IV(h(w)[* = @ (h(w)))* + mwg(w)) dx = /B (¢ W) (IVw]* = Bpw)*) + mug (w)) dx
= fB ulP~?ug(w) dx < fB w? (W' (w))*dx.  (A-4)

Here we used (A-3) in the last step. Combining (A-4) with Proposition 4.6 and Theorem 3.3, we obtain
the inequality

|h(w)[3: < co / wP (W (w))* dx, (A-5)
! B
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with a constant ¢ = co(N, m) > 0. Note that, for m > 0, cg only depends on N. Since

2

t
K@) =1, h(t)=s'"' and g(t):s2/ r25—2dr:2s AT forr < L,
0 S =

we may let L — oo in (A-5) and apply Lebesgue’s theorem to obtain

_ -2
IwS|§T SCOSZ/ wh deicoszlwlé} leﬁiq,
B

where ¢ =27/(2] — p +2) is the conjugated exponent to 27/(p — 2). This yields
wleo; < (€19)*Jwhayg,  with ¢ = (colwl5 )72, (A-6)

whenever w € L?9(B). We now consider s = s, = p" for n € N with p := 271/ 2q) = %(24—2*1‘ —p)>1,
so that
2519 =27 and 25p4+19 = sp27 forn e N.

Iterating (A-6) then gives

n
N p/(p—1)
Wy = wle,2p < lwls [ J(e1p”)? < e/ Peafwla;
j=1
for all n, with

00 -
ey = pli= P < 0.

It follows that

Wleo = lim_[w]rar < e’ Veajwly:. (A7)
n— 00 1 1
Moreover, by (A-6) and Theorem 3.3, we have
—-2)/2 -2)/2 ~ ~
cr < llwl 7 < cllul¥ > and  |wly < Ellwlix < Ellullz,

with constants ¢/, ¢ > 0 depending only on N. It thus follows from (A-7) that
|w|oo < C”M ||,(}-IZ*2)/)/(2(071))+1 with C := CZ(C/I))O/(IO_I)&"

The proof is thus finished. 0

Appendix B: Round metric on spheres in angular coordinates
Let U := (—m, ) x (0, 7)Y 2, and consider angular coordinates U — SN-1 given by

0,0, ...,0n_2) > (sin?d; ---sin¥y_pcosH, sin}; ---sint}y_o sinb,

cos ¥, sintH cos thy, ..., sinvH - - - sin ¥y_3 cos Ony_2).

As in (3-3) and (6-7), we use the angular variable 6 € (—m, i) for the angle of the (x, x»)-coordinate
of x € SN~ relative to the positive xj-axis in R2, which differs from most of the literature (see, e.g.,
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[Blumenson 1960]). The standard round metric on SV~! (induced by the embedding S¥~! < R") with
respect to these orthogonal coordinates is then written as

N-2 ,i—1 N—1
Z (]_[ sin? z?k) do? + (]_[ sin’ ﬁk> de?, (B-1)
k=1

i=1 “k=1

see, e.g., [Campos and Silva 2020, Section 2.2]. Moreover, the associated volume element is given by

N—-1i-1 N-2
<]_[ [ sin z‘}k) dvy - dVy_rdo = (]_[ sin™ ! z?k> dvy - dVy_db. (B-2)
k=1

i=1 k=1

The Dirichlet energy of a function f € H'(SV~1) with respect to the round metric is therefore written in
these coordinates as

N-2 N-2
f |Vf|2do=/<2h,-|aﬂ,-v|2+hN1|aev|2)(]_[sinN—1—’<ﬁk) dvy--- ddy_2do, (B-3)
sy U\

k=1

with h; :=[._} 1/sin? 9 fori=1,..., N — 1.
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This paper establishes trace formulae for a class of operators defined in terms of the functional calculus
for the Laplace operator on divergence-free vector fields with relative and absolute boundary conditions
on Lipschitz domains in R®. Spectral and scattering theory of the absolute and relative Laplacian is
equivalent to the spectral analysis and scattering theory for Maxwell equations. The trace formulae allow
for unbounded functions in the functional calculus that are not admissible in the Birman—Krein formula.
In special cases, the trace formula reduces to a determinant formula for the Casimir energy that is used
in the physics literature for the computation of the Casimir energy for objects with metallic boundary
conditions. Our theorems justify these formulae in the case of electromagnetic scattering on Lipschitz
domains, give a rigorous meaning to them as the trace of certain trace-class operators, and clarify the
function spaces on which the determinants need to be taken.
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1. Introduction

In this paper we establish several trace formulae for operators governing the time-harmonic Maxwell
equations on an open set X = QUM C R? of the form R3\ 9Q, where 2 is a bounded (strongly) Lipschitz
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domain. Here we will refer to €2 as the interior and to M as the exterior domain. We denote by E and H
the electric and magnetic fields, respectively. The time-harmonic Maxwell system is given by

curl E —iAH =0,

div E =0,

curl H +iAE =0,
. (1)

divH =0,

vx E=A onof2,
(v, Hy=f on o,

where the first four equations are considered in either €2 or M separately, or simultaneously by considering
this as an equation on X. Here v is the almost everywhere defined outward-pointing unit normal vector
field on d€2. This system is well-posed on suitable function spaces under natural consistency conditions
on A and f. In particular, if A is sufficiently regular and tangential and XA # 0, the function f is determined
by A. For the interior problem, given a tangential A, the system then has a unique solution for A away
from a discrete set of points. For the exterior problem and Im A > 0, one imposes that £ and H are
square-integrable and then obtains a unique solution for any sufficiently regular tangential A. In both
cases, the solution E can be expressed as
E=L,L"A,

where £, is the electric field boundary layer potential operator and £, is the electric field boundary layer
operator. For a continuous tangential vector field A, one has
ei}\,lX* y|

(£ A)(x) = curl curl / — _A(y)dy,
aQ 4m|x — y|

and £, A is obtained by taking the boundary value of v x L. These operators extend to suitable function
spaces and we refer to Section 6 for the precise definitions. The vector field H and the function f are
then determined by H = —(i/A) curl E. As usual, this layer potential operator creates a solution of the
Maxwell system by placing certain sources on the boundary, and the choice of £ is now a standard
operator in computational electrodynamics.

For A # 0, the system for E becomes

—AE—-)\E=0,
div E =0,
vx E=A onof.

The associated spectral problem is therefore that of the Laplace—Beltrami operator A on divergence-free
vector fields with the corresponding boundary condition. For the electric field, the boundary condition
v x E =0 on 0L leads to the relative Laplacian A by quadratic form considerations. Similarly, for
the magnetic field, the boundary condition v - H = 0 leads to the absolute Laplace operator A,ps. Both
are self-adjoint operators on L>(R3, C?) = L?(Q, C*) @ L*(M, C?), and their definitions and properties
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are explained in detail in Sections 3 and 4. Functional calculus for the relative Laplacian determines the
solutions E of the time-harmonic Maxwell system, whereas functional calculus for the absolute Laplacian
determines the solutions H of the system. Here we use the more mathematical notation that is inspired by
Hodge theory. The harmonic forms satisfying relative boundary conditions give rise to relative de Rham
cohomology classes, and the ones satisfying absolute boundary conditions give rise to absolute de Rham
cohomology classes.

Before we describe the general case, we would like to explain and motivate this in an important special
case and when the bounded Lipschitz domain € C R? consists of two connected components 21 and ;.
We then construct the self-adjoint operator A out of the Laplace operator on R?\ dQ by imposing
relative boundary conditions in each side of d€2. The operators A | are obtained in the same way from
the Laplace operator on R> \ 92 ; with boundary conditions only imposed on each side of 9€2;. The
operators Ayps and A, are defined analogously with absolute boundary conditions. It is a special case
of our result that the two operators

Cp = (—=Are)™28d = (A1) ™28 d = (= A2e) 728 d + (—Aree) /%8 d,
Cri = (—Aaps) ™28 d = (= Arans) ™28 d — (= Aabs) ™28 d+ (—Apree) ~1/%8d

defined on smooth compactly supported vector fields on X = R?\ 92 extend to trace-class operators on
L?*(R3, C%), and their trace can be expressed in terms of the determinant of a combination of Maxwell
boundary layer operators (see Theorems 1.1 and 1.3). In fact, we will see that their traces coincide,
i.e., tr(Cg) =tr(Cy). We have used here differential form notation, with d being the exterior derivative
and § being the coderivative. The trace-class property is due to several cancellations. Any linear
combination of operators appearing in the expressions above that is not proportional to this expression
is not trace-class. This statement remains true even if one introduces an artificial boundary, thereby
compactifying the problem.
In terms of vector calculus, the above two operators can also be written as

Cg= (—Arel)*l/zcurl curl — (—Alyrel)*l/zcurl curl — (—Azyrel)*l/zcurl curl + (—Afree)71/2 curl curl,
Cy = curl(—Arel)_]/zcurl — curl(—Al,rel)_l/Zcurl — curl(—Az,rel)_l/Zcurl + culrl(—Afme)_l/2 curl.

Apart from being interesting from the point of view of spectral analysis, these operators also have a
direct physical significance. Namely, ‘—11 tr(Cg+Cpg) = % tr(Cg) represents the Casimir energy of the two
Lipschitz obstacles 21 and €2,. Indeed, as shown in [Strohmaier 2021] in a general rigorous framework
of quantum field theory, the local trace, i.e., the trace of the integral kernel restricted to the diagonal, of
the operator

}‘((—Are])*l/zcurl curl — (—Afree)*l/2 curl curl) + %((—Aabs)*l/zcurl curl — (—Afree)*l/2 curl curl)

is the renormalised energy density obtained from the electromagnetic quantum field theory. The relative
resolvent differences Cg and Cy then describe differences of energies. It was shown in [Fang and
Strohmaier 2022], again in a rigorous quantum field theory framework, that in the case of a scalar field,
such “energy differences” lead to a Casimir force as determined from the quantum stress energy tensor as
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in [Candelas 1982; Kay 1979]. The same statement is expected to hold for the electromagnetic field, but
this will be discussed elsewhere.

The mathematical statements above can therefore also be interpreted as a rigorous proof that the
Casimir energy as derived from spectral quantities is well defined in this framework and can be computed
from determinants of boundary layer operators. It also clarifies the function spaces needed to compute
these quantities for nonsmooth boundaries.

We focus in this paper on Maxwell’s equations in dimension three, and we will mostly use vector
calculus notation rather than differential forms. This has the advantage of keeping the notation and
exposition more accessible, and we can then also rely on a wealth of previous results on boundary layer
operators [Buffa and Hiptmair 2003; Buffa et al. 2002; Claeys and Hiptmair 2019; Costabel 1988; 1990;
Gol’dshtein et al. 2011; Kirsch and Hettlich 2015; Mitrea 1995; 2000; Mitrea and Mitrea 2002; Mitrea
et al. 1997]. Focussing on dimension three also avoids complications with the free Green’s function
having more complicated expressions or a logarithmic singularity at 0. More importantly, the focus on
dimension three allows us to stay close to the classical notation in Maxwell theory without having to
distract the reader with more complicated notation.

Although this is a mathematical paper, we also try to give the physics background for the interested
reader. To our knowledge, a determinant formula for the Casimir energy first appeared in the physics
literature [Renne 1971], where this was derived microscopically and without reference to spectral theory.
Physics derivations have also appeared in various contexts based on path integrals and fluctuations of
configurations on the surface on the obstacles [Emig et al. 2007; Kenneth and Klich 2006; 2008] and have
led to numerical schemes [Johnson 2011] and asymptotic formulae. The spectral side, often favouring
a zeta function regularisation approach as in Casimir’s original work [1948], was developed somewhat
independently. We refer to [Bordag et al. 2009] and [Kirsten 2002] for a comprehensive overview of the
subject. The relation between the various approaches remained unclear even in the physics world (for a
very recent report on this see [Bimonte and Emig 2021]). We also mention the approach of [Balian and
Duplantier 1978], which is also based on a reduction to the boundary.

1.1. Statement of main results. We now describe the general setting of our results. We assume that
Q C R? is an open and bounded (strongly) Lipschitz domain in R? in the sense that the boundary of Q
is locally congruent to the graph of a Lipschitz function. The finitely many connected components will
be denoted by 2; with some index j, which ranges from 1 to N. We will think of the closure Q as
a collection of disjoint compact obstacles 2 ;j placed in R3 (see Figure 1). Removing these obstacles
from R3 results in a noncompact open domain M = R3\ Q with Lipschitz boundary Q2. We will assume
throughout that M is connected. It will also be convenient to introduce X = R3\ dQ =M U Q.

On the boundary, one has well-defined anisotropic Sobolev spaces H ~1/2(Div, 992) (see Section 2)
and the Maxwell electric field operator £, is a bounded operator H~'/2(Div, Q) — H~'/?(Div, %)
(see Section 6). This can be done for each object separately, and one can assemble the individual
parts EA,BQJ. . H=2(Div, 082;) — H~'2(Div, 0€2;) into an operator Lp ; = @?’:1 CM;QJ. acting on
H~'/2(Div, 4Q).
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Figure 1. A Lipschitz domain 2 consisting of four connected components 2, €2,, 23, Q4.

Theorem 1.1. The operator £;\£Bh is well defined and a trace-class perturbation of the identity for
any complex A with Im A > 0. It therefore has a well-defined Fredholm determinant det(ﬁkﬁg}k) on the
space H='/2(Div, 3Q). Let § be the minimal distance between separate objects. Then, for any 0 < §' <8,
the function

E (L) = logdet(£:Lp),),

where the branch of the logarithm has been fixed by continuity, extends to a holomorphic function in a

neighbourhood of the closed upper half-space, and it satisfies the bound
[EQ)] < Ce™?
for A in any sector about the positive imaginary axis of angle strictly less than 7.

We note that the operators ﬁx_l and El_)’l , have singularities at 0, and it is due to a variety of cancellations
that the quotient is regular at 0, in particular when the objects have nontrivial topology. Our proof is
based on a careful analysis of these singularities.

Before we formulate the trace formula, we need to define a large class of functions to which it applies.
These will be analytic functions in certain sectors, and we start by describing these sectors. Assume
0 <€ <m, and let G, be the open sector

Gc={z€C|z#0, |arg(z)| < €}

containing the real axis (see Figure 2). Associated to these we define the following spaces of functions.
The space & will be defined by

& ={f : 6. — C| f is holomorphic in &, Ja > 0, Yeo > 0, | f(z)| = O(|z|*e )},
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Figure 2. The sectors &, D/, and the corresponding contours.

We define the space P, as the set of functions in & whose restriction to [0, c0) is polynomially bounded
and that extend continuously to the boundary of &, in the logarithmic cover of the complex plane.
Reference to the logarithmic cover of the complex plane is only needed in the case € = 7. In this case
functions in P, are required to have continuous limits from above and below on the negative real axis.
We do not however require that these limits coincide. The space P, contains, in particular, f(z) = z%,
o >0, forany 0 <e <m.

When working with the Laplace operator, it is often convenient to change variables and use A” as a
spectral parameter, and in the context of Maxwell theory it turns out to be beneficial to introduce an extra
A~2 factor. For notational brevity we therefore introduce another class of functions as follows.

Definition 1.2. The space 736 is defined to be the space of functions f such that f(A) = A"2g(2?) for
some g € P.. In particular, f(1) = O(A?) for some a > —2 near A = 0.

Generally, the operator A, decomposes into a direct sum of unbounded operators A =0Hds B S d
under the weak Hodge—Helmholtz decomposition (see Section 4, (9)), and we have

F((=Are) ) curlcurl = F((—Aw)/H)8d = F((5d) /s d

for any Borel function f. From this we have that, for a function f € P, the unbounded operator
f((—Ag)/?) curl curl contains Co (X, C?) in its domain. Indeed, for ¥ € Co (X, C3) and k € N large
enough, we have the factorisation £((8 d)'/2)8 d=h((8 d)'/?)(8 d+1)*yr, where (§ d+1)*y € CS°(X, C?)
and the function 2(A) = (1 4+ A%?)"*A2 (1) is bounded on the real line.

For 0 < € < 7, we also define the contours I'. in the complex plane as the boundary curves of the
sectors G,. In the case € = 7, the contour is defined as a contour in the logarithmic cover of the complex
plane. We also let I. /2 be the corresponding contour after the change of variables, i.e., the preimage in
the upper half-space under the map z — z2 of T', (see Figure 2).

For f € P., we define the relative operator

Dret = f((—Ave) )curl curl — f((—Agree)'/?) curl curl

N
=D (FU=Aj e P)curl curl — f((—Agree)/?) curl curl),
j=1
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where f (1) = g(A?). Similarly,

Daps, f = f (= Aaps)?)curl curl — f((—Agree) /%) curl curl
N
— Z( F(—=Ajas) Hcurl curl — £((—Agree) /%) curl curl)
j=1

=curl f((—Arel)l/z)curl — curl f((—Afree)l/z) curl
N
=D _(curl f((= A re)/)eurl — curl £ ((~Agee) ?) cur).
j=1

Since these operators contain C3°(X, C?) in their domain, they are densely defined.

We refer to taking these differences as the relative setting, indicating that this compares interacting
quantities to noninteracting ones. It is unfortunate that the word relative is also used to denote the relative
boundary conditions. We alert the reader that these two uses of the word relative are unrelated, but to
avoid confusion we have used the symbol D for “difference” to denote relative objects.

Our main result reads as follows.

Theorem 1.3. If f € 736, then operators Dy, y and Dqys, ¢ extend to trace-class operators L*(R3, C% -
L%(R3, C?), and

i ~ay d
tr(Dyet, ) = tr(Daps. ) = 5= /r | EWZ ),

where the contour T /2 is the clockwise-oriented boundary of a sector that includes the imaginary axis.

We would like to mention that expressions formally similar to the relative trace-formula have appeared
in the context of multichannel scattering theory and were introduced by Buslaev and Merkur’ ev [1969]
(see also [Vasy and Wang 2002]) to prove Birman—Krein-type formulae. In this context, the test function f
is still required to decay sufficiently fast.

An interesting application of the relative trace is that it allows one to define a relative zeta function,
namely,

1
(o) =tr(Dp).  fi) = 375
for Res < 0. As a consequence of Theorem 1.3, this relative zeta function then satisfies
2s > —25—1rz (s
{p(s) = = sin(7s) A E(iA) dA.
0

This formula allows for a meromorphic continuation of {p with poles of order at most one and residues
related to the Taylor coefficients of E(iA) at 0. These coefficients are interesting in their own right and
will be investigated elsewhere. In the special case when f (1) = 1/A, this gives the expression

I

1 1 [
tr(Cg +Cpg) = — / 2 (ir) da
2 J,

for the Casimir energy.
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Under our more general assumptions on f, the operators

Brety = f (= Are) "?)curl curl — f((—Agree)'/?) curl curl, 2)
Bavs. r = f ((—Aabs)"?)curl curl — f ((— Agee)'/?) curl curl (3)
are not trace-class. One has however the following theorem about the smoothness and integrability

properties of their integral kernels.

Theorem 1.4. Let By be either By, s, defined by (2), or B, ¢, defined by (3). Then By has an integral
kernel k € C*°(X x X, Mat(3, C)), which is smooth away from the boundary. If Qy C X has positive
distance to the boundary dQ and pq, is the orthogonal projection L*(R3, C?) — L*(Qo, C?), then
Doy Brpo, extends to a trace-class operator with trace equal to the convergent integral

/ tr(x (x, x)) dx.
Qo

If f(z) =0(z|%) for|z] <1, we have for large |x| the estimate

(e 01 = €
1.2. Discussion. The theorems presented here are the Maxwell analogue of [Hanisch et al. 2022], where
a similar statement was proved for the scalar Laplacian in the case of smooth boundary. The Maxwell
system on a Lipschitz domain is different in several regards and introduces challenges that are absent in
the scalar case:

* Maxwell’s equations arise from an abelian gauge theory, and the gauge freedom results in the loss
of ellipticity of the equations for the electromagnetic field. On the analysis side, this manifests itself
as the equations taking place on the space of divergence-free vector fields rather than the space of
sections of the vector bundle. This can however be fixed by considering the spectral decomposition of the
Laplace operator and then employing the Helmholtz—Hodge decomposition to project onto the subspace
of divergence-free vector fields. Projecting works well in cases with and without boundary as long as
the geometric configuration is fixed. The projector constructed from the Helmholtz decomposition is
roughly of the form —A~'6d = —A~! curl curl, and it involves the nonlocal functional calculus of the
Laplace operator. It therefore depends on the geometric configuration and also the boundary conditions
imposed on the Laplace operator. This makes it much harder to directly apply scattering theory which
requires an identification of the involved Hilbert spaces. The same problem appears in the context of
the Birman—Krein formula in electromagnetic scattering. We have proved a variant of the Birman—Krein
formula in [Strohmaier and Waters 2022] and we will follow the same formulation here.

 Unlike the Dirichlet-Laplacian, the Laplace operator on the space of vector fields with relative boundary
conditions has a nontrivial kernel in the exterior domain. This leads to singularities of the resolvent
near 0 and manifests itself in the presence of singularities of the boundary layer operators. Additional
singularities of the boundary layer operators appear if the obstacles have nontrivial topology, which we
do not exclude. To overcome this, we carefully analyse the singularities of various Maxwell boundary
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layer operators at 0, and we show that there are various cancellations that render a final result without
singularities.

» An additional complication arises in this paper since we are considering Lipschitz domains instead
of smooth ones. This requires more sophisticated harmonic analysis techniques. We rely here on a lot
of progress in this subject that has been made during the past several decades, in particular with the
identification of the appropriate function spaces.

As explained, the spectral theory of A and Ayps determines the Maxwell system. Suitably interpreted,
the curl operator intertwines these two operators in the sense that curl A,ps = A curl. In the interior,
the relative Laplacian on a suitable closed subspace consisting of divergence-free vector fields has the
Maxwell eigenvalues as its spectrum, and the eigenfunctions describe modes of photons that are confined
to 2. The exterior relative Laplacian on a suitable closed subspace of divergence-free vector fields
describes the scattering of electromagnetic waves or photons by the obstacles €2. The functional calculus
on A on this subspace can be understood in terms of the operators f(Ay) curl curl. The following
Birman—Krein formula has been proved.

1.3. Relation to the Birman—Krein formula. In the case that f is an even Schwartz function, we have
that
(Curl Curl(f((_Arel)l/z) - f((_Afree)l/z)))

is trace-class, and its trace can be computed by the Birman—Krein-type formula

[ - =
tr(eurl curl (£ (= Are)'?) = f (= Apree) 1)) = 5~ f (ST SO dA+ Y f (i
0 ,
j=1
where §;, is the scattering matrix for the Maxwell equation and p; are the Maxwell eigenvalues of the

interior. As a consequence of this formula,

tr Dyl r = —=—— 1 — (A L)) dAa,
F S 2m/o ° Get(s1,) - det(Sy a7 )

which is valid only under very restrictive assumptions on f. The same formula and statements hold for
absolute instead of relative boundary conditions.

In the motivating example, one cannot use this formula. It would require f(A) = 1/A, which does
not satisfy the assumptions of the Birman—Krein formula. In fact it can be shown that the integrand on
the right-hand side is not integrable in that case. One has however the following relation between the
function E and the scattering matrices.

Theorem 1.5. We have

det S;, - -
log = —(E() — (=)
det(SM) cee det(SN,A)
for A e R
This theorem reflects the relation between the spectral shift function and zeta regularised determinants
as discovered by Carron [2002, Theorem 1.3], generalising a formula by Gesztesy and Simon [1996,

Theorem 1.1].



370 ALEXANDER STROHMAIER AND ALDEN WATERS

1.4. Organisation of the paper. The paper is organised as follows. Sections 2- 6 provide the required
theoretical background for the paper and consist of essentially known material. Section 2 sets up the
basic function spaces needed for boundary layer theory on Lipschitz domains. Section 3 summarises
the spectral properties of the interior relative and absolute Laplace operators, and Section 4 reviews the
scattering theory for the relative and absolute Laplacians on the exterior. Both are combined into one
operator in Section 5. In this section we also discuss the Birman—Krein formula in the context of our
setting. Section 6 introduces the basic Maxwell boundary layer operators and their properties.

The basic estimates and expansions for the layer potential operators needed for the proofs are covered
in Section 7. This section is presented independently of the main results as its content is interesting in its
own right. It covers various aspects of low-energy expansions for the electric and magnetic boundary layer
operators and inverses. Section 8 gives formulae of the resolvent differences in terms of layer potential
operators and thereby provides estimates for these differences. Such formulae are sometimes referred
to as Krein-type resolvent formulae, and this section provides a Maxwell analogue of these. Sections 9
and 10 take on the main subject of this paper, namely function E, the relative resolvent, and its trace.
Section 11 finally contains the proofs of the main theorems.

2. Function spaces on Lipschitz domains

Since €2 is a Lipschitz domain, we have, by Rademacher’s theorem, an almost everywhere defined exterior
unit vector field v € L (32, R*). We will use the following spaces that now are standard in Maxwell
theory:

e H(curl, M) ={f € L>(M, C>) | curl f € L>(M, C?)}.
e H(div, M) ={f € L2 (M, C?) | div f € L*(M)}.
L2.(0Q) ={f e L*3Q,C |v-f =0ae.ondQ}.
e H™'2(Div, 3Q), H™'/?(Curl, 9Q).

« H7'2(Div0, 8Q), H~'/?>(Curl 0, Q).

These spaces were introduced in [Buffa et al. 2002] and provide a convenient framework for dealing with
Maxwell’s equations on Lipschitz domains. We refer to the Appendix of [Kirsch and Hettlich 2015] for
an extensive discussion, and we only summarise the basic properties.

In the case that 02 is smooth, we have

H™'2(Div, 9Q) = {f € H~ 23 TaQ) | Div f € H~2(0Q)},

H™Y2(Curl, 9Q) = {f € H V23 TQ) | Curl f € H2(3Q)},
H™'2(Div0, Q) = {f € HY*(0Q; TaQ) | Div f =0},
H™'2(Curl0,9Q) = {f € H~2(3Q; T9Q) | Curl f =0},

where Div is the surface divergence on 02 and Curl is the surface curl. On a general Lipschitz domain, this
can be defined via Lipschitz coordinate charts, thus locally reducing it to the smooth case. Note that the
spaces HISOC([R{") are invariant under bi-Lipschitz maps if |s| < 1. We refer to [Kirsch and Hettlich 2015]
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for a detailed discussion of the definition via coordinate charts. We also have the corresponding spaces
for the interior domains. Namely we have

H(curl, Q) = {f € L*(Q, C?) | curl f € L*(Q, C?)},
H(div, Q) ={f € L*(Q,C%) | div f € L*(Q)}.
On H (curl, M), there are two distinguished and well-defined continuous trace maps

yr.— : H(curl, M) — H_I/Z(Curl, 092),
Yi.— : H(curl, M) — H~Y?(Div, 9Q),

which continuously extend the maps f — (v X flsq) X v and f — (v X f|sq), respectively, defined
on Co(M, C3). Note that, for x € < such that v, is defined, the map v — (v, X v) X v, is the orthogonal
projection onto the tangent space of 92 at x. Similarly, we have the map

Yo H(div, M) - H™'2(3Q)

continuously extending the normal restriction map f + v - f|sq. On the interior domain €2, we have the
analogous maps

yr.+: Hcurl, Q) — H™'?(Curl, 9Q),

Vit H(curl, Q) — H~2(Div, 9Q),

Yor t H(div, Q) — H™'2(5Q).

There is a well-defined dual pairing between H~'/2(Curl, 3Q) and H~'/?(Div, 9Q) that extends the
L’-inner product on H'/2(3Q) N Lfan(a 2). We will denote this pairing by (-, - )12¢5q), itrespective of
the Sobolev order and mildly abusing notation. The map ¢ — v x ¢ extends to a continuous isomorphism
from H~/2(Div, Q) to H~'/2(Curl, 82) and vice versa. Moreover, the Lz—pairing induces an antilinear
isomorphism between H —1/2(Div, 8Q) and H~'/?(Curl, 3Q) (see, for example, [Kirsch and Hettlich
2015, Lemma 5.61] for both statements). In other words, the antisymmetric bilinear form (-, v x - ) on
H~'2(Div, 8Q) is nondegenerate. Note here that, since v € L>(3Q, R?), it is not immediately obvious
that it is defined as a map between Sobolev spaces.

We recall Stokes’ theorem for ¢, E € H(curl, 2):

Ve+E,vr+®) 1200) = (Cutl E, @) 12(q) — (E, curl @) 12 (g, “4)
(curlcurl E, @) 12(q) — (E, curlcurl @) ;2(q) = (v, 4 Cutl E, yr 1 @) 1230) + (Vi,+ E, Y14 cutl @) 125

As before, we slightly abuse notation and write (-, - );2(q) for pairings extending the L>?-inner product.
We define Hy(curl, M) and Hy(div, M) as the kernels of y; _ and y, _, respectively. These spaces play a
similar role to the Sobolev space of functions HO1 (M), which can also be characterised as the kernel of
the trace map y : H'(M) — H'/?(3M). The spaces Hy(curl, Q) and Hy(div, Q), as well as Hj (), are
defined analogously.

If there is no danger of confusion, we will omit the £ and simply write y; and y,,, respectively.

We also have surface divergence Div and surface curl Curl. They satisfy

Divoy, + = —yy.4 ocurl. 5)
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3. Laplace operators on the interior domain

3.1. The relative Laplacian. The operator
curlyin = curl | gy (cunt, ) : Ho(curl, 2) — LZ(Q, <E3)

is a closed densely defined operator. It coincides with the closure of the operator curl on the space of
compactly supported smooth vector fields on 2 [Kirsch and Hettlich 2015, Theorem 5.25] and therefore
equals the minimal closed extension of curl.

Its adjoint is the maximal extension, i.e., the closed operator

curlpy ¢ H(curl, Q) — L2, CY). (6)

For any closed densely defined operator A, the operator A*A is automatically self-adjoint. If in addition
rg(A) C ker(A), then A*A + AA™ is self-adjoint if it is densely defined; see for example [Strohmaier and
Waters 2022, Section 2]. It follows that curl,x curlyi, with domain

{f € Hy(curl, 2) | curl f € H(curl, 2)}

is a nonnegative self-adjoint operator. Similarly, divyay : H (div, Q) — L%() is a closed operator with

adjoint —grad, ;. : HO1 (Q) — L*(R). Therefore, the operator —grad, . diviax is a nonnegative self-adjoint

min
operator with domain

{f € H(div, Q) | div f € Hy(R2)}.
Their sum Ag re] = curlyax curlpin — grad,;, divmax 1s again self-adjoint and has domain
{f € H(div, Q) N Hy(curl, Q) | div f € Hy(2), curl f € H(curl, 2)},

and on this domain —Ag r is given by curl curl — grad div. The implied boundary conditions of this
operator are the so-called relative boundary conditions

Vi (f) =0, div flag =0.

In the case of smooth boundary, the form domain of the interior relative Laplace operator is contained
in H'(2, C?). In the more general Lipschitz case this is no longer true, but it is known that the form
domain is contained in H'/%(Q2, C3); see [Costabel 1990, Theorem 2] and also [Mitrea and Mitrea 2002].
This is compactly embedded in L?(2, C?), and therefore the interior relative Laplace operator has purely
discrete spectrum. We have the classical Hodge—Helmholtz decomposition

L*(2) = H'(Q) ®rg(grad ;) ® rg(curlmay)

into an orthogonal direct sum. Here #!(Q) = ker(Ag re1) 1s the finite-dimensional space of harmonic
vector fields satisfying the relative boundary conditions. We will see in Section 3.3 that in fact the
assumption that M is connected implies that H(Q) = {0).
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We now describe the spectrum of the relative Laplace operator. On €2 we can choose an orthonormal
basis (v;) of Dirichlet eigenfunctions v; in the domain of the Dirichlet Laplacian with eigenvalues k?:

—Av; =1} jvj. Ap;>0, wvjef{veHy(Q,C)|VveHdiv, )}

We have A; — 00, and we arrange the eigenfunctions such that A;  co. Then (1/A;)Vv; form an
orthonormal basis of eigenfunctions in rg(grad . ) of —Ag with eigenvalues )»3. One has the usual Weyl
law for Lipschitz domains which can easily be inferred from the Weyl law for smooth domains using
domain monotonicity and an approximation by smooth domains:

6 2 1/3
)\Dk’\’ d kl/s, k — oo.
’ Vol(RQ)

The space rg(curlyax) on the other hand is the closure of the subspace spanned by ¢;, where (¢;) is an
orthonormal basis in ker(divmayx) C L?(2, C?) satisfying the eigenvalue equation

—Aq = u5¢;. divg; =0,

with boundary condition y, (¢ ;) =0. Therefore 0 is not an eigenvalue. The numbers 1 ; > 0 are the Maxwell

eigenvalues, and we again assume these are arranged such that p; ' 0o. The Maxwell eigenvalues are
known to satisfy a Weyl law (see [Birman and Solomyak 1987] for Lipschitz domains, but also [Filonov
2013] and references for a general statement in arbitrary dimension):

2 \1/3
Ui ~ 3 k'3, k- oo.
Vol(£2)

The family (¢;) 1£;>0 then forms an orthonormal basis in rg(curlyay) consisting of eigenfunctions of —Agq rel

with nonzero eigenvalues ,u?. Summarising, there is an orthonormal basis of eigenfunctions Ag e of the
form

1 :
{A—jgradvj | jE€ N} Ul{g; | u; > 0},
where v; are the Dirichlet eigenfunctions and ¢ ; the Maxwell eigenfunctions with Maxwell eigenvalues ;.

3.2. The absolute Laplacian. It will also be convenient to consider another operator A aps, Which is
defined by
—AQ abs = curlpin curlyp — grad, . divipin,
with domain
{f € Hy(div, Q) N H (curl, Q) | div f € H'(Q), curl f € Hy(curl, Q)}.

Again, it is known that the form domain is contained in H 172(Q, C3) [Costabel 1990, Theorem 2]
and the domain is therefore compactly embedded into L*($2, C?). In the same way as for the relative
Laplacian, there is an explicit description of the spectrum which we now give. Let () be an orthonormal
basis consisting of eigenfunctions of the Neumann Laplacian with eigenvalues Ay ;. Hence

—Auj =2y juj. hujlag=0, uje{ueH(Q)|Vue Hy(div, Q)}.

Then the functions (1/Ay, ;)Vu; form an orthonormal set consisting of eigenfunctions of Agq abs.
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We can construct another orthogonal set (v;) from the Maxwell eigenfunctions ¢; of the relative
Laplace operator by defining

1
v = M_ curlg;.

J

Since the spectrum is discrete, standard Hodge theory applies for the absolute Laplacian, and we obtain
an orthogonal decomposition

LZ(Q, C3) = H;bS(Q) @ span{ﬁ grad uj} @ span{y/;},
JJ

1
where H,;

nontrivial. We will in the following choose an orthonormal basis (1 )k, where 1 <k < dim(HébS(Q)).

Therefore an orthonormal basis in L?($2, C?) consisting of eigenfunctions of the absolute Laplacian is

(£2) = ker Aq abs. Unlike in the case of the relative Laplace operator, this space is in general

(o | 1=k = dim(Hb,@) U {——vu; | jeNJuty; | jeN).
N.j

3.3. Relation to singular and de Rham cohomology groups. Since €2 is an oriented smooth manifold,
we have, by de Rham’s theorem, a natural isomorphism identifying HJ (€2, C) with Hs’i’ng(Q, C) =
Hsfi’ng(Q, 7) ®z C. Hodge theory is also applicable for Lipschitz domains in the sense that the natural
map from ker Ag aps to the first de Rham cohomology group Hle(Q, C) is an isomorphism. This can
for example be inferred from the statement of [Mitrea et al. 2001, Theorems 11.1 and 11.2] together
with the universal coefficient theorem and de Rham’s theorem. This theorem also applies to the absolute
Laplacian on 2-forms as defined in [Mitrea et al. 2001]. Since this operator is obtained by conjugation
of the relative Laplacian on 1-forms with the Hodge star operator *, we therefore have that xker Aq re|
is isomorphic to HdzR(Q, C). Because the inner product is nondegenerate on these spaces, we have the

following nondegenerate dual pairing

ker Ag rel X (xker Ag ) = C,  (f1, f2) = / AN fa
Q

We also have, as a consequence of Poincaré duality, the nondegenerate dual pairing
HLw(@.0) x Hy(@.0) > €. (o> [ A
Q

This establishes an isomorphism ker Ag o) — H Cl ar (82, ©), which relates the harmonic forms to the
de Rham cohomology groups with compact support. Since elements in ker Ag re] are not compactly
supported, this map is defined indirectly by duality.

Our assumptions imply that in fact HC1 4r (82, ©) is trivial and therefore ker Ag ] = {0}. This reflects
the observation that a domain with connected exterior cannot have homologically nontrivial 2-cycles
(inclusions).

Lemma 3.1. Let U be an open C°-domain with compact closure in R? with d > 2 such that R\ U is
connected. Then Hcl’ wr(U) ={0}.
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Proof. Let o be a smooth closed 1-form with compact support in U. By the Poincaré lemma, there
is a smooth function f : RY — R with @ = df. Since f is locally constant in the complement of the
support of «, it must be constant in R? \ U, as this set was assumed to be connected. By continuity, f is
constant in R? \ U and, since locally constant, it is constant in a neighbourhood of R? \ U. It follows that
f — c is compactly supported in U. Since o = d(f — ¢), the class « vanishes Hcl’ ar(U), and therefore
H! x(U) ={0}. O

4. Laplace operators on the exterior domain
As in the interior case, the operator
curlyin = curl | gy curl,ar) : Ho(curl, M) — L*(M, C?)
is a closed densely defined operator with adjoint
curlyax - H(curl, M) — LQ(M, C3).
It follows that curly,,x curlyi, with domain
{f € Hyo(curl, M) | curl f € H(curl, M)}

is a nonnegative self-adjoint operator. Similarly, divyay : H(div, M) — L?(M) is a closed operator
with adjoint —grad,;, : Hj (M) — L*(M). Therefore, the operator —grad
self-adjoint operator with domain

min d1Vmax 1S @ nonnegative

{f € H(div, M) | div f € Hy(M)}.
Their sum — A p re] = curlpax curlyin — grad,;, divmax then has domain
{f € H(div, M) N Hy(curl, M) | div f € Hy(M), curl f € H(curl, M)}.
The implied boundary conditions are the exterior relative boundary conditions

Yo (f) =0, div flse =0.

The spectrum of the operator A s r consists of a finite multiplicity eigenvalue at 0 and a purely absolutely
continuous part. This is the consequence of the finite-type meromorphic continuation of the resolvent and
Rellich’s theorem. We have described this in detail in [Strohmaier and Waters 2020] for smooth domains,
but this part of the paper carries over to Lipschitz domains without change; see [Strohmaier and Waters
2022] for a discussion of this point. The absolutely continuous part of the spectrum can be described well
by stationary scattering theory. For each ® € C*°(S?, C?) and A > 0, there exists a unique generalised
eigenfunction E, (®) € C*(M, (53} satisfying the boundary conditions of Ay ] near €2 such that

(—A =)D E;(®) =0, (7)

e—lkr iAr

Ex(®) = d-° \pk(q>)+0<i> for r — 00 (8)

r r r2
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uniformly in the angular variables on the sphere for some W, (®) € C (82, C?). The expansion (8) may
be differentiated; see Proposition 2.6 and Appendix E in [Strohmaier and Waters 2020] for a justification.
Here, satisfying the boundary conditions near 92 means that x E, (®) € dom(Ay,) for any compactly
supported smooth x on M such that x = 1 near 9€2.

The above implicitly defines the scattering matrix as a map Sy, : C®(S?, C3) — C®(S?, C3) by
W, (D) = 785, ®@, where 7 : C°(S?; C3) — C®(S?%; C3) is the pullback of the antipodal map. It extends
continuously as SK L%(S?, C%) — L%(S?, C3). The map AA = SA —id is called the scattering amplitude.
We have the equations

curl curl E5 (@) = A2Ej(r x ® xr), div Ej(®) = —iAEY(r - ®),

where r is the radius vector, i.e., the outward-pointing unit vector on the sphere. Here Eg (r-®) is the
generalised eigenfunction for the exterior Dirichlet problem on scalar-valued functions defined in an
analogous way; see Proposition 4.7 in [Strohmaier and Waters 2022]. In particular this means that in the
case that @ is purely tangential, r - ® = 0, the generalised eigenfunction is a solution of the stationary
Maxwell equation
curl curl £ (®) = A2E; (d),
div E; (®) =

that satisfies the boundary conditions near 9<2. These equations also imply that the scattering matrix is of

~ _(SP o
Sl_(o SA)

if L2(S?, C?) is decomposed into L?(S?)r & L2, (S?, C?). Here L (§2 C?) is the space of tangential
square-integrable vector fields on the sphere. The operator SA is the scattering operator for scalar-valued

the form

tan

functions with Dirichlet conditions imposed on 9€2, and S, is the Maxwell scattering operator, describing
the scattering of electromagnetic waves. Note that we have the weak Hodge—Helmholtz decomposition

L*(M) = HL (M) @rg(grad,,;,) ® rg(curlpay), 9)

which holds very generally in the abstract context of Hilbert complexes [Briining and Lesch 1992]. The
first summand is the discrete spectral subspace, and the splitting of its orthogonal complement into the
last two subspaces corresponds to the above decomposition of the scattering matrix.

4.1. The exterior absolute Laplacian. In the same way as for the interior problem, there is also an
exterior absolute Laplacian Ay 4ps defined by

— A M abs = CUIlpip curlyax — grad,,, divyip .

The spectrum of A s aps consists of a finite multiplicity eigenvalue at O and an absolutely continuous part.
The absolutely continuous part is described by generalised eigenfunctions Eaps 3 () which are related to
the generalised eigenfunctions E; (®) of the relative Laplacian by

Eaps(r x @) = —i curl E; (P). (10)



RELATIVE TRACE FORMULA IN ELECTROMAGNETIC SCATTERING AND BOUNDARY LAYER OPERATORS 377

One checks easily that
(—Aprrer —2%) 7 curl = curl(— A g gps — %) 7!

on the dense set of compactly supported smooth functions and, appropriately interpreted, extends by
continuity to a larger space. This will allow us to reduce to statements about the absolute Laplace operator
to statements about the relative Laplace operator. For the purposes of this paper, it will therefore not
be necessary to introduce separate notation for the spectral decomposition. For example, the scattering

~ SN0
Sabs,k N ( 0 Sabs,)»)

for the absolute Laplacian is defined by the expansion of Egps ; (P). Here S){V is the scattering matrix for

matrix

the Neumann Laplace operator on M acting on functions. We then have the equation

Savs, 1 (8) =1 X S,.(g x1) (In

tzan(gz, C3). This follows by applying curl to the expansion (8), the uniqueness of the generalised

eigenfunctions, and (10).

forgelL

5. The combined relative operators and the Birman—Krein formula

In the following, it will be convenient to combine the operators Ay re] and Ag rej into a single operator
acting on the Hilbert space L2(R3, C?). We have L2(R3, C3) = L2(M, C) & L%(2, C?), and we define
the operator Al := Ay el ® Aq rel- In contrast to this, we also have the free Laplace operator Afee With
domain H?(R?, C3). Following the paper [Hanisch et al. 2022], on the relative trace we also define the
operator A | for each boundary component €2;. This will correspond to the operator A when all the
other boundary components are absent, i.e., when = ;. As in [Hanisch et al. 2022], we would like
to consider an analogue of the relative trace for the Laplace operator acting on divergence-free vector
fields. In this section we assume that f € S(R) is an even Schwartz function, but later on we will focus
on another function class. We would like to compute the relative trace

N
tr(curl curl(f((—Ard)”Z) — f(~Amee)'?) = (Z F=Dje)'?) = f((—Afrea“z))))
j=1

N
= tr(curl curl(f((—Areo”Z) = f(=Aje) ) + (N — 1>f<<—Afree>1/2>)),

j=1

which is the trace of the operator
N
Dy, g = curl curl (f((—Arel)”z) — [(~Apee)'?) = (Z =8 — f((—Afrea“z))).
j=1

We have the following Birman—Krein-type formula, proved recently in [Strohmaier and Waters 2022]
and its simple consequence for the relative trace.
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Theorem 5.1 [Strohmaier and Waters 2022, Theorem 1.5]. Let f € C3°(R) be an even function. Then the
operator
curl curl(f ((=Arwe))'/?) = f (= Afiee) ')

extends to a trace-class operator on L*(R3, C3), and its trace equals

tr(curl curl(f (= Are) /) = £ (= Aree) /H))) = Zim /0 WS SO A+ D f (s
j=1
Moreover, .
(D) = - fo Ep()(f(23) dh,
where

1 det Sy,
1) ==—1 :
Ep() i 8 det(Sy5) - - - det(Sn )

A similar statement holds for the absolute Laplacian. Using (11) and

curl £((—Awe))'/?) = f((—Aus)'/?) curl

one obtains
tr(eurl(f (= Ar)'’?) = f((— Agee) /?) curl) = tr(curl curl(f ((— Aaps)'7?) — f((— Agree) /?))
= tr(curl curl(f (= Ar)'/?) = (= Atee) /%))

1 [T iy - 2
= 271/0 22 (S (SN () dk+Z;f(M,-)M,--
J:

The Birman—Krein formula can be proved for a slightly larger function class than the space of even
Schwartz functions, but nondecaying functions are not admissible. The rest of the paper is devoted to
dealing with exactly the trace-class properties of Dy when f is in a different function class that contains
possibly growing functions.

6. Maxwell boundary layer operators

Maxwell boundary layer theory for Lipschitz domains is a well-developed subject in mathematics, and
in this section we summarise the material that we are going to need. The distributional kernel of the
resolvent of the operator (—Afee — 22)~1 is called the Green’s function and in dimension three is given

explicitly by e
1 elrx—y

G)»,free(x, y) = (12)

Az fx -y’
Note that this kernel is holomorphic at 0. As usual we define the single layer potential operator Sy
H™123Q) — H! (R%) by

Si = (=Bpee =27y,
This is defined for any A € C and a holomorphic family of operators. The single layer operator is defined
by taking the trace S) = y+§ 3= Vi (—Afree — kz)_ly*. The interior trace y4 and the exterior trace y_



RELATIVE TRACE FORMULA IN ELECTROMAGNETIC SCATTERING AND BOUNDARY LAYER OPERATORS 379

coincide on the range of S, and therefore we could also have used y_ to define this operator. The
operator S, is a holomorphic family of maps H~'/2(3Q2) — H'/2(32). Both operators S; and S, act
componentwise on H~'/2(3Q2, C?) and define maps to Hltc(ﬂ@, C?) and H~'2(3Q2, C3), respectively.
We will distinguish this notationally from the map on functions.

We will also need the double layer operator K, and its transpose (complex conjugate-adjoint) K. The
latter is given by

K = 5+ VuSuu+ y-ViSpu)
and defines a continuous map lCtA cHV20Q) - H7'20Q). Its transpose K, therefore defines a
continuous map Ky, : H'/2(dQ) — H'/>(dQ). The following jump relations are characteristic:
v+eSu=y-Su, y+V,Su= (:F% —HCf\)u.

We have the following representation formulae for divergence-free solutions ¢ € H(curl, M) &

H (curl, ) of the vector-valued Helmholtz equation
(—A =22 =0, divg=0

by single layer potential operators:

by = —curl S, (v —d) + VS, (yv—0) — S (v, curl ) (13)
and likewise

Pla = —curl S, (yr+9) + VL (Vo +9) — S (yr.+ curl §); (14)

see Corollary 3.3 in [Mitrea et al. 1997]
In Maxwell theory one defines additional layer potential operators as follows. Let L be the distribution
defined by

L; (x,y) = curl, curl, G)L,free(xa y).

This is the kernel of the operator (—Afree — )»2)*1 curl curl = curl curl(—Afree — Az)*l. It is again
holomorphic at A = 0 as a kernel. The corresponding operator L, is related to the operator

(A2 + grad div) (— Aree — A2) 71,

whose distributional integral kernel equals the so-called dyadic Green’s function

K (x,y) = (A*+grad divx)—M
’ ! 4 |x —y|’

which is more commonly used in computational electrodynamics. However, we also have the equality
L (x,y) — Kp(x, y) =8(x — y);
hence the kernels agree outside the diagonal. We define now the Maxwell single layer potential operator

foru e H'2(0Q, C3 N L2 (3Q) as

tan

wis Lo, o)) = / L6, yyu(y) dy = / K, (e, v)u(y) dy.
0 Q2
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Therefore this can also be written as £,u = curl curl S,u. Similarly one defines the Maxwell magnetic
layer potential operator M, as M;u = curl S, u. For all A € C, these maps extend continuously to maps
as follows:

L, : H'2(Div, Q) — Hioc(curl, M) @ Hyoc(curl, ),

M, : HV2(Div, 8Q) — Hioe(curl, M) @ Hioe(curl, Q).

It will be convenient to distinguish notationally between the exterior part j\A/L, » and the interior part /\A;l+, A
of M. The boundedness of these maps is established in [Kirsch and Hettlich 2015] for ImA > 0, A # 0,
but these maps extend to holomorphic families on the entire complex plane as we will see later.

The Maxwell single layer operator L, is then defined for all » € C as a map

L5 : H™'?(Div, 9Q) - H™'?(Div, 9Q), u > yLx

and is a holomorphic family of bounded operators on H~!/2(Div, 3$2) in A. With respect to the above
splitting, we then have

M, = M—,x ) Ajl+,x-
One defines the magnetic dipole operator M,, for all A € C by
M H7V2(Div, 3Q) — H™2(Div, 3Q), My = 2 M_j + My ).

By [Kirsch and Hettlich 2015, Theorem 5.52], this is a family of bounded operators on the space
H~'/2(Div, 8Q) when ImA > 0. If u = Ma = curl S).a then we have the jump conditions

Visu =Fya+Ma, yecurlu=_La. (15)
Moreover, the operator Zka can be written as
La=VS, Diva+12S,a, ae H '*Div, 99Q). (16)

We refer to [Kirsch and Hettlich 2015, Theorem 5.4] for both statements.

If Im A > 0 is nonzero then there exists a unique solution of the exterior boundary value problem for
every Aec H —1/2(Div, 82), which satisfies the Silver—Miiller radiation condition [Kirsch and Hettlich
2015, Theorem 5.64]. For the interior problem there exists a similar statement. If A € C\ {0} is not a
Maxwell eigenvalue then there exists a unique solution of the interior boundary value problem for every
A € H™'2(Div, 3R2). In both cases, if A # 0 the solution can be written as a boundary layer potential of

the form

E(x) = (La)(x) = curl®(a, G, (x, - ))aqs H(x):iciriE, X ¢ 0%, (17)

with the density a € H —1/2(Div, 92), which satisfies £,a = A; see again Theorem 5.60 in [Kirsch and
Hettlich 2015].

The space of boundary data (y,(E), y;(H)) of solutions of Maxwell’s equations is described by the
Calderon projector. To describe this we first observe that, given a, b € H~!/?(Div, dQ2), we obtain for
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any nonzero A a solution of the interior Maxwell’s equation E, H € H (curl, 2) given by
EZ—/\A;[AG+,lzkb, HZ—M)Lb—,lZ)LCl,
1A 1A

and therefore, using (15), the boundary data (y;(E), y,(H)) is described as

(m(E)):(%—m 15 )(a)
vi(H) —1z M) \b)

By the Stratton—Chu representation formula [Kirsch and Hettlich 2015, Theorem 5.49], we have that
if (E, H) solves Maxwell’s equations then E and H can be recovered from the boundary data as

~ 1 ~ ~ 1 ~
E=—-My(\E)+ KEA(VZH)v H=-M,(y:H)— ﬁﬁx(VzE)-

Hence the operator

1 1
5= My L
Py = (Z_LEAA lli./\);[})
i 2

acting on H~1/2(Div, Q) @ H~!/?(Div, dQ) is a projection onto the space of boundary data of solutions
of Maxwell’s equation in H (curl, 2) @ H (curl, €2). This map is called the interior Calderon projector. In
the same way, the exterior Calderon projector P_ acting on H~/?(Div, Q) & H~'/?(Div, dQ) is given

by
P_= (%TMA 1_%& )
ﬁﬁk 5+ M,
It projects onto the space of boundary data of solutions of Maxwell’s equation in H (curl, 2) @ H (curl, €2)
when Im A > 0 and more generally solutions satisfying a radiation condition for nonzero real A. As usual
one has P, + P_ =id.
We now define the voltage-to-current mappings Ait : H-'2(Div, Q) — H~'/2(Div, 9Q) by

AF  yi(E) — v (H), (18)

where E and H are solutions to the interior and exterior boundary value problem for the Maxwell
system (1), respectively, whenever these solutions are unique. The graphs of A;—L in H~'/%(Div, Q) @
H~!/2(Div, 3Q) are therefore by definition the ranges of the Calderon projectors Py. The voltage-to-
current maps are henceforth the Maxwell analogues of the interior and exterior Helmholtz Dirichlet-to-
Neumann maps.

The mapping A;\Ir is well defined for any A € C which is not a Maxwell eigenvalue or 0. The mapping
A, is well defined for all nonzero A in the closed upper half-space. In this case these are bounded
operators on H~!/2(Div, 32). We will see later that these operators extend meromorphically to the
complex plane. In anticipation of this we will not explicitly state the domains when dealing with algebraic
identities. As a consequence of the symmetry (E, H) — (H, —FE) of the Maxwell system and the above
relations, one obtains the formulae

(AP)?*=—id and L, =irAF(F2+M,) = —ir(E£3 + M) AT, (19)



382 ALEXANDER STROHMAIER AND ALDEN WATERS

and as a consequence
—ATIL(AS —A)) =id and £ =A% (=1+ M) (L +M;). (20)

These are also manifestations of the Calderon projector being a projection mapping, i.e., P}E = Py. We
refer to [Mitrea et al. 1997, Lemma 5.10] for these and more statements in the L2—setting. Notice that we
are using the opposite sign convention for S, than in [Mitrea et al. 1997].

For later reference and completeness we also state the following identities.

Lemma 6.1. For A € H™'/2(Div, 9Q) and f € H'/?(3Q), we have

divS; A =S, Div A, 1)
curl S vf = =8, (v x V), (22)
Div M; A = -2 - S, A — KE(Div A), (23)

(W x VK f =220 x S (vf) + Mau(v x V ), (24)
(v x V)Kof = Mo(v x V). (25)

These identities were for example proved in [Mitrea et al. 1997, Lemmas 4.2, 4.3, 4.4, and 5.11] in
slightly different function spaces containing the image of C{° (R3, C?) under the tangential restriction
map y;. Since C{° (R3, C3) is a dense subspace in H (curl, R?), the space y, C(‘)X’(IR3, C?) is dense in
H~'/2(Div, 8Q2). Hence these equations extend by continuity to the claimed larger space if we use the
continuous mapping properties of the potential layer operators. We note here that the gradient V defines
a continuous map H'2(3Q) — H~?(Curl, 3Q) and the map v x V is continuous from H'2(Q) —
H~'/2(Div, 4Q).

Lemma 6.2. The map S,, satisfies S; = S;, where the adjoint is taken with respect to the L?-induced dual
pairing between H'Y2(0Q) and H~Y2(3Q). In other words it is its own transpose: S = S;. We also
have (L, (v x))* = L, (v X), Le., Ly, is symmetric with respect to the bilinear form induced by (-, v x - ).

Proof. The symmetry of the operator Sy with respect to the real inner product are classical and follow from
the symmetry properties of the integral kernel. See for example Theorem 5.44 in [Kirsch and Hettlich
2015]. The statement about E‘j is Lemma 5.6.1 in [Kirsch and Hettlich 2015]. O

The following lemma is implicit in [Kirsch and Hettlich 2015].

Lemma 6.3. The operator :l:% + M, is for any ImA > 0 an isomorphism from H~'/>(Div, 8Q) to
H~'2(Div, Q).

Proof. Assume that Im A > 0. It was shown in [Kirsch and Hettlich 2015, Theorem 5.52 (d)] that £,
is invertible modulo compact operators and therefore is a Fredholm operator of index 0. Moreover, by
[Kirsch and Hettlich 2015, Theorem 5.59], we know that £, is injective and hence invertible. Since Aj\t
are invertible, it follows from (19) that :I:% + M, is also. As usual the inverse is continuous by the open
mapping theorem. 0

Invertibility of operators :I:%—i—/\/l » on several other L”-spaces has been shown in the works of M. Mitrea
and D. Mitrea; see, for example, Theorem 4.1 in [Mitrea 1995].
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Proposition 6.4. The family i% + M, is a holomorphic family of Fredholm operators of index O from
H~2(Div, 9Q) to H~'/2(Div, 8Q2). The derivative M, = %Mx is a continuous family of Hilbert—
Schmidt operators on H~'2(Div, 0Q).

Proof. We will show that M, is complex-differentiable as a family of bounded operators H ~!/?(Div, 9Q2)
and its derivative is compact. The first part of the theorem then follows from

A
(£5 + M) — (£5 + M) =[ M), dp

and the proposition above. We have used here that Fredholm operators are stable under compact
perturbations; see, for example, Lemma 8.6 in [Shubin 1987]. It is therefore sufficient to show that /\/l/A
exists and is Hilbert—Schmidt. First choose a compactly supported smooth cut-off function y supported
in (—2R, 2R) and which equals 1 on [—R, R] for sufficiently large R > 0. The integral kernel of /\711 A
is given by curl, e**=Y/(47|x — y|). For x not far from 92, we can replace this by

iAlx—yl
x (Ix = y]) curly ————.
4|x — y|
Consider the Taylor expansion
iAlx—yl eiitlx=yl ipelx—yl
x(x =y eurly -———= x(lx = y|) curly 7————+ x(|x — y|) curl, (A=)
4|x —y| 4|x —y| 4

+x(x = yDTx = )0 = w)?
with remainder term 7). This gives rise to an operator expansion

My =My + Ay — ) + By (b — ).

Here the operators A, and B, arise as compositions as
H™'2(Div, 3Q) 21> H-'(U) 2255 H'®Y) —> H (curl, M) 2> H'2(Div, 8%),

where K 4 or K p is the integral operator with kernel x (|x — y|) curl, e“* =1 /(47) or x (|x — y) To(x — y),
respectively. Here U is a bounded open neighbourhood of d€2. It is now sufficient to show that the
operators K 4 and Kp are bounded as Hilbert—Schmidt operators. In view of Lemma A.3, we would like
to bound the H2(R? x RY)-norm of the kernels. Taking two derivatives gives in both cases an integrable
convolution kernel in L'(R¢) and the H*(R? x R¢)-norm is then, by Young’s inequality, bounded by the
L'-norm of this kernel. 0

Definition 6.5. The spaces BgEQ C H~'2(Div, Q) of interior/exterior boundary data of absolute harmonic
forms are defined as

Bio={ri+(®) | ¢ € Hyp () and Big = {1, (@) | ¢ € Hyp, (M)}
It is then obvious that B;rQ = B;{Ql D---D B;FQN with respect to the decomposition

H™'2(Div, Q) = H?(Div, Q) ® - - - ® H~'/*(Div, 4Qy).
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This is not true for the space B;,. The spaces B;Q are also known to be subspaces of L2(32, C%), see
[Mitrea et al. 2001, Theorem 11.2], but this will not be needed.

The following was announced by D. Mitrea [2000] in the context of L?-spaces, with p sufficiently
close to 2. It is a reflection of general Hodge theory for Lipschitz domains, and we restate and prove this
here for our choice of function spaces.

Proposition 6.6. We have
B, = ker(£4 +Mg) C H™*(Div0, 9%). (26)

Proof. We will prove this only for B;Q since the proof for B, when supplemented by Lemma 3.1, is
exactly the same. Suppose that u € ker(% + /\/lo), and define ¢ = —Mou. Then ¢ is divergence-free
and harmonic on M and on 2. The jump relations (15) hold by analytic continuation for all A € C, and

they show that y; _¢ =0, y; +¢ =u, and y, ¢ = y, _¢. We first show that g = y, ;¢ vanishes, thus

1
abs

1984] and reflects the mapping properties of the adjoint double layer operator.

establishing the inclusion ¢|q € H,, (2), v:.+¢ = u. The proof uses similar arguments as in [Verchota

On the exterior, ¢ is a harmonic vector field satisfying relative boundary conditions. The decay of
curl(1/]x — y|) implies that ¢ is square-integrable. This shows that curl ¢ must vanish in the exterior.
From the representation (13) we obtain, using the jump relations and y; _¢ =0,

dly = VSoq.

Taking the normal trace, one gets g = yv,_Vgoq. Taking the tangential trace, one obtains, from the jump
relations,

V.- VS0 (Yo~ ) = VaaSog =0

This shows that w = Spq is locally constant (and in particular in L2(0Q)). Using the divergence theorem
on the interior of each of the components €2; one finds that fasz,- g = 0. This gives (Soq, q)12(30) =0
and therefore '

(Soq, VV§OCI>L2(asz) =0.

Since this is the boundary term in the integration by parts formula for (Vgoq, Vgoq) =0, we can then
imply that S 0q is constant. Since it decays we must have S 0g = 0 and therefore Spg = 0. By invertibility
of the single layer operator, one obtains g = 0 as claimed.

We now show the inclusion in the other direction. Suppose that u = y; 4 (h), where h € H}lbs(Q). This
means in particular that 4 is divergence-free, curl-free, and y, +h = 0. Taking the tangential trace in
representation (14), we obtain

= (4~ Mou,
and therefore (3 +Mo)u = 0 as claimed.

It finally remains to show that {y, 4+(¢) | ¢ € H) ()} € H™1/2(Div 0, 3K). This follows immediately
from the fact that curl¢ =0 and Divoy; 4 = —y, 4+ ocurl. g

A similar but easier argument applies to other elements of the real line and gives the following.
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Proposition 6.7. If A € R\ {0} then ker(% +./\/lk) = {0} when || # ur forallk € N, i.e., |A| is not a
Maxwell eigenvalue. Moreover,

ker(3 + M) = {yi+ ) |u € Vy,}, (27)
with V,,, the eigenspace of Agq ans for the eigenvalue u,% on the subspace of divergence-free vector fields.

Proof. The proof is very similar to the proof of the previous proposition, and we therefore only give a brief
sketch. As before let u € ker(% + M Mk) and ¢ = —Mju. Then ¢|p 1s a purely incoming or outgoing
solution of the Helmholtz equation (see, e.g., [Strohmaier and Waters 2020, Appendix C] for details)
satisfying relative boundary conditions. It therefore vanishes. By the jump relations (15), the function ¢|q
satisfies absolute boundary conditions, is divergence-free, and is a Maxwell eigenfunction with Maxwell
eigenvalue px. Moreover, again by the jump relation, y; +¢ = u. This proves the inclusion in one direction.
Conversely, assume that u = y; ¢, where ¢ is divergence-free, satisfies absolute boundary conditions,
and —A¢ = Miq&. Taking the tangential trace in representation (14), we obtain

u= (% - M,Lk)u,
and therefore (% + M uk)” = 0 as claimed. g

7. Estimates and low-energy expansions for the layer potential operators

For 0 < € < 7, define the sector D, in the upper half-plane by

De:={zeCle<arg(z) <m —e€}.
The next proposition establishes properties of the single layer operator S, and the operator L.
Proposition 7.1. Fore € (O, %) and for all A € ., we have the following bounds:

(1) Let Qo C R? be an open subset and assume § = dist(Q, 9Q2) > 0. Let 0 < §' < 8. Assume that
peC [l (R3) is bounded with bounded derivative and supported in Qq. For each A € D, the operators

@l : H'2(Div, 9Q) — H (curl, R®),
¢S, H'2(0Q) - H'(RY),

eVS, : H'2(0Q) » L*(R®),

oM, : H-'2(Div, 9Q) — H(div, R%)

are Hilbert—Schmidt operators. There exists Cy . > 0 such that, for all A € D, we have the following
bounds on the Hilbert—Schmidt norms between these spaces:

loLllus < Cyce™ ™%, (28)
lpSsllus < A7 /2Cy ce™® 12, (29)
leVSilus < Cy e ™2, (30)
lo M llus < Cyce™ ™%, 31

|98, Div [|s < Cyr e ™%, (32)
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(2) For A € D, we have the operator norm bound
”Zk”H*1/2(Div,89)—>H(curl,[R{3) < Ce(1+ 1. (33)
(3) For A € D¢, we have the operator norm bound
XN =12 Div. a2y L2303y < Ce. (34)

(4) For A € D¢, we have the operator norm bounds

1S3l -1 0a)— 11 @) < CelAl ™2 (14 213, (35)
IVl m-1209)— 2@ c3) < Ce. (36)
1/2

(5) On the space of functions of mean zero, Hy, '~ (0Q2) = {u € HO_I/Z(BQ) | (u, 1) = 0}, we have for

A € D¢ the improved estimate

18314172 g 1t < Ce (37)

Proof. The operator goZA can be written as ¢ curlcurl Gy oy;. Similarly, we have (p./\7ly}k and gogy}‘.
We choose a bounded open neighbourhood U of 92 such that dist(Q2y, U) > §’. Since y; continuously
maps H “12Q) to H-1(U), we only need to show that the map curl curl G, is a Hilbert—Schmidt
operator from H~!(U) to H' (o) and establish the corresponding bound on its Hilbert—-Schmidt norm.
By Lemma A.3, the Hilbert—-Schmidt norm can be bounded by the H 2(Qo x U)-norm of the kernel of
curlcurl G, o on ¢ x U. The corresponding bound has been established in Lemma A.1. The same
argument works for (p/\’;l » and <p§ »- This concludes the proof of the estimates (28), (29), (31), (30), (32).
Since the operator norm is bounded in terms of the Hilbert—Schmidt norm and by the estimates (28),
(29), (30), (31), it is sufficient to prove the estimates (33), (34), (35), and (36) for the operators XZ,\, X§ As
XM, xVS,, where x € Cé’o([RR3 ) is a compactly supported function that equals 1 near 02. We write

XL = x VS, Div+A2xS;.

The map y,* is from H~'/2(3Q) to H'(U), where U is an open neighbourhood of 3§2. To prove all
the bounds (33), (34), (35), and (36), it is therefore sufficient to show that the resolvent (—Agee — A2) ™!
is a bounded map from Hcgllnp([R3) to HILC(IRS) uniformly in A for all A € ©.. This means that we need
to show that the cut-off resolvent x (—Afree — A2~ x is a uniformly bounded map from H “1(R?) to
H'(R?) for all A € ©.. To see this, let n € C;°(R) be a function that is 1 near [-Ry, R{], where R;
is the diameter of the support of x. Let R be large enough that suppn € (—R, R). This implies that

x(—A =21y = Ry 3. x, where R, ; is the operator with integral kernel

1 .
n(|x—y|)me‘)‘|x ol =:ky(x —y).

It is therefore sufficient to show that R, ; is uniformly bounded for all A € D, as a map H S(R3) to
H’T2(R?). Since this is a convolution operator, it commutes with the Laplace operator, and therefore
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it is sufficient to show that R, ; is uniformly bounded as a map L*(R?) to H*(R?). We will show that
(—=A+1)R,; ; is uniformly bounded as a map from L*(R3) to L2(R%). Using

(—A+D(=A -2 =id+ A +2H (A -21H7],

one obtains that the integral kernel of (—A + 1)R,, , —id equals

1 o 1 .
(—(A(x —yD) + A +2H)n(x — y)) ————e** -2V in(|x — y|) Ve eo———e* L
4r)x —y| 4r|x —y|

This is a convolution operator, and we can use Young’s inequality to estimate its operator norm. In
particular, using spherical coordinates, the estimates

R R
. 1 L 1
/ 1 |el)"r|l’2 dr <Cr— and / —|61M|1’2 dr <Cg
o 4mr 1+ [Tm A |2 o 4mr? I+ |Im A|

show that the convolution kernel is uniformly bounded in L'(R3) for A € ©.. Thus R, . is uniformly
bounded as a map from L*(R3) to H*(R?) for 1 € ©..

It remains to show the improved estimate (37). We again choose cutoffs x, v as above, and we arrange
them so that ¥ + ¢ = 1. Since the cut-off resolvent x (—Afee — 22)~1 x is regular near 0 as a map from
H ' (R?) to H'(R?), we know that ng : HY2(3Q) — H (curl, R?) is regular near 0. It is therefore
sufficient to establish the bound for q§§ » as a map from H, 1 2(8 Q) to H'(R?). We argue similarly as
above choosing an open neighbourhood U such that the support of ¢ has positive distance from U. For
convenience, we will also assume that the support of ¢ is sufficiently separated from £2; more precisely,
we assume that the support of ¢ has positive distance to the convex hull of Q. With u € H Y 2(89),
the distribution y*u is in the space distributions H; 1(U y={ve HC_1 (U) | (v, 1) = 0} of mean zero.
We therefore only need to bound ¢ (—Agree — 2 lasa map from H, 1(U ) to H'(R"). This map is the
restriction of the integral operator with smooth kernel

ei)»lx—y| ei)»lx—z\
dm|x —y| 4m|x —z|

g(x,y)=¢(X)(

to Hy Y(U), where z is any fixed point on 9€2. One shows that this kernel is in the Sobolev space
H?(R? x U) and is uniformly bounded in A € ®,. This kernel and its derivatives are easily bounded
using the mean-value inequality

0y g(x, )| = [y —zlsup [[0°Vyg(x, M)l < Csup [[0%Vig(x, P,
yekK ek
where K is the closure of the convex hull of Q2. The L?-norm of this expression is uniformly bounded

for all A € ©, by the same estimate as in (88). This works essentially because, with repeated application
of the product rule, the terms either have improved decay or have an extra A-factor. 0

The proof above can also be applied directly to XZA in the entire complex plane to bound the operator
norm, the norm of the derivative, and the norm of the remainder term. This gives the following result. We
will not repeat the proof but simply state the result.
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Lemma 7.2. The families

L, : HV2(Div, 3Q) — Hyoc(curl, M) & Hioc(curl, Q),
L, : H~'2(Div, Q) — H~?(Div, 9Q)

are holomorphic families of bounded operators in the complex plane.

Lemma 7.3. The families E;l and AkjE are meromorphic in A as families of bounded operators on
H~'/2(Div, 8Q). The family A, has no poles in R\ {0} and in the upper half-plane.

Proof. By Proposition 6.4 and Lemma 6.3, the operator (% + M x) is an analytic family of Fredholm
operators which is invertible for Im A > 0. By the analytic Fredholm theorem, the inverse (% + M A)_l is
a meromorphic family of finite type, i.e., the negative Laurent coefficients are finite-rank operators. We

have
1

£ =225+ Ma) T (5= Ma)
which shows that E;Z is meromorphic. Since £, is holomorphic, this shows that ﬁ;l is meromorphic.
Finally A* is meromorphic by (19). Poles of A are absent in the closed upper half-space because of the
uniqueness of the exterior boundary value problem. Indeed, the most negative Laurent coefficient would
give rise to an outgoing solution of the Helmholtz equation satisfying relative boundary conditions. But
such an outgoing solution vanishes. O

Remark 7.4. The above cannot be easily concluded from analytic Fredholm theory since the operators £,
and AT are not Fredholm operators. Indeed, the singular Laurent coefficients are not finite-rank operators.

We now aim to show a new formula for the voltage-to-current map in order to find bounds on C;l
where it is well defined.

Theorem 7.5. The interior voltage-to-current mapping Aj{ satisfies

iAf = %T + AUy,
where T is a bounded operator on H~'/?(Div, dQ) and U, is a meromorphic family of bounded operators

on H~Y2(Div, Q) which is regular at . = 0. We have explicitly

Bi .
TA=) (A yrvoueaVWo) + Y (A vrVoe) 2p0) v (Vo).
k=1 )‘N,l\'>0 N,k
=1
UrA = Z 2 /’L_I% (A, yr¥id) 120 Ve (Vi)
k=1

for A € H-V/2(Div, 32). Both sums converge in H~'/?(Div, 3Q). Here p; = dim 7!

abs (§2) is the first
Betti number of the domain. We have T?2=0and TU, + U, T =id — \2U,.
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Proof. We start with an interior solution E € H (curl, 2) of the Maxwell system and assume A = y,(E) €
H~2(Div, 8Q). First note that E satisfies div E = 0, but it is not in general in ker(divg) because it may
not satisfy the correct boundary conditions. We have

L(Q,C) =My (& (¥ | j > 0} & (Ve Ay i), (38)
where vy is an orthonormal basis of Neumann eigenfunctions on 2. Define
Yy = 1 grad vy. (39)
ANk
Now we can write
E=) (E. ¥+ Y (E. i)V, (40)

which we need to show converges in H (curl, €2). We have

1
(E, Yi)12@) = m((—AE, Vi) oo — (B, =A%) 1200)
— K

1
= 5——(vecutll E, yri) 1290y + (M E, yr cutl Yi) 1250))

Az—p,k
1
= V—lﬂm curl £, yr k) 1250
— Mg
i2 o
= )"Z—MZO/IH’ Yr¥i) 2pe) = M—MZMA A, yr i) 209) 41)
— 2 — 2

where we have used Stokes’ theorem (4) as well as Maxwell system properties in (1) repeatedly. Since
E € L*(Q, C?), the sum > (E, Y)Yy converges in L?(2, C%). Let ¢4 denote an orthonormal basis of
eigenfunctions of A;. We now note that

SO(E ) curl g = 3 (E. ) curl - curl gy = Y (E. Y i
A £ £ M A £

converges in L*(Q2, C*) whenever ((E, Vi) 2 Mk )k € £2. The latter is true because

Wl E, Wi 120y = (E, curl ) 12y = (curl E, @) 12 € €2, (42)

where we have used the fact curl E € L*(Q, C?). Therefore

o0

> {E Y (43)

k=1

converges in H (curl, 2). For the second term, now we have

L2(2)

~ i 1
E, = —<curl H, —— gradv >
(E, Yi) 12 X Tk grad vy

i 1
=ik (curl H, grad vi)12(q) = m(%l‘l, yr grad ve) 125q)- (44)
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This also gives that
> {E. v (45)

M #£0

converges in H (curl, 2) as A;zk is summable. Therefore we have

0 .
1A
E= E R 5 (VeH, yre) 2o Yk + E A ; (viH, yr grad vg) 25 grad vy, (46)
k=0 vk 0

and this representation converges in H (curl, Q). As a result, we have convergence in H~!/2(Div, 9Q) of

A=vx Elag
i
= Z 3 W v o)y (Yi) + Z ——(VeH, yr grad vi) 1250y i (grad vg).  (47)
W22 AN A
k=0 AN k70 ,

Then using the fact that (y;(H)) = A+(yt(E)) = A+(A) and remarking that (A1)? = —id, we obtain
the desired result. Expanding the formula (iA1)? = id also gives the claimed identities. O

We now aim to show operator bounds on the electric dipole map in order to find bounds on the large ||
behaviour of ﬁx_l- Note that, for A € ©., we have the estimate

ImA=|ImA| <|A| <C.ImA,
where C, := sin(e) ! is independent of A € ..

Theorem 7.6. There exists a constant C such that, for all Im A > 0, we have the estimate

AL+ A7)
”A):i:”H*l/Z(Div,BQ)}—)H*l/z(Div,i)Q) < Cm( + i) (48)
Proof. We first consider the case Re A> < 0, i.e., ImA| > |Re A|. We have the integral identity
(v, curlu)p2ppy — (curl v, u) 200y = V1V, YrUt) 120002) (49)

for u, v € H(curl, M). Applying this integral identity with £ and H gives

IA.(ytH, yTE>L2(8§Z) = 1)\.(<H, curl E)LZ(M) — (Curl H, E)LZ(M))
= (curl E, curl E) —Kz(E, E).

Taking the real part we obtain
IRe A|(E, E) 2y < M- v H. yr E) 200 -

The antisymmetric bilinear form (v xXu, v) 12(3q) €xtends continuously to H ~1/2(Div, 3R) (see for example
Lemma 5.61 in [Kirsch and Hettlich 2015]), and we therefore have

1ENZ 20 < CiIA(=Re A) Iy Ell 12 miv.oe Ve ()l 112 Div 02 - (50)
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Now we use the continuity of the tangential trace map and obtain
lye(curl B2 iy a0 < CallCurl E) g urt, sy = Co(llcurl ENZ2 ) + 1A IE 7201
= Co(IMPIEN 2 4p) + M ENT2 gy + E, yr curl E) 1250))
< CUAPA+IMDINENT 2 gy + 1 Ell 12 0iv o) 17e curl Ell g-12(iv,02))-
Choosing

a=GsllviEllg-12mivae and b=y, curl E|lg-12piv.90)

and using the inequality |ab| < %(a2 + b?), one obtains

lye(curl EMI3, -1 iy agy < QCIAPA+IADNENT 200y + CHIVE G100 502)-

Using (50), this further gives

2
lyeCcurl E)I2-m i gy

A2+ A1) 5
<C4 Te)\z”VIE”H—]/Z(Div,aQ)”VtCurlE”H—l/Z(Div,?JQ)+”VIE”Hfl/z(DiV’aQ) .

The same trick as before with

A2+ A%

a=C———5— Re 2 IVt Elg-12Div.aq) and b= |ly; curl E|| g-12(piv,a0)

yields
4 2,2
2 2 AT+ A9) )

lvi (curl )y -12piy. 50y < (Q;w +2Ca IV Ell-112 piy. a2y

which finally gives
AP+ 1A%
lyi(curl E)[| g-12piv,00) < C{ 14+ —F—=5— Ro 2 1Vt ENl H-12(Div, 592) - (51

Next consider the case Im A% < 0. The same proof with imaginary parts taken instead of real parts gives
the estimate
AP+ 1A%

"2 ) 1Vt ENl g-12Div, %) - (52)

ly: (curl E) || g-112(piv,00) < C(l +

These two estimates cover the upper half-space and are combined into

AL+ [A]%)

ly: (curl E) | g-12Diy,aq) < C<1 + Y >||VtE||H—1/2(Div,8Q)’ (53)

which holds in the upper half-space except when Im A < Re A. The estimate holds in this region too as can
be seen by replacing A by —A, which is a symmetry operation of the Maxwell system that preserves the
radiation condition. Hence, the estimate holds in the upper half-space. Since iA H = curl E, this proves
the claimed estimate. The same proof works for the interior with M replaced by €2. O
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Lemma 7.7. The operator (% + M ;L)_l is meromorphic of finite type, and we have near O the expansion
1 P

e
where P and B are finite-rank operators and Q) is analytic near A = 0 taking values in the bounded
operators on H~'/?(Div, Q). We also have

B
(5 +My) +-+ 0 (54)

image(P)Uimage(B) C Byg, PV xVu)=Bv xVu)=0
forallu e H'?(3Q).

Proof. By the proof of Lemma 7.3, we know that (% + M ,\)_l is a meromorphic family of finite type.
The order of the singularity at O is at most 2 since, for A € D, A # 0, we have

-1 _
(3 +M) T =—Af(AS = A, (55)
and the bound in Theorem 7.6 holds. Hence (% + M A)fl has the claimed form:
1 1 P B
(3 + M) =zt t%

with P and B of finite rank.
We must naturally have for these A

A+m) 7 E+M) =G+ M) G+ M) =id. (56)

Expanding (% +M A) around A = 0, we see that it has operator kernel

N —

) e 57)
lx — yl

1
+ g Ve Y1y curl(

since the first-order term in the expansion distributional kernel of the free Green’s function is constant
and therefore curl-free. Hence,

(3+ M) =5+ Mo+ 002
near A = 0. Inserting this into (56) and comparing coefficients, one obtains
(L+Mo)P=0, (A+Mo)B=0, P(1+Mo)=0, B(}+Mo)=0.
By Proposition 6.6, we therefore obtain image(P), image(B) C By as claimed. It remains to show that
P(vxVu)=B(vxVu)=0.

To see this, it is sufficient to show that v x Vu is in the range of % + M. To see this we use a classical
result in potential layer theory, namely the invertibility of ( % + ICO); see [Verchota 1984]. We then have

by (25)
1

vxVu=vx V(% +IC0)(%+IC0)_ u= (%—i—Mo)(v X V(% +IC0)_114). a
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Lemma 7.8. The nonzero poles of (% + M ,x)_l in the closed upper half-space are precisely the Maxwell
eigenvalues of 2. Near a Maxwell eigenvalue i = [, we have the expansion

— Py + B,
A=—w? A—p

3+ M)~ +0ui» (58)

where P, and B,, are finite-rank operators with range in ker(% + Mu)fl and Q5 is holomorphic in A

near (.

Proof. The poles are precisely where (% +M A) is not injective. On the closed upper half-space, this
means that the only poles are at O and at the Maxwell eigenvalues by Propositions 6.6 and 6.7. The
statement now follows immediately from the formula

-1 -
(3 +M) T =—Af(AF = A, (59)
the expansion of Theorem 7.5, and the fact that A~ is holomorphic near R\ {0} by Lemma 7.3. U

Theorem 7.9. For any € > 0, we have there exists a constant C > 0 such that

14|22

—1 2
1Ly Il =12 (Div, 02)— H-1/2(Div,0Q) = Wc(l + A1),

IDivo (£5") 0 (v x V)l g-1230)— m-112000) < CA+ A7)
for all X in the sector D..
Proof. We use the identity, derived from (20),

(A —A))

Ll =-
» A

(60)
to reduce the analysis to that of Aic. The bounds on the operator norm on the space H~'/>(Div, Q) then

follow immediately from Theorem 7.6. By (19), we have the identity

1

£ = At

Using Theorem 7.5, we obtain
1 1 1 1
1 1
=—ﬁ(TQA+UAP)—XUAB+UAQA. (61)

We have used that T P = T B = 0, which follows from Lemma 7.7 and Theorem 7.5. Since Divo T =0,
Po(vxV)=0,and Bo (v x V) =0, we then obtain

Divo (£; ) o (v x V) =Divo Uy Q) 0 (v x V),

which is regular at 0. 0
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8. Resolvent formulae and estimates

Proposition 8.1. Assume that Im A > 0. For f € C3° (R3, C3), we have the following formulae for the
difference of resolvents:

(= At =227 = (= Afree — 2D D curleurl f = —£, (L) (v x) LY £, (62)
(= Aret =22 71— (= Agree — 2D D curl f = —Z,(L3) " (v )M f, (63)
curl((— At — A1) 7" = (= Aree =A%) D curl f = —22M,(L5) 7 (v ) ME £ (64)

Here ZK is jhe transpose operatm; to Z;L obtained from the real L*>-inner product, i.e., ZK f = Zi f .
Similarly, M}i is the transpose of M,.

Proof. We begin with the first formula. We know that £, maps to functions satisfying the Helmholtz
equation (—A — A?)v = 0. Therefore we only need to show that, given f € Cgo([R3, C?), the function
U= (—Afree — )»2)*1 curlcurl f — ZA(EA)fl(v x)ZKf

satisfies relative boundary conditions. Since clearly divu = 0 we only need to check that y,u = 0. One

computes _
you =y curl curl(=Agree = A1) 7 f = L5(L2) 7 (v X)L f

=y, curl curl(— Agee — A2) 71 f — (v X)yr curl curl(— Afee — A2) "1 F =0,
which gives the result.
Next consider the second formula. We again only need to check that y, +(u) =0, where
U= (=Agee =23~ eurl f = L5(L) ™ v )M S,

The third formula follows from the second by applying the curl operator from the left and using
curl curl curl S 5, = A2curl S, A U

This can be used to show the following.

Theorem 8.2. Let € > 0, and also suppose that Q2 is a smooth open set in R> whose complement
contains Q. Let § = dist(d2, Q). If p is the projection onto L*(Q; C) in L>(R3; C?) then the
operators

P(—Ap] — Az)_l curlcurl p — p(—Agree — kz)_l curl curl p,

P(—Azps — A2~ curl curl P — P(—Afree — A2~ curl curl D,
are trace-class for all . € D, as operators on L*(R3; C3). Moreover, for any §' € (0, 8), their trace
norms satisfy the bounds

1p(—Are — 2% curlcurl p — p(—Agee — A1) ™" curl curl p||; < Cy ce™ ™2, (65)
1p(—Aaps — 23 curl curl p — p(—Agree — 2%) " curl curl p|; < Cy e '™ (66)
Sfor all . € ®.. Moreover, both operators have integral kernels kel 5., Kabs, that are smooth on Q2 x Qo

Sforall A € D¢. There exists Cq, ¢ > 0 depending on Qo and € such that
e~ dist(x,0L) Imk)

(dist(x, 92))* ©7)

Ilkrer 5. (x, X) || + Ilkabs, 5 (x, X) || < (CQO,E
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Proof. Given 8’ € (0, §), we choose a compactly supported smooth cut-off function y which vanishes
in Q¢ such that the support of ¢ = 1 — x has distance at least §' from Q2. Then, since pp = p, it is
sufficient to show the estimates with p replaced by ¢. From (62), we have

O(—Arel — AZ)_I (curl curl)p — @(— Afree — k2)_1(cur1 curl)p
=—L Ly (v )L = —(@L) Ly (v x)(@L). (68)
The operator (pZ,\ is Hilbert—Schmidt by Proposition 7.1. Since E;l is bounded by Corollary 7.9 on the
correct domains, this factorises the right-hand side of (68) into a product of the two Hilbert—Schmidt
operators ((pZA), ((pZA)t and a bounded operator E;l(v x). This shows it is trace-class; see for example
[Shubin 1987, (A.3.4) and (A.3.2)]. We need to show the bound for the trace-norm. We now employ the
more explicit description of <pZ,\ = (p(Vg A Div + A2S »). This gives
QL)L (v x) (L)
= (¢VS,Div+ )thpg,\)ﬁk_l (v x)VSEdiv g+ 22(v x)(9S)*)
= (pVEDIv + 1280 L5 (v x)VS} dive + 22 (1 ) (952)%)
= VS, Div L' (v x)VSE div g + 2408, L7 (0 x) (0 M;)* + 229 VS, Div £ (v x) (985)*
+2208,L, (v x)VSt dive
= (I) 4+ dI) 4+ d1II) 4+ AV). (69)

We will show that the estimate holds for the individual terms. The trace-norm of (I) is bounded by
loVS, ||1215 |IDiv E;l (v x) V|| using the fact that the Hilbert—Schmidt norm is invariant under transposition.
This is bounded by C e¥Im% in the sector by Theorem 7.9 and estimate (30) of Proposition 7.1.

The trace-norm of term (II) is bounded by |A|4||<p§ A ”12{3 ||£i;1 ||I. This is again bounded by C g=%'ImA by
Theorem 7.9 and (29) of Proposition 7.1. Expression (III) is the transpose of (IV) as one computes easily
from Lemma 6.2. It is therefore sufficient to bound the trace-norm of (IV). We have

av) = 1243, (—%(T Qi+ UL P) = U B+U; 0:) (0 )V (98"

- xz(w@)(%wx +UL0:) v x V)", (70)

where we have used Lemma 7.7, the expansion (61), and the fact that P(v x V) =0 and B(v x V) =0.
The range of T consists of distributions in H,, 1/ 2(E)Q, C3» N H-Y2(Div, 9). To see this, note that
the range of T consists, by Theorem 7.5, of limits in H~!/2(Div, 32) of boundary values of curl-free
vector fields. Applying the integration by parts formula (4) with ¢ € rg(T') and E a constant unit vector
field, noting that curl ¢ = curl £ = 0, one obtains that (y:¢, Y E) 12q.c3) = (Vi®, YT E) 12(390.c3) = 0 as
claimed. It follows that the trace-norm of (III) and (IV) are bounded by C g9 ImA by Theorem 7.9 and
by the estimates (30), (29).
Next we use (64) to obtain

@(—Agps — A2~ Heurl curl)g — o(— Agree — 22) ™! (curl curl)p
= oML v ) MEp = =22 (@M LT (v ) (@M)E. (T1)
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The operators <p./\71 As ((pﬂl »)¢ are Hilbert-Schmidt, and their Hilbert-Schmidt norms are bounded by
e~ Im% by Proposition 7.1 (31). This gives the claimed estimate for the trace-norm since the operator
X2£;l is polynomially bounded in any sector by Theorem 7.9.

It remains to show the estimate on the diagonal of the integral kernel. This is done the same way using
the pointwise estimate
C 1 e~ Im A dist(x,0€2)/2
(dist(x, 3€2)) 1l ’

which is easily obtained directly from the integral kernel, noting that differentiation in the x or y-variable

107 S5 (x, Il p-150) <

gives a linear combination of terms that are bounded by

k(d; k
A (dist(x, 3T i distr,09) — Ce ! — Im . dist(x,9€2) /2
(dist(x, 0€2))1+lel = TR (dist(x, 3K2)) 1+l ’
with 0 < k < . One now applies this estimate to each of the four terms (I), (I), (IIT), (IV) and observes

that every factor of A can be absorbed using the bound
Mlke—lm)\dist(x,i)ﬂ) =Cy 1 e—ImAdist(x,()Q)/Z
“dist(x, 9Q)* '
This gives the first claimed estimate. The second estimate follows the same way, since the above implies

1 —Im A dist(x,0€2)/2 0

., ) |yt gy < C——
[M.(xs D a-100) < (dist(x, 3€2))2

9. The function =

Recall that the boundary 92 consists of N connected components 9€2;. To keep the discussion meaningful,
we will assume throughout this section that N > 2. This gives a natural decomposition

N
H™'?(Div, Q) = @ H™2(Div, 3Q)).
j=1
Let g; be the orthogonal projection H~'/?(Div, 3Q) — H~'/?(Div, 3Q;,) and £, ; = q;L,q,. We then
can write

N
Lr= Ljon+ ) dilrqe=Lpa+T. (72)
j=1 J#k
We remark that £ ;, which is regarded as a map from H~'/2(Div, 3Q2) — H~!/2(Div, 9Q), is independent
of the other components. The sum £p ; describes the diagonal part of the operator £ with respect to the
decomposition above.
We have a similar decomposition for the operator
M =Mp .+ T
We set
8= mi? dist(9€2;, 9€2¢) > 0. (73)

J#
Then we have the following proposition.
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Proposition 9.1. The families T, 7, : H~'/*(Div, Q) — H~'/?(Div, Q) are holomorphic families of
trace-class operators in the complex plane. For any € > 0 and any §' € (0, 8), the following estimates for

their trace-norms || - || hold:
1Tl < Cyee™ ™ (| Jilh < Cyee™ ™, (74)
], =, |z
for all } in the sector ®.. We also have
1Tl -12mivo.a < Cs elalPe™ ™2, (76)
Hd_)»ﬂlH_]/z(Divo’m) Hl = C(S/,e|)\|e_(S Imk- (77)

Proof. We will prove this estimate only for 7, as the estimate for 7, is proved in the same way. It
is sufficient to show this for the individual terms g; L, g, with j # k. We choose an open bounded
neighbourhood U of 9€2; and an open bounded neighbourhood V of 32 such that dist(U, V) > §'. The
first two estimates are implied by Lemma A.4 by observing that the operator is the composition

H~'2Div, Q) - H- (V) > H'(U) > H™'*(Div, 9Q),

and the map H~!'(V) — H'(U) has smooth integral kernel

elAlx—yl
x (x, y) curl curl,
mlx =yl

for a suitable cut-off function that is compactly supported in U x V. The same argument applies to the
A-derivative.

To show the bounds on the restriction to H~/?>(Div 0, 3$2), one uses that £; = 1, VS, Div + 228, To
bound the trace-norm of A%g S1qk, one uses exactly the same argument as above applied to the kernel

) oitlx—yl
Ax(x,y)————
4 |x —y|

and its A-derivative. O

Proposition 9.2. Fix e > 0. Then (,CAEB’IA —id) : H~2(Div, 9Q2) — H'/2(Div, 9Q) is a meromorphic
family of trace-class operators with no poles in the closed upper half-plane. In the sector, we have, for
any 8’ € (0, 8), the estimate

1£5) L —idlly = |1£:L5", —idll < Cy.ce™® ™, (78)

Proof. We use (19) and obtain

LiLy), —id= (3 + M) (2 + Mp,) ' —id,
bearing in mind that A" = AJIS’ 5~ With

1 R 1
(5 +Mp) :EPD'FXBD"‘Q)”
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we remark that
(3+Mpo)Pp=(%+Mpo)Bp=0,
but then also
(3 +Mo)Pp = (5+Mo)Bp =0

because, according to Proposition 6.6, we know that the kernels of (% + Mo) and (% + M D,o) coincide.
We have used here, as in the proof of Lemma 7.7, that the first-order terms in the expansion of M, vanish
at A =0,ie., (SM)],_, = (+Mp.)|,_, = 0. Using the abbreviation J;, = M;, — Mp;, this implies
JoPp = JoBp = 0. Moreover, 7, is trace-class. This shows that

-1 .

(% + Mx) (% + MD,A) —id

is a meromorphic family of trace-class operators and O is not a pole. Interior Maxwell eigenvalues are not
poles by the same argument, since the kernel of (1 +M,,) coincides with the kernel of (3 +Mp ,) and
by the expansion of Lemma 7.8.

Moreover, ( % + Mp, ,\) is invertible for all the other points in the closed upper half-space, and hence
there are no poles there. To show the estimate in the sector, we note that

LiLph —id=T.Lp),. (79)
Then the bound for large |A| is a result of Theorem 7.9 and Proposition 9.1. g

Proposition 9.3. The Fredholm determinant det(EAEB’IA) in the space H —1/2(Div, Q) is well defined
and holomorphic in a neighbourhood of the closed upper half-space. For any € > 0 and §' € (0, 8), we
have the bound

|det(£,L5}) — 1] < Cy ™™ (80)

for all X in the sector ®. Moreover, det(ﬁkﬁg’lk) is nonzero in the closed upper half-space.
Proof. The trace of (EAEB}A —id) is bounded by Proposition 9.2. Using the bound
det(1 +A) — 1] < [|A[l;e" 14D
for the Fredholm determinant (see for example [Simon 1977, (3.7)]), one obtains
|E(W)| < [logdet(L;Lp])] < Cy e ™7, (81)

By analyticity of (Ekﬁz_),lx —id) = j;\(% + M D,x)_l as a family of trace-class operators in the upper
half-space and near 0, the determinant also depends analytically on A (e.g., [Simon 1977, Theorem 3.3]).
By invertibility of the operator in the closed upper half-space, the determinant never vanishes [Simon 1977,
Theorem 3.9], and therefore log det is analytic in the union of the upper half-space and a neighbourhood
of 0. 0

Since the determinant does not vanish near the closed upper half-space, we can choose a simply
connected open neighbourhood U of the closed upper half-space, and it then defines a holomorphic
function &/ — C)\ {0} which we can lift to a holomorphic function on the logarithmic cover of the complex
plane, where we choose the branch cut to be the negative real line (—oo, 0). Composition with log is
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then well defined, and we write log det(ﬁxﬁz)},\) to mean this composition. This means that this function
and the branch of the logarithm is fixed by requiring this to be a holomorphic function that decays
exponentially fast along the positive imaginary axis.

Definition 9.4. The function E is defined in a sufficiently small simply connected open neighbourhood
of the closed upper half-space by
E(1) = logdet(£:Lp),),

where the branch of the logarithm is chosen as explained above.

Theorem 9.5. The function E(A) is holomorphic near the closed upper half-space and, for any € > 0
and §' € (0, 8), we have the bounds

[EW| < Cyee™ ™ [E' (W) < Cyee™® ™ (82)
for A in the sector ..

Proof. The first bound is a direct consequence of the proposition above. The second bound is a direct
consequence of the maximum modulus principle. 0

10. Relative trace formula

We consider the two Maxwell resolvent differences

N
Rp el s = (((—Arel =) = (A =2 TN =Y (= A j =2 = (~ Afiee —Azr‘)) curl curl,
j=1

N
Rp abs . = (((—Aabs )T = (A tree =2 T =Y (A=A T = (— A —ﬂ)l)) curl curl.
j=1
Using (62) and (64), we conclude
(= Aret,j =37 = (= Apee = 2%) ™" curl curl = —£,.L7; (v )L},
(= Aapsj =AD" = (= Agree — 2771 curl curl = —22M,.L5 ] (v x) M,
and hence - . N
Rprein = —LiLy (v ) L5+ LiLy), (v x)LE,
Rp.abs.s = =MoLy ' (v )M + MLy}, (v <) M.

We have the following improvement of Theorem 8.2 in the relative setting.

Proposition 10.1. Let € > 0, and let §' > 0 be smaller than § = dist(dS2;, 92). Then the operators
Rprelns Rp abs : LZ([R{3, (133) — L2(R3, C3) are trace-class for all A € D, and their trace norm can be
estimated by
IR D ret a1 + | Rp abs 1 [l < Csr ™™ A e D
Proof. First note that
(L3' = L5 p) = —(L; ' TiLy )
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is a meromorphic family of trace-class operators H~!/?(Div, 3Q) — H~/?(Div, 3R) in the complex
plane. For |A| > 1, the bound then follows from Proposition 9.1 and the bounds in Theorem 7.9. In
particular, the expansion

_ _ 1 1
;' - ﬁ,\,]p) = ﬁLz + XLI + Lo,

resulting from (61) is in terms of trace-class operators L, L; and the holomorphic family of trace-class
operators L ;. Specifically,

Ly=-T(Q" - 0y))~ WP —~Up Pp)=TW>+ V2,
Li=-TQV -0y —WOB-UYBp)—(UVP-UYPp)=TW, + W,
where 0© and QU are the expansion coefficients of
0,=0V+0Vr+002P)
near A =0. The same notation is used for the expansion coefficients of Op , U, Up ;. Since the operator
()™ = (4 M) ==+ 0) (o M)

is a meromorphic family of trace-class operators, we know that the expansion coefficients W, = Q© — Q([(,))
and W, = QW — Qg) are trace-class. We also record that V(v x V) =0 and V(v x V) =0 and recall that
Divo T =0. Now we are ready to estimate the resolvent differences. We first focus on Rp re1 . We have

~ _ ~ ~ (1 1 ~
RD,rel,k = —ﬁx(ﬁkl — ‘CD}A)(U X)AC;CL = —ﬁ}L <E(TW2 + Vz) + X(TW1 + Vl) +L(),)L) (U X)AC;CL

We expand this further using ZA =VS ZDiv + 22S » to obtain that, modulo terms that have bounded
trace-norm near A = 0, the operator Rp ; equals

- ~ (1 1 ~ -
(VS,DDiv+A%S,) <ﬁ(TW2 + V) + X(TWI + Vl)) (v x)VSEdiv 4+ A2 (v x)(S))%)
= VS, Div((TWa+ Va) + AT W + V1) (0 x) (S 48, (T Wa + Vo) + AT Wy + V1) (v x)VS? div

~ 1 1 ~
+ 218, (EGWZ + Vo) + - (TWi+ v1>><v x)(S;)"
= (1) + (1) + (IID).

Since Lp ; and L, are self-adjoint with respect to the antisymmetric bilinear and since

1 1
Ll -yl = (ﬁ(Twz +V2) 4~ (TWi+ V1) +L0,x>,
one obtains
1 1 k 1 1
ﬁ(TW2+V2)+X(TW1+V1) vx)) = E(TW2+V2)+X(TW1+VI) (v %),

and therefore (II) is the transpose of (I). (III) has bounded trace-norm near A = 0. Finally

(D) = 8, (T Wa + Vo) + M(T Wy + V) (v x)VSE div = 8, (T Wa) + AT W) (v x)VSE div
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has bounded trace-norm near A = 0 as S 5T and ng\ div have bounded operator norm, and W, and W,
are trace-class. Finally we consider Rp b . We compute as above

Rp.abs.i = =ML = L) (0 ) M5
~ 1 1 ~
=AM, (ﬁ(TWz + Vo) + - (TWi+ VD) + Lo,x) (v x)ME
= — M (TWa + Va) + A(T Wy + V1) + 27 Lo,) (v )M,

whose trace-norm is bounded near 0 since /M » 1s uniformly bounded. O

Lemma 10.2. We have
tr(RD,rel,A) = tr(RD,abs,)») =—=& ()\)
Proof. One has

(v x)LEL, = y; curl curl curl curl (— Agree — A2) 22 =y, curl curl(— Afree) (— Afree — A2) 2y

=Wt curl Curl(—Afree - )\2)_17/; + i curl curl )L ( Atree — Az) 2 )C)\ + 5@“

Similarly, we also have

A X)/\A;lﬁ/\]k = A%y, curl curl (— Agree — A )—2 t 5(%5/\

Using invariance of the trace in H~/?(Div, ) under cyclic permutations, we get

~ A d — —
(R ge,) = = (~Ln(L5! = L5800 E) = —u((£2+ 5 23 )5 - £5Y))
A d A d
—tr(id — ﬁkﬁD 3 — S dn log det(ﬁxﬁD y) = 5 log det([ﬁx[,D )

Here we have used that tr(ﬁB] A%(7})) =0 and tr(ﬁB}ka) = 0. Indeed this follows as
{e(7) = S e (o 0)o) = S (b)) =o.
Jj#k j#k

We have also used the fact that, for a holomorphic family of trace-class operators A(A), we have that
log det(id + A())) is holomorphic and we have the identity

d )
- log det(id + A () = tr<(1d FAG))™! A(,\))

so that

4 jogdet(£: L5 —tr<£_ £ (£, -

dx A da (CD “)

D)Ld)\

In the same way,
R = Y cl - v Ad _ _
tr(Rp.abs,2) tr(kzMA( 1 le)(v X)MD =— tl"((—z Y (:)L) ( CA 1 CD,lk))

A d
= —Ealogdet(ﬁkﬁl) 5) O]
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11. Proof of the main theorems

Proof of Theorem 1.1. This theorem is the combination of Proposition 9.3 and Theorem 9.5 in Section 9. [

Proof of Theorem 1.3. We set f(z) = z 2g(z%), where g € P.. By the decay properties of E, it is
sufficient to show equality for small €, so we assume € < 7. Then the function e~ 1/n g holomorphic

1/nz?

in the sector &, and decays faster than exponentially. The function g,(z) = e~ g(2) is therefore an

admissible function for the Riesz—Dunford functional calculus, and we therefore have
1/2 _ /28 4 _ 1 ~1
Jn((=Are)) /7)) curlcurl = f,((8d)/9)dd =g, (6d) = T3 (bd—2)""gu(2)dz
Ce

and similarly for the other terms appearing in Rp re1.x. The integral converges despite the pole of order 1
at 0 since g € P. implies that g, (z) = O(|z]*) for some o > 0 near z = 0. Here f,(z) = z‘2g,, (z%). If
h e Ci°(X, C?) then we have convergence of g,(5§d) to g(§d) in L?. Indeed, by our definition of the
function class P, the function g is polynomially bounded on the real line and therefore 4 is in the domain
of the operator g(§ d). Consequently the function g is square-integrable with respect to the measure
(dE)h, h), where dE) is the spectral measure of § d. Then we have

1(g(8d) — g, (8 AN 2 = /R (1—e/™2|g2(x) (dExh, ),

which tends to 0 as n — oo by the dominated convergence theorem.
We note now that
(A1 —2)'8d=(8d—2)"'sd=id+z(d—2)"",

and again this formula applies to the other terms in Rp re1.x. This gives

1 1 1
Drel,fn = _%/I: RD,rel(\/z)Egn (z)dz = _E N RD,rel()\))\fn (A) dA.

Tep
Moreover, Dy, r,h converges in L% t0 Dy, rh for any h € C°(X, C?). By the decay properties of
Rp re1(2), Proposition 10.1, the integral converges in the Banach space of trace-class operators, and
the sequence Dy, is Cauchy in the Banach space of trace-class operators. We conclude that Dy, 7 is
trace-class.
To compute the trace, we can again use the convergence of the integral in the space of trace-class
operators and therefore, using Lemma 10.2, we obtain

1 1 ~
Dyelf = —— /N Rie, p(M)Af (X)) dA = —/~ (E' (W))A2 £ (1) dr.
i Jg,, 271 T

Integration by parts and the decay of &, Theorem 9.5, then completes the proof for Dy r. The proof for
Dgps, ¢ 1s exactly the same. O

Proof of Theorem 1.4. We first establish the smoothness away from the objects. To see this we again use
the Riesz—Dunford functional calculus. Let «; (x, y) be the integral kernel of the difference

(—Apel — AZ)_I curl curl — (—Afree — Az)_l curl curl.
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Let U be an open neighbourhood of €2 such that dist(U, ©29) > § € (0, 8). Then, on y x o, the
integral kernel of «; (x, y) satisfies the estimate

llien G, Micrky < Ck,Ke_‘S Tm 2.

for any compact subset K C €2y x €. This can be seen directly from (62), as Lemma A.1 implies that
the integral kernel of L, is smooth and C*°-seminorms satisfy an exponential decay estimate on 29 x U,
whereas the norm of £;1 is polynomially bounded by Theorem 7.9. By the same argument as in the
proof of Theorem 1.3 above, the integral

> / (0 WAL () dA
Cep2

then converges in C*° (o x £2) to the integral kernel of B restricted to 2o x €29. Hence this kernel is
smooth on ¢ x €. It remains to show the decay estimate. For large |x|, we have by (67) the estimate

c ,
—&|x|Tm A
e (x, x) || < —Ze =0 HImA,
| x|
Then, using functional calculus as before, we have the representation

K(x,x)= % /% K (x, x)Af (L) dA,
€/2

which gives the estimate

* C e C,
Kk(x,x)| < — e 1Al d)»+/ — re e gy < .
et 0l _fl x4 o lxl* T |x|6Fa

This shows that « (x, x) is integrable and by Mercer’s theorem the integral of tr(x (x, x)) is equal to the
trace, as claimed. O

Proof of Theorem 1.5. Define the relative spectral shift function

000 1 1 det Sy
= —— 10 .
b 2mi 8 det(Sy ) - --det(Sy.n)

By the Birman—Krein formula we have

tr Dyet,f = — f Ep(1) £ (2 £(0))
0

for any even Schwartz function f.

Recall that E’ has a meromorphic extension to the complex plane and is holomorphic on the real line.
Now assume that f is a compactly supported even test function, and let f be a compactly supported
almost analytic extension; see for example [Davies 1995, p. 169-170]. Let dm(z) = dx dy be the Lebesgue
measure on C. By the Helffer—Sjostrand formula [Davies 1995; Helffer and Sjostrand 1989] combined

2

with the substitution z — z=, we have

57
curl curl f(Arle/lz) = 2 curl curl/ Z—J_C(Arel — 2 Ndm(2).
T Imz>0 0z
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Therefore

2 df
Dyl f = p Z—];RD,rel(Z) dm(z),

Imz>0

and hence, by Lemma 10.2, we have

5 F
Tr(Drer, r) = _l/ Zz—}_( E'(z) dm(z).
T Imz>0 0z

Using Stokes’ theorem in the form of [Hormander 2003, p. 62-63], we therefore obtain
Tr(Dy) = 2L/(a’(x) + B (—=x))x? f(x) dx.
T JR

Comparing this with the Birman—Krein formula in Theorem 5.1 gives %(E/ (x) + E'(—x)) = &, (x).
Since both functions are meromorphic, we have that this identity holds everywhere. We conclude that
%(E (A) — E(—A)) —&p(X) is constant. Clearly, (E(X) — E(—A)) vanishes at 0, so the statement follows
if we can show that £5(0) = 0. The estimate [Strohmaier and Waters 2020, Theorem 1.10] shows that
So = S1,0="---= Sn,0 = id, which then indeed implies £p(0) = 0. The paper [Strohmaier and Waters
2020] assumes the boundary of €2 to be smooth, but the section on the expansions in this paper carry over
unmodified to the Lipschitz case (see also the remarks in [Strohmaier and Waters 2022] where this is
made explicit). O

Appendix

A.1. Norm estimates. In the following we assume that 2 and M are as in the main body of the text.
Recall that the integral kernel of the free resolvent is given by (12). We will subsequently prove norm
and pointwise estimates for G, o and its derivatives, which are used in the main body of the text.

Lemma A.1. Let Qo C M be an open set with dist(2y, 02) = § > 0, and choose € € (0, w]. Let U be
a bounded open neighbourhood of the boundary 32 such that dist(Q, U) > 0, and fix §' > 0 such that
8" < dist(, U) < é. Then, for any k € Ny, there exists Cy 5 > 0 > 0 such that

(1 +1Im )\)e—ZS/Im)L
ImA
1V G0l Fegyry < Croee™ > ™ (84)

2
1G .0l 5k @uxvy < Cr.o.e : (83)

forall . € ®.. Here V, denotes differentiation in the first variable, i.e., (V,G;)(x,y) = V.G, (x, y).

Proof. Let us set A = 6|A| and note that Im6 > sin(e) > 0. Since the kernel G, o satisfies the
Helmbholtz equation in both variables away from the diagonal, we have ((—A O+ (=A y)k)G ro(x,y) =
202KG; o(x, ). We then change variables, so that r := |x — y| > 8. By homogeneity, all of the integration
will be carried out in this variable, with the angular variables only contributing a constant. Substituting
s := Im Ar into the formula for the Green’s function implies, for all k£ € N, that

o o
1A% G0l 72 iy < Cem)™ | [Goo)Pr?dr < Cemu* [ eI dr. (85)

50 50
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Here we have enlarged the domains slightly, so that Q(, x U’ has positive distance from ¢ x U and
dist(€2,, U’) > &'. This allows us to estimate the Sobolev norms using Lemma A.5. We then have

00 e 280 ImA
[ e Mg =2 (86)
8o —2ImA

Let Cy . x denote a generic constant depending on &', €, k. Using (85) and interpolation, we can conclude,
for all k£ > 0, that we have

(141Im )\.)6_28/ Ima

2
”G}”’OHH]‘(Q(]XU) =< C(S/,e,k Im A . (87)

The second inequality follows by replacing G o by VG, o in (85). We then have

o0
1AKV, G013, <CGmM* [ |V,.G; o()PrPdr

(QuxU") 5
o° 1 /
< Cr(Im A)* / (|Im,\|2 + —z)e—”m” dr < Cpe 20 Im*, (88)
o r
The proof is complete. U

We now combine these estimates to get an estimate on the Maxwell layer potential operator.

Lemma A.2. Let Qo C M be an open set with dist(Qy, Q) =68 > 0 and A € D¢. Then, forany 0 <8’ <8,
there exists Cy ¢ > 0 such that

=2 —26'Im
L 12 Div,09)— Hcurl, o) = €8'.c€ (89)

and
=2 3.—26'ImA
1L -12Div 0, 99)— H (curl, 0) = €8 [ImA["e : (90)

Proof. We choose as in Lemma A.1 a bounded open neighbourhood of Q. For a € H~!/2(3Q), the
distribution y,*(a) is, by duality, in H;"!(U). The first inequality then follows by using Lemma A.1 and
bearing in mind that integration defines a continuous map

HY(Qo x U) x H7*(U) — H*™(Q0)
for k large enough. The second inequality follows from the identity (16), namely that we can write
Lia=VS, Diva+A2S,a, ae H '*Div, IQ), (91)
and again using Lemma A.1 in the same way as above. O
Lemma A.3. Let k € H*(R? x R?). Then k is the integral kernel of a Hilbert—Schmidt operator
K:H'®RY) — H'(RY),

with Hilbert-Schmidt norm bounded by ||k|| p2 (rd x pe)-
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Proof. Let K be the integral operator with kernel k. Since (—A + Y2 is an isometry from L*(R%) to
H~'(R?) and from H'(R?) to L*>(R?), it suffices to show that (—A + 1)'/2K (—A + 1)!/? is Hilbert—
Schmidt from L2(R?) to L2(R?) and bound its Hilbert—-Schmidt norm. This is equivalent to the distri-
butional integral kernel of (—A + DY2K(—A+ 1D1/? being in L*(R? x R?); see for example [Shubin
1987]. The Hilbert—Schmidt norm is equal to the L2%-norm of the kernel. The Fourier transform is given
by (£24+ D)2+ 1)"/2k(&, n) and this is in L? with the L2-norm bounded by Ikl g2 (e x ey thanks to
the inequality

E+D2m’+ D2

E+n+1 7

Lemma A4. Letk e Hf (R3 x R3) be supported in a compact set Q x Q C R3 x R3. Then k is the integral
kernel of a nuclear operator

O

K:H 'R - H' R,
with trace norm bounded by Cg ||k || g4 (rd xe)-

Proof. Since k is compactly supported in Q, we can assume without loss of generality that Q is a subset
of a torus T” by imposing periodic boundary conditions on a sufficiently large rectangle and remarking
that the Sobolev norms on the torus restricted to a neighbourhood of Q are then equivalent to those of R?
restricted to that neighbourhood. We can therefore assume without loss of generality that we are on a
compact manifold Y. We can then write K as K = (—Ay +1)"'(—Ay +1)K. The operator (—Ay +1)~!
is Hilbert—Schmidt from H'(Y) to H'(Y), as for example can be seen from Weyl’s law. The operator
(—Ay + 1)K is Hilbert—Schmidt by Lemma A.3. Since we have written the operator as a product of two
Hilbert—Schmidt operators, it is nuclear and the corresponding estimate for the nuclear norm follows by
estimating in terms of the Hilbert—Schmidt norms. O

Lemma A.5. Suppose that Q@ C R? is an open subset, and assume that Q' C R? is a larger subset such
that Q@ C Q' and dist(d2, 9Q') > 0. Let N € N. Then, for any f € L*(Q) with (=A)* f € L*(Q') for
allk=0,1,..., N, we have f|q € HZN(Q), and there exists a constant Cy ¢ .q > 0, independent of f,
such that || f ol v @) < Cnv.a Yogen (=D Fll20n.

Proof. This is the usual proof of interior regularity applied to the possibly noncompact domain €2'.
We will show that f € H*(Q'), Af € H*(Q') implies f € H*t?(Q) with the corresponding norm-
estimates. The result then follows from this statement by iterating using a sequence of intermediate
domains Q C Q) C --- C Qy—1 C Q'. We will choose U such that Q C U C Q' while we still have
dist(aU, 92) > 0, dist(dU, 92) > 0. We can choose a regularised distance function and construct a
function x € C,fo(Rd ) which is compactly supported in " which equals 1 in a neighbourhood of U. Then,
if fe H*(Q')and Af € H5(Q'), we have

I=MxH=x—-A0Df—xAf =2(V)V .

From this we see that (—A+1)(x f) € H*~'(R?) and therefore x f € H*+! (R?). Hence the restriction of f
to U is in H*+1(Q). Now we choose another cut-off function 7 in C e (R?) supported in U that equals 1
near 2. Then (Vn)V f is in H*(U), and we now conclude in the same way that f|q € HT2(Q). O
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ON THE SINGULARITIES OF THE SPECTRAL AND BERGMAN PROJECTIONS
ON COMPLEX MANIFOLDS WITH BOUNDARY
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We show that the spectral kernel of the 9-Neumann Laplacian acting on (0, ¢)-forms on a smooth relatively
compact domain admits a full asymptotic expansion near the nondegenerate part of the boundary. We
show further that the Bergman projection admits an asymptotic expansion under certain local closed range
condition. In particular, if condition Z(qg) fails but conditions Z(g — 1) and Z(g + 1) hold, the Bergman
projection on (0, ¢)-forms admits an asymptotic expansion. As applications, we establish Bergman kernel
asymptotic expansions near nondegenerate points of some domains with weakly pseudoconvex boundary
and S'-equivariant asymptotic expansions and embedding theorems for domains with holomorphic

S1-action.
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1. Introduction

1.1. Setting and statement of the main results. Let M be a relatively compact open subset with smooth
boundary X of a complex manifold M’ of complex dimension n > 2. The study of the d-Neumann
Laplacian on M is a classical subject in several complex variables. For ¢ € {0, 1,...,n — 1}, let 0@
be the 3-Neumann Laplacian for (0, g)-forms on M. The domain M is said to satisfy condition Z(gq)
(0<g<n-—1)at p € X if the Levi form of a (and hence any) defining function of M near p has at
least n — g positive or at least ¢ 4+ 1 negative eigenvalues on the holomorphic tangential space to oM
at p. When condition Z(g) holds at each point of X, Kohn proved subelliptic estimates with gain of one
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derivative in Sobolev norms for the solutions of 0@y = f (see [Chen and Shaw 2001; Folland and
Kohn 1972; Hormander 1965; Kohn 1963; 1964; Kohn and Nirenberg 1965]). This means that for each
(0, ¢)-form f orthogonal to Ker 1) with derivatives of order < s in L2 the equation 0@y = f has a
solution u with derivatives of order < s+ 1 in L2. Moreover, Ker (1) is a finite-dimensional subspace of
Q%9 (M). A closely related notion to the condition Z(q) is the notion of g-convexity (and g-concavity)
in the sense of [Andreotti and Grauert 1962] and is one of the basic tools in the study of the geometry of
noncompact complex manifolds.

The Bergman projection B@) is the orthogonal projection onto the kernel of (1) in the L2 space. The
Schwartz kernel B (- ,.) of B@ is called the Bergman kernel. If Z(g) holds, the above results show
that the Bergman projection B@ isa smoothing operator on M and B@(-,.) is smooth on M x M.
When Z(q) fails at some point of X, the study of the boundary behavior of the Bergman kernel B@(., -)
is a very interesting problem.

The case when ¢ = 0 and the Levi form is positive definite on X (so Z(0) fails) is especially a classical
subject with a rich history. After the seminal paper [Bergmann 1933], Hormander [1965, Theorem 3.5.1]
(see also [Diederich 1970]) determined the limit of B(® (x, x) when x approaches a strictly pseudoconvex
point of the boundary of a domain for which the maximal 3 operator acting on functions has closed range.

More precisely, let p € €°°(M’) be a defining function of M, that is, M = {p <0}, X = {p = 0},
and dp # 0 near X. We can and will assume that |dp| = 1 on the boundary X. Let xo € X be a point
where the Levi form Ly, (p) is positive definite. Then we have!

—n+1
2

n!
(—p(x)*T'BO(x,x) > 2 2o 4ot Ly (p), X = xo. (1-1)

There are many extensions and variations of Hérmander’s asymptotics for weakly pseudoconvex or
hyperconvex domains; see, e.g., [Boas et al. 1995; Catlin 1989; Hsiao and Savale 2022; Nagel et al. 1989;
Ohsawa 1984].

The existence of the complete asymptotic expansion BO(x, x) at the boundary was obtained by
Fefferman [1974] on the diagonal; namely, there are functions a, b € €*° (1\7 ) such that

BO(x,x) = a(x)(—p(x) "™V 4+ b(x) log(—p(x)) (1-2)

in M. Subsequently, Boutet de Monvel and Sjostrand [1976] described the singularity of the full Bergman
kernel B (x, ¥) by showing that it is a Fourier integral operator with complex phase (see (1-15), (1-19)).

If ¢ = n —1 and the Levi form is negative definite (so Z(n — 1) fails), Hérmander [2004, Theorem 4.6]
obtained the corresponding asymptotics for the Bergman projection for (0, n — 1)-forms in the distribution
sense. For general g > 0, the first author showed in [Hsiao 2010, Part II] that if Z(g) fails, the Levi form
is nondegenerate on X and 0@ has L2 closed range, the singularities of the Bergman projection on
(0, g)-forms admits a full asymptotic expansion.

The developments about the Bergman projection mentioned above regard the points of the boundary
where the Levi form is nondegenerate. For points where the Levi form is degenerate there are fewer

1 The constant before the determinant of the Levi form here differs by rescaling from the corresponding constant in [Hérmander
1965, Theorem 3.5.1], since in this reference p satisfies |dp| = 1/+/2 on the boundary.
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results. For example, in [Hsiao and Savale 2022] a pointwise asymptotic expansion of the Bergman kernel
of a weakly pseudoconvex domain of finite type in C? was obtained.

Fix a point p € X. Suppose that Z(q) fails at p and the Levi form is nondegenerate near p (the Levi
form can be degenerate away from p). In this work, we show that the spectral kernel of 0@ admits
a full asymptotic expansion near p and the Bergman projection for (0, g)-forms admits an asymptotic
expansion near p under a certain closed range condition. Our results are natural generalizations of the
asymptotics of the Bergman kernel for strictly pseudoconvex domains by Fefferman [1974] and Boutet de
Monvel and Sjostrand [1976].

Another motivation to study the spectral kernel of 0@ comes from geometric quantization. An
important question in the presence of a Lie group G acting on M’ is “quantization commutes with
reduction” [Guillemin and Sternberg 1982]; see [Ma 2010] for a survey. The study of G-invariant
Bergman projection plays an important role in geometric quantization. If we consider a manifold
with boundary as above, the d-Neumann Laplacian may not have L? closed range but the G-invariant
d-Neumann Laplacian has L2 closed range. In these cases, we can use the asymptotic expansion for the
spectral kernel of 0@ to study G-invariant Bergman projection. Therefore, our results about spectral
kernels for the d-Neumann Laplacian could have applications in geometric quantization on complex
manifolds with boundary. In [Hsiao et al. 2023], we used the asymptotic expansions of the spectral
kernels for the Kohn Laplacian to study the geometric quantization on CR manifolds.

We now formulate the main results. We refer to Section 2 for some notation and terminology used here.
Let (M’, J) be a complex manifold of dimension 7 with complex structure J. We denote by 710\’ the
holomorphic and antiholomorphic tangent bundles of M’, and by T*?>4 M’ the bundle of (p, g)-forms.
We fix a J-invariant Riemannian metric g7™ "on TM’ and let dvys be its volume form. We denote
by (- |-) the pointwise Hermitian product induced by g7™ " on the fibers of CTM’ and by duality on
CT*M'; hence on T*P4 M’

Let M be a relatively compact open subset with °° boundary of M’. We denote by X = dM
the boundary of M. Let p € ¥*°(M’,R) be a defining function of M with |dp] = 1 on X. Let
% € ¢ (M’, TM’) be the gradient of p with respect to the metric g7 ™. Then

dp(%) =1 onX, <%(x) ‘ v> =0 atevery x € X, forevery v € T, X. (1-3)
Put
T = J(i) e ¢ (M. TM"). (1-4)
ap ’

It is easy to see that T is orthogonal to 710X @ T%1X and |T| =1 on X. We consider the 1-form on M’,

wo =—dpoJ =i(dp—dp). (1-5)

We have
wo(x)(u) =0 forevery x € X and every u € Txl’OX <) T)?’IX,

(1-6)
wo(T)=1 onX.
For x € X, the Levi form Ly is the Hermitian quadratic form on Tx1 Ox given by

Lo(Z. W) = %da)o(x)(z, W) = 03p(x)(Z. W), Z.W eTMOx, 1-7)
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For a given point x € X let {W; };’;1 be an orthonormal frame of (T1°X, (- | -)) near x for which the

Levi form is diagonal at x. We define the eigenvalues p;(x), j =1,...,n—1, of the Levi form £, by
Lx(Wj, W) =puj(x)8je, jl=1,....,n—1. (1-8)
The determinant of the Levi form at x is denoted by
n—1
det L = [ [ 1y (x). (1-9)
Jj=1

Forevery g =0,1,...,n—1,let T*%9 X be the bundle of (0, g)-forms on X. We assume that mi(x) <0
ifl<j<n_andpj(x)>0ifn_+1=<j <n-—1. Let {ej};?;i denote the basis of 7*%1X, dual to
(W, Y121 Put
N(x,n_):=Cer(x) A+ Aey_(x), (1-10)
and let
T TFO"=X — N(x,n_) (1-11)

be the orthogonal projection onto N (xq,n—) with respect to (- | -).
Fix x € M’ Let L € Ty M’ and let L™ : Ty%I M’ — T%9 M’ be the operator with wedge
multiplication by L and let L™* : Ty O-qtipgr Ty %9 01" be its adjoint with respect to (- | - ), that is,

(LAau|v)=(u|L ), ueT M veTr %ty (1-12)

Let (- |-)a be the L? inner product on %4 (M) induced by (- | -) (see (2-7)). Let L )(M) be the
completion of %9 (M) with respect to (- | - ). Let

0@ :DomOW C LYy (M) — L, (M), g €{0.1,....n—1},

be the 3-Neumann Laplacian on (0, ¢)-forms (see (2-8)). The operator [1¢@) is a nonnegative self-adjoint
operator. We denote by £(@) the spectral measure of [1'9). For a Borel set B C R, £ (B) is the spectral
projection of 0@ corresponding to the set B. For A > 0 we consider the spectral projectors,

BY) = £@((—00.A]) : L) (M) — HL, (M) := Ran BY) (1-13)

(0 q) <i’
and denote by

B (x,y) € 7'(M x M, T*"9 M & (T** M)*)

their distribution kernels. For A = 0 we obtain the Bergman projection B@ := B(q) the Bergman kernel
B@(x,y):= B(Q) (x, y) and the space of harmonic forms H9 (M) := HZO(M) =Ker 0. Let us define

AGDNOD = 704 pg7 R (T*04 M)
and set, for W C M’ x M’ open,
Q(O,CI)KO,C])(W) = %OO(W AE‘OJ,/!{()}‘EIQ,CI)) — %OO(W T*O,qM/ X (T*O’qM/)*),
Q(OyQ)l(O,Q)(W N (M X M)) — chO(W ) (M X M) A(O ‘I)l(o Q))
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Let U be an open set of M’ with U N X # &. We shall consider Bg as a continuous operator,

BY .U NM)—> 2'(UNMT*M),

and let Biq)a (x,y) e 2 (UxU)N(M x M), A](g’,‘f()jl‘flo,’q)) be the distribution kernel of Biq)z. We denote
in the sequel by S {”0 the Hormander symbol space. Our first main result is the following.

Theorem 1.1. Let M = {p < 0} be a relatively compact open subset with smooth boundary X of a
complex manifold M’ of complex dimension n. Let U be an open set of M’ with U N X # &. Suppose that
the Levi form is nondegenerate of constant signature (n—,n) on U N X, where n_ denotes the number
of negative eigenvalues of the Levi formon U N X. Fix A > 0. If ¢ # n_, we have

Biq)e(x’ y) e QODNOD (U x U)N (M x M)), (1-14)

and for ¢ = n_ the operator Biq)a is a Fourier integral operator with complex phase. More precisely,

o —
Biq)a(x,y)—/ PN p(x vy, 1) di € QODIOD (U xU)YN (M x M)), (1-15)
= 0

where b(x, y,t) € S{”O((U xU)N (M x M) x (0, 00), AZ(‘(}’,‘QII‘EIO,"J)) has asymptotic expansion b(x,y,t) ~
% b, ) in ST, bi(x,y) € €°((U x U) N (M x M), NGOVNODy i — 0 1, and the
j=0"%J 1,00 %J XM

leading term is given by

bo(x,x) = 27 ""|det Ly |Tx.n_ 0 (0p(x))V*(0p(x))"  foreveryx e UNX. (1-16)

Moreover,
d(x,y) € €U xU)YN(M xM)), Im¢ >0,
Pp(x,x)=0, xeUNX, ¢x,y)#0 if (x,y) ¢diag((UxU)N(X x X)),
Im¢p(x,y)>0 if (x,y)¢ (U xU)N(X xX), 1-17)
$(x,y) = —¢(y, x),
dx¢(x,y)|x=y = —2i0p(x) foreveryx e UNX.

Moreover, we can describe the phase function ¢ from (1-15) in the following complement to Theorem 1.1.
Let 8}5 denote the formal adjoint of d, and let Elj((q) = 8;‘2 d+0 8}"2 be the d-Laplacian acting on Q%*(M’).
We denote by o(IZI](f])) its principal symbol.

Zusatz 1.2. Fix p € UNX and choose local holomorphic coordinates z = (z1, ..., z,), z; =X2,—1+1X2;,
j =1,...,n, vanishing at p such that the metric on T1-0M’ is Z};l dz; ® dz; at p and p(z) =
V2Imz, + Z;’;} wilzj|> + O0(|z|?), where w;, j =1,...,n— 1, are the eigenvalues of £,. We also
write W = (W1, ..., Wpn), Wj = y2j—1+1y2;, j =1,...,n. Then, we can take ¢(z, w) in (1-15) so that
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in some neighborhood of (p, p) in M’ x M’ we have
2n—1 2n—1

1 1
¢(z,w)=—v2x20-1+V2y20- 1—lP(Z)(1+Z a]x]+2a2nx2n) lP(w)(1+Z ajyj+2a2ny2n)
n—1 /=t n—1 !
+i Y lwillzi—wi P+ i (Gjwi—zw,)+0(|(z, w)?),  (1-18)
j=1 j=1

where a; = %axja(D]((q))(p,—Zmp(p)), j=1,...,2n.

The essential step in the proof of Theorem 1.1 is the construction of a microlocal Hodge decompo-
sition (Theorems 5.9, 5.23) up to smoothing operators. Namely, there exists an approximate Neumann
operator N4 and an approximate Bergman operator I1¢ on U N M such that 0@ N @ 4 1@ —
N@OWD 4 1@ — 1, O@WTI@ are smoothing on U N M (here I denotes the identity) and I1@ differs
from the Fourier integral operator fooo el p(x v 1) dt by a smoothing operator on U N M. In
Theorem 6.7 we prove that, for every A > 0, B(Q) 1@ is smoothing on U N M. Since 1@ is
independent of A, the complex Fourier integral operator f i¢(x Pth(x, y,t)dt in (1-15) can be taken
to be independent of A. Hence, for every A1 > A > 0, B (x y) and B(q)(x y) differ by a smooth
section on (U x U) N (M x M).

By integrating over ¢ in the oscillatory integral fooo e P Yh(x, y, 1) dt in (1-15), we have the
following corollary of Theorem 1.1.

Corollary 1.3. Under the assumptions of Theorem 1.1, let U be an open set of M' with U N X # &.

Suppose that the Levi form is nondegenerate of constant signature (n—,ny) on U N X. Let ¢ = n_. There
exist forms F, G € QODNO-D (U x U) N (M x M)) such that for every A > 0 we have

BY) (x.y) = F(x.y)(=i($(x.y) +i0) "' + G(x. ) log(~i (§(x.y) +i0)) + Ry(x.y). (1-19)

where Ry (x, y) € QDO (U x U)N (M x M)) is a A-dependent smooth form. Moreover, we have
Fx,y) =Y (n— ) (x, y)(=ig(x, ),

/=0 (1-20)

&, (-1 - —
G(x,y)~ E I buyj+1(x, ¥)(=igp(x,y)) mod € (U xU)N (M x M)),
j=0 7

where bj(x,y), j € No, and ¢(x, y) are as in Theorem 1.1.

We introduce now a condition which allows us to pass from spectral projections B(q)e with A > 0 to

the Bergman projector B@ = B(q)

Definition 1.4. Let U be an open set in M’ with U N X # @&. We say that (1@ has local closed range
in U if, for every open set W C U with W N X # @, W C U, there is a constant Cyy > 0 such that

I(I = B@Yu|p < Cw |O0Dulps, ueQP4W N M)NDomO@,

Note that if 0@ has closed range then 0@ has local closed range in U for any U.
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Our second main result is the following.

Theorem 1.5. Under the assumptions of Theorem 1.1, let U be an open set of M’ with U N X # @.
Suppose that the Levi form is nondegenerate of constant signature (n—,ny) on U N X. Let ¢ = n_.
Suppose that 09D has local closed range in U. Then

(o,] . N J—
BD(x,y) —[ PN p(x v, 1) dt € QUINOD (U xUYN (M x M)), (1-21)
0

where b(x, y,t) and ¢ (x, y) are as in Theorem 1.1. In particular, B@ (x, y) has the asymptotics (1-19).

Hormander [2004, Theorem 4.6] determined the leading asymptotics of B (x, ¥) near a bound-
ary point where the Levi form is negative definite under the condition that 0®~1) has closed range.
Theorem 1.5 thus generalizes this result and gives the full asymptotics.

Remark 1.6. Let (E, hE) be a Hermitian holomorphic vector bundle over M’. As in (2-8) below, we can
consider the 9-Neumann Laplacian on (0, ¢)-forms with values in E:

Dok | A% 3. 2 2
0@ =90*+0*0:DomOY L) (M. E)— L%, (M. E), (1-22)
where L%O q)(M , E) denotes the L? space of (0, g)-forms with values in E. We can define Biq)a (x,y)

in the same way as above and by the same proofs, Theorems 1.1 and 1.5 hold also in the presence of a
vector bundle E.

In particular, we can consider the trivial line bundle £ = C with the metric hE = e~ %, where
@ € €°(M’) is a weight function. In this case the space L%O,q)(M , E) is the completion of %9 (M)
with respect to the weighted L? inner product (u|v)y = |  (ulv)e™ dvpyr and is denoted by L%O,q) (M, p).
The Bergman projection is denoted byBéq) and the Bergman kernel by Bé,q)(- ,+). So all the results above

have versions for weighted Bergman kernels Bé,q)(- )
We now give some applications of the results above.

Corollary 1.7. (i) Let M be a bounded domain of holomorphy in C"* with smooth boundary and let ¢ be
any function in € (M). Let U be an open set in C"* such that U N OM is strictly pseudoconvex. Then
the weighted Bergman kernel B(go)(- ,+) has the asymptotics (1-21) on U N M.

(ii) Let M be an open relatively compact domain with smooth boundary X in a complex manifold M’ of
dimension n. Assume that X satisfies condition Z (1), i.e., the Levi form of X has everywhere either n — 1
positive or two negative eigenvalues. Let U be an open set in M’ such that U N X is strictly pseudoconvex.
Then the Bergman kernel B(O)( -,+) has the asymptotics (1-21) on U N M.

(iii) Let M be a pseudoconvex domain with smooth boundary in P". Let U be an open set in P" such that
UNoM is strictly pseudoconvex. Then the Bergman kernel B (O)( -,+) has the asymptotics (1-21) on U N M.

(iv) Let M be an open relatively compact domain with smooth boundary X in a complex manifold M’ of
dimension n. Fix p € X and assume that the Levi form is nondegenerate of constant signature (n—,ny.)
at every point of U N X, where U is an open set of p in M'. Let ¢ = n—. Assume that Z(q — 1), Z(q + 1)
hold of every point of X. The Bergman kernel B(q)(- ,+) has the asymptotics (1-21) on U N M.
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Note that by the solution of the Levi problem [Range 1986, Theorem V.1.5], for a bounded domain
M C C" with smooth boundary the notions of domain of holomorphy and weak (Levi) pseudoconvexity
are equivalent. We can apply the L? estimates for d of [Hérmander 1965, Theorem 2.2.1'] to obtain that
OO has closed range in L2, and hence settle case (i). Note that the analogous L? estimate for dp along the
boundary was done in [Shaw 1985]. Moreover, it follows from [Folland and Kohn 1972, Theorem 3.1.19],
[Hormander 1965, Theorem 3.4.1] in case (ii), and [Henkin and Iordan 2000, Corollary 3.6] in case (iii),
that 0 has closed range. Note that these assertions are independent of the choice of the function
@ € € (M), since changing ¢ only means introducing equivalent norms in the Hilbert spaces concerned.
Obviously, the items (i) and (ii) hold also if we work with Bergman kernels of holomorphic sections in a
Hermitian holomorphic vector bundle (E, 1) defined in a neighborhood of M (see Remark 1.6).

We now explain point (iv). Let M be an open relatively compact domain with smooth boundary X
in a complex manifold M’ of dimension n. We recall that X satisfies condition Z(q) if the Levi from
of X has at least n — g positive eigenvalues or at least g 4+ 1 negative eigenvalues at every point of X.
It was proved in [Folland and Kohn 1972, Proposition 3.1.18] that if Z(¢ — 1), Z(g + 1) hold at every
point of X, then 0@ has closed range. If the Levi form is nondegenerate of signature (n_, n4) then
Z(q) holds if and only if ¢ # n_. We call n_ the critical degree.

Next we consider Bergman kernels on shell domains. These are domains with two boundary components,
one pseudoconvex, the other pseudoconcave They appear for example in Andreotti—Grauert theory, e.g.,
as (1, 1)-convex-concave domains (roughly speaking of the form M = {¢ <¢ <d}, where ¢ : M’ — R is
a strictly plurisubharmonic exhaustion function on M’). Such domains play an important role in problems
of compactification of complex manifolds; see, e.g., [Andreotti and Siu 1970].

Corollary 1.8. Let M &€ C" be the shell domain M = My \ M | between two pseudoconvex domains
My and My with smooth boundary and My @ My. Let U an open set such that U N M is strictly
pseudoconvex and U N dMy = @. Then the Bergman kernel B~V (x, y) on (0,n — 1)-forms has the
asymptotics (1-21) and (1-19).

By [Shaw 2010, Theorem 3.5], the operator 0@~ has closed range in L? for a shell domain between
two pseudoconvex domains as above. Moreover, the Levi form of M is negative definite on U N dM, so
the corollary follows from Theorem 1.5.

We consider further shell domains M = Mg \ M in a complex manifold M’. For general shell
domains, e.g., (1, 1)-convex-concave domains, the associated 9-Neumann Laplacian may not have closed
range. This happens for example for domains which cannot be compactified on the pseudoconcave end
[Andreotti and Siu 1970] (the pseudoconcave boundary component is not embeddable in the Euclidean
space). To overcome this difficulty, we consider a holomorphic line bundle L over M’. In Theorem 1.9
below, we will see that the associated 9-Neumann Laplacian with values in L has closed range if k is
large and the curvature of L is positive. We refer to [Ma and Marinescu 2007] for a comprehensive study
of Bergman kernel asymptotics for high tensor powers of a line bundles.

Suppose that there is a holomorphic line bundle (L, h%) over M’, where i’ denotes a Hermitian metric
of L and RL is the curvature of L induced by hL. For every k € N, let (L, th) be the k-th power of
(L,hL). Let (- | -)g be the L2 inner product on 229 (M, L¥) induced by the given Hermitian metric
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1 L 2
(-]-)on CTM’ and h* and let L(O,q)

@ .57 a% 9. 2 k 2 k
0 :00% 4 0*0:DomO“ C L) (M. L¥) — L /(M. L¥)

(M, L*) be the completion of %9 (M, L¥). Let

be the d-Neumann operator on M with values in Lk and let

@ .2 k (a)
BT 1 Ly (M, L") — Ker O]

be the orthogonal projection with respect to (- | - ) and let B,gq)( -, -) be the distribution kernel of B,Eq).

Theorem 1.9. Let M = My \ My be the shell domain between two pseudoconvex domains My and M,
with smooth boundary, My @ My € M. Let Xo = Mg and X1 = 0M,. Assume that (L, h™) is a positive
line bundle in a neighborhood of M. Let U be an open set in M’ withof UNXo # @ and U N X| = @.
There exists kg € N such that, for everyk € N, k > ko,

D,(CO) has local closed range in U . (1-23)

Moreover, for every k € N, k > ko, the Bergman kernel of M with values in L* satisfies
o oo —
BO(x,y) = fo PO (x v 1) dt mod €°((U x U) N (M x M), LR (L5)*),  (1-24)

where ¢(x,y) €€ (UxU)N(MxM)) and b(x, y,t) ES?’O(((UXU)H(MXM))X(O,OO),Lk|Z|(Lk)*)
are as in Theorem 1.1.

The next applications concerns the asymptotics of the S !-equivariant Bergman kernel and embedding
theorems. We assume that M’ admits a holomorphic S!-action

S'sxM' - M, (eie,x)|—>ei00x.

The S!-action preserves the complex structure J of M’. Let To € €°°(M’, TM’) be the infinitesimal
generator of the S!-action on M’, that is (Tou)(x) = %u(eie ox)‘@=0 for every u € €°(M’).

We take the Hermitian metric (- | -) on CTM’ to be S'-invariant and |Ty| = 1 on X. We take an
S l-invariant defining function p so that |dp| = 1 on X. Fix an open connected component X of X.
Suppose that

C()()(T()) >0 on X(), (1—25)

where J is the complex structure map on 7*M’. From (1-4), (1-25) and noting that |Ty| = |dp| = 1
on X, it is easy to see that
To=T on Xo. (1-26)
For every m € Z, put
QUM ={ue QM) : Tu=imu}, (1-27)

where T'u is the Lie derivative of u along direction 7. Similarly, let 92;4 (M) denote the space of

restrictions to M of elements in Qp?(M'). We write €2°(M) := Q°(M). Let L%o 2.m (M) be the
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completion of Q,g,’q (M) with respect to (- | -)as. For ¢ = 0, we write L2,(M) := L%O 0) (M) FixA>0
and m € Z. Put
HL (M) 1= HL, (M) N LGy ) (M), (1-28)
where HqSA(M) is given by (1-13). Let
@ .52 i
Bm Liog (M) = HL,, (M) (1-29)

be the orthogonal projection with respect to (- | -)as and let

B(Q)

<A,m

(x,7) € 7'(M x M, G210

be the distribution kernel of Biq)z e FOr A =0, we write HE (M) == HL, (M), B,Sf) .= BY)

<0,m <0,m’

B,(,f)(x, y) = B (x, ). From [Hsiao et al. 2020, Theorem 3.3], we see that Hik’m (M) is a finite-

<0,m -
dimensional subspace of Q?n’q (M) and hence

B(‘])

<A,m

(x,y) € QUDIOD (A7 « j1).

Moreover, it is straightforward to see that

1 T . .

B;q)z,m(x’ y) — Z / Bg])z(x’ el@ Oy)elme do. (1-30)
—7JT

We have the following asymptotic expansion for the S 1—equivariant Bergman kernel. We use here the

symbol spaces S}’ .; see Definition 2.1 and the discussion after (2-6).

licl)c;
Theorem 1.10. Assume that M’ admits a holomorphic S'-action that is boundary preserving, locally free
and transversal to the CR structure on the boundary. Let X be a connected component of X such that
(1-26) holds, let p € X and let U be an open set of p in M’ with U N X¢ # <. Suppose that Z(1) holds
on X and that the Levi form is positive U N Xo. Let Ny :={ge S':gop=pl=1{go:=e.g1,....8r}
where e denotes the identity element in S* and g; # gy if j # € for every j, £ =0,1,...,r. Then

-
BO(x.y) =Y glielmP%:8apy (x, y,m) mod O(m™=) onUNM, (1-31)

a=0

where, foreverya =0,1,...,r,

bo(x,y,m) € S (U xU) N (M x M)),
ba(x,y,m) ~ Z;?io ba,j(x,y)m"~/ in S (UxU)N(M x M)), (1-32)
ba,0(x,x) = bo(x, x),
where bo(x, x) is given by (5-124) and ¢ (x, y) € €° (U xU)N (M x M)) is as in (1-17).

Actually, we have more general results than Theorem 1.10. In Theorem 8.2, we get an asymptotic
expansion for Biq; ,, inm for every A > 0, and in Theorem 8.3, we get an asymptotic expansion for B,(,;I )
in m under the local closed range condition of 0@, Moreover, when Z(g — 1) and Z(g + 1) hold, then

0@ has closed range and an analogous statement to Theorem 1.10 holds for B,(,? )
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For every m € N, let
Oy i M —>C, x> (fi(x)...., fa, (X)), (1-33)

where { f1(x),..., fg, (x)} is an orthonormal basis for HO (M) with respect to (- | -)a and dyy =
dim #9,(M). We have the following S!-equivariant embedding theorem

Theorem 1.11. Assume that M’ admits a holomorphic S-action that is boundary preserving, locally free
and transversal to the CR structure on the boundary. Let X be a connected component of X such that
(1-26) holds. Assume that the Levi form is positive definite on Xo and Z(1) holds on X. For every mg € N,
there exist my, ... ,mg € N, withmj; > mo, j =1,...,k, and an S invariant open neighborhood V
of Xo such that the map

Bpnyomy VM = CI X (B, (X), ..., Dy (X)), (1-34)

is a holomorphic embedding, where Oy, is given by (1-33) and c?m =dm, +-+dm,.
Without the Z(1) condition, we can still formulate the following S !-equivariant embedding theorem.

Theorem 1.12. Assume that M’ admits a holomorphic S -action that is boundary preserving, locally free
and transversal to the CR structure on the boundary. Let Xo be a connected component of X such that
(1-26) holds and the Levi form is positive definite on Xg. For every mqy € N, there exist an S'-invariant
open neighborhood V of X and f; € €°(V N M) with 5]‘, =0onVNM, ﬁ(eiex) =ei™i? f(x),
j=1,...,k, for el e St and every x € V and some mj > mg, such that the map

D:VNM—>Ck x> (fi(x),.... fr(x)), (1-35)
is a holomorphic embedding.

1.2. Methods and further previous results. In [Hsiao 2010] the first author extended the results of the
fundamental paper [Boutet de Monvel and Sjostrand 1976] on the off-diagonal and boundary asymptotics
of the Szeg6 and Bergman kernels to the case of domains whose Levi form is everywhere nondegenerate on
the boundary. Building on [Hsiao 2010] we constructed in [Hsiao and Marinescu 2017] a parametrix for the
Szeg6 kernel on the boundary, and extended the above results in several directions: (i) the global nondegen-
eracy condition on the Levi form was relaxed to local nondegeneracy near the point where the parametrix
is being constructed; (ii) a more general projector onto low-energy eigenspaces of the Kohn Laplacian
was considered; (iii) the boundary and domain were allowed to be noncompact. In the present paper we
achieve the passage from the Szeg$ parametrix on the boundary to the Bergman parametrix in the interior.

The main technical part of this paper is the construction of the microlocal parametrices for the
9-Neumann problem done in Sections 4 and 5 (see Theorems 4.7, 5.9, 5.23). More precisely, in Section 4,
we construct parametrices for 0@ near a point p € X under the assumptions that Z(g) holds at p and
the Levi form is nondegenerate at p. Our result generalizes the global result [Folland and Kohn 1972,
Theorem 3.1.14] (see also [Kohn 1963; 1964]) about the solution of the 9-Neumann problem under the
hypothesis that the Z(g) condition holds on the whole boundary. In this case 0@ has a parametrix N @),
the d-Neumann operator, which has a local character. Our method uses a reduction to the analysis on the
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boundary and the use of a boundary pseudodifferential operator 0@ which is elliptic along the negative
component ¥_ C T*X of the characteristic cone (see Section 3).

In Section 5, we construct microlocal Hodge decomposition theorems for 0@ near a point p € X
under the assumptions that Z(g) fails at p and the Levi form is nondegenerate at p. This is the most
technical part of the paper. Again, this is the local counterpart of the global result [Folland and Kohn
1972, Proposition 3.1.17] saying that if Z(g) fails but Z(q — 1) and Z(g + 1) hold on X, there exists a
global Hodge decomposition theorem for 0. Our method is to first construct a parametrix N @ of the
d-Neumann Laplacian and an approximate Bergman projector 1@, then to link TT(?) to an approximate
Szegd projector, which turns out to be a Fourier operator with complex phase, on the boundary via the
Poisson operator. Note that already in [Boutet de Monvel and Sjostrand 1976] the analysis of the Bergman
projector on a strictly pseudoconvex domain was done by reduction to the Szegd projector.

The localization of the d-Neumann operator was observed in several papers under global assumptions.
It was remarked in [Folland and Kohn 1972, p. 52] that the 9-Neumann operator localizes assuming that
0@ has globally closed range (see also Theorem 3.6 and Remark (ii) on page 70 of [Straube 2010]). Near
a strictly pseudoconvex point (n_— = 0), the existence of the localized d-Neumann operator in Theorems 4.7
and 5.9 follows from the main results of [Henkin et al. 1996; Henkin and Iordan 1997; Michel and Shaw
1998], under various hypotheses, such as piecewise smooth boundary. The generalizations of these articles
for higher g have been considered in [Hefer and Lieb 2000, Theorem 3.16].

As mentioned above, a geometric counterpart of the condition Z(g) is the notion of g-convexity
[Andreotti and Grauert 1962]. A manifold M of dimension 7 is called g-convex (1 < g < n) if there exists
an exhaustion function ¢ : M — R such that its Levi form iaécp has n —¢g + 1 positive eigenvalues outside
a compact set K. If ¢ € R is a regular value of ¢ such that M, :={x € M : p(x) <c} € M contains K,
then M, satisfies condition Z () for every £ > ¢. By [Andreotti and Grauert 1962], if M is g-convex then
the cohomology H K(M , E') with values in any holomorphic bundle F is finite-dimensional for any £ > g.
This can be also deduced from the fact that the dim Ker O® < oo for £ > g and from Hodge theory of the
9-Neumann Laplacian; see [Hormander 1965]. If M is a domain such that the Levi form of the boundary
is nondegenerate of signature (n—, ny ), it follows from Andreotti—Grauert theory and [Andreotti and Hill
1972] that dim H¢(M, E) < oo for £ # n_ and dim H¢(M, E) = oo for £ = n_. This reflects the fact
that in this case the Bergman projector on (0, n_)-forms has infinite-dimensional range.

1.3. Organization of the paper. The paper is organized as follows. In Section 2, we collect some standard
notation, terminology, definitions and statements we use throughout. To construct parametrices for 0@,
we introduce in Section 3 the boundary operator 0. In Section 4, we construct parametrices for [1(4)
near a point p € X under the assumption that Z(g) holds at p. Up to the authors’ knowledge, the
parametrices construction in Section 4 under no global assumptions is also a new result. In Section 5, we
obtain microlocal Hodge decomposition theorems for 0@ near a point p € X under the assumption that
Z(q) fails at p. By using the results in Sections 4 and 5, we prove Theorems 1.1 and 1.5 in Section 6.
In Section 7, we prove Theorem 1.9. In Section 8, we prove Theorems 1.10, 1.11 and 1.12 about the
asymptotic expansions of the S !-equivariant Bergman kernel and embedding theorems for domains with
holomorphic S !-action.



THE SPECTRAL AND BERGMAN PROJECTIONS ON COMPLEX MANIFOLDS WITH BOUNDARY 421

2. Preliminaries

2.1. Notions from microlocal and semiclassical analysis. We shall use the following notation: N =
{1,2, ...} is the set of natural numbers, Ng = N U {0}, R is the set of real numbers, and Ry :={x e R:

x > 0}. For a multiindex & = (a1, ...,a,) € Njj we denote by |a| = a1 +--- + a, its norm and by
[(a) =nits length. Form e N, write ¢ € {1,...,m}" ifo; €{1,...,m}, j =1,...,n. A multi-index o
is strictly increasing if ] < ap < -+ < ay. For x = (x1,..., X,) we write
xo‘:x‘lxl--'x,‘f",
axj=%, ag:ag;-.-ag’g;:%,
ij=llaxj, DY =Dl --- DY, Dx=llax-
Letz =(z1,....2n), zj =X2j—1 +1ix2j, j =1,...,n, be coordinates of C". We write
2=zt ¢ =202
9z = % - %(Bxi_l _iay?zj)’ 9z = % - %(axzaj_l +ia;?2,)’
d7 =03} --- 03" = % 0% :8‘;1‘ 82‘2 = %

For j,seZ,setdjs=1if j =s,and §; 5 =0if j #s.

Let M be a smooth paracompact manifold. We let 7 M and T* M denote the tangent bundle of M
and the cotangent bundle of M respectively. The complexified tangent bundle of M and the complexified
cotangent bundle of M are denoted by CT M and CT* M, respectively. Write (-,-) to denote the
pointwise duality between T M and T* M. We extend (-, -) bilinearly to CT M x CT*M. Let E be
a ¢ vector bundle over M. The fiber of E at x € M will be denoted by E,. Let E be another
vector bundle over M. We write E X E* to denote the vector bundle over M x M with fiber over
(x,y) € M x M consisting of the linear maps from Ey to Ex. Let Y C M be an open set. From now
on, the spaces of distribution sections of E over Y and smooth sections of E over Y will be denoted by
2'(Y, E) and €*° (Y, E) respectively. Let &' (Y, E) be the subspace of 2'(Y, E) whose elements have
compact support in ¥ and let €2°(Y, E) be the subspace of ¥°°(Y, E) whose elements have compact
support in Y. For m € R, let H™ (Y, E) denote the Sobolev space of order m of sections of E over Y. Put

HI(Y,E)={ue 2'(Y,E):9ou e H™(Y,E) for every ¢ € €2°(Y)},
H"(Y,E)=H(Y,E)N&' (Y, E).
Let E and E be € vector bundles over a paracompact orientable 4"°° manifold M equipped with a

smooth density of integration. If 4 : 2°(M, E) — 2" (M, E ) is continuous, we write A(x, y) to denote
the distribution kernel of A. The following two statements are equivalent:

(a) A is continuous: & (M, E) — €°(M, E).
(b) A(x,y) € €X(Mx M, ERE*).
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If A satisfies (a) or (b), we say that A4 is smoothing on M. Let A, B : €>°(M, E) — 2'(M, E) be
continuous operators. We write
A= B (on M) (2-1)

if A— B is a smoothing operator.

We say that A is properly supported if the restrictions of the two projections (x, y) — x, (x,y) >y
to supp A(x, y) are proper.

Let H(x,y) € 2'(Mx M, ERE *). We denote by H the unique continuous operator ¢.°(M, E) —
9'(M, E ) with distribution kernel H (x, y). In this work, we identify H with H(x, y).

Let D be an open set of a smooth manifold X and let £ be a vector bundle over X. Let

L" (D,ERE*), L"D,ERE*)
222

denote the space of pseudodifferential operators on D of order m and type (%, %) from sections of E
to sections of E and the space of classical pseudodifferential operators on D of order m from sections
of E to sections of E respectively. The classical result of Calderon and Vaillancourt [Hormander 1985,
Chapter 18] tells us that any A € LT, | ,(D, E X E™) induces for any s € R a continuous operator

1/2,1/
A:HS(D,E)— HS;™(D, E). (2-2)
Let A € L’1"/2 1/2(D’ EXE*), B e L’ln/‘2 1/2(D’ E X E*), where m,m; € R. If A or B is properly

supported, then the composition of 4 and B is well-defined. Moreover, we can repeat the proof of [Boutet
de Monvel 1974, Proposition 3.2] and conclude that

AB € L™™(D,ER E*). (2-3)
252
FormeR, p,6eR, 0<p,§ <1, let
" (T*D.E®E*)

be the Hormander symbol space on 7* D with values in EX E* of order m and type (p, §); see [Hormander
1983, Definition 7.8.1]. Let

S, $(T*D,ERE*):= ()| Sis(T*D, ER E™).
meR
Leta; € S:fg (T*D, EX E*) with m; \( —00, j — oo. Then there exists a € S;"’g(T*D, E X E*) such
that, for any k € N,

k—1
a—Y a;eS{'§(T*D,ERE™).
Jj=0

In this case we write
+o00

a~Y aj inSYNT*D,ERE").
Jj=0
The symbol a is unique modulo S;;"(T*D, EXE™).
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Let W be an open set in RNt and let W, be an open set in RN2, Let E 1 and E, be vector bundles
over Wi and W, respectively. An m-dependent continuous operator Fy, : 6°°(Wa, Ez) — 2'(Wh, E1)
is called m-negligible on W; x W; if, for m large enough, Fy, is smoothing and, for any K € W x W5,
any multi-indices «, B and any N € N, there exists Cg o gy > 0 such that

|8%8€ Ful(x,y) < CK,a,B,Nm_N on K form > 1. (2-4)
In that case we write
Fu(x,y)=0m™>) or F,;=0m ) onW;xW,.

If Fu,Gm : €°(Wa, E2) — 2/(W1, E1) are m-dependent continuous operators, we write Fy, =
Gm+0m ) on Wy x Wy or Fpp(x,5) = Gp(x,y)+ O(m=) on Wy x Wy if Fy, — Gy = O(m™°)
on Wy x W,. When W = W; = W, we sometimes write “on W”.

Let M; and M5 be smooth manifolds and let £; and E, be vector bundles over M; and M,
respectively. Let Fy,, Gy : €°° (M3, Ez) — €°° (M1, E1) be m-dependent smoothing operators. We
write Fy, = G+ O(m™°°) on M1 x M, if, on every local coordinate patch D of M and local coordinate
patch Dy of My, Fp, = Gy + O(m™) on D x D1. When M = M5, we sometimes write “on Mj”.

We recall the definition of the semiclassical symbol spaces.

Definition 2.1. Let W be an open set in RV. Let

S(W):={a € € (W) | for every a € NJ : sup |9¥a(x)| < oo},
xeW

Se (W) :={(a(-.m))mer | forall « e N, y € €2°(W) , sup sup |9%(ya(x.m))| < co}.
m>1xeWw
For k € R, let
Sk.=Sk.W) ={@(-,m)mer | (m™*a(-,m)) e SR (W)}

Hence a(-,m) € Sl’gC(W) if, for every « € N{)V and y € €°(W), there exists Cy > 0 independent of m
such that [3%(ya(-,m))| < Cqm® holds on W.

. k; .
Consider a sequence a; € S, 7, j € No, where k; \( —00, and let a € Sllf)‘c). We say that

o
. ko
a(-,m) ~ Za‘,—(-,m) in §,..
J=0
. k .
if, for every £ € N, we have a — Zf:o aj € Sloﬁ“ . For a given sequence a; as above, we can always

find such an asymptotic sum a, which is unique up to an element in S;;>° = S _>*°(W) = Sllgc.

Similarly, we can define SIISC(Y, A) in the standard way, where Y is a smooth manifold and 4 is a
vector bundle over Y.

2.2. Manifolds with smooth boundary. Let M be a relatively compact open subset with smooth boundary
X of a smooth manifold M’. Let A be a €°° vector bundle over M’. Let U be an open set in M’. Let

EPUNM,A), 22(UNM,A), €°UNM,A), &UNM,A),
H*(UNM,A), H:UNM,A), H(UNM,A)
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(where s € R) denote the spaces of restrictions to U N M of elements in
EPWUNM A, 2Z2(UNM A, €°UNM A, &UNM, A,

H*(M', A), HIM' A), H.(M' A),

respectively. Write

L2UNM,A):=H(UNM,A), L2UNM,A):=HXUNM,A),
LE.(UNM,A):=H2.(UNM,A).
Let A and B be € vector bundles over M'. Let U be an open set in M. Let

Fi,F:¢°(UNM,A) — 2 (UNM, B)

be continuous operators. Let Fi(x, y), Fa(x,y) € 2'(U xU)N (M x M), AKX B*) be the distribution
kernels of F; and F, respectively. We write

Fi = F, mod ¢ (U xU)N (M x M))
or Fi(x,y)= F2(x,y) mod (U xU)N(M xM)) if Fi(x.y) = Fa(x,y)4r(x.y), where r(x. y) €
EP(U xU)N(M x M), AR B*). Similarly, let
Fi,F>:62°(UNM,A)— 7' (UNX, B)
be continuous operators. Let
Fi(x,y), Fo(x,y) € 2(UxU)N(X x M), AR B¥)

be the distribution kernels of F; and F» respectively. We write Fy = F> mod € (U xU)N(X xM)) or
Fi(x,y)= F>(x,y) mod ¢®°((U xU) N (X x M)) if Fi(x,y) = Fa(x, y) + F(x, ), where #(x, y) €
(U xU)N(X x M), AR B*). Similarly, let F;, F> :€>°(UNX, A)— 2'(UNM, B) be continuous
operators. Let

Fi(x,y), F(x,y) € 2/(UxU)N (M x X), AR B¥)

be the distribution kernels of F and F> respectively. We write Fi = F> mod € (UxU)N(M x X)) or
F (x,y) = ﬁz(x, y) mod € (U x U)N (M x X)) if Fl(x, y) = fz(x, y)+7(x,y), where 7(x, y) €
€U xU)N (M xX), AK B*).
Let
Fn,Gp : €°(UNM,A)— 2'(UNM, B)

be m-dependent continuous operators. Let
Fn(x,9),Gn(x,y) € 2'(UxU)N(M x M), AR B*)
be the distribution kernels of F}, and G, respectively. We write
Fpn=GpumodOm™ ) onUNM (2-5)
if there is a ry, (x, y) € €°°(U x U, AR B*) with ry,(x,y) = O(m™) on U x U such that

rm(xvy)|(U><U)m(MX1\7) = Fpn(x,y)—Gm(x,y) form>1.
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Let k € R. Let U be an open set in M’ and let E be a vector bundle over M’ x M. Let
Sk (U xU)N (M x M), E) (2-6)
denote the space of restrictions to U N M of elements in SIIEC(U x U, E). Let
a; €SS (U xU)YN (M x M), E), j=012.....
with k; \, —00, j — oco. Then there exists a € S{Z‘C’((U xU)N (M x M), E) such that, for every £ € N,

a—ZaJ e Sk (WU xUYN (M x M), E).

If a and a; have the properties above, we write

a~2aj in SX (U xU)N (M x M), E).

loc

If E is trivial, then we write Sllf)(c’((U x U)N (M x M)) to denote Sllég (UxU)N(M x M), E).

2.3. The d-Neumann Laplacian. Let M be a relatively compact open subset with €°° boundary X of
a complex manifold M’ of dimension n. Let T1°M’ and T%! M’ be the holomorphic tangent bundle
of M’ and the antiholomorphic tangent bundle of M’. We fix a Hermitian metric (- | -) on CTM' so
that T1OM’ L T%'M’. For p,q € N, let T*P*9 M’ be the vector bundle of (p, g)-forms on M’. The
Hermitian metric (- | -) on CTM’ induces by duality a Hermitian metric (- |-) on @g”ng T*Pa M.
Let | - | be the corresponding pointwise norm with respect to (- | -). Let p € €°°(M’, R) be a defining
function of X, thatis, p=0o0n X, p <0 on M and dp # 0 near X. From now on, we take a defining
function p so that |dp| = 1 on X. Let U be an open set of M'. For every p,q =0,...,n, we define

QPIUNM):=€¢°WUNM, T*?1M"), QPIM'):=¢°M' T*P1M'),
QPAUNM):=€°UNM, T*?IM’),
anII(M/) = %:O(M/’ T*p’qM/), Qg,q(M) = %COO(M’ T*p’qM/),

Let dvpy be the volume form on M’ induced by the Hermitian metric (- |-) on CTM’ and let (- |- )
and (- | -)a be the inner products on Q%4 (M) and Q?"f (M) defined by

(f | o = /M<f By dvsr, f.h e QU4(HT),
(2-7)

(f 1w = [ (f IRy, o€ Q29

Let |l - llar and || - ||az- be the corresponding norms with respect to (- | -)as and (- | - )ps respectively. Let
(0 q)(M) be the completion of Q%9 (M) with respect to (- | -)ar. We extend (- |- )as to L(0 q)(M) in
the standard way. Let 3 : Q%9 (M’) — Q41 (M’) be the part of the exterior differential operator which
maps forms of type (0, g) to forms of type (0, ¢ + 1) and we denote by 8}5 :QOITI(M - Q%9 (M)
the formal adjoint of 9. That is,
@f [ = (f 1850,
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fe Qg’q (M"), h € Q%91 (M’). We shall also use the notation 9 for the closure in L2 of the d operator,
initially defined on Q%4 (M) and 8* for the Hilbert space adjoint of d. Recall that for u € L%o,q)(M ), we
say that ¥ € Dom 9 if we can find a sequence u; € Q%4 (M), j =1,2,..., withlimj_oo|u; —u|pr =0
such that lim; _, oo ||5uj —v|lpr =0 for some v € L%o,q+1)(M)' We set du = v. The d-Neumann Laplacian
on (0, g)-forms is then the nonnegative self-adjoint operator in the space L%o,q)(M ) (see [Folland and
Kohn 1972, Chapter 1]):

0@ =00*+0*0:DomOY c L) (M) > L (M), (2-8)
where

Dom 0@ = {u € LY, o (M), u € Domd* NDom d, §*u € Dom d, du € Dom 9*} (2-9)

and Q%9(M) N Dom 0@ is dense in Dom 0@ for the norm
Dom O 5 u = Jlullar + 1|8ullar + 118*u | ar:

see [Folland and Kohn 1972, p. 14]. We denote by Spec 0@ the spectrum of 0@,

Now, we consider the boundary X of M. The boundary X is a compact CR manifold of dimension
2n — 1 with natural CR structure 710X := T1OM'NCTX. Let T%1 X := T1.0X. The Hermitian metric
on CTM’ induces Hermitian metrics (- |-) on CTX and also on the bundle EBJZZ_II A/ (CT*X). Let
dvy be the volume form on X induced by the Hermitian metric (- | -) on CTX and let (- | -)x be the
L? inner product on ¥ (X. @jzi_ll A (CT*X )) induced by dvy and the Hermitian metric (- |-) on
@ AV (CT*X). Put

T*0x .= (1% XxpCT)t cecr*x, 10X :=T'"X@eCT)r cCT*X.
We have the pointwise orthogonal decomposition (see (1-5))

CT*X =T*"X o T** X & {Awy : A € C},

(2-10)
CTX =T"YXaT®' X @ {AT : 1 C).

Define the vector bundle of (0, g)-forms by T*%4X := A9T*%1 X Let D C X be an open set. Let
Q04(D) denote the space of smooth sections of 7*%9 X over D and let Q(c)’q (D) be the subspace of
Q%49 (D) whose elements have compact support in D.

In order to describe the 9-Neumann boundary conditions we introduce the operator of restriction to the
boundary X: let y denote the operator of restriction to the boundary X,

Yy QY (M) - (X, T** M'|x), uw yu:=uly. (2-11)
We have {u € Q%4 (M) : (9p)*yu = 0} = Dom 0* N Q%4 (M). We have thus
u e DomO@ NQY* (M) <« (3p) *yu=0,(3p) " ydu =0. (2-12)

The conditions on the right-hand side are called first and second 3-Neumann boundary conditions.
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3. The boundary operator 09’

In this section, we introduce a boundary operator on X = dM defined for a form u on X as the complex
tangential component of the form dv, where v = Pu is the extension of u from X to M by the Poisson
operator P. This operator will play a central role in Section 4 for the construction of the parametrix of
the 3-Neumann problem and Section 5 (Lemma 5.18). We fix ¢ € {0,1,...,n—1}. Let

O =897 + 35 0: Q™M) — Q™M)

denote the complex Laplace—Beltrami operator on (0, g¢)-forms. The subscript f indicates that the
operator is not subject to any boundary conditions. The boundary problem (D}q), ) on M is the Dirichlet
boundary problem, which is a regular elliptic boundary problem; see, e.g., [Taylor 2011, Chapter 5,
Proposition 11.10]. Let us consider the map

F@O: HX (M. T*M") > L2 (M) ® H3 (X, T**IM'), > O@Pu.yu). G

By the general theory of regular elliptic boundary problems [Boutet de Monvel 1971; Taylor 2011,
Chapter 5, Proposition 11.16], we know that dim Ker F@ < co and Ker F@ ¢ Q%4(M). Let

K9 :H>(M,T**M') — Ker F© (3-2)
be the orthogonal projection with respect to (- | -)as. Put ﬁ}q) = D}q) + K@ and consider the map
F@HX(M. T*M") > L2 (M) & H3(X, T*M"), urs @Puyw). (33

It is easy to see that F@ s injective. Let

P ¢ (X, T*1M") > Q%1 (M) (3-4)
be the Poisson operator for ﬁ}q) which is well-defined since (3-3) is injective. The Poisson operator P
satisfies

ﬁ}q)ﬁu =0, yPu=u foreveryuc¢>®X,T**IM"). (3-5)
By [Boutet de Monvel 1971, p. 29] the operator P extends continuously
P HS (X, T*IM") - HF2(M, T**9M’) foralls €R, (3-6)

and there is a continuous operator

DD H (M, T**M') > H P2 (M, T**M’) foralls e R (3-7)
such that
D@EW + Py =1 on QM) (3-8)

Let &'(M, T**4M’) denote the space of continuous linear map from Q%4(M) to C with respect to
(+]-)m. Let
P*: &M, T* M’y > 9/ (X, T*> M) (3-9)
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be the operator defined by
(P*ulv)xy = | Poy, ue& M, T*IM"), vee™®X, T*IM").
By [Boutet de Monvel 1971, p. 30] the operator
P HS(M,T*IM') — HSV2(X, T*% M) (3-10)
is continuous for every s € R and
P*: Q% (M) — ¢>°(X, T**1M").
Let
09D .= (3p)V*yaP : Q% (X) — Q%4(X). (3-11)
In this section, we will construct a parametrix for [0 under certain Levi curvature assumptions. Put
ST ={(x, wp(x)) €T*X : A <0},
(3-12)
ST ={(x,Awo(x)) e T*X : 1 > 0.

Note that we use here a different sign convention than in [Hsiao 2010], where wq equals dp o J (compare
[loc. cit., (1.9), p. 84], (1-5)), thus we swap here the roles of St and - compared to [loc. cit.].

Definition 3.1. Let A € L), | (D, T**X ®(T**9X)*), where m € R. We write

A=0 near XTNT*D

if there exists A’ € L™ (D, T*%4 X K (T*%4 X)*) with full symbol

1/2,1/2
a(x,n) € S{”/Z’l/z(T*D, T*04 X ) (T*04 X)*)
such that
A=A"on D
and a(x, n) vanishes in an open neighborhood of X+ N T*D.

For A as in Definition 3.1 we have WF(4) N 1 = @, where WF(A) denotes the wave front set of the
pseudodifferential operator A; see [Grigis and Sjostrand 1994, Chapter 7].
Let us consider the Hodge—de Rham Laplacian

Ax :=dd* +d*d : ¢®(X, NY(CT*X)) — ¢ (X, A1 (CT*X)), (3-13)

where d* : €°(X, AITH(CT*X)) - ¢ (X, A4(CT*X)) is the formal adjoint of the exterior deriva-
tive d with respect to (- |- )x. Let o/ Ay be the nonnegative square root of Ay.

Theorem 3.2 [Hsiao 2010, Part II, Proposition 4.1]. The operator m from (3-11) is a classical
pseudodifferential operator of order 1 and we have

09 = 16T + Vax) +9°, (3-14)
where W0 ¢ Lgl(X, T*0:4 X ) (T*%4 X)*). In particular, 09D is elliptic outside 7.
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Let dp, : Q%9(X) — Q%411 (X) be the tangential Cauchy—Riemann operator. It is not difficult to see
that
dp = 2(0p) % (3p) ya P : Q%9 (X) » Q%11 (X). (3-15)
We notice that, for u € ¥°(X, AY(CT*X)),
ueQ%(X) ifandonlyif u=2(dp)~*(dp) u on X (3-16)
and
2(0p)M*(0p) +2(0p) M (0p)* =1 on €°(X, AY(CT*X)). (3-17)

Consider
yds P ¢™(X, A7TH(CT* X)) — (X, A1(CT*X)).

It is not difficult to check that (see [Hsiao 2010, Part II, Lemma 2.2])
yds P Q% (X) — Q% (X). (3-18)
Put
O o= y a5 Poy + Dpy 3 P - Q%9(X) - Q29(X). (3-19)
Lemma 3.3. We have
O = —4(3p)*(@p)"y33 P(3p)" 0D + RD  on @04 (X),
where R@ : Q%4 (X) — Q%4 (X) is a smoothing operator.
Proof. From (3-5), (3-15), (3-16), (3-17), (3-18), we have
ﬁzq) — z(ép)/\,*(ép)/\ﬁéq)
=2(3p)"*(9p)" (yf_); Py + 5;,)/5; ﬁ)
=2(3p)"*(3p)" v 05 POy + 2(3p)"* (0p) "y 5 P
=2(0p)"" @p)"y 3} Py +2(0p)"" (9p) "y Py} P
=2(0p)"" (9p)"y 07 P (y0P —2(0p)" (0p)""y 0 P) +2(3p)* (@p) " ydPyO; P.  (3-20)

From (3-8), we have

Similarly, we have

Thus,
ydr PydP +ydPydp P =y(d70+007)P. (3-21)
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From (3-11), (3-20) and (3-21), we get
037 =2(3p)"* @p) y O P — 4(3p)™* (3p)"y 3} P (3p) 0@
= —=2(0p)"* (9p)" KD P — 4(0p)™* (9p) "y} P (3p)" 0. (3-22)
where K@ is as in (3-2). Note that K@ = 0 mod ¥°°(M x M). From this observation and (3-6), we

deduce that

—2(0p)V*(0p) yKD P H (X, T** M) — H*tN (X, T*% M),
for every s € R and every N € N. Hence, —2(3p)"*(3p)"yK @ P is smoothing. From this observation
and (3-20), the lemma follows. O

Lemma 3.3 gives a relation between ﬁgq) and 09, Put
AD = —4@p)*(@p)"y 95 P (9p)" : Q%9 (X) — Q1 (X). (3-23)

Then, ﬁlgq) = AW0O9 . We are going to show that AD is an elliptic classical pseudodifferential operator
near ¥ . We pause and introduce some notation. Near X, put

T M = {ueT} %M’ : dp(u) =0}, (3-24)
FOlp = {u eTO M (i + %)(u) _ o}. (3-25)
We have the orthogonal decompositions with respect to (- | -) for every z € M’, z is near X:

TrOIM =T %M’ @ {A(3p)(2) : A € C},

~ (3-26)
IO =T M e (A(iT + %)(z) aech.
Note that TZ*O’IM/ = TZ*O’IX and TZO’IM/ = TZO’IX for every z € X. Fix zg € X. We can choose an
orthonormal frame t;(z), ..., t,—1(z) for TZ*’O’IM " varying smoothly with z in a neighborhood U of zq
in M'. Then _
dp(z)
19p(2)]

t(2),....th—1(2),ty(2) :=
is an orthonormal frame for TZ*O’lM " Let

T1(2), ..., Th—-1(2), Tn(2)
denote the basis of T2"' M’ which is dual to 71 (z), .. ., 7, (z). We have Tj(z)eTZO’lM/, j=1,...,n—1,and
iT+ 4
N iT+ L]

Ty

From now on, we write W0 to denote any element in L (X, T*%4X K (T*%9X)*). By [Hsiao 2010,
Part II, (4.11)] we have
n—1
yos P => 1M oTr 4+ (0p)V* o (iT — v Ax) + 9°, (3-27)
j=1
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where T* is the ad]omt of T; with respect to (- |-),ie., (T, f | gx = (f | T*g)X for every f, g €
%“(UHX) j=1,. —1,and W0 € LY(X, T**9X R (T*%9X)*).

Theorem 3.4. The operator AD from (3-23) is a classical pseudodifferential operator with

AD = (T - /2x) +¥° on Q%9(X), (3-28)
where W0 e LSI(X, T*0:4 X ) (T*%4 X)*). Hence AD is elliptic near +.
Proof. From (3-23) and (3-27), we have

n—1
AD = —4@p)"* (3p)" ( 25O T+ (0p) M (0p) (T = VAx) + w“). (3-29)
j=1
We notice that

(E_)p)A’*(E_Jp)A(E_)p)A?}* =0 onQ%(X) forevery j =1,...,n—1,

_ _ _ _ (3-30)

4(0p)™*(0p)" ()" (@p) =1 on Q¥4(X).
From (3-29) and (3-30), we get (3-28). O
Let D C X be an open coordinate patch with local coordinates x = (x1, ..., X2,—1). Assume that the

Levi form is nondegenerate of constant signature (n_,n4) on D. Note that (3p)"*u =0, u € Q*(X).
From this observation and (3-27), we deduce that
n—1
yé}ﬁ = Z t;\’* oT/ + o on Q% (X),
j=1
and hence
yé}ﬁ = 5; +¥% on Q%*(X),

where U0 € LY (X, T*%9X R (T*%9X)*).
We can apply the method in [Sjostrand 1974] to construct a parametrix of
[Hsiao 2010, Part I, Proposition 6.3]) and deduce the following.

Aljéq) near X1 (see also

Theorem 3.5. Let D C X be an open coordinate patch such that the Levi form is nondegenerate of
constant signature (n—,n4) on D. Then for any q # n_ there exists a properly supported operator
E@ e LT} | p(D, T*4X R(T*%9X)*) such that

BYE@ =1+R onD, (3-31)
where R € Ly, |, (D, T**1X ®(T**9X)*) with R = 0 near T* N T*D.

If g #n_,n4, then D(q) is hypoelliptic with loss of one derivative and from [Sjostrand 1974], we can
find £@ so that IZI(q)E (‘I) = [. In Theorem 3.5, g could be equal to n4 and El( "+) s not hypoelliptic;
therefore we have R in (3-31). In [Hsiao 2010, Part I, Proposition 6.3], we do not have Rsinceqg#n_,n4.

We can now prove the main result of this section. We will use it in the proof of Theorem 4.3 for the
definition of the operator Ns(q); see (4-15).



432 CHIN-YU HSIAO AND GEORGE MARINESCU

Theorem 3.6. Let D C X be an open coordinate patch such that the Levi form is nondegenerate of
constant signature (n—,n4) on D. Then for any q # n_ there exists a properly supported operator
GDeLl, (D, T*4X R (T**9X)*) such that

0WG@ =1 onD. (3-32)
Proof. Let A@ ¢ L1 (D, T*04X X (T*%9X)*) be as in (3-23). Since A@ is elliptic near X+
(see Theorem 3.4), there are properly supported elliptic pseudodifferential operators H @) JH @ ¢

L7Y(D, T*%9X R (T*%9X)*) such that
ADH@D _[ =0 near St NT*D,

(3-33)
HPAD 1 =0 near StNT*D.

From Lemma 3.3, (3-23) and (3-33), we have 0\ = 4@0@, H@TY = H® A@0@ and hence
09 =HPEP  near st NT*D. (3-34)

Let E@ e L7} | (D, T**4X R (T*%9X)*) be as in Theorem 3.5. From (3-34), we have

1/2 1/
OWEDAD — | = HOTPEDA@ — |  near St NT*D. (3-35)

From (3-31), we have Hl(q)ﬁ[(jq)E(q)A(q) -1 = Hl(q)(l + R)A@ — I and hence
HPBPE@AD [ = HPAD |  near StNT*D. (3-36)
From (3-36) and (3-33), we get
HOBWE@A@ 1 =0 near St NT*D. (3-37)
From (3-35), (3-36) and (3-37), we conclude that
OWEDAD = 1,

where r € Ly, | ,(D, T**4X B (T**4X)*) with r = 0 near £* N T*D. Since O is elliptic
outside X, we can find a properly supported operator r € L1 2.1/ ,(D. T *0.4 X ) (T*99 X)*) such that
O@Dr; =—ronD.Let G € L(l’/2 12(D. T*0:4 X ) (T*%49 X)*) be a properly supported operator so
that G@ = E@D 4@ 4 r; on D. Hence 09 G@ = on D. O

4. Parametrices for the d-Neumann Laplacian outside the critical degree

In this section we consider boundary points where the Levi form is nondegenerate of constant signature
(n—,n4) on D. In the neighborhood of such points we construct a local parametrix of the d-Neumann
Laplacian on (0, g)-forms with ¢ # n_.

We briefly recall the global situation [Chen and Shaw 2001; Folland and Kohn 1972; Kohn 1963;
1964]. If Z(q) holds at each point of the boundary X, then Ker [0 is a finite-dimensional subspace
of 2%4(M), 0@ has closed range in L? and the Bergman projector B@ on Ker 0 is a smoothing
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operator on M. Moreover, there exists a continuous partial inverse N @ : L2(M, T*%9 M) — Dom 0@
of 0@, called the Neumann operator, such that we have the Hodge decomposition at the operator level,
ODN@D 4+ B@ =] on L%O,q)(M) and N @O@ 4 B@ = | on Dom O@. Moreover, the Neumann
operator N (9) maps continuously the Sobolev spaces H® to H5! for every s € Z, and maps the space
of smooth forms on M into itself. If the Levi form is nondegenerate of signature (n_,7) on X, then
Z(g) holds if and only if g # n_. We will show in this section a local version of these global results, in
which case the Neumann operator will be a local parametrix of the d-Neumann operator.

Let D be a local coordinate patch of X with local coordinates x = (x1,...,X2,—1). Then X :=
(x1,...,Xx2n—1, p) are local coordinates of M’ defined in an open set U of M’ with U N X = D. Until
further notice, we work on U.

Let & (U N M,T**9M’) be the space of continuous linear forms from Q%4(U N M) to C. Let
F:Q¥UNM)— 2 (UNM, T*4M’) be a continuous operator. We say that F is properly supported
on U N M if, for every y € €°(U N M), there are y1 € €°(U N M), y2 € €2°(U N M), such that
Fyu=yFu, yFu=F yjuforeveryu e Qg’q(U N M). We say that F is smoothing away the diagonal
on U N M if, for every y, x1 € €2°(U N M) with supp y Nsupp y1 = &, we have

1Fx1=0mod (U xU)N (M x M)).
Lemma 4.1. Let 1) € €°°(X), T € €°° (M) with supp t N supp 11 = . Then,
P71 =0 mod (M x X).
Proof. Since yrﬁtl = 1|y 11 =0, we have ﬁ)/‘L'IS‘El = 0. From this observation and (3-8), we have
Pt = (D(q)ﬁ}q) + Py)tPr = D(q)ﬁ}q)‘[ﬁtl =_DW[g, ﬁ;q)]ﬁrl. 4-1)
By (3-7) the operator
DD, TP): HY (M, T**4M") > H TN (M, T**4 M)

is continuous, for every s € Z. Using this observation, (3-6) and (4-1), we have

tPr HS (X, T*M') - H**3 (M, T**9M')
is continuous for every s € Z. We have proved that, for any 7 € €°°(M) with supp T Nsupp 11 = &,

FPr: HS(X, T* M) - HS"3 (M, T*% M) (4-2)

is continuous for every s € Z. Let T € €°°(M) with T = 1 near supp t and supp 7 N supp 1y = &. From
(4-1), we have
tPry = DD [, 0P Pry. (4-3)

From (4-3), (4-2) and (3-8), Pty : H*(X,T*%4M"y — HS*5/2(M, T*%4 M) is continuous for every
s € Z. Continuing in this way, we conclude that

2N+1

Py HY(X,T*4M') - HF 72 (M, T M)

is continuous for every s € Z and N > 0. The lemma follows. O



434 CHIN-YU HSIAO AND GEORGE MARINESCU

From Lemma 4.1 we obtain the following result for the adjoint P* given by (3-9)

Lemma 4.2. Let 11 € €°(X), 1 € €°(M) with supp t Nsupp 11 = &. Then,
11 P*1 =0 mod ¢ (X x M).

We come back to our situation. Until further notice, we assume that the Levi form is nondegenerate of
constant signature (n—,n4) on D C X. In the following theorem we construct a local parametrix N @)
for the d-Neumann Laplacian on (0, g)-forms for g # n_.

Theorem 4.3. We assume that the Levi form is nondegenerate of constant signature (n—,n+) on D and
let g # n—_. Then there exist a properly supported operator N @ on U N M that is continuous for every
s € Z between

ND:HS (UNM,T*M'y - HSTY WU NM, T*IM’)  foreverys€Z, (4-4)

loc

and such that N @y satisfies the d-Neumann conditions

)V *yNDuy|p =0, ueQ®UNM), (4-5)
(Bp)V*ydN Dulp =0, ueQ®UNM), (4-6)
D}Q)N(Q) =1+ F(Q) on QS,Q(U N M), (4_7)

where F@ : 9/ (U N M) — Q%4(U N M) is a properly supported smoothing operator on U N M.

Hence for u € Q?’q(U N M) we have N @y € Dom 0@ and OWN@ = | + F@, with F@ a
smoothing operator on U N M.

(@
Oy

Proof. Since is an elliptic operator on M’, we can find a properly supported continuous operator

N@HE (UM, T*M) > HSP2(UNM, T*IM") forevery s € Z

loc

such that N l(q) is smoothing away the diagonal on U N M and
DJ(ﬂ)Nl("’ =I1+F onQXUNM), (4-8)

where Fi =0 mod (U xU) N (M x M)).

For u € Q%4(U N M) the form N I(Q)u doesn’t necessarily satisfy the d-Neumann conditions (4-5),
(4-6). We will now construct corrections N j(q), j=2,...,7, and finally N @, starting with N (q), such
that at the end the operator N (@) gatisfies (4-4)—(4-8). Consider, for every s € Z,

NP =ND _PyND : H}UNM.T* M) > HSP2U N M, T M").

loc

From (3-5) and (4-8), we see that

yNz(q)u|D =0 forevery u € Q09U N M) (4-9)
and
D}Q)Nz(q’ =I+F onQ¥UNM), (4-10)
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where F», =0 mod ¢ (U x U) N (M x M)). From Lemma 4.1, it is not difficult to check that Nz(q) is
smoothing away the diagonal on U N M. Hence, we can find a properly supported continuous operator

N3(q) CHE(UNM, T M) — HEP2(UNM, T*9M')  forevery s € Z
such that
N = NS mod ¢ (U x U) N (M x M)). @-11)
From (4-9) and (4-11), we conclude that
YN =0 mod (U x U) N (X x M)). (4-12)

Let E@ =0 mod ¢ (U x U) N (M x M)) be any smoothing properly supported extension of yN. (q),
that is, yE@Du|p = )/N_,Eq)u|D, for every u € Q%4 (U N M) and E@ is properly supported on U N M.
For every s € Z let

ND = NP _E@ . g5 (UnM, T*M") > HS2UNM, T M), (4-13)

loc

Then N :q) is properly supported on U N M and

)/N‘fq)uh) =0 for every u € Q%4 (U N M),
(4-14)
OWND =1+ F5 on QXU NM),

where F3 =0 mod (U xU) N (M x M)). Let G@ ¢ LY,y 1/,(D, T**4X R (T*%9X)*) be as in
Theorem 3.6. Put, for every s € Z,

N HSUNM, T*M') > HT' (U N M, T*> M),

loc

R ) (4-15)
N = N&® — FGD (o) *yIND.

From Theorem 3.6, (3-11), (3-32) and (4-14), we can check that

(Z_ip)A’*yNs(q)mD =0 foreveryu e Q% (UNM),
(E_)p)A’*yE_)NS(q) =0 mod ¢ (U xU)N (X x M)), (4-16)
OWND =1+ F,  on QU NM),
where F4 =0 mod ¢ (U x U) N (M x M)). We explain the first equation in (4-16). From (4-14), we
have (Bp)/"*yNs(q)u = —(8,0)“*G(‘Z)(Bp)A’*yaNAfQ)u = 0 since G@ maps Q%7(X) to Q%9(X). It is
not difficult to check that Ns(q) is smoothing away the diagonal on U N M. Hence, we can find a properly
supported continuous operator
N&  HE (UNM, T*M') > HET (WU N M, T*> M) forevery s € Z
such that
N = NSO mod ¢ (U x U) N (M x M)). 4-17)



436 CHIN-YU HSIAO AND GEORGE MARINESCU
Let R@ = 0 mod (U x U) N (M x M)) be any smoothing properly supported extension of
2((‘_)p)"(5p)/\’*yN6(q). For every s € Z put

ND .= NO _R@ . g (UM, T*M') - HS(WU N M, T* M), (4-18)

From (3-17), we have
@) *yN? = @p)* YN = (@p)™*yR@
= (3p)"* YN =2(3p)™* (3p)" (3p) Y Ng?
= @) YN — @p)*yND =o. (4-19)
From (4-16) and (4-19), we have
(E_)p)’\’*yN7(q)u|D =0 foreveryu e Q%(UNM),
Ip) *yIND =0 mod (U x U) N (X x M)), (4-20)
7
DN =1+ Fs  on QP(UNM),

where F5 = 0 mod ¢°°((U x U) N (M x M)). Let J @ be any smoothing properly supported extension
of (5p)A’*y5N7(q). Let y € €2°((—e, €)) with y = 1 near 0, where ¢ > 0 is a sufficiently small constant.
For every s € Z put

ND = ND _2y(p)p] @D : HE (UNM, T*M") - HSFY(U N M, T*% M), 4-21)

loc

It is not difficult to see that N (@) is properly supported on U N M,

N@D = NS mod ¢ (U x U) N (M x M))
and

(0p)N*yNDy|p = (5p)’\’*yN7(q)u|D =0 foreveryu e Q% (UNM).
From (3-17), we have, for every u € Q%4(U N M),
(3p)*yIN Dulp = [@p)*yINSu|p —2(3p)"* (3p) v Vulp

= (@p)"*yIN;Dulp —2(3p)"* (@p)" (3p)"* AN,V u| p

= (30)"*yaNDu|p — (@3p)*yINDulp = 0. (4-22)
We have proved that N @ satisfies (4-5), (4-6) and (4-7). The theorem follows. O

Let N@ be as in Theorem 4.3 and let (N @)* : Q24U N M) — 2/(U N M, T*%9M’) be the formal
adjoint of N (@) given by

(NO)*u | v)y = (| N@v)y  forevery u.v € (U N M),

The following result shows that N @ s formally self-adjoint up to a smoothing operator.
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Lemma 4.4. With the assumptions and notation used above, we have
(NDY*y = NDy + HDy  foreveryu e Qg’q(U nM), (4-23)

where HD : 9'(U N M, T**4M") — QO9(U N M) is a properly supported continuous operator on
UNM with H9 =0 mod ¢°° (U x U) N (M x M)).

Proof. Letu,v € 92’4 (U N M). From (4-7), we have
(VD) u o)y = (VO @ ND — FDyu | v)y
_ (D}Q)N(q)u | NDv)pr — (FDy | N@Dy)py. (4-24)
From (4-5) and (4-6), we can integrate by parts and get
@OPNDu | NDv)yy = (NOu | OPNDv)yy = (NDu | (1 + FDy)py, (425
where we used (4-7). From (4-24) and (4-25), we deduce that
(N u )y = (ND + (FOYN Dy [ o)y = | (FONDoypy, - (4-26)

where (F@)* : QU N M) — 2/(U N M, T**4M’) is the formal adjoint of F@ with respect to
(- | -)am. It is clear that (F@)* is a properly supported continuous operator on U N M with (F@)* =
0 mod € (U xU) N (M x M)).

It is not difficult to check that (F(©)* N @ is a properly supported continuous operator on U N M
with (F@)*N@ =0 mod (U x U) N (M x M)). Let

(FOY*NDY* . Q0 UNM)—2UNMT M)

be the formal adjoint of (F@)* N (@ with respect to (- | -)as. Then ((F@)*N@)* is a properly
supported continuous operator on U N M with

(FDOY*NDY* =0 mod (U x U)N (M x M)).

From this observation and (4-26), we have

((N(q))*u | )y = ((N(q) + (F(LI))*N(Q) _ ((F(q))*N(q))*)u | v)M'
Relation (4-23) follows. o

From (4-23), we can extend (N @)* to
(NDOY L2 (UNM, T*M'y - L2 (UNM,T**M') forevery s €Z

as a properly supported continuous operator on U N M and we have

(NDy*y = NDy+ HDy  foreveryu € L2 (UNM, T**M"), (4-27)

where H (@ is as in (4-23). Moreover, for every g € L2(UNM,T**9M") andu € Lﬁ)C(U NM, T*%9 M7,
we have
(NOYu| gy =@ | NPy, (ND)glu = (g | NDu)y. (4-28)
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We can now improve Theorem 4.3.

Theorem 4.5. With the assumptions and notation used above, let ¢ # n—. We have

NOOWDy =y + Fl(q)u on U N M for everyu € Dom 0@, (4-29)
D}q)N(q)u =u+ FZ(Q)u on U N M foreveryu € QU N M), (4-30)

where F 1(q), Fz(q) 92" (UNM)— Q09U N M) are properly supported smoothing operators on U N M.
Remark 4.6. Let u € Dom 0@, By (4-29) we have, for every g € Q(c)’q(U nM),
(NOODy | g)py = (u+ F{u| g)u. (4-31)

Since N@ and Fl(q) are properly supported operators on U N M, (4-31) makes sense. For u €
Q%4 (U N M), equation (4-30) means that, for every g € Q(c)’q(U N M), we have

OPNDu | ) =+ F, u | 2. (4-32)

(UNM,T*9M’"). Let

loc

Proof of Theorem 4.5. Let u € Dom@. Then, O@u € L )(M) cL?
ge QO “4(U N M). From (4-27) and (4-28), we have

(N(Q)D(Q)u | 9m = ((N(CI))* _H(q))D(q)u | ©)m
= (@Du | NDg)p —(HDTDu | g). (4-33)
Since u € Dom 0@ and by (4-5), (4-6), N@ g € Dom 0@, we can integrate by parts and get
ODu | NDe)y = | DON D)y = (u | (1 + F D)) =+ (FO)'u | . (4-34)
where F (@ is as in (4-7) and (F(©)* is the formal adjoint of F@. From (4-33) and (4-34), we have
(NODDu | gy =+ (FOyu— HOTPu | g)ar. (4-33)

From (4-35), we get (4-29) with F{9) = (F@)* — H<f1>|:|}q).
Let u € Q%9(U N M) and let g € Q29 (U N M). From (4-27), (4-28), (4-29), and since N @ is
properly supported on U N M, we have

OPNDu | gy = (NDu |00 g)pr = (u | (ND)*'OP )y
=@ | (N9 +HOODg)y = (| g+ FPg + HOODg)y
= @+ (F{)u+ HDOT)u | g)u. (4-36)

where (F) (q))* and (H (Q)D(q))* are the formal adjoints of Fl(q) and H(q)[]](g) respectively. From (4-36),
we get (4-30) with F(‘I) (F(Q))* + (H(q)D((I))* O

From Theorems 4.3 and 4.5, we get the main result of this section about the local parametrix of the
d-Neumann Laplacian.
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Theorem 4.7. Let U be an open set of M’ with U N X # &. Suppose that the Levi form is nondegenerate
of constant signature (n—,ny) on U N X. Let q # n—. We can find properly supported continuous
operators on U N M :

N@:HS (UNM, T*M") - HSTYU N M, T*I M) foreveryseZ

such that (4-5), (4-6), (4-23), (4-28), (4-29) and (4-30) hold.

5. Microlocal Hodge decomposition in the critical degree

In this section we will construct a local parametrix of N @ of the 3-Neumann Laplacian acting on
(0, g)-forms and a local approximate Bergman operator 19 in the critical degree g = n_.

We briefly recall the global situation [Folland and Kohn 1972, (3.1.7)—(3.1.19)]. Assume that Z(g —1)
and Z(q + 1) hold everywhere on X (but Z(g) does not necessarily hold). Then 0@ is bounded
away from zero on (Ker O@)L, so O has closed range in L2 and one can define a bounded operator
N@ . [2(M, T*%4M") — Dom 0@ (the 9-Neumann operator) such that

u=0"NDy+3*INDy+ BDy, weLl?>M T*IM,
BON@D — N@p@) — 0. NOOW —gWDN@D = 1 _ B@D  5n Dom D(q)’
BW =1 _gN@Vg* _5*N@+tD§  on Domd N Dom d*,
B@(Dom §* N Q%4(M)) c DomO@ N Q%9 (M).

-1

If the Levi form is nondegenerate of signature (n_,n4) on an open set D C X, then Z(g) holds on D if
and only if ¢ £ n_. We will give in this section a (micro-)local version of the above global results in the
critical degree ¢ = n_, in which case the Neumann operator will be a local parametrix of the d-Neumann
operator and the Bergman projection B@ will be replaced by an approximate Bergman projection IT1(4).

5.1. The parametrix and the approximate Bergman operator. We recall the following lemma about
integration by parts.

Lemma 5.1 [Folland and Kohn 1972, p. 13]. Forall f € Q%4(M), g € Q®9+1(M), we have

€13/ = @5 | Fm +(@Bp) *vg | vN)x. (5-2)

Let D be a local coordinate patch of X with local coordinates x = (x1,...,X2,—1). Then, X :=
(X1,...,Xx2n—1, p) are local coordinates of M’ defined in an open set U of M’ with U N X = D. Until
further notice, we work on U.

Lemma 5.2. Letu € Q%4(U N M). Assume that (9p)*yu|p = 0. Then,
(9p)™"ydjulp = 0. (5-3)
Proof. Let g € QS"I‘Z(U N M). From (5-2), we have

@Fu | 8g)m = ((0F)u | ©)m + ((0p)*ydfu | yg)x = ((9p)™*ydju | y2)x - (5-4)
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On the other hand, from (5-2) again, we have
0=(u|3e)m = @Fuldgm + (3p) yu | ydg)x = @Fu|dg)m (5-5)
since (3p)"*yu|p = 0. From (5-4) and (5-5), we conclude that
((Bp)*ydsu | yg)x =0,
Since g is arbitrary, (E_)p)’\’*yf_i;ub =0. |

We now assume that the Levi form is nondegenerate of constant signature (n—,n4+) on D =U N X. Let
g =n_.Let N@tD and N@~D be Jocal parametrices of the d-Neumann Laplacian as in Theorem 4.7.
We define, for every s € Z,

ND:HE (UNM, T*M") — HS (UNM, T** M),

N@ .— é;(N(‘Hl))Zé + 5(N(q—1))25;;' (5-6)
Put
A UNM):={ueQUnM):@p)*yulp =0} =Domd* N Q¥ (U N M). (5-7)
We define
0@ =1 -95N@TVG—INEDGE: A%(U N M) - QU N M). (5-8)

We show in Theorem 5.3 below that the operators N@ and 1@ provide a rough version of the microlocal
Hodge decomposition. By (5-9) the operator N@ satisfies the first 9-Neumann condition. However,
by (5-10), the second d-Neumann condition is satisfied only modulo a smoothing operator (analogously
for [1(@) by (5-12)). In the sequel we will modify these operators in order to obtain operators N @ (the
parametrix of the 9-Neumann Laplacian) and IT@@ (the approximate Bergman projector) which satisfy
exactly the 9-Neumann condition (see Theorems 5.9, 5.11, 5.23).

Theorem 5.3. With the assumptions and notation above, let ¢ = n_. We have

@) *yNDy =0 foreveryu € Q%4 (U N M), (5-9)

0p) *ydN Du = HPu  for everyu € Q¥9(U N M), (5-10)

0Dy e AU NM) foreveryue A% (U N M), (5-11)

@) *ydl@Du = Hu  for everyu € A%1(U N M), (5-12)
D}q)ﬁ(q)u—l—ﬁ(q)u =u+H3(q)u for everyu € A%4(U N M), (5-13)
@Dy = HPu  for everyu € A% (U N M)N QY4 (U N M), (5-14)

5;ﬁ(q)u = Hs(q)u for everyu € A% (UNM)NQY U NM), (5-15)

where Hj((Z), j =1,....5, are properly supported on U N M and
H{? =0 mod ¢®°((Ux U)N(X x M))., j=1.2,
H® =0 mod ¢ (U x U)N (M x M)), j=34.5.
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Proof. From (4-5), (4-6), Lemma 5.2 and the definitions of N @), [T@, we get (5-9) and (5-11). Let
u € Q%4 (U N M). From (4-30) and (5-6), we have

(@p)*yIN Du
= (0p)"*yd 95 (NUFD)20u
= (E_)p)’\’*yl:l}qH)(N(‘1+1))25u - (ép)A’*yé;é(N(q“))zéu
= @)y + FTTYN@H D5y — @) *y 55N @+ D) 25y
= @)™y FTTONGED gy (@p)N*yN DGy — (@p)*yard(N D20, (5-16)
where F2(q+1) =0 mod ¢®((U xU)N(M x M)) is as in (4-30). Again, from (4-5), (4-6) and Lemma 5.2,
we see that
(@p)*yN @ Voulp =0,
(@p)"*y 950N 4FD)25u|p = 0.

From this observation, (5-16) and noticing that
(0p)N*yFAATD N@+DG = 0 mod (U x U) N (X x M),
we get (5-10). We now prove (5-12). From (5-8), we have
D =5—3 é}N(q-H)é

=5-OWtIN@IDy 4G5 GN@TD)

— —F{TV 4 5 INED;, (5-17)
where Fz(qH) is as in (4-30). Let u € A%9(U N M). From (5-17), we have

O Dy = —F{T+ Gy + 55 N @D, (5-18)

From (4-6) and (5-3), we see that (5,0)/\’*)/5; 5N<q+1)5u|p = 0. From this observation and (5-18), we
get (5-12).
Let u € A% (U N M). From (4-30), (5-6) and (5-8), we have

0% N @Dy = 0 (55 (N @+D)25 + 3(N @=D)25% u
= 50D (N @025y + 5O (V)25
=35+ FYN@D gy 451 + F{TV)N @ DG
B D3, L an@—13 3% (g+1) D5, @D A (g—1D3
= 0NV + ON @D o5y + 95 Fy TN DGy 4 9 F) TV N @D g%y

= (I - Dy + (@3 FIIN@HDG L GV NE@Dgx, (5-19)
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where
FTD = 0 mod (U x U) N (M x M)),

F™D =0 mod € (U x U) N (M x M))
are as in (4-30). It is clear that
0y FyHONG@HDG 4 GEETD N@DR% = 0 mod (U x U) N (M x M)).

From this observation and (5-19), we get (5-13).
Letu € A% (U NM)NQIYU N M), from (4-29), (4-30), (5-6) and (5-8), we have

E_J;il:[(q)u = é;u - 5}(5}N(‘1+1)5u - f_)N(q_l)E_);u)
= 5}5u — 5}5 E_iN(q_l)Z_);iu
=du— (@Y =555 N V5
= Fpu— (I + F,7 )35+ 333N Va5
=—F " Vou+ 505N V5.
For every g € A9 (UNM)N Qg’q(U N M), from (4-6), (4-30) and (5-3), we have
@)y NV drg = (@Bp) (@D ;YN OVGg
= (9p)"*y (I + F*™)a5 g — (9p)"*yd; N~ V57 g
= (@p)"*yFy " Vog.

Thus,
@p)"*yd 93N =0 mod (U x U) N (X x M)).

(5-20)

(5-21)

Let 89D = 0 mod ¢°((U x U) N (M x M)) be any smoothing properly supported extension of

(@p)*yd S;N(q_l). Put
eV = 2x(0)pe“V: WU NMT** M) > Q% 2(UNM),
where y € 62°((—¢,¢€)), x =1 near 0 € R, for a sufficiently small constant ¢ > 0. We have
(Bp)"*y@F N — @ D)ite =0,
@p)"*yd (FNU™D =@ )are =0
for every g € A% (UNM)N QS"I (U N M) and hence
(5}N(q—l) _ g(q—l)){);;g € Dom J@—2

for every g € A% (U N M) N QY4 (U N M). From (4-29), (4-30), (5-20) and (5-23), we have

EN _ (g—13 a4 -1)3
Dy = —F1Votu+ 00 N4 Vo5
= —Fz(q_l)('_?}iu +9 (S}N(q_l) —8(‘1_1))5}14 + 58(‘1_1)5;11

(5-22)

(5-23)

(5-24)
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— FOD 1 BV 06D) _ )G N GD D)ty 4 e
= —F 1 Viru+ N0 D N @D gy — G @-20UD @D gy,
CAFED NG D)5y 4 Gy
=—F V3t + N D5r0% D N @ DGRy — gy @mOW D@ DGy
- 5F1(q_2) (é;N(q_l) - s(q_l))é;u + 58(‘1_1)5]"274
= —Fz(q_l)é;u + E_JN(‘J_Z)E); 7+ Fz(q_l))f_);u - E_)N(q_Z)D}q_z)s(q_l)(‘_);u
—9Fa? (5}N(‘1_1) - s(q_l))é_);iu + 58(‘1_1)5}u
= —Fz(q_l)é;u + 5N(q_2)5; Fz(q_l)f_);u — N2 D}(,q_z)e(q_l)é;u
- 5F1(q_2)(5;N(q_1) - e(q_l))é;u + 58@_1)5;14, (5-24 cont.)
where u € A%9(UNM)N Qg’q(U N M). It is clear that
—F 05 + N @25y FA Vs — N @2OUD s
- E_)Fl(q_z)(f_);N(q_l) —8(‘]_1))5; + 58(4_1)5; =0 mod € (U xU)N (M x M)).

From this observation and (5-24), we get (5-15). The proof of (5-14) is similar but simpler and therefore
we omit the details. O

From (5-14) and (5-15), we get
D}q)f[(Q)u = Héq)u for every u € AU NM)N Q(c)’q(U nM), (5-25)

where H6(q) =0 mod ¢ (U xU)N (M x M)) and Héq) is properly supported on U N M.
Lemma 5.4. With the assumptions and notation above, let ¢ = n_. We have
(N Du v = | N Do)y + (u | TD0)yg
foreveryu € LZUNM,T**M’), ve L12()C(U NM,T*%9M"), where '@ js properly supported on
UNM and T@D =0 mod ¢ (U x U) N (M x M)).
Proof. Letu € L2(U N M, T*®4M’), v € L2 (UNM.T*9M’). Let u; € QYU N M), v; €

loc

QXU N M), j =1,2,..., such that uj —uin L2UNM,T**M’) as j — oo and v; — v in
L2 (UNM,T*%M') as j — oo. From (5-6), we see that

(NDu vy = lim (NDu; | v))p. (5-26)
Jj—>+oo
We infer from (4-28) that for every j € N we have (]V(q)uj [vi)m = (uj | (ﬁ(q))*vj)M. From (4-23),

we see that (ﬁ(Q))* =N@D 4 T@ opn Qg’q(U N M), where ['@ =0 mod ER((U xU)N (M x M))
and '@ is properly supported on U N M. From this observation, we conclude that

(ﬁ(q)uj | vi)m = (u; | ﬁ@)uj)M + (u; | f‘(q)vj)M for every j € N. (5-27)
From (5-26) and (5-27), the lemma follows. O
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Lemma 5.5. With the assumptions and notation used above, let g = n_. Fix an open set W C U with W a
compact subset of U. There is a constant Cyy > 0 such that, for everyu € A%4(U N M) N Q(c)’q(W NM),
1T Dullar < Collullae- (5-28)
Proof. Letu € A%9(UNM)nN Qg’q(W N M). From (5-13), we have
(ﬁ(Q)u | ﬁ(Q)u)M — (ﬁ(CI)u | u)ar — (ﬁ(q)u | (I - ﬁ(Q))u)M
= (0D [u)p — (OADu | @PND — H D))y (5-29)
From (5-9) and (5-10), we can repeat the proof of Theorem 4.3 and deduce that there is a properly

supported operator N@ : /(U N M, T*®4M") — QO4(U N M) on U N M with N@ — N@ =
0 mod € (U x U) N (M x M)) such that

N@g e DomO@ (5-30)
for every g € A%(UNM)N QY4 (W N M). From (5-11), (5-13), (5-14), (5-15), (5-29), (5-30), we have
(ADu | ADu)yy = ADu [u)y — ((@u | @ ND — HP)u)y

— (ﬁ(fI)u | u)M—(ﬁ(q)u | (D}q)N(q)—Héq))u)M+(ﬁ(q)u | D}Q)(N(Q)_ﬁ(Q))u)M
= (Iu [u)p — OO Du | NDuypy — @5 T Du | 9*N Du)
+ (0Du | H{Pu)p + (1 Du | P (VD — N D))y
= (0Du | u)pr — (H@Pu | d NDuypy — (HPu | 3N Duypy
+(0Du | Hu)p + ([A@u | O (ND — N D)y
= (TDu [uyar — (u | (HD)IND 4 (HD)* 9N Dy
+(ODu | H{Pu)y + ([(0@u | D ND - N D))y, (5-31)
where
HD HD HD =0 mod ™ ((U xU)N (M x M))

are as in (5-13), (5-14), (5-15), and (Hiq))* and (Hs(q))* are the formal adjoints of Hiq) and Hs(q),
respectively. Note that the operators
(Hiq))*éN(q) + (HS(‘I))*é*N(Q)’ Hng)’ D}Q)(N(Q) _ [\7(4))

map L2 (U N M, T*%9M’) into itself continuously. From this observation and (5-31), we deduce that

loc
there exists C > 0 such that

ITDu|3, < CUTDPullpllullar + lull3g). ue A% U NM)NQIYW N M). (5-32)
From (5-32), we get (5-28). O

As a comment regarding the proof of Lemma 5.5, one could try to use N@ directly, since IN@,
9* N@ are also bounded in Lﬁ)c. However, the range of N@ is not contained in Dom I:I(q), since
(E_),o)’\’*y]v @ and (ép)/\’*yéﬁ @ do not necessarily vanish on the boundary (we only know that they
are smoothing operators). Thus, we use the operator N @ which satisfies (5-30).
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Remark 5.6. Since N1 and N@*D are properly supported on U N M, I is properly supported on
U N M. Hence for every y € €°(U N M), there are y1 € €°(U N M), x2 € €2°(U N M), such that

09 yu = 1,0y for every u € A%9(U N M),
)(l:[(‘I)u = ﬁ(q))(lu for every u € A%9(U N M).

By Lemma 5.5 we can extend 0@ to L%(U N M, T*%9M’) by density. More precisely, let u €
L2(UNM,T*%4M’). Suppose that suppu C W, where W C U is an open set with W & U. Take any
sequence (u;); in A% (U N M)n Qg’q(W N M), with lim; s 4 oo llu; —u||pr = 0. Since 0@ is properly
supported on U N M, we have

D@y := lim 0@y, in L2UNM,T*%M). (5-33)
Jj—>+o0
By using that 0@ is properly supported on U N M, we extend 0@ to LIZOC(U NM,T*%M’) and the

extensions
09: L2WnM, 7*%M") - L2(U N M, T** M),

N _ _ (5-34)
0@ L2 UnM, 7*%9M'y - L2 (UNM,T**M")
are continuous.
Lemma 5.7. With the assumptions and notation above, let ¢ = n_. We have
(Du | vy = (| ADv)yy + | P[P 0)y (5-35)

foreveryu € L2UNM,T**M'), v e L (UNM,T*4M’), where f‘fq) is a properly supported
continuous operator on U N M and ffq) =0 mod ¢ (U xU)N (M x M)).

Proof. From (4-23), (4-28) and (5-8), we get (5-35) for u, v € A%4(U N M)N QLY (U N M). By using a
density argument and noticing that @ js properly supported on U N M, we get (5-35). O

Theorem 5.8. We have

@y e Domd*  forevery y e 6°(U NM), ue L2, (UNM,T*M"), (5-36)

Dy =HDu  foreveryu e L2, (UNM, T*9M'), (5-37)
0 @u=HPu  foreveryu e L3(UNM, T**4M), (5-38)
0PN @y + ADu =u+ HPu  for everyu € Q49U N M), (5-39)

where Hj(Q) =0 mod (U xU)N(M x M)), j =3,4,5, are as in Theorem 5.3.

Proof. Let u E_Lﬁ)C(U N M, T*%4M’) and let y € €°U D_M). Since ﬁ(i) is proPerly sup-
ported on U N M (see Remark 5.6), there is a y1 € €°(U N M) such that yI@D = 1@y, on
L2.(U N M, T*M"). Let g € Domd N L% (M). Letu; € AU N M)N Q24U n M),
J=12,..., withlim; ;& l|lu; — x1u||pr = 0. Then,



446 CHIN-YU HSIAO AND GEORGE MARINESCU

GADu | gy = (AD yu | dg)p = lim (ADu; | dg)y
Jj—+oo

= lim @*0Du; | gy = lim (HPuj |9y = (HOu| 9y, (5-40)

J—>+o0 J—>+oo

where H = 0 mod ¥ (U x U) N (M x M)) is as in (5-15).

From (5-40), we deduce that Xﬁ(q)u € Dom 0%, we get (5-36) and we also get (5-38). The proof of
(5-37) is similar. We now prove (5-39).

Letu e Q¥9U NM)andlet g € 92"1 (UNM). Since 0@, N@ and H3(Q) are properly supported

on U N M, there is a t € €°(U N M) such that
(@ ND + 0Dy | gy = (@PND + D)t | 9w, s4n
(I +HYu | 9y = (I + HP)ou | 9y

Letu; € A%(UNM)NQLYUNM), j =1,2,..., with lim;_, 4 oo ||luj — Tulsr = 0. From (5-13)
and (5-41), we have
(@PND + Dy | g)py = (@Y NP + AD)zu | gy
= (N(q)fu | D}q)g)M + (H(q)fu | &)m
= lim ((NDu; |09 ¢)p + (A Du; | g)u)

Jj—>+o0

= lim (@WND + 0Dy, | @)y = lim (I + H{P)u; | m
Jj—>+o0 Jj—>+o0

= ((I + H\)ru | 9m = (I + H )W | ). (5-42)

Leth e Qg’q(U N M). Take hj e Qg’q(U NM), j=1,2,...,sothatlimj_o|lh; —h| s =0. From
(5-34) and (5-42), we have

(OPND+ 0Dy [y = tim (@FPN@ + 0Dy | hj)a
f Jj—>+o00 f
= lim (( + HY | hj)ar = (T + HEyu | hyas. (5-43)
From (5-43), we get (5-39). O

The following result is the first version of the local approximate Hodge decomposition for the 9-
Neumann Laplacian in the critical degree ¢ = n_.

Theorem 5.9. With the assumptions and notation used above, let ¢ = n_. We can find properly supported
continuous operators on U N M,

ND:HS (UNM,T*M'y— HS (UNM,T** M’y foreverys€Z,
_ _ (5-44)
n@9: 12 UnM, T**M") - L2 (UNM,T**M')

such that
N@D _N@ =0 mod ¢*®° (U xU)N (M x M)),

N S (5-45)
09 -9 =0 mod €®° (U x U)N (M x M)),
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D}q)N(q)u + 0Dy =u+ R(()q)u for everyu € Q%41(U N M),
Dj(,q)l'[(q)u = qu)u for everyu € L (U N M),

_ a (5-46)
@y = qu)u for everyu e L2 .(UNM,T*>4 M),
E_);H(q)u = qu)u for everyu € LE . (UNM,T**IM'),
) *yNDu|p =0 foreveryu € Q¥4(U N M), (5.47)
x1@u € Domd*  forevery y e €°(UNM), ue LE (UNM,T*9M"),
0p)*ydIN DPu|p =0 foreveryu € Q%4(U N M), (5.48)

(p)*ydTI DPu|p =0 foreveryu e L2 (UNM,T**IM"),
where R(q) 2'(UNM)— Q%4U N M) is a properly supported continuous operator on U N M with
R\ —Omodfg“((UxU)m(MxM)) j=0,1,2,3.

Proof. We define, following (4-21), N @) := N7(q) — 2)((p)pH~1(q), e .= ﬁgq) — 2x(p)pﬁ2(q), where
H l(q) is a smoothing extension of H l(q) from (5-10), and Flz(q) is a smoothing extension of HZ(Q) from
(5-12). We show as in the proof of Theorem 4.3 that N @ and 1@ satisfy the 9-Neumann conditions
and by using Theorems 5.3 and 5.8 we conclude the result. O

From Lemmas 5.4 and 5.7, we get:

Theorem 5.10. With the assumptions and notation used above, let ¢ = n_. We have
(N @u | v)pg = | ND)ps + (| T Do)y (5-49)
(Mu | v)ar = (u | Tv)pr + (| T{P0)yg (5-50)

for every u € L2(U N M, T*®IM"), v € L (U N M, T**IM’), where N@D and TTD are as in
Theorem 5.9, T @, qu) =0 mod (U xU)N (M x M)), T'D and qu) are properly supported on
UNM.

Theorem 5.11. With the assumptions and notation used above, let ¢ = n—. Let N9 and TI'D be as in
Theorem 5.9. Then we have on U N M, for every u € Dom O@,

n@O@Wy = AQy, (5-51)
NDOOWDy £ Dy =y + ADy, (5-52)

where A(q), AD are properly supported on U N M and A(q), A@D =0 mod €°((U x U)N (M x M)).
0 0
Proof. Let u € Dom 0@ and let v € Qg’q(U N M). From (5-46), (5-47), (5-48) and (5-50), we have
(H(q)D(q)M | v)p = (D(Q)M | H(q)v)M + (D(q)u | qu)v)M
= (u| D(q)H(q)v)M + (l:l(q)u | qu)v)M
= (| R v)a + (@@u | T{v)y
= (R + @) O [ v)u. (5-53)
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where R§Q), qu) are as in (5-46) and (5-50) respectively and (Riq))* and (F§Q))* are the formal
adjoints of qu) and qu) with respect to (- | - )as respectively. It is clear that (ng)* + (I‘fq))*l:l}q) =
0 mod € ((U x U) N (M x M)). From this observation and (5-53), we get (5-51).

Let u € Dom O0@and let v € QS"J (U N'M). From (5-46), (5-47), (5-48), (5-49) and (5-50), we have

(NDOODy+TTDy | v)pr = (@ODu | NDv)pr +(ODu | TDv) s+ | TDv)ps+(u | qu)v)M
= (u| D(q)N(q)v)M+((F(q))*D}q)u | )+ | TTDOv)pr+(u | qu)v)M
= (u] (D(q)N(q)+H(q))v)M+((T(q))*|:|](fq)u | v)ar+ | T\ v)
= (| RS v)p (@Y OPu | v)ag+u | T v)ua
= (R +T{)* + D) 0y | v)py. (5-54)

where R\, T@, TD are as in (5-46), (5-49) and (5-50) respectively, (I@)* is the formal adjoint
of '@ with respect to (- | - ) and (R(()q) + FfQ))* is the formal adjoint of R(()q) + I'§q) with respect
to (| )a. It is clear that (M@)*0% = 0 mod #>°((U x U) N (M x M)) and (R{” + I'{?)* =
0 mod € ((U x U) N (M x M)). From this observation and (5-54), we get (5-52). O

5.2. The distribution kernel of the approximate Bergman kernel. In this section, we will study the
distribution kernel of T1‘9) and regularity properties of the operators I1(?) and N @). We will refine in
this way the Hodge decomposition from Theorem 5.9 in Theorem 5.23.
Let [-]-]x be the L2 inner product on H~Y/2(X, T*%4 M) given by

vl = (Pu| Po)y, (5-55)
where P is the Poisson operator given by (3-4). Let P* : Q04 (M) — ¢°°(X, T**9M’) be the adjoint
of P as defined in (3-9). Then,

P*P:¢®(X, T*" M) - ¢®°(X, T*> M’
is an injective continuous operator. Let
(P*P) 16X, T*™IM') - ¢®°(X, T*M')

be the inverse of P* P. It is well known that (1B *p )~ 1 is a classical pseudodifferential operator of order 1
on X (see [Boutet de Monvel 1971]).

Sections of 7*%4 M’ over X annihilated by (9p)”* can be identified with sections of 7*%4 X, so they
are called tangential. We have

Ker(3p)* = {u € H™2(X, T**M") : (3p)*u = 0} = H™2(X, T*%9X).
Let
0@ H=2(X, T**IM’) - Ker(3p)* (5-56)

be the orthogonal projection with respect to [- | - ]x.
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Theorem 5.12 [Hsiao 2010, Part II, Lemma 3.3]. Q9 is a classical pseudodifferential operator of
order 0 with principal symbol 2(0p)”™*(dp)”. Moreover,

1-0%W = (P*P)"'(3p) R, (5-57)
where R: (X, T*®4M") - ¢ (X, T*%9~M") is a classical pseudodifferential operator of order —1.

Letu e Qg’q(U N M). From Theorem 4.3, (5-8) and Theorem 5.9, we see that [Ty € Q(C)’q(U NM)
and yIT @Dy € ¢ (X, T*%9M").

Theorem 5.13. Under the assumptions and notation used before we have, for g =n_,
M@y =Py Dy + Dy for everyu € Q24U N M), (5-58)
where €@ =0 mod (U x U) N (M x M)).
Proof. Letu € Qg’q(U N M). Since T1 is properly supported on U N M,
N9y e Q049U N M) c Q% (M).

From (3-8), we have
DOTW @y + Pyn @y =@y, (5-59)

~

From (5-46) and 019 — 0% = 0 mod ¥°°(M x M), we see that

f f
D@ﬁfﬂ)n@ =0 mod ®°((U x U) N (M x M)).
From this observation and (5-59), we get (5-58). O
From (5-59), we have
(P*P) 1 P*TIDy = (P*P) ' P* Pyl Dy + (P*P) 1 P*c@y
= yODy + (P*P)" 1 P*eDy (5-60)
and

N@Wy = p(P* Py~ P*I Dy + £y (5-61)

for every u € Q24 (U N M), where &9 = —B(P*P)™1 P*@y = 0 mod ¢ (U x U) N (M x M)).
From (3-6) and (3-10), we see that P (ﬁ *p )1 P*T1D is well-defined as a continuous operator
P(P*P)y'P*ID . L20nNM, T*M') - L2 (UNM,T*>M').
From this observation, (5-61) and by using a density argument, we conclude that
N9 —pPP*P) "' P*II@ =0 mod ¢°((U x U) N (M x M)). (5-62)
Similarly, from (3-6) and (3-10), we see that nep (ﬁ *p )1 P* is well-defined as a continuous operator

n@pP*P)y"'P*: L2 (M, T**M") > L2 (UNM,T**M").
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Lemma 5.14. Under the assumptions and notation used before we have, forq =n_,
ODpP*P)y" 1 P*—TT@ =0 mod € (U x U) N (M x M)).

Proof. Letu € L%O q)(M) and let v € Qg’q(U N M). From (5-50) and (5-61), we have

(MDu | v)y = (| TOv)y + @ | T )y
= (| P(P*P)y P IDv)yy + (u | eP0)p + (| TP 0)n
= (P(P*P)y™ P*u | MDv)py + (e | P v)ag + (| TP0)
=MD PP*P) ' P*u|v)y
—(P(P*P)y ' P*u | TPv)ar + u | £ P0)ag + (u | T v)
=[PP(P*P) ' P*u|v)y
— (O P(P*P)y™ P*u | o)y + (67 + T u | v)y. (5-63)
where (I’fq))* and (qu) + I’fq))* are the formal adjoints of qu) and eﬁ"’ + qu) respectively. Note that
COY B(B* Py P* (69 + T9)* = 0 mod ™ (U x U) N (M x M)).
From this observation and (5-63), the lemma follows. O
Theorem 5.15. With the assumptions and notation used before, we have
N9 —_n@po@Wp*P)y™1P* =0 mod ¢ (U xU) N (M x M)), (5-64)
09— po@p*p)~1P*II@ =0 mod ¢ (U x U) N (M x M)). (5-65)
Proof. Letu € L%o,q)(ﬁ) and let v € Q(c)’q(U N M). From (5-50) and (5-58), we have
(MDP (1~ QD) P*P)™ P*u|v)m
= (P(1 = QO)(P* Py~ P*u | D)y + (P(1 = Q@) (P* Py~ Pru | T{Pv)y
= (P(I = Q)P P)™ Pru | Pyn Do)y + (P(I - Q)P P) " Pru | e Do)y
+ (P = Q@D)(P* )1 P*u | T Dv)p
=[(I = Q)(P*P)™' Pru |y Doly + (D) P(1 = Q)(P*P)™' P*u | v)y
+ () P = Q@) (P*P) Pru | v)y,  (5-66)
where (¢(@)* and (qu))* are the formal adjoints of £ and qu) respectively. From the second formula
of (5-47) and noticing that @ is properly supported on U N M, we get (0p)M*yII @Dy = 0; hence
yT1@Dy € Ker(dp)™*. Thus, [(I — Q@) (P*P)~1 P*u | yT1@v]y = 0. From this observation, (5-66)
and noticing that
DY P(1— Q@) (P*P)~1 P* (T D)* B(1—Q@)(P* P)~' P* =0 mod ¢ (U xU)N (M x M)),
we get
N@D P —Q@DYP*P) ' P* =0 mod (U xU)N (M x M)). (5-67)
From (5-67) and Lemma 5.14, we get (5-64).
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Letu € L%(M) and let v € Qg’q(U N M). From (5-50), we have
(PU = QD) (P*P)"' P IDu | v)y
= ((I - Q@) (P*P)~' P*1Du | P*v)x
= ((I = Q) (P*P)"' P Du | (P*P)(P*P)™ P*u)x
=[(I = QD) (P*P)"' PN @u | (P*P)™ P*vlx
=[(P*P)"' PN Du | (1 - Q) (P*P)™ P*olx
= (MPu| P(1 - QD) (P*P)"' P*o)y
= (| D P - QD)(P*P)y P o)y + (u | T\ P(1 — Q@) (P*P)" Prv)y.  (5-68)
From (5-68) and (5-67), we deduce that
P(I—0D)yP*P) 'P*IT@ =0 mod ¢ (U xU) N (M x M).
From this observation and (5-62), we get (5-65). O
We can now prove the following regularity property for I1(9),
Theorem 5.16. With the assumptions and notation used before, D can be continuously extended to

n@: S (UNM, T* M) - HSN U N M, T*IM")  foreverys € Z,

N9 HSWUNM, T*M') - H' U NM, T** M) foreverys € Z. 569
Proof. Letu € Qg’q(U N M). From (5-64), we see that
ney, = H(q)ﬁQ(q)(ﬁ*p’)—lﬁ*u + y(q)u, (5-70)
where y@ : Q24U N M) — 2/(U N M, T**9M’) is a continuous operator with
Y@ =0 mod #° (U xU) N (M x M)).
From Theorem 4.3, (5-8), Theorem 5.9 and noticing that
PO@DP*P) ' P*ue A% U NM),
we conclude that
N@y = (1 - N INGDFE) F 0@ (F* P)y™L Pru+ yPu, (5-71)

where )/l(q) QP U NM)— 2/ (UNM,T**4M’) is a continuous operator with

@ =0 mod ¢ (U x U) N (M x M)).
From (5-71),
NGV HUNM T*M) » HIF UNM. T**M') forevery s € Z,
N@HDHEUNM, T*IM') — HIP U N M, T* M) forevery s € Z
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are continuous and note that Qg’q(U N M) is dense in HS(U N M, T*%4M’) for every s € Z, and thus
we get (5-69). O

The reason why in the proof of Theorem 5.16 we do not use n@ directly is the following: In (5-8),
0@ is just defined on the space A%4(U NM). Ifu € Qg’q(U N M), we cannot define 0@y by using
(5-8) since in general

(I =05 N@TDG -GN D5%)u ¢ DomO@.

We extend 1@ to L2 (UN M, T*%4M’) by density and we have (5-71) for the relation between I1(@
and (5-8).

5.3. Reduction to the analysis on the boundary. In order to refine the approximate Hodge decomposition
of Theorem 5.9 and show that T1@ is a Fourier integral operator we will bring in an approximate Szeg6
projector on the boundary, which is a Fourier integral operator, and link it to @ by means of the
Poisson operator. The approximate Szeg6 projector appears in the microlocal Hodge decomposition of the
boundary Laplacian Dlgq),_which is a perturbation of the Kohn Laplacian.

We recall the operators dg and _Elgl) introduced in [Hsiao 2010, Part II, Chapter 5]. Recall that Q@ +1)
is given by (5-56). The operator dg is defined by

dg = 0UTDyP : Q% (Xx) — QO1t1(X) (5-72)

and it is obtained by taking the d derivative of the extension of a form to the interior by the Poisson
operator and then taking the projection on the space of the tangential forms to the boundary. It is a
classical pseudodifferential operator of order 1 which is a perturbation of the 0 operator by a zeroth-order
operator. It has the advantage that it involves directly the Poisson operator. Let

3l : QT (X) > Q4 (X) (5-73)

be the formal adjoint of ('_3,3 with respect to [- | -]x, that is, [55]’ | hl = [f | 52h]x, f e Q%(X),
h e Q%47T1(X). Then 8; is a classical pseudodifferential operator of order 1 and we have

52=y5}'ﬁﬁ on Q¥ (X)forg=1,....,n—1; (5-74)
see [Hsiao 2010, Part II, Chapter 5]. Set
|:|g1> - 5; dg + g 5]; - 7/(X, T*™4X) — 9/(X, T*09X). (5-75)

It was shown in [Hsiao 2010, Part II, Chapter 5] that Dg]) is a classical pseudodifferential operator of
order 2 and the characteristic manifold of 0% is givenby ¥ = ZT U X~, where =1, ¥~ are as in
(3-12). Roughly speaking, forms annihilated by Dg) on the boundary are microlocally boundary values
of harmonic forms. More precisely, if Sg is the orthogonal projection onto the kernel of D(q), then P S 8
is in the kernel of the -Neumann Laplacian up to a smoothing operator. If S is the orthogonal projection
onto the kernel of D[()q) (the Szegd projector), then P'S does not have this property.

Let D be a local coordinate patch of X with local coordinates x = (x1, ..., X2,—1) and we assume the

Levi form is nondegenerate of constant signature (n—,n4) on D. Let H € L;1(D, T**4 X R(T*%9X)*)
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be a properly supported pseudodifferential operator of order —1 on D such that
H—P*P=0 onD. (5-76)

The following microlocal Hodge decomposition for Dl(gq) was established in [Hsiao 2010, Part II, Theo-
rem 6.15].

Theorem 5.17. With the assumptions and notation above, let ¢ = n_. Then there exist properly supported

operators
Ae LT (D, T*1x ®(T*%1Xx)*),
222
S_,Sy el (D, T*X R (T**1X)*)
222
such that
WF'(S_(x,y)) =diag(TtT NT*D) x (Tt NT*D)), 577
WF (84 (x,y)) Cdiag((S~NT*D) x (S~ NT*D))
and
AOYP +S_+8y =1, (5-78)
d5S_ =0, E)}; S_ =0, (5-79)
S_=85T =852, (5-80)
S+=0 ifqg#ng, (5-81)
where
ST :=20@(P*P)~15*(0p)*(p)"H : Q%9(D) - Q%9 (X), (5-82)

H is given by (5-76) and S* is the formal adjoint of S— with respect to (- | -)x. Moreover, the kernel
S_(x, y) satisfies

o0
S_(x,y) = / - (k. vy, 1) dt,
0

with
a(x,y.1) € S{oN(D x D x (0, 00), T** X R (T**1X)*),
> : (5-83)
a(x,y, 1)~ Zaj e, "I i S{l’gl(D x D x (0,00), T*®4 X ® (T*%4 x)*)
j=0
and
ap(x,x) = 271111 |det Lx|tx,n_  foreveryx € D, (5-84)

where a;(x,y) € €°(D x D; T*%4X R (T*%4X)*), j =0,1,..., and the phase function ¢_ is the
same as the phase function appearing in the description of the singularities of the Szegd kernels for
lower-energy forms in [Hsiao and Marinescu 2017, Theorems 3.3, 3.4]. In particular, we have

¢—(x,y) €€ (X x X), Img_(x,y) >0, (5-85)

p-(x,x) =0, @_(x,y)#0 ifx#y, (5-86)
dxo— #0, dyp_#0 where Imgp_ =0, (5-87)
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dxp—(x, y)|x=y = —dyp—(x, y)|x=y = wo(x), (5-88)
¢ (x,y) =—¢-(y,x). (5-89)

We have denoted by WF(S+(x, y)) the wave front set in the sense of Hérmander of the distributions
S+ (x,y) and

WF'(Sx(x, y)) == {(x.§,y.m) € T*X xT*X : (x.§,y,—n) € WF(Sx(x. y))}-

The leading coefficient ag(x, x) from (5-83) was obtained in [Hsiao 2010, Part II, Proposition 6.17].

We come back to our situation. In view of Lemmas 4.1, 4.2 and Theorem 5.12, we see that
0@ (P*P)~1P* is smoothing away the diagonal. Hence, there is a continuous operator L@ :
Qg’q(U N M) — Q%9(D) such that

L@ — 0@ P*P)1P* =0 mod ¢ (U x U)N (X x M)) (5-90)

and L@ is properly supported on U N M, that is, for every y € €U N M), there is a T € €2°(D) such
that L@ y = ¢ L@ on Qg’q(U N M) and, for every 71 € €°(D), there is a y1 € €°°(U N M) such that
11 L@ =L@y, on Qg’q(U N M). We can extend L@ to a continuous operator

L@D:Q%UnM)—Q*(D), LD:Q%UNM)—-Q%D).
From Theorem 5.15, we have
N9 —PLOOD =0 mod ¢°((U xU) N (M x M)). (5-91)
Lemma 5.18. With the notation and assumptions above, we have
Sy LD =0 mod €°((U x U)N (X x M)), (5-92)
where S+ is as in Theorem 5.17.

Proof. Since WF'(S(x, y)) C diag((S~NT*D) x (£~ NT*D)) and by Theorem 3.2 the operator (1'9)
is elliptic near £, there is a classical pseudodifferential operator E@ e LC_I1 (D, T*%9X R (T*09X)*)
such that

Sy —SLE@OYW =o. (5-93)
From (5-46) and (5-91), we deduce that

0@ LD @ =0 mod #° (U x U) N (X x M)). (5-94)
From (5-93) and (5-94), we get (5-92). O

Theorem 5.19. With the notation and assumptions above, we have
S_L@OT@D — L@@ =0 mod (U xU) N (X x M)), (5-95)
PS_LWND 11D =0 mod ¢®° (U xU) N (M x M)), (5-96)
O@PPS_LD_19D =0 mod ¢ (U xU)N (M x M)). (5-97)
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Proof. From (5-46) and (5-91), we see that
O L@@ =0 mod 7°°((U x U) N (X x M)). (5-98)
From (5-78), (5-92) and (5-98), we have
L@@ — (ADI(;) +S_+S)LDT@
=S_LDPTI@ mod ¢®°(U x U) N (X x M))
and we get (5-95). From (5-95) and (5-91), we get (5-96). We now prove (5-97). Put
),(q) =9 _ pron@ . Q(c)’q(U NM)— Q% (M),
yD .= p*P— H:Q%9(D) - Q%9(X),
y@ .= st 5 Q% (D) - Q% (X),
p\D .= L@ _ 9@ (F*P)~1P*: Q% (U N M) - Q% (X),
ygq) — S L@@ _@n@ . Q%4 (U N M) - Q%(D),
where ST is given by (5-82). From (5-80), (5-90), (5-91) and (5-95), we see that
Y@ =0 mod € ((U xU)N (M x M)),
YSD = 0 mod € ((U x U) N (X x M),

@ o (5-99)
Y37 =0 mod €°((U xU) N (X x M)),
yl(q) =0, yéq) =0.
Let
(yD)*: Q%(M) - Q% (U N M)
be the formal adjoint of y@ with respect to (- | -)as and let
(0)* . Q%4 (X) - Q%4(U N M)
be the formal adjoint of yz(q) with respect to (- | -)as and (- | - )y, that is,
(yz(q)u |v)x = (u| (yz(q))*v)M for every u € Q%4 (U N M), v e Q%4(X).
It is obvious that
YD) =0, )" =0 mod €™ ((U x U) N (M x X)). (5-100)

Letu,v e Qg’q(U N M). From (5-50), it is straightforward to check that
(H(q)ﬁS_L(q)u | V)
= (PS_L@y | TDv)p + (PS_LDu | T v)y
= (PS_L@Wy | PLOTIDv)py + (PS_L@u | y D)y + (PS_L@u | T D)y
- (S_L(q)u | HL(q)H(q)v)X + (S_L(q)u | yéq)L(q)H(q)U)X
+(PS_LDy | y@u)py + (PS_LDu | TPv)y  (5-101)
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=[LDy | STLDOTDy]y + (S_L Dy | yéq)L(q)H(")v)X
+ (PS_LDu | yDv)ay + (PS_L@u | TPv)p
— [L(Q)u | S_L(q)H(q)v]X—i-[L(q)u | yl(q)L(q)H(q)v]X-i-(S_L(q)u | )/éq)L(q)H(q)v)X
+ (PS_L@y | yDy)ps + (PS_LDy | qu)v)M
— [Q(Q)(ﬁ*ﬁ)—lﬁ*u | S_L(‘I)H(q)v]x + [yé‘l)u | S_L(‘I)H(q)v]x + [L(q)u | yl(‘I)L(lI)H(CI)v]X
+(S_L@y | yéq)L(q)H(q)v )x + (PS_L@u |y @Dy + (PS_L Dy | qu)U)M
= | PS_LOTI Dy ) + (PySPu| PS_LOTIDv )y + (PLDu | By @ LOTIDy )y,
+(PS_L@Dy | P(P*P)y y@ LD Dy )pp + (PS_LDu | yDv)pg + (PS_LDu | TDv)
= | PLOTIDv)p + (| Py @)y + | (5P)* P*PS_L@OTDv )y,
T (u | (L(q))*ﬁ*ﬁyl(q)L(q)H(q)v)M T (u | (L(Q))*Sfyéq)L(q)H(Q)v Y
+ | (LDY (S () y Do) + (u | (L) (S)"(P)* TP )y
= e[ D)y — e[y Do) + (| Prs%v)ag + ] () PrPS_LOTI @)y
+(u | (L(q))*P*nyqiL(Q)H(q)v)M + (u | (L(Q))*Sjyéi)L(q)H(q)v)M
+ | (LY (S (P y D)y + (| (L) (S)*(P)*T{?v)ar, (5-101 cont)
where QY — QY N M) is the formal adjoint o with respect to (- | - ) an
here (L@)* : Q%4(D) — Q%4(U N M) is the formal adj f L@ with resp d
(- |-)x. We explain the third-to-last equality of (5-101). Since S_ L@ TT@y e Ker(dp)"*, we have
[Q@W(P*P) 1 P*u | S_LOTIDv]y =[(P*P) ' P*u | S_LPTIDy . (5-102)

From (5-102), we get the third-to-last equality of (5-101).
Note that (L@)* is properly supported. From (5-101), we conclude that there is a continuous operator
@ . Q%U N M) — Q29U N M) with @ =0 mod €°°((U x U) N (M x M)) such that

(MDPPS_LDy v = | TPv)ps + (| ePv)pg (5-103)
for every u, v € Q(c)’q(U N M). From (5-50) and (5-103), we get
(MDPS_LDu | v)py = ([ Du | v)ar — () u | v)pr + (D) u | v)m (5-104)

for every u,v € Q¥9(U N M), where (qu))*,(s(q))* QYU N M) > Q¥U N M) are the
formal adjoints of qu) and @ with respect to (- | -)ar respectively. Note that (qu))*, (e@D)*

oo

0 mod € ((U x U) N (M x M)). From this observation and (5-104), we get (5-97).
Theorem 5.20. With the notation and assumptions used above, we have
APS_LD =0 mod ¢°((U xU) N (M x M)). (5-105)
Proof. From [Hsiao 2010, Part II, Proposition 6.18], we have
ydPS_ = 0. (5-106)

From (3-8), we have
ptDOUtVPs 4+ PydPs_ =iPs_. (5-107)
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Now,
DUtDEUFIGPs_ = platH@@tD 4 k@tD)jps.
= DGO FS_ 4 pUtDK@HDGFS_
_ D(q+1)éﬁ}4)ﬁs_ _pUtVig@ps_ 4+ patHg@+Dipg
—_pluthgg@pg 4 path g+Djpg

=0 mod ¢ (U xU)N (M x X)). (5-108)

From (5-106), (5-107) and (5-108), we get (5-105). O
Let 8@ :=2pP ((dp) *ydPS_L@D): Q29U N M) — Q4 (M). By (5-105) we have

8@ =0 mod € (U x U)N (M x M)). (5-109)

Moreover, it is easy to check that
(PS_L@D —§@)y € DomO@ N QO (M) for every u € Q24 (U N M). (5-110)
We come now to the crucial relation between the approximate Bergman and Szegd kernels via the
Poisson operator.
Theorem 5.21. With the notation and assumptions used above, we have
N9 - PS_L@D =0 mod ¢®°(U xU)N (M x M)). (5-111)
Proof. We first claim that
N@PPS_ LD _PpsS_L@ =0 mod e>®°((U xU)N (M x M)). (5-112)
From (5-52) and (5-110), we have
NDOWPS_L@D 5@y, + DPS_L@D — D)y
= (PS_LWD —§@yy  ND(PS_L@D — @y (5-113)
for every u € Q24 (U N M), where A@ =0 mod ¢ ((U xU) N (M x M)) is as in (5-52). From (5-79),
(5-105) and (5-109), we have
N(q)D(q)(ﬁs_L(q) _ 8(’1))74 - N@ D}(:])(ﬁS_L(q) _ 3(f1))u — A(lq)u (5-114)

for every u € QU4(U N M), where Aﬁ‘” =0 mod ¢®°((U x U) N (M x M)). From (5-109), (5-113)
and (5-114) we get the claim (5-112).
From (5-97) and (5-112), we get (5-111). O

Note that S_ € L(l)/2 1/Z(D, T*0-4 X ) (T*%9X)*). From this observation and the classical result of

Calderon and Vaillancourt (see (2-2)), (3-6), (3-10) and (5-111), we can improve Theorem 5.16 as follows.

Theorem 5.22. With the notation used above, TI9 can be continuously extended to
n@: g8 (UNM, T*M'y - HS (UNM,T**M") foreveryseZ,

_ _ 5-115
N9 :HSWUNM, T*M'y - HS(UNM,T*>M")  foreverys € Z. ( )
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5.4. Final version of the microlocal Hodge decomposition. We can now prove the our final version of
the approximate Hodge decomposition by constructing a parametrix N @) and an approximate Bergman
projector 1@, which is a Fourier integral operator with complex phase.

Theorem 5.23. Let U be an open set of M’ with U N X # @. Suppose that the Levi form is nondegenerate

of constant signature (n—,n4) on UNX. Let g = n_. There exist properly supported continuous operators
onUNM,

ND:HS (UNM,T*M'y— HS (UNM,T**M’) foreverys€Z,

_ _ (5-116)
0@ : S (UNM, T* M) - HE (UNM, T*M")  foreverys € Z,
such that 0 _
N@Dy e DomODP  for everyu € Q04U N M), 5.117)
- M@y e Dom 09D  for every u € Q24 (U N M),
and on U N M, we have
D}q)N(q)u + 0Dy =u+ r(gq)u for everyu € Q%4(U N M),
NOOWDy 4 M@y =y + rl(q)u for every u € DomO9,
M@y = réq)u foreveryu e L2 (UNM,T*I M),
3Dy = r{Py foreveryu € LA (U NM,T**4M"), (5-118)

n@g@y = riq)u for every u € Dom 0¥,
D}q)H(Q)u = réq)u for everyu € Q%41(U N M),
(MD)2y — M@y = réq)u for everyu € Q%4(U N M),
(@

where r;*" is properly supported on U N M with r;q) =0 mod ¢ (U x U) N (M x M)) for every

j =0,...,6, and the distribution kernel of ne satisfies
o0
N9z, w) = / W p (2w 1) dt mod € (U x U)N (M x M)), (5-119)
with 0
b(z,w,1) € ST4((U x U) N (M x M) x (0,00), AjpD}2?),
& ; (5-120)
b(zow, 1)~ > bz w7 in ST o((U x U) N (M x M) x (0, 00), S0k,
j=0
with bo(z, z) given by (5-124) below. Moreover,
Pz, w) e € (U xU)N(M xM)), Im¢=>0,
¢(z,2)=0, zeUNX, ¢(z,w)#0 if (z,w) ¢diag((U xU)N (X x X)),
Im¢(z,w) >0 if (z,w)¢ (UxU)N(X x X), (5-121)
¢(Z’ w) = —(,2_5(11), Z)?
dx¢p(x,y)|x=y = —2i0dp(x) foreveryx e UNX,
$(z,w) € €° (U xU)N(M x M)) is as in [Hsiao 2010, Part II, Theorem 1.4] and ¢(z, w) = ¢_(z, w)
ifz,welUnNX,where p_ € €°((U xU)N (X x X)) is as in Theorem 5.17.
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Proof. Let N @) and 19 be as in Theorem 5.9. From (5-47), (5-48) and noticing that N @) and M@
are properly supported on U N M, we get (5-117).

From (5-46), (5-51) and (5-52), we get the first six equations in (5-118). From the second and sixth
equations in (5-118), we have

N9 = NOg@Wn@ 4 (119)2 = (1T@)2 mod (U x U) N (M x M)).
We get (5-118). We now study distribution kernel of 1. From Theorem 5.21, we see that

N9 —PS_L@ =0mod ¢®°((U xU)N (M x M)).

We just need to study distribution kernel of PS_L@D Letx = (x1,...,X2n—1) be local coordinates of X
and extend x1, ..., X2,—1 to real smooth functions in some neighborhood of X. We may assume that
z=(x,p) =(x1,...,X2n—1, p) are local coordinates of U. In view of Theorem 5.17, we have

+oo
S_(x,y) E/ - (x, y 1) dt.
0
We can repeat the proof of [Hsiao 2010, Part II, Proposition 7.6] and find a phase

b(z,y) e (U xU)N (M x X))
such that

$(x,y) = ¢—(x, ), (dz)(x,x) = —wo(x) —idp(x) forall (x,y) € (UxU)N(X xX),

Im¢(z,y) > 0if p# 0 and go(z, ég) vanishes to infinite order at p = 0, where g¢ denotes the principal
symbol of I:I}q). We can repeat the procedure in the proof of [Hsiao 2010, Part II, Proposition 7.8] and
deduce that the distribution kernel of P S_ is of the form

w e ~ —
PS_(z,y)= / e PEN (2 y 1) dt mod €°((U x U)N (M x X)),
0
b(z,y,1) € SETH(U x U) N (M x X)) x (0, +00), A G100
Z;(x, y,t)=a(x,y,t) forall (x,y)e (U xU)N((X x X).

Similarly, we can repeat the procedure above and deduce that
o0
PS_LD(z,w)= / eI (2w, 1) dt mod €°((U xU)N (M x M)), (5-122)
0

where ¢(z, w) € €° (U x U) N (M x M)) satisfies (5-121),

b(zw.1) € SHWU x U) 1 (3 x M) x (0. +00), Al A0D)
Since
(P*P) ' =2\/Ax +0°
and
0@ =2((3p)())™* ((9p) (x))" + W°
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for some elements W0 € L(C)I(X, T*04 X ) (T*%9X)*), we deduce as in [Hsiao 2010, Part II, (7.22)],

bo(x, x) = 4ao(x, X)((0p) (1)) * ((9p) (¥)", x €U N X,

where ag(x, x) is as in (5-84).
From Theorems 5.9, 5.10, 5.11, 5.22, (5-111) and (5-122), the theorem follows. O
The following result describes the phase function ¢ (see (5-119)) of the Fourier integral operator @,
Theorem 5.24 [Hsiao 2010, Part II, Theorem 1.4]. Under the assumptions and notation of Theorem 5.23,

fix p € UN X. We choose local holomorphic coordinates z = (z1,...,2y), zj = X2j—1 + iX2j,
j=1,...,n, vamshzng at p such that the metric on TVOM’ is Z]_l dZ] ®dzj at p and p(z) =

\/Elrnzn + ZJ iy ilzj 12+ O0(|z]3), where Aj, j = 1,. — 1, are the eigenvalues of L,. We also
write w = (W1, ..., W), Wj = y2j—1+iy2;,j =1,...,n Then, we can take ¢ (z, w) in (5-119) so that

2n—1

. 1
¢(z,w) = —v2X2p-1 + V2y20-1 —lp(Z)(l + ) ajx;+ EClZnXZn)

2n—1 =1,

1
—lp(w)(l + ) ayi+ 2aznyzn) +i Zlk |27 —w; 2
n—1 Jj=1 j=
+szj(zj-wj—2jwj)+0(|(Z,w)| ) (5-123)

j=1
in some nezghborhood of (p, p)in M' x M', where aj = 1axla(D(q))(p, —2idp(p)) for j =1,...,2n,
and O(D y ) denotes the principal symbol of Dj((q).

The following result describes the restriction to the diagonal of the coefficient by from the expansion
of the symbol b(z, w, 1) of IT@; see (5-119), (5-120).

Theorem 5.25 [Hsiao 2010, Part II, Proposition 1.6]. Under the assumptions and notation of Theorem 5.23,
fix p € U N X. The coefficient bo(z, w) from (5-120) satisfies

bo(x,x) =2x""|det Lx|txn_o© Bp(x)N*(@p(x)"  foreveryx eUNX, (5-124)

)/\,*

where det Ly, tx n_ are given by (1-9), (1-11) respectively and (f_)p(x) is given by (1-12).

6. Microlocal spectral theory for the d-Neumann Laplacian

In this section, we will apply the approximate Hodge decomposition theorems for the d-Neumann Laplacian
0@ from Sections 4 and 5 to study the singularities for the kernel B(Q) (x, y) near the nondegenerate
part of the Levi form. In particular, we give the proof of Theorem 1.1.

Until further notice, we fix A > 0. Since 0@ is bounded below by A > 0 on Ker B(q) there exists a
continuous operator

A(q) L?o o (M) — Dom 0@
such that
D@A? + D =1 onL? (M),
(0,9) (6-1)
qu)[](q) + Biq;f =/ onDomO@,
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Let U be an open set of M’ with U N X # &. Suppose that the Levi form is nondegenerate of constant
signature (n—,n4+) on U N X. Until further notice, we let g = n_.

Theorem 6.1. Let ¢ = n_. The operators

0B L2 (M) — H (U NM. T ), (6-2)
a*B(‘” L2y (M) > HE (U N M, T*9 M), (6-3)
|:|<‘1>B(‘1) L2 (M) — HE (U N M. T* M) (6-4)

are continuous for every s € N.

Proof. Letu € L>(M, T*%4M’). Since B(q)u € Dom O@, BB(q)u € L%O

+1y(M). We claim that
5B(q)u € Dom 0@+, (6-5)

It is clear that BB(qA)u € Dom d N Dom 9* and BZB(q)u = 0. Hence, 823(‘1)314 € Dom d*. We only
need to show that 0* BB(q)Bu € Dom 0. We have

5* aB(q)u = |:|<4>B(q)u -3 S*B‘q’u. (6-6)

By spectral theory [Ma and Marinescu 2007, Theorem C.2.1], we see that (1@ )B(q)u € Dom 0@ and
hence D(q)B(q)u € Domd. Note that 828*B(Q)u =0, d 8*B(q)u € Dom 9. From this observation
and (6-6), we get (6-5). From (4-29), we have

1 D3 p@) ap@) @+D3p@,,
N@DO@GE Dy =By + F{7T VB D, (6-7)
where Fl(qH) =0 mod ¢ (U xU)N (M x M)) is as in (4-29). It is clear that
FUtVy L2 (UNM, T* M) - HE (U N M, T*%9+ ') (6-8)

is continuous for every s € Z. We have

anp@ 3 (q)
N@thgltDyph = N@tDFO@BEL on L) (M). (6-9)
By spectral theory,
(q)
O@BE : L, (M) — L (M) (6-10)
is continuous. In view of Theorem 4.3, we see that
NUTDG: HS (UNM, T*IM') - HS (UNM,T*41 M) (6-11)

is continuous for every s € Z. From (6-7), (6-8), (6-9), (6-10) and (6-11), we deduce that

0B L (UNM, T*491 p17) (6-12)

loc

(0 oHM) — L2

is continuous. We have

N(q+1)D(q+l)5BiqA)u — N(61+1)(§D(Q)Bi‘1)3u — N(61+1)5Bi‘1£D(f1)BgI)3u'
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From this observation and (6-7), we have
N@D5EOO@ gDy = jB Dy + FP)BY)u. (6-13)
From (6-8), (6-10), (6-12), (6-13) and since that

N@+D . HE.(UN M, T*%9 'y o ST o n M, 709 M) (6-14)

loc

is continuous for every s € Z, we deduce that

0B L2 (M) — H\ (UNM. T ") (6-15)

is continuous. The continuity of (6-2) follows by induction. The proof of the continuity of (6-3) is
analogous, and that of (6-4) follows then immediately. O

Lemma 6.2. Let g = n_. For every m € N, the operator Biqgf_)(D}q_l))m Q¥ () - L%O o M)

can be continuously extended to

@7 @=Dym . ;2 2
Bs‘aa([lfq )" L g1y (M) = Lo ) (M). (6-16)
Proof. Letu € Qg’q_l(M), Ve L%O q)(M). We have
(BLH@E™ Dy [v)y = (BL @D 5u | vy = (u | 5* @Dy B ). (6-17)
We have

j3* @@y BDv|3, < 19*(@D)y" BDv |3, + 9@y BE) |3,
= (@Y™ By | @@y B, < 22" vl (6-18)

From (6-17), (6-18) and taking v = Bgé(D}q—l))mu, it is straightforward to see that

| BL @YD) ulag < A2 u . (6-19)
From (6-19) and noticing that Qg’q_l (M) is dense in L%O,q—l)(M ), the lemma follows. O
Theorem 6.3. (i) The operator Béq)a d: 522"1‘1 UnNM)— L%O,q) (M) can be continuously extended to
BOY: HIS(UNM. T*7 ' M') — L% (M) foreverys € N. (6-20)

(i) The operator B;qA) E_);'Z : 522"1“ UnM)— L%O,q)(M ) can be continuously extended to
BOY  HIS(UNM. T M) > L2 (M) foreverys eN. (6-21)

(iii) The operator B;qA) I:I}q) : Q?’q(U nNM)— L%o,q)(M ) can be continuously extended to
B;‘QDJ‘?’ CHZS(UNM. T*M') — L2 (M) foreverys €N, (6-22)
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Proof. Letu € Q(C)’q_l(U N M). From (4-30), we have
BE)I0Y Ny = B ju + BAIF V. (6-23)
where Fz(q_l) =0 on U N M. From Theorem 4.3, (6-16), (6-23) and since
N@D g M, T*9 "My > HSTY WU N M, T*%9 1 M) (6-24)
is continuous for every s € Z, we deduce that B;q/l) d can be continuously extended to

BOY: HI'UNM, T*7 M) > L2 (M), (6-25)

From Lemma 6.2, we can repeat the proof of (6-25) and deduce that BiqA) E_)Dj(fq_l) can be continuously

extended to
BOOY ™V HINU N M. T M) — LY (M), (6-26)

From (6-23), (6-24) and (6-26), we deduce that Biq)z d can be continuously extended to

BOG: H2(UNM, T* M) — L2 (M),
Continuing by induction we get (i). Item (ii) follows analogously and (iii) follows from (i) and (ii). O
We consider

0@ pA0W : QU N M) — LY, (M) C L (U N M, T4 M"),

0,9)
(@@)?BY) Q29U NM) — L% (M) C L2(UNM.T**M").
Theorem 6.4. We have
0@ D0 =0 mod ¥ (U x U) N (M x M), (6-27)
(O9)2BY) = 0 mod ¥°((U x U) N (M x M)). (6-28)

Proof. From (6-4) and (6-22), we have
[I(q)B;qA)D}q) CHZS(UNM, T*M'y - HE (UNM, T** M)

for every s € N. This proves (6-27). Let u € L%O q)(M). Take u; € Qg’q(M), j =1,2,..., so that
lim; s 4 oo |l#; —ul|pr = 0. Since (IZI(‘]))ZBSI; is L? continuous, we have

Q@) B9y = ; grfw(D(Q))ngu jin L2 (M), (6-29)
From the fact that u; € Dom 0@ for every j = 1,2,..., we can check that
@@)2 %y, =0@ D0y, = 0@ D0y, forevery j =1.2..... (6-30)
From (6-29) and (6-30), we conclude that
(O@)2) =0@BODY on L2 (M) (6-31)

From (6-27) and (6-31), we get (6-28). O
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Lemma 6.5. The operator Bg can be continuously extended to

BY HZSWUNM, T*M') > H*(UNM, T** M’ (6-32)
for every s € N.
Proof. Letu € Qg’q(U N M). From (5-118), we have
BODYNDy + BON Dy = BQu + BOr{u, (6-33)

where réQ) =0 mod ¢*®°((UxU)N(M xM)) is as in (5-118). From (5-116), (6-22) and (6-33) and noting
that Q?’q(U N M) is dense in H7*(UN M, T*%4 M) for every s € N, we deduce that Biqk) — Bi‘ljn@
can be continuously extended to

BY) — BON@ : HZ(UN M. T**M") — LY (M) forevery s €N. (6-34)
On the other hand, from (6-1) and (5-118), we have
ney = (qu)D(q) + Béq)z)n(Q)u
= APOW Dy + BNy
= AP0+ BT @y (6-35)

for every u € Q¥9(U N M), where réq) =0 mod ¢ (U xU) N (M x M)) is as in (5-118). From
(6-35), we conclude that ne — Biq)z 14 can be continuously extended to

ow— Bgn(q) CHZS(UNM, T*IM') — L3y (M) forevery s € N. (6-36)

From (6-34) and (6-36), we deduce that [1(0) — Bg) can be continuously extended to

n@ -9 HSUNM. T**IM") > L2 (M) forevery s € N. (6-37)
From (5-116) and (6-37), we get (6-32). O

Theorem 6.6. We have
0@ BY) =0 mod ¥°°((U x U) N (M x M)). (6-38)

Proof. By (6-28), £@) := (D(q))ZBiq)a is smoothing on U N M. Let u € Qg’q(U N M). From the second
equation in (5-118), we have

@ Bi‘l)zu - N@D (D(Q))2Bi‘1£u + 1@ B(<q£u _ rfq)lj(q) Biq)zu

= N@D@y 4 1@ Oy — [ PO@ By, (6-39)
where rl(q), riq) are the smoothing operators from (5-118). From (6-32), we see that

AP0@WBY rPBY)  HISWUNM. T*IM') > HE (UNM. T* M)
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are continuous for every s € N, and hence they are smoothing on U N M. From this observation and
(6-39), we get (6-38). O

We can now prove one of the main results of this work.

Theorem 6.7. Let U be an open set of M’ with U N X # &. Suppose that the Levi form is nondegenerate
of constant signature (n—,ny) on U N X. Let ¢ = n_ and fix A > 0. We have

BY) — 11D =0 mod ¢*°((U x U) N (M x M)).
where T1D is as in Theorem 5.23.
Proof. From the second equation in (5-118), we have
N(Q)D(q)BéqA)u + H(Q) B;qx)u — rfq) B;qA)u 4 B;q/l)u (6-40)

for every u € QU4(U N M), where r = 0 mod #°°((U x U) N (M x M)) is as in (5-118). From
(5-116), (6-32), (6-38) and (6-40), we deduce that

BY @ BY —: @ = 0 mod ¢™((U x U) N (M x M)). (6-41)
Similarly, from the first equation in (5-118), we have
BOOWNDy + BOT Dy = B9 + BE)riPu (6-42)

for every u € Q29(U N M), where réq) =0 mod ¢®°((U x U)N (M x M)) is as in (5-118). Since
N @Dy € Dom 0@, we have

B;?D}G)N(q)u — Bg]zD(q)N(q)u — D(q)B;qA)N(q)u
for every u € Qg’q(U N M). From this observation and (6-42), we deduce that
D(q)B;qu(q)u + B;qk)n(q)u — B;qzu + B;q/zréq)u (6-43)
for every u € Qg’q(U N M). From (6-32), (6-38) and (6-43), we deduce that
B — BT = ¢{? = 0 mod ¢ (U x U) N (M x M)). (6-44)

Letu e Qg’q(U N M). From (6-1), we have

n@o@WAYy + n@B%y =@y onUNM, (6-45)
APO@ON@y 4+ BNy =@y onUNM. (6-46)

From (5-118), we have
H(q)D(q)Aaq)u = riq)qu)u onUNX, (6-47)

AP0@OnDy = A9y onUNX, (6-48)
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where riq) =0 mod ¢ (U xU)N (M x M)) and r(q) =0 mod ¢ (U xU)N (M x M)) are as in
(5-118). From (6-47), (6-48) and (6-46), we deduce that

ne — @ B(;I)E — riq)Aqu)’

P (6-49)
(9) @) .(@)
H(CI) _BS‘IAH(Q) — Alq qu )
From (6-41), (6-44) and (6-49), we get
H(Q) _ Biq,l) (G)A(Q) g(q)’
(6-50)

@ _ 4@ ( )_ @
ne —Bsq)L = qu ral —el.
From (6-50), we have
(H(Q) B(Q))(H(Q) B(fl))
= (S (q)A(q) (q))(A(q)rgq) _qu))
(q)(A(q))z (@) _ (q)qu)ggq) —s(q)Aaq)r(q) +8(q)8(q) on Qo’q(U N ]\7). (6-51)

Note that r( and r(q) are properly supported on U N M and r
e@e (q) are well-defined as continuous operators: €2 ’q(U nNM)— Q% q(U nM). Now

(q)(A(q))z (q) (q)A(q) (q) g(q)A(lI) (q)

r4‘1)(A§f))2 D HISUNM TIM') > HUNM. T* M) C L2 (M)
— L (M) = H{ (UNM, T M)
is continuous for every s € N. Hence, r(q)(A(q))2 9 — 0 mod €U xU)N (M x M)). Similarly,
(q)A(q) (q) s(q)A(q) (q) ,e@e (q) =0 mod %”OO((U xU)N (M x M)). From this observation and (6-51),
we get
(M@ — Y@ — ) =0 mod 7 (U x U) N (M x M)). (6-52)
Now,
(H(Q) _ Bi‘?)(n(é]) _ Biq)g) (H(IZ))Z H(q)B(Q) B(Q)H(q) + (B(q))z
— H(q) +r6 B(q) +8(q) B(q) +8(!1) +B(q)
=n@ -2+ réQ) +e@ 4 sﬁq), (6-53)
where réq), @, sgq) =0 mod € (U xU)N (M x M)) are as in (5-118), (6-41) and (6-44) respectively.
From (6-52) and (6-53), the theorem follows. O

By using Theorem 4.7, we can repeat the proof of Theorem 6.7 with minor changes and deduce:

Theorem 6.8. Let U be an open set of M’ with U N X # &. Suppose that the Levi form is nondegenerate
of constant signature (n—,ny) on U N X. Let ¢ # n_. Fix A > 0. We have

BY =0 mod ¢ ((U x U) N (M x M)).
Proof of Theorem 1.1. This follows immediately from Theorems 5.23, 6.7 and 6.8. O

We remind the reader that the local closed range condition is given by Definition 1.4. The following is
our second main result.
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Theorem 6.9. Let U be an open set of M’ with U N X # &. Assume that the Levi form is nondegenerate
of constant signature (n—,ny) on U N X. Let ¢ = n_. Suppose that 09 has local closed range in U.
Then the Bergman projection B@ satisfies

BD _ D =0 mod ¢®°((U xU)N (M x M)),
where T1'D is as in Theorem 5.23.

Proof. Let W be any open set of U with WNU # @, W € U. Since IT1'9) is properly supported on U N M,
there is an open set W’/ C U with W/ N X # @, W' € U, such that 1Dy € Q24(W’ N M) N Dom O@
for every u € Qg’q(W N M). Since 0@ has local closed range on U, there is a constant Cys > 0 such
that, for every u € Qg’q(W nM),

11 = BOYTDu|py < Cypr |ODPTIDu|[ 3y = 7 Pulpr (6-54)

where ri is as in (5-118). Letu € H;S(W N M, T*%4M’). Letu; € QX4 (W N M), limj 00 1 =u in
H7S(WNM,T*%4M’). Since rgq) is smoothing on U N M the sequence réq)uj is Cauchy, so by (6-54)
(H(q)—B(q)H(‘I))uj converges in L%O q)(M), as j — o0o. Thus, u is in the domain of T1@ — B@ 1@ and

(M@ — BO@)y e L%O q)(M ). We conclude that T1@) — B@ 1@ can be extended continuously to
n@—p@n@ . y-sWUnM,T*M') - L, (M) forevery s € N. (6-55)

From the first two equations in (5-118) we have, on U N X,
NYp@y = NOg@WR@y, 4 M@ pBW@, - p@, rf‘I)B(!I)u’ uel? (M),

BY11@Dy = @@ N@Dy 4 BDTDYy = @y 4 B(Q)r(()‘I)u’ = Q(C)’q(U N M),

where r(()q), rfq) =0 mod ¢ (U xU) N (M x M)) are as in (5-118). From (6-56), we conclude that
B@ —11@ B@ and B@ — B@TI@ can be extended continuously to

B@W-_n@WB@ . L3 (M)~ Hi . (UNM,T*>M’) foreveryseN, (6-57)

B@—p@ON@D : H¥(UNM, T*M') — L, (M) forevery s € N.  (6-58)
Form (6-55) and (6-58), we deduce that I19) — B can be extended continuously to
n@ —p@:H(UNM, T*M') — L, (M) forevery s e N. (6-59)

Since D : HS(UNM,T*%>M") — HS(U N M, T*%9M’) is continuous for every s € Z, we deduce
that B@ can be extended continuously to
BY: HFSWUNM, T** M) - HS(UNM,T**M’) forevery s € N. (6-60)
From (6-60), we deduce that
rOB@ (rOy @ . =S WU NM, T*M') — HE (UNM,T*®IM’) for every s € N,
(9) (9)

where %", r(()q) are as in (5-118) and (r(()q))* is the formal adjoint of r;"” with respect to (- |-)as. Hence,

r@B@ () B@ =0 mod ¥ (U x U) N (M x M)). (6-61)
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By taking adjoint of (r(gQ))*B(q), we get
BDrlD =0 mod (U x U) N (M x M)). (6-62)
From (6-56), (6-61) and (6-62), we get
H(q)B(‘Z)u—B(q)uzf(q)u onUNX foreveryue L% (M),
! 0.9) (6-63)

BOTI@y — @y = fz(q)u on U N X for every u € Q9 (U N M),
where

AP L2 (M) - % UNM), P =0mod ¢®((U x U)N (M x M),

LH2:QMUNM)— L2 (M), £ =0mod (U x U) N (M x M)).
Taking adjoint in (6-59), we conclude that (H(q ))* — B@ can be extended continuously to
(MD)* —B@: LT, (M) — Hi\ (U N M, T**M'") for every s € N, (6-64)
where (IT@)* is the formal adjoint of T1@) with respect to (- | -)as. From (5-50), we see that
(MDy* = 1@ + qu),
where qu) = 0 mod ¢ (U x U) N (M x M)). From this observation and (6-64), we deduce that
1@ — B@ can be extended continuously to
n4 — p@ . L%o,q)(M) — HE(UNM,T*®4M’) for every s € N. (6-65)
From (6-59) and (6-65), we get
(M@ - B@)yM@ - BDy: HS(UNM, T*M')y > HS (UNM, T*M")
is continuous for every s € N. Hence,
(MD — BDYM@P — BD) =0 mod (U xU)N (M x M)). (6-66)
On the other hand, we have
(M@ — p@y(@ — p@yy
= (I19D)2y -1 BDy— @Dy 4 (BD)2y
=NPy—B@Dy—B@y 4+ B@Dy+(MP)2-11D)y+ (B -9 D)y +(B@_p@@)y
= H(q)u—B(q)u+r6(q)u—fl(q)u—f2(q)u for every u € QU1(UNM), (6-67)

where r =0 mod € (U xU)N(M x M)) is as in (5-118), £, £ =0 mod €°° (U xU)N(M x M))
are as in (6-63). From (6-66) and (6-67), the theorem follows. O

7. Proof of Theorem 1.9

To prove Theorem 1.9, we need a result of [Takegoshi 1983], which is a generalization of [Kohn 1973].
Consider an open relatively compact subset Mg := {z € M’ : p(z) < 0} with smooth boundary X¢ of M’.
We have the following (see [Takegoshi 1983, Section 3, Theorem NJ).
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Theorem 7.1. Let M be a pseudoconvex domain with smooth boundary X in a complex manifold M’
and let L be a holomorphic line bundle on M’ which is positive on a neighborhood of My. Then there exists
ko € [\J such that the following statement holds for every k € N, k > kg: Forevery f € L%o,l)(MO’ LK)
with d f = 0 on My there exists g € L2(Mo, L¥) such that 9g = f on My and

[ 162 dvsr =i [ 15, v -1
Mo My

where Ci > 0 is a constant independent of f and g and |- | pLk denotes the pointwise norm on
@Z=0 T*%9M' @ L* induced by the given Hermitian metric (- |-) on CTM' and h.

Proof of (1-23). Let ko € N be as in Theorem 7.1. Let k > ko, k €N, and let U be any open set of X with
UNXy=2. Letu e €°(UNM, L¥)nDom 0" and let f :=du € Q¥ (UNM, L¥) C L2 | (Mo, L¥).
From Theorem 7.1, we see that there is a g € L2(Mo, LX) ¢ L2(M, L*) such that dg = du on My (hence

on M) and
[ 1el2 v =€ [ 1l duae 72
M() MO

where Cy > 0 is a constant independent of u and g. Since (I — BIEO) )u is the solution of E_)g =oduon M
of minimal Z2 norm, we have

J 10 =B dvnee = [ [6l2,0 dvue 7-3)
From (7-2) and (7-3), we get
[ 10 = B0, dvag < Ci [ B, v (-4
M My

Since du has compact support in U N M, we have

fM |5u|sz dvy = /M|5u|iLk dvpg. (7-5)
0
From (7-4) and (7-5), we get
[ 1= BOWE v = Co [ 3ul? i dvae 76)
M M
Since u € Dom D](co), we can check that
[ 1302 1 dvngs = @ i = B 301 = B
" = O | (1 =B < 10Qullell(1 — B 7-7
O ul( e Wk = 10 ullkllC e k- (7-7)
Since (1-23) follows from (7-6) and (7-7), we are done. O

From Theorem 1.5, Remark 1.6 and Theorem 1.9, we immediately get (1-24).

8. S1l-equivariant Bergman kernel asymptotics and embedding theorems

In this section, we assume that M’ admits a holomorphic S !-action el? 0 e [0, 27), el M - M
xeM’ —e'?ox e M’ Recall that X is an open connected component of X such that (1-26) holds and
we work with the following assumption.
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Assumption 8.1. For every x € X we have CTy(x) & Txl’OX @ T,?’IX = CT, X, and the S!-action
preserves the boundary X, that is, there exists a defining function p € ¥*°(M’,R) of X such that
p(e? o x) = p(x) for every x € M’ and every 6 € [0, 2x].

Theorem 8.2. Assume that M’ admits a holomorphic S -action and Assumption 8.1 holds. Let X be a
connected component of X such that (1-26) holds, let p € Xo and let U be an open set of p in M’ with
U N Xo # . Suppose that the Levi form is nondegenerate of constant signature (n—,n4) on U N X,
where n_ denotes the number of the negative eigenvalues of the Levi form on U N Xo. Fix A > 0. If

q # n—, then as m — 400,
B(q)

<A,m

=0mod O(m~*°) onUNM. (8-1)

Letq=n_.Let Ny:={geSl:gop=p}={go:=e,g1,...,8r} where e denotes the identify element
inSYand gj # g¢ if j # L forevery j, £ €{0,1,...,r}. We have

,
Biqz L. y) = Z g?eimq’(x’g“y)ba(x, y,m) mod O(m~>°) onUNM, (8-2)

a=0

where, foreveryoa =0,1,...,r,

ba(x, y.m) € SL((U x U) N (M x M), AGD10.0)y
ba(x, yom) ~ X% o b, j(x, y)m"™in SE((U x U) N (M x M), AgON00),
ba,j (X, ) € €°((U x U) N (M x M), NGOy 5 —0.1,..,
ba,0(x,x) =bo(x,x), bo(x,x) is given by (5-124),
and ¢(x,y) € €° (U xU)N (M x M)) is as in (1-17).
Proof. From (1-14) and (1-30), we can integrate by parts in § and get (8-1). We now prove (8-2). From
Theorem 6.7 and (5-111), it is straightforward to see that

(8-3)

BY) = PS_,uL®@ mod O(m™=) onU N M. (8-4)

where S_ ,(x,y)= % ffn S_(x,e'?y)e'™? 40 and S_(x, y) is as in Theorem 5.17. From Theorem 5.17,
we can repeat the proof of [Hsiao and Marinescu 2014, Theorem 3.12] with minor changes and deduce that

,
S_m(x,y)= Z g&”eim‘p—(x’g"‘y)aa(x, y,m) mod O(m~*°) onUNX, (8-3)

a=0

where, for every o« =0,1,...,7,

ag(x,y,m) € Sl'(’)c_l((U xU)N (X x X), Ago,[’,‘i)lléﬁ’q)),

aq(x, y,m) ~ Y02 ag,; (x. y)m" 1= in SETN(U x U) N (X x X), AGP2R0D), 56

Ag,j(x, ) €E°((U xU)N (M x M), A(O’,‘Q]Iéo,’q)), j=0,1,...,
ag,0(x,x) =ap(x, x),
where ag(x, x) is given by (5-84) and ¢_(x, y) € (U xU) N (M x M)) is as in Theorem 5.17. From
(8-5), we can repeat the procedure in the proof of [Hsiao 2010, Part II, Proposition 7.8] and deduce that
the distribution kernel of P S_’mL(q ) is of the form (8-2). O
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By Theorem 1.5, we can repeat the proof of Theorem 8.2 and deduce:

Theorem 8.3. Assume that M’ admits a holomorphic S -action and Assumption 8.1 holds. Let X be a
connected component of X such that (1-26) holds, let p € Xo and let U be an open set of p in M’ with
U N Xo # . Suppose that the Levi form is nondegenerate of constant signature (n—,n4+) on U N Xy,
where n_ denotes the number of the negative eigenvalues of the Levi form on U N X. Suppose that (1@
has local closed range in U. If ¢ # n—_, then

BW =0mod O(m™>®) onUNM. (8-7)
Letq=n_. Let Ny :={g € Sl:gop=pl={go:=e.g1,...,8r}, where e denotes the identify element
inSYand g;j # g¢ if j # L forevery j,£=0,1,...,r. We have

,
B,Sf)(x, y) = Z g?eimqﬁ("’ga”ba(x, y,m) mod O(m~>) onUNM, (8-8)
a=0

where ¢(x,y) € (U xU)N (M x M)) and by(x,y, m) € Sp.((UxU)n (M x M), A](‘g,/t{()]léﬁ,q)),

ocC
a=0,1,...,r,areas in Theorem 8.2.

Proof of Theorem 1.10. We now consider the case ¢ = 0. When Z(1) holds on X, it is well known (see
[Folland and Kohn 1972]) that 0O has L2 closed range. From this observation and Theorem 8.3, we
deduce Theorem 1.10. O

We will now prove Theorem 1.11 about the S !-equivariant embedding theorem.

Proof of Theorem 1.11. Fix my € N. By using Theorem 1.10, we can repeat the proof of [Herrmann

et al. 2018, Theorem 1.2] with minor changes and conclude that we can find m; € N, ..., m; € N, with
mj; >mo, j =1,...,k,such that
Dry,my - Xo —> C‘im is an embedding (8-9)

and there is an S!-invariant open set U of X such that

DPyymy tUN M — C%m is an immersion. (8-10)

.....

Fix x¢ € Xo. From (8-10), it s straightforward to see that there are S !-invariant open sets Qx, € Wy, € Uy,
of x¢ in M’ such that

Duy,my - Uxg N M — (D‘im is injective. (8-11)
Let

Oxo =108 Py o (X) = Py o (V)| 1 X € Qo N Xo, ¥y € Xo, ¥y & Wy, N Xo}. (8-12)

From (8-9), we see that §, > 0. Let V*° be a small S invariant open set of X in M’ such that, for
every x € V¥ N M, x ¢ Uy, thereis a y € Xo, y ¢ Wx, N Xo, such that

|q>m1 ..... mk(x)_q)ml ..... mk(J’)| E %Sxo- (8_13)
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Assume that Xo = (JI_ (Qx, N Xo), N €N, and let
N

V:=Un (ﬂ fo') n (JQ ij),

j=1

where €2y, I{xf', J=1,..., N, are as above, and U is as in (8-10). From (8-10), we see that ®p,, .. m, :
V N M — C%n is an immersion. We claim that ®p,, ., : V N M — C% is injective. Let p,qg € VN M,
p # q. We may assume that p € Qy, N M. Ifqe Uy, we see from (8-11) that @y, . s, (p) #
Dy ,....mi (). Assume that ¢ ¢ Uy, . From the discussion before (8-13), we see that there is yo € Xo,

vo & Wy, N Xo such that
|(Dmly~~-,mk (q)_q)ml,...,mk (yO)l =< %8)61- (8—14)
From (8-14) and (8-12), we have

|q)m1,...,mk (P) - q)ml,...,mk (61)| = |cbm1,...,mk (P) - cbml,...,mk (y0)| - |®m1,...,mk (yO) - cbml,...,mk (q)|
> 8, — 26x, > 0.

Hence @, ,...mi (P) # Pmy,....my (@), 5O @pyy ... .m, is injective and the theorem follows. O
Proof of Theorem 1.12. We may assume that Xo = {x € M’ : p(x) = 0}. Consider the shell domain
M:={xeM :—¢<p(x) <0}

where & > 0 is a small constant. Then M is a complex manifold with smooth boundary X. Moreover, it is
easy to see that X is an open connected component of X and Z (1) holds on X. Hence, we can apply
Theorem 1.11 to get Theorem 1.12. O
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A RESTRICTED 2-PLANE TRANSFORM RELATED TO FOURIER RESTRICTION
FOR SURFACES OF CODIMENSION 2

SPYRIDON DENDRINOS, ANDREI MUSTATA AND MARCO VITTURI

We draw a connection between the affine invariant surface measures constructed by P. Gressman (Duke
Math. J. 168:11 (2019), 2075-2126) and the boundedness of a certain geometric averaging operator
associated to surfaces of codimension 2 and related to the Fourier restriction problem for such surfaces.
For a surface given by (&, Q1 (&), 02(£)), with Q1, Q, quadratic forms on R, the particular operator in
question is the 2-plane transform restricted to directions normal to the surface, that is,

Tf(x,8):= //l " lf(x—SVQl(S)—tVQz(é),s,t)dsdt,

where x, & € RY. We show that when the surface is well-curved in the sense of Gressman (that is,
the associated affine invariant surface measure does not vanish) the operator satisfies sharp L? — L?
inequalities for p, g up to the critical point. We also show that the well-curvedness assumption is necessary
to obtain the full range of estimates. The proof relies on two main ingredients: a characterisation of
well-curvedness in terms of properties of the polynomial det(s V> Q, +tV?(Q,), obtained with geometric
invariant theory techniques, and Christ’s method of refinements. With the latter, matters are reduced to a
sublevel set estimate, which is proven by a linear programming argument.

1. Introduction

The k-plane transform in R" is the operator 7}, ; defined by

Tyif () = / Fdln,

where 7 is any affine k-plane in R"” and d £, denotes the Lebesgue measure on 7. Such operators are
generalisations of the X-ray transform and of the Radon transform, with which they coincide when
k=1 and k = n — 1 respectively. The strongest results for the boundedness of T, ; for (n, k) generic
were obtained by M. Christ [15], who proved a range of mixed-norm estimates (building upon work of
S. W. Drury [23; 24]); see also [45] for some improvements for a subset of (#n, k) values and [25] for a
survey of further developments. The particular case of k = 1 has been the object of considerable attention
due to its relationship with the Kakeya maximal function — see T. Wolff’s influential paper [52] for the
n = 3 case, [39] for generic n and again [45] for other improvements.
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In this paper we will be concerned with the restriction of the 2-plane transform to particular sets of
directions — ones that arise as normals to surfaces of codimension 2 that are “well-curved”, in a sense
that will be made precise later on (we regard the identification of the correct notion of well-curvedness
as one of the main aims of this paper). A number of instances of restricted 7}, ; transforms exist in the
literature, particularly when k = 1:

(1) The restriction of the X-ray transform 7, | to a 1-dimensional set of directions of the form (y (¢), 1),
withy : [-1, 1] —» R"~! a curve, was first considered by M. Christ and B. Erdogan [19] for the moment
curve (¢, 12, ..., t"~1); those results were later extended to the sharp mixed-norm range by the first author
and B. Stovall [21; 22]. In this case, in order to obtain estimates for the largest range of exponents it is
vital to assume that the curve y is well-curved in the sense of having nonvanishing torsion. The latter
condition is equivalent to the nonvanishing of the affine invariant surface measure on y as introduced by
Gressman [30].!

(ii) The restriction of the X-ray transform 7, ; to 2-dimensional sets of directions was studied by
B. Erdogan and R. Oberlin [26]; the authors considered directions of the form (¢ (u, v), 1) for various
examples of maps ¢ : [—1, 11> — R"~L It can be verified by the methods of [30] (in particular, by
Theorem 6 in that paper) that in all their examples the affine invariant surface measure on the surface
¢([—1, 11%) is nonvanishing.

(iii) The restriction of the X-ray transform 7 1 to the (n—2)-dimensional set of directions given by
light-rays (that is, directions of the form (w, 1) with @ € S"?) was studied by T. Wolff [53], who proved
mixed-norm estimates in a certain range (not believed to be sharp). In this case the set of directions
possesses curvature because the sphere S~ is curved.

(iv) The restriction of the Radon transform 7;, ,—1 to hyperplanes orthogonal to directions of the form
(C(&), 1), with T : [—1, 17" — R*~! the parametrisation of an m-dimensional submanifold of R"1 was
considered by P. Gressman [31].> Combining the methods of that paper with those of [30], one obtains
nontrivial L? — L4 estimates under the assumption that the image of I' has affine invariant surface
measure (as per [30]) that is nonvanishing.

We are not aware of restrictions of 7}, ; transforms for k other than 1 or n — 1 that have been studied in
the literature;> ours seems to be the first such instance.

We will now introduce the restriction of the 2-plane transform 7}, » that we are going to consider in this
paper. Besides fitting in well within the aforementioned literature, the operators we are about to introduce
arise naturally in the study of Fourier restriction for surfaces of codimension 2, as will be illustrated in
Section 2. Let d > 2 and take a compact quadratic surface of codimension 2 in R4+, given as a graph by
the parametrisation

(&) = (&, Q1(8), 02(8)), &e[—1,1],

I This measure further coincides with the well-known affine arclength from affine geometry.
ZMore precisely, the operator here described is the dual operator to the one described in Example 3, Section 6 of [31].
3Save perhaps for [46], which however has a measure-theoretic flavour rather than the geometric flavour we are interested in.
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where Q1, Q, are quadratic forms on RY; we use X (Q1, Q) to denote the surface ¢ ([—1, 11¢). It will
also be convenient to introduce the real symmetric d x d matrices A, B that correspond to the Hessians
V2Q1, V2Q2, that is, the matrices given by

AE:=V(Q,(), BE:=VQy&) forall & e RY.

Remark 1. We concentrate on quadratic surfaces for simplicity of exposition, but the main result that
will be given in Section 1.1 (Theorem 5) holds for more general surfaces, as will be explained there.

To any such pair of quadratic forms (or equivalently, to any surface £(Q, Q»)) we associate the
operator 7 = Tp,.0,» acting on (Schwartz) functions f : R*+? — C, given by

Tf(x,§):= //H' 1f(x—sVQl(%‘)—tVQz(S),S,t)dsdt, (D
NRIES

where x € R?, £ e [—1, 1]% The operator 7 is a (local) 2-plane transform in a restricted set of directions
parametrised by &: indeed, the 2-plane in question is given by

Mg ={(x,0,0)+5(=VQ01(§),1,0) +1(=V02(§),0, ) 15,1 € R};

moreover, it is readily verified that 7, ¢ is normal to the tangent plane of X(Q1, Q») at the point ¢ (§).
Notice that in (1) we are not integrating with respect to the Lebesgue measure on the 2-plane as one does
in T, », but the ds dt measure is nevertheless comparable to it since & is bounded, so that, if we were to
extend the integration in (1) to all s, ¢ € R, we would have

Tfx, &) <Tapaof(mee) So0, Tf(x,6).

To gauge the severity of the restriction in directions, notice that the Grassmannian Gr(2, d + 2) of
2-dimensional linear subspaces of R9+2 has dimension 2d, whereas the submanifold of Gr(2, d +2) given
by the directions of the family of 2-planes 7, ¢ above is parametrised by & and thus has dimension at
most d.

We are interested in the boundedness properties of 7 and how these relate to how well-curved the
surface X (Q1, O») is. We next introduce the general collection of mixed-norm estimates. Let g, r > 1
and define for any F : R? x [—1, 1]¢ — C its L¢(L") mixed-norm* to be

IFlloqer == (/ </ |F(x,s>|’dx)’ds>" 2)
[71,1]”’ R4

(notice that when g = r the L?(L?)-norm is simply the usual L?-norm). For exponents p, g, r > 1, we
say that 7 satisfies the mixed-norm estimate L? — L9(L") if we have the a priori estimate

1T fliLowry Spagr 1 NLe- 3)

4With this order of integration, this is sometimes called the Kakeya-order mixed-norm.



478 SPYRIDON DENDRINOS, ANDREI MUSTATA AND MARCO VITTURI

For the rest of the paper we will make the assumption that f is supported on, say, B(0, C) x [—1, 1]? for
some C > (. Due to the local nature of the operator 7, this assumption can be removed when r > g > p
by a standard localisation argument.

Remark 2. By a standard duality and discretisation argument, any estimate of the form (3) translates into
a Kakeya-type bound for collections of § x - -- x § x 1 x 1 slabs associated to X(Q1, Q2); see Section 2
for details (in particular Corollary 10 there) and an application.

Testing the mixed-norm inequalities (3) against some simple geometric examples leads to a conjectural
range of boundedness, as will now be described. Let 0 < § < 1 and let B,,(r) denote the n-dimensional ball
of radius r centred at the origin. We use A, B in place of V2Q1, V20, for convenience. Observe that for
Is| <A ~'8 and |¢] < || B '8 we have |x —s A& —tB&| <6 forall |x| <8 and all £ € [—1, 1]%. Therefore

T 15,200 §) 2 8% 15,06 (¥) 11,10 6),
so that for (3) to hold as § — 0 we see with a simple computation that we must have

d d+2
2+—>L

r p

For our second example, let S5 denote the “slab”

Ss :={(x —sA§ —1B&, s, 1)t |s|, [t| ~ 1, x,§ € B4()},
and observe that |Ss| < 8¢ by similar considerations as above. Clearly we have

Tls,(x,&) 2 1,65 (x) 15,05 (§),

and thus if estimate (3) is to hold as § — 0 we obtain a second necessary condition. The two conditions
together are then

P 4)

Remark 3. We record the following trivial facts about certain exponents in the range allowed by (4):

(1) Inequality (3) is certainly satisfied for p = co and for every 1 <g¢, r < oo (recall that we are assuming
f is supported in B(0, C) x [—1, 1]%).
(i1) Inequality (3) is certainly satisfied for p =r =1 and for every 1 < g < oo.
(iii) If inequality (3) holds for exponents (p, ¢, r) then it also holds for any exponents (p, g, r) with
1 < g < g (by the Holder inequality).

We conjecture that when X (01, Q») is well-curved (in a sense to be made precise shortly; see
Definition 4 of next subsection) then the necessary conditions (4) are also sufficient, with the possible
exception of the endpoint L@+2/2 . [(@+2)/2([,°°) In this paper we will concern ourselves mainly
with nonmixed-norm estimates, that is, estimates with ¢ = r (this is because mixed-norm estimates are
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not accessible with the methods we employ, at least not without significant reworking); in this case the
necessary conditions are rewritten as

d_ d+2 2 1
24—>2——, —=-—.
q p q9 P
As described in the next subsection, we are able to confirm the conjecture in the nonmixed-norm range
given by these conditions, with the exclusion of a critical line. By interpolation with the trivial inequalities

observed above, one also obtains a range of mixed-norm inequalities as a consequence.

1.1. Main results. In order to state our main results, we will now clarify the notion of curvature that we
are going to employ. It is based upon P. Gressman’s work [30], in which a construction was provided that,
given a submanifold M of R", produces a unique (up to multiplicative constants) surface measure v
(that is, a measure with support on M and absolutely continuous with respect to the standard surface
measure) which is equi-affine invariant.> Moreover, the measure v satisfies an affine curvature condition
of the form v (R) < |R|* for every rectangle R in R” (for a specific value of « that depends only
on n and dim M), and is the largest such measure up to multiplicative constants. Details on Gressman’s
construction will be provided in Section 3.

Definition 4. We say that a submanifold M of R” is well-curved if the density of its affine invariant
surface measure v, (with respect to the standard surface measure do) does not vanish anywhere on M.
If the density of v, vanishes identically, we say that M is flat.

When the submanifold M C R” has codimension 1 or n — 1, the measure v, corresponds respectively
to the affine hypersurface measure and the affine arclength (see Theorem 1 (4) of [30]). In these two
extremal cases, the submanifold is then well-curved if the Gaussian curvature is nonvanishing or if the
torsion is nonvanishing, respectively — thus recovering the common notions of well-curvedness for such
codimensions present in the literature. Definition 4 should also be compared to the curvature assumptions
present in the examples of restricted k-plane transforms listed at the beginning of this section.

In the case of the compact quadratic surfaces M = X(Q, Q») we have that d€ /do is bounded away
from zero, and therefore X (Q1, Q») is well-curved according to our definition if and only if dva/d&
does not vanish. However, it is shown in [30] (see also Section 3) that, for a surface in such a form,
the density dva/d§ is actually a constant that depends only on Q;, Q», and therefore (01, Q) is
well-curved if and only if that constant is nonzero—and if it is zero, then the surface is flat. Thus in our
quadratic case the well-curved/flat distinction of Definition 4 will be a perfect dichotomy.

We can now state our main result, which connects the boundedness properties of operators (1) to the
curvature of X(Q1, O»).

Theorem 5 (well-curved surfaces). Let Q1, Q> be quadratic forms on R? and suppose that the quadratic

surface (Q1, Q2) is well-curved. Then, for every 1 < p, q < 0o such that
q p q p

5That is, if T is an affine transformation of R" that preserves volumes, one has v (m) (T (E)) = vy (E) for all Borel sets E.
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we have
T fllLa Sp,q,Qn,Qz I fllze

for every function f supported in B(0, C) x [—1, 1]%.
If instead the surface X (Q1, Q») is not well-curved (hence flat), then every L? — L9 estimate with
(p, q) sufficiently close to the endpoint ((d +4)/4, (d +4)/2) is false.

The examples that yield the conjectural range (4) show that the range of exponents in the theorem
above is sharp, save perhaps for the missing critical line 2 + d/q = (d 4+ 2)/p. The theorem is obtained
by interpolating the trivial L? — L' and L> — L estimates from Remark 3 with restricted weak-type
estimates along the critical line 2/¢ = 1/p and arbitrarily near the endpoint estimate L@+4/4 — [@+4/2,
The latter are obtained using Christ’s method of refinements, but alternative proofs can be given using
techniques of Gressman from either [31] or [32]; see Remark 26 in this regard.

We observe that in general it is possible with our methods to obtain the restricted weak-type endpoint
estimate as well, unless the surface ¥ (Q1, Q») belongs to a certain class that can be described explicitly;
this description relies upon Theorem 7 below and will be given in Remark 35 of Section 6. As stated, the
range of exponents is also sharp in the curvature condition, in the sense that the range of true estimates
is necessarily smaller when the surface is flat (this will be proven in Section 7— see also Theorem 9
below). In particular, Theorem 5 shows that any L” — L9 estimate for 7" with (p, ¢) near the endpoint
is equivalent to the well-curvedness of X (Q1, Q2) (see [36] for a result of similar flavour in the context
of Fourier restriction for hypersurfaces).

Our methods are sufficiently stable under perturbation that we are also able to extend Theorem 5 to
more general codimension-2 surfaces. Indeed, let ¢y, ¢; : R¢Y — R be C? functions such that Vpi1(0) =
V2(0) =0 and let X (¢, ¢2) denote the surface parametrised by

E 01(5), 2(8)), & e[—e, €],

where € > 0 is sufficiently small depending on ¢, ¢2. The analogue of operator (1), denoted by Ty, ,, is
given by

Tovnf (6. £) 1= f/| S V©) i Vere). 5 0 ds dr

Theorem 5’ (general well-curved surfaces). Let @1, @2 be as above and suppose that (@1, @2) is well-
curved at &€ = 0. Then, for every 1 < p, q < oo such that

24 d - 422 |

and 2 >
q
we have
||7:P1,§02f||L‘? S,p,q,go],(pz ”f”LP
for every function f supported in B(0, C) x [—1, 1]%.

The range of exponents above is identical to the one given in Theorem 5. To show Theorem 5/,
only small adjustments need to be made to the argument for the quadratic surface case — the necessary
modifications will be sketched in the Appendix.
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By standard interpolation theory for mixed-norm spaces (see, e.g., [3]), one obtains from the strong-type
inequalities of Theorem 5 a whole range of mixed-norm estimates of the form (3), upon interpolation
with the (strong-type) trivial estimates in Remark 3.

Corollary 6 (mixed-norm range). Let Q1, Q2 be quadratic forms on R? and suppose that the quadratic
surface (Q1, Q) is well-curved. Then, for every 1 < p,q,r < oo such that

ppdod+2 1 11 2 1
r r P

p roq —p
we have

IT fllLawry Spagr01,00 1 f e
for every function f supported in B(0, C) x [—1, 1]%

The proof of Theorem 5 rests on an algebraic characterisation of well-curvedness which is enabled
by a connection between Gressman’s affine invariant measures and geometric invariant theory; it is of
independent interest. Specifically, we prove the following fact.

Theorem 7. Let Q1, Q> be quadratic forms on RY. The quadratic surface X(Q1, Q») is well-curved if
and only if the following condition is satisfied:

the homogeneous polynomial in s, t given by det(s V2Q1 + tVZQZ) does not vanish (M)
identically and does not admit any root of multiplicity larger than d /2.
Here by root of a homogeneous polynomial in R[s, ] we mean a homogeneous linear divisor as + bt
in C[s, t], and by its (algebraic) multiplicity we mean the largest power m such that (as + bt)™ is still a
divisor. Theorem 7 is stated for quadratic forms, but it holds “pointwise” for arbitrary X (¢, ¢;) surfaces:
the surface is well-curved if det(s V2¢; (€) 4t V2@, (£)) satisfies (M) for every &.

Example 8. Consider the quadratic surfaces X (Q1, Q>) given by
d d
1 1
Q&) =5 ) A&l Q&) =5 uiE.
j=1 j=1
where the A ;, u; are real coefficients that for any j are not simultaneously zero. We have

d
det(sV2Q1 +1V2 Q) = [ [(sh; + 1))
j=1
and thus by Theorem 7 the surface £(Q1, Q) is well-curved if #{j : [A; : u;j]=[1: u]} < d/2 for all
[ :ul € P(R?).

This is not the first instance in which the object det(s V20, +1V2(Q>) and condition (M) have made
their appearance in harmonic analysis: readers familiar with M. Christ’s Ph.D. thesis [14] will recognise
(M) above as being precisely the condition that yields the sharp L” — L? estimates for the operator
of Fourier restriction to surfaces X(Q1, Q2). Thus, in light of Theorem 7, M. Christ’s result can be
retroactively reformulated as saying that the Fourier restriction operator Rf := f |x(0,,0,) satisfies optimal
LP — L? estimates if and only if ¥(Q1, Q») is well-curved in the sense of Definition 4. See Section 2
for additional details.
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The characterisation of well-curvedness provided above is quantitative to some extent, and in particular
it gives us a way to gauge the “flatness” of surfaces which are not well-curved. Indeed, a flat X(Q1, Q»)
surface must be such that det(s V> Q1 +1V?Q5) has a root of multiplicity m, > d /2, which in particular is
the largest of all the root multiplicities. Intuitively, we expect that as the largest multiplicity m, increases,
the surface gets flatter (with the most extreme case being that in which det(sV2Q; + V2 (Q,) vanishes
identically); consequently, we expect the L” — L9 mapping properties of operator (1) to worsen. It
turns out that indeed this largest multiplicity m, controls the surviving range of boundedness of the
operators (1), particularly along the critical line 2/q = 1/p. We have the following partial analogue of
Theorem 5 for flat surfaces.

Theorem 9 (flat surfaces). Let Q1, Q> be quadratic forms on R¢ and suppose that the quadratic surface
X(Q1, Q») is flat but det(sV> Q| +tV?* Q) is not identically vanishing. Let m,. > d /2 denote the largest
multiplicity among its roots. Then for every 1 < p, q < oo such that

ppme s mtl 02
qa P q
with the exception of p = (m, +2)/2, g =m, + 2, we have

ITflLe Sp.g.or.0: 1S llLr

for every function f supported in B(0, C) x[—1, 11%. Moreover, every LP — L4 estimate with 1 +m./q <
(me+1)/pand?2/q =1/p is false.

Ifinstead det(sV? Q1 +tV?Q») vanishes identically, then there is an € = €, o, with 0 < € < 1 such
that every LP? — L1 estimate with (2 —€)/q < 1/p is false (this includes in particular estimates with

2/q =1/p for (p, q) # (00, 00)).

The statement above does not paint the full picture: our counterexamples rule out a range of exponents

=

9

SRS

beyond those on the line 2/g = 1/p; however, which exponents we are able to rule out depends on
properties of Q1, Q> (or rather, of the associated Hessian matrices A, B) that go beyond the single
value m,. We direct the reader to Section 7 for the more precise picture, and particularly to condition (30)
and Figure 3 there.

The ranges given in Theorem 9 are strict subsets of that given in Theorem 5, and the aforementioned
counterexamples of Section 7 show that this is necessarily the case. Moreover, these ranges become smaller
as m, increases. We do not know whether the given ranges are sharp for all flat surfaces £(Q1, Q»)
outside of the line 2/q = 1/ p, but we are able to show that they are for some classes of surfaces. This
will also be detailed in Section 7.

1.2. Structure of the paper. In Section 2 we provide context for the study of operators (1) by describing
how they relate to the Fourier restriction problem for surfaces of codimension 2 such as X(Q1, O»); the
connection passes through Kakeya-type estimates, and some application of these is also discussed. In
Section 3 we recall Gressman’s construction of affine invariant surface measures from [30] in the special
case of a surface of codimension 2, and we describe how the well-curvedness of such surfaces can be
interpreted in algebraic terms via geometric invariant theory. In Section 4 we harness this connection
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to prove an algebraic characterisation of well-curvedness in terms of the multiplicity of the roots of
polynomials det(sV>Q; +1V?(Q,) — this is Theorem 7. The argument is split in two parts, as the case in
which det(s V> Q; +tV?(Q,) vanishes identically needs to be treated separately. With this preliminary
work done, in Section 5 we prove Theorems 5 and 9 with a particularly simple instance of Christ’s
method of refinements from [16]. The latter reduces matters to proving sharp sublevel set estimates for
the polynomial det(s V2 Q1 4 1V?Q5), which are the subject of Section 6. The proof is somewhat unusual
in that it employs a simple linear programming argument; it might be of independent interest. In Section 7
we discuss the case of flat surfaces of codimension 2; we provide counterexamples that rule out various
L? — L1 estimates that are instead true for well-curved surfaces. Finally, in the Appendix we sketch the
modification needed to prove Theorem 5'.

Notation. For M a matrix, we let M " denote its transpose and || M || denote its operator norm. For E C R"
a set, we let 1g denote its characteristic function and | E| denote its Lebesgue measure. For nonnegative
quantities A, B, we write A < B if there exists a constant C > 0 such that A < C B. If the value of the
constant C depends on a list of parameters P we write A <p B to highlight this fact. If A < B and
B < A, we write A ~ B. In conditional statements we will write A < B to denote the inequality A < cB
for some sufficiently small constant ¢ > 0.

2. Motivation and applications

In this section we will provide motivation for the study of the operators 7 given by (1). Such motivation
arises most prominently from the study of the Fourier restriction problem and related matters such as the
study of Kakeya/Besicovitch-type sets and the Mizohata—Takeuchi conjecture; we will review these in the
context of codimension-2 surfaces, as this will allow us to compare conditions present in the literature
with our definition of well-curvedness.

2.1. Fourier restriction. The Fourier restriction problem for a submanifold M C R" (with surface
measure do), in its equivalent adjoint formulation known as the Fourier extension problem, is concerned
with the boundedness properties of the Fourier extension operator given by

Emg(x) = / g(§)e ™5 do ().
M
More specifically, one is interested in determining the full set of exponents p, g for which estimates

NEmgllLamny Spog lgllLram,do) (6)

hold. The literature on this problem is immense (particularly in the case of codimension 1) and we do not
attempt to review it here; rather, we concentrate on (a selection of) works on the case of submanifolds of
codimension 2, which is most directly relevant to us and has been studied in a number of instances.
The first such instance addressing codimension 2 specifically occurred in M. Christ’s Ph.D. thesis [14],
in which he studied inequalities (6) for p =2; such results are commonly known as L?-restriction theorems
or as Tomas—Stein theorems. For quadratic surfaces X(Q, Q») he proved6 that under condition (M) of

6See Section 12 of [14].
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Section 1.1 the extension operator Exg,.0,) satisfies the L? — L9 estimates (6) for every ¢ > qo :=
(2d + 8)/d (which is sharp), with the exception of the case of d even and det(sV2Q +1V?(Q») having a
root of multiplicity exactly d/2, in which case ¢ > ¢ instead. Moreover, he showed’ that (M) is also
necessary, in the sense that if X (Q, Q») violates the condition then the L? — L7 estimates are false for
any ¢q sufficiently close to the endpoint gg. In this work, condition (M) came about as the condition that
would guarantee the appropriate decay of (i, where w is the measure given by

w(f) = /[ | 016, 02660 s

such decay is a fundamental ingredient in L>-restriction arguments a la Tomas—Stein. In retrospect, it
should come as no surprise that the endpoint or near-endpoint L? — L% Fourier extension estimate — and
hence condition (M) —is equivalent to the well-curvedness of the surface X (Q1, Q»), as it was shown in
[36] that this is also the case for hypersurfaces. The interpretation of (M) as a type of curvature condition
was noted in [14].

Christ’s L2-restriction results were later extended by G. Mockenhaupt [41] to flat quadratic surfaces
and by L. De Carli and A. losevich [20] to some flat nonquadratic surfaces. D. Oberlin [43] proved
Fourier restriction estimates beyond the Tomas—Stein range for d = 3 and for the surface given by
01¢)= ";‘12 + 522, 02() = ";‘12 + 532. More recently, S. Guo and C. Oh [33] have addressed the Fourier
restriction problem for general quadratic surfaces of codimension 2 in R>, proving estimates of type (6)
that go beyond the Tomas—Stein range and are sharp for some classes of surfaces (all of them flat). Their
only assumptions on the pair (Q1, Q») are that the quadratic forms are linearly independent and that
ker V20, N ker V20, = {0} —in particular, this excludes only a rather degenerate subclass of the set
of pairs (Q1, Q») for which det(sV>Q; +tV?Q,) vanishes identically (see Section 4.3 for more general
pairs with vanishing determinant). Interestingly, the range of exponents they obtain is the same for all pairs
of quadratic forms considered; it is expected that a larger range could be obtained for well-curved surfaces.

Having provided some context, we will now describe how the operator 7 makes its appearance in the
Fourier restriction problem. We will keep the discussion light by not worrying too much about rigour.

The most successful approaches to the Fourier restriction problem to date are all based on wavepacket
decompositions. In the case of codimension 2 specifically (we will use ¥ for ¥(Q1, Q) for shortness),
in order to study the extension operator Es, one can equivalently study the modified extension operator

EL g(x) = / 2 (&) d,
N (2)

where N;(X) is the §-neighbourhood of X and g is supported on this neighbourhood (thus E ‘32 g=2).
Estimates (6) are then replaced by local-type estimates of the form

2 _
IES gl aas-1y) Spaa 87 lgllrivsy (7)

for every § < 1 and every « > 0, where B(8~") is the ball of radius § ! centred at 0. These estimates are
known to imply estimates of type (6) (see, e.g., Section 4 of [33]). The reason for passing to local-type

7See Section 3 of [14] and in particular Proposition 3.1 therein.
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estimates is that Ns(X) can be neatly partitioned into parabolic boxes adapted to the geometry of X,
and such a partition automatically yields a geometrically meaningful way to partition g and E 52 g. The
parabolic box that approximates Ns(X) in the vicinity of point ¢ (&) = (&, Q1(£), Q2(§)) must have
dimensions ~ 8!/2 x - .. x §!/2 x § x & (this can be seen by a Taylor expansion). It can be described as
the set of points given by

d
BE) + D 8240,(6) + bvimy (€) + Svam ()

j=1
for arbitrary |A;[, [vi], [v2] S 1, where?

v;j(§):=(e;,9;01(8),0;02(6)), Jj=1,....d,
ni(§) :=(=VQoi),1,0),
ny(§) :=(=V01(5),0, 1);

here the v; span the directions tangent to X and ny, n, span the normal ones. Given a collection F of
boundedly overlapping boxes 6 of the form above covering Ns(Z), one can form an associated partition
of unity by smooth functions xs and consequently decompose g as

g=) g =Y gx-

feF feF

By the uncertainty principle, |gg| (that is, |E 32 go|) 1s approximately constant on any translate of the box
dual® to the box 6, denoted by 6*, which has dimensions ~ §71/2 x ... x §71/2 x §~! x §~! and long
directions spanning the same 2-plane as ny, ny. Thus geometrically 8* is roughly the intersection of a
cube of sidelength ~ §~! with the O(8~!/?)-neighbourhood of a 2-plane normal to ¥ at some point;
we call these objects slabs (of length ! and thickness §~!/2). Denote by Sy a collection of boundedly
overlapping copies of 6* (i.e., slabs) that covers R9*2; then we can further partition each gg by localising
it' to every S € Sy, writing g = Ses, 8o xs- In this way we effectively resolve E ‘32 g into wavepackets
that are frequency-supported on some box 6, concentrated on a translate of 6* and approximately constant
(in magnitude) there.

To obtain Fourier extension estimates, the strategy typically involves controlling the interactions
between different wavepackets by various means; by the observations above, such control can be achieved
by studying the overlap of slabs coming from different Sp’s. The celebrated Bourgain—Guth argument
(also referred to as broad/narrow analysis), originating in [9], employs precisely such a strategy to prove
estimates of the form (7). It is beyond the scope of this article to present the argument in any amount of
detail, but we remark that it can take as input Kakeya-type inequalities, which are functionally of the form

>

SeS

5}” 8_'6s
L’

8¢ j denotes the j-th element in the standard basis of RY.
9Recall given a parallelepiped P in R” centred at 0, its dual P* is the parallelepiped P* :={u € R" : |u-v| < 1 for all v € P}.
10This can only be done approximately, as it is good to keep the frequency localisation intact.
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where S is (for example) a collection of slabs containing a single element from each Sy and g > 0.
Such inequalities can be deduced from estimates (3) via duality and discretisation, as the proof of the
following corollary will show. In order to avoid technicalities, we work with some simpler slabs which
are rescaled to have length 1 and thickness 4: using A, B for V20.,V?0,, forx e R? and £ e [—1, 1]¢
we let Ss(x, &) denote the slab

Ss(x, &) :={(y,s,1) e R x [—=1,11%: |y —x + SAE +1BE| < 8}

(notice that this is indeed the O (8)-neighbourhood of the 2-plane spanned by n;(£), n,(£), intersected
with a cube of sidelength ~ 1).

Corollary 10 (Kakeya-type estimate). Let Q1, Q2 be quadratic forms on R¢ and suppose that the
operator T is L? — L9 bounded. If (x;,&;);es are points in RY x [—1, 11¢ such that the & are

3-separated, we have
_d_;,_@ r\4
Y ajlseg e S01.00pg8 0 <Z |a,~|‘1) : (®)
jeJ Lr jel

In particular, if ¥(Q1, Q») is well-curved, we have for every € > 0

Y 5004

jeJ

d? d+2
<0100 81T ECHT) T,

Ld+4)/d

In the next subsection we will provide an application of Corollary 10 to a problem in geometric measure
theory.

Remark 11. It is well known that by a standard randomisation argument it is possible to deduce estimates
such as those encountered in Corollary 10 from Fourier restriction estimates such as (6) (see for instance
Section 22.3 of [40]). However, away from the restriction endpoint these estimates are not necessarily
as efficient as those deduced from L” — L7 bounds for the operator 7. To wit, using Christ’s Fourier
restriction estimate one can deduce the inequality

)3p XS

jeJ

>
<0105, ST TE(#HT),

L@+d/d

which is weaker than the one obtained in Corollary 10.

Proof of Corollary 10. From the hypothesis we have by duality ||7*g|l,» < llgll, ., where the adjoint 7 *
is given by

T*g(y,s,1) =/[ . g(y +SAE +1tBE,E) dE.

The statement is a consequence of following simple fact: with K := || A|| + || B]|, we have

T*(Mp. 251 k-15) 4.8 8 Lsy(x.6)-

Taking g(x,&) = Zjej ajIB(xj,gg)(X)IB(SI/.’K—IS)(S) and using the §-separation of the &;, estimate (8)
follows readily from the dual estimate above.

For the well-curved case, apply (8) with a; =1 and (p, q) along the 2/g = 1/ p line and arbitrarily
close to the endpoint (p, g) = ((d +4)/4, (d +4)/2) (these are the estimates afforded by Theorem 5).
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Finally, interpolate with the trivial H > jes Lssx8p) || 10 < #J estimate to upgrade the norm to an L@+b/d
one (this costs us a € loss, since #J < 5§, Il

The above discussion thus motivates the study of restricted 2-plane transforms (1) in the context of the
Fourier restriction problem. We plan to pursue this connection further in the near future.

2.2. (n, k)-Kakeya sets. Kakeya sets are subsets of R” that contain a unit segment in every possible
direction; a Kakeya set of measure zero is usually called a Besicovitch set (such sets exist). The Kakeya
conjecture in geometric measure theory states that Besicovitch sets in R" have necessarily Hausdorff di-
mension equal to n. More generally, (n, k)-Kakeya sets are subsets £ C R" such that for any k-dimensional
subspace V (or “k-plane”) there exists an affine translate V + p such that B(p, 1) N (V + p) C E (where
B(p, 1) denotes a ball in R” of radius 1 centred at p); Kakeya sets then coincide with (n, 1)-Kakeya sets.
Analogously, an (n, k)-Besicovitch set is an (n, k)-Kakeya set of measure zero. Even the existence of
(n, k)-Besicovitch sets for £ > 1 is an open problem, but it is generally believed that no such sets exist, as
the numerology of the dimensions involved is not favourable — and for some (n, k) pairs this has indeed
been proven. We direct the reader to Chapter 24 of [40] for details and an overview of the problem.

In order to obtain a more favourable situation, one might restrict the directions of the k-planes to lie in
a submanifold G of the Grassmannian!! G(n, k) and define a G-Kakeya set to be a set E C R" such that
for every V € G there exists an affine translate V + p such that B(p, 1) N (V 4 p) C E. Some works exist
in this direction — see [27; 44; 46] for some general types of submanifolds. Heuristically however, the
most favourable situation appears to be that in which G satisfies dim G + k = n. This was the approach
taken by K. Rogers [48], in which he considered G-Kakeya sets for G a d-dimensional submanifold of
G(d+2,2), acase that is directly relevant to us. Indeed, the set

N(Q1, Q2) = {me : £ e [—1,119),
where

g = Span{(_le(g)s 1’ 0)’ (_VQZ("S)? O’ 1)}

is the set of 2-planes that are normal to X(Q1, Q>) at some point; under the very mild assumption
ker V20 N ker V2 Q, = {0}, this set is precisely a d-dimensional submanifold of G(d + 2, 2). Rogers
proved that when the submanifold G satisfies a certain curvature condition (akin to the Wolff axioms'?)
and d = 1 then a G-Kakeya set has Hausdorff dimension 3 (thus equal to the ambient dimension d + 2),
and when d = 2 it has Hausdorff dimension at least % Using Corollary 10, we can prove a similar

statement for arbitrary d > 2 and Kakeya sets with respect to directions normal to surfaces X(Q1, Q2).

Proposition 12 (N(Q1, O»)-Kakeya sets). Letd > 2 and let Q, Q> be quadratic forms on R4 with the
property that the polynomial det(sV> Q1 4+ tV?Q») does not vanish identically. If E is an N(Q1, Q2)-
Kakeya set in R*2, then

dimy E > $(d +4).

IThe manifold of all linear subspaces of R" of dimension k.
128ee, e.g., Definition 13.1 in [38].
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Proof. We will present the argument for Minkowski dimension for simplicity of exposition — the extension
of the proof to Hausdorff dimension follows a standard argument that can be found in Section 4 of [48].

Let (§;)jes be a maximal collection of §-separated points in [—1, 114 and let (x i) jes be arbitrary
points in RY. It will suffice to show that to cover

Es:= U Ss(xj, &))
jeJ
one needs at least > §~@*4/2 balls of radius 8. Observe that
D IS5y, | ~ 8N ~ 1,
jeJ

and therefore by the Holder inequality

>1.

Lr

1
|Es|»

)3p XS

jeJ

Since det(s V2 Q1 + V2 (Q5) does not vanish, Theorems 5 and 9 show that 7 is L? — L4 bounded for
some nontrivial (p, g) on the line 2/q = 1/p. Applying Corollary 10 with any such estimate (and taking
aj =11in (8)) we obtain after some rearrangement

|Es| 2 6%,
which implies the claim (since |Bj2(8)| ~ 8412y, O

It is natural to want to compare the curvature assumptions, and in particular to wonder whether all
N(Q1, O») submanifolds are curved in the sense of [48]. We claim that they are, under the hypotheses of
Proposition 12. The curvature condition would be somewhat cumbersome to state in here, so we omit it;
however, in our case it boils down to the condition that for every V € G(d 42, 2) with dim V > 2 one has

dim{mreG:mr CV}<dimV -2,

We will verify that this is the case when G = N(Q, Q2). LetdimV =d+2—¢ and write V ={x € RI+2:
v;-x =--- =0, -x = 0} for some linearly independent vy, ..., v, (the case £ = 0 is trivial, so we can
assume £ > 1). Write v; = (uj,aj, bj) € R4 x R x R and observe that e C V if and only if

Auj-&=aj, Buj-§=>b; forallje{l,... ¢}

so that the dimension of {w € N(Q1, Q») : m C V} is the same as the dimension of the space of solutions

to these equations. If the uy, ..., ug are not linearly independent then the equations do not have a solution
(as this would make the v; linearly dependent as well); hence we can assume that they are linearly
independent. Letting U := (u; --- uy) we see that the dimension is bounded by dim ker(gg). To show

that this is <dim V — 2 =d — £ it is equivalent to show that rk(gg) > ¢; but by assumption there exists
(s, t) such that det(sA +¢B) # 0, and since rk U = £ we see that k(s A + ¢t B)U = £ and thus the rank
condition is satisfied. This finishes the proof of the claim.
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2.3. Mizohata—Takeuchi conjecture. In this last motivational subsection we show how operators of the
form (1) appear naturally in the context of the Mizohata—Takeuchi conjecture for surfaces of codimension 2.

The Mizohata—Takeuchi conjecture is a variant of the Fourier restriction problem that concerns weighted
L? estimates for the Fourier extension operator (it originated in the study of dispersive and hyperbolic
PDEs). For a hypersurface ¥ C R" with surface measure do the conjecture takes the form

|Es g(0)Pw(x) dx < ||Xw||Loc/ P do,
Rn >

where X =T, 1 is the X-ray transform and w is a nonnegative function. The conjecture has been verified
in the special case of ¥ = $"~! and weight-w radial, and this was done independently in [1] and [10];
it can also be proven by the methods of [11] but this was not realised at the time.'? The single-scale
version of the result was treated in [2]. The case of weights concentrated on a circle in the plane — the
opposite case to radial weights in some sense — was treated in [5]. The conjecture is otherwise open in
all dimensions n, including in n = 2, and the topic has been attracting increasing attention lately: see [4]
and [6] for some variants involving tomographic bounds (that is, bounds on objects such as X (|Ex g|?),
where X can later be transferred to the weight w via the X-ray inversion formula), [7] for connections
with smoothing estimates, [49] for some results in n = 2, and [13] for a result for general n but with a
loss in the scale.

For surfaces of codimension other than 1 one can generalise the conjecture as follows. For a submanifold
M C R" of codimension k, denote by N (M) the set of k-planes 7 such that, for some point p € M,
m is orthogonal to 7, M (thus N (M) is the set of normal directions of M); then one conjectures that for
every nonnegative weight w

Eug@Pudr S s [Tt [ lePdo
R TeN(M), M
xeR"

The first factor on the right-hand side is effectively the L° norm of the restriction of the k-plane
transform 7, ; to the set of normal directions to M — which is precisely the same type of operator
as (1). We offer some modest evidence for this generalisation of the Mizohata—Takeuchi conjecture
in all codimensions by proving the weak version stated in the proposition below (which has a worse
norm on the weight). We prelude some definitions: for Qy, ..., O quadratic forms on RY we let
Q&) = (01(8),..., 0r(&)); we denote by X(Q) the compact quadratic surface of codimension k
in R¥t* parametrised by

Po&) =, QE)), Eel-1,11"
We let

Tof(x,8):= /Rk Jx=V(s-Q)(&),9)ds,

where V = V¢ is applied componentwise, thatis, V(s - Q) = Z’;: 157V Q;; notice that when k = 2 this is
precisely the nonlocal version of operator (1). This operator is pointwise comparable to the restriction of

13This was communicated to us by A. Carbery.
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T, x to directions normal to X( Q). Finally, for simplicity we will work with the slightly modified Fourier
extension operator

Ex0g0)i= | g9 g
[-1,1]

Proposition 13. Let k > 1 and let Q = (Q1, ..., Q) be a vector of k quadratic forms on RY. For every

integrable weight w : R4* — [0, o) we have'*

/R .. [Ex0) g wx)dx S Towll 2 /

» 1g(&)* d& 9)

for every function g € L?.

Proof. We note the following Radon duality formula, which will be useful later:

Tof(x,8)= / / f(’? a)eZNi[n(x—V(s‘Q)(S))+ovs} dnda ds
’ Rk Rd+k ’
=/ f( a)ezni”'xf eFis@=nVOE) g gy da (10)
Rd+k ’ Rk
N / I f(n, -V Q) dn,
Rd+k

where - VQ(§) = (n-VQ1(§), ..., n-VOr(&)).
Expanding the square in the left-hand side of (9), we have by Fubini

f Es(0) ¢ () Pw(x) dx = / / / ¢ (N)gE)PT O ~00E y(x) dyy dE dx
Rd+k

= / / gMgE)W(pg &) —Po () dnde.

Now using the polarisation identity

Q&) — Q) =3E—n)-VOE+n),

we see by a change of variables that the last integral is equal to

[[ #(z=2)s(e+ 2 )aenn-voenazan

As g is supported in [—1, 1]¢ we see that we can insert in this expression a localisation factor 1 130 (8)
for free. By the Fourier inversion formula applied to g, g (which can be assumed to be Schwartz by a
standard approximation argument) and a second change of variables we see that the expression can then
be rearranged to be

/ / ( / g(% —x)g(g +x>e2’”'f'y dy) < / AT B (n, -V Q(E)) dn)l[_l,ud (£) dé dx.

14The mixed-norm is as in (2), that is, L2 (L2) = L§°(L§).
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In the second factor at the integrand we recognise Tow(x, &) via the Radon duality formula (10). For the
first factor, define the bilinear operator15

W(Fl,Fz)(x,s)::fﬂ@—x)F2(§+x>e2”if'>‘dy;

then we see that the expression has become

f / W@, ) (x. ) Tow(x. )1y 14(8) dé dox.

By two applications of Cauchy—Schwarz (and using the fact that £ is localised) this is bounded by

§/</|W(§, §><x,s>|2dx)2</ |Tgw<x,s>|2dx)21[-1,m<s)ds
< ||TQw||L§°(L§)/(/|W(§v é)(x,é)lzdx) 1 1e(5)dE

S ITowll o) IW (G, D) L212)-

Finally, by identifying W (F, F>) with a Fourier transform, we see by Plancherel that [|W (Fy, F2) |l 212 =
| F1ll 72| F2]l 2, so that by a further application of Plancherel we have |[W (g, ) || 2 =< llg ||iz. Inequality
(9) follows. Il

3. Affine invariant measures and GIT

In this section we will briefly illustrate the construction of the affine invariant measures of Gressman [30]
that are foundational to the definition of well-curvedness adopted here. In particular, we will explain how
the nonvanishing of these measures is connected to the concept of semistability in geometric invariant
theory (abbreviated GIT, from here onwards).

3.1. Construction of the affine invariant measure. In order to keep things simple, we will describe
Gressman’s construction only in the context of surfaces of codimension 2. The construction here given
can extend easily to surfaces of other sufficiently low codimension (see Remark 15, but for the most
general construction we refer the reader to [30].

The construction rests on two elements, the first being a lemma that allows one to construct a density
from an arbitrary m-linear functional and the second being a choice of a suitable m-linear functional that
captures curvature and enjoys affine invariance. We begin from the lemma, for which we introduce the
following notation: letting ® be an m-linear functional on the real finite-dimensional vector space V (that
is, ® € (V*)®™), we denote by p the action of the special linear group SL(V) on (V*)®" given by

(@)W1, ..., v) =DM vy, ..., M vy) (11)

15This operator is variously known as ambiguity function (in signal processing) or as cross-Wigner distribution (in quantum
mechanics).



492 SPYRIDON DENDRINOS, ANDREI MUSTATA AND MARCO VITTURI

for any M € SL(V) and any v; € V. For (vy, ..., v,) an ordered choice of d vectors in V (where
d=dim V), we let

”q>||(1)1 ,,,,, vg) = ”(qD(vj]s"-avjm))j] ..... Jme{l,..., d}“’
where || - || denotes an arbitrary norm on R¢™ (say, the £> norm for the sake of fixing one). The lemma is

then as follows.

Lemma 14 [30, Proposition 1]. Let V be a real vector space with d = dim V and let ® € (V*)®™" be an
m-linear functional on V. Then there is a constant co > 0 such that for every vy, ..., vy

d
inf [low @Il

=cgldet(v; --- vy)|.
MeSL(V) vg) <1>| ( 1 d)l

.....

The lemma comes with the important caveat that the constant c¢ could vanish (this will correspond to
the surface being “flat” at a point).

The multilinear functional to which Lemma 14 will be applied is called the affine curvature tensor and
in the case of surfaces of codimension 2 it is defined as follows. Let ¢ :  — R?*? be an embedding of a
d-dimensional manifold into R¢*+? and for a fixed p € Q consider vector fields Xy, ..., Xy, Y1, Y2, Z1, Z»
defined in a neighbourhood of p. Then we define the affine curvature tensor Aﬁ to be

AV(X1, . Xg Y1, Yo, Z1, Z) i=det (X1p(p) -+ Xap(p) Y1Va9(p) Z1Z2g(p)).

It can be shown that A‘ﬁ is indeed a tensor, in the sense that its value depends only on the value of the vector
fields at p (see Proposition 2 of [30]); therefore Aﬁ can be identified with an element of ((7,$2)*)®+4),
that is, with a (d+4)-linear functional on the tangent space at p. Heuristically, the affine curvature tensor
probes the Taylor expansion of ¢ around any given point (hence the second derivatives Y1 Y>¢ and Z;Z,¢
in the definition, which detect the quadratic terms). It has moreover the important property of being
equi-affine invariant, meaning that if T is any affine transformation of R?*? that preserves volumes, then
we have A;°¢ = A‘f;.

Combining Lemma 14 with the affine curvature tensor one can then construct a surface measure on
Y = ¢(R2) as follows. Define first of all the density

4
8P (Xy,...,Xy):= inf AP )
(X1 ) yest o) lom ADN K, . x)

Then one can define the surface measure vy via push-forward: for a ball B C R¢ and a coordinate chart
¢:B— Q, welet

f gduy = / @) 85 de(@y,), ..., de(d,,)) dy; - - - dya;
@(B) B

finally, we define the affine invariant surface measure vy, by

/Efdvz :=fgf0¢dm-

By Lemma 14, the definition of w4 is consistent on overlapping charts, giving a measure on the whole €2
(and thus on the whole X); moreover, it is not hard to see that the definition is independent of the particular
embedding and that vy inherits the equi-affine invariance of Af;.
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Remark 15. The construction above is readily extended to d-dimensional submanifolds of R*" such that
the codimension satisfies r < d(d + 1)/2. Indeed, it suffices to modify the affine curvature tensor to be

AV X1, X YL Zns L Y Zy) i=det (X (p) - Xad(p) YZid(p) -+ Y, Zed(p)):

then the density 8%, is given by
d
SB(X1, ..., Xq):= inf AN
(X ) Mes}&TpQ) lom ALl (x, . x0)

and the rest of the construction is the same. The codimension condition » < d(d + 1)/2 has to do with
the Taylor expansion of ¢ and in particular with the fact that there are exactly d(d + 1)/2 monomials of
degree 2 in d many variables; to deal with higher codimensions yet, the tensor Aﬁ needs to be modified by
introducing derivatives of progressively higher orders. The fully general construction is presented in [30].

The case in which we are interested is ¢ (£) = (&, Q1(£), Q2(§)) (with Q = [—1, 1]¢); we see then
that the measure vy on X = X (Q1, Q») is given by

/ fdvz=/ F @) 85 (@1, ..., dg) dE.
2(01,02) [—1,1]4

Let us write (M9); := MTE)]-; thus if M;; denotes the (i, j)-entry of M, we have (M9); = Zizl M 0.
Expanding the definitions, we have for the density dvy /d&

dl)z £
— =6(01,...,0,
dE “4 (01 ) 1

=[MGISISR[{)< Z |det((M);,p(€) -+ (M), ¢(§) (M), (M)}, (&) (Ma)kl(Ma)kztﬁ(E))\) ] :

[ ST iy
J1sJ2:k1.ko

The expression simplifies significantly due to the special form of ¢. Indeed, observe that the first
d components of (M d);¢ are simply the i-th column of M T and the first d components of (M9) ;,(M9) j,¢
are identically zero; therefore the determinant vanishes unless iy, ..., iy is a permutation of 1, ..., d.
Since det M = 1, we obtain for the sum of determinants in the last expression

(M3, (€) - (M), (&) (MD);,(Md) (&) (Md),(MD)iop ()|’

Q‘:}é’ —d! Z (M9);,(M3);,Q01(§) (Ma)kl(Ma)szl(g)2
.jlyjz,lﬂ,kz (Ma)j‘(Ma)szZ(S) (M3), (M3)k, Q2(8) .

Remark 16. When Q;, O, are quadratic forms, the last expression is clearly independent of & and
thus we see that dvy /d& is a constant, as claimed in Section 1.1. According to Definition 4 the surface
2(Q1, Q») is well-curved if this constant is nonzero, and flat otherwise.

The expression can be massaged further: it is immediate that

(M3); (M) Qi (&) = (MV?Q;(E)M "),



494 SPYRIDON DENDRINOS, ANDREI MUSTATA AND MARCO VITTURI

and therefore the sum above coincides with

2

JisJg2.k1.k2

2
MV2OQ M"Y 5 (MV2O M)y 4,

(MV2QoM "), 5, (MV?QoM ")y 1y

We can summarise the above as follows. Using again A, B in place of V2 Q1, V2 Q,, define the quadrilinear
functional
(AY1, Y2) (AZy, Z)

gy (Y1, Ya; Z1, Z2) :=
a,8(Y1, Y2, Z1, Z5) ‘(BYl,Yz) (BZy, Z>)

and notice that p given by (11) acts on this functional by

PMYAB = DMAMT MBMT -

Then the density of vy for ¥ = X(Q1, Q) is given by

dvz . -4
— =c¢y4 Iinf | T || 4+,
d& MeSL(RY) MAM . MBM T
where ¢, is an absolute constant and we have shortened || - ||5 := || - |la,,....3,)- The fact that this quantity

depends only on the Hessians has been made explicit. The reparametrisation and equi-affine invariances
have also been made explicit in the following way: firstly, it is obvious that the density, as a function
of the Hessians A, B, is invariant with respect to the “reparametrisation action” of SL(R¢) on pairs of
symmetric matrices given by (with a little abuse of notation)

om(A, B):=(MAM", MBM"). (12)

Secondly (and slightly less obviously), the density is also invariant as a function of A, B with respect to
the action o of SL(R?) given by,

A
for N = ()J ZL’) € SL(R%), on(A,B):=(A+uB, A+ u'B); (13)
this is a consequence of the fact that <. . itself is o-invariant, as can be seen by a straightforward
calculation. These observations about invariances lead us directly into the next subsection.

3.2. Connection to GIT. GIT is the branch of algebraic geometry that studies group actions on algebraic
varieties (of which vector spaces are a particularly simple instance); it provides a way to construct
well-behaved quotient spaces via the study of polynomials that are invariant under these actions. One of
the deepest insights of [30] is the realisation that the nonvanishing of the affine invariant surface measure
is equivalent to the concept of semistability in GIT. Below we will explain this connection, limiting
ourselves to the bare minimum of theory in order not to encumber the exposition.

We dive right in by stating a lemma from [30] that connects the density dvy /d& to certain invariant
polynomials; the statement will be customised to our particular situation. Recall that the quadrilinear
form <74 p is an element of the vector space of quadrilinear functionals on R4, that is, V := ((R%)*)®4,
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and that the p action given by (11) is defined over the whole of V. A real polynomial P on V (thatis, a
polynomial in the coefficients of elements <7 € V) is p-invariant if for every < € V and every M e SL(R?)

P(pm ) = P().

These invariant polynomials form a ring, which is moreover finitely generated (this is a celebrated theorem
of Hilbert [34]). It turns out that one can estimate the density via any set of homogeneous generators'® of
the invariant polynomials.

Lemma 17 [30, Lemma 2]. Let Py, ..., Py be homogeneous polynomials on V = ((R?)*)®* that generate

the ring of p-invariant polynomials. Then for every o7 € V we have
1
inf Nome|ly~ max |P;(e/)|" "
MeSL(R?) Je{l,...N}

.....

By taking <7 = 7, the left-hand side becomes (a multiple of) (dvy /d&) @4/ so that the lemma
provides a way to estimate the density in terms of the generators via the expression at the right-hand side.
The implicit constants depend on the choice of generators.

In proving the characterisation of well-curvedness given by Theorem 7, we will make use of a straight-
forward consequence of Lemma 17. Let Sym?(R?) denote the space of real symmetric d x d matrices;
then the actions p, o, given by (12), (13) respectively, combine into an action of SL(RY) x SL(R?) on
Sym?(R%) x Sym?(R¢) denoted by p x o and given by

(o x0)u.n(A, B) :=pu(on(A, B))

for any M € SL(R?), N € SL(R?) (observe that p and o commute, so the order is inconsequential). We
say that a polynomial Q on Sym?(R?) x Sym?(R¢) is (p x o )-invariant if for every pair of real symmetric
matrices A, B and every M € SL(R?), N € SL(R?)

Q((pxo)un(A, B)) =Q(A, B).
The lemma we will use is then the following.

Lemma 18. Let Q1, O, be quadratic forms on R4, with associated surface ¥ = X(Q1, Q»),and let A, B
be the Hessians V> Q1, V2 Q5 respectively. Then the density dvs, /d& is nonzero if and only if there exists
a (p x o)-invariant polynomial Q on Sym?(R%) x Sym?(R¢) such that Q(0, 0) = 0 but

Q(A, B) #0.

We point out that since the density is defined pointwise, the lemma extends to arbitrary surfaces
parametrised by (&, ¢1(§), ¢2(§)) —just replace A, B with the Hessians of ¢, ¢; at the desired point.

Proof. By Lemma 17, if the density dvy/d& is nonzero then there exists a p-invariant homogeneous
polynomial P on V = ((R9)*)®* such that P (474, ) # 0; but since <7y y is o-invariant, we see that the
polynomial Q(X, Y) := P(«x y) is (p x o)-invariant, Q(0,0) =0 and Q(A, B) #0.

167 i easy to see that, since p commutes with dilations, given any set of generators one can form a set of homogeneous
generators.
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Conversely, assume that there exists such a polynomial Q (X, Y) as per the statement. The polynomial
is in particular o-invariant, and it is a well-known fact that o-invariant polynomials are generated by

determinants
le 22 Xkl ko

le’jz Yi, ks

(this is known as the first fundamental theorem for SL(2)-invariants; see for example Chapter II of [29]).
However, the above is nothing but the coefficient %74 5(9;,, d,; 9, , Ok,), and therefore there exists some
polynomial P such that Q(X, Y) = P(«/x.y) for all (X, ¥) € Sym?*(R?) x Sym?(R¢). Since Q is also
p-invariant, we see that

P(pmx,y) = P(x y). (14)

Assume now by way of contradiction that dvy /d& = 0, which in particular means that

inf  |lpmea Blls =0.
MeSL(RY)

Thus there exists a sequence (My)gen C SL(R?) such that || om, 4. Blla = 0 as k — oo; in particular, every
component of pyy, 74 p tends to zero. By (14) this implies by continuity that Q(A, B) = P(<Z4 5) =0,
but this is a contradiction. O

The existence of a nonconstant invariant polynomial that does not vanish on (A, B) is equivalent, in GIT
language, to (A, B) being semistable. More precisely, consider an affine variety % given as the zero set of
a finite collection of homogeneous polynomials; observe that 0 € ¢ and that if x € ¥ then Ax € ¥ for every
A €R. We will call € a cone. Given an action 6 : G X% — € of a linearly reductive algebraic group G on the
cone %, and assuming that the action commutes with dilations,'” a point x € ¢ is said to be -semistable if

0 & Clzar({05(x) : g € G}),

that is, if O is not contained in the Zariski closure of the orbit of x; else the point is called 8-unstable.
Notice that semistability is a property of the orbit and not of the particular point. It is immediate to see
that if there exists a -invariant polynomial P such that P (x) # 0 then x is #-semistable; the opposite
implication is also true but nontrivial, and is the content of the so-called fundamental theorem of GIT
(see Theorem 1.1 in Chapter 1, Section 2 of [42] or Section 3.4.1 of [51]). Thus we have the equivalent
definition of semistability: x € ¥ is §-semistable if and only if there exists a #-invariant polynomial P
on ¢ such that P(0) =0 but P(x) #0.

Remark 19. Effectively, we could have simply defined semistability in terms of nonvanishing invariant
polynomials. However, in the next section we will need to use tools from GIT that are better phrased in
terms of orbits, and therefore decided to provide here the more standard definition of semistability.
Since Sym?(R?) x Sym?(R?) is a cone and SL(R?) x SL(R?) is a linearly reductive group, we can
rephrase Lemma 18 informally as
dvy /dE is nonzero if and only if (A, B) is (p X o)-semistable.

17Any such action is always assumed to be algebraic, in the sense that there exist embeddings of G, % as affine varieties in
affine spaces such that the action is given by a polynomial map in the resulting affine coordinates.
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4. Characterisation of well-curvedness

In this section we will provide the following algebraic characterisation of the semistability of a pair of
symmetric matrices (A, B) under the p x ¢ action introduced in the previous section.

Proposition 20. Let A, B € Sym>(R?). The pair (A, B) is (p X o)-semistable if and only if the homoge-
neous polynomial s, t — det(s A + t B) does not vanish identically and has no root of multiplicity > d /2.

Together with Lemma 18, this proposition immediately implies Theorem 7, as the root condition above
is precisely condition (M) when (A, B) = (V2Q1, V2(Q5). The rest of the section is dedicated to the
proof of the proposition, which is articulated in three subsections.

4.1. Preliminaries. In the proof of Proposition 20 we will make use of a fundamental GIT result — the
so-called Hilbert—-Mumford criterion, which provides a characterisation of semistable/unstable points.
The classical Hilbert—-Mumford criterion (like much of GIT) is formulated over the complex numbers:
this means that below % is an affine variety in some C” and G is an algebraic subgroup'® of GL(C").

Lemma 21 (Hilbert—-Mumford criterion). Let € be a cone and let 0 : G x € — € be the action of a
linearly reductive group G, which we assume commutes with dilations. If x € € is 6-unstable, then there
exists a one-parameter subgroup of G given by an algebraic homomorphism n : C* — G such that

Ali_rf(l) On0y(x) =0,

where the limit is taken in the standard topology of € (the one inherited from the standard topology
of C").

The real version of the Hilbert—Mumford criterion is due to Birkes [8]: its statement is exactly the
same, but C is replaced everywhere by R. An easy consequence of the real Hilbert-Mumford criterion
is that x € ¥ is 6-semistable if and only if it is semistable for the complexification of 6 (which entails
complexifying €, G as well). Indeed, if x is 6-unstable then by the real Hilbert—-Mumford criterion O is
in the standard closure of the orbit of x, and therefore O is also in the Zariski closure of the orbit under
the complexified action; vice versa, if x is 0-semistable then for some #-invariant polynomial P such that
P(0) =0 we have P(x) # 0, but P is also invariant with respect to the complexified action.

For us the above means that a pair of real symmetric matrices (A, B) is semistable under the action p x o
of SL(R?) x SL(R?) if and only if it is semistable under the same action of group SL(C?) x SL(C?) instead.
This will afford us some convenient technical simplifications later on, but is by no means necessary.

Remark 22. Lemma 17 is a direct consequence of the real Hilbert—Mumford criterion.

Let us write
Ay p(s,t):=det(sA+1tB)

for convenience; thus A can be regarded as a map Sym?(C%) x Sym?(C¢) — C[s, t]. Some observations
about the symmetries enjoyed by this map are in order. The first observation is that A is invariant under

18An algebraic subgroup of GL(C") is a subgroup that is also a subvariety of GL(C").
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the action p: indeed,

det(sMAMT +tMBM") =det(M(sA+tB)M") =det(sA +1B);
therefore

Apya,B)=AxB.

The second observation is that A is not invariant under the action o, but it is nevertheless equivariant:
indeed,
det(s(AA +uB) +t(M A+ ' B)) =det((As + A't) A+ (us + u't)B),

so if we let & denote the action on polynomials of two variables defined by
~ N T(S
P = PN
we(1) =0 ()

Agy(a,B) =0N(A4 B).

for any N e SL(C?), we have

We are of course only interested in the action of & on homogeneous polynomials of two variables and
degree d. It will be very useful to identify which polynomials are semistable under this action; we can do
so very easily with the Hilbert—-Mumford criterion. By Lemma 21, P € C[s, ¢] (homogeneous of degree d)
will be 6 -unstable if and only if there exists a one-parameter subgroup (N, ),ccx of SL(C?) such that

lim oy, P =0,

A—0
where the limit is taken in the standard vector space topology of C[s, ¢]. The one-parameter (algebraic)
subgroups of the special linear groups SL(C") are well known: they are all of the form

e
N,=G g G,
A

where G € SL(C") and the exponents a; are integers that satisfy Z?Zl a;j = 0 (but are otherwise
unconstrained). In our case n = 2, so the one-parameter subgroups are simply conjugates of (A 5o ), and

N[
t t
d
GNP = caP gk,

k=0
where the ¢, are the coefficients of P o G. This expression can only tend to zero as A — 0 if the

therefore if we let

we can write

coefficients ¢, vanish for all kK < d/2; but this means in particular that §”* divides P o G for some m > d /2,
or in other words that P has a root of multiplicity > d/2. The argument can be run in reverse, and
therefore we have shown the following known fact.

Lemma 23. Let P be a homogeneous polynomial of degree d in Cls, t]. Then P is 6 -semistable if and
only if P has no root of multiplicity > d /2.
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In light of this lemma, we could rephrase Proposition 20 as
(A, B) is (p x o)-semistable if and only if A 4 p is 6-semistable.

Now we are ready to begin the proof of Proposition 20. One implication is easy: suppose that (A, B) is
(p x o)-unstable, and therefore by Lemma 21 there exists a one-parameter subgroup ((M;, N,))xecx C
SL(C?) x SL(C?) such that

}1_% pm;,on, (A, B) = (0, 0).

By the invariance of A under p and equivariance under o, we have then that
lim &N;LAA,B = 0,
r—0

that is, the polynomial A 4 p is 6-unstable. By Lemma 23 we have then that A 4 p has a root of multiplicity
larger than d/2, thus proving one side of the equivalence.

It remains to prove the opposite implication: we will assume in the rest of the section that A4 p has a
root of multiplicity strictly larger than d/2, and show that this makes (A, B) unstable. There is a relevant
dichotomy here: either A4 p is a nonvanishing polynomial in s, ¢ or it is identically zero. We treat each
case on its own.

4.2. CaseI: A 4, p is not identically vanishing. Since the determinant is nonvanishing, for some (so, o)
we have that sgA + 7o B is invertible. We may assume without loss of generality that (sg, 7o) = (0, 1), or
in other words that det B # 0. Indeed, observe that if sg # 0, we can let

No = (0 _1/s°> € SL,(C)

so  fo
and we have

ony (A, B) = ((—=1/50) B, s0A + 10 B);

(A, B) is (p x o)-unstable if and only if the pair ((—1/s9)B, soA + toB) is, and therefore it is just a
matter of relabelling A" := (—1/s9) B, B’ :=s9A + tyB in the arguments below.
We can thus assume det B # 0 and write

det(sA +1B) = det(B) det(sAB~' +¢1I).

We put AB~! in Jordan normal form: for any r, A denote by J, (1) the r x r Jordan block of eigenvalue A,

that is,
A

1
Al
Jr(A) = ..
Al

A
(if » = 1 we have simply J; (1) = (1)); then there exists a matrix Q € GL(C?) such that AB~'=0QJQ~},

where
Jrl ()" 1 )



500 SPYRIDON DENDRINOS, ANDREI MUSTATA AND MARCO VITTURI

for some r; and A ;. We have
det(sAB™ ' +11)=det(sQJ Q' + 1) =det(s J + 1),

so that matters are reduced to the Jordan normal form of AB~!. With I, denoting the r x r identity matrix,

SJV]()"I)—i_tIH

we have

sJ+tl = ,
$Ir (he) + 11y,
where in particular
shj+t s
SJrj()\j)‘i‘tlrj = ' '
S)\.j +1 N

S)»j—{-l‘

We then see that the above has produced the factorisation
¢

det(sA +tB) = det(B) [ [(sh; +1)7;
j=1
we caution the reader that the A; are not necessarily distinct and therefore the r; are not exactly the
multiplicities. If we want to highlight the correct multiplicities, we let ], ..., A* be all the distinct values
the A ; take and we write

det(sA +tB) = det(B) [ [(sx%+1)™,
j=1

mij; = Z Fk.

k: }»k=)\.7

where

One of the m; is larger than d/2 by assumption —let it be m for convenience. Then we have deduced
that J, the Jordan form of AB~!, has an eigenvalue that is repeated more than d/2 times. We will now
see how to connect this fact to the original pair (A, B) of symmetric matrices.
Observe that every block J, (1) can be written as the product of two symmetric matrices: indeed, if we
let
1
1 A 1
= - - ;= o : (15)

then it is immediate to verify that
JrA) =J, (W),

We can therefore factorise

J=1JI,
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where

Jr (A1) I,
j ol * . . ,
Jr, (he) I,

~:
Il

(16)

We claim that (A, B) and (j i ) belong to the same (p xo)-orbit, and therefore they are either both
unstable or both semistable. Indeed, since B is invertible we can write

(A,B)=(AB~'B,B)=(QJQ 'B,B)=(QJIQ"'B, B);
since B is also symmetric, acting with o, g1 (where w is such that det(uB~") = 1) we have that the orbit
of (A, B) contains
W (B~'oJiQ™, B7Y).
Acting with p, o (where 1 is such that det(u’ Q") =1) we see that
2 BRI _
Wi (QTBT'QJI, Q"B Q)
is also in the orbit of (A, B); moreover, since Iis symmetric and its own inverse, we have in the orbit of
(A, B) also the element
2 2 5 _ s = - =
W) dQTBTI o), QBT )
(where 1 is such that det(u”I) = 1). Letting N := Mu/z/ﬂ’ I(QTB~1Q) e SL(CY), we see that the last
element is simply uu” (N J,NI ) (notice that N J and N1 are both symmetric). We will show that there

exists a matrix M € SL(C?) such that py (N J,NI )= (f i ), and this will prove the claim at hand. This
fact is an immediate consequence of the following lemma.

Lemma 24. Let (A1, Ay) be a pair of symmetric d x d matrices, of which at least one is invertible, and
assume that N € SL(C?) is such that (N Ay, NA) is also a pair of symmetric matrices. Then there exists
M € SL(C?) such that

(NA|,NA)) = (MAIM", MA;MT).

We remark that the lemma can be extended to general n-tuples of symmetric matrices by essentially
the same proof.

Proof. Assume A, is invertible, without loss of generality. We will show that it suffices to take M to be a
square root of N.
Since NA; = (NA)" = A,NT, we have

NT=A;'NA,, (17)

and therefore N(AIAZ_I) = AlNTAZ_1 = (AIAZ_I)N. In other words, AIAZ_] commutes with N. Since
N is a (complex) invertible matrix, it has a square root N'!/2 that commutes with A1AS ! too. Indeed, this
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can be constructed via holomorphic calculus as follows: let log z denote a branch of the logarithm such
that the branch cut does not contain any eigenvalue of N; then we define by Cauchy’s formula

1 —1
L =— ] 1 I —
og N i /y ogz(zI —N) dz,

where y is the boundary of a domain that encloses the spectrum of N and avoids the branch cut of log z;
finally, we define

N?:= Exp(3 Log N).
1/2

It is easy to see that N!/? is indeed a square root of N and that, thanks to the formula above, N

1/2

commutes with A1 A5 I as well. Notice that we also have the analogue of (17) for N'/<, that is, we have

(N/2)T = A2_1N1/2A2. As a consequence we have
N2A{(N)T =N7A(A;'NAy)) = NN (A1A; ')Ay = NA;
similarly,
N2Ay(N?)T = N?Ay(A;'N?Ay) = NA,,
and the lemma follows by taking M = N/2, (|

We have therefore proven that (A, B) and (j i ) belong to the same orbit, and in particular to the
same p-orbit (we omit the constant factor puu’” from now on). Now we take into account the action o as
well by observing that (j i ) is unstable if and only if the element (j — A’fi i ) is, since for

(1 =M
NO'_(O 1)

on(J, D) =(J =21, ).

we have

Evaluating the expression J — )Cfi block by block, we see that the above is a pair of matrices of
the same form as (J, I) but where the eigenvalue of highest multiplicity has been replaced by 0 (more
precisely, each J, (A]) block has been replaced by J, (0)). We will now show that the pair (j — )ﬁl‘i i ) is
unstable in two steps:

(i) First we will exhibit a one-parameter subgroup of SL(C?) that leaves I fixed but is such that in the
limit 2 — 0 every J,(0) block in J — )ﬁl‘i is replaced by a block of zeroes.

(i) Then we will exhibit a one-parameter subgroup of SL(C?) x SL(C?) that shows that the latter is
unstable (here is where we finally make use of the fact that m; > d/2).

This is enough to conclude: indeed, if (C, D) is (p X o)-unstable and for a one-parameter subgroup
((My., N;))secx we have lim; 0 py,on, (A, B) = (C, D), we have by continuity that Q(A, B) =
Q(C, D) for all (p x o)-invariant polynomials (with Q(0,0) = 0); but Q(C, D) = 0 always, and
so the same holds for (A, B), which is thus unstable as well.
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Consider any fr (0) block in J - kTi , withr > 1 (if r = 1 we do not need to do anything); the
corresponding block in I is I,. If we define

Xt
M}\‘ - ( ) ‘ )
Adr

then we see that

)Lal-i-ar—l 0
M, J,(O)M,| = garatar () ,

Aar-1tar 0

0
)\‘al"l‘ar
=T

M LM, = I

A4 tar

If r is even, we choose
r

r r r
(a17"'sar)_<§9§_la~~~,1_57_§>

and if r is odd we choose
aji=|5 |-G

these choices satisfy the condition 2;21 aj = 0; moreover they satisfy a,_; +a; >0anda,_;+a;11 =0
for every j. Thus it is immediate that

Anr% M, J,(OM =0, M;I,M =1,.

It is then clear that we can construct (block by block) a one-parameter subgroup (M;);ecx C SL;(C)
such that

Alirrz);t)m(.i—)»]ki, D= D),

where J is the matrix obtained from J — )C{f by replacing every J+(0) block with a block of zeroes of
the same r x r size (notice that we choose pyy, to act trivially on the blocks of nonzero eigenvalue).

Finally, we show that (Jy, I) is (p x o)-unstable. By reordering the blocks (something that can be
easily achieved via p) we may assume that Jy, I are of the form

(0} (7

where Jp is a matrix consisting of the remaining nonzero diagonal blocks of type J (A;) and I, I are
matrices consisting of the corresponding fr diagonal blocks (in particular, J; and iz have the same size).
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Observe that il has size m; x m, while Ji, iz have size (d —m1) x (d —m). If we let M, denote the
M, = Af(d*ml)lmu
A g,

then we see that the M, form a one-parameter subgroup of SL(C?) and moreover we have by a direct

- —2(d—m)
o, (o, 0 = (1O Y "
A2
Consider also the one-parameter subgroup of SL(C?) given by

A—Z(d—ml)—l
N, = 2 d—o
0 A (d—mp)+1

0=((10 |
om,on, (Jo, I) ((er(

Since m| > d/2, we have 2(2m| —d) — 1 > 0, and therefore

matrix

computation that

)

and observe that

A1

)

}EI(I)UNAPM,\(JO, I)=(0,0),

thus completing the proof that (A, B) is (p x o)-unstable if A4 p is not identically vanishing and
o -unstable.

4.3. Case II: A 4, g vanishes identically. Here we assume that (A, B) € Symz(Cd) X Symz(Cd) is such
that
det(sA+tB) =0,

or in other words that ker(s A + ¢ B) # {0} for all (s, t) € C2.
We perform a first reduction. Suppose that for two linearly independent pairs (s, t1), (s2, t2) we have

ker(siA +t;B) Nker(sy A+ 1 B) # {0}

(that is, the kernels have nontrivial intersection); we claim that (A, B) is automatically (p x o)-unstable
as a consequence. Notice that we can assume for simplicity that (sq, #{) = (1, 0) and (s2, ) = (0, 1) by
using the action o (this is essentially the same argument that was given before). Thus we are assuming that

there exists a vector v % 0 such that Av = Bv = 0. Pick then vectors u,, ..., ug so that {v, us, ..., uy}
forms a basis of C¢ and moreover normalise them so that the matrix
o7
-
u
M= 2

-
u,
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is in SL(C?). We then see by direct computation that py; (A, B) consists of a pair of matrices each of the

form
00 .-.-0
0% -+ x
0% --- x

(where the asterisks denote possibly nonzero entries). If we consider now the one-parameter subgroup of
SL(C?) given by
5 —d=1)
M. A= . ,
A

a computation reveals immediately that the effect of pps, on pp (A, B) is multiplication of every nonzero
entry by A2 (because of the particular form of the matrices). Therefore we have

and thus (A, B) is indeed (p x o)-unstable.
In light of the above, we will assume in the rest of the argument that for every pair of linearly
independent (s1, t1), (s2, 1) € C? we have

ker(s1 A +t; B) Nker(s2A + 1, B) = {0}. (18)

Letting I, J C {1, ...,d} with [I| =|J|, we denote by det; ; M the minor of the matrix M obtained by
selecting the rows with index in / and the columns with index in J. If (A, B) # (0, 0), some minors
of sA 4t B will be not identically vanishing. We can then find I, J, of maximal cardinality such that
det;, 7, (sA 4 tB) does not vanish identically (and therefore it is nonzero for all (s, t) except for a finite
number of directions as + bt = 0). We define the set of generic (s, t) to be

@ :={(s,1) € C*: det;,_; (sA+1B) #0).

Notice that for (s, t) generic we have that the dimension of ker(s A +¢ B) is constant and equal to d minus
the size of the minor; for (s, t) € ¢4 the dimension of the kernel is larger instead. It will be useful to
consider the vector space generated by the kernels of s A + ¢ B for generic (s, t), that is,

V:=Span{ U ker(sA+tB)}.

(s,t)e¥d
We let k :=dim V and notice that by assumption (18) we have k > 2. For convenience, we choose a basis
{vy, ..., vx} of V such that for every j € {1,...,k}
v; €ker(5;A+1;B)

for some (§5;,7;) € 9.
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The first important observation to make is that all the images (sA +¢tB)V for (s, t) € 4 consist of
a same vector space H. To begin with, all such images have the same dimension: indeed, for each
(s,1) € 9 we have ker(sA +tB) < V and dimker(s A + ¢ B) is a constant; therefore dim(sA +tB)V =
dim V —dimker(sA + ¢ B) is a constant too. To conclude the claim, it will suffice to verify that for two
linearly independent (s1, t), (s2, t2) € ¢4 we have

($1A4+1B)V =(sA+1nB)V = H;

for if this is true, then by linear independence we will have (sA +tB)V < H for every other (s, t) € 4,
and since the dimensions must be the same, we will have actually (sA +tB)V = H too. Take then
(s1, 1), (s2, 12) that are linearly independent and not multiples of any of the (5, r ;) associated to the basis
chosen above. For any j € {1, ..., k} there exist coefficients a;, b; (both nonzero) such that

§jA+lTjB = aj(s1A+tlB) +bj(S2A+l‘zB),
and since (5;A +1;B)v; =0 we have

aj(siA+1B)v;=—bj(s2A+1nB)v;.
Therefore
(s1A+1B)V =span{(s1iA+1B)v;: 1 < j <k}
=span{(s2A+nB)v;:1 < j<k}=(s2A+1nB)V,
as desired.

The second observation to make (which is a consequence of the first) is that V and H are actually
orthogonal to each other. Indeed, letting u € H, it suffices to show that (u, v;) =0 for all j. This is however
easy to see: since u € H and H = (5jA +1;B)V, there is a vector v € V such that (5;A +7;B)v = u,
and since the matrices are symmetric we have

((EjA-I—ij)v, vj) = (v, (EjA+ij)vj) = (D,O) =0.

Thus V and H are orthogonal, and besides dim H < k we have therefore dim H < d — k too.
We now claim that, as a consequence of the above observations, the (o x p)-orbit of (A, B) contains a
pair of symmetric matrices both of the form indicated in Figure 1.

Remark 25. We caution the reader that in the matrix diagram of Figure 1 the shape of the blocks of
nonzero entries could be slightly misleading for large k£ and dim H = d — k (more precisely, for k > d/2),
but the block dimensions as stated are correct for all values of k > 2. For example, when k =d — 2 we
have dim H < 2, and thus if dim H = 2 the matrix looks like

* %k
EE I

it is evident that the block dimensions here are still as indicated in Figure 1.
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dim H
—_—t—
k
* *
* .o *
* - *
d—k
dim H
* * % *
k d—k

Figure 1. The special form of the matrices A, B in the appropriate basis.

By the usual argument using the action o, we assume that (1, 0), (0, 1) € ¢ (that is, we can work
with (A, B)). In order to show that there exists M € SL(C¥) such that py (A, B) = (MAM™, MBM ")
consists of a pair of matrices both of the same form given in Figure 1, begin by observing that if we write

-
u;

M = :
-
u,

then the (i, j)-entry of MAM " is (u;, Au ;) (and the same holds for B). We then construct a basis of c4

in the following way: choose first &y, . .., u; to be a basis of V, and then complete it to a basis of H+
by further choosing linearly independent uy 1, ..., #g—_qim ; finally, complete the list to a basis of the
whole C4 by choosing # —dim g+1, - - - » Ug to be a basis of H (normalised so that det M = 1). We have

thus by construction (recall that H = AV = BV) thatforall 1 <i <d—-dimH and 1 < j <k
(ui, Auj) = (u;, Bu;) =0,

since the matrices are symmetric, the fact that MAM " and MBM T are in the form of Figure 1 follows.

We assume therefore that A and B are both of the form given in Figure 1 and proceed to make the
block structure more explicit. Letting £ := dim H for convenience, we can decompose A and B into
(possibly rectangular) blocks as indicated in Figure 2, with dimensions as given there.

We will now show that such a pair of matrices is necessarily p-unstable by producing an explicit
one-parameter subgroup of SL(CY) that sends (A, B) to (0, 0) in the limit A — 0. This subgroup can be
taken to be as follows: set

a;=—(d-1Dl+d—k),
ay = k ,

as :=dk,
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Ay k
Ay Az d—k—¢
Ay As Ag l

k d—k—¢ 12
Figure 2. The decomposition of A into rectangular blocks of dimensions as indicated.
The decomposition of B has the exact same shape. We remark that it might be the case

that d —k—¢ = 0, in which case the blocks with the corresponding dimension are omitted
(e.g., A would contain only blocks A1, A4, Ae, which would be adjacent to each other).

then define the block matrix

AT

M. = A2 Lg_j—g

AB I

(once again, if d — k — £ = 0, the middle block is omitted). The M, s form a one-parameter subgroup of
SL(C?) because the sum of all the exponents involved is

atk+a(d—k—0)+axl=—((d—-1Dl+d—-kk+k(d—k—2£)+dk{=0.

By inspection, the effect of o), on matrices of the form given in Figure 2 is

)\a1+a3A1 pa1tas B
PM; (A, B) = )\‘202A2 )\024‘03 A3 , )\‘2112 B2 Aa2+a3 B3
’)LaH-ag A4 )\‘az+a3 AS )\2413 A6 ’Aa1+a3 B4 )\‘a2+a3 BS )\2(13 BG

Notice that a;, a3 > 0 and moreover, since k > £,
a+az=—((d—-1)+d—-k)+dk=dk—-4)—(d—k—0)=k+1£>0;

therefore we obtain
Alin%) pm;, (A, B) =(0,0),

and the proof of Proposition 20 (and hence of Theorem 7) is concluded.

5. Proof of Theorems 5 and 9

We will now prove our main results by a simple instance of Christ’s method of refinements. The method
will reduce matters to sublevel set estimates for the polynomial det(s V20, +1tV2(Q,), and these will be
proven in Section 6.
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Remark 26. The result can also be proven by different methods —in particular, the inflation technique
in [31] and the testing conditions in [32] (both due to Gressman) can each be employed to provide an
alternative proof. Proceeding with either of those methods, the boundedness of the operator 7 is reduced to
verifying respectively a nonconcentration inequality and an integrability condition that explicitly involves
det(sV>Q; +tV?>(Q5); Theorem 7 provides the information needed to conclude either of these. In this
paper we have chosen to use Christ’s method of refinements mainly in the interest of providing a more self-
contained exposition and because the condition to be verified (the sublevel set estimate) is slightly simpler.

5.1. Preliminaries and refinements. We begin by reformulating the desired estimates in a combinatorial
fashion. Let 1 < p, g < oo be exponents such that 2/q = 1/p; the restricted weak-type version of
inequality |7 f s Sp.g I/ lLs is then

2 1
(T1g, 1p) Sq |EV9|F|7,

where E C R? x [—1,1]? and F € R? x [—1, 1]¢ have finite measure. Introducing the quantities

(T1g, 1F) (1g, T*1F)
=— = 19
“ |F] p |E| (19

the restricted weak-type inequality above can be rewritten with a little algebra as
@’ B S |l (20)

The problem has then been reduced to that of providing a lower bound for the measure of E in terms
of o, B. When the surface £ (Q1, Q) is well-curved, we will prove this lower bound for ¢ arbitrarily close
to the critical value go = (d +4) /2 (recall that the strong-type endpoint inequality is L@t%/4 — [(@+9/2),
and when we are in the situation described in the statement of Theorem 9, we will prove the lower bound
for g = m, +2. Theorems 5 and 9 will then follow by entirely standard interpolation arguments.

We now introduce some “refinements” of the sets £, F with improved behaviour (this is what gives
the method its name). Observe that if we let

Fl = {(x,éj) €F:Tlp(x,£)> 9}
2
then we have (7 1g, 1p/) > %(TIE, 1r): indeed, clearly

1
(T1p.1pp) < SIF|=5(T1e.15),

and the claim follows; notice that F’ = &, as a consequence. Thus in F” we have enforced a lower bound
on 7 1g. Next we observe that we can enforce an analogous lower bound in a refinement of E (but with
respect to 7 *1p instead): we let

E' = {(y,s, HEE:T 1p(y,s,t) > g},
and by a repetition of the argument above we see that we have
(L, T*1p) 2 (T1g 1p) = 1 (T, 1p) 2 3(T1g. 15)

(so that E’ # @ too). Summarising, we have shown the following lemma.
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Lemma 27. Let E CRY x [—1, 117 and F Cc R x [—1, 1]¢ be sets of finite positive measure, and let a, B
be as in (19). Then there exist nonempty subsets E' C E, F’' C F such that
(i) forevery (x,&) € F' we have T1g(x,€) 2 «,
(ii) for every (y,s,t) € E' we have T*1p/(y, s, t) 2 B.

The reason why these properties are remarkable is that they translate into (uniform) lower bounds for
the size of certain sets. To see this, let us introduce some notation: we let

y((x,8),(s,0) == (x —sVQ1(§) —tVQ26), s, 1),
so that 7 f(x, &) = fflsl,ltlsl Ffy((x,&), (s, 1)) ds dt; moreover, we let

y*((y’ S, t)’ 77) = (y +SVQ1(’7) +IVQ2('7)’ 77),

so that T*g(y, s, 1) := [i_; 110 §¥*((y, 5, 1), m)) dn. Now observe that

T*p(y,s,0) = |(ne[=1,11Y: y*((y, 5, 1), n) € F'}],
so that if we pick (yo, so, fp) € E’ and we let
B:={nel-1,11": y*((o, 50, ), n) € F'},

we have by Lemma 27
1Bl Z B.

Similarly, we see that if (x, £) € F’, we have (again by Lemma 27)

(s, ) € [=1, 117 y((x, §), (s,1)) € E}| Z a;

we can then define for n € B

Ay ={(s,0) € [=1 117 : y (r* (o, 50. 10). 1), (5, 1)) € E}
and have uniformly
| Ayl 2 a.

5.2. Change of variables and conclusion. We can see from the above discussion that the function

‘I’(ﬂ, S, t) = V(V*((YO, 50, tO)’ 77), (S’ t))
maps the set

Uy x A

neB
into the set E, thus providing a way to obtain lower bounds on | E|; moreover, it is a map from R?*? into
itself, which will enable us to use the change of variables formula to obtain explicit lower bounds. To
make use of these ideas and in anticipation of the technical challenges, we introduce for every n € B
subsets .A’,’ C A, which will be specified later; these are assembled into the set

S :=Jdn} x A, @1)

neB
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and we stress that we have W (S) C E. By the change of variables formula we have then
Bl 03! [ 19wa.s ol dndsr,
s

where (g = max, s, nes #W—1(p, s, t) is the multiplicity of the map W and JW its Jacobian determinant,
which we will now calculate. Observe that

V(n, s, 1) =0Qo—(s—s0)VQi(n) — . —10)VQO2n), s, 1),
so that the Jacobian of W is given by

(s—s0) V2 Q1M+ (t—10)V>Q2(n) VOi(n) VQa(n)
- 0---0 -1 0
0---0 0 —1

and it is immediate that!®

JW(n, s, 1) = (=D det((s —s0)VZQ1(n) + (t — 1) V> 02(0)); (22)

crucially, this is the same object that characterises the well-curvedness of X(Q1, Q3). As for gy, we
have W (n, s, 1) =W (n',s’,t") only if s = ', t =1’; moreover, Q1, Q, are quadratic forms and therefore
we must have (switching again to Hessian matrices A, B)

(s —s0)A(n—n")+ @ —to)B(n—n") =0.

If we choose S so as to impose det((s — sg)A + (t —1p) B) # 0 (which we will), we see that the above
equation is solved only by n =/, and thus we will have pwy = 1.
Assume now that the surface X (Q1, Q») is well-curved and fix € > 0 arbitrarily small. We claim that

we can choose subsets A;? so that
@) |A;7| 2 « for every n € B,
(i) for every (1, s,t) € S we have |JW (1, s, 1)| > a?/?te,

If these conditions are satisfied we see immediately from (21) that |S| 2 o and moreover that
|E| = / W, s, Dl dndsdt > a T FeB,
S

which is precisely the desired inequality (20) for ¢ = (d 4+ 4)/2 + €; since € is arbitrary, this proves
Theorem 5. To obtain the conditions above, simply choose

Ay = Ay \{(5,1) € [=1, 17 |det(s = 50) A+ (1 — 10) B)| < Cear? ™)

for C, > 0; then by (22) we see that condition (ii) is automatically satisfied. As for condition (i), Theorem 7
and Proposition 29 (which will be proven in Section 6) imply the sublevel set estimate

(s, 1) € [—1, 11 : |det((s — 50)A + (t — 1) B)] < Coa® ™} €
(provided C¢ is chosen sufficiently small), from which condition (i) follows at once.

9Notice that when Q1, Q7 are quadratic forms, the Jacobian determinant is independent of 7.
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Suppose instead that the surface X (Q1, Q») is flat, but det(s A 4 ¢t B) does not vanish identically and
has a root of multiplicity m, > d/2 (these are the hypotheses of Theorem 9). In this case we claim that
we can find subsets A:] so that

(i) |A}] Z o for every n € B (as before),
(ii) for every (n,s,t) € S we have |JW(n, s, )| 2 o™~

This is achieved in exactly the same way, with the only difference being that we appeal to Proposition 30
instead to obtain the sublevel set estimate

{(s, 1) € [—1, 17% : |det((s — s0)A + (t — to) B)| < Ca™}| < a.
Then the same argument as before shows that
E|Z o™ * B,

which is inequality (20) for ¢ = m. + 2, as claimed. The proofs of Theorems 5 and 9 are thus concluded,
conditionally on Propositions 29 and 30 (recall also that the negative parts of the statements will be proven
in Section 7).

Remark 28. In Theorem 9 and in certain cases of Theorem 5, it is possible to refine the restricted
weak-type inequalities to restricted strong-type inequalities by using the inflation method instead (also
originating in M. Christ’s work; see [17; 18]); however, the range of exponents obtained by interpolation
is the same in either case.

6. Sublevel set estimates

In this section we will prove the sublevel set estimates that are needed to close the argument of Section 5.
There are two types of estimates (one for the well-curved case, one for the flat case), which are encapsulated
in the two propositions below, stated for general homogeneous polynomials of two variables. Recall that
by a root of a homogeneous polynomial in R[s, ] we mean a homogeneous linear divisor in C[s, ¢].

Proposition 29. Let P (s, t) be a real homogeneous polynomial of degree d. If all the roots of P have
multiplicity < d /2 then we have for every § > 0

(s, 1) 2 Isl, 161 S 1, [PGs, )] < 8} Sp 8%/ Tog™ 1/8. (23)

Proposition 30. Let P(s, t) be a real homogeneous polynomial of degree d. If P has a root of multiplicity
m, > d /2 then we have for every § > 0

1
{(s, ) < Isl, [t S 1, [P (s, )] < 8} Sp o (24)

These sublevel set estimates are sharp in several ways. First of all, it is not possible to improve the
exponent 2/d in (23): indeed, if |s|, || < 8!/ then each monomial in P(s, t) is < 8, and therefore
the sublevel set contains the set {(s, 1) : |s], |[t] < 81/4}, which has measure pe 8%/4, Secondly, if the
root multiplicity assumption of Proposition 29 is violated, (23) can no longer hold: since we can write
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P(s,t) = (as+bt)" Q(s, t) for some a, b € C and some homogeneous polynomial Q of degree d — m,
we see that |Q(s, 1)| < 1 and therefore the sublevel set contains the set {(s, 1) : |s|, [t| <1, |as+bt|™ < 8},
which is seen to have measure > 8!/ > §*/¢. This also shows that it is not possible to improve the
exponent 1/m, in (24). Finally, it is not possible in general to remove the logarithmic factor in (23):

d/24d/2 when d is even.??

consider for example polynomials P(s,t) =s

There is a rich and well-developed theory of sublevel set estimates for polynomials (and more generally
for analytic functions) which runs in parallel to an analogous theory of oscillatory integral estimates with
polynomial phases. The two are intimately related: indeed, it is well known that it is possible to deduce
sublevel set estimates from estimates for the corresponding oscillatory integrals (see, e.g., Section 1
of [12]). For multivariable phases, the oscillatory integrals theory was developed by A. N. Varchenko in
his foundational work [50]. The main takeaway of this theory is that the rate of decay is controlled by the
height of the phase, which is the supremum of the Newton distance’! taken over all locally smooth (or
analytic) coordinate systems. One could therefore prove Propositions 29 and 30 from the corresponding
oscillatory integral estimates of Varchenko by computing the height of P, given the multiplicity assumption.
This computation has been carried out already by I. A. Ikromov and D. Miiller [35] (Corollary 3.4), who
showed that in our case the height is max{m,, d/2}, where m, denotes the largest root multiplicity; thus
one obtains the desired proofs. Alternatively, one could use the same corollary of [35] and an integration
argument in polar coordinates to obtain a direct proof that does not require the oscillatory integrals theory of
Varchenko.??> Here however we will offer our own independent proofs that rely on a simple but interesting
linear programming argument (that such arguments are powerful enough to deal with sublevel set and
oscillatory integral estimates was already observed in [28]). Besides the inherent interest, the method
we employ is conveniently stable under perturbations of P, due to the fact that the constants involved are
sufficiently explicit; this will come in handy when we prove Theorem 5’ in the Appendix. The estimates
of Varchenko are also stable under analytic perturbations in the case of two variables, as was shown by V.
N. Karpushkin [37]. By contrast, the aforementioned integration argument in polar coordinates produces
a constant that depends on the separation between the roots, which is not stable under perturbations.

Proof of Proposition 29. Since P € R[s, t] is homogeneous of degree d, it can be factored over C as

d
P(s.)=C[]06.1.
j=I
where the 6; are homogeneous linear forms (that is, (s, t) = ajs +b;t). Since P is a real polynomial,
we can arrange things so that the 6; are either real or occur in complex conjugate pairs. We furthermore
choose a normalisation of the 6;’s so that if [a; : b;] = [ay : bi] (as points of P(C?)) then 6 i = O; thus
the multiplicity of a root of P (s, t) is simply the number of occurrences of a same factor 6 in the product

20This polynomial can be realised as det(sA + ¢ B) for block matrices A = ((I) 8), B = (8 (I))’ thus the log-loss cannot be

avoided even in our case of interest.
2IThe Newton distance of an analytic function f is the smallest d > 0 such that (d, . . ., d) belongs to the Newton diagram of f.
22The argument proceeds by rewriting |{(s, ) : s2+12 < 1, [P(s, )| < 8} = [37 o 11—5.5)(r¢|P(cos o, sin@)|) r dr dar,
which is then equal ©© 38%/7 [, 5 (4)=5) Q@72 da + J [ : |Q(@)] < 8| (letting Q(e) := P(cosa, sina)); both terms
can be estimated by factoring Q(c) and using [35]. The argument was pointed out to us by J. Wright.
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above. Notice that C ends up depending on P. If the distinct factors are 6y, ..., 6, (in particular, they
are all pairwise linearly independent) and the respective multiplicities are m ; (thus Zf‘:l m; =d and
mj <d/2), we can write

¢
P(s,)=C[]0;6s.0™.
j=1
First of all, we will need to control sublevel sets of polynomials with only two distinct roots; this is
achieved by the next lemma.

Lemma 31. Let i, v > 0 and let 6,6 € Cls, t] be linear forms that are C-linearly independent. Then for
every § >0

N

5 log™(1/8) if pn=v.

Proof of Lemma 31. From C-linear independence we see in fact that we can pick real linear forms
6 € {Re0,Im6} and &’ € {Red’, ImO'} so that §, &’ are R-linearly independent. Since 16| < 10| and
6’| < 16|, we have then

(s, e Isl, 111 S 1, 10(s, 0" (s, )" < 8} Se.or

9’

({5 2 1sl el S 110G, 010" (s, 0 | S8} < [{s. ¢ Isl 111 S 1, 180G, D105, 0)]" S 8}

and by a linear change of variables the latter is
See s t o lsl 1] Seer 1, Is|™[2]” < 83

By a simple integration we see that if & # v then the last expression is dominated by < §!/max{t:v} and if
w = v then it is dominated by < §'/#1log™*(1/6). O
Remark 32. The implicit constant in the estimate of Lemma 31 can be made explicit: it is simply

O(|det(d 9")|"), where det(§ 6’) denotes the Jacobian determinant of the map (s, 1) — O(s, 1),0/(s, 1)),
and 0, 6’ are as in the proof just given.

We will show that for a general polynomial that satisfies the multiplicity assumption of Proposition 29,
we can always reduce at least to the second case of the lemma.

As a step in the direction indicated, we claim that we can always rewrite the polynomial P as a product
of pairs of the form (6;6,)": more precisely, we will show that there exist quantities 1 jx > 0 such that

14 14
[Toi6. 0 =TT [ ©its. 06k, 10)4%. (25)
j=1

j=1j<k=<t

Indeed, looking at the exponents, the equality translates immediately into the existence of a nonnegative

solution (ftjk)1<j<k<¢ to the linear equations23
Lit ) i+ Y ww=mj, je{l... . (26)
iti<j kik>j

Z3Notice that the resulting system of equations has ¢(¢ — 1)/2 variables and ¢ equations, and is therefore severely
underdetermined.
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In order to treat such a system of linear equations, we recall the following fundamental linear programming
lemma. For convenience, given a vector v we write v > 0 to denote the fact that all components of v are
nonnegative.

Lemma 33 (Farkas’ lemma [47]). If M is an m x n real matrix and b € R™, then exactly one of the
following mutually exclusive cases holds:

(i) there exists x € R" such that Mx = b with x >0, or

(i) there exists y € R™ suchthat My > 0andb -y <.

Remark 34. The statement might appear somewhat cryptic at first, but the geometric content is actually
elementary: if we let '} := {x € R" : x > 0}, we observe that I is a closed convex cone and therefore so
is MT'1; then Farkas’ lemma simply states that either b belongs to M I or not, in which case the two can
be separated by a hyperplane (y is an element orthogonal to this hyperplane and on the opposite side to b).

We will show that case (ii) of Lemma 33 is impossible in our situation (in which b = (my, ..., my)
and M can be read off of the system of equations (26)), and thus the desired (i jx)j < exist. Assume by
contradiction that there is such a vector y = (y1, ..., y¢) as in case (ii). Inspecting the system (26) we
see that the condition M "y > 0 translates into the system of inequalities

Yji+y =0 27)

forall 1 < j <k < ¥ (indeed, observe that each variable 1 j; appears only in equations L ; and Ly, always
with coefficient +1); the condition b - y < 0 is simply the statement that

yimy+---+ymy <O0.

On the one hand, since the m ; are all positive, from the last inequality we see that at least one of the y;
must be negative. On the other hand, from inequalities (27) we see that there can be at most a single
index j, such that y; <0 and that all other y; must be strictly positive instead; in particular, y; > |y;,| > 0.

Yomys 3 < mj,
JEe i
and this implies that m;, > d/2, which is a contradiction.

But then we have

The above has shown that the desired structural factorisation of P can be achieved — and notice in
particular that we have necessarily > j<k Mjk = d/2. Now consider only those indices j, k such that
wjr > 0. By the pigeonhole principle and factorisation (25) we have that if | P (s, t)| < 6 then for at least
one pair of indices j < k we have

10 (s, )0k (s, D[ Sp 874/,

it follows that |{s, 7 : |s|, || < 1, |P(s, t)| < 8}| is dominated by the sum in indices j < k of
s, 221l 1] S 1, 10j (s, DO, D]F* Sp 824/ 9)).

However, since the 6;’s are normalised and distinct, they are linearly independent in pairs; by Lemma 31
this measure is dominated by <p (§2#+/9)V/ ik Jog™t (1 /8%#ik/4) ~ §2/410g™* 1/8, and we are done. [
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The proof of (24) follows similar lines but is much simpler.

Proof of Proposition 30. As in the proof of (23), we can factorise P as

¢
P(s, 1) = CO(s. )™ [ ] 0;(s. )™,
j=1
where m, > d /2 is the largest multiplicity and 6,, 0y, . .., 6, are linearly independent linear forms. Since
Mmy > Zﬁ':l m, we can find p; such that u; > m; and Zﬁ':l Wj = my; as a consequence, we can
rearrange the factorisation of P as

£
P(s,t)=C 1_[(9*(_9’ Z)Mjej(s, £)M).
j=1

By the pigeonhole principle, if | P (s, t)| < é then for at least one index j we have
10, (s, )10 (s, )™ Sp 8Hi/m=;
therefore the sublevel set {s, ¢ : |s|, |[t| S 1, | P(s, t)| < &} is contained in the union over j of sublevel sets
{s, 02 1s], [E] S 1, 16x(s, 496, (s, )] Sp 8#97™4),
By Lemma 31, each of these has measure <p (§45/™+)1/ max{nj,mj} — §1/m« "concluding the proof. [

Remark 35. While it is not possible in general to remove the logarithmic loss in (23) even in the case
of polynomials P (s, t) = det(sA +¢B), the class of polynomials for which we incur such a loss can be
narrowed down significantly. Indeed, with a more precise argument (such as, e.g., the aforementioned
integration argument in polar coordinates using Corollary 3.4 of [35]) one incurs logarithmic losses
only when the polynomial P has a root of multiplicity exactly equal to d/2. It follows that for well-
curved surfaces X (Q1, Q2) we can always obtain the restricted weak-type endpoint L@+4/4 — [(d+4/2
provided all the roots have multiplicity strictly smaller than d /2. In particular, one recovers in these cases
the critical line that is missing from the statement of Theorem 5.

7. Flat surfaces

In this final section we will give counterexamples that show the necessity of the curvature assumptions of
Theorems 5 and 9. More specifically, for flat ¥ (Q1, Q») surfaces:

o We will show that if det(sV>Q1 +tV?Q5) does not vanish identically but has a root of multiplicity
my > d /2, then for any (p, ¢q) sufficiently close to the endpoint ((d +4)/4, (d +4)/2) the L? — L4
estimate for the operator 7 given by (1) is false; in particular, we will show that any estimate with
2/q=1/p and g < m, +2 is false.

« We will show that if det(sV>Q; +tV?(Q,) vanishes identically then any estimate with 2/g = 1/p is
false (except for p = g = 00); more generally, we will rule out every estimate for which (2—¢€)/qg <1/p
for some € > 0 (this range intersects nontrivially the conjectural nonmixed range given by (4)).
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We will deal with each case in a separate subsection. Once again we resort to writing A, B for
V201, V20,

7.1. Case I: det(s A + t B) is not identically vanishing. In order to allow for a cleaner argument, we
begin by making some reductions that are entirely analogous to those operated in Section 4; some care is
needed because of the local nature of 7. For added precision, we introduce operators

7§LBfo,§)121/];ij-—(sA—+tB)$th)dsdt

in which the subscript 2 specifies the integration domain; thus for the operator given by (1) we have
A,B

T=T 1 1p:

First of all, we claim that we can assume that B is invertible. Indeed, otherwise there exists some 7y

such that By := —A — 1y B is invertible, and we can write

sA+1tB = S/A() +l‘/Bo
for Ag := B and s/, t’ given by

s’ s —79 1 ’
=N = L(R*).
()= () = (0 g) e
If for any function f we let f; (v, s, t) := f(y,t — 5709, —s), we see by a change of variables that

A,B __ 74A0.Bo .
T[*LIJZfT(J - TN([*lyl]z)f’

therefore it will suffice to show that 72050 is unbounded, where now By is invertible. Notice that

N([-1,11%)
since the operators are positive it will suffice to show that [[_‘2’?]02 is unbounded for some € > 0 such that
[—€, €]> € N([—1, 11%); by a rescaling, it then suffices to show that T[i?"]’]ZBO

Assuming then that B is invertible, we further claim that we can assume that (A, B) is in the form

1s unbounded.

J, D given by (16) of Section 4. Indeed, using the notation of that section, we see that
sA+tB=(sAB™'+tI)B=(sQJQ "' +tI)B
= Q(JI+tI»Q 'B=0Q(sJ+tD)IQ"'B

(recall that Q is an invertible matrix such that Q' AB~! Q is in Jordan normal form). If for any function f
we let fol (y,s,t):= f(Q_ly, s, 1), we see by a straightforward calculation that

TP pfo(Qx. B 0IE) =TI L f(x.8).

As a consequence, it will suffice to show that 7{{ ’1{1]2 is unbounded from L?(B(0, C) x [—1, 1]%) to
L1(R? x [—€’, €'1%), where € > 0 is chosen sufficiently small to ensure B~ QI ([—¢’, €'1%) C [—1, 1]

Finally, assuming that the matrices are of the form (J, I'), we can further assume that the eigenvalue
of J of highest multiplicity is A, = 0: this can be achieved by a repetition of the argument given to show
that we could assume B to be invertible, and thus we omit the details. Associated to eigenvalue O we have

the generalised eigenspaces of J: let V; be the span of all the generalised eigenspaces of dimension 1,
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and let Vq, ..., V, be the generalised eigenspaces of dimension larger than 1. For j € {0, ..., £} we let
ei’ ), .. ef,’j ) be the generalised eigenvectors that span V;, where n; := dim V;. Moreover, we let W
denote the span of the generalised eigenspaces of nonzero eigenvalue —thus R = Vo @--- @V, @ W. In

the resulting basis of generalised eigenvectors the matrix J has the form

0

I, (0)

~u
I

7, (0)

% e %
where J, (0) is given by (15); matrix I has analogous form but J, (0) is replaced by I, (also given by (15)).
In particular, we have

Je =0, Ie”=e” (28)
for every k < ng,and for 1 < j </¢
Je)=e) ., Te)=el | forl<k<n;—1, 09)
7,0 )
Je,(q_f/_)zo, Ie,(l{i)zelj .
We introduce two types of parabolic boxes adapted to the generalised eigenspaces: forany j € {0, ..., £}

and 6 > 0 (an arbitrarily small parameter) we let

nj
R, Vj) = {Za,ﬁf)anf—ke,(j) o | < € for all k},
k=1
and for € > 0 we let also

R(5.€,V)) = {Zﬂ,ﬁ”akem 1BY| < € for allk}

(notice how R(8, V;) is a parabolic box of dimensions ~ 8%l x ... x 8 x 1, whereas ﬁ(&, €,Vjisa
parabolic box of dimensions ~ & x 82 x - - - x §"/). Consider now parameters (s, ) restricted to the strip

Ss:={(s,1) € [—1,11?: |t] < 8}

and let us study how sJ +tI acts on the parabolic boxes. If v € R(1, V;), we have v = Zk 1 a,go)e,go)

and thus by (28)
no
GFtihu=3ra®e”;
k=1
as a consequence, we have (sJ~ +ti)R(1, Vo) C ﬁ(l, §€', Vo). If v e R(8, V;) for 1 < j < £ we have
v=Y"L asm*e) and thus by (29)
nj—1
(sJ +thHv= tozi’)é"f'_le,(,f]',) + Z (soc,i_J/_)_kS + toc,xll Bl 1e(j)
k=1
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therefore (sj +t1 YR(S,V;) C R (8,2€', V;). Such inclusions have the following consequences: define
(with a little abuse of notation) subsets of R?

e
Bsi= R Vo x ([TRG. V) x we W sl <€),
j=1

Fs:= R(1, 8¢, Vp) x <]_[ R(S,2¢, Vj)> x{weW:|wle Sjjeh:
j=1

then we have (s.]~ +1tI )JEs C Fs and F5 — Fs5 C 2F;s, which in particular implies

T12F5><S(; = |S5|1F5><E3
(where we wrote T for 7{{ ’11 | to ease the notation a little). If 7 were L” — L9 bounded, the last
inequality would imply (with some rearranging)
1 1 11
|Ss| 7 |Es|@ S | Fsl7 7.
However, it is easy to see that in terms of §

1S5| ~ 8, |Es|~ sTiot %”j(”j—‘)’ | Fs| ~ POy %”.i(”.i"‘l)’

and letting § — O we obtain the necessary condition (after further rearranging)

¢ ¢
1 nini+1)\1
1+(n0+zn§)—z<1+no+Z”T>—. (30)
— ')q — p
j= j=
Observe that m, = ng + Zf-:l n;, so that if we restrict ourselves to exponents such that 2/g = 1/p, we
see with some algebra that (30) yields the same set of exponents as the condition

1_i_%>m>,<—|—1

q p

stated in Theorem 9. On the other hand, the general condition excludes a range of exponents beyond

those strictly on the critical line 2/q = 1/p, as illustrated in Figure 3. The figure also illustrates that
the reduced range provided by (30) does not quite coincide with the range of true estimates afforded by
Theorem 9; notice however that the two ranges coincide when m, = ng, that is, when the generalised
eigenspaces of eigenvalue A, are all of dimension 1 (Theorem 9 is then sharp in such cases, save perhaps
for the endpoint).

7.2. Case II: det(s A + t B) vanishes identically. We consider first the case in which ker(siA 4+t B) N
ker(sp A + 1, B) = {0} for any linearly independent (sy, #1), (s2, f2) (equivalently, ker A Nker B = {0}). As
in Section 4.3, we can locate a maximal nonvanishing minor det;, j (sA4tB) (where I, J. C{1,...,d}
and |I,| = |J,|) and use it to define the set of generic (s, f):

@ :=((s,1) € R* : det;,_; (sA+1B) #0}
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Figure 3. The shaded area corresponds to the range of boundedness afforded by
Theorem 9, that is, when the surface (Q1, Q») is flat but det(s V2 Q| +1V2Q5) does not
vanish identically. The critical lines given by (4) and (30) are indicated: as one can see,
the range of Theorem 9 is sharp when 2/g = 1/p. The endpoint (4/(d +4),2/(d +4))
for the well-curved case is also indicated, and one can see that for these surfaces all
L? — L4 estimates for (1/p, 1/q) close to this endpoint are false.

(notice that, unlike in Section 4.3, we are considering real parameters only). Observe that we can find a
set S C [—1, 11> N¥ such that |S| > %, since ¢ is simply R? with some lines removed. We define then
the subspace of R?
V.= Span{ U ker(sA + tB)};
(s,1)e¥

by the same arguments given in Section 4.3 we have that for every (s, ) € ¢ the image (sA +tB)V
consists of a common subspace H, which is a strict subspace of V. As a consequence, if & € Ns(V) (the
3-neighbourhood of V), we see that for (s, 7) € S we have (sA+1B)& € Nxs(H), where K := || A||+ | B]|.

Define then sets
Es:=N;(V)N[-1,11%,

Fs :=Nis(H)N[=K, K1%;
by the discussion above we have

T lorxs 2 1ryxEs
and therefore if 7 is L? — L9 bounded we have from the last inequality (after some rearranging)

1 1_1
|Esle S 1Fslv .
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It is easy to see that

|E5| ~ Sd—dimv |F5| ~ 6d—dimH

’

so that letting § — O we obtain the necessary condition
d—dimV

q
which after some rearranging is rewritten as
dmV —-dimH\1 1
22— -2
d —dim H g p

as claimed in Theorem 9. Since dim V > dim H, the condition shows that every L? — L7 estimate with

) 1 1
> (d—dlmH)(———),
P 4q

’

2/q = 1/ p is false in this case (with the exclusion of (p, g) = (o0, 00)).
It remains to treat the case in which ker A Nker B # {0}, in which case 7 does not satisfy any nontrivial
estimate. Indeed, there exists a strict subspace W C R such that (s A+t B)R? c W for all (s, t). If we let

Fy = Ns(W)N[-K, K1,
we see easily that

T12F5x[—1,1]2 = lst[—l,I]";
if 7 is L? — L4 bounded we have then
1 1
|Fs|e S| Fslv,

and since |Fj| ~ 8474mW it is immediate to deduce the necessary condition 1/¢ > 1/p. Thus every
estimate beyond those obtained from interpolation of the trivial estimates of Remark 3 is false.

Appendix: General well-curved surfaces

In this appendix we sketch the modifications of the arguments presented in this paper that allow us to
extend Theorem 5 to Theorem 5/, that is, to general well-curved surfaces X (g1, ¢;) of the form

&, 01(5), 2(8)), & el—e, €],

where ¢, ¢, are C 2 functions such that V1(0) = Vg (0) = 0, and € will be taken sufficiently small
depending on ¢1, ¢2. We will borrow heavily from other sections and their notation to keep the appendix
short.

The first observation is that if X (¢1, ¢2) is well-curved at £ =0 then it is well-curved in a neighbourhood
of 0 as well. Indeed, this is a consequence of the fact that condition (M) is stable under small perturbations:
observe that the coefficients of the polynomial det(s V201 (&) + V%@, (£)) are continuous functions of &.
It is well known that the roots of a univariate polynomial are continuous functions of its coefficients, and
it is not hard to see that this fact extends to homogeneous polynomials of two variables (for example, by
passing to the projectivisation). Thus the roots of det(s V2@ () + V2@, (£)) are continuous functions
of £ and we see that if (M) is satisfied at & = 0 then it is satisfied for £ € [—¢, €]¢ for some € > O (this
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is because the maximal algebraic multiplicity of the roots of det(s A + ¢ B) is an upper semicontinuous
function of the matrices A, B).

The bulk of the argument of Section 5 goes through without major changes: in particular, the Jacobian
determinant of the map W is still given by (22) —that is, by det((s — 50)V2o1(n) + (t — t0) Ve (n)),
which unlike the quadratic case is now a function of 7 too. For € sufficiently small, the multiplicity g
of the map W is still 1. Indeed, we see that W (n, s, 1) = ¥ (n',s’, ) only if s = s/, t =" and

$(Vei(n) — Voir(n') +1(Voa(n) = Vga(n')) =0

(where § = s — s, f =t — ty for shortness); this can be rewritten as

1
(/ [§V2p1 + V202100 + (1 —6)n) d9) (n—n")=0,
0

so that the matrix in brackets must have determinant zero if n # n. However, expanding the determinant
we see that it equals

d
/ Z sgno l_[ 3;00(j)(Sp1 +192)On+ (1 —0,)n')db; - - - dby;
0.1 5 s, j=1
the integrand is seen to be the determinant of a matrix that is a small perturbation of § Vz(pl (n)+ fvz(pz(n).
If we impose — as we do—that for (1, s, ) € S (where S is given by (21)) this is nonzero, then the
integrand is never zero and in particular single-signed (provided € is small), and therefore the determinant
above is not zero and n = 7’.

To complete the proof given in Section 5 all that remains to show is that we can make the sublevel set
estimate (23) uniform in n; this is the most delicate part. First of all, recall as observed in Remark 32 that
the implicit constant in Lemma 31 can be made explicit: with 6, " normalised linear forms (which for
simplicity we assume real, without loss of generality), we have

(s, 1) : sl 1] S 1, [sH2"] < 8}
|det(@ 0)]

{(s, o) sl 1] < 1,10(s, )" (s, )" < 8} S ,
where det(6 6’) is the Jacobian determinant of the map (s, t) — (6(s, 1), 0'(s, t)); thus the implicit
constant is O (|det(@ 6)|7"). Secondly, by continuity of the roots we have the following: if

mi my
o, ..., 0]

are the distinct normalised roots of det(s V¢ (0) + V29, (0)) with respective multiplicities, then for a
fixed n € [—e¢, €]? and € sufficiently small the distinct normalised roots of det(s V2¢; () + V2@ (n)) are

AMing

Amil Amel A ng
911 ,...,91n1 ,...,9“ ,...,9&” ,

where each é,i for 1 <i <n; is a small perturbation of 6; and for each j we have Z:l;l mj =m;j.In
particular, for any j, kK we have

|det(®; 6| ~ |det(@}; Orir)l
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foralll1 <i<njand 1 < i’ < ny. To obtain a sublevel set estimate that is uniform in n € [—e, e]d it will
then suffice to show that we can find coefficients w j;;» > 0 such that we have the structural factorisation

Lonj L mjoong
[TI1% =11 [T 11166k
j=li=1 j=1j<k<ti=1i'=1
(in this way in our constants we will avoid terms like |det(6 i 6 iir) | =1, which could be arbitrarily large).
This can be achieved by a variation of the argument used in the proof of Proposition 29, as we now
illustrate. As in there, the existence of such a factorisation translates into the existence of a nonnegative

solution to the equations
1%

ny
Lij;: ZZMki’ji + Z Z Mjikir = Mjj
k<ji'=1 K>ji’=1
forl1 <j<+fand 1 <i <n;. Appealing once again to Lemma 33, it suffices to show that there is no
simultaneous solution (y;;) j<¢,i<n ; to the inequalities

Yii+wir =0 foralll <j<k<t 1<i<n; 1<i <ny,
¢ nj
DD miivii <0.
j=1i=1
Since m j; > 0 the second inequality implies that for some j, one coefficient y;,; is negative; let y; ; be
the most negative of such coefficients. From the first inequality we see that for every j # j, we must

: Yji
E:mj: E E mji < E E :mﬁ|y,—_|
J# i J#ix i=1 J#jx i=1 Il
1 L nj 1 M jie 7 jx
A > :m,-,-y,-,-——| T > mi (i = Vi) Y mi
Yistel 527 i Vit 525 i=1
n j, 7 jy 7 jy
- § ()i —y,-*,-*)+§ mji < E mji=m,;
il i35 i=l i=1

this would imply m;, > d /2, a contradiction because X (¢, ¢2) is well-curved at § = 0. This concludes
the proof.

Acknowledgements

Vitturi was supported in part by the Irish Research Council via the IRC Postdoctoral Fellowship
GOIPD/2019/434. The authors are indebted to P. Gressman and M. Christ for enlightening conversations
about their work, and to J. Bennett and M. Iliopoulou for equally enlightening conversations on the
Mizohata—Takeuchi conjecture.

References

[1] J. A. Barceld, A. Ruiz, and L. Vega, “Weighted estimates for the Helmholtz equation and some applications”, J. Funct.
Anal. 150:2 (1997), 356-382. MR Zbl


https://doi.org/10.1006/jfan.1997.3131
http://msp.org/idx/mr/1479544
http://msp.org/idx/zbl/0890.35028

524 SPYRIDON DENDRINOS, ANDREI MUSTATA AND MARCO VITTURI

[2] J. A. Barceld, J. M. Bennett, and A. Carbery, “A note on localised weighted inequalities for the extension operator”, J. Aust.
Math. Soc. 84:3 (2008), 289-299. MR Zbl

[3] A. Benedek and R. Panzone, “The space L”, with mixed norm”, Duke Math. J. 28 (1961), 301-324. MR Zbl

[4] J. Bennett and S. Nakamura, “Tomography bounds for the Fourier extension operator and applications”, Math. Ann. 380:1-2
(2021), 119-159. MR Zbl

[5] J. Bennett, A. Carbery, F. Soria, and A. Vargas, “A Stein conjecture for the circle”, Math. Ann. 336:3 (2006), 671-695. MR
Zbl

[6] J. Bennett, S. Nakamura, and S. Shiraki, “Tomographic Fourier extension identities for submanifolds of R"”, Selecta Math.
(N.S.) 30:4 (2024), art.id. 80. MR Zbl

[7] N. Bez and M. Sugimoto, “Remarks on the Mizohata—Takeuchi conjecture and related problems”, pp. 1-12 in Asymptotic
analysis for nonlinear dispersive and wave equations (Toyonaka, Japan, 2014), edited by K. Kato et al., Adv. Stud. Pure
Math. 81, Math. Soc. Japan, Tokyo, 2019. MR Zbl

[8] D. Birkes, “Orbits of linear algebraic groups”, Ann. of Math. (2) 93 (1971), 459-475. MR Zbl

[9] J. Bourgain and L. Guth, “Bounds on oscillatory integral operators based on multilinear estimates”, Geom. Funct. Anal.
21:6 (2011), 1239-1295. MR Zbl

[10] A. Carbery and F. Soria, “Pointwise Fourier inversion and localisation in R"”, J. Fourier Anal. Appl. 3 (1997), 847-858.
MR Zbl

[11] A. Carbery, E. Romera, and F. Soria, “Radial weights and mixed norm inequalities for the disc multiplier”, J. Funct. Anal.
109:1 (1992), 52-75. MR Zbl

[12] A. Carbery, M. Christ, and J. Wright, “Multidimensional van der Corput and sublevel set estimates”, J. Amer. Math. Soc.
12:4 (1999), 981-1015. MR Zbl

[13] A. Carbery, M. Iliopoulou, and H. Wang, “Some sharp inequalities of Mizohata—Takeuchi-type”, Rev. Mat. Iberoam. 40:4
(2024), 1387-1418. MR Zbl

[14] F. M. Christ, Restriction of the Fourier transform to submanifolds of low codimension, Ph.D. thesis, University of Chicago,
1982, available at https://www.proquest.com/docview/303090254.

[15] M. Christ, “Estimates for the k-plane transform”, Indiana Univ. Math. J. 33:6 (1984), 891-910. MR Zbl

[16] M. Christ, “Convolution, curvature, and combinatorics: a case study”, Int. Math. Res. Not. 1998:19 (1998), 1033—-1048.
MR Zbl

[17] M. Christ, “Counting to LP”, lecture notes, 2002, available at https://math.berkeley.edu/~mchrist/Papers/edinburgh.ps.
[18] M. Christ, “Quasiextremals for a Radon-like transform”, preprint, 2011. arXiv 1106.0722

[19] M. Christ and M. B. Erdogan, “Mixed norm estimates for a restricted X-ray transform”, J. Anal. Math. 87 (2002), 187-198.
MR Zbl

[20] L. De Carli and A. Iosevich, “A restriction theorem for flat manifolds of codimension two”, Illinois J. Math. 39:4 (1995),
576-585. MR Zbl

[21] S. Dendrinos and B. Stovall, “Uniform estimates for the X-ray transform restricted to polynomial curves”, J. Funct. Anal.
262:12 (2012), 4986-5020. MR Zbl

[22] S. Dendrinos and B. Stovall, “Uniform bounds for convolution and restricted X-ray transforms along degenerate curves”,
J. Funct. Anal. 268:3 (2015), 585-633. MR Zbl

[23] S. W. Drury, “LP estimates for the X-ray transform”, Illinois J. Math. 27:1 (1983), 125-129. MR Zbl

[24] S. W. Drury, “Generalizations of Riesz potentials and L? estimates for certain k-plane transforms”, Illinois J. Math. 28:3
(1984), 495-512. MR Zbl

[25] J. Duoandikoetxea and V. Naibo, “Mixed-norm estimates for the k-plane transform”, pp. 211-228 in Excursions in harmonic
analysis, 1I (College Park, MD, 2006-2011), edited by T. D. Andrews et al., Birkhduser, New York, 2013. MR Zbl

[26] M. B. Erdogan and R. Oberlin, “Estimates for the X-ray transform restricted to 2-manifolds”, Rev. Mat. Iberoam. 26:1
(2010), 91-114. MR Zbl


https://doi.org/10.1017/S1446788708000694
http://msp.org/idx/mr/2453681
http://msp.org/idx/zbl/1159.42004
http://projecteuclid.org/euclid.dmj/1077469690
http://msp.org/idx/mr/126155
http://msp.org/idx/zbl/0107.08902
https://doi.org/10.1007/s00208-020-02131-0
http://msp.org/idx/mr/4263680
http://msp.org/idx/zbl/1467.42015
https://doi.org/10.1007/s00208-006-0019-5
http://msp.org/idx/mr/2249764
http://msp.org/idx/zbl/1200.42005
https://doi.org/10.1007/s00029-024-00970-2
http://msp.org/idx/mr/4796813
http://msp.org/idx/zbl/07918125
https://doi.org/10.2969/aspm/08110001
http://msp.org/idx/mr/4388126
http://msp.org/idx/zbl/1435.35324
https://doi.org/10.2307/1970884
http://msp.org/idx/mr/296077
http://msp.org/idx/zbl/0198.35001
https://doi.org/10.1007/s00039-011-0140-9
http://msp.org/idx/mr/2860188
http://msp.org/idx/zbl/1237.42010
https://doi.org/10.1007/BF02656490
http://msp.org/idx/mr/1600203
http://msp.org/idx/zbl/0896.42007
https://doi.org/10.1016/0022-1236(92)90011-7
http://msp.org/idx/mr/1183604
http://msp.org/idx/zbl/0765.42010
https://doi.org/10.1090/S0894-0347-99-00309-4
http://msp.org/idx/mr/1683156
http://msp.org/idx/zbl/0938.42008
https://doi.org/10.4171/rmi/1463
http://msp.org/idx/mr/4759602
http://msp.org/idx/zbl/1289.42074
https://www.proquest.com/docview/303090254
https://doi.org/10.1512/iumj.1984.33.33048
http://msp.org/idx/mr/763948
http://msp.org/idx/zbl/0597.44003
https://doi.org/10.1155/S1073792898000610
http://msp.org/idx/mr/1654767
http://msp.org/idx/zbl/0927.42008
https://math.berkeley.edu/~mchrist/Papers/edinburgh.ps
http://msp.org/idx/arx/1106.0722
https://doi.org/10.1007/BF02868473
http://msp.org/idx/mr/1945281
http://msp.org/idx/zbl/1037.42019
http://projecteuclid.org/euclid.ijm/1255986265
http://msp.org/idx/mr/1361521
http://msp.org/idx/zbl/0853.42007
https://doi.org/10.1016/j.jfa.2012.03.020
http://msp.org/idx/mr/2916059
http://msp.org/idx/zbl/1253.44002
https://doi.org/10.1016/j.jfa.2014.10.012
http://msp.org/idx/mr/3292348
http://msp.org/idx/zbl/1307.53003
http://projecteuclid.org/euclid.ijm/1256065417
http://msp.org/idx/mr/684547
http://msp.org/idx/zbl/0514.44001
http://projecteuclid.org/euclid.ijm/1256046077
http://msp.org/idx/mr/748958
http://msp.org/idx/zbl/0552.43005
https://doi.org/10.1007/978-0-8176-8379-5_11
http://msp.org/idx/mr/3059460
http://msp.org/idx/zbl/1314.44002
https://doi.org/10.4171/RMI/595
http://msp.org/idx/mr/2666309
http://msp.org/idx/zbl/1195.42059

A RESTRICTED 2-PLANE TRANSFORM RELATED TO FOURIER RESTRICTION 525

[27] J. M. Fraser, T. L. J. Harris, and N. G. Kroon, “On the Fourier dimension of (d, k)-sets and Kakeya sets with restricted
directions”, Math. Z. 301:3 (2022), 2497-2508. MR Zbl

[28] M. Gilula, A real analytic approach to estimating oscillatory integrals, Ph.D. thesis, University of Pennsylvania, 2016,
available at https://www.proquest.com/docview/1811452762.

[29] J. H. Grace and A. Young, The algebra of invariants, Cambridge Univ. Press, 1903. Zbl
[30] P. T. Gressman, “On the Oberlin affine curvature condition”, Duke Math. J. 168:11 (2019), 2075-2126. MR Zbl

[31] P. T. Gressman, “Geometric averaging operators and nonconcentration inequalities”, Anal. PDE 15:1 (2022), 85-122. MR
Zbl

[32] P. T. Gressman, “Testing conditions for multilinear Radon—-Brascamp-Lieb inequalities”, Trans. Amer. Math. Soc. 378:1
(2024).

[33] S. Guo and C. Oh, “Fourier restriction estimates for surfaces of co-dimension two in R3”, J. Anal. Math. 148:2 (2022),
471-499. MR Zbl

[34] D. Hilbert, “Ueber die vollen Invariantensysteme”, Math. Ann. 42:3 (1893), 313-373. MR Zbl

[35] I. A. Ikromov and D. Miiller, “On adapted coordinate systems”, Trans. Amer. Math. Soc. 363:6 (2011), 2821-2848. MR
Zbl

[36] A.losevich and G. Lu, “Sharpness results and Knapp’s homogeneity argument”, Canad. Math. Bull. 43:1 (2000), 63—-68.
MR Zbl

[37] V. N. Karpushkin, “A theorem on uniform estimates for oscillatory integrals with a phase depending on two variables”,
Trudy Sem. Petrovsk. 10 (1984), 150-169. In Russian; translated in J. Soviet Math. 35:6 (1986), 2809-2826. MR Zbl

[38] N. H. Katz, I. Laba, and T. Tao, “An improved bound on the Minkowski dimension of Besicovitch sets in R3”, Ann. of
Math. (2) 152:2 (2000), 383-446. MR Zbl

[39] 1. Laba and T. Tao, “An X-ray transform estimate in R"”, Rev. Mat. Iberoam. 17:2 (2001), 375-407. MR Zbl

[40] P. Mattila, Fourier analysis and Hausdorff dimension, Cambridge Stud. Adv. Math. 150, Cambridge Univ. Press, 2015.
MR Zbl

[41] G. Mockenhaupt, Bounds in Lebesgue spaces of oscillatory integral operators, Habilitationsschrift, Universitit Siegen,
1996, available at https://tinyurl.com/mockhabil.

[42] D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, 3rd ed., Ergebnisse der Math. (2) 34, Springer, 1994.

MR Zbl

[43] D. M. Oberlin, “Convolution and restriction estimates for a 3-surface in R5”, J. Fourier Anal. Appl. 10:4 (2004), 377-382.
MR Zbl

[44] D. M. Oberlin, “Restricted Radon transforms and unions of hyperplanes”, Rev. Mat. Iberoam. 22:3 (2006), 977-992. MR
Zbl

[45] R. Oberlin, “Two bounds for the X-ray transform”, Math. Z. 266:3 (2010), 623-644. MR Zbl

[46] D. M. Oberlin, “Exceptional sets of projections, unions of k-planes and associated transforms”, Israel J. Math. 202:1 (2014),
331-342. MR Zbl

[47] R. T. Rockafellar, Convex analysis, Princeton Math. Ser. 28, Princeton Univ. Press, 1970. MR Zbl
[48] K. M. Rogers, “On a planar variant of the Kakeya problem”, Math. Res. Lett. 13:2-3 (2006), 199-213. MR Zbl
[49] B. Shayya, “Mizohata—Takeuchi estimates in the plane”, Bull. Lond. Math. Soc. 55:5 (2023), 2176-2194. MR Zbl

[50] A. N. Varchenko, “Newton polyhedra and estimates of oscillatory integrals”, Funkcional. Anal. i PriloZen. 10:3 (1976),
13-38. In Russian; translated in Functional Anal. Appl. 18:3 (1976), 175-196. MR Zbl

[51] N. R. Wallach, Geometric invariant theory: over the real and complex numbers, Springer, 2017. MR Zbl
[52] T. Wolff, “A mixed norm estimate for the X-ray transform”, Rev. Mat. Iberoam. 14:3 (1998), 561-600. MR Zbl
[53] T. Wolff, “A sharp bilinear cone restriction estimate”, Ann. of Math. (2) 153:3 (2001), 661-698. MR Zbl

Received 16 Nov 2022. Revised 26 Aug 2023. Accepted 20 Oct 2023.


https://doi.org/10.1007/s00209-022-02971-3
https://doi.org/10.1007/s00209-022-02971-3
http://msp.org/idx/mr/4437330
http://msp.org/idx/zbl/1491.42008
https://www.proquest.com/docview/1811452762
https://doi.org/10.1017/CBO9780511708534
http://msp.org/idx/zbl/34.0114.01
https://doi.org/10.1215/00127094-2019-0010
http://msp.org/idx/mr/3992033
http://msp.org/idx/zbl/1430.42007
https://doi.org/10.2140/apde.2022.15.85
http://msp.org/idx/mr/4395154
http://msp.org/idx/zbl/1282.44002
https://doi.org/10.1090/tran/9254
https://doi.org/10.1007/s11854-022-0235-2
http://msp.org/idx/mr/4525760
http://msp.org/idx/zbl/1505.42011
https://doi.org/10.1007/BF01444162
http://msp.org/idx/mr/1510781
http://msp.org/idx/zbl/25.0173.01
https://doi.org/10.1090/S0002-9947-2011-04951-2
http://msp.org/idx/mr/2775788
http://msp.org/idx/zbl/1222.35219
https://doi.org/10.4153/CMB-2000-009-7
http://msp.org/idx/mr/1749949
http://msp.org/idx/zbl/0961.42011
https://doi.org/10.1007/BF01106076
http://msp.org/idx/mr/778884
http://msp.org/idx/zbl/0569.58033
https://doi.org/10.2307/2661389
http://msp.org/idx/mr/1804528
http://msp.org/idx/zbl/0980.42014
https://doi.org/10.4171/RMI/298
http://msp.org/idx/mr/1891202
http://msp.org/idx/zbl/1024.44002
https://doi.org/10.1017/CBO9781316227619
http://msp.org/idx/mr/3617376
http://msp.org/idx/zbl/1332.28001
https://tinyurl.com/mockhabil
http://msp.org/idx/mr/1304906
http://msp.org/idx/zbl/0797.14004
https://doi.org/10.1007/s00041-004-0979-3
http://msp.org/idx/mr/2078263
http://msp.org/idx/zbl/1061.42005
https://doi.org/10.4171/RMI/481
http://msp.org/idx/mr/2320409
http://msp.org/idx/zbl/1117.28003
https://doi.org/10.1007/s00209-009-0589-5
http://msp.org/idx/mr/2719423
http://msp.org/idx/zbl/1269.42013
https://doi.org/10.1007/s11856-014-1040-4
http://msp.org/idx/mr/3265324
http://msp.org/idx/zbl/1310.28004
https://doi.org/10.1515/9781400873173
http://msp.org/idx/mr/274683
http://msp.org/idx/zbl/0193.18401
https://doi.org/10.4310/MRL.2006.v13.n2.a3
http://msp.org/idx/mr/2231112
http://msp.org/idx/zbl/1160.28301
https://doi.org/10.1112/blms.12843
http://msp.org/idx/mr/4672887
http://msp.org/idx/zbl/1528.42017
https://www.mathnet.ru/eng/faa2169
https://doi.org/10.1007/BF01075524
http://msp.org/idx/mr/422257
http://msp.org/idx/zbl/0351.32011
https://doi.org/10.1007/978-3-319-65907-7
http://msp.org/idx/mr/3700428
http://msp.org/idx/zbl/1387.14124
https://doi.org/10.4171/RMI/245
http://msp.org/idx/mr/1681585
http://msp.org/idx/zbl/0927.44002
https://doi.org/10.2307/2661365
http://msp.org/idx/mr/1836285
http://msp.org/idx/zbl/1125.42302

526 SPYRIDON DENDRINOS, ANDREI MUSTATA AND MARCO VITTURI

SPYRIDON DENDRINOS: sd@ucc.ie
School of Mathematical Sciences, University College Cork, Cork, Ireland

ANDREI MUSTATA: andrei.mustata@ucc.ie
School of Mathematical Sciences, University College Cork, Cork, Ireland

MARCO VITTURI: marco.vitturi@mtu.ie
Department of Mathematics, Munster Technological University, Cork, Ireland

:'msp

mathematical sciences publishers


mailto:sd@ucc.ie
mailto:andrei.mustata@ucc.ie
mailto:marco.vitturi@mtu.ie
http://msp.org

ANALYSIS AND PDE
Vol. 18 (2025), No. 2, pp. 527-548

DOI: 10.2140/apde.2025.18.527

THE PROJECTION CONSTANT FOR THE TRACE CLASS

ANDREAS DEFANT, DANIEL GALICER, MARTIN MANSILLA,
MIECZYSEAW MASTYEO AND SANTIAGO MURO

We study the projection constant of the space of operators on n-dimensional Hilbert spaces with
the trace norm .#;(n). We show an integral formula for the projection constant of .} (n); namely,
AM(A(m) =n f% [tr(U)| dU, where the integration is with respect to the Haar probability measure
on the group %, of unitary operators. Using a probabilistic approach, we derive the limit formula
limy 00 M (1)) /0 = /T /2.

Introduction

The projection constant is a fundamental concept in Banach spaces and their local theory. It has its origins
in the study of complemented subspaces of Banach spaces. If X is a complemented subspace of a Banach
space Y, then the relative projection constant of X in Y is defined by

AX,Y)=mf{||P| : P e LY, X), Plx =1dx}
=inf{c > 0:VT € £(X, Z) 3 an extension T € .Z(Y, Z) with | T || < c|IT|I},

where Idy denotes the identity operator on X and as usual .Z(U, V) denotes the Banach space of all
bounded linear operators between the Banach spaces U and V with the uniform norm. In what follows
ZLU) .= 2(U, U). We use here the convention that inf & = oo.

The (absolute) projection constant of X is given by

A(X) :=supr({(X),7Y),

where the supremum is taken over all Banach spaces Y and isometric embeddings /: X — Y.

It is well known that any Banach space X embeds isometrically into £, (I"), where I" is a nonempty set
depending on X (and ¢, (I") as usual stands for the Banach space of all bounded scalar-valued functions
on I'), and then

A(X) =A(X, £oo(I)). (D

Thus finding A (X) is equivalent to finding the norm of a minimal projection from £~ (I") onto an isometric
copy of X in £ (I"). Note also the well-known fact that if X is a finite-dimensional Banach and X is a
subspace of some C (K )-space isometric to X, then A(X) = A (X1, C(K)).
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Let us recall a few concrete cases relevant for our purposes — for an extensive treatment on all of this
we refer to the excellent monographs [Diestel et al. 1995; Lindenstrauss and Tzafriri 1977; Pisier 1986;
Tomczak-Jaegermann 1989; Wojtaszczyk 1991]. We use standard notation from (local) Banach space
theory and note that, throughout the article, all Banach spaces are assumed to be complex. As usual .Z(X)
denotes the Banach space of all (bounded) linear operators 7 on X together with the operator norm. For
1 < p<ooandn €N, the symbol £, denotes the Banach space C" equipped with the Minkowski norm
el = (S0 1eel?) 77 for 1 < p < 00, and ¢l = supy gy ¢l for p = co.

A well-known simple application of the Hahn—Banach theorem shows that

A =1.

The exact values of A(£%) and A(£]) were computed by Griinbaum [1960] and Rutovitz [1965]: If do
stands for the normalised surface measure on the sphere S, (C), then

JrTooonl
2 F(n+ )

On the other hand, if dz denotes the normalised Lebesgue measure on the distinguished boundary T"

PYOA )—n/ Ix1|do = 2)

in C" and Jj is the zero Bessel function defined by Jy(¢) = % fooo cos(z cos ¢) dg, then

n

1= Jo(t)"
A =/n > u dz=/ — 3)
k=1 0
Moreover, Konig, Schiitt and Tomczak-Jagermann [Konig et al. 1999] proved that, for 1 < p <2,
P4
lim ) ﬁ (€))
n—00 \/_ 2

Let us turn to the noncommutative analogs of these results. The operator analog of £7 is the Banach
space .Z(¢5). By [Gordon and Lewis 1974, Theorem 5.6] it is known that

@y =2
<z ==
T (n +3)°
The space of Hilbert—Schmidt operators .73 (n) on £ is a Hilbert space, and we may deduce from (2) that
T n®
(A (n)) = \/T_T’
'(n%+3)
which in particular leads to the two limits
A (6 INEAC
lim M:\/_ﬁ and  lim MZ) _ _T (5)
n—o00 n 2 n— o0 n 4

Finite dimensional Schatten classes form the building blocks of a variety of natural objects in non-
commutative functional analysis. Recall that the singular numbers (s ());_, of u € £ (%) are given
by the eigenvalues of |u| = (u*u)'/?, and that the Schatten p-class Zpn), 1 < p < o0, by definition is
the Banach space of all operators on £, endowed with the norm |[u]|, = (Zzzl sk (u)|? )1/ P (for p =00



THE PROJECTION CONSTANT FOR THE TRACE CLASS 529

we here take the maximum over all 1 < k < n). It is well known that the equalities .7, (n) = £ (£3) and
S (n) = 4 (n) hold isometrically. We remark that the space . (n) is usually referred to as trace class.
For the noncommutative analog of (3) in the case of .#; (n), the best known estimate seems to be

3 =MAm) <n. ©)

The lower bound was proved by Gordon and Lewis [1974], while the upper bound is a consequence of
the famous Kadets—Snobar inequality [Kadets and Snobar 1971].

As pointed out in (3), there is a useful integral formula for A(¢}). Our main aim is to show a
noncommutative analog for A(.#7(n)) and to employ it to get the missing limit from (5). More precisely,
we prove that

A =n [ 1e@)idv,
Uy
where tr(U) denotes the trace of the matrix U and the integration is with respect to the Haar probability
measure on the unitary group %, and then we apply a probabilistic approach (within the so-called
Weingarten calculus) to derive

L MAM) T

n— 00 n 2

We finish this introduction with a few words on the technique used. An important tool to calculate
projection constants, and more generally to obtain minimal projections, is due to [Rudin 1962]; see also
[Wojtaszczyk 1991, Chapter II1.B]. This technique is sometimes called Rudin’s averaging technique, and
it for example may be used to prove (2) as well as (3).

Given an isometric subspace X of Y, we outline the main steps of the strategy to find the relative
projection constant A(X, Y). First, one selects a possible “natural candidate” P : Y — X for a minimal
projection. Then, one identifies a topological group G acting on .Z(Y) such that every g € G defines
an operator T acting in a “compatible way” on Y. Next, it is shown that P is the unique projection
commuting with all operators T,, g € G. Afterward, an arbitrary projection Q : ¥ — X is considered,
and all operators Tg_1 QOT, are averaged with respect to the Haar measure on G. This average commutes
with all operators 7,, g € G, and must coincide with P. A simple convexity argument is then employed
to establish that A(X, Y) = || P : Y — X||, and this norm is subsequently analyzed to refine the formula
for A(X, Y).

Thus, if here ¥ = £, (I"), then (1) shows that these steps may lead to a formula/estimate of A(X). Let
us see how our object of desire .7 (n) naturally embeds in some reasonable £, (I"). It is well known that
Z(€3) and .71 (n) are in trace duality; that is, the mapping

) — L))", ur[ve tr(uv)], @)

defines a linear and isometric bijection. To go one step further, we may compose this mapping with the
restriction map .2 (£5)* — C(%y), u > uly,, where %, stands for the group of all unitary n x n matrices,
and in fact this leads to an isometric embedding .% (n) < C(%,); see Proposition 2.11. So our aim in
the following will be to analyze the relative projection constant A (.| (n), C(%;,)).



530 A. DEFANT, D. GALICER, M. MANSILLA, M. MASTYLO AND S. MURO

In order to apply Rudin’s averaging technique, we first need to develop what we call “unitary har-
monics” on the unitary group %,, which (roughly speaking) are harmonic polynomials in finitely many
“matrix variables” z and z from the unitary group %;,. All this is deeply inspired by the classical theory
of spherical harmonics (see, e.g., [Rudin 1980]), that is, the study of harmonic polynomials in finitely
many complex variables z and z on the n-dimensional euclidean sphere S,,. Unitary harmonics and their
density in C(%,) are described in Section 1.

In Section 2 we formulate and prove our main Theorem 2.1. And although this is the sole focus of
this work, structuring the proof of Theorem 2.1 carefully shows that parts of it extend to a more abstract
version given in Theorem 2.6.

1. Unitary harmonics and their density

We need to extend a few aspects of the theory of spherical harmonics on the sphere S,, (as developed for
example in [Rudin 1980, Chapter 12] and [Atkinson and Han 2012, Chapter 2]) to what we call unitary
harmonics on the unitary group %,.

1.1. Unitaries. Denote by M, the space of all n x n matrices Z = (zz,) with entries from C. The group %,
of all unitary n x n matrices U = (u;;)1<;, j<, endowed with the topology induced by . (¢5) forms a
nonabelian compact group. It is unimodular, and we denote the integral, with respect to the Haar measure
on %,, of a function f € L,(%,) by

/ fU)dU.
Un

Integrals of this type form the so-called Weingarten calculus, which is of outstanding importance in
random matrix theory, mathematical physics, and the theory of quantum information; see, e.g., [Collins
and Sniady 2006; Kostenberger 2021].

Basically, we will only need the precise values of two concrete integrals from the Weingarten calculus.
The first is

_ 1
[ ui jg e dU = —68; k8¢ (8)
Uy n
for all possible 1 < i, j, k, £ <n, and the second is

/ |tr(AU)|? dU = 1 tr(AA*) 9)

for every A € M,; see, e.g., [Cerezo et al. 2021, p. 16], [Collins and Sniady 2006], or [Zhang 2014,
Corollary 3.6].
Every operator T': M,, — M, that leaves %, invariant (i.e., T %, C %,), defines a composition operator

Cr: Lo(%) — Lo(%,), fr> foT.

There are in fact two such operators T (leaving %, invariant) of special interest: the left and right
multiplication operators Ly and Ry with respect to V € %, are given by

Ly(U):=VU and Ry(U):=UV, UeM,.
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A subspace S C Lo(%,) is said to be %,-invariant whenever it is invariant under all possible composition
operators Cr, and Cg, with V € %,.

For any closed subspace S C L>(%,), we denote by ws: L2(%,) — L2(%,) the orthogonal projection
on L,(%,) with range S.

1.2. Spherical harmonics. The symbol 22(R") stands for all polynomials f: RY — C of the form
)= cax®, (10)

aelJ

where J C N(’)V is finite and (cy)qey are complex coefficients. Moreover, given k € Ny, we write P2 (RN)
for all k-homogeneous polynomials f of this type; that is, f has a representation like that in (10) with
le| :=) «; =k foreach € J.

Observe that in (10) one has ¢, = 9“ f(0) /! for each « € J, which in particular shows the uniqueness
of the coefficients for each f € Z(RN); in the following we often write ¢, = ¢ (f). A particular
consequence is that the linear space Z(R") carries a natural inner product given by

(f, &)z :=) alcalflcal®), f g€ P®RY). (1)

o

This scalar product has a useful reformulation. To see this, note first that every f € Z2(R") defines the
differential operator f(D): PRY) > 2(RV) given by

f(D)g:=) calf)d%g gePRY).

o

And then it is straightforward to verify for every f, g € Z(R") the formula

(f.8) 2 =1f(D)gl0). (12)
The polynomial ¢ € 22,(R") defined by
t(x):=|x|3, xeR", (13)

is of special importance, since then
Al
= Z o 2[Ry > 2[RN)
j=1%%j

is the Laplace operator. A polynomial f € 2(R") is said to be harmonic whenever Af =0, and we write
2 (RN) for the subspace of all harmonic polynomials in Z(RY) and .7 (R") for all k-homogeneous,
harmonic polynomials. For each N € N, one has

A (RY) = span, .7 (RY). (14)

To see this, fix f =) ,.;ca(f)x* € (R with degree d = maxyey |a|. Foreachk € {0, 1,...,d},
let f; = Zlal —i Ca(f)x* be the k-homogeneous part of f. Since f = Zk —o Jk, it remains to show that
each f; is harmonic. Clearly, Z w0 D fi =Af =0. Since all f; are supported on disjoint index sets of
multi-indices, we conclude that A f; =0 foreach 0 <k <d.
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Much of what follows is based on the following well-known decomposition of &7 (RM) into harmonic
subspaces; see, e.g., [Atkinson and Han 2012, Theorem 2.18]. For the sake of completeness we include
a proof.

Proposition 1.1. For each k € Ny and N € N,
2 RV = 4ROt - A4 2RO A4 aRV)D - -,

where the orthogonal sum, taken with respect to the inner product from (12), stops when the subscript
reaches 1 or Q.

Proof. Given g € 2, _»(RN), we let h(x) :=t(x)g(x) for all x € R". Since ¢(D) = A, this implies that
h(D) = Aog(D)=g(D)oA. Clearly, if now f € 2 (R"), then by (12)

(h, f) = [1(D) f1(0) = [g(D)(A /)](0) = (g, Af) 2.

Thus, the condition f L tg for every g € Z;_»(R") is equivalent to Af L g for every g € Z,_»(RV),
which is also equivalent to f € % (R"). As a consequence, we get

2 RN = AR @t 72 (RY).
The proof finishes by repeating this procedure for 24 _»(RY), 54 _4(R"), and so on. (|

By S% we denote the sphere in the real Hilbert space Zév (R). We write ,@(S%) for the linear space of
all restrictions f| st of polynomials f € Z(RV) and @k(S%) whenever we only consider restrictions of
k-homogeneous polynomials.

All restrictions of harmonic polynomials on RY (so polynomials in .2 (R")) to the sphere §}'§} are
denoted by %(S%), and such polynomials are called spherical harmonics. Similarly, we denote by
%C(S%) the space collecting all k-homogeneous polynomials restricted to S%. Endowed with the
supremum norm taken on S¥, both spaces 7 (5%) and %’%(S%) form subspaces of C (S%).

An important fact, not needed here, is that the spaces %(S%) are pairwise orthogonal in LZ(S%); see,
e.g., [Atkinson and Han 2012, Corollary 2.15].

1.3. Unitary harmonics. Going one step further, we extend the notion of spherical harmonics on the real
sphere S% to what we call unitary harmonics on the unitary group %,.

Recall that M,, here stands for the space of all n x n matrices Z = (zx¢) with entries from C. The
subset of such matrices o = (og¢) with entries from Ny is denoted by M, (Ng). For Z € M, and
o = (axe) € M, (Np), we define

n
o __ (0973
7% = szf‘

k,e=1
We identify M, with R in the canonical way through the bijective mapping

I,: M, — R*, (15)
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which assigns to every matrix Z = (2xe)ke = (Xke + iVre)ke € M, the element

2n?
(x117 yll’ e 7xln’ ylnslev y217 L 9x2n7 y2n7 L 7xnl7 ynl’ e 7xl’ll’l’ ynn) € R .

Then P(M,,) denotes the linear space of all polynomials f = go I, with g € c@([R{Z”Z). Hence, by
definition, the mapping

PR =PM,), g+ gol,, (16)

identifies both spaces as vector spaces.
We collect a couple of useful facts. Note first that if f = go I, € P(M,) with g € ,@(RZ"Z), then

0°g
A
f Z aZlJaZl] 4 Z(Bx aylj)

a formula that follows directly from the definition of 9, = %(8)(,.]. —10y,;) and 9z, = %(Bxl.j +1idy,;).
Secondly, a function f: M, — C belongs to 3(M,,) if and only if it has a representation

f(Z)= ) capzZl. ZeM,, (17)
@pres

where J is a finite index set in M,,(Ng) x M,,(Np) and c(4p) € C, (r, B) € J. Moreover, in this case this
representation is unique.

Indeed, if f is given by (17), then g = f o In_1 € @(Rz"z) and f = gol, € P(M,). Conversely,
if f=gol, e P(M,) withg=>_, cox* € 5”([]%2”2), then the desired representation easily follows from
the substitution Re z;; = %(zi i +Zzij) andImz;; = %(zi ; —Zij). To see the uniqueness of the representation
in (17), observe that if f =0, then, given («, 8) # (0, 0), an application of the differential operator

nab Bin n un o Bn Bun
8?{1111 ’ 80[1 aZ]II] T 821];1 Tt a?;l1 ’ agnn 8anl T aZnn
to f (and evaluating at zero), shows that ¢, g) = 0.
We again use the identification g +— g o I, from (15) to define the spaces

Pu(My) = ZR™), (M) = A4@®) and H(M,) = H#R"). (18)
The following lemma gives a simple description of the elements of Py (M,,).

Lemma 1.2. Let f € B(M,,) and k € N. Then f € By (M,,) if and only if f(AZ) =X f(Z) forall » € R
and Z € M,,.

Proof. For f € Py (M,) there is g € P(R*") such that f = g o I,. Clearly, f(AZ) = A¥ £(Z) for all
A €Rand Z € M,. Assume conversely that f is k-homogeneous in the meaning of the statement. Since
fe ‘B(M ) there is a finite polynomial g(x) = >, c4(g)x%, x € IR2"2, such that f = g o I,,. Since
g= fol, ", itfollows that g(Ax) = AMg(x) forall A eRand x € R2", But this by the uniqueness of the
coefficients cy(g) necessarily implies that ¢, (g) # 0 only if |@| = k, so as desired g € &, ([Riznz). O
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Obviously,
B(My) = span; B (My) 19)

(consider the polynomials on R2"* defining these spaces), and less trivially (as an immediate consequences
of (14)) we have
H(My) = spany Hi(My). (20)

The polynomial ¢y, € P,(M,) given by
ty,(Z) =tw(ZZ*), ZeM,,

where tr: M,, — C denotes the trace, is of special importance. It is easily seen that under the identification
from (16) the image of the polynomial ¢ € QQ(RZ”Z) (see again (13)) is £y, € Pa2(M,); that is,

tn (2)=t,Z), Z € M,. 1)

Recall again that W(RZ”Z) carries the natural inner product from (11), which then by the identification
in (16) transfers to a natural inner product on 3(M,,); that is,

(fog)p=(fol,  gol Y0, f.gePWM,). (22)

Using (18) and (21), we deduce from Proposition 1.1 its matrix analog, which is going to be of great
value later on.

Proposition 1.3. Forallk e Ny andn € N,
Bi(My) = 51(My) D tag, - Hi—2(My) Dty - Hi—a(My) @ -+,
where the last term of the orthogonal sum is the span of t,]f,,/nz for even k and t/(l,];;l)/ 2 -$H1(M,) for odd k.

We need two more lemmas.

Lemma 1.4. Let f € H(M,) and U € %,. Then f o Ly € H(M,). Moreover, if f € Hrx(M,), then also
f oLy € Hr(Mp).

Proof. Recall the well-known fact that, for every harmonic function F : Cc" — Cand every W € %2, we
have A(F o ®y) = AF o &y, where ®yz = Wz forz e C”. Now identify M), and C" in the natural
way by

Jo(Z)=(211, - -+ 21n> 2215 - - - s Z2ns - - - s Znls - - -+ Znn)s L € My, (23)

and define g = fo J!: C" — C. Then obviously Ag = 0, and moreover a simple calculation shows
foLy=go®Pysgid o Ju-
Since U ® ider € %2 is unitary, it follows that
A(foLy)=A(goPygige) = Ag o Pugide =0.

For the second statement, note that if f € $;(M,), then by the first statement f o Ly € H(M,). But
foLy(AZ)=MAfoLy(Z)forall Ze M, and A € R, and hence the claim follows from Lemma 1.2. [
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For p,q € Ny, let $p ) (M,) C $H(M,) be the subspace of all harmonic polynomials which are
p-homogeneous in Z = (z;;) and g-homogeneous in Z = (3 ;); that is, all polynomials f € $(M,) of
the form

f@= Y capzZ®Zf. ZeM, (24)
le|=p,|Bl=g

By Lemma 1.2, we immediately see that

ﬁ(p,q)(Mn) Cf)p-i—q (Mn) (25)
The following result is crucial for our purpose; see also Lemma 1.7.

Lemma 1.5. Forall f € $p,q)(M,) and U € %,, one has

f o LU € ~‘f~)(l,¢])(M,l) and f o RU € ﬁ(p,q)(Mn).
Moreover,
57)(1‘411) = Spanp,q ﬁ(p,q) (Mn) (26)

Proof. Taking for f a representation as in (24), we have

foLy(@)= >  capUZUZF, ZeM,.
le|=p.|Bl=q

Now, for each 1 < i, j < n, we use the multinomial formula for (Ze UirZe j)aij to get

UZ)"(UZ) = Z dy.5Z"Z5,  Z = (zxe)ke € My.
lvI=p,l¢1=q

Combining, we conclude that f o Ly has a representation

foLy(Z)= Z e.)Z"2°, Z €M,.
nl<p,lol<q
On the other hand, by (25) and Lemma 1.4, it follows that f o Ly € $,1,(M,), and hence, for all
A €Rand Z € M, one has

> ewoA™IZIZT = (FoLy)WZ) =APTU(foLy)(Z) = Y cuahTIZZ].
nl=p.lol=q [nl<p.lol<q
Inserting Z =id € M,, shows that e, o) # 0 only if ||+ |o| = p +¢, and since || < p and |o| < g, this
is only possible whenever || = p and |o| = g. This as desired proves f o Ly € §(p,q)(My).

The equality (26) follows from (20) since it may easily be seen that £ (M,) = span prg=k NDp.g)(My);
see also, e.g., [Rudin 1980, Proposition 12.2.2].

In order to prove that f o Ry € §(,,4)(M,), define f*(Z) = f(Z*) for Z € M,,. Since the mapping
5’212 — Egz, Z +— Z*, is unitary (it is an isometry), the function f* is harmonic. Now, looking at the
representation of f as in (24), we see that f* € $(,, ) (M,). This, by what is already proved, gives that
f*oLy« €9y, p(M,). But, for Z € M,,

foRy(Z)= f(ZU) = f(U*Z*)") = fF(U*Z") = f*o Ly«(Z*) = (" o Ly*)*(2Z),
and hence fo Ry = (f*oLy)* € H(p,q)(Mp). O
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1.4. Unitarily invariant subspaces of C(%,). By B(%,) and Py (%) we denote the linear space of all
restrictions f |y, : %, — C of polynomials f €‘B(M,) and f € Pi(M,), respectively.

Similarly, for all restrictions to %, of harmonic polynomials from $(M,) and H(M,,), we write (%)
and 9, (%), respectively, and the elements therein we address as unitary harmonics. All these constitute
important subspaces of C(%,).

Lemma 1.6. For each k,
B (%) = span . e (%) (27)
and
B(U) = spany P (%) = spany H¢(%,) = H(U). (28)

Proof. Proposition 1.3 and the fact that the function ¢y, = n on %, imply (27). To prove (28), note that
the first equality is a consequence of (19), the second of (27), and the last of (20). Il

Moreover, for p, g € Ny, we write $)(p,4)(%,) for all restrictions to %, of functions in $(, 4)(M,).
Observe that a function f : %, — C belongs to $(,. 4)(%,) if and only if it has on %, a representation
like in (24). All needed information on these subspaces of C(%;,) is included in the following lemma,
which is an immediate consequence of Lemma 1.5.

Lemma 1.7. Each space $)(p.q)(%,) is a U,-invariant subspace of C(%,); that is, for all f € $(p 4)(%)
and U € U,, we have f oLy, f o Ry € $)(p,q)(%). Moreover,

H(U) = Spanp,q 57)(p,q) (%n) (29)
We finish with the following density result as it is crucial for our purposes.

Theorem 1.8. $(%,) is dense in C(%,). In particular, the span of the union of all Hy(%,) as well as the
span of the union of all §) . 4)(%,) are dense in C(%,).

Proof. Observe first that *J3(%,) is a subalgebra of C(%,,), which is closed under conjugation, and that
the collection of all coordinate functions e;; separates the points of %,. Thus, by the Stone—Weierstrass
theorem, 13(%;,) is dense in C(%,). The rest follows from (28) and (29). Il

Remark 1.9. An important difference between spherical harmonics and unitary harmonics is that, for the
case of the sphere, the corresponding spaces £ p,q)(SE) are mutually orthogonal in Lz(SE); see [Rudin
1980, Theorem 12.2.3]. But for the subspaces $(,, ¢)(%,) of L%(%,) this is no longer true. To see an
example, take f € (1,0)(%,) and g € H(2,1)(%,) defined by f(U) =u;,1 and g(U) = up2u;,2u2,1. Then
(see, e.g., [Hiai and Petz 2000, Section 4.2])

1
n—Dnn+1)

On the other hand, using basic properties of the Haar measure on %,, it is not difficult to prove that

(fs8)L, Z/ ui Ul 2Un 1 dU = — (30)
%,

Do) (W) L 9y gy (%) whenever p+q=p'+q" and (p,q) # (. q"); (31)
see [Hewitt and Ross 1963, §29] or [Kostenberger 2021].
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It is worth noting the following conclusion from (31) —not needed for our further purposes — which
states that

() = Dk,0) (%) @ Dik—1,1)(%) @ - - - D H0,0) (%),

where @ indicates the orthogonal sum in L,(%;,). We conclude with the observation that, in contrast
to (30), we have (f, g)p = 0, so the euclidean structure, which $)(, 4)(%,) inherits from L,(%,), is
different from that induced by the inner product from (22).

2. Projection constants
As explained in the introduction, the main goal of this work is to prove the following result.

Theorem 2.1. For eachn € N,

A1) =m0 : C(%) — A1) =n | |te(V)|dV. (32)
Un
Moreover,
lim M — _V”‘ (33)
n—oo n 2

The proof of this theorem is presented in Section 2.5. It is based on preliminary results we prove in
the following, which require some preliminary arguments.

2.1. Rudin’s averaging technique. Given a topological group G and a Banach space Y, we say that G
acts on Y (through T') whenever there is a mapping

T:G—2Y), g—T,,
such that
T,=1Iy, Tg=TTh g heG,
and all mappings

g3G>Te(y)eY, yeYy,

are continuous. If in addition all operators T,, g € G, are isometries, then we say that G acts isometrically
on Y. We say that S € Z(Y) commutes with the action T of G on Y whenever S commutes with all 7},
hegG.

The following theorem was presented in [Rudin 1962]; see also [Wojtaszczyk 1991, Theorem III.B.13].

Theorem 2.2. Let Y be a Banach space, X a complemented subspace of Y, and Q: Y — Y a projection
onto X. Suppose that G is a compact group with Haar measure m which acts on Y through T such that X
is invariant under the action of G; thatis, T¢(X) C X forall g € G. Then P: Y — Y given by

P(y) = fG T, QT,(y)dm(g), ye¥, (34)
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is a projection onto X which commutes with the action of G on Y (meaning that T,P = PT, for all
g € G) and satisfies

IPI < 1@l sup [ T¢I,
geG

Moreover, if there is a unique projection on Y onto X that commutes with the action of G on Y, and if G

acts isometrically on Y, then P given in (34) is minimal, i.e.,
AX,Y)=|P|.

In order to be able to apply Rudin’s technique, we need to endow %, x %, with a special group
structure, which allows us to represent the resulting group in .Z(C(%,)). To do so, consider on %, X %,
the multiplication

(Uo, Vo) - (U1, V1) := (U1Up, VoV1).

With this multiplication and endowed with the product topology, %, x %, turns into a compact topological
group, and it may be seen easily that the Haar measure on %, x %, is given by the product measure of
the Haar measure on %, with itself.

Further, for any (U, V) € %, X %, and any f € L,(%,), we define

pw.vyf :=(CrL,oCpr))f=foLyoRy,
which leads to an action of %;, x %, on C(%,) given by
Un X Un — L(C(U)), U,V)—=>lpwyv):fr> foLyoRy]. 35)

We say that a mapping T : S| — S», where S| and S5 both are %, -invariant subspaces of L,(%;,), commutes
with the action of %, x %, on C(%,) whenever

(Cry oCr)(Tf)=T({Cr,oCgry)f) forevery (U,V)e % x % and f €S;.

2.2. Convolution. Recall from Section 1.1 that g : Ly(%,) — S denotes the orthogonal projection
on L,(7%,) onto a given closed subspace S. The following result shows that, under the assumption of
Y,-invariance of S, this projection is a convolution operator with respect to some kernel in S.

Theorem 2.3. Let S be a %,-invariant subspace of C(%,) which is closed in Lo(%,). Then the following
statements hold:

(1) There is a unique function tg € S such that, for all f € L,(%,),

wsf = f *xts.

(i) ms commutes with all Ly and Ry for U € %,; that is, ms commutes with the action of %, X %,
on C(%,).
Qi) ll7s : C(%) — Sl = [,, lts(V)|aV.

The proof is an easy consequence of the following lemma.
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Lemma 2.4. Let S be a %,-invariant subspace of C(%,) which is closed in L,(%,). Then, for every
U € %,, there exists a unique function K f, € S such that, for all f € Ly(%,),

D s HW) ={(f, K1, = [, FVKGV)AV,

and moreover, for every choice of U, V € %,, we have

() Ky (V)= (K. Ky, = K (U),

(iii) K§oLy-1 =Ky, =KSoRy-,

(iv) K3 (V)= K3 dd) > 0.

Proof. The claim from (i) is an immediate consequence of the Riesz representation theorem applied to the
continuous linear functional L,(%;,) — C, f + (wsf)(U).

(i) K3 (V) =ns(K;)(V) = (K, K, = (K, K5) 1, = KS(U) forall V € %,.

(i11) Fix some V € %, and f € L,(%,), and note first that S+ is also %,-invariant. Then

(Id—ms)(f)oLy € S* and foLy=ms(f)oLy+(Id—ms)(f)oLy,
and hence
ns(foLy)=mns(ns(f)oLy)+ns((d—ms)(f)oLy)=mns(f)oLy. (36)
Then
(. Ky, =7s(HVU) = ms(f) o Ly(U) =75(f o Ly)(U),
and thus, by (i),

(fo Ky, =(foLy, KL, =(Cr, f. K{))r, = (f. CL,_, K{)r, = (f. K o Ly-1)L,.

Since f € L2(%,) was chosen arbitrarily, we obtain that K ‘S,U =K lS] o Ly-1. The other identity follows
similarly.

@iv) Let V € %,. Then
KS(V)=(K$, KS), = (K oLy1,Ky), = (K, K§ oLy), = (K, K)o, = Kiy(Id) > 0. O
It remains to prove Theorem 2.3. Defining
ts = Ky, (37)

this proof is in fact a straightforward consequence of the preceding lemma. But before we do this, we
collect two elementary properties of the kernel tg.

Remark 2.5. Let S be a %;,-invariant subspace of C(%;,) which is closed in L;(%;,). Then tgs = K [‘fj
satisfies

o tg(V*) =tg(V) forall V € %,,
e tg(V¥UV) =tg(U) for all U, V € %,; that is, tg is a so-called class function.
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Indeed, for the first equality, note that
ts(V*) = (Kijo Ly-N(d) = Ky (Id) = Ki4(S) = ts(V),

and together with this we get

ts(V'UV) =ts(V-IU*V) = (K3 0 Ly-)(U*V)
=K3(U*V) =K.y (V) =Ko Ry-15(V) = ts(U).
Proof of Theorem 2.3. By Lemma 2.4, for all U € %, and f € L,(%,),

(s /HWU) = ., FHKG(V)dV = » FOKGU)dV

= | FKGUVHav=| fWsUVHav = (fx*ts)),
Un Un
which proves (i). Statement (ii) was already shown in (36), and it remains to check (iii). Obviously, we
have that

s : C () — S| = sup/ LUV dV,
ey, J %,

and, for every U € %, by Remark 2.5,
f ts(UVH)|dV =f lts(VH)dV :/ ts(V)|dV.
Un Un Un

This completes the argument. O

2.3. Accessibility. Let S a be %,-invariant subspace of C(%,) which is closed in L»(%,). Then § is
called accessible if every projection Q on C(%,) onto S which commutes with the action of %, x %,
on C(%,) equals ms|c(,)-

Theorem 2.6. Let S be a %,-invariant and accessible subspace of C(%,) which is closed in Ly(%,).
Then

A(S) = [l7s : C(%) — Sl = / (V)] dV.
Un

Proof. The proof is an immediate consequence of Rudin’s Theorem 2.2 and the assumptions on S, taking

into account that we know (ii) and (iii) from Theorem 2.3 as well as (1). O

We say that a %;,-invariant subspace S of C(%,) which is closed in L,(%,) is strongly accessible
whenever every f € S for which f(VUV™*) = f(U) for all U, V € %, is a scalar multiple of ts. In other
words, every class function in § is a multiple of tg.

As the name in the previous definition suggests, we have the following key result.

Proposition 2.7. Let S be a %,-invariant subspace of C(%,) which is closed in L,(%,). Then S is
accessible whenever it is strongly accessible.

The proof requires the next statement.
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Lemma 2.8. Let H and S be %,-invariant subspaces of C(%,) which are both closed in L,(%,). Then,
if S is strongly accessible, every operator T : H — S that commutes with the action of U, X U, on C(%,)
is a scalar multiple of ws|y.

Moreover, if H is orthogonal to S and Q is a projection on H @ S onto S that commutes with the
action of U, x U, on C(%,), then Q = 7s|ges-

Proof. By the assumption on 7" and Lemma 2.4 (iii), for every V € %,

(CryoCr, )(Tty) =T((CL, o Cg,_Ity) =Tty.

This implies that (T'tg)(V*UV) = (Tty)(U) for all U, V € %,. Since S is strongly accessible, we have
that Tty = yts for some y € C. But from Theorem 2.3 we know that, for all h € H,

h=mgh=hxty,
and hence
Th=hxTty =yhxts=yngsh.

To see the second assertion, note that, by the first part of the lemma, we have Q|y = yms|y for some
y € C. But since by assumption H C S+ this implies Q|y = 0 = ms|y. On the other hand, since Q is a
projection onto S, we see that Q|s = Ids = ms|s, which finishes the proof. O

We are now ready to give the following.

Proof of Proposition 2.7. Let Q be a projection on C(%,) onto S which commutes with the action of
Uy, X U, on C(%,). By Theorem 1.8, it suffices to show that, for each pair (p, g) € Ng x Ny,

Q |5(17.q) =TS |5(p.q) :

Given such a pair (p, g), we define the subspace

H:={f—nsf:fe€NpqetCC(%).

Then H is %,-invariant; indeed, by Theorem 2.3 (ii) and the fact that §, ) is %,-invariant (proved in
Lemma 1.7), for every f € $(,,4) and U € %,, we have

(f—7msf)oLly=foLy—nmsfoLy=foLy—ms(foLy)€H,

and the invariance under right multiplication follows similarly. Since H 1 S and Q commutes with the
action of %, x %, on C(%,), Lemma 2.8 (the second part applied to the restriction of Q to H & S) shows
that

Olnes =7sluass,
so in particular Q|y = sy = 0. But then, for every f € $(p.q) (%),
QfNH)=0(f —nsf)+ Qs f)=mns/,

which completes the argument. O
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2.4. The special case S = $(1,0)(%,). Recall from Section 1.4 the definition of the %,-invariant subspace
$(1,0)(%,) of C(%,) of all polynomials f € C(%,) of the form

FO)= Y cijui.

1<i,j<n
where U = (ui,j)lsi,jfn € U,.

In Theorem 2.3 we showed that the orthogonal projection 7t(1,0) = 7, o (%,) O L2(%,) onto $1,0) (%)
is a convolution operator with respect to the kernel 7(1,0) = 15, o, (%,)- We need an alternative description
of this projection in terms of the canonical orthonormal basis of $(1,0)(%,).

By (8), the collection of all normalised functions ./ne; j» 1 <1, j <n, forms an orthonormal sys-
tem in L(%,), and hence an orthonormal basis of $(1,0)(%,) considered as a subspace of L2(%,).
Consequently, for each f € Ly(%,),

ra0 ()= > (fivnej,vne;=n Y (fej)ei. (38)
1<i,j<n I<i,j=<n
where ¢;; € $(1,0/(%,) is defined by e;;(U) = u; ; for U € %,.

Comparing the two representations of 7(; ¢y we now have leads to the following.

Proposition 2.9. For each n € N, we have t(1 o) = n tr, and moreover

w0 f =n(f*tr), fe€ L),

and

1700y C () — He1.0y ()] = n / (V)] V.
WUn

Proof. To check the equality t(; gy = n tr, recall that, by Lemma 2.4 (i) and the definition of t(; ¢y from (37),
for all f € Ly(%,), one gets

(.00 H)AD) = (f, ta,0) L,-

On the other hand, by (38), for all f € L,(%,),

a0 HAD) =n > (f.eij,e(0d) =n Y (f i), =n(f. t)L,,

ivj 1
which together with the preceding equality is what we were looking for. Deducing the second and third
claim is then immediate from Theorem 2.3 (iii). U

Proposition 2.10. $1.0)(%,) is a strongly accessible %,-invariant subspace of C(%,).

Proof. Take f =3, i, cijeij € 9.0 (%) such that f(V-'UVv) = fU) for every U,V € %,.
Clearly, f can be considered as a linear functional on M,,. This implies that there exists A € M,, such
that f(U) =tr(AU) for all U € M,,. Then, from the assumption on f, it follows that, for all U, V € %,

tr(AU) = f(U)= f(VIUV) =tw(AV~IUV) = t(VAV D).
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Combining this with the fact that any matrix in M, is a linear combination of unitary matrices, we deduce
that A = VAV~! for every V € %,, and so A commutes with all matrices in M,,. This implies that
A = yld for some y € C, and hence as desired f = y tr. (|

A comment is in order: if p 4+ ¢ > 1, then g;(A) := tr(A?(A*)9) and g>(A) := tr(A)” tr(A*)? are
different class functions. Thus, in this case, £(,,4)(%,) is not strongly accessible.

The following result identifies $)(1,0)(%,) with the trace class .71 (n).

Proposition 2.11. The space $)(1,0)(%y) is isometrically isomorphic to 1 (n). More precisely,

Z1(n) = Ha,0(%), A= 1f U tw(AU)], 39)

is a surjective isometry.

Proof. Obviously, the mapping in (39) is a linear bijection. Indeed, as a linear space .1 (n) equals M,,,
and $(1,0)(%,) equals the algebraic dual M, of M,. Moreover, it is well known that the mapping
A [f : U+ tr(AU)] identifies M, and M, . So it remains to prove that the mapping in (39) is
isometric. To prove this, we use a result of Nelson [1961] (see also [Harris 1997, Theorem 1]) showing
that, for any complex-valued function f which is continuous on the closed and analytic on the open unit
ball of .Z(£3), we have Sup| 7y <i | f(T)| =supycqy, | f(U)|. Butthen, by (7), for every A € 71 (n),

[Ally = sup |tr(AT)| = sup |tr(AU)],
IT1=<1 Ue,

completing the argument. U

2.5. Proof of the main result. We begin with the following presentation.

Proof of the integral formula from (32). We use the identification from Proposition 2.11 and combine it
with Proposition 2.10 and Theorem 2.6. Then Proposition 2.9 completes the argument. g

Now we deal with the limit formula from (33). For this we need to recall some well-known results
from probability theory; for more on this see [Billingsley 1999]. We are going to use that, given any
sequence (Y,) of random variables which converges in distribution to the random variable ¥ and any
continuous real-valued function f, the sequence ( f(Y,)) converges in distribution to f(Y). Recall also
that a sequence (Y,), of random variables is said to be uniformly integrable whenever

lim sup/ |Y,|dP = 0.
|Y,|>a

a— o0 nZl

Uniform integrability will be useful for us due to the fact (see for example [Billingsley 1999, Theorem 3.5])
that if (Y,), is a uniformly integrable sequence of random variables and Y, Ly, then Y is integrable
and

E(Y,) — EY). (40)

To check uniform integrability we cite a standard criterion.
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Remark 2.12. If sup, E(]Y,|'t?) < C for some ¢, C > 0, then (Y,,),, is uniformly integrable; indeed, this
is a consequence of

lim sup/ |Y,|dP < lim %C.
VAT a—oo d

a— 00 n>1
We are now ready to provide the following.

Proof of the limit formula from (33). Consider the sequence (tr(U (n))) of random variables on %,
where U (n) is a unitary matrix uniformly Haar distributed. Then, by [Johansson 1997, Corollary 2.4]
(see also [Diaconis and Shahshahani 1994] or [Pastur and Shcherbina 2011, Problem 8.5.5]), the previous
sequence converges in distribution to the standard Gaussian complex random variable y. Indeed, the
random variables «/ERe[tr(U (n))] and \/Elm[tr(U (n))] converge in distribution to a standard real
Gaussian random variable.

Thus, the sequence (\/iltr(U (n))|) of random variables on %, converges in distribution to a Rayleigh
random variable. Moreover, since, as mentioned in (9), for each n,

E(r(U (n)]?) = f G(V)PAV =1,
.,

the sequence of random variables tr(U (n)) by Remark 2.12 is uniformly integrable. Consequently,
we deduce from (40) that ([E(\/z [tr(U (n))])) converges to the expectation of a Rayleigh random variable.
That is,

Tim E/2nWm)) = /2.

Using (32), we arrive at

s

1
lim lk(fﬂl (n) = — lim EW2|te(U@n))]) = X—,
n—oon ﬁ n—o00
which completes the proof. g

2.6. Other examples. In this final subsection, we give some other examples where the theory developed
to reach our main objective (Theorem 2.1) could be applied.

The first result shows that examples of accessible %,-invariant subspaces come in pairs. To see this we
define the linear and isometric bijection

¢: C(U) — C(U), [ U fU]
For any subspace S in C(%,), we write S, := ¢S. As a first example we mention that, isometrically,
$1.0)(%n)« = & ($H1.0) (%)) = H0.1)(Un)-

Proposition 2.13. Let S be a %,-invariant subspace of C(%,) which is closed in Ly(%,). Then S, is
Uy, -invariant and ts, =tg. Moreover, S is strongly accessible (resp. accessible) if and only if Sy is strongly

accessible (resp. accessible).
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Proof. Obviously, S, is %,-invariant. In order to show that tg, = tg note first that 75, = ¢ o g o ¢. Then,
for every f € Lo(%,) and U € %,, it follows by Theorem 2.3 and Remark 2.5 that

(s, HWU) = (59N U™)

=@f xt)UN = [ f(VHUVHdV

Un

=/ f(V*)Q(VU)dV:/ FWMts(V*U)dv

=]/, FMits(UVH)dV = (f *t5)(U),
which by the uniqueness of tg, leads to the claim. Let us turn to the “moreover part”. It is immediate that
strong accessibility of § is equivalent to strong accessibility of S,. So let us assume that S is accessible
and show that then S, is accessible. Take any projection Q : C(%,) — S« which commutes with the action
of %, x Y, on C(%,). Since ¢ o Cr, = Ry~ o¢ and ¢ o Cg, = Ly= o ¢ for all V € %, the projection
¢ o Qo¢ onto S commutes with the action of %, x %, on C(%,), and hence by assumption ¢ o Q o¢p = 7.
But then clearly Q = ¢ o5 0 ¢ = g, , which is the desired conclusion. O

Note that, in particular, $,1)(%,) is %,-invariant and accessible, and tq 1) = tr; therefore, by
Theorem 2.6,

A® 0.0 @) =m©1) : C(%) = Do)l =n /y ltr(V)|dV.

Also,

5 AOo0n( %) T
m — = —

n—oo n 2 '

Of course, this is also a simple consequence of Theorem 2.1 using that ¢ identifies $(,1)(%,) and
$1,0)(%,) isometrically.
We continue with another simple stability property of accessible subspaces.

Proposition 2.14. Let S; and S, be accessible, 7, -invariant subspaces of C(%,) which in L,(%,) are
closed and orthogonal. Then S| @ S> is accessible and %, -invariant, and moreover ts,gs, = ts, +ts,.
Consequently,

A(S1® $2) = s, + s, : C(%) = $10 82 =/ |ts, (V) +ts, (V)] dV. (41)

Proof. That S| ® S> is %,-invariant is straightforward. Note that 7, g5, = 75, + 75, is the orthogonal
projection on Ly(%;,) onto §; & S,. Then, by Theorem 2.3, for all f € Ly(%,), we have

nS]@Szf:ﬂ51f+nSQf:f*tS1+f*t52 :f*(tS1+tS2)-

Hence by the uniqueness of ¢, gs,, we get

5,05, = s, +1s,.
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Let us now show that S} @ S, is accessible. So let Q be a projection on C(%,) onto S; & S» which
commutes with the action of %, x %, on C(%,). We claim that Q = 75, gs,. Indeed, consider the two
projections

QSl =7g 0 Q and QSz =75, 0 Q

on C(%,) onto S| and Sy, respectively. Since s, and g, both commute with the action of %, x %,
on C(%,), we have that Qs and Qg, also do. Then, by the accessibility of S| and S,, we see that

QOs, =ms, and Qg, =7s,,

and hence, for all f € C(%,), as desired,

Of =75, (Qf) +7s5,(Qf) = 7s, [ + 75, [ = 5,08, [-
To conclude the proof just note that (41) is then a direct consequence of Theorem 2.6. U
Combining the previous two propositions we obtain the following.
Corollary 2.15. For eachn € N,
A(9H1,0) (%) ©H0.0) (%)) = 71,0 ® 70,1) : C( %) — 51,0 (%) © H0,1) (%) |l
= 2n/ [Re(tr(V))|dV.
Moreover, ’

li

n— o0 ﬁn T’ (42)

i A(9H1,0) (%) © Ho1)(U)) :\/z

Before giving a proof of this, we mention that the denominator of the fraction above (so +/2n) is
exactly the square root of the dimension of the sum space $(1,0)(%) ® 9 0,1)(%).-

Proof of Corollary 2.15. We only have to prove (42) since the integral formula for the projection constant
follows directly from (41) and Proposition 2.9.

We repeat an argument similar to the proof of (33). We know, by [Johansson 1997, Corollary 2.4],
that the sequence (\/f Re[tr(U (n))]) of random variables converges in distribution to a standard real
Gaussian random variable g. In particular, («/5 |[Re[tr(U (n))]]) converges in distribution to |g|. Note that
the sequence («/E |[Re[tr(U (n))]]) is uniformly integrable. Indeed,

E(IRe[tr(U (n)]1*) < E(lte(U m)[*) = 1;
see again Remark 2.12. Thus, by (40),

lim A9 1.0) (%) ®© H0.1) (%)) _

n—00 ﬁn

lim E(v2|Reltr(U (n)]])

1 2 2
= |=—/|x|e_x/2dx= [=. O
& V2 JR T
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