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THE RELATIVE TRACE FORMULA
IN ELECTROMAGNETIC SCATTERING AND BOUNDARY LAYER OPERATORS

ALEXANDER STROHMAIER AND ALDEN WATERS

This paper establishes trace formulae for a class of operators defined in terms of the functional calculus
for the Laplace operator on divergence-free vector fields with relative and absolute boundary conditions
on Lipschitz domains in R®. Spectral and scattering theory of the absolute and relative Laplacian is
equivalent to the spectral analysis and scattering theory for Maxwell equations. The trace formulae allow
for unbounded functions in the functional calculus that are not admissible in the Birman—Krein formula.
In special cases, the trace formula reduces to a determinant formula for the Casimir energy that is used
in the physics literature for the computation of the Casimir energy for objects with metallic boundary
conditions. Our theorems justify these formulae in the case of electromagnetic scattering on Lipschitz
domains, give a rigorous meaning to them as the trace of certain trace-class operators, and clarify the
function spaces on which the determinants need to be taken.
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1. Introduction

In this paper we establish several trace formulae for operators governing the time-harmonic Maxwell
equations on an open set X = QUM C R? of the form R3\ 82, where  is a bounded (strongly) Lipschitz
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domain. Here we will refer to €2 as the interior and to M as the exterior domain. We denote by E and H
the electric and magnetic fields, respectively. The time-harmonic Maxwell system is given by

curl E —iAH =0,

div E =0,

curl H +1iAE =0,
. (D

divH =0,

vx E=A onoQ,
(v, Hy=f ondQ,

where the first four equations are considered in either €2 or M separately, or simultaneously by considering
this as an equation on X. Here v is the almost everywhere defined outward-pointing unit normal vector
field on 9€2. This system is well-posed on suitable function spaces under natural consistency conditions
on A and f. In particular, if A is sufficiently regular and tangential and A # 0, the function f is determined
by A. For the interior problem, given a tangential A, the system then has a unique solution for A away
from a discrete set of points. For the exterior problem and Im A > 0, one imposes that £ and H are
square-integrable and then obtains a unique solution for any sufficiently regular tangential A. In both
cases, the solution E can be expressed as
E=L,L"A,

where £, is the electric field boundary layer potential operator and L, is the electric field boundary layer
operator. For a continuous tangential vector field A, one has

iA|lx—y|

(L1 A)(x) =cur1cur1/ — _A(y)dy,
aQ 4|x — y|

and £, A is obtained by taking the boundary value of v x L. These operators extend to suitable function
spaces and we refer to Section 6 for the precise definitions. The vector field H and the function f are
then determined by H = —(i/A) curl E. As usual, this layer potential operator creates a solution of the
Maxwell system by placing certain sources on the boundary, and the choice of £ is now a standard
operator in computational electrodynamics.

For A # 0, the system for £ becomes

—AE—-)\E=0,
div E =0,
vx E=A onodf2.

The associated spectral problem is therefore that of the Laplace—Beltrami operator A on divergence-free
vector fields with the corresponding boundary condition. For the electric field, the boundary condition
v x E =0 on df2 leads to the relative Laplacian A, by quadratic form considerations. Similarly, for
the magnetic field, the boundary condition v - H = 0 leads to the absolute Laplace operator A,ps. Both
are self-adjoint operators on L*(R?, C?) = L*(Q, C*) @ L>(M, C?), and their definitions and properties
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are explained in detail in Sections 3 and 4. Functional calculus for the relative Laplacian determines the
solutions E of the time-harmonic Maxwell system, whereas functional calculus for the absolute Laplacian
determines the solutions H of the system. Here we use the more mathematical notation that is inspired by
Hodge theory. The harmonic forms satisfying relative boundary conditions give rise to relative de Rham
cohomology classes, and the ones satisfying absolute boundary conditions give rise to absolute de Rham
cohomology classes.

Before we describe the general case, we would like to explain and motivate this in an important special
case and when the bounded Lipschitz domain  C R? consists of two connected components 21 and ;.
We then construct the self-adjoint operator A out of the Laplace operator on R\ dQ by imposing
relative boundary conditions in each side of d€2. The operators A . are obtained in the same way from
the Laplace operator on R\ 9Q ; with boundary conditions only imposed on each side of 9$2;. The
operators Ayps and A j aps are defined analogously with absolute boundary conditions. It is a special case
of our result that the two operators

Cr=(—Awe)) 28d = (= Apse) 728 d — (= Agse) /28 d+ (= Apree) /28 d,
Crr = (=Aap) ™28 = (= Apaps) ™28 = (= Agaps) ™28 d + (—Apree) /28 d

defined on smooth compactly supported vector fields on X = R?\ 92 extend to trace-class operators on
L?*(R3, C%), and their trace can be expressed in terms of the determinant of a combination of Maxwell
boundary layer operators (see Theorems 1.1 and 1.3). In fact, we will see that their traces coincide,
i.e., tr(Cg) = tr(Cgy). We have used here differential form notation, with d being the exterior derivative
and § being the coderivative. The trace-class property is due to several cancellations. Any linear
combination of operators appearing in the expressions above that is not proportional to this expression
is not trace-class. This statement remains true even if one introduces an artificial boundary, thereby
compactifying the problem.
In terms of vector calculus, the above two operators can also be written as

Cg= (—Arel)_l/zcurl curl — (—Al,rel)_l/zcurl curl — (—Az,rel)_l/zcurl curl + (—Afree)_l/2 curl curl,

Cy= curl(—Arel)_l/zcurl — curl(—ALrel)_l/zcurl — curl(—Az,rel)_l/zcurl + curl(—Afree)_l/2 curl.

Apart from being interesting from the point of view of spectral analysis, these operators also have a
direct physical significance. Namely, % tr(Cg+Cpq) = % tr(Cg) represents the Casimir energy of the two
Lipschitz obstacles 21 and €2,. Indeed, as shown in [Strohmaier 2021] in a general rigorous framework
of quantum field theory, the local trace, i.e., the trace of the integral kernel restricted to the diagonal, of
the operator

%((—Arel)*l/zcurl curl — (—Afree)*l/2 curl curl) + %((—Aabs)*l/zcurl curl — (—Afree)*l/2 curl curl)

is the renormalised energy density obtained from the electromagnetic quantum field theory. The relative
resolvent differences Cg and Cy then describe differences of energies. It was shown in [Fang and
Strohmaier 2022], again in a rigorous quantum field theory framework, that in the case of a scalar field,
such “energy differences” lead to a Casimir force as determined from the quantum stress energy tensor as
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in [Candelas 1982; Kay 1979]. The same statement is expected to hold for the electromagnetic field, but
this will be discussed elsewhere.

The mathematical statements above can therefore also be interpreted as a rigorous proof that the
Casimir energy as derived from spectral quantities is well defined in this framework and can be computed
from determinants of boundary layer operators. It also clarifies the function spaces needed to compute
these quantities for nonsmooth boundaries.

We focus in this paper on Maxwell’s equations in dimension three, and we will mostly use vector
calculus notation rather than differential forms. This has the advantage of keeping the notation and
exposition more accessible, and we can then also rely on a wealth of previous results on boundary layer
operators [Buffa and Hiptmair 2003; Buffa et al. 2002; Claeys and Hiptmair 2019; Costabel 1988; 1990;
Gol’dshtein et al. 2011; Kirsch and Hettlich 2015; Mitrea 1995; 2000; Mitrea and Mitrea 2002; Mitrea
et al. 1997]. Focussing on dimension three also avoids complications with the free Green’s function
having more complicated expressions or a logarithmic singularity at 0. More importantly, the focus on
dimension three allows us to stay close to the classical notation in Maxwell theory without having to
distract the reader with more complicated notation.

Although this is a mathematical paper, we also try to give the physics background for the interested
reader. To our knowledge, a determinant formula for the Casimir energy first appeared in the physics
literature [Renne 1971], where this was derived microscopically and without reference to spectral theory.
Physics derivations have also appeared in various contexts based on path integrals and fluctuations of
configurations on the surface on the obstacles [Emig et al. 2007; Kenneth and Klich 2006; 2008] and have
led to numerical schemes [Johnson 2011] and asymptotic formulae. The spectral side, often favouring
a zeta function regularisation approach as in Casimir’s original work [1948], was developed somewhat
independently. We refer to [Bordag et al. 2009] and [Kirsten 2002] for a comprehensive overview of the
subject. The relation between the various approaches remained unclear even in the physics world (for a
very recent report on this see [Bimonte and Emig 2021]). We also mention the approach of [Balian and
Duplantier 1978], which is also based on a reduction to the boundary.

1.1. Statement of main results. We now describe the general setting of our results. We assume that
Q C R? is an open and bounded (strongly) Lipschitz domain in R? in the sense that the boundary of
is locally congruent to the graph of a Lipschitz function. The finitely many connected components will
be denoted by €2; with some index j, which ranges from 1 to N. We will think of the closure Q as
a collection of disjoint compact obstacles 2 ; placed in R3 (see Figure 1). Removing these obstacles
from R? results in a noncompact open domain M = R3\ Q with Lipschitz boundary 3. We will assume
throughout that M is connected. It will also be convenient to introduce X = R3\ Q= M UQ.

On the boundary, one has well-defined anisotropic Sobolev spaces H ~172(Div, 92) (see Section 2)
and the Maxwell electric field operator £, is a bounded operator H~!/2(Div, Q) — H~/?(Div, %)
(see Section 6). This can be done for each object separately, and one can assemble the individual
parts Ex,agj : H='2(Div, 0Q2;) — H~'/2(Div, 0€2;) into an operator Lp ; = @j-v:l ,C)hagj acting on
H~'2(Div, 9Q).
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Figure 1. A Lipschitz domain 2 consisting of four connected components 2, 2, 23, Q4.

Theorem 1.1. The operator EAEB}/\ is well defined and a trace-class perturbation of the identity for
any complex ) with Im A > 0. It therefore has a well-defined Fredholm determinant det([ﬂ;\ﬁg})\) on the
space H~'/?(Div, 3Q). Let § be the minimal distance between separate objects. Then, for any 0 < §' < 8,
the function

E (1) = logdet(£:Lp)).

where the branch of the logarithm has been fixed by continuity, extends to a holomorphic function in a
neighbourhood of the closed upper half-space, and it satisfies the bound

[EQ)| < Ce™¥m
for A in any sector about the positive imaginary axis of angle strictly less than 7.

We note that the operators C;l and EB?A have singularities at 0, and it is due to a variety of cancellations
that the quotient is regular at 0, in particular when the objects have nontrivial topology. Our proof is
based on a careful analysis of these singularities.

Before we formulate the trace formula, we need to define a large class of functions to which it applies.
These will be analytic functions in certain sectors, and we start by describing these sectors. Assume
0 <€ <m, and let G, be the open sector

GSe={zeClz#0, arg(z)| <€}

containing the real axis (see Figure 2). Associated to these we define the following spaces of functions.
The space & will be defined by

& ={f:6,— C| f is holomorphic in &, Ja > 0, Vey > 0, | f(z)| = O(|z|%e1h}.
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Figure 2. The sectors &, D, and the corresponding contours.

We define the space P, as the set of functions in & whose restriction to [0, 00) is polynomially bounded
and that extend continuously to the boundary of &, in the logarithmic cover of the complex plane.
Reference to the logarithmic cover of the complex plane is only needed in the case € = 7. In this case
functions in P, are required to have continuous limits from above and below on the negative real axis.
We do not however require that these limits coincide. The space P, contains, in particular, f(z) = z%,
a>0,forany 0 <€ <.

When working with the Laplace operator, it is often convenient to change variables and use A2 as a
spectral parameter, and in the context of Maxwell theory it turns out to be beneficial to introduce an extra
172 factor. For notational brevity we therefore introduce another class of functions as follows.

Definition 1.2. The space P, is defined to be the space of functions f such that f (1) = A~2g(A?) for
some g € P.. In particular, f(A) = O(A?) for some a > —2 near A = 0.

Generally, the operator A, decomposes into a direct sum of unbounded operators A =0Hds B 5 d
under the weak Hodge—Helmholtz decomposition (see Section 4, (9)), and we have

F((=Are) ) curl curl = F((—Aw)/?)8d = F((8d)/*)sd

for any Borel function f. From this we have that, for a function f € Pe, the unbounded operator
f((—Ae)/?) curl curl contains Coo (X, C?) in its domain. Indeed, for ¥ € Co (X, C3) and k € N large
enough, we have the factorisation f((8 d)!/2)8 d=h((8 d)!/?)(8 d+1)*y, where (8 d+1)*y € C°(X, C3)
and the function 2(A) = (1 4+ A?)*A2 (1) is bounded on the real line.

For 0 < € < 7, we also define the contours I'¢ in the complex plane as the boundary curves of the
sectors &,. In the case € = m, the contour is defined as a contour in the logarithmic cover of the complex
plane. We also let lzé /2 be the corresponding contour after the change of variables, i.e., the preimage in
the upper half-space under the map z — z2 of I'c (see Figure 2).

For f € 736, we define the relative operator

Drel f = f((—Are)Pcurl curl — £((—Agree) /%) curl curl
N

=Y (U= ) P)curl curl — f((—Agee) /%) curl curl),
j=1
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where f (L) = g(1?). Similarly,

Daps. = f((—Aaps)/?)curl curl — f((—Agree)/?) curl curl
N

=D (FU=Ajaps) P)curl curl = f (= Agee) ') curl curl)
j=1

=curl f((—Are)?)curl — curl f((—Agee)'/?) curl

N
- Z(curl FU(=Aj ) Pcurl — curl f((—Agee)'/?) curl).
j=l1
Since these operators contain C§°(X, C?) in their domain, they are densely defined.

We refer to taking these differences as the relative setting, indicating that this compares interacting
quantities to noninteracting ones. It is unfortunate that the word relative is also used to denote the relative
boundary conditions. We alert the reader that these two uses of the word relative are unrelated, but to
avoid confusion we have used the symbol D for “difference” to denote relative objects.

Our main result reads as follows.

Theorem 1.3. If f € 7~7€, then operators Dy f and Dqys, ¢ extend to trace-class operators L*(R3,C% —
L2(R3, C?), and
i

tr(Drel,f) = tr(Dabs,f) = 7

=09 2
| B0,

where the contour ¢ 2 is the clockwise-oriented boundary of a sector that includes the imaginary axis.

We would like to mention that expressions formally similar to the relative trace-formula have appeared
in the context of multichannel scattering theory and were introduced by Buslaev and Merkur’ ev [1969]
(see also [Vasy and Wang 2002]) to prove Birman—Krein-type formulae. In this context, the test function f
is still required to decay sufficiently fast.

An interesting application of the relative trace is that it allows one to define a relative zeta function,

namely,
1
() =u(Dp). M) =757

for Res < 0. As a consequence of Theorem 1.3, this relative zeta function then satisfies
2s . o —25—1
Ip(s) = = sin(rrs) A E(@{A) dA.
0

This formula allows for a meromorphic continuation of {p with poles of order at most one and residues
related to the Taylor coefficients of E(iA) at 0. These coefficients are interesting in their own right and
will be investigated elsewhere. In the special case when f(A) = 1/A, this gives the expression

1 1 [ .
—tr(Cg+Cpqg) = — Z (1) da
4 2w J

for the Casimir energy.
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Under our more general assumptions on f, the operators

Brel,y = f((—Are)/Hcurl curl — f((=Apree)''?) curl curl, 2)

Bas, ;= f((—=Aabs)/H)curl curl — f((=Agree)'/?) curl curl 3)
are not trace-class. One has however the following theorem about the smoothness and integrability
properties of their integral kernels.

Theorem 1.4. Let By be either By, r, defined by (2), or By, ¢, defined by (3). Then By has an integral
kernel k € C*°(X x X, Mat(3, C)), which is smooth away from the boundary. If Qo C X has positive
distance to the boundary 92 and pq, is the orthogonal projection L2(R3, C?) — L%(Q, C3), then
Py Brpa, extends to a trace-class operator with trace equal to the convergent integral

/ tr(x (x, x)) dx.
Qo

If f(z) = 0(z|*) for|z| < 1, we have for large |x| the estimate

e, 001 = Cr
1.2. Discussion. The theorems presented here are the Maxwell analogue of [Hanisch et al. 2022], where
a similar statement was proved for the scalar Laplacian in the case of smooth boundary. The Maxwell
system on a Lipschitz domain is different in several regards and introduces challenges that are absent in
the scalar case:

o Maxwell’s equations arise from an abelian gauge theory, and the gauge freedom results in the loss
of ellipticity of the equations for the electromagnetic field. On the analysis side, this manifests itself
as the equations taking place on the space of divergence-free vector fields rather than the space of
sections of the vector bundle. This can however be fixed by considering the spectral decomposition of the
Laplace operator and then employing the Helmholtz—Hodge decomposition to project onto the subspace
of divergence-free vector fields. Projecting works well in cases with and without boundary as long as
the geometric configuration is fixed. The projector constructed from the Helmholtz decomposition is
roughly of the form —A~'8§d = —A~! curl curl, and it involves the nonlocal functional calculus of the
Laplace operator. It therefore depends on the geometric configuration and also the boundary conditions
imposed on the Laplace operator. This makes it much harder to directly apply scattering theory which
requires an identification of the involved Hilbert spaces. The same problem appears in the context of
the Birman—Krein formula in electromagnetic scattering. We have proved a variant of the Birman—Krein
formula in [Strohmaier and Waters 2022] and we will follow the same formulation here.

 Unlike the Dirichlet-Laplacian, the Laplace operator on the space of vector fields with relative boundary
conditions has a nontrivial kernel in the exterior domain. This leads to singularities of the resolvent
near 0 and manifests itself in the presence of singularities of the boundary layer operators. Additional
singularities of the boundary layer operators appear if the obstacles have nontrivial topology, which we
do not exclude. To overcome this, we carefully analyse the singularities of various Maxwell boundary
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layer operators at 0, and we show that there are various cancellations that render a final result without
singularities.

» An additional complication arises in this paper since we are considering Lipschitz domains instead
of smooth ones. This requires more sophisticated harmonic analysis techniques. We rely here on a lot
of progress in this subject that has been made during the past several decades, in particular with the
identification of the appropriate function spaces.

As explained, the spectral theory of Ay and Ayps determines the Maxwell system. Suitably interpreted,
the curl operator intertwines these two operators in the sense that curl Ayps = A curl. In the interior,
the relative Laplacian on a suitable closed subspace consisting of divergence-free vector fields has the
Maxwell eigenvalues as its spectrum, and the eigenfunctions describe modes of photons that are confined
to 2. The exterior relative Laplacian on a suitable closed subspace of divergence-free vector fields
describes the scattering of electromagnetic waves or photons by the obstacles €2. The functional calculus
on A on this subspace can be understood in terms of the operators f(Ay) curl curl. The following
Birman—Krein formula has been proved.

1.3. Relation to the Birman—Krein formula. In the case that f is an even Schwartz function, we have
that
(curl curl (f (= Are)'?) = £ (= Atree) 7))

is trace-class, and its trace can be computed by the Birman—Krein-type formula

0

tr(curl curl (£ (= Au)'2) = £ (—Apee) ) = 5= / RS SO Aty f (ujus.
j=1

where §), is the scattering matrix for the Maxwell equation and p; are the Maxwell eigenvalues of the
interior. As a consequence of this formula,

1 o0 det S d .,
D= ——— | 1 L2 ro) da,
* Drel.1 Zm/o °8 Get(S10) - -det(syy a1 M)

which is valid only under very restrictive assumptions on f. The same formula and statements hold for
absolute instead of relative boundary conditions.

In the motivating example, one cannot use this formula. It would require f(A) = 1/A, which does
not satisfy the assumptions of the Birman—Krein formula. In fact it can be shown that the integrand on
the right-hand side is not integrable in that case. One has however the following relation between the
function E and the scattering matrices.

Theorem 1.5. We have
1

det S - -
0g =—(EQ) —E(=A)
det(SM) ce det(SN,,\)
for A e R
This theorem reflects the relation between the spectral shift function and zeta regularised determinants
as discovered by Carron [2002, Theorem 1.3], generalising a formula by Gesztesy and Simon [1996,

Theorem 1.1].
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1.4. Organisation of the paper. The paper is organised as follows. Sections 2- 6 provide the required
theoretical background for the paper and consist of essentially known material. Section 2 sets up the
basic function spaces needed for boundary layer theory on Lipschitz domains. Section 3 summarises
the spectral properties of the interior relative and absolute Laplace operators, and Section 4 reviews the
scattering theory for the relative and absolute Laplacians on the exterior. Both are combined into one
operator in Section 5. In this section we also discuss the Birman—Krein formula in the context of our
setting. Section 6 introduces the basic Maxwell boundary layer operators and their properties.

The basic estimates and expansions for the layer potential operators needed for the proofs are covered
in Section 7. This section is presented independently of the main results as its content is interesting in its
own right. It covers various aspects of low-energy expansions for the electric and magnetic boundary layer
operators and inverses. Section 8 gives formulae of the resolvent differences in terms of layer potential
operators and thereby provides estimates for these differences. Such formulae are sometimes referred
to as Krein-type resolvent formulae, and this section provides a Maxwell analogue of these. Sections 9
and 10 take on the main subject of this paper, namely function E, the relative resolvent, and its trace.
Section 11 finally contains the proofs of the main theorems.

2. Function spaces on Lipschitz domains

Since €2 is a Lipschitz domain, we have, by Rademacher’s theorem, an almost everywhere defined exterior
unit vector field v € L® (32, R*). We will use the following spaces that now are standard in Maxwell
theory:

e H(curl, M) ={f € L>(M, C?) | curl f € L>(M, C3?)}.

o H(div, M) ={f e L*(M, C?) | div f € L>(M)}.
« L2,(3Q) = (f € LX(32,C) |v- f =0 ae. on Q).

« H'2(Div, 3Q), H~'/?(Curl, 3Q).

« H™'/2(Div0, 8Q), H~/2(Curl0, Q).
These spaces were introduced in [Buffa et al. 2002] and provide a convenient framework for dealing with
Maxwell’s equations on Lipschitz domains. We refer to the Appendix of [Kirsch and Hettlich 2015] for
an extensive discussion, and we only summarise the basic properties.

In the case that 92 is smooth, we have

H™'2(Div, Q) = {f € H~2(32; TaQ) | Div f € H~2(0Q)},
H™Y2(Curl, 9Q) = {f € H 23 ToQ) | Curl f € H™'?(39)},
H™'2(Div0, dQ) = {f € HY?(0Q; T) | Div f =0},
H™'2(Curl0, 9Q) = {f € H~2(3K2; T9R) | Curl f =0},
where Div is the surface divergence on 92 and Curl is the surface curl. On a general Lipschitz domain, this

can be defined via Lipschitz coordinate charts, thus locally reducing it to the smooth case. Note that the
spaces Hj, C([Rid) are invariant under bi-Lipschitz maps if |s| < 1. We refer to [Kirsch and Hettlich 2015]
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for a detailed discussion of the definition via coordinate charts. We also have the corresponding spaces
for the interior domains. Namely we have

H(curl, Q) = {f € L*(Q, C%) | curl f € L*(2, C?)},
H(div, Q) ={f € L>(Q, C) | div f € L*(Q)}.
On H (curl, M), there are two distinguished and well-defined continuous trace maps

yr.— : H(curl, M) — H~Y?(Curl, 8Q),
Yi.— : H(curl, M) — H~'?(Div, 3Q),

which continuously extend the maps f +— (v X flsq) X v and f — (v X f|sq), respectively, defined
on Co(M, C3). Note that, for x € 3R such that v, is defined, the map v — (v, X v) X vy is the orthogonal
projection onto the tangent space of 92 at x. Similarly, we have the map

Yot H(div, M) — H™2(3Q)

continuously extending the normal restriction map f +— v - f|sq. On the interior domain €2, we have the
analogous maps

yr.+: H(eurl, Q) — H~V?(Curl, 9Q),

Vit H(curl, Q) — H~'?(Div, 39),

Yor t H(div, Q) — H2(8Q).

There is a well-defined dual pairing between H ~12(Curl, 8Q) and H'/2(Div, 9Q) that extends the
L2-inner product on H'/2(dQ) N L2 (3K2). We will denote this pairing by (-, - )L2(50)» irTEspective of
the Sobolev order and mildly abusing notation. The map ¢ — v x ¢ extends to a continuous isomorphism
from H~/2(Div, 92) to H~'/?>(Curl, 3$2) and vice versa. Moreover, the L2-pairing induces an antilinear
isomorphism between H ~1/2(Div, 9Q2) and H~'/?(Curl, 8Q) (see, for example, [Kirsch and Hettlich
2015, Lemma 5.61] for both statements). In other words, the antisymmetric bilinear form (-, v X -) on
H~Y2(Div, Q) is nondegenerate. Note here that, since v € L>(9€2, R3), it is not immediately obvious
that it is defined as a map between Sobolev spaces.

We recall Stokes’ theorem for ¢, E € H (curl, Q2):

Vi, +E, yr+®) 2090 = (Curl E, @) 12y — (E, curl @) 12q), “4)
(curlcurl E, @) 12y — (E, curlcurl @) 12y = (Vs + Curl E, yr 1. @) 1290) + (Ve +-E, 1.+ curl @) 250

As before, we slightly abuse notation and write (-, - ) 12(q) for pairings extending the L?-inner product.
We define Hy(curl, M) and Hy(div, M) as the kernels of y; _ and y, _, respectively. These spaces play a
similar role to the Sobolev space of functions HO1 (M), which can also be characterised as the kernel of
the trace map y : HY (M) — H'?(3M). The spaces Hy(curl, 2) and Hy(div, 2), as well as H(} (€2), are
defined analogously.

If there is no danger of confusion, we will omit the &£ and simply write y; and y,, respectively.

We also have surface divergence Div and surface curl Curl. They satisfy

Divoy, y = —y, 4+ ocurl. 5
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3. Laplace operators on the interior domain

3.1. The relative Laplacian. The operator
curlypin = curl | gy eurl.) : Ho(curl, Q) — L*(Q, C?)

is a closed densely defined operator. It coincides with the closure of the operator curl on the space of
compactly supported smooth vector fields on €2 [Kirsch and Hettlich 2015, Theorem 5.25] and therefore
equals the minimal closed extension of curl.

Its adjoint is the maximal extension, i.e., the closed operator

curlpax : H(curl, Q) — LZ(Q, C3). (6)

For any closed densely defined operator A, the operator A*A is automatically self-adjoint. If in addition
rg(A) C ker(A), then A*A + AA* is self-adjoint if it is densely defined; see for example [Strohmaier and
Waters 2022, Section 2]. It follows that curlax curly, with domain

{f € Hy(curl, 2) | curl f € H(curl, 2)}

is a nonnegative self-adjoint operator. Similarly, diviay : H (div, Q) — L%(Q) is a closed operator with
adjoint —grad,;, : HO1 () — L?(2). Therefore, the operator —grad,;, divpax 1S a nonnegative self-adjoint

operator with domain
{f € H(div, ) | div f € Hp(2)}.

Their sum Ag re] = curlpax curlpin — grad,;, divmax is again self-adjoint and has domain
{f € H(div, Q) N Hy(curl, Q) | div f € Hy(2), curl f € H(curl, Q)},

and on this domain —Agq e is given by curl curl — grad div. The implied boundary conditions of this
operator are the so-called relative boundary conditions

Yo+ (f) =0, div flae=0.

In the case of smooth boundary, the form domain of the interior relative Laplace operator is contained
in H'(2, C?). In the more general Lipschitz case this is no longer true, but it is known that the form
domain is contained in H'/2($2, C3); see [Costabel 1990, Theorem 2] and also [Mitrea and Mitrea 2002].
This is compactly embedded in L?($2, C?), and therefore the interior relative Laplace operator has purely
discrete spectrum. We have the classical Hodge—Helmholtz decomposition

L*(Q) =1 (Q) ®rg(grad,,;,) ® rg(curlpay)

into an orthogonal direct sum. Here HU(Q) = ker(Agq re1) is the finite-dimensional space of harmonic
vector fields satisfying the relative boundary conditions. We will see in Section 3.3 that in fact the
assumption that M is connected implies that 7' () = {0}.
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We now describe the spectrum of the relative Laplace operator. On 2 we can choose an orthonormal
basis (v;) of Dirichlet eigenfunctions v; in the domain of the Dirichlet Laplacian with eigenvalues A?:

—Av; =1} jvj. Ap; >0, vje{veHy(Q,C)|Vve H(div, Q).

We have A; — o0, and we arrange the eigenfunctions such that A; /" oo. Then (1/1;)Vv; form an

orthonormal basis of eigenfunctions in rg(grad, ;) of —Agq with eigenvalues )\3. One has the usual Weyl

min |
law for Lipschitz domains which can easily be inferred from the Weyl law for smooth domains using

domain monotonicity and an approximation by smooth domains:
62 \'/?
)\.D k™ kl/S, k — o0.
’ Vol(€2)

The space rg(curlyax) on the other hand is the closure of the subspace spanned by ¢;, where (¢;) is an

orthonormal basis in ker(divma) C L2($2, C3) satisfying the eigenvalue equation

—Ag ;= Wi, dive; =0,

with boundary condition y; (¢ ;) =0. Therefore 0 is not an eigenvalue. The numbers p ; > 0 are the Maxwell
eigenvalues, and we again assume these are arranged such that 1 ; ' 0o. The Maxwell eigenvalues are
known to satisfy a Weyl law (see [Birman and Solomyak 1987] for Lipschitz domains, but also [Filonov
2013] and references for a general statement in arbitrary dimension):

372 \'/?
Mk ™~ k1/3, k — o0.
Vol(Q)

The family (¢;) ;>0 then forms an orthonormal basis in rg(curlmax) consisting of eigenfunctions of —Agq rel

with nonzero eigenvalues u3 Summarising, there is an orthonormal basis of eigenfunctions Ag r of the
form

1 :
{)\—jgradvj | jeNjulgs ;> o
where v; are the Dirichlet eigenfunctions and ¢; the Maxwell eigenfunctions with Maxwell eigenvalues 1 ;.

3.2. The absolute Laplacian. It will also be convenient to consider another operator Ag aps, Which is
defined by
—Agq . abs = curlpip curlyax — grad,, diviin,
with domain
{f € Ho(div, Q)N H(curl, Q) | div f € HI(SZ), curl f € Hy(curl, Q)}.

Again, it is known that the form domain is contained in H 172(Q, C3) [Costabel 1990, Theorem 2]
and the domain is therefore compactly embedded into L>($2, C?). In the same way as for the relative
Laplacian, there is an explicit description of the spectrum which we now give. Let (u;) be an orthonormal
basis consisting of eigenfunctions of the Neumann Laplacian with eigenvalues Ay ;. Hence

—Auj=Ay uj,  hujlse=0, wuje{ueH (Q)|Vue H;(div, Q)}.

Then the functions (1/Ay, ;)Vu; form an orthonormal set consisting of eigenfunctions of Agq aps.
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We can construct another orthogonal set (¥;) from the Maxwell eigenfunctions ¢; of the relative
Laplace operator by defining

1
= —curlg;.
v " o

Since the spectrum is discrete, standard Hodge theory applies for the absolute Laplacian, and we obtain
an orthogonal decomposition

LXQ.CH=H. (@& span{ﬁ grad uj} @ span{y/;},
.

where H;bs(Q) = ker Aq abs- Unlike in the case of the relative Laplace operator, this space is in general
nontrivial. We will in the following choose an orthonormal basis (1 )k, where 1 <k < dim(Hébs(Q)).
Therefore an orthonormal basis in L2($2, C?) consisting of eigenfunctions of the absolute Laplacian is

(o |1 <k = dim(Hy @)} U | —Vu; | jeNfuw; 1 en.
N.j

3.3. Relation to singular and de Rham cohomology groups. Since € is an oriented smooth manifold,
we have, by de Rham’s theorem, a natural isomorphism identifying HJ (€2, C) with Hs‘i’ng(Q, C) =
HS’fng(Q, Z) @z C. Hodge theory is also applicable for Lipschitz domains in the sense that the natural
map from ker Ag aps to the first de Rham cohomology group H;R(Q, C) is an isomorphism. This can
for example be inferred from the statement of [Mitrea et al. 2001, Theorems 11.1 and 11.2] together
with the universal coefficient theorem and de Rham’s theorem. This theorem also applies to the absolute
Laplacian on 2-forms as defined in [Mitrea et al. 2001]. Since this operator is obtained by conjugation
of the relative Laplacian on 1-forms with the Hodge star operator %, we therefore have that x ker Aq rej
is isomorphic to HdZR(Q, C). Because the inner product is nondegenerate on these spaces, we have the

following nondegenerate dual pairing

Ker At X (ker Agra) = C, (fi, f2) > / finfo.
Q

We also have, as a consequence of Poincaré duality, the nondegenerate dual pairing
Hlw(@.0) x Hy(@. € > €. (i for> [ fins
Q

This establishes an isomorphism ker Ag e — Hc{ ar (82, ©), which relates the harmonic forms to the
de Rham cohomology groups with compact support. Since elements in ker Ag re] are not compactly
supported, this map is defined indirectly by duality.

Our assumptions imply that in fact Hcl’ ar (€2, ©) is trivial and therefore ker Aq ] = {0}. This reflects
the observation that a domain with connected exterior cannot have homologically nontrivial 2-cycles
(inclusions).

Lemma 3.1. Let U be an open C°-domain with compact closure in R with d > 2 such that R4 \ U is
connected. Then Hcl’ wrWU) ={0}.
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Proof. Let o be a smooth closed 1-form with compact support in U. By the Poincaré lemma, there
is a smooth function f : R? - R with « = df. Since f is locally constant in the complement of the
support of , it must be constant in R? \ U, as this set was assumed to be connected. By continuity, f is
constant in R? \ U and, since locally constant, it is constant in a neighbourhood of R? \ U. It follows that
f — c is compactly supported in U. Since a = d(f — c), the class « vanishes Hcl, r(U), and therefore
H! x(U) ={0}. O

4. Laplace operators on the exterior domain
As in the interior case, the operator
curlmin = curl | gy curl, i) : Ho(curl, M) — LZ(M , [23)
is a closed densely defined operator with adjoint
curlpay @ H (curl, M) —> L*(M, C?).
It follows that curly,x curly,, with domain
{f € Ho(curl, M) | curl f € H(curl, M)}

is a nonnegative self-adjoint operator. Similarly, divigax : H(div, M) — L?>(M) is a closed operator
with adjoint —grad,;, : HO1 (M) — L*(M). Therefore, the operator —grad,;, diviax iS a nonnegative
self-adjoint operator with domain

{f e H(div, M) | div f € Hy(M)}.

Their sum —A s re] = curlpax curlyin — grad, i, divmax then has domain

min
{f € H(div, M) N\ Hy(curl, M) | div f € Hy(M), curl f € H(curl, M)}.

The implied boundary conditions are the exterior relative boundary conditions

yt,f(f):(), lef|dQ:O

The spectrum of the operator Ay 1] consists of a finite multiplicity eigenvalue at 0 and a purely absolutely
continuous part. This is the consequence of the finite-type meromorphic continuation of the resolvent and
Rellich’s theorem. We have described this in detail in [Strohmaier and Waters 2020] for smooth domains,
but this part of the paper carries over to Lipschitz domains without change; see [Strohmaier and Waters
2022] for a discussion of this point. The absolutely continuous part of the spectrum can be described well
by stationary scattering theory. For each ® € C*(S?, C?) and A > 0, there exists a unique generalised
eigenfunction E, (®) € C*°(M, Cc satisfying the boundary conditions of Ay r| near 92 such that

(—A =A%) E(®) =0, (7)
— ei)Lr

iir
€
(I) —
r

E;, (®) =

v, (®)+ 0 (iz) for r — oo ®)
r r
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uniformly in the angular variables on the sphere for some W, (®) € C *(S2, C3). The expansion (8) may
be differentiated; see Proposition 2.6 and Appendix E in [Strohmaier and Waters 2020] for a justification.
Here, satisfying the boundary conditions near <2 means that y £, (®) € dom(A,,) for any compactly
supported smooth x on M such that x = 1 near 9€2.

The above implicitly defines the scattering matrix as a map S, C(S?, C3) — C™®(S%, C3) by
U, () = 185, ®@, where 7 : C®(S?; C3) — C®(S?%; C3) is the pullback of the antipodal map. It extends
continuously as S, : L?*(S?, C%) — L?(S?, C%). The map A, =S, —id is called the scattering amplitude.
We have the equations

curl curl E; (®) = A E,(r x ® xr), div E;(®) = —irE)(r- @),

where r is the radius vector, i.e., the outward-pointing unit vector on the sphere. Here Eg(r - ®) is the
generalised eigenfunction for the exterior Dirichlet problem on scalar-valued functions defined in an
analogous way; see Proposition 4.7 in [Strohmaier and Waters 2022]. In particular this means that in the
case that @ is purely tangential, r - ® = 0, the generalised eigenfunction is a solution of the stationary
Maxwell equation
curl curl E; () = A2 E; (®),
div E, (P) =

that satisfies the boundary conditions near d€2. These equations also imply that the scattering matrix is of

5 _(SP O
SA_(o SA)

if L2(S?%, CY) is decomposed into L*(S®>)r @ L2 _(S?, C3). Here L?
square-integrable vector fields on the sphere. The operator Sf is the scattering operator for scalar-valued

the form

(S?, C?) is the space of tangential

tan tan

functions with Dirichlet conditions imposed on 9€2, and S, is the Maxwell scattering operator, describing
the scattering of electromagnetic waves. Note that we have the weak Hodge—Helmholtz decomposition

LY(M) = HL, (M) @ rg(grad,;) @ rg(curlpgy), ©)

which holds very generally in the abstract context of Hilbert complexes [Briining and Lesch 1992]. The
first summand is the discrete spectral subspace, and the splitting of its orthogonal complement into the
last two subspaces corresponds to the above decomposition of the scattering matrix.

4.1. The exterior absolute Laplacian. In the same way as for the interior problem, there is also an
exterior absolute Laplacian Ay s defined by

— A abs = curlpip curlpa, — grad, ., divipip .

The spectrum of Ay aps consists of a finite multiplicity eigenvalue at O and an absolutely continuous part.
The absolutely continuous part is described by generalised eigenfunctions Eps 3 (P) which are related to
the generalised eigenfunctions E; (P) of the relative Laplacian by

Eapss(r x ®) = —i curl E; (®). (10)
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One checks easily that
(—Aprel —2%) 7 curl = curl(— Ay aps — A7) 7!

on the dense set of compactly supported smooth functions and, appropriately interpreted, extends by
continuity to a larger space. This will allow us to reduce to statements about the absolute Laplace operator
to statements about the relative Laplace operator. For the purposes of this paper, it will therefore not
be necessary to introduce separate notation for the spectral decomposition. For example, the scattering

~ SN0
S ="
abs, A < 0 Sabs,)»)

for the absolute Laplacian is defined by the expansion of Egps 3 (P). Here S){V is the scattering matrix for

matrix

the Neumann Laplace operator on M acting on functions. We then have the equation

Sabs,1(8) =7 X S).(g xr) (11)

forge L2,

eigenfunctions, and (10).

(S?, C3). This follows by applying curl to the expansion (8), the uniqueness of the generalised

5. The combined relative operators and the Birman—Krein formula

In the following, it will be convenient to combine the operators A s e and Agq el into a single operator
acting on the Hilbert space L?(R3, C?). We have L2(R3, C3) = L2(M, C) @ L3(2, C?), and we define
the operator Arel := A rel B Agq rel. In contrast to this, we also have the free Laplace operator Age With
domain H?(R3, C3). Following the paper [Hanisch et al. 2022], on the relative trace we also define the
operator A o for each boundary component €2;. This will correspond to the operator A when all the
other boundary components are absent, i.e., when 2 = ;. As in [Hanisch et al. 2022], we would like
to consider an analogue of the relative trace for the Laplace operator acting on divergence-free vector
fields. In this section we assume that f € S(R) is an even Schwartz function, but later on we will focus
on another function class. We would like to compute the relative trace

N
tr(curl curl (f((—Areo”z) — [(—Aee) %) — (Z (=D e)'?) - f((—AfreeWz))))
j=1

N
= tr(curl curl(f((—Areo“z) = F(=Aje) )+ (N — 1>f<<—Afree>“2>>>,

Jj=1

which is the trace of the operator

N
Dyt = curl curl(f((—Arel)”Z) — [(—Apee)'?) - (Z f=Aj ') — f((—Afree)”z))).

j=1
We have the following Birman—Krein-type formula, proved recently in [Strohmaier and Waters 2022]
and its simple consequence for the relative trace.
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Theorem 5.1 [Strohmaier and Waters 2022, Theorem 1.5]. Let f € C5°(R) be an even function. Then the
operator
curlcurl(f (= Are) ') = f(—Atee) /)

extends to a trace-class operator on L*(R3, C3), and its trace equals

tr(curl curl (£ (= Aa)') = F(—Ajee) V) = 5= /0 (ST S dA+ Y f ().
j=I1

Moreover, o
(D) = — /0 Ep()(F ()22 da,

where
1 1 det S

A= :
o) = 2 108 Gas ) detS )

A similar statement holds for the absolute Laplacian. Using (11) and

curl £((—Awe)'?) = £((—Aus)'/?) curl

one obtains
tr(eurl(f ((— A"’ = £ ((— Agee) /?) curl) = tr(curl curl (£ ((— Aaps)'7?) — £ ((— Agee) /?))
= tr(curl curl (f (= Ar)'?) = (= Atree) %))

Y ey =
— o | s s > 1

The Birman—Krein formula can be proved for a slightly larger function class than the space of even
Schwartz functions, but nondecaying functions are not admissible. The rest of the paper is devoted to
dealing with exactly the trace-class properties of Dy when f is in a different function class that contains
possibly growing functions.

6. Maxwell boundary layer operators

Maxwell boundary layer theory for Lipschitz domains is a well-developed subject in mathematics, and
in this section we summarise the material that we are going to need. The distributional kernel of the
resolvent of the operator (—Afree — 22)~1 is called the Green’s function and in dimension three is given

explicitly by -
1 elrlx—y

Gk,free(x» y) = E x—y] .

(12)

Note that this kernel is holomorphic at 0. As usual we define the single layer potential operator Sy
H™2(0Q) — H\ (R%) by
Si = (—Afree — )\2)_17/*-

This is defined for any A € C and a holomorphic family of operators. The single layer operator is defined
by taking the trace S, = y+§ 2 = V4+(—Afree — 22~ y*. The interior trace y and the exterior trace y_
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coincide on the range of S, and therefore we could also have used y_ to define this operator. The
operator S, is a holomorphic family of maps H~'/2(32) — H'/2(3S2). Both operators S, and S, act
componentwise on H~1/2(3Q2, C?) and define maps to H,. (R, C?) and H~'/2(3Q2, C3), respectively.
We will distinguish this notationally from the map on functions.

We will also need the double layer operator K, and its transpose (complex conjugate-adjoint) K}. The
latter is given by

Kiu =3 (v VoSu + y-_V,Suu)

and defines a continuous map K} : H “120Q) - H™V2Q). Its transpose C, therefore defines a
continuous map K, : H'/2(dQ) — H'/2(dQ). The following jump relations are characteristic:

YeSu =y_Spu, y£VySu= (:F% + K} )u.
We have the following representation formulae for divergence-free solutions ¢ € H(curl, M) &
H (curl, ©2) of the vector-valued Helmholtz equation
(A =2 =0, divg=0
by single layer potential operators:

¢ |y = —curl g,\(y,,,qb) + ng()/v’,qb) - gk(y,’, curl ¢) (13)
and likewise

Pla = —curl S, (yi1+0) + VS (yv.+0) — S (yi.4 curl §); (14)

see Corollary 3.3 in [Mitrea et al. 1997]
In Maxwell theory one defines additional layer potential operators as follows. Let L be the distribution
defined by

L;(x,y) = curl, curl, GA,free(x, y).

This is the kernel of the operator (—Afee — 22~ Leurl curl = curl curl(—Agee — A2) 7L Tt is again
holomorphic at A = 0 as a kernel. The corresponding operator L, is related to the operator

(A2 + grad div) (— Agree — A2) 71,

whose distributional integral kernel equals the so-called dyadic Green’s function

Ky (x,y) = (A\* + grad divx)lM
’ ! 4 |x —y|’

which is more commonly used in computational electrodynamics. However, we also have the equality

Ly(x,y)—Ku(x,y) =8(x—y);

hence the kernels agree outside the diagonal. We define now the Maxwell single layer potential operator
foru € H/2(0Q, C*) N L2, (3R) as

tan

ws Lo, (B (x) = / Ly (x, yu(y) dy = / Ko (e, y)u(y) dy.
Q2 IR
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Therefore this can also be written as £, u = curl curl Su. Similarly one defines the Maxwell magnetic
layer potential operator M;, as Myu = curl S,u. For all A € C, these maps extend continuously to maps
as follows:

Ly : H™'2(Div, Q) — Hiee(curl, M) @ Hioc(curl, ),

M, : HV2(Div, 0Q) — Hioe(curl, M) @ Hioc(curl, Q).

It will be convenient to distinguish notationally between the exterior part ./Vl_, » and the interior part /\7l+, A
of M ». The boundedness of these maps is established in [Kirsch and Hettlich 2015] for ImA > 0, A # 0,
but these maps extend to holomorphic families on the entire complex plane as we will see later.

The Maxwell single layer operator L, is then defined for all A € C as a map

Ly H'2(Div, Q) > H™'*(Div, dQ), ur> yLs

and is a holomorphic family of bounded operators on H ~!/?(Div, Q) in A. With respect to the above
splitting, we then have

My, = /Cl—,x 5] /\7l+,x-
One defines the magnetic dipole operator M, for all A € C by
M, H'2(Div, 9Q) — H™'2(Div, 8Q), M = (M + vMy).

By [Kirsch and Hettlich 2015, Theorem 5.52], this is a family of bounded operators on the space
H~'2(Div, 9Q) when Im & > 0. If u = Ma = curl S,a then we have the jump conditions

Vi £U =:F%a+/\/l)\a, vixcurlu =La. (15)
Moreover, the operator L ,a can be written as
Lia=VS8, Diva+22Sa, ae H '*Div, 9Q). (16)

We refer to [Kirsch and Hettlich 2015, Theorem 5.4] for both statements.

If Im A > 0 is nonzero then there exists a unique solution of the exterior boundary value problem for
every Ae H —1/2(Div, 9K2), which satisfies the Silver—Miiller radiation condition [Kirsch and Hettlich
2015, Theorem 5.64]. For the interior problem there exists a similar statement. If A € C\ {0} is not a
Maxwell eigenvalue then there exists a unique solution of the interior boundary value problem for every
A € H-'2(Div, 3Q). In both cases, if A # 0 the solution can be written as a boundary layer potential of

the form

E(x) = (La)(x) = curl®(a, G, (x, - ))sq, H(x):icﬂE, X ¢0Q, (17)

with the density a € H ~1/2(Div, 92), which satisfies £,a = A; see again Theorem 5.60 in [Kirsch and
Hettlich 2015].

The space of boundary data (y;(E), y;(H)) of solutions of Maxwell’s equations is described by the
Calderon projector. To describe this we first observe that, given a, b € H —172 (Div, 0€2), we obtain for
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any nonzero A a solution of the interior Maxwell’s equation E, H € H (curl, 2) given by
E = —./\’;lka + ,lZ)Lb, H = —./\’;l)tb — .LZ,\a,
A A

and therefore, using (15), the boundary data (y;(E), y;(H)) is described as

(ME)):G—MA Lo )(a)
i (H) —do LM ) \p)-

By the Stratton—Chu representation formula [Kirsch and Hettlich 2015, Theorem 5.49], we have that
if (E, H) solves Maxwell’s equations then £ and H can be recovered from the boundary data as

~ 1 ~ ~ 1 ~
E=-M(\E)+ KEA(VIH)a H=-M;(y:H)— ﬁﬁx(VtE)-

Hence the operator

1 1

>—M;, =L
P+ — (2 I i ir )

—ﬁﬁx z—_/\/l)L

acting on H~1/2(Div, 3Q) @ H~!/?(Div, dQ) is a projection onto the space of boundary data of solutions
of Maxwell’s equation in H (curl, £2) @ H (curl, €2). This map is called the interior Calderon projector. In
the same way, the exterior Calderon projector P_ acting on H~'/2(Div, Q) @& H~'/?(Div, dR) is given

by
1 1
aﬁ}\ §+MA

It projects onto the space of boundary data of solutions of Maxwell’s equation in H (curl, 2) @ H (curl, €2)
when Im A > 0 and more generally solutions satisfying a radiation condition for nonzero real A. As usual
one has P, + P_ =id.

We now define the voltage-to-current mappings Ay : H~'/>(Div, Q) — H~'/?(Div, 9Q) by

AY 1 y(E) = v (H), (18)

where £ and H are solutions to the interior and exterior boundary value problem for the Maxwell
system (1), respectively, whenever these solutions are unique. The graphs of A5 in H~'/?(Div, 9Q) @
H~'/2(Div, 8Q) are therefore by definition the ranges of the Calderon projectors P+. The voltage-to-
current maps are henceforth the Maxwell analogues of the interior and exterior Helmholtz Dirichlet-to-
Neumann maps.

The mapping A; is well defined for any A € C which is not a Maxwell eigenvalue or 0. The mapping
A is well defined for all nonzero A in the closed upper half-space. In this case these are bounded
operators on H~!/2(Div, 3Q2). We will see later that these operators extend meromorphically to the
complex plane. In anticipation of this we will not explicitly state the domains when dealing with algebraic
identities. As a consequence of the symmetry (E, H) — (H, —E) of the Maxwell system and the above
relations, one obtains the formulae

(AD)?=—id and L, =irAA}(F5+M;) = —ir(E] + M)A, (19)
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and as a consequence
—AT'L (A = A =id and L7 = -2 (=3 4+ M) (2 +My). (20)

These are also manifestations of the Calderon projector being a projection mapping, i.e., Pi = Py. We
refer to [Mitrea et al. 1997, Lemma 5.10] for these and more statements in the L2-setting. Notice that we
are using the opposite sign convention for S, than in [Mitrea et al. 1997].

For later reference and completeness we also state the following identities.

Lemma 6.1. For A € H™'/2(Div, 9Q) and f € H'/*(3R), we have

divS; A=3S, Div A, 1)
cutl S vf = =8, (v x V f), (22)
Div M; A = =321 - S, A — KE(Div A), (23)

W x VK f =220 x S, (vf) + M (v x Vf), (24)
(v x VKo f = Mo(v x V). (25)

These identities were for example proved in [Mitrea et al. 1997, Lemmas 4.2, 4.3, 4.4, and 5.11] in
slightly different function spaces containing the image of Cgo([R3, C?) under the tangential restriction
map y;. Since C(‘)’O([RR3, C?) is a dense subspace in H (curl, R%), the space y,Cé’O([R3, C?) is dense in
H~'2(Div, 32). Hence these equations extend by continuity to the claimed larger space if we use the
continuous mapping properties of the potential layer operators. We note here that the gradient V defines
a continuous map H'Y2(3Q) — H™'/2(Curl, 3Q) and the map v x V is continuous from H'20Q) —
H~'2(Div, Q).

Lemma 6.2. The map S;, satisfies S; = S;, where the adjoint is taken with respect to the L?-induced dual
pairing between H'2(0Q) and H~'2(3Q). In other words it is its own transpose: S/’{ = S;. We also
have (L (v x))* = L, (v X), Le., L is symmetric with respect to the bilinear form induced by (-, v x - ).

Proof. The symmetry of the operator S with respect to the real inner product are classical and follow from
the symmetry properties of the integral kernel. See for example Theorem 5.44 in [Kirsch and Hettlich
2015]. The statement about E}{ is Lemma 5.6.1 in [Kirsch and Hettlich 2015]. O

The following lemma is implicit in [Kirsch and Hettlich 2015].

Lemma 6.3. The operator :l:% + M, is for any ImA > O an isomorphism from H~'/?(Div, dQ) to
H~/2(Div, Q).

Proof. Assume that Im A > 0. It was shown in [Kirsch and Hettlich 2015, Theorem 5.52 (d)] that £,
is invertible modulo compact operators and therefore is a Fredholm operator of index 0. Moreover, by
[Kirsch and Hettlich 2015, Theorem 5.59], we know that £, is injective and hence invertible. Since Aic
are invertible, it follows from (19) that j:% 4+ M, is also. As usual the inverse is continuous by the open
mapping theorem. O

Invertibility of operators :I:% + M, on several other L”-spaces has been shown in the works of M. Mitrea
and D. Mitrea; see, for example, Theorem 4.1 in [Mitrea 1995].
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Proposition 6.4. The family :i:% + M, is a holomorphic family of Fredholm operators of index 0 from
H~12(Div, 9Q) to H~'/2(Div, 9Q). The derivative M, = d%M)\ is a continuous family of Hilbert—
Schmidt operators on H™/ 2(Div, 9Q2).

Proof. We will show that M, is complex-differentiable as a family of bounded operators H~!/?(Div, 3$2)
and its derivative is compact. The first part of the theorem then follows from

A
(£3 + M) — (&5 + M) :/ M, dp

and the proposition above. We have used here that Fredholm operators are stable under compact
perturbations; see, for example, Lemma 8.6 in [Shubin 1987]. It is therefore sufficient to show that M/x
exists and is Hilbert—Schmidt. First choose a compactly supported smooth cut-off function y supported
in (—2R, 2R) and which equals 1 on [—R, R] for sufficiently large R > 0. The integral kernel of /\f;liyk
is given by curl, e**=Y1/(47|x — y|). For x not far from 32, we can replace this by

eitlr—yl
x(lx — yD) curly ————.
4rlx —y|
Consider the Taylor expansion
eirtx—yl eimlx—yl elmlx—yl
x (Ix = y]) curly ————— = x(Jx — y|) curly ————+ x(|lx — y]) curly A=
4 |x =yl 4 |x =yl

+x(x = yDTo.(x — ) (A — p)?

with remainder term 7). This gives rise to an operator expansion
M= Me o+ A (00— 1) + B (. — ).
Here the operators A, and B, arise as compositions as
H™'2(Div, Q) 2 H-'U) 2255 gU(RY) — H(curl, M) L H™'2(Div, 9%),

where K 4 or Kp is the integral operator with kernel x (]x — y|) curl, ei“‘x_Y|/(4rr) or x(|Jx—yDTh(x —y),
respectively. Here U is a bounded open neighbourhood of 92. It is now sufficient to show that the
operators K 4 and K p are bounded as Hilbert—Schmidt operators. In view of Lemma A.3, we would like
to bound the H?(R? x R?)-norm of the kernels. Taking two derivatives gives in both cases an integrable
convolution kernel in L' (R?) and the H*(RY x R?)-norm is then, by Young’s inequality, bounded by the
L'-norm of this kernel. ]

Definition 6.5. The spaces BgEQ C H~'/2(Div, Q) of interior/exterior boundary data of absolute harmonic
forms are defined as

Bio={v+(@) | ¢ € Hy ()} and By = {r1,— (@) | ¢ € Hyp (M),

It is then obvious that BaQ = BBQI DD BJQN with respect to the decomposition

H™'?(Div, 9Q) = H~'*(Div, 9Q2)) @ - - - ® H™/*(Div, 9Qy).
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This is not true for the space B;,. The spaces B;Q are also known to be subspaces of L2(3$2, C?), see
[Mitrea et al. 2001, Theorem 11.2], but this will not be needed.

The following was announced by D. Mitrea [2000] in the context of L?-spaces, with p sufficiently
close to 2. It is a reflection of general Hodge theory for Lipschitz domains, and we restate and prove this
here for our choice of function spaces.

Proposition 6.6. We have
B, = ker(£3 + Mo) € H*(Div0, Q). (26)

Proof. We will prove this only for B;Q since the proof for B;,, when supplemented by Lemma 3.1, is
exactly the same. Suppose that u € ker(% + Mo), and define ¢ = —Mou. Then ¢ is divergence-free
and harmonic on M and on 2. The jump relations (15) hold by analytic continuation for all A € C, and

they show that y; _¢ =0, y; +¢ =u, and y, +¢ = v, _¢. We first show that g = y, ¢ vanishes, thus

1
abs

1984] and reflects the mapping properties of the adjoint double layer operator.

establishing the inclusion ¢|q € H,, (2), y:.+¢ = u. The proof uses similar arguments as in [Verchota

On the exterior, ¢ is a harmonic vector field satisfying relative boundary conditions. The decay of
curl(1/|x — y|) implies that ¢ is square-integrable. This shows that curl ¢ must vanish in the exterior.
From the representation (13) we obtain, using the jump relations and y; _¢ =0,

dlu = VSoq.

Taking the normal trace, one gets g = yv,_V:S‘Voq. Taking the tangential trace, one obtains, from the jump
relations,

V1.-VSo(Yv.— ) = VaaSoqg = 0.

This shows that w = Spq is locally constant (and in particular in L2(0Q)). Using the divergence theorem
on the interior of each of the components €2; one finds that fm,— g = 0. This gives (Soq, q) 1200 =0
and therefore

(Soq, VuSo0q) 1290 = 0.

Since this is the boundary term in the integration by parts formula for (Vgoq, Vgoq) =0, we can then
imply that goq is constant. Since it decays we must have goq = 0 and therefore Sog = 0. By invertibility
of the single layer operator, one obtains ¢ = 0 as claimed.

We now show the inclusion in the other direction. Suppose that u = y; 4 (h), where h € H;bS(Q). This
means in particular that 4 is divergence-free, curl-free, and y, ;& = 0. Taking the tangential trace in

representation (14), we obtain
u= (% — Mo)u,
and therefore (% + ./\/lo)u = 0 as claimed.
It finally remains to show that {y, ,(¢) | ¢ € H). ()} € H~/2(Div0, dQ). This follows immediately

abs

from the fact that curl ¢ =0 and Divo y; 4+ = —y, 4+ ocurl. (]

A similar but easier argument applies to other elements of the real line and gives the following.
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Proposition 6.7. If A € R\ {0} then ker(} + M) = {0} when |\ # py for allk € N, i.e., |)| is not a
Maxwell eigenvalue. Moreover,
ker(3 + My,) = v+ @) |u € Vy, ), (27)

with V), the eigenspace of Aq ans for the eigenvalue u,% on the subspace of divergence-free vector fields.

Proof. The proof is very similar to the proof of the previous proposition, and we therefore only give a brief
sketch. As before let u € ker(% + M Mk) and ¢ = —Mju. Then @|m is a purely incoming or outgoing
solution of the Helmholtz equation (see, e.g., [Strohmaier and Waters 2020, Appendix C] for details)
satisfying relative boundary conditions. It therefore vanishes. By the jump relations (15), the function ¢|g
satisfies absolute boundary conditions, is divergence-free, and is a Maxwell eigenfunction with Maxwell
eigenvalue p;. Moreover, again by the jump relation, y; ¢ = u. This proves the inclusion in one direction.
Conversely, assume that u = y; ¢, where ¢ is divergence-free, satisfies absolute boundary conditions,
and —A¢ = Mi‘ﬁ- Taking the tangential trace in representation (14), we obtain

u= (% — My, u,
and therefore (% +M uk)” = 0 as claimed. u

7. Estimates and low-energy expansions for the layer potential operators

For 0 < € < 7, define the sector D, in the upper half-plane by

De:={z€eCle <arg(z) <m —e€}.
The next proposition establishes properties of the single layer operator S, and the operator L.
Proposition 7.1. Fore € (0, %) and for all A € D¢, we have the following bounds:

(1) Let Qo C R? be an open subset and assume § = dist(Q, Q) > 0. Let 0 < §' < 8. Assume that
peC }1 (R3) is bounded with bounded derivative and supported in Q. For each A € D, the operators

oL : H-'2(Div, 9Q) — H (curl, R?),
¢S, H'?(0Q) - H'(RY),

VS, : H'2(0Q) - L*(R?),

oM, : H-'*(Div, 9Q) — H(div, R%)

are Hilbert—Schmidt operators. There exists Cy . > 0 such that, for all A € ®., we have the following
bounds on the Hilbert—Schmidt norms between these spaces:

lgLsllus < Cyce™ ™%, (28)
oS llus < 271 /2Cy e M2, (29)
lpVS; llus < Cy ce™® Mm* (30)
lg M llus < Cyce™ ™%, 31)

19S5, Div [|s < Csr e Mm%, (32)
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(2) For A € D¢, we have the operator norm bound

”ZA”H*1/2(Div,39)—>H(curl,R3) < Ce(1+ 2. (33)

(3) For A € D¢, we have the operator norm bound

Mo =12 Div,02)— L2@3,c3) < Ce. (34)
4) For A € D, we have the operator norm bounds

ISill 512 0a)— 11 @) < Celdl ™21+ 2]172), (35)
IVSill 1200y 2@ .c3) < Ce, (36)

(5) On the space of functions of mean zero, H_1/2(3§2) ={uce H_I/Z(BQ) | (u, 1) = 0}, we have for
0 0
A € D¢ the improved estimate

1831 512y s < Cee 37)

Proof. The operator <ka can be written as ¢ curlcurl G, oy;. Similarly, we have @My; and gog Y7
We choose a bounded open neighbourhood U of 32 such that dist(Q, U) > §'. Since y; continuously
maps H~ Y 2(9Q) to HY(U), we only need to show that the map curl curl G, is a Hilbert—Schmidt
operator from H~!(U) to H'(Qp) and establish the corresponding bound on its Hilbert-Schmidt norm.
By Lemma A.3, the Hilbert—Schmidt norm can be bounded by the H?(y x U)-norm of the kernel of
curlcurl G, o on ¢ x U. The corresponding bound has been established in Lemma A.1. The same
argument works for goj\71 » and gog 5. This concludes the proof of the estimates (28), (29), (31), (30), (32).
Since the operator norm is bounded in terms of the Hilbert—Schmidt norm and by the estimates (28),
(29), (30), (31), it is sufficient to prove the estimates (33), (34), (35), and (36) for the operators XZ,\, X§ Ao
XM, xVS;, where x € Cy° (R3) is a compactly supported function that equals 1 near dQ. We write

Y L5 = x VS, Div+A2xS;.

The map y;* is from H ~12(3Q) to H7'(U), where U is an open neighbourhood of 3Q. To prove all
the bounds (33), (34), (35), and (36), it is therefore sufficient to show that the resolvent (—Afgee — A2) ™!
is a bounded map from HcSrlnp(R3) to HILC([F@) uniformly in A for all A € ©. This means that we need
to show that the cut-off resolvent x (—Agee — A2) "'y is a uniformly bounded map from H (R to
HY(R3) for all A € ©.. To see this, let n € C;°(R) be a function that is 1 near [-Ry, R;], where R;
is the diameter of the support of x. Let R be large enough that suppn € (—R, R). This implies that
x(=A =21y =y R, 5 x, where R, ; is the operator with integral kernel

1 ey
n(|x—y|)me‘“x M= ky.(x —y).

It is therefore sufficient to show that R, ; is uniformly bounded for all A € ©. as a map H S(R3) to
HST2(R3). Since this is a convolution operator, it commutes with the Laplace operator, and therefore
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it is sufficient to show that R, ; is uniformly bounded as a map L*(R?) to H*(R?). We will show that
(—=A +1)R,; ; is uniformly bounded as a map from L?(R?) to L*(R%). Using

(—A+D(—A =2 =id+ 1+ 1) (—a—-2H)7],

one obtains that the integral kernel of (—A + 1)R,, ; —id equals

1 L 1 _—
(—(An(x —yD) + A +2H)n(x — y)———e** -2V, n(|x — y|) Vo el
4m|x —y| 4m|x —y|

This is a convolution operator, and we can use Young’s inequality to estimate its operator norm. In
particular, using spherical coordinates, the estimates
R
[ 1
/ 1l dr < Cr
0 r

K 1 iar..2
and —— e |rdr < Cp———
o 4dmr? 1+ [Im A

T+
show that the convolution kernel is uniformly bounded in L'(R?) for A € ©.. Thus Ry 5 is uniformly
bounded as a map from L*(R?) to H*(R?) for A € ..

It remains to show the improved estimate (37). We again choose cutoffs x, ¢ as above, and we arrange
them so that ¢ + ¢ = 1. Since the cut-off resolvent x (—Afree — A2)~1 X 1is regular near O as a map from
H™Y(R%) to H'(R3), we know that xS, : H~Y/2(32) — H(curl, R%) is regular near 0. It is therefore
sufficient to establish the bound for ¢§ 5 as amap from H, 1/ 2(8 Q) to H'(R?). We argue similarly as
above choosing an open neighbourhood U such that the support of ¢ has positive distance from U. For
convenience, we will also assume that the support of ¢ is sufficiently separated from €2; more precisely,
we assume that the support of ¢ has positive distance to the convex hull of Q. With u € H; 1 2(852),
the distribution y*u is in the space distributions H 1(U )={v e HC_1 (U) | (v, 1) = 0} of mean zero.
We therefore only need to bound ¢ (—Afree — A lasa map from H, ! (U) to H'(R™). This map is the
restriction of the integral operator with smooth kernel

ei)ulx—yl ei)»lx—zl
d|x —y| 4dm|x —z|

g(x7 )’) :¢(x)<

to Hy Y(U), where 7 is any fixed point on 9€2. One shows that this kernel is in the Sobolev space
H?*(R? x U) and is uniformly bounded in A € ®,. This kernel and its derivatives are easily bounded
using the mean-value inequality
0¥ g(x, )| < [y —zlsup [[0°Vig(x, M < Csup [0 Vg (x, P,
yek jekK
where K is the closure of the convex hull of 2. The L?-norm of this expression is uniformly bounded

for all A € D, by the same estimate as in (88). This works essentially because, with repeated application
of the product rule, the terms either have improved decay or have an extra A-factor. O

The proof above can also be applied directly to x L in the entire complex plane to bound the operator
norm, the norm of the derivative, and the norm of the remainder term. This gives the following result. We
will not repeat the proof but simply state the result.
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Lemma 7.2. The families

L, : H'2(Div, Q) — Hioc(curl, M) @ Hioe(curl, ),
L, : H'2(Div, 0Q) — H~?(Div, 9Q)

are holomorphic families of bounded operators in the complex plane.

Lemma 7.3. The families L’A_l and Ait are meromorphic in ) as families of bounded operators on
H~Y2(Div, 8Q). The family A, has no poles in R\ {0} and in the upper half-plane.

Proof. By Proposition 6.4 and Lemma 6.3, the operator (3 +M,;,) is an analytic family of Fredholm
operators which is invertible for Im A > 0. By the analytic Fredholm theorem, the inverse (% +M A)fl is
a meromorphic family of finite type, i.e., the negative Laurent coefficients are finite-rank operators. We

have
1

£ =225 M) T (G- M)
which shows that £;2 is meromorphic. Since £, is holomorphic, this shows that £;1 is meromorphic.
Finally A* is meromorphic by (19). Poles of A, are absent in the closed upper half-space because of the
uniqueness of the exterior boundary value problem. Indeed, the most negative Laurent coefficient would
give rise to an outgoing solution of the Helmholtz equation satisfying relative boundary conditions. But
such an outgoing solution vanishes. U

Remark 7.4. The above cannot be easily concluded from analytic Fredholm theory since the operators £;
and AT are not Fredholm operators. Indeed, the singular Laurent coefficients are not finite-rank operators.

We now aim to show a new formula for the voltage-to-current map in order to find bounds on E;l
where it is well defined.

Theorem 7.5. The interior voltage-to-current mapping Azr satisfies

iAf =37 +U;,

where T is a bounded operator on H~'/*(Div, dQ) and U, is a meromorphic family of bounded operators
on H='/2(Div, Q) which is regular at ). = 0. We have explicitly

Bi

1
TA= Z(A, Yro.x) L2 Ve (Vo) + Z AZ_M’ v V) 2oy v (Vor),
k=1 Ava>0 "Nk
o0
1
UrA= Z 22— u? (A, yrm) 2o e (Vi)
k=1

for A € H~'2(Div, 8Q). Both sums converge in H~'2(Div, 0Q). Here B1 = dim ”H;bs(Q) is the first
Betti number of the domain. We have T?2=0and TU, + U, T =id — A2U,.
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Proof. We start with an interior solution £ € H (curl, 2) of the Maxwell system and assume A = y,(E) €
H~'2(Div, 3Q). First note that E satisfies div E = 0, but it is not in general in ker(divo) because it may
not satisfy the correct boundary conditions. We have

L*(Q,CH) =My (@ (¥ | 1) > 0} ® {Vuglan i), (38)

where vy is an orthonormal basis of Neumann eigenfunctions on €2. Define

lﬂk = 1 grad vg. (39)
ANk
Now we can write
E=Y (E, )V + ) (E, ¥V, (40)

which we need to show converges in H (curl, €2). We have

1
(E, Vi) 2 = m((—AE, Vi) oo — (B, =A%) 1200)

1
=Sl E, yri) 120 + (Y E. yrcurl Yi) 1250))

Az — Wi
1
= m(% curl E, yr¥ik) 1290
— Mg
i i
= —)\2 MZ (ytH, yT¢k>L2(3Q) = —)\‘2 MZ (A)\ A, yka>L2(BQ)7 (41)
—ul p

where we have used Stokes’ theorem (4) as well as Maxwell system properties in (1) repeatedly. Since
E € L*(Q, C%), the sum > (E, Y)Yy converges in L?($2, C3). Let ¢ denote an orthonormal basis of
eigenfunctions of A;. We now note that

D (E, Y curlyy = Y (E, ) curl i curl g = D (E, Yx)

70 uk#0 M #0

converges in L?*(S2, C3) whenever ((E, Vi) 12 Mk € £2. The latter is true because

Wl E, Yik) 2y = (E. curl ¢g) 12y = (curl E, ¢y) 12y € €, (42)

where we have used the fact curl E € L?(Q2, C?). Therefore

o0

D {E Y (43)

k=1
converges in H (curl, 2). For the second term, now we have

- i 1
E, - —< 1H, —— grad >
(E, Y1) 120 X cur ANK grad vy 2@

1 i
=ik (curl H, grad vg)12(q) = m(VzH, yr grad vg) 12(50)- (44)
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This also gives that

D AE i) (45)

A #£0

converges in H (curl, 2) as )L;,zk is summable. Therefore we have

o]

E=) 7

=0 AN k70

)/zH Yr¥i) 2o Vi + Z P2y (veH, yr grad vg) 125 grad vy, (46)
i

and this representation converges in H (curl, Q). As a result, we have convergence in H~!/?(Div, 3R2) of

A=vXx E|aQ
= E 3 Wl ¥ oo v (Vi) + E (veH, yr grad vg) 29y (grad vg).  (47)
A el
=0 Ank#0 TNk

Then using the fact that (y;(H)) = A;(y,(E)) = AI (A) and remarking that (AT)? = —id, we obtain
the desired result. Expanding the formula (iA*)? = id also gives the claimed identities. U

We now aim to show operator bounds on the electric dipole map in order to find bounds on the large ||
behaviour of E;l. Note that, for A € ©., we have the estimate

ImA=|ImA| <|A| <CcImA,
where C, :=sin(e) ™! is independent of A € O..

Theorem 7.6. There exists a constant C such that, for all Im A > 0, we have the estimate

AL+ |A]%)
”A):E:”H*1/2(Div,8§2)|—>H*1/2(Div,BQ) |)u| (1 “Tmr ) (48)
Proof. We first consider the case Re A? < 0, i.e., ImA| > |Re A|. We have the integral identity
(v, curlu)2ppy — (curl v, u) 200y = ViV, YrUt) 120902 (49)

for u, v € H(curl, M). Applying this integral identity with £ and H gives

My H, YT E) 1290 = 1A(H, curl E) 2y — (curl H, E) 2(31))
= (curl £, curl E) —AZ(E, E).

Taking the real part we obtain
ReW*[(E, E) 2y < 1M - [V H. v E) 129

The antisymmetric bilinear form (v xXu, v) ;230 extends continuously to H ~1/2(Div, 3Q) (see for example
Lemma 5.61 in [Kirsch and Hettlich 2015]), and we therefore have

||E||L2(M) < Ci|Al(—Rer?)~ ||)/tE||H—I/2(Div,aQ)||Vt(H)||H—1/2(Div,aQ)- (50)
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Now we use the continuity of the tangential trace map and obtain
lye(curl EYI3, 12 iy, a0 < Coll€url B unt ) = Colllcurl EN7a ) + 1A IENT 2 )
= Co(IMPIE T2 pg) + M EN 2 4y + (E, yr curl E) 1)
< C(IRPA+IMDENT 2 g+ 1V Ell-120iv 00 lye curl Ell g-12piv,a0) -
Choosing

a=GsllViEllg-12miv,ae) and b=y, curl E| g-12(piv,o0)
and using the inequality |ab| < %(a2 + b?), one obtains
lye(curl EMI,-in iy ay < QC3IAPA+IADINENT 24y + CHIVE NG 10056
Using (50), this further gives

2
lvi (curl )l -12piy. a0

A2+ A2
§C4(| [(1 4+ |A]%)

2
_Re )2 ”ytE”H_”z(DiV,BQ) ”yt curl E||H_|/2(Div,39) + ” VIE ”Hl/z(DiV,BQ)) .

The same trick as before with

A2+ 1A%

a=C4q———75— Re 2 1V:Ellg-12pivae) and b=y curl E||g-12mpiv.a0)

yields
4 2,2
2 2 AT+ A1) 2

lyeCeurl E)I 12 piy gy < (Qm +2C ) IV Elly-12piy. 90

which finally gives
AP+ 12
lys(curl )| g-12piv,00) < C\ 1+ —F 75— Re2 lv: ENl H-172(Div, 002) - (51

Next consider the case Im A% < 0. The same proof with imaginary parts taken instead of real parts gives
the estimate
AP+ 1A%

—5 >||ytE||H-./z(Div,am. (52)

ly: (curl E) | g-12Div.ag) < C(l +

These two estimates cover the upper half-space and are combined into

AL+ A7)

lv: (curl E) || g-12(piv.a0) < C(l + T )”VIE”HI/Z(Div,BQ)’ (53)

which holds in the upper half-space except when Im A < Re A. The estimate holds in this region too as can
be seen by replacing A by —A, which is a symmetry operation of the Maxwell system that preserves the
radiation condition. Hence, the estimate holds in the upper half-space. Since iAH = curl E, this proves
the claimed estimate. The same proof works for the interior with M replaced by . U



392 ALEXANDER STROHMAIER AND ALDEN WATERS

Lemma 7.7. The operator (% + M A)_l is meromorphic of finite type, and we have near 0 the expansion

I

(3+Ms)" + + 0, (54)

)"2
where P and B are finite-rank operators and Q,;, is analytic near A = 0 taking values in the bounded
operators on H~12(Div, 9Q). We also have

image(P) Uimage(B) C Byg, P(vxVu)= B xVu)=
forallu e H'?(3Q).
Proof. By the proof of Lemma 7.3, we know that (% + M )\)71 is a meromorphic family of finite type.

The order of the singularity at O is at most 2 since, for A € ®., A # 0, we have

-1

(3+Mi) =—Af (A —AD), (55)

and the bound in Theorem 7.6 holds. Hence (% + M A)_l has the claimed form:

_ P B
(5 + M) 1=ﬁ+x+Q;\,

with P and B of finite rank.
We must naturally have for these A

G+m) ' G+m) =(E+M)E+M) ' =id, (56)

Expanding (3 + M) around A = 0, we see that it has operator kernel

1,1
R y,xyTycuﬂ( )+0(,\2) (57)

lx — ¥

since the first-order term in the expansion distributional kernel of the free Green’s function is constant
and therefore curl-free. Hence,

(3+ M) =3+ Mo+ 00>
near A = (. Inserting this into (56) and comparing coefficients, one obtains
(3 +Mo)P=0, (+Mo)B=0, P(A+Mo)=0, B(i+Mo)=
By Proposition 6.6, we therefore obtain image(P), image(B) C Byq as claimed. It remains to show that
P(v xVu)=B( xVu) =

To see this, it is sufficient to show that v x Vu is in the range of é + M. To see this we use a classical
result in potential layer theory, namely the invertibility of ( + ICO) see [Verchota 1984]. We then have
by (25)

v x Vie=vx V(3 +Ko) (2 +Ko) " u = (3 + Mo) (v x V(1 +Ko) " u). 0
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Lemma 7.8. The nonzero poles of (% + M ,\)_1 in the closed upper half-space are precisely the Maxwell
eigenvalues of 2. Near a Maxwell eigenvalue i = [y, we have the expansion
P, B,

-1
(M) = Gt Qe (58)

where P, and B,, are finite-rank operators with range in ker(% + Mu)_l and Q,, » is holomorphic in A

near (.

Proof. The poles are precisely where (% + M x) is not injective. On the closed upper half-space, this
means that the only poles are at O and at the Maxwell eigenvalues by Propositions 6.6 and 6.7. The
statement now follows immediately from the formula

-1 -
(3 +M)" =—Af(AS = A, (59)
the expansion of Theorem 7.5, and the fact that A~ is holomorphic near R\ {0} by Lemma 7.3. O

Theorem 7.9. For any € > 0, we have there exists a constant C > 0 such that

_ 1+ A )
1Ly Il =172 (Div, 02)— H-1/2(Div,09) = Wc(l + A1),

IDivo (£5") 0 (v x V)| g-1230)— 112000 < C(A+ A%
for all } in the sector ®.
Proof. We use the identity, derived from (20),
(A —A))

Lyl =—
A A

(60)

to reduce the analysis to that of Ait. The bounds on the operator norm on the space H~'/?(Div, dQ) then
follow immediately from Theorem 7.6. By (19), we have the identity

- 1 -1
= darem)
Using Theorem 7.5, we obtain
—1 1 1 1
1 1
:_ﬁ(TQA‘i‘UAP)_XUAB‘FUAQA- (61)

We have used that T P = T B = 0, which follows from Lemma 7.7 and Theorem 7.5. Since Divo T =0,
Po(vxV)=0,and Bo (v x V) =0, we then obtain

Divo (£; ") o (v x V) =DivoU; Qj 0 (v x V),

which is regular at 0. ]
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8. Resolvent formulae and estimates

Proposition 8.1. Assume that ImA > 0. For f € Cgo([R3, C3), we have the following formulae for the

difference of resolvents:

(= Al = A7 = (= Agee = A D curlcurl f = —L,(L:) " (v x)LEf, (62)
(= At =221 = (= Afree = 2D Dcurl f = 2, (L) v x)ME f, (63)
curl (—Arel = 27! = (= Agree — 22 D curl f = =22 M, (L) " w x)ME £ (64)

Here ZK is jhe transpose 0perat0r~ to ZA obtained from the real L*-inner product, i.e., ZK f= Zi f .
Similarly, M, is the transpose of M.

Proof. We begin with the first formula. We know that L maps to functions satisfying the Helmholtz
equation (—A — A?)v = 0. Therefore we only need to show that, given f € CSO(IR3, C?), the function
U= (—Apee —A%) Teurlcurl f — £, (L) (v X)LE f

satisfies relative boundary conditions. Since clearly divu = 0 we only need to check that y,u = 0. One

computes -
yit =y, curl curl (= Agree — A 7L f — £, (L) 0 ) LE f

=y, curl curl(— Agree — kz)_lf — (v x)yr curl curl(— Agree — kz)_lf =0,
which gives the result.
Next consider the second formula. We again only need to check that y, +(u) =0, where

1= (—Apree — A1) curl f = £,(L3) ™ (v <)M f.

The third formula follows from the second by applying the curl operator from the left and using
curl curl curl S » = A2 curl S A U

This can be used to show the following.

Theorem 8.2. Let € > 0, and also suppose that Q2 is a smooth open set in R> whose complement
contains Q. Let § = dist(d2, Q). If p is the projection onto L*(Q; C) in L>(R3; C?) then the
operators

P(—Agel — kz)_l curlcurl p — p(—Afree — AZ)_I curl curl p,

P(—Azps — Az)_l curlcurl p — p(—Afree — kz)_l curl curl p,
are trace-class for all .. € D as operators on L*(R3; C3). Moreover, for any §' € (0, 8), their trace
norms satisfy the bounds

1p(—Aret — 2% curl curl p — p(—Agree — 2%~ curlcurl pll; < Cy ce™* ™7, (65)
Ip(—Aaps — 23~ curlcurl p — p(—Agree — A7) " curl curl p|ly < Cy e '™ (66)
for all A € ©¢. Moreover, both operators have integral kernels kil 5., Kaps.s that are smooth on Qg x Qo

forall A € . There exists Cq, ¢ > 0 depending on Qo and € such that
e~ dist(x,02) ImA)

(dist(x, 0€2))* 67

||krel,k(xa x)” + ||kabs,A(X, )C)” =< (CQO,e
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Proof. Given 8§’ € (0, §), we choose a compactly supported smooth cut-off function y which vanishes
in Q¢ such that the support of ¢ = 1 — x has distance at least ' from 2. Then, since pp = p, it is
sufficient to show the estimates with p replaced by ¢. From (62), we have

(= Arel — 22) " Hcurl curl)g — 9(— Agree — 1)~ (curl curl)g

= —LL; ' (v )Le = —@L) L (v ) (L)t (68)
The operator gozx is Hilbert—Schmidt by Proposition 7.1. Since £;1 is bounded by Corollary 7.9 on the
correct domains, this factorises the right-hand side of (68) into a product of the two Hilbert—Schmidt
operators (goz,\), (goz,\)'c and a bounded operator C;l (v x). This shows it is trace-class; see for example

[Shubin 1987, (A.3.4) and (A.3.2)]. We need to show the bound for the trace-norm. We now employ the
more explicit description of (pZA = <p(V§ ,Div + A2S)). This gives

(@L)L; (v x) (@)
= (pVS1Div + 1208 L7 (v x)VSE div g + 2% (v x) (9S1)*)

= (pVS,Div +2208,) L (v x) VST div g + 22 (v x) (9S))Y)
= VS, Div L' (v x)VSE div g 4+ A*0S L7 (0 x) (0 M) + 229 VS, Div £ (v %) (98;)*

+ )»zgogkﬁ)?l (v x)VStdivg
= (D + D) 4 (IID) 4 V). (69)

We will show that the estimate holds for the individual terms. The trace-norm of (I) is bounded by
||(pV§ 2 ||%IS | Div E;l (v x) V|| using the fact that the Hilbert—Schmidt norm is invariant under transposition.
This is bounded by Ce™%' ™% in the sector by Theorem 7.9 and estimate (30) of Proposition 7.1.

The trace-norm of term (II) is bounded by |A|4||<p§ Py ||I%IS ||£,;1 ||I. This is again bounded by C g~8'ImA by
Theorem 7.9 and (29) of Proposition 7.1. Expression (III) is the transpose of (IV) as one computes easily
from Lemma 6.2. It is therefore sufficient to bound the trace-norm of (IV). We have

av) = 1245, (—%(T Qi+ UsP) = S UL B +U;0:) (0 )V (93))"

=2(43)) (%T 01+ U, 0:) v x V)8, (70)

where we have used Lemma 7.7, the expansion (61), and the fact that P(v x V) =0 and B(v x V) =0.
The range of T consists of distributions in HO_I/Z(EJQ, C3» N H2(Div, 8Q). To see this, note that
the range of T consists, by Theorem 7.5, of limits in H~'/?(Div, Q) of boundary values of curl-free
vector fields. Applying the integration by parts formula (4) with ¢ € rg(T') and E a constant unit vector
field, noting that curl ¢ = curl £ = 0, one obtains that (y:¢, Y E) 12gq.c3) = Vi@, YT E) 12090.c3) = 0 as
claimed. It follows that the trace-norm of (III) and (IV) are bounded by C g0 Imi by Theorem 7.9 and
by the estimates (30), (29).
Next we use (64) to obtain

@(—Agps — A2 " curl curl)g — o(— Agree — A%) ™! (curl curl)g
= 220 ML (0 O MEp = =22 @M L 0 ) (e M)E. (T
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The operators (p/\7l A ((pM )¢ are Hilbert—-Schmidt, and their Hilbert-Schmidt norms are bounded by
e~%Im% by Proposition 7.1 (31). This gives the claimed estimate for the trace-norm since the operator
A2£;1 is polynomially bounded in any sector by Theorem 7.9.

It remains to show the estimate on the diagonal of the integral kernel. This is done the same way using
the pointwise estimate
C 1 —Im A dist(x,3€2) /2
(dist(x, 0€2)) !+l ’

which is easily obtained directly from the integral kernel, noting that differentiation in the x or y-variable

107 Sx(x, Il p-150) <

gives a linear combination of terms that are bounded by

A (dist(x, 9Q))F ~ImAdisie09) < ¢, 1 — Im A dist(x,0)/2
(dist(x, 9§2))! 1] T (dist(x, 9Q)) e ’

with 0 < k < . One now applies this estimate to each of the four terms (I), (II), (IIT), (IV) and observes
that every factor of A can be absorbed using the bound
l)h|ke—1m)»dist(x,852) =G 1 —Im A dist(x,0€2)/2
“ dist(x, 9Q)F '
This gives the first claimed estimate. The second estimate follows the same way, since the above implies

1 —Im A dist(x,0€2)/2 0

(e, ) 1 gey < C
IMo(x, ) a-100) < (dist(x, 92))2

9. The function =

Recall that the boundary 92 consists of N connected components 0€2 ;. To keep the discussion meaningful,
we will assume throughout this section that N > 2. This gives a natural decomposition

N
H™'2(Div, Q) = @ H™2(Div, 9Q)).
j=1
Let g; be the orthogonal projection H~'2(Div, Q) — H~/?(Div, 0Q2;) and L;; =q;L,q;. We then
can write

N
L= Lis+Y 4iLsgk=Lps+ T (72)
j=1 J#k

We remark that £ ;, which is regarded as a map from H~'/2(Div, 8Q) — H~1/?(Div, 9Q), is independent
of the other components. The sum £p ; describes the diagonal part of the operator £ with respect to the
decomposition above.

We have a similar decomposition for the operator

M, =Mp+ T
We set

§ = mindist(9€2;, 9€2;) > 0. (73)
J#k

Then we have the following proposition.
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Proposition 9.1. The families T;, 7, : H~'/?(Div, dQ) — H~'/2(Div, Q) are holomorphic families of
trace-class operators in the complex plane. For any € > 0 and any §' € (0, 8), the following estimates for

their trace-norms | - ||1 hold:
ITall1 < Cs, ee—ﬁ’m 17l < Cs, ee—‘s’ fm?. (74)
[l v [l o
for all ) in the sector ®.. We also have
1Tl 12 mivo.ae Il < Cyelal?e™ M2, (76)
| ST -rowoas | < Coelite™ ™. W

Proof. We will prove this estimate only for 7, as the estimate for 7, is proved in the same way. It
is sufficient to show this for the individual terms g;L; g, with j # k. We choose an open bounded
neighbourhood U of d€2; and an open bounded neighbourhood V' of 32 such that dist(U, V) > §’. The
first two estimates are implied by Lemma A.4 by observing that the operator is the composition

H™'2(Div, 0Q) > HY(V) > H'(U) - H~*(Div, 9Q),

and the map H ~1(V) - HY(U) has smooth integral kernel

eiklx—y\
x (x, y)curlcurl, ———
4 |x — yl

for a suitable cut-off function that is compactly supported in U x V. The same argument applies to the
A-derivative.

To show the bounds on the restriction to H~/>(Div 0, 9$2), one uses that £; = 1, VS, Div + A28, To
bound the trace-norm of A%q S1qk, one uses exactly the same argument as above applied to the kernel

5 ei)»lx—yl
Ax (e y)
4rlx — y|

and its A-derivative. ]

Proposition 9.2. Fix e > 0. Then (EAEB,I,\ —id) : H~2(Div, Q) — H~Y2(Div, 9Q) is a meromorphic
family of trace-class operators with no poles in the closed upper half-plane. In the sector, we have, for
any §' € (0, 8), the estimate

1LY L —idll = 1£,L5), —idll < Cy.ce™ ™, (78)

Proof. We use (19) and obtain

CACB}}\ —id= (% +MA)(% +MD,A)_1 —id,

bearing in mind that A = AB ,- With

1 I 1
(3+Mpy) = ﬁPD + XBD + 0s,
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we remark that
(3+Mpo)Pp=(3+Mpo)Bp =0,
but then also
(3 Mo) P = (4 + Mo) B =0

because, according to Proposition 6.6, we know that the kernels of (% + Mo) and (% + MD,O) coincide.
We have used here, as in the proof of Lemma 7.7, that the first-order terms in the expansion of M, vanish
at A =0, 1e., (%M,\) |)\:0 = (%MD,A) ‘A:O = 0. Using the abbreviation J, = M, — Mp,, this implies
JoPp = JoBp = 0. Moreover, 7, is trace-class. This shows that

(4 M) (5 +-Mps) " —id
is a meromorphic family of trace-class operators and 0 is not a pole. Interior Maxwell eigenvalues are not
poles by the same argument, since the kernel of (3 -+M,,) coincides with the kernel of (3 +Mp ) and
by the expansion of Lemma 7.8.

Moreover, (% +M D,A) is invertible for all the other points in the closed upper half-space, and hence
there are no poles there. To show the estimate in the sector, we note that

LLp) —id=T.Lp),. (79)
Then the bound for large |A| is a result of Theorem 7.9 and Proposition 9.1. O

Proposition 9.3. The Fredholm determinant det(ﬁkﬁgh) in the space H —1/2(Div, Q) is well defined
and holomorphic in a neighbourhood of the closed upper half-space. For any € > 0 and §' € (0, §), we
have the bound

|det(£,L5}) — 1] < Cy ™™ (80)

for all A in the sector ®.. Moreover, det(ﬁkﬁg}k) is nonzero in the closed upper half-space.
Proof. The trace of (LIALIB,IA —id) is bounded by Proposition 9.2. Using the bound
|det(1 4 A) — 1] < | A[le! 141
for the Fredholm determinant (see for example [Simon 1977, (3.7)]), one obtains
|E(W)| < [logdet(£;L))] < Cyce™ ™", (81)

By analyticity of (EAL‘B,I)\ —id) = jx(% + Mp, A)_l as a family of trace-class operators in the upper
half-space and near 0, the determinant also depends analytically on A (e.g., [Simon 1977, Theorem 3.3]).
By invertibility of the operator in the closed upper half-space, the determinant never vanishes [Simon 1977,
Theorem 3.9], and therefore log det is analytic in the union of the upper half-space and a neighbourhood
of 0. (]

Since the determinant does not vanish near the closed upper half-space, we can choose a simply
connected open neighbourhood U of the closed upper half-space, and it then defines a holomorphic
function &/ — C\ {0} which we can lift to a holomorphic function on the logarithmic cover of the complex
plane, where we choose the branch cut to be the negative real line (—oo, 0). Composition with log is
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then well defined, and we write log det(ﬁkﬁz)’lk) to mean this composition. This means that this function
and the branch of the logarithm is fixed by requiring this to be a holomorphic function that decays
exponentially fast along the positive imaginary axis.

Definition 9.4. The function E is defined in a sufficiently small simply connected open neighbourhood
of the closed upper half-space by
E (1) = logdet(£:Lp)).

where the branch of the logarithm is chosen as explained above.

Theorem 9.5. The function E(A) is holomorphic near the closed upper half-space and, for any € > 0
and 8' € (0, 8), we have the bounds

IE(W)] < Cy e ™ |8/ ()| < Cy e M (82)
for \ in the sector 3.

Proof. The first bound is a direct consequence of the proposition above. The second bound is a direct
consequence of the maximum modulus principle. ([l

10. Relative trace formula

We consider the two Maxwell resolvent differences

N
RD,rel,A = <((_Arel - )VZ)_I — (—Afee _)\2)_1) - Z((_Arel,j - )\2)_1 — (—Afree — )VZ)_I)) curl curl,
j=1
N

Rpabs. . = (((—Aabs — AT = (“Afee = A) T =D (= Aup A T = (—Afree—ﬂ)—l)) curl curl.
j=1

Using (62) and (64), we conclude
((—Arel,j — AZ)_I — (— Afree — AZ)_I) curl curl = —Zkﬁ;i(v X)Zt,
(= Aabs.j = A7 = (= Agree — A1) 7 curl curl = =22 M, L] (v x)MS,
and hence _ o _
Rpreix =—LiL; (v X)L+ LLy), (v X)L,
Rp abs.s. = =MoLy (v ) ME + MLy, (v ) ME.

We have the following improvement of Theorem 8.2 in the relative setting.

Proposition 10.1. Let € > 0, and let §' > 0 be smaller than § = dist(dS2;, 92). Then the operators
Rp relns Rp.abs.a : L?2(R3, C?) — L3(R3, C3) are trace-class for all . € D, and their trace norm can be
estimated by
IRD ret. 2l + IRD abs 1l < Cyce™ ™, A eDe.
Proof. First note that
(" = L) == Ty )
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is a meromorphic family of trace-class operators H~!/?(Div, Q) — H~!/?(Div, 3Q) in the complex
plane. For |A| > 1, the bound then follows from Proposition 9.1 and the bounds in Theorem 7.9. In
particular, the expansion

_ _ 1 1
;' =L = ﬁLz + XLI + Lo,

resulting from (61) is in terms of trace-class operators L, L; and the holomorphic family of trace-class
operators Lo ;. Specifically,

Ly=-T(QV - 0P —WOP UL Pp) =TW,+ Vs,
Ly=-T(Q"V - 05— W "B-UY Bp)— (U P—UY Pp)=TW+ Vi,
where Q© and Q) are the expansion coefficients of
0, =09+ 0"+ 001
near A =0. The same notation is used for the expansion coefficients of Qp , Uy, Up ;. Since the operator
G+M) T =G+ Mps) T ==+ M) T EB(E A+ Mps) T

is a meromorphic family of trace-class operators, we know that the expansion coefficients W, = Q@ — Qg))
and W, = QW — Qg) are trace-class. We also record that V(v x V) =0 and V(v x V) =0 and recall that
Divo T =0. Now we are ready to estimate the resolvent differences. We first focus on Rp re1 1. We have

~ B ~ ~ (1 1 ~
Rp el =—Li(L; = L) X)Lf = —L; (ﬁwwz + Vo) - (TWi+ VD) + Lo,x) (v x)L5.

We expand this further using ZA =VS A Div + 22S, 5 to obtain that, modulo terms that have bounded
trace-norm near A = 0, the operator Rp ; equals

~ ~ (1 1 ~ ~
(VS;Div+2128;) (E(Twz + Vo)~ (TWi + Vl)) (v x)VSEdiv + 22 (v x)(S))*)
= VS, Div((T Wa+ Va) + AT Wi + V1) (1 x)(S0)* + 8, (T Wa + Vo) + LT Wy + V) (v x) VST div

~ 1 1 ~
+ 145, (EGWZ V)4 (TW1 + vl))o) x)(8)*
= () + (ID) + (1ID).

Since Lp; and L, are self-adjoint with respect to the antisymmetric bilinear and since

1 1
Lt -yt = (E(TWz + Vo) - (TWi+ VD) + Lo,x>,
one obtains
1 1 K 1 1
E(Twz + Vo) + X(TWI +VD v x)) = ﬁ(TWZ + Vo) + X(TWI + Vi) ) (v x),
and therefore (II) is the transpose of (I). (III) has bounded trace-norm near A = 0. Finally

(ID) = S8, (T Wa 4 Vo) + M(T Wy + V) (v x)VSE div = 8, (TW2) + A(T W) (v x)VSE div
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has bounded trace-norm near A = 0 as S, 1T and V§K div have bounded operator norm, and W, and W,
are trace-class. Finally we consider Rp abs . We compute as above

Rp.avs.. = =2 M (L — L35 (0 x) M
~ 1 1 ~
=AM, (ﬁ(TWZ + Vo) + X(TW] + Vi) + Lo,x) (v x)M;
= — M, (TWa + Va) + A(T Wy + V1) + 27 Lo ;) (v )M,

whose trace-norm is bounded near 0 since /M 5 1s uniformly bounded. O

Lemma 10.2. We have
A
tr(RD,rel,A) = tr(RD,abs,A) = _5 D/()\)-
Proof. One has

(v X)LEL, = y, curl curl curl curl(— Agee — A2) “2yE =y, curl curl(— Aree) (— Afree — A2) 2yt

=y, curl curl (— Afee — )»2)*1)/} ~+ v, curl curl Az(—Afree Az) 2 t =L+ ;diﬁ
Similarly, we also have
A (v x)/\jl;./\le = Ay curl curl(— Agee — A2 2yt = %%ﬁx.
Using invariance of the trace in H~!/2(Div, ) under cyclic permutations, we get
(Rp ) = — (Lo (8 = L) 0 0D = — (L + 5 20, (65" — £51)
—tr(id — £, L, A) 5 d(; logdet(L£, L D. x) = —3 dd logdet(L£, L D. A)

Here we have used that tr(ﬁgfxﬁ(ﬂ)) =0 and tr(ﬁB’lﬂ}L) = 0. Indeed this follows as
(e (557)) = (e (0050 ) ) = ({0085 b g o) =0
D\ dn : »o\1i\ gx : J*=nD gy
J#k J#k
We have also used the fact that, for a holomorphic family of trace-class operators A(A), we have that
log det(id + A(})) is holomorphic and we have the identity

di log det(id + A())) = tr((ld L AG)™! A(,\))

so that

d . .
- logdet(£,.£5),) = (¢! dk(g) o d)L(ED,\)>

In the same way,

(Rp.avs ) = — WO (2;" = L5 008 = — (5 S,) 0 - £51)

A d
=5 log det(£;. L DA) O
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11. Proof of the main theorems

Proof of Theorem 1.1. This theorem is the combination of Proposition 9.3 and Theorem 9.5 in Section 9. [

Proof of Theorem 1.3. We set f(z) = z-2g(z%), where g € P.. By the decay properties of &, it is
sufficient to show equality for small €, so we assume € < 7. Then the function e~1/n g holomorphic
in the sector &, and decays faster than exponentially. The function g,(z) =e~!/ na? g(2) is therefore an
admissible function for the Riesz—Dunford functional calculus, and we therefore have

Ful(=Are) ) curlcurl = £,((8d)/*)8d = g,(8d) = —#/ (8d—2)""gu(2) dz
Fe

and similarly for the other terms appearing in Rp re1 5. The integral converges despite the pole of order 1
at 0 since g € P, implies that g,(z) = O(|z|*) for some « > 0 near z = 0. Here f,(z) =z 2gn(z?). If
h e Cye(X, C?) then we have convergence of g,(6§d) to g(§d) in L?. Indeed, by our definition of the
function class P, the function g is polynomially bounded on the real line and therefore / is in the domain
of the operator g(§ d). Consequently the function g is square-integrable with respect to the measure
(dE;h, h), where dE) is the spectral measure of § d. Then we have

I(g(8d) — g, (8 d)A| 2 = /R (1—e™/™2|g2(x) (dEsh. ),

which tends to 0 as n — oo by the dominated convergence theorem.
We note now that
(—Ar1—2) '8d=(dd—2) '6d=id+z(6d—2)7",

and again this formula applies to the other terms in Rp re1 1. This gives

1 1 1
Drel,f,, = _% /l: RD,rel(\/Z)zgn (z)dz= _E N RD,rel()‘))\fn()\) da.

Tep
Moreover, Dy, r,h converges in L? t0 Dy, rh for any h € Cg°(X, C3). By the decay properties of
Rp re1(1), Proposition 10.1, the integral converges in the Banach space of trace-class operators, and
the sequence Dy, is Cauchy in the Banach space of trace-class operators. We conclude that Dy, s is
trace-class.
To compute the trace, we can again use the convergence of the integral in the space of trace-class
operators and therefore, using Lemma 10.2, we obtain

1 1 -
Dyetp = —— /~ Ry, p(M)Af () dA = —f~ (E' (M)A f (1) d.
i J§,, 21 T2

Integration by parts and the decay of E, Theorem 9.5, then completes the proof for Dy, r. The proof for
Dy, ¢ 1s exactly the same. |

Proof of Theorem 1.4. We first establish the smoothness away from the objects. To see this we again use
the Riesz—Dunford functional calculus. Let «; (x, y) be the integral kernel of the difference

(— Al — Az)_lcurl curl — (—Afree — Az)_l curl curl.
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Let U be an open neighbourhood of €2 such that dist(U, 2¢) > & € (0, 8). Then, on o x o, the
integral kernel of «; (x, y) satisfies the estimate

llic3. G, Wl ek gy < Croxe™ ™

for any compact subset K C 2y x 2. This can be seen directly from (62), as Lemma A.1 implies that
the integral kernel of £, is smooth and C*°-seminorms satisfy an exponential decay estimate on 29 x U,
whereas the norm of £;1 is polynomially bounded by Theorem 7.9. By the same argument as in the
proof of Theorem 1.3 above, the integral

2/; K. (x, y)ASL (L) dA
1-‘5/2

then converges in C*°(2y x ) to the integral kernel of B restricted to 2o x £29. Hence this kernel is
smooth on ¢ x €. It remains to show the decay estimate. For large |x|, we have by (67) the estimate

C
iy (x, )| < —e? im2,
x|

Then, using functional calculus as before, we have the representation

K(x,x)= %/F K (x, x)Af (L) dA,
€/2

which gives the estimate

© C I c C
K(x,x)| < —)»e_‘s'“d)u—i—/ — e e gy < .
ez, )] _/1 x|+ o |xl* T |x[6ta

This shows that « (x, x) is integrable and by Mercer’s theorem the integral of tr(x (x, x)) is equal to the
trace, as claimed. U
Proof of Theorem 1.5. Define the relative spectral shift function
1 1 det S

A= :
o) = 2 108 Gas ) detS o)

By the Birman—Krein formula we have

tr Dret,j = = f Ep(M)- (021 ()
0

for any even Schwartz function f.

Recall that E’ has a meromorphic extension to the complex plane and is holomorphic on the real line.
Now assume that f is a compactly supported even test function, and let f be a compactly supported
almost analytic extension; see for example [Davies 1995, p. 169-170]. Let dm(z) = dx dy be the Lebesgue
measure on C. By the Helffer—Sjostrand formula [Davies 1995; Helffer and Sjostrand 1989] combined

2

with the substitution z — z=, we have

57
curl curl f(Arle/lz) = 2 curl curl/ z—J_C(Arel — 297 Ndm(2).
T Imz>0 0z
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Therefore

2 of
Drel,f = — Z_{RD,rel(Z) dm(z),
T JImz>0 0z

and hence, by Lemma 10.2, we have

o F
Tr(Deer, ) = _l/ Zz—J_[ E'(z) dm(2).
T Jimz>0 0z

Using Stokes’ theorem in the form of [Hormander 2003, p. 62-63], we therefore obtain
Tr(Dy) = 2L / (E'(x) + E'(—x)x> f(x) dx.
T JR

Comparing this with the Birman—Krein formula in Theorem 5.1 gives #(E’ (x) + E'(—x)) = & (x).
Since both functions are meromorphic, we have that this identity holds everywhere. We conclude that
%(E (L) — E(—A)) —&p(A) is constant. Clearly, (E(L) — E(—A)) vanishes at 0, so the statement follows
if we can show that £p(0) = 0. The estimate [Strohmaier and Waters 2020, Theorem 1.10] shows that
So = S1,0 =--- = Sn,0 = id, which then indeed implies £p(0) = 0. The paper [Strohmaier and Waters
2020] assumes the boundary of €2 to be smooth, but the section on the expansions in this paper carry over
unmodified to the Lipschitz case (see also the remarks in [Strohmaier and Waters 2022] where this is
made explicit). (I

Appendix

A.1. Norm estimates. In the following we assume that 2 and M are as in the main body of the text.
Recall that the integral kernel of the free resolvent is given by (12). We will subsequently prove norm
and pointwise estimates for G, ¢ and its derivatives, which are used in the main body of the text.

Lemma A.1. Let Qo C M be an open set with dist(2g, dR2) = 8§ > 0, and choose € € (0, w]. Let U be
a bounded open neighbourhood of the boundary 32 such that dist(Qg, U) > 0, and fix §' > 0 such that
8" < dist(2, U) < é. Then, for any k € Ny, there exists Cy 5 > 0> 0 such that

(1 +Im )L)e—ZS’Im)L
ImA
IV Grollfegyey < Croee™ > ™ (84)

2
1G 0l 3k @uxvy < Cr.s'.e : (83)

forall . € .. Here V, denotes differentiation in the first variable, i.e., (V,G;)(x,y) = V.G, (x, y).

Proof. Let us set . = 6|A| and note that Im6 > sin(e) > 0. Since the kernel G, o satisfies the
Helmbholtz equation in both variables away from the diagonal, we have ((—A OF+(=A y)k)G ro(x,y) =
202G o(x, y). We then change variables, so that 7 := |x — y| > 8y. By homogeneity, all of the integration
will be carried out in this variable, with the angular variables only contributing a constant. Substituting
s := Im Ar into the formula for the Green’s function implies, for all k € N, that

o0 o]
1A G ol gy oy < CemM™ [ (G o@)Pr?dr < Cema)™ [ e dr. (85)
50 50
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Here we have enlarged the domains slightly, so that €, x U’ has positive distance from Q¢ x U and
dist(2), U’) > &’. This allows us to estimate the Sobolev norms using Lemma A.5. We then have

00 67260 Im A
/ T [ — (86)
8o —2ImA

Let Cy . x denote a generic constant depending on &', €, k. Using (85) and interpolation, we can conclude,
for all k£ > 0, that we have

(1 +ImA)e=2'Im?

2
”G)‘*OHHk(Q()XU) =< C(S’,e,k Im A . (87)

The second inequality follows by replacing G, o by VG, o in (85). We then have

(o.¢]
”A];VXG)»,O”%Z(Q{)XU/) 5 Ck(Im )\’)41‘ / |VXGX,O(r)|2r2 dr

)
o0 1 ,
< Cp(Im A)* / (|Imk|2 + —Z)e—“m*’ dr < Cre™20'Im*, (88)
8o r
The proof is complete. O

We now combine these estimates to get an estimate on the Maxwell layer potential operator.

Lemma A.2. Let Qo C M be an open set with dist(2, Q) =68 > 0 and A € D.. Then, forany 0 < §' <8,
there exists Cy ¢ > 0 such that

=02 —28'Tm A
L3512 Div. 02— H(curl.2g) = Co'.c€ (89)

and
=2 3 .—28'ImA
”'C)‘”H_I/Z(Div0,39)—>H(Curl,§20) = C(S’,Ellm)"l € . (90)

Proof. We choose as in Lemma A.1 a bounded open neighbourhood of Q. For a € H~!/?(3Q), the
distribution y,*(a) is, by duality, in H;'(U). The first inequality then follows by using Lemma A.1 and
bearing in mind that integration defines a continuous map

H¥(Qo x U) x HZS(U) — H*™5(Q)
for k large enough. The second inequality follows from the identity (16), namely that we can write
Lia=VS8, Diva+2128a, ae H '*Div, dQ), 1)
and again using Lemma A.1 in the same way as above. ]
Lemma A.3. Let k € H>(R? x R?). Then k is the integral kernel of a Hilbert-Schmidt operator
K :H (R — H'(RY),

with Hilbert-Schmidt norm bounded by ||k|| g2 rd « gd)-
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Proof. Let K be the integral operator with kernel k. Since (—A + 1)!/? is an isometry from L?(R?) to
H™ ' (RY) and from H'(R?Y) to L*(R?), it suffices to show that (—A + 1)!/2K (—A + 1)!/? is Hilbert—
Schmidt from L?(R?) to L*(R?) and bound its Hilbert—Schmidt norm. This is equivalent to the distri-
butional integral kernel of (—A + D2K(—A+1D1/? being in L*(R? x R?); see for example [Shubin
1987]. The Hilbert—-Schmidt norm is equal to the L2-norm of the kernel. The Fourier transform is given
by (€2 + 1)V/2(n? 4+ 1)"/2k(&, 1) and this is in L? with the L2-norm bounded by Ik ]l g2 (e x ey thanks to
the inequality

E2 4+ D202+ 1)1/2

g2+n+1

Lemma A4. Letk e HC4 (R x R3) be supported in a compact set Q x Q C R3 x R3. Then k is the integral
kernel of a nuclear operator

<1 ]

K:H 'R - H(RY),
with trace norm bounded by C || k|| g4(rd xRd)-

Proof. Since k is compactly supported in O, we can assume without loss of generality that Q is a subset
of a torus T" by imposing periodic boundary conditions on a sufficiently large rectangle and remarking
that the Sobolev norms on the torus restricted to a neighbourhood of Q are then equivalent to those of R?
restricted to that neighbourhood. We can therefore assume without loss of generality that we are on a
compact manifold Y. We can then write K as K = (—Ay + D7'(—Ay+1K. The operator (—Ay + n!
is Hilbert—Schmidt from H'(Y) to H'(Y), as for example can be seen from Weyl’s law. The operator
(—Ay + 1)K is Hilbert-Schmidt by Lemma A.3. Since we have written the operator as a product of two
Hilbert—Schmidt operators, it is nuclear and the corresponding estimate for the nuclear norm follows by
estimating in terms of the Hilbert—Schmidt norms. U

Lemma A.5. Suppose that Q C R? is an open subset, and assume that Q@' C R? is a larger subset such
that @ C Q' and dist(3$2, 9Q') > 0. Let N € N. Then, for any f € L*>(Q') with (—A)* f € L>(Q) for
allk=0,1,..., N,we have f|q € H*N (2), and there exists a constant Cy qr.q > 0, independent of f,
such that || flall vy < Cv..e Yopen 1=K fllz2e).

Proof. This is the usual proof of interior regularity applied to the possibly noncompact domain €.
We will show that f € H*(Q), Af € H* () implies f € H*t?(Q) with the corresponding norm-
estimates. The result then follows from this statement by iterating using a sequence of intermediate
domains Q C Q; C --- C Qn—_1 C . We will choose U such that @ C U C Q' while we still have
dist(dU, 92") > 0, dist(dU, 92) > 0. We can choose a regularised distance function and construct a
function x € C}° (R?) which is compactly supported in ' which equals 1 in a neighbourhood of U. Then,
if fe H*(Q')and Af € H*(Q'), we have

(I =Mxf)=x-A0Df —xAf =2(V)V .

From this we see that (—A+1)(x f) € H*~'(RY) and therefore x f € H**!(R?). Hence the restriction of f
to U is in H**1 (). Now we choose another cut-off function nin C go([Rd ) supported in U that equals 1
near 2. Then (Vn)V f isin H*(U), and we now conclude in the same way that f|q € HT2(Q). [l
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