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We show that the spectral kernel of the N@-Neumann Laplacian acting on .0; q/-forms on a smooth relatively
compact domain admits a full asymptotic expansion near the nondegenerate part of the boundary. We
show further that the Bergman projection admits an asymptotic expansion under certain local closed range
condition. In particular, if condition Z.q/ fails but conditions Z.q� 1/ and Z.qC 1/ hold, the Bergman
projection on .0; q/-forms admits an asymptotic expansion. As applications, we establish Bergman kernel
asymptotic expansions near nondegenerate points of some domains with weakly pseudoconvex boundary
and S1-equivariant asymptotic expansions and embedding theorems for domains with holomorphic
S1-action.
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1. Introduction

1.1. Setting and statement of the main results. Let M be a relatively compact open subset with smooth
boundary X of a complex manifold M 0 of complex dimension n � 2. The study of the N@-Neumann
Laplacian on M is a classical subject in several complex variables. For q 2 f0; 1; : : : ; n� 1g, let �.q/

be the N@-Neumann Laplacian for .0; q/-forms on M. The domain M is said to satisfy condition Z.q/
(0 � q � n� 1) at p 2 X if the Levi form of a (and hence any) defining function of M near p has at
least n� q positive or at least qC 1 negative eigenvalues on the holomorphic tangential space to @M
at p. When condition Z.q/ holds at each point of X, Kohn proved subelliptic estimates with gain of one
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derivative in Sobolev norms for the solutions of �.q/u D f (see [Chen and Shaw 2001; Folland and
Kohn 1972; Hörmander 1965; Kohn 1963; 1964; Kohn and Nirenberg 1965]). This means that for each
.0; q/-form f orthogonal to Ker�.q/ with derivatives of order � s in L2 the equation �.q/uD f has a
solution u with derivatives of order � sC1 in L2. Moreover, Ker�.q/ is a finite-dimensional subspace of
�0;q.M/. A closely related notion to the condition Z.q/ is the notion of q-convexity (and q-concavity)
in the sense of [Andreotti and Grauert 1962] and is one of the basic tools in the study of the geometry of
noncompact complex manifolds.

The Bergman projection B.q/ is the orthogonal projection onto the kernel of�.q/ in the L2 space. The
Schwartz kernel B.q/. � ; � / of B.q/ is called the Bergman kernel. If Z.q/ holds, the above results show
that the Bergman projection B.q/ is a smoothing operator on M and B.q/. � ; � / is smooth on M �M.
When Z.q/ fails at some point of X, the study of the boundary behavior of the Bergman kernel B.q/. � ; � /
is a very interesting problem.

The case when qD 0 and the Levi form is positive definite on X (so Z.0/ fails) is especially a classical
subject with a rich history. After the seminal paper [Bergmann 1933], Hörmander [1965, Theorem 3.5.1]
(see also [Diederich 1970]) determined the limit of B.0/.x; x/ when x approaches a strictly pseudoconvex
point of the boundary of a domain for which the maximal N@ operator acting on functions has closed range.

More precisely, let � 2 C1.M 0/ be a defining function of M, that is, M D f� < 0g, X D f� D 0g,
and d� ¤ 0 near X. We can and will assume that jd�j D 1 on the boundary X. Let x0 2 X be a point
where the Levi form Lx0.�/ is positive definite. Then we have1

.��.x//nC1B.0/.x; x/! 2
�nC1
2

nŠ

4�n
detLx0.�/; x! x0: (1-1)

There are many extensions and variations of Hörmander’s asymptotics for weakly pseudoconvex or
hyperconvex domains; see, e.g., [Boas et al. 1995; Catlin 1989; Hsiao and Savale 2022; Nagel et al. 1989;
Ohsawa 1984].

The existence of the complete asymptotic expansion B.0/.x; x/ at the boundary was obtained by
Fefferman [1974] on the diagonal; namely, there are functions a; b 2 C1.M/ such that

B.0/.x; x/D a.x/.��.x//�.nC1/C b.x/ log.��.x// (1-2)

in M. Subsequently, Boutet de Monvel and Sjöstrand [1976] described the singularity of the full Bergman
kernel B.0/.x; y/ by showing that it is a Fourier integral operator with complex phase (see (1-15), (1-19)).

If qD n�1 and the Levi form is negative definite (so Z.n�1/ fails), Hörmander [2004, Theorem 4.6]
obtained the corresponding asymptotics for the Bergman projection for .0; n�1/-forms in the distribution
sense. For general q > 0, the first author showed in [Hsiao 2010, Part II] that if Z.q/ fails, the Levi form
is nondegenerate on X and �.q/ has L2 closed range, the singularities of the Bergman projection on
.0; q/-forms admits a full asymptotic expansion.

The developments about the Bergman projection mentioned above regard the points of the boundary
where the Levi form is nondegenerate. For points where the Levi form is degenerate there are fewer

1The constant before the determinant of the Levi form here differs by rescaling from the corresponding constant in [Hörmander
1965, Theorem 3.5.1], since in this reference � satisfies jd�j D 1=

p
2 on the boundary.
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results. For example, in [Hsiao and Savale 2022] a pointwise asymptotic expansion of the Bergman kernel
of a weakly pseudoconvex domain of finite type in C2 was obtained.

Fix a point p 2X. Suppose that Z.q/ fails at p and the Levi form is nondegenerate near p (the Levi
form can be degenerate away from p). In this work, we show that the spectral kernel of �.q/ admits
a full asymptotic expansion near p and the Bergman projection for .0; q/-forms admits an asymptotic
expansion near p under a certain closed range condition. Our results are natural generalizations of the
asymptotics of the Bergman kernel for strictly pseudoconvex domains by Fefferman [1974] and Boutet de
Monvel and Sjöstrand [1976].

Another motivation to study the spectral kernel of �.q/ comes from geometric quantization. An
important question in the presence of a Lie group G acting on M 0 is “quantization commutes with
reduction” [Guillemin and Sternberg 1982]; see [Ma 2010] for a survey. The study of G-invariant
Bergman projection plays an important role in geometric quantization. If we consider a manifold
with boundary as above, the N@-Neumann Laplacian may not have L2 closed range but the G-invariant
N@-Neumann Laplacian has L2 closed range. In these cases, we can use the asymptotic expansion for the
spectral kernel of �.q/ to study G-invariant Bergman projection. Therefore, our results about spectral
kernels for the N@-Neumann Laplacian could have applications in geometric quantization on complex
manifolds with boundary. In [Hsiao et al. 2023], we used the asymptotic expansions of the spectral
kernels for the Kohn Laplacian to study the geometric quantization on CR manifolds.

We now formulate the main results. We refer to Section 2 for some notation and terminology used here.
Let .M 0; J / be a complex manifold of dimension n with complex structure J. We denote by T 1;0M 0 the
holomorphic and antiholomorphic tangent bundles of M 0, and by T �p;qM 0 the bundle of .p; q/-forms.
We fix a J -invariant Riemannian metric gTM

0

on TM 0 and let dvM 0 be its volume form. We denote
by h � j � i the pointwise Hermitian product induced by gTM

0

on the fibers of CTM 0 and by duality on
CT �M 0; hence on T �p;qM 0.

Let M be a relatively compact open subset with C1 boundary of M 0. We denote by X D @M

the boundary of M. Let � 2 C1.M 0;R/ be a defining function of M with jd�j D 1 on X. Let
@
@�
2 C1.M 0; TM 0/ be the gradient of � with respect to the metric gTM

0

. Then

d�
�
@

@�

�
D 1 on X;

D
@

@�
.x/

ˇ̌̌
v
E
D 0 at every x 2X, for every v 2 TxX. (1-3)

Put
T D J

�
@

@�

�
2 C1.M 0; TM 0/: (1-4)

It is easy to see that T is orthogonal to T 1;0X˚T 0;1X and jT j D 1 on X. We consider the 1-form on M 0,

!0 D�d� ıJ D i.N@�� @�/: (1-5)
We have

!0.x/.u/D 0 for every x 2X and every u 2 T 1;0x X ˚T 0;1x X;

!0.T /D 1 on X:
(1-6)

For x 2X, the Levi form Lx is the Hermitian quadratic form on T 1;0x X given by

Lx.Z;W /D
1

2i
d!0.x/.Z;W /D @N@�.x/.Z;W /; Z;W 2 T 1;0x X: (1-7)
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For a given point x 2X let fWj gn�1jD1 be an orthonormal frame of .T 1;0X; h � j � i/ near x for which the
Levi form is diagonal at x. We define the eigenvalues �j .x/, j D 1; : : : ; n� 1, of the Levi form Lx by

Lx.Wj ; W `/D �j .x/ıj`; j; `D 1; : : : ; n� 1: (1-8)

The determinant of the Levi form at x is denoted by

detLx D
n�1Y
jD1

�j .x/: (1-9)

For every q D 0; 1; : : : ; n�1, let T �0;qX be the bundle of .0; q/-forms on X. We assume that �j .x/ < 0
if 1 � j � n� and �j .x/ > 0 if n�C 1 � j � n� 1. Let fej gn�1jD1 denote the basis of T �0;1X, dual to
fW j g

n�1
jD1. Put

N .x; n�/ WD Ce1.x/^ � � � ^ en�.x/; (1-10)

and let
�x;n� W T

�0;n�
x X !N .x; n�/ (1-11)

be the orthogonal projection onto N .x0; n�/ with respect to h � j � i.
Fix x 2 M 0. Let L 2 T �0;1x M 0 and let L^ W T �0;qx M 0 ! T

�0;qC1
x M 0 be the operator with wedge

multiplication by L and let L^;� W T �0;qC1x M 0! T
�0;q
x M 0 be its adjoint with respect to h � j � i, that is,

hL^u j v i D hu j L^;�v i; u 2 T �0;qx M 0; v 2 T �0;qC1x M 0: (1-12)

Let . � j � /M be the L2 inner product on �0;q.M/ induced by h � j � i (see (2-7)). Let L2
.0;q/

.M/ be the
completion of �0;q.M/ with respect to . � j � /M . Let

�.q/ W Dom�.q/ � L2.0;q/.M/! L2.0;q/.M/; q 2 f0; 1; : : : ; n� 1g;

be the N@-Neumann Laplacian on .0; q/-forms (see (2-8)). The operator �.q/ is a nonnegative self-adjoint
operator. We denote by E.q/ the spectral measure of �.q/. For a Borel set B � R, E.q/.B/ is the spectral
projection of �.q/ corresponding to the set B . For �� 0 we consider the spectral projectors,

B
.q/

��
WD E.q/

�
.�1; ��

�
W L2.0;q/.M/!Hq

��
.M/ WD RanB.q/

��
; (1-13)

and denote by
B
.q/

��
.x; y/ 2 D 0.M �M;T �0;qM � .T �0;qM/�/

their distribution kernels. For �D 0 we obtain the Bergman projection B.q/ WD B.q/
�0 , the Bergman kernel

B.q/.x; y/ WD B
.q/
�0 .x; y/ and the space of harmonic forms Hq.M/ WDHq

�0.M/DKer�.q/. Let us define

ƒ
.0;q/j.0;q/
M 0�M 0 WD T

�0;qM 0� .T �0;qM 0/�

and set, for W �M 0 �M 0 open,

�.0;q/j.0;q/.W / WD C1.W;ƒ
.0;q/j.0;q/
M 0�M 0 /D C1.W; T �0;qM 0� .T �0;qM 0/�/;

�.0;q/j.0;q/.W \ .M �M// WD C1.W \ .M �M/;ƒ
.0;q/j.0;q/
M 0�M 0 /:
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Let U be an open set of M 0 with U \X ¤∅. We shall consider B.q/
��

as a continuous operator,

B
.q/

��
W�0;qc .U \M/! D 0.U \M;T �0;qM 0/;

and let B.q/
��
.x; y/ 2 D 0..U �U/\ .M �M/;ƒ

.0;q/j.0;q/
M 0�M 0 / be the distribution kernel of B.q/

��
. We denote

in the sequel by Sn1;0 the Hörmander symbol space. Our first main result is the following.

Theorem 1.1. Let M D f� < 0g be a relatively compact open subset with smooth boundary X of a
complex manifoldM 0 of complex dimension n. Let U be an open set ofM 0 with U \X ¤∅. Suppose that
the Levi form is nondegenerate of constant signature .n�; nC/ on U \X, where n� denotes the number
of negative eigenvalues of the Levi form on U \X. Fix � > 0. If q ¤ n�, we have

B
.q/

��
.x; y/ 2�.0;q/j.0;q/..U �U/\ .M �M//; (1-14)

and for q D n� the operator B.q/
��

is a Fourier integral operator with complex phase. More precisely,

B
.q/

��
.x; y/�

Z 1
0

ei�.x;y/tb.x; y; t/ dt 2�.0;q/j.0;q/..U �U/\ .M �M//; (1-15)

where b.x; y; t/2Sn1;0..U �U/\.M �M/�.0;1/;ƒ
.0;q/j.0;q/
M 0�M 0 / has asymptotic expansion b.x; y; t/�P1

jD0 bj .x; y/t
n�j in Sn1;0, bj .x; y/ 2 C1..U �U/\ .M �M/;ƒ

.0;q/j.0;q/
M 0�M 0 /, j D 0; 1; : : : , and the

leading term is given by

b0.x; x/D 2�
�n
jdetLxj�x;n� ı .N@�.x//

^;�.N@�.x//^ for every x 2 U \X: (1-16)

Moreover,

�.x; y/ 2 C1..U �U/\ .M �M//; Im� � 0;

�.x; x/D 0; x 2 U \X; �.x; y/¤ 0 if .x; y/ … diag..U �U/\ .X �X//;

Im�.x; y/ > 0 if .x; y/ … .U �U/\ .X �X/;

�.x; y/D��.y; x/;

dx�.x; y/jxDy D�2i@�.x/ for every x 2 U \X:

(1-17)

Moreover, we can describe the phase function � from (1-15) in the following complement to Theorem 1.1.
Let N@�

f
denote the formal adjoint of N@, and let�.q/

f
WD N@�

f
N@C N@ N@�

f
be the N@-Laplacian acting on�0;�.M 0/.

We denote by �.�.q/
f
/ its principal symbol.

Zusatz 1.2. Fix p2U\X and choose local holomorphic coordinates zD .z1; : : : ; zn/, zj Dx2j�1Cix2j ,
j D 1; : : : ; n, vanishing at p such that the metric on T 1;0M 0 is

Pn
jD1 dzj ˝ d Nzj at p and �.z/ D

p
2 Im znC

Pn�1
jD1 �j jzj j

2CO.jzj3/, where �j , j D 1; : : : ; n� 1, are the eigenvalues of Lp. We also
write wD .w1; : : : ; wn/, wj D y2j�1C iy2j , j D 1; : : : ; n. Then, we can take �.z; w/ in (1-15) so that
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in some neighborhood of .p; p/ in M 0 �M 0 we have

�.z; w/D�
p
2x2n�1C

p
2y2n�1�i�.z/

�
1C

2n�1X
jD1

ajxjC
1

2
a2nx2n

�
�i�.w/

�
1C

2n�1X
jD1

NajyjC
1

2
Na2ny2n

�
Ci

n�1X
jD1

j�j jjzj�wj j
2
C

n�1X
jD1

i�j . Nzjwj�zj Nwj /CO
�
j.z; w/j3

�
; (1-18)

where aj D 1
2
@xj �.�

.q/

f
/.p;�2i@�.p//, j D 1; : : : ; 2n.

The essential step in the proof of Theorem 1.1 is the construction of a microlocal Hodge decompo-
sition (Theorems 5.9, 5.23) up to smoothing operators. Namely, there exists an approximate Neumann
operator N .q/ and an approximate Bergman operator …q on U \M such that �.q/N .q/C….q/ � I,
N .q/�.q/C….q/� I, �.q/….q/ are smoothing on U \M (here I denotes the identity) and ….q/ differs
from the Fourier integral operator

R1
0 ei�.x;y/tb.x; y; t/ dt by a smoothing operator on U \M. In

Theorem 6.7 we prove that, for every � > 0, B.q/
��
�….q/ is smoothing on U \M. Since ….q/ is

independent of �, the complex Fourier integral operator
R1
0 ei�.x;y/tb.x; y; t/ dt in (1-15) can be taken

to be independent of �. Hence, for every �1 > � > 0, B.q/
��1

.x; y/ and B.q/
��
.x; y/ differ by a smooth

section on .U �U/\ .M �M/.
By integrating over t in the oscillatory integral

R1
0 ei�.x;y/tb.x; y; t/ dt in (1-15), we have the

following corollary of Theorem 1.1.

Corollary 1.3. Under the assumptions of Theorem 1.1, let U be an open set of M 0 with U \X ¤ ∅.
Suppose that the Levi form is nondegenerate of constant signature .n�; nC/ on U \X. Let q D n�. There
exist forms F;G 2�.0;q/j.0;q/..U �U/\ .M �M// such that for every � > 0 we have

B
.q/

��
.x; y/D F.x; y/.�i.�.x; y/C i0//�n�1CG.x; y/ log.�i.�.x; y/C i0//CR�.x; y/; (1-19)

where R�.x; y/ 2�.0;q/j.0;q/..U �U/\ .M �M// is a �-dependent smooth form. Moreover, we have

F.x; y/D

nX
jD0

.n� j /Šbj .x; y/.�i�.x; y//
j ;

G.x; y/�

1X
jD0

.�1/jC1

j Š
bnCjC1.x; y/.�i�.x; y//

j mod C1..U �U/\ .M �M//;

(1-20)

where bj .x; y/, j 2 N0, and �.x; y/ are as in Theorem 1.1.

We introduce now a condition which allows us to pass from spectral projections B.q/
��

with � > 0 to
the Bergman projector B.q/ D B.q/

�0 .

Definition 1.4. Let U be an open set in M 0 with U \X ¤∅. We say that �.q/ has local closed range
in U if, for every open set W � U with W \X ¤∅, W � U, there is a constant CW > 0 such that

k.I �B.q//ukM � CW k�.q/ukM ; u 2�0;qc .W \M/\Dom�.q/.

Note that if �.q/ has closed range then �.q/ has local closed range in U for any U.
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Our second main result is the following.

Theorem 1.5. Under the assumptions of Theorem 1.1, let U be an open set of M 0 with U \X ¤ ∅.
Suppose that the Levi form is nondegenerate of constant signature .n�; nC/ on U \X. Let q D n�.
Suppose that�.q/ has local closed range in U. Then

B.q/.x; y/�

Z 1
0

ei�.x;y/tb.x; y; t/ dt 2�.0;q/j.0;q/..U �U/\ .M �M//; (1-21)

where b.x; y; t/ and �.x; y/ are as in Theorem 1.1. In particular, B.q/.x; y/ has the asymptotics (1-19).

Hörmander [2004, Theorem 4.6] determined the leading asymptotics of B.n�1/.x; y/ near a bound-
ary point where the Levi form is negative definite under the condition that �.n�1/ has closed range.
Theorem 1.5 thus generalizes this result and gives the full asymptotics.

Remark 1.6. Let .E; hE / be a Hermitian holomorphic vector bundle over M 0. As in (2-8) below, we can
consider the N@-Neumann Laplacian on .0; q/-forms with values in E:

�.q/ D N@ N@�C N@� N@ W Dom�.q/ � L2.0;q/.M;E/! L2.0;q/.M;E/; (1-22)

where L2
.0;q/

.M;E/ denotes the L2 space of .0; q/-forms with values in E. We can define B.q/
��
.x; y/

in the same way as above and by the same proofs, Theorems 1.1 and 1.5 hold also in the presence of a
vector bundle E.

In particular, we can consider the trivial line bundle E D C with the metric hE D e�', where
' 2 C1.M 0/ is a weight function. In this case the space L2

.0;q/
.M;E/ is the completion of �0;q.M/

with respect to the weightedL2 inner product .ujv/'D
R
M hujvie

�' dvM 0 and is denoted byL2
.0;q/

.M; '/.
The Bergman projection is denoted byB.q/' and the Bergman kernel by B.q/' . � ; � /. So all the results above
have versions for weighted Bergman kernels B.q/' . � ; � /.

We now give some applications of the results above.

Corollary 1.7. (i) Let M be a bounded domain of holomorphy in Cn with smooth boundary and let ' be
any function in C1.M/. Let U be an open set in Cn such that U \ @M is strictly pseudoconvex. Then
the weighted Bergman kernel B.0/' . � ; � / has the asymptotics (1-21) on U \M.

(ii) Let M be an open relatively compact domain with smooth boundary X in a complex manifold M 0 of
dimension n. Assume that X satisfies condition Z.1/, i.e., the Levi form of X has everywhere either n� 1
positive or two negative eigenvalues. Let U be an open set inM 0 such that U \X is strictly pseudoconvex.
Then the Bergman kernel B.0/. � ; � / has the asymptotics (1-21) on U \M.

(iii) Let M be a pseudoconvex domain with smooth boundary in Pn. Let U be an open set in Pn such that
U\@M is strictly pseudoconvex. Then the Bergman kernelB.0/. � ; � / has the asymptotics (1-21) onU\M.

(iv) Let M be an open relatively compact domain with smooth boundary X in a complex manifold M 0 of
dimension n. Fix p 2X and assume that the Levi form is nondegenerate of constant signature .n�; nC/
at every point of U \X, where U is an open set of p in M 0. Let q D n�. Assume that Z.q� 1/, Z.qC 1/
hold of every point of X. The Bergman kernel B.q/. � ; � / has the asymptotics (1-21) on U \M.
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Note that by the solution of the Levi problem [Range 1986, Theorem V.1.5], for a bounded domain
M � Cn with smooth boundary the notions of domain of holomorphy and weak (Levi) pseudoconvexity
are equivalent. We can apply the L2 estimates for N@ of [Hörmander 1965, Theorem 2.2.10] to obtain that
�.0/ has closed range inL2, and hence settle case (i). Note that the analogousL2 estimate for N@b along the
boundary was done in [Shaw 1985]. Moreover, it follows from [Folland and Kohn 1972, Theorem 3.1.19],
[Hörmander 1965, Theorem 3.4.1] in case (ii), and [Henkin and Iordan 2000, Corollary 3.6] in case (iii),
that �.0/ has closed range. Note that these assertions are independent of the choice of the function
' 2 C1.M/, since changing ' only means introducing equivalent norms in the Hilbert spaces concerned.
Obviously, the items (i) and (ii) hold also if we work with Bergman kernels of holomorphic sections in a
Hermitian holomorphic vector bundle .E; hE / defined in a neighborhood of M (see Remark 1.6).

We now explain point (iv). Let M be an open relatively compact domain with smooth boundary X
in a complex manifold M 0 of dimension n. We recall that X satisfies condition Z.q/ if the Levi from
of X has at least n� q positive eigenvalues or at least qC 1 negative eigenvalues at every point of X.
It was proved in [Folland and Kohn 1972, Proposition 3.1.18] that if Z.q� 1/, Z.qC 1/ hold at every
point of X, then �.q/ has closed range. If the Levi form is nondegenerate of signature .n�; nC/ then
Z.q/ holds if and only if q ¤ n�. We call n� the critical degree.

Next we consider Bergman kernels on shell domains. These are domains with two boundary components,
one pseudoconvex, the other pseudoconcave They appear for example in Andreotti–Grauert theory, e.g.,
as .1; 1/-convex-concave domains (roughly speaking of the form M D fc � ' � dg, where ' WM 0!R is
a strictly plurisubharmonic exhaustion function on M 0). Such domains play an important role in problems
of compactification of complex manifolds; see, e.g., [Andreotti and Siu 1970].

Corollary 1.8. Let M b Cn be the shell domain M DM0 nM 1 between two pseudoconvex domains
M0 and M1 with smooth boundary and M1 b M0. Let U an open set such that U \ @M1 is strictly
pseudoconvex and U \ @M0 D ∅. Then the Bergman kernel B.n�1/.x; y/ on .0; n� 1/-forms has the
asymptotics (1-21) and (1-19).

By [Shaw 2010, Theorem 3.5], the operator �.n�1/ has closed range in L2 for a shell domain between
two pseudoconvex domains as above. Moreover, the Levi form of @M is negative definite on U \ @M, so
the corollary follows from Theorem 1.5.

We consider further shell domains M D M0 nM 1 in a complex manifold M 0. For general shell
domains, e.g., .1; 1/-convex-concave domains, the associated N@-Neumann Laplacian may not have closed
range. This happens for example for domains which cannot be compactified on the pseudoconcave end
[Andreotti and Siu 1970] (the pseudoconcave boundary component is not embeddable in the Euclidean
space). To overcome this difficulty, we consider a holomorphic line bundle L over M 0. In Theorem 1.9
below, we will see that the associated N@-Neumann Laplacian with values in Lk has closed range if k is
large and the curvature of L is positive. We refer to [Ma and Marinescu 2007] for a comprehensive study
of Bergman kernel asymptotics for high tensor powers of a line bundles.

Suppose that there is a holomorphic line bundle .L; hL/ overM 0, where hL denotes a Hermitian metric
of L and RL is the curvature of L induced by hL. For every k 2 N, let .Lk; hL

k

/ be the k-th power of
.L; hL/. Let . � j � /k be the L2 inner product on �0;q.M;Lk/ induced by the given Hermitian metric
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h � j � i on CTM 0 and hL and let L2
.0;q/

.M;Lk/ be the completion of �0;q.M;Lk/. Let

�.q/
k
W N@ N@�C N@� N@ W Dom�.q/ � L2.0;q/.M;L

k/! L2.0;q/.M;L
k/

be the N@-Neumann operator on M with values in Lk and let

B
.q/

k
W L2.0;q/.M;L

k/! Ker�.q/
k

be the orthogonal projection with respect to . � j � /k and let B.q/
k
. � ; � / be the distribution kernel of B.q/

k
.

Theorem 1.9. Let M DM0 nM 1 be the shell domain between two pseudoconvex domains M0 and M1

with smooth boundary,M1bM0bM 0. Let X0D @M0 and X1D @M1. Assume that .L; hL/ is a positive
line bundle in a neighborhood of M 0. Let U be an open set in M 0 with of U \X0 ¤∅ and U \X1 D∅.
There exists k0 2 N such that, for every k 2 N, k � k0,

�.0/
k

has local closed range in U : (1-23)

Moreover, for every k 2 N, k � k0, the Bergman kernel of M with values in Lk satisfies

B
.0/

k
.x; y/�

Z 1
0

ei�.x;y/tb.x; y; t/ dt mod C1..U �U/\ .M �M/;Lk� .Lk/�/; (1-24)

where �.x;y/2C1..U�U/\.M�M// and b.x;y; t/2Sn1;0...U�U/\.M�M//�.0;1/;Lk�.Lk/�/
are as in Theorem 1.1.

The next applications concerns the asymptotics of the S1-equivariant Bergman kernel and embedding
theorems. We assume that M 0 admits a holomorphic S1-action

S1 �M 0!M 0; .ei� ; x/ 7! ei� ı x:

The S1-action preserves the complex structure J of M 0. Let T0 2 C1.M 0; TM 0/ be the infinitesimal
generator of the S1-action on M 0, that is .T0u/.x/D @

@�
u.ei� ı x/

ˇ̌
�D0

for every u 2 C1.M 0/.
We take the Hermitian metric h � j � i on CTM 0 to be S1-invariant and jT0j D 1 on X. We take an

S1-invariant defining function � so that jd�j D 1 on X. Fix an open connected component X0 of X.
Suppose that

!0.T0/ > 0 on X0; (1-25)

where J is the complex structure map on T �M 0. From (1-4), (1-25) and noting that jT0j D jd�j D 1
on X, it is easy to see that

T0 D T on X0: (1-26)

For every m 2 Z, put

�0;qm .M 0/D fu 2�0;q.M 0/ W T uD imug; (1-27)

where T u is the Lie derivative of u along direction T. Similarly, let �0;qm .M/ denote the space of
restrictions to M of elements in �0;qm .M 0/. We write C1m .M/ WD �

0;0
m .M/. Let L2

.0;q/;m
.M/ be the
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completion of �0;qm .M/ with respect to . � j � /M . For qD 0, we write L2m.M/ WDL2
.0;0/;m

.M/. Fix �� 0
and m 2 Z. Put

Hq
��;m

.M/ WDHq
��
.M/\L2.0;q/;m.M/; (1-28)

where Hq
��
.M/ is given by (1-13). Let

B
.q/

��;m
W L2.0;q/.M/!Hq

��;m
.M/ (1-29)

be the orthogonal projection with respect to . � j � /M and let

B
.q/

��;m
.x; y/ 2 D 0.M �M;ƒ

.0;q/j.0;q/
M 0�M 0 /

be the distribution kernel of B.q/
��;m

. For � D 0, we write Hqm.M/ WD Hq
�0;m.M/, B.q/m WD B

.q/
�0;m,

B
.q/
m .x; y/ WD B

.q/
�0;m.x; y/. From [Hsiao et al. 2020, Theorem 3.3], we see that Hq

��;m
.M/ is a finite-

dimensional subspace of �0;qm .M/ and hence

B
.q/

��;m
.x; y/ 2�.0;q/j.0;q/.M �M/:

Moreover, it is straightforward to see that

B
.q/

��;m
.x; y/D

1

2�

Z �

��

B
.q/

��
.x; ei� ıy/eim� d�: (1-30)

We have the following asymptotic expansion for the S1-equivariant Bergman kernel. We use here the
symbol spaces Snloc; see Definition 2.1 and the discussion after (2-6).

Theorem 1.10. Assume thatM 0 admits a holomorphic S1-action that is boundary preserving, locally free
and transversal to the CR structure on the boundary. Let X0 be a connected component of X such that
(1-26) holds, let p 2X0 and let U be an open set of p in M 0 with U \X0 ¤∅. Suppose that Z.1/ holds
on X and that the Levi form is positive U \X0. Let Np WD fg 2 S1 W g ıpD pg D fg0 WD e; g1; : : : ; grg,
where e denotes the identity element in S1 and gj ¤ g` if j ¤ ` for every j; `D 0; 1; : : : ; r . Then

B.0/m .x; y/�

rX
˛D0

gm˛ e
im�.x;g˛ıy/b˛.x; y;m/ modO.m�1/ on U \M; (1-31)

where, for every ˛ D 0; 1; : : : ; r ,

b˛.x; y;m/ 2 S
n
loc..U �U/\ .M �M//;

b˛.x; y;m/�
P1
jD0 b˛;j .x; y/m

n�j in Snloc..U �U/\ .M �M//;

b˛;0.x; x/D b0.x; x/;

(1-32)

where b0.x; x/ is given by (5-124) and �.x; y/ 2 C1..U �U/\ .M �M// is as in (1-17).

Actually, we have more general results than Theorem 1.10. In Theorem 8.2, we get an asymptotic
expansion for B.q/

��;m
in m for every � > 0, and in Theorem 8.3, we get an asymptotic expansion for B.q/m

in m under the local closed range condition of �.q/. Moreover, when Z.q� 1/ and Z.qC 1/ hold, then
�.q/ has closed range and an analogous statement to Theorem 1.10 holds for B.q/m .
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For every m 2 N, let

ˆm WM ! Cdm; x 7! .f1.x/; : : : ; fdm.x//; (1-33)

where ff1.x/; : : : ; fdm.x/g is an orthonormal basis for H0m.M/ with respect to . � j � /M and dm D
dimH0m.M/. We have the following S1-equivariant embedding theorem

Theorem 1.11. Assume thatM 0 admits a holomorphic S1-action that is boundary preserving, locally free
and transversal to the CR structure on the boundary. Let X0 be a connected component of X such that
(1-26) holds. Assume that the Levi form is positive definite on X0 and Z.1/ holds on X. For everym0 2N,
there exist m1; : : : ; mk 2 N, with mj � m0, j D 1; : : : ; k, and an S1-invariant open neighborhood V
of X0 such that the map

ˆm1;:::;mk W V \M ! C
Odm; x 7! .ˆm1.x/; : : : ; ˆmk .x//; (1-34)

is a holomorphic embedding, where ˆmj is given by (1-33) and Odm D dm1 C � � �C dmk .

Without the Z.1/ condition, we can still formulate the following S1-equivariant embedding theorem.

Theorem 1.12. Assume thatM 0 admits a holomorphic S1-action that is boundary preserving, locally free
and transversal to the CR structure on the boundary. Let X0 be a connected component of X such that
(1-26) holds and the Levi form is positive definite on X0. For every m0 2 N, there exist an S1-invariant
open neighborhood V of X0 and fj 2 C1.V \M/ with N@fj D 0 on V \M, fj .ei�x/ D eimj �f .x/,
j D 1; : : : ; k, for ei� 2 S1 and every x 2 V and some mj �m0, such that the map

ˆ W V \M ! Ck; x 7! .f1.x/; : : : ; fk.x//; (1-35)

is a holomorphic embedding.

1.2. Methods and further previous results. In [Hsiao 2010] the first author extended the results of the
fundamental paper [Boutet de Monvel and Sjöstrand 1976] on the off-diagonal and boundary asymptotics
of the Szegő and Bergman kernels to the case of domains whose Levi form is everywhere nondegenerate on
the boundary. Building on [Hsiao 2010] we constructed in [Hsiao and Marinescu 2017] a parametrix for the
Szegő kernel on the boundary, and extended the above results in several directions: (i) the global nondegen-
eracy condition on the Levi form was relaxed to local nondegeneracy near the point where the parametrix
is being constructed; (ii) a more general projector onto low-energy eigenspaces of the Kohn Laplacian
was considered; (iii) the boundary and domain were allowed to be noncompact. In the present paper we
achieve the passage from the Szegő parametrix on the boundary to the Bergman parametrix in the interior.

The main technical part of this paper is the construction of the microlocal parametrices for the
N@-Neumann problem done in Sections 4 and 5 (see Theorems 4.7, 5.9, 5.23). More precisely, in Section 4,
we construct parametrices for �.q/ near a point p 2X under the assumptions that Z.q/ holds at p and
the Levi form is nondegenerate at p. Our result generalizes the global result [Folland and Kohn 1972,
Theorem 3.1.14] (see also [Kohn 1963; 1964]) about the solution of the N@-Neumann problem under the
hypothesis that the Z.q/ condition holds on the whole boundary. In this case �.q/ has a parametrix N .q/,
the N@-Neumann operator, which has a local character. Our method uses a reduction to the analysis on the
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boundary and the use of a boundary pseudodifferential operator �.q/� which is elliptic along the negative
component †� � T �X of the characteristic cone (see Section 3).

In Section 5, we construct microlocal Hodge decomposition theorems for �.q/ near a point p 2 X
under the assumptions that Z.q/ fails at p and the Levi form is nondegenerate at p. This is the most
technical part of the paper. Again, this is the local counterpart of the global result [Folland and Kohn
1972, Proposition 3.1.17] saying that if Z.q/ fails but Z.q� 1/ and Z.qC 1/ hold on X, there exists a
global Hodge decomposition theorem for �.q/. Our method is to first construct a parametrix N .q/ of the
N@-Neumann Laplacian and an approximate Bergman projector ….q/, then to link ….q/ to an approximate
Szegő projector, which turns out to be a Fourier operator with complex phase, on the boundary via the
Poisson operator. Note that already in [Boutet de Monvel and Sjöstrand 1976] the analysis of the Bergman
projector on a strictly pseudoconvex domain was done by reduction to the Szegő projector.

The localization of the N@-Neumann operator was observed in several papers under global assumptions.
It was remarked in [Folland and Kohn 1972, p. 52] that the N@-Neumann operator localizes assuming that
�.q/ has globally closed range (see also Theorem 3.6 and Remark (ii) on page 70 of [Straube 2010]). Near
a strictly pseudoconvex point (n�D 0), the existence of the localized N@-Neumann operator in Theorems 4.7
and 5.9 follows from the main results of [Henkin et al. 1996; Henkin and Iordan 1997; Michel and Shaw
1998], under various hypotheses, such as piecewise smooth boundary. The generalizations of these articles
for higher q have been considered in [Hefer and Lieb 2000, Theorem 3.16].

As mentioned above, a geometric counterpart of the condition Z.q/ is the notion of q-convexity
[Andreotti and Grauert 1962]. A manifold M of dimension n is called q-convex (1� q � n) if there exists
an exhaustion function ' WM !R such that its Levi form i@N@' has n�qC1 positive eigenvalues outside
a compact set K. If c 2 R is a regular value of ' such that Mc WD fx 2M W '.x/� cgbM contains K,
then Mc satisfies condition Z.`/ for every `� q. By [Andreotti and Grauert 1962], if M is q-convex then
the cohomology H `.M;E/ with values in any holomorphic bundle E is finite-dimensional for any `� q.
This can be also deduced from the fact that the dim Ker�.`/ <1 for `� q and from Hodge theory of the
N@-Neumann Laplacian; see [Hörmander 1965]. If M is a domain such that the Levi form of the boundary
is nondegenerate of signature .n�; nC/, it follows from Andreotti–Grauert theory and [Andreotti and Hill
1972] that dimH `.M;E/ <1 for `¤ n� and dimH `.M;E/D1 for `D n�. This reflects the fact
that in this case the Bergman projector on .0; n�/-forms has infinite-dimensional range.

1.3. Organization of the paper. The paper is organized as follows. In Section 2, we collect some standard
notation, terminology, definitions and statements we use throughout. To construct parametrices for �.q/,
we introduce in Section 3 the boundary operator �.q/� . In Section 4, we construct parametrices for �.q/

near a point p 2 X under the assumption that Z.q/ holds at p. Up to the authors’ knowledge, the
parametrices construction in Section 4 under no global assumptions is also a new result. In Section 5, we
obtain microlocal Hodge decomposition theorems for �.q/ near a point p 2X under the assumption that
Z.q/ fails at p. By using the results in Sections 4 and 5, we prove Theorems 1.1 and 1.5 in Section 6.
In Section 7, we prove Theorem 1.9. In Section 8, we prove Theorems 1.10, 1.11 and 1.12 about the
asymptotic expansions of the S1-equivariant Bergman kernel and embedding theorems for domains with
holomorphic S1-action.
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2. Preliminaries

2.1. Notions from microlocal and semiclassical analysis. We shall use the following notation: N D

f1; 2; : : :g is the set of natural numbers, N0 D N[f0g, R is the set of real numbers, and RC WD fx 2 R W

x � 0g. For a multiindex ˛ D .˛1; : : : ; ˛n/ 2 Nn0 we denote by j˛j D ˛1 C � � � C ˛n its norm and by
l.˛/D n its length. For m 2N, write ˛ 2 f1; : : : ; mgn if j̨ 2 f1; : : : ; mg, j D 1; : : : ; n. A multi-index ˛
is strictly increasing if ˛1 < ˛2 < � � �< ˛n. For x D .x1; : : : ; xn/ we write

x˛ D x
˛1
1 � � � x

˛n
n ;

@xj D
@

@xj
; @˛x D @

˛1
x1
� � � @˛nxn D

@j˛j

@x˛
;

Dxj D
1

i
@xj ; D˛x DD

˛1
x1
� � �D˛nxn ; Dx D

1

i
@x :

Let z D .z1; : : : ; zn/, zj D x2j�1C ix2j , j D 1; : : : ; n, be coordinates of Cn. We write

z˛ D z
˛1
1 � � � z

˛n
n ; Nz˛ D Nz

˛1
1 � � � Nz

˛n
n ;

@zj D
@

@zj
D
1

2

�
@

@x2j�1
� i

@

@x2j

�
; @ Nzj D

@

@ Nzj
D
1

2

�
@

@x2j�1
C i

@

@x2j

�
;

@˛z D @
˛1
z1
� � � @˛nzn D

@j˛j

@z˛
; @˛Nz D @

˛1
Nz1
� � � @

˛n
Nzn
D
@j˛j

@ Nz˛
:

For j; s 2 Z, set ıj;s D 1 if j D s, and ıj;s D 0 if j ¤ s.
Let M be a smooth paracompact manifold. We let TM and T �M denote the tangent bundle of M

and the cotangent bundle of M respectively. The complexified tangent bundle of M and the complexified
cotangent bundle of M are denoted by CTM and CT �M, respectively. Write h � ; � i to denote the
pointwise duality between TM and T �M. We extend h � ; � i bilinearly to CTM�CT �M. Let E be
a C1 vector bundle over M. The fiber of E at x 2M will be denoted by Ex . Let yE be another
vector bundle over M. We write E � yE� to denote the vector bundle over M �M with fiber over
.x; y/ 2M�M consisting of the linear maps from yEy to Ex . Let Y �M be an open set. From now
on, the spaces of distribution sections of E over Y and smooth sections of E over Y will be denoted by
D 0.Y;E/ and C1.Y;E/ respectively. Let E 0.Y;E/ be the subspace of D 0.Y;E/ whose elements have
compact support in Y and let C1c .Y;E/ be the subspace of C1.Y;E/ whose elements have compact
support in Y . For m 2R, let Hm.Y;E/ denote the Sobolev space of order m of sections of E over Y . Put

Hm
loc.Y;E/D fu 2 D 0.Y;E/ W 'u 2Hm.Y;E/ for every ' 2 C1c .Y /g;

Hm
c .Y;E/DH

m
loc.Y;E/\ E 0.Y;E/:

Let E and yE be C1 vector bundles over a paracompact orientable C1 manifold M equipped with a
smooth density of integration. If A W C1c .M; E/!D 0.M; yE/ is continuous, we write A.x; y/ to denote
the distribution kernel of A. The following two statements are equivalent:

(a) A is continuous: E 0.M; E/! C1.M; yE/.

(b) A.x; y/ 2 C1.M�M; yE�E�/.
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If A satisfies (a) or (b), we say that A is smoothing on M. Let A;B W C1c .M; E/! D 0.M; yE/ be
continuous operators. We write

A� B (on M) (2-1)

if A�B is a smoothing operator.
We say that A is properly supported if the restrictions of the two projections .x; y/ 7! x, .x; y/ 7! y

to suppA.x; y/ are proper.
Let H.x; y/ 2D 0.M�M; yE�E�/. We denote by H the unique continuous operator C1c .M; E/!

D 0.M; yE/ with distribution kernel H.x; y/. In this work, we identify H with H.x; y/.
Let D be an open set of a smooth manifold X and let E be a vector bundle over X. Let

Lm1
2
; 1
2

.D;E�E�/; Lmcl .D;E�E
�/

denote the space of pseudodifferential operators on D of order m and type
�
1
2
; 1
2

�
from sections of E

to sections of E and the space of classical pseudodifferential operators on D of order m from sections
of E to sections of E respectively. The classical result of Calderon and Vaillancourt [Hörmander 1985,
Chapter 18] tells us that any A 2 Lm

1=2;1=2
.D;E�E�/ induces for any s 2 R a continuous operator

A WH s
c .D;E/!H s�m

loc .D;E/: (2-2)

Let A 2 Lm
1=2;1=2

.D;E �E�/, B 2 Lm1
1=2;1=2

.D;E �E�/, where m;m1 2 R. If A or B is properly
supported, then the composition of A and B is well-defined. Moreover, we can repeat the proof of [Boutet
de Monvel 1974, Proposition 3.2] and conclude that

AB 2 L
mCm1
1
2
; 1
2

.D;E�E�/: (2-3)

For m 2 R, �; ı 2 R, 0� �; ı � 1, let

Sm�;ı.T
�D;E�E�/

be the Hörmander symbol space on T �D with values inE�E� of orderm and type .�; ı/; see [Hörmander
1983, Definition 7.8.1]. Let

S�1�;ı .T
�D;E�E�/ WD

\
m2R

Sm�;ı.T
�D;E�E�/:

Let aj 2 S
mj
�;ı
.T �D;E�E�/ with mj &�1, j !1. Then there exists a 2 Sm0

�;ı
.T �D;E�E�/ such

that, for any k 2 N,

a�

k�1X
jD0

aj 2 S
mk
1;0 .T

�D;E�E�/:

In this case we write

a �

C1X
jD0

aj in Sm0
�;ı
.T �D;E�E�/:

The symbol a is unique modulo S�1
�;ı

.T �D;E�E�/.
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Let W1 be an open set in RN1 and let W2 be an open set in RN2. Let E1 and E2 be vector bundles
over W1 and W2, respectively. An m-dependent continuous operator Fm W C1c .W2; E2/! D 0.W1; E1/

is called m-negligible on W1 �W2 if, for m large enough, Fm is smoothing and, for any K bW1 �W2,
any multi-indices ˛, ˇ and any N 2 N, there exists CK;˛;ˇ;N > 0 such that

j@˛x@
ˇ
yFmj.x; y/� CK;˛;ˇ;Nm

�N on K for m� 1: (2-4)

In that case we write
Fm.x; y/DO.m

�1/ or Fm DO.m
�1/ on W1 �W2:

If Fm; Gm W C1c .W2; E2/ ! D 0.W1; E1/ are m-dependent continuous operators, we write Fm D
GmCO.m

�1/ on W1�W2 or Fm.x; y/DGm.x; y/CO.m�1/ on W1�W2 if Fm�GmDO.m�1/
on W1 �W2. When W DW1 DW2, we sometimes write “on W ”.

Let M1 and M2 be smooth manifolds and let E1 and E2 be vector bundles over M1 and M2,
respectively. Let Fm; Gm W C1.M2; E2/! C1.M1; E1/ be m-dependent smoothing operators. We
write FmDGmCO.m�1/ on M1�M2 if, on every local coordinate patchD of M1 and local coordinate
patch D1 of M2, Fm DGmCO.m�1/ on D �D1. When M1 DM2, we sometimes write “on M2”.

We recall the definition of the semiclassical symbol spaces.

Definition 2.1. Let W be an open set in RN. Let

S.W / WD
˚
a 2 C1.W /

ˇ̌
for every ˛ 2 NN0 W sup

x2W

j@˛a.x/j<1
	
;

S0loc.W / WD
˚
.a. � ; m//m2R

ˇ̌
for all ˛ 2 NN0 , � 2 C1c .W / ; sup

m�1

sup
x2W

j@˛.�a.x;m//j<1
	
:

For k 2 R, let
Skloc D S

k
loc.W /D f.a. � ; m//m2R j .m

�ka. � ; m// 2 S0loc.W /g:

Hence a. � ; m/ 2 Skloc.W / if, for every ˛ 2 NN0 and � 2 C1c .W /, there exists C˛ > 0 independent of m
such that j@˛.�a. � ; m//j � C˛mk holds on W .

Consider a sequence aj 2 S
kj
loc , j 2 N0, where kj &�1, and let a 2 Sk0loc . We say that

a. � ; m/�

1X
jD0

aj . � ; m/ in Sk0loc

if, for every ` 2 N0, we have a�
P`
jD0 aj 2 S

k`C1
loc . For a given sequence aj as above, we can always

find such an asymptotic sum a, which is unique up to an element in S�1loc D S
�1
loc .W / WD

T
k S

k
loc.

Similarly, we can define Skloc.Y; A/ in the standard way, where Y is a smooth manifold and A is a
vector bundle over Y .

2.2. Manifolds with smooth boundary. LetM be a relatively compact open subset with smooth boundary
X of a smooth manifold M 0. Let A be a C1 vector bundle over M 0. Let U be an open set in M 0. Let

C1.U \M;A/; D 0.U \M;A/; C1c .U \M;A/; E 0.U \M;A/;

H s.U \M;A/; H s
c .U \M;A/; H s

loc.U \M;A/
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(where s 2 R) denote the spaces of restrictions to U \M of elements in

C1.U \M 0; A/; D 0.U \M 0; A/; C1.U \M 0; A/; E 0.U \M 0; A/;

H s.M 0; A/; H s
c .M

0; A/; H s
loc.M

0; A/;

respectively. Write

L2.U \M;A/ WDH 0.U \M;A/; L2c.U \M;A/ WDH 0
c .U \M;A/;

L2loc.U \M;A/ WDH 0
loc.U \M;A/:

Let A and B be C1 vector bundles over M 0. Let U be an open set in M 0. Let

F1; F2 W C
1
c .U \M;A/! D 0.U \M;B/

be continuous operators. Let F1.x; y/; F2.x; y/ 2 D 0..U �U/\ .M �M/;A�B�/ be the distribution
kernels of F1 and F2 respectively. We write

F1 � F2 mod C1..U �U/\ .M �M//

or F1.x; y/�F2.x; y/ mod C1..U �U/\.M�M// if F1.x; y/DF2.x; y/Cr.x; y/, where r.x; y/2
C1..U �U/\ .M �M/;A�B�/. Similarly, let

yF1; yF2 WC
1
c .U\M;A/!D 0.U\X;B/

be continuous operators. Let

yF1.x; y/; yF2.x; y/ 2 D 0..U �U/\ .X �M/;A�B�/

be the distribution kernels of yF1 and yF2 respectively. We write yF1� yF2 mod C1..U �U/\.X�M// or
yF1.x; y/� yF2.x; y/ mod C1..U �U/\ .X �M// if yF1.x; y/D yF2.x; y/C Or.x; y/, where Or.x; y/ 2
C1..U �U/\.X�M/;A�B�/. Similarly, let zF1; zF2 WC1c .U \X;A/!D 0.U \M;B/ be continuous
operators. Let

zF1.x; y/; zF2.x; y/ 2 D 0..U �U/\ .M �X/;A�B�/

be the distribution kernels of zF1 and zF2 respectively. We write zF1� zF2 mod C1..U �U/\.M �X// or
zF1.x; y/� zF2.x; y/ mod C1..U �U/\ .M �X// if zF1.x; y/D zF2.x; y/C Qr.x; y/, where Qr.x; y/ 2
C1..U �U/\ .M �X/;A�B�/.

Let
Fm; Gm W C

1
c .U \M;A/! D 0.U \M;B/

be m-dependent continuous operators. Let

Fm.x; y/;Gm.x; y/ 2 D 0..U �U/\ .M �M/;A�B�/

be the distribution kernels of Fm and Gm respectively. We write

Fm �Gm modO.m�1/ on U \M (2-5)

if there is a rm.x; y/ 2 C1.U �U;A�B�/ with rm.x; y/DO.m�1/ on U �U such that

rm.x; y/j.U�U/\.M�M/ D Fm.x; y/�Gm.x; y/ for m� 1:
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Let k 2 R. Let U be an open set in M 0 and let E be a vector bundle over M 0 �M 0. Let

Skloc..U �U/\ .M �M/;E/ (2-6)

denote the space of restrictions to U \M of elements in Skloc.U �U;E/. Let

aj 2 S
kj
loc ..U �U/\ .M �M/;E/; j D 0; 1; 2; : : : ;

with kj &�1, j !1. Then there exists a 2 Sk0loc..U �U/\ .M �M/;E/ such that, for every ` 2N,

a�

`�1X
jD0

aj 2 S
k`
loc..U �U/\ .M �M/;E/:

If a and aj have the properties above, we write

a �

1X
jD0

aj in Sk0loc..U �U/\ .M �M/;E/:

If E is trivial, then we write Sk0loc..U �U/\ .M �M// to denote Sk0loc..U �U/\ .M �M/;E/.

2.3. The N@-Neumann Laplacian. Let M be a relatively compact open subset with C1 boundary X of
a complex manifold M 0 of dimension n. Let T 1;0M 0 and T 0;1M 0 be the holomorphic tangent bundle
of M 0 and the antiholomorphic tangent bundle of M 0. We fix a Hermitian metric h � j � i on CTM 0 so
that T 1;0M 0 ? T 0;1M 0. For p; q 2 N, let T �p;qM 0 be the vector bundle of .p; q/-forms on M 0. The
Hermitian metric h � j � i on CTM 0 induces by duality a Hermitian metric h � j � i on

Lp;qDn
p;qD1 T

�p;qM 0.
Let j � j be the corresponding pointwise norm with respect to h � j � i. Let � 2 C1.M 0;R/ be a defining
function of X, that is, � D 0 on X, � < 0 on M and d� ¤ 0 near X. From now on, we take a defining
function � so that jd�j D 1 on X. Let U be an open set of M 0. For every p; q D 0; : : : ; n, we define

�p;q.U \M/ WD C1.U \M;T �p;qM 0/; �p;q.M 0/ WD C1.M 0; T �p;qM 0/;

�p;qc .U \M/ WD C1c .U \M;T �p;qM 0/;

�p;qc .M 0/ WD C1c .M
0; T �p;qM 0/; �p;qc .M/ WD C1c .M; T

�p;qM 0/:

Let dvM 0 be the volume form on M 0 induced by the Hermitian metric h � j � i on CTM 0 and let . � j � /M
and . � j � /M 0 be the inner products on �0;q.M/ and �0;qc .M 0/ defined by

.f j h/M D

Z
M

hf j hi dvM 0 ; f; h 2�0;q.M/;

.f j h/M 0 D

Z
M 0
hf j hi dvM 0 ; f; h 2�0;qc .M 0/:

(2-7)

Let k � kM and k � kM 0 be the corresponding norms with respect to . � j � /M and . � j � /M 0 respectively. Let
L2
.0;q/

.M/ be the completion of �0;q.M/ with respect to . � j � /M . We extend . � j � /M to L2
.0;q/

.M/ in
the standard way. Let N@ W�0;q.M 0/!�0;qC1.M 0/ be the part of the exterior differential operator which
maps forms of type .0; q/ to forms of type .0; qC 1/ and we denote by N@�

f
W�0;qC1.M 0/!�0;q.M 0/

the formal adjoint of N@. That is,
.N@f j h/M 0 D .f j N@

�
f h/M 0 ;
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f 2�
0;q
c .M 0/, h 2�0;qC1.M 0/. We shall also use the notation N@ for the closure in L2 of the N@ operator,

initially defined on �0;q.M/ and N@� for the Hilbert space adjoint of N@. Recall that for u 2L2
.0;q/

.M/, we
say that u 2Dom N@ if we can find a sequence uj 2�0;q.M/, j D 1; 2; : : : , with limj!1kuj �ukM D 0
such that limj!1kN@uj �vkM D 0 for some v 2L2

.0;qC1/
.M/. We set N@uD v. The N@-Neumann Laplacian

on .0; q/-forms is then the nonnegative self-adjoint operator in the space L2
.0;q/

.M/ (see [Folland and
Kohn 1972, Chapter 1]):

�.q/ D N@ N@�C N@� N@ W Dom�.q/ � L2.0;q/.M/! L2.0;q/.M/; (2-8)

where

Dom�.q/ D fu 2 L2.0;q/.M/; u 2 Dom N@�\Dom N@; N@�u 2 Dom N@; N@u 2 Dom N@�g (2-9)

and �0;q.M/\Dom�.q/ is dense in Dom�.q/ for the norm

Dom�.q/ 3 u 7! kukM CkN@ukM CkN@�ukM I

see [Folland and Kohn 1972, p. 14]. We denote by Spec�.q/ the spectrum of �.q/.
Now, we consider the boundary X of M. The boundary X is a compact CR manifold of dimension

2n�1 with natural CR structure T 1;0X WD T 1;0M 0\CTX. Let T 0;1X WD T 1;0X. The Hermitian metric
on CTM 0 induces Hermitian metrics h � j � i on CTX and also on the bundle

L2n�1
jD1 ƒj .CT �X/. Let

dvX be the volume form on X induced by the Hermitian metric h � j � i on CTX and let . � j � /X be the
L2 inner product on C1

�
X;
L2n�1
jD1 ƒj .CT �X/

�
induced by dvX and the Hermitian metric h � j � i onL2n�1

jD0 ƒj .CT �X/. Put

T �1;0X WD .T 0;1X ˚CT /? � CT �X; T �0;1X WD .T 1;0X ˚CT /? � CT �X:

We have the pointwise orthogonal decomposition (see (1-5))

CT �X D T �1;0X ˚T �0;1X ˚f�!0 W � 2 Cg;

CTX D T 1;0X ˚T 0;1X ˚f�T W � 2 Cg:
(2-10)

Define the vector bundle of .0; q/-forms by T �0;qX WDƒqT �0;1X. Let D �X be an open set. Let
�0;q.D/ denote the space of smooth sections of T �0;qX over D and let �0;qc .D/ be the subspace of
�0;q.D/ whose elements have compact support in D.

In order to describe the N@-Neumann boundary conditions we introduce the operator of restriction to the
boundary X : let 
 denote the operator of restriction to the boundary X,


 W�0;�.M/! C1.X; T �0;�M 0jX /; u 7! 
u WD ujX : (2-11)

We have fu 2�0;q.M/ W .N@�/^;�
uD 0g D Dom N@�\�0;q.M/. We have thus

u 2 Dom�.q/\�0;q.M/ () .N@�/^;�
uD 0; .N@�/^;�
 N@uD 0: (2-12)

The conditions on the right-hand side are called first and second N@-Neumann boundary conditions.
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3. The boundary operator �.q/
�

In this section, we introduce a boundary operator on X D @M defined for a form u on X as the complex
tangential component of the form N@v, where v D zPu is the extension of u from X to M by the Poisson
operator zP. This operator will play a central role in Section 4 for the construction of the parametrix of
the N@-Neumann problem and Section 5 (Lemma 5.18). We fix q 2 f0; 1; : : : ; n� 1g. Let

�.q/
f
D N@ N@�f C

N@�f
N@ W�0;q.M 0/!�0;q.M 0/

denote the complex Laplace–Beltrami operator on .0; q/-forms. The subscript f indicates that the
operator is not subject to any boundary conditions. The boundary problem .�.q/

f
; 
/ onM is the Dirichlet

boundary problem, which is a regular elliptic boundary problem; see, e.g., [Taylor 2011, Chapter 5,
Proposition 11.10]. Let us consider the map

F .q/ WH 2.M; T �0;qM 0/! L2.0;q/.M/˚H
3
2 .X; T �0;qM 0/; u 7! .�.q/

f
u; 
u/: (3-1)

By the general theory of regular elliptic boundary problems [Boutet de Monvel 1971; Taylor 2011,
Chapter 5, Proposition 11.16], we know that dim KerF .q/ <1 and KerF .q/ ��0;q.M/. Let

K.q/ WH 2.M; T �0;qM 0/! KerF .q/ (3-2)

be the orthogonal projection with respect to . � j � /M . Put e�.q/
f
D�.q/

f
CK.q/ and consider the map

zF .q/ WH 2.M; T �0;qM 0/! L2.0;q/.M/˚H
3
2 .X; T �0;qM 0/; u 7! .e�.q/

f
u; 
u/: (3-3)

It is easy to see that zF .q/ is injective. Let

zP W C1.X; T �0;qM 0/!�0;q.M/ (3-4)

be the Poisson operator for e�.q/
f

which is well-defined since (3-3) is injective. The Poisson operator zP
satisfies e�.q/

f
zPuD 0; 
 zPuD u for every u 2 C1.X; T �0;qM 0/: (3-5)

By [Boutet de Monvel 1971, p. 29] the operator zP extends continuously

zP WH s.X; T �0;qM 0/!H sC 1
2 .M; T �0;qM 0/ for all s 2 R; (3-6)

and there is a continuous operator

D.q/ WH s.M; T �0;qM 0/!H sC2.M; T �0;qM 0/ for all s 2 R (3-7)

such that
D.q/e�.q/

f
C zP
 D I on �0;q.M/: (3-8)

Let yE 0.M; T �0;qM 0/ denote the space of continuous linear map from �0;q.M/ to C with respect to
. � j � /M . Let

zP � W yE 0.M; T �0;qM 0/! D 0.X; T �0;qM 0/ (3-9)
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be the operator defined by

. zP �u j v/X D .u j zPv/M ; u 2 yE 0.M; T �0;qM 0/; v 2 C1.X; T �0;qM 0/:

By [Boutet de Monvel 1971, p. 30] the operator

zP � WH s.M; T �0;qM 0/!H sC 1
2 .X; T �0;qM 0/ (3-10)

is continuous for every s 2 R and

zP � W�0;q.M/! C1.X; T �0;qM 0/:

Let
�.q/� WD .N@�/

^;�
 N@ zP W�0;q.X/!�0;q.X/: (3-11)

In this section, we will construct a parametrix for �.q/� under certain Levi curvature assumptions. Put

†� D f.x; �!0.x// 2 T
�X W � < 0g;

†C D f.x; �!0.x// 2 T
�X W � > 0g:

(3-12)

Note that we use here a different sign convention than in [Hsiao 2010], where !0 equals d� ıJ (compare
[loc. cit., (1.9), p. 84], (1-5)), thus we swap here the roles of †C and †� compared to [loc. cit.].

Definition 3.1. Let A 2 Lm
1=2;1=2

.D; T �0;qX � .T �0;qX/�/, where m 2 R. We write

A� 0 near †C\T �D

if there exists A0 2 Lm
1=2;1=2

.D; T �0;qX � .T �0;qX/�/ with full symbol

a.x; �/ 2 Sm1=2;1=2.T
�D;T �0;qX � .T �0;qX/�/

such that
A� A0 on D

and a.x; �/ vanishes in an open neighborhood of †C\T �D.

For A as in Definition 3.1 we have WF.A/\†C D∅, where WF.A/ denotes the wave front set of the
pseudodifferential operator A; see [Grigis and Sjöstrand 1994, Chapter 7].

Let us consider the Hodge–de Rham Laplacian

4X WD dd
�
C d�d W C1.X;ƒq.CT �X//! C1.X;ƒq.CT �X//; (3-13)

where d� W C1.X;ƒqC1.CT �X//! C1.X;ƒq.CT �X// is the formal adjoint of the exterior deriva-
tive d with respect to . � j � /X . Let

p
4X be the nonnegative square root of 4X .

Theorem 3.2 [Hsiao 2010, Part II, Proposition 4.1]. The operator �.q/� from (3-11) is a classical
pseudodifferential operator of order 1 and we have

�.q/� D 1
2
.iT C

p
4X /C‰

0; (3-14)

where ‰0 2 L0cl.X; T
�0;qX � .T �0;qX/�/. In particular,�.q/� is elliptic outside †C.
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Let N@b W�0;q.X/!�0;qC1.X/ be the tangential Cauchy–Riemann operator. It is not difficult to see
that

N@b D 2.N@�/
^;�.N@�/^
 N@ zP W�0;q.X/!�0;qC1.X/: (3-15)

We notice that, for u 2 C1.X;ƒq.CT �X//,

u 2�0;q.X/ if and only if uD 2.N@�/^;�.N@�/^u on X (3-16)

and
2.N@�/^;�.N@�/^C 2.N@�/^.N@�/^;� D I on C1.X;ƒq.CT �X//: (3-17)

Consider

 N@�f
zP W C1.X;ƒqC1.CT �X//! C1.X;ƒq.CT �X//:

It is not difficult to check that (see [Hsiao 2010, Part II, Lemma 2.2])


 N@�f
zP W�0;qC1.X/!�0;q.X/: (3-18)

Put e�.q/
b
WD 
 N@�f

zP N@bC N@b
 N@
�
f
zP W�0;q.X/!�0;q.X/: (3-19)

Lemma 3.3. We havee�.q/
b
D�4.N@�/^;�.N@�/^
 N@�f

zP .N@�/^�.q/� CR
.q/ on �0;q.X/;

where R.q/ W�0;q.X/!�0;q.X/ is a smoothing operator.

Proof. From (3-5), (3-15), (3-16), (3-17), (3-18), we havee�.q/
b
D 2.N@�/^;�.N@�/^e�.q/

b

D 2.N@�/^;�.N@�/^
�

 N@�f
zP N@bC N@b
 N@

�
f
zP
�

D 2.N@�/^;�.N@�/^
 N@�f
zP N@bC 2.N@�/

^;�.N@�/^ N@b
 N@
�
f
zP

D 2.N@�/^;�.N@�/^
 N@�f
zP N@bC 2.N@�/

^;�.N@�/^
 N@ zP
 N@�f
zP

D 2.N@�/^;�.N@�/^
 N@�f
zP
�

 N@ zP � 2.N@�/^.N@�/^;�
 N@ zP

�
C 2.N@�/^;�.N@�/^
 N@ zP
 N@�f

zP : (3-20)

From (3-8), we have

N@ zP D zP
 N@ zP CD.qC1/e�.qC1/
f

N@ zP

D zP
 N@ zP CD.qC1/.�.qC1/
f

CK.qC1//N@ zP

D zP
 N@ zP CD.qC1/ N@.�.q/
f
CK.q// zP �D.qC1/ N@K.q/ zP CD.qC1/K.qC1/ N@ zP

� zP
 N@ zP mod C1.M �X/:

Similarly, we have
N@�f
zP � zP
 N@�f

zP mod C1.M �X/:

Thus,

 N@�f
zP
 N@ zP C 
 N@ zP
 N@�f

zP � 
.N@�f
N@C N@ N@�f /

zP : (3-21)
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From (3-11), (3-20) and (3-21), we gete�.q/
b
� 2.N@�/^;�.N@�/^
�.q/

f
zP � 4.N@�/^;�.N@�/^
 N@�f

zP .N@�/^�.q/�
��2.N@�/^;�.N@�/^
K.q/ zP � 4.N@�/^;�.N@�/^
 N@�f

zP .N@�/^�.q/� ; (3-22)

where K.q/ is as in (3-2). Note that K.q/ � 0 mod C1.M �M/. From this observation and (3-6), we
deduce that

�2.N@�/^;�.N@�/^
K.q/ zP WH s.X; T �0;qM 0/!H sCN .X; T �0;qM 0/;

for every s 2 R and every N 2 N. Hence, �2.N@�/^;�.N@�/^
K.q/ zP is smoothing. From this observation
and (3-20), the lemma follows. �

Lemma 3.3 gives a relation between e�.q/
b

and �.q/� . Put

A.q/ WD �4.N@�/^;�.N@�/^
 N@�f
zP .N@�/^ W�0;q.X/!�0;q.X/: (3-23)

Then, e�.q/
b
�A.q/�.q/� . We are going to show that A.q/ is an elliptic classical pseudodifferential operator

near †C. We pause and introduce some notation. Near X, put

zT �0;1z M 0 D fu 2 T �0;1z M 0 W N@�.u/D 0g; (3-24)

zT 0;1z M 0 D
n
u 2 T 0;1z M 0 W

�
iT C

@

@�

�
.u/D 0

o
: (3-25)

We have the orthogonal decompositions with respect to h � j � i for every z 2M 0, z is near X :

T �0;1z M 0 D zT �0;1z M 0˚f�.N@�/.z/ W � 2 Cg;

T 0;1z M 0 D zT 0;1z M 0˚
n
�
�
iT C

@

@�

�
.z/ W � 2 C

o
:

(3-26)

Note that zT �0;1z M 0 D T
�0;1
z X and zT 0;1z M 0 D T

0;1
z X for every z 2 X. Fix z0 2 X. We can choose an

orthonormal frame t1.z/; : : : ; tn�1.z/ for zT �;0;1z M 0 varying smoothly with z in a neighborhood U of z0
in M 0. Then

t1.z/; : : : ; tn�1.z/; tn.z/ WD
N@�.z/

jN@�.z/j

is an orthonormal frame for T �0;1z M 0. Let

T1.z/; : : : ; Tn�1.z/; Tn.z/

denote the basis of T 0;1z M 0 which is dual to t1.z/; : : : ; tn.z/. We have Tj .z/2 zT
0;1
z M 0, jD1; : : : ;n�1, and

Tn D
iT C @

@�ˇ̌
iT C @

@�

ˇ̌ :
From now on, we write ‰0 to denote any element in L0cl.X; T

�0;qX � .T �0;qX/�/. By [Hsiao 2010,
Part II, (4.11)] we have


 N@�f
zP D

n�1X
jD1

t
^;�
j ıT �j C .

N@�/^;� ı .iT �
p
4X /C‰

0; (3-27)
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where T �j is the adjoint of Tj with respect to . � j � /, i.e., .Tjf j g/X D .f j T �j g/X for every f; g 2
C1c .U \X/, j D 1; : : : ; n� 1, and ‰0 2 L0cl.X; T

�0;qX � .T �0;qX/�/.

Theorem 3.4. The operator A.q/ from (3-23) is a classical pseudodifferential operator with

A.q/ D�.iT �
p
4X /C‰

0 on �0;q.X/; (3-28)

where ‰0 2 L0cl.X; T
�0;qX � .T �0;qX/�/. Hence A.q/ is elliptic near †C.

Proof. From (3-23) and (3-27), we have

A.q/ D�4.N@�/^;�.N@�/^
� n�1X
jD1

t
^;�
j .N@�/^T �j C .

N@�/^;�.N@�/^.iT �
p
4X /C‰

0

�
: (3-29)

We notice that

.N@�/^;�.N@�/^.N@�/^T �j D 0 on �0;q.X/ for every j D 1; : : : ; n� 1;

4.N@�/^;�.N@�/^.N@�/^;�.N@�/^ D I on �0;q.X/:
(3-30)

From (3-29) and (3-30), we get (3-28). �

Let D �X be an open coordinate patch with local coordinates x D .x1; : : : ; x2n�1/. Assume that the
Levi form is nondegenerate of constant signature .n�; nC/ on D. Note that .N@�/^;�uD 0, u 2�0;�.X/.
From this observation and (3-27), we deduce that


 N@�f
zP D

n�1X
jD1

t
^;�
j ıT �j C‰

0 on �0;�.X/;

and hence

 N@�f
zP D N@�b C‰

0 on �0;�.X/;

where ‰0 2 L0cl.X; T
�0;qX � .T �0;qX/�/.

We can apply the method in [Sjöstrand 1974] to construct a parametrix of e�.q/
b

near †C (see also
[Hsiao 2010, Part I, Proposition 6.3]) and deduce the following.

Theorem 3.5. Let D � X be an open coordinate patch such that the Levi form is nondegenerate of
constant signature .n�; nC/ on D. Then for any q ¤ n� there exists a properly supported operator
E.q/ 2 L�1

1=2;1=2
.D; T �0;qX � .T �0;qX/�/ such that

e�.q/
b
E.q/ � I CR on D; (3-31)

where R 2 L1
1=2;1=2

.D; T �0;qX � .T �0;qX/�/ with R� 0 near †C\T �D.

If q ¤ n�; nC, then e�.q/
b

is hypoelliptic with loss of one derivative and from [Sjöstrand 1974], we can
find zE.q/ so that e�.q/

b
zE.q/ � I. In Theorem 3.5, q could be equal to nC and e�.nC/

b
is not hypoelliptic;

therefore we haveR in (3-31). In [Hsiao 2010, Part I, Proposition 6.3], we do not haveR since q¤n�; nC.
We can now prove the main result of this section. We will use it in the proof of Theorem 4.3 for the

definition of the operator N .q/
5 ; see (4-15).



432 CHIN-YU HSIAO AND GEORGE MARINESCU

Theorem 3.6. Let D � X be an open coordinate patch such that the Levi form is nondegenerate of
constant signature .n�; nC/ on D. Then for any q ¤ n� there exists a properly supported operator
G.q/ 2 L0

1=2;1=2
.D; T �0;qX � .T �0;qX/�/ such that

�.q/� G.q/ � I on D: (3-32)

Proof. Let A.q/ 2 L1cl.D; T
�0;qX � .T �0;qX/�/ be as in (3-23). Since A.q/ is elliptic near †C

(see Theorem 3.4), there are properly supported elliptic pseudodifferential operators H .q/;H
.q/
1 2

L�1cl .D; T
�0;qX � .T �0;qX/�/ such that

A.q/H .q/
� I � 0 near †C\T �D;

H
.q/
1 A.q/� I � 0 near †C\T �D:

(3-33)

From Lemma 3.3, (3-23) and (3-33), we have e�.q/
b
� A.q/�.q/� , H .q/

1
e�.q/
b
�H

.q/
1 A.q/�.q/� and hence

�.q/� �H
.q/
1
e�.q/
b

near †C\T �D: (3-34)

Let E.q/ 2 L�1
1=2;1=2

.D; T �0;qX � .T �0;qX/�/ be as in Theorem 3.5. From (3-34), we have

�.q/� E.q/A.q/� I �H
.q/
1
e�.q/
b
E.q/A.q/� I near †C\T �D: (3-35)

From (3-31), we have H .q/
1
e�.q/
b
E.q/A.q/� I �H

.q/
1 .I CR/A.q/� I and hence

H
.q/
1
e�.q/
b
E.q/A.q/� I �H

.q/
1 A.q/� I near †C\T �D: (3-36)

From (3-36) and (3-33), we get

H
.q/
1
e�.q/
b
E.q/A.q/� I � 0 near †C\T �D: (3-37)

From (3-35), (3-36) and (3-37), we conclude that

�.q/� E.q/A.q/ D I C r;

where r 2 L1
1=2;1=2

.D; T �0;qX � .T �0;qX/�/ with r � 0 near †C \ T �D. Since �.q/� is elliptic
outside †C, we can find a properly supported operator r1 2L11=2;1=2.D; T

�0;qX� .T �0;qX/�/ such that
�.q/� r1 ��r on D. Let G.q/ 2L0

1=2;1=2
.D; T �0;qX � .T �0;qX/�/ be a properly supported operator so

that G.q/ �E.q/A.q/C r1 on D. Hence �.q/� G.q/ � I on D. �

4. Parametrices for the N@-Neumann Laplacian outside the critical degree

In this section we consider boundary points where the Levi form is nondegenerate of constant signature
.n�; nC/ on D. In the neighborhood of such points we construct a local parametrix of the N@-Neumann
Laplacian on .0; q/-forms with q ¤ n�.

We briefly recall the global situation [Chen and Shaw 2001; Folland and Kohn 1972; Kohn 1963;
1964]. If Z.q/ holds at each point of the boundary X, then Ker�.q/ is a finite-dimensional subspace
of �0;q.M/, �.q/ has closed range in L2 and the Bergman projector B.q/ on Ker�.q/ is a smoothing
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operator on M. Moreover, there exists a continuous partial inverse N .q/ W L2.M; T �0;qM/! Dom�.q/

of �.q/, called the Neumann operator, such that we have the Hodge decomposition at the operator level,
�.q/N .q/CB.q/ D I on L2

.0;q/
.M/ and N .q/�.q/CB.q/ D I on Dom�.q/. Moreover, the Neumann

operator N .q/ maps continuously the Sobolev spaces H s to H sC1 for every s 2 Z, and maps the space
of smooth forms on M into itself. If the Levi form is nondegenerate of signature .n�; nC/ on X, then
Z.q/ holds if and only if q ¤ n�. We will show in this section a local version of these global results, in
which case the Neumann operator will be a local parametrix of the N@-Neumann operator.

Let D be a local coordinate patch of X with local coordinates x D .x1; : : : ; x2n�1/. Then Ox WD
.x1; : : : ; x2n�1; �/ are local coordinates of M 0 defined in an open set U of M 0 with U \X DD. Until
further notice, we work on U.

Let yE 0.U \M;T �0;qM 0/ be the space of continuous linear forms from �0;q.U \M/ to C. Let
F W�

0;q
c .U \M/!D 0.U \M;T �0;qM 0/ be a continuous operator. We say that F is properly supported

on U \M if, for every � 2 C1c .U \M/, there are �1 2 C1c .U \M/, �2 2 C1c .U \M/, such that
F�uD�2Fu, �FuDF�1u for every u2�0;qc .U \M/. We say that F is smoothing away the diagonal
on U \M if, for every �; �1 2 C1c .U \M/ with supp�\ supp�1 D∅, we have

�F�1 � 0 mod C1..U �U/\ .M �M//:

Lemma 4.1. Let �1 2 C1.X/, � 2 C1.M/ with supp � \ supp �1 D∅. Then,

� zP�1 � 0 mod C1.M �X/:

Proof. Since 
� zP�1 D � jX�1 D 0, we have zP
� zP�1 D 0. From this observation and (3-8), we have

� zP�1 D .D
.q/e�.q/

f
C zP
/� zP�1 DD

.q/e�.q/
f
� zP�1 D�D

.q/Œ�;e�.q/
f
� zP�1: (4-1)

By (3-7) the operator
D.q/Œ�;e�.q/

f
� WH s.M; T �0;qM 0/!H sC1.M; T �0;qM 0/

is continuous, for every s 2 Z. Using this observation, (3-6) and (4-1), we have

� zP�1 WH
s.X; T �0;qM 0/!H sC 3

2 .M; T �0;qM 0/

is continuous for every s 2 Z. We have proved that, for any Q� 2 C1.M/ with supp Q� \ supp �1 D∅,

Q� zP�1 WH
s.X; T �0;qM 0/!H sC 3

2 .M; T �0;qM 0/ (4-2)

is continuous for every s 2 Z. Let Q� 2 C1.M/ with Q� D 1 near supp � and supp Q� \ supp �1 D∅. From
(4-1), we have

� zP�1 DD
.q/Œ�;e�.q/

f
� Q� zP�1: (4-3)

From (4-3), (4-2) and (3-8), � zP�1 WH s.X; T �0;qM 0/!H sC5=2.M; T �0;qM 0/ is continuous for every
s 2 Z. Continuing in this way, we conclude that

� zP�1 WH
s.X; T �0;qM 0/!H sC 2NC1

2 .M; T �0;qM 0/

is continuous for every s 2 Z and N > 0. The lemma follows. �
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From Lemma 4.1 we obtain the following result for the adjoint zP � given by (3-9)

Lemma 4.2. Let �1 2 C1.X/, � 2 C1.M/ with supp � \ supp �1 D∅. Then,

�1 zP
�� � 0 mod C1.X �M/:

We come back to our situation. Until further notice, we assume that the Levi form is nondegenerate of
constant signature .n�; nC/ on D �X. In the following theorem we construct a local parametrix N .q/

for the N@-Neumann Laplacian on .0; q/-forms for q ¤ n�.

Theorem 4.3. We assume that the Levi form is nondegenerate of constant signature .n�; nC/ on D and
let q ¤ n�. Then there exist a properly supported operator N .q/ on U \M that is continuous for every
s 2 Z between

N .q/
WH s

loc.U \M;T �0;qM 0/!H sC1
loc .U \M;T �0;qM 0/ for every s 2 Z; (4-4)

and such that N .q/u satisfies the N@-Neumann conditions

.N@�/^;�
N .q/ujD D 0; u 2�0;q.U \M/; (4-5)

.N@�/^;�
 N@N .q/ujD D 0; u 2�0;q.U \M/; (4-6)

�.q/
f
N .q/

D I CF .q/ on �0;qc .U \M/; (4-7)

where F .q/ W D 0.U \M/!�0;q.U \M/ is a properly supported smoothing operator on U \M.

Hence for u 2 �0;qc .U \M/ we have N .q/u 2 Dom�.q/ and �.q/N .q/ D I C F .q/, with F .q/ a
smoothing operator on U \M.

Proof. Since �.q/
f

is an elliptic operator on M 0, we can find a properly supported continuous operator

N
.q/
1 WH s

loc.U \M;T �0;qM 0/!H sC2
loc .U \M;T �0;qM 0/ for every s 2 Z

such that N .q/
1 is smoothing away the diagonal on U \M and

�.q/
f
N
.q/
1 D I CF1 on �0;qc .U \M 0/; (4-8)

where F1 � 0 mod C1..U �U/\ .M �M//.
For u 2�0;q.U \M/ the form N

.q/
1 u doesn’t necessarily satisfy the N@-Neumann conditions (4-5),

(4-6). We will now construct corrections N .q/
j , j D 2; : : : ; 7, and finally N .q/, starting with N .q/

1 , such
that at the end the operator N .q/ satisfies (4-4)–(4-8). Consider, for every s 2 Z,

N
.q/
2 WDN

.q/
1 �

zP
N
.q/
1 WH s

c .U \M;T �0;qM 0/!H sC2
loc .U \M;T �0;qM 0/:

From (3-5) and (4-8), we see that


N
.q/
2 ujD D 0 for every u 2�0;qc .U \M/ (4-9)

and
�.q/
f
N
.q/
2 D I CF2 on �0;qc .U \M 0/; (4-10)
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where F2 � 0 mod C1..U �U/\ .M �M//. From Lemma 4.1, it is not difficult to check that N .q/
2 is

smoothing away the diagonal on U \M. Hence, we can find a properly supported continuous operator

N
.q/
3 WH s

loc.U \M;T �0;qM 0/!H sC2
loc .U \M;T �0;qM 0/ for every s 2 Z

such that

N
.q/
3 �N

.q/
2 mod C1..U �U/\ .M �M//: (4-11)

From (4-9) and (4-11), we conclude that


N
.q/
3 � 0 mod C1..U �U/\ .X �M//: (4-12)

Let E.q/ � 0 mod C1..U �U/\ .M �M// be any smoothing properly supported extension of 
N .q/
3 ,

that is, 
E.q/ujD D 
N
.q/
3 ujD , for every u 2�0;q.U \M/ and E.q/ is properly supported on U \M.

For every s 2 Z let

N
.q/
4 WDN

.q/
3 �E

.q/
WH s

loc.U \M;T �0;qM 0/!H sC2
loc .U \M;T �0;qM 0/: (4-13)

Then N .q/
4 is properly supported on U \M and


N
.q/
4 ujD D 0 for every u 2�0;q.U \M/;

�.q/
f
N
.q/
4 D I CF3 on �0;qc .U \M/;

(4-14)

where F3 � 0 mod C1..U �U/\ .M �M//. Let G.q/ 2 L0
1=2;1=2

.D; T �0;qX � .T �0;qX/�/ be as in
Theorem 3.6. Put, for every s 2 Z,

N
.q/
5 WH s

c .U \M;T �0;qM 0/!H sC1
loc .U \M;T �0;qM 0/;

N
.q/
5 WDN

.q/
4 �

zPG.q/.N@�/^;�
 N@N
.q/
4 :

(4-15)

From Theorem 3.6, (3-11), (3-32) and (4-14), we can check that

.N@�/^;�
N
.q/
5 ujD D 0 for every u 2�0;q.U \M/;

.N@�/^;�
 N@N
.q/
5 � 0 mod C1..U �U/\ .X �M//;

�.q/
f
N
.q/
5 D I CF4 on �0;qc .U \M/;

(4-16)

where F4 � 0 mod C1..U �U/\ .M �M//. We explain the first equation in (4-16). From (4-14), we
have .N@�/^;�
N .q/

5 uD�.N@�/^;�G.q/.N@�/^;�
 N@N
.q/
4 uD 0 since G.q/ maps �0;q.X/ to �0;q.X/. It is

not difficult to check that N .q/
5 is smoothing away the diagonal on U \M. Hence, we can find a properly

supported continuous operator

N
.q/
6 WH s

loc.U \M;T �0;qM 0/!H sC1
loc .U \M;T �0;qM 0/ for every s 2 Z

such that

N
.q/
5 �N

.q/
6 mod C1..U �U/\ .M �M//: (4-17)
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Let R.q/ � 0 mod C1..U � U/ \ .M � M// be any smoothing properly supported extension of
2.N@�/^.N@�/^;�
N

.q/
6 . For every s 2 Z put

N
.q/
7 WDN

.q/
6 �R

.q/
WH s

loc.U \M;T �0;qM 0/!H sC1
loc .U \M;T �0;qM 0/: (4-18)

From (3-17), we have

.N@�/^;�
N
.q/
7 D .N@�/^;�
N

.q/
6 � .

N@�/^;�
R.q/

D .N@�/^;�
N
.q/
6 � 2.

N@�/^;�.N@�/^.N@�/^;�
N
.q/
6

D .N@�/^;�
N
.q/
6 � .

N@�/^;�
N
.q/
6 D 0: (4-19)

From (4-16) and (4-19), we have

.N@�/^;�
N
.q/
7 ujD D 0 for every u 2�0;q.U \M/;

.N@�/^;�
 N@N
.q/
7 � 0 mod C1..U �U/\ .X �M//;

�.q/
f
N
.q/
7 D I CF5 on �0;qc .U \M/;

(4-20)

where F5 � 0 mod C1..U �U/\ .M �M//. Let J .q/ be any smoothing properly supported extension
of .N@�/^;�
 N@N .q/

7 . Let � 2 C1c ..�"; "// with �� 1 near 0, where " > 0 is a sufficiently small constant.
For every s 2 Z put

N .q/
WDN

.q/
7 � 2�.�/�J

.q/
WH s

loc.U \M;T �0;qM 0/!H sC1
loc .U \M;T �0;qM 0/: (4-21)

It is not difficult to see that N .q/ is properly supported on U \M,

N .q/
�N

.q/
7 mod C1..U �U/\ .M �M//

and

.N@�/^;�
N .q/ujD D .N@�/
^;�
N

.q/
7 ujD D 0 for every u 2�0;q.U \M/:

From (3-17), we have, for every u 2�0;q.U \M/,

.N@�/^;�
 N@N .q/ujD D .N@�/
^;�
 N@N

.q/
7 ujD � 2.N@�/

^;�.N@�/^
J .q/ujD

D .N@�/^;�
 N@N
.q/
7 ujD � 2.N@�/

^;�.N@�/^.N@�/^;�
 N@N
.q/
7 ujD

D .N@�/^;�
 N@N
.q/
7 ujD � .N@�/

^;�
 N@N
.q/
7 ujD D 0: (4-22)

We have proved that N .q/ satisfies (4-5), (4-6) and (4-7). The theorem follows. �

Let N .q/ be as in Theorem 4.3 and let .N .q//� W�
0;q
c .U \M/!D 0.U \M;T �0;qM 0/ be the formal

adjoint of N .q/ given by

..N .q//�u j v/M D .u jN
.q/v/M for every u; v 2�0;qc .U \M/:

The following result shows that N .q/ is formally self-adjoint up to a smoothing operator.
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Lemma 4.4. With the assumptions and notation used above, we have

.N .q//�uDN .q/uCH .q/u for every u 2�0;qc .U \M/; (4-23)

where H .q/ W D 0.U \M;T �0;qM 0/! �0;q.U \M/ is a properly supported continuous operator on
U \M with H .q/ � 0 mod C1..U �U/\ .M �M//.

Proof. Let u; v 2�0;qc .U \M/. From (4-7), we have

..N .q//�u j v/M D ..N
.q//�.�.q/

f
N .q/

�F .q//u j v/M

D .�.q/
f
N .q/u jN .q/v/M � .F

.q/u jN .q/v/M : (4-24)

From (4-5) and (4-6), we can integrate by parts and get

.�.q/
f
N .q/u jN .q/v/M D .N

.q/u j�.q/
f
N .q/v/M D .N

.q/u j .I CF .q//v/M ; (4-25)

where we used (4-7). From (4-24) and (4-25), we deduce that

..N .q//�u j v/M D ..N
.q/
C ..F .q//�N .q///u j v/M � .u j .F

.q//�N .q/v/M ; (4-26)

where .F .q//� W �0;qc .U \M/! D 0.U \M;T �0;qM 0/ is the formal adjoint of F .q/ with respect to
. � j � /M . It is clear that .F .q//� is a properly supported continuous operator on U \M with .F .q//� �
0 mod C1..U �U/\ .M �M//.

It is not difficult to check that .F .q//�N .q/ is a properly supported continuous operator on U \M
with .F .q//�N .q/ � 0 mod C1..U �U/\ .M �M//. Let

..F .q//�N .q//� W�0;qc .U \M/! D 0.U \M;T �0;qM 0/

be the formal adjoint of .F .q//�N .q/ with respect to . � j � /M . Then ..F .q//�N .q//� is a properly
supported continuous operator on U \M with

..F .q//�N .q//� � 0 mod C1..U �U/\ .M �M//:

From this observation and (4-26), we have

..N .q//�u j v/M D
��
N .q/

C .F .q//�N .q/
� ..F .q//�N .q//�

�
u j v

�
M
:

Relation (4-23) follows. �

From (4-23), we can extend .N .q//� to

.N .q//� W L2loc.U \M;T �0;qM 0/! L2loc.U \M;T �0;qM 0/ for every s 2 Z

as a properly supported continuous operator on U \M and we have

.N .q//�uDN .q/uCH .q/u for every u 2 L2loc.U \M;T
�0;qM 0/; (4-27)

whereH .q/ is as in (4-23). Moreover, for every g2L2c.U\M;T
�0;qM 0/ and u2L2loc.U\M;T

�0;qM 0/,
we have

..N .q//�u j g/M D .u jN
.q/g/M ; ..N .q//�g j u/M D .g jN

.q/u/M : (4-28)
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We can now improve Theorem 4.3.

Theorem 4.5. With the assumptions and notation used above, let q ¤ n�. We have

N .q/�.q/uD uCF .q/1 u on U \M for every u 2 Dom�.q/; (4-29)

�.q/
f
N .q/uD uCF

.q/
2 u on U \M for every u 2�0;q.U \M/; (4-30)

where F .q/1 ; F
.q/
2 W D 0.U \M/!�0;q.U \M/ are properly supported smoothing operators on U \M.

Remark 4.6. Let u 2 Dom�.q/. By (4-29) we have, for every g 2�0;qc .U \M/,

.N .q/�.q/u j g/M D .uCF .q/1 u j g/M : (4-31)

Since N .q/ and F .q/1 are properly supported operators on U \ M, (4-31) makes sense. For u 2
�0;q.U \M/, equation (4-30) means that, for every g 2�0;qc .U \M/, we have

.�.q/
f
N .q/u j g/M D .uCF

.q/
2 u j g/M : (4-32)

Proof of Theorem 4.5. Let u 2 Dom�.q/. Then, �.q/u 2 L2
.0;q/

.M/� L2loc.U \M;T �0;qM 0/. Let
g 2�

0;q
c .U \M/. From (4-27) and (4-28), we have

.N .q/�.q/u j g/M D ..N .q//��H .q//�.q/u j g/M

D .�.q/u jN .q/g/M � .H
.q/�.q/

f
u j g/M : (4-33)

Since u 2 Dom�.q/ and by (4-5), (4-6), N .q/g 2 Dom�.q/, we can integrate by parts and get

.�.q/u jN .q/g/M D .u j�.q/N .q/g/M D .u j .I CF
.q//g/M D .uC .F

.q//�u j g/M ; (4-34)

where F .q/ is as in (4-7) and .F .q//� is the formal adjoint of F .q/. From (4-33) and (4-34), we have

.N .q/�.q/u j g/M D .uC .F .q//�u�H .q/�.q/
f
u j g/M : (4-35)

From (4-35), we get (4-29) with F .q/1 D .F .q//��H .q/�.q/
f

.
Let u 2 �0;q.U \M/ and let g 2 �0;qc .U \M/. From (4-27), (4-28), (4-29), and since N .q/ is

properly supported on U \M, we have

.�.q/
f
N .q/u j g/M D .N

.q/u j�.q/
f
g/M D .u j .N

.q//��.q/
f
g/M

D .u j .N .q/
CH .q//�.q/

f
g/M D .u j gCF

.q/
1 gCH .q/�.q/

f
g/M

D .uC .F
.q/
1 /�uC .H .q/�.q/

f
/�u j g/M ; (4-36)

where .F .q/1 /� and .H .q/�.q/
f
/� are the formal adjoints of F .q/1 and H .q/�.q/

f
respectively. From (4-36),

we get (4-30) with F .q/2 D .F
.q/
1 /�C .H .q/�.q/

f
/�. �

From Theorems 4.3 and 4.5, we get the main result of this section about the local parametrix of the
N@-Neumann Laplacian.
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Theorem 4.7. Let U be an open set of M 0 with U \X ¤∅. Suppose that the Levi form is nondegenerate
of constant signature .n�; nC/ on U \ X. Let q ¤ n�. We can find properly supported continuous
operators on U \M :

N .q/
WH s

loc.U \M;T �0;qM 0/!H sC1
loc .U \M;T �0;qM 0/ for every s 2 Z

such that (4-5), (4-6), (4-23), (4-28), (4-29) and (4-30) hold.

5. Microlocal Hodge decomposition in the critical degree

In this section we will construct a local parametrix of N .q/ of the N@-Neumann Laplacian acting on
.0; q/-forms and a local approximate Bergman operator ….q/ in the critical degree q D n�.

We briefly recall the global situation [Folland and Kohn 1972, (3.1.7)–(3.1.19)]. Assume that Z.q�1/
and Z.q C 1/ hold everywhere on X (but Z.q/ does not necessarily hold). Then �.q/ is bounded
away from zero on .Ker�.q//?, so �.q/ has closed range in L2 and one can define a bounded operator
N .q/ W L2.M; T �0;qM 0/! Dom�.q/ (the N@-Neumann operator) such that

uD N@N@�N .q/uC N@� N@N .q/uCB.q/u; u 2 L2.M; T �0;qM 0/;

B.q/N .q/
DN .q/B.q/ D 0; N .q/�.q/ D�.q/N .q/

D I �B.q/ on Dom�.q/;

B.q/ D I � N@N .q�1/ N@�� N@�N .qC1/ N@ on Dom N@\Dom N@�;

B.q/.Dom N@�\�0;q.M//� Dom�.q/\�0;q.M/:

(5-1)

If the Levi form is nondegenerate of signature .n�; nC/ on an open set D �X, then Z.q/ holds on D if
and only if q ¤ n�. We will give in this section a (micro-)local version of the above global results in the
critical degree q D n�, in which case the Neumann operator will be a local parametrix of the N@-Neumann
operator and the Bergman projection B.q/ will be replaced by an approximate Bergman projection ….q/.

5.1. The parametrix and the approximate Bergman operator. We recall the following lemma about
integration by parts.

Lemma 5.1 [Folland and Kohn 1972, p. 13]. For all f 2�0;q.M/, g 2�0;qC1.M/, we have

.g j N@f /M D .N@
�
f g j f /M C ..

N@�/^;�
g j 
f /X : (5-2)

Let D be a local coordinate patch of X with local coordinates x D .x1; : : : ; x2n�1/. Then, Ox WD
.x1; : : : ; x2n�1; �/ are local coordinates of M 0 defined in an open set U of M 0 with U \X DD. Until
further notice, we work on U.

Lemma 5.2. Let u 2�0;q.U \M/. Assume that .N@�/^;�
ujD D 0. Then,

.N@�/^;�
 N@�f ujD D 0: (5-3)

Proof. Let g 2�0;q�2c .U \M/. From (5-2), we have

.N@�f u j
N@g/M D ..N@

�
f /
2u j g/M C ..N@�/

^;�
 N@�f u j 
g/X D ..
N@�/^;�
 N@�f u j 
g/X : (5-4)
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On the other hand, from (5-2) again, we have

0D .u j N@2g/M D .N@
�
f u j

N@g/M C ..N@�/
^;�
u j 
 N@g/X D .N@

�
f u j

N@g/M (5-5)

since .N@�/^;�
ujD D 0. From (5-4) and (5-5), we conclude that

..N@�/^;�
 N@�f u j 
g/X D 0:

Since g is arbitrary, .N@�/^;�
 N@�
f
ujD D 0. �

We now assume that the Levi form is nondegenerate of constant signature .n�; nC/ onDDU \X. Let
q D n�. Let N .qC1/ and N .q�1/ be local parametrices of the N@-Neumann Laplacian as in Theorem 4.7.
We define, for every s 2 Z,

yN .q/
WH s

loc.U \M;T �0;qM 0/!H s
loc.U \M;T �0;qM 0/;

yN .q/
WD N@�f .N

.qC1//2 N@C N@.N .q�1//2 N@�f :
(5-6)

Put

A0;q.U \M/ WD fu 2�0;q.U \M/ W .N@�/^;�
ujD D 0g D Dom N@�\�0;q.U \M/: (5-7)

We define

y….q/ WD I � N@�fN
.qC1/ N@� N@N .q�1/ N@�f W A

0;q.U \M/!�0;q.U \M/: (5-8)

We show in Theorem 5.3 below that the operators yN .q/ and y….q/ provide a rough version of the microlocal
Hodge decomposition. By (5-9) the operator yN .q/ satisfies the first N@-Neumann condition. However,
by (5-10), the second N@-Neumann condition is satisfied only modulo a smoothing operator (analogously
for y….q/ by (5-12)). In the sequel we will modify these operators in order to obtain operators N .q/ (the
parametrix of the N@-Neumann Laplacian) and ….q/ (the approximate Bergman projector) which satisfy
exactly the N@-Neumann condition (see Theorems 5.9, 5.11, 5.23).

Theorem 5.3. With the assumptions and notation above, let q D n�. We have

.N@�/^;�
 yN .q/uD 0 for every u 2�0;q.U \M/; (5-9)

.N@�/^;�
 N@ yN .q/uDH
.q/
1 u for every u 2�0;q.U \M/; (5-10)

y….q/u 2 A0;q.U \M/ for every u 2 A0;q.U \M/; (5-11)

.N@�/^;�
 N@ y….q/uDH
.q/
2 u for every u 2 A0;q.U \M/; (5-12)

�.q/
f
yN .q/uC y….q/uD uCH

.q/
3 u for every u 2 A0;q.U \M/; (5-13)

N@ y….q/uDH
.q/
4 u for every u 2 A0;q.U \M/\�0;qc .U \M/; (5-14)

N@�
f
y….q/uDH

.q/
5 u for every u 2 A0;q.U \M/\�0;qc .U \M/; (5-15)

where H .q/
j , j D 1; : : : ; 5, are properly supported on U \M and

H
.q/
j � 0 mod C1..U �U/\ .X �M//; j D 1; 2;

H
.q/
j � 0 mod C1..U �U/\ .M �M//; j D 3; 4; 5:
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Proof. From (4-5), (4-6), Lemma 5.2 and the definitions of yN .q/, y….q/, we get (5-9) and (5-11). Let
u 2�0;q.U \M/. From (4-30) and (5-6), we have

.N@�/^;�
 N@ yN .q/u

D .N@�/^;�
 N@ N@�f .N
.qC1//2 N@u

D .N@�/^;�
�.qC1/
f

.N .qC1//2 N@u� .N@�/^;�
 N@�f
N@.N .qC1//2 N@u

D .N@�/^;�
.I CF
.qC1/
2 /N .qC1/ N@u� .N@�/^;�
 N@�f

N@.N .qC1//2 N@u

D .N@�/^;�
F
.qC1/
2 N .qC1/ N@uC .N@�/^;�
N .qC1/ N@u� .N@�/^;�
 N@�f

N@.N .qC1//2 N@u; (5-16)

where F .qC1/2 �0 mod C1..U �U/\.M�M// is as in (4-30). Again, from (4-5), (4-6) and Lemma 5.2,
we see that

.N@�/^;�
N .qC1/ N@ujD D 0;

.N@�/^;�
 N@�f
N@.N .qC1//2 N@ujD D 0:

From this observation, (5-16) and noticing that

.N@�/^;�
F
.qC1/
2 N .qC1/ N@� 0 mod C1..U �U/\ .X �M//;

we get (5-10). We now prove (5-12). From (5-8), we have

N@ y….q/ D N@� N@ N@�fN
.qC1/ N@

D N@��.qC1/
f

N .qC1/ N@C N@�f
N@N .qC1/ N@

D�F
.qC1/
2

N@C N@�f
N@N .qC1/ N@; (5-17)

where F .qC1/2 is as in (4-30). Let u 2 A0;q.U \M/. From (5-17), we have

N@ y….q/uD�F
.qC1/
2

N@uC N@�f
N@N .qC1/ N@u: (5-18)

From (4-6) and (5-3), we see that .N@�/^;�
 N@�
f
N@N .qC1/ N@ujD D 0. From this observation and (5-18), we

get (5-12).
Let u 2 A0;q.U \M/. From (4-30), (5-6) and (5-8), we have

�.q/
f
yN .q/uD�.q/

f

�
N@�f .N

.qC1//2 N@C N@.N .q�1//2 N@�f
�
u

D N@�f�
.qC1/

f
.N .qC1//2 N@uC N@�.q�1/

f
.N .q�1//2 N@�f u

D N@�f .I CF
.qC1/
2 /N .qC1/ N@uC N@.I CF

.q�1/
2 /N .q�1/ N@�f u

D N@�fN
.qC1/ N@uC N@N .q�1/ N@�f uC

N@�f F
.qC1/
2 N .qC1/ N@uC N@F

.q�1/
2 N .q�1/ N@�f u

D .I � y….q//uC
�
N@�f F

.qC1/
2 N .qC1/ N@C N@F

.q�1/
2 N .q�1/ N@�f

�
u; (5-19)
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where
F
.qC1/
2 � 0 mod C1..U �U/\ .M �M//;

F
.q�1/
2 � 0 mod C1..U �U/\ .M �M//

are as in (4-30). It is clear that

N@�f F
.qC1/
2 N .qC1/ N@C N@F

.q�1/
2 N .q�1/ N@�f � 0 mod C1..U �U/\ .M �M//:

From this observation and (5-19), we get (5-13).
Let u 2 A0;q.U \M/\�

0;q
c .U \M/, from (4-29), (4-30), (5-6) and (5-8), we have

N@�f
y….q/uD N@�f u�

N@�f .
N@�fN

.qC1/ N@u� N@N .q�1/ N@�f u/

D N@�f u�
N@�f
N@N .q�1/ N@�f u

D N@�f u� .�
.q�1/

f
� N@ N@�f /N

.q�1/ N@�f u

D N@�f u� .I CF
.q�1/
2 /N@�f uC

N@ N@�fN
.q�1/ N@�f u

D�F
.q�1/
2

N@�f uC
N@ N@�fN

.q�1/ N@�f u: (5-20)

For every g 2 A0;q.U \M/\�
0;q
c .U \M/, from (4-6), (4-30) and (5-3), we have

.N@�/^;�
 N@ N@�fN
.q�1/ N@�f g D .

N@�/^;�
.�.q�1/
f

� N@�f
N@/N .q�1/ N@�f g

D .N@�/^;�
.I CF
.q�1/
2 /N@�f g� .

N@�/^;�
 N@�f
N@N .q�1/ N@�f g

D .N@�/^;�
F
.q�1/
2

N@�f g: (5-21)

Thus,
.N@�/^;�
 N@ N@�fN

.q�1/
� 0 mod C1..U �U/\ .X �M//:

Let O".q�1/ � 0 mod C1..U � U/ \ .M �M// be any smoothing properly supported extension of
.N@�/^;�
 N@ N@�

f
N .q�1/. Put

".q�1/ WD 2�.�/� O".q�1/ W D 0.U \M;T �0;q�1M 0/!�0;q�2.U \M/;

where � 2 C1c ..�"; "//, �� 1 near 0 2 R, for a sufficiently small constant " > 0. We have

.N@�/^;�
.N@�fN
.q�1/

� ".q�1//N@�f g D 0;

.N@�/^;�
 N@ .N@�fN
.q�1/

� ".q�1//N@�f g D 0
(5-22)

for every g 2 A0;q.U \M/\�
0;q
c .U \M/ and hence

.N@�fN
.q�1/

� ".q�1//N@�f g 2 Dom�.q�2/ (5-23)

for every g 2 A0;q.U \M/\�
0;q
c .U \M/. From (4-29), (4-30), (5-20) and (5-23), we have

N@�f
y….q/uD�F

.q�1/
2

N@�f uC
N@ N@�fN

.q�1/ N@�f u

D�F
.q�1/
2

N@�f uC
N@ .N@�fN

.q�1/
� ".q�1//N@�f uC

N@".q�1/ N@�f u (5-24)
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D�F
.q�1/
2

N@�f uC
N@ .N .q�2/�.q�2/�F .q�2/1 /.N@�fN

.q�1/
� ".q�1//N@�f uC

N@".q�1/ N@�f u

D�F
.q�1/
2

N@�f uC
N@N .q�2/�.q�2/

f
N@�fN

.q�1/ N@�f u�
N@N .q�2/�.q�2/

f
".q�1/ N@�f u

� N@F
.q�2/
1 .N@�fN

.q�1/
� ".q�1//N@�f uC

N@".q�1/ N@�f u

D�F
.q�1/
2

N@�f uC
N@N .q�2/ N@�f�

.q�1/

f
N .q�1/ N@�f u�

N@N .q�2/�.q�2/
f

".q�1/ N@�f u

� N@F
.q�2/
1 .N@�fN

.q�1/
� ".q�1//N@�f uC

N@".q�1/ N@�f u

D�F
.q�1/
2

N@�f uC
N@N .q�2/ N@�f .I CF

.q�1/
2 /N@�f u�

N@N .q�2/�.q�2/
f

".q�1/ N@�f u

� N@F
.q�2/
1 .N@�fN

.q�1/
� ".q�1//N@�f uC

N@".q�1/ N@�f u

D�F
.q�1/
2

N@�f uC
N@N .q�2/ N@�f F

.q�1/
2

N@�f u�
N@N .q�2/�.q�2/

f
".q�1/ N@�f u

� N@F
.q�2/
1 .N@�fN

.q�1/
� ".q�1//N@�f uC

N@".q�1/ N@�f u; (5-24 cont.)

where u 2 A0;q.U \M/\�
0;q
c .U \M/. It is clear that

�F
.q�1/
2

N@�f C
N@N .q�2/ N@�f F

.q�1/
2

N@�f �
N@N .q�2/�.q�2/

f
".q�1/ N@�f

� N@F
.q�2/
1 .N@�fN

.q�1/
� ".q�1//N@�f C

N@".q�1/ N@�f � 0 mod C1..U �U/\ .M �M//:

From this observation and (5-24), we get (5-15). The proof of (5-14) is similar but simpler and therefore
we omit the details. �

From (5-14) and (5-15), we get

�.q/
f
y….q/uDH

.q/
6 u for every u 2 A0;q.U \M/\�

0;q
c .U \M/; (5-25)

where H .q/
6 � 0 mod C1..U �U/\ .M �M// and H .q/

6 is properly supported on U \M.

Lemma 5.4. With the assumptions and notation above, let q D n�. We have

. yN .q/u j v/M D .u j yN
.q/v/M C .u j y�

.q/v/M

for every u 2 L2c.U \M;T �0;qM 0/, v 2 L2loc.U \M;T �0;qM 0/, where y�.q/ is properly supported on
U \M and y�.q/ � 0 mod C1..U �U/\ .M �M//.

Proof. Let u 2 L2c.U \M;T �0;qM 0/, v 2 L2loc.U \M;T �0;qM 0/. Let uj 2 �
0;q
c .U \M/, vj 2

�
0;q
c .U \M/, j D 1; 2; : : : , such that uj ! u in L2c.U \M;T �0;qM 0/ as j !1 and vj ! v in

L2loc.U \M;T �0;qM 0/ as j !1. From (5-6), we see that

. yN .q/u j v/M D lim
j!C1

. yN .q/uj j vj /M : (5-26)

We infer from (4-28) that for every j 2 N we have . yN .q/uj j vj /M D .uj j . yN
.q//�vj /M . From (4-23),

we see that . yN .q//� DN .q/C y�.q/ on �0;qc .U \M/, where y�.q/ � 0 mod C1..U �U/\ .M �M//

and y�.q/ is properly supported on U \M. From this observation, we conclude that

. yN .q/uj j vj /M D .uj j yN
.q/vj /M C .uj j y�

.q/vj /M for every j 2 N: (5-27)

From (5-26) and (5-27), the lemma follows. �
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Lemma 5.5. With the assumptions and notation used above, let qD n�. Fix an open setW �U withW a
compact subset of U. There is a constant CW > 0 such that, for every u 2A0;q.U \M/\�

0;q
c .W \M/,

k y….q/ukM � CW kukM : (5-28)

Proof. Let u 2 A0;q.U \M/\�
0;q
c .W \M/. From (5-13), we have

. y….q/u j y….q/u/M D . y…
.q/u j u/M � . y…

.q/u j .I � y….q//u/M

D . y….q/u j u/M � . y…
.q/u j .�.q/

f
yN .q/
�H

.q/
3 /u/M : (5-29)

From (5-9) and (5-10), we can repeat the proof of Theorem 4.3 and deduce that there is a properly
supported operator N .q/ W D 0.U \M;T �0;qM 0/ ! �0;q.U \M/ on U \M with N .q/ � yN .q/ �

0 mod C1..U �U/\ .M �M// such that

N .q/g 2 Dom�.q/ (5-30)

for every g 2A0;q.U \M/\�
0;q
c .W \M/. From (5-11), (5-13), (5-14), (5-15), (5-29), (5-30), we have

. y….q/u j y….q/u/M D . y…
.q/u j u/M � . y…

.q/u j .�.q/
f
yN .q/
�H

.q/
3 /u/M

D . y….q/u ju/M�. y…
.q/u j .�.q/

f
N .q/
�H

.q/
3 /u/MC. y…

.q/u j�.q/
f
.N .q/

� yN .q//u/M

D . y….q/u j u/M � .N@ y…
.q/u j N@N .q/u/M � .N@

�
f
y….q/u j N@�N .q/u/M

C . y….q/u jH
.q/
3 u/M C . y…

.q/u j�.q/
f
.N .q/

� yN .q//u/M

D . y….q/u j u/M � .H
.q/
4 u j N@N .q/u/M � .H

.q/
5 u j N@�N .q/u/M

C . y….q/u jH
.q/
3 u/M C . y…

.q/u j�.q/
f
.N .q/

� yN .q//u/M

D . y….q/u j u/M � .u j ..H
.q/
4 /� N@N .q/

C .H
.q/
5 /� N@�N .q//u/M

C . y….q/u jH
.q/
3 u/M C . y…

.q/u j�.q/
f
.N .q/

� yN .q//u/M ; (5-31)

where
H
.q/
3 ;H

.q/
4 ;H

.q/
5 � 0 mod C1..U �U/\ .M �M//

are as in (5-13), (5-14), (5-15), and .H .q/
4 /� and .H .q/

5 /� are the formal adjoints of H .q/
4 and H .q/

5 ,
respectively. Note that the operators

.H
.q/
4 /� N@N .q/

C .H
.q/
5 /� N@�N .q/; H

.q/
3 ; �.q/

f
.N .q/

� yN .q//

map L2loc.U \M;T �0;qM 0/ into itself continuously. From this observation and (5-31), we deduce that
there exists yC > 0 such that

k y….q/uk2M �
yC.k y….q/ukMkukM Ckuk

2
M /; u 2 A0;q.U \M/\�0;qc .W \M/: (5-32)

From (5-32), we get (5-28). �

As a comment regarding the proof of Lemma 5.5, one could try to use yN .q/ directly, since N@ yN .q/,
N@� yN .q/ are also bounded in L2loc. However, the range of yN .q/ is not contained in Dom�.q/, since
.N@�/^;�
 yN .q/ and .N@�/^;�
 N@ yN .q/ do not necessarily vanish on the boundary (we only know that they
are smoothing operators). Thus, we use the operator N .q/ which satisfies (5-30).
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Remark 5.6. Since N .q�1/ and N .qC1/ are properly supported on U \M, y… is properly supported on
U \M. Hence for every � 2 C1c .U \M/, there are �1 2 C1c .U \M/, �2 2 C1c .U \M/, such that

y….q/�uD �2 y…
.q/u for every u 2 A0;q.U \M/;

� y….q/uD y….q/�1u for every u 2 A0;q.U \M/:

By Lemma 5.5 we can extend y….q/ to L2c.U \M;T �0;qM 0/ by density. More precisely, let u 2
L2c.U \M;T �0;qM 0/. Suppose that suppu�W , where W � U is an open set with W b U. Take any
sequence .uj /j in A0;q.U \M/\�

0;q
c .W \M/, with limj!C1kuj �ukM D 0. Since y….q/ is properly

supported on U \M, we have

y….q/u WD lim
j!C1

y….q/uj in L2c.U \M;T �0;qM 0/: (5-33)

By using that y….q/ is properly supported on U \M, we extend y….q/ to L2loc.U \M;T �0;qM 0/ and the
extensions

y….q/ W L2c.U \M;T �0;qM 0/! L2c.U \M;T �0;qM 0/;

y….q/ W L2loc.U \M;T �0;qM 0/! L2loc.U \M;T �0;qM 0/
(5-34)

are continuous.

Lemma 5.7. With the assumptions and notation above, let q D n�. We have

. y….q/u j v/M D .u j y…
.q/v/M C .u j y�

.q/
1 v/M (5-35)

for every u 2 L2c.U \M;T �0;qM 0/, v 2 L2loc.U \M;T �0;qM 0/, where y�.q/1 is a properly supported
continuous operator on U \M and y�.q/1 � 0 mod C1..U �U/\ .M �M//.

Proof. From (4-23), (4-28) and (5-8), we get (5-35) for u; v 2A0;q.U \M/\�
0;q
c .U \M/. By using a

density argument and noticing that y….q/ is properly supported on U \M, we get (5-35). �

Theorem 5.8. We have

� y….q/u 2 Dom N@� for every � 2 C1c .U \M/, u 2 L2loc.U \M;T �0;qM 0/; (5-36)

N@ y….q/uDH
.q/
4 u for every u 2 L2loc.U \M;T �0;qM 0/; (5-37)

N@�
f
y….q/uDH

.q/
5 u for every u 2 L2loc.U \M;T �0;qM 0/; (5-38)

�.q/
f
yN .q/uC y….q/uD uCH

.q/
3 u for every u 2�0;q.U \M/; (5-39)

where H .q/
j � 0 mod C1..U �U/\ .M �M//, j D 3; 4; 5, are as in Theorem 5.3.

Proof. Let u 2 L2loc.U \ M;T �0;qM 0/ and let � 2 C1c .U \ M/. Since y….q/ is properly sup-
ported on U \M (see Remark 5.6), there is a �1 2 C1c .U \M/ such that � y….q/ D y….q/�1 on
L2loc.U \ M;T �0;qM 0/. Let g 2 Dom N@ \ L2

.0;q/
.M/. Let uj 2 A0;q.U \ M/ \ �

0;q
c .U \ M/,

j D 1; 2; : : : , with limj!C1kuj ��1ukM D 0. Then,
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.� y….q/u j N@g/M D . y…
.q/�1u j N@g/M D lim

j!C1
. y….q/uj j N@g/M

D lim
j!C1

.N@� y….q/uj j g/M D lim
j!C1

.H
.q/
5 uj j g/M D .H

.q/
5 u j g/M ; (5-40)

where H .q/
5 � 0 mod C1..U �U/\ .M �M// is as in (5-15).

From (5-40), we deduce that � y….q/u 2 Dom N@�, we get (5-36) and we also get (5-38). The proof of
(5-37) is similar. We now prove (5-39).

Let u 2�0;q.U \M/ and let g 2�0;qc .U \M/. Since y….q/, yN .q/ and H .q/
3 are properly supported

on U \M, there is a � 2 C1c .U \M/ such that

..�.q/
f
yN .q/
C y….q//u j g/M D ..�.q/f

yN .q/
C y….q//�u j g/M ;

..I CH
.q/
3 /u j g/M D ..I CH

.q/
3 /�u j g/M :

(5-41)

Let uj 2 A0;q.U \M/\�
0;q
c .U \M/, j D 1; 2; : : : , with limj!C1kuj � �ukM D 0. From (5-13)

and (5-41), we have

..�.q/
f
yN .q/
C y….q//u j g/M D ..�.q/f

yN .q/
C y….q//�u j g/M

D . yN .q/�u j�.q/
f
g/M C . y…

.q/�u j g/M

D lim
j!C1

�
. yN .q/uj j�.q/f

g/M C . y…
.q/uj j g/M

�
D lim
j!C1

..�.q/
f
yN .q/
C y….q//uj j g/M D lim

j!C1
..I CH

.q/
3 /uj j g/M

D ..I CH
.q/
3 /�u j g/M D ..I CH

.q/
3 /u j g/M : (5-42)

Let h 2�0;qc .U \M/. Take hj 2�
0;q
c .U \M/, j D 1; 2; : : : , so that limj!C1khj �hkM D 0. From

(5-34) and (5-42), we have

..�.q/
f
yN .q/
C y….q//u j h/M D lim

j!C1
..�.q/

f
yN .q/
C y….q//u j hj /M

D lim
jC1

..I CH
.q/
3 /u j hj /M D ..I CH

.q/
3 /u j h/M : (5-43)

From (5-43), we get (5-39). �

The following result is the first version of the local approximate Hodge decomposition for the N@-
Neumann Laplacian in the critical degree q D n�.

Theorem 5.9. With the assumptions and notation used above, let q D n�. We can find properly supported
continuous operators on U \M,

N .q/
WH s

loc.U \M;T �0;qM 0/!H s
loc.U \M;T �0;qM 0/ for every s 2 Z;

….q/ W L2loc.U \M;T �0;qM 0/! L2loc.U \M;T �0;qM 0/
(5-44)

such that
N .q/

� yN .q/
� 0 mod C1..U �U/\ .M �M//;

….q/� y….q/ � 0 mod C1..U �U/\ .M �M//;
(5-45)
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�.q/
f
N .q/uC….q/uD uCR

.q/
0 u for every u 2�0;q.U \M/;

�.q/
f
….q/uDR

.q/
1 u for every u 2 L2loc.U \M/;

N@….q/uDR
.q/
2 u for every u 2 L2loc.U \M;T �0;qM 0/;

N@�f…
.q/uDR

.q/
3 u for every u 2 L2loc.U \M;T �0;qM 0/;

(5-46)

.N@�/^;�
N .q/ujD D 0 for every u 2�0;q.U \M/;

�….q/u 2 Dom N@� for every � 2 C1c .U \M/, u 2 L2loc.U \M;T �0;qM 0/;
(5-47)

.N@�/^;�
 N@N .q/ujD D 0 for every u 2�0;q.U \M/;

.N@�/^;�
 N@….q/ujD D 0 for every u 2 L2loc.U \M;T �0;qM 0/;
(5-48)

where R.q/j W D
0.U \M/!�0;q.U \M/ is a properly supported continuous operator on U \M with

R
.q/
j � 0 mod C1..U �U/\ .M �M//, j D 0; 1; 2; 3.

Proof. We define, following (4-21), N .q/ WD yN
.q/
7 � 2�.�/�

zH
.q/
1 , ….q/ WD y….q/7 � 2�.�/� zH

.q/
2 , where

zH
.q/
1 is a smoothing extension of H .q/

1 from (5-10), and zH .q/
2 is a smoothing extension of H .q/

2 from
(5-12). We show as in the proof of Theorem 4.3 that N .q/ and ….q/ satisfy the N@-Neumann conditions
and by using Theorems 5.3 and 5.8 we conclude the result. �

From Lemmas 5.4 and 5.7, we get:

Theorem 5.10. With the assumptions and notation used above, let q D n�. We have

.N .q/u j v/M D .u jN
.q/v/M C .u j �

.q/v/M ; (5-49)

.….q/u j v/M D .u j…
.q/v/M C .u j �

.q/
1 v/M (5-50)

for every u 2 L2c.U \M;T �0;qM 0/, v 2 L2loc.U \M;T �0;qM 0/, where N .q/ and ….q/ are as in
Theorem 5.9, �.q/; �.q/1 � 0 mod C1..U �U/\ .M �M//, �.q/ and �.q/1 are properly supported on
U \M.

Theorem 5.11. With the assumptions and notation used above, let q D n�. Let N .q/ and ….q/ be as in
Theorem 5.9. Then we have on U \M, for every u 2 Dom�.q/,

….q/�.q/uDƒ.q/0 u; (5-51)

N .q/�.q/uC….q/uD uCƒ.q/u; (5-52)

where ƒ.q/0 , ƒ.q/ are properly supported on U \M and ƒ.q/0 ; ƒ.q/ � 0 mod C1..U �U/\ .M �M//.

Proof. Let u 2 Dom�.q/ and let v 2�0;qc .U \M/. From (5-46), (5-47), (5-48) and (5-50), we have

.….q/�.q/u j v/M D .�.q/u j….q/v/M C .�.q/u j �.q/1 v/M

D .u j�.q/….q/v/M C .�.q/u j �.q/1 v/M

D .u jR
.q/
1 v/M C .�.q/u j �.q/1 v/M

D ...R
.q/
1 /�C .�

.q/
1 /��.q/

f
/u j v/M ; (5-53)
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where R.q/1 , �.q/1 are as in (5-46) and (5-50) respectively and .R.q/1 /� and .�.q/1 /� are the formal
adjoints of R.q/1 and �.q/1 with respect to . � j � /M respectively. It is clear that .R.q/1 /�C .�

.q/
1 /��.q/

f
�

0 mod C1..U �U/\ .M �M//. From this observation and (5-53), we get (5-51).
Let u 2 Dom�.q/and let v 2�0;qc .U \M/. From (5-46), (5-47), (5-48), (5-49) and (5-50), we have

.N .q/�.q/uC….q/u j v/M D .�.q/u jN .q/v/MC.�.q/u j �.q/v/MC.u j….q/v/MC.u j �.q/1 v/M

D .u j�.q/N .q/v/MC..�
.q//��.q/

f
u j v/MC.u j…

.q/v/MC.u j �
.q/
1 v/M

D .u j .�.q/N .q/
C….q//v/MC..�

.q//��.q/
f
u j v/MC.u j �

.q/
1 v/M

D .u jR
.q/
0 v/MC..�

.q//��.q/
f
u j v/MC.u j �

.q/
1 v/M

D ...R
.q/
0 C�

.q/
1 /�C.�.q//��.q/

f
/u j v/M ; (5-54)

where R.q/0 , �.q/, �.q/1 are as in (5-46), (5-49) and (5-50) respectively, .�.q//� is the formal adjoint
of �.q/ with respect to . � j � /M and .R.q/0 C �

.q/
1 /� is the formal adjoint of R.q/0 C �

.q/
1 with respect

to . � j � /M . It is clear that .�.q//��.q/
f
� 0 mod C1..U � U/ \ .M �M// and .R.q/0 C �

.q/
1 /� �

0 mod C1..U �U/\ .M �M//. From this observation and (5-54), we get (5-52). �

5.2. The distribution kernel of the approximate Bergman kernel. In this section, we will study the
distribution kernel of ….q/ and regularity properties of the operators ….q/ and N .q/. We will refine in
this way the Hodge decomposition from Theorem 5.9 in Theorem 5.23.

Let Œ � j � �X be the L2 inner product on H�1=2.X; T �0;qM 0/ given by

Œu j v �X WD . zPu j zPv/M ; (5-55)

where zP is the Poisson operator given by (3-4). Let zP � W�0;q.M/! C1.X; T �0;qM 0/ be the adjoint
of zP as defined in (3-9). Then,

zP � zP W C1.X; T �0;qM 0/! C1.X; T �0;qM 0/

is an injective continuous operator. Let

. zP � zP /�1 W C1.X; T �0;qM 0/! C1.X; T �0;qM 0/

be the inverse of zP � zP. It is well known that . zP � zP /�1 is a classical pseudodifferential operator of order 1
on X (see [Boutet de Monvel 1971]).

Sections of T �0;qM 0 over X annihilated by .N@�/^;� can be identified with sections of T �0;qX, so they
are called tangential. We have

Ker.N@�/^;� WD fu 2H�
1
2 .X; T �0;qM 0/ W .N@�/^;�uD 0g DH�

1
2 .X; T �0;qX/:

Let
Q.q/ WH�

1
2 .X; T �0;qM 0/! Ker.N@�/^;� (5-56)

be the orthogonal projection with respect to Œ � j � �X .
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Theorem 5.12 [Hsiao 2010, Part II, Lemma 3.3]. Q.q/ is a classical pseudodifferential operator of
order 0 with principal symbol 2.N@�/^;�.N@�/^. Moreover,

I �Q.q/ D . zP � zP /�1.N@�/^R; (5-57)

whereR WC1.X;T �0;qM 0/!C1.X;T �0;q�1M 0/ is a classical pseudodifferential operator of order�1.

Let u 2�0;qc .U \M/. From Theorem 4.3, (5-8) and Theorem 5.9, we see that ….q/u 2�0;qc .U \M/

and 
….q/u 2 C1.X; T �0;qM 0/.

Theorem 5.13. Under the assumptions and notation used before we have, for q D n�,

….q/uD zP
….q/uC ".q/u for every u 2�0;qc .U \M/; (5-58)

where ".q/ � 0 mod C1..U �U/\ .M �M//.

Proof. Let u 2�0;qc .U \M/. Since ….q/ is properly supported on U \M,

….q/u 2�0;qc .U \M/��0;q.M/:

From (3-8), we have

D.q/e�.q/
f
….q/uC zP
….q/uD….q/u: (5-59)

From (5-46) and e�.q/
f
��.q/

f
� 0 mod C1.M �M/, we see that

D.q/e�.q/
f
….q/ � 0 mod C1..U �U/\ .M �M//:

From this observation and (5-59), we get (5-58). �

From (5-59), we have

. zP � zP /�1 zP �….q/uD . zP � zP /�1 zP � zP
….q/uC . zP � zP /�1 zP �".q/u

D 
….q/uC . zP � zP /�1 zP �".q/u (5-60)

and

….q/uD zP . zP � zP /�1 zP �….q/uC "
.q/
1 u (5-61)

for every u 2�0;qc .U \M/, where ".q/1 D� zP . zP
� zP /�1 zP �".q/u� 0 mod C1..U �U/\ .M �M//.

From (3-6) and (3-10), we see that zP . zP � zP /�1 zP �….q/ is well-defined as a continuous operator

zP . zP � zP /�1 zP �….q/ W L2c.U \M;T �0;qM 0/! L2loc.U \M;T �0;qM 0/:

From this observation, (5-61) and by using a density argument, we conclude that

….q/� zP . zP � zP /�1 zP �….q/ � 0 mod C1..U �U/\ .M �M//: (5-62)

Similarly, from (3-6) and (3-10), we see that ….q/ zP . zP � zP /�1 zP � is well-defined as a continuous operator

….q/ zP . zP � zP /�1 zP � W L2.M; T �0;qM 0/! L2loc.U \M;T �0;qM 0/:
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Lemma 5.14. Under the assumptions and notation used before we have, for q D n�,

….q/ zP . zP � zP /�1 zP ��….q/ � 0 mod C1..U �U/\ .M �M//:

Proof. Let u 2 L2
.0;q/

.M/ and let v 2�0;qc .U \M/. From (5-50) and (5-61), we have

.….q/u j v /M D .u j…
.q/v/M C .u j �

.q/
1 v/M

D .u j zP . zP � zP /�1 zP �….q/v/M C .u j "
.q/
1 v/M C .u j �

.q/
1 v/M

D . zP . zP � zP /�1 zP �u j….q/v/M C .u j "
.q/
1 v/M C .u j �

.q/
1 v/M

D .….q/ zP . zP � zP /�1 zP �u j v/M

� . zP . zP � zP /�1 zP �u j �
.q/
1 v/M C .u j "

.q/
1 v/M C .u j �

.q/
1 v/M

D .….q/ zP . zP � zP /�1 zP �u j v/M

� ..�
.q/
1 /� zP . zP � zP /�1 zP �u j v/M C .."

.q/
1 C�

.q/
1 /�u j v/M ; (5-63)

where .�.q/1 /� and .".q/1 C�
.q/
1 /� are the formal adjoints of �.q/1 and ".q/1 C�

.q/
1 respectively. Note that

.�
.q/
1 /� zP . zP � zP /�1 zP �; ."

.q/
1 C�

.q/
1 /� � 0 mod C1..U �U/\ .M �M//:

From this observation and (5-63), the lemma follows. �

Theorem 5.15. With the assumptions and notation used before, we have

….q/�….q/ zPQ.q/. zP � zP /�1 zP � � 0 mod C1..U �U/\ .M �M//; (5-64)

….q/� zPQ.q/. zP � zP /�1 zP �….q/ � 0 mod C1..U �U/\ .M �M//: (5-65)

Proof. Let u 2 L2
.0;q/

.M/ and let v 2�0;qc .U \M/. From (5-50) and (5-58), we have

.….q/ zP .I �Q.q//. zP � zP /�1 zP �u j v/M

D . zP .I �Q.q//. zP � zP /�1 zP �u j….q/v/M C . zP .I �Q
.q//. zP � zP /�1 zP �u j �

.q/
1 v/M

D . zP .I �Q.q//. zP � zP /�1 zP �u j zP
….q/v/M C . zP .I �Q
.q//. zP � zP /�1 zP �u j ".q/v/M

C . zP .I �Q.q//. zP � zP /�1 zP �u j �
.q/
1 v/M

D Œ.I �Q.q//. zP � zP /�1 zP �u j 
….q/v�X C .."
.q//� zP .I �Q.q//. zP � zP /�1 zP �u j v/M

C ..�
.q/
1 /� zP .I �Q.q//. zP � zP /�1 zP �u j v/M ; (5-66)

where .".q//� and .�.q/1 /� are the formal adjoints of ".q/ and �.q/1 respectively. From the second formula
of (5-47) and noticing that ….q/ is properly supported on U \M, we get .N@�/^;�
….q/v D 0; hence

….q/v 2 Ker.N@�/^;�. Thus, Œ.I �Q.q//. zP � zP /�1 zP �u j 
….q/v�X D 0. From this observation, (5-66)
and noticing that

.".q//� zP .I�Q.q//. zP � zP /�1 zP �; .�
.q/
1 /� zP .I�Q.q//. zP � zP /�1 zP �� 0 mod C1..U �U/\.M �M//;

we get
….q/ zP .I �Q.q//. zP � zP /�1 zP � � 0 mod C1..U �U/\ .M �M//: (5-67)

From (5-67) and Lemma 5.14, we get (5-64).
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Let u 2 L2c.M/ and let v 2�0;qc .U \M/. From (5-50), we have

. zP .I �Q.q//. zP � zP /�1 zP �….q/u j v/M

D ..I �Q.q//. zP � zP /�1 zP �….q/u j zP �v/X

D ..I �Q.q//. zP � zP /�1 zP �….q/u j . zP � zP /. zP � zP /�1 zP �v/X

D Œ.I �Q.q//. zP � zP /�1 zP �….q/u j . zP � zP /�1 zP �v�X

D Œ. zP � zP /�1 zP �….q/u j .I �Q.q//. zP � zP /�1 zP �v�X

D .….q/u j zP .I �Q.q//. zP � zP /�1 zP �v/M

D .u j….q/ zP .I �Q.q//. zP � zP /�1 zP �v/M C .u j �
.q/
1
zP .I �Q.q//. zP � zP /�1 zP �v/M : (5-68)

From (5-68) and (5-67), we deduce that

zP .I �Q.q//. zP � zP /�1 zP �….q/ � 0 mod C1..U �U/\ .M �M/:

From this observation and (5-62), we get (5-65). �

We can now prove the following regularity property for ….q/.

Theorem 5.16. With the assumptions and notation used before, ….q/ can be continuously extended to

….q/ WH s
loc.U \M;T �0;qM 0/!H s�1

loc .U \M;T �0;qM 0/ for every s 2 Z;

….q/ WH s
c .U \M;T �0;qM 0/!H s�1

c .U \M;T �0;qM 0/ for every s 2 Z:
(5-69)

Proof. Let u 2�0;qc .U \M/. From (5-64), we see that

….q/uD….q/ zPQ.q/. zP � zP /�1 zP �uC 
 .q/u; (5-70)

where 
 .q/ W�0;qc .U \M/! D 0.U \M;T �0;qM 0/ is a continuous operator with


 .q/ � 0 mod C1..U �U/\ .M �M//:

From Theorem 4.3, (5-8), Theorem 5.9 and noticing that

zPQ.q/. zP � zP /�1 zP �u 2 A0;q.U \M/;

we conclude that

….q/uD .I � N@�fN
.qC1/ N@� N@N .q�1/ N@�f /

zPQ.q/. zP � zP /�1 zP �uC 

.q/
1 u; (5-71)

where 
 .q/1 W�
0;q
c .U \M/! D 0.U \M;T �0;qM 0/ is a continuous operator with



.q/
1 � 0 mod C1..U �U/\ .M �M//:

From (5-71),

N .q�1/
WH s

c .U \M;T �0;qM 0/!H sC1
c .U \M;T �0;qM 0/ for every s 2 Z;

N .qC1/
WH s

c .U \M;T �0;qM 0/!H sC1
c .U \M;T �0;qM 0/ for every s 2 Z
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are continuous and note that �0;qc .U \M/ is dense in H s
c .U \M;T �0;qM 0/ for every s 2 Z, and thus

we get (5-69). �

The reason why in the proof of Theorem 5.16 we do not use y….q/ directly is the following: In (5-8),
y….q/ is just defined on the space A0;q.U \M/. If u 2�0;qc .U \M/, we cannot define y….q/u by using
(5-8) since in general

.I � N@�fN
.qC1/ N@� N@N .q�1/ N@�f /u … Dom�.q/:

We extend y….q/ to L2loc.U \M;T �0;qM 0/ by density and we have (5-71) for the relation between ….q/

and (5-8).

5.3. Reduction to the analysis on the boundary. In order to refine the approximate Hodge decomposition
of Theorem 5.9 and show that ….q/ is a Fourier integral operator we will bring in an approximate Szegő
projector on the boundary, which is a Fourier integral operator, and link it to ….q/ by means of the
Poisson operator. The approximate Szegő projector appears in the microlocal Hodge decomposition of the
boundary Laplacian �.q/

ˇ
, which is a perturbation of the Kohn Laplacian.

We recall the operators N@ˇ and �.q/
ˇ

introduced in [Hsiao 2010, Part II, Chapter 5]. Recall that Q.qC1/

is given by (5-56). The operator N@ˇ is defined by

N@ˇ DQ
.qC1/
 N@ zP W�0;q.X/!�0;qC1.X/ (5-72)

and it is obtained by taking the N@ derivative of the extension of a form to the interior by the Poisson
operator and then taking the projection on the space of the tangential forms to the boundary. It is a
classical pseudodifferential operator of order 1 which is a perturbation of the N@b operator by a zeroth-order
operator. It has the advantage that it involves directly the Poisson operator. Let

N@
�

ˇ
W�0;qC1.X/!�0;q.X/ (5-73)

be the formal adjoint of N@ˇ with respect to Œ � j � �X , that is, ŒN@ˇf j h� D Œf j N@
�

ˇ
h�X , f 2 �0;q.X/,

h 2�0;qC1.X/. Then N@�
ˇ

is a classical pseudodifferential operator of order 1 and we have

N@
�

ˇ
D 
 N@�f

zP on �0;q.X/ for q D 1; : : : ; n� 1I (5-74)

see [Hsiao 2010, Part II, Chapter 5]. Set

�.q/
ˇ
D N@

�

ˇ
N@ˇ C N@ˇ N@

�

ˇ
W D 0.X; T �0;qX/! D 0.X; T �0;qX/: (5-75)

It was shown in [Hsiao 2010, Part II, Chapter 5] that �.q/
ˇ

is a classical pseudodifferential operator of
order 2 and the characteristic manifold of �.q/

ˇ
is given by † D †C [†�, where †C, †� are as in

(3-12). Roughly speaking, forms annihilated by �.q/
ˇ

on the boundary are microlocally boundary values
of harmonic forms. More precisely, if Sˇ is the orthogonal projection onto the kernel of �.q/

ˇ
, then zPSˇ

is in the kernel of the N@-Neumann Laplacian up to a smoothing operator. If S is the orthogonal projection
onto the kernel of �.q/

b
(the Szegő projector), then zPS does not have this property.

Let D be a local coordinate patch of X with local coordinates xD .x1; : : : ; x2n�1/ and we assume the
Levi form is nondegenerate of constant signature .n�; nC/ onD. LetH 2L�1cl .D; T

�0;qX�.T �0;qX/�/
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be a properly supported pseudodifferential operator of order �1 on D such that

H � zP � zP � 0 on D: (5-76)

The following microlocal Hodge decomposition for �.q/
ˇ

was established in [Hsiao 2010, Part II, Theo-
rem 6.15].

Theorem 5.17. With the assumptions and notation above, let qD n�. Then there exist properly supported
operators

A 2 L�11
2
; 1
2

.D; T �0;qX � .T �0;qX/�/;

S�; SC 2 L
0
1
2
; 1
2

.D; T �0;qX � .T �0;qX/�/
such that

WF0.S�.x; y//D diag..†C\T �D/� .†C\T �D//;

WF0.SC.x; y//� diag..†�\T �D/� .†�\T �D//
(5-77)

and

A�.q/
ˇ
CS�CSC D I; (5-78)

N@ˇS� � 0; N@
�

ˇ
S� � 0; (5-79)

S� � S
�
� � S

2
�; (5-80)

SC � 0 if q ¤ nC; (5-81)
where

S�� WD 2Q
.q/. zP � zP /�1S��.

N@�/^;�.N@�/^H W�0;qc .D/!�0;q.X/; (5-82)

H is given by (5-76) and S�� is the formal adjoint of S� with respect to . � j � /X . Moreover, the kernel
S�.x; y/ satisfies

S�.x; y/�

Z 1
0

ei'�.x;y/ta.x; y; t/ dt;

with

a.x; y; t/ 2 Sn�11;0 .D �D � .0;1/; T
�0;qX � .T �0;qX/�/;

a.x; y; t/�

1X
jD0

aj .x; y/t
n�1�j in Sn�11;0 .D �D � .0;1/; T

�0;qX � .T �0;qX/�/
(5-83)

and
a0.x; x/D

1

2�n
jdetLxj�x;n� for every x 2D; (5-84)

where aj .x; y/ 2 C1.D �DIT �0;qX � .T �0;qX/�/, j D 0; 1; : : : , and the phase function '� is the
same as the phase function appearing in the description of the singularities of the Szegő kernels for
lower-energy forms in [Hsiao and Marinescu 2017, Theorems 3.3, 3.4]. In particular, we have

'�.x; y/ 2 C1.X �X/; Im'�.x; y/� 0; (5-85)

'�.x; x/D 0; '�.x; y/¤ 0 if x ¤ y; (5-86)

dx'� ¤ 0; dy'� ¤ 0 where Im'� D 0; (5-87)



454 CHIN-YU HSIAO AND GEORGE MARINESCU

dx'�.x; y/jxDy D�dy'�.x; y/jxDy D !0.x/; (5-88)

'�.x; y/D� N'�.y; x/: (5-89)

We have denoted by WF.S˙.x; y// the wave front set in the sense of Hörmander of the distributions
S˙.x; y/ and

WF0.S˙.x; y// WD f.x; �; y; �/ 2 T �X �T �X W .x; �; y;��/ 2WF.S˙.x; y//g:

The leading coefficient a0.x; x/ from (5-83) was obtained in [Hsiao 2010, Part II, Proposition 6.17].
We come back to our situation. In view of Lemmas 4.1, 4.2 and Theorem 5.12, we see that

Q.q/. zP � zP /�1 zP � is smoothing away the diagonal. Hence, there is a continuous operator L.q/ W
�
0;q
c .U \M/!�0;q.D/ such that

L.q/�Q.q/. zP � zP /�1 zP � � 0 mod C1..U �U/\ .X �M// (5-90)

and L.q/ is properly supported on U \M, that is, for every � 2 C1c .U \M/, there is a � 2 C1c .D/ such
that L.q/�D �L.q/ on �0;qc .U \M/ and, for every �1 2 C1c .D/, there is a �1 2 C1c .U \M/ such that
�1L

.q/ D L.q/�1 on �0;qc .U \M/. We can extend L.q/ to a continuous operator

L.q/ W�0;q.U \M/!�0;q.D/; L.q/ W�0;qc .U \M/!�0;qc .D/:

From Theorem 5.15, we have

….q/� zPL.q/….q/ � 0 mod C1..U �U/\ .M �M//: (5-91)

Lemma 5.18. With the notation and assumptions above, we have

SCL
.q/….q/ � 0 mod C1..U �U/\ .X �M//; (5-92)

where SC is as in Theorem 5.17.

Proof. Since WF0.SC.x; y//� diag
�
.†�\T �D/�.†�\T �D/

�
and by Theorem 3.2 the operator�.q/�

is elliptic near †�, there is a classical pseudodifferential operator E.q/ 2L�1cl .D; T
�0;qX� .T �0;qX/�/

such that

SC�SCE
.q/�.q/� � 0: (5-93)

From (5-46) and (5-91), we deduce that

�.q/� L.q/….q/ � 0 mod C1..U �U/\ .X �M//: (5-94)

From (5-93) and (5-94), we get (5-92). �

Theorem 5.19. With the notation and assumptions above, we have

S�L
.q/….q/�L.q/….q/ � 0 mod C1..U �U/\ .X �M//; (5-95)

zPS�L
.q/….q/�….q/ � 0 mod C1..U �U/\ .M �M//; (5-96)

….q/ zPS�L
.q/
�….q/ � 0 mod C1..U �U/\ .M �M//: (5-97)
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Proof. From (5-46) and (5-91), we see that

�.q/
ˇ
L.q/….q/ � 0 mod C1..U �U/\ .X �M//: (5-98)

From (5-78), (5-92) and (5-98), we have

L.q/….q/ D .A�.q/
ˇ
CS�CSC/L

.q/….q/

� S�L
.q/….q/ mod C1..U �U/\ .X �M//

and we get (5-95). From (5-95) and (5-91), we get (5-96). We now prove (5-97). Put


 .q/ WD….q/� zPL.q/….q/ W�0;qc .U \M/!�0;q.M/;



.q/
0 WD

zP � zP �H W�0;qc .D/!�0;q.X/;



.q/
1 WD S

�
��S� W�

0;q
c .D/!�0;q.X/;



.q/
2 WD L

.q/
�Q.q/. zP � zP /�1 zP � W�0;qc .U \M/!�0;q.X/;



.q/
3 WD S�L

.q/….q/�L.q/….q/ W�0;qc .U \M/!�0;qc .D/;

where S�� is given by (5-82). From (5-80), (5-90), (5-91) and (5-95), we see that


 .q/ � 0 mod C1..U �U/\ .M �M//;



.q/
2 � 0 mod C1..U �U/\ .X �M//;



.q/
3 � 0 mod C1..U �U/\ .X �M//;



.q/
1 � 0; 


.q/
0 � 0:

(5-99)

Let
.
 .q//� W�0;q.M/!�0;q.U \M/

be the formal adjoint of 
 .q/ with respect to . � j � /M and let

.

.q/
2 /� W�0;q.X/!�0;q.U \M/

be the formal adjoint of 
 .q/2 with respect to . � j � /M and . � j � /X , that is,

.

.q/
2 u j v/X D .u j .


.q/
2 /�v/M for every u 2�0;qc .U \M/, v 2�0;q.X/.

It is obvious that

.
 .q//� � 0; .

.q/
2 /� � 0 mod C1..U �U/\ .M �X//: (5-100)

Let u; v 2�0;qc .U \M/. From (5-50), it is straightforward to check that

.….q/ zPS�L
.q/u j v/M

D . zPS�L
.q/u j….q/v/M C . zPS�L

.q/u j �
.q/
1 v/M

D . zPS�L
.q/u j zPL.q/….q/v/M C . zPS�L

.q/u j 
 .q/v/M C . zPS�L
.q/u j �

.q/
1 v/M

D .S�L
.q/u jHL.q/….q/v/X C .S�L

.q/u j 

.q/
0 L.q/….q/v/X

C . zPS�L
.q/u j 
 .q/v/M C . zPS�L

.q/u j �
.q/
1 v/M (5-101)
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D ŒL.q/u j S��L
.q/….q/v�X C .S�L

.q/u j 

.q/
0 L.q/….q/v/X

C . zPS�L
.q/u j 
 .q/v/M C . zPS�L

.q/u j �
.q/
1 v/M

D ŒL.q/u jS�L
.q/….q/v�XCŒL

.q/u j

.q/
1 L.q/….q/v�XC.S�L

.q/u j

.q/
0 L.q/….q/v/X

C . zPS�L
.q/u j 
 .q/v/M C . zPS�L

.q/u j �
.q/
1 v/M

D ŒQ.q/. zP � zP /�1 zP �u j S�L
.q/….q/v�X C Œ


.q/
2 u j S�L

.q/….q/v�X C ŒL
.q/u j 


.q/
1 L.q/….q/v�X

C .S�L
.q/u j 


.q/
0 L.q/….q/v /X C . zPS�L

.q/u j 
 .q/v /M C . zPS�L
.q/u j �

.q/
1 v /M

D .u j zPS�L
.q/….q/v /M C . zP


.q/
2 u j zPS�L

.q/….q/v /M C . zPL
.q/u j zP


.q/
1 L.q/….q/v /M

C . zPS�L
.q/u j zP . zP � zP /�1


.q/
0 L.q/….q/v /M C . zPS�L

.q/u j 
 .q/v /M C . zPS�L
.q/u j �

.q/
1 v /M

D .u j zPL.q/….q/v /M C .u j zP

.q/
3 v /M C .u j .


.q/
2 /� zP � zPS�L

.q/….q/v /M

C .u j .L.q//� zP � zP

.q/
1 L.q/….q/v /M C .u j .L

.q//�S��

.q/
0 L.q/….q/v /M

C .u j .L.q//�.S�/
�. zP /�
 .q/v /M C .u j .L

.q//�.S�/
�. zP /��

.q/
1 v /M

D .u j….q/v /M � .u j 

.q/v /M C .u j zP


.q/
3 v /M C .u j .


.q/
2 /� zP � zPS�L

.q/….q/v /M

C .u j .L.q//� zP � zP

.q/
1 L.q/….q/v /M C .u j .L

.q//�S��

.q/
0 L.q/….q/v /M

C .u j .L.q//�.S�/
�. zP /�
 .q/v /M C .u j .L

.q//�.S�/
�. zP /��

.q/
1 v /M ; (5-101 cont.)

where .L.q//� W �0;q.D/! �0;q.U \M/ is the formal adjoint of L.q/ with respect to . � j � /M and
. � j � /X . We explain the third-to-last equality of (5-101). Since S�L.q/….q/v 2 Ker.N@�/^;�, we have

ŒQ.q/. zP � zP /�1 zP �u j S�L
.q/….q/v �X D Œ . zP

� zP /�1 zP �u j S�L
.q/….q/v �X : (5-102)

From (5-102), we get the third-to-last equality of (5-101).
Note that .L.q//� is properly supported. From (5-101), we conclude that there is a continuous operator

".q/ W�
0;q
c .U \M/!�0;q.U \M/ with ".q/ � 0 mod C1..U �U/\ .M �M// such that

.….q/ zPS�L
.q/u j v /M D .u j…

.q/v /M C .u j "
.q/v /M (5-103)

for every u; v 2�0;qc .U \M/. From (5-50) and (5-103), we get

.….q/ zPS�L
.q/u j v /M D .…

.q/u j v /M � ..�
.q/
1 /�u j v /M C .."

.q//�u j v /M (5-104)

for every u; v 2 �0;qc .U \M/, where .�.q/1 /�; .".q//� W �
0;q
c .U \M/ ! �0;q.U \M/ are the

formal adjoints of �.q/1 and ".q/ with respect to . � j � /M respectively. Note that .�.q/1 /�; .".q//� �

0 mod C1..U �U/\ .M �M//. From this observation and (5-104), we get (5-97). �

Theorem 5.20. With the notation and assumptions used above, we have

N@ zPS�L
.q/
� 0 mod C1..U �U/\ .M �M//: (5-105)

Proof. From [Hsiao 2010, Part II, Proposition 6.18], we have


 N@ zPS� � 0: (5-106)

From (3-8), we have
D.qC1/e�.qC1/

f
N@ zPS�C zP
 N@ zPS� D N@ zPS�: (5-107)



THE SPECTRAL AND BERGMAN PROJECTIONS ON COMPLEX MANIFOLDS WITH BOUNDARY 457

Now,

D.qC1/e�.qC1/
f

N@ zPS� DD
.qC1/.�.qC1/

f
CK.qC1//N@ zPS�

DD.qC1/ N@�.q/
f
zPS�CD

.qC1/K.qC1/ N@ zPS�

DD.qC1/ N@e�.q/
f
zPS��D

.qC1/ N@K.q/ zPS�CD
.qC1/K.qC1/ N@ zPS�

D�D.qC1/ N@K.q/ zPS�CD
.qC1/K.qC1/ N@ zPS�

� 0 mod C1..U �U/\ .M �X//: (5-108)

From (5-106), (5-107) and (5-108), we get (5-105). �

Let ı.q/ WD 2� zP ..N@�/^;�
 N@ zPS�L.q// W�
0;q
c .U \M/!�0;q.M/. By (5-105) we have

ı.q/ � 0 mod C1..U �U/\ .M �M//: (5-109)

Moreover, it is easy to check that

( zPS�L.q/� ı.q//u 2 Dom�.q/\�0;q.M/ for every u 2�0;qc .U \M/. (5-110)

We come now to the crucial relation between the approximate Bergman and Szegő kernels via the
Poisson operator.

Theorem 5.21. With the notation and assumptions used above, we have

….q/� zPS�L
.q/
� 0 mod C1..U �U/\ .M �M//: (5-111)

Proof. We first claim that

….q/ zPS�L
.q/
� zPS�L

.q/
� 0 mod C1..U �U/\ .M �M//: (5-112)

From (5-52) and (5-110), we have

N .q/�.q/. zPS�L.q/� ı.q//uC….q/. zPS�L.q/� ı.q//u
D . zPS�L

.q/
� ı.q//uCƒ.q/. zPS�L

.q/
� ı.q//u (5-113)

for every u2�0;qc .U \M/, where ƒ.q/� 0 mod C1..U �U/\.M �M// is as in (5-52). From (5-79),
(5-105) and (5-109), we have

N .q/�.q/. zPS�L.q/� ı.q//uDN .q/�.q/
f
. zPS�L

.q/
� ı.q//uDƒ

.q/
1 u (5-114)

for every u 2 �0;qc .U \M/, where ƒ.q/1 � 0 mod C1..U �U/\ .M �M//. From (5-109), (5-113)
and (5-114) we get the claim (5-112).

From (5-97) and (5-112), we get (5-111). �

Note that S� 2 L01=2;1=2.D; T
�0;qX � .T �0;qX/�/. From this observation and the classical result of

Calderon and Vaillancourt (see (2-2)), (3-6), (3-10) and (5-111), we can improve Theorem 5.16 as follows.

Theorem 5.22. With the notation used above, ….q/ can be continuously extended to

….q/ WH s
loc.U \M;T �0;qM 0/!H s

loc.U \M;T �0;qM 0/ for every s 2 Z;

….q/ WH s
c .U \M;T �0;qM 0/!H s

c .U \M;T �0;qM 0/ for every s 2 Z:
(5-115)
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5.4. Final version of the microlocal Hodge decomposition. We can now prove the our final version of
the approximate Hodge decomposition by constructing a parametrix N .q/ and an approximate Bergman
projector ….q/, which is a Fourier integral operator with complex phase.

Theorem 5.23. Let U be an open set ofM 0 with U \X ¤∅. Suppose that the Levi form is nondegenerate
of constant signature .n�; nC/ onU\X. Let qDn�. There exist properly supported continuous operators
on U \M,

N .q/
WH s

loc.U \M;T �0;qM 0/!H s
loc.U \M;T �0;qM 0/ for every s 2 Z;

….q/ WH s
loc.U \M;T �0;qM 0/!H s

loc.U \M;T �0;qM 0/ for every s 2 Z;
(5-116)

such that
N .q/u 2 Dom�.q/ for every u 2�0;qc .U \M/;

….q/u 2 Dom�.q/ for every u 2�0;qc .U \M/;
(5-117)

and on U \M, we have

�.q/
f
N .q/uC….q/uD uC r

.q/
0 u for every u 2�0;q.U \M/;

N .q/�.q/uC….q/uD uC r.q/1 u for every u 2 Dom�.q/;
N@….q/uD r

.q/
2 u for every u 2 L2loc.U \M;T �0;qM 0/;

N@�f…
.q/uD r

.q/
3 u for every u 2 L2loc.U \M;T �0;qM 0/;

….q/�.q/uD r.q/4 u for every u 2 Dom�.q/;

�.q/
f
….q/uD r

.q/
5 u for every u 2�0;q.U \M/;

.….q//2u�….q/uD r
.q/
6 u for every u 2�0;q.U \M/;

(5-118)

where r.q/j is properly supported on U \M with r.q/j � 0 mod C1..U � U/\ .M �M// for every
j D 0; : : : ; 6, and the distribution kernel of ….q/ satisfies

….q/.z; w/�

Z 1
0

ei�.z;w/tb.z; w; t/ dt mod C1..U �U/\ .M �M//; (5-119)

with
b.z; w; t/ 2 Sn1;0..U �U/\ .M �M/� .0;1/;ƒ

.0;q/j.0;q/
M 0�M 0 /;

b.z; w; t/�

1X
jD0

bj .z; w/t
n�j in Sn1;0..U �U/\ .M �M/� .0;1/;ƒ

.0;q/j.0;q/
M 0�M 0 /;

(5-120)

with b0.z; z/ given by (5-124) below. Moreover,

�.z; w/ 2 C1..U �U/\ .M �M//; Im� � 0;

�.z; z/D 0; z 2 U \X; �.z; w/¤ 0 if .z; w/ … diag..U �U/\ .X �X//;

Im�.z; w/ > 0 if .z; w/ … .U �U/\ .X �X/;

�.z; w/D� N�.w; z/;

dx�.x; y/jxDy D�2i@�.x/ for every x 2 U \X;

(5-121)

�.z; w/ 2 C1..U �U/\ .M �M// is as in [Hsiao 2010, Part II, Theorem 1.4] and �.z; w/D '�.z; w/
if z; w 2 U \X, where '� 2 C1..U �U/\ .X �X// is as in Theorem 5.17.
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Proof. Let N .q/ and ….q/ be as in Theorem 5.9. From (5-47), (5-48) and noticing that N .q/ and ….q/

are properly supported on U \M, we get (5-117).
From (5-46), (5-51) and (5-52), we get the first six equations in (5-118). From the second and sixth

equations in (5-118), we have

….q/ �N .q/�.q/….q/C .….q//2 � .….q//2 mod C1..U �U/\ .M �M//:

We get (5-118). We now study distribution kernel of ….q/. From Theorem 5.21, we see that

….q/� zPS�L
.q/
� 0 mod C1..U �U/\ .M �M//:

We just need to study distribution kernel of zPS�L.q/. Let xD .x1; : : : ; x2n�1/ be local coordinates of X
and extend x1; : : : ; x2n�1 to real smooth functions in some neighborhood of X. We may assume that
z D .x; �/D .x1; : : : ; x2n�1; �/ are local coordinates of U. In view of Theorem 5.17, we have

S�.x; y/�

Z C1
0

ei'�.x;y/ta.x; y; t/ dt:

We can repeat the proof of [Hsiao 2010, Part II, Proposition 7.6] and find a phase

Q�.z; y/ 2 C1..U �U/\ .M �X//

such that

Q�.x; y/D '�.x; y/, .dz Q�/.x; x/D�!0.x/� id�.x/ for all .x; y/ 2 .U �U/\ .X �X/;

Im Q�.z; y/ > 0 if �¤ 0 and q0.z; Q�0z/ vanishes to infinite order at �D 0, where q0 denotes the principal
symbol of �.q/

f
. We can repeat the procedure in the proof of [Hsiao 2010, Part II, Proposition 7.8] and

deduce that the distribution kernel of zPS� is of the form

zPS�.z; y/�

Z 1
0

ei
Q�.z;y/t Qb.z; y; t/ dt mod C1..U �U/\ .M �X//;

Qb.z; y; t/ 2 Sn�1cl ..U �U/\ .M �X//� .0;C1/;ƒ
.0;q/j.0;q/
M 0�M 0 /;

Qb.x; y; t/D a.x; y; t/ for all .x; y/ 2 .U �U/\ .X �X/:

Similarly, we can repeat the procedure above and deduce that

zPS�L
.q/.z; w/�

Z 1
0

ei�.z;w/tb.z; w; t/ dt mod C1..U �U/\ .M �M//; (5-122)

where �.z; w/ 2 C1..U �U/\ .M �M// satisfies (5-121),

b.z; w; t/ 2 Sncl...U �U/\ .M �M//� .0;C1/;ƒ
.0;q/j.0;q/
M 0�M 0 /:

Since
. zP � zP /�1 D 2

p
4X C‰

0

and
Q.q/ D 2..N@�/.x//^;�..N@�/.x//^C‰0
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for some elements ‰0 2 L0cl.X; T
�0;qX � .T �0;qX/�/, we deduce as in [Hsiao 2010, Part II, (7.22)],

b0.x; x/D 4a0.x; x/..N@�/.x//
^;�..N@�/.x//^; x 2 U \X;

where a0.x; x/ is as in (5-84).
From Theorems 5.9, 5.10, 5.11, 5.22, (5-111) and (5-122), the theorem follows. �
The following result describes the phase function � (see (5-119)) of the Fourier integral operator ….q/.

Theorem 5.24 [Hsiao 2010, Part II, Theorem 1.4]. Under the assumptions and notation of Theorem 5.23,
fix p 2 U \ X. We choose local holomorphic coordinates z D .z1; : : : ; zn/, zj D x2j�1 C ix2j ,
j D 1; : : : ; n, vanishing at p such that the metric on T 1;0M 0 is

Pn
jD1 dzj ˝ d Nzj at p and �.z/ D

p
2 Im znC

Pn�1
jD1 �j jzj j

2CO.jzj3/, where �j , j D 1; : : : ; n� 1, are the eigenvalues of Lp. We also
write wD .w1; : : : ; wn/, wj D y2j�1C iy2j , j D 1; : : : ; n. Then, we can take �.z; w/ in (5-119) so that

�.z; w/D�
p
2x2n�1C

p
2y2n�1� i�.z/

�
1C

2n�1X
jD1

ajxj C
1

2
a2nx2n

�
� i�.w/

�
1C

2n�1X
jD1

Najyj C
1

2
Na2ny2n

�
C i

n�1X
jD1

j�j jjzj �wj j
2

C

n�1X
jD1

i�j . Nzjwj � zj Nwj /CO.j.z; w/j
3/ (5-123)

in some neighborhood of .p; p/ in M 0 �M 0, where aj D 1
2
@xj �.�

.q/

f
/.p;�2i@�.p// for j D 1; : : : ; 2n,

and �.�.q/
f
/ denotes the principal symbol of�.q/

f
.

The following result describes the restriction to the diagonal of the coefficient b0 from the expansion
of the symbol b.z; w; t/ of ….q/; see (5-119), (5-120).

Theorem 5.25 [Hsiao 2010, Part II, Proposition 1.6]. Under the assumptions and notation of Theorem 5.23,
fix p 2 U \X. The coefficient b0.z; w/ from (5-120) satisfies

b0.x; x/D 2�
�n
jdetLxj�x;n� ı .N@�.x//

^;�.N@�.x//^ for every x 2 U \X; (5-124)

where detLx , �x;n� are given by (1-9), (1-11) respectively and .N@�.x//^;� is given by (1-12).

6. Microlocal spectral theory for the N@-Neumann Laplacian

In this section, we will apply the approximate Hodge decomposition theorems for the N@-Neumann Laplacian
�.q/ from Sections 4 and 5 to study the singularities for the kernel B.q/

��
.x; y/ near the nondegenerate

part of the Levi form. In particular, we give the proof of Theorem 1.1.
Until further notice, we fix � > 0. Since �.q/ is bounded below by � > 0 on KerB.q/

��
there exists a

continuous operator
A
.q/

�
W L2.0;q/.M/! Dom�.q/

such that
�.q/A.q/

�
CB

.q/

��
D I on L2.0;q/.M/;

A
.q/

�
�.q/CB.q/

��
D I on Dom�.q/:

(6-1)
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Let U be an open set of M 0 with U \X ¤∅. Suppose that the Levi form is nondegenerate of constant
signature .n�; nC/ on U \X. Until further notice, we let q D n�.

Theorem 6.1. Let q D n�. The operators

N@B
.q/

��
W L2.0;q/.M/!H s

loc.U \M;T �0;qC1M 0/; (6-2)

N@�B
.q/

��
W L2.0;q/.M/!H s

loc.U \M;T �0;qM 0/; (6-3)

�.q/B.q/
��
W L2.0;q/.M/!H s

loc.U \M;T �0;qM 0/ (6-4)

are continuous for every s 2 N.

Proof. Let u 2 L2.M; T �0;qM 0/. Since B.q/
��
u 2 Dom�.q/, N@B.q/

��
u 2 L2

.0;qC1/
.M/. We claim that

N@B
.q/

��
u 2 Dom�.qC1/: (6-5)

It is clear that N@B.q/
��
u 2 Dom N@ \ Dom N@� and N@2B.q/

��
u D 0. Hence, N@2B.q/

��
u 2 Dom N@�. We only

need to show that N@� N@B.q/
��
u 2 Dom N@. We have

N@� N@B
.q/

��
uD�.q/B.q/

��
u� N@ N@�B

.q/

��
u: (6-6)

By spectral theory [Ma and Marinescu 2007, Theorem C.2.1], we see that �.q/B.q/
��
u 2 Dom�.q/ and

hence �.q/B.q/
��
u 2 Dom N@. Note that N@2 N@�B.q/

��
u D 0, N@ N@�B.q/

��
u 2 Dom N@. From this observation

and (6-6), we get (6-5). From (4-29), we have

N .qC1/�.qC1/ N@B.q/
��
uD N@B

.q/

��
uCF

.qC1/
1

N@B
.q/

��
u; (6-7)

where F .qC1/1 � 0 mod C1..U �U/\ .M �M// is as in (4-29). It is clear that

F
.qC1/
1

N@ W L2loc.U \M;T �0;qM 0/!H s
loc.U \M;T �0;qC1M 0/ (6-8)

is continuous for every s 2 Z. We have

N .qC1/�.qC1/ N@B.q/
��
DN .qC1/ N@�.q/B.q/

��
on L2

.0;q/
.M/: (6-9)

By spectral theory,
�.q/B.q/

��
W L2.0;q/.M/! L2.0;q/.M/ (6-10)

is continuous. In view of Theorem 4.3, we see that

N .qC1/ N@ WH s
loc.U \M;T �0;qM 0/!H s

loc.U \M;T �0;qC1M 0/ (6-11)

is continuous for every s 2 Z. From (6-7), (6-8), (6-9), (6-10) and (6-11), we deduce that

N@B
.q/

��
W L2.0;q/.M/! L2loc.U \M;T �0;qC1M 0/ (6-12)

is continuous. We have

N .qC1/�.qC1/ N@B.q/
��
uDN .qC1/ N@�.q/B.q/

��
uDN .qC1/ N@B

.q/

��
�.q/B.q/

��
u:
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From this observation and (6-7), we have

N .qC1/ N@B
.q/

��
�.q/B.q/

��
uD N@B

.q/

��
uCF

.q/
1
N@B

.q/

��
u: (6-13)

From (6-8), (6-10), (6-12), (6-13) and since that

N .qC1/
WH s

loc.U \M;T �0;qC1M 0/!H sC1
loc .U \M;T �0;qC1M 0/ (6-14)

is continuous for every s 2 Z, we deduce that

N@B
.q/

��
W L2.0;q/.M/!H 1

loc.U \M;T �0;qC1M 0/ (6-15)

is continuous. The continuity of (6-2) follows by induction. The proof of the continuity of (6-3) is
analogous, and that of (6-4) follows then immediately. �

Lemma 6.2. Let q D n�. For every m 2 N, the operator B.q/
��
N@.�.q�1/

f
/m W�

0;q�1
c .M/! L2

.0;q/
.M/

can be continuously extended to

B
.q/

��
N@.�.q�1/

f
/m W L2.0;q�1/.M/! L2.0;q/.M/: (6-16)

Proof. Let u 2�0;q�1c .M/, v 2 L2
.0;q/

.M/. We have

.B
.q/

��
N@.�.q�1/

f
/mu j v /M D .B

.q/

��
.�.q/
f
/m N@u j v /M D .u j N@

�.�.q//mB.q/
��
v /M : (6-17)

We have

kN@�.�.q//mB.q/
��
vk2M � k

N@�.�.q//mB.q/
��
vk2M Ck

N@.�.q//mB.q/
��
vk2M

D
�
.�.q//mC1B.q/

��
v j .�.q//mB.q/

��
v
�
M
� �2mC1kvk2M : (6-18)

From (6-17), (6-18) and taking v D B.q/
��
N@.�.q�1/

f
/mu, it is straightforward to see that

kB
.q/

��
N@.�.q�1/

f
/mukM � �

mC 1
2 kukM : (6-19)

From (6-19) and noticing that �0;q�1c .M/ is dense in L2
.0;q�1/

.M/, the lemma follows. �

Theorem 6.3. (i) The operator B.q/
��
N@ W�

0;q�1
c .U \M/!L2

.0;q/
.M/ can be continuously extended to

B
.q/

��
N@ WH�sc .U \M;T �0;q�1M 0/! L2.0;q/.M/ for every s 2 N: (6-20)

(ii) The operator B.q/
��
N@�
f
W�

0;qC1
c .U \M/! L2

.0;q/
.M/ can be continuously extended to

B
.q/

��
N@�f WH

�s
c .U \M;T �0;qC1M 0/! L2.0;q/.M/ for every s 2 N: (6-21)

(iii) The operator B.q/
��
�.q/
f
W�

0;q
c .U \M/! L2

.0;q/
.M/ can be continuously extended to

B
.q/

��
�.q/
f
WH�sc .U \M;T �0;qM 0/! L2.0;q/.M/ for every s 2 N: (6-22)
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Proof. Let u 2�0;q�1c .U \M/. From (4-30), we have

B
.q/

��
N@�.q�1/
f

N .q�1/uD B
.q/

��
N@uCB

.q/

��
N@F

.q�1/
2 u; (6-23)

where F .q�1/2 � 0 on U \M. From Theorem 4.3, (6-16), (6-23) and since

N .q�1/
WH s

c .U \M;T �0;q�1M 0/!H sC1
c .U \M;T �0;q�1M 0/ (6-24)

is continuous for every s 2 Z, we deduce that B.q/
��
N@ can be continuously extended to

B
.q/

��
N@ WH�1c .U \M;T �0;q�1M 0/! L2.0;q/.M/: (6-25)

From Lemma 6.2, we can repeat the proof of (6-25) and deduce that B.q/
��
N@�.q�1/
f

can be continuously
extended to

B
.q/

��
N@�.q�1/
f

WH�1c .U \M;T �0;q�1M 0/! L2.0;q/.M/: (6-26)

From (6-23), (6-24) and (6-26), we deduce that B.q/
��
N@ can be continuously extended to

B
.q/

��
N@ WH�2c .U \M;T �0;q�1M 0/! L2.0;q/.M/:

Continuing by induction we get (i). Item (ii) follows analogously and (iii) follows from (i) and (ii). �

We consider

�.q/B.q/
��
�.q/
f
W�0;qc .U \M/! L2.0;q/.M/� L2loc.U \M;T �0;qM 0/;

.�.q//2B.q/
��
W�0;qc .U \M/! L2.0;q/.M/� L2loc.U \M;T �0;qM 0/:

Theorem 6.4. We have
�.q/B.q/

��
�.q/
f
� 0 mod C1..U �U/\ .M �M//; (6-27)

.�.q//2B.q/
��
� 0 mod C1..U �U/\ .M �M//: (6-28)

Proof. From (6-4) and (6-22), we have

�.q/B.q/
��
�.q/
f
WH�sc .U \M;T �0;qM 0/!H s

loc.U \M;T �0;qM 0/

for every s 2 N. This proves (6-27). Let u 2 L2
.0;q/

.M/. Take uj 2 �
0;q
c .M/, j D 1; 2; : : : , so that

limj!C1kuj �ukM D 0. Since .�.q//2B.q/
��

is L2 continuous, we have

.�.q//2B.q/
��
uD lim

j!C1
.�.q//2B.q/

��
uj in L2

.0;q/
.M/: (6-29)

From the fact that uj 2 Dom�.q/ for every j D 1; 2; : : : , we can check that

.�.q//2B.q/
��
uj D�.q/B.q/���

.q/uj D�.q/B.q/���
.q/

f
uj for every j D 1; 2; : : : : (6-30)

From (6-29) and (6-30), we conclude that

.�.q//2B.q/
��
D�.q/B.q/

��
�.q/
f

on L2
.0;q/

.M/: (6-31)

From (6-27) and (6-31), we get (6-28). �
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Lemma 6.5. The operator B.q/
��

can be continuously extended to

B
.q/

��
WH�sc .U \M;T �0;qM 0/!H�sloc .U \M;T �0;qM 0/ (6-32)

for every s 2 N.

Proof. Let u 2�0;qc .U \M/. From (5-118), we have

B
.q/

��
�.q/
f
N .q/uCB

.q/

��
….q/uD B

.q/

��
uCB

.q/

��
r
.q/
0 u; (6-33)

where r.q/0 �0 mod C1..U�U/\.M�M// is as in (5-118). From (5-116), (6-22) and (6-33) and noting
that �0;qc .U \M/ is dense in H�sc .U \M;T �0;qM 0/ for every s 2N, we deduce that B.q/

��
�B

.q/

��
….q/

can be continuously extended to

B
.q/

��
�B

.q/

��
….q/ WH�sc .U \M;T �0;qM 0/! L2.0;q/.M/ for every s 2 N: (6-34)

On the other hand, from (6-1) and (5-118), we have

….q/uD .A
.q/

�
�.q/CB.q/

��
/….q/u

D A
.q/

�
�.q/
f
….q/uCB

.q/

��
….q/u

D A
.q/

�
r
.q/
5 uCB

.q/

��
….q/u (6-35)

for every u 2 �0;qc .U \M/, where r.q/5 � 0 mod C1..U � U/\ .M �M// is as in (5-118). From
(6-35), we conclude that ….q/�B.q/

��
….q/ can be continuously extended to

….q/�B
.q/

��
….q/ WH�sc .U \M;T �0;qM 0/! L2.0;q/.M/ for every s 2 N: (6-36)

From (6-34) and (6-36), we deduce that ….q/�B.q/
��

can be continuously extended to

….q/�B
.q/

��
WH�sc .U \M;T �0;qM 0/! L2.0;q/.M/ for every s 2 N: (6-37)

From (5-116) and (6-37), we get (6-32). �

Theorem 6.6. We have

�.q/B.q/
��
� 0 mod C1..U �U/\ .M �M//: (6-38)

Proof. By (6-28), ".q/ WD .�.q//2B.q/
��

is smoothing on U \M. Let u 2�0;qc .U \M/. From the second
equation in (5-118), we have

�.q/B.q/
��
uDN .q/.�.q//2B.q/

��
uC….q/�.q/B.q/

��
u� r

.q/
1 �

.q/B
.q/

��
u

DN .q/".q/uC r
.q/
4 B

.q/

��
u� r

.q/
1 �

.q/B
.q/

��
u; (6-39)

where r.q/1 , r.q/4 are the smoothing operators from (5-118). From (6-32), we see that

r
.q/
1 �

.q/B
.q/

��
; r
.q/
4 B

.q/

��
WH�sc .U \M;T �0;qM 0/!H s

loc.U \M;T �0;qM 0/
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are continuous for every s 2 N, and hence they are smoothing on U \M. From this observation and
(6-39), we get (6-38). �

We can now prove one of the main results of this work.

Theorem 6.7. Let U be an open set of M 0 with U \X ¤∅. Suppose that the Levi form is nondegenerate
of constant signature .n�; nC/ on U \X. Let q D n� and fix � > 0. We have

B
.q/

��
�….q/ � 0 mod C1..U �U/\ .M �M//;

where ….q/ is as in Theorem 5.23.

Proof. From the second equation in (5-118), we have

N .q/�.q/B.q/
��
uC….q/B

.q/

��
uD r

.q/
1 B

.q/

��
uCB

.q/

��
u (6-40)

for every u 2 �0;qc .U \M/, where r.q/1 � 0 mod C1..U � U/\ .M �M// is as in (5-118). From
(5-116), (6-32), (6-38) and (6-40), we deduce that

B
.q/

��
�….q/B

.q/

��
DW ".q/ � 0 mod C1..U �U/\ .M �M//: (6-41)

Similarly, from the first equation in (5-118), we have

B
.q/

��
�.q/
f
N .q/uCB

.q/

��
….q/uD B

.q/

��
uCB

.q/

��
r
.q/
0 u (6-42)

for every u 2 �0;qc .U \M/, where r.q/0 � 0 mod C1..U �U/\ .M �M// is as in (5-118). Since
N .q/u 2 Dom�.q/, we have

B
.q/

��
�.q/
f
N .q/uD B

.q/

��
�.q/N .q/uD�.q/B.q/

��
N .q/u

for every u 2�0;qc .U \M/. From this observation and (6-42), we deduce that

�.q/B.q/
��
N .q/uCB

.q/

��
….q/uD B

.q/

��
uCB

.q/

��
r
.q/
0 u (6-43)

for every u 2�0;qc .U \M/. From (6-32), (6-38) and (6-43), we deduce that

B
.q/

��
�B

.q/

��
….q/ DW "

.q/
1 � 0 mod C1..U �U/\ .M �M//: (6-44)

Let u 2�0;qc .U \M/. From (6-1), we have

….q/�.q/A.q/
�
uC….q/B

.q/

��
uD….q/u on U \M; (6-45)

A
.q/

�
�.q/….q/uCB.q/

��
….q/uD….q/u on U \M: (6-46)

From (5-118), we have

….q/�.q/A.q/
�
uD r

.q/
4 A

.q/

�
u on U \X; (6-47)

A
.q/

�
�.q/….q/uD A.q/

�
r
.q/
5 u on U \X; (6-48)



466 CHIN-YU HSIAO AND GEORGE MARINESCU

where r.q/4 � 0 mod C1..U �U/\ .M �M// and r.q/5 � 0 mod C1..U �U/\ .M �M// are as in
(5-118). From (6-47), (6-48) and (6-46), we deduce that

….q/�….q/B
.q/

��
D r

.q/
4 A

.q/

�
;

….q/�B
.q/

��
….q/ D A

.q/

�
r
.q/
5 :

(6-49)

From (6-41), (6-44) and (6-49), we get

….q/�B
.q/

��
D r

.q/
4 A

.q/

�
� ".q/;

….q/�B
.q/

��
D A

.q/

�
r
.q/
5 � "

.q/
1 :

(6-50)

From (6-50), we have

.….q/�B
.q/

��
/.….q/�B

.q/

��
/

D .r
.q/
4 A

.q/

�
� ".q//.A

.q/

�
r
.q/
5 � "

.q/
1 /

D r
.q/
4 .A

.q/

�
/2r

.q/
5 � r

.q/
4 A

.q/

�
"
.q/
1 � "

.q/A
.q/

�
r
.q/
5 C "

.q/"
.q/
1 on �0;qc .U \M/: (6-51)

Note that r.q/5 and r.q/4 are properly supported on U \M and r.q/4 .A
.q/

�
/2r

.q/
5 , r.q/4 A

.q/

�
"
.q/
1 , ".q/A.q/

�
r
.q/
5 ,

".q/"
.q/
1 are well-defined as continuous operators: �0;qc .U \M/!�0;q.U \M/. Now,

r
.q/
4 .A

.q/

�
/2r

.q/
5 WH

�s
c .U \M;T �0;qM 0/!H s

c .U \M;T �0;qM 0/� L2.0;q/.M/

! L2.0;q/.M/!H s
loc.U \M;T �0;qM 0/

is continuous for every s 2 N. Hence, r.q/4 .A
.q/

�
/2r

.q/
5 � 0 mod C1..U �U/\ .M �M//. Similarly,

r
.q/
4 A

.q/

�
"
.q/
1 , ".q/A.q/

�
r
.q/
5 , ".q/".q/1 � 0 mod C1..U �U/\.M �M//. From this observation and (6-51),

we get
.….q/�B

.q/

��
/.….q/�B

.q/

��
/� 0 mod C1..U �U/\ .M �M//: (6-52)

Now,

.….q/�B
.q/

��
/.….q/�B

.q/

��
/D .….q//2�….q/B

.q/

��
�B

.q/

��
….q/C .B

.q/

��
/2

D….q/C r
.q/
6 �B

.q/

��
C ".q/�B

.q/

��
C "

.q/
1 CB

.q/

��

D….q/�B
.q/

��
C r

.q/
6 C "

.q/
C "

.q/
1 ; (6-53)

where r.q/6 ; ".q/; "
.q/
1 � 0 mod C1..U �U/\.M �M// are as in (5-118), (6-41) and (6-44) respectively.

From (6-52) and (6-53), the theorem follows. �

By using Theorem 4.7, we can repeat the proof of Theorem 6.7 with minor changes and deduce:

Theorem 6.8. Let U be an open set of M 0 with U \X ¤∅. Suppose that the Levi form is nondegenerate
of constant signature .n�; nC/ on U \X. Let q ¤ n�. Fix � > 0. We have

B
.q/

��
� 0 mod C1..U �U/\ .M �M//:

Proof of Theorem 1.1. This follows immediately from Theorems 5.23, 6.7 and 6.8. �

We remind the reader that the local closed range condition is given by Definition 1.4. The following is
our second main result.
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Theorem 6.9. Let U be an open set of M 0 with U \X ¤∅. Assume that the Levi form is nondegenerate
of constant signature .n�; nC/ on U \X. Let q D n�. Suppose that �.q/ has local closed range in U.
Then the Bergman projection B.q/ satisfies

B.q/�….q/ � 0 mod C1..U �U/\ .M �M//;

where ….q/ is as in Theorem 5.23.

Proof. LetW be any open set of U withW \U ¤∅,W bU. Since….q/ is properly supported on U \M,
there is an open set W 0 � U with W 0\X ¤∅, W 0 b U, such that ….q/u 2�0;qc .W 0\M/\Dom�.q/

for every u 2�0;qc .W \M/. Since �.q/ has local closed range on U, there is a constant CW 0 > 0 such
that, for every u 2�0;qc .W \M/,

k.I �B.q//….q/ukM � CW 0k�.q/….q/ukM D kr.q/5 ukM ; (6-54)

where r.q/5 is as in (5-118). Let u2H�sc .W \M;T �0;qM 0/. Let uj 2�
0;q
c .W \M/, limj!1 uj Du in

H�sc .W \M;T �0;qM 0/. Since r.q/5 is smoothing on U \M the sequence r.q/5 uj is Cauchy, so by (6-54)
.….q/�B.q/….q//uj converges inL2

.0;q/
.M/, as j!1. Thus, u is in the domain of….q/�B.q/….q/ and

.….q/�B.q/….q//u 2L2
.0;q/

.M/. We conclude that ….q/�B.q/….q/ can be extended continuously to

….q/�B.q/….q/ WH�sc .U \M;T �0;qM 0/! L2.0;q/.M/ for every s 2 N: (6-55)

From the first two equations in (5-118) we have, on U \X,

….q/B.q/uDN .q/�.q/B.q/uC….q/B.q/uD B.q/uC r.q/1 B.q/u; u 2 L2.0;q/.M/;

B.q/….q/uD B.q/�.q/N .q/uCB.q/….q/uD B.q/uCB.q/r
.q/
0 u; u 2�0;qc .U \M/;

(6-56)

where r.q/0 ; r
.q/
1 � 0 mod C1..U �U/\ .M �M// are as in (5-118). From (6-56), we conclude that

B.q/�….q/B.q/ and B.q/�B.q/….q/ can be extended continuously to

B.q/�….q/B.q/ W L2.0;q/.M/!H s
loc.U \M;T �0;qM 0/ for every s 2 N; (6-57)

B.q/�B.q/….q/ WH�sc .U \M;T �0;qM 0/! L2.0;q/.M/ for every s 2 N: (6-58)

Form (6-55) and (6-58), we deduce that ….q/�B.q/ can be extended continuously to

….q/�B.q/ WH�sc .U \M;T �0;qM 0/! L2.0;q/.M/ for every s 2 N: (6-59)

Since ….q/ WH s
c .U \M;T �0;qM 0/!H s

c .U \M;T �0;qM 0/ is continuous for every s 2 Z, we deduce
that B.q/ can be extended continuously to

B.q/ WH�sc .U \M;T �0;qM 0/!H�sloc .U \M;T �0;qM 0/ for every s 2 N: (6-60)

From (6-60), we deduce that

r
.q/
1 B.q/; .r

.q/
0 /�B.q/ WH�sc .U \M;T �0;qM 0/!H s

loc.U \M;T �0;qM 0/ for every s 2 N;

where r.q/1 ; r
.q/
0 are as in (5-118) and .r.q/0 /� is the formal adjoint of r.q/0 with respect to . � j � /M . Hence,

r
.q/
1 B.q/; .r

.q/
0 /�B.q/ � 0 mod C1..U �U/\ .M �M//: (6-61)
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By taking adjoint of .r.q/0 /�B.q/, we get

B.q/r
.q/
0 � 0 mod C1..U �U/\ .M �M//: (6-62)

From (6-56), (6-61) and (6-62), we get

….q/B.q/u�B.q/uD f
.q/
1 u on U \X for every u 2 L2.0;q/.M/;

B.q/….q/u�B.q/uD f
.q/
2 u on U \X for every u 2�0;qc .U \M/;

(6-63)

where

f
.q/
1 W L2.0;q/.M/!�0;q.U \M/; f

.q/
1 � 0 mod C1..U �U/\ .M �M//;

f
.q/
2 W�0;qc .U \M/! L2.0;q/.M/; f

.q/
2 � 0 mod C1..U �U/\ .M �M//:

Taking adjoint in (6-59), we conclude that .….q//��B.q/ can be extended continuously to

.….q//��B.q/ W L2.0;q/.M/!H s
loc.U \M;T �0;qM 0/ for every s 2 N; (6-64)

where .….q//� is the formal adjoint of ….q/ with respect to . � j � /M . From (5-50), we see that

.….q//� D….q/C�
.q/
1 ;

where �.q/1 � 0 mod C1..U � U/ \ .M �M//. From this observation and (6-64), we deduce that
….q/�B.q/ can be extended continuously to

….q/�B.q/ W L2.0;q/.M/!H s
loc.U \M;T �0;qM 0/ for every s 2 N: (6-65)

From (6-59) and (6-65), we get

.….q/�B.q//.….q/�B.q// WH�sc .U \M;T �0;qM 0/!H s
loc.U \M;T �0;qM 0/

is continuous for every s 2 N. Hence,

.….q/�B.q//.….q/�B.q//� 0 mod C1..U �U/\ .M �M//: (6-66)

On the other hand, we have

.….q/�B.q//.….q/�B.q//u

D .….q//2u�….q/B.q/u�B.q/….q/uC.B.q//2u

D….q/u�B.q/u�B.q/uCB.q/uC..….q//2�….q//uC.B.q/�….q/B.q//uC.B.q/�B.q/….q//u

D….q/u�B.q/uCr
.q/
6 u�f

.q/
1 u�f

.q/
2 u for every u 2�0;qc .U\M/; (6-67)

where r.q/6 �0 mod C1..U�U/\.M�M// is as in (5-118), f .q/1 ;f
.q/
2 �0 mod C1..U�U/\.M�M//

are as in (6-63). From (6-66) and (6-67), the theorem follows. �

7. Proof of Theorem 1.9

To prove Theorem 1.9, we need a result of [Takegoshi 1983], which is a generalization of [Kohn 1973].
Consider an open relatively compact subset M0 WD fz 2M

0 W �.z/ < 0g with smooth boundary X0 of M 0.
We have the following (see [Takegoshi 1983, Section 3, Theorem N]).
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Theorem 7.1. Let M0 be a pseudoconvex domain with smooth boundary X0 in a complex manifold M 0

and letL be a holomorphic line bundle onM 0 which is positive on a neighborhood ofM0. Then there exists
k0 2N such that the following statement holds for every k 2N, k � k0: For every f 2 L2

.0;1/
.M0; L

k/

with N@f D 0 on M0 there exists g 2 L2.M0; L
k/ such that N@g D f on M0 andZ

M0

jgj2
hL
k dvM 0 � Ck

Z
M0

jf j2
hL
k dvM 0 ; (7-1)

where Ck > 0 is a constant independent of f and g and j � j
hL
k denotes the pointwise norm onLn

qD0 T
�0;qM 0˝Lk induced by the given Hermitian metric h � j � i on CTM 0 and hL.

Proof of (1-23). Let k0 2N be as in Theorem 7.1. Let k� k0, k 2N, and let U be any open set of X0 with
U\X1D∅. Let u2C1c .U\M;Lk/\Dom�.0/

k
and let f WD N@u2�0;1c .U\M;Lk/�L2

.0;1/
.M0; L

k/.
From Theorem 7.1, we see that there is a g 2L2.M0; L

k/�L2.M;Lk/ such that N@gD N@u onM0 (hence
on M ) and Z

M0

jgj2
hL
k dvM 0 � Ck

Z
M0

jN@uj2
hL
k dvM 0 ; (7-2)

where Ck > 0 is a constant independent of u and g. Since .I �B.0/
k
/u is the solution of N@g D N@u on M

of minimal L2 norm, we haveZ
M

j.I �B
.0/

k
/uj2

hL
k dvM 0 �

Z
M

jgj2
hL
k dvM 0 : (7-3)

From (7-2) and (7-3), we getZ
M

j.I �B
.0/

k
/uj2

hL
k dvM 0 � Ck

Z
M0

jN@uj2
hL
k dvM 0 : (7-4)

Since N@u has compact support in U \M, we haveZ
M0

jN@uj2
hL
k dvM 0 D

Z
M

jN@uj2
hL
k dvM 0 : (7-5)

From (7-4) and (7-5), we getZ
M

j.I �B
.0/

k
/uj2

hL
k dvM 0 � Ck

Z
M

jN@uj2
hL
k dvM 0 : (7-6)

Since u 2 Dom�.0/
k

, we can check thatZ
M

jN@uj2
hL
k dvM 0 D .N@u j N@u /k D .N@u j N@.I �B

.0/

k
/u /k

D .�.0/
k
u j .I �B

.0/

k
/u /k � k�

.0/

k
ukkk.I �B

.0/

k
/ukk : (7-7)

Since (1-23) follows from (7-6) and (7-7), we are done. �

From Theorem 1.5, Remark 1.6 and Theorem 1.9, we immediately get (1-24).

8. S 1-equivariant Bergman kernel asymptotics and embedding theorems

In this section, we assume that M 0 admits a holomorphic S1-action ei�, � 2 Œ0; 2�/, ei� WM 0!M 0,
x 2M 0! ei� ıx 2M 0. Recall that X0 is an open connected component of X such that (1-26) holds and
we work with the following assumption.
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Assumption 8.1. For every x 2 X we have CT0.x/˚ T
1;0
x X ˚ T

0;1
x X D CTxX, and the S1-action

preserves the boundary X, that is, there exists a defining function � 2 C1.M 0;R/ of X such that
�.ei� ı x/D �.x/ for every x 2M 0 and every � 2 Œ0; 2��.

Theorem 8.2. Assume that M 0 admits a holomorphic S1-action and Assumption 8.1 holds. Let X0 be a
connected component of X such that (1-26) holds, let p 2X0 and let U be an open set of p in M 0 with
U \X0 ¤ ∅. Suppose that the Levi form is nondegenerate of constant signature .n�; nC/ on U \X0,
where n� denotes the number of the negative eigenvalues of the Levi form on U \X0. Fix � > 0. If
q ¤ n�, then as m!C1,

B
.q/

��;m
� 0 modO.m�1/ on U \M: (8-1)

Let qD n�. Let Np WD fg 2 S1 W gıpDpgD fg0 WD e; g1; : : : ; grg, where e denotes the identify element
in S1 and gj ¤ g` if j ¤ ` for every j; ` 2 f0; 1; : : : ; rg. We have

B
.q/

��;m
.x; y/�

rX
˛D0

gm˛ e
im�.x;g˛y/b˛.x; y;m/ modO.m�1/ on U \M; (8-2)

where, for every ˛ D 0; 1; : : : ; r ,

b˛.x; y;m/ 2 S
n
loc..U �U/\ .M �M/;ƒ

.0;q/j.0;q/
M 0�M 0 /;

b˛.x; y;m/�
P1
jD0 b˛;j .x; y/m

n�j in Snloc..U �U/\ .M �M/;ƒ
.0;q/j.0;q/
M 0�M 0 /;

b˛;j .x; y/ 2 C1..U �U/\ .M �M/;ƒ
.0;q/j.0;q/
M 0�M 0 /; j D 0; 1; : : : ;

b˛;0.x; x/D b0.x; x/; b0.x; x/ is given by (5-124);

(8-3)

and �.x; y/ 2 C1..U �U/\ .M �M// is as in (1-17).

Proof. From (1-14) and (1-30), we can integrate by parts in � and get (8-1). We now prove (8-2). From
Theorem 6.7 and (5-111), it is straightforward to see that

B
.q/

��
� zPS�;mL

.q/ modO.m�1/ on U \M; (8-4)

where S�;m.x;y/D 1
2�

R �
�� S�.x;e

i�y/eim� d� and S�.x; y/ is as in Theorem 5.17. From Theorem 5.17,
we can repeat the proof of [Hsiao and Marinescu 2014, Theorem 3.12] with minor changes and deduce that

S�;m.x; y/�

rX
˛D0

gm˛ e
im'�.x;g˛y/a˛.x; y;m/ modO.m�1/ on U \X; (8-5)

where, for every ˛ D 0; 1; : : : ; r ,

a˛.x; y;m/ 2 S
n�1
loc ..U �U/\ .X �X/;ƒ

.0;q/j.0;q/
M 0�M 0 /;

a˛.x; y;m/�
P1
jD0 a˛;j .x; y/m

n�1�j in Sn�1loc ..U �U/\ .X �X/;ƒ
.0;q/j.0;q/
M 0�M 0 /;

a˛;j .x; y/ 2 C1..U �U/\ .M �M/;ƒ
.0;q/j.0;q/
M 0�M 0 /; j D 0; 1; : : : ;

a˛;0.x; x/D a0.x; x/;

(8-6)

where a0.x; x/ is given by (5-84) and '�.x; y/2 C1..U �U/\ .M �M// is as in Theorem 5.17. From
(8-5), we can repeat the procedure in the proof of [Hsiao 2010, Part II, Proposition 7.8] and deduce that
the distribution kernel of zPS�;mL.q/ is of the form (8-2). �
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By Theorem 1.5, we can repeat the proof of Theorem 8.2 and deduce:

Theorem 8.3. Assume that M 0 admits a holomorphic S1-action and Assumption 8.1 holds. Let X0 be a
connected component of X such that (1-26) holds, let p 2X0 and let U be an open set of p in M 0 with
U \X0 ¤ ∅. Suppose that the Levi form is nondegenerate of constant signature .n�; nC/ on U \X0,
where n� denotes the number of the negative eigenvalues of the Levi form on U \X0. Suppose that�.q/

has local closed range in U. If q ¤ n�, then

B.q/m � 0 modO.m�1/ on U \M: (8-7)

Let qD n�. Let Np WD fg 2 S1 W gıpDpgD fg0 WD e; g1; : : : ; grg, where e denotes the identify element
in S1 and gj ¤ g` if j ¤ ` for every j; `D 0; 1; : : : ; r . We have

B.q/m .x; y/�

rX
˛D0

gm˛ e
im�.x;g˛y/b˛.x; y;m/ modO.m�1/ on U \M; (8-8)

where �.x; y/ 2 C1..U �U/\ .M �M// and b˛.x; y;m/ 2 Snloc..U �U/\ .M �M/;ƒ
.0;q/j.0;q/
M 0�M 0 /,

˛ D 0; 1; : : : ; r , are as in Theorem 8.2.

Proof of Theorem 1.10. We now consider the case q D 0. When Z.1/ holds on X, it is well known (see
[Folland and Kohn 1972]) that �.0/ has L2 closed range. From this observation and Theorem 8.3, we
deduce Theorem 1.10. �

We will now prove Theorem 1.11 about the S1-equivariant embedding theorem.

Proof of Theorem 1.11. Fix m0 2 N. By using Theorem 1.10, we can repeat the proof of [Herrmann
et al. 2018, Theorem 1.2] with minor changes and conclude that we can find m1 2 N; : : : ; mk 2 N, with
mj �m0, j D 1; : : : ; k, such that

ˆm1;:::;mk WX0! C
Odm is an embedding (8-9)

and there is an S1-invariant open set U of X0 such that

ˆm1;:::;mk W U \M ! C
Odm is an immersion: (8-10)

Fix x02X0. From (8-10), it is straightforward to see that there are S1-invariant open sets�x0bWx0bUx0
of x0 in M 0 such that

ˆm1;:::;mk W Ux0 \M ! C
Odm is injective: (8-11)

Let

ıx0 WD inffjˆm1;:::;mk .x/�ˆm1;:::;mk .y/j W x 2�x0 \X0; y 2X0; y …Wx0 \X0g: (8-12)

From (8-9), we see that ıx0 > 0. Let V x0 be a small S1-invariant open set of X0 in M 0 such that, for
every x 2 V x0 \M, x … Ux0 , there is a y 2X0, y …WX0 \X0, such that

jˆm1;:::;mk .x/�ˆm1;:::;mk .y/j �
1
2
ıx0 : (8-13)
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Assume that X0 D
SN
jD1.�xj \X0/, N 2 N, and let

V WD U \

� N\
jD1

V xj
�
\

� N[
jD1

�xj

�
;

where �xj , V xj, j D 1; : : : ; N, are as above, and U is as in (8-10). From (8-10), we see that ˆm1;:::;mk W
V \M !C

Odm is an immersion. We claim that ˆm1;:::;mk W V \M !C
Odm is injective. Let p; q 2 V \M,

p ¤ q. We may assume that p 2 �x1 \M. If q 2 Ux1 we see from (8-11) that ˆm1;:::;mk .p/ ¤
ˆm1;:::;mk .q/. Assume that q … Ux1 . From the discussion before (8-13), we see that there is y0 2 X0,
y0 …Wx1 \X0 such that

jˆm1;:::;mk .q/�ˆm1;:::;mk .y0/j �
1
2
ıx1 : (8-14)

From (8-14) and (8-12), we have

jˆm1;:::;mk .p/�ˆm1;:::;mk .q/j � jˆm1;:::;mk .p/�ˆm1;:::;mk .y0/j � jˆm1;:::;mk .y0/�ˆm1;:::;mk .q/j

� ıx1 �
1
2
ıx1 > 0:

Hence ˆm1;:::;mk .p/¤ˆm1;:::;mk .q/, so ˆm1;:::;mk is injective and the theorem follows. �

Proof of Theorem 1.12. We may assume that X0 D fx 2M 0 W �.x/D 0g. Consider the shell domain

yM WD fx 2M 0 W �" < �.x/ < 0g;

where " > 0 is a small constant. Then yM is a complex manifold with smooth boundary yX. Moreover, it is
easy to see that X0 is an open connected component of yX and Z.1/ holds on yX. Hence, we can apply
Theorem 1.11 to get Theorem 1.12. �
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