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FOR THE SOLUTIONS TO THE VLASOV–MAXWELL SYSTEM

WITH A SMALL DISTRIBUTION FUNCTION

LÉO BIGORGNE

The purpose of this paper is two-fold. In the first part, we provide a new proof of the global existence
of the solutions to the Vlasov–Maxwell system with a small initial distribution function. Our approach
relies on vector field methods, together with the Glassey–Strauss decomposition of the electromagnetic
field, and does not require any support restriction on the initial data or smallness assumption on the
Maxwell field. Contrary to previous works on Vlasov systems in dimension 3, we do not modify the
linear commutators and avoid then many technical difficulties.

In the second part of this paper, we prove a modified scattering result for these solutions. More precisely,
we obtain that the electromagnetic field has a radiation field along future null infinity and approaches,
for large time, a smooth solution to the vacuum Maxwell equations. As for the Vlasov–Poisson system,
in contrast, the distribution function converges to a new density function f∞ along modifications of the
characteristics of the free relativistic transport equation. In order to define these logarithmic corrections,
we identify an effective asymptotic Lorentz force. By considering logarithmical modifications of the
linear commutators, defined in terms of derivatives of the asymptotic Lorentz force, we finally prove
higher-order regularity results for f∞.

1. Introduction 629
2. Preliminaries and detailed statement of the main result 633
3. Strategy of the proof and the bootstrap assumptions 650
4. Estimates for the distribution function 652
5. Improvement of the bootstrap assumptions on the electromagnetic field 663
6. Modified scattering for the distribution function 675
7. Scattering result for the electromagnetic field 695
8. Conservation of the total energy of the system 705
Appendix A. Estimates for the gradients of the kernels 707
Appendix B. The radiation field of the derivatives of the Maxwell field 707
Appendix C. Remarks on F∞ and the modified characteristics 710
Acknowledgements 711
References 711

1. Introduction

The Vlasov–Maxwell system, which is used to describe the dynamics of collisionless plasma, can be
written as
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∂t f + v̂ · ∇x f + (E + v̂× B) · ∇v f = 0, (1)

∇x · E =

∫
R3
v

f dv, ∂t E = ∇x × B −

∫
R3
v

v̂ f dv, (2)

∇x · B = 0, ∂t B = −∇x × E, (3)

where

• f : R+,t × R3
x × R3

v → R+ is the density distribution function of the particles,

• v̂ = v/v0, with v0
:=

√
1 + |v|2, is the relativistic speed of a particle of momentum v ∈ R3

v,

•

∫
R3
v

f dv and
∫

R3
v
v̂ f dv are respectively the total charge density and the total current density,

• E, B : R+,t × R3
x → R3 are respectively the electric and the magnetic field.

For simplicity, we assume that the plasma is composed of one species of particles of charge q = 1 and mass
m =1. Our results can be extended without any additional difficulty to several families of particles of differ-
ent charges and positive masses.1 We refer to [Glassey 1996] for a detailed introduction to these equations.

The initial value problem for the Vlasov–Maxwell equations, together with a regular initial data set
( f0, E0, B0) composed of a function f0 : R3

x × R3
v → R+ and two fields E0, B0 : R3

x → R3 satisfying the
constraint equations ∇x · E0 =

∫
v

f0 dv and ∇x · B0 = 0, is well-posed [Wollman 1984]. On the other
hand, the global existence problem for classical solutions to the Vlasov–Maxwell system is still open2 and
has only been addressed in some particular cases, such as under certain symmetry assumptions [Glassey
and Schaeffer 1990; 1997; 1998; Luk and Strain 2016; Rein 1990; Wang 2022a]. For the general case,
since the pioneering work [Glassey and Strauss 1986], several continuation criteria have been obtained
[Glassey and Strauss 1987b; 1989; Klainerman and Staffilani 2002; Bouchut et al. 2003; Pallard 2005;
2015; Sospedra-Alfonso and Illner 2010; Luk and Strain 2014; Kunze 2015; Patel 2018].

1.1. Small data solutions to the Vlasov–Maxwell system. Much more is known for this particular
perturbative regime, in which global existence holds and the solutions disperse. For small compactly
supported initial data Glassey and Strauss [1987a] proved the optimal decay rate

∫
v

f dv ≲ t−3 on the
velocity average of the distribution function and obtained estimates for the electromagnetic field and its
first-order derivatives. Shortly after, in the multispecies case, the smallness assumptions on the individual
particle densities was relaxed by [Glassey and Schaeffer 1988]. Later, Schaeffer [2004] removed the
support restriction on the velocity variable. However, his method leads to a loss on the estimate of

∫
v

f dv.
It is only recently that all the compact support assumptions on the initial data were removed in two

independent results [Bigorgne 2020a; Wang 2022b]. Both of these works are based on vector field
methods and the latter used also Fourier analysis. These robust approaches allow for the derivation
of sharp pointwise decay estimates on the solutions and their (high-order) derivatives. Moreover, in
[Bigorgne 2020a], the initial decay hypothesis in v is optimal and improved estimates on certain null
components of the electromagnetic field are derived. Finally, using the framework of Glassey and Strauss

1The case of massless particles requires in fact a different analysis [Bigorgne 2021b].
2In contrast, a global in time existence result for weak solutions was proved in [DiPerna and Lions 1989] and revisited in

[Rein 2004].
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and without any compact support restriction, Wei and Yang [2021] derived a global existence result which
does not require the initial Maxwell field to be small.

In the first part of this article, we provide an alternative but shorter proof of the main results of
[Bigorgne 2020a; Wang 2022b], without assuming any smallness assumption on the electromagnetic field.
Compared to [Wei and Yang 2021], we require more regularity on the initial data but our method allows
us to control the derivatives of the solutions, up to an arbitrary order N. This information is needed for
the second part of the paper.

1.2. Modified scattering results for the Vlasov–Poisson system. Sharp decay estimates for the small
data solutions to the Vlasov–Poisson system were first derived by [Bardos and Degond 1985] and then,
with various improvements, by [Hwang et al. 2011; Smulevici 2016; Duan 2022; Schaeffer 2021] (for the
relativistic cases, see [Glassey and Schaeffer 1985; Wang 2023; Bigorgne 2020b]). Modified scattering
for these solutions was established in [Choi and Kwon 2016] and then in [Ionescu et al. 2022; Pankavich
2022], where more information was obtained on the asymptotic dynamics governing the modification of
the linear characteristics. Furthermore, a scattering map has been constructed by [Flynn et al. 2023] and
let us finally mention that similar results hold for perturbations of a point charge [Pausader and Widmayer
2021; Pausader et al. 2024].

In the second part of this paper, we investigate such problems in the context of the Vlasov–Maxwell
equations. In particular, as in [Ionescu et al. 2022] for the Vlasov–Poisson system, we prove that∫

R3
x

f (t, x, v) dx → Q∞(v) as t → +∞.

The scattering charge Q∞ is deeply related to the leading-order term of the asymptotic expansion of
both the charge density

∫
v

f dv and the current density. It allows us to define an asymptotic Lorentz
force v 7→ Lor(v), from which we deduce the modified scattering statement for f (see Theorem 1.1 and
Remark 1.3 for more details). We also prove higher-order regularity properties for the limit distribution f∞,
which require a more thorough analysis. To our knowledge, there is no such regularity result for the
Vlasov–Poisson system.

1.3. Vector field methods for relativistic transport equations. Our analysis of the asymptotic behavior of
both the electromagnetic field and the distribution function relies on vector field methods (see Section 2.4
for an overview of the key ideas). This kind of technique was first developed by Klainerman [1985] in
order to study solutions to nonlinear wave equations and then adapted in [Christodoulou and Klainerman
1990] to the Maxwell equations. It is only recently that the approach has been adapted to relativistic
transport equations by Fajman, Joudioux and Smulevici [Fajman et al. 2017], leading in particular to a
proof of the stability of Minkowski spacetime for both the massive and massless Einstein–Vlasov system
[Fajman et al. 2021; Bigorgne et al. 2021] (see also [Lindblad and Taylor 2020; Taylor 2017] for alternative
proofs). Our work [Bigorgne 2020a] concerning the small data solutions to the Vlasov–Maxwell system
relies on such techniques as well. The method has also been successfully used to derive boundedness and
decay estimates for the solutions to the massless Vlasov equation on a fixed Kerr black hole [Andersson
et al. 2018; Bigorgne 2023]. Finally, even if it concerns the nonrelativistic setting, let us also mention
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that such approaches have been applied in the collisional regime [Chaturvedi 2021; 2022; Chaturvedi
et al. 2023].

In order to deal with slowly decaying error terms, all the works on the small data solutions to
massive relativistic Vlasov systems or the Vlasov–Poisson system [Fajman et al. 2021; Bigorgne 2020a;
Smulevici 2016; Duan 2022], based on vector field methods, require dynamically modifying certain linear
commutators of the Vlasov operator. One of the main novelties of this article consists in proving that
the solutions are global without using these modified vector fields, which considerably simplifies the
analysis. For this, even though certain quantities grow logarithmically in time, we are able to close the
energy estimates by identifying several hierarchies in the commuted equations (see Section 2.8.2 for
more details). It is then important to derive the optimal decay rate t−3 for

∫
v

f dv and its derivatives by a
method allowing well-chosen weighted W N ,∞

x,v norms of the distribution function to grow slowly in time.
We believe that this approach could be applied to other systems of equations, in particular for both the
Einstein–Vlasov and the Vlasov–Poisson systems.

1.4. The main result. We present here a short version of our main result, stated in Theorems 2.10–2.11
below, where we also describe the behavior of the derivatives of the solutions.

Theorem 1.1. Any solution ( f, E, B) to the Vlasov–Maxwell system (1)–(3) arising from a small initial
distribution function and smooth as well as sufficiently decaying initial data is global in time. Moreover:

(1) There exists a solution (Evac,Bvac) to the vacuum Maxwell equations3 approaching (E,B) as t+|x |→∞,

∀(t, x) ∈ R+ × R3, |E − Evac
|(t, x)+ |B − Bvac

|(t, x)≤ Cq(1 + t + |x |)−1−q , 1
2 ≤ q < 1.

(2) The Lorentz force has a self-similar asymptotic profile v 7→ Lor(v),

∀(t, x, v) ∈ R+ × R3
x × R3

v, |t2(E(t, x + t v̂)+ v̂× B(t, x + t v̂))− Lor(v)| ≲ ⟨x⟩
2
|v0

|
8 logn(3 + t)

1 + t
,

where ⟨x⟩ := (1 + |x |
2)1/2 and, say, n = 70. We have modified scattering to a new density function

f∞ : R3
x × R3

v → R+,

∀t ≥ 3, ∥ f (t, XC (t, · , · ), · )− f∞∥L1
x,v∩L∞

x,v
≲ t−1 logn(t),

where the Cartesian components X k
C of the modified spatial characteristics XC ∈ R3

x are defined as

X k
C (t, x, v) := xk

+ t v̂k
−

log(t)
v0 (Lork(v)− v̂ · Lor(v)v̂k), 1 ≤ k ≤ 3.

Remark 1.2. No modification of the spatial characteristics is in fact required in the exterior of the light
cone {|x | ≥ t} in order to prove such a result (see Section C.2). We already observed in [Bigorgne 2021a]
that the small data solutions to the Vlasov–Maxwell system have better behavior in this region.

Similarly, no correction of the linear characteristics should in principle be necessary in order to prove
a scattering statement in higher dimensions. This is consistent with the result of [Pankavich 2023]

3The vacuum Maxwell equations are given by (2)–(3) with f = 0.
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concerning the Vlasov–Poisson system in dimension d ≥ 4 and our study of the asymptotic behavior of
the small data solutions of the Vlasov–Maxwell system in high dimensions [Bigorgne 2022].

The case of massless particles differs from the case of massive particles treated in this paper. Indeed,
in view of [Bigorgne 2021b], we expect the small data solutions of the massless Vlasov–Maxwell system
to satisfy linear scattering in dimension d = 3.

Remark 1.3. The behavior of the Lorentz force along the linear trajectories suggests that the characteristics
of the Vlasov–Maxwell system satisfy, for t ≫ 1,

Ẋ = V̂ , V̇ ≈ t−2 Lor(V ), X (0)= x0, V (0)= v0.

Hence, we can presume that V converges to v, so that

V (t)≈ v−
1
t

Lor(v), Ẋ(t)≈ v̂−
1

tv0 Lor(v)+ v̂ ·Lor(v)
tv0 v̂+ O(t−2),

and we can then expect X (t)≈ XC (t, x0, v).
Moreover, we could in fact decompose Lor(v) as E∞(v)+ v̂× B∞(v) and observe that, as v → 0,

XC (t, x, v)= x + tv− log(t)E∞(v)+ o(v).

In other words, for small velocities, the modified characteristics XC of the Vlasov–Maxwell system
approach the ones constructed in [Ionescu et al. 2022] for the Vlasov–Poisson system.

1.5. Structure of the paper. In Section 2 we introduce the notations and the tools used throughout this
article. Then, we state our main results, Theorems 2.10–2.11, and present the key ideas of the proof. In
Section 3, we set up the bootstrap assumptions and discuss their immediate consequences. Section 4
concerns the study of the distribution function. In particular, we prove that weighted L∞

x,v norms of f and
its derivatives grow at most logarithmically and we improve the bootstrap assumption on their velocity
average. Then, in Section 5, we conclude the proof of the global existence of the small data solutions to
(1)–(3) by exploiting the Glassey–Strauss decomposition of the electromagnetic field in order to improve
the bounds on (E, B) and their derivatives. Next, in Section 6 we refine our estimates by proving that the
particle current density and the electromagnetic field have a self-similar asymptotic profile. This allows
us to define the modified trajectories along which the distribution function converges. Section 7 is devoted
to the scattering results for the electromagnetic field. A crucial part of the proof consists in constructing a
scattering map for the vacuum Maxwell equations. In Section 8, we relate the conserved total energy of the
system to the ones of the scattering states. Finally, Appendices A and B contain two useful computations
and Appendix C presents alternative expressions for the profile of F and the modified characteristics.

2. Preliminaries and detailed statement of the main result

2.1. Basic notations. In this paper we work on the 1+3-dimensional Minkowski spacetime (R1+3, η).
We will use two sets of coordinates, the Cartesian (x0

= t, x1, x2, x3), in which η = diag(−1, 1, 1, 1),
and null coordinates (u, u, θ, ϕ), where

u = t + r, u = t − r, r := |x | =

√
|x1|2 + |x2|2 + |x3|2,
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and (θ, ϕ)∈ ]0, π[×]0, 2π [ are spherical coordinates on the spheres of constant (t, r). These coordinates
are defined globally on R1+3 apart from the usual degeneration of spherical coordinates and at r = 0.
Sometimes, for a tensor field T defined on R+ × R3

x , it will be convenient to write

T (u, u, ω) := T
(

u + u
2

,
u − u

2
ω

)
, u ≥ 0, |u| ≤ u, ω ∈ S2.

We will work with the null frame (L , L, eθ , eϕ), where L = 2∂u , L = 2∂u are null derivatives and (eθ , eϕ)
is the standard orthonormal basis on the spheres. More precisely,

L = ∂t + ∂r , L = ∂t − ∂r , eθ =
1
r
∂θ , eϕ =

1
r sin θ

∂ϕ.

The Einstein summation convention will often be used; for instance vµ∂xµ f =
∑3

µ=0 v
µ∂xµ f . The Latin

indices goes from 1 to 3 and the Greek indices from 0 to 3. We will raise and lower indices using the
Minkowski metric η, so that x i

= xi and x0
= −x0.

The four-momentum vector v = (vµ)0≤µ≤3 is parametrized by v = (vi )1≤i≤3 ∈ R3
v and v0

=
√

1 + |v|2

since the mass of the particles is equal to 1. Let (vL , vL , ve1, ve2) be the null components of the momentum
vector and v = (veθ , veϕ ) its angular part, so that

v = vL L +vL L +veθ eθ +veϕeϕ, vL
=
v0

+ (xi/r)vi

2
, vL

=
v0

− (xi/r)vi

2
, |v|2 = |veθ |2 +|veϕ |2.

The relativistic speed v̂ ∈ R3 is given by v̂i
= vi/v0 and, for convenience, we define the quantities

v̂0
:=
v0

v0 = 1, v̂L
:=
vL

v0 , v̂L
:=
vL

v0 , v̂ :=
v

v0 , v̂eA :=
veA

v0 , A ∈ {θ, ϕ}.

Sometimes, we will write (|v0
|

pg)(w) to denote |w0
|

pg(w), where w ∈ R3
v and g : R3

v → R.
In order to capture the good properties of certain geometric quantities associated to the solutions in

the good null directions (L , eθ , eϕ), we introduce the Faraday tensor Fµν , which is a 2-form, and the
four-current density J ( f )µ,

F =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3
−B2 B1 0

 , J ( f ) :=


−

∫
R3
v

f dv∫
R3
v
(v1/v

0) f dv∫
R3
v
(v2/v

0) f dv∫
R3
v
(v3/v

0) f dv

 . (4)

The Cartesian components of F are then either equal to 0 or to a component of ±(E, B). We will in fact
be more interested in its null decomposition (α(F), α(F), ρ(F), σ (F)) defined, for A ∈ {θ, ϕ}, as

α(F)eA := FeA L , α(F)eA := FeA L , ρ(F) :=
1
2 FL L , σ (F) := Feθ eϕ . (5)

In particular, ρ(F)= E · ∂r and −σ(F)= B · ∂r are the radial components of the electric field and the
magnetic field. Moreover, the 1-forms α(F) and α(F) are tangential to the 2-spheres and we will use the
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pointwise norms

|α(F)|2 := |α(F)eθ |
2
+ |α(F)eϕ |

2, |α(F)|2 := |α(F)eθ |
2
+ |α(F)eϕ |

2,

|F |
2
:=

∑
0≤µ<ν≤3

|Fµν |2 =
1
2 |α(F)|2 +

1
2 |α(F)|2 + |ρ(F)|2 + |σ(F)|2.

The Vlasov equation (1) can be rewritten as

TF ( f )= 0, where TF : f 7→ ∂t f + v̂ · ∇x f + v̂µFµ j∂v j f, (6)

and the Maxwell equations (2)–(3) take a concise form. The Gauss–Ampère law and the Gauss–Faraday
law4

∇
µFµν = J ( f )ν, ∇

µ∗Fµν = 0, (7)

where ∗Fµν =
1
2 Fλσ ελσµν is the Hodge dual of F and ε is the Levi-Civita symbol. Here ∇ stands for the

covariant derivative (or Levi-Civita connection), so that (7) holds in any coordinate system.
The operators ∇x and ∇v will denote the standard gradients in x and v respectively. For instance,

∇x f = (∂x1 f, ∂x2 f, ∂x3 f ), ∇v f = (∂v1 f, ∂v2 f, ∂v3 f ).

Given a 2-form G and 0 ≤ λ≤ 3, we will denote by ∇∂xλ
G the covariant derivative of G according to ∂xλ ,

where ∂x0 = ∂t . For any multi-index κ ∈ {0, 1, 2, 3}
p, we define ∇

κ
t,x G := ∇∂xκ1 · · · ∇∂xκp G. In Cartesian

coordinates, we then have

∇
κ
t,x(G)µν = ∂κt,x(Gµν), 0 ≤ µ, ν ≤ 3.

Finally, for x ∈ R3 we will use the Japanese brackets ⟨x⟩ := (1 + |x |
2)1/2 and the notation D1 ≲ D2 will

stand for the statement that there exists C > 0 a positive constant independent of the solutions such as
D1 ≤ C D2.

2.2. Backward light cones and future null infinity. The scattering state for a smooth electromagnetic
field F, which in our case is also called radiation field, will be a tensor field depending on the variables
(u, ω) ∈ R × S2. It will be obtained as the limit, when u → +∞, of r F(u, u, ω). For this reason, we
introduce the backward light cones Cu and give their induced volume form dµCu in accordance with the
choice of the null vector field L as their normal vector. Let, for any u ≥ 0,

Cu := {(t, x) ∈ R+ × R3
| t + |x | = u}, dµCu =

1
2r2 du dµS2,

where dµS2 = sin(θ) dθ dϕ is the volume form on S2.
Even if we will not need this formalism, we mention that the radiation field is in fact defined on a part

of the conformal boundary of the Minkowski space, called future null infinity I+ and corresponding to
the future end points of the null geodesics t − |x | = u. It can be viewed as C+∞. More precisely,

(t, r, ω) 7→ (T (t, r)= tan−1(t + r)+ tan−1(t − r), R(t, r)= tan−1(t + r)− tan−1(t − r), ω) ∈ R × S3

4Note that ∇
µ∗Fµν = 0 is equivalent to ∇[λFµν] := ∇λFµν + ∇µFνλ+ ∇νFλµ = 0.
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r = 0
t = 0

u

u

t

r

Cu

{t + |x | ≥ u}

r
=

0

I +,
u
=

+
∞

I
− ,

u =
−
∞

i−

i0

i+

u
=

cst

u =
cst

Figure 1. The set Cu and the Penrose diagram of the Minkowski space.

is a conformal diffeomorphism between Minkowski spacetime and the interior of the triangle 0 ≤ R ≤ π ,
|T | = π − R of the space R × S3, equipped with the metric −dT 2

+ dR2
+ sin2(R) dµS2 . Then

I+
:= {(T, R, ω) ∈ R × S3

| 0< R < π, T = π − R}.

Past null infinity I− is defined similarly as {0< R <π, T = R −π} and can be viewed as t −|x | = −∞.
See Figure 1.

2.3. Charged electromagnetic field. For our global existence result, it will be sufficient to assume that
the electromagnetic field satisfies |F |(0, · ) ≲ r−2, whereas our scattering result will require a slightly
stronger initial decay hypothesis. However, if the plasma is not neutral, one cannot expect F to decay
faster than r−2. Indeed, if ( f, F) is a sufficiently regular solution to (6)–(7) on [0, T [, we obtain from
Gauss’s law that the total charge

QF (t) := lim
r→+∞

∫
ω∈S2

ρ(F)(t, rω)r2 dµS2 =

∫
x∈R3

∫
v∈R3

f (t, x, v) dv dx, t ∈ [0, T [,

is a conserved quantity and that |F | = o(r−2) implies QF = 0. In order to avoid such a restrictive
assumption, we introduce the pure charge part F of F,

F(t, x) :=
QF

4π |x |2

xi

|x |
dt ∧ dx i , ρ(F)(t, x)=

QF

4π |x |2
, α(F)= α(F)= σ(F)= 0, (8)

which corresponds to the electromagnetic field generated by a point charge QF at x = 0. One can verify
that QF = QF , so that F−F is chargeless and it will then be consistent to assume that F has an asymptotic
expansion of the form F = F + O(r−2−δ), δ > 0. In fact, E = Edf

+ Ecf and B = Bdf
+ Bcf can be

decomposed into their divergence-free and curl-free components. Then, Bcf
= 0 and Ecf,i

= F0i + O(r−3)

if J ( f )0 is sufficiently regular, so that the stronger initial decay assumption required for the scattering
result concerns the divergence-free components of E and B.
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2.4. Commutation vector fields. We will derive estimates on both the electromagnetic field and the
distribution function using vector field methods. These kinds of approaches are usually based on

• a set of vector fields, which commute with the linear operator of the equation studied,

• energy inequalities, applied in order to prove boundedness for L2 or L1 norms of the solutions and
their derivatives (for instance, see [Bigorgne 2020a, Section 4.1]),

• weighted Sobolev embeddings, such as [Fajman et al. 2017, Theorem 6], used to obtain decay
estimates on the fields.

In this paper, in order to simplify the analysis, we will prove L∞ estimates and then obtain pointwise
decay estimates on the solutions in a different way (see Section 2.8 for more details). We now elaborate
on the commutators for the Maxwell equations and the ones for the relativistic transport equation.

Definition 2.1. Let K be the set composed of the vector fields

∂t , ∂x i , �0i := t ∂x i + x i ∂t , � jk := x j ∂xk − xk ∂x j , S := t ∂t + xℓ ∂xℓ = t ∂t + r ∂r ,

where 1 ≤ i ≤ 3 and 1 ≤ j < k ≤ 3. The translations ∂xµ , the Lorentz boosts �0i and the rotations � jk

are Killing vector fields, so that they generate isometries of the Minkowski space. The scaling vector
field S is merely conformal Killing.

We will use this set for differentiating the electromagnetic field geometrically. More precisely, for a
2-form F and a vector field Z = Zµ ∂xµ , the Lie derivative LZ (F) of F with respect to Z is given, in
coordinates, by

LZ (F)µν = Z(Fµν)+ ∂µ(Zλ)Fλν + ∂ν(Zλ)Fµλ.

Furthermore, if F is a smooth solution to the vacuum Maxwell equations ∇
µFµν =∇

µ∗Fµν = 0 and Z ∈ K,
then LZ (F) is also a solution to the vacuum Maxwell equations, that is, ∇

µLZ (F)µν = ∇
µ∗LZ (F)µν = 0.

Definition 2.2. Let P̂0 be the set composed of

∂t , ∂x i , �̂0i := t ∂x i + x i ∂t + v0 ∂vi , �̂ jk := x j ∂xk − xk ∂x j + v j ∂vk − vk ∂v j , S = t ∂t + r ∂r ,

where 1 ≤ i ≤ 3 and 1 ≤ j < k ≤ 3. In fact, ∂̂xµ = ∂xµ , �̂0i and �̂ jk are obtained as the complete lift, a
classical operation in differential geometry,5 of the Killing fields ∂xµ , �0i and � jk .

These vector fields have good commutation properties with the linear transport operator T0 = ∂t + v̂ ·∇x .
Indeed, [T0, S] = T0 and [v0T0, Ẑ ] = 0 for all Ẑ ∈ P̂0 \ {S}.

In order to consider higher-order derivatives, we introduce an ordering on K = {Z i
| 1 ≤ i ≤ 11}

and on P̂0 = {Ẑ i
| 1 ≤ i ≤ 11}. It will be convenient to assume that Z11

= Ẑ11
= S and Ẑ i = Ẑ i for

any 1 ≤ i ≤ 10. Moreover, for a multi-index β ∈ [[1, 11]]
p of length |β| = p, we denote by LZβ the

5We refer to [Fajman et al. 2017, Section 2G] for more details about the relations between the Vlasov operator on a Lorentzian
manifold and the complete lift of its Killing vector fields.
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Lie derivative LZβ1 · · ·LZβp of order |β|. Similarly, we define Ẑβ as Ẑβ1 · · · Ẑβp . Note the equivalence
between the pointwise norms∑

|γ |≤N
|LZγ (F)| ≲

∑
|β|≤N

∑
0≤µ,ν≤3

|Zβ(Fµν)| ≲
∑

|γ |≤N
|LZγ (F)|. (9)

Since L∂xµ (F) and ∂xµ f have better behavior than the other derivatives, it will be crucial, in order to
identify certain hierarchies in the commuted equations, to count the number of homogeneous vector fields
composing Zβ or Ẑβ. We denote by βH (respectively βT ) the number of homogeneous vector fields �0i ,
� jk and S (respectively translations ∂xµ) composing Zβ. Note that βH +βT = |β| and that Ẑβ is also com-
posed of βH homogenous vector fields and βT translations. If Zβ =�01∂t S, we have βH = 2 and βT = 1.

The following geometric commutation formula, proved in [Bigorgne 2021b, Lemma 2.8], will be
fundamental for us.

Lemma 2.3. Let G be a 2-form and g : [0, T [ × R3
x × R3

v → R be a function, both of class C1, such that

∇
µGµν = J (g)ν, ∇

µ∗Gµν = 0.

Let further Z ∈ K \ {S} be a Killing vector field and Ẑ ∈ P̂0 \ {S} be its complete lift. Then,

∇
µLZ (G)µν = J (Ẑ g)ν, ∇

µ∗LZ (G)µν = 0,

∇
µLS(G)µν = J (Sg)ν + 3J (g)ν, ∇

µ∗LS(G)µν = 0,

Ẑ(vµGµ
j∂v j g)= vµLZ (G)µ j∂v j g + vµGµ

j∂v j Ẑ g,

S(vµGµ
j∂v j g)= vµLS(G)µ j∂v j g − 2vµGµ

j∂v j g + vµGµ
j∂v j Sg.

Iterating the above, we obtain that the structure of the Vlasov–Maxwell equations (6)–(7) is preserved
by commutation.

Proposition 2.4. Let ( f, F) be a sufficiently regular solution to the Vlasov–Maxwell system. For any
multi-index β, there exists Cβ

γ,κ , Cβ
ξ ∈ Z such that

TF (Ẑβ f )=
∑

|γ |+|κ|≤|β|

|κ|≤|β|−1

Cβ
γ,κ v̂

µLZγ (F)µ j∂v j Ẑκ f,

∇
µLZβ (F)µν =

∑
|ξ |≤|β|

Cβ
ξ J (Ẑ ξ f ), ∇

µ∗LZβ (F)µν = 0.

Moreover, the multi-indices |γ | + |κ| ≤ |β| satisfy γH + κH ≤ βH and the equality κH = βH implies
γT ≥ 1.

Proof. For the condition on the multi-indices |γ |+|κ| ≤ |β|, note from Lemma 2.3 that γH +κH ≤ βH and
γT +κT = βT . Hence, if κH = βH , we necessarily have κT <βH since |κ|< |β|. This implies γT ≥ 1. □

2.5. Weights preserved along the linear flow. The set k1 of weight functions given by

z0i := t v̂i
− x i , z jk := x j v̂k

− xk v̂ j , 1 ≤ i ≤ 3, 1 ≤ j < k ≤ 3, (10)
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are conserved along any timelike straight line t 7→ (t, x + t v̂). They are obtained as |v0
|
−1η(v, K ), where

K is a Killing vector field6 and they are then solutions to the relativistic transport equation, for all z ∈ k1,
T0(z)= 0. As a consequence, if T0(g)= 0 then the same goes for zg, so that certain weighted norms of
g are conserved. In our nonlinear setting these norms will grow logarithmically in time and will then
provide useful decay properties on the Vlasov field. For convenience, we will rather work with

z :=

(
1 +

∑
z∈k1

z2
)1

2
, T0(z)= v̂µ∂xµ(z)= 0. (11)

In particular, as z0i ∈ k1, one has

1 ≤ z and ∀(t, x, v) ∈ R+ × R3
x × R3

v, ⟨x⟩ ≤ z(t, x + t v̂, v), (12)

which will allow us to obtain space decay for f (t, x + t v̂, v), the particle density evaluated along the
linear characteristics. Note also the following properties, which will be particularly useful for us in order
to exploit the null structure of the system.

Lemma 2.5. The four-momentum vector v has good null components, vL and v. More precisely,

∀(t, x, v) ∈ R+ × R3
x × R3

v, 0< v̂L ≲
1 + |t − |x ||

1 + t + |x |
+

z
1 + t + |x |

, |v̂| ≲
z

1 + t + |x |
.

In certain circumstances, vL will be the best component for exploiting decay in t − r . We will then use

|v0
|
−2

+ |v̂|2 ≤ 4v̂L .

Proof. The first two inequalities are proved in [Bigorgne 2020a, Lemma 2.4]; using

4v0vL
≥ 4vLvL

= |v0
|
2
−

∣∣∣ x i

r
vi

∣∣∣2
= 1 + |v|2 − |v · ∂r |

2
= 1 + |v · eθ |2 + |v · eϕ|2 = 1 + |v|2, (13)

the last inequality follows. □

Since the particles are massive and then travel at a speed strictly lower than 1, the speed of light, Vlasov
fields enjoy much better decay properties along null rays than along timelike geodesics t 7→ x + t v̂. After
a long time, many of the particles should be located in the interior of the light cone. We will capture this
property with the following inequality.

Lemma 2.6. By losing powers of v0 and z, one can gain decay near the light cone t = |x |,

∀(t, x, v) ∈ R+ × R3
x × R3

v, 1 ≲
1 + |t − |x ||

1 + t + |x |
|v0

|
2
+

|v0
|
2z

1 + t + |x |
.

Moreover, in the exterior of the light cone, for |x | ≥ t , one has 1 ≲ (1 + t + |x |)−1
|v0

|
2z.

Proof. For the first inequality, note that (13) gives 1 ≤ 4|v0
|
2v̂L and apply Lemma 2.5. For the second

one, we refer to [Bigorgne 2020a, Remark 2.5]. □

Recall from [Bigorgne 2020a, Lemma 3.2] that z enjoys good commutation properties with the vector
fields of P̂0.

6On any smooth Lorentzian manifold (Y , g), if γ is a timelike geodesic and K a Killing vector field, then g(γ̇ , K )= constant.
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Lemma 2.7. For any a ∈ R and Ẑ ∈ P̂0, we have |Ẑ(za)| ≲ |a|za .

Finally, motivated by the fact that any regular solution to the linear relativistic transport equation
T0(h)= 0 is constant along the timelike straight lines, h(t, x + v̂t, v)= h(0, x, v), it will sometimes be
useful to work with g(t, x, v) := f (t, x + t v̂, v), in particular during the study of the asymptotic properties
of

∫
v

f dv and its derivatives. The following result suggests that g enjoys strong space decay and that its
v derivatives behave better than the ones of the distribution function f .

Lemma 2.8. Let f : [0, T [×R3
x ×R3

v→R be a sufficiently regular function and g(t, x, v) := f (t, x+t v̂, v).
Then the following properties hold:

⟨x⟩
a
|g|(t, x, v)≤ |za f |(t, x + t v̂, v), v0

|∇vg|(t, x, v)≤
∑̂

Z∈P̂0

|z Ẑ f |(t, x + t v̂, v).

Proof. The first property follows from z2
≥ 1 + |z01|

2
+ |z02|

2
+ |z03|

3 and |z0i |(t, x + t v̂, v)= |x i
|. For

the second one, we have, using the Einstein summation convention,

v0∂v j g(t, x, v)= (v0∂v j f )(t, x + t v̂, v)+ t∂x j f (t, x + t v̂, v)− t v̂ j v̂
i∂x i f (t, x + t v̂, v).

Then by v0∂v j = �̂0 j − t∂x j − x j∂t and

x j∂t + t v̂ j v̂i∂x i = (x j
− t v̂ j )∂t + v̂

j t∂t + v̂
j (t v̂i

−x i )∂x i + v̂ j x i∂x i = −z0 j∂t + v̂
j S+

∑
1≤i≤3

v̂ j z0i∂x i , (14)

the result follows. □

2.6. Inverse function of the relativistic speed. In order to perform the change of variables y = x − v̂t for
integrals on the domain R3

v, it will be useful to determine certain properties of the function v 7→ v̂.

Lemma 2.9. We define, on the domain {y ∈ R3
| |y|< 1}, the operator ·̌ as

y 7→ y̌ =
y√

1 − |y|2
, so that ∀|y|< 1, v ∈ R3

v,
ˆ̌y = y, ˇ̂v = v.

Note also that v0
= (1 − |v̂|2)−1/2. Moreover, for any (t, x) ∈ R+ × R3, the Jacobian determinant of the

transformation v 7→ x − v̂t is equal to −t3/|v0
|
5.

Proof. The fact that ·̌ is the reciprocal function of ·̂ can be obtained by direct computations. Let V be
the column vector such that its transpose is V T

= (v1/v0, v2/v0, v3/v0). Then the Jacobian determinant
of the transformation v 7→ x − v̂t is equal to

−
t3

|v0|3
det(I3 − V V T )= −

t3

|v0|3
det

(
diag

(
1, 1, 1 −

|v|2

1 + |v|2

))
= −

t3

|v0|5
. □

Let us also mention the inequality 2(1 − |v̂|)≥ (1 − |v̂|)(1 + |v̂|)= |v0
|
−2, which will be used several

times throughout this paper.
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2.7. Complete version of the main result. We are now ready to give a full and detailed version of
Theorem 1.1. Recall the alternative geometric form (6)–(7) of the Vlasov–Maxwell equations (1)–(3).

Theorem 2.10. Let N ≥ 3 and ( f0, F0) be an initial data set of class C N for the Vlasov–Maxwell system.
Consider further 3≥ ϵ > 0, two constants (Nv, Nx) ∈ R2

+
and assume that∑

|γ |≤N+1
sup
x∈R3

⟨x⟩
2+|γ |

|∇
γ
x F0|(x)≤3,

∑
|β|+|κ|≤N

sup
(x,v)∈R6

⟨v⟩Nv+|κ|
⟨x⟩

Nx+|β|
|∂κv ∂

β
x f0|(x, v)≤ ϵ.

If Nv ≥ 15 and Nx > 7, there exist D > 0 and ϵ0 > 0, depending only on (N , Nv, Nx), such that, if
ϵ̄ := ϵeD3

≤ ϵ0, then the unique solution ( f, F) to (1)–(3) arising from these data is global in time.
Moreover:

• The following pointwise estimates hold for the distribution function:

∀(t, x,v)∈ R+×R3
v×R3

x , ∀|β| ≤ N , |v0
|
Nv−3

|zNx−2 Ẑβ f |(t, x,v)≲ ϵ̄ log3Nx+3N (3+t),

∀|κ| ≤ N , |v0
|
Nv−3

|∂κt,x f |(t, x,v)≲ ϵ̄.

• The electromagnetic field and its derivatives LZγ (F), up to order |γ | ≤ N − 1, decay as,

∀(t, x) ∈ R+ × R3, |LZγ F |(t, x)≲3(1 + t + |x |)−1(1 + |t − |x ||)−1.

If |γ | ≤ N − 2, the good null components enjoy stronger decay properties near the light cone,

∀(t, x, v) ∈ R+ × R3, |α(LZγ F)|(t, x)+ |ρ(LZγ F)|(t, x)+ |σ(LZγ F)|(t, x)≲3
log(3 + t)
(1 + t + |x |)2

.

Let us formulate two remarks.

(1) More estimates, such as
∫
v

f dv ≲ t−3, are derived during the proof of Theorem 2.10.

(2) With our method, contrary to our previous work [Bigorgne 2020a], we cannot reach the optimal
assumption Nv = 3. We list in Remark 3.3 below the precise parts of the proof where the control of
higher spatial and momentum moments of f are required.

We now state our scattering result. For this, recall from (8) the definition of the pure charge part F of F.

Theorem 2.11. Let 0< δ ≤ 1 and ( f, F) be a smooth solution to the Vlasov–Maxwell system arising from
initial data satisfying the assumptions of Theorem 2.10. Suppose further that the initial electromagnetic
field has the asymptotic expansion∑

|γ |≤N+1
sup
|x |≥1

⟨x⟩
2+δ+|γ |

|∇
γ
t,x(F − F)|(0, x)≤3. (15)

Then, with n := 7(Nx + N ), we have the following properties.

• The spatial average of f converges to a function Q∞ ∈ L1(R3
v)∩ L∞(R3

v) of class C N−1,

∀t ∈ R+,

∥∥∥∥|v0
|
5
(∫

R3
x

f (t, x, v) dx − Q∞(v)

)∥∥∥∥
L1
v∩L∞

v

≲ ϵ̄
logn(3 + t)

1 + t
.
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• The four-current density J (Ẑβ f )µ =
∫
v
(vµ/v

0)Ẑβ f dv has the following self-similar asymptotic profile.
For any |β| ≤ N − 1 and 0 ≤ µ≤ 3,

∀t ∈ R∗

+
, sup

|x |<t

∣∣∣∣t3
∫

R3
v

vµ

v0 Ẑβ f (t, x, v) dv−
xµ

t
(|v0

|
5 Qβ

∞
)

(
qx
t

)∣∣∣∣ ≲ ϵ̄ logn(3 + t)
t

, x0
= t,

where Qβ
∞ can be computed in terms of ∂κv Q∞, |κ| ≤ |β|. Moreover, J (Ẑβ f ) decays much faster in the

exterior of the light cone.

• The electromagnetic field and their derivatives up to order |γ | ≤ N − 1 have a self-similar asymptotic
profile v 7→ LZγ (F)∞(v),

∀(t, x, v) ∈ R+ × R3
x × R3

v, |t2LZγ (F)(t, x + v̂t)−LZγ (F)∞(v)| ≲3⟨x⟩
2
|v0

|
8 logn(3 + t)
(1 + t)δ

.

F∞ is of class C N−1 and the components of LZγ (F)∞ can be computed in terms of ∂κv F∞
µν , |κ| ≤ |γ |.

• We have modified scattering to a state f∞ ∈ L1
x,v ∩ L∞

x,v of class C N−2. For any |κ| + |β| ≤ N − 2,

∀t ≥ 3,
∥∥|v0

|
Nv−10+|ξ |

⟨x⟩
Nx−4−|ξ |

(
∂ξv ∂

κ
x f (t, XC (t, x, v), v)− ∂ξv ∂

κ
x f∞(x, v)

)∥∥
L∞

x,v
≲ ϵ̄

logn(t)
tδ

,

where the corrections of the linear spatial characteristics are defined as

X j
C (t, x, v) := x j

+ t v̂ j
−

log(t)
v0 v̂µ(F∞, j

µ (v)+ v̂ j F∞

µ0(v)), 1 ≤ j ≤ 3. (16)

• The modified complete lifts, of the Lorentz boosts �̂0k and the rotations �̂ jk , and the modified scaling,

�̂mod
λk := �̂λk −

log(t)
v0 v̂µ

(
L�λk (F)

∞, j
µ (v)+ v̂ jL�λk (F)

∞

µ0(v)
)
∂x j , 0 ≤ λ < k ≤ 3,

Smod
:= S +

log(t)
v0 v̂µ

(
F∞, j
µ (v)+ v̂ j F∞

µ0(v)
)
∂x j ,

satisfy the improved estimates ∥�̂mod
λk f (t, · , · )∥L∞

x,v
≲ ϵ̄ and ∥Smod f (t, · , · )∥L∞

x,v
≲ ϵ̄.

• For any |γ | ≤ N − 3, there exists a scattering state αI+

γ (u, ω) on I+ such that,

∀u ≥ 3, sup
|u|≤u,ω∈S2

|rα(LZγ F)(u, u, ω)−αI+

γ (u, ω)| ≲3
log(u)

u
.

Moreover, αI+

is of class C N−3 and αI+

γ can be expressed in terms of the derivatives of αI+

.

• The conserved energy of the system can be related to the ones of the scattering states. For all t ∈ R+,∫
R3

x

∫
R3
v

v0 f (t, x,v)dv dx+
1
2

∫
R3

x

|F |
2(t, x)dx =

∫
R3

x

∫
R3
v

v0 f∞(x,v)dv dx+
1
4

∫
Ru

∫
S2
ω

|αI+

|
2(u,ω)dµS2 du.

• If N ≥ 10, there exists a solution Fvac of class C N−5 to the vacuum Maxwell equations (19) such that,
for any 1

2 ≤ q < 1 and |γ | ≤ N − 10,

∀(t, x) ∈ R+ × R3, |LZγ (F)−LZγ (F)vac
|(t, x)≤3Cq(1 + t + |x |)−1−q , Cq > 0.
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Remark 2.12. As suggested by the scattering result, we could improve the logarithmic powers in the L∞
x,v

estimates for f stated in Theorem 2.10. We could then prove that Theorem 2.11 holds for n = 3Nx + 3N.
However, such a tiny improvement would require a relatively long and technical proof.

Remark 2.13. We emphasize two main differences with previous works on Vlasov systems in dimension 3
based on vector field methods [Fajman et al. 2021; Smulevici 2016; Bigorgne 2020a; Duan 2022].

(1) The logarithmic correction of the linear commutators �̂λν and S can be geometrically interpreted in
terms of the asymptotic dynamic of the Lorentz force v̂µFµk and its derivatives (see also Remark 6.31).

(2) Our approach does not require modifying the linear commutators in order to prove the global existence
of the solutions, so that we avoid many technical difficulties. In these previous works, the analysis of the
Vlasov field relied on propagating L1

x,v bounds. The source term of the wave equations (or the Poisson
equation) were estimated through weighted Sobolev embeddings as t3

|Zβ
∫
v

f dv|≤ t3
∫
v
|Ẑβ f | dv≲E(t),

where E(t) is a certain L1
x,v norm. However, we know from Theorems 2.10–2.11 that, in general,

∥Ẑ f ∥L1
x,v

≳ log(t) if Ẑ ̸= ∂t,x . As a consequence, the optimal decay t−3 cannot be obtained in such a
way without modifying the linear commutators.

Remark 2.14. The profile F∞ of F can be explicitly expressed in terms of the limit of the spatial
average Q∞ (see Remark 6.17 and Appendix C.1). Moreover, the Maxwell field admits the decomposition
F = FT

+ F2, where

lim
t→+∞

t2 F(t, x + t v̂)= lim
t→+∞

t2 FT (t, x + t v̂)= F∞(v), lim
u→+∞

r FT (u, u, ω)= 0.

In other words, the part of the electromagnetic field which gives rise to F∞ (respectively αI+

) has no
impact on αI+

(respectively F∞).

2.8. Key ingredients of the proof. For the global existence result, our strategy relies on vector field
methods and a continuity argument. The proof then essentially consists in improving bootstrap assumptions,
which are pointwise decay estimates on the solutions and their derivatives. The scattering statements are
then obtained by refining the analysis carried out during of the proof of Theorem 2.10 and by investigating
further the asymptotic behavior of the electromagnetic field.

2.8.1. The large Maxwell field. The assumptions of Theorems 2.10–2.11 imply that, initially, the distri-
bution function f is at most of size ϵ ≪ 1 and the electromagnetic field F is at most of size 3. The goal
of our bootstrap argument is to prove that these properties are preserved over time. Our proof allows for
3 to be large for the following reasons.

• Since the Maxwell equations are linear, we can expect F(t, · ) and its derivatives to be at most of size
3+ Cϵ ∼3, provided that ϵ is small enough. Here, the constant C possibly depends on 3. Indeed, the
data are bounded by 3 and we expect the source term J ( f ) to remains of size ϵ.

• In contrast, the Vlasov equation is nonlinear and we can expect, at first glance, to bound ∥∂κt,x f (t, · )∥L∞
x,v

by ϵ+ D3ϵ = C(3)ϵ.
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In fact, since our argument will rely on Grönwall’s inequality, C(3) will rather be of the form eD3. The
difficulty, if 3 is large, is related to the logarithmic growth of quantities such as ∥�̂01 f ∥L∞

x,v
. More

precisely, certain error terms are at the threshold of time-integrability. Consequently a naive application
of Grönwall’s inequality would lead to ∥�̂01 f ∥L∞

x,v
≲ ϵ(1 + t)D3. We discuss how to circumvent this

obstacle in the next section.

2.8.2. Estimates for the Vlasov field. In order to control sufficiently well the electromagnetic field and
close our estimates, we would like to recover the linear decay for

∣∣∫
v

Ẑβ f (t, x, v) dv
∣∣ ≲ t−3, with

|β| ≤ N − 1, and similar quantities. This is done as follows:

• The main step consists in proving that |v0
|
Nv zNx Ẑβ f grows slowly, and in fact logarithmically, in time.

• Then, by performing the standard change of variables y = x − t v̂, we are able to reduce the problem
to proving a uniform bound for the spatial averages |v0

|
5
∫

y Ẑβ f (t, y, v) dy. This turns out to be a
consequence of the first step as well but our argument requires a loss of regularity, which is why we do
not attain the optimal decay t−3 for the top-order derivatives |β| = N.

Let us illustrate certain difficulties of the first step, which relies on Duhamel’s formula, by considering
the first-order derivatives. If Z ∈ K \ {S} is a Killing vector field, then

|TF (Ẑ f )| = |v̂µLZ (F)µ j∂v j f | ≲
∑

1≤ j≤3

t + |x |

v0 |v̂µLZ (F)µ j
||∂t,x f | + better terms. (17)

Since LZ (F) is supposed to decay as7
|LZ (F)|≲3(1+ t +|x |)−1(1+|t −|x ||)−1, there are two problems.

(1) The decay rate degenerates near the light cone t = |x |.

(2) Even far from the light cone, |TF (Ẑ f )| ∼3t−1
|∂t,x f | is not integrable in time, preventing us from

proving that ∥Ẑ f ∥L∞
x,v

grows slowly by a direct application of Grönwall’s inequality if 3 is large.

We deal with the first issue by taking advantage of the null structure of the Lorentz force, which,
roughly speaking, allows us to transform decay in t − r into decay in t + r . More precisely, v̂µLZ (F)µ j

can be decomposed as the sum of terms containing either a good null component α, ρ or σ of LZ (F) or
one of the good null components of v̂. The first group enjoys improved decay estimates near the light cone,
whereas the latter allows us to exploit the decay in t −r . We refer to Lemmas 4.1 and 4.4 for more details.

We circumvent the second problem by identifying hierarchies in the commuted equations. More
precisely, if Z = ∂xµ is a translation, one can use that |L∂xµ (F)|≲ t−1(1+|t −|x ||)−2 in order to prove that
TF (∂xµ f ) is in fact time-integrable. Then, one can observe that the system of the commuted Vlasov equa-
tions (17) is in some sense triangular and expect ∥Ẑ f ∥L∞

x,v
to grow at most logarithmically. A toy model

for the system of the first-order commuted equations, once the null structure is well understood, is then

TF (g)=3(1 + t)−2g +3(1 + t)−3h, TF (h)=3(1 + t)−1g +3(1 + t)−2h, g ≥ 0, h ≥ 0,

where g is supposed to capture the behavior of |∂xµ f |, 0 ≤ µ ≤ 3, and h that of |Ẑ f |, with Ẑ a
homogeneous vector field such as �̂01. The source terms having h as a factor represent the strongly

7This pointwise decay estimate is consistent with the expected behavior of the source term of the Maxwell equations.
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decaying error terms in (17). Using the Duhamel formula and applying Grönwall’s inequality, we have,
for E(t) := ∥g(t, · , · )∥L∞

x,v
+ ∥h(t, · , · )∥L∞

x,v
,

E(t)≤ E(0)+
∫ t

s=0

3

1 + s
E(s) ds, E(t)≤ E(0)(1 + t)3.

As mentioned earlier, without any smallness assumption on 3, this estimate is not good enough to derive
a satisfying decay estimate for

∫
v

f dv. The idea then is to exploit that

TF (log−1(3 + t))≤ 0, TF (h log−2(3 + t))≤3(1 + t)−1 log−2(3 + t)g +3(1 + t)−2h log−2(3 + t).

By considering the hierarchized norm E(t) := ∥g(t, · , · )∥L∞
x,v

+∥h(t, · , · )∥L∞
x,v

log−2(3+ t), we finally get

E(t)≤ E(0)+
∫ t

s=0

23

(1 + s) log2(3 + s)
E(s) ds, E(t)≤ E(0)e23.

More generally, the hierarchies are determined by the number of homogeneous vector fields βH composing
Ẑβ and the exponent of the weight z.

A new difficulty arises for the higher-order derivatives since we do not have improved estimates at our
disposal on the good null components of LZγ (F) for |γ | ≥ N −1. This time, we transform decay in t − r
into decay in t + r by losing powers of |v0

|
2z through Lemma 2.6. For this, it is important to observe

that, in the error terms, such a LZγ (F) is always multiplied by a low-order derivative of f . We can then
close the estimates by propagating weaker L∞

x,v norms of Ẑβ f when |β| ≥ N − 1.

Remark 2.15. Let us make some comparisons between the decay properties of the electromagnetic F
and the ones of the electric field E associated to a solution to the Vlasov–Poisson system arising from
small data.

• As ∥E(t, · )∥L∞
x
≲ t−2 and |F |(t, x)≲ t−1(1+|t −|x ||)−1, the electromagnetic field has a much weaker

decay rate near the light cone t = r than E .

• The difference is even more marked for their derivatives since |∂κt,x E |(t, x)≲ t−2−|κ|, whereas we merely
have |L∂κt,x F |(t, x)≲ t−1(1 + |t − |x ||)−1−|κ|. Thus, in order to exploit the extra decay provided by these
derivatives of F, one has to take advantage of the null structure of the system or lose powers of |v0

|
2z.

2.8.3. Estimates for the electromagnetic field. We control the Cartesian components of LZγ (F) using the
representation formula for the wave equation since, for instance, □F01 = −

∫
v
∂x1 f + v̂1∂t f dv. However,

two difficulties arise for the higher-order derivatives:

(1) There is a loss of regularity. We need to control
∫
v
v̂µ∂t,x Ẑγ f dv in order to estimate LZγ (F).

(2) With our method, we do not have the optimal decay rate for
∫
v

Ẑγ f dv, |γ | = N. Moreover, any
logarithmic loss would prevent us from closing our estimates.

We treat the first problem by using the Glassey–Strauss decomposition [1986] of the electromagnetic
field, presented in detail in Section 5.1. The idea is to express the derivatives ∂xµ in terms of derivatives
tangential to backward light cones and T0 = ∂t + v̂ · ∇x , which is transverse to light cones. Exploiting
then the Vlasov equation TF ( f )= 0, we can perform integration by parts and save one derivative.
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We deal with the second issue by estimating ∇t,xLZ ξ (F), for |ξ | = N − 1, by the Glassey–Strauss
decomposition of the derivatives of the electromagnetic field. Roughly speaking, it allows us to control
the inhomogeneous part of ∇t,xLZ ξ (F) by

∫
v
|v0

|
3
|Ẑβ f | dv, where |β| ≤ N − 1 (see Proposition 5.7 and

Corollary 5.8 for more details). However, with this process, we get a bad control of the other top-order
derivatives near the light cone,

|LZ Z ξ (F)|(t, x)≲(1+t+|x |)|∇t,xLZ ξ F |(t, x)+|LZ ξ F |(t, x)≲(1+|t−r |)−2 log(3+|t−r |), |ξ |=N−1.

This forces us to lose a power more of |v0
|
2z for the estimates of the top-order derivatives of the Vlasov

field f .
Once we proved that the solutions are global in time, we use null properties of the Maxwell equations (7)

to derive the existence of a scattering state for F and its derivatives. We then address the problem of
finding a solution Fvac to the vacuum Maxwell equations which approaches F by constructing a scattering
map for these equations. For this, we make crucial use of the corresponding result for the homogeneous
wave equation [Lindblad and Schlue 2023]. This is carried out in Section 7.

2.8.4. Modified scattering result. In the context of the Vlasov–Poisson system, except for the trivial
solution, the distribution function does not converge along the linear characteristics [Choi and Ha 2011].
We then do not expect f (t, x + t v̂, v) to converge and the reason is related to the long-range effect of the
Lorentz force (recall Remark 1.3). More precisely, isolating the leading-order term of the source term of
the Maxwell equations,

sup
|x |<t

∣∣∣∣t3
∫

R3
v

vµ

v0 f (t, x, v) dv−
xµ

t
(|v0

|
5 Q∞)

(
qx
t

)∣∣∣∣ = O(t−
δ
2 ), Q∞(v) := lim

t→+∞

∫
R3

x

f (t, x, v) dv,

where x0
= t , we are able to prove t2 F(t, x + t v̂)= F∞(v)+ O(t−δ/2). Consequently, the slow decay of

the electromagnetic field along timelike trajectories implies that the right-hand side of

∂t( f (t, x + t v̂, v))=
t
v0 v̂

µ(Fµ j (t, x + t v̂)+ v̂ j Fµ0(t, x + t v̂))∂x j f (t, x + t v̂, v)+ O(t−
δ
2 )

should not be time-integrable, preventing f (t, x + t v̂, v) from converging. Instead, by considering the
logarithmic corrections XC , given in (16), of the timelike straight lines, one can compensate for the
worst term in the right-hand side of the previous identity and prove the modified scattering statement
f (t, XC , v)→ f∞(x, v).

Although the regularity of f∞ according to x can be obtained in a similar fashion, the regularity
in v requires a more thorough analysis. In fact, v0∂vi ( f (t, XC , v)) can be expressed as terms such as
�̂0i f (t, XC , v) which, contrary to ∂t,x f (t, XC , v), does not converge. The reason is related to the weak
decay of the error term [TF , �̂0i ] ∼ t−1. As for the characteristics, the idea consists in considering a
logarithmic correction of �̂0i , introduced and studied in Section 6.4, which has improved commutation
properties with the Vlasov operator TF . As stated in Theorem 2.11, these corrections are given in terms
of first-order derivatives of the effective electromagnetic field F∞(v).
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2.9. Null properties of electromagnetic fields. We recall here the classical results which will be used
throughout this paper in order to study solutions to the Maxwell equations

∇
µFµν = Jν, ∇

µ∗Fµν = 0, (18)

where the source term J = Jµ dxµ is a sufficiently regular 1-form. In particular, solutions to the vacuum
Maxwell equations will satisfy

∇
µFµν = 0, ∇

µ∗Fµν = 0. (19)

We point out that some of the estimates presented here could be refined in a general setting. For the
purpose of performing energy estimates during the construction of the scattering map for (19), we recall
the electromagnetic stress-energy tensor.

Definition 2.16. Let G be a 2-form of class C1 such that ∇
µGµν = Jν and ∇

µ∗Gµν = 0. The energy-
momentum tensor T[G]µν is defined as

T[G]µν := GµβGν
β

−
1
4ηµνGξλGξλ.

Moreover, we have

∇
µT [G]µν = Gνλ J λ, T [G]L L = |α(G)|2, T [G]L L = |α(G)|2, T [G]L L = |ρ(G)|2 + |σ(G)|2.

We now present inequalities relying on the relations

(t −r)L = S −
x i

r
�0i , (t +r)L = S +

x i

r
�0i , reθ = − cos(ϕ)�13 − sin(ϕ)�23, reϕ =�12. (20)

Lemma 2.17. Let G be a sufficiently regular solution to the Maxwell equations (18) with a smooth source
term J. Then,

∀|x | ≥
1
2(1 + t), (|∇Lα(G)| + |∇Lρ(G)| + |∇Lσ(G)|)(t, x)≲ |J |(t, x)+

∑
|γ |≤1

|LZγ (G)|(t, x)
1 + t + |x |

and,

∀(t, x) ∈ R+ × R3, |∇L(rα(G))|(t, x)≲ r |J |(t, x)+
∑
|γ |≤1

|ρ(LZγ G)|(t, x)+ |σ(LZγ G)|(t, x).

Remark 2.18. Compared to Z ∈ K, Z ̸= ∂xµ , the derivatives tangential to the light cone (L , eθ , eϕ)
provide an extra decay in t + r , whereas L merely provides an additional decay in t − r . The second
estimate then reflects that α, ρ and σ are the good null components. The last inequality provides an
improved control of ∇L(rα) near the light cone and will be useful in order to prove the existence of
scattering states.

Proof. Let us denote by ∇ the intrinsic covariant differentiation on the spheres and by ζ any of the
null components α, α, ρ or σ . Then, according to [Bigorgne 2021b, Lemma D.2], we have, for all
(t, x) ∈ R+ × R3,

(1+t+|x |)|∇Lζ(G)|(t, x)+(1+|x |)|∇ζ(G)|(t, x)+(1+|t−|x ||)|∇Lζ(G)|(t, x)≲
∑
|γ |≤1

|ζ(LZγ G)|(t, x).
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We now express the Maxwell equations in null coordinates. According to [Christodoulou and Klainerman
1990, equations (M ′′

1 )–(M
′′

6 )], we have, for any A ∈ {θ, ϕ},

∇Lρ(G)−
2
r
ρ(G)−∇

eBα(G)eB = JL , ∇Lα(G)eA −
α(G)eA

r
+∇eAρ(G)− ε

AB
∇eBσ(G)= JeA ,

∇Lσ(G)−
2
r
σ(G)+ εAB

∇eAα(G)eB = 0, ∇Lα(G)eA +
α(G)eA

r
−∇eAρ(G)− ε

AB
∇eBσ(G)= JeA .

This allows us to deduce the first estimate. For the last one, use the same arguments and remark further
that ∇LeA = 0 implies

|∇L(rα)| ≲
∑

B∈{θ,ϕ}

|∇L(rα)eB | =

∑
B∈{θ,ϕ}

|∇L(rαeB )| =

∑
B∈{θ,ϕ}

|r∇Lα(G)eB +α(G)eB |. □

In the same spirit, we have the following identity which is proved in [Bigorgne 2020a, Proposition 3.7,
equation (18)].

Lemma 2.19. For any sufficiently regular 2-form G and any null component ζ ∈ {α, α, ρ, σ },

∀(t, x) ∈ R+ × R3, |ζ(∇t,x G)|(t, x)≲
∑
|γ |≤1

|ζ(LZγ G)|(t, x)
1 + |t − |x ||

+
|LZγ (G)|(t, x)

1 + t + |x |
.

We now illustrate how the previous lemmas can be used in order to obtain improved estimates for the
good null components of the electromagnetic field.

Corollary 2.20. Consider a 2-form G of class C1, a solution to the Maxwell equations (18) with a
continuous source term J. Assume that there exist two constants C[G]> 0 and q > 0 such that,

∀(t, x)∈ R+×R3, (1+t+|x |)|J |(t, x)+
∑
|γ |≤1

|LZγ (G)|(t, x)≤
C[G]

(1+t+|x |)(1+|t−|x ||)q
. (21)

Then, for all (t, x) ∈ R+ × R3,

(|α(G)| + |ρ(G)| + |σ(G)|)(t, x)≲ C[G]


(1 + t + |x |)−1−q if 0< q < 1,
log(3 + t)(1 + t + |x |)−2 if q = 1,
(1 + t + |x |)−2(1 + |t − |x ||)−q+1 if q > 1.

Moreover, if G is merely defined on [0, T [ × R3, T > 0, we have the weaker estimate, for the case q > 1,

∀(t, x) ∈ [0, T [ × R3, (|α(G)| + |ρ(G)| + |σ(G)|)(t, x)≲ C[G](1 + t + |x |)−2 if q > 1.

Proof. Note first that the assumptions give |G|(t, x)≲ (1 + t + |x |)−1−q if 1 + t ≥ 2|x | or |x | ≥ 2(1 + t).
We then fix (t, rω) ∈ R+ × R3 such that 1 + t ≤ 2r ≤ 4(1 + t), ω ∈ S2, and we denote by ζ any of the
null components α, ρ or σ . Consider further

φ(u, u) := ζ(G)
(

u + u
2

,
u − u

2
ω

)
.
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By Lemma 2.17 and (21), we have

|∇∂uφ|(u, u)=
1
2
|∇Lζ(G)|

(
u + u

2
,

u − u
2

ω

)
≲

C[G]

(1 + u)2(1 + |u|)q
.

Now, note that, for t − r ≤ 0,

|ζ(G)|(t, rω)= |φ|(t − r, t + r)= |φ(−t − r, t + r)+
∫

−|t−r |

u=−t−r
∇∂uφ(u, t + r) du|

≲ |ζ(G)|(0, tω+ rω)+
C[G]

(1 + t + r)2

∫
−|t−r |

u=−t−r

du
(1 + |u|)q

.

Similarly, if t − r ≥ 0, we obtain by integrating between u = t − r and t + r ,

|ζ(G)|(t, rω)≲ |ζ(G)|(t + r, 0)+
C[G]

(1 + t + r)2

∫ t+r

u=|t−r |

du
(1 + |u|)q

.

By (21),

|ζ(G)|(t + r, 0)+ |ζ(G)|(0, tω+ rω)≲ C[G](1 + t + r)−1−q

and the first part of the result then follows from the computations of the integrals in the previous two
estimates. For the case q = 1, note that log(1 + t + r)≤ 3 log(3 + t) since r ≤ 2 + 2t .

If G is merely defined on [0, T [ × R3 and t < T, then we cannot apply the previous computations in
the case t ≥ r . Instead, we integrate between u = 0 and t − r in order to get

|ζ(G)|(t, rω)≲ |ζ(G)|
(

t + r
2
,

t + r
2
ω

)
+

C[G]

(1 + t + r)2

∫
|t−r |

u=0

du
(1 + |u|)q

.

It remains to bound |ζ(G)|((t + r)/2, (t + r)ω/2) by the estimate obtained in the region t ≤ r and to
compute the integral in the three different cases. □

Finally, we prove pointwise decay estimates for a solution to the homogeneous wave equation. Since
the Cartesian components Fµν of a solution F to the vacuum Maxwell equations satisfy □Fµν = 0, the
next result will also allow us to estimate such electromagnetic fields.

Proposition 2.21. Let φ be a C2 solution to the free wave equation □φ = 0 such that

Eq
[φ] := sup

x∈R3
⟨x⟩

q
|φ|(0, x)+ sup

x∈R3
⟨x⟩

q+1
|∂t,xφ|(0, x) <+∞, q ≥ 2.

Then, there holds,

∀(t, x) ∈ R+ × R3, |φ|(t, x)≲
Eq

[φ]

(1 + t + |x |)(1 + |t − |x ||)q−1 .

Proof. By Kirchhoff’s formula we have

φ(t, x)=
1

4π t2

∫
|y−x |=t

φ(0, y) dy +
1

4π t

∫
|y−x |=t

y − x
|y − x |

· ∇yφ(0, y)+ ∂tφ(0, y) dy.
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We obtain the result by applying8 [Wei and Yang 2021, Lemma 4.1], which gives that, for any h ∈ C(R3)

such that |h|(x)≤ K0(1 + |x |)−p,∫
|y−x |=t

|h|(y) dy ≤

{
8πK0t2(1 + t + |x |)−1(1 + |t − |x ||)−p+1 if 2 ≤ p < 3,
4πK0t (1 + t + |x |)−1(1 + |t − |x ||)−p+2 if p ≥ 3,

(22)

completing the proof. □

3. Strategy of the proof and the bootstrap assumptions

Let N ≥ 3, Nv ≥ 15, Nx > 7 and consider an initial data set ( f0, F0) satisfying the hypotheses of
Theorem 2.10. By a standard local well-posedness argument, there exists a unique maximal solution
( f, F) to the Vlasov–Maxwell system arising from these data. Let Tmax ∈ R∗

+
∪ {+∞} such that the

solution is defined on [0, Tmax[. By continuity, there exists a largest time 0< T ≤ Tmax and a constant
Cboot> 0, independent of ϵ, such that the following bootstrap assumptions hold. For all (t, x)∈ [0, T [×R3,

∀|γ | ≤ N − 1, |LZγ (F)|(t, x)≤
Cboot3

(1 + t + |x |)(1 + |t − |x ||)
, (BA1)

∀|γ | = N − 1, |∇t,xLZγ (F)|(t, x)≤
Cboot3 log(3 + |t − |x ||)

(1 + t + |x |)(1 + |t − |x ||)2
, (BA2)

∀|β| ≤ N − 2,
∣∣∣∣∫

R3
v

vµ

v0 Ẑβ f (t, x, v) dv
∣∣∣∣ ≤

Cboot3

(1 + t + |x |)3
, 0 ≤ µ≤ 3. (BA3)

The goal consists in improving, for Cboot chosen large enough and if ϵ is small enough, (BA1)–(BA3).
We stress that (BA3) will only be used for the proof of Proposition 3.1, where we improve the pointwise
decay estimates for the good null components of the electromagnetic field.

3.1. Immediate consequences of the bootstrap assumptions. We start by improving, near the light cone,
the estimates for the good null components of the electromagnetic field and its derivatives up to order N −2.

Proposition 3.1. For any |γ | ≤ N − 2 and all (t, x) ∈ [0, T [ × R3, we have

(|α(LZγ F)| + |ρ(LZγ F)| + |σ(LZγ F)|)(t, x)≲
3 log(3 + t)

(1 + t + |x |)2(1 + |t − |x |)γT
,

|α(LZγ F)|(t, x)≲
3

(1 + t + |x |)(1 + |t − |x ||)1+γT
,

where we recall that γT is number of translations ∂xµ composing Zγ .

Proof. Consider |γ | ≤ N − 2 and recall from Proposition 2.4 that LZγ F is solution to the Maxwell
equations (18) with a source term which is a linear combination of J (Ẑβ f ), |β| ≤ N − 2, which are
bounded by the bootstrap assumption (BA3). Hence, by applying Corollary 2.20 and using the bootstrap

8The case 2< p < 3, not considered by [Wei and Yang 2021], can be treated as the case p = 2 since
∫ a

b λ/(1 + λ)p dλ ≤

(1 + b)p−2∫ a
b λ/(1 + λ)2 dλ.
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assumption (BA1), we get

(|α(LZγ F)| + |ρ(LZγ F)| + |σ(LZγ F)|)(t, x)≲3 log(3 + t)(1 + t + |x |)−2,

|α(LZγ F)|(t, x)≲ |LZγ (F)|(t, x)≲3(1 + t + |x |)−1(1 + |t − |x ||)−1.

Now, note that, for any 0 ≤ µ ≤ 3 and Z ∈ K, we have [Z , ∂xµ] = 0 or [Z , ∂xµ] = ±∂xλ for a certain
0 ≤ λ≤ 3. As a consequence, and since L∂xµ = ∇∂xµ , there exists constants Dγ

κ,ξ ∈ N such that

LZγ (F)=
∑

|κ|=γT

∑
|ξ |≤|γ |−γT

Dγ

κ,ξL∂κt,x Z ξ (F)=
∑

|κ|=γT

∑
|ξ |≤|γ |−γT

Dγ

κ,ξ∇
κ
t,xLZ ξ (F). (23)

The result then follows from γT applications of Lemma 2.19. □

In contrast, we have very bad control of the top-order derivatives near the light cone.

Proposition 3.2. For any |γ | = N, there holds,

∀(t, x) ∈ [0, T [ × R3, |LZγ F |(t, x)≲3
log(3 + |t − |x ||)

(1 + |t − |x ||)2+γT
.

If |γ | ≤ N − 1, we have the better estimate,

∀(t, x) ∈ [0, T [ × R3, |LZγ F |(t, x)≲3(1 + t + |x |)−1(1 + |t − |x ||)−1−γT .

Proof. Let |γ | = N, (t, x) ∈ [0, T [ × R3 and note that |LZ G| ≲ (1 + t + r)|∇t,x G| + |G| for any Z ∈ K

and any 2-form G. Consequently, we obtain from the bootstrap assumptions (BA1)–(BA2) that,

|LZγ F |(t, x)≲ (1+t+|x |)
3 log(3+|t−|x ||)

(1+t+|x |)(1+|t−|x ||)2
+

3

(1+t+|x |)(1+|t−|x ||)
≲3

log(3+|t−|x ||)

(1+|t−|x ||)2
.

As previously, when γT ≥ 1, the extra decay in t − r is given by (23) and Lemma 2.19. The case
|γ | ≤ N − 1 is easier and follows from (BA1), (23) and Lemma 2.19. □

3.2. Structure of the proof. The remainder of the paper is divided as follows.

(1) First, in Section 4, we prove that, for any |β| ≤ N, an L∞
x,v norm of Ẑβ f , weighted by powers of v0

and z, grows at most logarithmically in time. Next, we control uniformly in time weighted space averages
of Ẑβ f for any |β| ≤ N − 1. This will allow us to prove, in Section 4.4, decay estimates for

∫
v

Ẑβ f dv
and improve (BA3).

(2) Then, we introduce the Glassey–Strauss decomposition of the electromagnetic field in Section 5.1. It
allows us to improve the bootstrap assumptions (BA1) and (BA2), respectively in Sections 5.3 and 5.4,
thus implying the global existence of the solution ( f, F).

(3) Finally, refining the estimates carried out during the previous steps, we prove our modified scattering
result for the distribution function in Section 6. The scattering result for the electromagnetic field is
treated in Section 7 and will require an additional step, the construction of a scattering map for the vacuum
Maxwell equations.
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Remark 3.3. If one is interested in relaxing the assumptions on Nv and Nx , though it would force us to
either modify the proof or obtain weaker rate of convergences, we give here the precise results where
losses in v0 and z occur.

• Two powers of z are lost in order to close the L∞
x,v estimates in Proposition 4.5; 5 + δ powers of z are

required in order to apply Lemma 4.7 and prove boundedness for
∫

x f dx and its derivatives.

• Three powers of v0 are lost for closing the L∞
x,v estimates, and eight for the pointwise decay estimates

(see Lemma 4.12 and Proposition 4.13). Finally, the Glassey–Strauss decomposition of the derivative of
the Maxwell field requires losing four powers of v0, as suggested by Proposition 5.7 and Corollary 5.8.

Note that the various applications of Proposition 4.11 will not require controlling as many moments of f
as the results mentioned here.

4. Estimates for the distribution function

4.1. Control of the Lorentz force. In view of the structure of the error terms for the commuted Vlasov
equations, given by Proposition 2.4, it is important to obtain precise estimates of the Lorentz force and its
derivatives by exploiting its null structure.

Lemma 4.1. Let |γ | ≤ N − 2 and j ∈ [[1, 3]]. For all (t, x, v) ∈ [0, T [ × R3
x × R3

v, we have

1
v0 |v̂µLZγ (F)µ j

|(t, x)≲
3 log(3 + t)
(1 + t + |x |)2

+
3v̂L

(1 + t + |x |)(1 + |t − |x ||)
.

If γT ≥ 1, then we have the improved estimate

1
v0 |v̂µLZγ (F)µ j

|(t, x)≲
3

(1 + t + |x |)
5
2

+
3v̂L

(1 + t + |x |)(1 + |t − |x ||)2
.

Proof. Recall the definition of the null components of a 2-form (5) and expand v̂µFµ j according to the
null frame (L, L , eθ , eϕ) in order to get

|v̂µFµ j
| = |v̂L FL

j
+ v̂L FL

j
+ v̂eθ Feθ

j
+ v̂eϕ Feϕ

j
|

≲ v̂L(|α(F)| + |ρ(F)|)+ v̂L(|ρ(F)| + |α(F)|)+ |v̂|(|σ(F)| + |α(F)| + |α(F)|). (24)

Since v̂L , v̂L , |v̂| ≤ 1 and |v̂| + |v0
|
−1

≤ 2
√
v̂L by Lemma 2.5, we obtain

1
v0 |v̂µFµ j

| ≲
√

v̂L(|α(F)| + |ρ(F)| + |σ(F)|)+ v̂L
|α(F)|. (25)

Note that the same applies to LZγ (F), |γ | ≤ N −2, so that the first estimate follows from Proposition 3.1.
Assume now that γT ≥ 1 and apply once again (25) to LZγ F together with Proposition 3.1. We obtain

1
v0 |v̂µLZγ (F)µ j

|(t, x)≲
3 log(3 + t)

√
v̂L

(1 + t + |x |)2(1 + |t − |x ||)
+

3v̂L

(1 + t + |x |)(1 + |t − |x ||)2

≲3
log2(3 + t)
(1 + t + |x |)3

+
3v̂L

(1 + t + |x |)(1 + |t − |x ||)2
,

which implies the result. □
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If N −1 ≤ |γ | ≤ N, we do not have improved estimates on the null components of the electromagnetic
field. Moreover, if |γ | = N and γT = 0, we have a very bad control of LZγ F near the light cone. The
idea then is to transform decay in t − r into decay in t + r at the cost of powers of z and v0.

Lemma 4.2. Consider |γ | ≤ N and j ∈ [[1, 3]]. Then, for all (t, x, v) ∈ R+ × R3
x × R3

v,

1
v0 |v̂µLZγ (F)µ j

|(t, x)≲
1
v0 |LZγ F |(t, x)≲3

log(3 + t + |x |)

(1 + t + |x |)2
|v0

|
3z2(t, x, v),

and, if γT ≥ 1,

1
v0 |v̂µLZγ (F)µ j

|(t, x)≲
1
v0 |LZγ F |(t, x)≲3

log(3 + t + |x |)

(1 + t + |x |)3
|v0

|
3z2(t, x, v).

Proof. Recall from Lemma 2.6 that (1 + t + r)2 ≲ (1 + |t − r |)2|v0
|
4z2. The first estimate then follows

from Proposition 3.2 and the second one from (BA2) together with (23). □

Remark 4.3. If |γ | ≤ N −1, we have |LZγ F |(t, x)≲3(1+ t +|x |)−2
|v0

|
2z(t, x, v). If |γ | ≤ N −2, by

combining Lemmas 2.5 and 4.1, we could even save a power of |v0
|
3z in the first estimate of the Lorentz

force and then avoid any loss in v.

4.2. Pointwise bounds for f and its derivatives. As explained in Section 2.8.2, the main difficulties here
are related to the weak decay rate of the electromagnetic field. We deal with them by exploiting several
hierarchies in the commuted equations and by taking advantage of the null structure of the Lorentz force.
Our approach, based on the method of characteristics, will require various applications of the following
result.

Lemma 4.4. Let g : [0, T [×R3
x ×R3

v → R+ and h : [0, T [×R3
x ×R3

v → R+ be two nonnegative sufficiently
regular functions such that, for all (t, x, v) ∈ [0, T [ × R3

x × R3
v,

|TF (g)|(t, x, v)≤
Cg

(1 + t) log2(3 + t)
g +

Cg v̂
L

(1 + |t − |x ||) log2(3 + |t − |x ||)
g +

1

(1 + t) log2(3 + t)
h

for some constant Cg > 0. Then,

∀(t, x, v) ∈ [0, T [ × R3
x × R3

v, |g|(t, x, v)≤ (∥g(0, · , · )∥L∞
x,v

+ 3∥h∥L∞
t,x,v )e

6Cg .

Proof. Fix, for all of this proof, (x, v) ∈ R3
x × R3

v and denote by t 7→ (X t , Vt) the characteristic of the
operator TF = ∂t + v̂i∂x i + v̂µFµ j∂v j satisfying,

∀ 1 ≤ j ≤ 3, Ẋ j
t = V̂ j

t , V̇ j
t = V̂ µ

t Fµ j (t, X t), X0 = x, V0 = v.

According to the Duhamel formula, we have,

∀t ∈ [0, T [, g(t, X t , Vt)= g(0, x, v)+
∫ t

s=0
TF (g)(s, Xs, Vs) ds.

We are then lead to introduce the two functions

ψ1(s) := (1 + s)−1 log−2(3 + s), ψ2(s) := v̂L(Xs)(1 + |s − |Xs ||)
−1 log−2(3 + |s − |Xs ||).
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In view of the expression of TF (g), we have, for all t ∈ [0, T [,

g(t, X t , Vt)≤ ∥g(0, · , · )∥L∞
x,v

+ ∥h∥L∞
t,x,v

∫ t

s=0
ψ1(s) ds +

∫ t

s=0
Cg(ψ1(s)+ψ2(s))g(s, Xs, Vs) ds.

Consequently, Grönwall’s inequality and∫
+∞

s=0
ψ1(s) ds =

∫
+∞

s=0

ds

(1 + s) log2(3 + s)
≤

∫
+∞

s=0

3 ds

(3 + s) log2(3 + s)
≤

3
log(3)

≤ 3

yield,

∀t ∈ [0, T [, sup
0≤s≤t

g(s, Xs, Vs)≤ (∥g(0, · , · )∥L∞
x,v

+ 3∥h∥L∞
t,x,v ) exp

(
3Cg + Cg

∫ t

s=0
ψ2(s) ds

)
.

It remains us to estimate the integral of ψ2. For this, we will perform a change of variables reflecting that
the Vlasov operator reads, in the coordinate system (u, x, v), where u = t − |x |,

TF = ∂u − v̂i xi

|x |
∂u + v̂i∂x i + v̂µFµ j∂v j = 2v̂L∂u + v̂i∂x i + v̂µFµ j∂v j .

As v̂L > 0 by Lemma 2.5, we can then parametrize t 7→ (X t , Vt) by the variable u. Hence, we perform
the change of variables ũ(s)= s − |Xs |, so that ũ′(s)= 2V̂ L(Xs) > 0 and∫ t

s=0
ψ2(s) ds =

∫ ũ(t)

u=t−|x |

du

2(1 + |u|) log2(3 + |u|)
≤

∫
u∈R

du

2(1 + |u|) log2(3 + |u|)
≤ 3. □

We are now able to prove that quantities such as z Ẑβ f are almost uniformly bounded in phase space.
We recall that for a multi-index β, the number of homogeneous vector fields (respectively translations)
composing Ẑβ is denoted by βH (respectively βT ).

Proposition 4.5. There exists D > 0, depending only on (N , Nv, Nx), such that the following estimates
hold. For all (t, x, v) ∈ [0, T [ × R3

x × R3
v,

∀ 0 ≤ q ≤ Nx , |β| ≤ N − 2, |v0
|
Nv |zq Ẑβ f |(t, x, v)≲ ϵeD3 log3q+3βH (3 + t), (26)

∀ 0 ≤ q ≤ Nx − 2, |β| ≤ N , |v0
|
Nv−3

|zq Ẑβ f |(t, x, v)≲ ϵeD3 log3q+3βH (3 + t). (27)

Throughout this paper, it will be convenient to work with ϵ̄ := ϵe(D+1)3.

Proof. For simplicity, we assume here that N ≥ 4 and we sketch the proof of the case N = 3 in Remark 4.6
below. Note further that, by interpolation, it suffices to deal with the cases q ∈ {0, Nx} for (26) and
q ∈ {0, Nx − 2} for (27). Motivated by the analysis of the toy model carried out in Section 2.8.2, we
introduce the following hierarchized norms in order to deal with nonintegrable error terms and still obtain
satisfying estimates if the electromagnetic field is large. Consider, for (N0, p, q)= (N − 2, Nv, Nx) or
(N , Nv − 3, Nx − 2),

E
p,q
N0

[ f ](t, x, v) :=

∑
|β|≤N0

|v0
|

p
|Ẑβ f |(t, x, v)

log3βH (3 + t)
+

|v0
|

p
|zq Ẑβ f |(t, x, v)

log3q+3βH (3 + t)
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and let us prove that, for all (t, x, v) ∈ [0, T [ × R3
x × R3

v,

TF (E
Nv,Nx
N−2 [ f ])(t, x, v)≲

3E[ f ]
Nv,Nx
N−2 (t, x, v)

(1 + t) log2(3 + t)
+

3v̂L(x)E[ f ]
Nv,Nx
N−2 (t, x, v)

(1 + |t − |x ||) log2(3 + |t − |x ||)
, (28)

TF (E
Nv−3,Nx−2
N [ f ])(t, x, v)≲

3E
Nv−3,Nx−2
N [ f ](t, x, v)

(1 + t) log2(3 + t)

+
3v̂L(x)ENv−3,Nx−2

N [ f ]

(1 + |t − |x ||) log2(3 + |t − |x ||)
+
3E

Nv,Nx
N−2 [ f ](t, x, v)

(1 + t) log2(3 + t)
. (29)

We are able to apply TF to these energy norms since TF (|h|) = TF (h)(h/|h|) almost everywhere for
any h ∈ W 1,1

loc . The result would then follow from two applications of Lemma 4.4. Fix now (t, x, v) ∈

[0, T [ × R3
x × R3

v as well as either |β| ≤ N − 2, p = Nv and a ∈ {0, Nx} or |β| ≤ N, p = Nv − 3 and
a ∈ {0, Nx − 2}. Note then, since TF (log−1(3 + t)) < 0, that

TF

(
|v0

|
p za

|Ẑβ f |

log3a+3βH (3 + t)

)
≤ pTF (v

0)
|v0

|
p−1za

|Ẑβ f |

log3a+3βH (3 + t)

+ aTF (z)
|v0

|
p za−1

|Ẑβ f |

log3a+3βH (3 + t)
+ TF (Ẑβ f )

Ẑβ f
|Ẑβ f |

|v0
|

p za

log3a+3βH (3 + t)
. (30)

It is important to note that the second term on the right-hand side vanishes if a = 0. We start by dealing
with the first two terms on the right-hand side since the last one requires a more thorough analysis. As
|∇vv

0
| ≤ 1, we obtain, by applying Lemma 4.1,

1
v0 |TF (v

0)|(t, x, v)=
1
v0 |v̂µFµ j∂v j (v0)|(t, x)≲

3 log(3 + t)
(1 + t + |x |)2

+
3v̂L

(1 + t + |x |)(1 + |t − |x ||)
, (31)

so that

|TF (v
0)|

|v0
|

p−1
|za Ẑβ f |(t, x, v)

log3a+3βH (3 + t)
≲

(
3

(1 + t)
3
2

+
3v̂L

(1 + t)(1 + |t − |x ||)

)
|v0

|
p
|za Ẑβ f |(t, x, v)

log3a+3βH (3 + t)
. (32)

Next, recall from (11) the identity v̂µ∂xµ(z)= 0 and note that |∇v z|≲ (t +r)/v0. We get, using Lemma 4.1,

|TF (z)|(t, x, v)≲
∑

1≤ j≤3

t + |x |

v0 |v̂µFµ j (t, x)| ≲
3 log(3 + t)
1 + t + |x |

+
3v̂L

1 + |t − |x ||
.

Using Young inequality for products, we obtain, if a ̸= 0,

za−1

log3a(3 + t)
≤

a − 1

a log3(3 + t)

za

log3a(3 + t)
+

1

a log3(3 + t)
.

We then deduce that

a|TF (z)|
|v0

|
p za−1

|Ẑβ f |

log3a+3βH (3 + t)

≲

(
3

(1 + t) log2(3 + t)
+

3v̂L

(1 + |t − |x ||) log3(3 + t)

)(
|v0

|
p
|Ẑβ f |

log3βH (3 + t)
+

|v0
|

p za
|Ẑβ f |

log3a+3βH (3 + t)

)
. (33)
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We now focus on the last term in (30). The first step consists in applying the commutation formula of
Proposition 2.4 and noting that v0∂vi = �̂0i − t∂x i − x i∂t . We can then bound

|TF (Ẑβ f )||v0
|

p za log−3a−3βH (3 + t)

by a linear combination of terms of the following form. The good ones, which are strongly decaying and
can then be easily handled,

G p,a
γ,κ :=

1
v0 |v̂µLZγ (F)µ j

|
|v0

|
p za

|�̂0 j Ẑκ f |

log3a+3βH (3 + t)
, |γ | + |κ| ≤ |β|, |κ| ≤ |β| − 1, (34)

and the bad ones,

B p,a
γ,κ := (t + r) sup

1≤ j≤3

1
v0 |v̂µLZγ (F)µ j

|
|v0

|
p za

|∂t,x Ẑκ f |

log3a+3βH (3 + t)
,

{
γH + κH ≤ βH ,

κH = βH =⇒ γT ≥ 1,
(35)

where, again, |γ | + |κ| ≤ |β| and |κ| ≤ |β| − 1. We emphasize that Ẑ ξ := ∂t,x Ẑκ is composed of the
same number of homogeneous vector fields as Ẑκ, so that ξH = κH . In contrast, Ẑ ζ := �̂0 j Ẑκ satisfies
ζH = κH + 1. Moreover, �̂0 j Ẑκ and ∂t,x Ẑκ are of order at most |β|.

Consider first the case |β| ≤ N −2, so that p = Nv and a ∈ {0, Nx}, and fix two multi-indices |γ | ≤ |β|,
|κ| ≤ |β| − 1. Then, according to Lemma 4.1, we have

GNv,a
γ,κ ≲3

(
log(3 + t)
(1 + t + |x |)2

+
v̂L

(1 + t + |x |)(1 + |t − |x |)

)
|v0

|
Nv |za�̂0 j Ẑκ f |(t, x, v)

log3a+3βH (3 + t)

≲

(
3

(1 + t)
3
2

+
3v̂L

(1 + t)
1
2 (1 + |t − |x |)

)
|v0

|
Nv |za�̂0 j Ẑκ f |(t, x, v)

log3a+3(κH +1)(3 + t)
. (36)

We now focus on BNv,a
γ,κ and we start by treating the case κH = βH and γT ≥ 1. Applying once again

Lemma 4.1, we get

BNv,a
γ,κ ≲ (t + |x |)

(
3

(1 + t + |x |)
5
2

+
3v̂L

(1 + t + |x |)(1 + |t − |x |)2

)
|v0

|
Nv |za∂t,x Ẑκ f |

log3a+3βH (3 + t)

≤

(
3

(1 + t)
3
2

+
3v̂L

(1 + |t − |x |)2

)
|v0

|
Nv |za∂t,x Ẑκ f |

log3a+3κH (3 + t)
. (37)

Otherwise κH ≤ βH − 1, so necessarily βH ≥ 1, and

BNv,a
γ,κ ≲ (t + |x |)

(
3 log(3 + t)
(1 + t + |x |)2

+
3v̂L

(1 + t + |x |)(1 + |t − |x |)

)
|v0

|
Nv |za∂t,x Ẑκ f |

log3a+3βH (3 + t)

≤

(
3

(1 + t) log2(3 + t)
+

3v̂L

(1 + |t − |x |) log3(3 + t)

)
|v0

|
Nv |za∂t,x Ẑκ f |

log3a+3κH (3 + t)
. (38)

We obtain from (30)–(33) and (36)–(38),

TF

(
|v0

|
Nv za

|Ẑβ f |

log3a+3βH (3 + t)

)
≲
3E

Nv,Nx
N−2 [ f ](t, x, v)

(1 + t) log2(3 + t)
+
3v̂L(x)ENv,Nx

N−2 [ f ](t, x, v)

(1 + |t − |x ||) log2(3 + t)
+
3v̂L(x)ENv,Nx

N−2 [ f ](t, x, v)

(1 + |t − |x ||)2
.
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As |t − r | ≳ t for r ≥ 2t and t ≥ |t − r | otherwise, we have

(1 + |t − r |)−1 log−2(3 + t)≲ (1 + t)−1 log−2(3 + t)+ (1 + |t − r |)−1 log−2(3 + |t − r |) (39)

and we then deduce that (28) holds. Lemma 4.4 then implies (26).
Assume now that N − 1 ≤ |β| ≤ N, p = Nv − 3 and a ∈ {0, Nx − 2}. We fix two multi-indices γ , κ

verifying |γ | + |κ| ≤ |β|, |κ| ≤ |β| − 1 and we consider two cases.

Case 1: |γ | ≤ N −2. The Lorentz force can still be estimated using Lemma 4.1. One can then follow the
analysis carried out in (36)–(39) and obtain

GNv−3,a
γ,κ , BNv−3,a

γ,κ ≲
3E

Nv−3,Nx−2
N [ f ](t, x, v)

(1 + t) log2(3 + t)
+

3v̂L(x)ENv−3,Nx−2
N [ f ](t, x, v)

(1 + |t − |x ||) log2(3 + |t − |x ||)
, (40)

where the term BNv−3,a
γ,κ is of course merely defined when γT and κH satisfy the condition given in (35).

Case 2: N − 1 ≤ |γ | ≤ N. Then, as N ≥ 4, we have |κ| ≤ 1 so that we will be able to control the
terms (34)–(35) using (26). In particular, we are allowed to lose two powers of |v0

|
2z in the upcoming

estimates in order to deal with the weak decay rate of LZγ F near the light cone. More precisely, using
first Lemma 4.2 and then a + 2 ≤ Nx ,

GNv−3,a
γ,κ ≲

3 log(3 + t + |x |)

(1 + t + |x |)2
|v0

|
3z2(t, x, v)

|v0
|
Nv−3

|za�̂0 j Ẑκ f |(t, x, v)

log3a+3βH (3 + t)

≲
3

(1 + t)
3
2

|v0
|
Nv |zNx �̂0 j Ẑκ f |(t, x, v)

log3Nx+3(κH +1)(3 + t)
.

Next, consider the terms (35) and assume first that γT ≥ 1. In that case, BNv−3,a
γ,κ can be easily handled

since it is strongly decaying. Indeed, using again Lemma 4.2, we get

BNv−3,a
γ,κ ≲ (t + |x |)

3 log(3 + t + |x |)

(1 + t + |x |)3
|v0

|
3z2(t, x, v)

|v0
|
Nv−3

|za∂t,x Ẑκ f |(t, x, v)

log3a+3βH (3 + t)

≲
3

(1 + t)
3
2

|v0
|
Nv |zNx ∂t,x Ẑκ f |(t, x, v)

log3Nx+3κH (3 + t)
.

Finally, if γT = 0, we necessarily have γH = |γ | ≥ N −1 ≥ 3. Since βH ≥ γH +κH , we have κH ≤ βH −3,
so that 3a + 3βH ≥ 3(a + 2)+ 3κH + 3. Thus, Lemma 4.2 yields

BNv−3,a
γ,κ ≲ (t + |x |)

3 log(3 + t + |x |)

(1 + t + |x |)2
|v0

|
3z2(t, x, v)

|v0
|
Nv−3

|za∂t,x Ẑκ f |(t, x, v)

log3a+3βH (3 + t)

≲
3

(1 + t) log2(3 + t)

|v0
|
Nv |za+2∂t,x Ẑκ f |(t, x, v)

log3(a+2)+3κH (3 + t)
.

We then deduce that, in this case,

GNv−3,a
γ,κ , BNv−3,a

γ,κ ≲
3

(1 + t) log2(3 + t)
E

Nv,Nx
N−2 [ f ](t, x, v).

The estimate (29) ensues from (40) and this last inequality. To conclude the proof, it then remains to
apply again the previous Lemma 4.4. □
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Remark 4.6. If N = 3, the proof of Proposition 4.5 requires an additional step. Once the estimate for
E

Nv,Nx
N−2 [ f ] is proved, we need to control the intermediary norm E

Nv−1,Nx−1
N−1 [ f ]. For this, compared to the

treatment of E
Nv−3,Nx−2
N [ f ] carried out during the proof of Proposition 4.5, there are two differences.

• First, we can exploit the much stronger decay estimate satisfied by the derivatives of order N − 1 of
the electromagnetic field than that on its top-order ones (see Proposition 3.2). This explains why we can
propagate higher moments for the derivatives of order N − 1 of f than for the top-order ones.

• Moreover, for controlling sufficiently well BNv−1,0
γ,κ and BNv−1,Nx−1

γ,κ in the case βH = κH , we can
prove, through a direct application of Lemma 2.17, that the good null components of LZγ (F) still satisfy
improved estimates when |γ | = N − 1 and γT ≥ 1.

Finally, in order to bound uniformly in time E
Nv−3,Nx−2
N [ f ], the analysis of the terms (34)–(35) is slightly

more technical. It is necessary to consider three cases (|γ | ≤ N − 2, |γ | = N − 1 as well as |γ | = N ) and
to use the estimates on the first two energy norms.

4.3. Uniform boundedness of the spatial averages. We start by a preparatory result, which will also be
useful later in Section 6. Recall the constant ϵ̄ := ϵe(D+1)3 introduced in Proposition 4.5.

Lemma 4.7. For any |β| ≤ N − 1, we have,

∀(t, v) ∈ [0, T [ × R3
v, |v0

|
Nv−6

∣∣∣∣∂t

∫
R3

x

Ẑβ f (t, x, v) dx
∣∣∣∣ ≲ ϵ̄ log3Nx+3N (3 + t)

(1 + t)2
.

Proof. Fix |β| ≤ N − 1, t ∈ [0, T [ and v ∈ R3
v. Integrating the commutation formula of Proposition 2.4

for Ẑβ f and performing integration by parts in x gives

∂t

∫
R3

x

Ẑβ f (t, x, v) dx = −

∫
R3

x

v̂µFµ j∂v j Ẑβ f (t, x, v) dx

+

∑
|γ |+|κ|≤|β|

Cβ
γ,κ

∫
R3

x

v̂µLZγ (F)µ j∂v j Ẑκ f (t, x, v) dx .

Now, we write

v0∂v j = �̂0 j − x j∂t − t∂x j = �̂0 j − (x j
− v̂ j t)∂t − v j S + v j x i∂x i − t∂x j , |x j

− v̂ j t | ≤ z,

so that, integrating once again by parts,∣∣∣∣∂t

∫
R3

x

Ẑβ f (t, x, v) dx
∣∣∣∣ ≲ ∑

|γ |+|κ|≤|β|+1
|γ |≤|β|

sup
1≤ j≤3

∫
R3

x

1
v0 |v̂µLZγ (F)µ j (t, x)||z Ẑκ f |(t, x, v) dx

+

∫
R3

x

t + |x |

v0 |v̂µ∇t,xLZγ (F)µ j (t, x)||Ẑκ f |(t, x, v) dx .

According to the bootstrap assumptions (BA1)–(BA2) and Lemma 2.6, we have

|LZγ (F)µ j (t, x)| ≲3(1 + t + |x |)−2
|v0

|
2z,

|∇t,xLZγ (F)µ j (t, x)| ≲3 log(3 + t + |x |)(1 + t + |x |)−3
|v0

|
4z2,
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so that∣∣∣∣∂t

∫
R3

x

Ẑβ f (t, x,v)dx
∣∣∣∣≲3 ∑

|κ|≤|β|+1

∫
R3

x

log(3+t+|x |)

(1+t+|x |)2
|v0

|
3
|z2 Ẑκ f |(t, x,v)dx

≤3 sup
|κ|≤|β|+1

sup
x∈R3

(
log(3+t+|x |)

(1+t+|x |)2
|v0

|
3
|zNx−2 Ẑκ f |(t, x,v)

)∫
R3

x

dx
zNx−4(t, x,v)

.

Note then that, in view of (11) and Nx > 7,∫
R3

x

dx
zNx−4(t, x, v)

≤

∫
R3

x

dx
(1 + |x − v̂t |)Nx−4 =

∫
y∈R3

dy
(1 + |y|)Nx−4 <+∞.

Then, multiply both sides of the inequality by |v0
|
Nv−6 and bound above the right-hand side by applying

Proposition 4.5. It remains to use 3ϵeD3
≤ ϵe(D+1)3

= ϵ̄. □

Remark 4.8. If |β| ≤ N −3, by using the estimates of the Lorentz force provided by Lemma 4.1, we can
even prove |v0

|
Nv

∣∣∂t
∫

x Ẑβ f dv
∣∣ ≲ ϵ̄(1 + t)−2 log−3Nx−3N (3 + t).

Note now that
∣∣∫

x Ẑβ f (0, x, v) dx
∣∣ ≤ 2 supx |z4 Ẑβ f |(0, x, v)≤ 2ϵ. Hence, by integrating in time the

inequality of the previous Lemma 4.7, we obtain, for any |β| ≤ N − 1,

∀(t, v) ∈ [0, T [ × R3
v, |v0

|
Nv−6

∣∣∣∣∫
R3

x

Ẑβ f (t, x, v) dx
∣∣∣∣ ≲ ϵ+ ϵ̄

∫ t

τ=0

log3Nx+3N (3 + τ)

(1 + τ)2
dτ ≲ ϵ̄.

It directly implies the following result.

Corollary 4.9. Let |β| ≤ N − 1 and ψ : S2
ω × R3

v → R be a function such that ∥ψ( · , v)∥L∞
ω
≲ |v0

|
Nv−6.

Then, for any ω ∈ S2,

∀(t, v) ∈ [0, T [ × R3
v,

∣∣∣∣ψ(ω, v) ∫
R3

x

Ẑβ f (t, x, v) dx
∣∣∣∣ ≲ ϵ̄.

We allowed the function ψ to depend on a parameter ω ∈ S2 in order to prove optimal decay estimates
on certain elements of the Glassey–Strauss decomposition of the electromagnetic field, defined as integral
kernels.

4.4. Pointwise decay estimates for velocity averages. We prove here that the decay rate of
∫
v

Ẑβ f dv,
for |β| ≤ N − 1, coincides with the one of the linear setting. In particular, we improve the bootstrap
assumption (BA3). The starting point consists of performing the change of variables y = x − t v̂. For this,
recall Lemma 2.9 and that y 7→ y̌ is the inverse function of v 7→ v̂.

Lemma 4.10. Let g : [0, T [ × R3
x × R3

v → R be a sufficiently regular function. Then,

∀(t, x) ∈ [0, T [ × R3, t3
∫

R3
v

g(t, x − v̂t, v) dv =

∫
|y−x |<t

(|v0
|
5g)

(
t, y,

­x − y
t

)
dy.

This change of variables is motivated by the linear case. Any regular solution to the relativistic transport
equation ∂t h + v̂ · ∇x h = 0 is constant along the timelike straight lines, h(t, x + v̂t, v)= h(0, x, v). The
previous lemma, applied for g(t, x, v)= h(0, x, v), then leads to

∫
v

h(t, x, v) dv ≲ t−3.
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As a first step, we control
∫
v
|Ẑβ f | dv for any |β| ≤ N, which has a slightly slower decay rate than in

the linear case in the interior of the light cone. These estimates will also be useful on their own.

Proposition 4.11. Let |β| ≤ N and 0 ≤ a ≤ Nx − 6. Then, the following properties hold.

• Almost optimal pointwise decay estimate,

∀(t, x) ∈ [0, T [ × R3
x ,

∫
R3
v

|v0
|
Nv−8

|za Ẑβ f |(t, x, v) dv ≲ ϵ̄
log3Nx+3N (3 + t)

(1 + t)3
.

• Improved decay estimates near and in the exterior of the light cone,

∀|x | ≤ t < T,
∫

R3
v

|v0
|
Nv−8−2a

|Ẑβ f |(t, x, v) dv ≲ ϵ̄ log3Nx+3N (3 + t)
(1 + t − |x |)a

(1 + t)3+a ,

∀ t < sup(|x |, T ),
∫

R3
v

|v0
|
Nv−8−2a

|Ẑβ f |(t, x, v) dv ≲ ϵ̄
log3Nx+3N (3 + t)
(1 + t + |x |)3+a .

Proof. Fix |β| ≤ N, (t, x) ∈ [0, T [ × R3
x and 0 ≤ a ≤ Nx − 6. If t ≤ 1, we have by Proposition 4.5,∫

R3
v

|v0
|
Nv−7

|za Ẑβ f |(t, x, v) dv ≲ sup
v∈R3

|v0
|
Nv−3

|zNx−6 Ẑβ f |(t, x, v)
∫

R3
w

dw
⟨w⟩4 ≲ ϵ̄.

Assume now, unless T ≤1, that t ≥1 and introduce the function g(t, x, v) := |v0
|
Nv−8

|za Ẑβ f |(t, x+t v̂, v).
Applying the previous Lemma 4.10 to g, we get

t3
∫

R3
v

|v0
|
Nv−8

|za Ẑβ f |(t, x, v) dv ≤

∫
|y−x |<t

sup
v∈R3

|v0
|
5g(t, y, v) dy

≤ sup
(y,v)∈R3×R3

|v0
|
5
⟨y⟩

4g(t, y, v)
∫

R3
y

dy
⟨y⟩4 .

Using now Lemma 2.8 and then Proposition 4.5, we obtain

t3
∫

R3
v

|v0
|
Nv−8

|za Ẑβ f |(t, x, v) dv ≤ sup
(y,v)∈R3×R3

|v0
|
Nv−3

|za+4 Ẑβ f |(t, y, v)≲ ϵ̄ log3a+12+3N (3 + t).

This concludes the proof of the first estimate, which, together with Lemma 2.6, implies the second one as
well as the last one in the region t < |x | ≤ 2t . If |x | ≥ 2t , note that z ≳ 1 +|x − t v̂| ≳ 1 + t +|x |, so that∫

R3
v

|v0
|
Nv−7

|Ẑβ f |(t, x, v) dv ≲ (1 + t + |x |)−Nx+2 sup
(y,v)∈R3×R3

|v0
|
Nv−3

|zNx−2 Ẑβ f |(t, y, v)
∫

R3
w

dw
⟨w⟩4 .

It remains to apply Proposition 4.5. □

Our goal now is to remove the logarithmic loss of the estimate of
∫
v

Ẑβ f dv provided by Proposition 4.11.
Since our analysis will rely on the following result, we will not be able to deal with top-order derivatives.
We recall that Nx − 3> 4.

Lemma 4.12. Let g : [0, T [ × R3
x × R3

v → R be a sufficiently regular function. Then, for all |x |< t < T,∣∣∣∣t3
∫

R3
v

g(t, x−v̂t,v)dv−
∫

y∈R

(|v0
|
5g)

(
t, y,

qx
t

)
dy

∣∣∣∣≲ 1
t

sup
(y,v)∈R3×R3

⟨y⟩
Nx−3(|v0

|
7
|g|+|v0

|
8
|∇vg|)(t, y,v).
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Proof. According to Lemma 4.10, we have

t3
∫

R3
v

g(t, x − v̂t, v) dv−

∫
y∈R

g
(

t, y,
qx
t

)
dv = I1 + I2,

where

I1 :=

∫
|x−y|<t

(|v0
|
5g)

(
t, y,

­x − y
t

)
dy −

∫
|x−y|<t

(|v0
|
5g)

(
t, y,

qx
t

)
dy,

I2 := −

∫
|x−y|≥t

(|v0
|
5g)

(
t, y,

qx
t

)
dy.

Since, by Lemma 2.9, we have |∇y y̌| ≲
√

1 − |y|2
−3

= ⟨y̌⟩
3
= |v0

|
3(y̌), the mean value theorem gives us∣∣∣∣(|v0

|
5g)

(
t, y,

­x − y
t

)
− (|v0

|
5g)

(
t, y,

qx
t

)∣∣∣∣ ≲ |y|

t
sup
v∈R3

|v0
|
7
|g|(t, y, v)+ |v0

|
8
|∇vg|(t, y, v).

Consequently,

|I1| ≲
1
t

sup
(y,v)∈R3×R3

⟨y⟩
Nx−3(|v0

|
7
|g|(t, y, v)+ |v0

|
8
|∇vg|(t, y, v))

∫
|x−y|<t

dy
⟨y⟩Nx−4 , Nx − 4> 3.

In order to bound I2 recall that |x |< t and note that, for v = }x/t and any y ∈ R such that |y − x | ≥ t ,

1 = |v0
|
2
(

1 −
|x |

2

t2

)
≤ |v0

|
2 |y|(t + |x |)

t2 ≤ 2
|y||v0

|
2

t
.

We then finally deduce that

|I2| ≤
2
t

∫
|y−x |≥t

(|v0
|
7g)

(
t, y,

qx
t

)
⟨y⟩

Nx−3

⟨y⟩Nx−4 dy ≤
4
t

sup
(y,v)∈R3×R3

|v0
|
7
⟨y⟩

Nx−3
|g|(t, y, v). □

We are able to prove that the decay of quantities such as
∫
v

Ẑβ f dv is optimal. We state a general
result since we will later have to deal with integral kernels.

Proposition 4.13. Let |β| ≤ N − 1 and 9 : S2
ω × R3

v → R be a sufficiently regular function such that
∥9( · , v)∥L∞

ω
+ ∥v0

∇v9( · , v)∥L∞
ω
≲ |v0

|
Nv−11. Then, for any ω ∈ S2,

∀(t, x) ∈ [0, T [ × R3
x ,

∣∣∣∣∫
R3
v

9(ω, v)Ẑβ f (t, x, v) dv
∣∣∣∣ ≲ ϵ̄

(1 + t + |x |)3
.

Proof. Assume first that |x | ≤ t ≤ 1 or |x | ≥ t . Then, as |9|( · , v)≲ |v0
|
Nv−9, it suffices to use the first or

the third estimate of Proposition 4.11, applied for a =
1
2 . Otherwise t >max(1, |x |) and we introduce, for

any ω ∈ S2, gω(t, x, v) = 9(ω, v)Ẑβ f (t, x + t v̂, v). Using first Lemma 2.8 and then Proposition 4.5,
we have

sup
(y,v)∈R3×R3

⟨y⟩
Nx−3(|v0

|
7
|gω| + |v0

|
8
|∇vgω|)(t, y, v)

≲ sup
(y,v)∈R3×R3

|∇v9|(ω, v)|v0
|
8
|zNx−3 Ẑβ f |(t, y, v)+

∑
|κ|≤1

|9|(ω, v)|v0
|
7
|zNx−2 Ẑκ Ẑβ f |(t, y, v)

≲
∑

|ξ |≤N

sup
(y,v)∈R3×R3

|v0
|
Nv−3

|zNx−2 Ẑ ξ f |(t, y, v)≲ ϵ̄ log3Nx+3N (3 + t). (41)
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Now, apply Lemma 4.12 to gω in order to get,

∀ω ∈ S2, t3
∣∣∣∣∫

R3
v

9(ω, v)Ẑβ f (t, x, v) dv
∣∣∣∣ ≲ ∣∣∣∣∫

R3
y

(|v0
|
5gω)

(
t, y,

qx
t

)
dy

∣∣∣∣ + ϵ̄ log3Nx+3N (3 + t)
t

.

As t ≥ 1, it remains to bound by ϵ̄ the first term on the right-hand side. For this, perform the change of
variables z = y − t v̂ and apply Corollary 4.9 with ψ(ω, v)= |v0

|
59(ω, v). □

The next result is a direct application of the previous proposition to 9(ω, v)= vµ/v0 for any 0 ≤µ≤ 3.

Corollary 4.14. For any |β| ≤ N − 1, the decay of the current density J (Ẑβ f ) is optimal. There exists a
constant C > 0 independent of ϵ such that,

∀(t, x) ∈ [0, T [ × R3
x ,

∣∣∣∣∫
R3
v

vµ

v0 Ẑβ f (t, x, v) dv
∣∣∣∣ ≤

C ϵ̄
(1 + t + |x |)3

, 0 ≤ µ≤ 3.

If ϵ satisfies C ϵ̄ = Cϵe(D+1)3 < Cboot3, it improves the bootstrap assumption (BA3).

4.5. Improved estimates for derivatives of velocity averages. In the linear case, derivatives of averages
in v, such as ∂t,x

∫
v

f dv, enjoy stronger decay properties. Our study of the top-order derivatives of the
electromagnetic field will require the following improved estimates.

Proposition 4.15. Let |β| ≤ N − 1, µ ∈ [[0, 3]] and 8 : S2
× R3

v → R be a sufficiently regular function
such that ∥8( · , v)∥L∞

ω
+ ∥v0

∇v8( · , v)∥L∞
ω
≲ |v0

|
Nv−10. Then, for any ω ∈ S2,

∀(t, x) ∈ [0, T [ × R3
x ,

∣∣∣∣∫
R3
v

8(ω, v)∂xµ Ẑβ f (t, x, v) dv
∣∣∣∣ ≲ ϵ̄ log3Nx+3N (3 + t)

(1 + t + |x |)4
.

Proof. Let (t, x) ∈ [0, T [×R3
x and note that, if |x | ≥ t −1, the result is given by Proposition 4.11, applied

for a = 1. We then consider the case t −|x | ≥ 1. Using (20) together with t�i j = (x i/r)�0 j − (x j/r)�0i ,
one has

Iβt,x := |t − |x ||

∣∣∣∣∫
R3
v

8(ω, v)∂xµ Ẑβ f (t, x, v) dv
∣∣∣∣ ≤

∑
Z∈K

∣∣∣∣∫
R3
v

8(ω, v)Z Ẑβ f (t, x, v) dv
∣∣∣∣.

Fix now Z ∈ K. If Z is a translation ∂xµ or if Z = S, then Z ∈ P̂0. Otherwise, either Z =�i j is a rotation
and Z = Ẑ − vi∂v j + v j∂vi or Z =�0k is a Lorentz boost and Z = Ẑ − v0∂vk , so that

Iβt,x ≤

∑
Ẑ∈P̂0

∣∣∣∣∫
R3
v

8(ω, v)Ẑ Ẑβ f (t, x, v) dv
∣∣∣∣ + 3∑

λ=0

3∑
k=1

∣∣∣∣∫
R3
v

8(ω, v)vλ∂vk Ẑβ f (t, x, v) dv
∣∣∣∣.

Integration by parts and |∂vk (8(ω, v)vλ)| ≤ v0
|∇v8|(ω, v)+ |8|(ω, v)≲ |v0

|
Nv−10 yield∣∣∣∣∫

R3
v

8(ω, v)∂xµ Ẑβ f (t, x, v) dv
∣∣∣∣ ≲ 1

|t − |x ||

∑
|κ|≤1

∫
R3
v

|v0
|
Nv−10

|Ẑκ Ẑβ f |(t, x, v) dv.

As t − |x | ≥ 1, it remains to apply once again Proposition 4.11 for a = 1. □
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5. Improvement of the bootstrap assumptions on the electromagnetic field

We are now able to prove pointwise decay estimates for the Maxwell field and its derivatives. We improve
first (BA1), whereas the case of the top-order derivatives (BA2) will require a different strategy since we
did not recover the linear decay t−3 for

∫
v

Ẑβ f (t, x, v) dv, |β| = N.

5.1. The Glassey–Strauss decomposition of the electromagnetic field. We separate F as well as its
derivatives LZγ (F) into three parts according to the Glassey–Strauss decomposition. For this, recall
from (4) the relation between the electric field E , the magnetic field B and the Faraday tensor F. We
have E i

= F0i , B1
= F32, B2

= F13 and B3
= F21. To simplify the statement of the decomposition, we

introduce a weight tensor field.

Definition 5.1. Let wµν(ω, v) be the antisymmetric tensor defined for all (ω, v) ∈ S2
× R3

v by

w0i (ω, v)= −wi0(ω, v) := ωi + v̂i , w jk(ω, v) := ω j v̂k −ωk v̂ j , 1 ≤ i, j, k ≤ 3,

where ωi := xi/|x | if x ∈ R3 satisfies ω = x/|x |. We further define

Wµν(ω, v) :=
wµν(ω, v)

1 +ω · v̂
.

Remark 5.2. Since w is antisymmetric, wµµ = 0 for any µ ∈ [[0, 3]]. Note also that 1 +ω · v̂ = 2vL > 0.

We can now prove an adaptation of [Glassey and Strauss 1986, Theorem 3]. The key idea of their proof
consists in rewriting the standard derivatives ∂t,x as combinations of derivatives tangential to a backward
light cone, which naturally appears in the representation formula for solutions to wave equations, and
T0 := ∂t + v̂ · ∇x , the free relativistic transport operator which is transverse to light cones. To avoid any
confusion with the scaling vector field, we do not keep the notation S, used by Glassey and Strauss, in
order to denote T0.

Proposition 5.3. Let |γ | ≤ N − 1. Then, there exist Cγ

β , N γ

ξ,κ ∈ N such that

4πLZγ (F)= LZγ (F)data
+LZγ (F)T +LZγ (F)S,

where, for any 0 ≤ µ, ν ≤ 3 and with ω = (y − x)/|y − x | in the following integrals:

• LZγ (F)data
µν can be explicitly computed in terms of the initial data. More precisely,

LZγ (F)data
µν (t, x)

= 4πLZγ (F)hom
µν (t, x)−

∑
|β|≤|γ |

Cγ

β

t

∫
|y−x |=t

∫
R3
v

(Wµν(ω, v)− δ
0
µv̂

ν
+ δ0

ν v̂
µ)Ẑβ f (0, y, v) dv dy

and LZγ (F)hom
µν is the unique solution to the homogeneous wave equation □LZγ (F)hom

µν = 0 which initially
verifies LZγ (F)hom

µν (0, · )= LZγ (F)µν(0, · ) and ∂tLZγ (F)hom
µν (0, · )= ∂tLZγ (F)µν(0, · ).

• The 2-form LZγ (F)T is given by

LZγ (F)Tµν(t, x) := −

∑
|β|≤|γ |

Cγ

β [Ẑβ f ]
T
µν(t, x),
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where the field [Ẑβ f ]
T generated by Ẑβ f is

[Ẑβ f ]
T
µν(t, x) :=

∫
|y−x |≤t

∫
R3
v

Wµν(ω, v)

|v0|2(1 +ω · v̂)
Ẑβ f (t − |y − x |, y, v)

dv dy
|y − x |2

.

• The 2-form LZγ (F)S is defined by

LZγ (F)S
µν(t, x) :=

∑
|ξ |+|κ|≤|γ |

N γ

ξ,κ

∫
|y−x |≤t

∫
R3
v

(Ẑκ f v̂λLZ ξ (F)λ
j )(t − |y − x |, y, v)∂v jWµν(ω, v)

dv dy
|y − x |

.

Proof. Fix |γ | ≤ N − 1 and apply Proposition 2.4 in order to rewrite the Maxwell equations satisfied by
LZγ (F) as

∇
µLZγ (F)µν =

∫
R3
v

vν

v0 fγ (t, x, v) dv, ∇
µ∗LZγ (F)µν = 0, ν ∈ [[0, 3]], fγ :=

∑
|β|≤|γ |

Cγ

β Ẑβ f, (42)

with Cγ

β ∈ N. Introduce further the electric Eγ and magnetic Bγ parts of LZγ (F),

E i
γ := LZγ (F)0i , i ∈ [[1, 3]], B1

γ = LZγ (F)32, B2
γ = LZγ (F)13, B3

γ = LZγ (F)21. (43)

In such a way, our framework exactly corresponds to the one of Glassey and Strauss. More precisely, one
can compute the source terms of the wave equations satisfied by the components of Eγ and Bγ . For any
0 ≤ µ, ν ≤ 3, we have

□LZγ (F)µν =

∫
R3
v

v̂µ∂xν fγ − v̂ν∂xµ fγ dv, so, for instance, □E i
γ = −

∫
R3
v

∂x i fγ + v̂i∂t fγ dv.

Applying [Glassey and Strauss 1986, Theorem 3] to ( fγ , Eγ , Bγ ) provides us, for any 0 ≤ µ, ν ≤ 3,

4πLZγ (F)µν = LZγ (F)data
µν +LZγ (F)Tµν −

∫
|y−x |≤t

∫
R3
v

Wµν(ω, v)(T0 fγ )(t − |y − x |, y, v)
dv dy
|y − x |

,

where we recall that T0 = v̂λ∂xλ . Note that the constants Cγ

β in the definitions of LZγ (F)data, LZγ (F)T

and fγ are the same. Applying the commutation formula of Proposition 2.4 for any |β| ≤ |γ | yields

T0 fγ = −

∑
|β|≤|γ |

Cγ

β v̂
µFµ j∂v j Ẑβ f + Cγ

β

∑
|ξ |+|κ|≤|β|

Cβ
ξ,κ v̂

µLZ ξ (F)µ
j∂v j Ẑκ f, (44)

with Cβ
ξ,κ ∈ N. It remains to integrate by parts in v and to recall that ∇v j ·v̂µLZ ξ (F)µ

j
=LZ ξ (F) j

j
= 0. □

It will then be important to estimate the kernels introduced in the previous proposition.

Lemma 5.4. For all (ω, v)∈ S2
×R3

v, we have |ω+ v̂|2, |ω∧ v̂|2 ≤ 2(1+ω · v̂) and (1+ω · v̂)−1
≤ 2|v0

|
2.

Proof. For the second inequality, simply note that

2|v0
|
2(1 +ω · v̂)≥ 2|v0

|
2(1 − |v̂|)= 2v0(v0

− |v|)≥ (v0
+ |v|)(v0

− |v|)= |v0
|
2
− |v|2 = 1.

For the first ones, since |ω| = 1 and |v̂| ≤ 1,

|ω+ v̂|2 = |ω|
2
+ |v̂|2 + 2ω · v̂ ≤ 2(1 +ω · v̂),

|ω∧ v̂|2 = |ω|
2
|v̂|2 − |ω · v̂|2 ≤ (1 +ω · v̂)(1 −ω · v̂)≤ 2(1 +ω · v̂). □
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Corollary 5.5. For any 0 ≤ µ, ν ≤ 3 and all (ω, v) ∈ S2
× R3

v, there holds

|Wµν |(ω, v)≤ 2v0,
|Wµν |(ω, v)

|v0|2(1 +ω · v̂)
≤ 4v0, |∇vWµν |(ω, v)≤ 6v0.

We have similar bounds for their first-order derivatives,

|∇vWµν |(ω, v)≲ v
0,

∣∣∣∣∇v( Wµν(ω, v)

|v0|2(1 +ω · v̂)

)∣∣∣∣ ≲ v0, |∇v∇vWµν |(ω, v)≲ v
0.

Proof. The first two inequalities are a direct consequence of the previous lemma. The other ones ensue
from straightforward computations carried out in Lemma A.2. □

Remark 5.6. These bounds are sharp. Let us focus for instance on the first one, |Wµν |(ω, v)≤ 2v0. For
this, consider, for any v ∈ R3

v, the function φv : ω 7→ 1 +ω · v̂ defined on S2. Then,

min
ω∈S2

φv(ω)=
v0

− |v|

v0 =
1

v0(v0 + |v|)
≤

1
|v0|2

, max
ω∈S2

φv(ω)=
v0

+ |v|

v0 ≥ 1.

By continuity, there exists ωv ∈ S2 such that 1+ωv ·v̂=|v0
|
−2. Then, using |ω+v̂|2 = 2(1+ω·v̂)−|v0

|
−2,

we have ∑
1≤i≤3

|W0i |
2(ωv, v)=

|ωv + v̂|2

|1 +ωv · v̂|2
=

1
1 +ωv · v̂

(
2 −

1
|v0|2(1 +ωv · v̂)

)
= v0.

In order to improve the bootstrap assumption (BA2), we will need to use the Glassey–Strauss decompo-
sition of the spatial derivatives of the electromagnetic field. A similar result holds for the time derivative
but we will estimate it by exploiting the Maxwell equations. For instance, one can check that (2)–(3)
imply |∇∂t F | ≲

∑
1≤k≤3 |∇∂xk F | + |J ( f )|. We lighten the notations by denoting the Lorentz force as

K j
:= v̂µFµ j , K j

ξ := v̂µLZ ξ (F)µ
j , 1 ≤ j ≤ 3, 1 ≤ |ξ | ≤ N . (45)

Proposition 5.7. Let |γ | = N − 1 and 1 ≤ k ≤ 3. Then, ∇∂xk LZγ (F) can be written as

4π∇∂xk LZγ (F)= Adata
γ,k + Aver

γ,k + AT T
γ,k + AT S

γ,k + ASS
γ,k,

where the five 2-forms satisfy the following properties. We fix 0 ≤ µ, ν ≤ 3 and we use again the notation
ω = (y − x)/|y − x | in the integrals written below. Moreover, we give the definition of the kernels at the
end of the statement.9

• Adata
γ,k can be explicitly computed in terms of the initial data,

Adata
γ,k,µν(t, x)= 4π∂xkLZγ (F)data

µν (t, x)−
∑

|β|≤N−1

Cγ

β

1
t2

∫
|y−x |=t

∫
R3
v

Dk
µν(ω, v)Ẑ

β f (0, y, v) dv dy

−

∑
|β|≤N−1

Cγ

β

1
t

∫
|y−x |=t

∫
R3
v

Ck
µν(ω, v)T0 Ẑβ f (0, y, v) dv dy.

9We point out that we are only interested in the qualitative properties of these kernels.
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• Aver
γ,k is the vertex term,

Aver
γ,k,µν(t, x) :=

∑
|β|≤N−1

Cγ

β

∫
σ∈S2

∫
R3
v

Dk
µν(σ, v)Ẑ

β f (t, x, v) dv dµS2 .

• AT T
γ,k is the most singular term,

AT T
γ,k,µν(t, x) :=

∑
|β|≤N−1

Cγ

β

∫
|y−x |≤t

∫
R3
v

Ak
µν(ω, v)Ẑ

β f (t − |y − x |, y, v)
dv dy

|y − x |3

and the crucial identity
∫
|σ |=1 A

k
µν(σ, v̂) dµS2 = 0 holds for all v ∈ R3

v.

• AT,S
γ,k is given by

AT,S
γ,k,µν(t, x) :=

∑
|ξ |+|κ|≤N−1

N γ

ξ,κ

∫
|y−x |≤t

∫
R3
v

∇vBk
µν(ω, v) · (Ẑ

κ f Kξ )(t − |y − x |, y, v)
dv dy

|y − x |2
.

• ASS
γ,k is the sum of the four following quantities, where N γ

ξ,ζ,κ ∈ N,

ASS,I
γ,k,µν :=

∑
|ξ |+|ζ |+|κ|≤N−1

N γ

ξ,ζ,κ

∫
|y−x |≤t

∫
R3
v

[∇v(∇vCk
µν(ω, · ) · Kξ ) · Kζ Ẑκ f ](t − |y − x |, y, v)

dv dy
|y − x |

,

ASS,II
γ,k,µν :=

∑
|ξ |+|κ|≤N−1

N γ

ξ,κ

∫
|y−x |≤t

∫
R3
v

∇vCk
µν(ω, v) · (T0(Kξ )Ẑκ f )(t − |y − x |, y, v)

dv dy
|y − x |

,

ASS,III
γ,k,µν :=

∑
|ξ |+|κ|≤N−1

N γ

ξ,κ

∫
|y−x |≤t

∫
R3
v

Ck
µν(ω, v)

δn
j − v̂ j v̂

n

v0 (∂xn (K j
ξ )Ẑ

κ f )(t − |y − x |, y, v)
dv dy
|y − x |

,

ASS,I V
γ,k,µν :=

∑
|ξ |+|κ|≤N−1

N γ

ξ,κ

∫
|y−x |≤t

∫
R3
v

Ck
µν(ω, v)

δn
j − v̂ j v̂

n

v0 (K j
ξ ∂xn Ẑκ f )(t − |y − x |, y, v)

dv dy
|y − x |

.

• The kernels are smooth functions of (ω, v) ∈ S2
× R3

v given by

Ak
µν(ω, v) := −3

wµν(ω, v)ωk

|v0|4(1 +ω · v̂)4
− 3

wµν(ω, v)v̂k

|v0|2(1 +ω · v̂)3
+

δkµv̂ν − δkν v̂µ

|v0|2(1 +ω · v̂)2
,

Bk
µν(ω, v) := 3

wµν(ω, v)ωk

|v0|2(1 +ω · v̂)3
− 2

wµν(ω, v)v̂k

(1 +ω · v̂)2
−
δkµv̂ν − δkν v̂µ

1 +ω · v̂
,

Ck
µν(ω, v) :=

ωkwµν(ω, v)

(1 +ω · v̂)2
, Dk

µν(ω, v) :=
ωkwµν(ω, v)

|v0|2(1 +ω · v̂)3
.

Proof. Let k ∈ [[1, 3]], |γ | = N − 1 and recall from (42) the definition of fγ and that LZγ (F) solves the
Maxwell equations with source term J ( fγ ). Recall further the electric and magnetic parts (Eγ , Bγ ) of
LZγ (F), introduced in (43). In the same spirit as in the proof of Proposition 5.3, we apply10 [Glassey
1996, Theorem 5.4.1] to ( fγ , Eγ , Bγ ). This yields

∇∂xk LZγ (F)µν = Adata
γ,k,µν + Aver

γ,k,µν + AT T
γ,k,µν + ÃT,S

γ,k,µν + ÃSS
γ,k,µν,

10See also the original version of the result, [Glassey and Strauss 1986, Theorem 4].
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where

ÃT,S
γ,k,µν :=

∫
|y−x |≤t

∫
R3
v

Bk
µν(ω, v)(T0 fγ )(t − |y − x |, y, v)

dv dy
|y − x |2

,

ÃSS
γ,k,µν := −

∫
|y−x |≤t

∫
R3
v

Ck
µν(ω, v)(T0T0 fγ )(t − |y − x |, y, v)

dv dy
|y − x |

,

as well as
∫
|σ |=1 A

k
µν(σ, v̂) dµS2 = 0. One can then prove that ÃT,S

γ,k,µν = AT,S
γ,k,µν by rewriting T0 fγ using

the (commuted) Vlasov equation. More precisely, we use (44) and we then integrate by parts in v. It
remains to deal with ÃSS

γ,k,µν and we recall for this that ∇v · Kξ = ∇v j · v̂µLZ ξ (F)µ j
= 0. Hence, using

again (44), we get that there exists N γ

ξ,κ ∈ N such that

T0T0( fγ )=

∑
|ξ |+|κ|≤|γ |

N γ

ξ,κT0∂v j (K j
ξ Ẑκ f ).

Now, we write T0∂v j = ∂v j T0 − ∂v j (v̂n)∂xn and we apply the commutation formula of Proposition 2.4
to Ẑκ f . We get

T0∂v j (v̂λLZ ξ (F)λ
j Ẑκ f )= ∂v j (T0(K

j
ξ )Ẑ

κ f )+∂v j (K j
ξ T0(Ẑκ f ))−

δn
j −v̂ j v̂

n

v0 (∂xn (K j
ξ )Ẑ

κ f +K j
ξ ∂xn Ẑκ f ),

so that, by integration by parts in v for the quantities related to the two first terms on the right-hand side
of the previous equality,

ÃSS
γ,k,µν = ASS,II

γ,k,µν + ASS,III
γ,k,µν + ASS,I V

γ,k,µν

+

∑
|ξ |+|κ|≤|γ |

N γ

ξ,κ

∫
|y−x |≤t

∫
R3
v

∇v j (Ck
µν(ω, v))(K

j
ξ T0(Ẑκ f ))(τy, y, v)

dv dy
|y − x |

,

where τy := t − |y − x |. Finally, we deal with the last term by applying first the commutation relation
of Proposition 2.4, giving that T0(Ẑκ f )= −K · ∇v Ẑκ f + Cκ

ζ,βKζ · ∇v Ẑβ f , and then by integrating by
parts in v. □

These kernels and their derivatives can be estimated by a direct application of Lemmas 5.4 and A.2.

Corollary 5.8. For any 1 ≤ k, j, n ≤ 3 and for all v ∈ R3
v, we have

(|Ak
| + |∇vAk

| + |∇vBk
| + |Ck

| + |∇vCk
| + |∇v∇vCk

| + |Dk
| + |∇vDk

|)( · , v)≲ |v0
|
3.

5.2. Three integral bounds. The estimate of most of the terms listed in Propositions 5.3 and 5.7 will in
fact be reduced to the analysis of three different integrals. We will deal with all of them by applying a
particular case of [Glassey 1996, Lemma 6.5.2].

Lemma 5.9. Let p ∈ R and g : R2
+

→ R+ be a continuous function. Then, for all (t, x)∈ [0, T [×R3
\{0},∫

|y−x |≤t
g(t − |y − x |, |y|)

dy
|y − x |p =

2π
|x |

∫ t

τ=0

∫
|x |+t−τ

λ=||x |−t+τ |
g(τ, λ)λ dλ

dτ
(t − τ)p−1 .

The following result will be useful for controlling LZγ (F)S and ASS
γ,k .
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Lemma 5.10. For any b ≥ 4 and for all (t, x) ∈ R+ × R, there holds

Y p=1
b,1 (t, x) :=

∫
|y−x |≤t

1
(1 + t − |y − x | + |y|)b(1 + |t − |y − x | − |y||)

dy
|y − x |

≲
log(3 + |t − |x ||)

(1 + t + |x |)(1 + |t − |x ||)b−2 .

Proof. Note first that, on the domain of integration,

t −|y − x |+ |y| ≥ t −|y|− |x |+ |y| = t −|x |, t −|y − x |+ |y| ≥ |y| ≥ |x |− |y − x | ≥ |x |− t, (46)

so that Y p=1
b,1 (t, x)≤ (1 + |t − |x ||)−b+4Y p=4

4,1 (t, x) and it suffices to treat the case b = 4. By continuity,
we can assume further that x ̸= 0. According to Lemma 5.9,

Y p=1
4,1 (t, x)≤

2π
|x |

∫ t

τ=0

∫
|x |+t−τ

λ=||x |−t+τ |

dλ dτ
(1 + τ + λ)3(1 + |τ − λ|)

.

We perform the change of variables u = τ + λ and u = τ − λ. Then, on the domain of integration
||x | − t | ≤ u ≤ t + |x | and u ≤ ||x | − t |. Moreover, u ≥ −u since 2τ ≥ 0. Consequently,

Y p=1
4,1 (t, x)≤

π

|x |

∫ t+|x |

u=||x |−t |

∫
||x |−t |

u=−u

du
1 + |u|

du
(1 + u)3

≤
2π
|x |

∫ t+|x |

u=||x |−t |

log(3 + u)
(1 + u)3

du.

Now, note that

Y p=1
4,1 (t, x)≲

2π log(3 + |t − |x ||)

(1 + |t − |x ||)|x |

∫ t+|x |

u=||x |−t |

du
(1 + u)2

=
2π log(3 + |t − |x ||)

(1 + t + |x |)(1 + |t − |x ||)2

t + |x | − |t − |x ||

|x |

and it remains to note that the last factor on the right-hand side is bounded by 2 min(t, |x |)/|x | ≤ 2. □

We will apply the next lemma in order to deal with LZγ (F)T and AT,S
γ,k .

Lemma 5.11. Let, for any b ≥ 3 and all (t, x) ∈ R+ × R3,

Y p=2
b (t, x) :=

∫
|y−x |≤t

(1 + t − |y − x | + |y|)−b dy
|y − x |2

.

Then, the following range of estimates holds. For any 0< δ ≤ 1,

Y p=2
b (t, x)≲ δ−1(1 + t + |x |)−2+δ(1 + |t − |x ||)−b−δ+3,

Y p=2
b (t, x)≲ (1 + t + |x |)−2(1 + |t − |x ||)−b+3 log(1 + t).

Proof. In view of (46), we have Y p=2
b (t, x) ≤ (1 + |t − |x ||)−b+3Y p=2

3 (t, x) and it suffices to treat the
case b = 3. Then note that

Y p=2
3 (t, x)= K[0, t

2 ]
+ K[ t

2 ,t]
, K I :=

∫
|y−x |∈I

(1 + t − |y − x | + |y|)−3 dy
|y − x |2

.
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On the domain of integration of K[0,t/2], we have t − |y − x | + |y| ≳ t + |x |. Indeed, t − |y − x | ≥ t/2
and |y| ≥ |x | − t (which controls |x |/2 if |x | ≥ 2t). Consequently,

K[0, t
2 ]
≲ (1 + t + |x |)−3

∫ t
2

r=0
dr ≤

1
2(1 + t + |x |)−2. (47)

Applying Lemma 5.9, we have

K[ t
2 ,t]

≤
2π
|x |

∫ t
2

τ=0

∫
|x |+t−τ

λ=||x |−t+τ |

dλ dτ
(1 + τ + λ)2(t − τ)

.

Now, observe that, for all 0 ≤ τ ≤ t/2,

1
|x |(t − τ)

∫
|x |+t−τ

λ=||x |−t+τ |

dλ
(1 + τ + λ)2

=
2 min(|x |, t − τ)

|x |(t − τ)(1 + t + |x |)(1 + τ + ||x | − t + τ |)

≤
8

max(|x |, t)(1 + t + |x |)(1 + τ + |t − |x ||)
. (48)

Let 0 ≤ δ ≤ 1 and write (1 + τ + |t − |x ||) ≥ (1 + τ)1−δ(1 + |t − |x ||)δ. It remains to integrate in τ in
order to derive the expected range of estimates for K[t/2,t]. □

Finally, a part of our analysis of AT T
γ,k will rely on the following estimate.

Lemma 5.12. For all (t, x) ∈ [1,+∞[ × R3, we have

Y p=3
3 (t, x) :=

∫
1≤|y−x |≤t

(1 + t − |y − x | + |y|)−3 dy
|y − x |3

≲
log(t)

(1 + t + |x |)3
.

Proof. The inequality can be easily proved if t ≤ 2 so we assume t ≥ 2. Start by writing

Y p=3
3 (t, x)= K [1, t

2 ]
+ K [ t

2 ,t]
, K I :=

∫
|y−x |∈I

(1 + t − |y − x | + |y|)−3 dy
|y − x |3

.

Following (47), we have

K [1, t
2 ]
≲ (1 + t + |x |)−3

∫ t
2

r=1

dr
r

≤ log
(

t
2

)
(1 + t + |x |)−3.

Next, we apply Lemma 5.9 to get

K [ t
2 ,t]

≤
2π
|x |

∫ t
2

τ=0

∫
|x |+t−τ

λ=||x |−t+τ |

dλ dτ
(1 + τ + λ)2(t − τ)2

.

If 2t ≥ |x |, we use (48) and t −τ ≥ t/2 in order to derive K [t/2,t] ≲ t−2(1+ t +|x |)−1 log(1+ t/2), which
implies the result. Otherwise, 2t ≤ |x | and we have, for all 0 ≤ τ ≤ t/2,

1
|x |(t − τ)2

∫
|x |+t−τ

λ=||x |−t+τ |

dλ dτ
(1 + τ + λ)2

=
2 min(|x |, t − τ)

|x |(t − τ)2(1 + t + |x |)(1 + τ + ||x | − t + τ |)

≤
2

|x |(1 + t + |x |)(1 + |x | − t)(t − τ)
. (49)

We get, as 2 ≤ 2t ≤ |x |,

K[ t
2 ,t]

≤ 4π log(2)|x |
−1(1 + |x |/2)−1(1 + t + |x |)−1 ≲ (1 + t + |x |)−3. □
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5.3. The derivatives of order up to N − 1. In this subsection, we prove pointwise decay estimates for
each of the elements of the decomposition of LZγ (F) provided by Proposition 5.3. We start by dealing
with LZγ (F)data, which is defined on R+ × R3.

Proposition 5.13. There exists Cdata > 0, depending only on N, such that,

∀|γ | ≤ N − 1, ∀(t, x) ∈ R+ × R3, |LZγ (F)data
|(t, x)≤3Cdata(1 + t + |x |)−1(1 + |t − |x ||)−1.

Proof. In view of the assumptions on the initial data (see Theorem 2.10) and applying Corollary 5.5 in
order to estimate Wµν , we have, for any |β| ≤ N − 1, ω ∈ S2 and 0 ≤ µ, ν ≤ 3,

∀y ∈ R3, |LZβ (F)|(0, y)+ ⟨y⟩|∇t,xLZβ (F)|(0, y)≲
∑

|κ|≤|β|+1

⟨y⟩
|κ|

|∇
κ
t,x F |(0, y)≲3⟨y⟩

−2,

∣∣∣∣∫
R3
v

(Wµν(ω, v̂)− δ
0
µv̂

ν
+ δ0

ν v̂
µ)Ẑβ f (0, y, v) dv

∣∣∣∣ ≤ 3
∫

R3
v

|v0
|
Nv |Ẑβ f (0, y, v)|

dv
⟨v⟩Nv−1 ≲ ϵ⟨y⟩

−Nx .

The estimates, at t = 0, for the time derivatives of the solutions are obtained by using that (1)–(3) are
initially verified. Using (22) for p = Nx ≥ 3, we then deduce that,

∀(t, x) ∈ R+ × R3, |LZγ (F)data
−LZγ (F)hom

|(t, x)≲ ϵ(1 + t + |x |)−1(1 + |t − |x ||)−Nx+1 (50)

and it remains to use ϵ ≤3 and to apply Proposition 2.21 to LZγ (F)hom
µν . □

Next, we consider LZγ (F)S, which is strongly decaying far from the light cone.

Proposition 5.14. For any |γ | ≤ N − 1, there holds,

∀(t, x) ∈ [0, T [ × R3, |LZγ (F)S
|(t, x)≲ ϵ̄3

log(3 + |t − |x ||)

(1 + t + |x |)(1 + |t − |x ||)2
.

Proof. Fix 0 ≤ µ, ν ≤ 3 and recall from Proposition 5.3 the definition of LZγ (F)S. We have, with
ω = (y − x)/|y − x |,

|LZγ (F)S
µν |(t, x)

≲
∑

|ξ |+|κ|≤|γ |

∫
|y−x |≤t

|LZ ξ (F)λ
j
|(t − |y − x |, y)

∣∣∣∣∫
R3
v

v̂λ∂v jWµν(ω, v)Ẑκ f (t − |y − x |, y, v) dv
∣∣∣∣ dy
|y − x |

.

Fix now |ξ |+|κ|≤ N −1, j ∈[[1, 3]] and λ∈[[0, 3]]. In view of Corollary 5.5,9(ω, v) := v̂λ∂v jWµν(ω, v)

satisfies |9|( · , v)+ |v0
∇v9|( · , v)≲ |v0

|
2
≤ |v0

|
Nv−11. As |κ| ≤ N − 1, Proposition 4.13 then gives us,

∀(σ, τ, y) ∈ S2
× [0, T [ × R3,

∣∣∣∣∫
R3
v

v̂λ∂v jWµν(σ, v)Ẑκ f (τ, y, v) dv
∣∣∣∣ ≲ ϵ̄

(1 + τ + |y|)3
.

Applying this last inequality for (σ, τ )= (ω, t − |y − x |) and estimating the electromagnetic field using
the bootstrap assumption (BA1), we get

|LZγ (F)S
|(t, x)≲

∫
|y−x |≤t

ϵ̄3

(1 + t − |y − x | + |y|)4(1 + |t − |y − x | − |y||)

dy
|y − x |

= ϵ̄3Y p=1
4,1 (t, x).

The result then follows from Lemma 5.10. □
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We finally deal with LZγ (F)T, which actually enjoys stronger decay properties than LZγ (F)S for
t ∼ |x | (see Remark 5.16 below).

Proposition 5.15. For any |γ | ≤ N − 1 and all (t, x) ∈ [0, T [ × R3, we have

|LZγ (F)T |(t, x)≲ ϵ̄(1 + t + |x |)−
7
4 (1 + |t − |x ||)−

1
4 .

Proof. In view of the definition of LZγ (F)T, introduced in Proposition 5.3, we have

|LZγ (F)T |(t, x)

≲
∑

0≤µ,ν≤3

∑
|β|≤|γ |

∫
|y−x |≤t

∣∣∣∣∫
R3
v

Wµν(ω, v)

|v0|2(1 +ω · v̂)
Ẑβ f (t − |y − x |, y, v) dv

∣∣∣∣ dy
|y − x |2

, ω =
y − x

|y − x |
.

Fix 0 ≤ µ, ν ≤ 3, |β| ≤ |γ | and recall from Corollary 5.5 that

9(σ, v) :=
Wµν(σ, v)

|v0|2(1 +ω · v̂)

satisfies |9|( · , v)+ |∇v9|( · , v)≲ v0. We then obtain from Proposition 4.13 that,

∀σ ∈ S2, ∀(τ, z) ∈ [0, T [ × R3,

∣∣∣∣∫
R3
v

Wµν(σ, v)

|v0|2(1 + σ · v̂)
Ẑβ f (τ, z, v) dv

∣∣∣∣ ≲ ϵ̄

(1 + τ + |z|)3
.

Applying this estimate for σ = ω, τ = t − |y − x | and z = y, we get from Lemma 5.11 that

|LZγ (F)T |(t, x)≲ ϵ̄Y p=2
3 (t, x)≲ ϵ̄(1 + t + |x |)−

7
4 (1 + |t − |x ||)−

1
4 . □

Remark 5.16. In fact, Lemma 5.11 also provides |LZγ (F)T |(t, x)≲ ϵ̄(1+t +|x |)−2 log(1+t). Moreover,
the estimate could be significantly improved in the exterior of the light cone, where |x | ≥ t .

If the constant Cboot is chosen such that Cboot ≥ 2Cdata and if ϵ is small enough, Propositions 5.13,
5.14 and 5.15 allow us to improve the bootstrap assumption (BA1).

5.4. The top-order derivatives. In this section, we estimate all the terms listed in Proposition 5.7 in order
to improve the bootstrap assumption (BA2). We start by dealing with the ones depending explicitly on
the data.

Proposition 5.17. There exists a constant Cdata, depending only on N, such that, for any k ∈ [[1, 3]] and
|γ | = N − 1,

∀(t, x) ∈ [0, T [ × R3, |Adata
γ,k |(t, x)≤3Cdata(1 + t + |x |)−1(1 + |t − |x ||)−2.

Proof. Recall from Propositions 5.3 and 5.7 the expression of Adata
γ,k and from Corollaries 5.5 and 5.8 the

bounds on the kernels. Hence, for (t, x) ∈ [0, T [ × R3,

|Adata
γ,k |(t, x)≲ |∇∂xk LZγ (F)hom

|(t, x)+
∑

|β|≤|γ |+1

min(t−1, t−2)

∫
|y−x |=t

∫
R3
v

|v0
|
3
|Ẑβ f |(0, y, v) dv dy.
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As [∂xµ, Z ] = 0 or [∂xµ, Z ] = ±∂xν for any Z ∈ K, by the equivalence of the pointwise norms (9) and in
view of the smallness assumptions on the initial data, there holds

|∇∂xk LZγ (F)hom
|(0, y)= |∇∂xk LZγ (F)|(0, y)≲

∑
1≤|κ|≤N

⟨y⟩
|κ|−1

|∇
κ
t,x F |(0, y)≲3⟨y⟩

−3,

|∇t,x∇∂xk LZγ (F)hom
|(0, y)= |∇t,x∇∂xk LZγ (F)|(0, y)≲

∑
2≤|κ|≤N+1

⟨y⟩
|κ|−2

|∇
κ
t,x F |(0, y)≲3⟨y⟩

−4.

As ∇∂xk LZγ (F)hom
µν is solution to the homogeneous wave equation, Proposition 2.21 gives

|∇∂xk LZγ (F)hom
|(t, x)≲3(1 + t + |x |)−1(1 + |t − |x ||)−2.

Since |v0
|
−Nv+3

∈ L1(R3
v), we have, for any |β| ≤ N,∫

R3
v

|v0
|
3
|Ẑβ f |(0, y, v) dv ≲ ⟨y⟩

−Nx sup
|κ|+|ξ |≤N

sup
(x,v)∈R6

|v0
|
Nv+|ξ |

⟨x⟩
Nx+|κ|

|∂κv ∂
ξ
x f |(0, x, v)≲ ϵ⟨y⟩

−Nx .

Consequently, as Nx ≥ 5, we have

|Adata
γ,k |(t, x)≲3(1 + t + |x |)−1(1 + |t − |x ||)−2

+ ϵmin(t−1, t−2)Qt,x , Qt,x :=

∫
|y−x |=t

dµS2

⟨y⟩5 .

As ϵ ≤ 3, it remains to prove min(t−1, t−2)Qt,x ≲ (1 + t + |x |)−1(1 + |t − |x ||)−2 and, for this, we
consider two cases.

• If t ≤ 1, then |y| ≥ |x | − 1 on the domain of integration and Qt,x ≲ 4π t2
⟨x⟩

−5. It remains to note that
⟨x⟩ ≥ 1 + t + |x | ≥ 1 + |t − |x || and t−1

≤ t−2 in the region considered.

• Otherwise t ≥ 1 and we have Qt,x ≲ t (1 + t + |x |)−1(1 + |t − |x ||)−2 according to the estimate (22).
The result follows from t−2

≤ t−1 in the domain treated here. □

Next, we consider the vertex term.

Proposition 5.18. Let k ∈ [[1, 3]] and |γ | = N − 1. We have,

∀(t, x) ∈ [0, T [ × R3, |Aver
γ,k |(t, x)≲ ϵ̄(1 + t + |x |)−3.

Proof. Fix 0 ≤ µ, ν ≤ 3, (t, x) ∈ [0, T [ × R3 and recall Nv ≥ 15, so that Corollary 5.8 implies
|Dk
µν |(ω, v)+ |v0

∇vDk
µν |(ω, v)≲ |v0

|
Nv−11. Proposition 4.13, applied for9=Dk

µν and to any |β|≤ N −1,
then yields

|Aver
γ,k,µν |(t, x)≲

∑
|β|≤|γ |

∫
σ∈S2

∣∣∣∣∫
R3
v

Dk
µν(σ, v)Ẑ

β f (t, x, v) dv
∣∣∣∣ dµS2

≲
ϵ̄

(1 + t + |x |)3

∫
σ∈S2

dµS2 =
4πϵ̄

(1 + t + |x |)3
. □

We now estimate AT,S
γ,k . Note that the next result could be easily improved but it is more than enough

for the purpose of improving the bootstrap assumption (BA2).
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Proposition 5.19. For any k ∈ [[1, 3]] and |γ | = N − 1, there holds,

∀(t, x) ∈ [0, T [ × R3, |AT,S
γ,k |(t, x)≲ ϵ̄3(1 + t + |x |)−

3
2 (1 + |t − |x ||)−2.

Proof. Let 0 ≤ µ, ν ≤ 3, (t, x) ∈ [0, T [ × R3 and recall that K j
ξ := v̂λLZ ξ (F)λ

j. Consequently,
|AT,S
γ,k,µν |(t, x) is bounded by a linear combination of terms of the form

Qξ,κ
t,x :=

∫
|y−x |≤t

|LZ ξ (F)λ
j
|(t − |y − x |, y)

∫
R3
v

|∂v jBk
µν(ω, v)||Ẑ

κ f (t − |y − x |, y, v)| dv
dy

|y − x |2
,

with |ξ | + |κ| ≤ N − 1 and where we recall that ω = (y − x)/|y − x |. Since |∂v jBk
µν(ω, v)| ≲ |v0

|
3 by

Corollary 5.8 and Nv ≥ 13, Proposition 4.11, applied for a = 1, provides∫
R3
v

|∂v jBk
µν(ω, v)||Ẑ

κ f (t − |y − x |, y, v)| dv ≲
ϵ̄(1 + |t − |y − x | − |y||)

(1 + t − |y − x | + |y|)3+
1
2

.

Moreover, as |ξ | ≤ N − 1, the bootstrap assumption (BA1) gives

|LZ ξ (F)λ
j
|(τ, y)≲3(1 + t − |y − x | + |y|)−1(1 + |t − |y − x | − |y||)−1.

Consequently, the last two estimates yield

Qξ,κ
t,x ≲ ϵ̄3

∫
|y−x |≤t

(1 + t − |y − x |)−4−
1
2

dy
|y − x |2

= ϵ̄3Y p=2
4+

1
2
(t, x)

and the result follows from Lemma 5.11. □

We pursue with the analysis of ASS
γ,k . As for the previous term, the estimate could be improved.

Proposition 5.20. We have, for any k ∈ [[1, 3]] and |γ | = N − 1,

∀(t, x) ∈ [0, T [ × R3, |ASS
γ,k |(t, x)≲ ϵ̄3⟨3⟩(1 + t + |x |)−1(1 + |t − |x ||)−

5
2 .

Proof. We fix (t, x)∈[0, T [×R3 and we recall that K j
ξ := v̂λLZ ξ (F)λ

j . Recall further from Proposition 5.7
that ASS

γ,k can be decomposed as the sum of four terms. Bounding the kernel in ASS,I
γ,k by Corollary 5.8

and estimating the derivatives of the electromagnetic field using (BA1), we have

|ASS,I
γ,k |(t, x)

≲
∑

|κ|≤N−1

∫
|y−x |≤t

32

(1 + τ + |y|)2(1 + |τ − |y||)2

∫
R3
v

|v0
|
3
|Ẑκ f |(τ, y, v) dv

dy
|y − x |

, τ := t − |y − x |.

For the next two terms, recall that T0 = v̂λ∂xλ and the expression of Kξ . Recall further from Corollary 5.8
that the integral kernels are bounded by |v0

|
3. Consequently, we can bound |ASS,II

γ,k |(t, x)+|ASS,III
γ,k |(t, x)

by a linear combination of terms of the form

Rξ,κ
t,x :=

∫
|y−x |≤t

|∇t,xLZ ξ (F)|(t − |y − x |, y)
∫

R3
v

|v0
|
3
|Ẑκ f (t − |y − x |, y, v)| dv

dy
|y − x |

,
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where |ξ | + |κ| ≤ N − 1. We estimate the electromagnetic field through (BA2) if |ξ | = N − 1 or by
Proposition 3.2 if |ξ | ≤ N − 2. This leads to the bound

|ASS,II
γ,k |(t, x)+ |ASS,III

γ,k |(t, x)

≲
∑

|κ|≤N−1

∫
|y−x |≤t

3 log(3 + |τ − |y||)

(1 + τ + |y|)(1 + |τ − |y||)2

∫
R3
v

|v0
|
3
|Ẑκ f |(τ, y, v) dv

dy
|y − x |

,

where τ = t −|y −x |. Controlling the velocity average through the improved estimates of Proposition 4.11
yields, as Nv ≥ 13,

|ASS,I
γ,k |(t, x)+ |ASS,II

γ,k |(t, x)+ |ASS,III
γ,k |(t, x)

≲ ϵ̄3⟨3⟩

∫
|y−x |≤t

log3Nx+3N+1(3 + t − |y − x | + |y|)

(1 + t − |y − x | + |y|)5(1 + |t − |y − x | − |y||)

dy
|y − x |

≲ ϵ̄3⟨3⟩Y p=1
4+

3
4 ,1
(t, x).

Finally, we can bound similarly |ASS,I V
γ,k |(t, x) by a linear combination of terms of the form

Rξ,κ
t,x :=

∫
|y−x |≤t

|LZ ξ (F)|(t − |y − x |, y)
∣∣∣∣∫

R3
v

V(ω, v)∂xn Ẑκ f (t − |y − x |, y, v) dv
∣∣∣∣ dy
|y − x |

,

where |ξ |+|κ|≤ N −1, 1≤n ≤3 and V(ω, v) is of the form Ck
µν(ω, v)v̂

λ
|v0

|
−1. We get from Corollary 5.8

that |V(ω, v)| + |v0
∇vV(ω, v)| ≲ |v0

|
3, so that Proposition 4.15 gives,

∀(τ, y, σ ) ∈ [0, T [ × R3
× S2,

∣∣∣∣∫
R3
v

V(σ, v)∂xn Ẑκ f (τ, y, v) dv
∣∣∣∣ ≲ ϵ̄ log3Nx+3N (3 + τ)

(1 + τ + |y|)4
.

Applying it to σ = ω and τ = t − |y − x | and estimating the electromagnetic field using (BA1), we get

Rξ,κ
t,x ≲ ϵ̄3

∫
|y−x |≤t

log3Nx+3N (3 + t − |y − x |)

(1 + t − |y − x | + |y|)5(1 + |t − |y − x | − |y||)

dy
|y − x |

≲ ϵ̄3Y p=1
4+

3
4 ,1
(t, x).

Consequently, |ASS
γ,k |(t, x)≲ ϵ̄3⟨3⟩Y p=1

4+3/4,1(t, x), so that the result follows from Lemma 5.10. □

Finally, we deal with the most problematic term, the one with an integral kernel carrying the noninte-
grable weight |y − x |

−3.

Proposition 5.21. Let k ∈ [[1, 3]] and |γ | = N − 1. Then,

∀(t, x) ∈ [0, T [ × R3, |AT T
γ,k |(t, x)≲ ϵ̄

log(3 + t)
(1 + t + |x |)3

.

Proof. Let 0 ≤ µ, ν ≤ 3, |β| ≤ N − 1 and

Gβ
σ (τ, y) :=

∫
R3

Ak
µν(σ, v)Ẑ

β f (τ, y, v) dv, (σ, τ, y) ∈ S2
× [0, T [ × R3.

Recall from Corollary 5.8 the bound on the kernel Ak
µν and apply Proposition 4.13 for 9 = Ak

µν . We
obtain,

∀(σ, τ, y) ∈ S2
× [0, T [ × R3, |Gβ

σ |(τ, y)≲ ϵ̄(1 + τ + |y|)−3,



SOLUTIONS TO THE VLASOV–MAXWELL SYSTEM WITH A SMALL DISTRIBUTION FUNCTION 675

which, applied for (σ, τ )= (ω, t − |y − x |), yields

|AT T
γ,k,µν |(t, x)≲ϵ̄Y p=3

3 (t, x)+
∑

|β|≤N−1

Uβt,x , Uβt,x :=

∣∣∣∣∫
|y−x |≤1

∫
R3
v

Ak
µν(ω,v)Ẑ

β f (t−|y−x |, y,v)
dv dy

|y−x |3

∣∣∣∣.
Fix |β| ≤ N − 1 and recall from Proposition 5.7 that the average of σ 7→ Ak

µν(σ, · ) on S2 vanishes.
Hence,

Uβt,x =

∣∣∣∣∫
|y−x |≤1

∫
R3
v

Ak
µν(ω, v)(Ẑ

β f (t − |y − x |, y, v)− Ẑβ f (t − |y − x |, x, v))
dv dy

|y − x |3

∣∣∣∣
≤

∫
|y−x |≤1

|Gβ
ω(t − |y − x |, y)− Gβ

ω(t − |y − x |, x)|
dy

|y − x |3
.

For any (σ, τ ) ∈ S2
× [0, T [, we apply the mean value theorem to s 7→ Gβ

σ (τ, x + s(y − x)) on the
interval [0, 1]. Then, there exists xσ,τ in the segment [x, y] ⊂ R3 such that

Gβ
σ (τ, y)− Gβ

σ (τ, x)= ω · ∇x Gβ
σ (τ, xσ,τ )|y − x |, ω =

y − x
|y − x |

.

Apply now Proposition 4.15 for 8= Aµν in order to get, for any 1 ≤ i ≤ 3,

∀(σ, τ, z) ∈ S2
× [0, T [ × R3, |∂x i Gβ

σ |(τ, z)=

∣∣∣∣∫
R3

Ak
µν(σ, v)∂x i Ẑβ f (τ, z, v) dv

∣∣∣∣
≲ ϵ̄

log3Nx+3N (3 + τ)

(1 + τ + |z|)4
.

Applying the last two identities for σ = ω, τ = t − |y − x | and z = xσ,τ yields

Uβt,x ≲
∫

|y−x |≤1

ϵ̄

(1 + t − |y − x | + |xω,t−|y−x ||)3

dy
|y − x |2

.

As |y −x | ≤ 1 and xω,t−|y−x | ∈ [x, y], we have 1+ t −|y −x | ≥
1
2(1+ t) and |xω,t−|y−x || ≥ |x |−1, so that

|AT T
γ,k,µν |(t, x)≲ ϵ̄Y p=3

3 (t, x)+ ϵ̄(1 + t + |x |)−3.

We conclude the proof by applying Lemma 5.12. □

As in the previous subsection, if Cboot is chosen such that Cboot ≥ 2Cdata and if ϵ is small enough, we
can improve the bootstrap assumption (BA2) for the spatial derivatives ∇∂xk LZγ (F), with 1 ≤ k ≤ 3 and
|γ | = N − 1, by applying Propositions 5.17–5.21. The time derivative can then be controlled using

|∇∂tLZγ (F)| ≲
∑

1≤k≤3

|∇∂xk LZγ (F)| +
∑

|β|≤|γ |

|J (Ẑβ f )|,

which follows from the commuted Maxwell equations (see Proposition 2.4). We stress, for the smallness
condition on ϵ, that ϵ̄⟨3⟩

2
≤ 2ϵe(D+3)3.

6. Modified scattering for the distribution function

In this section, we determine the precise asymptotic behavior of the particle density and its derivatives
under the additional assumption (15) on the initial electromagnetic field. In particular, we determine the
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self-similar profile of the current density J ( f ) as well as the one of the Maxwell field F and we define
modified trajectories along which f converges to a new smooth density function.

6.1. Convergence of the spatial averages. Since the solution ( f, F) is global in time, all the statements
of Sections 3–5 hold true for T = +∞. We can then deduce that

∫
x Ẑβ f dx converges to a function

defined on R3
v.

Proposition 6.1. Let |β| ≤ N − 1. There exists a continuous function Qβ
∞ ∈ L1

v ∩ L∞
v such that,

∀t ∈ R+,

∥∥∥∥|v0
|
Nv−6

(
Qβ

∞
−

∫
R3

x

Ẑβ f (t, x, · ) dx
)∥∥∥∥

L∞(R3
v)

≲ ϵ̄
log3Nx+3N (3 + t)

1 + t
.

Remark 6.2. This estimate directly implies that |v0
|
Nv−10

∫
R3

x
Ẑβ f (t, x, · ) dx →|v0

|
Nv−10 Qβ

∞ in L1(R3
v),

as t → +∞, with the same rate for convergence.

Proof. Let v ∈ R3
v and apply Lemma 4.7 in order to get, for all 0 ≤ t ≤ s,

|v0
|
Nv−6

∣∣∣∣∫
R3

x

Ẑβ f (s, x,v)dx−

∫
R3

x

Ẑβ f (t, x,v)dx
∣∣∣∣≲ ϵ̄ ∫ s

τ=t

log3Nx+3N (3+τ)

(1+τ)2
dτ ≤ ϵ̄

log3Nx+3N (3+t)
1+t

.

Consequently, there exists Qβ
∞ ∈ L∞

v such that
∫

R3
x

Ẑβ f (s, x, v) dx → Qβ
∞ in L∞

v as s → +∞. Moreover,
letting s → +∞ in the previous estimate provides the rate of convergence stated in the proposition. It
implies |v0

|
Nv−6 Qβ

∞ ∈ L∞
v and then, as Nv > 9, Qβ

∞ ∈ L1
v. □

It turns out that these functions are differentiable for |β| ≤ N − 2 and that ∂vi Qβ
∞ can be related to

other such functions Qκ
∞

. For this reason, if Ẑκ = �̂0i Ẑβ , we will use Q�̂0iβ
∞ in order to denote Qκ

∞
.

Proposition 6.3. For any |β| ≤ N − 2, Qβ
∞ ∈ C N−1−|β|(R3

v) and its derivatives can be obtained by
iterating the relations

v0∂vi Qβ
∞

= Q�̂0iβ
∞

− v̂i Qβ
∞
, 1 ≤ i ≤ 3. (51)

Proof. Let (t, v) ∈ R+ × R3
v and note that

v0∂vi

∫
R3

x

Ẑβ f (t, x, v) dx =

∫
R3

x

�̂0i Ẑβ f (t, x, v) dx−t
∫

R3
x

∂x i Ẑβ f (t, x, v) dx−

∫
R3

x

x i∂t Ẑβ f (t, x, v) dx .

Writing ∂t = −v̂ · ∇x − v̂µFµ j∂v j + TF , we get by performing integration by parts,

v0∂vi

∫
R3

x

Ẑβ f (t, x, v) dx

=

∫
R3

x

�̂0i Ẑβ f (t, x, v)− v̂i Ẑβ f (t, x, v) dx +

∫
R3

x

x i (v̂µFµ j∂v j − TF )(Ẑβ f )(t, x, v) dx .

According to Proposition 6.1, the first term on the right-hand side converges to Q�̂0iβ
∞ − v̂i Qβ

∞, as t →+∞

and in L∞(R3
v). Following the proof of Lemma 4.7 and then using Proposition 4.5, one can prove
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R3

x

x i (v̂µFµ j∂v j − TF )(Ẑβ f )(t, x, v) dx
∣∣∣∣ ≲3 log(3 + t)

1 + t
sup

|κ|≤|β|+1
sup
x∈R3

||v0
|
3zNx−2 Ẑκ f |(t, x, v)

≲ ϵ̄
log3Nx+3N (3 + t)

1 + t
.

We then deduce (51) and, by a direct induction, Qβ
∞ ∈ C N−1−|β|(R3

v). □

Let us mention that any Qβ
∞ can be written as a combination of Q∞ and Qκ

∞
, where Ẑκ is only

composed of complete lifts of Lorentz boosts �̂0i .

Proposition 6.4. Let |β| ≤ N − 1. Then:

• If βT ≥ 1, which means that Ẑβ is composed of at least one translation, we have Qβ
∞ = 0.

• Otherwise there exists n + |κ| ≤ |β| such that Ẑβ = Sn Ẑκ and Qβ
∞ = (−3)n Qκ

∞
.

• Moreover, if Ẑβ = �̂ jk Ẑκ, 1 ≤ j < k ≤ 3, then Qβ
∞ = v̂ j Q�̂0kκ − v̂k Q�̂0 jκ.

Proof. Assume first that βT ≥ 1. Since [Ẑ , ∂xµ] = 0 or ±∂xν for any 0 ≤ µ≤ 3 and Ẑ ∈ P̂0, it suffices to
consider the case Ẑβ = ∂xµ Ẑ ξ. Then, by either applying Lemma 4.7 or by performing integration by parts,∣∣∣∣∫

R3
x

∂t Ẑ ξ f (t, x, v) dx
∣∣∣∣ ≲ ϵ̄(1 + t)−

3
2 → 0,

∫
R3

x

∂x i Ẑ ξ f (t, x, v) dx = 0, 1 ≤ i ≤ 3.

Otherwise βT = 0 and since S commutes with �̂ jk and �̂0i , there exists n+|κ| ≤ |β| such that Ẑβ = Sn Ẑκ.
The result follows from an easy induction and the following properties, which hold for any |ξ | ≤ N − 2:∣∣∣∣∫

R3
x

t∂t Ẑ ξ f (t, x,v)dx
∣∣∣∣≲ ϵ̄(1+t)−

1
2 →0,

∫
R3

x

xi∂x i Ẑ ξ f (t, x,v)dx =−

∫
R3

x

Ẑ ξ f (t, x,v)dx, 1≤i ≤3.

Finally, if Ẑβ = �̂ jk Ẑκ, note that by integration by parts,∫
x

Ẑβ f dx = v̂ j
∫

x
v0∂vk Ẑκ f dx − v̂k

∫
x
v0∂v j Ẑκ f dx

and it remains to apply Proposition 6.3. □

We are now able to establish the precise behavior of J ( f ) in the interior of the light cone. In other
words, we improve Corollary 4.14. No such result holds for the exterior region since the decay can be
arbitrarily fast (we refer for this to the third estimate of Proposition 4.11). Recall the notation x0

= t .

Proposition 6.5. For any |β| ≤ N − 1, the components of the electric current density J (Ẑβ f ), that is,
Jµ(Ẑβ f )=

∫
R3
v
(vµ/v0)Ẑβ f dv, satisfy,

∀|x |< t,
∣∣∣∣t3 Jµ(Ẑβ f )(t, x)−

xµ

t
(|v0

|
5 Qβ

∞
)

(
qx
t

)∣∣∣∣ ≲ ϵ̄ log3Nx+3N (3 + t)
t

, µ ∈ [[0, 3]].

Proof. Let |β| ≤ N − 1, 0 ≤ µ≤ 3 and |x |< t . Apply Lemma 4.12 and the estimate (41) to g(t, x, v) :=
v̂µ Ẑβ f (t, x + t v̂, v). Since the spatial average of |v0

|
5g is equal to the one of v̂µ|v0

|
5 Ẑβ f , we get∣∣∣∣t3

∫
R3
v

vµ

v0 Ẑβ f (t, x, v) dv−

∫
R3

y

(
vµ

v0 |v0
|
5 Ẑβ f

)(
t, y,

qx
t

)
dy

∣∣∣∣ ≲ ϵ̄ log3Nx+3N (3 + t)
t

. (52)
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As Nv − 6 ≥ 5, we obtain from Proposition 6.1 that,

∀v ∈ R3
v,

∣∣∣∣vµv0 |v0
|
5 Qβ

∞
(v)−

vµ

v0 |v0
|
5
∫

R3
y

Ẑβ f (t, y, v) dy
∣∣∣∣ ≲ ϵ̄ log3Nx+3N (3 + t)

1 + t
.

The result follows from (52) and the last estimate, applied for v = }x/t . □

6.2. Self-similar asymptotic profile of the electromagnetic field. To identify the profile of F, we will see
that Q∞ generates an effective electromagnetic field. For this, we study FT since it is the element of the
Glassey–Strauss decomposition of F with the slower decay rate along timelike geodesics t 7→ (t, x + t v̂).
If the plasma is not neutral, QF ̸= 0, we will also have to improve the estimate for Fdata.

6.2.1. Behavior of LZγ (F)T along timelike straight lines. It will be convenient to lighten the notations
by denoting the kernel in the integral defining FT, which was bounded in Corollary 5.5, as

WT (ω, v) :=
W(ω, v)

|v0|2(1 +ω · v̂)
, |WT

|( · , v)+ |∇vWT
|( · , v)≲ v0. (53)

Definition 6.6. Let, for any |β| ≤ N − 1, [Ẑβ f ]
∞(v) be the 2-form defined as,

∀v ∈ R3
v, [Ẑβ f ]

∞(v) :=

∫
|z|≤1

|z+v̂|<1−|z|

WT
(

z
|z|
,

~z + v̂

1 − |z|

)
(|v0

|
5 Qβ

∞
)

(
~z + v̂

1 − |z|

)
dz

|z|2(1 − |z|)3
.

Remark 6.7. We recall our convention (|v0
|
5 Qβ

∞)(w) := |w0
|
5 Qβ

∞(w) for any w ∈ R3
v.

Remark 6.8. It is crucial to observe that the domain of integration is included in {0 ≤ |z| ≤ (1 + |v̂|)/2}.
Indeed, if |z| ≥ (1 + |v̂|)/2, we have

|z + v̂| ≥ |z| − 1 + 1 − |v̂| ≥
1 − |v̂|

2
≥ 1 − |z|.

Consequently,

|z| ≤ 1, |z + v̂|< 1 − |z| =⇒
1

4|v0|2
≤

1 − |v̂|

2
≤ 1 − |z| ≤ 1.

In order to transform decay in |t − r | into decay in t along timelike trajectories, we will use the next
property.

Lemma 6.9. Let (x, v) ∈ R3
x × R3

v. Then,

∀ 1 ≤ t ≤ 4⟨x⟩|v0
|
2, 1 ≤ 4

⟨x⟩|v0
|
2

t
, ∀t ≥ 4⟨x⟩|v0

|
2, t − |x + t v̂| ≥

t
4|v0|2

.

Proof. It suffices to observe that,

∀t ≥ 4|x ||v0
|
2, t ≥

2|x |

1 − |v̂|
, so that t −|x + t v̂| ≥ t −

1 − |v̂|

2
t −|v̂|t = t −

1 + |v̂|

2
t ≥

t
4|v0|2

. □

We have the following convergence result.

Proposition 6.10. Let |β| ≤ N − 1 and (x, v) ∈ R3
x × R3

v. For all t ≥ 1, there holds

|t2
[Ẑβ f ]

T (t, x + v̂t)− [Ẑβ f ]
∞(v)| ≲ ϵ̄⟨x⟩

2
|v0

|
8 log3Nx+3N+1(3 + t)

t
.
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Proof. Fix |β| ≤ N − 1, (t, x, v) ∈ [1,+∞[× R3
x × R3

v and recall from Proposition 5.3 the definition of
[Ẑβ f ]

T. Next, we split the domain of integration of [Ẑβ f ]
T into two parts,

t2
[Ẑβ f ]

T (t, x+v̂t)= t2
∫

|y−x−t v̂|≤t
|y−x |≥t−|y−x−t v̂|

∫
R3
w

WT
(

y−x
|y−x |

,w

)
Ẑβ f (t−|y−x−t v̂|, y,w)

dwdy
|y−x−t v̂|2

+J ,

J :=

∫
|z|≤1

|z+v̂|<1−|z|

∫
R3
w

WT
(

z
|z|
,w

)
Ẑβ f (t (1−|z|), x+t z+t v̂,w)dw

t3 dz
|z|2

,

where we performed the change of variables z = (y − x − t v̂)/t in order to obtain the second integral J.
As we shall see below, this splitting is useful in order to identify and isolate the asymptotic profile.
We start by controlling the first term. For this, note that (53), Nv ≥ 10 and the last two estimates of
Proposition 4.11, applied for a = 1, yield, for all (ω, τ, y) ∈ S2

× R+ × R3,∣∣∣∣∫
R3
w

WT (ω,w)Zβ f (τ, y,w)dw
∣∣∣∣≲ ∫

R3
w

w0
|Zβ f |(τ, y,w)dw≲ ϵ̄ log3Nx+3N (3+τ)

1+max(τ−|y|,0)
(1+τ+|y|)4

.

Note now that |y − x | ≥ t − |y − x − t v̂| implies

t − |y − x − t v̂| − |y| ≤ t − |y − x − t v̂| − |y − x | + |x | ≤ |x |.

Hence, applying first the previous estimate for τ = t − |y − x − t v̂| and then (46), we get

|t2
[Ẑβ f ]

T (t, x+v̂t)−J | ≲ ϵ̄(1+|x |)t2
∫

|y−x−t v̂|≤t
|y−x |≥t−|y−x−t v̂|

log3Nx+3N (3+t−|y−x−t v̂|)
(1+t−|y−x−t v̂|+|y|)4

dy
|y−x−t v̂|2

≲ ϵ̄⟨x⟩
log3Nx+3N (3+|t−|x+t v̂||)

1+|t−|x+t v̂||
t2Y p=2

3 (t, x+t v̂).

According to Lemma 5.11, t2Y p=2
3 (t, x + t v̂)≲ log(1 + t). By applying Lemma 6.9, we then deduce

|t2
[Ẑβ f ]

T (t, x + v̂t)−J | ≲ ϵ̄⟨x⟩ log(1 + t)
(

⟨x⟩|v0
|
2

1 + t
+ |v0

|
2 log3Nx+3N (3 + t)

1 + t

)
,

so that it remains for us to compare J with [Ẑβ f ]
∞(v). As in Section 4.4, it is convenient to change the

reference frame and work with gβ(τ, y, w) := Ẑβ f (τ, y + τŵ, w). In view of Lemma 2.9, the change of
variables y = x + t z + v̂t − ŵt (1 − |z|), for z fixed, leads to

J =

∫
|z|≤1

|z+v̂|<1−|z|

∫
|x−y+t z+v̂t |<t (1−|z|)

WT
(

z
|z|
, w

)
(|v0

|
5gβ)(t (1 − |z|), y, w)

dy dz
|z|2(1 − |z|)3

,

where we used w to denote the following function of (y, z):

w =

­x − y + t z + t v̂
t (1 − |z|)

⇐⇒ ŵ =
x − y + t z + t v̂

t (1 − |z|)
.
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By the triangular inequality, we have |J − [Ẑβ f ]
∞

| ≤ J1 +J2 +J3, where

J1 :=

∫
|z|≤1

|z+v̂|<1−|z|

∫
|x−y+t z+t v̂|<t (1−|z|)

|1
β

1 |
dy dz

|z|2(1−|z|)3
,

1
β

1 := WT
(

z
|z|
, w

)
(|v0

|
5gβ)(t (1−|z|), y, w)−WT

(
z
|z|
,

}z+v̂
1−|z|

)
(|v0

|
5gβ)

(
t (1−|z|), y,

}z+v̂
1−|z|

)
,

J2 :=

∣∣∣∣∫ |z|≤1
|z+v̂|<1−|z|

∫
|x−y+t z+t v̂|≥t (1−|z|)

WT
(

z
|z|
,

}z+v̂
1−|z|

)
(|v0

|
5gβ)

(
t (1−|z|), y,

}z+v̂
1−|z|

)
dy dz

|z|2(1−|z|)3

∣∣∣∣,
J3 :=

∫
|z|≤1

|z+v̂|<1−|z|

|1
β

3 |
dz

|z|2(1−|z|)3
,

1
β

3 := WT
(

z
|z|
,

}z+v̂
1−|z|

)[∫
R3

y

(|v0
|
5 Ẑβ f )

(
t (1−|z|), y,

}z+v̂
1−|z|

)
dy−(|v0

|
5 Qβ

∞
)

(
}z+v̂

1−|z|

)]
,

where, for 1β3 , we used that the spatial average of gβ is equal to the one of Ẑβ f . In view of Remark 6.8,
we will be able to transform time decay for the integrands of Ji into decay in t , at the cost of powers
of v0. In particular, Remark 6.8 and Nx > 7 imply the following inequality that we will use several times:∫

|z|≤1
|z+v̂|<1−|z|

∫
R3

y

dy
⟨y⟩Nx−4

dz
|z|2(1 − |z|)n

≲
∫

|z|≤1
|z+v̂|<1−|z|

dz
|z|2(1 − |z|)n

≤ 22n+2π |v0
|
2n, n ∈ N. (54)

We start by dealing with J1. Since |∇V qV | ≲ (1 −|V |
2)−3/2

= | qV 0
|
3 for all |V |< 1 by Lemma 2.9 and in

view of the bounds (53) on WT, the mean value theorem yields

|1
β

1 | ≤
|x − y|

t (1 − |z|)
sup

V ∈R3
|V 0

|
9(|gβ | + |∇vgβ |)(t (1 − |z|), y, V )

≤
1 + |x |

t (1 − |z|)⟨y⟩Nx−4 sup
(X,V )∈R6

|V 0
|
9
⟨X⟩

Nx−3
|(|gβ | + |∇vgβ |)(t (1 − |z|), X, V ).

By applying Lemma 2.8 and then the estimates of Proposition 4.5, we obtain

|1
β

1 | ≤
⟨x⟩

t (1 − |z|)⟨y⟩Nx−4

∑
|κ|≤N

sup
(X,V )∈R6

|V 0
|
9
|zNx−2 Ẑκ f |(t (1 − |z|), X, V )≲

ϵ̄⟨x⟩ log3Nx+3N (3 + t)
t (1 − |z|)⟨y⟩Nx−4 ,

where we used Nv ≥ 12 and |β| + 1 ≤ N. We then deduce from (54) that

J1 ≲ ϵ̄⟨x⟩|v0
|
8 log3Nx+3N (3 + t)

t
.

Next, we control 1β3 using |WT
|( · , V )≲ V 0, Nv ≥ 12 and Proposition 6.1. This allows us to bound J3

through (54),

1
β

3 ≲ ϵ̄
log3Nx+3N (3 + t)
(1 + t)(1 − |z|)

, J3 ≲ ϵ̄|v
0
|
8 log3Nx+3N (3 + t)

1 + t
.
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Finally, note that on the domain of integration of J2, we have, for ŵ = (z + v̂)/(1 − |z|),

1 = |w0
|
2
(

1 −
|z + v̂|2

(1 − |z|)2

)
= |w0

|
2 (1 − |z| + |z + v̂|)(1 − |z| − |z + v̂|)

(1 − |z|)2
≤ |w0

|
2 2|x − y|

(1 − |z|)t
.

Since |WT
|( · , w)≲ w0, we get

J2 :=
⟨x⟩

t
sup
τ≤t

sup
(y,w)∈R6

|w0
|
8
⟨y⟩

Nx−3
|gβ |(τ, y, w)

∫
|z|≤1

|z+v̂|<1−|z|

∫
R3

y

dy
⟨y⟩Nx−4

dz
|z|2(1 − |z|)4

.

Using once again Lemma 2.8 together with Proposition 4.5, we get, in view of (54),

J2 ≲ ϵ̄⟨x⟩t−1 log3Nx+3N (3 + t)|v0
|
8. □

This directly provides us the asymptotic profile of LZγ (F)T = −
∑

|β|≤|γ |
Cγ

β [Ẑβ f ]
T.

Corollary 6.11. Let |γ | ≤ N − 1 and LZγ (F)∞ := −
∑

|β|≤|γ |
Cγ

β [Ẑβ f ]
∞. Then,

∀(t, x, v) ∈ [1,+∞[ × R3
x × R3

v,

|t2LZγ (F)T (t, x + v̂t)−LZγ (F)∞(v)| ≲ ϵ̄⟨x⟩
2
|v0

|
8 log3Nx+3N+1(3 + t)

t
.

Moreover, if Zγ contains a translation ∂xµ or the scaling vector field S, then LZγ (F)∞ = 0.

Proof. We only have to focus on the second part of the statement. Recall from the proof of Proposition 6.4
that we can reduce the analysis to the cases Zγ = ∂xλ Zκ if γT ≥ 1, and Zγ = SZκ otherwise. Recall
further from the commutation formula of Lemma 2.3 and Proposition 2.4 that

∇
µL∂xλ Zκ (F)µν =

∑
|ξ |≤|κ|

Cκ
ξ J (∂xλ Ẑ ξ f )ν, ∇

µLSZκ (F)µν =

∑
|ξ |≤|κ|

Cκ
ξ J (S Ẑ ξ f )ν + 3Cκ

ξ J (Ẑ ξ f )ν .

It remains to recall from Proposition 6.4 that Q
∂xλξ
∞ = 0 and QSξ

∞ = −3Qξ , so that LZγ (F)∞ = 0. □

6.2.2. Behavior of LZγ (F)data along timelike straight lines. Recall from Proposition 5.3 and (50) that
Fdata is the sum of Fhom, which verifies □Fhom

µν = 0, and a term which is strongly decaying in the
interior of the light cone. If QF ̸= 0, F decays initially as r−2 and one cannot expect to prove strong
decay estimates for Fhom through Proposition 2.21. For this reason, we need to analyse in detail the
homogeneous part Fhom. It turns out that it decays faster in the interior of the light cone and then along
timelike straight lines, so that it will not contribute to the asymptotic Lorentz force.

In order to improve the naive estimate of Proposition 5.13, one can note that the leading-order term
F(0, x)= QF xi/(4π |x |

3) dt ∧ dx i of the asymptotic expansion of Fhom(0, · ) corresponds to the static
electromagnetic field generated by a point charge QF located at x = 0. It is derived from the potential
A = Q(4πr)−1 dt which satisfies the Lorenz gauge, and then □Aµ = 0 on R × (R3

\ {0}). To deal with
our evolution problem and the singularity of the Newton potential, we introduce

Ã(t, x) :=χ(|x |−t)A(t, x)=
QF

4π |x |
χ(|x |−t)dt, χ ∈ C∞(R, [0, 1]), χ |]−∞, 1

2 ]
= 0, χ |[1,+∞[ = 1.
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Then, Ã is smooth on R+ × R3 and □ Ãµ = 0. It motivates the introduction of

F̃(t, x) := d Ã(t, x)=
QF xi

4π |x |3
χ(|x | − t) dt ∧ dx i

−
QF xi

4π |x |2
χ ′(|x | − t) dt ∧ dx i

= χ(|x | − t)F(t, x)−
QF xi

4π |x |2
χ ′(|x | − t) dt ∧ dx i ,

which, in view of [□, ∂xλ] = 0 and □ Ãλ = 0, satisfies □F̃µν = 0. Since,

• for any 0 ∈ K \ {S}, [□, 0] = 0 and [□, S] = 2□,

• for any Z = Zλ∂xλ ∈ K and any 2-form H , we have LZ (H)µν = Z(Hµν)+∂xµ(Zλ)Hλν+∂xν (Zλ)Hµλ,

we then have □LZγ(F̃)µν=0 for any |γ |≤ N−1. The key idea will then be to consider LZγ(F)hom
−LZγ(F̃).

More precisely, the following estimates hold.

Proposition 6.12. For any |γ | ≤ N − 1, we have,

∀(t, x) ∈ R+ × R3, |LZγ (F)data(t, x)−LZγ (F̃)(t, x)| ≲3(1 + t + |x |)−1(1 + |t − |x ||)−1−δ.

Remark 6.13. We will not use it here, but we have

|LZγ (F̃)−χ(|x | − t)LZγ (F)(t, x)| ≲ QF (1 + t)−110≤|x |−t≤1.

Moreover, L∂t (F)=L� jk (F)=LS(F)= 0 for all 1 ≤ j < k ≤ 3. We refer to [Bigorgne 2020a, Section 5]
for more information concerning F.

This result implies that the leading-order term of LZγ (F)data(t, x) is supported in the exterior of the
light cone. Before proving it, let us investigate its direct consequence for the behavior of Fdata along
timelike trajectories.

Proposition 6.14. For any |γ | ≤ N − 1, we have,

∀(t, x, v) ∈ [1,+∞[ × R3
x × R3

v, |t2LZγ (F)data(t, x + t v̂)| ≲3⟨x⟩
2
|v0

|
4t−δ.

Proof. Let (t, x, v) ∈ [1,+∞[×R3
x ×R3

v . If t ≤ 4⟨x⟩|v0
|
2, it suffices to apply Proposition 5.13, providing

|LZγ (F)data(t, x + t v̂)| ≲3t−1
≤ 163⟨x⟩

2
|v0

|
4t−3.

Otherwise, according to Lemma 6.9, we have t − |x + t v̂| ≥ t/(4|v0
|
2), so that χ (n)(|x + t v̂| − t)= 0 for

all n ∈ N. Consequently, we get from Proposition 6.12 that

|LZγ (F)data(t, x + t v̂)| ≲3t−1(1 + |t − |x + t v̂||)−1−δ
≤ 163|v0

|
4t−3. □

The first step of the proof of Proposition 6.12 consists in controlling the initial data for LZγ (F)hom.

Lemma 6.15. The assumption (15) on the initial electromagnetic field F(0, · ) implies,

∀|γ | ≤ N − 1, sup
|κ|≤1

sup
|x |≥1

⟨x⟩
2+δ+|κ|

|∇
κ
t,xLZγ (F)hom

− ∇
κ
t,xLZγ (F)|(0, x)≲3. (55)

Note that ∇
κ
t,xLZγ (F)(0, x)= ∇

κ
t,xLZγ (F̃)(0, x) for all |x | ≥ 1 since χ = 1 on [1,+∞[.
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Proof. As F is defined on R × R3
\ {0}, LZγ (F) is well-defined for |x | ≥ 1. We point out that

∇tLZγ (F)(0, · ) does not necessarily vanish (consider for instance the case Zγ = �01). Moreover,
LZγ (F)hom(0, · )= LZγ (F)(0, · ) by definition. Hence, the left-hand side of (55) is bounded by

sup
|κ|≤1

sup
|x |≥1

⟨x⟩
2+δ+|κ|

|∇
κ
t,xLZγ (F − F)|(0, x)≲ sup

|ξ |≤|γ |+1
sup
|x |≥1

⟨x⟩
2+δ+|ξ |

|∇
ξ
t,x(F − F)|(0, x)

≤3+ sup
|β|≤|γ |

sup
|x |≥1

⟨x⟩
2+δ+n+|β|

|∇∂t ∇
β
t,x F |(0, x), (56)

where, in the last step, we used the assumption (15) and that F is independent of t . Now, remark that if
n ≥ 1, the Maxwell equations implies

∂t(∂
n−1
t ∂βx B)= −∂n−1

t ∂βx (∇x × E), ∂t(∂
n−1
t ∂βx E)= ∂n−1

t ∂βx (∇x × B)−
∫

R3
v

v̂∂n−1
t ∂βx f dv.

Let E and B be the electric and magnetic field associated to F according to (4), so that E i
= x i QF/(4πr3)

and B = 0. As ∇x × E = ∇x × B = 0, we can bound (56) by 3 by performing an induction and using
(15) as well as the initial assumptions on f . □

We are now able to prove Proposition 6.12 and conclude this subsection. As ϵ ≤3, (50) implies,

∀(t, x) ∈ R+ × R3, |LZγ (F)data
−LZγ (F)hom

|(t, x)≲3(1 + t + |x |)−1(1 + |t − |x ||)−1−δ.

Finally, □LZγ (F)hom
µν −□LZγ (F̃)µν = 0, the decay assumptions on the initial data given by Lemma 6.15

and Proposition 2.21 yield,

∀(t, x) ∈ R+ × R3, |LZγ (F)hom
−LZγ (F̃)|(t, x)≲3(1 + t + |x |)−1(1 + |t − |x ||)−1−δ.

6.2.3. Self-similar asymptotic profile of LZγ (F). We are now able to study the full Maxwell field.

Corollary 6.16. For any |γ | ≤ N − 1, there exists a 2-form LZγ (F)∞, independent of t , such that,

∀(t, x, v)∈ [1,∞[×R3
x ×R3

v, |t2LZγ (F)(t, x + v̂t)−LZγ (F)∞(v)|≲3⟨x⟩
2
|v0

|
8 log3Nx+3N+1(3 + t)

tδ
.

Moreover, for any η > 0, there exists Cη > 0 such that,

∀(t, x)∈ [1,+∞[×R3
x ,

|x |

t
≤ 1−η,

∣∣∣∣t2LZγ (F)(t, x)−LZγ (F)∞
(

x̌
t

)∣∣∣∣≲3Cη
log3Nx+3N+1(3+t)

tδ
.

Remark 6.17. For the most important case, |γ | = 0, we have 4πF∞
= −[ f ]

∞, where [ f ]
∞ is explicitly

written in Definition 6.6.

Proof. Fix |γ | ≤ N − 1 and (t, x, v) ∈ [1,∞[× R3
x × R3

v . Applying Proposition 5.14 and Lemma 6.9, we
have

t2
|LZγ (F)S

|(t, x + v̂t)≲ ϵ̄3
t log(3 + |t − |x − t v̂||)
(1 + |t − |x − t v̂||)2

≲3

(
⟨x⟩

2
|v0

|
4

t
+ |v0

|
4 log(3 + t)

t

)
.
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We then get the first part of the statement using the Glassey–Strauss decomposition given by Proposition 5.3,
Corollary 6.11, where LZγ (F)∞ is introduced, and Proposition 6.14. For the second part, it suffices to
apply the first estimate, with a slight abuse of notation, for x = 0 and v̂ = x/t . □

We deduce from the previous result a uniform bound on LZγ (F)∞. Moreover, it turns out that this
quantity vanishes in certain cases, providing improved estimates for LZγ (F).

Proposition 6.18. For any |γ | ≤ N − 1, we have |LZγ (F)∞|(v)≲ ϵ̄
√
v0. Moreover, if |γ | ≥ 1 and Zγ

contains a translation ∂xµ or the scaling vector field S, then LZγ (F)∞ = 0.

Proof. According to Proposition 5.15, t2
|LZγ (F)T |(t, t v̂)≲ ϵ̄(1 − |v̂|)−1/4

≤ 2ϵ̄
√
v0. All the properties

then follow from Corollary 6.11. □

Finally, we investigate the regularity of LZγ (F)∞.

Proposition 6.19. For any |γ | ≤ N − 2 and 0 ≤ µ, ν ≤ 3, LZγ (F)∞µν is of class C N−1−|γ |. Moreover, for
any 1 ≤ k ≤ 3, we have

v0∂vkLZγ (F)∞µν=L�0k Zγ (F)∞µν+2v̂kLZγ (F)∞µν−δ
0
µLZγ (F)∞kν−δ

k
µLZγ (F)∞0ν−δ

0
νLZγ (F)∞µk−δ

k
νLZγ (F)∞µ0.

The angular derivatives satisfy

(v j∂vk − vk∂v j )LZγ (F)∞µν = L� jk Zγ (F)∞µν − δ j
µLZγ (F)∞kν + δk

µLZγ (F)∞jν − δ j
νLZγ (F)∞µk + δk

νLZγ (F)∞µj .

Proof. In order to lighten the notations, we introduce X := x + t v̂. Then, we compute

v0∂vk (LZγ (F)µν(t, X))

= t (δi
k − v̂k v̂i )∂x i (LZγ (F)µν)(t, X)

= (�0kLZγ (F)µν)(t, X)− X k∂t(LZγ (F)µν)(t, X)+ v̂k(x i
− X i )∂x i (LZγ (F)µν)(t, X)

= (�0kLZγ (F)µν)(t, X)− v̂k(SLZγ (F)µν)(t, X)− xk∂t(LZγ (F)µν)(t, X)+ v̂k x i∂x i (LZγ (F)µν)(t, X).

One can already notice that the last two terms enjoy strong decay properties. More precisely, since
Lemma 6.9 implies 1 + |t − |X || ≳ (1 + t)/(⟨x⟩|v0

|
2), we have from Proposition 3.2

t2
| − xk∂t(LZγ (F)µν)(t, X)+ v̂k x i∂x i (LZγ (F)µν)(t, X)| ≲

3⟨x⟩
3
|v0

|
4

1 + t
.

The result then follows from

LSZγ (F)µν = S(LZγ (F)µν)+ 2LZγ (F)µν, LSZγ (F)∞ = 0,

L�0k Zγ (F)µν =�0k(LZγ (F)µν)+ δ0
µLZγ (F)kν + δk

µLZγ (F)0ν + δ0
νLZγ (F)µk + δk

νLZγ (F)µ0

(57)

and Corollary 6.16, which give us

|t2v0∂vkLZγ (F)µν(t, x + t v̂)− v0∂vkLZγ (F)∞µν(v)| ≲3⟨x⟩
3
|v0

|
8 log1+3Nx+3N (3 + t)

(1 + t)δ
,

where v0∂vkLZγ (F)∞µν(v) is given in the statement of the proposition. To get the expression of the angular
derivatives, notice that

(v j∂vk − vk∂v j )(LZγ (F)µν(t, X))= (� jkLZγ (F)µν)(t, X)− (x j∂xk − xk∂x j )(LZγ (F)µν)(t, X),
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and

L� jk Zγ (F)µν =� jk(LZγ (F)µν)+ δ j
µLZγ (F)kν − δk

µLZγ (F) jν + δ j
νLZγ (F)µk − δk

νLZγ (F)µj

and apply the same arguments. The C N−1−|γ | regularity is obtained by an induction. □

For later use, we prove that the structure of the asymptotic Lorentz force is preserved by differentiation.

Corollary 6.20. Let 0 ≤ ν ≤ 3 and define

1Zγ ,ν(t, x, v) := t2 v̂
µ

v0 LZγ (F)µν(t, x)−
v̂µ

v0 LZγ (F)∞µν(v), |γ | ≤ N − 1.

For any |γ | ≤ N − 2, there holds

S(1Zγ ,ν)=1SZγ ,ν,

�̂ jk(1Zγ ,ν)=1� jk Zγ ,ν − δ j
ν1Zγ ,k + δk

ν1Zγ , j , 1 ≤ j < k ≤ 3,

�̂0i (1Zγ ,ν)=1�0i Zγ ,ν − δ0
ν1Zγ ,i − δi

ν1Zγ ,0 + 2 t
v0 (x

i
− t v̂i )v̂µLZγ (F)µν(t, x), 1 ≤ i ≤ 3.

Proof. The first identity follows from S(t2) = 2t2 and (57). For the other ones, start by noticing that,
according to Proposition 6.19 and for 1 ≤ i ≤ 3,

�̂0i

(
v̂µ

v0 LZγ (F)∞µν(v)
)

= v0∂vi

(
v̂µ

v0 LZγ (F)∞µν(v)
)

=
v̂µ

v0 L�0i Zγ (F)∞µν(v)− δ
0
ν

v̂µ

v0 LZγ (F)∞µi − δi
ν

v̂µ

v0 LZγ (F)∞µ0. (58)

Similarly, for 1 ≤ j < k ≤ 3,

�̂ jk

(
v̂µ

v0 LZγ (F)∞µν(v)
)

=
v̂µ

v0 L� jk Zγ (F)∞µν(v)− δ
j
ν

v̂µ

v0 LZγ (F)∞µk + δk
ν

v̂µ

v0 LZγ (F)∞µj . (59)

Recall that we denote by v the 4-vector (vµ)0≤µ≤4, so that

Ẑ
(

t2 v̂
µ

v0 LZγ (F)µν

)
= Ẑ

(
t2

|v0|2

)
vµLZγ (F)µν+

t2

|v0|2
LZ Zγ (F)(v,∂xν )+

t2

|v0|2
LZγ (F)(v, [Z ,∂xν ]) (60)

+
t2

|v0|2
LZγ (F)([Z ,v],∂xν )+

t2

|v0|2
Ẑ(vµ)LZγ (F)µν . (61)

• If Z =�0i , we have [Z , v] = −vi∂t − v0∂x i and Ẑ(vµ)= δ0
µv

i
+ δi

µv
0, so that the sum of two terms in

(61) vanishes. It remains to remark that [Z , ∂xν ] = −δi
ν∂t − δ0

ν∂i , Ẑ(t2/|v0
|
2)= 2t (x i

− t v̂i )/|v0
|
2 and to

combine (58) with (60).

• If Z =� jk , there holds [Z , v] = −v j∂xk +vk∂x j and Ẑ(vµ)= δk
µv

j
− δ

j
µv

k , so that the sum of the two
terms in (61) vanishes once again. The result then ensues from Ẑ(t2/|v0

|
2)= 0, [Z , ∂xν ]=−δ

j
ν∂xk +δk

ν∂x j ,
(59) and (60). □

6.3. Convergence of the distribution function along modified characteristics. Motivated by the discus-
sion in Section 2.8.4 and by Corollary 6.16, we modify the linear spatial characteristics t 7→ x + t v̂ as
follows.
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Definition 6.21. For (x, v) ∈ R3
x × R3

v, let XC ( · , x, v) : t 7→ x + t v̂+ C (t, v) be the trajectory11

X i
C (t, x, v) := x i

+ t v̂i
− log(t)v̂µF∞, j

µ (v)
δi

j − v̂ j v̂
i

v0

= x i
+ t v̂i

−
log(t)
v0 (v̂µF∞

µi (v)+ v̂
i v̂µF∞

µ0(v)), t ∈ R∗

+
, i ∈ [[1, 3]]. (62)

For simplicity, we will often write XC instead of XC (t, x, v). By Proposition 6.18, the components C i of
the correction term C satisfy,

∀t > 0, |C i
|(t, v)≲ ϵ̄|v0

|
−

1
2 log(t), i ∈ [[1, 3]]. (63)

We now bound the time derivative of a function evaluated along the modified characteristics.

Proposition 6.22. Let f : R+×R3
x ×R3

v → R be a sufficiently regular function and introduce h(t, x, v) :=
f (t, XC (t, x, v), v). Then, for all (t, x, v) ∈ [1,+∞[ × R3

x × R3
v,

|∂t h|(t, x, v)≤ |TF ( f )|(t, XC , v)+3
log3+3Nx+3N (3 + t)

(1 + t)1+δ

∑
Ẑ∈P̂0

||v0
|
7z2 Ẑ f |(t, XC , v).

Proof. We have, for all (t, x, v) ∈ [1,+∞[ × R3
x × R3

v,

∂t h(t, x, v)= (∂t f + v̂i∂x i f )(t, XC , v)+ ∂tC
i (t, v)∂x i f (t, XC , v)

= TF ( f )(t, XC )− v̂
µFµ j (t, XC )∂v j f (t, XC , v)+ ∂tC

i (t, v)∂x i f (t, XC , v). (64)

Recall from (14) the relation

v0∂v j = −t (∂x j − v̂ j v̂i∂x i )+ �̂0 j + z0 j∂t − v̂ j S −

∑
1≤i≤3

v̂ j z0i∂x i , 1 ≤ j ≤ 3, (65)

in order to rewrite ∂v j f (t, XC , v). As v0∂tC
i (t, v)= −(1/t)v̂µF∞, j

µ (v)(δi
j − v̂ j v̂

i ), we get

|∂t h|(t, x, v)≤ |TF ( f )|(t, XC , v)+
∑

1≤ j≤3

∑
Ẑ∈P̂0

|v̂µFµ j
|(t, XC )

∣∣∣∣ z
v0 Ẑ f

∣∣∣∣(t, XC , v)

+
1

tv0 |t2 F(t, XC )− F∞(v)||∂t,x f |(t, XC , v).

We deal with the second term on the right-hand side of the previous inequality by controlling the Lorentz
force through Remark 4.3, so that |v̂µFµ j

|(t, XC )≲3(1+ t)−2
|v0

|
2z(t, XC , v). Next, by Corollary 6.16

and the mean value theorem,

|t2 F(t, XC )− F∞(v)| ≤ |t2 F(t, x + t v̂)− F∞(v)| + t2
|F(t, XC )− F(t, x + t v̂)|

≲3⟨x⟩
2
|v0

|
8 log3Nx+3N+1(3 + t)

(1 + t)δ
+ t2

|C (t, v)| sup
|y−XC |≤|C |(t,v)

|∇t,x F |(t, y).

11Recall that F∞ is a 2-form, so that v̂µv̂νF∞
µν = 0.
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In view of the estimate of ∇t,x F given by Lemma 4.2 and the bound (63) on C , we have

t2
|C (t, v)| sup

|y−x |≤|C |(t,v)
|∇t,x F |(t, y)≲

3
√
v0

t2 log(3 + t)
log(3 + t)
(1 + t)3

|v0
|
4 sup

|y−XC |≤|C |(t,v)
z2(t, y, v).

Since |∇x z| ≲ 1, the mean value theorem yields

z(t, x + t v̂, v)≤ sup
|y−XC |≤|C |(t,v)

z(t, y, v)≤ z(t, XC , v)+
ϵ̄

√
v0

log(3 + t)≲ log(3 + t)z(t, XC , v). (66)

Consequently, as ⟨x⟩ ≤ z(t, x + t v̂, v), we have

|t2 F(t, XC )− F∞(v)| ≲3(1 + t)−δ log3Nx+3N+3(3 + t)|v0
|
8z2(t, XC , v).

We then deduce the result from the previous estimates. □

By applying this result to f , we obtain that there exists f∞ ∈ L∞
x,v such that f (t, XC , v)→ f∞(x, v)

as t → 0 (see Proposition 6.34 for more details). Applying it again to ∂κx f we could easily deduce that f∞
is smooth with respect to the spatial variables. However, obtaining the regularity in the velocity variables
requires a more thorough analysis. Indeed, ∂vi ( f (t, XC , v)) is deeply related to �̂0i f (t, XC , v), which
does not converge.

6.4. Modified commutators. Let Ẑ ∈ P̂0 \ {∂t , ∂x1, ∂x2, ∂x3} be a homogeneous vector field. Contrary to
the case of the translations, the error term [TF , Ẑ ]( f ) does not decay sufficiently fast in order to prove a
convergence result for Ẑ f , even along the modified characteristics. Indeed, recall from Lemma 2.3 that

TF (Ẑ f )= −v̂µLZ (F)µ j∂v j f + δS
Ẑ v̂

µFµ j∂v j f

and let us identify the terms with the slowest decay rate. Rewriting ∂v j by using (65) and estimating the
electromagnetic field through Remark 4.3, we have∣∣∣∣TF (Ẑ f )−

t
v0 (v̂

µLZ (F)µ j
− δS

Ẑ v̂
µFµ j )(δi

j − v̂ j v̂
i )∂x i f

∣∣∣∣ ≲3(1 + t)−2
∑
0̂∈P̂0

v0
|z20̂ f |. (67)

In view of Proposition 4.5, the right-hand side is bounded by ϵ̄(1 + t)−2 log9(3 + t) and then belongs
to L1

t L∞
x,v . On the other hand, if LZ (F)∞ and F∞ does not vanish, the decay rate of t |LZ F |+ t |F |≲ t−1

along timelike trajectories is at the threshold of time-integrability. For this reason, we modify the linear
commutator Ẑ in a way that is similar to how we modify the spatial characteristics. More precisely,
motivated by Corollary 6.16 and (67), we introduce the following vector fields.

Definition 6.23. For any Ẑ ∈ P̂0 \ {∂t , ∂x1, ∂x2, ∂x3, S}, we define Ẑmod and Smod as

Ẑmod
:= Ẑ − log(t)v̂µLZ (F)∞, j

µ (v)
δi

j − v̂ j v̂
i

v0 ∂x i , Smod
:= S + log(t)v̂µF∞, j

µ (v)
δi

j − v̂ j v̂
i

v0 ∂x i .

We further define the correction coefficients C i
S(t, v)= −C i (t, v) and

C i
Ẑ (t, v)= − log(t)v̂µLZ (F)∞, j

µ (v)
δi

j − v̂ j v̂
i

v0 = −
log(t)
v0

(
v̂µLZ (F)∞,i

µ (v)+ v̂i v̂µLZ (F)∞µ0(v)
)
,

so that Smod
= S + C i

S(t, v)∂x i and Ẑmod
= Ẑ + C i

Ẑ
(t, v)∂x i .



688 LÉO BIGORGNE

Remark 6.24. Recall that t |LS(F)|≲ (1+t)−1−δ in domains of the form {t ≥ (1−δ)r} since LS(F)∞ = 0.
This is why we do not need to compensate the term related to LS(F) in (67).

We have the improved commutation relations.

Proposition 6.25. Let Z ∈ K be a rotational vector field � jk or a Lorentz boost �0i . Then, for t > 0,

[TF , Ẑmod
] =

1
t

(
t2v̂µ(LZ (F)µ j

−LZ (F)∞, j
µ )

δi
j−v̂ j v̂

i

v0

)
∂x i

−
v̂µ

v0 LZ (F)µ j
(
�̂0 j+z0 j∂t−v̂

j S−

∑
1≤i≤3

v̂ j z0i∂x i

)
−C i

Ẑ v̂
µL∂xi (F)µ

j∂v j +v̂µFµ j∂v j C i
Ẑ∂x i .

For the scaling vector field, we have

[TF , Smod
] = −

1
t

(
t2v̂µ(Fµ j

− F∞, j
µ )

δi
j − v̂ j v̂

i

v0

)
∂x i +

1
t

(
t2v̂µ(LS(F)µ j

−LS(F)∞, j
µ )

δi
j − v̂ j v̂

i

v0

)
∂x i

+
v̂µ

v0 (Fµ
j
−LS(F)µ j )

(
�̂0 j + z0 j∂t − v̂ j S −

∑
1≤i≤3

v̂ j z0i∂x i

)
− C i

S v̂
µL∂xi (F)µ

j∂v j + v̂µFµ j∂v j C i
S∂x i .

Proof. Consider first the case Z =� jk or Z =�0i . In view of the commutation relation of Lemma 2.3,

[TF , Ẑmod
] = TF (C

i
Ẑ )∂x i + [TF , Ẑ ] + C i

Ẑ [TF , ∂x i ] = TF (C
i
Ẑ )∂x i − v̂µLZ (F)µ j∂v j − C i

Ẑ v̂
µL∂xi (F)µ

j∂v j .

It then suffices to use (65) in order to rewrite ∂v j in the second term and to compute

TF (C
i
Ẑ )= −

1
t
v̂µLZ (F)∞, j

µ (v)
δi

j − v̂ j v̂
i

v0 + v̂µFµ j∂v j C i
Ẑ .

The case of the scaling S can be treated similarly since LS(F)∞ = 0 according to Proposition 6.18. □

Apart from the term involving LS(F), already discussed in Remark 6.24, it is clear that any of the error
terms decay almost as t−1−δ for, say, |x | < t/2. At this point, we could then prove that f∞ is C1 in v.
However, since we would like to show f∞ ∈ C N−2(R3

x ×R3
v), we need to state a higher-order commutator

formula for the modified vector fields. For this purpose, we introduce the set

P̂mod
0 := {∂t , ∂x i , �̂mod

0i , �̂mod
jk , Smod

| 1 ≤ i ≤ 3, 1 ≤ j < k ≤ 3},

and we consider an ordering on it, so that P̂mod
0 = {Ẑmod,i

| 1 ≤ i ≤ 11}. Given a multi-index β ∈ [[1, 11]]
p,

we will then denote Ẑmod,β1 · · · Ẑmod,βp by Ẑmod,β. We will further denote by βH (respectively βT ) the
number of modified vector fields (respectively translations) composing Ẑmod,β, so that |β| = βH + βT .
Furthermore, we will use the schematic notation Pp,q(C ) in order to denote any quantity of the form∏
1≤k≤p

Ẑ ξk (C
ik

Ẑ k ), (p,q)∈N2, 1≤ik ≤3, Ẑ k
∈P̂0,

∑
1≤k≤p

|ξk |=q, qT :=

∑
1≤k≤q

ξk,T , qH :=q−qT ,

where qT ≥ 1 when at least one translation ∂xµ is applied to at least one of the correction coefficients. By
convention, we set P0,0(C )= 1 for p = q = 0. We recall from (10) the weights zλk ∈ k1, 0 ≤ λ < k ≤ 3,
which commute with the linear transport operator T0.
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Proposition 6.26. Let Ẑmod,β
∈ P̂

|β|

0 . Then, [TF , Ẑmod,β
] can be written as a linear combination of the

following types of terms:

1
v0t

R
(1

t
, v̂, z

)
Pp,q(C )

(
t2v̂µLZγ (F)µν − v̂µLZγ (F)∞µν(v)

)
Ẑκ , (T-1)

1
v0 R

(1
t
, v̂, z

)
Pp,q(C )LZγ (F)λν Ẑκ , (T-2)

xα

v0 R
(1

t
, v̂, z

)
Pp,q(C )LZγ (F)λν Ẑκ , qT + γT ≥ 1, (T-3)

where R is a polynomial in 1/t , v̂ = (v̂i )1≤i≤3 and z = (zµk)0≤µ<k≤3, of degree degz R in z, and

qH + degz R ≤ βH , p ≤ βH , q + |γ | + |κ| ≤ |β| + 1, q, |γ |, |κ| ≤ |β|, 0 ≤ α, λ, ν ≤ 3.

Remark 6.27. In fact, we could prove that, as for the first-order commutation formula, most of the error
terms satisfy a form of null condition. Since this property is not crucial for our purpose, we chose to
demonstrate a result requiring a much simpler analysis.

Proof. Note first that the result holds for any |β| = 1. One can see it by applying either Lemma 2.3, for
the translation, or Proposition 6.25 and by rewriting all the v derivatives as v0∂v j = �̂0 j − t∂x j − x j∂t . Let
n ≥ 1 such that the proposition holds for any |β| = n and consider a multi-index |β0| = n + 1. Consider
further |β| = n as well as Ẑmod

∈ P̂mod
0 such that Ẑmod,β0 = Ẑmod Ẑmod,β and note

[TF , Ẑmod,β0] = [TF , Ẑmod
]Ẑmod,β

+ Ẑmod
[TF , Ẑmod,β

]. (68)

We can deal with the first term on the right-hand side by applying the result for first-order operators and
by noticing that Ẑ ξ Ẑmod,β, for |ξ | ≤ 1, can be written as a linear combination of terms of the form

Pp,q(C )Ẑ ζ , p ≤ βH , qH ≤ βH + ξH − 1, q ≤ |β| + |ξ | − 1, q + |ζ | ≤ |β| + |ξ |. (69)

For the second term, we apply the induction hypothesis, so that [TF , Ẑmod,β
] can be written as a linear

combination of terms of the form (T-1)–(T-3). In order to deal with them, we will use the following
properties:

• ∂t(t)= 1, �̂mod
0 j (t)= x j

= −z0 j − t v̂ j, Smod(t)= t and Ẑmod(t)= 0 otherwise.

• If Ẑmod
= ∂xµ , then Ẑmod(xk)= δk

µ. Otherwise, there exists 0 ≤ λ≤ 3 such that Ẑmod(xk)= ±xλ+C k
Ẑ

.

• �̂mod
0 j (v

0)= v j for any 1 ≤ j ≤ 3 and Ẑmod(v0)= 0 otherwise.

• There exist four polynomials R0, . . . , R3 such that

Ẑmod(R(1/t, v̂, z))= R0(1/t, v̂, z)+ C i
Ẑ Ri (1/t, v̂, z), degz R0 ≤ degz R + 1, degz Ri ≤ degz R,

where we set C i
∂xµ

:= 0. Moreover, if Ẑmod
̸= �̂mod

0 j , then degz R0 ≤ degz R. This can be obtained by the
first property and [Bigorgne 2020a, Lemma 3.2], giving,

∀ 0̂ ∈ P̂0, ∀1 ≤ i ≤ 3, ∀z ∈ k1, 0̂(v0z) ∈ {0} ∪ k1, ∂x i (z) ∈ {0, 1, v̂k
| 1 ≤ k ≤ 3}.
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• If Ẑmod
= ∂xµ , we schematically have Ẑmod(Pp,q(C )) = P0

p,q0(C ), with q0
= q + 1 and q0

H = qH .
Otherwise, Ẑmod(Pp,q(C ))= P1

p,q1(C )+ P2
p+1,q2(C ), with q1

= q2
= q + 1, q1

H = qH + 1 and q2
H = qH .

• Ẑmod Ẑκ = Ẑ Ẑκ + C i
Ẑ
∂x i Ẑκ and ẐmodLZγ (F)λν can be written as a linear combination of

LZ Zγ (F)λν, C i
ẐL∂xi Zγ (F)λν, LZγ (F)µξ , 0 ≤ µ, ξ ≤ 3.

Hence, we obtain by applying Ẑmod to any quantity of the form (T-1), (T-2) or (T-3) (corresponding to
|β| = n), a combination of terms of the form (T-1)–(T-3) (corresponding to |β0| = n + 1), as well as

T [Ẑmod
] =

1
t

R
(

1
t
, v̂, z

)
Pp,q(C )Ẑmod

(
t2 v̂

µ

v0 LZγ (F)µν −
v̂µ

v0 LZγ (F)∞µν(v)
)

Ẑκ ,

where 0 ≤ ν ≤ 3, q +|γ |+|κ| ≤ |β|+1, max(q, |γ |, |κ|)≤ |β|, p ≤ βH and qH +degz R ≤ βH . Assume
first that Ẑmod is a translation ∂xλ . Then,

T [∂xλ] =
2δ0
λ

v0 R(1/t, v̂, z)Pp,q(C )v̂
µLZγ (F)µν Ẑκ +

t
v0 R(1/t, v̂, z)Pp,q(C )v̂

µL∂xλ Zγ (F)µν Ẑκ

is the sum of a term of type (T-2) and a term of type (T-3). Otherwise, Ẑmod
= Ẑ + C i

Ẑ
∂x i and, following

the previous computations, we have

T [Ẑmod
] = T [Ẑ ] + C i

ẐT [∂x i ] = T [Ẑ ] +
t
v0 R(1/t, v̂, z)Pp,q(C )C

i
Ẑ v̂

µL∂xi Zγ (F)µν Ẑκ ,

where the last three terms are of type (T-3). According to Corollary 6.20, T [Ẑ ] is a combination of terms
of type (T-1) and, in the case Ẑ = �̂0 j , (T-2). □

We now control these error terms and then prove a uniform boundedness statement for Ẑmod,β f .
Because of regularity issues on the coefficients CẐ , which are of class C N−2, we are not able to deal with
the multi-indices |β| ≥ N − 1.

Proposition 6.28. Let |β| ≤ N − 2. For all (t, x, v) ∈ [3,+∞[ × R3
x × R3

v, there holds

|TF (Ẑmod,β f )|(t, x, v)≲3
log3Nx+4N (t)

t1+δ

∑
|κ|≤|β|

|v0
|
7
|z2+βH Ẑκ f |(t, x, v).

Moreover,

|v0
|
Nv−7

|zNx−2−βH TF (Ẑmod,β f )|(t, x, v)≲ ϵ̄
log6Nx+7N (t)

t1+δ
.

Proof. Fix (t, x, v) ∈ [3,+∞[× R3
x × R3

v and let us prove first the following property. Consider Pp,q(C )

and R(1/t, v̂, z) a polynomial such that p ≤ βH , q ≤ |β| and qH + degz R ≤ βH . Then,

|R(1/t, v̂, z)||Pp,q(C )|(t, x, v)≲
logN−2(t)

tqT
zβH (t, x, v). (70)

For this, remark first that, for |ξ | ≤ N − 2, i ∈ [[1, 3]] and Ẑ ∈ P̂0 \ {∂t , ∂x1, ∂x2, ∂x3, S},

|Ẑ ξ (C i
Ẑ )|(t, x, v)≤

∑
|γ |+|κ|≤|ξ |
γT =ξT

Iγ,κ , Iγ,κ :=

∑
0≤ν≤3

|Ẑγ log(t)|
∣∣∣∣Ẑκ

(
v̂µ

v0 LZ (F)∞µν

)∣∣∣∣(v).
Note that the case Ẑ = S leads to a similar estimate.
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• We have |Ẑγ log(t)|≲ t−ξT zξH (t, x, v) log(t). Indeed, |Ẑγ log(t)| ≤ |t−γT PγH (x/t) log(t)|, where PγH

is a polynomial of degree at most γH ≤ ξH , and γT = ξT . Finally, recall that |x |/t ≤ |x − t v̂|/t + 1 ≤

2z(t, x, v).

• To deal with the last factor in Iγ,κ , note first that |κ| + 1 ≤ N − 1 and that this quantity vanishes if κ is
composed of at least a translation or the scaling vector field S according to Proposition 6.18. Then, using
first the relations (58)–(59) and then Proposition 6.18, we get∣∣∣∣Ẑκ

(
v̂µ

v0 LZ (F)∞µν

)∣∣∣∣(v)≲ ∑
|ζ |≤|κ|+1

∣∣∣∣ v̂µv0 LZ ζ (F)
∞

µν

∣∣∣∣(v)≲ ϵ̄. (71)

We then deduce that

|R(1/t, v̂, z)||Pp,q(C )|(t, x, v)≲ zdegz R(t, x, v)t−qT zqH (t, x, v) logp(t)ϵ̄ p,

which implies (70).
Apply Proposition 6.26 in order to reduce the analysis to the treatment of terms of type (T-1), (T-2)

and (T-3). By Corollary 6.16 and (70), we can bound any term of type (T-1) by

3
|v0

|
8 log3Nx+4N (t)
v0t1+δ

⟨x − t v̂⟩2
|zβH Ẑκ f |(t, x, v)≲3

log3Nx+4N (t)
t1+δ

|v0
|
7
|z2+βH Ẑκ f |(t, x, v),

since ⟨x − t v̂⟩ ≤ z(t, x, v) and where |κ| ≤ N − 2. We deal with the ones of type (T-2) by using (BA1),
(70) and Lemma 2.6. There are bounded above by

3 logN−2(t)
(t + |x |)(1 + |t − |x ||)v0

(1 + |t − |x ||)|v0
|
2z

t + |x |
|zβH Ẑκ f |(t, x, v)≲3

logN−2(t)
t2 v0

|z1+βH Ẑκ f |(t, x, v).

Finally, let T3 be a term of type (T-3). Using first (70) together with Proposition 3.2 and then Lemma 2.6,

T3 ≲
3 logN−2(t)

v0tqT (1 + |t − |x ||)1+γT
|zβH Ẑκ f |(t, x, v)≲3

logN (t)
t2 |v0

|
3
|z2+βH Ẑκ f |(t, x, v).

We deduce from that the first estimate of the statement, which, through an application of Proposition 4.5,
implies the second one. □

Corollary 6.29. Let |β| ≤ N − 2. If βH ≤ Nx − 2, there exists D > 0 such that,

∀t ≥ 3, ∥|v0
|
Nv−7 Ẑmod,β f (t, · , · )∥L∞

x,v
≲ ϵeD3. (72)

Proof. Note first that we can obtain, by a much simpler analysis than in the proof of Proposition 4.5, that
∥|v0

|
Nv zNx Ẑβ f (3, · , · )∥L∞

x,v
≲ ϵ̄ for all |β| ≤ N. Consequently, using (69) and (71), we get,

∀|β| ≤ N − 1, ∥|v0
|
Nv zNx Ẑmod,β f (3, · , · )∥L∞

x,v
≲

∑
|κ|≤|β|

∥|v0
|
Nv zNx Ẑκ f (3, · , · )∥L∞

x,v
≲ ϵ̄.

Hence, it suffices to prove, according to Lemma 4.4, that

|TF (|v
0
|
Nv−7 Ẑmod,β f )|(t, x,v)≲

(
3|v0

|
Nv−7

|Ẑmod,β f |

(1+t)
3
2

+
3v̂L

|v0
|
Nv−7

|Ẑmod,β f |

(1+|t−|x ||)2

)
+

ϵ̄

(1+t) log2(3+t)
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for all (t, x, v) ∈ [3, T [ × R3
x × R3

v and any |β| ≤ N − 2. For this, we bound TF (v
0) using (31) and we

apply the previous Proposition 6.28 in order to control TF (Ẑmod,β f ). □

6.5. Regularity of the asymptotic state. In order to prove that f∞ is differentiable with respect to v,
we will need to compute the first-order v-derivatives of the correction terms in the modified spatial
characteristics and to bound their higher-order derivatives.

Lemma 6.30. Let (i, k) ∈ [[1, 3]]
2. Then, for all (t, x, v) ∈ [3,+∞[ × R3

x × R3
v,

v0∂vk C i (t, v)= C i
�0k
(t, v)− v̂iC k(t, v).

More generally, for any multi-index |κ| ≤ N − 1,

|v0
|
|κ|

|∂κv C i
|(t, v)≲ ϵ̄|v0

|
−

1
2 log(t).

Proof. According to (58), we have, for any ν ∈ [[0, 3]],

v0∂vk

(
v̂µ

v0 F∞

µν

)
=
v̂µ

v0 L�0k (F)
∞

µν − δ0
ν

v̂µ

v0 F∞

µk − δk
ν

v̂µ

v0 F∞

µ0.

This implies in particular that

v0∂vk

(
v̂i v̂µ

v0 F∞

µ0 +
v̂µ

v0 F∞

µi

)
=
v̂i v̂µ

v0 L�0k (F)
∞

µ0 +
v̂µ

v0 L�0k (F)
∞

µi − v̂i
(
v̂k v̂µ

v0 F∞

µ0 +
v̂µ

v0 F∞

µk

)
.

In view of the definition of the correction coefficients (see Definitions 6.21 and 6.23), we deduce from
this last equality the first part of the statement. The second part follows from a direct induction as well as
Propositions 6.18–6.19. □

Remark 6.31. Similarly, we could prove using (59) that �vjkC
i (t, v) = C i

� jk
(t, v) − δi

jC
k(t, v) +

δi
kC

j (t, v), where �vjk := v j∂vk −vk∂v j . Consequently, the following quantities, related to the asymptotic
Lorentz force,

0(v) :=
v̂µ

v0 (F
∞

µi (v)+ v̂i F∞

µ0(v))dv
i , 0Z (v) :=

v̂µ

v0 (LZ (F)∞µi (v)+ v̂iLZ (F)∞µ0(v))dv
i ,

satisfy Lv0∂
vk (0)= 0�0k and L�vjk

(0)= 0� jk .

We now perform a computation, which holds for any sufficiently regular function f. In particular, we
will apply it to f = ∂κt,x f . We have

v0∂vk ( f (t, XC , v))= t∂xk f (t, XC , v)− t v̂k v̂i∂x i f (t, XC , v)

+ v0∂vk f (t, XC , v)+ v
0∂vk C i (t, v)∂x i f (t, XC , v).

Then, we use (65) in order to rewrite the third term on the right-hand side. We get

v0∂vk ( f (t, XC ,v))=

(
�̂0k f +z0k∂t f −v̂k S f −v̂k

∑
1≤i≤3

z0i∂x i f
)
(t, XC ,v)+v

0∂vk C i (t,v)∂x i f (t, XC ,v).
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Hence, as z0i (t, XC , v)= −x i
− C i (t, v),

v0∂vk ( f (t, XC , v))= (�̂0k f )(t, XC , v)− xk(∂t f )(t, XC , v)−
C k(t, v)

t
(S f )(t, XC , v)

+
C k(t, v)

t
X i

C ∂x i f (t, XC , v)− v̂
k(S f )(t, XC , v)+ v̂

kC i (t, v)∂x i f (t, XC , v)

+ v̂k x i∂x i f (t, XC , v)+ v
0∂vk C i (t, v)∂x i f (t, XC , v).

Now, according to Lemma 6.30,

�̂0k + v0∂vk C i (t, v)∂x i = �̂0k + C i
�0k
(t, v)∂x i − C k(t, v)v̂i∂x i = �̂mod

0k − C k(t, v)v̂i∂x i ,

and, in view of the relations Smod
= S − C i (t, v)∂x i and X i

C = x i
+ t v̂i

+ C i (t, v),

v0∂vk ( f (t, XC , v))= (�̂mod
0k f )(t, XC , v)−

(
v̂k

+
C k(t, v)

t

)
(Smod f )(t, XC , v)

− xk(∂t f )(t, XC , v)+

(
v̂k

+
C k(t, v)

t

)
x i∂x i f (t, XC , v). (73)

Iterating this process to the functions f = ∂κt,x f yields the following result.

Proposition 6.32. Let |κ| + |ξ | ≤ N − 2. Then, there exist functions Pκ,ξβ such that,

∀(t, x,v)∈ [3,+∞[×R3
x×R3

v, |v0
|
|ξ |∂ξv((∂

κ
t,x f )(t,XC ,v))=

∑
|β|≤|κ|+|ξ |

Pκ,ξβ (t, x,v)Ẑmod,β f (t,XC ,v)

and Pκ,ξβ (t, x, v) is a linear combination of terms of the form P(x, v̂)M(C ), where P is a polynomial and

M(C )=
d∏

k=1

1
t
|v0

|
|ξk |∂ξk

v C ik (t, v), d +

∑
1≤k≤d

|ξk | ≤ |ξ |, |β|+

∑
1≤k≤d

|ξk | ≤ |ξ |, degx(P)+βH ≤ |ξ |.

The value d = 0 is allowed, in which case we set M(C )= 1.

In order to prove, through Proposition 6.22, that the functions considered in the previous statement
converge, as t → +∞, we will be lead to estimate these polynomials and their time derivative.

Lemma 6.33. Let |κ| + |ξ | ≤ N − 2 and |β| ≤ |κ| + |ξ |. Then, for all (t, x, v) ∈ [3,+∞[ × R3
x × R3

v,

|Pκ,ξβ |(t, x, v)≲ ⟨x⟩
|ξ |−βH , |∂t Pκ,ξβ |(t, x, v)≲ ϵ̄⟨x⟩

|ξ |−βH
log(t)

t2 .

Proof. It is enough to bound terms of the form P(x, v̂)M(C ) satisfying the conditions given in
Proposition 6.32. The first factor satisfies |P(x, v̂)| ≲ ⟨x⟩

degx P
≤ ⟨x⟩

|ξ |−βH and does not depend on t . In
view of Lemma 6.30, we have |M(C )|≲ ϵ̄d logd(t)t−d, which implies the first estimate. The second one can
be obtained similarly. Either |∂t M(C )| = 0 or d ≥ 1 and |∂t M(C )|≲ ϵ̄d logd(t)t−d−1 by Lemma 6.30. □

We are now able to prove the main result of this paper. For this, let us introduce

h :(t, x, v) 7→ f (t, x+t v̂+C (t, v), v), hξ,κ :=|v0
|
|ξ |∂ξv ∂

κ
x h(t, x, v)=|v0

|
|ξ |∂ξv

(
∂κx f (t, XC (t, x, v), v)

)
.
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Proposition 6.34. There exists a function f∞ ∈ C N−2(R3
x ×R3

v,R+) such that, for any |κ|+ |ξ | ≤ N −2,

∀t ≥ 3, ∥|v0
|
Nv−10+|ξ |

⟨x⟩
Nx−4−|ξ |(∂ξv ∂

κ
x h(t, · , · )− ∂ξv ∂

κ
x f∞)∥L∞

x,v
≲ ϵ̄

log7(Nx+N )(t)
tδ

.

In particular, as Nv > 13 and if Nx > 7 + |ξ |, we have ∂ξv ∂κx f∞ ∈ L1
x,v.

Proof. Fix t ≥ 3 and (x, v) ∈ R3
x × R3

v . Applying the previous Proposition 6.32 and Lemma 6.33, we get

|∂t hξ,κ |(t, x, v)≲
∑

|β|≤N−2
βH ≤|ξ |

⟨x⟩
|ξ |−βH |∂t Ẑmod,β f |(t, XC , v)+ ϵ̄

log(t)
t2 ⟨x⟩

|ξ |−βH |Ẑmod,β f |(t, XC , v).

Next, we recall from (66) the inequality ⟨x⟩ ≲ log(t)z(t, XC , v) and note, using the same arguments, that
z(t, XC , v)≲ log(t)⟨x⟩ holds as well. Bounding ∂t Ẑmod,β f by Proposition 6.22, we then get

|v0
|
Nv−10

⟨x⟩
Nx−4−|ξ |

|∂t hκ,ξ |(t, x, v)≲
∑

|β|≤N−2
βH ≤|ξ |

logNx (t)|v0
|
Nv−10

|zNx−4−βH TF (Ẑmod,β f )|(t, XC , v)

+3
log4Nx+3N (t)

t1+δ

∑
|γ |≤1

|v0
|
Nv−3

|zNx−2−βH Ẑγ Ẑmod,β f |(t, XC , v).

We control the first term on the right-hand side by Proposition 6.28 and we claim that the second one is
bounded by

3
log4Nx+4N (t)

t1+δ

∑
|κ|≤N−1

|v0
|
Nv−3

|zNx−2 Ẑκ f |(t, XC , v).

Indeed, we rewrite the modified vector fields using (69) and we control Pp,q(C ) by (70). We then deduce
from Proposition 4.5 that

|v0
|
Nv−10

⟨x⟩
Nx−4−|ξ |

|∂t hκ,ξ |(t, x, v)≲ ϵ̄
log7Nx+7N (t)

t1+δ
.

We obtain from that,

∀ 3 ≤ t ≤ τ,
∣∣|v0

|
Nv−10

⟨x⟩
Nx−4−|ξ |(hκ,ξ (τ, x, v)− hκ,ξ (t, x, v))

∣∣ ≲ ϵ̄ log7(Nx+N )(t)
tδ

. (74)

Consequently, there exists f κ,ξ∞ ∈ L∞
x,v such that hκ,ξ (t, · , · )→ f κ,ξ∞ as t →+∞, uniformly on any compact

subset of R3
x ×R3

v . By uniqueness of the limit in D′(R3
x ×R3

v) and by continuity of the distributional partial
derivatives, we get f κ,ξ∞ = |v0

|
|ξ |∂

ξ
v ∂

κ
x f∞. Letting τ → +∞ in (74) yields the stated rate of convergence

and concludes the proof. □

Remark 6.35. We can improve the result for f∞. Propositions 4.5 and 6.22 give,

∀t ≥ 3,
∥∥|v0

|
Nv−7

⟨x⟩
Nx−2( f (t, XC (t, · , · ), · )− f∞)

∥∥
L∞

x,v
≲ ϵ̄

log12+3Nx+3N (t)
tδ

.

Moreover, we could prove that f∞ is of class C N−1 according to the spatial variable x .

Remark 6.36. We could prove that ∂ξv (∂n
t ∂

κ
x f (t, XC , v)) → ∂

ξ
v (−v̂ · ∇x)

n∂κx f∞. The idea consists in
rewriting the time derivatives using ∂t = −v̂ · ∇x + TF − v̂µFµ j∂v j .
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7. Scattering result for the electromagnetic field

In this section, we start by defining the scattering state of a sufficiently regular Maxwell field. Then, we
construct a scattering map for the vacuum Maxwell equations. Finally, we apply these results together
with the estimates derived in Section 3.1 in order to prove that the electromagnetic field F scatters, in the
sense that it is approached by a solution to the homogeneous Maxwell equations.

Since the asymptotic states will be functions of the variables (u, θ, ϕ), defined on future null infinity I+

introduced in Section 2.2, it will be convenient to work in null coordinates. For a function ψ(t, x), in
order to simplify the presentation, we will write ψ(u, u, ω) to denote ψ((u + u)/2, (u − u)ω/2), where
(u, u, ω) are the null coordinates such that x = rω, u = t + r and u = t − r .

The scattering state of a smooth electromagnetic field G will give the leading-order term in the
asymptotic expansion of rG, as u → +∞. This motivates the introduction of the following terminology.

Definition 7.1. Let φ : R+ × R3
→ R be a function such that the limit

8(u, ω) := lim
r→+∞

rφ(u + r, rω)= lim
u→+∞

(rφ)(u, u, ω), 8(u, ω) <+∞,

exists and is finite for all (u, ω) ∈ Ru × S2. Then, we say that the function 8, defined on Ru × S2, is the
radiation field R(φ) of φ along future null infinity I+.

Definition 7.2. Similarly, consider β, a 1-form on R+ × R3 tangential to the 2-spheres12 such that βeθ

and βeϕ have a radiation field βI+

eθ and βI+

eϕ . Then, βI+

, defined on Ru × S2 as the 1-form βI+

eθ dθ +βI+

eϕ dϕ
tangential to the 2-spheres, is called the radiation field of β along I+.

If βI+

is of class C1, we define

∇∂u (β):=∂u(β
I+

eθ )dθ+∂u(β
I+

eϕ )dϕ, ∇eθ (β)(u, · , ·):=∇eθ (β(u, · , ·)), ∇eϕ (β)(u, · , ·):=∇eϕ (β(u, · , ·)),

where∇ denotes the covariant derivative on S2.

We already know from Corollary 2.20 that, given a sufficiently decaying electromagnetic field G, the
radiation field of the good null components α(G), ρ(G) and σ(G) exist and vanish. Concerning the
component α(G), we have the following result.

Proposition 7.3. Let G be a C1 solution to the Maxwell equations (18) with a continuous source term J.
Assume that there exist three constants C[G]> 0, p ∈ N and q > 0 such that, for all (t, x) ∈ R+ × R3,

r |J |(t, x)+
∑
|γ |≤1

|ρ(LZγ G)|(t, x)+ |σ(LZγ G)|(t, x)≤
C[G] logp(3 + t + |x |)

(1 + t + |x |)1+q . (75)

Then, α(G) has a radiation field along I+. For any B ∈ {θ, ϕ} and for all (u, ω) ∈ Ru × S2, the limit

αI+

eB
(u, ω) := lim

r→+∞
rα(G)eB (r + u, rω)= lim

u→+∞
rα(G)eB (u, u, ω)

12More generally, we could consider tensor fields tangential to the cones Cu .
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exists and is finite. Moreover,

∀(t, x) ∈ R+ × R3,

∣∣∣∣rα(G)eB (t, x)−αI+

eB

(
t − |x |,

x
|x |

)∣∣∣∣ ≲ C[G]
logp(3 + t + |x |)

(1 + t + |x |)q
.

Consequently, αI+

is a continuous tensor field, defined on Ru × S2 and tangential to the 2-spheres.

Proof. The last inequality of Lemma 2.17, together with (75), provides,

∀(t, x) ∈ R+ × R3, |∇L(rα(G))|(t, x)≲ logp(3 + t + |x |)(1 + t + |x |)−1−q . (76)

Using the null coordinates u = t + r and u = t − r , where x = rω, we get, as L = 2∂u and ∇LeB = 0,

∀ 0 ≤ u ≤ z, |rα(F)(u, z, ω)− rα(F)(u, u, ω)| ≲
∫ z

s=u

logp(3 + s) ds
(1 + s)1+q ≲

logp(3 + u)
(1 + u)q

,

implying the existence of αI+

eB
, for any B ∈ {θ, ϕ}, and the rate of convergence given in the statement. □

If the electromagnetic field is sufficiently regular, we can relate the radiation fields of the derivatives
of G to the ones of αI+

. For this, we will use the bounded functions ωi := x i/|x | and ωA
i := ⟨∂x i , eA⟩, where

1 ≤ i ≤ 3 and A ∈ {θ, ϕ}, which depend only on ω ∈ S2 and which are given explicitly in Appendix B.

Proposition 7.4. Suppose that G satisfies, in addition to the hypotheses of the previous Proposition 7.3,
the inequality |rG|(t, x)≤ C[G]. Then, for any Z ∈ K,

∃αI+

Z ∈ D′(Ru × S2), rα(LZ G)( · , u, · ) u→+∞
−−−−⇀αI+

Z in D′(Ru × S2).

Moreover, for any 1 ≤ i ≤ 3 and 1 ≤ j < k ≤ 3,

αI+

∂t
= ∇uα

I+

, αI+

∂xi
= −ωi∇uα

I+

, αI+

S = u∇uα
I+

+αI+

,

αI+

� jk
= L� jk (α

I+

), αI+

�0i
= −ωi u∇uα

I+

− 2ωiα
I+

+ω
eA
i ∇eAα

I+

.

This result is proved in Appendix B.

7.1. Scattering map for the vacuum Maxwell equations. Before starting the construction of the forward
map for the homogeneous Maxwell equations, we introduce two functional spaces adapted to our problem.
The first one contains the initial electromagnetic fields which are in L2 and the second one contains the
scattering states which belong to L2. For a smooth solution F to (19), this state will be the radiation field
of α(F). Note that the electromagnetic fields considered in this subsection will be denoted by F. Since,
we will only consider solutions to the homogeneous Maxwell equations here, there is no risk of confusion
with the electromagnetic field of the plasma considered in the remainder of the article.

Definition 7.5. Let E{t=0} be the set containing all the 2-form on R1+3 which does not depend on t and
which is in L2(R3). Equipped with the norm

∥F0∥
2
E{t=0}

:=

∫
R3

x

(
|α(F0)|

2
+ |α(F0)|

2
+ 2|ρ(F0)|

2
+ 2|σ(F0)|

2)(x) dx,

E{t=0} is a Hilbert space.
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We define EI+ as the set of the 1-forms on Ru ×S2 which are tangential to the 2-spheres and in L2. For

∥αI+

∥
2
I+ :=

∫
Ru

∫
S2
ω

|αI+

|
2(u, ω) dµS2 du,

(EI+, ∥ · ∥I+) is a Hilbert space.

We now state the two main results of this section.

Theorem 7.6. The linear map

F+
: E{t=0} ∩ C∞

c → EI+, F0 7→ lim
u→+∞

rα(F)(u, u, ω),

where F is the unique solution to the vacuum Maxwell equations (19) such that F(0, · ) = F0, is well-
defined and preserves the norm ∥F0∥E{t=0}

= ∥F+(F0)∥I+ .
Moreover, this forward map can be uniquely extended in a bijective isometry F+

: E{t=0} → EI+ .

Remark 7.7. When F0 /∈ C∞
c but is still sufficiently regular, F+(F0) is also given by the formula written

in Theorem 7.6. Otherwise, F+(F0) can still be interpreted, in a weak sense, as the radiation field
of α(F), with F the solution to (19) arising from the data F0 (see Lemma 7.9 below).

The proof will in particular rely on the following result, which is also important in itself. It provides
precise estimates for solutions arising from the preimage by F+ of smooth elements of EI+ .

Proposition 7.8. Let 0< a < 1
2 , N ∈ N and αI+

∈ EI+ be a sufficiently regular scattering state. Then,
the unique solution F to the vacuum Maxwell equations (19) satisfying F+(F)= αI+

satisfies, for any
0 ≤ q −

1
2 < a,∑

|γ |≤N

∥⟨t − r⟩
q−

1
2 |LZγ F |(t, · )∥2

L2
x
≲ C[αI+

]

:=

∑
n1+n2+n3≤N+3

∫
Ru

∫
S2
ω

⟨u⟩
2a+2n1 |∇

n1
u ∇

n2
eθ∇

n3
eϕ α

I+

|
2(u, ω) dµS2 du

for all t ∈ R+. In particular, if N ≥ 4, we have, for any |γ | ≤ N − 3 and |ξ | ≤ N − 4,

∀(t, x) ∈ R+ × R3,
(
|α(LZγ F)| + |ρ(LZγ F)| + |σ(LZγ F)|

)
(t, x)≤

C
(1 + t + |x |)1+q ,∣∣∣∣rα(LZ ξ F)(t, x)− F+(LZ ξ F(0, · ))

(
t − |x |,

x
|x |

)∣∣∣∣ ≤
C

(1 + t + |x |)q
,

where the constant C depends only on C[αI+

] and q.

We start by proving that F+ is well-defined for sufficiently regular electromagnetic field, including
those arising from smooth compactly supported data.

Lemma 7.9. The linear map F+ introduced in Theorem 7.6 is well-defined and extends in an injective
isometry from E{t=0} to EI+ . Moreover, if F is a solution to the free Maxwell equations (19) such that

CF :=

∑
|γ |≤4

∥LZγ F(0, · )∥{t=0} <+∞, (77)
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then, α(F) has a continuous radiation field F+(F(0, · )) and, for all (t, x) ∈ R+ × R3,

(|α(F)| + |ρ(F)| + |σ(F)|)(t, x)≲ CF (1 + t + |x |)−
3
2 , (78)∣∣∣∣rα(F)(t, x)− F+(F(0, · ))

(
t − |x |,

x
|x |

)∣∣∣∣ ≲ CF (1 + t + |x |)−
1
2 . (79)

This implies that the radiation fields of α(F), ρ(F) and σ(F) vanish.
Finally, if F is a mildly regular solution to (19) such that F(0, · ) ∈ E{t=0}, then rα(F) converges to

F+(F(0, · )), as u → +∞, in the space of distributions D′(Ru × S2).

Proof. Recall from Definition 2.16 the energy momentum tensor T[F]µν , its principal null components
and that ∇

µT[F]µ0 = 0. For any t > 0, the divergence theorem, applied to T[F]µ0 in the domain
{(s, x) ∈ R1+3

| 0 ≤ s ≤ t}, gives

∥F(0, · )∥{t=0} = 4
∫

R3
x

T[F]00(0, x) dx = 4
∫

R3
x

T[F]00(t, x) dx

= 2
∑

0≤µ,ν≤3

∫
R3

x

|Fµν |2(t, x) dx = 2∥F(t, · )∥L2
x
.

This also applies to LZγ (F), for any |γ | ≤ 4, since it is a solution to the free Maxwell equations (19) as
well. In view of the equivalence of the pointwise norms (9), the standard Klainerman–Sobolev inequality
(see for instance Theorem 1.3 of [Sogge 1995, Chapter II]) yields, for any |γ | ≤ 2,

∀(t, x) ∈ R+ × R3
x , |LZγ F |(t, x)≲

∑
|β|≤2+|γ |

∑
0≤µ,ν≤3

|Zβ(Fµν)|(t, x)

≲
CF

(1 + t + |x |)(1 + |t − |x ||)
1
2

. (80)

Applying Corollary 2.20 to LZ ξ F, for any |ξ | ≤ 1 and q =
1
2 , gives,

∀|ξ | ≤ 1, ∀(t, x)∈ R+×R3,
(
|α(LZ ξ F)|+|ρ(LZ ξ F)|+|σ(LZ ξ F)|

)
(t, x)≤ CF (1+t+|x |)−

3
2 .

The existence of the radiation field αI+

of α(F) and the rate of convergence given in the statement then
follows from Proposition 7.3. Since the convergence is uniform in (u, ω), αI+

is continuous on Ru × S2.
Before defining F+, we need to bound the L2 norm of the radiation field. For this, we prove conservation

laws which hold for any mildly regular solution G to the free Maxwell equations (19).
Fix u ≥ 0 and apply the divergence theorem to T[G]µ0, in the domain {t + |x | ≤ u}, in order to get∫

Cu

T[G]L0 dµCu =

∫
|x |≤u

T[G]00(0, x) dx

=
1
4

∫
|x |≤u

(
|α(G)|2 + |α(G)|2 + 2|ρ(F)|2 + 2|σ(G)|2

)
(0, x) dx, (81)

where ∫
Cu

T[G]L0 dµCu =
1
4

∫
|u|≤u

∫
S2
ω

(|α(G)|2 + |ρ(G)|2 + |σ(G)|2)(u, u, ω)r2 dµS2 du. (82)
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Assume now that Fµν(0, · ) ∈ C∞
c (R

3
x) for all 0 ≤ µ, ν ≤ 3 and let us apply the previous equality to F.

On the one hand, the right-hand side of (81) converges to 1
4∥F(0, · )∥2

{t=0}
as u → +∞. On the other

hand, we know from the Huygens–Fresnel principle that there exists U > 0 such that F(t, x)= 0 for all
|t −|x || = |u| ≥ U. This implies that the domain of integration of the integrals in (82) is in fact included in
{|u| ≤ U } for all u ≥ 0. The triangular inequality in L2 together with the estimates (78)–(79) then leads to∫

Cu

T[F]L0 dµCu −−−−→
u→+∞

1
4

∫
|u|≤U

∫
S2
ω

|F+(F(0, · ))|2 dµS2 du =
1
4
∥αI+

∥
2
I+ .

We can then define F+
: E{t=0} ∩ C∞

c → EI+ , with F+(F(0, · )) := αI+

, and extend it to an injective
isometry from E{t=0} to EI+ .

Consider now a, say, C1 solution F to (19) such that F(0, · )∈ E{t=0}. Fix ψ ∈ C∞
c (Ru ×S2) and R> 0

satisfying supp(ψ)⊂ [−R, R]×S2. Let further (Fn)n≥0 be a sequence of smooth solutions to the vacuum
Maxwell equations such that Fn(0, · ) is compactly supported for any n ∈ N and Fn(0, · ) → F(0, · )
in E{t=0}. Fix A ∈ {θ, ϕ} and start by observing that

|(rα(F)eA − F+(F(0, · ))eA)ψ |

≲
(
|rα(F)− rα(Fn)| + |rα(Fn)− F+(Fn(0, · ))| + |F+((Fn − F)(0, · ))|

)
1|u|≤R.

Then, in order to prove rαeA → F+(F(0, · ))eA in D′(Ru × S2), as u → +∞, it suffices to prove that
the integral on Ru × S2 of each of the three terms on the right-hand side converges to 0 as u → +∞. For
this, consider ϵ > 0 and start by noticing that the energy equality (81)–(82), applied to F − Fn , gives,

∀n ≥ 0, ∀u ≥ 0,
∫

Ru

∫
S2
ω

|rα(F)− rα(Fn)|
2(u, u, ω) dµS2 du ≤ ∥F(0, · )− Fn(0, · )∥2

{t=0}
.

According to (79), applied to Fn , there exists a constant Cn , such that,

∀n ∈ N, ∀u ≥ 0,
∫

|u|≤R

∫
S2
ω

|rα(Fn)(u, u, ω)− F+(Fn(0, · ))(u, ω)| dµS2 du ≤
Cn

(1 + u)
1
2

.

Moreover, since F+ is an isometry, we have ∥F+(Fn(0, · ))−F+(F(0, · ))∥I+ =∥F(0, · )−Fn(0, · )∥{t=0}.
The last four estimates, together with the Cauchy–Schwarz inequality in L2([−R, R] × S2), yields∣∣∣∣∫

Ru

∫
S2
ω

(
rα(F)eA(u, u, ω)− F+(F)eA(u, ω)

)
ψ(u, ω) dµS2 du

∣∣∣∣ ≲ ∥F(0, · )− Fn(0, · )∥{t=0} +
Cn

(1 + u)
1
2

for all n ∈ N and u ≥ 0. For a sufficiently large n and U, which depends on n, we can bound the right-hand
side by ϵ for all u ≥ U. This concludes the proof of the last part of the lemma.

It remains to show that for any F(0, · ) satisfying (77), we have F+(F(0, · ))= αI+

. For this, it suffices
to recall that we proved rα(F)→ αI+

in L∞
u,ω. □

Remark 7.10. In fact, assuming more decay on the initial data, we could prove using the equations (M ′′

2 ),
(M ′′

5 ) and (M ′′

6 ) of [Christodoulou and Klainerman 1990] that |α(F)| = O(u−2−δ) and that r2ρ(F) as
well as r2σ(F) converge as u → +∞.
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To conclude the proof of Theorem 7.6, it remains us to show that F+ is surjective. For this, it suffices
to prove Proposition 7.8, which in particular implies that any smooth and compactly supported αI+

has a
preimage by F+. For this, we will make crucial use of [Lindblad and Schlue 2023, Theorem 1.1], which
is a similar result for solutions to the homogeneous wave equation, and exploit that □Fµν = 0 for any
Cartesian component Fµν .

Lemma 7.11. Let 8 ∈ C(Ru × S2) be a sufficiently regular function, 0< a < 1
2 and N ∈ N. Then, there

exists a unique solution to wave equation □φ = 0 on R+ ×R3 satisfying, for any 0< δ ≤ a and all t ∈ R+,∑
|γ |≤N

∥⟨t − r⟩
a−δZγφ(t, · )∥2

L2(R3
x )
≲

∑
|k|+|β|≤N+3

∫
+∞

u=−∞

∫
ω∈S2

|(⟨u⟩∂u)
k∂βω8(u, ω)|

2
⟨u⟩

2a dµS2 du

and such that 8 is the radiation field R(φ) of φ along I+.

We will also require standard estimates for smooth solutions to the wave equation.

Lemma 7.12. Let φ be a smooth solution to the wave equation □φ = 0 such that ∥Zγφ(0, · )∥L2
x
<+∞

for any |γ | ≤ 5. Then, for any |β| ≤ 1, the radiation field R(∂
β
t,xφ) of ∂βt,xφ is well-defined and

∀u ≥ 1, ∀(u, ω) ∈ [−u, u] × S2, |r∂βt,xφ(u, u, ω)− R(∂
β
t,xφ)(u, ω)| ≲ u−

1
2 .

Moreover, R(∂tφ)= ∂uR(φ) and R(∂x iφ)= −(x i/|x |)∂uR(φ) for all i ∈ [[1, 3]].

Proof. The first part of the result is classical. Indeed, since □Zγφ = 0 for any |γ | ≤ 4, we obtain
by applying the standard Klainerman–Sobolev inequality and then an energy inequality (for a proof,
see for instance Theorem 1.3 and Lemma 3.5 of [Sogge 1995, Chapter II]), that, for all |γ | ≤ 2 and
(t, x) ∈ R+ × R3,

(1 + t + |x |)(1 + |t − |x ||)
1
2 |Zγφ|(t, x)≲

∑
|β|≤|γ |+2

∥Zβφ(t, · )∥L2
x
≲

∑
|β|≤4

∥Zβφ(0, · )∥L2
x
. (83)

Now we claim that,
∀(t, x) ∈ R+ × R3, |L(rφ)|(t, x)≲ (1 + t + |x |)−

3
2 .

Indeed, if |x |=r ≤ (1+t)/2, we have 1+t+r ≲1+|t−r |. Moreover, (20) leads to |L(rφ)|≤
∑

|β|≤1 |Zβφ|,
so that the claim is implied by (83). Otherwise, |x |≳ 1+ t +|x | = 1+u and, by writing the d’Alembertian
in spherical coordinates, we obtain from □φ = 0 that

0 = −L Lφ+
2
r

L − L
2

φ+

∑
1≤i< j≤3

�i j�i jφ

r2 , leading to L(L(rφ))=

∑
1≤i< j≤3

�i j�i jφ

r
. (84)

In order to integrate along a null straight line t + r = u, it will be convenient to work with the null
coordinate system. We then write x = |x |ω, with ω ∈ S2. As L = 2∂u and in view of (83)–(84), we have

|L(rφ)|(t, x)= |L(rφ)|(t − |x |, u, ω)≤ |L(rφ)|(−t − |x |, u, ω)+ 1
2

∫ t−|x |

u=−t−|x |

|L(L(rφ))|(u, u, ω) du

≲ |L(rφ)|(0, (t + |x |)ω)+

∫ t−|x |

u=−t−|x |

du

(1 + u)2(1 + |u|)
1
2

≲ (1 + u)−
3
2 ,
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which concludes the proof of the claim. As L = 2∂u , we directly deduce from it that,

∀z ≥ u ≥ 0, ∀|u| ≤ u, ∀ω ∈ S2, |rφ(u, z, ω)− rφ(u, u, ω)| ≲
∫ z

s=u
|L(rφ)|(u, s, ω) ds ≲ (1 + u)−

1
2 .

This implies the existence of the radiation field R(φ) of φ as well as the rate of convergence given in
the statement of the lemma. Since □∂xµφ = 0 and ∥Zγ ∂xµφ(0, · )∥L2

x
<+∞ for any |γ | ≤ 4, the same

applies to ∂xµφ. Now, note that

2r∂tφ = r Lφ+ r Lφ, 2r∂x iφ =
x i

|x |
r Lφ−

x i

|x |
r Lφ+ 2⟨∂x i , eθ ⟩reθφ+ 2⟨∂x i , eϕ⟩reϕφ, 1 ≤ i ≤ 3.

Combining (83) with (20) yields r |Lφ| + r |eθφ| + r |eϕ| + |φ| ≲ u−1 so that

there exists φL
∞ ∈ L∞(Ru×S2

ω) such that L(rφ)
L∞

u,ω
−−−−→
u→+∞

φ
L
∞, φ

L
∞ =2R(∂tφ),

x i

|x |
φ

L
∞ =−2R(∂x iφ).

It remains to use that L(rφ)( · , u, · ) ⇀ 2∂uR(φ) in D′(Ru × S2) since rφ( · , u, · ) converges to R(φ)

in L∞
u,ω. □

We are now ready for the last part of this subsection.

Proof of Proposition 7.8. Fix 0 ≤ q −
1
2 < a < 1

2 , N ∈ N and αI+

∈ EI+ such that the norm C[αI+

] is
finite. Recall that any sufficiently regular solution F to the vacuum Maxwell equations (19) satisfies
□ Fµν = 0 for any 0 ≤ µ, ν ≤ 3. The first step consists in constructing each Cartesian component Fµν
of the electromagnetic field by applying Lemma 7.11 to well-chosen radiation fields. This will define a
2-form F which will verify the stated estimate. Then, we will prove that F is indeed a solution to the
Maxwell equations and, finally, we will derive the pointwise decay estimates.

Assume first that N ≥ 5 and let us start by identifying the expected radiation field of Fµν . For this,
assume that F exists and recall the transfer matrix between the Cartesian and the null frame

∂t =
1
2 L +

1
2 L, ∂x i =

1
2ωi L −

1
2ωi L +ω

eθ
i eθ +ω

eϕ
i eϕ, 1 ≤ i ≤ 3,

where ωi and ωeA
i are bounded functions of the spherical variables and are given explicitly in Appendix B.

For convenience, we set ω0 := −1 and ωeA
0 := 0. Consequently, for any 0 ≤ µ, ν ≤ 3, there exist smooth

functions of ω ∈ S2, gα,θµν , gα,ϕµν , gρµν and gσµν , such that

r Fµν = −
1
2(ω

eA
µ ων −ωµω

eA
ν )rα(F)eA + gα,Aµν rα(F)eA + gρµνrρ(F)+ gσµνrσ(F).

We then obtain by (78)–(79) that

R(Fµν)= −
1
2(ω

eA
µ ων −ωµω

eA
ν )α

I+

eA
, 0 ≤ µ, ν ≤ 3. (85)

According to Lemma 7.11, we can indeed define a 2-form F satisfying (85) as well as □Fµν = 0 and, for
all t ∈ R+,∑

|γ |≤N

∥⟨t − r⟩
q−

1
2 |LZγ F |(t, · )∥L2

x
≲

∑
|γ |≤N

∑
0≤µ,ν≤3

∥⟨t − r⟩
q−

1
2 Zγ (Fµν)(t, · )∥L2

x
≲ C[αI+

]. (86)
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The remainder of the proof of the case N ≥5 essentially consists in performing linear algebra computations.
In order to lighten the notations we temporarily denote ∂xλ by ∂λ. Our goal now is to prove that F is a
solution to the vacuum Maxwell equations (19), which read in Cartesian coordinates

∂µFµν = 0, ∂µ∗Fµν = ∂[λFµν] := ∂λFµν + ∂µFνλ + ∂νFλµ = 0. (87)

For a proof of the second identity, see for instance [Bigorgne 2021b, Lemma 2.2]. Since □∂µFµν = 0
and □∂µ∗Fµν = 0, (87) would be implied, according to Lemma 7.11, by

R(∂µFµν)= 0, R(∂µ∗Fµν)= 0, 0 ≤ ν ≤ 3.

We compute, using Lemma 7.12, that, for any 0 ≤ λ≤ 3,

R(∂λFµν)= −ωλ∂uR(Fµν)=
1
2ωλ(ω

eA
µ ων −ωµω

eA
ν )∂uα

I+

eA
, 0 ≤ µ, ν ≤ 3.

This implies in particular that R(∂[λFµν])= 0. Furthermore, as ∂µ = ηµλ∂λ, we have

R(∂µFµν)=
1
2η
µλωλ(ω

eA
µ ων −ωµω

eA
ν )∂uα

I+

eA
=

1
2(η(eA, L)ων − η(L , L)ωeA

ν )∂uα
I+

eA
= 0.

We then deduce that F is a smooth solution to the vacuum Maxwell equations. Finally, since the Cartesian
components of L = ηL

µ∂µ and eA = ηeA
µ∂µ are bounded functions of ω ∈ S2, we obtain from (85) and

Lemmas 7.9, 7.12 that

F+(F(0, · ))eA = lim
u→∞

rα(F)eA( · , u, · )

= ηeA
µηL

ν lim
u→∞

r Fµν( · , u, · )= ηeA
µηL

νR(Fµν)= αI+

eA
, A ∈ {θ, ϕ}.

This concludes the proof of the first part of the proposition for the case N ≥ 5. Consider now the case
N = 0 and define similarly Fµν , through Lemma 7.11, as the unique solution to □Fµν = 0 such that
(85) holds. This directly provides the estimate (86); let us prove that F is a weak solution to (19). For
this, consider a sequence (α I +

n ) ∈ EN
I+ of smooth and compactly supported scattering states such that

C[αI+

−α I +

n ] → 0 as n → +∞. Then, denote by Fn the unique smooth solution to the vacuum Maxwell
equations such that F+(Fn(0, · ))= αI+

n . Applying once again Lemma 7.11 to R(Fµν − Fn,µν) yields

sup
t∈R+

∥F(t, · )− Fn(t, · )∥L2
x
≲ C[α I +

−α I +

n ]. (88)

Fix ψ ∈ C∞
c (R+ × R3

x) and Tψ such that ψ(t, · )= 0 for all t ≥ Tψ . Note, since Fn is a classical and then
a weak solution to (19), that for any 0 ≤ ν ≤ 3 and n ∈ N,∣∣∣∣∫

R+×R3
x

Fµν(t, x)∂µψ(t, x) dx dt +

∫
R3

x

Fµν(0, x)ψ(0, x) dx
∣∣∣∣

=

∣∣∣∣∫
R+×R3

x

(F − Fn)µν(t, x)∂µψ(t, x) dx dt +

∫
R3

x

(F − Fn)µν(0, x)ψ(0, x)dx
∣∣∣∣

≲ (1 + Tψ) sup
t∈R+

∥(F − Fn)(t, · )∥L2
x
. (89)
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By (88), the right-hand side converges to 0 as n → +∞ whereas the left-hand side does not depend
on n. This implies that (89) vanishes. The same applies to ∗F, so that F is a weak solution to the vacuum
Maxwell equations (19). Finally, by continuity of F+ and (88), F+(F(0, · ))= αI+

.
We now focus on the second part of Proposition 7.8, which merely concerns the cases N ≥ 4. We

apply [Lindblad and Schlue 2023, Lemma 3.3], a weighted version of the standard Klainerman–Sobolev
inequality, to Zβ(Fµν). Using (9), we obtain, for any |γ | ≤ N − 2 and all (t, x) ∈ R+ × R3,

|LZγ (F)|(t, x)≲
∑

|β|≤N−2

∑
0≤µ,ν≤3

|Zβ(Fµν)|(t, x)≲
∑

|β|≤N

∥⟨t − r⟩
q−

1
2 |LZβ (F)|(t, · )∥L2

x

(1 + t + |x |)(1 + |t − |x ||)q
. (90)

The numerator in the right-hand side is bounded by C[αI+

]. Recall now that LZγ (F) is a solution to the
vacuum Maxwell equations as well. To conclude the proof, it then suffices to use the previous estimate
and to apply Corollary 2.20 to LZγ (F) for any |γ | ≤ N − 3, as well as Proposition 7.3, to LZ ξ (F) for
any |ξ | ≤ N − 4. □

Remark 7.13. A statement similar to Theorem 7.6 holds for scattering toward past null infinity I− ∼=

Ru × S2. One can construct the past forward evolution bijective isometry F−
: E{t=0} → EI− , where,

if F(0, · ) ∈ E{t=0} ∩ C∞
c , F−(F)(u, ω) := limu→−∞ rα(F)(u, u, ω) and ∥ · ∥I− := ∥ · ∥L2(Ru×S2). The

scattering map S = (F−)−1
◦ F+ then defines a unitary isomorphism of Hilbert spaces.

Finally, we state a direct consequence of Theorem 7.6, Proposition 7.8 and the commutation properties
of the vacuum Maxwell equations with LZ , Z ∈ K.

Definition 7.14. Let N ≥ 0 and EN
{t=0}

⊂ E{t=0} be the set of the 2-forms on R1+3 independent of t
verifying

∥F0∥
2
EN

{t=0}

:=

∑
|γ |≤N

∥LZγ (F0)(0, · )∥2
E{t=0}

<+∞.

Consider EN
I+ ⊂ EI+ , the set of the 1-forms on Ru ×S2 which are tangential to the 2-spheres and such that

∥αI+

∥
2
N ,I+ :=

∑
|γ |≤N

∥αI+

Zγ ∥
2
I+ <+∞,

where αI+

Zγ is defined recursively from αI+

through Proposition 7.4. Then, (EN
{t=0}

, ∥ · ∥
2
EN

{t=0}

) and
(EN

I+, ∥ · ∥N ,I+) are Hilbert spaces.

Corollary 7.15. For any N ≥ 0, the restriction of F+ to EN
{t=0}

is a bijective isometry from EN
{t=0}

to EN
I+ .

7.2. Existence of an asymptotic state for F and its derivatives. In order to avoid any confusion, we make
precise that, as in Sections 3–6, F denotes the electromagnetic field of our solution to the Vlasov–Maxwell
system ( f, F). The following statement can be easily deduced from previous results.

Proposition 7.16. For any |γ | ≤ N − 3, α(LZγ F) has a continuous radiation field αI+

γ . Moreover, for
any 0 ≤ η < 1, we have the rate of convergence,

∀u ∈ R+, |u| ≤ u, ω ∈ S2,
∣∣⟨u⟩

η
(
rα(LZγ F)(u, u, ω)−αI+

γ (u, ω)
)∣∣ ≲3 log(3 + u)

(1 + u)1−η
.

If |γ | = 0, we simply denote the radiation field of F by αI+

.
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Proof. Recall from Proposition 2.4 the form of the source term in the commuted Maxwell equations.
Hence, according to the estimates of Proposition 3.1 and Corollary 4.14, LZγ F satisfies the hypotheses
of Proposition 7.3. □

It turns out that our decomposition of F allows us to improve the estimate on the radiation field.

Proposition 7.17. For any |γ | ≤ N − 3, we have,

∀(u, ω) ∈ R × S2, |αI+

γ |(u, ω)≲
{
3⟨u⟩

−1−δ if 0< δ < 1,
3⟨u⟩

−2 log(1 + ⟨u⟩) if δ = 1.

Proof. Recall the decomposition

rLZγ F = rLZγ (F)S
+ r(LZγ (F)data(t, x)−LZγ (F̃))+ rLZγ (F̃)+ rLZγ (F)T .

Then, we use that u = t − r as well as:

• The first term is bounded by 3⟨t − r⟩
−2 log(1 + ⟨t − r⟩) according to Proposition 5.14.

• By Proposition 6.12, the second one is controlled by 3⟨t − r⟩
−1−δ.

• By Remark 6.13, the third term is bounded by ϵ(1 + t + r)−1
+ ϵ1|t−r |≤1 and u = t − r .

• Finally, the last one is bounded above by ϵ̄(1 + t + r)−3/4 according to Proposition 5.15. □

The last goal of this section consists in proving, if N is large enough, that F can be approached by a
solution to the vacuum Maxwell equations through an application of Proposition 7.8, which requires us to
control αI+

and its derivatives up to order at least 3. Note then that by iterating Proposition 7.4, we get
that αI+

γ can be computed in terms of derivatives of αI+

. Conversely, for any 0 ≤ a < 1
2 , we have∑

nu+nθ+nϕ≤N−3

∫
Ru

∫
S2

⟨u⟩
2a+2nu |∇

nu
u ∇

nθ
eθ∇

nϕ
eϕ α

I+

|
2(u,ω)dµS2 du≲

∑
|γ |≤N−3

∫
Ru

∫
S2

⟨u⟩
2a

|αI+

γ |
2(u,ω)dµS2 du.

Applying Proposition 7.16 for η = (3 + 2a)/4 then yields∑
nu+nθ+nϕ≤N−3

∫
Ru

∫
S2

⟨u⟩
2a+2nu |∇

nu
u ∇

nθ
eθ∇

nϕ
eϕ α

I+

|
2(u, ω) dµS2 du ≲3

∫
Ru

⟨u⟩
a−

3
2 du ≲

3

1 − 2a
. (91)

We are now ready to prove the following result.

Proposition 7.18. If N ≥ 10, there exists a solution Fvac of class C N−8 to the vacuum Maxwell equa-
tions (19) such that, for any 1

2 ≤ q < 1 and |γ | ≤ N − 10,

∀(t, x) ∈ R+ × R3, r |LZγ (F)−LZγ (Fvac)|(t, x)≤3Cq(1 + t + |x |)−q ,

where the constant Cq > 0 depends on q.

Proof. We fix 0 ≤ q −
1
2 < a < 1

2 . Since (91) holds, we get from Proposition 7.8 that there exists a solution
Fvac of class C N−8 to the vacuum Maxwell equations satisfying, for any |γ | ≤ N − 9 and |ξ | ≤ N − 10,
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∀(t, x)∈ R+×R3,
(
|α(LZγ Fvac)|+|ρ(LZγ Fvac)|+|σ(LZγ Fvac)|

)
(t, x)≲

3

(1+t+|x |)1+q , (92)∣∣∣∣rα(LZ ξ Fvac)(t, x)−F+(LZ ξ Fvac(0, ·))
(

t−|x |,
x
|x |

)∣∣∣∣≲ 3

(1+t+|x |)q
(93)

and F+(Fvac(0, · ))= αI+

. Together with Proposition 3.1 and Corollary 4.14, these estimates imply that
LZγ (F − Fvac) satisfies the assumptions of Proposition 7.4 for any |γ | ≤ N − 10. We then deduce, by a
straightforward induction, that αI+

γ = F+(LZγ Fvac(0, · )). Combining (93) with Proposition 7.16 then
yields,

∀(t, x) ∈ R+ × R3, r |α(LZγ F)−α(LZγ Fvac)|(t, x)≲3(1 + t + |x |)−q , |γ | ≤ N − 10.

On the other hand, Proposition 3.1 and (92) give, for any null component ζ ∈ {α, ρ, σ },

∀(t, x) ∈ R+ × R3, r |ζ(LZγ F)− ζ(LZγ Fvac)|(t, x)≲3(1 + t + |x |)−q , |γ | ≤ N − 9,

which concludes the proof. □

Remark 7.19. According to Corollary 7.15 and Lemma 7.9, Fvac is in fact of class C N−5. Moreover, if
N ≥ 7, then the statement of Proposition 7.18 still holds for any |γ | ≤ N −7 and the particular value q =

1
2 .

8. Conservation of the total energy of the system

Since ( f, F) is a solution to the Vlasov–Maxwell system, the energy momentum tensor T[ f, F], defined as

T[ f, F]µν := T[ f ]µν + T[F]µν, T[ f ]µν :=

∫
R3
v

f vµvν
dv
v0 , T[F]µν := FµβFνβ −

1
4ηµνFξλFξλ,

is divergence free. It provides the conservation of the total energy of the system

Et :=

∫
R3

x

∫
R3
v

v0 f (t, x, v) dv dx +
1
2

∫
R3

x

|F |
2(t, x) dx = E0, |F |

2
=

∑
0≤µ<ν≤3

|Fµν |2 = |E |
2
+ |B|

2.

We would like to relate E0 to the energy of the scattering states f∞ and αI+

. More precisely, the goal of
this section is to prove

E∞ :=

∫
R3

x

∫
R3
v

v0 f∞(x, v) dv dx +
1
4

∫
Ru

∫
S2
ω

|αI+

|
2(u, ω) dµS2 du = E0. (94)

Note that E∞<+∞ according to Remark 6.35 and Proposition 7.16. The statement (94) is a consequence
of Et = E0 and the following two propositions.

Proposition 8.1. There holds

lim
t→+∞

∫
R3

x

∫
R3
v

v0 f (t, x, v) dv dx =

∫
R3

x

∫
R3
v

v0 f∞(x, v) dv dx .

Proof. Let t ≥ 3 and perform the change of variables

x j
= y j

+ v̂ j t − log(t)v̂µ(F∞

µj (v)+ v̂
j F∞

µ0(v))
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to get ∫
R3

x

∫
R3
v

v0 f (t, x, v) dv dx =

∫
R3

y

∫
R3
v

v0 f (t, XC (t, y, v), v) dv dy.

We then deduce that∣∣∣∣∫
R3

x

∫
R3
v

v0 f (t, x, v) dv dx −

∫
R3

x

∫
R3
v

v0 f∞(x, v) dv dx
∣∣∣∣

≤ sup
(x,v)∈R6

⟨x⟩
7
2 |v0

|
5
| f (t, XC (t, x, v), v)− f∞(x, v)|,

which, in view of Nv ≥ 12, Nx ≥
11
2 and Remark 6.35, implies the result. □

Proposition 8.2. We have

lim
t→+∞

1
2

∫
R3

x

|F |
2(t, x) dx =

1
4

∫
Ru

∫
S2
ω

|αI+

|
2(u, ω) dµS2 du.

Proof. Consider u ≥ τ ≥ 3 and introduce the domain Dτu = {t + |x | ≤ u, t ≥ τ }, which is bounded by the
truncated backward light cone Cτ

u := {t + |x | = u, t ≥ τ } and {t = τ } ∩ {|x | ≤ u − τ }. In the same spirit
as (81), the divergence theorem, applied to T[F]µ0 in Dτu , yields∫

Cτ
u

T[F]L0dµCu =

∫
|x |≤u−τ

T[F]00(τ, x) dx +

∫
(t,x)∈Dτ

u

F0λ J ( f )λ dx dt. (95)

First, we have

lim
u→+∞

∫
|x |≤u−τ

T[F]00(τ, x) dx = lim
u→+∞

1
2

∫
|x |≤u−τ

|F |
2(τ, x) dx =

1
2

∫
R3

x

|F |
2(τ, x) dx .

Next, since |F |(t, x) ≲ (1 + t + |x |)−1(1 + |t − |x ||)−1 by (BA1) and |J ( f )| ≲ (1 + t + |x |)−3 by
Corollary 4.14,∫

(t,x)∈Dτ
u

F0λ J ( f )λ dx dt ≲
∫

+∞

t=τ

∫
+∞

r=0

r2 dr dt
(1+t+r)4(1+|t−r |)

≲
∫

+∞

t=τ

∫
+∞

r=0

dr dt

(1+t)
3
2 (1+|t−r |)

3
2

≲ τ−
1
2 .

Recall from Definition 2.16 the value of the null components of T[F]. As

|ρ|(t, x)+ |σ |(t, x)≲ (1 + t + |x |)−
7
4

by Proposition 3.1 and in view of Proposition 7.16, applied for η > 1
2 ,∫

Cτ
u

T[F]L0 dµCu =
1
4

∫
2τ−u≤u≤u

∫
S2
ω

(|α(F)|2 + |ρ(F)|2 + |σ(F)|2)(u, u, ω)r2 dµS2 du

=
1
4

∫
2τ−u≤u≤u

∫
S2
ω

r2
|α(F)|2(u, u, ω) dµS2 du + O(u−

1
2 )

u→+∞
−−−−→

1
4

∫
Ru

∫
S2
ω

|αI+

|
2(u, ω) dµS2 du.

Letting u → +∞ and then τ → +∞ in (95) yields the result. □
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Appendix A: Estimates for the gradients of the kernels

In order to estimate the kernels and their derivatives in the integrals of Propositions 5.3 and 5.7, we
introduce the following class of terms.

Definition A.1. Let (p, q, d, dw) ∈ N4. We define Sd,dw
p,q as the set of the functions G : S2

× R3
→ R of

the form

G(ω, v)=
P(v̂, ω)Q(w(ω, v))
|v0|p(1 +ω · v̂)q

, (96)

where P is a monomial of degree d in (v̂1, v̂2, v̂3, ω1, ω2, ω3) and Q is a monomial of degree dw in
wµν(ω, v), where 0 ≤ µ < ν ≤ 3.

All the kernels considered in this paper can be written as linear combination of such terms, with
dw ∈ [[0, 3]]. Moreover, if 2q ≥ dw, by a direct application of Lemma 5.4, one can bound G(ω, v) in (96)
by |v0

|
2q−dw−p. The estimates of Corollaries 5.5 and 5.8 of the derivatives of the kernels then follows

from the next result.

Lemma A.2. Let (p, q, d, dw) ∈ N4 and consider G ∈ Sd,dw
p,q . Then, for any multi-index γ , ∂γv G(ω, v) can

be written as linear combination of terms belonging to certain Sd0,dw,0
p0,q0 , where

(p0, q0, d0, dw,0) ∈ N4, 2q0 − dw,0 − p0 ≤ 2q − dw − p, q − dw ≤ q0 − dw,0.

This implies |∂
γ
v G|( · , v)≲ |v0

|
2q−dw−p if 2q ≥ dw.

Proof. This follows from a straightforward induction and the following relations. For any (i, j, k)∈[[1, 3]]
3,

∂v j v̂i
=
δ

j
i − v̂i v̂ j

v0 , ∂v jωi
= 0, ∂v j |v0

|
−p

= −p
v̂ j

|v0|p+1 ,

∂v j w0i (ω, v)=
δ

j
i − v̂i v̂ j

v0 , ∂v j wik(ω, v)= ωi δ
j
k − v̂k v̂ j

v0 −ωk δ
j
i − v̂i v̂ j

v0 ,

∂v j

(
1

1 +ω · v̂

)
=

v̂ j

v0(1 +ω · v̂)
−

w0 j (ω, v)

v0(1 +ω · v̂)2
. □

Appendix B: The radiation field of the derivatives of the Maxwell field

We fix, for all of this section, a C1 solution G to the Maxwell equations (18) with a continuous source
term J. We assume that there exist C[G]> 0 and q > 0 such that, for all (t, x) ∈ R+ × R3,

|rG|(t, x)≤ C[G], r |J |(t, x)+
∑
|γ |≤1

|ρ(LZγ G)|(t, x)+ |σ(LZγ G)|(t, x)≤
C[G]

(1 + t + |x |)1+q .

As a consequence, G verifies the hypotheses (75) of Proposition 7.3 and then has a radiation field αI+

.
The purpose of this section is to prove that, for any Z ∈ K, LZ G has a radiation field αI+

Z which can
be expressed in terms of the derivatives of αI+

. For this, we will use the following bounded functions



708 LÉO BIGORGNE

depending only on the spherical variables:

ωi := ⟨∂x i ,∂r ⟩ =
x i

|x |
, ω

eA
i := ⟨∂x i ,eA⟩, 1 ≤ i ≤ 3, A ∈ {θ,ϕ},

ω
eθ
1 = cos(ϕ)cos(θ), ω

eθ
2 = sin(ϕ)cos(θ), ω

eθ
3 = −sin(θ),

ω
eϕ
1 = −sin(ϕ), ω

eϕ
2 = cos(ϕ), ω

eϕ
3 = 0,

and we will work in the space of distributions D′(Ru ×S2). For simplicity, we will simply write ψ⇀ψI+

if the weak convergence
ψ(u, u, ω) u→+∞

−−−−⇀ψI+

(u, ω) in D′(Ru × S2)

holds. In particular, the following convergences will be crucial for us.

Lemma B.1. For any 1 ≤ i ≤ 3 and B ∈ {θ, ϕ},

|G|⇀ 0, 1
2r L(α(G)eB ) ⇀ ∂u(α

I+

eB
), r2L(α(G)eB ) ⇀−αI+

eB
,

r2ωA
i eA(α(G)eB ) ⇀ ωA

i eA(α
I+

eB
), rρ(G) ⇀ 0, rσ(G) ⇀ 0.

Since 2r = u − u, we also have

r L(α(G)eB ) ⇀ 0, rωA
i eA(α(G)eB ) ⇀ 0, ρ(G) ⇀ 0, σ (G) ⇀ 0.

Proof. The first weak convergence follows from 2|G|(u, u, ω)≤ C[G](u −u)−1, so that |G|( · , u, · )→ 0
uniformly on any compact subset of Ru×S2. The others are a direct consequence of the strong uniform con-
vergence rα(G)(u,u,ω)→αI+

(u,ω) as u →+∞, which is given by Proposition 7.3 since G satisfies (75).

• For the second one, use r L = Lr + 1, L = 2∂u and that α(F)eB ( · , u, · )→ 0 uniformly on compact
subsets of Ru × S2.

• The third one is in fact a strong and uniform convergence. Indeed, r2L(α(G)eB)=r L(rα(G)eB)−rα(G)eB

and according to (76), r |L(rα(G)eB )| ≲ u−q.

• Next, fix (t, r)∈ R2
+

, ψ ∈ C∞
c (Ru ×S2) and denote by v⃗i the vector field ωeA

i eA, which is the projection
on the 2-spheres of ∂x i . Since (reθ , reϕ)= (∂θ , ∂ϕ/ sin(θ)), we have

ωA
i r2(eA(α(G)eB ))(t, rω)ψ(u, ω)= rψ(u, ω)v⃗i ·∇(α(G)eB (t, rω)),

ωA
i eA(α

I+

eB
)(u, ω)ψ(u, ω)= ψ(u, ω)v⃗i ·∇(αI+

eB
)(u, ω),

so that it suffices to apply the divergence theorem on S2 and to use rα(G)eB ⇀αI+

eB
.

• Finally, the last two follow from r |ρ(G)| + r |σ(G)| ≲ u−q . □

We now prove a result which directly implies Proposition 7.4. We consider a more general setting since
it does not complicate the proof and so we will be able to apply these properties in different contexts. For
this, given a strictly increasing and unbounded sequence of advanced times s = (un)n≥0, we will write
ψ ⇀s ψ

I+

if the following weak convergence holds:

ψ(u, un, ω) n→+∞
−−−−⇀ψI+

(u, ω) in D′(Ru × S2).
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Proposition B.2. Consider G an H 1
loc(R+ × R3) 2-form and αI+

an L2
loc(Ru × S2

ω) 2-form tangential to
the spheres. Assume that there exists a strictly increasing and unbounded sequence of advanced times
s = (un)n≥0 such that

• rα(G) ⇀s α
I+

,

• all the weak convergences of Lemma B.1 hold, at least for the sequence s ⊂ R+,u .

Then, for any Z ∈ K, there exists αI+

Z ∈ L2
loc(Ru × S2

ω), a 2-form tangential to the spheres, which satisfies
rα(LZ G) ⇀s α

I+

Z . Moreover, for any 1 ≤ i ≤ 3 and 1 ≤ j < k ≤ 3,

αI+

∂t
= ∇uα

I+

, αI+

∂xi
= −ωi∇uα

I+

, αI+

S = u∇uα
I+

+αI+

,

αI+

� jk
= L� jk (α

I+

), αI+

�0i
= −ωi u∇uα

I+

− 2ωiα
I+

+ω
eA
i ∇eAα

I+

.

Proof. In order to avoid technical difficulties related to the degeneracies of the spherical coordinate system,
we will in fact prove weak convergences in

D′(Ru × K ), K :=
{
ω ∈ S2

| sin θ > 1
8

}
.

The convergences in the full space D′(Ru ×S2) can then be obtained by applying the upcoming results to
another well-chosen spherical coordinate system.

We fix, for all of this proof, B ∈ {θ, ϕ}, i ∈ [[1, 3]] and we recall that, for any Z ∈ K,

rα(LZ G)eB = r Z(α(G)eB )− rG([Z , eB], L)− rG(eB, [Z , L]).

Then, we have

rα(L∂t G)eB =
r
2

L(α(G)eB )+
r
2

L(α(G)eB ) ⇀s ∂u(α
I+

eB
).

For the spatial translation ∂x i = −
1
2ωi L +

1
2ωi L +ωA

i eA, we use that

[∂x i , L] = −
ω

eA
i

r
eA

and [∂x i , eA] = ∂x i (ω
eA
j )∂x j , with ∂x i (ω

eA
j )≲ r−1 on K. We get

rα(L∂xi G)eB

= −
ωir
2

L(α(G)eB )+
ωir
2

L(α(G)eB )+ rωA
i eA(α(G)eB )− r∂x i (ω

eA
j )G(eB, ∂x j )+ω

eA
i G(eB, eA)

⇀s −ωi∂u(α
I+

eB
).

For the scaling, recall that [S, L] = −L and [S, eB] = −eB . As 2S = uL + (u + 2r)L , we have

rα(LSG)eB =
u
2

r L(α(G)eA)+
u + 2r

2
r L(α(G)eA)+ 2rG(eB, L) ⇀s u∂u(α

I+

eB
)+αI+

eB
.

Next, for the Lorentz boost �0i , we use

�0i =
ωi

2
(uL−uL)+tωeA

i eA, [�0i , eB]=
ω

eB
i

2r
(uL−uL)+

t
r
ω

eA
i 0

D
ABeD, [�0i , L]=ωi L−

u
r
ω

eA
i eA,
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where0D
AB are the Christoffel symbols of S2 in the nonholonomic basis (eθ , eϕ). In particular,0D

AB is
bounded on K. As u = u + 2r and t = u + r , we obtain

rα(L�0i G)eB = −
ωi u

2
r L(α(G)eA)+

ωi (u + 2r)
2

r L(α(G)eB )+ω
eA
i (u +r)reA(α(G)eB )−

ω
eB
i

2
uG(L, L)

+
ω

eB
i

2
uG(L , L)− (u + r)ωeA

i 0
D
AB G(eD, L)−ωirG(eB, L)+ uωeA

i G(eB, eA).

Since G(L, L)= 0 and u(|G(L , L)| + |G(eA, eB)|)= (u + 2r)(2|ρ(G)| + |σ(G)|) ⇀s 0, we get

rα(L�0i G)eB ⇀s −ωi u∂u(α
I+

eB
)−ωiα

I+

eB
+ω

eA
i eA(α

I+

eB
)− 0 + 0 −ω

eA
i 0

D
ABα

I+

eD
−ωiα

I+

eB
+ 0

= −ωi u∂u(α
I+

eB
)− 2ωiα

I+

eB
+ω

eA
i ∇eA(α

I+

)eB .

Finally, we recall the expression of the rotations in the spherical coordinate system (t, r, θ, ϕ),

�12 = ∂ϕ, �13 = cos(ϕ)∂θ − cot(θ) sin(ϕ)∂ϕ, �23 = − sin(ϕ)∂θ − cot(θ) cos(ϕ)∂ϕ.

In particular, these vector fields, tangential to the spheres, are well-defined on I+
≃ Ru × S2. Fix now

( j, k) ∈ [[1, 3]]
2 and write � jk =�θjk∂θ +�

ϕ
jk∂ϕ . Note, using first [� jk, L] = 0 and then the expression

of the Lie derivative in the spherical coordinate system, that

α(L� jk G)∂B = L� jk (α(G))∂B =� jk(α(G)∂B )+ ∂B(�
A
jk)α(G)∂A .

Recall now that (reθ , reϕ) = (∂θ , ∂ϕ/ sin(θ)) on R+ × R3 and (eθ , eϕ) = (∂θ , ∂ϕ/ sin(θ)) on Ru × S2.
Hence, using rα(G)eA ⇀s α

I+

eA
and since any of the quantities considered is smooth and bounded on K,

rα(L� jk G)eθ =�θjk∂θ (rα(G)eθ )+�
ϕ
jk∂ϕ(rα(G)eθ )+ ∂θ (�

θ
jk)rα(G)eθ + sin(θ)∂θ (�

ϕ
jk)rα(G)eϕ

⇀s � jk(α
I+

eθ )+ ∂θ (�
θ
jk)α

I+

eθ + sin(θ)∂θ (�
ϕ
jk)α

I+

eϕ

=� jk(α
I+

∂θ
)+ ∂θ (�

A
jk)α

I+

∂A
= L�kl (α

I+

)eθ .

Similarly, we get

rα(L� jk G)eϕ =� jk(rα(G)eϕ )−�kl

( 1
sin θ

)
rα(G)eϕ +

1
sin θ

∂ϕ(�
θ
jk)rα(G)eθ + ∂ϕ(�

ϕ
jk)rα(G)eϕ

⇀s � jk(α
I+

eϕ )−�kl

( 1
sin θ

)
αI+

eϕ +
1

sin θ
∂ϕ(�

θ
jk)α

I+

eθ + ∂ϕ(�
ϕ
jk)α

I+

eϕ = L�kl (α
I+

)eϕ . □

Appendix C: Remarks on F∞ and the modified characteristics

C.1. Alternative expression for F∞. We could define F∞ in a slightly different way. However, contrary
to what we did in Section 6.2, we could not define in such a way LZγ (F)∞ for the derivatives of order
|γ | = N − 1. Using the representation formula for the wave equation satisfied by Fµν ,

Fµν = Fhom
µν +[ f ]

inh
µν , [ f ]

inh
µν (t, x) :=

1
4π

∫
|y−x |≤t

∫
R3
v

(v̂µ∂xν f − v̂ν∂xµ f )(t − |y − x |, y, v) dv
dy

|y − x |
.

In order to investigate the asymptotic behavior of [ f ]
inh, it is important to determine the asymptotic profile

of the source term of the wave equation. In particular, we need to obtain a better estimate than the one
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given by Proposition 4.15 which does not provide the expected time decay t−4. The starting point consists
in observing that a kind of null condition holds,

t (∂x i + v̂i∂t)=�0i + z0i∂t = �̂0i − v0∂vi + ∂t z0i − v̂i = �̂0i − ∂viv0
+ ∂t z0i , 1 ≤ i ≤ 3,

t (v̂ j∂xk − v̂k∂x j )= v̂ j �̂0k − v̂k�̂0 j − ∂t z jk − v̂ j∂vkv0
+ v̂k∂v jv0, 1 ≤ j < k ≤ 3.

Hence, using the convention �̂00 = 0 and performing integration by parts, we obtain, for any 0 ≤µ<ν≤ 3,∫
R3
v

v̂µ∂xν f − v̂ν∂xµ f dv =
1
t

∫
R3
v

(v̂µ�̂0ν f − v̂ν�̂0µ f ) dv−
1
t

∫
R3
v

∂t(zµν f ) dv.

The leading-order term of its asymptotic expansion is the first term on the right-hand side. Its behavior
can be easily obtained from Proposition 6.5. Following the proof of Proposition 4.15, one could prove that
last term almost decay as t−5. It will then be convenient to use the notation Q�̂0ℓ

∞ in order to denote Qκ
∞

,
where Ẑκ = �̂0ℓ, and to set Q�̂00

∞ := 0. Following the proof Proposition 6.10, we could obtain

lim
t→+∞

t2
[ f ]

inh
µν (t, x + t v̂) :=

1
4π

∫
|z|≤1

|z+v̂|<1−|z|

(|v0
|
5(v̂µQ�̂0ν

∞
− v̂νQ�̂0µ

∞ ))

(
~z + v̂

1 − |z|

)
dz

|z|(1 − |z|)4
,

which is necessarily equal to F∞.

C.2. The support of the corrections of the linear characteristics and commutators. We could obtain
similar results by modifying the trajectories and the homogeneous vector fields only inside the light cone.
More precisely, we could consider, for Ẑ ∈ P̂0 \ {∂t , ∂x1, ∂x2, ∂x3},

X̃C (t, x, v) := x + t v̂+ C (t, v)χ(t − |x − t v̂|), Z̃mod
:= Ẑ + C i

Ẑχ(t − r)∂x i ,

where χ is a cutoff function satisfying χ(s)= 0 for s ≤ 1 and χ(s)= 1 for s ≥ 2. It is not surprising that
all the results proved for XC and Ẑmod hold as well with these corrections since the Vlasov field enjoys
strong decay properties in the exterior of the light cone (see Lemma 2.6). We could even avoid the loss
of the weight zβH in Proposition 6.28 and Corollary 6.29. Indeed, these weights come from the identity
x i/t = (x i

− t v̂i )/t + v̂i that we performed during the proof of Proposition 6.26. On the support of χ ,
we can simply use that |x |/t ≤ 1. However, we could not save any ⟨x⟩ weight in the analogue version
of the scattering statement of Proposition 6.34 since we would have to lose a power of zβH in order to
estimate |v0

|
|ξ∂

ξ
v (χ(t − |x + t v̂|)).
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