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Let .�;�/ be a probability space endowed with an ergodic action � of .Rn;C/. LetH.x; pI!/DH!.x; p/
be a smooth Hamiltonian on T �Rn parametrized by ! 2� and such that H.aC x; pI �a!/DH.x; pI!/.
We consider for an initial condition f 2 C 0.Rn;R/ the family of variational solutions of the stochastic
Hamilton–Jacobi equations 8<:
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Under some coercivity assumptions on p— but without any convexity assumption — we prove that for a.e.
! 2 � we have C 0� limu".t;xI!/ D v.t;x/, where v is the variational solution of the homogenized
equation 8<:
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1. Introduction

Let .�;�/ be a probability space endowed with an ergodic action � of .Rn;C/. This means that if X ��
satisfies �aX �X for all a 2 Rn, then �.X/D 0 or 1.

Let H.x; pI!/DH!.x; p/ be a smooth Hamiltonian on T �Rn parametrized by ! 2� and such that

H.aC x; pI �a!/DH.x; pI!/: (Inv)

We shall specify later the assumptions satisfied byH. We now consider for an initial condition f 2C 0.Rn/
the family of stochastic Hamilton–Jacobi equations8<:

@u"

@t
.t; xI!/CH

�
x

"
;
@u"

@x
.t; xI!/I!

�
D 0;

u".0; xI!/D f .x/:
(HJS")

Fixing !, we can consider different types of generalized solutions (there is generally no smooth solution)
for this equation. The most interesting ones are either the viscosity solution of Crandall and Lions
[1983] (see also [Barles 1994; Bardi and Capuzzo-Dolcetta 1997]), or the variational solutions defined
in [Chaperon 1991; Viterbo 1996; 2006] (we also credit J. C. Sikorav [1989]), both requiring some
assumptions on f and H that will be specified later. The problem of stochastic homogenization for
the above equation is to determine whether, for �-a.e. in !, the sequence u".t; xI!/ C 0-converges on
compact sets to Nu.t; x/, the solution of8<:

@v

@t
.t; x/CH

�
@v

@x
.t; x/

�
D 0;

v.0; x/D f .x/;
(HJH)

where H is to be determined (and in general cannot be defined explicitly). Note that H does not
depend on ! by the ergodicity hypothesis. A classical case is the so-called (nonstochastic) periodic case,
corresponding to the case where � D Tn and �a is the translation on the torus. Then condition (Inv)
means that there is a smooth function K on T �T n such that H.x; pI!/DK.x�!; p/. Then solving
(HJS") is equivalent to solving the (nonstochastic) equation

@u

@t
.t; x/CK

�y
"
;
@v"

@y
.t; y/

�
D 0

and in this case stochastic homogenization boils down1 to deterministic homogenization for K. For
viscosity solutions, homogenization in the periodic nonstochastic case has been settled in [Lions et al.
1988] in 1987, and for variational solutions in [Viterbo 2023] in 2014.

For the general stochastic case, this problem has been solved for viscosity solutions by Rezakhanlou
and Tarver [2000] and Souganidis [1999], assuming H is convex in p. Beyond the quasiconvex case (i.e.,
functions having all their sublevels convex) and some very special cases (see for instance [Armstrong et al.

1Indeed, if u".t; x/ is the solution (either viscosity or variational) of @u
"

@t
.t; x/CK

�
x
" �!;

@u"

@x
.t; x/

�
D 0 then v".t; y/D

u".t; yC"!/ satisfies @v
"

@t
.t; x/CK

�y
" ;
@v"

@y
.t; y/

�
D 0. Thus u".t; y/D v".t; y�"!/, and convergence of v" to Nv as " goes to 0

is equivalent to convergence of u" to NuD Nv. See the proof of Corollary 1.7 for another method of reducing to the periodic case.
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2015; Gao 2016]), nothing is known for viscosity solutions in the general (i.e., forH nonconvex in p) case,
and counterexamples have been found, first by Ziliotto [2017] and then by Feldman and Souganidis [2017].

We settle here the case of variational solutions without any convexity assumption. Note that the
construction of a variational solution relies on the choice of a field of coefficients for the homology theory
we use, but once the field is chosen, the variational solution is uniquely defined.2 We shall here fix once
and for all a coefficient field (the reader can think of Z=2Z or R for example). As in [Viterbo 2023], our
results hold when H is either compactly supported or coercive in the p-direction. Note that fixing !, if
Vt .H/f D u.t; x/ is the variational solution operator3 of the Hamilton–Jacobi equation, and St .H/f is
the viscosity semigroup, we know that for H convex in p we have St .H/D Vt .H/ [Zhukovskaya 1993;
1996]. Our result thus implies the stochastic homogenization for viscosity solutions in the convex case4

as in [Rezakhanlou and Tarver 2000; Souganidis 1999]. In the general case it has been proved in [Wei
2013; 2014] (see also [Roos 2017, Theorem 1.19]) that

St .H/D lim
n!C1

.Vt=n.H//
n:

Since there are counterexamples in the nonconvex case, stochastic homogenization of the viscosity
solutions cannot hold in general.5

Of course, as in [Viterbo 2023], the equation (HJS") is related to the Hamiltonian flow of H
�
x
"
; pI!

�
given by

't";! D �
�1
" 't="! �";

where 't! is the flow of H.x; pI!/ and �".x; p/D
�
x
"
; p
�
.

We shall prove analogously to [Viterbo 2023] that, for almost all !, we have

't";!

c
�! N't! ;

but since we are on a noncompact base we have to redefine the 
 -distance, which we shall denote by 
c .

1.1. Statement of the main results. Our main result is:

Theorem 1.1 (Main Theorem). Let H.x; pI!/ be a stochastic Hamiltonian on T �Rn��, where .�;�/
is a probability space endowed with an action � of Rn. We assume the following conditions are satisfied:

(1) For all a 2 Rn, the map �a is measure-preserving and the action � is ergodic for the measure � (i.e.,
invariant sets have measure 0 or 1).

2See for example [Cardin and Viterbo 2008] and more explicitly [Wei 2014] and Appendix B in [Roos 2019].
3This means that it sends f to the variational solution of(

@u
@t
.t; x/CH

�
x; @u
@x
.t; x/

�
D 0;

u.0; x/D f .x/:
(HJS)

Note that the operator is not a semigroup (since variational solutions do not have the Markov property).
4However in that case our method is much more complicated.
5 Of course if in some cases we knew that Vt ."/D Vt .H"/D V t CRt ."/, where kRt ."/k � Ct", and V t D Vt .H/ is the

homogenized operator, we would get that k.Vt=n."//n � .V t=n/nk � Ct". Hence, setting S t D limn.V t=n/n, we would have
kS t ."/�S tk � Ct" and then lim"!0 S t0."/D S

t
0.
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(2) We have, for all a 2 Rn, .x; p/ 2 T �Rn and almost all ! 2 �, the identity H.x C a; p; �a!/ D
H.x; p; !/.

(3) The map .x; p/ 7!H.x; p; !/ is C 1;1 for �-almost all !.

(4) For almost all !, H is compactly supported in the p-direction, i.e., the set

fp j 9x 2 Rn; H.x; pI!/¤ 0g

is bounded.

(5) There exists C such that for almost all ! and for all .x; p/ 2 T �Rn we have
ˇ̌
@H
@p
.x; pI!/

ˇ̌
� C.

(6) There exists C such that for almost all ! we have sup.x;p/2T �Rn jH.x; pI!/j � C.

Then if '";! is the flow of H";!.x; p/DH
�
x
"
; pI!

�
there is a function H in C 0.Rn;R/ such that

't";!

c
�! N't!

for the topology 
c that will be defined in Section 4. Here 't
H

denotes the flow ofH in 2DHam.T �Rn/, the

c-completion of DHam.T �Rn/. As a consequence if f is uniformly continuous on Rn, then a.s. in ! 2�
the variational solution u".t; xI!/ of (HJS") converges to the variational solution Nu.t; x/ of (HJH).

Let us try to give some intuition for the 
c metric. The 
c metric is a version, in the noncompact
case, of the 
-metric first defined in [Viterbo 1992]. For a compact base, it is easier to describe it on
Lagrangians. For example if Lk is the graph of dfk and fk C 0-converges to a smooth function f1,
then Lk converges to L1, the graph of df1. For this reason, the 
 -metric is often called a C�1-metric.
However, as is quite natural, the 
 -completion of the set of smooth Lagrangians contains more objects and
in particular contains the graphs of continuous functions. For Hamiltonians maps, if 'k is the time-one
flow of the HamiltonianHk and .Hk/k�1 C 0-converges toH1, then 'k 
 -converges to '1, the time-one
flow of H1. Here again the time-one flow of a C 0 Hamiltonian is well-defined in the completion (see
[Viterbo 1992; 2006; Humilière 2008]).

Remarks 1.2. (1) Existence and uniqueness of the variational solution for (HJS") follows from [Cardin
and Viterbo 2008, pp. 266–276] (since we are in the case of a noncompact base). The bounded propagation
speed condition in [loc. cit.] is more general than the one in the present paper and is obviously satisfied in
the fiberwise compactly supported case.

(2) By ergodicity, each of the conditions (4), (5), (6) either holds a.s. or fails a.s. Indeed, set

�c D
n
! 2� j sup

.x;p/2T �Rn
jH.x; pI!/j � c

o
:

This set is � -invariant. If for some c this set has measure 0, then (6) holds; otherwise

sup
.x;p/2T �Rn

jH.x; pI!/j D C1

for a.e. !. Similarly, the set �0R D f! 2� j supp.H/� Rn �B.R/g is also invariant by � . It thus either
has measure 1 for some R, and then the bound in (4) is independent from ! in a set of full measure, or it
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Figure 1. Graph of �R.

has measure 0 for all R and then, for a.e. !, condition (4) is violated. In the first case, we shall say that
the H! have uniform fiber compact support. This is assumption (4) of the Main Theorem.

(3) Let us compare our results to those of [Rezakhanlou and Tarver 2000; Souganidis 1999]. Note that
if H is convex in p, then viscosity and variational solutions coincide. So consider a Hamiltonian H
convex in p and uniformly coercive. In the ergodic case this implies that there exist functions h˙.p/
going to infinity such that h�.p/�H.x; pI!/� hC.p/ (this also follows from the assumptions in both
[Rezakhanlou and Tarver 2000, (2.5)(ii) and (2.8), p. 280] and [Souganidis 1999, Condition 0.2]). Note
that both authors assume limjpj!C1 h˙.p/=jpj D C1, an assumption we do not require here.

Then we claim that the truncation H�R D �R.H/, where �R is the function represented in Figure 1,
satisfies assumption (5) of the Main Theorem (condition (4) is obvious) or equivalently, (2a) of the
corollary. This is because

@H�R
@p
D �0R.H/

@H

@p
;

so it is enough to prove that @H
@p

is bounded on a set jpj � C. But if
ˇ̌
@H
@p
.x0; p0/

ˇ̌
� A, we can find p1

with jp1j � 2C such that p0�p1 is colinear with @H
@p
.x0; p0/ and jp0�p1j D C, so that

sup
jpj�2C

hC.p/� inf
jpj�2C

h�.p/�H.x; p1/�H.x; p0/�
D
@H

@p
; p0�p1

E
� C

ˇ̌̌
@H

@p

ˇ̌̌
D CAI

hence A is bounded.

The compactly supported case is usually not the most interesting in applications. However the above
theorem implies

Corollary 1.3 (Main Corollary). LetH.x; pI!/ be a stochastic Hamiltonian on T �Rn��, where .�;�/
is a probability space endowed with an action � of Rn. We assume the following conditions are satisfied:

(1a) Conditions (1)–(3) as in the Main Theorem.

(2a) For all .x; pI!/ we have
ˇ̌
@H
@p
.x; pI!/

ˇ̌
� h1.jpj/ for almost all ! for some continuous function

h1 W R! R.

(3a) For almost all !, H is coercive, that is limjpj!C1 jH.x; pI!/j D C1 uniformly in x.
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If H satisfies the above assumptions and f is Lipschitz on Rn, there is a coercive function H in
C 0.Rn;R/ such that a.e. in ! the variational solution u".t; xI!/ of8<:

@u"

@t
.t; xI!/CH

�
x

"
;
@u"

@x
.t; xI!/I!

�
D 0;

u".0; xI!/D f .x/
(HJS")

converges to the variational solution Nu.t; x/ of8<:
@v

@t
.t; x/CH

�
@v

@x
.t; x/

�
D 0;

v.0; x/D f .x/:
(HJH)

Remark 1.4. We shall reduce the case (3a) where H is coercive to the uniformly fiberwise compactly
supported case by replacing H by �R.H/, which is compactly supported where �R WR!R is a function
supported in ��1; RC 1� such that �0.t/D 1 for t �R (see [Cardin and Viterbo 2008, Appendix B]).
Then H�R D �R.H/ also satisfies H�R.xC a; pI �a!/DH�R.x; pI!/.

Examples 1.5. (1) Let� be the space of C 1 functions on Rn, .�af /.x/D f .xCa/ and � be some mea-
sure on � invariant by �a and ergodic. Let V be a bounded function. Set H.x; pI!/D 1

2
h.p/�V.!.x//,

where h is coercive. This satisfies the assumptions of the corollary and corresponds to a random potential,
with probability �.

(2) [Pelayo and Rezakhanlou 2018, Example 2.4(ii)] Let H0.q; p/ be a Hamiltonian and H.q; pI!/DP
j2ZH0.q�qj ; p/, where !D .qj /j2Z is a stationary point process, that is, a probability on RZ invariant

by translation. This makes sense provided H0 decreases fast enough as q goes to infinity. Then H
satisfies the assumption of the above corollary.

Remark 1.6. Here are a few comments:

(1) We could of course also state a convergence result in the coercive case for the sequence '";! ; it is
just that the statement of convergence would be a little more complicated to state.

(2) By ergodicity there exist hC.p/2R[fC1g and h�.p/2R[f�1g such that supx2Rn H.x; pI!/D

hC.p/ a.e. in � and similarly infx2Rn H.x; pI!/D h�.p/ a.e. in �. Notice that (3a) implies that h˙.p/
is finite, and that limjpj!C1 h˙.p/DC1. This condition is more or less explicit in both [Rezakhanlou
and Tarver 2000, conditions (Aii)–(Aiii)] and [Souganidis 1999, Condition 0.2]. Similarly

h1C.p; !/D sup
x2Rn

ˇ̌̌
@H

@p
.x; pI!/

ˇ̌̌
is invariant by � , and hence independent from ! a.e. in �, and equal to h1

C
.p/, so (2a) and (5) either

hold a.s. or do not hold a.s in �.

(3) Again by ergodicity, the coercivity is necessarily uniform: one has a function f .r/ such that
limr!C1 f .r/DC1 and for all .x; pI!/ we have jH.x; pI!/j � f .jpj/.

(4) Let us consider a Hamiltonian H convex in p and uniformly coercive. In the ergodic case this implies
that there exist functions h˙.p/ going to infinity such that h�.p/�H.x; pI!/�hC.p/ (this also follows



STOCHASTIC HOMOGENIZATION FOR VARIATIONAL SOLUTIONS OF HAMILTON–JACOBI EQUATIONS 811

from the assumptions in both [Rezakhanlou and Tarver 2000, (2.5)(ii) and (2.8), p. 280] and [Souganidis
1999, Condition 0.2]). Then we claim that its truncation H�R D �R.H/ satisfies assumption (5) of the
Main Theorem (condition (4) is obvious) or equivalently, (2a) of the corollary. This is because

@H�R
@p
D �0R.H/

@H

@p
;

so it is enough to prove that @H
@p

is bounded on a set jpj � C. But if
ˇ̌
@H
@p
.x0; p0/

ˇ̌
� A, we can find p1

with jp1j � 2C such that p0�p1 is colinear with @H
@p
.x0; p0/ and jp0�p1j D C, so that

sup
jpj�2C

hC.p/� inf
jpj�2C

h�.p/�H.x; p1/�H.x; p0/�
D
@H

@p
; p0�p1

E
� C

ˇ̌̌
@H

@p

ˇ̌̌
D CAI

hence A is bounded.

Our result can be easily extended, since we do not need the full action of Rn. For example if we have
an action of Zn we get the following:

Corollary 1.7. Take the same assumptions as in the Main Theorem except that we have an action of Zn

(instead of Rn) on �, still denoted by � , and the first two assumptions are replaced by:

(1b) For all z 2 Zn, the map �z is measure-preserving and ergodic.

(2b) We have, for all z 2 Zn, .x; p/ 2 T �Rn and almost all ! 2�, the identity

H.xC z; p; �z!/DH.x; p; !/;

while conditions (3)–(6) are unchanged. We then have the same conclusion as in the Main Theorem.

Finally, note that ergodicity of � on � is not required, since we can use the ergodic decomposition
theorem (see [Greschonig and Schmidt 2000]), which holds for Borel spaces6 and obtain:

Corollary 1.8. With the same assumptions as in the Main Theorem (resp. Corollary 1.7) except that
the action � is not supposed to be ergodic but we assume .�;�/ is a Borel space, we have the same
conclusion, except that H.pI!/ now depends on ! 2� and is constant on each ergodic component of � .

1.2. Sketch of the proof of the Main Theorem. Our proof will require the following steps, starting from
the uniformly fiber compactly supported case:

(1) On Hamfc.T
�Rn/, the set of uniformly fiberwise compactly supported Hamiltonians on T �Rn, we

define a metric 
c (see Sections 3 and 4).

(2) We identify � to H� the set of H! for ! 2�, and yH� its completion for 
c . We then prove that
ergodicity implies compactness of the metric space .yH�; 
c/ (see Sections 5 and 6). The action of Rn

on H� given by .�aH/.x; pI!/DH.x � a; pI!/DH.x; pI �a!/ extends to an action of a compact
connected metric abelian group A� on .yH�; 
c/, and Rn, through the action � , is identified to a dense
subgroup of A�. Moreover we prove that for �-almost all H in H�, the A� orbit of H is equal to yH�.

6That is, isomorphic (as a measured space) to a complete separable metric space with a measure defined on its Borel algebra.
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(3) In Section 7 we prove a regularization theorem showing that the action of A� on yH� can be
approximated by an action of a finite-dimensional torus (note that A� is not in general a finite-dimensional
torus, but is a projective limit of finite-dimensional tori).

(4) We prove in Section 8 that homogenization holds when A� is a finite-dimensional torus (the quasiperi-
odic case) and ! 7!H! is continuous for the C 0-topology instead of the 
c-topology.

(5) In Section 10 we conclude the proof in the fiberwise compact case, and in Section 11 for the coercive
case and in Section 12 for the discrete case.

2. Notation and abbreviations

� � is a probability space with measure �.

� a.s. or a.e. mean almost surely or almost everywhere in .�;�/.

� GFQI means “generating function quadratic at infinity”.

� H�, H� are, respectively, cohomology and homology (either Čech or singular) with coefficients in
some field K.

� �N is the fundamental class in Hd .N / (for a closed manifold) or Hd .N; @N / (for a manifold with
boundary) or Hd

c .N / (for a noncompact manifold), where d D dim.N /. When N is nonorientable, it is
assumed that KD F2 D Z=2Z.

� 1N is the generator of H 0.N /.

� T �N is the cotangent bundle of N with the standard symplectic form ! D d�, where �D p dq.

� T �N is the cotangent bundle of N with the opposite of the standard symplectic form ! D�d�, where
�D p dq.

� 0N is the zero section of T �N.

� Hamfc.T
�N/ is the set of smooth uniformly fiberwise compactly supported7 autonomous Hamiltonians.

� Hamfc.Œ0; 1�� T
�N/ is the set of smooth uniformly fiberwise compactly supported time-dependent

Hamiltonians.

� C 0fc.Œ0; 1��T
�N/ is set of continuous functions on Œ0; 1��T �N (viewed as “continuous Hamiltonians”)

which are fiberwise compact.

� For a Hamiltonian H on T �N, XH .t; z/ is the Hamiltonian vector field associated to H, defined by
!.XH .t; z//D�dzH.t; z/.

� For a Hamiltonian H on T �N, 'tH is the solution of d
dt
'tH .z/DXH .t; '

t
H .z// such that '0H .z/D z.

We set 'H D '1H .

� DHamfc.T
�N/ is the image by H 7! 'H of Hamfc.Œ0; 1��T

�N/.

� FPS means “finite propagation speed” (see Definition 3.1).

7That is, the support is contained in Rn �B.R/ for some R.



STOCHASTIC HOMOGENIZATION FOR VARIATIONAL SOLUTIONS OF HAMILTON–JACOBI EQUATIONS 813

� BPS means “bounded propagation speed” (see Definition 3.8).

� DHamFP.T
�N/ (resp. HamFP.T

�N/ or HamFP.Œ0; 1��T
�N/) is the set of elements in DHam.T �N/

(resp. Ham.T �N/ or Ham.Œ0; 1��T �N/) having FPS.

� DHamBP.T
�N/ (resp. HamBP.T

�N/ or HamBP.Œ0; 1��T
�N/) is the set of elements in DHam.T �N/

(resp. Ham.T �N/ or Ham.Œ0; 1��T �N/) having BPS.

� L.T �N/ is the set of pairs .L; fL/, where L is the image of 0N by some element ' 2DHamFP.T
�N/

and fL is a primitive of �jL. We often just write L if fL is implicit.

� 
c is the uniform topology on L.T �N/ (see Definition 4.17).

� yL.T �N/ is the completion for 
c of L.T �N/ (see Definition 4.17).

� 2DHamFP.T
�N/ (resp. 2DHamBP.T

�N/ or 2DHamfc.T
�N/) is the completion for 
c ofDHamFP.T

�N/

(resp. DHamBP.T
�N/ or DHamfc.T

�N/) (see Definition 4.24)

� Gf is the graph of df in T �N.

� L: For L 2 L.T �N/ we define LD f.x;�p/ j .x; p/ 2 Lg, where fL D�fL.

3. Noncompactly supported Hamiltonians

Let N be a noncompact manifold. We shall assume that N is homeomorphic to the interior of a compact
manifold with smooth boundary.8

Definition 3.1. Let ' 2DHam.T �N/. We say that ' has finite propagation speed (FPS for short) if, for
each bounded set U, there is a bounded set V such that '.T �U/� T �V . A subset in DHam.T �N/ has
uniformly finite propagation speed if each element has finite propagation speed, and moreover, given U,
the set V can be chosen to be the same for all the elements in the subset. We write DHamFP.T

�N/

for the set of Hamiltonian maps with finite propagation speed. By abuse of language, we use the same
terminology in Ham.T �N/: H has finite propagation speed if 'H has finite propagation speed, etc. We
use the notation HamFP.T

�N/ for this set.

Note that for instance if
ˇ̌
@H
@p
.t; q; p/

ˇ̌
� CU for all .q; p/ 2 T �U then H has FPS.

The following lemma will prove useful.

Lemma 3.2. Let U � V be relatively compact open sets in N such that for any compact set K in N
there exists an isotopy of N sending K in V . Let ' 2DHam.T �N/ be such that '.T �U/� T �V . Then
we can find a Hamiltonian isotopy .'t /t2Œ0;1� from the identity to ' such that for all t 2 Œ0; 1� we have
't .T �U/� T �V .

Proof. Let  t be an isotopy from id to  1 D '. Let X be a vector field corresponding to the isotopy
for a compact set containing the projection of

S
t2Œ0;1�  

t .U /DK and pointing inwards on @V . Let �t

be the Hamiltonian vector field of H.t; x; p/D hp;X.t; x/i which projects on the flow of X . Possibly
replacing �t by a �˛.t/, we may assume that for all t 2 Œ0; 1� we have �t ı  t .T �U/ � T �V . Then

8We eventually only use the case N D Rn. For this section we actually only need that there is an exhausting sequence of open
bounded sets .Uj /j2N such that Uj � UjC1 and, for j large enough, Uj is ambient isotopic to UjC1.
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�1 1.T �U/ � T �V and, since  1.T �U/ � T �V , the set of t such that �t 1.T �U/ � T �V is an
interval — because X points inward on @V — it must contain Œ0; 1�; hence concatenating the Hamiltonian
isotopy t 7! �t t with t 7! �1�t 1, we get a new Hamiltonian isotopy that we denote by 't such that
't .T �U/� T �V for all t 2 Œ0; 1�. �

Note that our hypothesis onN implies that we can find an exhausting sequence .Uj /j�1 ofN satisfying
the assumptions of Lemma 3.2.

We shall now prove that DHamfc, the set of Hamiltonians which are uniformly fiberwise compactly
supported, is contained in HamFP.

Proposition 3.3. If H 2 Hamfc.T
�N/ is uniformly fiberwise compactly supported, then H has FPS.

Proof. Indeed, if for some C, ' is the identity outside of DT �C .N /D f.q; p/ j jpj �C g, then '.T �U/�
T �U ['.T �U \T �CN/, but since T �U \T �CN is compact, its image is contained in some T �V for V
bounded, and we get '.T �U/� T �.U [V /. �

The usefulness of this notion will be clear on several occasions. Remember that a generating function
quadratic at infinity for .L; fL/, whereL is a smooth Lagrangian and fL a function such that of dfLD�jL,
is a smooth function S WE DN �F ! R, where F is a finite-dimensional vector space,9 such that

(1) S.x; �/ coincides with a nondegenerate quadratic form Q on the vector space F for � large enough,

(2) .x; �/ 7! @S
@�
.x; �/ is transverse to 0,

(3) setting†S D
˚
.x; �/ j @S

@�
.x; �/

	
the image of this submanifold by iS W .x; �/ 7! @S

@x
.x; �/ has imageL,

(4) fL ı iS D S .

Let S1; S2 be two GFQI. They are said to be equivalent if they are fiberwise diffeomorphic after
stabilization, that is, there are two nondegenerate quadratic forms q1; q2 such that if

zSj .x; �j ; �j /D Sj .x; �j /C qj .�j /;

there is a fiber-preserving diffeomorphism

.x; �1; �1/! .x; �2.x; �1; �1/; �2.x; �1; �1//

such that
S2.x; �2.x; �1; �1/; �2.x; �1; �1//D S1.x; �1; �1/:

We shall say that S1; S2 are equivalent over U if the fiber-preserving diffeomorphism is defined for
x 2 U. Note that the customary “addition of a constant” for the equivalence of generating functions is not
needed here, since generating functions are normalized so that Sj†S D fL ı iS .

We cannot expect a noncompact Lagrangian to have a GFQI in this sense, since the number of
variables required could go to infinity. We can either assume F is a Hilbert space, but then positive and

9All this discussion also works if we replace N �F by a general finite-dimensional vector bundle. Then we must replace in
the sequel the Künneth isomorphism by the Thom isomorphism.
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negative eigenspaces will generally be infinite-dimensional so that H�.Sb; Sa/D 0, which is a notorious
drawback.10 Here we have:

Definition 3.4. We say that a Lagrangian L � T �N has a GFQI if, for each bounded set U, there is
a GFQI defined over U �F (where F depends on U ), SU , and a set V � U such that the SW are all
equivalent over U for W � V . Two GFQI are equivalent if they are equivalent over each bounded set.

Theorem 3.5. Let ' be an element in DHamFP.T
�N/. Then '.0N / has a GFQI. Moreover such a GFQI

is unique up to equivalence.

Proof. See Appendix A. �
Remarks 3.6. Notice that

(1) If ' does not have FPS, '.0N / does not even need to have surjective projection on N : For example
take on T �R the Hamiltonian �

4
.x2Cp2/. Then '.0R/D f0g �R!

(2) Using Lemma 3.2 we may assume we have a sequence U� of domains such that for all t 2 Œ0; 1� we
have 't .T �U�/� T �U�C1. We let S� D SU� and notice that we may assume that the restriction of S�
over U� is exactly S� ˚ q�;� by composing S� with an extension of the fiber-preserving diffeomorphism
realizing the equivalence.11 We shall always make this assumption in the sequel.

(3) We will use the expression “S is a GFQI for L” meaning “there is a sequence .S�/��1 of GFQI for L
over U�” to avoid cumbersome indexes. Most of the time this means we consider S� for � large enough.

Definition 3.7. We denote byL.T �N/ the set of Lagrangians of the type '.0N /, where '2DHamFP.T
�N/.

On a Riemannian manifold, there is a more precise notion than FPS.

Definition 3.8. Let N be a manifold with a distance d and ' 2DHam.T �N/. We say that ' has bounded
propagation speed (BPS for short) if there is a constant r0 such that for any ball B.x0; r/ we have
'.T �B.x0; r//� T

�B.x0; rC r0/. A subset in DHam.T �N/ has uniformly bounded propagation speed
if each element has bounded propagation speed, and moreover the constant r0 can be chosen to be the
same for all the elements in the subset. We write DHamBP.T

�N/ for the set of Hamiltonians maps with
bounded propagation speed. By abuse of language, we use the same terminology in Ham.T �N/: H has
bounded propagation speed if 'H has bounded propagation speed.

Example 3.9. If
ˇ̌
@H
@p
.t; q; p/

ˇ̌
� C for all .q; p/ 2 T �Rn then H has BPS. In particular assumption (5)

implies BPS.

Remark 3.10. (1) Of course bounded propagation speed implies finite propagation speed.

(2) Our definition of finite propagation speed does not exactly coincide with the terminology of [Cardin
and Viterbo 2008, Definition B.5, p. 271]. Our definition is more involved and the notion of finite
propagation speed defined there is weaker than the present one, but would still be sufficient to prove our
theorems. However this would have made an already long paper even longer.

10That we could avoid by using Floer homology everywhere, but would make reading this paper even harder for the
Hamilton–Jacobi community!

11The existence of the extension follows from the fact that we may assume that, for �; � large enough, the inclusion U� �U�
is a homotopy equivalence.
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4. Spectral invariants in cotangent bundles of noncompact manifolds

The goal of this section is to define and state the main properties of the metric 
 that occurs in the
statement of the Main Theorem. This has been done in [Viterbo 1992] in the case of a compact base; the
present situation, for a noncompact base, is unfortunately slightly more involved. Even though we work
on a general noncompact manifold, the reader can assume that N D Rn. The general case will turn out to
be useful for future applications, and the only extra difficulty is visual.

4.1. The case of Lagrangians. Let L be an exact Lagrangian in T �N with N not necessarily compact
(but assumed, for simplicity, to be connected). We assume a primitive of �jL, fL, is given.12

We shall assume that L has a unique GFQI, S , such13 that fL D S on L
�
through the identification

iS .x; �/D
�
x; @S

@�
.x; �/

��
. For example according to Theorem 3.5, this is the case if LD 'H .0N / with

' 2DHamFP.T
�N/. Note that in general, SU ;Q; F depend on U.

We denote by TF the generator of H i .D.F�/; S.F�//, where F� is the negative eigenspace of Q,
i D dim.F�/ and D.F�/; S.F�/ are respectively the disc and sphere in F�, so that ˛ 7! ˛˝TF is an
isomorphism (the Künneth isomorphism) from H�.U / to

H�Ci .U �D.F�/; U �S.F�//DH�.U /˝H�.D.F�/; S.F�//

forU�N. By abuse of language we again denote by TF its homological counterpart inHi.D.F�/;S.F�//.
We shall later write T instead of TF .

We denote by S tU D f.x; �/ 2 U � F j S.x; �/ � tg (we omit the subscript for U D N ) and S�1U
(resp. SC1U ) any of the S�cU (resp. Sc) for c large enough (by Morse’s lemma they are all isotopic).

Classically we have a homotopy equivalence between .SC1U ; S�1U / and U � .D.F�/; S.F�//. In the
following definitions, we set �U 2Hn.U; @U /, 1U 2H 0.U / to be the generators of these cohomology
groups.

Definitions 4.1. Let S be a GFQI for L 2 L.T �N/ and U a bounded open set with smooth boundary.
We define:

(1) For ˛ 2H�.U /,

c.˛; S/D infft j T ˝˛ ¤ 0 in H�.S t
jU ; S

�1
jU /g:

(2) For a 2H�.U; @U /,

c.a; S/D infft j T ˝ a is in the image of H�.S tjU ; S
�1
jU [S t

j@U /g:

(3) For ˛ 2H�c .U /DH
�.U; @U /,

c.˛; S/D infft j T ˝˛ ¤ 0 in H�.S t
jU ; S

�1
jU [S t

j@U /g:

12Even though we write L, we always mean the pair .L; fL/.
13Remember by Remarks 3.6(3) that this means there is a sequence S� of GFQI over U� such that, for � ��, the function S�

restricts to the stabilization of S� over U� .
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(4) For a 2H�.U /,
c.a; S/D infft j T ˝ a is in the image of H�.S tjU ; S

�1
jU /g:

(5) For L1; L2 in L.T �N/, having unique GFQI, S1; S2, we set .S1	S2/.xI �; �/DS1.xI �/�S2.xI �/
and, for ˛ 2H�.U / or H�.U; @U /,

c.˛; L1; L2/D c.˛; .S1	S2//

and c.˛; L/D c.˛; 0N ; L/.

(6) We set 
U .L1; L2/D c.�U ; L1; L2/� c.1U ; L1; L2/ and 
U .L/D 
U .0N ; L/.

(7) We write L2 �U L1 if c.1U ; L1; L2/D 0. If this holds for all bounded sets U, we write L2 � L1.

(8) We set GH�.L1; L2I a; b/DH��i ..S1	S2/b; .S1	S2/a/.

Remark 4.2. We notice that

(1) As we said, S is shorthand for S� defined on U� . As long as U � U� , it is easy to see that for
˛ 2H�.U / (resp. H�.U; @U /) the c.˛; S�/ do not depend on �.

(2) The function .S1	S2/ is not quadratic at infinity, but a standard trick allows us to deform it to a func-
tion quadratic at infinity (see [Viterbo 2006, Proposition 1.6]). The GH� functor is called generating func-
tion homology (see [Traynor 1994]) and coincides with Floer homology14 that we shall not introduce here.

(3) Note that if S has no fiber variables, c.1U ; S/D infx2U S.x/ and c.�U ; S/D supx2U S.x/.

It is often convenient to express the cohomological critical values in terms of their homology counter-
parts. Note thatH�.U / is dual toHn��.U; @U / andH�.U; @U / is dual toHn��.U / by Lefschetz duality
(see [Hatcher 2002, p. 254]). We have a fundamental class �U 2Hn.U; @U / dual to ŒptU � 2H0.U /
and 1U 2H 0.U / dual to ŒU � 2Hn.U; @U /. The following lemma will be useful.

Lemma 4.3. We have for S a GFQI:

(1) c.1U ; S/D c.ŒptU �; S/.

(2) c.�U ; S/D c.ŒU �; S/.

We also have the duality identity
c.1U ; L/D�c.�U ; L/:

Proof. The first two properties follow from Proposition B.3 in [Viterbo 2023]. The duality identity
is a consequence of the identity c.1U ;�S/ D �c.�U ; S/. Both are easily adapted from the case
U D N closed to the present situation. This follows from the following argument (see [Viterbo 1992,
Proposition 2.7, p. 692]). First notice that .�S/t D E n S�t, so we look for the smallest t such that
1U ¤ 0 inH�.EjU nS�tjU ; EjU nS

�1
jU

/. We then apply Alexander duality (see [Spanier 1966, Theorem 10,
p. 342]), which claims that for any closed pair .A;B/ contained in an orientable manifold X we have an
isomorphism

Hk.X �B;X �A/'H
d�k
c .B;A/:

14See [Viterbo 2003] (or [Milinković and Oh 1997]) for the equivalence of the two homologies.
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Note that Hd�k
c .B;A/ is invariant by proper homotopy equivalence, so if there is a proper retraction of

the pair .A;B/ to a compact pair .A0; B 0/, then

Hd�k
c .B;A/'Hd�k

c .B 0; A0/'Hd�k.B 0; A0/'Hd�k.B;A/:

In particular this is always the case for pairs .Sb; Sa/, where S is a GFQI. We then get the following
diagram, where vertical maps correspond to long exact sequences of triples, and horizontal to Alexander
isomorphisms (omitting the subscript U ):

Hd .S
�t ; S�1/

'
//

��

HnCk�d .E nS�1; E nS�t /

��

DHnCk�d ..�S/t ; .�S/�1/

��

Hd .S
C1; S�1/

'
//

��

HnCk�d .E nS�1; E nSC1/

��

DHnCk�d ..�S/C1; .�S/�1/

��

Hd .S
C1; S�t /

'
// HnCk�d .E nS�t ; E nS1/ DHnCk�d ..�S/t ; .�S/�1/

Using the universal coefficient theorem (recall, our coefficient ring is a field) we see thatH�.SC1jU ; S�1
jU

/

is a vector space dual to H�.SC1
jU

; S�1
jU

/. By abuse of language, we denote by 1U the element
ptU 2H�.S

C1

jU
; S�1
jU

/ sent to 1U 2H�.SC1jU ; S�1
jU

/, and we see that c.1U ; S/ is the same whether we
consider 1U in homology or cohomology. On the other hand the second line of the diagram sends T ˝1U
to T ˝�U , since in this case Alexander duality corresponds to Poincaré duality. Now saying that 1U is in
the image of H�.S�t ; SC1/ is equivalent to saying that �U is in the image of H�..�S/t ; .�S/�1/. In
other words, �t � c.1U ; S/ is equivalent to t � c.�U ;�S/ and this means c.1U ; S/D�c.�U ;�S/. �

Definition 4.4. Let U be a bounded domain with smooth boundary, @U. We say that the sequence of
smooth functions .fk/k�1 in C1.N / defines U if

(1) there is a decreasing family Fk of closed subset of N such that
T
k Fk D U,

(2) fk D 0 on Fk ,

(3) fk is a decreasing sequence converging to �1 on N nU.

We say that .fk/k�1 is a standard defining sequence if there is a function r 2 C1.R/ such that

(1) r.t/D 0 for t � 0,

(2) r 0.t/ < 0 for 0 < t < 1,

(3) r.t/D�1 for t � 1,

and for some increasing sequence ak converging to C1 we have

fk.x/D akrk.ak � d.x; U //:

Notice that given a sequence .fk/k�1 defining U, we can find standard sequences .gk/k�1; .hk/k�1
such that gk � fk � hk .
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We define for a smooth function f the graph of its differential, Gf D f.x; df .x// j x 2N g. This is
an exact Lagrangian, with primitive f . If L is a Lagrangian with GFQI, S , we define LCGf to be the
Lagrangian generated by S Cf , where S Cf .x; �/D S.x; �/Cf .x/.

We notice that:

Lemma 4.5. Let .fk/k�1 be a sequence defining U, and V be any bounded open set such that V � U.
Then for L1; L2 2 L.T �N/ we have

c.1U ; L1; L2/D lim
k
c.1V ; L1�Gfk ; L2/D lim

k
c.1V ; L1; L2CGfk /:

Proof. Let Sj be GFQI for Lj and S D S1	S2. We have Sc
jU
D limk.S � fk/cjV ; therefore for Čech

cohomology, according to Theorem 5 in [Lee and Raymond 1968] we have

lim
k
H�..S �fk/

c
jV ; .S �fk/

b
jV /DH

�.Sc
jU ; S

b
jU /

and from the definition of c.1U ; S/ the proposition follows. �

Remark 4.6. One should be careful. We will often have to estimate c.�U ; L1; L2/ but it is not true
that c.�U ; L1; L2/D limk c.�N ; L1�Gfk ; L2/. Indeed, if L1DGg ; L2D 0N , then c.�U ; L1; L2/D
supx2U g.x/¤ supx2N g.x/�fk.x/. However it follows from Lemma 4.3 that

c.�U ; L1; L2/D� lim
k
c.1N ; L2CGfk ; L1/:

Let U be an open set with smooth boundary and set �.x/ 2 T �x U to be the exterior conormal to @U at
x 2 @U, i.e., �.x/D 0 on T @U and h�.x/; n.x/i D 1, where n.x/ is the exterior unit normal to U at x.
The conormal of U is then defined as

��U D f.x; p/ 2 T �N j x 2 U; p D 0; or x 2 @U; p D c�.x/; c � 0g:

We now prove that the values of c.˛; L/ correspond to intersection points of L and ��U (or L and ��U ).

Proposition 4.7 (representation theorem). Let U be a bounded open set with smooth boundary and
.L1; f1/; .L2; f2/ be exact Lagrangians in T �N. Then we have:

(1) For ˛ 2H�.U /n f0g, c.˛IL1; L2/ is given by f1.x˛; p1;˛/�f2.x˛; p2;˛/, where .x˛; p1;˛/ 2L˛
and .x˛; p2;˛/ 2 L2 and .x˛; p1;˛ �p2;˛/ 2 ��U.

(2) The same holds for ˛ 2H�.U; @U / n f0g but with ��U replaced by ��U.

Proof. This is the representation theorem [Viterbo 1992, Proposition 2.4], using a standard defining
sequence for U and the fact that c.1U IL1; L2/ D limk c.1V IL1 � Gfk ; L2/. Indeed, a converging
sequence of points in Gfk will converge to a point in ��U (remember fk must also be bounded in the
sequence!). Then the compactness of L1\T �U and L2\T �U implies the result. �

For .fk/k�1 a defining sequence of U, we say ��U is the “limit” of the Gfk for k � 1. We will
formally write c.˛; L; ��U/ for c.˛U ; L/.
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Remarks 4.8. (1) The same will hold for U � V and any ˛V 2H�.V / having restriction ˛U 2H�.U /:

c.˛U ; L1; L2/D lim
k
c.˛V ; L1�Gfk ; L2/D lim

k
c.˛V ; L1; L2CGfk /:

In particular, if M is a closed manifold containing N, we have

c.1U ; L1; L2/D lim
k
c.1M ; L1�Gfk ; L2/D lim

k
c.1M ; L1; L2CGfk /D c.1M ; L1; L2C �

�U/:

(2) Let U � V . Then with obvious abuse of notation c.1V ; ��U/D�1; c.�V ; ��U/D 0 and of course
c.1U ; �

�V /D 0; c.�U ; �
�V /DC1. This means that, for .fk/k�1 and .gk/k�1 defining U and V , we

have limk c.1M ; Gfk ; Ggk /D�1 and limk c.�M ; Gfk ; Ggk /D 0.

We will now prove some of the properties of these invariants:

Proposition 4.9. Let ' 2DHamFP.T
�N/ and LD '1.0N / be a Lagrangian submanifold. We have


U .L/ WD c.�U ; L/� c.1U ; L/� 0

and equality implies that L\T �U � 0U .

Proof. The proof follows from the triangle inequality (see [Viterbo 1992, Proposition 3.3, p. 693]) applied
to the product

H�.U /˝H�c .U /!H�c .U /:

Remember that the triangle inequality in [Viterbo 1992, Proposition 3.3] states that for two GFQI S1; S2
and two cohomology classes ˛; ˇ, we have

c.˛[ˇ; S1˚S2/� c.˛; S1/C c.ˇ; S2/;

where .S1 ˚ S2/.xI �; �/ D S1.xI �/ C S2.xI �/. Here we apply it to S1 a GFQI for L, and S2 a
nondegenerate quadratic form, that is, a GFQI for 0N , ˛ 2H�.U /; ˇ 2H�c .U /. We then have, since
c.ˇ; 0N /D 0,

c.˛[ˇ;L/� c.˛; L/:

Thus we have c.�U ; L/ D c.1U [ �U ; L/ � c.1U ; L/ and equality implies that �U is nonzero in
Kc ' L\ ��U . But this implies �.L\ ��U/� U ; hence L contains 0U . Note that in general, contrary
to the case where N D U is compact, L\T �U may contain other connected components than 0U . �

Proposition 4.10. The following hold for Li 2 L.T �N/:

(1) We have c.�U ; L1; L2/D�c.1U ; L2; L1/D�c.1U ; L1; L2/.

(2) For U � V and L1; L2 Lagrangian submanifolds we have

� c.�U ; L1; L2/� c.�V ; L1; L2/,
� c.1U ; L1; L2/� c.1V ; L1; L2/,
� 
U .L1; L2/� 
V .L1; L2/.

(3) We have 
U .L1; L3/� 
U .L1; L2/C 
U .L2; L3/.
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(4) If 
U .L1; L2/D 0 then L1\L2 has a connected component with projection on N containing U.

(5) If L1 � L2 then c.˛; L1/� c.˛; L2/ for all ˛ ¤ 0.

Proof. (1) The proof is the same as in Lemma 4.3, since SL1 	SL2 D�.SL2 	SL1/.

(2) If U �N note that
c.1U IL1; L2/D lim

k
c.1N ; L1�Gfk ; L2/:

Since we may choose defining sequences .fk/k�1; .gk/k�1 for U; V such that fk � gk , we have for S1 a
GFQI of L1 that S1�fk � S1�gk , hence c.1N ; L1�Gfk /� c.1N ; L1�Ggk /, and going to the limit,
c.1U ; L1; L2/ � c.1V ; L1; L2/. By the duality formula (1), we get c.�U IL1; L2/ � c.�V IL1; L2/;
hence 
U .L1; L2/� 
V .L1; L2/.

(3) We have
S1	 2 �f 	S3 D .S1	f /	 .S3˚f /

and .S1	 f /	S2 D S1	 .f ˚S2/. Now noting that if .fk/k�1 defines U, then so does .2 � fk/k�1,
we have


U .L1; L3/D lim
k

V .S1	 2 �fk	S3/

D lim
k

V ..S1	fk/	 .S3˚fk//

� lim
k

V .S1	fk	S2/C lim

k

V .S2	 .fk˚S3//

D 
U .L1; L2/C 
U .L2; L3/:

(4) This follows from Lusternik–Schnirelmann theory as in the proof of [Viterbo 1992, Proposition 2.2,
p. 691] (see also Proposition 4.9).

(5) L1 � L2 implies c.�U ; L1; L2/ D 0 for all U. By the triangle inequality applied to S1˚ .�S2/
(where Si is a GFQI for Li ) if ˇ[˛ D �U , we have

0D c.�U ; L1; L2/� c.˛; L1; 0N /C c.ˇ; 0N ; L2/� c.˛; L1/� c.˛; L2/

since c.ˇ; 0N ; L/D�c.˛; L; 0N / according to the proof of Proposition B.3 in [Viterbo 2023]. �

We must now see what happens when we make a coordinates change in T �N. We start with three
lemmas.

Lemma 4.11. Let S be a GFQI defined on E D Y � F and for f W X ! Y a smooth map a map
Qf WX �F ! Y �F living over f , i.e., the diagram

X �F

��

Qf
// Y �F

��

X
f

// Y

is commutative. We then have, for ˛ 2H�.Y / and .f /�.˛/ 2H�.X/,

c.˛; S/� c.f �.˛/; S ı Qf /:
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Proof. Indeed, if T 2H�.D.F�/; S.F�// is the Thom class for F�, then . Qf /�.T /D zT is the Thom
class for Qf �.F�/ and we have, denoting by �; Q� the projections on Y and X ,

. Qf /�.T [��.˛//D ��.f �.˛//[ zT :

Now if c < c.˛; S/ then ��.˛/[T vanishes in H�.Sc ; S�1/ and this implies that . Qf /�.T [��.˛//D
��.f �.˛// [ zT vanishes in H�..S ı Qf /c ; .S ı Qf /�1/, i.e., c � c.f �.˛/; S ı Qf /. This implies the
lemma. �

For the next lemma we use the notation S1�S2 to denote S1.x; y; �; �/D S1.xI �/CS2.yI �/ (not to
be confused with S1˚S2) and ˛˝ˇ to denote the class in H�.X �Y / image of ˛˝ˇ by Künneth’s
isomorphism.

Lemma 4.12. We have
c.1U ˝ 1U IL1 �L2; �

��N /D c.1U IL1; L2/:

Proof. Let d " W N �N ! R be a smooth function vanishing on �N and converging as " goes to 0 to
�1 � .1���N /, where ��N is the characteristic function of �N . For example we can choose

d ".x; y/D�
1

"
d.x; y/:

Similarly define d "U .x; y/D d
".x; y/Cf "U .x/Cf

"
U .y/, where f "U converges to �1.1��U / as " goes

to 0.
Setting ŒS1� .�S2/�.x1; x2; �1; �2/D S1.x1; �1/CS2.x2; �2/, and

ŒS1˚ .�S2/�.x; �1; �2/D S1.x; �1/CS2.x; �2/

we may write

c.1U�U IL1 �L2; �N /D lim
"!0

c.1N�N I .L1�Gf "U /� .L2�Gf
"
U
/; ���N /

D lim
"!0

c.1N�N I .S1�f
"
U /� .�S2�f

"
U /; d

"/

D c.1N�N ; Œ.S1�f
"
U /� .�S2�f

"
U /�� d

"/:

Now lim"!0.S1 � .�S2/ � d
"/c D .S1 ˚ .�S2//

c and if ı W �N ! N � N is the diagonal map,
ı�.1N ˝ 1N /D 1�N , so from Lemma 4.11, we get

c.1U ˝ 1U IL1 �L2; �
��N /� c.1N ; .S1�f

"
U /˚ .S2�f

"
U //� c.1U IL1; L2/:

Conversely we notice that given c, for " small enough, .S1�.�S2/�d "/c is contained in a neighborhood
of �N . Thus if 1U ˝ 1U does not vanish in

H�.Œ..S1�f
"
U /� .�S2�f

"
U //� d

"�c ; Œ..S1�f
"
U /� .�S2�f

"
U //� d

"��1/;

i.e., c � c.1U ˝ 1U IL1 �L2; ���N /, then its restriction to �N , that is, 1U does not vanish either, and
c � c.1U IL1; L2/, so

c.1U ˝ 1U IL1 �L2; �
��N /� c.1U IL1; L2/

and we have equality. �
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Lemma 4.13. Let us consider a bounded open set with boundary U � N and ���U � T �N � T �N,
where �U is the diagonal in U. Let 't be a Hamiltonian flow on T �U such that '1.T �U/� T �V . We
have

.'1 �'1/.���U /� �
��V :

Proof. Let .q; p; q; p0/ 2 ���U and notice that unless q 2 @U, we have p D p0. Then according
to Lemma 3.2 we may assume 't .T �U/ � T �V for all t 2 Œ0; 1�, so setting .'t � 't /.q; p; q; p0/ D
.Qt ; Pt ;Q

0
t ; P
0
t / we know that when .q; p; q; p0/ 2 ���U � T �U, we have Qt ;Q

0
t … @V . So if

.Qt ; Pt ;Q
0
t ; P
0
t / 2 �

�V , we must have Qt DQ
0
t ; Pt D P

0
t , but then p D p0. In other words

.'t �'t /.���U /\ �
��V D .'

t
�'t /.�T �U /\�T �V D .'

t
�'t /.�T �U /:

So the intersection .'t �'t /.���U /\���V is constant and by a classical argument, this implies that as
a function of t , c.˛; .'t �'t /.���U /; ���V / is constant. Since ���U � ���V , we have for all t we
have .'t �'t /.���U /� ���V . �

Using Proposition 4.10(2), we may conclude that the limits in the following proposition are well-defined
in R[f˙1g.

Definition 4.14. When U is an unbounded set we define B.U / to be the set of bounded subsets in U and

c.�U ; L1; L2/D lim
V 2B.U /

c.�V ; L1; L2/;

c.1U ; L1; L2/D lim
V 2B.U /

c.1V ; L1; L2/:

Remark 4.15. Symbolically we have for U � V that ��U C ��V D ��U, meaning that if .fk/k�1
defines U and .gk/k�1 defines V then .fk C gk/k�1 defines U. More generally if U \ V � W , we
have ��U C ��V � ��W where this means that if .fk/k�1 defines U and .gk/k�1 defines V , there is a
sequence .hk/k�1 defining W such that fkCgk � hk .

Proposition 4.16. We have for ' 2DHam.T �N/ such that '.T �U/� T �V and L1; L2 2 L.T �N/


U .'.L1/; '.L2//� 
V .L1; L2/:

Proof. We use Lemma 4.11 so we replace c.1U ; '.L1/; '.L2// by

c.1U ˝ 1U ; '.L1/�'.L2/; �
��N /

and this in turn equals

c.1N ˝ 1N ; .' �'/.L1 �L2/; �
��N C �

�.U �U//:

Using Remark 4.15 we have

���N C �
�.U �U/� ��.�N \ .U �U//D �

��U

and we get

c.1N ˝ 1N ; .' �'/.L1 �L2/; �
��N C �

�.U �U//� c.1N ˝ 1N ; .' �'/.L1 �L2/; �
��U /

D c.1N ˝ 1N ; .L1 �L2/; .' �'/
�1.���U //
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and using Lemma 4.13 we get that the last term is greater than

c.1N�N ; L1 �L2; �
��V /D c.1V ; L1; L2/:

We may thus conclude that

c.1V ; L1; L2/� c.1U ; '.L1/; '.L2//:

By duality, we get

c.�V ; L1; L2/� c.�U ; '.L1/; '.L2//

and our result follows. �

Definition 4.17. A sequence .Lk/k�1 2 L.T �N/ 
c-converges to L 2 L.T �N/ if for all bounded
domains U the sequence 
U .Lk; L/ converges to 0. We shall write Lk


c
�! L. The 
c-completion of

L.T �N/ for 
c is the set of equivalence classes of 
c-Cauchy sequences .Lk/k�1 for the following
relation: .Lk/k�1 ' .L0k/k�1 if for all bounded domains U the sequence 
U .Lk; L0k/ converges to 0.
We denote this completion by yL.T �N/.

Remark 4.18. Of course we may take a cofinal sequence Uk of bounded open sets in N and define

d.L1; L2/D

C1X
jD1

2�j maxf1; 
Uj .L1; L2/g

and then take the completion with respect to this metric. It is easy to see that the completion coincides
with the above, and hence does not depend on the choice of the sequence Uk (this is just rephrasing the
fact that the 
U define a uniform structure; see [Weil 1938] or [Bourbaki 2007, Chapter II]).

Example 4.19. Let fk be a sequence of smooth functions. Then 
 -convergence of the Lk D gr.dfk/ is
equivalent to uniform convergence on compact sets of the fk .

We shall need the following proposition.

Proposition 4.20. We have for LD '1H .0N / 2 L.T
�N/ the inequalities

c.�U ; L/� sup
.q;p/2T �U

H.q; p/;

c.1U ; L/� inf
.q;p/2T �U

H.q; p/;


U .L/� sup
.q;p/2T �U

H.q; p/� inf
.q;p/2T �U

H.q; p/D oscT �U .H/� 2kHkC0.T �U/:

Proof. Let H.q; p/D h.q/ and Lh D 'H .0N /. Then according to Remark 4.2(3) we have c.�U ; Lh/�
supq2U h.q/ and c.1U ; Lh/� infq2U h.q/ because Lh D f.q; dh.q// j q 2N g.

Now for general H, since for H � h.q/ D supp2T �q N H.q; p/ we have H � h, we get L � Lh, so
c.�U ; L/� c.�;Lh/� supq2U h.q/D sup.q;p/2T �U H.q; p/ and we get the first inequality. The other
two inequalities follow immediately from this one. �
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4.2. The case of Hamiltonians in T �Rn. Let H 2 Hamfc.Œ0; 1��T
�Rn/ and 'tH be its flow. Let s1; s2

the symplectomorphisms

T �Rn �T �Rn! T ��T �Rn

defined respectively by
s1.q; p;Q;P /D .q; P; p�P;Q� q/;

s2.q; p;Q;P /D .Q; p; p�P;Q� q/:

Denoting by .x; y;X; Y / the coordinates in T ��T �Rn , we have

s�i .dY ^ dyC dX ^ dx/D dp^ dq� dP ^ dQ;

so the si are symplectic.
The graph of 'H is .id� 'H /.�T �Rn/, and its image by s1 is denoted by �.'H /, while its image

by s2 will be �.'�1H /. Let SH be a GFQI for �.'H / which exists and is unique if H 2 HamBP.T
�Rn/

by Theorem 3.5.

Definition 4.21. We set for W a domain contained in �T �Rn . Then

(1) c�W .'H ; 'K/D c.1W I�.'H /; �.'H //.

(2) cCW .'H ; 'K/D c.�W I�.'H /; �.'H //.

(3) 
W .'H ; 'K/D cCW .'H ; 'K/� c
�
W .'H ; 'K/.

(4) c�W .'K/, c
C

W .'K/ and 
W .'K/ are abbreviations for c�W .id; 'K/, c
C

W .id; 'K/ and 
W .id; 'K/
respectively.

Remark 4.22. In T �N we may define for U �N the number

O
U .'H /D sup
L2L.T �N/


U .L; 'H .L//;

which corresponds to (even though we do not claim it is equal to) 
.U�Rn/.'H /.

Analogously to Proposition 4.16 we prove:

Proposition 4.23. For '1; '2 2DHamBP.T
�Rn/ such that 'j .T �U/� T �V and L2L.T �Rn/ we have


U .'1.L/; '2.L//� 
V�Rn.'1; '2/:

Proof. We have

c.1U ; '.L/; L/D c.1U˝1U I'.L/�L; �
��N /

� c.1U˝1U I .'�id/.L�L/; .'�id/.���N //Cc.1U˝1U I .'�id/.���N /; ���N /:

Equality follows from Lemma 4.12 and the inequality is the triangle inequality.
Now if .' � id/T �.U �U/� T �.V �V /, we have

c.1U ˝ 1U I .' � id/.L�L/; .' � id/.���N //� c.1V ˝ 1V IL�L;�T �N /D c.1V IL;L/D 0:
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As a result we have

c.1U ; '.L/; L/� c.1U ˝ 1U I .' � id/.���N /; ���N /D c.1U ˝ 1U I�.'/; �.id//:

We must now compare this last invariant with c.1W I�.'//. The map s1 W T �Rn �T �Rn! T ��R2n

given by s1.q; p;Q;P /D .q; P; p�P;Q� q/ sends T �.V �V / into T �.V �Rn/, so we have

c.1V ˝ 1V I�.'/; �.id//� c.1V�Rn ; �.'//:

We may then conclude that

c.1U ; '.L/; L/� c.1V�Rn ; �.'//

and using the dual inequality we get our result. �

Let then .H�/��1 be a sequence of Hamiltonians in HamFP.T
�Rn/ and '� D 'H� .

Definition 4.24. The sequence .'�/��1 
c-converges to ' if for all bounded domains W we have
lim� 
W .'� ; '/D 0.

The 
c-completion 2DHamFP.T
�Rn/ is defined as the set of Cauchy sequences in DHamFP.T

�Rn/ for
the uniform structure defined by the 
W , in other words the set of sequences which are Cauchy for each

W , modulo the equivalence relation .'�/��1 ' . �/��1 if for all W we have lim� 
W .'� ;  �/D 0.

Similarly we define for H 2 HamFP.T
�Rn/ the pseudometric


W .H;K/D sup
t2Œ0;1�


W .'
t
H ; '

t
K/:

We then define analogously the 
c-convergence of a sequence in HamFP.T
�Rn/ and its completion

bHamFP.T
�Rn/.

Note that the property of having FPS or being in Hamfc can be checked in the 
c-completion.

Proposition 4.25. There exist closed sets in 2DHamFP.T
�Rn/ that intersect DHam.T �Rn/ on

DHamFP.T
�Rn/, DHamBP.T

�Rn/ and f' 2DHam.T �T n/ j supp.'/� fjpj � rg respectively.

Proof. Indeed '.T �U/� T �V is equivalent to

�.'/\f.x; px; y; py/ j x 2 U; y … V g D∅

and being supported in jpj � r is equivalent to

�.'/\f.x; px; y; py/ j jpxj � rg � �.id/

and both are closed conditions, which makes sense in the completion (see [Humilière 2008]). �

When dealing with fiberwise compactly supported Hamiltonians, we have:

Definition 4.26. We set for ' 2 Hamfc.T
�Rn/


r.'/D 
Rn�Bn.r/.'/D lim
R!C1


Bn.R/�Bn.r/.'/;


1.'/D lim
r!1


r.'/ 2 R[fC1g:
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Notice that convergence for 
c and 
1 coincides on sequences supported in a fixed bounded set in the
p-direction.

Proposition 4.27. If h�.p/�H.t; q; p/� hC.p/, we have the inequality


r.'H /� sup
jpj�r

hC.p/� inf
jpj�r

h�.p/:

In particular if a �H.q; p/� b, we have 
1.'H /� b� a.

Proof. Indeed, cCW .H/ � c
C

W .hC/, but cC
Rn�Bn.r/

.hC/ D supjpj�r hC.p/. Indeed, the flow of h.p/ is
.q; p/ 7! .qC tdh.p/; p/ and its graph is given by .q; p; 0; tdh.p//, so a GFQI is S.q; P /D h.P /, and

cC
Rn�Bn.r/

.H/� cC
Rn�Bn.r/

.hC/D sup
jpj�r

hC.p/:

Similarly c�
Rn�Bn.r/

.h�/D infjpj�r h�.p/ and c�
Rn�Bn.r/

.H/� cC
Rn�Bn.r/

.h�/D infjpj�r h�.p/.
By taking the difference of the above inequalities, we prove the proposition. �

Remark 4.28. The quantity 
1.'/ is finite for ' 2 Ham.T �Rn/ such that kHkC0.T �Rn/ <C1.

Our last results in this section will be:

Proposition 4.29. We have the following, remembering that �.x; p/D
�
x
"
; p
�
:

(1) Assume ; �1 sendW DU �V intoW 0DU 0�V 0, whereU;U 0�Rn; V; V 0� .Rn/�. Then we have


W . 
�1
ı' ı /� 
W 0.'/:

(2) 
r.��a ı' ı �a/D 
r.'/.

(3) 
r.��1" ı' ı �"/D "
r.'/.

Proof. In T �.Rn �Rn/ we have that �.'/ is the set of .q; P; P �p; q �Q/, where .Q;P /D '.q; p/,
while �. ı' ı �1/ is obtained by applying  � to .q; p;Q;P /. In other words writing .q0; p0/D
 .q; p/; .Q0; P 0/D  .Q;P /, �. ı' ı �1/ is obtained as

f.q0; P 0; P 0�p0; q0�Q0/ j '.q; p/D .Q;P /g:

Now if q 2 U and P 2 V , we have q0 2 U 0 and P 0 2 V 0; hence . � /.T �.U � V // � T �.U 0 � V 0/,
where U �V;U 0 �V 0 are considered subsets of �T �Rn .

As a result, since  � preserves the diagonal (that is the zero section in the new coordinates) we
have, using Proposition 4.16,


U�V . 
�1' /D 
U�V .. � /�.'/; . � /.�//� 
U 0�V 0.�.'/;�/D 
U 0�V 0.'/:

Statement (2) follows from first applying (1) to  D �a so that, setting Ua D
S
t2Œ�a;a� �t .U /,


U�B.r/.��a'�a/� 
Ua�B.r/.'/:

Hence taking the limit for U � Rn we get


r.��a'�a/� 
r.'/
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and changing a to �a we get equality. The last equality is rather obvious since �" is 1
"
-conformal and

�".U �Br/D
�
1
"
�U
�
�Br . �

Remark 4.30. One should be careful, in particular 
U .'1; '2/ is not in general equal to 
U .'�12 ı'1/D

U .'

�1
2 ı'1; id/. We thus have a priori two types of convergence. We could say that '� converges to '

if for all bounded sets U either the sequence 
U .'� ; '/ goes to 0 or if 
U .'�'�1/ goes to 0. However
if the '� have uniformly bounded propagation speed, that is, '�.T �Br/� T �BrCr0 for all � and all r ,
then the two conditions are equivalent.

5. Compactness and ergodicity

Let H W T �Rn ��! R be Hamiltonian satisfying properties (1)–(6). Then each H! DH. � ; � ; !/ is in
Hamfc.T

�Rn/ and we identify � with its image in Hamfc.T
�Rn/, denoted by H�. Its closure for the


c-topology in the completion bHamFP.T
�Rn/ is denoted by yH�. The action � of Rn on � induces an

action on H� by
.�aH/.x; pI!/DH.xC a; pI!/DH.x; pI ��a!/:

This action translates into ' 7! ��a'�a on DHamfc.T
�Rn/.

We first want to prove:

Proposition 5.1. The abelian group Rn acts continuously by isometries on .Hamfc.T
�Rn/; 
c/ and

.DHamfc.T
�Rn/;
c/ and hence on .bHamfc.T

�Rn/;
c/ and .2DHamfc.T
�Rn/;
c/. Therefore the action �

of Rn on H� is a continuous action by isometries for 
c which extends to a continuous action by isometries
on yH�.

Proof. That Rn acts by isometries follows from Proposition 4.29(2). It is enough according to a theorem by
Chernoff and Marsden15 to prove the separate continuity of the map Rn�Hamfc.T

�Rn/!Hamfc.T
�Rn/

in each variable. In other words — since �a is an isometry, it is obviously continuous in the second
variable — we must prove that, for all H 2 Hamfc.T

�Rn/, we have

lim
a!0


c.H; �aH/D 0;

i.e., we want to prove that for all r > 0, lima!0 
r.��1a '�1�a; '/D 0. But

�.'/D f.q; P; p�P;Q� q/ j '.q; p/D .Q;P /g;

while
�.��1a '�a/D f.q� a; P; p�P;Q� q/ j '.q; p/D .Q;P /g;

so that S.q; P I �/ is a GFQI for �.'/ and .�aS/.q; P; �/ D S.q � a; P I �/ is a GFQI for �.��1a '�a/.
Since critical points of S.q; P; �/ are contained in jP j�R and a 7!S.q�a; P I �/ is uniformly continuous
on jP j �R, we get that cW .˛; S 	 �aS/ depends continuously on a, and for aD 0 is equal to 0 (since it
is equal to cW .'; '/D 0). �

15Which claims that, under our assumptions, a separately continuous action is jointly continuous. See [Chernoff and Marsden
1970, Theorem 1], extending a theorem of Ellis [1957].
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Proposition 5.1 extends the action � to a continuous action by isometries of yH�. Since Isom.H�; 
/�
Isom.yH�; 
/, the map � WRn! Isom.H�; 
/ extends to a map, still denoted by � , from Rn to Isom.yH�; 
/.
Since this is obviously a group morphism, its closure in Isom.yH�; 
/ is an abelian connected and complete
metric group.

Proposition 5.2. Let us denote the closure of �.Rn/ in Isom.yH�; 
/ by A�. Then A� is an abelian,
connected and complete metric group.

The goal of this section is to prove that our assumptions on H imply that A� is compact. For this
it is enough to prove that Isom.yH�; 
c/ is compact, but this follows immediately by the Arzelà–Ascoli
theorem if we prove that .yH�; 
c/ is compact. Because by assumption .yH�; 
c/ is complete, it is enough
to show that it is totally bounded, that is, for any " > 0, .yH�; 
c/ can be covered by finitely many 
c-balls
of radius ". Since .H�; 
c/ is dense in .yH�; 
c/, it is enough to prove that .H�; 
c/ is totally bounded.
We shall prove slightly less but it will be good enough for our purposes:

Proposition 5.3. Let O�� be the push forward to yH� of the measure � on �. Then the support of O�� is
totally bounded hence compact.

This will follow from the following general result.

Proposition 5.4. Let .X; �/ be a probability space endowed with a distance d such that .X; d/ is
separable.16 LetG be a group acting ergodically onX by (measure-preserving) isometries. Then supp.�/
is totally bounded.

We shall first prove:

Lemma 5.5. Let � be a continuous ergodic action of a group G on a probability, separable metric space
.X; �; d/. Then for �-almost all points x 2X , the orbit G � x is dense in supp.�/.

Proof. This is an immediate consequence of Birkhoff’s ergodic theorem, but we shall give a simpler (or
at least easier) proof. Let Y be countable and dense in X and set

W D
[

y2Y;r2Q�
C

�.B.y;r//D0

B.y; r/:

If �.B.x; r//D 0 for some x 2X , r > 0 then x 2W . Indeed, we may assume r is rational, and choose
y 2 Y such that d.y; x/ < r

2
. Then x 2B

�
y; r
2

�
so B

�
y; r
2

�
�B.x; r/ and we get �

�
B
�
y; r
2

��
D 0. This

argument implies that

W D fx 2X j 9U open x 2 U;�.U /D 0g

and W is � invariant since � preserves � and the open sets. Now because W is a countable union of open
sets of measure 0, it is open and has measure 0. We may then replace X by X nW , so we are reduced to
the situation where all balls have > 0 measure, i.e., all open sets have positive measure.

16A separable topological space is a space having a countable dense subset.
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Now let .Uj /j2N be a countable basis of open sets (since a separable metric space is second countable).
Set �GAD f�gx j x 2 Ag; then the orbit of x misses Uj if and only if �Gx\Uj D∅, i.e., x … �G.Uj /.
The points with nondense orbit must miss at least one �G.Uj / so they belong to[

j

.X n �G.Uj /DX n
\
j

�G.Uj /;

but by ergodicity �G.Uj / being � invariant has measure 1 (since it cannot be zero, as its measure is at
least the measure of Uj that is positive by assumption). Therefore

T
j �G.Uj / as a countable intersection

of measure-1 sets has measure 1, and its complement has measure zero. �

We are now in a position to prove Proposition 5.4.

Proof of Proposition 5.4. By the lemma we may choose x such that �Gx is a dense orbit in supp.�/. We
shall prove that �G.x/ is totally bounded, arguing by contradiction.

Let a1; : : : ; ak; � � � 2G be a sequence in G such that:

�
Sk
jD1B.�aj x; "/ does not cover �Gx, where B.x; r/ is the closed ball of radius r .

� For all i ¤ j we have B
�
�aix;

"
2

�
\B

�
�aj x;

"
2

�
D∅.

We claim that if �Gx cannot be covered by finitely many balls of size " then we may construct such a
sequence by induction. Indeed, assume a1; : : : ; ak have been constructed satisfying the above properties.
Then by the first property we may find akC1 such that �akC1x …

Sk
jD1B.�aj x; "/ and this implies

B
�
�aj x;

"
2

�
\ B

�
�akC1x;

"
2

�
D ∅. Hence a1; : : : ; akC1 satisfy both properties. But now we found

infinitely many disjoint balls of radius "
2

in �Gx. Since �aj x 2 supp.�/, we have �.B
�
�aj x;

"
2

�
/ > 0 and

since all the balls B
�
�ax;

"
2

�
are isometric, they have the same measure. But we cannot have infinitely

many disjoint balls with the same positive measure, since the total measure of our space is 1. �

We may now conclude with:

Proof of Proposition 5.3. HereGDRn and � induces a measure-preserving ergodic action on .H�; 
; O��/.
This action is by isometries according to Proposition 5.1, so according to Proposition 5.3 the support of
O�� is totally bounded. �

Remark 5.6. As we pointed out already in [Viterbo 2023], there are not so many nontrivial examples of
compact subset in .bHamfc.T

�Rn/; 
/ or .2DHamfc.T
�Rn/; 
/, that is, sets that are not already compact

for the C 0-topology (since 
 is continuous for the C 0 topology on Ham.T �N/ according to [Viterbo
1992]) and in DHam.T �N/ according to [Seyfaddini 2012]). In [Viterbo 2023] we proved that in T �T n

the sequence .Hk/k�1, where Hk.q; p/ D H.k � q; p/, is converging. Here we extend this to certain
families of Hamiltonians on T �Rn.

We thus proved that A�, the closure of Rn in Isom.yH�; 
/, is a compact, connected, metric abelian
group.

We are thus in the following situation: we have an action — again denoted by � — of the group A�

acting by 
 -isometries on the space yH� and preserving O��. By compactness of A�, we have that A� �H
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is closed for all H 2 yH�. But since by Lemma 5.5 for almost all H, �RnH is dense, we conclude that for
almost all H we have A� �H D yH�.

Thus yH� ' A�=K�, but A�=K� is again a compact metric abelian group. Moreover the measure
O�� on yH� induces a measure on A�=K�, invariant by the action. It is therefore the Haar measure. To
conclude, and writing from now on A� for A�=K�, we are reduced to the situation where:

(1) �D A�.

(2) !!H! 2 bHamBP.T
�T n/ is continuous for the 
 -topology.

(3) On the subgroup Rn in A� the action of Rn on � can be identified with the action by translation
of Rn as a dense subgroup of A�. The invariant measure on A� is the Haar measure and the action of Rn

on A� is ergodic.

6. Some results on compact abelian metric groups

Let A be a compact metric abelian group having Rn as a dense subgroup (in particular A is connected).
According to A. Weil [1965, p. 110] (see also [Hofmann and Morris 2013, Theorem 8.45]) A is the
projective limit of finite-dimensional tori. In other words there are tori T nj and group morphisms
fj;i W T

nj ! T ni for i < j integers such that fk;j ı fj;i D fk;i and a map f1;i W A! T ni such that
AD lim

 ��j
T nj. We denote by Aj the image of A in T nj, which is clearly a connected compact subgroup

of T nj and hence a subtorus, and we may replace T nj by Aj . Setting by pj D fjC1;j and �j D f1;j ,
we have the following sequence:

� � �
pjC2
// AjC1

pjC1
// Aj

pj
// Aj�1

pj�1
// � � �

A

�jC1

OO
�j

<<

�j�1

55

We set Kj D Ker.�j /. We then have:

Lemma 6.1. We have

lim
j

diam.Kj /D 0:

Proof. The Kj are a decreasing sequence of closed — hence compact — subgroups such that
T
j Kj D f0g

by the definition of the projective limit. But this implies the lemma by an easy exercise (or [Rudin 1976,
Theorem 3.10]). �

Now we need:

Lemma 6.2. Let us consider the embeddings

��j W C
0.Aj ;R/! C 0.A;R/; f 7! f ı�j :

Then the union of the images of the ��j is dense in C 0.A;R/.
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Proof. Let f 2 C 0.A;R/. Then f is uniformly continuous by the Heine–Cantor theorem (see [Rudin
1976, Theorem 4.19]):

8" > 0; 9� > 0; 8x; y 2 A; d.x; y/ < � D) ı.f .x/; f .y// < ":

For j large enough we have diam.Kj / < �, so setting fj .x/Dminff .xCu/ j u 2 Kj g, we see that by
the compactness of Kj the function fj is well-defined and continuous. Moreover d.f .x/; fj .x// < "
provided diam.Kj / < �. �

Now remember that we have a group morphism � W Rn! A with dense image. By the definition of a
projective limit, the map � is defined by a sequence of maps �j W Rn! Aj such that pj ı �j D �j�1. Of
course the density of �.Rn/ implies the density of �j .Rn/ because the preimage by �j of a proper closed
subset is a proper closed subset (remember �j is onto by assumption). Since the density of the image of
� is equivalent to the ergodicity of the action, we may conclude that � is ergodic on Aj .

We are now in the following situation: we have a subgroup A� in Isom.yH! ; 
/ and for almost every H
(for the measure O��) we have A� �H D yH! . Now A� �H is approximated by Aj �H for a finite-
dimensional torus Aj , and the action of Rn by � yields a dense subgroup of Aj . At the cost of an
approximation, we have thus replacedH! for ! 2A! by theH! for ! 2Aj , that is, we have a continuous
map Aj ! .bHamfc; 
/ and Aj is a finite-dimensional torus.

7. Regularization of the Hamiltonians in 1Hamfc

Let H 2 bHamFP.T
�Rn/ and 'tH be its flow in 2DHamFP.T

�Rn/. Let S.q; pI �/ be a GFQI for �.'H /,
set S.q;p/.�/ D S.q; pI �/, and let c.1.q;p/; S/´ c.1.q;p/; S.q;p// be the critical value corresponding
to the unique cohomology class 1.q;p/ 2H 0.f.q; p/g/. The map ' 7! c.1.q;p/; '/ obviously extends to
2DHamFP.T

�Rn/. We now set:

Definition 7.1. For � > 0 we set

H�.q; p/D
1

�
c.1.q;p/; '

�
H /D

1

�
c.1.q;p/; �.'

�
H //:

This defines a map
�� W bHamfc.T

�Rn/! C
0;1
fc .T �Rn/;

where C 0;1fc .T �Rn/ is the set of Lipschitz functions with fiberwise compact support.

Our goal is to prove that �� is a regularizing operator. This is the content of:

Proposition 7.2. We have for H 2 bHamfc.T
�Rn/:

(1) 
c � lim�!0 ��.H/DH.

(2) For each R there exists a constant C such that for H supported in Rn � B.R/ and such that
'H .T

�B.�//� T �B.�C r/ we have ��.H/ is C.RCr/
�

-Lipschitz.

(3) �� W bHamfc.T
�Rn/! C 0fc.T

�Rn;R/ is continuous for the 
 -topology.

(4) �� ı �a D �a ı ��.
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Remark 7.3. One should be careful: the 
c-limit in (1) is of course not a C 0 limit, since H is not
continuous in general — it is not even a function! But even if H is continuous, we do not claim this.

We need the following lemma, which we shall prove in Appendix C.

Lemma 7.4. For � small enough we can find a GFQI for '�K , SK;�, such that

kSK;�.q; p/� �K.q; p/k � C�
2
krKk2

C0
:

Proof of Proposition 7.2.

(1) By density we can find K 2 C1fc .T
�Rn;R/ such that 
.H;K/� ". Now for K 2 C1fc .T

�Rn;R/ we
may find a GFQI, SK;� of '�K such that

SK;�.q; p/D � �K.q; p/C o.�/

as � goes to zero so that K�.q; p/D 1
�
c.1.q;p/; SK;�/DK.q; p/C o.1/.

Now the formula c.1.q;p/; SK;�/D �K.q; p/Co.�/ follows immediately from the lemma by applying
on one hand the triangle inequality (see [Viterbo 1992, Proposition 3.3, p. 693])

jc.1x; L/� c.1x; L
0/j � 
.L;L0/

and on the other hand Proposition 4.20,

kK�.q; p/�K.q; p/k � � � krKk2
C0
:

Now for � small enough we have 
.K�; K/ � ". Remember from Definitions 4.1 that for H;K 2
bHam.T �Rn/, H � K means c.1W ; 'K ; 'H / D 0 for all W . The reduction inequality [Viterbo 1992,

Proposition 5.1, p. 705] implies that H�.q; p/�K�.q; p/ for all .q; p/ 2 T �Rn.
Let �R.p/ be a function such that 0� �R.p/� 1, vanishing for jpj �R and equal to 1 for jpj2�R.

Now 
.H;K/ � " implies that K � "�R � H � K C "�R for R large enough: this follows from the
formula c.1W ; 'KC"�R ; 'H /D c.1W ; 'K ; 'H /C " for W large enough because if S is a GFQI for 'K
then S".q; pI �/DS0.q; pI �/C"�R.p/ is a GFQI for 'KC"�RD'Kı'�R and c.1W ; S"/D c.1W ; S0/C"
for R and W large enough.

Now we have K� � "�R �H� �K�C "�R and for � small enough we get kK �K�k � " so

K � 2"�H�
�KC 2":

Thus
H � 3"�K � 2"�H�

�KC 2"�H C 3"I

hence 
.H�;H/� 3".

(2) We have for jq1� q2jC jp1�p2j � r

c.1.q1;p1/'
�
H /� c.1.q2;p2/'

�
H /� C.r/

because for L.q;p/ Hamiltonianly isotopic to the vertical and coinciding with T �
.q;p/

�R2n in �R2n �B
2n
r

we have
c.1.q;p/; �.'

�
H //D c.�.'

�
H /; L.q;p//
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and
jc.�.'

�
H /; L/� c.�.'

�
H /;  .L//j � 
.L; .L//� 
. /:

As a result, there is a Hamiltonian map  with 
. /� C.r/ such that

 .T �.q1;p1/�R2n/\ .�R2n �B
2n
� /D T �.q2;p2/�R2n \ .�R2n �B

2n
� /;

where � is such that �.'�H /� R2n �B2n� . Since we assumed that H is supported in BR we may assume
�D 2R and we have C.r/DCR �r . Indeed if  t is an isotopy such that  1 sends .q1; p1/ to .q2; p2/, and
‰t its natural extension to a Hamiltonian isotopy T �.�T �R/, we truncate the Hamiltonian generating ‰t
to R2n �B2n� , where � is an upper bound for jQH .q; p/� qjC jPH .q; p/�pj. Such an upper bound is
given by r C 2R (r for jQ� qj and 2R for jP �pj). This proves the inequality.17

(3) We have

k��.H/� ��.K/kC0 �
1

�
sup
.q;p/

c.1.q;p/; '
�. �/�1/�

1

�

.'

�
H ; '

�
K/�

1

�

.H;K/;

where the first inequality is just the triangle inequality (see [Viterbo 1992, Proposition 3.3, p. 693]) and
the second inequality follows by the reduction inequality in [loc. cit., Proposition 5.1, p. 705].

(4) We have ��.H!/.xCa; p/D 1
�
c.1xCa;p; '

�
H!
/D c.1; S!.xCa; P I �// but S!.xCa; P I �/ is the

generating function corresponding to �aH! , i.e., �.��a'
�
H!
�a/ is the set of .qC a; P; P �p;Q� q/,

where '�H! .q; p/D .Q;P /. So we have �.��a'
�
H!
�a/D �a.�.'

�
H!
// and

SH��a! .x; P; ��a�/D S�aH! .x; P I �/D SH! .xC a; P I �/:

We thus proved that

�a��.H!/.x; p/D ��.H!/.xC a; p/D ��.�aH!/.x; p/D ��.H��a!/.x; p/D ��.�aH!/.x; p/: �

We are now in the following situation: we started from a continuous map

H W Aj ! .bHam.T �Rn/; 
/

and have constructed a map
H�
W Aj ! .C 0fc.T

�Rn/; dC0/

which is continuous and satisfies �aH� DH�. Note that we may replace if needed C 0fc by C kfc by applying
convolution since �a.H ?�/D .�aH/?�DH ?� (and of course, since kH ?��Hk! 0 as �! ı0,
we also have 
c-convergence).

Let us summarize our findings combining the results of Proposition 7.2 and the conclusions of Sections 5
and 6:

Corollary 7.5. Let H W T �Rn � � ! R satisfy assumptions (1)–(6) of the Main Theorem. Define
�d W �! Ad D T

d be the projection defined in Section 6. Then, given " > 0, there exist d 2 N and
H " W T �Rn �T d ! R such that:

17We also can take R' �kHkC0;1 , and then C.r/' Cr�kHkC0;1 but this requires H to be Lipschitz. But this proves that
the map �� does increase the Lipschitz norm by a bounded multiplicative constant only.
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(1) ! 7!H "
! is continuous from T d to C1fc .T

�Rn;R/.

(2) 
.H! ;H "
�d .!/

/� " for all ! 2�.

(3) The Hamiltonians H "
! ;H

"
�d .!/

satisfy assumptions (1)–(6).

Proof. From Section 5 we get H from A� to bHamc.T �Rn/. From Section 6 we can approximate H
by a map from T d to bHamc.T �Rn/ and from the present section, we have an approximating map to
C1fc .T

�Rn;R/. �

8. Homogenization in the almost periodic case

We assume in this section that we have a map .q; pI!/ 7!H.q; pI!/DH!.q; p/ such that:

(1) ! 2�D T d.

(2) The map ! 7!H! is continuous for the C1fc topology. In particular the H! have uniformly fiberwise
compact support and the H! are uniformly BPS by Proposition 3.3.

We set 't! to be the time t flow for H! and '";! D ��1" '
1="
! �". By the compactness of � we also

have a map ! 7! S!.q; pI �/ of GFQI for '! D '1! , with � living in a vector space independent from !:
indeed its dimension is bounded by 2nN such that '1=N! is in a given neighborhood of id for all ! 2�
(see Appendix A for the number of fiber variables needed for a GFQI ).

As we are going to use a number of results from [Viterbo 2023]. We will assume in the sequel that
"D 1

k
and write �k for �1=k , hk for h1=k and so on.

Definition 8.1. We set

h!k;U .p/D lim
V 3p

c.�U�V ; 'k;!/

and

h!k D lim
U2Rn

h!k;U :

Proposition 8.2. The sequence h!
k

is equicontinuous and equibounded. All its converging subsequences
have the same limit h!.p/, which is in fact independent from ! and denoted by H.p/. We denote by 't

H
the flow of H in 2DHamfc.T

�Rn/ which belongs to 2DHamFP.T
�Rn/.

Proof. Let us start to examine what happens for fixed !. For typographical reasons, the ! parameter
will be omitted in the notation, but of course, everything depends on ! 2�, and the ! subscript will be
reinstated when we prove that h! does not depend on !.

Set 'k.q; p/D .Qk.q; p/; Pk.q; p// and QDQ1; P D P1. By the definition of Sk we have

@Sk

@�
.q; Pk.q; p/I �/D 0 and

@Sk

@p
.q; Pk.q; p/I �/DQk.q; p/� q:

By assumption we have

hk;U .p/D Sk.q.p/; pI �.p//;
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where .q.p/; pI �.p// satisfies
@Sk

@�
.q.p/; pI �/D 0

and
@Sk

@q
.q.p/; pI �/D

�
0 if q 2 U;
� � �U .q/ if q 2 @U and �U .q/ is the exterior normal:

Now as p varies, we can choose p 7! .q.p/; �.p// to be piecewise smooth, so that for p in the smooth
locus

dhk;U .p/D
@Sk
@p

.q.p/; pI �.p//C
@Sk
@q

.q.p/; pI �.p// �
@q

@p
C
@Sk
@�

.q.p/; pI �.p// �
@�

@p
:

Then we have

@Sk

@�
.q; Pk.q; p/I �/D 0 and

@Sk

@p
.q; Pk.q; p/I �/DQk.q; p/� q:

But
hk;U .p/D Sk.q.p/; pI �.p//;

where
@Sk

@�
.q.p/; pI �/D 0

and
@Sk

@q
.q.p/; pI �/D

�
0 if q 2 U;
� � �U .q/ if q 2 @U and �U .q/ is the exterior normal:

But if q 2 @U, then @q
@p
2 T .@U /, so that the term @Sk

@q
.q.p/; pI �.p// � @q

@p
also vanishes. We thus proved

that where hk;U is smooth, we have

dhk.p/D
@Sk

@p
.q.p/; pI �.p//DQk.q.p/; p/� q.p/D

1

k
.Q.kq; p/� kq/:

The assumption of finite propagation speed implies that this last quantity is uniformly bounded, so
jdhk;U .p/j is uniformly bounded (independently from k; U ).

From this we conclude that the sequence hk is equicontinuous. Equiboundedness follows from
Definition 4.8 in [Viterbo 2023] (or Proposition 9.1 of the current paper), which states that a GFQI Sk of
'k is given by

Sk.q; pI �/D
1

k

�
S.kq; p1/C

k�1X
jD2

S.kqj ; pj /CS..kqk; p/

�
CBk.q; pI �/;

where S.q; pI �/D S1.q; pI �/ is a GFQI for ' D '1, � D .p1; q2; : : : ; pk�1; qk/ and Bk is a nondegen-
erate quadratic form. As a result jSk �Bkj � C , where C is a bound for jS.q; pI �/�B1.q; pI �/j.

This implies that jhk.p/j � C and since all these estimates are uniform in !, this implies (uniform)
equiboundedness.

We may thus apply the Arzelà–Ascoli theorem, and conclude that h!
k

has a converging subsequence.
Proving that the limit is unique follows as in [Viterbo 2023, Lemma 4.11 and Proposition 4.12].
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Finally we prove that h!.p/ is independent from !, using the commutation of �a and �k . We have

hk;�a!.p/D lim
U�Rn

c.�U ˝ 1p; �.'k;�a!//

D lim
U�Rn

c.�U ˝ 1p; �.�
�1
a 'k;!�a//

D lim
U�Rn

c.��aU ˝ 1p; �.'k;!//D hk;!.p/:

Since ! 7! 'k;! is 
-continuous, we infer that ! 7! hk;!.p/ is continuous and we just proved that it is
� -invariant. Ergodicity then implies that it is constant in !. �

We define
bHamfc;BP .T �Rn/D bHamBP.T

�Rn/\ bHamfc.T
�Rn/:

From now on we write N't instead of 't
H

for typographical reasons.
The next proposition is the analog of Proposition 4.15 in [Viterbo 2023].

Proposition 8.3. Let ˛ 22DHamfc;BP .T
�Rn/. There exists a sequence k� such that

lim
�!C1

lim
U�Rn

c.�U ; 'k� ;!˛/� lim
U�Rn

c.�U ; N'˛/:

Proof. The proof is identical to the proof of Proposition 4.15 in Section 4 of [Viterbo 2023] and can be
found in Appendix D. �

The next proposition is the analog of Proposition 6.2 in [Viterbo 2023], but requires an adaptation. It
will be proved in Section 9.

Proposition 8.4. For each " > 0 there exists K such that, for all k �K and U large enough, we have

c.�U ˝ 1p; 'k;!/� c.1U ˝ 1p; 'k;!/C ":

This implies:

Corollary 8.5. We have '�1 D . N'/�1, or equivalently H'�1 D�H' .

Now putting together Proposition 8.3 and Corollary 8.5 we get:

Proposition 8.6. For almost all ! 2�, the sequence 'k;! 
1-converges to N'.

Proof assuming Corollary 8.5 and Proposition 8.3. Let us prove the above proposition as a consequence
of Corollary 8.5 and Proposition 8.3. Indeed Proposition 8.3 implies

lim
k!C1

lim
U
c.�U ; 'k;! N'

�1/� lim
U
c.�U ; id/D 0:

Applying the same inequality for '�1 instead of ' and using the corollary, we get

lim
k!C1

lim
U
c.�U ; '

�1
k;! N'/� lim

U
c.�U ; id/D 0

and this implies
lim

k!C1
lim
U

.�U ; '

�1
k;! N'/D 0;

which proves our claim. �
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Proof of Corollary 8.5 assuming Proposition 8.4. Set

hC
k;!
.'Ip/D lim

U�Rn
c.�U ˝ 1.p/; 'k;!/;

h�k;!.'Ip/D lim
U�Rn

c.1U ˝ 1.p/; 'k;!/

so that h�
k;!
.'Ip/ � hC

k;!
.'Ip/. Set �p0.q; p/ D .q; p C p0/. If S.q; pI �/ is a GFQI for ', then

Sp.xI �/ D S.x; pI �/ is a GFQI for �p.0Rn/ � '.�p.0Rn//. If we assume ' has FPS we have from
Proposition 4.16

c.�U ; �p.0Rn/�'.�p.0Rn///� c.�V ; ��p'
�1.�p.0Rn///

for V such that '.T �U/� T �V . Taking the limit for U � Rn we get

lim
U�Rn

c.�U ; Sp/D lim
U�Rn

c.�U ; ��p'
�1�p.0Rn//

and the same holds for 1U instead of �U . Now we may write (again omitting the !) using first
Proposition 4.10(1) and then FPS of '

hC
k
.'�1Ip/D lim

U�Rn
c.�U ˝ 1.p/; ��p'k�p.0Rn//

D� lim
U�Rn

c.1U ˝ 1.p/; 0Rn � ��p'k�p.0Rn//

� � lim
V�Rn

c.1V ˝ 1.p/; ��p'
�1
k �p.0Rn//D�h

�
k .'Ip/:

As a result
hC
k
.'�1Ip/C h�k .'Ip/� 0 (a)

and as k goes to C1, Proposition 8.4 implies

hC
k
.'�1Ip/� h�k .'Ip/� "

and we get
hC
k
.'�1Ip/C hC

k
.'Ip/� ": (b)

On the other hand, we have using again Proposition 4.10(1)

�c.1U ; ��p'k�p.0Rn//� �c.1V ; 0Rn ; ��p'
�1
k �p.0Rn//D c.�V ; ��p'

�1
k �p.0Rn//;

so
�h�k .'Ip/� h

C

k
.'Ip/;

and using (a) we get
hC
k
.'Ip/C h�k .'Ip/D 0: (c)

Using again Proposition 8.4 we get for k large enough

h�k .'
�1
Ip/C h�k .'Ip/� �": (d)

Adding (b) and (d) we get

ŒhC
k
.'�1Ip/� h�k .'

�1
Ip/�C ŒhC

k
.'Ip/� h�k .'Ip/�� 2": (e)
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Since H'�1 D limk h
C

k
.'�1Ip/, inequality (b) implies

H'�1 CH' � 0:

Using (d) and (e) we get
H'�1 CH' � 0

so we may conclude
H'�1 CH' D 0: �

9. Proof of Proposition 8.4

We shall interchangeably use the notation S!.q; pI �/ and S.q; pI �I!/ for the GFQI of '! . We shall
make repeated use of the iteration formula (see [Viterbo 2023, Lemma 4.5]), defining the GFQI Sk;! for
'k;! in terms of the GFQI S! of '! .

Proposition 9.1 (iteration formula). Let S! be a GFQI for '! . Then the following formula defines a
GFQI for 'k;! :

Sk;!.x; yI �; �/D
1

k

�
S!.kx; p1I �1/C

k�1X
jD2

S!.kqj ; pj I �j /CS!.kqk; yI �k/

�
CBk.x; yI �/;

where � D .p1; q2; : : : ; pk�1; qk/, q1 D x, pk D y, � D .�1; : : : ; �k/ and

Bk.x; yI �/D hp1; q2� xiC

k�1X
jD2

hpj ; qjC1� qj iC hy; x� qki:

We shall set Fk;! D Sk;! �Bk .
The action of Rn is given by

� .k/a .x; yI �; �I!/D
�
xC

a

k
; yI �I �a=k�I �a!

�
:

Remark 9.2. We will mostly use this formula when S.q; p; �/D S.q; p/, i.e., we have no fiber variables
for S .

Lemma 9.3. Assume ! 7! '! for ! 2�D T d to be continuous. Then we may choose ! 7! S!.q; pI �/

to be continuous and such that
S.qC a; pI �a�I �a!/D S.q; pI �I!/:

Proof. It is enough to prove this assuming '! is C 1 small, that is, for '1=N! with N large enough, and
then use iteration formula. But then the graph of '! is the graph of a generating function with no fiber
variable, which obviously depends continuously on ! and satisfies the above formula. �

Now remember that �a is given on�DT d by �a.!/D!CA�a, whereA WRn!Rd is a linear injective
map with dense image in T d. Consider triples ˛; ˇ; 
 , with ˛ 2H�.T d /, ˇ 2H�.U / or H�.U; @U /,

 2H�.V / or H�.V; @V /. We may then define18 c.˛˝ˇ˝ 
; S/, and we have:

18Caveat: the cohomology class ˛ corresponds to the last variable, !!
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Lemma 9.4. We have the inequalities

c.�U ˝ 1.p/IS!/� c.�T d ˝�U ˝ 1.p/IS/;

c.1T d ˝�U ˝ 1.p/IS/� c.1U ˝ 1.p/IS!/:

Proof. This is the reduction inequality (see [Viterbo 1992, Proposition 5.1, p. 705]). �

We now compare spectral invariants of S with those of S0, where we define S0.pI �I!/DS.0; pI �I!/.

Lemma 9.5. We have

lim
U�Rn

c.�T d ˝�U ˝ 1.p/IS/D c.�T d ˝ 1.0/˝ 1.p/IS/D c.�T d ˝ 1.p/IS
0/;

lim
U�Rn

c.1T d ˝�U ˝ 1.p/IS/D c.1T d ˝ 1.0/˝ 1.p/IS/D c.1T d ˝ 1.p/IS
0/:

Remarks 9.6. (1) The point of replacing S by S0 is to avoid the complications related to the noncom-
pactness of x 2 Rn. Our proofs could be adapted to work directly with S , but proving that the cycles we
construct are in the right homology class is slightly more involved.

(2) This is an extension to GFQI of the following obvious identity for continuous functions f WRn�T d!R

such that f .xC a; �a!/D f .x; !/: for any x0 2 Rn we have

sup
.x;!/2Rn�T d

f .x; !/D sup
!2T d

f .x0; !/:

Moreover if the action of � has dense orbits, this is also equal to supx2Rn f .x; !0/ for any !0 2�. The
analog of this last statement will be our main result.

Proof. Clearly if 0 2 U, we have

c.�T d ˝�U ˝ 1.p/IS/� c.�T d ˝ 1.0/˝ 1.p/IS/

and we need to prove the reverse inequality. LetC be a cycle representing�T d˝1.p/2H�..S
0
p /
c;S0p /

�1/

with c � c.˛˝ 1.0/˝ 1.p/; S/C " and set

zCU D f.x; p; �x�I �x!/ j .0; pI �I!/ 2 C; x 2 U g:

Then zCU � Scp and clearly Œ zCU � D �T d ˝�U ˝ 1.p/. The above is in fact an abuse of language for
f�.�U ˝ ŒC �/, where

f W U � ..S0p /
c ; .S0p /

�1/! ..Sp/
c ; .Sp/

�1/

is defined by f .xI .0; p; �; !//D .x; p; �x�; �x!/.
Thus

c.�T d ˝�U ˝ 1.p/; S/� S.
zCU /D S

0.C /

because S.x; p; �x�; �x!/D S.0; pI �I!/ and S0.C /� c.
This implies

c.�TD ˝�U ˝ 1.p/IS/� c.�TD ˝ 1.0/˝ 1.p/IS/

and proves the first equality. The second one is the dual of the first one, since �T d ˝�U is dual to
1T d ˝ 1.U /. �
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Our Proposition 8.4 then follows from:

Proposition 9.7. For each " > 0 there exists K such that for k �K

c.�T d ˝ 1.p/; S
0
k /� c.1T d ˝ 1.p/; S

0
k /C ":

Remark 9.8. The idea behind the proof is that as we homogenize, the difference between the largest and
smallest spectral invariants goes to zero. The proof is a Hamiltonian version of the following ancient
result [Acerbi and Buttazzo 1983] that states that if we replace a metric g by a rescaled version gk , so
that the distance d.x; y/ becomes dk.x; y/D 1

k
d.k � x; k � y/, then limk!1 dk.x; y/D Nd.x; y/ is the

distance associated to a flat Finsler metric, g1. In particular on a 2-torus for each homotopy class ˛ of
loops, ˛, there are two “spectral values” associated to the geodesic problem l1.g; ˛/� l2.g; ˛/, where
l1.g; ˛/ is the shortest geodesic in the homotopy class ˛, while l2.g; ˛/ is the “second shortest”, i.e.,
given by the Birkhoff minmax procedure:

l2.g; ˛/D inf
n
c
ˇ̌
9
s 2 C

1
˛ .S

1; T 2/; s 2 S1;
Z
S1
j P
s.t/j dt � c; Œs 7! 
s.0/� 2 ˇ ¤ ˛

o
:

One then checks that limk!C1 l1.gk; ˛/D limk!1 l2.gk; ˛/D l1.g1; ˛/D l2.g1; ˛/. Our proof is
the analog of the proof of the inequality l2.gk; ˛/� l1.g1; ˛/C " for k large enough, which obviously
implies limk!C1 l1.gk; ˛/D limk!1 l2.gk; ˛/.

Proof. The proof will take up the rest of the section. We rewrite the iteration formula

Sk;!.x; yI �I!/D
1

k

�
S!.kx; p1/C

k�1X
jD2

S!.kqj ; pj /CS!.kqk; y/

�
CBk.x; yI �/;

where � D .p1; q2; : : : ; pk�1; qk/, q1 D x, pk D y and

Bk.x; yI �/D hp1; q2� xiC

k�1X
jD2

hpj ; qjC1� qj iC hy; x� qki

and Fk;! D Sk;! �Bk . The action of Rn is given by

� .k/a .x; yI �I!/D
�
xC

a

k
; yI �a=k�I �a!

�
and now Sk;! is � .k/a -invariant, i.e.,

Sk

�
xC

a

k
; yI �a=k�I �a!

�
D S.x; yI �I!/:

Let a 2 Rn such that for some � 2 Zd we have jA � a� �j � ı (that is, dT d .�a.0/; 0/� ı, where dT d is
the distance on the torus). Then for some constant depending on H and provided ı is small enough

8t 2 Œ0; 1�; 8.q; pI �I!/ 2 Rn �Rn �E ��; jS.kqC ta; pI �I!/�S.kq; pI �I!/j � C (?)

and

8.q; pI �I!/ 2 Rn �Rn �E ��;

jS.kqC a; pI �I!/�S.kq; pI �I!/j D jS.kq; pI �I ��a!/�S.kq; pI �I!/j � ": (??)
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Indeed the first inequality holds because

jS.qCa;pI�I!/�S.q;pI�I!/jD jS.q;pI�I��a!/�S.q;pI�I!/j � sup
!;!0
jS.q;pI�I!/�S.q;pI�I!0/j:

This follows by using the iteration formula. In this case we may assume jS.q; pI!/� S.q; pI!0/j �

.'! ; '!0/. The second inequality follows from the fact that dT d .�a!;!/� ı and by the continuity of S .

Now let 
 be the path in Rn defined by 
.t/D t � a for 0 � t � 1. Set Q
 .k/ to be the path in .Rn/k

defined as the concatenation of the k paths

t 7! .
.t/; 0; : : : ; 0/ for t 2
h
0;
1

k

i
;

t 7!
�


�
1

k

�
; 

�
t �

1

k

�
; : : : ; 0

�
for t 2

h
1

k
;
2

k

i
;

:::
:::

t 7!
�


�
1

k

�
; 

� 1
k

�
; : : : ; 


�
1

k

�
; 

�
t �

k�1

k

��
for t 2

h
k�1

k
; 1
i
:

(9-1)

The path Q
 .k/ connects Q
 .k/.0/D .0; : : : ; 0/ to Q
 .k/.1/D
�
a
k
; a
k
; : : : ; a

k

�
through the points

Q
 .k/
�
1

k

�
D

�
a

k
; 0; : : : ; 0

�
; Q
 .k/

�
2

k

�
D

�
a

k
;
a

k
; 0; : : : ; 0

�
; : : : ; Q
 .k/

�
k�1

k

�
D

�
a

k
;
a

k
; : : : ;

a

k
; 0
�
:

We shall omit the superscript k and set Q
 .k/.t/ D Q
.t/ D .
1.t/; : : : ; 
k.t// D .
1.t/; N
.t//. We then
set � N
.t/� D � N
.t/.p1; q2; : : : ; pk�1; qk/D .p1; q2C 
2.t/; : : : ; pk�1; qk C 
k.t// and � Q
.t/.x; yI �/D
.xC 
1.t/; yI � N
.t/�/. Now from (?) and (??) and the formula

Fk.x; yI �I �I!/D
1

k

�
S!.kx; p1/C

k�1X
jD2

S!.kqj ; pj /CS!.kqk; y/

�
;

we infer that on
�
l
k
; lC1
k

�
for 1� l � k

Fk.� Q
.t/.x;yI�I!//DFk;!.x;yI�I!/C
1

k

�
S.kxCa;p1I�I!/�S.kx;p1I!/

C

lX
kD2

.S.kqjCa;pj I!/�S.kqj ;pj I!//

CS
�
kqlC1C

�
t�
l

k

�
a;plC1I!

�
�S.kqlC1;plC1I!/

�
;

so we get

jFk.� Q
.t/.x; yI �/I!/�Fk.x; yI �I!/j �
"l

k
C
C

k
�
C

k
C ": (9-2)

We now want to estimate the variation of Bk on � Q
.t/.x; yI �/ as t varies from 0 to 1. Note that the
choice of this path is crucial to our argument: by changing coordinates one at the time, we achieve an
increase of S by O

�
1
k

�
instead of O.1/.

Lemma 9.9. We have

jBk.� Q
.t/.x; yI �//�Bk.x; yI �/j � .jplC2�plC1jC jplC1�pl j/
jaj

k
:
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Proof. Indeed,

Bk.x; yI �/D hp1; q2� xiC

k�1X
jD2

hpj ; qjC1� qj iC hy; x� qki

and replacing .x; q2; : : : ; ql/ by
�
x C a

k
; q2 C

a
k
; : : : ; ql C

a
k

�
then qlC1 by qlC1 C

�
t � l

k

�
a, with

t 2
�
l
k
; lC1
k

�
, and leaving qlC2; : : : ; qk unchanged, we get for t 2

�
l
k
; lC1
k

�
Bk.� Q
.t/.x; yI �//D Bk.x; yI �/C

D
plC1�pl ;

�
t �

l

k

�
a�

a

k

E
�

D
plC2�plC1;

�
t �

l

k

�
a
E

and this proves the lemma since for t in
�
l
k
; lC1
k

�
,
ˇ̌�
t� l

k

�
a� a

k

ˇ̌
and

ˇ̌�
t� l

k

�
a� a

k

ˇ̌
are bounded by jaj

k
. �

We must then bound the quantity .jplC2�plC1jCjplC1�pl j/
jaj
k

and we shall modify the cycle C rep-
resenting the class in Hk.Sck ; S

�1
k

/ so that the jpl j remain bounded. This follows from the lemma below.

Lemma 9.10 [Viterbo 2023, Lemma 6.5]. There exist constantsK;M such that, given a cycle C �Sc
k

rep-
resenting a class ŒC �2H�.Sck ; S

�1
k

/, we have a cycle zC � Sc
k

such that Œ zC �D ŒC � inH�.Sck ; S
�1
k

/ and

(1) zC � S�4K
k
[ .f.x; yI �I!/ jmaxj jpj j �M g\Sck /,

(2) zC \S�3K
k

� f.x; yI �I!/ j � 2E�
k
g, where E�

k
is the negative eigenspace of Bk .

The lemma means that we can deform C so that below a certain level of Sk it coincides with the
negative bundle of Bk .

Proof. This is as in [Viterbo 2023, Lemma 6.5]. Let Z be the vector field defined by

Pqj D �.jpj j/.pjC1�pj /DZqj .q; p/; Ppj D 0DZpj .q; p/;

where �.r/ vanishes for r � 1. Denoting by  s its flow, we have

d

ds
Sk. 

s.q; p//D dSk.q; p/ �Z.q; p/D
D
@

@q
Sk.q; p/;Zq.q; p/

E
D�

kX
jD1

�.jpj j/
D
d

dqj
Sk.q; p/; pjC1� 2pj Cpj�1

E
D�

kX
jD1

�.jpj j/jpjC1�pj j
2
C

D
d

dq
Sk.k � qj ; pj /; pjC1�pj

E
D�

kX
jD1

�.jpj j/jpjC1�pj j
2
I

the last equality holds because S vanishes on the support of �.jpj j/.
Now given y D pk , if supj jpj j � M, we have that

Pk
jD1 �.jpj j/jpjC1 � pj j

2 is bounded from
below by some positive quantity ck (which is O

�
1
k

�
but it does not matter). Thus, outside the region

f.q; p/ j jpj j �M g, the vector field Z is a pseudogradient vector field for Fk . Since Z is complete, its
flow  s has the following properties:

(1) It preserves the pj .

(2) Outside f.q; p/ j jpj j �M g, we have d
ds
Sk. 

s.q; p//� �ck .
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As a result if Fk.q; p/� c, we have

 .cC4K/=ck .q; p/ 2 .f.q; p/ j jpj j �M g[F
�4K
k /\F ck :

Thus zC1 D  .cC4K/=ck .C / satisfies (1).
Now to satisfy (2), we use a “cut and paste” as in [Viterbo 2023, Lemma 6.5]. �

Using Lemmas 9.9 and 9.10 and the inequality (9-2) we obtain the following:

Proposition 9.11. Given a class a in H�.Sck ; S
�1
k

/, we can find a cycle C representing a and constants
M1;M2 such that

Sk.� Q
.t/.C //� Sk.C /C "C
M1

k
C
2M2jaj

k
:

Now let a 2 H�.T d / be represented by a map u W C ! T d and b 2 H1.T d / be represented by a
map v W S1! T d. Then the Pontryagin product a � b is represented by u � v W S1 �C ! T d given by
u � v.z; �/D u.z/C v.�/.

To conclude the proof of Proposition 9.7 (and as a consequence of Proposition 8.4) we need:

Lemma 9.12. Let � 2 Zd be such that jA � a � �j � ı, and let ˇ� be the class in H1.T d / of the loop
t 7! t � � ( for t 2 Œ0; 1�). Then given " > 0, we have, for k large enough,

c.˛ �ˇ� ˝ 1.p/; S
0
k /� c.˛˝ 1.p/; S

0
k /C ":

Proof. Let C be a cycle representing a class in H�..S0k /
c ; .S0

k
/�1/. We may assume C satisfies

properties (1) and (2). We are going to construct a cycle in the class of ˛ �ˇ made of three pieces. First set

C1 D
[
t2Œ0;1�

C1.t/;

where
C1.t/D f.0; pI ��
1.t/� N
.t/�I �k
1.t/!/ j .0; pI �I!/ 2 C g:

According to Proposition 9.11 since

Sk.0; pI ��
1.t/� N
.t/�I �k
1.t/!/D Sk.
1.t/; pI � N
.t/�I!/

D Sk.�
.t/.0; pI �/I!/� Sk.C /C "C
M1C 2M2jaj

k
;

as a result we have for each t 2 Œ0; 1�

S0k .C1.t//� S
0
k .C /C "C

M1C 2M2jaj

k
I

hence

S0k .C1/� S
0
k .C /C "C

M1C 2M2jaj

k
:

Note that

C1.0/D C;

C1.1/D f.0; pI �I �a!/ j .0; pI �I!/ 2 C g:
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Now for u 2 Œ0; 1� define the path �.u/D .1�u/A � aCu� so that �.0/C! D �a!. Set

C1.1Cu/D f.0; pI �I!C �.u// j .0; pI �I!/ 2 C g:

Now C1.2/D C and since j�.u/�A � aj � ı, we have

S0k .C1.1Cu/� S
0
k .C1.1//C "

so that the cycle19

yC D
[

s2Œ0;2�

C1.s/

satisfies for k large enough
S0k .
yC/� S0k .C /C 2":

Moreover we claim that the cycle yC defines a cycle in the homology class of ˛ �ˇ� . Indeed the lift of
the variable ! starting from !0 is given

(1) for s 2 Œ0; 1� by the path s 7! !0C sA � a,

(2) for s 2 Œ1; 2� by s 7! !0C .2� s/A � aC .s� 1/�,

and since it joins !0 to !C�, it belongs to the class ˇ� . As a result Œ yC �D ˛ �ˇ 2H�..S0k /
C1; .S0

k
/�1/

and this proves the lemma. �

We shall also need:

Lemma 9.13. Let " > 0 and A W Rn! Rd be a linear map such that A.Rn/ has dense projection on T d.
Then there are integral vectors �1; : : : ; �d in Zd forming a basis of Rd such that there exist vectors
a1; : : : ; ad in Rn such that

jA � aj � �j j � ":

Proof. See Appendix B. �

Proof of Propositions 9.7 and 8.4. Let j̨ 2H1.T
d / be the homotopy class of the path t 7! t � �j , where

�j is a basis of Rd given by Lemma 9.13. Then ˛1 � ˛2 � � � � � ˛d D cd�T d for some cd ¤ 0. since
c.cd�T d ; f /D c.�T d ; f / we obtain by repeated applications of Lemma 9.12 that c.�T d ˝1.p/; S

0
k
/�

c.1T d ˝ 1.p/; S
0
k
/C " and this proves Proposition 9.7 and hence Proposition 8.4. �

10. Proof of the Main Theorem

We first prove that under assumptions (1)–(6) we have lim"!0 't";! D '
t

H
for almost all ! 2�. We start

fromH satisfying (1)–(6), then, using the results of Section 5, we get a mapH WA�! bHam.T �T n/ such
that A� is a compact connected metric abelian group. According to Section 6, A� is the projective limit
of finite-dimensional tori, Aj , on which �a is given by �a! D !CAj �a, where the projection of Aj .Rn/
is dense in Aj and ! 7!H.: : : ; � I!/ is continuous from Aj to C1fc .T

�Rn;R/ and satisfies (1)–(6).

19Similarly to the proof of Lemma 9.5, this is an abuse of language for f�.R=2Z�C/, where

f .t; .0; pI �I!//D

�
.0; pI ��
1.t/� N
.t/�I �k
1.t/!/ for 0� t � 1;
.0; pI �I!C �.t � 1// for 1� t � 2:
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By Corollary 7.5 we find H� in C1.T �Rn �Aj ;R/ such that


1.H
�

�j .!/
;H!/� �;

where �j W A�! Aj is the projection map. According to Proposition 8.6, we know that


c � lim
k
H
�

k;�j .!/
DH

�

�j .!/

and since, for all k; !, we have 
1.H
�

k;�j .!/
;Hk;!/� �, we infer for k large enough


1.H
�

�.!/
;Hk;!/� 2�:

Now consider a sequence �� converging to 0 so thatH��
��.!/

is a 
c-Cauchy sequence, 
c-converging to
H! uniformly in !. Then H��

��.!/
is also a Cauchy sequence, so it converges to some H 2 bHam.T �T n/.

But then .Hk;!/k�1 converges a.s. in ! to H.
For the second part of the Main Theorem, we must go from 
 -convergence of the flow to 
 -convergence

of the solution of the corresponding Hamilton–Jacobi equation. In the case of a compact base this is
achieved in [Viterbo 2006], and the extension to a noncompact base was spelled out in [Cardin and
Viterbo 2008, pp. 266–276].

For L 2 L.T �N/ we define uL.x/D c.1x; L/. Our first claim is that 
-convergence for L implies
C 0-convergence of the uL uniformly on compact sets.

Lemma 10.1. Let U be bounded domain in N. If .L�/��1 is a Cauchy sequence for 
U , then the
sequence uL� is a Cauchy sequence for the topology of uniform convergence on U. As a result if .L�/��1

 -converges to L 2 yL.T �N/ then the sequence uL� converges uniformly on compact sets to uL.

Proof. This is an immediate consequence of the reduction inequality [Viterbo 1992, Proposition 5.1,
p. 705], which implies that, for any x 2 U,

jc.1x; L/� c.1x; L
0/j � 
U .L;L

0/: �

Proposition 10.2. Let .'�/��1 be a sequence in 2DHamc;FP 
c-converging to '1 22DHamc;FP. Then for
any L 2 L.T �Rn/ (or in yL.T �Rn/) the sequence '�.L/ 
c-converges to '1.L/.

Proof. Indeed, we proved in Proposition 4.23 that 
U . 1.L/;  2.L// � 
V�Bn.r/. 1;  2/ provided
 ˙1j sends T �U to T �V and L� Rn �B.r/. In our case, we get that for L� Rn �Bn.r/


U .'�.L/; '1.L//� 
V�Bn.r/.'� ; '1/

and since the right-hand side converges to 0, so does the left-hand side. �

We may now conclude our proof. Since a.s. in !, 't
k;!


1-converges to N't and is uniformly FPS for
bounded t , we have by Proposition 10.2

'tk;!.Lf /!
1
N't .Lf //

a.s. in !. Then applying Lemma 10.1 to the sequence .'t
k;!
/k�1, this implies uniform convergence on

compact sets of the sequence .uk;!/k�1 to its limit Nu. This concludes the proof of our Main Theorem.
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11. The coercive case

We now assume H satisfies assumptions (1a)–(3a) of Corollary 1.3. Let �A be a truncation function, that
is, an increasing function such that 0��0A.t/� 1 and �A.t/D t� 32A for t �A and �A.t/D 0 for t � 2A.
We set HA.x; pI!/D �A.H.x; p; !//. Then coercivity implies20 that HA has a.s. in ! 2� the same
flow as H in UR D f.x; p/ j jpj � r.A/g where limA!C1 r.A/DC1. We apply the Main Theorem
to HA and obtain a homogenized Hamiltonian HA. We claim now that for B � A we have HA DHB

on UR. This follows the same proof as Section 11 in [Viterbo 2023]. Because f is Lipschitz, it can
be approximated by functions fk which have a bounded differential, so the image of the graph of dfk
remains in some domain bounded in the p-direction. Therefore for A large enough, 'tHA.Gfk /D 'A.Gfk /
for all k and all t . Therefore homogenization for HA yields homogenization for H.

12. The discrete case (Proof of Corollary 1.7)

If we have a Zn action on �, and its standard action on Rn we construct an Rn action on z�D��Rn=',
where

.!; t1; : : : ; tn/' .T�z!; z1C t1; : : : ; znC tn/;

where z D .z1; : : : ; zn/ 2 Zn. Then Rn acts on z� by translation, i.e.,

zTa.!; t1; : : : ; tn/D .!; t1C a1; : : : ; tnC an/:

Notice that if z 2 Zn, we have zTz.!; t1; : : : ; tn/D .Tz!; t1; : : : ; tn/.
Now it is easy to see that T is ergodic for the measure � on � if and only if zT is ergodic for the

measure �� � (where � is the Lebesgue measure on Œ0; 1Œn), since any zT -invariant set will be of the
form U � Œ0; 1Œn with U a T -invariant set. Then if H satisfies H.xC z; p; Tz!/DH.x; pI!/, we can
consider K.x; p; Œ!; t �/DH.x� t; pI!/ and this satisfies

K.xC a; p; zTaŒ!; t �/DK.x; p; Œ!; t �/

for all a 2 Rn, and we can apply the stochastic homogenization from the Main Theorem.

13. Extending the Main Theorem

Note that one should be able to extend our methods to the case where we have a Hamiltonian satisfying
the assumptions of the Main Theorem, but:

(1) We have a time-dependent Hamiltonian, H.t; x; pI!/, and an action of R � Rn such that
H.t C s; x C a; pI �.s; a/!/ and consider the sequence H

�
t
"
; x
"
; !
�

This has been reduced to our
case in the nonstochastic situation in [Viterbo 2023, Section 11.2. The nonautonomous case].

(2) We consider partial homogenization. For example if X DN �Rk , then we should be able to apply
the above propositions as in [loc. cit.].

20See Remark 1.6, since h�.p/�H.x; pI!/� hC.p/ a.s. in !, where limjpj!C1 h˙.p/DC1.
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(3) We consider the homogenization H"
�
x; p

"
I!
�

as " goes to 0. This has been reduced to our case in
the nonstochastic situation in [Viterbo 2023, Section 12. Homogenization in the p variable].

(4) We have a Zn action on a manifold X such that the quotient X=Zn is compact and the Hamiltonian
satisfies H.Tzx; T �z p; Tz!/DH.x; pI!/, where T is the action of Zn on X and we consider again the
sequence H"

�
x; p

"
; !
�

as " goes to 0.

The proof in this last case should be the same as the Main Theorem. We just need to replace 
.'/
(which is not defined on T �X/ with O
.'/ and we shall get an embedding of Zn into Isom.yH�; 
/.
According to [Weil 1965], the closure of the image of Zn is the product of an abelian compact connected
metric group, A0�, and a totally disconnected compact metric abelian group D�. Since we have a
morphism c W Zn!D� and the kernel L must be a cocompact free abelian group, hence a lattice, so
L is isomorphic to Zn and in suitable integral coordinates, we see that LD a1Z˚ a2Z˚ � � �˚ anZ, so
D� D Zn=L ' Z=a1Z˚ Z=a1Z˚ � � � ˚ Z=anZ. Replacing Zn by L, we can reduce ourselves to the
case of a compact connected abelian group so we get K.p; !/, where K.p; � / is constant on the ergodic
components of the action of L and the ergodic components are interchanged by an element of D�; thus
we get that K.p; � / is indeed constant a.e.

It would be also interesting to see what can be done in the framework of more general groups, as
explained in [Sorrentino 2019] (see also [Contreras et al. 2015]). In this setting a discrete group G is a
quotient of the �1.M/, where M is a compact manifold, and we see a Hamiltonian on M as a G-invariant
one on zM a cover of M. Then Sorrentino considers the Hamiltonian H

�
x; 1

"
p
�

as " goes to zero, and
proves that it converges in some weak sense (we would say in the 
 topology) to a Hamiltonian defined
on G1 a graded Lie group associated to G (at least if G is nilpotent).

Appendix A: Generating functions for noncompact Lagrangians: Proof of Theorem 3.5

The goal of this section is to prove Theorem 3.5 that is:

Theorem 3.5. Let ' be an element in DHamFP.T
�N/. Then '.0N / has a GFQI. Moreover such a GFQI

is unique.

First we claim that the fibration theorem of Théret [1999, Theorem 4.2] goes through. Here F is the set
of sequences of GFQI .S�/��1 satisfying the above property and L D L.T �Rn/ and we have:

Proposition A.1. The projection � WF !L is a Serre fibration up to equivalence.

The proof is the same as Theorem 4.2 in [Théret 1999]. We may reduce ourselves to the case of a
single parameter (as in [loc. cit.]). The proof is then based on Sikorav’s existence theorem, which uses
only the fact that, for t small enough, if L has a GFQI over U� then so does 't .L/. Note that we may
always assume that 't .T �U�/� T �U�C1 and by truncating 't beyond T �U�C1, we are reduced to the
compact situation.

Proof of Theorem 3.5. Using Lemma 3.2 we may assume we have a sequence U� of domains such that
't .T �U�/� T

�U�C1. Applying a sequence of cut-offs to the Hamiltonian defining ' we can then find a
sequence L� of Lagrangians of the type '1� .0N /, where
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(1) 't�.T
�U�/� T

�U�C1 for all t 2 Œ0; 1�,

(2) 't� has compact support in T �U�C1,

(3) setting 't�.0N /D L�.t/, we have for �� �

L�.t/\T
�U� D L�.t/\T

�U� D '
t .L/\T �U� :

Then each L�.t/ has a GFQI, S�.t/ W N �E� ! R and we claim that, for � � �, S�.t/ and S�.t/
are equivalent over U� . Indeed, we have a deformation from L� to L� that is the identity on T �U� .
If we denote by Ss a GFQI covering this deformation (the existence of which follows from [Théret
1999], since we are again in the compactly supported case), then Ss generates a Lagrangian Ls that is
constant over T �U� . Then using [loc. cit., Lemma 5.3] we can assume, after applying a fiber-preserving
diffeomorphism, that †s \ .U �F /D†0\ .U �F /, where

†s D

�
.x; �/

ˇ̌̌ @Ss
@�
.x; �/D 0

�
:

But then as in [loc. cit., p. 259], using Hadamard’s lemma we prove that there is a fiber-preserving
diffeomorphism such that S1.x; �.x; �//D S0.x; �/.

So may now assume that the restriction of S� over U� is exactly S� ˚ q�;� by composing S� with an
extension of the fiber-preserving diffeomorphism realizing the equivalence.21 �

Appendix B: Proof of Lemma 9.13

Lemma 9.13. Let " > 0 and A W Rn! Rd be a linear map such that A.Rn/ has dense projection on T d.
Then there are integral vectors �1; : : : ; �d in Zd forming a basis of Rd such that there exist vectors
a1; : : : ; ad in Rn such that

jA � aj � �j j � ":

Remark B.1. We do not claim the basis is an integral basis, i.e., it does not necessarily have determinant 1.

Proof suggested by the referee. We know that A.Rn/CZd is dense in Rd, so we may find b1; : : : ; bd 2Rn,
w1; : : : ; wn 2 Zd such that ˇ̌̌

Abi �wi �
ei
2

ˇ̌̌
�
"

2
:

Then ai D 2bi , vi D ei C 2wi satisfy jAai � vi j � ", and since det.vi / is odd, .v1; : : : ; vd / is a basis
of Rd. �

Appendix C: Approximation of generating functions and symplectic integrators

Our goal is to prove Lemma 7.4. It is a consequence of the more precise result:

Lemma C.1. Let 'tH have St .q; p/ as generating function. We have

kSt .q; p/� tH.q; p/kC0 �
t2

2





@H@q





C0
�





@H@p





C0
:

21The existence of the extension follows from the fact that we may assume that for �; � large enough, the inclusion U� � U�
is a homotopy equivalence.
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Proof. In the sequel, k � k denotes the C 0 norm. Note that St has no fiber variable. It is a classical fact
[Hamilton 1834; 1835; Jacobi 2009] (see also [Arnold 1978]) that St satisfies the Hamilton–Jacobi equation8<:

@

@t
St .q; p/DH

�
qC

@St
@p
.q; p/; p

�
;

S0.q; p/D 0:

Indeed, setting 'tH .q; p/D .Qt .q; p/; Pt .q; p//, the Lagrangian submanifold

ƒ.'/D f.t;�H.t;Qt .q; p/; Pt .q; p//; q; p;Qt .q; p/; Pt .q; p// j t 2 R; .q; p/ 2 T �N g

in T �R�T �N �T �N is contained in

f.t; �; q; p;Q;P / j � CH.Q;P /D 0g

sinceƒ.'/ is easily seen to be invariant by the flow of the HamiltonianK.t; �; q; p;Q;P /D �CH.Q;P /,
which is given by

.t; �; q; p;Q;P /! .t C s; �; q; p;Qs.Q;P /; Ps.Q;P //:

Since Qt D qC
@St
@q

, the equation follows.
Now set St .q; p/D t �H.q; p/CRt .q; p/ and replace in the equation, using

jH.qC �; p/�H.q; p/j � j�j �



@H
@q





C0
;

@Rt
@t
.q; p/�




@H
@q





C0

ˇ̌̌
@St
@p

ˇ̌̌
� t �




@H
@q





C0
�




@H
@p





C0
C




@H
@q





C0
�

ˇ̌̌
@Rt
@p

.q; p/
ˇ̌̌

and R0.q; p/D 0. Now the relation

@tRt .q; p/� tACB
ˇ̌̌
@Rt
@p

ˇ̌̌
implies by monotonicity of the solutions of the Hamilton–Jacobi equations22 that Rt is bounded by the
solution ut of @tuD tACBjrxuj, that is, u.t; x/D 1

2
t2A, so

Rt .q; p/�
t2

2




@H
@q





C0
�




@H
@p





C0
:

The same argument gives an estimate from below. �

Appendix D: Proof of Proposition 8.3

Proposition 8.3. Given any ˛, there exists a sequence .`�/��1 such that for almost all ! 2�

lim
�!1

lim
U�Rn

c.�U ; '`� ;!˛/� lim
U�Rn

c.�U ; N'˛/:

The proof is essentially the same as in Section 5 of [Viterbo 2023]. We reproduce it here adapted to
our situation and notation but notice that ! just appears as a parameter and so does not change the proof
of Proposition 8.3. In particular the cycles we construct in the proof do not need to depend continuously
on !. We first need the next lemma. We define a cycle with closed support in X to be a cycle for the

22That is,H �K implies that the solutions v;w of @tuDH.x;Dxu/ corresponding to the same initial condition satisfy u�v.
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z�mC1

z�m

Dm

�mC1

Figure 2. z�m in red, z�mC1 in blue and Dm in green on the left and �mC1 on the right.

singular homology with locally finite support. These are the cycles of Borel–Moore homology (i.e.,
homology with closed supports) of X . Chains are infinite sums

P
� a�� of singular simplices such that

there are only finitely many simplices with a� ¤ 0 touching any compact set. As a result it is clear what
it means for such a chain to be a cycle. For such homology, admissible maps are the proper maps, i.e.,
only a proper map f WX ! Y will induce a map f� between the corresponding Borel–Moore homology
groups. Any proper submanifold without boundary represents a cycle in Borel–Moore homology, while
in ordinary homology, this is the case only for compact submanifolds.

Lemma D.1. Let S be a GFQI defined on E and c D limU�N c.�U ; S/. There exists a closed cycle �
such that �U D � \��1.U / satisfies Œ�U �D �U in H�.SC1U ; S�1/ and S.�U / � c.�U ; S/C " for
U belonging to a sequence of exhausting open sets with smooth boundary.

Remark D.2. Note that Œ�U � is assumed to be an ordinary cycle, so that its class in H�.SC1U ; S�1U / is
well-defined.

Proof. Consider an increasing sequence Un of open sets with smooth boundary such that N D
S
n Un.

Notice that there is a restriction map for U � V sending H�.V; @V /!H�.U; @U /. It induces a map
that we denote by �U;V ,

H�.S
t
V ; S

�1
V [Ej@V /!H�.S

t
U ; S

�1
U [Ej@U /;

and a diagram

H�.S
C1

V ; S�1V [Ej@V /
�U;V

// H�.S
C1

U ; S�1U [Ej@U /

H�.S
cC"
V ; S�1V [Ej@V /

OO

�U;V
// H�.S

cC"
U ; S�1U [Ej@U /

OO

Now the upper horizontal map sends �V to �U , so applying this to the sequence Un, we get a sequence
z�n 2 H�.S

cC"
Un

; S�1Un [ Ej@Un/ with image �Un , and we have a sequence such that �Un;Um Œz�n� D
Œz�n\�

�1.Um/� is constant for n�m. Then we may glue the z�n as follows: since Œz�m�DŒz�mC1\��1.Um/�
in H�.ScC"Un

; S�1Un [Ej@Un/, we have Dm such that @Dm\��1.Um/D z�m� z�mC1\��1.Um/ and we
can assume Dm � ��1.Um/. This is illustrated in Figure 2. Now we may consider the cycle

�m D z�m[ .@Dm\�
�1.Um//[ z�mC1\�

�1.UmC1 nUm/:

We easily check that

(1) �m\��1.Um/D z�m,

(2) �m\��1.UmC1 nUm/D .z�mC1\��1.UmC1/[ .@Dm\��1.@Um///,
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(3) @�m �E@UmC1 ,

(4) �m � ScC".

By induction we can build a sequence �m and we have �n \ ��1.Um/ D �m \ ��1.Um/ for n > m.
Therefore

S
n �n is stationary over any compact set and defines a closed cycle � such that S.�/� cC". �

Now the generating function for 'k;! is given by Proposition 9.1:

Sk;!.x; yI �; �/D
1

k

�
S!.kx; p1; �1/C

k�1X
jD2

S!.kqj ; pj ; �j /CS!.kqk; y; �k/

�
CBk.x; y; �/;

where � D .�1; : : : ; �k/, � D .p1; q2; : : : ; qk�1; pk�1; qk/,

�a� D .p1; q2C a; : : : ; qk�1C a; pk�1; qkC a/

and

Bk.x; y; �/D hp1; q2� xiC

k�1X
jD2

hpj ; qjC1� qj iC hy; x� qki:

Now let F.q; P I �/ be a GFQI for the graph of ˛. Then

G!k .u; vI x; y; �I �; �/D S
!
k .u; yI �/CF.x; vI �/Chy � v; u� xi

is a GFQI of 'k˛. We set

G!k .u; vI x; y; �/D h
!
k .y/CF.x; vI �/Chy � v; u� xi:

We shall omit the subscripts a; � for the moment, so in the sequel, G!
k;a;�

means G!
k;a;�

Here the
variables u; v; x; y are in Rn and we denote by Ek the space of the � D .�; �/, where � 2 Ek, � 2
.R2n/k and � 2 V . By definition we have a cycle �!U in U � Rnv � Rnx � Rny � E � V relative to
.G!

k
/�1[@U �Rnv�Rnx�Rny�E�V and homologous (as a closed cycle) to U �Rnv��x;y�E

��V �

(where � is the diagonal) such that

G!k .�
!
U /� c.�U ; G

!
k /C "D c.�U ; N'

!
k;U˛/C ";

where N'!
k;U

is the flow of h!
k;U

.y/.
Moreover according to Lemma D.1, we can assume there is a closed (i.e., Borel–Moore) cycle �!

such that �!U D �
! \��1.U / (at least for a cofinal sequence of U ’s).

Now let C!U .y/ be a cycle in the class ofU�E�
k

inH�..S!k;y/
C1; .S!

k;y
/�1/, depending continuously

on y, such that23

S!k .y; C
!
U .y//� h

!
k;U .y/C a�.y/C ":

As in [Viterbo 2023, Section 5, Lemma 5.1], this is possible provided � is the characteristic function
of ƒı , the complement of a disjoint union of sets of diameter less than ı. For example, we can take ƒı

23The notation is unfortunate since it does not respect the order of our variables. By Sk.y; CU .y// we mean the maximum
of Sk.x; yI �; �/, where .xI �; �/ 2 C.y/
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to be a neighborhood of ƒ.ı/D f.x1; : : : ; xn/ j 9j; xj 2 ıZg. Thus we set for a 2 RC; � 2 C
1.Rn/

G!k;a;�.u; vI x; y; �/D h
!
k .y/CF.x; vI �/Chy � v; u� xiC a�.y/:

We shall omit the subscripts a; � for the moment, so in the sequel, G!
k;a;�

means G!
k;a;�

.
We again invoke Lemma D.1 in order to obtain a (closed) cycle C!.y/ such that for a cofinal sequence

of U ’s we have C!U .y/D C
!.y/\��1.U / and, like C!U .y/, the cycle C.y/ depends continuously on y.

We now construct a new (Borel–Moore) cycle, symbolically denoted by ��Y C and defined as follows
(everything depends on ! but for notational convenience we omit it):

� �Y C D f.u; vI x; y; �; �/ j .u; v; x; y; �/ 2 �; .u; �/ 2 C.y/g:

We have

(1) .� �Y C/U is a Borel–Moore cycle homologous to U �Rnv ��x;y �E
�
k
�V �.

(2) G!
k
..� �C/U /�G

!
k;a;�

.�U /C ".

Indeed for (1), it is a cycle by the continuity of C.y/ in y. That its homology class is the stated one
follows from the fact that the homology class of A�Y B only depends on the homology class of A;B
and so �U �Y C�U is homologous to

.U �Rnv ��x;y �V
�/�Y .U �E

�
k /D f.u; vI x; y; �; �/ j u 2 U; x D y; � 2 V

�; � 2E�k g

D U �Rnv ��x;y �V
�
�E�k :

As for (2), we have .� �Y C�/U D �U �Y C�U and

G!k .�U �Y C
�
U /

def
D supfS!k .u; yI �/CF.x; vI �/Chy � v; u� xi j .u; vI x; y; �/ 2 �; .uI �/ 2 C.y/g

but since Sk.u; yI �/� h
C

k;U
.y/C a�.y/C " for .uI �/ 2 C.y/, we have

G!k .�U �Y C
�
U /

� supfF.x; vI �/C hC
k;U

.y/C a�.y/C "Chy � v; u� xi j .u; vI x; y; �/ 2 �!U ; .u; �/ 2 C
!
U .y/g

�G!k;a;�.�U /C ":

Now as in [Viterbo 2023, Section 5, p. 95], let us consider a collection of ` open sets ƒj
ı

for 1� j � `
such that each of them is a translate ofƒı and any nC1 of them have empty intersection. We denote by �j
(1� j � `) the corresponding functions. We set Nx D .x1; : : : ; x`/, Ny D .y1; : : : ; y`/, N� D .�1; : : : ; �`/
and define24

Gk;`.u; v; Nx; Ny; N�; �/D F.x1; vI �/C
1

`

X̀
jD1

Sk.`xj ; yj ; �j /CB`. Nx; Ny/Chy`� v; u� x1i

This is a GFQI for ��1
`
'`
k
��1
`
˛ D ��1

`
��1
k
'k`�k�`˛ D 'k`˛.

Let

Gk;`.u; vI Nx; Ny; �/D F.x1; v; �/C
1

`

X̀
jD1

.hC
k
.yj /C a�j .yj //CB`. Nx; Ny/Chy`� v; u� x1i:

24Here we omit ! from the notation, which would otherwise become unwieldy.
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By definition there is a Borel–Moore cycle, �k;`, such that

Gk;`..�k;`/U /� c.�U ; Gk;`/C ";

and using Cj .yj / as before for 1� j � ` and setting

�k;` �Y C
�Œ`�D f.u; vI Nx; Ny; N�; �/ j .u; v; x; y; �/ 2 �; .`xj ; �j / 2 C

�
j .yj /g;

we have

c.�U ; Gk;`/�Gk;`..�k;`/U �Y .C
�/U Œ`�/�Gk;`..�k;`/U /� c.�U ; Gk;`/C 2":

Finally we claim that

c.�U ; Gk;`/� c.�U ; Gk/C
.nC 1/a

`
:

Indeed, Gk;` is the generating function of  k;` D ��1`  1
k
ı � � � ı `

k
�`, where  j

k
is the time-one flow of

hk.y/C a�j .y/. But these flows commute, so  k;` is the time-one flow of

Kk;`.y/D
1

`

X̀
jD1

.hk;U .y/C a�j .y//

and we have jKk;`.y/� hk.y/j �
.1Cn/a
`
C ". Therefore

c.�U ; Gk;`/� c.�U ;  k;`˛/� c.�U ;  
1
k˛/C

.1Cn/a

`
C "� c.�U ; N'k˛/C

.1Cn/a

`
C ":

Thus for ` large enough c.�U ; Gk;`/� c.�U ;  1k˛/C 2". Taking the limit as k goes to infinity, we get

c.�U ; 'k`˛/D c.�U ; Gk;`/� c.�U ; N'k˛/C 2"� c.�U ; N'˛/C 3":

This concludes the proof of Proposition 8.3.
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