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STOCHASTIC HOMOGENIZATION FOR VARIATIONAL SOLUTIONS
OF HAMILTON-JACOBI EQUATIONS

CLAUDE VITERBO

Let (€2, 1) be a probability space endowed with an ergodic action 7 of (R”, +). Let H(x, p; w) = Hy,(x, p)
be a smooth Hamiltonian on 7*R” parametrized by @ € € and such that H(a + x, p; t,w) = H(x, p; w).
We consider for an initial condition f € C°(R", R) the family of variational solutions of the stochastic
Hamilton—Jacobi equations

du® du®

— (@, x;0)+ H E, — (@, x;w)] =0,

ot & 0x

ut(0, x;w) = f(x).
Under some coercivity assumptions on p — but without any convexity assumption — we prove that for a.e.
o € Q we have C%—limu®(¢,x;w) = v(f,x), where v is the variational solution of the homogenized

equation
g—l;(t,x) + H(x, g—i(r,x)) =0,
v(0,x) = f(x).
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1. Introduction

Let (2, i) be a probability space endowed with an ergodic action t of (R", 4). This means that if X C Q
satisfies 7, X C X for all @ € R”, then w(X) =0or 1.
Let H(x, p;w) = H,(x, p) be a smooth Hamiltonian on 7*R” parametrized by w €  and such that

H(a+x, p;taw) = H(x, piw). (Inv)
We shall specify later the assumptions satisfied by H. We now consider for an initial condition f € C°(R")

the family of stochastic Hamilton—Jacobi equations

ou® . x Ju®
G xio)+ H (35

u® (0, x;0) = f(x).

Fixing w, we can consider different types of generalized solutions (there is generally no smooth solution)

(t,x;cu);w) =0, (HIS,)

for this equation. The most interesting ones are either the viscosity solution of Crandall and Lions
[1983] (see also [Barles 1994; Bardi and Capuzzo-Dolcetta 1997]), or the variational solutions defined
in [Chaperon 1991; Viterbo 1996; 2006] (we also credit J. C. Sikorav [1989]), both requiring some
assumptions on f and H that will be specified later. The problem of stochastic homogenization for
the above equation is to determine whether, for u-a.e. in w, the sequence u®(z, x; ) C°-converges on
compact sets to u(, x), the solution of

g—lt)(z, X) + H(g—)’i(z, x)) —0,
v(0,x) = f(x),

(HIH)

where H is to be determined (and in general cannot be defined explicitly). Note that H does not
depend on w by the ergodicity hypothesis. A classical case is the so-called (nonstochastic) periodic case,
corresponding to the case where 2 = T” and 1, is the translation on the torus. Then condition (Inv)
means that there is a smooth function K on 7*T" such that H(x, p;w) = K(x —w, p). Then solving
(HJS;) is equivalent to solving the (nonstochastic) equation

LA ) =0

%—?(z, x)+ K(E’ By
and in this case stochastic homogenization boils down! to deterministic homogenization for K. For
viscosity solutions, homogenization in the periodic nonstochastic case has been settled in [Lions et al.
1988] in 1987, and for variational solutions in [Viterbo 2023] in 2014.

For the general stochastic case, this problem has been solved for viscosity solutions by Rezakhanlou
and Tarver [2000] and Souganidis [1999], assuming H is convex in p. Beyond the quasiconvex case (i.e.,
functions having all their sublevels convex) and some very special cases (see for instance [Armstrong et al.

Undeed, if u¢(¢, x) is the solution (either viscosity or variational) of aaif(t, x)+K(f-o, %L;(t, x)) =0 then vé(t, y) =

& &
ué(t, y +ew) satisfies %(t, X) —|—K(%, aaiy(t, y)) =0. Thus u®(¢, y) = v¥(t, y —ew), and convergence of v¢ to ¥ as & goes to 0
is equivalent to convergence of u® to i = v. See the proof of Corollary 1.7 for another method of reducing to the periodic case.
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2015; Gao 2016]), nothing is known for viscosity solutions in the general (i.e., for H nonconvex in p) case,
and counterexamples have been found, first by Ziliotto [2017] and then by Feldman and Souganidis [2017].

We settle here the case of variational solutions without any convexity assumption. Note that the
construction of a variational solution relies on the choice of a field of coefficients for the homology theory
we use, but once the field is chosen, the variational solution is uniquely defined.? We shall here fix once
and for all a coefficient field (the reader can think of Z/2Z or R for example). As in [Viterbo 2023], our
results hold when H is either compactly supported or coercive in the p-direction. Note that fixing w, if
Vi(H) f = u(t, x) is the variational solution operator® of the Hamilton—Jacobi equation, and S;(H) f is
the viscosity semigroup, we know that for H convex in p we have S;(H) = V;(H) [Zhukovskaya 1993;
1996]. Our result thus implies the stochastic homogenization for viscosity solutions in the convex case*
as in [Rezakhanlou and Tarver 2000; Souganidis 1999]. In the general case it has been proved in [Wei
2013; 2014] (see also [Roos 2017, Theorem 1.19]) that

St(H) = Tim_(Vin(H))".

Since there are counterexamples in the nonconvex case, stochastic homogenization of the viscosity
solutions cannot hold in general.”

Of course, as in [Viterbo 2023], the equation (HJS,) is related to the Hamiltonian flow of H (%, p; a))
given by

0 o = Pe 0L e,

where ¢! is the flow of H(x, p;w) and pg(x, p) = (%, p).
We shall prove analogously to [Viterbo 2023] that, for almost all w, we have

t Ye -t
Pe,w > Do

but since we are on a noncompact base we have to redefine the y-distance, which we shall denote by ..

1.1. Statement of the main results. Our main result is:

Theorem 1.1 (Main Theorem). Let H(x, p; w) be a stochastic Hamiltonian on T*R" x Q, where (2, i)
is a probability space endowed with an action t of R™. We assume the following conditions are satisfied:

(1) For all a € R", the map t, is measure-preserving and the action t is ergodic for the measure | (i.e.,
invariant sets have measure O or 1).

28ee for example [Cardin and Viterbo 2008] and more explicitly [Wei 2014] and Appendix B in [Roos 2019].
3This means that it sends f to the variational solution of

B, x)+ H(x, 2(1.x)) =0,
u(0,x) = f(x).

Note that the operator is not a semigroup (since variational solutions do not have the Markov property).

4However in that case our method is much more complicated.

3 Of course if in some cases we knew that V; (g) = V;(He) = V¢ + Ry (), where ||R;(¢)|| < Cte, and V; = V;(H) is the
homogenized operator, we would get that [|(V;/,(£))" — (Vt/n)" | < Cte. Hence, setting S; = lirnn(l7t/n)”, we would have
|S%(e) — S¢|| < Cte and then limg—sq S(t)(s) = §f).

(HJS)
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(2) We have, for all a € R", (x, p) € T*R" and almost all w € Q, the identity H(x + a, p, Ta0) =
H(x, p,w).

(3) The map (x, p) — H(x, p,w) is CY1 for p-almost all w.

(4) For almost all w, H is compactly supported in the p-direction, i.e., the set

{p|3Ix eR", H(x, p;w) # 0}
is bounded.
(5) There exists C such that for almost all w and for all (x, p) € T*R" we have ‘%—;I(x, p; a))| <C.

(6) There exists C such that for almost all  we have sup(y pyer+gn |H(x, p; )| < C.
Then if Qe is the flow of He o, (x, p) = H(% p; a)) there is a function H in C°(R"*, R) such that

Cew > P
for the topology y. that will be defined in Section 4. Here (,0;7 denotes the flow of H in WI(T*R”), the
ye-completion of DHam(T*R™). As a consequence if | is uniformly continuous on R”, then a.s. in w € Q
the variational solution u®(t, x; w) of (HIS;) converges to the variational solution u(t, x) of (HTH).

Let us try to give some intuition for the y, metric. The y. metric is a version, in the noncompact
case, of the y-metric first defined in [Viterbo 1992]. For a compact base, it is easier to describe it on
Lagrangians. For example if Ly is the graph of df; and f; C°-converges to a smooth function fye,
then L converges to Lo, the graph of dfs. For this reason, the y-metric is often called a C ~!-metric.
However, as is quite natural, the y-completion of the set of smooth Lagrangians contains more objects and
in particular contains the graphs of continuous functions. For Hamiltonians maps, if ¢ is the time-one
flow of the Hamiltonian Hy and (Hy)g>1 C 0_converges to Hyo, then ¢y y-converges to @0, the time-one
flow of Hoo. Here again the time-one flow of a C° Hamiltonian is well-defined in the completion (see
[Viterbo 1992; 2006; Humiliere 2008]).

Remarks 1.2. (1) Existence and uniqueness of the variational solution for (HJS;) follows from [Cardin
and Viterbo 2008, pp. 266-276] (since we are in the case of a noncompact base). The bounded propagation
speed condition in [loc. cit.] is more general than the one in the present paper and is obviously satisfied in
the fiberwise compactly supported case.

(2) By ergodicity, each of the conditions (4), (5), (6) either holds a.s. or fails a.s. Indeed, set

Qc={a)eQ| sup |H(x,p;w)|zc}.
(x,p)eT*R"

This set is t-invariant. If for some c this set has measure 0, then (6) holds; otherwise

sup |H(x, p;w)| = +o0
(x,p)eT*R"

for a.e. w. Similarly, the set Q' = {w € Q | supp(H) C R" x B(R)} is also invariant by 7. It thus either
has measure 1 for some R, and then the bound in (4) is independent from  in a set of full measure, or it
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Figure 1. Graph of yg.

has measure 0 for all R and then, for a.e. w, condition (4) is violated. In the first case, we shall say that
the H,, have uniform fiber compact support. This is assumption (4) of the Main Theorem.

(3) Let us compare our results to those of [Rezakhanlou and Tarver 2000; Souganidis 1999]. Note that
if H is convex in p, then viscosity and variational solutions coincide. So consider a Hamiltonian H
convex in p and uniformly coercive. In the ergodic case this implies that there exist functions &4 (p)
going to infinity such that h_(p) < H(x, p; w) < h4(p) (this also follows from the assumptions in both
[Rezakhanlou and Tarver 2000, (2.5)(ii) and (2.8), p. 280] and [Souganidis 1999, Condition 0.2]). Note
that both authors assume lim, |, 1 o0 7+ (p)/|p| = +00, an assumption we do not require here.

Then we claim that the truncation Hy, = yr(H), where y g is the function represented in Figure 1,
satisfies assumption (5) of the Main Theorem (condition (4) is obvious) or equivalently, (2a) of the
corollary. This is because

aI_IXR / oH
= H -—,

so it is enough to prove that H s bounded on a set |p| < C. Butif }aH (xo0, p0)| > A, we can find p;

with | p1| < 2C such that py — p1 is colinear with 3H (xo po) and | po — p1| = C, so that
oH oH
sup i (p) = int b (p) = H(x. pr) =~ H(x, po) = (5 po—p1) = €| 57| = €
|pl<2C dp

hence A is bounded.

The compactly supported case is usually not the most interesting in applications. However the above
theorem implies

Corollary 1.3 (Main Corollary). Let H(x, p; ®) be a stochastic Hamiltonian on T*R" x Q, where (2, 1)
is a probability space endowed with an action T of R". We assume the following conditions are satisfied:

(1a) Conditions (1)—(3) as in the Main Theorem.
(2a) FTr all (x, p; w) we have |%—;I(x, p; a))‘ < h'(|p|) for almost all w for some continuous function
hR—>R

(3a) For almost all w, H is coercive, that is lim|p| 4 oo | H (X, p: @)| = 400 uniformly in x.
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If H satisfies the above assumptions and f is Lipschitz on R, there is a coercive function H in
CO%R", R) such that a.e. in o the variational solution u®(t, x; w) of

&€ &
aait(l,x;w) + H(%, %(l,x;w);w) =0,

(HIS,)
uf(0, x;w) = f(x)
converges to the variational solution u(t, x) of
v = ( 0V _
a9+ H(ﬁ(t’ x)) =0 (HJH)

v(0,x) = f(x).

Remark 1.4. We shall reduce the case (3a) where H is coercive to the uniformly fiberwise compactly
supported case by replacing H by ygr(H), which is compactly supported where yg : R — R is a function
supported in ]—oo, R + 1] such that y’() = 1 for t < R (see [Cardin and Viterbo 2008, Appendix B]).
Then Hy, = yr(H) also satisfies Hy,(x +a, p; 1aw) = Hyp(x, p; w).

Examples 1.5. (1) Let Q be the space of C! functions on R”, (z, f)(x) = f(x +a) and ;1 be some mea-
sure on 2 invariant by 7, and ergodic. Let V' be a bounded function. Set H(x, p; ) = %h( p)—V(w(x)),
where £ is coercive. This satisfies the assumptions of the corollary and corresponds to a random potential,
with probability .

(2) [Pelayo and Rezakhanlou 2018, Example 2.4(ii)] Let Ho(q, p) be a Hamiltonian and H(q, p; w) =
Z. jez Ho(g—qj, p), where v = (q;) ez is a stationary point process, that is, a probability on RZ invariant
by translation. This makes sense provided Hy decreases fast enough as g goes to infinity. Then H
satisfies the assumption of the above corollary.

Remark 1.6. Here are a few comments:

(1) We could of course also state a convergence result in the coercive case for the sequence ¢ q; it is
just that the statement of convergence would be a little more complicated to state.

(2) By ergodicity there exist 14 (p) e RU{+4o0} and h_(p) € RU{—o0} such that sup,cpn H(x, p; ®) =
h4(p) a.e. in Q and similarly infxegr H(x, p; @) =h_(p) a.e. in 2. Notice that (3a) implies that 74 (p)
is finite, and that lim| | 4 o, #+(p) = +00. This condition is more or less explicit in both [Rezakhanlou
and Tarver 2000, conditions (Aii)—(Aiii)] and [Souganidis 1999, Condition 0.2]. Similarly

! = sup |22 (x. p:
My (p.w) = sup | 57(x. piw)

x€ER”

is invariant by 7, and hence independent from w a.e. in €2, and equal to hi( p), so (2a) and (5) either
hold a.s. or do not hold a.s in €2.

(3) Again by ergodicity, the coercivity is necessarily uniform: one has a function f(r) such that
lim, 4o f(r) = 400 and for all (x, p; w) we have |H (x, p; )| = f(|p]).

(4) Let us consider a Hamiltonian H convex in p and uniformly coercive. In the ergodic case this implies
that there exist functions &4 (p) going to infinity such that i_(p) < H(x, p; w) <h(p) (this also follows
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from the assumptions in both [Rezakhanlou and Tarver 2000, (2.5)(ii) and (2.8), p. 280] and [Souganidis
1999, Condition 0.2]). Then we claim that its truncation H,, = yg(H) satisfies assumption (5) of the
Main Theorem (condition (4) is obvious) or equivalently, (2a) of the corollary. This is because

ap

so it is enough to prove that 3—H is bounded on a set | p| < C. But if }BH (xo0, po){ > A, we can find pq

3H

with | p1| < 2C such that po — p1 is colinear with 5= 8H (xo po) and |po — p1| = C, so that
oH JH
sup i (p) = inf h(p) = H(x. pr) = H(x. po) = (5 po—p1) = €| 7| = €
lpl<2C pl= ap
hence A is bounded.
Our result can be easily extended, since we do not need the full action of R”. For example if we have
an action of 7" we get the following:

Corollary 1.7. Take the same assumptions as in the Main Theorem except that we have an action of 7"
(instead of R™) on Q, still denoted by t, and the first two assumptions are replaced by:
(1b) For all z € 7", the map t, is measure-preserving and ergodic.

(2b) We have, for all z € 7", (x, p) € T*R" and almost all w € Q, the identity
H(x+z, p,t,0) = H(x, p,w),
while conditions (3)—(6) are unchanged. We then have the same conclusion as in the Main Theorem.

Finally, note that ergodicity of T on 2 is not required, since we can use the ergodic decomposition
theorem (see [Greschonig and Schmidt 2000]), which holds for Borel spaces® and obtain:

Corollary 1.8. With the same assumptions as in the Main Theorem (resp. Corollary 1.7) except that
the action t is not supposed to be ergodic but we assume (2, i) is a Borel space, we have the same
conclusion, except that H (p; w) now depends on w € Q and is constant on each ergodic component of T.

1.2. Sketch of the proof of the Main Theorem. Our proof will require the following steps, starting from
the uniformly fiber compactly supported case:

(1) On $Hamg (T *R™), the set of uniformly fiberwise compactly supported Hamiltonians on 7*R”, we
define a metric y. (see Sections 3 and 4).

(2) We identify €2 to g the set of H,, for w € 2, and S?JQ its completion for y.. We then prove that
ergodicity implies compactness of the metric space (.%Q, Ye) (see Sections 5 and 6). The action of R”
on Hg given by (1, H)(x, p;w) = H(x —a, p;w) = H(x, p; Taw) extends to an action of a compact
connected metric abelian group Ag on (ﬁgz, v¢), and R”, through the action 7, is identified to a dense
subgroup of Ag. Moreover we prove that for p-almost all H in $q, the Aq orbit of H is equal to S%Q

SThat is, isomorphic (as a measured space) to a complete separable metric space with a measure defined on its Borel algebra.
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(3) In Section 7 we prove a regularization theorem showing that the action of Ag on .%Q can be
approximated by an action of a finite-dimensional torus (note that Ag is not in general a finite-dimensional
torus, but is a projective limit of finite-dimensional tori).

(4) We prove in Section 8 that homogenization holds when Ag, is a finite-dimensional torus (the quasiperi-
odic case) and @ > H,, is continuous for the C°-topology instead of the y.-topology.

(5) In Section 10 we conclude the proof in the fiberwise compact case, and in Section 11 for the coercive
case and in Section 12 for the discrete case.

2. Notation and abbreviations

Q2 is a probability space with measure u.

e a.s. or a.e. mean almost surely or almost everywhere in (€2, ().

GFQI means “generating function quadratic at infinity”.

o H*, H, are, respectively, cohomology and homology (either Cech or singular) with coefficients in
some field K.

e uy is the fundamental class in H 4 (N) (for a closed manifold) or H4 (N, dN) (for a manifold with
boundary) or H, Cd (N) (for a noncompact manifold), where d = dim(/N). When N is nonorientable, it is
assumed that K =F, = 7/27.

e 1y is the generator of HO(N).
e T*N is the cotangent bundle of N with the standard symplectic form w = d A, where A = p dgq.

e T*N is the cotangent bundle of N with the opposite of the standard symplectic form w = —d A, where
A=pdg.

e Oy is the zero section of T*N.
o $ame.(T*N) is the set of smooth uniformly fiberwise compactly supported” autonomous Hamiltonians.

e Hamg ([0, 1] x T*N) is the set of smooth uniformly fiberwise compactly supported time-dependent
Hamiltonians.

e C2([0,1]x T*N) is set of continuous functions on [0, 1]x T* N (viewed as “continuous Hamiltonians™)
which are fiberwise compact.

e For a Hamiltonian H on T*N, Xp(t, z) is the Hamiltonian vector field associated to H, defined by
C()(XH([, Z)) = _dZH(ta Z)‘

e For a Hamiltonian H on T*N, ¢}, is the solution of %‘/’th (z) = Xg (1, 9% (2)) such that ¢ (z) = z.
We set pg = <p}1.

e DHam(T*N) is the image by H +— ¢y of Hame ([0, 1] x T*N).

¢ FPS means “finite propagation speed” (see Definition 3.1).

TThat is, the support is contained in R” x B(R) for some R.
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¢ BPS means “bounded propagation speed” (see Definition 3.8).

e DHampp(T*N) (resp. Hampp(T* N) or Hamep([0, 1] X T*N)) is the set of elements in DHam(T*N)
(resp. Ham(T*N) or Ham([0, 1] x T*N)) having FPS.

e DHampp(T*N) (resp. Hampp(T*N) or Hampp([0, 1]xT*N)) is the set of elements in DHam(T*N)
(resp. Ham(T*N) or Ham([0, 1] x T*N)) having BPS.

e £(T*N) is the set of pairs (L, f7), where L is the image of O by some element ¢ € DHamep(T*N)
and f7 is a primitive of Az,. We often just write L if f7, is implicit.

* y. is the uniform topology on £(7*N) (see Definition 4.17).

. E(T*N) is the completion for y, of £(T*N) (see Definition 4.17).

. mpp(T*N) (resp. me(T*N) or mfc(T*N)) is the completion for y, of DHampp(T*N)
(resp. DHampp(T*N) or DHame(T*N)) (see Definition 4.24)

* Gy is the graph of df in T*N.
o L:For L € &(T*N) we define L = {(x,—p) | (x, p) € L}, where Jr=—/L

3. Noncompactly supported Hamiltonians

Let N be a noncompact manifold. We shall assume that N is homeomorphic to the interior of a compact
manifold with smooth boundary.®

Definition 3.1. Let ¢ € D$Ham(7T*N). We say that ¢ has finite propagation speed (FPS for short) if, for
each bounded set U, there is a bounded set V such that o(T*U) C T*V. A subset in DHam(7*N) has
uniformly finite propagation speed if each element has finite propagation speed, and moreover, given U,
the set V' can be chosen to be the same for all the elements in the subset. We write D $Hamgp(7T*N)
for the set of Hamiltonian maps with finite propagation speed. By abuse of language, we use the same
terminology in $Ham(7T* N): H has finite propagation speed if gy has finite propagation speed, etc. We
use the notation $Hampp(7* N) for this set.

Note that for instance if ‘%—IZ(I, q, p)} < Cy for all (¢, p) € T*U then H has FPS.
The following lemma will prove useful.

Lemma 3.2. Let U C V be relatively compact open sets in N such that for any compact set K in N
there exists an isotopy of N sending K in'V. Let ¢ € DHam(T*N) be such that o(T*U) C T*V. Then
we can find a Hamiltonian isotopy (¢")se[o,1] from the identity to ¢ such that for all t € [0, 1] we have
o' (T*U) C T*V.

Proof. Let ¥! be an isotopy from id to ¥! = ¢. Let X be a vector field corresponding to the isotopy
for a compact set containing the projection of | J, €[0,1] ¥!(U) = K and pointing inwards on V. Let p
be the Hamiltonian vector field of H(¢, x, p) = (p, X(¢, x)) which projects on the flow of X. Possibly
replacing p’ by a p*¥), we may assume that for all ¢ € [0, 1] we have p’ o y!(T*U) C T*V. Then

8We eventually only use the case N = R”. For this section we actually only need that there is an exhausting sequence of open
bounded sets (U; ) en such that U; C Uj 41 and, for j large enough, U; is ambient isotopic to U; 1.
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o'y (T*U) C T*V and, since Yy (T*U) C T*V, the set of ¢ such that p’y (T*U) C T*V is an
interval — because X points inward on 0} — it must contain [0, 1]; hence concatenating the Hamiltonian
isotopy ¢ > p' ! with t > p!~?v1, we get a new Hamiltonian isotopy that we denote by ¢! such that
o' (T*U) C T*V forallt €0, 1]. O

Note that our hypothesis on N implies that we can find an exhausting sequence (U;);>1 of N satisfying
the assumptions of Lemma 3.2.

We shall now prove that ®Hamg., the set of Hamiltonians which are uniformly fiberwise compactly
supported, is contained in $ampp.

Proposition 3.3. If H € Hamg.(T* N) is uniformly fiberwise compactly supported, then H has FPS.

Proof. Indeed, if for some C, ¢ is the identity outside of DT (N) = {(q, p) | |[p| < C}, then p(T*U) C
T*U U@(T*UNTEN), but since T*U NTSN is compact, its image is contained in some 7*V for V
bounded, and we get o(T*U) C T*(U U V). O

The usefulness of this notion will be clear on several occasions. Remember that a generating function
quadratic at infinity for (L, f7 ), where L is a smooth Lagrangian and /7, a function such that of dfy, = Az,
is a smooth function S : £ = N x F — R, where F is a finite-dimensional vector space,9 such that

(1) S(x,§&) coincides with a nondegenerate quadratic form Q on the vector space F for & large enough,
2) (x,8)—~ %—‘g(x, §) is transverse to 0,

(3) setting Tg = {(x.§) | %(x, £)} the image of this submanifold by is : (x, §) > %(x, £) has image L,
4) fLois=S.

Let S1, 52 be two GFQIL. They are said to be equivalent if they are fiberwise diffeomorphic after
stabilization, that is, there are two nondegenerate quadratic forms g1, g2 such that if

Sj (. 87n) = Sj(x.) + 45 ().
there is a fiber-preserving diffeomorphism

(x, &1, m) = (x,62(x, &1, m), n2(x, 61, M)
such that
Sa(x, &2(x, 61, m1), n2(x, &1, m1)) = S1(x, 1, m1).

We shall say that S1, S, are equivalent over U if the fiber-preserving diffeomorphism is defined for
x € U. Note that the customary “addition of a constant” for the equivalence of generating functions is not
needed here, since generating functions are normalized so that S|z = fL oig.

We cannot expect a noncompact Lagrangian to have a GFQI in this sense, since the number of
variables required could go to infinity. We can either assume F' is a Hilbert space, but then positive and

9 All this discussion also works if we replace N x F by a general finite-dimensional vector bundle. Then we must replace in
the sequel the Kiinneth isomorphism by the Thom isomorphism.
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negative eigenspaces will generally be infinite-dimensional so that H*(S?, §%) = 0, which is a notorious
drawback.!? Here we have:

Definition 3.4. We say that a Lagrangian L C T*N has a GFQI if, for each bounded set U, there is
a GFQI defined over U x F (where F depends on U), Sy, and a set V' D U such that the Sy, are all
equivalent over U for W D V. Two GFQI are equivalent if they are equivalent over each bounded set.

Theorem 3.5. Let ¢ be an element in D$Hamgp(T* N). Then ¢(0y) has a GFQI. Moreover such a GFQI
is unique up to equivalence.

Proof. See Appendix A. O
Remarks 3.6. Notice that

(1) If ¢ does not have FPS, ¢(0x) does not even need to have surjective projection on N: For example
take on 7*R the Hamiltonian %(x2 + p?). Then ¢(0g) = {0} x R!

(2) Using Lemma 3.2 we may assume we have a sequence U, of domains such that for all ¢ € [0, 1] we
have " (T*U,) C T*Uy+1. We let S, = Sy, and notice that we may assume that the restriction of S,
over U, is exactly Sy, @ ¢y, by composing S, with an extension of the fiber-preserving diffeomorphism
realizing the equivalence.!! We shall always make this assumption in the sequel.

(3) We will use the expression “S is a GFQI for L” meaning “there is a sequence (Sy)y>1 of GFQI for L
over U,” to avoid cumbersome indexes. Most of the time this means we consider S, for v large enough.

Definition 3.7. We denote by £(7 *N ) the set of Lagrangians of the type ¢(0y ), where ¢ € D Hampp(T*N).
On a Riemannian manifold, there is a more precise notion than FPS.

Definition 3.8. Let NV be a manifold with a distance d and ¢ € D$Ham(7T*N). We say that ¢ has bounded
propagation speed (BPS for short) if there is a constant r¢ such that for any ball B(xg,r) we have
@(T*B(xo,r)) C T*B(xo,r +ro). A subset in DHam (7 * N) has uniformly bounded propagation speed
if each element has bounded propagation speed, and moreover the constant ¢ can be chosen to be the
same for all the elements in the subset. We write D$Hampp(7* N) for the set of Hamiltonians maps with
bounded propagation speed. By abuse of language, we use the same terminology in Ham(7*N): H has
bounded propagation speed if ¢z has bounded propagation speed.

Example 3.9. If ‘%—IZ(L q, p)| < C for all (g, p) € T*R" then H has BPS. In particular assumption (5)
implies BPS.

Remark 3.10. (1) Of course bounded propagation speed implies finite propagation speed.

(2) Our definition of finite propagation speed does not exactly coincide with the terminology of [Cardin
and Viterbo 2008, Definition B.5, p. 271]. Our definition is more involved and the notion of finite
propagation speed defined there is weaker than the present one, but would still be sufficient to prove our
theorems. However this would have made an already long paper even longer.

10That we could avoid by using Floer homology everywhere, but would make reading this paper even harder for the
Hamilton—Jacobi community!

HThe existence of the extension follows from the fact that we may assume that, for s, v large enough, the inclusion U,, C U "
is a homotopy equivalence.
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4. Spectral invariants in cotangent bundles of noncompact manifolds

The goal of this section is to define and state the main properties of the metric y that occurs in the
statement of the Main Theorem. This has been done in [Viterbo 1992] in the case of a compact base; the
present situation, for a noncompact base, is unfortunately slightly more involved. Even though we work
on a general noncompact manifold, the reader can assume that N = R”. The general case will turn out to
be useful for future applications, and the only extra difficulty is visual.

4.1. The case of Lagrangians. Let L be an exact Lagrangian in 7* N with N not necessarily compact
(but assumed, for simplicity, to be connected). We assume a primitive of Az, f7,is given.!?

We shall assume that L has a unique GFQI, S, such!3 that f; = S on L (through the identification
is(x,§) = (x, %(x, £))). For example according to Theorem 3.5, this is the case if L = g (On) with
@ € DHampp(T*N). Note that in general, Sy, Q, F depend on U.

We denote by T the generator of H! (D(F~), S(F~)), where F~ is the negative eigenspace of Q,
i =dim(F ) and D(F™), S(F™) are respectively the disc and sphere in F ™, so that @ — o ® TF is an
isomorphism (the Kiinneth isomorphism) from H*(U) to

H*Y (U xD(F),UxS(F™)) = H*(U)® H*(D(F™), S(F™))

for U CN. By abuse of language we again denote by TF its homological counterpartin H;(D(F ™), S(F7)).
‘We shall later write 7 instead of TF.
We denote by S, = {(x,§) € U x F | S(x,§) <t} (we omit the subscript for U = N) and S;;*°
(resp. S (}L ) any of the S y’ (resp. §€) for ¢ large enough (by Morse’s lemma they are all isotopic).
Classically we have a homotopy equivalence between (S (Jj *,85%°) and U x (D(F~), S(F7)). In the
following definitions, we set uy € H™(U,dU), 1y € H°(U) to be the generators of these cohomology
groups.

Definitions 4.1. Let S be a GFQI for L € £(T*N) and U a bounded open set with smooth boundary.
We define:

(1) Fora € H*(U),
c(a, §) =inf{t | T @« #0in H*(S[y, S;77°)}-

(2) Fora € H«(U,0dU),
c(a,S)=inf{t | T ® a is in the image of H*(SItU’ S|7JOO U SltaU)}°
(3) Fora e HX(U) = H*(U,dU),
c(@.8) =inf{t | T @a #0in H*(Sfy, S™° U Sfyu)}-

12Even though we write L, we always mean the pair (L, f7).
13Remember by Remarks 3.6(3) that this means there is a sequence Sy, of GFQI over Uy, such that, for v < p, the function S,
restricts to the stabilization of S, over U,,.
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(4) Fora € H«(U),
c(a,S) =inf{t | T ® a is in the image of H*(SltU, S|z,°°)}.

(5) For Ly, Ly in £(T*N), having unique GFQI, S1, S2, we set (S1082)(x; &, 7)) = S1(x; E)—S2(x: 1)
and, foro € H*(U) or H*(U, dU),

c(a, Ly, Ly) =c(a, (516 952))
and c(a, L) = c(a,0p, L).
(6) We set yy (L1, L) =c(uy,L1,L2)—c(ly, Ly, Ly) and yy (L) = yy(Opn, L).
(7) We write L, <y L if c(1y, L1, L2) = 0. If this holds for all bounded sets U, we write L, < L.
(8) We set GH*(L1, Ly:a,b) = H* 1 ((S1 6 5»)?, (51 © $2)9).
Remark 4.2. We notice that
(1) As we said, S is shorthand for S, defined on U,. As long as U C U,, it is easy to see that for
a € H*(U) (resp. H*(U, 0U)) the c(«, S,) do not depend on v.

(2) The function (S © S») is not quadratic at infinity, but a standard trick allows us to deform it to a func-
tion quadratic at infinity (see [Viterbo 2006, Proposition 1.6]). The GH * functor is called generating func-
tion homology (see [Traynor 1994]) and coincides with Floer homology!* that we shall not introduce here.

(3) Note that if S has no fiber variables, c(1y ., S) = infxey S(x) and c(ny, S) = sup,ey S(x).

It is often convenient to express the cohomological critical values in terms of their homology counter-
parts. Note that H*(U) is dual to H,—«(U, dU) and H*(U, dU) is dual to H,—_(U) by Lefschetz duality
(see [Hatcher 2002, p. 254]). We have a fundamental class uy € H"(U,dU) dual to [pty] € Ho(U)
and 1y € HO(U) dual to [U] € H, (U, dU). The following lemma will be useful.

Lemma 4.3. We have for S a GFQI:
(D) ¢y, S) = c([pty]. S).
(2) c(pu.S) =c(U]. ).

We also have the duality identity
c(ly,L) =—c(pu, L).

Proof. The first two properties follow from Proposition B.3 in [Viterbo 2023]. The duality identity
is a consequence of the identity c¢(ly,—S) = —c(uy,S). Both are easily adapted from the case
U = N closed to the present situation. This follows from the following argument (see [Viterbo 1992,
Proposition 2.7, p. 692]). First notice that (—S)’ = E \ S, so we look for the smallest ¢ such that
ly #0in H*(Ejy\ S E}, Ey\S |z]°°). We then apply Alexander duality (see [Spanier 1966, Theorem 10,
p. 342]), which claims that for any closed pair (A, B) contained in an orientable manifold X we have an
isomorphism
Hiy (X =B, X —A)~ H (B, A).

14gee [Viterbo 2003] (or [Milinkovié and Oh 1997]) for the equivalence of the two homologies.



818 CLAUDE VITERBO

Note that H, cd —k (B, A) is invariant by proper homotopy equivalence, so if there is a proper retraction of
the pair (A, B) to a compact pair (4’, B), then

HY % (B, A)~ HI7*(B' . A"y~ H?™*(B', A" ~ H* ¥ (B, A).

In particular this is always the case for pairs (S?, $¢), where S is a GFQIL We then get the following
diagram, where vertical maps correspond to long exact sequences of triples, and horizontal to Alexander
isomorphisms (omitting the subscript U):

Hy (S_t, §%) = Hn+k—d(E \ S~ E \ S—t) — gntk—d ((—S)t, (—S)~®)

| l |

Hd(S+°°, S—OO) = Hn+k—d(E \ S~ E \ S+00) — Hn—i—k—d((_S)-i-oo’ (_S)—OO)

l l l

Hd(S+°°, S—t) = ; Hn+k—d(E\S_t, E\SOO) — Hn-i—k—d((_S)t’ (_S)—OO)

Using the universal coefficient theorem (recall, our coefficient ring is a field) we see that H« (S |J{]°°, S E]oo

is a vector space dual to H*(S |J{]°°, S IYJOO)’ By abuse of language, we denote by 1y the element
pty € Hy (Sl‘("joo, S|?J°°) sentto 1y € H*(Sl"("joo, S|?J°°), and we see that ¢(1y, S) is the same whether we
consider 1y in homology or cohomology. On the other hand the second line of the diagram sends T ® 1
to T ® iy, since in this case Alexander duality corresponds to Poincaré duality. Now saying that 1y is in
the image of H,(S™!, ST) is equivalent to saying that g/ is in the image of H*((—=S)?, (=S)"*°). In
other words, —t > ¢(1y, S) is equivalent to ¢ > ¢(uy, —S) and this means c(1y, S) = —c(uy,—S). O

Definition 4.4. Let U be a bounded domain with smooth boundary, dU. We say that the sequence of
smooth functions ( fx)k>1 in C*°(N) defines U if

(1) there is a decreasing family Fy of closed subset of N such that (), Fy = U,
(2) fix =0on Fg,
(3) fr is a decreasing sequence converging to —oo on N \ U.
We say that (fx)r>1 is a standard defining sequence if there is a function r € C°°(R) such that
(1) r(t) =0forz <0,
(2) r'(t) <0for0<t <1,
B) rt)=—1fort>1,

and for some increasing sequence a; converging to 400 we have

Jie(x) = agri(ag -d(x,U)).

Notice that given a sequence ( fx)x>1 defining U, we can find standard sequences (gx)k>1, (Mk)k>1
such that g < fr < hg.



STOCHASTIC HOMOGENIZATION FOR VARIATIONAL SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 819

We define for a smooth function f* the graph of its differential, Gy = {(x,df(x)) | x € N}. This is
an exact Lagrangian, with primitive f. If L is a Lagrangian with GFQI, S, we define L + G to be the
Lagrangian generated by S + f, where S + f(x,§) = S(x,&) + f(x).

We notice that:

Lemma 4.5. Let ( fi)k>1 be a sequence defining U, and V' be any bounded open set such that V D U.
Then for L1, L € £(T*N) we have

C(IU, Ll, Lz) = li]?lc(lV, L1 — Gfk’ Lz) = li]?lc(l[/, L1, L2 + Gfk)‘

Proof. Let S; be GFQI for L; and S = S; © S,. We have Sﬁj = limg (S — fk)lcV; therefore for Cech

cohomology, according to Theorem 5 in [Lee and Raymond 1968] we have
lim H((S = fio)fy» (S = fi)y) = H* (Sfy. Sjyy)
and from the definition of ¢(1y, S) the proposition follows. O

Remark 4.6. One should be careful. We will often have to estimate ¢(uy, L1, L2) but it is not true
that c(uy, L1, La) =limg c(un, L1 — Gy, , L2). Indeed, if L1 = G4, L =0y, then c(uy, L1, L2) =
Sup,ey &(x) # sup,en 8(x) — fr(x). However it follows from Lemma 4.3 that

c(uy, Ly, Ly) = _li]znc(lN, L, + Gfk’ Ll).

Let U be an open set with smooth boundary and set v(x) € 7} U to be the exterior conormal to dU at
x €dU,ie.,v(x) =00n TaU and (v(x),n(x)) = 1, where n(x) is the exterior unit normal to U at x.
The conormal of U is then defined as

v U ={(x,p)eT*N |xe€U,p=0, orx €dU, p=cv(x),c <0}.
We now prove that the values of ¢(«, L) correspond to intersection points of L and v*U (or L and v*U).

Proposition 4.7 (representation theorem). Let U be a bounded open set with smooth boundary and
(L1, f1), (L2, f2) be exact Lagrangians in T* N. Then we have:

(1) Fora € H*(U)\{0}, c(a: L1, L2) is given by f1(xa. p1,a) — f2(Xa» P2,a), Where (Xq, P1,a) € La
and (xq, p2,a) € L2 and (xo, p1,a — P2,a) € v*U.

(2) The same holds for « € H*(U, 0U) \ {0} but with v*U replaced by v*U.

Proof. This is the representation theorem [Viterbo 1992, Proposition 2.4], using a standard defining
sequence for U and the fact that ¢(1y; Ly, L2) = limg ¢c(1y; L1 — Gg, L). Indeed, a converging
sequence of points in G, will converge to a point in v*U (remember f; must also be bounded in the
sequence!). Then the compactness of L1 N T*U and L, N T*U implies the result. O

For (fi)k>1 a defining sequence of U, we say v*U is the “limit” of the Gz, for k > 1. We will
formally write ¢(c, L, v*U) for c(ay, L).
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Remarks 4.8. (1) The same will hold for U C V and any oy € H* (V') having restriction ayy € H*(U):
clay, L1, L) = lilgnc(ay, L1—Gy, Ly) = lilgnc(ay, Ly, L+ Gy,).

In particular, if M is a closed manifold containing N, we have

c(ly, L1, L) = lilgnc(lM,Ll —Gfk,Lz) = li]i‘nc(lM,Ll,Lz + Gfk) =c(lp, L1, Lo —I-U*U).

(2) Let U C V. Then with obvious abuse of notation ¢(1y, v*U) = —o0, c(uy, v*U) = 0 and of course
c(ly,v*V)=0,c(uy,v*V) = 4o00. This means that, for (f)x>1 and (gx)x>1 defining U and V, we
have limg ¢(1p7. G, Gg, ) = —o0 and limg ¢(upr. Gy, Gg, ) = 0.

We will now prove some of the properties of these invariants:

Proposition 4.9. Let ¢ € DHampp(T*N) and L = ¢'(0x) be a Lagrangian submanifold. We have
yu(L):=c(py,L)—c(ly.L)=0
and equality implies that LN T*U D Oy.

Proof. The proof follows from the triangle inequality (see [ Viterbo 1992, Proposition 3.3, p. 693]) applied
to the product
H*(U)®H}(U)— HXU).

Remember that the triangle inequality in [Viterbo 1992, Proposition 3.3] states that for two GFQI S1, S»
and two cohomology classes «, B, we have

c(@UPB,S1® S2) >cla,S1)+c(B.S2),

where (S1 & S2)(x;&,1n) = S1(x;€) + Sa(x;n). Here we apply it to S; a GFQI for L, and S5 a
nondegenerate quadratic form, that is, a GFQI for Oy, « € H*(U), 8 € H}(U). We then have, since

c(B,0n) =0,
c(@UB,L)>c(a, L).

Thus we have c(uy, L) = c(ly U uy, L) = ¢(ly, L) and equality implies that py is nonzero in
K. ~ LNv*U. But this implies 7(L Nv*U) D U; hence L contains Oy . Note that in general, contrary
to the case where N = U is compact, L N T*U may contain other connected components than Oy7. [

Proposition 4.10. The following hold for L; € £(T*N):
(1) We have c(uy, L1, L2) =—c(ly, L, L1) = —c(1y, L1, L»).
(2) ForU CV and Ly, L, Lagrangian submanifolds we have

® C(MU’LI?LZ)EC(MV’L17L2)3
* ¢c(ly, Ly, L) > c(ly, Ly, L2),
e yu(L1, L) <yv (L, L2).

(3) We have yy (L1, L3) < yu (L1, L2) + yu(La, L3).
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4) If yu(L1, L) =0then L1 N Ly has a connected component with projection on N containing U.
(5) If Ly X Ly then c(a, L1) < c(a, Ly) forall o # 0.
Proof. (1) The proof is the same as in Lemma 4.3, since Sp., © S, = —(SL, © SL,).

(2) If U C N note that
c(ly; Ly, L2) =li’£nc(1N,L1 — Gy, L2).

Since we may choose defining sequences ( fx)k>1, (€k)x>1 for U, V such that f; < gi, we have for S; a
GFQI of L; that S1 — f; > S1 — gx, hence c(l;v, Li— G_fk) >c(1y, L1 —Gyg,), and going to the limit,
c(ly, L1, Ly) > c(ly, L1, Ly). By the duality formula (1), we get c(uy; L1, L2) < c(uy; L1, L2);
hence yy (L1, L2) < yv (L1, L2).
(3) We have

$102-feS3=(510/)0(S:30 f)

and (S1© f)© 82 = S1 © (f @ S2). Now noting that if ( fx)x>; defines U, then so does (2 fx)k>1,

we have
yu(Li,L3) = 1i]£nVV(Sl ©2 fr©S3)

= h,?l Yy (510 fr) © (53D fr))
< lilgn yv(S1© fr ©82) + lilgn Yy (S2© (fr ® S3))

=yu (L1, L2) + yu(La, L3).
(4) This follows from Lusternik—Schnirelmann theory as in the proof of [Viterbo 1992, Proposition 2.2,
p. 691] (see also Proposition 4.9).

(5) L1 = Ly implies ¢(uy, L1, L) = 0 for all U. By the triangle inequality applied to S1 & (—S3)
(where S; is a GFQI for L;) if B Ua = uy, we have

0=c(uu,L1,L2) = c(a,L1,0§) +c(B,0n, L2) = c(a, L1) —c(a, L2)
since ¢(B,0n, L) = —c(a, L,0p) according to the proof of Proposition B.3 in [Viterbo 2023]. O

We must now see what happens when we make a coordinates change in 7*N. We start with three
lemmas.

Lemma 4.11. Let S be a GFQI defined on E =Y X F and for f : X — Y a smooth map a map

f:X X F —Y XF living over f, i.e., the diagram

XXFL)YXF

L,

X ——Y

is commutative. We then have, fora € H*(Y) and (f)* () € H*(X),
c(@.8) <c(f*@).Sof).
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Proof. Indeed, if T € H*(D(F™), S(F™)) is the Thom class for F~, then (f)*(T) = T is the Thom
class for f*(F ™) and we have, denoting by 7, 7 the projections on Y and X,
(H*(TUr*@)=7"(f*@)uT.

Now if ¢ < ¢(e, S) then * (o) U T vanishes in H*(S¢, S™°°) and this implies that ( /)*(T U *(a)) =
7*(f*(«)) U T vanishes in H*((S o £),(S o £)™), ie., ¢ < c¢(f*(«), S o f). This implies the
lemma. O

For the next lemma we use the notation S; X S5 to denote S1(x, y,&,1n) = S1(x; &) + S2(y; n) (not to
be confused with S1 & S>) and @ ® B to denote the class in H*(X x Y) image of @ ® B by Kiinneth’s
isomorphism.

Lemma 4.12. We have
c(ly ® ly; L1 x Ly, v*Ay) =c(ly: Ly, Ly).

Proof. Let d® : N x N — R be a smooth function vanishing on Ay and converging as ¢ goes to 0 to
—00- (1 — xay ), Where xa, is the characteristic function of A . For example we can choose

d°(x.y) = —£d(x. ).

Similarly define d; (x, y) = d®(x,y) + f5(x) + f7(»), where f{5 converges to —oo(1 — yp/) as & goes
to 0.
Setting [S1 X (—82)](x1, x2,§1,82) = S1(x1, 1) + S2(x2, £2), and

[S1® (—=52)](x,§1.62) = S1(x,§1) + Sa2(x, §2)
we may write

c(luxv:L1xLa, Ay) = lim c(Iyxn: (L1 =Grg) x (L2 = Gy, v*AN)
= lim c(Inxn: (S1 — G B(=S2— f7).d°)
=c(Inxn, [(S1 = f5) B (=S2 = )] —d®).
Now limg—o(S1 X (—82) —d®)¢ = (S1 ® (—S2))¢ and if § : Ay — N x N is the diagonal map,
§*(1y ® 1n§) = 1Ay, so from Lemma 4.11, we get
c(ly ®1y; L1 x Loy, v*AN) <c(In, (S1— ) @ (S2— 7)) <c(ly; L1, Lp).

Conversely we notice that given ¢, for &€ small enough, (S1 X (—S3) —d?)¢ is contained in a neighborhood
of Ay. Thus if 1y ® 1y does not vanish in

Ho([(S1= f) B (=82 = 7)) = d1°. [((S1 = fH) B (=82 = f7) —d°]7),

ie,c>c(ly ® ly; L1 x Ly, v*Ap), then its restriction to A, that is, 1y does not vanish either, and
c>c(ly:Ly1,Ly), so
c(ly ®1y; L1 x Lo, v*An) > c(ly; L1, L»)

and we have equality. O
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Lemma 4.13. Let us consider a bounded open set with boundary U C N and v¥Ay C T*N x T*N,
where Ay is the diagonal in U. Let ¢* be a Hamiltonian flow on T*U such that ' (T*U) C T*V. We
have

(@' xp"H(v* Ay) 2 v*Ay.

Proof. Let (q, p,q,p’) € v*Ay and notice that unless g € dU, we have p = p’. Then according
to Lemma 3.2 we may assume ¢’ (T*U) C T*V for all ¢ € [0, 1], so setting (¢’ x ¢)(q, p.q. p') =
(Q¢, Pr, Q), P]) we know that when (¢, p,q, p’) € v:Ay C T*U, we have Q,, Q} ¢ dV. So if
(Q¢, Ps, Q, P/) € v*V, we must have Q; = Q}, P; = P/, but then p = p’. In other words

(@' x"H)(W*Ay) NV Ay = (¢ x @) (Ar*y) N Ay = (9" X ") (Ar+v).

So the intersection (¢’ x ¢*)(v*Ay) Nv* Ay is constant and by a classical argument, this implies that as
a function of 7, c(a, (¢! x ") (V*Ay),v*Ay) is constant. Since v¥*Ay < v*Ay, we have for all  we
have (¢! x ") (V*Ay) < v*Ay. O

Using Proposition 4.10(2), we may conclude that the limits in the following proposition are well-defined
in RU {£o0}.

Definition 4.14. When U is an unbounded set we define (U ) to be the set of bounded subsets in U and

c ,Li,Lp)= Ilm ¢ ,L1,L»),

(hu, L1, L2) pdm (v, L1, L3)

C(lU,Ll,L2)= lim C(lv,Ll,Lz).
VezU)

Remark 4.15. Symbolically we have for U C V that v*U + v*V = v*U, meaning that if (f;)r>1
defines U and (gx)x>1 defines V then (fx + gx)k>1 defines U. More generally if U NV C W, we
have v*U +v*V < v*W where this means that if (fx)x>; defines U and (gx)r>1 defines V, there is a
sequence (hy)i>1 defining W such that fi + gx < hg.

Proposition 4.16. We have for ¢ € D$Ham(T*N) such that o(T*U) C T*V and L1, L, € £(T*N)

yu(@(L1),¢(L2)) < yv (L1, L2).
Proof. We use Lemma 4.11 so we replace ¢c(1y, ¢(L1), ¢(L2)) by
c(ly ® 1y, p(L1) x ¢(L2),v*Ap)

and this in turn equals

c(Ay @1y, (e x@)(L1 X Ly),v*Ax +v*(U x U)).
Using Remark 4.15 we have

VAN v (U xU) v (AyNU xU)) =v*Ay
and we get

c(In ® 1N, (px@)(L1 X L2),v* AN +v*(U xU)) = c(Iy ® Iy, (¢ x 9)(L1 X L2),v*Ay)
=c(In ® Ly, (L1 x L2). (¢ x9) "' (V¥ Ap))
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and using Lemma 4.13 we get that the last term is greater than
C(leN, L1 X L2, I)*Av) = C(lV, L1, Lz).

We may thus conclude that
C(IV, Ly, L2) = C(1U7 (/)(Ll), (P(L2))
By duality, we get

c(puy, L1, L2) > c(py.o(L1), (L2))
and our result follows. O

Definition 4.17. A sequence (Li)k>1 € £(T*N) yc-converges to L € £(T*N) if for all bounded
domains U the sequence yy (Lg, L) converges to 0. We shall write Ly Yes, L. The ye-completion of
L(T*N) for y, is the set of equivalence classes of y.-Cauchy sequences (Ly)r>1 for the following
relation: (Lg)g>1 = (L;c)kzl if for all bounded domains U the sequence yy (L, L;c) converges to 0.
We denote this completion by £(T*N).

Remark 4.18. Of course we may take a cofinal sequence Uy of bounded open sets in N and define

+o00

d(Ly,Ly) = Z 27/ max{1, yu; (L1, L2)}
j=1

and then take the completion with respect to this metric. It is easy to see that the completion coincides

with the above, and hence does not depend on the choice of the sequence Uy, (this is just rephrasing the
fact that the yy define a uniform structure; see [Weil 1938] or [Bourbaki 2007, Chapter II]).

Example 4.19. Let f; be a sequence of smooth functions. Then y-convergence of the L = gr(dfy) is
equivalent to uniform convergence on compact sets of the f.

We shall need the following proposition.

Proposition 4.20. We have for L = (p}_l (On) € &(T*N) the inequalities

c(py,L)y< sup H(gq,p),

(q,p)eT*U
c(ly,L)= inf — H(q,p),
(g,p)eT*U
yu(L)< sup H(q.p)— inf H(q.,p)=oscr=y(H) <2|H|cor+u-
(¢,p)eT*U (4,p)eT*U

Proof. Let H(q, p) = h(q) and L = ¢ (0x). Then according to Remark 4.2(3) we have c(uy, Lp) <
supgep h(q) and c(1y, Ly) > infyey h(q) because Ly = {(q,dh(q)) | q € N}.

Now for general H, since for H < h(q) = SUPpeTsN H(q, p) we have H < h, we get L < Ly, so
c(nu, L) <c(u, Lp) <supgey h(q) = supy, pyer=v H(g, p) and we get the first inequality. The other
two inequalities follow immediately from this one. O
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4.2. The case of Hamiltonians in T*R". Let H € $Hame ([0, 1] x T*R™) and (p;{ be its flow. Let 51, 52
the symplectomorphisms
T*R" x T*R" — T* Aqspn
defined respectively by
51(¢.p. Q. P)=(q. P.p—P.Q —q),
$2(¢.p. Q. P) =(Q.p.p—P.Q —q).

Denoting by (x, y, X, Y) the coordinates in T* Ap+gn, we have

sFdY Ady +dX Andx)=dpAndq—dP ANdQ,

so the s; are symplectic.

The graph of ¢g is (id X ¢ )(AT+rn), and its image by s; is denoted by I'(¢g), while its image
by s, will be F((p;II). Let Sy be a GFQI for I' (¢ ) which exists and is unique if H € Hamgp(T*R")
by Theorem 3.5.

Definition 4.21. We set for W a domain contained in Ag*gn. Then
(D) ey (e, ox) =c(w;T(en), T'(pn))-
) iy (@, ox) = c(uw: T (er). T (er)).
3) yw(@n.¢x) = ¢y (0. 9K) — ¢y (0. 9K)-

@) e (9k), c;f,(goK) and yw (¢k) are abbreviations for cy, (id, 9k ), c{/"V(id, k) and yw(id, pg)
respectively.

Remark 4.22. In T*N we may define for U C N the number

yu(pr) = sup yu(L.eu(L)),
Leg(T*N)

which corresponds to (even though we do not claim it is equal to) y(y xrn)(9H)-
Analogously to Proposition 4.16 we prove:

Proposition 4.23. For ¢1, g2 € DHampp(T*R") such that ;(T*U) C T*V and L € £(T*R") we have

yu(@1(L), 92(L)) < yvxwr (91, ¢2).
Proof. We have
c(ly,p(L), L) =c(ly@1y;e(L)xL,v*Ay)
> c(ly®ly; (pxid)(LxL), (pxid)(v*An)) +c(ly @ 1y; (pxid) (v An), v Ap).

Equality follows from Lemma 4.12 and the inequality is the triangle inequality.
Now if (¢ xid)T*(U xU) C T*(V x V), we have

c(ly ® ly; (@ xid)(L x L), (p xid)(v*An)) > c(ly @ ly; LX L, Ar+n) =c(ly; L, L) = 0.
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As a result we have

c(ly,p(L). L)z c(ly ® ly: (p xid) (v AN), v AN) = c(ly ® ly: T (p), T(id)).

We must now compare this last invariant with ¢(1y; T'(¢)). The map s1 : T*R” x T*R” — T* Agan
given by s1(¢, p, Q, P)=(q, P,p— P, Q —q) sends T*(V x V) into T*(V x R"), so we have

c(ly @ 1y:I'(9). I'(id)) = c(Iyxgn. I'(9)).

We may then conclude that

c(ly,@(L), L) = c(lyxrn, I'(9))
and using the dual inequality we get our result. O
Let then (H,)y>1 be a sequence of Hamiltonians in Hampp(7*R") and ¢, = ¢p,,.

Definition 4.24. The sequence (¢y)y>1 Yc-converges to ¢ if for all bounded domains W we have

limy yw (g, ) =0.

The y.-completion DHampp(T *R") is defined as the set of Cauchy sequences in DHampp(7T *R") for
the uniform structure defined by the yp, in other words the set of sequences which are Cauchy for each
yw, modulo the equivalence relation (¢y,)y>1 =~ (¥y)y>1 if for all W we have lim, yw (¢y, ¥») = 0.

Similarly we define for H € $ampp(T *R") the pseudometric

yw(H.K) = sup yw (k. ¢k).
t€l0,1]

We then define analogously the y.-convergence of a sequence in $ampp(7*R") and its completion
Hampp(T*R").

Note that the property of having FPS or being in $amy. can be checked in the y.-completion.

Proposition 4.25. There exist closed sets in mpp(T*lR") that intersect DHam(T*R") on
DHampp(T*R™), DHampp(T*R") and {¢ € DHam(T*T") | supp(p) C {|p| < r} respectively.

Proof. Indeed ¢(T*U) C T*V is equivalent to
F(‘P)m{(x’Px’)’»Py) |x € U’y ¢ V} =0

and being supported in | p| < r is equivalent to

L'(o) N {(x. px. y. py) | |px| = r} C T (id)
and both are closed conditions, which makes sense in the completion (see [Humiliere 2008]). O
When dealing with fiberwise compactly supported Hamiltonians, we have:

Definition 4.26. We set for ¢ € $Ham (T*R")
Yr(®) = YraxBn(r) (@) = R EI—I}-IOO YBn(R)xB" (r) (),

Yoo(p) = lim_ yr(p) € RU {+00}.
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Notice that convergence for y. and Y« coincides on sequences supported in a fixed bounded set in the
p-direction.

Proposition 4.27. Ifh_(p) < H(t,q, p) < h4+(p), we have the inequality

Yr(p) < sup hy(p)— inf h_(p).

|pl<r lpl<r
In particular ifa < H(q, p) < b, we have yoo(py) < b —a.
Proof. Indeed, c;,(H) < c;IL,(th), but cﬂ;fann(r)(th) = Sup|p|<, h+(p). Indeed, the flow of h(p) is
(g, p)—~ (g +tdh(p), p) and its graph is given by (g, p,0,tdh(p)), so a GFQIl is S(g, P) = h(P), and
I]—Q!_”XB”(I‘)(H) 5 cﬂ_{ann(r)(h+) = Sup h+(p)

|pl<r

C

Similarly c”g,,xBn(r)(h_) =inf|, <, h—(p) and cﬂgann(r)(H) > cﬂ'{ann(r)(h_) =inf|, <, h—(p).
By taking the difference of the above inequalities, we prove the proposition. O

Remark 4.28. The quantity yoo(¢) is finite for ¢ € Ham(7T*R") such that || H || copxgny < +00.
Our last results in this section will be:

Proposition 4.29. We have the following, remembering that p(x, p) = (£, p):

(1) Assume Y, Y send W =U XV into W' =U'x V', where U,U' CR", V, V' C (R")* Then we have

yw(¥ogpoy) < ywi(9).

(2) yr(tacpota) = yr(9)

(3) yr(pz ' o@ope) = eyr(p).
Proof. In T*(R" x R™) we have that I'(¢) is the set of (¢, P, P — p,q — Q), where (Q, P) = ¢(q, p),

while I'( o @ o 1) is obtained by applying ¥ x ¥ to (¢, p, Q, P). In other words writing (¢’, p’) =
W(CL p)’ (Q/’ Pl) = w(Q’ P), F(W o@o W_l) is obtained as

{(¢".P',P'—p'.q"— 0" el p)=(0.P)}.

Now if g € U and P € V, we have ¢’ € U’ and P’ € V'; hence (Y x ¢ )(T*(U xV)) Cc T*(U' x V'),
where U x V, U’ x V' are considered subsets of Agxpn.

As aresult, since ¥ x i preserves the diagonal (that is the zero section in the new coordinates) we
have, using Proposition 4.16,

yusv (U~ ov) = yuxv (¥ x V)T (@), (¥ x ¥)(A)) < yurxv(T(), A) = yurxv:(9).
Statement (2) follows from first applying (1) to ¥ = 7, so that, setting U, = Ute[_a’ a1 Tt (U),
YUxBG) (T—a®Ta) = YU, xB(r) ().
Hence taking the limit for U C R" we get

Yr(t—a9Ta) < yr(®)
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and changing a to —a we get equality. The last equality is rather obvious since p; is %—conformal and
pe(U x By) = (3 -U) x B,. O

&€
Remark 4.30. One should be careful, in particular yy (¢1, ¢2) is not in general equal to yy (¢5 log)) =
yu (e 1o ¢1,id). We thus have a priori two types of convergence. We could say that ¢, converges to ¢
if for all bounded sets U either the sequence yy (¢y, ¢) goes to 0 or if yy (¢,@ 1) goes to 0. However
if the ¢, have uniformly bounded propagation speed, that is, ¢, (T*B,) C T* By 1, for all v and all r,
then the two conditions are equivalent.

5. Compactness and ergodicity

Let H : T*R" x Q — R be Hamiltonian satisfying properties (1)-(6). Then each Hy, = H(-,-,w) is in
Hamg (T*R") and we identify © with its image in $Hame (7 *R"), denoted by $Hg. Its closure for the
yc-topology in the completion %FP(T*[RR”) is denoted by 5%9 The action 7 of R” on 2 induces an
action on i by

(taH)(x,p;0) = H(x+a, p;w) = H(x, p; T_q).

This action translates into ¢ > 1_4z¢ 1, on DHame (T *R™).
We first want to prove:

Proposition 5.1. The abelian group R" acts continuously by isometries on (Hamg(T*R"), y.) and
(DHame (T*R™),y.) and hence on (%fC(T* R™),y.) and (mﬁ: (T*R™),yc). Therefore the action T
of R™ on g is a continuous action by isometries for y. which extends to a continuous action by isometries
on He.

Proof. That R" acts by isometries follows from Proposition 4.29(2). It is enough according to a theorem by
Chernoff and Marsden!> to prove the separate continuity of the map R” x Hamg (T *R") — Hamg (T *R")
in each variable. In other words —since 7, is an isometry, it is obviously continuous in the second
variable — we must prove that, for all H € Hame (T *R"), we have

lim y.(H,tsH) =0,
a—0

i.e., we want to prove that for all » > 0, lim,—¢ (ra_l(p_lta, ¢) = 0. But

L) =1{(q.P.p—P,0—q)le(q,p)=(0Q,P)},
while
I(t;'¢ta) ={(g—a,P.p—P.0—q) | ¢(q. p) = (Q, P)}.

so that S(q, P; &) is a GFQI for T'(¢) and (1,5)(q, P,£) = S(q —a, P;£) is a GFQI for I'(z; l¢1,).
Since critical points of S(g, P, £) are contained in |P| < R and a — S(¢—a, P;§) is uniformly continuous
on |P| < R, we get that cy (o, S © 7,5) depends continuously on a, and for @ = 0 is equal to O (since it
is equal to cw (¢, @) = 0). d

ISWhich claims that, under our assumptions, a separately continuous action is jointly continuous. See [Chernoff and Marsden
1970, Theorem 1], extending a theorem of Ellis [1957].
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Proposition 5.1 extends the action t to a continuous action by isometries of S%Q Since Isom(Hg, y) C
ISOIII()%Q, y), the map 7 : R"” — Isom($)q, y) extends to a map, still denoted by t, from R” to Isom(?)gz, V).
Since this is obviously a group morphism, its closure in Isom(fjg, y) is an abelian connected and complete
metric group.

Proposition 5.2. Let us denote the closure of T(R") in Isom(.%g, y) by Aq. Then Ag is an abelian,
connected and complete metric group.

The goal of this section is to prove that our assumptions on H imply that Ag is compact. For this
it is enough to prove that Isom(.%g, y¢) is compact, but this follows immediately by the Arzela—Ascoli
theorem if we prove that (5%9, Y¢) is compact. Because by assumption (.%Q, Ye) is complete, it is enough
to show that it is totally bounded, that is, for any & > 0, (S%Q, Y¢) can be covered by finitely many y,-balls
of radius &. Since (g, Y¢) is dense in (.%Q, Y¢), it is enough to prove that (g, ) is totally bounded.
We shall prove slightly less but it will be good enough for our purposes:

Proposition 5.3. Let jio be the push forward to ,5%9 of the measure |1 on Q. Then the support of i is
totally bounded hence compact.

This will follow from the following general result.

Proposition 5.4. Let (X, 1) be a probability space endowed with a distance d such that (X, d) is
separable.'® Let G be a group acting ergodically on X by (measure-preserving) isometries. Then supp(j1)
is totally bounded.

We shall first prove:

Lemma 5.5. Let t be a continuous ergodic action of a group G on a probability, separable metric space
(X, ., d). Then for p-almost all points x € X, the orbit G - x is dense in supp(u).

Proof. This is an immediate consequence of Birkhoff’s ergodic theorem, but we shall give a simpler (or
at least easier) proof. Let Y be countable and dense in X and set

W = U B(y,r).
yeY,reQ}
w(B(y,r))=0
If w(B(x,r)) =0 for some x € X, r >0 then x € W. Indeed, we may assume r is rational, and choose
y €Y such that d(y, x) < 5. Then x € B(y, %) so B(y,%) C B(x,r) and we get u(B(y, 5)) = 0. This
argument implies that

W ={xe X |3U open x € U, u(U) = 0}

and W is T invariant since 7 preserves p and the open sets. Now because W is a countable union of open
sets of measure 0, it is open and has measure 0. We may then replace X by X \ W, so we are reduced to
the situation where all balls have > 0 measure, i.e., all open sets have positive measure.

16 A separable topological space is a space having a countable dense subset.
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Now let (U;);en be a countable basis of open sets (since a separable metric space is second countable).
Set tg A = {1gx | x € A}; then the orbit of x misses U; if and only if tgx NU; = @, i.e., x ¢ 16(Uj).
The points with nondense orbit must miss at least one 7 (U;) so they belong to

U\ 6 @) = X\ (76 (U)),
J

J

but by ergodicity 7 (U;) being t invariant has measure 1 (since it cannot be zero, as its measure is at
least the measure of U; that is positive by assumption). Therefore [ ; 76 (Uj) as a countable intersection
of measure-1 sets has measure 1, and its complement has measure zero. O

We are now in a position to prove Proposition 5.4.

Proof of Proposition 5.4. By the lemma we may choose x such that tgx is a dense orbit in supp(u). We
shall prove that TG (x) is totally bounded, arguing by contradiction.
Letay,...,ag, - € G be a sequence in G such that:

. U;F:l E(rajx, ¢) does not cover tgx, where B(x, r) is the closed ball of radius r.

e Foralli # j we have B(tg;x,5) N B(14;x,5) = 2.

We claim that if tgx cannot be covered by finitely many balls of size ¢ then we may construct such a
sequence by induction. Indeed, assume ay, ..., a; have been constructed satisfying the above properties.
Then by the first property we may find ax 4, such that 7, x ¢ Uj;l B(zq, x,¢) and this implies
B(raj.x, %) N B(rak+1x, %) = . Hence ay,...,ar4+1 satisfy both properties. But now we found
infinitely many disjoint balls of radius § in 7gx. Since 7,4, x € supp(u), we have (B (tq;x, §)) > 0 and
since all the balls B (rax, %) are isometric, they have the same measure. But we cannot have infinitely
many disjoint balls with the same positive measure, since the total measure of our space is 1. O

We may now conclude with:

Proof of Proposition 5.3. Here G = R" and t induces a measure-preserving ergodic action on (g, ¥, Q).
This action is by isometries according to Proposition 5.1, so according to Proposition 5.3 the support of
fLg is totally bounded. O

Remark 5.6. As we pointed out already in [Viterbo 2023], there are not so many nontrivial examples of
compact subset in (Hamg (T*R"), y) or (me(T*R”), y), that is, sets that are not already compact
for the C°-topology (since y is continuous for the C? topology on $Ham(7*N) according to [Viterbo
1992]) and in ®Ham(7T* N) according to [Seyfaddini 2012]). In [Viterbo 2023] we proved that in 7*T"
the sequence (Hy)x>1, where Hy(q, p) = H(k - q, p), is converging. Here we extend this to certain
families of Hamiltonians on 7*R".

We thus proved that Ag, the closure of R” in Isom(.%g, y), is a compact, connected, metric abelian
group.

We are thus in the following situation: we have an action — again denoted by 7 — of the group Agq
acting by y-isometries on the space .%Q and preserving [iq. By compactness of Ag, we have that Ag - H
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is closed for all H € ﬁgz But since by Lemma 5.5 for almost all H, tg: H is dense, we conclude that for
almost all H we have Aq - H = S%Q

Thus S%Q ~ Aq/Kg, but Ag/Kgq is again a compact metric abelian group. Moreover the measure
Lo on S%Q induces a measure on Aq /Kgq, invariant by the action. It is therefore the Haar measure. To
conclude, and writing from now on Ag for Ag/Kq, we are reduced to the situation where:

(1) Q =Agq.
(2) w — H, € Hampp(T*T") is continuous for the y-topology.

(3) On the subgroup R” in Ag the action of R” on Q can be identified with the action by translation
of R” as a dense subgroup of Ag. The invariant measure on Ag is the Haar measure and the action of R”
on Ag is ergodic.

6. Some results on compact abelian metric groups

Let A be a compact metric abelian group having R” as a dense subgroup (in particular A is connected).
According to A. Weil [1965, p. 110] (see also [Hofmann and Morris 2013, Theorem 8.45]) A is the
projective limit of finite-dimensional tori. In other words there are tori 7"/ and group morphisms
fii T — T™ fori < j integers such that fi ;o fj; = fx; and amap foo; : A — T" such that
A= liﬂlj T"/. We denote by A; the image of A in 7"/, which is clearly a connected compact subgroup
of T"/ and hence a subtorus, and we may replace 7"/ by A;. Setting by p; = fj+1,; and 7; = foo,;,
we have the following sequence:

Pj+2 Pj+1 Pj—1

.
AL P RALTY. WL CINy, P AN

mj
Tj41 =
i

A
We set IK; = Ker(rrj). We then have:
Lemma 6.1. We have

lim diam([<;) = 0.
J

Proof. The [K; are a decreasing sequence of closed — hence compact— subgroups such that () ; K =10}
by the definition of the projective limit. But this implies the lemma by an easy exercise (or [Rudin 1976,
Theorem 3.10]). O

Now we need:

Lemma 6.2. Let us consider the embeddings
nf:COUA;R) = COAR), [ fom.

Then the union of the images of the j’-" is dense in C°(A, R).



832 CLAUDE VITERBO

Proof. Let f € C°(A,R). Then f is uniformly continuous by the Heine—Cantor theorem (see [Rudin
1976, Theorem 4.19]):

Ve>0,3n>0, Vx,y €A, d(x,y)<n = §(f(x), f(y) <e.

For j large enough we have diam(K;) < n, so setting f;(x) = min{ f(x +u) | u € ;}, we see that by
the compactness of [; the function f; is well-defined and continuous. Moreover d(f(x), fj(x)) <&
provided diam([K;) < n. O

Now remember that we have a group morphism 7 : R” — A with dense image. By the definition of a
projective limit, the map t is defined by a sequence of maps ; : R” — A; such that p;j ot; = 7;_;. Of
course the density of 7(R") implies the density of z; (R") because the preimage by 7; of a proper closed
subset is a proper closed subset (remember 7; is onto by assumption). Since the density of the image of
7 is equivalent to the ergodicity of the action, we may conclude that 7 is ergodic on A;.

We are now in the following situation: we have a subgroup Ag in Isom(ﬁw, y) and for almost every H
(for the measure [ig) we have Ag - H = 5?)(0. Now Agq - H is approximated by A; - H for a finite-
dimensional torus A;, and the action of R” by 7 yields a dense subgroup of A;. At the cost of an
approximation, we have thus replaced H,, for w € A, by the H,, for w € A}, that is, we have a continuous
map A; — (5a\ﬂ1fc, y) and A; is a finite-dimensional torus.

—

7. Regularization of the Hamiltonians in $ amyg,

Let H € %FP(T*R”) and ¢}, be its flow in wFp(T*R"). Let S(q, p; &) be a GFQI for I'(¢pg),
set S(g,p)(§) = S(q. p:§), and let c(1(4, ), S) := c(1(4,p)- S(q,p)) be the critical value corresponding
to the unique cohomology class 1(,, ,) € H %U(q, p)}). The map ¢ — c(1(4,p)» ®) obviously extends to
mFP(T*Rn). We now set:

Definition 7.1. For 1 > 0 we set

H(q. p) = (L0003 = 1¢(a T@h)).
This defines a map
oy Hame(T*R") — CYH(T*R),
where Cfg’l (T*R"™) is the set of Lipschitz functions with fiberwise compact support.
Our goal is to prove that oy is a regularizing operator. This is the content of:
Proposition 7.2. We have for H € %fC(T*R”):
(1) ye —limy_o0y(H) = H.

(2) For each R there exists a constant C such that for H supported in R" x B(R) and such that
¢H(T*B(p)) C T*B(p+ 1) we have op(H) is %-Lipschitz.

(3) oy : S’J/aTnfC(T*[R{") — Cfg(T*[RR”, R) is continuous for the y-topology.

(4) On Ofa - Ta 00’7].
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Remark 7.3. One should be careful: the y.-limit in (1) is of course not a C 0 limit, since H is not
continuous in general — it is not even a function! But even if H is continuous, we do not claim this.

We need the following lemma, which we shall prove in Appendix C.

Lemma 7.4. For n small enough we can find a GFQI for (pZ-, Sk ,y» such that

ISk,n(q. P) —nK(q, p)| < C*|VK||Z.
Proof of Proposition 7.2.

(1) By density we can find K € C2°(T*R", R) such that y(H, K) <. Now for K € C°(T*R",R) we
may find a GFQI, Sk ; of goIn{ such that

Sk.n(q, p) =n-K(q, p)+o(n)

as 7 goes to zero so that K7(q, p) = %C(l(q,p)y Sk,n) = K(q, p) +o(1).
Now the formula c¢(1(4, ). Sk,») = 1K (g, p) + o(n) follows immediately from the lemma by applying
on one hand the triangle inequality (see [Viterbo 1992, Proposition 3.3, p. 693])

le(lx, L) —c(1x, L) < y(L. L))
and on the other hand Proposition 4.20,

IK"(q. p) = K(q, P)| <0 [IVK||2o-

Now for n small enough we have y(K", K) < e. Remember from Definitions 4.1 that for H, K €
%(T*R”), H < K means c(1w, ¢k, ¢r) = 0 for all W. The reduction inequality [Viterbo 1992,
Proposition 5.1, p. 705] implies that H" (g, p) < K"(q, p) for all (¢, p) € T*R".

Let ¢r(p) be a function such that 0 < ng(p) < 1, vanishing for |p| < R and equal to 1 for |p|2 > R.
Now y(H, K) < ¢ implies that K —elgr < H < K + el for R large enough: this follows from the
formula ¢ (1w, g yecp- 9H) = c(lw. ¢k, ¢g) + & for W large enough because if S is a GFQI for pg
then Se(q. p; €) = So(g. p; £)+er(p) is a GFQI for gk 1 ez, = 9K 0@y and ¢(1, Ss) = c (L, So)+e
for R and W large enough.

Now we have K" —elgp < H" < K" 4+ ¢{g and for 1 small enough we get | K — K"|| <& so

K—2e<H" <K +2e.
Thus
H—-3:<K-2e<H"<K+2=<H+3¢
hence y(H", H) < 3e.
(2) We have for |q1 —q2| + |p1 — p2| <r

C(l(‘Il:pl)(ng) _C(l(qz,pz)(p;ll) = C(I")

because for L4, ,) Hamiltonianly isotopic to the vertical and coinciding with T;* | Apon in Agon X B2"

(g,p)
we have

c(I(g,p) F(‘/’Z()) = C(r(‘/’lrg)’ Lg,p))
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and
le(T(gy), L) = e(D(eg), v (L) < y(L, ¥ (L)) < y(¥).
As a result, there is a Hamiltonian map 1 with y(y¥) < C(r) such that
V(TG pyDren) N (Agan X BY") = Tg  Agan N (Agan X BJ"),

where p is such that F((pgl) C R?" x Bg". Since we assumed that H is supported in Bg we may assume
p=2R and we have C(r) = CR-r. Indeed if ¥, is an isotopy such that ¥r; sends (¢1, p1) to (¢2, p2), and
W, its natural extension to a Hamiltonian isotopy 7*(Ar+g), we truncate the Hamiltonian generating W,
to R2" x BS”, where p is an upper bound for |Q g (q, p) —¢q| + | Pa (g, p) — p|. Such an upper bound is
given by r 4+ 2R (r for |Q —g| and 2R for | P — p|). This proves the inequality.!”

(3) We have

1 - 1 1

lloy (H) — 0y (K)llco < = sup c(l(g,p). " (W) < —y(ofy, %) < —y(H, K),

M (q.p) n n
where the first inequality is just the triangle inequality (see [Viterbo 1992, Proposition 3.3, p. 693]) and
the second inequality follows by the reduction inequality in [loc. cit., Proposition 5.1, p. 705].
(4) We have 0y)(Hy)(x +a, p) = %c(l,ﬂ_a,p, (pz,w) =c(1,S%(x+a, P;§)) but S?(x +a, P;§) is the
generating function corresponding to 7, H,,, i.e., T(T—a%”{w 74) is the set of (¢ +a, P, P — p, Q —q),
where (p;’lw (g, p) = (0, P). So we have F(f_agpzlw Tq) =T1q4 (F((pg,w)) and

SH, o, P,1—48) =S, 1, (x, P;§)=SH,(x +a, P;§).

We thus proved that

740y (Hyw) (X, p) = 0y(Hw)(x +a, p) = oy(ta He)(x, p) = 0y (He_,0)(X, p) = on(taHw)(x, p). O
We are now in the following situation: we started from a continuous map

H:Aj — (Ham(T*R"), y)
and have constructed a map
H":A;j — (CHT*R"). dc,)

which is continuous and satisfies 7, H” = H". Note that we may replace if needed Cfg by Cflé by applying
convolution since t,(H * x) = (1o H) » y = H % x (and of course, since |H x y — H|| — 0 as y — Jo,
we also have y.-convergence).

Let us summarize our findings combining the results of Proposition 7.2 and the conclusions of Sections 5
and 6:

Corollary 7.5. Let H : T*R" x Q — R satisfy assumptions (1)—(6) of the Main Theorem. Define
g Q= Ay = T? be the projection defined in Section 6. Then, given ¢ > 0, there exist d € N and
He: T*R" x T? — R such that:

17We also can take R ~ Nl H ||co.1, and then C(r) >~ Crn||H || co.1 but this requires H to be Lipschitz. But this proves that
the map oy does increase the Lipschitz norm by a bounded multiplicative constant only.
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(1) @+ HE is continuous from T4 to C(T*R", R).
(2) y(Ho. HE () <eforall € Q.
(3) The Hamiltonians H;,, H?

(@) satisfy assumptions (1)—(6).

Proof. From Section 5 we get H from Ag to %C(T*[R”). From Section 6 we can approximate H

by a map from T to 55/0?% (T*R™) and from the present section, we have an approximating map to
C(T*R",R). O

8. Homogenization in the almost periodic case
We assume in this section that we have a map (¢, p; w) — H(q, p; w) = Hy(q, p) such that:
1) weQ=T4

(2) The map w — H,, is continuous for the C2° topology. In particular the H, have uniformly fiberwise
compact support and the H,, are uniformly BPS by Proposition 3.3.

We set ¢, to be the time ¢ flow for Hy, and ¢, = ps_l(pi)/ ¢ pe. By the compactness of Q we also

have a map w — Sy (g, p; &) of GFQI for ¢, = (p(}), with & living in a vector space independent from w:
indeed its dimension is bounded by 2n N such that (p(},/ Nisina given neighborhood of id for all w € Q
(see Appendix A for the number of fiber variables needed for a GFQI ).

As we are going to use a number of results from [Viterbo 2023]. We will assume in the sequel that
£= % and write pg for py/g, hy for hy/; and so on.

Definition 8.1. We set
w — 1 ,
k,U(p) Vlanpl c(puxv (Pk,a))

and

h® = lim A%
k= U eRrn kU"

Proposition 8.2. The sequence hf is equicontinuous and equibounded. All its converging subsequences
have the same limit h, ( p), which is in fact mdependent from w and denoted by H (p). We denote by ¢ 7
the flow of H in @Jﬁamfc(T R™) which belongs to @ﬁame(T R™).

Proof. Let us start to examine what happens for fixed w. For typographical reasons, the w parameter
will be omitted in the notation, but of course, everything depends on w € €2, and the w subscript will be
reinstated when we prove that %, does not depend on w.

Set oi (¢, p) = (Or(q, p), Pr(q, p)) and Q = Q1, P = P;. By the definition of S} we have

as, as,
T @ Pe@ P =0 and R Pelg. i) = 0k(d.p) 4.
p

By assumption we have
hi,u(p) = Sk(q(p). p:§(p)).
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where (q(p), p; £(p)) satisfies

—é(q(p) Py §) =

and
ifgeU,

k vy(q) if g € U and vy (q) is the exterior normal.

—(q(p) p:§) =

Now as p varies, we can choose p — (¢(p),£(p)) to be piecewise smooth, so that for p in the smooth
locus
Sk

(). piE(p)- 3§

dhk,U(P):%(CI(P),P;E(P))‘i‘ & (q(p). piE(p))- aq + 0%

Then we have

oS Ek (q. Pr(q,p):§) =0 and 88%(61, Pr(q.p):§) = Ok(q.p) —q.
But
hi,u(p) = Sk(q(p), p:§(p)),
where
—E(q(p) ,pi§) =
and
ifgel,

—(q(p) p:é§)=

)L vy(q) if g € dU and vy (q) is the exterior normal.

Butif g € 90U, then E T (0U), so that the term as" (q(p) )2 E(p)) also vanishes. We thus proved
that where hy y is smooth we have

9S
dhi(p) = a—;(q(p), p:§(p)) = Or(q(p). p)—q(p) = %(Q(kq,p) —kq).

The assumption of finite propagation speed implies that this last quantity is uniformly bounded, so
|dhg y (p)| is uniformly bounded (independently from k, U).

From this we conclude that the sequence hj is equicontinuous. Equiboundedness follows from
Definition 4.8 in [Viterbo 2023] (or Proposition 9.1 of the current paper), which states that a GFQI Sy of
¢ 1s given by

k—1
Sk(q. p:§) = [S(kq p1)+ Y Stkq;, pj) + S((kax. p)] + Bi(q. p: %),
j=2
where S(q, p;¢) = S1(q, p; ¢) is a GFQI for ¢ = ¢1, { = (p1,92,-- -, Pr—1,4k) and By is a nondegen-
erate quadratic form. As a result |S; — By | < C, where C is a bound for |S(q, p;{) — B1(q, p; {)|.

This implies that |k (p)| < C and since all these estimates are uniform in w, this implies (uniform)
equiboundedness.

We may thus apply the Arzela-Ascoli theorem, and conclude that 4%’ has a converging subsequence.
Proving that the limit is unique follows as in [Viterbo 2023, Lemma 4.11 and Proposition 4.12].
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Finally we prove that 4 (p) is independent from w, using the commutation of t, and pg. We have
hieqao(p) = Nim c(uy ® 1. T(¢k,z,0))
. -1
= Jim c(uy ®1p. 'ty Pr.wTa))
UICR” C(MtaU ®1p ((pk,a))) k,w(p)

Since w > @i 4, is y-continuous, we infer that w +— hy ,,(p) is continuous and we just proved that it is
t-invariant. Ergodicity then implies that it is constant in w. ([

We define
Hamys, pp(T*R") = Hampp(T*R") N Hame (T*R™).

From now on we write ¢’ instead of go% for typographical reasons.
The next proposition is the analog of Proposition 4.15 in [Viterbo 2023].

Proposition 8.3. Ler o € ﬁﬁ-a\mﬂ’ gp (T*R™). There exists a sequence k,, such that

lim 11m C(MU Pk, .0®) = hm c(uy, pa).
v—>+oo UC

Proof. The proof is identical to the proof of Proposition 4.15 in Section 4 of [Viterbo 2023] and can be
found in Appendix D. O

The next proposition is the analog of Proposition 6.2 in [Viterbo 2023], but requires an adaptation. It
will be proved in Section 9.

Proposition 8.4. For each ¢ > 0 there exists K such that, for all k > K and U large enough, we have

c(py ® 1pa (pk,w) <c(ly ® 1p»§0k,a)) +&.
This implies:

Corollary 8.5. We have F = (@)Y, or equivalently H o1 =—Hy.
Now putting together Proposition 8.3 and Corollary 8.5 we get:
Proposition 8.6. For almost all w € 2, the sequence @y o, Yoo-converges to @.

Proof assuming Corollary 8.5 and Proposition 8.3. Let us prove the above proposition as a consequence
of Corollary 8.5 and Proposition 8.3. Indeed Proposition 8.3 implies

lim th(MU Pr,wb )Elilf]nC(HU,id):O-

k—+o0

-1

Applying the same inequality for ¢~ instead of ¢ and using the corollary, we get

lim hmc(;LU k. wgo) < hmc(,uU id) =0
k—+o00

and this implies
lim i
pim imy (ny . ¢ rw?) =
which proves our claim. O
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Proof of Corollary 8.5 assuming Proposition 8.4. Set

I (@)= Jim c(uu ® 1(p), pk.w):

hew(@ip) = lim c(ly & 1(p). ¢i.0)
so that h;’w(cp;p) < h,tw(go; p). Set opo(q.p) = (¢, p + po). If S(g, p;§) is a GFQI for ¢, then
Sp(x;6) = S(x, p;: §) is a GFQI for 0,(0pn) — ¢(0(0gn)). If we assume ¢ has FPS we have from

Proposition 4.16
c(uy, 0p(O0gn) — 9(0p(0gn))) < (v, 0—pg~ " (0 (Orn)))

for V such that (T*U) C T*V. Taking the limit for U C R" we get
li ,Sp) = li ,0—p@ 0, (Ogn
Ugﬁncwu ) Ugﬁnc(w o—p¢~ 0p(Ogn))

and the same holds for 1y instead of yuy. Now we may write (again omitting the w) using first
Proposition 4.10(1) and then FPS of ¢

hiip) = Jim ¢(uy & 1(p). 0—pgkop (Ogn))
= — Uhcrﬁ" C(lU (034 l(p),O[Rn —O’_p(pko’p(ORn))
== Jim c(ly ® 1(p), o—pgy ' 0p (On)) = —hyc (¢ p).
As aresult
hf @™ p)+hi(@:p) <0 (a)
and as k goes to 400, Proposition 8.4 implies
hi@ i p)—hi(p:p)<e

and we get

hie™" p)+hi(p:p) <e. (b)
On the other hand, we have using again Proposition 4.10(1)

—c(ly, 0-p@x0p(Orn)) < —c(ly. O, 06— pgi ' 0 (Omn) = c(1y. 0—p@jc 0 (Opn)),
SO
—hy (¢: p) < hf (93 p),
and using (a) we get
hy (@i p) + iy (@i p) = 0. (©)

Using again Proposition 8.4 we get for k large enough

hi (™' p) + by (i p) = —e. (d)
Adding (b) and (d) we get

[ (™" p) —hig (o' ] + [y (9 p) — i (93 p)] < 2. @)
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Since H o1 = limg h;{r (¢ !; p), inequality (b) implies

H(pfl + H¢ <0.
Using (d) and (e) we get
H,1+H,>0
so we may conclude
17(/,—1 + ﬁ¢ =0 O

9. Proof of Proposition 8.4

We shall interchangeably use the notation Sy, (g, p;§) and S(g, p; &; ) for the GFQI of ¢,. We shall
make repeated use of the iteration formula (see [Viterbo 2023, Lemma 4.5]), defining the GFQI S ,, for
@k, in terms of the GFQI Sy, of ¢ .

Proposition 9.1 (iteration formula). Let Sy, be a GFQI for ¢,. Then the following formula defines a
GFQI for ¢ «:
k—1

1
Skow(x.y:8.8§) = E[Sm(kx’ pr:€)+ ) Swlkas. pji&) + Sw(qu,y;ék)] + B (x, y30).
j=2
where { = (p1.92, ..., Pk—1.9k), 1 =X, pg =y, § = (61..... &) and
k—1
Br(x,y:0) = (p1,q2—X) + Y_(pj»qj+1—4j) + (¥, x —qr).
j=2

We shall set Fy ,, = Sk, — Bk-
The action of R”" is given by

P (x, y:8, L w) = (x + 7y E Tkl raa))-

Remark 9.2. We will mostly use this formula when S(q, p, &) = S(g, p), i.e., we have no fiber variables
for S.

Lemma 9.3. Assume o — @y, for o € 2 = T2 to be continuous. Then we may choose @ — S (q. p: €)
to be continuous and such that
S(q +a, p;wa; taw) = S(q. p; €; w).

Proof. Tt is enough to prove this assuming ¢, is C! small, that is, for <p;,/ N with N large enough, and

then use iteration formula. But then the graph of ¢, is the graph of a generating function with no fiber
variable, which obviously depends continuously on w and satisfies the above formula. O

Now remember that 7, is given on Q@ = T'? by 74(w) = w+ A-a, where A : R" — R is a linear injective
map with dense image in T9. Consider triples «, 8, y, with « € H*(T?), B € H*(U) or H*(U, dU),
y € H*(V) or H*(V,dV). We may then define!® c(¢ ® B ® ¥, S), and we have:

18Caveat: the cohomology class & corresponds to the last variable, o!
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Lemma 9.4. We have the inequalities

c(uy ® 1(p); Sw) = c(pra ® py ® 1(p): S),
c(lpa ® pu @ 1(p); §) = c(ly ® 1(p): Sw).
Proof. This is the reduction inequality (see [Viterbo 1992, Proposition 5.1, p. 705]). O
We now compare spectral invariants of S with those of S°, where we define S°(p; &;w) = S(0, p; £; w).

Lemma 9.5. We have
Ulicrﬁn c(ura @ pu ®1(p): S) = c(ura ® 1(0) ® 1(p): §) = c(ura ® 1(p): S°).

Ulicr&n c(lpa @ uy @1(p):S) =c(lya ® 1(0) @ 1(p): S) = c(174 ® 1(p); S°).

Remarks 9.6. (1) The point of replacing S by S is to avoid the complications related to the noncom-
pactness of x € R™. Our proofs could be adapted to work directly with S, but proving that the cycles we
construct are in the right homology class is slightly more involved.
(2) This is an extension to GFQI of the following obvious identity for continuous functions f :R" x T4 >R
such that f(x +a, t,w) = f(x,w): for any x¢ € R” we have
sup f(x,w)= sup f(x0,w).

(x,w)eR? T4 weTd
Moreover if the action of t has dense orbits, this is also equal to sup,cgn f(x, wo) for any wo € 2. The
analog of this last statement will be our main result.

Proof. Clearly if 0 € U, we have
c(pra @ pu @ 1(p); ) = c(ura ® 1(0) ® 1(p); S)

and we need to prove the reverse inequality. Let C be a cycle representing (7« ®1(p) € H« ((S 1(7) )¢, §9)=)
with ¢ <c(x¢ ®1(0) ® 1(p), S) + ¢ and set

Cu ={(x, p, x£: 1x0) | (0, p; §;0) € C,x € U},
Then Cyy C S, and clearly [GU] = ura @ ny @ 1(p). The above is in fact an abuse of language for
f+(py ®[C]), where
S U X((SH (SH™®) = ((Sp)°, (Sp) ™)
is defined by f(x; (0, p, &, w)) = (x, p, tx&, Tx0).
Thus
c(tra ® py ® 1(p). §) < S(Cy) = 5°(C)
because S(x, p, €, Txw) = S(0, p; £; w) and S°(C) <c.
This implies
c(urp @ pu @ 1(p): §) < c(urp ®1(0) ® 1(p): S)

and proves the first equality. The second one is the dual of the first one, since (¢ ® py is dual to
l7a ® 1(U). O
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Our Proposition 8.4 then follows from:

Proposition 9.7. For each ¢ > 0 there exists K such that for k > K
c(ura ®1(p). Q) < c(lpa ® 1(p). SP) +&.

Remark 9.8. The idea behind the proof is that as we homogenize, the difference between the largest and
smallest spectral invariants goes to zero. The proof is a Hamiltonian version of the following ancient
result [Acerbi and Buttazzo 1983] that states that if we replace a metric g by a rescaled version gg, so
that the distance d(x, y) becomes di (x, y) = +d(k - x,k - ), then limy_, o di (x, y) = d(x, y) is the
distance associated to a flat Finsler metric, go. In particular on a 2-torus for each homotopy class o of
loops, «, there are two “spectral values” associated to the geodesic problem /4 (g, @) < I>(g, «), where
[1(g,a) is the shortest geodesic in the homotopy class «, while />(g, «) is the “second shortest”, i.e.,
given by the Birkhoff minmax procedure:

L) =intle| 3y € C2(S". 7). s e S. [ 13s0)ldi <. [s > v (0] € B # .

One then checks that limg_, 4 oo /1(gk, @) = limg 00 2(gk, &) = 11(g00. @) = [2(g00, ). Our proof is
the analog of the proof of the inequality /5 (g, @) < [1(geo,®) + ¢ for k large enough, which obviously
implies limg— 4 o0 [1(gk. @) = limg 00 12(gk - @)

Proof. The proof will take up the rest of the section. We rewrite the iteration formula

k—1
1
Sk (X, y: Si0) = E[Sw(kx’l?l) + Y Swlkqj. pj) + Sw(’“]k:}’)] + Bi(x,y:0),
j=2
where { = (p1.92, ..., Pk—1.9k), ¢1 =X, p =y and
k—1
Bir(x,y:0) = (p1.q2—X) + Y _(pj.qj+1—q;) + (y. X — qr)

j=2

and Fy ,, = Sk, — Bi. The action of R” is given by

Tcgk)(x? Y ;‘,Cl)) = (x + %’ Y Ta/ké-, TaCU)

. k) - . .
and now Sg ,, is ré )—mvarlant, ie.,

Sk(x + %,y;fa/ki:faw) =S y:lo).

Let a € R" such that for some v € Z9 we have |A-a—v| <§ (thatis, d7a (74(0),0) <6, where dra is
the distance on the torus). Then for some constant depending on H and provided § is small enough
Vi e€[0,1], V(q, p: & 0) e R" xR" x ExQ, |[Stkq+ta, p;&w)—Skq, p;&;w)|<C (%)
and
V(g,p;&0) eR" xR" x E x Q,
1S(kq +a, p:§:w) = S(kq, p:§:0)| = |S(kq, p:§:1-aw) = S(kq. p;§;0)| <& (x%)
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Indeed the first inequality holds because
|S(g+a, p;&;0)—S(q. p;E;0)| = |S(q, p;:&:1—aw)—S(q. p; E;0)| < sup |S(q, p;&:w)—S(q, p;&;:0)|.
w,w’
This follows by using the iteration formula. In this case we may assume |S(q, p; w) — S(g, p; @')| <
Y(%w, Po). The second inequality follows from the fact that dra (t4®, @) < § and by the continuity of S.
Now let y be the path in R” defined by y(t) =1 -a for 0 < < 1. Set 7% to be the path in (R")¥
defined as the concatenation of the k paths

t > (7(1),0,....0) for 1 € [0, %]
W S N 1 R

0 D) s [5511]

The path 7% connects &) (0) = (0, ...,0) to 7% (1) = (%

79() = (o 0) 7R = (o0 o PO = (5 0)

We shall omit the superscript k and set 7& (1) = 7(t) = (y1(1). ..., v () = (y1(t), 7(t)). We then
set T3¢ = () (P1,925 - - -5 Ph—1-9k) = (P1,q2 + v2(1), ..., Pr—1, Gk + v (1)) and 50 (x, y;{) =
(x +y1(t). y: 5 ¢). Now from (%) and (»*) and the formula

k—1

Fi(x.y:£:80) = [Swacx P+ Y Sulkas. py)+ Sk y)}
Jj=2

, k) through the points

we infer that on [%, HTI] forl <[l <k

iy (503:6:0) = Fea . yiGio) | S0, pritia) =S, prio)
1
+ (Stkqj+a.pj:w)—S(kq;. pj:w))
k=2
[
+S(kq1+1+(t—E>a,p1+1;a))—S(kqu,le;a))},

so we get
c_¢C
| Fie (t5() (X, y: O)s 0) — Fie(x, y: L) | < = + TSp e 9-2)
We now want to estimate the variation of By on 7j(;)(x, y; {) as t varies from O to 1. Note that the
choice of this path is crucial to our argument: by changing coordinates one at the time, we achieve an

increase of S by 0( ) instead of O(1).
Lemma 9.9. We have

|a|
| Bre (t5(6)(x, ¥:0)) — B (x, y: O < (Ip142 — pr41l + P11 _Pl|)?-
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Proof. Indeed,

k—1
Br(x.y:0) = (p1.q2—X) + Y _{(pj.qj+1—q;) + (y. X — qr)
j=2

and replacing (x,q2,....q;) by (x + Tq2 Tt geq+ %) then ;41 by gr41 + (1 — é)a, with

te [l HTI] and leaving ¢; 45, . .., qx unchanged, we get for ¢ € [%, HTI]

By (ty () (x. y: §)) = By (x. y:9) +<Pl+1 =Dl (f - é)a - %>—<Pl+z = Pl+1> (l — é)a>

l l+1]

and this proves the lemma since for ¢ in [F’ - I (t - %)a —% ‘ and ‘ ( )a —% ‘ are bounded by ‘- lal o

We must then bound the quantity (| p;+2—pr+1|+|pi+1—Pil) |7 and we shall modify the cycle C rep-
resenting the class in Hy (Sy, S, °°) so that the | p;| remain bounded. This follows from the lemma below.

Lemma 9.10 [ Viterbo 2023, Lemma 6.5]. There exist constants K, M such that, given a cycle C C S Ig rep-
resenting a class [C] € Hx(Sy, S; ), we have a cycle C C S} such that [C] = [C] in H«(Sg, S, *°) and

(1) C c S7* U {(x,y: ¢ 0) | max; |pj| < M}INSE),
2) Cn Sk_3K C{(x,y:8;w) | § € E ), where E is the negative eigenspace of By.

The lemma means that we can deform C so that below a certain level of S it coincides with the
negative bundle of By.

Proof. This is as in [Viterbo 2023, Lemma 6.5]. Let Z be the vector field defined by

q; = x(UpiDpj+1=pj)) = Zq;(4.P),  pj =0=Zp,(q. ).

where y(r) vanishes for r < 1. Denoting by ¥* its flow, we have

LSk (@, p) = dS4.p) 2(0.7) = (50 k(. ). Zq(a. )

—Zx(lpjl)( Sk(q P)sPj+1— 2pj+pj—1>

d
=— Z x(UpiDlpj+1—pil> + <%Sk(k'%" Pj)s Pi+1 —pj)
—rt
! k
== xUp;DIpj1 = ps I
j=1
the last equality holds because S vanishes on the support of x(|p;|).

Now given y = pg, if sup; [p;j| > M, we have that Z};l x(1piD|pj+1 — p;j|? is bounded from
below by some positive quantity c; (which is O (%) but it does not matter). Thus, outside the region
{(q.p) | |pj| < M}, the vector field Z is a pseudogradient vector field for Fi. Since Z is complete, its
flow ¢* has the following properties:

(1) It preserves the p;.
(2) Outside {(¢. p) | |pj| < M}, we have L S.(¥*(q. p)) < —ck.
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As aresult if Fi(gq, p) <c, we have

yeraR/ec g pye (g, p) | |pj| < MU F-*) N FE.

Thus C; = y € +4K)/ck (C) satisfies (1).
Now to satisfy (2), we use a “cut and paste” as in [ Viterbo 2023, Lemma 6.5]. O

Using Lemmas 9.9 and 9.10 and the inequality (9-2) we obtain the following:

Proposition 9.11. Given a class a in H«(Sy,, S, *°), we can find a cycle C representing a and constants

My, M5 such that
C My 2M>la|
Skt (€)) = Sp(C) +e+ == ?

Now let a € H«(T%) be represented by a map u : C — T¢ and b € H,(T?) be represented by a
mapv:S! — T<. Then the Pontryagin product a - b is represented by u-v : S x C — T4 given by
u-v(z,0) =u(z) +v().

To conclude the proof of Proposition 9.7 (and as a consequence of Proposition 8.4) we need:

Lemma 9.12. Let v € 7% be such that |A-a —v| < 8, and let By, be the class in Hi(T?) of the loop
t—>t-v (fort €|0,1]). Then given ¢ > 0, we have, for k large enough,

cla-By®1(p). SP) < cl@®1(p). SP) +e.

Proof. Let C be a cycle representing a class in H*((Slg)c, (S,?)_Oo). We may assume C satisfies
properties (1) and (2). We are going to construct a cycle in the class of « - 8 made of three pieces. First set

= |J ao.
t€l0,1]
where

C1(@) =10, p: 1=y, ) T5) S Ty (@) | (0, p: &) € C.
According to Proposition 9.11 since

Sk(0, pi Ty, O TG Ty (@) = Sk (Y1(2), p: T35 )

M1 +2M2|a|
= Sk(ty»)(0, p: ) w) < Sk (C) + e+ —
as a result we have for each ¢ € [0, 1]
M1+ 2M>3la
SY(Ci(1) < SC) + e+ sz";
hence y .
+ a

SAC) = SAC) + 5+ ITZ"

Note that

C1(0) =C,
C1(1) ={(0, p: &:1qw) | (0, p; $;0) € C.
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Now for u € [0, 1] define the path n(u) = (1 —u)A-a + uv so that n(0) + w = rzw. Set

Ci(1+u) ={0, p; o+ ) [ (0, p:§iw) € Ch.
Now C;(2) = C and since |n(u) — A-a| <6, we have

SP(C1(1+u) < SP(C1(1) +¢
so that the cycle!'®
C=J aw
s€[0,2]
satisfies for k large enough
S2(C) < S2(C) + 2e.

Moreover we claim that the cycle C defines a cycle in the homology class of « - 8. Indeed the lift of
the variable w starting from wq is given

(1) for s €0, 1] by the path s > wg + s4 - a,
(2) forse[l,2]by s> wo+(2—s5)A-a+ (s— v,

and since it joins wg to @ + v, it belongs to the class §,. As a result [(A?] =u-p € Hy ((S,?)"'oo, (S]?)_oo)
and this proves the lemma. O

‘We shall also need:

Lemma 9.13. Let ¢ > 0 and A : R" — R? be a linear map such that A(R") has dense projection on T4.
Then there are integral vectors vi,...,vq in 74 forming a basis of R? such that there exist vectors
ai,...,ag in R such that

|A-a; —vj| <e.
Proof. See Appendix B. O

Proof of Propositions 9.7 and 8.4. Let a; € Hy (T'%) be the homotopy class of the path 7 +> 7 - v i, where
v;j is a basis of R4 given by Lemma 9.13. Then o1 -op ----- g = cqpra for some ¢z # 0. since
c(cgpura, f)=c(ura, f) we obtain by repeated applications of Lemma 9.12 that c(ura @ 1(p), Sl?) <
c(lpa ® 1(p), S ,8) + ¢ and this proves Proposition 9.7 and hence Proposition 8.4. O

10. Proof of the Main Theorem

We first prove that under assumptions (1)—(6) we have lim._¢ goéﬂw = (,0;7 for almost all/ge . We start
from H satisfying (1)—(6), then, using the results of Section 5, we getamap H : Ag — Ham(T*T™) such
that Ag is a compact connected metric abelian group. According to Section 6, Aq is the projective limit
of finite-dimensional tori, A, on which 7, is given by 7,0 = w + A; - a, where the projection of 4; (R")
is dense in A; and w — H(...,-;w) is continuous from A; to C2°(T*R", R) and satisfies (1)-(6).

19Similarly to the proof of Lemma 9.5, this is an abuse of language for fx(R/2Z x C), where

0, p;T— (t)f-(z)é'; Tk (,)a)) for0<t <1,
1.0, p: ¢ w)) = ri@®ty 1
f&.0.pge) 0, p; o+ —1)) forl <t <2.
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By Corollary 7.5 we find H" in C*°(T*R" x A;, R) such that
n
Voo(Hﬂj(w)’ ch) =n,
where 7r; : Aq — A is the projection map. According to Proposition 8.6, we know that

n
Ve —hmHk (@) = =H

T (w)
and since, for all k, w, we have Yoo (H ko, (@) Hy ) < n, we infer for k large enough

Voo(H

Now consider a sequence 7, converging to 0 so that H o ¥ (@) 18 @ yc-Cauchy sequence, y.- convergmg to

Hk w) =< 277-

7(w)’

H,, uniformly in . Then H ”"( ) is also a Cauchy sequence, so it converges to some H € jﬁam(T ).
But then (H 4)k>1 converges a.s. in @ to H.

For the second part of the Main Theorem, we must go from y-convergence of the flow to y-convergence
of the solution of the corresponding Hamilton—Jacobi equation. In the case of a compact base this is
achieved in [Viterbo 2006], and the extension to a noncompact base was spelled out in [Cardin and
Viterbo 2008, pp. 266-276].

For L € £(T*N) we define uz (x) = ¢(ly, L). Our first claim is that y-convergence for L implies
C°-convergence of the 17, uniformly on compact sets.

Lemma 10.1. Let U be bounded domain in N. If (Ly)y>1 is a Cauchy sequence for yy, then the
sequence uy,, is a Cauchy sequence for the topology of uniform convergence on U. As a result if (L)y>1
y-converges to L € £(T*N) then the sequence uy,, converges uniformly on compact sets to uyp..

Proof. This is an immediate consequence of the reduction inequality [Viterbo 1992, Proposition 5.1,

p. 705], which implies that, for any x € U,
le(lx, L) —c(1x, L) < yu (L, L). [

L —

Proposition 10.2. Let (¢y)v>1 be a sequence in DHam, gp Yc-converging to Qoo € ®/~6_a\mc,pp. Then for
any L € £(T*R") (or in £(T*R™")) the sequence ¢, (L) y.-converges to oo (L).

Proof. Indeed, we proved in Proposition 4.23 that yy (¥1(L), ¥2(L)) < yyxpn()(¥1, ¥2) provided
wji'l sends 7*U to T*V and L C R" x B(r). In our case, we get that for L C R" x B"(r)
Yu(pv(L), 9oo(L)) < Yy xpn r) (®v, Poo)
and since the right-hand side converges to 0, so does the left-hand side. ([
We may now conclude our proof. Since a.s. in w, <p]tc » Yoo-converges to @' and is uniformly FPS for
bounded ¢, we have by Proposition 10.2
Do (Ls) o @' (Ls))

a.s. in w. Then applying Lemma 10.1 to the sequence ((,0]"c »)k>1- this implies uniform convergence on
compact sets of the sequence (uy 4)k>1 to its limit u. This concludes the proof of our Main Theorem.
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11. The coercive case

We now assume H satisfies assumptions (1a)—(3a) of Corollary 1.3. Let y4 be a truncation function, that
is, an increasing function such that 0 < x/, () < 1 and y4(t) =1 — %A fort < Aand y4(t) =0fort >2A.
We set Hy(x, p;w) = ya(H(x, p,w)). Then coercivity implies?° that H4 has a.s. in @ € Q the same
flow as H in Ugr = {(x, p) | |p| <r(A)} where limg_, oo 7 (A) = +00. We apply the Main Theorem
to Hy and obtain a homogenized Hamiltonian H 4. We claim now that for B > A we have H4 = Hp
on Ug. This follows the same proof as Section 11 in [Viterbo 2023]. Because f is Lipschitz, it can
be approximated by functions f; which have a bounded differential, so the image of the graph of df;
remains in some domain bounded in the p-direction. Therefore for A large enough, 9"2@, (Gg) =0a(Gy,)
for all k and all ¢. Therefore homogenization for H4 yields homogenization for H.

12. The discrete case (Proof of Corollary 1.7)

If we have a Z" action on €2, and its standard action on R” we construct an R” action on € = Q xR"/ ~,

where
(w,t1,....th) > (T—;w,z1+1t1,...,2n + 1),
where z = (z1, ..., z,) € Z". Then R” acts on £ by translation, i.e.,
Ta(@.,t1,....ty) = (0,11 + a1, ... .ta +an).
Notice that if z € Z", we have Tz(a),tl, conty)=(Trw, 1y, ..., t).

Now it is easy to see that T is ergodic for the measure p on € if and only if T is ergodic for the
measure X A (where A is the Lebesgue measure on [0, 1[), since any T -invariant set will be of the
form U x [0, 1[* with U a T -invariant set. Then if H satisfies H(x + z, p, T;w) = H(x, p; w), we can
consider K(x, p, [w,t]) = H(x —t, p; ) and this satisfies

K(x +a, p, Talw.1]) = K(x, p, [w.1])

for all a € R”, and we can apply the stochastic homogenization from the Main Theorem.

13. Extending the Main Theorem

Note that one should be able to extend our methods to the case where we have a Hamiltonian satisfying
the assumptions of the Main Theorem, but:

(1) We have a time-dependent Hamiltonian, H(¢,x, p;w), and an action of R x R” such that
H(t + s,x + a, p;t(s,a)w) and consider the sequence H (£, %

g e’
case in the nonstochastic situation in [Viterbo 2023, Section 11.2. The nonautonomous case].

a)) This has been reduced to our

(2) We consider partial homogenization. For example if X = N x R, then we should be able to apply
the above propositions as in [loc. cit.].

20See Remark 1.6, since h—(p) < H(x, p;®) < hy(p) a.s. in o, where lim| |5 400 A (p) = +00.
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(3) We consider the homogenization Hg (x, %; a)) as ¢ goes to 0. This has been reduced to our case in
the nonstochastic situation in [Viterbo 2023, Section 12. Homogenization in the p variable].

(4) We have a Z" action on a manifold X such that the quotient X /Z" is compact and the Hamiltonian
satisfies H(T;x, T} p, T;w) = H(x, p;w), where T is the action of Z" on X and we consider again the
sequence H, (x, %, a)) as ¢ goes to 0.

The proof in this last case should be the same as the Main Theorem. We just need to replace y(¢)
(which is not defined on 7*X) with y(¢) and we shall get an embedding of Z”" into Isom(ﬁg, y).
According to [Weil 1965], the closure of the image of Z” is the product of an abelian compact connected
metric group, A%, and a totally disconnected compact metric abelian group Dg. Since we have a
morphism ¢ : Z" — Dg and the kernel L must be a cocompact free abelian group, hence a lattice, so
L is isomorphic to Z" and in suitable integral coordinates, we see that L = a1Z ® a2Z & --- D anZ, so
Do=7"]L~7]/a1\Z&®&7Z/a1\Z&---® Z/a,Z. Replacing 7" by L, we can reduce ourselves to the
case of a compact connected abelian group so we get K(p, @), where K(p,-) is constant on the ergodic
components of the action of L and the ergodic components are interchanged by an element of Dg; thus
we get that K(p,-) is indeed constant a.e.

It would be also interesting to see what can be done in the framework of more general groups, as
explained in [Sorrentino 2019] (see also [Contreras et al. 2015]). In this setting a discrete group G is a
quotient of the r1 (M), where M is a compact manifold, and we see a Hamiltonian on M as a G-invariant
one on M a cover of M. Then Sorrentino considers the Hamiltonian H (x, % p) as ¢ goes to zero, and
proves that it converges in some weak sense (we would say in the y topology) to a Hamiltonian defined
on G a graded Lie group associated to G (at least if G is nilpotent).

Appendix A: Generating functions for noncompact Lagrangians: Proof of Theorem 3.5

The goal of this section is to prove Theorem 3.5 that is:

Theorem 3.5. Let ¢ be an element in D$Hampp(T* N). Then ¢(0y) has a GFQIL Moreover such a GFQI
is unique.

First we claim that the fibration theorem of Théret [1999, Theorem 4.2] goes through. Here .# is the set
of sequences of GFQI (S, ),>1 satisfying the above property and .¥ = £(T*R") and we have:

Proposition A.1. The projection & : F — £ is a Serre fibration up to equivalence.

The proof is the same as Theorem 4.2 in [Théret 1999]. We may reduce ourselves to the case of a
single parameter (as in [loc. cit.]). The proof is then based on Sikorav’s existence theorem, which uses
only the fact that, for / small enough, if L has a GFQI over U, then so does ¢’ (L). Note that we may
always assume that ¢ (T*U,) C T*U, 41 and by truncating ¢’ beyond T*U, 1, we are reduced to the
compact situation.

Proof of Theorem 3.5. Using Lemma 3.2 we may assume we have a sequence U, of domains such that
@' (T*Uy) C T*Uy+1. Applying a sequence of cut-offs to the Hamiltonian defining ¢ we can then find a
sequence L, of Lagrangians of the type ¢! (05 ), where
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(1) ¢ (T*Uy) C T*Uy4q forall t € [0, 1],
(2) ¢! has compact support in 7*Uy 41,
(3) setting ¢/ (0n) = L, (), we have for u > v
Ly()NT*Uy, =L, (t)NT*U, = ¢"(L)NT*U,.

Then each L, (¢) has a GFQI, S, () : N x E, — R and we claim that, for £ > v, S,(¢) and S,(¢)
are equivalent over U,. Indeed, we have a deformation from L, to L, that is the identity on 7*U,,.
If we denote by Ss a GFQI covering this deformation (the existence of which follows from [Théret
1999], since we are again in the compactly supported case), then Ss generates a Lagrangian L that is

constant over 7*U,,. Then using [loc. cit., Lemma 5.3] we can assume, after applying a fiber-preserving
diffeomorphism, that X3 N (U x F) = X9 N (U x F), where

95,
5, = {(&é)‘%(&&ho}-

But then as in [loc. cit., p. 259], using Hadamard’s lemma we prove that there is a fiber-preserving
diffeomorphism such that Sq(x, £(x, n)) = So(x, ).

So may now assume that the restriction of S;, over U, is exactly Sy, ® ¢y, by composing S, with an
extension of the fiber-preserving diffeomorphism realizing the equivalence.?! O

Appendix B: Proof of Lemma 9.13

Lemma 9.13. Let ¢ > 0 and A : R" — R? be a linear map such that A(R™) has dense projection on 7.
Then there are integral vectors vi,...,vq in 74 forming a basis of R? such that there exist vectors
ai,...,ag in R"® such that

|A-a; —vj| <e.
Remark B.1. We do not claim the basis is an integral basis, i.e., it does not necessarily have determinant 1.

Proof suggested by the referee. We know that A(R")+ 7 is dense in R¥, so we may find by, ..., by € R",
Wi,..., Wy € 79 such that

ej g
Ab; —w; — El < 5

Then a; = 2b;, v; = e; + 2w; satisfy |Aa; — v;| < ¢, and since det(v;) is odd, (v1,...,vy) is a basis
of R4 O

Appendix C: Approximation of generating functions and symplectic integrators

Our goal is to prove Lemma 7.4. It is a consequence of the more precise result:
Lemma C.1. Let (p}l have S;(q, p) as generating function. We have
JH oH

86] CO. % CO'

21The existence of the extension follows from the fact that we may assume that for j, v large enough, the inclusion U, C U "

l2
[St(q. p)—tH(q. p)llco < >

is a homotopy equivalence.
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Proof. In the sequel, | - | denotes the C° norm. Note that S; has no fiber variable. It is a classical fact
[Hamilton 1834; 1835; Jacobi 2009] (see also [Arnold 1978]) that S; satisfies the Hamilton—Jacobi equation

950 = (g + 0. . 1)
57514, p) = H(q o (a.p).p).
So(g, p) =0.
Indeed, setting ¢4, (¢, p) = (Q+(q, p). P:(q. p)), the Lagrangian submanifold
Alp) ={(t.—H(t. Q:(q. p). P1(q. P)).q. p. Q1(q. p). Pe(q. p)) |t €R.(q. p) €T*N}
in T*Rx T*N x T*N is contained in
{(t.7.q.p.0.P)| 1+ H(Q,P) =0}

since A (¢) is easily seen to be invariant by the flow of the Hamiltonian K (¢, 7, ¢, p, Q, P)=t+ H(Q, P),
which is given by
(Zaraqyp’ Q,P)_>(I+S’T,Q»pv QS(Q’P)’PS(Q’P))

Since Q; =q + aS ’ , the equation follows.
Now set S;(q, p) =t-H(q, p) + R¢(q, p) and replace in the equation, using

(H(g +£.p)~ Hig.p)| < Je]- |2
ast‘ ” ‘%_H CO+H%—H

dp
oR;
0:R:(q, p) < ZA+B|_8p ‘

8Rt(

=5y
and Ro(gq, p) = 0. Now the relation

co co

implies by monotonicity of the solutions of the Hamilton—Jacobi equations?? that R; is bounded by the
solution u; of d;u =tA + B|Vyu|, thatis, u(¢, x) = %IZA, o)

ap

The same argument gives an estimate from below. O

co’

12| 0H
< — || =
Ri(g.p) = ‘Bq o

Appendix D: Proof of Proposition 8.3
Proposition 8.3. Given any «, there exists a sequence (£,)y>1 such that for almost all © € Q2

lim hm c(Uu, @, wot) < 11rn c(uy, pa).
vV—>00 U CR!

The proof is essentially the same as in Section 5 of [Viterbo 2023]. We reproduce it here adapted to
our situation and notation but notice that w just appears as a parameter and so does not change the proof
of Proposition 8.3. In particular the cycles we construct in the proof do not need to depend continuously
on w. We first need the next lemma. We define a cycle with closed support in X to be a cycle for the

22Thatis, H < K implies that the solutions v, w of d;u = H (x, Dyu) corresponding to the same initial condition satisfy u <wv.
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Figure 2. I~‘m in red, I~‘m+1 in blue and D,, in green on the left and I';,4; on the right.

singular homology with locally finite support. These are the cycles of Borel-Moore homology (i.e.,
homology with closed supports) of X. Chains are infinite sums ) a0 of singular simplices such that
there are only finitely many simplices with a; # 0 touching any compact set. As a result it is clear what
it means for such a chain to be a cycle. For such homology, admissible maps are the proper maps, i.e.,
only a proper map f : X — Y will induce a map fi between the corresponding Borel-Moore homology
groups. Any proper submanifold without boundary represents a cycle in Borel-Moore homology, while
in ordinary homology, this is the case only for compact submanifolds.

Lemma D.1. Let S be a GFQI defined on E and ¢ = limycy c(uy, S). There exists a closed cycle T’
such that Ty = T N x~Y(U) satisfies [[y] = py in H*(S&LOO, S7T®) and S(Ty) <c(uy, S) + ¢ for
U belonging to a sequence of exhausting open sets with smooth boundary.

Remark D.2. Note that [['/] is assumed to be an ordinary cycle, so that its class in Hx (.S l‘}' *,85%°) is
well-defined.

Proof. Consider an increasing sequence U, of open sets with smooth boundary such that N = | J,, Uy,.
Notice that there is a restriction map for U C V sending Hx«(V,dV) — H. (U, dU). It induces a map
that we denote by py,v,

Hi (S}, Sy UEjy) — He(SH. Sy U Ejgy).
and a diagram

Ha(S;%°, S7%° U Ejgy) —25 Ha (S, S5 U Ejgy)

Ha(SGHE, S7%° U Epgy) 2% Ha(S5T6, S5 U Ejpy)
Now the upper horizontal map sends wy to uy, so applying this to the sequence Uy, we get a sequence
T, € Hy (Sf]js, Sy>° U Ejyy,) with image puy,, and we have a sequence such that py,,u,, [T,] =
[[,N7~1(Uy,)] is constant for n > m. Then we may glue the [, as follows: since [[n] =[Crmt1N7~ H(Us)]
in H*(Sf]:rs, Sy>eu E|alin)’ we have D,y such that 3D, N7t~ (Up) = Ty — Tt Ne "1 (Uyy,) and we
can assume D, C 7~ ' (U,). This is illustrated in Figure 2. Now we may consider the cycle
Im = 1’:‘m U (@Dm N n_l(Um)) U i:m+1 N 7T_I(Um+1 \ Un).
We easily check that
(1) Ty N~ (Up) = T,
@) T N7 U1 \Unm) = (Tt 0707 (Uns 1) U (3D N 2~ (BUn))),
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4) T, C S¢te.

By induction we can build a sequence ', and we have [, N 7 Y Up) =Ty N~ Y (Uy) for n > m.
Therefore |_J,, ', is stationary over any compact set and defines a closed cycle I" such that S(I") <c+e. O

Now the generating function for ¢ ,, is given by Proposition 9.1:

k—1
Skw(x.yi£.0) = [swacx pr.i)+ Y Swkds. pi &) + Swlka. v, ck)]+Bk(x v.0).
j=2

where ¢ = ({1..... 8k), § = (P1.92. - - - Gk—1> Pk—1-9k)>

faé‘: (pl’QZ‘i‘aw--va—l+a’Pk—1an +a)

and
k—1

Bi(x,y.0) = (pr.q2—X)+ Y _(pj.qj+1—q;) + (v, X —qr).
j=2
Now let F(q, P;n) be a GFQI for the graph of «. Then

GE(u,vsx, y,m:6,8) = S (u, y;:6) + F(x,v;m) + (y —v,u —x)
is a GFQI of ¢ro. We set

(_;Z)(uﬂﬁx,y,??) :hz)(Y)+F(x’U»77)+(y—v,“_x>

We shall omit the subscripts a, y for the moment, so in the sequel, G“’ a,y Means G“’ k. Here the
variables u, v, x, y are in R” and we denote by Ej the space of the 6 = (¢, £), where & € EX, ¢ €
(R2™)* and 5 € V. By definition we have a cycle Iy in U x RY x R x RY x E x V relative to
(GP)™°UIU xR xR x R} x E x V' and homologous (as a closed cycle) to U x Rﬁ XAy yXxE™XV™

(where A is the diagonal) such that
GR(TY) <clpy,GY) +e = c(uy, o yo) + ¢,

where @7 ; is the flow of AP ; (¥).

Moreover according to Lemma D.1, we can assume there is a closed (i.e., Borel-Moore) cycle ['®
such that I'f; =T N 7~ 1(U) (at least for a cofinal sequence of U’s).

Now let Cf7 () be acycle in the class of U x E}” in H ((S]‘("’y)+°°, (S]‘é”y)_oo), depending continuously

on y, such that?3

S CEO) <Ly () +ax(y) +e.

As in [Viterbo 2023, Section 5, Lemma 5.1], this is possible provided y is the characteristic function
of Ag, the complement of a disjoint union of sets of diameter less than §. For example, we can take Ag

23The notation is unfortunate since it does not respect the order of our variables. By Sy (y, Cyy (y)) we mean the maximum
of Sk (x, y:§.¢), where (x:§.¢) € C(y)
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to be a neighborhood of A(8) = {(x1,...,x,) |3/, x; € 8Z}. Thus we set fora € Ry, y € C*°(R")
GR a0 X, y,1) = hE (y) + F(x,v3m) + (y —v,u—x) +ax(y).

We shall omit the subscripts a, y for the moment, so in the sequel, G? means G .
k.a,x k.a,x

We again invoke Lemma D.1 in order to obtain a (closed) cycle C®(y) such that for a cofinal sequence
of U’s we have C{;(y) = C®(y)N 7~ 1(U) and, like C{ (»), the cycle C(y) depends continuously on y.

We now construct a new (Borel-Moore) cycle, symbolically denoted by I' xy C and defined as follows
(everything depends on w but for notational convenience we omit it):

[xy C={(,v;x,y,0,n) | (u,v,x,y,n) €T, (u,0)cC(y)}
We have

(1) (I' xy C)y is a Borel-Moore cycle homologous to U x Ry X Ay  x E;” x V™.
(2) GP((T x C)y) <G¢, (Ty) +e.
Indeed for (1), it is a cycle by the continuity of C(y) in y. That its homology class is the stated one

follows from the fact that the homology class of A xy B only depends on the homology class of A, B
and so I'y xy Cy; is homologous to

(UXRyxAxyxV)xy (UxE;)={u,vix,y,n.0)|luelU,x=y,neV ,0ecE_}
=UXRY x Ay y x V™ xXE.
As for (2), we have (I' xy C7)y = T'y xy Cy; and

Gy (Ty xy Cy) défsup{S,?(u,y; )+ F(x,vin)+(y—v,u—x) | (u,v;x,y,n) €T, (u;0) € C(y)}
but since S (u, y; 0) < h;;U(y) +ay(y)+ ¢ for (u;0) € C(y), we have
Gy (T'y xy Cy)

< sup{F(x,v;n) + by () +ax(y) +e+ (y—v,u—x) | u,v;x, y.m) €T, (u,0) € CH(»)}

< Cf,a,X(FU) +e.

Now as in [Viterbo 2023, Section 5, p. 95], let us consider a collection of £ open sets Ag forl <j </{
such that each of them is a translate of A s and any n 41 of them have empty intersection. We denote by y;
(1 < j <{) the corresponding functions. We set X = (x1,...,x¢), ¥ = (V1,--.,V¢)> 0 = 01,...,6p)
and define?*

£
_ _ = 1 _
Gre(u,v.%.7.60.1) = F(xi,vim) + 5 Y Se(€xj. 5. 6)) + Be(E. 5) + {ye —v.u—x1)

j=1
This is a GFQI for pzlwﬁpzla = pz_lplzlfpkepk,ogcx = Qg 0.
Let
— 1 ¢
Gt %, §.0) = Fer.v.n) + 5 D (0 (3) +a); (7)) + Be(3.5) + (yg —v.u —x1).
Jj=1

24Here we omit w from the notation, which would otherwise become unwieldy.
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By definition there is a Borel-Moore cycle, I'x ¢, such that

Gre((Tr,0)v) < c(uy. Gre) +&.
and using C;(y;) as before for 1 < j < { and setting
Tre xy CTL = {(,v; %, 7,0,n) | (w,v,x,y,n) €T, (£x;,&) € C7 ()},
we have
(v, Gr,0) < Gro(Tr)u Xy (CHull)) < Gre(Tr,0)v) < (v, Gre) + 2.

Finally we claim that
(n+1)a
7

Indeed, Gk’g is the generating function of ¥ = pe_lx//,i 0:-:0 wlf p¢, where w,f is the time-one flow of

c(pu,Gre) <c(pu,Gg) +

hi(y) +ayx;(y). But these flows commute, so ¥ ¢ is the time-one flow of
1 L
Kiee) =5 2 (uew () +ax; ()
j=1

and we have |Ky ¢(y) —hi(y)| < % + &. Therefore
1+4+n)a _ 1+4+n)a
(T)_{—SSC(MU’WCO{)_F(T)—F&

Thus for £ large enough ¢ (g, Gk,g) <c(uu, w]ia) + 2¢. Taking the limit as k goes to infinity, we get

c(uu,Grp) < ey, Y @) < c(uy, Yie) +

c(uu. pre) = c(pu, Grg) < c(pu. pra) +2¢& < c(uy, pa) + 3e.

This concludes the proof of Proposition 8.3.
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