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EPSILON-REGULARITY FOR THE BRAKKE FLOW WITH BOUNDARY

CARLO GASPARETTO

We prove that, if a Brakke flow with boundary is close enough to a stationary half-plane with density 1, then
it is C1,α. Our approach is based on viscosity techniques introduced by Savin in the context of elliptic equa-
tions. The same techniques can be used to give an alternative proof of Brakke’s (interior) regularity theorem.

1. Introduction

We state and prove a Brakke-type theorem for the mean curvature flow with boundary, that is, a flow of
m-dimensional surfaces in Rd so that at every point the normal component of the velocity is equal to the
mean curvature and the boundary is fixed. A weak notion of such a flow has been recently introduced in
[White 2021] by using integral varifolds, as devised by Brakke [1978]. The objects in question are called
integral Brakke flows with boundary.

In short, given an (m−1)-dimensional submanifold 0, an integral Brakke flow with boundary 0 is a
collection {Vt }t∈I of m-dimensional integral varifolds with the constraint that the first variation of Vt is
a measure whose singular part with respect to ∥Vt∥ behaves like Hm−1 ⌞0 and the varifolds satisfy an
evolution equation that encodes the information on the velocity. A precise definition will be given in
Section 2.

The main result of this paper (Theorem 7.1) is that, if a Brakke flow in a ball of radius 1 is close
enough (in some appropriate topology) to a unit-density half-plane (which is a stationary solution to the
mean curvature flow with a prescribed straight boundary), then the Brakke flow becomes smooth up to
the boundary in a smaller ball and after some fixed waiting time. Roughly stated, the main result is the
following.

Theorem 1.1 (ε-regularity). Let 0 be a C1,α, (m−1)-dimensional submanifold of B1 and let {Vt }t∈[−3,0]

be an integral Brakke flow with boundary 0 in B1 × [−3, 0]. Assume the following:

(1) 0 ∈ supp ∥V0∥.

(2) At time t = −3, the mass measure ∥Vt∥ is close to that of an m-dimensional half-disk.

(3) There exists a half-plane S+ such that, for every t ∈ [−3, 0],

supp∥Vt∥ ⊂ {x ∈ Rd
: dist(x, S+)≤ ε}.
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If ε and 3 are small enough, then there exist small constants η, β and a family {Nt }t∈(−η2,0] of C1,β

surfaces with boundary 0 such that
supp∥Vt∥ ∩ Bη = Nt

for every t ∈ (−η2, 0].

We briefly comment on the assumptions. The key assumptions are (2) and (3), which describe how the
Brakke flow is close to being a half-plane (with a straight boundary). Assumption (1), on the other hand,
prevents a “pathological” behavior of Brakke flows, which is the possibility of a sudden loss of mass
(see, for example, [Tonegawa 2019, Section 2.3]). The statement and the assumptions will be made more
rigorous in Sections 4 and 7.

A central point in our work is that, under appropriate assumptions, the support of an integral Brakke
flow with boundary satisfies a maximum principle. In order to fix ideas, assume that the support of
the flow is the graph of some function u : Rm

→ Rd−m. Then it can be proved that |u| is a viscosity
subsolution (in a suitable sense which we will describe at a later stage) to

∂tϕ−M+(D2ϕ)≤ 0,

where M+ is a Pucci maximal operator. We may therefore exploit this property to adopt a technique
developed by Savin [2007] in the framework of elliptic equations and later adapted by Wang [2013]
to parabolic equations, which we now summarize in our case. The key step in proving Theorem 1.1 is
proving the following improvement of flatness:

Proposition 1.2 (improvement of flatness). Under the assumption of Theorem 1.1, there exist η > 0 and a
half-plane T + close to S+ such that, for every t ∈ (−η2, 0],

supp∥Vt∥ ∩ Bη ⊂

{
x ∈ Rd

: dist(x, T +)≤
ε

2
η
}
.

In summary, if the Brakke flow is “ε-flat” at scale 1, then it becomes “ηε/2-flat” at scale η for some η
small and universal; from this, proving C1,α-regularity is classical.

The proof of Proposition 1.2 is based on a contradiction and compactness argument. Assume one can
find a sequence of flatter and flatter Brakke flows for which the conclusion of Proposition 1.2 does not
hold. Then appropriate rescalings of the supports of such flows converge in a suitable sense to the graph of
a solution to the heat equation. The desired improvement of flatness is a straightforward consequence of
classical Schauder estimates. The above convergence is achieved via a Harnack-type inequality, in the spirit
of [Wang 2013], and a barrier argument that describes the behavior of the Brakke flow near the boundary.

Theorem 1.1 answers a question left open in [White 2021, Remark 11.2], that is, whether an integral
Brakke flow with boundary that has a tangent flow which is a unit-density half-plane is smooth in a
backward neighborhood. The reader should also compare our results with the regularity theorems proved
in [loc. cit.]. The latter are proved under the additional assumption that the flow is standard: namely
the flow has to be smooth at every point where a tangent flow is a unit-density half-plane (see [loc. cit.,
Definition 11.1]). Since we only prove backward regularity, our result does not guarantee (as it should
not be expected) that an integral Brakke flow with boundary satisfying the assumptions of Theorem 1.1 is
actually standard.
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The first ε-regularity theorem for the mean curvature flow (without boundary) was proved in [Brakke
1978] and then refined in [Kasai and Tonegawa 2014], where the authors extended the result to mean
curvature flow in general ambient manifolds. Another relevant reference is the recent work [Stuvard and
Tonegawa 2024]. The above-mentioned proofs are variational and rely on L2 energy estimates, somehow
in the spirit of [Allard 1972]. We think that a variational proof of Theorem 1.1 may be performed by
adapting the arguments in [Allard 1975; Bourni 2016] to account for the presence of the boundary. As
mentioned, our proof is based on an argument first developed in [Savin 2007] for elliptic equations and
then adapted to parabolic equations in [Wang 2013]. This method was used in [Savin 2018] to prove an
Allard-type theorem for minimal surfaces. Although an adaptation of the same techniques to the mean
curvature flow seems quite natural, to the best of the author’s knowledge this paper is the first instance in
which these techniques are used for the mean curvature flow.

The regularity of mean curvature flow with boundary has been briefly investigated also in [White 1995;
2005]. One should also see [Edelen 2020], where the author defines a Brakke flow with a free boundary
condition. Another definition of Brakke flow with fixed boundary has been investigated in [Stuvard and
Tonegawa 2021].

1.1. Structure of the paper. In Section 2, we collect some notation that will be used throughout the
paper and some well-known facts about rectifiable measures. We then recall the definition of integral
Brakke flow with boundary, as stated in [White 2021].

Section 3 is dedicated to collecting some known results about integral Brakke flows and to adapting
them to the case of an integral Brakke flow with fixed boundary.

The core of the paper is Section 4, where we state and prove the improvement of flatness described in
Proposition 1.2, which will later yield the desired C1,β regularity. The proof of this result is described in
Section 4.2. The aforementioned barrier argument and Harnack-type inequality, which are crucial for
obtaining the desired compactness, are discussed in Sections 5 and 6, respectively.

Finally, the proof of Theorem 1.1 is given in Section 7, where we iterate the improvement of flatness
to obtain the desired regularity.

2. Preliminaries, notation and definitions

Throughout the paper, we consider fixed two positive integers m and d such that m ≤ d . All the constants
taken in consideration in the present work depend, in general, on these two parameters, although we will
mostly avoid stating such dependency.

For the present section, we introduce two generic positive integers k ≤ n to define some objects in full
generality.

2.1. Space-time. By Rn,1 we denote the space {(x, t) : x ∈ Rn and t ∈ R}. We use uppercase letters to
denote points in Rn,1, for example X = (x, t).

For any pair X = (x, t) and Y = (y, s) of points in Rn,1, we let

ρ(X, Y )= |x − y| + |t − s|1/2;
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ρ is a metric on Rn,1 (see, for example [Krylov 1996, Exercise 8.5.1]) and the topology that ρ induces
on Rn,1 coincides with the euclidean topology of Rn+1. In particular, if dH (E, F) is the Hausdorff distance
between E and F with respect to ρ and K is a compact subset of Rn,1, then the space of nonempty closed
subsets of K is a compact metric space, when endowed with the metric dH .

If x ∈ Rn and r > 0, we set Bn
r (x) = {y ∈ Rn

: |y − x | < r}. When the dimension of the space is
clear, we omit its indication and simply write Br (x). We also omit the indication of the center of the ball,
whenever it coincides with 0, so that Br = Br (0). If (x, t) ∈ Rn,1, we define the parabolic cylinder

Qn
r (x, t)= Bn

r (x)× (t − r2, t],

where the apex n indicates the dimension of the space component; as above, its indication will be omitted
when no confusion shall arise. Lastly, we let Qr = Qr (0, 0).

We denote by ∂p(U × (a, b)) the parabolic boundary of the cylinder U × (a, b), where U ⊂ Rn:

∂p(U × (a, b)) := (U × {a})∪ (∂U × (a, b)).

We define the measures Ln,1 and Hs,1 (for any 0 ≤ s ≤ n) on Rn,1 by

Ln,1(E × F)= Ln(E)×L1(F), Hs,1(E × F)= Hs(E)×L1(F)

for E ⊂ Rn and F ⊂ R, where Ln is the Lebesgue measure in Rn and Hs is the s-dimensional Hausdorff
measure in Rn.

For any function f : Rn,1
→ Rk, we denote by ∇ f (x, t) the gradient of the function f ( · , t) computed

at x and by ∂t f (x, t) the derivative of f (x, · ) computed at t , whenever they are defined.
Lastly, for a set E ⊂ Rn and x ∈ Rn, we let χE(x)= 0 if x /∈ E and χE(x)= 1 if x ∈ E .

2.2. Linear functions and subspaces of the euclidean space. We let {e1, . . . , en} be the canonical
orthonormal basis of Rn.

We define the Grassmannian Gr(k, n) as the space of (unoriented) k-dimensional linear subspaces of Rn;
we identify S ∈ Gr(k, n) with the endomorphism S : Rn

→ Rn representing the orthogonal projection
onto S. When no confusion shall arise and an orthonormal basis {ζ1, . . . , ζk} of S is fixed, we identify S
with Rk via the canonical bijection

ι : S → Rk, x 7→ (x · ζ1, . . . , x · ζk);

therefore by Sx we denote both the point Sx ∈ S ⊂ Rn and its image via ι. In particular, when S =

span{e1, . . . , ek} and x ∈ Rn , we will often use the notation x ′
= Sx = (x · e1, . . . , x · ek) ∈ Rk.

We also let S : Rn,1
→ Rk,1 be the map S(x, t) = (Sx, t) and, in the case S = span{e1, . . . , ek}, for

X = (x, t) ∈ Rn,1 we let X ′
= (x ′, t).

Lastly, if S and T are two endomorphisms of Rn, we define the scalar product between S and T by

S : T =

n∑
i, j=1

Si j Ti j ,
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where (Si j ) is the representation of S as a n × n matrix such that

Si j = ei · (Sej ).

We also let |S| =
√

S : S.

2.3. Hölder regularity. We point out some facts and definitions on Hölder regularity for several objects.
In what follows, κ ∈ (0, 1) is a fixed parameter.

(1) Functions on Rn. Given a function u : Rn
⊃ U → Rk, we say that u ∈ C1,κ(U ; Rk) if there exists

C > 0 such that supx∈U |u(x)| ≤ C and for all x ∈ U there is an affine function L x : Rn
→ Rk such that,

for every y ∈ U, it holds

|u(y)− L x(y)| ≤ C |x − y|
1+κ .

(2) Functions on Rn,1. Let � ⊂ Rn,1. We say that u : �→ Rk is in C1,κ(�; Rk) if there exists C > 0
such that supX∈� |u(X)| ≤ C and for all X ∈� there is an affine function L X : Rn

→ Rk such that, for
every Y = (y, s) ∈�, it holds

|u(Y )− L X (y)| ≤ Cρ(X, Y )1+κ .

(3) Submanifolds. We say that a k-dimensional, properly embedded submanifold 0 of some open set
U ⊂ Rn is C1,κ if there exists some κ > 0 such that, for every x, y ∈ 0, it holds

[0]C1,κ (U ) := sup
x,y∈0
x ̸=y

|Tx0− Ty0|

|x − y|κ
<∞,

where T· 0 ∈ Gr(k, n) is the tangent space to 0 and |Tx0− Ty0| should be intended as in Section 2.2.

Remark 2.1. We do not require the sets U and � in items (1) and (2) above to have any regularity.
However, one can easily see that, if U ⊂ Rn has C1 boundary and u ∈ C1,κ(U ; Rk), then u is actually
bounded in U, it is differentiable at every point of Int E and the usual definition of C1,κ holds:

∥u∥C1,κ (U ) := sup
U

|u| + sup
x,y∈U
x ̸=y

|∇u(x)− ∇u(y)|
|x − y|κ

<∞.

In fact, ∥u∥C1,κ (U ) is bounded (up to some multiplicative constant depending only on U, n, k, κ) by the
same constant C as in item (1) above.

Similarly, if � = U × I ⊂ Rn,1 for some U ⊂ Rn with C1 boundary and I ⊂ R some interval, then
u ∈ C1,κ(�; Rk) yields that u is differentiable with respect to the space variable everywhere in Int U × I
and that

∥u∥C1,κ (�) := sup
�

|u| + sup
X,Y∈�
X ̸=Y

|∇u(X)− ∇u(Y )|
ρ(X, Y )κ

+ sup
(x,t),(x,s)∈�

s ̸=t

|u(x, t)− u(x, s)|
|t − s|(1+κ)/2 <∞.

2.4. Integral varifolds. We adopt most of the terminology from [White 2021]. Let U ⊂ Rd be an open set
and let M(U ) be the set of nonnegative Radon measures on U ; if ϕ is continuous and compactly supported
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on U, we let M(ϕ)=
∫
ϕ(x) d M(x) for M ∈ M(U ). Let Mm(U ) be the set of m-dimensional rectifiable

nonnegative Radon measures on U. Namely, M ∈ Mm(U ) if and only if there exist an m-dimensional
rectifiable set E and a nonnegative function θ ∈ L1

loc(H
m ⌞ E) such that

M(ϕ)=

∫
E
θ(x)ϕ(x) dHm(x) for all ϕ ∈ Cc(U ).

We also let IMm(U ) be the set of those M ∈ Mm(U ) such that their density θ(x) is a nonnegative
integer at M-a.e. x . If M ∈ Mm(U ), then for M-a.e. x the approximate tangent space Tx M ∈ Gr(m, d) is
well-defined (see, for instance, [Simon 1983, Chapter 3]). An m-dimensional varifold on U is a Radon
measure on U ×Gr(m, d) (see [loc. cit., Chapter 8]). In particular, to each M ∈Mm(U ) we may associate
an m-dimensional varifold Var(M) by

Var(M)(ϕ)=

∫
ϕ(x, Tx M) d M(x) for all ϕ ∈ Cc(U × Gr(m, d)).

Such an object is called a rectifiable varifold (see [loc. cit., Chapter 4]); Var(M) is said to be integral
if and only if M ∈ IMm(U ). If M ∈ Mm(U ), we say that Var(M) has bounded first variation if there
exists C > 0 such that, for every smooth vector field F : U → Rd with compact support in U, it holds∫

Tx M : ∇F(x) d M(x)≤ C∥F∥∞.

If Var(M) has bounded first variation, then there exist an M-locally integrable vector field HM , a Radon
measure βM that is singular with respect to M and a βM -locally integrable unit vector field ζM such that,
for every F ∈ C1

c (U ; Rd), it holds∫
Tx M : ∇F(x) d M(x)= −

∫
HM · F d M +

∫
F · ζM dβM . (2-1)

In the following, we will often write

divS F(x)= S : ∇F(x).

When M ∈ Mm(U ), we also let

divM F(x) := divTx M F(x)= Tx M : ∇F(x),

whenever it is well-defined.

Definition 2.2. Let 0 be a properly embedded (m−1)-dimensional submanifold of U ⊂ Rd. We let
Vm(U, 0) be the space of those M ∈ IMm(U ) such that Var(M) has bounded first variation and the
following hold true:

(1) βM(E)≤ Hm−1(E ∩0) for every E ⊂ U .

(2) HM(x) and Tx M are perpendicular at M-a.e. x .

As mentioned in the remark following [White 2021, Definition 6], (2) is actually redundant, as it can
be derived from [Brakke 1978, Section 5].
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As in [White 2021], for M ∈ Vm(U, 0) we let

νM(x)= lim
r↘0

1
ωm−1rm−1

∫
Br (x)

ζM dβM , (2-2)

where the limit exists, and νM(x) = 0 otherwise. Notice that the requirement βM ≤ Hm−1 ⌞ 0 in
Definition 2.2 yields |νM | ≤ 1 Hm−1 ⌞0-a.e. Moreover, by [Allard 1975, Section 3.1], νM(y) ⊥ 0 for
Hm−1-a.e. y ∈ 0.

In the following, whenever 0 is an (m−1)-dimensional submanifold of Rd, by a small abuse of notation
we denote by 0 the Hausdorff measure Hm−1 ⌞0, if no confusion shall arise.

2.5. Integral Brakke flows with boundary. Let U ⊂ Rd be an open set, I ⊂ R be a nonempty interval
and let 0 be a properly embedded (m−1)-dimensional submanifold of U.

Definition 2.3 (integral Brakke flow). An m-dimensional integral Brakke flow with boundary 0 in U × I
is a collection M = {Mt : t ∈ I } ⊂ M(U ) such that the following hold true:

(1) For almost every t , Mt ∈ Vm(U, 0).

(2) If I ′ ⋐ I and U ′ ⋐ U, then
∫

I ′

∫
U ′(1 + |HMt |

2) d Mt dt <+∞.

(3) If [a, b] ⊂ I and u is a nonnegative, compactly supported, C1 function on U × I, then∫
u( · , a) d Ma −

∫
u( · , b) d Mb ≥

∫ b

a

∫
(u|HMt |

2
− HMt · ∇u − ∂t u) d Mt dt. (2-3)

We denote by BFm(U × I, 0) the set of all m-dimensional integral Brakke flows in U × I with boundary 0.

When 0 = ∅, we drop its indication and simply write BFm(U × I ); notice that in this case βMt = 0
for a.e. t , and the definition agrees with the one of integral Brakke flow (without boundary) given, for
instance, in [Tonegawa 2019].

Given M ∈ BFm(U × I, 0), we define its space-time mass measure M by∫
ϕ(x, t) d M(x, t)=

∫∫
ϕ(x, t) d Mt dt

for every ϕ ∈ Cc(U × I ). We define the space-time track of M to be the closed set

6M = Clos
(⋃

t∈I

supp Mt × {t}
)
,

where the closure is taken in the euclidean topology of Rd,1, and we let 6M(t) be the slice at time t
of 6M , namely 6M(t) = {x ∈ Rd

: (x, t) ∈ 6M}. It is straightforward to check that supp M ⊂ 6M .
Under reasonable assumptions, the opposite inclusion holds true as well; we further discuss this point in
Lemma 3.5. Whenever no confusion may arise, we write6 and6t in place of6M and6M(t), respectively.

Remark 2.4 (scaling properties). A Brakke flow M ∈BFm(U × I, 0) may be translated and parabolically
dilated while preserving the requirements in Definition 2.3. For x0 ∈Rd and r >0, let Tx0,r (y)= (y−x0)/r .
By (Tx0,r )♯µ we denote the push-forward of µ ∈ M(Rd) through Tx0,r . Then M ′

= {M ′
s} given by

M ′

s = r−m(Tx0,r )♯Mt0+r2s
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is a Brakke flow in (U − x0)/r × (I − t0)/r2 with boundary (0− x0)/r . In this case, we will write

M ′
= Dr (M − X0),

where, as usual, X0 = (x0, t0).

3. Properties of integral Brakke flows with boundary

We collect some known results about integral Brakke flows, which we will use throughout the rest of the
paper.

3.1. Monotonicity properties. We denote by 9 : Rd
× (−∞, 0)→ R the m-dimensional backward heat

kernel

9(x, t)=
1

(4π(−t))m/2
exp

(
−

|x |
2

4(−t)

)
.

We also pick a smooth cut-off function φ ∈ C∞
c ([0, 2)) such that φ ≡ 1 in [0, 1], |φ′

| ≤ 2 and 0 ≤ φ ≤ 1
everywhere, which from now on we consider fixed. For the chosen φ, for R > 0 we set

9R(x, t)=9(x, t)φ
(

|x |

R

)
.

Proposition 3.1 (Huisken monotonicity formula). There exists a universal constant C > 0 such that, if
M ∈ BFm(U × (−T, 0), 0) and B2R ⊂ U, then for every −T < s ≤ t < 0 it holds∫

9R(x, t) d Mt −

∫
9R(x, s) d Ms ≤

∫ t

s

∫
νMτ

· ∇9R( · , τ ) d0 dτ︸ ︷︷ ︸
I

+ C
t − s
R2 sup

τ∈[s,t]

Mτ (B2R)

Rm ,︸ ︷︷ ︸
II

(3-1)

where νMτ
is defined in (2-2).

Proof. See [White 2021, Theorem 6.1]. □

In several points of the present work, we are going to need some precise bounds on I and II in (3-1).
While in most cases we will assume a uniform bound of the form

sup
t

sup
Br (x)

Mt(Br (x))
rm ≤ E1 <∞,

which takes care of II, estimating I requires some more attention. What we prove in the following lemma
is that, at a small enough scale, I is close to 1

2 if 0 /∈ 0; otherwise it is very small.

Lemma 3.2. For every δ > 0, there exist small positive constants 3 and c with the following property. Let
U ⊂ Rd be open and let 0 be a C1,α submanifold of U. Then, for every R ≤ c/[0]C1,α(U ) and for every
(x, t) ∈ U × R such that B2R(x)⊂ U, it holds∫ t

t−3R2

∫
|Ty0

⊥
∇9R(y − x, s − t)| d0(y) ds ≤

χ0c(x)
2

+ δ. (3-2)

The proof of Lemma 3.2 is somehow cumbersome and is therefore postponed to Appendix A.
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Exploiting the above result, we may prove a sort of clearing-out lemma, in the spirit of [Tonegawa 2019,
Proposition 3.6]. Namely, we prove that, provided we have some control on I and II in (3-1), if a point
(x, t) is in the space-time track of M , then Ms cannot be too small in a backward neighborhood of (x, t).

Before proceeding with this result, we introduce the following terminology:

Definition 3.3 (maximal density ratio). A Brakke flow M (possibly with boundary) in U × I is said to
have bounded maximal density ratio in U ′

× I ′, where U ′
⊂ U and I ′

⊂ I, if

mdr(M,U ′
× I ′) := sup

Br (x)⊂U ′

sup
t∈I ′

Mt(Br (x))
rm <∞.

Proposition 3.4 (clearing-out lemma). For every K <∞ there exist positive constants c1, c2 with the
following property. Let 0 be a C1,α submanifold of U and let M ∈ BFm(U × (a, b), 0) be such that

mdr(M,U × (a, b))≤ K .

If (x, t) ∈6M , and R is small enough depending on 0, then

Mt−c1 R2(B4R(x))≥ c2 Rm .

Proof. The proof of the case without a boundary can be found, for example, in [Tonegawa 2019,
Proposition 3.6]. For the sake of completeness, we sketch the proof along the same lines as in the case of
an integral Brakke flow with boundary.

Corresponding to δ =
1
4 , choose 3 and c as in Lemma 3.2. Let (x, t) ∈6 and let R ≤ c/[0]C1,α(U ).

We first assume that x ∈ supp Mt and that Mt ∈ Vm(U, 0), so that in particular Mt = θ( · )Hm ⌞ E for
some m-rectifiable set E . Then there exists y ∈ BR(x) such that

1 ≤ θ(y)= lim
τ↗0

Mt(9R( · − y, τ )). (3-3)

Therefore, by centering Proposition 3.1 at a point (y, t −τ) and then letting τ ↗ 0, for any t1 < t , it holds

Mt1(9R( · − y, t1 − t))≥ θ(y)− C K
t − t1

R2 −

∫ t

t1

∫
νMs · ∇9R( · − y, s − t) d0 ds.

We now choose c1 so small that both C K c1 ≤
1
8 and c1 ≤ 3 and we set t1 = t − c1 R2. Then, using

Lemma 3.2, we obtain
Mt1(9R( · − y,−c1 R2))≥ θ(y)− 1

8 −
( 1

2 +
1
4

)
≥

1
8 ,

where the second inequality is given by (3-3). Notice that, for every z ∈ Rd, simple computations yield

9R(z − y,−c1 R2)≤ C R−mχB2R(y)(z)≤ C R−mχB3R(x)(z)

for some C > 0 universal. Hence, by integrating the above inequality in Mt−c1 R2 , we obtain

Mt−c1 R2(B3R(x))≥
Rm

C
Mt−c1 R2(9R( · − y,−c1 R2))≥

Rm

8C
,

as desired.



866 CARLO GASPARETTO

If x /∈supp Mt or Mt /∈Vm(U, 0), then one can find a sequence of points (xi , ti ) such that Mti ∈Vm(U, 0),
xi ∈ supp Mti and such that (xi , ti )→ (x, t). It is then sufficient to choose Ri so that ti −c1 R2

i = t −c1 R2

to obtain, for i large enough,

Mt−c1 R2(B4R(x))≥ Mt−c1 R2(B3R(xi ))≥ c2 Rm . □

We now state two important consequences of Proposition 3.4.

Lemma 3.5. Let M ∈ BFm(U × I, 0) have bounded maximal density ratio in U × I and let 0 ∈ C1,α(U ).
Then

6M = supp M.

Proof. The inclusion supp M ⊂6 is trivial. For the opposite inclusion, notice that, for a point (x, t) ∈6

and for every r > 0 small enough, Proposition 3.4 gives

Mt−cr2(Br (x))≥ crm .

It is now sufficient to integrate this inequality in r to obtain that for every r > 0 small enough, there is a
set of the form

Ar =
{
(y, s) : |y − x | ≤ θ

√
t − s ≤ r

}
for some positive θ, c depending only on mdr(M) such that M(Ar ) > 0; hence (x, t) ∈ supp M, as
claimed. □

Lemma 3.6. Let M ∈ BFm(U × I, 0) have bounded maximal density ratio and let 0 ∈ C1,α(U ). Then

M ≥ Hm,1 ⌞6M .

For the proof of the above lemma, we refer the reader to Appendix B.

3.2. Maximum principle. In the present subsection, we assume that U ⊂ Rd is open and I ⊂ R is an
interval of the form (a, b]. We also let 0 be an (m−1)-dimensional, C1,α submanifold of U.

The main result of the present section is the following maximum principle.

Proposition 3.7 (maximum principle). Let M ∈ BFm(U × I, 0) have bounded maximal density ratio.
If there exist u ∈ C2(U × I ) and a point (x0, t0) ∈6 \ ∂p(U × I ) with x0 /∈ 0 such that u|6∩{t≤t0} has a

local maximum at (x0, t0) and ∇u(x0, t0) ̸= 0, then

∂t u(x0, t0)− inf
T ∈Gr(m,d)

T ⊥∇u(x0,t0)

T : D2u(x0, t0)≥ 0.

Proof. This proposition is a corollary of the results in [Hershkovits and White 2023, Section 13]; see also
[Ambrosio and Soner 1997]. For the reader’s convenience, we give a self-contained proof, in the spirit of,
for example, [White 2016].

We may assume, without loss of generality, that (x0, t0)= (0, 0) and that u|6∩{t≤0} has a strict local
maximum at (0, 0) (if not, replace u by u − |x |

4
− |t |2).
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Step 1: We first prove that
∂t u(0, 0)− tracem D2u(0, 0)≥ 0,

where tracem D2u is the sum of the m smallest eigenvalues of D2u. Assume the result does not hold.
Arguing as in [White 2016, Lemma 2.4], we may assume that, for some ρ > 0 and ε > 0 small, u satisfies

(i) ∂t u − tracem D2u <−ε < 0 in Qρ ,

(ii) Bρ ∩0 = ∅,

(iii) u > ε > 0 in 6 ∩ Qρ/2 and u < 0 in 6 ∩ {t ≤ 0} \ Qρ .

We now let ϕ(x, t)= (u+(x, t))4, where u+
= max{u, 0}, and we use ϕ as a test function for (2-3). Since

ϕ( · ,−ρ2)= 0 by assumption, we have

0 ≤

∫
ϕ( · , 0) d M0 =

∫
ϕ( · , 0) d M0 −

∫
ϕ( · ,−ρ2) d M−ρ2

≤

∫ 0

−ρ2

∫
(−|H |

2ϕ+ H · ∇ϕ+ ∂tϕ) d Mt dt,

where the last inequality is given by (2-3) and we have set H( · , t)= HMt ( · ) for a.e. t . We now use the
fact that suppϕ ⊂ 0c; thus ∫

H · ∇ϕ d Mt = −

∫
divMt ∇ϕ d Mt

for a.e. t . Since the term |H |
2ϕ is nonnegative, we obtain from the above chain of inequalities

0 ≤

∫ 0

−ρ2

∫
(− divMt ∇ϕ+ ∂tϕ) d Mt dt.

Some straightforward computations show that

divMt ∇ϕ = 4(u+)3 divMt ∇u ≥ 4(u+)3 tracem D2u

and ∂tϕ = 4(u+)3∂t u. Therefore

0 ≤

∫ 0

−ρ2

∫
4(u+)3(∂t u − tracem D2u) d Mt dt ≤ −4ε4 M(Qρ/2),

where the last inequality is given by (i) and (iii) above. In particular, it must be

M(Qρ/2)= 0;

however, by Lemma 3.5, (0, 0) ∈6 = supp M ; thus we reach a contradiction.

Step 2: We now prove the general result. It is sufficient to show that one can find an m-dimensional
subspace T of Rd such that

∂t u(0, 0)− T : D2u(0, 0)≥ 0

and T ∇u(0, 0)= 0. Without loss of generality, assume that u(0, 0)= 0. Let ψj (z)= z + ( j/2)z2 and let

u j (X)= ψj (u(X)).
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Then, for every j , u j |6∩{t≤0} has a local maximum at (0, 0). Thus, by Step 1, there is an m-dimensional
subspace Tj of Rd such that, at (0, 0),

0 ≤ ∂t u j − Tj : D2u j = ∂t u − Tj : D2u − jTj : (∇u ⊗ ∇u).

Up to a subsequence, which we do not relabel, we have that Tj → T for some m-dimensional subspace T,
and

T : (∇u ⊗ ∇u)≤ lim inf
j

1
j
(∂t u − Tj : D2u)= 0;

thus T ⊥ ∇u. On the other hand, since jTj : (∇u ⊗ ∇u)≥ 0, we have

T : D2u ≤ lim inf
j

Tj : D2u ≤ lim inf
j

(∂t u − jTj : (∇u ⊗ ∇u))≤ ∂t u,

as desired. □

Given an upper-semicontinuous function u : Rm,1
→[0, 1]∪{−∞} and a smooth function ϕ : Rm,1

→ R,
we say that ϕ touches u from above at (x ′

0, t0) ∈ Rm,1 if there exists r > 0 such that{
ϕ(x ′, t)≥ u(x ′, t) for every (x ′, t) ∈ Qm

r (x
′

0, t0),
ϕ(x ′

0, t0)= u(x ′

0, t0).

We recall the definition of Pucci’s maximal operator (see, for instance, [Caffarelli and Cabré 1995,
Section 2.2]). For a symmetric matrix N ∈ Rd×d, we let

M+(N ) := M+

(
N , 1

2
, 2

)
=

1
2

∑
λi<0

λi + 2
∑
λi>0

λi , (3-4)

where λi = λi (N ) are the eigenvalues of N. The following result is a consequence of Proposition 3.7.

Corollary 3.8. Let M ∈ BFm(R
d,1) have bounded maximal density ratio. For every (x ′, t) ∈ Rm,1, let

u(x ′, t)= sup{|z| : z ∈ Rd−m and (x ′, z) ∈6M(t)},

with the convention sup∅ = −∞ and assume that u ≤ 1 everywhere. There is δ > 0 universal
such that, whenever a smooth function ϕ : Rm,1

→ R touches u from above at X ′

0 = (x ′

0, t0) and
max{|D2ϕ(X ′

0)|, |∇ϕ(X
′

0)|} ≤ δ, it holds

∂tϕ(X ′

0)−M+(D2ϕ(X ′

0))≤ 0.

Proof. We assume x ′

0 = 0 and t0 = 0. Notice that, since 6 is closed and u(0, 0) = ϕ(0, 0), the
supremum in the definition of u is attained and, without loss of generality, we may assume that the
contact point is x0 = ϕ(0, 0)ed ∈ 60. We let S = span{e1, . . . , em} and S′

= span{em+1, . . . , ed−1}, so
that Rd

= S + S′
+ span{ed}. Consider the function

H(x, t)=
1
4 |S′x |

2
+ x · ed −ϕ(Sx, t).

By assumption, in a neighborhood of (x0, 0) it holds

|S⊥x | ≤ ϕ(Sx, t)≤ 2
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for every (x, t) ∈ 6; therefore it can be checked that H |6∩{t≤0} ≤ 0 in the same neighborhood. Since
H(x0, 0)= 0, we know H |6∩{t≤0} has a local maximum at (x0, 0). Hence, by Proposition 3.7, it holds

∂t H(x0, 0)− inf
T ⊥∇ H(x0,0)

T : D2 H(x0, 0)≥ 0. (3-5)

We now estimate the two summands in the above inequality. In order to do so, we first remark that

∇ H(x0, 0)=

−∇ϕ(0, 0)
0
1

 , D2 H(x0, 0)=

−D2ϕ(0, 0) 0 0
0 IS′/2 0
0 0 0

 .

Consider T ∈ Gr(m, d) and an orthonormal basis ζ1, . . . , ζm of T. Then

T : D2 H =

m∑
i=1

⟨D2 Hζi ; ζi ⟩ =

m∑
i=1

(
−⟨D2ϕ(Sx, t)Sζi ; Sζi ⟩ +

|S′ζi |
2

2

)
≥ −

m∑
i=1

⟨D2ϕ(Sx, t)Sζi ; Sζi ⟩.

In particular, S : D2 H(x, t)= −1ϕ(Sx, t) and

T : D2 H = S : D2 H + (T − S) : D2 H

≥ −1ϕ− |T − S||D2ϕ|.

Now, if |T − S| ≤ c1, then the above inequality yields that, for some small c1 universal,

T : D2 H(x0, 0)≥ −M+(D2ϕ(0, 0)).

On the other hand, if |T − S| ≥ c1, then we may choose an orthonormal basis ζ1, . . . , ζm of T such that
|S⊥ζ1| ≥ c2 for some c2 universal. Since we are also assuming T ⊥ ∇ H(x0, 0), we have

0 = ζ1 · ∇H(x0, 0)= −Sζ1 · ∇ϕ(0, 0)+ ζ1 · ed .

Thus, in particular, |ζ1 · ed | ≤ |∇ϕ| ≤ δ and

|S′ζ1| ≥ |S⊥ζ1| − |ζ1 · ed | ≥ c2 − δ ≥
c2

2
,

provided δ ≤ c2/2. Therefore

T : D2 H(x0, 0)≥ −

m∑
i=1

⟨D2ϕ(0, 0)ζi ; ζi ⟩ +
|S′ζ1|

2

2
≥ −1ϕ(0, 0)+

c2
2

8
≥ −Cδ+

c2
2

8

for some C universal, since |D2ϕ(0, 0)| ≤ δ by assumption. We may choose δ smaller, if needed, so that

−M+(D2ϕ(0, 0))≤ Cδ ≤ −Cδ+
c2

2

8
.

Therefore, whether |T − S| ≤ c1 or not, it holds

T : D2 H(x0, 0)≥ −M+(D2ϕ(0, 0)).

We conclude the proof by remarking that

∂t H(x0, 0)= −∂tϕ(0, 0).
Thus (3-5) gives the desired result. □
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Remark 3.9. With some more accurate computations, one may show that, actually, at the contact point ϕ
satisfies the inequality

∂tϕ−

√
1 + |∇ϕ|2 div

(
∇ϕ√

1 + |∇ϕ|2

)
≤ 0.

However, the weaker result proved in Corollary 3.8 will be sufficient for the rest of the paper.

4. Improvement of flatness

This section is the core of the present work. We prove that if a Brakke flow with boundary is sufficiently
flat in Q1, then its flatness can be improved at a smaller universal scale. This is going to allow us to prove
the desired C1,β regularity; see Section 7.

We introduce the following notation. We fix an m-dimensional subspace of Rd, which we denote by S,
and an (m−1)-dimensional subspace of Rd, which we denote by 00, such that 00 ⊂ S. Up to changing
coordinates in Rd, we shall assume for the rest of the present section that S = span{e1, . . . , em} and that
00 = span{e1, . . . , em−1}. We also let S+

= S ∩ {xm > 0}.
Given an (m−1)-dimensional submanifold 0 of BR , we write 0 ∈ Fα(δ, BR) if the following hold:

• 0 is a C1,α submanifold of BR and [0]C1,α(BR) ≤ δR−α.

• 0 ∈ 0 and T00 = 00.

In passing, we remark that if 0 ∈ Fα(δ, BR) and θ > 0, then θ0 ∈ Fα(δ, BθR).
Moreover, if 0 ∈ Fα(δ, BR), and δ is smaller than some constant depending only on α, then there

exists γ : 00 ∩ BR → 0⊥

0 such that |γ (0)| = |∇γ (0)| = 0, ∥γ ∥C1,α(BR) ≤ δR−α and

0 = {x + γ (x) : x ∈ 00 ∩ BR} ∩ BR;

given 0 ∈ Fα(δ, BR), we will always implicitly define γ as above.
The following is the main result of the present section.

Theorem 4.1 (improvement of flatness). For every E0 and α, there exist constants 3, ε0, η, β (small)
and C (large) with the following property. Let ε ≤ ε0, 0 ∈ Fα(ε, B1) and M ∈ BFm(B1 × [−3, 0], 0)

be such that (0, 0) ∈6M ,
6M ⊂ {(z, τ ) : dist(z, S+)≤ ε},

sup
t∈[−3,0]

Mt(B1)≤ E0

and ∫
B1

9( · ,−3) d M−3 ≤
3
4
. (4-1)

Then there exists a half-plane T + of the form

T +
= {x +wζ : x ∈ 00, w > 0} (4-2)

for some ζ ∈ 0⊥

0 with |ζ − em | ≤ Cε such that

6M ∩ Qη ⊂ {(x, t) : dist(x, T +)≤ η1+βε}. (4-3)
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The proof of Theorem 4.1 is based on a contradiction and compactness argument. If one assumes the
conclusion does not hold, then it is possible to find a sequence of Brakke flows which are flatter and
flatter and satisfy the other assumptions of Theorem 4.1, for which, however, no half-plane of the form
(4-2) can be found so that the flatness improves at any smaller scale. However, for such flows, one shows
that, after an appropriate rescaling, the space-time tracks must converge in the Hausdorff distance to
the graph of a solution to the heat equation. It is then sufficient to use Schauder estimates for the heat
equation with Dirichlet boundary condition to recover the conclusion.

The central point of the proof is to obtain the desired compactness. This is achieved via the two
following results. The first one provides a control over the oscillations near 0 of the space-time support
of a Brakke flow satisfying the assumptions of Theorem 4.1.

Proposition 4.2 (boundary behavior). For every E0 and α, there exist small constants c1 and r1 with the
following property. Let M and 0 satisfy the assumptions of Theorem 4.1. Then

6 ∩ Qr1 ⊂

{
(x − γ (x ′′)) · em ≥ −ε2

+ c1
|S⊥(x − γ (x ′′))|2

2ε2

}
.

Here, x ′′ denotes the point (x1, . . . , xm−1, 0, . . . , 0) ∈ 00.
With the above results at hand, we may prove that, if the Brakke flow is flat enough, then assumption

(4-1) gives a Holder-type modulus of continuity in parabolic cylinders whose radii are controlled from
below by some power of the flatness ε.

Proposition 4.3 (decay of oscillations). For every E0 and α, there exist constants ς,C2 and r2 with the
following property. Let M and 0 satisfy the assumptions of Theorem 4.1 and let (x, t), (y, s) ∈6 ∩ Qr2 .
If min{xm, ym} ≥ 2ε and

ρ := ρ((x ′, t), (y′, s))≥ C2ε
ς ,

then
|S⊥(x − y)| ≤ C2ερ

ς .

The two above results are sufficient to prove, via an Arzelà–Ascoli-type argument, the convergence in
the Hausdorff distance which we have described.

Before proceeding, it is worth spending a few words on how the constants in Theorem 4.1 will be chosen.

• We fix 3 once and for all in Proposition 4.4; it will be needed to prove that M has bounded maximal
density ratio in a smaller parabolic cylinder, Qr3 .

• Propositions 4.2, 4.3 and 4.4 hold true provided ε0 is small enough (depending on E0). We will therefore
always assume that this is the case. The final value of ε0 will not be determined explicitly, as Theorem 4.1
is proved by compactness.

• The constants r1 and r2 chosen in Propositions 4.2 and 4.3 are chosen smaller than r3 (determined in
Proposition 4.4) and they depend on E0 and α. These two constants will give upper bounds for η. We
will then give a further upper bound for η coming from the regularity properties of the heat equation.

• Lastly, the constants C and β depend only on α and on regularity properties for the heat equation.
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We now briefly describe the rest of the present section. The proof of Theorem 4.1 is given in Section 4.2.
In Section 4.1, we state and prove some lemmas which will be useful in the following. The proofs of
Propositions 4.2 and 4.3 are postponed to Sections 5 and 6, respectively.

4.1. Preliminaries to the proof of Theorem 4.1. Some remarks on the assumptions of Theorem 4.1 will
be needed for the proofs of Propositions 4.2 and 4.3 and, ultimately, of Theorem 4.1 itself. We begin by
showing that (4-1) propagates in the interior of the domain.

Proposition 4.4 (propagation of small density). For every E0 and α, there is r3 small with the following
property. Let M and 0 satisfy the assumptions of Theorem 4.1. Then, for every (x, t) ∈ Qr3 and for every
τ ∈ (−r2

3 , 0), it holds ∫
Br3 (x)

9( · − x, τ ) d Mt ≤
7
8

+
χ0c(x)

2
.

Proof. We fix positive constants r3 ≤
1
8 , ε, 3 and δ, all of which we will determine later; we always

assume that r3 is much smaller than 3. For simplicity of notation, in this proof we set r = r3. For
(x, t) ∈ Qr and τ ∈ (−r2, 0), we let t0 = t − τ . Then, by Proposition 3.1, it holds∫

Br (x)
9( · − x, t − t0) d Mt ≤

∫
91/8( · − x, t − t0) d Mt

≤

∫
91/8( · − x,−3− t0) d M−3

+

∫ t

−3

∫
νM · ∇91/8( · − x, s − t0) d0 dτ + C E0(t +3). (4-4)

By Lemma 3.2, if ε and 3 are small enough and r is much smaller than 3, then∫ t

−3

∫
νM ·∇91/8( · − x, s − t0) d0 dτ ≤

∫ t0

t0−23

∫
|Ty0

⊥
∇91/8(y − x, s − t0)| d0(y) dτ ≤

χ0c(x)
2

+δ.

We then take 3 even smaller so that C E0(t +3)≤ C E03≤ δ.
So far, we have fixed ε and 3 depending only on E0 and δ, and we have assumed that r is much

smaller than 3. The last step is to choose r even smaller in order to bound (4-4) from above. To this end,
we let L be the Lipschitz constant of 9 restricted to Rd

× (−∞,−3/2]. Since r is much smaller than 3,
−3− t0 ≤ −3/2 and we can estimate, for every y ∈ B1/4(x),

91/8(y − x,−3− t0)≤9(y − x,−3− t0)

≤9(y,−3)+ L(|x | + |t0|)

≤9(y,−3)+ 2Lr.

Let now b = b(3) > 0 be so small that 9(y,−3)≥ b if |y| ≤
1
2 . In particular, assuming that r ≤

1
4 , for

every y ∈ B1/4(x), it holds

91/8(y − x,−3− t0)≤

(
1 +

2Lr
b

)
9(y,−3).



EPSILON-REGULARITY FOR THE BRAKKE FLOW WITH BOUNDARY 873

The same bound holds, trivially, for any y such that |y − x | ≥
1
4 . We now choose r even smaller, if needed,

so that 2Lr/b ≤ δ. Therefore we may bound∫
91/8( · − x, t0 +3) d M−3 ≤ (1 + δ)

∫
B1

9( · ,−3) d M−3 ≤
3(1 + δ)

4
,

which yields the desired conclusion, up to choosing δ small universal. □

Corollary 4.5 (bound on mdr(M)). Under the assumptions of Proposition 4.4, there exist E1 universal
such that, for every t ∈ [−r2

3 , 0] and every Br (x)⊂ Br3 , it holds

Mt(Br (x))≤ E1rm . (4-5)

In particular, for every (x, t) ∈6M ∩ Qr3 and for every r > 0 small enough, it holds

Mt−c1r2(Br (x))≥ c2rm (4-6)
for some c1, c2 small universal.

Proof. Let x, t and r be as in the statement. Then

Mt(Br (x))≤ Crm
∫

Br (x)
9( · − x,−r2) d Mt ≤ 2Crm,

and (4-6) follows from (4-5) and Proposition 3.4. □

4.2. Proof of Theorem 4.1. As stated earlier, we are going to argue by contradiction and compactness.
Namely, we fix E0 and α, we let 3 be as specified in Proposition 4.4 and we assume there exist εj ↘ 0
and two sequences {0 j

}, {M j
} such that, for every j , M j and 0 j satisfy the assumptions of Theorem 4.1

with ε0 replaced by εj .
In particular, we assume that 0 j

∈ Fα(εj , B1) and

6M j ⊂ {(z, τ ) : dist(z, S+)≤ εj }. (4-7)

We also assume, for the sake of contradiction, that for no j (4-3) is satisfied for any choice of T +, η
and β.

In the following, we let γ j
: 00 ∩ B1 → 0⊥

0 be such that 0 j
∩ B1 ⊂ graph γ j, as in the definition

of Fα(εj , B1), and we let 6 j
:= 6M j . We also fix r0 = min{r1, r2, r3}, so that the conclusions of

Propositions 4.2, 4.3, 4.4 and of Corollary 4.5 hold true in Qr0 .

Lemma 4.6 (compactness and convergence to hyperplane). There exists a subsequence (not relabeled)
such that, for almost every t ∈ (−r2

0 , 0],

M j
t ⇀Hm ⌞ S+

as Radon measures in Br0 .

Proof. By the Arzelà–Ascoli theorem, γ j
→ 0 in C1 up to subsequences. By Corollary 4.5, we may

apply the compactness theorems proven in [White 2021, Theorems 10.1 and 10.2] and find a further
subsequence (not relabeled) and M∞

∈ BFm(Qr0, 00) such that, for every t ∈ (−r2
0 , 0],

M j
t ⇀ M∞

t .
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In particular, the weak convergence stated above and (4-7) yield

M∞

t ((S
+)c)= 0

for every t ∈ (−r2
0 , 0]. Therefore, by Definition 2.3, for almost every t , there is an integer-valued function

θt ∈ L1
loc(S

+) so that
M∞

t = θt( · )Hm ⌞ (S+
∩ Br0).

By testing (2-1) with vector fields X ∈ C1
c (Br0 \00; Rd) such that S⊥X = 0 everywhere, one deduces

that, for almost every t , θt( · ) is an integer-valued W 1,1
loc function on S+. Since S+

∩ Br0 is connected,
θt( · ) must be constant for almost every t . Moreover, by (4-6), (0, 0) ∈6M∞ ; thus by Proposition 3.4 it
must be θt > 0 for every t < 0. We conclude by noting that, with the above remarks, for almost every t ,
βM∞

t = θtHm−1 ⌞00; then the assumption M∞
t ∈ V(Br0, 00) yields θt = 1. □

Before stating the next result, we define some objects that we will use in the rest of the subsection.
First of all, let Fε : Rd

→ Rd be the map

Fε(x)=

(
Sx, 1

ε
S⊥x

)
;

with a small abuse of notation, we use the same notation for the map Fε : Rd,1
→ Rd,1 such that

Fε(x, t)= (Fε(x), t). We now define
6̃ j

= Fεj (6
j ).

Notice that, by (4-7), 6̃ j
⊂ {(x, t) : |S⊥x | ≤ 1} for every j . For j ∈ N and (x ′, t) ∈ Qr0 , we define

u j (x ′, t)= {z ∈ Bd−m
1 : ((x ′, z), t) ∈ 6̃ j

};

notice that such a set may well be empty or have more than one element. We also define γ̃ j
= Fεj ◦γ

j ; it
is clear that

γ̃ j
· em → 0 in C1,α.

Furthermore, since ∥γ̃ j
∥C1,α(Br0 )

≤ 1, by the Arzelà–Ascoli theorem and up to passing to a subsequence
(which we do not relabel) we may find g : Bm−1

r0
→ Bd−m

1 such that, for every 0< ς < α,

S⊥γ̃ j
→ g in C1,ς

and ∥g∥C1,ς ≤ 1.
In order to keep the notation light, in the following we denote by E = Bm

r0
× Bd−m

1 ×[−r2
0 , 0] ⊂ Rd,1

and E ′
= S(E)= Qm

r0
⊂ Rm,1. We also let E ′

+
= E ′

∩ {xm ≥ 0}.

Lemma 4.7 (uniform convergence). There exist a subsequence (not relabeled) and u : E ′
+

→ Bd−m
1 with

the following properties:

(i) It holds
dH (6̃

j
∩ E; graph u)→ 0 (4-8)

as j → ∞.

(ii) For every (x ′′, t) ∈ Qm−1
r0 it holds u((x ′′, 0), t)= g(x ′′).
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(iii) For every X ′, Y ′
∈ E ′

+
,

|u(X ′)− u(Y ′)| ≤ 2C2ρ(X ′, Y ′)ς ,

where C2 and ς are as in Proposition 4.3.

In (4-8), by graph u we mean the set {(x ′, u(x ′, t), t) : (x ′, t) ∈ E ′
+
} ⊂ E .

Proof. Step 1: Hausdorff convergence. By Lemma 4.6, 6̃ j
∩ E ̸= ∅ eventually. Thus one may extract a

subsequence (not relabeled) so that 6̃ j
∩ E converges in the Hausdorff distance to some closed set 6̃ ⊂ E .

Since, by assumption, 6̃ j
⊂ {xm ≥ −εj }, it must also be 6̃ ⊂ {xm ≥ 0}. We define the set-valued function

u(x ′, t)= {y ∈ Bd−m
1 : ((x ′, y), t) ∈ 6̃} (4-9)

for (x ′, t) ∈ E ′
+

.

Step 2: u(x ′, t) ̸=∅ for every (x ′, t)∈ E ′
+

. Assume, by contradiction, that there exists (x ′, t)∈ E ′
+

\S(6̃)
(recall the notation S(x, t)= (Sx, t)= (x ′, t)). Then, since S(6̃) is closed, there exists an open neigh-
borhood U ′ of (x ′, t) such that U ′

⊂ (S(6̃))c. If we let U = S−1(U ′) ⊂ Rd,1, then by Lemma 4.6 and
Fatou’s lemma

0<Hm,1(U ∩ (S+
× R))≤ lim inf

j
M j (U ).

Thus M j (U ) > 0 eventually. In particular, by taking smaller and smaller neighborhoods, one can pick
a subsequence jℓ → ∞ and a sequence Xℓ ∈6 jℓ so that S(Xℓ)→ (x ′, t). By using the maps Fεj defined
above, we rescale in the directions of S⊥ and find that, up to subsequences, there exists z ∈ Bd−m

1 such that

6̃ jℓ ∋ Fε jℓ
(Xℓ)→ ((x ′, z), t).

By Step 1, ((x ′, z), t) ∈ 6̃, which contradicts the fact that u(x ′, t)= ∅.

Step 3: u((x ′′, 0), t) = {g(x ′′)}. Let (x ′′, t) ∈ Qm−1
r0 . If y ∈ u((x ′′, 0), t), then by Step 1 there exists a

sequence (x j , tj ) ∈ 6̃ j such that x j → ((x ′′, 0), y) and tj → t . In particular, by Proposition 4.2, it holds

|S⊥(x j − γ̃ j (x ′′

j ))| =
1
εj

|S⊥(F−1
εj
(x j )− γ

j (x ′′

j ))|

≤ C |x j · em + εj + ε2
j |

1/2
→ 0

as j → ∞. Since S⊥γ̃ j converges uniformly to g and S⊥x j → y, it must be

u((x ′′, 0), t)= {g(x ′′)}.

Step 4: u(x ′, t) is a singleton and (iii) holds true. For i = 1, 2, let X i = (xi , ti ) ∈ 6̃. Let also
ρ := ρ(S(X1), S(X2)) and, without loss of generality, assume (x2)m ≥ (x1)m .

Case 1: (x1)m = 0. By Step 1 and Proposition 4.2, we have

|S⊥x2 − g(x ′′

2 )| ≤ C(x2)
1/2
m ≤ Cρ1/2.

Moreover, |S⊥x1 − g(x ′′

2 )| = |g(x ′′

1 )− g(x ′′

2 )| ≤ Cρ. Thus

|S⊥x2 − S⊥x1| ≤ Cρ1/2
+ Cρ ≤ Cρς .
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Case 2: (x1)m > 0 and ρ= 0. In this case, we prove that S⊥(x1)= S⊥(x2). Fix ω much smaller than (x1)m .
By Steps 1 and 2, we may pick j large enough and three points Y1, Y2, W = (w, τ) ∈ 6̃ j such that
ρ(X i , Yi )≤ ω and 2ω ≤ ρ(S(W ), S(X i ))≤ 4ω. Up to choosing j larger, we may assume that ω ≥ Cεςj
and (yi )m ≥ (xi )m −ω ≥ 2εj . Therefore, by Proposition 4.3, since ρ(S(W ), S(Yi ))≥ ω, we estimate

|S⊥(x1 − x2)| ≤ |S⊥(x1 − y1)| + |S⊥(x2 − y2)| + |S⊥(y1 −w)| + |S⊥(y2 −w)|

≤ 2ω+ Cως .

Since ω > 0 is arbitrary, it holds S⊥(x1) = S⊥(x2). In particular, u(x ′, t) is a singleton for every
(x ′, t) ∈ E ′

+
. With a small abuse of notation, from here onwards, we will denote by u(x ′, t) ∈ Rd−m the

only element of the set defined in (4-9).

Case 3: (x1)m > 0 and ρ > 0. By Steps 1 and 2, we may choose j large enough and two points Y1, Y2

such that the following hold true:

(1) Y1, Y2 ∈ 6̃ j .

(2) For i = 1, 2, ρ(X i , Yi ) < ρ/8.

(3) Cεςj ≤ ρ/2.

(4) For i = 1, 2, (yi )m ≥ 2εj .

Then, by Proposition 4.3, it holds

|u(SX1)− u(SX2)| ≤ |u(SX1)− S⊥(y1)| + |u(SX2)− S⊥(y2)| + |S⊥(y1 − y2)|

≤ 2
ρ

8
+ Cρς ≤ 2Cρς ,

as desired. □

The rest of the proof consists in proving that u defined in Lemma 4.7 solves the heat equation
in the interior of E ′

+
. To this end, we recall some facts about the heat equation. First, recall that

E ′
+

= Qm
r0

∩ {xm ≥ 0} and let us introduce the sets

Intp E ′

+
= E ′

+
\ ∂p E ′

+
,

(E ′

+
)r = {x ′

∈ Rm
: |x ′

| ≤ r0 − r and x ′

m ≥ r} × [−r2
0 + r2, 0].

Notice that Intp E ′
+

=
⋃

r>0(E
′
+
)r .

Lemma 4.8 (interior regularity for the heat equation). Let g ∈ C(∂p E ′
+
). Then there exists h ∈

C∞(Intp E ′
+
)∩ C(E ′

+
) such that {

∂t h −1h = 0 in Intp E ′
+
,

h = g on ∂p E ′
+
.

Moreover, for every r > 0 there exists C > 0 such that, for every (x ′, t) ∈ (E ′
+
)r , it holds

max{|h(x ′, t)|, |∇h(x ′, t)|, |D2h(x ′, t)|, |∂t h(x ′, t)|} ≤ C∥g∥L∞(∂p E ′
+)
.

We now proceed with the proof of Theorem 4.1.
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Lemma 4.9. Let u be as in Lemma 4.7. Then u ∈ C∞(Intp E ′
+
; Rd−m)∩ C(E ′

+
; Rd−m) and

∂t u −1u = 0

in Intp E ′
+

.

Proof. We take as a model the proof of [Savin 2018, Lemma 2.4]. We show that u is equal to the solution
h : E ′

+
→ Rd−m to the boundary value problem{

∂t h −1h = 0 in Intp E ′
+
,

h = u on ∂p E ′
+
,

whose existence is guaranteed by Lemma 4.8. If not, there exist r, ω small and positive so that the function

E ′

+
∋ (x ′, t) 7→ |u(x ′, t)− h(x ′, t)|2 +ω|x ′

|
2

achieves its maximum at (x ′

0, t0) ∈ (E ′
+
)2r . Since 6̃ j converges in the Hausdorff distance to graph u, for

some large j we may find X1 = (x1, t1) ∈6 j such that (x ′

1, t1) ∈ (E ′
+
)r and the restriction to 6 j of

H(x, t) :=

∣∣∣∣ S⊥x
εj

− h(Sx, t)
∣∣∣∣2

+ω|Sx |
2

achieves its maximum at X1.
We claim that, if εj is small enough, depending on r and ω, then, for every m-dimensional subspace T,

it holds T : D2 H(X1) > ∂t H(X1). This would contradict Proposition 3.7, thus concluding the proof. To
prove the claim, we define f (x, t)= (1/εj )S⊥x − h(Sx, t) and, with some straightforward computations,
we write

H(x, t)= G1(x, t)+ G2(x, t),

where
G1(x, t)= | f (X1)|

2
+ 2 f (X1) · ( f (x, t)− f (X1))+ω|Sx |

2,

G2(x, t)= | f (x, t)− f (X1)|
2.

Notice that, by Lemma 4.8, there exists C depending on r such that

|D2G1(X1)| ≤ C(ω+ | f (X1)||D2h(SX1)|)≤ C.

Then, just as in [Savin 2018], it is easy to show that, if |T − S| ≤ cω, then

T : D2G1(X1) > ∂t H(X1)

and D2G2(X1)≥ 0; thus in this case T : D2 H(X1) > ∂t H(X1). On the other hand, if |T − S| ≥ cω, then
there exists a unit-vector ν ∈ T such that S⊥ν ≥ cω. In particular, since D2G2(X1)= 2∇ f (X1)∇ f (X1)

T,
it holds

T : D2G2(X1)≥ −|Sν|2|∇h(SX1)|
2
+

1
ε2

j
|S⊥ν|2 ≥

cω2

ε2
j
.

We now conclude by remarking that ∂t H(X1)= 2 f (X1) · ∂t h(SX1)≤ C and

T : D2G1(X1)≥ −|D2G1(X1)| ≥ −C.
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Thus

T : D2 H(X1)≥ −C +
cω2

ε2
j
> ∂t H(X1),

provided εj is chosen small enough depending on ω and C (which, in turn, is a large constant depending
on r ). □

Once proven that u is a solution to the heat equation, it is sufficient to apply the following classical
estimate:

Lemma 4.10 (boundary regularity for the heat equation). For every α ∈ (0, 1), there exist positive
constants C and β with the following property. Let u ∈ C2(Intp E ′

+
)∩ C(E ′

+
) be such that

∂t u −1u = 0 in Intp E ′

+
.

Assume, moreover, that for all t , u( · , t)|{xm=0} = g ∈ C1,α(Br0 ∩{xm = 0}) we have |g(0)| = |Dg(0)| = 0
and |u| ≤ 1 everywhere. Then there exists a linear operator L : Rm

→ Rd−m with |L| ≤ C such that, for
every η ∈

(
0, 1

4

)
,

|u(x ′, t)− L(x ′)| ≤ Cη1+β

in (Bm
η ∩ {xm ≥ 0})× (−η2, 0].

Proof. See [Wang 1992, Theorem 2.1]. □

Remark 4.11. From the fact that g ∈ C1,α and that Dg(0)= 0, it follows that L(x ′)= 0 if xm = 0.

Conclusion of the proof of Theorem 4.1. By Lemmas 4.9 and 4.10, there exists L : Rm
→ Rd−m linear

such that L(x ′)= 0 if x ′
m = 0, |L| ≤ C and, for every η small, it holds

6̃ ∩ (Bm
2η × Bd−m

1 × (−4η2, 0])⊂ {(x, t) : |S⊥x − L(Sx)| ≤ Cη1+β
}.

We fix η small, to be specified later, and we choose j sufficiently large so that the Hausdorff distance
between 6̃ and 6̃ j is smaller than η1+β. We now let T = {x ∈ Rd

: S⊥x = εj L(Sx)}. Then it holds

6 j
∩ Qη ⊂ {|T ⊥x | ≤ C ′εjη

1+β
}.

Moreover, by Proposition 4.2 and the fact that |γ
j

m(x ′′)| ≤ εj |x ′′
|
1+α, it holds

6 j
∩ Qη ⊂ {xm ≥ −εjη

1+α
− ε2

j },

provided η ≤ r2. We choose j large enough so that ε2
j ≤ η1+β. Since β can be chosen smaller than α,

6 j
∩ Qη ⊂ {xm ≥ −2εjη

1+β
} ∩ {|T ⊥x | ≤ Cεjη

1+β
}.

Up to choosing j larger, the above inclusion yields

6 j
∩ Qη ⊂ {dist( · , T +)≤ 2Cεjη

1+β
}.

We conclude the proof by choosing β ′ > β and η so small that 2Cη1+β
≤ η1+β ′

and we recover (4-3)
(with β ′ instead of β). This contradicts the assumption made at the beginning of the present subsection,
thus concluding the proof. □
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5. Boundary behavior

We now prove Proposition 4.2. The setting is the following. Let E0 and α be given and let r3 be the
constant given in Proposition 4.4. Assume M and 0 satisfy the assumptions of Theorem 4.1. Then
mdr(M, Qr3) <∞; therefore Proposition 4.2 follows from the following, more general, statement:

Proposition 5.1 (boundary behavior at scale R). There exist c and ε1 depending only on α with the
following property. Let 0< δ < ε ≤ ε1, 0 ∈ Fα(δ, BR) and M ∈ BFm(Q R, 0) be such that

6 ∩ Q R ⊂ {(x, t) : dist(x, S+)≤ εR}

and
mdr(M, Q R) <∞. (5-1)

Then

6 ∩ Q R/2 ⊂

{
(x, t) : xm ≥ γm(x ′′)− Rδ2

+ cR
|S⊥(x − γ (x ′′))|2

2(εR)2

}
.

Remark 5.2. The role of (5-1) is to guarantee that the maximum principle (Proposition 3.7) holds true.

Proof. By a simple rescaling argument, it is sufficient to prove the result in the case R = 1. We fix c small
and ε1 ≤ c, to be specified later. By contradiction, assume there exist 0< δ ≤ ε ≤ ε1, 0 and M as above,
and a point (x̄, t̄) ∈6 ∩ Q1/2 such that

0< ω :=
c

2ε2 |S⊥(x̄ − γ (x̄ ′′))|2 − δ2
+ γm(x̄ ′′)− x̄m .

We show that, if this is the case, then we may build a family of surfaces sliding in the direction of em that
touch 6 at some point where the conclusion of Proposition 3.7 fails.

In order to do so, we first define the functions g : Rd−m
→ R and h : Rm

→ R as

g(z)= c
|z − S⊥γ (x̄ ′′)|2

2ε2 ,

h(y)= P(y′′)− |y′′
− x̄ ′′

|
2
− ym,

where
P(y′′)= γm(x̄ ′′)+ ∇γm(x̄ ′′) · (y′′

− x̄ ′′)− δ2
− C |y′′

− x̄ ′′
|
2,

and C is a constant depending only on α chosen so that

P(x ′′)≤ γm(x ′′) (5-2)

(to show that such C depending only on α exists, use the fact that γ ∈ C1,α(BR) and Young’s inequality).
Then, choose a smooth function f : R → R such that f (−1)=−4c, f |t≥−1/4 ≥−ω/2, f < 0 everywhere
and f ′(t)≤ 8c everywhere. We now set

H(x, t)= g(S⊥x)+ h(Sx)+ f (t).

This way, the zero-level set of H is a surface sliding in the em-direction. Notice that

H(x̄, t̄)= ω+ f (t̄) > 0. (5-3)

We now show that, if (x, t) ∈6 ∩ ((0× R)∪ ∂p Q1), then H(x, t)≤ 0.
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(1) If x ∈6−1, then

• g(S⊥x)≤ c(ε+ δ)2/(2ε2)= 2c, since |S⊥x | ≤ ε and |γ (x ′′)| ≤ δ ≤ ε,

• by (5-2), h(Sx)≤ γm(x ′′)− xm ≤ 2ε.

The two above facts, along with the assumption f (−1)= −4c, yield

H(x,−1)≤ 2c + 2ε− 4c ≤ 0

provided ε ≤ c.

(2) If x ∈ ∂B1 ∩6t , then |S⊥x | ≤ ε and xm ≥ −ε. Thus

|x ′′
| ≥

√
1 − ε2

− x2
m ≥

3
4 − xm,

provided ε is small enough. In particular, |x ′′
− x̄ ′′

| ≥
1
4 − xm . Hence:

• Since ∥γ ∥C1,α(B1) ≤ δ, we have

h(Sx)≤ 2δ− (C + 1)|x ′′
− x̄ ′′

|
2
− xm ≤ 2δ− (C + 1)

( 1
4 − xm

)2
− xm .

• As in (1), g(S⊥x)≤ 2c,

• f (t)≤ 0.

Therefore

H(x, t)≤ 2c + 2δ− (C + 1)
( 1

4 − xm
)2

− xm ≤ 2c + 2δ−
C

4(1 + C)
≤ 0

provided C ≥ 1 and c, δ are small enough.

(3) Lastly, for every x ∈ 0 and t ∈ (−1, 0), under the assumptions δ ≤ ε and c ≤ 1, it holds

g(S⊥x)=
c

2ε2 |S⊥(γ (x ′′)− γ (x̄ ′′))|2 ≤
c

2ε2 ∥∇γ ∥
2
∞

|x ′′
− x̄ ′′

|
2
≤ |x ′′

− x̄ ′′
|
2.

Since f ≤ 0 and h(Sx)≤ γm(x ′′)− |x ′′
− x̄ ′′

|
2
− xm , we have

H(x, t)≤ γm(x ′′)− xm = 0.

Points (1)–(3) above and (5-3) show that there must exist Y = (y, s) ∈ Q1 ∩6 with y /∈ 0 such that
H |{t≤s} has a local maximum at (y, s).

We now show that one can choose c even smaller, if needed, so that the existence of such a point would
contradict the maximum principle. Indeed, since |S⊥y| ≤ ε, if c is small enough then

|∇h(Sy)|2

|∇g(S⊥y)|2
≥ ε.

Thus
|S⊥

∇ H(Y )| = |∇g(S⊥y)| ≤ (1 − ε)|∇ H(Y )|.

Therefore, if T is an m-dimensional subspace of Rd such that T ⊥ ∇ H(Y ), then

T : S⊥
≥ ε
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and

T : D2 H(Y )= T :

(
D2h 0

0 D2g

)
≥ −|D2h(Sy)| + ε|D2g(S⊥y)|.

Now, simple computations show that, up to multiplication by constants depending only on m and α,
|D2h(Sy)| ≤ 1 and |D2g(S⊥y)| ≥ c/ε2. Therefore, if ε is much smaller than c, then T : D2 H(y)≥ c/(2ε).
However, by Proposition 3.7, it holds

inf
T ⊥∇ H(Y )

T : D2 H(Y )≤ ∂t H(Y )= f ′(s)≤ 8c,

which is a contradiction. □

6. Decay of oscillations: proof of Proposition 4.3

We begin by giving the following definition:

Definition 6.1. Let u : Rm,1
→ [−∞, 1] be an upper-semicontinuous function. Assume that, whenever a

smooth function ϕ : Rm,1
→ R touches u from above at some (x ′

0, t0)∈U × I (according to the terminology
set in Section 3.2) and |∇ϕ(x ′

0, t0)|, |D2ϕ(x ′

0, t0)| are smaller than some fixed universal constant δ0, then

∂tϕ−M+(D2ϕ)≤ 0 (6-1)

at (x ′

0, t0) (see Section 3.2 for the definition of M+). Then u is said to be a viscosity subsolution to (6-1)
in U × I.

The reader should notice that the classical definition of viscosity solution is slightly different than ours, in
that the test function ϕ usually has no restrictions on the magnitude of |∇ϕ| and |D2ϕ| at the touching point.

The proof of Proposition 4.3 is achieved in three steps:

(1) First of all, one sees that the support of a M behaves, in some sense, like the graph of a viscosity
subsolution to (6-1), as in the definition above; this was proved in Corollary 3.8.

(2) By exploiting the results in [Wang 2013], one shows that, if a 6 has a point far enough from S, then
the mass of M near that point cannot be too small.

(3) If 6 does not have the decay of oscillations stated in Proposition 4.3, then by the previous step the
mass of M in some parabolic cylinder must be large; this contradicts the small density assumption (4-1).

Before proceeding, we introduce some notation that we are going to use in the present subsection.
Given θ ∈ (0, 1), we define the set

Pθ1 =

{
(x ′, t) ∈ Rm,1

: |x ′
|
2 <−

t
θ2 < 1

}
.

One should compare these sets with those which, in [Wang 2013], are called “parabolic balls”. Our
definition slightly differs from theirs; notice that with our choice Pθ1 ⊂ Bm

1 × (−θ2, 0).
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Lemma 6.2 (measure estimate [Wang 2013]). For every θ > 0 and µ ∈ (0, 1), there exist small con-
stants η′, r with the following property. Let u : Rm,1

→ [−∞, 1] be a viscosity subsolution to (6-1) in
Bm

1 × (−θ2, 0) and assume that
u(Y0)≥ 1 − η′

for some Y0 ∈ Bm
r × (−θ2r2, 0). Then

Lm,1({u ≥ 1 −µ} ∩Pθ1 )≥ (1 −µ)Lm,1(Pθ1 ). (6-2)

Proof. This result corresponds, essentially, to [Wang 2013, Lemma 4.3]. Apart from some trivial
adjustment of constants, there are two caveats:

• The results in [loc. cit.] are stated with the classical definition of viscosity solutions, where no bound
on the test function at the touching point is required. However, it is easy to see that the results are valid
for our definition of viscosity solution, as well.

• In our setting, we allow u to be merely upper-semicontinuous and, possibly, take infinite values, while
in [loc. cit.] u is required to be continuous. This minor point can be easily overcome by looking at the
sup-convolution of u,

uδ(x, t)= sup
{

u(y, s)− 1
δ
(|x − y|

2
+ (t − s)2)

}
,

which conserves the property of being a viscosity subsolution to (6-1) and for which (6-2) holds true, by
[loc. cit., Lemma 4.3]. Letting δ ↘ 0 gives the desired conclusion. □

Before stating the next result, we fix some further notation. For any closed set 6 ⊂ Rd,1 and any
�⊂ Rd,1, we let

osc(6,�)= inf
{
h > 0 : there is y ∈ Rd such that 6 ∩�⊂ {x : |S⊥(x − y)| ≤ h}

}
.

We also let
Cr = {x ∈ Rd

: |Sx |< r}.

Lemma 6.3 (Harnack inequality). For every δ ∈ (0, 1), there exist small constants ε2, θ , r , η with the
following property. Let ε ≤ ε2 and M ∈ BFm(C1 × (−θ2, 0]) be such that

6 ⊂ {|S⊥x | ≤ ε}, (6-3)∫
C1

9( · , t) d Mt ≤ 2 − δ for all t ∈ (−θ2, 0), (6-4)

and
mdr(M,C1 × (−θ2, 0]) <∞. (6-5)

Then
osc(6,Cr × (−θ2r2, 0])≤ (1 − η)ε. (6-6)

The proof of the above result involves some technical estimates. It is therefore convenient to give
an overview of the strategy. If (6-6) does not hold, then one finds two points Y1 and Y2 in 6 that are
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far enough in S⊥. By applying Lemma 6.2 twice, we find that in C1 × (−θ2, 0) the mass of M must be
almost that of two m-dimensional disks. This contradicts (6-4), which encodes the fact that the mass of
M must not exceed by too much that of a single disk.

Proof of Lemma 6.3. Let δ ∈ (0, 1) be given. Fix θ and µ, which we will specify later, and let r
and η′ be chosen accordingly as in Lemma 6.2. Moreover, fix ε much smaller than µ and η ≤ η′, to
be specified later. Assume, by contradiction, that there exist M ∈ BFm(C1 × (−θ2, 0]) that satisfies
the assumptions of the present result with the choices made above, and two points Y1 = (y1, s1), Y2 =

(y2, s2) ∈6∩ (Cr × (−θ2r2, 0]) with |S⊥y1 − S⊥y2| ≥ 2(1−η)ε. For every (x ′, t) ∈ Bm
1 × (−θ2, 0] and

for i = 1, 2, let

ui (x ′, t)=
1
2ε

sup{|z − S⊥yi | : z ∈ S⊥ and (x ′, z) ∈6t }.

Notice that u1 and u2 are upper-semicontinuous and, for every (x ′, t), either u1(x ′, t), u2(x ′, t) ∈ [0, 1] or
u1 = u2 = −∞. By Corollary 3.8 and (6-5), both u1 and u2 are viscosity subsolutions to (6-1). Moreover,

u1(Sy2, s2)≥
1
2ε

|S⊥y2 − S⊥y1| ≥ 1 − η ≥ 1 − η′
;

hence, by Lemma 6.2,
Lm,1({u1 ≥ 1 −µ} ∩Pθ1 )≥ (1 −µ)Lm,1(Pθ1 ).

With the same argument, one also obtains

Lm,1({u2 ≥ 1 −µ} ∩Pθ1 )≥ (1 −µ)Lm,1(Pθ1 ). (6-7)

We now want to estimate ∫
C1×(−θ2,0)

9 d M.

We first define, for i = 1, 2, the sets

Ai =

{
(x, t) ∈ Rd,1

: (Sx, t) ∈ Pθ1 , |S
⊥(x − yi )| ≤

ε

2
and t ≤ −

2ε2

δ

}
.

Notice that A1 ∩ A2 = ∅ and, by (6-3), for M-a.e. (x, t) ∈ Ai , it holds

9(x, t)= exp
(

|S⊥x |
2

4t

)
9 ′(Sx, t)≥ exp

(
−

ε2

8ε2/δ

)
9 ′(Sx, t)≥

(
1 −

δ

8

)
9 ′(Sx, t),

where 9 ′(x ′, t) :=9((x ′, 0), t).
Therefore we have∫

C1×(−θ2,0)
9 d M ≥

∫
A1

9 d M +

∫
A2

9 d M

≥

(
1 −

δ

8

)(∫
A1

9 ′(Sx, t) d M(x, t)+
∫

A2

9 ′(Sx, t) d M(x, t)
)
. (6-8)

Moreover, by Lemma 3.6 and by the coarea formula,∫
Ai

9 ′(Sx, t) d M(x, t)≥

∫
S(Ai ∩6)

9 ′(x ′, t) dLm,1(x ′, t). (6-9)
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We may assume that µ and η are smaller that some universal constant so that, if z ∈ Rd−m with |z| ≤ ε

is such that |z − S⊥y2|/(2ε)≥ 1 −µ, then

|z − S⊥y1| ≤
ε

2
.

In particular, we have

S(A1 ∩6)⊃ {u2 ≥ 1 −µ} ∩Pθ1 ∩

{
t ≤ −

2ε2

δ

}
,

which, together with (6-7), yields that S(A1 ∩6) covers a large portion of Pθ1 ; namely

Lm,1(S(A1 ∩6))≥ Lm,1
(
Pθ1 ∩ {u2 ≥ 1 −µ} ∩

{
t ≤ −

2ε2

δ

})
≥ Lm,1(Pθ1 ∩ {u2 ≥ 1 −µ})−

2ε2

δ
≥ (1 − 2µ)Lm,1(Pθ1 ),

provided ε2
≤ cδµ for some c small universal.

We are now ready to choose µ, depending on δ, so that the above inequality and the fact that 9 ∈

L1(Lm,1 ⌞Pθ1 ) yield∫
S(A1∩6)

9 ′ dLm,1
≥

∫
Pθ

1

9 ′ dLm,1
−
δθ2

8
= θ2

∫
Bm

1

9 ′( · ,−θ2) dLm
−
δθ2

8
. (6-10)

Finally, we also choose θ small such that∫
Bm

1

9 ′( · ,−θ2) dLm
≥

∫
Rm
9 ′( · ,−θ2) dLm

−
δ

8
= 1 −

δ

8
. (6-11)

By (6-10) and (6-11), it holds ∫
S(A1∩6)

9 ′ dLm,1
≥ θ2

(
1 −

δ

4

)
. (6-12)

The same argument can be repeated for A2, thus giving∫
S(A2∩6)

9 ′ dLm,1
≥ θ2

(
1 −

δ

4

)
. (6-13)

We conclude the proof by combining (6-8), (6-9), and (6-12), (6-13), obtaining∫
C1×(−θ2,0)

9 d M ≥ 2θ2
(
1 −

δ

8

)(
1 −

δ

4

)
≥ θ2

(
2 −

3δ
4

)
,

which contradicts (6-4). This concludes the proof. □

A simple rescaling argument allows one to iterate Lemma 6.3 and obtain the following

Proposition 6.4. For every δ ∈ (0, 1) there exist C (large) and ς (small) with the following property. Let
M ∈ BFm(CR × (−R2, R2)) be such that

mdr(M,CR × (−R2, R2)) <∞ (6-14)
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and assume that, for every (x, t) ∈ CR/2 × (−R2/4, R2/4)) and every s ∈ (t − R2/4, t), it holds∫
CR/2(x)

9( · − x, s − t) d Ms ≤ 2 − δ. (6-15)

If ε = osc(6,CR × (−R2, R2)), then, for any couple (x, t), (y, s) ∈ CR/2 × (−R2/4, R2/4)∩6 such
that ρ = ρ(X ′, Y ′)≥ C R1−ςες , it holds

|S⊥(x − y)| ≤ Cε
(
ρ

R

)ς
.

Proof. We prove the result for R = 1, as the general case follows by replacing M with DR M.
Let ε2, θ , r , η be the constants given in Lemma 6.3 in correspondence to δ. Without loss of generality,

we may assume that ε ≤ ε2; otherwise the result follows by choosing C large enough. Consider the
rescaled flows Mk

= Dr k (M − X). By induction, the assumptions of Lemma 6.3 are in place for every
integer k such that (

1 − η

r

)k

ε ≤ ε2. (6-16)

Therefore, scaling back to the original flow, we see that for those k

osc(6M ,Cr k (x)× (t − θ2r2k, t])≤ (1 − η)kε.

Let now X = (x, t) and Y = (y, s) be two points in C1/2 ×
(
−

1
4 ,

1
4

)
∩6 and let ρ = ρ((x ′, t), (y′, s)).

Without loss of generality, we may assume that t ≥ s. Furthermore, by taking C ≥ 2/θ , we may clearly
reduce ourselves to the case ρ ≤ θ/2. By choosing ς small enough and C larger than the choice
made above, if necessary, we infer from ρ ≥ Cες that there exists k ∈ N satisfying (6-16) such that
r k+1

≤ 2ρ/θ ≤ r k. Thus

Y ∈ C2ρ(x)× (t − 4ρ2, t] ⊂ Cr k (x)× (t − θ2r2k, t];

hence it must be |S⊥(x − y)| ≤ 2(1 − η)kε. We conclude the proof by taking C larger and ς smaller, if
needed, so that 2(1 − η)k ≤ Cρς. □

We finally prove Proposition 4.3.

Proof of Proposition 4.3. Let r2 =
1
2 min{r1, r3}, where r1 and r3 are given in Propositions 4.2 and 4.4,

respectively. Let also X = (x, t), Y = (y, s) be two points in 6 ∩ Qr2 . Without loss of generality, we
assume that R := xm ≥ ym ≥ 2ε. Let ρ = ρ((x ′, t), (y′, s)); finally, let ς be the constant determined in
Proposition 6.4 corresponding to δ =

1
2 . We shall distinguish two cases.

If ρ ≤ R/8, then we may find t ′
∈ (−r2

2 , 0] such that X, Y ∈ CR/4(x)× (t ′
− R2/16, t ′

+ R2/16) and
CR/4(x) ⊂ 0c. Since R ≤ 1, the assumption ρ ≥ Cες yields ρ ≥ C R1−ςες. By Proposition 4.4 and
Corollary 4.5, (6-14) and (6-15) hold true; thus Proposition 6.4 applies and we obtain

|S⊥(x − y)| ≤ C
(
ρ

R

)ς
osc(6,U(X)),
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where U(X) := CR/4(x)× (t ′
− R2/16, t ′

+ R2/16). By Proposition 4.2, we may estimate

osc(6,U(X))≤ 2Cε
√

2R + ε+ ε2 + C R∥∇γ ∥∞ ≤ CεR1/2,

since ε ≤ R/2 and ∥∇γ ∥∞ ≤ Cε. Thus

|S⊥(x − y)| ≤ CεR1/2−ςρς ≤ Cερς ,

since ς can be chosen smaller than 1
2 .

On the other hand, if ρ ≥ R/8, then it is sufficient to use Proposition 4.2 twice and the fact that
∥∇γ ∥∞ ≤ Cε to estimate

|S⊥(x − γ (x ′′))| ≤ Cε(R + ε+ ε2)1/2 ≤ Cερ1/2,

|S⊥(y − γ (y′′))| ≤ Cε(2R + ε+ ε2)1/2 ≤ Cερ1/2,

|S⊥(γ (y′′)− γ (x ′′))| ≤ Cερ.
We therefore conclude

|S⊥(x − y)| ≤ Cερ1/2
≤ Cερς ,

which is the desired result. □

7. C1,β regularity

In the present section, we prove the following ε-regularity theorem:

Theorem 7.1 (C1,β regularity). For every E0 and α, there are small constants ε3,3, η and β with the
following property. Let ε ≤ ε3, 0 ∈ Fα(ε, B1), M ∈ BFm(B1 × [−3, 0], 0) be such that (0, 0) ∈6M ,

6M ⊂ {(z, τ ) : dist(z, S+)≤ ε},

sup
t∈[−3,0]

Mt(B1)≤ E0

and ∫
B1

9( · ,−3) d M−3 ≤
3
4
.

Then there is u ∈ C1,β(Qm
η ,Rd−m) with ∥u∥C1,β ≤ Cε such that 6M ∩ Qd

η = graph u and, for all
t ∈ (−η2/4, 0], it holds ∂6t ∩ Bη ⊂ 0.

Before proving the above result, we record the following consequence of Theorem 4.1

Proposition 7.2 (iteration of the improvement of flatness). Under the assumptions of Theorem 4.1, for
every X = (x, t) ∈6 ∩ Qη:

• If x ∈ 0, then there exists an m-dimensional half-plane T +

X such that ∂T +

X = Tx0 and

6 ∩ Qηk (X)⊂ {dist( · , x + T +

X )≤ 2εηk(1+β)
}

for every k ∈ N.

• If x /∈ 0, then there exists an m-dimensional plane TX such that

6 ∩ Qηk (X)⊂ {dist( · , x + TX )≤ 2εηk(1+β)
}

for every k ∈ N.



EPSILON-REGULARITY FOR THE BRAKKE FLOW WITH BOUNDARY 887

Proof. This result is a straightforward consequence of an iteration of Theorem 4.1. Namely, given
X ∈6 ∩ Qη with x ∈ 0, we may find a sequence of half-planes T +

k such that

6 ∩ Qηk ⊂ {dist( · , T +

k )≤ ηk(1+β)ε}.

Moreover, |T +

k − T +

k−1| ≤ Cεηk(1+β)/ηk for some C depending only on E0 and α. Therefore, {T +

k }

converges to some half-plane T +

X for which the conclusion of the proposition holds true.
For the case x /∈0, one may see [Tonegawa 2019] or replicate the techniques of the previous sections. □

Remark 7.3. Given x ∈ 0 and T +

(x,t) as in Proposition 7.2, throughout the rest of the present section,
we let T(x,t) be the m-dimensional plane obtained by reflecting T +

(x,t) across Tx0. We note the following
conclusion of Theorem 4.1: there is C depending only on E0 and α such that, for every X ∈6∩Qη, it holds

|TX − S| ≤ Cε.

We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. Up to a rotation, we may assume, without loss of generality, that T(0,0) defined in
Proposition 7.2 coincides with the plane S that satisfies the assumptions of the present result.

Step 1: 6 is the graph of a C1,β function over S(6). Let X ∈6 ∩ Qd
η and, for simplicity of notation, let

T = TX as defined in Remark 7.3; recall that |T − S| ≤ Cε. For any other point Y ∈6∩ Qd
η , we may write

|S⊥(x − y)| ≤ |T ⊥(x − y)| + |S⊥
− T ⊥

||x − y|

≤ Cερ(X, Y )1+β
+ Cερ(X, Y )

≤ 2Cερ(X, Y ).

If ε3 is smaller than some universal constant, we conclude

|S⊥(x − y)| ≤ 3Cερ(SX, SY ).

The above inequality, together with Proposition 7.2, yields

|T ⊥(x − y)| ≤ Cερ(SX, SY )1+β . (7-1)

Now, by using the identities S + S⊥
= T + T ⊥

= I , it may be checked by direct computations that

(I − S⊥T )S⊥(x − y)− S⊥T S(x − y)= S⊥T ⊥(x − y). (7-2)

Since |S − T | ≤ Cε, (I − S⊥T ) is invertible and |(I − S⊥T )−1
| ≤ 2 provided ε is small enough. In

particular, by letting L = (I − S⊥T )−1S⊥, we have |L| ≤ 2. Then (7-1) and (7-2) above give

|S⊥x − S⊥y − LT (Sx − Sy)| = |LT ⊥(x − y)| ≤ 2|T ⊥(x − y)| ≤ Cερ(SX, SY )1+β . (7-3)

This proves that, indeed, there is u ∈ C1,β(S(6 ∩ Qη); Rd−m) with ∥u∥C1,β ≤ Cε such that 6 ∩ Qη =

graph u.
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Step 2: Absence of holes. We now “split” the parabolic cylinder Qη/2 into two components, on two
opposite sides of 0. To this end, we define the sets

E ′

+
:= {x ′

∈ Bm
η/2 : x ′

m > γm(x ′′)}, E ′

−
:= {x ′

∈ Bm
η/2 : x ′

m < γm(x ′′)},

their parabolic counterparts
E ′

±
:= E ′

±
× (−η2/4, 0] ⊂ Rm,1

and, lastly,
E± = {(x, t) ∈ Rd,1

: (x ′, t) ∈ E±}.

Arguing for the positive side (as the argument applies for the other case) we claim that, if X1 = (x1, t1) ∈
6 ∩ E+, then

E ′

+
∩ {t ≤ t1} ⊂ S(6 ∩ Qη). (7-4)

To prove this, assume by contradiction that there is (x ′

0, t0) ∈ E ′
+

\ S(6) with t0 < t1. Since γ ∈ C1,α, it
is easy to see that there exist a smooth curve p : [t0, t1] → E ′

+
and ρ > 0 with the following properties:

p(t0)= x ′

0 and p(t1)= x ′

1,

Qm
ρ (p(t), t)⊂ E ′

+
,

Qm
ρ (p(t0), t0)⊂ S(6)c.

The fact that 6 is closed and Proposition 3.4 yield the existence of a time t̄ ∈ (t0, t1) such that
Qm
ρ (p(t), t)⊂ S(6)c for every t < t̄ and a point (y0, s0) ∈6 such that (y′

0, s0) ∈ ∂Bm
ρ (p(t̄))×[t̄ −ρ2, t̄].

Let us now consider a sequence rj ↘ 0 and define the dilations

M j
= Drj (M − (y0, s0)).

Since M has bounded maximal density ratio, the compactness theorems in [White 2021, Section 10]
yield that, up to passing to a subsequence, M j converges to a limit Brakke flow M∞.

Then (7-3) implies that there exists an m-dimensional half-plane T + such that

6M∞ ⊂ T +
× (−∞, 0].

Moreover, since (y0, s0) ∈6M , we have (0, 0) ∈6M∞ .
We finally show that this violates the maximum principle. Up to a change of coordinates, say

T +
= {xm+1 = · · · = xd = 0 and xm > 0} and let

f (x, t)=
|T ⊥x |

2

2
−

|x ′′
|
2

2m
+

|xm |
2

2
− xm +

1
2m

t,

where x ′′
= (x1, . . . , xm−1). Then f |6M∞∩{t≤0} has a local maximum at (0, 0). However, it holds

∂t f (0, 0)= 1/(2m) and

inf
T ∈Gr(m,d)
T ⊥∇ f (0,0)

T : D2 f (0, 0)= 1 − (m − 1) 1
m

=
1
m
,

which contradicts Proposition 3.7, thus proving (7-4).
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Step 3: Conclusion. Since, by assumption, (0, 0) ∈6M , by Proposition 3.4 it must be Mt(Br ) > 0 for
every t < 0 and r > 0. However, if there were t1 < 0 and r > 0 such that

Mt1(Br ∩ {xm < γm(x ′′)}) > 0,

by the previous step it should be E ′
−

∩{t ≤ t1}⊂ S(6∩Qη). However, this would contradict Proposition 5.1
with R = η, provided ε3 is chosen small enough. Therefore we have that, for every t < 0 sufficiently
close to 0, it must be

Mt(Br ∩ {xm > γm(x ′′)}) > 0

and, by the previous step, E ′
+

⊂ S(6 ∩ Qη) which, together with (7-3) amounts to saying that there exists
u : E ′

+
→ Rd−m such that

6∩(E+∪E−)= graphu = {(x, t) : Sx ∈ E ′

+
and S⊥x = u(Sx, t)}

and ∥u∥C1,β ≤ Cε.
We only have to prove that ∂6t ∩ Bη/2 ⊂ 0 for every t ∈ (−η2/4, 0]. If there were x ∈ ∂6t ∩ Bη/2 \0,

then by the fact that u ∈ C1,β there would be some blow-up of 6 around (x, t) that is contained in an
m-dimensional half-plane for all times. Arguing as in the previous step, one finds a contradiction to
Proposition 3.7. □

Appendix A: Proof of Lemma 3.2

Up to rescaling and translating, it is sufficient to prove that there exist A and 3 small and positive,
depending only on δ and α, such that, if 0 is an (m−1)-dimensional properly embedded submanifold of B2

with [0]C1,α(B2) ≤ A, then ∫ 0

−3

∫
|Ty0

⊥
∇91(y, t)| d0(y) dt ≤

χ0c(0)
2

+ δ. (A-1)

For brevity, we denote by 0y the space Ty0. Throughout the proof, C will denote constants (possibly
changing from one expression to another) depending only on m, d, α.

Case 1: 0 ∈ 0. We start by remarking that∫ 0

−3

∫
|0⊥

y ∇91( · , t)| d0 dt ≤

∫ 0

−3

∫
B2

|0⊥

y ∇9( · , t)| d0(y) dt + C0(B2)

∫ 0

−3

e1/(4t)

(−t)m/2
dt.

If A is smaller than some universal constant, then 0(B2)≤ C ; thus we may take 3 small depending on δ
so that the last term in the above inequality is smaller than δ/2. Therefore we reduce ourselves to proving
that, if A is small, then

I1 :=

∫ 0

−3

∫
B2

|0⊥

y ∇9( · , t)| d0 dt ≤
δ

2
.

Since [0]C1,α(B2) ≤ A is small, for every (y, t) ∈ 0× (−∞, 0),

|0⊥

y ∇9(y, t)| ≤ C
e|y|

2/t

(−t)1+m/2 |0⊥

y y| ≤ C A
e|y|

2/t

(−t)1+m/2 |y|
1+α.



890 CARLO GASPARETTO

We then use the fact that, if A is smaller than some universal constant, then 0 ∩ B2 is the graph over 00

of some function γ : Rm−1
→ Rd−m+1 such that ∥γ ∥C1,α ≤ C A. In particular, by using the area formula

and the fact that ∥∇γ ∥L∞(B2) ≤ 1 for A small enough, we obtain∫
B2

|0⊥

y ∇9(y, t)| d0(y)≤ C A
1

(−t)1+m/2

∫
Rm−1

|y|
1+αe|y|

2/t dLm−1(y)= C A(−t)α/2−1

for some C depending only on m and α. Therefore, assuming 3≤ 1,

I1 ≤ C A
∫ 0

−1
(−t)α/2−1 dt ≤ C A.

We conclude the proof in the case 0 ∈ 0 by choosing A ≤ δ/(2C).

Case 2: 0 /∈ 0. Let E0 be the m-dimensional Hausdorff measure restricted to the exterior cone

C0 := {λy : λ≥ 1 and y ∈ 0}

with multiplicity, as defined in [White 2021, Section 7]. With similar computations to those in the proof
of [loc. cit., Theorem 7.1], we may show that∫ 0

−3

∫
|0⊥

y ∇91(y, t)| d0(y) dt ≤ − lim
τ↗0

∫
91( · , τ ) d E0 +

∫
91( · ,−3) d E0 + C3E0(B2)

=

∫
91( · ,−3) d E0 + C3E0(B2),

where the last equality comes from the fact that 0 /∈ 0.
In order to prove (A-1), we argue by contradiction: assume there is a sequence {0 j

} with 0 /∈ 0 j such
that ∥0 j

∥C1,α(B2) ≤ 1/j for which the left-hand side of (A-2) is greater than 1
2 + δ. One may show that,

up to extracting a subsequence, E0 j converges weakly to Hm ⌞ S+, where S+ is some m-dimensional
half-plane such that 0 /∈ Int(S+). Therefore

lim sup
j→∞

{∫
91( · ,−3)E0 j + C3E0 j (B2)

}
≤

∫
S+

91( · ,−3) dHm
+ C3Hm(B2 ∩ S+).

Since 0 /∈ Int(S+), the integral in the right-hand side of the above inequality is smaller than 1
2 for every

choice of 3. On the other hand, 3 may be chosen so small that

C3Hm(B2 ∩ S+)≤
δ

2
,

which contradicts the assumption made above, thus concluding the proof.

Appendix B: Proof of Lemma 3.6

We refer the reader to [Kasai and Tonegawa 2014, Lemma 9.4] for a detailed proof of Lemma 3.6. Since
some minor modifications are needed, in this section we sketch the outline of the proof.
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Let U ⊂ Rd be open, I ⊂ R be a nonempty interval, 0 be an (m−1)-dimensional C1,α submanifold of
U and let M ∈ BFm(U × I, 0). We assume that M satisfies a bound of the form

mdr(M,U × I )≤ E1 <∞ (B-1)

and we let 6 =6M be its space-time support.
Before proceeding, by virtue of Proposition 3.4, we fix small constants c1, c2 and R0, depending on E1

and 0, such that, for every (x, t) ∈6 and every R ≤ R0 such that BR(x)× (t −c1 R2, t)⋐U × I, it holds

Mt−c1 R2(BR/2(x))≥ c2 Rm .

By Definition 2.3, for almost every t ∈ I there exist an m-dimensional rectifiable set E ⊂ U and a
positive, integer-valued function θt : Et → N such that Mt = θt( · )Hm ⌞ Et . We choose a time t as above,
with the additional condition that s 7→ Ms(ϕ) is continuous at t for every ϕ ∈ Cc(U ). By [Tonegawa
2019, Proposition 3.3], almost every t ∈ I satisfies the latter condition.

We claim that, for every such t and for every B3r (x0)⋐ U, it holds

Hm((6t \ Et)∩ Br (x0))= 0; (B-2)
this clearly implies (3-4).

In order to prove (B-2), we argue by contradiction. Assume that there is (x0, t0) ∈ U × I and r > 0
such that B3r ⋐ U and Hm(A ∩ Br (x0)) > 0. Without loss of generality, we may take x0 = 0, t = 0 and
set A :=60 \ E0.

Let
Ak := {x ∈ A ∩ Br : M0(BR(x))≤ c2 Rm/2 for all R ∈ (0, r/k)}.

Since, for Hm-a.e. x ∈ Ec
0, it holds

lim
R↘0

M0(BR(x))
Rm = 0,

we have

0<Hm(A ∩ Br )= Hm
(⋃

k∈N

Ak

)
.

Therefore we may find k ∈ N such that b0 := Hm(Ak) > 0.
By standard measure-theoretic arguments, it is not hard to show that there exists c small universal such

that, for every R small enough, we may find N ∈ N and a finite collection of points {x j }
N
j=1 ⊂ Ak such

that {BR(x j )} are mutually disjoint and
N Rm

≥ cb0. (B-3)

By the definition of A, since x j ∈ Ak , we have

M0

( N⋃
j=1

BR(x j )

)
≤ Nc2

Rm

2
. (B-4)

On the other hand, by Proposition 3.4 and the fact that x j ∈60, we have

M−c1 R2

( N⋃
j=1

BR/2(x j )

)
≥ Nc2 Rm . (B-5)
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We now fix a cut-off function ϕ ∈ C∞
c (B1) such that ϕ ∈ [0, 1] everywhere, ϕ|B1/2 ≡ 1 and |∇ϕ| ≤ 4.

Then, given R small, we let ϕ0(x)= ϕ(x/(2r)), ϕj (x)= ϕ((x − x j )/R) and

ϕ̃ = ϕ0 −

N∑
j=1

ϕj .

Then clearly ϕ̃ ∈ [0, 1] everywhere and |∇ϕ̃| ≤ C/R. Notice, moreover, that
N∑

j=1

χBR/2(x j ) ≤

N∑
j=1

ϕj ≤

N∑
j=1

χBR(x j ).

For brevity, set s = −c1 R2. By (B-4) and (B-5), we have

M0(ϕ0)− Ms(ϕ0)= (M0(ϕ̃)− Ms(ϕ̃))+

(
M0

(∑
ϕj

)
− Ms

(∑
ϕj

))
≤ (M0(ϕ̃)− Ms(ϕ̃))+ (Nc2 Rm/2 − Nc2 Rm)

≤ (M0(ϕ̃)− Ms(ϕ̃))− c3b0 (B-6)

for some c3 small, where (B-3) was used in the last inequality.
We now estimate, by using Definition 2.3,

M0(ϕ̃)− Ms(ϕ̃)≤

∫ 0

s

∫
H · ∇ϕ̃ d Mt dt ≤

(∫ 0

s

∫
B2r

|H |
2
)1/2(∫ 0

s

∫
|∇ϕ̃|

2
)1/2

. (B-7)

By (B-1) and the fact that s = −c1 R2, we have, for some C large,∫ 0

s

∫
|∇ϕ̃|

2 d Mt dt ≤ (−s)∥∇ϕ̃∥
2
∞

Mt(B2r )≤ C E1rm
;

therefore (B-6) and (B-7) yield(∫ 0

−c2 R2

∫
B2r

|H |
2 d Mt dt

)1/2

≥

(
1

C E1rm

)1/2

(M0(ϕ0)− M−c1 R2(ϕ0)+ c3b0).

By assumption, t 7→ Mt(ϕ0) is continuous at 0. Thus we may choose R so small that the right-hand side
of the above inequality is larger than cb0/(E1rm)1/2 for some c small enough.

Finally, we consider the function ϕ̂=ϕ(x/(3r)). By Definition 2.3 and the Cauchy–Schwarz inequality,
we have

M0(ϕ̂)− M−c1 R2(ϕ̂)≤

∫ 0

−c1 R2

∫
B3r

(−ϕ̂|H |
2
+ ∇ϕ̂ · H) d Mt dt

≤ −

∫ 0

−c1 R2

∫
B3r

1
2
ϕ̂|H |

2 d Mt dt +

∫ 0

−c1 R2

∫
B3r

|∇ϕ̂|
2

2ϕ̂
d Mt dt

≤ −
1
2

∫ 0

−c1 R2

∫
B2r

|H |
2 d Mt dt + C E1rm R2

≤ −c
b2

0

E1rm ,

provided R is chosen small enough. This contradicts the continuity of t 7→ Mt(ϕ̂) at 0, thus concluding
the proof.
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