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EPSILON-REGULARITY FOR THE BRAKKE FLOW WITH BOUNDARY

CARLO GASPARETTO

We prove that, if a Brakke flow with boundary is close enough to a stationary half-plane with density 1, then
it is C'% Our approach is based on viscosity techniques introduced by Savin in the context of elliptic equa-
tions. The same techniques can be used to give an alternative proof of Brakke’s (interior) regularity theorem.

1. Introduction

We state and prove a Brakke-type theorem for the mean curvature flow with boundary, that is, a flow of
m-dimensional surfaces in R so that at every point the normal component of the velocity is equal to the
mean curvature and the boundary is fixed. A weak notion of such a flow has been recently introduced in
[White 2021] by using integral varifolds, as devised by Brakke [1978]. The objects in question are called
integral Brakke flows with boundary.

In short, given an (m—1)-dimensional submanifold I', an integral Brakke flow with boundary I is a
collection {V;};c; of m-dimensional integral varifolds with the constraint that the first variation of V; is
a measure whose singular part with respect to ||V; | behaves like 74"~! L I" and the varifolds satisfy an
evolution equation that encodes the information on the velocity. A precise definition will be given in
Section 2.

The main result of this paper (Theorem 7.1) is that, if a Brakke flow in a ball of radius 1 is close
enough (in some appropriate topology) to a unit-density half-plane (which is a stationary solution to the
mean curvature flow with a prescribed straight boundary), then the Brakke flow becomes smooth up to
the boundary in a smaller ball and after some fixed waiting time. Roughly stated, the main result is the
following.

Theorem 1.1 (s-regularity). Let T be a C1*, (m—1)-dimensional submanifold of By and let {Viltel-n.01
be an integral Brakke flow with boundary I" in B; x [—A, 0]. Assume the following:

(1) 0 € supp || Vol

(2) Attimet = — A, the mass measure ||V;|| is close to that of an m-dimensional half-disk.

(3) There exists a half-plane S* such that, for everyt € [—A, 0],
supp|| V; || C {x € R? : dist(x, ST) < ¢}.
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If ¢ and A are small enough, then there exist small constants 1, B and a family {Ni},c_2 01 of chh
surfaces with boundary U such that

supp||Vi || N By = N;
for every t € (—n?, 0].

We briefly comment on the assumptions. The key assumptions are (2) and (3), which describe how the
Brakke flow is close to being a half-plane (with a straight boundary). Assumption (1), on the other hand,
prevents a “pathological” behavior of Brakke flows, which is the possibility of a sudden loss of mass
(see, for example, [Tonegawa 2019, Section 2.3]). The statement and the assumptions will be made more
rigorous in Sections 4 and 7.

A central point in our work is that, under appropriate assumptions, the support of an integral Brakke
flow with boundary satisfies a maximum principle. In order to fix ideas, assume that the support of
the flow is the graph of some function u : R™ — R?~™. Then it can be proved that |u| is a viscosity
subsolution (in a suitable sense which we will describe at a later stage) to

dp — MH(D*p) <0,

where M™ is a Pucci maximal operator. We may therefore exploit this property to adopt a technique
developed by Savin [2007] in the framework of elliptic equations and later adapted by Wang [2013]
to parabolic equations, which we now summarize in our case. The key step in proving Theorem 1.1 is
proving the following improvement of flatness:

Proposition 1.2 (improvement of flatness). Under the assumption of Theorem 1.1, there exist n > 0 and a
half-plane T close to St such that, for every t € (—n?2, 0],

supp||Vi[IN B, C {x eR?: dist(x, TT) < %'7}

In summary, if the Brakke flow is “e-flat” at scale 1, then it becomes “ne/2-flat” at scale n for some n
small and universal; from this, proving C-%-regularity is classical.

The proof of Proposition 1.2 is based on a contradiction and compactness argument. Assume one can
find a sequence of flatter and flatter Brakke flows for which the conclusion of Proposition 1.2 does not
hold. Then appropriate rescalings of the supports of such flows converge in a suitable sense to the graph of
a solution to the heat equation. The desired improvement of flatness is a straightforward consequence of
classical Schauder estimates. The above convergence is achieved via a Harnack-type inequality, in the spirit
of [Wang 2013], and a barrier argument that describes the behavior of the Brakke flow near the boundary.

Theorem 1.1 answers a question left open in [White 2021, Remark 11.2], that is, whether an integral
Brakke flow with boundary that has a tangent flow which is a unit-density half-plane is smooth in a
backward neighborhood. The reader should also compare our results with the regularity theorems proved
in [loc. cit.]. The latter are proved under the additional assumption that the flow is standard: namely
the flow has to be smooth at every point where a tangent flow is a unit-density half-plane (see [loc. cit.,
Definition 11.1]). Since we only prove backward regularity, our result does not guarantee (as it should
not be expected) that an integral Brakke flow with boundary satisfying the assumptions of Theorem 1.1 is
actually standard.
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The first e-regularity theorem for the mean curvature flow (without boundary) was proved in [Brakke
1978] and then refined in [Kasai and Tonegawa 2014], where the authors extended the result to mean
curvature flow in general ambient manifolds. Another relevant reference is the recent work [Stuvard and
Tonegawa 2024]. The above-mentioned proofs are variational and rely on L? energy estimates, somehow
in the spirit of [Allard 1972]. We think that a variational proof of Theorem 1.1 may be performed by
adapting the arguments in [Allard 1975; Bourni 2016] to account for the presence of the boundary. As
mentioned, our proof is based on an argument first developed in [Savin 2007] for elliptic equations and
then adapted to parabolic equations in [Wang 2013]. This method was used in [Savin 2018] to prove an
Allard-type theorem for minimal surfaces. Although an adaptation of the same techniques to the mean
curvature flow seems quite natural, to the best of the author’s knowledge this paper is the first instance in
which these techniques are used for the mean curvature flow.

The regularity of mean curvature flow with boundary has been briefly investigated also in [White 1995;
2005]. One should also see [Edelen 2020], where the author defines a Brakke flow with a free boundary
condition. Another definition of Brakke flow with fixed boundary has been investigated in [Stuvard and
Tonegawa 2021].

1.1. Structure of the paper. In Section 2, we collect some notation that will be used throughout the
paper and some well-known facts about rectifiable measures. We then recall the definition of integral
Brakke flow with boundary, as stated in [White 2021].

Section 3 is dedicated to collecting some known results about integral Brakke flows and to adapting
them to the case of an integral Brakke flow with fixed boundary.

The core of the paper is Section 4, where we state and prove the improvement of flatness described in
Proposition 1.2, which will later yield the desired C!# regularity. The proof of this result is described in
Section 4.2. The aforementioned barrier argument and Harnack-type inequality, which are crucial for
obtaining the desired compactness, are discussed in Sections 5 and 6, respectively.

Finally, the proof of Theorem 1.1 is given in Section 7, where we iterate the improvement of flatness
to obtain the desired regularity.

2. Preliminaries, notation and definitions

Throughout the paper, we consider fixed two positive integers m and d such that m <d. All the constants
taken in consideration in the present work depend, in general, on these two parameters, although we will
mostly avoid stating such dependency.

For the present section, we introduce two generic positive integers k < n to define some objects in full
generality.

2.1. Space-time. By R™! we denote the space {(x, 1) : x € R” and r € R}. We use uppercase letters to
denote points in R™!, for example X = (x, 1).
For any pair X = (x, 1) and Y = (y, s) of points in R™!, we let

p(X,Y)=|x —y|+t —s|"/%



860 CARLO GASPARETTO

o is a metric on R™! (see, for example [Krylov 1996, Exercise 8.5.1]) and the topology that p induces
on R™! coincides with the euclidean topology of R"*!. In particular, if dy (E, F) is the Hausdorff distance
between E and F with respect to p and K is a compact subset of R™!, then the space of nonempty closed
subsets of K is a compact metric space, when endowed with the metric dg .

Ifx e R" and r > 0, we set B''(x) = {y € R" : [y — x| < r}. When the dimension of the space is
clear, we omit its indication and simply write B, (x). We also omit the indication of the center of the ball,
whenever it coincides with 0, so that B, = B,(0). If (x, r) € R™!, we define the parabolic cylinder

Q"(x,1) = B"(x) x (t —r?, 1],

where the apex n indicates the dimension of the space component; as above, its indication will be omitted
when no confusion shall arise. Lastly, we let O, = Q,(0, 0).
We denote by 9, (U x (a, b)) the parabolic boundary of the cylinder U x (a, b), where U C R":

3,(U x (a, b)) := (U x {a}) U (AU x (a, b)).
We define the measures £"! and #*! (for any 0 < s <n) on R™! by
LYYE x F)=L"(E) x LY(F), H"Y(E x F)=H(E) x L' (F)

for E C R" and F C R, where L£" is the Lebesgue measure in R” and #H* is the s-dimensional Hausdorff
measure in R".

For any function f : R"! — RK we denote by V f(x, t) the gradient of the function f(-, ) computed
at x and by 9, f (x, t) the derivative of f(x,-) computed at ¢, whenever they are defined.

Lastly, foraset E CR" and x e R", we let xg(x) =0if x ¢ F and xg(x) =1ifx € E.

2.2. Linear functions and subspaces of the euclidean space. We let {e, ..., e,} be the canonical
orthonormal basis of R".

We define the Grassmannian Gr(k, n) as the space of (unoriented) k-dimensional linear subspaces of R";
we identify S € Gr(k, n) with the endomorphism S : R” — R”" representing the orthogonal projection
onto S. When no confusion shall arise and an orthonormal basis {¢1, ..., {} of § is fixed, we identify S
with R¥ via the canonical bijection

L:S—)Rk, X (X8, ..., X 80);

therefore by Sx we denote both the point Sx € S C R” and its image via ¢. In particular, when § =
span{eq, ..., e} and x € R", we will often use the notation x' = Sx = (x-e1,...,x-€;) € RE,

We also let S : R™! — R be the map S(x,t) = (Sx, t) and, in the case § = span{ey, ..., e}, for
X =(x,1)eR" welet X' = (x/,1).

Lastly, if S and T are two endomorphisms of R", we define the scalar product between S and T by

n
S:T=> ST
ij=1
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where (S;;) is the representation of S as a n x n matrix such that

S,'j =e; (Sej).
We also let | S| =+/S5:S.

2.3. Holder regularity. We point out some facts and definitions on Holder regularity for several objects.
In what follows, k € (0, 1) is a fixed parameter.

(1) Functions on R". Given a function u : R* D U — RX, we say that u € C*(U; R¥) if there exists
C > 0O such that sup,.;; |u(x)| < C and for all x € U there is an affine function L, : R" — R¥ such that,
for every y € U, it holds

lu(y) — Ly (y)] < Clx — y|'**.

(2) Functions on R™!. Let @ C R™!. We say that u : @ — RF is in C1*(Q; R*) if there exists C > 0
such that supy.q [#(X)| < C and for all X € 2 there is an affine function Ly : R" — R¥ such that, for
every Y = (v, s) € , it holds

lu(Y) — Lx(y)| < Cp(X, Y)'**.

(3) Submanifolds. We say that a k-dimensional, properly embedded submanifold I" of some open set
U C R" is C1¥ if there exists some k > 0 such that, for every x, y € I, it holds

[Tleie g i= sup LI = T,T
C K U -— -
@ x,yel |)C —Y|K
XF£Y

where T. I' € Gr(k, n) is the tangent space to I" and |7,,I" — T\, I"| should be intended as in Section 2.2.

Remark 2.1. We do not require the sets U and 2 in items (1) and (2) above to have any regularity.
However, one can easily see that, if U C R" has C ! boundary and u € C Le(U; R), then u is actually
bounded in U, it is differentiable at every point of Int E and the usual definition of C'* holds:

- [Vu(x) = Vu(y)|
”u”Cl.K(U) = Ssup |u| + sup p
U x,yeU |x —Y|
x#y

In fact, [|u||c1x(yy is bounded (up to some multiplicative constant depending only on U, n, k, ) by the

same constant C as in item (1) above.

Similarly, if Q = U x I ¢ R™! for some U C R" with C! boundary and I C R some interval, then
u € CH(Q; R¥) yields that u is differentiable with respect to the space variable everywhere in Int U x I
and that

ltll et 1= sup [u| + sup L 1E) = V) uCx, 1) — ux, s)|
C N Q =
@ Q X.YeQ p(X, YY)~ csee It — 5| (1+0)/2
X£Y o

2.4. Integral varifolds. We adopt most of the terminology from [White 2021]. Let U C R? be an open set
and let M(U) be the set of nonnegative Radon measures on U'; if ¢ is continuous and compactly supported
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on U, we let M (¢) = f o(x)dM (x) for M € M(U). Let M,,,(U) be the set of m-dimensional rectifiable
nonnegative Radon measures on U. Namely, M € M,,(U) if and only if there exist an m-dimensional

rectifiable set £ and a nonnegative function 0 € LllOC (H™ L E) such that

M(p) = / O(xX)p(x)dH™(x) forall p € C.(U).
E

We also let ZM,,(U) be the set of those M € M,,(U) such that their density 6(x) is a nonnegative
integer at M-a.e. x. If M € M,,(U), then for M-a.e. x the approximate tangent space Ty M € Gr(m, d) is
well-defined (see, for instance, [Simon 1983, Chapter 3]). An m-dimensional varifold on U is a Radon
measure on U x Gr(m, d) (see [loc. cit., Chapter 8]). In particular, to each M € M,,(U) we may associate
an m-dimensional varifold Var(M) by

Var(M)(¢) = f ox, TiyM)dM(x) forall ¢ € C.(U x Gr(m,d)).

Such an object is called a rectifiable varifold (see [loc. cit., Chapter 4]); Var(M) is said to be integral
if and only if M € ZM,,,(U). If M € M,,,(U), we say that Var(M) has bounded first variation if there
exists C > 0 such that, for every smooth vector field F : U — R¢ with compact support in U, it holds

f TiM :VF(x)dM(x) < C|| Fllco-

If Var(M) has bounded first variation, then there exist an M-locally integrable vector field Hj;, a Radon
measure S,y that is singular with respect to M and a 8js-locally integrable unit vector field ¢, such that,
for every F € Cj(U; R4), it holds

foM:VF(x)dM(x)=—/HM-FdM+/F-§Md,BM. 2-1)
In the following, we will often write
divsg F(x) =S : VF(x).
When M € M,,(U), we also let
divy F(x) :=divy,y F(x) =TyM : VF(x),

whenever it is well-defined.

Definition 2.2. Let I' be a properly embedded (m—1)-dimensional submanifold of U C RY. We let
Vn (U, T') be the space of those M € ZM,,(U) such that Var(M) has bounded first variation and the
following hold true:

(1) Bu(E) <H™ '(ENT) for every E C U.
(2) Hy(x) and T, M are perpendicular at M-a.e. x.

As mentioned in the remark following [White 2021, Definition 6], (2) is actually redundant, as it can
be derived from [Brakke 1978, Section 5].
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As in [White 2021], for M € V,,(U, T'") we let
1
o) =tim o [ gy dp 22)
N0 Wy ™! B, (x)

where the limit exists, and vy (x) = 0 otherwise. Notice that the requirement 8y < H" ' LT in
Definition 2.2 yields |vy| <1 H™m=1 | T-a.e. Moreover, by [Allard 1975, Section 3.1], vp(y) L I" for
H" lae. yel.

In the following, whenever I is an (m—1)-dimensional submanifold of R% by a small abuse of notation
we denote by I' the Hausdorff measure %" ~! LT, if no confusion shall arise.

2.5. Integral Brakke flows with boundary. Let U C R? be an open set, I C R be a nonempty interval
and let I" be a properly embedded (m—1)-dimensional submanifold of U.

Definition 2.3 (integral Brakke flow). An m-dimensional integral Brakke flow with boundary I" in U x [
is a collection M = {M, : t € I} C M(U) such that the following hold true:

(1) For almost every t, M; € V,,(U, T').
(2 If I' €I and U’ € U, then [}, [, (14 |Hy,|*) dM,; dt < +o0.

(3) If [a, b] C I and u is a nonnegative, compactly supported, C! function on U x I, then

b
/u(-,a)dMa—/u(-,b)deE/f(u|HM,|2—HM,-Vu—atu)thdt. (2-3)

We denote by BF,, (U x I, I") the set of all m-dimensional integral Brakke flows in U x I with boundary I'.
When I' = @, we drop its indication and simply write BF,, (U x I); notice that in this case By, =0
for a.e. ¢, and the definition agrees with the one of integral Brakke flow (without boundary) given, for
instance, in [Tonegawa 2019].
Given M € BF,,(U x I,T"), we define its space-time mass measure M by

/(p(x,t)dM(x,t):/f o(x,t)dM, dt

for every ¢ € C.(U x I). We define the space-time track of M to be the closed set

Yy = Clos(U supp M; x {t}),
tel
where the closure is taken in the euclidean topology of R%'!, and we let Xj;(7) be the slice at time ¢
of Xy, namely Xy (1) = {x € R : (x,1) € Ty} Ttis straightforward to check that supp M C Xyy.
Under reasonable assumptions, the opposite inclusion holds true as well; we further discuss this point in
Lemma 3.5. Whenever no confusion may arise, we write X and X, in place of X7 and X (), respectively.

Remark 2.4 (scaling properties). A Brakke flow M € BF,,(U x I, I') may be translated and parabolically
dilated while preserving the requirements in Definition 2.3. For xg € R and r > 0, let Ty r(Y)=(y—x0)/r.
By (T,,r )zt we denote the push-forward of u € M(RY) through Ty, ,. Then M’ = {M} given by

Ms/ = r_m(TXOJ’)ﬁMto+r2s
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is a Brakke flow in (U — xo)/r x (I —to)/r? with boundary (I" — xg)/r. In this case, we will write
M' =D.(M — X),
where, as usual, Xo = (xo, t).-
3. Properties of integral Brakke flows with boundary

We collect some known results about integral Brakke flows, which we will use throughout the rest of the
paper.

3.1. Monotonicity properties. We denote by W : R? x (=00, 0) — R the m-dimensional backward heat
kernel

Ve — Xl
D= Gy eXp(_4<—t>)'

We also pick a smooth cut-off function ¢ € C°([0, 2)) such that ¢ =11in [0, 1], |[¢'| <2and 0 < ¢ <1
everywhere, which from now on we consider fixed. For the chosen ¢, for R > 0 we set

lIIR(-x? t) = \Il(_x’ t)ﬁb(m)
R
Proposition 3.1 (Huisken monotonicity formula). There exists a universal constant C > 0 such that, if
M € BF,,(U x (—T,0),T') and Bygr C U, then for every —T < s <t < 0it holds

! r—s M+ (B2R)
Weplx,t)dM; — | Yr(x,s)dM, < vy, - VWR(-,T)dl'dt +C 5~ sup , (3-1D
K R T€[s,t] R™
. . I i
where vy, is defined in (2-2).
Proof. See [White 2021, Theorem 6.1]. ]

In several points of the present work, we are going to need some precise bounds on I and II in (3-1).
While in most cases we will assume a uniform bound of the form

M, (B, (x
sup sup # < E| < o0,
t B T
which takes care of II, estimating I requires some more attention. What we prove in the following lemma

is that, at a small enough scale, I is close to % if 0 ¢ I'; otherwise it is very small.

Lemma 3.2. For every § > 0, there exist small positive constants A and c with the following property. Let
U C R be open and let T be a CY* submanifold of U. Then, for every R < c/[T]cre) and for every
(x,1) € U x R such that Bog(x) C U, it holds

erz(x) s (3-2)

t
f / T,V We(y —x,5 —1)|dT(y) ds <
t—AR?

The proof of Lemma 3.2 is somehow cumbersome and is therefore postponed to Appendix A.
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Exploiting the above result, we may prove a sort of clearing-out lemma, in the spirit of [Tonegawa 2019,
Proposition 3.6]. Namely, we prove that, provided we have some control on I and II in (3-1), if a point
(x, t) is in the space-time track of M, then M, cannot be too small in a backward neighborhood of (x, ?).

Before proceeding with this result, we introduce the following terminology:

Definition 3.3 (maximal density ratio). A Brakke flow M (possibly with boundary) in U x [ is said to
have bounded maximal density ratio in U’ x I’, where U' C U and I’ C I, if

M, (B
mdr(M, U’ x I'):= sup supt(—r(x)) <00
B.(x)cu’tel’ 1"

Proposition 3.4 (clearing-out lemma). For every K < oo there exist positive constants cy, c, with the
following property. Let T be a CY submanifold of U and let M € BF,,(U x (a, b), ") be such that

mdr(M, U x (a, b)) < K.
If (x,t) € Xy, and R is small enough depending on T, then
M,_., g2 (B4r(x)) > c2R™.

Proof. The proof of the case without a boundary can be found, for example, in [Tonegawa 2019,
Proposition 3.6]. For the sake of completeness, we sketch the proof along the same lines as in the case of
an integral Brakke flow with boundary.
Corresponding to § = %, choose A and ¢ as in Lemma 3.2. Let (x,7) € ¥ and let R < ¢/[T]c1e(y)-
We first assume that x € supp M, and that M, € V,,(U, T'), so that in particular M; = 6(-)H™ L E for
some m-rectifiable set E. Then there exists y € Bg(x) such that

159(y)=}i;r(1)Mz(‘IfR(- — Y, 7). (3-3)

Therefore, by centering Proposition 3.1 at a point (y, ¢ — 7) and then letting ¢ 7 0, for any #; < ¢, it holds

t

M, (Yr(- —y,t1 —1)) > 60(y) —CK

—t t
Rzl —f/uMS-V\pR(- —y,s—1)dlds.
1

‘We now choose ¢; so small that both CKc; < % and ¢; < A and we set t; =t — ¢ R% Then, using
Lemma 3.2, we obtain

My (Yr(- =y, —c1RD) 20—t —(3+1) =L,
where the second inequality is given by (3-3). Notice that, for every z € R, simple computations yield

Wr(z—y, —Cc1R?) < CR™™ %81 (2) < CR™™ XBar()(2)

for some C > 0 universal. Hence, by integrating the above inequality in M,__, g2, we obtain

m m

2 R
_Mt—Cle(\IJR(' - _CIR )) > -

Mt—cle(B3R(x)) Z C - 8C 9

as desired.
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If x ¢ supp M; or M; ¢ V,,(U, I'), then one can find a sequence of points (x;, ;) such that M;, € V,, (U, I'),
x; € supp M;, and such that (x;, ;) — (x, ¢). It is then sufficient to choose R; so that t; — clRi2 =t—cR?
to obtain, for i large enough,

M,_ g2 (B4r(x)) > M,_. g2(B3r(x;)) > coR™. O
We now state two important consequences of Proposition 3.4.

Lemma 3.5. Let M € BF,,(U x I, T) have bounded maximal density ratio in U x I and let T € C"*(U).
Then

Xy =supp M.

Proof. The inclusion supp M C X is trivial. For the opposite inclusion, notice that, for a point (x, ) € X
and for every r > 0 small enough, Proposition 3.4 gives

M, (B, (x)) > cr'™.

It is now sufficient to integrate this inequality in r to obtain that for every r > 0 small enough, there is a
set of the form

Ar={(v9):ly x| =0vF—s =7}

for some positive 8, ¢ depending only on mdr(M) such that M (A,) > 0; hence (x, t) € supp M, as
claimed. O

Lemma 3.6. Let M € BF,,(U x I, T") have bounded maximal density ratio and let T € C1%(U). Then
M=H""LEy.
For the proof of the above lemma, we refer the reader to Appendix B.

3.2. Maximum principle. In the present subsection, we assume that U C R? is open and / C R is an
interval of the form (a, b]. We also let I be an (m—1)-dimensional, C!* submanifold of U.
The main result of the present section is the following maximum principle.

Proposition 3.7 (maximum principle). Let M € BF,,(U x I, ') have bounded maximal density ratio.
If there exist u € CX(U x I) and a point (xo, to) € £\ 3,(U x I) with xo ¢ I" such that ulsn<s,) has a
local maximum at (xg, to) and Vu(xg, ty) # 0, then
du(xo, to) —  inf T : D*u(xo, 1) > 0.

T eGr(m,d)
T 1L Vu(xog,ty)

Proof. This proposition is a corollary of the results in [Hershkovits and White 2023, Section 13]; see also
[Ambrosio and Soner 1997]. For the reader’s convenience, we give a self-contained proof, in the spirit of,
for example, [White 2016].

We may assume, without loss of generality, that (xo, 7o) = (0, 0) and that u|sn;<o) has a strict local
maximum at (0, 0) (if not, replace u by u — lx[* —|£]%).
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Step 1: We first prove that
3,u(0, 0) — trace,, D*u(0, 0) > 0,

where trace,, D?u is the sum of the m smallest eigenvalues of D?u. Assume the result does not hold.
Arguing as in [White 2016, Lemma 2.4], we may assume that, for some p > 0 and ¢ > 0 small, u satisfies

(i) d;u — trace,, D*u < —&<0in 0y,
(i) B,NT' =g,
(i) u>e>0inEXNQypandu <0in ZN{r <0}\ Q).

We now let ¢(x, 1) = (ut(x, 1))* where ut = max{u, 0}, and we use ¢ as a test function for (2-3). Since
¢(-, —p?) = 0 by assumption, we have

05/w(-,mdMo=/¢<-,0)dMo—/<o(-,—p2>dMpz
0
5/ 2/<—|H|2¢+H-V¢+at<p>thdz,
—p

where the last inequality is given by (2-3) and we have set H( -, t) = Hy, (-) for a.e. . We now use the
fact that supp ¢ C I'¢; thus

/H~V(det:—/dith VodM,

for a.e. t. Since the term |H|?¢p is nonnegative, we obtain from the above chain of inequalities

0
05/ /(— divy, Vo + 0,¢0) dM, dt.
_/)2
Some straightforward computations show that
divy, Vo = 4w™)? divy, Vu > 4(u™)? trace,, D*u

and 8,¢ = 4(u*)3d,u. Therefore

0
0< / / 4(u™) (8,u — trace,, D*u) dM, dt < —4e*M(Q,)),
_,02
where the last inequality is given by (i) and (iii) above. In particular, it must be

M(Q,/2) =0;
however, by Lemma 3.5, (0, 0) € ¥ = supp M; thus we reach a contradiction.

Step 2: We now prove the general result. It is sufficient to show that one can find an m-dimensional
subspace T of R¢ such that
9u(0,0)—T : D*u(0,0) > 0

and TVu(0, 0) = 0. Without loss of generality, assume that (0, 0) = 0. Let ¥;(z) =z + (j/2)z? and let

u;j(X) = v;m(X)).
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Then, for every j, uj|snj<oy has a local maximum at (0, 0). Thus, by Step 1, there is an m-dimensional
subspace T; of R4 such that, at (0, 0),
0<du;—T;:D*uj=8u—T,: D*u—jT;: (Vu® Vu).

Up to a subsequence, which we do not relabel, we have that 7; — T for some m-dimensional subspace T,
and
T (Vu® Vi) < lim_inf%(atu T D) =0;
J

thus 7 L Vu. On the other hand, since JTj : (Vu® Vu) > 0, we have

T : D*u <liminf T; : D*u <liminf(d,u — jT; : (Vu ® Vu)) < du,
J J
as desired. U

Given an upper-semicontinuous function u : R™! — [0, 1]U{—o00} and a smooth function Q. R™! 5 R,
we say that ¢ touches u from above at (x(/), to) € R™ ! if there exists r > 0 such that

e’ 1) > u(x',t) forevery (x',1) € Q7 (x{, 1),
{w(x(’), t0) = u(x, to)-
We recall the definition of Pucci’s maximal operator (see, for instance, [Caffarelli and Cabré 1995,
Section 2.2]). For a symmetric matrix N € RI*4 e let

1 1

+ gt _ _ ,

MENY =M (N, 3.2) =2 D 23 (3-4)
)\.i<0 )\,' >0

where A; = X; (V) are the eigenvalues of N. The following result is a consequence of Proposition 3.7.

Corollary 3.8. Let M € BF,, (R41Y have bounded maximal density ratio. For every (x',t) € R™1, et
u(x’, 1) =sup{|z] :z € R and (x', z) € Ty (1)},

with the convention sup & = —oo and assume that u < 1 everywhere. There is § > 0 universal
such that, whenever a smooth function ¢ : R™! — R touches u from above at X, = (x{, to) and
max{| D%p(Xp)|. [Ve(Xp)) < . it holds

dp(Xp) — M (D*p(Xp)) < 0.

Proof. We assume x{ = 0 and 7y = 0. Notice that, since X is closed and u(0,0) = ¢(0, 0), the
supremum in the definition of u is attained and, without loss of generality, we may assume that the
contact point is xo = ¢(0, 0)e; € . We let S = span{ey, ..., e,} and S’ = span{e,, 11, ..., e4_1}, SO
that RY = S + S’ + span{e,}. Consider the function

H(x,t)=1Sx> +x-e4— p(Sx, 1).
By assumption, in a neighborhood of (xp, 0) it holds
|Stx] < p(Sx,1) <2
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for every (x, t) € X; therefore it can be checked that H|sn( <o) < 0 in the same neighborhood. Since
H (xp,0) =0, we know H|xn(<o) has a local maximum at (x¢, 0). Hence, by Proposition 3.7, it holds

& H(x0,0)— inf T :D*H(xo,0)>0. (3-5)
T LV H (x0,0)
We now estimate the two summands in the above inequality. In order to do so, we first remark that
—V(0,0) —D?*p(0,0) 0 0
V H (xg,0) = 0 ., D?H(xy,0) = 0 Is/2 0
1 0 0 O
Consider T € Gr(m, d) and an orthonormal basis ¢y, ..., {, of T. Then
m m
15¢iI?
T:D*H=) (D’H{: &) = Z(—(D%(Sx, 0SG: $&) +—

i=1 i=1
— Y (D*o(Sx,)S¢i; Sti).
=1

i=
In particular, S : D?*H(x,t) = —A@(Sx,t) and
T:D*H=S:D*H+(T—S): D*H
> —Ap—|T = S||D?].
Now, if |T — §| < ¢y, then the above inequality yields that, for some small c; universal,

T : D*H (xg, 0) > =M™ (D?%¢(0, 0)).

On the other hand, if |T — S| > ¢, then we may choose an orthonormal basis ¢y, ..., &, of T such that
|S Lg°1| > ¢, for some ¢, universal. Since we are also assuming 7" L V H (x¢, 0), we have
O = Cl ° VH(an 0) = _Sé‘l : V(p(o’ O) + é‘l - €.
Thus, in particular, [¢] - eq] < |V@| < and
/ 1 (&)
ISC =Sl —61-eal =2 =8> oR

provided § < ¢, /2. Therefore

m 2 2
T D2H(0,0 2 — Y (D00, 00 20+ 5 2 —ap0,004+ 22 0512

i=1
for some C universal, since |D2(p(0, 0)| < é by assumption. We may choose § smaller, if needed, so that

2

—MH(D2(0,0)) < C§ < —C8 + %2

Therefore, whether |T — S| < ¢; or not, it holds
T : D*H(xo,0) = —MT(D?(0, 0)).
We conclude the proof by remarking that

09:H (x0, 0) = —03,¢(0, 0).
Thus (3-5) gives the desired result. U
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Remark 3.9. With some more accurate computations, one may show that, actually, at the contact point ¢
satisfies the inequality

v
90 —/1+ Vo2 div(—(p> <0
V14 |Vel?

However, the weaker result proved in Corollary 3.8 will be sufficient for the rest of the paper.

4. Improvement of flatness

This section is the core of the present work. We prove that if a Brakke flow with boundary is sufficiently
flat in Oy, then its flatness can be improved at a smaller universal scale. This is going to allow us to prove
the desired C!-# regularity; see Section 7.

We introduce the following notation. We fix an m-dimensional subspace of R? which we denote by S,
and an (m—1)-dimensional subspace of R?, which we denote by I'y, such that 'y C S. Up to changing
coordinates in R?, we shall assume for the rest of the present section that S = span{ey, ..., e,} and that
[y =spaniey, ..., e, 1}. We alsolet ST = 85N {x,, > 0}.

Given an (m—1)-dimensional submanifold I" of Bg, we write I" € 7, (8, Bg) if the following hold:

o " is a C"* submanifold of Bg and [[]cre(p,) <SR~

. OEFandT()F:F().

In passing, we remark that if I' € 7, (8, Bg) and 8 > 0, then 61" € F,(3, Bgg).
Moreover, if I' € F,(8, Br), and §é is smaller than some constant depending only on «, then there
exists y : 'gN Bgr — FOL such that [y (0)| =|Vy (0)| =0, [[¥llcrep, < IR and

F'={x+ykx):xelyN Br}N Bg;
given I' € F, (8, Br), we will always implicitly define y as above.
The following is the main result of the present section.

Theorem 4.1 (improvement of flatness). For every Eg and o, there exist constants A, gg, 1, B (small)
and C (large) with the following property. Let € < ¢gg, I' € F, (e, By) and M € BF,,(B1 x [—A,0],T)
be such that (0, 0) € Xy,

>y C{(z, 1) : dist(z, ST) < ¢},

sup  M;(By) < Eo

te[—A,0]
and
f W( —A)dM_p <>. 4-1)
B 4
Then there exists a half-plane T of the form
TH={x+we:xely,w>0) 4-2)

for some ¢ € Fé‘ with | — e,,| < Ce such that

TpuNQ, Clx, 1) dist(x, TT) < n'Pe). (4-3)
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The proof of Theorem 4.1 is based on a contradiction and compactness argument. If one assumes the
conclusion does not hold, then it is possible to find a sequence of Brakke flows which are flatter and
flatter and satisfy the other assumptions of Theorem 4.1, for which, however, no half-plane of the form
(4-2) can be found so that the flatness improves at any smaller scale. However, for such flows, one shows
that, after an appropriate rescaling, the space-time tracks must converge in the Hausdorff distance to
the graph of a solution to the heat equation. It is then sufficient to use Schauder estimates for the heat
equation with Dirichlet boundary condition to recover the conclusion.

The central point of the proof is to obtain the desired compactness. This is achieved via the two
following results. The first one provides a control over the oscillations near I' of the space-time support
of a Brakke flow satisfying the assumptions of Theorem 4.1.

Proposition 4.2 (boundary behavior). For every Eq and «, there exist small constants ¢ and ry with the
following property. Let M and T" satisfy the assumptions of Theorem 4.1. Then

St (x =y ") }

ZﬂerC{(X—V(X//))'em2—82+cl 3
2¢e

Here, x” denotes the point (x1, ..., X,_1,0,...,0) € I'y.

With the above results at hand, we may prove that, if the Brakke flow is flat enough, then assumption
(4-1) gives a Holder-type modulus of continuity in parabolic cylinders whose radii are controlled from
below by some power of the flatness ¢.

Proposition 4.3 (decay of oscillations). For every Ey and «, there exist constants ¢, Cy and r, with the
following property. Let M and I" satisfy the assumptions of Theorem 4.1 and let (x,t), (y,s) € XN Q,,.
If min{x,,, y,,} > 2¢ and
pi=p((x' 1), (', 5) = Cae®,
then
IS (x = y)| < Caep.

The two above results are sufficient to prove, via an Arzela—Ascoli-type argument, the convergence in
the Hausdorff distance which we have described.
Before proceeding, it is worth spending a few words on how the constants in Theorem 4.1 will be chosen.

» We fix A once and for all in Proposition 4.4; it will be needed to prove that M has bounded maximal
density ratio in a smaller parabolic cylinder, Q.

« Propositions 4.2, 4.3 and 4.4 hold true provided &g is small enough (depending on Ej). We will therefore
always assume that this is the case. The final value of &g will not be determined explicitly, as Theorem 4.1
is proved by compactness.

o The constants r; and r, chosen in Propositions 4.2 and 4.3 are chosen smaller than r3 (determined in
Proposition 4.4) and they depend on Ey and «. These two constants will give upper bounds for . We
will then give a further upper bound for n coming from the regularity properties of the heat equation.

« Lastly, the constants C and 8 depend only on « and on regularity properties for the heat equation.
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We now briefly describe the rest of the present section. The proof of Theorem 4.1 is given in Section 4.2.
In Section 4.1, we state and prove some lemmas which will be useful in the following. The proofs of
Propositions 4.2 and 4.3 are postponed to Sections 5 and 6, respectively.

4.1. Preliminaries to the proof of Theorem 4.1. Some remarks on the assumptions of Theorem 4.1 will
be needed for the proofs of Propositions 4.2 and 4.3 and, ultimately, of Theorem 4.1 itself. We begin by
showing that (4-1) propagates in the interior of the domain.

Proposition 4.4 (propagation of small density). For every Ey and o, there is r3 small with the following
property. Let M and T satisfy the assumptions of Theorem 4.1. Then, for every (x,t) € Q,, and for every
TE (—r32, 0), it holds

/ W( —x.1ydM, < 14 X&)
Byy() 8 2
3

Proof. We fix positive constants r3 < %, e, A and 4, all of which we will determine later; we always
assume that r3 is much smaller than A. For simplicity of notation, in this proof we set r = r3. For
(x,t) € O, and T € (—r2,0), we let fy =t — 7. Then, by Proposition 3.1, it holds

/ w(- —X,t—to)thwal/s(' —x,t—1t)dM,
B, (x)

5/‘1’1/8(- —x,—A—1t9)dM_,

t
+/ /vM-V\IJI/g(' —x,s—1)dl'dt +CEy(t +A). (4-4)
—A

By Lemma 3.2, if ¢ and A are small enough and r is much smaller than A, then

t 1o )
/ /VM'V‘I’l/s(- —x,s—to)dFdrff /|T},FLV\p1/8(y—x,s_;0)|dr(y)df5XF‘T(’C)+3_
—A to—2A

We then take A even smaller so that CEg(t + A) < CEpA <.

So far, we have fixed ¢ and A depending only on Ej and §, and we have assumed that r is much
smaller than A. The last step is to choose r even smaller in order to bound (4-4) from above. To this end,
we let L be the Lipschitz constant of W restricted to RY x (—oo, —A /2]. Since r is much smaller than A,
—A — 1ty < —A/2 and we can estimate, for every y € By/4(x),

Wiy —x, —A—1)) <V(y—x,—A—1)
< W(y, —A)+ L(|x]+ 5o
<W(y,—A)+2Lr.

Let now b = b(A) > 0 be so small that W(y, —A) > b if |y| < % In particular, assuming that r < }f, for
every y € By/4(x), it holds

2Lr
Wyg(y —x, —A —1p) < (1 + 7)‘1’()’, —A).
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The same bound holds, trivially, for any y such that |y — x| > Alf. We now choose r even smaller, if needed,

so that 2Lr/b < 6. Therefore we may bound
3(1+6)

/‘1‘1/8(' —x,t0+AN)dM_, <(148) | W(-,—A)dM_, < Y
B

which yields the desired conclusion, up to choosing § small universal. U

Corollary 4.5 (bound on mdr(M)). Under the assumptions of Proposition 4.4, there exist E| universal
such that, for everyt € [—r32, 0] and every B,(x) C B,,, it holds

M, (B,(x)) < Exr'™. (4-5)
In particular, for every (x,t) € Xy N Q,, and for every r > 0 small enough, it holds

M;_.,2(By(x)) > cor™ (4-6)

for some cy, ¢y small universal.

Proof. Let x, t and r be as in the statement. Then

M,(B,(x)) < Cr™ / W(. —x, —r?)dM, <2Cr",
B, (x)

and (4-6) follows from (4-5) and Proposition 3.4. [l

4.2. Proof of Theorem 4.1. As stated earlier, we are going to argue by contradiction and compactness.
Namely, we fix E¢ and «, we let A be as specified in Proposition 4.4 and we assume there exist £; 0
and two sequences {I"/}, {M/} such that, for every j, M/ and I'/ satisfy the assumptions of Theorem 4.1
with &g replaced by ¢;.

In particular, we assume that I'/ € F, (¢j, B1) and

Ty C{(z, 7) s dist(z, ST) < ¢} 4-7)

We also assume, for the sake of contradiction, that for no j (4-3) is satisfied for any choice of T,
and B.

In the following, we let y/ : Iy N B; — FOL be such that I'/ N By C graphy”, as in the definition
of Fy(¢j, By), and we let %/ := ¥,. We also fix ryp = min{ry, r2, r3}, so that the conclusions of
Propositions 4.2, 4.3, 4.4 and of Corollary 4.5 hold true in Q,,.

Lemma 4.6 (compactness and convergence to hyperplane). There exists a subsequence (not relabeled)
such that, for almost every t € (—r02, 0],

M} —H" ST
as Radon measures in B;,.

Proof. By the Arzela—Ascoli theorem, y/ — 0 in C' up to subsequences. By Corollary 4.5, we may
apply the compactness theorems proven in [White 2021, Theorems 10.1 and 10.2] and find a further
subsequence (not relabeled) and M*° € BF,,(Q;,, I'op) such that, for every ¢ € (—rg, 0],

M) —~ M>.
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In particular, the weak convergence stated above and (4-7) yield
MZ(($T)) =0

for every ¢ € ( —rg, 0]. Therefore, by Definition 2.3, for almost every ¢, there is an integer-valued function
0, € L (ST) so that

loc

® =0,()YH" L (ST N B,).
By testing (2-1) with vector fields X € C! (B, \ To; R4 ) such that S+ X = 0 everywhere, one deduces
that, for almost every ¢, 6;(-) is an integer-valued W1 ! function on S*. Since ST N B,, is connected,
6;(-) must be constant for almost every ¢. Moreover, by (4-6), (0, 0) € Xjs; thus by Proposition 3.4 it

must be 6, > 0 for every t < 0. We conclude by noting that, with the above remarks, for almost every ¢,

Bup = 6, 4™~ L T'y; then the assumption M e V(B,,, I'g) yields 6, = 1. O
Before stating the next result, we define some objects that we will use in the rest of the subsection.

First of all, let F, : R — R be the map

F.(x)= (Sx, iSLx);

with a small abuse of notation, we use the same notation for the map F, : R%! — R%! such that
F.(x,t) = (Fy;(x), t). We now define
¥/ = F, ().

Notice that, by (4-7), 7 C {(x, 1) : |Stx| < 1} for every j. For j € N and (x', 1) € Q,,, we define

w (', 1) ={ze€ B ((x', 2), 1) € TI};

notice that such a set may well be empty or have more than one element. We also define 7/ = Fg; o yliit
is clear that
7/ em—0 inCH.

Furthermore, since |77 1. (B, = 1, by the Arzela—Ascoli theorem and up to passing to a subsequence

(which we do not relabel) we may find g : B;i™ . Bd " such that, for every 0 < ¢ < a,
Stypl > g inC"*
and [gllcre < 1.

In order to keep the notation light, in the following we denote by FE = B'" X Bd " x [— rg, 0] c R%!
and E' = S(E) = 07" C R™!. We also let E, = E'N{x,, > 0}.

Lemma 4.7 (uniform convergence). There exist a subsequence (not relabeled) and u : E! — Bf*’" with
the following properties:
(1) It holds

dy (57 N E; graphu) — 0 (4-8)
as j — oo.

(ii) Forevery (x",1) € Qﬁg_l it holds u((x”, 0), t) = g(x").
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(iii) Forevery X', Y' € E'.,
lu(X') —u(Y")| <2C0(X', Y,
where Cy and ¢ are as in Proposition 4.3.
In (4-8), by graph u we mean the set {(x', u(x’,1),1) : (x',1) e E/\} CE.
Proof. Step 1: Hausdorff convergence. By Lemma 4.6, SINE = @ eventually. Thus one may extract a

subsequence (not relabeled) so that SINE converges in the Hausdorff distance to some closed set SCE.
Since, by assumption, i c {xm = —¢;}, it must also be ¥ cC {x;, > 0}. We define the set-valued function

u(x', 0y =1{y € B{™": ((x', y), 1) € £} (4-9)
for (x', 1) e E/_.
Step 2: u(x’, t) # @ forevery (x', t) € E’_. Assume, by contradiction, that there exists (x’, 1) € E;\S(i)
(recall the notation S(x, 1) = (Sx, t) = (x/, t)). Then, since S (i) is closed, there exists an open neigh-
borhood U’ of (x, 1) such that U’ C (S(X))<. If we let U = S~ (U’) C R, then by Lemma 4.6 and

Fatou’s lemma
0 <H™' (U N (ST x R)) < liminf M/ (V).
J

Thus M/ (U) > 0 eventually. In particular, by taking smaller and smaller neighborhoods, one can pick
a subsequence j, — oo and a sequence X, € X/¢ so that S(X,;) — (x/, t). By using the maps F; defined
above, we rescale in the directions of S+ and find that, up to subsequences, there exists z € Bf*m such that

ij[ =] FSJ'@ (XZ) — ((xlv Z)’ t)

By Step 1, ((x', 2),1) € ¥, which contradicts the fact that ulx',t)=a.

Step 3: u((x”,0), 1) = {g(x")}. Let (x",1) € Q%' If y € u((x", 0), 1), then by Step 1 there exists a
sequence (x;, 1;) € 3/ such that xXj — ((x”,0), y) and t; — t. In particular, by Proposition 4.2, it holds
~ 1 B ,
180 = 79 ) = 1SS ) — 7T ()
j

1/2

<Clxj-em+ej+&;'> >0

as j — oo. Since S/ converges uniformly to g and S*x; — y, it must be

u((x”,0), 1) = {g(x")}.

Step 4: u(x’,t) is a singleton and (iii) holds true. For i = 1,2, let X; = (x;, 1) € ¥. Let also
o= p(S(X1), S(X»)) and, without loss of generality, assume (x2),, > (x1).

Case 1: (x1),, = 0. By Step 1 and Proposition 4.2, we have

15130 — g(x3)| < C(xp)}/? < Cp'/?.

Moreover, |S*x; — g(x)| =lg(x]) — g(x})| < Cp. Thus

|Stx, — Stx | < Cp!'/? 4+ Cp < CpS.
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Case 2: (x1),; > 0and p=0. In this case, we prove that S+ (x1) = S1(x2). Fix w much smaller than (x1),,.
By Steps 1 and 2, we may pick j large enough and three points Y, Y5, W = (w, 1) € ¥/ such that
p(Xi,Y) <wand 2w < p(S(W), S(X;)) < 4w. Up to choosing j larger, we may assume that w > Csjg
and (yi)m > (x;)m — w > 2¢;. Therefore, by Proposition 4.3, since p(S(W), S(Y;)) > w, we estimate
ST =22 < ISH (= YD+ 15702 = y2) [+ [SH (1 = w) | + ST (32 — w)]
<2w+ Co®.
Since w > 0 is arbitrary, it holds St(x)) = St (x2). In particular, u(x’, t) is a singleton for every

(x', ) € E!_. With a small abuse of notation, from here onwards, we will denote by u(x’, ) € RY=" the
only element of the set defined in (4-9).

Case 3: (x1)m > 0 and p > 0. By Steps 1 and 2, we may choose j large enough and two points Y7, ¥»
such that the following hold true:

(1) Y, Y, e 3.
(2) Fori=1,2, p(X;, Y;) < p/8.
(3) Cef <p/2.
(4) Fori=1,2, (yi)m = 2¢j.
Then, by Proposition 4.3, it holds

u(SX1) — u(SX2)| < [u(SX1) — STyl + [u(SX2) — S*(32)| + 1S (31 — )|

=24 +Cpf =2Cp".

as desired. |

The rest of the proof consists in proving that u defined in Lemma 4.7 solves the heat equation
in the interior of E’.. To this end, we recall some facts about the heat equation. First, recall that

E’. = Q7 N {xy, > 0} and let us introduce the sets

Int, E). = E/ \ 0,E’_,
(EL), ={x' €eR™:|x'| <rg—r and x}, > r} x [=r§ +r%,0].
Notice that Int,, E/, =, ((E')),.

Lemma 4.8 (interior regularity for the heat equation). Let g € C(0,E’). Then there exists h €
C>®(Int, E’ ) N C(E!,) such that

0h—Ah=0 inInt, E!,
h=g on d,E’ .
Moreover, for every r > 0 there exists C > 0 such that, for every (x', t) € (E'.),, it holds

max{[h(x, )|, [Vh(x', )|, ID*h(x', )], 19:h (X", )]} < Cligll Lo, £,

We now proceed with the proof of Theorem 4.1.
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Lemma 4.9. Let u be as in Lemma 4.7. Then u € C*(Int,, E',; RI=™yNC(E’ ; R*™™) and
ohu—Au=0
inInt, E,.

Proof. We take as a model the proof of [Savin 2018, Lemma 2.4]. We show that u is equal to the solution
h:E — R to the boundary value problem

dh—Ah=0 in Int, E',
h=u on d,E’_,
whose existence is guaranteed by Lemma 4.8. If not, there exist r, @ small and positive so that the function
E. >, ) lux', 1) —h(x', ) + wlx'|?
achieves its maximum at (xé, 10) € (E’)2,. Since i converges in the Hausdorff distance to graph u, for

some large j we may find X; = (x1, ) € >/ such that (xi, f) e (Ejr), and the restriction to £/ of

2

Stx 2
H(x,t) :=|— —h(Sx,1)| +w|Sx]
£j

achieves its maximum at X.

We claim that, if ¢; is small enough, depending on r and w, then, for every m-dimensional subspace T,
itholds 7 : D*H(X,) > 3, H(X,). This would contradict Proposition 3.7, thus concluding the proof. To
prove the claim, we define f(x,?) = (1/¢;)S Lx —h(Sx, t) and, with some straightforward computations,
we write

Hx,t)=G1(x,t)+ Gy(x, 1),
where
Gi(x, ) = [f(XDP+2f(XD) - (f(x, 1) = f(X1)) + 0| SxI?,
Ga(x, 1) = | f(x, 1) = F(XDI.

Notice that, by Lemma 4.8, there exists C depending on r such that
ID*G1(X))| < C@+ | f(XDIID*h(SX1)]) < C.
Then, just as in [Savin 2018], it is easy to show that, if |7 — S| < cw, then
T:D*G(X1) > & H (X))

and D*G,(X) > 0; thus in this case T : D?H(X,) > 9, H(X1). On the other hand, if |T — S| > cw, then
there exists a unit-vector v € T such that STv > cw. In particular, since D*G,(X,) =2V fFXDHV X DT,

it holds

1 cw?
T : D*Gy(X1) = —|Sv*|VA(SX ) + ;|S%|2 >
J j

We now conclude by remarking that 9, H(X1) =2 f(X1) - 0:h(SX1) < C and

T:D>G (X)) > —|D*G(X))| = —C.
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Thus
2

) cw
T:D°H(Xy) > -C+—- >0, H(X1),
o
J
provided ¢; is chosen small enough depending on w and C (which, in turn, is a large constant depending
onr). O

Once proven that u is a solution to the heat equation, it is sufficient to apply the following classical
estimate:

Lemma 4.10 (boundary regularity for the heat equation). For every a € (0, 1), there exist positive
constants C and B with the following property. Let u € C Z(Intp E' )N C(E'.) be such that

du—Au=0 inlInt,E',.

Assume, moreover, that for all t, u( -, t)|(x, =0y = & € Cl’“(Bro N{x, =0}) we have |g(0)| =|Dg(0)] =0
and |u| < 1 everywhere. Then there exists a linear operator L : R™ — R4~ with |L| < C such that, for

everyn € (O, 4—1‘),
lu(x', 1) — L(x)| < Cn'*P

in (BJ' 0 {2y > 0}) x (=17, 0.
Proof. See [Wang 1992, Theorem 2.1]. |
Remark 4.11. From the fact that g € C'* and that Dg(0) =0, it follows that L(x") =0 if x,, = 0.

Conclusion of the proof of Theorem 4.1. By Lemmas 4.9 and 4.10, there exists L : R” — R?~™ linear
such that L(x") =01if x,, =0, |L| < C and, for every n small, it holds

SN (B x BT x (=40, 0]) C {(x, 1) 1 |S*x — L(Sx)| < Cn' P},

We fix n small, to be specified later, and we choose j sufficiently large so that the Hausdorff distance
between & and £/ is smaller than NP Wenowlet T ={x e R : Stx = €;L(Sx)}. Then it holds

2N, c{IT x| < C'en'thy.
Moreover, by Proposition 4.2 and the fact that |y,f1' (x")| < &;|x"|17, it holds
N Q, C o > —ein' T — €7},
provided n < r,. We choose j large enough so that 8]2 < n'*P. Since B can be chosen smaller than «,
/N Oy Clxp > —28]~n1+ﬁ} N{|T x| < CejnH’ﬂ}.
Up to choosing j larger, the above inclusion yields
2N Q, c{dist(-, TT) <2Cen'tF}.

We conclude the proof by choosing 8’ > B and 7 so small that 2Cn'™# < »'*# and we recover (4-3)
(with B’ instead of B). This contradicts the assumption made at the beginning of the present subsection,
thus concluding the proof. U
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5. Boundary behavior

We now prove Proposition 4.2. The setting is the following. Let Ey and « be given and let r3 be the
constant given in Proposition 4.4. Assume M and I' satisfy the assumptions of Theorem 4.1. Then
mdr(M, Q,,) < oo; therefore Proposition 4.2 follows from the following, more general, statement:

Proposition 5.1 (boundary behavior at scale R). There exist ¢ and ¢, depending only on o with the
following property. Let 0 < § < e <ey, I' € F,(8, Bg) and M € BF,,(Qg, ") be such that
XN Qg C{(x,t):dist(x, ST) <eR})
and
mdr(M, Qr) < 0. (5-1)
Then

Loy 1NN (2
EﬁQR/zC{(x,t):xmzJ/m(x”)—R32+c1fe|S @ =y () }

2(¢R)?

Remark 5.2. The role of (5-1) is to guarantee that the maximum principle (Proposition 3.7) holds true.
Proof. By a simple rescaling argument, it is sufficient to prove the result in the case R = 1. We fix ¢ small
and e; < ¢, to be specified later. By contradiction, assume there exist 0 < § <& <e&;, I and M as above,
and a point (X, ) € £ N Qj, such that

0<wi=——|STE =y @D =62+ ymE") — Fn.
2g2

We show that, if this is the case, then we may build a family of surfaces sliding in the direction of e,, that
touch X at some point where the conclusion of Proposition 3.7 fails.
In order to do so, we first define the functions g : R — R and 4 : R" — R as
|z =Sty @)I?
2¢2 ’
h(y) = PG") =1y = %" = ym.

glx)=c

where
P(y") =y (&) + Vym (&) (" =) =87 = Cly" = %",

and C is a constant depending only on « chosen so that
P(x") < ym(x") (5-2)

(to show that such C depending only on « exists, use the fact that y € C'**(Bg) and Young’s inequality).
Then, choose a smooth function f: R — R such that f(—1) =—4c, fl;>—1/4>—w/2, f <0everywhere
and f'(t) < 8c everywhere. We now set

H(x,t) = g(Stx) +h(Sx) + f(1).
This way, the zero-level set of H is a surface sliding in the e,,-direction. Notice that
H(x, 1) =w+ f() > 0. (5-3)
We now show that, if (x,7) € EN((I' x R)U 9, Q1), then H(x,1) <O0.
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(1) If x € ¥_4, then
o 2(Stx) <c(e+8)%/(26?) =2c, since |Stx| <eand |y(x")| <8 <e,
e by (5-2), h(Sx) < Y (x") — x;p < 2e.
The two above facts, along with the assumption f(—1) = —4c, yield
H((x,—1)<2c+2e—4c <0
provided ¢ < c.

(2) If x € 9B N X;, then | St x| < & and x,, > —e. Thus
x| = V11— —xp >3 —xp,

provided ¢ is small enough. In particular, |x” — X" | > % — x,,. Hence:
o Since ||y |lcrep,) <8, we have
h(Sx) 28— (C+ D" =& = x, <28 — (C+ D)(3 = x)" = x.
e Asin (1), g(S*tx) <2c,
s f()=0.

Therefore

2
Hx,1) 220420 = (C+ D(§ =) = <2420 = 7 7ms <0

provided C > 1 and ¢, § are small enough.

(3) Lastly, for every x € I" and ¢ € (—1, 0), under the assumptions § < & and ¢ < 1, it holds

C
2¢2

Since f <0 and h(Sx) < yu(x”) — |x” —X"|* — x,,, we have

Cc _ - -
g0 = SISTr () =y G = SIVy el =& < | = &2

H(X, t) = Vm(-x//) —Xm = 0.

Points (1)-(3) above and (5-3) show that there must exist ¥ = (y, s) € Q1 N X with y ¢ I" such that
H |(;<) has a local maximum at (y, s).

We now show that one can choose ¢ even smaller, if needed, so that the existence of such a point would
contradict the maximum principle. Indeed, since |S*y| < ¢, if ¢ is small enough then

IVA(SHI®
— T >eg.
[Vg(S+y)12 —
Thus
ISEVHY)| = |Vg(Sty)| < (1 —&)|[VH(Y)|.

Therefore, if T is an m-dimensional subspace of R4 such that T L VH(Y), then

T:SLzs
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and
D*h 0

. N2 _ .
T:D H(Y)_T.( 0 D%

) > —|D*h(Sy)| +¢&|D*g(STy)l.

Now, simple computations show that, up to multiplication by constants depending only on m and o,
|D?h(Sy)| <1and |D?g(Sty)| > c/e?. Therefore, if ¢ is much smaller than c, then T : D*H (y) > ¢/ (2¢).
However, by Proposition 3.7, it holds
inf T :D*H(Y)<8H(Y)=f'(s) <8,
TLVH(Y)

which is a contradiction. O

6. Decay of oscillations: proof of Proposition 4.3
We begin by giving the following definition:

Definition 6.1. Let u : R™! — [—00, 1] be an upper-semicontinuous function. Assume that, whenever a
smooth function ¢ : R™! — R touches « from above at some (x}, to) € U x I (according to the terminology
set in Section 3.2) and |V<p(x(’), t0)l, |D2<p(x6, to)| are smaller than some fixed universal constant §y, then

dp — MT(D*) <0 (6-1)

at (x(/), fo) (see Section 3.2 for the definition of M ™). Then u is said to be a viscosity subsolution to (6-1)
inU x I.

The reader should notice that the classical definition of viscosity solution is slightly different than ours, in
that the test function ¢ usually has no restrictions on the magnitude of |V¢| and | D?¢| at the touching point.
The proof of Proposition 4.3 is achieved in three steps:

(1) First of all, one sees that the support of a M behaves, in some sense, like the graph of a viscosity
subsolution to (6-1), as in the definition above; this was proved in Corollary 3.8.

(2) By exploiting the results in [Wang 2013], one shows that, if a ¥ has a point far enough from S, then
the mass of M near that point cannot be too small.

(3) If £ does not have the decay of oscillations stated in Proposition 4.3, then by the previous step the
mass of M in some parabolic cylinder must be large; this contradicts the small density assumption (4-1).

Before proceeding, we introduce some notation that we are going to use in the present subsection.
Given 6 € (0, 1), we define the set

t
P = {(x/, HeR™:x)? < —53 < 1}.

One should compare these sets with those which, in [Wang 2013], are called “parabolic balls”. Our
definition slightly differs from theirs; notice that with our choice 7719 C B{" x (=62, 0).
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Lemma 6.2 (measure estimate [Wang 2013]). For every 6 > 0 and n € (0, 1), there exist small con-
stants 1, r with the following property. Let u : R™!' — [—o0, 1] be a viscosity subsolution to (6-1) in
BY" x (—62, 0) and assume that
u(¥Yo) =1—n'

for some Yy € B" x (—6%r2,0). Then

L {u=1=pnPY) = (1= wL™ (PY). (6-2)
Proof. This result corresponds, essentially, to [Wang 2013, Lemma 4.3]. Apart from some trivial
adjustment of constants, there are two caveats:

o The results in [loc. cit.] are stated with the classical definition of viscosity solutions, where no bound
on the test function at the touching point is required. However, it is easy to see that the results are valid
for our definition of viscosity solution, as well.

« In our setting, we allow u to be merely upper-semicontinuous and, possibly, take infinite values, while
in [loc. cit.] u is required to be continuous. This minor point can be easily overcome by looking at the
sup-convolution of u,

s (1) = suplu(y, ) = $(x =3P+ =) .

which conserves the property of being a viscosity subsolution to (6-1) and for which (6-2) holds true, by
[loc. cit., Lemma 4.3]. Letting § N\ O gives the desired conclusion. U

Before stating the next result, we fix some further notation. For any closed set ¥ C R%! and any
Q c R4 we let

osc(Z, Q) =inf{h > 0: there is y € R? such that TN Q C {x : [S*(x — y)| < h}}.

‘We also let
C,={xeR?:|Sx| <r}).

Lemma 6.3 (Harnack inequality). For every § € (0, 1), there exist small constants &5, 0, r, n with the
following property. Let & < g5 and M € BF,,(Cy x (=62, 0]) be such that

T C{|Stx| <e}, (6-3)
/ W(.,0)dM, <2—68 forallt e (—620), (6-4)
Ci
and
mdr(M, C; x (=62, 0]) < oco. (6-5)
Then
0sc(Z, Cr x (—=0%r2,0]) < (1 —n)e. (6-6)

The proof of the above result involves some technical estimates. It is therefore convenient to give
an overview of the strategy. If (6-6) does not hold, then one finds two points Y| and Y, in X that are
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far enough in S*. By applying Lemma 6.2 twice, we find that in C; x (=62, 0) the mass of M must be
almost that of two m-dimensional disks. This contradicts (6-4), which encodes the fact that the mass of
M must not exceed by too much that of a single disk.

Proof of Lemma 6.3. Let 6 € (0,1) be given. Fix 6 and p, which we will specify later, and let r
and n’ be chosen accordingly as in Lemma 6.2. Moreover, fix ¢ much smaller than u and n < 7/, to
be specified later. Assume, by contradiction, that there exist M € BF,,(C; x (—62, 0]) that satisfies
the assumptions of the present result with the choices made above, and two points Y; = (yy, 1), Y2 =
(2, $2) € 2N (Cy x (—=62r2,0]) with |SLy; — SLy2] > 2(1 — n)e. For every (x', 1) € B x (—62, 0] and
fori =1, 2, let
muxnzégwmu—&wAueslmduﬁ@ez¢

Notice that u; and u; are upper-semicontinuous and, for every (x’, 1), either u(x’, t), u»(x’, t) € [0, 1] or
u) = uy = —oo. By Corollary 3.8 and (6-5), both u; and u, are viscosity subsolutions to (6-1). Moreover,

1 /
ui(Sy2,52) = 51Ty =Syl = 1=n= 1=’
hence, by Lemma 6.2,
L (fuy = 1= NPy = (1 — L™ (P)).
With the same argument, one also obtains
L fuz > 1=y 0P > (1 — L™ (PY). (6-7)

We now want to estimate

/ VdM.
C1x(—62,0)

We first define, for i = 1, 2, the sets

2 2
A = {(x,t) e R (Sx, 1) e P, |SE(x — )] < g and 1 < —%}

Notice that A} N A, = & and, by (6-3), for M-a.e. (x, t) € A;, it holds

|Stx? / AW
WSz = (1- o WS, 1),

2

8¢2/8

4¢

where W/ (x/, 1) ;= W ((x’/,0), 1).
Therefore we have

f \IJsz/ \IJdM-l—/ VWdM
C1x(—62,0) Ay Az

> (1 — g) (/ W'(Sx,t)dM(x, 1) +/ W'(Sx,t)dM(x, t)). (6-8)
Ay A

Moreover, by Lemma 3.6 and by the coarea formula,

\D(x,t)zexp( )‘P’(Sx,t) ZeXP<—

/ W' (Sx,t)dM(x,t) > / W (x HdLm (). (6-9)
Ai S(ANT)
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We may assume that u and n are smaller that some universal constant so that, if z € R with |z| <&
is such that |z — ST y,|/(2¢) > 1 — p, then
sty <&
l2=S"nl=7.
In particular, we have
2
S(AINE) D (e = 1— NP N {z < —2%}

which, together with (6-7), yields that S(A; N X) covers a large portion of P?; namely

LS nD) = £ (P N = 1 - pin fr < ‘2782})

m 262 m
= £" NP N 2 1= ) = 5 = (=2 L™ (PY),

provided 2 < ¢ for some ¢ small universal.
We are now ready to choose u, depending on &, so that the above inequality and the fact that ¥ ¢
L' (™' PY) yield

2 2
f W acm! zf W acm! _&:92/ W, —6%acm — 97 (6-10)
S(AINE) PY 8 By 8
Finally, we also choose 6 small such that
/ \IJ/(~,—92)d/:’"z/ \D/(-,—Qz)dﬁ’”—%:l—%. (6-11)
B m
By (6-10) and (6-11), it holds
/ v dcm! > 92(1 - Q). (6-12)
S(AINT) 4
The same argument can be repeated for A,, thus giving
/ wdcm! > 92(1 - §). (6-13)
S(ANT) 4
We conclude the proof by combining (6-8), (6-9), and (6-12), (6-13), obtaining
[ o= -1 - 2),
Cl ><(—92,O) 8 4 4
which contradicts (6-4). This concludes the proof. O

A simple rescaling argument allows one to iterate Lemma 6.3 and obtain the following

Proposition 6.4. For every § € (0, 1) there exist C (large) and ¢ (small) with the following property. Let
M € BF,(Cg x (—R?, R?)) be such that

mdr(M, Cg x (—R?, R?)) < 00 (6-14)
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and assume that, for every (x,t) € Cgjp X (—R?/4, R?/4)) and every s € (t — R?/4, 1), it holds
/ V(- —x,s—t)dM; <2—-6. (6-15)
Crypa(x)

If ¢ = 0sc(Z, Cg x (—R?, R?)), then, for any couple (x,1t), (y,s) € Crp x (—R*/4, R>/4) N T such
that p = p(X', Y') > CR'=S¢&S, it holds

Lo ﬁg
[S~(x y)|§C8<R).

Proof. We prove the result for R = 1, as the general case follows by replacing M with Dg M.

Let &2, 6, r, n be the constants given in Lemma 6.3 in correspondence to 6. Without loss of generality,
we may assume that ¢ < g;; otherwise the result follows by choosing C large enough. Consider the
rescaled flows M* = D,«(M — X). By induction, the assumptions of Lemma 6.3 are in place for every

1—n k
( ) e <eép. (6-16)

integer k such that

r

Therefore, scaling back to the original flow, we see that for those k
0sc(Zpr, Coi(x) x (£ —0%r% 1)) < (1 — p)ke.

Let now X = (x, ¢) and ¥ = (y, s) be two points in Cj /5 x (—}‘, le) NX andlet p = p((x', 1), (¥, 5)).
Without loss of generality, we may assume that ¢ > s. Furthermore, by taking C > 2/6, we may clearly
reduce ourselves to the case p < /2. By choosing ¢ small enough and C larger than the choice
made above, if necessary, we infer from p > Ce* that there exists k € N satisfying (6-16) such that
rk+1 <25/6 < r*. Thus

Y € Cop(x) X (t —4p%, 1] C Cra(x) x (t — 027 1];

hence it must be |S+(x — <21 - n)¥e. We conclude the proof by taking C larger and ¢ smaller, if
needed, so that 2(1 — ) < Cps. O

We finally prove Proposition 4.3.

Proof of Proposition 4.3. Let ry = % min{ry, r3}, where r| and r3 are given in Propositions 4.2 and 4.4,
respectively. Let also X = (x,7), Y = (y, s) be two points in ¥ N Q,,. Without loss of generality, we
assume that R := x,,, > y,, > 2¢. Let p = p((x', 1), (', 5)); finally, let ¢ be the constant determined in
Proposition 6.4 corresponding to 6 = % We shall distinguish two cases.

If p < R/8, then we may find ¢’ € (—r3, 0] such that X, Y € Cgja(x) x (' — R?/16, ¢’ + R*/16) and
Crya(x) C I'. Since R < 1, the assumption p > Ce® yields p > CR'=S¢S. By Proposition 4.4 and
Corollary 4.5, (6-14) and (6-15) hold true; thus Proposition 6.4 applies and we obtain

S
ISt —y)| < c?(%) 0se(Z, U(X)),
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where U(X) 1= Cgya(x) x (' — R?/16,t' + R?/16). By Proposition 4.2, we may estimate

0sc(Z,U(X)) <2CevV2R+ e+ 2+ CR||Vy o < CeR'?,
since € < R/2 and |Vy e < Ce. Thus
1St (x — y)| < CeR"?75pS < Cep*,
since ¢ can be chosen smaller than %
On the other hand, if p > R/8, then it is sufficient to use Proposition 4.2 twice and the fact that
IVYlloo < Ce to estimate
ST (x —y (") < Ce(R+e+6M)"? < Cep'/?,
ST (=¥ ("D < Ce@R+e+6%)'? < Cep'?,
ST (r ") =y ") < Cep.
We therefore conclude
ST (x = y)| < Cep'’? < Cep®,
which is the desired result. O

7. CVB regularity

In the present section, we prove the following e-regularity theorem:

Theorem 7.1 (C!-# regularity). For every Eq and «, there are small constants €3, A, n and B with the
following property. Let ¢ < g3, I € Fo(e, By), M € BF,,(B; x [—A, 0], I') be such that (0,0) € Xy,
u C{(z, 1) : dist(z, ST) < ¢},
sup M;(B)) < Ep

te[—A,0]
and

/ (-, =A)dM_4 <
By

Then there is u € Cl’ﬁ(Q’,?, RI=™Y with lullcre < Ce such that Xy N Q‘f, = graphu and, for all
t € (—n*/4,01, it holds 3%, N B, C T.

B

Before proving the above result, we record the following consequence of Theorem 4.1
Proposition 7.2 (iteration of the improvement of flatness). Under the assumptions of Theorem 4.1, for
every X = (x,t) e XN Q,:
o If x €T, then there exists an m-dimensional half-plane T; such that BT};r =T, and
N Qe (X) C{dist(-, x + Ty ) < 2en*1+F)}
for every k € N.
o If x ¢ T, then there exists an m-dimensional plane Tx such that

N0 (X) C{dist(-, x + Tx) < 2en 7}
for every k € N.
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Proof. This result is a straightforward consequence of an iteration of Theorem 4.1. Namely, given
X € ¥NQ, withx € T', we may find a sequence of half-planes T,f such that

XN Qe C{dist(-, T,") < n* P},

Moreover, |T;" — T;F || < Cen*"*P) /n* for some C depending only on Eg and «. Therefore, {7,"}
converges to some half-plane T; for which the conclusion of the proposition holds true.
For the case x ¢ I', one may see [Tonegawa 2019] or replicate the techniques of the previous sections. [

Remark 7.3. Given x € I" and T(L)

we let T{y ;) be the m-dimensional plane obtained by reflecting T(;t) across T,I". We note the following

as in Proposition 7.2, throughout the rest of the present section,

conclusion of Theorem 4.1: there is C depending only on E¢ and « such that, for every X € XN Q,, it holds
|Tx — S| < Ce.
We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. Up to a rotation, we may assume, without loss of generality, that 7(g oy defined in
Proposition 7.2 coincides with the plane S that satisfies the assumptions of the present result.

Step 1: ¥ is the graph of a C'-# function over S(E). Let X € £ N Q4 and, for simplicity of notation, let
T = Ty as defined in Remark 7.3; recall that |7 — S| < Ce. For any other point ¥ € £ N Q¢, we may write

ISt — W < THx — Y|+ 18T =T+ |x -y
<Cep(X, V)"’ +Cep(X,Y)
<2Cep(X,Y).

If &3 is smaller than some universal constant, we conclude
1S+ (x — y)| <3Cep(SX, SY).
The above inequality, together with Proposition 7.2, yields
T+ (x — y)| < Cep(SX, SY)!*P. (7-1)
Now, by using the identities S+ S+ = T 4+ T = I, it may be checked by direct computations that
(I—St*T)St(x —y) = S*TS(x —y) = STTH(x —y). (7-2)

Since |S — T| < Ce, (I — S*T) is invertible and |(I — S+T)~'| < 2 provided ¢ is small enough. In
particular, by letting L = (I — S+T)~'SL, we have |L| < 2. Then (7-1) and (7-2) above give

|Stx — STy — LT (Sx — Sy)| = |[LT(x — y)| <2|TH(x —y)| < Cep(SX, SY)'TP.  (7-3)

This proves that, indeed, there is u € C#(S(Z N Q,); R¥™™) with [|u||c1s < Ce such that N Q, =
graphu.
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Step 2: Absence of holes. We now “split” the parabolic cylinder Q> into two components, on two
opposite sides of I'. To this end, we define the sets

El ={x"e B, x> ym(X),  ELi={x"€ B cx, < Ym (X},
their parabolic counterparts
&l =E x (—n*/4,0] c R™!
and, lastly,
Ex={(x,t) eR": (&, 1) € Ex}.

Arguing for the positive side (as the argument applies for the other case) we claim that, if X; = (x1,#) €
X N&;, then
ELN{t=n}cSENQOy. (7-4)

To prove this, assume by contradiction that there is (x, to) € 5; \ S(X) with 7p < #;. Since y € C1¢, it
is easy to see that there exist a smooth curve p : [fo, 1;] — E’, and p > 0 with the following properties:

p(to) =x, and p(t1) = x|,
Q" (p(1), 1) C €,
Q7 (p(t), 10) C S(X)°.
The fact that ¥ is closed and Proposition 3.4 yield the existence of a time ¢ € (fy, ;) such that
Q7 (p(1), 1) C S(X) forevery t < t and a point (yo, o) € X such that (y,, so) € SBf(p(t_)) x [t — p2, 1].
Let us now consider a sequence r; \ 0 and define the dilations

M’ =D, (M — (y0. 50))-

Since M has bounded maximal density ratio, the compactness theorems in [White 2021, Section 10]
yield that, up to passing to a subsequence, M/ converges to a limit Brakke flow M.
Then (7-3) implies that there exists an m-dimensional half-plane T such that

Sy CTT x (—o0, 0].

Moreover, since (yg, Sg) € Xy, we have (0, 0) € Zpye.
We finally show that this violates the maximum principle. Up to a change of coordinates, say

TH={xpi1=--=x4=0and x,, > 0} and let
ITEx > X712 |xw|? 1
1t = - - _t7
where x” = (x1,...,xm—1). Then fl|s,ni<0; has a local maximum at (0,0). However, it holds

3, £(0,0) = 1/(2m) and

) 11

f T:D*f0,0)=1—(m—1)—=—,
Te(!r?(m,d) f( ) (l’l’l )m m
T LV £(0,0)

which contradicts Proposition 3.7, thus proving (7-4).
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Step 3: Conclusion. Since, by assumption, (0, 0) € Xy, by Proposition 3.4 it must be M,(B,) > 0 for
every t < 0 and r > 0. However, if there were #; < 0 and r > 0 such that

Mtl(Br N{xn, < Vm(x//)}) >0,

by the previous step it should be & N{r <#;} C S(XNQ,). However, this would contradict Proposition 5.1
with R = 5, provided &3 is chosen small enough. Therefore we have that, for every ¢ < 0 sufficiently
close to 0, it must be

M; (B N {xm > Ym(x")}) > 0

and, by the previous step, £, C S(X N Q) which, together with (7-3) amounts to saying that there exists
u: & — RI™™ such that

EN(E4UE) =graphu = {(x,1): Sx € £, and S*x =u(Sx,1)}
and |lul|c1s < Ce.

We only have to prove that 0%, N B, » C I" for every 7 € (—n?/4, 0]. If there were x € 3%; N By \ T,
then by the fact that u € C"# there would be some blow-up of ¥ around (x, ) that is contained in an
m-dimensional half-plane for all times. Arguing as in the previous step, one finds a contradiction to
Proposition 3.7. (Il

Appendix A: Proof of Lemma 3.2

Up to rescaling and translating, it is sufficient to prove that there exist A and A small and positive,
depending only on § and ¢, such that, if I' is an (m—1)-dimensional properly embedded submanifold of B;
with [Clcres,) < A, then

chz(O) +38. (A-1)

0
/"/VGFLVWMyJNdFOOdti
“A

For brevity, we denote by I'y the space T,I". Throughout the proof, C will denote constants (possibly
changing from one expression to another) depending only on m, d, .

Case 1: 0 € I'. We start by remarking that
RVICH!

0 0 0
/ /|F;vw1(.,t)|drdt5/ / |FyiV\IJ(-,t)ldF(y)dt+CF(Bz>/ o At
—A -AJB, - (="

If A is smaller than some universal constant, then I'(B;) < C; thus we may take A small depending on §
so that the last term in the above inequality is smaller than §/2. Therefore we reduce ourselves to proving
that, if A is small, then

0
8
I ;:/ Ty V(.. 0)|dTdr < .
—AJ B 2

Since [I"]¢iep,) < A is small, for every (y, 1) € I' x (=00, 0),

P/t P/t

1 1+o
(_t)1+m/2 |Fy y| =CA '

Ty Ve (y,nl<C Coren
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We then use the fact that, if A is smaller than some universal constant, then I' N B, is the graph over I'g
of some function y : R"~! — RY="+1 guch that ||y | c1.« < CA. In particular, by using the area formula
and the fact that | Vy | L~(,) <1 for A small enough, we obtain

1 2 _ -
ITEVW (y, 0] dT(y) < CAW/R 1P L ) = Ay
B - m—

(

for some C depending only on m and «. Therefore, assuming A <1,
0
I < CA/ (—)**~Vdr < CA.
-1
We conclude the proof in the case 0 € I by choosing A < §/(2C).
Case 2: 0 ¢ I'. Let Er be the m-dimensional Hausdorff measure restricted to the exterior cone
Cri={My:A>1land y eI}

with multiplicity, as defined in [White 2021, Section 7]. With similar computations to those in the proof
of [loc. cit., Theorem 7.1], we may show that

0
[ firivwooniarord < tim [ oage+ [ -adecas)
—_A T
=/\I’](,_A)dEF+CAEF(B2)9

where the last equality comes from the fact that O ¢ T".

In order to prove (A-1), we argue by contradiction: assume there is a sequence {I"/} with O ¢ I'/ such
that ||T"/ lcre(, < 1/j for which the left-hand side of (A-2) is greater than % + 6. One may show that,
up to extracting a subsequence, E-; converges weakly to H™ L ST, where ST is some m-dimensional
half-plane such that O ¢ Int(S™). Therefore

limsup{/\lll(-,—A)Epj+CAE1~,~(BZ)} 5/ Wi(-,—A)dH" + CAH" (BN SH).
S+

j—00

Since 0 ¢ Int(S™), the integral in the right-hand side of the above inequality is smaller than % for every
choice of A. On the other hand, A may be chosen so small that

CAN (BN STy <2,
which contradicts the assumption made above, thus concluding the proof.

Appendix B: Proof of Lemma 3.6

We refer the reader to [Kasai and Tonegawa 2014, Lemma 9.4] for a detailed proof of Lemma 3.6. Since
some minor modifications are needed, in this section we sketch the outline of the proof.
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Let U C R be open, I C R be a nonempty interval, I" be an (m—1)-dimensional C'** submanifold of
U andlet M € BF,,(U x I,T"). We assume that M satisfies a bound of the form

mdr(M,U x 1) < E| <0 (B-1)

and we let ¥ = X be its space-time support.
Before proceeding, by virtue of Proposition 3.4, we fix small constants ¢y, ¢, and Ry, depending on E|
and I, such that, for every (x, t) € ¥ and every R < Ry such that Bg(x) x (t — c1R?,t) € U x I, it holds

M,_ ., g2(Brj2(x)) > caR™.

By Definition 2.3, for almost every ¢ € I there exist an m-dimensional rectifiable set £ C U and a
positive, integer-valued function 6, : E, — N such that M; = 6,(-)H™ L E;. We choose a time ¢ as above,
with the additional condition that s — M, (¢) is continuous at ¢ for every ¢ € C.(U). By [Tonegawa
2019, Proposition 3.3], almost every ¢ € [ satisfies the latter condition.

We claim that, for every such ¢ and for every Bs,(xg) € U, it holds

H™ (2, \ E;) N By (x0)) = 0; (B-2)
this clearly implies (3-4).

In order to prove (B-2), we argue by contradiction. Assume that there is (xg, #7p) € U x [ and r > 0
such that B3, € U and H" (A N B,(xp)) > 0. Without loss of generality, we may take xo =0, t = 0 and
set A:= 3o\ Eop.

Let

Ap:={x € ANB, : My(Br(x)) <caR"™/2 for all R € (0, r/k)}.

Since, for H™-a.e. x € E, it holds

. My(Bgr(x))
Iim —————=0
R\0 R™

9
we have

O<HWAD&J=HmOJAO.
keN
Therefore we may find k € N such that by := H" (Ay) > 0.
By standard measure-theoretic arguments, it is not hard to show that there exists ¢ small universal such
that, for every R small enough, we may find N € N and a finite collection of points {xj}j\’:1 C Ay such
that {Bg(x;)} are mutually disjoint and

NR™ > cbhy. (B-3)
By the definition of A, since x; € Ay, we have
N
Rm
MO(U1 BR(xj)) < NCZT' (B-4)
Jj=

On the other hand, by Proposition 3.4 and the fact that x; € ¥, we have

N
M_. g (U BR/z(Xj)) > NcyR™. (B-5)
=1
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We now fix a cut-off function ¢ € C2°(By) such that ¢ € [0, 1] everywhere, ¢lB,, =1and |Vgp| <4.
Then, given R small, we let o(x) = ¢(x/(2r)), ¢;j(x) = ¢((x —x;)/R) and

N
G=0o— Y @
j=1

Then clearly ¢ € [0, 1] everywhere and |[V@| < C/R. Notice, moreover, that

N N N
Z XBrp(x) = Z i = Z XBr(x))-
j=1 j=1 j=1
For brevity, set s = —c; R% By (B-4) and (B-5), we have

Mo(po) — My (o) = (Mo(@) — M (@) + (Mo (Z <p,-> — M, (Z w))

< (Mo(@) — M(@)) + (NcaR™ /2 — N, R™)
= (Mo(9) — My (9)) — c3bo (B-6)

for some c3 small, where (B-3) was used in the last inequality.
We now estimate, by using Definition 2.3,

0 0 12 / »0 172
M@~ M) < [ [ H-Voam i < (/ / |H|2) (/ / |V¢|2) S B
N N BZr s
By (B-1) and the fact that s = —c R? we have, for some C large,

0
f f IV@I* dM, dt < (—s)|IV@||2 M, (Bay) < CEr™;
s

therefore (B-6) and (B-7) yield

0 1/2 1 1/2
H?dM,dt) > Mo(on) — M. by,
(f—csz /Bzr |H| t ) = (CE]?"") (Mo(¢0) 12 (90) + c3bo)

By assumption, ¢ — M, (¢g) is continuous at 0. Thus we may choose R so small that the right-hand side

of the above inequality is larger than chy/(E;r™)'/? for some ¢ small enough.
Finally, we consider the function ¢ = ¢(x/(3r)). By Definition 2.3 and the Cauchy—Schwarz inequality,
we have

0
Mo(@) — M (@) < f (—¢|HP +V§ - H)dM, di
761R Bs,

IWI2
—L]Rz B3, 2 —LIRZ B;,
b?
5——/ / |H | dM,dt—l—CElrmRz —O,
*C1R2 Bo, E]rm

provided R is chosen small enough. This contradicts the continuity of 7 — M,(¢) at 0, thus concluding
the proof.
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