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OPTIMAL BLOWUP STABILITY FOR THREE-DIMENSIONAL WAVE MAPS
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We study corotational wave maps from (14 3)-dimensional Minkowski space into the three-sphere. We
establish the asymptotic stability of an explicitly known self-similar wave map under perturbations that
are small in the critical Sobolev space. This is accomplished by proving Strichartz estimates for a radial
wave equation with a potential in similarity coordinates. Compared to earlier work, the main novelty lies
with the fact that the critical Sobolev space is of fractional order.
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1. Introduction

The present work is concerned with the wave maps equation, the prototypical example of a geometric wave
equation. The wave maps equation is a natural generalization of the wave equation when the unknown
takes values in a Riemannian manifold. Here, we are only interested in the case where the manifold is
the round sphere; i.e., we consider maps U : R4 — S ¢ R?+1 where R4 is the (14d)-dimensional
Minkowski space. In this special case, the wave maps equation takes the form

where - denotes the Euclidean inner product on R4+1! and Einstein’s summation convention! is in
force. Equation (1-1) is a hyperbolic partial differential equation and it is natural to study the Cauchy
problem. To this end, one prescribes initial data U(0,-) : RY — sS4, doU(0,-) : RY — R4tL with
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U(0,-)-3oU(0,-) = 0 and aims to construct a unique solution to (1-1) satisfying these initial conditions.
Intriguingly, for d > 2, it is in general impossible to construct global-in-time solutions to the Cauchy
problem for the wave maps equation, even if the initial data (U(0, -), doU(0, -)) are smooth and nicely
behaved towards infinity. For d > 3, this is evidenced by an explicit one-parameter family of self-similar
solutions. Indeed, for T > 0, let UL (¢, x) = Fi(x/(T —1)), where Fi : R? — s4 c R4+1 is given by
1 (Nd —25) _ (sin(f*(s))é—l)

Fi(§) =

T d—2+E2\d -2 cos( fx(£))

with

o &1
f«(&) = 2arctan(m).

Then U is a wave map, as one may convince oneself by a straightforward computation. The solution UL,
which was discovered in [Turok and Spergel 1990; Shatah 1988; Bizon and Biernat 2015], starts from
smooth initial data but develops a singularity in finite time in the sense that the gradient blows up.
Moreover, by the finite speed of propagation property inherent to the wave maps equation, the behavior
of the data at spatial infinity is completely irrelevant. A natural question that arises immediately is as to
whether this explicit blowup solution has any bearing on the generic behavior of the Cauchy evolution.
Perhaps U actually belongs to a larger family of solutions which exhibit similar kinds of singular
behavior? And if so, how large is this family? To answer these questions it is necessary to study the
stability of U] under perturbations of the initial data. For the case d = 3, we show that all solutions that
start out close to U develop a singularity with the same asymptotic profile as UJ. Furthermore, the
smallness of the perturbation is measured in the weakest possible (L2-based) Sobolev norm.
In order to state our main theorem precisely, we set

2 X
uf(t,x):marctan( x| )

T—t
and define Q7 C Rx R3 for 7 > 0 by
Qr 1= ([0, 00) x R\ {(t,x) € [T, 00) x R : |x| <t —T}.

In words, 27 is all of the future of the initial surface + = 0 minus the forward lightcone emanating from
the blowup point (7, 0). Furthermore, for R > 0 and x¢ € R?, we set [B‘Ile (x0) :={x € R¥ : |x —xo| < R}
and abbreviate BLIZQ = [EB‘I’; (0).

Theorem 1.1. There exist constants 8o, M > 0 such that the following holds. Let F : R — S3 C R* and
G : R® — R* be given by

_ [sin(x]f i _( cos(|x| f(x))g(x)x )
Fx)= ( cos(|x]| f(x)) ) - 6= —sin(|x| f(x))[x|g(x)

for smooth, radial functions f, g : R®> — R. Assume further that § € [0, 8y] and

1]
I-10Cf 8)— (ui(O, °), Boui(O, '))]||H3/2xH1/2(B§+5) = M



OPTIMAL BLOWUP STABILITY FOR THREE-DIMENSIONAL WAVE MAPS 897

Then there exists a T € [1 — 8,14 8] and a unique smooth wave map U : Qr — S3 C R* that satisfies
U(0,x) = F(x) and 3oU(0, x) = G(x) for all x € R3. Furthermore, in the backward lightcone of the
point (T, 0), we have the weighted Strichartz estimates

T
_4
L ) =Vl oy e <82

T
-1 T 6 6
LI @) = UL 1yt <8
for j €{1,2,3}.
1.1. Discussion. We would like to make a couple of remarks.
1.1.1. Stability of blowup. Note that
vlw.0=(9)

for all ¢ € [0, T'). Hence, a scaling argument shows that
_4 1
-3 @) = U 0Dl oy = (T =172,

from which we infer that

T T
_4 _
| Il - UT ) By ydr= [ -0 ar=co.
0 T—t 0
Similarly,

T T
-4 T 6 ~ -1 3, _
/0 I-177150; U, (t,~)||L30/11(B3T_t)dt _/0 (T—1t)"" dt =o0.

Consequently, these Strichartz norms detect self-similar blowup and Theorem 1.1 shows that U] is
asymptotically stable in the backward lightcone of the singularity. Put differently, our solution U can be
trivially written as

Ut,x)=UL(t.x)+ U@, x)-UL(@, x)

small

and this shows that U exhibits the same blowup as U] modulo an error which is small in suitable
Strichartz spaces.

1.1.2. Optimality. Equation (1-1) is invariant under the scaling U(¢, x) +— U(t /A, x /1) for A > 0 and the
corresponding scaling-invariant Sobolev space is H4/2 x g4/2=1(R4). Moreover, from the ill-posedness
of the wave maps equation below scaling [Shatah and Tahvildar-Zadeh 1994] it follows that the smallness
condition imposed on the initial data is measured in the optimal topology in terms of regularity.

1.1.3. Symmetry. The prescribed initial data belong to the class of corotational maps, a symmetry
preserved by the wave maps flow. Further, our Strichartz estimates are not translation-invariant and so are
inherently corotational.
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1.1.4. Maximal domain of existence. The domain on which we construct solutions is all of [0, co) x R3
except for the part of spacetime that is causally influenced by the singularity. Whether one can extend the
solution even further in a meaningful way is an intriguing open question.

1.1.5. Supercriticality. Lastly, we want to emphasize the fact that Theorem 1.1 is a large-data result for
an energy-supercritical geometric wave equation.

1.2. Related results. Due to the sheer volume of intriguing works on the wave maps equation, we can
only mention a handful of results which are directly linked to the present paper. For the local theory of
corotational wave maps at low regularity we refer to [Shatah and Tahvildar-Zadeh 1994]. The general
case is the focus of the works [Klainerman and Machedon 1995; Klainerman and Selberg 1997; Tao 2000;
Masmoudi and Planchon 2012]. Establishing results concerning the small data global Cauchy problem
is of course most delicate when one measures smallness in a scaling-invariant space. This challenging
problem was intensely studied in the 1990s and the beginning of the 2000s and was resolved in [Tataru
1998; 2001; 2005; Tao 2001a; 2001b; Klainerman and Rodnianski 2001; Shatah and Struwe 2002; Krieger
2003; 2004; Nahmod et al. 2003; Candy and Herr 2018].

Turning to the large-data problem, we start with the case d = 2, where the strongest results are available,
given that this is the energy-critical case where energy conservation yields invaluable global information.
However, despite the conservation of energy, finite-time blowup is possible, albeit via a different, more
complicated mechanism than in our case. Singularity formation takes place via a dynamical rescaling of a
soliton (a harmonic map). Consequently, already the construction of finite-time blowup is highly nontrivial
and was first achieved in [Krieger et al. 2008; Rodnianski and Sterbenz 2010; Rapha&l and Rodnianski
2012], inspired by numerical evidence [Bizon et al. 2001]; see also [Gao and Krieger 2015]. Stability
results for blowup are proven in [Raphaél and Rodnianski 2012; Krieger and Miao 2020]. Subsequently,
the question of large-data global existence has to be addressed in view of the fact that finite-time blowup
is possible. Since the blowup takes place via the shrinking of a harmonic map, the “first” harmonic map
provides a natural threshold for global existence. This is expressed in the threshold conjecture [Sterbenz
and Tataru 2010a; 2010b; Krieger and Schlag 2012; Lawrie and Oh 2016; Chiodaroli et al. 2018]; see
also the series of unpublished preprints [Tao 2008a; 2008b; 2008c; 2009a; 2009b] and the earlier [Struwe
2003; Cote et al. 2008] for the corotational setting. Recent works on energy-critical wave maps focus on
the precise asymptotic behavior and the soliton resolution conjecture [Cote et al. 2015a; 2015b; Cote
2015; Grinis 2017; Jia and Kenig 2017; Jendrej and Lawrie 2018; Duyckaerts et al. 2018].

The present paper is concerned with the energy-supercritical case d > 3, where the conservation of
energy is of no use for the study of the Cauchy problem. Therefore, the understanding of large-data
evolutions is still comparatively poor. The existence of self-similar blowup for d > 3 is established
in [Shatah 1988; Turok and Spergel 1990; Cazenave et al. 1998; Bizon 2000; Bizoi and Biernat
2015]. Motivated by numerical evidence [Bizon et al. 2000], the stability of self-similar blowup under
perturbations that are small in Sobolev spaces of sufficiently high order is proved in [Donninger et al.
2012; Donninger 2011; Costin et al. 2016; 2017; Chatzikaleas et al. 2017; Donninger and Glogi¢ 2019;
Biernat et al. 2021]. We also remark that starting from dimension 7, another blowup mechanism occurs
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which is more reminiscent of the energy-critical case [Ghoul et al. 2018]; see [Dodson and Lawrie 2015;
Chiodaroli and Krieger 2017] for other large-data results. Blowup stability in critical Sobolev spaces has
so far been established for the four-dimensional wave maps equation [Donninger and Wallauch 2023] and
the simpler energy-critical wave equation in dimensions 3 < d < 6 [Donninger 2017; Donninger and Rao
2020; Wallauch 2023]; see also [Bringmann 2020] for an extension to randomized perturbations.

We would like to emphasize that in contrast to previous work [Donninger and Wallauch 2023; Donninger
2017; Donninger and Rao 2020; Wallauch 2023], which relied crucially on the fact that the critical Sobolev
space is of integer order, the present paper is the first instance of an optimal blowup stability result in a
Sobolev space of fractional order. This seemingly technical feature turns out to be much more substantial
than one might expect. In fact, it adds several layers of new difficulties to the analysis, most notably
the necessity of developing a suitable interpolation technique that is compatible with the nonself-adjoint
spectral structure of the problem.

1.3. Outline of the proof. To prove Theorem 1.1 we follow the strategy laid out in [Donninger and
Wallauch 2023] and which itself built on the previous works [Donninger 2017; Donninger and Rao 2020].
However, in contrast to the four-dimensional case studied in [Donninger and Wallauch 2023], the optimal
Sobolev spaces here are of fractional order. This causes major additional problems throughout our analysis
of (1-1) which were not present in previous works.

The first step in analyzing (1-1) is the symmetry reduction. From the special corotational form of the
prescribed data and the preservation of that symmetry class by the wave maps flow it follows that the

Uttox) — <sin(|x|u(z,x))|;—|) (12)

associated solution U is of the form

cos(|x|u(z, x))
for a smooth function u : [0, T') x R®> — R such that u(z, -) is radial for each ¢ € [0, T'). Further, the
corotational ansatz simplifies (1-1) to the semilinear equation
sin(2ru(t, r)) —2ru(t,r) 0

3 =
’

(af—af—éar)ﬁ(z,rw (1-3)

for r > 0, where u(¢, x) = u(t, |x|). Note that (1-3) is a five-dimensional equation rather than a three-
dimensional one, as one would perhaps expect. Therefore, it is natural to view u as a radial function on
[0, T) x R> instead of [0, T') x R3. Moreover, a Taylor expansion shows that the apparent singularity in
(1-3) is in fact removable and the nonlinearity is perfectly smooth. Theorem 1.1 is then essentially a
consequence of the following result.

Theorem 1.2. There exist 9, M > 0 such that the following holds. Let f, g € C°°([EB?+8) be radial and
let § €0, 80] be such that

)

I/, &) — (s (0.-). aoui(o»'))||H3/2le/2(B?+8) =

Then there exists a blowup time T € [1 —§, 1 + §] and a unique smooth solution

u{(t,x)e0,T)xR: |x|<T—t} >R
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of (1-3) satisfying u(0,-) = f and dou(0,-) = g on [BTST Furthermore, we have the Strichartz estimates
r T 2 2
L =T € g <% (14

T
/O ”“(t")_uz([")“%/],m/n(BST_[) di 586~ (1'5)
We now give a nontechnical outline of the proof of Theorem 1.2.

e First, we perform preliminary coordinate transformations and choose the right functional setup. Given
the self-similar nature of the blowup, we recast (1-3) in the similarity coordinates

r
T—t

Then, we proceed to show that the operator corresponding to the free wave equation in these coordinates

T =—log(T —t)+1log(T), p=

is densely defined and closable in different topologies and that each of these closures generates a
semigroup So. More precisely, we show that

- z
IS0l o asy S€ 5. 180 g2 S €2
which we interpolate to obtain

IS0l gr3/2x 17235 < 1.

We then linearize the nonlinearity around uI and study the resulting linear operator L. Utilizing [Costin
et al. 2017] enables us to infer that L, viewed as a densely defined operator on H>/2 x H'/2(B3), has
precisely one eigenvalue A = 1 in the (closed) complex right half-plane with a corresponding rank-1
spectral projection P.

¢ To control the evolution, we next derive Strichartz estimates for S (t)(I — P), where § is the semigroup
generated by L. We accomplish this by asymptotically constructing the resolvent of L and representing the
semigroup as the Laplace inversion of (A— L)™' =: Ry (1). For the resolvent construction it is crucial that
the spectral equation (A—L)u = f, withu = (u1,u3) and f = ( f1, f2), reduces to the second-order ODE

(0 = D (p) + (20 +2)p— %)ua(m + (A +2)(A + Dui(p) — %ul(m = Fi(p). (1-6)

(1+

with F (p) = f2(p) + (A +2) f1(p) + pf{(p) and p € (0, 1). The construction of Ry (1) is carried out by
an intricate asymptotic ODE analysis of (1-6) based on a Liouville-Green transform, Bessel asymptotics,
and Volterra iterations.

¢ Having done this, we turn to the somewhat lengthy task of obtaining Strichartz estimates by estimating
the oscillatory integrals occurring in the Laplace inversion of Ry . A first idea would be to obtain estimates
of the form

IS @ = P)F1ill 21 oy pon ety S 1S Doy (1-7)

IS @U = P)Flill 22y poresy S 1 I @y
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and interpolate between them, where [S (7)(I — P) f']1 denotes the first component of S (t)(I — P) f.
There is, however, a problem with this naive ansatz. In the H! x L? universe the spectrum of L, o(L),
satisfies

{z eC:Rez< %} U{l} Co(L).
Consequently, the best estimate one can hope for is of the form
[le2S () - P)f]1||Lfl(R+)qu(B?) < ”f”HleZ(Bf)‘ (1-8)

Thus, for the interpolation argument to work, the corresponding H? x H! estimate needs to compensate
for the added decay in 7. In other words, we have to derive estimates of the type

lleS @ = P) N2y ro@s S 1 lrzmn e (1-9)

However, we cannot rigorously exclude the existence of finitely many eigenvalues with real parts bigger
than —%. But what we do know is that all of these possible eigenvalues have finite algebraic multiplicities.
Hence, the semigroup S (7) generated by L satisfies

IS@UT = Q)T = Pl g2 @5y Sn e’

for any n > —%, where Q is the spectral projection associated to all eigenvalues A; with —% <ReA; <0.
Furthermore, there might also be eigenvalues sitting on the boundary of the essential spectrum in the
H? x H! universe (i.e., the line Rez = —%) Thus, we can only derive an estimate of the form

1_
||[e(2 8)15(7)(1 -0)I - P)f]IHsz(RquZ(Bf) < ||f||Wz.z/(1+s>le,2/(1+5)(B§), (1-10)

with § very close to 0. Hence, instead of proving (1-8), we show that

—(1_
lle™ DS @)U = P) 1l o1 oy @y S 1 I 2ri-sr2ra-n @) (1-11)

so that interpolation puts us in the correct spaces. As a consequence, we still have to control the evolution
on the image of Q. For this, we will make use of the following lemma.

Lemma 1.3. Let H be a Hilbert space. Then, for any densely defined operator T : D(T) C H — H with
finite rank, there exists a dense subset X C H with X C D(T) and a bounded linear operator T:-H—>H
such that

Tlx =Tlx.

By applying this result to Q, viewed as a densely defined unbounded operator on H 325 qHY 2(Bf ),
we manage to arrive at the desired estimates

IS () — P)f]1||L§’(R+)Lq(B?) < ||f||H3/2xH1/2(Bf)' (1-12)
Analogously, we derive other spacetime estimates involving (fractional) derivatives on the left-hand side.

e Finally, the full nonlinear problem is treated by fixed-point arguments in an appropriate Strichartz space.
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2. Transformations and semigroup theory

In all that follows we identify radial functions with their radial representatives. Moreover, any vector space,
for instance H¥ (BY) or C k (B}), always denotes the corresponding radial subspace within that space.
Before we can properly analyze (1-3) in the lightcone I'7 := {(¢,7) €[0, 00)? : r < T —t}, we first need the
right choice of coordinates. For our purposes, suitable coordinates are given by the similarity coordinates
r

T—t
Thus, we set ¥ (t, p) = Te "u(T —Te™*, Te”*p) and switch to the similarity coordinates, which turns
(1-3) into

T =—log(T —t)+1og(T), p= 2-1)

sin(2 -2
(2 + 307 + 02 + 2039, + 4pd, — %ap + (p* — 1)a§)w 4 Sind ’”Q Yy, (2-2)
where we omit the arguments of Y for brevity. Next, we define
V1(z. p) ==Y (. p),
Y2(t, p) = (14 0 + pdp)V1(z, p),
which yields the system
01 = Y2 — Y1 —pdpY1,
3sin(2pyr1) — 601 (2-3)

4
0y = Y1 + 00V —p0p 2 =292 27 :
with initial data

¥10.p) =T/ (Tp).  ¥2(0.p) = T?g(Tp).
We also remark that in these coordinates the blowup function u! is of the form

Ua(p) = (% arctzan(p)) .

1402

2.1. Semigroup theory. Motivated by the above evolution equation, we define the differential operator Lo
as

ul(p) + 2u}(p) — puty(p) — 2u2(p)
where u = (41, u3), with domain
D(Lo) := {u € C> x C*(BS) : u radial}.

We also define two inner products (-,-)g, and (-,+)g, On D(Zo) as
1 o 1 L o
(u,v)e, :=/0 uy (p)v](p)p* dp+/0 uz(p)v2(p)p* dp + ur (v (1)
and

1 1
@ v)e, =8 [ o) Goiet dp+ 32 [

_— 1 _—
e do2 [ w@detdy
Tt ()r(D) + w2 (D (D).

Further, we denote the associated norms by || - ||¢,. Then the following estimate holds.
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Lemma 2.1. The operator Lo satisfies
Re(Lou.u)e, < 3lull?,
forallu € D(Zo).

Proof. Integrating by parts shows

1 1 1
— [ @ do = —hi (0P +5 [ 1)t do+ [ ol d.

and so
! " TN A5 | (1)|2 2 4
—Re A uy(p)ui(p)p’ dp = | uy (p)|*p* dp.
Consequently,
= T4 1! 2 4 ! T4 1 2
| oy oniiionnt do =3 [ luioet do+ [ s oni (oot do 5 0P,
Similarly,

1~ —_—
/ [Lou]z(P)uz(P)P4dP
0 1 1
|M2(P)|2P4dp+4 / o, (P2 (o)’ dp + [ W (i ()p* dp— Sy (VP

Further, given that

1 - - 1 . 1 -
| i @iint dp =0 - [ st osloiptap—4 [ i )ialoie’ dp,

we obtain

. 1
Re(aa)e, = 3 [ (0 (0)P6* + b2 Po*) dp = 5wy (O + iz (D)

+ Re(ua (D (1) —uf (Dur (1) — [ur (1)|* + ua(Duy (1)).
By employing the elementary inequality

Re(ab +aé —be) < L(la]> + b + |¢]?),

with a = uy(1), b =us(1), ¢ = u;(1) we deduce that

1
~ 1 1
Re(o e, =5 [ (uiPp" + lua(o)p) dp = 3 I, =
For the inner product (-, -)g, we can derive a similar but better estimate.

Lemma 2.2. The operator Lo satisfies

Re(Lou, u)e, < —Llull2,
forallu € D(L).
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Proof. Letu € D(Z 0). Integrating by parts as above shows that

Re / [Eoul! ()" dp = Re( / D (ol (o)’ dp+/ 1) dp) / ()P p* dp
=——[ i Potdp— "I e /O u (] (o dp.

Similarly, we see that
1 - 1 . 1 - -
Re fo [Louls(p)uy(p)p* dp=Re /0 u§3)(p)u’2(p)p4dp+Re(4 /0 [u/{(p)u’z(p)ﬁ—u’l(p)ué(p)pz]dp)
1 / 2
1 rN2 4 _|“2(1)|
3 [ haepet a2

1 1 -
=Re(— /O ull (p)uy(p)p° dp—4 / u’l(p)u’z(p)p3dp)

P
+Re(uf (D (D) 2 [ s o)t .
It follows that
1 R ~ R
Re /0 (L oul!(W(p) + [Louly(p)iy(p)o* dp
1
=—§(|u’{<1)|2+|u’2(1)|2)+Re(u Dy (D) - / Wl (0)P0* dp
= f uh(0)Pp* dp—4Re [0 W (5 () dp = Iy,
A short calculation then shows

1 1 1
81, + 32Re [0 (L oul, (), (0)0% dp < —4 [O ()2 dp— 4 /0 (o) 2 dp

~16 [ (001262 dp— L0 + s )P
— 16} (1)[* + Re(u} (1) (1)).

Consequently, adding up all the boundary terms yields
=5 (Ui + [y (D) = 16Ju (DI + Re(uy (D (1) + [Louly (Dur (D) + [Loula (Duz(D)

—5 (D + Jup (D) = 16]us (DI + Re(u (Duy (1) + Re(ur (Dua (1) — s (Dur (1) — fur (DI

+ Re(u (Duz(1) + 4y (Duz (1) — uy (Dua(1)) — 2[ua (1))
By again employing the inequality
Re(ab +aé —b¢) < L(jal* +b* + [c]?),

once with a =u»(1), b =u(1), ¢ =u1(1) and once with a = u7(1), b =u’ (1), ¢ =u>(1), we obtain
Re(Lou, u)e, < —4/01 i (p)]?p* dp—4[01 () p* dp — 16/01 ()% dp

+ Re(3u) (Duz(1)) — 15/ (D> = Lug (D) — [uz(1)?
O

Ly.,02
< —5llullg,-
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To be able to invoke the Lumer—Phillips theorem we carry on by showing the density of the range of
(1—Ly).

Lemma 2.3. Let f € C® x C®(BS). Then there exists a u in D(Lo) such that
(1—Lou=f.
Proof. The equation (A — L o)u = f written out explicitly reads
(1+Mui(p) + pu’(p) —u2(p) = fi(p),
@+ Dua(p) + pits(p) =~ (p) = S04 () = falp)

and the first of the above equations implies that

u2(p) = (1+u1(p) + pu'y (p) — f1(p). (2-4)
Setting A = 1 and plugging this into the second one yields
4
(07 = D (o) + (6= )t (p) + 6101 (0) = Fi(p), 2-5)

with Fi(p) = f2(p) + 3f1(p) + pf{(p). A fundamental system for the homogeneous equation

(0* — Duf (p) + (6/0 - %)u’l(p) + 6u1(p) =0

is given by
tanh ™! (p) — p _
Vo(p) := s Yi(p):=p>,
and the Wronskian of these two is given by
1
WWo.¥y1)(p) = ——=—>5-
By the variation of constants formula, a solution u1 of (2-5) is then given by
1
V1(s) Fi(s) L Yo(s)Fi(s)
u(p)=x0(p)/ ds+w(p)/ ds
1 L We v (6)s2 = 1) e W v ()2 1)
tanh™ ! (p) — 1 P
= anp—(3p)p / sFi(s)ds + ,o_3/ (s tanh~ ! (s) — 5%) F1 (s) ds.
P 0

From standard ODE theory it follows that #; € C°°((0, 1)). Moreover, a Taylor expansion shows that ¥y
is a smooth even function on [0, 1) and so

1
P> vo(p) [ sFi(s)ds € C([0, 1),
0

Next, we rescale according to p¢ = s to obtain that

1 -1
i1(p) := p_3/0p(s tanh ! (s) —s?) Fi (s) ds = /(; I(M —t) Fi(pt)dt.
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For p close to 0 a Taylor expansion shows that
tanh™! (ot 2t p*td
tanl " (pt) _, _ PP 80Ty,
p 3 5

where the O-term is a smooth function. Consequently, we infer that iy € C*°([0, 1)), with
i100)=i®0) =0. (2-6)

Thus, u; € C°°([0, 1)) and by combining (2-6) with the fact that /¢ is even, one easily establishes that
u1(0) = ”13)(0) = 0. Therefore, we are left with checking the behavior of u; at p = 1. For this we
remark that we can recast 11 as

—1 1
ui(p) = M[ sF1(s) ds+p_3/pstanh_1(s)F1(s) ds +r1(p),
1Y 0 0

where r is a smooth function at p = 1. So, we only have to show that
1 o
v1(p) := tanh_l(p)/ sFi(s)ds + / s tanh ™1 (s) Fy (s) ds
o) 0
is regular enough at 1. Clearly, v; is continuous at 1 and

1 1
vi(p) = 1_—102/ sFi(s) ds.
o

Further,

B L 0=+ DF(y(1=p%) + (1= p) ds.

1—p2

1 0 0
Fi(s)ds = +1D)Fi(s+1)ds =
/pslms/pu VE1(s )s/

Hence,
0
we = [ G- DA+ D ds
—(1+p)!
and this is visibly smooth at p = 1. Summarizing, we see that
up € C3([0.1]),  u,(0) =u{P(©0) =0
and from (2-4) it follows that u € D(L). O

The last few lemmas allow us to invoke the Lumer—Phillips theorem. However, since we would rather
like to work in standard H¥ spaces, we first prove the equivalences of the norms £; with standard radial
Sobolev norms. For this we will require the following version of Hardy’s inequality

Lemma 2.4. The estimates .
117 F sy < 1 g sy,

Il |_2f||L2(B§) S a2 @3)
hold for all f € C?(B?).
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Proof. The first estimate is just Lemma 4.7 in [Donninger and Rao 2020]. For the second one, we let
E:H*B3) - H*(R®)

be a bounded extension operator. Then, by Hardy’s inequality,

172 sy < I T2Ef N2y S VES sy S 1 e, O
Lemma 2.5. The estimate

17 2@y S 0 ey

holds for all f € C%(BS).
Proof. This is an immediate consequence of Lemma 4.1 in [Donninger and Schorkhuber 2016]. O

Lemma 2.6. The norms || -||¢; and | - ||Hij_,-_1(B%) are equivalent on D(Lq). Consequently, they are
also equivalent on H? x HI(B?).

Proof. For j =1 this is Lemma 2.2 in [Donninger and Rao 2020]. For j = 2, the inequality

” : ”HZXHI([B?) 5 ” : ”82

is an immediate consequence of the estimate

1 1
/0 () o dp < /0 W ()P0 dp + lu(DP

and the triangle inequality. For the other inequality, we first note that

1
()] < / 3,(u(p)p*) dp' < Nl oy + 11"l gy S el sy
0

forall u € C! (Ef) Therefore,

ua (D2 + ez (D S 101, 42) 122, 71

Further,
1
/0 |u’1 (p)|2p2 dp < |[(u1, MZ)H?_szHl(B?)

thanks to Lemma 2.5. Finally,

1 1
" 2 4 2 / 2.2 2
fo W) Po* dp S 100102 1 +f0 WA (PP dp S N )2y i sy O
Thus, the Lumer—Phillips theorem immediately yields the following lemma.

Lemma 2.7. The operator Zo is closable and its closure, denoted by L, generates a semigroup S on
H'x LZ(B?) such that

150 f g1 xz2@p) S €21 lppxras)
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forall f e H' x LZ([EB?) and all T > 0. Furthermore, the restriction of So to H? x HI(B?) satisfies
.
||S0(T)f||H2xH1(B?) Se 2 ||f||1—12x1-11([gf)

forall f € H*x HY(B}) and all T > 0.

To proceed, we use that H3/2 x H'/2(B3) is an exact interpolation space of H? x H!(B3) and
H! xLz(B?) of order %, see [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1], to conclude the next result.

Lemma 2.8. The semigroup Sy satisfies
IS0 (@) f 32125 S NS 321285
forall f € H3?x HY2(BY) and all T > 0.

It is also vital for us that Sg satisfies appropriate Strichartz estimates, provided we restrict 7" to the
interval [% %] This restriction leads to no loss of generality for us, as we are only interested in values
of T which lie close to 1 anyway. Henceforth, we assume that 7" € [%, %]

Lemma 2.9. Let p € [2,00] and q € [%, oo] be such that % + g = 1. Then we have the estimate
||[SO(T)f]1||L;’(R+)Lq(u3f) < ”f”H3/2><H1/2(Bf)

forall f € H3/? x HI/Z(B?). Furthermore, also the inhomogeneous estimate

H /0 "[So(z —0)h(0)]1 do

L?(I)L4(B3) < ”h ||L1(I)H3/2><H1/2(B?)
’ 1

holds for all h € LY(Ry., H3/? x Hl/z(B?)) and all intervals I C [0, 00) containing 0.

Proof. This follows by restricting the standard Strichartz estimates for the free wave equation to the
lightcone; see [Donninger and Wallauch 2023]. O

Lemma 2.10. The estimates
||[SO(T)f]1||L%(R+)W1/2,S(B?) < ||f||H3/2xH1/2(B?)v

||[SO(T)f]1||L§(R+)W1.30/11(B§) < ||f||H3/2Xy1/2(B§)

hold for all f € H 32 HY 2([Bf). Furthermore, also the inhomogeneous estimates

<
~ ”h ||L'(I)H3/2XH1/2([EB?)’

H [0 "[So(z —0)h(o)]1 do

LER)W/2:5(B7)

<
~ ”h ||L1(1)H3/2XH1/2(B?)

H /0 "[So(t — o) ()] do

LERIW 3011 (8))

hold for all h € LY (R4, H3/2 x HI/Z(B?)) and all intervals I C [0, 0o) containing 0.
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To get a better understanding of the dynamics of solutions which are close to ul, we linearize the

nonlinearity around this solution. For this, we set ¥ = ® + W* where W* is the transformed blow up
solution u , and formally linearize the nonlinearity around W*. This results in a linear operator L’ given by

L 0
L'u(p) = ((1_{}#”1(0))

and a formal nonlinear operator N given by

N =

®)) (N(x/f*l ()= N (o) - S un (p))
Lastly, we define L := Ly + L’ and note that we have the following result.

Lemma 2.11. The operator L' is a compact operator on H* x HS™1 (B?)for any s > 1.

Proof. This is an immediate consequence of the compactness of the embedding H* (B? )—>H S/([B%f) for
s>s">0. O

Consequently, the bounded perturbation theorem implies that L will also generate a semigroup on
each of the previously employed Sobolev spaces H® x H*~! (B? ), which we denote by §. With this, we
can at least formally rewrite our equation in Duhamel form as

D(r) =S (v)u+ /T S(t—0)N(®(0))do. 2-7)
0

To make sense of this equation, we will show in the following that S satisfies Strichartz estimates as in
Lemma 2.9, provided we project away the unstable direction. This will naturally give meaning to (2-7) in
an appropriate Strichartz space.

2.2. Spectral analysis of L. From now on L will always denote the version of L that is a densely defined
closed operator with
L:D(L)C H*x H'(B}) —» H?> x H'(B?),

unless specifically stated otherwise. Then, for any A € C with Re A > —%, we have A € p(Lg) since

_1
IS0 flz2xm @) S € 2 W 2 &3)
forall t > 0 and all £ € H?x H!(B3). As a consequence, the identity
A—=L=(1-L"Rp,(}))(A—Lo),

with Rp,(A) := (A — Lo)~! implies that any spectral point A with Re A > —1 has to be an eigenvalue of
finite algebraic multiplicity by the spectral theorem for compact operators.

Lemma 2.12. The point spectrum o, (L) of L is contained in the set {z € C:Re z <0}U{1}. Furthermore,

the eigenvalue 1 has geometric and algebraic multiplicity 1 and an associated eigenfunction is given by

1

T+
g(p)=( e )

(1+p2)?
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Proof. That the point spectrum really is a subset of {z € C: Rez < 0} U {1} follows as in [Donninger
and Wallauch 2023]. To discern the properties of the eigenvalue 1, we start by noting that obviously
g € D(L) and a straightforward computation shows that (1 — L)g = 0. Moreover, the calculations in the
proof of Lemma 2.3 show that the equation (A — L)u = 0 is equivalent to

u2(p) = (1 + M1 (p) + puy (p) (2-8)

and the second-order linear differential equation

16
(p* = D (o) + (200 +2)p — %)uup) FAFDGH D) — ) =0 (29)

1+

For A = 1 we use reduction of order to obtain a second solution to (2-9),

12p3 tanh ™! (p) — 9p2% — 1
p3(p*+ 1)

Hence, any solution of (2-9) has to be a linear combination of gy and g1. As g1 ¢ H! (Bf), we conclude

g1(p) =

that an eigenfunction has to be a multiple of g since the second component of any eigenfunction is
uniquely determined by its first through (2-8). Therefore, the geometric multiplicity of the eigenvalue 1
is 1. Moving on, we define P to be the spectral projection associated to this eigenvalue, i.e.,

= A)dA,
P /yRL( )

where y: [0,1] = C, y(t) =1+ %6‘2” it Moreover, as the essential spectrum of L is invariant under
compact perturbations, we see that dim P < oo. Now, given that P is a projection, we can decompose
H?x H! (Bf) into the closed subspaces rg P and ker P. This also yields a decomposition of L into
the operators L, p and Ly p, which act as operators on rg P and ker P, respectively. The inclusion
(g) C rg P is immediate and we claim that in fact rg P = (g). To show this, we first remark that the
finite-dimensional operator (Iy p — L, p) : 1g P — 1g P is nilpotent as its only eigenvalue is 0. Thus,
there exists a minimal n € N such that (I.;p — L; p)"u = 0 for all u € rg P. If n = 1, we are done.
If not, then there exists a v € rg P such that (I, p — L, p)v = g. This implies that vy satisfies the
inhomogeneous ODE

2 " 4\ 16 _
(0% = D)+ (60— )i0) + (6= 5 a2 ) 11(0) = Gl
with 5
/ 7+
G(p) = g2(p) +3g1(p) + pg1(p) = ﬁ.
By the variation of constants formula, vy has to be of the form
_ o OG0 N OS0!

v1(0) = c181(p) + 281 () — £1(p) /p T s A=) [

with ¢y, ¢» € C. Note that

- 3
Wi(g1.81)(p) = A= p?)
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is strictly positive on (0, 1) and therefore nonvanishing on that interval. Evidently, both

21(p)G(p) and 21(p)G(p)
(1-p2)W(g1.81)(p) (1-p2)W(g1.81)(p)

are continuous on [0, 1]. Consequently, since g ¢ LZ(B? ), we must have ¢, = 0. Furthermore, |} (p)| ~

(1—p)~ ! near p = 1 and thus, for v to be in H'! (B?), we must necessarily have

/1 OO
o (1—=sH)W(g1,81)(s)
This is however impossible due to the strict positivity of the integrand on (0, 1). O

Lemma 2.13. The essential spectrum of L, denoted by o, (L) satisfies

oe(L) C {Z e C:Re(z) < —%}
In addition, any spectral point A with Re A > —% is an eigenvalue of finite algebraic multiplicity and there
exist only finitely many such spectral points.

Proof. The first claim is an immediate consequence of the growth bound
1
”SO(T)f ||H2><H1(Bf) Se ZTHf ”Hszl(Bf)'
The second follows from invoking Theorem B.1 in [Glogi¢ 2022]. O

A calculation which is very similar to the one done in the proof of Lemma 2.6 in [Donninger and Rao
2020] yields our next result.

Lemma 2.14. Let n > —%. Then there exist constants Cy, Ky > 0 such that
||RL(A)f||H2xH1(B?) = Cr/”f”Hszl(B?)
for all A € C satisfying |A| > K, and Re A > nand all f € H* x HI(B?).
Let now Q be the spectral projection associated to the finite set of eigenvalues
{Aeo(L):—% <Rel <0}.

Moreover, we remark that when viewed as a densely defined, closed operator on H 3/2 « g1/ 2(B?), the
calculations in the proof of Lemma 2.12 show that in this case we have that

o(L)yCc{zeC:Re(z) <0}U{l} and o,(L) C{zeC:Re(z) <0}U{l}

and 1 remains a simple eigenvalue. We denote by P the corresponding bounded projection P :
H32x HY2(B3) — (g).

Lemma 2.15. Let n > —%. Then there exists a constant Cy > 0 such that
IS@UT =T = P) fllgam @) < Cne" I f g2 @3)

forall f € H*x H'(B}) and all T > 0.
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Proof. This lemma follows immediately from Lemma 2.14 and the Gearhart—Priiss—Greiner theorem, see,
e.g., [Engel and Nagel 2000, p. 302, Theorem 1.11], since

0(Lyer Prker @) C {A € C:Re(}) < _%} 0

As the growth estimate from Lemma 2.15 does not help us at the critical regularity, at which analogous
considerations would yield an exponentially growing bound for the semigroup, a more sophisticated
analysis is needed. So, let f € C*° x COO(Bf) and set

f=U-0)I-P)f cD(L).
Then, for any n > —%, Laplace inversion yields

1 n+iN

S() f = lim ATRL(A) f dA; (2-10)

N—00 % n—iN
see [Engel and Nagel 2000, p. 234, Corollary 5.15]. Hence, to obtain enough qualitative information on

the semigroup S (I — Q) (I — P), we need to investigate Ry (1). To that end we remark that u = Ry (1) f
implies (A — L)u = f, which in turn implies

16
(0 = D () + (200 +2)p - %)u&(p) FOFD0A Dt = () = Falp). 2211

(1+
where F) (p) = f2(p) + (A +2) fi(p) + pf{(p). Accordingly, our next step will be a detailed analysis of
2-11).

3. ODE analysis

3.1. Preliminary transformations. To put many of the tediously involved functions into a manageable
fashion, we introduce function of symbol type as follows. Let I C R, po € R\ I, and o € R. We say that
a smooth function f : I — C is of symbol type and write f(p) = O((po — p)%) if

0% £ ()] Sn loo —p|*"
for all p € I and all n € Ny. Similarly, for g : C — R we write g(1) = O({(w)?) if
0% f(@)| <n (@)*7",
where (w) denotes the Japanese bracket m . Analogously,
h(p.}) = O((p—po)*(@)P) if |86 (0. V)| Sk [P0 — pI* ™" ()P~
forall £,k € N and «, 8 € R. Motivated by the spectral equation (2-11), we study the ODE

(1= )+ (5 =20+ Do) (0) = (4 D+ Du(p) = Vip)u(p) = ~Falp) (=D

forRed € [—3,2], 1 #0, and an arbitrary even potential V € C ([0, 1]). To get rid of the first-order
104 y p g

term we set ) ) 2
v(p) = p~(1—p")2u(p),
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which, for F} = 0, turns (3-1) into

24022 +21—212?)
p>(1=p?)?

One of the main tools to study (3-2) is the diffeomorphism ¢ : (0, 1) — (0, c0), given by

)
umzlf?ﬂ@y (3-2)

v"(p) +

9(p) := 2(log(1+ p) —log(1 —p)).
Observe that

/ —
<p(,0)—1_/02

and that the associated Liouville-Green potential Q,, defined by

3¢"(0)? | 1¢"(p)

ol =4 o T2
is given by
Qy(p) = m
Hence, we rewrite (3-2) as
” —1+21-22 2
v7(p) + WU(P) - W”(P) + Qp(p)v(p)
_ V(p) 2 2 2
=1 (T ) O O
Next, we perform a Liouville-Green transformation, that is, we set
w(g(p) = ¢'(p)>(p),
which transforms
" —1+21—212 2
v (P)—i‘WU(P)—WU(P)—F Qp(p)v(p) =0 (3-4)
into
w”(e(p)) — (1= 2)*w(p(p)) — ———w(p(p)) =0. (3-5)
o(p)
This is now a Bessel equation with a fundamental system given by
sin(a(A)¢(p)) , cos(a(A)¢(p))
cos(a(A)e(p)) — o) and  sin(a(A)e(p)) + o)

with a(A) = i(1 — A). From this we infer that

zmgm:¢um{f@9392ﬂmwuwwﬁ,

a(M)e(p)
ba(p, 1) = V1 —p? (Sin(a()t)(p(p)) n M)
a(M)e(p)

is a fundamental system of (3-4).
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3.2. Construction of fundamental systems.

Lemma 3.1. There exist r > 0 and pg € [0, 1) such that for p € [p,, 1), where p) := min{r/|1 —A|, po},

and A # 0 with —% <Rel < % the equation

24+ p2(2+21—A2?)
p>(1=p?)?

v"(p) + v(p) =0 (3-6)

has a fundamental system of the form

Mo 2) = V1 —pz(;;—f)) "+ (1= p)0(@)™) + 0o~ (1 = p) )M,

ha(o. ) = V1 —pz(llf—;’)z[l L (1= p)0(@) ™) + 0~ (1 - p)*(@) V).

where @ = Im A.

Proof. We rewrite (3-6) as
12

=" =

v (p) + v(p)

2
_ p*(1—p?)
and note that the equation
2

T

has a fundamental system of solutions given by

w”(p) +

1—A

wl(p,x)=x/1—p2(1_p)2,

l1+p
(10T
wa(p,A) = v1 —Pz(m) :
The Wronskian of these solutions is given by

W(wi(-,A), wa(-,4)) =2(1-2).

Therefore, Duhamel’s formula suggests the Volterra equation

P U)1(,O,/\)UJ2(S,A) P wz(p,k)wl(s,/\)
A) = A JA)ds —
wio. )= wip. 0+ [ AR s 2y as - [ EESSE
for p>1/|1—A|. Aswy (-, A) does not vanish on (0, 1), we can divide (3-7) by w;. For the new variable
W = w/wq, we then obtain the equation
- PLwr(s, Mwa(s, A) . /p‘ wz(,o,)\)wf(s,)t)
A)=1 JA)ds —
s =1+ [ G e s [ D
14+p 1—s\1-4
st
0 (1—21)s?

w(s,A)ds (3-7)

w(s,A)ds

w(s,A)ds

P1
=1+ K(p,s, M)w(s,A)ds.
0
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From 1/|1 —A| < p <'s, we conclude that

o1
su
[ 1 [ _1p

independent of p; € [1/|1 —A[, 1]. Consequently, we are able to set p; = 1 and use Lemma B.1 in

1-4
- (55 155)

=
(1—A)s2

A

) P
|

d P1 1 d
< _ ds<1
S~/1 21—

[T—A]

[Donninger et al. 2011] to infer the existence of a unique solution w to (3-7) of the form
W(p.A) =1+ 0(p o).

Strictly speaking, the O-term also depends on Re A but as this dependence is of no relevance to us, we
suppress it in our notation. Having established the existence of 11 = w1, one proceeds in the same
manner as in [Donninger and Wallauch 2023, Lemma 4.1] to conclude that %, is indeed of the desired
form and that a second solution %, to (3-6) of the claimed form can be constructed. O

Without loss of generality we can assume that neither 4;(-,A) nor s,(-, A) vanishes anywhere on
[o1. 1), as we can enlarge r and pyg if necessary. We now set 0y := min{%(PO +1), 2r/|a(k)|} € (pp. 1)
and with this we turn to the full equation (3-2).

Lemma 3.2. Equation (3-2) has a fundamental system of the form
Y1(p, 2) = bi(p, V(1 + O(p* (@)°)],
Y2(p, 4) = ba(p, M1 + O(p* (@)°)] + O(p(w) ~?)
forall p € (0, ;] and all A # 0 with —3 <Re X < 3.
Proof. We start by noting that for p € (0, p,], the functions by and b, satisfy
b1(p, 1) = O(p*(w)?), (3.8)
ba(p, 1) = O(p~ {w) ™)

and that their Wronskian is given by
W(bi(-. 1), b2(-. 1) =i(1—-2).
Therefore, we have to solve the fixed-point problem

P by(p, M)ba(s, M)V (s)

Ty b(s, A)ds, (3-9)

b(s, ) ds + /” ba(p, M)b1 (s, M)V (s)

with
2 2

p2(1=p?) 1-p> @(p)*(1-p?)
Observe that V € C°°([0,1)). We claim that b1 (-, A) does not vanish on (0, 1). This follows from the
fact that the zeros of J3/, are all real (see [Olver 1974, p. 244, Theorem 6.2]) and any zero of bi(-,7)

is a zero of J3/,. Since a(4) always has nonzero imaginary part for Re A € [—%, %], we see that the

V(p)=V(p)+
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argument of the Bessel function is always nonreal. Hence, we can divide (3-9) by b;. Upon setting
b = b /b1 we obtain the Volterra equation

P i b T) -  balp WbFs MV (s)
b(p’k)_l_/o i(1=2)(1-s2) b(s’k)d”/o i(1=2)(1=s2)b1(p, 1)

b(s,A)ds

o -
=:1 —i—/ K(p,s,A)b(s,A)ds.
0

Using the estimates (3-8), we see that

ba(p, A)

2
brip.ay 1M

b2(p, Mb1(p, V)| < plw).

< s{w)

forall 0 <s < p < p, and so
ox
[ sup |K(p,s,A)|ds < (w)72.
0 pels,px]

Hence, a Volterra iteration yields the existence of a unique solution 15(,0, A) to (3-9) that satisfies b (p,A) =
1 + O(p*{w)?). Furthermore, since all the involved functions behave like symbols,> Appendix B of
[Donninger et al. 2011] shows that l;(p, A) = 14 O(p*(w)?) and thus, we obtain the existence of a
solution to (3-2) of the form

V1(p, 2) = b1(p, M1 + O(p*(@)°)].

To construct the second solution stated in the lemma, we pick a p; € (0, 1] such that ¥r; does not
vanish for p < min{p1, 95} =: p, for any A € C\ {0} with —% <Rel < %. Moreover, as by (p, A) 1=
b1(p, /X)fpp)‘ b1(s,A)~2 ds is also a solution of (3-4), there exist constants ¢ (1), c2(A) such that

ba(p. 2) = c1(M)b1(p. 2) +c2(M)b1(p. A).
Explicitly, these constants are given by
— W(bZ("A)’l;l('vk)) _W(bz('ak)abl("k))

W(br1(-. 1) b1 (- 2) W(b1(-. ). bi(-. 1)

Using that W(b2(+. 1), b1(-.4)) = —2 and W(b1(-.A),b1(-. 1)) = —1, we infer that ¢ = —2 and
c1(A) = =W(ba(-,A), 151(-,1)). Next, evaluating W(ba(-,A),b1(-, 1)) at p), yields
W(ba (-, ), b1 (-, 1)) = =ba(F2. Mb1(pr. )" = O(()°).

Keeping these facts in mind, we now turn our attention to constructing ¥». For this, we remark that a

c1(d) c2(A) =

second solution of (3-2) is given by
~ O _2
Y1(p, A) =¥ (p,)t)/ V1(s,A) "2 ds.
0

2Strictly speaking, p; not differentiable at %(po + 1). However, this is inessential and can easily be remedied by using a
smoothed out version of p; .
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Considering this, we calculate

o
Ya(p. ) :=c1 (MY (p. D) +eayi(p.A) [ Yi(s.2) "% ds
0

— (o W) +eatn(p.d) [ bu(s. A2 ds+eav (o, 4) / s )by (5. 1) 2] ds
o o
O(s2(0)?)

PlIToE @R =

2
=bz(p,A)[1+O(p2(w)°)]+02‘/“('O’A)/ bi(s,A
i ,

Since b1 (p, A)™2 = O(p~*(w)™*), we obtain

P O(s*()°)
p bi(s. M)2[1+ O(s*{w)?)]

5 ds = 0(p°(0) ) + 0™ Hw) ™) = 0(p (@)™,

where the last inequality follows as we only consider values of p that are smaller than g, . Finally, for |A|

large enough, we see that o, = p, and so we can safely assume that p; = 0. O
One final Volterra iteration based on /1 and /5 yields the following result.

Lemma 3.3. There exists a fundamental system for (3-2) of the form

¥3(p, &) = hi(p, M[1 + (1 — p)O((w) 1) + 0(p°(1 — p)*{w) 1],
Ya(p.A) = ha(p. M1+ (1= p)O((w) ™) + 0(p° (1 - p)?(w) )]

forall p € [py. 1) and all A # 0 with —3 <Re A <

EN[W)

Lemma 3.4. For p € [p;, p,] the solutions W3 and Vr4 have the representations

V3(p, A) = c1,3(M)Y1(p, A) +c2,3(A)P2(p, A),
Va(p, A) = c1,4(M)¥1(p, A) + c2,4(A)Y2(p, 1),

with
sty = POLCAELCDNEL) | o,
sty = HOCIBCING) |
sty = PECDBCIB) o)
crth) = PRI | o1

Proof. We know the explicit representations

W(3(-. A). ¥a (-, 4) _ W@s(-. ). v1(-. )

=W N T T D)
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and computing the connection coefficients reduces to calculating these Wronskians. Evaluating the
Wronskian W(yr1(-,A), ¥2(-,A)) at p = 0 yields

WWi(-,A), ¥2(-,4) =i(1-2),
while an evaluation at p, yields
W(Ws(-. 1), ¥2(-, 1))
= W(hi(-,2),b2(-, D) ()1 + O({@) )] + hi1(pr, Mb2(pa, VO(@)°) + O((w) )]
=W (-, 1), b2(-, M))(px) + O((@)°).

Consequently,
W(hi(-,1),b2(-,1))(px -
i(1-21)
and the remaining coefficients are computed analogously. O

We can patch together the solutions of the “free equation” in the same fashion. To this end, let ¢, and
Y¥rt, be the solutions obtained from Lemma 3.2 in the case V' = 0 and, for notational convenience, we set
Iﬂf3 = h1 and lﬂf4 = hz.

Lemma 3.5. For p € [p;, pa], the solutions Y, and g, have the representations

Ut (0, A) = cgy 5 (D) Pr, (0, 4) + 6, 5 (M) Yp, (0, A),
lpf4 (P7 A) =Cf1 4 (A)wﬂ (P, /\) + Cfy 4 (A)sz (p, )L),

with
00 = = DDV | o,
s = HECRD D) | o
iy = BTN |
sy = BN 11

Next, let y : [0, 1] x {Z eC: —% <Rez < %} — [0, 1], xa1(p) := x(p, L), be a smooth cut-off function
that satisfies y(p) = 1 for p € [0, pal, xa(p) = 0 for p € [5;. 1], and |9535, x2(p)| < Cefw)*~* for
k,? € Ng. We then define two solutions of (3-2) as

vi(p. A) == xa(p)ler,a(M) Yo, A) + c2,4(A)¥2(p, M)+ (1 = xa(p)¥a(p, A),
v2(p. A) == xa(p)le1,3(M)Y1(p, A) + c2,3(A) Y2 (p, M)+ (1 — xa(p)¥3(p, 4),
and note that an evaluation at p = 1 yields
W(wi(-,4),v2(-,4)) = W(a(-, A1), ¥3(-, 1)) =2(1 = 4).

With this remark we return to the full equation (3-1).



OPTIMAL BLOWUP STABILITY FOR THREE-DIMENSIONAL WAVE MAPS 919

4. Resolvent construction

We now return to our specific potential V(p) =—16/(14p2)2. Setting u; (p,A) = p~2(1—p2)*/2v; (p, 1)
for j € {1, 2} yields two solutions to (3-1) with F; =0.

Lemma 4.1. The solutions u1 and uy are of the form

u1(p. ) = p2(1 = p2) " ha(p. V[1 + (1= p)O(() ™) + 0(p°(1 = p)* () ™))
= p (14 ) A1+ (1= p)O((@) ™) + 0o~ (1= p)* () 7H)],

uz(p. A) = p2(1 = p2) "2 hy (p. M[1 + (1 = P)O({@) ™) + O(p°(1 — p)*(w) 1]
=p 21— p) M1+ (1= pO((w) ™) + 0™ (1 - p)*{w)™H)]

forall p> p; = min{%(po +1), 2r/|a()t)|} and all A € C\ {0} with —% <Rel < %. Moreover, we have
ui(-,A) € C*°((0, 1)) for all such values of A.

Proof. The explicit forms of u; and u, follow immediately from our ODE construction. To see that
u1 is smooth away from p = 0, we first remark that clearly u;(-,1) € C°(0, 1). Furthermore, the
Frobenius indices of (2-9) at p = 1 are {0, 1 — A}. Hence, there exist coefficients c1 (A1) and ¢ (1) such
that c;(A)u1(-,A) + c2(A)ua(-, A) is nontrivial and smooth on (0, 1]. However, since Re A > —%, we
clearly have that u1(-, 1) € C2((0, 1]), while u»(-, 1) ¢ C?((0, 1]) and so c»(1) = 0. O

4.1. Considerations on the point spectrum. We aim to establish H3/2 x H'/2-type Strichartz estimates
by proving bounds of the form

™2 S@U =PV fillez o) < 1 maaes)

and interpolating between these two. An obvious obstruction to the first estimate is the existence of
eigenvalues A of L with —% <Re A < 0. Unfortunately, we cannot rigorously rule out such eigenvalues,
even though they are not expected to exist (see [Bizori 2005; Donninger and Aichelburg 2010] for
numerical evidence). To circumvent this, we recall Lemmas 2.12 and 2.13, which tell us that

ou(L):=0(L)N{AeC:ReA> -1} ={A1,.... As. 1},

with n € N and where ReA; <0 fori = 1,...,n. Moreover, each element of ¢, (L) is an eigenvalue
of finite algebraic multiplicity. This alone of course still does not settle our spectral problem, but the
following general property of finite-rank operators will enable us to deal with these eigenvalues.

Lemma 4.2. Let H be a Hilbert space. Then, for any densely defined operator T : D(T) C H — H with
finite rank, there exists a dense subset X C H with X C D(T) and a bounded linear operator T:-H—>H
such that

T|x =Tlx.

Proof. If T is bounded, we choose X = H and T the unique extension of T to all of H. Consequently, we
may assume that 7" is not bounded. We prove the result by induction on the rank of 7. Let dimrg 7" = 1.
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Then we have T'x = ¢(x)x¢ for a suitable xo € H and a linear functional ¢ : D(T) C H — C that is not
bounded. Thus, we find a sequence (¥, )nen C D(T) with ||y, |l <1 and |@(J,)| = n for all n € N. We
set v, := V5 /@(¥n). Then we have ||y, ||z < 1/n and ¢(y,) = 1. Now let x € D(T) be arbitrary and
set X, := x — @(x)y,. Then we have ¢(x,) = ¢(x) — @(x)@(yn) = 0 and thus, x, € ker T. Furthermore,
lx —xnllgz = || |ynll <le(x)|/n and thus, x,, — x as n — co. Consequently, ker T" is dense in H.
Assume now that the claim has been established for operators with rank n. Let T be a densely defined
operator with rank n + 1 that is not bounded and let {eq, ..., e,+1} be an orthonormal basis of rg T.
Further, denote by P; : rg T — span{e; } the associated orthonormal projections. Then 7" = Z;’f 11
and thus, at least one of the operators 7} := P; T cannot be bounded. After relabeling we can assume
that T is not bounded. Since 77 has rank 1, we see by the above that ker T; is dense in H. Consider
now the restriction of 7" to the kernel of T7. Then this is either a bounded operator and we are done or it
is not bounded and has rank n, and we can use the induction hypothesis to conclude as well. O

Recall now that Q : H? x H! (Bf )—> H?>x H! (Bf ) denotes the Riesz projection associated to the set
oy (L) \ {1}. We can of course also view @ as a potentially unbounded operator on H 3/2 gV 2([B? )
with domain D(Q) = H? x H'(B3). Then Lemma 4.2 applies and we obtain a dense subset X C
H3/2 x H'/2(B?) together with a bounded linear operator Q on H3/2 x H'/2(B3) which agrees with
Q on X. Concretely, we have the following lemma.

Lemma 4.3. There exists a dense subset X in H3/2 x H 1/2([8%?) with X C H?> x H! (B?) and a bounded
linear operator Q: H3/2 x Hl/z([EBf) — H3/2x HI/Z(B?) such that

Olx = Qlx.

Unfortunately, this does not help us with eigenvalues that lie on the line Re z = —%. We can however
pick a 1 > ¢ > 0 such that oy, {z eC: ——(1 —§)<Rez < ——(1 —38)} @ and aim to prove estimates
of the form

leG=DS (@) = Q)T = P) £l Loy S N = @) llyosctsam 20429 a3,
||[e 7_8)rS(T)(I Q)(I P)f]1||Lqu(B5) < ”(I Q)f”le/(l —28) % [,2/(1— 28)([5;5)

For this the following classification will be vital for us.
Lemma 4.4. Any point A € C\ {0} with —5 <Re A < 7 is an eigenvalue of L if and only if c3 4(1) =

Proof. Assume that c2 4(A) = 0. Then, as the Frobenius indices of (2-9) are {0, —3} at p=0and {0, 1 -1}
at p = 1, one readily checks u1(-,A) € H 2([B%f ) and from (2-4) we see that the associated vector-valued
function u satisfies ui(-,A) € H2 x H ([EBS) Thus, A € 0,(L). Conversely, let A € C\ {0} be an
eigenvalue of L with Re A € [ 5 4] and let f be an eigenfunction. Now, the first component of any
eigenfunction has to be a linear combination of 11 and u,. Since up ¢ H?((3.1)) and uy € H((3. 1)),
f1 has to be a multiple of u;. However, given that |- |2y (-, 1) € LZ(B[S,A) while p~2vy5(p, A) ~ p~3
as p— 0, we see that u;(-,A) € HZ([Bf) is only possible if ¢2 4(A) = 0. d
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4.2. The reduced resolvent. 1.emma 4.4 enables us to construct a third solution to (3-1) with F} =0,
whenever Re(1) € [—% %] and A ¢ o(L) U {0}, by setting

c2,3(4)

uo(p, A) :=u2(p, 1) — c2ah)

ui(p, A).
Note that
W(ur (-, A), uo(-, A))(p) = 2(1 = A)p~*(1 — p?) ™+

So, to solve (3-1) when Re A € (0, 3], we make the ansatz

! (s,4) F.(s)
u(p, A) = —uo(p, 1) / L s
Wy (- A).1to(- D)(s) 1 —s2
’ —uen [ ol 2) F). 4

o Wui(-,2).uo(-, 1))(s) 1 -2

 uo(pA) /ls“ul(s,xm(s) 1.2 [? stuo(s M F()
2= ),  (—s2)ii 20-2)Jo  (1—s)1=2

(4-1)

and one can check that u(-, 1) € H?(B3). However, for Re A < 0 we need some more considerations
stemming from the simple fact that for any F with F; (1) # 0, one has

/1 s4u1(s,k)F,1(s)
—— " ds =00
o

(1 _S2)1—)L

for all p € (0, 1). To remedy this, we slightly modify our ansatz. Thus, for F) € C °°([BTf), let p, p1 €
(0,1),c € C, and set

u(p,)t):cuo(p,)t)—u()(p’x) /”‘ s4u1(s,2\)Fx(S)d ur(p,A) [? s*uo(s, A)Fa(s)
0

21—2) (—s2—% 7200 )y  (=syi—x
as well as
Postuj(s, A)

G- Jo (=2

Uilp.2) =3

for j =0, 1,2. Integrating by parts yields
P1
5.3 = w0(p. 1)+ Urp DELD) = Unpr Fap) + [ U5, {01 ]
0

o
—u1(p. WUl W2 (9) +11(p. ) [ Uols {51 s,

which, upon setting ¢ = ¢ + Uy (p1, ) Fy(p1) with ¢ € C, reduces to
p1
(e, )| E+ Uip D) + [ U6 (9]
0

0
—u1(p, A)Uo(p, 1) F(p) + ul(p,l)/o Uo(s,\) Fy(s)ds

and also allows us to safely take the limit p; — 1.
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Lemma 4.5. Let [ € Coo(gcl‘-) and Re A € [—%, %] with A ¢ 0p(L) U {0}. Then the unique solution
u(-,A) e HZ([Bf) of the equation

(1—p"(p) + (% —~20.+2)p)u'(p) — (h + D+ 2)u(p) +

with p € (0, 1) is given by

T ) =~/

1

R()(p, A) = uo(p, M)[ba(f) + Ui(p, A) £ (p)] + uo(p, l)/ Ui(s. 2) f'(s) ds

o
o
1 (p. M Uo(p. A) £ (o) + 11 (0. A) /0 Uo(s. 1) f(s) ds.

with

by(f):= SO [ s[s*u1 (s, ) (1 +5)" (1 =)t ds.

2A(1 A)

Proof. As the Frobenius indices of (2-9) are given by {0, —3} at p =0 and {0, 1 —A} at p = 1, we see that
uog(-,A) € HZ(B?/Z) N CZ(B?), while u1 (-, A) is smooth for 0 < p < 1. Therefore, one easily verifies
that R(f)(-,A) € Hz(Bf/z). To study the behavior of R(f)(p, A) at p = 1, we rewrite the boundary
terms as
2,3(4)

02,4()&)

Observe now that U, (-, A) and hence u1(-,A)Us (-, L) f is twice continuously differentiable at p = 1.

u2(p, M) [ba(f) +Ur(p, A) f(p)] —u1(p, M)Uz(p, A) f(p) = br(f)

Ml(ps k)

Further, since u1(-, ) € C2((0, 1]), the only remaining boundary term we have to check is

uz(p, Vb (f) +Ui(p. 1) f(p)].

For this we integrate by parts once more to infer that

_ui(p )t (1=p)t(14p) 1A 1 P ) A
Ui(p,A)=— (-7 +2)L(1—A)/() Os[s*ui(s,A)(1+s) [(1=s)*ds. (4-2)
Then,
bi(f)+Ui(p, 1) f(p)

1
— i | 0= [ aulstan 211007 )10 ds

1
—u1 (0, M)p* (1=p) (14+-p) 1 £ (0)— £ (0) / as[s“ul(s,x)(1+s)—1+"1(1—s)"ds] (4-3)
0

and by using this form, one readily checks that u5(p, A)[b1(f) + Ui(p, L) f(p)] belongs to C2((0, 1]).
We turn to the integral terms, which we rewrite as

c2,3(4)
c2,4(A)

In this form one can promptly verify by scaling that all these terms are elements of C2((0, 1]) as well. [

1 o) 1
w3 (p. ) / Uv(s.2) '(s) ds + 1 (p, A) /0 Un(s. 1) f(s) ds — w1 (p. ) /0 Uv(s. 1)f(s) ds.
o
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For A > 0 we can use the ansatz (4-1) to recast R(f) in a simpler form.

Lemma 4.6. Let | € Cm(ﬁi) andRe A € (0, %] Then R(f) satisfies

uo(p, A) 1S4M1(S,l)f(S)d ui(p.A) [P s*uo(s,A) f(s)

R(f)(pvk):_z(l_k) p (1_S2)1—/1 S_Z(l—k) 0 (1—52)1_)1

forall p € (0,1).

ds  (4-4)

Proof. This can either be seen by directly undoing the integrations by parts in the construction of R( f)
or by noting that both R( f) and

_uo(p. ) /1 S DS i d) [P st M6
20-1) J, (1—s2)1-4 20=2) Jo (A —s2)1-4

solve (3-1) and are elements of H 2(B? ) (that R(f) € H 2([8? ) for Re A > 0 follows in the same manner

asR(f)e H 2([B?)). Given that both of these functions solve (3-1) their difference has to be a linear

combination of 11 and uo. However, as u; ¢ HZ(B?) for j = 1,2, we see that R(f) and R(f) have to
coincide. O

R()(p.A) =

Having constructed a suitable solution to (3-1), we remark that we can copy the same construction in
the “free” case V' = 0. This follows from the fact that L generates a semigroup on H? x H'! (Bf ) which
satisfies the growth bound [|So(7) [l g2 g1 (9 < e~ 7/2. We denote the corresponding free solutions
by R¢(f). For f € C®° x COO(Bf) we set

f=U-0)I-P)f
and use Laplace inversion to explicitly write down [S (7)(I — Q)(I — P) f]; for any such f and

ce (-3 3]s
B 5 1 ' k+iN N ~ B
S@10) =10 F(o) + 37z im [ H RS Ry fldh @)

5. A first set of Strichartz estimates

Using (4-5) we can obtain establish the desired Strichartz estimates on S by bounding the integral term
K+iN a
lim P [R(Fy) (p, X) — Re(F3)(p, M) d . (5-1)

N—oo Jy—iN

To accomplish this we will need some preliminary lemmas.

5.1. Preliminary and technical lemmas. The first set of lemmas will be concerned with oscillatory integrals.

Lemma 5.1. Let ¢ > 0. Then

| 0oy ) do 5 (@)
forany a € R.

Proof. Since the integral is absolutely convergent the claim follows by two integrations by parts. O
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Lemma 5.2. Let o« € (0, 1). Then

[ oty dw' < 1a[* {a)2
R

holds for a € R\ {0}.
Proof. See Lemma 4.2 in [Donninger and Rao 2020]. O

Lemma 5.3. We have
/R ¢199(1 = 1 () O(p™" ()" D) dw‘ < (@)

foralln>1, pe(0,1),anda € R.
Proof. This can be proven in the same manner as Lemma 4.3 in [Donninger and Rao 2020]. O

Lemma 5.4. We have

/R 91— 3, (0)O(p™" <w>—")dw‘ <Jal™ a)2

foranyn >2, pe(0,1),and a € R\ {0}.
Proof. This can be proven as Lemma 4.4 in [Donninger and Rao 2020]. O
Finally, by interpolating between Lemmas 5.3 and 5.4 one obtains the following result.

Lemma 5.5. We have

/Reima(l — 12O (@) ) dw| < p~lalm 1= (a) 72

foranyn=>2, pe€(0,1), 8 €[0,1],and a € R\ {0}.

We will also rely on the following estimate.

Lemma 5.6. Leta € (0, 1) and B € [0, 1). Then we have the estimate

1
/ s7Pla+1og(1 £5)[ds < |a|™
0
forall a € R\ {0}.

w9

Proof. We only prove the case as the “+” case can be shown analogously. For a < 0 the estimate
la +log(1—s)|™* < |a|™®

holds for all s € [0, 1] and so the claim follows. For a > 0 we change variables according to s = 1 — e%*
and compute

1
/ s7Pla +1og(1—5)[ " ds
0

0
= (1—e*)Pla + ax|™“ae® dx
—OoQ
0
5 |a|1—ot (1 _eax)—ﬂeax dx .

=

a a 2 —2
+|a|1_°‘(1—e_2)_ﬂe_2/ 11+ x|"%dx + |a|'™® (1—e*)™P et dx.

-2 —00
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The claimed estimate is now an immediate consequence of the two identities

(1 _eax)l—ﬂ 3
— (] — %% B ax
x—a(1 By ( e“r) Pe
and
(1 —e_%)_ﬂe_% <ab. O

Similarly, one can show the next technical lemma.

Lemma 5.7. Let @ € (0, 1) and B € [0, 1). Then the estimate

1
/ 5P la + 3 log(1 —sz)}_a ds <la|™
0
holds for all a € R\ {0}.

Lastly, we will also require the following result on weighted norms.
Lemma 5.8. The estimate
1-1f oy S 1/ e as)
holds for all f € C*(B3).

Proof. This follows by a minor adaptation of the argument given in the proof of Lemma 4.8 in [Donninger
and Rao 2020]. O

5.2. Kernel estimates. We will now begin bounding the integral term (5-1). We start with the case
K= % —§. Therefore, we suppose f € C oO(B? ) and take a look at the difference R(f) — Re(f).

Lemma 5.9. Let Re A = % —6and f € Cm(ﬁf). Then, we can decompose R(f)—Re(f) as

9
RO 1) =R )p 4y = Y Gy (/). ).
j=1
where
! SZX/\(S)[bl (S, A)Oll (p? s, A) + bZ(S’ A')QZ(IO’ s, /\)]
2(1 =) (1 —s2)1=3
5% x2.(5)O(s () ~?)

1
“2(1— p%)"2by1 (. M1 + O(p? ds,
#0040 [ IS ) s

G1(f)(p.2) =p~(1 —02)_%1(/0,?&)/ f(s)ds
0

A 21— hao(s, A , 8, A
G212 = 1ol 21 =2 By (py [ TSI IRELD) y) 4,
p 2(1=2)(1—s2)172
2 Vs2hy(s, A , S, A
Ga(1)(p2) = (1= a1 = ) a2y [ S2EDMPT) )
p 2(1—=2)(1—s2)172

A 1 2h ,A, ) 7A
Ga(f)(p.2) = (1= xa(p))p (1= p*) "2l (p, A)/ ;(1 2%)3”%;_3 f(s)ds,
o — —s 2
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A. p 2b ’A’ b ’A'

Gs(f)(p, A) = xa(p)p>(1—p*) " 2b1(p, A) ; ;(11(1)()1061(52)[)1_31”(” ds,
— -5 2
A P s2by (s, Maa (s, p. A

Ge(f)(p. 1) = xa(p)p~2(1 = p*) "2 ba(p, k)/o ;(11(1)()1(12(2)%)1_3 f(s)ds
— -5 2

1o =2y Fop o [ TP OO o
0 2(1—X)(1—s2)1-3
P 52 xa(s)bi(s, M)B1(s. p, A)
2(1=1)(1—s2)13

P 5%2(1 = ya(s)ha(s, Dyi(s. p, A)
2(1—A)(1—s52)132

P s2(1 = xa()h1(s, A)ya(s. p, A)
2(1=2)(1—s2)1=3

G1(/) (0. 2) = (1= 12(P)p~2(L = p2) 3 ha(p, ) /0 £(s) ds,

Gs(f)(p. ) = (1= 22 ()p~2(1 = p2) 3 ha(p. 1) /0 £(s) ds.

Go(f)(p. ) = (1= x2(p)p2(1 = p>) 2 hap. A)/O f(s)ds,

where
@j(p,5,1) = O((0) 1) + 0(p*(®)°) + O(s*()°) + O(p*s* (@),
Bi(p s, 1) = O((w) ™) + O(p*(@)°) + O(s° (1 = 5) (@) ™) + O(p*s° (1 = 5) () ™),
vi(p.5,2) = O((@) ™) + 0(° (1 = p)(@) 1) + O(s° (1 =) @) ™) + O(° (1 = p)s° (1 = 5) (@) 7).

Proof. This follows by plugging the definitions of the u; into (4-4) and a straightforward calculation
using estimates like

wl (P» A') - 1/ff1 (P, A) = bl(P’ A)O(pz(w)o)
c2,3(A) —cp, 5 (A) = O({w) ™). O

Next, we will recast the G; into a more controllable form.

Lemma 5.10. The functions G;( f) satisfy

Gi()(pA) = (1— >3 / EAOCTEID e AN
P (1-s52)172
G2(f)(p. ) = xa(p)(1 = p2) "2 00" ()?)
§ /1 21— 12D+ O™ (1 =) (@) "H1B1(p, 5, A)
0 2(1=2)(1 —s5)1-2
G3(£)(p, A) = (1= xa(0)p 21 + p) 1 + O~ (1 = p){w) )]
§ /1 $2(1 = x2)[1 + O(™1(1 =) (@)~ HIy1(p. 5. A)
0

and

f(s)ds,

21— 2)(1—s)1—4 f(s)ds,

Ga(f)(p. 1) = (1= x2(p)p 2(1 = p) 1+ 0™ (1 - p){w)™1)]

§ /1 21— a6+ 06 (1= 5) (@) Hy2(p.5. 1)
p 20— 1)1 —5)1

f(s)ds.
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Y —1.27,\—1

Gs(f)(p, ) = xa(p)(1 = p?) 3 [0 OE‘I’ Sz)(f)_)A ) (s ds.
—s 2
Y —1.2/,\—1

Gs(f)(p,k)zm(p)(l—pz)_z/0 OET S2)<610_>x )f(S) ds,
—s 2

G7(f)(p,A) = (1= x2(0)p 21+ p) A1+ 00~ (1 — p) () ™H)]
X/” X3.()O(s*{@))B1(s. p, A)
0

(1-s2)1=%

f(s)ds,

Gs(f)(p,A) = (1= x2(0)p 2(1 4+ p) A1+ O™ (1 - p)(w)™h)]

P s2(1—xa(s))[1 + O™ 11 —5) (@) Hyi(s. p. 1)
X/O 20— (1 —g5)1 J(s)ds,
Go(f)(p, A) = (1= x2(0)p 21+ p) A1+ 00~ (1 — p) (@) ™H)]
y /p s2(L— a6+ O™ (1= 5) (@) Hlyals, P,/\)f(s) s
0 20— (1 +5) 7 :

Motivated by this decomposition we define operators 7 () f(p) for j =1,...,9and f € C oo(Ef) as

N .
T f)i= Jim [ eG,()(p =8+ i0) do.

Given that the integrals above are absolutely convergent, which follows from Lemma 5.10, one concludes
that 7 (7) f(p) is meaningful forall j =1,...,9, T €R, p€(0,1),and f € COO(B?). In addition, we
have the following estimates.

Lemma 5.11. The operators T} satisfy the estimates
||Tj(T)f||L3/(1—5)(R+)L45/8(Bf) S ||f||L2/<1—26)(B§),
||7}'(T)f||L$O(R+)L10/3(B§) s ||f||L2/(1—28)(B?)
forall f € Coo(gf) and j =1,...,9.
Proof. We start with T and use
_ _4 7, __1
116)0(°s(0) ™) = xa()O(p™ 3 5% (w) 77 20), (5-2)

which holds for 0 < p < s. This enables us to use dominated convergence and Fubini’s theorem to
conclude that

5_iw X1 §4i0(9)O(0”
2

(1—s2)3t3-%

1 . iw ] B )
- f /R ST = )R 1 (5) 2 T £(5) dw ds
o
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for some p; < 1 and where 1(g ,,) is the characteristic function of the interval (0, p1). Consequently,
Lemma 5.1 yields

4 [P1 7
|T1(T)f(,0)|5,0_5/0 (t— 3 log(1 = p?) + 3 log(1 —s2)) "2s%| f(s)| ds

Vil

<P

1
_ 7 -4
(v) 2/0 sHFO)Nds £ @207 1 aen -1 lz2ou

_n _4
< (%) 2:0 5||f||L2/<1*25)(B?)-

4 oy is
¥ sy = ([ o) 51

171 (T)f||L45/8(Bf) s (T>_2||f||L2/(1—28)(Bf)

Thus, given that

we see that

and so the estimates on 77 follow.
We move on to T3, which, after interchanging the order of integration and using an estimate similar to
(5-2), takes the form

1 . 1 _iw 5 1
@S0 = [ [ @0ty s - F 0G0}
o

21—y, . 1+0(s 11— ! 8,38
UMD HOCTA DO DR 3 70 0)
(1—S)7+8_lw

and we can apply Lemma 5.2 to infer that

1

T2(2) f(p)] S p~2 / (z +log(1 — ) 2|t — L log(1 = p?) + log(1 —5)| 052 £(5)|(1 —5)"2~% ds.
P

Hence, Minkowski’s inequality implies that

1
T 1, ) 5 [ @I =974 e 1ot =) 2
1 %
x(/ p_%|r—%log(l p?) +log(1—s)|~ l6dp) ds
0

and by employing Lemma 5.7 we obtain

1
7201, ) 5 [ I =747 e log1 =) 2 +log(1 =5)| ds,
By now changing variables according to s = 1 — e ™Y and using Young’s inequality, we compute
1T2(7) f ||L%/(l_8)([R+)L45/8([Bf)

<

~

/1 S2LF()](1 = )72 (x4 log(1 —5)) 2|z + log(1 — 5)| & ds
0

2/(1-8
LYV Ry
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/00(1 —e 2 f1—e e Gy (r —y) 2T~y 75 dy
0

L m
S|(1—e y)2|f(1—e Y)e ( 8)y||L§/“_28)(R+)”(') 2|| 6||L1(R+)
5 ||f||L2/(l—28)(B?).

As a consequence, the first of the desired estimates on 7 follows. Since the second can be obtained
likewise we turn to 73. To bound 73, we employ Lemma 5.5 to deduce that

1

T3 ()| S 078 f (v +log(1 —5)) 2|t — log(1 + p) + log(1 — )| 62| f(s)[(1 — )27 d.
o

So, Minkowski’s inequality combined with an application of Lemma 5.6 yields

1
“T3(T)f||L45/8(B?) < /O (t +log(1 —s))_2|‘17 + log(1 —s)|_6s2|f(s)|(1 —s) =8 g5

and one can bound 73 in the same manner as 7». Further, since the estimates on the remaining operators
can be established by analogous means, we conclude this proof. O

Unfortunately, the operators 7; alone do not suffice to establish the necessary estimates on the
semigroup S since one of the terms in the definition of F), consists of (A +2) f1(p). To remedy this we
define another set of operators T] forj=1,...,9and f €C oo([B%?) by

N .
1@ f)i= Jim [ iwe TG, (£)(p. 5 =8 +i0) do

This additional power of w spoils the absolute convergence of the integral and so, to see that T] (v) f is
a meaningful expression, one cannot argue as simply as for the operators 7;. However, the following
lemma shows that the above-defined operators Tj(f) exist as bounded linear operators from a dense
subset of W12/ (1_28)([8?) into certain Strichartz spaces.

Lemma 5.12. The operators Tj satisfy the estimates
||Tj(r)f||L$/(1—6)(R+)L45/8(B§) S lwr2ra-20@3),
17 (O fLee@pyrron@s) S 1/ lwr2a-20 @)
forall f € Cm(ﬁ) and j =1,...,09.
Proof. For Ty we argue similarly as we did for 7} and use the identity
1.)0(0"s(@)%) = 13(5)O(p 357 () 77 0), (5-3)
which holds for 0 < p < s to infer that

(w)~'720)

Bl

_4
X540 ()05

(1—s52)i+5-

f(s)dwds,

iw

1 . 1 5§ _iw
T2(0) f(p) = / /R FUT(1— ) EHE 1 ()
o
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with p; < 1. Thus,

. _a [P 2 3
T (0) f(P)] S p /0 (r = Llog(1— p?) + Llog(1 —s2)) 25| £(s)| ds
oy 4 1
SO 275 1flle([a;S)|||'| | L2((0,1y)
o % o, _4 5 _4
< (1) 2 s\-17 1f||L2(B5)~< T) 20 5||f||H1(B§)§(T) 2,0 5||f||W1,2/(1—25)(B§)

by Lemma 2.4. Consequently, the claimed estimates on T follow. For Ty, we perform one integration by
parts and exchange powers of p for decay in w to derive that

B0 = [ty i@ =) HHEE 00 0)?)

/1Sz(l—X;_H,-w(S))[l+(9(s_1(1—8)( @) OIB1(p.s. 3 —8+iw)
X
0 (1_S)%+8—ia)

f(s)dsdw

- /R 1001 —pD)HHEE 00 ) )

(1= X3 —s110 PV + O™ (1 = p) (@) DIB1(p. p. 5 =8 +iw)

x i e f(p) do

1
ot _ 42 -1 2 190 %
+/p/Re X%—&—i—iw(p)(l p7) 42 0(p 10 (w)10)
05 (s*(1 = X1 4i (DL + OGT A=) (@) )IB1(p.5. 5 =8 +iw) £(5))

X dwds
(1 _S)—%—}—S—iw

=: B2(f)(z, p) + L2(f)(z. p).

An application of Lemma 5.3 then yields

|B2(/)(x, p)| < (1) 2l £ (p)|

and the estimates for B, ( f) follow from Lemma 5.8. To bound 7, ( /') we first remark that if the derivative
hits f, one can argue as for T5. Similarly, if the cut-off function gets differentiated, one can argue as
for T}. Making use of Lemmas 5.3 and 5.5 one sees that the remaining terms Ix( f)(z, p) satisfy

\L(f)(.p)l <P 10/ (r +log(1—5)) 25| f&)I(1—5)2 0 ds < (1) 2p 10/ s| f(s)|ds,
0

5

1 1
\L(f)(x,p) Sp 6 / (z +log(1 — ) 2|z — L log(1 — p?) + log(1 —5)[ 85| £(5)|(1 —5) 5 dis.
P

As a consequence, we can argue as we did for 7, to derive the desired estimates on Tz. For T3 we
cannot straight away take the limit N — oo as the integral is not absolutely convergent. However, by
proceeding as before and performing a similar integration by parts, this can be remedied. More precisely,
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we compute that

T5(x) f (p)
iN . . )
= im | i0e 1=y e ()P (14 p) 2T+ 07 (1= p)e) )]

20— y1 o, 1+ 0@~ 11— -
X/pls( e s+io ) (s (1 =) {w) )]Vl(p,s,%—c?—i-ia))f(s)db"dw

(1—2iw)(1—s5)2+8—io
N /Reim“ — X540+ p)2 IO+ 007 (1= p) (@) )]

—101 _ -1 -1 1 ]
10T 1 —p) () )](9_(;(0))_-))/1(/)’ pz—b+iw) f(p)dw
(l—p 5 +8—iow

1
iot (1 _ . _ -2 1+s—iw -1, _ -1
[0y s 067 = o))

) ds (s2(1— X1 510N+ O((S_l()1 —IJS:S(@_I)]W (p.5.3 =8 +iw)/(s) O((lw) ™ dwds,
l—gs)y 2707'@®

and one can readily check that T3 can be bounded in a similar fashion as 7%. Furthermore, as the remaining
Tj can be bounded by analogous means, we conclude this proof. O

As a result of the last two lemmas one readily establishes the following proposition.
Proposition 5.13. The difference of the semigroups S and Sy satisfies the Strichartz estimates
le™ G (2) = So (@D = Q)T = P) il 2/0-20) sy s
<A - Q)f”Wl.2/(1—28)XL2/(1—28)(B?)a
le=GD(S () = So(@) U = Q)T = P) f 1 ooy y 103 e5)
S - Q)f||W1.2/<1—28)XLz/(l—za)([ag)
forall f € C% x COO(E).

Proof. By construction the first component of (S (7) —So(7))(I — Q)(I — P) f with f € C°x COO(BT?)
is up to multiplicative constants given by

9 9
1_ ~ ~ . ~
(L @G+ A+ )
j=1 j=1
with f; =[I —-0)I —P)f]; for j = 1,2. Consequently, the claim follows immediately from
Lemmas 5.11 and 5.12. U

5.3. Further estimates. To be able to control the nonlinearity, we will also need estimates on derivatives.
For this we have to exchange derivatives with integrals which are not absolutely convergent. We achieve
this by performing enough integrations by parts to render the oscillatory integral absolutely convergent.
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This allows us to invoke Lemma 5.14 (see below) and variations thereof, which enables us to carry out
said interchanging. After this we simply undo the integrations by parts.
Lemma 5.14 [Donninger and Wallauch 2023, Lemma 6.1]. Let f(w) = O({w)~'™%) with a > 0. Then
8a/ €' f(w)dw = i/ we'®? f(w)dw
R R
for a € R\ {0}.

Suppose now, as before, that f € C*° x Coo(gf), f=I-0)I—P)f, and A = %—8 +iw. Then,
by using variations of Lemma 5.14, we obtain

—8+iN
1S (0) F11(0) = 0,180(0) F1a(0) + 51 fim / BRI - RAF) (o2 2,
with
o) [snG S0 (o) 7 suo.0) ()
PR =502 ), T BT 200 by -

Hence, our next step is to investigate the oscillatory integral above.

Lemma 5.15. LetRe A = % —6and f €C Oo(E{-). Then we can decompose

Ip[R(S)(p. 1) = Re(f)(p, M

as
9
D[R (0. 1)~ R ) (0. )] = 3 GH( ). 2,
with =
2 1 —1 —1
G =3 1000 OV ) as.
p (1—s2)172

G4(f)(p. ) = Ap(1 = p) ™" + p xa () (1 — p2) "2 0% ()?)
§ /1 s2(1= a1 + 0611 = ) (@)~ H)]B1(p. 5. A)
o

21— M) (1—5)1=* f(s)ds + Ga(f)(p. M),

A
G4(f)(p.2) = [Tp—zp }Gawp,x)

+ 0 2(1-p)%0) ™A = xa(e)p 21+ p) ™
y /1 s2(1 = AN+ 0611 —s) (@)~ Hlyi(p, s, 1)
o

2(1—=2)(1—s)1—4 f(s)ds + é3(f)(P’)\),

A
Go(f)(p.2) = [—1—p—2p ]G4(f)(p,k)

+ 00 2(1-p)%w) ™A = 2a(p)p 21 —p)' ™
y /1 $2(1 = AN+ 0611 —s) (@) Hly2(p, 5, 1)
o

2(1=X)(1 —s)1=* f(s)ds +Ga(f)(p, 2),
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L [P 2.2/ \—1
G52 = 1ap)1 =7 OE’; S2)<T)_>x)f(s)d&
— S8

1 [P =242 1
Ge(f)(p ) = xa(p)(1=p*) 72 / O(p~*s* (@)1

o (1 —sz)l_f

f(s)ds,

A
G5(f) (o 4) = [Tp—Zp‘l}Gﬂf)(p,k)

+ O 2(1—p)% (@)™ = x2(p)p 21+ p)' =
% /p XA(S)O(S4<CU))131A(S7 PJL)
0 (1 —32)1_5

f(s)ds +G7(f),
A
G4(f) (o 1) = [m—zp—l}c}s(f)(p, »)

+ 0 2(1=-p)%w) ™A = xa(e)p 21+ p)' ™

<[ (1= 136D+ O™ (1 =) (@) Dy (s.p.2)
0

21— M)(1 —s5)1= f(s)ds+Gs(f).

A
Gy(f) (o ) = [m—zp—l}Gg(f)mx)

+ 021 = p)%0) ™A = xa(e)p 21+ p)' ™

X /,, s2(1= a()[1 + O™ (1 =) (@) Dlya(s, p. A)
0 2(1=A)(1 +s5)1-4

where G i (f)(p, A) are the terms obtained from differentiating either B1 or y; with respect to p.

f(s)ds + Go(f),

Proof. This is just a straightforward computation. O

Proceeding as above, we define operators Tj/ and Tj/ forj=1,...,9and f € C®(B3) as
N )
4 — T iwt o/ .
Tj(‘L')f(p).—Nll_Igof_Ne Gi(f)(p.5—8+iv)do,

. N .
Tj’(‘[)f(p) = Nh_r)nOo /—N ia)e"‘”GJ/-(f)(p, % —§+iv)do.
Again, these integrals are not necessarily absolutely convergent. Nevertheless, the operators can be made

sense of, as is visible from the following lemma.

Lemma 5.16. The estimates
”T],(T)f||L6(R+)L45/23(B5) ~ ”f”Lz/(l 23)(”35),
”T]/(T)f||L6(R+)L45/23(B5) ~ ||f”W1 2/(1— 28)('35)

holdfor j =1,...,9andall f € C°°(B§).

Proof. We start with j = 1, in which case we can take the limit N — oo for T’ and 7. Combining this with

13

135410 ®0E ™ 5(0) ™) = 141, ($)0(0™ T 576 () 716),
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which is valid for 0 < p <'s, yields
_13 25, _17
. X35 4i0®)0™ ¥ sTe () 716)

1 ; 1 lw
T{(f)f(,o)=/ /Re"‘”(l—pz)_“ﬂ”l(o,m)(S) f(s)dwds.
o

(1- 52) it % - %
Thus, by employing Lemma 5.2 we obtain

2

TS 5 028 [ R pwlds < (1) 28 ( / AR ds |5 ds)

1
0
_p 13
< (020" 1 o)
Consequently,

||Tf(f)f”Lg(R_i_)thS/B(B?) S ||f||L2/(1—28)(Bf)-

Moreover, to bound || Tl’ @) f LS(Ry)L45/23(BT) ONe argues similarly to deduce that

||T1/(75)f||LQ(R+)L45/23(B?) < ||| : |_1f||L2(B?) < ||f||W1.2/(1—28)(B?)

by Lemma 2.4. For j =2 we can again interchange the order of integration and take the limit N — oo
in both 7% and Tz/. Note that the hardest term over which we have to obtain control in order to bound
T, is given by
1
; _1.8_io _
/ /Re”"f)g_,mw(p)(l —p?) AT 0 w)?)
p .
(1= 13 410G+ O™ A=) (@)1 (p. 5. 1 =5 +i0)

’ (1 —2iw)(1—s5)2+8=io f(s)dwds.

By using that
5

_ _ _3
X1-54i0@00H0)) = 11544, (0)O0(p™ 2 () 2)
we deduce that
1

_3 _ _1_
IT3(0) f sz S 1172 ass s /0 (v +log(1 —)) 2| f(5)]s2(1 — )37 ds.
Consequently, by employing previously used arguments, one readily establishes the desired estimate
on T,. Next, when estimating 7', the hardest term is given by

1

L S _iw
/IR/ elwtx%—sww(lo)(l—Pz)_1+7_70(/0_1(60)3)
p 2= A3 45O+ 067 A =5)(@) D1 (0.5, 5 —8+i0)
’ L8 f(s)dsdw
(1 —2ia))(1 _s)§+5—1a)
= [ €y i D0 = 1y iD= O} (1 = )00

x[1+ 00~ (1= p){@) HIB1(p. p. 3 =8 +iw) f(p) do
1 : 1,46 iw 1 .
[y o= O ) -y
o
x dg[s%(1 — Xi—sio@)L+ O~ M1 =) (@) DIB1(p.5. 5 — 8 +iw) f(s)]dwds
=: B5(1) f(p) + I5(x) £ (p).
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For Bé (t) f(p) we use Lemma 5.1 to compute that

1B5(0) £ (0)] 5 (1) 20751 £ (p)l.

Hence,
||Bé(f)f||Lg(R+)L45/z3(B§) < ||f||Wl,2/(1728)(B?)’

thanks to Lemma 2.4. Similarly,

1
B f(p)] < (1) 22 /0 SLEO) + 521f ()] ds
and so,

||iz/(f)f||Lg(R+)L45/23(Bf) < ||f||Wl,2/(1—26)(B?)-

We proceed with T, which we estimate according to

1
IT5(0) f(p)] < P72 [O 21/ )1 =9)72 7 (x +1og(1 =) 72[1 + |z —log(1 + p) + log(1 —5)| "¥] ds.
Further,
107201+ [z = 1og(1 4 p) + log(1 = $)[ 78]l 4572 5, < [1 + |7 + log(1 = 5)| 5]

and the claimed estimate on T follows. The bound on Tg follows by integrating parts once and then
arguing in similar fashion. Moving on, Lemma 5.2 shows that

T (P < p~2 / 21 £ )1 )35 (1= p)~
x (t —log(1 — p) + log(1 — $))"2[1 + |t — log(1 — p) + log(1 — s)| 17| ds.

Observe now, that the estimate

(1= p) 100 (r —log(1 — p) + log(1 — )) 2 5 (r + log(1 — 5)) >
holds. Hence,

1p~2(1 = p) 2% (x —log(1 — p) + log(1 —$)) 2[1 + |z — log(1 — p) + log(1 —s)| 1 ]”L45/23(B5)
< (c+log(1 - 5) 2] —p)—f—m—su +le = log(1 = p) + log(1 —5) "% g
< (v +log(1—s))~ 2”(1 p)~ 100 ||L49/25((0 1))”1+|T log(1—p) +log(1—s) 10 ||L2205/2((0 1)

< (r+1og(1—5))2[1 + |t +log(1 —s)|” W].

Therefore,

1 . e
IT4() flpss/3e) S fo 1L =573z + log(1 — ) 2[1 + [ + log(1 - 5)| 0] ds



936 ROLAND DONNINGER AND DAVID WALLAUCH

and the claimed estimate follows. Furthermore, estimating T‘{ is achieved by first integrating by parts
once in the s integral to recover decay in w and a similar calculation. Analogously, one can bound the
remaining operators, so we conclude this proof. O

Proposition 5.17. The difference of S and Sy satisfies
_(1_
le™GD(S ()=S0 ()T~ Q)T ~P) 11l gy yw1.45235%) SN~ Q) f Iy 21051 2702003

forall f € C®xC>®(B3).
With this result, our task of establishing Strichartz estimates on the w1:2/(=8) 5 12/(1-28) Jeve] has
come to an end and we move on to the next set of estimates.
6. Strichartz estimates in W 2-2/(1+28)

We now move on to W2:2/(1+28) 5 yy1.2/(14+268)_tyne Strichartz estimates, i.e., estimates of the form

1_ ~ ~
1eG=DS @) Flillp o S IF lwz2rm 220 @)

For this we break the difference R( f) — R¢( f) into smaller pieces. The first part we look at is given by

Wl (f)(p’k) = bl(f)”O(p’/\) _bf/\(f)”fo(l)s A)

Lemma 6.1. LetRe A = —% + 8. Then we can decompose W1(f)(p, A) as

3
Wi()(p,2) = (1) D Hj(p, R),

j=1

where
Hi(p, ) := xa(p)(1—p*) 00 (@) ),
Ha(p. 2) := (1= x2(0)p 2(1+ p) A1+ O(p~ (1 = p) (@) )]

X [0({w) ™) + (1= p)O((0) ) + O(p~ ' (1 — p)* () ™).
Hs(p, ) := (1= x2(0)p 2(1— p) "1+ O(p™ (1 — p){@) )]

X [0({0) ™) + (1= p)O((0) ) + O(p~ ' (1 — p)* () 7).
Proof. We start by looking at

1
Pill) = %/0 ds[s*u1 (s, 1) (1 + )74 (1 —s5)* ds
1
) %(/0 1.)3s s 1 (5, ) (1 + )71 = ) ds

1
+ / (1= 210551 (5, (1 +5)~ (1 = 5)» ds)
0
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and claim that by (f) = f(1)O({w)™3). For the first of the above terms on the right side one readily
computes that

/ s[5 5 A (1 4571 =) ds = / L (9,06(0) ™) ds = O((w) ).
0 0

The second term we split according to

1
/ (1= A (N[> [1+ (1=9)O((0) ™) + O™ (1 =9)* (@) THII(1 —5)* ds
0
1
=/0 (1= A (N[> [1 + (1 =) O((w) D1 —5)* ds

1
+f (1= (N[O (1 =) ) "N —5)* ds
=1 (D) + L(2). 0

Observe that I(1) = O({w) 1), while an integration by parts yields

1
Ii(A) = (9((60)_1)[0 05 (1= xa.())3s[s°[1 + (1 =) O((@) ") (1 =)+ ds
= 0((w)™h).
Consequently, the claim follows. Similarly, one computes that
br(f) = b, (f) = F(HO((@)™H).

Therefore, one establishes the desired decomposition by plugging in the explicit forms of the solutions
and a straightforward computation. O

Motivated by this decomposition we define the operators
SO0 = [ T FWH) (.~ + 8 +i0) do.
R
$:(0) f(p) = f 0T F)VH; (p.—L + 8+ iw) do
R

for j =1,2,3and f € C®(BY).
Lemma 6.2. The estimates
1S (@) fll 210200y pas @3y S 1S lwr2ra429 @)

||Sj(f)f||L$°(R+)LIO(B§) < ||f||W1,2/(1+25)(B?)
and )
1S @) fll 2104200 gy pas gy S 1S lw22ra420 @3

”Sj (T)f“L?C’(RJr)LlO(Bf) N ||f||W2.2/<1+zs>(B§)

hold for j =1,2,3 and f € C®(BY).
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Proof. From Lemma 5.1 we see that

1S10) f(0)] S 1S (Dx) 72
hence, the bounds on S; follow from the Sobolev embedding
W (0, 1) <> L([0, 1))
and Lemma 2.4. To establish the estimates on S 1 we use that
X1 154i0PYO0%@) ™) = A1 45410 (PO () 717 T00)
and employ Lemma 5.1 to establish that
1$1(2) £ ()] S p~ 10| F(D)](x) 2

Consequently, the estimates on S; follow. The remaining bounds can be obtained in a similar fashion by
making use of Lemma 5.3. O

Next, we take a closer look at

Wa(f)(p. A) :=uo(p, L)Ui(p. 1) f(p) — uso (0. M) Us, (0. A) f (p)
—u1(p, V)Uo(p. A) f(p) +us, (0. M) U (p, 1) f ().

Lemma 6.3. LetRe A = —% + 8. Then we can decompose W () as

8
Wa(f)(p. 1) = f(p) Y Hip. M),

=
where

Hip )= =040 [ o("_ ;)1_ ds,

Hs(p2)i= (=130 (1) 14007 (1)) ) [ “S)_ 2 Dpaps s,
He(p2) = ()19 1500 (1o ] [T D batous s,

H7(p,2) = (1= (p)p 2 (1—p) " H1+0(p ™ (1-p) {w) )]

X/" sz(l—m(S))[lJrO(S‘l(I—S)(w>‘1)]ys(p,s,k)d
0 2(1-2)(1—s)1—4

’

Hs(p, ) := (1= x2(0)p 2(1+p) " [14+0(p ™ (1-p) (@) ™1)]

X/" s2(A=xa()[1+0(™ (1=5){@) " Dlyalp,s. 1) J
0 2(1-2)(1+s)1=4

’

with B; and y; as in Lemma 5.9.
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As before we define operators corresponding to the kernels H; as
N
Si(@) f(p):= lim / et f(p)H; (,o,—% +8+iw)do,
N—oo J_N

N .
S/ (ri= Jim [ w6 fp)Hy 0. ~4 +5 +i0) do

for j =4,....8and f € C®(B).
Lemma 6.4. The estimates
[S; (T)f||L%/(1+25)(R+)L45(B§) S S llwrzra+20 @3
I1S; @) fllLee@yrro@sy < IS llwr2ra+20 @)

and
S} (T)f||L%/“+25>(R+)L45(Bf) N ||f||W2,2/<1+2s>(B?),

||Sj (T)f”LgO(RJr)LIO(Bf) < ||f||W2.2/<1+28>(B§)

holdfor j =4.....8 and f € C®(BY).
Proof. For j =4 exchanging a small power of p for decay in @ and applying Lemma 5.1 yields the estimate
1S4(0) £ ()] S (1) 2> 0| f(p)].
So,
1S4(0) £ ()l L35 @) < (D) 20790 £ (D)3 o1

provided that § is sufficiently small. Hence, from the embedding W 1-2/1+28) (0, 1)) < L45(]0, 1]) we
conclude that . .
2+ 2+ 5
107790 f(0) I 245 0,1y < 1”90 f(P)||Wpl,2/<1+2a>((0,1))
1+95
< ||f(P)||W1.2/<1+26)(B§) o0 f (L1 0,1y

S 1O lgr2/a-+25 @)

where the last inequality follows from Theorem 1 in [Ostermann 2025]. Hence the desired estimates
on S4 follow. To estimate S* one computes that

1Sa(@) S ()] < (1) 20" 01 f ()]

and so the estimates on Sy4 follow from similar considerations. For J =5 we apply Lemma 5.3 to see that
1S5(2) f(0)] < () 202 £ (p)],
1S5(2) f(0) < (1) 71021 £ (p)]-

Thus, the bounds on S5 and Ss follow. Moreover, as the estimates for j = 6 can be obtained likewise,
we move on to S7. Here, an application of Lemma 5.3 shows that

? (r —log(1 - p) +log(1 —5))"*s*

1 —5)3-s ds < (x)2p*| £ (p)]
— )2

1S7(0) f(P) < p~ 1 f(0) (1= p)2~° /0
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and again the desired bounds follow. To bound S7 we integrate by parts once to see that

Hr(p,2) = (1= x1(p)p 2(1—p) " 1+ O(p~ (1 = p) (@) ™H)]
X/p s2(L= ()[4 O 11 = 9) (@) Hlys(p. s, 1) s
0 2(1=2)(1 —s)1—4

= (1= x2(p)*A=p)[1+0(p~ (1= p){w) HIL+ 0" (1= p)(w)™h)]

+ 1= 2A=p) AL+ 0 1 = p){w) )]
y /P 9sls> (1 = a1+ 06~ (1= s)(@)Hlys(p.5. 1) |
0 20(1=2)(1 —s)~*

y3(p, p, A)
22(1=2)

By recasting H7 as such and employing Lemma 5.3, the claimed bounds follow. Finally, as Sg and Sg
can be bounded likewise, we conclude this proof. O

To proceed, we take a closer look at
1 1
W3 (f)(p. A) == uo(p. 1)/ Ui(s. 2) f(s) ds —ugy (p, l)/ Ur (s, 2) f'(s) ds
o I

o P
T ur(p. ) /0 Uo(s. ) £(5) ds — ug, (0, 1) /0 Ut (s, 1) £ (s) d.

Lemma 6.5. Let Re A = —% + 8. Then we can decompose W5(p, A) as

18

Wa(f)(p. 1) =D Hi(f)(p, R,

Jj=9
where

m)ow"r( ™ 44
tz)l—f

Ho(f)(p. 2) i= (1— p*)" m(m/ f()/

Hyo(£)(p. ) = (1= p2) "2 x(p)
(1= (O (@)1 + O (1 — 1) (w) ™)
[f()[ (H)H

Hyp(f)(p. ) == (1= x2(0)p 21— p) 1+ 0(p™ (1 = p) () ™)
[f()/ 1O ) g 3y deds,

(l—t21

Hiz(f)(p,2) := (1= 22(0)p 21+ p) 1+ 0071 (1 = p){w)™H)]
[f()/ 1O D) gyt ds,

(l—t21

Balp,t,A)dt ds,




OPTIMAL BLOWUP STABILITY FOR THREE-DIMENSIONAL WAVE MAPS 941

Hiz(f)(p, 2) = (1= xa(p))p > (1= p) A1+ 00~ (1 = p) () ™M)

Lo [P = @)1+ 0T A =) (@) Dlys(p.t,A)
x[ f(s)/o 2= M) (1—1)1 7 drd

Hia(f)(p. ) := (1= x1(0)p 21+ )1+ 0071 (1 = p){w)™H)]

Lo [P0+ 0 (1 =0)(@) Dlyale, 1, 4)
X/ f(s)/ 2(1—,\)(1—z)1—k drd

O0(p°t (w )
(1—t2)1
His(f)(p. ) := (1= xa(0)p 21+ p) 1+ 007 (1 - p){w)™h)]

/ f'Gs / “(t)o(l D gt poaydids,

Hi7(f)(p, A) := (1= xa(0)p 2(1 + p) 1+ 0o~ (1 — p){w)~ 1)]
12(1= @)1+ 0@ (1= 1)) Hlys(p.1. 1)
/f()/ 20— 1) (1 —1)1 drds.
His(f)(p. 1) = (1= 22(0)p 2L+ p) 1+ 0007 (1 = p) (@) ™)]

(1= @)1+ 00 (1 =1) (@) Dlys(p,1.4)
/ f()/ 20— 1)1 +1)1 drd

His(f)(p.A) = (1— p?) m(m/ f()/

with B and y; as in Lemma 5.9.

Continuing, we set
Si(r)f(p) = lim / e'THi(f)(p.—3+8+iw)do,
N—oo JN
-N
S;(v) f(p) = lim/ we' " H;(f)(p.—% +8+iw)dw
N—oo JN

for j =9,..., 18 and f € C®(BY).
Lemma 6.6. The estimates
I1S; (T)f||L$/“+28)(R+)L45(B?) < ||f||W1,2/(1+28)(B?)7

1S; @D f e @pyrro@s) S 1S lwr2ra+20 @s)
and )
1S; @) fll 210200 gy pas gy S 1S lwz2ra420 @3

||Sj (T)f“LgO(RJr)LIO(B?) N ||f||W2.2/<1+28>(B§)

hold for j =9, ..., 18 and f € C®(B3).
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Proof. Lemma 5.1 yields the estimate

1S0(0) £ (0] < ¢ / (s))s ds

and so, from the Cauchy—Schwarz inequality we can immediately infer the desired estimates on So.
Analogously, one derives that

||S9(f)f||Lf(R+)Lq(B?) = ||| : |_1f”H1(B5) ~ ||f||H2(B5)

For j = 10 we perform an integration by parts to conclude that

Hio(f)(p.A)

N 1 _ 0.2/,\0 —1/1_ -1
= (104 13(0) / 1ty TT2RNOWS “‘g )Sff)(s A=) g, 5.2 ds

((1- O(p°t2 () [1+0(t 1 (1- -1 A
+(1—p2)" 2“([))/ f(s)/ (A= (0))0(°1* (w ))Elirt)g (I1-1){w)" )]p1(p.1 ))d J

=:B1o(f)(p,A)+110(f)(p,A).

By employing Lemma 5.2 and substituting s = 1 —e™” we estimate

‘/ e “TBio(f)(p.—% + 8 +iw)dw

S0P 90/ v = L log(1 — p?) +log(1 —5)[ 73 (r + log(1 - 5)) 2| f/(5)]s>+ 90 (1 —5) "2+ dis

1
S P / v =3 log(1—p?) = y| ¥t =) 1S (A=) (1 =€) Fo0e GV g

1-28

p‘lf’(/o }r—%log(l—pz)—y}_%(f—y)‘zdy) ’ s
x( / <r—y>—2|f’(1—e—y>|1+226(1—e—y)4e—wy) i
0

A
el

Observe that

o0
[0 |t—3log(1—p*)—y|~ 3 (t—y)2dy < f\glog(l 2)+y\ y)2dy

3 log(1—p?)+1 . 5 N _2

5/1 |3 log(1=p*)+| 3dy+/<y) dy.
—jlog(l—p2)—1 R

Thus, as

—Llog(1—p?)+1 . 5 1 1 N

/1 |3 log(1—p%) + | 3dy=[ ly[73dy <1,
—jlog(l—pz)—l -1

we deduce that

2

/ ei“’tBlo(f)(p, —% +8+iw)dw
R

LZ(R4)LZ(BY)

o0 o
< /0 /0 (= )21 (1 =) (1 — e ) e dy d.
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Hence, the bounds on [ e' T Bio(f )(p, —% + 8 +iw) dw follow from Young’s inequality. To proceed,
we illustrate the general procedure on how to bound

/ e " Lo(f)(p.—3 +8+iw)do,
R

with

Tio(f)(p. 1)

L T (= 0)0( @)1~ ) )]Bi(p. 1. 1)
_ 2 5 /
=0 tuw [ 1o | T dr ds,

i.e., the term we obtain when the ¢-derivative hits [I + O(t~1(1 —¢)(w)~1)]. Here, we use Lemma 5.3 to

derive that

.~ 1 s ¢
[ e Tt ~L +5+i0) dw‘ < [1rol [ g -n)?— s aras
R 0 0

(1—1)z~3

So,

Furthermore,

H/Su +log(1—1))~?
0

/ e o () (o, —L +8+iw)dw
R

LT R LE B

1 K
< /0 17/(s)] fo (v +log(1— 1))~ ds.

LY@y

—dt
(1—1)z~8

ds

——dt
(1 _t)%—S L0+ (R,

—log(1—s) .
B ‘ / T 21— 3 gy
0

—log(1—s) y
f (r— )21 —e)e S dy
0

2/(1428
L2029 gy

and using Young’s inequality yields

Thus,

—_ _X
S 10~ 1oga-sp WL =e™)e™2 | 1325

2
s 3
5(/ (1—t)—iz3dz) <(1—s)7ss3,
0

2 1 s 2
<([ 1r©1=sts3 ds)
L%/(1+28)(R+)L§5(B%) (/0

1
2 _2 _3
< ||f”W1~2/(1+23)(B?)/(; (1—s)"3s %ds

2/(14268
L2029 gy

[ eimflo(f)(/o,—% +5+ia)) dw
R

2
5 ||f||W1,2/(1+26)(B?)'

To bound the remaining terms, one integrates by parts once more and uses similar reasoning. Hence,

”SIO(T)f||L%/“+23)(R+)L45(Bf) < ||f||W1.2/(1+25)(B?)-
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The second estimate on S1¢ then follows from similar reasoning and we move to S 10. To derive the stated
estimates on Sy, we again first take a look at Bjo(f). Integrating by parts once again yields

Bio(f)(p.A)
1 _ 027,10 —101_ -1
:(1_/)2)_3“@)/ f,(s)(l X3.())O(p"s*{w) )[IZO(S (1=s){w)™H)]
o (1—s)

= (1=p2) "2 12(0) £/ () (1= 22 (0) O(0* (@) ™) [1+0 (o™ (1=p) (@) ") (1-p) " **B1 (. p, 1)
2 1
+(1_P2)_2XA(P)/ (1=5) 23 £7() 1=y () O(p°s* (@) ) [1+O(s ™ (1=5) (@) )] Ba(p. 5. 1)] ds
0

= Blo(f) (0. 1)+ BT (/) () (A).
Now, by using that x; (0)O(p?(w)™!) = x1(p)O(p{w)~2) and Lemma 5.3, one establishes the estimate

Ba(p.s.A)ds

‘ /R 0 OBl (f)(p.—L + 8+ iw) do| < (1) 2021 £ (o)

from which one concludes the desired bounds by already-exhibited means. Moreover, the remaining
kernels can be bounded by implementing essentially the same strategies that we used for j = 9,10 in
Lemma 5.12 and we conclude this proof. O

These last couple of estimates now add together to our next set of Strichartz estimates.

Proposition 6.7. The difference of the semigroups S and S satisfies the Strichartz estimates
leG=D(S (0)=So)U-Q)I—P) f11ll 2, 35y S NT=Q) f w2429 270420 g5
leG=D(S ()=S0 U~V T=P) f 11l e sy 10y S IT=Q) £ 2.2/ 42012701420 @5)
forall f € C®x C®(B3).

6.1. Even more estimates. Unfortunately, we still need one more estimate at the W 2:2/(1428) 5 1.2/ (1+25)
level, which is of the form

1_

le*2 g)r[(S (©)=So()U - ) - P)f]1||Lg(R+)W1,9/2(B?) < ||f||Wz,z/(1+28)XW1,2/(1+28>(B§)-

As done above we use a variant of Lemma 5.14 to reduce the problem to estimating
| RN 0.2 = ReFi) o D] doo

/R FUTwd, [R(FL) (0. 1) — Ri(F3) (0. V)] doo,

with A = —% + 6 + iw. For this we remark that

1

pR(S)(p, A) 1= dpuo(p, M[ba(f) + Ur(p. 1) f(p)] + dpuo(p, /\)/ Ui (s, 2) f'(s) ds
0

0
8,1 (9. )Uo(p. ) f(p) + Dot (p. 2) [0 Uo(s. 1) f'(s) ds.
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We kick off this round of estimates by first looking at

Wi(f)(p, A) := by (f) dpuo(p, &) — br, (f) Dpusy (p, A).
Lemma 6.8. Let Re A = —% + 8. Then we can decompose W{(f)(p,A) as
3
W) (e 2) = F(1) Y Hj(p, R),

Jj=1
where

Hi(p.2) = 12 (p)(1—p>)* O (o™ {w) ),
Hj(p.A) :=[(14+p) " Hw)—2p""1H2(p. 1)
+(1=x2(p)p 2 (14p) T O(p™2(1—p) Hw) ™)
<[0((@)™H+1=p)O() ) +0(p~ (1=p)* () )]+ Ha(p. 1),
Hj(p.2):=[(1-p) ()20~ "1H3(p.})
+(1=xa (e 2(1=p) 2 0(p2(1—p) Hw) ™)
<[O((w) ™ +(1—p)O({w) ) +0(p™ (1-p)* () )]+ H3(p, 1),

where H i (p, A) are the terms we obtain when a p-derivative hits the perturbative terms

(1=p)O((0) )+ O(p ' (1 — p){w) 7).

Proof. This follows immediately by differentiating W) and noting that the derivatives which hit cut-offs
cancel each other. O

Proceeding, we set

SO (0) = [ 07 FH) (p. 4 +5-+i0) do.
S0 () = [ we FOH, (0.4 +5 +i0) do

for j =1,2,3 and f € C®(BY).
Lemma 6.9. The estimates
||S;(T)f||Lg(R+)L9/2(B§) < ||f||W1,2/(1+25)(B§)»
||Sf(f)f||Lg(R+)L9/z(Bg) = ||f||W2,2/(1+28)(B§)
hold for j =1,2,3 and f € Coo(gf).

Proof. In essence H j/ differs from H; by a loss of either one power in p or one power of decay in w. But

since |-|7! e L% 2([Bf), this loss can be compensated for and the claimed estimates follow just as the
ones established in Lemma 6.2. U
Lemma 6.10. LetRe A = —% + 8. Then we can decompose

Wo(f)(p, A) :== dpuo(p, M)Ui(p, A) f(p) — dpus, (p, AUt (p. 1) £ (p)
—dpu1(p, A)Uo(p, A) f(p) + dput, (0, A) Uy (p, A) f(p)
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as

8
W3()(p.2) = f(p) Y Hj(p. b),
where /=4
Ne) 1 1
Hito. )= (=53 1360) [ O stw) 1) 4y,

_S2)1—*
1-A _
Hi(p. ) = [m—zp 1i| Hs(p,A)

+ (=120 2 (14+0) " O(p~2(1-p)*(w Ba2(p,s,A) ds+Hs(p, ),

1)/ XA (5)O(s(w) %)

(1— s21

-2
Hi(p,2) = [—E—Zp 1} Hg(p, )

-2
1)/ X2.(5)O(s (w )A )ﬁ3(p,s,k)dS+ﬁ6(paA)’

+(1=12(0) 0~ 2(1-p) 002 (1-p)%(w
(1-s2)1=2

1-A _
Hy(p = | == =207" | .

+1=x2(P)p 2 (1=p) *O(p2(1-p) (@) ™)
X/p s2(1= 2 (N[1+0(s™ (1=9) (@) Dlya(p.s.4)
0 2(1-2)(1—s)1=4

ds+Hz(p, 1),

1-A _
Hg(p,A) = [m—zp I}HS(P,A)

+1=x2(e)p2(1+p) 1001 (1-p)°(0) ™)
X/p s2(1= 2 ()[40 HA=s) (@) M ya(p.s.A)
0 2(1-1)(14s)1—4

with B and y; as in Lemma 5.9 and where ﬁj (0, A) are the terms we obtain when 0, hits either B; or y;.

ds+Hs(p, 1),

Again, we define operators corresponding to the kernels H ]’ as
N
S'(7) f(p) ;= lim e T f(p)Hj(p.—2 +8+iw)dw,
J N—oo J_N

N .
S0 /)i Jim [ w6 fp) Hy o, ~4 +5 +i0) do

for j =4,...,8andf€C°°([BT?).
Lemma 6.11. The estimates
1S} S s @yyLor@s) S 1 Twreraven @s),
”S/,' (T)f||L?(R+)L9/2(B§) N ||f||W2,2/(1+28)(B?)
holdfor j =4.....8and f € C®(BY).
Proof. The lemma follows by adapting the proof of Lemma 6.4 slightly. O
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Lastly, we come to

1 1
W02 = Dpta(p.3) [ Ua(5.2)£7(6) ds =By .20 [ Us (5. 017(5) ds
1Y 14
o P
+ d,u1(p, )L)/ Uo(s, A) f'(s) ds — dpus, (p, A)/O Us, (s, 1) f(s) ds.

Lemma 6.12. LetRe A = —3 L+ 8. Then we can decompose Wi(p, A) as
18

W), 1) =Y Hj(f)(p, R,
Ji=9
where
1.0t {w)™1)

. tz)l—f dtds,

HY(F)(0.2) = (1-p%) 3 2(0) / £(5) /

H{o(£)(p. ) = (1—p*) "% 2(p)

<[5 [ amgaan QDO g 3y
I 0 (1-1) ~
+Hio(f)(p. 1),

—A
HI (f)(ph) = [—i_—p—zp—l} Huit(f)(0.3)

+(1=xa (P 2(1-p) 1 O(p™2(1-p)*(w) ™ )

[ £(s) / DDOWDYT) g o 3y drds+ i (f)(o,h),

(1-12)1-5

A
Hiy(f)(p 4y i= [;Tp—Zp‘l}Hu(f)(p 2

+1=12()p2(1+p) 1002 (1-p) % (w) !

)
/ rof “(’)O(’(lg Balt.p. W) dt ds+Fra()(p. 1),

—A
His( 0= == =207 | ).
+(1=x2 (PP 2(1=p) *O(p2(1-p)° () ™)

/f()/ 1= O)1+0@ ™ (1=1) (@) " Hlys(p.1.2)

2(1=A)(1—) 12 dids+Hyz(f)(p. ),

1+
+1=12 ()P 2(1+p) 10 (02 (1-p)% () 1)

U 2 OO (1=t) (@) )ya(t.p.A)
x/pf (S)/ 2(1-A)(1—1)1=*

Hi,(f)(p. )—[1——2p :|H14(f)(:0 A)

dtds+Hia(f)(p,2),
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O(p~ 't {w)™")

a— tz)l—f dtds,

Hs()(pA) = (1-p*) "3 1,.(0) / £(5) /

A
Hi6(f)(p.2) 1= [Tp—m }Hm(f)(,o,)t)

+(1=xa (P 2(1+p) *O(p2(1-p) (@ >—1)

/ ()/ 10w ,\ ,37(l,,0,k)dtds-l—ﬁls(f)(/)»k)’
(1-12)172

A
Hi2(f)(p.h) = [Lr—p—2p‘l}H17(f)(p,k)

+(1=x2 (P 2(1+p) *O(p2(1-p)° () ™)

[ flGs )/ (1= O)1+0E " (1=1){@)"H]ys(p. 1. 4)

2(1-A)(1—£)1=4 dtds+H7(f)(p, 2,

Hig(f)(p. 1) = [L—p—zp }Hls(f)(p,k)

+1=12()p2(1+p) 1002 (1-p) (@) ™)

X/”f,(s)/s (I (O))1+0 ! (1=1) () D]ys(p. 1. 1)
0 0

2(1=2)(141)1—* dtds+His(f)(p, M),

with B; and y; as in Lemma 5.9 and where H~j (f)(p, A) are terms obtained when a p-derivative hits B;
ory;j.

One last time we define operators S} and S y
N
/ e 1 j / 1 .
Si(®) f(p):= Nh_r)nOO/_Ne’mHj(f)(p,—i +8+iw)do,
N
S/ 1 iwt 17/ 1 .
Si@) f(p) = Nh_r)noo/;Na)e H(f)(p,—3 +8+iw)dw

for j =9,....18 and f € C®(BY).
Lemma 6.13. The estimates
1S; (D) fllLs @y yror2@s) S 1 f llwi2/a+20 @3).
IS O flLs@pror@s) < 1S lwz2/a+20 @)
holdfor j =9,...,18and f € C°°([BT?).

Proof. The estimates can be established by adapting the procedures used in the proof of Lemma 6.6 in a
straightforward way. O

Proposition 6.14. The difference of S and Sy satisfies
1_
||e(2 S)t[(s (1)=So()I-Q)I—P) f]x ||L6([R+)W1 9/2(BF) ~ SINI=Q) fllw22/a+428 1. 2/(1426) (B3)

forall f € C®x C®(B3).
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We now turn to interpolating the previously derived Strichartz estimates to obtain estimates on the
H?3/2 x H'/2 Jevel. For the notation and conventions appearing in the context of interpolation throughout
the following proof we refer the reader to the Appendix and [Bergh and Lofstrom 1976]. We also recall
that we constructed a subset X C H3 x Hz(Bf) which lies dense in H := H3/2 x Hl/z(Bf) such that
the spectral projection Q agrees on X with a bounded linear operator Q H— H.

Proposition 6.15. Let p € [2, 00] and g € [5, 10] be such that % + (51 = 1. Then, the semigroup S satisfies
the Strichartz estimates

I[S () — P)f]l”[,f(R_,_)Lq(B?) Sl

forall f € H. Furthermore, also the inhomogeneous estimate

Skl ayu
LZ(I)L9(BY)

H/OI[S(r—a)(I—P)h(o)h do

holds for all h € LY (R4, M) and all intervals I C [0, o0) containing 0.
Proof. We start by setting

p . D at
oy N 10" dn

fora € Rand § (r) = S(r) — So(7). Then, by a density argument we have that
||[§(T)(I -0)I-P)fh ||L2/<1—25)(R+,e—f(1+28)/<1—23>dr)L45/8(Bf)
(L S
= ”e (2+8)t[s (T)(I - Q)(I - P)f]l ||L%/(1_28)(R+)L45/8(B?)

S — Q)f||Wl,2/<1723>XL2/<1728)(Bf)

for all f € X thanks to Proposition 5.13. Similarly, from Proposition 6.7 we know that
IS ()T = Q)T - P) 1y ||L2/<'+25>(R+,efl/<'+25>dr)L45([Bf)
1_ ~
= eGSO = QT = P) flill 21029 g,y o5 ey

< ||(I - Q)f||W2,2/(1+28)XW1,2/(1+28)(B?),

Hence, by invoking Proposition A.1 and using that
H=H3x H(B)) = W T x W (85), W5 x L% (B)y),
see [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1], we conclude that
IS @ = Q)T = P) flill 2@y yr10@s) S 1T = Q) flln: (6-1)
In addition, since
le=G=DS @)U = )T = P) f il iorsasy S 1T = @) f l2ras2m /a2 @),

leG= S (@I = @)U = P) f1il 1oy S 1T = @) f lwsasemrziaang — (62)
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for all T > 0 interpolating yields

IS @ = Q)T = P) flill ooy yrs@s) S 1T = Q) f ln

for all f € X. Hence, elementary interpolation between (6-1) and (6-2) combined with the estimates
on So in Lemma 2.9 yields

IS (T — )T~ P) flill oy yroqas) < 1T~ @) f .

where p € [2, 00] and ¢ € [5, 10] are such that % + g = 1. Furthermore, by construction @ agrees with a
bounded linear operator Q : H — H on X and so

=) fllu=1T =) flln<|flln

for all f € X. Next, we turn to S (7) Q. From the Sobolev embedding H?(B3) < L!°(B?), we deduce
that

”[S(T)Q(I_P)f]IHLf(R_i_)Lc/(B?) < ”[S(T)Q(I _P)f]IHLf(R_i_)HZ(B?)

for all admissible pairs (p, g). Given that the range of Q is contained in the union of finitely many
generalized eigenspaces corresponding to eigenvalues which all have negative real part, we infer the
existence of an ¢ > 0 such that

”[S (T)Q(I - P)f]l ”HZ(B?) S e_St” of ”Hszl(B?)
on X. Moreover, since the range of Q is finite-dimensional, we see that
19 2 @) S NQS I =1Q S lln S 11f lln
for all f € X. Thus, the estimate
IS @I = P)fTillLo, Lo S 1f I

holds for all claimed pairs (p, ¢) and all f € X and by density for all f € H. For the inhomogeneous esti-
mates one uses Minkowski’s inequality as in the proof of Lemma 3.7 in [Donninger and Wallauch 2023]. O

Analogously, one proves Strichartz estimates involving (fractional) derivatives.
Proposition 6.16. The estimates
IS (z)(I — P)f]lllL%(R+)Wl/2,5(B?) Sl
IS (DU = P) 11l ey ywrsom sy S 1S e

hold for all f € H. Furthermore, also the inhomogeneous estimates

“/Or[su—o)(l—P)h(o)h do

< |\|h ’
L%(I)Wl/2,5(B?) ~ ” ”LI(I)H

SellLvayu
LS(I)L30/11(BY)

H /0 "[S(c—0)(I = PYh(0)]: do

hold for all h € LY (R, H) and all intervals I C [0, 00) containing 0.
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Proof. Note that

W2 B, LT By =W @),

(Sl

W3 (B, WS By = W B9,
thanks to [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1]. Consequently, the desired estimates follow
from Propositions 5.17, 6.14, A.1 and the arguments employed in the proof of Proposition 6.15. O
7. Nonlinear theory

We now take a closer look at our nonlinearity

sin(4 arctan(p) + 2pu(p)) —2pu(p) sin(4 arctan(p)) 16
— u
P’ P’ (1+p%)?

N@u)(p) = (p)s

which we recast as

16(1 — p? u(e)
N(u)(p) = —ﬁ u1(p)* — 4 / cos(4arctan(p) +2p1) (u(p) —1)* dt
\—,p_./ 0

=:Vn (o)

by performing a Taylor expansion.

Lemma 7.1. The estimates

INGOl 172 @5y < ||M||im(B?) + ||”||i5(Bf) + ”””220/3(@@)
+ullwr2.5@3) lullLo@s) + ”””WL”/“(B?)“u”i“”(B?)
and
IN(u) — N(U)“Hl/z([a;?) < |lu— v||L10(B?)(||u||Llo(B?) + ||U||L10(B§) + ”M”i20/3(Bf) + ||U||izo/3([a;f))
+ lu=vlL10@s)(lu ”26([@?) + ||v”i6(B?))
+llu = vlipo@s) (llyir25@5) + 10llg/25@s)
+ |lu — U||W1/2’5(Bf)(”“”L“’(B?) + ”v”LIO(B?))
+lu—v ||W1~30/11(B?) ||u||12J60/7(B?)
+ |lu— U||L60/7(B?)||U||W1,30/1I(Bf)(“””Lﬁoﬂ(B?) + ”u”L“’”(B?))
hold for all u,v € COO(ET-).

Proof. We start off with the easier quadratic term and use the product rule for fractional derivatives twice
to compute that

2 2 2
| Viu ||H1/2(B§) < ||VN||W1/2,10/3(B?)||” ”LS(B?) + ||VN||L5(B?)||“ ”W1/2’10/3(B?)

2
< ”u”LIO(Bf) + ”u”W1/2~5(Bf)”u”LlO(B?)-
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For the cubic term, we use the Sobolev inequality || - || ;1 2(8%) S llysss (®5) (o estimate that

u(p)
/ ’ cos(4 arctan(p) + 2pt)(u(p) — 1) dt
0

H)?®))

<

~

u(p)
/ ’ cos(4 arctan(p) + 2p1) (u(p) — 1)? dt H
0

w3 @)
N ||u2u’||L5/3(B?) + ||”3||L5/3(B§) + ||u4||L5/3(B§)
< ”“,“L30/11(B?)”“”260/7([3?) + ||u||z5(B?) + ||”||220/3(B?)'
To establish local Lipschitz estimates we let u,v € C °°([BT?) and again first take a look at the easier
quadratic term
||VN(M2 —U2)||H1/2 BS) ||VN||W1/2.10/3 B> ||M2—Uz||L5 B3 T ||VN||L5 B> ||u2— Uz||W1/2.10/3 B3
®3) (®3) (®3) @) (B7)
< e —v)(u+ U)||L5(B§) + | (u—v)(u + U)||W1/2,10/3(B§)
< lu— U”LIO(Bf)(”“”LIO(B?) + ||U||L10(Bf))
+ Il = vllyr25m3 (el oss) + 0l Los)
+ [lu— U||L10(B§)(||M||W1/2,5(B§) + ||U||W1/2.5(B§))-
Next, consider the function n : R x [0, 1] — R,
p
n(x,p) = 4/ cos(4arctan(p) + 2pt)(x —1)* dt
0
and note that
01n(x. p)| < |x[*. [02n(x. p)| S |x[*, [8Tn(x. )| S |x|. 181820 (x. p)| S |x[°.
Consequently,
G, ) =)l sws) S 1l + 0P = 0) s/ s)
2 2
S ||u - UHLIO(B?)(HMHLA(B?) + ”U ||L4(B?))’
as well as
I Gat, ) =10,y s73gas) S 1020100, ) =10, ) s/ sy + 1 Dum () =D, )l 53 ey
= N1+ N,
For N; we obtain
NS Il + 0Pl = vlll573(g) S 1= vl 1ogas) (el o) + 101305,
Further,
N2 S @' =v")01n () L5/ @yt 0" @1 (. ) =010 (V. )) | 5/3 g3,

2
< = a2 s o+ 10l o D = 53 gy

2
5||U/—v'||L30/11(B§)||M||L60/7(B?)+||M—U||L60/7(B§)||U/||L30/11(B§)(||M||L60/7(B§)+||u||L60/7(B§))- O
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Motivated by these estimates on the nonlinearity, we define the space X' to be the completion of
CZP (R4 x [Bf ) with respect to the norm

Iollx = M8l 2@y Lio@s) T 1€1L12/5@ ) Lo07@3) T 191 3@ yL152@%)

+ ”¢”L4(R+)L20/3(Bf) + ||¢||L2(R+)W1/2~5(B?) + ||¢||L6(R+)Wl,30/ll(B?)-
Moreover, we set

Xs:={peX:|p|x =6}
and for u € H and ¢ € CX° (R4 x@f) we define

Ku(@)(0) = [S(r)u+ /0 S(t—0)N($(0).0)) da—C(u,qs)(r)]l,

where the correction term C, which we add to suppress the unstable direction induced by the eigenvalue 1,
is given by

Cu,¢)(r) = P(eru + /000 e N((¢(0),0)) do).

Lemma 7.2. We have that Ky (¢) € X forallu € H and all ¢ € C° (R4 x E) Moreover,

1K (@)l S lulla+ 013 + 16115
forallu € H and all ¢ € CP (R4 x BY).
Proof. We split K, (¢) into

Ku(9) = [(I—P)S(r)w (I-P) /0 St —0)N($(0).0)) do}1

# | PS@ut P [ SN @(0).0)do~Cu i)
0
= (I~ P)Ku($) + PKy(9) 1
and investigate (I — P)K,(¢) and PK,(¢) separately. For the first one we observe that

(I —P)Ku(¢)(7) = [S(f)(l — Pu +/0 S(—0)I = P)N((¢(0).0)) dO] :

1
Hence, we use Propositions 6.15 and 6.16 to deduce that

(I = P)Ku(@)llx < llulln + H/O [S(z—0)I = P)N(¢(0).0)]1 do

X

o0
Slullt [ ING@) o do
= 2
< lluelle +/0 ||¢(0)||W1s3°/‘I(B?)”¢(0)||L60/7(BS) + ||¢(0)||L5(B5)

o
+ /0 191320355+ 1612 10z, + 16©@) 172503 1@ 10gas) do

< luls+ 11915 + 1115
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We move on to PK,(¢), where we first discern that

PK4(9)(x) = [ [N s@.0) do] .

1

We also remark that as P has rank 1, there exists a unique g € H such that Pf = (f, g)ng for all
f € H. Hence,

| PEa@) )l @) + I PEa@) ()l 255 + | PEa(@) @l som sy < INGO)gr1/2e5,

for any 2 < p < 0. So,

o0
I PKu(@) (O L2 @ yre@s) / €r_0||N(¢(G))||H1/2(B?) do
T

L7 (R4)
and Young’s inequality implies that

||PKu (¢)(T)||L§(R+)Lq([g?) < ||N(¢)||L1(R+)H1/2(Bf) || 1(—oo,0](f)er||L$(R+)
Slolz + 1%

As the remaining spacetime norms can be bounded likewise, one obtains the desired estimate

IPKy(9)|lx < 012 + o4 O

Lemma 7.3. The estimate

1Ku(®) — K@)l S (1@l + 1015 + 19 lx + 11311 — vl
holds for all u € H and all ¢, ¥ € C2 (R4 x BY),
Proof. Invoking Propositions 6.15 and 6.16 yields
(I — P)(Ku(¢) — Ku(¥))llx

< [ ING©) - N1y do

< [ 190 VOl 16Ol + 146 gs)
F196) U010 150 0, + 1) 20367
+lle@) = v @) lw1/25@s) (6@ 10@s) + 1V (@) L10@s))
F180) ~ @) 10ty 18 125 65) + 1@ 172565
160) = V(O 1065y 10 g, + 190 o5
F196) @) lyn0m1 5 190120763,

+l¢(@) =¥ (@)l Loor7 @) 1V (@) 13011 @5 (19 (@) | Loor7 @5y + [V (D)l Loor7 g3)) do
<lo—vlxglx+ 1z + 113 + 1)

Estimating P(K,(¢)—K,(¥)) can be done by employing the same strategy as in the proof of Lemma 7.2. O
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The last two lemmas combined with an application of the contraction mapping principle yield the next
result.

Lemma 7.4. For any u € H fixed, the operator K, extends to an operator on all of X. Moreover, there
exist § > 0 and C > 1 such that there exists a unique ¢ € Xs with

whenever ||u||y <38/C.

7.1. Proof of Theorem 1.2. To prove Theorem 1.2 we still have to get rid of the correction term C. We
achieve this by picking the right blowup time 7" close to 1. For this, we recall that the prescribed initial data

®(0) = (¢1(0.-). ¢2(0.-))

are given by

2 arctan(p)

$100.0) = ¥1(0.p) = === =T/ (Tp) - Zarctan(p)

2

Furthermore, uL[0] transformed to similarity coordinates is given by

2 arctan(Tp) 272
1 1
0’ = Y 0, = .
l/f1* ( p) 24 ( p) 1 T2 2

This explicit dependence of T of the initial data motivates the definition of the operator

U:[1-8,1+68]x (H3 x H)(BS ;) > H

by
U (T, v)(p) = (Tvi(Tp), T*v2(Tp)) + (V1. (0, p), ¥, (0, p)) —

(2 arctan(p) 2 )
T 02)
Note that for § € (O, %) and any v fixed, this defines a continuous map
U(-,v):[1-6,1+3]>H
(this follows as the first part of Lemma 8.2 in [Glogi¢ 2025]). Also, the two identities

U(1,0)=0

B _ 2arctan(p) 2
cb(o,p)_U(T,(f(p) Y .8(p) 1+p2))

hold. Furthermore, by arguing as in the proof of Lemma 8.2 in [Glogi¢ 2025], one shows that the estimate

and

10T )l S [olggssaarivages  + 1= T
is true forall T € [1 -6, 1+ 4].

Lemma 7.5. There exist constants M > 1 and § > 0 such that if v € H3/? x Hl/z([BfM) satisfies
||v||H3/sz1/2(B? D= 8/ M, then there exists a unique T* € [l — 68,1 + 8] and a unique ¢ € X
with ¢ = KU(T*,v)(¢) and C (¢, U(T*, v)) =0.
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Proof. Since

5 2 arctan(7p) 272
T ) T 122

=2g(p),
T=1

the claim follows by an application of Brouwer’s fixed-point theorem; see the proof of Lemma 6.5 in
[Donninger 2017] for the details. O

This allows us to give rigorous meaning to the notion of solutions in our topology.
Definition 7.6. Let
T .= {@t,r)e0,T)x[0,00):r <T —1t}.
We say that u : I'7 — R is a Strichartz solution of

sin(2ru(t,r)) —2ru(t,r) 0
r3 N

4
(af—af—;a,)u(z,rwr
if ¢ = ®p 1= [W — W]y, with

v (z, p)
(14 0¢ + pdp)¥ (T, p)

belongs to X’ and satisfies

Y(t, p) = ( ) , Y(t,p):=Te *u(T —Te *,Te " p),

¢ = Ko(0)(¢)
and C (¢, ©(0)) = 0.

Proof of Theorem 1.2. Let § > 0 be small enough, choose M > 0 sufficiently large, and, let v =
(f,g)—ul[0]e C* x COO(B‘?_I_S) be such that

8
1) =0 g32pr 1203, ) = -

1

Then, by Lemmas 7.4 and 7.5 there exists a Strichartz solution u with that initial data. Therefore, the
associated ¢ is the unique fixed point of K in X5 with vanishing correction term. Moreover, by standard
partition arguments one shows that this ¢ is in fact the unique fixed point in all of X'; see for instance
[Donninger and Wallauch 2023, Lemma 7.6]. Furthermore, by classical Gronwall-type arguments one
shows that u is in fact a smooth function on I'7, where T denotes the blowup time. We calculate

00
82 > ”(p”]zdz(RJ,_)Lm([B?) = /(; ”W(Tv ) _2| ) |_1 arctan(| : |)||210(B?) dt

T dt
_— — —_— . —_— . _1 . 2 —
—[0 [ (—log(T —t) +log T,-) —2|- |~ arctan(| D”L“’(B?)T—z

=f0T

T
_ T 2
= [ ) TR s

2

dt
LIO(B%_Z)

(T —t)_lljf(— log(T —t) +1logT, ﬁ) =2/t arctan( | )

T—t
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and similarly one computes

T
6 T 6
8 2/0 o) = (013011 g3y 90 (7-1)
completing the proof. O

Proof of Theorem 1.1. Establishing Theorem 1.1 reduces to two tasks. First one needs to prove that u can
be extended to all of

Q7 = ([0, 00) xR )\ {(t, x) € [T,00) xR : |x| <t—T}.

This is a consequence of N being a smooth bounded function away from » = 0 and we refer the reader to
Section 2 and Lemma 8.3 of [Donninger and Wallauch 2023], where this was done for one dimension
higher. Secondly, one has to show that all estimates on u ascend to estimates on

R CC(RICTR
dutt )_( cos(|-[u(r.-)) )

This procedure was also carried out for d = 4 in Section 8 of [Donninger and Wallauch 2023] and can be
adapted in a straightforward way to the three-dimensional case. O

Appendix: Interpolation theory

This appendix is concerned with our required interpolation result for weighted Strichartz spaces. The
presentation given here is based on the book by J. Bergh and J. Lofstrom [1976]. Following this reference,
we let (Xo, X1) be a tuple of Banach spaces out of which we form the Banach space (Xo+ X1, || |l xo+x,)-
where

X = inf X + ||x
Iellxorxy = il (ol + )

for x € Xo + X1. Wenow set S :={z € C:0 <z < 1} and consider the set F(Xp, X1) consisting of all
continuous functions f : S — X 4+ X that are analytic on the interior of S. Moreover, for f to be an
element of F(Xg, X1), we require the function t — f(j +it), for j =0, 1, to be a continuous function
from R to X; which tends to 0 as |f| — oo. Then, F(Xo, X1) is a vector space and by equipping it with
the norm

11l (x0,x1) := max{sup || £(i1)llxo. sup Il (1 +it)x, |
teR teR

it becomes a Banach space; see [Bergh and Lofstrom 1976, p. 88, Lemma 4.1.1]. Next, for 8 € (0, 1), we
define the interpolation functor Cy as follows. Let (Xo, X1)[9] = Co(Xo, X1) be the set of all x € Xo+ X
for which there exists an f € F(Xg, X1) with f(0) = x. Furthermore, for any such x we set

”x”(Xo,X])[(-)] = lnf{”f”F(Xo,Xl) : f € F(XO’Xl)’ f(e) = X}.

Then, ((Xo, X161, [l - ll(x0,X1)1¢;) 18 Banach space and Cy is an exact interpolation functor of order ¢
(see [Bergh and Lofstrom 1976, p. 88, Theorem 4.1.2.]). Moreover, for a given Sobolev norm || - || W (B5)>
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withs >0and 1 <g < oo, as well as a € R, we let L7 (R4, e?* dr)Ws’q([E’B?) with 1 < p < oo be the
completion of C° (R4 x Bf ) with respect to the norm

D L D
”f”L”(RJrse“’ doyWsa(B]) /I;a+ ”f(r")”Ws-q(B?)em dr.

Finally, we once more employ [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1] to infer that for any
1 <p,q0,91 <o0and0 <sp,s1 < oo one has that

(WSO,QO(B?)’ WS4 (B?))[ 1= Ws1/2,t11/2(B?)’

1

2
where 51/, = %(so +s2) and 1/qy/2 = %(1 /qo + 1/q1). Having concluded these preliminaries, we come
to the desired interpolation result.
Proposition A.1. Let 1 < gg,q1 <00, 0 <s9,51 <00, 1 < pg, p1 <00,anda € R. Then

(LPO(R+’ e —apot dr)Wsoﬂo(B?)’ LPV(Ry, e®P1T dr)Ws1-d1 (Bf))[%] = LP1/2 (R+)Wsl/2’ql/2(B?).

Proof. The proposition follows by slightly modifying the ideas of [Bergh and Lofstrom 1976, p. 107,
Theorem 5.1.2], which we illustrate here for the convenience of the reader. To simplify notation,
we set Wy = WSO’QO([B?), Wy = wedi (B?) and p = py/,. By construction, C°(R4+ x [Bf) lies
dense in LPO(R, e 4PoT d )Wy N LP1 (R4, e?P1T dt)W; and so by [Bergh and Lofstrom 1976, p. 91,
Theorem 4.2.2] also in

(LPO(R+,e—“P0’dr)WO,Ll’l(m,e“l’ﬂdr)wl)[] and Lp([RRJr)(Wo,Wl)[%].

1
2
Consequently, it suffices to consider C° (R4 x @f). We start with the inequality
”M || (LPo (R.:,_,e_‘”’of dt)Wy,LP1 (R.:,_,e“”l T d‘[)W])[l/z] = ||1/l ||LP(R+)(W(),W1)[1/2] .
Letu e C° (R4 X[BTf) with u #£ 0. Then, for every ¢ > 0 and every t > 0, there exists an f(7) € F (W, W1)
with f(r)(%) =u(t,-) and

”f(-[)”F(W(),Wl) = (1 + E)HM(T’ ')”(W(),W])[l/z]'
Set

1)1

£ = f e T s )p(po i
el e @) (Wo, w12

Then, clearly g(7)(5) = u(z,-) and since

p(1 1
po+pos\———|)=pr
2\po n
11

D(_ 1 _
14 )l Wiyt )”°z(po i
||u||LP(R+)(W0,W1)[1/2]

one readily computes that

IOy a-omve ar = [, 17015
+

—pa2 (L1

Do 2ipo Pl Y4
= (P oo, 1 W47

. Do Po
=(l14+¢) ||u||Lp(R+)(Wo,W1)[1/2]
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and similarly

lg(x)(1+ l[)”LPl Ry, eP1T )W) = <(l+¢)? ”u||Ll’(R+)(W0 Wi 2"

Hence, as ¢ > 0 was chosen arbitrarily, the claim follows.
For the other inequality, we invoke [Bergh and Lofstrom 1976, p. 93, Lemma 4.3.2], which states that
any f € F(Wy, Wy) satisfies

1 1-0 1 0
v = (75 [ 1@t ar) (5 [1ra+ioimmenar) . @

where
e~ "=Y) gin(7rx)

Pi(x+iy,t):= =
j iy 1) sin(7rx)2 + (cos(wx) — e —m(t=y))2

are the Poisson kernels of the strip S. Further, for u € C°(R4+ x@?) let f(t) € F(Wy, W1) be such that
f()(3) =u(z.-). Then, (A-1), Holder’s inequality, and the identity 1/ p =1/(2po)+1/(2p1) imply that

||“||LP(R+)(W0 Wiz

(/ | £ @0l Po (4. 1) ) (/ LF @ +i0)lw, Py (Lt )dt)l

Lp(R-‘r)

_M/ 1F @0 o Po(L.1) |

/ 1F @A+ i), Pr(.)de|

L@yl LI ®y)

Next, by Minkowski’s inequality

/R 1@ I Po(b.1) di e

< | 111/ @G Iwoe "Nl ro gy Pol3.1) dt
LfO (R+) /l‘@ 0 LIO(R-F) (2 )

<sup [ f(D)@1)[Lrow,y e=aror acywy /R Po(%.1)dt

teR

and analogously one estimates the second factor. Observe now that for j =0, 1
Pi(%.t)dt = e dr =1
R J\2° - g 14 e27t N

117 1,913 = 512 IIf(r)(lt)Ileo(R+ eonar aoywy S0P 1/ ()1 F 001 s o aoy

Therefore,

< ||f”F(L1’(R+,e_“POf dDYWo,L? (R ,e9P17 dT)W7)- O
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