msp






ANALYSIS AND PDE
Vol. 18 (2025), No. 4, pp. 9631035

DOI: 10.2140/apde.2025.18.963

QUANTITATIVE STABILITY OF GEL’FAND’S INVERSE BOUNDARY PROBLEM
DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

Dedicated to the memory of Yaroslav Kurylev

In Gel’fand’s inverse problem, one aims to determine the topology, differential structure and Riemannian
metric of a compact manifold M with boundary from the knowledge of the boundary 9 M, the Neumann
eigenvalues A; and the boundary values of the eigenfunctions ¢;|3). We show that this problem has
a stable solution with quantitative stability estimates in a class of manifolds with bounded geometry.
More precisely, we show that finitely many eigenvalues and the boundary values of corresponding
eigenfunctions, known up to small errors, determine a metric space that is close to the manifold in the
Gromov—Hausdorff sense. We provide an algorithm to construct this metric space. This result is based on
an explicit estimate on the stability of the unique continuation for the wave operator.
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1. Introduction

Gel’fand’s inverse problem, formulated by I. Gel’fand [1957], concerns finding the topology, differential
structure and Riemannian metric of a compact manifold with boundary from the spectral data for the
Neumann Laplacian on the boundary, that is, the Neumann eigenvalues and the boundary values of the
corresponding eigenfunctions. The problem is closely related to an inverse problem for the wave equation
that can be solved using the boundary control method developed by Belishev [1987] on domains of R"
The uniqueness of Gel’fand’s inverse problem on manifolds was proved in 1992 by Belishev and Kurylev
[1992], see also [Anderson et al. 2004; Belishev 2007; 2017; Caday et al. 2019; Krupchyk et al. 2008;
Kurylev et al. 2018], in the form of an inverse spectral problem: the geometry of a compact Riemannian
manifold with boundary is uniquely determined by the boundary spectral data for the Neumann Laplacian.
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On a given domain of the Euclidean space, Gel’fand’s problem was reduced in [Nachman et al. 1988]
to inverse coefficient problems for elliptic equations which were solved in [Astala and Paivirinta 2006;
Nachman 1988; 1996; Sylvester and Uhlmann 1987], see also [Dos Santos Ferreira et al. 2009; Guillarmou
and Tzou 2011; Isozaki 2004; Kenig and Salo 2013; Kenig et al. 2007; Uhlmann 1998], and the stability of
the solutions of these problems has been studied in [Alessandrini 1988; Alessandrini and Sylvester 1990;
Sylvester and Uhlmann 1988]. Gel’fand’s inverse problem is ill-posed in the sense of Hadamard, as one can
make large changes to the geometry of the interior without affecting the boundary spectral data much. One
approach of stabilizing the inverse problem is to study the conditional stability by assuming a priori knowl-
edge of the desired quantities, for instance higher regularity of coefficients [Alessandrini 1988], and higher
regularity of Riemannian metrics if they are close to Euclidean [Stefanov and Uhlmann 1998]. For a general
Riemannian manifold, it is natural to impose a priori bounds on geometric parameters such as the diameter,
injectivity radius and sectional curvature. An abstract continuity result for the stability of the problem was
proved in [Anderson et al. 2004], however with no stability estimates, and the related determination of the
smooth structure was shown in [Fefferman et al. 2020]. With additional geometric assumptions, strong sta-
bility estimates for this problem can be obtained, e.g., [Bellassoued and Dos Santos Ferreira 2011; Stefanov
and Uhlmann 2005], when the metric is close to simple (i.e., with strictly convex boundary and no conjugate
points). One could also consider the inverse interior problem, that is, an inverse problem on closed
manifolds analogous to Gel’fand’s problem. For the inverse interior problem where the eigenfunctions are
measured in a ball of a closed manifold, the unique solvability of the problem was proved in [Krupchyk
et al. 2008] and a quantitative stability estimate for general metric has recently been obtained in [Bosi et al.
2022]. A quantitative stability of Gel’fand’s inverse problem for manifolds with boundary in the general
case was yet unknown. The main purpose of the present paper is to provide an answer to this question.

The key result for establishing the uniqueness of Gel’fand’s inverse problem was Tataru’s unique
continuation theorem [1995] for the wave operator. Its stability, i.e., quantitative unique continuation,
is essential to the stability of the inverse problem. The quantitative unique continuation for the wave
operator on Riemannian manifolds, from sets of the form I' x [T, T'], where I is the observation
region, has been investigated independently in [Bosi et al. 2016; 2018] for closed manifolds, and in
[Laurent and Léautaud 2019] when T is larger than the diameter of the manifold. Using [Bosi et al. 2016;
2018], the authors established a log-log type of stability estimate [Bosi et al. 2022] for the analogous
inverse problem on a closed manifold where spectral data are measured in a ball. However, for manifolds
with boundary, the quantitative unique continuation for arbitrary time 7 is yet unclear, partly due to the
lack of smoothness caused by geodesics touching the boundary. This brought substantial difficulty into
propagating the local unique continuation to a global one without losing any domain of dependence. It
turns out that it is beneficial for us to treat these geodesics as distance-minimizing paths in Alexandrov
spaces with curvature bounded above, instead of handling them in boundary normal coordinates. As
our main technical task occupying most of Sections 3 and 6, we focus on geometric issues brought by
geodesics near the boundary, and give a fully explicit stability estimate for the unique continuation in the
optimal domain of dependence. Our result also makes it possible to obtain quantitative stability of other
inverse problems that are solved using the boundary control method.
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We hope our results may have applications in medicine, especially to cancer treatment, more concretely,
to imaging necessary for radiation therapy (e.g., the navigation of cyber knives) and for ultrasound
surgery, see, e.g., [Western et al. 2015]. In these treatments, many thin beams of X-rays or high-amplitude
ultrasound waves are concentrated in the cancerous tissue and the planning of the treatment requires stable
imaging methods. A significant potential instance is the focused ultrasound surgery [Tempany et al. 2011],
where a cancerous tissue is destroyed by an excessive heat dose generated by focused ultrasound waves.
The location where the ultrasound waves are focused is determined by the intrinsic Riemannian metric
corresponding to the wave speed of acoustic waves; see [Dahl et al. 2009; Lassas 2018]. In particular, in
an anisotropic medium where the inverse problem is not uniquely solvable in Euclidean coordinates, see
[Sylvester 1990], it is beneficial to do imaging in the same Riemannian structure that determines the wave
propagation. The imaging of the Riemannian metric associated with the wave propagation is an inverse
problem for the wave equation, which is equivalent, see [Katchalov et al. 2004], to Gel’fand’s inverse
problem studied in this paper. Numerical methods to solve these problems have been studied in [de Hoop
et al. 2016; 2018]. The quantitative stability of reconstruction from other types of data, e.g., the Dirichlet-
to-Neumann map or the source-to-solution map for the wave equation, has not yet been studied; however, in
the light of [Bosi et al. 2022; Katchalov et al. 2004], we think a similar stability estimate might be possible.

Let (M, g) be a compact, connected, orientable Riemannian manifold of dimension n > 2 with smooth
boundary d M. We consider the manifold M in the class M, (D, K1, K>, ig, rg) of bounded geometry
defined by the bounds on the diameter diam(M), the injectivity radius inj(M), the Riemannian curvature
tensor Rys of M, and the second fundamental form S of the boundary 0 M embedded in M:

diam(M) < D, inj(M) > io,
IRullco < KE,  |ISlleo < K1,

5 . 4 .
Y IV Rullco < Koy X IViSlico < Ko, (1-1)
i=1 i=1

where V' denotes the i-th covariant derivative on M. The injectivity radius for a manifold with boundary
is defined in Section 2.1. In addition, we impose the lower bound on the following quantity rcar (M)
(Definition 2.1):

rcar(M) 2 ro, (1-2)

where rcar(M) is defined as the largest number r such that any pair of points with distance less than r is
connected by a unique distance-minimizing geodesic (possibly touching the boundary) of M. This quantity
is known to be positive for a compact Riemannian manifold with smooth boundary. For Riemannian
manifolds without boundary, the condition (1-2) is already incorporated in the lower bound for the
injectivity radius.

Denote by A; (j > 1) the j-th eigenvalue of the (nonnegative) Laplace—Beltrami operator —A, on
(M, g) with the Neumann boundary condition at M, and by ¢; a (smooth) eigenfunction with respect
toAj. Weknowthat 0 =24 <Ay <---<Aj <Ajpp <---,and A; — +00 as j — +00. Assume the

eigenfunctions are orthonormalized with respect to the L2-norm of M. In particular ¢; = vol,,(M)~1/2,
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The Neumann boundary spectral data of M refers to the collection of data

(an gan {)"7 go_]laM}iozl)a

which consists of the boundary 0 M and its intrinsic metric g,,,, the Neumann eigenvalues and the boundary
values of a choice of orthonormalized Neumann eigenfunctions.

Definition 1.1. We say a collection of data (M, g,,,, {A?, (p]‘.’la M}]J.:]) is a §-approximation of the
Neumann boundary spectral data of (M, g) (in C?) for some 8 > J~! if there exists a choice of Neumann
boundary spectral data {A;, ¢;|5 M}?i , such that the following three conditions are satisfied for all j < s L

(1) A% €10, 00), ¢flam € C*(M).
@) |V — Vg <s.

) llgj — go]‘.‘ lcorcanny + ||V32M (pj — (p]‘.‘)|3 Mmllco < 8, where VgM denotes the second covariant derivative
with respect to the induced metric g,,, on M.

Let M, M, be two Riemannian manifolds with isometric boundaries, and let ® : 9 M| — 9 M, be the
Riemannian isometry (diffeomorphism) between boundaries. We say the Neumann boundary spectral
data of My, M, are é-close if the pull-back via ® of the Neumann boundary spectral data of M, (or M)
is a §-approximation of the Neumann boundary spectral data of M (or M3).

Note that the definition above is coordinate-free. The second covariant derivative of a function is
called the Hessian of the function, which is a symmetric (0, 2)-tensor. In a local coordinate on d M,
Definition 1.1(3) translates to (¢; — (p]‘.’) |am having small C 2_norm. A similar definition in L2-norm was
seen in [Bosi et al. 2022].

If finite boundary spectral data {A;, ;5 M}]J.:l are known without error, then this set of finite data is a
8-approximation of the Neumann boundary spectral data with § = J~! by definition. If we are given a
certain choice of Neumann boundary spectral data, then Definition 1.1(3) is equivalent to the existence of
orthogonal matrices acting on eigenfunctions in eigenspaces, such that the condition is satisfied by the
given spectral data after applying these matrices.

The main purpose of this paper is to prove the following stability estimate for the reconstruction of a
manifold from the Neumann boundary spectral data.

Theorem 1. There exists o = §o(n, D, K1, K3, ig, ro) > 0 such that the following holds. If we are given
a §-approximation of the Neumann boundary spectral data of a Riemannian manifold with boundary
M e M, (D, Ky, K3, iy, ry) for § < 8¢, then one can construct a finite metric space X directly from the
given boundary data such that

deu(M, X) < Cy(log([log 8])) ™,

where dgy denotes the Gromov—Hausdorff distance between metric spaces. The constant C| depends on
n, D, Ky, K», iy, ro, and the constant C, explicitly depends only on n.

Theorem 1 implies the stability of Gel’fand’s inverse problem.
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Theorem 2. There exists 5o = do(n, D, K1, K3, ig, ro) > 0 such that the following holds. Suppose two
Riemannian manifolds My, My € M, (D, K1, K, iy, ro) have isometric boundaries and their Neumann
boundary spectral data are §-close for § < 8g. Then M is diffeomorphic to M,, and

dou (M, M) < C;(log(|log 8]))~ 2.

Remark 1.1. The dependency of Cy, §y is not explicit. An explicit estimate with dependence additionally
on vol, (M), vol,_ (0 M) can be obtained, but this process results in a third logarithm. More details can
be found in the Appendix.

If any explicitness for the results is not of interest, the bounds (1-1) we assumed on the Riemannian
curvature tensor and the second fundamental form can be relaxed to bounds on Ricci curvatures of M, o M
and the mean curvature of d M, due to Corollary 2 in [Katsuda et al. 2007].

We do not know if the log-log type of estimates above is optimal. While strong (Holder-type) stability
results [Bellassoued and Dos Santos Ferreira 2011; Stefanov and Uhlmann 1998; 2005] were known
near simple metrics, the stability of the problem is likely weak in the general case; see [Koch et al. 2021;
Mandache 2001].

The key result in proving Theorem 1 is a uniform stability estimate for the unique continuation in the
class of Riemannian manifolds with bounded geometry, and without loss of domain in the domain of
dependence. Let I be an open subset of the boundary 0 M and T > 0. The domain of influence of the
set I" at a time ¢ € [0, T'] is defined as

MT,t)={xeM:dx,TI') <t}, (1-3)
where d is the intrinsic distance function of M. The double cone of influence of I' x [T, T] is defined as
KT, T)={(x,t) e M x[-T,T):d(x,T) < T —|t]}. (1-4)

Recall Tataru’s unique continuation theorem [1995]: if the Cauchy boundary data of a wave u vanish on
I'x[-T,T],1i.e.,

ulrx—7,711=0, Optt|lrxj-1,71=0,

then the wave u vanishes in the double cone of influence K (I", T'), and in particular, the initial value
u( -, 0) vanishes in the domain of influence M (I", T'). Note that the domain K (I', T') (and M (I", T') for
the initial value) in this result is optimal due to finite speed of propagation of waves. The stability of the
unique continuation, i.e., quantitative unique continuation, asks if # is small when the Cauchy boundary
data are small.

Theorem 3. Let M be a compact, orientable Riemannian manifold with smooth boundary d M, and
let T (possibly ' = OM) be a connected open subset of 0M with smooth boundary. Suppose u €
H?>(M x [-T, T)) is a solution of the wave equation (8,2 — Ag)u(x, t) = 0 with the Neumann boundary
condition Ouut |y x[—1,71 = 0 and the initial condition d;u( -, 0) = 0. Assume the Dirichlet boundary value
of u satisfies

ulamxi-r.1) € H* @M x [-T, T)).
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If

luC-s Ol <A, Nullgzax-1.17) < €0,
then, for 0 < h < hy, the following estimate holds:

A+h_1/280
(log(1+h + h3/2A /gy))/0

The constants hy, Cz, Cy4, Cs explicitly depend only on intrinsic geometric parameters of M and T (in

lu -, O)ll2qaaqr,ryy < Cs h = exp(h™=C4m) +Cs AR/ GmaxinD,

particular, independent of ).

Quantitative unique continuation for the wave operator has been investigated independently in [Bosi
et al. 2016; 2018] for closed manifolds and in [Laurent and Léautaud 2019], both inspired by the ideas in
[Tataru 1998]. In particular, the case for manifolds with boundary for large T was studied in [Laurent
and Léautaud 2019], however without addressing how the geometry of the manifold affects the estimate.
Our result explicitly shows how the constants depend on the geometry and how close the domain of
quantitative unique continuation can approach the optimal domain. These are crucial questions frequently
showing up in the stability of inverse problems. In Theorem 3, the stability estimate is obtained up to
the optimal domain for arbitrary 7, and can be made fully explicit only in terms of intrinsic geometric
parameters. The estimate comprises two parts. One is by propagating local unique continuation up to the
Vh-neighborhood of the boundary of the optimal domain. This is the most technical part of the paper and
gives a global estimate (Theorem 3.1) on a domain arbitrarily close to the optimal domain, see Figure 1,
since 4 is a small parameter one can freely choose in advance. The second part is to estimate the L-norm
on the region which the first part does not reach. Once we prove that this region has uniformly controlled
volume (Proposition 3.14), the second part of the estimate immediately follows from the a priori H'-norm.
We remark that one can also balance the parameters gy, # in Theorem 3 and arrive at a log-log type of
estimate with a single parameter &.

-T

Figure 1. Domains of unique continuation. The blue vertical line is I x [T, T']. The domain
enclosed by the blue lines is the optimal domain K (I', T'). The domain enclosed by the red lines is
Q2 (h) defined in (2-4), obtained by propagating local unique continuation. The distance between
the blue and red lines is v/.
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Equipped with Theorem 3, we can adopt the approach introduced in [Katsuda et al. 2004] to obtain a
stability estimate for Gel’fand’s inverse problem. Namely, we apply a quantitative version of the boundary
control method to evaluate an approximate volume for the domain of dependence. The error of the
approximate volume can be made arbitrarily small as long as sufficient boundary spectral data are known.
Then we define approximations to the boundary distance functions through slicing procedures, from
which the manifold can be reconstructed [Katsuda et al. 2007].

The method we use to obtain the quantitative unique continuation may be of independent interest.
Essentially it is proved by propagating local stability estimates to obtain a global estimate. However, the
presence of general manifold boundaries brings significant trouble in defining the process, especially
when the path of propagation touches the boundary. One straightforward approach would be to avoid the
boundary. Namely, one can approximate a geodesic touching the boundary with a curve in the interior of
the manifold, and propagate local estimates through balls along this curve. This approach works well if
the time domain is larger than the diameter of the manifold, in which case the domain of dependence
is smooth, i.e., the whole manifold. However, difficulties arise for an arbitrary time domain, where the
domain of dependence in the manifold has corners. An estimate obtained with this approach may not be
uniform in a class of manifolds.

Our method directly defines a series of noncharacteristic domains through which local estimates are
propagated, using the intrinsic distance of the manifold and the distance to the boundary. This is made
possible by directly handling geodesics near the boundary. These domains are globally defined in a
coordinate-free way. The boundaries of these domains normally have the shape of a hyperboloid and warp
quickly near the boundary (and the injectivity radius). In this way, the local estimates propagate (almost)
along distance-minimizing geodesics, and naturally produce a uniform global estimate depending only on
intrinsic geometric parameters.

This paper is organized as follows. We review relevant concepts and the unique continuation in
Section 2. Section 3 is devoted to proving Theorem 3, an explicit stability estimate for the unique
continuation from a subset of the boundary. Section 3 uses several technical lemmas, and their proofs
can be found in Section 6. In Section 4, we apply Theorem 3.1 to introduce the essential step of our
reconstruction method where we compute, in a stable way, how the Fourier coefficients of a function (with
respect to the basis of eigenfunctions) change, when the function is multiplied by an indicator function of
a union of balls with center points on the boundary. The new feature of this method is that it is directly
based on the unique continuation theorem. The main results, Theorems 1 and 2, are proved in Section 5,
with the dependency of constants on geometric parameters derived in the Appendix.

2. Preliminaries

2.1. Bounded geometry. Let (M, g) € M, (D, Ky, K>, ig, rp) be a compact, connected, orientable Rie-
mannian manifold of dimension n > 2 with smooth boundary M. The C°-norm of the Riemannian
curvature tensor Ry, appearing in (1-1) is defined as

| Ry llco = sup |Rulxl,
xeM
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where | Ry, | denotes the operator norm of Ry, at x € M as a multilinear operator to R. The C O_norms of S
and the covariant derivatives are defined in the same way. In this paper, we usually omit the subscript C°
for brevity.

Since the Riemannian curvature tensor is completely determined by the sectional curvatures, assuming
a bound on the curvature tensor is equivalent to assuming a bound on sectional curvatures. By the Gauss
equation, the bounds on the curvature tensor of M and the second fundamental form of d M yield a bound
on the curvature tensor Ry of dM (when 0 M is at least two-dimensional), also denoted by K 12 Without
loss of generality, assume K1, K> > 0.

From now on, we write ||A|| = ||A||co for a tensor field A on M. For convenience, we define

k k

IRmllce = IRmll + D UV Ryl 1Slce = ISI+ Y IVISII.
i=1 i=1

Then the curvature bound assumptions in (1-1) are written as

IRuI < Ki, IISI<Ki, |Roml <K,
IRullcs < Ki+ Kz ISt < K1+ Ko, [[Romllcs < C(Ky, K»).

The boundary 0 M is said to admit a boundary normal neighborhood of width r if the exponential map
(z,s) > exp,(sn;) defines a homeomorphism from d M x [0, r] to the r-neighborhood of 0 M, where n,
denotes the inward-pointing unit normal vector at z € dM (see, e.g., Section 2.1.16 in [Katchalov et al.
2001]). The boundary injectivity radius i,(M) of M is defined as the largest number with the following
property that d M admits a boundary normal neighborhood of width r for any r < i, (M). The injectivity
radius inj(M) of M is usually defined as the largest number » < min{inj(d M), i, (M)} satisfying the
following condition: the open ball B, (x) of radius r is a domain of Riemannian normal coordinates on M
centered at any x € M with d(x, 0M) > r.

This definition of the injectivity radius for a manifold with boundary gives little information on the
geometry near the boundary. We find it convenient to consider the following quantity.

Definition 2.1. For xe M, rcar(x) is defined to be the largest number r such that the (distance-)minimizing
geodesic of M connecting x and any y € B, (x) is unique. Define

rcat(M) = xigﬁf/l rear(x).

We call this quantity the radius of radial uniqueness (or CAT radius).

The radius of radial uniqueness is positive for a compact Riemannian manifold with smooth boundary
(Lemma 6.2(1)). This definition is a natural extension of the injectivity radius for manifolds without
boundary. More precisely, for a Riemannian manifold without boundary, min{rr/~/K , rcar} gives a lower
bound for the injectivity radius, where K is the upper bound for the sectional curvatures.

The radius of radial uniqueness has an immediate connection with metric spaces of curvature bounded
above in the sense of Alexandrov. A metric space has curvature bounded above (globally) by K > 0
if every minimizing geodesic triangle in the space has perimeter less than 277 /+/K, and has each of its
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angles at most equal to the corresponding angle in a triangle with the same side-lengths in the surface of
constant curvature K. This space is denoted by CAT(K). A CAT(K) space has the property that any pair
of points with distance less than 77/+/K is connected by a unique (within the space) minimizing geodesic,
and the geodesic continuously depends on its endpoints. It is well known that a Riemannian manifold M
with smooth boundary is locally CAT(K), where K is the upper bound for the sectional curvatures of M
and the second fundamental form of 0 M [Alexander et al. 1993, characterization theorem]. In fact,
more is known: the open ball around any point in M of the radius min{w/ 2JVK, rcat(M)} is CAT(K)
[Alexander and Bishop 1996, Theorem 4.3]. This is where the notation rcat comes from. The CAT space
provides useful nondifferential tools to work with manifold boundaries where the standard differential
machinery is often problematic.

2.2. Wave operator and the unique continuation. The Laplace-Beltrami operator A, with respect to
the metric g has the following form in local coordinates (xl, o xM):

n
1 0 ij 0
Ay = —F—— E —.(,/det ij ’f—.). 2-1
8 det(g;;) e oxt (8i)8 dxJ -1
Then the wave operator P = 37 — A, has the following form in local coordinates:

92 1 ) -
p=2"__ 1 N % fdet(zi)e -
o> /det(gij) l-,,gl 8’“( (8108 557 )

= 88_:2 — ”2_21 g’j % + lower-order terms. (2-2)

The Riemannian metric g approximates the standard Euclidean metric in small scale. In sufficiently small

coordinate charts, the Laplace—Beltrami operator is a strongly elliptic operator given by the formula (2-1).

However, the wave operator of the form above is only locally defined on manifolds, different from the
wave operator on Euclidean spaces with global coefficients.

In the boundary normal neighborhood of 9 M, it is convenient to use the boundary normal coordinate

(xl, R x"_],x”), where (x], e, x”_l) is a choice of coordinate at the nearest point on dM and
x" =d(x, dM). In other words, the coordinate (x', ..., x"~ 1, d(x, dM)) is defined by pushing forward
the local coordinate (x!, ..., x"~!) on dM via the family of exponential maps z > exp, (sn;) from the

boundary in the normal direction. Note that the choice of coordinate on d M is fixed. Hence by the Gauss
lemma, the metric g has the form of a product metric in such a coordinate:
n—1
g = (dx™)?*+ Z 8ap dx” dx?.
o,f=1

On the boundary d M, two frequent choices of coordinate are the geodesic normal coordinate and the
harmonic coordinate. In this paper, we use the geodesic normal coordinate of d M. Namely, at any point
on d M, we have a geodesic normal coordinate (x"‘)g;% in the ball (of M) of a sufficiently small radius



972 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

such that

n—1
SEPS D gegp <2 (EeRTY, (2-3)
a,f=1

l8apllct <2, llgapllcs < C(n, Ky, K2, ip).
It is known that the radius of the ball in which the conditions above are satisfied is uniformly bounded

below by a positive number explicitly depending on n, || Rypm|lc1, ip [Hebey and Vaugon 1995, Lemma 8;
Eichhorn 1991, Theorem A]. We denote this uniform radius by r, (d M).

Recall that the wave operator P enjoys the unique continuation property from the boundary; namely if
the Cauchy boundary data of a wave u (a solution of the wave equation Pu =0) vanishon I x[-T, T'], i.e.,

ulexi-r.r =0, g_z Px-T.T] 0
then the wave vanishes in the double cone of influence K (I', T') defined in (1-4); see [Tataru 1995] or,
e.g., Theorem 3.16 in [Katchalov et al. 2001]. Here n denotes the unit normal vector field on 9 M pointing
inwards. We are interested in its stability: when the Cauchy boundary data are small on I' x [T, T'], we
consider if the wave is small in the double cone. The following global stability result on Tataru’s unique
continuation principle [1995] was proved in [Bosi et al. 2016], from which the stability of the unique

continuation from a ball on a closed Riemannian manifold can be obtained [Bosi et al. 2016, Theorem 3.3].

Theorem 2.2 [Bosi et al. 2016, Theorem 1.2]. Let Quq be a bounded connected open subset of R* x R
and P be the wave operator (2-2). Assume u € H'Y(Quq) and Pu € L*>(Qq). In Quq, we assume the
existence of a finite number of connected open subsets Q? and Qj, j=1,2,...,J, a connected set T
and functions V; satisfying the following assumptions:

(D) y; € C>1(Qupa); p(-, Vi) #0and Vy; #0in Q;), where p denotes the principle symbol of the
wave operator P.

(2) supp(u) N'Y = J; there exists Ymax,j € R such that & # {y € SZ;) S (y) > Ymax,j} C '?j, where
i—1
T =N (U2 «UT).
3) Qi ={y € Q) =Y :9;(») > Yminj} for some Ymin j € R, and dist(dR), ;) > 0.
(4) Q is connected, where Q = Ujj-zl Q;.
Then the following estimate holds for Q and Q° = U]J-:1 Q?:
el 1 o)
(log (1 + llull g1 Qo) /I Pull L2 (0)))?

where 6 € (0, 1) is arbitrary, and the constant C explicitly depends on 0, ;, dist(aQ‘?, Q), ||gij lcts
VOl 41(2pa).

||u||L2(§) <

The intuition behind this result is propagating the unique continuation step by step to cover a large
domain, as long as the error introduced in each step is small. The set Y is the initial domain where the
function u vanishes, and €2; is the domain propagated by the unique continuation at the j-th step. The
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estimate is obtained by propagating local stability estimates, and the assumptions make sure that certain
support conditions [Bosi et al. 2018, Assumption A1] required by the local stability estimates are satisfied
at every step. For some simple cases, one choice of the domains and functions is enough, for example if
the function u initially vanishes over a ball in R". However, these assumptions are rather restrictive for
general cases, and multiple iterations of the domains and functions need to be carefully constructed to
handle the difficulties brought by the geometry of the boundary and the injectivity radius. Note that the
constant in the estimate depends on higher derivatives of ; in Q?. It is crucial to construct the required
domains where ¥; has uniformly bounded higher derivatives. Although Theorem 2.2 is formulated in
Euclidean spaces, it applies to manifolds since it is obtained by propagating local stability estimates,
which can be done in local coordinate charts.

2.3. Notation. We introduce notation that we will frequently use in this paper. Denote by vol; the
k-dimensional Hausdorff measure on M. When the Hausdorff dimension of a set in question is clear, we
omit the subscript k. In particular, we denote by vol(M) the Riemannian volume of M, and by vol(d M)
the Riemannian volume of d M with respect to the induced metric on 9 M.

Given an open subset I' C d M, we define the following domain with a positive parameter 7 < 1 by

Qrrh)={x,)eM x[-T,T]: T —|t|-d(x,TI") > vh, d(x,0M —T') > h}, (2-4)

and we write €2 () for short. Note that €2 (%) is a subset of the double cone of influence K (I", T'), and Q2 (h)

approximates K (I', T') as h — 0. If I' = 0 M, the set above is defined with the last condition dropped. In this

paper, our consideration always includes the possibility that I' = d M. For the sole purpose of incorporating

this special case notationwise in later proofs, we set any distance from the empty set to be infinity.
Given a function u : M x [T, T] — R and an open subset I' C d M, we define the norm

2 —
”I’t ||H2,2(1"X[7T’T]) — /

T
T(nu(- ey 10 DIy + 137 D)) dE (2-5)

ifu(-,t) € H*(T) and d,u(-,t), d>u(-,t) € L*(T") for all |¢t| < T. We say u € H>*(T x [T, T]) if
the norm above is finite, and we call it the H?2-norm.

3. Stability of the unique continuation

In this section, we obtain an explicit estimate on the stability of the unique continuation for the wave
operator, provided small Cauchy data on a connected open subset of the manifold boundary. First we
state this result as follows.

Theorem 3.1. Let M € M, (D, K1, K3, iy, ro) be a compact, orientable Riemannian manifold with
smooth boundary oM, and let T (possibly I' = dM) be a connected open subset of oM with smooth
boundary. Denote by i,(T") the boundary injectivity radius of T. Then there exist a constant C3 > 0
that explicitly depends on n, T, D, K1, ||VRy| co, |IVS] o, ig, 1o, Vol (M), vol,_(I"), an absolute
constant Cy4 > 0, and a sufficiently small constant hg > 0, that explicitly depends onn, T, K1, K>, iy, ro,
ip(T), vol,_1(dM), such that the following holds.
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Suppose u € H*(M x [T, T)) is a solution of the nonhomogeneous wave equation Pu = f with
f e L*(M x [—T, T)). Assume the Cauchy data satisfy

u

ulomxi-r.r € H*>OM x [=T.T]). = € H**OM x [T, T)). 3-1)
If
dJu
71 < Ao, o H—H < o, 32
el e aexi-r,ry < Dos Nl gz2qxi-rr + | 5, ey S (3-2)
then, for 0 < h < hg, we have
Ao+ h12%g,

lull z2eeny < C3exp(h™ ") -
(log(1+ (Ao +h="2e0) /(I Pull 2 i1.77) + B~ 2€0)))

The domain Q2 (h) and the H>*-norm are defined in Section 2.3.
As a consequence, the following estimate holds for any 6 € (0, 1) by interpolation:
Ao+h~12g
0/2"
(log(1 + (Ao + A" 2e0) /(1 Pul 2ag 1.7 + h220)))”

lull g1-6 (2 nyy < €5 exp(h ™)

Remark 3.2. In Theorem 3.1, the different smoothness indexes of the Sobolev spaces in the qualitative
smoothness assumption u € H 2(M x[—T, T]) and in the quantitative bounds for the Sobolev norms (3-2)
are related to the smooth extension of the weak solution of the wave equation to a boundary layer. We
note that the nonuniform smoothness assumptions are typical, and sometimes also optimal, for the weak
solutions of the wave equation with the Neumann boundary condition; see [Lasiecka and Triggiani 1991].
We also note that in Theorem 3.1 the assumption u € H 2(M x [—T, T]) can be relaxed to the assumption
that u is a weak solution of the wave equation Pu = f with the Neumann boundary condition, where
fe L*(M x [—T, T)), and u and its Neumann boundary value 0,u|ymx[—T,T] Satisfy

ueC(~T,Tl; H'(M))NC'([-T, T]; L*(M)),
dnttlaprxi—7.71 € L*(OM x [T, T1).

Then, by [Lasiecka and Triggiani 1991, Theorem A], the Dirichlet boundary value is a well-defined
function u|ypx[—7.71 € L?>(dM x [—T, T]). In this case, (3-1) can be viewed as an additional smoothness
requirement for the Dirichlet and the Neumann boundary values of u. This relaxation of the smoothness
assumptions only affects the last part of the proof of Lemma 3.5, and this lemma can be proved via the
weak version of Green’s formula.

Our method can also be used to derive a stability estimate for the unique continuation from any open
domain in the interior of M, as long as the boundary of the domain is smoothly embedded in M. In this
way, a stability estimate can be obtained on domains arbitrarily close to the double cone of influence
from the interior domain in question, which provides a generalization of Theorem 3.3 in [Bosi et al.
2016]. We remark that as the domain approaches the double cone of influence, the estimate above grows
exponentially. This exp-dependence and the log-type of the estimate itself eventually lead to the two
logarithms in Theorem 1. We also mention that Proposition 3.14 may be of independent interest, which
provides an explicit uniform bound for the Hausdorff measure of the boundary of the domain of influence.
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Most of this section is occupied by the proof of Theorem 3.1. First we properly extend the manifold,
the wave operator P and the wave u, so that Pu stays small on the manifold extension over I, given
sufficiently small Cauchy data on I'. The extension of u is cut off near the boundary in the manifold
extension, from which we start propagating the unique continuation. Then we carefully construct a series
of domains satisfying the assumptions in Theorem 2.2 such that the union of these domains approximates
the double cone of influence. Thus Theorem 2.2 gives a stability estimate on domains arbitrarily close to
the double cone of influence.

The main difficulty lies in actually finding that series of domains satisfying the properties stated above,
as the assumptions in Theorem 2.2 (essentially assumptions for local estimates) are rather restrictive
for a general manifold with boundary. This requires us to directly deal with the intrinsic distance and
(distance-minimizing) geodesics of the manifold. In this section, we use several technical lemmas and
their proofs can be found in Section 6.

Theorem 3.1 yields the following stable continuation result on the whole domain of influence M (I', T').

Proposition 3.3. Let M € M, (D, K1, K>, ig, ro) be a compact Riemannian manifold with smooth bound-
ary 0M, and let T (possibly I' = d M) be a connected open subset of 0 M with smooth boundary. Suppose
ue H*M x [T, T)) is a solution of the wave equation Pu(x,t) = 0 with the Neumann boundary
condition Ouut|yp x[—1,71 = 0 and the initial condition d;u( -, 0) = 0. Assume the Dirichlet boundary value
of u satisfies
ulamxi-r.11 € H>*(OM x [T, T)).

If

luC-s Ol mroan <A, Nullgz2@ex—r.1) < €05
then, for 0 < h < hy, the following estimate holds:

A+h"1g

1/Gmax n,3)
(o1 + 7+ PR Jegyfo T CsAMT

1/3, — _
(-, Ol 27y < C3 B2 exp(h=C4)

Here Cs explicitly depends on n, T, D, |Ryullcts |S|lcts i, o, VOI(M), vol,,_1(I'); Cy is an absolute
constant;, Cs explicitly depends on n, || Ry || c1, |Sllcts i, VOI(M), vol(OM); hg > 0 is a sufficiently small
constant explicitly depending onn, T, K1, K>, iy, o, ib(l:), vol(dM).

We postpone the proof of Proposition 3.3 after the proof of Theorem 3.1.

3.1. Extension of manifolds. Let (M, g) € M, (D, K1, K», iy, ro) be a compact, orientable Riemannian
manifold with bounded geometry defined in the Introduction.

Lemma 3.4. For sufficiently small 8¢x explicitly depending on n, Ky, K», iy, vol(dM), we can extend
(M, g) to a Riemannian manifold (M, g) with smooth boundary such that the following properties are
satisfied:

(D M — M lies in a normal neighborhood of OM in M, and d(x, dM) = Sex forany x € M, where d
denotes the distance function of M.
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(2) g is of C> in some atlas on M, in which

l&ijlii—mllcr < C(K1),  N&ijlj_mllcs < C(n, Ky, K, ip).
3) ||RA7[ﬂ < 25%, 1S54l <2K1 and ||VRj;|| < 2K», where S, i denotes the second fundamental form
of IM in M.
As a consequence, we have:
(4) rear(M) > min{C (K1), io/4, r0/2).

Proof. We glue a collar 0 M x [—8ex, 0] for 0 < dex < min{1, ip/2} onto M by identifying d M x {0} of the
collar with d M. Denote the topological space after the gluing procedure by M. Any (y, p) € 9M x[—bex, 0]
admits coordinate charts by extending boundary normal coordinate charts at (y, —p) € M. The transition
maps are clearly smooth and therefore M is a smooth manifold.

Let {y;} be a maximal r, (0 M) /2-separated set (and hence an r, (0 M)/2-net) in M. Let U; be the ball
of radius r,(dM) in M around y;, and therefore {U;} is an open cover of d M. We take a partition of
unity {¢;} subordinate to {U;} satisfying

dillcs < Crg(aM)™° fors e[l,4].

Then {ﬁ,- := U; x [—dex, 0]} is an open cover of the collar dM x [—§ex, 0], and {q;,-} is a partition of unity
subordinate to this cover satisfying the same bound on C*-norm, where é; is defined by éi(y, p) =i ()
for (y, p) € OM X [—ex, O].

We choose the geodesic normal coordinate (yo‘)"_1 on each U; such that (2- 3) holds. Within each
coordinate chart U;, we define the metric components at (y, p) € U; as follows: gpp =1, and ggg =0 for
o,f=1,...,n—1,and

g 29 (z) E¥E <z)
Zup (- ) = 8oy (v, 0+ p— “ﬁ(y, 0)+ 2 > o — (y, 00+ - 5 9 —(y,0) for p <O.
Then one can define a Riemannian metric g on dM X [—§ex, 0] through partition of unity:
8l = qui(y, 080y, = Z ¢ (8" (y.p for p<O. (3-3)
i i

At (y, p € Ry) € M with respect to the boundary normal coordinate of 0 M in M, define g = g. Due to
the Riccati equation (e.g., [Petersen 2006, Theorem 2, p. 44]), the derivatives of ggg with respect to p at
o = 0 up to the third order can be expressed in terms of the components of S, Ry, and VR R Then the
curvature bound assumptions (1-1) implies that g(lg is of C* within each coordinate chart U

Now let us consider the coordinate charts U; X [—8ex, ig). In this coordinate, the components ga”3 are
of C*! in the normal direction, and C* in other directions. Therefore g is of C>! in the local coordinate
charts {U; x [—dex, i0)}.

Furthermore, it follows from a straightforward calculation that, for p <0,

gkt 5 (l) gk+ (l)

Lo -

2. 0| < CURmlles. ISlea)lpl fork+1<4, 1<3.

akal akal
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Note that 3* g;’g /3p* =0 by definition. Recall that the C*-norm of ¢; is uniformly bounded by C re(0M )74
and r, (0 M) explicitly depends on n, ||Rypm|lc1, io. Furthermore, the total number of coordinate charts U;
is bounded by C(n, K1) vol(0 M) rg(aM)*”“. Hence by (3-3), the estimates above hold for g, and gup
with another constant C(n, || Ryl s, | Sllc4, io, vOI(OM)).

Therefore we can restrict the extension width §ex to be sufficiently small explicitly depending only on
n, K1, K3, iy, vol(d M) such that the matrix (g,p) is nondegenerate and hence a metric, and

||gaﬂ|M—M”CI <4K1+47 ||gaﬂ|M—M”C4<C(n7 K17K27 10), (3_4)
IR <2K7, 1S5l <2K1, VRl < 2Ka.

Here the first inequality is due to (2-3) and the definition that 0,848lsm = 2S48, Where Sy denotes the
components of the second fundamental form S of M. The bound on S j; follows from the bound on
Vp8aplfit—m-

With this type of extension, g is also a product metric in the collar, which implies that the integral curve
of 9/dp minimizes length and is hence a minimizing geodesic. This shows that, for any x = (y, p) €
M x [—8ex, 0], we have d(x, dM) = —p, which yields property (1). The property (4) is due to properties
(1)=(3) and Lemma 6.2(2). O

Coordinate system. From now on, we extend the manifold (M, g) to (M , &) such that Lemma 3.4 holds.
We say (1\~4 , &) is an extension of (M, g) with the extension width §.x. We choose a coordinate system
on M as follows.

In the boundary normal (tubular) neighborhood of d M, we choose the boundary normal coordinate
of M. Let {y;} be a maximal r,(d M) /2-separated set in d M, and U; be the ball of radius r¢(d M) in I M
around y;. The proof of Lemma 3.4 shows that g is of C31 in the coordinate charts U; X [—8ex, ig). In
each coordinate chart, we choose the boundary normal coordinate (x!, ..., x"~!, p(x)) of M, where
(x!, ..., x" D is the geodesic normal coordinate of d M such that (2-3) holds. The coordinate function
p(x) in the normal direction is defined as

(x)z{d(x,aM) ifxeM, (3-5)

—d(x,dM) ifxeM—M.

Note that d (x,0M)=d(x, M) for x € M. Lemma 3.4(2) shows that the metric components on M—-M
have uniformly bounded C 4_norm. On the other side, due to Lemma 6.1, we can find a uniform width
r, = rp(K1, ip) such that the C*-norm of metric components is uniformly bounded by C(n, K1, K>, ip)
in the boundary normal coordinate of width r; in M. Consequently, we have a uniform bound for the
C31-norm of metric components in the coordinate charts U; X [—6ex, ip).

For any point x € M with d(x, dM) > rp/2, we choose the geodesic normal coordinate of M around x
of the radius min{r;/2, ro(x)} such that the C*-norm of metric components is uniformly bounded. By
[Hebey and Vaugon 1995, Lemma 8] and [Eichhorn 1991, Theorem A], this radius is uniformly bounded
below by n, [|[Rpyllc1, io, rp. Denote by r, the minimum of this radius and r,(dM), and therefore r,
explicitly depends only on n, ||Rpyllc1s ||Slcts Qo
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Combining these two types of coordinates, we have a coordinate system on M in which the metric
components satisfy the properties

n
HEP < ) 385 <4lE> (EeRY,
ij=1
1Zillcr < Con IRmller, ISe).  N1gijllean < Cn, Ky, K, o). (3-6)

Observe that, for any x € 1\7, the ball Erg/z (x) of M or the cylinder Byy (v, 1rg/2) X (p—rg/2, p+rg/2)
is contained in at least one of the coordinate charts defined above, where x = (y, p) if x is in the boundary
normal coordinate of d M. To see this, it suffices to show that, for any y € 9 M, the ball By (y, rg/2) of
dM is contained in at least one of U;. The latter statement is a direct consequence of the fact that {y;} is
an (r,(0M)/2)-net in M.

3.2. Extension of functions. Let (M, 2) be an extension of (M, g) satisfying Lemma 3.4 with the exten-
sion width 8.x. Points in the boundary normal neighborhood of d M have the coordinate (x Looxm L p(x)),
where p(x) is defined in (3-5). We write the coordinate as (x7, p(x)) for short, where x7 = (x!, ..., x"~1)
denotes the tangential coordinate.

We define an extension of functions on M to M as follows. Given a function u on M and its Cauchy
data u, du/dn on oM, we extend u to a function i1 on M by

u(xr, p, 1) if p=>0,

~X ) 7t = .
Uex(xr, . 1) {u(xT,O,t)-l—,og—Z(xT,O,t) if p <O.

For 0 < h < 8¢, we define another function u : M x [-T,T]—> Rbyu=uon M x [T, T], and

~ P\ -~
M(.X'T, p,l‘):(p(Z)uex(xTap»t) forp<07 (3_7)

where ¢ is a monotone increasing smooth function vanishing on (—oo, —1] and equal to 1 on [0, c0)
with ||¢||c2 < 8. Then 2 =0 when p < —h.

Lemma 3.5. Let (M, g) be an extension of (M, g) satisfying Lemma 3.4 with the extension width Sex. Let
" be a connected open subset of 0 M. Assume

d
ulapxi—r.r) € H2 @M x [=T.T]). 5= € H**(@M x [-T. T}).

Then we have

~12 12 du
Nl @p-r.ry < €1 Mty gy + Ch ”%Hmm-r ’

2 12 T —1 du |2
”(81 - Ag’)u”LZ(QFX[_T’T]) g Ch ||u||H2=2(FX[—T,T]) +Ch HEHHZQ(FX[—T,T])’
where Qr = T' X [—8ex, 0] denotes the part of the manifold extension over T, and the constants explicitly
depend on n, K.

Furthermore, suppose u € H*(M x [—T, T)) is a solution of the nonhomogeneous wave equation
Pu= f with f € L*(M x [=T, T)). Then ii € H'(M x [T, T1) and (8? — A)ii € L>(M x [T, T).
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Proof. First we estimate the H'-norm of & over Qr. Here we only estimate the dominating term in /;
the other terms can be done in the same way. Denote by 9y, 9,, d; the derivatives with respect to x%-,
x"-coordinates and time ¢, respectively. We denote dyu, d,u, d,u evaluated at (x7, 0, t) by uy, u,, u;
and ¢'(s) = (d/ds)¢(s), evaluated at s = p/h. In addition, whenever we write the function u without
specifying where it is evaluated, the evaluation is also done at (xr, 0, 7). By the definition of #,

Bni) (x7, 0, 1) = h ™ (U + pun)g’ + und. (3-8)

Since # vanishes unless p € [—h, 0], we have

T 0
||8nf‘”i2<szrx[—r,T]) =/ // \h™'u+ pun)@’ + und|* dxy dp dt
—T JT' J —6ex

T 0
c/ // (h2u* +h™2p%u? +u?) dxr dp dt
—T JI' J—h 5

| 2
lullz2r -7y T Ch H an

L2TX[-T,T])
Next we estimate the Laplacian of i over Qr for p € [—#, 0]. In the boundary normal coordinate of
our choice, by definition (2—1) we have

n

Azl = Z ( 18] g”& u)
i,j=1"V .
n—

1 — o ~ 1
= ——0 (V118" 0i1) + Y ——=0u (V1218 0pit) = A1 + Ay,

V18l wpm1 VI8l

where |g| denotes the determinant of the matrix (g;;). We estimate A; as

n—1

AZ(XTv pvt): ( |g|gaﬂ8ﬁu)
o,f=1 \/>

8| - 8
=) 2;' 8P gt + (3,8°P)(9pit) + 8% 3y O
a.p

Hence we have

[AaCer, p. DI < C Y (gl +hlungl) +C Y 18 + pua)| (x7., 0, 1)

a.p a.fp
<C Y (uapl + hlunap) +C Y (lugl+ hlung)),
a,p B

where the constants explicitly depend on 7, K due to the C! metric bound (3-4).
Finally we estimate A; and the time derivatives. Since g"™" = 1, we know that

Igl
2181 "

Ai(xr, p, 1) =
We differentiate (3-8) again:

@pit)(xr, p. 1) =h >+ pun)gp” + 20" ungp'.
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Hence we have

(37 — 3DiD) (x1, p, )| = |(ys + ptni)P — (3200) (x7, p, 1)
2l + Ch™uy| + Cluge| + Chlttny|,

which leads to a similar estimate for (afﬁ — Ay (xr, p,t) by (3-8). Thus,

(37 =A@ (7. p. D) < Ch™ ul -+ Ch™ it |[+C ey |+ hlttnis D+C (It +lttep 1 +-hlttn | +h it nap ).
a.p

where all terms on the right-hand side are boundary data evaluated at (x7, 0, #). Then the second estimate

of the lemma immediately follows from integrating the last inequality.

Now we additionally assume that u € H M x[-T,T)isa (strong) solution of the nonhomogeneous
wave equation Pu = f with f € L>(M x [—T, T)). By the regularity result for the wave equation (e.g.,
Theorem 2.30 in [Katchalov et al. 2001]), the solution u is in the energy class

ueC(-T,T]; H{(M)NCY(~T, T]; L*(M)).

From the definition (3-7), the weak derivatives of i ( -, t) exist on M for any fixed t € [T, T]. Since the
Cauchy data are in H 22 we have ii(-,1) € H' (1\7 ) for all # directly by definition (3-7), and therefore
ieHY(Mx[-T,T)).
Since the Cauchy data are in H>?, the definition (3-7) also indicates that i € H 2’2((117 —M)x[-T,T).
Hence over M — M,
fox = (8% = Ap)it € L*((M — M) x [T, T]).

Define a function f : M x [-7,T] - R by f = f over M and f = fo over M — M. Clearly
f € Lz(ﬂ X [=T, T]). Thus the only part left is to show that (33 —Apu = f on M x [T, T] in the
weak form. Observe that the wave equation on either M or M — M is well-defined pointwise. Then for
any test function ¢ € HO1 (1\7 x [T, T]), by applying the wave equation separately on M, M — M and
Green’s formula, we have

/ /( i g + (V. Vo) / f (=3, 00 + (Vii, Vo))
MU(M M)

Lo L e e [ L

Due to the definition (3-7), the normal derivative of & from either side of 0 M coincides and hence the
boundary terms cancel out. This shows that the wave equation is satisfied on M x [—T, T'] in the weak
form, with the source term in LZ(M x [T, T). O

3.3. Distance functions. Later in the proof of Theorem 3.1, we will need to switch back and forth to
different distance functions. The following lemma shows relations between distance functions.

Lemma 3.6. Let (]\7 , &) be an extension of (M, g) satisfying Lemma 3.4 with the extension width Sex.
Denote the distance functions of M and M by d and d, respectively. Then there exists a uniform constant ry
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explicitly depending only on K1, i such that the following inequality holds for any x, y € M as long as
Bex < 7pe

d(x,y) <d(x,y) < (1+3K18e0d(x, y).

If x,y e M — M, then the second inequality holds after replacing d(x, y) with d(x*, y+), where x*
denotes the normal projection of x onto OM. If x € M- M, y € M, then the second inequality holds for
d(x*t, y).

Furthermore, if a minimizing geodesic of M between x, yE€ M lies in the boundary normal (tubular)
neighborhood of O M of width §ex, then we have

dyy (6, 3 < (143K1860d (x, ),
where dyyy denotes the intrinsic distance function of dM.

Proof. The first inequality is trivial and we prove the second inequality. Consider any (distance) minimizing
geodesic y of M from x to y; its length L(7) satisfies L(7) = d(x, y) by definition. It is known that
isa C! curve with arclength parametrization (e.g., Section 2 in [Alexander et al. 1987]). Observe that the
second inequality follows trivially if y lies entirely in M. Since the statement of the lemma is independent
of the choice of coordinate, we work in the boundary normal coordinate (' 2 p(x)) of M.

Suppose y lies entirely in M —int(M) with both endpoints x, y on d M. Consider the normal projection,
denoted by y, of y onto the boundary d M with respect to the boundary normal coordinate. More precisely,
if (s) = (x1(s5), ..., x4—1(5), x,,(s)) in a boundary normal coordinate near a point on ¥, then its normal
projection has the form y (s) = (x1(s), ..., Xx,—1(s), 0). The fact that y is of C! implies that x;(s) is a
C! function for any i. Hence y is a C! (possibly not regular or simple) curve in d M from x to y with the
induced parametrization from y. Note that y may not be differentiable with respect to its own arclength
parameter.

As a consequence, the length L(y) of y can be written as

L) L@ -
L(y)= VaWy'(s), y'(s))ds = / VT S)y): 1)y ds,
0 0
where 77; (s) denotes the vector field with constant coefficients in the frame (9/ axl, . ..,0 / ax"~1), with

the coefficients being the tangential components of the tangent vector y’(s) of y. Note that y; (s) is a
Jacobi field for the normal coordinate function p(x). For every fixed s, by the definition of the second
fundamental form (more precisely the shape operator),

0 ~ ~ ~ ~ .

%gp(y{r, 71) =28, (Sp (V1) V1),

where g, and S, denote the metric and the shape operator of the equidistant hypersurface from dM (in
M — M) with distance |p| (i.e., the level set d(-, dM) = |p|). Observe that Lemma 6.1 holds in the

boundary normal neighborhood of d M regardless of which side the neighborhood extends to, thanks to
Lemma 3.4(3). Then the first part of Lemma 6.1 indicates that for sufficiently small |p| depending only



982 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

on Ky, iy,
0 ~ ,~/ ~ ~ i~ o~
%gp(y%, 7r)| < 4K18,(7r, 7r)-
Thus by Gronwall’s inequality, we have

STrly, rly) < 8oy 7p)etKilel,

Since the extended metric g is a product metric in the boundary normal coordinate, then g(y7 |7, 77l5) <
2(’, ¥"). Hence for sufficiently small 8.x depending only on K| and |p| < 8ex, We obtain

L(y)
L(y) <Kl /O VETHE). 7)) ds

L(y) -
< oKt f VEG (), 7)) ds < (14 3K18.0d(x, y),
0

which yields the second inequality by definition.

In general, if y crosses d M with both endpoints in M, we can divide y into segments in M and segments
in M — M. The lemma is trivially satisfied for the endpoints of any segment in M. Any (continuous)
segment in M — M has endpoints on d M and lies entirely in M —int(M). Thus we apply the argument
above for every segment in M — M and the estimate follows. Finally, if the endpoints of y are not
both in M, then its projection y is a curve between the projections of the endpoints of  onto M. This
concludes the proof for the first part of the lemma.

Now we prove the second part of the lemma. Let  be the minimizing geodesic of M from x to y
lying in the boundary normal tubular neighborhood of d M. If y lies entirely in M or M —int(M), one
can use the previous argument to project ¥ to a curve on d M and show the same estimate as the first part.
The only difference is that when x, y are not in 3 M, the projection y is a curve on M from x* to y*. In
general, the estimate follows from dividing ¢ into segments in M and in M — M, and projecting both
types of segments onto 0 M. 0

Definition 3.7. For i < iy/2, we consider the submanifold
My={xeM:d(x,oM) > h}.

Denote by dj, : M, x M;, — R the intrinsic distance function of the submanifold Mj,, and we extend it to
any point x € M — M, by

dp(x,z) = dh(x“', 2) +h_lc?(x, xt) forze My, x e M — My, (3-9)

where x 1 € 3 M), is the unique normal projection of x € M — M,, onto d M), within the boundary normal
neighborhood of d M such that d (x, x1h) = d (x, 9Mp). In this definition we require at least one of the
points to belong to M,. Note that a similar notation x* denotes the normal projection of x onto d M.

Thus the path between z € M), and a point x € M — M, realizing dj (x, z) is a broken curve consisting
of a geodesic of M), and a vertical line of the boundary neighborhood (see Figure 2).
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In general, the intrinsic distance function of a manifold with boundary is at most of C'-!: the function
dp (-, 7) is at most of C!! even on M), — {z}. We need to smoothen it in order to match the c?1 regularity
required by Theorem 2.2.

Definition 3.8. For a fixed z € Mj, and any x € M, we denote by d; (x, z) the smoothening of d,(x, z) via
convolution in a ball of radius r < 8¢y /2 around the center x with respect to the distance d of M. More
precisely,

dZ(X, Z) = Cnr_" /N kl <d();: x)

) dh(y9 Z) dyv (3_10)
M

1
~ 2
volume form on M. The constant ¢, is the normalization constant such that

cnr_”/ kl(m> dv=1, (3-11)
n r

where dv denotes the Euclidean volume form on R”™.

where k1 : R — R is a nonnegative smooth mollifier supported on [ 1], and dy denotes the Riemannian

Lemma 3.9. Let e« be sufficiently small determined in Lemma 3.4. For sufficiently small r depending on
n, Ky, K», i, ro, rg, the function d; (-, z) is of C%1 on M for any fixed z € My,. Furthermore, in the coordi-
nate of our choice, the C*'-norm of d; (-, z) is uniformly bounded explicitly depending onr, n, || Ry | c1.

Proof. By Lemma 3.4(4), for sufficiently small d.x, we know rCAT(M ) is bounded below by C (K1, ig, rp).
We restrict the smoothening radius to be less than this lower bound: r < C(K7y, ig, r9). Then for any
ye B, (x), there is a unique minimizing geodesic between x and y. Furthermore, no conjugate points occur
along geodesics of length less than 77 /(2K ) [Alexander et al. 1993, Corollary 3]. Since Er (x)ﬂaﬂ = for
any x € M as r < 8¢ /2, we know d( -, x) is simply a geodesic distance function in the ball of the smoothen-
ing radius around any x € M. As a consequence, d (-, x) is differentiable on Er (x) and |Vc? (-,x)=1.

By our choice of coordinate charts in Section 3.1, for any x” € 1\7}, the ball Er /2 (x”) or the cylinder
Bym(y,rg/2) x (p —rg/2, p +1g/2) is contained in at least one of the coordinate charts defined in
Lemma 3.4, where x’ = (y, p) if x is in the boundary normal coordinate of d M. Then by Lemma 3.6,
the ball Erg /4(x) of M is contained in one of the coordinate charts if we choose a smaller ry, depending
on K. Hence, for r <rg/4, B,(x) is contained in one of these coordinate charts for any x € M, and
therefore d (-, x)is of C>! on §, (x) — {x} by Lemma 3.4(2) and Theorem 2.1 in [DeTurck and Kazdan
1981]. Observe that d( - , x) is bounded below by r/2 in the support of k|, which yields a bound on higher
derivatives of d( -, x). This shows that the function d,(-,z)isof c21,

To estimate the C*!-norm of d, (-, z), it suffices to estimate the C 21 _norm of d (-, y) on the annulus
Er (y)— Er ,2(y). Due to the Hessian comparison theorem (e.g., [Petersen 2006, Theorem 27, p. 175]), for
sufficiently small r depending on K, we have ||§2c? (-, y)|l < 4r~! on the annulus, where V2 denotes
the second covariant derivative on M. In a local coordinate (x',...,x™) on M, the covariant derivative
has the form (e.g., [Petersen 2006, Chapter 2, p. 32])

9 a>: 92

~A o~ ~ n ~; a ~
@G (55 507) = 5gmdo ) = 2 Thad oy, ki=1...n. (3-12)
i=1

oxk
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Hence in the coordinate charts of our choice, for sufficiently small r, (3-6) yields
ld(-, Ml <Cr™" on By(y) = Brp (). (3-13)

An estimate on the C> ! -norm can be obtained by differentiating the Riccati equation in polar coordinates
g =dr*+ g, around y, where 9, is the radial direction in the geodesic normal coordinate. Then on the
annulus, examining the proof of Lemma 8 in [Hebey and Vaugon 1995] gives a bound

IV, I < C@, IRzl enr ™.
Hence by differentiating the formula (3-12), for sufficiently small r depending on n, K, K3, iy, we obtain
I1d(-, Wllc2 < Cn, IRzl e)r ™ on B.(y) — Brpp(y). (3-14)

Then a straightforward differentiation yields an estimate on the C>!-norm of dy(-,2). U

3.4. Proof of Theorem 3.1. Now we prove the main technical result Theorem 3.1, by constructing the
functions and domains assumed in Theorem 2.2. The proof consists of several parts.

To begin with, let 4 be a positive number satisfying # < min{1/5, ip/10, r;/10}, where rp, = rp (K1, ig)
is the width of the boundary normal neighborhood determined in Lemma 6.1. For sufficiently small / only
depending on n, K1, K>, ig, vol(d M), we extend (M, g) to (1\71, g) with the extension width 8¢, = 5h such
that Lemma 3.4 holds. Then we extend u to & by (3-7) with the cut-off width A. Let r, be the uniform
radii of C! geodesic normal coordinates of M and d M such that metric bounds (3-6) hold. We have
shown that r, explicitly depends on n, || Ry llc1, ||S]l¢c1, io. Now we collect all these relevant parameters
and impose the following requirements on the choice of / due to technical reasons:

1 T iy ro g 1, ip(D) m } (3-15)

0<h<mm{ﬁ’§’ﬁ’ﬁ’ﬁ’ﬁ’—1o 12K,

The part of the manifold extension over I' is denoted by Qr =I' x [—5h, 0]. The number min{1, 71
will be frequently used in this proof and we denote it by

ar = min{l, T~} (3-16)

We restrict the choice of & once again such that, for sufficiently small £,

2rg m_ 2ro L}
372K, 372K )

This is possible due to Lemma 6.2. We remark that the dependency of / is not explicit in Lemma 6.2(3),

rear(My) > min{ } rear(M) > min{ (3-17)

and one can instead use the explicit lower bound in Lemma 6.2(2).

With the choice of d.x = 5h and & as above, the function dj, (-, z) defined in (3-9) is Lipschitz with a
Lipschitz constant 2h~! (Lemma 6.3(3)). In Definition 3.8, we set the smoothening radius to be r = arh?.
Then it follows that |d} (x, z) —dy(x, 2)| < 2arh? for any x € M (Lemma 6.3(4)).

Assume £ is sufficiently small so that Lemma 3.9 holds. For any z € M) and x € M satisfying
h/4 < dp(x,z) <minfiy/2,r/2, 7/(6K1)}, we have |V,d; (x, z)| > 1 —2h (Lemma 6.5). Outside the
injectivity radius this gradient can be 0 if cut points are involved. This lower bound being close to 1 is
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crucial for our method to ensure no loss of domain, and we define dj, (3-9) with the ™! scaling in the
boundary neighborhood specifically to guarantee it. While this lower bound is almost trivial when z is far
from 0 My, careful treatment is required when the manifold boundary is involved.

For |b| < 5h, we define the set
Tp(h)={x € M:p(x) =b, x* €T, dyp(x*,dT) > h}, (3-18)

where 01" denotes the boundary of I' in d M. The function p(x) is the coordinate function in the normal
direction defined in (3-5). Note that if ' = d M, the last two conditions above are automatically satisfied,
and then the set above is simply the level set for the normal coordinate function.

Recall that u, the extension of u to M defined by (3-7), vanishes on I'y(0) for all b < —h. The set
I"_»,(0) is the set from which we intend to propagate the unique continuation. More precisely, we start
the propagation from an A-net in I'_»;(8/4). The reason of this specific choice is the following.

Sublemma 1. For sufficiently small h only depending on K, we have
d(z, d(MUQr)—aM) =Th foranyz e I'_,(8h),

where Qr =T' x [—5h, 0] is the part of the manifold extension over I.

Proof. Let y be a point in d(M U Qr) — aM realizing the distance to z. Suppose d(z, y) < Th. Then the
minimizing geodesic of M from z to y lies in the boundary normal (tubular) neighborhood of 0 M of
width 5h. Hence Lemma 3.6 implies that

dym (25, vy < (1 + 15K h)d(z, y) < Th(1 + 15K h).

However, we know dyp (z-, y©) >8h by the definition (3-18). Hence we get a contradiction for sufficiently
small 4 only depending on K. O

Initial step. As the initial step, we propagate the unique continuation from outside the manifold M to a
region close to I' in M.
Consider the function £ : [0, 4+00) — R defined by

(h—x)3
h3
and &£(x) =0 for x > h. The function &£(x) on negative numbers can be defined in any way so that £(x) > 1
for x < 0, and £(x) is smooth on (—oo, &). The function &(x) is of C>! on R and monotone decreasing
on [0, +00). Let {zO,j}?iOl) be an h-net in I'_»;,(8h): that is, for any z € I'_»,(8h), there exists some zo, ;

such that d(z, 20,j) < h. We define

§(x) =

for x € [0, h], (3-19)

Yo (e 1) = (1 —&(6h —d(x, 20 )T —d(x. 20,)))" —1*, (3-20)
and consider the following domains (see Figure 2):

Q) ={(x.1) € M x [T, T]: v (x.1) > h*, p(x) > —3h/2}. (3-21)
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Figure 2. Domains for the initial step. Enclosed by the red solid line is the domain we work in,
and it is close to I".

Note that in general, the domain characterized by ¥ ;(x, 1) > h? has two connected components. Here we

define ng jto be the connected component characterizNed by (1-£(6h —d (x,z0,)NT —d (x, zo,j) > 0. Ob-

serve that in this connected component, it holds that d(x, zo, ;) < 6h due to the definition of the function &.
Then we define

={xeQr:-2h<px) < —h}x[-T,T], (3-22)

Qo =1{(x.1) € Q) ; = : 90, (x, 1) > 4h%}. (3-23)

Now we prove that the conditions assumed in Theorem 2.2 are satisfied for v/ ;, 528’ i 820,55 1, Umax 0=
(T — h)?, and therefore Theorem 2.2 applies. A stability estimate will be derived at the end of the proof.

(1) We show that v ; is of C= 21 and noncharacteristic in QO Indeed, for any (x t) € QO jowe have
d(x, 20,j) < 6h by the definition of v ;. Hence any m1n1m1z1ng geodesic of M from 20,j to X must
not intersect dM; otherwise the length of such geodesic would exceed 6/ due to the condition that

p(x) > —3h/2. Furthermore, by our choice & < min{ry/10, 7 /(12K)} and (3-17), the minimizing
geodesic from z¢ ; to any x € B6h (zo,;) is unique and no conjugate points can occur. Therefore d (-,z20,5)
is a C>! geodesic distance function in QO i which shows that v ; is of C* 2lin QO Moreover, since
d (x,z0,j) > h/2 for any (x,1) € Q 0. by deﬁnltlon the C%!-norms of d (-, z0,j) and wo, ; are uniformly
bounded in € ; due to (3-14).

Next we prove that v ; is noncharacteristic in QO For any (x,1t) € Q

Voo, =2((1—&6h —d(x, 2o )T —d(x, 20,;))(E'TVyd(x, ZO,j) — V,d(x, 20,})).
Note that & is evaluated at 64 — d (x, zo,;) in the formula above. Since £’ < 0, we have

E'TV,d(x, 20, ;) — Ved(x, 20,;)| = |Vad(x, 20,;)| = 1.

lThI‘OnghOllt the proof, whenever we define a domain using level sets of a similar function, we exactly mean this one type of
connected component.
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Hence,

PG, 1), Vo) = Y 800, @xvo,) — 189 1> = [Vt 1> — 18,0,

k,[=1
> 4((1 —&(6h —d(x, 20, )T —d(x, ZO,,'))2 — 47 =4yg (x, 1) > 4h°

(2) The extended function u defined by (3-7) vanishes on Y. We claim that
@ #{(x. 1) €Q) ;Yo (x.0) > (T —h)’}CT.

Indeed, for any (x, ¢) in the set, it satisfies that d (x, z0,j) < h, which indicates p(x) < —h. On the
other hand, Sublemma 1 implies that x € Qr, and therefore (x, t) € Y. For the nonemptyness, consider
the point x; € I' _s5/4(0) such that c?(xj, 20,j) = 3h/4 (i.e., x; is the projection of zg ; onto I'_s;/4(0)).
By definition, we have ¥ ;(x;, 0) = (T — 3h/4)* > (T — h)>. This also shows that (x;, 0) € 7 ; by
definition when 7' > 2h, which yields the nonemptyness.

(3) We show that dist 37, (9 528’1., ,;) > 0. It suffices to prove S_Zo,j C Qg’j. For any (x, 1) € Qg’j, we
have d (x, 20,j) < 6h by the definition of v _;, which implies that 98’ ;i C M U Qr due to Sublemma 1.
This indicates that the boundaries of Qg, I Qo,; are de'E:rmined only by v ; and p(x). Since we know
p(x) > —h for any (x, 1) € Qo ; by definition, clearly 2y ; C ngj.

(4) We claim that UJJLOI) Q, j is connected and therefore its closure is connected. Take two reference points
20,j,» 20, j, satisfying CZ(ZO’]'I , 20,j,) < 3h. Consider (Zé,ﬁ ,0) € 0M x [T, T]. Directly checked by the
definition of €, ;, this point (zé j1»0) is in both €29, ;, and €o_j,. In particular, this shows €2, ;; N, j, # &
if d(zo,,, 20,j,) < 3h. Since each Q ; is path connected, so is Q2 ;, U Qo j,. The claim follows from
the fact that for any two points in the A-net {zo ;} we can find a chain of {z¢ ;} such that every pair of
adjacent points in this chain has distance less than 3/.

In order to propagate further in subsequent steps, we need to estimate how much | J ; Qo,j covers in the
original manifold M.

Sublemma 2. (Upeqo.om To(8m)) x [=T + 6k, T —6h] < U7 Q0,.

Proof. For any (x, t) in the left-hand set, there exists jo such that d (x, 20, j,) < Sh due to the definition of
h-net, which indicates that the §-term in v j, (3-20) vanishes. Thus

Yo, jp(x, 1) = (T —d(x, 20,3,))* — t* > (T = 5h)*> — (T — 6h)* > 5h?,
where we used T > 8h. This shows that (x, ¢) is in both 98, o and 0, ;. Il

Subsequent steps. After the initial step, the reference set is moved to I';(8/) and unique continuation is
propagated up to I, (8h). Let {z; ;} be an h-net in I';,(10h) C M), with respect to dj. Note that here the
range of the j index is different from that of the j index in the initial step, and a precise notation would
be {z;, j};(zll) . We omit this dependence on the step number to keep the notations short. Set 71 =7 — 6h
and pp = min{ig/2,ro/2, rg/4, w/(6K1)}. We divide into two cases depending on if T is larger than py.
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'y =TI%(0h) R S
U, 2
Figure 3. Domains for Case 1 or the first step in Case 2. Enclosed by the red solid lines is the
domain we work in, and its boundary consists of two disjoint parts. This domain never reaches

outside distance py, which is marked by the upper red dotted line. The blue dashed line I'; is the
reference set for the second step in Case 2.

Case 1: T < pp = min{io/2, r0/2, r¢/4, w/(6K1)}. For any (x,1) € M x [—Ty, T], we define the C*!
functions
2
Y, ) = ((1—&d(x, dM)) Ty — djj(x, z1,))” — 17, (3-24)

and consider the domains?

Q) ={(x.1) e M x [~T1, T\]: ¥j(x, 1) > 8Tk} — {x : dj (x,21,;) <h/2} x [T, T1].  (3-25)

Observe that £E(d(x,dM)) < 1 in Q? and hence Q}) never intersect with dM at any time. For any
(x,1) € QJO., we have h/2 < dj(x, z1,j) < Ti < po — 6h by definition. Then Lemma 6.3(4) indicates that
h/4 < dy(x,z1,;) <min{ig/2,ry/2, w/(6K1)}, and hence Lemma 6.5 applies.
Then we define
@ = {0 el ~ U0 :¥(x, 0> 9T, (3-26)
j

Now we prove that the conditions assumed in Theorem 2.2 are satisfied for v;, Q?, Qj, Ymax =
(T; — 3h/4)?, together with relevant functions and domains in the initial step. The relevant domains are
illustrated in Figure 3.

First we show that v/; is noncharacteristic at any (x, t) € Q?. Forx e M — M,
Ve =2((0 = &d(x, 0M))T1 — dj (x, 21,))) (—E T Vied (x, IM) — Vodjy (x, 21,7)).

Note that & is evaluated at d(x, 9M) in the formula above.
For x € M — M), with d(x, dM},) > arh’, the vectors V,dj(x, z1,;) and V,d; (x, z1 ;) only differ by
a small component C (n, K1, K»>)h? due to (6-9). In particular, (V,dy(x, z1,;), Vid} (x, 21,;)) > 0 for

2The connected component characterized by (1 —&(d(x, aM)))T; — dfl (x, z1, j) > 0.
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sufficiently small /2 depending on n, K|, K». Hence by the definition of dj, (3-9),
(Vid(x, M), Vid)(x, 21,j)) = —h(Vidy(x, 21,j), Vid(x, 21,)) <O.
Then by Lemma 6.5 and &’ < 0, we have
| —&'T1Vd(x, M) — Vyd; (x, 21,)| = |Vad}(x, 21,5)| > 1 —2h.

For x € M — M, with d(x, dM},) < arh>, we have |&'(d(x, dIM))| < 3a%h3 < 3T~ 'h3 at such points
by definitions (3-19) and (3-16). Therefore, for any x € M — M}, and sufficiently small &, we have
IVej| > 21(1 = €)T1 —dj|(1 = 2h — 31Y)
>2[(1 —&)T —d;|(1 —3h). (3-27)
On the other hand, if x € M}, then the £-term vanishes and the estimate above holds. Hence, for any
(x,1) € QY,
p((x, 1), V) = [V > — 19,951
> 4((1 —&)T —di)*(1 —3h)* — 41> (3-28)
> 4 (x, 1) — 24T%h > 8T?h.
This shows that /; is noncharacteristic at any (x, 1) € Q?.
It is straightforward to show the connectedness of (U ; Q J-) U (U ; S_Zo,_,-) in the same way as we did for

\U; €20, in the initial step. The other conditions assumed in Theorem 2.2 follow from Sublemma 3 below
and Sublemma 2.

Sublemma 3. For sufficiently small h < % depending on K, we have

o # (.0 eyt > (T =34 (U F;,(8h)) x [~Ty, Th],
bel0,2h]

and distf;, (3229, ;) > 0.
Proof. The nonemptyness follows from definition. For any (x, ) in the left-hand set, we know dj, (x, z1, ;) <

3h /4 by definition. Hence it suffices to show that

{x:dj(x,z1;) <3h/4} c U Tw(Bh). (3-29)
bel0,2h]

For any x in the left-side set in (3-29), Lemma 6.3(4) indicates that dj, (x, z1,;) < h and hence p(x) < 2h.
This checks the condition on p(x) in (3-18). We proceed to check the rest of the conditions in (3-18).
If x € M, then by Lemma 3.6,

dym (T, 21 ) < (1 + 15K 1h)d (x, 21,5) < (1+ 15K 1 h)d(x, 21,5) < h(1 + 15K h).
If x € M — My, then dj, (x ", 21,;) <dp(x, z1,j) < h by definition (3-9). Hence,
dam (6, 21 ) = da ()F, 21 ) < A+ 15K 1h)dy(x, 21, ) < h(1+ 15K k),

where we used the fact that (x /)L = xL.
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Therefore in either case, for sufficiently small 4 depending only on K, we have dj mxt, zi j) < 2h.
Then the fact that dj M(le, i al') > 10h yields xt el and dypy (xt, 8T) > 8h. This completes the proof
of (3-29) and consequently the first statement of the sublemma.

For the second statement, it suffices to prove Q i C Q?. For any (x,1t) € Q. clearly we have v/;(x, 1) >
9T%h > 8T?h and (x, ) ¢ U, 0,; by definition (3-26). To show (x,1) € Q?, we only need to show
(x,1) ¢ {x : dj(x,z1,j)) < h/2} x [-T1, T1]. This is a direct consequence of the fact that a larger
cylinder {x : d)(x, z1,;) < 3h/4} x [—T1, T1] is strictly contained in the open set Uj Q, j, due to (3-29)
and Sublemma 2. An explicit lower bound for the distance between their boundaries is estimated in
Lemma 6.6. U

Error estimate for Case 1. We prove that Q@ = (UJ; ;) U (; Q0,;) almost covers the domain of
influence in the original manifold M. More precisely, we prove that there exists C' = C'(T, K)
such that Q(C’h) C Q. Since Q(C’'h) € M x [T, T}, it suffices to show that M x [-T,T]—Q C
M x [-T,T]—Q(C'h).

For any (x,1) € M x [T, T] — L, by the definitions (3-24), (3-25), (3-26), we know that one of the
following two situations must happen:
(1) d(x,0M) < h.
(2) x € M}, and d};(x, Z],j) >T) — t24+9T2h for any zp,;j.

We analyze these two situations separately as follows.

(1) By virtue of Sublemma 2 and the definition (3-18), the situation (1) implies that xt ¢l orxtel
and dyp (x1, 9T) < 8h, or |t| > T — 6h. The condition x* ¢ I indicates that d(x, oM —T') < h. If
xt eT and dyy (x*, dT") < 8h, then, by the triangle inequality,

d(x,d0) <d(x,x) +dxt, 0T) < h+dyy(x*, 9T) < 9h,

which yields d(x, M —T') < 9h due to dI' C oM —T'. If |t| > T — 6h, then the following inequality is
trivially satisfied:
T —|t| —~6h <6h—v6h <0<d(x,T).

Note that if I' = d M, the first two possibilities automatically do not occur and hence only the last inequality
above is valid under the first situation.
(2) By Lemma 6.3(4), the situation (2) implies that dj,(x, z1 ;) > T1 — [t| — 3T v/h —2h? for x € M), and
any zi,j. Since {z1,;} is an h-net in I';,(10h) with respect to dj,, we have
dp(x, Tp(10h)) > Ty — |t| — 3T~h — h — 2h>.
Then we apply Lemma 3.6 after replacing M, M with M,, M:
d(x, Ty (10R)(1 + 6K k) > dy(x, T (10h)) > Ty — |t| —3T~h — h — 2h?,

where we used the fact that the second fundamental form of d M}, is bounded by 2K due to Lemma 6.1.
Hence by the triangle inequality,

d(x, To(10h)) > (T — |t| = 3T~ h —h —2h*)(1 + 6K 1h) ™' — h.
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Figure 4. Domains for the second step in Case 2. Enclosed by the red solid lines is the domain we
work in. The blue dashed line I'; is the reference set for the third step. From here, the procedure
is entirely done in M.

For any y € I' — I'g(10h), y lies in the boundary normal neighborhood of oT" in I" due to 10h < ip(T).
Hence d(y, I'o(10h)) < dya (v, ['o(10h)) < 10h. Then,

d(x,y) > d(x,['g(10h)) —d(y, To(10h)) > (T — |t| — 3TVh—Th—2h*)(1+ 6K h)~' — 11h,
where we used T = T — 6h. Hence we arrive at
d(x,T) > T —|t| — C(T, K\)Vh.

Finally we combine these two situations together, and we have proved that (x, t) e M x[—-T, T]—2 (Ch)
for C = max{C(T, K)?, 9} by definition (2-4). Therefore, there exists C' = C’(T, K;) such that
Q(C’h) C Q, and a stability estimate can be obtained on (C’h) from Theorem 2.2. The stability
estimate will be derived at the end of the proof.

Case 2: T > pg = min{io/2,ro/2,r,/4, w/(6K1)}. As Lemma 6.5 is only valid within the injectivity
radius, we define the procedure step by step and each step is done within the injectivity radius. Recall
that {zy ;} is an h-net in I';, (10h) C M}, with respect to dy,, and Ty = T — 6h. For the first step, we define
functions v ; by adding to (3-24) another term associated with 77,

Y, (x, 1) = ((1L—&(d(x, 9M)) — E(po — dy (x, z1, )T — dj (x, 11,1))2 — 12 (3-30)
and consider the domains
Q(l),j ={(x, 1) e M x [Ty, T1]: ¢ j(x, 1) > 8T?h} — {x : di(x, z1.;) <h/2} x [=T1, T1].  (3-31)

One can compare these definitions here with those in Case 1. Note that the regions Q? ; stay within half
the injectivity radius due to the definition of the function &. The gradient of v/ ; has the form

Ver,j =2((1—&d(x, dIM)) —&(po — dj (x, 21, )N T1 — d) (x, 21,7))
(=E'TIVd(x, M) + E' T\ Vid}(x, 21,j) — Vady (x, 21,7)).

The vector part of Vi ; consists of V,d(x, dM) and V.d; (x, z;), the same as in Case 1. Furthermore,
the form for the vector part is the same as that in Case 1 up to multiplication by a positive function, since
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&’ < 0. Hence one obtains the same lower bounds for the length of the gradient and the principle symbol
as (3-27) and (3-28). It follows that v ; is noncharacteristic in Q(f’ i And we define Y¥max,1 and 1 ; the
same as in Case 1 (see Figure 3). More precisely, define ¥rmax,1 = (11 — 3k /4)2 and

Q= {(x, ne); —UQo, ¥ > 9T2h}. (3-32)
J

Since (3-29) is still valid, Sublemma 3 holds for vy ;, Q(l), I 21,;. Hence Theorem 2.2 applies to the first
step. We stop the procedure right after the first step if Ty — po — 3T v/h < 2h.

For the second step, we need to choose a new set of reference points. Observe that the first step
propagates past the level set I'; := {x € M}, : d,(x, I';,(10h)) = py — 4h} due to Lemma 6.3(4) and the
procedure-stopping criterion Tj — pg — 3T ~/h > 2h. We choose the new reference points {z2,j} as an
h-net in I' with respect to dj,. At I',, the square of the maximal time allowed is (77 — po + 4h)? —9T?h,
and we set the time range T for the second step as 7> = T} — pg — 3T ~/h. The procedure-stopping

criterion indicates that 7, > 2h. Then we define the functions

Y, j(x, 1) = ((1 = E(d(x, IM)) — &(po — djy(x, 22, )N T2 — dj (x, Zz,,,-))2 — 1

To apply Theorem 2.2, we need to ensure that small neighborhoods around the new reference points are
contained in the regions already propagated by the unique continuation in the first step. To that end, we
define Ymax 2 = (T» — arh)?, where ar = min{1, T~'}, and

Q) ={(x.1) e M X [~T», To] : Yo j (x, 1) > 8T?h} — {x : dj(x, 22,j) < arh/2} x [~ T2, T1],
Qi=1x.0e) . — (U )u(US0.;)): v2x.1)>9T%h}.
2= {0 e = ((UR) 0 (U))):va }

These domains are illustrated in Figure 4. The specific choice of a2 is justified in Sublemma 5 a bit
later, to ensure that & # {(x, t) € Qg’j 2, (x, 1) > Yrmax 2} C (UJ S_Zl,j) U (Uj S_Zo,j).
Now we define the remaining steps iteratively. We define the reference sets as

Fi={xeM,:dy(x,T1) =G0 —1(po—4h)}, i=>2,

where I'y =I',(10h) C M},. The reference points {z; ;} are defined as an A-net in I'; with respect to dj,.
Note that the range of the j index for each step i is different, and the notation {z; ;} here is short for
{Zi,j};ii. We define the C*! functions v ; as
2
Vi (x, 1) = ((1 = Ed(x, IM)) — E(po — dj (x, i YN T —dj (x, 2. j)) " — 17,

where T; = T; | — pg — 3T+/h with Ty =T — 6h. We stop the procedure at the i-th step if T;4| < 2k or
['i11 = &. The regions ng and €2; ; for i > 2 are defined as’

Q) ={(x.1) € M x [T}, T : i j(x. 1) > 8Th} — {x : d)(x, 2:,)) < arh/2}) x [-T;, T;],
i-1

Qi ={(.nea), —U U000 > 912},
=0

3The connected component characterized by (1 —&d(x,0M)) —&(py — dfl (x, zi,j)))T,- — d}sl (x, z,-,j) > 0.
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T
N

oM

—2h

L
-T
Figure 5. The procedure of a three-step propagation besides the initial step. The red solid lines
enclose the whole region 2 = Ui, ; §2i,j propagated by the unique continuation. The black dotted
line represents the optimal region, while the blue dotted line represents the actual region we can

estimate.

where a7 = min{1, T~} in (3-16). It follows that v;, ;j 1s noncharacteristic in Q? j in the same way as
for v ;. Due to Sublemma 5 below, Theorem 2.2 applies with Yryax ;i = (T; — arh)?.

Sublemma 4. Fori > 2 and any z € I';, we have d,(z, T';—1) = po — 4h.

Proof. Let z; € I'| be a point in '} such that d;(z, z;) = dy(z,'1). Take a minimizing geodesic
of M from z to z; and the geodesic intersects with I';_; at z;_; € I[';_;. This geodesic has length
(i — 1)(po — 4h), and its segment from z;_; to z; has length at least (i — 2)(p9 — 4h) by definition.
Hence dj,(z, Ti—1) < dn(z, zi—1) < po — 4h. On the other hand, for any 7' € I';_;, we have d;(z,7') >
dh(Z, Fl) — dh(Z/, Fl) = 00— 4h, which shows dh(Z, Fifl) > 00 — 4h. O

Sublemma 5. For i > 2 and sufficiently small h < min{l1/2, T /4} depending on n, K1, iy, we have
distj7, (3R ;, Qi j) > 0, and

@ #E{(x ) € Q)i j(x. 1) > (T —arh)?} C IL;J;L/JQ,,
Proof. We prove the following stronger statement: |

i-1
{x:dj(x,zij) <arhyx [-T;—h, T;+hl C J U Q. (3-33)
1=0 j

More precisely, for any (x, ¢) in the left-hand set, we prove that if (x, ¢) ¢ Ué;(Q) Uj S_ll’j, then (x, 1) €
U i Qifl, je
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By Sublemma 4 and the fact that {z;_; ;} is an h-net in I';_;, we can find some z;_ j, such that
dn(zi,j, Zi—1,j,) < po— 3h. Then for any (x, ¢) in the left-hand set in (3-33), Lemma 6.3(2) implies that
for sufficiently small 4 depending on n, K1, iy,

di(x, zi—1jy) < di(x, zi ;) + (po — 3h)(1 + CnKh®) < po—3h/2, (3-34)

which indicates that & (po — dj (x, z;1,j,)) vanishes.
We claim that (x, 1) € ;1 j,. To prove this, by the definition of v; 1 ;, £2; 1 ; and the condition that
x,0) ¢ Uiz U, €, j, we only need to show that

2
Yic1jo(x, 1) = ((1—Edx, dM) Ti—y — djy(x, zi—1,j,))” — 12 > 9T ?h.
Since |t| < T; + h, it is enough to show
(1 —Edx, AM) T, —d}(x,zi_1.jy) > T; + h +3T/h.

Now since d} (x, z; ;) < h/T, by the definition of dj, and Lemma 6.3(4) we have

d(x,0M) > h—d( Yh>h h+2h2 h>h 20
xa = h xa ZZ,J > T T > T ’
which implies by the definition of & (3-19)
§(d(x,0M)) <&\ h 2 il
X, < - | =—.
T T3

Since T; =T; 1 — po — 3TVh by definition, we have by (3-34)

(1 =&d(x,0M))Ti—1 —dj(x,zi1,jy) > Ti—1 —&(d(x, dM))T;_1 — po + %
3h  8h3

2 T3

> T, +3Tvh+h.

> T, +3TVh+

This proves (x, 1) € ;1 j, and hence (3-33).

The inclusion (3-33) shows {x : d} (x, z; j) <arh/2} x [=T;, T;] is strictly contained in Uf;(l) Uj S_Zlyj,
which implies that Q;, j C Q?,j' An explicit lower bound for the distance between their boundaries is
estimated in Lemma 6.6.

For the second statement of the sublemma, by (3-33),

i-1
Wi, 1) > (T; —arh)*} C{dj(x. zi.j) <arh) x (=T;, T,) ¢ U U,
=0 j
The nonemptyness directly follows from the definition of Qg i U
Error estimate for Case 2. Finally we show that Q = Uiso U ; ;. ; almost covers the domain of
influence in the original manifold M (see Figure 5). More precisely, we prove that there exists C’ =

C(T, D, Ky, iy, ro, r¢) such that (C’h) C Q. The idea of the proof is similar to that for Case 1, and we
omit the parts of the proof identical to Case 1.
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For any (x, 1) € M x [-T, T] — K, one of the following two situations must happen:
(1) d(x,0M) < h.
(2) x € My, and d (x, z;. ;) > (1 —&(po — di (x, i, ) Ti — /12 +9T2h forany z; ; (i > 1),

The situation (1) implies that d(x, IM —T') <9h ord(x,T") > T — |t| — J6h by the same argument
as for Case 1.

Now we focus on the situation (2) when x € M),. Lemma 6.3(4) yields that, for any z; ; (i > 1),
d(x, 2:.) > (1 —&(po — dj(x, 22, ) Ti — || — 3T~ h — 2h*. (3-35)

Let z; € I'; be a point in I'; such that dj, (x, z1) =dp(x, I'1), and take a minimizing geodesic of M), from x
to z;. Observe that this minimizing geodesic intersects with each I'; at most once; otherwise it would fail
to minimize the distance dj, (x, I'1). Furthermore, due to the continuity of the distance function d (-, I'1),
if the minimizing geodesic intersects with I';, then it intersects with I'; for all 1 </ < i. Suppose the
minimizing geodesic intersects with I'; at z; € I'; for 1 <i < m, and the intersection does not occur at
any nonempty ['; for i > m. Then by Sublemma 4, we have

m—1

dp(x,T'1) =d(x, z1) =dp(x, zm) + Z dn(zi, zi1) 2 dp(x, 2m) + (m — 1) (po — 4h). (3-36)
i=1
We claim that d,(x, z,,) < po — 3h. Suppose not, and by the inequality above, we have dj,(x, I'1) >
m(pg — 4h). This implies that I';,4; # @ and any minimizing geodesic from x to I'j must intersect
with I'y,4+1, which is a contradiction.
Since I';, # & by assumption, the step m of our procedure takes place as long as 7;, > 2k by our
stopping criterion. However if T,,, < 2h, the procedure stops at some previous step.

(i) T,, > 2h. On I'j,, we can find some z,, ; such that dj, (2, Zm ;) < h since {z,,, ;} is an h-net.
Then it follows that dj, (x, 2, ;) < po —2h. Lemma 6.3(4) indicates that d} (x, z,,,;) < po —h. Hence
&(po — dj,(x, Zpm,j)) in (3-35) vanishes. Then by (3-36),
di (6, T1) > dy(x, 2 j) = b+ (m = 1) (0 — 4h)

> T — |t| = 3T~h — h — 2h> + (m — 1) (po — 4h)

=T, —|t| —3mT~h —h —4(m — 1)h — 2h?,
where we used 7,,, = T1 — (m — 1) (po + 3T«/E) by the definition of 7;.
(ii) T,y < 2h. From T,, = T; — (m — 1)(po + 3T ~/h), we have

Ty < (m —1)(po +3T~'h) +2h.
Hence by (3-36), we still get a similar estimate as the previous situation:

dp(x,T1) = (m — 1)(po —4h) = Ty —3(m — 1)T~'h — 2h — 4(m — Dh
> Ty —|t| = 3(m — )T ~h —2h — 4(m — 1)h.
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From here, one can follow the rest of the estimates for Case 1 and obtain
d(x,T)>T —|t|— C(m, T, K)Vh.

Combining these situations together, we have proved that (x,7) € M x [-T,T] — Q2(Ch) for C =
max{C (m, T, K1)?, 9} by definition (2-4). Therefore, there exists C'=C’(m, T, K) such that Q (C'h) C Q.

The only part left is to estimate the upper bound for m. By assumption, I, # @ and hence I",,, must be
taken before dj, (-, I'1) reaches outside the diameter of M),. Due to Lemma 3.6 for M}, M, the diameter
of My, is bounded by 6D /5 for sufficiently small 4 depending only on K. Thus by the definition of I';,

we have
I
m< | — [+1,
£0

where pp = min{iy/2,ro/2,r,/4, /(6K 1)} depends only on n, || Ryllct, IS¢, io, 0.

Stability estimate. With all the functions and domains we have constructed, the only part left is to apply
Theorem 2.2. From the error estimate above, we have proved that there exists C' = C'(T, D, K1, i, ro, rg)
such that Q(C'h) Cc Q = Ul.;() Uj Q,,J’,there rg 1s a constant depending only on n, | Ry |lc1, S|l ¢, do-
Recall that i is an extension of u to M defined by (3-7). Theorem 2.2 yields the following stability
estimate on  and hence on Q(C’h):

1l 51 (0
(log (L + 1|l gr1(Qo)/ I Pitll L2 (0))) /2
where Q0 = Ui=o U; Qg ;- During the initial step, we have shown 528’ ; CMUQr, and Qg j is defined in
M x[—T, T]foralli > 1. Hence Q° Cc (M USQr) x [—T, T]. Since the function x — x(log(1 +x))~1/2
is nondecreasing on [0, +00), we have

lull2@cmy < Nl 2@ <

Nl g (mugryx(=7.77)

lullz2@cny) < .
(e (log(l F il g moaey <1, 70/ 1 Pill 2 moary < -1, 7p)) >

Therefore, the desired stability estimate follows from Lemma 3.5 after replacing # by 4/C’. The number
of domains in each step is not consequential to the estimate as long as relevant quantities of ¥; ; are
uniformly bounded. The dependency of the constant is calculated in the Appendix.

The second statement of the theorem is due to the following interpolation formula for bounded domains
with locally Lipschitz boundary:

lull -0 < uell 2Nl 6 €0, 1),
This concludes the proof of Theorem 3.1.

Remark 3.10. If we define dj, (3-9) with 22 scaling in the boundary neighborhood and require 7 < T,
then the level sets of v/; (3-24) automatically do not intersect with 9 M even without the & (d (x, 9 M))-term.
However, the extra condition # < T~ is not ideal and we want to choose the parameter / as large as
possible for a large T, considering the stability estimate grows exponentially in 4. In addition, we
frequently used the number a7 = min{1, T~} exactly for the same purpose.
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Remark 3.11. In the definition of Qg j for Case 2, we removed the region where points are arh/2-close
to the reference points, and this region is contained in the set propagated by the unique continuation from
previous steps by Sublemma 5. The 4~ scaling in the definition of dj, (3-9) directly affects the order of
this number arh /2. Without the scaling, the order of this number would be of /2.

3.5. Applications of the quantitative unique continuation. Due to the trace theorem, Theorem 3.1 yields
the following estimate on the initial value.

Corollary 3.12. Let M € M, (D, K, K3, iy, ro) be a compact Riemannian manifold with smooth bound-
ary 0M, and let I (possibly ' = 0 M) be a connected open subset of 0 M with smooth boundary. Suppose
ue H>(M x [—T, T)) is a solution of the wave equation Pu = 0. Assume the Cauchy data satisfy

d
ulspxi—r.r1 € H*2(OM x [T, TY), ﬁ € H**(OM x [T, T)).

If

dJu
ull o _ < Ay, Ul g2 _ +H_H <e
lull it si—r, 1) < Aos Nl p22exi-1,1)) anllw2wxi—rry) 70

then for sufficiently small h, we have

Ao+ h_1/280
(log(1+h +h3/2A¢/ep))1/0°

where Csz, C4 are constants independent of h, and their dependency on geometric parameters is stated in
Theorem 3.1. For a fixedt € [—T, T, the domain Q2 (h, t, m) is defined as

1/3, — _
”u(X, 0)||L2(Q(2h,0,3)) g C3/ h 2/9 exp(h C4n)

Qh,t,m)={xeM:T—|t|—dx,T)>h'"" dx,dM —T) > h'/™}. (3-37)

Proof. Observe that 2(2h, 0, 3) x (—ty, t9) C 2(h) with 1y = («3/5 — 1)% by definition. Then we take
0= % in Theorem 3.1 and apply the trace theorem [Bergh and Lofstrom 1976, Theorem 6.6.1]: there
exists a constant C such that

—-2/3
Ct, / lu(x, O m23Q28,0,3) % (—t0,10))
ACh™*PNluCx, Dll g2 @y O

luCx, OVl L2@2n.0.3) <
<

Remark 3.13. Note that the constant C3 in Corollary 3.12 is not exactly the same as the constant C3 in
Theorem 3.1. However, they depend on the same set of geometric parameters. In this paper, we keep the
same notation for constants if operations do not introduce any new parameter.

The following independent result gives an explicit estimate on the Hausdorff measure of the boundary
of the domain of influence, which shows that the region Corollary 3.12 does not cover has a uniformly
controlled small volume.

Proposition 3.14. Let M be a compact Riemannian manifold with smooth boundary. For any measurable
subset I' C 0M and any t > 0, the following explicit estimate applies:

vol, 1 (AM (', 1)) < Cs(n, [[Rullcr, ISller, io, vol(M), vol(dM)),



998 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

where M (L, t) is defined in (1-3). As a consequence, the estimate above implies the following volume
estimate due to the coarea formula. Namely, for any t,y > 0, we have

vol,(M(T', 1 +y) — M(I', 1)) < Cs(n, [[Rullct, [Slct, io, vol(M), vol(dM))y.

Proof. Denote the level set of the distance function by ¥; = {x € int(M) : d(x, I') = t}. For any point
in X,, there exists a minimizing geodesic from the point to the subset I. These minimizing geodesics do
not intersect with 3, except at the initial points by definition. Moreover, they do not intersect each other
in the interior of M, as geodesics would fail to minimize distance past a common point in the interior
of M. Define /(x) to be the infimum of the distances between a point x € X; and the first intersection
points with the boundary along all minimizing geodesics from x to I', and to be infinity if any minimizing
geodesic from x to I does not intersect M — T.
For sufficiently small ¢ > 0 chosen later, define

Yie)={xe X :e/2 <l(x) <L ¢}

Denote by U (%, (¢)) the set of all points on all minimizing geodesics from ¥, (¢) to I' and consider the
set U(Z,(e))NZ, fort’ € [t — e/4, t). Clearly the set U(X,(¢)) N E, does not intersect with dM by
definition. Furthermore, it is contained in the C(n, | Ryl c1, ||S]lc1)e>-neighborhood of the boundary
dM if ¢ is not greater than gq(n, || Ryl c1, ||S]cts i0), due to Lemma 6.7.

Since the distance function d( -, I') is Lipschitz with the Lipschitz constant 1, it is differentiable almost
everywhere by Rademacher’s theorem and its gradient has length at most 1. The existence of minimizing
geodesics from I' yields that the gradient of d( -, I') has length at least 1 wherever it exists. Hence the
gradient of d( -, I') has unit length almost everywhere. We apply the coarea formula (e.g., Theorem 3.1
in [Federer 1959]) to the sets U (X,(¢)) N X, with the distance function d( -, I'). Then by Lemma 6.8
and Lemma 6.7, we have

£ ol -1 (5i(6) < 5" / voly_1 (U(E:(6)) N ) di’
t—e/4
_ Sn—l VOln( U Uz (e))N E,/))

t'elt—e/4,1)
<5"7'Cn, |Rullcr, ISl er)e? vol(d M).
Then for & < g9 we get

vol,—1(%:(¢)) < C(n, [Rullct, IISllcr, vol(dM))e.

Hence we have an estimate on the measure of U;(gg) :={x € XZ; : [(x) < &o}:

vol, 1 (U; (£0)) = vol, i (U Ez(802_k)) =Y vol,1(Zi(0275))
k=0 k=0

[e.¢]
<C(. |Rullcr. ISllcr. vol(@M))eg Y 27
k=0
< C(. | Rullcr. ISllet o, vol(3M)).
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As for the other part X, — U; (&), if ¢ > &g, the minimizing geodesics from the points of X, — U,(&p) to
" do not intersect the boundary within distance ¢y. By the same argument as above, we can control the
measure in question in terms of the volume of the manifold,

8—20voln_1(2, — Uy (80)) < 5" vol(M),

which implies that
vol,—1(%; — Ui(e0)) < C(n, |Rullcts [Slicr, o, vol(M)).

Since the part of dM (T, t) on the boundary is bounded by vol(d M), the measure estimate for oM (T, t)
follows.

If t < g9, the domain of influence is contained in the boundary normal neighborhood of width 7. The
minimizing geodesics from points of ¥; — U;(gp) to I" do not intersect the boundary within distance ¢ /2.
Then by the same argument as before, we have

%Voln_l(E, — U, (g0)) < 5" vol(d M),

which completes the measure estimate for d M (T, t).
The n-dimensional volume estimate directly follows from the measure estimate for d M (I", ¢) and the
coarea formula. O

Due to the Sobolev embedding theorem and Corollary 3.12, we next prove Proposition 3.3.

Proof of Proposition 3.3. Due to Corollary 3.12, we only need an estimate in M (I, T) — Q2(2h, 0, 3). By
the definition (3-37) and Proposition 3.14, we have

vol(M (T, T) — Q(2h, 0, 3)) < vol(M(I', T) — M(I', T — (2h)'3)) + vol(dM)(2h)'/® < Ch'/3.
Since u(x, 0) € H' (M), by the Sobolev embedding theorem we have, for n > 3,
[l (x, O)l 2w agy < Cllu(x, Ol grary < CA,

and, for n = 2,
lu(x, )l zoary < Cllulx, O)lwrszpn < CA.
Hence Holder’s inequality gives an estimate on the L?-norm of u(x, 0) over M(I', T) — Q(2h, 0, 3).

Then the proposition follows from Corollary 3.12, and the regularity result for the wave equation (e.g.,
Theorem 2.30 in [Katchalov et al. 2001]): namely,

max |u(x,? <C(M)|ulx,0 .
te[-T,T] e )”H](M)\ (T)llu( )||H1(M)

This proves Proposition 3.3. O

4. Fourier coefficients and the multiplication by an indicator function

In this section, we present the essential step of our reconstruction method where we compute how the
Fourier coefficients of a function (with respect to the basis of eigenfunctions) change when the function
is multiplied by an indicator function of a union of balls with center points on the boundary. This step is
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based on the stability estimate for the unique continuation we have obtained in Section 3. The results in
this section will be applied to study the stability of the manifold reconstruction from boundary spectral
data in the next section.

Let M be a compact Riemannian manifold with smooth boundary d M. Given a small number 1 > 0,
we choose subsets of dM in the following way. Suppose {F,-}l.N: | are disjoint open connected subsets of
oM satisfying

T;, diam(I;) <7,

C=

oM =

i=1

where the diameter is measured with respect to the distance of M. Assume that every I'; contains a ball
(of dM) of radius n/6. Without loss of generality, we assume every dI"; is smooth embedded and admits
a boundary normal neighborhood of width 1/10. This is because one always has the choice to propagate
the unique continuation from the smaller ball of radius 1/6. An error of order n does not affect our final
result.

Let o = (g, 1, ..., ay), with o € [n, D]U{0} (k =0, ..., N), be a multi-index, where D is the
upper bound for the diameter of M. Set I'g = d M. We define the domain of influence associated with « by

N N
My:= | MTk,oq) = U{xeM:d(x,T) <o} 4-1)
k=0 k=0
We will only be concerned with (nonempty) domains of influence with the initial time range o > 7.

Hence for sufficiently small 5 explicitly depending on geometric parameters, Proposition 3.3 applies with
h < /100, since i(Ix) > 1/10 for all k > 1 by assumption.

We are given a function u € H 3(M) with

lullpzony =1, lNullgson < A

Lemma 4.1. For a small parameter y € (0, N ~2), we can construct a Sfunction ug € H 3(M) such that

uolm, =0, uolmg,, =u, lluoll2gny <1,
luoll sy < CoAy ™ fors €1, 3], (4-2)
where o +y = (g + y, a1+ v, ..., an +y), and Cy is a constant explicitly depending on geometric

parameters.

Proof. Let {x;} be a maximal y /2-separated set in M, and {¢;} be a partition of unity subordinate to the
open cover {B, 2(x;)} of M such that ||¢;||cs < Cy ™. Then the desired function u( can be defined as

w@= Y h@u®), xeM. 4-3)
supp(¢p)NMy=2
The first three conditions are clearly satisfied.
To prove the H*-norm condition, we only need to show that the number of nonzero terms in the sum
(4-3) is uniformly bounded. Given an arbitrary point x € M, any B, >(x;) with ¢;(x) # 0 is contained
in B, (x). By the definition of a y/2-separated set, { B, /4(x;)} do not intersect with each other. Hence
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it suffices to estimate the number of disjoint balls of radius y /4 in a ball of radius y. For sufficiently
small y, the volume of a ball of radius y is bounded from both sides by Cy", which yields that the
maximal number of balls is bounded by a constant independent of . To obtain an explicit estimate, it is
convenient to work in a Riemannian extension of M, for instance in M defined in Lemma 3.4. Then an
explicit estimate for the maximal number follows from Lemma 3.6 and (6-4). O

Note that due to Proposition 3.14, we have
vol(My4y — My) < (N +1)Csy <2Csy'/2. (4-4)

4.1. Approximation results with spectral data without error. Suppose the first / Neumann boundary
spectral data {A;, ;laom} ,]-:1 are known without error. Let u € H>(M) be a given function with [|u|| 723y =1
and [lull g3pry) < A. Let ug be defined in Lemma 4.1. We define u; to be the projection of uq onto the

first J eigenspaces V; = span{¢i, ..., ¢;} C C®(M) with respect to the L?(M)-norm:
J
wy =Y (uo, ¢;)p; €Vy. (4-5)
j=1

We consider the following initial value problem for the wave equation with the Neumann boundary
condition:

W — AW =0 on int(M) xR,

WL 0, 8Wlo=0,
on gMxR
W|t:0 = 0.

Denote by W (v) the solution of the wave equation above with the initial value v. Then we define ¢/ to be
the set of initial values v € V; for which the corresponding waves W (v) are small at all 'y x [—oy, o l;
namely,
N
U, N, y,e1)= kﬂo{v €V vllgan <3CoAy 2, IW) I g2, ool < E1}- (4-6)
When the parameters J, A, y, &) are clearly specified in a certain context, we denote this set by simply U/
for short.

Note that since functions in V; are smooth on M, the wave W (v) for v € V; is also smooth and hence
its H%>2-norm is well-defined. Given the Fourier coefficients of v € V;, the conditions of I/ can be
checked only using the boundary spectral data. In fact, if a function v has the form v = Z]J~21 v;@;, then
NVl g1 oany = Z;Zl(l +Aj)vj.2, and the wave W (v) over dM is given by

J
W @), Dlapxr = Y j c08(y/A1)0; (x) |- 4-7)

j=1
For convenience, we use the following equivalent Sobolev norm (e.g., Theorem 2.22 in [Katchalov
et al. 2001]) for a function v € H*(M) with the Fourier expansion v = 27021 Vi@

[e.¢]
||U||%{x(M) = Z(l +)»j)vf for s € [1, 3]. (4-8)
j=1
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Lemma 4.2. Let u € H3(M) be a given function with ||u | &3my < A, and ug, uy be defined in Lemma 4.1
and (4-5). Then, for any 1 > 0, there exists Jo = Jo(D, A, v, 1) suchthatuy; e U(J, A, y, &1) for any
J > Jo.

Proof. Assume J is sufficiently large such that A; > 1. Suppose ug, u; have expansions:

00 J
u0=Zdj(pj, uj=Zdjg0j€VJ.
j=1 j=1

By (4-8) we know

o0 o0
Mol ey = D A =0y Y diAg, (4-9)
j=J+1 j=J+1
and hence by (4-2),
o — 1 Iy = Z (1+21Hd? <2 Z aid; <2C5A% Gyl (4-10)
j=J+1 j=J+1

As a consequence, u; satisfies the H !_norm condition of U (4-6):

sl oany < ||M0||H1(M) + lluo — uJ||H1(M)
< CoAy ' +V2CoAx, Py <3CoAy 3

Next we show that u; also satisfies the H>2-norm condition of ¢/ (4-6) for sufficiently large J. This
condition is trivially satisfied when ax = 0. Due to the finite speed propagation of waves, the condition
uolp, = 0 implies that W (uo)|r, x(—a;.ep) = O for all k& with o # 0. Thus it suffices to show that
W (1g) — W (uy) has small H>2-norm on dM x [—D, D).

Since ug € H>(M), the regularity result for the wave equation (e.g., Theorem 2.45 in [Katchalov et al.
2001]) shows that

W ()| mx[—p.p) € C(I—D, DI; H*(M)) N C3*([—D, D]; L*(M)).
Hence from (4-7), we have
(W (o) = Wu))(x. Dlamxi-p.or= Y djcos(y/Ajt)g;(X)lau.

j=J+1
Then the trace theorem and (4-8) imply that

W (o) = W w2200y < CIW o) = W w28
=C Z (1+ 492 cos® (/A1) < 2C Z a2t <oy,
j=I+1 j=J+1
where the last inequality is due to a similar estimate to (4-9). For the time derivatives, the trace theorem
and (4-8) imply
197 W (0) =07 W ) 172541y < C IO W (o) =87 W (1) 1 308 g,

o0 o0
3/4 11/4 —1/4 _
=C Y 1+ hdideos? (VA <2¢ Y di <oyl
j=J+1 j=J+1
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Similarly by using (4-9),
19: W (140) = 3 W (1) 13 250y < C(AAS 'y 0
Hence by the definition of H 2.2_norm (2-5),

—1/4 _ -1 —
IW o) = WD 3z gmnip.op < 2D C(A)Q2A; My =0 +251y~0)
< C(D, Myl
Therefore, for all k =0, ..., N with oy % 0, we have
—1/4_
W @D Pz, aanp = T @0) = WD 2, ey < C D MRSy =6
For any €| > 0, choose sufficiently large J such that A; > C(D, A)y_2451_8 and the lemma follows. [

Remark 4.1. The choice of Jy in Lemma 4.2 also depends on geometric parameters, which is brought in
when applying the trace theorem. Those relevant parameters are part of the parameters we considered
in Section 3, so we omit them in this section for brevity. The same goes for the next two propositions,
where the dependency on geometric parameters is brought in when applying Proposition 3.3.

We prove the following approximation result for finite spectral data.

Proposition 4.3. Let u € H3(M) be a given function with lullpzony = 1 and |lullgsony < A Let
o= (ag,...,0y), o €[, DIU{0}, be given, and M, be defined in (4-1). Then, for any € > 0, there
exists sufficiently large J = J(D, N, A, n, €) such that by only knowing the first J Neumann boundary
spectral data {A;, (pjlaM}jJ.:] and the first J Fourier coefficients {aj}jj.:l of u, we can find {bj}‘}:] and
ut = ij.zl bjg; such that

N = xaull 200y < &5

where x denotes the characteristic function.

Proof. We consider the following minimization problem in U (J, A, y, 1) (denoted by U from now on)
defined in (4-6), where the parameters J, y, &, will be determined later. Let uy, € U be the solution of
the minimization problem

lemin — ull L2(ar) =£)n€12 lw —ullz2m)- (4-11)

Observe that given the first J Fourier coefficients of u, finding the minimum of the norm ||w — u|[ 12y 18
equivalent to finding the minimum of a polynomial in terms of the (J/ number of) Fourier coefficients
of w. Since the conditions of U (4-6) can be checked with finite boundary spectral data by (4-7) and (4-8),
the minimization problem transforms into a polynomial minimization problem in a bounded domain in R’
(the space of Fourier coefficients). Hence the Fourier coefficients of the minimizer un;, are solvable by
only using the finite spectral data.

Next, we investigate what properties this minimizer uy, satisfies. By Proposition 3.3 and the fact that
the Neumann boundary condition is imposed, w € U implies that [[w||.2(pr, o)) < €2(h, A, 7, y, 1) for
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allk=0,1,..., N with oy # 0, where

Ay 3 +h712g
(log(1 +h32y=3A/ey))1/6

£ = C31/3h_2/9 exp(h~Cm) 4 CsAy 3R G, (4-12)
Hence,

lwllz2m,) < (N + Dea.
Then, for any w € U and in particular for w = up;n,

2 _ N2 N2
”w - M”LZ(M) - ”w u”Lz(Ma) + ”w u”LZ(Mé')

> Nl 72, = 4Ne2 + 1w = ul 7 ype)- (4-13)

On the other hand the following estimate holds for u ;:

s —ull72 000y < g = woll2ny + o — ull 2an))?
< llug = uol oy + 4l —uoll 2ary + o =l
<CWAS Py 2 ullFa g,y + w0 = ullFa g, aroys
where the last inequality is due to an estimate for |u; — ugl|;2 similar to (4-10), and the definition

of ug. The definition of partition of unity in (4-3), the Sobolev embedding theorem (see the proof of
Proposition 3.3) and (4-4) yield that

1/ 3
lwo — ullL2ay )~y < Ntllz2em,., —m,) < 2CsAy f@max{n,3})

Hence,

—-1/2  —
s = ull 72y < CAIA, / Y )32y, +ACIAZY D,

For sufficiently large J = J (D, A, y, €1), we have u ; e Y by Lemma 4.2. This indicates that the minimizer
Umin also satisfies

lttmin — ll 2207y < CAIRS 2y 2 Nlul2y,  +4CEAZY /D, (4-14)
Combining the two inequalities (4-13) and (4-14), we have
lttmin = Ull32pge) < #Ne2 +C(AAS 2y 7 +4C3APY Y/ 0HD,
The fact that [|uminll2(a,) < Né&2 implies that

2 2
||XMaM - (M - ”mi“)||L2(M) = ””min - XM&'MHLZ(M)
2 2
= ”umin - XM"u”LZ(Mc) + ”umi“”Lz(Mo,)
<A4Ney + C(MA; Py 24 4C2 A%y V0D a2,
From our discussion at the beginning of this proof, we know the Fourier coefficients of up;, are

solvable. Suppose we have found a minimizer upyi, = ZJJ 1 ¢j;j- Since the first J Fourier coefficients of
u are given as a;, we can replace the function u — upy, in the last inequality by Z j=14j®j — Umin and the
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error in L%-norm is controlled by Ak;l/ ?. Hence by the Cauchy—Schwarz inequality, we obtain
J

HXMQM - @ —cpe;

j=1

2
<8Ney+8N%e3+C(MA, Py 24+8C2A /D (4-15)
L2(M)

which makes u? := ij-zl bjp; with bj = a; — c; our desired function.

Finally, we determine the relevant parameters. For any ¢ > 0, we first choose and fix y such that the
last (4-15) term 8C5 2A2y1/(+D 5 equal to £2/4, and choose sufficiently large J such that the third term
is smaller than £2/4. Then we choose &, so that the first two terms satisfy 8N e, + 8N 282 = g2 /4. Next
we determine £;. We choose and fix & < 1/100 such that the second term in (4-12) is equal to &;/2,
and choose &1 such that the first term in (4-12) is equal to &,/2. By Lemma 4.2, there exists sufficiently
large J such that u; € U, which validates all the estimates. O

4.2. Approximation results with spectral data with error. Now suppose that not only do we not know
all the spectral data, we also only know them up to an error. More precisely, suppose we are given
a set of data {A¢, (pj‘.’|3 p} which is a §-approximation of the Neumann boundary spectral data, where
k;’ € R>p and (p;‘ lay € C*(dM). By Definition 1.1, there exists a choice of Neumann boundary spectral
data {A;, 9jlam}32, such that, for all j < s,

V= VA <8, g — 9% lcoramn + Va0 — eDlamll < 6. (4-16)

Since (pj‘.’ € C?(dM) by assumption, the bound on the C%!-norm above yields

lp; — @ o + 1V (0 —@Dlaml <8 for j <87 (4-17)
In a local coordinate (x', ..., x"~1) on 9M, for any f € C2(dM), we have the formula
V2, ) 0 Z =1 n—1
oM ox k ax! axkaxl . klax” l=1.., ’

Furthermore, we can choose to work in the geodesic normal coordinate. Then the norm of the second
covariant derivative (the Hessian), the formula above and (2-3) yield a bound Cé on the second derivative

of (¢j —¢{)lam:

32 D
W@j—gp;)w <C8 forj<8 ' kii=1,....,n—1. (4-18)

We prove the following approximation result analogous to Proposition 4.3.

Proposition 4.4. Let u € H3(M) be a given function with lullzony = 1 and |lullgsouy < A. Let
o= (ag,...,ay), ax €[n, DIU{0} be given, and M, be defined in (4-1). Then, for any € > 0, there
exists sufficiently large J = J(D, N, A, n, €) such that the following holds.

There exists §=8(D,vol(dM), N, A, J, n, &) <J ! such that by knowing a -approximation {A}l, goj‘-‘ loam}
of the Neumann boundary spectral data, and knowing the first J Fourier coefficients {aj}JJ.= | of u, we can
find {bj}I_, and u® =Y"i_, bjg; such that

lu® — xarull 2y < &
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Here the known Fourier coefficients of u are with respect to {¢;}, which is a choice of orthonormalized

eigenfunctions satisfying (4-16) for {)L;?, (p]‘.’ lom}-

Proof. Since we only know an approximation of the boundary spectral data, an error appears when we
determine if a function belongs to the space U (4-6) in the minimization problem (4-11). The norms
appearing in the conditions of ¢/ can be written in terms of the Fourier coefficients and boundary spectral
data. However in this case, the actual spectral data are unknown and we can only check these norm
conditions with a given approximation of the spectral data. First we need to estimate how these conditions

change when the spectral data are perturbed.

For a function v(x) = Z,J-:1 vj;j(x) with Z,J-:1 vj2 < 1, the error for the H'-norm condition of ¢/ is
J J
340 — 2 A +ADV =D 11 = 240} < 2y/As +6)8. (4-19)
j=1 j=1

For the H??-norm condition of I/, from (4-7) we know

J
W @) (x, Dlamxr =Y _ vj cos(y/2;1)p; (X)am-

j=1

To check if this condition is satisfied, we can only use the approximate spectral data:

J
W), Dlamxr = Y _ v cos(VATH@ (x) |-
j=1
In fact, we are only concerned with a finite time range ¢ € [— D, D]. Since

lcos(v/21) — cos(VaiD)| < [Vt —Vadt| < Ds,

we have the following estimate on the error:

J J
Z Vj COS(VAjT)pj — Z vj COS(\/EI)%'
j=1 j=1

J J
Z vj cos(VAit)g; — Z vj cos(VA)g]
j=1 Jj=1

W) — W)l m2omy <
H2(0M)

_.l_

H2(OM)

J J
< D8 Y illlgillmom + ) 10ille; — ¢ lem)
=1 =1

J
< D8 N9l 23m) + CI8/Vol(OM),
j=1

where the last inequality is due to (4-17) and (4-18). By the trace theorem and (4-8), we know
1932000 < Cli 330y = CA+A)),

and hence we obtain
IW (v) = W)l 2001y < C(D, vol(dM))J 1S
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Similarly for the time derivatives, we have

10: W (v) — 3 W)l L2¢9pry < C(D, vol(dM))J A8,
192W () — 32W (W)l 201y < C(D, vol(@M))J3)/%5.

Therefore by definition (2-5), for some C{; = C(,(D, vol(dM)), we have

IW () = W) 22 @mxi—p.oy < Codh) 8. (4-20)

Now following the proof of Proposition 4.3, we still consider the minimization problem (4-11), however
in a perturbed space of /. We define an approximate space U/“ of U as follows:

N J J
U = ﬂ{u =Y vjgit Y v Y (14 A0 <ICTATY O +32%5,

=00 st e =1 W)l 22 ey < 81+ CoIAY 28}-
Clearly this space ¢/ can be determined with only Fourier coefficients and the given approximation
{A%, <pj‘? lam} of the boundary spectral data. Then we consider the minimization problem (4-11) with the
space U replaced by U/ “. Hence this perturbed minimization problem is solvable by only using the given
approximation of the spectral data.

By Lemma 4.2, there exists sufficiently large J such that u; € U, and it follows from (4-19) and (4-20)
that u; € U“ Then one can follow the rest of the proof for Proposition 4.3. The only part changed is &5,
since the actual H'- and H>?-norms of v € U/* differ from the original conditions of 2/. More precisely,
for any v € U, again by (4-19) and (4-20), we have

Il gy < \/9C3A2y_6 +6)»;/28 <3CoAy 3 +3A;/4\/§’

3/2
IW )| 722 (1 —cy < €1 +2C0I 228
Therefore following the proof of Proposition 4.3, for § < A;l, one obtains an estimate almost the same as
(4-15) with &,(8):

2
< 8Nex(8) +8N263(8) + C(M)A, Py 2 48C2IA2Y VD (4-21)
L2(M)

J
H XM U — Z(aj —¢j)e;
j=1

where c; is the j-th Fourier coefficient of a minimizer, and

Ay 3+ h12 (g +2C5003)

—371/(3n+3)
3/2,,-3 1 743/2 1/6+ LN
(log(1 4 h3/2y=3A/(e1 +2C)J1)/%5)))

£(8) = C31/3h_2/9 exp(h~ ") CsAy

Finally we determine the relevant parameters. For any ¢ > 0, we first choose and fix y, £2(0), &1 such
that the right-hand side of (4-21) with § = 0 is equal to 3% /4 in the same way as in Proposition 4.3. By
Lemma 4.2 we choose and fix sufficiently large J such that u; € U, which validates all the estimates if
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we restrict § < J L. At last we choose sufficiently small § < k;l such that
Ney(8) + N?e3(8) — Nea(0) — N2e5(0) < &%/32,
and then the proposition follows. U

Remark 4.2. We point out that in Propositions 4.3 and 4.4, it suffices to know the boundary data on
Ua,->0 ['; to obtain the estimate for M, with og = 0. This may be useful when only partial boundary
spectral data (measured only on a part of the boundary) are known.

5. Approximations to boundary distance functions

Let M be a compact Riemannian manifold with smooth boundary d M. For x € M, the boundary distance
function r, : 0M — R is defined by
re(z) =d(x,z), ze€IM.

Then the boundary distance functions define a map R : M — L (0 M) by R(x) = ry. It is known that the
map R is a homeomorphism and the metric of the manifold can be reconstructed from its image R (M)
(e.g., Section 3.8 in [Katchalov et al. 2001]). Furthermore, the reconstruction is stable (Theorem 5.7).
Therefore, to construct a stable approximation of the manifold from boundary spectral data, we only
need to construct a stable approximation to the boundary distance functions R(M). In this section, we
construct an approximation to the boundary distance functions through slicing procedures.

Given 1 > 0, let {Fi},N: , be a partition of the boundary dM into disjoint open connected subsets
satisfying the assumptions at the beginning of Section 4: diam(I";) < n and every I'; contains a ball
(of dM) of radius n/6, where the diameter is measured with respect to the distance of M. We can also
choose I'; to be the closure of these open sets. For example, one can choose I'; to be the Voronoi regions
corresponding to a maximal n/2-separated set on d M with respect to the intrinsic distance dyys of IM. It
is straightforward to check that these Voronoi regions satisfy our assumptions with

N < C(n, vol(dM))n™ "+, (5-1)

The approximation results in Section 4 enable us to approximate the volume on M by only knowing
an approximation of the Neumann boundary spectral data.
Lemma 5.1. Leta = (g, ..., an), ax €[n, DIU{0}, be given, and M, be defined in (4-1). Then, for any
e > 0, there exists sufficiently small § = §(n, €) such that by only knowing a §-approximation {14, (,0;-Z loam}
of the Neumann boundary spectral data, we can compute a number vol® (M) satisfying

[vol*(M,) — vol(M,)| < &.

Proof. Recall that ¢; = vol(M)~!/2 on M and it follows that

. vol(M,)

~ vol(M) *

Since the eigenspace with respect to A; = 0 is 1-dimensional, the Fourier coefficients of ¢; with respect

2
” XMO( 901 ”LZ(M)

to any choice of orthonormalized Neumann eigenfunctions are (1,0, ...,0,...). Apply Proposition 4.4
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to u = ¢, and we obtain the Fourier coefficients of u% = 211:1 bjg; for sufficiently large J, and that the
L?-norm of u® approximates || XM, %1 2. Therefore Z]J-:1 bjz approximates vol(M,)/ vol(M), and
equivalently vol(M) Zf: 1 bjz approximates vol(M,). If vol(M) is known, then vol(M) Zf: 1 bjz is the
number we are looking for.

However, we do not exactly know vol(M) since we do not exactly know the first eigenfunction; we only
know an approximation of vol(M) in terms of the first approximate eigenfunction ¢{. More precisely,

8> llor — % llcoany = [Vol(M) ™2 — 19% | cogann -

Hence an approximate volume can be defined as

J
vol' (Mo) == 16 01y D b5
j=1

and then it satisfies the statement of the lemma. O

Besides the conditions we discussed earlier for the partition {I';}, we need to further restrict the
choice of the partition. We start with the following independent lemma regarding the boundary distance
coordinate. One may refer to Section 2.1.21 in [Katchalov et al. 2001] for a brief introduction on this
subject. This type of coordinate will be used to reconstruct the inner part (bounded away from the
boundary) of the manifold.

L
i=1’

Lemma 5.2. Let M € M,,(D, K|, K3, iy). Then there exist a constant L and boundary points {z;}
z; € OM, such that the following two properties hold:

(1) Forany x € M with d(x, dM) > iy/2, there exist n boundary points {z;,(x, - - -, Zi,(x)} C {Zi}iL:1 such
that the distance functions (d( -, Zi,(x)), - - . » d(-, 2, (x))) define a bi-Lipschitz local coordinate in a
neighborhood of x.

(2) The map ®; : M — R defined by
Qr(x) =(d(x,z1),...,d(x,21))

is bi-Lipschitz on {x € M : d(x, dM) > iy/2}, where the Lipschitz constant and L depend only on
n, D, Kl, Kz, i(), VOl(aM).

Furthermore, the boundary points {z,v}iL:1 can be chosen as any rp-maximal separated set on 0 M,
where rp < io/8 is a constant depending only on n, D, Ky, K3, iy.

Proof. Givenx e M withd (x, 0M) >iy/2, let z € M be a nearest boundary point; i.e., d(x, z) =d(x, dM).
Then it follows that z is not conjugate to x along the minimizing geodesic from x to z. That is to say, the
differential d exp, |, is nondegenerate, where exp, denotes the exponential map of M and v = exp;1 (2).
Hence by the inverse function theorem, there exists a neighborhood of (x, v) € T M (with respect to the
Sasaki metric on the tangent bundle) such that the exponential map is a diffeomorphism to a neighborhood
of z. Furthermore, one can find a uniform radius | depending on n, D, K|, K>, iy for the size of these
neighborhoods [Katsuda et al. 2007, Lemma 4].
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We take {z;} to be an rp-net on dM (with respect to the intrinsic distance dyys of dM), where the
parameter r, < r1/8 is determined later. By definition, there exists z; € {z;} such that dyp (z, z1) < 1.
Then we search for n — 1 points z3, ..., z, such that 3Mexpz_11(zj) (for j =2,...,n) form a basis in
T,,(0M), where 3prexp denotes the exponential map of d M. We claim that this is possible for sufficiently
small r, explicitly depending on ry, n, K. This claim can be proved as follows. Take vy, ..., v, to be an
orthonormal basis of 77, (0 M), and consider the points z} = ymexp,, (sv;) € M forafixeds € (r1/4,r1/2).
By the definition of r,-net, there exist points z», .. ., 2, € {z;} such that daM(zj’-, zj)<ry(for j=2,...,n).
We consider the triangle with the vertices z;, z;., z;. Since the lengths of the sides zlz} and z)z; are at
least r; /8, for sufficiently small r, explicitly depending on K, the angle of the triangle at z; is small
(by Toponogov’s theorem) and therefore 3 Mexpz_ll(zj) (for j =2,...,n) also form a basis. Then by the
same argument as Lemma 2.14 in [Katchalov et al. 2001], one can show z1, z2, ..., z, are the desired
boundary points, from which a boundary distance coordinate is admitted in a neighborhood of x.

From now on, we choose {zi}iL: | to be a maximal rp-separated set on d M, which is indeed an r,-net
by maximality. The cardinality L of this net is bounded by C(n, vol(d M))r, "+1 The bi-Lipschitzness
of the boundary distance coordinate follows from the fact that the differential of the exponential map is
uniformly bounded in the relevant domain by a constant depending on n, D, K1, K3, iy [Katsuda et al.
2007, Lemma 3 and Proposition 1]. This concludes the proof for the first part of the lemma.

Next we prove the second part of the lemma. We claim that there exists 73 > 0 such that & with respect
to any maximal r3-separated set on d M is bi-Lipschitz on {x € M : d(x, dM) > io/2}. Note that ® is
automatically Lipschitz with the Lipschitz constant /L by the triangle inequality. Suppose there exist
a sequence of manifolds My € M, (D, K1, ip) and points xi, yx € {x € My : d(x, 0My) = ip/2} such that

[P (k) — Pr (i)
de (Xk, Yk)

—-0 ask— oo,

where @ ; is defined with respect to some maximal 1/k-separated set on d My. The precompactness
of M, (D, K1, ip) [Anderson et al. 2004, Theorem 3.1] yields that there exists a subsequence of M that
converges to a limit M in the C'-topology. We choose subsequences of x;, y; that converge to limit
points x, y € M. The assumption implies that ®; (x) = & (y) with respect to a dense subset of d M. Due
to the fact that the boundary distance map R is a homeomorphism [Katchalov et al. 2001, Lemma 3.30],
it follows that x = y. Moreover, we have d(x, dM) > ip/2. However, for sufficiently large k such that
Xk, Yk € By, (x), the points x, yi lie in the same boundary distance coordinate neighborhood by the first
part of the lemma, on which ®; j is locally bi-Lipschitz with a uniformly bounded Lipschitz constant.
This is a contradiction to the assumption. Therefore there exists some r3 > 0 depending on n, D, K1, i
such that ®; with respect to any maximal r3-separated set on d M is bi-Lipschitz.

L

Finally, we further restrict {z;};., to be a maximal min{r, r2, r3}-separated set on d M. Hence the

cardinality L satisfies
L < C(n, vol(dM)) min{ry, ry, r3} "',

which depends only on n, D, K1, K>3, ip, vol(dM). We define r; = min{ry, r», r3}, which depends on
n, D, Ky, Ky, iyp. O
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M* oM

Figure 6. Subdomains from two subsets of the boundary. The former type is used to reconstruct
the inner part of the manifold, while the latter type is used to reconstruct the boundary normal

neighborhood.

Choice of partition. Let n > 0 be given. We choose boundary points {zi}f\’: | and a partition {Fi}f\’: , of
oM as follows. Let {zy, ..., z;} be the boundary points determined in Lemma 5.2, and then we add N — L
number of boundary points such that {zy, ..., zy} is a maximal n/2-separated set on d M. This is possible
because {z1, ..., z.} can be chosen as any r;-maximal separated set on d M, with ry being a uniform
constant independent of 7. We take {I‘i}f.vz | to be a partition of dM (e.g., Voronoi regions corresponding
to {z,-}l.N: 1) satisfying the assumptions at the beginning of this section: diam(I';) < n, z; € I';, and every
I'; contains a ball (of d M) of radius n/6. The cardinality N of the partition is bounded above by (5-1).

Definition 5.3. Let > 0 be given. For multi-indices 8 of the form 8 = (8o, B1, - . -, Bn), With B € {0, 1},
Bi, ..., By €N, we consider the following two types of subdomains (see Figure 6):

(1) Given a multi-index 8 = (0, By, ..., By), we define a slicing of the manifold by

Mgz= () {xeM:d(x,T;)€lpin—2n, Bin)}. (5-2)
i:Bi>0

We also consider the following modified multi-index by setting specific components equal to zero:
B{)y:=@,pB1,...,0.,0,...,0,6,0,...,0), le{L+1,...,N}.
(2) Given a multi-index 8 = (1, By, ..., By), we define a modified multi-index by
Blk,il:=(1,0,...,0,6,0,...,0,8:,0,...,0), k=#i.

In other words, B[k, i] can only have nonzero k-th and i-th components besides the 0-th component. Then
we define the subdomain

My i ={xeM:d(x,dM) > Bin—2n, d(x, Tx) < Bin, d(x,Ti) € [Bin — 20, Bin)}. (5-3)

By definition (5-2), we only slice the manifold from I'; if 8; > 0. Hence M;; C M/’; (y for any
le{L+1,..., N}. Since the diameter of the manifold is bounded above by D, it suffices to consider a finite
number of choices §; <2+ D/n for each B;. Notice that we always use a fixed number (independent of 7)
of I'; to slice the manifold. This keeps the total number of slicings from growing too large as n gets small.

Similar to Lemma 5.1, we can also evaluate approximate volumes for VOI(ME <l>), VOI(ME[k, l.]), and the
error can be made as small as needed given sufficient boundary spectral data.
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Lemma 5.4. Let n > 0 be given, and MEU)’ M;[k’l] be defined in Definition 5.3. Then, for any & > 0,
there exists sufficiently small § = 5(n, €) such that by only knowing a -approximation {k;.‘, goj‘.‘ lam} of the
Neumann boundary spectral data, we can compute numbers vol® (ME ) vol? (Mg[k’ i) satisfying

Ivol* (M 1)) — vol (M} )| < 2"*e  foranyl e (L+1,..., N},
where L is a uniform constant independent of n determined in Lemma 5.2.
Proof. Observe that for any 8 = (0, B, ..., By) With B, ..., By > 0, the subdomain ME can be obtained
as a finite number of unions, intersections and complements of the subdomains M,, of the form (4-1) with
oo = 0. More precisely,

N
Mg = (Y (M(T;, Bin) — M(Ty, Bin — 2n))
i=1

N
1M(Fi» Bin) — U M, Bin —2n).

i=1

D=

1

Then the volume of M E can be written in terms of the volumes of M, with g = 0 through the following
operations. For any n-dimensional Hausdorff measurable subset 21, 2, C M,
vol(2] — £27) = vol(2] U ;) — vol(£2;),
vol(£21 N Q) = vol(21) + vol(£2;,) — vol(2; U 7).
Moreover, for any multi-indices o, o/,
vol(My U My) = vol(M,,,,.), Wwhere (&max); = max{o;, ;}.

Therefore the approximate volume Vol“(M;) for Mg can be defined by replacing the volumes of M, in
the expansion with the approximate volume vol®(M,).
On the other hand, for a multi-index of the form B[k, i], we have

Mgy iy =M Tk, ) "M (T, Bin) — MM, Ben — 2n) U M(L;, Bin — 2n).

Recall that the volume information from the whole boundary d M is incorporated in the «g-component of
the multi-index «. Thus the volume of Mg[k’ ) can be written in terms of the volumes of M, with «g > 0.

For a multi-index of the form ([}, the total number of volume terms of M, in vol(M; (l>) is at most 2L+,
For a multi-index of the form B[k, i], the total number of volume terms of M,, in VOI(M;;W i]) is at most 4.
Then the error estimates directly follow from Lemma 5.1. (|

Now we are in place to define an approximation to the boundary distance functions R(M). We consider
the following candidate.

Definition 5.5. Let n,¢ > 0 be given. For a multi-index 8 = (Bo, B1, ..., By) With By € {0, 1},
Bi, ..., By € N4, if either of the following two situations happens, we associate with this § a piecewise
constant function rg € L*°(0 M) defined by

rg(z)=Bin ifzel;:
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(1) Bo=0; Bin >ig/2foralli=1,..., N, and vol“(M;U)) >¢foralll=L+1,...,N.

(2) Bo =1, there exists k € {1, ..., N} such that 8in < ip/2 and VOla(M;[k’i]) >¢gforalli=1,...,N
with i # k.

We test all multi-indices B up to B; <2+ D/n for each B;, and denote the set of all functions rg chosen
this way by R.

Intuitively, the first situation in Definition 5.5 describes a small neighborhood in the interior of the
manifold away from the boundary. The second situation describes a small neighborhood near the boundary
with the help of the boundary normal neighborhood. We prove that R} is an approximation to the boundary
distance functions R(M) for sufficiently small ¢.

Proposition 5.6. Let M € M, (D, K1, K3, iy, rg). For any n > 0, there exist ¢ = £(n) and sufficiently
small § = §(n) such that by only knowing a §-approximation {)»;?, (p]‘.‘la m} of the Neumann boundary
spectral data we can construct a set R C L°°(dM) such that

du(Rg, R(M)) < Ce/1,

where dy denotes the Hausdorff distance between subsets of the metric space L°°(d M) and the constant
Ce depends only onn, D, K1, K3, i, vol(0M).

Proof. Letn <min{l, iy/8}. Given any x € M, take a point x’ € M such thatd (x, x") <nandd(x’, dM) >n.
Clearly there exist positive integers 8; > 0 such that d(x’, I';) € [Bin—2n, Bin) foralli=1, ..., N. In fact,
there are two choices for each 8;, and we choose the one satisfying d(x’, I';) € [Bin — 3n/2, Bin —n/2)
for all i. In particular, we see that each §; satisfies 8in —2n < D.

If Bin >ip/2 foralli =1, ..., N, then we consider the multi-index 8 = (0, By, ..., Bn). It follows
from the triangle inequality that B, »(x") C M 5 Since By (x") does not intersect d M, we have vol(M 5) >
vol(B,2(x")) > c,n" for sufficiently small , which implies that VO](M;U)) >c,n" foralll=L+1,..., N.
We define

&x =cnl" /2, (5-4)

and set ¢ = 2717 lg, in Lemma 5.4. Then we consider the set of functions Ry, Since vol(Mg,)) >
cnn" — &, = &, by Lemma 5.4, we have rg € R by the first situation in Definition 5.5. Then by the
condition diam(I';) < n and the triangle inequality, we have

lrx —rgllLe@m) < lrx —rollLe@my + lry — rpllLeom) < n+2n=>3n. (5-5)
If there exists k € {1, ..., N} such that 8xn <ip/2, then we consider the multi-index 8 =(1, B1, ..., Bn).
Without loss of generality, assume £ is the index such that 8; = min;.¢ 8;. Hence

d(x', M) =min{d(x',T),...,d(x',Tn)} = Bn —3n/2,

which shows x’ € Mg[k,i] foralli =1,..., N with i # k by definition (5-3). Moreover, we also have
By, p(x") C M;;[k’ ;7 for all i. Thus by choosing the same ¢, and ¢ as the previous case, we have rg € Ry
by the second situation in Definition 5.5, and (5-5) still holds. This concludes the proof for one direction.
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On the other hand, given any rg € R} , Definition 5.5 and Lemma 5.4 indicates that either vol(M; ) >0
forall/=L+1,..., N, or there exists k such that VOI(ME[k’Z-]) > (O for all i. Recall that B¢, ..., By >0
by definition.

(i) The first situation allows us to pick an arbitrary point x; in every Mg (- Then by diam(I'";) < » and
the triangle inequality, we have

lrg —ryllLoor,u.ur,ury <3n foranyle{L+1,...,N}. (5-6)

Notice that all x; are in fact bounded away from the boundary. More precisely, for any x;, we know from
Definition 5.5 that

dx;, Ty) =2 Bin—2n>ip/2—2n>iy/4 foralli=1,...,L.

Since the boundary points {zi}iL: | can be chosen as an r-maximal separated set on 0 M, where r; < io/8
is a uniform constant independent of n (Lemma 5.2), we have, for any x;,

d(x;, dIM) > iy/8.
Hence for any other j € {L+1,..., N} with j # [, Lemma 5.2 yields that
d(x1, %) < C(n, D, K1, io)|Pr(x)) = @10 < CVLm,
where &7 (-)=(d(-,z1),...,d(-,zr)). Then it follows from the triangle inequality and (5-6) that
lrg — 1y llLoeqry) < Mrg — 1 oy + 72, — 1l < (CV/L+3)n.
Thus by ranging j #1[ over {L +1, ..., N}, we obtain
lrg — ra e @any < (CVL +3)n.

(i1) The second situation allows us to pick an arbitrary point x; in every M;[k, i1- Observe from Definition 5.5
that, for any x;, we have

The fact that d(x, I'y) > d(x, 9 M) implies that
lrg — rx; Il Lo (rpury) < 27.
For any other j € {1,..., N} with j # k, i, we have
d(x;, xj) < C /1.

This is due to the fact that the diameter of the subdomain {x € M : d(x, dM) = Brn—2n, d(x, T'y) < Bin}
for Bxn < ip/2 is bounded above by C,/5. Hence by ranging j # k, i over {1, ..., N}, we obtain

g — r; Loy < Cy/n+2n. 0

Remark 5.1. We only used a fixed number (independent of 1) of subsets of the boundary to slice the
manifold, so that the total number of slicings does not grow too large as n gets small. To reconstruct the
inner part of the manifold, we used L + 1 subsets with L being a uniform constant (however not explicit).
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Near the boundary, we took advantage of the boundary normal neighborhood and essentially only used
two subsets. Instead if we use all N subsets to slice the manifold, it would result in a third logarithm in
Theorem 1.

Remark 5.2. By virtue of Remark 4.2, the approximate volume for M, with op = 0 in Lemma 5.1 can

be found by only knowing the boundary data on [ J I';. This implies that the approximate volume for

Ol,'>0
M; (with Bp = 0) in Lemma 5.4 can be found by only knowing the boundary data on | J >0 I';. Thus in
a way similar to but simpler than Definition 5.5 and Proposition 5.6, one can define an approximation to
R(M) restricted on a part of the boundary using partial boundary spectral data. Furthermore in the case
of partial data, a similar calculation to that in the Appendix yields a log-log-log estimate on the stability

of the reconstruction of R(M).
The following result shows that the reconstruction of a manifold from R(M) is stable.

Theorem 5.7 [Katsuda et al. 2007, Theorem 1]. Let M be a compact Riemannian manifold with smooth
boundary. Suppose R* is an n-approximation to the boundary distance functions R(M) for sufficiently
small n. Then one can construct a finite metric space X directly from R* such that

dou(M, X) < C;(n, D, Ky, K, ig) n'/%°,

where dgy denotes the Gromov—Hausdorff distance between metric spaces.
Finally we prove the main results Theorems 1 and 2.

Proof of Theorem 1. The estimate directly follows from Proposition 5.6 and Theorem 5.7. The dependency
of constants is derived in the Appendix.

The only part left is to find an upper bound for vol(d M), vol(M) in terms of other geometric parameters.
Due to Corollary 2(b) in [Katsuda et al. 2007], the (intrinsic) diameter of d M is uniformly bounded by a
constant depending on n, D, || Ry|lc1, || S|l c2, io, however not explicitly. Then by the volume comparison
theorem for d M, vol(dM) is uniformly bounded by the same set of parameters. As for vol(M), the
manifold M is covered by harmonic coordinate charts with the total number of charts bounded (not
explicitly) by a constant depending on n, D, || Ryllc1, ||S|lc2, io [Katsuda et al. 2007, Theorem 3]. Away
from the boundary, the volumes of balls of a small radius are uniformly bounded. Near the boundary,
we can use the boundary normal neighborhood of d M since vol(d M) is already shown to be bounded.
Hence vol(M) is uniformly bounded by the same set of parameters. (|

Proof of Theorem 2. We take the first §~! Neumann boundary spectral data of M», and by Definition 1.1,
this set of finite data (without error) is a §-approximation of the Neumann boundary spectral data of M.
By Proposition 5.6, we can construct an approximation to R(M>). On the other hand, the finite spectral
data of M is §-close to the Neumann boundary spectral data of M; by Definition 1.1, since the Neumann
boundary spectral data of M| and M, are §-close by assumption. Then from the pull-back of the finite
spectral data of M, via the boundary isometry, we can construct an approximation to R(Mp). Since the
boundary isometry (diffeomorphism) preserves Riemannian metrics on the boundaries, the pull-back of
the finite spectral data via the boundary isometry produces an isometric approximation to the boundary
distance functions. Hence Theorem 2 follows from Corollary 1 in [Katsuda et al. 2007]. O
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6. Technical lemmas

This section contains the proofs of several lemmas used in Section 3. Some of the lemmas in this section,
especially Lemma 6.5, are important technical results, and we prove them here without interrupting the
structure of the main proof. Some other lemmas are known facts. We did not find precise references for
them, so we present short proofs here.

Lemma 6.1. Let (M, g) € M,(D, K1, K»,ip). Denote by S, the second fundamental form of the
equidistant hypersurface in M defined by the level set d(-,0M) = p for p < iy. Then there exists a
uniform constant ry, explicitly depending only on K1, ig such that, for any p < rp, we have ||S,|| < 2K;.

Moreover, if the metric components satisfy (2-3) with respect to a coordinate chart in a ball U of 0 M,
then the metric components with respect to the boundary normal coordinate in U x [0, rp] satisfy

lgijllct < Cn, [IRmllct, ISller),  11gijllcs < Cn, Ki, Ko, o) forall1 <i, j <n.

Proof. At an arbitrary point z € d M, take an arbitrary unit vector V in T,(0 M) and extend it to V (p) €
T,. (M (p < ip) via the parallel translation along y; ,, where y, , denotes the geodesic of M from z

4

with the initial normal vector n at z. We still use the notation S, to denote the shape operator of the
equidistant hypersurface with distance p from d M. Consider the function

Ky (p) = (Sp(V(p)), V(p))g-

The bound on the second fundamental form of d M indicates |xy (0)| < K. For convenience, we omit the
evaluation at p and use V to denote the vector field V (p).
Since V is a parallel vector field with respect to the normal vector field /9o (or simply d,,), we have

d
= (Va, (SpV), V) +(SpV, Vy, V) =((Vy,Sp) V., V).

Then the Riccati equation (e.g., [Petersen 2006, Theorem 2, p. 44]) leads to the formula

d 2

%KV:—(SPV, VY4+Ru(V,0,,V,0,). (6-1)
Due to the fact that S, is symmetric and |V | = 1, we have

(S2V, V) =S, VI> = [(S,V, V).
Hence,

d
v () < —iy (p) + K. (6-2)

On the other hand, we need a lower bound for dky /dp. This is possible because we a priori know
the solution of the Riccati equation exists up to ip, and the equidistant hypersurfaces vary smoothly in a
neighborhood of d M. This implies that there exists a positive number pmax < ig/2 satisfying

Pmax = sup{p € [0, io/2] : || S || < 2K for all T € [0, p]}.
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Hence, for any p € [0, pmax], we have |S, V| < 2K as the condition above is a closed condition. Then
from (6-1),

%Kv(p) > _4K? — K? = —5K2. (6-3)

Combining (6-2) and (6-3), we have
£ i (| <SKE pel0, pal.

Thus for any p < min{pmax, (10K1)~'}, we have |ky(p)| < 3K;/2. Since z and V are arbitrary, this
shows ||S,]| <3K1/2.

We claim that the uniform constant r;, can be chosen as r;, = min{ip/2, (10K;)~'}. This choice is
obviously justified if pmax =i0/2. Now if pmax <io/2, we prove that ppax > (10K DL Suppose otherwise,
and it implies that || S, || < 3K /2 satisfies for any p < pmax. We know the solution of the Riccati equation
exists in a neighborhood of ppax, and therefore there exists a larger p > pmax satisfying the condition for
Pmax SINCE Pmax < Ip/2 by assumption. This contradicts the maximality of ppnax. As a consequence, our
estimate holds up to p < (10K)~! in this case. On the other hand, the fact that (10K;)~! < pmax < in/2
justifies our choice of r, in this case. This completes the proof for the first part of the lemma.

For the second part, we consider the matrix Riccati equation in the boundary normal coordinate. This
time we use the Lie derivative version of the Riccati equation (e.g., [Petersen 2006, Proposition 7(3),
p. 47]). The components of the shape operator are denoted by S =Y A=1 gﬁ S, Where Syg denotes the
components of the second fundamental form of the equidistant hypersurfaces. Here the evaluation at p is
omitted. Then the Riccati equation has the form

n—1
d y ol ( 3 9 0 a)
LS = Ru(=%, 2,2 2.
dpSOlﬂ y;lg]/lsa‘sﬂ—‘r M 3x“’8p’axﬂ’ ap

By definition we have the equation on the distortion of metric:
d
%g(xﬁ = 2S(¥}3 .

Due to the first part of the lemma, dg.g/dp is uniformly bounded. As a consequence, g,g is uniformly
bounded since it is bounded in the coordinate chart on d M. The tangential derivatives of g.g are estimated
as follows.

The Riccati equation can be written in terms of (Sqp) and (g4p) using the formula for the matrix inverse.
We differentiate these two equations with respect to all tangential directions x', ..., x"~!, and we get a

system of first-order ODEs with the variable v:

dg 39S,
v@=(....2% ), ....~2L),...), aByl=1....n—1,
8XT 8XT

where x7 ranges over all tangential directions x', ..., x"~L. This system of equations can be written in

the form

d
%U = Blv+Bzv+VR7€4.
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The matrix Bj is obtained by differentiating the term of the S? form in the Riccati equation, and only
consists of components of the second fundamental form (S,g) and the metric (gqg). The matrix B is
obtained by differentiating the curvature term, and only consists of components of the curvature tensor
and (gqp). The vector V R}, absorbs all the remaining terms and is considered as a constant vector. More
precisely, the vector V R}, is made up of components of the covariant derivative V Ry, and components
of Ry, (Sup), (8ap)-

Due to the first part of the lemma, the components (Syg) and (g4g) are uniformly bounded in the
boundary normal neighborhood of width r,. Then it follows that the components (g%?) are also uniformly
bounded. This implies that the matrices B;, B, have norms bounded above by C(n, K1), and the vector
V R}, has length bounded above by C(n, K1, |VRy|l). The initial condition [v(0)] is bounded above by
n, ||[VS||. Then the standard theory of ODEs yields a bound for |v| and hence for all components of v. In
particular, dgyp/0x7 are uniformly bounded, which implies that [|g;;[|c1 < C(n, [[Ryllc1, ISl ¢1) for all
1<i,j<n.

We keep differentiating the matrix Riccati equation with respect to x7 and o up to the fourth order. By the
same argument, all relevant coefficients of that system of ODEs are uniformly bounded by || Ryl ¢4, (Sep),
(84p) and previous lower-order estimates. Since the initial condition at p =0 is bounded by n, || g4 (0) || c4,
S|+ and || Ryl 3, the C* estimate for the metric components directly follows from (2-3). O

Lemma 6.2. (1) Forany M € M, (K1), we have rcar(M) > O.
Assume further M € M, (D, K1, K», iy). The submanifold My, is defined in Definition 3.7. Suppose M
is an extension of M satisfying Lemma 3.4 (1)—(3) with the extension width Sex. Then:

(2) For sufficiently small h, §ex explicitly depending on K1, K», ig, we have

rear(Mp) Z min{C (n, |Ryllcr, ISllcr), rear(M)},
~ ) io rcar(M)
reatr(M) > mln{C(n, IRmllct, ISIlcr), T T}

(3) For sufficiently small h, §¢x, we have

reat(Mp) > min{ 2t (ay), 2”71} rear(#1) > min{ 27 ), ZLKI}

Proof. Due to the characterization theorem in [Alexander et al. 1993], any point x € M has an open
ball U, such that U, has curvature bounded above by K 12 in the sense of Alexandrov. In particular, for
any point p, g € Uy satistfying dy, (p, q) < w/Kj, there is a unique minimizing geodesic in Uy (not
necessarily a minimizer of M) connecting p and ¢ (e.g., Theorem 9.8 in [Alexander et al. 2024]).

(1) Suppose rcar(M) =0, and there exist sequences of points p;, g;, such that there are two minimizing
geodesics of M joining each pair of points p;, ¢; with d(p;, g;) — 0. By the compactness of M, we
can find converging subsequences of points, still denoted by p; and ¢;. Let x be their limit point. For
sufficiently large i, there are two minimizing geodesics of M connecting p;, g; and they both lie in U,,
which is a contradiction to the property of U, .
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(2) Given an arbitrary point p € M, suppose ¢ € M), is a point such that there are two minimizing
geodesics of M}, connecting p, g. Without loss of generality, assume dj, (p, ¢) < min{w/(2K1), rcar(M)}.
We choose / sufficiently small such that || Sy, | < 2| S| and || Saum, |t < 2| St Recall that no conjugate
points occur along geodesics (of M) of length less than 7 /(2K) [Alexander et al. 1993, Corollary 3].
Furthermore, we consider p, g to be the closest pair: dj,(p, g) = rcar(Mp). Then by the first variation
formula (e.g., Proposition 3 in [Alexander et al. 1993]), the two geodesics connecting p, g form a closed
geodesic of Mj,. It is known that geodesics on manifolds with smooth boundary are of C!-!. Hence their
geodesic curvature exists almost everywhere and is bounded by C(n, || Ry |lc1, |Sllc1) due to (6-14).
Now consider these two geodesics of M), connecting p, ¢ as a closed C'-!-curve of M, and it lies in the
ball of M centered at p of the radius min{w/(2K), rcar(M)}, which is CAT(K) due to Theorem 4.3 in
[Alexander and Bishop 1996]. Hence by Corollary 1.2(c) in [Alexander and Bishop 1996], the length of
this closed curve is bounded below by C(n, || Ry |lc1, [|S]lc1), and therefore dy, (p, ¢) is bounded below
by C(n, [ Rullcr ISlen).

Next we derive a lower bound for c AT(M ). Suppose p, g € M is the closest pair of points such that there
are two minimizing geodesics of M joining p, g. Assume d(p q) < mm{n/(4K1) io/4, rear(M)/2}.
Then we immediately see that at least one of these two geodesics intersects M — M. This implies that both
geodesics lie in the boundary normal (tubular) neighborhood of d M by assumption. Furthermore, the two
geodesics connecting p, g form a closed geodesic of M by the first variation formula. We move inwards
on this closed geodesic along the family of geodesics normal to d M by distance §ex < ig/2. This process
results in a closed C!'!-curve of M contained in the boundary normal neighborhood. For sufficiently
small 8., depending on K, K>, this closed C!-!-curve of M has length at most 3d (p, g) and its geodesic
curvature is bounded by C(n, || Ryl c1, || S|lc1) almost everywhere. Hence this closed curve of M lies in a
ball of M of the radius min{r /(2K ), rcat(M)} (which is CAT(K)), and therefore its length is bounded
below by C(n, ||Ryulict, I|S]lc1) by Corollary 1.2(c) in [Alexander and Bishop 1996]. This shows that
the length of the original closed geodesic of M is bounded below by C(n, |[Ryullcts IS|lcr), which gives
the lower bound for d( P, q)-

(3) Here we only prove the statement for Mj; the proof for M is the same. Suppose not, and we can
find p;, gi € My, (h; — 0) such that there are two minimizing geodesics of M}, connecting each pair
Di, qi with dp, (pi, qi) < min{2rcar(M)/3, 7/(2K)}. Moreover, we can assume ¢; is the closest point
from p; such that this happens, and therefore the two geodesics connecting p;, ¢; form a closed geodesic
of Mj,. Thus we have a sequence of closed C I_curves with lengths less than 4rcat(M)/3. This sequence
of closed curves also has lengths uniformly bounded away from 0 due to (2). Hence by the Arzela—Ascoli
theorem, we can find a subsequence converging to a limit closed curve in M of nonzero length (not
necessarily of C'). Let p, g € M be the limit points of p;, g;. Since dp, converges to d (Lemma 3.6), the
lower semicontinuity of length yields that the limit closed curve has length at most 2d(p, q).

Consider the segment of the limit closed curve from p to g and the other segment from g to p. Both
segments must have lengths at least the distance d(p, ¢). Since the limit closed curve has length at most
2d(p, q), each segment is a minimizing geodesic of M. If these two segments do not coincide, then we
get two minimizing geodesics of M from p to g of lengths at most 2rcar(M) /3, which contradicts the



1020 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

condition for rcar(M). If the two segments coincide, we pick a point y € M on the limit curve close
to p, and consider points y;, y» on the closed geodesic of M}, near (fixed) y at opposite sides from p;.
For sufficiently large i, the points y;, y» can be arbitrarily close in M}, and meanwhile bounded away
from p;. However, the angle between the geodesic segment of M, from p; to y; and the segment from p;
to y, is always 7, since the curve in question is a closed C'-curve. This is a contradiction to the local
CAT condition for M}, combined with (2). O

Lemma 6.3. Let h be sufficiently small determined at the beginning of Section 3.4. Let d;(-,2)
(Definition 3.8) be the smoothening of the function dy (-, z) (Definition 3.7) with the smoothening
radius r = arh®, where ap = min{1, T~'}. Then the following properties are satisfied for z, z1, 20 € M},
xeMandxy, xp € M:
(1) Idn(x1, z1) = dp(x1, 22)| < dp (21, 22).
(2) 1d)(x,z1) —dj (x, 22)| < (1 + CnK7h®)dy (21, 22).
(3) For sufficiently small h only depending on K, we have

~1

2
(4) For sufficiently small h depending on n, K1, iy, if dy(x, ) < io, then

|djy (x1, 2) — dp (x2, 2)| < d(x1, x2).

|d3 (x, 2) — d (x, 2)| < 2arh®.

Proof. (1) This directly follows from the definition of dj,.
(2) Let r = arh>. Observe that the ball of radius 4> centered at any x € M does not intersect dM, and
hence the distance function d( -, x) for x € M is simply a geodesic distance function. Due to (3-4), the
Jacobian Jy (v) of the exponential map exp, (v) of Matve B,(0) C TXM satisfies

|Jy(v) — 1| < CnK}w|* < CnK iR, (6-4)
Then it follows from (3-11) that

d(y.
/~ ki ( Sl x)) dy = / K (M> J(ydv < (1+CnK0) | Ky (M) dv. (65
M r B, (0)CT:M r R” r

This inequality (6-5), (3-11) and (1) yield (2).

(3) Recall that the second fundamental form of d M}, is bounded by 2K due to Lemma 6.1, and M can
be considered as an extension of M), by gluing a collar of width 6A. If x{, x, € M}, then Lemma 3.6

applies by replacing M with M; and we have
i (x1, 2) = dp (x2, D < dp (1, x2) < (14 36K 11)d (1, x2). (6-6)
If x1,x € M — My, then Lemma 3.6 yields

dp(x™, x3™") < (14 36K 1h)d (x1, x2).
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Then by the definition of dj, (3-9) and (6-6), we have

i (x1. 2) = dy (2, D] <l (™, 2) = di 0, DI+ AN G xq ™) = d e, x|
<dp(rit, x0T A, OMy) — d G, OM),)|
< (436K h)d (xy, x2) +h™'d (xy, x2).
Thus the deisired estimate follows for sufficiently small /4 only depending on K.
If x; e M — M, x, € M), then similarly we have
dn(x1, 2) = di (2, DI < i (7, 2) = dy(x2, D+ R~ d O, ;™)
<d (i, x2) +h 7 d(xr, OMy)
< (+36K1m)d(x1, x2) +h~'d(x1, x2),
and the same estimate follows.

(4) In view of (6-4) and (6-5), the Jacobian only generates error terms of order at least 4°. Hence we only
need to prove that for any point y in the ball (of M ) of the smoothening radius a7 /4> around the center
x € M, it satisfies that |d;, (v, z) — dj,(x, z)| < 3arh?/2, which is guaranteed by (3). O

Lemma 6.4. Let yy, y> : [0,1] = R" be two C'! curves. If |ly1 — y2llco < & < 1%/4 and v/l < & for
i=1,2,then ||y{ — y;llco < Ci)+/e.

Proof. Since y; is of C!!, we know y/ is absolutely continuous. Hence Taylor’s theorem with the integral
form of the remainder applies:

5
Vi(Sz)=)/i(S1)+V/(Sl)(S2—Sl)+/ Y/ (D) (s2—1)dt forall 0 <sp < sy <.

51

From | y/||L~ < k, we have
i (s2) — ¥i(s1) — ¥{ (s1) (52 — 51)| < %(Sz s>

Taking the inequality above for y; and for y,, adding them together and using the triangle inequality, we
obtain

|(1(52) = ¥2(52)) — (V1 (s1) = 2 (s1)) = (V[ (s1) — y3(s1)) (52 — 51)| < k(52— 51)°.
Then by [ly1 — y2llco < e,

2
|H®O—%Wﬂ<5£7+ﬂn—m)

Take s, — 51 = /¢ if exists, and we have

1¥i(s1) — y3(sD)| < (k +2)/e.

Since /¢ < 1/2, we can find s, = 51+ /¢ for any s1 € [0, [/2]. For s € (I/2, [], one can repeat the whole
process backwards. Hence the estimate above holds for all s; € [0, /], which proves the lemma. O
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Lemma 6.5. Let h be sufficiently small determined at the beginning of Section 3.4. Let d;(-,z)
(Definition 3.8) be the smoothening of the function dy (-, z) (Definition 3.7) with the smoothening
radius r = arh?, where ar = min{1, T_l}. Then, for sufficiently small h depending on n, K1, K», given
any x € M and z € My, satisfying h/4 < dj(x, z) < min{ig/2, ro/2, 7 /(6K1)}, we have

\Veds (x,2)] > 1 —2h.

Proof. Let r = arh?. By the definition (3-10), we have

, d(y,
Vidy (x,2) = cpr™" /N kal( (yr x)) dn(y, z)dy
M

=c r_"/ kil(—exp;l(y)
—c, _
Bwci T\ d(y, x)

where exp, denotes the exponential map of M at x € M. Now we change to the geodesic normal coordinate

)dh(y, 2)dy,

of M around x, and identify vectors in the tangent space T, M with points in R":

def,(X,Z)ZCni’_"/ I—th(expx(v) 2)Jx(v) dv
Boycrir T vl

=c,r " / =V <k1 (M)) dp(exp, (v), 2)Jx(v) dv
B, (0)CT M r

=cnr"/ <| |>V (dp(exp, (v), 2)Jx (v)) dv,
B, (0)CT, M r

where J, (v) denotes the Jacobian of exp, at v. Here we have used integration by parts in the last equality.
It is known that |V, J, (v)| < C(n, K1, K2)|v| < C(n, K, K2)h? due to the C'-estimate for the metric
components [Hebey and Vaugon 1995, Lemma 8] and Lemma 3.4(3). Then by (3-11), we have

cnl’_n/ k1<| |)dh(eXPx(U)’Z)(v”J"(v)) dv
B,(0) r

<c,,r—"/ /q(M)—C(n K1, K))h*dv < C(n, Ky, Ko)I>.
B,-(0) 4K

Hence we only need to estimate the lower bound for the length of the dominating term

Aozcnr‘"f (' |)(V dp(exp, (v), 2))Jx (v) dv. (6-7)
B, (0)CT, M r

We start by considering the following two simple cases.

Case 1: dj,(z, 9M}) > min{ig/2, ro/2, 7 /(6K1)}. In this case, we know x € M, and no geodesic from z
to x intersects with d M}, in this case. Then the distance function dj, (-, z) in the relevant domain is simply
a geodesic distance function with the second derivative bounded by 5/ & for sufficiently small / depending
on K (e.g., [Petersen 2006, Theorem 27, p. 175]. Since the exponential map and its inverse are uniformly
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bounded up to C? in the relevant domain for sufficiently small 2 depending on K, K», we have
|Vudi (€xp, (v), 2) = Vudy (exp, (1), 2)lv=ol < Ch™'v] < ChZ.
Note that vectors in T, (7 M ) are identified with vectors in 7 M. Observe that at v = 0 we know
Vudp(€xp, (v), 2)lv=0 = (d exp, lu=0) "' Vad(x, 2) = Vidy(x, 2).
Hence by the Jacobian estimate (6-4) and the normalization (3-11), we obtain

IVedi(x, 2) — Vidy(x, 2)| < |Ag — Vady (x, 2)| + C(n, K1, K2)h?
< Ch* +C(n, Ky, Ko)h?,

which gives the desired lower bound for |V.dj (x, z)| for sufficiently small £, due to |V,d;(x, z2)| = 1.

Case2: x e M — M), and c?(x, dMy) > r. Inthis case, the gradient V,dj, (x, z) is equal to h_lvxc?(x, oMy,)
by the definition of dj (3-9). The second derivative of d (-, dMy) is bounded by 2K on the second
fundamental forms of the equidistant hypersurfaces from d M in the boundary normal neighborhood of
oM (Lemma 6.1). Hence we have

|Vyd (exp, (v), 2) — Vydi (exp, (v), 2)lv=ol < C(K1)h ™ v| < C(K1)h>. (6-8)
Then the same argument as in Case 1 shows that
|Veds(x, 2) — Vady(x, 2)| < C(K)Dh* + C(n, K1, K2R, (6-9)

which yields a lower bound considering |V.dy(x, z)| = hl

The general case when x is close to 0 M), requires more careful treatment. We spend the rest of the
proof addressing it.

Case 3: x € M — M,;, with c?(x, oMy) <rorxeM,. Sinced,(x,z) <min{ryg/2, 7/(6K)} is bounded
by the radius of radial uniqueness (3-17), the gradient |V, d}, (x, z)| equals 1 or h~! depending on whether
x is in Mj,. It is known that geodesics of M), are of C .1 and the second derivative of a geodesic exists
except at countably many switch points (switching between interior segments and boundary segments)
where both one-sided second derivatives exist (e.g., Section 2 in [Alexander et al. 1987]). Furthermore, the
second derivative exists and vanishes at intermittent points which are the accumulation points of switch
points. It was also proved that if the endpoints of a family of geodesics converge, then the geodesics
converge uniformly in C! (see the first lemma in Section 4 of [Alexander et al. 1987]). However, the
estimates in that work were done in terms of an extrinsic parameter (depending on how a manifold is
embedded in the ambient space), and we show the following modification in terms of intrinsic parameters.

The manifold M), has curvature bounded above by 4K 12 locally in the sense of Alexandrov due to
the characterization theorem in [Alexander et al. 1993]. Furthermore by [Alexander and Bishop 1996,
Theorem 4.3] and (3-17), for any z € M, the ball of M}, around z of the radius min{2ry/3, 7/(4K)} is a
metric space of curvature bounded above by 4K 12 Denote by yy, y, the minimizing geodesics of M), from
x,y € My, to z. Denote the length of y, by L, (i.e., Ly =d;(x, z)). The geodesics yy, y, are parametrized
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in the arclength parameter on [0, L,], [0, L,] respectively. Without loss of generality, assume L, < L.
Hence

dh(Vy(Lx)» Yx(Lx)) = dh(yy(Lx), V)'(Ly)) = Ly — L, <dp(x,y),

where we used y,(Lyx) = y,(Ly) = z. Then Corollary 9.13 in [Alexander et al. 2024] shows that if
dy(x,z) <m/(6K;) and dj(x, y) is sufficiently small depending on K, we have

lve = vyllcoqo,z.y < 2dn(x, y),

where the C%-norm is the uniform norm with respect to dj,. This leads to ||y, — Yyllcoqo.n,py < Cd(x,y)
if d (x, y) is sufficiently small by (6-6). On the other hand, due to Lemma 6.1 and (6-14), the second
derivatives of y,, y, are bounded by C(n, Ky, K7) whenever they exist in the boundary normal coordinate
of 9 M}, and both one-sided second derivatives respect the same bound at switch points.

We lift the part of the curves y,, y, near x, y onto the tangent space T M. Without loss of generality,
assume all of yy, y, lie in the image of exp,. Since the exponential map and its inverse are uniformly
bounded up to C?, the properties stated above satisfied by y,, yy are also satisfied by their lifts: namely,
if d(x, y) is sufficiently small depending on K,

Il expy ' oyx —expy ! opyllcoqo.L,yy < Cd(x, y),

and the second derivatives of exp; ! oyy, exp; ! oy, are uniformly bounded by C(n, K1, K») in L>-norm.
Here the C%-norm is the uniform norm with respect to the Euclidean distance in T M. Hence Lemma 6.4
applies:

lItexpy ' oy2) = (expy ! o) lcoqo.z,yy < C(n, K1, K2)Vd(x, y). (6-10)

At the starting point y = y,(0) of y,, we know y)’, (0) = —V,dj(y, z) and hence

(exp; ' 0)'(0) = (d exp, [,) ' 7}(0) = —Vydj (exp, (v). 2),

where v = exp;l (y). At the starting point x = y, (0) of y,, we simply have (exp;1 oyy) (0) =—Vydp(x, 2)
by definition. Thus for sufficiently small & depending on K1, if y € M), and d(x, y) < h?, the estimate
(6-10) at starting points gives

|Vudp (exp, (v), 2) — Vady (x, 2)| < CVd(x, y) < C(n, Ky, K2)h¥/%, (6-11)

The difference between this case and Case 1 is that the formula for V,dj} (x, z) (at the beginning of
the proof) may split into two parts: the integral over points in M, and over points in M — M;,. The key
observation is that in a small neighborhood intersecting d M, the gradient V,d,(x, z) for x e M — M}, is
essentially normal to d M), which has almost the same direction as the normal component (with respect
to 0Mp) of V.dy(x, z) for x € My,. A precise version of this observation will be shown later. The h!
scaling in the definition of dj;, (3-9) plays a crucial role in obtaining the desired lower bound.

Denote the part of the integral Ag (6-7) over points in M, by Ay, and the part of Ay over points in
M — Mj, by A,. We divide Case 3 into the following three situations depending on where x lies.
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Case 3(i): x € M; and d (x,dMp) > r. In this case, the integral Ag only involves points in Mj; and
Ao = Aj. Then the same argument as in Case 1 and (6-11) imply that

|Ved (x, 2) — Vidy(x, 2)| < C(n, Ky, K2)h*/2.

Case 3(ii): x € 0M;,. Denote by n, € T, (1\71 ) the outward-pointing unit vector normal to dMj. The
estimate (6-11) yields the closeness between normal components:

(Vody (exp, (v), 2), 1y) — (Vadi(x, 2), 1) < Ch* if exp, (v) € Mj,.
Since clearly (V,dy(x, z), ny) = 0 for x € 0 M}, we have
(Vodp (exp, (), 2), ny) > —Ch*? if exp, (v) € M, (6-12)

which implies that (A, n,) > —Ch3/?,

On the other hand, we replace the evaluation at v = 0 in the estimate (6-8) with v = exp;l(x’) for
an arbitrary point x’ € M — M}, close to x. Then consider their normal components similarly. Since
V.dj,(x', z) can be arbitrarily close to 2~ 'n, and the exponential map only changes the inner product by
a higher-order C(K 1)r2-term, we have

(Vodp (exp, (), 2), my) > h™' — Ch? if exp, (v) € M — M, (6-13)

Furthermore by (6-8), the tangential component of V,dj, (exp, (v), z) can only have length at most Ch? if
exp, (v) € M — Mj,. This implies that |A; — (A, n,)n,| < Ch?.

(D) I eur™ fiye opexpuyent—uy) K1(101/7) dv > h, then (6-13) yields that (A3, my) > 1 — Ch® Thus
by (6-12),

| Aol > (Ao, m)| = [(A1 + A, m,)| > 1 = ChY? = CI.
2) If c,r™ f{vEB,(O):exp (W)eM—Mj) ki(Jv|/r)dv < h, then by (6-11) and (3-11), we have

[v]

Cnl”_n/ kq (—) (Vx dh(X,Z)>Jx(U) dv
{veB, (0): exp, (v)EM}) r

Observe that (6-13) implies that (A, n,) > O for sufficiently small A. If (A, n,) > 0, then

|A;| > —Ch?>1—h—Ch".

|Aol = |A1 + Az| = |A1 + (A2, my)ny| — |As — (A2, ny)ny|
>|A)|—Ch*>1—h—Ch'?*—Ch>.
If (A1, n,) <0, then (A1, n,)| < Ch3/? by (6-12). This shows that |A| — (A, n)n.| > 1 —h — Ch3/2,

Hence we have

|Ag|l = A1+ Ay — (A1 + Ay, ny)n, |
> |A] — (A, n)ny| — |Ay — (Az, ny)ny|

>1—h—Ch*?*—Ch?.
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Case 3(iii): x ¢ 0M;, and d (x, 9Mp) < r. In this case, we choose an arbitrary point xo € d M}, such that
d(xo, x) < r. By the triangle inequality, (6-11) yields that

|Vudy (exp, (v), 2) — Vydi (exp, (v), 2)lv=uy| < C(n, K1, K2)h¥? if exp, (v) € My,

where vg = exp;1 (x0). Then we consider the normal component with respect to (d exp, |v0)_1nx0 eT, (1\71 )
and replace the vector n, in Case 3(ii) with (d exp, [y,)~ nxo Since (Vydp (X, 2)|x=xy> Bxy)x, = 0 With
respect the inner product of TXOM after lifting the vectors onto 7, M via the exponential map, we have

((d exp, lu) ™" (Vidh(x, 2)lx=xy). (d expy [v) ™" (1)), = —C(Kp)r?.
Then the rest of the argument in Case 3(ii) applies up to a higher-order term as d exp, |,, only changes
the inner product by a higher-order C(K)r2-term.

Finally, combining all the cases together, we obtain
IVedj (x, 2)| > 1Al = C(n, K1, K))h* > 1 —h = C(n, Ky, K2)h*"?,
and therefore the lemma follows. O
Lemma 6.6. Fori > 1 and sufficiently small h depending onn, T, Ky, iy, we have

W K2
dlsthR(an o S j) > min{ﬁ, Z()_T}

Fori =0, we have
h3

672"
Proof. There are two types of boundaries involved. The first type is from the level sets of d; (-, z; ;). For
i > 2, the distance of the first type is from the boundary of the cylinder

distj7, 5 (920 ;. Q0,7) >

(v dy (e, 2, ) <minf{l, T7'h/2) x [ T3, T
and the boundary of Uf;(l) U; Q. ;. Since a larger cylinder
(v sy (e, zi ) Smin{l, T7YA) % [=T; —h, T; + h]

is also contained in U;;é U ; ;. ; due to (3-33), the distance of this type is bounded below by the distance
between these two cylinders, which is bounded below by min{1, 7~'}42/20 by Lemma 6.3(4,3) if h < 1/10.
For i =1, the distance of the first type is from the boundary of the cylinder

{x:dy(x,z1,j) <h/2} x [-Th, T1]
and the boundary of _J ; Q0,j. By (3-29) and Sublemma 2, the cylinder
{x:d;(x,z1,j) <3h/4} x [T, Th]

is contained in the open set | J ; Q0,, and hence the distance between the boundary of the cylinder and
that of ; Qo, is bounded away from 0. To obtain an explicit estimate, one can prove a slightly tighter
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estimate than Sublemma 2 if 7 > 10h:

( U rb(sh))x[—T+11h/2,T—11h/2]cUQO,J-.
bel0,2h] J

With (3-29), this shows that a larger cylinder
{x :1dj(x,21,;) <3h/4} x [=T\ —h/2, T1 + h/2]

is contained in Uj 2, ;. Then Lemma 6.3(4,3) yields a lower bound h?/40 if h < 1/20.

For i > 1, the other type of boundary is generated by the level sets of ¥; ;. Suppose boundary points
(x1, 1) and (x2, 1) belong to {y; ; = 972h} and Wi j= 8T2h) respectively, and hence by the definition
of ¥; j we have

(1= &£@(x1, 9M)) — (oo — df )N T; — di (x1))’
— (1 =& (x2, IM)) — £ (oo — d} (DN T; — df(x2))” — 1 + 13 = T?h.
Then,

2721 (po — dj (x1)) — £ (po — dj (x2))| + 2T?|E(d (x1, IM)) — £(d (x2, IM))]
+2T|d} (x1) — dS (x2)| + 2T |t; — o] > T?h.
By the definition of &,
6T 6T
T|df,(xl, 2i,j) —dp(x2, zi )| + T'd(xl’ OM) —d(x2, 0M)|
+2T\d; (x1, zi,j) — dj(x2, 2i, )| + 2T |ty — 12| > Th.

Then it follows that at least one of the four absolute values must be larger than 42/24 if h < 3T, which
implies that at least one of |dj, (x1, z;,j) — dn(x2, i j), |d(x1, OM) — d(x2, 9IM)| or |t; — 12| is larger than
h?/50 by Lemma 6.3(4). Here we divided the smoothening radius by a constant to keep the error brought
by the convolution relatively small. Since d(x, dM) = d (x,dM) for x € M, Lemma 6.3(3) yields that
at least one of d(x1, x) or |t] — | is larger than /#3/100 and hence the lemma follows.

Finally for the initial step i = 0, the first type of boundary distance is from {po(x) = —3h/2} and the
boundary of Y, which is clearly bounded below by 4 /2. The second type of boundary distance is between
level sets of Vg, ;. One can follow the same argument as for i > 1 for this type of boundary distance, and
obtain a lower bound /3 /6T2. O

Lemma 6.7. Suppose y (s) is a geodesic of M satisfying y (0) € dM and the initial vector y'(0) € T, )0 M.
Then there exists a constant gq explicitly depending on n, | Ry || c1, ||S|c1, io such that, for any s < g,
we have d(y (s), 8M) < C(n, | Rullc1, ISllc)s™

Proof. Without loss of generality, assume the geodesic y (s) lies entirely in the interior of M except for
the initial point. Consider another geodesic of d M with the same initial point y (0) and the same initial
vector y’(0). We claim that the distance between this geodesic of 3 M and y (s) is bounded above by C 52
for sufficiently small s. Clearly this claim yields the lemma.
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Denote the geodesics of M, 9 M in question with the arclength parametrization by yy, y». Take ¢y < ig
and we consider the geodesics y;(s) (i = 1,2) in a C! boundary normal coordinate (x', ..., x"). Due to
Lemma 8 in [Hebey and Vaugon 1995] and Lemma 6.1, within a uniform radius explicitly depending on
n, [Rullcis ISlcts io, the C L_norm of metric components is uniformly bounded by a constant explicitly
depending on n, || Ryl c1, || S]lc1- Since y1, y» have the same initial point and the same initial vector, we
know ylj 0) = yzj (0) and 9 ylj (0) = oy yzj (0) forall j =1,...,n, where yl.j denotes the j-th component
of y; with respect to the coordinate xJ. The fact that |3, Y1) |pm =105v2(s) o =1 yields |9, yl.j (s)| < C for
any j due to the C° metric bound in bilinear form. Moreover, the geodesic equation in local coordinates
has the form

ory! + Y T,0vH @y =0,
k.l
and yy, v, satisfy this equation with F,{l of M, dM respectively. Hence by applying the C' bound for
metric components, we have an estimate for the second derivative:

027/ (I < Cn. [Rullcr. [Ser) forall j=1,....n. (6-14)

Since y1, y, lie entirely in int(M), M by assumption, they are at least of C? and hence

. . 2 . .
W &) = OIS sup 1877 () =77 O < . Rullcr 1S Tlen)s™
s'€(0,s)

This implies d(y1(s), y2(s)) < C(n, | Ryl 1, I|S]c1)s? due to the CO metric bound. O

Lemma 6.8. Let A;(¢) ={x € X, :1(x) > &} and denote by U (A, (&)) the set of all points on all minimizing
geodesics from A;(g) to I. Then for sufficiently small ¢ explicitly depending on Ky and anyt' € [t —¢e/2, 1),
we have

vol,—1(Ai(€)) < 5" vol,_ 1 (U (A(e)) N Zy).

Proof. We define a function F : U(A,;(¢)) N Xy — A,(e) by mapping a point x € U(A;(g)) N Xy to
the initial point of the particular minimizing geodesic containing x from A;(¢) to I'. This function is
well-defined since minimizing geodesics cannot intersect at X,/; otherwise they would fail to minimize
length past an intersection point. To show the measure estimate in question, it suffices to show that
F is locally Lipschitz with a Lipschitz constant 5 for sufficiently small ¢ depending on K. Since the
measure in question is an (n—1)-dimensional Hausdorff measure, the Lipschitz continuity of F implies
the measure estimate with the constant 57! [Burago et al. 2001, Section 5.5.2].
Here we show that the function F is locally Lipschitz. For any point

yo e U(A(e) Nfx 1 —e/2<d(x,T") <1},

there exists xg € U (A, (€)) N X, _, such that xg lies on a minimizing geodesic from yy to I', which indicates
d(yo, I') =d(yo, x0) + d(x0, I'). Observe that the geodesic segment from yy to xo does not intersect the
boundary. Then there exists a small neighborhood of yg such that, for any y in this neighborhood, the
minimizing geodesic from x¢ to y does not intersect the boundary. Thus the distance function d( -, x¢) in
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the small neighborhood of yj is just a geodesic distance function with the second derivative bounded by
3 /¢ for sufficiently small & depending on K (e.g., [Petersen 2006, Theorem 27, p. 175]). Hence we have

d(y,T) <d(xo,T)+d(y, x0) =d(yo, I') —d(yo, x0) +d(y, x0)
- 3
< d(o, 1) + Vyd (30, %0) - €xpy, () + 5-d (3, y0)* + 0(d (3, 30)°).

This shows that the distance function d (-, I') is a semiconcave function in
UA(e)N{x:1—e/2<d(x,T) <t}

for sufficiently small ¢ with the semiconcavity constant 3/¢. Now consider the gradient flow by the
distance function d(-,T"), and the function F is simply the gradient flow restricted to this region
UA(e)N{x:t' <d(x,T) <t} fort’ €[t —e/2,t). By Lemma 2.1.4(i) in [Petrunin 2007], the restricted
gradient flow (or F) is locally Lipschitz with a Lipschitz constant ¢3/? < 5. (|

Appendix: Dependency of constants

In this section, we show explicitly how the constant in Theorem 1 depends on geometric parameters. We
first show the dependency of constants in Theorem 3.1, and then trace the dependency through the proofs
in Sections 4 and 5.

For i > 1, the lower bounds (3-27) and (3-28) hold:

min |V, ¢ ;| > 2TVh, min_ p((x, 1), Vi j) > 8T?h.

(x,)eR); (x,1)eQ);

From the definition (3-10), Lemma 3.4(3), (6-4), (3-13) and (3-14), for sufficiently small 4 depending on
n, Ky, K2, ip, we have

} . s -1
||d;l(x, Zi,j)”co(gzgj) < po < 1o, ||de;l(X, Zi,j)”co(gz?j) <2h™,
2 . _
IV2d;(x. zi Dl coep ) < Cn.io)h™,
IV x. 20 DlLipep ) < C. | Rullerio)h ™.

On the other hand, the C*!'-norm of d( -, M) is bounded by 2||S||c: for sufficiently small 4. Therefore
by the definition of ; ;, for sufficiently small 4 depending on n, K, K>, io,

2 -2
||¢i,j||co(gzgj) <T, ||¢i,j||cl(gzgj) <C(M)h™,
||K[’i,j||c2(92j) <Cn,T, io)h_7, ||1//i,j||c2-1(ng) <Cn,T, ||RM||Clv iO)h—IO.

For i =0, we have
min |V ;| > 2h, min_ p((x, ), Vi ;) > 4h2,

(x,t)eﬂgvj (x,t)efzgvj

and the bounds above for v; ; also hold for v ;.
Now we calculate the parameters in the table (4.3) in [Bosi et al. 2016] for our case. The following
notation (until (A-1)) was used in that paper and is not used in our present paper; we write it here only
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for the convenience of the reader:
Mi~My~h5, A~n"5 R ~n"", g ~hn*,
szRNhSI o~ 135 5~ 138
N=Cn,T,|Rulct,io llg" llcr, vol(M), vol,_y (I')h~ 13 +1).

—1/(1-w) N _ 1
€161 ™~ €158 ™~ C155,N + C156 ™~ C155,N + Cy54 , o =5,

The quotient cyss,j/c155,j—1 is polynomial large in &, and c156 ~ c106/¢131 is also polynomial large, where
the exponents are explicit multiples of n. Therefore c6; has at most exponential growth with an explicit
exponent Cy4n for some absolute constant C4. Then we turn to the constant in our result:

C(h)~ C(n, T, | Rullct, ISl io, VOI(M), vol,—i (1)) A~
< C3(n, T, | Rullcr, ISllcr io, vol(M), vol, 1 (I')) exp(h~ "), (A-1)
where we have used the fact that the C'-norm of metric components is bounded by a constant depending

onn, |[Ryllct, |S]lc1- The dependency on the diameter D, r is introduced after replacing i by h/C’
during the last part of the proof of Theorem 3.1.

From here, we come back to the notation of our present paper. Next we show the dependency of C;
and C; in Theorem 1. The final parameter is 7 in Proposition 5.6 and we start from n to work out the
parameters J, §. The criteria for determining parameters are already described during the proofs of relevant
lemmas and propositions in Sections 4 and 5. Let n € (0, 1) be the parameter in Proposition 5.6. Then,

A=1, N=C(n,vol(dM))n~"!,
e(volume, Mg) = e, = Cn"  (Proposition 5.6),
and by Lemmas 5.1 and 5.4

e(volume, My) &(volume, M)
2vol(M)  2L+12vol(M)

The following three parameters are determined by (4-21) in Proposition 4.4:

& = eg(projection) = = C(vol(M), L)n".

202 1/ D) 82 82 n+1 82 n+1
BCIAZYV/mD =2 o () =(—) |,
sAY 4 Y (32C52A2) <3zc§)
2
cn; 2y < % — Ay > 16C%y e (A-2)
SNes(0) 4 SN2 = & <1 = exO)= L
2 2Ty 2T 6aN
By the formula for £,(0) in (4-12),
Ay 3 +h™1/%
_ /3, -2/9 —Cyn v 1 —371/(3n+3)
0)=C"h h CsA h
£2(0) =G exp( )(log(l +h32y=3A/ep))l/6 ety
1/3 —Cun y > h! ~3,1/(Gn+3)
< Gy exp(h ) +Csy"h . (A-3)

(log(1+ 1?2y —3(1/e))!/0
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We choose £ such that the second term in (A-3) equals &,(0)/2 = €2/(128N):

C )/_3h1/(3n+3) _ 82(0) — h= 82(0)y3 3n+3 _ 86n+8 3n+3 (A_4)
: 2 2Cs5 83n+3 128NC§’”+7 :

Then the first term of (A-3) being £,(0)/2 = g2 /(128 N) yields that

—187,—619Q6 A76 (2 —Cun
_ Yy °hTP128°N°C5 exp(6h™ )
g1 =h?y3 exp(— ) 3 , (A-5)
which indicates the choice of J by Lemma 4.2:
8y 1801285 N6C3 exp(6h~C+"
by > C(D, Ny et = C(D)h_lzexp( v 5 Ll )>. (A-6)

For the choice of §, choose Ne&y(8) + N28§(8) —Ne&y(0)— N28§(0) < 82/32, or simply Ne&x(8)—Ney(0) <
€2 /64. By differentiating (A-3) with respect to €1,

C;/36Xp(/’l_c4n))/_6\/z 2C/J)\3/28< 82
(log(1 +h32y=3(1/e))2(e} + h32y=3e;) O 7 64N’

Hence it suffices to choose § satisfying

1/3 —Cany,,—3 2
C) exp(h™* €
s PO s < £
he; 128N
From now on, we absorb polynomial terms into exponential terms and denote by ~ if two quantities

differ by a factor of some constant in the exponent. Inserting the choice of y (A-2) to ¢; (A-5) and A,
(A-6), we get

(A-T)

g ~ eXp(—C§6n+36C32 eXp(h_C4n)8_36n_48N6),

Ay~ C(D) exp(C3"30C2 exp(h~C4m)e —36n =48 N6
By Weyl’s asymptotic formula for eigenvalues: A; ~ C(n, vol(M)) j 2/n we know

/2
J ~ C(n,Vol(M))A'J’ ,

and hence by (A-7), we have
1 eBexp(—h~Cm)e
cycy® CcotONgAY?
13 6:)(p(—C§’6”+36C32 exp(h~C4)g—36n—48 N6)
J
~ C(n, D, vol(M), vol(dM)) e)(p(—ncg6”+36C32 exp(h~C4myg—36n—48 N6y,

8/\;

~ C(D, vol(dM))C;

The terms we need to estimate are exp(h~¢+")e 3"~48 N6 By the choice of & (A-4), we get

c g6n+8 —C4n(3n+3)
—Cyny e
exp(h™ ") eXp((NCg"”) ),
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—36n—48N6

which absorbs ¢ Then from

e=CWvol(M), L)yy", N~n "+,
it follows that
§ ~ C(n, D, vol(M), vol(dM)) exp(—C(C3, C4, Cs) eXP(CS_CMGH})(éHg)))
~ C(n, D, vol(M), vol(dM)) exp(—C(C3. Cy. Cs) exp(C(L)n~ ™))
~ exp(—exp(Cin~2)),

where C| = C{(n, D, vol(M), vol(dM), C3, C4,Cs, L) and C, = C5(n) > 1. The dependency of
C3, Cy4, Cs is stated in Proposition 3.3, and the dependency of L is stated in Lemma 5.2. Therefore we
obtain

n~ (CYC (log(llog 8)) "/,

and the dependency of constants in Theorem 1 follows from Proposition 5.6 and Theorem 5.7. More
precisely, the constant C; = C(C", Cé, Cs, C7) explicitly depends only on n, D, ||Ry|lc1s ISl cts ios Fos
vol(M), vol(dM), L, Cg, C7, and the constant C, = C(C}) explicitly depends only on n. Note that the
dependency of L, Cg, C7 is not explicit. The choice of the parameter § depends on all present parameters
including all curvature bounds assumed for K>, and the choice of small  in Theorem 5.7.

We remark that one can obtain an explicit estimate without using the parameter L. To do this, one can
use all N of I'; to slice the manifold, and evaluate an approximate volume for M; similar to Lemma 5.4.
The error of the approximate volume would be 2V e, and the parameter ¢ would be ¢ = C27V5". In
addition, the constant Cg can be replaced by an absolute constant. However, the number 2V grows
exponentially in n. This process results in an explicit estimate with three logarithms, and the constants
explicitly depend only on n, D, || Ryllct, |S|cts i0s 7o, vOL(M), vol(0 M).
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