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In Gel’fand’s inverse problem, one aims to determine the topology, differential structure and Riemannian
metric of a compact manifold M with boundary from the knowledge of the boundary ∂M, the Neumann
eigenvalues λj and the boundary values of the eigenfunctions ϕj |∂M . We show that this problem has
a stable solution with quantitative stability estimates in a class of manifolds with bounded geometry.
More precisely, we show that finitely many eigenvalues and the boundary values of corresponding
eigenfunctions, known up to small errors, determine a metric space that is close to the manifold in the
Gromov–Hausdorff sense. We provide an algorithm to construct this metric space. This result is based on
an explicit estimate on the stability of the unique continuation for the wave operator.
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1. Introduction

Gel’fand’s inverse problem, formulated by I. Gel’fand [1957], concerns finding the topology, differential
structure and Riemannian metric of a compact manifold with boundary from the spectral data for the
Neumann Laplacian on the boundary, that is, the Neumann eigenvalues and the boundary values of the
corresponding eigenfunctions. The problem is closely related to an inverse problem for the wave equation
that can be solved using the boundary control method developed by Belishev [1987] on domains of Rn.
The uniqueness of Gel’fand’s inverse problem on manifolds was proved in 1992 by Belishev and Kurylev
[1992], see also [Anderson et al. 2004; Belishev 2007; 2017; Caday et al. 2019; Krupchyk et al. 2008;
Kurylev et al. 2018], in the form of an inverse spectral problem: the geometry of a compact Riemannian
manifold with boundary is uniquely determined by the boundary spectral data for the Neumann Laplacian.
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On a given domain of the Euclidean space, Gel’fand’s problem was reduced in [Nachman et al. 1988]
to inverse coefficient problems for elliptic equations which were solved in [Astala and Päivärinta 2006;
Nachman 1988; 1996; Sylvester and Uhlmann 1987], see also [Dos Santos Ferreira et al. 2009; Guillarmou
and Tzou 2011; Isozaki 2004; Kenig and Salo 2013; Kenig et al. 2007; Uhlmann 1998], and the stability of
the solutions of these problems has been studied in [Alessandrini 1988; Alessandrini and Sylvester 1990;
Sylvester and Uhlmann 1988]. Gel’fand’s inverse problem is ill-posed in the sense of Hadamard, as one can
make large changes to the geometry of the interior without affecting the boundary spectral data much. One
approach of stabilizing the inverse problem is to study the conditional stability by assuming a priori knowl-
edge of the desired quantities, for instance higher regularity of coefficients [Alessandrini 1988], and higher
regularity of Riemannian metrics if they are close to Euclidean [Stefanov and Uhlmann 1998]. For a general
Riemannian manifold, it is natural to impose a priori bounds on geometric parameters such as the diameter,
injectivity radius and sectional curvature. An abstract continuity result for the stability of the problem was
proved in [Anderson et al. 2004], however with no stability estimates, and the related determination of the
smooth structure was shown in [Fefferman et al. 2020]. With additional geometric assumptions, strong sta-
bility estimates for this problem can be obtained, e.g., [Bellassoued and Dos Santos Ferreira 2011; Stefanov
and Uhlmann 2005], when the metric is close to simple (i.e., with strictly convex boundary and no conjugate
points). One could also consider the inverse interior problem, that is, an inverse problem on closed
manifolds analogous to Gel’fand’s problem. For the inverse interior problem where the eigenfunctions are
measured in a ball of a closed manifold, the unique solvability of the problem was proved in [Krupchyk
et al. 2008] and a quantitative stability estimate for general metric has recently been obtained in [Bosi et al.
2022]. A quantitative stability of Gel’fand’s inverse problem for manifolds with boundary in the general
case was yet unknown. The main purpose of the present paper is to provide an answer to this question.

The key result for establishing the uniqueness of Gel’fand’s inverse problem was Tataru’s unique
continuation theorem [1995] for the wave operator. Its stability, i.e., quantitative unique continuation,
is essential to the stability of the inverse problem. The quantitative unique continuation for the wave
operator on Riemannian manifolds, from sets of the form 0 × [−T, T ], where 0 is the observation
region, has been investigated independently in [Bosi et al. 2016; 2018] for closed manifolds, and in
[Laurent and Léautaud 2019] when T is larger than the diameter of the manifold. Using [Bosi et al. 2016;
2018], the authors established a log-log type of stability estimate [Bosi et al. 2022] for the analogous
inverse problem on a closed manifold where spectral data are measured in a ball. However, for manifolds
with boundary, the quantitative unique continuation for arbitrary time T is yet unclear, partly due to the
lack of smoothness caused by geodesics touching the boundary. This brought substantial difficulty into
propagating the local unique continuation to a global one without losing any domain of dependence. It
turns out that it is beneficial for us to treat these geodesics as distance-minimizing paths in Alexandrov
spaces with curvature bounded above, instead of handling them in boundary normal coordinates. As
our main technical task occupying most of Sections 3 and 6, we focus on geometric issues brought by
geodesics near the boundary, and give a fully explicit stability estimate for the unique continuation in the
optimal domain of dependence. Our result also makes it possible to obtain quantitative stability of other
inverse problems that are solved using the boundary control method.
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We hope our results may have applications in medicine, especially to cancer treatment, more concretely,
to imaging necessary for radiation therapy (e.g., the navigation of cyber knives) and for ultrasound
surgery, see, e.g., [Western et al. 2015]. In these treatments, many thin beams of X-rays or high-amplitude
ultrasound waves are concentrated in the cancerous tissue and the planning of the treatment requires stable
imaging methods. A significant potential instance is the focused ultrasound surgery [Tempany et al. 2011],
where a cancerous tissue is destroyed by an excessive heat dose generated by focused ultrasound waves.
The location where the ultrasound waves are focused is determined by the intrinsic Riemannian metric
corresponding to the wave speed of acoustic waves; see [Dahl et al. 2009; Lassas 2018]. In particular, in
an anisotropic medium where the inverse problem is not uniquely solvable in Euclidean coordinates, see
[Sylvester 1990], it is beneficial to do imaging in the same Riemannian structure that determines the wave
propagation. The imaging of the Riemannian metric associated with the wave propagation is an inverse
problem for the wave equation, which is equivalent, see [Katchalov et al. 2004], to Gel’fand’s inverse
problem studied in this paper. Numerical methods to solve these problems have been studied in [de Hoop
et al. 2016; 2018]. The quantitative stability of reconstruction from other types of data, e.g., the Dirichlet-
to-Neumann map or the source-to-solution map for the wave equation, has not yet been studied; however, in
the light of [Bosi et al. 2022; Katchalov et al. 2004], we think a similar stability estimate might be possible.

Let (M, g) be a compact, connected, orientable Riemannian manifold of dimension n ⩾ 2 with smooth
boundary ∂M. We consider the manifold M in the class Mn(D, K1, K2, i0, r0) of bounded geometry
defined by the bounds on the diameter diam(M), the injectivity radius inj(M), the Riemannian curvature
tensor RM of M, and the second fundamental form S of the boundary ∂M embedded in M :

diam(M)⩽ D, inj(M)⩾ i0,

∥RM∥C0 ⩽ K 2
1 , ∥S∥C0 ⩽ K1,

5∑
i=1

∥∇
i RM∥C0 ⩽ K2,

4∑
i=1

∥∇
i S∥C0 ⩽ K2, (1-1)

where ∇
i denotes the i-th covariant derivative on M. The injectivity radius for a manifold with boundary

is defined in Section 2.1. In addition, we impose the lower bound on the following quantity rCAT(M)
(Definition 2.1):

rCAT(M)⩾ r0, (1-2)

where rCAT(M) is defined as the largest number r such that any pair of points with distance less than r is
connected by a unique distance-minimizing geodesic (possibly touching the boundary) of M. This quantity
is known to be positive for a compact Riemannian manifold with smooth boundary. For Riemannian
manifolds without boundary, the condition (1-2) is already incorporated in the lower bound for the
injectivity radius.

Denote by λj ( j ⩾ 1) the j-th eigenvalue of the (nonnegative) Laplace–Beltrami operator −1g on
(M, g) with the Neumann boundary condition at ∂M, and by ϕj a (smooth) eigenfunction with respect
to λj . We know that 0 = λ1 < λ2 ⩽ · · · ⩽ λj ⩽ λj+1 ⩽ · · · , and λj → +∞ as j → +∞. Assume the
eigenfunctions are orthonormalized with respect to the L2-norm of M. In particular ϕ1 = voln(M)−1/2.
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The Neumann boundary spectral data of M refers to the collection of data

(∂M, g
∂M , {λj , ϕj |∂M}

∞

j=1),

which consists of the boundary ∂M and its intrinsic metric g
∂M , the Neumann eigenvalues and the boundary

values of a choice of orthonormalized Neumann eigenfunctions.

Definition 1.1. We say a collection of data (∂M, g
∂M , {λ

a
j , ϕ

a
j |∂M}

J
j=1) is a δ-approximation of the

Neumann boundary spectral data of (M, g) (in C2) for some δ ⩾ J−1 if there exists a choice of Neumann
boundary spectral data {λj , ϕj |∂M}

∞

j=1 such that the following three conditions are satisfied for all j ⩽ δ−1:

(1) λa
j ∈ [0,∞), ϕa

j |∂M ∈ C2(∂M).

(2) |

√

λj −

√

λa
j |< δ.

(3) ∥ϕj −ϕa
j ∥C0,1(∂M)+∥∇

2
∂M(ϕj −ϕa

j )|∂M∥C0 < δ, where ∇
2
∂M denotes the second covariant derivative

with respect to the induced metric g
∂M on ∂M.

Let M1,M2 be two Riemannian manifolds with isometric boundaries, and let 8 : ∂M1 → ∂M2 be the
Riemannian isometry (diffeomorphism) between boundaries. We say the Neumann boundary spectral
data of M1,M2 are δ-close if the pull-back via 8 of the Neumann boundary spectral data of M2 (or M1)
is a δ-approximation of the Neumann boundary spectral data of M1 (or M2).

Note that the definition above is coordinate-free. The second covariant derivative of a function is
called the Hessian of the function, which is a symmetric (0, 2)-tensor. In a local coordinate on ∂M,
Definition 1.1(3) translates to (ϕj −ϕa

j )|∂M having small C2-norm. A similar definition in L2-norm was
seen in [Bosi et al. 2022].

If finite boundary spectral data {λj , ϕj |∂M}
J
j=1 are known without error, then this set of finite data is a

δ-approximation of the Neumann boundary spectral data with δ = J−1 by definition. If we are given a
certain choice of Neumann boundary spectral data, then Definition 1.1(3) is equivalent to the existence of
orthogonal matrices acting on eigenfunctions in eigenspaces, such that the condition is satisfied by the
given spectral data after applying these matrices.

The main purpose of this paper is to prove the following stability estimate for the reconstruction of a
manifold from the Neumann boundary spectral data.

Theorem 1. There exists δ0 = δ0(n, D, K1, K2, i0, r0) > 0 such that the following holds. If we are given
a δ-approximation of the Neumann boundary spectral data of a Riemannian manifold with boundary
M ∈ Mn(D, K1, K2, i0, r0) for δ < δ0, then one can construct a finite metric space X directly from the
given boundary data such that

dGH(M, X) < C1(log(|log δ|))−C2,

where dGH denotes the Gromov–Hausdorff distance between metric spaces. The constant C1 depends on
n, D, K1, K2, i0, r0, and the constant C2 explicitly depends only on n.

Theorem 1 implies the stability of Gel’fand’s inverse problem.
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Theorem 2. There exists δ0 = δ0(n, D, K1, K2, i0, r0) > 0 such that the following holds. Suppose two
Riemannian manifolds M1,M2 ∈ Mn(D, K1, K2, i0, r0) have isometric boundaries and their Neumann
boundary spectral data are δ-close for δ < δ0. Then M1 is diffeomorphic to M2, and

dGH(M1,M2) < C1(log(|log δ|))−C2 .

Remark 1.1. The dependency of C1, δ0 is not explicit. An explicit estimate with dependence additionally
on voln(M), voln−1(∂M) can be obtained, but this process results in a third logarithm. More details can
be found in the Appendix.

If any explicitness for the results is not of interest, the bounds (1-1) we assumed on the Riemannian
curvature tensor and the second fundamental form can be relaxed to bounds on Ricci curvatures of M, ∂M
and the mean curvature of ∂M, due to Corollary 2 in [Katsuda et al. 2007].

We do not know if the log-log type of estimates above is optimal. While strong (Hölder-type) stability
results [Bellassoued and Dos Santos Ferreira 2011; Stefanov and Uhlmann 1998; 2005] were known
near simple metrics, the stability of the problem is likely weak in the general case; see [Koch et al. 2021;
Mandache 2001].

The key result in proving Theorem 1 is a uniform stability estimate for the unique continuation in the
class of Riemannian manifolds with bounded geometry, and without loss of domain in the domain of
dependence. Let 0 be an open subset of the boundary ∂M and T > 0. The domain of influence of the
set 0 at a time t ∈ [0, T ] is defined as

M(0, t)= {x ∈ M : d(x, 0) < t}, (1-3)

where d is the intrinsic distance function of M. The double cone of influence of 0×[−T, T ] is defined as

K (0, T )= {(x, t) ∈ M × [−T, T ] : d(x, 0) < T − |t |}. (1-4)

Recall Tataru’s unique continuation theorem [1995]: if the Cauchy boundary data of a wave u vanish on
0× [−T, T ], i.e.,

u|0×[−T,T ] = 0, ∂nu|0×[−T,T ] = 0,

then the wave u vanishes in the double cone of influence K (0, T ), and in particular, the initial value
u( · , 0) vanishes in the domain of influence M(0, T ). Note that the domain K (0, T ) (and M(0, T ) for
the initial value) in this result is optimal due to finite speed of propagation of waves. The stability of the
unique continuation, i.e., quantitative unique continuation, asks if u is small when the Cauchy boundary
data are small.

Theorem 3. Let M be a compact, orientable Riemannian manifold with smooth boundary ∂M, and
let 0 (possibly 0 = ∂M) be a connected open subset of ∂M with smooth boundary. Suppose u ∈

H 2(M × [−T, T ]) is a solution of the wave equation (∂2
t −1g)u(x, t)= 0 with the Neumann boundary

condition ∂nu|∂M×[−T,T ] = 0 and the initial condition ∂t u( · , 0)= 0. Assume the Dirichlet boundary value
of u satisfies

u|∂M×[−T,T ] ∈ H 2(∂M × [−T, T ]).
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If
∥u( · , 0)∥H1(M) ⩽3, ∥u∥H2(0×[−T,T ]) ⩽ ε0,

then, for 0< h < h0, the following estimate holds:

∥u( · , 0)∥L2(M(0,T )) ⩽ C1/3
3 h−2/9 exp(h−C4n)

3+ h−1/2ε0

(log(1 + h + h3/23/ε0))1/6
+ C53h1/(3 max {n,3}).

The constants h0, C3, C4, C5 explicitly depend only on intrinsic geometric parameters of M and 0 (in
particular, independent of ε0).

Quantitative unique continuation for the wave operator has been investigated independently in [Bosi
et al. 2016; 2018] for closed manifolds and in [Laurent and Léautaud 2019], both inspired by the ideas in
[Tataru 1998]. In particular, the case for manifolds with boundary for large T was studied in [Laurent
and Léautaud 2019], however without addressing how the geometry of the manifold affects the estimate.
Our result explicitly shows how the constants depend on the geometry and how close the domain of
quantitative unique continuation can approach the optimal domain. These are crucial questions frequently
showing up in the stability of inverse problems. In Theorem 3, the stability estimate is obtained up to
the optimal domain for arbitrary T, and can be made fully explicit only in terms of intrinsic geometric
parameters. The estimate comprises two parts. One is by propagating local unique continuation up to the
√

h-neighborhood of the boundary of the optimal domain. This is the most technical part of the paper and
gives a global estimate (Theorem 3.1) on a domain arbitrarily close to the optimal domain, see Figure 1,
since h is a small parameter one can freely choose in advance. The second part is to estimate the L2-norm
on the region which the first part does not reach. Once we prove that this region has uniformly controlled
volume (Proposition 3.14), the second part of the estimate immediately follows from the a priori H 1-norm.
We remark that one can also balance the parameters ε0, h in Theorem 3 and arrive at a log-log type of
estimate with a single parameter ε0.

t
T

0

−T

M

Figure 1. Domains of unique continuation. The blue vertical line is 0× [−T, T ]. The domain
enclosed by the blue lines is the optimal domain K (0, T ). The domain enclosed by the red lines is
�(h) defined in (2-4), obtained by propagating local unique continuation. The distance between
the blue and red lines is

√
h.
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Equipped with Theorem 3, we can adopt the approach introduced in [Katsuda et al. 2004] to obtain a
stability estimate for Gel’fand’s inverse problem. Namely, we apply a quantitative version of the boundary
control method to evaluate an approximate volume for the domain of dependence. The error of the
approximate volume can be made arbitrarily small as long as sufficient boundary spectral data are known.
Then we define approximations to the boundary distance functions through slicing procedures, from
which the manifold can be reconstructed [Katsuda et al. 2007].

The method we use to obtain the quantitative unique continuation may be of independent interest.
Essentially it is proved by propagating local stability estimates to obtain a global estimate. However, the
presence of general manifold boundaries brings significant trouble in defining the process, especially
when the path of propagation touches the boundary. One straightforward approach would be to avoid the
boundary. Namely, one can approximate a geodesic touching the boundary with a curve in the interior of
the manifold, and propagate local estimates through balls along this curve. This approach works well if
the time domain is larger than the diameter of the manifold, in which case the domain of dependence
is smooth, i.e., the whole manifold. However, difficulties arise for an arbitrary time domain, where the
domain of dependence in the manifold has corners. An estimate obtained with this approach may not be
uniform in a class of manifolds.

Our method directly defines a series of noncharacteristic domains through which local estimates are
propagated, using the intrinsic distance of the manifold and the distance to the boundary. This is made
possible by directly handling geodesics near the boundary. These domains are globally defined in a
coordinate-free way. The boundaries of these domains normally have the shape of a hyperboloid and warp
quickly near the boundary (and the injectivity radius). In this way, the local estimates propagate (almost)
along distance-minimizing geodesics, and naturally produce a uniform global estimate depending only on
intrinsic geometric parameters.

This paper is organized as follows. We review relevant concepts and the unique continuation in
Section 2. Section 3 is devoted to proving Theorem 3, an explicit stability estimate for the unique
continuation from a subset of the boundary. Section 3 uses several technical lemmas, and their proofs
can be found in Section 6. In Section 4, we apply Theorem 3.1 to introduce the essential step of our
reconstruction method where we compute, in a stable way, how the Fourier coefficients of a function (with
respect to the basis of eigenfunctions) change, when the function is multiplied by an indicator function of
a union of balls with center points on the boundary. The new feature of this method is that it is directly
based on the unique continuation theorem. The main results, Theorems 1 and 2, are proved in Section 5,
with the dependency of constants on geometric parameters derived in the Appendix.

2. Preliminaries

2.1. Bounded geometry. Let (M, g) ∈ Mn(D, K1, K2, i0, r0) be a compact, connected, orientable Rie-
mannian manifold of dimension n ⩾ 2 with smooth boundary ∂M. The C0-norm of the Riemannian
curvature tensor RM appearing in (1-1) is defined as

∥RM∥C0 = sup
x∈M

|RM |x |,
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where |RM |x | denotes the operator norm of RM at x ∈ M as a multilinear operator to R. The C0-norms of S
and the covariant derivatives are defined in the same way. In this paper, we usually omit the subscript C0

for brevity.
Since the Riemannian curvature tensor is completely determined by the sectional curvatures, assuming

a bound on the curvature tensor is equivalent to assuming a bound on sectional curvatures. By the Gauss
equation, the bounds on the curvature tensor of M and the second fundamental form of ∂M yield a bound
on the curvature tensor R∂M of ∂M (when ∂M is at least two-dimensional), also denoted by K 2

1 . Without
loss of generality, assume K1, K2 > 0.

From now on, we write ∥A∥ = ∥A∥C0 for a tensor field A on M. For convenience, we define

∥RM∥Ck = ∥RM∥ +

k∑
i=1

∥∇
i RM∥, ∥S∥Ck = ∥S∥ +

k∑
i=1

∥∇
i S∥.

Then the curvature bound assumptions in (1-1) are written as

∥RM∥ ⩽ K 2
1 , ∥S∥ ⩽ K1, ∥R∂M∥ ⩽ K 2

1 ,

∥RM∥C5 ⩽ K 2
1 + K2, ∥S∥C4 ⩽ K1 + K2, ∥R∂M∥C4 ⩽ C(K1, K2).

The boundary ∂M is said to admit a boundary normal neighborhood of width r if the exponential map
(z, s) 7→ expz(snz) defines a homeomorphism from ∂M × [0, r ] to the r -neighborhood of ∂M, where nz

denotes the inward-pointing unit normal vector at z ∈ ∂M (see, e.g., Section 2.1.16 in [Katchalov et al.
2001]). The boundary injectivity radius ib(M) of M is defined as the largest number with the following
property that ∂M admits a boundary normal neighborhood of width r for any r < ib(M). The injectivity
radius inj(M) of M is usually defined as the largest number r ⩽ min{inj(∂M), ib(M)} satisfying the
following condition: the open ball Br (x) of radius r is a domain of Riemannian normal coordinates on M
centered at any x ∈ M with d(x, ∂M)⩾ r .

This definition of the injectivity radius for a manifold with boundary gives little information on the
geometry near the boundary. We find it convenient to consider the following quantity.

Definition 2.1. For x∈M, rCAT(x) is defined to be the largest number r such that the (distance-)minimizing
geodesic of M connecting x and any y ∈ Br (x) is unique. Define

rCAT(M)= inf
x∈M

rCAT(x).

We call this quantity the radius of radial uniqueness (or CAT radius).

The radius of radial uniqueness is positive for a compact Riemannian manifold with smooth boundary
(Lemma 6.2(1)). This definition is a natural extension of the injectivity radius for manifolds without
boundary. More precisely, for a Riemannian manifold without boundary, min{π/

√
K , rCAT} gives a lower

bound for the injectivity radius, where K is the upper bound for the sectional curvatures.
The radius of radial uniqueness has an immediate connection with metric spaces of curvature bounded

above in the sense of Alexandrov. A metric space has curvature bounded above (globally) by K > 0
if every minimizing geodesic triangle in the space has perimeter less than 2π/

√
K , and has each of its
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angles at most equal to the corresponding angle in a triangle with the same side-lengths in the surface of
constant curvature K. This space is denoted by CAT(K ). A CAT(K ) space has the property that any pair
of points with distance less than π/

√
K is connected by a unique (within the space) minimizing geodesic,

and the geodesic continuously depends on its endpoints. It is well known that a Riemannian manifold M
with smooth boundary is locally CAT(K ), where K is the upper bound for the sectional curvatures of M
and the second fundamental form of ∂M [Alexander et al. 1993, characterization theorem]. In fact,
more is known: the open ball around any point in M of the radius min{π/2

√
K , rCAT(M)} is CAT(K )

[Alexander and Bishop 1996, Theorem 4.3]. This is where the notation rCAT comes from. The CAT space
provides useful nondifferential tools to work with manifold boundaries where the standard differential
machinery is often problematic.

2.2. Wave operator and the unique continuation. The Laplace–Beltrami operator 1g with respect to
the metric g has the following form in local coordinates (x1, . . . , xn):

1g =
1√

det(gi j )

n∑
i, j=1

∂

∂x i

(√
det(gi j )gi j ∂

∂x j

)
. (2-1)

Then the wave operator P = ∂2
t −1g has the following form in local coordinates:

P =
∂2

∂t2 −
1√

det(gi j )

n∑
i, j=1

∂

∂x i

(√
det(gi j )gi j ∂

∂x j

)

=
∂2

∂t2 −

n∑
i, j=1

gi j ∂2

∂x i∂x j + lower-order terms. (2-2)

The Riemannian metric g approximates the standard Euclidean metric in small scale. In sufficiently small
coordinate charts, the Laplace–Beltrami operator is a strongly elliptic operator given by the formula (2-1).
However, the wave operator of the form above is only locally defined on manifolds, different from the
wave operator on Euclidean spaces with global coefficients.

In the boundary normal neighborhood of ∂M, it is convenient to use the boundary normal coordinate
(x1, . . . , xn−1, xn), where (x1, . . . , xn−1) is a choice of coordinate at the nearest point on ∂M and
xn

= d(x, ∂M). In other words, the coordinate (x1, . . . , xn−1, d(x, ∂M)) is defined by pushing forward
the local coordinate (x1, . . . , xn−1) on ∂M via the family of exponential maps z 7→ expz(snz) from the
boundary in the normal direction. Note that the choice of coordinate on ∂M is fixed. Hence by the Gauss
lemma, the metric g has the form of a product metric in such a coordinate:

g = (dxn)2 +

n−1∑
α,β=1

gαβ dxα dxβ .

On the boundary ∂M, two frequent choices of coordinate are the geodesic normal coordinate and the
harmonic coordinate. In this paper, we use the geodesic normal coordinate of ∂M. Namely, at any point
on ∂M, we have a geodesic normal coordinate (xα)n−1

α=1 in the ball (of ∂M) of a sufficiently small radius



972 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

such that

1
2 |ξ |2 ⩽

n−1∑
α,β=1

gαβξαξβ ⩽ 2|ξ |2 (ξ ∈ Rn−1),

∥gαβ∥C1 ⩽ 2, ∥gαβ∥C4 ⩽ C(n, K1, K2, i0).

(2-3)

It is known that the radius of the ball in which the conditions above are satisfied is uniformly bounded
below by a positive number explicitly depending on n, ∥R∂M∥C1, i0 [Hebey and Vaugon 1995, Lemma 8;
Eichhorn 1991, Theorem A]. We denote this uniform radius by rg(∂M).

Recall that the wave operator P enjoys the unique continuation property from the boundary; namely if
the Cauchy boundary data of a wave u (a solution of the wave equation Pu =0) vanish on 0×[−T, T ], i.e.,

u|0×[−T,T ] = 0, ∂u
∂n

∣∣∣
0×[−T,T ]

= 0,

then the wave vanishes in the double cone of influence K (0, T ) defined in (1-4); see [Tataru 1995] or,
e.g., Theorem 3.16 in [Katchalov et al. 2001]. Here n denotes the unit normal vector field on ∂M pointing
inwards. We are interested in its stability: when the Cauchy boundary data are small on 0×[−T, T ], we
consider if the wave is small in the double cone. The following global stability result on Tataru’s unique
continuation principle [1995] was proved in [Bosi et al. 2016], from which the stability of the unique
continuation from a ball on a closed Riemannian manifold can be obtained [Bosi et al. 2016, Theorem 3.3].

Theorem 2.2 [Bosi et al. 2016, Theorem 1.2]. Let �bd be a bounded connected open subset of Rn
× R

and P be the wave operator (2-2). Assume u ∈ H 1(�bd) and Pu ∈ L2(�bd). In �bd, we assume the
existence of a finite number of connected open subsets �0

j and �j , j = 1, 2, . . . , J, a connected set ϒ
and functions ψj satisfying the following assumptions:

(1) ψj ∈ C2,1(�bd); p( · ,∇ψj ) ̸= 0 and ∇ψj ̸= 0 in �0
j , where p denotes the principle symbol of the

wave operator P.

(2) supp(u)∩ϒ = ∅; there exists ψmax, j ∈ R such that ∅ ̸= {y ∈ �0
j : ψj (y) > ψmax, j } ⊂ ϒ j , where

ϒj =�0
j ∩

(⋃ j−1
l=1 �l ∪ϒ

)
.

(3) �j = {y ∈�0
j −ϒ j : ψj (y) > ψmin, j } for some ψmin, j ∈ R, and dist(∂�0

j , �j ) > 0.

(4) � is connected, where �=
⋃J

j=1�j .

Then the following estimate holds for � and �0
=

⋃J
j=1�

0
j :

∥u∥L2(�) ⩽ C
∥u∥H1(�0)

(log(1 + ∥u∥H1(�0)/∥Pu∥L2(�0)))
θ
,

where θ ∈ (0, 1) is arbitrary, and the constant C explicitly depends on θ , ψj , dist(∂�0
j , �j ), ∥gi j

∥C1 ,
voln+1(�bd).

The intuition behind this result is propagating the unique continuation step by step to cover a large
domain, as long as the error introduced in each step is small. The set ϒ is the initial domain where the
function u vanishes, and �j is the domain propagated by the unique continuation at the j-th step. The
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estimate is obtained by propagating local stability estimates, and the assumptions make sure that certain
support conditions [Bosi et al. 2018, Assumption A1] required by the local stability estimates are satisfied
at every step. For some simple cases, one choice of the domains and functions is enough, for example if
the function u initially vanishes over a ball in Rn. However, these assumptions are rather restrictive for
general cases, and multiple iterations of the domains and functions need to be carefully constructed to
handle the difficulties brought by the geometry of the boundary and the injectivity radius. Note that the
constant in the estimate depends on higher derivatives of ψj in �0

j . It is crucial to construct the required
domains where ψj has uniformly bounded higher derivatives. Although Theorem 2.2 is formulated in
Euclidean spaces, it applies to manifolds since it is obtained by propagating local stability estimates,
which can be done in local coordinate charts.

2.3. Notation. We introduce notation that we will frequently use in this paper. Denote by volk the
k-dimensional Hausdorff measure on M. When the Hausdorff dimension of a set in question is clear, we
omit the subscript k. In particular, we denote by vol(M) the Riemannian volume of M, and by vol(∂M)
the Riemannian volume of ∂M with respect to the induced metric on ∂M.

Given an open subset 0 ⊂ ∂M, we define the following domain with a positive parameter h < 1 by

�0,T (h)= {(x, t) ∈ M × [−T, T ] : T − |t | − d(x, 0) >
√

h, d(x, ∂M −0) > h}, (2-4)

and we write�(h) for short. Note that�(h) is a subset of the double cone of influence K (0, T ), and�(h)
approximates K (0, T ) as h →0. If 0=∂M, the set above is defined with the last condition dropped. In this
paper, our consideration always includes the possibility that 0= ∂M. For the sole purpose of incorporating
this special case notationwise in later proofs, we set any distance from the empty set to be infinity.

Given a function u : ∂M × [−T, T ] → R and an open subset 0 ⊂ ∂M, we define the norm

∥u∥
2
H2,2(0×[−T,T ])

=

∫ T

−T

(
∥u( · , t)∥2

H2(0)
+ ∥∂t u( · , t)∥2

L2(0)
+ ∥∂2

t u( · , t)∥2
L2(0)

)
dt (2-5)

if u( · , t) ∈ H 2(0) and ∂t u( · , t), ∂2
t u( · , t) ∈ L2(0) for all |t | ⩽ T. We say u ∈ H 2,2(0× [−T, T ]) if

the norm above is finite, and we call it the H 2,2-norm.

3. Stability of the unique continuation

In this section, we obtain an explicit estimate on the stability of the unique continuation for the wave
operator, provided small Cauchy data on a connected open subset of the manifold boundary. First we
state this result as follows.

Theorem 3.1. Let M ∈ Mn(D, K1, K2, i0, r0) be a compact, orientable Riemannian manifold with
smooth boundary ∂M, and let 0 (possibly 0 = ∂M) be a connected open subset of ∂M with smooth
boundary. Denote by ib(0) the boundary injectivity radius of 0. Then there exist a constant C3 > 0
that explicitly depends on n, T , D, K1, ∥∇ RM∥C0 , ∥∇S∥C0 , i0, r0, voln(M), voln−1(0), an absolute
constant C4 > 0, and a sufficiently small constant h0 > 0, that explicitly depends on n, T , K1, K2, i0, r0,
ib(0), voln−1(∂M), such that the following holds.
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Suppose u ∈ H 2(M × [−T, T ]) is a solution of the nonhomogeneous wave equation Pu = f with
f ∈ L2(M × [−T, T ]). Assume the Cauchy data satisfy

u|∂M×[−T,T ] ∈ H 2,2(∂M × [−T, T ]),
∂u
∂n ∈ H 2,2(∂M × [−T, T ]). (3-1)

If

∥u∥H1(M×[−T,T ]) ⩽30, ∥u∥H2,2(0×[−T,T ]) +

∥∥∥∂u
∂n

∥∥∥
H2,2(0×[−T,T ])

⩽ ε0, (3-2)

then, for 0< h < h0, we have

∥u∥L2(�(h)) ⩽ C3 exp(h−C4n)
30 + h−1/2ε0(

log(1 + (30 + h−1/2ε0)/(∥Pu∥L2(M×[−T,T ]) + h−3/2ε0))
)1/2 .

The domain �(h) and the H 2,2-norm are defined in Section 2.3.
As a consequence, the following estimate holds for any θ ∈ (0, 1) by interpolation:

∥u∥H1−θ (�(h)) ⩽ Cθ
3 exp(h−C4n)

30 + h−1/2ε0(
log(1 + (30 + h−1/2ε0)/(∥Pu∥L2(M×[−T,T ]) + h−3/2ε0))

)θ/2 .
Remark 3.2. In Theorem 3.1, the different smoothness indexes of the Sobolev spaces in the qualitative
smoothness assumption u ∈ H 2(M ×[−T, T ]) and in the quantitative bounds for the Sobolev norms (3-2)
are related to the smooth extension of the weak solution of the wave equation to a boundary layer. We
note that the nonuniform smoothness assumptions are typical, and sometimes also optimal, for the weak
solutions of the wave equation with the Neumann boundary condition; see [Lasiecka and Triggiani 1991].
We also note that in Theorem 3.1 the assumption u ∈ H 2(M ×[−T, T ]) can be relaxed to the assumption
that u is a weak solution of the wave equation Pu = f with the Neumann boundary condition, where
f ∈ L2(M × [−T, T ]), and u and its Neumann boundary value ∂nu|∂M×[−T,T ] satisfy

u ∈ C([−T, T ]; H 1(M))∩ C1([−T, T ]; L2(M)),

∂nu|∂M×[−T,T ] ∈ L2(∂M × [−T, T ]).

Then, by [Lasiecka and Triggiani 1991, Theorem A], the Dirichlet boundary value is a well-defined
function u|∂M×[−T,T ] ∈ L2(∂M ×[−T, T ]). In this case, (3-1) can be viewed as an additional smoothness
requirement for the Dirichlet and the Neumann boundary values of u. This relaxation of the smoothness
assumptions only affects the last part of the proof of Lemma 3.5, and this lemma can be proved via the
weak version of Green’s formula.

Our method can also be used to derive a stability estimate for the unique continuation from any open
domain in the interior of M, as long as the boundary of the domain is smoothly embedded in M. In this
way, a stability estimate can be obtained on domains arbitrarily close to the double cone of influence
from the interior domain in question, which provides a generalization of Theorem 3.3 in [Bosi et al.
2016]. We remark that as the domain approaches the double cone of influence, the estimate above grows
exponentially. This exp-dependence and the log-type of the estimate itself eventually lead to the two
logarithms in Theorem 1. We also mention that Proposition 3.14 may be of independent interest, which
provides an explicit uniform bound for the Hausdorff measure of the boundary of the domain of influence.
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Most of this section is occupied by the proof of Theorem 3.1. First we properly extend the manifold,
the wave operator P and the wave u, so that Pu stays small on the manifold extension over 0, given
sufficiently small Cauchy data on 0. The extension of u is cut off near the boundary in the manifold
extension, from which we start propagating the unique continuation. Then we carefully construct a series
of domains satisfying the assumptions in Theorem 2.2 such that the union of these domains approximates
the double cone of influence. Thus Theorem 2.2 gives a stability estimate on domains arbitrarily close to
the double cone of influence.

The main difficulty lies in actually finding that series of domains satisfying the properties stated above,
as the assumptions in Theorem 2.2 (essentially assumptions for local estimates) are rather restrictive
for a general manifold with boundary. This requires us to directly deal with the intrinsic distance and
(distance-minimizing) geodesics of the manifold. In this section, we use several technical lemmas and
their proofs can be found in Section 6.

Theorem 3.1 yields the following stable continuation result on the whole domain of influence M(0, T ).

Proposition 3.3. Let M ∈ Mn(D, K1, K2, i0, r0) be a compact Riemannian manifold with smooth bound-
ary ∂M, and let 0 (possibly 0 = ∂M) be a connected open subset of ∂M with smooth boundary. Suppose
u ∈ H 2(M × [−T, T ]) is a solution of the wave equation Pu(x, t) = 0 with the Neumann boundary
condition ∂nu|∂M×[−T,T ] = 0 and the initial condition ∂t u( · , 0)= 0. Assume the Dirichlet boundary value
of u satisfies

u|∂M×[−T,T ] ∈ H 2,2(∂M × [−T, T ]).

If

∥u( · , 0)∥H1(M) ⩽3, ∥u∥H2,2(0×[−T,T ]) ⩽ ε0,

then, for 0< h < h0, the following estimate holds:

∥u( · , 0)∥L2(M(0,T )) ⩽ C1/3
3 h−2/9 exp(h−C4n)

3+ h−1/2ε0

(log(1 + h + h3/23/ε0))1/6
+ C53h1/(3 max {n,3}).

Here C3 explicitly depends on n, T , D, ∥RM∥C1 , ∥S∥C1 , i0, r0, vol(M), voln−1(0); C4 is an absolute
constant; C5 explicitly depends on n, ∥RM∥C1 , ∥S∥C1 , i0, vol(M), vol(∂M); h0 > 0 is a sufficiently small
constant explicitly depending on n, T , K1, K2, i0, r0, ib(0), vol(∂M).

We postpone the proof of Proposition 3.3 after the proof of Theorem 3.1.

3.1. Extension of manifolds. Let (M, g) ∈ Mn(D, K1, K2, i0, r0) be a compact, orientable Riemannian
manifold with bounded geometry defined in the Introduction.

Lemma 3.4. For sufficiently small δex explicitly depending on n, K1, K2, i0, vol(∂M), we can extend
(M, g) to a Riemannian manifold (M̃, g̃) with smooth boundary such that the following properties are
satisfied:

(1) M̃ − M lies in a normal neighborhood of ∂M in M̃, and d̃(x, ∂M)= δex for any x ∈ ∂ M̃, where d̃
denotes the distance function of M̃.
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(2) g̃ is of C3,1 in some atlas on M̃, in which

∥g̃i j |M̃−M∥C1 ⩽ C(K1), ∥g̃i j |M̃−M∥C4 ⩽ C(n, K1, K2, i0).

(3) ∥RM̃∥ ⩽ 2K 2
1 , ∥S∂ M̃∥ ⩽ 2K1 and ∥∇ RM̃∥ ⩽ 2K2, where S∂ M̃ denotes the second fundamental form

of ∂ M̃ in M̃.

As a consequence, we have:

(4) rCAT(M̃)⩾ min{C(K1), i0/4, r0/2}.

Proof. We glue a collar ∂M ×[−δex, 0] for 0< δex <min{1, i0/2} onto M by identifying ∂M ×{0} of the
collar with ∂M. Denote the topological space after the gluing procedure by M̃. Any (y, ρ)∈∂M×[−δex, 0]

admits coordinate charts by extending boundary normal coordinate charts at (y,−ρ) ∈ M. The transition
maps are clearly smooth and therefore M̃ is a smooth manifold.

Let {yi } be a maximal rg(∂M)/2-separated set (and hence an rg(∂M)/2-net) in ∂M. Let Ui be the ball
of radius rg(∂M) in ∂M around yi , and therefore {Ui } is an open cover of ∂M. We take a partition of
unity {φi } subordinate to {Ui } satisfying

∥φi∥Cs ⩽ C rg(∂M)−s for s ∈ [1, 4].

Then {Ũi := Ui ×[−δex, 0]} is an open cover of the collar ∂M ×[−δex, 0], and {φ̃i } is a partition of unity
subordinate to this cover satisfying the same bound on C s-norm, where φ̃i is defined by φ̃i (y, ρ)= φi (y)
for (y, ρ) ∈ ∂M × [−δex, 0].

We choose the geodesic normal coordinate (yα)n−1
α=1 on each Ui such that (2-3) holds. Within each

coordinate chart Ũi , we define the metric components at (y, ρ) ∈ Ũi as follows: g̃(i)ρρ = 1, and g̃(i)αρ = 0 for
α, β = 1, . . . , n − 1, and

g̃(i)αβ(y, ρ)= g(i)αβ(y, 0)+ ρ
∂g(i)αβ
∂ρ

(y, 0)+
ρ2

2

∂2g(i)αβ
∂ρ2 (y, 0)+

ρ3

6

∂3g(i)αβ
∂ρ3 (y, 0) for ρ ⩽ 0.

Then one can define a Riemannian metric g̃ on ∂M × [−δex, 0] through partition of unity:

g̃|(y,ρ) =
∑

i

φ̃i (y, ρ)g(i)|(y,ρ) =
∑

i

φi (y)g(i)|(y,ρ) for ρ ⩽ 0. (3-3)

At (y, ρ ∈ R+) ∈ M with respect to the boundary normal coordinate of ∂M in M, define g̃ = g. Due to
the Riccati equation (e.g., [Petersen 2006, Theorem 2, p. 44]), the derivatives of g(i)αβ with respect to ρ at
ρ = 0 up to the third order can be expressed in terms of the components of S, RM and ∇ RM . Then the
curvature bound assumptions (1-1) implies that g̃(i)αβ is of C4 within each coordinate chart Ũi .

Now let us consider the coordinate charts Ui ×[−δex, i0). In this coordinate, the components g̃(i)αβ are
of C3,1 in the normal direction, and C4 in other directions. Therefore g̃ is of C3,1 in the local coordinate
charts {Ui × [−δex, i0)}.

Furthermore, it follows from a straightforward calculation that, for ρ ⩽ 0,∣∣∣∣∂k+l g̃(i)αβ
∂xk

T ∂ρ
l
(y, ρ)−

∂k+l g(i)αβ
∂xk

T ∂ρ
l
(y, 0)

∣∣∣∣ ⩽ C(∥RM∥C5, ∥S∥C4)|ρ| for k + l ⩽ 4, l ⩽ 3.
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Note that ∂4g̃(i)αβ/∂ρ
4
=0 by definition. Recall that the C4-norm of φi is uniformly bounded by C rg(∂M)−4,

and rg(∂M) explicitly depends on n, ∥R∂M∥C1 , i0. Furthermore, the total number of coordinate charts Ui

is bounded by C(n, K1) vol(∂M) rg(∂M)−n+1. Hence by (3-3), the estimates above hold for g̃αβ and gαβ
with another constant C(n, ∥RM∥C5, ∥S∥C4, i0, vol(∂M)).

Therefore we can restrict the extension width δex to be sufficiently small explicitly depending only on
n, K1, K2, i0, vol(∂M) such that the matrix (g̃αβ) is nondegenerate and hence a metric, and

∥g̃αβ |M̃−M∥C1 ⩽ 4K1 + 4, ∥g̃αβ |M̃−M∥C4 ⩽ C(n, K1, K2, i0),

∥RM̃∥ ⩽ 2K 2
1 , ∥S∂ M̃∥ ⩽ 2K1, ∥∇ RM̃∥ ⩽ 2K2.

(3-4)

Here the first inequality is due to (2-3) and the definition that ∂ρgαβ |∂M = 2Sαβ , where Sαβ denotes the
components of the second fundamental form S of ∂M. The bound on S∂ M̃ follows from the bound on
∂ρ g̃αβ |M̃−M .

With this type of extension, g̃ is also a product metric in the collar, which implies that the integral curve
of ∂/∂ρ minimizes length and is hence a minimizing geodesic. This shows that, for any x = (y, ρ) ∈

∂M ×[−δex, 0], we have d̃(x, ∂M)= −ρ, which yields property (1). The property (4) is due to properties
(1)–(3) and Lemma 6.2(2). □

Coordinate system. From now on, we extend the manifold (M, g) to (M̃, g̃) such that Lemma 3.4 holds.
We say (M̃, g̃) is an extension of (M, g) with the extension width δex. We choose a coordinate system
on M̃ as follows.

In the boundary normal (tubular) neighborhood of ∂M, we choose the boundary normal coordinate
of ∂M. Let {yi } be a maximal rg(∂M)/2-separated set in ∂M, and Ui be the ball of radius rg(∂M) in ∂M
around yi . The proof of Lemma 3.4 shows that g̃ is of C3,1 in the coordinate charts Ui ×[−δex, i0). In
each coordinate chart, we choose the boundary normal coordinate (x1, . . . , xn−1, ρ(x)) of ∂M, where
(x1, . . . , xn−1) is the geodesic normal coordinate of ∂M such that (2-3) holds. The coordinate function
ρ(x) in the normal direction is defined as

ρ(x)=

{
d(x, ∂M) if x ∈ M,
−d̃(x, ∂M) if x ∈ M̃ − M .

(3-5)

Note that d̃(x, ∂M)= d(x, ∂M) for x ∈ M. Lemma 3.4(2) shows that the metric components on M̃ − M
have uniformly bounded C4-norm. On the other side, due to Lemma 6.1, we can find a uniform width
rb = rb(K1, i0) such that the C4-norm of metric components is uniformly bounded by C(n, K1, K2, i0)

in the boundary normal coordinate of width rb in M. Consequently, we have a uniform bound for the
C3,1-norm of metric components in the coordinate charts Ui × [−δex, i0).

For any point x ∈ M with d(x, ∂M) > rb/2, we choose the geodesic normal coordinate of M around x
of the radius min{rb/2, rg(x)} such that the C4-norm of metric components is uniformly bounded. By
[Hebey and Vaugon 1995, Lemma 8] and [Eichhorn 1991, Theorem A], this radius is uniformly bounded
below by n, ∥RM∥C1 , i0, rb. Denote by rg the minimum of this radius and rg(∂M), and therefore rg

explicitly depends only on n, ∥RM∥C1 , ∥S∥C1 , i0.
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Combining these two types of coordinates, we have a coordinate system on M̃ in which the metric
components satisfy the properties

1
4 |ξ |2 ⩽

n∑
i, j=1

g̃i jξiξj ⩽ 4|ξ |2 (ξ ∈ Rn),

∥g̃i j∥C1 ⩽ C(n, ∥RM∥C1, ∥S∥C1), ∥g̃i j∥C3,1 ⩽ C(n, K1, K2, i0). (3-6)

Observe that, for any x ∈ M̃, the ball B̃rg/2(x) of M̃ or the cylinder B∂M(y, rg/2)×(ρ−rg/2, ρ+rg/2)
is contained in at least one of the coordinate charts defined above, where x = (y, ρ) if x is in the boundary
normal coordinate of ∂M. To see this, it suffices to show that, for any y ∈ ∂M, the ball B∂M(y, rg/2) of
∂M is contained in at least one of Ui . The latter statement is a direct consequence of the fact that {yi } is
an (rg(∂M)/2)-net in ∂M.

3.2. Extension of functions. Let (M̃, g̃) be an extension of (M, g) satisfying Lemma 3.4 with the exten-
sion width δex. Points in the boundary normal neighborhood of ∂M have the coordinate (x1, . . . , xn−1,ρ(x)),
where ρ(x) is defined in (3-5). We write the coordinate as (xT , ρ(x)) for short, where xT = (x1, . . . , xn−1)

denotes the tangential coordinate.
We define an extension of functions on M to M̃ as follows. Given a function u on M and its Cauchy

data u, ∂u/∂n on ∂M, we extend u to a function ũex on M̃ by

ũex(xT , ρ, t)=

{
u(xT , ρ, t) if ρ ⩾ 0,

u(xT , 0, t)+ ρ ∂u
∂n (xT , 0, t) if ρ < 0.

For 0< h < δex, we define another function ũ : M̃ × [−T, T ] → R by ũ = u on M × [−T, T ], and

ũ(xT , ρ, t)= φ

(
ρ

h

)
ũex(xT , ρ, t) for ρ < 0, (3-7)

where φ is a monotone increasing smooth function vanishing on (−∞,−1] and equal to 1 on [0,∞)

with ∥φ∥C2 ⩽ 8. Then ũ = 0 when ρ ⩽ −h.

Lemma 3.5. Let (M̃, g̃) be an extension of (M, g) satisfying Lemma 3.4 with the extension width δex. Let
0 be a connected open subset of ∂M. Assume

u|∂M×[−T,T ] ∈ H 2,2(∂M × [−T, T ]),
∂u
∂n ∈ H 2,2(∂M × [−T, T ]).

Then we have

∥ũ∥
2
H1(�0×[−T,T ])

⩽ Ch−1
∥u∥

2
H1(0×[−T,T ])

+ Ch
∥∥∥∂u
∂n

∥∥∥2

H1(0×[−T,T ])
,

∥(∂2
t −1g̃)ũ∥

2
L2(�0×[−T,T ])

⩽ Ch−3
∥u∥

2
H2,2(0×[−T,T ])

+ Ch−1
∥∥∥∂u
∂n

∥∥∥2

H2,2(0×[−T,T ])
,

where �0 = 0× [−δex, 0] denotes the part of the manifold extension over 0, and the constants explicitly
depend on n, K1.

Furthermore, suppose u ∈ H 2(M × [−T, T ]) is a solution of the nonhomogeneous wave equation
Pu = f with f ∈ L2(M × [−T, T ]). Then ũ ∈ H 1(M̃ × [−T, T ]) and (∂2

t −1g̃)ũ ∈ L2(M̃ × [−T, T ]).



QUANTITATIVE STABILITY OF GEL’FAND’S INVERSE BOUNDARY PROBLEM 979

Proof. First we estimate the H 1-norm of ũ over �0. Here we only estimate the dominating term in h;
the other terms can be done in the same way. Denote by ∂α, ∂n, ∂t the derivatives with respect to xα-,
xn-coordinates and time t , respectively. We denote ∂αu, ∂nu, ∂t u evaluated at (xT , 0, t) by uα, un, ut

and φ′(s)= (d/ds)φ(s), evaluated at s = ρ/h. In addition, whenever we write the function u without
specifying where it is evaluated, the evaluation is also done at (xT , 0, t). By the definition of ũ,

(∂n ũ)(xT , ρ, t)= h−1(u + ρun)φ
′
+ unφ. (3-8)

Since ũ vanishes unless ρ ∈ [−h, 0], we have

∥∂n ũ∥
2
L2(�0×[−T,T ])

=

∫ T

−T

∫
0

∫ 0

−δex

|h−1(u + ρun)φ
′
+ unφ|

2 dxT dρ dt

⩽ C
∫ T

−T

∫
0

∫ 0

−h
(h−2u2

+ h−2ρ2u2
n + u2

n) dxT dρ dt

⩽ Ch−1
∥u∥

2
L2(0×[−T,T ])

+ Ch
∥∥∥∂u
∂n

∥∥∥2

L2(0×[−T,T ])
.

Next we estimate the Laplacian of ũ over �0 for ρ ∈ [−h, 0]. In the boundary normal coordinate of
our choice, by definition (2-1) we have

1g̃ũ =

n∑
i, j=1

1√
|g̃|
∂i

(√
|g̃|g̃i j∂j ũ

)
=

1√
|g̃|
∂n

(√
|g̃|g̃nn∂n ũ

)
+

n−1∑
α,β=1

1√
|g̃|
∂α

(√
|g̃|g̃αβ∂β ũ

)
= A1 + A2,

where |g̃| denotes the determinant of the matrix (g̃i j ). We estimate A2 as

A2(xT , ρ, t)=

n−1∑
α,β=1

1√
|g̃|
∂α

(√
|g̃|g̃αβ∂β ũ

)
=

∑
α,β

∂α|g̃|

2|g̃|
g̃αβ∂β ũ + (∂α g̃αβ)(∂β ũ)+ g̃αβ∂α∂β ũ.

Hence we have

|A2(xT , ρ, t)| ⩽ C
∑
α,β

(|uβ | + h|unβ |)+ C
∑
α,β

|∂α∂β(u + ρun)|(xT , 0, t)

⩽ C
∑
α,β

(|uαβ | + h|unαβ |)+ C
∑
β

(|uβ | + h|unβ |),

where the constants explicitly depend on n, K1 due to the C1 metric bound (3-4).
Finally we estimate A1 and the time derivatives. Since g̃nn

= 1, we know that

A1(xT , ρ, t)=
∂n|g̃|

2|g̃|
∂n ũ + ∂2

n ũ.

We differentiate (3-8) again:

(∂2
n ũ)(xT , ρ, t)= h−2(u + ρun)φ

′′
+ 2h−1unφ

′.
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Hence we have

|((∂2
t − ∂2

n )ũ)(xT , ρ, t)| = |(ut t + ρuntt)φ− (∂2
n ũ)(xT , ρ, t)|

⩽ Ch−2
|u| + Ch−1

|un| + C |ut t | + Ch|untt |,

which leads to a similar estimate for (∂2
t ũ − A1)(xT , ρ, t) by (3-8). Thus,

|((∂2
t −1g̃)ũ)(xT ,ρ, t)|⩽Ch−2

|u|+Ch−1
|un|+C(|ut t |+h|untt |)+C

∑
α,β

(|uα|+|uαβ |+h|unα|+h|unαβ |),

where all terms on the right-hand side are boundary data evaluated at (xT , 0, t). Then the second estimate
of the lemma immediately follows from integrating the last inequality.

Now we additionally assume that u ∈ H 2(M ×[−T, T ]) is a (strong) solution of the nonhomogeneous
wave equation Pu = f with f ∈ L2(M × [−T, T ]). By the regularity result for the wave equation (e.g.,
Theorem 2.30 in [Katchalov et al. 2001]), the solution u is in the energy class

u ∈ C([−T, T ]; H 1(M))∩ C1([−T, T ]; L2(M)).

From the definition (3-7), the weak derivatives of ũ( · , t) exist on M̃ for any fixed t ∈ [−T, T ]. Since the
Cauchy data are in H 2,2, we have ũ( · , t) ∈ H 1(M̃) for all t directly by definition (3-7), and therefore
ũ ∈ H 1(M̃ × [−T, T ]).

Since the Cauchy data are in H 2,2, the definition (3-7) also indicates that ũ ∈ H 2,2((M̃ −M)×[−T, T ]).
Hence over M̃ − M,

f̃ex := (∂2
t −1g̃)ũ ∈ L2((M̃ − M)× [−T, T ]).

Define a function f̃ : M̃ × [−T, T ] → R by f̃ = f over M and f̃ = f̃ex over M̃ − M. Clearly
f̃ ∈ L2(M̃ × [−T, T ]). Thus the only part left is to show that (∂2

t −1g̃)ũ = f̃ on M̃ × [−T, T ] in the
weak form. Observe that the wave equation on either M or M̃ − M is well-defined pointwise. Then for
any test function ϕ ∈ H 1

0 (M̃ ×[−T, T ]), by applying the wave equation separately on M, M̃ − M and
Green’s formula, we have∫ T

−T

∫
M̃
(−∂t ũ ∂tϕ+ ⟨∇ũ,∇ϕ⟩g̃)=

∫ T

−T

∫
M∪(M̃−M)

(−∂t ũ ∂tϕ+ ⟨∇ũ,∇ϕ⟩g̃)

=

∫ T

−T

∫
M

f ϕ−

∫ T

−T

∫
∂M

∂u
∂nϕ+

∫ T

−T

∫
M̃−M

f̃exϕ+

∫ T

−T

∫
∂M

∂ ũ
∂nϕ.

Due to the definition (3-7), the normal derivative of ũ from either side of ∂M coincides and hence the
boundary terms cancel out. This shows that the wave equation is satisfied on M̃ ×[−T, T ] in the weak
form, with the source term in L2(M̃ × [−T, T ]). □

3.3. Distance functions. Later in the proof of Theorem 3.1, we will need to switch back and forth to
different distance functions. The following lemma shows relations between distance functions.

Lemma 3.6. Let (M̃, g̃) be an extension of (M, g) satisfying Lemma 3.4 with the extension width δex.
Denote the distance functions of M and M̃ by d and d̃ , respectively. Then there exists a uniform constant rb
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explicitly depending only on K1, i0 such that the following inequality holds for any x, y ∈ M as long as
δex ⩽ rb:

d̃(x, y)⩽ d(x, y)⩽ (1 + 3K1δex)d̃(x, y).

If x, y ∈ M̃ − M, then the second inequality holds after replacing d(x, y) with d(x⊥, y⊥), where x⊥

denotes the normal projection of x onto ∂M. If x ∈ M̃ − M, y ∈ M, then the second inequality holds for
d(x⊥, y).

Furthermore, if a minimizing geodesic of M̃ between x, y ∈ M̃ lies in the boundary normal (tubular)
neighborhood of ∂M of width δex, then we have

d∂M(x⊥, y⊥)⩽ (1 + 3K1δex)d̃(x, y),

where d∂M denotes the intrinsic distance function of ∂M.

Proof. The first inequality is trivial and we prove the second inequality. Consider any (distance) minimizing
geodesic γ̃ of M̃ from x to y; its length L(γ̃ ) satisfies L(γ̃ )= d̃(x, y) by definition. It is known that γ̃
is a C1 curve with arclength parametrization (e.g., Section 2 in [Alexander et al. 1987]). Observe that the
second inequality follows trivially if γ̃ lies entirely in M. Since the statement of the lemma is independent
of the choice of coordinate, we work in the boundary normal coordinate (x1, . . . , xn−1, ρ(x)) of ∂M.

Suppose γ̃ lies entirely in M̃ − int(M) with both endpoints x, y on ∂M. Consider the normal projection,
denoted by γ , of γ̃ onto the boundary ∂M with respect to the boundary normal coordinate. More precisely,
if γ̃ (s)= (x1(s), . . . , xn−1(s), xn(s)) in a boundary normal coordinate near a point on γ̃ , then its normal
projection has the form γ (s) = (x1(s), . . . , xn−1(s), 0). The fact that γ̃ is of C1 implies that xi (s) is a
C1 function for any i . Hence γ is a C1 (possibly not regular or simple) curve in ∂M from x to y with the
induced parametrization from γ̃ . Note that γ may not be differentiable with respect to its own arclength
parameter.

As a consequence, the length L(γ ) of γ can be written as

L(γ )=

∫ L(γ̃ )

0

√
g(γ ′(s), γ ′(s)) ds =

∫ L(γ̃ )

0

√
g(γ̃ ′

T (s)|γ (s), γ̃
′

T (s)|γ (s)) ds,

where γ̃ ′

T (s) denotes the vector field with constant coefficients in the frame (∂/∂x1, . . . , ∂/∂xn−1), with
the coefficients being the tangential components of the tangent vector γ̃ ′(s) of γ̃ . Note that γ̃ ′

T (s) is a
Jacobi field for the normal coordinate function ρ(x). For every fixed s, by the definition of the second
fundamental form (more precisely the shape operator),

∂

∂ρ
g̃ρ(γ̃ ′

T , γ̃
′

T )= 2g̃ρ(Sρ(γ̃ ′

T ), γ̃
′

T ),

where g̃ρ and Sρ denote the metric and the shape operator of the equidistant hypersurface from ∂M (in
M̃ − M) with distance |ρ| (i.e., the level set d̃( · , ∂M) = |ρ|). Observe that Lemma 6.1 holds in the
boundary normal neighborhood of ∂M regardless of which side the neighborhood extends to, thanks to
Lemma 3.4(3). Then the first part of Lemma 6.1 indicates that for sufficiently small |ρ| depending only
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on K1, i0, ∣∣∣ ∂
∂ρ

g̃ρ(γ̃ ′

T , γ̃
′

T )

∣∣∣ ⩽ 4K1g̃ρ(γ̃ ′

T , γ̃
′

T ).

Thus by Gronwall’s inequality, we have

g(γ̃ ′

T |γ , γ̃
′

T |γ )⩽ g̃ρ(γ̃ ′

T , γ̃
′

T )e
4K1|ρ|.

Since the extended metric g̃ is a product metric in the boundary normal coordinate, then g̃(γ̃ ′

T |γ̃ , γ̃
′

T |γ̃ )⩽
g̃(γ̃ ′, γ̃ ′). Hence for sufficiently small δex depending only on K1 and |ρ| ⩽ δex, we obtain

L(γ )⩽ e2K1|ρ|

∫ L(γ̃ )

0

√
g̃ρ(γ̃ ′

T (s), γ̃
′

T (s)) ds

⩽ e2K1δex

∫ L(γ̃ )

0

√
g̃(γ̃ ′(s), γ̃ ′(s)) ds ⩽ (1 + 3K1δex)d̃(x, y),

which yields the second inequality by definition.
In general, if γ̃ crosses ∂M with both endpoints in M, we can divide γ̃ into segments in M and segments

in M̃ − M. The lemma is trivially satisfied for the endpoints of any segment in M. Any (continuous)
segment in M̃ − M has endpoints on ∂M and lies entirely in M̃ − int(M). Thus we apply the argument
above for every segment in M̃ − M and the estimate follows. Finally, if the endpoints of γ̃ are not
both in M, then its projection γ is a curve between the projections of the endpoints of γ̃ onto M. This
concludes the proof for the first part of the lemma.

Now we prove the second part of the lemma. Let γ̃ be the minimizing geodesic of M̃ from x to y
lying in the boundary normal tubular neighborhood of ∂M. If γ̃ lies entirely in M or M̃ − int(M), one
can use the previous argument to project γ̃ to a curve on ∂M and show the same estimate as the first part.
The only difference is that when x, y are not in ∂M, the projection γ is a curve on ∂M from x⊥ to y⊥. In
general, the estimate follows from dividing γ̃ into segments in M and in M̃ − M, and projecting both
types of segments onto ∂M. □

Definition 3.7. For h < i0/2, we consider the submanifold

Mh = {x ∈ M : d(x, ∂M)⩾ h}.

Denote by dh : Mh × Mh → R the intrinsic distance function of the submanifold Mh , and we extend it to
any point x ∈ M̃ − Mh by

dh(x, z)= dh(x⊥h , z)+ h−1d̃(x, x⊥h ) for z ∈ Mh, x ∈ M̃ − Mh, (3-9)

where x⊥h ∈ ∂Mh is the unique normal projection of x ∈ M̃ − Mh onto ∂Mh within the boundary normal
neighborhood of ∂M such that d̃(x, x⊥h )= d̃(x, ∂Mh). In this definition we require at least one of the
points to belong to Mh . Note that a similar notation x⊥ denotes the normal projection of x onto ∂M.

Thus the path between z ∈ Mh and a point x ∈ M̃ − Mh realizing dh(x, z) is a broken curve consisting
of a geodesic of Mh and a vertical line of the boundary neighborhood (see Figure 2).
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In general, the intrinsic distance function of a manifold with boundary is at most of C1,1: the function
dh( · , z) is at most of C1,1 even on Mh −{z}. We need to smoothen it in order to match the C2,1 regularity
required by Theorem 2.2.

Definition 3.8. For a fixed z ∈ Mh and any x ∈ M, we denote by ds
h(x, z) the smoothening of dh(x, z) via

convolution in a ball of radius r < δex/2 around the center x with respect to the distance d̃ of M̃. More
precisely,

ds
h(x, z)= cnr−n

∫
M̃

k1

(
d̃(y, x)

r

)
dh(y, z) dy, (3-10)

where k1 : R → R is a nonnegative smooth mollifier supported on
[ 1

2 , 1
]
, and dy denotes the Riemannian

volume form on M̃. The constant cn is the normalization constant such that

cnr−n
∫

Rn
k1

(
|v|

r

)
dv = 1, (3-11)

where dv denotes the Euclidean volume form on Rn.

Lemma 3.9. Let δex be sufficiently small determined in Lemma 3.4. For sufficiently small r depending on
n, K1, K2, i0, r0, rg, the function ds

h( · , z) is of C2,1 on M for any fixed z ∈ Mh . Furthermore, in the coordi-
nate of our choice, the C2,1-norm of ds

h( · , z) is uniformly bounded explicitly depending on r , n, ∥RM∥C1 .

Proof. By Lemma 3.4(4), for sufficiently small δex, we know rCAT(M̃) is bounded below by C(K1, i0, r0).
We restrict the smoothening radius to be less than this lower bound: r < C(K1, i0, r0). Then for any
y ∈ B̃r (x), there is a unique minimizing geodesic between x and y. Furthermore, no conjugate points occur
along geodesics of length less than π/(2K1) [Alexander et al. 1993, Corollary 3]. Since B̃r (x)∩∂ M̃ =∅ for
any x ∈ M as r <δex/2, we know d̃( · , x) is simply a geodesic distance function in the ball of the smoothen-
ing radius around any x ∈ M. As a consequence, d̃( · , x) is differentiable on B̃r (x) and |∇d̃( · , x)| = 1.

By our choice of coordinate charts in Section 3.1, for any x ′
∈ M̃, the ball B̃rg/2(x

′) or the cylinder
B∂M(y, rg/2)× (ρ − rg/2, ρ + rg/2) is contained in at least one of the coordinate charts defined in
Lemma 3.4, where x ′

= (y, ρ) if x ′ is in the boundary normal coordinate of ∂M. Then by Lemma 3.6,
the ball B̃rg/4(x

′) of M̃ is contained in one of the coordinate charts if we choose a smaller rb depending
on K1. Hence, for r < rg/4, B̃r (x) is contained in one of these coordinate charts for any x ∈ M, and
therefore d̃( · , x) is of C2,1 on B̃r (x)−{x} by Lemma 3.4(2) and Theorem 2.1 in [DeTurck and Kazdan
1981]. Observe that d̃( · , x) is bounded below by r/2 in the support of k1, which yields a bound on higher
derivatives of d̃( · , x). This shows that the function ds

h( · , z) is of C2,1.
To estimate the C2,1-norm of ds

h( · , z), it suffices to estimate the C2,1-norm of d̃( · , y) on the annulus
B̃r (y)− B̃r/2(y). Due to the Hessian comparison theorem (e.g., [Petersen 2006, Theorem 27, p. 175]), for
sufficiently small r depending on K1, we have ∥∇̃

2d̃( · , y)∥ ⩽ 4r−1 on the annulus, where ∇̃
2 denotes

the second covariant derivative on M̃. In a local coordinate (x1, . . . , xn) on M̃, the covariant derivative
has the form (e.g., [Petersen 2006, Chapter 2, p. 32])

(∇̃2d̃( · , y))
(
∂

∂xk ,
∂

∂x l

)
=

∂2

∂xk∂x l d̃( · , y)−
n∑

i=1

0̃i
kl
∂

∂x i d̃( · , y), k, l = 1, . . . , n. (3-12)



984 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

Hence in the coordinate charts of our choice, for sufficiently small r , (3-6) yields

∥d̃( · , y)∥C2 ⩽ Cr−1 on B̃r (y)− B̃r/2(y). (3-13)

An estimate on the C2,1-norm can be obtained by differentiating the Riccati equation in polar coordinates
g̃ = dr2

+ g̃r around y, where ∂r is the radial direction in the geodesic normal coordinate. Then on the
annulus, examining the proof of Lemma 8 in [Hebey and Vaugon 1995] gives a bound

∥∇̃
3d̃( · , y)∥ ⩽ C(n, ∥RM̃∥C1)r−2.

Hence by differentiating the formula (3-12), for sufficiently small r depending on n, K1, K2, i0, we obtain

∥d̃( · , y)∥C2,1 ⩽ C(n, ∥RM̃∥C1)r−2 on B̃r (y)− B̃r/2(y). (3-14)

Then a straightforward differentiation yields an estimate on the C2,1-norm of ds
h( · , z). □

3.4. Proof of Theorem 3.1. Now we prove the main technical result Theorem 3.1, by constructing the
functions and domains assumed in Theorem 2.2. The proof consists of several parts.

To begin with, let h be a positive number satisfying h <min{1/5, i0/10, rb/10}, where rb = rb(K1, i0)

is the width of the boundary normal neighborhood determined in Lemma 6.1. For sufficiently small h only
depending on n, K1, K2, i0, vol(∂M), we extend (M, g) to (M̃, g̃) with the extension width δex = 5h such
that Lemma 3.4 holds. Then we extend u to ũ by (3-7) with the cut-off width h. Let rg be the uniform
radii of C1 geodesic normal coordinates of M and ∂M such that metric bounds (3-6) hold. We have
shown that rg explicitly depends on n, ∥RM∥C1 , ∥S∥C1 , i0. Now we collect all these relevant parameters
and impose the following requirements on the choice of h due to technical reasons:

0< h <min
{ 1

10
,

T
8
,

i0
10
,

r0
10
,

rg

10
,

rb
10
,

ib(0)

10
,
π

12K1

}
. (3-15)

The part of the manifold extension over 0 is denoted by �0 = 0× [−5h, 0]. The number min{1, T −1
}

will be frequently used in this proof and we denote it by

aT = min{1, T −1
}. (3-16)

We restrict the choice of h once again such that, for sufficiently small h,

rCAT(Mh)⩾ min
{2r0

3
,
π

2K1

}
, rCAT(M̃)⩾ min

{2r0
3
,
π

2K1

}
. (3-17)

This is possible due to Lemma 6.2. We remark that the dependency of h is not explicit in Lemma 6.2(3),
and one can instead use the explicit lower bound in Lemma 6.2(2).

With the choice of δex = 5h and h as above, the function dh( · , z) defined in (3-9) is Lipschitz with a
Lipschitz constant 2h−1 (Lemma 6.3(3)). In Definition 3.8, we set the smoothening radius to be r = aT h3.
Then it follows that |ds

h(x, z)− dh(x, z)|< 2aT h2 for any x ∈ M (Lemma 6.3(4)).
Assume h is sufficiently small so that Lemma 3.9 holds. For any z ∈ Mh and x ∈ M satisfying

h/4 ⩽ dh(x, z) ⩽ min{i0/2, r0/2, π/(6K1)}, we have |∇x ds
h(x, z)| > 1 − 2h (Lemma 6.5). Outside the

injectivity radius this gradient can be 0 if cut points are involved. This lower bound being close to 1 is
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crucial for our method to ensure no loss of domain, and we define dh (3-9) with the h−1 scaling in the
boundary neighborhood specifically to guarantee it. While this lower bound is almost trivial when z is far
from ∂Mh , careful treatment is required when the manifold boundary is involved.

For |b| ⩽ 5h, we define the set

0b(h)= {x ∈ M̃ : ρ(x)= b, x⊥
∈ 0, d∂M(x⊥, ∂0)⩾ h}, (3-18)

where ∂0 denotes the boundary of 0 in ∂M. The function ρ(x) is the coordinate function in the normal
direction defined in (3-5). Note that if 0 = ∂M, the last two conditions above are automatically satisfied,
and then the set above is simply the level set for the normal coordinate function.

Recall that ũ, the extension of u to M̃ defined by (3-7), vanishes on 0b(0) for all b ⩽ −h. The set
0−2h(0) is the set from which we intend to propagate the unique continuation. More precisely, we start
the propagation from an h-net in 0−2h(8h). The reason of this specific choice is the following.

Sublemma 1. For sufficiently small h only depending on K1, we have

d̃(z, ∂(M ∪�0)− ∂ M̃)⩾ 7h for any z ∈ 0−2h(8h),

where �0 = 0× [−5h, 0] is the part of the manifold extension over 0.

Proof. Let y be a point in ∂(M ∪�0)− ∂ M̃ realizing the distance to z. Suppose d̃(z, y) < 7h. Then the
minimizing geodesic of M̃ from z to y lies in the boundary normal (tubular) neighborhood of ∂M of
width 5h. Hence Lemma 3.6 implies that

d∂M(z⊥, y⊥)⩽ (1 + 15K1h)d̃(z, y) < 7h(1 + 15K1h).

However, we know d∂M(z⊥, y⊥)⩾8h by the definition (3-18). Hence we get a contradiction for sufficiently
small h only depending on K1. □

Initial step. As the initial step, we propagate the unique continuation from outside the manifold M to a
region close to 0 in M.

Consider the function ξ : [0,+∞)→ R defined by

ξ(x)=
(h − x)3

h3 for x ∈ [0, h], (3-19)

and ξ(x)= 0 for x > h. The function ξ(x) on negative numbers can be defined in any way so that ξ(x)≥ 1
for x < 0, and ξ(x) is smooth on (−∞, h). The function ξ(x) is of C2,1 on R and monotone decreasing
on [0,+∞). Let {z0, j }

J (0)
j=1 be an h-net in 0−2h(8h): that is, for any z ∈ 0−2h(8h), there exists some z0, j

such that d̃(z, z0, j ) < h. We define

ψ0, j (x, t)=
(
(1 − ξ(6h − d̃(x, z0, j )))T − d̃(x, z0, j )

)2
− t2, (3-20)

and consider the following domains (see Figure 2):

�0
0, j = {(x, t) ∈ M̃ × [−T, T ] : ψ0, j (x, t) > h2, ρ(x) >−3h/2}. (3-21)
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M

∂M

Mh

x⊥h
x

z

0

−h
−2h

�0 0−2h(8h)

⋃
j �

0
0, j

Figure 2. Domains for the initial step. Enclosed by the red solid line is the domain we work in,
and it is close to 0.

Note that in general, the domain characterized by ψ0, j (x, t)> h2 has two connected components. Here we
define�0

0, j to be the connected component characterized by (1−ξ(6h−d̃(x, z0, j )))T −d̃(x, z0, j )>0.1 Ob-
serve that in this connected component, it holds that d̃(x, z0, j ) < 6h due to the definition of the function ξ .

Then we define
ϒ = {x ∈�0 : −2h ⩽ ρ(x)⩽ −h} × [−T, T ], (3-22)

�0, j = {(x, t) ∈�0
0, j −ϒ : ψ0, j (x, t) > 4h2

}. (3-23)

Now we prove that the conditions assumed in Theorem 2.2 are satisfied forψ0, j ,�0
0, j ,�0, j ,ϒ, ψmax,0 =

(T − h)2, and therefore Theorem 2.2 applies. A stability estimate will be derived at the end of the proof.

(1) We show that ψ0, j is of C2,1 and noncharacteristic in �0
0, j . Indeed, for any (x, t) ∈�0

0, j , we have
d̃(x, z0, j ) < 6h by the definition of ψ0, j . Hence any minimizing geodesic of M̃ from z0, j to x must
not intersect ∂ M̃ ; otherwise the length of such geodesic would exceed 6h due to the condition that
ρ(x) > −3h/2. Furthermore, by our choice h < min{r0/10, π/(12K1)} and (3-17), the minimizing
geodesic from z0, j to any x ∈ B̃6h(z0, j ) is unique and no conjugate points can occur. Therefore d̃( · , z0, j )

is a C2,1 geodesic distance function in �0
0, j , which shows that ψ0, j is of C2,1 in �0

0, j . Moreover, since
d̃(x, z0, j ) > h/2 for any (x, t) ∈�0

0, j by definition, the C2,1-norms of d̃( · , z0, j ) and ψ0, j are uniformly
bounded in �0

0, j due to (3-14).
Next we prove that ψ0, j is noncharacteristic in �0

0, j . For any (x, t) ∈�0
0, j ,

∇xψ0, j = 2
(
(1 − ξ(6h − d̃(x, z0, j )))T − d̃(x, z0, j )

)
(ξ ′T ∇x d̃(x, z0, j )− ∇x d̃(x, z0, j )).

Note that ξ ′ is evaluated at 6h − d̃(x, z0, j ) in the formula above. Since ξ ′ ⩽ 0, we have

|ξ ′T ∇x d̃(x, z0, j )− ∇x d̃(x, z0, j )| ⩾ |∇x d̃(x, z0, j )| = 1.
1Throughout the proof, whenever we define a domain using level sets of a similar function, we exactly mean this one type of

connected component.
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Hence,

p((x, t),∇ψ0, j )=

n∑
k,l=1

g̃kl(∂xkψ0, j )(∂xlψ0, j )− |∂tψj |
2
= |∇xψ0, j |

2
− |∂tψ0, j |

2

⩾ 4
(
(1 − ξ(6h − d̃(x, z0, j )))T − d̃(x, z0, j )

)2
− 4t2

= 4ψ2
0, j (x, t) > 4h2.

(2) The extended function ũ defined by (3-7) vanishes on ϒ. We claim that

∅ ̸= {(x, t) ∈�0
0, j : ψ0, j (x, t) > (T − h)2} ⊂ ϒ.

Indeed, for any (x, t) in the set, it satisfies that d̃(x, z0, j ) < h, which indicates ρ(x) < −h. On the
other hand, Sublemma 1 implies that x ∈�0, and therefore (x, t) ∈ϒ. For the nonemptyness, consider
the point x j ∈ 0−5h/4(0) such that d̃(x j , z0, j ) = 3h/4 (i.e., x j is the projection of z0, j onto 0−5h/4(0)).
By definition, we have ψ0, j (x j , 0) = (T − 3h/4)2 > (T − h)2. This also shows that (x j , 0) ∈ �0

0, j by
definition when T > 2h, which yields the nonemptyness.

(3) We show that distM̃×R(∂�
0
0, j , �0, j ) > 0. It suffices to prove �0, j ⊂�0

0, j . For any (x, t) ∈�0
0, j , we

have d̃(x, z0, j ) < 6h by the definition of ψ0, j , which implies that �0
0, j ⊂ M ∪�0 due to Sublemma 1.

This indicates that the boundaries of �0
0, j , �0, j are determined only by ψ0, j and ρ(x). Since we know

ρ(x) >−h for any (x, t) ∈�0, j by definition, clearly �0, j ⊂�0
0, j .

(4) We claim that
⋃J (0)

j=1 �0, j is connected and therefore its closure is connected. Take two reference points
z0, j1, z0, j2 satisfying d̃(z0, j1, z0, j2) < 3h. Consider (z⊥

0, j1, 0) ∈ ∂M × [−T, T ]. Directly checked by the
definition of�0, j , this point (z⊥

0, j1, 0) is in both�0, j1 and�0, j2 . In particular, this shows�0, j1 ∩�0, j2 ̸=∅
if d̃(z0, j1, z0, j2) < 3h. Since each �0, j is path connected, so is �0, j1 ∪�0, j2 . The claim follows from
the fact that for any two points in the h-net {z0, j } we can find a chain of {z0, j } such that every pair of
adjacent points in this chain has distance less than 3h.

In order to propagate further in subsequent steps, we need to estimate how much
⋃

j �0, j covers in the
original manifold M.

Sublemma 2.
(⋃

b∈[0,2h]
0b(8h)

)
× [−T + 6h, T − 6h] ⊂

⋃J (0)
j=1 �0, j .

Proof. For any (x, t) in the left-hand set, there exists j0 such that d̃(x, z0, j0) < 5h due to the definition of
h-net, which indicates that the ξ -term in ψ0, j0 (3-20) vanishes. Thus

ψ0, j0(x, t)= (T − d̃(x, z0, j0))
2
− t2 > (T − 5h)2 − (T − 6h)2 > 5h2,

where we used T > 8h. This shows that (x, t) is in both �0
0, j0 and �0, j0 . □

Subsequent steps. After the initial step, the reference set is moved to 0h(8h) and unique continuation is
propagated up to 02h(8h). Let {z1, j } be an h-net in 0h(10h)⊂ Mh with respect to dh . Note that here the
range of the j index is different from that of the j index in the initial step, and a precise notation would
be {z1, j }

J (1)
j=1 . We omit this dependence on the step number to keep the notations short. Set T1 = T − 6h

and ρ0 = min{i0/2, r0/2, rg/4, π/(6K1)}. We divide into two cases depending on if T is larger than ρ0.
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M

Mh

01 = 0h(10h) ⋃
j �

0
0, j

02

⋃
j �

0
j or

⋃
j �

0
1, j

Figure 3. Domains for Case 1 or the first step in Case 2. Enclosed by the red solid lines is the
domain we work in, and its boundary consists of two disjoint parts. This domain never reaches
outside distance ρ0, which is marked by the upper red dotted line. The blue dashed line 02 is the
reference set for the second step in Case 2.

Case 1: T ⩽ ρ0 = min{i0/2, r0/2, rg/4, π/(6K1)}. For any (x, t) ∈ M ×[−T1, T1], we define the C2,1

functions
ψj (x, t)=

(
(1 − ξ(d(x, ∂M)))T1 − ds

h(x, z1, j )
)2

− t2, (3-24)

and consider the domains2

�0
j = {(x, t) ∈ M × [−T1, T1] : ψj (x, t) > 8T 2h} − {x : ds

h(x, z1, j )⩽ h/2} × [−T1, T1]. (3-25)

Observe that ξ(d(x, ∂M)) < 1 in �0
j and hence �0

j never intersect with ∂M at any time. For any
(x, t) ∈�0

j , we have h/2< ds
h(x, z1, j ) < T1 ⩽ ρ0 − 6h by definition. Then Lemma 6.3(4) indicates that

h/4< dh(x, z1, j ) <min{i0/2, r0/2, π/(6K1)}, and hence Lemma 6.5 applies.
Then we define

�j =

{
(x, t) ∈�0

j −
⋃
j
�0, j : ψj (x, t) > 9T 2h

}
. (3-26)

Now we prove that the conditions assumed in Theorem 2.2 are satisfied for ψj , �0
j , �j , ψmax =

(T1 − 3h/4)2, together with relevant functions and domains in the initial step. The relevant domains are
illustrated in Figure 3.

First we show that ψj is noncharacteristic at any (x, t) ∈�0
j . For x ∈ M − Mh ,

∇xψj = 2
(
(1 − ξ(d(x, ∂M)))T1 − ds

h(x, z1, j )
)
(−ξ ′T1∇x d(x, ∂M)− ∇x ds

h(x, z1, j )).

Note that ξ ′ is evaluated at d(x, ∂M) in the formula above.
For x ∈ M − Mh with d(x, ∂Mh)⩾ aT h3, the vectors ∇x dh(x, z1, j ) and ∇x ds

h(x, z1, j ) only differ by
a small component C(n, K1, K2)h2 due to (6-9). In particular, ⟨∇x dh(x, z1, j ),∇x ds

h(x, z1, j )⟩ > 0 for

2The connected component characterized by (1 − ξ(d(x, ∂M)))T1 − ds
h(x, z1, j ) > 0.
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sufficiently small h depending on n, K1, K2. Hence by the definition of dh (3-9),

⟨∇x d(x, ∂M),∇x ds
h(x, z1, j )⟩ = −h⟨∇x dh(x, z1, j ),∇x ds

h(x, z1, j )⟩< 0.

Then by Lemma 6.5 and ξ ′ ⩽ 0, we have

| − ξ ′T1∇x d(x, ∂M)− ∇x ds
h(x, z1, j )| ⩾ |∇x ds

h(x, z1, j )|> 1 − 2h.

For x ∈ M − Mh with d(x, ∂Mh) < aT h3, we have |ξ ′(d(x, ∂M))|< 3a2
T h3 ⩽ 3T −1h3 at such points

by definitions (3-19) and (3-16). Therefore, for any x ∈ M − Mh and sufficiently small h, we have

|∇xψj |> 2|(1 − ξ)T1 − ds
h|(1 − 2h − 3h3)

> 2|(1 − ξ)T1 − ds
h|(1 − 3h). (3-27)

On the other hand, if x ∈ Mh , then the ξ -term vanishes and the estimate above holds. Hence, for any
(x, t) ∈�0

j ,

p((x, t),∇ψj )= |∇xψj |
2
− |∂tψj |

2

> 4((1 − ξ)T1 − ds
h)

2(1 − 3h)2 − 4t2

> 4ψj (x, t)− 24T 2h > 8T 2h.

(3-28)

This shows that ψj is noncharacteristic at any (x, t) ∈�0
j .

It is straightforward to show the connectedness of
(⋃

j �j
)
∪

(⋃
j �0, j

)
in the same way as we did for⋃

j �0, j in the initial step. The other conditions assumed in Theorem 2.2 follow from Sublemma 3 below
and Sublemma 2.

Sublemma 3. For sufficiently small h < 1
8 depending on K1, we have

∅ ̸= {(x, t) ∈�0
j : ψj (x, t) > (T1 − 3h/4)2} ⊂

( ⋃
b∈[0,2h]

0b(8h)
)

× [−T1, T1],

and distM̃×R(∂�
0
j , �j ) > 0.

Proof. The nonemptyness follows from definition. For any (x, t) in the left-hand set, we know ds
h(x, z1, j )<

3h/4 by definition. Hence it suffices to show that{
x : ds

h(x, z1, j )⩽ 3h/4
}

⊂
⋃

b∈[0,2h]

0b(8h). (3-29)

For any x in the left-side set in (3-29), Lemma 6.3(4) indicates that dh(x, z1, j )< h and hence ρ(x)< 2h.
This checks the condition on ρ(x) in (3-18). We proceed to check the rest of the conditions in (3-18).

If x ∈ Mh , then by Lemma 3.6,

d∂M(x⊥, z⊥

1, j )⩽ (1 + 15K1h)d̃(x, z1, j )⩽ (1 + 15K1h)dh(x, z1, j ) < h(1 + 15K1h).

If x ∈ M − Mh , then dh(x⊥h , z1, j ) < dh(x, z1, j ) < h by definition (3-9). Hence,

d∂M(x⊥, z⊥

1, j )= d∂M((x⊥h )⊥, z⊥

1, j )⩽ (1 + 15K1h)dh(x⊥h , z1, j ) < h(1 + 15K1h),

where we used the fact that (x⊥h )⊥ = x⊥.
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Therefore in either case, for sufficiently small h depending only on K1, we have d∂M(x⊥, z⊥

1, j ) < 2h.
Then the fact that d∂M(z⊥

1, j , ∂0)⩾ 10h yields x⊥
∈ 0 and d∂M(x⊥, ∂0) > 8h. This completes the proof

of (3-29) and consequently the first statement of the sublemma.
For the second statement, it suffices to prove �j ⊂�0

j . For any (x, t) ∈�j , clearly we have ψj (x, t)⩾
9T 2h > 8T 2h and (x, t) /∈

⋃
j �0, j by definition (3-26). To show (x, t) ∈ �0

j , we only need to show
(x, t) /∈ {x : ds

h(x, z1, j ) ⩽ h/2} × [−T1, T1]. This is a direct consequence of the fact that a larger
cylinder {x : ds

h(x, z1, j )⩽ 3h/4} × [−T1, T1] is strictly contained in the open set
⋃

j �0, j , due to (3-29)
and Sublemma 2. An explicit lower bound for the distance between their boundaries is estimated in
Lemma 6.6. □

Error estimate for Case 1. We prove that � =
(⋃

j �j
)
∪

(⋃
j �0, j

)
almost covers the domain of

influence in the original manifold M. More precisely, we prove that there exists C ′
= C ′(T, K1)

such that �(C ′h) ⊂ �. Since �(C ′h) ⊂ M × [−T, T ], it suffices to show that M × [−T, T ] −� ⊂

M × [−T, T ] −�(C ′h).
For any (x, t) ∈ M ×[−T, T ]−�, by the definitions (3-24), (3-25), (3-26), we know that one of the

following two situations must happen:

(1) d(x, ∂M) < h.

(2) x ∈ Mh and ds
h(x, z1, j ) > T1 −

√
t2 + 9T 2h for any z1, j .

We analyze these two situations separately as follows.

(1) By virtue of Sublemma 2 and the definition (3-18), the situation (1) implies that x⊥ /∈ 0, or x⊥
∈ 0

and d∂M(x⊥, ∂0) < 8h, or |t | > T − 6h. The condition x⊥ /∈ 0 indicates that d(x, ∂M − 0) < h. If
x⊥

∈ 0 and d∂M(x⊥, ∂0) < 8h, then, by the triangle inequality,

d(x, ∂0)⩽ d(x, x⊥)+ d(x⊥, ∂0)⩽ h + d∂M(x⊥, ∂0) < 9h,

which yields d(x, ∂M −0) < 9h due to ∂0 ⊂ ∂M −0. If |t |> T − 6h, then the following inequality is
trivially satisfied:

T − |t | −
√

6h < 6h −
√

6h < 0 ⩽ d(x, 0).

Note that if 0= ∂M, the first two possibilities automatically do not occur and hence only the last inequality
above is valid under the first situation.

(2) By Lemma 6.3(4), the situation (2) implies that dh(x, z1, j ) > T1 − |t | − 3T
√

h − 2h2 for x ∈ Mh and
any z1, j . Since {z1, j } is an h-net in 0h(10h) with respect to dh , we have

dh(x, 0h(10h)) > T1 − |t | − 3T
√

h − h − 2h2.

Then we apply Lemma 3.6 after replacing M, M̃ with Mh,M :

d(x, 0h(10h))(1 + 6K1h)⩾ dh(x, 0h(10h)) > T1 − |t | − 3T
√

h − h − 2h2,

where we used the fact that the second fundamental form of ∂Mh is bounded by 2K1 due to Lemma 6.1.
Hence by the triangle inequality,

d(x, 00(10h)) > (T1 − |t | − 3T
√

h − h − 2h2)(1 + 6K1h)−1
− h.
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03 ⋃
j �

0
2, j

02⋃
j �

0
1, j

Figure 4. Domains for the second step in Case 2. Enclosed by the red solid lines is the domain we
work in. The blue dashed line 03 is the reference set for the third step. From here, the procedure
is entirely done in M.

For any y ∈ 0−00(10h), y lies in the boundary normal neighborhood of ∂0 in 0 due to 10h < ib(0).
Hence d(y, 00(10h))⩽ d∂M(y, 00(10h))⩽ 10h. Then,

d(x, y)⩾ d(x, 00(10h))− d(y, 00(10h)) > (T − |t | − 3T
√

h − 7h − 2h2)(1 + 6K1h)−1
− 11h,

where we used T1 = T − 6h. Hence we arrive at

d(x, 0) > T − |t | − C(T, K1)
√

h.

Finally we combine these two situations together, and we have proved that (x, t)∈ M×[−T, T ]−�(Ch)
for C = max{C(T, K1)

2, 9} by definition (2-4). Therefore, there exists C ′
= C ′(T, K1) such that

�(C ′h) ⊂ �, and a stability estimate can be obtained on �(C ′h) from Theorem 2.2. The stability
estimate will be derived at the end of the proof.

Case 2: T > ρ0 = min{i0/2, r0/2, rg/4, π/(6K1)}. As Lemma 6.5 is only valid within the injectivity
radius, we define the procedure step by step and each step is done within the injectivity radius. Recall
that {z1, j } is an h-net in 0h(10h)⊂ Mh with respect to dh , and T1 = T − 6h. For the first step, we define
functions ψ1, j by adding to (3-24) another term associated with T1,

ψ1, j (x, t)=
(
(1 − ξ(d(x, ∂M))− ξ(ρ0 − ds

h(x, z1, j )))T1 − ds
h(x, z1, j )

)2
− t2, (3-30)

and consider the domains

�0
1, j = {(x, t) ∈ M × [−T1, T1] : ψ1, j (x, t) > 8T 2h} − {x : ds

h(x, z1, j )⩽ h/2} × [−T1, T1]. (3-31)

One can compare these definitions here with those in Case 1. Note that the regions �0
1, j stay within half

the injectivity radius due to the definition of the function ξ . The gradient of ψ1, j has the form

∇xψ1, j = 2
(
(1 − ξ(d(x, ∂M))− ξ(ρ0 − ds

h(x, z1, j )))T1 − ds
h(x, z1, j )

)
·
(
−ξ ′T1∇x d(x, ∂M)+ ξ ′T1∇x ds

h(x, z1, j )− ∇x ds
h(x, z1, j )

)
.

The vector part of ∇xψ1, j consists of ∇x d(x, ∂M) and ∇x ds
h(x, z j ), the same as in Case 1. Furthermore,

the form for the vector part is the same as that in Case 1 up to multiplication by a positive function, since
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ξ ′ ⩽ 0. Hence one obtains the same lower bounds for the length of the gradient and the principle symbol
as (3-27) and (3-28). It follows that ψ1, j is noncharacteristic in �0

1, j . And we define ψmax,1 and �1, j the
same as in Case 1 (see Figure 3). More precisely, define ψmax,1 = (T1 − 3h/4)2 and

�1, j =

{
(x, t) ∈�0

1, j −
⋃
j
�0, j : ψ1, j (x, t) > 9T 2h

}
. (3-32)

Since (3-29) is still valid, Sublemma 3 holds for ψ1, j , �0
1, j , �1, j . Hence Theorem 2.2 applies to the first

step. We stop the procedure right after the first step if T1 − ρ0 − 3T
√

h ⩽ 2h.
For the second step, we need to choose a new set of reference points. Observe that the first step

propagates past the level set 02 := {x ∈ Mh : dh(x, 0h(10h))= ρ0 − 4h} due to Lemma 6.3(4) and the
procedure-stopping criterion T1 − ρ0 − 3T

√
h > 2h. We choose the new reference points {z2, j } as an

h-net in 02 with respect to dh . At 02, the square of the maximal time allowed is (T1 −ρ0 + 4h)2 − 9T 2h,
and we set the time range T2 for the second step as T2 = T1 − ρ0 − 3T

√
h. The procedure-stopping

criterion indicates that T2 > 2h. Then we define the functions

ψ2, j (x, t)=
(
(1 − ξ(d(x, ∂M))− ξ(ρ0 − ds

h(x, z2, j )))T2 − ds
h(x, z2, j )

)2
− t2.

To apply Theorem 2.2, we need to ensure that small neighborhoods around the new reference points are
contained in the regions already propagated by the unique continuation in the first step. To that end, we
define ψmax,2 = (T2 − aT h)2, where aT = min{1, T −1

}, and

�0
2, j = {(x, t) ∈ M × [−T2, T2] : ψ2, j (x, t) > 8T 2h} − {x : ds

h(x, z2, j )⩽ aT h/2} × [−T2, T2],

�2, j =

{
(x, t) ∈�0

2, j −

((⋃
j
�1, j

)
∪

(⋃
j
�0, j

))
: ψ2, j (x, t) > 9T 2h

}
.

These domains are illustrated in Figure 4. The specific choice of ψmax,2 is justified in Sublemma 5 a bit
later, to ensure that ∅ ̸= {(x, t) ∈�0

2, j : ψ2, j (x, t) > ψmax,2} ⊂
(⋃

j �1, j
)
∪

(⋃
j �0, j

)
.

Now we define the remaining steps iteratively. We define the reference sets as

0i = {x ∈ Mh : dh(x, 01)= (i − 1)(ρ0 − 4h)}, i ⩾ 2,

where 01 = 0h(10h)⊂ Mh . The reference points {zi, j } are defined as an h-net in 0i with respect to dh .
Note that the range of the j index for each step i is different, and the notation {zi, j } here is short for
{zi, j }

J (i)
j=1. We define the C2,1 functions ψi, j as

ψi, j (x, t)=
(
(1 − ξ(d(x, ∂M))− ξ(ρ0 − ds

h(x, zi, j )))Ti − ds
h(x, zi, j )

)2
− t2,

where Ti = Ti−1 − ρ0 − 3T
√

h with T1 = T − 6h. We stop the procedure at the i-th step if Ti+1 ⩽ 2h or
0i+1 = ∅. The regions �0

i, j and �i, j for i ⩾ 2 are defined as3

�0
i, j = {(x, t) ∈ M × [−Ti , Ti ] : ψi, j (x, t) > 8T 2h} − {x : ds

h(x, zi, j )⩽ aT h/2} × [−Ti , Ti ],

�i, j =

{
(x, t) ∈�0

i, j −

i−1⋃
l=0

⋃
j
�l, j : ψi, j (x, t) > 9T 2h

}
,

3The connected component characterized by
(
1 − ξ(d(x, ∂M))− ξ(ρ0 − ds

h(x, zi, j ))
)
Ti − ds

h(x, zi, j ) > 0.
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t
T

�

∂M

−2h h

4h ρ

2ρ

M

−T

Figure 5. The procedure of a three-step propagation besides the initial step. The red solid lines
enclose the whole region �=

⋃
i, j �i, j propagated by the unique continuation. The black dotted

line represents the optimal region, while the blue dotted line represents the actual region we can
estimate.

where aT = min{1, T −1
} in (3-16). It follows that ψi, j is noncharacteristic in �0

i, j in the same way as
for ψ1, j . Due to Sublemma 5 below, Theorem 2.2 applies with ψmax,i = (Ti − aT h)2.

Sublemma 4. For i ⩾ 2 and any z ∈ 0i , we have dh(z, 0i−1)= ρ0 − 4h.

Proof. Let z1 ∈ 01 be a point in 01 such that dh(z, z1) = dh(z, 01). Take a minimizing geodesic
of Mh from z to z1 and the geodesic intersects with 0i−1 at zi−1 ∈ 0i−1. This geodesic has length
(i − 1)(ρ0 − 4h), and its segment from zi−1 to z1 has length at least (i − 2)(ρ0 − 4h) by definition.
Hence dh(z, 0i−1) ⩽ dh(z, zi−1) ⩽ ρ0 − 4h. On the other hand, for any z′

∈ 0i−1, we have dh(z, z′) ⩾
dh(z, 01)− dh(z′, 01)= ρ0 − 4h, which shows dh(z, 0i−1)⩾ ρ0 − 4h. □

Sublemma 5. For i ⩾ 2 and sufficiently small h < min{1/2, T/4} depending on n, K1, i0, we have
distM̃×R(∂�

0
i, j , �i, j ) > 0, and

∅ ̸= {(x, t) ∈�0
i, j : ψi, j (x, t) > (Ti − aT h)2} ⊂

i−1⋃
l=0

⋃
j
�l, j .

Proof. We prove the following stronger statement:

{x : ds
h(x, zi, j )⩽ aT h} × [−Ti − h, Ti + h] ⊂

i−1⋃
l=0

⋃
j
�l, j . (3-33)

More precisely, for any (x, t) in the left-hand set, we prove that if (x, t) /∈
⋃i−2

l=0
⋃

j �l, j , then (x, t) ∈⋃
j �i−1, j .



994 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

By Sublemma 4 and the fact that {zi−1, j } is an h-net in 0i−1, we can find some zi−1, j0 such that
dh(zi, j , zi−1, j0) < ρ0 − 3h. Then for any (x, t) in the left-hand set in (3-33), Lemma 6.3(2) implies that
for sufficiently small h depending on n, K1, i0,

ds
h(x, zi−1, j0) < ds

h(x, zi, j )+ (ρ0 − 3h)(1 + CnK 2
1 h6) < ρ0 − 3h/2, (3-34)

which indicates that ξ(ρ0 − ds
h(x, zi−1, j0)) vanishes.

We claim that (x, t) ∈�i−1, j0 . To prove this, by the definition of ψi−1, j , �i−1, j and the condition that
(x, t) /∈

⋃i−2
l=0

⋃
j �l, j , we only need to show that

ψi−1, j0(x, t)=
(
(1 − ξ(d(x, ∂M)))Ti−1 − ds

h(x, zi−1, j0)
)2

− t2 > 9T 2h.

Since |t | ⩽ Ti + h, it is enough to show

(1 − ξ(d(x, ∂M)))Ti−1 − ds
h(x, zi−1, j0) > Ti + h + 3T

√
h.

Now since ds
h(x, zi, j )⩽ h/T, by the definition of dh and Lemma 6.3(4) we have

d(x, ∂M)⩾ h − dh(x, zi, j )h > h −

(
h
T

+
2h2

T

)
h > h −

2h2

T
,

which implies by the definition of ξ (3-19)

ξ(d(x, ∂M)) < ξ
(

h −
2h2

T

)
=

8h3

T 3 .

Since Ti = Ti−1 − ρ0 − 3T
√

h by definition, we have by (3-34)

(1 − ξ(d(x, ∂M)))Ti−1 − ds
h(x, zi−1, j0) > Ti−1 − ξ(d(x, ∂M))Ti−1 − ρ0 +

3h
2

> Ti + 3T
√

h +
3h
2

−
8h3

T 3 T

> Ti + 3T
√

h + h.
This proves (x, t) ∈�i−1, j0 and hence (3-33).

The inclusion (3-33) shows {x : ds
h(x, zi, j )⩽ aT h/2}× [−Ti , Ti ] is strictly contained in

⋃i−1
l=0

⋃
j �l, j ,

which implies that �i, j ⊂ �0
i, j . An explicit lower bound for the distance between their boundaries is

estimated in Lemma 6.6.
For the second statement of the sublemma, by (3-33),

{ψi, j (x, t) > (Ti − aT h)2} ⊂ {ds
h(x, zi, j ) < aT h} × (−Ti , Ti )⊂

i−1⋃
l=0

⋃
j
�l, j .

The nonemptyness directly follows from the definition of �0
i, j . □

Error estimate for Case 2. Finally we show that � =
⋃

i⩾0
⋃

j �i, j almost covers the domain of
influence in the original manifold M (see Figure 5). More precisely, we prove that there exists C ′

=

C ′(T, D, K1, i0, r0, rg) such that �(C ′h)⊂�. The idea of the proof is similar to that for Case 1, and we
omit the parts of the proof identical to Case 1.
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For any (x, t) ∈ M × [−T, T ] −�, one of the following two situations must happen:

(1) d(x, ∂M) < h.

(2) x ∈ Mh and ds
h(x, zi, j ) > (1 − ξ(ρ0 − ds

h(x, zi, j )))Ti −
√

t2 + 9T 2h for any zi, j (i ⩾ 1).

The situation (1) implies that d(x, ∂M −0) < 9h or d(x, 0) > T − |t | −
√

6h by the same argument
as for Case 1.

Now we focus on the situation (2) when x ∈ Mh . Lemma 6.3(4) yields that, for any zi, j (i ⩾ 1),

dh(x, zi, j ) > (1 − ξ(ρ0 − ds
h(x, zi, j )))Ti − |t | − 3T

√
h − 2h2. (3-35)

Let z1 ∈01 be a point in 01 such that dh(x, z1)= dh(x, 01), and take a minimizing geodesic of Mh from x
to z1. Observe that this minimizing geodesic intersects with each 0i at most once; otherwise it would fail
to minimize the distance dh(x, 01). Furthermore, due to the continuity of the distance function dh( · , 01),
if the minimizing geodesic intersects with 0i , then it intersects with 0l for all 1 ⩽ l < i . Suppose the
minimizing geodesic intersects with 0i at zi ∈ 0i for 1 ⩽ i ⩽ m, and the intersection does not occur at
any nonempty 0i for i > m. Then by Sublemma 4, we have

dh(x, 01)= d(x, z1)= dh(x, zm)+

m−1∑
i=1

dh(zi , zi+1)⩾ dh(x, zm)+ (m − 1)(ρ0 − 4h). (3-36)

We claim that dh(x, zm) ⩽ ρ0 − 3h. Suppose not, and by the inequality above, we have dh(x, 01) >

m(ρ0 − 4h). This implies that 0m+1 ̸= ∅ and any minimizing geodesic from x to 01 must intersect
with 0m+1, which is a contradiction.

Since 0m ̸= ∅ by assumption, the step m of our procedure takes place as long as Tm > 2h by our
stopping criterion. However if Tm ⩽ 2h, the procedure stops at some previous step.

(i) Tm > 2h. On 0m , we can find some zm, j such that dh(zm, zm, j ) < h since {zm, j } is an h-net.
Then it follows that dh(x, zm, j ) < ρ0 − 2h. Lemma 6.3(4) indicates that ds

h(x, zm, j ) < ρ0 − h. Hence
ξ(ρ0 − ds

h(x, zm, j )) in (3-35) vanishes. Then by (3-36),

dh(x, 01) > dh(x, zm, j )− h + (m − 1)(ρ0 − 4h)

> Tm − |t | − 3T
√

h − h − 2h2
+ (m − 1)(ρ0 − 4h)

= T1 − |t | − 3mT
√

h − h − 4(m − 1)h − 2h2,

where we used Tm = T1 − (m − 1)(ρ0 + 3T
√

h) by the definition of Ti .

(ii) Tm ⩽ 2h. From Tm = T1 − (m − 1)(ρ0 + 3T
√

h), we have

T1 ⩽ (m − 1)(ρ0 + 3T
√

h)+ 2h.

Hence by (3-36), we still get a similar estimate as the previous situation:

dh(x, 01)⩾ (m − 1)(ρ0 − 4h)⩾ T1 − 3(m − 1)T
√

h − 2h − 4(m − 1)h

⩾ T1 − |t | − 3(m − 1)T
√

h − 2h − 4(m − 1)h.
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From here, one can follow the rest of the estimates for Case 1 and obtain

d(x, 0) > T − |t | − C(m, T, K1)
√

h.

Combining these situations together, we have proved that (x, t) ∈ M × [−T, T ] − �(Ch) for C =

max{C(m, T, K1)
2, 9} by definition (2-4). Therefore, there exists C ′

=C ′(m, T, K1) such that�(C ′h)⊂�.
The only part left is to estimate the upper bound for m. By assumption, 0m ̸=∅ and hence 0m must be

taken before dh( · , 01) reaches outside the diameter of Mh . Due to Lemma 3.6 for Mh , M, the diameter
of Mh is bounded by 6D/5 for sufficiently small h depending only on K1. Thus by the definition of 0i ,
we have

m ⩽

[
6D
ρ0

]
+ 1,

where ρ0 = min{i0/2, r0/2, rg/4, π/(6K1)} depends only on n, ∥RM∥C1, ∥S∥C1, i0, r0.

Stability estimate. With all the functions and domains we have constructed, the only part left is to apply
Theorem 2.2. From the error estimate above, we have proved that there exists C ′

= C ′(T, D, K1, i0, r0, rg)

such that �(C ′h)⊂�=
⋃

i⩾0
⋃

j �i, j , where rg is a constant depending only on n, ∥RM∥C1, ∥S∥C1, i0.
Recall that ũ is an extension of u to M̃ defined by (3-7). Theorem 2.2 yields the following stability
estimate on � and hence on �(C ′h):

∥u∥L2(�(C ′h)) ⩽ ∥ũ∥L2(�) ⩽ C
∥ũ∥H1(�0)

(log(1 + ∥ũ∥H1(�0)/∥Pũ∥L2(�0)))
1/2 ,

where �0
=

⋃
i⩾0

⋃
j �

0
i, j . During the initial step, we have shown �0

0, j ⊂ M ∪�0 , and �0
i, j is defined in

M ×[−T, T ] for all i ⩾ 1. Hence �0
⊂ (M ∪�0)×[−T, T ]. Since the function x 7→ x(log(1+ x))−1/2

is nondecreasing on [0,+∞), we have

∥u∥L2(�(C ′h)) ⩽ C
∥ũ∥H1((M∪�0)×[−T,T ])

(log(1 + ∥ũ∥H1((M∪�0)×[−T,T ])/∥Pũ∥L2((M∪�0)×[−T,T ])))
1/2 .

Therefore, the desired stability estimate follows from Lemma 3.5 after replacing h by h/C ′. The number
of domains in each step is not consequential to the estimate as long as relevant quantities of ψi, j are
uniformly bounded. The dependency of the constant is calculated in the Appendix.

The second statement of the theorem is due to the following interpolation formula for bounded domains
with locally Lipschitz boundary:

∥u∥H1−θ ⩽ ∥u∥
θ
L2∥u∥

1−θ

H1 , θ ∈ (0, 1).

This concludes the proof of Theorem 3.1.

Remark 3.10. If we define dh (3-9) with h−2 scaling in the boundary neighborhood and require h < T −1,
then the level sets of ψj (3-24) automatically do not intersect with ∂M even without the ξ(d(x, ∂M))-term.
However, the extra condition h < T −1 is not ideal and we want to choose the parameter h as large as
possible for a large T, considering the stability estimate grows exponentially in h. In addition, we
frequently used the number aT = min{1, T −1

} exactly for the same purpose.
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Remark 3.11. In the definition of �0
i, j for Case 2, we removed the region where points are aT h/2-close

to the reference points, and this region is contained in the set propagated by the unique continuation from
previous steps by Sublemma 5. The h−1 scaling in the definition of dh (3-9) directly affects the order of
this number aT h/2. Without the scaling, the order of this number would be of h2.

3.5. Applications of the quantitative unique continuation. Due to the trace theorem, Theorem 3.1 yields
the following estimate on the initial value.

Corollary 3.12. Let M ∈ Mn(D, K1, K2, i0, r0) be a compact Riemannian manifold with smooth bound-
ary ∂M, and let 0 (possibly 0 = ∂M) be a connected open subset of ∂M with smooth boundary. Suppose
u ∈ H 2(M × [−T, T ]) is a solution of the wave equation Pu = 0. Assume the Cauchy data satisfy

u|∂M×[−T,T ] ∈ H 2,2(∂M × [−T, T ]),
∂u
∂n ∈ H 2,2(∂M × [−T, T ]).

If

∥u∥H1(M×[−T,T ]) ⩽30, ∥u∥H2,2(0×[−T,T ]) +

∥∥∥∂u
∂n

∥∥∥
H2,2(0×[−T,T ])

⩽ ε0,

then for sufficiently small h, we have

∥u(x, 0)∥L2(�(2h,0,3)) ⩽ C1/3
3 h−2/9 exp(h−C4n)

30 + h−1/2ε0

(log(1 + h + h3/230/ε0))1/6
,

where C3,C4 are constants independent of h, and their dependency on geometric parameters is stated in
Theorem 3.1. For a fixed t ∈ [−T, T ], the domain �(h, t,m) is defined as

�(h, t,m)= {x ∈ M : T − |t | − d(x, 0) > h1/m, d(x, ∂M −0) > h1/m
}. (3-37)

Proof. Observe that �(2h, 0, 3)× (−t0, t0)⊂�(h) with t0 = (
3
√

2 − 1) 3
√

h by definition. Then we take
θ =

1
3 in Theorem 3.1 and apply the trace theorem [Bergh and Löfström 1976, Theorem 6.6.1]: there

exists a constant C such that

∥u(x, 0)∥L2(�(2h,0,3)) ⩽ Ct−2/3
0 ∥u(x, t)∥H2/3(�(2h,0,3)×(−t0,t0))

⩽ 4Ch−2/9
∥u(x, t)∥H2/3(�(h)). □

Remark 3.13. Note that the constant C3 in Corollary 3.12 is not exactly the same as the constant C3 in
Theorem 3.1. However, they depend on the same set of geometric parameters. In this paper, we keep the
same notation for constants if operations do not introduce any new parameter.

The following independent result gives an explicit estimate on the Hausdorff measure of the boundary
of the domain of influence, which shows that the region Corollary 3.12 does not cover has a uniformly
controlled small volume.

Proposition 3.14. Let M be a compact Riemannian manifold with smooth boundary. For any measurable
subset 0 ⊂ ∂M and any t ⩾ 0, the following explicit estimate applies:

voln−1(∂M(0, t)) < C5(n, ∥RM∥C1, ∥S∥C1, i0, vol(M), vol(∂M)),
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where M(0, t) is defined in (1-3). As a consequence, the estimate above implies the following volume
estimate due to the coarea formula. Namely, for any t, γ ⩾ 0, we have

voln(M(0, t + γ )− M(0, t)) < C5(n, ∥RM∥C1, ∥S∥C1, i0, vol(M), vol(∂M))γ.

Proof. Denote the level set of the distance function by 6t = {x ∈ int(M) : d(x, 0) = t}. For any point
in 6t , there exists a minimizing geodesic from the point to the subset 0. These minimizing geodesics do
not intersect with 6t except at the initial points by definition. Moreover, they do not intersect each other
in the interior of M, as geodesics would fail to minimize distance past a common point in the interior
of M. Define l(x) to be the infimum of the distances between a point x ∈ 6t and the first intersection
points with the boundary along all minimizing geodesics from x to 0, and to be infinity if any minimizing
geodesic from x to 0 does not intersect ∂M −0.

For sufficiently small ε > 0 chosen later, define

6t(ε)= {x ∈6t : ε/2< l(x)⩽ ε}.

Denote by U (6t(ε)) the set of all points on all minimizing geodesics from 6t(ε) to 0 and consider the
set U (6t(ε))∩6t ′ for t ′

∈ [t − ε/4, t). Clearly the set U (6t(ε))∩6t ′ does not intersect with ∂M by
definition. Furthermore, it is contained in the C(n, ∥RM∥C1, ∥S∥C1)ε2-neighborhood of the boundary
∂M if ε is not greater than ε0(n, ∥RM∥C1, ∥S∥C1, i0), due to Lemma 6.7.

Since the distance function d( · , 0) is Lipschitz with the Lipschitz constant 1, it is differentiable almost
everywhere by Rademacher’s theorem and its gradient has length at most 1. The existence of minimizing
geodesics from 0 yields that the gradient of d( · , 0) has length at least 1 wherever it exists. Hence the
gradient of d( · , 0) has unit length almost everywhere. We apply the coarea formula (e.g., Theorem 3.1
in [Federer 1959]) to the sets U (6t(ε))∩6t ′ with the distance function d( · , 0). Then by Lemma 6.8
and Lemma 6.7, we have

ε

4
voln−1(6t(ε)) < 5n−1

∫ t

t−ε/4
voln−1(U (6t(ε))∩6t ′) dt ′

= 5n−1 voln

( ⋃
t ′∈[t−ε/4,t)

(U (6t(ε))∩6t ′)

)
< 5n−1C(n, ∥RM∥C1, ∥S∥C1)ε2 vol(∂M).

Then for ε ⩽ ε0 we get

voln−1(6t(ε)) < C(n, ∥RM∥C1, ∥S∥C1, vol(∂M))ε.

Hence we have an estimate on the measure of Ut(ε0) := {x ∈6t : l(x)⩽ ε0}:

voln−1(Ut(ε0))= voln−1

( ∞⋃
k=0

6t(ε02−k)

)
=

∞∑
k=0

voln−1(6t(ε02−k))

< C(n, ∥RM∥C1, ∥S∥C1, vol(∂M))ε0

∞∑
k=0

2−k

< C(n, ∥RM∥C1, ∥S∥C1, i0, vol(∂M)).
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As for the other part 6t − Ut(ε0), if t > ε0, the minimizing geodesics from the points of 6t − Ut(ε0) to
0 do not intersect the boundary within distance ε0. By the same argument as above, we can control the
measure in question in terms of the volume of the manifold,

ε0

2
voln−1(6t − Ut(ε0)) < 5n−1 vol(M),

which implies that
voln−1(6t − Ut(ε0)) < C(n, ∥RM∥C1, ∥S∥C1, i0, vol(M)).

Since the part of ∂M(0, t) on the boundary is bounded by vol(∂M), the measure estimate for ∂M(0, t)
follows.

If t ⩽ ε0, the domain of influence is contained in the boundary normal neighborhood of width t . The
minimizing geodesics from points of 6t − Ut(ε0) to 0 do not intersect the boundary within distance t/2.
Then by the same argument as before, we have

t
2

voln−1(6t − Ut(ε0)) < 5n−1 vol(∂M)t,

which completes the measure estimate for ∂M(0, t).
The n-dimensional volume estimate directly follows from the measure estimate for ∂M(0, t) and the

coarea formula. □

Due to the Sobolev embedding theorem and Corollary 3.12, we next prove Proposition 3.3.

Proof of Proposition 3.3. Due to Corollary 3.12, we only need an estimate in M(0, T )−�(2h, 0, 3). By
the definition (3-37) and Proposition 3.14, we have

vol(M(0, T )−�(2h, 0, 3)) < vol(M(0, T )− M(0, T − (2h)1/3))+ vol(∂M)(2h)1/3 < Ch1/3.

Since u(x, 0) ∈ H 1(M), by the Sobolev embedding theorem we have, for n ⩾ 3,

∥u(x, 0)∥L2n/(n−2)(M) ⩽ C∥u(x, 0)∥H1(M) ⩽ C3,

and, for n = 2,
∥u(x, 0)∥L6(M) ⩽ C∥u(x, 0)∥W 1,3/2(M) ⩽ C3.

Hence Hölder’s inequality gives an estimate on the L2-norm of u(x, 0) over M(0, T )−�(2h, 0, 3).
Then the proposition follows from Corollary 3.12, and the regularity result for the wave equation (e.g.,
Theorem 2.30 in [Katchalov et al. 2001]): namely,

max
t∈[−T,T ]

∥u(x, t)∥H1(M) ⩽ C(T )∥u(x, 0)∥H1(M).

This proves Proposition 3.3. □

4. Fourier coefficients and the multiplication by an indicator function

In this section, we present the essential step of our reconstruction method where we compute how the
Fourier coefficients of a function (with respect to the basis of eigenfunctions) change when the function
is multiplied by an indicator function of a union of balls with center points on the boundary. This step is
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based on the stability estimate for the unique continuation we have obtained in Section 3. The results in
this section will be applied to study the stability of the manifold reconstruction from boundary spectral
data in the next section.

Let M be a compact Riemannian manifold with smooth boundary ∂M. Given a small number η > 0,
we choose subsets of ∂M in the following way. Suppose {0i }

N
i=1 are disjoint open connected subsets of

∂M satisfying

∂M =

N⋃
i=1
0i , diam(0i )⩽ η,

where the diameter is measured with respect to the distance of M. Assume that every 0i contains a ball
(of ∂M) of radius η/6. Without loss of generality, we assume every ∂0i is smooth embedded and admits
a boundary normal neighborhood of width η/10. This is because one always has the choice to propagate
the unique continuation from the smaller ball of radius η/6. An error of order η does not affect our final
result.

Let α = (α0, α1, . . . , αN ), with αk ∈ [η, D] ∪ {0} (k = 0, . . . , N ), be a multi-index, where D is the
upper bound for the diameter of M. Set 00 = ∂M. We define the domain of influence associated with α by

Mα :=

N⋃
k=0

M(0k, αk)=

N⋃
k=0

{x ∈ M : d(x, 0k) < αk}. (4-1)

We will only be concerned with (nonempty) domains of influence with the initial time range αk ⩾ η.
Hence for sufficiently small η explicitly depending on geometric parameters, Proposition 3.3 applies with
h < η/100, since ib(0k)⩾ η/10 for all k ⩾ 1 by assumption.

We are given a function u ∈ H 3(M) with

∥u∥L2(M) = 1, ∥u∥H3(M) ⩽3.

Lemma 4.1. For a small parameter γ ∈ (0, N−2), we can construct a function u0 ∈ H 3(M) such that

u0|Mα
= 0, u0|Mc

α+γ
= u, ∥u0∥L2(M) ⩽ 1,

∥u0∥H s(M) ⩽ C03γ
−s for s ∈ [1, 3], (4-2)

where α+ γ = (α0 + γ, α1 + γ, . . . , αN + γ ), and C0 is a constant explicitly depending on geometric
parameters.

Proof. Let {xl} be a maximal γ /2-separated set in M, and {φl} be a partition of unity subordinate to the
open cover {Bγ /2(xl)} of M such that ∥φl∥Cs ⩽ Cγ−s. Then the desired function u0 can be defined as

u0(x)=

∑
supp(φl )∩Mα=∅

φl(x)u(x), x ∈ M. (4-3)

The first three conditions are clearly satisfied.
To prove the H s-norm condition, we only need to show that the number of nonzero terms in the sum

(4-3) is uniformly bounded. Given an arbitrary point x ∈ M, any Bγ /2(xl) with φl(x) ̸= 0 is contained
in Bγ (x). By the definition of a γ /2-separated set, {Bγ /4(xl)} do not intersect with each other. Hence
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it suffices to estimate the number of disjoint balls of radius γ /4 in a ball of radius γ . For sufficiently
small γ , the volume of a ball of radius γ is bounded from both sides by Cγ n, which yields that the
maximal number of balls is bounded by a constant independent of γ . To obtain an explicit estimate, it is
convenient to work in a Riemannian extension of M, for instance in M̃ defined in Lemma 3.4. Then an
explicit estimate for the maximal number follows from Lemma 3.6 and (6-4). □

Note that due to Proposition 3.14, we have

vol(Mα+γ − Mα) < (N + 1)C5γ < 2C5γ
1/2. (4-4)

4.1. Approximation results with spectral data without error. Suppose the first J Neumann boundary
spectral data {λj , ϕj |∂M}

J
j=1 are known without error. Let u ∈ H 3(M) be a given function with ∥u∥L2(M)=1

and ∥u∥H3(M) ⩽3. Let u0 be defined in Lemma 4.1. We define u J to be the projection of u0 onto the
first J eigenspaces VJ = span{ϕ1, . . . , ϕJ } ⊂ C∞(M) with respect to the L2(M)-norm:

u J =

J∑
j=1

⟨u0, ϕj ⟩ϕj ∈ VJ . (4-5)

We consider the following initial value problem for the wave equation with the Neumann boundary
condition:

∂2
t W −1gW = 0 on int(M)× R,

∂W
∂n

∣∣∣
∂M×R

= 0, ∂t W |t=0 = 0,

W |t=0 = v.

Denote by W (v) the solution of the wave equation above with the initial value v. Then we define U to be
the set of initial values v ∈ VJ for which the corresponding waves W (v) are small at all 0k ×[−αk, αk];
namely,

U(J,3, γ, ε1)=

N⋂
k=0

{v ∈ VJ : ∥v∥H1(M) ⩽ 3C03γ
−3, ∥W (v)∥H2,2(0k×[−αk ,αk ]) ⩽ ε1}. (4-6)

When the parameters J,3, γ, ε1 are clearly specified in a certain context, we denote this set by simply U
for short.

Note that since functions in VJ are smooth on M, the wave W (v) for v ∈ VJ is also smooth and hence
its H 2,2-norm is well-defined. Given the Fourier coefficients of v ∈ VJ , the conditions of U can be
checked only using the boundary spectral data. In fact, if a function v has the form v =

∑J
j=1 vjϕj , then

∥v∥H1(M) =
∑J

j=1(1 + λj )v
2
j , and the wave W (v) over ∂M is given by

W (v)(x, t)|∂M×R =

J∑
j=1

vj cos(
√
λj t)ϕj (x)|∂M . (4-7)

For convenience, we use the following equivalent Sobolev norm (e.g., Theorem 2.22 in [Katchalov
et al. 2001]) for a function v ∈ H s(M) with the Fourier expansion v =

∑
∞

j=1 vjϕj :

∥v∥2
H s(M) =

∞∑
j=1

(1 + λs
j )v

2
j for s ∈ [1, 3]. (4-8)
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Lemma 4.2. Let u ∈ H 3(M) be a given function with ∥u∥H3(M) ⩽3, and u0, u J be defined in Lemma 4.1
and (4-5). Then, for any ε1 > 0, there exists J0 = J0(D,3, γ, ε1) such that u J ∈ U(J,3, γ, ε1) for any
J ⩾ J0.

Proof. Assume J is sufficiently large such that λJ > 1. Suppose u0, u J have expansions:

u0 =

∞∑
j=1

djϕj , u J =

J∑
j=1

djϕj ∈ VJ .

By (4-8) we know

∥u0∥
2
H3(M) ⩾

∞∑
j=J+1

d2
j λ

3
j ⩾ λJ

∞∑
j=J+1

d2
j λ

2
j , (4-9)

and hence by (4-2),

∥u0 − u J ∥
2
H2(M) =

∞∑
j=J+1

(1 + λ2
j )d

2
j ⩽ 2

∞∑
j=J+1

λ2
j d2

j ⩽ 2C2
03

2λ−1
J γ

−6. (4-10)

As a consequence, u J satisfies the H 1-norm condition of U (4-6):

∥u J ∥H1(M) ⩽ ∥u0∥H1(M) + ∥u0 − u J ∥H1(M)

⩽ C03γ
−1

+
√

2C03λ
−1/2
J γ−3 < 3C03γ

−3.

Next we show that u J also satisfies the H 2,2-norm condition of U (4-6) for sufficiently large J. This
condition is trivially satisfied when αk = 0. Due to the finite speed propagation of waves, the condition
u0|Mα

= 0 implies that W (u0)|0k×(−αk ,αk) = 0 for all k with αk ̸= 0. Thus it suffices to show that
W (u0)− W (u J ) has small H 2,2-norm on ∂M × [−D, D].

Since u0 ∈ H 3(M), the regularity result for the wave equation (e.g., Theorem 2.45 in [Katchalov et al.
2001]) shows that

W (u0)|M×[−D,D] ∈ C([−D, D]; H 3(M))∩ C3([−D, D]; L2(M)).

Hence from (4-7), we have

(W (u0)− W (u J ))(x, t)|∂M×[−D,D] =

∞∑
j=J+1

dj cos(
√
λj t)ϕj (x)|∂M .

Then the trace theorem and (4-8) imply that

∥W (u0)− W (u J )∥
2
H2(∂M) ⩽ C∥W (u0)− W (u J )∥

2
H11/4(M)

= C
∞∑

j=J+1

(1 + λ
11/4
j )d2

j cos2(
√
λj t)⩽ 2C

∞∑
j=J+1

d2
j λ

11/4
j ⩽ C(3)λ−1/4

J γ−6,

where the last inequality is due to a similar estimate to (4-9). For the time derivatives, the trace theorem
and (4-8) imply

∥∂2
t W (u0)−∂

2
t W (u J )∥

2
L2(∂M)⩽C∥∂2

t W (u0)−∂
2
t W (u J )∥

2
H3/4(M)

= C
∞∑

j=J+1

(1+λ
3/4
j )d2

j λ
2
j cos2(

√
λj t)⩽ 2C

∞∑
j=J+1

d2
j λ

11/4
j ⩽C(3)λ−1/4

J γ−6.
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Similarly by using (4-9),

∥∂t W (u0)− ∂t W (u J )∥
2
L2(∂M) ⩽ C(3)λ−1

J γ
−6.

Hence by the definition of H 2,2-norm (2-5),

∥W (u0)− W (u J )∥
2
H2,2(∂M×[−D,D])

⩽ 2D C(3)(2λ−1/4
J γ−6

+ λ−1
J γ

−6)

⩽ C(D,3)λ−1/4
J γ−6.

Therefore, for all k = 0, . . . , N with αk ̸= 0, we have

∥W (u J )∥
2
H2,2(0k×[−αk ,αk ])

= ∥W (u0)− W (u J )∥
2
H2,2(0k×[−αk ,αk ])

⩽ C(D,3)λ−1/4
J γ−6.

For any ε1 > 0, choose sufficiently large J such that λJ ⩾ C(D,3)γ−24ε−8
1 and the lemma follows. □

Remark 4.1. The choice of J0 in Lemma 4.2 also depends on geometric parameters, which is brought in
when applying the trace theorem. Those relevant parameters are part of the parameters we considered
in Section 3, so we omit them in this section for brevity. The same goes for the next two propositions,
where the dependency on geometric parameters is brought in when applying Proposition 3.3.

We prove the following approximation result for finite spectral data.

Proposition 4.3. Let u ∈ H 3(M) be a given function with ∥u∥L2(M) = 1 and ∥u∥H3(M) ⩽ 3. Let
α = (α0, . . . , αN ), αk ∈ [η, D] ∪ {0}, be given, and Mα be defined in (4-1). Then, for any ε > 0, there
exists sufficiently large J = J (D, N ,3, η, ε) such that by only knowing the first J Neumann boundary
spectral data {λj , ϕj |∂M}

J
j=1 and the first J Fourier coefficients {aj }

J
j=1 of u, we can find {bj }

J
j=1 and

ua
=

∑J
j=1 bjϕj such that

∥ua
−χMα

u∥L2(M) < ε,

where χ denotes the characteristic function.

Proof. We consider the following minimization problem in U(J,3, γ, ε1) (denoted by U from now on)
defined in (4-6), where the parameters J, γ, ε1 will be determined later. Let umin ∈ U be the solution of
the minimization problem

∥umin − u∥L2(M) = min
w∈U

∥w− u∥L2(M). (4-11)

Observe that given the first J Fourier coefficients of u, finding the minimum of the norm ∥w−u∥L2(M) is
equivalent to finding the minimum of a polynomial in terms of the (J number of) Fourier coefficients
of w. Since the conditions of U (4-6) can be checked with finite boundary spectral data by (4-7) and (4-8),
the minimization problem transforms into a polynomial minimization problem in a bounded domain in RJ

(the space of Fourier coefficients). Hence the Fourier coefficients of the minimizer umin are solvable by
only using the finite spectral data.

Next, we investigate what properties this minimizer umin satisfies. By Proposition 3.3 and the fact that
the Neumann boundary condition is imposed, w ∈ U implies that ∥w∥L2(M(0k ,αk)) < ε2(h,3, η, γ, ε1) for
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all k = 0, 1, . . . , N with αk ̸= 0, where

ε2 = C1/3
3 h−2/9 exp(h−C4n)

3γ−3
+ h−1/2ε1

(log(1 + h3/2γ−33/ε1))1/6
+ C53γ

−3h1/(3n+3). (4-12)

Hence,

∥w∥L2(Mα)
< (N + 1)ε2.

Then, for any w ∈ U and in particular for w = umin,

∥w− u∥
2
L2(M) = ∥w− u∥

2
L2(Mα)

+ ∥w− u∥
2
L2(Mc

α)

> ∥u∥
2
L2(Mα)

− 4Nε2 + ∥w− u∥
2
L2(Mc

α)
. (4-13)

On the other hand the following estimate holds for u J :

∥u J − u∥
2
L2(M) ⩽ (∥u J − u0∥L2(M) + ∥u0 − u∥L2(M))

2

⩽ ∥u J − u0∥
2
L2(M) + 4∥u J − u0∥L2(M) + ∥u0 − u∥

2
L2(M)

⩽ C(3)λ−1/2
J γ−2

+ ∥u∥
2
L2(Mα)

+ ∥u0 − u∥
2
L2(Mα+γ−Mα)

,

where the last inequality is due to an estimate for ∥u J − u0∥L2 similar to (4-10), and the definition
of u0. The definition of partition of unity in (4-3), the Sobolev embedding theorem (see the proof of
Proposition 3.3) and (4-4) yield that

∥u0 − u∥L2(Mα+γ−Mα)
⩽ ∥u∥L2(Mα+γ−Mα)

< 2C53γ
1/(2 max{n,3}).

Hence,

∥u J − u∥
2
L2(M) < C(3)λ−1/2

J γ−2
+ ∥u∥

2
L2(Mα)

+ 4C2
53

2γ 1/(n+1).

For sufficiently large J = J (D,3, γ, ε1), we have u J ∈U by Lemma 4.2. This indicates that the minimizer
umin also satisfies

∥umin − u∥
2
L2(M) < C(3)λ−1/2

J γ−2
+ ∥u∥

2
L2(Mα)

+ 4C2
53

2γ 1/(n+1). (4-14)

Combining the two inequalities (4-13) and (4-14), we have

∥umin − u∥
2
L2(Mc

α)
< 4Nε2 + C(3)λ−1/2

J γ−2
+ 4C2

53
2γ 1/(n+1).

The fact that ∥umin∥L2(Mα)
< Nε2 implies that

∥χMα
u − (u − umin)∥

2
L2(M) = ∥umin −χMc

α
u∥

2
L2(M)

= ∥umin −χMc
α
u∥

2
L2(Mc

α)
+ ∥umin∥

2
L2(Mα)

< 4Nε2 + C(3)λ−1/2
J γ−2

+ 4C2
53

2γ 1/(n+1)
+ 4N 2ε2

2.

From our discussion at the beginning of this proof, we know the Fourier coefficients of umin are
solvable. Suppose we have found a minimizer umin =

∑J
j=1 cjϕj . Since the first J Fourier coefficients of

u are given as aj , we can replace the function u −umin in the last inequality by
∑J

j=1 ajϕj −umin and the
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error in L2-norm is controlled by 3λ−1/2
J . Hence by the Cauchy–Schwarz inequality, we obtain∥∥∥∥χMα

u −

J∑
j=1

(aj − cj )ϕj

∥∥∥∥2

L2(M)
< 8Nε2 + 8N 2ε2

2 + C(3)λ−1/2
J γ−2

+ 8C2
53

2γ 1/(n+1), (4-15)

which makes ua
:=

∑J
j=1 bjϕj with bj = aj − cj our desired function.

Finally, we determine the relevant parameters. For any ε > 0, we first choose and fix γ such that the
last (4-15) term 8C2

53
2γ 1/(n+1) is equal to ε2/4, and choose sufficiently large J such that the third term

is smaller than ε2/4. Then we choose ε2 so that the first two terms satisfy 8Nε2 + 8N 2ε2
2 = ε2/4. Next

we determine ε1. We choose and fix h < η/100 such that the second term in (4-12) is equal to ε2/2,
and choose ε1 such that the first term in (4-12) is equal to ε2/2. By Lemma 4.2, there exists sufficiently
large J such that u J ∈ U , which validates all the estimates. □

4.2. Approximation results with spectral data with error. Now suppose that not only do we not know
all the spectral data, we also only know them up to an error. More precisely, suppose we are given
a set of data {λa

j , ϕ
a
j |∂M} which is a δ-approximation of the Neumann boundary spectral data, where

λa
j ∈ R⩾0 and ϕa

j |∂M ∈ C2(∂M). By Definition 1.1, there exists a choice of Neumann boundary spectral
data {λj , ϕj |∂M}

∞

j=1 such that, for all j ⩽ δ−1,

|

√

λj −

√

λa
j |< δ, ∥ϕj −ϕa

j ∥C0,1(∂M) + ∥∇
2
∂M(ϕj −ϕa

j )|∂M∥< δ. (4-16)

Since ϕa
j ∈ C2(∂M) by assumption, the bound on the C0,1-norm above yields

∥ϕj −ϕa
j ∥C0(∂M) + |∇(ϕj −ϕa

j )|∂M |< δ for j ⩽ δ−1. (4-17)

In a local coordinate (x1, . . . , xn−1) on ∂M, for any f ∈ C2(∂M), we have the formula

(∇2
∂M f )

(
∂

∂xk ,
∂

∂x l

)
=

∂2 f
∂xk∂x l −

n−1∑
i=1

0i
kl
∂ f
∂x i , k, l = 1, . . . , n − 1.

Furthermore, we can choose to work in the geodesic normal coordinate. Then the norm of the second
covariant derivative (the Hessian), the formula above and (2-3) yield a bound Cδ on the second derivative
of (ϕj −ϕa

j )|∂M : ∣∣∣ ∂2

∂xk∂x l (ϕj −ϕa
j )|∂M

∣∣∣< Cδ for j ⩽ δ−1, k, l = 1, . . . , n − 1. (4-18)

We prove the following approximation result analogous to Proposition 4.3.

Proposition 4.4. Let u ∈ H 3(M) be a given function with ∥u∥L2(M) = 1 and ∥u∥H3(M) ⩽ 3. Let
α = (α0, . . . , αN ), αk ∈ [η, D] ∪ {0} be given, and Mα be defined in (4-1). Then, for any ε > 0, there
exists sufficiently large J = J (D, N ,3, η, ε) such that the following holds.

There exists δ=δ(D,vol(∂M),N,3, J,η,ε)⩽ J−1 such that by knowing a δ-approximation {λa
j , ϕ

a
j |∂M}

of the Neumann boundary spectral data, and knowing the first J Fourier coefficients {aj }
J
j=1 of u, we can

find {bj }
J
j=1 and ua

=
∑J

j=1 bjϕj such that

∥ua
−χMα

u∥L2(M) < ε.
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Here the known Fourier coefficients of u are with respect to {ϕj }, which is a choice of orthonormalized
eigenfunctions satisfying (4-16) for {λa

j , ϕ
a
j |∂M}.

Proof. Since we only know an approximation of the boundary spectral data, an error appears when we
determine if a function belongs to the space U (4-6) in the minimization problem (4-11). The norms
appearing in the conditions of U can be written in terms of the Fourier coefficients and boundary spectral
data. However in this case, the actual spectral data are unknown and we can only check these norm
conditions with a given approximation of the spectral data. First we need to estimate how these conditions
change when the spectral data are perturbed.

For a function v(x)=
∑J

j=1 vjϕj (x) with
∑J

j=1 v
2
j ⩽ 1, the error for the H 1-norm condition of U is∣∣∣∣∥v∥2

H1(M) −

J∑
j=1

(1 + λa
j )v

2
j

∣∣∣∣ =

J∑
j=1

|λj − λa
j |v

2
j < (2

√
λJ + δ)δ. (4-19)

For the H 2,2-norm condition of U , from (4-7) we know

W (v)(x, t)|∂M×R =

J∑
j=1

vj cos(
√
λj t)ϕj (x)|∂M .

To check if this condition is satisfied, we can only use the approximate spectral data:

W a(v)(x, t)|∂M×R =

J∑
j=1

vj cos(
√
λa

j t)ϕa
j (x)|∂M .

In fact, we are only concerned with a finite time range t ∈ [−D, D]. Since

|cos(
√

λj t)− cos(
√

λa
j t)| ⩽ |

√

λj t −

√

λa
j t |< Dδ,

we have the following estimate on the error:

∥W (v)− W a(v)∥H2(∂M) ⩽

∥∥∥∥ J∑
j=1

vj cos(
√

λj t)ϕj −

J∑
j=1

vj cos(
√
λa

j t)ϕj

∥∥∥∥
H2(∂M)

+

∥∥∥∥ J∑
j=1

vj cos(
√

λa
j t)ϕj −

J∑
j=1

vj cos(
√

λa
j t)ϕa

j

∥∥∥∥
H2(∂M)

⩽ Dδ
J∑

j=1

|vj |∥ϕj∥H2(∂M) +

J∑
j=1

|vj |∥ϕj −ϕa
j ∥H2(∂M)

< Dδ
J∑

j=1

∥ϕj∥H2(∂M) + C Jδ
√

vol(∂M),

where the last inequality is due to (4-17) and (4-18). By the trace theorem and (4-8), we know

∥ϕj∥
2
H2(∂M) ⩽ C∥ϕj∥

2
H3(M) = C(1 + λ3

j ),

and hence we obtain
∥W (v)− W a(v)∥H2(∂M) < C(D, vol(∂M))Jλ3/2

J δ.
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Similarly for the time derivatives, we have

∥∂t W (v)− ∂t W a(v)∥L2(∂M) < C(D, vol(∂M))JλJ δ,

∥∂2
t W (v)− ∂2

t W a(v)∥L2(∂M) < C(D, vol(∂M))Jλ3/2
J δ.

Therefore by definition (2-5), for some C ′

0 = C ′

0(D, vol(∂M)), we have

∥W (v)− W a(v)∥H2,2(∂M×[−D,D]) < C ′

0 Jλ3/2
J δ. (4-20)

Now following the proof of Proposition 4.3, we still consider the minimization problem (4-11), however
in a perturbed space of U . We define an approximate space U a of U as follows:

Ua
=

N⋂
k=0

{
v =

J∑
j=1

vjϕj :

J∑
j=1

v2
j ⩽ 1,

J∑
j=1

(1 + λa
j )v

2
j ⩽ 9C2

03
2γ−6

+ 3λ1/2
J δ,

∥W a(v)∥H2,2(0k×[−αk ,αk ]) ⩽ ε1 + C ′

0 Jλ3/2
J δ

}
.

Clearly this space U a can be determined with only Fourier coefficients and the given approximation
{λa

j , ϕ
a
j |∂M} of the boundary spectral data. Then we consider the minimization problem (4-11) with the

space U replaced by U a. Hence this perturbed minimization problem is solvable by only using the given
approximation of the spectral data.

By Lemma 4.2, there exists sufficiently large J such that u J ∈ U , and it follows from (4-19) and (4-20)
that u J ∈ U a. Then one can follow the rest of the proof for Proposition 4.3. The only part changed is ε2,
since the actual H 1- and H 2,2-norms of v ∈ U a differ from the original conditions of U . More precisely,
for any v ∈ U a, again by (4-19) and (4-20), we have

∥v∥H1(M) <
√

9C2
03

2γ−6
+ 6λ1/2

J δ < 3C03γ
−3

+ 3λ1/4
J

√
δ,

∥W (v)∥H2,2(0k×[−αk ,αk ]) < ε1 + 2C ′

0 Jλ3/2
J δ.

Therefore following the proof of Proposition 4.3, for δ < λ−1
J , one obtains an estimate almost the same as

(4-15) with ε2(δ):∥∥∥∥χMα
u −

J∑
j=1

(aj − cj )ϕj

∥∥∥∥2

L2(M)
< 8Nε2(δ)+ 8N 2ε2

2(δ)+ C(3)λ−1/2
J γ−2

+ 8C2
53

2γ 1/(n+1), (4-21)

where cj is the j-th Fourier coefficient of a minimizer, and

ε2(δ)= C1/3
3 h−2/9 exp(h−C4n)

3γ−3
+ h−1/2(ε1 + 2C ′

0 Jλ3/2
J δ)

(log(1 + h3/2γ−33/(ε1 + 2C ′

0 Jλ3/2
J δ)))1/6

+ C53γ
−3h1/(3n+3).

Finally we determine the relevant parameters. For any ε > 0, we first choose and fix γ, ε2(0), ε1 such
that the right-hand side of (4-21) with δ = 0 is equal to 3ε2/4 in the same way as in Proposition 4.3. By
Lemma 4.2 we choose and fix sufficiently large J such that u J ∈ U , which validates all the estimates if



1008 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

we restrict δ ⩽ J−1. At last we choose sufficiently small δ < λ−1
J such that

Nε2(δ)+ N 2ε2
2(δ)− Nε2(0)− N 2ε2

2(0) < ε
2/32,

and then the proposition follows. □

Remark 4.2. We point out that in Propositions 4.3 and 4.4, it suffices to know the boundary data on⋃
αi>0 0i to obtain the estimate for Mα with α0 = 0. This may be useful when only partial boundary

spectral data (measured only on a part of the boundary) are known.

5. Approximations to boundary distance functions

Let M be a compact Riemannian manifold with smooth boundary ∂M. For x ∈ M, the boundary distance
function rx : ∂M → R is defined by

rx(z)= d(x, z), z ∈ ∂M.

Then the boundary distance functions define a map R : M → L∞(∂M) by R(x)= rx . It is known that the
map R is a homeomorphism and the metric of the manifold can be reconstructed from its image R(M)
(e.g., Section 3.8 in [Katchalov et al. 2001]). Furthermore, the reconstruction is stable (Theorem 5.7).
Therefore, to construct a stable approximation of the manifold from boundary spectral data, we only
need to construct a stable approximation to the boundary distance functions R(M). In this section, we
construct an approximation to the boundary distance functions through slicing procedures.

Given η > 0, let {0i }
N
i=1 be a partition of the boundary ∂M into disjoint open connected subsets

satisfying the assumptions at the beginning of Section 4: diam(0i ) ⩽ η and every 0i contains a ball
(of ∂M) of radius η/6, where the diameter is measured with respect to the distance of M. We can also
choose 0i to be the closure of these open sets. For example, one can choose 0i to be the Voronoi regions
corresponding to a maximal η/2-separated set on ∂M with respect to the intrinsic distance d∂M of ∂M. It
is straightforward to check that these Voronoi regions satisfy our assumptions with

N ⩽ C(n, vol(∂M))η−n+1. (5-1)

The approximation results in Section 4 enable us to approximate the volume on M by only knowing
an approximation of the Neumann boundary spectral data.

Lemma 5.1. Let α= (α0, . . . , αN ), αk ∈ [η, D]∪{0}, be given, and Mα be defined in (4-1). Then, for any
ε > 0, there exists sufficiently small δ = δ(η, ε) such that by only knowing a δ-approximation {λa

j , ϕ
a
j |∂M}

of the Neumann boundary spectral data, we can compute a number vola(Mα) satisfying

|vola(Mα)− vol(Mα)|< ε.

Proof. Recall that ϕ1 = vol(M)−1/2 on M and it follows that

∥χMα
ϕ1∥

2
L2(M) =

vol(Mα)

vol(M)
.

Since the eigenspace with respect to λ1 = 0 is 1-dimensional, the Fourier coefficients of ϕ1 with respect
to any choice of orthonormalized Neumann eigenfunctions are (1, 0, . . . , 0, . . . ). Apply Proposition 4.4
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to u = ϕ1, and we obtain the Fourier coefficients of ua
=

∑J
j=1 bjϕj for sufficiently large J, and that the

L2-norm of ua approximates ∥χMα
ϕ1∥L2(M). Therefore

∑J
j=1 b2

j approximates vol(Mα)/ vol(M), and
equivalently vol(M)

∑J
j=1 b2

j approximates vol(Mα). If vol(M) is known, then vol(M)
∑J

j=1 b2
j is the

number we are looking for.
However, we do not exactly know vol(M) since we do not exactly know the first eigenfunction; we only

know an approximation of vol(M) in terms of the first approximate eigenfunction ϕa
1 . More precisely,

δ > ∥ϕ1 −ϕa
1∥C0(∂M) ⩾ |vol(M)−1/2

− ∥ϕa
1∥C0(∂M)|.

Hence an approximate volume can be defined as

vola(Mα) := ∥ϕa
1∥

−2
C0(∂M)

J∑
j=1

b2
j ,

and then it satisfies the statement of the lemma. □

Besides the conditions we discussed earlier for the partition {0i }, we need to further restrict the
choice of the partition. We start with the following independent lemma regarding the boundary distance
coordinate. One may refer to Section 2.1.21 in [Katchalov et al. 2001] for a brief introduction on this
subject. This type of coordinate will be used to reconstruct the inner part (bounded away from the
boundary) of the manifold.

Lemma 5.2. Let M ∈ Mn(D, K1, K2, i0). Then there exist a constant L and boundary points {zi }
L
i=1,

zi ∈ ∂M, such that the following two properties hold:

(1) For any x ∈ M with d(x, ∂M)⩾ i0/2, there exist n boundary points {zi1(x), . . . , zin(x)} ⊂ {zi }
L
i=1 such

that the distance functions (d( · , zi1(x)), . . . , d( · , zin(x))) define a bi-Lipschitz local coordinate in a
neighborhood of x.

(2) The map 8L : M → RL defined by

8L(x)= (d(x, z1), . . . , d(x, zL))

is bi-Lipschitz on {x ∈ M : d(x, ∂M) ⩾ i0/2}, where the Lipschitz constant and L depend only on
n, D, K1, K2, i0, vol(∂M).

Furthermore, the boundary points {zi }
L
i=1 can be chosen as any rL -maximal separated set on ∂M,

where rL < i0/8 is a constant depending only on n, D, K1, K2, i0.

Proof. Given x ∈ M with d(x, ∂M)⩾ i0/2, let z ∈∂M be a nearest boundary point; i.e., d(x, z)=d(x, ∂M).
Then it follows that z is not conjugate to x along the minimizing geodesic from x to z. That is to say, the
differential d expx |v is nondegenerate, where expx denotes the exponential map of M and v = exp−1

x (z).
Hence by the inverse function theorem, there exists a neighborhood of (x, v) ∈ T M (with respect to the
Sasaki metric on the tangent bundle) such that the exponential map is a diffeomorphism to a neighborhood
of z. Furthermore, one can find a uniform radius r1 depending on n, D, K1, K2, i0 for the size of these
neighborhoods [Katsuda et al. 2007, Lemma 4].
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We take {zi } to be an r2-net on ∂M (with respect to the intrinsic distance d∂M of ∂M), where the
parameter r2 < r1/8 is determined later. By definition, there exists z1 ∈ {zi } such that d∂M(z, z1) < r2.
Then we search for n − 1 points z2, . . . , zn such that ∂M exp−1

z1
(z j ) (for j = 2, . . . , n) form a basis in

Tz1(∂M), where ∂M exp denotes the exponential map of ∂M. We claim that this is possible for sufficiently
small r2 explicitly depending on r1, n, K1. This claim can be proved as follows. Take v2, . . . , vn to be an
orthonormal basis of Tz1(∂M), and consider the points z′

j = ∂M expz1
(svj )∈ ∂M for a fixed s ∈ (r1/4, r1/2).

By the definition of r2-net, there exist points z2, . . . , zn ∈ {zi } such that d∂M(z′

j , z j )< r2 (for j = 2, . . . , n).
We consider the triangle with the vertices z1, z′

j , z j . Since the lengths of the sides z1z′

j and z1z j are at
least r1/8, for sufficiently small r2 explicitly depending on K1, the angle of the triangle at z1 is small
(by Toponogov’s theorem) and therefore ∂M exp−1

z1
(z j ) (for j = 2, . . . , n) also form a basis. Then by the

same argument as Lemma 2.14 in [Katchalov et al. 2001], one can show z1, z2, . . . , zn are the desired
boundary points, from which a boundary distance coordinate is admitted in a neighborhood of x .

From now on, we choose {zi }
L
i=1 to be a maximal r2-separated set on ∂M, which is indeed an r2-net

by maximality. The cardinality L of this net is bounded by C(n, vol(∂M))r−n+1
2 . The bi-Lipschitzness

of the boundary distance coordinate follows from the fact that the differential of the exponential map is
uniformly bounded in the relevant domain by a constant depending on n, D, K1, K2, i0 [Katsuda et al.
2007, Lemma 3 and Proposition 1]. This concludes the proof for the first part of the lemma.

Next we prove the second part of the lemma. We claim that there exists r3> 0 such that8L with respect
to any maximal r3-separated set on ∂M is bi-Lipschitz on {x ∈ M : d(x, ∂M)⩾ i0/2}. Note that 8L is
automatically Lipschitz with the Lipschitz constant

√
L by the triangle inequality. Suppose there exist

a sequence of manifolds Mk ∈ Mn(D, K1, i0) and points xk, yk ∈ {x ∈ Mk : d(x, ∂Mk)⩾ i0/2} such that

|8L ,k(xk)−8L ,k(yk)|

dMk (xk, yk)
→ 0 as k → ∞,

where 8L ,k is defined with respect to some maximal 1/k-separated set on ∂Mk . The precompactness
of Mn(D, K1, i0) [Anderson et al. 2004, Theorem 3.1] yields that there exists a subsequence of Mk that
converges to a limit M in the C1-topology. We choose subsequences of xk , yk that converge to limit
points x, y ∈ M. The assumption implies that 8L(x)=8L(y) with respect to a dense subset of ∂M. Due
to the fact that the boundary distance map R is a homeomorphism [Katchalov et al. 2001, Lemma 3.30],
it follows that x = y. Moreover, we have d(x, ∂M)⩾ i0/2. However, for sufficiently large k such that
xk, yk ∈ Br1(x), the points xk, yk lie in the same boundary distance coordinate neighborhood by the first
part of the lemma, on which 8L ,k is locally bi-Lipschitz with a uniformly bounded Lipschitz constant.
This is a contradiction to the assumption. Therefore there exists some r3 > 0 depending on n, D, K1, i0

such that 8L with respect to any maximal r3-separated set on ∂M is bi-Lipschitz.
Finally, we further restrict {zi }

L
i=1 to be a maximal min{r1, r2, r3}-separated set on ∂M. Hence the

cardinality L satisfies
L ⩽ C(n, vol(∂M))min{r1, r2, r3}

−n+1,

which depends only on n, D, K1, K2, i0, vol(∂M). We define rL = min{r1, r2, r3}, which depends on
n, D, K1, K2, i0. □
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M M
∂M ∂MM∗

β

M∗

β[k,i]

0k 0k0i 0i

Figure 6. Subdomains from two subsets of the boundary. The former type is used to reconstruct
the inner part of the manifold, while the latter type is used to reconstruct the boundary normal
neighborhood.

Choice of partition. Let η > 0 be given. We choose boundary points {zi }
N
i=1 and a partition {0i }

N
i=1 of

∂M as follows. Let {z1, . . . , zL} be the boundary points determined in Lemma 5.2, and then we add N −L
number of boundary points such that {z1, . . . , zN } is a maximal η/2-separated set on ∂M. This is possible
because {z1, . . . , zL} can be chosen as any rL -maximal separated set on ∂M, with rL being a uniform
constant independent of η. We take {0i }

N
i=1 to be a partition of ∂M (e.g., Voronoi regions corresponding

to {zi }
N
i=1) satisfying the assumptions at the beginning of this section: diam(0i )⩽ η, zi ∈ 0i , and every

0i contains a ball (of ∂M) of radius η/6. The cardinality N of the partition is bounded above by (5-1).

Definition 5.3. Let η> 0 be given. For multi-indices β of the form β= (β0, β1, . . . , βN ), with β0 ∈ {0, 1},
β1, . . . , βN ∈ N, we consider the following two types of subdomains (see Figure 6):

(1) Given a multi-index β = (0, β1, . . . , βN ), we define a slicing of the manifold by

M∗

β =
⋂

i :βi>0
{x ∈ M : d(x, 0i ) ∈ [βiη− 2η, βiη)}. (5-2)

We also consider the following modified multi-index by setting specific components equal to zero:

β⟨l⟩ := (0, β1, . . . , βL , 0, . . . , 0, βl, 0, . . . , 0), l ∈ {L + 1, . . . , N }.

(2) Given a multi-index β = (1, β1, . . . , βN ), we define a modified multi-index by

β[k, i] := (1, 0, . . . , 0, βk, 0, . . . , 0, βi , 0, . . . , 0), k ̸= i.

In other words, β[k, i] can only have nonzero k-th and i-th components besides the 0-th component. Then
we define the subdomain

M∗

β[k,i] =
{

x ∈ M : d(x, ∂M)⩾ βkη− 2η, d(x, 0k) < βkη, d(x, 0i ) ∈ [βiη− 2η, βiη)
}
. (5-3)

By definition (5-2), we only slice the manifold from 0i if βi > 0. Hence M∗

β ⊂ M∗

β⟨l⟩ for any
l ∈{L+1, . . . , N }. Since the diameter of the manifold is bounded above by D, it suffices to consider a finite
number of choices βi ⩽ 2+ D/η for each βi . Notice that we always use a fixed number (independent of η)
of 0i to slice the manifold. This keeps the total number of slicings from growing too large as η gets small.

Similar to Lemma 5.1, we can also evaluate approximate volumes for vol(M∗

β⟨l⟩), vol(M∗

β[k,i]), and the
error can be made as small as needed given sufficient boundary spectral data.
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Lemma 5.4. Let η > 0 be given, and M∗

β⟨l⟩,M∗

β[k,l] be defined in Definition 5.3. Then, for any ε > 0,
there exists sufficiently small δ = δ(η, ε) such that by only knowing a δ-approximation {λa

j , ϕ
a
j |∂M} of the

Neumann boundary spectral data, we can compute numbers vola(M∗

β⟨l⟩), vola(M∗

β[k,i]) satisfying

|vola(M∗

β⟨l⟩)− vol(M∗

β⟨l⟩)|< 2L+1ε for any l ∈ {L + 1, . . . , N },

|vola(M∗

β[k,i])− vol(M∗

β[k,i])|< 4ε for any i ̸= k,

where L is a uniform constant independent of η determined in Lemma 5.2.

Proof. Observe that for any β = (0, β1, . . . , βN ) with β1, . . . , βN > 0, the subdomain M∗

β can be obtained
as a finite number of unions, intersections and complements of the subdomains Mα of the form (4-1) with
α0 = 0. More precisely,

M∗

β =

N⋂
i=1
(M(0i , βiη)− M(0i , βiη− 2η))

=

N⋂
i=1

M(0i , βiη)−
N⋃

i=1
M(0i , βiη− 2η).

Then the volume of M∗

β can be written in terms of the volumes of Mα with α0 = 0 through the following
operations. For any n-dimensional Hausdorff measurable subset �1, �2 ⊂ M,

vol(�1 −�2)= vol(�1 ∪�2)− vol(�2),

vol(�1 ∩�2)= vol(�1)+ vol(�2)− vol(�1 ∪�2).

Moreover, for any multi-indices α, α′,

vol(Mα ∪ Mα′)= vol(Mαmax), where (αmax)i = max{αi , α
′

i }.

Therefore the approximate volume vola(M∗

β) for M∗

β can be defined by replacing the volumes of Mα in
the expansion with the approximate volume vola(Mα).

On the other hand, for a multi-index of the form β[k, i], we have

M∗

β[k,i] = M(0k, βkη)∩ M(0i , βiη)− M(∂M, βkη− 2η)∪ M(0i , βiη− 2η).

Recall that the volume information from the whole boundary ∂M is incorporated in the α0-component of
the multi-index α. Thus the volume of M∗

β[k,l] can be written in terms of the volumes of Mα with α0 ⩾ 0.
For a multi-index of the form β⟨l⟩, the total number of volume terms of Mα in vol(M∗

β⟨l⟩) is at most 2L+1.
For a multi-index of the form β[k, i], the total number of volume terms of Mα in vol(M∗

β[k,i]) is at most 4.
Then the error estimates directly follow from Lemma 5.1. □

Now we are in place to define an approximation to the boundary distance functions R(M). We consider
the following candidate.

Definition 5.5. Let η, ε > 0 be given. For a multi-index β = (β0, β1, . . . , βN ) with β0 ∈ {0, 1},
β1, . . . , βN ∈ N+, if either of the following two situations happens, we associate with this β a piecewise
constant function rβ ∈ L∞(∂M) defined by

rβ(z)= βiη if z ∈ 0i :
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(1) β0 = 0; βiη > i0/2 for all i = 1, . . . , N, and vola(M∗

β⟨l⟩)⩾ ε for all l = L + 1, . . . , N.

(2) β0 = 1; there exists k ∈ {1, . . . , N } such that βkη ⩽ i0/2 and vola(M∗

β[k,i])⩾ ε for all i = 1, . . . , N
with i ̸= k.

We test all multi-indices β up to βi ⩽ 2+ D/η for each βi , and denote the set of all functions rβ chosen
this way by R∗

ε .

Intuitively, the first situation in Definition 5.5 describes a small neighborhood in the interior of the
manifold away from the boundary. The second situation describes a small neighborhood near the boundary
with the help of the boundary normal neighborhood. We prove that R∗

ε is an approximation to the boundary
distance functions R(M) for sufficiently small ε.

Proposition 5.6. Let M ∈ Mn(D, K1, K2, i0, r0). For any η > 0, there exist ε = ε(η) and sufficiently
small δ = δ(η) such that by only knowing a δ-approximation {λa

j , ϕ
a
j |∂M} of the Neumann boundary

spectral data we can construct a set R∗
ε ⊂ L∞(∂M) such that

dH (R∗

ε,R(M))⩽ C6
√
η,

where dH denotes the Hausdorff distance between subsets of the metric space L∞(∂M) and the constant
C6 depends only on n, D, K1, K2, i0, vol(∂M).

Proof. Let η<min{1, i0/8}. Given any x ∈ M, take a point x ′
∈ M such that d(x, x ′)⩽η and d(x ′, ∂M)⩾η.

Clearly there exist positive integers βi > 0 such that d(x ′, 0i )∈ [βiη−2η, βiη) for all i = 1, . . . , N. In fact,
there are two choices for each βi , and we choose the one satisfying d(x ′, 0i ) ∈ [βiη− 3η/2, βiη− η/2)
for all i . In particular, we see that each βi satisfies βiη− 2η ⩽ D.

If βiη > i0/2 for all i = 1, . . . , N, then we consider the multi-index β = (0, β1, . . . , βN ). It follows
from the triangle inequality that Bη/2(x ′)⊂ M∗

β . Since Bη/2(x ′) does not intersect ∂M, we have vol(M∗

β)>

vol(Bη/2(x ′))⩾ cnη
n for sufficiently small η, which implies that vol(M∗

β⟨l⟩)> cnη
n for all l = L+1, . . . , N.

We define
ε∗ = cnη

n/2, (5-4)

and set ε = 2−L−1ε∗ in Lemma 5.4. Then we consider the set of functions R∗
ε∗

. Since vola(M∗

β⟨l⟩) >

cnη
n
− ε∗ = ε∗ by Lemma 5.4, we have rβ ∈ R∗

ε∗
by the first situation in Definition 5.5. Then by the

condition diam(0i )⩽ η and the triangle inequality, we have

∥rx − rβ∥L∞(∂M) ⩽ ∥rx − rx ′∥L∞(∂M) + ∥rx ′ − rβ∥L∞(∂M) ⩽ η+ 2η = 3η. (5-5)

If there exists k ∈{1, . . . , N } such that βkη⩽ i0/2, then we consider the multi-index β= (1, β1, . . . , βN ).
Without loss of generality, assume k is the index such that βk = mini>0 βi . Hence

d(x ′, ∂M)= min{d(x ′, 01), . . . , d(x ′, 0N )} ⩾ βkη− 3η/2,

which shows x ′
∈ M∗

β[k,i] for all i = 1, . . . , N with i ̸= k by definition (5-3). Moreover, we also have
Bη/2(x ′)⊂ M∗

β[k,i] for all i . Thus by choosing the same ε∗ and ε as the previous case, we have rβ ∈ R∗
ε∗

by the second situation in Definition 5.5, and (5-5) still holds. This concludes the proof for one direction.
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On the other hand, given any rβ ∈R∗
ε∗

, Definition 5.5 and Lemma 5.4 indicates that either vol(M∗

β⟨l⟩)>0
for all l = L + 1, . . . , N, or there exists k such that vol(M∗

β[k,i]) > 0 for all i . Recall that β1, . . . , βN > 0
by definition.

(i) The first situation allows us to pick an arbitrary point xl in every M∗

β⟨l⟩. Then by diam(0i )⩽ η and
the triangle inequality, we have

∥rβ − rxl ∥L∞(01∪···∪0L∪0l ) ⩽ 3η for any l ∈ {L + 1, . . . , N }. (5-6)

Notice that all xl are in fact bounded away from the boundary. More precisely, for any xl , we know from
Definition 5.5 that

d(xl, 0i )⩾ βiη− 2η > i0/2 − 2η > i0/4 for all i = 1, . . . , L .

Since the boundary points {zi }
L
i=1 can be chosen as an rL -maximal separated set on ∂M, where rL < i0/8

is a uniform constant independent of η (Lemma 5.2), we have, for any xl ,

d(xl, ∂M) > i0/8.

Hence for any other j ∈ {L + 1, . . . , N } with j ̸= l, Lemma 5.2 yields that

d(xl, x j )⩽ C(n, D, K1, i0)|8L(xl)−8L(x j )| ⩽ C
√

L η,

where 8L( · )= (d( · , z1), . . . , d( · , zL)). Then it follows from the triangle inequality and (5-6) that

∥rβ − rxl ∥L∞(0j ) ⩽ ∥rβ − rx j ∥L∞(0j ) + ∥rx j − rxl ∥L∞(0j ) ⩽ (C
√

L + 3)η.

Thus by ranging j ̸= l over {L + 1, . . . , N }, we obtain

∥rβ − rxl ∥L∞(∂M) ⩽ (C
√

L + 3)η.

(ii) The second situation allows us to pick an arbitrary point xi in every M∗

β[k,i]. Observe from Definition 5.5
that, for any xi , we have

d(xi , ∂M)⩽ d(xi , 0k) < βkη ⩽ i0/2.

The fact that d(x, 0k)⩾ d(x, ∂M) implies that

∥rβ − rxi ∥L∞(0k∪0i ) ⩽ 2η.

For any other j ∈ {1, . . . , N } with j ̸= k, i , we have

d(xi , x j )⩽ C
√
η.

This is due to the fact that the diameter of the subdomain {x ∈ M : d(x, ∂M)⩾ βkη−2η, d(x, 0k) < βkη}

for βkη ⩽ i0/2 is bounded above by C
√
η. Hence by ranging j ̸= k, i over {1, . . . , N }, we obtain

∥rβ − rxi ∥L∞(∂M) ⩽ C
√
η+ 2η. □

Remark 5.1. We only used a fixed number (independent of η) of subsets of the boundary to slice the
manifold, so that the total number of slicings does not grow too large as η gets small. To reconstruct the
inner part of the manifold, we used L + 1 subsets with L being a uniform constant (however not explicit).
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Near the boundary, we took advantage of the boundary normal neighborhood and essentially only used
two subsets. Instead if we use all N subsets to slice the manifold, it would result in a third logarithm in
Theorem 1.

Remark 5.2. By virtue of Remark 4.2, the approximate volume for Mα with α0 = 0 in Lemma 5.1 can
be found by only knowing the boundary data on

⋃
αi>0 0i . This implies that the approximate volume for

M∗

β (with β0 = 0) in Lemma 5.4 can be found by only knowing the boundary data on
⋃
βi>0 0i . Thus in

a way similar to but simpler than Definition 5.5 and Proposition 5.6, one can define an approximation to
R(M) restricted on a part of the boundary using partial boundary spectral data. Furthermore in the case
of partial data, a similar calculation to that in the Appendix yields a log-log-log estimate on the stability
of the reconstruction of R(M).

The following result shows that the reconstruction of a manifold from R(M) is stable.

Theorem 5.7 [Katsuda et al. 2007, Theorem 1]. Let M be a compact Riemannian manifold with smooth
boundary. Suppose R∗ is an η-approximation to the boundary distance functions R(M) for sufficiently
small η. Then one can construct a finite metric space X directly from R∗ such that

dGH(M, X) < C7(n, D, K1, K2, i0) η
1/36,

where dGH denotes the Gromov–Hausdorff distance between metric spaces.

Finally we prove the main results Theorems 1 and 2.

Proof of Theorem 1. The estimate directly follows from Proposition 5.6 and Theorem 5.7. The dependency
of constants is derived in the Appendix.

The only part left is to find an upper bound for vol(∂M), vol(M) in terms of other geometric parameters.
Due to Corollary 2(b) in [Katsuda et al. 2007], the (intrinsic) diameter of ∂M is uniformly bounded by a
constant depending on n, D, ∥RM∥C1, ∥S∥C2, i0, however not explicitly. Then by the volume comparison
theorem for ∂M, vol(∂M) is uniformly bounded by the same set of parameters. As for vol(M), the
manifold M is covered by harmonic coordinate charts with the total number of charts bounded (not
explicitly) by a constant depending on n, D, ∥RM∥C1, ∥S∥C2, i0 [Katsuda et al. 2007, Theorem 3]. Away
from the boundary, the volumes of balls of a small radius are uniformly bounded. Near the boundary,
we can use the boundary normal neighborhood of ∂M since vol(∂M) is already shown to be bounded.
Hence vol(M) is uniformly bounded by the same set of parameters. □

Proof of Theorem 2. We take the first δ−1 Neumann boundary spectral data of M2, and by Definition 1.1,
this set of finite data (without error) is a δ-approximation of the Neumann boundary spectral data of M2.
By Proposition 5.6, we can construct an approximation to R(M2). On the other hand, the finite spectral
data of M2 is δ-close to the Neumann boundary spectral data of M1 by Definition 1.1, since the Neumann
boundary spectral data of M1 and M2 are δ-close by assumption. Then from the pull-back of the finite
spectral data of M2 via the boundary isometry, we can construct an approximation to R(M1). Since the
boundary isometry (diffeomorphism) preserves Riemannian metrics on the boundaries, the pull-back of
the finite spectral data via the boundary isometry produces an isometric approximation to the boundary
distance functions. Hence Theorem 2 follows from Corollary 1 in [Katsuda et al. 2007]. □
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6. Technical lemmas

This section contains the proofs of several lemmas used in Section 3. Some of the lemmas in this section,
especially Lemma 6.5, are important technical results, and we prove them here without interrupting the
structure of the main proof. Some other lemmas are known facts. We did not find precise references for
them, so we present short proofs here.

Lemma 6.1. Let (M, g) ∈ Mn(D, K1, K2, i0). Denote by Sρ the second fundamental form of the
equidistant hypersurface in M defined by the level set d( · , ∂M) = ρ for ρ < i0. Then there exists a
uniform constant rb explicitly depending only on K1, i0 such that, for any ρ ⩽ rb, we have ∥Sρ∥ ⩽ 2K1.

Moreover, if the metric components satisfy (2-3) with respect to a coordinate chart in a ball U of ∂M,
then the metric components with respect to the boundary normal coordinate in U × [0, rb] satisfy

∥gi j∥C1 ⩽ C(n, ∥RM∥C1, ∥S∥C1), ∥gi j∥C4 ⩽ C(n, K1, K2, i0) for all 1 ⩽ i, j ⩽ n.

Proof. At an arbitrary point z ∈ ∂M, take an arbitrary unit vector V in Tz(∂M) and extend it to V (ρ) ∈

Tγz,n(ρ)M (ρ < i0) via the parallel translation along γz,n, where γz,n denotes the geodesic of M from z
with the initial normal vector n at z. We still use the notation Sρ to denote the shape operator of the
equidistant hypersurface with distance ρ from ∂M. Consider the function

κV (ρ)= ⟨Sρ(V (ρ)), V (ρ)⟩g.

The bound on the second fundamental form of ∂M indicates |κV (0)| ⩽ K1. For convenience, we omit the
evaluation at ρ and use V to denote the vector field V (ρ).

Since V is a parallel vector field with respect to the normal vector field ∂/∂ρ (or simply ∂ρ), we have

d
dρ
κV = ⟨∇∂ρ (SρV ), V ⟩ + ⟨SρV,∇∂ρV ⟩ = ⟨(∇∂ρ Sρ)V, V ⟩.

Then the Riccati equation (e.g., [Petersen 2006, Theorem 2, p. 44]) leads to the formula

d
dρ
κV = −⟨S2

ρV, V ⟩ + RM(V, ∂ρ, V, ∂ρ). (6-1)

Due to the fact that Sρ is symmetric and |V | = 1, we have

⟨S2
ρV, V ⟩ = |SρV |

2 ⩾ |⟨SρV, V ⟩|
2.

Hence,
d

dρ
κV (ρ)⩽ −κ2

V (ρ)+ K 2
1 . (6-2)

On the other hand, we need a lower bound for dκV /dρ. This is possible because we a priori know
the solution of the Riccati equation exists up to i0, and the equidistant hypersurfaces vary smoothly in a
neighborhood of ∂M. This implies that there exists a positive number ρmax ⩽ i0/2 satisfying

ρmax = sup{ρ ∈ [0, i0/2] : ∥Sτ∥ ⩽ 2K1 for all τ ∈ [0, ρ]}.
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Hence, for any ρ ∈ [0, ρmax], we have |SρV | ⩽ 2K1 as the condition above is a closed condition. Then
from (6-1),

d
dρ
κV (ρ)⩾ −4K 2

1 − K 2
1 = −5K 2

1 . (6-3)

Combining (6-2) and (6-3), we have∣∣∣ d
dρ
κV (ρ)

∣∣∣ ⩽ 5K 2
1 , ρ ∈ [0, ρmax].

Thus for any ρ ⩽ min{ρmax, (10K1)
−1

}, we have |κV (ρ)| ⩽ 3K1/2. Since z and V are arbitrary, this
shows ∥Sρ∥ ⩽ 3K1/2.

We claim that the uniform constant rb can be chosen as rb = min{i0/2, (10K1)
−1

}. This choice is
obviously justified if ρmax = i0/2. Now if ρmax< i0/2, we prove that ρmax>(10K1)

−1. Suppose otherwise,
and it implies that ∥Sρ∥⩽ 3K1/2 satisfies for any ρ ⩽ ρmax. We know the solution of the Riccati equation
exists in a neighborhood of ρmax, and therefore there exists a larger ρ > ρmax satisfying the condition for
ρmax since ρmax < i0/2 by assumption. This contradicts the maximality of ρmax. As a consequence, our
estimate holds up to ρ ⩽ (10K1)

−1 in this case. On the other hand, the fact that (10K1)
−1 < ρmax < i0/2

justifies our choice of rb in this case. This completes the proof for the first part of the lemma.

For the second part, we consider the matrix Riccati equation in the boundary normal coordinate. This
time we use the Lie derivative version of the Riccati equation (e.g., [Petersen 2006, Proposition 7(3),
p. 47]). The components of the shape operator are denoted by Sl

α =
∑n−1

β=1 gβl Sαβ , where Sαβ denotes the
components of the second fundamental form of the equidistant hypersurfaces. Here the evaluation at ρ is
omitted. Then the Riccati equation has the form

d
dρ

Sαβ =

n−1∑
γ,l=1

gγ l Sγα Sl
β + RM

(
∂

∂xα
,
∂

∂ρ
,
∂

∂xβ
,
∂

∂ρ

)
.

By definition we have the equation on the distortion of metric:

d
dρ

gαβ = 2Sαβ .

Due to the first part of the lemma, dgαβ/dρ is uniformly bounded. As a consequence, gαβ is uniformly
bounded since it is bounded in the coordinate chart on ∂M. The tangential derivatives of gαβ are estimated
as follows.

The Riccati equation can be written in terms of (Sαβ) and (gαβ) using the formula for the matrix inverse.
We differentiate these two equations with respect to all tangential directions x1, . . . , xn−1, and we get a
system of first-order ODEs with the variable v:

v(ρ)=

(
. . . ,

∂gαβ
∂xT

(ρ), . . . ,
∂Sγ l

∂xT
(ρ), . . .

)
, α, β, γ, l = 1 . . . , n − 1,

where xT ranges over all tangential directions x1, . . . , xn−1. This system of equations can be written in
the form

d
dρ

v = B1v + B2v + ∇ R∗

M .
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The matrix B1 is obtained by differentiating the term of the S2 form in the Riccati equation, and only
consists of components of the second fundamental form (Sαβ) and the metric (gαβ). The matrix B2 is
obtained by differentiating the curvature term, and only consists of components of the curvature tensor
and (gαβ). The vector ∇ R∗

M absorbs all the remaining terms and is considered as a constant vector. More
precisely, the vector ∇ R∗

M is made up of components of the covariant derivative ∇ RM , and components
of RM , (Sαβ), (gαβ).

Due to the first part of the lemma, the components (Sαβ) and (gαβ) are uniformly bounded in the
boundary normal neighborhood of width rb. Then it follows that the components (gαβ) are also uniformly
bounded. This implies that the matrices B1, B2 have norms bounded above by C(n, K1), and the vector
∇ R∗

M has length bounded above by C(n, K1, ∥∇ RM∥). The initial condition |v(0)| is bounded above by
n, ∥∇S∥. Then the standard theory of ODEs yields a bound for |v| and hence for all components of v. In
particular, ∂gαβ/∂xT are uniformly bounded, which implies that ∥gi j∥C1 ⩽ C(n, ∥RM∥C1, ∥S∥C1) for all
1 ⩽ i, j ⩽ n.

We keep differentiating the matrix Riccati equation with respect to xT and ρ up to the fourth order. By the
same argument, all relevant coefficients of that system of ODEs are uniformly bounded by ∥RM∥C4 , (Sαβ),
(gαβ) and previous lower-order estimates. Since the initial condition at ρ= 0 is bounded by n, ∥gαβ(0)∥C4 ,
∥S∥C4 and ∥RM∥C3 , the C4 estimate for the metric components directly follows from (2-3). □

Lemma 6.2. (1) For any M ∈ Mn(K1), we have rCAT(M) > 0.
Assume further M ∈ Mn(D, K1, K2, i0). The submanifold Mh is defined in Definition 3.7. Suppose M̃

is an extension of M satisfying Lemma 3.4(1)–(3) with the extension width δex. Then:

(2) For sufficiently small h, δex explicitly depending on K1, K2, i0, we have

rCAT(Mh)⩾ min{C(n, ∥RM∥C1, ∥S∥C1), rCAT(M)},

rCAT(M̃)⩾ min
{

C(n, ∥RM∥C1, ∥S∥C1),
i0

4
,

rCAT(M)
2

}
.

(3) For sufficiently small h, δex, we have

rCAT(Mh)⩾ min
{

2rCAT
3

(M),
π

2K1

}
, rCAT(M̃)⩾ min

{
2rCAT

3
(M),

π

2K1

}
.

Proof. Due to the characterization theorem in [Alexander et al. 1993], any point x ∈ M has an open
ball Ux such that Ux has curvature bounded above by K 2

1 in the sense of Alexandrov. In particular, for
any point p, q ∈ Ux satisfying dUx (p, q) < π/K1, there is a unique minimizing geodesic in Ux (not
necessarily a minimizer of M) connecting p and q (e.g., Theorem 9.8 in [Alexander et al. 2024]).

(1) Suppose rCAT(M)= 0, and there exist sequences of points pi , qi , such that there are two minimizing
geodesics of M joining each pair of points pi , qi with d(pi , qi ) → 0. By the compactness of M, we
can find converging subsequences of points, still denoted by pi and qi . Let x be their limit point. For
sufficiently large i , there are two minimizing geodesics of M connecting pi , qi and they both lie in Ux ,
which is a contradiction to the property of Ux .
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(2) Given an arbitrary point p ∈ Mh , suppose q ∈ Mh is a point such that there are two minimizing
geodesics of Mh connecting p, q . Without loss of generality, assume dh(p, q)<min{π/(2K1), rCAT(M)}.
We choose h sufficiently small such that ∥S∂Mh ∥⩽2∥S∥ and ∥S∂Mh ∥C1 ⩽2∥S∥C1 . Recall that no conjugate
points occur along geodesics (of Mh) of length less than π/(2K1) [Alexander et al. 1993, Corollary 3].
Furthermore, we consider p, q to be the closest pair: dh(p, q)= rCAT(Mh). Then by the first variation
formula (e.g., Proposition 3 in [Alexander et al. 1993]), the two geodesics connecting p, q form a closed
geodesic of Mh . It is known that geodesics on manifolds with smooth boundary are of C1,1. Hence their
geodesic curvature exists almost everywhere and is bounded by C(n, ∥RM∥C1, ∥S∥C1) due to (6-14).
Now consider these two geodesics of Mh connecting p, q as a closed C1,1-curve of M, and it lies in the
ball of M centered at p of the radius min{π/(2K1), rCAT(M)}, which is CAT(K1) due to Theorem 4.3 in
[Alexander and Bishop 1996]. Hence by Corollary 1.2(c) in [Alexander and Bishop 1996], the length of
this closed curve is bounded below by C(n, ∥RM∥C1, ∥S∥C1), and therefore dh(p, q) is bounded below
by C(n, ∥RM∥C1, ∥S∥C1).

Next we derive a lower bound for rCAT(M̃). Suppose p, q ∈ M̃ is the closest pair of points such that there
are two minimizing geodesics of M̃ joining p, q. Assume d̃(p, q) < min{π/(4K1), i0/4, rCAT(M)/2}.
Then we immediately see that at least one of these two geodesics intersects M̃ − M. This implies that both
geodesics lie in the boundary normal (tubular) neighborhood of ∂M by assumption. Furthermore, the two
geodesics connecting p, q form a closed geodesic of M̃ by the first variation formula. We move inwards
on this closed geodesic along the family of geodesics normal to ∂M by distance δex < i0/2. This process
results in a closed C1,1-curve of M contained in the boundary normal neighborhood. For sufficiently
small δex depending on K1, K2, this closed C1,1-curve of M has length at most 3d̃(p, q) and its geodesic
curvature is bounded by C(n, ∥RM∥C1, ∥S∥C1) almost everywhere. Hence this closed curve of M lies in a
ball of M of the radius min{π/(2K1), rCAT(M)} (which is CAT(K1)), and therefore its length is bounded
below by C(n, ∥RM∥C1, ∥S∥C1) by Corollary 1.2(c) in [Alexander and Bishop 1996]. This shows that
the length of the original closed geodesic of M̃ is bounded below by C(n, ∥RM∥C1, ∥S∥C1), which gives
the lower bound for d̃(p, q).

(3) Here we only prove the statement for Mh; the proof for M̃ is the same. Suppose not, and we can
find pi , qi ∈ Mhi (hi → 0) such that there are two minimizing geodesics of Mhi connecting each pair
pi , qi with dhi (pi , qi ) <min{2rCAT(M)/3, π/(2K1)}. Moreover, we can assume qi is the closest point
from pi such that this happens, and therefore the two geodesics connecting pi , qi form a closed geodesic
of Mhi . Thus we have a sequence of closed C1-curves with lengths less than 4rCAT(M)/3. This sequence
of closed curves also has lengths uniformly bounded away from 0 due to (2). Hence by the Arzelà–Ascoli
theorem, we can find a subsequence converging to a limit closed curve in M of nonzero length (not
necessarily of C1). Let p, q ∈ M be the limit points of pi , qi . Since dhi converges to d (Lemma 3.6), the
lower semicontinuity of length yields that the limit closed curve has length at most 2d(p, q).

Consider the segment of the limit closed curve from p to q and the other segment from q to p. Both
segments must have lengths at least the distance d(p, q). Since the limit closed curve has length at most
2d(p, q), each segment is a minimizing geodesic of M. If these two segments do not coincide, then we
get two minimizing geodesics of M from p to q of lengths at most 2rCAT(M)/3, which contradicts the
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condition for rCAT(M). If the two segments coincide, we pick a point y ∈ M on the limit curve close
to p, and consider points y1, y2 on the closed geodesic of Mhi near (fixed) y at opposite sides from pi .
For sufficiently large i , the points y1, y2 can be arbitrarily close in Mhi and meanwhile bounded away
from pi . However, the angle between the geodesic segment of Mhi from pi to y1 and the segment from pi

to y2 is always π , since the curve in question is a closed C1-curve. This is a contradiction to the local
CAT condition for Mhi combined with (2). □

Lemma 6.3. Let h be sufficiently small determined at the beginning of Section 3.4. Let ds
h( · , z)

(Definition 3.8) be the smoothening of the function dh( · , z) (Definition 3.7 ) with the smoothening
radius r = aT h3, where aT = min{1, T −1

}. Then the following properties are satisfied for z, z1, z2 ∈ Mh ,
x ∈ M and x1, x2 ∈ M̃ :

(1) |dh(x1, z1)− dh(x1, z2)| ⩽ dh(z1, z2).

(2) |ds
h(x, z1)− ds

h(x, z2)| ⩽ (1 + CnK 2
1 h6)dh(z1, z2).

(3) For sufficiently small h only depending on K1, we have

|dh(x1, z)− dh(x2, z)|<
3h−1

2
d̃(x1, x2).

(4) For sufficiently small h depending on n, K1, i0, if dh(x, z) < i0, then

|ds
h(x, z)− dh(x, z)|< 2aT h2.

Proof. (1) This directly follows from the definition of dh .

(2) Let r = aT h3. Observe that the ball of radius h3 centered at any x ∈ M does not intersect ∂ M̃, and
hence the distance function d̃( · , x) for x ∈ M is simply a geodesic distance function. Due to (3-4), the
Jacobian Jx(v) of the exponential map expx(v) of M̃ at v ∈ Br (0)⊂ Tx M̃ satisfies

|Jx(v)− 1| ⩽ CnK 2
1 |v|2 ⩽ CnK 2

1 h6. (6-4)

Then it follows from (3-11) that∫
M̃

k1

(
d̃(y, x)

r

)
dy =

∫
Br (0)⊂Tx M̃

k1

(
|v|

r

)
Jx(v) dv ⩽ (1 + CnK 2

1 h6)

∫
Rn

k1

(
|v|

r

)
dv. (6-5)

This inequality (6-5), (3-11) and (1) yield (2).

(3) Recall that the second fundamental form of ∂Mh is bounded by 2K1 due to Lemma 6.1, and M̃ can
be considered as an extension of Mh by gluing a collar of width 6h. If x1, x2 ∈ Mh , then Lemma 3.6
applies by replacing M with Mh and we have

|dh(x1, z)− dh(x2, z)| ⩽ dh(x1, x2)⩽ (1 + 36K1h)d̃(x1, x2). (6-6)

If x1, x2 ∈ M̃ − Mh , then Lemma 3.6 yields

dh(x
⊥h
1 , x⊥h

2 )⩽ (1 + 36K1h)d̃(x1, x2).
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Then by the definition of dh (3-9) and (6-6), we have

|dh(x1, z)− dh(x2, z)| ⩽ |dh(x
⊥h
1 , z)− dh(x

⊥h
2 , z)| + h−1

|d̃(x1, x⊥h
1 )− d̃(x2, x⊥h

2 )|

⩽ dh(x
⊥h
1 , x⊥h

2 )+ h−1
|d̃(x1, ∂Mh)− d̃(x2, ∂Mh)|

⩽ (1 + 36K1h)d̃(x1, x2)+ h−1d̃(x1, x2).

Thus the desired estimate follows for sufficiently small h only depending on K1.
If x1 ∈ M̃ − Mh , x2 ∈ Mh , then similarly we have

|dh(x1, z)− dh(x2, z)| ⩽ |dh(x
⊥h
1 , z)− dh(x2, z)| + h−1d̃(x1, x⊥h

1 )

⩽ dh(x
⊥h
1 , x2)+ h−1d̃(x1, ∂Mh)

⩽ (1 + 36K1h)d̃(x1, x2)+ h−1d̃(x1, x2),

and the same estimate follows.

(4) In view of (6-4) and (6-5), the Jacobian only generates error terms of order at least h6. Hence we only
need to prove that for any point y in the ball (of M̃) of the smoothening radius aT h3 around the center
x ∈ M, it satisfies that |dh(y, z)− dh(x, z)|< 3aT h2/2, which is guaranteed by (3). □

Lemma 6.4. Let γ1, γ2 : [0, l] → Rn be two C1,1 curves. If ∥γ1 − γ2∥C0 ⩽ ε < l2/4 and ∥γ ′′

i ∥L∞ ⩽ κ for
i = 1, 2, then ∥γ ′

1 − γ ′

2∥C0 ⩽ C(κ)
√
ε.

Proof. Since γi is of C1,1, we know γ ′

i is absolutely continuous. Hence Taylor’s theorem with the integral
form of the remainder applies:

γi (s2)= γi (s1)+ γ
′

i (s1)(s2 − s1)+

∫ s2

s1

γ ′′

i (τ )(s2 − τ) dτ for all 0 ⩽ s1 < s2 ⩽ l.

From ∥γ ′′

i ∥L∞ ⩽ κ , we have

|γi (s2)− γi (s1)− γ
′

i (s1)(s2 − s1)| ⩽
κ

2
(s2 − s1)

2.

Taking the inequality above for γ1 and for γ2, adding them together and using the triangle inequality, we
obtain ∣∣(γ1(s2)− γ2(s2))− (γ1(s1)− γ2(s1))− (γ

′

1(s1)− γ
′

2(s1))(s2 − s1)
∣∣ ⩽ κ(s2 − s1)

2.

Then by ∥γ1 − γ2∥C0 ⩽ ε,

|γ ′

1(s1)− γ
′

2(s1)| ⩽
2ε

s2−s1
+ κ(s2 − s1).

Take s2 − s1 =
√
ε if exists, and we have

|γ ′

1(s1)− γ
′

2(s1)| ⩽ (κ + 2)
√
ε.

Since
√
ε < l/2, we can find s2 = s1 +

√
ε for any s1 ∈ [0, l/2]. For s1 ∈ (l/2, l], one can repeat the whole

process backwards. Hence the estimate above holds for all s1 ∈ [0, l], which proves the lemma. □
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Lemma 6.5. Let h be sufficiently small determined at the beginning of Section 3.4. Let ds
h( · , z)

(Definition 3.8) be the smoothening of the function dh( · , z) (Definition 3.7 ) with the smoothening
radius r = aT h3, where aT = min{1, T −1

}. Then, for sufficiently small h depending on n, K1, K2, given
any x ∈ M and z ∈ Mh satisfying h/4 ⩽ dh(x, z)⩽ min{i0/2, r0/2, π/(6K1)}, we have

|∇x ds
h(x, z)|> 1 − 2h.

Proof. Let r = aT h3. By the definition (3-10), we have

∇x ds
h(x, z)= cnr−n

∫
M̃

∇x k1

(
d̃(y, x)

r

)
dh(y, z) dy

= cnr−n
∫

B̃r (x)⊂M̃
k ′

1
1
r

(
− exp−1

x (y)

d̃(y, x)

)
dh(y, z) dy,

where expx denotes the exponential map of M̃ at x ∈ M. Now we change to the geodesic normal coordinate
of M̃ around x , and identify vectors in the tangent space Tx M̃ with points in Rn:

∇x ds
h(x, z)= cnr−n

∫
Br (0)⊂Tx M̃

k ′

1
1
r
(−v)

|v|
dh(expx(v), z)Jx(v) dv

= cnr−n
∫
Br (0)⊂Tx M̃

−∇v

(
k1

(
|v|

r

))
dh(expx(v), z)Jx(v) dv

= cnr−n
∫
Br (0)⊂Tx M̃

k1

(
|v|

r

)
∇v(dh(expx(v), z)Jx(v)) dv,

where Jx(v) denotes the Jacobian of expx at v. Here we have used integration by parts in the last equality.
It is known that |∇v Jx(v)| ⩽ C(n, K1, K2)|v| ⩽ C(n, K1, K2)h3 due to the C1-estimate for the metric

components [Hebey and Vaugon 1995, Lemma 8] and Lemma 3.4(3). Then by (3-11), we have∣∣∣∣cnr−n
∫
Br (0)

k1

(
|v|

r

)
dh(expx(v), z)(∇v Jx(v)) dv

∣∣∣∣
⩽ cnr−n

∫
Br (0)

k1

(
|v|

r

)
π

4K1
C(n, K1, K2)h3 dv ⩽ C(n, K1, K2)h3.

Hence we only need to estimate the lower bound for the length of the dominating term

A0 = cnr−n
∫
Br (0)⊂Tx M̃

k1

(
|v|

r

)
(∇v dh(expx(v), z))Jx(v) dv. (6-7)

We start by considering the following two simple cases.

Case 1: dh(z, ∂Mh) >min{i0/2, r0/2, π/(6K1)}. In this case, we know x ∈ Mh and no geodesic from z
to x intersects with ∂Mh in this case. Then the distance function dh( · , z) in the relevant domain is simply
a geodesic distance function with the second derivative bounded by 5/h for sufficiently small h depending
on K1 (e.g., [Petersen 2006, Theorem 27, p. 175]. Since the exponential map and its inverse are uniformly
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bounded up to C2 in the relevant domain for sufficiently small h depending on K1, K2, we have

|∇vdh(expx(v), z)− ∇vdh(expx(v), z)|v=0| ⩽ Ch−1
|v| ⩽ Ch2.

Note that vectors in Tv(Tx M̃) are identified with vectors in Tx M̃. Observe that at v = 0 we know

∇vdh(expx(v), z)|v=0 = (d expx |v=0)
−1

∇x dh(x, z)= ∇x dh(x, z).

Hence by the Jacobian estimate (6-4) and the normalization (3-11), we obtain

|∇x ds
h(x, z)− ∇x dh(x, z)| ⩽ |A0 − ∇x dh(x, z)| + C(n, K1, K2)h3

⩽ Ch2
+ C(n, K1, K2)h3,

which gives the desired lower bound for |∇x ds
h(x, z)| for sufficiently small h, due to |∇x dh(x, z)| = 1.

Case 2: x ∈ M−Mh and d̃(x, ∂Mh)>r . In this case, the gradient ∇x dh(x, z) is equal to h−1
∇x d̃(x, ∂Mh)

by the definition of dh (3-9). The second derivative of d̃( · , ∂Mh) is bounded by 2K1 on the second
fundamental forms of the equidistant hypersurfaces from ∂M in the boundary normal neighborhood of
∂M (Lemma 6.1). Hence we have

|∇vdh(expx(v), z)− ∇vdh(expx(v), z)|v=0| ⩽ C(K1)h−1
|v| ⩽ C(K1)h2. (6-8)

Then the same argument as in Case 1 shows that

|∇x ds
h(x, z)− ∇x dh(x, z)| ⩽ C(K1)h2

+ C(n, K1, K2)h3, (6-9)

which yields a lower bound considering |∇x dh(x, z)| = h−1.

The general case when x is close to ∂Mh requires more careful treatment. We spend the rest of the
proof addressing it.

Case 3: x ∈ M − Mh with d̃(x, ∂Mh)⩽ r or x ∈ Mh . Since dh(x, z)⩽ min{r0/2, π/(6K1)} is bounded
by the radius of radial uniqueness (3-17), the gradient |∇x dh(x, z)| equals 1 or h−1 depending on whether
x is in Mh . It is known that geodesics of Mh are of C1,1 and the second derivative of a geodesic exists
except at countably many switch points (switching between interior segments and boundary segments)
where both one-sided second derivatives exist (e.g., Section 2 in [Alexander et al. 1987]). Furthermore, the
second derivative exists and vanishes at intermittent points which are the accumulation points of switch
points. It was also proved that if the endpoints of a family of geodesics converge, then the geodesics
converge uniformly in C1 (see the first lemma in Section 4 of [Alexander et al. 1987]). However, the
estimates in that work were done in terms of an extrinsic parameter (depending on how a manifold is
embedded in the ambient space), and we show the following modification in terms of intrinsic parameters.

The manifold Mh has curvature bounded above by 4K 2
1 locally in the sense of Alexandrov due to

the characterization theorem in [Alexander et al. 1993]. Furthermore by [Alexander and Bishop 1996,
Theorem 4.3] and (3-17), for any z ∈ Mh , the ball of Mh around z of the radius min{2r0/3, π/(4K1)} is a
metric space of curvature bounded above by 4K 2

1 . Denote by γx , γy the minimizing geodesics of Mh from
x, y ∈ Mh to z. Denote the length of γx by L x (i.e., L x = dh(x, z)). The geodesics γx , γy are parametrized
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in the arclength parameter on [0, L x ], [0, L y] respectively. Without loss of generality, assume L x ⩽ L y .
Hence

dh(γy(L x), γx(L x))= dh(γy(L x), γy(L y))= L y − L x ⩽ dh(x, y),

where we used γx(L x) = γy(L y) = z. Then Corollary 9.13 in [Alexander et al. 2024] shows that if
dh(x, z)⩽ π/(6K1) and dh(x, y) is sufficiently small depending on K1, we have

∥γx − γy∥C0([0,Lx ]) < 2dh(x, y),

where the C0-norm is the uniform norm with respect to dh . This leads to ∥γx − γy∥C0([0,Lx ]) < Cd̃(x, y)
if d̃(x, y) is sufficiently small by (6-6). On the other hand, due to Lemma 6.1 and (6-14), the second
derivatives of γx , γy are bounded by C(n, K1, K2) whenever they exist in the boundary normal coordinate
of ∂Mh , and both one-sided second derivatives respect the same bound at switch points.

We lift the part of the curves γx , γy near x, y onto the tangent space Tx M̃. Without loss of generality,
assume all of γx , γy lie in the image of expx . Since the exponential map and its inverse are uniformly
bounded up to C2, the properties stated above satisfied by γx , γy are also satisfied by their lifts: namely,
if d̃(x, y) is sufficiently small depending on K1,

∥ exp−1
x ◦γx − exp−1

x ◦γy∥C0([0,Lx ]) < Cd̃(x, y),

and the second derivatives of exp−1
x ◦γx , exp−1

x ◦γy are uniformly bounded by C(n, K1, K2) in L∞-norm.
Here the C0-norm is the uniform norm with respect to the Euclidean distance in Tx M̃. Hence Lemma 6.4
applies:

∥(exp−1
x ◦γx)

′
− (exp−1

x ◦γy)
′
∥C0([0,Lx ]) < C(n, K1, K2)

√
d̃(x, y). (6-10)

At the starting point y = γy(0) of γy , we know γ ′
y(0)= −∇ydh(y, z) and hence

(exp−1
x ◦γy)

′(0)= (d expx |v)
−1γ ′

y(0)= −∇vdh(expx(v), z),

where v= exp−1
x (y). At the starting point x =γx(0) of γx , we simply have (exp−1

x ◦γx)
′(0)=−∇x dh(x, z)

by definition. Thus for sufficiently small h depending on K1, if y ∈ Mh and d̃(x, y)⩽ h3, the estimate
(6-10) at starting points gives

|∇vdh(expx(v), z)− ∇x dh(x, z)|< C
√

d̃(x, y)⩽ C(n, K1, K2)h3/2. (6-11)

The difference between this case and Case 1 is that the formula for ∇x ds
h(x, z) (at the beginning of

the proof) may split into two parts: the integral over points in Mh and over points in M − Mh . The key
observation is that in a small neighborhood intersecting ∂Mh , the gradient ∇x dh(x, z) for x ∈ M − Mh is
essentially normal to ∂Mh , which has almost the same direction as the normal component (with respect
to ∂Mh) of ∇x dh(x, z) for x ∈ Mh . A precise version of this observation will be shown later. The h−1

scaling in the definition of dh (3-9) plays a crucial role in obtaining the desired lower bound.
Denote the part of the integral A0 (6-7) over points in Mh by A1, and the part of A0 over points in

M − Mh by A2. We divide Case 3 into the following three situations depending on where x lies.
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Case 3(i): x ∈ Mh and d̃(x, ∂Mh) > r . In this case, the integral A0 only involves points in Mh and
A0 = A1. Then the same argument as in Case 1 and (6-11) imply that

|∇x ds
h(x, z)− ∇x dh(x, z)|< C(n, K1, K2)h3/2.

Case 3(ii): x ∈ ∂Mh . Denote by nx ∈ Tx(M̃) the outward-pointing unit vector normal to ∂Mh . The
estimate (6-11) yields the closeness between normal components:

|⟨∇vdh(expx(v), z), nx ⟩ − ⟨∇x dh(x, z), nx ⟩|< Ch3/2 if expx(v) ∈ Mh .

Since clearly ⟨∇x dh(x, z), nx ⟩ ⩾ 0 for x ∈ ∂Mh , we have

⟨∇vdh(expx(v), z), nx ⟩>−Ch3/2 if expx(v) ∈ Mh, (6-12)

which implies that ⟨A1, nx ⟩>−Ch3/2.
On the other hand, we replace the evaluation at v = 0 in the estimate (6-8) with v = exp−1

x (x ′) for
an arbitrary point x ′

∈ M − Mh close to x . Then consider their normal components similarly. Since
∇x dh(x ′, z) can be arbitrarily close to h−1nx and the exponential map only changes the inner product by
a higher-order C(K1)r2-term, we have

⟨∇vdh(expx(v), z), nx ⟩ ⩾ h−1
− Ch2 if expx(v) ∈ M − Mh . (6-13)

Furthermore by (6-8), the tangential component of ∇vdh(expx(v), z) can only have length at most Ch2 if
expx(v) ∈ M − Mh . This implies that |A2 − ⟨A2, nx ⟩nx |< Ch2.

(1) If cnr−n
∫
{v∈Br (0): expx (v)∈M−Mh}

k1(|v|/r) dv ⩾ h, then (6-13) yields that ⟨A2, nx ⟩ ⩾ 1 − Ch3. Thus
by (6-12),

|A0| ⩾ |⟨A0, nx ⟩| = |⟨A1 + A2, nx ⟩|> 1 − Ch3/2
− Ch3.

(2) If cnr−n
∫
{v∈Br (0): expx (v)∈M−Mh}

k1(|v|/r) dv < h, then by (6-11) and (3-11), we have

|A1|>

∣∣∣∣cnr−n
∫

{v∈Br (0): expx (v)∈Mh}

k1

(
|v|

r

)(
∇x dh(x, z)

)
Jx(v) dv

∣∣∣∣ − Ch3/2 > 1 − h − Ch3/2.

Observe that (6-13) implies that ⟨A2, nx ⟩> 0 for sufficiently small h. If ⟨A1, nx ⟩ ⩾ 0, then

|A0| = |A1 + A2| ⩾ |A1 + ⟨A2, nx ⟩nx | − |A2 − ⟨A2, nx ⟩nx |

> |A1| − Ch3/2 > 1 − h − Ch3/2
− Ch2.

If ⟨A1, nx ⟩< 0, then |⟨A1, nx ⟩|< Ch3/2 by (6-12). This shows that |A1 − ⟨A1, nx ⟩nx |> 1 − h − Ch3/2.
Hence we have

|A0| ⩾ |A1 + A2 − ⟨A1 + A2, nx ⟩nx |

⩾ |A1 − ⟨A1, nx ⟩nx | − |A2 − ⟨A2, nx ⟩nx |

> 1 − h − Ch3/2
− Ch2.
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Case 3(iii): x /∈ ∂Mh and d̃(x, ∂Mh)⩽ r . In this case, we choose an arbitrary point x0 ∈ ∂Mh such that
d̃(x0, x)⩽ r . By the triangle inequality, (6-11) yields that

|∇vdh(expx(v), z)− ∇vdh(expx(v), z)|v=v0 |< C(n, K1, K2)h3/2 if expx(v) ∈ Mh,

where v0 = exp−1
x (x0). Then we consider the normal component with respect to (d expx |v0)

−1nx0 ∈ Tx(M̃)
and replace the vector nx in Case 3(ii) with (d expx |v0)

−1nx0 . Since ⟨∇x dh(x, z)|x=x0, nx0⟩x0 ⩾ 0 with
respect the inner product of Tx0 M̃, after lifting the vectors onto Tx M̃ via the exponential map, we have〈

(d expx |v0)
−1(∇x dh(x, z)|x=x0), (d expx |v0)

−1(nx0)
〉
x ⩾ −C(K1)r2.

Then the rest of the argument in Case 3(ii) applies up to a higher-order term as d expx |v0 only changes
the inner product by a higher-order C(K1)r2-term.

Finally, combining all the cases together, we obtain

|∇x ds
h(x, z)| ⩾ |A0| − C(n, K1, K2)h3 > 1 − h − C(n, K1, K2)h3/2,

and therefore the lemma follows. □

Lemma 6.6. For i ⩾ 1 and sufficiently small h depending on n, T, K1, i0, we have

distM̃×R(∂�
0
i, j , �i, j ) >min

{
h3

100
,

h2

20T

}
.

For i = 0, we have

distM̃×R(∂�
0
0, j , �0, j ) >

h3

6T 2 .

Proof. There are two types of boundaries involved. The first type is from the level sets of ds
h( · , zi, j ). For

i ⩾ 2, the distance of the first type is from the boundary of the cylinder

{x : ds
h(x, zi, j )⩽ min{1, T −1

}h/2} × [−Ti , Ti ]

and the boundary of
⋃i−1

l=0
⋃

j �l, j . Since a larger cylinder

{x : ds
h(x, zi, j )⩽ min{1, T −1

}h} × [−Ti − h, Ti + h]

is also contained in
⋃i−1

l=0
⋃

j �l, j due to (3-33), the distance of this type is bounded below by the distance
between these two cylinders, which is bounded below by min{1, T −1

}h2/20 by Lemma 6.3(4,3) if h<1/10.
For i = 1, the distance of the first type is from the boundary of the cylinder

{x : ds
h(x, z1, j )⩽ h/2} × [−T1, T1]

and the boundary of
⋃

j �0, j . By (3-29) and Sublemma 2, the cylinder

{x : ds
h(x, z1, j )⩽ 3h/4} × [−T1, T1]

is contained in the open set
⋃

j �0, j , and hence the distance between the boundary of the cylinder and
that of

⋃
j �0, j is bounded away from 0. To obtain an explicit estimate, one can prove a slightly tighter
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estimate than Sublemma 2 if T > 10h:( ⋃
b∈[0,2h]

0b(8h)
)

× [−T + 11h/2, T − 11h/2] ⊂
⋃
j
�0, j .

With (3-29), this shows that a larger cylinder

{x : ds
h(x, z1, j )⩽ 3h/4} × [−T1 − h/2, T1 + h/2]

is contained in
⋃

j �0, j . Then Lemma 6.3(4,3) yields a lower bound h2/40 if h < 1/20.
For i ⩾ 1, the other type of boundary is generated by the level sets of ψi, j . Suppose boundary points

(x1, t1) and (x2, t2) belong to {ψi, j = 9T 2h} and {ψi, j = 8T 2h} respectively, and hence by the definition
of ψi, j we have(
(1 − ξ(d(x1, ∂M))− ξ(ρ0 − ds

h(x1)))Ti − ds
h(x1)

)2

−
(
(1 − ξ(d(x2, ∂M))− ξ(ρ0 − ds

h(x2)))Ti − ds
h(x2)

)2
− t2

1 + t2
2 = T 2h.

Then,

2T 2
|ξ(ρ0 − ds

h(x1))− ξ(ρ0 − ds
h(x2))| + 2T 2

|ξ(d(x1, ∂M))− ξ(d(x2, ∂M))|

+ 2T |ds
h(x1)− ds

h(x2)| + 2T |t1 − t2|> T 2h.

By the definition of ξ ,

6T 2

h
|ds

h(x1, zi, j )− ds
h(x2, zi, j )| +

6T 2

h
|d(x1, ∂M)− d(x2, ∂M)|

+ 2T |ds
h(x1, zi, j )− ds

h(x2, zi, j )| + 2T |t1 − t2|> T 2h.

Then it follows that at least one of the four absolute values must be larger than h2/24 if h < 3T, which
implies that at least one of |dh(x1, zi, j )−dh(x2, zi, j )|, |d(x1, ∂M)−d(x2, ∂M)| or |t1 − t2| is larger than
h2/50 by Lemma 6.3(4). Here we divided the smoothening radius by a constant to keep the error brought
by the convolution relatively small. Since d(x, ∂M)= d̃(x, ∂M) for x ∈ M, Lemma 6.3(3) yields that
at least one of d̃(x1, x2) or |t1 − t2| is larger than h3/100 and hence the lemma follows.

Finally for the initial step i = 0, the first type of boundary distance is from {ρ(x)= −3h/2} and the
boundary of ϒ, which is clearly bounded below by h/2. The second type of boundary distance is between
level sets of ψ0, j . One can follow the same argument as for i ⩾ 1 for this type of boundary distance, and
obtain a lower bound h3/6T 2. □

Lemma 6.7. Suppose γ (s) is a geodesic of M satisfying γ (0)∈ ∂M and the initial vector γ ′(0)∈ Tγ (0)∂M.
Then there exists a constant ε0 explicitly depending on n, ∥RM∥C1, ∥S∥C1, i0 such that, for any s ⩽ ε0,
we have d(γ (s), ∂M)⩽ C(n, ∥RM∥C1, ∥S∥C1)s2.

Proof. Without loss of generality, assume the geodesic γ (s) lies entirely in the interior of M except for
the initial point. Consider another geodesic of ∂M with the same initial point γ (0) and the same initial
vector γ ′(0). We claim that the distance between this geodesic of ∂M and γ (s) is bounded above by Cs2

for sufficiently small s. Clearly this claim yields the lemma.
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Denote the geodesics of M, ∂M in question with the arclength parametrization by γ1, γ2. Take ε0 < i0

and we consider the geodesics γi (s) (i = 1, 2) in a C1 boundary normal coordinate (x1, . . . , xn). Due to
Lemma 8 in [Hebey and Vaugon 1995] and Lemma 6.1, within a uniform radius explicitly depending on
n, ∥RM∥C1, ∥S∥C1, i0, the C1-norm of metric components is uniformly bounded by a constant explicitly
depending on n, ∥RM∥C1, ∥S∥C1 . Since γ1, γ2 have the same initial point and the same initial vector, we
know γ

j
1 (0)= γ

j
2 (0) and ∂sγ

j
1 (0)= ∂sγ

j
2 (0) for all j = 1, . . . , n, where γ j

i denotes the j-th component
of γi with respect to the coordinate x j. The fact that |∂sγ1(s)|M =|∂sγ2(s)|∂M = 1 yields |∂sγ

j
i (s)|⩽C for

any j due to the C0 metric bound in bilinear form. Moreover, the geodesic equation in local coordinates
has the form

∂2
s γ

j
+

∑
k,l

0
j
kl(∂sγ

k)(∂sγ
l)= 0,

and γ1, γ2 satisfy this equation with 0 j
kl of M, ∂M respectively. Hence by applying the C1 bound for

metric components, we have an estimate for the second derivative:

|∂2
s γ

j
i (s)| ⩽ C(n, ∥RM∥C1, ∥S∥C1) for all j = 1, . . . , n. (6-14)

Since γ1, γ2 lie entirely in int(M), ∂M by assumption, they are at least of C2 and hence

|γ
j

1 (s)− γ
j

2 (s)| ⩽
s2

2
sup

s′∈(0,s)
|∂2

s γ
j

1 (s
′)− ∂2

s γ
j

2 (s
′)| ⩽ C(n, ∥RM∥C1, ∥S∥C1)s2.

This implies d(γ1(s), γ2(s))⩽ C(n, ∥RM∥C1, ∥S∥C1)s2 due to the C0 metric bound. □

Lemma 6.8. Let At(ε)={x ∈6t : l(x)> ε} and denote by U (At(ε)) the set of all points on all minimizing
geodesics from At(ε) to 0. Then for sufficiently small ε explicitly depending on K1 and any t ′

∈ [t −ε/2, t),
we have

voln−1(At(ε)) < 5n−1 voln−1(U (At(ε))∩6t ′).

Proof. We define a function F : U (At(ε)) ∩6t ′ → At(ε) by mapping a point x ∈ U (At(ε)) ∩6t ′ to
the initial point of the particular minimizing geodesic containing x from At(ε) to 0. This function is
well-defined since minimizing geodesics cannot intersect at 6t ′ ; otherwise they would fail to minimize
length past an intersection point. To show the measure estimate in question, it suffices to show that
F is locally Lipschitz with a Lipschitz constant 5 for sufficiently small ε depending on K1. Since the
measure in question is an (n−1)-dimensional Hausdorff measure, the Lipschitz continuity of F implies
the measure estimate with the constant 5n−1 [Burago et al. 2001, Section 5.5.2].

Here we show that the function F is locally Lipschitz. For any point

y0 ∈ U (At(ε))∩ {x : t − ε/2 ⩽ d(x, 0)⩽ t},

there exists x0 ∈ U (At(ε))∩6t−ε such that x0 lies on a minimizing geodesic from y0 to 0, which indicates
d(y0, 0)= d(y0, x0)+ d(x0, 0). Observe that the geodesic segment from y0 to x0 does not intersect the
boundary. Then there exists a small neighborhood of y0 such that, for any y in this neighborhood, the
minimizing geodesic from x0 to y does not intersect the boundary. Thus the distance function d( · , x0) in
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the small neighborhood of y0 is just a geodesic distance function with the second derivative bounded by
3/ε for sufficiently small ε depending on K1 (e.g., [Petersen 2006, Theorem 27, p. 175]). Hence we have

d(y, 0)⩽ d(x0, 0)+ d(y, x0)= d(y0, 0)− d(y0, x0)+ d(y, x0)

⩽ d(y0, 0)+ ∇yd(y0, x0) · exp−1
y0
(y)+ 3

2ε
d(y, y0)

2
+ o(d(y, y0)

2).

This shows that the distance function d( · , 0) is a semiconcave function in

U (At(ε))∩ {x : t − ε/2 ⩽ d(x, 0)⩽ t}

for sufficiently small ε with the semiconcavity constant 3/ε. Now consider the gradient flow by the
distance function d( · , 0), and the function F is simply the gradient flow restricted to this region
U (At(ε))∩{x : t ′ ⩽ d(x, 0)⩽ t} for t ′

∈ [t −ε/2, t). By Lemma 2.1.4(i) in [Petrunin 2007], the restricted
gradient flow (or F) is locally Lipschitz with a Lipschitz constant e3/2 < 5. □

Appendix: Dependency of constants

In this section, we show explicitly how the constant in Theorem 1 depends on geometric parameters. We
first show the dependency of constants in Theorem 3.1, and then trace the dependency through the proofs
in Sections 4 and 5.

For i ⩾ 1, the lower bounds (3-27) and (3-28) hold:

min
(x,t)∈�0

i, j

|∇xψi, j |> 2T
√

h, min
(x,t)∈�0

i, j

p((x, t),∇ψi, j ) > 8T 2h.

From the definition (3-10), Lemma 3.4(3), (6-4), (3-13) and (3-14), for sufficiently small h depending on
n, K1, K2, i0, we have

∥ds
h(x, zi, j )∥C0(�0

i, j )
< ρ0 < i0, ∥∇x ds

h(x, zi, j )∥C0(�0
i, j )
< 2h−1,

∥∇
2
x ds

h(x, zi, j )∥C0(�0
i, j )
< C(n, i0)h−6,

∥∇
2
x ds

h(x, zi, j )∥Lip(�0
i, j )
< C(n, ∥RM∥C1, i0)h−9.

On the other hand, the C2,1-norm of d( · , ∂M) is bounded by 2∥S∥C1 for sufficiently small h. Therefore
by the definition of ψi, j , for sufficiently small h depending on n, K1, K2, i0,

∥ψi, j∥C0(�0
i, j )
< T 2, ∥ψi, j∥C1(�0

i, j )
< C(T )h−2,

∥ψi, j∥C2(�0
i, j )
< C(n, T, i0)h−7, ∥ψi, j∥C2,1(�0

i, j )
< C(n, T, ∥RM∥C1, i0)h−10.

For i = 0, we have

min
(x,t)∈�0

0, j

|∇xψ0, j |> 2h, min
(x,t)∈�0

0, j

p((x, t),∇ψ0, j ) > 4h2,

and the bounds above for ψi, j also hold for ψ0, j .
Now we calculate the parameters in the table (4.3) in [Bosi et al. 2016] for our case. The following

notation (until (A-1)) was used in that paper and is not used in our present paper; we write it here only
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for the convenience of the reader:

M1 ∼ M2 ∼ h−15, λ∼ h−15, R1 ∼ h17, ε0 ∼ h34,

R2 ∼ R ∼ h51, r ∼ h135, δ ∼ h138,

N = C(n, T, ∥RM∥C1, i0, ∥gi j
∥C1, vol(M), voln−1(0))h−135(n+1).

c161 ∼ c158 ∼ c155,N + c156 ∼ c155,N + c−1/(1−α)

156 , αN
=

1
2 .

The quotient c155, j/c155, j−1 is polynomial large in h, and c156 ∼ c106/c131 is also polynomial large, where
the exponents are explicit multiples of n. Therefore c161 has at most exponential growth with an explicit
exponent C4n for some absolute constant C4. Then we turn to the constant in our result:

C(h)∼ C
(
n, T, ∥RM∥C1, ∥S∥C1, i0, vol(M), voln−1(0)

)
h−C(n)h−C(n)

< C3
(
n, T, ∥RM∥C1, ∥S∥C1, i0, vol(M), voln−1(0)

)
exp(h−C4n), (A-1)

where we have used the fact that the C1-norm of metric components is bounded by a constant depending
on n, ∥RM∥C1, ∥S∥C1 . The dependency on the diameter D, r0 is introduced after replacing h by h/C ′

during the last part of the proof of Theorem 3.1.

From here, we come back to the notation of our present paper. Next we show the dependency of C1

and C2 in Theorem 1. The final parameter is η in Proposition 5.6 and we start from η to work out the
parameters J, δ. The criteria for determining parameters are already described during the proofs of relevant
lemmas and propositions in Sections 4 and 5. Let η ∈ (0, 1) be the parameter in Proposition 5.6. Then,

3= 1, N = C(n, vol(∂M))η−n+1,

ε(volume,M∗

β)= ε∗ = Cηn (Proposition 5.6),

and by Lemmas 5.1 and 5.4

ε = ε(projection)=
ε(volume,Mα)

2 vol(M)
=
ε(volume,M∗

β)

2L+12 vol(M)
= C(vol(M), L)ηn.

The following three parameters are determined by (4-21) in Proposition 4.4:

8C2
53

2γ 1/(n+1)
=
ε2

4
=⇒ γ =

(
ε2

32C2
53

2

)n+1

=

(
ε2

32C2
5

)n+1

,

C(3)λ−1/2
J γ−2 ⩽

ε2

4
=⇒ λJ ⩾ 16C2γ−4ε−4,

8Nε2(0)+ 8N 2ε2
2(0)=

ε2

4
< 1 =⇒ ε2(0)=

ε2

64N
.

(A-2)

By the formula for ε2(0) in (4-12),

ε2(0)= C1/3
3 h−2/9 exp(h−C4n)

3γ−3
+ h−1/2ε1

(log(1 + h3/2γ−33/ε1))1/6
+ C53γ

−3h1/(3n+3)

< C1/3
3 exp(h−C4n)

γ−3h−1

(log(1 + h3/2γ−3(1/ε1)))1/6
+ C5γ

−3h1/(3n+3). (A-3)
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We choose h such that the second term in (A-3) equals ε2(0)/2 = ε2/(128N ):

C5γ
−3h1/(3n+3)

=
ε2(0)

2
=⇒ h =

(
ε2(0)γ 3

2C5

)3n+3

=

(
ε6n+8

83n+3128NC6n+7
5

)3n+3

. (A-4)

Then the first term of (A-3) being ε2(0)/2 = ε2/(128N ) yields that

ε1 = h3/2γ−3 exp
(
−
γ−18h−61286 N 6C2

3 exp(6h−C4n)

ε12

)
, (A-5)

which indicates the choice of J by Lemma 4.2:

λJ ⩾ C(D,3)γ−24ε−8
1 = C(D)h−12 exp

(
8γ−18h−61286 N 6C2

3 exp(6h−C4n)

ε12

)
. (A-6)

For the choice of δ, choose Nε2(δ)+N 2ε2
2(δ)−Nε2(0)−N 2ε2

2(0)< ε
2/32, or simply Nε2(δ)−Nε2(0)<

ε2/64. By differentiating (A-3) with respect to ε1,

C1/3
3 exp(h−C4n)γ−6

√
h

(log(1 + h3/2γ−3(1/ε1)))2(ε
2
1 + h3/2γ−3ε1)

2C ′

0 Jλ3/2
J δ <

ε2

64N
.

Hence it suffices to choose δ satisfying

C1/3
3 exp(h−C4n)γ−3

hε1
C ′

0 Jλ3/2
J δ <

ε2

128N
. (A-7)

From now on, we absorb polynomial terms into exponential terms and denote by ∼ if two quantities
differ by a factor of some constant in the exponent. Inserting the choice of γ (A-2) to ε1 (A-5) and λJ

(A-6), we get
ε1 ∼ exp(−C36n+36

5 C2
3 exp(h−C4n)ε−36n−48 N 6),

λJ ∼ C(D) exp(C36n+36
5 C2

3 exp(h−C4n)ε−36n−48 N 6).

By Weyl’s asymptotic formula for eigenvalues: λj ∼ C(n, vol(M)) j2/n, we know

J ∼ C(n, vol(M))λn/2
J ,

and hence by (A-7), we have

δ ∼
1

C ′

0C1/3
3

ε6n+8 exp(−h−C4n)ε1

C6n+6
5 N Jλ3/2

J

∼ C(D, vol(∂M))C−1/3
3

exp(−C36n+36
5 C2

3 exp(h−C4n)ε−36n−48 N 6)

J
∼ C(n, D, vol(M), vol(∂M)) exp(−nC36n+36

5 C2
3 exp(h−C4n)ε−36n−48 N 6).

The terms we need to estimate are exp(h−C4n)ε−36n−48 N 6. By the choice of h (A-4), we get

exp(h−C4n)∼ exp
((

ε6n+8

NC6n+7
5

)−C4n(3n+3))
,
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which absorbs ε−36n−48 N 6. Then from

ε = C(vol(M), L)ηn, N ∼ η−n+1,

it follows that

δ ∼ C(n, D, vol(M), vol(∂M)) exp
(
−C(C3,C4,C5) exp(Cε−C4n(3n+3)(6n+9))

)
∼ C(n, D, vol(M), vol(∂M)) exp

(
−C(C3,C4,C5) exp(C(L)η−C ′

2(n))
)

∼ exp
(
− exp(C ′

1η
−C ′

2)
)
,

where C ′

1 = C ′

1(n, D, vol(M), vol(∂M),C3,C4,C5, L) and C ′

2 = C ′

2(n) > 1. The dependency of
C3,C4,C5 is stated in Proposition 3.3, and the dependency of L is stated in Lemma 5.2. Therefore we
obtain

η ∼ (C ′

1)
1/C ′

2(log(|log δ|))−1/C ′

2,

and the dependency of constants in Theorem 1 follows from Proposition 5.6 and Theorem 5.7. More
precisely, the constant C1 = C1(C ′

1,C ′

2,C6,C7) explicitly depends only on n, D, ∥RM∥C1 , ∥S∥C1 , i0, r0,
vol(M), vol(∂M), L , C6, C7, and the constant C2 = C2(C ′

2) explicitly depends only on n. Note that the
dependency of L , C6, C7 is not explicit. The choice of the parameter δ depends on all present parameters
including all curvature bounds assumed for K2, and the choice of small η in Theorem 5.7.

We remark that one can obtain an explicit estimate without using the parameter L . To do this, one can
use all N of 0i to slice the manifold, and evaluate an approximate volume for M∗

β similar to Lemma 5.4.
The error of the approximate volume would be 2Nε, and the parameter ε would be ε = C2−Nηn. In
addition, the constant C6 can be replaced by an absolute constant. However, the number 2N grows
exponentially in η. This process results in an explicit estimate with three logarithms, and the constants
explicitly depend only on n, D, ∥RM∥C1 , ∥S∥C1 , i0, r0, vol(M), vol(∂M).
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