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A NEW APPROACH TO THE MEAN-FIELD LIMIT
OF VLASOV-FOKKER-PLANCK EQUATIONS

DIDIER BRESCH, PIERRE-EMMANUEL JABIN AND JUAN SOLER

We introduce a novel approach to the mean-field limit of stochastic systems of interacting particles,
leading to the first ever derivation of the mean-field limit to the Vlasov—Poisson—Fokker—Planck system
for plasmas in dimension 2 together with a partial result in dimension 3. The method is broadly compatible
with second-order systems that lead to kinetic equations and it relies on novel estimates on the BBGKY
hierarchy. By taking advantage of the diffusion in velocity, those estimates bound weighted L” norms
of the marginals or observables of the system, uniformly in the number of particles. This allows us
to qualitatively derive the mean-field limit for very singular interaction kernels between the particles,
including repulsive Poisson interactions, together with quantitative estimates for a general kernel in L?.

1. Introduction

The rigorous derivation of kinetic models such as the Vlasov—Poisson system from many-particle systems
has been a long standing open question, ever since the introduction of the VIlasov—Poisson system
in [Vlasov 1938; 1967]. While our understanding of the mean-field limit for singular interactions has
made significant progress for first-order dynamics, the mean-field limit for second-order systems has
remained frustratingly less understood. This article proposes a new approach that is broadly applicable to
second-order systems with repulsive interactions and diffusion in velocity. In particular, this allows us to
derive for the first time the Vlasov—Poisson—Fokker—Planck system in dimensions higher than 1 without
any truncation or regularizing.
We more precisely consider the classical second-order Newton dynamics

%Xi(t) =Vi(t), Xi(t=0)=X’,
1
dVi(t)=%ZK(X,~—Xj)dt+adW,-, Vit =0)= V7, M

J#
where the W; are N independent Wiener processes. For simplicity we take the positions X; on the
torus 14, while the velocities lie in R?. The kernel K models the pairwise interaction between particles
and is taken to be repulsive throughout this paper, in the basic sense that it derives from a potential
K = —V¢ that is even and positive, ¢ > 0.

Remark 1. For simplicity, we write ¢ (0) = 0 and K (0) = 0 even if ¢ and K are not continuous at 0.

This simplifies the notation by allowing us to sum over all j in (1) since the term j = trivially vanishes.
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We naturally focus on singular kernels K with, as a main guiding example, the case of Coulombian

interactions X

K=«
|x |4

+ Ko(x), (2)
with ¢ > 0 and Ky a smooth correction to periodize K. This corresponds, if d > 3, to the choice
¢ = a(d —2)"'|x|*>~¢ 4 correction, or, if d = 2, the choice ¢ = —a In|x| + correction.

The Coulombian kernel (2) typically models electrostatic interactions between point charges, such as
ions or electrons in a plasma, when the velocities are small enough with respect to the speed of light. In
that setting, diffusion in (1) may for example represent collisions against a random background, such
as the collision of the faster electrons against the background of ions. Such random collisions may also
involve some friction in velocity, which we did not include in (1) but could be added to our method
without difficulty. This makes (1) with (2) one of the most classical and important starting points for the
modeling of plasmas; we refer in particular to the classical [Bogoliubov 1946].

Coulombian interactions are also a natural scaling in many models. The obvious counterpart to plasmas
concerns the Newtonian dynamics of point masses through gravitational interactions. This consists in
taking o < 0 in (2) and leads to attractive interactions with a negative potential and for this reason cannot
be handled with the method presented here.

The system (1) usually involves a very large number of particles, typically up to 102°—10?° in plasmas
for example. This makes the mean-field limit especially attractive. This is a kinetic, Vlasov—Fokker—Planck
equation posed on the limiting one-particle density f(t, x, v):

Btf+v-fo+(K*x,o)-va=O;Avf, with,o:/ fdv. 3)
R4

Well posedness for mean-field kinetic equations such as (3) is now reasonably well understood, including
for singular Coulombian interactions such as (2) in dimension d < 3. For the nondiffusive case o =0,
weak solutions were established in [Arsenev 1975], while classical solutions were obtained in dimension 2
in [Ukai and Okabe 1978]. The dimension 3 case is harder and obtaining classical solutions requires more
difficult dispersive arguments and were only obtained later in [Lions and Perthame 1991; Pfaffelmoser
1992; Schaeffer 1991], see also the more recent [Gasser et al. 2000; Holding and Miot 2018; Loeper
2006; Pallard 2014]. In the case with diffusion o > 0, we refer to [Victory 1991] for weak solutions, and
to [Bouchut 1993; Degond 1986; Ono and Strauss 2000; Rein and Weckler 1992; Victory and O’Dwyer
1990] for classical solutions.

Of course the mean-field scaling is not the only possible scaling on systems such as (1). We mention in
particular the likely even more critical Boltzmann—Grad limit, such as obtained in the classical [Lanford
1975] and the major results in [Bodineau et al. 2018; 2020; Gallagher et al. 2014; Pulvirenti and Simonella
2017; Pulvirenti et al. 2014]. We note as well that the derivation of macroscopic equations from mesoscopic
systems such as (3) is another important and challenging question. For example the passage to the fluid
macroscopic system from Vlasov—Poisson—Fokker—Planck has been approached in different low-field
(parabolic) or high-field (hyperbolic) regimes depending on the space dimension; see for example [Carrillo
et al. 2022; Goudon et al. 2005; Nieto et al. 2001; Poupaud and Soler 2000].
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Mean-field limits have been rigorously derived for general systems, including second-order dynamics
such as (1), in the case of Lipschitz interaction kernels K. We refer the reader to the classical works
[McKean 1967; Sznitman 1991] in the stochastic case and [Braun and Hepp 1977; Dobrushsin 1979]
for the deterministic case. Uniform-in-time propagation of chaos has also been obtained in the locally
Lipschitz case, notably in a close to convex case in [Bolley et al. 2010] and more recently in a nonconvex
setting in [Guillin et al. 2022].

There now exists a large literature on the question of the mean-field limits; see for example the survey
in [Golse 2016; Jabin 2014; Jabin and Wang 2017]. However in the specific case of second-order systems
such as (1) very little is known. In dimension d = 1, the Vlasov—Poisson—Fokker—Planck system was
derived in [Guillin et al. 2023; Hauray and Salem 2019]. In dimensions d > 2, the only results for
unbounded interaction kernels were obtained in [Hauray and Jabin 2007; 2015]. But those are valid only
in the deterministic case o = 0 and for only mildly singular kernels with

IKx)| <|x|™® and |VK|<|x|™*'  fora < 1.

Jabin and Wang [2016] derived the mean-field limit with K € L® and without extra derivative. Those
cannot cover Coulombian interactions, even in dimension 2.

More is known for singular interaction kernels K that are smoothed or truncated at some N-dependent
scale ey . In that truncated case, one can mention in particular [Ganguly and Victory 1989; Ganguly et al.
1991; Victory and Allen 1991; Wollman 2000] for the convergence of so-called particle methods. The
recent works [Boers and Pickl 2016; Lazarovici 2016; Lazarovici and Pickl 2017] in the deterministic
case and [Huang et al. 2020] in the stochastic case considerably extended the results for such truncated
kernels and allowed for almost reaching the critical physical scale ey ~ N~!/¢. One can also mention
[Carrillo et al. 2019] with polynomial cut-off. It is also possible to derive the Vlasov—Poisson system
directly from many-particle quantum dynamics such as the Hartree equation, for which we briefly refer to
[Golse and Paul 2019; Lafleche 2021; Saffirio 2020].

The mean-field limits for first-order systems with singular interactions appear to be more tractable. A
classical example concerns the dynamics of point vortices or stochastic point vortices where the mean-field
limit corresponds to the vorticity formulation of two-dimensional incompressible Euler or Navier—Stokes
equations. The interaction between vortices obey the Biot—Savart law, which has the same singularity as
the Coulombian kernel in dimension 2. In the deterministic case, the mean-field limit was classically
obtained for example in [Goodman and Hou 1991; Goodman et al. 1990] or [Schochet 1995; 1996] for
the two-dimensional Euler equation and extended remarkably to essentially any Riesz kernels in [Serfaty
2020]. In the stochastic case, we refer in particular to [Fournier et al. 2014; Jabin and Wang 2018; Osada
1987] for the limit to two-dimensional Navier—Stokes equations, to [Bresch et al. 2020; 2023] for singular
attractive kernels, or to [Nguyen et al. 2022] for multiplicative noise. Uniform-in-time propagation of
chaos was even recently obtained in [Guillin et al. 2024; Rosenzweig and Serfaty 2023].

One of the reasons second-order systems appear more difficult to handle stems from how the structure
of the singularity interacts with the distribution of velocities. Because of the term K (X; — X;), the
singularity in pairwise interactions is typically localized on collisions X; = X ;. For first-order systems this
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corresponds to a point singularity, while for second-order systems the presence of the additional velocity
variables makes it into a plane. In that regard, we also note that the derivation of macroscopic systems
directly from second-order dynamics is in fact better understood than the derivation of kinetic equations
like (3). We refer to the derivation of incompressible Euler equations in [Han-Kwan and lacobelli 2021],
or to the derivation of monokinetic solutions to (3) (which are essentially equivalent to a macroscopic
system) in [Serfaty 2020].

The main argument in our proof is a new quantitative estimate on the so-called marginals of the system
through the BBGKY hierarchy. This leads to the propagation of some weighted L? estimates on the
marginals. It implies a weak propagation of chaos in the sense of [Sznitman 1991] but it applies more
broadly to initial data that are not chaotic or not close to being chaotic.

Recently, new approaches have been introduced to bound marginals on systems with appropriate
nondegenerate diffusion. Using relative entropy, Lacker [2023] was the first to derive quantitative
estimates comparing the marginals to the limiting tensorized solution, thus deriving optimal rates for the
propagation of chaos in O(1/N), instead of O (1/+/N) on the convergence of the marginals (as observed
for smoother interactions in [Duerinckx 2021]). While formulated for first-order systems, the method
also applies to second-order systems with diffusion in velocity, as observed by Lacker. The method takes
advantage of the regularizing provided by the diffusion to avoid “losing” a derivative in the hierarchy
estimates. The use of the relative entropy however imposes that the interaction kernel belongs to an
exponential Orlicz space. In a different context of nonexchangeable systems, [Jabin et al. 2025] later
used the propagation of L? norms on some equivalent of the marginals, again taking advantage of the
diffusion but requiring that the interaction kernel K be in L*°.

The present article focuses mostly on second-order singular systems, where our method combines this
general idea with a specific choice of weights for the L” norms that are propagated. Those weights are
based on a total energy reduced to k particles when dealing with the marginal of order k. They allow
us to take advantage of a further regularizing effect in the hierarchy to only require kernels K to be in
some L? with p > 1. The same idea to propagate L” norms on the marginals also applies to first-order
systems in confined domains, without then requiring weights.

A direct consequence of our approach is the first ever derivation of the mean-field limit for the repulsive
Vlasov—Poisson—Fokker—Planck over a finite time interval. This applies to any chaotic initial data in
dimension d = 2 and for initial data with more restrictive energy bound in any dimension d > 3. We are
expecting to extend this derivation in a future work to any chaotic initial data in any dimension d > 2 by
decomposing appropriately the initial data.

The paper is structured as follows: We start in Section 2 with the notation and main results. We first
state our main result, Theorem 2, that proves the convergence to the Vlasov—Fokker—Planck equation
as N tends to infinity followed with Theorem 3 proving quantitative estimates for singular kernels in L2,
We next introduce Proposition 5, which states the explicit propagation of weighted L? bounds on the
marginals. We in particular discuss more thoroughly the limitations and possible extensions of our
approach after stating Proposition 5. Section 3 is devoted to the proof of Proposition 5 and Theorem 2
from the key technical contribution of the article around Lemma 9 and ends with the proof of Theorem 3.
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2. Main results

2.1. The new result. We introduce the full N-particle joint law of the system f» which satisfies the
Liouville or forward Kolmogorov equation

N N N
a,fN+Zv,--vxifN+Z%ZK<xi —x;)- Vi fy = %ZZAvifN, )

i=1 i=1 " j=1

which is a linear advection-diffusion equation. However the marginals f; y of fy will also play a critical
role in the analysis. They correspond to the law of k among N particles and are represented through

Sen (@, X1, 01, .00, Xk, V) = / SN x,v1, o Xy, UN) dXgyp duggr - - - dxy doy . (5)
[Td(N—K) 5 RA(N—k)

The question of well-posedness for (4) can be delicate and is separate from the issue of the mean-field limit
considered here. For this reason, we consider the notion of an entropy solution fy € L (R, x TT?N x R¥V)
to (4), fully described later in Section 2.4, to which we impose some Gaussian decay in velocity:

sup/ P iy Iuil? fydxidvy -+ dxydoy < VY forsome >0, V>0, (6)
t<1 JII4N xRIN

for which we refer to the short discussion in Section 2.4.
Our main result is the derivation of the mean-field limit for a broad class of singular kernels.

Theorem 2. Assume that there exists some constant 0 > 0 such that the potential ¢ satisfies

/ "9 dx < 400 (7
IT

and that
K=-V¢eLP(T? forsomep> 1.

Let f be the unique smooth solution to the Vlasov equation (3) with initial data f 0 e Cco(M? x RY) such
T 0817 < oo, Consider moreover an entropy solution fy to (4) (in the sense of Section 2.4)
satisfying (6) with initial data fl(\), e L®(IMN x RN). Assume that ka’N converges weakly in L' to (f°)®k
for each fixed k and that

| £ | Looquan vy < M*
for some M > 0 and for all k < N. Then there exists T* depending only on M, V, and | K ||Lr such that

the fi n, given by (5), weakly converge to

fk — f®k in Lq ([0, T*] % de % de)

loc
forany k andany2 < g < oo,with1/g+1/p < 1.

Our estimates can also provide quantitative rates of convergence though we need to use a stronger
assumption, namely K € L.
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Theorem 3. Assume the same conditions and hypotheses of Theorem 2, with moreover p = 2. We also
assume that there exists a constant C independent of N and ey — 0 such that

0 0\®Kk 2 X0 k
f 0y — (FOBH R0 < Chey
TIkd x [Rkd

for all k, with

2 1
ex(rr i v) = ) (i) 5 D gl —x)) ®)
i<k i,j<k
and
1
Alt) = m for a positive constant A.

Then, there exists T* such that fi y converges strongly to fi in L2 ([0, T*] x TT* x R*) for any k, and

loc
we have the quantitative estimate

sup / |fN,k _ f®k|28)»(t)ek < Eng
t<T* [1kd x Rkd

for some c independent of N.

In addition to the mean-field limit, Theorem 2 implies the weak propagation of chaos in the sense of
the famous [Sznitman 1991], although with strong conditions on f ,9,. Theorem 2 also justifies for the first
time the convergence to the Vlasov—Poisson—Fokker—Planck in two space dimensions. More precisely,
we highlight the following result.

Corollary 4. Let d = 2, and consider the Poisson kernel K = —V¢ with its associated potential
¢ (x) = —In|x|. Then, the convergence properties given by Theorem 2 hold true, leading to the Vlasov—
Poisson—Fokker—Planck system.

2.2. New stability estimates. Theorem 2 relies on a new approach to derive estimates on the BBGKY
hierarchy solved by the marginals f; n, which is of significant interest in itself. In general, deriving
bounds on either the BBGKY or limiting Vlasov hierarchy is complex. We refer for example to [Golse
et al. 2013] for the Vlasov hierarchy, and to [Duerinckx and Saint-Raymond 2021] for the study of
long-time corrections to mean-field limits. Bounds on the hierarchy are critical for the derivation of
collisional models such as the Boltzmann equation, ever since [Lanford 1975]. Even a partial discussion of
the challenges in the collisional setting would go well beyond the scope of this paper, and we simply refer
again to [Bodineau et al. 2017; 2018; 2020; Gallagher et al. 2014; Kac 1956; Lanford 1975; Pulvirenti
et al. 2014; Pulvirenti and Simonella 2017].
The main difficulty in handling the hierarchy consists in the term

vv,-f K (xi — Xg1) fier1, N dXpt1 dvga, )
4 x R4

as seen in (17), because this introduces the next-order marginal f1 » into the equation for f; . When
treated naively as a source term, it leads to a loss of one derivative on each equation of the hierarchy.
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However, it was noticed first in [Lacker 2023] and then in [Jabin et al. 2025] that one may avoid
this loss of derivative in the stochastic case for nondegenerate diffusion: any L? estimate then gains an
additional H' dissipation which can be used to control the loss of one derivative. This idea still appears
applicable in the present kinetic context: even though we only have diffusion in velocity, the derivative
in (9) is also only on the velocity variable.

Both [Jabin et al. 2025] and [Lacker 2023] require high integrability on the kernel: K € L* for [Jabin
et al. 2025] and some sort of exponential Orlicz space of the type [ eME®I dx < C for [Lacker 2023].
Lacker [2023] used quantitative relative entropy estimates to prove uniqueness on the BBGKY hierarchy,
while [Jabin et al. 2025] proved uniqueness on a tree-indexed limiting hierarchy through L? bounds.
Hence, in both cases, the corresponding bounds on the marginals was already known uniformly in N, and
the challenge was to prove that the norm of the difference with the limit is small.

This leads to a first key difference with respect to the present approach and to the first critical new idea
introduced in this paper. In essence, we note that the integral in (9) leads to a regularizing effect that has
the same scaling as the convolution at the limit: one has by Holder estimates that

provided that 1/p+1/q < 1.
Taking advantage of (10) for singular K € L? with p small naturally leads us to try to propagate

< WK eyl f | Lo race+ny, (10)
Lq(ndk)

/d K(x; —xi41) f(x1, ooy X)) dXpg1
n

L7 norms of the marginals fi y for large exponents g; in opposition to [Jabin et al. 2025; Lacker 2023].
But it also leads to an additional major difficulty, due to the velocity variable in the unbounded space R?
in (9). In fact, trying to use (10) in (9) as is would force the use of a mixed norm L?CLL on the marginals.
Unfortunately such mixed norms are notoriously ill-behaved on kinetic equations.

Instead, a more natural idea, from the point of view of kinetic equations, consists in using some
moments or fast decay in velocity. Even if they are less usual for kinetic equations, the use of Gaussian
moments is especially attractive in the current case because they are naturally tensorized. For example,
one has the extension of (10)

q
plvi P vl
Tk x Rk

/d dK(xz' — Xk+1) Jr+1,N dXpy1 AV
14 xR

2., . 2
< Call K17, e, el ey e wl?, (D)
[14k+1) 5 Rd (k+1)

still provided 1/p +1/q < 1.
However, pure Gaussian moments in velocity do not seem to be naturally propagated at the discrete
level of the hierarchy, even though they would trivially be propagated on the limiting mean-field equation

at least for short time. This leads to the final critical idea of the paper, which is to incorporate the potential

A(t)ey

energy in the Gaussian: namely to consider e instead of a pure Gaussian with e, defined by (8).

|2 | instead

We observe that our definition of e; uses 1 + |v;|~ but could just as well be reduced to |v;

as (11) suggests. The extra constant in e; allows us to normalize the weight of each marginal by a

A0k

factor e , which saves some extra numerical constants in the proof.
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We also remark that the use of a dynamical weights argument has been recently developed in [Bresch
et al. 2023] for first-order particle systems with singular kernels. We also note that Proposition 5, stated
below, shows the propagation of weighted L? bounds on the marginals, without requiring the initial data
to be chaotic or close to chaotic as introduced in [Kac 1956]. It hence applies to a broader framework
than just the mean-field limit.

Proposition 5. Let us assume K € LP(I1¢) for some p > 1 and define
1
AMt)=——— and L=
A(l+1) A(1)f
for positive constants A and C, 0 depending only on q, d, and o, and provided that 1/q + 1/p < 1.
Consider a renormalized solution fy to (4) satisfying (6) with initial data fj(\), e LI x RN and

satisfying

IKNZ

/ O yl4eM0% < B,
delekd

(12)
sup [ Ifalteh0 < Y
t<1 JIINd xRNd
for some F >0, Fy > 0, and q such that2 < g < oo, with 1/q +1/p < 1. Then, one has that
sup/ | fin|9e™ D% < 2K pE 4 pRO2NL (13)
t<T JTIkd xRKd

where T is given by

1
T'=min{l, — ).
( 4Lmax(Fo,F))

Proposition 5 shows that the corresponding L9 norm of a marginal at order k behaves like C¥ for some
constant C. This is the expected scaling for propagation of chaos and tensorized marginals f; = f®*.
However, Proposition 5 also presents several intriguing features that we want to highlight.

« Vlasov—Poisson—Fokker—Planck in higher dimensions. Proposition 5 handles just as easily Coulombian
interactions in any dimension d, and not only dimension d = 2 as Theorem 2. Therefore, Proposition 5
would imply some form of propagation of chaos for the Vlasov—Poisson—-Fokker—Planck system in any
dimension if we are able to consider initial N-particle laws f 1?, which are f°-chaotic as N — +oo and
whose marginals f° and associated solution f,, to the forward Kolmogorov equation satisfy (12). While
there are examples of such initial data, take fl(\), = Z exp(—ey) for instance, they demand some sort of
truncation or decay of the configurations with high energy. This is not satisfying because we cannot

even take fl(\), = (fO)®N; Assumption (12) cannot hold in such a case as e e

is not integrable if K
is the Poisson kernel in dimension d > 2. The issue is that by taking fz(\)r = (f9®N, we allow some
configurations with high potential energy. And roughly speaking the existence time 7' in the proposition

vanishes as the starting potential energy increases in that case.

o Repulsive potentials. Proposition 5 does require repulsive potentials ¢ > 0 as this assumption is critical
in the proof. The repulsive assumption on the potential only appears to be needed to handle the discrete
many-particle system. The extension to nonrepulsive settings remains an open problem.
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o Extension to the stochastic case of mildly singular kernels. A special case concerns mildly singular
kernels K with K € L? for some p > 1 such that ¢ € L°°. In that situation, by considering ¢ + ||¢|| L
instead of ¢, yielding the same interaction kernel K, we can always ensure that ¢ > 0. For example this
easily extends for the first time to the stochastic settings the results of [Hauray and Jabin 2007; 2015],
which had been obtained only for deterministic second-order systems with

K| < |x|™* fora<1.

» Convergence for finite times. We finally emphasize that, like Theorem 2, Proposition 5 holds over a
finite time interval, independent of N. This may initially appear puzzling since we are dealing with linear
equations for any fixed N. However, because those estimates are essentially independent of N, they
also extend to the nonlinear limiting Vlasov equation. Moreover Proposition 5 includes a propagation of
Gaussian moments in velocity over the marginals from the term e*()¢ and the definition (8) of ¢;. The
propagation for all times of such moments for Vlasov—Poisson is only known in dimension d = 2, see
[Degond 1986; Ukai and Okabe 1978], and dimension d = 3, see [Bouchut 1993; Gasser et al. 2000;
Holding and Miot 2018; Lions and Perthame 1991; Ono and Strauss 2000; Pallard 2014; Pfaffelmoser
1992; Rein and Weckler 1992; Schaeffer 1991; Victory and O’Dwyer 1990] as cited in the introduction;
it also requires in dimension 3 the use of dispersion estimates that are not present in our proof. As we
already noted, Proposition 5 is in fact valid in any dimension which naturally limits it to some given finite
time interval.

2.3. The case of first-order systems. While we focus on second-order systems, we also emphasize that
our method directly applies to first-order systems on bounded domains (in a much simpler manner in
fact) and provides the mean-field limit under very weak assumptions on the kernel K again. Consider in
that case

d 1
X =5 Z K(X; —X;)dt +odW;,
JFEi (14)
X;(t =0) =X},

fully on the torus I1¢. The mean-field limit is similar to (3):

2
S +(Kxe ) Vef =5 A f. (15)
Similarly, the joint law fuy (¢, x1, ..., x5) solves an appropriately modified Liouville equation
N ! N 5
o
dfv+ ) D K@i—x) Vi fv =" Ay fy. (16)
i

i=1 j=I
Because system (14) does not involve velocities, many technical difficulties in our proofs actually vanish.
For example, we no longer need to add assumptions such as (6). We also do not need to require that K
derives from a potential, and hence do not require assumptions like (7). We then have the following
equivalent of Theorem 2.
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Theorem 6. Assume that
K € LP(T1%) for some p > 1, (divK)_ e L®(I1%),

where x_ denotes the negative part of x. Let f be the unique smooth solution to the Vlasov equation (15)
with initial data f 0 e C(I1%). Consider moreover an entropy solution fy to (16) (still in the sense of
Section 2.4) with initial data fy € L (TI1N). Assume that f;) \, converges weakly in L' 1o (f*)®* for
each fixed k and that

0 k
||fk,N||L°°(1'[dN) <M

for some M > 0 and for all k < N. Then there exists T* depending only on M, || K ||Lr, and ||(div K)_||
such that the fi y, given by (5), weakly converge to fi = f&* in L1 ([0, T*] x T1*) for any k and any

loc
2<qg<oo,withl/q+1/p <1.

Because it is not our main focus, we do not give a distinct proof of Theorem 6.

As mentioned above, there exists now a large literature for the mean-field limit of first-order systems
in the stochastic case, with much recent progress for singular kernels. We refer for example to the
derivation of two-dimensional Navier—Stokes equations from a system of many vortices in [Fournier
et al. 2014; Jabin and Wang 2018; Osada 1987]. The derivation of the two-dimensional Keller—Segel
system, corresponding to attractive Coulombian potentials, was recently obtained in [Bresch et al. 2020;
Tardy 2024]; see also [Fournier and Tardy 2024] for a precise description of the collisions leading to
the blow-up. We also cite [Lacker 2023] which only requires the kernel to be in an Orlicz space similar
to Exp, together with [Lacker and Le Flem 2023] which obtains global-in-time regularity for Lipschitz
kernels with a smallness assumption on div K .

All those results require stronger assumptions on the kernel K than just K € L? with p > 1 as here.
A similar scaling was however obtained in [Serfaty 2020] on first-order systems with no diffusion. The
breakthrough method in that seminal paper is based on a modulated energy between the empirical measure
and the limit and it applies to Riesz kernels where K ~ 1/|x|* with o < d (corresponding to K € L?
with p > 1), with either a repulsive gradient flow or Hamiltonian interactions, or alternatively where
K % f € W1, Uniform-in-time propagation of chaos was later obtained in [Rosenzweig and Serfaty
2023] including diffusion with the restriction & < d — 1 using the modulated energy method and some
relaxation rates properties. This was recently improved in [Chodron de Courcel et al. 2023] to again
o < d combining precise relaxation rates with the new modulated free energy introduced in [Bresch
et al. 2020]. One obvious advantage of our method here is that it allows for a much more general
form of interaction, with singularities far away from the origin. On the other hand, Theorem 6 does
require a nonvanishing diffusion and is again only valid for a finite time, instead of the much stronger
uniform-in-time estimates above.

Contrary to the case of second-order systems, this short-time limitation appears less fundamental as
many limiting systems do not blow up, with the obvious exception of attractive interactions such as
Keller—Segel. We conjecture that the present method could lead to large-time results by taking advantage
of the full nondegenerate diffusion for first-order systems.
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2.4. Our notion of entropy solution for the hierarchy: the well-posedness of (4).

The definition. Being nonlinear, our estimates cannot be performed on any weak solutions. Moreover,
the concept of a solution for fy is carried over the marginals f; x and not just the joint law fx, so we
also need an appropriate notion of entropy solutions on those marginals.

The hierarchy for the marginals from the Liouville equation. From (4), the f; y solve the so-called
BBGKY hierarchy

k
1
0r fi.n + Zvi Vi fi.N + E N E K (xi —xj) - Vy, fin
i=1

i<k Jj<k

N—k
S|

o2
S, K (x; — Xpq1) dXpp1 dvgypr = — Z Ay, fi,n. (A7)
i<k 14 x R4 2

i<k

If fy belongs to L™ and satisfies (6), then all marginals f; y belong to L;X’LZ,U for every g < oo with
similar Gaussian decay. For simplicity, we denote here abstractly by LY , any space L9 (ITk x Rk)
when there is no confusion about the dimension k, as in our case. We also denote by L‘iek the weighted

LY space
q A
(WA =/ | f17e™*.
ey TTkd x Rkd

Since K € L? for some p > 1, by using a direct Holder inequality, those bounds on the f; y imply that

o0
/ fert, N K (xi = xp11) dxgyr doggy € LEPLY
14 x R4

for all ¢ < co. This allows us to immediately and rigorously derive (17) from (4).
Definition of entropy solutions. We write the advection component of (17) as
1
Lk:Xk:v,--in—i—N.ZkK(xi—xj)-Vv[. (18)
i< L,j=

The argument above implies that the only difficulties to propagate our estimates in (17) stem from L.
Consequently we define our entropy solution as follows: a function fy € L*®([0, 1] x TN x R4N)
satisfying (6) is an entropy solution if and only if all marginals f; y for 1 <k < N, as defined by (5),
satisfy

T
// e | fin "™ sign(fi ) Licfiey dxy dvy -+ dxidvdt = 0 (19)
0 J 1dk x Rdk

for any T € [0, 1], any 1 < g < 00, and any A < Ag. Inequality (19) is still somewhat formal and should
be understood in the following rigorous sense: for some smooth convolution kernel K., one has that

e—0

T
lim inf / / K& % fi n |9 sign (K % fi N)KE¥x(Ly fr.w) dx1 dvy - - - dxy dvg dt >0, (20)
0 19k x Rdk
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where we define
K?k*g:/dk dkKs(x1 =y, v1—=wy) - Ke (ix =y, vk —wi) g(y1, Wi, . Yo w) dyrdwy - - - dyg dwy,
IT9% x R

with K, — § when ¢ — 0. However, it is usually more delicate to determine whether any weak solution fy
in L* and with the bound (6) is an entropy solution according to our definition. For linear advection-
diffusion equations such as (4), this is usually approached through the notion of renormalized solutions
as introduced in [DiPerna and Lions 1989]. In that context, (20) is obviously similar to the classical
commutator estimate at the basis of many methods for renormalized solutions.

Remark 7. (1) We first remark that (19) is automatically satisfied if we have classical solutions. Indeed,
Ly is an antisymmetric operator, so we expect it to propagate L? norms such that, if all terms are
smooth, we have

| fen |7 Ssign(fien) Li fin = Lil fin|?.

(2) We immediately observe that the reduced energy e is formally invariant under the advection
component of (17):

2 2
Lkekzﬁ Z vi-Vx[¢(xi—xj)+N Z K(x,-—xj)-vi =0
i,j<k i,j<k

since K = —V,¢. In the same way, we have L;®(e;) = 0 for any locally Lipschitz function .

(3) If K is smooth and fy is a classical solution to (4), we would hence immediately have equality
in (19). With K only in L”, it would be straightforward to obtain one entropy solution in the sense
defined above, through passing to the limit in a sequence of solutions for a smoother kernel K.

Remark 8. There exists an extensive literature on renormalized solutions with a comparably large variety
of potential assumptions that one may consider. While we cannot do justice to this question in this short
discussion, we briefly mention for instance [Hauray 2004] that studies the specific case of the Liouville
equation (4) for second-order systems without diffusion. In the present setting of a constant nonvanishing
diffusion, we also refer to [Bogachev et al. 2015; Le Bris and Lions 2008; 2019] that provide broad
results of well-posedness for velocity fields in L?.

We in particular note that renormalized solutions apply to the case K € L? with p > 2 and fx in L™
with V,, ff,/ > e L? for any g < oo and satisfying the extension of (6)

sup/ eM% frdxy dvy - - - dxy doy < 0.

t<1 JII4N xRN

The latter estimates are natural for the Liouville equation (4), as demonstrated by Lemma 9 for the case
k = N in Section 3. In that situation, all marginals f;_y belong to L*L% , for every ¢ < oo with similar
exponential decay in e and with as well V,, kq {VZ el

; r.x.p for any r < 2. This regularity easily allows us
to prove that (20) holds for A < Ag.
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We also mention that so-called mild solutions can also offer a natural way to prove (20). We simply refer
to [Bouchut 1993; Carrillo and Soler 1997] for such formulations through the Fokker—Planck kernel in the
whole space, or to [Clark 1993] or [Degond 1986; Victory and O’Dwyer 1990] for periodic conditions.

Strong solutions up to the first collision. We also emphasize that, in the case of repulsive kernels smooth
out of the origin but with singular potentials lim,_,9 ¢ (x) = +00, a straightforward bound on the energy
of the system can easily lead to strong solutions on the many-particle system (1), bypassing the need for
entropy or renormalized solutions.

Very roughly, if K € C (114 \ {0}), then up to the conditional time of first collision in (1), we may
write

N N
d(Z IWIZ+%Z¢(X,- —X,~>) =o’dt+Y 20V;-dW,;.
i=1 i#j i=1
This implies that, with probability 1, the total energy remains finite if it was so initially. Because
lim,_, ¢ ¢ (x) = +00, it also implies that collisions almost surely never happen. This argument would in
particular apply to the Coulombian case in any dimension d > 2.

To conclude this discussion of the well-posedness of (4) or (1) for a fixed N, we emphasize the estimates
that we described here cannot easily be made uniform in N. The previous discussion of the energy bound
on the system (1) for the Coulombian interaction in dimension d = 2 is an excellent illustration: if we
have the bound

N
2, 1
DIViP+ ) ¢Xi=X)<E
i=1 i#]
with some large probability on some time interval and for ¢ (x) = — log|x|, then this only proves that, for
any i # j,
1Xi — X, > e VE,

which is indeed finite for any fixed N but is completely unhelpful when considering the limit N — oo.

Hence the present discussion remains focused on renormalized solutions for a fixed N. Quantitative
approaches to renormalized solutions have for example been introduced in [Crippa and De Lellis 2008],
which are based on the propagation of a sort of log-derivative on the characteristics; see also for example
the discussion on Eulerian variants in [Bresch and Jabin 2018]. This leads to an interesting and so far
mostly fully open question as to whether it would be possible to obtain quantitative bounds that would
combine the limit N — oo with some regularity estimates on the solution for a fixed N.

3. Proof of the main results

3.1. The BBGKY and Vlasov hierarchies. Using (3), the tensorized limits f; = f®F satisfy the Vlasov
hierarchy

k k )
8tfk+zvi ‘VXifk—i_Z(K*/;Qd fdv) 'Vvifk = %ZAUifk' (21
i=1 i=1

i=1
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To avoid repeating the analysis working on (17) or (21), we introduce the generalized hierarchy equation
k
14
3 Fin + Z vi - Vi Fin + Z = K (xi—x;) Vo, Fin
i<k ]<k

N yk 2
> Vu / Pt vK (i = xir1) dieg dvgg = 52 AuFen+Riy. (22)

i<k IxR i<k

Note that (22) is exactly (21) for y =0, Ry x =0 and exactly (17) for y =1, Ry y = 0. In the same

spirit we define
ery =y (I+v] >+— > $i—xj),

i<k l]<k
14
Lk,y:Zvi-VxﬂkN Z K(xi—xj)-Vvl.
i<k i,j<k

and observe that we of course still have Ly , e, =0.

The main technical contribution of this section and of the paper is Lemma 9 stated in Section 3.2,
which provides estimates for the solutions to (17). We will then use the uniform bound on the k-marginals
S~ for the proof of Proposition 5. Proposition 5 allows passing to the limit in the hierarchy (17), and a
final use of Lemma 9 leads to proving uniqueness of the limiting hierarchy (21) to conclude the result of
Theorem 2.

3.2. The key technical lemma. We first present the key technical lemma which links the k-marginal L%,
control to the (k+1)-marginal L}, estimate control.

Lemma 9. Assume that K € L?(T1?) for some p > 1. There exist some constants A, C, and 6 depending
onlyon q, d, and o such that

t
IFenllyy, < WFnG =07, +q / / | Fi v 197 'sign(Fe n) Re, ye* % ds
! k 0
N—yk C /
+k F Ky ds
N Ng(t) [ Fr1,v ( )||qu)ek+]

for any entropy solution Fy y to (22) (in the sense of Section 2.4) and satisfying (6) with Fx y € L1 A(Der,
and for any 2 < q < oo such that 1/q +1/p < 1, with A(t) defined by A(t) = (A(1 +1))~L.

Proof. To be made fully rigorous, many calculations in this proof should involve a convolution kernel K,
estimating

o AL B

and passing to the limit in ¢ — 0 while using appropriately the entropy condition (20). For simplicity,
however, we will only present the corresponding formal calculations.
We hence calculate in a straightforward manner

7 f |Fen|7e % = ¢ f | Fe.n |7 sign(Fi.n)d, Fi v +3/(1) f Chy | Fiey |70
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Inserting now in this identity the definition of A(¢) and the (17), we find
d A

ll Fo v|4eM®ery

Ir / | Fie,n|"e

2
=4 [ 1Rt sign(F) Ly Fn) s 145 [ |Fk,N|q—1sign<Fk,N><Z Av,.Fk,N>e“f>ekvV

i<k

> / | Fin |7 sign(Fi v) V- f K (6 = Xir1) Fig 1y doxggr dogy 0%

i<k

N —vyk

—q

— AX3(0) / ey Fen |7 +q / | Fe.n |7 sign(Fiw) Re.ye™ 7.
Note that
g Fin|? 'sign(Fi n)(Li.y Fe.nv) = Liy | Fen 19,

so that by integration by parts, we formally have

q / | Fien 17" sign(Fie w) (Liy Fen)e 07 = / |Finl? Ly e’ =0.

On the other hand, again by integration by parts,

2
q%/le’mq_lSign(Fk,N)(Z AUiFk,N>€)L(I)ek’V

i<k
2
==ala=D Y %G [ 1Fnt 2, RO

i<k 2
~21(0) ) 5 / | Fiv |97 sign(Fex)v; - Vo, Feye™ 0%

i<k

By the Cauchy-Schwartz inequality, since g > 2, we obtain

2
Q%/|Fk,N|‘/—ISign(Fk,N)(Z AviFk’N)ek(t)ek‘V

i<k
2 2
—ala — o q-2 2,0 (0ey 4 94 4207 q 2 (Dex,
<=0 =D TG [ 1M BP0+ L2 [1F 1 Y o
i<k i<k
Note that, since ¢ > 0, we have Zisk |vi|? < ex and, therefore, combining all our estimates so far, we
deduce that

d A
o F q ,A(t)ek,y
dt/l knlle

2
=—ql¢—-D Z GZ / |Fi N |97 2|V, Fi |20
i<k

N —vyk

—q > / | Fi w17 ' sign(Fe, ) Vo, - / K (xi = xk41) Freg 1, dxpgr doggre 0%

i<k
— %)»z(l‘) / ey |Fk’N|qek(I)ek,y +q / |Fk,N|q71Sign(Fk,N)Rk,NeMt)ek’y,

provided that A > go?/(q — 1).
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We integrate by parts the second term in the right-hand side to obtain

> / | Fi.nv |4 sign(Frn) Vi, - f K (x; — xk41) Firr v dxigr dvogr1e”@%7 = RH; + RHy,
i<k

with

RH; =—(¢ - 1) Z/ | Fi N7V, Frn / K (xi = xk41) Fiey 1,y doggr doggre” O
i<k
and

RH, = _2)‘0)2/ |Fk,N|qISign(Fk,N)Ui/K(xi — Xp ) Fipr v dxpy dvoggy 0%
i<k

We perform a straightforward Cauchy—Schwartz inequality on both terms to find that

2
RHZSAZU)Z/ |F’<ﬂN|q|U"|2ek(t)ek"y+Z/ |Fk:N|q_2‘/K(xi—karl)FkJrl,N dxiq1 dvggr| 0%,
i<k i<k
and similarly
2
o —
RH;<7- ) / |Fi |72 |V, Fi v 7€ 0%
i<k
(qg—1)? g—2 ’ o
S Z | Fie,n | K (xi — xie1) Fie 1, N dXk1 doggr| €707

i<k
Note that by Young estimates
/ |Fenl?™?

2

e)‘-(t)ek,y

f K (xi — xkq1) Frg1, N dxpg1 doggy

< g)ﬁf | Fy n|9e* Oy 4 2 f ey
q ’ qri?

Therefore, combining together all those terms, we obtain the further estimate

q

/ K (xi — xkq1) Fra1, N dxpq1 dvoggy

2/ | Fx 9 sign(Fy vV, '/K(Xi — Xp1) Firt v dxpsy dogy e

i<k

< T3 [ 219,, B P05 +32) 4 4D N A SR T T
=4 s v; , qo_2 , l

i<k i<k
2 (g — 1)2 AD)e a
+ P 1+ Y7 Z eV K (% = X 1) Fre1t N dxper1 d g
i<k
Hence, provided that
—2)(g — 1)?
AZ2C](1+(q )(612 ) >
qo

we obtain

d N —vyk 4

o / |Fion |1 0% < Cq g.ak—=r | 0% | K (i1 = xics) P v xicsndviey
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At this point is where we take advantage of the specific structure of the hierarchy. Denoting by ¢* the
conjugate of ¢, namely such that 1/¢* + 1/g = 1, we bound

q
‘/ K (x1 — xg41) Feq1, 8 dxpq1 dogy

q/q*
* (% 2 2
< (/ 1K (x1 — xgq )[4 e @/DOMOMen " gy dvk+1> /le+1,N|qut)|vk“| dxi41 dvgy,

which implies
1 Cq ,o,d

‘/ K(x1 — xpp1) Frpi v dxpprdvoggpr| < W/(z—q*)(t)

A . 2
1K, / | Fipr v 19O oy dugey

since g > p*. Consequently

/ M0ty

q

/ K (x1 — xk41) Fieg 1,8 dXgt1 Ao

Cy.0.d q 2
< 0, q O vk |7+ ()er
= saaica g 1Kl / Frrtle drrdvne dh duin
Note that 5
14
Citly = ey + 1+ [vep1 >+ N Z G (xi — xpg1) > ey + 1+ vl
i<k
so that
. q
/e (Oex / K (xi = X1 fier 1, N d Xt 1 dgqn
Cq,(r,d

< _Cq0a g g 2 (Oexs
< oS UKL [ a1 dxy dv - iy dun

This finally lets us conclude, as claimed, that

d (e
—_ e WY
& [ 15l

_ N=7kCond
N Aad(r)

1K, f | i1 nl9er Dty g / | Fi.n |9 "sign(Fy v) Reye* %y, 0O

3.3. Proof of technical results. We start this subsection with the proof of Proposition 5.

Proof of Proposition 5. From the analysis in Section 3.1 and the assumptions (6) and (12) of Proposition 5,
we have that Fi y = fk.n is a renormalized solution to (17) and thus (22) with y = 1. Moreover, f; n
satisfies the other assumptions in Lemma 9 with Ry y = 0. Writing

Xi(t) = / | fen|TeM D,

we hence observe that, by Lemma 9, we have the coupled dynamical inequality system

Xi(t) < Xi(0) + kL / Xis1(s)ds
0
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for any ¢ € [0, 1], where
C

L=——|K|%,.
Ag(l)ll 7

From the assumptions of Proposition 5, we immediately have that
t
Xy (1) < F+kL f X1 (s) ds. 23)
0

We now invoke the following simple lemma.
Lemma 10. Consider any sequence Xy (t) satisfying (23). Then one has

m!

(@ —1)! !
(k— D! (m —k)!

ds. (24)
k— D' —k)!

m t
Xe@) <y FL'™ + L f X1 ($)(t —5)" "
1=k 0

Assuming Lemma 10 holds, we use (24) up to m + 1 = N to derive through the assumptions on fy that

N-1
[—1)! ! N -1
Xi(t) < Z FéLz—ktl—k¥+LN—k/ FV (1 — )N -1k ( ) ’
— (k=D —k)! 0 k—DI(N—-1—-k)!
that is
N-l (I —1)! N (N —1)!
Xe(t) <Y FgL! R PN NN . (25)
p k=D —k)! (k—DI(N —k)!
Note that
(-1 =(1—1)521_1.
k=D —k! \k=1
Hence (25) implies
N
X, (1) < Z FéLl—ktl—kzl—l 4 FNN—kgN—koN~-1
I=k
N-1
_ Zk—lF(;c Z Fé—kzl—kLl—ktl—k + Fkok—1 pN—k N—k;N—koN—k
I=k
< 2k—1FéC(2 _ 2k—N+1) + Fk2k—12k—N
< F§2k+Fk22k7N71’
provided that 4Lt max(Fy, F) < 1, which concludes the proof of the proposition. O

We finish with the quick proof of Lemma 10.

Proof of Lemma 10. Taking m = k in (24), we get

k!

k ! :
Xi(1) < Fy +LA Xk+1(S)m ds,
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which is our starting point. Moreover, assuming that (24) holds for m, we may use (23) to find

" e -1
Xe(t) <Yy FlLlRfkh ——
k()—l; 0 k— DI —k)!
rik 1t o d k ! d
Lm _ Fm L Xm t— m—
This yields
“ g =1 _ m! t _
X, (1) < FlLl ktl k_\» =7 Lm+1 ka+1 / t— m kd
"()—g 0 «—Dld—k! " O (k=D m—k)! o( & ’
t ! + 1)!
Lm+2—k/ X,, f f— "k gsd (m ,
+ ; +2(r) r( s) =D m — k)
or
i o (- _ m! .
"()—l; 0 (k—l)!(l—k)!+ O (k—D!m+1—k)!
t
B _ (m+1)!
Lm+2 kf X, f— m+1 kd ’
as claimed. U

3.4. Proof of Theorem 2. The proof of Theorem 2 follows closely the steps in the proof of Proposition 5,
once appropriate bounds have been derived.

(1) Uniform bounds on fy in LZN. First of all, note that from the assumptions of Theorem 2, we can
easily obtain a bound on fl(\), in LioeN for A large enough. Indeed

|f1(\)’|qe?~081v =V |f13|(162?»0 Di<n Ivflze(?»o/N) e d@i—x)—A0 Yy Ivilz_
[14N x RIN 14N x RIN

We have straightforward L” estimates on XN i jan ¢ Gi=x) =2 T il g by the Holder inequality,

N
e(’}\O/N) Dij=N P (xi—x))—rx’ Di<N Jvi 2 — c e(f)»O/N) Dijen d&i—xj)
[14N x RAN [éanN

N2
Ao
cV I o
N7 (HigN / e Lisn 90 x’)) =Nz
Ay N Ao

for some constant C and by assumption (7) in Theorem 2, provided that rA? < 1/6. This implies, again
by Hélder’s inequality,

N
e < S 019 T
4N xRIN )"N/Z 4N x RIN

gr*—1 0r*a 2r* 203, 2
N/2||fN|| / |fN|r qer leN‘vll A
4N x RIN
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Using now assumption (6), provided that 2r*Aq < §, we conclude

cvm\"
/ [falerer < ( ) 2o
H‘[NXRdN )\.0

for any g < oo. We now choose any fixed 2 < ¢ < oo such that 1/p 4+ 1/g < 1, and we remark that
the Liouville equation (4) is included in (22) for y =1, Ry y =0, and kK = N. Thus, we next invoke
Lemma 9 for fy with k = N and y =1 to find that fx solves

d

— | v, -, )l9er0N <0,
dt Jian gy

so that, from (26), we obtain

cvm\"
sup / |fn(t, -, )]ler oy < ( ) :
1<1 JIIN xRN Ao

This finally implies that there exists some constant F > 0 such that

sup / |fn(t, -, )7y < FN, (27)
ndNXRdN

t<1

(2) Uniform estimates on the marginals and passing the limit in the hierarchy (17). First of all we can
perform the same bounds on each f,g  to find similarly to (26) that

cvm\
0 qekoek < )
s 01 = (5)

As a consequence, every assumption of Proposition 5 holds and, in particular, assumption (12) holds.

This implies that, for some time 7* > 0 depending only on V, M, || K| .», and the choice of g, we have

sup sup / | fiwl ™0 < M*
N t<T* JTIkd xRkd

for some constant M. At this point, we will no longer need the potential in the reduced energy ex, which

was required to handle the L; operator that vanishes at the limit. For this reason and since ¢ > 0, we

deduce from the previous inequality that

sup sup / | fiwl e T Ziz il < gk (28)
N t<T* JI1kd x Rkd

These uniform bounds let us extract a converging subsequence such that all f; y converge weak-+ to
some fk in L ([0, T*], LZ,U) which also satisfies

sup / | fel 9T ik il < gk, (29)
t<T* [1kd x [Rkd

where we have used classical convex estimates. We emphasize that for the moment we only have
convergence of a subsequence, though we still denote it by N for simplicity. We eventually obtain the
convergence of the whole sequence only after the uniqueness of the limit is proved in the next step.
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From estimate (28) and since 1/g + 1/p <1, we may simply bound

> S K@ —x) Vo fiw

i<k Jj<k

k2
<
SV IKlel fenlzers,

X,V

LeL!

x,v,loc

For any fixed k, the corresponding term vanishes as N — oo. Similarly estimate (28) allows us to pass to
the limit

/ K (i = xe1) fier1, v dxes1 dvgn — K (xi = xk1) fiert doxin dvge
19 xRd M4 xRd
for the weak-« topology of L>®([0, T*], L% ). It is straightforward to pass to the limit in the sense of
distributions in all other terms of the hierarchy (17), so we deduce that f; is a solution to the limiting
hierarchy (21) in the sense of distributions.

We can also easily identify the initial value of fk From (17) and the bounds derived from (28),
we immediately obtain a uniform bound on 9; f x in L woLa By the assumption of Theorem 2,

x,v,loc*
fko’ y converges weakly to (f 0)®k 5o we have

fit =0) = (fO)%*.

(3) Uniqueness on the limiting hierarchy and conclusion. We first argue that f; is automatically a
renormalized solution to (21). Indeed, (21) can be seen as a linear advection-diffusion equation with a
locally Lipschitz velocity field (vy, ..., vx) and a remainder

Vo, / K (x; —xj)ka dxpy1 dvgs
4 x R4

that belongs to L®L{ , with ¢ > 2 per our prior estimates.

Next we note that, since f is a classical solution to the Vlasov equation (3), the f® also yield
renormalized solutions to the Vlasov hierarchy (21) for every k > 1. Due to the linearity in terms of
the sequence { fi}ren+ Of the Vlasov hierarchy, we get that each Fj = fk —f ®k is also a renormalized
solution to the Vlasov Hierarchy (21) for every k. Moreover, since f; and f®F are identical at the initial
time ¢ = 0, we have that Fj(t =0) =0.

Furthermore, by (29) and the assumption of Gaussian decay on f°, we have

sup f | Fe|7eP Dz 1H10D* < 7t (30)
t<T* [1kd x [Rkd

for some ﬁ and some M. Equation (21) corresponds to (22) in the case y = 0, where e, reduces
to ero =D i (1+ v 2. Hence, provided we choose some A possibly lower than A, we satisfy all

assumptions from Lemma 9.
Defining Y; = [ | F|?e*%0, we get for all k € N*

t
Yi(@) < kL/ Yiy1ds. 31
0
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We can then use Lemma 10 with Fp = 0 up to any arbitrary m to show, together with (30), that

~ ~ 4 !
Y. (¢ <Lm+1—ka+l/ t— m—k m: d
Ko = A S TR
< Zm+1—kﬂm+1tm+1—k(kfl) < 2k % QL Mry1*. (32)

By taking t < Ty with Ty small enough and sending m to co, we obtain that Yy (1) =0, and hence fk f ®k
on [0, Tp]. This allows us to repeat the argument starting from ¢ = Tj instead of + = O until we reach
the maximum time 7*. This finally allows us to conclude as claimed that f; = f®* over the whole
interval [0, T*].

Coming back to our extracted subsequence on f v, since all such subsequences have the same limit,
we have convergence of the whole sequence to the f®*, concluding the proof.

3.5. Proof of Theorem 3. The aim of this result is to provide a quantitative estimate between fi y and
fr that satisfies (17) and (21), respectively, for the tensorized limits f; = f ®k  First let us note that

FkN = fr.n — [k satisfies
N—k . .
FN N ZV gN , o’ § Fo v+
8; k +Lka + N L Ui-Al[XRd k+1K(~xl Xk+1)ka+] dUk+1 ) . AU,’ k,N Rk,N,

where L is defined in (18) and

k
Rk.n = Z[(K*/ )(f X;)
i=1 R

k
Z (xi —xj)] Vo fie-

N—k
N >V, / Jer1 K (X = xpq1) dxpqy doggr. (33)
i1 M4 xR4

2|~

We again use Lemma 9 with ¢ =2 to deduce

2
& |FnPe 0o + 223 19y, Fyn 20
dt Jikd prd 4 =g J Tk xRk
i<

N—k C2nd 2 / 2 A(t)
k_ K F Ck+1
N VKL | FPe

+2 (1) m&wﬂwm+/ Ri.nFiye™ . (34)

[1kd x [Rkd [1kd x Rkd

Note that Ry y may be written as

k
Z |:< /[Rad f)(t»xi)_K(xi_xj)]'vv,-fk

- ];k Z[vvi "/l:ldXRd fk_HK(xi —Xk+l)d-xk+1 dvk-i-l — (K*/I\Qd f)(t,.xl') 'vUifk:|- (35)

2|H
M»



A NEW APPROACH TO THE MEAN-FIELD LIMIT OF VLASOV-FOKKER-PLANCK EQUATIONS 1059

Then, using that f; = £, we have

k
k
/ Rk,NFk,Nek(t)ek :/ N E [(K*/ f) (t, x;) — K(x; —xl):| -V, kok’Ne)x(l)Ek,
[Tkd x Rkd ITkd s Rkd = Rd

where we have used the fact that the particles are interchangeable. Integrating by parts with respect to v;
and using Young’s inequality, we obtain

k 2,0 Rl P
R o vetDe < O f Vi, Fon P01 L (er
/nkdXde CNTEN 4N Z deXdel e Z deX[de

(1) ek|ﬂ<N|ze“’”"+1 / RE PO, (36)
[Tkd  Rkd ' 2 Jka xgra

~kl,N = |:(K*/ fdx> (¢, x;) — K(x; —xl):|fk,
Rd

k
Ry = Z[(K*/Rd fdx)(t,xi) — K(x; —xl)]fk-
i=1

where

‘We observe that
~ .
IRenll72 = Ck/ | fi|Per®ex
AMb)eg nkd X de

with a constant C that does not depend on k. We have also used the fact that, in particular, K € L?(IT¢)
and f € L®(I1¢ x RY).
Then, using (13) and letting N — 400, we get

sup | fi|Pe Doy < ok B,
l‘fT* deXRk‘[

We can insert this estimate into (36) for p = 2 to derive

Ry Fi ne™ %
nkd Xled

k
Lo’k Z IV, Fey [26-0% 4 a() ek Fi v 26> + Ck2* FL.
4 N ~ Jrkdygid ’ TTkd x Rkd ’
Once this estimate is incorporated into (34) and using that A'(¢) = —A(¢) /(1 + t), we can, following the
same lines of the proof of Proposition 5, repeat the estimate on the ODE inequality with the extra term
coming from the interaction of Fy y with rest term Ry y. This provides the conclusion that there exists 7*
such that

2% ~k ~k 0 012,40
SUP/ | fva — fil?e* % < Crey +C _/ |y — fi e O,
Tk x Rk n

(<T* kd  [Rkd

where C is a positive constant that does not depend on N and ey = O(e"), where ¢ < 1 depends on a
small enough 7*. This expression can be deduced in a similar way as (32) in the proof of Theorem 2.
We finally emphasize that the quantitative bounds of Theorem 3 would allow us to recover the optimal
convergence rate in O(1/N) recently obtained in [Lacker 2023].
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