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STOCHASTIC HOMOGENIZATION FOR VARIATIONAL SOLUTIONS
OF HAMILTON-JACOBI EQUATIONS

CLAUDE VITERBO

Let (€2, 1) be a probability space endowed with an ergodic action 7 of (R”, +). Let H(x, p; w) = Hy,(x, p)
be a smooth Hamiltonian on 7*R” parametrized by @ € € and such that H(a + x, p; t,w) = H(x, p; w).
We consider for an initial condition f € C°(R", R) the family of variational solutions of the stochastic
Hamilton—Jacobi equations

du® du®

— (@, x;0)+ H E, — (@, x;w)] =0,

ot & 0x

ut(0, x;w) = f(x).
Under some coercivity assumptions on p — but without any convexity assumption — we prove that for a.e.
o € Q we have C%—limu®(¢,x;w) = v(f,x), where v is the variational solution of the homogenized

equation
g—l;(t,x) + H(x, g—i(r,x)) =0,
v(0,x) = f(x).
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1. Introduction

Let (2, i) be a probability space endowed with an ergodic action t of (R", 4). This means that if X C Q
satisfies 7, X C X for all @ € R”, then w(X) =0or 1.
Let H(x, p;w) = H,(x, p) be a smooth Hamiltonian on 7*R” parametrized by w €  and such that

H(a+x, p;taw) = H(x, piw). (Inv)
We shall specify later the assumptions satisfied by H. We now consider for an initial condition f € C°(R")

the family of stochastic Hamilton—Jacobi equations

ou® . x Ju®
G xio)+ H (35

u® (0, x;0) = f(x).

Fixing w, we can consider different types of generalized solutions (there is generally no smooth solution)

(t,x;cu);w) =0, (HIS,)

for this equation. The most interesting ones are either the viscosity solution of Crandall and Lions
[1983] (see also [Barles 1994; Bardi and Capuzzo-Dolcetta 1997]), or the variational solutions defined
in [Chaperon 1991; Viterbo 1996; 2006] (we also credit J. C. Sikorav [1989]), both requiring some
assumptions on f and H that will be specified later. The problem of stochastic homogenization for
the above equation is to determine whether, for u-a.e. in w, the sequence u®(z, x; ) C°-converges on
compact sets to u(, x), the solution of

g—lt)(z, X) + H(g—)’i(z, x)) —0,
v(0,x) = f(x),

(HIH)

where H is to be determined (and in general cannot be defined explicitly). Note that H does not
depend on w by the ergodicity hypothesis. A classical case is the so-called (nonstochastic) periodic case,
corresponding to the case where 2 = T” and 1, is the translation on the torus. Then condition (Inv)
means that there is a smooth function K on 7*T" such that H(x, p;w) = K(x —w, p). Then solving
(HJS;) is equivalent to solving the (nonstochastic) equation

LA ) =0

%—?(z, x)+ K(E’ By
and in this case stochastic homogenization boils down! to deterministic homogenization for K. For
viscosity solutions, homogenization in the periodic nonstochastic case has been settled in [Lions et al.
1988] in 1987, and for variational solutions in [Viterbo 2023] in 2014.

For the general stochastic case, this problem has been solved for viscosity solutions by Rezakhanlou
and Tarver [2000] and Souganidis [1999], assuming H is convex in p. Beyond the quasiconvex case (i.e.,
functions having all their sublevels convex) and some very special cases (see for instance [Armstrong et al.

Undeed, if u¢(¢, x) is the solution (either viscosity or variational) of aaif(t, x)+K(f-o, %L;(t, x)) =0 then vé(t, y) =

& &
ué(t, y +ew) satisfies %(t, X) —|—K(%, aaiy(t, y)) =0. Thus u®(¢, y) = v¥(t, y —ew), and convergence of v¢ to ¥ as & goes to 0
is equivalent to convergence of u® to i = v. See the proof of Corollary 1.7 for another method of reducing to the periodic case.
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2015; Gao 2016]), nothing is known for viscosity solutions in the general (i.e., for H nonconvex in p) case,
and counterexamples have been found, first by Ziliotto [2017] and then by Feldman and Souganidis [2017].

We settle here the case of variational solutions without any convexity assumption. Note that the
construction of a variational solution relies on the choice of a field of coefficients for the homology theory
we use, but once the field is chosen, the variational solution is uniquely defined.? We shall here fix once
and for all a coefficient field (the reader can think of Z/2Z or R for example). As in [Viterbo 2023], our
results hold when H is either compactly supported or coercive in the p-direction. Note that fixing w, if
Vi(H) f = u(t, x) is the variational solution operator® of the Hamilton—Jacobi equation, and S;(H) f is
the viscosity semigroup, we know that for H convex in p we have S;(H) = V;(H) [Zhukovskaya 1993;
1996]. Our result thus implies the stochastic homogenization for viscosity solutions in the convex case*
as in [Rezakhanlou and Tarver 2000; Souganidis 1999]. In the general case it has been proved in [Wei
2013; 2014] (see also [Roos 2017, Theorem 1.19]) that

St(H) = Tim_(Vin(H))".

Since there are counterexamples in the nonconvex case, stochastic homogenization of the viscosity
solutions cannot hold in general.”

Of course, as in [Viterbo 2023], the equation (HJS,) is related to the Hamiltonian flow of H (%, p; a))
given by

0 o = Pe 0L e,

where ¢! is the flow of H(x, p;w) and pg(x, p) = (%, p).
We shall prove analogously to [Viterbo 2023] that, for almost all w, we have

t Ye -t
Pe,w > Do

but since we are on a noncompact base we have to redefine the y-distance, which we shall denote by ..

1.1. Statement of the main results. Our main result is:

Theorem 1.1 (Main Theorem). Let H(x, p; w) be a stochastic Hamiltonian on T*R" x Q, where (2, i)
is a probability space endowed with an action t of R™. We assume the following conditions are satisfied:

(1) For all a € R", the map t, is measure-preserving and the action t is ergodic for the measure | (i.e.,
invariant sets have measure O or 1).

28ee for example [Cardin and Viterbo 2008] and more explicitly [Wei 2014] and Appendix B in [Roos 2019].
3This means that it sends f to the variational solution of

B, x)+ H(x, 2(1.x)) =0,
u(0,x) = f(x).

Note that the operator is not a semigroup (since variational solutions do not have the Markov property).

4However in that case our method is much more complicated.

3 Of course if in some cases we knew that V; (g) = V;(He) = V¢ + Ry (), where ||R;(¢)|| < Cte, and V; = V;(H) is the
homogenized operator, we would get that [|(V;/,(£))" — (Vt/n)" | < Cte. Hence, setting S; = lirnn(l7t/n)”, we would have
|S%(e) — S¢|| < Cte and then limg—sq S(t)(s) = §f).

(HJS)
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(2) We have, for all a € R", (x, p) € T*R" and almost all w € Q, the identity H(x + a, p, Ta0) =
H(x, p,w).

(3) The map (x, p) — H(x, p,w) is CY1 for p-almost all w.

(4) For almost all w, H is compactly supported in the p-direction, i.e., the set

{p|3Ix eR", H(x, p;w) # 0}
is bounded.
(5) There exists C such that for almost all w and for all (x, p) € T*R" we have ‘%—;I(x, p; a))| <C.

(6) There exists C such that for almost all  we have sup(y pyer+gn |H(x, p; )| < C.
Then if Qe is the flow of He o, (x, p) = H(% p; a)) there is a function H in C°(R"*, R) such that

Cew > P
for the topology y. that will be defined in Section 4. Here (,0;7 denotes the flow of H in WI(T*R”), the
ye-completion of DHam(T*R™). As a consequence if | is uniformly continuous on R”, then a.s. in w € Q
the variational solution u®(t, x; w) of (HIS;) converges to the variational solution u(t, x) of (HTH).

Let us try to give some intuition for the y, metric. The y. metric is a version, in the noncompact
case, of the y-metric first defined in [Viterbo 1992]. For a compact base, it is easier to describe it on
Lagrangians. For example if Ly is the graph of df; and f; C°-converges to a smooth function fye,
then L converges to Lo, the graph of dfs. For this reason, the y-metric is often called a C ~!-metric.
However, as is quite natural, the y-completion of the set of smooth Lagrangians contains more objects and
in particular contains the graphs of continuous functions. For Hamiltonians maps, if ¢ is the time-one
flow of the Hamiltonian Hy and (Hy)g>1 C 0_converges to Hyo, then ¢y y-converges to @0, the time-one
flow of Hoo. Here again the time-one flow of a C° Hamiltonian is well-defined in the completion (see
[Viterbo 1992; 2006; Humiliere 2008]).

Remarks 1.2. (1) Existence and uniqueness of the variational solution for (HJS;) follows from [Cardin
and Viterbo 2008, pp. 266-276] (since we are in the case of a noncompact base). The bounded propagation
speed condition in [loc. cit.] is more general than the one in the present paper and is obviously satisfied in
the fiberwise compactly supported case.

(2) By ergodicity, each of the conditions (4), (5), (6) either holds a.s. or fails a.s. Indeed, set

Qc={a)eQ| sup |H(x,p;w)|zc}.
(x,p)eT*R"

This set is t-invariant. If for some c this set has measure 0, then (6) holds; otherwise

sup |H(x, p;w)| = +o0
(x,p)eT*R"

for a.e. w. Similarly, the set Q' = {w € Q | supp(H) C R" x B(R)} is also invariant by 7. It thus either
has measure 1 for some R, and then the bound in (4) is independent from  in a set of full measure, or it
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XR

Figure 1. Graph of yg.

has measure 0 for all R and then, for a.e. w, condition (4) is violated. In the first case, we shall say that
the H,, have uniform fiber compact support. This is assumption (4) of the Main Theorem.

(3) Let us compare our results to those of [Rezakhanlou and Tarver 2000; Souganidis 1999]. Note that
if H is convex in p, then viscosity and variational solutions coincide. So consider a Hamiltonian H
convex in p and uniformly coercive. In the ergodic case this implies that there exist functions &4 (p)
going to infinity such that h_(p) < H(x, p; w) < h4(p) (this also follows from the assumptions in both
[Rezakhanlou and Tarver 2000, (2.5)(ii) and (2.8), p. 280] and [Souganidis 1999, Condition 0.2]). Note
that both authors assume lim, |, 1 o0 7+ (p)/|p| = +00, an assumption we do not require here.

Then we claim that the truncation Hy, = yr(H), where y g is the function represented in Figure 1,
satisfies assumption (5) of the Main Theorem (condition (4) is obvious) or equivalently, (2a) of the
corollary. This is because

aI_IXR / oH
= H -—,

so it is enough to prove that H s bounded on a set |p| < C. Butif }aH (xo0, p0)| > A, we can find p;

with | p1| < 2C such that py — p1 is colinear with 3H (xo po) and | po — p1| = C, so that
oH oH
sup i (p) = int b (p) = H(x. pr) =~ H(x, po) = (5 po—p1) = €| 57| = €
|pl<2C dp

hence A is bounded.

The compactly supported case is usually not the most interesting in applications. However the above
theorem implies

Corollary 1.3 (Main Corollary). Let H(x, p; ®) be a stochastic Hamiltonian on T*R" x Q, where (2, 1)
is a probability space endowed with an action T of R". We assume the following conditions are satisfied:

(1a) Conditions (1)—(3) as in the Main Theorem.
(2a) FTr all (x, p; w) we have |%—;I(x, p; a))‘ < h'(|p|) for almost all w for some continuous function
hR—>R

(3a) For almost all w, H is coercive, that is lim|p| 4 oo | H (X, p: @)| = 400 uniformly in x.
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If H satisfies the above assumptions and f is Lipschitz on R, there is a coercive function H in
CO%R", R) such that a.e. in o the variational solution u®(t, x; w) of

&€ &
aait(l,x;w) + H(%, %(l,x;w);w) =0,

(HIS,)
uf(0, x;w) = f(x)
converges to the variational solution u(t, x) of
v = ( 0V _
a9+ H(ﬁ(t’ x)) =0 (HJH)

v(0,x) = f(x).

Remark 1.4. We shall reduce the case (3a) where H is coercive to the uniformly fiberwise compactly
supported case by replacing H by ygr(H), which is compactly supported where yg : R — R is a function
supported in ]—oo, R + 1] such that y’() = 1 for t < R (see [Cardin and Viterbo 2008, Appendix B]).
Then Hy, = yr(H) also satisfies Hy,(x +a, p; 1aw) = Hyp(x, p; w).

Examples 1.5. (1) Let Q be the space of C! functions on R”, (z, f)(x) = f(x +a) and ;1 be some mea-
sure on 2 invariant by 7, and ergodic. Let V' be a bounded function. Set H(x, p; ) = %h( p)—V(w(x)),
where £ is coercive. This satisfies the assumptions of the corollary and corresponds to a random potential,
with probability .

(2) [Pelayo and Rezakhanlou 2018, Example 2.4(ii)] Let Ho(q, p) be a Hamiltonian and H(q, p; w) =
Z. jez Ho(g—qj, p), where v = (q;) ez is a stationary point process, that is, a probability on RZ invariant
by translation. This makes sense provided Hy decreases fast enough as g goes to infinity. Then H
satisfies the assumption of the above corollary.

Remark 1.6. Here are a few comments:

(1) We could of course also state a convergence result in the coercive case for the sequence ¢ q; it is
just that the statement of convergence would be a little more complicated to state.

(2) By ergodicity there exist 14 (p) e RU{+4o0} and h_(p) € RU{—o0} such that sup,cpn H(x, p; ®) =
h4(p) a.e. in Q and similarly infxegr H(x, p; @) =h_(p) a.e. in 2. Notice that (3a) implies that 74 (p)
is finite, and that lim| | 4 o, #+(p) = +00. This condition is more or less explicit in both [Rezakhanlou
and Tarver 2000, conditions (Aii)—(Aiii)] and [Souganidis 1999, Condition 0.2]. Similarly

! = sup |22 (x. p:
My (p.w) = sup | 57(x. piw)

x€ER”

is invariant by 7, and hence independent from w a.e. in €2, and equal to hi( p), so (2a) and (5) either
hold a.s. or do not hold a.s in €2.

(3) Again by ergodicity, the coercivity is necessarily uniform: one has a function f(r) such that
lim, 4o f(r) = 400 and for all (x, p; w) we have |H (x, p; )| = f(|p]).

(4) Let us consider a Hamiltonian H convex in p and uniformly coercive. In the ergodic case this implies
that there exist functions &4 (p) going to infinity such that i_(p) < H(x, p; w) <h(p) (this also follows



STOCHASTIC HOMOGENIZATION FOR VARIATIONAL SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 811

from the assumptions in both [Rezakhanlou and Tarver 2000, (2.5)(ii) and (2.8), p. 280] and [Souganidis
1999, Condition 0.2]). Then we claim that its truncation H,, = yg(H) satisfies assumption (5) of the
Main Theorem (condition (4) is obvious) or equivalently, (2a) of the corollary. This is because

ap

so it is enough to prove that 3—H is bounded on a set | p| < C. But if }BH (xo0, po){ > A, we can find pq

3H

with | p1| < 2C such that po — p1 is colinear with 5= 8H (xo po) and |po — p1| = C, so that
oH JH
sup i (p) = inf h(p) = H(x. pr) = H(x. po) = (5 po—p1) = €| 7| = €
lpl<2C pl= ap
hence A is bounded.
Our result can be easily extended, since we do not need the full action of R”. For example if we have
an action of 7" we get the following:

Corollary 1.7. Take the same assumptions as in the Main Theorem except that we have an action of 7"
(instead of R™) on Q, still denoted by t, and the first two assumptions are replaced by:
(1b) For all z € 7", the map t, is measure-preserving and ergodic.

(2b) We have, for all z € 7", (x, p) € T*R" and almost all w € Q, the identity
H(x+z, p,t,0) = H(x, p,w),
while conditions (3)—(6) are unchanged. We then have the same conclusion as in the Main Theorem.

Finally, note that ergodicity of T on 2 is not required, since we can use the ergodic decomposition
theorem (see [Greschonig and Schmidt 2000]), which holds for Borel spaces® and obtain:

Corollary 1.8. With the same assumptions as in the Main Theorem (resp. Corollary 1.7) except that
the action t is not supposed to be ergodic but we assume (2, i) is a Borel space, we have the same
conclusion, except that H (p; w) now depends on w € Q and is constant on each ergodic component of T.

1.2. Sketch of the proof of the Main Theorem. Our proof will require the following steps, starting from
the uniformly fiber compactly supported case:

(1) On $Hamg (T *R™), the set of uniformly fiberwise compactly supported Hamiltonians on 7*R”, we
define a metric y. (see Sections 3 and 4).

(2) We identify €2 to g the set of H,, for w € 2, and S?JQ its completion for y.. We then prove that
ergodicity implies compactness of the metric space (.%Q, Ye) (see Sections 5 and 6). The action of R”
on Hg given by (1, H)(x, p;w) = H(x —a, p;w) = H(x, p; Taw) extends to an action of a compact
connected metric abelian group Ag on (ﬁgz, v¢), and R”, through the action 7, is identified to a dense
subgroup of Ag. Moreover we prove that for p-almost all H in $q, the Aq orbit of H is equal to S%Q

SThat is, isomorphic (as a measured space) to a complete separable metric space with a measure defined on its Borel algebra.



812 CLAUDE VITERBO

(3) In Section 7 we prove a regularization theorem showing that the action of Ag on .%Q can be
approximated by an action of a finite-dimensional torus (note that Ag is not in general a finite-dimensional
torus, but is a projective limit of finite-dimensional tori).

(4) We prove in Section 8 that homogenization holds when Ag, is a finite-dimensional torus (the quasiperi-
odic case) and @ > H,, is continuous for the C°-topology instead of the y.-topology.

(5) In Section 10 we conclude the proof in the fiberwise compact case, and in Section 11 for the coercive
case and in Section 12 for the discrete case.

2. Notation and abbreviations

Q2 is a probability space with measure u.

e a.s. or a.e. mean almost surely or almost everywhere in (€2, ().

GFQI means “generating function quadratic at infinity”.

o H*, H, are, respectively, cohomology and homology (either Cech or singular) with coefficients in
some field K.

e uy is the fundamental class in H 4 (N) (for a closed manifold) or H4 (N, dN) (for a manifold with
boundary) or H, Cd (N) (for a noncompact manifold), where d = dim(/N). When N is nonorientable, it is
assumed that K =F, = 7/27.

e 1y is the generator of HO(N).
e T*N is the cotangent bundle of N with the standard symplectic form w = d A, where A = p dgq.

e T*N is the cotangent bundle of N with the opposite of the standard symplectic form w = —d A, where
A=pdg.

e Oy is the zero section of T*N.
o $ame.(T*N) is the set of smooth uniformly fiberwise compactly supported” autonomous Hamiltonians.

e Hamg ([0, 1] x T*N) is the set of smooth uniformly fiberwise compactly supported time-dependent
Hamiltonians.

e C2([0,1]x T*N) is set of continuous functions on [0, 1]x T* N (viewed as “continuous Hamiltonians™)
which are fiberwise compact.

e For a Hamiltonian H on T*N, Xp(t, z) is the Hamiltonian vector field associated to H, defined by
C()(XH([, Z)) = _dZH(ta Z)‘

e For a Hamiltonian H on T*N, ¢}, is the solution of %‘/’th (z) = Xg (1, 9% (2)) such that ¢ (z) = z.
We set pg = <p}1.

e DHam(T*N) is the image by H +— ¢y of Hame ([0, 1] x T*N).

¢ FPS means “finite propagation speed” (see Definition 3.1).

TThat is, the support is contained in R” x B(R) for some R.
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¢ BPS means “bounded propagation speed” (see Definition 3.8).

e DHampp(T*N) (resp. Hampp(T* N) or Hamep([0, 1] X T*N)) is the set of elements in DHam(T*N)
(resp. Ham(T*N) or Ham([0, 1] x T*N)) having FPS.

e DHampp(T*N) (resp. Hampp(T*N) or Hampp([0, 1]xT*N)) is the set of elements in DHam(T*N)
(resp. Ham(T*N) or Ham([0, 1] x T*N)) having BPS.

e £(T*N) is the set of pairs (L, f7), where L is the image of O by some element ¢ € DHamep(T*N)
and f7 is a primitive of Az,. We often just write L if f7, is implicit.

* y. is the uniform topology on £(7*N) (see Definition 4.17).

. E(T*N) is the completion for y, of £(T*N) (see Definition 4.17).

. mpp(T*N) (resp. me(T*N) or mfc(T*N)) is the completion for y, of DHampp(T*N)
(resp. DHampp(T*N) or DHame(T*N)) (see Definition 4.24)

* Gy is the graph of df in T*N.
o L:For L € &(T*N) we define L = {(x,—p) | (x, p) € L}, where Jr=—/L

3. Noncompactly supported Hamiltonians

Let N be a noncompact manifold. We shall assume that N is homeomorphic to the interior of a compact
manifold with smooth boundary.®

Definition 3.1. Let ¢ € D$Ham(7T*N). We say that ¢ has finite propagation speed (FPS for short) if, for
each bounded set U, there is a bounded set V such that o(T*U) C T*V. A subset in DHam(7*N) has
uniformly finite propagation speed if each element has finite propagation speed, and moreover, given U,
the set V' can be chosen to be the same for all the elements in the subset. We write D $Hamgp(7T*N)
for the set of Hamiltonian maps with finite propagation speed. By abuse of language, we use the same
terminology in $Ham(7T* N): H has finite propagation speed if gy has finite propagation speed, etc. We
use the notation $Hampp(7* N) for this set.

Note that for instance if ‘%—IZ(I, q, p)} < Cy for all (¢, p) € T*U then H has FPS.
The following lemma will prove useful.

Lemma 3.2. Let U C V be relatively compact open sets in N such that for any compact set K in N
there exists an isotopy of N sending K in'V. Let ¢ € DHam(T*N) be such that o(T*U) C T*V. Then
we can find a Hamiltonian isotopy (¢")se[o,1] from the identity to ¢ such that for all t € [0, 1] we have
o' (T*U) C T*V.

Proof. Let ¥! be an isotopy from id to ¥! = ¢. Let X be a vector field corresponding to the isotopy
for a compact set containing the projection of | J, €[0,1] ¥!(U) = K and pointing inwards on V. Let p
be the Hamiltonian vector field of H(¢, x, p) = (p, X(¢, x)) which projects on the flow of X. Possibly
replacing p’ by a p*¥), we may assume that for all ¢ € [0, 1] we have p’ o y!(T*U) C T*V. Then

8We eventually only use the case N = R”. For this section we actually only need that there is an exhausting sequence of open
bounded sets (U; ) en such that U; C Uj 41 and, for j large enough, U; is ambient isotopic to U; 1.
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o'y (T*U) C T*V and, since Yy (T*U) C T*V, the set of ¢ such that p’y (T*U) C T*V is an
interval — because X points inward on 0} — it must contain [0, 1]; hence concatenating the Hamiltonian
isotopy ¢ > p' ! with t > p!~?v1, we get a new Hamiltonian isotopy that we denote by ¢! such that
o' (T*U) C T*V forallt €0, 1]. O

Note that our hypothesis on N implies that we can find an exhausting sequence (U;);>1 of N satisfying
the assumptions of Lemma 3.2.

We shall now prove that ®Hamg., the set of Hamiltonians which are uniformly fiberwise compactly
supported, is contained in $ampp.

Proposition 3.3. If H € Hamg.(T* N) is uniformly fiberwise compactly supported, then H has FPS.

Proof. Indeed, if for some C, ¢ is the identity outside of DT (N) = {(q, p) | |[p| < C}, then p(T*U) C
T*U U@(T*UNTEN), but since T*U NTSN is compact, its image is contained in some 7*V for V
bounded, and we get o(T*U) C T*(U U V). O

The usefulness of this notion will be clear on several occasions. Remember that a generating function
quadratic at infinity for (L, f7 ), where L is a smooth Lagrangian and /7, a function such that of dfy, = Az,
is a smooth function S : £ = N x F — R, where F is a finite-dimensional vector space,9 such that

(1) S(x,§&) coincides with a nondegenerate quadratic form Q on the vector space F for & large enough,
2) (x,8)—~ %—‘g(x, §) is transverse to 0,

(3) setting Tg = {(x.§) | %(x, £)} the image of this submanifold by is : (x, §) > %(x, £) has image L,
4) fLois=S.

Let S1, 52 be two GFQIL. They are said to be equivalent if they are fiberwise diffeomorphic after
stabilization, that is, there are two nondegenerate quadratic forms g1, g2 such that if

Sj (. 87n) = Sj(x.) + 45 ().
there is a fiber-preserving diffeomorphism

(x, &1, m) = (x,62(x, &1, m), n2(x, 61, M)
such that
Sa(x, &2(x, 61, m1), n2(x, &1, m1)) = S1(x, 1, m1).

We shall say that S1, S, are equivalent over U if the fiber-preserving diffeomorphism is defined for
x € U. Note that the customary “addition of a constant” for the equivalence of generating functions is not
needed here, since generating functions are normalized so that S|z = fL oig.

We cannot expect a noncompact Lagrangian to have a GFQI in this sense, since the number of
variables required could go to infinity. We can either assume F' is a Hilbert space, but then positive and

9 All this discussion also works if we replace N x F by a general finite-dimensional vector bundle. Then we must replace in
the sequel the Kiinneth isomorphism by the Thom isomorphism.
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negative eigenspaces will generally be infinite-dimensional so that H*(S?, §%) = 0, which is a notorious
drawback.!? Here we have:

Definition 3.4. We say that a Lagrangian L C T*N has a GFQI if, for each bounded set U, there is
a GFQI defined over U x F (where F depends on U), Sy, and a set V' D U such that the Sy, are all
equivalent over U for W D V. Two GFQI are equivalent if they are equivalent over each bounded set.

Theorem 3.5. Let ¢ be an element in D$Hamgp(T* N). Then ¢(0y) has a GFQI. Moreover such a GFQI
is unique up to equivalence.

Proof. See Appendix A. O
Remarks 3.6. Notice that

(1) If ¢ does not have FPS, ¢(0x) does not even need to have surjective projection on N: For example
take on 7*R the Hamiltonian %(x2 + p?). Then ¢(0g) = {0} x R!

(2) Using Lemma 3.2 we may assume we have a sequence U, of domains such that for all ¢ € [0, 1] we
have " (T*U,) C T*Uy+1. We let S, = Sy, and notice that we may assume that the restriction of S,
over U, is exactly Sy, @ ¢y, by composing S, with an extension of the fiber-preserving diffeomorphism
realizing the equivalence.!! We shall always make this assumption in the sequel.

(3) We will use the expression “S is a GFQI for L” meaning “there is a sequence (Sy)y>1 of GFQI for L
over U,” to avoid cumbersome indexes. Most of the time this means we consider S, for v large enough.

Definition 3.7. We denote by £(7 *N ) the set of Lagrangians of the type ¢(0y ), where ¢ € D Hampp(T*N).
On a Riemannian manifold, there is a more precise notion than FPS.

Definition 3.8. Let NV be a manifold with a distance d and ¢ € D$Ham(7T*N). We say that ¢ has bounded
propagation speed (BPS for short) if there is a constant r¢ such that for any ball B(xg,r) we have
@(T*B(xo,r)) C T*B(xo,r +ro). A subset in DHam (7 * N) has uniformly bounded propagation speed
if each element has bounded propagation speed, and moreover the constant ¢ can be chosen to be the
same for all the elements in the subset. We write D$Hampp(7* N) for the set of Hamiltonians maps with
bounded propagation speed. By abuse of language, we use the same terminology in Ham(7*N): H has
bounded propagation speed if ¢z has bounded propagation speed.

Example 3.9. If ‘%—IZ(L q, p)| < C for all (g, p) € T*R" then H has BPS. In particular assumption (5)
implies BPS.

Remark 3.10. (1) Of course bounded propagation speed implies finite propagation speed.

(2) Our definition of finite propagation speed does not exactly coincide with the terminology of [Cardin
and Viterbo 2008, Definition B.5, p. 271]. Our definition is more involved and the notion of finite
propagation speed defined there is weaker than the present one, but would still be sufficient to prove our
theorems. However this would have made an already long paper even longer.

10That we could avoid by using Floer homology everywhere, but would make reading this paper even harder for the
Hamilton—Jacobi community!

HThe existence of the extension follows from the fact that we may assume that, for s, v large enough, the inclusion U,, C U "
is a homotopy equivalence.
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4. Spectral invariants in cotangent bundles of noncompact manifolds

The goal of this section is to define and state the main properties of the metric y that occurs in the
statement of the Main Theorem. This has been done in [Viterbo 1992] in the case of a compact base; the
present situation, for a noncompact base, is unfortunately slightly more involved. Even though we work
on a general noncompact manifold, the reader can assume that N = R”. The general case will turn out to
be useful for future applications, and the only extra difficulty is visual.

4.1. The case of Lagrangians. Let L be an exact Lagrangian in 7* N with N not necessarily compact
(but assumed, for simplicity, to be connected). We assume a primitive of Az, f7,is given.!?

We shall assume that L has a unique GFQI, S, such!3 that f; = S on L (through the identification
is(x,§) = (x, %(x, £))). For example according to Theorem 3.5, this is the case if L = g (On) with
@ € DHampp(T*N). Note that in general, Sy, Q, F depend on U.

We denote by T the generator of H! (D(F~), S(F~)), where F~ is the negative eigenspace of Q,
i =dim(F ) and D(F™), S(F™) are respectively the disc and sphere in F ™, so that @ — o ® TF is an
isomorphism (the Kiinneth isomorphism) from H*(U) to

H*Y (U xD(F),UxS(F™)) = H*(U)® H*(D(F™), S(F™))

for U CN. By abuse of language we again denote by TF its homological counterpartin H;(D(F ™), S(F7)).
‘We shall later write 7 instead of TF.
We denote by S, = {(x,§) € U x F | S(x,§) <t} (we omit the subscript for U = N) and S;;*°
(resp. S (}L ) any of the S y’ (resp. §€) for ¢ large enough (by Morse’s lemma they are all isotopic).
Classically we have a homotopy equivalence between (S (Jj *,85%°) and U x (D(F~), S(F7)). In the
following definitions, we set uy € H™(U,dU), 1y € H°(U) to be the generators of these cohomology
groups.

Definitions 4.1. Let S be a GFQI for L € £(T*N) and U a bounded open set with smooth boundary.
We define:

(1) Fora € H*(U),
c(a, §) =inf{t | T @« #0in H*(S[y, S;77°)}-

(2) Fora € H«(U,0dU),
c(a,S)=inf{t | T ® a is in the image of H*(SItU’ S|7JOO U SltaU)}°
(3) Fora e HX(U) = H*(U,dU),
c(@.8) =inf{t | T @a #0in H*(Sfy, S™° U Sfyu)}-

12Even though we write L, we always mean the pair (L, f7).
13Remember by Remarks 3.6(3) that this means there is a sequence Sy, of GFQI over Uy, such that, for v < p, the function S,
restricts to the stabilization of S, over U,,.
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(4) Fora € H«(U),
c(a,S) =inf{t | T ® a is in the image of H*(SltU, S|z,°°)}.

(5) For Ly, Ly in £(T*N), having unique GFQI, S1, S2, we set (S1082)(x; &, 7)) = S1(x; E)—S2(x: 1)
and, foro € H*(U) or H*(U, dU),

c(a, Ly, Ly) =c(a, (516 952))
and c(a, L) = c(a,0p, L).
(6) We set yy (L1, L) =c(uy,L1,L2)—c(ly, Ly, Ly) and yy (L) = yy(Opn, L).
(7) We write L, <y L if c(1y, L1, L2) = 0. If this holds for all bounded sets U, we write L, < L.
(8) We set GH*(L1, Ly:a,b) = H* 1 ((S1 6 5»)?, (51 © $2)9).
Remark 4.2. We notice that
(1) As we said, S is shorthand for S, defined on U,. As long as U C U,, it is easy to see that for
a € H*(U) (resp. H*(U, 0U)) the c(«, S,) do not depend on v.

(2) The function (S © S») is not quadratic at infinity, but a standard trick allows us to deform it to a func-
tion quadratic at infinity (see [Viterbo 2006, Proposition 1.6]). The GH * functor is called generating func-
tion homology (see [Traynor 1994]) and coincides with Floer homology!* that we shall not introduce here.

(3) Note that if S has no fiber variables, c(1y ., S) = infxey S(x) and c(ny, S) = sup,ey S(x).

It is often convenient to express the cohomological critical values in terms of their homology counter-
parts. Note that H*(U) is dual to H,—«(U, dU) and H*(U, dU) is dual to H,—_(U) by Lefschetz duality
(see [Hatcher 2002, p. 254]). We have a fundamental class uy € H"(U,dU) dual to [pty] € Ho(U)
and 1y € HO(U) dual to [U] € H, (U, dU). The following lemma will be useful.

Lemma 4.3. We have for S a GFQI:
(D) ¢y, S) = c([pty]. S).
(2) c(pu.S) =c(U]. ).

We also have the duality identity
c(ly,L) =—c(pu, L).

Proof. The first two properties follow from Proposition B.3 in [Viterbo 2023]. The duality identity
is a consequence of the identity c¢(ly,—S) = —c(uy,S). Both are easily adapted from the case
U = N closed to the present situation. This follows from the following argument (see [Viterbo 1992,
Proposition 2.7, p. 692]). First notice that (—S)’ = E \ S, so we look for the smallest ¢ such that
ly #0in H*(Ejy\ S E}, Ey\S |z]°°). We then apply Alexander duality (see [Spanier 1966, Theorem 10,
p. 342]), which claims that for any closed pair (A, B) contained in an orientable manifold X we have an
isomorphism
Hiy (X =B, X —A)~ H (B, A).

14gee [Viterbo 2003] (or [Milinkovié and Oh 1997]) for the equivalence of the two homologies.
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Note that H, cd —k (B, A) is invariant by proper homotopy equivalence, so if there is a proper retraction of
the pair (A, B) to a compact pair (4’, B), then

HY % (B, A)~ HI7*(B' . A"y~ H?™*(B', A" ~ H* ¥ (B, A).

In particular this is always the case for pairs (S?, $¢), where S is a GFQIL We then get the following
diagram, where vertical maps correspond to long exact sequences of triples, and horizontal to Alexander
isomorphisms (omitting the subscript U):

Hy (S_t, §%) = Hn+k—d(E \ S~ E \ S—t) — gntk—d ((—S)t, (—S)~®)

| l |

Hd(S+°°, S—OO) = Hn+k—d(E \ S~ E \ S+00) — Hn—i—k—d((_S)-i-oo’ (_S)—OO)

l l l

Hd(S+°°, S—t) = ; Hn+k—d(E\S_t, E\SOO) — Hn-i—k—d((_S)t’ (_S)—OO)

Using the universal coefficient theorem (recall, our coefficient ring is a field) we see that H« (S |J{]°°, S E]oo

is a vector space dual to H*(S |J{]°°, S IYJOO)’ By abuse of language, we denote by 1y the element
pty € Hy (Sl‘("joo, S|?J°°) sentto 1y € H*(Sl"("joo, S|?J°°), and we see that ¢(1y, S) is the same whether we
consider 1y in homology or cohomology. On the other hand the second line of the diagram sends T ® 1
to T ® iy, since in this case Alexander duality corresponds to Poincaré duality. Now saying that 1y is in
the image of H,(S™!, ST) is equivalent to saying that g/ is in the image of H*((—=S)?, (=S)"*°). In
other words, —t > ¢(1y, S) is equivalent to ¢ > ¢(uy, —S) and this means c(1y, S) = —c(uy,—S). O

Definition 4.4. Let U be a bounded domain with smooth boundary, dU. We say that the sequence of
smooth functions ( fx)k>1 in C*°(N) defines U if

(1) there is a decreasing family Fy of closed subset of N such that (), Fy = U,
(2) fix =0on Fg,
(3) fr is a decreasing sequence converging to —oo on N \ U.
We say that (fx)r>1 is a standard defining sequence if there is a function r € C°°(R) such that
(1) r(t) =0forz <0,
(2) r'(t) <0for0<t <1,
B) rt)=—1fort>1,

and for some increasing sequence a; converging to 400 we have

Jie(x) = agri(ag -d(x,U)).

Notice that given a sequence ( fx)x>1 defining U, we can find standard sequences (gx)k>1, (Mk)k>1
such that g < fr < hg.
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We define for a smooth function f* the graph of its differential, Gy = {(x,df(x)) | x € N}. This is
an exact Lagrangian, with primitive f. If L is a Lagrangian with GFQI, S, we define L + G to be the
Lagrangian generated by S + f, where S + f(x,§) = S(x,&) + f(x).

We notice that:

Lemma 4.5. Let ( fi)k>1 be a sequence defining U, and V' be any bounded open set such that V D U.
Then for L1, L € £(T*N) we have

C(IU, Ll, Lz) = li]?lc(lV, L1 — Gfk’ Lz) = li]?lc(l[/, L1, L2 + Gfk)‘

Proof. Let S; be GFQI for L; and S = S; © S,. We have Sﬁj = limg (S — fk)lcV; therefore for Cech

cohomology, according to Theorem 5 in [Lee and Raymond 1968] we have
lim H((S = fio)fy» (S = fi)y) = H* (Sfy. Sjyy)
and from the definition of ¢(1y, S) the proposition follows. O

Remark 4.6. One should be careful. We will often have to estimate ¢(uy, L1, L2) but it is not true
that c(uy, L1, La) =limg c(un, L1 — Gy, , L2). Indeed, if L1 = G4, L =0y, then c(uy, L1, L2) =
Sup,ey &(x) # sup,en 8(x) — fr(x). However it follows from Lemma 4.3 that

c(uy, Ly, Ly) = _li]znc(lN, L, + Gfk’ Ll).

Let U be an open set with smooth boundary and set v(x) € 7} U to be the exterior conormal to dU at
x €dU,ie.,v(x) =00n TaU and (v(x),n(x)) = 1, where n(x) is the exterior unit normal to U at x.
The conormal of U is then defined as

v U ={(x,p)eT*N |xe€U,p=0, orx €dU, p=cv(x),c <0}.
We now prove that the values of ¢(«, L) correspond to intersection points of L and v*U (or L and v*U).

Proposition 4.7 (representation theorem). Let U be a bounded open set with smooth boundary and
(L1, f1), (L2, f2) be exact Lagrangians in T* N. Then we have:

(1) Fora € H*(U)\{0}, c(a: L1, L2) is given by f1(xa. p1,a) — f2(Xa» P2,a), Where (Xq, P1,a) € La
and (xq, p2,a) € L2 and (xo, p1,a — P2,a) € v*U.

(2) The same holds for « € H*(U, 0U) \ {0} but with v*U replaced by v*U.

Proof. This is the representation theorem [Viterbo 1992, Proposition 2.4], using a standard defining
sequence for U and the fact that ¢(1y; Ly, L2) = limg ¢c(1y; L1 — Gg, L). Indeed, a converging
sequence of points in G, will converge to a point in v*U (remember f; must also be bounded in the
sequence!). Then the compactness of L1 N T*U and L, N T*U implies the result. O

For (fi)k>1 a defining sequence of U, we say v*U is the “limit” of the Gz, for k > 1. We will
formally write ¢(c, L, v*U) for c(ay, L).
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Remarks 4.8. (1) The same will hold for U C V and any oy € H* (V') having restriction ayy € H*(U):
clay, L1, L) = lilgnc(ay, L1—Gy, Ly) = lilgnc(ay, Ly, L+ Gy,).

In particular, if M is a closed manifold containing N, we have

c(ly, L1, L) = lilgnc(lM,Ll —Gfk,Lz) = li]i‘nc(lM,Ll,Lz + Gfk) =c(lp, L1, Lo —I-U*U).

(2) Let U C V. Then with obvious abuse of notation ¢(1y, v*U) = —o0, c(uy, v*U) = 0 and of course
c(ly,v*V)=0,c(uy,v*V) = 4o00. This means that, for (f)x>1 and (gx)x>1 defining U and V, we
have limg ¢(1p7. G, Gg, ) = —o0 and limg ¢(upr. Gy, Gg, ) = 0.

We will now prove some of the properties of these invariants:

Proposition 4.9. Let ¢ € DHampp(T*N) and L = ¢'(0x) be a Lagrangian submanifold. We have
yu(L):=c(py,L)—c(ly.L)=0
and equality implies that LN T*U D Oy.

Proof. The proof follows from the triangle inequality (see [ Viterbo 1992, Proposition 3.3, p. 693]) applied
to the product
H*(U)®H}(U)— HXU).

Remember that the triangle inequality in [Viterbo 1992, Proposition 3.3] states that for two GFQI S1, S»
and two cohomology classes «, B, we have

c(@UPB,S1® S2) >cla,S1)+c(B.S2),

where (S1 & S2)(x;&,1n) = S1(x;€) + Sa(x;n). Here we apply it to S; a GFQI for L, and S5 a
nondegenerate quadratic form, that is, a GFQI for Oy, « € H*(U), 8 € H}(U). We then have, since

c(B,0n) =0,
c(@UB,L)>c(a, L).

Thus we have c(uy, L) = c(ly U uy, L) = ¢(ly, L) and equality implies that py is nonzero in
K. ~ LNv*U. But this implies 7(L Nv*U) D U; hence L contains Oy . Note that in general, contrary
to the case where N = U is compact, L N T*U may contain other connected components than Oy7. [

Proposition 4.10. The following hold for L; € £(T*N):
(1) We have c(uy, L1, L2) =—c(ly, L, L1) = —c(1y, L1, L»).
(2) ForU CV and Ly, L, Lagrangian submanifolds we have

® C(MU’LI?LZ)EC(MV’L17L2)3
* ¢c(ly, Ly, L) > c(ly, Ly, L2),
e yu(L1, L) <yv (L, L2).

(3) We have yy (L1, L3) < yu (L1, L2) + yu(La, L3).
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4) If yu(L1, L) =0then L1 N Ly has a connected component with projection on N containing U.
(5) If Ly X Ly then c(a, L1) < c(a, Ly) forall o # 0.
Proof. (1) The proof is the same as in Lemma 4.3, since Sp., © S, = —(SL, © SL,).

(2) If U C N note that
c(ly; Ly, L2) =li’£nc(1N,L1 — Gy, L2).

Since we may choose defining sequences ( fx)k>1, (€k)x>1 for U, V such that f; < gi, we have for S; a
GFQI of L; that S1 — f; > S1 — gx, hence c(l;v, Li— G_fk) >c(1y, L1 —Gyg,), and going to the limit,
c(ly, L1, Ly) > c(ly, L1, Ly). By the duality formula (1), we get c(uy; L1, L2) < c(uy; L1, L2);
hence yy (L1, L2) < yv (L1, L2).
(3) We have

$102-feS3=(510/)0(S:30 f)

and (S1© f)© 82 = S1 © (f @ S2). Now noting that if ( fx)x>; defines U, then so does (2 fx)k>1,

we have
yu(Li,L3) = 1i]£nVV(Sl ©2 fr©S3)

= h,?l Yy (510 fr) © (53D fr))
< lilgn yv(S1© fr ©82) + lilgn Yy (S2© (fr ® S3))

=yu (L1, L2) + yu(La, L3).
(4) This follows from Lusternik—Schnirelmann theory as in the proof of [Viterbo 1992, Proposition 2.2,
p. 691] (see also Proposition 4.9).

(5) L1 = Ly implies ¢(uy, L1, L) = 0 for all U. By the triangle inequality applied to S1 & (—S3)
(where S; is a GFQI for L;) if B Ua = uy, we have

0=c(uu,L1,L2) = c(a,L1,0§) +c(B,0n, L2) = c(a, L1) —c(a, L2)
since ¢(B,0n, L) = —c(a, L,0p) according to the proof of Proposition B.3 in [Viterbo 2023]. O

We must now see what happens when we make a coordinates change in 7*N. We start with three
lemmas.

Lemma 4.11. Let S be a GFQI defined on E =Y X F and for f : X — Y a smooth map a map

f:X X F —Y XF living over f, i.e., the diagram

XXFL)YXF

L,

X ——Y

is commutative. We then have, fora € H*(Y) and (f)* () € H*(X),
c(@.8) <c(f*@).Sof).
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Proof. Indeed, if T € H*(D(F™), S(F™)) is the Thom class for F~, then (f)*(T) = T is the Thom
class for f*(F ™) and we have, denoting by 7, 7 the projections on Y and X,
(H*(TUr*@)=7"(f*@)uT.

Now if ¢ < ¢(e, S) then * (o) U T vanishes in H*(S¢, S™°°) and this implies that ( /)*(T U *(a)) =
7*(f*(«)) U T vanishes in H*((S o £),(S o £)™), ie., ¢ < c¢(f*(«), S o f). This implies the
lemma. O

For the next lemma we use the notation S; X S5 to denote S1(x, y,&,1n) = S1(x; &) + S2(y; n) (not to
be confused with S1 & S>) and @ ® B to denote the class in H*(X x Y) image of @ ® B by Kiinneth’s
isomorphism.

Lemma 4.12. We have
c(ly ® ly; L1 x Ly, v*Ay) =c(ly: Ly, Ly).

Proof. Let d® : N x N — R be a smooth function vanishing on Ay and converging as ¢ goes to 0 to
—00- (1 — xay ), Where xa, is the characteristic function of A . For example we can choose

d°(x.y) = —£d(x. ).

Similarly define d; (x, y) = d®(x,y) + f5(x) + f7(»), where f{5 converges to —oo(1 — yp/) as & goes
to 0.
Setting [S1 X (—82)](x1, x2,§1,82) = S1(x1, 1) + S2(x2, £2), and

[S1® (—=52)](x,§1.62) = S1(x,§1) + Sa2(x, §2)
we may write

c(luxv:L1xLa, Ay) = lim c(Iyxn: (L1 =Grg) x (L2 = Gy, v*AN)
= lim c(Inxn: (S1 — G B(=S2— f7).d°)
=c(Inxn, [(S1 = f5) B (=S2 = )] —d®).
Now limg—o(S1 X (—82) —d®)¢ = (S1 ® (—S2))¢ and if § : Ay — N x N is the diagonal map,
§*(1y ® 1n§) = 1Ay, so from Lemma 4.11, we get
c(ly ®1y; L1 x Loy, v*AN) <c(In, (S1— ) @ (S2— 7)) <c(ly; L1, Lp).

Conversely we notice that given ¢, for &€ small enough, (S1 X (—S3) —d?)¢ is contained in a neighborhood
of Ay. Thus if 1y ® 1y does not vanish in

Ho([(S1= f) B (=82 = 7)) = d1°. [((S1 = fH) B (=82 = f7) —d°]7),

ie,c>c(ly ® ly; L1 x Ly, v*Ap), then its restriction to A, that is, 1y does not vanish either, and
c>c(ly:Ly1,Ly), so
c(ly ®1y; L1 x Lo, v*An) > c(ly; L1, L»)

and we have equality. O
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Lemma 4.13. Let us consider a bounded open set with boundary U C N and v¥Ay C T*N x T*N,
where Ay is the diagonal in U. Let ¢* be a Hamiltonian flow on T*U such that ' (T*U) C T*V. We
have

(@' xp"H(v* Ay) 2 v*Ay.

Proof. Let (q, p,q,p’) € v*Ay and notice that unless g € dU, we have p = p’. Then according
to Lemma 3.2 we may assume ¢’ (T*U) C T*V for all ¢ € [0, 1], so setting (¢’ x ¢)(q, p.q. p') =
(Q¢, Pr, Q), P]) we know that when (¢, p,q, p’) € v:Ay C T*U, we have Q,, Q} ¢ dV. So if
(Q¢, Ps, Q, P/) € v*V, we must have Q; = Q}, P; = P/, but then p = p’. In other words

(@' x"H)(W*Ay) NV Ay = (¢ x @) (Ar*y) N Ay = (9" X ") (Ar+v).

So the intersection (¢’ x ¢*)(v*Ay) Nv* Ay is constant and by a classical argument, this implies that as
a function of 7, c(a, (¢! x ") (V*Ay),v*Ay) is constant. Since v¥*Ay < v*Ay, we have for all  we
have (¢! x ") (V*Ay) < v*Ay. O

Using Proposition 4.10(2), we may conclude that the limits in the following proposition are well-defined
in RU {£o0}.

Definition 4.14. When U is an unbounded set we define (U ) to be the set of bounded subsets in U and

c ,Li,Lp)= Ilm ¢ ,L1,L»),

(hu, L1, L2) pdm (v, L1, L3)

C(lU,Ll,L2)= lim C(lv,Ll,Lz).
VezU)

Remark 4.15. Symbolically we have for U C V that v*U + v*V = v*U, meaning that if (f;)r>1
defines U and (gx)x>1 defines V then (fx + gx)k>1 defines U. More generally if U NV C W, we
have v*U +v*V < v*W where this means that if (fx)x>; defines U and (gx)r>1 defines V, there is a
sequence (hy)i>1 defining W such that fi + gx < hg.

Proposition 4.16. We have for ¢ € D$Ham(T*N) such that o(T*U) C T*V and L1, L, € £(T*N)

yu(@(L1),¢(L2)) < yv (L1, L2).
Proof. We use Lemma 4.11 so we replace ¢c(1y, ¢(L1), ¢(L2)) by
c(ly ® 1y, p(L1) x ¢(L2),v*Ap)

and this in turn equals

c(Ay @1y, (e x@)(L1 X Ly),v*Ax +v*(U x U)).
Using Remark 4.15 we have

VAN v (U xU) v (AyNU xU)) =v*Ay
and we get

c(In ® 1N, (px@)(L1 X L2),v* AN +v*(U xU)) = c(Iy ® Iy, (¢ x 9)(L1 X L2),v*Ay)
=c(In ® Ly, (L1 x L2). (¢ x9) "' (V¥ Ap))
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and using Lemma 4.13 we get that the last term is greater than
C(leN, L1 X L2, I)*Av) = C(lV, L1, Lz).

We may thus conclude that
C(IV, Ly, L2) = C(1U7 (/)(Ll), (P(L2))
By duality, we get

c(puy, L1, L2) > c(py.o(L1), (L2))
and our result follows. O

Definition 4.17. A sequence (Li)k>1 € £(T*N) yc-converges to L € £(T*N) if for all bounded
domains U the sequence yy (Lg, L) converges to 0. We shall write Ly Yes, L. The ye-completion of
L(T*N) for y, is the set of equivalence classes of y.-Cauchy sequences (Ly)r>1 for the following
relation: (Lg)g>1 = (L;c)kzl if for all bounded domains U the sequence yy (L, L;c) converges to 0.
We denote this completion by £(T*N).

Remark 4.18. Of course we may take a cofinal sequence Uy of bounded open sets in N and define

+o00

d(Ly,Ly) = Z 27/ max{1, yu; (L1, L2)}
j=1

and then take the completion with respect to this metric. It is easy to see that the completion coincides

with the above, and hence does not depend on the choice of the sequence Uy, (this is just rephrasing the
fact that the yy define a uniform structure; see [Weil 1938] or [Bourbaki 2007, Chapter II]).

Example 4.19. Let f; be a sequence of smooth functions. Then y-convergence of the L = gr(dfy) is
equivalent to uniform convergence on compact sets of the f.

We shall need the following proposition.

Proposition 4.20. We have for L = (p}_l (On) € &(T*N) the inequalities

c(py,L)y< sup H(gq,p),

(q,p)eT*U
c(ly,L)= inf — H(q,p),
(g,p)eT*U
yu(L)< sup H(q.p)— inf H(q.,p)=oscr=y(H) <2|H|cor+u-
(¢,p)eT*U (4,p)eT*U

Proof. Let H(q, p) = h(q) and L = ¢ (0x). Then according to Remark 4.2(3) we have c(uy, Lp) <
supgep h(q) and c(1y, Ly) > infyey h(q) because Ly = {(q,dh(q)) | q € N}.

Now for general H, since for H < h(q) = SUPpeTsN H(q, p) we have H < h, we get L < Ly, so
c(nu, L) <c(u, Lp) <supgey h(q) = supy, pyer=v H(g, p) and we get the first inequality. The other
two inequalities follow immediately from this one. O
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4.2. The case of Hamiltonians in T*R". Let H € $Hame ([0, 1] x T*R™) and (p;{ be its flow. Let 51, 52
the symplectomorphisms
T*R" x T*R" — T* Aqspn
defined respectively by
51(¢.p. Q. P)=(q. P.p—P.Q —q),
$2(¢.p. Q. P) =(Q.p.p—P.Q —q).

Denoting by (x, y, X, Y) the coordinates in T* Ap+gn, we have

sFdY Ady +dX Andx)=dpAndq—dP ANdQ,

so the s; are symplectic.

The graph of ¢g is (id X ¢ )(AT+rn), and its image by s; is denoted by I'(¢g), while its image
by s, will be F((p;II). Let Sy be a GFQI for I' (¢ ) which exists and is unique if H € Hamgp(T*R")
by Theorem 3.5.

Definition 4.21. We set for W a domain contained in Ag*gn. Then
(D) ey (e, ox) =c(w;T(en), T'(pn))-
) iy (@, ox) = c(uw: T (er). T (er)).
3) yw(@n.¢x) = ¢y (0. 9K) — ¢y (0. 9K)-

@) e (9k), c;f,(goK) and yw (¢k) are abbreviations for cy, (id, 9k ), c{/"V(id, k) and yw(id, pg)
respectively.

Remark 4.22. In T*N we may define for U C N the number

yu(pr) = sup yu(L.eu(L)),
Leg(T*N)

which corresponds to (even though we do not claim it is equal to) y(y xrn)(9H)-
Analogously to Proposition 4.16 we prove:

Proposition 4.23. For ¢1, g2 € DHampp(T*R") such that ;(T*U) C T*V and L € £(T*R") we have

yu(@1(L), 92(L)) < yvxwr (91, ¢2).
Proof. We have
c(ly,p(L), L) =c(ly@1y;e(L)xL,v*Ay)
> c(ly®ly; (pxid)(LxL), (pxid)(v*An)) +c(ly @ 1y; (pxid) (v An), v Ap).

Equality follows from Lemma 4.12 and the inequality is the triangle inequality.
Now if (¢ xid)T*(U xU) C T*(V x V), we have

c(ly ® ly; (@ xid)(L x L), (p xid)(v*An)) > c(ly @ ly; LX L, Ar+n) =c(ly; L, L) = 0.
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As a result we have

c(ly,p(L). L)z c(ly ® ly: (p xid) (v AN), v AN) = c(ly ® ly: T (p), T(id)).

We must now compare this last invariant with ¢(1y; T'(¢)). The map s1 : T*R” x T*R” — T* Agan
given by s1(¢, p, Q, P)=(q, P,p— P, Q —q) sends T*(V x V) into T*(V x R"), so we have

c(ly @ 1y:I'(9). I'(id)) = c(Iyxgn. I'(9)).

We may then conclude that

c(ly,@(L), L) = c(lyxrn, I'(9))
and using the dual inequality we get our result. O
Let then (H,)y>1 be a sequence of Hamiltonians in Hampp(7*R") and ¢, = ¢p,,.

Definition 4.24. The sequence (¢y)y>1 Yc-converges to ¢ if for all bounded domains W we have

limy yw (g, ) =0.

The y.-completion DHampp(T *R") is defined as the set of Cauchy sequences in DHampp(7T *R") for
the uniform structure defined by the yp, in other words the set of sequences which are Cauchy for each
yw, modulo the equivalence relation (¢y,)y>1 =~ (¥y)y>1 if for all W we have lim, yw (¢y, ¥») = 0.

Similarly we define for H € $ampp(T *R") the pseudometric

yw(H.K) = sup yw (k. ¢k).
t€l0,1]

We then define analogously the y.-convergence of a sequence in $ampp(7*R") and its completion
Hampp(T*R").

Note that the property of having FPS or being in $amy. can be checked in the y.-completion.

Proposition 4.25. There exist closed sets in mpp(T*lR") that intersect DHam(T*R") on
DHampp(T*R™), DHampp(T*R") and {¢ € DHam(T*T") | supp(p) C {|p| < r} respectively.

Proof. Indeed ¢(T*U) C T*V is equivalent to
F(‘P)m{(x’Px’)’»Py) |x € U’y ¢ V} =0

and being supported in | p| < r is equivalent to

L'(o) N {(x. px. y. py) | |px| = r} C T (id)
and both are closed conditions, which makes sense in the completion (see [Humiliere 2008]). O
When dealing with fiberwise compactly supported Hamiltonians, we have:

Definition 4.26. We set for ¢ € $Ham (T*R")
Yr(®) = YraxBn(r) (@) = R EI—I}-IOO YBn(R)xB" (r) (),

Yoo(p) = lim_ yr(p) € RU {+00}.
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Notice that convergence for y. and Y« coincides on sequences supported in a fixed bounded set in the
p-direction.

Proposition 4.27. Ifh_(p) < H(t,q, p) < h4+(p), we have the inequality

Yr(p) < sup hy(p)— inf h_(p).

|pl<r lpl<r
In particular ifa < H(q, p) < b, we have yoo(py) < b —a.
Proof. Indeed, c;,(H) < c;IL,(th), but cﬂ;fann(r)(th) = Sup|p|<, h+(p). Indeed, the flow of h(p) is
(g, p)—~ (g +tdh(p), p) and its graph is given by (g, p,0,tdh(p)), so a GFQIl is S(g, P) = h(P), and
I]—Q!_”XB”(I‘)(H) 5 cﬂ_{ann(r)(h+) = Sup h+(p)

|pl<r

C

Similarly c”g,,xBn(r)(h_) =inf|, <, h—(p) and cﬂgann(r)(H) > cﬂ'{ann(r)(h_) =inf|, <, h—(p).
By taking the difference of the above inequalities, we prove the proposition. O

Remark 4.28. The quantity yoo(¢) is finite for ¢ € Ham(7T*R") such that || H || copxgny < +00.
Our last results in this section will be:

Proposition 4.29. We have the following, remembering that p(x, p) = (£, p):

(1) Assume Y, Y send W =U XV into W' =U'x V', where U,U' CR", V, V' C (R")* Then we have

yw(¥ogpoy) < ywi(9).

(2) yr(tacpota) = yr(9)

(3) yr(pz ' o@ope) = eyr(p).
Proof. In T*(R" x R™) we have that I'(¢) is the set of (¢, P, P — p,q — Q), where (Q, P) = ¢(q, p),

while I'( o @ o 1) is obtained by applying ¥ x ¥ to (¢, p, Q, P). In other words writing (¢’, p’) =
W(CL p)’ (Q/’ Pl) = w(Q’ P), F(W o@o W_l) is obtained as

{(¢".P',P'—p'.q"— 0" el p)=(0.P)}.

Now if g € U and P € V, we have ¢’ € U’ and P’ € V'; hence (Y x ¢ )(T*(U xV)) Cc T*(U' x V'),
where U x V, U’ x V' are considered subsets of Agxpn.

As aresult, since ¥ x i preserves the diagonal (that is the zero section in the new coordinates) we
have, using Proposition 4.16,

yusv (U~ ov) = yuxv (¥ x V)T (@), (¥ x ¥)(A)) < yurxv(T(), A) = yurxv:(9).
Statement (2) follows from first applying (1) to ¥ = 7, so that, setting U, = Ute[_a’ a1 Tt (U),
YUxBG) (T—a®Ta) = YU, xB(r) ().
Hence taking the limit for U C R" we get

Yr(t—a9Ta) < yr(®)
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and changing a to —a we get equality. The last equality is rather obvious since p; is %—conformal and
pe(U x By) = (3 -U) x B,. O

&€
Remark 4.30. One should be careful, in particular yy (¢1, ¢2) is not in general equal to yy (¢5 log)) =
yu (e 1o ¢1,id). We thus have a priori two types of convergence. We could say that ¢, converges to ¢
if for all bounded sets U either the sequence yy (¢y, ¢) goes to 0 or if yy (¢,@ 1) goes to 0. However
if the ¢, have uniformly bounded propagation speed, that is, ¢, (T*B,) C T* By 1, for all v and all r,
then the two conditions are equivalent.

5. Compactness and ergodicity

Let H : T*R" x Q — R be Hamiltonian satisfying properties (1)-(6). Then each Hy, = H(-,-,w) is in
Hamg (T*R") and we identify © with its image in $Hame (7 *R"), denoted by $Hg. Its closure for the
yc-topology in the completion %FP(T*[RR”) is denoted by 5%9 The action 7 of R” on 2 induces an
action on i by

(taH)(x,p;0) = H(x+a, p;w) = H(x, p; T_q).

This action translates into ¢ > 1_4z¢ 1, on DHame (T *R™).
We first want to prove:

Proposition 5.1. The abelian group R" acts continuously by isometries on (Hamg(T*R"), y.) and
(DHame (T*R™),y.) and hence on (%fC(T* R™),y.) and (mﬁ: (T*R™),yc). Therefore the action T
of R™ on g is a continuous action by isometries for y. which extends to a continuous action by isometries
on He.

Proof. That R" acts by isometries follows from Proposition 4.29(2). It is enough according to a theorem by
Chernoff and Marsden!> to prove the separate continuity of the map R” x Hamg (T *R") — Hamg (T *R")
in each variable. In other words —since 7, is an isometry, it is obviously continuous in the second
variable — we must prove that, for all H € Hame (T *R"), we have

lim y.(H,tsH) =0,
a—0

i.e., we want to prove that for all » > 0, lim,—¢ (ra_l(p_lta, ¢) = 0. But

L) =1{(q.P.p—P,0—q)le(q,p)=(0Q,P)},
while
I(t;'¢ta) ={(g—a,P.p—P.0—q) | ¢(q. p) = (Q, P)}.

so that S(q, P; &) is a GFQI for T'(¢) and (1,5)(q, P,£) = S(q —a, P;£) is a GFQI for I'(z; l¢1,).
Since critical points of S(g, P, £) are contained in |P| < R and a — S(¢—a, P;§) is uniformly continuous
on |P| < R, we get that cy (o, S © 7,5) depends continuously on a, and for @ = 0 is equal to O (since it
is equal to cw (¢, @) = 0). d

ISWhich claims that, under our assumptions, a separately continuous action is jointly continuous. See [Chernoff and Marsden
1970, Theorem 1], extending a theorem of Ellis [1957].
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Proposition 5.1 extends the action t to a continuous action by isometries of S%Q Since Isom(Hg, y) C
ISOIII()%Q, y), the map 7 : R"” — Isom($)q, y) extends to a map, still denoted by t, from R” to Isom(?)gz, V).
Since this is obviously a group morphism, its closure in Isom(fjg, y) is an abelian connected and complete
metric group.

Proposition 5.2. Let us denote the closure of T(R") in Isom(.%g, y) by Aq. Then Ag is an abelian,
connected and complete metric group.

The goal of this section is to prove that our assumptions on H imply that Ag is compact. For this
it is enough to prove that Isom(.%g, y¢) is compact, but this follows immediately by the Arzela—Ascoli
theorem if we prove that (5%9, Y¢) is compact. Because by assumption (.%Q, Ye) is complete, it is enough
to show that it is totally bounded, that is, for any & > 0, (S%Q, Y¢) can be covered by finitely many y,-balls
of radius &. Since (g, Y¢) is dense in (.%Q, Y¢), it is enough to prove that (g, ) is totally bounded.
We shall prove slightly less but it will be good enough for our purposes:

Proposition 5.3. Let jio be the push forward to ,5%9 of the measure |1 on Q. Then the support of i is
totally bounded hence compact.

This will follow from the following general result.

Proposition 5.4. Let (X, 1) be a probability space endowed with a distance d such that (X, d) is
separable.'® Let G be a group acting ergodically on X by (measure-preserving) isometries. Then supp(j1)
is totally bounded.

We shall first prove:

Lemma 5.5. Let t be a continuous ergodic action of a group G on a probability, separable metric space
(X, ., d). Then for p-almost all points x € X, the orbit G - x is dense in supp(u).

Proof. This is an immediate consequence of Birkhoff’s ergodic theorem, but we shall give a simpler (or
at least easier) proof. Let Y be countable and dense in X and set

W = U B(y,r).
yeY,reQ}
w(B(y,r))=0
If w(B(x,r)) =0 for some x € X, r >0 then x € W. Indeed, we may assume r is rational, and choose
y €Y such that d(y, x) < 5. Then x € B(y, %) so B(y,%) C B(x,r) and we get u(B(y, 5)) = 0. This
argument implies that

W ={xe X |3U open x € U, u(U) = 0}

and W is T invariant since 7 preserves p and the open sets. Now because W is a countable union of open
sets of measure 0, it is open and has measure 0. We may then replace X by X \ W, so we are reduced to
the situation where all balls have > 0 measure, i.e., all open sets have positive measure.

16 A separable topological space is a space having a countable dense subset.
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Now let (U;);en be a countable basis of open sets (since a separable metric space is second countable).
Set tg A = {1gx | x € A}; then the orbit of x misses U; if and only if tgx NU; = @, i.e., x ¢ 16(Uj).
The points with nondense orbit must miss at least one 7 (U;) so they belong to

U\ 6 @) = X\ (76 (U)),
J

J

but by ergodicity 7 (U;) being t invariant has measure 1 (since it cannot be zero, as its measure is at
least the measure of U; that is positive by assumption). Therefore [ ; 76 (Uj) as a countable intersection
of measure-1 sets has measure 1, and its complement has measure zero. O

We are now in a position to prove Proposition 5.4.

Proof of Proposition 5.4. By the lemma we may choose x such that tgx is a dense orbit in supp(u). We
shall prove that TG (x) is totally bounded, arguing by contradiction.
Letay,...,ag, - € G be a sequence in G such that:

. U;F:l E(rajx, ¢) does not cover tgx, where B(x, r) is the closed ball of radius r.

e Foralli # j we have B(tg;x,5) N B(14;x,5) = 2.

We claim that if tgx cannot be covered by finitely many balls of size ¢ then we may construct such a
sequence by induction. Indeed, assume ay, ..., a; have been constructed satisfying the above properties.
Then by the first property we may find ax 4, such that 7, x ¢ Uj;l B(zq, x,¢) and this implies
B(raj.x, %) N B(rak+1x, %) = . Hence ay,...,ar4+1 satisfy both properties. But now we found
infinitely many disjoint balls of radius § in 7gx. Since 7,4, x € supp(u), we have (B (tq;x, §)) > 0 and
since all the balls B (rax, %) are isometric, they have the same measure. But we cannot have infinitely
many disjoint balls with the same positive measure, since the total measure of our space is 1. O

We may now conclude with:

Proof of Proposition 5.3. Here G = R" and t induces a measure-preserving ergodic action on (g, ¥, Q).
This action is by isometries according to Proposition 5.1, so according to Proposition 5.3 the support of
fLg is totally bounded. O

Remark 5.6. As we pointed out already in [Viterbo 2023], there are not so many nontrivial examples of
compact subset in (Hamg (T*R"), y) or (me(T*R”), y), that is, sets that are not already compact
for the C°-topology (since y is continuous for the C? topology on $Ham(7*N) according to [Viterbo
1992]) and in ®Ham(7T* N) according to [Seyfaddini 2012]). In [Viterbo 2023] we proved that in 7*T"
the sequence (Hy)x>1, where Hy(q, p) = H(k - q, p), is converging. Here we extend this to certain
families of Hamiltonians on 7*R".

We thus proved that Ag, the closure of R” in Isom(.%g, y), is a compact, connected, metric abelian
group.

We are thus in the following situation: we have an action — again denoted by 7 — of the group Agq
acting by y-isometries on the space .%Q and preserving [iq. By compactness of Ag, we have that Ag - H
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is closed for all H € ﬁgz But since by Lemma 5.5 for almost all H, tg: H is dense, we conclude that for
almost all H we have Aq - H = S%Q

Thus S%Q ~ Aq/Kg, but Ag/Kgq is again a compact metric abelian group. Moreover the measure
Lo on S%Q induces a measure on Aq /Kgq, invariant by the action. It is therefore the Haar measure. To
conclude, and writing from now on Ag for Ag/Kq, we are reduced to the situation where:

(1) Q =Agq.
(2) w — H, € Hampp(T*T") is continuous for the y-topology.

(3) On the subgroup R” in Ag the action of R” on Q can be identified with the action by translation
of R” as a dense subgroup of Ag. The invariant measure on Ag is the Haar measure and the action of R”
on Ag is ergodic.

6. Some results on compact abelian metric groups

Let A be a compact metric abelian group having R” as a dense subgroup (in particular A is connected).
According to A. Weil [1965, p. 110] (see also [Hofmann and Morris 2013, Theorem 8.45]) A is the
projective limit of finite-dimensional tori. In other words there are tori 7"/ and group morphisms
fii T — T™ fori < j integers such that fi ;o fj; = fx; and amap foo; : A — T" such that
A= liﬂlj T"/. We denote by A; the image of A in 7"/, which is clearly a connected compact subgroup
of T"/ and hence a subtorus, and we may replace 7"/ by A;. Setting by p; = fj+1,; and 7; = foo,;,
we have the following sequence:

Pj+2 Pj+1 Pj—1

.
AL P RALTY. WL CINy, P AN

mj
Tj41 =
i

A
We set IK; = Ker(rrj). We then have:
Lemma 6.1. We have

lim diam([<;) = 0.
J

Proof. The [K; are a decreasing sequence of closed — hence compact— subgroups such that () ; K =10}
by the definition of the projective limit. But this implies the lemma by an easy exercise (or [Rudin 1976,
Theorem 3.10]). O

Now we need:

Lemma 6.2. Let us consider the embeddings
nf:COUA;R) = COAR), [ fom.

Then the union of the images of the j’-" is dense in C°(A, R).
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Proof. Let f € C°(A,R). Then f is uniformly continuous by the Heine—Cantor theorem (see [Rudin
1976, Theorem 4.19]):

Ve>0,3n>0, Vx,y €A, d(x,y)<n = §(f(x), f(y) <e.

For j large enough we have diam(K;) < n, so setting f;(x) = min{ f(x +u) | u € ;}, we see that by
the compactness of [; the function f; is well-defined and continuous. Moreover d(f(x), fj(x)) <&
provided diam([K;) < n. O

Now remember that we have a group morphism 7 : R” — A with dense image. By the definition of a
projective limit, the map t is defined by a sequence of maps ; : R” — A; such that p;j ot; = 7;_;. Of
course the density of 7(R") implies the density of z; (R") because the preimage by 7; of a proper closed
subset is a proper closed subset (remember 7; is onto by assumption). Since the density of the image of
7 is equivalent to the ergodicity of the action, we may conclude that 7 is ergodic on A;.

We are now in the following situation: we have a subgroup Ag in Isom(ﬁw, y) and for almost every H
(for the measure [ig) we have Ag - H = 5?)(0. Now Agq - H is approximated by A; - H for a finite-
dimensional torus A;, and the action of R” by 7 yields a dense subgroup of A;. At the cost of an
approximation, we have thus replaced H,, for w € A, by the H,, for w € A}, that is, we have a continuous
map A; — (5a\ﬂ1fc, y) and A; is a finite-dimensional torus.

—

7. Regularization of the Hamiltonians in $ amyg,

Let H € %FP(T*R”) and ¢}, be its flow in wFp(T*R"). Let S(q, p; &) be a GFQI for I'(¢pg),
set S(g,p)(§) = S(q. p:§), and let c(1(4, ), S) := c(1(4,p)- S(q,p)) be the critical value corresponding
to the unique cohomology class 1(,, ,) € H %U(q, p)}). The map ¢ — c(1(4,p)» ®) obviously extends to
mFP(T*Rn). We now set:

Definition 7.1. For 1 > 0 we set

H(q. p) = (L0003 = 1¢(a T@h)).
This defines a map
oy Hame(T*R") — CYH(T*R),
where Cfg’l (T*R"™) is the set of Lipschitz functions with fiberwise compact support.
Our goal is to prove that oy is a regularizing operator. This is the content of:
Proposition 7.2. We have for H € %fC(T*R”):
(1) ye —limy_o0y(H) = H.

(2) For each R there exists a constant C such that for H supported in R" x B(R) and such that
¢H(T*B(p)) C T*B(p+ 1) we have op(H) is %-Lipschitz.

(3) oy : S’J/aTnfC(T*[R{") — Cfg(T*[RR”, R) is continuous for the y-topology.

(4) On Ofa - Ta 00’7].
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Remark 7.3. One should be careful: the y.-limit in (1) is of course not a C 0 limit, since H is not
continuous in general — it is not even a function! But even if H is continuous, we do not claim this.

We need the following lemma, which we shall prove in Appendix C.

Lemma 7.4. For n small enough we can find a GFQI for (pZ-, Sk ,y» such that

ISk,n(q. P) —nK(q, p)| < C*|VK||Z.
Proof of Proposition 7.2.

(1) By density we can find K € C2°(T*R", R) such that y(H, K) <. Now for K € C°(T*R",R) we
may find a GFQI, Sk ; of goIn{ such that

Sk.n(q, p) =n-K(q, p)+o(n)

as 7 goes to zero so that K7(q, p) = %C(l(q,p)y Sk,n) = K(q, p) +o(1).
Now the formula c¢(1(4, ). Sk,») = 1K (g, p) + o(n) follows immediately from the lemma by applying
on one hand the triangle inequality (see [Viterbo 1992, Proposition 3.3, p. 693])

le(lx, L) —c(1x, L) < y(L. L))
and on the other hand Proposition 4.20,

IK"(q. p) = K(q, P)| <0 [IVK||2o-

Now for n small enough we have y(K", K) < e. Remember from Definitions 4.1 that for H, K €
%(T*R”), H < K means c(1w, ¢k, ¢r) = 0 for all W. The reduction inequality [Viterbo 1992,
Proposition 5.1, p. 705] implies that H" (g, p) < K"(q, p) for all (¢, p) € T*R".

Let ¢r(p) be a function such that 0 < ng(p) < 1, vanishing for |p| < R and equal to 1 for |p|2 > R.
Now y(H, K) < ¢ implies that K —elgr < H < K + el for R large enough: this follows from the
formula ¢ (1w, g yecp- 9H) = c(lw. ¢k, ¢g) + & for W large enough because if S is a GFQI for pg
then Se(q. p; €) = So(g. p; £)+er(p) is a GFQI for gk 1 ez, = 9K 0@y and ¢(1, Ss) = c (L, So)+e
for R and W large enough.

Now we have K" —elgp < H" < K" 4+ ¢{g and for 1 small enough we get | K — K"|| <& so

K—2e<H" <K +2e.
Thus
H—-3:<K-2e<H"<K+2=<H+3¢
hence y(H", H) < 3e.
(2) We have for |q1 —q2| + |p1 — p2| <r

C(l(‘Il:pl)(ng) _C(l(qz,pz)(p;ll) = C(I")

because for L4, ,) Hamiltonianly isotopic to the vertical and coinciding with T;* | Apon in Agon X B2"

(g,p)
we have

c(I(g,p) F(‘/’Z()) = C(r(‘/’lrg)’ Lg,p))
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and
le(T(gy), L) = e(D(eg), v (L) < y(L, ¥ (L)) < y(¥).
As a result, there is a Hamiltonian map 1 with y(y¥) < C(r) such that
V(TG pyDren) N (Agan X BY") = Tg  Agan N (Agan X BJ"),

where p is such that F((pgl) C R?" x Bg". Since we assumed that H is supported in Bg we may assume
p=2R and we have C(r) = CR-r. Indeed if ¥, is an isotopy such that ¥r; sends (¢1, p1) to (¢2, p2), and
W, its natural extension to a Hamiltonian isotopy 7*(Ar+g), we truncate the Hamiltonian generating W,
to R2" x BS”, where p is an upper bound for |Q g (q, p) —¢q| + | Pa (g, p) — p|. Such an upper bound is
given by r 4+ 2R (r for |Q —g| and 2R for | P — p|). This proves the inequality.!”

(3) We have

1 - 1 1

lloy (H) — 0y (K)llco < = sup c(l(g,p). " (W) < —y(ofy, %) < —y(H, K),

M (q.p) n n
where the first inequality is just the triangle inequality (see [Viterbo 1992, Proposition 3.3, p. 693]) and
the second inequality follows by the reduction inequality in [loc. cit., Proposition 5.1, p. 705].
(4) We have 0y)(Hy)(x +a, p) = %c(l,ﬂ_a,p, (pz,w) =c(1,S%(x+a, P;§)) but S?(x +a, P;§) is the
generating function corresponding to 7, H,,, i.e., T(T—a%”{w 74) is the set of (¢ +a, P, P — p, Q —q),
where (p;’lw (g, p) = (0, P). So we have F(f_agpzlw Tq) =T1q4 (F((pg,w)) and

SH, o, P,1—48) =S, 1, (x, P;§)=SH,(x +a, P;§).

We thus proved that

740y (Hyw) (X, p) = 0y(Hw)(x +a, p) = oy(ta He)(x, p) = 0y (He_,0)(X, p) = on(taHw)(x, p). O
We are now in the following situation: we started from a continuous map

H:Aj — (Ham(T*R"), y)
and have constructed a map
H":A;j — (CHT*R"). dc,)

which is continuous and satisfies 7, H” = H". Note that we may replace if needed Cfg by Cflé by applying
convolution since t,(H * x) = (1o H) » y = H % x (and of course, since |H x y — H|| — 0 as y — Jo,
we also have y.-convergence).

Let us summarize our findings combining the results of Proposition 7.2 and the conclusions of Sections 5
and 6:

Corollary 7.5. Let H : T*R" x Q — R satisfy assumptions (1)—(6) of the Main Theorem. Define
g Q= Ay = T? be the projection defined in Section 6. Then, given ¢ > 0, there exist d € N and
He: T*R" x T? — R such that:

17We also can take R ~ Nl H ||co.1, and then C(r) >~ Crn||H || co.1 but this requires H to be Lipschitz. But this proves that
the map oy does increase the Lipschitz norm by a bounded multiplicative constant only.
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(1) @+ HE is continuous from T4 to C(T*R", R).
(2) y(Ho. HE () <eforall € Q.
(3) The Hamiltonians H;,, H?

(@) satisfy assumptions (1)—(6).

Proof. From Section 5 we get H from Ag to %C(T*[R”). From Section 6 we can approximate H

by a map from T to 55/0?% (T*R™) and from the present section, we have an approximating map to
C(T*R",R). O

8. Homogenization in the almost periodic case
We assume in this section that we have a map (¢, p; w) — H(q, p; w) = Hy(q, p) such that:
1) weQ=T4

(2) The map w — H,, is continuous for the C2° topology. In particular the H, have uniformly fiberwise
compact support and the H,, are uniformly BPS by Proposition 3.3.

We set ¢, to be the time ¢ flow for Hy, and ¢, = ps_l(pi)/ ¢ pe. By the compactness of Q we also

have a map w — Sy (g, p; &) of GFQI for ¢, = (p(}), with & living in a vector space independent from w:
indeed its dimension is bounded by 2n N such that (p(},/ Nisina given neighborhood of id for all w € Q
(see Appendix A for the number of fiber variables needed for a GFQI ).

As we are going to use a number of results from [Viterbo 2023]. We will assume in the sequel that
£= % and write pg for py/g, hy for hy/; and so on.

Definition 8.1. We set
w — 1 ,
k,U(p) Vlanpl c(puxv (Pk,a))

and

h® = lim A%
k= U eRrn kU"

Proposition 8.2. The sequence hf is equicontinuous and equibounded. All its converging subsequences
have the same limit h, ( p), which is in fact mdependent from w and denoted by H (p). We denote by ¢ 7
the flow of H in @Jﬁamfc(T R™) which belongs to @ﬁame(T R™).

Proof. Let us start to examine what happens for fixed w. For typographical reasons, the w parameter
will be omitted in the notation, but of course, everything depends on w € €2, and the w subscript will be
reinstated when we prove that %, does not depend on w.

Set oi (¢, p) = (Or(q, p), Pr(q, p)) and Q = Q1, P = P;. By the definition of S} we have

as, as,
T @ Pe@ P =0 and R Pelg. i) = 0k(d.p) 4.
p

By assumption we have
hi,u(p) = Sk(q(p). p:§(p)).
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where (q(p), p; £(p)) satisfies

—é(q(p) Py §) =

and
ifgeU,

k vy(q) if g € U and vy (q) is the exterior normal.

—(q(p) p:§) =

Now as p varies, we can choose p — (¢(p),£(p)) to be piecewise smooth, so that for p in the smooth
locus
Sk

(). piE(p)- 3§

dhk,U(P):%(CI(P),P;E(P))‘i‘ & (q(p). piE(p))- aq + 0%

Then we have

oS Ek (q. Pr(q,p):§) =0 and 88%(61, Pr(q.p):§) = Ok(q.p) —q.
But
hi,u(p) = Sk(q(p), p:§(p)),
where
—E(q(p) ,pi§) =
and
ifgel,

—(q(p) p:é§)=

)L vy(q) if g € dU and vy (q) is the exterior normal.

Butif g € 90U, then E T (0U), so that the term as" (q(p) )2 E(p)) also vanishes. We thus proved
that where hy y is smooth we have

9S
dhi(p) = a—;(q(p), p:§(p)) = Or(q(p). p)—q(p) = %(Q(kq,p) —kq).

The assumption of finite propagation speed implies that this last quantity is uniformly bounded, so
|dhg y (p)| is uniformly bounded (independently from k, U).

From this we conclude that the sequence hj is equicontinuous. Equiboundedness follows from
Definition 4.8 in [Viterbo 2023] (or Proposition 9.1 of the current paper), which states that a GFQI Sy of
¢ 1s given by

k—1
Sk(q. p:§) = [S(kq p1)+ Y Stkq;, pj) + S((kax. p)] + Bi(q. p: %),
j=2
where S(q, p;¢) = S1(q, p; ¢) is a GFQI for ¢ = ¢1, { = (p1,92,-- -, Pr—1,4k) and By is a nondegen-
erate quadratic form. As a result |S; — By | < C, where C is a bound for |S(q, p;{) — B1(q, p; {)|.

This implies that |k (p)| < C and since all these estimates are uniform in w, this implies (uniform)
equiboundedness.

We may thus apply the Arzela-Ascoli theorem, and conclude that 4%’ has a converging subsequence.
Proving that the limit is unique follows as in [Viterbo 2023, Lemma 4.11 and Proposition 4.12].
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Finally we prove that 4 (p) is independent from w, using the commutation of t, and pg. We have
hieqao(p) = Nim c(uy ® 1. T(¢k,z,0))
. -1
= Jim c(uy ®1p. 'ty Pr.wTa))
UICR” C(MtaU ®1p ((pk,a))) k,w(p)

Since w > @i 4, is y-continuous, we infer that w +— hy ,,(p) is continuous and we just proved that it is
t-invariant. Ergodicity then implies that it is constant in w. ([

We define
Hamys, pp(T*R") = Hampp(T*R") N Hame (T*R™).

From now on we write ¢’ instead of go% for typographical reasons.
The next proposition is the analog of Proposition 4.15 in [Viterbo 2023].

Proposition 8.3. Ler o € ﬁﬁ-a\mﬂ’ gp (T*R™). There exists a sequence k,, such that

lim 11m C(MU Pk, .0®) = hm c(uy, pa).
v—>+oo UC

Proof. The proof is identical to the proof of Proposition 4.15 in Section 4 of [Viterbo 2023] and can be
found in Appendix D. O

The next proposition is the analog of Proposition 6.2 in [Viterbo 2023], but requires an adaptation. It
will be proved in Section 9.

Proposition 8.4. For each ¢ > 0 there exists K such that, for all k > K and U large enough, we have

c(py ® 1pa (pk,w) <c(ly ® 1p»§0k,a)) +&.
This implies:

Corollary 8.5. We have F = (@)Y, or equivalently H o1 =—Hy.
Now putting together Proposition 8.3 and Corollary 8.5 we get:
Proposition 8.6. For almost all w € 2, the sequence @y o, Yoo-converges to @.

Proof assuming Corollary 8.5 and Proposition 8.3. Let us prove the above proposition as a consequence
of Corollary 8.5 and Proposition 8.3. Indeed Proposition 8.3 implies

lim th(MU Pr,wb )Elilf]nC(HU,id):O-

k—+o0

-1

Applying the same inequality for ¢~ instead of ¢ and using the corollary, we get

lim hmc(;LU k. wgo) < hmc(,uU id) =0
k—+o00

and this implies
lim i
pim imy (ny . ¢ rw?) =
which proves our claim. O
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Proof of Corollary 8.5 assuming Proposition 8.4. Set

I (@)= Jim c(uu ® 1(p), pk.w):

hew(@ip) = lim c(ly & 1(p). ¢i.0)
so that h;’w(cp;p) < h,tw(go; p). Set opo(q.p) = (¢, p + po). If S(g, p;§) is a GFQI for ¢, then
Sp(x;6) = S(x, p;: §) is a GFQI for 0,(0pn) — ¢(0(0gn)). If we assume ¢ has FPS we have from

Proposition 4.16
c(uy, 0p(O0gn) — 9(0p(0gn))) < (v, 0—pg~ " (0 (Orn)))

for V such that (T*U) C T*V. Taking the limit for U C R" we get
li ,Sp) = li ,0—p@ 0, (Ogn
Ugﬁncwu ) Ugﬁnc(w o—p¢~ 0p(Ogn))

and the same holds for 1y instead of yuy. Now we may write (again omitting the w) using first
Proposition 4.10(1) and then FPS of ¢

hiip) = Jim ¢(uy & 1(p). 0—pgkop (Ogn))
= — Uhcrﬁ" C(lU (034 l(p),O[Rn —O’_p(pko’p(ORn))
== Jim c(ly ® 1(p), o—pgy ' 0p (On)) = —hyc (¢ p).
As aresult
hf @™ p)+hi(@:p) <0 (a)
and as k goes to 400, Proposition 8.4 implies
hi@ i p)—hi(p:p)<e

and we get

hie™" p)+hi(p:p) <e. (b)
On the other hand, we have using again Proposition 4.10(1)

—c(ly, 0-p@x0p(Orn)) < —c(ly. O, 06— pgi ' 0 (Omn) = c(1y. 0—p@jc 0 (Opn)),
SO
—hy (¢: p) < hf (93 p),
and using (a) we get
hy (@i p) + iy (@i p) = 0. (©)

Using again Proposition 8.4 we get for k large enough

hi (™' p) + by (i p) = —e. (d)
Adding (b) and (d) we get

[ (™" p) —hig (o' ] + [y (9 p) — i (93 p)] < 2. @)
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Since H o1 = limg h;{r (¢ !; p), inequality (b) implies

H(pfl + H¢ <0.
Using (d) and (e) we get
H,1+H,>0
so we may conclude
17(/,—1 + ﬁ¢ =0 O

9. Proof of Proposition 8.4

We shall interchangeably use the notation Sy, (g, p;§) and S(g, p; &; ) for the GFQI of ¢,. We shall
make repeated use of the iteration formula (see [Viterbo 2023, Lemma 4.5]), defining the GFQI S ,, for
@k, in terms of the GFQI Sy, of ¢ .

Proposition 9.1 (iteration formula). Let Sy, be a GFQI for ¢,. Then the following formula defines a
GFQI for ¢ «:
k—1

1
Skow(x.y:8.8§) = E[Sm(kx’ pr:€)+ ) Swlkas. pji&) + Sw(qu,y;ék)] + B (x, y30).
j=2
where { = (p1.92, ..., Pk—1.9k), 1 =X, pg =y, § = (61..... &) and
k—1
Br(x,y:0) = (p1,q2—X) + Y_(pj»qj+1—4j) + (¥, x —qr).
j=2

We shall set Fy ,, = Sk, — Bk-
The action of R”" is given by

P (x, y:8, L w) = (x + 7y E Tkl raa))-

Remark 9.2. We will mostly use this formula when S(q, p, &) = S(g, p), i.e., we have no fiber variables
for S.

Lemma 9.3. Assume o — @y, for o € 2 = T2 to be continuous. Then we may choose @ — S (q. p: €)
to be continuous and such that
S(q +a, p;wa; taw) = S(q. p; €; w).

Proof. Tt is enough to prove this assuming ¢, is C! small, that is, for <p;,/ N with N large enough, and

then use iteration formula. But then the graph of ¢, is the graph of a generating function with no fiber
variable, which obviously depends continuously on w and satisfies the above formula. O

Now remember that 7, is given on Q@ = T'? by 74(w) = w+ A-a, where A : R" — R is a linear injective
map with dense image in T9. Consider triples «, 8, y, with « € H*(T?), B € H*(U) or H*(U, dU),
y € H*(V) or H*(V,dV). We may then define!® c(¢ ® B ® ¥, S), and we have:

18Caveat: the cohomology class & corresponds to the last variable, o!
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Lemma 9.4. We have the inequalities

c(uy ® 1(p); Sw) = c(pra ® py ® 1(p): S),
c(lpa ® pu @ 1(p); §) = c(ly ® 1(p): Sw).
Proof. This is the reduction inequality (see [Viterbo 1992, Proposition 5.1, p. 705]). O
We now compare spectral invariants of S with those of S°, where we define S°(p; &;w) = S(0, p; £; w).

Lemma 9.5. We have
Ulicrﬁn c(ura @ pu ®1(p): S) = c(ura ® 1(0) ® 1(p): §) = c(ura ® 1(p): S°).

Ulicr&n c(lpa @ uy @1(p):S) =c(lya ® 1(0) @ 1(p): S) = c(174 ® 1(p); S°).

Remarks 9.6. (1) The point of replacing S by S is to avoid the complications related to the noncom-
pactness of x € R™. Our proofs could be adapted to work directly with S, but proving that the cycles we
construct are in the right homology class is slightly more involved.
(2) This is an extension to GFQI of the following obvious identity for continuous functions f :R" x T4 >R
such that f(x +a, t,w) = f(x,w): for any x¢ € R” we have
sup f(x,w)= sup f(x0,w).

(x,w)eR? T4 weTd
Moreover if the action of t has dense orbits, this is also equal to sup,cgn f(x, wo) for any wo € 2. The
analog of this last statement will be our main result.

Proof. Clearly if 0 € U, we have
c(pra @ pu @ 1(p); ) = c(ura ® 1(0) ® 1(p); S)

and we need to prove the reverse inequality. Let C be a cycle representing (7« ®1(p) € H« ((S 1(7) )¢, §9)=)
with ¢ <c(x¢ ®1(0) ® 1(p), S) + ¢ and set

Cu ={(x, p, x£: 1x0) | (0, p; §;0) € C,x € U},
Then Cyy C S, and clearly [GU] = ura @ ny @ 1(p). The above is in fact an abuse of language for
f+(py ®[C]), where
S U X((SH (SH™®) = ((Sp)°, (Sp) ™)
is defined by f(x; (0, p, &, w)) = (x, p, tx&, Tx0).
Thus
c(tra ® py ® 1(p). §) < S(Cy) = 5°(C)
because S(x, p, €, Txw) = S(0, p; £; w) and S°(C) <c.
This implies
c(urp @ pu @ 1(p): §) < c(urp ®1(0) ® 1(p): S)

and proves the first equality. The second one is the dual of the first one, since (¢ ® py is dual to
l7a ® 1(U). O
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Our Proposition 8.4 then follows from:

Proposition 9.7. For each ¢ > 0 there exists K such that for k > K
c(ura ®1(p). Q) < c(lpa ® 1(p). SP) +&.

Remark 9.8. The idea behind the proof is that as we homogenize, the difference between the largest and
smallest spectral invariants goes to zero. The proof is a Hamiltonian version of the following ancient
result [Acerbi and Buttazzo 1983] that states that if we replace a metric g by a rescaled version gg, so
that the distance d(x, y) becomes di (x, y) = +d(k - x,k - ), then limy_, o di (x, y) = d(x, y) is the
distance associated to a flat Finsler metric, go. In particular on a 2-torus for each homotopy class o of
loops, «, there are two “spectral values” associated to the geodesic problem /4 (g, @) < I>(g, «), where
[1(g,a) is the shortest geodesic in the homotopy class «, while />(g, «) is the “second shortest”, i.e.,
given by the Birkhoff minmax procedure:

L) =intle| 3y € C2(S". 7). s e S. [ 13s0)ldi <. [s > v (0] € B # .

One then checks that limg_, 4 oo /1(gk, @) = limg 00 2(gk, &) = 11(g00. @) = [2(g00, ). Our proof is
the analog of the proof of the inequality /5 (g, @) < [1(geo,®) + ¢ for k large enough, which obviously
implies limg— 4 o0 [1(gk. @) = limg 00 12(gk - @)

Proof. The proof will take up the rest of the section. We rewrite the iteration formula

k—1
1
Sk (X, y: Si0) = E[Sw(kx’l?l) + Y Swlkqj. pj) + Sw(’“]k:}’)] + Bi(x,y:0),
j=2
where { = (p1.92, ..., Pk—1.9k), ¢1 =X, p =y and
k—1
Bir(x,y:0) = (p1.q2—X) + Y _(pj.qj+1—q;) + (y. X — qr)

j=2

and Fy ,, = Sk, — Bi. The action of R” is given by

Tcgk)(x? Y ;‘,Cl)) = (x + %’ Y Ta/ké-, TaCU)

. k) - . .
and now Sg ,, is ré )—mvarlant, ie.,

Sk(x + %,y;fa/ki:faw) =S y:lo).

Let a € R" such that for some v € Z9 we have |A-a—v| <§ (thatis, d7a (74(0),0) <6, where dra is
the distance on the torus). Then for some constant depending on H and provided § is small enough
Vi e€[0,1], V(q, p: & 0) e R" xR" x ExQ, |[Stkq+ta, p;&w)—Skq, p;&;w)|<C (%)
and
V(g,p;&0) eR" xR" x E x Q,
1S(kq +a, p:§:w) = S(kq, p:§:0)| = |S(kq, p:§:1-aw) = S(kq. p;§;0)| <& (x%)
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Indeed the first inequality holds because
|S(g+a, p;&;0)—S(q. p;E;0)| = |S(q, p;:&:1—aw)—S(q. p; E;0)| < sup |S(q, p;&:w)—S(q, p;&;:0)|.
w,w’
This follows by using the iteration formula. In this case we may assume |S(q, p; w) — S(g, p; @')| <
Y(%w, Po). The second inequality follows from the fact that dra (t4®, @) < § and by the continuity of S.
Now let y be the path in R” defined by y(t) =1 -a for 0 < < 1. Set 7% to be the path in (R")¥
defined as the concatenation of the k paths

t > (7(1),0,....0) for 1 € [0, %]
W S N 1 R

0 D) s [5511]

The path 7% connects &) (0) = (0, ...,0) to 7% (1) = (%

79() = (o 0) 7R = (o0 o PO = (5 0)

We shall omit the superscript k and set 7& (1) = 7(t) = (y1(1). ..., v () = (y1(t), 7(t)). We then
set T3¢ = () (P1,925 - - -5 Ph—1-9k) = (P1,q2 + v2(1), ..., Pr—1, Gk + v (1)) and 50 (x, y;{) =
(x +y1(t). y: 5 ¢). Now from (%) and (»*) and the formula

k—1

Fi(x.y:£:80) = [Swacx P+ Y Sulkas. py)+ Sk y)}
Jj=2

, k) through the points

we infer that on [%, HTI] forl <[l <k

iy (503:6:0) = Fea . yiGio) | S0, pritia) =S, prio)
1
+ (Stkqj+a.pj:w)—S(kq;. pj:w))
k=2
[
+S(kq1+1+(t—E>a,p1+1;a))—S(kqu,le;a))},

so we get
c_¢C
| Fie (t5() (X, y: O)s 0) — Fie(x, y: L) | < = + TSp e 9-2)
We now want to estimate the variation of By on 7j(;)(x, y; {) as t varies from O to 1. Note that the
choice of this path is crucial to our argument: by changing coordinates one at the time, we achieve an

increase of S by 0( ) instead of O(1).
Lemma 9.9. We have

|a|
| Bre (t5(6)(x, ¥:0)) — B (x, y: O < (Ip142 — pr41l + P11 _Pl|)?-
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Proof. Indeed,

k—1
Br(x.y:0) = (p1.q2—X) + Y _{(pj.qj+1—q;) + (y. X — qr)
j=2

and replacing (x,q2,....q;) by (x + Tq2 Tt geq+ %) then ;41 by gr41 + (1 — é)a, with

te [l HTI] and leaving ¢; 45, . .., qx unchanged, we get for ¢ € [%, HTI]

By (ty () (x. y: §)) = By (x. y:9) +<Pl+1 =Dl (f - é)a - %>—<Pl+z = Pl+1> (l — é)a>

l l+1]

and this proves the lemma since for ¢ in [F’ - I (t - %)a —% ‘ and ‘ ( )a —% ‘ are bounded by ‘- lal o

We must then bound the quantity (| p;+2—pr+1|+|pi+1—Pil) |7 and we shall modify the cycle C rep-
resenting the class in Hy (Sy, S, °°) so that the | p;| remain bounded. This follows from the lemma below.

Lemma 9.10 [ Viterbo 2023, Lemma 6.5]. There exist constants K, M such that, given a cycle C C S Ig rep-
resenting a class [C] € Hx(Sy, S; ), we have a cycle C C S} such that [C] = [C] in H«(Sg, S, *°) and

(1) C c S7* U {(x,y: ¢ 0) | max; |pj| < M}INSE),
2) Cn Sk_3K C{(x,y:8;w) | § € E ), where E is the negative eigenspace of By.

The lemma means that we can deform C so that below a certain level of S it coincides with the
negative bundle of By.

Proof. This is as in [Viterbo 2023, Lemma 6.5]. Let Z be the vector field defined by

q; = x(UpiDpj+1=pj)) = Zq;(4.P),  pj =0=Zp,(q. ).

where y(r) vanishes for r < 1. Denoting by ¥* its flow, we have

LSk (@, p) = dS4.p) 2(0.7) = (50 k(. ). Zq(a. )

—Zx(lpjl)( Sk(q P)sPj+1— 2pj+pj—1>

d
=— Z x(UpiDlpj+1—pil> + <%Sk(k'%" Pj)s Pi+1 —pj)
—rt
! k
== xUp;DIpj1 = ps I
j=1
the last equality holds because S vanishes on the support of x(|p;|).

Now given y = pg, if sup; [p;j| > M, we have that Z};l x(1piD|pj+1 — p;j|? is bounded from
below by some positive quantity c; (which is O (%) but it does not matter). Thus, outside the region
{(q.p) | |pj| < M}, the vector field Z is a pseudogradient vector field for Fi. Since Z is complete, its
flow ¢* has the following properties:

(1) It preserves the p;.
(2) Outside {(¢. p) | |pj| < M}, we have L S.(¥*(q. p)) < —ck.
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As aresult if Fi(gq, p) <c, we have

yeraR/ec g pye (g, p) | |pj| < MU F-*) N FE.

Thus C; = y € +4K)/ck (C) satisfies (1).
Now to satisfy (2), we use a “cut and paste” as in [ Viterbo 2023, Lemma 6.5]. O

Using Lemmas 9.9 and 9.10 and the inequality (9-2) we obtain the following:

Proposition 9.11. Given a class a in H«(Sy,, S, *°), we can find a cycle C representing a and constants

My, M5 such that
C My 2M>la|
Skt (€)) = Sp(C) +e+ == ?

Now let a € H«(T%) be represented by a map u : C — T¢ and b € H,(T?) be represented by a
mapv:S! — T<. Then the Pontryagin product a - b is represented by u-v : S x C — T4 given by
u-v(z,0) =u(z) +v().

To conclude the proof of Proposition 9.7 (and as a consequence of Proposition 8.4) we need:

Lemma 9.12. Let v € 7% be such that |A-a —v| < 8, and let By, be the class in Hi(T?) of the loop
t—>t-v (fort €|0,1]). Then given ¢ > 0, we have, for k large enough,

cla-By®1(p). SP) < cl@®1(p). SP) +e.

Proof. Let C be a cycle representing a class in H*((Slg)c, (S,?)_Oo). We may assume C satisfies
properties (1) and (2). We are going to construct a cycle in the class of « - 8 made of three pieces. First set

= |J ao.
t€l0,1]
where

C1(@) =10, p: 1=y, ) T5) S Ty (@) | (0, p: &) € C.
According to Proposition 9.11 since

Sk(0, pi Ty, O TG Ty (@) = Sk (Y1(2), p: T35 )

M1 +2M2|a|
= Sk(ty»)(0, p: ) w) < Sk (C) + e+ —
as a result we have for each ¢ € [0, 1]
M1+ 2M>3la
SY(Ci(1) < SC) + e+ sz";
hence y .
+ a

SAC) = SAC) + 5+ ITZ"

Note that

C1(0) =C,
C1(1) ={(0, p: &:1qw) | (0, p; $;0) € C.
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Now for u € [0, 1] define the path n(u) = (1 —u)A-a + uv so that n(0) + w = rzw. Set

Ci(1+u) ={0, p; o+ ) [ (0, p:§iw) € Ch.
Now C;(2) = C and since |n(u) — A-a| <6, we have

SP(C1(1+u) < SP(C1(1) +¢
so that the cycle!'®
C=J aw
s€[0,2]
satisfies for k large enough
S2(C) < S2(C) + 2e.

Moreover we claim that the cycle C defines a cycle in the homology class of « - 8. Indeed the lift of
the variable w starting from wq is given

(1) for s €0, 1] by the path s > wg + s4 - a,
(2) forse[l,2]by s> wo+(2—s5)A-a+ (s— v,

and since it joins wg to @ + v, it belongs to the class §,. As a result [(A?] =u-p € Hy ((S,?)"'oo, (S]?)_oo)
and this proves the lemma. O

‘We shall also need:

Lemma 9.13. Let ¢ > 0 and A : R" — R? be a linear map such that A(R") has dense projection on T4.
Then there are integral vectors vi,...,vq in 74 forming a basis of R? such that there exist vectors
ai,...,ag in R such that

|A-a; —vj| <e.
Proof. See Appendix B. O

Proof of Propositions 9.7 and 8.4. Let a; € Hy (T'%) be the homotopy class of the path 7 +> 7 - v i, where
v;j is a basis of R4 given by Lemma 9.13. Then o1 -op ----- g = cqpra for some ¢z # 0. since
c(cgpura, f)=c(ura, f) we obtain by repeated applications of Lemma 9.12 that c(ura @ 1(p), Sl?) <
c(lpa ® 1(p), S ,8) + ¢ and this proves Proposition 9.7 and hence Proposition 8.4. O

10. Proof of the Main Theorem

We first prove that under assumptions (1)—(6) we have lim._¢ goéﬂw = (,0;7 for almost all/ge . We start
from H satisfying (1)—(6), then, using the results of Section 5, we getamap H : Ag — Ham(T*T™) such
that Ag is a compact connected metric abelian group. According to Section 6, Aq is the projective limit
of finite-dimensional tori, A, on which 7, is given by 7,0 = w + A; - a, where the projection of 4; (R")
is dense in A; and w — H(...,-;w) is continuous from A; to C2°(T*R", R) and satisfies (1)-(6).

19Similarly to the proof of Lemma 9.5, this is an abuse of language for fx(R/2Z x C), where

0, p;T— (t)f-(z)é'; Tk (,)a)) for0<t <1,
1.0, p: ¢ w)) = ri@®ty 1
f&.0.pge) 0, p; o+ —1)) forl <t <2.
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By Corollary 7.5 we find H" in C*°(T*R" x A;, R) such that
n
Voo(Hﬂj(w)’ ch) =n,
where 7r; : Aq — A is the projection map. According to Proposition 8.6, we know that

n
Ve —hmHk (@) = =H

T (w)
and since, for all k, w, we have Yoo (H ko, (@) Hy ) < n, we infer for k large enough

Voo(H

Now consider a sequence 7, converging to 0 so that H o ¥ (@) 18 @ yc-Cauchy sequence, y.- convergmg to

Hk w) =< 277-

7(w)’

H,, uniformly in . Then H ”"( ) is also a Cauchy sequence, so it converges to some H € jﬁam(T ).
But then (H 4)k>1 converges a.s. in @ to H.

For the second part of the Main Theorem, we must go from y-convergence of the flow to y-convergence
of the solution of the corresponding Hamilton—Jacobi equation. In the case of a compact base this is
achieved in [Viterbo 2006], and the extension to a noncompact base was spelled out in [Cardin and
Viterbo 2008, pp. 266-276].

For L € £(T*N) we define uz (x) = ¢(ly, L). Our first claim is that y-convergence for L implies
C°-convergence of the 17, uniformly on compact sets.

Lemma 10.1. Let U be bounded domain in N. If (Ly)y>1 is a Cauchy sequence for yy, then the
sequence uy,, is a Cauchy sequence for the topology of uniform convergence on U. As a result if (L)y>1
y-converges to L € £(T*N) then the sequence uy,, converges uniformly on compact sets to uyp..

Proof. This is an immediate consequence of the reduction inequality [Viterbo 1992, Proposition 5.1,

p. 705], which implies that, for any x € U,
le(lx, L) —c(1x, L) < yu (L, L). [

L —

Proposition 10.2. Let (¢y)v>1 be a sequence in DHam, gp Yc-converging to Qoo € ®/~6_a\mc,pp. Then for
any L € £(T*R") (or in £(T*R™")) the sequence ¢, (L) y.-converges to oo (L).

Proof. Indeed, we proved in Proposition 4.23 that yy (¥1(L), ¥2(L)) < yyxpn()(¥1, ¥2) provided
wji'l sends 7*U to T*V and L C R" x B(r). In our case, we get that for L C R" x B"(r)
Yu(pv(L), 9oo(L)) < Yy xpn r) (®v, Poo)
and since the right-hand side converges to 0, so does the left-hand side. ([
We may now conclude our proof. Since a.s. in w, <p]tc » Yoo-converges to @' and is uniformly FPS for
bounded ¢, we have by Proposition 10.2
Do (Ls) o @' (Ls))

a.s. in w. Then applying Lemma 10.1 to the sequence ((,0]"c »)k>1- this implies uniform convergence on
compact sets of the sequence (uy 4)k>1 to its limit u. This concludes the proof of our Main Theorem.
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11. The coercive case

We now assume H satisfies assumptions (1a)—(3a) of Corollary 1.3. Let y4 be a truncation function, that
is, an increasing function such that 0 < x/, () < 1 and y4(t) =1 — %A fort < Aand y4(t) =0fort >2A.
We set Hy(x, p;w) = ya(H(x, p,w)). Then coercivity implies?° that H4 has a.s. in @ € Q the same
flow as H in Ugr = {(x, p) | |p| <r(A)} where limg_, oo 7 (A) = +00. We apply the Main Theorem
to Hy and obtain a homogenized Hamiltonian H 4. We claim now that for B > A we have H4 = Hp
on Ug. This follows the same proof as Section 11 in [Viterbo 2023]. Because f is Lipschitz, it can
be approximated by functions f; which have a bounded differential, so the image of the graph of df;
remains in some domain bounded in the p-direction. Therefore for A large enough, 9"2@, (Gg) =0a(Gy,)
for all k and all ¢. Therefore homogenization for H4 yields homogenization for H.

12. The discrete case (Proof of Corollary 1.7)

If we have a Z" action on €2, and its standard action on R” we construct an R” action on € = Q xR"/ ~,

where
(w,t1,....th) > (T—;w,z1+1t1,...,2n + 1),
where z = (z1, ..., z,) € Z". Then R” acts on £ by translation, i.e.,
Ta(@.,t1,....ty) = (0,11 + a1, ... .ta +an).
Notice that if z € Z", we have Tz(a),tl, conty)=(Trw, 1y, ..., t).

Now it is easy to see that T is ergodic for the measure p on € if and only if T is ergodic for the
measure X A (where A is the Lebesgue measure on [0, 1[), since any T -invariant set will be of the
form U x [0, 1[* with U a T -invariant set. Then if H satisfies H(x + z, p, T;w) = H(x, p; w), we can
consider K(x, p, [w,t]) = H(x —t, p; ) and this satisfies

K(x +a, p, Talw.1]) = K(x, p, [w.1])

for all a € R”, and we can apply the stochastic homogenization from the Main Theorem.

13. Extending the Main Theorem

Note that one should be able to extend our methods to the case where we have a Hamiltonian satisfying
the assumptions of the Main Theorem, but:

(1) We have a time-dependent Hamiltonian, H(¢,x, p;w), and an action of R x R” such that
H(t + s,x + a, p;t(s,a)w) and consider the sequence H (£, %

g e’
case in the nonstochastic situation in [Viterbo 2023, Section 11.2. The nonautonomous case].

a)) This has been reduced to our

(2) We consider partial homogenization. For example if X = N x R, then we should be able to apply
the above propositions as in [loc. cit.].

20See Remark 1.6, since h—(p) < H(x, p;®) < hy(p) a.s. in o, where lim| |5 400 A (p) = +00.
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(3) We consider the homogenization Hg (x, %; a)) as ¢ goes to 0. This has been reduced to our case in
the nonstochastic situation in [Viterbo 2023, Section 12. Homogenization in the p variable].

(4) We have a Z" action on a manifold X such that the quotient X /Z" is compact and the Hamiltonian
satisfies H(T;x, T} p, T;w) = H(x, p;w), where T is the action of Z" on X and we consider again the
sequence H, (x, %, a)) as ¢ goes to 0.

The proof in this last case should be the same as the Main Theorem. We just need to replace y(¢)
(which is not defined on 7*X) with y(¢) and we shall get an embedding of Z”" into Isom(ﬁg, y).
According to [Weil 1965], the closure of the image of Z” is the product of an abelian compact connected
metric group, A%, and a totally disconnected compact metric abelian group Dg. Since we have a
morphism ¢ : Z" — Dg and the kernel L must be a cocompact free abelian group, hence a lattice, so
L is isomorphic to Z" and in suitable integral coordinates, we see that L = a1Z ® a2Z & --- D anZ, so
Do=7"]L~7]/a1\Z&®&7Z/a1\Z&---® Z/a,Z. Replacing 7" by L, we can reduce ourselves to the
case of a compact connected abelian group so we get K(p, @), where K(p,-) is constant on the ergodic
components of the action of L and the ergodic components are interchanged by an element of Dg; thus
we get that K(p,-) is indeed constant a.e.

It would be also interesting to see what can be done in the framework of more general groups, as
explained in [Sorrentino 2019] (see also [Contreras et al. 2015]). In this setting a discrete group G is a
quotient of the r1 (M), where M is a compact manifold, and we see a Hamiltonian on M as a G-invariant
one on M a cover of M. Then Sorrentino considers the Hamiltonian H (x, % p) as ¢ goes to zero, and
proves that it converges in some weak sense (we would say in the y topology) to a Hamiltonian defined
on G a graded Lie group associated to G (at least if G is nilpotent).

Appendix A: Generating functions for noncompact Lagrangians: Proof of Theorem 3.5

The goal of this section is to prove Theorem 3.5 that is:

Theorem 3.5. Let ¢ be an element in D$Hampp(T* N). Then ¢(0y) has a GFQIL Moreover such a GFQI
is unique.

First we claim that the fibration theorem of Théret [1999, Theorem 4.2] goes through. Here .# is the set
of sequences of GFQI (S, ),>1 satisfying the above property and .¥ = £(T*R") and we have:

Proposition A.1. The projection & : F — £ is a Serre fibration up to equivalence.

The proof is the same as Theorem 4.2 in [Théret 1999]. We may reduce ourselves to the case of a
single parameter (as in [loc. cit.]). The proof is then based on Sikorav’s existence theorem, which uses
only the fact that, for / small enough, if L has a GFQI over U, then so does ¢’ (L). Note that we may
always assume that ¢ (T*U,) C T*U, 41 and by truncating ¢’ beyond T*U, 1, we are reduced to the
compact situation.

Proof of Theorem 3.5. Using Lemma 3.2 we may assume we have a sequence U, of domains such that
@' (T*Uy) C T*Uy+1. Applying a sequence of cut-offs to the Hamiltonian defining ¢ we can then find a
sequence L, of Lagrangians of the type ¢! (05 ), where



STOCHASTIC HOMOGENIZATION FOR VARIATIONAL SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 849

(1) ¢ (T*Uy) C T*Uy4q forall t € [0, 1],
(2) ¢! has compact support in 7*Uy 41,
(3) setting ¢/ (0n) = L, (), we have for u > v
Ly()NT*Uy, =L, (t)NT*U, = ¢"(L)NT*U,.

Then each L, (¢) has a GFQI, S, () : N x E, — R and we claim that, for £ > v, S,(¢) and S,(¢)
are equivalent over U,. Indeed, we have a deformation from L, to L, that is the identity on 7*U,,.
If we denote by Ss a GFQI covering this deformation (the existence of which follows from [Théret
1999], since we are again in the compactly supported case), then Ss generates a Lagrangian L that is

constant over 7*U,,. Then using [loc. cit., Lemma 5.3] we can assume, after applying a fiber-preserving
diffeomorphism, that X3 N (U x F) = X9 N (U x F), where

95,
5, = {(&é)‘%(&&ho}-

But then as in [loc. cit., p. 259], using Hadamard’s lemma we prove that there is a fiber-preserving
diffeomorphism such that Sq(x, £(x, n)) = So(x, ).

So may now assume that the restriction of S;, over U, is exactly Sy, ® ¢y, by composing S, with an
extension of the fiber-preserving diffeomorphism realizing the equivalence.?! O

Appendix B: Proof of Lemma 9.13

Lemma 9.13. Let ¢ > 0 and A : R" — R? be a linear map such that A(R™) has dense projection on 7.
Then there are integral vectors vi,...,vq in 74 forming a basis of R? such that there exist vectors
ai,...,ag in R"® such that

|A-a; —vj| <e.
Remark B.1. We do not claim the basis is an integral basis, i.e., it does not necessarily have determinant 1.

Proof suggested by the referee. We know that A(R")+ 7 is dense in R¥, so we may find by, ..., by € R",
Wi,..., Wy € 79 such that

ej g
Ab; —w; — El < 5

Then a; = 2b;, v; = e; + 2w; satisfy |Aa; — v;| < ¢, and since det(v;) is odd, (v1,...,vy) is a basis
of R4 O

Appendix C: Approximation of generating functions and symplectic integrators

Our goal is to prove Lemma 7.4. It is a consequence of the more precise result:
Lemma C.1. Let (p}l have S;(q, p) as generating function. We have
JH oH

86] CO. % CO'

21The existence of the extension follows from the fact that we may assume that for j, v large enough, the inclusion U, C U "

l2
[St(q. p)—tH(q. p)llco < >

is a homotopy equivalence.
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Proof. In the sequel, | - | denotes the C° norm. Note that S; has no fiber variable. It is a classical fact
[Hamilton 1834; 1835; Jacobi 2009] (see also [Arnold 1978]) that S; satisfies the Hamilton—Jacobi equation

950 = (g + 0. . 1)
57514, p) = H(q o (a.p).p).
So(g, p) =0.
Indeed, setting ¢4, (¢, p) = (Q+(q, p). P:(q. p)), the Lagrangian submanifold
Alp) ={(t.—H(t. Q:(q. p). P1(q. P)).q. p. Q1(q. p). Pe(q. p)) |t €R.(q. p) €T*N}
in T*Rx T*N x T*N is contained in
{(t.7.q.p.0.P)| 1+ H(Q,P) =0}

since A (¢) is easily seen to be invariant by the flow of the Hamiltonian K (¢, 7, ¢, p, Q, P)=t+ H(Q, P),
which is given by
(Zaraqyp’ Q,P)_>(I+S’T,Q»pv QS(Q’P)’PS(Q’P))

Since Q; =q + aS ’ , the equation follows.
Now set S;(q, p) =t-H(q, p) + R¢(q, p) and replace in the equation, using

(H(g +£.p)~ Hig.p)| < Je]- |2
ast‘ ” ‘%_H CO+H%—H

dp
oR;
0:R:(q, p) < ZA+B|_8p ‘

8Rt(

=5y
and Ro(gq, p) = 0. Now the relation

co co

implies by monotonicity of the solutions of the Hamilton—Jacobi equations?? that R; is bounded by the
solution u; of d;u =tA + B|Vyu|, thatis, u(¢, x) = %IZA, o)

ap

The same argument gives an estimate from below. O

co’

12| 0H
< — || =
Ri(g.p) = ‘Bq o

Appendix D: Proof of Proposition 8.3
Proposition 8.3. Given any «, there exists a sequence (£,)y>1 such that for almost all © € Q2

lim hm c(Uu, @, wot) < 11rn c(uy, pa).
vV—>00 U CR!

The proof is essentially the same as in Section 5 of [Viterbo 2023]. We reproduce it here adapted to
our situation and notation but notice that w just appears as a parameter and so does not change the proof
of Proposition 8.3. In particular the cycles we construct in the proof do not need to depend continuously
on w. We first need the next lemma. We define a cycle with closed support in X to be a cycle for the

22Thatis, H < K implies that the solutions v, w of d;u = H (x, Dyu) corresponding to the same initial condition satisfy u <wv.
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Ty N
é Dm i | i
Cw i i

Figure 2. I~‘m in red, I~‘m+1 in blue and D,, in green on the left and I';,4; on the right.

singular homology with locally finite support. These are the cycles of Borel-Moore homology (i.e.,
homology with closed supports) of X. Chains are infinite sums ) a0 of singular simplices such that
there are only finitely many simplices with a; # 0 touching any compact set. As a result it is clear what
it means for such a chain to be a cycle. For such homology, admissible maps are the proper maps, i.e.,
only a proper map f : X — Y will induce a map fi between the corresponding Borel-Moore homology
groups. Any proper submanifold without boundary represents a cycle in Borel-Moore homology, while
in ordinary homology, this is the case only for compact submanifolds.

Lemma D.1. Let S be a GFQI defined on E and ¢ = limycy c(uy, S). There exists a closed cycle T’
such that Ty = T N x~Y(U) satisfies [[y] = py in H*(S&LOO, S7T®) and S(Ty) <c(uy, S) + ¢ for
U belonging to a sequence of exhausting open sets with smooth boundary.

Remark D.2. Note that [['/] is assumed to be an ordinary cycle, so that its class in Hx (.S l‘}' *,85%°) is
well-defined.

Proof. Consider an increasing sequence U, of open sets with smooth boundary such that N = | J,, Uy,.
Notice that there is a restriction map for U C V sending Hx«(V,dV) — H. (U, dU). It induces a map
that we denote by py,v,

Hi (S}, Sy UEjy) — He(SH. Sy U Ejgy).
and a diagram

Ha(S;%°, S7%° U Ejgy) —25 Ha (S, S5 U Ejgy)

Ha(SGHE, S7%° U Epgy) 2% Ha(S5T6, S5 U Ejpy)
Now the upper horizontal map sends wy to uy, so applying this to the sequence Uy, we get a sequence
T, € Hy (Sf]js, Sy>° U Ejyy,) with image puy,, and we have a sequence such that py,,u,, [T,] =
[[,N7~1(Uy,)] is constant for n > m. Then we may glue the [, as follows: since [[n] =[Crmt1N7~ H(Us)]
in H*(Sf]:rs, Sy>eu E|alin)’ we have D,y such that 3D, N7t~ (Up) = Ty — Tt Ne "1 (Uyy,) and we
can assume D, C 7~ ' (U,). This is illustrated in Figure 2. Now we may consider the cycle
Im = 1’:‘m U (@Dm N n_l(Um)) U i:m+1 N 7T_I(Um+1 \ Un).
We easily check that
(1) Ty N~ (Up) = T,
@) T N7 U1 \Unm) = (Tt 0707 (Uns 1) U (3D N 2~ (BUn))),
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4) T, C S¢te.

By induction we can build a sequence ', and we have [, N 7 Y Up) =Ty N~ Y (Uy) for n > m.
Therefore |_J,, ', is stationary over any compact set and defines a closed cycle I" such that S(I") <c+e. O

Now the generating function for ¢ ,, is given by Proposition 9.1:

k—1
Skw(x.yi£.0) = [swacx pr.i)+ Y Swkds. pi &) + Swlka. v, ck)]+Bk(x v.0).
j=2

where ¢ = ({1..... 8k), § = (P1.92. - - - Gk—1> Pk—1-9k)>

faé‘: (pl’QZ‘i‘aw--va—l+a’Pk—1an +a)

and
k—1

Bi(x,y.0) = (pr.q2—X)+ Y _(pj.qj+1—q;) + (v, X —qr).
j=2
Now let F(q, P;n) be a GFQI for the graph of «. Then

GE(u,vsx, y,m:6,8) = S (u, y;:6) + F(x,v;m) + (y —v,u —x)
is a GFQI of ¢ro. We set

(_;Z)(uﬂﬁx,y,??) :hz)(Y)+F(x’U»77)+(y—v,“_x>

We shall omit the subscripts a, y for the moment, so in the sequel, G“’ a,y Means G“’ k. Here the
variables u, v, x, y are in R” and we denote by Ej the space of the 6 = (¢, £), where & € EX, ¢ €
(R2™)* and 5 € V. By definition we have a cycle Iy in U x RY x R x RY x E x V relative to
(GP)™°UIU xR xR x R} x E x V' and homologous (as a closed cycle) to U x Rﬁ XAy yXxE™XV™

(where A is the diagonal) such that
GR(TY) <clpy,GY) +e = c(uy, o yo) + ¢,

where @7 ; is the flow of AP ; (¥).

Moreover according to Lemma D.1, we can assume there is a closed (i.e., Borel-Moore) cycle ['®
such that I'f; =T N 7~ 1(U) (at least for a cofinal sequence of U’s).

Now let Cf7 () be acycle in the class of U x E}” in H ((S]‘("’y)+°°, (S]‘é”y)_oo), depending continuously

on y, such that?3

S CEO) <Ly () +ax(y) +e.

As in [Viterbo 2023, Section 5, Lemma 5.1], this is possible provided y is the characteristic function
of Ag, the complement of a disjoint union of sets of diameter less than §. For example, we can take Ag

23The notation is unfortunate since it does not respect the order of our variables. By Sy (y, Cyy (y)) we mean the maximum
of Sk (x, y:§.¢), where (x:§.¢) € C(y)
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to be a neighborhood of A(8) = {(x1,...,x,) |3/, x; € 8Z}. Thus we set fora € Ry, y € C*°(R")
GR a0 X, y,1) = hE (y) + F(x,v3m) + (y —v,u—x) +ax(y).

We shall omit the subscripts a, y for the moment, so in the sequel, G? means G .
k.a,x k.a,x

We again invoke Lemma D.1 in order to obtain a (closed) cycle C®(y) such that for a cofinal sequence
of U’s we have C{;(y) = C®(y)N 7~ 1(U) and, like C{ (»), the cycle C(y) depends continuously on y.

We now construct a new (Borel-Moore) cycle, symbolically denoted by I' xy C and defined as follows
(everything depends on w but for notational convenience we omit it):

[xy C={(,v;x,y,0,n) | (u,v,x,y,n) €T, (u,0)cC(y)}
We have

(1) (I' xy C)y is a Borel-Moore cycle homologous to U x Ry X Ay  x E;” x V™.
(2) GP((T x C)y) <G¢, (Ty) +e.
Indeed for (1), it is a cycle by the continuity of C(y) in y. That its homology class is the stated one

follows from the fact that the homology class of A xy B only depends on the homology class of A, B
and so I'y xy Cy; is homologous to

(UXRyxAxyxV)xy (UxE;)={u,vix,y,n.0)|luelU,x=y,neV ,0ecE_}
=UXRY x Ay y x V™ xXE.
As for (2), we have (I' xy C7)y = T'y xy Cy; and

Gy (Ty xy Cy) défsup{S,?(u,y; )+ F(x,vin)+(y—v,u—x) | (u,v;x,y,n) €T, (u;0) € C(y)}
but since S (u, y; 0) < h;;U(y) +ay(y)+ ¢ for (u;0) € C(y), we have
Gy (T'y xy Cy)

< sup{F(x,v;n) + by () +ax(y) +e+ (y—v,u—x) | u,v;x, y.m) €T, (u,0) € CH(»)}

< Cf,a,X(FU) +e.

Now as in [Viterbo 2023, Section 5, p. 95], let us consider a collection of £ open sets Ag forl <j </{
such that each of them is a translate of A s and any n 41 of them have empty intersection. We denote by y;
(1 < j <{) the corresponding functions. We set X = (x1,...,x¢), ¥ = (V1,--.,V¢)> 0 = 01,...,6p)
and define?*

£
_ _ = 1 _
Gre(u,v.%.7.60.1) = F(xi,vim) + 5 Y Se(€xj. 5. 6)) + Be(E. 5) + {ye —v.u—x1)

j=1
This is a GFQI for pzlwﬁpzla = pz_lplzlfpkepk,ogcx = Qg 0.
Let
— 1 ¢
Gt %, §.0) = Fer.v.n) + 5 D (0 (3) +a); (7)) + Be(3.5) + (yg —v.u —x1).
Jj=1

24Here we omit w from the notation, which would otherwise become unwieldy.
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By definition there is a Borel-Moore cycle, I'x ¢, such that

Gre((Tr,0)v) < c(uy. Gre) +&.
and using C;(y;) as before for 1 < j < { and setting
Tre xy CTL = {(,v; %, 7,0,n) | (w,v,x,y,n) €T, (£x;,&) € C7 ()},
we have
(v, Gr,0) < Gro(Tr)u Xy (CHull)) < Gre(Tr,0)v) < (v, Gre) + 2.

Finally we claim that
(n+1)a
7

Indeed, Gk’g is the generating function of ¥ = pe_lx//,i 0:-:0 wlf p¢, where w,f is the time-one flow of

c(pu,Gre) <c(pu,Gg) +

hi(y) +ayx;(y). But these flows commute, so ¥ ¢ is the time-one flow of
1 L
Kiee) =5 2 (uew () +ax; ()
j=1

and we have |Ky ¢(y) —hi(y)| < % + &. Therefore
1+4+n)a _ 1+4+n)a
(T)_{—SSC(MU’WCO{)_F(T)—F&

Thus for £ large enough ¢ (g, Gk,g) <c(uu, w]ia) + 2¢. Taking the limit as k goes to infinity, we get

c(uu,Grp) < ey, Y @) < c(uy, Yie) +

c(uu. pre) = c(pu, Grg) < c(pu. pra) +2¢& < c(uy, pa) + 3e.

This concludes the proof of Proposition 8.3.
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EPSILON-REGULARITY FOR THE BRAKKE FLOW WITH BOUNDARY

CARLO GASPARETTO

We prove that, if a Brakke flow with boundary is close enough to a stationary half-plane with density 1, then
it is C'% Our approach is based on viscosity techniques introduced by Savin in the context of elliptic equa-
tions. The same techniques can be used to give an alternative proof of Brakke’s (interior) regularity theorem.

1. Introduction

We state and prove a Brakke-type theorem for the mean curvature flow with boundary, that is, a flow of
m-dimensional surfaces in R so that at every point the normal component of the velocity is equal to the
mean curvature and the boundary is fixed. A weak notion of such a flow has been recently introduced in
[White 2021] by using integral varifolds, as devised by Brakke [1978]. The objects in question are called
integral Brakke flows with boundary.

In short, given an (m—1)-dimensional submanifold I', an integral Brakke flow with boundary I is a
collection {V;};c; of m-dimensional integral varifolds with the constraint that the first variation of V; is
a measure whose singular part with respect to ||V; | behaves like 74"~! L I" and the varifolds satisfy an
evolution equation that encodes the information on the velocity. A precise definition will be given in
Section 2.

The main result of this paper (Theorem 7.1) is that, if a Brakke flow in a ball of radius 1 is close
enough (in some appropriate topology) to a unit-density half-plane (which is a stationary solution to the
mean curvature flow with a prescribed straight boundary), then the Brakke flow becomes smooth up to
the boundary in a smaller ball and after some fixed waiting time. Roughly stated, the main result is the
following.

Theorem 1.1 (s-regularity). Let T be a C1*, (m—1)-dimensional submanifold of By and let {Viltel-n.01
be an integral Brakke flow with boundary I" in B; x [—A, 0]. Assume the following:

(1) 0 € supp || Vol

(2) Attimet = — A, the mass measure ||V;|| is close to that of an m-dimensional half-disk.

(3) There exists a half-plane S* such that, for everyt € [—A, 0],
supp|| V; || C {x € R? : dist(x, ST) < ¢}.
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If ¢ and A are small enough, then there exist small constants 1, B and a family {Ni},c_2 01 of chh
surfaces with boundary U such that

supp||Vi || N By = N;
for every t € (—n?, 0].

We briefly comment on the assumptions. The key assumptions are (2) and (3), which describe how the
Brakke flow is close to being a half-plane (with a straight boundary). Assumption (1), on the other hand,
prevents a “pathological” behavior of Brakke flows, which is the possibility of a sudden loss of mass
(see, for example, [Tonegawa 2019, Section 2.3]). The statement and the assumptions will be made more
rigorous in Sections 4 and 7.

A central point in our work is that, under appropriate assumptions, the support of an integral Brakke
flow with boundary satisfies a maximum principle. In order to fix ideas, assume that the support of
the flow is the graph of some function u : R™ — R?~™. Then it can be proved that |u| is a viscosity
subsolution (in a suitable sense which we will describe at a later stage) to

dp — MH(D*p) <0,

where M™ is a Pucci maximal operator. We may therefore exploit this property to adopt a technique
developed by Savin [2007] in the framework of elliptic equations and later adapted by Wang [2013]
to parabolic equations, which we now summarize in our case. The key step in proving Theorem 1.1 is
proving the following improvement of flatness:

Proposition 1.2 (improvement of flatness). Under the assumption of Theorem 1.1, there exist n > 0 and a
half-plane T close to St such that, for every t € (—n?2, 0],

supp||Vi[IN B, C {x eR?: dist(x, TT) < %'7}

In summary, if the Brakke flow is “e-flat” at scale 1, then it becomes “ne/2-flat” at scale n for some n
small and universal; from this, proving C-%-regularity is classical.

The proof of Proposition 1.2 is based on a contradiction and compactness argument. Assume one can
find a sequence of flatter and flatter Brakke flows for which the conclusion of Proposition 1.2 does not
hold. Then appropriate rescalings of the supports of such flows converge in a suitable sense to the graph of
a solution to the heat equation. The desired improvement of flatness is a straightforward consequence of
classical Schauder estimates. The above convergence is achieved via a Harnack-type inequality, in the spirit
of [Wang 2013], and a barrier argument that describes the behavior of the Brakke flow near the boundary.

Theorem 1.1 answers a question left open in [White 2021, Remark 11.2], that is, whether an integral
Brakke flow with boundary that has a tangent flow which is a unit-density half-plane is smooth in a
backward neighborhood. The reader should also compare our results with the regularity theorems proved
in [loc. cit.]. The latter are proved under the additional assumption that the flow is standard: namely
the flow has to be smooth at every point where a tangent flow is a unit-density half-plane (see [loc. cit.,
Definition 11.1]). Since we only prove backward regularity, our result does not guarantee (as it should
not be expected) that an integral Brakke flow with boundary satisfying the assumptions of Theorem 1.1 is
actually standard.
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The first e-regularity theorem for the mean curvature flow (without boundary) was proved in [Brakke
1978] and then refined in [Kasai and Tonegawa 2014], where the authors extended the result to mean
curvature flow in general ambient manifolds. Another relevant reference is the recent work [Stuvard and
Tonegawa 2024]. The above-mentioned proofs are variational and rely on L? energy estimates, somehow
in the spirit of [Allard 1972]. We think that a variational proof of Theorem 1.1 may be performed by
adapting the arguments in [Allard 1975; Bourni 2016] to account for the presence of the boundary. As
mentioned, our proof is based on an argument first developed in [Savin 2007] for elliptic equations and
then adapted to parabolic equations in [Wang 2013]. This method was used in [Savin 2018] to prove an
Allard-type theorem for minimal surfaces. Although an adaptation of the same techniques to the mean
curvature flow seems quite natural, to the best of the author’s knowledge this paper is the first instance in
which these techniques are used for the mean curvature flow.

The regularity of mean curvature flow with boundary has been briefly investigated also in [White 1995;
2005]. One should also see [Edelen 2020], where the author defines a Brakke flow with a free boundary
condition. Another definition of Brakke flow with fixed boundary has been investigated in [Stuvard and
Tonegawa 2021].

1.1. Structure of the paper. In Section 2, we collect some notation that will be used throughout the
paper and some well-known facts about rectifiable measures. We then recall the definition of integral
Brakke flow with boundary, as stated in [White 2021].

Section 3 is dedicated to collecting some known results about integral Brakke flows and to adapting
them to the case of an integral Brakke flow with fixed boundary.

The core of the paper is Section 4, where we state and prove the improvement of flatness described in
Proposition 1.2, which will later yield the desired C!# regularity. The proof of this result is described in
Section 4.2. The aforementioned barrier argument and Harnack-type inequality, which are crucial for
obtaining the desired compactness, are discussed in Sections 5 and 6, respectively.

Finally, the proof of Theorem 1.1 is given in Section 7, where we iterate the improvement of flatness
to obtain the desired regularity.

2. Preliminaries, notation and definitions

Throughout the paper, we consider fixed two positive integers m and d such that m <d. All the constants
taken in consideration in the present work depend, in general, on these two parameters, although we will
mostly avoid stating such dependency.

For the present section, we introduce two generic positive integers k < n to define some objects in full
generality.

2.1. Space-time. By R™! we denote the space {(x, 1) : x € R” and r € R}. We use uppercase letters to
denote points in R™!, for example X = (x, 1).
For any pair X = (x, 1) and Y = (y, s) of points in R™!, we let

p(X,Y)=|x —y|+t —s|"/%
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o is a metric on R™! (see, for example [Krylov 1996, Exercise 8.5.1]) and the topology that p induces
on R™! coincides with the euclidean topology of R"*!. In particular, if dy (E, F) is the Hausdorff distance
between E and F with respect to p and K is a compact subset of R™!, then the space of nonempty closed
subsets of K is a compact metric space, when endowed with the metric dg .

Ifx e R" and r > 0, we set B''(x) = {y € R" : [y — x| < r}. When the dimension of the space is
clear, we omit its indication and simply write B, (x). We also omit the indication of the center of the ball,
whenever it coincides with 0, so that B, = B,(0). If (x, r) € R™!, we define the parabolic cylinder

Q"(x,1) = B"(x) x (t —r?, 1],

where the apex n indicates the dimension of the space component; as above, its indication will be omitted
when no confusion shall arise. Lastly, we let O, = Q,(0, 0).
We denote by 9, (U x (a, b)) the parabolic boundary of the cylinder U x (a, b), where U C R":

3,(U x (a, b)) := (U x {a}) U (AU x (a, b)).
We define the measures £"! and #*! (for any 0 < s <n) on R™! by
LYYE x F)=L"(E) x LY(F), H"Y(E x F)=H(E) x L' (F)

for E C R" and F C R, where L£" is the Lebesgue measure in R” and #H* is the s-dimensional Hausdorff
measure in R".

For any function f : R"! — RK we denote by V f(x, t) the gradient of the function f(-, ) computed
at x and by 9, f (x, t) the derivative of f(x,-) computed at ¢, whenever they are defined.

Lastly, foraset E CR" and x e R", we let xg(x) =0if x ¢ F and xg(x) =1ifx € E.

2.2. Linear functions and subspaces of the euclidean space. We let {e, ..., e,} be the canonical
orthonormal basis of R".

We define the Grassmannian Gr(k, n) as the space of (unoriented) k-dimensional linear subspaces of R";
we identify S € Gr(k, n) with the endomorphism S : R” — R”" representing the orthogonal projection
onto S. When no confusion shall arise and an orthonormal basis {¢1, ..., {} of § is fixed, we identify S
with R¥ via the canonical bijection

L:S—)Rk, X (X8, ..., X 80);

therefore by Sx we denote both the point Sx € S C R” and its image via ¢. In particular, when § =
span{eq, ..., e} and x € R", we will often use the notation x' = Sx = (x-e1,...,x-€;) € RE,

We also let S : R™! — R be the map S(x,t) = (Sx, t) and, in the case § = span{ey, ..., e}, for
X =(x,1)eR" welet X' = (x/,1).

Lastly, if S and T are two endomorphisms of R", we define the scalar product between S and T by

n
S:T=> ST
ij=1
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where (S;;) is the representation of S as a n x n matrix such that

S,'j =e; (Sej).
We also let | S| =+/S5:S.

2.3. Holder regularity. We point out some facts and definitions on Holder regularity for several objects.
In what follows, k € (0, 1) is a fixed parameter.

(1) Functions on R". Given a function u : R* D U — RX, we say that u € C*(U; R¥) if there exists
C > 0O such that sup,.;; |u(x)| < C and for all x € U there is an affine function L, : R" — R¥ such that,
for every y € U, it holds

lu(y) — Ly (y)] < Clx — y|'**.

(2) Functions on R™!. Let @ C R™!. We say that u : @ — RF is in C1*(Q; R*) if there exists C > 0
such that supy.q [#(X)| < C and for all X € 2 there is an affine function Ly : R" — R¥ such that, for
every Y = (v, s) € , it holds

lu(Y) — Lx(y)| < Cp(X, Y)'**.

(3) Submanifolds. We say that a k-dimensional, properly embedded submanifold I" of some open set
U C R" is C1¥ if there exists some k > 0 such that, for every x, y € I, it holds

[Tleie g i= sup LI = T,T
C K U -— -
@ x,yel |)C —Y|K
XF£Y

where T. I' € Gr(k, n) is the tangent space to I" and |7,,I" — T\, I"| should be intended as in Section 2.2.

Remark 2.1. We do not require the sets U and 2 in items (1) and (2) above to have any regularity.
However, one can easily see that, if U C R" has C ! boundary and u € C Le(U; R), then u is actually
bounded in U, it is differentiable at every point of Int E and the usual definition of C'* holds:

- [Vu(x) = Vu(y)|
”u”Cl.K(U) = Ssup |u| + sup p
U x,yeU |x —Y|
x#y

In fact, [|u||c1x(yy is bounded (up to some multiplicative constant depending only on U, n, k, ) by the

same constant C as in item (1) above.

Similarly, if Q = U x I ¢ R™! for some U C R" with C! boundary and I C R some interval, then
u € CH(Q; R¥) yields that u is differentiable with respect to the space variable everywhere in Int U x I
and that

ltll et 1= sup [u| + sup L 1E) = V) uCx, 1) — ux, s)|
C N Q =
@ Q X.YeQ p(X, YY)~ csee It — 5| (1+0)/2
X£Y o

2.4. Integral varifolds. We adopt most of the terminology from [White 2021]. Let U C R? be an open set
and let M(U) be the set of nonnegative Radon measures on U'; if ¢ is continuous and compactly supported
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on U, we let M (¢) = f o(x)dM (x) for M € M(U). Let M,,,(U) be the set of m-dimensional rectifiable
nonnegative Radon measures on U. Namely, M € M,,(U) if and only if there exist an m-dimensional

rectifiable set £ and a nonnegative function 0 € LllOC (H™ L E) such that

M(p) = / O(xX)p(x)dH™(x) forall p € C.(U).
E

We also let ZM,,(U) be the set of those M € M,,(U) such that their density 6(x) is a nonnegative
integer at M-a.e. x. If M € M,,(U), then for M-a.e. x the approximate tangent space Ty M € Gr(m, d) is
well-defined (see, for instance, [Simon 1983, Chapter 3]). An m-dimensional varifold on U is a Radon
measure on U x Gr(m, d) (see [loc. cit., Chapter 8]). In particular, to each M € M,,(U) we may associate
an m-dimensional varifold Var(M) by

Var(M)(¢) = f ox, TiyM)dM(x) forall ¢ € C.(U x Gr(m,d)).

Such an object is called a rectifiable varifold (see [loc. cit., Chapter 4]); Var(M) is said to be integral
if and only if M € ZM,,,(U). If M € M,,,(U), we say that Var(M) has bounded first variation if there
exists C > 0 such that, for every smooth vector field F : U — R¢ with compact support in U, it holds

f TiM :VF(x)dM(x) < C|| Fllco-

If Var(M) has bounded first variation, then there exist an M-locally integrable vector field Hj;, a Radon
measure S,y that is singular with respect to M and a 8js-locally integrable unit vector field ¢, such that,
for every F € Cj(U; R4), it holds

foM:VF(x)dM(x)=—/HM-FdM+/F-§Md,BM. 2-1)
In the following, we will often write
divsg F(x) =S : VF(x).
When M € M,,(U), we also let
divy F(x) :=divy,y F(x) =TyM : VF(x),

whenever it is well-defined.

Definition 2.2. Let I' be a properly embedded (m—1)-dimensional submanifold of U C RY. We let
Vn (U, T') be the space of those M € ZM,,(U) such that Var(M) has bounded first variation and the
following hold true:

(1) Bu(E) <H™ '(ENT) for every E C U.
(2) Hy(x) and T, M are perpendicular at M-a.e. x.

As mentioned in the remark following [White 2021, Definition 6], (2) is actually redundant, as it can
be derived from [Brakke 1978, Section 5].
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As in [White 2021], for M € V,,(U, T'") we let
1
o) =tim o [ gy dp 22)
N0 Wy ™! B, (x)

where the limit exists, and vy (x) = 0 otherwise. Notice that the requirement 8y < H" ' LT in
Definition 2.2 yields |vy| <1 H™m=1 | T-a.e. Moreover, by [Allard 1975, Section 3.1], vp(y) L I" for
H" lae. yel.

In the following, whenever I is an (m—1)-dimensional submanifold of R% by a small abuse of notation
we denote by I' the Hausdorff measure %" ~! LT, if no confusion shall arise.

2.5. Integral Brakke flows with boundary. Let U C R? be an open set, I C R be a nonempty interval
and let I" be a properly embedded (m—1)-dimensional submanifold of U.

Definition 2.3 (integral Brakke flow). An m-dimensional integral Brakke flow with boundary I" in U x [
is a collection M = {M, : t € I} C M(U) such that the following hold true:

(1) For almost every t, M; € V,,(U, T').
(2 If I' €I and U’ € U, then [}, [, (14 |Hy,|*) dM,; dt < +o0.

(3) If [a, b] C I and u is a nonnegative, compactly supported, C! function on U x I, then

b
/u(-,a)dMa—/u(-,b)deE/f(u|HM,|2—HM,-Vu—atu)thdt. (2-3)

We denote by BF,, (U x I, I") the set of all m-dimensional integral Brakke flows in U x I with boundary I'.
When I' = @, we drop its indication and simply write BF,, (U x I); notice that in this case By, =0
for a.e. ¢, and the definition agrees with the one of integral Brakke flow (without boundary) given, for
instance, in [Tonegawa 2019].
Given M € BF,,(U x I,T"), we define its space-time mass measure M by

/(p(x,t)dM(x,t):/f o(x,t)dM, dt

for every ¢ € C.(U x I). We define the space-time track of M to be the closed set

Yy = Clos(U supp M; x {t}),
tel
where the closure is taken in the euclidean topology of R%'!, and we let Xj;(7) be the slice at time ¢
of Xy, namely Xy (1) = {x € R : (x,1) € Ty} Ttis straightforward to check that supp M C Xyy.
Under reasonable assumptions, the opposite inclusion holds true as well; we further discuss this point in
Lemma 3.5. Whenever no confusion may arise, we write X and X, in place of X7 and X (), respectively.

Remark 2.4 (scaling properties). A Brakke flow M € BF,,(U x I, I') may be translated and parabolically
dilated while preserving the requirements in Definition 2.3. For xg € R and r > 0, let Ty r(Y)=(y—x0)/r.
By (T,,r )zt we denote the push-forward of u € M(RY) through Ty, ,. Then M’ = {M} given by

Ms/ = r_m(TXOJ’)ﬁMto+r2s
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is a Brakke flow in (U — xo)/r x (I —to)/r? with boundary (I" — xg)/r. In this case, we will write
M' =D.(M — X),
where, as usual, Xo = (xo, t).-
3. Properties of integral Brakke flows with boundary

We collect some known results about integral Brakke flows, which we will use throughout the rest of the
paper.

3.1. Monotonicity properties. We denote by W : R? x (=00, 0) — R the m-dimensional backward heat
kernel

Ve — Xl
D= Gy eXp(_4<—t>)'

We also pick a smooth cut-off function ¢ € C°([0, 2)) such that ¢ =11in [0, 1], |[¢'| <2and 0 < ¢ <1
everywhere, which from now on we consider fixed. For the chosen ¢, for R > 0 we set

lIIR(-x? t) = \Il(_x’ t)ﬁb(m)
R
Proposition 3.1 (Huisken monotonicity formula). There exists a universal constant C > 0 such that, if
M € BF,,(U x (—T,0),T') and Bygr C U, then for every —T < s <t < 0it holds

! r—s M+ (B2R)
Weplx,t)dM; — | Yr(x,s)dM, < vy, - VWR(-,T)dl'dt +C 5~ sup , (3-1D
K R T€[s,t] R™
. . I i
where vy, is defined in (2-2).
Proof. See [White 2021, Theorem 6.1]. ]

In several points of the present work, we are going to need some precise bounds on I and II in (3-1).
While in most cases we will assume a uniform bound of the form

M, (B, (x
sup sup # < E| < o0,
t B T
which takes care of II, estimating I requires some more attention. What we prove in the following lemma

is that, at a small enough scale, I is close to % if 0 ¢ I'; otherwise it is very small.

Lemma 3.2. For every § > 0, there exist small positive constants A and c with the following property. Let
U C R be open and let T be a CY* submanifold of U. Then, for every R < c/[T]cre) and for every
(x,1) € U x R such that Bog(x) C U, it holds

erz(x) s (3-2)

t
f / T,V We(y —x,5 —1)|dT(y) ds <
t—AR?

The proof of Lemma 3.2 is somehow cumbersome and is therefore postponed to Appendix A.
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Exploiting the above result, we may prove a sort of clearing-out lemma, in the spirit of [Tonegawa 2019,
Proposition 3.6]. Namely, we prove that, provided we have some control on I and II in (3-1), if a point
(x, t) is in the space-time track of M, then M, cannot be too small in a backward neighborhood of (x, ?).

Before proceeding with this result, we introduce the following terminology:

Definition 3.3 (maximal density ratio). A Brakke flow M (possibly with boundary) in U x [ is said to
have bounded maximal density ratio in U’ x I’, where U' C U and I’ C I, if

M, (B
mdr(M, U’ x I'):= sup supt(—r(x)) <00
B.(x)cu’tel’ 1"

Proposition 3.4 (clearing-out lemma). For every K < oo there exist positive constants cy, c, with the
following property. Let T be a CY submanifold of U and let M € BF,,(U x (a, b), ") be such that

mdr(M, U x (a, b)) < K.
If (x,t) € Xy, and R is small enough depending on T, then
M,_., g2 (B4r(x)) > c2R™.

Proof. The proof of the case without a boundary can be found, for example, in [Tonegawa 2019,
Proposition 3.6]. For the sake of completeness, we sketch the proof along the same lines as in the case of
an integral Brakke flow with boundary.
Corresponding to § = %, choose A and ¢ as in Lemma 3.2. Let (x,7) € ¥ and let R < ¢/[T]c1e(y)-
We first assume that x € supp M, and that M, € V,,(U, T'), so that in particular M; = 6(-)H™ L E for
some m-rectifiable set E. Then there exists y € Bg(x) such that

159(y)=}i;r(1)Mz(‘IfR(- — Y, 7). (3-3)

Therefore, by centering Proposition 3.1 at a point (y, ¢ — 7) and then letting ¢ 7 0, for any #; < ¢, it holds

t

M, (Yr(- —y,t1 —1)) > 60(y) —CK

—t t
Rzl —f/uMS-V\pR(- —y,s—1)dlds.
1

‘We now choose ¢; so small that both CKc; < % and ¢; < A and we set t; =t — ¢ R% Then, using
Lemma 3.2, we obtain

My (Yr(- =y, —c1RD) 20—t —(3+1) =L,
where the second inequality is given by (3-3). Notice that, for every z € R, simple computations yield

Wr(z—y, —Cc1R?) < CR™™ %81 (2) < CR™™ XBar()(2)

for some C > 0 universal. Hence, by integrating the above inequality in M,__, g2, we obtain

m m

2 R
_Mt—Cle(\IJR(' - _CIR )) > -

Mt—cle(B3R(x)) Z C - 8C 9

as desired.
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If x ¢ supp M; or M; ¢ V,,(U, I'), then one can find a sequence of points (x;, ;) such that M;, € V,, (U, I'),
x; € supp M;, and such that (x;, ;) — (x, ¢). It is then sufficient to choose R; so that t; — clRi2 =t—cR?
to obtain, for i large enough,

M,_ g2 (B4r(x)) > M,_. g2(B3r(x;)) > coR™. O
We now state two important consequences of Proposition 3.4.

Lemma 3.5. Let M € BF,,(U x I, T) have bounded maximal density ratio in U x I and let T € C"*(U).
Then

Xy =supp M.

Proof. The inclusion supp M C X is trivial. For the opposite inclusion, notice that, for a point (x, ) € X
and for every r > 0 small enough, Proposition 3.4 gives

M, (B, (x)) > cr'™.

It is now sufficient to integrate this inequality in r to obtain that for every r > 0 small enough, there is a
set of the form

Ar={(v9):ly x| =0vF—s =7}

for some positive 8, ¢ depending only on mdr(M) such that M (A,) > 0; hence (x, t) € supp M, as
claimed. O

Lemma 3.6. Let M € BF,,(U x I, T") have bounded maximal density ratio and let T € C1%(U). Then
M=H""LEy.
For the proof of the above lemma, we refer the reader to Appendix B.

3.2. Maximum principle. In the present subsection, we assume that U C R? is open and / C R is an
interval of the form (a, b]. We also let I be an (m—1)-dimensional, C!* submanifold of U.
The main result of the present section is the following maximum principle.

Proposition 3.7 (maximum principle). Let M € BF,,(U x I, ') have bounded maximal density ratio.
If there exist u € CX(U x I) and a point (xo, to) € £\ 3,(U x I) with xo ¢ I" such that ulsn<s,) has a
local maximum at (xg, to) and Vu(xg, ty) # 0, then
du(xo, to) —  inf T : D*u(xo, 1) > 0.

T eGr(m,d)
T 1L Vu(xog,ty)

Proof. This proposition is a corollary of the results in [Hershkovits and White 2023, Section 13]; see also
[Ambrosio and Soner 1997]. For the reader’s convenience, we give a self-contained proof, in the spirit of,
for example, [White 2016].

We may assume, without loss of generality, that (xo, 7o) = (0, 0) and that u|sn;<o) has a strict local
maximum at (0, 0) (if not, replace u by u — lx[* —|£]%).
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Step 1: We first prove that
3,u(0, 0) — trace,, D*u(0, 0) > 0,

where trace,, D?u is the sum of the m smallest eigenvalues of D?u. Assume the result does not hold.
Arguing as in [White 2016, Lemma 2.4], we may assume that, for some p > 0 and ¢ > 0 small, u satisfies

(i) d;u — trace,, D*u < —&<0in 0y,
(i) B,NT' =g,
(i) u>e>0inEXNQypandu <0in ZN{r <0}\ Q).

We now let ¢(x, 1) = (ut(x, 1))* where ut = max{u, 0}, and we use ¢ as a test function for (2-3). Since
¢(-, —p?) = 0 by assumption, we have

05/w(-,mdMo=/¢<-,0)dMo—/<o(-,—p2>dMpz
0
5/ 2/<—|H|2¢+H-V¢+at<p>thdz,
—p

where the last inequality is given by (2-3) and we have set H( -, t) = Hy, (-) for a.e. . We now use the
fact that supp ¢ C I'¢; thus

/H~V(det:—/dith VodM,

for a.e. t. Since the term |H|?¢p is nonnegative, we obtain from the above chain of inequalities

0
05/ /(— divy, Vo + 0,¢0) dM, dt.
_/)2
Some straightforward computations show that
divy, Vo = 4w™)? divy, Vu > 4(u™)? trace,, D*u

and 8,¢ = 4(u*)3d,u. Therefore

0
0< / / 4(u™) (8,u — trace,, D*u) dM, dt < —4e*M(Q,)),
_,02
where the last inequality is given by (i) and (iii) above. In particular, it must be

M(Q,/2) =0;
however, by Lemma 3.5, (0, 0) € ¥ = supp M; thus we reach a contradiction.

Step 2: We now prove the general result. It is sufficient to show that one can find an m-dimensional
subspace T of R¢ such that
9u(0,0)—T : D*u(0,0) > 0

and TVu(0, 0) = 0. Without loss of generality, assume that (0, 0) = 0. Let ¥;(z) =z + (j/2)z? and let

u;j(X) = v;m(X)).
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Then, for every j, uj|snj<oy has a local maximum at (0, 0). Thus, by Step 1, there is an m-dimensional
subspace T; of R4 such that, at (0, 0),
0<du;—T;:D*uj=8u—T,: D*u—jT;: (Vu® Vu).

Up to a subsequence, which we do not relabel, we have that 7; — T for some m-dimensional subspace T,
and
T (Vu® Vi) < lim_inf%(atu T D) =0;
J

thus 7 L Vu. On the other hand, since JTj : (Vu® Vu) > 0, we have

T : D*u <liminf T; : D*u <liminf(d,u — jT; : (Vu ® Vu)) < du,
J J
as desired. U

Given an upper-semicontinuous function u : R™! — [0, 1]U{—o00} and a smooth function Q. R™! 5 R,
we say that ¢ touches u from above at (x(/), to) € R™ ! if there exists r > 0 such that

e’ 1) > u(x',t) forevery (x',1) € Q7 (x{, 1),
{w(x(’), t0) = u(x, to)-
We recall the definition of Pucci’s maximal operator (see, for instance, [Caffarelli and Cabré 1995,
Section 2.2]). For a symmetric matrix N € RI*4 e let

1 1

+ gt _ _ ,

MENY =M (N, 3.2) =2 D 23 (3-4)
)\.i<0 )\,' >0

where A; = X; (V) are the eigenvalues of N. The following result is a consequence of Proposition 3.7.

Corollary 3.8. Let M € BF,, (R41Y have bounded maximal density ratio. For every (x',t) € R™1, et
u(x’, 1) =sup{|z] :z € R and (x', z) € Ty (1)},

with the convention sup & = —oo and assume that u < 1 everywhere. There is § > 0 universal
such that, whenever a smooth function ¢ : R™! — R touches u from above at X, = (x{, to) and
max{| D%p(Xp)|. [Ve(Xp)) < . it holds

dp(Xp) — M (D*p(Xp)) < 0.

Proof. We assume x{ = 0 and 7y = 0. Notice that, since X is closed and u(0,0) = ¢(0, 0), the
supremum in the definition of u is attained and, without loss of generality, we may assume that the
contact point is xo = ¢(0, 0)e; € . We let S = span{ey, ..., e,} and S’ = span{e,, 11, ..., e4_1}, SO
that RY = S + S’ + span{e,}. Consider the function

H(x,t)=1Sx> +x-e4— p(Sx, 1).
By assumption, in a neighborhood of (xp, 0) it holds
|Stx] < p(Sx,1) <2
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for every (x, t) € X; therefore it can be checked that H|sn( <o) < 0 in the same neighborhood. Since
H (xp,0) =0, we know H|xn(<o) has a local maximum at (x¢, 0). Hence, by Proposition 3.7, it holds

& H(x0,0)— inf T :D*H(xo,0)>0. (3-5)
T LV H (x0,0)
We now estimate the two summands in the above inequality. In order to do so, we first remark that
—V(0,0) —D?*p(0,0) 0 0
V H (xg,0) = 0 ., D?H(xy,0) = 0 Is/2 0
1 0 0 O
Consider T € Gr(m, d) and an orthonormal basis ¢y, ..., {, of T. Then
m m
15¢iI?
T:D*H=) (D’H{: &) = Z(—(D%(Sx, 0SG: $&) +—

i=1 i=1
— Y (D*o(Sx,)S¢i; Sti).
=1

i=
In particular, S : D?*H(x,t) = —A@(Sx,t) and
T:D*H=S:D*H+(T—S): D*H
> —Ap—|T = S||D?].
Now, if |T — §| < ¢y, then the above inequality yields that, for some small c; universal,

T : D*H (xg, 0) > =M™ (D?%¢(0, 0)).

On the other hand, if |T — S| > ¢, then we may choose an orthonormal basis ¢y, ..., &, of T such that
|S Lg°1| > ¢, for some ¢, universal. Since we are also assuming 7" L V H (x¢, 0), we have
O = Cl ° VH(an 0) = _Sé‘l : V(p(o’ O) + é‘l - €.
Thus, in particular, [¢] - eq] < |V@| < and
/ 1 (&)
ISC =Sl —61-eal =2 =8> oR

provided § < ¢, /2. Therefore

m 2 2
T D2H(0,0 2 — Y (D00, 00 20+ 5 2 —ap0,004+ 22 0512

i=1
for some C universal, since |D2(p(0, 0)| < é by assumption. We may choose § smaller, if needed, so that

2

—MH(D2(0,0)) < C§ < —C8 + %2

Therefore, whether |T — S| < ¢; or not, it holds
T : D*H(xo,0) = —MT(D?(0, 0)).
We conclude the proof by remarking that

09:H (x0, 0) = —03,¢(0, 0).
Thus (3-5) gives the desired result. U
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Remark 3.9. With some more accurate computations, one may show that, actually, at the contact point ¢
satisfies the inequality

v
90 —/1+ Vo2 div(—(p> <0
V14 |Vel?

However, the weaker result proved in Corollary 3.8 will be sufficient for the rest of the paper.

4. Improvement of flatness

This section is the core of the present work. We prove that if a Brakke flow with boundary is sufficiently
flat in Oy, then its flatness can be improved at a smaller universal scale. This is going to allow us to prove
the desired C!-# regularity; see Section 7.

We introduce the following notation. We fix an m-dimensional subspace of R? which we denote by S,
and an (m—1)-dimensional subspace of R?, which we denote by I'y, such that 'y C S. Up to changing
coordinates in R?, we shall assume for the rest of the present section that S = span{ey, ..., e,} and that
[y =spaniey, ..., e, 1}. We alsolet ST = 85N {x,, > 0}.

Given an (m—1)-dimensional submanifold I" of Bg, we write I" € 7, (8, Bg) if the following hold:

o " is a C"* submanifold of Bg and [[]cre(p,) <SR~

. OEFandT()F:F().

In passing, we remark that if I' € 7, (8, Bg) and 8 > 0, then 61" € F,(3, Bgg).
Moreover, if I' € F,(8, Br), and §é is smaller than some constant depending only on «, then there
exists y : 'gN Bgr — FOL such that [y (0)| =|Vy (0)| =0, [[¥llcrep, < IR and

F'={x+ykx):xelyN Br}N Bg;
given I' € F, (8, Br), we will always implicitly define y as above.
The following is the main result of the present section.

Theorem 4.1 (improvement of flatness). For every Eg and o, there exist constants A, gg, 1, B (small)
and C (large) with the following property. Let € < ¢gg, I' € F, (e, By) and M € BF,,(B1 x [—A,0],T)
be such that (0, 0) € Xy,

>y C{(z, 1) : dist(z, ST) < ¢},

sup  M;(By) < Eo

te[—A,0]
and
f W( —A)dM_p <>. 4-1)
B 4
Then there exists a half-plane T of the form
TH={x+we:xely,w>0) 4-2)

for some ¢ € Fé‘ with | — e,,| < Ce such that

TpuNQ, Clx, 1) dist(x, TT) < n'Pe). (4-3)
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The proof of Theorem 4.1 is based on a contradiction and compactness argument. If one assumes the
conclusion does not hold, then it is possible to find a sequence of Brakke flows which are flatter and
flatter and satisfy the other assumptions of Theorem 4.1, for which, however, no half-plane of the form
(4-2) can be found so that the flatness improves at any smaller scale. However, for such flows, one shows
that, after an appropriate rescaling, the space-time tracks must converge in the Hausdorff distance to
the graph of a solution to the heat equation. It is then sufficient to use Schauder estimates for the heat
equation with Dirichlet boundary condition to recover the conclusion.

The central point of the proof is to obtain the desired compactness. This is achieved via the two
following results. The first one provides a control over the oscillations near I' of the space-time support
of a Brakke flow satisfying the assumptions of Theorem 4.1.

Proposition 4.2 (boundary behavior). For every Eq and «, there exist small constants ¢ and ry with the
following property. Let M and T" satisfy the assumptions of Theorem 4.1. Then

St (x =y ") }

ZﬂerC{(X—V(X//))'em2—82+cl 3
2¢e

Here, x” denotes the point (x1, ..., X,_1,0,...,0) € I'y.

With the above results at hand, we may prove that, if the Brakke flow is flat enough, then assumption
(4-1) gives a Holder-type modulus of continuity in parabolic cylinders whose radii are controlled from
below by some power of the flatness ¢.

Proposition 4.3 (decay of oscillations). For every Ey and «, there exist constants ¢, Cy and r, with the
following property. Let M and I" satisfy the assumptions of Theorem 4.1 and let (x,t), (y,s) € XN Q,,.
If min{x,,, y,,} > 2¢ and
pi=p((x' 1), (', 5) = Cae®,
then
IS (x = y)| < Caep.

The two above results are sufficient to prove, via an Arzela—Ascoli-type argument, the convergence in
the Hausdorff distance which we have described.
Before proceeding, it is worth spending a few words on how the constants in Theorem 4.1 will be chosen.

» We fix A once and for all in Proposition 4.4; it will be needed to prove that M has bounded maximal
density ratio in a smaller parabolic cylinder, Q.

« Propositions 4.2, 4.3 and 4.4 hold true provided &g is small enough (depending on Ej). We will therefore
always assume that this is the case. The final value of &g will not be determined explicitly, as Theorem 4.1
is proved by compactness.

o The constants r; and r, chosen in Propositions 4.2 and 4.3 are chosen smaller than r3 (determined in
Proposition 4.4) and they depend on Ey and «. These two constants will give upper bounds for . We
will then give a further upper bound for n coming from the regularity properties of the heat equation.

« Lastly, the constants C and 8 depend only on « and on regularity properties for the heat equation.
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We now briefly describe the rest of the present section. The proof of Theorem 4.1 is given in Section 4.2.
In Section 4.1, we state and prove some lemmas which will be useful in the following. The proofs of
Propositions 4.2 and 4.3 are postponed to Sections 5 and 6, respectively.

4.1. Preliminaries to the proof of Theorem 4.1. Some remarks on the assumptions of Theorem 4.1 will
be needed for the proofs of Propositions 4.2 and 4.3 and, ultimately, of Theorem 4.1 itself. We begin by
showing that (4-1) propagates in the interior of the domain.

Proposition 4.4 (propagation of small density). For every Ey and o, there is r3 small with the following
property. Let M and T satisfy the assumptions of Theorem 4.1. Then, for every (x,t) € Q,, and for every
TE (—r32, 0), it holds

/ W( —x.1ydM, < 14 X&)
Byy() 8 2
3

Proof. We fix positive constants r3 < %, e, A and 4, all of which we will determine later; we always
assume that r3 is much smaller than A. For simplicity of notation, in this proof we set r = r3. For
(x,t) € O, and T € (—r2,0), we let fy =t — 7. Then, by Proposition 3.1, it holds

/ w(- —X,t—to)thwal/s(' —x,t—1t)dM,
B, (x)

5/‘1’1/8(- —x,—A—1t9)dM_,

t
+/ /vM-V\IJI/g(' —x,s—1)dl'dt +CEy(t +A). (4-4)
—A

By Lemma 3.2, if ¢ and A are small enough and r is much smaller than A, then

t 1o )
/ /VM'V‘I’l/s(- —x,s—to)dFdrff /|T},FLV\p1/8(y—x,s_;0)|dr(y)df5XF‘T(’C)+3_
—A to—2A

We then take A even smaller so that CEg(t + A) < CEpA <.

So far, we have fixed ¢ and A depending only on Ej and §, and we have assumed that r is much
smaller than A. The last step is to choose r even smaller in order to bound (4-4) from above. To this end,
we let L be the Lipschitz constant of W restricted to RY x (—oo, —A /2]. Since r is much smaller than A,
—A — 1ty < —A/2 and we can estimate, for every y € By/4(x),

Wiy —x, —A—1)) <V(y—x,—A—1)
< W(y, —A)+ L(|x]+ 5o
<W(y,—A)+2Lr.

Let now b = b(A) > 0 be so small that W(y, —A) > b if |y| < % In particular, assuming that r < }f, for
every y € By/4(x), it holds

2Lr
Wyg(y —x, —A —1p) < (1 + 7)‘1’()’, —A).
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The same bound holds, trivially, for any y such that |y — x| > Alf. We now choose r even smaller, if needed,

so that 2Lr/b < 6. Therefore we may bound
3(1+6)

/‘1‘1/8(' —x,t0+AN)dM_, <(148) | W(-,—A)dM_, < Y
B

which yields the desired conclusion, up to choosing § small universal. U

Corollary 4.5 (bound on mdr(M)). Under the assumptions of Proposition 4.4, there exist E| universal
such that, for everyt € [—r32, 0] and every B,(x) C B,,, it holds

M, (B,(x)) < Exr'™. (4-5)
In particular, for every (x,t) € Xy N Q,, and for every r > 0 small enough, it holds

M;_.,2(By(x)) > cor™ (4-6)

for some cy, ¢y small universal.

Proof. Let x, t and r be as in the statement. Then

M,(B,(x)) < Cr™ / W(. —x, —r?)dM, <2Cr",
B, (x)

and (4-6) follows from (4-5) and Proposition 3.4. [l

4.2. Proof of Theorem 4.1. As stated earlier, we are going to argue by contradiction and compactness.
Namely, we fix E¢ and «, we let A be as specified in Proposition 4.4 and we assume there exist £; 0
and two sequences {I"/}, {M/} such that, for every j, M/ and I'/ satisfy the assumptions of Theorem 4.1
with &g replaced by ¢;.

In particular, we assume that I'/ € F, (¢j, B1) and

Ty C{(z, 7) s dist(z, ST) < ¢} 4-7)

We also assume, for the sake of contradiction, that for no j (4-3) is satisfied for any choice of T,
and B.

In the following, we let y/ : Iy N B; — FOL be such that I'/ N By C graphy”, as in the definition
of Fy(¢j, By), and we let %/ := ¥,. We also fix ryp = min{ry, r2, r3}, so that the conclusions of
Propositions 4.2, 4.3, 4.4 and of Corollary 4.5 hold true in Q,,.

Lemma 4.6 (compactness and convergence to hyperplane). There exists a subsequence (not relabeled)
such that, for almost every t € (—r02, 0],

M} —H" ST
as Radon measures in B;,.

Proof. By the Arzela—Ascoli theorem, y/ — 0 in C' up to subsequences. By Corollary 4.5, we may
apply the compactness theorems proven in [White 2021, Theorems 10.1 and 10.2] and find a further
subsequence (not relabeled) and M*° € BF,,(Q;,, I'op) such that, for every ¢ € (—rg, 0],

M) —~ M>.
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In particular, the weak convergence stated above and (4-7) yield
MZ(($T)) =0

for every ¢ € ( —rg, 0]. Therefore, by Definition 2.3, for almost every ¢, there is an integer-valued function
0, € L (ST) so that

loc

® =0,()YH" L (ST N B,).
By testing (2-1) with vector fields X € C! (B, \ To; R4 ) such that S+ X = 0 everywhere, one deduces
that, for almost every ¢, 6;(-) is an integer-valued W1 ! function on S*. Since ST N B,, is connected,
6;(-) must be constant for almost every ¢. Moreover, by (4-6), (0, 0) € Xjs; thus by Proposition 3.4 it

must be 6, > 0 for every t < 0. We conclude by noting that, with the above remarks, for almost every ¢,

Bup = 6, 4™~ L T'y; then the assumption M e V(B,,, I'g) yields 6, = 1. O
Before stating the next result, we define some objects that we will use in the rest of the subsection.

First of all, let F, : R — R be the map

F.(x)= (Sx, iSLx);

with a small abuse of notation, we use the same notation for the map F, : R%! — R%! such that
F.(x,t) = (Fy;(x), t). We now define
¥/ = F, ().

Notice that, by (4-7), 7 C {(x, 1) : |Stx| < 1} for every j. For j € N and (x', 1) € Q,,, we define

w (', 1) ={ze€ B ((x', 2), 1) € TI};

notice that such a set may well be empty or have more than one element. We also define 7/ = Fg; o yliit
is clear that
7/ em—0 inCH.

Furthermore, since |77 1. (B, = 1, by the Arzela—Ascoli theorem and up to passing to a subsequence

(which we do not relabel) we may find g : B;i™ . Bd " such that, for every 0 < ¢ < a,
Stypl > g inC"*
and [gllcre < 1.

In order to keep the notation light, in the following we denote by FE = B'" X Bd " x [— rg, 0] c R%!
and E' = S(E) = 07" C R™!. We also let E, = E'N{x,, > 0}.

Lemma 4.7 (uniform convergence). There exist a subsequence (not relabeled) and u : E! — Bf*’" with
the following properties:
(1) It holds

dy (57 N E; graphu) — 0 (4-8)
as j — oo.

(ii) Forevery (x",1) € Qﬁg_l it holds u((x”, 0), t) = g(x").
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(iii) Forevery X', Y' € E'.,
lu(X') —u(Y")| <2C0(X', Y,
where Cy and ¢ are as in Proposition 4.3.
In (4-8), by graph u we mean the set {(x', u(x’,1),1) : (x',1) e E/\} CE.
Proof. Step 1: Hausdorff convergence. By Lemma 4.6, SINE = @ eventually. Thus one may extract a

subsequence (not relabeled) so that SINE converges in the Hausdorff distance to some closed set SCE.
Since, by assumption, i c {xm = —¢;}, it must also be ¥ cC {x;, > 0}. We define the set-valued function

u(x', 0y =1{y € B{™": ((x', y), 1) € £} (4-9)
for (x', 1) e E/_.
Step 2: u(x’, t) # @ forevery (x', t) € E’_. Assume, by contradiction, that there exists (x’, 1) € E;\S(i)
(recall the notation S(x, 1) = (Sx, t) = (x/, t)). Then, since S (i) is closed, there exists an open neigh-
borhood U’ of (x, 1) such that U’ C (S(X))<. If we let U = S~ (U’) C R, then by Lemma 4.6 and

Fatou’s lemma
0 <H™' (U N (ST x R)) < liminf M/ (V).
J

Thus M/ (U) > 0 eventually. In particular, by taking smaller and smaller neighborhoods, one can pick
a subsequence j, — oo and a sequence X, € X/¢ so that S(X,;) — (x/, t). By using the maps F; defined
above, we rescale in the directions of S+ and find that, up to subsequences, there exists z € Bf*m such that

ij[ =] FSJ'@ (XZ) — ((xlv Z)’ t)

By Step 1, ((x', 2),1) € ¥, which contradicts the fact that ulx',t)=a.

Step 3: u((x”,0), 1) = {g(x")}. Let (x",1) € Q%' If y € u((x", 0), 1), then by Step 1 there exists a
sequence (x;, 1;) € 3/ such that xXj — ((x”,0), y) and t; — t. In particular, by Proposition 4.2, it holds
~ 1 B ,
180 = 79 ) = 1SS ) — 7T ()
j

1/2

<Clxj-em+ej+&;'> >0

as j — oo. Since S/ converges uniformly to g and S*x; — y, it must be

u((x”,0), 1) = {g(x")}.

Step 4: u(x’,t) is a singleton and (iii) holds true. For i = 1,2, let X; = (x;, 1) € ¥. Let also
o= p(S(X1), S(X»)) and, without loss of generality, assume (x2),, > (x1).

Case 1: (x1),, = 0. By Step 1 and Proposition 4.2, we have

15130 — g(x3)| < C(xp)}/? < Cp'/?.

Moreover, |S*x; — g(x)| =lg(x]) — g(x})| < Cp. Thus

|Stx, — Stx | < Cp!'/? 4+ Cp < CpS.
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Case 2: (x1),; > 0and p=0. In this case, we prove that S+ (x1) = S1(x2). Fix w much smaller than (x1),,.
By Steps 1 and 2, we may pick j large enough and three points Y, Y5, W = (w, 1) € ¥/ such that
p(Xi,Y) <wand 2w < p(S(W), S(X;)) < 4w. Up to choosing j larger, we may assume that w > Csjg
and (yi)m > (x;)m — w > 2¢;. Therefore, by Proposition 4.3, since p(S(W), S(Y;)) > w, we estimate
ST =22 < ISH (= YD+ 15702 = y2) [+ [SH (1 = w) | + ST (32 — w)]
<2w+ Co®.
Since w > 0 is arbitrary, it holds St(x)) = St (x2). In particular, u(x’, t) is a singleton for every

(x', ) € E!_. With a small abuse of notation, from here onwards, we will denote by u(x’, ) € RY=" the
only element of the set defined in (4-9).

Case 3: (x1)m > 0 and p > 0. By Steps 1 and 2, we may choose j large enough and two points Y7, ¥»
such that the following hold true:

(1) Y, Y, e 3.
(2) Fori=1,2, p(X;, Y;) < p/8.
(3) Cef <p/2.
(4) Fori=1,2, (yi)m = 2¢j.
Then, by Proposition 4.3, it holds

u(SX1) — u(SX2)| < [u(SX1) — STyl + [u(SX2) — S*(32)| + 1S (31 — )|

=24 +Cpf =2Cp".

as desired. |

The rest of the proof consists in proving that u defined in Lemma 4.7 solves the heat equation
in the interior of E’.. To this end, we recall some facts about the heat equation. First, recall that

E’. = Q7 N {xy, > 0} and let us introduce the sets

Int, E). = E/ \ 0,E’_,
(EL), ={x' €eR™:|x'| <rg—r and x}, > r} x [=r§ +r%,0].
Notice that Int,, E/, =, ((E')),.

Lemma 4.8 (interior regularity for the heat equation). Let g € C(0,E’). Then there exists h €
C>®(Int, E’ ) N C(E!,) such that

0h—Ah=0 inInt, E!,
h=g on d,E’ .
Moreover, for every r > 0 there exists C > 0 such that, for every (x', t) € (E'.),, it holds

max{[h(x, )|, [Vh(x', )|, ID*h(x', )], 19:h (X", )]} < Cligll Lo, £,

We now proceed with the proof of Theorem 4.1.
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Lemma 4.9. Let u be as in Lemma 4.7. Then u € C*(Int,, E',; RI=™yNC(E’ ; R*™™) and
ohu—Au=0
inInt, E,.

Proof. We take as a model the proof of [Savin 2018, Lemma 2.4]. We show that u is equal to the solution
h:E — R to the boundary value problem

dh—Ah=0 in Int, E',
h=u on d,E’_,
whose existence is guaranteed by Lemma 4.8. If not, there exist r, @ small and positive so that the function
E. >, ) lux', 1) —h(x', ) + wlx'|?
achieves its maximum at (xé, 10) € (E’)2,. Since i converges in the Hausdorff distance to graph u, for

some large j we may find X; = (x1, ) € >/ such that (xi, f) e (Ejr), and the restriction to £/ of

2

Stx 2
H(x,t) :=|— —h(Sx,1)| +w|Sx]
£j

achieves its maximum at X.

We claim that, if ¢; is small enough, depending on r and w, then, for every m-dimensional subspace T,
itholds 7 : D*H(X,) > 3, H(X,). This would contradict Proposition 3.7, thus concluding the proof. To
prove the claim, we define f(x,?) = (1/¢;)S Lx —h(Sx, t) and, with some straightforward computations,
we write

Hx,t)=G1(x,t)+ Gy(x, 1),
where
Gi(x, ) = [f(XDP+2f(XD) - (f(x, 1) = f(X1)) + 0| SxI?,
Ga(x, 1) = | f(x, 1) = F(XDI.

Notice that, by Lemma 4.8, there exists C depending on r such that
ID*G1(X))| < C@+ | f(XDIID*h(SX1)]) < C.
Then, just as in [Savin 2018], it is easy to show that, if |7 — S| < cw, then
T:D*G(X1) > & H (X))

and D*G,(X) > 0; thus in this case T : D?H(X,) > 9, H(X1). On the other hand, if |T — S| > cw, then
there exists a unit-vector v € T such that STv > cw. In particular, since D*G,(X,) =2V fFXDHV X DT,

it holds

1 cw?
T : D*Gy(X1) = —|Sv*|VA(SX ) + ;|S%|2 >
J j

We now conclude by remarking that 9, H(X1) =2 f(X1) - 0:h(SX1) < C and

T:D>G (X)) > —|D*G(X))| = —C.
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Thus
2

) cw
T:D°H(Xy) > -C+—- >0, H(X1),
o
J
provided ¢; is chosen small enough depending on w and C (which, in turn, is a large constant depending
onr). O

Once proven that u is a solution to the heat equation, it is sufficient to apply the following classical
estimate:

Lemma 4.10 (boundary regularity for the heat equation). For every a € (0, 1), there exist positive
constants C and B with the following property. Let u € C Z(Intp E' )N C(E'.) be such that

du—Au=0 inlInt,E',.

Assume, moreover, that for all t, u( -, t)|(x, =0y = & € Cl’“(Bro N{x, =0}) we have |g(0)| =|Dg(0)] =0
and |u| < 1 everywhere. Then there exists a linear operator L : R™ — R4~ with |L| < C such that, for

everyn € (O, 4—1‘),
lu(x', 1) — L(x)| < Cn'*P

in (BJ' 0 {2y > 0}) x (=17, 0.
Proof. See [Wang 1992, Theorem 2.1]. |
Remark 4.11. From the fact that g € C'* and that Dg(0) =0, it follows that L(x") =0 if x,, = 0.

Conclusion of the proof of Theorem 4.1. By Lemmas 4.9 and 4.10, there exists L : R” — R?~™ linear
such that L(x") =01if x,, =0, |L| < C and, for every n small, it holds

SN (B x BT x (=40, 0]) C {(x, 1) 1 |S*x — L(Sx)| < Cn' P},

We fix n small, to be specified later, and we choose j sufficiently large so that the Hausdorff distance
between & and £/ is smaller than NP Wenowlet T ={x e R : Stx = €;L(Sx)}. Then it holds

2N, c{IT x| < C'en'thy.
Moreover, by Proposition 4.2 and the fact that |y,f1' (x")| < &;|x"|17, it holds
N Q, C o > —ein' T — €7},
provided n < r,. We choose j large enough so that 8]2 < n'*P. Since B can be chosen smaller than «,
/N Oy Clxp > —28]~n1+ﬁ} N{|T x| < CejnH’ﬂ}.
Up to choosing j larger, the above inclusion yields
2N Q, c{dist(-, TT) <2Cen'tF}.

We conclude the proof by choosing 8’ > B and 7 so small that 2Cn'™# < »'*# and we recover (4-3)
(with B’ instead of B). This contradicts the assumption made at the beginning of the present subsection,
thus concluding the proof. U
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5. Boundary behavior

We now prove Proposition 4.2. The setting is the following. Let Ey and « be given and let r3 be the
constant given in Proposition 4.4. Assume M and I' satisfy the assumptions of Theorem 4.1. Then
mdr(M, Q,,) < oo; therefore Proposition 4.2 follows from the following, more general, statement:

Proposition 5.1 (boundary behavior at scale R). There exist ¢ and ¢, depending only on o with the
following property. Let 0 < § < e <ey, I' € F,(8, Bg) and M € BF,,(Qg, ") be such that
XN Qg C{(x,t):dist(x, ST) <eR})
and
mdr(M, Qr) < 0. (5-1)
Then

Loy 1NN (2
EﬁQR/zC{(x,t):xmzJ/m(x”)—R32+c1fe|S @ =y () }

2(¢R)?

Remark 5.2. The role of (5-1) is to guarantee that the maximum principle (Proposition 3.7) holds true.
Proof. By a simple rescaling argument, it is sufficient to prove the result in the case R = 1. We fix ¢ small
and e; < ¢, to be specified later. By contradiction, assume there exist 0 < § <& <e&;, I and M as above,
and a point (X, ) € £ N Qj, such that

0<wi=——|STE =y @D =62+ ymE") — Fn.
2g2

We show that, if this is the case, then we may build a family of surfaces sliding in the direction of e,, that
touch X at some point where the conclusion of Proposition 3.7 fails.
In order to do so, we first define the functions g : R — R and 4 : R" — R as
|z =Sty @)I?
2¢2 ’
h(y) = PG") =1y = %" = ym.

glx)=c

where
P(y") =y (&) + Vym (&) (" =) =87 = Cly" = %",

and C is a constant depending only on « chosen so that
P(x") < ym(x") (5-2)

(to show that such C depending only on « exists, use the fact that y € C'**(Bg) and Young’s inequality).
Then, choose a smooth function f: R — R such that f(—1) =—4c, fl;>—1/4>—w/2, f <0everywhere
and f'(t) < 8c everywhere. We now set

H(x,t) = g(Stx) +h(Sx) + f(1).
This way, the zero-level set of H is a surface sliding in the e,,-direction. Notice that
H(x, 1) =w+ f() > 0. (5-3)
We now show that, if (x,7) € EN((I' x R)U 9, Q1), then H(x,1) <O0.
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(1) If x € ¥_4, then
o 2(Stx) <c(e+8)%/(26?) =2c, since |Stx| <eand |y(x")| <8 <e,
e by (5-2), h(Sx) < Y (x") — x;p < 2e.
The two above facts, along with the assumption f(—1) = —4c, yield
H((x,—1)<2c+2e—4c <0
provided ¢ < c.

(2) If x € 9B N X;, then | St x| < & and x,, > —e. Thus
x| = V11— —xp >3 —xp,

provided ¢ is small enough. In particular, |x” — X" | > % — x,,. Hence:
o Since ||y |lcrep,) <8, we have
h(Sx) 28— (C+ D" =& = x, <28 — (C+ D)(3 = x)" = x.
e Asin (1), g(S*tx) <2c,
s f()=0.

Therefore

2
Hx,1) 220420 = (C+ D(§ =) = <2420 = 7 7ms <0

provided C > 1 and ¢, § are small enough.

(3) Lastly, for every x € I" and ¢ € (—1, 0), under the assumptions § < & and ¢ < 1, it holds

C
2¢2

Since f <0 and h(Sx) < yu(x”) — |x” —X"|* — x,,, we have

Cc _ - -
g0 = SISTr () =y G = SIVy el =& < | = &2

H(X, t) = Vm(-x//) —Xm = 0.

Points (1)-(3) above and (5-3) show that there must exist ¥ = (y, s) € Q1 N X with y ¢ I" such that
H |(;<) has a local maximum at (y, s).

We now show that one can choose ¢ even smaller, if needed, so that the existence of such a point would
contradict the maximum principle. Indeed, since |S*y| < ¢, if ¢ is small enough then

IVA(SHI®
— T >eg.
[Vg(S+y)12 —
Thus
ISEVHY)| = |Vg(Sty)| < (1 —&)|[VH(Y)|.

Therefore, if T is an m-dimensional subspace of R4 such that T L VH(Y), then

T:SLzs
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and
D*h 0

. N2 _ .
T:D H(Y)_T.( 0 D%

) > —|D*h(Sy)| +¢&|D*g(STy)l.

Now, simple computations show that, up to multiplication by constants depending only on m and o,
|D?h(Sy)| <1and |D?g(Sty)| > c/e?. Therefore, if ¢ is much smaller than c, then T : D*H (y) > ¢/ (2¢).
However, by Proposition 3.7, it holds
inf T :D*H(Y)<8H(Y)=f'(s) <8,
TLVH(Y)

which is a contradiction. O

6. Decay of oscillations: proof of Proposition 4.3
We begin by giving the following definition:

Definition 6.1. Let u : R™! — [—00, 1] be an upper-semicontinuous function. Assume that, whenever a
smooth function ¢ : R™! — R touches « from above at some (x}, to) € U x I (according to the terminology
set in Section 3.2) and |V<p(x(’), t0)l, |D2<p(x6, to)| are smaller than some fixed universal constant §y, then

dp — MT(D*) <0 (6-1)

at (x(/), fo) (see Section 3.2 for the definition of M ™). Then u is said to be a viscosity subsolution to (6-1)
inU x I.

The reader should notice that the classical definition of viscosity solution is slightly different than ours, in
that the test function ¢ usually has no restrictions on the magnitude of |V¢| and | D?¢| at the touching point.
The proof of Proposition 4.3 is achieved in three steps:

(1) First of all, one sees that the support of a M behaves, in some sense, like the graph of a viscosity
subsolution to (6-1), as in the definition above; this was proved in Corollary 3.8.

(2) By exploiting the results in [Wang 2013], one shows that, if a ¥ has a point far enough from S, then
the mass of M near that point cannot be too small.

(3) If £ does not have the decay of oscillations stated in Proposition 4.3, then by the previous step the
mass of M in some parabolic cylinder must be large; this contradicts the small density assumption (4-1).

Before proceeding, we introduce some notation that we are going to use in the present subsection.
Given 6 € (0, 1), we define the set

t
P = {(x/, HeR™:x)? < —53 < 1}.

One should compare these sets with those which, in [Wang 2013], are called “parabolic balls”. Our
definition slightly differs from theirs; notice that with our choice 7719 C B{" x (=62, 0).
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Lemma 6.2 (measure estimate [Wang 2013]). For every 6 > 0 and n € (0, 1), there exist small con-
stants 1, r with the following property. Let u : R™!' — [—o0, 1] be a viscosity subsolution to (6-1) in
BY" x (—62, 0) and assume that
u(¥Yo) =1—n'

for some Yy € B" x (—6%r2,0). Then

L {u=1=pnPY) = (1= wL™ (PY). (6-2)
Proof. This result corresponds, essentially, to [Wang 2013, Lemma 4.3]. Apart from some trivial
adjustment of constants, there are two caveats:

o The results in [loc. cit.] are stated with the classical definition of viscosity solutions, where no bound
on the test function at the touching point is required. However, it is easy to see that the results are valid
for our definition of viscosity solution, as well.

« In our setting, we allow u to be merely upper-semicontinuous and, possibly, take infinite values, while
in [loc. cit.] u is required to be continuous. This minor point can be easily overcome by looking at the
sup-convolution of u,

s (1) = suplu(y, ) = $(x =3P+ =) .

which conserves the property of being a viscosity subsolution to (6-1) and for which (6-2) holds true, by
[loc. cit., Lemma 4.3]. Letting § N\ O gives the desired conclusion. U

Before stating the next result, we fix some further notation. For any closed set ¥ C R%! and any
Q c R4 we let

osc(Z, Q) =inf{h > 0: there is y € R? such that TN Q C {x : [S*(x — y)| < h}}.

‘We also let
C,={xeR?:|Sx| <r}).

Lemma 6.3 (Harnack inequality). For every § € (0, 1), there exist small constants &5, 0, r, n with the
following property. Let & < g5 and M € BF,,(Cy x (=62, 0]) be such that

T C{|Stx| <e}, (6-3)
/ W(.,0)dM, <2—68 forallt e (—620), (6-4)
Ci
and
mdr(M, C; x (=62, 0]) < oco. (6-5)
Then
0sc(Z, Cr x (—=0%r2,0]) < (1 —n)e. (6-6)

The proof of the above result involves some technical estimates. It is therefore convenient to give
an overview of the strategy. If (6-6) does not hold, then one finds two points Y| and Y, in X that are
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far enough in S*. By applying Lemma 6.2 twice, we find that in C; x (=62, 0) the mass of M must be
almost that of two m-dimensional disks. This contradicts (6-4), which encodes the fact that the mass of
M must not exceed by too much that of a single disk.

Proof of Lemma 6.3. Let 6 € (0,1) be given. Fix 6 and p, which we will specify later, and let r
and n’ be chosen accordingly as in Lemma 6.2. Moreover, fix ¢ much smaller than u and n < 7/, to
be specified later. Assume, by contradiction, that there exist M € BF,,(C; x (—62, 0]) that satisfies
the assumptions of the present result with the choices made above, and two points Y; = (yy, 1), Y2 =
(2, $2) € 2N (Cy x (—=62r2,0]) with |SLy; — SLy2] > 2(1 — n)e. For every (x', 1) € B x (—62, 0] and
fori =1, 2, let
muxnzégwmu—&wAueslmduﬁ@ez¢

Notice that u; and u; are upper-semicontinuous and, for every (x’, 1), either u(x’, t), u»(x’, t) € [0, 1] or
u) = uy = —oo. By Corollary 3.8 and (6-5), both u; and u, are viscosity subsolutions to (6-1). Moreover,

1 /
ui(Sy2,52) = 51Ty =Syl = 1=n= 1=’
hence, by Lemma 6.2,
L (fuy = 1= NPy = (1 — L™ (P)).
With the same argument, one also obtains
L fuz > 1=y 0P > (1 — L™ (PY). (6-7)

We now want to estimate

/ VdM.
C1x(—62,0)

We first define, for i = 1, 2, the sets

2 2
A = {(x,t) e R (Sx, 1) e P, |SE(x — )] < g and 1 < —%}

Notice that A} N A, = & and, by (6-3), for M-a.e. (x, t) € A;, it holds

|Stx? / AW
WSz = (1- o WS, 1),

2

8¢2/8

4¢

where W/ (x/, 1) ;= W ((x’/,0), 1).
Therefore we have

f \IJsz/ \IJdM-l—/ VWdM
C1x(—62,0) Ay Az

> (1 — g) (/ W'(Sx,t)dM(x, 1) +/ W'(Sx,t)dM(x, t)). (6-8)
Ay A

Moreover, by Lemma 3.6 and by the coarea formula,

\D(x,t)zexp( )‘P’(Sx,t) ZeXP<—

/ W' (Sx,t)dM(x,t) > / W (x HdLm (). (6-9)
Ai S(ANT)
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We may assume that u and n are smaller that some universal constant so that, if z € R with |z| <&
is such that |z — ST y,|/(2¢) > 1 — p, then
sty <&
l2=S"nl=7.
In particular, we have
2
S(AINE) D (e = 1— NP N {z < —2%}

which, together with (6-7), yields that S(A; N X) covers a large portion of P?; namely

LS nD) = £ (P N = 1 - pin fr < ‘2782})

m 262 m
= £" NP N 2 1= ) = 5 = (=2 L™ (PY),

provided 2 < ¢ for some ¢ small universal.
We are now ready to choose u, depending on &, so that the above inequality and the fact that ¥ ¢
L' (™' PY) yield

2 2
f W acm! zf W acm! _&:92/ W, —6%acm — 97 (6-10)
S(AINE) PY 8 By 8
Finally, we also choose 6 small such that
/ \IJ/(~,—92)d/:’"z/ \D/(-,—Qz)dﬁ’”—%:l—%. (6-11)
B m
By (6-10) and (6-11), it holds
/ v dcm! > 92(1 - Q). (6-12)
S(AINT) 4
The same argument can be repeated for A,, thus giving
/ wdcm! > 92(1 - §). (6-13)
S(ANT) 4
We conclude the proof by combining (6-8), (6-9), and (6-12), (6-13), obtaining
[ o= -1 - 2),
Cl ><(—92,O) 8 4 4
which contradicts (6-4). This concludes the proof. O

A simple rescaling argument allows one to iterate Lemma 6.3 and obtain the following

Proposition 6.4. For every § € (0, 1) there exist C (large) and ¢ (small) with the following property. Let
M € BF,(Cg x (—R?, R?)) be such that

mdr(M, Cg x (—R?, R?)) < 00 (6-14)
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and assume that, for every (x,t) € Cgjp X (—R?/4, R?/4)) and every s € (t — R?/4, 1), it holds
/ V(- —x,s—t)dM; <2—-6. (6-15)
Crypa(x)

If ¢ = 0sc(Z, Cg x (—R?, R?)), then, for any couple (x,1t), (y,s) € Crp x (—R*/4, R>/4) N T such
that p = p(X', Y') > CR'=S¢&S, it holds

Lo ﬁg
[S~(x y)|§C8<R).

Proof. We prove the result for R = 1, as the general case follows by replacing M with Dg M.

Let &2, 6, r, n be the constants given in Lemma 6.3 in correspondence to 6. Without loss of generality,
we may assume that ¢ < g;; otherwise the result follows by choosing C large enough. Consider the
rescaled flows M* = D,«(M — X). By induction, the assumptions of Lemma 6.3 are in place for every

1—n k
( ) e <eép. (6-16)

integer k such that

r

Therefore, scaling back to the original flow, we see that for those k
0sc(Zpr, Coi(x) x (£ —0%r% 1)) < (1 — p)ke.

Let now X = (x, ¢) and ¥ = (y, s) be two points in Cj /5 x (—}‘, le) NX andlet p = p((x', 1), (¥, 5)).
Without loss of generality, we may assume that ¢ > s. Furthermore, by taking C > 2/6, we may clearly
reduce ourselves to the case p < /2. By choosing ¢ small enough and C larger than the choice
made above, if necessary, we infer from p > Ce* that there exists k € N satisfying (6-16) such that
rk+1 <25/6 < r*. Thus

Y € Cop(x) X (t —4p%, 1] C Cra(x) x (t — 027 1];

hence it must be |S+(x — <21 - n)¥e. We conclude the proof by taking C larger and ¢ smaller, if
needed, so that 2(1 — ) < Cps. O

We finally prove Proposition 4.3.

Proof of Proposition 4.3. Let ry = % min{ry, r3}, where r| and r3 are given in Propositions 4.2 and 4.4,
respectively. Let also X = (x,7), Y = (y, s) be two points in ¥ N Q,,. Without loss of generality, we
assume that R := x,,, > y,, > 2¢. Let p = p((x', 1), (', 5)); finally, let ¢ be the constant determined in
Proposition 6.4 corresponding to 6 = % We shall distinguish two cases.

If p < R/8, then we may find ¢’ € (—r3, 0] such that X, Y € Cgja(x) x (' — R?/16, ¢’ + R*/16) and
Crya(x) C I'. Since R < 1, the assumption p > Ce® yields p > CR'=S¢S. By Proposition 4.4 and
Corollary 4.5, (6-14) and (6-15) hold true; thus Proposition 6.4 applies and we obtain

S
ISt —y)| < c?(%) 0se(Z, U(X)),
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where U(X) 1= Cgya(x) x (' — R?/16,t' + R?/16). By Proposition 4.2, we may estimate

0sc(Z,U(X)) <2CevV2R+ e+ 2+ CR||Vy o < CeR'?,
since € < R/2 and |Vy e < Ce. Thus
1St (x — y)| < CeR"?75pS < Cep*,
since ¢ can be chosen smaller than %
On the other hand, if p > R/8, then it is sufficient to use Proposition 4.2 twice and the fact that
IVYlloo < Ce to estimate
ST (x —y (") < Ce(R+e+6M)"? < Cep'/?,
ST (=¥ ("D < Ce@R+e+6%)'? < Cep'?,
ST (r ") =y ") < Cep.
We therefore conclude
ST (x = y)| < Cep'’? < Cep®,
which is the desired result. O

7. CVB regularity

In the present section, we prove the following e-regularity theorem:

Theorem 7.1 (C!-# regularity). For every Eq and «, there are small constants €3, A, n and B with the
following property. Let ¢ < g3, I € Fo(e, By), M € BF,,(B; x [—A, 0], I') be such that (0,0) € Xy,
u C{(z, 1) : dist(z, ST) < ¢},
sup M;(B)) < Ep

te[—A,0]
and

/ (-, =A)dM_4 <
By

Then there is u € Cl’ﬁ(Q’,?, RI=™Y with lullcre < Ce such that Xy N Q‘f, = graphu and, for all
t € (—n*/4,01, it holds 3%, N B, C T.

B

Before proving the above result, we record the following consequence of Theorem 4.1
Proposition 7.2 (iteration of the improvement of flatness). Under the assumptions of Theorem 4.1, for
every X = (x,t) e XN Q,:
o If x €T, then there exists an m-dimensional half-plane T; such that BT};r =T, and
N Qe (X) C{dist(-, x + Ty ) < 2en*1+F)}
for every k € N.
o If x ¢ T, then there exists an m-dimensional plane Tx such that

N0 (X) C{dist(-, x + Tx) < 2en 7}
for every k € N.
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Proof. This result is a straightforward consequence of an iteration of Theorem 4.1. Namely, given
X € ¥NQ, withx € T', we may find a sequence of half-planes T,f such that

XN Qe C{dist(-, T,") < n* P},

Moreover, |T;" — T;F || < Cen*"*P) /n* for some C depending only on Eg and «. Therefore, {7,"}
converges to some half-plane T; for which the conclusion of the proposition holds true.
For the case x ¢ I', one may see [Tonegawa 2019] or replicate the techniques of the previous sections. [

Remark 7.3. Given x € I" and T(L)

we let T{y ;) be the m-dimensional plane obtained by reflecting T(;t) across T,I". We note the following

as in Proposition 7.2, throughout the rest of the present section,

conclusion of Theorem 4.1: there is C depending only on E¢ and « such that, for every X € XN Q,, it holds
|Tx — S| < Ce.
We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. Up to a rotation, we may assume, without loss of generality, that 7(g oy defined in
Proposition 7.2 coincides with the plane S that satisfies the assumptions of the present result.

Step 1: ¥ is the graph of a C'-# function over S(E). Let X € £ N Q4 and, for simplicity of notation, let
T = Ty as defined in Remark 7.3; recall that |7 — S| < Ce. For any other point ¥ € £ N Q¢, we may write

ISt — W < THx — Y|+ 18T =T+ |x -y
<Cep(X, V)"’ +Cep(X,Y)
<2Cep(X,Y).

If &3 is smaller than some universal constant, we conclude
1S+ (x — y)| <3Cep(SX, SY).
The above inequality, together with Proposition 7.2, yields
T+ (x — y)| < Cep(SX, SY)!*P. (7-1)
Now, by using the identities S+ S+ = T 4+ T = I, it may be checked by direct computations that
(I—St*T)St(x —y) = S*TS(x —y) = STTH(x —y). (7-2)

Since |S — T| < Ce, (I — S*T) is invertible and |(I — S+T)~'| < 2 provided ¢ is small enough. In
particular, by letting L = (I — S+T)~'SL, we have |L| < 2. Then (7-1) and (7-2) above give

|Stx — STy — LT (Sx — Sy)| = |[LT(x — y)| <2|TH(x —y)| < Cep(SX, SY)'TP.  (7-3)

This proves that, indeed, there is u € C#(S(Z N Q,); R¥™™) with [|u||c1s < Ce such that N Q, =
graphu.
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Step 2: Absence of holes. We now “split” the parabolic cylinder Q> into two components, on two
opposite sides of I'. To this end, we define the sets

El ={x"e B, x> ym(X),  ELi={x"€ B cx, < Ym (X},
their parabolic counterparts
&l =E x (—n*/4,0] c R™!
and, lastly,
Ex={(x,t) eR": (&, 1) € Ex}.

Arguing for the positive side (as the argument applies for the other case) we claim that, if X; = (x1,#) €
X N&;, then
ELN{t=n}cSENQOy. (7-4)

To prove this, assume by contradiction that there is (x, to) € 5; \ S(X) with 7p < #;. Since y € C1¢, it
is easy to see that there exist a smooth curve p : [fo, 1;] — E’, and p > 0 with the following properties:

p(to) =x, and p(t1) = x|,
Q" (p(1), 1) C €,
Q7 (p(t), 10) C S(X)°.
The fact that ¥ is closed and Proposition 3.4 yield the existence of a time ¢ € (fy, ;) such that
Q7 (p(1), 1) C S(X) forevery t < t and a point (yo, o) € X such that (y,, so) € SBf(p(t_)) x [t — p2, 1].
Let us now consider a sequence r; \ 0 and define the dilations

M’ =D, (M — (y0. 50))-

Since M has bounded maximal density ratio, the compactness theorems in [White 2021, Section 10]
yield that, up to passing to a subsequence, M/ converges to a limit Brakke flow M.
Then (7-3) implies that there exists an m-dimensional half-plane T such that

Sy CTT x (—o0, 0].

Moreover, since (yg, Sg) € Xy, we have (0, 0) € Zpye.
We finally show that this violates the maximum principle. Up to a change of coordinates, say

TH={xpi1=--=x4=0and x,, > 0} and let
ITEx > X712 |xw|? 1
1t = - - _t7
where x” = (x1,...,xm—1). Then fl|s,ni<0; has a local maximum at (0,0). However, it holds

3, £(0,0) = 1/(2m) and

) 11

f T:D*f0,0)=1—(m—1)—=—,
Te(!r?(m,d) f( ) (l’l’l )m m
T LV £(0,0)

which contradicts Proposition 3.7, thus proving (7-4).
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Step 3: Conclusion. Since, by assumption, (0, 0) € Xy, by Proposition 3.4 it must be M,(B,) > 0 for
every t < 0 and r > 0. However, if there were #; < 0 and r > 0 such that

Mtl(Br N{xn, < Vm(x//)}) >0,

by the previous step it should be & N{r <#;} C S(XNQ,). However, this would contradict Proposition 5.1
with R = 5, provided &3 is chosen small enough. Therefore we have that, for every ¢ < 0 sufficiently
close to 0, it must be

M; (B N {xm > Ym(x")}) > 0

and, by the previous step, £, C S(X N Q) which, together with (7-3) amounts to saying that there exists
u: & — RI™™ such that

EN(E4UE) =graphu = {(x,1): Sx € £, and S*x =u(Sx,1)}
and |lul|c1s < Ce.

We only have to prove that 0%, N B, » C I" for every 7 € (—n?/4, 0]. If there were x € 3%; N By \ T,
then by the fact that u € C"# there would be some blow-up of ¥ around (x, ) that is contained in an
m-dimensional half-plane for all times. Arguing as in the previous step, one finds a contradiction to
Proposition 3.7. (Il

Appendix A: Proof of Lemma 3.2

Up to rescaling and translating, it is sufficient to prove that there exist A and A small and positive,
depending only on § and ¢, such that, if I' is an (m—1)-dimensional properly embedded submanifold of B;
with [Clcres,) < A, then

chz(O) +38. (A-1)

0
/"/VGFLVWMyJNdFOOdti
“A

For brevity, we denote by I'y the space T,I". Throughout the proof, C will denote constants (possibly
changing from one expression to another) depending only on m, d, .

Case 1: 0 € I'. We start by remarking that
RVICH!

0 0 0
/ /|F;vw1(.,t)|drdt5/ / |FyiV\IJ(-,t)ldF(y)dt+CF(Bz>/ o At
—A -AJB, - (="

If A is smaller than some universal constant, then I'(B;) < C; thus we may take A small depending on §
so that the last term in the above inequality is smaller than §/2. Therefore we reduce ourselves to proving
that, if A is small, then

0
8
I ;:/ Ty V(.. 0)|dTdr < .
—AJ B 2

Since [I"]¢iep,) < A is small, for every (y, 1) € I' x (=00, 0),

P/t P/t

1 1+o
(_t)1+m/2 |Fy y| =CA '

Ty Ve (y,nl<C Coren
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We then use the fact that, if A is smaller than some universal constant, then I' N B, is the graph over I'g
of some function y : R"~! — RY="+1 guch that ||y | c1.« < CA. In particular, by using the area formula
and the fact that | Vy | L~(,) <1 for A small enough, we obtain

1 2 _ -
ITEVW (y, 0] dT(y) < CAW/R 1P L ) = Ay
B - m—

(

for some C depending only on m and «. Therefore, assuming A <1,
0
I < CA/ (—)**~Vdr < CA.
-1
We conclude the proof in the case 0 € I by choosing A < §/(2C).
Case 2: 0 ¢ I'. Let Er be the m-dimensional Hausdorff measure restricted to the exterior cone
Cri={My:A>1land y eI}

with multiplicity, as defined in [White 2021, Section 7]. With similar computations to those in the proof
of [loc. cit., Theorem 7.1], we may show that

0
[ firivwooniarord < tim [ oage+ [ -adecas)
—_A T
=/\I’](,_A)dEF+CAEF(B2)9

where the last equality comes from the fact that O ¢ T".

In order to prove (A-1), we argue by contradiction: assume there is a sequence {I"/} with O ¢ I'/ such
that ||T"/ lcre(, < 1/j for which the left-hand side of (A-2) is greater than % + 6. One may show that,
up to extracting a subsequence, E-; converges weakly to H™ L ST, where ST is some m-dimensional
half-plane such that O ¢ Int(S™). Therefore

limsup{/\lll(-,—A)Epj+CAE1~,~(BZ)} 5/ Wi(-,—A)dH" + CAH" (BN SH).
S+

j—00

Since 0 ¢ Int(S™), the integral in the right-hand side of the above inequality is smaller than % for every
choice of A. On the other hand, A may be chosen so small that

CAN (BN STy <2,
which contradicts the assumption made above, thus concluding the proof.

Appendix B: Proof of Lemma 3.6

We refer the reader to [Kasai and Tonegawa 2014, Lemma 9.4] for a detailed proof of Lemma 3.6. Since
some minor modifications are needed, in this section we sketch the outline of the proof.
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Let U C R be open, I C R be a nonempty interval, I" be an (m—1)-dimensional C'** submanifold of
U andlet M € BF,,(U x I,T"). We assume that M satisfies a bound of the form

mdr(M,U x 1) < E| <0 (B-1)

and we let ¥ = X be its space-time support.
Before proceeding, by virtue of Proposition 3.4, we fix small constants ¢y, ¢, and Ry, depending on E|
and I, such that, for every (x, t) € ¥ and every R < Ry such that Bg(x) x (t — c1R?,t) € U x I, it holds

M,_ ., g2(Brj2(x)) > caR™.

By Definition 2.3, for almost every ¢ € I there exist an m-dimensional rectifiable set £ C U and a
positive, integer-valued function 6, : E, — N such that M; = 6,(-)H™ L E;. We choose a time ¢ as above,
with the additional condition that s — M, (¢) is continuous at ¢ for every ¢ € C.(U). By [Tonegawa
2019, Proposition 3.3], almost every ¢ € [ satisfies the latter condition.

We claim that, for every such ¢ and for every Bs,(xg) € U, it holds

H™ (2, \ E;) N By (x0)) = 0; (B-2)
this clearly implies (3-4).

In order to prove (B-2), we argue by contradiction. Assume that there is (xg, #7p) € U x [ and r > 0
such that B3, € U and H" (A N B,(xp)) > 0. Without loss of generality, we may take xo =0, t = 0 and
set A:= 3o\ Eop.

Let

Ap:={x € ANB, : My(Br(x)) <caR"™/2 for all R € (0, r/k)}.

Since, for H™-a.e. x € E, it holds

. My(Bgr(x))
Iim —————=0
R\0 R™

9
we have

O<HWAD&J=HmOJAO.
keN
Therefore we may find k € N such that by := H" (Ay) > 0.
By standard measure-theoretic arguments, it is not hard to show that there exists ¢ small universal such
that, for every R small enough, we may find N € N and a finite collection of points {xj}j\’:1 C Ay such
that {Bg(x;)} are mutually disjoint and

NR™ > cbhy. (B-3)
By the definition of A, since x; € Ay, we have
N
Rm
MO(U1 BR(xj)) < NCZT' (B-4)
Jj=

On the other hand, by Proposition 3.4 and the fact that x; € ¥, we have

N
M_. g (U BR/z(Xj)) > NcyR™. (B-5)
=1
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We now fix a cut-off function ¢ € C2°(By) such that ¢ € [0, 1] everywhere, ¢lB,, =1and |Vgp| <4.
Then, given R small, we let o(x) = ¢(x/(2r)), ¢;j(x) = ¢((x —x;)/R) and

N
G=0o— Y @
j=1

Then clearly ¢ € [0, 1] everywhere and |[V@| < C/R. Notice, moreover, that

N N N
Z XBrp(x) = Z i = Z XBr(x))-
j=1 j=1 j=1
For brevity, set s = —c; R% By (B-4) and (B-5), we have

Mo(po) — My (o) = (Mo(@) — M (@) + (Mo (Z <p,-> — M, (Z w))

< (Mo(@) — M(@)) + (NcaR™ /2 — N, R™)
= (Mo(9) — My (9)) — c3bo (B-6)

for some c3 small, where (B-3) was used in the last inequality.
We now estimate, by using Definition 2.3,

0 0 12 / »0 172
M@~ M) < [ [ H-Voam i < (/ / |H|2) (/ / |V¢|2) S B
N N BZr s
By (B-1) and the fact that s = —c R? we have, for some C large,

0
f f IV@I* dM, dt < (—s)|IV@||2 M, (Bay) < CEr™;
s

therefore (B-6) and (B-7) yield

0 1/2 1 1/2
H?dM,dt) > Mo(on) — M. by,
(f—csz /Bzr |H| t ) = (CE]?"") (Mo(¢0) 12 (90) + c3bo)

By assumption, ¢ — M, (¢g) is continuous at 0. Thus we may choose R so small that the right-hand side

of the above inequality is larger than chy/(E;r™)'/? for some ¢ small enough.
Finally, we consider the function ¢ = ¢(x/(3r)). By Definition 2.3 and the Cauchy—Schwarz inequality,
we have

0
Mo(@) — M (@) < f (—¢|HP +V§ - H)dM, di
761R Bs,

IWI2
—L]Rz B3, 2 —LIRZ B;,
b?
5——/ / |H | dM,dt—l—CElrmRz —O,
*C1R2 Bo, E]rm

provided R is chosen small enough. This contradicts the continuity of 7 — M,(¢) at 0, thus concluding
the proof.
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OPTIMAL BLOWUP STABILITY FOR THREE-DIMENSIONAL WAVE MAPS

ROLAND DONNINGER AND DAVID WALLAUCH

We study corotational wave maps from (14 3)-dimensional Minkowski space into the three-sphere. We
establish the asymptotic stability of an explicitly known self-similar wave map under perturbations that
are small in the critical Sobolev space. This is accomplished by proving Strichartz estimates for a radial
wave equation with a potential in similarity coordinates. Compared to earlier work, the main novelty lies
with the fact that the critical Sobolev space is of fractional order.
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1. Introduction

The present work is concerned with the wave maps equation, the prototypical example of a geometric wave
equation. The wave maps equation is a natural generalization of the wave equation when the unknown
takes values in a Riemannian manifold. Here, we are only interested in the case where the manifold is
the round sphere; i.e., we consider maps U : R4 — S ¢ R?+1 where R4 is the (14d)-dimensional
Minkowski space. In this special case, the wave maps equation takes the form

where - denotes the Euclidean inner product on R4+1! and Einstein’s summation convention! is in
force. Equation (1-1) is a hyperbolic partial differential equation and it is natural to study the Cauchy
problem. To this end, one prescribes initial data U(0,-) : RY — sS4, doU(0,-) : RY — R4tL with

This work was supported by the Austrian Science Fund FWE, Projects P 30076 “Self-similar blowup in dispersive wave equations”
and P 34560 “Stable blowup in supercritical wave equations”.

MSC2020: primary 35L71; secondary 35B44, 35L15.

Keywords: nonlinear PDE, wave equations, blowup.

1 As is common in relativity, we number the slots of a function on Minkowski space from 0 to d and 99 = —9g, whereas
0/ =0; for j €{1,2,...,d}. Two indices, where one occurs upstairs and the other one downstairs, are automatically summed
over and Greek indices take on the values 0,1, ...,d.
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U(0,-)-3oU(0,-) = 0 and aims to construct a unique solution to (1-1) satisfying these initial conditions.
Intriguingly, for d > 2, it is in general impossible to construct global-in-time solutions to the Cauchy
problem for the wave maps equation, even if the initial data (U(0, -), doU(0, -)) are smooth and nicely
behaved towards infinity. For d > 3, this is evidenced by an explicit one-parameter family of self-similar
solutions. Indeed, for T > 0, let UL (¢, x) = Fi(x/(T —1)), where Fi : R? — s4 c R4+1 is given by
1 (Nd —25) _ (sin(f*(s))é—l)

Fi(§) =

T d—2+E2\d -2 cos( fx(£))

with

o &1
f«(&) = 2arctan(m).

Then U is a wave map, as one may convince oneself by a straightforward computation. The solution UL,
which was discovered in [Turok and Spergel 1990; Shatah 1988; Bizon and Biernat 2015], starts from
smooth initial data but develops a singularity in finite time in the sense that the gradient blows up.
Moreover, by the finite speed of propagation property inherent to the wave maps equation, the behavior
of the data at spatial infinity is completely irrelevant. A natural question that arises immediately is as to
whether this explicit blowup solution has any bearing on the generic behavior of the Cauchy evolution.
Perhaps U actually belongs to a larger family of solutions which exhibit similar kinds of singular
behavior? And if so, how large is this family? To answer these questions it is necessary to study the
stability of U] under perturbations of the initial data. For the case d = 3, we show that all solutions that
start out close to U develop a singularity with the same asymptotic profile as UJ. Furthermore, the
smallness of the perturbation is measured in the weakest possible (L2-based) Sobolev norm.
In order to state our main theorem precisely, we set

2 X
uf(t,x):marctan( x| )

T—t
and define Q7 C Rx R3 for 7 > 0 by
Qr 1= ([0, 00) x R\ {(t,x) € [T, 00) x R : |x| <t —T}.

In words, 27 is all of the future of the initial surface + = 0 minus the forward lightcone emanating from
the blowup point (7, 0). Furthermore, for R > 0 and x¢ € R?, we set [B‘Ile (x0) :={x € R¥ : |x —xo| < R}
and abbreviate BLIZQ = [EB‘I’; (0).

Theorem 1.1. There exist constants 8o, M > 0 such that the following holds. Let F : R — S3 C R* and
G : R® — R* be given by

_ [sin(x]f i _( cos(|x| f(x))g(x)x )
Fx)= ( cos(|x]| f(x)) ) - 6= —sin(|x| f(x))[x|g(x)

for smooth, radial functions f, g : R®> — R. Assume further that § € [0, 8y] and

1]
I-10Cf 8)— (ui(O, °), Boui(O, '))]||H3/2xH1/2(B§+5) = M
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Then there exists a T € [1 — 8,14 8] and a unique smooth wave map U : Qr — S3 C R* that satisfies
U(0,x) = F(x) and 3oU(0, x) = G(x) for all x € R3. Furthermore, in the backward lightcone of the
point (T, 0), we have the weighted Strichartz estimates

T
_4
L ) =Vl oy e <82

T
-1 T 6 6
LI @) = UL 1yt <8
for j €{1,2,3}.
1.1. Discussion. We would like to make a couple of remarks.
1.1.1. Stability of blowup. Note that
vlw.0=(9)

for all ¢ € [0, T'). Hence, a scaling argument shows that
_4 1
-3 @) = U 0Dl oy = (T =172,

from which we infer that

T T
_4 _
| Il - UT ) By ydr= [ -0 ar=co.
0 T—t 0
Similarly,

T T
-4 T 6 ~ -1 3, _
/0 I-177150; U, (t,~)||L30/11(B3T_t)dt _/0 (T—1t)"" dt =o0.

Consequently, these Strichartz norms detect self-similar blowup and Theorem 1.1 shows that U] is
asymptotically stable in the backward lightcone of the singularity. Put differently, our solution U can be
trivially written as

Ut,x)=UL(t.x)+ U@, x)-UL(@, x)

small

and this shows that U exhibits the same blowup as U] modulo an error which is small in suitable
Strichartz spaces.

1.1.2. Optimality. Equation (1-1) is invariant under the scaling U(¢, x) +— U(t /A, x /1) for A > 0 and the
corresponding scaling-invariant Sobolev space is H4/2 x g4/2=1(R4). Moreover, from the ill-posedness
of the wave maps equation below scaling [Shatah and Tahvildar-Zadeh 1994] it follows that the smallness
condition imposed on the initial data is measured in the optimal topology in terms of regularity.

1.1.3. Symmetry. The prescribed initial data belong to the class of corotational maps, a symmetry
preserved by the wave maps flow. Further, our Strichartz estimates are not translation-invariant and so are
inherently corotational.
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1.1.4. Maximal domain of existence. The domain on which we construct solutions is all of [0, co) x R3
except for the part of spacetime that is causally influenced by the singularity. Whether one can extend the
solution even further in a meaningful way is an intriguing open question.

1.1.5. Supercriticality. Lastly, we want to emphasize the fact that Theorem 1.1 is a large-data result for
an energy-supercritical geometric wave equation.

1.2. Related results. Due to the sheer volume of intriguing works on the wave maps equation, we can
only mention a handful of results which are directly linked to the present paper. For the local theory of
corotational wave maps at low regularity we refer to [Shatah and Tahvildar-Zadeh 1994]. The general
case is the focus of the works [Klainerman and Machedon 1995; Klainerman and Selberg 1997; Tao 2000;
Masmoudi and Planchon 2012]. Establishing results concerning the small data global Cauchy problem
is of course most delicate when one measures smallness in a scaling-invariant space. This challenging
problem was intensely studied in the 1990s and the beginning of the 2000s and was resolved in [Tataru
1998; 2001; 2005; Tao 2001a; 2001b; Klainerman and Rodnianski 2001; Shatah and Struwe 2002; Krieger
2003; 2004; Nahmod et al. 2003; Candy and Herr 2018].

Turning to the large-data problem, we start with the case d = 2, where the strongest results are available,
given that this is the energy-critical case where energy conservation yields invaluable global information.
However, despite the conservation of energy, finite-time blowup is possible, albeit via a different, more
complicated mechanism than in our case. Singularity formation takes place via a dynamical rescaling of a
soliton (a harmonic map). Consequently, already the construction of finite-time blowup is highly nontrivial
and was first achieved in [Krieger et al. 2008; Rodnianski and Sterbenz 2010; Rapha&l and Rodnianski
2012], inspired by numerical evidence [Bizon et al. 2001]; see also [Gao and Krieger 2015]. Stability
results for blowup are proven in [Raphaél and Rodnianski 2012; Krieger and Miao 2020]. Subsequently,
the question of large-data global existence has to be addressed in view of the fact that finite-time blowup
is possible. Since the blowup takes place via the shrinking of a harmonic map, the “first” harmonic map
provides a natural threshold for global existence. This is expressed in the threshold conjecture [Sterbenz
and Tataru 2010a; 2010b; Krieger and Schlag 2012; Lawrie and Oh 2016; Chiodaroli et al. 2018]; see
also the series of unpublished preprints [Tao 2008a; 2008b; 2008c; 2009a; 2009b] and the earlier [Struwe
2003; Cote et al. 2008] for the corotational setting. Recent works on energy-critical wave maps focus on
the precise asymptotic behavior and the soliton resolution conjecture [Cote et al. 2015a; 2015b; Cote
2015; Grinis 2017; Jia and Kenig 2017; Jendrej and Lawrie 2018; Duyckaerts et al. 2018].

The present paper is concerned with the energy-supercritical case d > 3, where the conservation of
energy is of no use for the study of the Cauchy problem. Therefore, the understanding of large-data
evolutions is still comparatively poor. The existence of self-similar blowup for d > 3 is established
in [Shatah 1988; Turok and Spergel 1990; Cazenave et al. 1998; Bizon 2000; Bizoi and Biernat
2015]. Motivated by numerical evidence [Bizon et al. 2000], the stability of self-similar blowup under
perturbations that are small in Sobolev spaces of sufficiently high order is proved in [Donninger et al.
2012; Donninger 2011; Costin et al. 2016; 2017; Chatzikaleas et al. 2017; Donninger and Glogi¢ 2019;
Biernat et al. 2021]. We also remark that starting from dimension 7, another blowup mechanism occurs
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which is more reminiscent of the energy-critical case [Ghoul et al. 2018]; see [Dodson and Lawrie 2015;
Chiodaroli and Krieger 2017] for other large-data results. Blowup stability in critical Sobolev spaces has
so far been established for the four-dimensional wave maps equation [Donninger and Wallauch 2023] and
the simpler energy-critical wave equation in dimensions 3 < d < 6 [Donninger 2017; Donninger and Rao
2020; Wallauch 2023]; see also [Bringmann 2020] for an extension to randomized perturbations.

We would like to emphasize that in contrast to previous work [Donninger and Wallauch 2023; Donninger
2017; Donninger and Rao 2020; Wallauch 2023], which relied crucially on the fact that the critical Sobolev
space is of integer order, the present paper is the first instance of an optimal blowup stability result in a
Sobolev space of fractional order. This seemingly technical feature turns out to be much more substantial
than one might expect. In fact, it adds several layers of new difficulties to the analysis, most notably
the necessity of developing a suitable interpolation technique that is compatible with the nonself-adjoint
spectral structure of the problem.

1.3. Outline of the proof. To prove Theorem 1.1 we follow the strategy laid out in [Donninger and
Wallauch 2023] and which itself built on the previous works [Donninger 2017; Donninger and Rao 2020].
However, in contrast to the four-dimensional case studied in [Donninger and Wallauch 2023], the optimal
Sobolev spaces here are of fractional order. This causes major additional problems throughout our analysis
of (1-1) which were not present in previous works.

The first step in analyzing (1-1) is the symmetry reduction. From the special corotational form of the
prescribed data and the preservation of that symmetry class by the wave maps flow it follows that the

Uttox) — <sin(|x|u(z,x))|;—|) (12)

associated solution U is of the form

cos(|x|u(z, x))
for a smooth function u : [0, T') x R®> — R such that u(z, -) is radial for each ¢ € [0, T'). Further, the
corotational ansatz simplifies (1-1) to the semilinear equation
sin(2ru(t, r)) —2ru(t,r) 0

3 =
’

(af—af—éar)ﬁ(z,rw (1-3)

for r > 0, where u(¢, x) = u(t, |x|). Note that (1-3) is a five-dimensional equation rather than a three-
dimensional one, as one would perhaps expect. Therefore, it is natural to view u as a radial function on
[0, T) x R> instead of [0, T') x R3. Moreover, a Taylor expansion shows that the apparent singularity in
(1-3) is in fact removable and the nonlinearity is perfectly smooth. Theorem 1.1 is then essentially a
consequence of the following result.

Theorem 1.2. There exist 9, M > 0 such that the following holds. Let f, g € C°°([EB?+8) be radial and
let § €0, 80] be such that

)

I/, &) — (s (0.-). aoui(o»'))||H3/2le/2(B?+8) =

Then there exists a blowup time T € [1 —§, 1 + §] and a unique smooth solution

u{(t,x)e0,T)xR: |x|<T—t} >R
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of (1-3) satisfying u(0,-) = f and dou(0,-) = g on [BTST Furthermore, we have the Strichartz estimates
r T 2 2
L =T € g <% (14

T
/O ”“(t")_uz([")“%/],m/n(BST_[) di 586~ (1'5)
We now give a nontechnical outline of the proof of Theorem 1.2.

e First, we perform preliminary coordinate transformations and choose the right functional setup. Given
the self-similar nature of the blowup, we recast (1-3) in the similarity coordinates

r
T—t

Then, we proceed to show that the operator corresponding to the free wave equation in these coordinates

T =—log(T —t)+1log(T), p=

is densely defined and closable in different topologies and that each of these closures generates a
semigroup So. More precisely, we show that

- z
IS0l o asy S€ 5. 180 g2 S €2
which we interpolate to obtain

IS0l gr3/2x 17235 < 1.

We then linearize the nonlinearity around uI and study the resulting linear operator L. Utilizing [Costin
et al. 2017] enables us to infer that L, viewed as a densely defined operator on H>/2 x H'/2(B3), has
precisely one eigenvalue A = 1 in the (closed) complex right half-plane with a corresponding rank-1
spectral projection P.

¢ To control the evolution, we next derive Strichartz estimates for S (t)(I — P), where § is the semigroup
generated by L. We accomplish this by asymptotically constructing the resolvent of L and representing the
semigroup as the Laplace inversion of (A— L)™' =: Ry (1). For the resolvent construction it is crucial that
the spectral equation (A—L)u = f, withu = (u1,u3) and f = ( f1, f2), reduces to the second-order ODE

(0 = D (p) + (20 +2)p— %)ua(m + (A +2)(A + Dui(p) — %ul(m = Fi(p). (1-6)

(1+

with F (p) = f2(p) + (A +2) f1(p) + pf{(p) and p € (0, 1). The construction of Ry (1) is carried out by
an intricate asymptotic ODE analysis of (1-6) based on a Liouville-Green transform, Bessel asymptotics,
and Volterra iterations.

¢ Having done this, we turn to the somewhat lengthy task of obtaining Strichartz estimates by estimating
the oscillatory integrals occurring in the Laplace inversion of Ry . A first idea would be to obtain estimates
of the form

IS @ = P)F1ill 21 oy pon ety S 1S Doy (1-7)

IS @U = P)Flill 22y poresy S 1 I @y
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and interpolate between them, where [S (7)(I — P) f']1 denotes the first component of S (t)(I — P) f.
There is, however, a problem with this naive ansatz. In the H! x L? universe the spectrum of L, o(L),
satisfies

{z eC:Rez< %} U{l} Co(L).
Consequently, the best estimate one can hope for is of the form
[le2S () - P)f]1||Lfl(R+)qu(B?) < ”f”HleZ(Bf)‘ (1-8)

Thus, for the interpolation argument to work, the corresponding H? x H! estimate needs to compensate
for the added decay in 7. In other words, we have to derive estimates of the type

lleS @ = P) N2y ro@s S 1 lrzmn e (1-9)

However, we cannot rigorously exclude the existence of finitely many eigenvalues with real parts bigger
than —%. But what we do know is that all of these possible eigenvalues have finite algebraic multiplicities.
Hence, the semigroup S (7) generated by L satisfies

IS@UT = Q)T = Pl g2 @5y Sn e’

for any n > —%, where Q is the spectral projection associated to all eigenvalues A; with —% <ReA; <0.
Furthermore, there might also be eigenvalues sitting on the boundary of the essential spectrum in the
H? x H! universe (i.e., the line Rez = —%) Thus, we can only derive an estimate of the form

1_
||[e(2 8)15(7)(1 -0)I - P)f]IHsz(RquZ(Bf) < ||f||Wz.z/(1+s>le,2/(1+5)(B§), (1-10)

with § very close to 0. Hence, instead of proving (1-8), we show that

—(1_
lle™ DS @)U = P) 1l o1 oy @y S 1 I 2ri-sr2ra-n @) (1-11)

so that interpolation puts us in the correct spaces. As a consequence, we still have to control the evolution
on the image of Q. For this, we will make use of the following lemma.

Lemma 1.3. Let H be a Hilbert space. Then, for any densely defined operator T : D(T) C H — H with
finite rank, there exists a dense subset X C H with X C D(T) and a bounded linear operator T:-H—>H
such that

Tlx =Tlx.

By applying this result to Q, viewed as a densely defined unbounded operator on H 325 qHY 2(Bf ),
we manage to arrive at the desired estimates

IS () — P)f]1||L§’(R+)Lq(B?) < ||f||H3/2xH1/2(Bf)' (1-12)
Analogously, we derive other spacetime estimates involving (fractional) derivatives on the left-hand side.

e Finally, the full nonlinear problem is treated by fixed-point arguments in an appropriate Strichartz space.
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2. Transformations and semigroup theory

In all that follows we identify radial functions with their radial representatives. Moreover, any vector space,
for instance H¥ (BY) or C k (B}), always denotes the corresponding radial subspace within that space.
Before we can properly analyze (1-3) in the lightcone I'7 := {(¢,7) €[0, 00)? : r < T —t}, we first need the
right choice of coordinates. For our purposes, suitable coordinates are given by the similarity coordinates
r

T—t
Thus, we set ¥ (t, p) = Te "u(T —Te™*, Te”*p) and switch to the similarity coordinates, which turns
(1-3) into

T =—log(T —t)+1og(T), p= 2-1)

sin(2 -2
(2 + 307 + 02 + 2039, + 4pd, — %ap + (p* — 1)a§)w 4 Sind ’”Q Yy, (2-2)
where we omit the arguments of Y for brevity. Next, we define
V1(z. p) ==Y (. p),
Y2(t, p) = (14 0 + pdp)V1(z, p),
which yields the system
01 = Y2 — Y1 —pdpY1,
3sin(2pyr1) — 601 (2-3)

4
0y = Y1 + 00V —p0p 2 =292 27 :
with initial data

¥10.p) =T/ (Tp).  ¥2(0.p) = T?g(Tp).
We also remark that in these coordinates the blowup function u! is of the form

Ua(p) = (% arctzan(p)) .

1402

2.1. Semigroup theory. Motivated by the above evolution equation, we define the differential operator Lo
as

ul(p) + 2u}(p) — puty(p) — 2u2(p)
where u = (41, u3), with domain
D(Lo) := {u € C> x C*(BS) : u radial}.

We also define two inner products (-,-)g, and (-,+)g, On D(Zo) as
1 o 1 L o
(u,v)e, :=/0 uy (p)v](p)p* dp+/0 uz(p)v2(p)p* dp + ur (v (1)
and

1 1
@ v)e, =8 [ o) Goiet dp+ 32 [

_— 1 _—
e do2 [ w@detdy
Tt ()r(D) + w2 (D (D).

Further, we denote the associated norms by || - ||¢,. Then the following estimate holds.
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Lemma 2.1. The operator Lo satisfies
Re(Lou.u)e, < 3lull?,
forallu € D(Zo).

Proof. Integrating by parts shows

1 1 1
— [ @ do = —hi (0P +5 [ 1)t do+ [ ol d.

and so
! " TN A5 | (1)|2 2 4
—Re A uy(p)ui(p)p’ dp = | uy (p)|*p* dp.
Consequently,
= T4 1! 2 4 ! T4 1 2
| oy oniiionnt do =3 [ luioet do+ [ s oni (oot do 5 0P,
Similarly,

1~ —_—
/ [Lou]z(P)uz(P)P4dP
0 1 1
|M2(P)|2P4dp+4 / o, (P2 (o)’ dp + [ W (i ()p* dp— Sy (VP

Further, given that

1 - - 1 . 1 -
| i @iint dp =0 - [ st osloiptap—4 [ i )ialoie’ dp,

we obtain

. 1
Re(aa)e, = 3 [ (0 (0)P6* + b2 Po*) dp = 5wy (O + iz (D)

+ Re(ua (D (1) —uf (Dur (1) — [ur (1)|* + ua(Duy (1)).
By employing the elementary inequality

Re(ab +aé —be) < L(la]> + b + |¢]?),

with a = uy(1), b =us(1), ¢ = u;(1) we deduce that

1
~ 1 1
Re(o e, =5 [ (uiPp" + lua(o)p) dp = 3 I, =
For the inner product (-, -)g, we can derive a similar but better estimate.

Lemma 2.2. The operator Lo satisfies

Re(Lou, u)e, < —Llull2,
forallu € D(L).
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Proof. Letu € D(Z 0). Integrating by parts as above shows that

Re / [Eoul! ()" dp = Re( / D (ol (o)’ dp+/ 1) dp) / ()P p* dp
=——[ i Potdp— "I e /O u (] (o dp.

Similarly, we see that
1 - 1 . 1 - -
Re fo [Louls(p)uy(p)p* dp=Re /0 u§3)(p)u’2(p)p4dp+Re(4 /0 [u/{(p)u’z(p)ﬁ—u’l(p)ué(p)pz]dp)
1 / 2
1 rN2 4 _|“2(1)|
3 [ haepet a2

1 1 -
=Re(— /O ull (p)uy(p)p° dp—4 / u’l(p)u’z(p)p3dp)

P
+Re(uf (D (D) 2 [ s o)t .
It follows that
1 R ~ R
Re /0 (L oul!(W(p) + [Louly(p)iy(p)o* dp
1
=—§(|u’{<1)|2+|u’2(1)|2)+Re(u Dy (D) - / Wl (0)P0* dp
= f uh(0)Pp* dp—4Re [0 W (5 () dp = Iy,
A short calculation then shows

1 1 1
81, + 32Re [0 (L oul, (), (0)0% dp < —4 [O ()2 dp— 4 /0 (o) 2 dp

~16 [ (001262 dp— L0 + s )P
— 16} (1)[* + Re(u} (1) (1)).

Consequently, adding up all the boundary terms yields
=5 (Ui + [y (D) = 16Ju (DI + Re(uy (D (1) + [Louly (Dur (D) + [Loula (Duz(D)

—5 (D + Jup (D) = 16]us (DI + Re(u (Duy (1) + Re(ur (Dua (1) — s (Dur (1) — fur (DI

+ Re(u (Duz(1) + 4y (Duz (1) — uy (Dua(1)) — 2[ua (1))
By again employing the inequality
Re(ab +aé —b¢) < L(jal* +b* + [c]?),

once with a =u»(1), b =u(1), ¢ =u1(1) and once with a = u7(1), b =u’ (1), ¢ =u>(1), we obtain
Re(Lou, u)e, < —4/01 i (p)]?p* dp—4[01 () p* dp — 16/01 ()% dp

+ Re(3u) (Duz(1)) — 15/ (D> = Lug (D) — [uz(1)?
O

Ly.,02
< —5llullg,-
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To be able to invoke the Lumer—Phillips theorem we carry on by showing the density of the range of
(1—Ly).

Lemma 2.3. Let f € C® x C®(BS). Then there exists a u in D(Lo) such that
(1—Lou=f.
Proof. The equation (A — L o)u = f written out explicitly reads
(1+Mui(p) + pu’(p) —u2(p) = fi(p),
@+ Dua(p) + pits(p) =~ (p) = S04 () = falp)

and the first of the above equations implies that

u2(p) = (1+u1(p) + pu'y (p) — f1(p). (2-4)
Setting A = 1 and plugging this into the second one yields
4
(07 = D (o) + (6= )t (p) + 6101 (0) = Fi(p), 2-5)

with Fi(p) = f2(p) + 3f1(p) + pf{(p). A fundamental system for the homogeneous equation

(0* — Duf (p) + (6/0 - %)u’l(p) + 6u1(p) =0

is given by
tanh ™! (p) — p _
Vo(p) := s Yi(p):=p>,
and the Wronskian of these two is given by
1
WWo.¥y1)(p) = ——=—>5-
By the variation of constants formula, a solution u1 of (2-5) is then given by
1
V1(s) Fi(s) L Yo(s)Fi(s)
u(p)=x0(p)/ ds+w(p)/ ds
1 L We v (6)s2 = 1) e W v ()2 1)
tanh™ ! (p) — 1 P
= anp—(3p)p / sFi(s)ds + ,o_3/ (s tanh~ ! (s) — 5%) F1 (s) ds.
P 0

From standard ODE theory it follows that #; € C°°((0, 1)). Moreover, a Taylor expansion shows that ¥y
is a smooth even function on [0, 1) and so

1
P> vo(p) [ sFi(s)ds € C([0, 1),
0

Next, we rescale according to p¢ = s to obtain that

1 -1
i1(p) := p_3/0p(s tanh ! (s) —s?) Fi (s) ds = /(; I(M —t) Fi(pt)dt.
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For p close to 0 a Taylor expansion shows that
tanh™! (ot 2t p*td
tanl " (pt) _, _ PP 80Ty,
p 3 5

where the O-term is a smooth function. Consequently, we infer that iy € C*°([0, 1)), with
i100)=i®0) =0. (2-6)

Thus, u; € C°°([0, 1)) and by combining (2-6) with the fact that /¢ is even, one easily establishes that
u1(0) = ”13)(0) = 0. Therefore, we are left with checking the behavior of u; at p = 1. For this we
remark that we can recast 11 as

—1 1
ui(p) = M[ sF1(s) ds+p_3/pstanh_1(s)F1(s) ds +r1(p),
1Y 0 0

where r is a smooth function at p = 1. So, we only have to show that
1 o
v1(p) := tanh_l(p)/ sFi(s)ds + / s tanh ™1 (s) Fy (s) ds
o) 0
is regular enough at 1. Clearly, v; is continuous at 1 and

1 1
vi(p) = 1_—102/ sFi(s) ds.
o

Further,

B L 0=+ DF(y(1=p%) + (1= p) ds.

1—p2

1 0 0
Fi(s)ds = +1D)Fi(s+1)ds =
/pslms/pu VE1(s )s/

Hence,
0
we = [ G- DA+ D ds
—(1+p)!
and this is visibly smooth at p = 1. Summarizing, we see that
up € C3([0.1]),  u,(0) =u{P(©0) =0
and from (2-4) it follows that u € D(L). O

The last few lemmas allow us to invoke the Lumer—Phillips theorem. However, since we would rather
like to work in standard H¥ spaces, we first prove the equivalences of the norms £; with standard radial
Sobolev norms. For this we will require the following version of Hardy’s inequality

Lemma 2.4. The estimates .
117 F sy < 1 g sy,

Il |_2f||L2(B§) S a2 @3)
hold for all f € C?(B?).
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Proof. The first estimate is just Lemma 4.7 in [Donninger and Rao 2020]. For the second one, we let
E:H*B3) - H*(R®)

be a bounded extension operator. Then, by Hardy’s inequality,

172 sy < I T2Ef N2y S VES sy S 1 e, O
Lemma 2.5. The estimate

17 2@y S 0 ey

holds for all f € C%(BS).
Proof. This is an immediate consequence of Lemma 4.1 in [Donninger and Schorkhuber 2016]. O

Lemma 2.6. The norms || -||¢; and | - ||Hij_,-_1(B%) are equivalent on D(Lq). Consequently, they are
also equivalent on H? x HI(B?).

Proof. For j =1 this is Lemma 2.2 in [Donninger and Rao 2020]. For j = 2, the inequality

” : ”HZXHI([B?) 5 ” : ”82

is an immediate consequence of the estimate

1 1
/0 () o dp < /0 W ()P0 dp + lu(DP

and the triangle inequality. For the other inequality, we first note that

1
()] < / 3,(u(p)p*) dp' < Nl oy + 11"l gy S el sy
0

forall u € C! (Ef) Therefore,

ua (D2 + ez (D S 101, 42) 122, 71

Further,
1
/0 |u’1 (p)|2p2 dp < |[(u1, MZ)H?_szHl(B?)

thanks to Lemma 2.5. Finally,

1 1
" 2 4 2 / 2.2 2
fo W) Po* dp S 100102 1 +f0 WA (PP dp S N )2y i sy O
Thus, the Lumer—Phillips theorem immediately yields the following lemma.

Lemma 2.7. The operator Zo is closable and its closure, denoted by L, generates a semigroup S on
H'x LZ(B?) such that

150 f g1 xz2@p) S €21 lppxras)
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forall f e H' x LZ([EB?) and all T > 0. Furthermore, the restriction of So to H? x HI(B?) satisfies
.
||S0(T)f||H2xH1(B?) Se 2 ||f||1—12x1-11([gf)

forall f € H*x HY(B}) and all T > 0.

To proceed, we use that H3/2 x H'/2(B3) is an exact interpolation space of H? x H!(B3) and
H! xLz(B?) of order %, see [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1], to conclude the next result.

Lemma 2.8. The semigroup Sy satisfies
IS0 (@) f 32125 S NS 321285
forall f € H3?x HY2(BY) and all T > 0.

It is also vital for us that Sg satisfies appropriate Strichartz estimates, provided we restrict 7" to the
interval [% %] This restriction leads to no loss of generality for us, as we are only interested in values
of T which lie close to 1 anyway. Henceforth, we assume that 7" € [%, %]

Lemma 2.9. Let p € [2,00] and q € [%, oo] be such that % + g = 1. Then we have the estimate
||[SO(T)f]1||L;’(R+)Lq(u3f) < ”f”H3/2><H1/2(Bf)

forall f € H3/? x HI/Z(B?). Furthermore, also the inhomogeneous estimate

H /0 "[So(z —0)h(0)]1 do

L?(I)L4(B3) < ”h ||L1(I)H3/2><H1/2(B?)
’ 1

holds for all h € LY(Ry., H3/? x Hl/z(B?)) and all intervals I C [0, 00) containing 0.

Proof. This follows by restricting the standard Strichartz estimates for the free wave equation to the
lightcone; see [Donninger and Wallauch 2023]. O

Lemma 2.10. The estimates
||[SO(T)f]1||L%(R+)W1/2,S(B?) < ||f||H3/2xH1/2(B?)v

||[SO(T)f]1||L§(R+)W1.30/11(B§) < ||f||H3/2Xy1/2(B§)

hold for all f € H 32 HY 2([Bf). Furthermore, also the inhomogeneous estimates

<
~ ”h ||L'(I)H3/2XH1/2([EB?)’

H [0 "[So(z —0)h(o)]1 do

LER)W/2:5(B7)

<
~ ”h ||L1(1)H3/2XH1/2(B?)

H /0 "[So(t — o) ()] do

LERIW 3011 (8))

hold for all h € LY (R4, H3/2 x HI/Z(B?)) and all intervals I C [0, 0o) containing 0.
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To get a better understanding of the dynamics of solutions which are close to ul, we linearize the

nonlinearity around this solution. For this, we set ¥ = ® + W* where W* is the transformed blow up
solution u , and formally linearize the nonlinearity around W*. This results in a linear operator L’ given by

L 0
L'u(p) = ((1_{}#”1(0))

and a formal nonlinear operator N given by

N =

®)) (N(x/f*l ()= N (o) - S un (p))
Lastly, we define L := Ly + L’ and note that we have the following result.

Lemma 2.11. The operator L' is a compact operator on H* x HS™1 (B?)for any s > 1.

Proof. This is an immediate consequence of the compactness of the embedding H* (B? )—>H S/([B%f) for
s>s">0. O

Consequently, the bounded perturbation theorem implies that L will also generate a semigroup on
each of the previously employed Sobolev spaces H® x H*~! (B? ), which we denote by §. With this, we
can at least formally rewrite our equation in Duhamel form as

D(r) =S (v)u+ /T S(t—0)N(®(0))do. 2-7)
0

To make sense of this equation, we will show in the following that S satisfies Strichartz estimates as in
Lemma 2.9, provided we project away the unstable direction. This will naturally give meaning to (2-7) in
an appropriate Strichartz space.

2.2. Spectral analysis of L. From now on L will always denote the version of L that is a densely defined
closed operator with
L:D(L)C H*x H'(B}) —» H?> x H'(B?),

unless specifically stated otherwise. Then, for any A € C with Re A > —%, we have A € p(Lg) since

_1
IS0 flz2xm @) S € 2 W 2 &3)
forall t > 0 and all £ € H?x H!(B3). As a consequence, the identity
A—=L=(1-L"Rp,(}))(A—Lo),

with Rp,(A) := (A — Lo)~! implies that any spectral point A with Re A > —1 has to be an eigenvalue of
finite algebraic multiplicity by the spectral theorem for compact operators.

Lemma 2.12. The point spectrum o, (L) of L is contained in the set {z € C:Re z <0}U{1}. Furthermore,

the eigenvalue 1 has geometric and algebraic multiplicity 1 and an associated eigenfunction is given by

1

T+
g(p)=( e )

(1+p2)?
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Proof. That the point spectrum really is a subset of {z € C: Rez < 0} U {1} follows as in [Donninger
and Wallauch 2023]. To discern the properties of the eigenvalue 1, we start by noting that obviously
g € D(L) and a straightforward computation shows that (1 — L)g = 0. Moreover, the calculations in the
proof of Lemma 2.3 show that the equation (A — L)u = 0 is equivalent to

u2(p) = (1 + M1 (p) + puy (p) (2-8)

and the second-order linear differential equation

16
(p* = D (o) + (200 +2)p — %)uup) FAFDGH D) — ) =0 (29)

1+

For A = 1 we use reduction of order to obtain a second solution to (2-9),

12p3 tanh ™! (p) — 9p2% — 1
p3(p*+ 1)

Hence, any solution of (2-9) has to be a linear combination of gy and g1. As g1 ¢ H! (Bf), we conclude

g1(p) =

that an eigenfunction has to be a multiple of g since the second component of any eigenfunction is
uniquely determined by its first through (2-8). Therefore, the geometric multiplicity of the eigenvalue 1
is 1. Moving on, we define P to be the spectral projection associated to this eigenvalue, i.e.,

= A)dA,
P /yRL( )

where y: [0,1] = C, y(t) =1+ %6‘2” it Moreover, as the essential spectrum of L is invariant under
compact perturbations, we see that dim P < oo. Now, given that P is a projection, we can decompose
H?x H! (Bf) into the closed subspaces rg P and ker P. This also yields a decomposition of L into
the operators L, p and Ly p, which act as operators on rg P and ker P, respectively. The inclusion
(g) C rg P is immediate and we claim that in fact rg P = (g). To show this, we first remark that the
finite-dimensional operator (Iy p — L, p) : 1g P — 1g P is nilpotent as its only eigenvalue is 0. Thus,
there exists a minimal n € N such that (I.;p — L; p)"u = 0 for all u € rg P. If n = 1, we are done.
If not, then there exists a v € rg P such that (I, p — L, p)v = g. This implies that vy satisfies the
inhomogeneous ODE

2 " 4\ 16 _
(0% = D)+ (60— )i0) + (6= 5 a2 ) 11(0) = Gl
with 5
/ 7+
G(p) = g2(p) +3g1(p) + pg1(p) = ﬁ.
By the variation of constants formula, vy has to be of the form
_ o OG0 N OS0!

v1(0) = c181(p) + 281 () — £1(p) /p T s A=) [

with ¢y, ¢» € C. Note that

- 3
Wi(g1.81)(p) = A= p?)
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is strictly positive on (0, 1) and therefore nonvanishing on that interval. Evidently, both

21(p)G(p) and 21(p)G(p)
(1-p2)W(g1.81)(p) (1-p2)W(g1.81)(p)

are continuous on [0, 1]. Consequently, since g ¢ LZ(B? ), we must have ¢, = 0. Furthermore, |} (p)| ~

(1—p)~ ! near p = 1 and thus, for v to be in H'! (B?), we must necessarily have

/1 OO
o (1—=sH)W(g1,81)(s)
This is however impossible due to the strict positivity of the integrand on (0, 1). O

Lemma 2.13. The essential spectrum of L, denoted by o, (L) satisfies

oe(L) C {Z e C:Re(z) < —%}
In addition, any spectral point A with Re A > —% is an eigenvalue of finite algebraic multiplicity and there
exist only finitely many such spectral points.

Proof. The first claim is an immediate consequence of the growth bound
1
”SO(T)f ||H2><H1(Bf) Se ZTHf ”Hszl(Bf)'
The second follows from invoking Theorem B.1 in [Glogi¢ 2022]. O

A calculation which is very similar to the one done in the proof of Lemma 2.6 in [Donninger and Rao
2020] yields our next result.

Lemma 2.14. Let n > —%. Then there exist constants Cy, Ky > 0 such that
||RL(A)f||H2xH1(B?) = Cr/”f”Hszl(B?)
for all A € C satisfying |A| > K, and Re A > nand all f € H* x HI(B?).
Let now Q be the spectral projection associated to the finite set of eigenvalues
{Aeo(L):—% <Rel <0}.

Moreover, we remark that when viewed as a densely defined, closed operator on H 3/2 « g1/ 2(B?), the
calculations in the proof of Lemma 2.12 show that in this case we have that

o(L)yCc{zeC:Re(z) <0}U{l} and o,(L) C{zeC:Re(z) <0}U{l}

and 1 remains a simple eigenvalue. We denote by P the corresponding bounded projection P :
H32x HY2(B3) — (g).

Lemma 2.15. Let n > —%. Then there exists a constant Cy > 0 such that
IS@UT =T = P) fllgam @) < Cne" I f g2 @3)

forall f € H*x H'(B}) and all T > 0.
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Proof. This lemma follows immediately from Lemma 2.14 and the Gearhart—Priiss—Greiner theorem, see,
e.g., [Engel and Nagel 2000, p. 302, Theorem 1.11], since

0(Lyer Prker @) C {A € C:Re(}) < _%} 0

As the growth estimate from Lemma 2.15 does not help us at the critical regularity, at which analogous
considerations would yield an exponentially growing bound for the semigroup, a more sophisticated
analysis is needed. So, let f € C*° x COO(Bf) and set

f=U-0)I-P)f cD(L).
Then, for any n > —%, Laplace inversion yields

1 n+iN

S() f = lim ATRL(A) f dA; (2-10)

N—00 % n—iN
see [Engel and Nagel 2000, p. 234, Corollary 5.15]. Hence, to obtain enough qualitative information on

the semigroup S (I — Q) (I — P), we need to investigate Ry (1). To that end we remark that u = Ry (1) f
implies (A — L)u = f, which in turn implies

16
(0 = D () + (200 +2)p - %)u&(p) FOFD0A Dt = () = Falp). 2211

(1+
where F) (p) = f2(p) + (A +2) fi(p) + pf{(p). Accordingly, our next step will be a detailed analysis of
2-11).

3. ODE analysis

3.1. Preliminary transformations. To put many of the tediously involved functions into a manageable
fashion, we introduce function of symbol type as follows. Let I C R, po € R\ I, and o € R. We say that
a smooth function f : I — C is of symbol type and write f(p) = O((po — p)%) if

0% £ ()] Sn loo —p|*"
for all p € I and all n € Ny. Similarly, for g : C — R we write g(1) = O({(w)?) if
0% f(@)| <n (@)*7",
where (w) denotes the Japanese bracket m . Analogously,
h(p.}) = O((p—po)*(@)P) if |86 (0. V)| Sk [P0 — pI* ™" ()P~
forall £,k € N and «, 8 € R. Motivated by the spectral equation (2-11), we study the ODE

(1= )+ (5 =20+ Do) (0) = (4 D+ Du(p) = Vip)u(p) = ~Falp) (=D

forRed € [—3,2], 1 #0, and an arbitrary even potential V € C ([0, 1]). To get rid of the first-order
104 y p g

term we set ) ) 2
v(p) = p~(1—p")2u(p),
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which, for F} = 0, turns (3-1) into

24022 +21—212?)
p>(1=p?)?

One of the main tools to study (3-2) is the diffeomorphism ¢ : (0, 1) — (0, c0), given by

)
umzlf?ﬂ@y (3-2)

v"(p) +

9(p) := 2(log(1+ p) —log(1 —p)).
Observe that

/ —
<p(,0)—1_/02

and that the associated Liouville-Green potential Q,, defined by

3¢"(0)? | 1¢"(p)

ol =4 o T2
is given by
Qy(p) = m
Hence, we rewrite (3-2) as
” —1+21-22 2
v7(p) + WU(P) - W”(P) + Qp(p)v(p)
_ V(p) 2 2 2
=1 (T ) O O
Next, we perform a Liouville-Green transformation, that is, we set
w(g(p) = ¢'(p)>(p),
which transforms
" —1+21—212 2
v (P)—i‘WU(P)—WU(P)—F Qp(p)v(p) =0 (3-4)
into
w”(e(p)) — (1= 2)*w(p(p)) — ———w(p(p)) =0. (3-5)
o(p)
This is now a Bessel equation with a fundamental system given by
sin(a(A)¢(p)) , cos(a(A)¢(p))
cos(a(A)e(p)) — o) and  sin(a(A)e(p)) + o)

with a(A) = i(1 — A). From this we infer that

zmgm:¢um{f@9392ﬂmwuwwﬁ,

a(M)e(p)
ba(p, 1) = V1 —p? (Sin(a()t)(p(p)) n M)
a(M)e(p)

is a fundamental system of (3-4).



914 ROLAND DONNINGER AND DAVID WALLAUCH

3.2. Construction of fundamental systems.

Lemma 3.1. There exist r > 0 and pg € [0, 1) such that for p € [p,, 1), where p) := min{r/|1 —A|, po},

and A # 0 with —% <Rel < % the equation

24+ p2(2+21—A2?)
p>(1=p?)?

v"(p) + v(p) =0 (3-6)

has a fundamental system of the form

Mo 2) = V1 —pz(;;—f)) "+ (1= p)0(@)™) + 0o~ (1 = p) )M,

ha(o. ) = V1 —pz(llf—;’)z[l L (1= p)0(@) ™) + 0~ (1 - p)*(@) V).

where @ = Im A.

Proof. We rewrite (3-6) as
12

=" =

v (p) + v(p)

2
_ p*(1—p?)
and note that the equation
2

T

has a fundamental system of solutions given by

w”(p) +

1—A

wl(p,x)=x/1—p2(1_p)2,

l1+p
(10T
wa(p,A) = v1 —Pz(m) :
The Wronskian of these solutions is given by

W(wi(-,A), wa(-,4)) =2(1-2).

Therefore, Duhamel’s formula suggests the Volterra equation

P U)1(,O,/\)UJ2(S,A) P wz(p,k)wl(s,/\)
A) = A JA)ds —
wio. )= wip. 0+ [ AR s 2y as - [ EESSE
for p>1/|1—A|. Aswy (-, A) does not vanish on (0, 1), we can divide (3-7) by w;. For the new variable
W = w/wq, we then obtain the equation
- PLwr(s, Mwa(s, A) . /p‘ wz(,o,)\)wf(s,)t)
A)=1 JA)ds —
s =1+ [ G e s [ D
14+p 1—s\1-4
st
0 (1—21)s?

w(s,A)ds (3-7)

w(s,A)ds

w(s,A)ds

P1
=1+ K(p,s, M)w(s,A)ds.
0
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From 1/|1 —A| < p <'s, we conclude that

o1
su
[ 1 [ _1p

independent of p; € [1/|1 —A[, 1]. Consequently, we are able to set p; = 1 and use Lemma B.1 in

1-4
- (55 155)

=
(1—A)s2

A

) P
|

d P1 1 d
< _ ds<1
S~/1 21—

[T—A]

[Donninger et al. 2011] to infer the existence of a unique solution w to (3-7) of the form
W(p.A) =1+ 0(p o).

Strictly speaking, the O-term also depends on Re A but as this dependence is of no relevance to us, we
suppress it in our notation. Having established the existence of 11 = w1, one proceeds in the same
manner as in [Donninger and Wallauch 2023, Lemma 4.1] to conclude that %, is indeed of the desired
form and that a second solution %, to (3-6) of the claimed form can be constructed. O

Without loss of generality we can assume that neither 4;(-,A) nor s,(-, A) vanishes anywhere on
[o1. 1), as we can enlarge r and pyg if necessary. We now set 0y := min{%(PO +1), 2r/|a(k)|} € (pp. 1)
and with this we turn to the full equation (3-2).

Lemma 3.2. Equation (3-2) has a fundamental system of the form
Y1(p, 2) = bi(p, V(1 + O(p* (@)°)],
Y2(p, 4) = ba(p, M1 + O(p* (@)°)] + O(p(w) ~?)
forall p € (0, ;] and all A # 0 with —3 <Re X < 3.
Proof. We start by noting that for p € (0, p,], the functions by and b, satisfy
b1(p, 1) = O(p*(w)?), (3.8)
ba(p, 1) = O(p~ {w) ™)

and that their Wronskian is given by
W(bi(-. 1), b2(-. 1) =i(1—-2).
Therefore, we have to solve the fixed-point problem

P by(p, M)ba(s, M)V (s)

Ty b(s, A)ds, (3-9)

b(s, ) ds + /” ba(p, M)b1 (s, M)V (s)

with
2 2

p2(1=p?) 1-p> @(p)*(1-p?)
Observe that V € C°°([0,1)). We claim that b1 (-, A) does not vanish on (0, 1). This follows from the
fact that the zeros of J3/, are all real (see [Olver 1974, p. 244, Theorem 6.2]) and any zero of bi(-,7)

is a zero of J3/,. Since a(4) always has nonzero imaginary part for Re A € [—%, %], we see that the

V(p)=V(p)+
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argument of the Bessel function is always nonreal. Hence, we can divide (3-9) by b;. Upon setting
b = b /b1 we obtain the Volterra equation

P i b T) -  balp WbFs MV (s)
b(p’k)_l_/o i(1=2)(1-s2) b(s’k)d”/o i(1=2)(1=s2)b1(p, 1)

b(s,A)ds

o -
=:1 —i—/ K(p,s,A)b(s,A)ds.
0

Using the estimates (3-8), we see that

ba(p, A)

2
brip.ay 1M

b2(p, Mb1(p, V)| < plw).

< s{w)

forall 0 <s < p < p, and so
ox
[ sup |K(p,s,A)|ds < (w)72.
0 pels,px]

Hence, a Volterra iteration yields the existence of a unique solution 15(,0, A) to (3-9) that satisfies b (p,A) =
1 + O(p*{w)?). Furthermore, since all the involved functions behave like symbols,> Appendix B of
[Donninger et al. 2011] shows that l;(p, A) = 14 O(p*(w)?) and thus, we obtain the existence of a
solution to (3-2) of the form

V1(p, 2) = b1(p, M1 + O(p*(@)°)].

To construct the second solution stated in the lemma, we pick a p; € (0, 1] such that ¥r; does not
vanish for p < min{p1, 95} =: p, for any A € C\ {0} with —% <Rel < %. Moreover, as by (p, A) 1=
b1(p, /X)fpp)‘ b1(s,A)~2 ds is also a solution of (3-4), there exist constants ¢ (1), c2(A) such that

ba(p. 2) = c1(M)b1(p. 2) +c2(M)b1(p. A).
Explicitly, these constants are given by
— W(bZ("A)’l;l('vk)) _W(bz('ak)abl("k))

W(br1(-. 1) b1 (- 2) W(b1(-. ). bi(-. 1)

Using that W(b2(+. 1), b1(-.4)) = —2 and W(b1(-.A),b1(-. 1)) = —1, we infer that ¢ = —2 and
c1(A) = =W(ba(-,A), 151(-,1)). Next, evaluating W(ba(-,A),b1(-, 1)) at p), yields
W(ba (-, ), b1 (-, 1)) = =ba(F2. Mb1(pr. )" = O(()°).

Keeping these facts in mind, we now turn our attention to constructing ¥». For this, we remark that a

c1(d) c2(A) =

second solution of (3-2) is given by
~ O _2
Y1(p, A) =¥ (p,)t)/ V1(s,A) "2 ds.
0

2Strictly speaking, p; not differentiable at %(po + 1). However, this is inessential and can easily be remedied by using a
smoothed out version of p; .
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Considering this, we calculate

o
Ya(p. ) :=c1 (MY (p. D) +eayi(p.A) [ Yi(s.2) "% ds
0

— (o W) +eatn(p.d) [ bu(s. A2 ds+eav (o, 4) / s )by (5. 1) 2] ds
o o
O(s2(0)?)

PlIToE @R =

2
=bz(p,A)[1+O(p2(w)°)]+02‘/“('O’A)/ bi(s,A
i ,

Since b1 (p, A)™2 = O(p~*(w)™*), we obtain

P O(s*()°)
p bi(s. M)2[1+ O(s*{w)?)]

5 ds = 0(p°(0) ) + 0™ Hw) ™) = 0(p (@)™,

where the last inequality follows as we only consider values of p that are smaller than g, . Finally, for |A|

large enough, we see that o, = p, and so we can safely assume that p; = 0. O
One final Volterra iteration based on /1 and /5 yields the following result.

Lemma 3.3. There exists a fundamental system for (3-2) of the form

¥3(p, &) = hi(p, M[1 + (1 — p)O((w) 1) + 0(p°(1 — p)*{w) 1],
Ya(p.A) = ha(p. M1+ (1= p)O((w) ™) + 0(p° (1 - p)?(w) )]

forall p € [py. 1) and all A # 0 with —3 <Re A <

EN[W)

Lemma 3.4. For p € [p;, p,] the solutions W3 and Vr4 have the representations

V3(p, A) = c1,3(M)Y1(p, A) +c2,3(A)P2(p, A),
Va(p, A) = c1,4(M)¥1(p, A) + c2,4(A)Y2(p, 1),

with
sty = POLCAELCDNEL) | o,
sty = HOCIBCING) |
sty = PECDBCIB) o)
crth) = PRI | o1

Proof. We know the explicit representations

W(3(-. A). ¥a (-, 4) _ W@s(-. ). v1(-. )

=W N T T D)
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and computing the connection coefficients reduces to calculating these Wronskians. Evaluating the
Wronskian W(yr1(-,A), ¥2(-,A)) at p = 0 yields

WWi(-,A), ¥2(-,4) =i(1-2),
while an evaluation at p, yields
W(Ws(-. 1), ¥2(-, 1))
= W(hi(-,2),b2(-, D) ()1 + O({@) )] + hi1(pr, Mb2(pa, VO(@)°) + O((w) )]
=W (-, 1), b2(-, M))(px) + O((@)°).

Consequently,
W(hi(-,1),b2(-,1))(px -
i(1-21)
and the remaining coefficients are computed analogously. O

We can patch together the solutions of the “free equation” in the same fashion. To this end, let ¢, and
Y¥rt, be the solutions obtained from Lemma 3.2 in the case V' = 0 and, for notational convenience, we set
Iﬂf3 = h1 and lﬂf4 = hz.

Lemma 3.5. For p € [p;, pa], the solutions Y, and g, have the representations

Ut (0, A) = cgy 5 (D) Pr, (0, 4) + 6, 5 (M) Yp, (0, A),
lpf4 (P7 A) =Cf1 4 (A)wﬂ (P, /\) + Cfy 4 (A)sz (p, )L),

with
00 = = DDV | o,
s = HECRD D) | o
iy = BTN |
sy = BN 11

Next, let y : [0, 1] x {Z eC: —% <Rez < %} — [0, 1], xa1(p) := x(p, L), be a smooth cut-off function
that satisfies y(p) = 1 for p € [0, pal, xa(p) = 0 for p € [5;. 1], and |9535, x2(p)| < Cefw)*~* for
k,? € Ng. We then define two solutions of (3-2) as

vi(p. A) == xa(p)ler,a(M) Yo, A) + c2,4(A)¥2(p, M)+ (1 = xa(p)¥a(p, A),
v2(p. A) == xa(p)le1,3(M)Y1(p, A) + c2,3(A) Y2 (p, M)+ (1 — xa(p)¥3(p, 4),
and note that an evaluation at p = 1 yields
W(wi(-,4),v2(-,4)) = W(a(-, A1), ¥3(-, 1)) =2(1 = 4).

With this remark we return to the full equation (3-1).
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4. Resolvent construction

We now return to our specific potential V(p) =—16/(14p2)2. Setting u; (p,A) = p~2(1—p2)*/2v; (p, 1)
for j € {1, 2} yields two solutions to (3-1) with F; =0.

Lemma 4.1. The solutions u1 and uy are of the form

u1(p. ) = p2(1 = p2) " ha(p. V[1 + (1= p)O(() ™) + 0(p°(1 = p)* () ™))
= p (14 ) A1+ (1= p)O((@) ™) + 0o~ (1= p)* () 7H)],

uz(p. A) = p2(1 = p2) "2 hy (p. M[1 + (1 = P)O({@) ™) + O(p°(1 — p)*(w) 1]
=p 21— p) M1+ (1= pO((w) ™) + 0™ (1 - p)*{w)™H)]

forall p> p; = min{%(po +1), 2r/|a()t)|} and all A € C\ {0} with —% <Rel < %. Moreover, we have
ui(-,A) € C*°((0, 1)) for all such values of A.

Proof. The explicit forms of u; and u, follow immediately from our ODE construction. To see that
u1 is smooth away from p = 0, we first remark that clearly u;(-,1) € C°(0, 1). Furthermore, the
Frobenius indices of (2-9) at p = 1 are {0, 1 — A}. Hence, there exist coefficients c1 (A1) and ¢ (1) such
that c;(A)u1(-,A) + c2(A)ua(-, A) is nontrivial and smooth on (0, 1]. However, since Re A > —%, we
clearly have that u1(-, 1) € C2((0, 1]), while u»(-, 1) ¢ C?((0, 1]) and so c»(1) = 0. O

4.1. Considerations on the point spectrum. We aim to establish H3/2 x H'/2-type Strichartz estimates
by proving bounds of the form

™2 S@U =PV fillez o) < 1 maaes)

and interpolating between these two. An obvious obstruction to the first estimate is the existence of
eigenvalues A of L with —% <Re A < 0. Unfortunately, we cannot rigorously rule out such eigenvalues,
even though they are not expected to exist (see [Bizori 2005; Donninger and Aichelburg 2010] for
numerical evidence). To circumvent this, we recall Lemmas 2.12 and 2.13, which tell us that

ou(L):=0(L)N{AeC:ReA> -1} ={A1,.... As. 1},

with n € N and where ReA; <0 fori = 1,...,n. Moreover, each element of ¢, (L) is an eigenvalue
of finite algebraic multiplicity. This alone of course still does not settle our spectral problem, but the
following general property of finite-rank operators will enable us to deal with these eigenvalues.

Lemma 4.2. Let H be a Hilbert space. Then, for any densely defined operator T : D(T) C H — H with
finite rank, there exists a dense subset X C H with X C D(T) and a bounded linear operator T:-H—>H
such that

T|x =Tlx.

Proof. If T is bounded, we choose X = H and T the unique extension of T to all of H. Consequently, we
may assume that 7" is not bounded. We prove the result by induction on the rank of 7. Let dimrg 7" = 1.
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Then we have T'x = ¢(x)x¢ for a suitable xo € H and a linear functional ¢ : D(T) C H — C that is not
bounded. Thus, we find a sequence (¥, )nen C D(T) with ||y, |l <1 and |@(J,)| = n for all n € N. We
set v, := V5 /@(¥n). Then we have ||y, ||z < 1/n and ¢(y,) = 1. Now let x € D(T) be arbitrary and
set X, := x — @(x)y,. Then we have ¢(x,) = ¢(x) — @(x)@(yn) = 0 and thus, x, € ker T. Furthermore,
lx —xnllgz = || |ynll <le(x)|/n and thus, x,, — x as n — co. Consequently, ker T" is dense in H.
Assume now that the claim has been established for operators with rank n. Let T be a densely defined
operator with rank n + 1 that is not bounded and let {eq, ..., e,+1} be an orthonormal basis of rg T.
Further, denote by P; : rg T — span{e; } the associated orthonormal projections. Then 7" = Z;’f 11
and thus, at least one of the operators 7} := P; T cannot be bounded. After relabeling we can assume
that T is not bounded. Since 77 has rank 1, we see by the above that ker T; is dense in H. Consider
now the restriction of 7" to the kernel of T7. Then this is either a bounded operator and we are done or it
is not bounded and has rank n, and we can use the induction hypothesis to conclude as well. O

Recall now that Q : H? x H! (Bf )—> H?>x H! (Bf ) denotes the Riesz projection associated to the set
oy (L) \ {1}. We can of course also view @ as a potentially unbounded operator on H 3/2 gV 2([B? )
with domain D(Q) = H? x H'(B3). Then Lemma 4.2 applies and we obtain a dense subset X C
H3/2 x H'/2(B?) together with a bounded linear operator Q on H3/2 x H'/2(B3) which agrees with
Q on X. Concretely, we have the following lemma.

Lemma 4.3. There exists a dense subset X in H3/2 x H 1/2([8%?) with X C H?> x H! (B?) and a bounded
linear operator Q: H3/2 x Hl/z([EBf) — H3/2x HI/Z(B?) such that

Olx = Qlx.

Unfortunately, this does not help us with eigenvalues that lie on the line Re z = —%. We can however
pick a 1 > ¢ > 0 such that oy, {z eC: ——(1 —§)<Rez < ——(1 —38)} @ and aim to prove estimates
of the form

leG=DS (@) = Q)T = P) £l Loy S N = @) llyosctsam 20429 a3,
||[e 7_8)rS(T)(I Q)(I P)f]1||Lqu(B5) < ”(I Q)f”le/(l —28) % [,2/(1— 28)([5;5)

For this the following classification will be vital for us.
Lemma 4.4. Any point A € C\ {0} with —5 <Re A < 7 is an eigenvalue of L if and only if c3 4(1) =

Proof. Assume that c2 4(A) = 0. Then, as the Frobenius indices of (2-9) are {0, —3} at p=0and {0, 1 -1}
at p = 1, one readily checks u1(-,A) € H 2([B%f ) and from (2-4) we see that the associated vector-valued
function u satisfies ui(-,A) € H2 x H ([EBS) Thus, A € 0,(L). Conversely, let A € C\ {0} be an
eigenvalue of L with Re A € [ 5 4] and let f be an eigenfunction. Now, the first component of any
eigenfunction has to be a linear combination of 11 and u,. Since up ¢ H?((3.1)) and uy € H((3. 1)),
f1 has to be a multiple of u;. However, given that |- |2y (-, 1) € LZ(B[S,A) while p~2vy5(p, A) ~ p~3
as p— 0, we see that u;(-,A) € HZ([Bf) is only possible if ¢2 4(A) = 0. d
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4.2. The reduced resolvent. 1.emma 4.4 enables us to construct a third solution to (3-1) with F} =0,
whenever Re(1) € [—% %] and A ¢ o(L) U {0}, by setting

c2,3(4)

uo(p, A) :=u2(p, 1) — c2ah)

ui(p, A).
Note that
W(ur (-, A), uo(-, A))(p) = 2(1 = A)p~*(1 — p?) ™+

So, to solve (3-1) when Re A € (0, 3], we make the ansatz

! (s,4) F.(s)
u(p, A) = —uo(p, 1) / L s
Wy (- A).1to(- D)(s) 1 —s2
’ —uen [ ol 2) F). 4

o Wui(-,2).uo(-, 1))(s) 1 -2

 uo(pA) /ls“ul(s,xm(s) 1.2 [? stuo(s M F()
2= ),  (—s2)ii 20-2)Jo  (1—s)1=2

(4-1)

and one can check that u(-, 1) € H?(B3). However, for Re A < 0 we need some more considerations
stemming from the simple fact that for any F with F; (1) # 0, one has

/1 s4u1(s,k)F,1(s)
—— " ds =00
o

(1 _S2)1—)L

for all p € (0, 1). To remedy this, we slightly modify our ansatz. Thus, for F) € C °°([BTf), let p, p1 €
(0,1),c € C, and set

u(p,)t):cuo(p,)t)—u()(p’x) /”‘ s4u1(s,2\)Fx(S)d ur(p,A) [? s*uo(s, A)Fa(s)
0

21—2) (—s2—% 7200 )y  (=syi—x
as well as
Postuj(s, A)

G- Jo (=2

Uilp.2) =3

for j =0, 1,2. Integrating by parts yields
P1
5.3 = w0(p. 1)+ Urp DELD) = Unpr Fap) + [ U5, {01 ]
0

o
—u1(p. WUl W2 (9) +11(p. ) [ Uols {51 s,

which, upon setting ¢ = ¢ + Uy (p1, ) Fy(p1) with ¢ € C, reduces to
p1
(e, )| E+ Uip D) + [ U6 (9]
0

0
—u1(p, A)Uo(p, 1) F(p) + ul(p,l)/o Uo(s,\) Fy(s)ds

and also allows us to safely take the limit p; — 1.
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Lemma 4.5. Let [ € Coo(gcl‘-) and Re A € [—%, %] with A ¢ 0p(L) U {0}. Then the unique solution
u(-,A) e HZ([Bf) of the equation

(1—p"(p) + (% —~20.+2)p)u'(p) — (h + D+ 2)u(p) +

with p € (0, 1) is given by

T ) =~/

1

R()(p, A) = uo(p, M)[ba(f) + Ui(p, A) £ (p)] + uo(p, l)/ Ui(s. 2) f'(s) ds

o
o
1 (p. M Uo(p. A) £ (o) + 11 (0. A) /0 Uo(s. 1) f(s) ds.

with

by(f):= SO [ s[s*u1 (s, ) (1 +5)" (1 =)t ds.

2A(1 A)

Proof. As the Frobenius indices of (2-9) are given by {0, —3} at p =0 and {0, 1 —A} at p = 1, we see that
uog(-,A) € HZ(B?/Z) N CZ(B?), while u1 (-, A) is smooth for 0 < p < 1. Therefore, one easily verifies
that R(f)(-,A) € Hz(Bf/z). To study the behavior of R(f)(p, A) at p = 1, we rewrite the boundary
terms as
2,3(4)

02,4()&)

Observe now that U, (-, A) and hence u1(-,A)Us (-, L) f is twice continuously differentiable at p = 1.

u2(p, M) [ba(f) +Ur(p, A) f(p)] —u1(p, M)Uz(p, A) f(p) = br(f)

Ml(ps k)

Further, since u1(-, ) € C2((0, 1]), the only remaining boundary term we have to check is

uz(p, Vb (f) +Ui(p. 1) f(p)].

For this we integrate by parts once more to infer that

_ui(p )t (1=p)t(14p) 1A 1 P ) A
Ui(p,A)=— (-7 +2)L(1—A)/() Os[s*ui(s,A)(1+s) [(1=s)*ds. (4-2)
Then,
bi(f)+Ui(p, 1) f(p)

1
— i | 0= [ aulstan 211007 )10 ds

1
—u1 (0, M)p* (1=p) (14+-p) 1 £ (0)— £ (0) / as[s“ul(s,x)(1+s)—1+"1(1—s)"ds] (4-3)
0

and by using this form, one readily checks that u5(p, A)[b1(f) + Ui(p, L) f(p)] belongs to C2((0, 1]).
We turn to the integral terms, which we rewrite as

c2,3(4)
c2,4(A)

In this form one can promptly verify by scaling that all these terms are elements of C2((0, 1]) as well. [

1 o) 1
w3 (p. ) / Uv(s.2) '(s) ds + 1 (p, A) /0 Un(s. 1) f(s) ds — w1 (p. ) /0 Uv(s. 1)f(s) ds.
o
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For A > 0 we can use the ansatz (4-1) to recast R(f) in a simpler form.

Lemma 4.6. Let | € Cm(ﬁi) andRe A € (0, %] Then R(f) satisfies

uo(p, A) 1S4M1(S,l)f(S)d ui(p.A) [P s*uo(s,A) f(s)

R(f)(pvk):_z(l_k) p (1_S2)1—/1 S_Z(l—k) 0 (1—52)1_)1

forall p € (0,1).

ds  (4-4)

Proof. This can either be seen by directly undoing the integrations by parts in the construction of R( f)
or by noting that both R( f) and

_uo(p. ) /1 S DS i d) [P st M6
20-1) J, (1—s2)1-4 20=2) Jo (A —s2)1-4

solve (3-1) and are elements of H 2(B? ) (that R(f) € H 2([8? ) for Re A > 0 follows in the same manner

asR(f)e H 2([B?)). Given that both of these functions solve (3-1) their difference has to be a linear

combination of 11 and uo. However, as u; ¢ HZ(B?) for j = 1,2, we see that R(f) and R(f) have to
coincide. O

R()(p.A) =

Having constructed a suitable solution to (3-1), we remark that we can copy the same construction in
the “free” case V' = 0. This follows from the fact that L generates a semigroup on H? x H'! (Bf ) which
satisfies the growth bound [|So(7) [l g2 g1 (9 < e~ 7/2. We denote the corresponding free solutions
by R¢(f). For f € C®° x COO(Bf) we set

f=U-0)I-P)f
and use Laplace inversion to explicitly write down [S (7)(I — Q)(I — P) f]; for any such f and

ce (-3 3]s
B 5 1 ' k+iN N ~ B
S@10) =10 F(o) + 37z im [ H RS Ry fldh @)

5. A first set of Strichartz estimates

Using (4-5) we can obtain establish the desired Strichartz estimates on S by bounding the integral term
K+iN a
lim P [R(Fy) (p, X) — Re(F3)(p, M) d . (5-1)

N—oo Jy—iN

To accomplish this we will need some preliminary lemmas.

5.1. Preliminary and technical lemmas. The first set of lemmas will be concerned with oscillatory integrals.

Lemma 5.1. Let ¢ > 0. Then

| 0oy ) do 5 (@)
forany a € R.

Proof. Since the integral is absolutely convergent the claim follows by two integrations by parts. O
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Lemma 5.2. Let o« € (0, 1). Then

[ oty dw' < 1a[* {a)2
R

holds for a € R\ {0}.
Proof. See Lemma 4.2 in [Donninger and Rao 2020]. O

Lemma 5.3. We have
/R ¢199(1 = 1 () O(p™" ()" D) dw‘ < (@)

foralln>1, pe(0,1),anda € R.
Proof. This can be proven in the same manner as Lemma 4.3 in [Donninger and Rao 2020]. O

Lemma 5.4. We have

/R 91— 3, (0)O(p™" <w>—")dw‘ <Jal™ a)2

foranyn >2, pe(0,1),and a € R\ {0}.
Proof. This can be proven as Lemma 4.4 in [Donninger and Rao 2020]. O
Finally, by interpolating between Lemmas 5.3 and 5.4 one obtains the following result.

Lemma 5.5. We have

/Reima(l — 12O (@) ) dw| < p~lalm 1= (a) 72

foranyn=>2, pe€(0,1), 8 €[0,1],and a € R\ {0}.

We will also rely on the following estimate.

Lemma 5.6. Leta € (0, 1) and B € [0, 1). Then we have the estimate

1
/ s7Pla+1og(1 £5)[ds < |a|™
0
forall a € R\ {0}.

w9

Proof. We only prove the case as the “+” case can be shown analogously. For a < 0 the estimate
la +log(1—s)|™* < |a|™®

holds for all s € [0, 1] and so the claim follows. For a > 0 we change variables according to s = 1 — e%*
and compute

1
/ s7Pla +1og(1—5)[ " ds
0

0
= (1—e*)Pla + ax|™“ae® dx
—OoQ
0
5 |a|1—ot (1 _eax)—ﬂeax dx .

=

a a 2 —2
+|a|1_°‘(1—e_2)_ﬂe_2/ 11+ x|"%dx + |a|'™® (1—e*)™P et dx.

-2 —00
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The claimed estimate is now an immediate consequence of the two identities

(1 _eax)l—ﬂ 3
— (] — %% B ax
x—a(1 By ( e“r) Pe
and
(1 —e_%)_ﬂe_% <ab. O

Similarly, one can show the next technical lemma.

Lemma 5.7. Let @ € (0, 1) and B € [0, 1). Then the estimate

1
/ 5P la + 3 log(1 —sz)}_a ds <la|™
0
holds for all a € R\ {0}.

Lastly, we will also require the following result on weighted norms.
Lemma 5.8. The estimate
1-1f oy S 1/ e as)
holds for all f € C*(B3).

Proof. This follows by a minor adaptation of the argument given in the proof of Lemma 4.8 in [Donninger
and Rao 2020]. O

5.2. Kernel estimates. We will now begin bounding the integral term (5-1). We start with the case
K= % —§. Therefore, we suppose f € C oO(B? ) and take a look at the difference R(f) — Re(f).

Lemma 5.9. Let Re A = % —6and f € Cm(ﬁf). Then, we can decompose R(f)—Re(f) as

9
RO 1) =R )p 4y = Y Gy (/). ).
j=1
where
! SZX/\(S)[bl (S, A)Oll (p? s, A) + bZ(S’ A')QZ(IO’ s, /\)]
2(1 =) (1 —s2)1=3
5% x2.(5)O(s () ~?)

1
“2(1— p%)"2by1 (. M1 + O(p? ds,
#0040 [ IS ) s

G1(f)(p.2) =p~(1 —02)_%1(/0,?&)/ f(s)ds
0

A 21— hao(s, A , 8, A
G212 = 1ol 21 =2 By (py [ TSI IRELD) y) 4,
p 2(1=2)(1—s2)172
2 Vs2hy(s, A , S, A
Ga(1)(p2) = (1= a1 = ) a2y [ S2EDMPT) )
p 2(1—=2)(1—s2)172

A 1 2h ,A, ) 7A
Ga(f)(p.2) = (1= xa(p))p (1= p*) "2l (p, A)/ ;(1 2%)3”%;_3 f(s)ds,
o — —s 2
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A. p 2b ’A’ b ’A'

Gs(f)(p, A) = xa(p)p>(1—p*) " 2b1(p, A) ; ;(11(1)()1061(52)[)1_31”(” ds,
— -5 2
A P s2by (s, Maa (s, p. A

Ge(f)(p. 1) = xa(p)p~2(1 = p*) "2 ba(p, k)/o ;(11(1)()1(12(2)%)1_3 f(s)ds
— -5 2

1o =2y Fop o [ TP OO o
0 2(1—X)(1—s2)1-3
P 52 xa(s)bi(s, M)B1(s. p, A)
2(1=1)(1—s2)13

P 5%2(1 = ya(s)ha(s, Dyi(s. p, A)
2(1—A)(1—s52)132

P s2(1 = xa()h1(s, A)ya(s. p, A)
2(1=2)(1—s2)1=3

G1(/) (0. 2) = (1= 12(P)p~2(L = p2) 3 ha(p, ) /0 £(s) ds,

Gs(f)(p. ) = (1= 22 ()p~2(1 = p2) 3 ha(p. 1) /0 £(s) ds.

Go(f)(p. ) = (1= x2(p)p2(1 = p>) 2 hap. A)/O f(s)ds,

where
@j(p,5,1) = O((0) 1) + 0(p*(®)°) + O(s*()°) + O(p*s* (@),
Bi(p s, 1) = O((w) ™) + O(p*(@)°) + O(s° (1 = 5) (@) ™) + O(p*s° (1 = 5) () ™),
vi(p.5,2) = O((@) ™) + 0(° (1 = p)(@) 1) + O(s° (1 =) @) ™) + O(° (1 = p)s° (1 = 5) (@) 7).

Proof. This follows by plugging the definitions of the u; into (4-4) and a straightforward calculation
using estimates like

wl (P» A') - 1/ff1 (P, A) = bl(P’ A)O(pz(w)o)
c2,3(A) —cp, 5 (A) = O({w) ™). O

Next, we will recast the G; into a more controllable form.

Lemma 5.10. The functions G;( f) satisfy

Gi()(pA) = (1— >3 / EAOCTEID e AN
P (1-s52)172
G2(f)(p. ) = xa(p)(1 = p2) "2 00" ()?)
§ /1 21— 12D+ O™ (1 =) (@) "H1B1(p, 5, A)
0 2(1=2)(1 —s5)1-2
G3(£)(p, A) = (1= xa(0)p 21 + p) 1 + O~ (1 = p){w) )]
§ /1 $2(1 = x2)[1 + O(™1(1 =) (@)~ HIy1(p. 5. A)
0

and

f(s)ds,

21— 2)(1—s)1—4 f(s)ds,

Ga(f)(p. 1) = (1= x2(p)p 2(1 = p) 1+ 0™ (1 - p){w)™1)]

§ /1 21— a6+ 06 (1= 5) (@) Hy2(p.5. 1)
p 20— 1)1 —5)1

f(s)ds.
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Y —1.27,\—1

Gs(f)(p, ) = xa(p)(1 = p?) 3 [0 OE‘I’ Sz)(f)_)A ) (s ds.
—s 2
Y —1.2/,\—1

Gs(f)(p,k)zm(p)(l—pz)_z/0 OET S2)<610_>x )f(S) ds,
—s 2

G7(f)(p,A) = (1= x2(0)p 21+ p) A1+ 00~ (1 — p) () ™H)]
X/” X3.()O(s*{@))B1(s. p, A)
0

(1-s2)1=%

f(s)ds,

Gs(f)(p,A) = (1= x2(0)p 2(1 4+ p) A1+ O™ (1 - p)(w)™h)]

P s2(1—xa(s))[1 + O™ 11 —5) (@) Hyi(s. p. 1)
X/O 20— (1 —g5)1 J(s)ds,
Go(f)(p, A) = (1= x2(0)p 21+ p) A1+ 00~ (1 — p) (@) ™H)]
y /p s2(L— a6+ O™ (1= 5) (@) Hlyals, P,/\)f(s) s
0 20— (1 +5) 7 :

Motivated by this decomposition we define operators 7 () f(p) for j =1,...,9and f € C oo(Ef) as

N .
T f)i= Jim [ eG,()(p =8+ i0) do.

Given that the integrals above are absolutely convergent, which follows from Lemma 5.10, one concludes
that 7 (7) f(p) is meaningful forall j =1,...,9, T €R, p€(0,1),and f € COO(B?). In addition, we
have the following estimates.

Lemma 5.11. The operators T} satisfy the estimates
||Tj(T)f||L3/(1—5)(R+)L45/8(Bf) S ||f||L2/<1—26)(B§),
||7}'(T)f||L$O(R+)L10/3(B§) s ||f||L2/(1—28)(B?)
forall f € Coo(gf) and j =1,...,9.
Proof. We start with T and use
_ _4 7, __1
116)0(°s(0) ™) = xa()O(p™ 3 5% (w) 77 20), (5-2)

which holds for 0 < p < s. This enables us to use dominated convergence and Fubini’s theorem to
conclude that

5_iw X1 §4i0(9)O(0”
2

(1—s2)3t3-%

1 . iw ] B )
- f /R ST = )R 1 (5) 2 T £(5) dw ds
o
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for some p; < 1 and where 1(g ,,) is the characteristic function of the interval (0, p1). Consequently,
Lemma 5.1 yields

4 [P1 7
|T1(T)f(,0)|5,0_5/0 (t— 3 log(1 = p?) + 3 log(1 —s2)) "2s%| f(s)| ds

Vil

<P

1
_ 7 -4
(v) 2/0 sHFO)Nds £ @207 1 aen -1 lz2ou

_n _4
< (%) 2:0 5||f||L2/<1*25)(B?)-

4 oy is
¥ sy = ([ o) 51

171 (T)f||L45/8(Bf) s (T>_2||f||L2/(1—28)(Bf)

Thus, given that

we see that

and so the estimates on 77 follow.
We move on to T3, which, after interchanging the order of integration and using an estimate similar to
(5-2), takes the form

1 . 1 _iw 5 1
@S0 = [ [ @0ty s - F 0G0}
o

21—y, . 1+0(s 11— ! 8,38
UMD HOCTA DO DR 3 70 0)
(1—S)7+8_lw

and we can apply Lemma 5.2 to infer that

1

T2(2) f(p)] S p~2 / (z +log(1 — ) 2|t — L log(1 = p?) + log(1 —5)| 052 £(5)|(1 —5)"2~% ds.
P

Hence, Minkowski’s inequality implies that

1
T 1, ) 5 [ @I =974 e 1ot =) 2
1 %
x(/ p_%|r—%log(l p?) +log(1—s)|~ l6dp) ds
0

and by employing Lemma 5.7 we obtain

1
7201, ) 5 [ I =747 e log1 =) 2 +log(1 =5)| ds,
By now changing variables according to s = 1 — e ™Y and using Young’s inequality, we compute
1T2(7) f ||L%/(l_8)([R+)L45/8([Bf)

<

~

/1 S2LF()](1 = )72 (x4 log(1 —5)) 2|z + log(1 — 5)| & ds
0

2/(1-8
LYV Ry
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/00(1 —e 2 f1—e e Gy (r —y) 2T~y 75 dy
0

L m
S|(1—e y)2|f(1—e Y)e ( 8)y||L§/“_28)(R+)”(') 2|| 6||L1(R+)
5 ||f||L2/(l—28)(B?).

As a consequence, the first of the desired estimates on 7 follows. Since the second can be obtained
likewise we turn to 73. To bound 73, we employ Lemma 5.5 to deduce that

1

T3 ()| S 078 f (v +log(1 —5)) 2|t — log(1 + p) + log(1 — )| 62| f(s)[(1 — )27 d.
o

So, Minkowski’s inequality combined with an application of Lemma 5.6 yields

1
“T3(T)f||L45/8(B?) < /O (t +log(1 —s))_2|‘17 + log(1 —s)|_6s2|f(s)|(1 —s) =8 g5

and one can bound 73 in the same manner as 7». Further, since the estimates on the remaining operators
can be established by analogous means, we conclude this proof. O

Unfortunately, the operators 7; alone do not suffice to establish the necessary estimates on the
semigroup S since one of the terms in the definition of F), consists of (A +2) f1(p). To remedy this we
define another set of operators T] forj=1,...,9and f €C oo([B%?) by

N .
1@ f)i= Jim [ iwe TG, (£)(p. 5 =8 +i0) do

This additional power of w spoils the absolute convergence of the integral and so, to see that T] (v) f is
a meaningful expression, one cannot argue as simply as for the operators 7;. However, the following
lemma shows that the above-defined operators Tj(f) exist as bounded linear operators from a dense
subset of W12/ (1_28)([8?) into certain Strichartz spaces.

Lemma 5.12. The operators Tj satisfy the estimates
||Tj(r)f||L$/(1—6)(R+)L45/8(B§) S lwr2ra-20@3),
17 (O fLee@pyrron@s) S 1/ lwr2a-20 @)
forall f € Cm(ﬁ) and j =1,...,09.
Proof. For Ty we argue similarly as we did for 7} and use the identity
1.)0(0"s(@)%) = 13(5)O(p 357 () 77 0), (5-3)
which holds for 0 < p < s to infer that

(w)~'720)

Bl

_4
X540 ()05

(1—s52)i+5-

f(s)dwds,

iw

1 . 1 5§ _iw
T2(0) f(p) = / /R FUT(1— ) EHE 1 ()
o
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with p; < 1. Thus,

. _a [P 2 3
T (0) f(P)] S p /0 (r = Llog(1— p?) + Llog(1 —s2)) 25| £(s)| ds
oy 4 1
SO 275 1flle([a;S)|||'| | L2((0,1y)
o % o, _4 5 _4
< (1) 2 s\-17 1f||L2(B5)~< T) 20 5||f||H1(B§)§(T) 2,0 5||f||W1,2/(1—25)(B§)

by Lemma 2.4. Consequently, the claimed estimates on T follow. For Ty, we perform one integration by
parts and exchange powers of p for decay in w to derive that

B0 = [ty i@ =) HHEE 00 0)?)

/1Sz(l—X;_H,-w(S))[l+(9(s_1(1—8)( @) OIB1(p.s. 3 —8+iw)
X
0 (1_S)%+8—ia)

f(s)dsdw

- /R 1001 —pD)HHEE 00 ) )

(1= X3 —s110 PV + O™ (1 = p) (@) DIB1(p. p. 5 =8 +iw)

x i e f(p) do

1
ot _ 42 -1 2 190 %
+/p/Re X%—&—i—iw(p)(l p7) 42 0(p 10 (w)10)
05 (s*(1 = X1 4i (DL + OGT A=) (@) )IB1(p.5. 5 =8 +iw) £(5))

X dwds
(1 _S)—%—}—S—iw

=: B2(f)(z, p) + L2(f)(z. p).

An application of Lemma 5.3 then yields

|B2(/)(x, p)| < (1) 2l £ (p)|

and the estimates for B, ( f) follow from Lemma 5.8. To bound 7, ( /') we first remark that if the derivative
hits f, one can argue as for T5. Similarly, if the cut-off function gets differentiated, one can argue as
for T}. Making use of Lemmas 5.3 and 5.5 one sees that the remaining terms Ix( f)(z, p) satisfy

\L(f)(.p)l <P 10/ (r +log(1—5)) 25| f&)I(1—5)2 0 ds < (1) 2p 10/ s| f(s)|ds,
0

5

1 1
\L(f)(x,p) Sp 6 / (z +log(1 — ) 2|z — L log(1 — p?) + log(1 —5)[ 85| £(5)|(1 —5) 5 dis.
P

As a consequence, we can argue as we did for 7, to derive the desired estimates on Tz. For T3 we
cannot straight away take the limit N — oo as the integral is not absolutely convergent. However, by
proceeding as before and performing a similar integration by parts, this can be remedied. More precisely,



OPTIMAL BLOWUP STABILITY FOR THREE-DIMENSIONAL WAVE MAPS 931

we compute that

T5(x) f (p)
iN . . )
= im | i0e 1=y e ()P (14 p) 2T+ 07 (1= p)e) )]

20— y1 o, 1+ 0@~ 11— -
X/pls( e s+io ) (s (1 =) {w) )]Vl(p,s,%—c?—i-ia))f(s)db"dw

(1—2iw)(1—s5)2+8—io
N /Reim“ — X540+ p)2 IO+ 007 (1= p) (@) )]

—101 _ -1 -1 1 ]
10T 1 —p) () )](9_(;(0))_-))/1(/)’ pz—b+iw) f(p)dw
(l—p 5 +8—iow

1
iot (1 _ . _ -2 1+s—iw -1, _ -1
[0y s 067 = o))

) ds (s2(1— X1 510N+ O((S_l()1 —IJS:S(@_I)]W (p.5.3 =8 +iw)/(s) O((lw) ™ dwds,
l—gs)y 2707'@®

and one can readily check that T3 can be bounded in a similar fashion as 7%. Furthermore, as the remaining
Tj can be bounded by analogous means, we conclude this proof. O

As a result of the last two lemmas one readily establishes the following proposition.
Proposition 5.13. The difference of the semigroups S and Sy satisfies the Strichartz estimates
le™ G (2) = So (@D = Q)T = P) il 2/0-20) sy s
<A - Q)f”Wl.2/(1—28)XL2/(1—28)(B?)a
le=GD(S () = So(@) U = Q)T = P) f 1 ooy y 103 e5)
S - Q)f||W1.2/<1—28)XLz/(l—za)([ag)
forall f € C% x COO(E).

Proof. By construction the first component of (S (7) —So(7))(I — Q)(I — P) f with f € C°x COO(BT?)
is up to multiplicative constants given by

9 9
1_ ~ ~ . ~
(L @G+ A+ )
j=1 j=1
with f; =[I —-0)I —P)f]; for j = 1,2. Consequently, the claim follows immediately from
Lemmas 5.11 and 5.12. U

5.3. Further estimates. To be able to control the nonlinearity, we will also need estimates on derivatives.
For this we have to exchange derivatives with integrals which are not absolutely convergent. We achieve
this by performing enough integrations by parts to render the oscillatory integral absolutely convergent.
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This allows us to invoke Lemma 5.14 (see below) and variations thereof, which enables us to carry out
said interchanging. After this we simply undo the integrations by parts.
Lemma 5.14 [Donninger and Wallauch 2023, Lemma 6.1]. Let f(w) = O({w)~'™%) with a > 0. Then
8a/ €' f(w)dw = i/ we'®? f(w)dw
R R
for a € R\ {0}.

Suppose now, as before, that f € C*° x Coo(gf), f=I-0)I—P)f, and A = %—8 +iw. Then,
by using variations of Lemma 5.14, we obtain

—8+iN
1S (0) F11(0) = 0,180(0) F1a(0) + 51 fim / BRI - RAF) (o2 2,
with
o) [snG S0 (o) 7 suo.0) ()
PR =502 ), T BT 200 by -

Hence, our next step is to investigate the oscillatory integral above.

Lemma 5.15. LetRe A = % —6and f €C Oo(E{-). Then we can decompose

Ip[R(S)(p. 1) = Re(f)(p, M

as
9
D[R (0. 1)~ R ) (0. )] = 3 GH( ). 2,
with =
2 1 —1 —1
G =3 1000 OV ) as.
p (1—s2)172

G4(f)(p. ) = Ap(1 = p) ™" + p xa () (1 — p2) "2 0% ()?)
§ /1 s2(1= a1 + 0611 = ) (@)~ H)]B1(p. 5. A)
o

21— M) (1—5)1=* f(s)ds + Ga(f)(p. M),

A
G4(f)(p.2) = [Tp—zp }Gawp,x)

+ 0 2(1-p)%0) ™A = xa(e)p 21+ p) ™
y /1 s2(1 = AN+ 0611 —s) (@)~ Hlyi(p, s, 1)
o

2(1—=2)(1—s)1—4 f(s)ds + é3(f)(P’)\),

A
Go(f)(p.2) = [—1—p—2p ]G4(f)(p,k)

+ 00 2(1-p)%w) ™A = 2a(p)p 21 —p)' ™
y /1 $2(1 = AN+ 0611 —s) (@) Hly2(p, 5, 1)
o

2(1=X)(1 —s)1=* f(s)ds +Ga(f)(p, 2),
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L [P 2.2/ \—1
G52 = 1ap)1 =7 OE’; S2)<T)_>x)f(s)d&
— S8

1 [P =242 1
Ge(f)(p ) = xa(p)(1=p*) 72 / O(p~*s* (@)1

o (1 —sz)l_f

f(s)ds,

A
G5(f) (o 4) = [Tp—Zp‘l}Gﬂf)(p,k)

+ O 2(1—p)% (@)™ = x2(p)p 21+ p)' =
% /p XA(S)O(S4<CU))131A(S7 PJL)
0 (1 —32)1_5

f(s)ds +G7(f),
A
G4(f) (o 1) = [m—zp—l}c}s(f)(p, »)

+ 0 2(1=-p)%w) ™A = xa(e)p 21+ p)' ™

<[ (1= 136D+ O™ (1 =) (@) Dy (s.p.2)
0

21— M)(1 —s5)1= f(s)ds+Gs(f).

A
Gy(f) (o ) = [m—zp—l}Gg(f)mx)

+ 021 = p)%0) ™A = xa(e)p 21+ p)' ™

X /,, s2(1= a()[1 + O™ (1 =) (@) Dlya(s, p. A)
0 2(1=A)(1 +s5)1-4

where G i (f)(p, A) are the terms obtained from differentiating either B1 or y; with respect to p.

f(s)ds + Go(f),

Proof. This is just a straightforward computation. O

Proceeding as above, we define operators Tj/ and Tj/ forj=1,...,9and f € C®(B3) as
N )
4 — T iwt o/ .
Tj(‘L')f(p).—Nll_Igof_Ne Gi(f)(p.5—8+iv)do,

. N .
Tj’(‘[)f(p) = Nh_r)nOo /—N ia)e"‘”GJ/-(f)(p, % —§+iv)do.
Again, these integrals are not necessarily absolutely convergent. Nevertheless, the operators can be made

sense of, as is visible from the following lemma.

Lemma 5.16. The estimates
”T],(T)f||L6(R+)L45/23(B5) ~ ”f”Lz/(l 23)(”35),
”T]/(T)f||L6(R+)L45/23(B5) ~ ||f”W1 2/(1— 28)('35)

holdfor j =1,...,9andall f € C°°(B§).

Proof. We start with j = 1, in which case we can take the limit N — oo for T’ and 7. Combining this with

13

135410 ®0E ™ 5(0) ™) = 141, ($)0(0™ T 576 () 716),
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which is valid for 0 < p <'s, yields
_13 25, _17
. X35 4i0®)0™ ¥ sTe () 716)

1 ; 1 lw
T{(f)f(,o)=/ /Re"‘”(l—pz)_“ﬂ”l(o,m)(S) f(s)dwds.
o

(1- 52) it % - %
Thus, by employing Lemma 5.2 we obtain

2

TS 5 028 [ R pwlds < (1) 28 ( / AR ds |5 ds)

1
0
_p 13
< (020" 1 o)
Consequently,

||Tf(f)f”Lg(R_i_)thS/B(B?) S ||f||L2/(1—28)(Bf)-

Moreover, to bound || Tl’ @) f LS(Ry)L45/23(BT) ONe argues similarly to deduce that

||T1/(75)f||LQ(R+)L45/23(B?) < ||| : |_1f||L2(B?) < ||f||W1.2/(1—28)(B?)

by Lemma 2.4. For j =2 we can again interchange the order of integration and take the limit N — oo
in both 7% and Tz/. Note that the hardest term over which we have to obtain control in order to bound
T, is given by
1
; _1.8_io _
/ /Re”"f)g_,mw(p)(l —p?) AT 0 w)?)
p .
(1= 13 410G+ O™ A=) (@)1 (p. 5. 1 =5 +i0)

’ (1 —2iw)(1—s5)2+8=io f(s)dwds.

By using that
5

_ _ _3
X1-54i0@00H0)) = 11544, (0)O0(p™ 2 () 2)
we deduce that
1

_3 _ _1_
IT3(0) f sz S 1172 ass s /0 (v +log(1 —)) 2| f(5)]s2(1 — )37 ds.
Consequently, by employing previously used arguments, one readily establishes the desired estimate
on T,. Next, when estimating 7', the hardest term is given by

1

L S _iw
/IR/ elwtx%—sww(lo)(l—Pz)_1+7_70(/0_1(60)3)
p 2= A3 45O+ 067 A =5)(@) D1 (0.5, 5 —8+i0)
’ L8 f(s)dsdw
(1 —2ia))(1 _s)§+5—1a)
= [ €y i D0 = 1y iD= O} (1 = )00

x[1+ 00~ (1= p){@) HIB1(p. p. 3 =8 +iw) f(p) do
1 : 1,46 iw 1 .
[y o= O ) -y
o
x dg[s%(1 — Xi—sio@)L+ O~ M1 =) (@) DIB1(p.5. 5 — 8 +iw) f(s)]dwds
=: B5(1) f(p) + I5(x) £ (p).
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For Bé (t) f(p) we use Lemma 5.1 to compute that

1B5(0) £ (0)] 5 (1) 20751 £ (p)l.

Hence,
||Bé(f)f||Lg(R+)L45/z3(B§) < ||f||Wl,2/(1728)(B?)’

thanks to Lemma 2.4. Similarly,

1
B f(p)] < (1) 22 /0 SLEO) + 521f ()] ds
and so,

||iz/(f)f||Lg(R+)L45/23(Bf) < ||f||Wl,2/(1—26)(B?)-

We proceed with T, which we estimate according to

1
IT5(0) f(p)] < P72 [O 21/ )1 =9)72 7 (x +1og(1 =) 72[1 + |z —log(1 + p) + log(1 —5)| "¥] ds.
Further,
107201+ [z = 1og(1 4 p) + log(1 = $)[ 78]l 4572 5, < [1 + |7 + log(1 = 5)| 5]

and the claimed estimate on T follows. The bound on Tg follows by integrating parts once and then
arguing in similar fashion. Moving on, Lemma 5.2 shows that

T (P < p~2 / 21 £ )1 )35 (1= p)~
x (t —log(1 — p) + log(1 — $))"2[1 + |t — log(1 — p) + log(1 — s)| 17| ds.

Observe now, that the estimate

(1= p) 100 (r —log(1 — p) + log(1 — )) 2 5 (r + log(1 — 5)) >
holds. Hence,

1p~2(1 = p) 2% (x —log(1 — p) + log(1 —$)) 2[1 + |z — log(1 — p) + log(1 —s)| 1 ]”L45/23(B5)
< (c+log(1 - 5) 2] —p)—f—m—su +le = log(1 = p) + log(1 —5) "% g
< (v +log(1—s))~ 2”(1 p)~ 100 ||L49/25((0 1))”1+|T log(1—p) +log(1—s) 10 ||L2205/2((0 1)

< (r+1og(1—5))2[1 + |t +log(1 —s)|” W].

Therefore,

1 . e
IT4() flpss/3e) S fo 1L =573z + log(1 — ) 2[1 + [ + log(1 - 5)| 0] ds
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and the claimed estimate follows. Furthermore, estimating T‘{ is achieved by first integrating by parts
once in the s integral to recover decay in w and a similar calculation. Analogously, one can bound the
remaining operators, so we conclude this proof. O

Proposition 5.17. The difference of S and Sy satisfies
_(1_
le™GD(S ()=S0 ()T~ Q)T ~P) 11l gy yw1.45235%) SN~ Q) f Iy 21051 2702003

forall f € C®xC>®(B3).
With this result, our task of establishing Strichartz estimates on the w1:2/(=8) 5 12/(1-28) Jeve] has
come to an end and we move on to the next set of estimates.
6. Strichartz estimates in W 2-2/(1+28)

We now move on to W2:2/(1+28) 5 yy1.2/(14+268)_tyne Strichartz estimates, i.e., estimates of the form

1_ ~ ~
1eG=DS @) Flillp o S IF lwz2rm 220 @)

For this we break the difference R( f) — R¢( f) into smaller pieces. The first part we look at is given by

Wl (f)(p’k) = bl(f)”O(p’/\) _bf/\(f)”fo(l)s A)

Lemma 6.1. LetRe A = —% + 8. Then we can decompose W1(f)(p, A) as

3
Wi()(p,2) = (1) D Hj(p, R),

j=1

where
Hi(p, ) := xa(p)(1—p*) 00 (@) ),
Ha(p. 2) := (1= x2(0)p 2(1+ p) A1+ O(p~ (1 = p) (@) )]

X [0({w) ™) + (1= p)O((0) ) + O(p~ ' (1 — p)* () ™).
Hs(p, ) := (1= x2(0)p 2(1— p) "1+ O(p™ (1 — p){@) )]

X [0({0) ™) + (1= p)O((0) ) + O(p~ ' (1 — p)* () 7).
Proof. We start by looking at

1
Pill) = %/0 ds[s*u1 (s, 1) (1 + )74 (1 —s5)* ds
1
) %(/0 1.)3s s 1 (5, ) (1 + )71 = ) ds

1
+ / (1= 210551 (5, (1 +5)~ (1 = 5)» ds)
0
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and claim that by (f) = f(1)O({w)™3). For the first of the above terms on the right side one readily
computes that

/ s[5 5 A (1 4571 =) ds = / L (9,06(0) ™) ds = O((w) ).
0 0

The second term we split according to

1
/ (1= A (N[> [1+ (1=9)O((0) ™) + O™ (1 =9)* (@) THII(1 —5)* ds
0
1
=/0 (1= A (N[> [1 + (1 =) O((w) D1 —5)* ds

1
+f (1= (N[O (1 =) ) "N —5)* ds
=1 (D) + L(2). 0

Observe that I(1) = O({w) 1), while an integration by parts yields

1
Ii(A) = (9((60)_1)[0 05 (1= xa.())3s[s°[1 + (1 =) O((@) ") (1 =)+ ds
= 0((w)™h).
Consequently, the claim follows. Similarly, one computes that
br(f) = b, (f) = F(HO((@)™H).

Therefore, one establishes the desired decomposition by plugging in the explicit forms of the solutions
and a straightforward computation. O

Motivated by this decomposition we define the operators
SO0 = [ T FWH) (.~ + 8 +i0) do.
R
$:(0) f(p) = f 0T F)VH; (p.—L + 8+ iw) do
R

for j =1,2,3and f € C®(BY).
Lemma 6.2. The estimates
1S (@) fll 210200y pas @3y S 1S lwr2ra429 @)

||Sj(f)f||L$°(R+)LIO(B§) < ||f||W1,2/(1+25)(B?)
and )
1S @) fll 2104200 gy pas gy S 1S lw22ra420 @3

”Sj (T)f“L?C’(RJr)LlO(Bf) N ||f||W2.2/<1+zs>(B§)

hold for j =1,2,3 and f € C®(BY).
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Proof. From Lemma 5.1 we see that

1S10) f(0)] S 1S (Dx) 72
hence, the bounds on S; follow from the Sobolev embedding
W (0, 1) <> L([0, 1))
and Lemma 2.4. To establish the estimates on S 1 we use that
X1 154i0PYO0%@) ™) = A1 45410 (PO () 717 T00)
and employ Lemma 5.1 to establish that
1$1(2) £ ()] S p~ 10| F(D)](x) 2

Consequently, the estimates on S; follow. The remaining bounds can be obtained in a similar fashion by
making use of Lemma 5.3. O

Next, we take a closer look at

Wa(f)(p. A) :=uo(p, L)Ui(p. 1) f(p) — uso (0. M) Us, (0. A) f (p)
—u1(p, V)Uo(p. A) f(p) +us, (0. M) U (p, 1) f ().

Lemma 6.3. LetRe A = —% + 8. Then we can decompose W () as

8
Wa(f)(p. 1) = f(p) Y Hip. M),

=
where

Hip )= =040 [ o("_ ;)1_ ds,

Hs(p2)i= (=130 (1) 14007 (1)) ) [ “S)_ 2 Dpaps s,
He(p2) = ()19 1500 (1o ] [T D batous s,

H7(p,2) = (1= (p)p 2 (1—p) " H1+0(p ™ (1-p) {w) )]

X/" sz(l—m(S))[lJrO(S‘l(I—S)(w>‘1)]ys(p,s,k)d
0 2(1-2)(1—s)1—4

’

Hs(p, ) := (1= x2(0)p 2(1+p) " [14+0(p ™ (1-p) (@) ™1)]

X/" s2(A=xa()[1+0(™ (1=5){@) " Dlyalp,s. 1) J
0 2(1-2)(1+s)1=4

’

with B; and y; as in Lemma 5.9.
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As before we define operators corresponding to the kernels H; as
N
Si(@) f(p):= lim / et f(p)H; (,o,—% +8+iw)do,
N—oo J_N

N .
S/ (ri= Jim [ w6 fp)Hy 0. ~4 +5 +i0) do

for j =4,....8and f € C®(B).
Lemma 6.4. The estimates
[S; (T)f||L%/(1+25)(R+)L45(B§) S S llwrzra+20 @3
I1S; @) fllLee@yrro@sy < IS llwr2ra+20 @)

and
S} (T)f||L%/“+25>(R+)L45(Bf) N ||f||W2,2/<1+2s>(B?),

||Sj (T)f”LgO(RJr)LIO(Bf) < ||f||W2.2/<1+28>(B§)

holdfor j =4.....8 and f € C®(BY).
Proof. For j =4 exchanging a small power of p for decay in @ and applying Lemma 5.1 yields the estimate
1S4(0) £ ()] S (1) 2> 0| f(p)].
So,
1S4(0) £ ()l L35 @) < (D) 20790 £ (D)3 o1

provided that § is sufficiently small. Hence, from the embedding W 1-2/1+28) (0, 1)) < L45(]0, 1]) we
conclude that . .
2+ 2+ 5
107790 f(0) I 245 0,1y < 1”90 f(P)||Wpl,2/<1+2a>((0,1))
1+95
< ||f(P)||W1.2/<1+26)(B§) o0 f (L1 0,1y

S 1O lgr2/a-+25 @)

where the last inequality follows from Theorem 1 in [Ostermann 2025]. Hence the desired estimates
on S4 follow. To estimate S* one computes that

1Sa(@) S ()] < (1) 20" 01 f ()]

and so the estimates on Sy4 follow from similar considerations. For J =5 we apply Lemma 5.3 to see that
1S5(2) f(0)] < () 202 £ (p)],
1S5(2) f(0) < (1) 71021 £ (p)]-

Thus, the bounds on S5 and Ss follow. Moreover, as the estimates for j = 6 can be obtained likewise,
we move on to S7. Here, an application of Lemma 5.3 shows that

? (r —log(1 - p) +log(1 —5))"*s*

1 —5)3-s ds < (x)2p*| £ (p)]
— )2

1S7(0) f(P) < p~ 1 f(0) (1= p)2~° /0
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and again the desired bounds follow. To bound S7 we integrate by parts once to see that

Hr(p,2) = (1= x1(p)p 2(1—p) " 1+ O(p~ (1 = p) (@) ™H)]
X/p s2(L= ()[4 O 11 = 9) (@) Hlys(p. s, 1) s
0 2(1=2)(1 —s)1—4

= (1= x2(p)*A=p)[1+0(p~ (1= p){w) HIL+ 0" (1= p)(w)™h)]

+ 1= 2A=p) AL+ 0 1 = p){w) )]
y /P 9sls> (1 = a1+ 06~ (1= s)(@)Hlys(p.5. 1) |
0 20(1=2)(1 —s)~*

y3(p, p, A)
22(1=2)

By recasting H7 as such and employing Lemma 5.3, the claimed bounds follow. Finally, as Sg and Sg
can be bounded likewise, we conclude this proof. O

To proceed, we take a closer look at
1 1
W3 (f)(p. A) == uo(p. 1)/ Ui(s. 2) f(s) ds —ugy (p, l)/ Ur (s, 2) f'(s) ds
o I

o P
T ur(p. ) /0 Uo(s. ) £(5) ds — ug, (0, 1) /0 Ut (s, 1) £ (s) d.

Lemma 6.5. Let Re A = —% + 8. Then we can decompose W5(p, A) as

18

Wa(f)(p. 1) =D Hi(f)(p, R,

Jj=9
where

m)ow"r( ™ 44
tz)l—f

Ho(f)(p. 2) i= (1— p*)" m(m/ f()/

Hyo(£)(p. ) = (1= p2) "2 x(p)
(1= (O (@)1 + O (1 — 1) (w) ™)
[f()[ (H)H

Hyp(f)(p. ) == (1= x2(0)p 21— p) 1+ 0(p™ (1 = p) () ™)
[f()/ 1O ) g 3y deds,

(l—t21

Hiz(f)(p,2) := (1= 22(0)p 21+ p) 1+ 0071 (1 = p){w)™H)]
[f()/ 1O D) gyt ds,

(l—t21

Balp,t,A)dt ds,
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Hiz(f)(p, 2) = (1= xa(p))p > (1= p) A1+ 00~ (1 = p) () ™M)

Lo [P = @)1+ 0T A =) (@) Dlys(p.t,A)
x[ f(s)/o 2= M) (1—1)1 7 drd

Hia(f)(p. ) := (1= x1(0)p 21+ )1+ 0071 (1 = p){w)™H)]

Lo [P0+ 0 (1 =0)(@) Dlyale, 1, 4)
X/ f(s)/ 2(1—,\)(1—z)1—k drd

O0(p°t (w )
(1—t2)1
His(f)(p. ) := (1= xa(0)p 21+ p) 1+ 007 (1 - p){w)™h)]

/ f'Gs / “(t)o(l D gt poaydids,

Hi7(f)(p, A) := (1= xa(0)p 2(1 + p) 1+ 0o~ (1 — p){w)~ 1)]
12(1= @)1+ 0@ (1= 1)) Hlys(p.1. 1)
/f()/ 20— 1) (1 —1)1 drds.
His(f)(p. 1) = (1= 22(0)p 2L+ p) 1+ 0007 (1 = p) (@) ™)]

(1= @)1+ 00 (1 =1) (@) Dlys(p,1.4)
/ f()/ 20— 1)1 +1)1 drd

His(f)(p.A) = (1— p?) m(m/ f()/

with B and y; as in Lemma 5.9.

Continuing, we set
Si(r)f(p) = lim / e'THi(f)(p.—3+8+iw)do,
N—oo JN
-N
S;(v) f(p) = lim/ we' " H;(f)(p.—% +8+iw)dw
N—oo JN

for j =9,..., 18 and f € C®(BY).
Lemma 6.6. The estimates
I1S; (T)f||L$/“+28)(R+)L45(B?) < ||f||W1,2/(1+28)(B?)7

1S; @D f e @pyrro@s) S 1S lwr2ra+20 @s)
and )
1S; @) fll 210200 gy pas gy S 1S lwz2ra420 @3

||Sj (T)f“LgO(RJr)LIO(B?) N ||f||W2.2/<1+28>(B§)

hold for j =9, ..., 18 and f € C®(B3).
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Proof. Lemma 5.1 yields the estimate

1S0(0) £ (0] < ¢ / (s))s ds

and so, from the Cauchy—Schwarz inequality we can immediately infer the desired estimates on So.
Analogously, one derives that

||S9(f)f||Lf(R+)Lq(B?) = ||| : |_1f”H1(B5) ~ ||f||H2(B5)

For j = 10 we perform an integration by parts to conclude that

Hio(f)(p.A)

N 1 _ 0.2/,\0 —1/1_ -1
= (104 13(0) / 1ty TT2RNOWS “‘g )Sff)(s A=) g, 5.2 ds

((1- O(p°t2 () [1+0(t 1 (1- -1 A
+(1—p2)" 2“([))/ f(s)/ (A= (0))0(°1* (w ))Elirt)g (I1-1){w)" )]p1(p.1 ))d J

=:B1o(f)(p,A)+110(f)(p,A).

By employing Lemma 5.2 and substituting s = 1 —e™” we estimate

‘/ e “TBio(f)(p.—% + 8 +iw)dw

S0P 90/ v = L log(1 — p?) +log(1 —5)[ 73 (r + log(1 - 5)) 2| f/(5)]s>+ 90 (1 —5) "2+ dis

1
S P / v =3 log(1—p?) = y| ¥t =) 1S (A=) (1 =€) Fo0e GV g

1-28

p‘lf’(/o }r—%log(l—pz)—y}_%(f—y)‘zdy) ’ s
x( / <r—y>—2|f’(1—e—y>|1+226(1—e—y)4e—wy) i
0

A
el

Observe that

o0
[0 |t—3log(1—p*)—y|~ 3 (t—y)2dy < f\glog(l 2)+y\ y)2dy

3 log(1—p?)+1 . 5 N _2

5/1 |3 log(1=p*)+| 3dy+/<y) dy.
—jlog(l—p2)—1 R

Thus, as

—Llog(1—p?)+1 . 5 1 1 N

/1 |3 log(1—p%) + | 3dy=[ ly[73dy <1,
—jlog(l—pz)—l -1

we deduce that

2

/ ei“’tBlo(f)(p, —% +8+iw)dw
R

LZ(R4)LZ(BY)

o0 o
< /0 /0 (= )21 (1 =) (1 — e ) e dy d.
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Hence, the bounds on [ e' T Bio(f )(p, —% + 8 +iw) dw follow from Young’s inequality. To proceed,
we illustrate the general procedure on how to bound

/ e " Lo(f)(p.—3 +8+iw)do,
R

with

Tio(f)(p. 1)

L T (= 0)0( @)1~ ) )]Bi(p. 1. 1)
_ 2 5 /
=0 tuw [ 1o | T dr ds,

i.e., the term we obtain when the ¢-derivative hits [I + O(t~1(1 —¢)(w)~1)]. Here, we use Lemma 5.3 to

derive that

.~ 1 s ¢
[ e Tt ~L +5+i0) dw‘ < [1rol [ g -n)?— s aras
R 0 0

(1—1)z~3

So,

Furthermore,

H/Su +log(1—1))~?
0

/ e o () (o, —L +8+iw)dw
R

LT R LE B

1 K
< /0 17/(s)] fo (v +log(1— 1))~ ds.

LY@y

—dt
(1—1)z~8

ds

——dt
(1 _t)%—S L0+ (R,

—log(1—s) .
B ‘ / T 21— 3 gy
0

—log(1—s) y
f (r— )21 —e)e S dy
0

2/(1428
L2029 gy

and using Young’s inequality yields

Thus,

—_ _X
S 10~ 1oga-sp WL =e™)e™2 | 1325

2
s 3
5(/ (1—t)—iz3dz) <(1—s)7ss3,
0

2 1 s 2
<([ 1r©1=sts3 ds)
L%/(1+28)(R+)L§5(B%) (/0

1
2 _2 _3
< ||f”W1~2/(1+23)(B?)/(; (1—s)"3s %ds

2/(14268
L2029 gy

[ eimflo(f)(/o,—% +5+ia)) dw
R

2
5 ||f||W1,2/(1+26)(B?)'

To bound the remaining terms, one integrates by parts once more and uses similar reasoning. Hence,

”SIO(T)f||L%/“+23)(R+)L45(Bf) < ||f||W1.2/(1+25)(B?)-
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The second estimate on S1¢ then follows from similar reasoning and we move to S 10. To derive the stated
estimates on Sy, we again first take a look at Bjo(f). Integrating by parts once again yields

Bio(f)(p.A)
1 _ 027,10 —101_ -1
:(1_/)2)_3“@)/ f,(s)(l X3.())O(p"s*{w) )[IZO(S (1=s){w)™H)]
o (1—s)

= (1=p2) "2 12(0) £/ () (1= 22 (0) O(0* (@) ™) [1+0 (o™ (1=p) (@) ") (1-p) " **B1 (. p, 1)
2 1
+(1_P2)_2XA(P)/ (1=5) 23 £7() 1=y () O(p°s* (@) ) [1+O(s ™ (1=5) (@) )] Ba(p. 5. 1)] ds
0

= Blo(f) (0. 1)+ BT (/) () (A).
Now, by using that x; (0)O(p?(w)™!) = x1(p)O(p{w)~2) and Lemma 5.3, one establishes the estimate

Ba(p.s.A)ds

‘ /R 0 OBl (f)(p.—L + 8+ iw) do| < (1) 2021 £ (o)

from which one concludes the desired bounds by already-exhibited means. Moreover, the remaining
kernels can be bounded by implementing essentially the same strategies that we used for j = 9,10 in
Lemma 5.12 and we conclude this proof. O

These last couple of estimates now add together to our next set of Strichartz estimates.

Proposition 6.7. The difference of the semigroups S and S satisfies the Strichartz estimates
leG=D(S (0)=So)U-Q)I—P) f11ll 2, 35y S NT=Q) f w2429 270420 g5
leG=D(S ()=S0 U~V T=P) f 11l e sy 10y S IT=Q) £ 2.2/ 42012701420 @5)
forall f € C®x C®(B3).

6.1. Even more estimates. Unfortunately, we still need one more estimate at the W 2:2/(1428) 5 1.2/ (1+25)
level, which is of the form

1_

le*2 g)r[(S (©)=So()U - ) - P)f]1||Lg(R+)W1,9/2(B?) < ||f||Wz,z/(1+28)XW1,2/(1+28>(B§)-

As done above we use a variant of Lemma 5.14 to reduce the problem to estimating
| RN 0.2 = ReFi) o D] doo

/R FUTwd, [R(FL) (0. 1) — Ri(F3) (0. V)] doo,

with A = —% + 6 + iw. For this we remark that

1

pR(S)(p, A) 1= dpuo(p, M[ba(f) + Ur(p. 1) f(p)] + dpuo(p, /\)/ Ui (s, 2) f'(s) ds
0

0
8,1 (9. )Uo(p. ) f(p) + Dot (p. 2) [0 Uo(s. 1) f'(s) ds.
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We kick off this round of estimates by first looking at

Wi(f)(p, A) := by (f) dpuo(p, &) — br, (f) Dpusy (p, A).
Lemma 6.8. Let Re A = —% + 8. Then we can decompose W{(f)(p,A) as
3
W) (e 2) = F(1) Y Hj(p, R),

Jj=1
where

Hi(p.2) = 12 (p)(1—p>)* O (o™ {w) ),
Hj(p.A) :=[(14+p) " Hw)—2p""1H2(p. 1)
+(1=x2(p)p 2 (14p) T O(p™2(1—p) Hw) ™)
<[0((@)™H+1=p)O() ) +0(p~ (1=p)* () )]+ Ha(p. 1),
Hj(p.2):=[(1-p) ()20~ "1H3(p.})
+(1=xa (e 2(1=p) 2 0(p2(1—p) Hw) ™)
<[O((w) ™ +(1—p)O({w) ) +0(p™ (1-p)* () )]+ H3(p, 1),

where H i (p, A) are the terms we obtain when a p-derivative hits the perturbative terms

(1=p)O((0) )+ O(p ' (1 — p){w) 7).

Proof. This follows immediately by differentiating W) and noting that the derivatives which hit cut-offs
cancel each other. O

Proceeding, we set

SO (0) = [ 07 FH) (p. 4 +5-+i0) do.
S0 () = [ we FOH, (0.4 +5 +i0) do

for j =1,2,3 and f € C®(BY).
Lemma 6.9. The estimates
||S;(T)f||Lg(R+)L9/2(B§) < ||f||W1,2/(1+25)(B§)»
||Sf(f)f||Lg(R+)L9/z(Bg) = ||f||W2,2/(1+28)(B§)
hold for j =1,2,3 and f € Coo(gf).

Proof. In essence H j/ differs from H; by a loss of either one power in p or one power of decay in w. But

since |-|7! e L% 2([Bf), this loss can be compensated for and the claimed estimates follow just as the
ones established in Lemma 6.2. U
Lemma 6.10. LetRe A = —% + 8. Then we can decompose

Wo(f)(p, A) :== dpuo(p, M)Ui(p, A) f(p) — dpus, (p, AUt (p. 1) £ (p)
—dpu1(p, A)Uo(p, A) f(p) + dput, (0, A) Uy (p, A) f(p)
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as

8
W3()(p.2) = f(p) Y Hj(p. b),
where /=4
Ne) 1 1
Hito. )= (=53 1360) [ O stw) 1) 4y,

_S2)1—*
1-A _
Hi(p. ) = [m—zp 1i| Hs(p,A)

+ (=120 2 (14+0) " O(p~2(1-p)*(w Ba2(p,s,A) ds+Hs(p, ),

1)/ XA (5)O(s(w) %)

(1— s21

-2
Hi(p,2) = [—E—Zp 1} Hg(p, )

-2
1)/ X2.(5)O(s (w )A )ﬁ3(p,s,k)dS+ﬁ6(paA)’

+(1=12(0) 0~ 2(1-p) 002 (1-p)%(w
(1-s2)1=2

1-A _
Hy(p = | == =207" | .

+1=x2(P)p 2 (1=p) *O(p2(1-p) (@) ™)
X/p s2(1= 2 (N[1+0(s™ (1=9) (@) Dlya(p.s.4)
0 2(1-2)(1—s)1=4

ds+Hz(p, 1),

1-A _
Hg(p,A) = [m—zp I}HS(P,A)

+1=x2(e)p2(1+p) 1001 (1-p)°(0) ™)
X/p s2(1= 2 ()[40 HA=s) (@) M ya(p.s.A)
0 2(1-1)(14s)1—4

with B and y; as in Lemma 5.9 and where ﬁj (0, A) are the terms we obtain when 0, hits either B; or y;.

ds+Hs(p, 1),

Again, we define operators corresponding to the kernels H ]’ as
N
S'(7) f(p) ;= lim e T f(p)Hj(p.—2 +8+iw)dw,
J N—oo J_N

N .
S0 /)i Jim [ w6 fp) Hy o, ~4 +5 +i0) do

for j =4,...,8andf€C°°([BT?).
Lemma 6.11. The estimates
1S} S s @yyLor@s) S 1 Twreraven @s),
”S/,' (T)f||L?(R+)L9/2(B§) N ||f||W2,2/(1+28)(B?)
holdfor j =4.....8and f € C®(BY).
Proof. The lemma follows by adapting the proof of Lemma 6.4 slightly. O
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Lastly, we come to

1 1
W02 = Dpta(p.3) [ Ua(5.2)£7(6) ds =By .20 [ Us (5. 017(5) ds
1Y 14
o P
+ d,u1(p, )L)/ Uo(s, A) f'(s) ds — dpus, (p, A)/O Us, (s, 1) f(s) ds.

Lemma 6.12. LetRe A = —3 L+ 8. Then we can decompose Wi(p, A) as
18

W), 1) =Y Hj(f)(p, R,
Ji=9
where
1.0t {w)™1)

. tz)l—f dtds,

HY(F)(0.2) = (1-p%) 3 2(0) / £(5) /

H{o(£)(p. ) = (1—p*) "% 2(p)

<[5 [ amgaan QDO g 3y
I 0 (1-1) ~
+Hio(f)(p. 1),

—A
HI (f)(ph) = [—i_—p—zp—l} Huit(f)(0.3)

+(1=xa (P 2(1-p) 1 O(p™2(1-p)*(w) ™ )

[ £(s) / DDOWDYT) g o 3y drds+ i (f)(o,h),

(1-12)1-5

A
Hiy(f)(p 4y i= [;Tp—Zp‘l}Hu(f)(p 2

+1=12()p2(1+p) 1002 (1-p) % (w) !

)
/ rof “(’)O(’(lg Balt.p. W) dt ds+Fra()(p. 1),

—A
His( 0= == =207 | ).
+(1=x2 (PP 2(1=p) *O(p2(1-p)° () ™)

/f()/ 1= O)1+0@ ™ (1=1) (@) " Hlys(p.1.2)

2(1=A)(1—) 12 dids+Hyz(f)(p. ),

1+
+1=12 ()P 2(1+p) 10 (02 (1-p)% () 1)

U 2 OO (1=t) (@) )ya(t.p.A)
x/pf (S)/ 2(1-A)(1—1)1=*

Hi,(f)(p. )—[1——2p :|H14(f)(:0 A)

dtds+Hia(f)(p,2),
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O(p~ 't {w)™")

a— tz)l—f dtds,

Hs()(pA) = (1-p*) "3 1,.(0) / £(5) /

A
Hi6(f)(p.2) 1= [Tp—m }Hm(f)(,o,)t)

+(1=xa (P 2(1+p) *O(p2(1-p) (@ >—1)

/ ()/ 10w ,\ ,37(l,,0,k)dtds-l—ﬁls(f)(/)»k)’
(1-12)172

A
Hi2(f)(p.h) = [Lr—p—2p‘l}H17(f)(p,k)

+(1=x2 (P 2(1+p) *O(p2(1-p)° () ™)

[ flGs )/ (1= O)1+0E " (1=1){@)"H]ys(p. 1. 4)

2(1-A)(1—£)1=4 dtds+H7(f)(p, 2,

Hig(f)(p. 1) = [L—p—zp }Hls(f)(p,k)

+1=12()p2(1+p) 1002 (1-p) (@) ™)

X/”f,(s)/s (I (O))1+0 ! (1=1) () D]ys(p. 1. 1)
0 0

2(1=2)(141)1—* dtds+His(f)(p, M),

with B; and y; as in Lemma 5.9 and where H~j (f)(p, A) are terms obtained when a p-derivative hits B;
ory;j.

One last time we define operators S} and S y
N
/ e 1 j / 1 .
Si(®) f(p):= Nh_r)nOO/_Ne’mHj(f)(p,—i +8+iw)do,
N
S/ 1 iwt 17/ 1 .
Si@) f(p) = Nh_r)noo/;Na)e H(f)(p,—3 +8+iw)dw

for j =9,....18 and f € C®(BY).
Lemma 6.13. The estimates
1S; (D) fllLs @y yror2@s) S 1 f llwi2/a+20 @3).
IS O flLs@pror@s) < 1S lwz2/a+20 @)
holdfor j =9,...,18and f € C°°([BT?).

Proof. The estimates can be established by adapting the procedures used in the proof of Lemma 6.6 in a
straightforward way. O

Proposition 6.14. The difference of S and Sy satisfies
1_
||e(2 S)t[(s (1)=So()I-Q)I—P) f]x ||L6([R+)W1 9/2(BF) ~ SINI=Q) fllw22/a+428 1. 2/(1426) (B3)

forall f € C®x C®(B3).
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We now turn to interpolating the previously derived Strichartz estimates to obtain estimates on the
H?3/2 x H'/2 Jevel. For the notation and conventions appearing in the context of interpolation throughout
the following proof we refer the reader to the Appendix and [Bergh and Lofstrom 1976]. We also recall
that we constructed a subset X C H3 x Hz(Bf) which lies dense in H := H3/2 x Hl/z(Bf) such that
the spectral projection Q agrees on X with a bounded linear operator Q H— H.

Proposition 6.15. Let p € [2, 00] and g € [5, 10] be such that % + (51 = 1. Then, the semigroup S satisfies
the Strichartz estimates

I[S () — P)f]l”[,f(R_,_)Lq(B?) Sl

forall f € H. Furthermore, also the inhomogeneous estimate

Skl ayu
LZ(I)L9(BY)

H/OI[S(r—a)(I—P)h(o)h do

holds for all h € LY (R4, M) and all intervals I C [0, o0) containing 0.
Proof. We start by setting

p . D at
oy N 10" dn

fora € Rand § (r) = S(r) — So(7). Then, by a density argument we have that
||[§(T)(I -0)I-P)fh ||L2/<1—25)(R+,e—f(1+28)/<1—23>dr)L45/8(Bf)
(L S
= ”e (2+8)t[s (T)(I - Q)(I - P)f]l ||L%/(1_28)(R+)L45/8(B?)

S — Q)f||Wl,2/<1723>XL2/<1728)(Bf)

for all f € X thanks to Proposition 5.13. Similarly, from Proposition 6.7 we know that
IS ()T = Q)T - P) 1y ||L2/<'+25>(R+,efl/<'+25>dr)L45([Bf)
1_ ~
= eGSO = QT = P) flill 21029 g,y o5 ey

< ||(I - Q)f||W2,2/(1+28)XW1,2/(1+28)(B?),

Hence, by invoking Proposition A.1 and using that
H=H3x H(B)) = W T x W (85), W5 x L% (B)y),
see [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1], we conclude that
IS @ = Q)T = P) flill 2@y yr10@s) S 1T = Q) flln: (6-1)
In addition, since
le=G=DS @)U = )T = P) f il iorsasy S 1T = @) f l2ras2m /a2 @),

leG= S (@I = @)U = P) f1il 1oy S 1T = @) f lwsasemrziaang — (62)
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for all T > 0 interpolating yields

IS @ = Q)T = P) flill ooy yrs@s) S 1T = Q) f ln

for all f € X. Hence, elementary interpolation between (6-1) and (6-2) combined with the estimates
on So in Lemma 2.9 yields

IS (T — )T~ P) flill oy yroqas) < 1T~ @) f .

where p € [2, 00] and ¢ € [5, 10] are such that % + g = 1. Furthermore, by construction @ agrees with a
bounded linear operator Q : H — H on X and so

=) fllu=1T =) flln<|flln

for all f € X. Next, we turn to S (7) Q. From the Sobolev embedding H?(B3) < L!°(B?), we deduce
that

”[S(T)Q(I_P)f]IHLf(R_i_)Lc/(B?) < ”[S(T)Q(I _P)f]IHLf(R_i_)HZ(B?)

for all admissible pairs (p, g). Given that the range of Q is contained in the union of finitely many
generalized eigenspaces corresponding to eigenvalues which all have negative real part, we infer the
existence of an ¢ > 0 such that

”[S (T)Q(I - P)f]l ”HZ(B?) S e_St” of ”Hszl(B?)
on X. Moreover, since the range of Q is finite-dimensional, we see that
19 2 @) S NQS I =1Q S lln S 11f lln
for all f € X. Thus, the estimate
IS @I = P)fTillLo, Lo S 1f I

holds for all claimed pairs (p, ¢) and all f € X and by density for all f € H. For the inhomogeneous esti-
mates one uses Minkowski’s inequality as in the proof of Lemma 3.7 in [Donninger and Wallauch 2023]. O

Analogously, one proves Strichartz estimates involving (fractional) derivatives.
Proposition 6.16. The estimates
IS (z)(I — P)f]lllL%(R+)Wl/2,5(B?) Sl
IS (DU = P) 11l ey ywrsom sy S 1S e

hold for all f € H. Furthermore, also the inhomogeneous estimates

“/Or[su—o)(l—P)h(o)h do

< |\|h ’
L%(I)Wl/2,5(B?) ~ ” ”LI(I)H

SellLvayu
LS(I)L30/11(BY)

H /0 "[S(c—0)(I = PYh(0)]: do

hold for all h € LY (R, H) and all intervals I C [0, 00) containing 0.
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Proof. Note that

W2 B, LT By =W @),

(Sl

W3 (B, WS By = W B9,
thanks to [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1]. Consequently, the desired estimates follow
from Propositions 5.17, 6.14, A.1 and the arguments employed in the proof of Proposition 6.15. O
7. Nonlinear theory

We now take a closer look at our nonlinearity

sin(4 arctan(p) + 2pu(p)) —2pu(p) sin(4 arctan(p)) 16
— u
P’ P’ (1+p%)?

N@u)(p) = (p)s

which we recast as

16(1 — p? u(e)
N(u)(p) = —ﬁ u1(p)* — 4 / cos(4arctan(p) +2p1) (u(p) —1)* dt
\—,p_./ 0

=:Vn (o)

by performing a Taylor expansion.

Lemma 7.1. The estimates

INGOl 172 @5y < ||M||im(B?) + ||”||i5(Bf) + ”””220/3(@@)
+ullwr2.5@3) lullLo@s) + ”””WL”/“(B?)“u”i“”(B?)
and
IN(u) — N(U)“Hl/z([a;?) < |lu— v||L10(B?)(||u||Llo(B?) + ||U||L10(B§) + ”M”i20/3(Bf) + ||U||izo/3([a;f))
+ lu=vlL10@s)(lu ”26([@?) + ||v”i6(B?))
+llu = vlipo@s) (llyir25@5) + 10llg/25@s)
+ |lu — U||W1/2’5(Bf)(”“”L“’(B?) + ”v”LIO(B?))
+lu—v ||W1~30/11(B?) ||u||12J60/7(B?)
+ |lu— U||L60/7(B?)||U||W1,30/1I(Bf)(“””Lﬁoﬂ(B?) + ”u”L“’”(B?))
hold for all u,v € COO(ET-).

Proof. We start off with the easier quadratic term and use the product rule for fractional derivatives twice
to compute that

2 2 2
| Viu ||H1/2(B§) < ||VN||W1/2,10/3(B?)||” ”LS(B?) + ||VN||L5(B?)||“ ”W1/2’10/3(B?)

2
< ”u”LIO(Bf) + ”u”W1/2~5(Bf)”u”LlO(B?)-
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For the cubic term, we use the Sobolev inequality || - || ;1 2(8%) S llysss (®5) (o estimate that

u(p)
/ ’ cos(4 arctan(p) + 2pt)(u(p) — 1) dt
0

H)?®))

<

~

u(p)
/ ’ cos(4 arctan(p) + 2p1) (u(p) — 1)? dt H
0

w3 @)
N ||u2u’||L5/3(B?) + ||”3||L5/3(B§) + ||u4||L5/3(B§)
< ”“,“L30/11(B?)”“”260/7([3?) + ||u||z5(B?) + ||”||220/3(B?)'
To establish local Lipschitz estimates we let u,v € C °°([BT?) and again first take a look at the easier
quadratic term
||VN(M2 —U2)||H1/2 BS) ||VN||W1/2.10/3 B> ||M2—Uz||L5 B3 T ||VN||L5 B> ||u2— Uz||W1/2.10/3 B3
®3) (®3) (®3) @) (B7)
< e —v)(u+ U)||L5(B§) + | (u—v)(u + U)||W1/2,10/3(B§)
< lu— U”LIO(Bf)(”“”LIO(B?) + ||U||L10(Bf))
+ Il = vllyr25m3 (el oss) + 0l Los)
+ [lu— U||L10(B§)(||M||W1/2,5(B§) + ||U||W1/2.5(B§))-
Next, consider the function n : R x [0, 1] — R,
p
n(x,p) = 4/ cos(4arctan(p) + 2pt)(x —1)* dt
0
and note that
01n(x. p)| < |x[*. [02n(x. p)| S |x[*, [8Tn(x. )| S |x|. 181820 (x. p)| S |x[°.
Consequently,
G, ) =)l sws) S 1l + 0P = 0) s/ s)
2 2
S ||u - UHLIO(B?)(HMHLA(B?) + ”U ||L4(B?))’
as well as
I Gat, ) =10,y s73gas) S 1020100, ) =10, ) s/ sy + 1 Dum () =D, )l 53 ey
= N1+ N,
For N; we obtain
NS Il + 0Pl = vlll573(g) S 1= vl 1ogas) (el o) + 101305,
Further,
N2 S @' =v")01n () L5/ @yt 0" @1 (. ) =010 (V. )) | 5/3 g3,

2
< = a2 s o+ 10l o D = 53 gy

2
5||U/—v'||L30/11(B§)||M||L60/7(B?)+||M—U||L60/7(B§)||U/||L30/11(B§)(||M||L60/7(B§)+||u||L60/7(B§))- O
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Motivated by these estimates on the nonlinearity, we define the space X' to be the completion of
CZP (R4 x [Bf ) with respect to the norm

Iollx = M8l 2@y Lio@s) T 1€1L12/5@ ) Lo07@3) T 191 3@ yL152@%)

+ ”¢”L4(R+)L20/3(Bf) + ||¢||L2(R+)W1/2~5(B?) + ||¢||L6(R+)Wl,30/ll(B?)-
Moreover, we set

Xs:={peX:|p|x =6}
and for u € H and ¢ € CX° (R4 x@f) we define

Ku(@)(0) = [S(r)u+ /0 S(t—0)N($(0).0)) da—C(u,qs)(r)]l,

where the correction term C, which we add to suppress the unstable direction induced by the eigenvalue 1,
is given by

Cu,¢)(r) = P(eru + /000 e N((¢(0),0)) do).

Lemma 7.2. We have that Ky (¢) € X forallu € H and all ¢ € C° (R4 x E) Moreover,

1K (@)l S lulla+ 013 + 16115
forallu € H and all ¢ € CP (R4 x BY).
Proof. We split K, (¢) into

Ku(9) = [(I—P)S(r)w (I-P) /0 St —0)N($(0).0)) do}1

# | PS@ut P [ SN @(0).0)do~Cu i)
0
= (I~ P)Ku($) + PKy(9) 1
and investigate (I — P)K,(¢) and PK,(¢) separately. For the first one we observe that

(I —P)Ku(¢)(7) = [S(f)(l — Pu +/0 S(—0)I = P)N((¢(0).0)) dO] :

1
Hence, we use Propositions 6.15 and 6.16 to deduce that

(I = P)Ku(@)llx < llulln + H/O [S(z—0)I = P)N(¢(0).0)]1 do

X

o0
Slullt [ ING@) o do
= 2
< lluelle +/0 ||¢(0)||W1s3°/‘I(B?)”¢(0)||L60/7(BS) + ||¢(0)||L5(B5)

o
+ /0 191320355+ 1612 10z, + 16©@) 172503 1@ 10gas) do

< luls+ 11915 + 1115
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We move on to PK,(¢), where we first discern that

PK4(9)(x) = [ [N s@.0) do] .

1

We also remark that as P has rank 1, there exists a unique g € H such that Pf = (f, g)ng for all
f € H. Hence,

| PEa@) )l @) + I PEa@) ()l 255 + | PEa(@) @l som sy < INGO)gr1/2e5,

for any 2 < p < 0. So,

o0
I PKu(@) (O L2 @ yre@s) / €r_0||N(¢(G))||H1/2(B?) do
T

L7 (R4)
and Young’s inequality implies that

||PKu (¢)(T)||L§(R+)Lq([g?) < ||N(¢)||L1(R+)H1/2(Bf) || 1(—oo,0](f)er||L$(R+)
Slolz + 1%

As the remaining spacetime norms can be bounded likewise, one obtains the desired estimate

IPKy(9)|lx < 012 + o4 O

Lemma 7.3. The estimate

1Ku(®) — K@)l S (1@l + 1015 + 19 lx + 11311 — vl
holds for all u € H and all ¢, ¥ € C2 (R4 x BY),
Proof. Invoking Propositions 6.15 and 6.16 yields
(I — P)(Ku(¢) — Ku(¥))llx

< [ ING©) - N1y do

< [ 190 VOl 16Ol + 146 gs)
F196) U010 150 0, + 1) 20367
+lle@) = v @) lw1/25@s) (6@ 10@s) + 1V (@) L10@s))
F180) ~ @) 10ty 18 125 65) + 1@ 172565
160) = V(O 1065y 10 g, + 190 o5
F196) @) lyn0m1 5 190120763,

+l¢(@) =¥ (@)l Loor7 @) 1V (@) 13011 @5 (19 (@) | Loor7 @5y + [V (D)l Loor7 g3)) do
<lo—vlxglx+ 1z + 113 + 1)

Estimating P(K,(¢)—K,(¥)) can be done by employing the same strategy as in the proof of Lemma 7.2. O
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The last two lemmas combined with an application of the contraction mapping principle yield the next
result.

Lemma 7.4. For any u € H fixed, the operator K, extends to an operator on all of X. Moreover, there
exist § > 0 and C > 1 such that there exists a unique ¢ € Xs with

whenever ||u||y <38/C.

7.1. Proof of Theorem 1.2. To prove Theorem 1.2 we still have to get rid of the correction term C. We
achieve this by picking the right blowup time 7" close to 1. For this, we recall that the prescribed initial data

®(0) = (¢1(0.-). ¢2(0.-))

are given by

2 arctan(p)

$100.0) = ¥1(0.p) = === =T/ (Tp) - Zarctan(p)

2

Furthermore, uL[0] transformed to similarity coordinates is given by

2 arctan(Tp) 272
1 1
0’ = Y 0, = .
l/f1* ( p) 24 ( p) 1 T2 2

This explicit dependence of T of the initial data motivates the definition of the operator

U:[1-8,1+68]x (H3 x H)(BS ;) > H

by
U (T, v)(p) = (Tvi(Tp), T*v2(Tp)) + (V1. (0, p), ¥, (0, p)) —

(2 arctan(p) 2 )
T 02)
Note that for § € (O, %) and any v fixed, this defines a continuous map
U(-,v):[1-6,1+3]>H
(this follows as the first part of Lemma 8.2 in [Glogi¢ 2025]). Also, the two identities

U(1,0)=0

B _ 2arctan(p) 2
cb(o,p)_U(T,(f(p) Y .8(p) 1+p2))

hold. Furthermore, by arguing as in the proof of Lemma 8.2 in [Glogi¢ 2025], one shows that the estimate

and

10T )l S [olggssaarivages  + 1= T
is true forall T € [1 -6, 1+ 4].

Lemma 7.5. There exist constants M > 1 and § > 0 such that if v € H3/? x Hl/z([BfM) satisfies
||v||H3/sz1/2(B? D= 8/ M, then there exists a unique T* € [l — 68,1 + 8] and a unique ¢ € X
with ¢ = KU(T*,v)(¢) and C (¢, U(T*, v)) =0.
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Proof. Since

5 2 arctan(7p) 272
T ) T 122

=2g(p),
T=1

the claim follows by an application of Brouwer’s fixed-point theorem; see the proof of Lemma 6.5 in
[Donninger 2017] for the details. O

This allows us to give rigorous meaning to the notion of solutions in our topology.
Definition 7.6. Let
T .= {@t,r)e0,T)x[0,00):r <T —1t}.
We say that u : I'7 — R is a Strichartz solution of

sin(2ru(t,r)) —2ru(t,r) 0
r3 N

4
(af—af—;a,)u(z,rwr
if ¢ = ®p 1= [W — W]y, with

v (z, p)
(14 0¢ + pdp)¥ (T, p)

belongs to X’ and satisfies

Y(t, p) = ( ) , Y(t,p):=Te *u(T —Te *,Te " p),

¢ = Ko(0)(¢)
and C (¢, ©(0)) = 0.

Proof of Theorem 1.2. Let § > 0 be small enough, choose M > 0 sufficiently large, and, let v =
(f,g)—ul[0]e C* x COO(B‘?_I_S) be such that

8
1) =0 g32pr 1203, ) = -

1

Then, by Lemmas 7.4 and 7.5 there exists a Strichartz solution u with that initial data. Therefore, the
associated ¢ is the unique fixed point of K in X5 with vanishing correction term. Moreover, by standard
partition arguments one shows that this ¢ is in fact the unique fixed point in all of X'; see for instance
[Donninger and Wallauch 2023, Lemma 7.6]. Furthermore, by classical Gronwall-type arguments one
shows that u is in fact a smooth function on I'7, where T denotes the blowup time. We calculate

00
82 > ”(p”]zdz(RJ,_)Lm([B?) = /(; ”W(Tv ) _2| ) |_1 arctan(| : |)||210(B?) dt

T dt
_— — —_— . —_— . _1 . 2 —
—[0 [ (—log(T —t) +log T,-) —2|- |~ arctan(| D”L“’(B?)T—z

=f0T

T
_ T 2
= [ ) TR s

2

dt
LIO(B%_Z)

(T —t)_lljf(— log(T —t) +1logT, ﬁ) =2/t arctan( | )

T—t
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and similarly one computes

T
6 T 6
8 2/0 o) = (013011 g3y 90 (7-1)
completing the proof. O

Proof of Theorem 1.1. Establishing Theorem 1.1 reduces to two tasks. First one needs to prove that u can
be extended to all of

Q7 = ([0, 00) xR )\ {(t, x) € [T,00) xR : |x| <t—T}.

This is a consequence of N being a smooth bounded function away from » = 0 and we refer the reader to
Section 2 and Lemma 8.3 of [Donninger and Wallauch 2023], where this was done for one dimension
higher. Secondly, one has to show that all estimates on u ascend to estimates on

R CC(RICTR
dutt )_( cos(|-[u(r.-)) )

This procedure was also carried out for d = 4 in Section 8 of [Donninger and Wallauch 2023] and can be
adapted in a straightforward way to the three-dimensional case. O

Appendix: Interpolation theory

This appendix is concerned with our required interpolation result for weighted Strichartz spaces. The
presentation given here is based on the book by J. Bergh and J. Lofstrom [1976]. Following this reference,
we let (Xo, X1) be a tuple of Banach spaces out of which we form the Banach space (Xo+ X1, || |l xo+x,)-
where

X = inf X + ||x
Iellxorxy = il (ol + )

for x € Xo + X1. Wenow set S :={z € C:0 <z < 1} and consider the set F(Xp, X1) consisting of all
continuous functions f : S — X 4+ X that are analytic on the interior of S. Moreover, for f to be an
element of F(Xg, X1), we require the function t — f(j +it), for j =0, 1, to be a continuous function
from R to X; which tends to 0 as |f| — oo. Then, F(Xo, X1) is a vector space and by equipping it with
the norm

11l (x0,x1) := max{sup || £(i1)llxo. sup Il (1 +it)x, |
teR teR

it becomes a Banach space; see [Bergh and Lofstrom 1976, p. 88, Lemma 4.1.1]. Next, for 8 € (0, 1), we
define the interpolation functor Cy as follows. Let (Xo, X1)[9] = Co(Xo, X1) be the set of all x € Xo+ X
for which there exists an f € F(Xg, X1) with f(0) = x. Furthermore, for any such x we set

”x”(Xo,X])[(-)] = lnf{”f”F(Xo,Xl) : f € F(XO’Xl)’ f(e) = X}.

Then, ((Xo, X161, [l - ll(x0,X1)1¢;) 18 Banach space and Cy is an exact interpolation functor of order ¢
(see [Bergh and Lofstrom 1976, p. 88, Theorem 4.1.2.]). Moreover, for a given Sobolev norm || - || W (B5)>
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withs >0and 1 <g < oo, as well as a € R, we let L7 (R4, e?* dr)Ws’q([E’B?) with 1 < p < oo be the
completion of C° (R4 x Bf ) with respect to the norm

D L D
”f”L”(RJrse“’ doyWsa(B]) /I;a+ ”f(r")”Ws-q(B?)em dr.

Finally, we once more employ [Triebel 1995, p. 317, Section 4.3.1.1, Theorem 1] to infer that for any
1 <p,q0,91 <o0and0 <sp,s1 < oo one has that

(WSO,QO(B?)’ WS4 (B?))[ 1= Ws1/2,t11/2(B?)’

1

2
where 51/, = %(so +s2) and 1/qy/2 = %(1 /qo + 1/q1). Having concluded these preliminaries, we come
to the desired interpolation result.
Proposition A.1. Let 1 < gg,q1 <00, 0 <s9,51 <00, 1 < pg, p1 <00,anda € R. Then

(LPO(R+’ e —apot dr)Wsoﬂo(B?)’ LPV(Ry, e®P1T dr)Ws1-d1 (Bf))[%] = LP1/2 (R+)Wsl/2’ql/2(B?).

Proof. The proposition follows by slightly modifying the ideas of [Bergh and Lofstrom 1976, p. 107,
Theorem 5.1.2], which we illustrate here for the convenience of the reader. To simplify notation,
we set Wy = WSO’QO([B?), Wy = wedi (B?) and p = py/,. By construction, C°(R4+ x [Bf) lies
dense in LPO(R, e 4PoT d )Wy N LP1 (R4, e?P1T dt)W; and so by [Bergh and Lofstrom 1976, p. 91,
Theorem 4.2.2] also in

(LPO(R+,e—“P0’dr)WO,Ll’l(m,e“l’ﬂdr)wl)[] and Lp([RRJr)(Wo,Wl)[%].

1
2
Consequently, it suffices to consider C° (R4 x @f). We start with the inequality
”M || (LPo (R.:,_,e_‘”’of dt)Wy,LP1 (R.:,_,e“”l T d‘[)W])[l/z] = ||1/l ||LP(R+)(W(),W1)[1/2] .
Letu e C° (R4 X[BTf) with u #£ 0. Then, for every ¢ > 0 and every t > 0, there exists an f(7) € F (W, W1)
with f(r)(%) =u(t,-) and

”f(-[)”F(W(),Wl) = (1 + E)HM(T’ ')”(W(),W])[l/z]'
Set

1)1

£ = f e T s )p(po i
el e @) (Wo, w12

Then, clearly g(7)(5) = u(z,-) and since

p(1 1
po+pos\———|)=pr
2\po n
11

D(_ 1 _
14 )l Wiyt )”°z(po i
||u||LP(R+)(W0,W1)[1/2]

one readily computes that

IOy a-omve ar = [, 17015
+

—pa2 (L1

Do 2ipo Pl Y4
= (P oo, 1 W47

. Do Po
=(l14+¢) ||u||Lp(R+)(Wo,W1)[1/2]
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and similarly

lg(x)(1+ l[)”LPl Ry, eP1T )W) = <(l+¢)? ”u||Ll’(R+)(W0 Wi 2"

Hence, as ¢ > 0 was chosen arbitrarily, the claim follows.
For the other inequality, we invoke [Bergh and Lofstrom 1976, p. 93, Lemma 4.3.2], which states that
any f € F(Wy, Wy) satisfies

1 1-0 1 0
v = (75 [ 1@t ar) (5 [1ra+ioimmenar) . @

where
e~ "=Y) gin(7rx)

Pi(x+iy,t):= =
j iy 1) sin(7rx)2 + (cos(wx) — e —m(t=y))2

are the Poisson kernels of the strip S. Further, for u € C°(R4+ x@?) let f(t) € F(Wy, W1) be such that
f()(3) =u(z.-). Then, (A-1), Holder’s inequality, and the identity 1/ p =1/(2po)+1/(2p1) imply that

||“||LP(R+)(W0 Wiz

(/ | £ @0l Po (4. 1) ) (/ LF @ +i0)lw, Py (Lt )dt)l

Lp(R-‘r)

_M/ 1F @0 o Po(L.1) |

/ 1F @A+ i), Pr(.)de|

L@yl LI ®y)

Next, by Minkowski’s inequality

/R 1@ I Po(b.1) di e

< | 111/ @G Iwoe "Nl ro gy Pol3.1) dt
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In Gel’fand’s inverse problem, one aims to determine the topology, differential structure and Riemannian
metric of a compact manifold M with boundary from the knowledge of the boundary d M, the Neumann
eigenvalues A; and the boundary values of the eigenfunctions ¢;|5). We show that this problem has
a stable solution with quantitative stability estimates in a class of manifolds with bounded geometry.
More precisely, we show that finitely many eigenvalues and the boundary values of corresponding
eigenfunctions, known up to small errors, determine a metric space that is close to the manifold in the
Gromov—-Hausdorff sense. We provide an algorithm to construct this metric space. This result is based on
an explicit estimate on the stability of the unique continuation for the wave operator.
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1. Introduction

Gel’fand’s inverse problem, formulated by I. Gel’fand [1957], concerns finding the topology, differential
structure and Riemannian metric of a compact manifold with boundary from the spectral data for the
Neumann Laplacian on the boundary, that is, the Neumann eigenvalues and the boundary values of the
corresponding eigenfunctions. The problem is closely related to an inverse problem for the wave equation
that can be solved using the boundary control method developed by Belishev [1987] on domains of R"
The uniqueness of Gel’fand’s inverse problem on manifolds was proved in 1992 by Belishev and Kurylev
[1992], see also [Anderson et al. 2004; Belishev 2007; 2017; Caday et al. 2019; Krupchyk et al. 2008;
Kurylev et al. 2018], in the form of an inverse spectral problem: the geometry of a compact Riemannian
manifold with boundary is uniquely determined by the boundary spectral data for the Neumann Laplacian.
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On a given domain of the Euclidean space, Gel’fand’s problem was reduced in [Nachman et al. 1988§]
to inverse coefficient problems for elliptic equations which were solved in [Astala and Péivirinta 2006;
Nachman 1988; 1996; Sylvester and Uhlmann 1987], see also [Dos Santos Ferreira et al. 2009; Guillarmou
and Tzou 2011; Isozaki 2004; Kenig and Salo 2013; Kenig et al. 2007; Uhlmann 1998], and the stability of
the solutions of these problems has been studied in [Alessandrini 1988; Alessandrini and Sylvester 1990;
Sylvester and Uhlmann 1988]. Gel’fand’s inverse problem is ill-posed in the sense of Hadamard, as one can
make large changes to the geometry of the interior without affecting the boundary spectral data much. One
approach of stabilizing the inverse problem is to study the conditional stability by assuming a priori knowl-
edge of the desired quantities, for instance higher regularity of coefficients [Alessandrini 1988], and higher
regularity of Riemannian metrics if they are close to Euclidean [Stefanov and Uhlmann 1998]. For a general
Riemannian manifold, it is natural to impose a priori bounds on geometric parameters such as the diameter,
injectivity radius and sectional curvature. An abstract continuity result for the stability of the problem was
proved in [Anderson et al. 2004], however with no stability estimates, and the related determination of the
smooth structure was shown in [Fefferman et al. 2020]. With additional geometric assumptions, strong sta-
bility estimates for this problem can be obtained, e.g., [Bellassoued and Dos Santos Ferreira 2011; Stefanov
and Uhlmann 2005], when the metric is close to simple (i.e., with strictly convex boundary and no conjugate
points). One could also consider the inverse interior problem, that is, an inverse problem on closed
manifolds analogous to Gel’fand’s problem. For the inverse interior problem where the eigenfunctions are
measured in a ball of a closed manifold, the unique solvability of the problem was proved in [Krupchyk
et al. 2008] and a quantitative stability estimate for general metric has recently been obtained in [Bosi et al.
2022]. A quantitative stability of Gel’fand’s inverse problem for manifolds with boundary in the general
case was yet unknown. The main purpose of the present paper is to provide an answer to this question.

The key result for establishing the uniqueness of Gel’fand’s inverse problem was Tataru’s unique
continuation theorem [1995] for the wave operator. Its stability, i.e., quantitative unique continuation,
is essential to the stability of the inverse problem. The quantitative unique continuation for the wave
operator on Riemannian manifolds, from sets of the form I x [T, T'], where I' is the observation
region, has been investigated independently in [Bosi et al. 2016; 2018] for closed manifolds, and in
[Laurent and Léautaud 2019] when T is larger than the diameter of the manifold. Using [Bosi et al. 2016;
2018], the authors established a log-log type of stability estimate [Bosi et al. 2022] for the analogous
inverse problem on a closed manifold where spectral data are measured in a ball. However, for manifolds
with boundary, the quantitative unique continuation for arbitrary time 7 is yet unclear, partly due to the
lack of smoothness caused by geodesics touching the boundary. This brought substantial difficulty into
propagating the local unique continuation to a global one without losing any domain of dependence. It
turns out that it is beneficial for us to treat these geodesics as distance-minimizing paths in Alexandrov
spaces with curvature bounded above, instead of handling them in boundary normal coordinates. As
our main technical task occupying most of Sections 3 and 6, we focus on geometric issues brought by
geodesics near the boundary, and give a fully explicit stability estimate for the unique continuation in the
optimal domain of dependence. Our result also makes it possible to obtain quantitative stability of other
inverse problems that are solved using the boundary control method.
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We hope our results may have applications in medicine, especially to cancer treatment, more concretely,
to imaging necessary for radiation therapy (e.g., the navigation of cyber knives) and for ultrasound
surgery, see, e.g., [Western et al. 2015]. In these treatments, many thin beams of X-rays or high-amplitude
ultrasound waves are concentrated in the cancerous tissue and the planning of the treatment requires stable
imaging methods. A significant potential instance is the focused ultrasound surgery [Tempany et al. 2011],
where a cancerous tissue is destroyed by an excessive heat dose generated by focused ultrasound waves.
The location where the ultrasound waves are focused is determined by the intrinsic Riemannian metric
corresponding to the wave speed of acoustic waves; see [Dahl et al. 2009; Lassas 2018]. In particular, in
an anisotropic medium where the inverse problem is not uniquely solvable in Euclidean coordinates, see
[Sylvester 1990], it is beneficial to do imaging in the same Riemannian structure that determines the wave
propagation. The imaging of the Riemannian metric associated with the wave propagation is an inverse
problem for the wave equation, which is equivalent, see [Katchalov et al. 2004], to Gel’fand’s inverse
problem studied in this paper. Numerical methods to solve these problems have been studied in [de Hoop
et al. 2016; 2018]. The quantitative stability of reconstruction from other types of data, e.g., the Dirichlet-
to-Neumann map or the source-to-solution map for the wave equation, has not yet been studied; however, in
the light of [Bosi et al. 2022; Katchalov et al. 2004], we think a similar stability estimate might be possible.

Let (M, g) be a compact, connected, orientable Riemannian manifold of dimension n > 2 with smooth
boundary d M. We consider the manifold M in the class M, (D, K1, K>, ig, ro) of bounded geometry
defined by the bounds on the diameter diam(M), the injectivity radius inj(M), the Riemannian curvature
tensor Ry, of M, and the second fundamental form $ of the boundary d M embedded in M:

diam(M) < D, inj(M) = io,

IRmlco < KF,  [ISllco < K1,

5 ) 4 .
DIV Rullco <Kz, Y [IV'Slico < Ko, (1-1)
i=1 i=1

where V' denotes the i-th covariant derivative on M. The injectivity radius for a manifold with boundary
is defined in Section 2.1. In addition, we impose the lower bound on the following quantity rcar(M)
(Definition 2.1):

reat(M) 2 ro, (1-2)

where rcar(M) is defined as the largest number » such that any pair of points with distance less than r is
connected by a unique distance-minimizing geodesic (possibly touching the boundary) of M. This quantity
is known to be positive for a compact Riemannian manifold with smooth boundary. For Riemannian
manifolds without boundary, the condition (1-2) is already incorporated in the lower bound for the
injectivity radius.

Denote by A; (j > 1) the j-th eigenvalue of the (nonnegative) Laplace—Beltrami operator —A, on
(M, g) with the Neumann boundary condition at M, and by ¢; a (smooth) eigenfunction with respect
toA;. Weknow that 0 =A; <Ap <--- < Aj <Ajpp <---,and A; — +00 as j — +00. Assume the

eigenfunctions are orthonormalized with respect to the L2-norm of M. In particular ¢; = vol,(M)~!/2,
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The Neumann boundary spectral data of M refers to the collection of data

(aMa g;)M’ {)"]a ¢]|3M}7O:1)v

which consists of the boundary d M and its intrinsic metric g,,,, the Neumann eigenvalues and the boundary
values of a choice of orthonormalized Neumann eigenfunctions.

Definition 1.1. We say a collection of data (M, g,,,, {AY, <p;.‘|3M}JJ.:1) is a §-approximation of the
Neumann boundary spectral data of (M, g) (in C?) for some § > J~! if there exists a choice of Neumann
boundary spectral data {A;, ¢;ls M}?‘”:1 such that the following three conditions are satisfied for all j <&

(1) A7 €10, 00), ¢flam € C*(BM).
2) [Va;—V2d| <.

) lle; — (p]‘? lco1an + ||V§M (pj — <p]?’)|3 Mllco < 8, where VazM denotes the second covariant derivative
with respect to the induced metric g,,, on d M.

Let M, M, be two Riemannian manifolds with isometric boundaries, and let ® : 0 M| — 9 M, be the
Riemannian isometry (diffeomorphism) between boundaries. We say the Neumann boundary spectral
data of My, M, are §-close if the pull-back via ® of the Neumann boundary spectral data of M, (or M)
is a 6-approximation of the Neumann boundary spectral data of M; (or M>).

Note that the definition above is coordinate-free. The second covariant derivative of a function is
called the Hessian of the function, which is a symmetric (0, 2)-tensor. In a local coordinate on d M,
Definition 1.1(3) translates to (¢; — goj‘)l am having small C 2_norm. A similar definition in L?-norm was
seen in [Bosi et al. 2022].

If finite boundary spectral data {A;, ¢;ym} le | are known without error, then this set of finite data is a
8-approximation of the Neumann boundary spectral data with § = J~! by definition. If we are given a
certain choice of Neumann boundary spectral data, then Definition 1.1(3) is equivalent to the existence of
orthogonal matrices acting on eigenfunctions in eigenspaces, such that the condition is satisfied by the
given spectral data after applying these matrices.

The main purpose of this paper is to prove the following stability estimate for the reconstruction of a
manifold from the Neumann boundary spectral data.

Theorem 1. There exists 69 = éo(n, D, K1, K3, ig, ro) > 0 such that the following holds. If we are given
a é-approximation of the Neumann boundary spectral data of a Riemannian manifold with boundary
M e M, (D, K1, K3, iy, rg) for § < 8¢, then one can construct a finite metric space X directly from the
given boundary data such that

deu(M, X) < Cy(log(|log 8))) ™2,

where dgy denotes the Gromov—Hausdorff distance between metric spaces. The constant C| depends on
n, D, Ky, K», iy, ro, and the constant C, explicitly depends only on n.

Theorem 1 implies the stability of Gel’fand’s inverse problem.
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Theorem 2. There exists 5o = do(n, D, K1, K3, iy, ro) > 0 such that the following holds. Suppose two
Riemannian manifolds My, My € M, (D, K1, K, ig, ro) have isometric boundaries and their Neumann
boundary spectral data are 5-close for 6 < 8g. Then M is diffeomorphic to M;, and

deu(My, My) < Ci(log(|log )~ ¢2.

Remark 1.1. The dependency of C1, §y is not explicit. An explicit estimate with dependence additionally
on vol, (M), vol,_; (0 M) can be obtained, but this process results in a third logarithm. More details can
be found in the Appendix.

If any explicitness for the results is not of interest, the bounds (1-1) we assumed on the Riemannian
curvature tensor and the second fundamental form can be relaxed to bounds on Ricci curvatures of M, 0 M
and the mean curvature of d M, due to Corollary 2 in [Katsuda et al. 2007].

We do not know if the log-log type of estimates above is optimal. While strong (Holder-type) stability
results [Bellassoued and Dos Santos Ferreira 2011; Stefanov and Uhlmann 1998; 2005] were known
near simple metrics, the stability of the problem is likely weak in the general case; see [Koch et al. 2021;
Mandache 2001].

The key result in proving Theorem 1 is a uniform stability estimate for the unique continuation in the
class of Riemannian manifolds with bounded geometry, and without loss of domain in the domain of
dependence. Let [ be an open subset of the boundary oM and T > 0. The domain of influence of the
set " at a time ¢ € [0, T'] is defined as

MT,t)={xeM:dx,T') <t}, (1-3)
where d is the intrinsic distance function of M. The double cone of influence of I' x [T, T] is defined as
KO, T)={(x,) e M x[-T,T]:d(x,T) < T —|t]}. (1-4)

Recall Tataru’s unique continuation theorem [1995]: if the Cauchy boundary data of a wave u vanish on
I'x[-T,T],ie.,

ulrxi-r.,r1 =0, Outt|rx[-1.71 =0,

then the wave u vanishes in the double cone of influence K (I', T'), and in particular, the initial value
u( -, 0) vanishes in the domain of influence M (I", T'). Note that the domain K (I, T') (and M (I", T') for
the initial value) in this result is optimal due to finite speed of propagation of waves. The stability of the
unique continuation, i.e., quantitative unique continuation, asks if # is small when the Cauchy boundary
data are small.

Theorem 3. Let M be a compact, orientable Riemannian manifold with smooth boundary oM, and
let T' (possibly I' = dM) be a connected open subset of dM with smooth boundary. Suppose u €
H*(M x [—T, T)) is a solution of the wave equation (8} — Ag)u(x, t) = 0 with the Neumann boundary
condition it |yp x[—1,71 = 0 and the initial condition d;u( -, 0) = 0. Assume the Dirichlet boundary value
of u satisfies

ulamx(-1.1) € H* @M x [=T, T)).
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If

luC-s O o <A, Nullgzex-1.77 < €0,
then, for 0 < h < hy, the following estimate holds:

A+h=12g

1/(3 max {n.3))
(log(1+h+h3/2A/80))1/6+C5Ah max n.3))

1/3, — _
luC-, Ol 21y < C3 B2 exp(h =€)

The constants hg, C3, C4, Cs explicitly depend only on intrinsic geometric parameters of M and I (in
particular, independent of &).

Quantitative unique continuation for the wave operator has been investigated independently in [Bosi
et al. 2016; 2018] for closed manifolds and in [Laurent and Léautaud 2019], both inspired by the ideas in
[Tataru 1998]. In particular, the case for manifolds with boundary for large 7" was studied in [Laurent
and Léautaud 2019], however without addressing how the geometry of the manifold affects the estimate.
Our result explicitly shows how the constants depend on the geometry and how close the domain of
quantitative unique continuation can approach the optimal domain. These are crucial questions frequently
showing up in the stability of inverse problems. In Theorem 3, the stability estimate is obtained up to
the optimal domain for arbitrary 7, and can be made fully explicit only in terms of intrinsic geometric
parameters. The estimate comprises two parts. One is by propagating local unique continuation up to the
Vh-neighborhood of the boundary of the optimal domain. This is the most technical part of the paper and
gives a global estimate (Theorem 3.1) on a domain arbitrarily close to the optimal domain, see Figure 1,
since / is a small parameter one can freely choose in advance. The second part is to estimate the L>-norm
on the region which the first part does not reach. Once we prove that this region has uniformly controlled
volume (Proposition 3.14), the second part of the estimate immediately follows from the a priori H'-norm.
We remark that one can also balance the parameters ¢g, # in Theorem 3 and arrive at a log-log type of
estimate with a single parameter &.

—-T

Figure 1. Domains of unique continuation. The blue vertical line is I' x [T, T']. The domain
enclosed by the blue lines is the optimal domain K (I', T'). The domain enclosed by the red lines is
Q(h) defined in (2-4), obtained by propagating local unique continuation. The distance between
the blue and red lines is v/A.
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Equipped with Theorem 3, we can adopt the approach introduced in [Katsuda et al. 2004] to obtain a
stability estimate for Gel’fand’s inverse problem. Namely, we apply a quantitative version of the boundary
control method to evaluate an approximate volume for the domain of dependence. The error of the
approximate volume can be made arbitrarily small as long as sufficient boundary spectral data are known.
Then we define approximations to the boundary distance functions through slicing procedures, from
which the manifold can be reconstructed [Katsuda et al. 2007].

The method we use to obtain the quantitative unique continuation may be of independent interest.
Essentially it is proved by propagating local stability estimates to obtain a global estimate. However, the
presence of general manifold boundaries brings significant trouble in defining the process, especially
when the path of propagation touches the boundary. One straightforward approach would be to avoid the
boundary. Namely, one can approximate a geodesic touching the boundary with a curve in the interior of
the manifold, and propagate local estimates through balls along this curve. This approach works well if
the time domain is larger than the diameter of the manifold, in which case the domain of dependence
is smooth, i.e., the whole manifold. However, difficulties arise for an arbitrary time domain, where the
domain of dependence in the manifold has corners. An estimate obtained with this approach may not be
uniform in a class of manifolds.

Our method directly defines a series of noncharacteristic domains through which local estimates are
propagated, using the intrinsic distance of the manifold and the distance to the boundary. This is made
possible by directly handling geodesics near the boundary. These domains are globally defined in a
coordinate-free way. The boundaries of these domains normally have the shape of a hyperboloid and warp
quickly near the boundary (and the injectivity radius). In this way, the local estimates propagate (almost)
along distance-minimizing geodesics, and naturally produce a uniform global estimate depending only on
intrinsic geometric parameters.

This paper is organized as follows. We review relevant concepts and the unique continuation in
Section 2. Section 3 is devoted to proving Theorem 3, an explicit stability estimate for the unique
continuation from a subset of the boundary. Section 3 uses several technical lemmas, and their proofs
can be found in Section 6. In Section 4, we apply Theorem 3.1 to introduce the essential step of our
reconstruction method where we compute, in a stable way, how the Fourier coefficients of a function (with
respect to the basis of eigenfunctions) change, when the function is multiplied by an indicator function of
a union of balls with center points on the boundary. The new feature of this method is that it is directly
based on the unique continuation theorem. The main results, Theorems 1 and 2, are proved in Section 35,
with the dependency of constants on geometric parameters derived in the Appendix.

2. Preliminaries

2.1. Bounded geometry. Let (M, g) € M, (D, K1, K>, ig, rp) be a compact, connected, orientable Rie-
mannian manifold of dimension n > 2 with smooth boundary M. The C%-norm of the Riemannian
curvature tensor Ry, appearing in (1-1) is defined as

| Rmllco = sup |Ru|xl,
xeM
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where | Rys| | denotes the operator norm of Ry at x € M as a multilinear operator to R. The C O_norms of S
and the covariant derivatives are defined in the same way. In this paper, we usually omit the subscript C°
for brevity.

Since the Riemannian curvature tensor is completely determined by the sectional curvatures, assuming
a bound on the curvature tensor is equivalent to assuming a bound on sectional curvatures. By the Gauss
equation, the bounds on the curvature tensor of M and the second fundamental form of 9 M yield a bound
on the curvature tensor Ryy of dM (when d M is at least two-dimensional), also denoted by K 12 Without
loss of generality, assume K, K» > 0.

From now on, we write ||A|| = ||A||co for a tensor field A on M. For convenience, we define

k

k
IRutllcx = IRl + IV Rucll, 1Slex = 1S+ D IV7S].

i=1 i=1

Then the curvature bound assumptions in (1-1) are written as

IRMI < K7, IISI < K1, |Ramll < KP,
IRullcs < Ki+ Kz, ISIlcs < K1+ Kz, |[Ramllcs < C(K1, K»).

The boundary dM is said to admit a boundary normal neighborhood of width r if the exponential map
(z,5) = exp,(sn;) defines a homeomorphism from d M x [0, ] to the r-neighborhood of 9 M, where n;
denotes the inward-pointing unit normal vector at z € M (see, e.g., Section 2.1.16 in [Katchalov et al.
2001]). The boundary injectivity radius i,(M) of M is defined as the largest number with the following
property that 9 M admits a boundary normal neighborhood of width r for any r < i, (M). The injectivity
radius inj(M) of M is usually defined as the largest number r < min{inj(dM), i,(M)} satisfying the
following condition: the open ball B, (x) of radius r is a domain of Riemannian normal coordinates on M
centered at any x € M with d(x, dIM) > r.

This definition of the injectivity radius for a manifold with boundary gives little information on the
geometry near the boundary. We find it convenient to consider the following quantity.

Definition 2.1. For xe M, rcar(x) is defined to be the largest number r such that the (distance-)minimizing
geodesic of M connecting x and any y € B, (x) is unique. Define

reat(M) = xiélﬁfl rear(x).

We call this quantity the radius of radial uniqueness (or CAT radius).

The radius of radial uniqueness is positive for a compact Riemannian manifold with smooth boundary
(Lemma 6.2(1)). This definition is a natural extension of the injectivity radius for manifolds without
boundary. More precisely, for a Riemannian manifold without boundary, min{m/~/K, rcar} gives a lower
bound for the injectivity radius, where K is the upper bound for the sectional curvatures.

The radius of radial uniqueness has an immediate connection with metric spaces of curvature bounded
above in the sense of Alexandrov. A metric space has curvature bounded above (globally) by K > 0
if every minimizing geodesic triangle in the space has perimeter less than 277 /+/K, and has each of its
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angles at most equal to the corresponding angle in a triangle with the same side-lengths in the surface of
constant curvature K. This space is denoted by CAT(K). A CAT(K) space has the property that any pair
of points with distance less than 77/+/K is connected by a unique (within the space) minimizing geodesic,
and the geodesic continuously depends on its endpoints. It is well known that a Riemannian manifold M
with smooth boundary is locally CAT(K), where K is the upper bound for the sectional curvatures of M
and the second fundamental form of dM [Alexander et al. 1993, characterization theorem]. In fact,
more is known: the open ball around any point in M of the radius min{r/ 2VK, rear(M )} is CAT(K)
[Alexander and Bishop 1996, Theorem 4.3]. This is where the notation rcat comes from. The CAT space
provides useful nondifferential tools to work with manifold boundaries where the standard differential
machinery is often problematic.

2.2. Wave operator and the unique continuation. The Laplace—Beltrami operator A, with respect to
the metric g has the following form in local coordinates (x!, ..., x"):

1 ") .
Ng=—Fr—— —.(,/dt . J—) 2-1
f Vdet(giy) 4= X (818" 5,7 -1

Then the wave operator P = af — A, has the following form in local coordinates:

9?2 1 ~ 9 ( j_0
p= 1Ly 9o det(g--)g”—.)
912 det(gij) i,]Zzl ox! \/—U ax/
— 22 2": i 0 + lower-order terms (2-2)
a2~ 2 lg 9x19xJ '
i,j=

The Riemannian metric g approximates the standard Euclidean metric in small scale. In sufficiently small
coordinate charts, the Laplace—Beltrami operator is a strongly elliptic operator given by the formula (2-1).
However, the wave operator of the form above is only locally defined on manifolds, different from the
wave operator on Euclidean spaces with global coefficients.

In the boundary normal neighborhood of d M, it is convenient to use the boundary normal coordinate

(xl, .., x" 1 x™), where (xl, .. .,x”_l) is a choice of coordinate at the nearest point on dM and
x" =d(x, dM). In other words, the coordinate (x', ..., x"!, d(x, dM)) is defined by pushing forward
the local coordinate (x!, ..., x"~!) on M via the family of exponential maps z exp, (sn;) from the

boundary in the normal direction. Note that the choice of coordinate on 0 M is fixed. Hence by the Gauss
lemma, the metric g has the form of a product metric in such a coordinate:
n—1
g = (dx™?*+ Z 8ap dx” dxP.
o, =1

On the boundary d M, two frequent choices of coordinate are the geodesic normal coordinate and the
harmonic coordinate. In this paper, we use the geodesic normal coordinate of d M. Namely, at any point
on d M, we have a geodesic normal coordinate (x“)(';% in the ball (of 0 M) of a sufficiently small radius
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such that

n—1
JEP < ) gt <2 EeR™Y, (2-3)
o,f=1
8apllct <2, llgapllcs < C(n, K1, Ko, io).
It is known that the radius of the ball in which the conditions above are satisfied is uniformly bounded
below by a positive number explicitly depending on n, || Rypm|lc1, ip [Hebey and Vaugon 1995, Lemma 8;
Eichhorn 1991, Theorem A]. We denote this uniform radius by r, (9 M).

Recall that the wave operator P enjoys the unique continuation property from the boundary; namely if
the Cauchy boundary data of a wave u (a solution of the wave equation Pu =0) vanishon I' x[-T, T'], i.e.,

ulrx-r.11 =20, du =
onlrx[-7,7]

then the wave vanishes in the double cone of influence K (I', T') defined in (1-4); see [Tataru 1995] or,

e.g., Theorem 3.16 in [Katchalov et al. 2001]. Here n denotes the unit normal vector field on d M pointing

inwards. We are interested in its stability: when the Cauchy boundary data are small on I' x [-T, T], we

consider if the wave is small in the double cone. The following global stability result on Tataru’s unique

continuation principle [1995] was proved in [Bosi et al. 2016], from which the stability of the unique

continuation from a ball on a closed Riemannian manifold can be obtained [Bosi et al. 2016, Theorem 3.3].

Theorem 2.2 [Bosi et al. 2016, Theorem 1.2]. Let Quq be a bounded connected open subset of R* x R
and P be the wave operator (2-2). Assume u € H'(Qq) and Pu € L*(Qq). In Qpq, we assume the
existence of a finite number of connected open subsets Q? and Qj, j=1,2,...,J, a connected set T
and functions V; satisfying the following assumptions:
(D) ¢j € C>1(Qpa); p(-, Vi) #0and Virj #0in QY. where p denotes the principle symbol of the
wave operator P.
(2) supp(u) N Y = & there exists Ymax,j € R such that & # {y € Q;) S (¥) > Ymax, j} C Tj, where
_ 00 J—1
T =) n (Ui, 1u).
3) @ =1{y € Q) =Y : ¥ (y) > Yminj} for some Ymin j € R, and dist(dQ7, ;) > 0.
(4) Q is connected, where Q2 = UJJ-:1 Q.

Then the following estimate holds for Q and Q° = UJJ':1 Q;):

lull g1 0
(og (1 + llull g1 o)/l Pull 200)))?”
where 6 € (0, 1) is arbitrary, and the constant C explicitly depends on 0, ;, dist(aﬁg, Q)), g |,
VOl 41(£2p4).

||M||L2(§) <

The intuition behind this result is propagating the unique continuation step by step to cover a large
domain, as long as the error introduced in each step is small. The set Y is the initial domain where the
function u vanishes, and €2; is the domain propagated by the unique continuation at the j-th step. The
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estimate is obtained by propagating local stability estimates, and the assumptions make sure that certain
support conditions [Bosi et al. 2018, Assumption A1] required by the local stability estimates are satisfied
at every step. For some simple cases, one choice of the domains and functions is enough, for example if
the function u initially vanishes over a ball in R". However, these assumptions are rather restrictive for
general cases, and multiple iterations of the domains and functions need to be carefully constructed to
handle the difficulties brought by the geometry of the boundary and the injectivity radius. Note that the
constant in the estimate depends on higher derivatives of v; in Q?. It is crucial to construct the required
domains where v; has uniformly bounded higher derivatives. Although Theorem 2.2 is formulated in
Euclidean spaces, it applies to manifolds since it is obtained by propagating local stability estimates,
which can be done in local coordinate charts.

2.3. Notation. We introduce notation that we will frequently use in this paper. Denote by vol; the
k-dimensional Hausdorff measure on M. When the Hausdorff dimension of a set in question is clear, we
omit the subscript k. In particular, we denote by vol(M) the Riemannian volume of M, and by vol(d M)
the Riemannian volume of d M with respect to the induced metric on 0 M.

Given an open subset I' C 0 M, we define the following domain with a positive parameter 4 < 1 by

Qrr(h)={(x,t) e M x[-T,T]: T — |t| —d(x,T) > vh, d(x,dM —T') > h}, (2-4)

and we write €2 (/) for short. Note that €2 (/) is a subset of the double cone of influence K (I", T'), and Q2 (&)

approximates K (I', T) as h — 0. If I' = d M, the set above is defined with the last condition dropped. In this

paper, our consideration always includes the possibility that I' = d M. For the sole purpose of incorporating

this special case notationwise in later proofs, we set any distance from the empty set to be infinity.
Given a function u# : M x [-T, T] — R and an open subset I' C d M, we define the norm

T
el o779 = / (G DGy + 10 O oy F 17U DTy dE (2-5)
-T

ifu(-,t) € H*(T) and d,u(-,t), d2u(-,t) € L*(T") for all |¢t| < T. We say u € H>*(T' x [T, T]) if
the norm above is finite, and we call it the H?2-norm.

3. Stability of the unique continuation

In this section, we obtain an explicit estimate on the stability of the unique continuation for the wave
operator, provided small Cauchy data on a connected open subset of the manifold boundary. First we
state this result as follows.

Theorem 3.1. Let M € M, (D, K1, K>, i, ro) be a compact, orientable Riemannian manifold with
smooth boundary oM, and let T" (possibly I' = M) be a connected open subset of d M with smooth
boundary. Denote by i,(T) the boundary injectivity radius of T. Then there exist a constant C3 > 0
that explicitly depends on n, T, D, K1, |VRul co, |VS|co, io, ro, vol,(M), vol,_1(I"), an absolute
constant C4 > 0, and a sufficiently small constant hg > 0, that explicitly depends onn, T, K1, K>, iy, ro,
ip(T), vol,_1(AM), such that the following holds.
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Suppose u € H*(M x [—T, T)) is a solution of the nonhomogeneous wave equation Pu = f with
f € L2(M x [T, TY). Assume the Cauchy data satisfy

ou

ulosxi-r.11 € H*>OM x [=T,T), = & H**(0M x [-T.T)). 3-1)
If
ou
— < A ) 5 — “ _’ g ) 3_2
lull e a7y < Doy Nutllze@s-r.ry + | 5 ety S 0 (3-2)
then, for 0 < h < hgy, we have
Ao+ h™1%g

lull 2 ny) < C3exp(h™ ") =
(log(1 + (Ao + h=12e0) /(I Pull p2ari-1.77) + B=3%60))) "

The domain Q (h) and the H**-norm are defined in Section 2.3.
As a consequence, the following estimate holds for any 6 € (0, 1) by interpolation:
Ao+ h~1%g
072"
(log(1 + (Ao -+~ 2e0) /(1 Putl 2 ag 1.7y + h~220)))”

lull g71-0 @y < C§ exp(h™")

Remark 3.2. In Theorem 3.1, the different smoothness indexes of the Sobolev spaces in the qualitative
smoothness assumption u € H 2(M x [—T, T]) and in the quantitative bounds for the Sobolev norms (3-2)
are related to the smooth extension of the weak solution of the wave equation to a boundary layer. We
note that the nonuniform smoothness assumptions are typical, and sometimes also optimal, for the weak
solutions of the wave equation with the Neumann boundary condition; see [Lasiecka and Triggiani 1991].
We also note that in Theorem 3.1 the assumption u € H?(M x [—T, T]) can be relaxed to the assumption
that u is a weak solution of the wave equation Pu = f with the Neumann boundary condition, where
f € L*(M x [=T, T]), and u and its Neumann boundary value 9,u|ya x[—T,7] Satisfy

ueC(~T,Tl; H'(M))NC ([T, T1; L*(M)),
dnttlopx—1.71 € L*(OM x [T, T).

Then, by [Lasiecka and Triggiani 1991, Theorem A], the Dirichlet boundary value is a well-defined
function u|ypx[—7,7] € L*>(dM x [T, T]). In this case, (3-1) can be viewed as an additional smoothness
requirement for the Dirichlet and the Neumann boundary values of u. This relaxation of the smoothness
assumptions only affects the last part of the proof of Lemma 3.5, and this lemma can be proved via the
weak version of Green’s formula.

Our method can also be used to derive a stability estimate for the unique continuation from any open
domain in the interior of M, as long as the boundary of the domain is smoothly embedded in M. In this
way, a stability estimate can be obtained on domains arbitrarily close to the double cone of influence
from the interior domain in question, which provides a generalization of Theorem 3.3 in [Bosi et al.
2016]. We remark that as the domain approaches the double cone of influence, the estimate above grows
exponentially. This exp-dependence and the log-type of the estimate itself eventually lead to the two
logarithms in Theorem 1. We also mention that Proposition 3.14 may be of independent interest, which
provides an explicit uniform bound for the Hausdorff measure of the boundary of the domain of influence.
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Most of this section is occupied by the proof of Theorem 3.1. First we properly extend the manifold,
the wave operator P and the wave u, so that Pu stays small on the manifold extension over I, given
sufficiently small Cauchy data on I'. The extension of u is cut off near the boundary in the manifold
extension, from which we start propagating the unique continuation. Then we carefully construct a series
of domains satisfying the assumptions in Theorem 2.2 such that the union of these domains approximates
the double cone of influence. Thus Theorem 2.2 gives a stability estimate on domains arbitrarily close to
the double cone of influence.

The main difficulty lies in actually finding that series of domains satisfying the properties stated above,
as the assumptions in Theorem 2.2 (essentially assumptions for local estimates) are rather restrictive
for a general manifold with boundary. This requires us to directly deal with the intrinsic distance and
(distance-minimizing) geodesics of the manifold. In this section, we use several technical lemmas and
their proofs can be found in Section 6.

Theorem 3.1 yields the following stable continuation result on the whole domain of influence M (T, T').

Proposition 3.3. Let M € M, (D, K1, K3, iy, ro) be a compact Riemannian manifold with smooth bound-
ary oM, and let I" (possibly I' = 0 M) be a connected open subset of d M with smooth boundary. Suppose
ue H*M x [-T, T)) is a solution of the wave equation Pu(x,t) = 0 with the Neumann boundary
condition Ouu|ypm x[—1,71 = 0 and the initial condition d;u( -, 0) = 0. Assume the Dirichlet boundary value
of u satisfies
ulpmxi—r,r1 € H*>@M x [T, T)).

If

luC- O llagroan <A, Nullgze@exi—r.7) < €05
then, for 0 < h < hy, the following estimate holds:

A+h=12g

1/@3 {n,3)
(log(1+h+h3/2A/80))1/6+C5Ah max n.3))

1/3, — _
luC-, Ol 27y < C3 B2 exp(h=C4")

Here Cs explicitly depends on n, T, D, ||Ryl cts |Sllcts io, Fo, VOL(M), vol,,_1(I"); Cy is an absolute
constant; Cs explicitly depends on n, || Ry ct, |S|cts i, VOI(M), vol(OM); ho > 0 is a sufficiently small
constant explicitly depending on n, T, Ky, K3, ig, 10, ib(f‘), vol(oM).

We postpone the proof of Proposition 3.3 after the proof of Theorem 3.1.

3.1. Extension of manifolds. Let (M, g) € M,(D, K1, K>, iy, ro) be a compact, orientable Riemannian
manifold with bounded geometry defined in the Introduction.

Lemma 3.4. For sufficiently small 8.x explicitly depending on n, K|, K>, iy, vol(d M), we can extend
(M, g) to a Riemannian manifold (M, g) with smooth boundary such that the following properties are
satisfied:

(1) M — M lies in a normal neighborhood of 0M in M, and d(x, dM) = 8ex forany x € M, where d
denotes the distance function of M.
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(2) g is of C*! in some atlas on M, in which

18ijlii—mllcr < C(K1), N&ijlii—mllcs < Cn, K1, K, ip).

3) ||RM|| 2K12, 1S5l < 2K1 and ||[VRj;|| < 2K, where Sy j; denotes the second fundamental form
ofaM in M.

As a consequence, we have:
(4) rear(M) > min{C(K)), io/4, ro/2}.

Proof. We glue a collar dM X [—8¢x, 0] for 0 < dex < min{1, ip/2} onto M by identifying 0 M x {0} of the
collar with d M. Denote the topological space after the gluing procedure by M. Any (y, p) € M x[—bex, 0]
admits coordinate charts by extending boundary normal coordinate charts at (y, —p) € M. The transition
maps are clearly smooth and therefore M is a smooth manifold.

Let {y;} be a maximal r, (0 M) /2-separated set (and hence an r, (0 M)/2-net) in M. Let U; be the ball
of radius r,(dM) in M around y;, and therefore {U;} is an open cover of 0 M. We take a partition of
unity {¢;} subordinate to {U;} satisfying

lgillcs < Crg(AM)™ fors €[1,4].

Then {ﬁ,- := U; x [—dex, 0]} is an open cover of the collar 9 M x [—6ex, 0], and {(fSi} is a partition of unity
subordinate to this cover satisfying the same bound on C*-norm, where #; is defined by i(y, p) =i ()
for (y, p) € OM X [—8ex, O].

We choose the geodesic normal coordinate (y‘)‘)"_1 on each U, such that (2- 3) holds. Within each
coordinate chart U,, we define the metric components at (y, p) € U as follows: gpp =1,and g gap =0 for
a,pf=1,...,n—1, and

g(l) 29 g(t) 39 g(t)
200, 0 =800.0 +p—ﬁ<y, 0+ ¥ L.0+5 0.0 forp<0.
Then one can define a Riemannian metric g on d M X [—§ex, 0] through partition of unity:
o= 8. 080 =D ¢1(108Vl.p for p<0. (3-3)
i i

At (y, p € Ry) € M with respect to the boundary normal coordinate of dM in M, define g = g. Due to
the Riccati equation (e.g., [Petersen 2006, Theorem 2, p. 44]), the derivatives of gsﬁ) with respect to p at
o = 0 up to the third order can be expressed in terms of the components of S, Ry and VRj;. Then the
curvature bound assumptions (1-1) implies that g(’g is of C* within each coordinate chart Uj;.

Now let us consider the coordinate charts U; X [—8ex, ig). In this coordinate, the components g(’g are
of C>! in the normal direction, and C* in other directions. Therefore g is of C*! in the local coordinate
charts {U; x [—dex, i0)}.

Furthermore, it follows from a straightforward calculation that, for p <0,

8k+lg(l) gk+ (1)

2y, p)—

2. 0)| < CURmlles. ISle)lpl fork+1<4, 1<3.

dxkdp! akal
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Note that 94 gé’g /3p* =0 by definition. Recall that the C*-norm of ¢; is uniformly bounded by C re(0M )4,
and r¢ (0 M) explicitly depends on n, || Rypm|lc1, ip. Furthermore, the total number of coordinate charts U;
is bounded by C(n, K1) vol(0 M) rg(aM)*”“. Hence by (3-3), the estimates above hold for g,g and gup
with another constant C (n, || Ryl cs, || S|l c4, o, VOL(OM)).

Therefore we can restrict the extension width §¢x to be sufficiently small explicitly depending only on
n, K1, K, ig, vol(d M) such that the matrix (g,p) is nondegenerate and hence a metric, and

||gaﬂ|M—M”Cl g 4K1 +47 ||gaﬂ|M—M”C4 g C(nv K]v K27 10)’ (3_4)
IRz <2K7, 1Syl <2K1, VRl <2K,.

Here the first inequality is due to (2-3) and the definition that 0,84g|sm = 28, Where Syg denotes the
components of the second fundamental form § of 9 M. The bound on S, ; follows from the bound on
p8aplii—m-

With this type of extension, g is also a product metric in the collar, which implies that the integral curve
of 9/0p minimizes length and is hence a minimizing geodesic. This shows that, for any x = (y, p) €
M X [—8ey, 0], we have d (x, 9M) = —p, which yields property (1). The property (4) is due to properties
(1)—(3) and Lemma 6.2(2). ([l

Coordinate system. From now on, we extend the manifold (M, g) to (1\7 , &) such that Lemma 3.4 holds.
We say (1\71 , &) is an extension of (M, g) with the extension width §.x. We choose a coordinate system
on M as follows.

In the boundary normal (tubular) neighborhood of d M, we choose the boundary normal coordinate
of 0M. Let {y;} be a maximal r,(d M) /2-separated set in d M, and U; be the ball of radius r¢ (M) in M
around y;. The proof of Lemma 3.4 shows that g is of C31 in the coordinate charts U; x [—8ex, io). In
each coordinate chart, we choose the boundary normal coordinate (x!, ..., x"~!, p(x)) of M, where
(x!, ..., x" VY is the geodesic normal coordinate of d M such that (2-3) holds. The coordinate function
p(x) in the normal direction is defined as

d(x,0M) ifxeM,

- L (3-5)
—d(x,0M) ifxeM-—-M.

p(x) = {
Note that d (x,0M)=d(x, M) for x € M. Lemma 3.4(2) shows that the metric components on M—-M
have uniformly bounded C 4_norm. On the other side, due to Lemma 6.1, we can find a uniform width
r, = rp(K1, ip) such that the C*-norm of metric components is uniformly bounded by C(n, K1, K>, ig)
in the boundary normal coordinate of width r;, in M. Consequently, we have a uniform bound for the
C31-norm of metric components in the coordinate charts U; x [—dex, io)-

For any point x € M with d(x, 0M) > r,/2, we choose the geodesic normal coordinate of M around x
of the radius min{r,/2, r¢(x)} such that the C*-norm of metric components is uniformly bounded. By
[Hebey and Vaugon 1995, Lemma 8] and [Eichhorn 1991, Theorem A], this radius is uniformly bounded
below by 7, ||[Rpyllc1, io, 1. Denote by r, the minimum of this radius and r,(0M), and therefore r,
explicitly depends only on n, || Ryl 1, | Sl et do-
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Combining these two types of coordinates, we have a coordinate system on M in which the metric
components satisfy the properties

n
HMEP < ) dV&5 <4lE> (¢ eRY,
i,j=1
1Zijllcr < Con IRmllcr. ISlen).  118ijllean < Cn, Ky, Ko p). (3-6)

Observe that, for any x € ]\71, the ball Erg/z(x) of M or the cylinder By (v, rg/2) X (p—rg/2, p+71g/2)
is contained in at least one of the coordinate charts defined above, where x = (y, p) if x is in the boundary
normal coordinate of 9 M. To see this, it suffices to show that, for any y € dM, the ball By (y, ro/2) of
dM is contained in at least one of U;. The latter statement is a direct consequence of the fact that {y;} is
an (r,(0M)/2)-net in I M.

3.2. Extension of functions. et (M, £) be an extension of (M, g) satisfying Lemma 3.4 with the exten-
sion width 8.,. Points in the boundary normal neighborhood of M have the coordinate (x!, ..., x"~!, p(x)),
where p(x) is defined in (3-5). We write the coordinate as (x7, p(x)) for short, where x7 = (x!, ..., x"~1)
denotes the tangential coordinate.

We define an extension of functions on M to M as follows. Given a function u on M and its Cauchy
data u, du/on on oM, we extend u to a function izex on M by

u(xr, p,1) if p=>0,

NX ’ at = .
o021 {u(xT,o,z>+p§—Z<xT,o,r> if p <0,

For 0 < h < 8., we define another function # : M x [-T,T]-> Rbyu=uon M x [T, T], and

ﬁ(Xr,p,t)=¢<%)ﬁex(xr,p,t) for p <0, (3-7)

where ¢ is a monotone increasing smooth function vanishing on (—oo, —1] and equal to 1 on [0, c0)
with ||@||c2 < 8. Then & = 0 when p < —h.

Lemma 3.5. Let (1\71 , &) be an extension of (M, g) satisfying Lemma 3.4 with the extension width 8ey. Let
I" be a connected open subset of d M. Assume

0
ulsmxi—r.71 € H*2(OM x [T, TY), ﬁ € H**(OM x [-T, T)).

Then we have

~2 —1y,, 112 ou
Wt < O ey + CH G [y

2
2 A Nmn2 312 —1| du
||(at Ag)u”Lz(er[fT,T]) < Ch ”u”H“(Fx[—T,T]) + Ch ” an H2~2(F><[7T,T])’

where Qr =I' X [—6ex, 0] denotes the part of the manifold extension over I, and the constants explicitly
depend on n, K.

Furthermore, suppose u € H*(M x [—T, T)) is a solution of the nonhomogeneous wave equation
Pu= f with f € L*(M x [=T, T)). Thenii € H' (M x [T, T1) and (3> — Ap)ii € L*(M x [T, T]).



QUANTITATIVE STABILITY OF GEL’FAND’S INVERSE BOUNDARY PROBLEM 979

Proof. First we estimate the H'-norm of i over Qr. Here we only estimate the dominating term in /;
the other terms can be done in the same way. Denote by 9y, d,, d; the derivatives with respect to x%-,
x"-coordinates and time ¢, respectively. We denote dyu, d,u, d;u evaluated at (xr, 0, t) by ug, u,, u;
and ¢'(s) = (d/ds)¢(s), evaluated at s = p/h. In addition, whenever we write the function u without
specifying where it is evaluated, the evaluation is also done at (x7, 0, t). By the definition of i,

(Buit)(x7, P, 1) = h ™ (U + pun)d + ung. (3-8)

Since u vanishes unless p € [—#h, 0], we have

T 0
10021132, xi1.70 :f // I u+ pun)g’ + undl dxr dp di
=T JTI' J=bex

T 0
<c/ /f (h™2u® +h=2p*u® +u?) dxy dp dt

< Ch™ ”””LZ(FX[ 7. T Ch H ‘

L2(Cx[-T.T])
Next we estimate the Laplacian of & over Qr for p € [—#, 0]. In the boundary normal coordinate of
our choice, by definition (2—1) we have

n

Agii = Z N 3 (V118" ;i)
) i,j=1 .
n—

1 S\~nna ~
=\/T?|8n( 118" 0,i1) + Q;H/»

where |g| denotes the determinant of the matrix (g;;). We estimate A, as

o (v1818%Pdpit) = Ay + As,

n—1
Asrr, ooty = Y —=0u(v/1218*% 9pi)
o, =1
9 Igl~ . 8 S - g
— Zz_ﬂgaﬁaﬁﬁ(aa *Py(9pit) + 8P 95 dpi.
a.p

Hence we have

|Aa(xr, p, D1 < C Y (upl+hlung) +C Y 1020p(u + pu)| (x7, 0, 1)

a.B o,
<C Y (ltapl +hlunag) + C Y (gl + hlung)),
o, B B

where the constants explicitly depend on 7, K; due to the C! metric bound (3-4).
Finally we estimate A and the time derivatives. Since g"” = 1, we know that

9,18 -
Ai(xr, p,t) = 3 |a i + 32

We differentiate (3-8) again:

@pit)(xr, p. 1) =h™>(u+ pun)¢” + 20" ' ung’.
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Hence we have

1% — D)) (x1, p, 1) = |(uss + ptni)p — (320 (xT, P, 1)
ul + Ch™ug| + Cluse) + Chlttyy|,

which leads to a similar estimate for (8,251 — Ay (xr, p,t) by (3-8). Thus,

(@7 =2 D) (e, p, O] < Ch™?|ul+Ch™ || +C (ttys | +htnee NHC Y (ltte |+ |tk |+ lttne |+ |1t
a’ﬂ

where all terms on the right-hand side are boundary data evaluated at (xr, 0, #). Then the second estimate

of the lemma immediately follows from integrating the last inequality.

Now we additionally assume that u € H M x[-T,T)isa (strong) solution of the nonhomogeneous
wave equation Pu = f with f € L>(M x [—T, T)). By the regularity result for the wave equation (e.g.,
Theorem 2.30 in [Katchalov et al. 2001]), the solution u is in the energy class

ueC(-T,T]; H(M)NC ([~T, T]; L>*(M)).

From the definition (3-7), the weak derivatives of ii( -, t) exist on M for any fixed t € [T, T]. Since the
Cauchy data are in H 22 we have ii(-,1) € H! (1\71 ) for all ¢ directly by definition (3-7), and therefore
ie H (M x[-T,T)).
Since the Cauchy data are in H>2, the definition (3-7) also indicates that ii € H>2((M — M) x [—T, T}).
Hence over M — M,
fox i= (82 — Ap)ii € L* (M — M) x [T, T)).

Define a function f : M x [-7,7T] - R by f = fover M and f = fex over M — M. Clearly
f € L2(1\71 X [—=T, T]). Thus the only part left is to show that (82 Apu = f on M x [T, T] in the
weak form. Observe that the wave equation on either M or M — M is well-defined p01ntw1se Then for
any test function ¢ € H (M x[-T, TY), by applying the wave equation separately on M, M — M and
Green’s formula, we have

/ /( 01 0,0 + (Vi, V§0 / / (—0;u 3,0 +(Vu, Vﬁ”) )
MU(M M)

Lo L e e L L

Due to the definition (3-7), the normal derivative of & from either side of 0 M coincides and hence the
boundary terms cancel out. This shows that the wave equation is satisfied on M x [-T, T] in the weak
form, with the source term in L2(A71 x [T, T)). O

3.3. Distance functions. Later in the proof of Theorem 3.1, we will need to switch back and forth to
different distance functions. The following lemma shows relations between distance functions.

Lemma 3.6. Let (1\71 , &) be an extension of (M, g) satisfying Lemma 3.4 with the extension width Jex.
Denote the distance functions of M and M by d and d, respectively. Then there exists a uniform constant ry
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explicitly depending only on K1, iy such that the following inequality holds for any x, y € M as long as
Sex < 1p:

d(x,y) <d(x,y) < (1+3K8:)d(x, y).

If x,ye M — M, then the second inequality holds after replacing d(x,y) with d(x*, y1), where x=*
denotes the normal projection of x onto OM. If x € M-—M, y € M, then the second inequality holds for
d(x*t, y).

Furthermore, if a minimizing geodesic of M between x, y € M lies in the boundary normal (tubular)
neighborhood of OM of width Sex, then we have

day (2, y) < (1+3K18e0d (x, y),
where dyys denotes the intrinsic distance function of dM.

Proof. The first inequality is trivial and we prove the second inequality. Consider any (distance) minimizing
geodesic y of M from x to y; its length L(§) satisfies L(7) = d(x, y) by definition. It is known that
is a C! curve with arclength parametrization (e.g., Section 2 in [Alexander et al. 1987]). Observe that the
second inequality follows trivially if ¢ lies entirely in M. Since the statement of the lemma is independent
of the choice of coordinate, we work in the boundary normal coordinate (' .. 2" p(x)) of M.

Suppose ¥ lies entirely in M —int(M) with both endpoints x, y on d M. Consider the normal projection,
denoted by y, of ¥ onto the boundary o M with respect to the boundary normal coordinate. More precisely,
if (s) = (x1(s), ..., x4,—1(s), x,(s)) in a boundary normal coordinate near a point on ¥, then its normal
projection has the form y (s) = (x(s), ..., X,—1(s), 0). The fact that y is of C! implies that x;(s) is a
C! function for any i. Hence y is a C! (possibly not regular or simple) curve in d M from x to y with the
induced parametrization from y. Note that y may not be differentiable with respect to its own arclength
parameter.

As a consequence, the length L(y) of y can be written as

L(7) LG —
L(y)= VEW'(s),y'(s))ds = / \/g(VT(S)Iy(s), Yrlys)) ds,
0 0
where 7 (s) denotes the vector field with constant coefficients in the frame (9/ ax', ..., 8/0x"1), with

the coefficients being the tangential components of the tangent vector y’(s) of y. Note that y;(s) is a
Jacobi field for the normal coordinate function p(x). For every fixed s, by the definition of the second
fundamental form (more precisely the shape operator),

3. o, - 3 .
%gp(y%, 1) =28,(So(Pr). 1),

where g, and S, denote the metric and the shape operator of the equidistant hypersurface from dM (in
M — M) with distance |p| (i.e., the level set d(-, dM) = |p|). Observe that Lemma 6.1 holds in the
boundary normal neighborhood of d M regardless of which side the neighborhood extends to, thanks to
Lemma 3.4(3). Then the first part of Lemma 6.1 indicates that for sufficiently small |p| depending only
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on Ky, i,
8~~/ ~/ <4K~~/ ~/
%gp(yp Yr)| <4K18,(Yr, vr)-
Thus by Gronwall’s inequality, we have

gGrly, 1) < 8oy, pp)ekilel,

Since the extended metric g is a product metric in the boundary normal coordinate, then g(y;|7, V7l3) <
27, 7"). Hence for sufficiently small 8¢, depending only on K and |p| < 8ex, We obtain

L(y)
Liy) < Kl /0 Ve, Trs). 7)) ds

L(y) -
< Ko / VEF(5), 7/(s)) ds < (143K 18ex)d (x, y),
0

which yields the second inequality by definition.

In general, if  crosses d M with both endpoints in M, we can divide y into segments in M and segments
in M — M. The lemma is trivially satisfied for the endpoints of any segment in M. Any (continuous)
segment in M — M has endpoints on d M and lies entirely in M —int(M). Thus we apply the argument
above for every segment in M — M and the estimate follows. Finally, if the endpoints of y are not
both in M, then its projection y is a curve between the projections of the endpoints of y onto M. This
concludes the proof for the first part of the lemma.

Now we prove the second part of the lemma. Let y be the minimizing geodesic of M from x to y
lying in the boundary normal tubular neighborhood of d M. If p lies entirely in M or M — int(M), one
can use the previous argument to project 7 to a curve on d M and show the same estimate as the first part.
The only difference is that when x, y are not in d M, the projection y is a curve on dM from x* to y*. In
general, the estimate follows from dividing y into segments in M and in M — M, and projecting both
types of segments onto d M. (Il

Definition 3.7. For h < iy/2, we consider the submanifold
My={xeM:dx,dM) > h}.

Denote by dj, : M, x M;, — R the intrinsic distance function of the submanifold M}, and we extend it to
any point x € M — M, by

dn(x,2) =dp(x, ) +h~'d(x, x") forze My, x e M— M, (3-9)

where x1#

€ M, is the unique normal projection of x € M — M, onto 9 M), within the boundary normal
neighborhood of d M such that d (x, xtn) = d (x, 9M}). In this definition we require at least one of the

points to belong to M. Note that a similar notation x* denotes the normal projection of x onto d M.

Thus the path between z € M}, and a point x € M — M, realizing dj (x, z) is a broken curve consisting
of a geodesic of M}, and a vertical line of the boundary neighborhood (see Figure 2).
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In general, the intrinsic distance function of a manifold with boundary is at most of C'-!: the function
dy (-, 7) is at most of C!! even on M), — {z}. We need to smoothen it in order to match the C2! regularity
required by Theorem 2.2.

Definition 3.8. For a fixed z € M), and any x € M, we denote by d; (x, z) the smoothening of dj,(x, z) via
convolution in a ball of radius r < §¢x/2 around the center x with respect to the distance d of M. More
precisely,

@ (x,2) = cur™ / m(d(yr %) ) di(y. 2) dy, (3-10)
M

where k1 : R — R is a nonnegative smooth mollifier supported on [% 1], and dy denotes the Riemannian
volume form on M. The constant ¢, is the normalization constant such that

cnr_”/ k1 (M) dv=1, (3-11)
n r

where dv denotes the Euclidean volume form on R”.

Lemma 3.9. Let ¢ be sufficiently small determined in Lemma 3.4. For sufficiently small r depending on
n, Ky, Ky, i, ro, rg, the function d;, (-, z) is of C%'on M for any fixed z € My,. Furthermore, in the coordi-
nate of our choice, the C>'-norm of d; (-, z) is uniformly bounded explicitly depending onr, n, | Rp| c1.

Proof. By Lemma 3.4(4), for sufficiently small §cx, we know rCAT(M ) is bounded below by C (K1, ig, r9).
We restrict the smoothening radius to be less than this lower bound: » < C(K1, ig, r9). Then for any
yE B, (x), there is a unique minimizing geodesic between x and y. Furthermore, no conjugate points occur
along geodesics of length less than 7w /(2K ) [Alexander et al. 1993, Corollary 3]. Since Er (x)ﬂBIVI = for
any x € M as r < ex/2, we know d(-,x)is simply a geodesic distance function in the ball of the smoothen-
ing radius around any x € M. As a consequence, d (-, x) is differentiable on Er (x) and |VJ (-,x)]=1.

By our choice of coordinate charts in Section 3.1, for any x’ € 1\7, the ball Erg ,2(x") or the cylinder
Byy(y,re/2) X (p —rg/2, p +1rg/2) is contained in at least one of the coordinate charts defined in
Lemma 3.4, where x’ = (y, p) if x" is in the boundary normal coordinate of d M. Then by Lemma 3.6,
the ball Erg /4(x") of M is contained in one of the coordinate charts if we choose a smaller rp depending
on K. Hence, for r <r,/4, B,(x) is contained in one of these coordinate charts for any x € M, and
therefore d (-,x)isof C>! on §, (x) — {x} by Lemma 3.4(2) and Theorem 2.1 in [DeTurck and Kazdan
1981]. Observe that d( - , x) is bounded below by r/2 in the support of ki, which yields a bound on higher
derivatives of d (-, x). This shows that the function d} (-, z) is of c2l,

To estimate the C*'-norm of d; (-, z), it suffices to estimate the C 21 norm of d (-, y) on the annulus
Er (y)— Er ,2(y). Due to the Hessian comparison theorem (e.g., [Petersen 2006, Theorem 27, p. 175]), for
sufficiently small r depending on K, we have ||%207 (-, )| < 4r~! on the annulus, where V2 denotes
the second covariant derivative on M. In a local coordinate (x', ..., x") on 1\71, the covariant derivative
has the form (e.g., [Petersen 2006, Chapter 2, p. 32])

aa) 92 -

n
25 LU =S 9 g = -
@ (55 507) = ogmd (o) Z}Fklaxid( Ve ki=ln G12)
1=
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Hence in the coordinate charts of our choice, for sufficiently small r, (3-6) yields
(-, ez <Cr™' on By(y) = B jp(»). (3-13)

An estimate on the C?!'-norm can be obtained by differentiating the Riccati equation in polar coordinates
g =dr*+ g, around y, where 9, is the radial direction in the geodesic normal coordinate. Then on the
annulus, examining the proof of Lemma 8 in [Hebey and Vaugon 1995] gives a bound

IV d (- Il < Cou. IRzl enr ™.
Hence by differentiating the formula (3-12), for sufficiently small » depending on n, K, K>, iy, we obtain

Id(-, )2t < Cln, [IRgzllc)r™  on By(y) — Brja(y). (3-14)

Then a straightforward differentiation yields an estimate on the C>'-norm of dy(-,2). ]

3.4. Proof of Theorem 3.1. Now we prove the main technical result Theorem 3.1, by constructing the
functions and domains assumed in Theorem 2.2. The proof consists of several parts.

To begin with, let 4 be a positive number satisfying # < min{1/5, iy/10, rp/10}, where r, = rp (K1, ig)
is the width of the boundary normal neighborhood determined in Lemma 6.1. For sufficiently small /& only
depending on n, K1, K>, ip, vol(d M), we extend (M, g) to (1\7, g) with the extension width 8.x = 5k such
that Lemma 3.4 holds. Then we extend u to # by (3-7) with the cut-off width h. Let r, be the uniform
radii of C! geodesic normal coordinates of M and dM such that metric bounds (3-6) hold. We have
shown that r, explicitly depends on n, ||[Ruylc1, |Sll¢c1, io. Now we collect all these relevant parameters
and impose the following requirements on the choice of £ due to technical reasons:

1087107 10" 10° 10" 10 ' 12K,

.{1 T ig ro rg m @) 7 } (3-15)

The part of the manifold extension over I" is denoted by Qr = I'" x [—5h, 0]. The number min{1, T‘l}
will be frequently used in this proof and we denote it by

ar =min{l, T7'}. (3-16)

We restrict the choice of & once again such that, for sufficiently small 4,

2rg T 2ro L}
372K, 372K )

This is possible due to Lemma 6.2. We remark that the dependency of 4 is not explicit in Lemma 6.2(3),

and one can instead use the explicit lower bound in Lemma 6.2(2).

With the choice of dex = 5h and & as above, the function dj, (-, z) defined in (3-9) is Lipschitz with a
Lipschitz constant 2h~! (Lemma 6.3(3)). In Definition 3.8, we set the smoothening radius to be r = arh’.
Then it follows that |d; (x, z) — dj(x, 2)| < 2arh? for any x € M (Lemma 6.3(4)).

Assume £ is sufficiently small so that Lemma 3.9 holds. For any z € M), and x € M satisfying
h/4 < dy(x,z) <minfig/2,r9/2, m/(6K})}, we have |V,d; (x, z)| > 1 —2h (Lemma 6.5). Outside the
injectivity radius this gradient can be 0 if cut points are involved. This lower bound being close to 1 is

rear(My) > min{ } rear(#) > min{ (3-17)
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crucial for our method to ensure no loss of domain, and we define dj, (3-9) with the 7~ scaling in the
boundary neighborhood specifically to guarantee it. While this lower bound is almost trivial when z is far
from d M), careful treatment is required when the manifold boundary is involved.

For |b| < 5h, we define the set
Tp(h)={x € M:p(x)=b, x* €T, dyy(x*,dT) > h}, (3-18)

where 0" denotes the boundary of I' in d M. The function p(x) is the coordinate function in the normal
direction defined in (3-5). Note that if I' = 0 M, the last two conditions above are automatically satisfied,
and then the set above is simply the level set for the normal coordinate function.

Recall that i, the extension of u to M defined by (3-7), vanishes on I',(0) for all b < —h. The set
I"'_»4(0) is the set from which we intend to propagate the unique continuation. More precisely, we start
the propagation from an A-net in I'_;(8%4). The reason of this specific choice is the following.

Sublemma 1. For sufficiently small h only depending on K, we have
d(z, d(MUQr)—aM) =Th foranyz € '_2,(8h),
where Qr = T' x [—5h, 0] is the part of the manifold extension over T.

Proof. Let y be a point in d(M U Qr) — aM realizing the distance to z. Suppose d(z, y) < 7h. Then the
minimizing geodesic of M from z to y lies in the boundary normal (tubular) neighborhood of 9 M of
width 5h4. Hence Lemma 3.6 implies that

dym (z5, vy < (1 + 15K h)d(z, y) < Th(1 + 15K h).

However, we know dyp(z -, y1) >8h by the definition (3-18). Hence we get a contradiction for sufficiently
small /& only depending on K. ]

Initial step. As the initial step, we propagate the unique continuation from outside the manifold M to a
region close to I" in M.
Consider the function & : [0, +00) — R defined by

N3
sy = h3x) for x € [0, hl, (3-19)

and &£(x) =0 for x > h. The function &£(x) on negative numbers can be defined in any way so that £(x) > 1
for x < 0, and £(x) is smooth on (—o0, ). The function &(x) is of C*>! on R and monotone decreasing

on [0, +00). Let {zO,j}jJ.(:Ol) be an h-net in I'_»; (8h): that is, for any z € I'_»,(8h), there exists some zo, ;

such that d(z, 20,j) < h. We define

Yo, ;. 1) = (1 —&£(6h —d(x, 20 Y))NT —d(x. 20.)" — 12, (3-20)
and consider the following domains (see Figure 2):

Qp; =1{x.ne M x [=T,T1:v0,(x, 1) > h2, p(x) > —3h/2). (3-21)
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Figure 2. Domains for the initial step. Enclosed by the red solid line is the domain we work in,
and itis close to I'.

Note that in general, the domain characterized by ¥ ;(x, 1) > h? has two connected components. Here we
define Qg’j to be the connected component characteriz~ed by (1-£(6h —d(x, 20, )))T —d(x, 20,j) > 0.! Ob-
serve that in this connected component, it holds that d (x, zo, ;) < 6h due to the definition of the function &.

Then we define
={xeQr:-2h<px)< —h} x[-T,T], (3-22)

Qo =1{(x,1) € Q) ; — T : 90, (x, 1) > 4h%}. (3-23)

Now we prove that the conditions assumed in Theorem 2.2 are satisfied for v/ ;, 98’ I Q0,, 1, Ymax,0 =
(T — h)?, and therefore Theorem 2.2 applies. A stability estimate will be derived at the end of the proof.

(1) We show that v ; is of C>! and noncharacteristic in QO Indeed, for any (x 1) e QO j» we have
d (x,z0,j) < 6h by the definition of v ;. Hence any mlmmlzmg geodesic of M from 20,j to X must
not intersect dM; otherwise the length of such geodesic would exceed 6/ due to the condition that
p(x) > —3h/2. Furthermore, by our choice & < min{ry/10, 7 /(12K)} and (3-17), the minimizing
geodesic from z¢ ; to any x € §6h (20,;) is unique and no conjugate points can occur. Therefore d (-, 2z0,})
is a C>! geodesic distance function in QO i which shows that v ; is of C* 2lin QO Moreover, since
d (x,z0,j) > h/2 for any (x,1) € QO by deﬁmtlon the C2!-norms of d (-,z0,j) and WO j are uniformly
bounded in 98 J due to (3-14).
Next we prove that v ; is noncharacteristic in QO For any (x, 1) € Q

Vo, ; = 2((1 = &(6h —d(x, 20 )T —d(x,20,)) (' TVyd(x, Zo,j) — Vid(x, 20,))-
Note that &’ is evaluated at 64 — d (x, 2o,j) in the formula above. Since £’ < 0, we have

&' TV, d(x, 20, ;) — Vad(x, 20.j)| = |Vad(x, 20,;)| = 1.

1Throughout the proof, whenever we define a domain using level sets of a similar function, we exactly mean this one type of
connected component.
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Hence,

P, 1), Vo) = Y 80 ¥0.1) @y 0.) — 100 1> = [Vetpo ;> — 180,41

k,l=1
> 4((1 —£(6h —d(x, 20, )T —d(x, ZO,,))z — 47 =4Yg (x, 1) > 4h°.

(2) The extended function u defined by (3-7) vanishes on Y. We claim that
@ #{(x, ) €Q); Yo, 1)> (T —h)?*}CT.

Indeed, for any (x, ¢) in the set, it satisfies that c?(x, 20,;) < h, which indicates p(x) < —h. On the
other hand, Sublemma 1 implies that x € Qr, and therefore (x, t) € Y. For the nonemptyness, consider
the point x; € I' _s5/4(0) such that c?(x,-, 20,j) = 3h/4 (i.e., x; is the projection of zg ;j onto I'_s;,/4(0)).
By definition, we have ¥y, (x;, 0) = (T — 3h/4)* > (T — h)*. This also shows that (x;,0) € Q ; by
definition when 7' > 2, which yields the nonemptyness.

(3) We show that dist]qu(aglg’j, ,;) > 0. It suffices to prove S_Zo,j C Qg,j. For any (x, 1) € Qg’j, we
have d (x, 20,j) < 6h by the definition of v ;, which implies that 528’ ;i C M U Qr due to Sublemma 1.
This indicates that the boundaries of 528, i Qo,; are det_ermined only by v ; and p(x). Since we know
p(x) > —h for any (x, 1) € Qo ; by definition, clearly €y ; C Qg’j.

(4) We claim that Ujjiol) Q, j is connected and therefore its closure is connected. Take two reference points
20, j1» 0, j, satisfying c?(z(),jl, 20,j,) < 3h. Consider (zéjl ,0) € 0M x [T, T]. Directly checked by the
def}nition of €, ;, this point (Zol, j» 0) is in both €2, j, and €_j,. In particular, this shows €2, ;; N, j, # &
if d(zo,j,, 20,j,) < 3h. Since each Q ; is path connected, so is Q2 j, U Qo j,. The claim follows from
the fact that for any two points in the A-net {zo ;} we can find a chain of {z¢ ;} such that every pair of
adjacent points in this chain has distance less than 34.

In order to propagate further in subsequent steps, we need to estimate how much [ J ; L0, covers in the
original manifold M.

Sublemma 2. (Upego.n T@Bm) x [=T +6h, T — 6h] € 7 Q0.

Proof. For any (x, t) in the left-hand set, there exists jy such that d (x, 20,j,) < Sh due to the definition of
h-net, which indicates that the §-term in v ;, (3-20) vanishes. Thus

Vo.jo(x, 1) = (T —d(x, 20, j)))* — t* > (T — 5h)* — (T — 6h)* > 5h?,
where we used T > 8h. This shows that (x, ¢) is in both Qg,jo and 0, j,. O

Subsequent steps. After the initial step, the reference set is moved to I';(8/) and unique continuation is
propagated up to 'y (84). Let {z;,;} be an h-net in I';,(10h) C M), with respect to dj,. Note that here the
range of the j index is different from that of the j index in the initial step, and a precise notation would
be {z1, j}JJ.Sl) . We omit this dependence on the step number to keep the notations short. Set 77 =T — 6h
and po = min{ig/2, ro/2, rg/4, w/(6K1)}. We divide into two cases depending on if T is larger than po.
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X Uj Q;.) or Uj Q(l)_j

I't =T} (10h) -
2

Figure 3. Domains for Case 1 or the first step in Case 2. Enclosed by the red solid lines is the
domain we work in, and its boundary consists of two disjoint parts. This domain never reaches
outside distance pg, which is marked by the upper red dotted line. The blue dashed line I'; is the
reference set for the second step in Case 2.

Case 1: T < po =min{io/2,r0/2,7r,/4, w/(6K1)}. Forany (x,t) € M x [Ty, T1], we define the cx!
functions
s 2
Y, ) = ((1—£@d(x, M) Ty — djj(x, z1,;))” — 12, (3-24)

and consider the domains?

Q) ={(x.1) € M x [=T\, T]: ¥;(x. 1) > 8T*h} — {x : d} (x, 21,;) <h/2} x [T, Th]. (3-25)

Observe that £(d(x,dM)) < 1 in Q}) and hence 525.) never intersect with dM at any time. For any
(x,1) € Qj.), we have h/2 < d; (x, z1,j) < Ti < po — 6h by definition. Then Lemma 6.3(4) indicates that
h/4 <dp(x,z1,;) <minfio/2,ro/2, w/(6K1)}, and hence Lemma 6.5 applies.
Then we define
Q=0 e~ U ¥, 0> 9T, (3-26)
J

Now we prove that the conditions assumed in Theorem 2.2 are satisfied for ;, SZ?, Qj, Ymax =
(T —3h/ 4)2, together with relevant functions and domains in the initial step. The relevant domains are
illustrated in Figure 3.

First we show that v/; is noncharacteristic at any (x, t) € Q;). Forx e M — M,
Ve =2((1 —&d(x, 0M))T1 — djy (x, 21,))) (=& T1 Vied (x, IM) — Vydjy (x, 21,7)).

Note that &’ is evaluated at d(x, M) in the formula above.
For x € M — M), with d(x, dM},) > arh?, the vectors V,dj(x, z1,j) and V,d; (x, z1,;) only differ by
a small component C(n, K1, K>)h? due to (6-9). In particular, (V.dy(x, z1,;), Vad,; (x, z1,;)) > 0O for

2The connected component characterized by (1 —&(d(x, dM)))T| — dz (x,z1, j) > 0.
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sufficiently small 4 depending on n, K, K. Hence by the definition of dj, (3-9),
(Vid(x,0M), Vid)(x, 21,j)) = —h(Vidy(x, 21,j), Vidj (x, 21,5)) <O0.
Then by Lemma 6.5 and &’ < 0, we have
| —&'T1Vd(x, M) — Vydj (x, 21,7)| = |Vid}(x, 21,j)| > 1 —2h.

For x € M — My, with d(x, dM},) < arh®, we have |&'(d(x, dM))| < 3azh> < 3T ~'h? at such points
by definitions (3-19) and (3-16). Therefore, for any x € M — M}, and sufficiently small /2, we have
Vo] > 2|(1 — £)Ty —dj|(1 — 2h — 3h°)
>2|(1 —=&)T; —d;)|(1 —3h). (3-27)
On the other hand, if x € Mj, then the £-term vanishes and the estimate above holds. Hence, for any
(x,1) e QY,
p((x, 1), V) = [V |* = [9:51
> 4((1 —&)Ty —d)*(1 —3h)* — 41> (3-28)
> 4 (x, 1) — 24T%h > 8T?h.
This shows that v; is noncharacteristic at any (x, 1) € Q?.
It is straightforward to show the connectedness of (U ; Q j) U (U ; Qo. j) in the same way as we did for

U ; L0, in the initial step. The other conditions assumed in Theorem 2.2 follow from Sublemma 3 below
and Sublemma 2.

Sublemma 3. For sufficiently small h < % depending on K, we have
oA (0 e y0nn > (T =3h/4% c (U Tydh) x [-T1, Til,
be[0,2h]
and distj, 5999, Q) > 0.
Proof. The nonemptyness follows from definition. For any (x, ¢) in the left-hand set, we know d} (x, z1,;) <

3h/4 by definition. Hence it suffices to show that

[x:di(x,21)) <3h/4} U Ts(8h). (3-29)
be[0,2h]

For any x in the left-side set in (3-29), Lemma 6.3(4) indicates that d, (x, z1,;) <h and hence p(x) < 2h.
This checks the condition on p(x) in (3-18). We proceed to check the rest of the conditions in (3-18).
If x € My, then by Lemma 3.6,

dym (. 21 )) < (L + 15K 1h)d (x, z1,7) < (1+ 15K h)dy (x, 21,5) < h(1+ 15K h).
If x € M — M, then dj, (x ", 21,j) <dp(x, z1,j) < h by definition (3-9). Hence,
dyps (X, 21 ) = dap (), 217)) < (L4 15K h)dy (e, 21 ) < h(1 + 15K ),

where we used the fact that (x7)+ = x*.
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Therefore in either case, for sufficiently small 2 depending only on K, we have dj (x, zt j) < 2h.

Then the fact that daM(zlL’j, al') > 10A yields xt el and dypy(x*, dT) > 8h. This completes the proof
of (3-29) and consequently the first statement of the sublemma.

For the second statement, it suffices to prove Q i C Q?. For any (x, t) € Q ;, clearly we have v (x, 1) >
9T%h > 8T?h and (x, 1) ¢ U, $0.; by definition (3-26). To show (x,1) € Qj?, we only need to show
(x,1) ¢ {x : dj(x,z1,j)) < h/2} x [-T1, T;]. This is a direct consequence of the fact that a larger
cylinder {x : d; (x, z1,j) < 3h/4} x [=T1, T1] is strictly contained in the open set Uj Qo, j, due to (3-29)
and Sublemma 2. An explicit lower bound for the distance between their boundaries is estimated in
Lemma 6.6. Il
Error estimate for Case 1. We prove that Q = (U; ;) U (U; Q0.;) almost covers the domain of
influence in the original manifold M. More precisely, we prove that there exists C' = C'(T, K)
such that Q(C’h) C Q. Since Q(C'h) € M x [T, T, it suffices to show that M x [-T,T]—Q C
M x [—T,T]—Q(C'h).

For any (x,1) € M x [T, T] — €, by the definitions (3-24), (3-25), (3-26), we know that one of the
following two situations must happen:

(1) d(x,0M) < h.
(2) x € M}, and dz(x, Zl,j) >T — V12 +9T2h for any 71 ;.

We analyze these two situations separately as follows.

(1) By virtue of Sublemma 2 and the definition (3-18), the situation (1) implies that xt¢T,orxt el
and dyp(xt, T) < 8h, or |t| > T — 6h. The condition x- ¢ I indicates that d(x, dM — ') < h. If
xt el and dypy (xt, dT) < 8h, then, by the triangle inequality,

d(x,dT) <d(x,x") +d(x", 87) <h+dyy(x ™+, 8T) < 9h,

which yields d(x, 0M —T') < 9h due to dI' C dM —TI'. If |t| > T — 6h, then the following inequality is
trivially satisfied:
T —|t| —v6h <6h—~6h <0<d(x,T).

Note that if I' = d M, the first two possibilities automatically do not occur and hence only the last inequality
above is valid under the first situation.
(2) By Lemma 6.3(4), the situation (2) implies that dj,(x, z,;) > T1 — [t| — 3T +/h — 2h? for x € Mj, and
any zi ;. Since {z; ;} is an h-net in I';,(10h) with respect to dj,, we have
dp(x, Ty (10h)) > Ty — |t| —=3T~h —h — 2h>.
Then we apply Lemma 3.6 after replacing M, M with Mj,, M:
d(x, Tp(10R)(1 + 6K 1h) = dy(x, T (10h)) > Ty — |t| — 3T~h — h — 2h?,

where we used the fact that the second fundamental form of d M}, is bounded by 2K due to Lemma 6.1.
Hence by the triangle inequality,

d(x, To(10h)) > (T, — |t| = 3TvVh —h —2h*)(1 + 6K h) ™" — h.
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Figure 4. Domains for the second step in Case 2. Enclosed by the red solid lines is the domain we
work in. The blue dashed line I'; is the reference set for the third step. From here, the procedure
is entirely done in M.

For any y € I' — I'g(10h), y lies in the boundary normal neighborhood of oI" in I" due to 10k < ip (™).
Hence d(y, T'o(10h)) < dyp (v, T'o(10h)) < 10Ah. Then,

d(x,y) =2d(x,To(10h)) —d(y, T'o(10h)) > (T — |t]| — 3TVh—Th — 2k (146K k)~ —11h,
where we used T = T — 6h. Hence we arrive at
d(x,T)>T —|t| — C(T, K\)v/h.

Finally we combine these two situations together, and we have proved that (x, 1) e M x[—T, T]— (Ch)
for C = max{C(T, K1)%, 9} by definition (2-4). Therefore, there exists C' = C’(T, K1) such that
Q(C’h) C Q, and a stability estimate can be obtained on Q(C’h) from Theorem 2.2. The stability
estimate will be derived at the end of the proof.

Case 2: T > pp = min{io/2,ro/2,7r,/4, w/(6K1)}. As Lemma 6.5 is only valid within the injectivity
radius, we define the procedure step by step and each step is done within the injectivity radius. Recall
that {z; ;} is an h-net in I';, (10h) C M, with respect to dj,, and Ty = T — 6h. For the first step, we define
functions v ; by adding to (3-24) another term associated with 77,

Y, (x, 1) = ((1—&(d(x, 0M)) —&(po — diy (x, 21, ) T — di (x, Zl,j))2 — 12, (3-30)
and consider the domains
Q) ={(.)eM x [T\, Ti]: ¥1,j(x, 1) > 8T*h} — {x :dj(x, 21;) <h/2} x [T\, T1].  (3-31)

One can compare these definitions here with those in Case 1. Note that the regions 9(1), j stay within half
the injectivity radius due to the definition of the function &. The gradient of v/ ; has the form

Ve, =2((1—&(d(x, 0M)) —E(po — djy (x, 21, )N T1 — djy (x, 21,))
(—E'T\Vied(x, M) + E' Ty Vidji(x, 21,) — Vady (x, 21,5)).

The vector part of Vi ; consists of V,d(x, 9M) and V,d; (x, z;), the same as in Case 1. Furthermore,
the form for the vector part is the same as that in Case 1 up to multiplication by a positive function, since
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&’ < 0. Hence one obtains the same lower bounds for the length of the gradient and the principle symbol
as (3-27) and (3-28). It follows that v ; is noncharacteristic in 9(1), i And we define ¥max,1 and 2 ; the
same as in Case 1 (see Figure 3). More precisely, define ¥rmax,1 = (11 — 3k /4)2 and

Q= {(x, ne ; —UQo v 0> 9T2h}. (3-32)
J

Since (3-29) is still valid, Sublemma 3 holds for ¥ ;, Q?’ j 21,;. Hence Theorem 2.2 applies to the first

step. We stop the procedure right after the first step if Ty — po — 3T v/h < 2h.

For the second step, we need to choose a new set of reference points. Observe that the first step
propagates past the level set I'y :={x € M}, : dj,(x, I',(10h)) = pg — 4h} due to Lemma 6.3(4) and the
procedure-stopping criterion Tj — pg — 3T ~/h > 2h. We choose the new reference points {z2,j} as an
h-net in I', with respect to dj,. At I',, the square of the maximal time allowed is (77 — po + 4h)? —9T2h,
and we set the time range T for the second step as 7> = T} — pg — 3T ~/h. The procedure-stopping
criterion indicates that 7, > 2h. Then we define the functions

Y, j(x, 1) = ((1 = £(d(x, IM)) — E(po — djy(x, 22 D)) T2 — dj (x, Zz,j))2 — 1%

To apply Theorem 2.2, we need to ensure that small neighborhoods around the new reference points are
contained in the regions already propagated by the unique continuation in the first step. To that end, we
define Yrmax 2 = (T — arh)?, where ar = min{l, 7~!'}, and

Q) ={(x.0) e M x[~Tr, Tr] : Yp j(x, 1) > 8T*h} — {x : d}(x. 22.;) < arh/2} x [~T», Tr],
Qz,j = {(x, t) e Qg,j - ((U K_ZU) U (U S_Z()’j)) : 1//2’j(x, t) > 9T2h}
J J
These domains are illustrated in Figure 4. The specific choice of ¥max, 2 is justified in Sublemma 5 a bit

later, to ensure that @ # {(x, 1) € Qg’j 2P, (x, 1) > Yrmax2} C (Uj 5_21’]) U (UJ S_Zo,j).

Now we define the remaining steps iteratively. We define the reference sets as
Fi={xeM:dy(x,T'1) =G —=1D(po—4n)}, =22,

where I'y =I',(10h) C M),. The reference points {z; ;} are defined as an A-net in I'; with respect to dj,.

Note that the range of the j index for each step i is different, and the notation {z; ;} here is short for

{ziﬂj}jj.g. We define the C>! functions Vi, as

Yi (e, 1) = ((1=E(d(x, 9M)) — E(po — djy (x, 20 ) Ti — dj (x, Zi,j))2 — 1,

where T; = T;_; — po — 3T ~/h with T} = T — 6h. We stop the procedure at the i-th step if 7;, < 2h or
I'i11 = . The regions Q?J and €2; ; for i > 2 are defined as’>

gz?] ={(x,0) e M x [~T;, Ti1: ¥i j(x, 1) > 8T*h} — {x : d}(x, z;. }) < arh/2} x [=T;, T;],

i-1
Q= {(x,z)eszﬁ.{j— UUS v >9T2h},
1=0 ;

3The connected component characterized by (l —E(d(x,0M)) —E(pg — dz (x, zi)j)))Ti — d,i (x,zi,j) > 0.
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T
N

oM

—2h

L
-T
Figure 5. The procedure of a three-step propagation besides the initial step. The red solid lines
enclose the whole region Q = _J i.; $2i,j propagated by the unique continuation. The black dotted
line represents the optimal region, while the blue dotted line represents the actual region we can

estimate.

where ar = min{1, T~} in (3-16). It follows that ;. ; 1s noncharacteristic in Q? j in the same way as
for 1 ;. Due to Sublemma 5 below, Theorem 2.2 applies with Yryax ;i = (T; — arh)?.

Sublemma 4. Fori > 2 and any z € T';, we have dy(z, T'i_1) = po — 4h.

Proof. Let z; € I') be a point in I'y such that d;(z, z1) = dj(z,'1). Take a minimizing geodesic
of My, from z to z; and the geodesic intersects with I';_; at z;_; € I';_;. This geodesic has length
(i — 1D (pg — 4h), and its segment from z;_; to z; has length at least (i — 2)(09 — 4h) by definition.
Hence dj,(z, Ti—1) < dn(z, zi—1) < po — 4h. On the other hand, for any 7' € I';_;, we have d;,(z, 7)) >
dh(Z, Fl) — dh(z/, Fl) = P — 4h, which shows dh(Z, F,;]) > PO — 4h. |

Sublemma 5. For i > 2 and sufficiently small h < min{l1/2, T /4} depending on n, K1, iy, we have
distjz (3K ;, Q. j) > 0, and
@#£{(x.)eQ); i ;(x.1) > (T, —arh)’} C IL;J;LJJQ,
Proof. We prove the following stronger statement:
{x:1dj(x,zij) <arh} x[=T; —h, T; + h] C :L_J(I)U S_Zl,j. (3-33)
=0 j
More precisely, for any (x, ¢) in the left-hand set, we prove that if (x, ¢) ¢ Uf;é U ; 8_21, j»then (x,7) €

Uj Qifl’j.
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By Sublemma 4 and the fact that {z;_; ;} is an h-net in I';_;, we can find some z; 1 j, such that
dn(zi,j, Zi-1,j,) < po— 3h. Then for any (x, ¢) in the left-hand set in (3-33), Lemma 6.3(2) implies that
for sufficiently small & depending on n, K1, i,

ds(x, zi—1jy) < di(x, zi. ;) + (po — 3h) (1 + CnK{h®) < po—3h/2, (3-34)

which indicates that & (pp — d;, (x, zi—1,j,)) vanishes.
We claim that (x, r) € ©;_ j,. To prove this, by the definition of ¥;_; ;, £2;_1 ; and the condition that
(x,1) ¢ U;;g U; €, j, we only need to show that

2
Vi, ) = ((1—&dx, 0M) T,y —djj(x,zi1j,)) —1> > 9T h.
Since |t| < T; + h, it is enough to show
(1—&(d(x, dM)) T,y —dj(x, zi-1,jy) > Ti + h+3T/h.

Now since dj} (x, z; j) < h/T, by the definition of dj, and Lemma 6.3(4) we have

d(x,dM) > h—dj( Yh>h h-|—2h2 h>h 20
= - n 9 l j > - p— I > - _’
* Wit i) T T T
which implies by the definition of £ (3-19)
2h? 8h3
d(x,oM h—— ) = —.
£(d(x ))<s( . ) -
Since T; =T;_1 — po — 3TVh by definition, we have by (3-34)
3h
(1 —=&d(x,dM))T; -1 —dj(x, zi—1,j,) > Ti-1 —&(d(x, IM))T; 1 — po + >
T+ 3TVh+ o 8hsT
>T; —_—— =
2 T3

> T, +3Tvh +h.
This proves (x, 1) € ;1 j, and hence (3-33).

The inclusion (3-33) shows {x : d} (x, z; j) <arh/2} x [=T;, T;] is strictly contained in U;;(l) Uj S_Zl’j,
which implies that ;. j C Qg i An explicit lower bound for the distance between their boundaries is
estimated in Lemma 6.6.

For the second statement of the sublemma, by (3-33),

i-1
(Wi (e, 1) > (i —arh)®) C{dj (v, zi.) < arh} x (=T, T < U U,
=0 j
The nonemptyness directly follows from the definition of Q? j O
Error estimate for Case 2. Finally we show that Q = Ui=o Uj Q; j almost covers the domain of
influence in the original manifold M (see Figure 5). More precisely, we prove that there exists C' =

C(T, D, Ky, i, ro, rg) such that Q(C’h) C Q. The idea of the proof is similar to that for Case 1, and we
omit the parts of the proof identical to Case 1.
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For any (x,t) € M x [-T, T]— , one of the following two situations must happen:
(1) d(x,0M) < h.
(2) x e My and d) (x, z; ;) > (1 —&(po — djy (x, zi, )N T; — 1> +9T%h forany z; j (i > 1).

The situation (1) implies that d(x, M —T") <9h or d(x, ") > T — |t| — /6h by the same argument
as for Case 1.

Now we focus on the situation (2) when x € M),. Lemma 6.3(4) yields that, for any z; ; (i > 1),
dp(x,zi,;) > (1 —&(po — dj (x, i PO T; — |t| = 3T~/h — 2h*. (3-35)

Let z; € 'y be a point in I'; such that dy, (x, z1) =dj(x, I'1), and take a minimizing geodesic of M), from x
to z1. Observe that this minimizing geodesic intersects with each I'; at most once; otherwise it would fail
to minimize the distance dj, (x, I'1). Furthermore, due to the continuity of the distance function dj, (-, I'(),
if the minimizing geodesic intersects with I';, then it intersects with I'; for all 1 </ < i. Suppose the
minimizing geodesic intersects with I'; at z; € I'; for 1 <i < m, and the intersection does not occur at
any nonempty I'; for i > m. Then by Sublemma 4, we have

m—1

dp(x, ) =d(x,2) =dp(X. 2m) + Y _ di(2is 2ig1) = d(x, 2m) + (m — 1)(po — 4h). (3-36)
i=1
We claim that dj (x, z,,) < po — 3h. Suppose not, and by the inequality above, we have dj,(x, ['}) >
m(po — 4h). This implies that I';,;; # @ and any minimizing geodesic from x to I'; must intersect
with I'),4+1, which is a contradiction.
Since I'), # & by assumption, the step m of our procedure takes place as long as T,,, > 2h by our
stopping criterion. However if T,, < 2h, the procedure stops at some previous step.

(i) T,, > 2h. On I'j,, we can find some z,, ; such that d;(z,,, zZm ;) < h since {z,,;} is an h-net.
Then it follows that dj (x, z,,j) < po —2h. Lemma 6.3(4) indicates that d} (x, z,,,j) < po — h. Hence
&(po — dj (x, zj,j)) in (3-35) vanishes. Then by (3-36),

dp(x, T'1) > dp(x, 2m,j) —h+ (m —1)(po — 4h)

> T, — |t| = 3T~h — h — 2h> + (m — 1)(po — 4h)

=T) —|t| = 3mT~h — h — 4(m — 1)k — 21>,
where we used 7,,, = T1 — (m — 1) (pg + 3T\/ﬁ) by the definition of 7;.
(ii) T,y <2h. From T,, = Ty — (m — 1)(po + 3T v/h), we have

Ty < (m —1)(po +3T~h) +2h.
Hence by (3-36), we still get a similar estimate as the previous situation:
dp(x,T1) = (m—1)(po—4h) =Ty —3(m — DTVh —2h —4(m — 1)h
> T — |t| = 3(m — DT~h —2h — 4(m — 1)h.
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From here, one can follow the rest of the estimates for Case 1 and obtain
d(x,T)>T —|t|— C(m, T, K))Vh.

Combining these situations together, we have proved that (x,7) € M x [-T,T] — Q(Ch) for C =
max{C(m, T, K1)?, 9} by definition (2-4). Therefore, there exists C'=C’(m, T, K) such that Q (C'h) C Q.

The only part left is to estimate the upper bound for m. By assumption, I, # @ and hence I",,, must be
taken before dj, (-, I'1) reaches outside the diameter of M;. Due to Lemma 3.6 for M}, M, the diameter
of M}, is bounded by 6D /5 for sufficiently small /2 depending only on K. Thus by the definition of I';,

we have
6D
m< | — |[+1,
L0

where pg = min{io/2, ro/2,rg/4, w/(6K1)} depends only on n, | Ryl c1, ISl cts D0, Fo-

Stability estimate. With all the functions and domains we have constructed, the only part left is to apply
Theorem 2.2. From the error estimate above, we have proved that there exists C' = C'(T, D, Ky, iy, ro, re)
such that Q(C’h) c Q = Ui>0 Uj Q,’],Nwhere rg is a constant depending only on n, | Ry |1, S|l ¢, do-
Recall that u is an extension of u to M defined by (3-7). Theorem 2.2 yields the following stability
estimate on Q and hence on Q(C'h):

]l 1 (0
(log(l + 1l g1 0y /| Pie || 12 0))) /3
where Q0 = Uiso U; Q? j- During the initial step, we have shown 528’ ;CMUQr, and Qg ; 1s defined in
M x [—T, T]foralli > 1. Hence Q° C (MUQr) x [T, T]. Since the function x — x(log(1 +x))~'/2
is nondecreasing on [0, +-00), we have

lull 2@y < Nl 2@y <

el g oy —7.77)

lullL2cny) <
(log(l + il g (arvep) xi—7. 70/ NPl L2 ((ruaey <. 7)) /2

Therefore, the desired stability estimate follows from Lemma 3.5 after replacing & by //C’. The number
of domains in each step is not consequential to the estimate as long as relevant quantities of ; ; are
uniformly bounded. The dependency of the constant is calculated in the Appendix.

The second statement of the theorem is due to the following interpolation formula for bounded domains
with locally Lipschitz boundary:

luell -0 < Nuell 32Nl 6 €0, 1).
This concludes the proof of Theorem 3.1.

Remark 3.10. If we define dj, (3-9) with 2~2 scaling in the boundary neighborhood and require 7 < T,
then the level sets of ¥/; (3-24) automatically do not intersect with d M even without the &(d (x, 9 M))-term.
However, the extra condition # < T~! is not ideal and we want to choose the parameter 4 as large as
possible for a large 7, considering the stability estimate grows exponentially in 4. In addition, we
frequently used the number a7 = min{1, T~} exactly for the same purpose.
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Remark 3.11. In the definition of Q? j for Case 2, we removed the region where points are arh/2-close
to the reference points, and this region is contained in the set propagated by the unique continuation from
previous steps by Sublemma 5. The 4 ~! scaling in the definition of dj, (3-9) directly affects the order of
this number a7 h /2. Without the scaling, the order of this number would be of /2.

3.5. Applications of the quantitative unique continuation. Due to the trace theorem, Theorem 3.1 yields
the following estimate on the initial value.

Corollary 3.12. Let M € M, (D, K, K», iy, ro) be a compact Riemannian manifold with smooth bound-
ary dM, and let I" (possibly I' = d M) be a connected open subset of 0 M with smooth boundary. Suppose
u e H*(M x [T, T)) is a solution of the wave equation Pu = 0. Assume the Cauchy data satisfy

wlomxi_r.71 € H** (@M x [T, TY), g_’”: € H**(OM x [T, T)).
If
el <Aoo e +|5m S°
H\(Mx[-T.T]) S 10 H2CXETTD T g || 2o —riry S

then for sufficiently small h, we have
Aog+h~'g
(log(1 4+ h +h3/2Ag/g9))1/0°

where C3, C4 are constants independent of h, and their dependency on geometric parameters is stated in
Theorem 3.1. For a fixed t € [—T, T1], the domain 2 (h, t, m) is defined as

13, _ _
lu(x, O ll2@2n,0,3) < C3/ h=* exp(h~ ")

Qh,t,m)={xeM:T—|t|—d(x,T)>h'" d(x,0M —T) > h'/™}. (3-37)

Proof. Observe that $2(2h, 0, 3) X (—f9, fo) C S2(h) with 1o = (v/2 — 1)~/h by definition. Then we take
0= % in Theorem 3.1 and apply the trace theorem [Bergh and Lofstrom 1976, Theorem 6.6.1]: there
exists a constant C such that

—2/3
Cty " Nulx, Ol g25Q@n.0.3) % (—10.10))

A4Ch P ux, Ol 25 @iy - 0

luCx, Ollz22n.03) <
<

Remark 3.13. Note that the constant C3 in Corollary 3.12 is not exactly the same as the constant C3 in
Theorem 3.1. However, they depend on the same set of geometric parameters. In this paper, we keep the
same notation for constants if operations do not introduce any new parameter.

The following independent result gives an explicit estimate on the Hausdorff measure of the boundary
of the domain of influence, which shows that the region Corollary 3.12 does not cover has a uniformly
controlled small volume.

Proposition 3.14. Let M be a compact Riemannian manifold with smooth boundary. For any measurable
subset I' C OM and any t > 0, the following explicit estimate applies:

vol,—1(AM (T, 1)) < Cs(n, [[Rullct, [Slcrs io, vol(M), vol(d M),
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where M (L', t) is defined in (1-3). As a consequence, the estimate above implies the following volume
estimate due to the coarea formula. Namely, for any t,y > 0, we have

vol,(M(I', 1 +y) = M(T', 1)) < Cs(n, |IRullct, [Sllct, io, vol(M), vol(dM))y.

Proof. Denote the level set of the distance function by X, = {x € int(M) : d(x, I') = t}. For any point
in X, there exists a minimizing geodesic from the point to the subset I". These minimizing geodesics do
not intersect with X, except at the initial points by definition. Moreover, they do not intersect each other
in the interior of M, as geodesics would fail to minimize distance past a common point in the interior
of M. Define [(x) to be the infimum of the distances between a point x € X, and the first intersection
points with the boundary along all minimizing geodesics from x to I', and to be infinity if any minimizing
geodesic from x to I'" does not intersect dM — I".
For sufficiently small ¢ > 0 chosen later, define

Yie)={xe X :e/2 <l(x) < e}

Denote by U (Z,(¢)) the set of all points on all minimizing geodesics from 3;(¢) to I' and consider the
set U(Z,(e))NX, fort’ € [t — /4, t). Clearly the set U(X,(g)) N X, does not intersect with dM by
definition. Furthermore, it is contained in the C(n, || Ryllc1, ||S|lc1)e%-neighborhood of the boundary
dM if ¢ is not greater than eo(n, || Ry|lc1, ||S]ct, o), due to Lemma 6.7.

Since the distance function d( -, I') is Lipschitz with the Lipschitz constant 1, it is differentiable almost
everywhere by Rademacher’s theorem and its gradient has length at most 1. The existence of minimizing
geodesics from I' yields that the gradient of d( -, I') has length at least 1 wherever it exists. Hence the
gradient of d( -, I') has unit length almost everywhere. We apply the coarea formula (e.g., Theorem 3.1
in [Federer 1959]) to the sets U (X;(¢)) N Xy with the distance function d( -, I'"). Then by Lemma 6.8
and Lemma 6.7, we have

£ ol 1 (B,(e)) < 5" f vol,_1 (U(S:(e)) N ) di’
t—e/4
=51 Voln( U U )N Ez/))

t'e[t—e/4,t)
<5"7'Cn, [IRullc1, IIS||c1)e? vol(dM).
Then for ¢ < g9 we get

vol,—1(%;(e)) < C(n, [[Rulict, IISlict, vol(dM))e.

Hence we have an estimate on the measure of U, (gg) := {x € X, : [(x) < &o}:

vol,_1 (Ui (g9)) = vol, 1 (U 24802—")) = voly_1(Z(£027%))
k=0 k=0

<C(n, IRullcr ISlcr, vol(@M))eg y_ 27
k=0
< C@. IRulicr. ISlct. o, vol(3M)).
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As for the other part X; — U,(&g), if t > &g, the minimizing geodesics from the points of X, — U,(gg) to
I" do not intersect the boundary within distance ¢q. By the same argument as above, we can control the
measure in question in terms of the volume of the manifold,

%0 volu_1(Z, — Uy (e0)) < 5"~ vol(M),
which implies that
volu_1(%, — Uy (e0)) < Cn, | Rutllcr. 1SNl i, vol(M)).

Since the part of 0 M (T, ¢) on the boundary is bounded by vol(d M), the measure estimate for d M (T, t)
follows.

If r < &9, the domain of influence is contained in the boundary normal neighborhood of width . The
minimizing geodesics from points of X; — U,(gp) to I" do not intersect the boundary within distance ¢ /2.
Then by the same argument as before, we have

%Vol,,_l (%, — Uy (g0)) < 5" vol(dM)t,

which completes the measure estimate for d M (I, ¢).
The n-dimensional volume estimate directly follows from the measure estimate for d M (I", ) and the
coarea formula. O

Due to the Sobolev embedding theorem and Corollary 3.12, we next prove Proposition 3.3.

Proof of Proposition 3.3. Due to Corollary 3.12, we only need an estimate in M (I", T) — 2(2h, 0, 3). By
the definition (3-37) and Proposition 3.14, we have

vol(M(T, T) — Q(2h, 0,3)) < vol(M(T', T) — M(T', T — (2h)'/?)) + vol(dM)(2h)'? < Ch'/3.
Since u(x, 0) € H' (M), by the Sobolev embedding theorem we have, for n > 3,
llux, 0) | L20/0-2 a1y < Cllu(x, Ol g1eary < CA,

and, for n =2,
luCx, O)llzoary < Cllulx, O)lwrsrzoan < CA.
Hence Holder’s inequality gives an estimate on the L?-norm of u(x,0) over M(I', T) — Q(2h, 0, 3).

Then the proposition follows from Corollary 3.12, and the regularity result for the wave equation (e.g.,
Theorem 2.30 in [Katchalov et al. 2001]): namely,

max |lu(x,t < C(M)|ju(x,0 .
max e Dllman < CTu, Ol

This proves Proposition 3.3. ]

4. Fourier coefficients and the multiplication by an indicator function

In this section, we present the essential step of our reconstruction method where we compute how the
Fourier coefficients of a function (with respect to the basis of eigenfunctions) change when the function
is multiplied by an indicator function of a union of balls with center points on the boundary. This step is
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based on the stability estimate for the unique continuation we have obtained in Section 3. The results in
this section will be applied to study the stability of the manifold reconstruction from boundary spectral
data in the next section.

Let M be a compact Riemannian manifold with smooth boundary d M. Given a small number 7 > 0,
we choose subsets of dM in the following way. Suppose {F,-}lN: , are disjoint open connected subsets of
OM satisfying

N pr—
oM =J Ty, diam(I;) <n,

i=

—_

where the diameter is measured with respect to the distance of M. Assume that every I'; contains a ball
(of 9M) of radius n/6. Without loss of generality, we assume every dI"; is smooth embedded and admits
a boundary normal neighborhood of width n/10. This is because one always has the choice to propagate
the unique continuation from the smaller ball of radius 1/6. An error of order n does not affect our final

result.
Let ¢ = (g, o1, ..., ay), with o € [n, DJU{0} (k =0, ..., N), be a multi-index, where D is the
upper bound for the diameter of M. Set 'y = d M. We define the domain of influence associated with o by
N N
My:= U MT, a0 = Ulx e M:dx,Ty) < o). @1)
k=0 k=0

We will only be concerned with (nonempty) domains of influence with the initial time range oy > 7.
Hence for sufficiently small 1 explicitly depending on geometric parameters, Proposition 3.3 applies with
h < /100, since i,(Tx) > n/10 for all k > 1 by assumption.

We are given a function u € H>(M) with

lullzon =1, llullgspn < A

Lemma 4.1. For a small parameter y € (0, N =2, we can construct a function ug € H 3(M) such that

uolm, =0, wolmg,, =u, luollz2pn < 1,
luoll sy < CoAy ™ fors €1, 3], 4-2)
where a +y = (o + y, a1+ y, ...,y + V), and Cy is a constant explicitly depending on geometric

parameters.

Proof. Let {x;} be a maximal y /2-separated set in M, and {¢;} be a partition of unity subordinate to the
open cover {B, 2(x;)} of M such that ||¢;||cs < Cy . Then the desired function u can be defined as

w = Y duk), xeM. 4-3)
supp(¢r)NMo=2
The first three conditions are clearly satisfied.
To prove the H*-norm condition, we only need to show that the number of nonzero terms in the sum
(4-3) is uniformly bounded. Given an arbitrary point x € M, any B, >(x;) with ¢;(x) # 0 is contained
in B, (x). By the definition of a y /2-separated set, {B,,/4(x;)} do not intersect with each other. Hence
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it suffices to estimate the number of disjoint balls of radius y /4 in a ball of radius y. For sufficiently
small y, the volume of a ball of radius y is bounded from both sides by Cy", which yields that the
maximal number of balls is bounded by a constant independent of y. To obtain an explicit estimate, it is
convenient to work in a Riemannian extension of M, for instance in M defined in Lemma 3.4. Then an
explicit estimate for the maximal number follows from Lemma 3.6 and (6-4). [l

Note that due to Proposition 3.14, we have
vol(My4y — My) < (N +1)Csy <2Csy'/2. (4-4)
4.1. Approximation results with spectral data without error. Suppose the first / Neumann boundary

spectral data {A;, ¢;lym} ]].:1 are known without error. Letu € H>(M) be a given function with ||u|| 723y =1
and |lull g3 ar) < A. Let ug be defined in Lemma 4.1. We define u; to be the projection of u( onto the

first J eigenspaces V; = span{¢, ..., ¢;} C C®(M) with respect to the L?(M)-norm:
J
uy = (uo.¢j)p; €Vy. (4-5)

Jj=1
We consider the following initial value problem for the wave equation with the Neumann boundary
condition:

W —A,W =0 on int(M) xR,

w —0, 8W]_o=0,
on laMxR

Wli—o =v.
Denote by W (v) the solution of the wave equation above with the initial value v. Then we define I/ to be
the set of initial values v € V; for which the corresponding waves W (v) are small at all I'y x [—o, ak];
namely,

N
U, Ay e) = N{v eV vlman <3CoAy 7 WO 2@ apa) <1} (4-6)
k=0

When the parameters J, A, y, &) are clearly specified in a certain context, we denote this set by simply U/
for short.

Note that since functions in V; are smooth on M, the wave W (v) for v € V; is also smooth and hence
its H>2-norm is well-defined. Given the Fourier coefficients of v € V;, the conditions of ¢/ can be
checked only using the boundary spectral data. In fact, if a function v has the form v = Z‘;Zl v;j@;, then
1vll g1 cary = 27— (1+ A;)v?, and the wave W (v) over M is given by

J
W @)@, Dok = Y _ j 0s(y/A;1)0; (x) | (4-7)
j=1
For convenience, we use the following equivalent Sobolev norm (e.g., Theorem 2.22 in [Katchalov
et al. 2001]) for a function v € H*(M) with the Fourier expansion v = Zj’i L V@)

oo
10l3sary = Y (L + 207 fors € [1,3]. (4-8)
j=1
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Lemma 4.2. Let u € H>(M) be a given function with ||u | 3y < A, and ug, uy be defined in Lemma 4.1
and (4-5). Then, for any €1 > 0, there exists Jo = Jo(D, A, y, €1) such thatuy e U(J, A, y, &1) for any
J = J.

Proof. Assume J is sufficiently large such that A; > 1. Suppose ug, u; have expansions:

[e'9) J
u0=Zdjg0j, MJ=Zdj(pj€Vj.
j=1 j=1

By (4-8) we know

o o0
luoll s ey = D A =20y Y d7AT, (4-9)
j=J+1 j=J+1
and hence by (4-2),
o.¢] o
luo —us gy = Y, (I+1)d7 <2 Y Ajd; <2C5A%; 'y 0 (4-10)
j=J+1 j=J+1

As a consequence, u; satisfies the H !_norm condition of ¢/ (4-6):

lusll gy < llwoll gy + llwo — willgr o
< CoAy ' +V2CoAx Py <3CoAy .

Next we show that u; also satisfies the H?2-norm condition of ¢/ (4-6) for sufficiently large J. This
condition is trivially satisfied when o = 0. Due to the finite speed propagation of waves, the condition
uolp, = O implies that W (u0)|r, x(—a;.ap) = O for all k& with o # 0. Thus it suffices to show that
W (ug) — W(uy) has small H>2-norm on M x [—D, D).

Since ug € H3(M), the regularity result for the wave equation (e.g., Theorem 2.45 in [Katchalov et al.
2001]) shows that

W (u0)|mx—p,p) € C([—D, D1; H*(M)) N C*([-D, D]; L*(M)).
Hence from (4-7), we have
(W (o) —W(uy))(x, t)lomx(—p,p] = Z dj cos(y/Aj)@; () |om-

j=J+1
Then the trace theorem and (4-8) imply that

IW o) = W @13 50r) < CIW (o) = W @) 111780,
oo oo
=C Y U+1"Hdcos? (Vi <20 Y d2a <oy My 0,
j=J+1 j=J+1

where the last inequality is due to a similar estimate to (4-9). For the time derivatives, the trace theorem
and (4-8) imply

197 W (o) =37 W ) 172541y < CNOFW (o) =87 W )1 3308 4,

[e.¢]

o0
3/4 11/4 —1/4 _—
=C Y A+ hHdideos’ (VA <2 Y AP <oyl
j=J+1 j=J+1
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Similarly by using (4-9),
19: W (140) = 3 W @) 17257y < CAAS 'y 0
Hence by the definition of H?2-norm (2-5),

—1/4 _ _ _
IW (0) = W) 1 amnip.pp < 2D CA)@AT Y0 4271y 70)
<C(D, Myl

Therefore, for all k =0, ..., N with oy # 0, we have

—1/4 _—
W WD) 2, aaep = W @0) = W @D 2 ey < C (D2 MRSy 7E

24

For any €| > 0, choose sufficiently large J such that A; > C(D, A)y~ 81_8 and the lemma follows. [J

Remark 4.1. The choice of Jy in Lemma 4.2 also depends on geometric parameters, which is brought in
when applying the trace theorem. Those relevant parameters are part of the parameters we considered
in Section 3, so we omit them in this section for brevity. The same goes for the next two propositions,
where the dependency on geometric parameters is brought in when applying Proposition 3.3.

We prove the following approximation result for finite spectral data.

Proposition 4.3. Let u € H3(M) be a given function with lullpzory = 1 and |lull sy < A Let
o= (g, ...,ayn), o € [n, D]U{0}, be given, and M, be defined in (4-1). Then, for any ¢ > 0, there
exists sufficiently large J = J(D, N, A, n, €) such that by only knowing the first J Neumann boundary
spectral data {A;, (,ojlaﬁ,l}]].:1 and the first J Fourier coefficients {aj}jj.zl of u, we can find {bj}j].:1 and
ut = ij-zl bjp; such that

lu® — xmullp20n) < &
where x denotes the characteristic function.

Proof. We consider the following minimization problem in U(J, A, y, &1) (denoted by ¢/ from now on)
defined in (4-6), where the parameters J, y, e; will be determined later. Let uni, € U be the solution of
the minimization problem

Umin — U =min||w—u . 4-11
| Umin — ull L20p1) weu” 220y (4-11)

Observe that given the first J Fourier coefficients of u, finding the minimum of the norm [|w — u|| 723 18
equivalent to finding the minimum of a polynomial in terms of the (J number of) Fourier coefficients
of w. Since the conditions of I/ (4-6) can be checked with finite boundary spectral data by (4-7) and (4-8),
the minimization problem transforms into a polynomial minimization problem in a bounded domain in R’
(the space of Fourier coefficients). Hence the Fourier coefficients of the minimizer uy;, are solvable by
only using the finite spectral data.

Next, we investigate what properties this minimizer uny,, satisfies. By Proposition 3.3 and the fact that
the Neumann boundary condition is imposed, w € U implies that | w||2(p 1, o)) < €2(h, A, 7, y, 1) for
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allk=0,1,..., N with oy # 0, where

Ay +h e
(log(1+ 132y =3 A /e1))!/®

& = C§/3h_2/9 eXp(l’L_C‘m) + CSAV_3h1/(3n+3). (4-12)
Hence,

lwllz2m,) < (N +1ea.
Then, for any w € U and in particular for w = up;p,

2 _ _ 2 _ 2
||lU - MHLZ(M) - ”w M”LZ(MD,) + ”w M”LZ(M&')

> NullZa g4y, = 4Ne2 + 1w —ull 720 (4-13)
On the other hand the following estimate holds for u :

s = wlZa 0y < Uity = woll 2an) + o = wll 2ar))°
<ty = w0l 72 gy + 4l = uoll 2y + o = wll 72,
< CA, Py 2 ull Tz, + luo = ullFa g,y
where the last inequality is due to an estimate for |ju; — ugl|;2 similar to (4-10), and the definition

of ug. The definition of partition of unity in (4-3), the Sobolev embedding theorem (see the proof of
Proposition 3.3) and (4-4) yield that

1@
lwo — ull L2ayry— ) < Ntllz2it,,, —m,) < 2CsAy /@max{n,3))

Hence,

—-1/2
g — 2200 < CAONS Py 724 Ul +4CIAZY D,

(My)

For sufficiently large J = J (D, A, y, €1), we have u; € Y by Lemma 4.2. This indicates that the minimizer
Umin also satisfies

2 _
lttmin — ull 22y < CCOAST 2y =2 )25, +4C2AZY Y OHD, (4-14)
Combining the two inequalities (4-13) and (4-14), we have
ltmin = 1172 pge) < 4Ne2 + CAAS 2y 2 +4C3APY V0D,
The fact that ||uminllz2(a,) < Né&2 implies that

2 2
”XMau - (l/t - Mmin) ||L2(M) = ”umin - XM;””LZ(M)
2 2
= ”umin - XM"'””LZ(MC) + ”umin“Lz(M )
<4Ney+ C(ML, Py 2 44C2A2 V0D L aNe3,
From our discussion at the beginning of this proof, we know the Fourier coefficients of un;, are

solvable. Suppose we have found a minimizer upi, = ZJJ 1 ¢j ;. Since the first J Fourier coefficients of
u are given as a;, we can replace the function u — uy;, in the last inequality by Z j=14j®j — Umin and the
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error in L2-norm is controlled by Ak;l/ *. Hence by the Cauchy—Schwarz inequality, we obtain

2
<8Ny +8N%e3 + C(A)A, Py 2+ 8CIA2Y /D (4-15)
L2(M)

J
H XM U — Z(aj —¢j)Y;
j=1
which makes u“ := Z]J-:1 bjp; with b; = a; — ¢; our desired function.

Finally, we determine the relevant parameters. For any ¢ > 0, we first choose and fix y such that the
last (4-15) term 8C 2A2 1/(n+1) 5 equal to £ /4, and choose sufficiently large J such that the third term
is smaller than £?/4. Then we choose &5 so that the first two terms satisfy 8Ne, + 8N 282 =2 /4. Next
we determine ¢;. We choose and fix 4 < 1/100 such that the second term in (4-12) is equal to &;/2,
and choose ¢ such that the first term in (4-12) is equal to €/2. By Lemma 4.2, there exists sufficiently
large J such that u; € U, which validates all the estimates. U

4.2. Approximation results with spectral data with error. Now suppose that not only do we not know
all the spectral data, we also only know them up to an error. More precisely, suppose we are given
a set of data {)»7, <pj‘.’|3 m} which is a §-approximation of the Neumann boundary spectral data, where
AJ“. € R>p and gof laps € C2(3M). By Definition 1.1, there exists a choice of Neumann boundary spectral
data {1}, ¢;lam}52, such that, for all j <87,

Wi =~ <8, g =@ llcorom + 1V (@ — oDlaumll < 6. (4-16)

Since <pj‘.‘ € C?(dM) by assumption, the bound on the C%!-norm above yields

loj — @ llcoan + 1V (95 — D laml <8 for j <87 (4-17)
In a local coordinate (x', ..., x"~1) on dM, for any f € C2(dM), we have the formula
9 32 f .
(VaMf)<a’< 8x>_ Ixkox! Z kl k,l=1,....n—1

Furthermore, we can choose to work in the geodesic normal coordinate. Then the norm of the second
covariant derivative (the Hessian), the formula above and (2-3) yield a bound C§ on the second derivative

of (¢j —¢{)lam:

92 . e
PP kax’((p’ (P;'Z)|BM <Cs forj<87 ' kii=1,....,.n—1. (4-18)

We prove the following approximation result analogous to Proposition 4.3.
Proposition 4.4. Let u € H3(M) be a given function with ||u l2my = 1 and \ullgs gy < A. Let
o= (ag,...,0yN), ag €[n, D1U{0} be given, and M, be defined in (4-1). Then, for any ¢ > 0, there
exists sufficiently large J = J(D, N, A, n, &) such that the following holds.

There exists 6=56(D,vol(dM), N, A, J,n, &)< J Y such that by knowing a §-approximation {)»;?, (p]f‘ loa}
of the Neumann boundary spectral data, and knowing the first J Fourier coefficients {a;} JI.: | of u, we can
find {b;}I_, and u® =Y"i_, bjg; such that

lu® = xaull 2y < e
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Here the known Fourier coefficients of u are with respect to {¢;}, which is a choice of orthonormalized
eigenfunctions satisfying (4-16) for {1, goj‘.‘ lom}-

Proof. Since we only know an approximation of the boundary spectral data, an error appears when we
determine if a function belongs to the space U (4-6) in the minimization problem (4-11). The norms
appearing in the conditions of I/ can be written in terms of the Fourier coefficients and boundary spectral
data. However in this case, the actual spectral data are unknown and we can only check these norm
conditions with a given approximation of the spectral data. First we need to estimate how these conditions
change when the spectral data are perturbed.

For a function v(x) = Z]J.ZI vj;j(x) with Z]J.ZI vj2 < 1, the error for the H'-norm condition of I/ is

J J
01210y — DL ADV? =" 1y — 24007 < (2y/A) +8)8. (4-19)
j=1 j=1

For the H??-norm condition of {, from (4-7) we know

J
W@)(x, Dlapxi = Y vj cos(y/A;0)¢; ()|

j=1

To check if this condition is satisfied, we can only use the approximate spectral data:

J
W)@, Dlamxr =Y _ v cos(V AT ()|
j=1
In fact, we are only concerned with a finite time range ¢ € [— D, D]. Since

|cos(«/k—jt) - cos(vA;’t)l < |x/k_jt — vkj‘tl < D8,

we have the following estimate on the error:

J J
Z Vj COS(VAj1)p; — Z vj COS(\/)T?I)%
j=1 j=1

J J
Z vj cos(VA)g; — Z V; cos(V )»?f)fﬂf
Jj=1 j=1

W) = WOl g2om) <

H2(OM)

+

H2(OM)

J J
< D8 Y 1ol + Y Willlo; — & la2om)
j=1 j=1

J
< D8 19l 2wy + CI8/Vol@M),
j=1

where the last inequality is due to (4-17) and (4-18). By the trace theorem and (4-8), we know
19132000y < Cll@ 1754y = CA+ 2D,

and hence we obtain
IW () = W) g2 oary < C(D, vol(@M)) I 1.
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Similarly for the time derivatives, we have

10, W(w) —0; W' (W)l 2501y < C(D, vol(dM))J 1,8,
182W (v) — 2 W W)l L2y < C(D, vol(@M))J3)/%5.

Therefore by definition (2-5), for some C, = C((D, vol(dM)), we have

3/2
IW () — W)l g22@mx—p.ppy < Cod A8 (4-20)

Now following the proof of Proposition 4.3, we still consider the minimization problem (4-11), however
in a perturbed space of ¢/. We define an approximate space U“ of U/ as follows:

N J J J

T [ SEPED SE RIS SURETIE BEICI SRS
_ — — — 3/2
k=0 j=1 =1 =l ||Wa(v)“szz(I“kx[—ak,ak]) <er+ C(/)J)‘J/ }

Clearly this space ¢/ can be determined with only Fourier coefficients and the given approximation
{Ae, (pj‘.’ lam} of the boundary spectral data. Then we consider the minimization problem (4-11) with the
space U replaced by U/“. Hence this perturbed minimization problem is solvable by only using the given
approximation of the spectral data.

By Lemma 4.2, there exists sufficiently large J such that u; € U, and it follows from (4-19) and (4-20)
that u; € . Then one can follow the rest of the proof for Proposition 4.3. The only part changed is &>,
since the actual H'- and H%?-norms of v € U differ from the original conditions of /. More precisely,
for any v € U*, again by (4-19) and (4-20), we have

Wl an < VICIAZY 461128 < 3CoAy 3 + 321445,
3/2
IW ()| 522 (1 ey < €1 +2C0 T35
Therefore following the proof of Proposition 4.3, for § < )»;1, one obtains an estimate almost the same as
(4-15) with &,(8):

2
< 8Nex(8) +8N263(8) + C(A)A, Py 2 4 8C2IA2Y VD (421)
L2(M)

J
H XM, U — Z(aj —¢j)@;

j=1
where c; is the j-th Fourier coefficient of a minimizer, and

Ay 3+ h™V2 (e +2C503%8)

(log(1+ h32y=3A /(g1 +2C}J 1)/ *8)))1/6

£(8) = C31/3h_2/9 exp(h~ ") CsAy 3p1/Gr+3),

Finally we determine the relevant parameters. For any ¢ > 0, we first choose and fix y, €,(0), &; such
that the right-hand side of (4-21) with § = 0 is equal to 3s?/4 in the same way as in Proposition 4.3. By
Lemma 4.2 we choose and fix sufficiently large J such that u; € U, which validates all the estimates if



1008 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

we restrict § < J 1. At last we choose sufficiently small § < A;l such that
Ney(8) + N2e3(8) — Nex(0) — N2e5(0) < £2/32,
and then the proposition follows. O

Remark 4.2. We point out that in Propositions 4.3 and 4.4, it suffices to know the boundary data on
Uai>0 I'; to obtain the estimate for M, with «g = 0. This may be useful when only partial boundary
spectral data (measured only on a part of the boundary) are known.

5. Approximations to boundary distance functions

Let M be a compact Riemannian manifold with smooth boundary d M. For x € M, the boundary distance
function r,, : 0M — R is defined by
re(z) =d(x,z), z€oM.

Then the boundary distance functions define a map R : M — L*°(d M) by R(x) =ry. It is known that the
map R is a homeomorphism and the metric of the manifold can be reconstructed from its image R(M)
(e.g., Section 3.8 in [Katchalov et al. 2001]). Furthermore, the reconstruction is stable (Theorem 5.7).
Therefore, to construct a stable approximation of the manifold from boundary spectral data, we only
need to construct a stable approximation to the boundary distance functions R(M). In this section, we
construct an approximation to the boundary distance functions through slicing procedures.

Given n > 0, let {Fi}f\’: , be a partition of the boundary dM into disjoint open connected subsets
satisfying the assumptions at the beginning of Section 4: diam(I";) < n and every ['; contains a ball
(of 0M) of radius n/6, where the diameter is measured with respect to the distance of M. We can also
choose I'; to be the closure of these open sets. For example, one can choose I'; to be the Voronoi regions
corresponding to a maximal 7/2-separated set on d M with respect to the intrinsic distance djyy of M. It
is straightforward to check that these Voronoi regions satisfy our assumptions with

N < C(n, vol(dM))n~"*1. (5-1)

The approximation results in Section 4 enable us to approximate the volume on M by only knowing
an approximation of the Neumann boundary spectral data.
Lemma 5.1. Let o = (v, - .., an), o € [n, DIU{0}, be given, and M, be defined in (4-1). Then, for any
e > 0, there exists sufficiently small 5§ = §(n, €) such that by only knowing a §-approximation {19, gojf.’ lom}
of the Neumann boundary spectral data, we can compute a number vol* (M) satisfying

[vol*(M,) — vol(M,)| < &.

Proof. Recall that ¢; = vol(M)~!/2 on M and it follows that

vol(M,)

vol(M)

Since the eigenspace with respect to A; = 0 is 1-dimensional, the Fourier coefficients of ¢; with respect

2
”XMm(pl I|L2(M) =

to any choice of orthonormalized Neumann eigenfunctions are (1,0, ...,0,...). Apply Proposition 4.4
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to u = ¢1, and we obtain the Fourier coefficients of u? = ZJJ 1 bjp; for sufficiently large J, and that the
L?-norm of u® approx1mates | XM, 11l L2(ar)- Therefore Z i1 b2 approximates vol(My)/ Vol(M ), and
equivalently vol(M) Z approx1mates vol(M,). If vol(M ) is known, then vol(M) Z i1 b2 is the
number we are looking for

However, we do not exactly know vol(M) since we do not exactly know the first eigenfunction; we only

know an approximation of vol(M) in terms of the first approximate eigenfunction ¢{. More precisely,

8> llor — @i llcoaan = Vol(M) ™% — (1ol cogap |-

Hence an approximate volume can be defined as

J
-2 2
VOla(MOl) = ||¢? ||CO(3M) Z b ’
j=1
and then it satisfies the statement of the lemma. O

Besides the conditions we discussed earlier for the partition {I';}, we need to further restrict the
choice of the partition. We start with the following independent lemma regarding the boundary distance
coordinate. One may refer to Section 2.1.21 in [Katchalov et al. 2001] for a brief introduction on this
subject. This type of coordinate will be used to reconstruct the inner part (bounded away from the
boundary) of the manifold.

Lemma 5.2. Let M € M, (D, K1, K», iy). Then there exist a constant L and boundary points {z;}-
Z; € OM, such that the following two properties hold:

i=1’

(1) For any x € M withd(x, 9M) > iy/2, there exist n boundary points {z;,(x), - - - » Zi,(x)} C {z,} .| such
that the distance functions (d( -, Zi;(x)), - - ., d (-, Zi,(x))) define a bi-Lipschltz local coordinate in a
neighborhood of x.

(2) The map ®; : M — R defined by
O (x)=(d(x,z21),...,d(x,zL))

is bi-Lipschitz on {x € M : d(x, M) > iy/2}, where the Lipschitz constant and L depend only on
n, D, K], KQ, i(), VOl(aM).

Furthermore, the boundary points {zi}iL:1 can be chosen as any rip-maximal separated set on I M,
where r;, < iy/8 is a constant depending only on n, D, K1, K», io.

Proof. Givenx e M withd (x, oM) > iy/2, let z € d M be a nearest boundary point; i.e., d(x, z) =d(x, 0M).
Then it follows that z is not conjugate to x along the minimizing geodesic from x to z. That is to say, the
differential d exp, |, is nondegenerate, where exp, denotes the exponential map of M and v = exp; ' ().
Hence by the inverse function theorem, there exists a neighborhood of (x, v) € T M (with respect to the
Sasaki metric on the tangent bundle) such that the exponential map is a diffeomorphism to a neighborhood
of z. Furthermore, one can find a uniform radius | depending on n, D, K, K>, ip for the size of these
neighborhoods [Katsuda et al. 2007, Lemma 41].
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We take {z;} to be an rp-net on dM (with respect to the intrinsic distance dyys of dM), where the
parameter r, < r1/8 is determined later. By definition, there exists z; € {z;} such that dy (z, z1) < 1.
Then we search for n — 1 points z5, ..., z, such that aMexpz_ll(zj) (for j =2,...,n) form a basis in
T,,(0M), where 5)exp denotes the exponential map of d M. We claim that this is possible for sufficiently
small r, explicitly depending on ry, n, K. This claim can be proved as follows. Take vy, ..., v, to be an
orthonormal basis of T, (0 M), and consider the points z} = ymexp,, (sv;) € M forafixed s € (r1/4,r1/2).
By the definition of r,-net, there exist points z», . .., z, € {z;} such that dyy (z’ zj) <ry(for j=2,...,n).
We consider the triangle with the vertices z;, z z;. Since the lengths of the sides z 1Z and zyz; are at
least r1/8, for sufficiently small r, explicitly dependlng on K, the angle of the trlangle at 71 is small
(by Toponogov’s theorem) and therefore Mepoll (zj) (for j =2,...,n) also form a basis. Then by the
same argument as Lemma 2.14 in [Katchalov et al. 2001], one can show z1, z2, ..., z, are the desired
boundary points, from which a boundary distance coordinate is admitted in a neighborhood of x.

From now on, we choose {zi}iL:l to be a maximal r,-separated set on d M, which is indeed an r,-net
by maximality. The cardinality L of this net is bounded by C(n, vol(dM))r, "+ The bi-Lipschitzness
of the boundary distance coordinate follows from the fact that the differential of the exponential map is
uniformly bounded in the relevant domain by a constant depending on n, D, K|, K>, ip [Katsuda et al.
2007, Lemma 3 and Proposition 1]. This concludes the proof for the first part of the lemma.

Next we prove the second part of the lemma. We claim that there exists r3 > 0 such that ®; with respect
to any maximal r3-separated set on d M is bi-Lipschitz on {x € M : d(x, dM) > iy/2}. Note that ®; is
automatically Lipschitz with the Lipschitz constant +/L by the triangle inequality. Suppose there exist
a sequence of manifolds My € M, (D, K1, ip) and points xi, yx € {x € My : d(x, 0My) = iy/2} such that

DLk (xk) — Pr (Yl

—0 ask— oo,
dm, (X, Yi)

where @,  is defined with respect to some maximal 1/k-separated set on d M. The precompactness
of M, (D, K1, ip) [Anderson et al. 2004, Theorem 3.1] yields that there exists a subsequence of M that
converges to a limit M in the C'-topology. We choose subsequences of x;, y; that converge to limit
points x, y € M. The assumption implies that ® (x) = & (y) with respect to a dense subset of d M. Due
to the fact that the boundary distance map R is a homeomorphism [Katchalov et al. 2001, Lemma 3.30],
it follows that x = y. Moreover, we have d(x, dM) > ip/2. However, for sufficiently large k such that
Xk, Yk € By, (x), the points xi, yi lie in the same boundary distance coordinate neighborhood by the first
part of the lemma, on which ®; j is locally bi-Lipschitz with a uniformly bounded Lipschitz constant.
This is a contradiction to the assumption. Therefore there exists some r3 > 0 depending on n, D, K1, iy
such that ®; with respect to any maximal r3-separated set on d M is bi-Lipschitz.

Finally, we further restrict {zi}iL:1 to be a maximal min{ry, r;, r3}-separated set on d M. Hence the
cardinality L satisfies

L < C(n, vol(dM)) min{ry, ra, r3} ",

which depends only on n, D, K1, K>, ip, vol(d M). We define r; = min{ry, r», r3}, which depends on
n,D, K, K, i. [l
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Figure 6. Subdomains from two subsets of the boundary. The former type is used to reconstruct
the inner part of the manifold, while the latter type is used to reconstruct the boundary normal
neighborhood.

Choice of partition. Let n > 0 be given. We choose boundary points {zi}f\/: , and a partition {Fi}f\/: | of
oM as follows. Let {z], ..., z.} be the boundary points determined in Lemma 5.2, and then we add N — L
number of boundary points such that {z1, ..., zy} is a maximal n/2-separated set on d M. This is possible
because {z1, ..., zr} can be chosen as any r;-maximal separated set on d M, with r; being a uniform
constant independent of n. We take {Fi}lN: , to be a partition of 9M (e.g., Voronoi regions corresponding
to {z,-}fV: |) satisfying the assumptions at the beginning of this section: diam(I';) < n, z; € I';, and every
I'; contains a ball (of 0 M) of radius 1/6. The cardinality N of the partition is bounded above by (5-1).

Definition 5.3. Let > 0 be given. For multi-indices 8 of the form 8 = (8o, B1, - - ., Bn), With By € {0, 1},
B1, ..., By €N, we consider the following two types of subdomains (see Figure 6):

(1) Given a multi-index 8 = (0, By, ..., Bn), we define a slicing of the manifold by

M= (| {xeM:d(x,T;)€Bin—"2n,Bin)}. (5-2)
i:Bi>0

We also consider the following modified multi-index by setting specific components equal to zero:
B{)=@©,B1,...,6.,0,...,0,8,0,...,0), [le{L+1,...,N}.
(2) Given a multi-index 8 = (1, By, ..., Bn), we define a modified multi-index by
Blk,il:=(1,0,...,0,B,0,...,0,8,0,...,0), k#i.

In other words, B[k, i] can only have nonzero k-th and i-th components besides the O-th component. Then
we define the subdomain

Mg q={xeM:dx,0M) > fin—2n, d(x,Ty) < Bin, d(x, Ti) € [Bin —2n, Bin) }. (5-3)

By definition (5-2), we only slice the manifold from I'; if 8; > 0. Hence ME C ME(I) for any
le{L+1, ..., N}. Since the diameter of the manifold is bounded above by D, it suffices to consider a finite
number of choices 8; <2+ D/n for each B;. Notice that we always use a fixed number (independent of 1)
of T'; to slice the manifold. This keeps the total number of slicings from growing too large as 1 gets small.

Similar to Lemma 5.1, we can also evaluate approximate volumes for VOI(ME <l>), VOl(ME[k, i]), and the
error can be made as small as needed given sufficient boundary spectral data.
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Lemma 5.4. Let n > 0 be given, and M;(l), M;[k,l] be defined in Definition 5.3. Then, for any ¢ > 0,
there exists sufficiently small § = 5(n, ) such that by only knowing a §-approximation {14, goj‘? lam} of the
Neumann boundary spectral data, we can compute numbers vol® (M;gk w)» Vol (Mg[k‘i]) satisfying

[vol* (M )) — vol (M} )| < 2"He  foranyl e {L+1,..., N},
|vol® (Mg[k’i]) - Vol(Mg[k’i])| <4e foranyi #k,
where L is a uniform constant independent of 1 determined in Lemma 5.2.

Proof. Observe that for any 8 = (0, By, ..., By) with 81, ..., By > 0, the subdomain M; can be obtained
as a finite number of unions, intersections and complements of the subdomains M,, of the form (4-1) with
ao = 0. More precisely,

N
Mg = (Y (M (T, Bin) — M(Ty, Bin — 21))
i=1

N N
=\ M@y, Bim) — U M, Bin —2n).
i=1 i=1
Then the volume of M’ﬂk can be written in terms of the volumes of M, with og = O through the following
operations. For any n-dimensional Hausdorff measurable subset 2, 2, C M,

vol(£21 — 27) = vol(£21 U ;) — vol(£2,),
vol(€2; N €27) = vol(£21) + vol(£22) — vol(£21 U €25).
Moreover, for any multi-indices «, o/,
vol(My U My) = vol(My,,,.), where (0max); = max{o;, o/}

Therefore the approximate volume vol“(M;;) for Mg can be defined by replacing the volumes of M, in
the expansion with the approximate volume vol® (M,).
On the other hand, for a multi-index of the form B[k, i], we have

Mgy iy =M Tk, Ben) "M (T, Bin) — MM, Ben —2n) U M(Ty, Bin — 21).

Recall that the volume information from the whole boundary 0 M is incorporated in the op-component of
the multi-index «. Thus the volume of Mg[k’ ;) can be written in terms of the volumes of M, with o > 0.

For a multi-index of the form (!}, the total number of volume terms of M, in vol(M /’3‘< l>) is at most 211,
For a multi-index of the form B[k, i], the total number of volume terms of M,, in vol(Mg[kﬁl.]) is at most 4.
Then the error estimates directly follow from Lemma 5.1. (I

Now we are in place to define an approximation to the boundary distance functions R (M). We consider
the following candidate.

Definition 5.5. Let n,e > 0 be given. For a multi-index 8 = (Bo, B1, ..., Bn) with By € {0, 1},
Bi1, ..., By € Ny, if either of the following two situations happens, we associate with this 8 a piecewise
constant function rg € L°°(d M) defined by

rg(z)=pBin ifzel;:
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(1) Bo=0; Bin >ig/2foralli=1,..., N, and Vola(M;;(l)) >¢foralll=L+1,...,N.

(2) Bo =1; there exists k € {1, ..., N} such that Bxn <ip/2 and VOI“(ME[,(J]) >eforalli=1,...,N
with i # k.

We test all multi-indices B up to B; <2+ D/n for each ;, and denote the set of all functions rg chosen
this way by R.

Intuitively, the first situation in Definition 5.5 describes a small neighborhood in the interior of the
manifold away from the boundary. The second situation describes a small neighborhood near the boundary
with the help of the boundary normal neighborhood. We prove that R is an approximation to the boundary
distance functions R(M) for sufficiently small ¢.

Proposition 5.6. Let M € M, (D, K1, K», iy, ro). For any n > 0, there exist ¢ = €(n) and sufficiently
small § = §(n) such that by only knowing a §-approximation {A¢, <pJ‘.’ loar)} of the Neumann boundary
spectral data we can construct a set R} C L°°(d M) such that

du (Rg, R(M)) < Cen/1,

where dy denotes the Hausdorff distance between subsets of the metric space L°° (0 M) and the constant
Ce depends only onn, D, Ky, K3, ig, vol(OM).

Proof. Let n <min{l1, io/8}. Given any x € M, take a point x’ € M such thatd (x, x") <nandd(x’, M) >n.
Clearly there exist positive integers 8; > 0 such that d(x’, I';) € [Bin—2n, Bin) foralli =1, ..., N. In fact,
there are two choices for each 8;, and we choose the one satisfying d(x’, T';) € [Bin —3n/2, Bin —n/2)
for all i. In particular, we see that each §; satisfies 8;n —2n < D.

If Bin >ig/2foralli =1,..., N, then we consider the multi-index 8 = (0, 81, ..., Bn). It follows
from the triangle inequality that B, /> (x") C M;. Since B,,/>(x") does not intersect d M, we have Vol(Mg) >
vol(B,2(x")) = c,n" for sufficiently small n, which implies that Vol(M;g(l)) >c,n" foralll=L+1,...,N.
We define

ex=cpn" /2, (5-4)

and set ¢ = 2717 1¢, in Lemma 5.4. Then we consider the set of functions R . Since vol? (M; <1>) >
cn" — &x = &, by Lemma 5.4, we have rg € R by the first situation in Definition 5.5. Then by the
condition diam(I';) < n and the triangle inequality, we have

lry —rgllLc@my < lrx —rollLoe@any + llre — rgllLeaamy < n+2n=3n. (5-5)
Ifthere exists k € {1, ..., N} such that 8;n <ip/2, then we consider the multi-index 8 =(1, By, ..., Bn)-
Without loss of generality, assume k is the index such that §; = min;~¢ 8;. Hence

d(x',dM) = min{d(x', T1), ..., d(x", Tn)} = Bxn —3n/2,

which shows x’ € Mg[k’i] foralli =1,..., N with i # k by definition (5-3). Moreover, we also have
By p(x') C M;[k’ ;) for all i. Thus by choosing the same ¢, and ¢ as the previous case, we have rg € Ry
by the second situation in Definition 5.5, and (5-5) still holds. This concludes the proof for one direction.
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On the other hand, given any rg € R; , Definition 5.5 and Lemma 5.4 indicates that either vol(Mg ;) >0
forall/=L+1,..., N, or there exists k such that VOI(ME[k’l-]) > (O for all i. Recall that B¢, ..., By >0
by definition.

(1) The first situation allows us to pick an arbitrary point x; in every M ﬂ - Then by diam(T";) < » and
the triangle inequality, we have

lrg —ryllLee(ru..ur,ury <3n foranyle{L+1,..., N} (5-6)

Notice that all x; are in fact bounded away from the boundary. More precisely, for any x;, we know from
Definition 5.5 that

dx;,Ty) =2 Bin—2n>ip/2—2n>iy/4 foralli=1,...,L

Since the boundary points {z; }L | can be chosen as an r-maximal separated set on 0 M, where r; <io/8
is a uniform constant independent of n (Lemma 5.2), we have, for any x;,

d(x;, 0M) > iy/8.
Hence for any other j € {L+1,..., N} with j # [, Lemma 5.2 yields that
d(x, %)) < C(n, D, K1, i0)| 1 (x) = D1()| < CVLn,
where @, () =(d(-,z1),...,d(-,zr)). Then it follows from the triangle inequality and (5-6) that
lrg = ralleey) < lirg =yl + lrg =yl < (CVL+3)n.
Thus by ranging j # [ over {L 4+ 1, ..., N}, we obtain
llrs = ry | Lqaan < (CVL +3)n.

(i1) The second situation allows us to pick an arbitrary point x; in every M ﬁ[k . Observe from Definition 5.5
that, for any x;, we have
d(x;, 0M) < d(x;, T'x) < Brn < io/2.

The fact that d(x, I'y) = d(x, 0 M) implies that
lrg — ry; Lo reury) < 27.
For any other j € {1, ..., N} with j # k, i, we have
d(x;, xj) < Cn.
This is due to the fact that the diameter of the subdomain {x € M :d(x, dM) > Bin—2n, d(x, T'y) < Brn}
for Brn < ip/2 is bounded above by C,/7. Hence by ranging j # k, i over {1, ..., N}, we obtain
lrg —ryllL@m) < C/n+21. O

Remark 5.1. We only used a fixed number (independent of n) of subsets of the boundary to slice the
manifold, so that the total number of slicings does not grow too large as n gets small. To reconstruct the
inner part of the manifold, we used L + 1 subsets with L being a uniform constant (however not explicit).
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Near the boundary, we took advantage of the boundary normal neighborhood and essentially only used
two subsets. Instead if we use all N subsets to slice the manifold, it would result in a third logarithm in
Theorem 1.

Remark 5.2. By virtue of Remark 4.2, the approximate volume for M, with g =0 in Lemma 5.1 can

be found by only knowing the boundary data on (_J ;. This implies that the approximate volume for

Ol1>0
M; (with Bp = 0) in Lemma 5.4 can be found by only knowing the boundary data on | J p;~0 L'i- Thus in
a way similar to but simpler than Definition 5.5 and Proposition 5.6, one can define an approximation to
R(M) restricted on a part of the boundary using partial boundary spectral data. Furthermore in the case
of partial data, a similar calculation to that in the Appendix yields a log-log-log estimate on the stability

of the reconstruction of R(M).
The following result shows that the reconstruction of a manifold from R (M) is stable.

Theorem 5.7 [Katsuda et al. 2007, Theorem 1]. Let M be a compact Riemannian manifold with smooth
boundary. Suppose R* is an n-approximation to the boundary distance functions R(M) for sufficiently
small n. Then one can construct a finite metric space X directly from R* such that

deu(M, X) < C7(n, D, K1, K», ig) n'/3®,

where dgy denotes the Gromov—Hausdorff distance between metric spaces.
Finally we prove the main results Theorems 1 and 2.

Proof of Theorem 1. The estimate directly follows from Proposition 5.6 and Theorem 5.7. The dependency
of constants is derived in the Appendix.

The only part left is to find an upper bound for vol(d M), vol(M) in terms of other geometric parameters.
Due to Corollary 2(b) in [Katsuda et al. 2007], the (intrinsic) diameter of d M is uniformly bounded by a
constant depending on n, D, || Ry |lc1, ISl c2, io, however not explicitly. Then by the volume comparison
theorem for 0 M, vol(d M) is uniformly bounded by the same set of parameters. As for vol(M), the
manifold M is covered by harmonic coordinate charts with the total number of charts bounded (not
explicitly) by a constant depending on n, D, ||Ryl|c1, |S|c2, io [Katsuda et al. 2007, Theorem 3]. Away
from the boundary, the volumes of balls of a small radius are uniformly bounded. Near the boundary,
we can use the boundary normal neighborhood of d M since vol(d M) is already shown to be bounded.
Hence vol(M) is uniformly bounded by the same set of parameters. (I

Proof of Theorem 2. We take the first §~! Neumann boundary spectral data of M>, and by Definition 1.1,
this set of finite data (without error) is a §-approximation of the Neumann boundary spectral data of M.
By Proposition 5.6, we can construct an approximation to R(M>). On the other hand, the finite spectral
data of M, is §-close to the Neumann boundary spectral data of M/ by Definition 1.1, since the Neumann
boundary spectral data of M| and M, are §-close by assumption. Then from the pull-back of the finite
spectral data of M, via the boundary isometry, we can construct an approximation to R(M). Since the
boundary isometry (diffeomorphism) preserves Riemannian metrics on the boundaries, the pull-back of
the finite spectral data via the boundary isometry produces an isometric approximation to the boundary
distance functions. Hence Theorem 2 follows from Corollary 1 in [Katsuda et al. 2007]. U
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6. Technical lemmas

This section contains the proofs of several lemmas used in Section 3. Some of the lemmas in this section,
especially Lemma 6.5, are important technical results, and we prove them here without interrupting the
structure of the main proof. Some other lemmas are known facts. We did not find precise references for
them, so we present short proofs here.

Lemma 6.1. Let (M, g) € M,(D, K1, K»,ip). Denote by S, the second fundamental form of the
equidistant hypersurface in M defined by the level set d(-,0M) = p for p < iy. Then there exists a
uniform constant ry, explicitly depending only on K, ig such that, for any p < rp, we have ||S, || < 2K.

Moreover, if the metric components satisfy (2-3) with respect to a coordinate chart in a ball U of 0 M,

then the metric components with respect to the boundary normal coordinate in U x [0, rp] satisfy
lgijllct < Cn, [IRmlict, ISllcr),  N&ijlles < Cn, Ki, K, do)  forall 1 <i, j <n.

Proof. At an arbitrary point z € d M, take an arbitrary unit vector V in T,(d0 M) and extend it to V (p) €
T, .»M (p < ip) via the parallel translation along y. ,, where y. , denotes the geodesic of M from z
with the initial normal vector n at z. We still use the notation S, to denote the shape operator of the
equidistant hypersurface with distance p from d M. Consider the function

Ky (P) = (Sp(V(p)), V(p))g-

The bound on the second fundamental form of d M indicates |xy (0)| < K. For convenience, we omit the
evaluation at p and use V to denote the vector field V (p).
Since V is a parallel vector field with respect to the normal vector field 9/9p (or simply 9,,), we have

d
= (Vo,(SpV), V) +(S,V, Vy, V) =((Vy,5,)V., V).

Then the Riccati equation (e.g., [Petersen 2006, Theorem 2, p. 44]) leads to the formula

d
= —~(S2V. V) + Ry (V. 35, V. 3)). (6-1)

Due to the fact that S, is symmetric and |V | = 1, we have

(S2V, V) =1[S,VI> = [(S,V, V)[°.
Hence,

d
v () < —iy (p) + K. (6-2)

On the other hand, we need a lower bound for dky /dp. This is possible because we a priori know
the solution of the Riccati equation exists up to iy, and the equidistant hypersurfaces vary smoothly in a
neighborhood of d M. This implies that there exists a positive number ppyax < io/2 satisfying

pmax = sup{p € [0, io/2] : | S¢|| < 2K for all T € [0, p]}.
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Hence, for any p € [0, pmax], we have |S, V| < 2K as the condition above is a closed condition. Then
from (6-1),

d
%Kv(p) > 4K} — K} = —5K}. (6-3)

Combining (6-2) and (6-3), we have
‘d Kv(p)‘ 5K1, p € [0, pmax]-

Thus for any p < min{pmax, (10K1)™ 1Y, we have |y (p)| < 3K/2. Since z and V are arbitrary, this
shows [|S,|| <3K1/2.

We claim that the uniform constant r, can be chosen as r;, = min{io/2, (10K;)~'}. This choice is
obviously justified if ppax = io/2. Now if pmax < io/2, we prove that ppax > (10K DL Suppose otherwise,
and it implies that ||.S, || < 3K /2 satisfies for any p < pmax. We know the solution of the Riccati equation
exists in a neighborhood of ppax, and therefore there exists a larger p > pmax satisfying the condition for
Pmax SINCE pmax < Ip/2 by assumption. This contradicts the maximality of pm.x. As a consequence, our
estimate holds up to p < (10K;)™ ! in this case. On the other hand, the fact that (10K{)™" < pmax < {0 /2
justifies our choice of r, in this case. This completes the proof for the first part of the lemma.

For the second part, we consider the matrix Riccati equation in the boundary normal coordinate. This
time we use the Lie derivative version of the Riccati equation (e.g., [Petersen 2006, Proposition 7(3),
p. 47]). The components of the shape operator are denoted by Sl P Bl gﬁ’ «p> Where Sy denotes the
components of the second fundamental form of the equidistant hypersurfaces. Here the evaluation at p is
omitted. Then the Riccati equation has the form

n—1

d y ( 3 0 9 a>
d,O 01,3 - ;1 gylS Sﬁ‘f’RM 9x’ ap axﬂ 3p
Vs

By definition we have the equation on the distortion of metric:
d
% gaﬂ = 2S0!/3-

Due to the first part of the lemma, dg.g/dp is uniformly bounded. As a consequence, gq4g is uniformly
bounded since it is bounded in the coordinate chart on d M. The tangential derivatives of g, are estimated
as follows.

The Riccati equation can be written in terms of (Syg) and (gqg) using the formula for the matrix inverse.
We differentiate these two equations with respect to all tangential directions x', ..., x"~!, and we get a
system of first-order ODEs with the variable v:

g 0S8,
v@=(....2%),....2L),...}), aByl=1....n—1,
3xT 8xT

where x7 ranges over all tangential directions x', ..., x"~!. This system of equations can be written in

the form

d
%v = Bijv+ B,v+ VR},.
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The matrix Bj is obtained by differentiating the term of the S? form in the Riccati equation, and only
consists of components of the second fundamental form (S,g) and the metric (gog). The matrix B, is
obtained by differentiating the curvature term, and only consists of components of the curvature tensor
and (gqp). The vector V R}, absorbs all the remaining terms and is considered as a constant vector. More
precisely, the vector V R}, is made up of components of the covariant derivative V Ry, and components
of Ry, (Sup), (8ap)-

Due to the first part of the lemma, the components (S,5) and (gqg) are uniformly bounded in the
boundary normal neighborhood of width r,. Then it follows that the components (g*?) are also uniformly
bounded. This implies that the matrices B;, B, have norms bounded above by C(n, K1), and the vector
V R}, has length bounded above by C(n, K1, [VRy||). The initial condition [v(0)| is bounded above by
n, [[VS]|. Then the standard theory of ODEs yields a bound for |v| and hence for all components of v. In
particular, dgyp/0x7 are uniformly bounded, which implies that [|g;;[|c1 < C(n, [|[Ryllc1, [|S]l¢1) for all
1<i,j<n

We keep differentiating the matrix Riccati equation with respect to x7 and p up to the fourth order. By the
same argument, all relevant coefficients of that system of ODEs are uniformly bounded by || Ryl ¢4, (Sup),
(8«p) and previous lower-order estimates. Since the initial condition at p =0 is bounded by n, ||g48(0) || ¢4,
ISIlcs and || Rpsll 3, the C* estimate for the metric components directly follows from (2-3). O

Lemma 6.2. (1) Forany M € M,,(K), we have rcar(M) > 0.
Assume further M € M, (D, K1, K», ig). The submanifold M, is defined in Definition 3.7. Suppose M
is an extension of M satisfying Lemma 3.4 (1)—(3) with the extension width 8¢x. Then:

(2) For sufficiently small h, S¢x explicitly depending on K1, K», i, we have
reatr(My) 2 min{C (n, | Ry |lc1, [|S]le1), rear (M)},

~ rear(M)
rear(M) > mm{cm IRl ST, 2 %}

(3) For sufficiently small h, §¢x, we have

.12 ~ .12
rCAT(Mh)>mln{ ’CAT<M) oK, } rCAT<M)>mm{ rCAT(M) oK, }

Proof. Due to the characterization theorem in [Alexander et al. 1993], any point x € M has an open
ball U, such that U, has curvature bounded above by K 12 in the sense of Alexandrov. In particular, for
any point p, g € U, satistying dy, (p, q) < /K, there is a unique minimizing geodesic in Uy (not
necessarily a minimizer of M) connecting p and g (e.g., Theorem 9.8 in [Alexander et al. 2024]).

(1) Suppose rcar(M) =0, and there exist sequences of points p;, g;, such that there are two minimizing
geodesics of M joining each pair of points p;, g; with d(p;, g;) — 0. By the compactness of M, we
can find converging subsequences of points, still denoted by p; and ¢;. Let x be their limit point. For
sufficiently large i, there are two minimizing geodesics of M connecting p;, g; and they both lie in U,,
which is a contradiction to the property of U,.
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(2) Given an arbitrary point p € M}, suppose g € M, is a point such that there are two minimizing
geodesics of M, connecting p, g. Without loss of generality, assume dj, (p, ¢) < min{w/(2K1), rcar(M)}.
We choose # sufficiently small such that || Saas, | <2|1S] and || Saaz, [|cr < 2| S|l 1. Recall that no conjugate
points occur along geodesics (of Mj,) of length less than 7 /(2K ) [Alexander et al. 1993, Corollary 3].
Furthermore, we consider p, g to be the closest pair: d;(p, g) = rcar(Mp). Then by the first variation
formula (e.g., Proposition 3 in [Alexander et al. 1993]), the two geodesics connecting p, g form a closed
geodesic of Mj,. It is known that geodesics on manifolds with smooth boundary are of C!-!. Hence their
geodesic curvature exists almost everywhere and is bounded by C(n, ||Ry || o1, |S]lc1) due to (6-14).
Now consider these two geodesics of M), connecting p, ¢ as a closed C!-!-curve of M, and it lies in the
ball of M centered at p of the radius min{w/(2K), rcar(M)}, which is CAT(K) due to Theorem 4.3 in
[Alexander and Bishop 1996]. Hence by Corollary 1.2(c) in [Alexander and Bishop 1996], the length of
this closed curve is bounded below by C(n, || Ryl c1, |Sllc1), and therefore dy (p, g) is bounded below
by C(n, [ Rullct, ISllen)- 3 ~

Next we derive a lower bound for rcar(M). Suppose p, g € M is the closest pair of points such that there
are two minimizing geodesics of M joining p, q. Assume c?(p, q) < min{w/(4Ky), io/4, rcatr(M)/2}.
Then we immediately see that at least one of these two geodesics intersects M — M. This implies that both
geodesics lie in the boundary normal (tubular) neighborhood of d M by assumption. Furthermore, the two
geodesics connecting p, g form a closed geodesic of M by the first variation formula. We move inwards
on this closed geodesic along the family of geodesics normal to d M by distance d¢x < ig/2. This process
results in a closed C!'!-curve of M contained in the boundary normal neighborhood. For sufficiently
small §ex depending on K, K>, this closed C L1_curve of M has length at most 3d (p, g) and its geodesic
curvature is bounded by C(n, || Ryl c1, || S]lc1) almost everywhere. Hence this closed curve of M lies in a
ball of M of the radius min{r /(2K ), rcat(M)} (which is CAT(K)), and therefore its length is bounded
below by C(n, |Rymlic1, [|S]lc1) by Corollary 1.2(c) in [Alexander and Bishop 1996]. This shows that
the length of the original closed geodesic of M is bounded below by C(n, |Rullcts |Sllcr), which gives
the lower bound for d(p, q).

(3) Here we only prove the statement for M ; the proof for M is the same. Suppose not, and we can
find p;i, gi € My, (h; — 0) such that there are two minimizing geodesics of M), connecting each pair
Di, qi with dp, (pi, gi) < min{2rcar(M)/3,7/(2K1)}. Moreover, we can assume ¢; is the closest point
from p; such that this happens, and therefore the two geodesics connecting p;, g; form a closed geodesic
of Mj,. Thus we have a sequence of closed C I_curves with lengths less than 4rcat(M)/3. This sequence
of closed curves also has lengths uniformly bounded away from 0 due to (2). Hence by the Arzela—Ascoli
theorem, we can find a subsequence converging to a limit closed curve in M of nonzero length (not
necessarily of C ). Let P, q € M be the limit points of p;, g;. Since dj; converges to d (Lemma 3.6), the
lower semicontinuity of length yields that the limit closed curve has length at most 2d(p, q).

Consider the segment of the limit closed curve from p to ¢ and the other segment from g to p. Both
segments must have lengths at least the distance d(p, ¢). Since the limit closed curve has length at most
2d(p, q), each segment is a minimizing geodesic of M. If these two segments do not coincide, then we
get two minimizing geodesics of M from p to g of lengths at most 2rcar(M)/3, which contradicts the
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condition for rcar(M). If the two segments coincide, we pick a point y € M on the limit curve close
to p, and consider points y;, y2 on the closed geodesic of M}, near (fixed) y at opposite sides from p;.
For sufficiently large i, the points y;, y» can be arbitrarily close in M}, and meanwhile bounded away
from p;. However, the angle between the geodesic segment of M, from p; to y; and the segment from p;
to y, is always 7, since the curve in question is a closed C'-curve. This is a contradiction to the local
CAT condition for M}, combined with (2). Il

Lemma 6.3. Let h be sufficiently small determined at the beginning of Section 3.4. Let d;(-,2)
(Definition 3.8) be the smoothening of the function dy( -, z) (Definition 3.7) with the smoothening
radius r = arh®, where ar = min{1, T~'}. Then the following properties are satisfied for z, z1, 20 € M,
X eMandxl,xzeM:
(1) |dn(x1, z1) — dp(x1, 22)| < dp(z1, 22)-
(2) |d}(x, z1) = d}j(x, 22)| < (1 + CnKTh®)du(z1, 22).
(3) For sufficiently small h only depending on K, we have
-1
2
(4) For sufficiently small h depending on n, K1, ig, if dn(x, z) <o, then

\dj, (x1, 2) — dp (x2, 2)| < d(x1, x2).

\d3 (x, 2) — djy (x, 2)| < 2arh®.

Proof. (1) This directly follows from the definition of dj,.

(2) Let r = arh>. Observe that the ball of radius 4> centered at any x € M does not intersect dM, and
hence the distance function d (-, x) for x € M is simply a geodesic distance function. Due to (3-4), the
Jacobian J, (v) of the exponential map exp, (v) of Matve B, (0) C TXM satisfies

|J:(v) — 1| < CnK? > < CnK3h®. (6-4)
Then it follows from (3-11) that

d(y,
/~ ki ( &4 “) dy = / Kk (M)Jx(v) dv < (1+CnK® | Ky (M) dv. (65
M r B (0)CT M r R” r

This inequality (6-5), (3-11) and (1) yield (2).

(3) Recall that the second fundamental form of d M), is bounded by 2K due to Lemma 6.1, and M can
be considered as an extension of M} by gluing a collar of width 6A4. If x{, x, € M}, then Lemma 3.6
applies by replacing M with M) and we have

\dy (x1, 2) — dp(x2, 2)| < dp(x1, x2) < (14 36K h)d (x1, x2). (6-6)
If x1,x € M — My, then Lemma 3.6 yields

dy(xi", x3") < (14 36K h)d (x1, x2).
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Then by the definition of dj, (3-9) and (6-6), we have

i (x1, 2) = din(x2, D] < ldp (1", 2) = di (3™, 2|+ b~ d Gy, 67 = d (g, x5
<dp (e xy™) +h7d ey, 3My) — d (2, 9M))|
< (1 436K 1h)d(x1, x2) +h~'d(x1, x2).
Thus the desired estimate follows for sufficiently small # only depending on K.
If x; € M — My, xy € My, then similarly we have
| (x1, 2) = di(x2, )| < ldy (37", 2) = dp (o2, )|+ B d ey, )
<dy(x7", x2) +h ' (x1, IMy)
< (1436K h)d(x1, x2) +h™'d(x1, x2),
and the same estimate follows.

(4) In view of (6-4) and (6-5), the Jacobian only generates error terms of order at least 4°. Hence we only
need to prove that for any point y in the ball (of M) of the smoothening radius arh? around the center
x € M, it satisfies that |d, (v, z) — dj(x, 2)| < 3arh®/2, which is guaranteed by (3). [l

Lemma 6.4. Let vy, y» : [0, 1] — R" be two C"! curves. If ||y1 — y2llco < & < 1?/4 and v/ | < K for
i=1,2,then |ly{ — y;llco < C(k)+/e.

Proof. Since y; is of C*!, we know y/ is absolutely continuous. Hence Taylor’s theorem with the integral
form of the remainder applies:

5
Yi(s2) = yi(s1) + ¥ (s1)(s2 — 51) +f Y/ () (s2 —t)dt forall 0 <sp <sp <L

S1

From |[|y/||1~ < k, we have

1yi (52) — i (s1) — ¥ (s1) (52 — 51)| < §<s2 — s>

Taking the inequality above for y; and for y», adding them together and using the triangle inequality, we
obtain

| (1(52) = 2(52)) — (V1 (51) = 2 (s1)) = (v{ (s1) — y3(s1)) (52 — 51)| < k(52— 51)°.
Then by [y1 — y2llco <,

2¢e
Y1 (s1) — ¥ (s1)| < a—— + (52 — 51).

Take s, — 51 = 4/¢ if exists, and we have

Iyi(s1) — y3 (s < (k +2)/e.

Since /¢ < 1/2, we can find s, = 51 + /¢ for any s1 € [0, [/2]. For s1 € (I/2, 1], one can repeat the whole
process backwards. Hence the estimate above holds for all s; € [0, /], which proves the lemma. U
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Lemma 6.5. Let h be sufficiently small determined at the beginning of Section 3.4. Let d;(-,2)
(Definition 3.8) be the smoothening of the function dy (-, z) (Definition 3.7) with the smoothening
radius r = arh®, where ay = min{1, 7~'}. Then, for sufficiently small h depending on n, K1, K», given
any x € M and z € My, satisfying h/4 < dj(x, z) <min{io/2, ro/2, 7 /(6K1)}, we have

\Vedi(x,2)| > 1 —2h.

Proof. Let r = arh’. By the definition (3-10), we have

d(y,
Veds (x,2) = cur ™" /N Vqu( O x)>dh(y,z)dy
M
1/ —exp.!
=Cn”_n/~ Nki—<~p—x(y)> dp(y, 2)dy,
Bwch '\ d(y,x)

where exp, denotes the exponential map of M at x € M. Now we change to the geodesic normal coordinate
of M around x, and identify vectors in the tangent space T M with points in R":

s —n 1 (_ )
Vidy(x,2) =cpr kl——dh(expx(v) 2)Jx(v) dv
B,(0)CT. M

ro vl

=cr" f =V, (kl (M» dp(exp, (v), 2)Jx (v) dv
B, (0)CT: M r

=cnr‘”/ (' |)V (dn(exp, (v), 2)Jx (v)) dv,
B, (0)CT, M r

where J, (v) denotes the Jacobian of exp, at v. Here we have used integration by parts in the last equality.
It is known that |V, J, (v)| < C(n, K1, K»2)|v| < C(n, K, K2)h? due to the C'-estimate for the metric
components [Hebey and Vaugon 1995, Lemma 8] and Lemma 3.4(3). Then by (3-11), we have

cnr"/ k1<| |>dh(expx(v) 2)(VyJy (v)) dv
B,(0)

<cnr_"/ kl(M>—C(n K1, K)hPdv < Cn, Ky, K2)ih®.
B,(0) r 4K

Hence we only need to estimate the lower bound for the length of the dominating term

Aozcnr_"/ (l l)(V dp(exp, (v), 2))Jx (v) dv. (6-7)
B(0)CT M r

We start by considering the following two simple cases.

Case 1: dj,(z, 0M}y) > min{iy/2, ro/2, 7/(6K)}. In this case, we know x € M}, and no geodesic from z
to x intersects with d My, in this case. Then the distance function dj, (-, z) in the relevant domain is simply
a geodesic distance function with the second derivative bounded by 5/ & for sufficiently small /# depending
on K (e.g., [Petersen 2006, Theorem 27, p. 175]. Since the exponential map and its inverse are uniformly
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bounded up to C? in the relevant domain for sufficiently small 4 depending on K, K>, we have
|Vudi (exp,.(v), 2) = Vodi (€xpy (1), 2)lu=ol < Ch™'v] < Ch2.
Note that vectors in TU(TXZVI ) are identified with vectors in T M. Observe that at v = 0 we know
Vudi (exp, (v), 2)lv=0 = (d exp, [v=0) "' Vady(x, 2) = Vi (x, 2).
Hence by the Jacobian estimate (6-4) and the normalization (3-11), we obtain

|Veds (x, 2) — Vidy(x, 2)| < |Ag — Vadn (x, 2)| + C(n, K1, K2)h?
< Ch? 4+ C(n, Ky, KR,

which gives the desired lower bound for |V.dj} (x, z)| for sufficiently small &, due to |V,d;(x, 2)| = 1.

Case2: x e M — M), and c?(x, oMy) > r. Inthis case, the gradient V,dj, (x, z) is equal to h*IVxJ(x, oMp)
by the definition of dj, (3-9). The second derivative of d (-, dMy) is bounded by 2K on the second
fundamental forms of the equidistant hypersurfaces from 0 M in the boundary normal neighborhood of
dM (Lemma 6.1). Hence we have

|Vudi (exp,.(v), 2) = Vudn(expy (v), 2)lu=ol < C(KDA™'Ju] < C(KDA. (6-8)
Then the same argument as in Case 1 shows that
Vedjy(x, 2) — Vidy (x, 2)] < C(KDR* + C(n, Ky, Ko)h?, (6-9)

which yields a lower bound considering |V,d,(x, z)| = h1.

The general case when x is close to d M, requires more careful treatment. We spend the rest of the
proof addressing it.

Case 3: x € M — M), with d(x, 9M;) <r or x € My,. Since dy(x, z) < min{ry/2, 7/(6K1)} is bounded
by the radius of radial uniqueness (3-17), the gradient |V,d; (x, z)| equals 1 or 4~ depending on whether
x is in M. It is known that geodesics of M), are of C!*! and the second derivative of a geodesic exists
except at countably many switch points (switching between interior segments and boundary segments)
where both one-sided second derivatives exist (e.g., Section 2 in [Alexander et al. 1987]). Furthermore, the
second derivative exists and vanishes at intermittent points which are the accumulation points of switch
points. It was also proved that if the endpoints of a family of geodesics converge, then the geodesics
converge uniformly in C' (see the first lemma in Section 4 of [Alexander et al. 1987]). However, the
estimates in that work were done in terms of an extrinsic parameter (depending on how a manifold is
embedded in the ambient space), and we show the following modification in terms of intrinsic parameters.

The manifold M; has curvature bounded above by 4K 12 locally in the sense of Alexandrov due to
the characterization theorem in [Alexander et al. 1993]. Furthermore by [Alexander and Bishop 1996,
Theorem 4.3] and (3-17), for any z € M}, the ball of M}, around z of the radius min{2ry/3, 7 /(4K)} is a
metric space of curvature bounded above by 4K 12 Denote by yy, yy the minimizing geodesics of M), from
X,y € My, to z. Denote the length of y, by L, (i.e., Ly =d;(x, z)). The geodesics yy, y, are parametrized
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in the arclength parameter on [0, L,], [0, L,] respectively. Without loss of generality, assume L, < L.
Hence

dh(yy(Lx)a yx(Lx)) = dh(yy(Lx)» yy(Ly)) = Ly —L, < dh(xa y),

where we used y,(Lyx) = y,(Ly) = z. Then Corollary 9.13 in [Alexander et al. 2024] shows that if
dy(x,z) <7m/(6K1) and dj (x, y) is sufficiently small depending on K, we have

v = ¥yllcoqo, 1) < 2dn(x. y),

where the C%-norm is the uniform norm with respect to dj,. This leads to ||y — Yllcoqo.n,y < Cd(x,y)
ifd (x, y) is sufficiently small by (6-6). On the other hand, due to Lemma 6.1 and (6-14), the second
derivatives of yy, y, are bounded by C(n, K1, K») whenever they exist in the boundary normal coordinate
of 0 M},, and both one-sided second derivatives respect the same bound at switch points.

We lift the part of the curves y,, y, near x, y onto the tangent space T M. Without loss of generality,
assume all of yy, y, lie in the image of exp,. Since the exponential map and its inverse are uniformly
bounded up to C?, the properties stated above satisfied by y,, vy are also satisfied by their lifts: namely,
if d(x, y) is sufficiently small depending on K,

Il expy ! oy —expy! opyllcoor,yy < Cd(x, y),

and the second derivatives of exp; ! oy, exp; ! oy, are uniformly bounded by C(n, K1, K») in L>-norm.
Here the C°-norm is the uniform norm with respect to the Euclidean distance in T, M. Hence Lemma 6.4
applies:

lItexpy ' ov) = (expy ! o) lcogo.,y) < €, K1, K2)Vd(x, y). (6-10)

At the starting point y = ¥, (0) of y,, we know y)’, (0) = —V,dj(y, z) and hence

(exp; ' 01,)'(0) = (d exp, |,) 'y (0) = —Viydj(exp, (v), 2),

where v = exp;1 (y). At the starting point x = y, (0) of y,, we simply have (exp;1 oy ) (0) = —V,dp(x, 2)
by definition. Thus for sufficiently small # depending on K1, if y € M}, and d(x, y) < h?, the estimate
(6-10) at starting points gives

|Vod (exp, (v), 2) — Vady(x, 2)| < CVd(x, y) < C(n, K1, K2)h/2. (6-11)

The difference between this case and Case 1 is that the formula for V,d} (x, z) (at the beginning of
the proof) may split into two parts: the integral over points in My, and over points in M — Mj,. The key
observation is that in a small neighborhood intersecting d M, the gradient V.dy (x, z) forx € M — M}, is
essentially normal to d My, which has almost the same direction as the normal component (with respect
to dMy) of V,dj(x, z) for x € My,. A precise version of this observation will be shown later. The h1
scaling in the definition of dj, (3-9) plays a crucial role in obtaining the desired lower bound.

Denote the part of the integral Ag (6-7) over points in M} by A, and the part of Ag over points in
M — M, by A,. We divide Case 3 into the following three situations depending on where x lies.
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Case 3(i): x € M}, and d (x, 9Mp) > r. In this case, the integral Ag only involves points in M, and
Ao = Aj. Then the same argument as in Case 1 and (6-11) imply that

\Vods (x, 2) — Vadn(x, 2)| < C(n, Ky, K2)h*/%,

Case 3(ii): x € 0M),. Denote by n, € T, (M ) the outward-pointing unit vector normal to d M. The
estimate (6-11) yields the closeness between normal components:

[(Vody (exp, (v), 2), 1y) — (Vady(x, 2), my)| < CH**if exp, (v) € M,
Since clearly (V.dy(x, z), n,) > 0 for x € dM},, we have
(Vody (exp, (v), 2), ny) > —Ch*? if exp, (v) € M, (6-12)

which implies that (A, n,) > —Ch3/?.

On the other hand, we replace the evaluation at v = 0 in the estimate (6-8) with v = exp;1 (x") for
an arbitrary point x’ € M — M, close to x. Then consider their normal components similarly. Since
V.dy(x', 7) can be arbitrarily close to 2~ 'n, and the exponential map only changes the inner product by
a higher-order C (K r2-term, we have

(Vodp (exp, (), 2), ny) > h™' — Ch? if exp, (v) € M — M), (6-13)

Furthermore by (6-8), the tangential component of V,dj, (exp, (v), z) can only have length at most Ch? if
exp, (v) € M — Mj,. This implies that |Ay — (A, ny)n,| < Ch?.

(1) If ¢c,r
by (6-12),

" f{veBr(o):epr(v)eM_Mh} ki(lv|/r)dv = h, then (6-13) yields that (A, n,) > 1 — Ch’. Thus

|Aol = [(Ag, ny)| = [(A] + Ay, my)| > 1 — Ch32 — Ch.

) If c,r ki(|v|/r)dv < h, then by (6-11) and (3-11), we have

- f{veB,(O): exp, (v)eM—M}

Cnr_n / ki <M> (vx dh(X, Z)) Jx(v) dv
{veB,(0): exp, (v)EM;) r

Observe that (6-13) implies that (A, n,) > O for sufficiently small A. If (A, n,) > 0, then

|A1] > —Ch¥?>1—h—Ch?.

[Aol = [A1 + A2| 2 |A1 + (A2, my)ny| — |As — (Ag, ny)ny|
> |A|—Ch*?>1—h—Ch?*—Ch>
If (A1, n,) <0, then (A1, n,)| < Ch3/? by (6-12). This shows that |A| — (A, n,)n.| > 1 —h — Ch3/2,

Hence we have

|Agl = [A1 + Az — (A1 + Az, ny)ny|
|A1 = (A, ne)ny| — |Ay — (Ag, my)ny|

>1—h—Ch¥*—Ch>.

>
>
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Case 3(iii): x ¢ 9M), and d (x, dMp) < r. In this case, we choose an arbitrary point xo € 0 M}, such that
d(xg, x) < r. By the triangle inequality, (6-11) yields that

|Vody (exp, (v), 2) — Vydi (exp, (v), 2)|lv=u,| < C(n, K1, K2)h¥? if exp, (v) € M,

where vy = exp;1 (x0). Then we consider the normal component with respect to (d exp, |u0)_1" xo €T (ZVI )
and replace the vector n, in Case 3(ii) with (d exp, |y,)~ nxO Since (Vydp(x, 2)|x=xy> Bxy)x, = 0 With
respect the inner product of TxOM after lifting the vectors onto 7 M via the exponential map, we have

((d exp, loy) ™ (Vdi (x, 2)|x=xy). (d expy o) ™" (1)), = —C(KD)r?.
Then the rest of the argument in Case 3(ii) applies up to a higher-order term as d exp, |,, only changes
the inner product by a higher-order C (K)r?-term.

Finally, combining all the cases together, we obtain
|Vedi (x, 2)| = |Ao| — C(n, K1, K2)h® > 1 —h — C(n, Ky, K2)h*/?,
and therefore the lemma follows. O

Lemma 6.6. Fori > 1 and sufficiently small h depending onn, T, K1, iy, we have
n o h? }

dister (92
i5ti7xm( 100’ 20T

l],Q,J) >m1n{

Fori =0, we have
3

672

Proof. There are two types of boundaries involved. The first type is from the level sets of d (-, z; ;). For

dist 7, 5 (992 ;. Q0,5) >

i > 2, the distance of the first type is from the boundary of the cylinder
{x idj(x,zij) <min{l, T~ "}h/2} x [~ T;, T;]
and the boundary of Uf;(]) U; ;. Since a larger cylinder
{x:di(x,zi ;) <min{l, T""}h} x [~ T; — h, T; + h]

is also contained in Uf;(l) U ; €, ; due to (3-33), the distance of this type is bounded below by the distance
between these two cylinders, which is bounded below by min{1, 7~'}4%/20 by Lemma 6.3(4,3) if & < 1/10.
For i = 1, the distance of the first type is from the boundary of the cylinder

{xody(x,z1,) <h/2} x [T, Th]
and the boundary of (_J ; Q,j. By (3-29) and Sublemma 2, the cylinder
{x:d;)(x,z1 ) <3h/4} x [-T, Th]

is contained in the open set |_J ; Q0,, and hence the distance between the boundary of the cylinder and
that of ; L0, 1s bounded away from 0. To obtain an explicit estimate, one can prove a slightly tighter
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estimate than Sublemma 2 if T > 10h:

< U Fb(8h)) X[=T+11k/2, T —11h/2] C U Qo,j.
bel[0,2h] J

With (3-29), this shows that a larger cylinder
{x:dy(x,21,;) <3h/4}y x [=T1 —h/2, T1 + h/2]

is contained in Uj Q,;. Then Lemma 6.3(4,3) yields a lower bound h?/40if h < 1/20.

For i > 1, the other type of boundary is generated by the level sets of ; ;. Suppose boundary points
(x1, 11) and (x2, 1) belong to {y; ; = 97%h} and (Vi = 8T2h) respectively, and hence by the definition
of ¥; j we have

(1 —Ed(x1, IM)) — E(p — d} (xONTi — d} (x1))°
— (1= &(d(x2, IM)) —E(po — d} (o)) Ty — di(x2)) = 17 +13 = T?h.
Then,

2721 (po — dj (x1)) — £(po — dj (x2))| + 2T?|E(d (x1, IM)) — £(d (x2, IM))]
+2T|d} (x1) — di (x2)| + 2T |t; — ta| > T?h.
By the definition of &,

6T 677
T|d;§(x1,zz‘,j) —dj(x2,7i )| +T|d(xlv OM) —d(xy, 0M)|

+2T|d} (x1, zi,j) — di(x2, 2i )| + 2T |t1 — ta| > T?h.

Then it follows that at least one of the four absolute values must be larger than /2 /24 if h < 3T, which
implies that at least one of |dj, (x1, z; j) — dn(x2, zi, )|, |d(x1, dM) — d(x2, dM)| or |t; — 15| is larger than
h?/50 by Lemma 6.3(4). Here we divided the smoothening radius by a constant to keep the error brought
by the convolution relatively small. Since d(x, 0M) = d (x,dM) for x € M, Lemma 6.3(3) yields that
at least one of d (x1, x2) or |t; — 1] is larger than 13 /100 and hence the lemma follows.

Finally for the initial step i = 0, the first type of boundary distance is from {p (x) = —3h/2} and the
boundary of Y, which is clearly bounded below by / /2. The second type of boundary distance is between
level sets of v, ;. One can follow the same argument as for i > 1 for this type of boundary distance, and
obtain a lower bound /3 /6T2. U

Lemma 6.7. Suppose y (s) is a geodesic of M satisfying y (0) € 9 M and the initial vector y'(0) € T, )0 M.
Then there exists a constant &g explicitly depending on n, ||Ry||c1, ||S| 1, io such that, for any s < &g,
we have d(y (s), dM) < C(n, ||Ryllc1, IS c1)s?.

Proof. Without loss of generality, assume the geodesic y (s) lies entirely in the interior of M except for
the initial point. Consider another geodesic of d M with the same initial point y (0) and the same initial
vector y'(0). We claim that the distance between this geodesic of 3 M and y (s) is bounded above by C 52
for sufficiently small s. Clearly this claim yields the lemma.
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Denote the geodesics of M, 9 M in question with the arclength parametrization by y1, y». Take gg < ig
and we consider the geodesics y;(s) i =1,2)ina C ! boundary normal coordinate (x', ..., x"). Due to
Lemma 8 in [Hebey and Vaugon 1995] and Lemma 6.1, within a uniform radius explicitly depending on
n, |Rullcts ISlct, o, the C L_norm of metric components is uniformly bounded by a constant explicitly
dependlng onn, ||R Mllcis IS ||C1 Since yl, > have the same initial point and the same initial vector, we
know y; /(0) = 12 J(0) and 9, 41 /(0) = 9, 1) J(0) forall j=1,...,n, where yl denotes the j- th component
of y; with respect to the coordinate x/. The fact that |9,y (s)IM =1052(5)|am = 1 yields |0 yi (s)| < C for
any j due to the CY metric bound in bilinear form. Moreover, the geodesic equation in local coordinates
has the form

a2y +3 (8,5 @) =0

and yy, y» satisfy this equation with F,{l of M, dM respectively. Hence by applying the C! bound for
metric components, we have an estimate for the second derivative:

02/ ()1 < Cn. [Rullcr. I1Ser) forall j=1,....n. (6-14)

Since yi, y» lie entirely in int(M), dM by assumption, they are at least of C? and hence

. 52 j .
W ©) = @OI< T sup 187y () = 7v) (I < Cn. | Rullcr, 1Sllen)s™
s'€(0,s)

This implies d(y1(s), y2(s)) < C(n, | Ryl c1s ||S||C|)s2 due to the C° metric bound. [l

Lemma 6.8. Let A;(¢) ={x € X, :1(x) > ¢} and denote by U (A, (¢&)) the set of all points on all minimizing
geodesics from A,(¢) to . Then for sufficiently small ¢ explicitly depending on K| and any t' € [t —¢/2, 1),
we have

vol,—1(A(8)) < 5" vol,_1 (U (As()) N Ey).

Proof. We define a function F : U(A,;(¢)) N Xy — A,(e) by mapping a point x € U(A,;(g)) N Xy to
the initial point of the particular minimizing geodesic containing x from A;(e) to I". This function is
well-defined since minimizing geodesics cannot intersect at X, ; otherwise they would fail to minimize
length past an intersection point. To show the measure estimate in question, it suffices to show that
F is locally Lipschitz with a Lipschitz constant 5 for sufficiently small ¢ depending on K;. Since the
measure in question is an (n—1)-dimensional Hausdorff measure, the Lipschitz continuity of F implies
the measure estimate with the constant 5"~ [Burago et al. 2001, Section 5.5.2].
Here we show that the function F is locally Lipschitz. For any point

YeUAE)N{x:t—e/2<dx,T) <1},

there exists xg € U (A,(¢)) N X,_, such that xq lies on a minimizing geodesic from yq to I, which indicates
d(yo, I') =d(y0, x0) +d(x9, I'). Observe that the geodesic segment from yg to xo does not intersect the
boundary. Then there exists a small neighborhood of yg such that, for any y in this neighborhood, the
minimizing geodesic from xg to y does not intersect the boundary. Thus the distance function d( -, x¢) in
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the small neighborhood of yy is just a geodesic distance function with the second derivative bounded by
3 /¢ for sufficiently small & depending on K (e.g., [Petersen 2006, Theorem 27, p. 175]). Hence we have

d(y,T') <d(xo, ') +d(y, x0) =d(yo, I') —d(yo, x0) +d(y, xo0)
_ 3
<d(y0. T) + Vyd (y0. x0) - expy, | (v) + 5-d (3. 30)* + 0(d (. 0)*).

This shows that the distance function d (-, I') is a semiconcave function in
U(Ai(e)N{x:t—¢e/2<d(x,T) <1}

for sufficiently small ¢ with the semiconcavity constant 3/¢. Now consider the gradient flow by the
distance function d(-,I"), and the function F is simply the gradient flow restricted to this region
UA;(e))N{x:t' <d(x,T) <t} fort’ €[t —e/2,1). By Lemma 2.1.4(i) in [Petrunin 2007], the restricted
gradient flow (or F) is locally Lipschitz with a Lipschitz constant ¢3/? < 5. (I

Appendix: Dependency of constants

In this section, we show explicitly how the constant in Theorem 1 depends on geometric parameters. We
first show the dependency of constants in Theorem 3.1, and then trace the dependency through the proofs
in Sections 4 and 5.

For i > 1, the lower bounds (3-27) and (3-28) hold:

min [V Y | > 2T\/Z, min_ p((x, 1), Vi ;) > 8T2h.

(x,1)eQ ; (x,1)eQ;
From the definition (3-10), Lemma 3.4(3), (6-4), (3-13) and (3-14), for sufficiently small /2 depending on
n, Ky, K», iy, we have
56, ziDllcos ) < oo <ios  IVadix zilleogay ) <287,
IV2d3 (x, Z,.,j)||co(93j) < C(n,ip)h~°,
IV (x. 2i DlLipep ) < €. [ Ruller. io)h ™.

On the other hand, the C*!-norm of d(-, M) is bounded by 2|| S|/ for sufficiently small 4. Therefore
by the definition of ; ;, for sufficiently small & depending on n, Ky, K>, iy,

1Wisllcoge ) < T Wijllere ) < CMA2,
||1/’i,j ||c2(Qi0_j) <Cn,T, iO)h_7, ”wlj ||C2~|(Q?j) <Cn,T,|Rullc, io)h—IO.

For i =0, we have
min Voo ;| > 2k,  min  p((x,1), Vip, ;) > 4h%,
(x,1)€Q ; (x,1)€Q ;
and the bounds above for v; ; also hold for v ;.
Now we calculate the parameters in the table (4.3) in [Bosi et al. 2016] for our case. The following
notation (until (A-1)) was used in that paper and is not used in our present paper; we write it here only



1030 DMITRI BURAGO, SERGEI IVANOV, MATTI LASSAS AND JINPENG LU

for the convenience of the reader:
MI’VMz"'h_IS, )\’\'h_ls, Rl"'h”, SONh34
Ry~R~h', r~p!3 5~ p!3
N=C.T,|Rullct.io. 1g"llcr, vol(M), vol,_; (T)h~"30+D.

—1/(1-a) N _ 1
€161 ~ €158 ™~ C155,N + C156 ™~ C155,N + Cy5¢ , oo =3,

The quotient cys5,j/c155,j—1 18 polynomial large in &, and c156 ~ c106/c131 is also polynomial large, where
the exponents are explicit multiples of n. Therefore cg; has at most exponential growth with an explicit
exponent Cy4n for some absolute constant C4. Then we turn to the constant in our result:

C(h)~ C(n. T |Rullc1. ISl do. vol(M), vol,_y () A~
< Cs3(n, T, |Rulicr, ISll¢rs o, vol(M), vol,_1 () exp(h~"), (A-1)
where we have used the fact that the C'-norm of metric components is bounded by a constant depending

onn, ||Ryllct, |S]lc1. The dependency on the diameter D, ry is introduced after replacing h by h/C’
during the last part of the proof of Theorem 3.1.

From here, we come back to the notation of our present paper. Next we show the dependency of C;
and C; in Theorem 1. The final parameter is 7 in Proposition 5.6 and we start from »n to work out the
parameters J, §. The criteria for determining parameters are already described during the proofs of relevant
lemmas and propositions in Sections 4 and 5. Let € (0, 1) be the parameter in Proposition 5.6. Then,

A=1, N=C(n,vol(dM))n"*!,
g(volume, M;;) =¢,=Cn" (Proposition 5.6),
and by Lemmas 5.1 and 5.4
e(volume, M,) _ &(volume, My)
2vol(M)  2L+12vol(M)

The following three parameters are determined by (4-21) in Proposition 4.4:

2 2 n+l 2 \n+l
8C52A2y1/("+1):8— _ y:( e ) :< e ) ’

& = g(projection) =

= C(vol(M), L)n".

4 32C2A2 32¢?
2
Cn; Py <L = = 16Cy e (A-2)
2 2
8Nes(0) +8N22(0) = <1 = £,(0) = ——.
2 4 64N
By the formula for &,(0) in (4-12),
-3, p—1/2
_ ~3,-2/9 —Cun Ay +h”"e 3, 1/(Gn+3)
0) = Cin h CsAy3h
2O =G et g iy A ey TSR
13 y 3h!
< 3 exp(h =) + Csy 3p!/Gnt3), (A-3)

(log(1+ 132y =3(1/e)))/e
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We choose A such that the second term in (A-3) equals €,(0)/2 = €2/(128N):

Cay 3 1/GnH) £2(0) — ne £2(0)y3 "3 _ On+8 3n+3 )
’ 2 2Cs 83n+3128NC56n+7 :

Then the first term of (A-3) being £,(0)/2 = 2 /(128N) yields that

—187,—619Q6 A76 (2 —Cyn
B Yy~ °h™°128° N°C5 exp(6h—4")
g1 =h3?y73 exp(— o2 3 ) (A-5)
which indicates the choice of J by Lemma 4.2:
8y ~18h 01285 NOCZ exp(6h~C4"
Ay >C(D,A)y—24g;SZC(D)h—‘2exp( ! 5 p( )>. (A-6)

For the choice of 8, choose N ey (8)+N2e3(8) — Nea(0) — N2e3(0) < 2/32, or simply Nea(8) — Nez(0) <
2 /64. By differentiating (A-3) with respect to &,

€3 exp(h=Cm)y VR
(log(1 4 h32y=3(1/1)))2(e] + h3/2y—ey)

Hence it suffices to choose § satisfying

2

I
20073378 < =,
0147 0= Can

1/3 —Cyny,,—3 2
C) exp(h™* €
s XY s < £
he) 128N
From now on, we absorb polynomial terms into exponential terms and denote by ~ if two quantities

differ by a factor of some constant in the exponent. Inserting the choice of y (A-2) to ¢ (A-5) and A,
(A-6), we get

(A7)

g1~ exp(_cg6n+3ﬁc32 exp(h_c4n)8_36n_48N6),

Ay~ C(D) exp(C3"30C2 exp(h=C4m)e—3n =48 N ).
By Weyl’s asymptotic formula for eigenvalues: A; ~ C(n, vol(M)) j 2/n we know

J ~ C(n, vol(M))\"/?,
and hence by (A-7), we have

1 86n+8 exp(—h_c4”)81
173 616y 713/
C(/)C3 Csn NJL Y
XD (—C36mH36 02 oy oy~ Cany o ~36n-48 /6
~ C(D,Vol(IM))C; 1,3exp(—C5 3 I}( ) )

~ C(n, D, vol(M), vol(dM)) exp(—nC3" 30 C3 exp(h~C4")e 348 N©),

8«.»

The terms we need to estimate are exp(h~¢+")e~36"=48 N6_ By the choice of 1 (A-4), we get

6n+8 \—Can(3n+3)
—Cyn €
exp(h™—%") ~ exp(( > >,

N Csﬁl’l +7
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—36n—48 N6

which absorbs ¢ Then from

e =C(vol(M), L)y", N ~n "t
it follows that
§ ~ C(n, D, vol(M), vol(dM)) exp(—C (C3, C4, Cs) exp(Ce~ 4" CGn+3)(6nt9)y)
~ C(n, D, vol(M), vol(dM)) exp(—C(C3, Cs, Cs) exp(C (L)~ ™))
~ exp(— exp(C{n_Cé)),

where C| = C{(n, D, vol(M), vol(dM), C3, C4,Cs, L) and C), = C5(n) > 1. The dependency of
C3, C4, Cs is stated in Proposition 3.3, and the dependency of L is stated in Lemma 5.2. Therefore we
obtain

n~ (€} (log(llog 8)) "%,

and the dependency of constants in Theorem 1 follows from Proposition 5.6 and Theorem 5.7. More
precisely, the constant C; = C{(C/, Cé, Cs, C7) explicitly depends only on n, D, || Ryl ct, ISl cts o, 7o,
vol(M), vol(dM), L, Cs, C7, and the constant C» = C(C}) explicitly depends only on n. Note that the
dependency of L, Cg, C7 is not explicit. The choice of the parameter § depends on all present parameters
including all curvature bounds assumed for K5, and the choice of small 5 in Theorem 5.7.

We remark that one can obtain an explicit estimate without using the parameter L. To do this, one can
use all N of I'; to slice the manifold, and evaluate an approximate volume for M; similar to Lemma 5.4.
The error of the approximate volume would be 2V¢, and the parameter ¢ would be ¢ = C27V5". In
addition, the constant Cg can be replaced by an absolute constant. However, the number 2V grows
exponentially in n. This process results in an explicit estimate with three logarithms, and the constants
explicitly depend only on n, D, || Ryl ct, IS cts 05 70, vOI(M), vOl(OM).
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A NEW APPROACH TO THE MEAN-FIELD LIMIT
OF VLASOV-FOKKER-PLANCK EQUATIONS

DIDIER BRESCH, PIERRE-EMMANUEL JABIN AND JUAN SOLER

We introduce a novel approach to the mean-field limit of stochastic systems of interacting particles,
leading to the first ever derivation of the mean-field limit to the Vlasov—Poisson—Fokker—Planck system
for plasmas in dimension 2 together with a partial result in dimension 3. The method is broadly compatible
with second-order systems that lead to kinetic equations and it relies on novel estimates on the BBGKY
hierarchy. By taking advantage of the diffusion in velocity, those estimates bound weighted L” norms
of the marginals or observables of the system, uniformly in the number of particles. This allows us
to qualitatively derive the mean-field limit for very singular interaction kernels between the particles,
including repulsive Poisson interactions, together with quantitative estimates for a general kernel in L?.

1. Introduction

The rigorous derivation of kinetic models such as the Vlasov—Poisson system from many-particle systems
has been a long standing open question, ever since the introduction of the VIlasov—Poisson system
in [Vlasov 1938; 1967]. While our understanding of the mean-field limit for singular interactions has
made significant progress for first-order dynamics, the mean-field limit for second-order systems has
remained frustratingly less understood. This article proposes a new approach that is broadly applicable to
second-order systems with repulsive interactions and diffusion in velocity. In particular, this allows us to
derive for the first time the Vlasov—Poisson—Fokker—Planck system in dimensions higher than 1 without
any truncation or regularizing.
We more precisely consider the classical second-order Newton dynamics

%Xi(t) =Vi(t), Xi(t=0)=X’,
1
dVi(t)=%ZK(X,~—Xj)dt+adW,-, Vit =0)= V7, M

J#
where the W; are N independent Wiener processes. For simplicity we take the positions X; on the
torus 14, while the velocities lie in R?. The kernel K models the pairwise interaction between particles
and is taken to be repulsive throughout this paper, in the basic sense that it derives from a potential
K = —V¢ that is even and positive, ¢ > 0.

Remark 1. For simplicity, we write ¢ (0) = 0 and K (0) = 0 even if ¢ and K are not continuous at 0.

This simplifies the notation by allowing us to sum over all j in (1) since the term j = trivially vanishes.
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We naturally focus on singular kernels K with, as a main guiding example, the case of Coulombian

interactions X

K=«
|x |4

+ Ko(x), (2)
with ¢ > 0 and Ky a smooth correction to periodize K. This corresponds, if d > 3, to the choice
¢ = a(d —2)"'|x|*>~¢ 4 correction, or, if d = 2, the choice ¢ = —a In|x| + correction.

The Coulombian kernel (2) typically models electrostatic interactions between point charges, such as
ions or electrons in a plasma, when the velocities are small enough with respect to the speed of light. In
that setting, diffusion in (1) may for example represent collisions against a random background, such
as the collision of the faster electrons against the background of ions. Such random collisions may also
involve some friction in velocity, which we did not include in (1) but could be added to our method
without difficulty. This makes (1) with (2) one of the most classical and important starting points for the
modeling of plasmas; we refer in particular to the classical [Bogoliubov 1946].

Coulombian interactions are also a natural scaling in many models. The obvious counterpart to plasmas
concerns the Newtonian dynamics of point masses through gravitational interactions. This consists in
taking o < 0 in (2) and leads to attractive interactions with a negative potential and for this reason cannot
be handled with the method presented here.

The system (1) usually involves a very large number of particles, typically up to 102°—10?° in plasmas
for example. This makes the mean-field limit especially attractive. This is a kinetic, Vlasov—Fokker—Planck
equation posed on the limiting one-particle density f(t, x, v):

Btf+v-fo+(K*x,o)-va=O;Avf, with,o:/ fdv. 3)
R4

Well posedness for mean-field kinetic equations such as (3) is now reasonably well understood, including
for singular Coulombian interactions such as (2) in dimension d < 3. For the nondiffusive case o =0,
weak solutions were established in [Arsenev 1975], while classical solutions were obtained in dimension 2
in [Ukai and Okabe 1978]. The dimension 3 case is harder and obtaining classical solutions requires more
difficult dispersive arguments and were only obtained later in [Lions and Perthame 1991; Pfaffelmoser
1992; Schaeffer 1991], see also the more recent [Gasser et al. 2000; Holding and Miot 2018; Loeper
2006; Pallard 2014]. In the case with diffusion o > 0, we refer to [Victory 1991] for weak solutions, and
to [Bouchut 1993; Degond 1986; Ono and Strauss 2000; Rein and Weckler 1992; Victory and O’Dwyer
1990] for classical solutions.

Of course the mean-field scaling is not the only possible scaling on systems such as (1). We mention in
particular the likely even more critical Boltzmann—Grad limit, such as obtained in the classical [Lanford
1975] and the major results in [Bodineau et al. 2018; 2020; Gallagher et al. 2014; Pulvirenti and Simonella
2017; Pulvirenti et al. 2014]. We note as well that the derivation of macroscopic equations from mesoscopic
systems such as (3) is another important and challenging question. For example the passage to the fluid
macroscopic system from Vlasov—Poisson—Fokker—Planck has been approached in different low-field
(parabolic) or high-field (hyperbolic) regimes depending on the space dimension; see for example [Carrillo
et al. 2022; Goudon et al. 2005; Nieto et al. 2001; Poupaud and Soler 2000].



A NEW APPROACH TO THE MEAN-FIELD LIMIT OF VLASOV-FOKKER-PLANCK EQUATIONS 1039

Mean-field limits have been rigorously derived for general systems, including second-order dynamics
such as (1), in the case of Lipschitz interaction kernels K. We refer the reader to the classical works
[McKean 1967; Sznitman 1991] in the stochastic case and [Braun and Hepp 1977; Dobrushsin 1979]
for the deterministic case. Uniform-in-time propagation of chaos has also been obtained in the locally
Lipschitz case, notably in a close to convex case in [Bolley et al. 2010] and more recently in a nonconvex
setting in [Guillin et al. 2022].

There now exists a large literature on the question of the mean-field limits; see for example the survey
in [Golse 2016; Jabin 2014; Jabin and Wang 2017]. However in the specific case of second-order systems
such as (1) very little is known. In dimension d = 1, the Vlasov—Poisson—Fokker—Planck system was
derived in [Guillin et al. 2023; Hauray and Salem 2019]. In dimensions d > 2, the only results for
unbounded interaction kernels were obtained in [Hauray and Jabin 2007; 2015]. But those are valid only
in the deterministic case o = 0 and for only mildly singular kernels with

IKx)| <|x|™® and |VK|<|x|™*'  fora < 1.

Jabin and Wang [2016] derived the mean-field limit with K € L® and without extra derivative. Those
cannot cover Coulombian interactions, even in dimension 2.

More is known for singular interaction kernels K that are smoothed or truncated at some N-dependent
scale ey . In that truncated case, one can mention in particular [Ganguly and Victory 1989; Ganguly et al.
1991; Victory and Allen 1991; Wollman 2000] for the convergence of so-called particle methods. The
recent works [Boers and Pickl 2016; Lazarovici 2016; Lazarovici and Pickl 2017] in the deterministic
case and [Huang et al. 2020] in the stochastic case considerably extended the results for such truncated
kernels and allowed for almost reaching the critical physical scale ey ~ N~!/¢. One can also mention
[Carrillo et al. 2019] with polynomial cut-off. It is also possible to derive the Vlasov—Poisson system
directly from many-particle quantum dynamics such as the Hartree equation, for which we briefly refer to
[Golse and Paul 2019; Lafleche 2021; Saffirio 2020].

The mean-field limits for first-order systems with singular interactions appear to be more tractable. A
classical example concerns the dynamics of point vortices or stochastic point vortices where the mean-field
limit corresponds to the vorticity formulation of two-dimensional incompressible Euler or Navier—Stokes
equations. The interaction between vortices obey the Biot—Savart law, which has the same singularity as
the Coulombian kernel in dimension 2. In the deterministic case, the mean-field limit was classically
obtained for example in [Goodman and Hou 1991; Goodman et al. 1990] or [Schochet 1995; 1996] for
the two-dimensional Euler equation and extended remarkably to essentially any Riesz kernels in [Serfaty
2020]. In the stochastic case, we refer in particular to [Fournier et al. 2014; Jabin and Wang 2018; Osada
1987] for the limit to two-dimensional Navier—Stokes equations, to [Bresch et al. 2020; 2023] for singular
attractive kernels, or to [Nguyen et al. 2022] for multiplicative noise. Uniform-in-time propagation of
chaos was even recently obtained in [Guillin et al. 2024; Rosenzweig and Serfaty 2023].

One of the reasons second-order systems appear more difficult to handle stems from how the structure
of the singularity interacts with the distribution of velocities. Because of the term K (X; — X;), the
singularity in pairwise interactions is typically localized on collisions X; = X ;. For first-order systems this
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corresponds to a point singularity, while for second-order systems the presence of the additional velocity
variables makes it into a plane. In that regard, we also note that the derivation of macroscopic systems
directly from second-order dynamics is in fact better understood than the derivation of kinetic equations
like (3). We refer to the derivation of incompressible Euler equations in [Han-Kwan and lacobelli 2021],
or to the derivation of monokinetic solutions to (3) (which are essentially equivalent to a macroscopic
system) in [Serfaty 2020].

The main argument in our proof is a new quantitative estimate on the so-called marginals of the system
through the BBGKY hierarchy. This leads to the propagation of some weighted L? estimates on the
marginals. It implies a weak propagation of chaos in the sense of [Sznitman 1991] but it applies more
broadly to initial data that are not chaotic or not close to being chaotic.

Recently, new approaches have been introduced to bound marginals on systems with appropriate
nondegenerate diffusion. Using relative entropy, Lacker [2023] was the first to derive quantitative
estimates comparing the marginals to the limiting tensorized solution, thus deriving optimal rates for the
propagation of chaos in O(1/N), instead of O (1/+/N) on the convergence of the marginals (as observed
for smoother interactions in [Duerinckx 2021]). While formulated for first-order systems, the method
also applies to second-order systems with diffusion in velocity, as observed by Lacker. The method takes
advantage of the regularizing provided by the diffusion to avoid “losing” a derivative in the hierarchy
estimates. The use of the relative entropy however imposes that the interaction kernel belongs to an
exponential Orlicz space. In a different context of nonexchangeable systems, [Jabin et al. 2025] later
used the propagation of L? norms on some equivalent of the marginals, again taking advantage of the
diffusion but requiring that the interaction kernel K be in L*°.

The present article focuses mostly on second-order singular systems, where our method combines this
general idea with a specific choice of weights for the L” norms that are propagated. Those weights are
based on a total energy reduced to k particles when dealing with the marginal of order k. They allow
us to take advantage of a further regularizing effect in the hierarchy to only require kernels K to be in
some L? with p > 1. The same idea to propagate L” norms on the marginals also applies to first-order
systems in confined domains, without then requiring weights.

A direct consequence of our approach is the first ever derivation of the mean-field limit for the repulsive
Vlasov—Poisson—Fokker—Planck over a finite time interval. This applies to any chaotic initial data in
dimension d = 2 and for initial data with more restrictive energy bound in any dimension d > 3. We are
expecting to extend this derivation in a future work to any chaotic initial data in any dimension d > 2 by
decomposing appropriately the initial data.

The paper is structured as follows: We start in Section 2 with the notation and main results. We first
state our main result, Theorem 2, that proves the convergence to the Vlasov—Fokker—Planck equation
as N tends to infinity followed with Theorem 3 proving quantitative estimates for singular kernels in L2,
We next introduce Proposition 5, which states the explicit propagation of weighted L? bounds on the
marginals. We in particular discuss more thoroughly the limitations and possible extensions of our
approach after stating Proposition 5. Section 3 is devoted to the proof of Proposition 5 and Theorem 2
from the key technical contribution of the article around Lemma 9 and ends with the proof of Theorem 3.
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2. Main results

2.1. The new result. We introduce the full N-particle joint law of the system f» which satisfies the
Liouville or forward Kolmogorov equation

N N N
a,fN+Zv,--vxifN+Z%ZK<xi —x;)- Vi fy = %ZZAvifN, )

i=1 i=1 " j=1

which is a linear advection-diffusion equation. However the marginals f; y of fy will also play a critical
role in the analysis. They correspond to the law of k among N particles and are represented through

Sen (@, X1, 01, .00, Xk, V) = / SN x,v1, o Xy, UN) dXgyp duggr - - - dxy doy . (5)
[Td(N—K) 5 RA(N—k)

The question of well-posedness for (4) can be delicate and is separate from the issue of the mean-field limit
considered here. For this reason, we consider the notion of an entropy solution fy € L (R, x TT?N x R¥V)
to (4), fully described later in Section 2.4, to which we impose some Gaussian decay in velocity:

sup/ P iy Iuil? fydxidvy -+ dxydoy < VY forsome >0, V>0, (6)
t<1 JII4N xRIN

for which we refer to the short discussion in Section 2.4.
Our main result is the derivation of the mean-field limit for a broad class of singular kernels.

Theorem 2. Assume that there exists some constant 0 > 0 such that the potential ¢ satisfies

/ "9 dx < 400 (7
IT

and that
K=-V¢eLP(T? forsomep> 1.

Let f be the unique smooth solution to the Vlasov equation (3) with initial data f 0 e Cco(M? x RY) such
T 0817 < oo, Consider moreover an entropy solution fy to (4) (in the sense of Section 2.4)
satisfying (6) with initial data fl(\), e L®(IMN x RN). Assume that ka’N converges weakly in L' to (f°)®k
for each fixed k and that

| £ | Looquan vy < M*
for some M > 0 and for all k < N. Then there exists T* depending only on M, V, and | K ||Lr such that

the fi n, given by (5), weakly converge to

fk — f®k in Lq ([0, T*] % de % de)

loc
forany k andany2 < g < oo,with1/g+1/p < 1.

Our estimates can also provide quantitative rates of convergence though we need to use a stronger
assumption, namely K € L.
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Theorem 3. Assume the same conditions and hypotheses of Theorem 2, with moreover p = 2. We also
assume that there exists a constant C independent of N and ey — 0 such that

0 0\®Kk 2 X0 k
f 0y — (FOBH R0 < Chey
TIkd x [Rkd

for all k, with

2 1
ex(rr i v) = ) (i) 5 D gl —x)) ®)
i<k i,j<k
and
1
Alt) = m for a positive constant A.

Then, there exists T* such that fi y converges strongly to fi in L2 ([0, T*] x TT* x R*) for any k, and

loc
we have the quantitative estimate

sup / |fN,k _ f®k|28)»(t)ek < Eng
t<T* [1kd x Rkd

for some c independent of N.

In addition to the mean-field limit, Theorem 2 implies the weak propagation of chaos in the sense of
the famous [Sznitman 1991], although with strong conditions on f ,9,. Theorem 2 also justifies for the first
time the convergence to the Vlasov—Poisson—Fokker—Planck in two space dimensions. More precisely,
we highlight the following result.

Corollary 4. Let d = 2, and consider the Poisson kernel K = —V¢ with its associated potential
¢ (x) = —In|x|. Then, the convergence properties given by Theorem 2 hold true, leading to the Vlasov—
Poisson—Fokker—Planck system.

2.2. New stability estimates. Theorem 2 relies on a new approach to derive estimates on the BBGKY
hierarchy solved by the marginals f; n, which is of significant interest in itself. In general, deriving
bounds on either the BBGKY or limiting Vlasov hierarchy is complex. We refer for example to [Golse
et al. 2013] for the Vlasov hierarchy, and to [Duerinckx and Saint-Raymond 2021] for the study of
long-time corrections to mean-field limits. Bounds on the hierarchy are critical for the derivation of
collisional models such as the Boltzmann equation, ever since [Lanford 1975]. Even a partial discussion of
the challenges in the collisional setting would go well beyond the scope of this paper, and we simply refer
again to [Bodineau et al. 2017; 2018; 2020; Gallagher et al. 2014; Kac 1956; Lanford 1975; Pulvirenti
et al. 2014; Pulvirenti and Simonella 2017].
The main difficulty in handling the hierarchy consists in the term

vv,-f K (xi — Xg1) fier1, N dXpt1 dvga, )
4 x R4

as seen in (17), because this introduces the next-order marginal f1 » into the equation for f; . When
treated naively as a source term, it leads to a loss of one derivative on each equation of the hierarchy.
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However, it was noticed first in [Lacker 2023] and then in [Jabin et al. 2025] that one may avoid
this loss of derivative in the stochastic case for nondegenerate diffusion: any L? estimate then gains an
additional H' dissipation which can be used to control the loss of one derivative. This idea still appears
applicable in the present kinetic context: even though we only have diffusion in velocity, the derivative
in (9) is also only on the velocity variable.

Both [Jabin et al. 2025] and [Lacker 2023] require high integrability on the kernel: K € L* for [Jabin
et al. 2025] and some sort of exponential Orlicz space of the type [ eME®I dx < C for [Lacker 2023].
Lacker [2023] used quantitative relative entropy estimates to prove uniqueness on the BBGKY hierarchy,
while [Jabin et al. 2025] proved uniqueness on a tree-indexed limiting hierarchy through L? bounds.
Hence, in both cases, the corresponding bounds on the marginals was already known uniformly in N, and
the challenge was to prove that the norm of the difference with the limit is small.

This leads to a first key difference with respect to the present approach and to the first critical new idea
introduced in this paper. In essence, we note that the integral in (9) leads to a regularizing effect that has
the same scaling as the convolution at the limit: one has by Holder estimates that

provided that 1/p+1/q < 1.
Taking advantage of (10) for singular K € L? with p small naturally leads us to try to propagate

< WK eyl f | Lo race+ny, (10)
Lq(ndk)

/d K(x; —xi41) f(x1, ooy X)) dXpg1
n

L7 norms of the marginals fi y for large exponents g; in opposition to [Jabin et al. 2025; Lacker 2023].
But it also leads to an additional major difficulty, due to the velocity variable in the unbounded space R?
in (9). In fact, trying to use (10) in (9) as is would force the use of a mixed norm L?CLL on the marginals.
Unfortunately such mixed norms are notoriously ill-behaved on kinetic equations.

Instead, a more natural idea, from the point of view of kinetic equations, consists in using some
moments or fast decay in velocity. Even if they are less usual for kinetic equations, the use of Gaussian
moments is especially attractive in the current case because they are naturally tensorized. For example,
one has the extension of (10)

q
plvi P vl
Tk x Rk

/d dK(xz' — Xk+1) Jr+1,N dXpy1 AV
14 xR

2., . 2
< Call K17, e, el ey e wl?, (D)
[14k+1) 5 Rd (k+1)

still provided 1/p +1/q < 1.
However, pure Gaussian moments in velocity do not seem to be naturally propagated at the discrete
level of the hierarchy, even though they would trivially be propagated on the limiting mean-field equation

at least for short time. This leads to the final critical idea of the paper, which is to incorporate the potential

A(t)ey

energy in the Gaussian: namely to consider e instead of a pure Gaussian with e, defined by (8).

|2 | instead

We observe that our definition of e; uses 1 + |v;|~ but could just as well be reduced to |v;

as (11) suggests. The extra constant in e; allows us to normalize the weight of each marginal by a

A0k

factor e , which saves some extra numerical constants in the proof.
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We also remark that the use of a dynamical weights argument has been recently developed in [Bresch
et al. 2023] for first-order particle systems with singular kernels. We also note that Proposition 5, stated
below, shows the propagation of weighted L? bounds on the marginals, without requiring the initial data
to be chaotic or close to chaotic as introduced in [Kac 1956]. It hence applies to a broader framework
than just the mean-field limit.

Proposition 5. Let us assume K € LP(I1¢) for some p > 1 and define
1
AMt)=——— and L=
A(l+1) A(1)f
for positive constants A and C, 0 depending only on q, d, and o, and provided that 1/q + 1/p < 1.
Consider a renormalized solution fy to (4) satisfying (6) with initial data fj(\), e LI x RN and

satisfying

IKNZ

/ O yl4eM0% < B,
delekd

(12)
sup [ Ifalteh0 < Y
t<1 JIINd xRNd
for some F >0, Fy > 0, and q such that2 < g < oo, with 1/q +1/p < 1. Then, one has that
sup/ | fin|9e™ D% < 2K pE 4 pRO2NL (13)
t<T JTIkd xRKd

where T is given by

1
T'=min{l, — ).
( 4Lmax(Fo,F))

Proposition 5 shows that the corresponding L9 norm of a marginal at order k behaves like C¥ for some
constant C. This is the expected scaling for propagation of chaos and tensorized marginals f; = f®*.
However, Proposition 5 also presents several intriguing features that we want to highlight.

« Vlasov—Poisson—Fokker—Planck in higher dimensions. Proposition 5 handles just as easily Coulombian
interactions in any dimension d, and not only dimension d = 2 as Theorem 2. Therefore, Proposition 5
would imply some form of propagation of chaos for the Vlasov—Poisson—-Fokker—Planck system in any
dimension if we are able to consider initial N-particle laws f 1?, which are f°-chaotic as N — +oo and
whose marginals f° and associated solution f,, to the forward Kolmogorov equation satisfy (12). While
there are examples of such initial data, take fl(\), = Z exp(—ey) for instance, they demand some sort of
truncation or decay of the configurations with high energy. This is not satisfying because we cannot

even take fl(\), = (fO)®N; Assumption (12) cannot hold in such a case as e e

is not integrable if K
is the Poisson kernel in dimension d > 2. The issue is that by taking fz(\)r = (f9®N, we allow some
configurations with high potential energy. And roughly speaking the existence time 7' in the proposition

vanishes as the starting potential energy increases in that case.

o Repulsive potentials. Proposition 5 does require repulsive potentials ¢ > 0 as this assumption is critical
in the proof. The repulsive assumption on the potential only appears to be needed to handle the discrete
many-particle system. The extension to nonrepulsive settings remains an open problem.
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o Extension to the stochastic case of mildly singular kernels. A special case concerns mildly singular
kernels K with K € L? for some p > 1 such that ¢ € L°°. In that situation, by considering ¢ + ||¢|| L
instead of ¢, yielding the same interaction kernel K, we can always ensure that ¢ > 0. For example this
easily extends for the first time to the stochastic settings the results of [Hauray and Jabin 2007; 2015],
which had been obtained only for deterministic second-order systems with

K| < |x|™* fora<1.

» Convergence for finite times. We finally emphasize that, like Theorem 2, Proposition 5 holds over a
finite time interval, independent of N. This may initially appear puzzling since we are dealing with linear
equations for any fixed N. However, because those estimates are essentially independent of N, they
also extend to the nonlinear limiting Vlasov equation. Moreover Proposition 5 includes a propagation of
Gaussian moments in velocity over the marginals from the term e*()¢ and the definition (8) of ¢;. The
propagation for all times of such moments for Vlasov—Poisson is only known in dimension d = 2, see
[Degond 1986; Ukai and Okabe 1978], and dimension d = 3, see [Bouchut 1993; Gasser et al. 2000;
Holding and Miot 2018; Lions and Perthame 1991; Ono and Strauss 2000; Pallard 2014; Pfaffelmoser
1992; Rein and Weckler 1992; Schaeffer 1991; Victory and O’Dwyer 1990] as cited in the introduction;
it also requires in dimension 3 the use of dispersion estimates that are not present in our proof. As we
already noted, Proposition 5 is in fact valid in any dimension which naturally limits it to some given finite
time interval.

2.3. The case of first-order systems. While we focus on second-order systems, we also emphasize that
our method directly applies to first-order systems on bounded domains (in a much simpler manner in
fact) and provides the mean-field limit under very weak assumptions on the kernel K again. Consider in
that case

d 1
X =5 Z K(X; —X;)dt +odW;,
JFEi (14)
X;(t =0) =X},

fully on the torus I1¢. The mean-field limit is similar to (3):

2
S +(Kxe ) Vef =5 A f. (15)
Similarly, the joint law fuy (¢, x1, ..., x5) solves an appropriately modified Liouville equation
N ! N 5
o
dfv+ ) D K@i—x) Vi fv =" Ay fy. (16)
i

i=1 j=I
Because system (14) does not involve velocities, many technical difficulties in our proofs actually vanish.
For example, we no longer need to add assumptions such as (6). We also do not need to require that K
derives from a potential, and hence do not require assumptions like (7). We then have the following
equivalent of Theorem 2.
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Theorem 6. Assume that
K € LP(T1%) for some p > 1, (divK)_ e L®(I1%),

where x_ denotes the negative part of x. Let f be the unique smooth solution to the Vlasov equation (15)
with initial data f 0 e C(I1%). Consider moreover an entropy solution fy to (16) (still in the sense of
Section 2.4) with initial data fy € L (TI1N). Assume that f;) \, converges weakly in L' 1o (f*)®* for
each fixed k and that

0 k
||fk,N||L°°(1'[dN) <M

for some M > 0 and for all k < N. Then there exists T* depending only on M, || K ||Lr, and ||(div K)_||
such that the fi y, given by (5), weakly converge to fi = f&* in L1 ([0, T*] x T1*) for any k and any

loc
2<qg<oo,withl/q+1/p <1.

Because it is not our main focus, we do not give a distinct proof of Theorem 6.

As mentioned above, there exists now a large literature for the mean-field limit of first-order systems
in the stochastic case, with much recent progress for singular kernels. We refer for example to the
derivation of two-dimensional Navier—Stokes equations from a system of many vortices in [Fournier
et al. 2014; Jabin and Wang 2018; Osada 1987]. The derivation of the two-dimensional Keller—Segel
system, corresponding to attractive Coulombian potentials, was recently obtained in [Bresch et al. 2020;
Tardy 2024]; see also [Fournier and Tardy 2024] for a precise description of the collisions leading to
the blow-up. We also cite [Lacker 2023] which only requires the kernel to be in an Orlicz space similar
to Exp, together with [Lacker and Le Flem 2023] which obtains global-in-time regularity for Lipschitz
kernels with a smallness assumption on div K .

All those results require stronger assumptions on the kernel K than just K € L? with p > 1 as here.
A similar scaling was however obtained in [Serfaty 2020] on first-order systems with no diffusion. The
breakthrough method in that seminal paper is based on a modulated energy between the empirical measure
and the limit and it applies to Riesz kernels where K ~ 1/|x|* with o < d (corresponding to K € L?
with p > 1), with either a repulsive gradient flow or Hamiltonian interactions, or alternatively where
K % f € W1, Uniform-in-time propagation of chaos was later obtained in [Rosenzweig and Serfaty
2023] including diffusion with the restriction & < d — 1 using the modulated energy method and some
relaxation rates properties. This was recently improved in [Chodron de Courcel et al. 2023] to again
o < d combining precise relaxation rates with the new modulated free energy introduced in [Bresch
et al. 2020]. One obvious advantage of our method here is that it allows for a much more general
form of interaction, with singularities far away from the origin. On the other hand, Theorem 6 does
require a nonvanishing diffusion and is again only valid for a finite time, instead of the much stronger
uniform-in-time estimates above.

Contrary to the case of second-order systems, this short-time limitation appears less fundamental as
many limiting systems do not blow up, with the obvious exception of attractive interactions such as
Keller—Segel. We conjecture that the present method could lead to large-time results by taking advantage
of the full nondegenerate diffusion for first-order systems.
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2.4. Our notion of entropy solution for the hierarchy: the well-posedness of (4).

The definition. Being nonlinear, our estimates cannot be performed on any weak solutions. Moreover,
the concept of a solution for fy is carried over the marginals f; x and not just the joint law fx, so we
also need an appropriate notion of entropy solutions on those marginals.

The hierarchy for the marginals from the Liouville equation. From (4), the f; y solve the so-called
BBGKY hierarchy

k
1
0r fi.n + Zvi Vi fi.N + E N E K (xi —xj) - Vy, fin
i=1

i<k Jj<k

N—k
S|

o2
S, K (x; — Xpq1) dXpp1 dvgypr = — Z Ay, fi,n. (A7)
i<k 14 x R4 2

i<k

If fy belongs to L™ and satisfies (6), then all marginals f; y belong to L;X’LZ,U for every g < oo with
similar Gaussian decay. For simplicity, we denote here abstractly by LY , any space L9 (ITk x Rk)
when there is no confusion about the dimension k, as in our case. We also denote by L‘iek the weighted

LY space
q A
(WA =/ | f17e™*.
ey TTkd x Rkd

Since K € L? for some p > 1, by using a direct Holder inequality, those bounds on the f; y imply that

o0
/ fert, N K (xi = xp11) dxgyr doggy € LEPLY
14 x R4

for all ¢ < co. This allows us to immediately and rigorously derive (17) from (4).
Definition of entropy solutions. We write the advection component of (17) as
1
Lk:Xk:v,--in—i—N.ZkK(xi—xj)-Vv[. (18)
i< L,j=

The argument above implies that the only difficulties to propagate our estimates in (17) stem from L.
Consequently we define our entropy solution as follows: a function fy € L*®([0, 1] x TN x R4N)
satisfying (6) is an entropy solution if and only if all marginals f; y for 1 <k < N, as defined by (5),
satisfy

T
// e | fin "™ sign(fi ) Licfiey dxy dvy -+ dxidvdt = 0 (19)
0 J 1dk x Rdk

for any T € [0, 1], any 1 < g < 00, and any A < Ag. Inequality (19) is still somewhat formal and should
be understood in the following rigorous sense: for some smooth convolution kernel K., one has that

e—0

T
lim inf / / K& % fi n |9 sign (K % fi N)KE¥x(Ly fr.w) dx1 dvy - - - dxy dvg dt >0, (20)
0 19k x Rdk
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where we define
K?k*g:/dk dkKs(x1 =y, v1—=wy) - Ke (ix =y, vk —wi) g(y1, Wi, . Yo w) dyrdwy - - - dyg dwy,
IT9% x R

with K, — § when ¢ — 0. However, it is usually more delicate to determine whether any weak solution fy
in L* and with the bound (6) is an entropy solution according to our definition. For linear advection-
diffusion equations such as (4), this is usually approached through the notion of renormalized solutions
as introduced in [DiPerna and Lions 1989]. In that context, (20) is obviously similar to the classical
commutator estimate at the basis of many methods for renormalized solutions.

Remark 7. (1) We first remark that (19) is automatically satisfied if we have classical solutions. Indeed,
Ly is an antisymmetric operator, so we expect it to propagate L? norms such that, if all terms are
smooth, we have

| fen |7 Ssign(fien) Li fin = Lil fin|?.

(2) We immediately observe that the reduced energy e is formally invariant under the advection
component of (17):

2 2
Lkekzﬁ Z vi-Vx[¢(xi—xj)+N Z K(x,-—xj)-vi =0
i,j<k i,j<k

since K = —V,¢. In the same way, we have L;®(e;) = 0 for any locally Lipschitz function .

(3) If K is smooth and fy is a classical solution to (4), we would hence immediately have equality
in (19). With K only in L”, it would be straightforward to obtain one entropy solution in the sense
defined above, through passing to the limit in a sequence of solutions for a smoother kernel K.

Remark 8. There exists an extensive literature on renormalized solutions with a comparably large variety
of potential assumptions that one may consider. While we cannot do justice to this question in this short
discussion, we briefly mention for instance [Hauray 2004] that studies the specific case of the Liouville
equation (4) for second-order systems without diffusion. In the present setting of a constant nonvanishing
diffusion, we also refer to [Bogachev et al. 2015; Le Bris and Lions 2008; 2019] that provide broad
results of well-posedness for velocity fields in L?.

We in particular note that renormalized solutions apply to the case K € L? with p > 2 and fx in L™
with V,, ff,/ > e L? for any g < oo and satisfying the extension of (6)

sup/ eM% frdxy dvy - - - dxy doy < 0.

t<1 JII4N xRN

The latter estimates are natural for the Liouville equation (4), as demonstrated by Lemma 9 for the case
k = N in Section 3. In that situation, all marginals f;_y belong to L*L% , for every ¢ < oo with similar
exponential decay in e and with as well V,, kq {VZ el

; r.x.p for any r < 2. This regularity easily allows us
to prove that (20) holds for A < Ag.
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We also mention that so-called mild solutions can also offer a natural way to prove (20). We simply refer
to [Bouchut 1993; Carrillo and Soler 1997] for such formulations through the Fokker—Planck kernel in the
whole space, or to [Clark 1993] or [Degond 1986; Victory and O’Dwyer 1990] for periodic conditions.

Strong solutions up to the first collision. We also emphasize that, in the case of repulsive kernels smooth
out of the origin but with singular potentials lim,_,9 ¢ (x) = +00, a straightforward bound on the energy
of the system can easily lead to strong solutions on the many-particle system (1), bypassing the need for
entropy or renormalized solutions.

Very roughly, if K € C (114 \ {0}), then up to the conditional time of first collision in (1), we may
write

N N
d(Z IWIZ+%Z¢(X,- —X,~>) =o’dt+Y 20V;-dW,;.
i=1 i#j i=1
This implies that, with probability 1, the total energy remains finite if it was so initially. Because
lim,_, ¢ ¢ (x) = +00, it also implies that collisions almost surely never happen. This argument would in
particular apply to the Coulombian case in any dimension d > 2.

To conclude this discussion of the well-posedness of (4) or (1) for a fixed N, we emphasize the estimates
that we described here cannot easily be made uniform in N. The previous discussion of the energy bound
on the system (1) for the Coulombian interaction in dimension d = 2 is an excellent illustration: if we
have the bound

N
2, 1
DIViP+ ) ¢Xi=X)<E
i=1 i#]
with some large probability on some time interval and for ¢ (x) = — log|x|, then this only proves that, for
any i # j,
1Xi — X, > e VE,

which is indeed finite for any fixed N but is completely unhelpful when considering the limit N — oo.

Hence the present discussion remains focused on renormalized solutions for a fixed N. Quantitative
approaches to renormalized solutions have for example been introduced in [Crippa and De Lellis 2008],
which are based on the propagation of a sort of log-derivative on the characteristics; see also for example
the discussion on Eulerian variants in [Bresch and Jabin 2018]. This leads to an interesting and so far
mostly fully open question as to whether it would be possible to obtain quantitative bounds that would
combine the limit N — oo with some regularity estimates on the solution for a fixed N.

3. Proof of the main results

3.1. The BBGKY and Vlasov hierarchies. Using (3), the tensorized limits f; = f®F satisfy the Vlasov
hierarchy

k k )
8tfk+zvi ‘VXifk—i_Z(K*/;Qd fdv) 'Vvifk = %ZAUifk' (21
i=1 i=1

i=1
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To avoid repeating the analysis working on (17) or (21), we introduce the generalized hierarchy equation
k
14
3 Fin + Z vi - Vi Fin + Z = K (xi—x;) Vo, Fin
i<k ]<k

N yk 2
> Vu / Pt vK (i = xir1) dieg dvgg = 52 AuFen+Riy. (22)

i<k IxR i<k

Note that (22) is exactly (21) for y =0, Ry x =0 and exactly (17) for y =1, Ry y = 0. In the same

spirit we define
ery =y (I+v] >+— > $i—xj),

i<k l]<k
14
Lk,y:Zvi-VxﬂkN Z K(xi—xj)-Vvl.
i<k i,j<k

and observe that we of course still have Ly , e, =0.

The main technical contribution of this section and of the paper is Lemma 9 stated in Section 3.2,
which provides estimates for the solutions to (17). We will then use the uniform bound on the k-marginals
S~ for the proof of Proposition 5. Proposition 5 allows passing to the limit in the hierarchy (17), and a
final use of Lemma 9 leads to proving uniqueness of the limiting hierarchy (21) to conclude the result of
Theorem 2.

3.2. The key technical lemma. We first present the key technical lemma which links the k-marginal L%,
control to the (k+1)-marginal L}, estimate control.

Lemma 9. Assume that K € L?(T1?) for some p > 1. There exist some constants A, C, and 6 depending
onlyon q, d, and o such that

t
IFenllyy, < WFnG =07, +q / / | Fi v 197 'sign(Fe n) Re, ye* % ds
! k 0
N—yk C /
+k F Ky ds
N Ng(t) [ Fr1,v ( )||qu)ek+]

for any entropy solution Fy y to (22) (in the sense of Section 2.4) and satisfying (6) with Fx y € L1 A(Der,
and for any 2 < q < oo such that 1/q +1/p < 1, with A(t) defined by A(t) = (A(1 +1))~L.

Proof. To be made fully rigorous, many calculations in this proof should involve a convolution kernel K,
estimating

o AL B

and passing to the limit in ¢ — 0 while using appropriately the entropy condition (20). For simplicity,
however, we will only present the corresponding formal calculations.
We hence calculate in a straightforward manner

7 f |Fen|7e % = ¢ f | Fe.n |7 sign(Fi.n)d, Fi v +3/(1) f Chy | Fiey |70
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Inserting now in this identity the definition of A(¢) and the (17), we find
d A

ll Fo v|4eM®ery

Ir / | Fie,n|"e

2
=4 [ 1Rt sign(F) Ly Fn) s 145 [ |Fk,N|q—1sign<Fk,N><Z Av,.Fk,N>e“f>ekvV

i<k

> / | Fin |7 sign(Fi v) V- f K (6 = Xir1) Fig 1y doxggr dogy 0%

i<k

N —vyk

—q

— AX3(0) / ey Fen |7 +q / | Fe.n |7 sign(Fiw) Re.ye™ 7.
Note that
g Fin|? 'sign(Fi n)(Li.y Fe.nv) = Liy | Fen 19,

so that by integration by parts, we formally have

q / | Fien 17" sign(Fie w) (Liy Fen)e 07 = / |Finl? Ly e’ =0.

On the other hand, again by integration by parts,

2
q%/le’mq_lSign(Fk,N)(Z AUiFk,N>€)L(I)ek’V

i<k
2
==ala=D Y %G [ 1Fnt 2, RO

i<k 2
~21(0) ) 5 / | Fiv |97 sign(Fex)v; - Vo, Feye™ 0%

i<k

By the Cauchy-Schwartz inequality, since g > 2, we obtain

2
Q%/|Fk,N|‘/—ISign(Fk,N)(Z AviFk’N)ek(t)ek‘V

i<k
2 2
—ala — o q-2 2,0 (0ey 4 94 4207 q 2 (Dex,
<=0 =D TG [ 1M BP0+ L2 [1F 1 Y o
i<k i<k
Note that, since ¢ > 0, we have Zisk |vi|? < ex and, therefore, combining all our estimates so far, we
deduce that

d A
o F q ,A(t)ek,y
dt/l knlle

2
=—ql¢—-D Z GZ / |Fi N |97 2|V, Fi |20
i<k

N —vyk

—q > / | Fi w17 ' sign(Fe, ) Vo, - / K (xi = xk41) Freg 1, dxpgr doggre 0%

i<k
— %)»z(l‘) / ey |Fk’N|qek(I)ek,y +q / |Fk,N|q71Sign(Fk,N)Rk,NeMt)ek’y,

provided that A > go?/(q — 1).
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We integrate by parts the second term in the right-hand side to obtain

> / | Fi.nv |4 sign(Frn) Vi, - f K (x; — xk41) Firr v dxigr dvogr1e”@%7 = RH; + RHy,
i<k

with

RH; =—(¢ - 1) Z/ | Fi N7V, Frn / K (xi = xk41) Fiey 1,y doggr doggre” O
i<k
and

RH, = _2)‘0)2/ |Fk,N|qISign(Fk,N)Ui/K(xi — Xp ) Fipr v dxpy dvoggy 0%
i<k

We perform a straightforward Cauchy—Schwartz inequality on both terms to find that

2
RHZSAZU)Z/ |F’<ﬂN|q|U"|2ek(t)ek"y+Z/ |Fk:N|q_2‘/K(xi—karl)FkJrl,N dxiq1 dvggr| 0%,
i<k i<k
and similarly
2
o —
RH;<7- ) / |Fi |72 |V, Fi v 7€ 0%
i<k
(qg—1)? g—2 ’ o
S Z | Fie,n | K (xi — xie1) Fie 1, N dXk1 doggr| €707

i<k
Note that by Young estimates
/ |Fenl?™?

2

e)‘-(t)ek,y

f K (xi — xkq1) Frg1, N dxpg1 doggy

< g)ﬁf | Fy n|9e* Oy 4 2 f ey
q ’ qri?

Therefore, combining together all those terms, we obtain the further estimate

q

/ K (xi — xkq1) Fra1, N dxpq1 dvoggy

2/ | Fx 9 sign(Fy vV, '/K(Xi — Xp1) Firt v dxpsy dogy e

i<k

< T3 [ 219,, B P05 +32) 4 4D N A SR T T
=4 s v; , qo_2 , l

i<k i<k
2 (g — 1)2 AD)e a
+ P 1+ Y7 Z eV K (% = X 1) Fre1t N dxper1 d g
i<k
Hence, provided that
—2)(g — 1)?
AZ2C](1+(q )(612 ) >
qo

we obtain

d N —vyk 4

o / |Fion |1 0% < Cq g.ak—=r | 0% | K (i1 = xics) P v xicsndviey
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At this point is where we take advantage of the specific structure of the hierarchy. Denoting by ¢* the
conjugate of ¢, namely such that 1/¢* + 1/g = 1, we bound

q
‘/ K (x1 — xg41) Feq1, 8 dxpq1 dogy

q/q*
* (% 2 2
< (/ 1K (x1 — xgq )[4 e @/DOMOMen " gy dvk+1> /le+1,N|qut)|vk“| dxi41 dvgy,

which implies
1 Cq ,o,d

‘/ K(x1 — xpp1) Frpi v dxpprdvoggpr| < W/(z—q*)(t)

A . 2
1K, / | Fipr v 19O oy dugey

since g > p*. Consequently

/ M0ty

q

/ K (x1 — xk41) Fieg 1,8 dXgt1 Ao

Cy.0.d q 2
< 0, q O vk |7+ ()er
= saaica g 1Kl / Frrtle drrdvne dh duin
Note that 5
14
Citly = ey + 1+ [vep1 >+ N Z G (xi — xpg1) > ey + 1+ vl
i<k
so that
. q
/e (Oex / K (xi = X1 fier 1, N d Xt 1 dgqn
Cq,(r,d

< _Cq0a g g 2 (Oexs
< oS UKL [ a1 dxy dv - iy dun

This finally lets us conclude, as claimed, that

d (e
—_ e WY
& [ 15l

_ N=7kCond
N Aad(r)

1K, f | i1 nl9er Dty g / | Fi.n |9 "sign(Fy v) Reye* %y, 0O

3.3. Proof of technical results. We start this subsection with the proof of Proposition 5.

Proof of Proposition 5. From the analysis in Section 3.1 and the assumptions (6) and (12) of Proposition 5,
we have that Fi y = fk.n is a renormalized solution to (17) and thus (22) with y = 1. Moreover, f; n
satisfies the other assumptions in Lemma 9 with Ry y = 0. Writing

Xi(t) = / | fen|TeM D,

we hence observe that, by Lemma 9, we have the coupled dynamical inequality system

Xi(t) < Xi(0) + kL / Xis1(s)ds
0
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for any ¢ € [0, 1], where
C

L=——|K|%,.
Ag(l)ll 7

From the assumptions of Proposition 5, we immediately have that
t
Xy (1) < F+kL f X1 (s) ds. 23)
0

We now invoke the following simple lemma.
Lemma 10. Consider any sequence Xy (t) satisfying (23). Then one has

m!

(@ —1)! !
(k— D! (m —k)!

ds. (24)
k— D' —k)!

m t
Xe@) <y FL'™ + L f X1 ($)(t —5)" "
1=k 0

Assuming Lemma 10 holds, we use (24) up to m + 1 = N to derive through the assumptions on fy that

N-1
[—1)! ! N -1
Xi(t) < Z FéLz—ktl—k¥+LN—k/ FV (1 — )N -1k ( ) ’
— (k=D —k)! 0 k—DI(N—-1—-k)!
that is
N-l (I —1)! N (N —1)!
Xe(t) <Y FgL! R PN NN . (25)
p k=D —k)! (k—DI(N —k)!
Note that
(-1 =(1—1)521_1.
k=D —k! \k=1
Hence (25) implies
N
X, (1) < Z FéLl—ktl—kzl—l 4 FNN—kgN—koN~-1
I=k
N-1
_ Zk—lF(;c Z Fé—kzl—kLl—ktl—k + Fkok—1 pN—k N—k;N—koN—k
I=k
< 2k—1FéC(2 _ 2k—N+1) + Fk2k—12k—N
< F§2k+Fk22k7N71’
provided that 4Lt max(Fy, F) < 1, which concludes the proof of the proposition. O

We finish with the quick proof of Lemma 10.

Proof of Lemma 10. Taking m = k in (24), we get

k!

k ! :
Xi(1) < Fy +LA Xk+1(S)m ds,
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which is our starting point. Moreover, assuming that (24) holds for m, we may use (23) to find

" e -1
Xe(t) <Yy FlLlRfkh ——
k()—l; 0 k— DI —k)!
rik 1t o d k ! d
Lm _ Fm L Xm t— m—
This yields
“ g =1 _ m! t _
X, (1) < FlLl ktl k_\» =7 Lm+1 ka+1 / t— m kd
"()—g 0 «—Dld—k! " O (k=D m—k)! o( & ’
t ! + 1)!
Lm+2—k/ X,, f f— "k gsd (m ,
+ ; +2(r) r( s) =D m — k)
or
i o (- _ m! .
"()—l; 0 (k—l)!(l—k)!+ O (k—D!m+1—k)!
t
B _ (m+1)!
Lm+2 kf X, f— m+1 kd ’
as claimed. U

3.4. Proof of Theorem 2. The proof of Theorem 2 follows closely the steps in the proof of Proposition 5,
once appropriate bounds have been derived.

(1) Uniform bounds on fy in LZN. First of all, note that from the assumptions of Theorem 2, we can
easily obtain a bound on fl(\), in LioeN for A large enough. Indeed

|f1(\)’|qe?~081v =V |f13|(162?»0 Di<n Ivflze(?»o/N) e d@i—x)—A0 Yy Ivilz_
[14N x RIN 14N x RIN

We have straightforward L” estimates on XN i jan ¢ Gi=x) =2 T il g by the Holder inequality,

N
e(’}\O/N) Dij=N P (xi—x))—rx’ Di<N Jvi 2 — c e(f)»O/N) Dijen d&i—xj)
[14N x RAN [éanN

N2
Ao
cV I o
N7 (HigN / e Lisn 90 x’)) =Nz
Ay N Ao

for some constant C and by assumption (7) in Theorem 2, provided that rA? < 1/6. This implies, again
by Hélder’s inequality,

N
e < S 019 T
4N xRIN )"N/Z 4N x RIN

gr*—1 0r*a 2r* 203, 2
N/2||fN|| / |fN|r qer leN‘vll A
4N x RIN
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Using now assumption (6), provided that 2r*Aq < §, we conclude

cvm\"
/ [falerer < ( ) 2o
H‘[NXRdN )\.0

for any g < oo. We now choose any fixed 2 < ¢ < oo such that 1/p 4+ 1/g < 1, and we remark that
the Liouville equation (4) is included in (22) for y =1, Ry y =0, and kK = N. Thus, we next invoke
Lemma 9 for fy with k = N and y =1 to find that fx solves

d

— | v, -, )l9er0N <0,
dt Jian gy

so that, from (26), we obtain

cvm\"
sup / |fn(t, -, )]ler oy < ( ) :
1<1 JIIN xRN Ao

This finally implies that there exists some constant F > 0 such that

sup / |fn(t, -, )7y < FN, (27)
ndNXRdN

t<1

(2) Uniform estimates on the marginals and passing the limit in the hierarchy (17). First of all we can
perform the same bounds on each f,g  to find similarly to (26) that

cvm\
0 qekoek < )
s 01 = (5)

As a consequence, every assumption of Proposition 5 holds and, in particular, assumption (12) holds.

This implies that, for some time 7* > 0 depending only on V, M, || K| .», and the choice of g, we have

sup sup / | fiwl ™0 < M*
N t<T* JTIkd xRkd

for some constant M. At this point, we will no longer need the potential in the reduced energy ex, which

was required to handle the L; operator that vanishes at the limit. For this reason and since ¢ > 0, we

deduce from the previous inequality that

sup sup / | fiwl e T Ziz il < gk (28)
N t<T* JI1kd x Rkd

These uniform bounds let us extract a converging subsequence such that all f; y converge weak-+ to
some fk in L ([0, T*], LZ,U) which also satisfies

sup / | fel 9T ik il < gk, (29)
t<T* [1kd x [Rkd

where we have used classical convex estimates. We emphasize that for the moment we only have
convergence of a subsequence, though we still denote it by N for simplicity. We eventually obtain the
convergence of the whole sequence only after the uniqueness of the limit is proved in the next step.
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From estimate (28) and since 1/g + 1/p <1, we may simply bound

> S K@ —x) Vo fiw

i<k Jj<k

k2
<
SV IKlel fenlzers,

X,V

LeL!

x,v,loc

For any fixed k, the corresponding term vanishes as N — oo. Similarly estimate (28) allows us to pass to
the limit

/ K (i = xe1) fier1, v dxes1 dvgn — K (xi = xk1) fiert doxin dvge
19 xRd M4 xRd
for the weak-« topology of L>®([0, T*], L% ). It is straightforward to pass to the limit in the sense of
distributions in all other terms of the hierarchy (17), so we deduce that f; is a solution to the limiting
hierarchy (21) in the sense of distributions.

We can also easily identify the initial value of fk From (17) and the bounds derived from (28),
we immediately obtain a uniform bound on 9; f x in L woLa By the assumption of Theorem 2,

x,v,loc*
fko’ y converges weakly to (f 0)®k 5o we have

fit =0) = (fO)%*.

(3) Uniqueness on the limiting hierarchy and conclusion. We first argue that f; is automatically a
renormalized solution to (21). Indeed, (21) can be seen as a linear advection-diffusion equation with a
locally Lipschitz velocity field (vy, ..., vx) and a remainder

Vo, / K (x; —xj)ka dxpy1 dvgs
4 x R4

that belongs to L®L{ , with ¢ > 2 per our prior estimates.

Next we note that, since f is a classical solution to the Vlasov equation (3), the f® also yield
renormalized solutions to the Vlasov hierarchy (21) for every k > 1. Due to the linearity in terms of
the sequence { fi}ren+ Of the Vlasov hierarchy, we get that each Fj = fk —f ®k is also a renormalized
solution to the Vlasov Hierarchy (21) for every k. Moreover, since f; and f®F are identical at the initial
time ¢ = 0, we have that Fj(t =0) =0.

Furthermore, by (29) and the assumption of Gaussian decay on f°, we have

sup f | Fe|7eP Dz 1H10D* < 7t (30)
t<T* [1kd x [Rkd

for some ﬁ and some M. Equation (21) corresponds to (22) in the case y = 0, where e, reduces
to ero =D i (1+ v 2. Hence, provided we choose some A possibly lower than A, we satisfy all

assumptions from Lemma 9.
Defining Y; = [ | F|?e*%0, we get for all k € N*

t
Yi(@) < kL/ Yiy1ds. 31
0
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We can then use Lemma 10 with Fp = 0 up to any arbitrary m to show, together with (30), that

~ ~ 4 !
Y. (¢ <Lm+1—ka+l/ t— m—k m: d
Ko = A S TR
< Zm+1—kﬂm+1tm+1—k(kfl) < 2k % QL Mry1*. (32)

By taking t < Ty with Ty small enough and sending m to co, we obtain that Yy (1) =0, and hence fk f ®k
on [0, Tp]. This allows us to repeat the argument starting from ¢ = Tj instead of + = O until we reach
the maximum time 7*. This finally allows us to conclude as claimed that f; = f®* over the whole
interval [0, T*].

Coming back to our extracted subsequence on f v, since all such subsequences have the same limit,
we have convergence of the whole sequence to the f®*, concluding the proof.

3.5. Proof of Theorem 3. The aim of this result is to provide a quantitative estimate between fi y and
fr that satisfies (17) and (21), respectively, for the tensorized limits f; = f ®k  First let us note that

FkN = fr.n — [k satisfies
N—k . .
FN N ZV gN , o’ § Fo v+
8; k +Lka + N L Ui-Al[XRd k+1K(~xl Xk+1)ka+] dUk+1 ) . AU,’ k,N Rk,N,

where L is defined in (18) and

k
Rk.n = Z[(K*/ )(f X;)
i=1 R

k
Z (xi —xj)] Vo fie-

N—k
N >V, / Jer1 K (X = xpq1) dxpqy doggr. (33)
i1 M4 xR4

2|~

We again use Lemma 9 with ¢ =2 to deduce

2
& |FnPe 0o + 223 19y, Fyn 20
dt Jikd prd 4 =g J Tk xRk
i<

N—k C2nd 2 / 2 A(t)
k_ K F Ck+1
N VKL | FPe

+2 (1) m&wﬂwm+/ Ri.nFiye™ . (34)

[1kd x [Rkd [1kd x Rkd

Note that Ry y may be written as

k
Z |:< /[Rad f)(t»xi)_K(xi_xj)]'vv,-fk

- ];k Z[vvi "/l:ldXRd fk_HK(xi —Xk+l)d-xk+1 dvk-i-l — (K*/I\Qd f)(t,.xl') 'vUifk:|- (35)

2|H
M»



A NEW APPROACH TO THE MEAN-FIELD LIMIT OF VLASOV-FOKKER-PLANCK EQUATIONS 1059

Then, using that f; = £, we have

k
k
/ Rk,NFk,Nek(t)ek :/ N E [(K*/ f) (t, x;) — K(x; —xl):| -V, kok’Ne)x(l)Ek,
[Tkd x Rkd ITkd s Rkd = Rd

where we have used the fact that the particles are interchangeable. Integrating by parts with respect to v;
and using Young’s inequality, we obtain

k 2,0 Rl P
R o vetDe < O f Vi, Fon P01 L (er
/nkdXde CNTEN 4N Z deXdel e Z deX[de

(1) ek|ﬂ<N|ze“’”"+1 / RE PO, (36)
[Tkd  Rkd ' 2 Jka xgra

~kl,N = |:(K*/ fdx> (¢, x;) — K(x; —xl):|fk,
Rd

k
Ry = Z[(K*/Rd fdx)(t,xi) — K(x; —xl)]fk-
i=1

where

‘We observe that
~ .
IRenll72 = Ck/ | fi|Per®ex
AMb)eg nkd X de

with a constant C that does not depend on k. We have also used the fact that, in particular, K € L?(IT¢)
and f € L®(I1¢ x RY).
Then, using (13) and letting N — 400, we get

sup | fi|Pe Doy < ok B,
l‘fT* deXRk‘[

We can insert this estimate into (36) for p = 2 to derive

Ry Fi ne™ %
nkd Xled

k
Lo’k Z IV, Fey [26-0% 4 a() ek Fi v 26> + Ck2* FL.
4 N ~ Jrkdygid ’ TTkd x Rkd ’
Once this estimate is incorporated into (34) and using that A'(¢) = —A(¢) /(1 + t), we can, following the
same lines of the proof of Proposition 5, repeat the estimate on the ODE inequality with the extra term
coming from the interaction of Fy y with rest term Ry y. This provides the conclusion that there exists 7*
such that

2% ~k ~k 0 012,40
SUP/ | fva — fil?e* % < Crey +C _/ |y — fi e O,
Tk x Rk n

(<T* kd  [Rkd

where C is a positive constant that does not depend on N and ey = O(e"), where ¢ < 1 depends on a
small enough 7*. This expression can be deduced in a similar way as (32) in the proof of Theorem 2.
We finally emphasize that the quantitative bounds of Theorem 3 would allow us to recover the optimal
convergence rate in O(1/N) recently obtained in [Lacker 2023].
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