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STABILITY AND LORENTZIAN GEOMETRY FOR
AN INVERSE PROBLEM OF A SEMILINEAR WAVE EQUATION

MATTI LASSAS, TONY LIIMATAINEN, LEYTER POTENCIANO-MACHADO AND TEEMU TYNI

This paper concerns an inverse boundary value problem for a semilinear wave equation on a globally hyper-
bolic Lorentzian manifold. We prove a Holder stability result for recovering an unknown potential g of the
nonlinear wave equation g u +qu™ =0, m > 4, from the Dirichlet-to-Neumann map. Our proof is based
on the recent higher-order linearization method and use of Gaussian beams. We also extend earlier unique-
ness results by removing the assumptions of convex boundary and that pairs of light-like geodesics can
intersect only once. For this, we construct special light-like geodesics and other general constructions in
Lorentzian geometry. We expect these constructions to be applicable in studies of related problems as well.
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1. Introduction

We consider the stability and uniqueness of an inverse problem for the nonlinear wave equation on an
(n+1)-dimensional, n > 2, globally hyperbolic Lorentzian manifold. As is well known, any globally hyper-
bolic Lorentzian manifold N is isometric to a product manifold R x M equipped with the product metric

= —B(t, x)dt* + h(t, x). (1

Here 8 > 0is a smooth function and (¢, - ), t € R, is a smooth one-parameter family of Riemannian metrics
on an n-dimensional manifold M ; see, e.g., [Bernal and Sdnchez 2005]. Let 2 C M be a smooth subman-
ifold of dimension # with smooth boundary and let us denote the lateral boundary of [0, T] x & C N by

= [0, T] x 3%2.

In local coordinates (x?) the d’Alembertian wave operator (g of g has the form

Z \/Wax“( @)l 51 )

MSC2020: primary 35L71, 58]45; secondary 35L05.
Keywords: Lorentzian geometry, nonlinear wave equations, inverse problems.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2025.18-5
https://doi.org/10.2140/apde.2025.18.1065
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1066 MATTI LASSAS, TONY LIIMATAINEN, LEYTER POTENCIANO-MACHADO AND TEEMU TYNI

Here we write (g~ 1) 45 = (¢%%), a,b =0, ..., n, as usual. We consider the nonlinear wave equation

Ogu(t,x)+q(t, x)u(t,x)” =0 1in[0,T] x 2,
u=f on [0, T] x 0€2, @)
u(0,x) =d;u(0,x) =0 on €2,

where we assume that the exponent m is an integer greater than or equal to 4. The inverse problem we
study is the stability of recovery of the potential ¢ from the Dirichlet-to-Neumann (DN) map

A:HSYU(E) — HY(Z), [ dvuyls,

where u ¢ is the unique small solution of (2) and 9y, is the normal derivative on X. Here also Hg t1land H*
refer to Sobolev spaces, where s € N will be specified later. See Section 1.4 for details about Sobolev
spaces and Section 2 for details about the well-posedness of the forward problem. The present work is a
continuation of the authors’ earlier work [Lassas et al. 2022], which considered the stability of a recovery
of the potential g of (2) in the Minkowski space of R” 1. We describe our main results in Section 1.1.

Studies of uniqueness and stability of the recovery of unknown parameters in inverse problems are
motivated by practical applications. Let us mention some results on inverse problems for linear wave
type equations. First results in this direction for the linear wave equation with vanishing initial data were
obtained in [Belishev 1987; Belishev and Kurylev 1992]. The approach there is called the boundary control
method and it combines both the wave propagation and controllability results [Katchalov et al. 2001]. The
boundary control method allows also an effective numerical algorithm [de Hoop et al. 2018]. Recently,
there have been several results on determining a Riemannian manifold from partial data boundary measure-
ments for the linear wave equation and related equations such as the ones in [Anderson et al. 2004; Helin
et al. 2018; Isozaki et al. 2017; Kian et al. 2019; Krupchyk et al. 2008; Kurylev et al. 2018b; Lassas 2018;
Lassas and Oksanen 2014]. However, the boundary control method has been applicable only in the cases
where the coefficients of the equation are time-independent, or when the lower-order terms are real analytic
in the time variable [Eskin 2007]. In a geometric setting it has been studied if it is possible to recover a
Riemannian metric g from the Dirichlet-to-Neumann map of the equation (32 — A ¢)u = 01n a stable way.
Earlier results for recovery of the metric are based on Tataru’s unique continuation principle, which yields
stability estimates of logarithmic type; see, e.g., [Bosi et al. 2022]. Later these results have been improved
by using different techniques and different assumptions. For example, in [Stefanov and Uhlmann 2005] it
was shown that a simple Riemannian metric g can be recovered in a Holder stable way from the DN map.
For examples of instability of inverse problems for a wide class of equations; see [Koch et al. 2021].

Concerning the unique recovery of potentials for a linear counterpart of (2) with lower-order terms we
mention [Feizmohammadi et al. 2021; Stefanov 1989; Stefanov and Yang 2018]. These works make use
of propagation of singularities along bicharacteristics to determine integrals of the unknown coefficients
along light rays. In these results, the Dirichlet-to-Neumann or scattering operator needs to be known over
all of the lateral boundary X.

Moving on to inverse problems for nonlinear wave equations, Kurylev, Lassas and Uhlmann [Kurylev
et al. 2018a] observed that nonlinearity can be used as a beneficial tool in inverse problems for nonlinear
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wave equations. By exploiting the nonlinearity, some still unsolved inverse problems for linear hyperbolic
equations have recently been solved for their nonlinear counterparts. The first results in [Kurylev et al.
2018a], for the scalar wave equation with a quadratic nonlinearity, already showed that local measurements
of solutions of the nonlinear wave equation determine the global topology, differentiable structure and the
conformal class of the metric g on a globally hyperbolic (34 1)-dimensional Lorentzian manifold. The
results of [Kurylev et al. 2018a] use the so-called higher-order linearization method, which has made
inverse problems for nonlinear equations more approachable. The method has given rise to many new
results on inverse problems for nonlinear equations. We will explain the method later in this Introduction.

The authors of [Lassas et al. 2018] studied inverse problems for general semilinear wave equations on
Lorentzian manifolds, and in [Lassas et al. 2017] they studied the analogous problem for the Einstein—
Maxwell equations. The papers [Hintz et al. 2022a; 2022b] are closely related to this work. They use the
higher-order linearization method to study uniqueness for the inverse problem of (2). However, these
works have additional assumptions that the domain €2 of the time cylinder [0, T'] x €2 is convex and that
light-like geodesics can only intersect once. These conditions are removed in the present work. Our
results will in particular improve results in [Hintz et al. 2022b].

The research of inverse problems for nonlinear equations is expanding fast. By using the higher-order
linearization method, inverse problems for nonlinear models have been studied for example in [Balehowsky
et al. 2022; Carstea et al. 2019; Chen et al. 2021; 2022; de Hoop et al. 2019; 2020; Feizmohammadi and
Oksanen 2020; 2022; Kang and Nakamura 2002; Krupchyk and Uhlmann 2020a; 2020b; Kurylev et al.
2022; Lai et al. 2021; Lassas et al. 2021a; 2021b; Oksanen et al. 2024; Sun and Uhlmann 1997; Uhlmann
and Wang 2020; Wang and Zhou 2019].

1.1. Main results. The present work is a continuation of [Lassas et al. 2022] to the setting of globally
hyperbolic Lorentzian manifolds. In that work we considered a stability result for a recovery of the
potential ¢ of (2) in R"*1. We denote by (¥, g) a globally hyperbolic manifold. We assume that the
dimension of N is n + 1, where n > 2. As explained earlier, we view N as the product manifold R x M
equipped with the product metric (1) and where M is an n-dimensional manifold. For 7" > 0, we fix a
time-interval [0, T]. We assume that Q C M is an n-dimensional submanifold of M and that Q2 has a
smooth nonempty boundary 9€2.

The finite propagation speed of solutions to the wave equation and the causal structure of (N, g) cause
natural limitations on the parts of [0, 7] x  where we can obtain information about the potential in the
inverse problem. Let W be a compact set belonging to both the chronological future /(X) and past
I~ (X) of the lateral boundary X = [0, T'] x 092:

Wl ()NIT(E)N0,T]x Q). (3)

(See Section 1.2 for the definitions of /% (%) and other basic Lorentzian geometry concepts.) This is
the domain which can be reached by sending waves from X so that the possible signals generated by
a nonlinear interaction of the waves can also be detected on X. We do not assume that [0, T] x 9L2 is
convex or that light-like geodesics of (&, g) can only intersect once.
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Below we use the notation H for the closure of the space of compactly supported smooth functions,
with respect to the Sobolev H* norm. The main result of this work is the following:

Theorem 1 (stability estimate). Suppose (N, g), N =RxM, is an (n+1)-dimensional globally hyperbolic
Lorentzian manifold. Let T > 0 and let Q@ C M be a submanifold with smooth nonempty boundary. Let
m > 4 be an integer, s € N with s + 1 > % andr € Rwithr <s. Let j = 1,2. Assume that
q; € CSTHRx Q) satisfy ||qj | cs+1 < ¢, j = 1,2, for somec > 0. Let Aj : HSH(E) — H"(X) be the
corresponding Dirichlet-to-Neumann maps of the nonlinear wave equation (2).

Leteg >0, L >0andé € (0, L) be such that

IAL(f) = A2 ()llar(z) <8

forall f € HYTY(Z) with | f Il zzs+1(x) < €0. Then there exists a constant C > 0, independent of q1,q2
and § > 0, such that
g1 — g2ll oo ) < €87, (4)

h
where 8(m —1)

2m(m—1)8s—n+13) +2m—1"

A corollary of the theorem is a uniqueness result, which improves the main result of [Hintz et al.

o(s,m)=

2022b] by allowing nonconvex boundary and light-like geodesics to intersect more than once.

Corollary 2 (uniqueness). Adopt the notation and assumptions of Theorem 1. Then the Dirichlet-to-

Neumann map A uniquely determines the potential q within the set W.

We only consider the case m > 4 in this work as the other natural cases m = 2 or m = 3 would lead
to additional considerations. The reason is that our method leads to a density problem for products of
m + 1 solutions of the wave equation. The solutions we use do not yield density in the case m = 2, and
not even in the case m = 3, when light-like geodesics can intersect several times. We mention that the
authors of [Hintz et al. 2022b] needed to use different types of solutions in their uniqueness proof when
m = 2 than in the cases m > 3. We expect that both the cases m = 2 and m = 3 can be handled by a
method developed in [Feizmohammadi et al. 2023] for an elliptic equation with quadratic nonlinearity
transferred to the current hyperbolic setting. We consider the cases m = 2, 3 in a future work.

We explain next how our results are proved and how we are able to consider nonconvex boundaries
and the case where light-like geodesics can intersect more than once.

1.2. Sketch of the proof of Theorem 1. Let us discuss the main ideas behind the proof of Theorem 1.
We first discuss how to recover ¢ uniquely from the DN map A associated with (2). To avoid technical
details, the presentation here is slightly formal. We also only consider here the case m = 4 for simplicity,
while the case m > 4 is similar.

We first recall some notation and definitions in Lorentzian geometry following the books [Beem et al.
1996; O’Neill 1983]. Let (N, g) be a Lorentzian manifold. A smooth path u : (a,b) — N is said to be
time-like if g(g(s), ft(s)) < O for all s € (a, b). The path p is causal if g(fi(s), 1(s)) <0 and p(s) #0
for all s € (a, b). For p,q € N we write p < g if p # ¢ and there is a future-pointing time-like path from
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p to q. Similarly, p < g if p # g and there is a future-pointing causal path from p to ¢, and p < g when
p =q or p <q. The chronological future of p € N is the set I T (p) ={g € N | p < ¢} and the causal
future of p is J ¥ (p) ={g € N | p < q}. The chronological past / ~(g) and causal past J ~(q) of g € N
are defined similarly. If A C N, then we define J*(4) = Upe ad £(p). The sets T (p) are always
open. If (N, g) is in addition globally hyperbolic, then the sets J(p) are closed, and the sets *(p)
and J £ (p) are related by cl(I*(p)) = J(p); see [0’ Neill 1983, Lemmas 14.6 and 14.22]. Finally, a
geodesic from p € N with initial direction £ € T, N is denoted by y, ¢(1) = exp, (¢§).

Consider f; € Hg“ (2), j=1,2,3,4, with || f; || grs+1(x) < co for some constant c¢o > 0. Let us denote
by Ug, £, 4.+, £, the solution to (2) with boundary data &1 f1 + - + €4 f4, where &; > 0 are sufficiently
small parameters. We abbreviate the notation by writing € = 0 when referring to 1 = --- = g4 = 0. By
taking the mixed derivative 831 wg4l5=0 Of the solution ug, f, 4...1¢, £, to (2) with respect to the parameters
£1,...,&4, we see that the function
De1 DeqlzmqerSitteats
solves the equation

Ogw = —16qvivav3vgs in [0, T] x Q ®))
with vanishing Cauchy and boundary data. Here the functions v;, j = 1,...,4, satisfy

Ogv; =0 in [0, 7] x Q,

vj = f; on [0, T'] x 02, (6)

Vjlt=0 = 0;Vj|;=0 =0 in Q.
This way we have produced new linear equations from the nonlinear equation (2). If the DN map A is
known, then the normal derivative of w is also known on 2. This is true, because

dyw = 37, .o, lzmoA(E1 1+ + 4 fa).

Let vg be an auxiliary smooth function solving Ogv = 01in [0, T] x 2, with vo|;=7 = 0;Vo|;=7 =01in Q.
The function vg will compensate for the fact that d,w is known only on the lateral boundary X, but not
on {t = T'}. The normal derivative d,,w is known on {¢t = 0} due to the initial conditions. Multiplying (5)
by vg and integrating by parts on [0, T'] x 2, we arrive at the useful integral identity

/Evoagl...mlg:o/\(&fl +--4e4f4)dS =/ vodgwd Vg

[0,T]x
=—16[ quov1v2v3v4 d V. (7)
[0,T1xQ2
This means that the quantity
/ quov1v2v3Vs d Vg (8)
[0,T]x%
is known from the knowledge of the DN map A. Since the functions v;, j =1,...,4, were arbitrary

solutions to (6), we are able to choose suitable solutions v; so that the products of the form vovivav3v4
become dense in L' ([0, T'] x ). This recovers the potential ¢ uniquely. The procedure we have now
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explained results in new equations, and an integral identity relating the DN map and the unknown ¢, by
differentiating solutions to the nonlinear equation (2) depending on several parameters. This procedure in
general is called the higher-order linearization method.

The earlier work [Lassas et al. 2022] by the authors studied an analogous stability problem in the
Minkowski space. There v; were chosen to be approximate plane waves so that the product viv2v3v4 in
the integral (8) essentially becomes a delta function of a hyperplane. Hence the integral (8) in that work
became the Radon transformation of gvg in R”. Since the Radon transformation in R” is invertible, this
recovered ¢g. In 14-1 dimensions, the integral (8) becomes an integral of gvo against a delta distribution,
in which case the recovery of pointwise values of qvy is trivial. The auxiliary function vg in the product
qvo can be eliminated by choosing vg suitably.

Motivated by the above explanation, in the present work we shall consider the so-called Gaussian beam
solutions v; to (6). One can think of Gaussian beams as wave packets traveling on light-like geodesics. In
Sections 3 and 5 we will show that by using the nonlinearity of (2) and Gaussian beams, one can produce
approximate delta distributions from the product v vpv3v4 in (8). This uses the fact that Gaussian beams
are solutions to the linear wave equation (6) with exponential concentration to a neighborhood of a given
light-like geodesics up to a small error term. Thus, if two different geodesics intersect, then the product
of the corresponding Gaussian beams concentrates near the intersection points of the geodesics. The
product of four, instead of two, Gaussian beams is required to cancel oscillations of the product of the
solutions. (If oscillations would not be canceled, one would expect not to be able to recover g due to the
nonstationary phase.)

Let us explain how we use four Gaussian beams in (7) in more detail. Let us consider pg € W C
I (Z)NIT(Z)N ([0, T] x Q). We show that there exist two different geodesics y; and y, that pass
through pg and that intersect X in a suitable manner. We distinguish two cases depending on whether y;
and y, intersect only once or multiple times. Let us explain first the simpler case, where the geodesics
y1 and y» intersect only at the point pg. Let v; and v, be Gaussian beam solutions to (6) with respect
to y1 and y,. Making the choice v3 = ¥; and v4 = ¥ yields vjvav3v4 = |v1|?|v2|?. Evaluating this
product, one finds that the product |v|?|v|? is an approximation of the delta distribution concentrated
at po. Therefore, by using the integral identity (7) for this specific product v{v;v3v4, and the knowledge
of the DN map, we can recover quvg at pg. We take vg to be another Gaussian beam that is nonzero at py.
This way we have recovered g at pg. Repeating the argument for all points of W recovers g on W.

Suppose next that y; and y» intersect at points x1 <--- < xp, P > 2. Using arguments similar to those
above, the integral (8) reduces to an integral of gvg against a sum of approximate delta functions located

at the intersection points X1, ..., xp. That is, by using (7), we know from the DN map A the quantity
P
> q(x)volxk) )
k=1

up to an error, which can be made arbitrarily small by taking a parameter associated to the Gaussian
beams large enough. The task is then to decouple the information about gvg at each single point x; from
the sum above.
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To decouple the information, the choice of vg plays a crucial role. Recall that the only requirement
from vo was that it satisfies the wave equation Cgvg = 0 with Cauchy data vanishing at = 7. We
show that there is a family (v(()k)) ,f=1 of P functions, satisfying the required conditions for vg, with the
property that the matrix

o)) v (2) e vg (xp)
po [ 00 0P 00) P )
P) P P
v(() )(x1) v(() )(xz) - U(() )(xp)
is invertible. Thus, by using (9) for each v(()k) in place of vg separately we know the quantity
q(x1)
1% :

q(xp)

from the DN map A. Since V is a known invertible matrix, this uniquely recovers the values of the
unknown potential g at the points x1,...,xp. We explain in Section 1.3 the idea of how the matrix V is
constructed, while complete statements and proofs about the matter are in Section 5.6. The matrix V is
called a separation matrix.

So far, we have sketched the proof of unique recovery of ¢ from the DN map A associated with (2).
We briefly discuss how to quantify the uniqueness result and thus to prove a stability estimate. To obtain a
stability estimate for ¢ in terms of A, instead of differentiating (2) with respect to €1, . . ., &4, we take the
mixed finite difference Dg]~-~s4 of Ug, £, 4te, £, A€ =0. (Recall that € = 0 stands for g1 =--- =4 =0.)
In this case, we obtain a slightly different version of the integral identity (7) given by

—16/ quov1V2V3V4 d Vg
[0,T]xS

1 -
4
— voDZ . / voleRdV,.
[z Frmes e1--e4 Jorxe  © &

Here the second integral on the right is a small error term, where R is of the size O({g1, ..., &4)7) in
an energy space norm. For details, see (11) and (23)—(24). Here we also denote by (e1,..., (94)7 an
unspecified homogeneous polynomial of order 7 in €1, ..., &4. If po € W is fixed, a stability result for g
at po follows by using Gaussian beams associated to the light-like geodesics y; and y» described above,
optimizing with respect to the parameters €1, . . ., &4 and the parameters related to the Gaussian beams vy,

0/\(81f1 +--teafa)dS +

-
e=

U2, U3 and vg4. The implied constant of the stability estimate at the fixed-point estimate depends on py.
To show that the constant can in fact be taken to be independent of po we must vary the geodesics y;
and y» and the corresponding Gaussian beams smoothly. This requires some work, which is done in
Section 3. In addition, we must also use different separation matrices for different points in W. These
separation matrices will be constructed with respect to a suitable finite collection of solutions to Clgv = 0.
The finite collection will called a separation filter, which is explained in the next section.



1072 MATTI LASSAS, TONY LIIMATAINEN, LEYTER POTENCIANO-MACHADO AND TEEMU TYNI

Figure 1. The lateral boundary X (orange cylinder) intersects the lightcone (blue cone) of a
point x (apex of the cone) along the black curves. The point zg, is the latest and zj,r the earliest
point on X which can be reached from x by an optimal geodesics. We call these optimal geodesics
boundary optimal geodesics.

1.3. Lorentzian geometry tools. To prove our main results, we make some constructions in Lorentzian
geometry. The main constructions we develop are boundary optimal geodesics and separation matrices.
We explain briefly what these are next. Since we expect the constructions to have applications in related
inverse problems as well, and they might also be of interest in Lorentzian geometry in general, this section
is written to be independent of the inverse problem we consider. We follow the terminology of the book
[O’Neill 1983], and we have included the used concepts of causality in Section 1.4 for an easy access.

Boundary optimal geodesics. Let us first explain what is a boundary optimal geodesic. As before we
consider the subset [0, T']x 2 of a globally hyperbolic smooth Lorentzian manifold Rx M, dim(M)=n>2,
equipped with the metric (1) and where €2 is a smooth submanifold of M with boundary and of dimension 7.
The lateral boundary X refers to the set [0, 7] x dQ2 as before. As is by now quite standard, see, e.g.,
[Kurylev et al. 2018a; O’Neill 1983], we say that a geodesic connecting the points x,y € N, x < y,
is optimal if the time separation function t of these points vanishes, t(x, y) = 0. The time separation
function is the supremum of lengths of piecewise smooth future-directed causal paths from x to y; see
(49) or [O’Neill 1983] for details. An optimal geodesic is always light-like.

Let us then consider a point x € I~ (X) N ([0, T]x 2). In the inverse problem of this paper, we consider
Gaussian beams that vanish on a neighborhood of {t = T'}. For this, it is required to find past-directed light-
like geodesics of [0, T]x 2 from X to x € [0, T'] x 2, which do not intersect the set {t = T'}. In Lemma 15,
we show that we may find a point zj,r of the lateral boundary ¥ and an optimal past-directed geodesic y
from zjur to x. The situation is illustrated in Figure 1. In the figure, the point zj,r € X, is the point which
has the smallest time coordinate in the intersection of the light-like future of x (the upper cone) and X. The
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light-like geodesic y from zjuf to x is not only optimal, i.e., T(x, zjs¢) = 0, but it also necessarily intersects X
transversally even if ¥ would be nonconvex. We call the geodesic y a boundary optimal geodesic.

Note that by deforming ¥ in the figure to a nonconvex manifold, it is possible to find optimal geodesics
from x to points in X, which intersect X tangentially. Therefore, not all optimal geodesics are boundary
optimal geodesics. Similarly, for x € I 7 (Z) N ([0, T] x ), we also prove in Lemma 15 that we may
find a future-directed boundary optimal geodesic from zg,, € X to x also presented in Figure 1.

We remark that in inverse problems related to the one studied in this paper, convexity of the lateral
boundary is assumed to have light-like geodesics that intersect the boundary transversally; see, e.g., [Hintz
et al. 2022b]. By using boundary optimal geodesics of this paper, the convexity assumption in that work
can be dropped. We expect this to be true also in related inverse problems.

We make the notion of boundary optimal geodesics precise in the form of the following definition.
Below, the time coordinate, or the time function, of N is ¢.

Definition 3 (boundary optimal geodesic). Let (N, g) be globally hyperbolic, N =Rx M, Q C M a
manifold with boundary and X = [0, T'] x 02. We call a geodesic y : [0, 1] — [0, T] x R a past-directed
boundary optimal geodesic to x € J (%) if

(1) y(0) € ¥ and y(1) = x,
(2) the time coordinate of y(0) equals

finf = inf{d € [0, T] | there is Z € ¥ such that 7(£) = d and 7(x, %) > 0},

(3) vy is an optimal geodesic connecting the points x and y(0).

Similarly, we call y a future-directed boundary optimal geodesic to x € J 7 (Z) if the time coordinate of
y(0) equals instead

fsup = sup{c;? €[0,T] | there is Z € X such that ¢ (Z) = d and ©(Z,x) > 0}.

We refer to both past- and future-directed boundary optimal geodesics to x respectively belonging to
J7(2) and J T (X) collectively as boundary optimal geodesics.

Remark 4. Boundary optimal geodesics are related to a recently introduced concept of null distance
[Allen and Burtscher 2022; Sormani and Vega 2016]. A null distance turns a Lorentzian manifold
admitting a suitable time function into a metric space in a conformally invariant way. In particular, a
globally hyperbolic manifold N becomes a metric space with a metric d : N x N — [0, 0c0). We wish to
state here the following facts, even though we do not use them.

If y is a boundary optimal geodesic connecting z € X to x, then |f(x) —t(z)| = d(x, z). Moreover,
a boundary optimal geodesic minimizes the distance between x and its future causal lateral boundary
¥ N J1(x) in the sense that

d(ZNJT(x), x) = d(Zint. X).

where zj,r € ¥ N J 1 (x) is the starting point of a past-directed boundary optimal geodesic to x. We have
similarly for the past causal lateral boundary ¥ N J~(x). In this sense, boundary optimal geodesics are
an analogue to Riemannian geodesics that minimize the distance to a boundary.
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Figure 2. Past-directed light-like geodesics (red dashed lines) that separate the intersection points
x1 and x; of future-directed light-like geodesics (black). The geodesics in red and black intersect
Y attimes t < T and ¢ > 0 respectively.

Separation matrices. Having explained what optimal and boundary optimal geodesics are, we are ready
to present what a separation matrix is and how it is constructed.

Definition 5 (separation matrix). Let x1,...,xp €[0,T] xQ and vy,...,vp be solutions to Ogv =0
in [0, T'] x Q. If the matrix
vi(x1) valxy) --- wvp(xy)
v1(x2) va(xz) -+ vp(x
1(‘ 2) v2(x2) . P(‘ 2) (10)
vi(xp) va(xp) -+ vp(xp)
is invertible, we call it a separation matrix.
In general, if x1,...,xp € I 7 (X) N ([0, T] x d2) satisfy x; <--- < xp we show in Lemma 17 that
there are P solutions vg, k =1,..., P, to the wave equation (g v = 0 whose Cauchy data vanish on

{t = T} such that the corresponding matrix (10) is invertible and thus a separation matrix.

Let us consider here the simplest nontrivial case P = 2 and assume that x1, x, € I~ (X)N ([0, T] x 92)
satisfy x1 < x5. To construct suitable solutions v; and v; in this case, we proceed by first choosing two
light-like geodesics as follows. The choice is illustrated in Figure 2, where the points x; and x; are
the intersection points of the black curves. (In our inverse problem the black curves are also geodesics,
but that is not important for the present discussion.) By the discussion above, we may find a boundary
optimal geodesic y; between x; and x1 jpr € 3 and another boundary optimal geodesic y, connecting x>
to X. Next we note that if y; also meets x,, then we can perturb the initial direction of y; at x; to have a
new light-like geodesic that does not meet x,. Indeed, if the new perturbed geodesic would still meet x5,
then it is a fact that there would be a shortcut path from x; to X which has positive length. This would
contradict the condition t(xy, x1,inf) = 0. We refer to the proof of Lemma 17 for the details. We also
note that it is possible that y, meets x7.
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By the above discussion, we have the light-like geodesic y; from x; to ¥ which does not meet x;
and another light-like geodesic from x;, to . Corresponding to these two geodesics there are respective
Gaussian beam solutions vy and v, to Ogv = 0 with vanishing Cauchy data at { = T'}. By using the
properties of Gaussian beams, we know that v; and v, are concentrated to small neighborhoods of the
corresponding geodesics, respectively. See Section 3 for details. Thus we have for k,/ = 1, 2 that

k(D= 1, k=1,
e (x| <1, k>1,

[vg (x7)| <co. k<,

where cg > 0 is a constant. Therefore the matrix V in (10) in this case is approximately a lower triangular
matrix with ones on the diagonal. Thus V is invertible, and hence a separation matrix in our terminology.
Vaguely speaking, we can separate points by solutions to the wave equation gv = 0. We mention that a
similar condition has been used in the study of inverse problems for elliptic equations in [Guillarmou
et al. 2019; Lassas et al. 2020].

Finally, we mention that when proving our stability result in this paper, we can only use finitely many
separation matrices. For this, we show that there are finitely many solutions v to [gv = 0 with vanishing
Cauchy data at {t = T'} such that the separation matrices made out of these solutions can separate any
fixed number of points in 1~ (X) N ([0, T'] x 2) that are distinct in a precise sense. In the definition below,
g is an auxiliary Riemannian metric on [0, 7] x 2.

Definition 6 (separation filter). Let K C [0, T] x  be compact and P € N. A finite collection M C
C>°([0, T] x 2) of solutions to Ogv = 0 is called a separation filter if the following holds: For any points
X1,...,xp € K suchthat x; < xp <---<xp and dg (xg,x;) > § for x # x;, k,I =1,..., P, there are
V1,...,Vp € M such that the matrix (vg (x;))f:’ ;=1 in (53) is invertible (and thus a separation matrix).

In Lemma 18 we show thatif K C I (Z) N 1T (Z) N ([0, T] x ), then a separation filter exists.

1.4. Preliminary definitions. The Sobolev spaces H® on a compact smooth manifold can be defined in
several ways (up to equivalent norms). We define Sobolev spaces first on the manifold N = R x M using
partition of unity on charts; see, e.g., [Hormander 1983; Roe 1988; Taylor 2011]. Sobolev spaces on the
time cylinder [0, T'] x 2 are then defined by restriction:

H* ([0, T1x Q) :={flo,r1xa | f € H*(Rx M)}.
As usual, the dual space of H” ([0, T] x ), r >0, is defined as
H7([0,T1xQ):={f e H"(Rx M) | supp f C[0,T]xQ}.

It is endowed with the norm

g

gl - S TS
H=7([0,T]xR) vl &r o, 71x )
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where the supremum is over all v € H” ([0, T] x M), v # 0, with suppv C [0, T] x Q. By the Riesz
representation theorem, one can always find fo € H"(Rx M) so that forallv e H"(Rx M)

”f”ﬁ—r([o,T]XQ) = ||f0||H’(RxM)’ f(v) = (fO» U)-
Additionally, if supp v C [0, T] x 2, then we have for all v € H" ([0, T] x M) the estimate

F @) = 1o o) < 11l gr go.71xen 1V 187 G0, T1x00)-

Sobolev spaces of the manifold €2 with boundary are defined similarly. By the notation H; we mean the
closure of the space of compactly supported smooth functions with respect to the Sobolev H* norm.

Structure of the paper. This paper is organized as follows. In Section 1.1 we present our main results
and explain briefly the structure of the proofs. Section 2 studies the forward problem of the nonlinear
equation (2). Most of the proofs of Section 2 are included in the Appendix. Section 3 concerns the
construction of Gaussian beams in Lorentzian manifolds. In Section 4 we construct the tools of Lorentzian
geometry which we use in our inverse problem. This section in particular shows it is possible distinguish
different points of a Lorentzian manifold by using solutions to the wave equation. The section introduces
the concepts of boundary optimal geodesics and separation matrices. Finally, in Section 5 we collect the
results we have obtained until that point to give a proof for our main theorem. For clarity, the proof is
split into several parts.

2. Well-posedness of the forward problem

To prove existence of small solutions for the nonlinear wave equation (2), we start by recalling the
corresponding results for the linear initial-boundary value problem
Ogu=F in[0,T]x%,
u=jf onl0,T]x0%,
Ulp=0 = uo, drul;=0=uy in Q.
Let s € N. Convenient spaces for solutions of the wave equation are called energy spaces E, defined as
E* = (1) C*(o.T]: H*7F(Q).
0<k<s
These spaces are equipped with the norm
lullgs = sup_ D 107uC-.0llgs—r(g). (11)
o<t<T 0<k<s
As is the case with the Sobolev spaces H*(S2), the space E* is an algebra if s > 5 and we have the norm
estimate

luvlgs < Csllullgs|v]lgs forallu,ve E®.

The above facts are well known, see, e.g., [Choquet-Bruhat 2009, Appendix III, Definitions 3.4(2) and 3.5],
but for completeness of our presentation, we sketch a proof for them here for the case s € N. For this, we
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let u, v € E’ and show that the pointwise product uv is in E®. Since

N
luvles = sup > (195 o) gs—eq)-
k=0

0<t<T ; _

it suffices to show that each term of the form

sup [|0%2 070 || s (o)
0<t<T
is finite for @ + b = k and for each k = 0,...,s. By using [Choquet-Bruhat 2009, Appendix III,
Definition 3.4(2)] or [Behzadan and Holst 2021, Corollary 6.3 or Theorem 7.4], we see that when
51,52 > s > 0and sg 452 > s + 7 the following multiplication property holds in Lipschitz domains:

H(Q) x H2(Q) C HY ().

Since u,v € E* we find 09u € H"%(R2) and d%v € H*~b(Q) for all fixed ¢ € [0, T] and the implied
norms are uniformly bounded in #. We have s —a, s —b>s—k >0and (s—a)+ (s —b) > (s—k) + 7,
since s > 5 and a + b = k. This implies Bgua?v € HS7%(Q) for all t € [0, T] with the implied norm
uniformly bounded in ¢ as required.

Remark 7. We note that E¥ C H*([0, T'] x ). Conversely, due to the standard Sobolev embedding

H5([0,T] x ) C C¥([0,T] x ), when s > k + 2+L we have that H¥' ([0, T] x ) C E*, when

2 b
s’ > s+ 2+L In particular,

||“||H»Y([0,T]x§z) S lulles < ||”||Hs’([o,T]xQ)- (12)

For the wave equations we consider, we need to assume certain compatibility conditions between the
boundary values and the initial data. The compatibility conditions for (2) to order 2 are given by

Sfli=0o =uolpq, 0:fli=0 = 0rulioixae = u1lpq.
37 fle=0 = 07ulioyxa = B~ 'lioyxan (Anuolag + Flioyxag)- (13)

Here the smooth function 8 and g are related by (1). The compatibility conditions up to general order s are
obtained by setting 3% f|,—g = 3],fu|{0}xag, for k =0, ...,s, and then solving for 3% u l{0yxag in terms of
the initial data by using the equation Cgu = F. These conditions guarantee that at the boundary d<2 the
initial data (u¢, u1) is compatible with the corresponding boundary condition f. These conditions have
been discussed for example in [Katchalov et al. 2001, Section 2.3.7] in the simpler case where the metric
is time-independent. Especially, if 3Iff |t=o =0forallk =0,...,s,orif f is supported away from the
Cauchy surface {t = 0}, and F =0 and ug = u; = 0, then the compatibility conditions of order s hold.

Proposition 8 (existence and estimates for the linear equation [Ikawa 1968; Lasiecka et al. 1986]). Assume
that (Rx M, g) is a globally hyperbolic Lorentzian manifold as in (1) and Q C M is a compact submanifold
with nonempty boundary. Let s € N be a positive integer and assume that F € ES, f € HTI(%),
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ug € HTY(Q) and uy € HS(Q) satisfy the compatibility conditions. Then the equation
Oeu=F inl0,T]x L,
u=f on X, (14)
U=ugp, dgu=u; n{t=0}xQ

has a unique solution u € E*T1 satisfying

lullgs+1 = CUIFNEs + 1 f lgs+1(z) + luollgs+1@) + luillas @) (15)
and dyu|y € H5(X).

As we could not find a proof for Proposition 8 in general for globally hyperbolic Lorentzian manifolds,
we have included one in the Appendix. The energy estimates of the linear problem (14) directly allow us
to conclude that the nonlinear problem (2) has a unique small solution in £+, The proof of the following
lemma is similar to the one in [Lassas et al. 2022, Proof of Lemma 1, Appendix A]. We omit the proof.

Lemma 9. Let m > 2 be an integer and Q2 C M be a compact submanifold, dim(2) = dim(M), with
nonempty boundary. Assume s € N is such that s + 1 > % Suppose that g € CST1([0, T] x Q) satisfies
the a priori bound ||q || cs+1 < ¢ for some ¢ > 0. Then there are k > 0 and p > 0 such that if f € HST1(X)
satisfies || f | gs+1(xy <k, and 0 f|t=0 =0 foralloa =0, ...,s on [0, T| x 92, then there is a unique

solution to
Ogu +qu™ =0 inf0,T] xR,

u=f on [0,T]x 022, (16)
Ult=0 = dtut|s=0 =0 inQ
in the ball
By(0):={u € E*! | ul gs+1 < p} C E°TT

Furthermore, the solution satisfies the estimate

lullgs+1 < Coll f Il s +1(x)s
where Co > 0 is a constant independent of f and q.

If the boundary data of the nonlinear equation (16) depends on small parameters, we may expand the
corresponding solution u in terms of the small parameters. Indeed, let 1, . .., &4, > 0 be small parameters
and define

E=1(e1,...,6m).

Consider the boundary value in (16)

f) =) & /i),
j=1

where f; € HSTY(X), j =1,...,m, satisfies the compatibility conditions to order s and || f || Hs+1(x) <K
for some k > 0. Let us denote in the usual multi-index notation

k=(ki,... km),
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where k; € {0,...,m}. Then by repeating the proof of Proposition 1 in [Lassas et al. 2022], we find
that u can be expanded as

m
m
u=) &jvi+ ), (k1 km)glfl"'elriz’”w;; +R. a7)
j=1 lk|=m
The functions v;, j =1,...,m, satisfy
Ogv; =0 in [0,T] x Q,
v = fj on [0, T] x 0€2, (18)

vj|t=0:0’ alvjll‘:O:O an
and the functions w i satisfy
Dgwlg+qvlfl'--v,]f{"=0 in [0, 7] x €2,

wi =0 on [0, T] x 0€2, (19)
Wilr=0 =0, drwg|r=0=0 inQ.

The remainder R is bounded in the energy spaces as follows:

m
D&
ji=1

m
> e

Jj=1

2m—1

IR gs+2 < e (s, Tllgl s :
HS+](E)

2m—1
IOR[ g1 < CGs, Tl s

Hs+1(3)

By using the expansion formula (17), we will next derive an integral equation which relates the
potential g to the DN map A. In general, relating an unknown parameter/function in an inverse problem
for a nonlinear equation to a formula for solutions to linear equations is called a higher-order lineariza-
tion method. See for example [Kurylev et al. 2018a; Lassas et al. 2018; 2021b], where solutions are
differentiated with respect to small parameters. However, as we are interested in stability of our inverse
problem, we need accurate control on the remainder terms. For this reason, following [Lassas et al. 2022],
instead of differentiating we use finite differences Dg”. The mixed finite difference of u at € = 0, that is,
&1 == ¢y =0, is defined by the formula

1
PO Z (_1)|0|+mu0181f1+"'+0m£mfm’ (21)

m _

D;; la=0Ue, fi+tem frn =
€1 8m

oe{0,1}m

where g, £, +...t¢,, f,, 1S the unique solution to (16) with f replaced by &1 f1 + -+ &m fm. Then the
mixed finite difference Dg" of the solution u of (16) takes the form

m m —
Dg |§=0u :m!le 1 +D8]82m8m|§=072, (22)

.....

where R is a sum of the remainders of the solutions Ugier fidtomem fru 1 (21).
For more details about the finite differences of u, we refer the reader to [Lassas et al. 2022, Appendix C].
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Let vg be an auxiliary function solving Ogve = 0 with vo|;=7 = 0;vo|;=7 = 0 in Q. By multiplying
the DN-map A associated with (2) by vo and integrating by parts over [0, T'] x 2, we obtain

fzvoD?k:oA(Slﬁ +otemfm)dS
= L vngn|g:08vuglf]+...+£mfm as

1 ~
=m!/ voEIngl ..... 1dVg+—/ U()DngVg.
[0,T]xQ Em J[0,T1xQ

Here we defined
R = 162+ em DTz oR (23)
and R satisfies
IR gs+2 < (s, Tl %1 Z loie1 f1+ +Um8mfm||Hs+l(E)’
oe{0,1}m

IOR|gs+1 <CCs. DGl 5ssr >, llorerfi+- -+ Omem S| i1 ()
oge{0,1}"

(24)

We have arrived at the following integral identity which connects the potential ¢ with the DN-map A.
Integral identity.

—m!/ quoViV2 Uy d Vg
[0,T]x%

=/ V0D |smoA(e1 fi + -+ + &m fn) dS + / voORdV,. (25)
b [0,T]x2

8182..-8m

Our analysis of the inverse problem is based on this formula.

3. Gaussian beams

In this section we record some facts about Gaussian beams. Gaussian beams on a Lorentzian manifold
(N, g), dim(N) =n+ 1 > 3, are approximate solutions to the wave equation Clgv = 0. If 5 is a geodesic
parameter of a light-like geodesic y : [s1,52] =& N and (s,y), y = (V1,..., yn) € R", are suitable
Fermi coordinates (see (26) below) on a neighborhood of the graph I' of y, then a Gaussian beam in the

coordinates (s, y) looks roughly like
eiviT—atlyl®

up to a normalization. By graph of y we mean the image set

[ :=y([s1,52]).

Here a > 0 and 7 is a large parameter. Therefore, the qualitative behavior of a Gaussian beam is oscillation
in a direction y; transversal to the geodesic y and Gaussian concentration around the graph of y.

The construction of Gaussian beams is well known; see, e.g., [Babich et al. 1985; Feizmohammadi
and Oksanen 2022; Ralston 1982]. We include details about the construction since we wish to keep
track of the constants that will be implicit in our stability estimate of Theorem 1. Our presentation
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of the construction follows closely [Feizmohammadi and Oksanen 2022, Section 4] to which we refer
for omitted details. We mention here the recent work [Krupchyk et al. 2022], which constructs related
Gaussian beam quasimodes in a Riemannian setting by using more sophisticated methods, which lead to
better estimates.

Fermi coordinates are constructed by inverting the map

(30 expy0 (b)) € 6)
k=1

Here ey (s) are the parallel transportations along a light-like geodesic y of the last n vectors of a frame
{60, e1,..., en} of Ty(O) with

eo = y(0).

The other vectors of the frame are chosen so that, for j, k = 2,...n, it holds

g(eo,e0) =0, gler,e1)=0, gleo,e1)=-2, glej,ex)=7Jji. 27)
The frame {eg, €1, ..., ey} is called a pseudo-orthonormal frame. (Due to relation to the usual light-cone
coordinates, we could also call it a lightcone frame.) Since the frame {eo(s), e1(s), ..., en(s)} is the
parallel transportation of {eg, e1,...,e,} along y, the conditions (27) hold for e;, j =0, ..., n, replaced

with e; (s) and eq(s) = p(s).

We work in the Fermi coordinates described above. In the Fermi coordinates (s, y), the geodesic y
corresponds to (s,0) and the coordinate representation g|, = g(s,0) of the metric g restricted to y
satisfies

n
gly =—2dsdyy+ ) _ dyy dy.
k=2
Gaussian beams are constructed by using a WKB ansatz ! 7®») (s, y) to approximately solve the
equation g v = 0 in the Fermi coordinates (s, y). We have

O, (e'%®a) = '@ (12g(d©, dO) —2i1g(d®, da) + it1(0yO)a + Oga). (28)

We will choose a phase function ® and an amplitude function a so that the right-hand side of (28) is
O~ XY in H*([0, T]x Q) for given k > 0 and K € N. To do so, we first approximately solve the eikonal
equation

g(d®,d®) =0. (29)

After finding an (approximate) solution ® to the eikonal equation, we equate the last three terms of (28)
by inserting ® into
—2itg(d®,da) +it(dg®)a+ Oga = 0.

By assuming an expansion of the form

a=ap+1t 'ay+ 1 2ar+--+ 1 Nay
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for the amplitude a, where N € N is to be chosen later, we are led by equating the powers of t to a family
of N 4 1 equations

—2ig(d®,dag) +i(0g®)ag =0, (30)
—2ig(d®,da;)+i(0g0®)a; —Oga;—1 =0, (31)
j =1,..., N. We solve these equations approximately and recursively in j starting from ag. Equations

(30) and (31) are called transport equations.
In what follows, we refer to [Feizmohammadi and Oksanen 2022] for omitted details. To solve the
eikonal equation (29) approximately, one sets

N
©=7) 0 ),

j=0
where ©; (s, y) is a homogeneous polynomial of order j in y € R". We say that g(d®, d®) vanishes to
order N on T, or that g(d®, d®) = 0 is satisfied to order N on T, if
(058(d©.d0©))(s,0) =0,

where « is any multi-index with |o| < N. We set

@0 =0and @1 =J)1. (32)
It follows that
g(d®,dO)(s,00=0 and (0,,8(dO,dO))(s,0) =0,

where / = 1,...,n. That is, the eikonal equation (29) is satisfied to order 1 on I'. The conditions (32)
imply the invariantly written conditions

O(y(s)) =0 and VO(y(s)) =ei(s).

To have that g(d®, d®) = 0 is satisfied to order 2 on I' is more complicated. For this, one uses the
quadratic ansatz

Oa(s,y) =y-H(s)y,

where H(s) is a complex n x n matrix and “-” refers to the usual R” inner product and y € R". This
ansatz leads to the Riccati equation, which is a first-order matrix-valued ODE. For our purposes, the
form of the Riccati equation is not important and it suffices to say that one can find a complex solution
H (s) to the equation with Im(H (s)) > 0. The conditions Im(H (s)) > 0 and ®¢ = 0 together imply the
invariantly written conditions

Im(V?O(y(5))) =0 and Im(V>O)(y(5))l;(s)L > O.

Here we use the notation p(s)* to denote the algebraic complement to y(s) in Ty)N. That is,
R)'/(S) @ ?(S)J_ = Ty(s)N-
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Solving the eikonal equation to order 2 is enough to understand the qualitative properties of the phase
function ® needed in our inverse problem. However, we wish to have that

Og(e"®Wa(x)) = OHk([o,T]xQ)(T_K)-

For this, we solve the eikonal equation to an order N, which depends on k and K. This can be done
by solving additional ODEs, but we omit the details. After finding ® so that g(d®, d®) vanishes to
order N on T, the term t2g(d®, d®) in the expansion (28) of (g (€™®q) satisfies

t2g(d®,d®) < Cor?|y|Nt1. (33)
We choose a specific N later.

Next we insert the phase function ® that we have constructed into the transport equations (30) and (31)
to find an amplitude function a. To solve the transport equations, we write

ag = X(g}—))bk, (34)
so that
1) o
a= X(W) Z T b
k=0

Here y € C2°(R) is a fixed cutoff function, which is identically 1 on a neighborhood of 0 € R and §’ > 0
is chosen small enough so that y(|y|/4’) is compactly supported in the domain of the Fermi coordinates.
We seek the by, k =1,..., N, in the form

N
b= bij(s.y). (35)
Jj=0
where by ; (s, y) is a complex-valued homogeneous polynomial of order j in y. We are interested in the
specific form only of the leading term bg o. The transport equation concerning by is

—2g(d®,dag) + (OgO)ag =0,

which is satisfied to order O if
—2g(d® s dboyo)(s, O) + (Dg @)bo,o (S, O) =0.

Here we used that y(|y|/8’) = 1 to order 1 at y = 0. We have d®(s,0) = dy! and g%!(s,0) = —1. It
is calculated in [Feizmohammadi and Oksanen 2022, Section 4.2] that (O, ®)(s,0) = % log det(Y(s)),
where Y (s) is a one-parameter nondegenerate matrix field which solves an ODE with the initial condition
Y (0) = I,xn, the n x n identity matrix. Thus we have that the equation for bg o(s) is solved by

bo,o(s) = det(¥ (5)) 2. (36)

with
b(),()(O) =1. 37
Recall that the terms ag, bo and by ;, j = 1,2,..., N, are related by (34)—(35). The terms by, ;,

Jj =1,2,..., N, are constructed by solving linear ODEs so that —2g(d®, dag) + (Og®)ap = 0 is
satisfied to order N. The higher-order transport equations (31) concerning by, k > 1, can be solved
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recursively to order N by using similar arguments. We omit the details, and only conclude that there is

C1 > 0 so that
|—2ig(d®, dag) +i(0g®)ao| < Cy|y[V 1,

|—-2ig(d®, day) +i(Og®)ar —Ogar_1| < Cily[V
k=1,...,N.Sincea =ag+ 1t ta; + t2a>+---+ v Nay, we have that

—2itg(d®,da)+it(OgO)a+0ga
N

N
=1y t7¥(-2ig(d®.da)+i(Og®)ar)+ Y v *Ogar
k=0

k=0
N
=1y t7¥(-2ig(d®.day)+i(Og®)ax+Ugar_1)+1(-2ig(d®.dag)+i(OgO)ao)+7 N Ogay
k=1

=10 (lyN*H+0™Y).
By additionally recalling from (33) that 72g(d©®,d®) < Cot?|y|V *1, we have
e ™®0, ('"%a) = 12g(d©,d®) —2itg(dO, da) + it1(0z0)a + Oga
< Cor?[y|N ! + Cyrly N + Cor V.
By redefining 8’ > 0 smaller, if necessary, we have that

| TO6Y)| < ComeThyl?

for (s, ¥) in the support of a. Recall that our aim is to show that

10g ("N a(s, )| g qo.r1x) = O 5).

Taking k derivatives of Dg(ei’®(s’y)a(s, y)) gives

k
|vk|:]g(eir@(3,y)a(s’ y))| < C3e—tc|y|2 Z ‘L'k_l(‘E2|y|N+l_l + ‘L'|y|N+1_l + _[—N)'

[=0

(38)

(39)

We calculate the integral of (39) squared using polar coordinates for the y-variable and the standard
formula fooo rle=t¢r? dr ~ t=(+D/2 for | > 0. Note that since the light-like geodesic y of (N, g) is
causal, [0, T'] x  compact and (&, g) globally hyperbolic, the geodesic y = y(s) exits [0, T'] x 2 after a

finite parameter time ro. Thus the integration in the coordinate s will be over a finite interval [0, r¢]. The

above discussion implies the estimate

ro

k
IIDg(e”®(S’y)a(S,y))lli,k(M) < ZTZ(k—l)(/ o 2eer? =1 (4, 2N 4221 | T—2N)dr)
0
=0

k
_ _n4+2N42-21 —2N—n
Szfz(k l)(r41' 2 +t 2 )
=0

< p2kra- RN k434N
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for  and N large enough. (Here we have relaxed the notation and written A < B if there is a constant C
it®

independent of 7 such that 4 < CB.) If p > 1, we may L?-normalize the function e'*®a so that

o0

/ |_[2r;,ei‘r®a|p5rg/ rn—le—‘rCr2§1’
M 0
in which case we also have
|Vl(r%e”®a)|2 <tre?les,
M
Therefore, if we define N = N(n, k, K, p) so that it satisfies
2K =2k+3-2_N4+2 (40)
2 P

we have (38). (If N above is not an integer, we redefine itas [N +1].)

By collecting the details of the construction and by defining
v = 125179
we have:

Proposition 10 (Gaussian beams). Let (N, g) be a globally hyperbolic Lorentzian manifold, N = R x M
and dim(N) =n+ 1> 3. Let Q be a compact submanifold of M with boundary, and dim(2) = n. Let
T > 0 and let y be a light-like geodesic of (N, g). Letk, K,l € N and p > 2. There is 19 > 1 and a family
of functions (vy) C C*°([0, T] x Q) such that for t > 19
I0gvell g o, Tixey = O %),
[vellLe o, 71x2) = O(1), (41)
J_ gy
lvell g qo. 7y = O(x22 47

as T — o0o. The function v is called a Gaussian beam and it has the form
vy = tﬁe”@(x)a(x),

where © is a smooth complex function (independent of t) on a neighborhood of y ([0, L)) satisfying

O(y(s)) =0, VO(y(s)) =ei(s),

5 R (42)
IM(V20(y(s)) 2 0. Im(V2O)(y(5))]j(5)2 > 0.

Here also
a(y(s)) = ao(y(s)) + O™,
where
ao(y(5)) = det(¥ (5)) 2

is nonvanishing and independent of t. Here Y (s) is a nondegenerate n X n matrix-valued function. The
support of a can be taken to be in any small neighborhood U of ([0, L]) chosen beforehand. If so € [0, L],
we may arrange so that ag(y(sg)) = 1.

The Gaussian beams can be corrected to be exact solutions to (v = 0.
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Corollary 11. Let us adopt the assumptions and notation of Proposition 10. Assume in addition that the
light-like geodesic y does not intersect {t = 0}. Assume that I’ € N satisfies k >1'—1+ % Then there are

Gaussian beams vy satisfying the conditions of Proposition 10 and functions ry € C*° ([0, T'|x ) such that

Vi=Vr +T¢

is a solution to
Ogv=0 inf0,T] x 2,

vV =v; on [0, T] x0%2, (43)
V|r=0 = 0sv|;=0 =0 in Q.
The functions r satisfy
Irell gz qo. 7ixgy = O ~5). (44)

Proof. By assumption the graph of y has a neighborhood U which does not intersect a neighborhood of
{t = 0}. Let v; be Gaussian beams which are supported in U and satisfy the conditions of Proposition 10.
By Proposition 8, there exists a solution to

Ogre = —0gvy in [0,T] x <,

re =0 on [0, T] x 0€2,

relt=0 = 0¢relt=0 =0 in Q.
Then v = v; + r¢ solves (43).

By Proposition 10 we have that [Ogvel| g ([0, 71x0) = O(t—K), where k, K can be chosen freely. By

Remark 7 for k > I’ — 1+ "L it holds that H¥([0, T] x Q) C EY'~1. Choosing k > I’ — 1 + “FL in
Proposition 8 and using (12) shows that

Irell g qo.rxey < Irellgr < 10gvell oy < 10 vell e o rpxgy = O )
as claimed. O
Remark 12. We shall also need solutions to the wave equation
DgU:O in[O,T]XQ,
v=f on [0, T] x 0€2, (45)
V|i=7 = 0tv];=7 =0 inQ,
where the Cauchy data of v vanishes at the top of the time cylinder. Solutions to (45) can be found as

follows. Consider the isometry 4 given by t +> T —¢ and let & = h*g. Let f = f(T —t,x) and let ¥ be
the unique solution to

Ogv=0 in [0, T] x 2,
i=f on [0, T] x 9L,
ﬁ|t:0=8tﬁ|t:0=0 in Q.

Because the wave operator is invariant under isometries we have
* ~ X ~
h™(Ogv) = Og (A7 V),

whence v(z, x) := (h*0)(t, x) = O(T —t, x) solves (45).
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We next vary the initial point and direction of a light-like geodesic to construct a family of Gaussian
beams. The Gaussian beams will be constructed so that the implied constants of the family of Gaussian
beams are uniformly bounded. This uniformity of constants is essential when proving stability estimates.
We mention here a similar consideration in the Riemannian setting [Dos Santos Ferreira et al. 2020,
Section 4.1].

To obtain such Gaussian beams, we start with a lemma. We define the set PSO(N) of pseudo-
orthonormal frames as

PSO(N) := {(eo. ... en) € (TN)""! | g(eo.e0) = 0. g(er.e1) = 0. gleo. e1) = —2,
glej. ex) =8k for j.k =2,3,...,n}.

The lemma especially says that on a neighborhood of any point of N there is a local pseudo-orthonormal
frame.

Lemma 13. Let zo € N and let Vo € T, N be a light-like vector. The set of pseudo-orthonormal frames
admits a local section E : UU — PSO(N) such that the first component (E(z¢))o of E at zg is Vy. Here U
is an open neighborhood of zy.

Proof. The existence of a pseudo-orthonormal frame e = (eg, ey, ..., e,) of the tangent space 7, N over
the single point zg with eg = Vy was shown in [Feizmohammadi and Oksanen 2022]. By using local
coordinates (x¥) on a neighborhood &/ C M of zq let us define the mapping

F(x,E):x(U) x ROAFDX(+1) _ g+ Dx(+1)
where x(U) C R"*1 by the conditions

F(x.E)jx = gx(Ej, Ex) — 8z (ej. ex) if j >k,
F(x, E)jx = gx(ej, Ex) —gzo(ej,ex) if j <k.

Here E; is the j-th column vector of the (n+4-1) x(n+1) matrix E. Here also gx(E;, Ex) =(E;, g(x)Eg)
and gx(ej, Ex) = (e;, g(x) Ex), where g(x) is the coordinate representation matrix of g in the coordinates
(x*). The perhaps ad hoc looking conditions for F(x, E) ik for j <k are related to the fact that local
sections E of PSO(M) satistying (E(z9))o = Vo (should they exist) are not unique without additional
conditions. The conditions for F(x, E); for j < k remove this ambiguity.

We apply the implicit function theorem (see, e.g., [Renardy and Rogers 2004, Theorem 10.6]) to show
that there is a smooth mapping x — E(x) such that F'(x, E(x)) = 0. In this case E is a smooth section
of PSO(N) by the conditions for F(x, E) i for j > k and by the symmetry of g. To apply the implicit
function theorem, note that F(zg, e) = 0 and that

(DE Flx=z0,E=e (V) jk = &z0(Vj, ek) + &zo(ej,vx) if j >k, (46)
(DEF|x=zo,E=e(U))jk :gzo(ej7vk) if j <k, (47)
where j,k=0,1,...,nandv=(vo, V1,...,Vy) € R®+Dx(+1) - Agqume that (DEF|x=z9,E=e(v))=0.

Since g is symmetric, the condition (47) implies that g,,(v;,ex) = O for j > k. Substituting this
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into (46) then implies that g,,(e;,vx) = 0 for j > k. Thus we actually have that g;,(e;, vx) = 0 for
all j,k=0,1,...,n. Since g is nondegenerate and e is a frame, it follows that each vy € R"*! is the
zero vector of R* 1. Thus Dg F |x=z,E=e 1s injective, and also surjective by dimensionality. Thus,
by the implicit function theorem, and by redefining ¢/ smaller if necessary, there is a smooth mapping
E :U — PSO(N). This is our desired section. O

We remark that it is likely that another proof of the above lemma can be obtained by generalizing
the Gram—Schmidt procedure to the current situation. We also mention the similar construction [Dos
Santos Ferreira et al. 2020, Lemma 6.1] in the Riemannian setting.

In the next result | Vo — yx (s0)| is defined by using local coordinates.

Corollary 14. Let y be a light-like geodesic of (N, g). Assume as in Proposition 10 and adopt its notation.
Let sg be in the domain of y and let us define y(sg) = zo and y(to) = Vo. Let also § > 0. Then there is
0 > 1 and a neighborhood U of zy and a family of Gaussian beams

ve(x, +)

[T3R1]

solving Ogv.(x, -) = 01in [0, T] x Q (including the correction term) parametrized by x € U. Here
refers to points in N and t© > 1. The geodesics yx corresponding to the Gaussian beams v (x, ) satisfy
[Vo — 7x(s0)| <8 and the implied constants of v;(x,-) in Proposition 10 and Corollary 11 are uniformly
bounded in x.

Proof. The proof is based on inspecting the construction of the Gaussian beams at the beginning of this
section that lead to Proposition 10, and by using Corollary 11 and Lemma 13.

Let v; be a Gaussian beam without the error term corresponding to the geodesic y as in Proposition 10.
Note that this implies that we have chosen initial data for the certain ODEs used in the construction (such
as the Riccati equation). Let us record these initial data and also define

ve(20,-) 1= v (+).

By Lemma 13 there is a local section £ of PSO(M) such that (E(z¢p))o = Vo. We define a local vector
field V by

V(x) = (E(x))o-

By redefining the domain of £ smaller, if necessary, we have that |V (x) — y(0)| < §. The section E also
defines a family of Fermi coordinates by the formula (26) parametrized by x. Since E is smooth, the
corresponding Fermi coordinates depend smoothly on x (say in any C k norm in the Fréchet sense). Also
the domain of the Fermi coordinates is uniformly bounded by the same reason. Let x € I/ and let us pass
to the Fermi coordinates determined by E(x). We construct a Gaussian beam

U‘E(x")

with the following properties: (a) It corresponds to the geodesic yy y () with initial data x € M and
V(x) € Ty M. (b) It is constructed by exactly the same method described in the beginning of this section
by using the same initial data for the corresponding ODEs that we used for v;. Since the coefficients of
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the ODEs are determined by the smooth metric g and the initial data are the same as for v, the Gaussian
beam v (x, - ) differs boundedly and uniformly in x from v¢(-) (say in any C¥(M) norm). In particular,
the implied constants in Proposition 10 are uniform in x.

Finally, we use Corollary 11 to find correction terms for v (x, - ) such that the implied constants in (44)
are uniform in x. U

4. Separation of points

In this section (&, g) is a globally hyperbolic smooth Lorentzian manifold without boundary. The length
of a piecewise smooth causal path « : [a, b] — N is defined as

k=1 a
=Y [ Gl ds 48)
j=0"%

where ag < a; < -+ < ap_; < aj are chosen such that « is smooth on each interval (a;,a;1) for
j =0,...,k—1. The time separation function, see, e.g., [O’Neill 1983], is denoted by t: N x N — [0, co)

and defined as
supl(a), yeJT(x),

0, y & Jh(x),

where the supremum is taken over all piecewise smooth future-directed causal curves « : [0, 1] — N that
satisfy «(0) = x and (1) = y. By [O’Neill 1983, Chapter 14, Lemma 16], we have that

T(x,y) = % (49)

7(x,z) >0 ifandonlyif x < z. (50)

As before, we view N as the product manifold R x M and assume that Q@ C M, dim(2) = dim(M),
is a smooth compact manifold with boundary. As before, let ¥ denote the lateral boundary [0, T] x 0€2.
Let us consider x € IT(X) N1~ (X). We say that y; : [0, 1] — [0, T] x Q is a future-directed optimal
geodesic connecting X to x if there is

z1€J (x)NX suchthat y1(0)=2z1, y1(1) =x and 7(z1,x) =0.

Similarly, we say that y, : [0, 1] — [0, T] x 2 is a past-directed optimal geodesic connecting X to x if
there is

z5eJT(x)NE suchthat y,(0) = za, y2(1) = x and 7(x, z5) = 0.

We always understand optimal geodesics as their maximal extensions. Note that by definition future/past-
directed optimal geodesics are always light-like. The next lemma says that such optimal geodesics always
exist. We assume the notation and assumptions used earlier in this section. The situation of the lemma is
illustrated in Figure 1, which can be found in Section 1.3 in the Introduction.

In the lemma we consider intersection times of geodesics and X. This means that if the geodesic is de-
noted by y : [0, 1] — [0, T'] x €2, then the first intersection time is the smallest s € [0, 1] such that y(sg) € X.
Typically s¢ will be 0. That the intersection in the lemma is transverse means that y(so) is transversal
to the tangent space 7),(5,) 2. We do not claim anything about possible other intersections of y and X.
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Lemma 15 (boundary optimal geodesics). Let (N, g) be globally hyperbolic, N = Rx M. If x € It ()N
([0, T]x 2), there exists a future-directed optimal geodesic y : [0, 1] = [0, T]1x Q2 from X to x and the first
intersection of y and X is transverse. Similarly, if x € I~ (X) N ([0, T] x ), there exists a past-directed
optimal geodesic y : [0,1] = [0, T] x Q from X to x and the first intersection of y and X is transverse.

Proof. Existence: Let us first consider the claim about the existence of future-directed optimal geodesic.
For this, let us define

fsup = sup{ci €[0,T] | there is Z € X such that £ (Z) = d and ©(Z,x) > 0}. 51D

Here 7 is defined on N x N. The number g, will be the time coordinate of zy,, in Figure 1. By
assumption x € I (X) and thus there is Z € X such that x € 7 (Z) with 7(Z, x) > 0 by (50). We also
have £(Z) € [0, T']. Consequently the supremum in (51) exists and #g,, € [0, T']. Let zx € ¥ and 1 (zx) =1,
be such that 7 — #g,p as kK — oo. Since z; € ¥ and X is compact, we may pass to a subsequence so that
Zk — Zsup € X. We also have #(zg,p) = tsup by continuity of the time function 7.

We claim that 7(zg,p, x) = 0. We argue by contradiction and assume the opposite that 7(zgp, x) > 0.
Then there is a timelike future-directed path 71 : [0, 1] — N connecting zg,, to x by (50). Since 7 is
timelike and /™ (x) is open, we may deform 7 slightly on a neighborhood of zgy, to a future-directed
timelike path that connects z’ € T to x so that 7(z") > tep. Thus x € I 7(z’) and we still have 7(z’,x) > 0
by (50). This is a contradiction to the definition of #s,,. We conclude that 7(z, x) = 0. Since (N, g) is
globally hyperbolic, there is a future-directed light-like geodesic y1 : [0, 1] — N from zg, to x of length
T(Zsup, X) = 0; see [O’Neill 1983, Chapter 14, Proposition 19].

We note that y; is actually a path [0, 1] — [0, T] x Q. Indeed, if y; meets the complement of [0, T] x €2,
then y; necessarily intersects X at a parameter time so < 1 before it meets zgy, at the parameter time 1.
Since yq is causal, it follows that 7 (y1(s0)) > fsup = 1 (Zsup), Where y1(so) € X. Since X is timelike, there
is point Z € X with tg,p, <1(Z) < t(y1(s0)) and a future-directed timelike path 7 connecting Z to y1(so).
Thus, a path achieved by composing the paths 7 and y; has positive length by the definition (48). It
follows that 7(Z, x) > 0 by the definition (49). We have arrived to a contradiction with the definition
of Zgup, since #(Z) > tep.

Transversality: We next show that the optimal geodesic y constructed above intersects the lateral boundary
¥ transversally. Assume that y is parametrized so that y(0) = zgyp. Let Sy, = {Zup} X M be the Cauchy
level surface at 1 = tgyp. Let T = (T, ..., Ty—1) be a basis for the tangent space T7,, d€2. Then {7, v},
where v is the normal vector to 92 at zgp in Sy, o is a basis for T Sz, o Consequently, the tangent space

Zsup

T, N is spanned by {0, T, v}, where 9; is the coordinate vector of [0, T']. Let us write y(0) € T, N

Zsup Zsup
in the form

7(0) = (7(0), 77 (0), 7" (0)).

Suppose now to the contrary that y does not intersect X transversally. Then it follows that y*(0) = 0.
Indeed, if this is not the case, then 77, ¥ + T7,,, graph(y) would be equal to 7, N. Let us check whether
y(0) is normal to Xy := X N{f = fsp}. Since Xy, is space-like, the normal space

Nz 2y, ={v €T N | (v,w)g =0forall we T, >y }

sup
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(see [O’Neill 1983, p. 98 or p. 198]) is spanned by d; and v. To see this, note that a vector X € Tzsup N,
X =ad +b-T +cv, isin Ny %y  if and only if b € R"~! is zero. Note y"(0) = 0; then if
y(0) € Nz, Ey,,,, we must have y(0) = ('(0), 0,0). But this is not possible, since y is light-like. So
y(0) is not normal to X and by [O’Neill 1983, Chapter 10, Lemma 50] there exists a time-like curve o
from x to X, . By slightly deforming o we obtain another time-like curve ¢ connecting x to 7/ ex
with 7(z”) > tep. This contradicts the definition of £gp.

The claim about the past-directed optimal geodesic follows by defining

tinf = inf{cz € [0, T] | there is Z € ¥ such that #(Z) = d and 7(x,%) > 0}
and by using arguments analogous to the ones above to find zj,s € X with t(x, Ziyr) = 0. O

By using boundary optimal geodesics and related Gaussian beams we may separate points of [0, 7] x
by solutions to gv = 0. We mention here that separation of points by solutions has been beneficial in
the study of inverse problems for elliptic equations [Guillarmou et al. 2019; Lassas et al. 2020].

Proposition 16 (separation of points). Let (N, g) be globally hyperbolic, N =R x M. Let x € I ~(X) N
([0,T]x2) and y € N be such that y ¢ J~ (x). Denote by v¢ the solution to Ogv =0in N withv|g = f
and whose Cauchy data vanishes at t = T. Then there is f € C°°(X) such that

vr(x) #vr(y).

If xe IT(2)N([0, T x Q) and x ¢ J~(y), we have the same claim for solutions of Ogv =0 in N with
v|y = f whose Cauchy data instead vanishes at t = 0.

Proof. We first claim that there is a past-directed light-like geodesic from X that meets the point x but
not y. We argue by contradiction and assume the opposite that all past-directed light-like geodesics
from ¥ to x meet both x and y. Since x € I~ (X) N ([0, T] x ), by Lemma 15 we have that there is a
past-directed boundary optimal geodesic y; : [0, 1] — [0, T'] x Q with y1(0) =z € ¥ and y1(1) = x. The
first intersection of y; with X is transverse. If x ¢ J~(y), then by the assumption y ¢ J~ (x) we have
that x and y are not causally connected. Thus y; cannot pass through y and we have found our light-like
geodesic. Therefore, we may assume that y > x.

Let y1 = 71(s) be a past-directed light-like geodesic with y1(0) € X such that y; intersects X
transversally at s = 0, and which satisfies y1(§) = x for some § > 0. The geodesic y; can be obtained by
perturbing the tangent vector of 1 at y1(1) = x slightly. Note that the condition of transversal intersection
is an open condition. By assumption y; meets y. In this case we have a shortcut path, which has timelike
portion, obtained by traveling along 7; from x to a point y’ close to y, doing a shortcut from y’ to y;
and then by continuing along y; to z; see [O’Neill 1983, Chapter 10, Proposition 46]. Since the shortcut
path has timelike portion, it has positive length. Since y > x, the shortcut path is also future-directed. It
follows that 7(x, z) > 0. This contradicts the optimality of y;. We conclude that y; is a past-directed
light-like geodesic from X that meets x but not y.
n/4,it®

To conclude the proof, we use Proposition 10 and choose a Gaussian beam v; =t a corre-

sponding to 1 with k >n, K =1 and p,l = 2. We also choose the support of the amplitude a be so small
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that y ¢ supp(a) and supp(a) N {t = T} = @. We will use the Sobolev embedding H! c L%, which

n—1 n+1

holds for I’ > % Since k > n, we have k — %5~ 3=, which shows that we can take /" such that

% <l'<k-— % Applying Corollary 11 with these k& and I’ shows that there is r; € C°°(N) such that

_n _n _n
Ve =T 4V=1T 40+7T *r¢

satisfies Lgvy = 0 and

t_%vt(x) =1 and r_%vt(y) =0 forall t> 19
and
I % rellzooqwy < Co™ 4 el oy = 740G,

We mention for future reference that at any other point z € [0, T] x Q we have
v @] <[t 4 v @)+ [T 4 (@) < C'+ [t 4r(2) = C (52)
for all 7 large enough. Here we used the above Sobolev embedding. Taking t large enough shows that

vy (x) # vr(y).
The claim about the case x € I T(X) and x ¢ J~(y) can be proved in similar way. O

We next consider the case where we have multiple points of [0, T'] x €2, which we wish to separate by
solutions of the wave equation [1gv = 0. The points will correspond to the intersection points of pairs of
geodesics we use for our inverse problem. The matrix (53) below will be a separation matrix in the sense
of Definition 5.

Lemma 17 (existence of separation matrix). Let (N, g) be globally hyperbolic, N = R x M. Let
X1,...,xp € I7(X) N ([0, T] x Q) be such that x1 < x < --- < xp. Denote by vy the solution of
Ogv=0in[0,T]xQ withv|g = f and whose Cauchy data vanishes att = T. Then there are boundary
values fi € C*°(X) such that the matrix

vr (X1) g (x1) oo v (X1)
vy, fxz) v, (X2) Vfp :(xz) (53)
vr (XP) vp(xp) -0 Vg (xp)
is invertible.
If x; € IT(2)N ([0, T] x ), we have the similar claim for solutions of Ogv = 0in [0, T| x Q with
vy = f whose Cauchy data instead vanishes at t = 0.

Proof. The proof is an iteration of the proof Proposition 16. First we let y; be a past-directed boundary
optimal geodesic that connects a point z € X to the point x;. By the shortcut argument in the proof of
Proposition 16, we deduce after possibly redefining y as its small perturbation that y; does not meet any
of the other points x, k =2,..., P. Let v 1 be a Gaussian beam solution (including the correction term)
as in the proof of Proposition 16, where f; € C°°(X). Then there is 71 > 0 such that for t > 7; we have

n

vp(x1)) =1 and wvp (xg) = o 17%), k=2,...,P.
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Next, let y» be a past-directed boundary optimal geodesic that connects z € ¥ to the point x,. By

repeating the above argument we find a boundary value f, € C°°(X) and a solution vy, such that
v (x2) =1 and g, (xg) = O(t_l_%), k=3,..., P,

for all T > 72. Note that we do not claim that we have much control on the value of vy, at xy and it
might be that y, meets also the point x;. However, by (52) we know that |vg,| at x1 is bounded by C
(possibly by defining 7, larger). This is illustrated in Figure 2, which can be found in Section 1.3 in the
Introduction. By repeating the above arguments, we find other solutions v, , k =3,..., P, such that the
matrix (53) becomes of the form

1 O~ 17%) oz 17%)
Ve=|# O(™174%)
# # 1

Here # means unspecified complex numbers bounded by some fixed constant. The determinant of this
matrix tends to 1 as Tt — o0o. Therefore, there is 7o > 1 such that the matrix (53) is invertible for all 7 > 7¢. O

The previous lemma shows that if we are given a set of points x; < -+ < X, one can find a set of
Gaussian beams separating these points. However, for the proof of the stability estimate in Theorem 1,
we need a finite collection of Gaussian beams that separate any sufficiently distinct P € N points. The
collection will be a separation filter in the sense of Definition 6. Existence of such a collection is the
content of the next lemma.

Let g be an auxiliary Riemannian metric on R x M.

Lemma 18 (existence of separation filter). Let P > 1 be an integer and let § > 0. Suppose K C
I~ (Z)NIT(Z)N ([0, T] x Q) is a compact set. There exists a finite collection M C C*®([0, T] x Q) of
solutions to Ugvy = 0 with the following properties: Assume that x1, ...,xp € K are any points such
that x1 < xp <--- <xp and dgz(x,x;) > § for x; # x1, k,l = 1,..., P. Then there are solutions
Vfys .., Vfp € M corresponding to boundary values fi € C°°(X), and which have vanishing Cauchy
data at t = T, such that the matrix (v, (xl))lf,l=1 in (53) is invertible. Thus M is a separation filter.

Proof. Case 1: If P = 1, then the situation is similar to the proof of Proposition 16. Applying Lemma 15
to x1, we find a past-directed boundary optimal geodesic y from X to x;, whose first intersection with X
is transverse. Using Corollary 11 we can then construct a Gaussian beam v (including the correction term
and with vanishing Cauchy data at {t = T'}) corresponding to y such that

v(xy)=1.
By continuity of v, the point x; has a neighborhood B(x1) such that

lv(z)| > % for all z € B(xy1).

Doing this for all points x € K we find an open cover of K of the form

L B

xekK
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and for each B(x) the corresponding optimal geodesic and the respective Gaussian beam v. Because K
is compact, there is a finite subcover

R
| B
j=1

of K and the corresponding finite collection of Gaussian beams. Denoting this collection by M completes
the proof for P = 1.

Case 2: Suppose now P > 2. To begin, consider a complex matrix of the form
di (@)
# dp
where all entries # are bounded by a fixed constant C > 0 and the diagonal entries satisty |d;| > %,
j =1,..., P. When the elements of the upper triangular part O are of the size ¢ > 0, the determinant of

the matrix in (54) equals
di---dp + O(e).

This can be seen by considering the definition of the determinant in terms of minors. Thus the matrix in
(54) is invertible when ¢ is small enough.

We construct an open cover of K as follows. Let Kc JT(E)NJ(Z)N ([0, T] x Q) be an open
neighborhood of K. Let us fix x € K and let Bs;2(x) denote a %—radius ball centered at x with respect to
the metric g. Let us also define

V(x) 1= (I (x)\ B (x)) N ([0, T] x £2).

Since J *(x) is closed, the set V(x) is compact for all x € K. We define the subset of V(x)P~1 of ordered
points by

T(x):={(x2,....xp)eVxX) P ix<xp<---<xpl
Because the relation < is closed (see, e.g., [O’Neill 1983, Section 14, Lemma 22]), the set 7 (x) is
compact as a closed subset of the compact set V(x)F 1.

Lete > 0andlet X = (x2,...,xp) € T(x). Recall that when constructing a Gaussian beam v, we
can bound its size in absolute value by using the estimate (52). Since x € I~ (X) N ([0, T] x ), there is
Jx € C*°(X) and a Gaussian beam vy (including the correction term and with vanishing Cauchy data at
{t =T}) and tx > 0 such that there is a neighborhood Ug(x) C Bj/3(x) of x and neighborhoods B(x)
of x such that

lvre| =2 on Ug(x),
lveel <& on B(xg), k=2,3,....P, (55)
v | <C on [0, T]x R,

where C > 0 is independent of & > 0. Here we have first normalized so that vy, (x) = 1. Then we have
chosen the 7y large enough, so that the condition |vz, | < & holds on B(x), and |vz, | < C on [0, T] x Q.
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These conditions can be obtained since the correction term of a Gaussian beam can be made arbitrarily
small by taking the corresponding 7 large enough. Then, by the continuity of vz, and vg, (x) =1,
we have chosen the neighborhood U (x) so that |vz, | > % Note that since here ty depends on & and
v, depends on tx, the neighborhood Ug(x) depends on ¢ as indicated in the notation. See the argument
in the proof of Proposition 16 for more details.

We now modify the open sets Ug(x) slightly. Let us define

Us(x) := I (x) N Ug(x).
We have that
e | > % on ﬁg(x).

Moreover, we have
x <z forall ze ﬁg(x). (56)

We then have an open cover of 7 (x) given by

U B(x3) x---x B(xp).

XeT(x)

Since 7 (x) is compact, we may pass to a finite open subcover

| BG2)x---x B(xp),

XeT;(x)
where J;(x) is a finite subset of 7 (x) and which depends on €. Note that for each X = (x2,...,xp) €
J+(x) there are associated neighborhoods B(x3), ..., B(xp) of the points x», ..., xp and an open set

U, (x). This shows that to each point x € K we can attach a finite collection
Me(x) C C=([0,T] x )

of solutions with the following property: for any X € 7 (x) there is some Gaussian beam solution
Vfy € Me(x) corresponding to a boundary value fx with the property (55) with Ug(x) replaced by
U, (x). We repeat the above argument for all x € K. Note that if x € K, then there is ¥ € KN J ~(x)
so that x € U,(%). Thus, our construction yields an open cover of K C [0, 7] x Q by the sets Us(x)
described above. By compactness, finitely many sets Ug(x) suffice to cover K. Let x() € [0, T] x Q be
the corresponding points, such that

R
| O:(x9) (57)
j=1

is a finite subcover of K, where R, € N. To each of these finitely many points x{/) there is also attached
a finite subset jg(x(j )) - T(x(j )), j =1,..., Re. Corresponding to this finite cover, we take as the
collection of boundary values M, the set

R,
My = Me(xD).
j=1
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Letthen xq,x2,...,xp € K withx; <xp <---<xp and dg(x;, xx) >0 fork #[ withk,/ =1,..., P.
Let us consider first the point x; € K. Corresponding to xi, there is an index j; € {l,..., R¢} and a
neighborhood Ug(x(j 1)) of x1, where ﬁe(x(j 1) belongs to the finite subcover (57) of K. The radius of
Us(xU1) is less than % Note that dg(x(jl), Xg) > % fork =2,3,..., P. Indeed, we have that

5_2 8

Moreover, (56) implies xUD < x1. Thus xUD <Xxp <x3 <---<xp. Using this and (58), we obtain

dz (xYUV, xp) = dg(x1. x) —dz (xYV, x1) > § —

(x2,Xx3,...,xp) € T(x(jl)).

Consequently, using the definition of J; (xU1), we find X = (xéj Do ,xl(pjl)) € Js(xU1) with the
associated neighborhoods B(x](cj 1)) of xx, k =2,3,..., P, satisfying the following property: there is a
Gaussian beam solution vy, € M, corresponding to a boundary value f7 such that
lvyl=2  on Ue(xU1),
lvs | <&  on B(x](cjl)), k=23,...,P,
lve | <C on [0, T] x Q.
Let us then proceed to the point x,. Much as above, regarding this point there is j, € {1,..., R},

xU2) e [0, T'] x €2 and neighborhoods ﬁg(x(jZ)) of x, and neighborhoods B(x](cjz)) of xp, k=3,4...,xp,
and a Gaussian beam vy, , such that

lvg,| > % on U, (x\?),
vl <e  on B(x?), k=3,4,....P,
lvg,| <C on [0, T] x Q2.
Continuing in this manner, we have indices j1, j2, ..., jp and a set of Gaussian beams vy, , k=_ 1,..., P,
such that |vg, | > % on a neighborhood Uy (xUK)) of x; and |vg, | < & on a neighborhood B(xl(jk)
for/ >k and |vg | < C on [0, T] x Q.

The separation matrix (53) corresponding to the functions vy, and points xi is invertible for & < &g for
€o small enough. We set M := My, . Finally, we note that the number of Gaussian beams used is

) of x;

Re, R, Re,
#M = #(U Mgo(x(/))) < # Moy (x) =Y #7, (x),
j=1 Jj=1 Jj=1
which is finite. U

Remark 19. We will apply Lemma 17 as follows. Suppose the points x; < --- < xp are the intersection
points of two light-like geodesics y; and y». We will use Lemma 17 to show that there is a choice of P
solutions vy, , ..., vy, € M which separate the points x1, ..., xp. Moreover, these solutions have zero
Cauchy dataatt =T.

We also mention that we have a result similar to Lemma 18 for solutions that have vanishing Cauchy
data at {t = 0}. The result is obtained, for example, from Lemma 18 by considering the isometry ¢ + T —t
as in Remark 12.
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5. Proof of the stability estimate: Theorem 1

Assume the conditions from Theorem 1, especially that

[A1(f) = A2 (D) lEr(z) <9,

where r <s+lands—+1> ”erl, and § > 0. Here A1 and A, are the DN maps of the nonlinear wave

equation (2) corresponding to the potentials g¢; and g,, respectively. We show that we have explicit

control on the L norm of ¢; — ¢ in terms of §. The proof will be divided into several steps.

5.1. Step I: integral identity from finite differences. Let j =1,...,m and &; > 0 be small parameters.
Let k be as in Lemma 9. Assume that f; € H*T!(X) is a family of functions satisfying 3% fj|;=0 = 0
on [0,T]x 032, « =0,...,s, and that

lerf1+ -+ em fmllgs+1j0,11x0) < K-
For [ = 1,2, we have that the boundary value problems
Ogus +quui' =0 in [0, 7] x 2,
uy=e1fi+-+éeémfm on [0, 7] x 0L2,
Urlt=0 =0, 0dsul;=0=0 inQ
have unique small solutions u; = ug, £, 1.4, f,, @ described in Lemma 9. According to (17), the
solutions u; have expansions of the form

m
ul:8101,1+"'+8mvlam+ Z (kl

lk|=m

kl... k’n >
,km)gl em' Wy g+ R

where vy ; satisfy (18) and w, ¢ satisfy (19) with g replaced by g;. We also used the notation k=
(k1,...,km). In particular, we know by (19) that

W; i -= WA,...,1)

satisfy
Oew, 3 +qivpy--vym =0  in[0,T]x,

w; =0 on [0, T] x 0€2, (59)
wl,i|f=0 =0, B,wl’ﬂ,:o =0 inQ.
Note that since (18) for v; ; are independent of g;, we have by the uniqueness of solutions that
vl,j:vz,j::vj’ J:l,,m (60)

Moreover, according to (20), the correction terms R; for [ = 1, 2 satisfy

IRl gs+2 + 18g Rillgstr < €, T lqil Fsriler fi+ -+ em | 7571 5y
We apply the finite difference operator Dg“ |z—¢ of order m, defined in (21), to u;. By (22), we have
1

mj_ _ | R —_
DE |8:0ul _m‘wl’I + 81"'8le,
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where R; contains sum of the remainder terms R; appearing in the finite differences. Consequently, by
taking into account (59) and (60), we obtain

1

——— O, Ry,
81..-8m g l

O DY |zt = —m! qrv1 -+ vm +

where R; = ¢&1-+-emRy, [ =1,2.

We manipulate the integral identity (25) to relate the difference of the DN maps A and A, to the
difference of the unknown potentials g1 and g5 in terms of v;. For this, consider an auxiliary function vg
which satisfies dgvg =01in [0, T]x 2, with vo|;=7 = 0;vo|;=7 =0 in . Applying (25) to the difference
of the DN maps yields

—M!/ (91 —q2)vov1 -V d Vg
[0,T]x%

e /MXQ 00 (Ra =) Yy + [ 00DPleco(hr = ADerfi++++mfn) dS. (6D
The finite difference D["[z—¢ of u; is a sum of 2™ terms. By using (61), we calculate
m!'[{vo(q1 —q2), V1 Vm)12([0,T1x )
<[{vo. DI [(A1—=A2)(e1 fi++++em ) r2(s)| + (61 &m) ™ [(vo. Og (R1— R2))12(10. 77x0)]
<2™(e1-+-em) " [{vo, (A1 — A2)(e1 fo + -t emfm))L2z)l
+ (e em) " [{vo. Og(R1 — R2)) 12 0. 71x)|
<278 (e1-+-em) " Vol grgy+ (61~ 8m) " 10 (Ri—=R2) |l grs+10,77x@) V01l G510 0. 71x2)
<25 (o1 em) " ol gr gy + Co1 61+ em) ™ 10 Ry = Rl g1 100l -4 0. 7700
< Cm,s+1 (&1 ceem) ! (||U0||1.7—r(z) + ||U0||ﬁf(s+1)([o,7~]xg))

Jj=1

m 2m—1
x [2’" §+C(s. T) (g1l %41 + ||q2||§g+l>(Ze,- ||f,-||Hs+1<z)) }

m 2m—1

<C(e1--em) " |:5 + ( &ill fi ||Hs+l(z:)) ] (62)
j=1

Here we used the assumption [[A1(f) — A2(f)|ar(z) <8 for f =e1 1+ + &m fm. We also used

that the norm in H5+1([0, T] x ) is bounded by the norm in E5*! up to a multiplicative factor Cs41

as noticed in Remark 7. The final constant C is given by

C = max{Cons1. Cs. )1 a1 + 120003 (1ol r sy + V0]l g1 0. 71

Here we have respectively denoted by H (X) and H G ([0, T] x Q) the dual spaces of H” (X) and
HSTL([0, T] x Q).

5.2. Step 2: approximation of a delta distribution by a product of Gaussian beams. Recall that (v; );?1=1
is a family solutions to Cgv; = 0 as in (18). The second step of the proof of Theorem 1 is to choose
the solutions v; so that they allow us to obtain information about g1 — g2 on the left-hand side of the
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estimate (62). The boundary values corresponding to v; will be denoted by f;. We use the Gaussian
beam construction of Section 3 to produce approximate delta functions from products of Gaussian beams.
We shall need the following elementary results. Let f : R — C be a Lipschitz function. We define the
Lipschitz seminorm of f as

£ lILip :=inf{c = O [ | f(x) = f(W)] = c[x =y}

Lemma 20. Let d € N, T > 0 and b be Lipschitz. The estimate

(Sl

d
‘b(zo) — (%) 2 /Rd b(z)e ™20 dz| < e b Lipr™

holds true for all zg € R4 In particular, the integral on the left converges uniformly to b(z¢) when T — 0.
Here cg := F(%)/ F(%)

We omit the proof of Lemma 20 as it can be proved similarly to the following more general result:

Lemma 21. Lett >0, x € Ri, d > 2,and assume x = (Xx1,...,Xg), where x1 > 0. Let b : [R{f’;_ — C be
Lipschitz. Define a map ® : (—oo, 0] — [%, 1] by
d(s) ! /oo vy (63)
§) = —— e .
v Js

The estimate

1
< 2¢q||b e

409 e (1) Jomp

holds true for all x € R4 N {x1 > O}. In particular, the integral on the left converges uniformly to b as
T — 00. Here cg = F(%)/F(%)

Proof. Let us write x = (x1, x") and assume without loss of generality that x” = 0. To begin, recall the

_ 2
/ e 1P dz = x
Rd
d
2

/ e~TlTx? gy — /00/ et (=2 HZ'P) g g — (z) D(—+/Tx1).
RZN{z1>0} 0 JrRA-1 T

Since b is Lipschitz in RZ, we have

identities

[SiSW

1z 4
and Iz|e V¥ dz = cym %,
R4

Note also that

b 25 +x1.T722) = b(x1.0)] < [bllipr 2 [(s. 2")]
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for any x; > 0 and(s, z’) € R?, s > —/7Tx;. Thus we may calculate

d
®(—/Tx1)b(x1,0) — (%) 2 /Rdm{ , b(z)e T g
Z1=

- (z)gA;gdm{z >0}(b(x1,0) —b(Z))e_ﬂZ_x'Z dz

g

[N

=7

o0
/ / (b(x1,0) —b(v™2s +x1, 77 22"))e 2P 42 ds
—JTx; JrRd—1

da [ 5
< ||b||Lip7T_2/ / (s, z")|e" 1" dz’ ds
_ﬁxl R4 —1

_1 _4a _z]2 _1
< lbllupe 4% [ 12167 dz = calblpe .
R

Finally, dividing the above inequality by ®(—./Tx;), and observing that ® is monotone and satisfies
d(0) = % and O(s) — 1 as s > —o0, we have the claim. |

We will apply Lemmas 20 and 21 with d = n 4 1 and the function b will be a multiple of g1 — ¢>.
Lemma 20 will be applied for recovery of points that lie in W \ ¥ and Lemma 21 for recovery of points
on .

To achieve the factor t4/2 = ¢(n+1)/2 appearing in Lemmas 20 and 21, we use the solutions of
Corollary 11 with p = 4 and scale them by a constant t1/8, This change amounts to scaling the boundary
values f; by t1/8 The estimates (41) and (44) still hold by taking k, [/, K and N large enough. Moreover,
when applying Lemma 21, we modify the functions of Corollary 11 by multiplying them by ®(—./7x1)
with a suitable number x; > 0.

Recall that Gaussian beams concentrate on light-like geodesics. We show that at the intersection
points of geodesics, the corresponding product of Gaussian beams approximates the delta function of the
intersection point. Taking this approach, one can recover information about the difference of the unknown
potentials g1 and g5 at points where the geodesics intersect. When the geodesics intersect only once, the
proof is simpler and instructive. For this reason, we first analyze the case where the geodesics intersect
only once and prove the general case after that.

5.3. Proof'in the case of a single intersection point. Let pg € W, where W is as in (3). In this case
po € I7(X) by assumption and by Lemma 15 there is a future-directed optimal geodesic y; from X
to po that does not intersect {t = 0}. By making a small perturbation of y;, we have another geodesic
y2 that intersects y; at po and does not intersect { = 0}. Since the geodesics are causal, they exit the
compact set [0, T'] x 2 in finite parameter time. By the assumption of this simplified case, y; and y»
intersect only at pg. Let §' > 0 be small parameter so that the Fermi coordinates (26), associated to y;
and y,, are defined for |y| < &'

By Proposition 10 and Corollary 11 there is 79 > 0 such that, for j = 1,2 and t > 7o, we may choose

Uj:'fé(v‘[’j‘l‘rj) and f; =vjls, j=12, (64)
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so that (g (v, ; +7;) = 01in [0, T'] x Q. Here the function v,; stands for the Gaussian beam described
in Section 3 corresponding to the geodesic y;. We also have that the correction term r; satisfies

rils =0, j=12. (65)
By (34) and (35) and Proposition 10 applied with p = 4, we have for t > 19
ve,j (s, y) = T8 7O OV (s y), T =10,
~ ARy
a(s,y) = ng) kgor bk{)(s, y), T=>1o, 66)
b5 y) = > by,
k=0

where bl(cj’ )k” (s, y) is a family of complex-valued homogeneous polynomials of order k” in the vari-

able y. We emphasize that all functions on the right-hand sides of (66) are independent of 7. Thanks to
Proposition 10, see also (36) and (37), we also have

b(0.0) = bJ0(0.0) =1, j=1.2. (67)
In addition, by (40), (41) and (44), we get for j = 1,2 and k > [ + %(n -1

e, gt qo.ryxey = O ¥ 1), o> 10, .
17l e qo.rixey = O5). t> 10,

if N satisfies K = %(N +1—k)—1. (If N defined this way is not an integer, we redefineitas | N +1].) We
imposed the condition k > [ 4 %(n —1) to embed the energy space E! into H¥ ([0, T'] x ©2); see Remark 7.
This condition is needed to control certain Sobolev norms in the following computations. Furthermore,
by (41) and assuming that [ > %(n + 1) (to embed H ([0, T] x Q) into L*([0, T] x R2)) we get
vz, jllL4qo,71x) = O, J =12, t>1,
”rj ||L4([O,T]XQ) = O(T_K)’ J=L12 t=1.
Since [y is a linear operator, the complex conjugates of vy and v, denoted by vy and v2, also solve
Ogv = 0. We set

(69)

vj:=0j_p and fj:=vj|g, Jj=3,4.

Combining the trace theorem with (65) and (68) in the case [ = s + %, we obtain an estimate for the
boundary values f; for j =1,2,3,4 and t > 19, as

1
I fillzs+1czy = vjlsllas+iz) = T8 (ve,j + 1))zl gs+1(x)

. S (70)
< t8vg,jll gs+32j0,rix) S CT° 87 8.
For j =5,...,m, we choose Gaussian beams at fixed 7 = 7¢ as
_n+1
Vi =1y ° Vilt=¢, and fj=v;lz, j=5....,m. (71)

Let us write
0 =1UV5-Up.
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Remark 22. We remark that by making 7o > 0 large enough, there exists ¢ > 0 such that

[0(s, ) > ¢ (72)

in a neighborhood of (s, y) = (0,0). Indeed, by taking [ > % and combining Morrey’s inequality

with (68), we deduce that both v;,1 and 1 are continuous functions for T > 7. In particular, the function vy
is continuous according to (64). Proposition 10 ensures that ®;(0,0) = 0 and b(()}()) (0,0) = 1. Looking

at (66) one has
a1(0,0)=1+0x"Y, ©>r1.
Hence

r_ngl v1(0,0) =1+ ‘L'_%I‘l 0,0)=1+ 0(‘17_%), T > 1,

where in the last equality, we have used (68) to deduce |71z ((0,71x@) = O(1). Thus we have, by

redefining 7¢ if necessary,

N _n+1 _
19(0,0)| = (5 [v1(0,0))" *>1

for all T > 7. By the continuity of ¥, we have (72) on a neighborhood of (0, 0).

With these choices, we now analyze the left-hand side of (62). We decompose the product vy - - - vy, as
the sum of a leading term plus lower-order terms. A straightforward computation holding for t > ¢ yields

V1 v = [v1]? 2]
1 A
=12|vg,1 + 71 [*|ve2 + 12D
_ .3 2 - ~ 2 2 - - 2\ A
=12(|ve,1|" + veaT1 + 11 7)) (V2| + ve2l2 + 12Uz + (2] 9)0
1 .
= 12|vg,1*|ve2]?D + L1, (73)
where £; is a sum of products of terms each containing r; or r2, or their complex conjugates, as well as

v as a factor. Consequently, we can choose (N, k, [, K) in (68) so that together with the Cauchy—Schwarz
inequality, we obtain

IL11lL1 qo,71xg) = OF) (74)
for some R > 1. Indeed, let us analyze one term of L1, say fl/zvm |vr,2|2f16. As 1 is continuous, it
is bounded in [0, T] x Q2. Using (69), we have for t > 14

1 2- A < 1 2-
T2 |Jvg1|ve a2l F10 L1 o, 71xe) < T2 v alve 2" F1ll L1 o, 1x )
1 1_g
<12 |veallLaqo,rixe) ||Ur,2||%4([0,r]xg) Ir1llL4o,71x@)=0(x27 7).

A similar analysis allows us to deduce that the L!([0, T] x Q) norms of the other terms of £; are
O(<1/2=K) Therefore

1_
110 qo.rixey = 0(275), 1>1.
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Thus we can take R = K — % in (74). Note that we can always find suitable parameters /, k, N and K
satisfying K = N+T1_k -1, k>1+ % and / > % > %. One possible choice is
l=n4+1, k=3n+1, K=2, N=3n+1).
Let us now analyze the leading term in the expansion (73):

T%lvr 1|2 |U‘E 2|21’)\ — 1%6”61(x)e_itél(x)e”@zo‘)e_”@z(x)|a(1)(x)|2|a(2)(x)|2 ﬁ(X)

For technical convenience, we consider a normal coordinate system (x¢)” _ centered at the point pg,
which is the unique intersection of the geodesics y; and y,. At the center of the normal coordinates the
metric is the identity matrix and all Christoffel symbols vanish; see, e.g., [O’Neill 1983, Section 3]. At the
point pg both the phase functions ®; and ®, vanish and their gradients are real. Using the properties (42),
we have the following Taylor expansion around py:

O1(x) —O1(x) + Oz(x) — Oz (x) =2i x - VZIm(O1 + ©3)|x=0x + O(|x|?).

Here V2 Im(©; 4+ ©,) is a positive definite matrix at pg (i.e., at x = 0 in normal coordinates) by the last
two conditions of (42), because ®; and ®, are positive semidefinite and positive definite in directions
transversal to y; and y; respectively.

Recall from (66) that the amplitude al ), j = 1,2, has the cut-off function y as a factor. Therefore, we
may redefine §’ > 0 smaller, if necessary, so that at the intersection U; N U, of the supports

Uj := supp(a”) = supp(v;)
we have Im(®; + ®3) > 0. Let us write
H:=2V?Im(O; + O3)|x=0 >0 (75)
so that in the normal coordinates
©1(x) = 01(x) + O2(x) = O2(x) = ix - Hx + O(x), (76)
where @(x) = O(|x|?). Using the precise expressions in (66) for at/), j = 1,2, we see that
a® )7 1a@ )P = lbg? (1) b6 ()2 + 7" La(x),

where
121|210, 71x2) = O(D). (77)

Via a calculation similar to the one done in deriving (73), we deduce in the coordinates (x¢)” _ that
1 N ntl 1 2 A i 70 —rx
w2 ve Ploea 0 =72 (0 PLa () Plbg? (0 PIbg (x) P8 (x)el W
_1 ntft A i 70 —Tx-
+77 T @ P @) Pi()e W Ly (). (78)

=L (x)

Here the functions y;, j = 1, 2, stand for the normal coordinate representations of y;, which in Fermi
coordinates (s, y) corresponding to the geodesics y; take the form x(|y|/4’). Note that x;(0) = 1. Recall
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that O(x) = O(|x|?). By using (77), making the change of variables x > 7~1/2

1O(r2x) = t=120(|x]?) = O(|x|?) one calculates that

12201 qo.71xey = O ). (79)

(See (84) below for a similar calculation.)
For the sake of brevity, we set

) = 1) —q2(x),  A) = [11 )P 2P P ()1 b ()12 6(x). (80)

By Proposition 10, see also (67), we have in the normal coordinates that ®;(0) = 0 and b(()j )(O) =1,
j =1,2. Note also that (:)(O) = 0. Thus one gets

x and using the fact

A(0) = H(0). (81)

Integrating in the normal coordinates, and combining (73) and (78), we find

/[ vo(q1 —q2)v1 - vm dVy

=72 / 00(X)q(x) A(x)e! TOW e=TxHx g / vo(X)q(x)(L1(x) + L2(x)) dx
B(po) B(po)

=1 2 / o (x)q(x)A(x)e ™M dx +/ vo(xX)q (x)(L1(x) + La(x))dx
B(po) B(po) ~
T vo(X)g(x) A(x)(€"TOW) — 1)e ¥ X gx (82)
B(po)

(Recall that v is a function satisfying Ogvg = 0 with vo|;=7 = d;vo|;=7 = 0in .)
With slight abuse of notation, there are now two possible cases in the integral (82).

Case 1: If Uy N U, N Y = @, then B(pog) is a ball in R*T! centered at pg such that U; N U, C B(po)
and we can proceed without changes.

Case 2: If U1 NU, N X # @, then B(py) is a ball in erl centered at pg such that Uy N U, C B(pyp). In
this case, we can similarly derive the identity (82) in boundary normal coordinates. As can be seen from
Lemma 21, to obtain a proper normalization, we scale by the constant 1/®(—+/7x1). This is achieved by
multiplying the function vg by 1/®(—+/7x1). Since ® : (—o0, 0] — [ 3, 1], this scaling will contribute to
redefining the constant of the stability estimate by a factor of at most 2. Here ®(s) := /2 fsoo e~ dt
is as in (63) and x; denotes the first coordinate of pg in local coordinates of [RR’_’i_H.

We now analyze each term in (82) above. Thanks to (62), we can control the term on the left-hand
side of (82) in terms of §, &1, ..., &y and the size of f;. The first term after the second equality in (82)
contains information about g1 — ¢, and will be analyzed last. At this point, the exponential function
e—rx-?—Lx
that  is a positive definite matrix, see (75). By combining (74) and (79), and using the fact that both vg
and ¢ are uniformly bounded, we have for T > ¢ that

will play a crucial role, as it will act as an approximate delta function. This is due to the fact

/ 00 (0)g () (L1 () + L2 (0)) dx| S 7L (83)
B(po)
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1/2

Making the change of variables x — 7~/ “x, we obtain

3 / vo(x)q(x)A(x)(e”@(x) —1)e ™ M* dx
B(po

/ (voqA)(r_%x)(e"’@(fl/zx) —De ¥ dx| < I (84)
B(po)

In the last inequality we used that |e?! —e?2| < |21 —z,|e™ 2111220} for all 2, 2z, € C and @(x) =0(x|?)
to deduce that ] |
|eit®(r_7x)_ |3e‘c—7|x|3’

1
1| <t72|x T > 1.

We also used that the functions vogA, e=*7*, |x| and et IR are uniformly bounded in B(py).

Let us then analyze the first term after the second equality in (82). Since H is positive definite, there
exists another positive definite matrix B so that B2 = 7. Making the change of variables x > Bx, we
deduce that in Case 1, where U; N U; N X = &, we have

/ vo(x)q (x) A(x)e ¥ dx = / vo(B2)q(Bz) A(B2)|g(2)|2 [det B|™ e~ dz.  (85)
B(po) R+l
For convenience, we set
1 _
b(z) := q(Bz)A(Bz)|g(z)|2|det B|~".
By using (81), we see that in normal coordinates
A _1
b(0) = (¢1(0) — ¢2(0))v(0)[|det | 2. (86)

The identities (82) and (85), combined with estimates (83) and (84) yield
n+1

(x)

Thanks to (62), the second term on the right can be controlled in terms of 8, &1, ..., &, and sizes of the

1
ST+

/ vo(2)b(z)e~ 7 dz
Rn-{—l

/ vo(q1 —q2)V1 v d Vg
[0,T1x2

functions f;. Thereby, applying Lemma 20 with zo =0 and d =n + 1, we get
n+1

b(O)—(l) : / vo(2)b(2)e™ 7 4z
T Rr+1

Scn+1||vob||clf_%+f_
e et e et erll fill s+ )+t em fnll s+ )2

2m—1
<CQ,m,T,QjaXM|: A

n+1

@)™ [ et

1b(0)] =

D=

2 ..
< 1 2t 24 €] Em
ko
1

+m—1

g7t e fi ||Hs+1(§;)+"'+8m||fm||HS+1(E))2m_1:|, (87)

where vg can be chosen so that in normal coordinates vo(0) = 1. The above holds for any M > 0 and
ko > 0. In the last step, we scaled § by Kg’”_l /(mM). The coefficients 2 and 1/(m — 1) in front of 7~1/2
and 81_1 ---g,. 1 in (87) were included to simplify formulas later on. We will determine the constants M
and ko later. Their role in obtaining a stability estimate will be clarified in Lemma 23 below.
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In Case 2 we arrive at the same integral (82), but the integration is only over the half-space [Ri’j_“ and
due to scaling of vq the integral is scaled by a constant 1/®(—+/7x1)). All other calculations after (82)
remain similar, but one needs to apply Lemma 21 instead of Lemma 20 to obtain the estimate (87). We
omit the details.

5.4. Step 3: optimizing the error terms. The last step of the proof of Theorem 1 (in this simplified
setting) is to choose T and €1, ..., &, in terms of § to have the right-hand side of (87) as small as possible.
We begin by setting

gl =:-r=&y =&

Note that by (70) and (71), we have for T > ¢ that

el fillas+1(z) wsts_%J“%, j=1,2,3,4, > 10,
3 (83)

s—4+5 .
el fillas+1(zy ~ €7 , J=5,...,m.

To guarantee the unique solvability of our nonlinear wave equation (16), we require the quantities on
the right-hand sides of (88) to be bounded by «, which was given by Lemma 9. Recall that 7o > 0 is a
fixed large parameter, which we chose at (71). The parameter was especially chosen so that the Gaussian
beams v; for j =5,...,m have small enough correction terms.

Lemma 23 shows how to choose the parameters t and ¢ in (87) optimally given x > 0 and § € (0, M).
By choosing ko < k, we will see that the optimal value for 7 is at least tp and we also have that

ell fillas+1(zy < k.
Lemma 23. Let C,M,s >0and m € N. Let also 19 > 1, § € (0, M) and k € (0, 1). Then there are ¢ > 0,

T > 19 and ko < k such that

2m—18 1

LK
6,7):=2t 2 +4+-2 g
f(e, 1) T 24 M +m—l

8(m—1)
< Cs,m,M,KO § 2mm—1)8s—n+13)+2m—1

g1 T(Zm—l)(s—%-i—%)

and we also have

—
W

_n 15
e’ 8T® < Ck.

Proof. To simplify the notation, let us write § := (2m — 1)(s — % + £2) and yo = x3™~!/ M. We take
ko < Kk to be so that yp < 1. We will redefine k¢ > 0 smaller later if necessary. A direct computation

shows that R
N _ s
8m 1_s5s—1 )

9 f = —(yod)e ™ L 4 em 1S 9 f=_173 4 T

m—1
Making d. f = d; f = 0, we obtain the critical points of f, namely

A1y 522m=D _2m—1)
T = ((m—1)§ ") Bm+am=T1 (o)~ Bm+2m—T
Al 2§ 45m+2m—1-23 (89)
e = ((m—1)§ ) Bm+am=T (yy§) @m+2m—D@2@m-1)

(One can also verify that the Hessian of f at the critical point is positive definite, and hence the critical
point is a local minimum.)
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Note now that -
= ((m—1)8 1) Tokom=1 (yo8) " TmFam=T
20n=D@m=1)

> ((m — l)s 1)2Yrr12—|’—n72ml)l,(0 25m+2m—1

’

because by assumption 0 < § < M and since yo = k3™ 1/ M. Since the constant

19}
((m— )5~ 50T > 0

and the exponent
2m—1)2m—1)

25m+2m—1
do not depend on k¢, we may choose k¢ so that kg < Ck and that 7 in (90) satisfies

<0

2(m—=1)

T = ((m_ l)s 1)23m+2m 1()/08) 2sm+2m—1 > 70.

With these choices, we have at the critical point of f (e, t) given by (89)

2m—1

13 3 1 K 2m—1
+ 8 — gr2m—1 — ()/08) 2m—1) — ( OM 8) E Ko < CK'

et’ ™

ol

forall 0 < § < M. A straightforward calculation using (89) shows that 7—1/2, (y8)e™™ and ¢” 1%
are all bounded by Cg . a1.x (y08) "~ D/ @m+2m=1) "where the constant Cg . a1, is independent of &

and t. =
Recall (86) and (87). We set €1 = -+ = &, =: € and apply Lemma 23 to obtain
[vo(Po)l1g1(Po) —q2(po)| 10 (po)||det H| 2
< Ca,rq; M 2773 I K"~ 158 —m 4 1 m=1 @m=1)(s=§+)
Tkt mM m—1
8(m—1)
< C08 2m(m—1)(8s—n+13)+2m—1 _ (90)

Since po € I ~(2)N ([0, T]x ), by Lemma 15 there exists a past-directed optimal geodesic from X to pg
such that the first intersection of the geodesic and X is transverse. Since the intersection is transverse, the
geodesic does not intersect {¢ = 7T'}. Therefore, we may choose v¢ to be a Gaussian beam corresponding
to the geodesic such that vg|;=7 = d;vo|;=7 = 0. We may assume by normalizing that vo(pg) = 1.
Recall also that 0(pg) > ¢ > 0 and |det H| > 0 by (72) and (75) respectively. Dividing (90) by the norm
of vo(po)(po)|det | ~1/2, we have a stability estimate

8(m—1)
lg1(po) —g2(po)| < C82mn=D@s=n+13+2m=1 91)

at the point pg. We next show that the constant C can be redefined to be independent of py.

5.5. Step 4: uniformity of the constant C. So far we have obtained the estimate (91) regarding the differ-
ence of g and g5 at the single point pg. The constant C may at this point depend on pg. Next we argue that
the constant C can be redefined to be independent of pg. This will then yield (4) and conclude the proof
of Theorem 1 in the simplified setting, where we assumed that light-like geodesics can intersect only once.
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To show that C in (91) can be taken to be independent of pg, we first construct an open cover of
W C IT(Z)NI~(Z) as follows. (Recall from (3) that W is a compact set which we can reach and observe
from X.) Let z € W. By Lemma 15 there are optimal light-like geodesics y1 and y, that intersect at z and
which do not intersect { = 0}. We may reparametrize so that y1(0) = y2(0) = z. Let ¢ = |y1(0) — 2(0)|.
Here and below | - | denotes the R” norm of vectors in local coordinates.

By Corollary 14 there are open neighborhoods ¢/; and U, of z and families of Gaussian beams v, (x, [, -)
(including the correction term) parametrized by x € U;, / = 1,2, such that all the implied constants,
such as tp, in the construction of v;(x,,-) are uniform in x. Moreover, still by using Corollary 14, the
geodesics y, ; corresponding to the Gaussian beams v (x,/,-) satisfy [7;(0) —yx;(0)| < £, | =1,2.
Then, for x € U1 NU,, we also have that

[72,1(0) = 7x,2(0)] = § > 0. 92)

We conclude that the geodesics yx,1 and yx > intersect at x and do not have the same graph. We also set

ﬁx() = (U‘E(x7 l, '))m_4|r=ro,l=1

for x € Uy NU,. By redefining 7¢ larger, if necessary, we have that |0, (x)| > d > 0 for all x € Uy NU>.

In deriving (91) in this Section 5, we used normal coordinates. Normal coordinates are uniquely defined
by choosing an orthonormal basis at a point. By using a local orthonormal frame on a neighborhood /3
of z, we may find a family of normal coordinates smoothly parametrized by x € U3. It follows that
the contribution to C in (91) coming from the use of normal coordinates may be taken to be uniformly
bounded for all x € /3. All things considered, by repeating the arguments in this Section 5, we may take
the constant C to be uniform for all x € Uy NU> N U3, where U; N U, NU3 is a neighborhood of z.

Recall that we aim to estimate the difference of ¢; and ¢ in the compact set W C I (X)N I~ (X). By
covering first the compact set W by the sets U1 NU» N U3 as described above and then passing to a finite
subcover, we have that (91) holds for all z € W. Finally, we apply Lemma 18 with P = 1 to deduce that
there is a finite family of functions v, o satisfying Ogv;,0=0in [0, T]xQ and v; o|;=7 = 0:Vz,0|;=7 =0
and such that v, ¢(z)| > ¢ > 0. (Only finitely many of the functions v ¢ are actually distinct.) Combining
everything yields the estimate

8(m—1)
|(Uz,0(2)ﬁz(2)((]1 —qz))(z)| |det/}-[z|_% < C §2mm—D@s—n+13)F2m—1 , (93)

which holds for all z € W. Here the point z corresponds to the origin 0 of normal coordinates centered
at z and all the quantities are expressed in these coordinates. The point z is also the point where the
geodesics yz,1 and yz » corresponding to the Gaussian beams v.(z, 1,-) and v.(z, 2, -) intersect.
By Remark 22, we have that |v;,0(z)| > ¢ > 0 and hence |0;(z)| > d > 0 in (93). Let us estimate
|det H .|, where
H, = 2V2 Irn(®z,1(x) + ®z,2(x))|x=z-

Here ®;,; and ©; 5 are the phase functions corresponding to the Gaussian beams v (z, 1, ) and v,(z, 2, -)
respectively. Here also V? is the invariant Hessian. In the normal coordinates centered at z we have
that the geodesics y;,1 and y; 2 are rays emanating in from origin. Since y;,1 and y; 2 do not have the
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same graphs, the rays are not same and there is a positive angle (in the R”*! metric) between the rays in
the normal coordinates. Due to (92), the angle is uniformly bounded from below by a positive constant.
Consequently, using also the facts that

Im(V?0,,)(z) 20, Im(V?0;,)(2)l;. o)+ >0

we conclude that there is 7 > 0 such that |det ;| > h for all z € W. Dividing (93) by |v;,0(2)], |Vx(x)]
and |det 7, |~1/2, and redefining C larger, if necessary, concludes the proof in the special case where we
assumed that light-like geodesics can intersect only once.

5.6. Step 5: multiple intersections. We have proven Theorem 1 in the special case, which assumed that
the used light-like geodesics intersect only once. In the case of multiple intersections, we can perform
a similar analysis as in the special case, but this leads to an estimate for a sum of terms regarding the
difference g1 —¢g» at the intersection points. To separate the contributions coming from several intersection
points, we will use separation matrices and a separation filter constructed in Lemmas 17 and 18. Most of
the work needed to handle the case of several intersections was already done in proving these two lemmas.

Let N be globally hyperbolic Lorentzian manifold. Let also g be an auxiliary Riemannian metric
on N. The following lemma shows that given a compact set K C N there is a bound on the number of
possible intersections of pairs of causal geodesics in K. We will apply the lemma with K = [0, T] x
and N = R x M. Let us recall some relevant facts. An open set O of N is convex if for every pair of
points p,g € O with p # ¢ there is a unique geodesic y of O connecting the points. Each point in N
has a neighborhood that is convex [O’Neill 1983, Section 5, Proposition 7]. Let p € N and let U, be its
convex neighborhood. By [O’Neill 1983, Section 14, Exercise 10] (see also [Minguzzi 2019]), and the
fact that Uj, is convex, it follows that p has a neighborhood V,, C U, with two properties:

(i) Any causal curve starting in V), that leaves it never returns.
(i1) Two distinct geodesic segments in V), can intersect at most once.

We mention that in [O’Neill 1983] the sets V), are called causality neighborhoods. It follows from
conditions (i) and (ii) that any two distinct causal geodesics can intersect at most once in V).

Lemma 24. Let (N, g) be a globally hyperbolic Lorentzian manifold and let K C N be a compact set.
There is P > 1 with the following property. Let y1 and y, be two distinct causal geodesics. Then the
number of intersection points of y1 and y» is bounded by P,

#IT1NT) <P,

where I'j C N are the graphs of the geodesics y;, j = 1,2.

Proof. Let y; and y; be as in the statement of the lemma. Because N is globally hyperbolic, every point
p € N has a neighborhood V), satisfying the conditions (i) and (ii). Because K is compact, there exists a

finite subcover
P

U V2K

a=1
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formed of sets V),,. Since a pair of distinct causal geodesics can intersect at most once within each V),

a’

it follows that the number of intersections of y; and y», is bounded by P. O

Lemma 25. Let g be an auxiliary Riemannian metric on a globally hyperbolic Lorentzian manifold (N, g)
and let K C N be compact. Then there exists p > 0 such that for any pair of distinct causal geodesics y1

and y, intersecting at points X1, ...,xp we have
dg(xj,xx) = p, Jj#k,
where dg(x, y) is the distance induced by g.

Proof. Let x; and xi, x; # xi, be intersection points of y; and y>. Let {V}, }5:1 be a finite open cover
of K consisting of sets with properties (i) and (ii). Let p > 0 be a Lebesgue number (see, e.g., [Munkres
1975, Lemma 27.5]) of {Vp, }5=1 with respect to the distance dg. It follows that the ball Bz (x;, p)
belongs to V), for some a € {1, ..., P}. Since the geodesics y1 and y, can intersect at most once in Vp,,,

the point x; cannot belong to Vj,,. Consequently, xi ¢ Bz (x;, p) and thus dz (x;, xx) > p as claimed. [J

By Lemma 24 we know that there is P € N such that light-like geodesics can intersect at most P times
in [0, T] x Q. Let also g be an auxiliary Riemannian metric on [0, 7] x 2.

Let y; and y» be future-directed light-like geodesics starting from X that intersect for the first time at
z and which do not intersect {r = 0}. Let

Z1y .3 2Py
be the intersection points of y1 and y» arranged as z1 < z> <--- < zp,, where Py < P and

z=1I1.
As in (64), we choose
1
vjzfg(vt,j_{—rj), j=1’2’

to be Gaussian beams associated to y; and y,. We also choose
Vi =V—2, J=23,4, and V= (1)1|t=1—0)m_4

as before. Since the product v - - - vy, is supported on neighborhoods of the intersection points, the term

(vo(q1 —42), V1" Vm) L2([0.T)xQ) = / vo(q1 —g2)v1 -+ vm d Vg
[0,T]x%2
becomes a sum of terms
Po ~
> / v0(x)(q1 — 42) () A(x)e O T g, (94)
j=1 B(Zj)

where each set B(z;) is a neighborhood of z;, j =1,..., Po. Here @(x) and A(x) are defined similarly
to (76) and (80) respectively and

Hz, =2V2Im(O1(x) + O2(x)|x=z;. Jj=1....,Po
as before.
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By Lemma 25 there is a uniform constant p > 0 independent of zy, ..., zp, such that dz (z;, z;) > p for
alli # j. This implies we can use Lemma 18 to find a separation filter on [0, T]x 2. So, let M ={vf, jrex
be a separation filter of [0, T'] x 2 given by Lemma 18 with the compact set W as K and Py as P. Here
Ji € C%°(X) and K is a finite index set. According to Lemma 18, the corresponding solutions vy, to
Ogv =01in [0, T'] x € can be chosen so that the associated separation matrix (v, (z;)) ,I; 0j=1 is invertible.

We note that if B(z;) N X # & in (94), then the corresponding integrals can be taken over the half-space
[F\R'_’:rl in boundary normal coordinates. As indicated by Lemma 21 we need to use the scaling factor
1/®(—+/7z;,1) to recover the value of g1 — ¢» at z;. This can be achieved by scaling the functions vy,
of the separation matrices by 1/®(—+/7z;,1). This amounts to scaling the matrix element of the upper
triangular parts of each of the separation matrices by 1/®(—+/7z;,1) if B(z;) N X # @. Here z; ; is the
first coordinate of z; in boundary normal coordinates. Recall from (63) that ® : (—o00, 0] — [%, 1]. Thus
by choosing a larger 7y, if necessary, the separation matrices with scaled elements stay invertible. Much
as in Step 4, it is possible to make the choices of the boundary normal coordinates so that the choices
amount to redefining the constant C.

By repeating the calculation in (62) we have for each k € K that

m 2m—1
(Vg (@1 —42). V1 -+ Vm) 20, 7yx)| < Cre (61 €m) ™" [5 + (Z &ill fi ||Hs+l(z)) }
j=1

We apply (94) with vy, in place of vg and note that the integrals in (94) are the value of the integrand
at zx plus a term of size O(z~1/2) by calculations (75)—(87) and Lemmas 20 and 21. Optimizing as in

Section 5.4 in T and €1, ..., &, yields that
PO 1 8(m—1)
> 0 (2)(@1(z) = 42(2)) D (z))|det Hz, | 72 | < C§ 2D 3271
j=1

forall k =1,..., Py. Let us define a matrix A and a vector Q as

A =v7,(z). Q= (q1(z)) —q2(2))d(z))|det Hz, |72,

where j,k =1,..., Py. Since the separation matrix {vy, (xj)}ll:oj=1 is invertible, we have that

8(m—1)
Qi < Q1 = 147 (AQ)|| < AT |4Q] < [[A]| 7! € §zmtm=nss =+ To2m=T,

Recalling that z; = z, we thus have

8(m—1)
|(q1(z) —qz(z))ﬁ(z)|det7-[z|_% <C ||A||—152m<m—1>(8s—n+13>+2m—1 . (95)

In (95), 9., detH_, but also ||A||~! depend on the point z. We argued in Section 5.5 that ¥,
|det H, |_1/ 2 have norms which are uniformly bounded from below with respect to z. Since the separation
filter M is a finite collection, we may also bound || 4| ~! uniformly when we consider different points
in W. Using these facts and by dividing by |(z) det %,|~!/2 and redefining C shows that

8(m—1)
||q1 — C]2||L°°(W) < C §2mm—D@s—n+13)F2m—1 |

This concludes the proof of Theorem 1.
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Appendix: Proof of Proposition 8

Before proceeding to the proof of Proposition 8, which concerns the well-posedness of the linear wave
equation (14), we need the following lemma.

Lemma 26. Let (Rx M, g) be a globally hyperbolic manifold. Let also to € R and let S;) = {t =to} x M
be the corresponding Cauchy surface. Suppose V C Sy, is a compact set in Sy, and W is an open
neighborhood of V in Rx M. Then there exists ¢ > 0 such that ([to, to+¢&]xM)NJ (V) C W. In particular
if V€ U, where U is open in Sy, there exists & > 0 such that ([to, to +&]x M)NJ T (V) C [to, to + €] x U.

Proof. For the first claim, assume that there is no such & > 0. Then there are numbers ¢ > 0 with g — 0
as k — oo and points px € ([to, to +ex] x M)NJ T (V), but pr & W. Since W is open, any accumulation
points of py, if existing, are not in W. As ¢, — 0 there is ¢ > ¢ for all sufficiently large k € N, say,
k > ko. It follows that py € ([to,to + €] x M) N J+(V) for all k > ko.

Because R x M is foliated by the space-like Cauchy surfaces S;, we have

[lo,lo+8]XM: U S;.

t€fto,to+e]

Also S; C J(ST) for all t < T, because if y is any nonextendible future-directed causal curve with
y(s) € St for some s € R, then this curve intersects S in the future. By [Bir et al. 2007, Corollary A.5.4],
the intersection J ~(S,+¢) N J (V) is compact. So [, to + &] X M being a closed subset of J ~(Sz,+¢)
implies that ([tg, o + €] x M) N J (V) is compact and there exists a convergent subsequence Pk, —~> D€
([to, to+€]xM)NJ T (V). Due to the construction, as e, — 0 we have py, — p €{t =to}xMNJ T (V)=
V C W. Thus p € W, which is a contradiction.

Suppose now that W = (a,b) x U where g € (a,b) C R. Then if € > 0 is so small that ([tg, o + €] X
M)YNJT (V) C (a,b)x U, we have ([tg, to + €] x MYNJ (V) C [to, to + €] x U. If not, we would have
some p = (t,x) € ([to. to + €] x M)N J T (V) with t & [tg, to + €] or x & U. Both options are invalid, so
also the second claim holds. O

Proof of Proposition 8. Let us first recall results in the special case where €2 is a domain 2 C R”. From
[Lasiecka et al. 1986] we know that there exists a unique solution v € ES*! to the problem

@?—-Apv=F in[0,T]x%,
v=f on [0, T] x 0€2, (96)
v=ug, dyv=u; in{tr=0}xQ,

if h(z,-) is a smooth 1-parameter family of Riemannian metrics on R” and if we assume that F, f, uo and
u1 satisfy the regularity and compatibility conditions of our proposition in R”. Under these assumptions,
we also know from classical results such as [Ikawa 1968] that there exists a unique solution w € E* 1o

(0> - Apw+Aw =G in[0,T]xQ,
w=0 on [0, T] x 092, 7N
w=0dw=0 in {t =0} x Q
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when A € C*°([0, T] x ) and G € E®. By combining the mentioned results, we have that the problem
(0?—Ap)u+Au=F in[0,T]x S,
u=f on [0, T] x 0€2, (98)
U=1ug, 0;U=1u in {t =0} x Q

has a unique solution ¥ € ES*1! and the regularity results of [Tkawa 1968; Lasiecka et al. 1986] also show
that d,u € H* ([0, T]x 0L). Indeed, by solving first (96) for v € E**! and then defining G := Av € EST!
for the problem (97) we find w € E® *1 (in fact w € ES12) solving (97) and so that u := v —w solves (98).

Let us then explain how these results translate to the case of a globally hyperbolic manifold [0, T'] x M
equipped with a Lorentzian metric g = (¢, x) dt> — h(t, x). Here B > 0 is a smooth function and A(z, - )
is a smooth 1-parameter family of Riemannian metrics on M. The function 8 > 0 is bounded from above
and below by the compactness of [0, T] x €. Via a conformal change of variables we obtain a scaled
metric § = dt? — B~ 'h for which the wave operator transforms as

Pi=Bi0,B =0 +V=0—Ap 1)+ V.

Here V(z, x) is a smooth function and Ag-1, for each 7 € [0, T'] is the Laplace-Beltrami operator of the

Riemannian metric (8~ 1/)(z,-) on M. Then u solving (14) is equivalent to v := B'/2u solving
Pv=B2F in [0, T] x 2,
v = ,B%f on X, (99)

v=P2up, dv=21B"29,uo+p2u; in{t=0}xQ.
From [Hérmander 1983, Theorem 24.1.1] we know that there exists a unique solution to (99). (The

result of that work is not however sufficient to us.) Also, in local coordinates in €2 this equation is of the
form (98). Let us define

R=P3F, r=p2f ro=p%uo, ri =B 20:Puo+pur.

Note that {r = 0} x M is a space-like Cauchy surface in R x M. Because 2 C M is a compact manifold,
there exists a finite atlas {(U}, (pj)}j?zl covering €2. Let y; be a partition of unity subordinate to {U; };‘zl
and let us denote the support of y; as

Vj = supp(y;) € Uj.
Let us also define
Rj = xjR, rj=yjlsr, roj=xjro. T1,j= )i,
denote the corresponding coordinate representations as
Rj=Rjogi'. Fi=rogil. Foj=roog;' Fij=riog .
and let
Uj = ¢; (Uj).

We construct a solution to (14) by patching up local solutions following partly the proof of [Bér et al.

2007, Proposition 3.2.11]. As we will see, this is possible due to the finite speed of propagation of
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solutions to a wave equation. Let K; be an open set with compact closure such that V; C K and K; C U.
If t € R, we may use Lemma 26 to deduce that there exists ¢ > 0 so that

(t,t+e)xQNIT (V) C(t,t+e)xK; C(t,t+&)xU;

holds. (This is similar to [Bir et al. 2007, proof of Proposition 3.2.11].) Here J * is defined with respect
to the conformal metric g. We remark that J * of a set is conformally invariant. By the compactness of
[0, T'], there is a finite set of numbers &; > 0 and #; € R so that the intervals

Ii == (t,t;i + &)

cover [0, T]. We are going to find a solution to our wave equation (14) iteratively in the index i so
that at each step of the iteration we have (I; x Q) NJ1T(V;) C I; xU;, j = 1,...,k. Let us set
11 =0<ty<---<tyand#; +¢& = T and consider the set ((0, 1) x ) N J T (V) first.

By the discussion around (98), we have that there is a unique solution i; € E*® 1o

l

7317{]: ¢ in(O,Sl)Xﬁj,
ii; =0 on (0,&1) x dT; \ ¢; (32),
ﬂj:fo,j’ atﬁ] :izl,]’ ln{tZO}XU]
in each coordinate chart U i, J =1,...,k, in the time interval (0, &1). (Here and below we understand

@;j(0Q2) = @ if U; N9 = &.) Since our (14) satisfies the compatibility conditions (13), one can verify
by a direct calculation that (100) satisfies the compatibility conditions of [Ikawa 1968; Lasiecka et al.
1986] that were needed for the unique solvability of (98). In particular, at the intersection of {t = 0}
and 9U i N @; (092) the compatibility conditions follow from the assumptions of the proposition we are
proving. At the intersection of { = 0} and a neighborhood of dU i \ ¢; (0€2) the initial values vanish due
to the cut-off functions y;. Thus (100) has a unique solution.
Next, let us define
ﬁj o @; in [0,81] X Uj,

o in [0, £1] x (2 \ Uj).

By the finite speed of propagation of solutions to a wave equation, see for example [Bir et al. 2007,
Proposition 3.2.11], we have supp(u;) C JT(V;), and by the condition ((0,&1) x ) N J+(V}) C
(0,e1) x K; C (0,e1) x Uy, we have that

ii; =0 ina neighborhood of 3U; \ ¢; (3R).

Consequently, u; is the smooth continuation of #i; o@; : U; — R by zero and u; € E* *1 We also continue
ii; smoothly by zero to R” (or to R, if U; is a boundary chart.)
We now patch up the functions u; as

k
U= Zuj € EST1
j=1
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to have a solution to (99) in the case T = ¢1. Indeed, we have on ((0, 1) x U;) that

k k k
Pu = Z(ﬁﬁj)oq)j = ZEJ op; = ZXJR = R.
Jj=1 Jj=1 Jj=1
We also have that
u=f on [0,e1] x 0€2,
{u:ro, dsu=r; in{t=0}xQ,
which is (99) for T = ¢;.

We continue iteratively and extend u to a solution of (14) in increasing time steps #;. At each iteration
step, which concerns the time-interval /;, we use as the initial values 1|,=, and d;u|;=;. These are well
defined since t; < t;_1 + &;—1. In this way, we found a unique solution u € ES*! to (99) in [0, T] x £,
and consequently a unique solution to (14) in the class E5T1,

Next we show that the above regularity and unique existence results of solutions for (14) can be turned
into the energy estimate (15) by using the closed graph theorem. Consider the Banach space E*+! and

define a linear map
A ESx HSTY(D) x HSTH(Q) x HS(Q) — EST!

by A(F, f,up,u1) = u, where u is the unique solution to (14). To have the energy estimate (15) it is
sufficient to show that A is continuous. By the closed graph theorem, this is in turn equivalent to showing
that if

(Fi, fie: ok ur k) = (F. fouo,ur) in EX x HOFH(Z) x HYFH(Q) x H*(Q),

A(F, fe Uk U1 k) = Uoso in ESt1,
then

Uso = A(F, fiug,uy).

Here Fj, — Oguoo in D'([0, T] X Q), fx = Uso|x in D'(X), and similarly for r = 0, ug x — Ueo and
U1k —> 0sUoo in D'(S2). Due to the uniqueness of limits, we have that 1, solves (14). Therefore, by
uniqueness of solutions to the wave equation, we have that u = A(F, h,ug,u1). Hence A is a bounded
linear map and the energy estimate follows. O
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RIGIDITY FOR VON NEUMANN ALGEBRAS OF GRAPH PRODUCT GROUPS
I: STRUCTURE OF AUTOMORPHISMS

IONUT CHIFAN, MICHAEL DAVIS AND DANIEL DRIMBE

We study various rigidity aspects of the von Neumann algebra L(I"), where I' is a graph product group
whose underlying graph is a certain cycle of cliques and the vertex groups are wreath-like product
property (T) groups. Using an approach that combines methods from Popa’s deformation/rigidity theory
with new techniques pertaining to graph product algebras, we describe all symmetries of these von
Neumann algebras and reduced C*-algebras by establishing formulas in the spirit of Genevois and
Martin’s results on automorphisms of graph product groups.

1. Introduction

Graph product groups were introduced by E. Green [1990] in her Ph.D. thesis as natural generalizations
of classical right-angled Artin and Coxeter groups. Their study has become a trendy subject over the
years as they play key roles in various branches of topology and group theory. For example, over the last
decade graph product groups have been intensively studied through the lens of geometric group theory
resulting in many new important discoveries — [Agol 2013; Antolin and Minasyan 2015; Haglund and
Wise 2008; Minasyan and Osin 2015; Wise 2009], just to enumerate a few.

In a different direction, by using techniques from measured group theory, interesting orbit equivalence
rigidity results have been obtained for measure-preserving actions on probability spaces of specific classes
of graph product groups, including many right-angled Artin groups [Horbez and Huang 2022; Horbez
et al. 2023].

General graph product groups were considered in the analytic framework of von Neumann algebras
for the first time in [Caspers and Fima 2017]. Since then several structural results such as strong solidity,
absence/uniqueness of Cartan subalgebras, and classification of their tensor decompositions have been
established in [Caspers 2020; Caspers and Fima 2017; Chifan and Kunnawalkam Elayavalli 2024; Chifan
et al. 2018; Ding and Kunnawalkam Elayavalli 2024] for von Neumann algebras arising from these
groups and their actions on probability spaces. Since general graph product groups display such a rich
combinatorial structure, much remains to be done in this area, and understanding how this complexity is
reflected in the von Neumann algebras remains mysterious.

This paper is the first of two which will investigate new rigidity aspects for von Neumann algebras
of graph product groups through the powerful deformation/rigidity theory of Popa [2007]. This theory
provides a novel conceptual framework through which a large number of impressive structural and rigidity
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results for von Neumann algebras have been discovered over the last two decades; see the surveys [loana
2013; 2018; Popa 2007; Vaes 2013]. These two papers will analyze new inputs in this theory from the
perspective of graph product algebras. In the first paper, we completely describe the structure of all
x-isomorphisms between von Neumann algebras arising from a large class of graph product groups; see
Section 4. In the second paper [Chifan et al. 2025], we investigate superrigidity aspects of these von
Neumann algebras.

1.1. Statements of the main results. To properly introduce our results, we briefly recall the construction
of graph product groups. Let 4 = (¥, &) be a finite simple graph (i.e., 4 does not admit more than one
edge between any two vertices, and no edge of ¢ starts and ends at the same vertex). The graph product
group I' = 4{I",,} of a given family of vertex groups {I",},cy is the quotient of the free product k,cy [y
by the relations [I",,, I'y] = 1 whenever u and v are connected by an edge, (u, v) € &. Thus, graph products

can be thought of as groups that “interpolate” between the direct product X I'y (when ¢ is complete)

vey
and the free product s,cy 'y (When ¢ has n).

For any subgraph ¢ = (%, %) of ¢, we denote by I';» the subgroup generated by I';y = (", : u € %),
and we call it the full subgroup of 4{I",} corresponding to J#. A clique € of ¢ is a maximal, complete
subgraph of ¢. The set of cliques of ¢ will be denoted by cliq(¥). The full subgroups I, for € € cliq(¥)
are called the clique subgroups of ¢{I",}.

In this paper we are interested in graph product groups arising from a specific class of graphs which
we introduce next. A graph ¥ is called a simple cycle of cliques (the collection of such graphs we
abbreviate CC) if there is an enumeration of its clique set cliq(¥¢) = {%1, . . ., ,} with n > 4 such that

the subgraphs ¢; ; := ¢; N¢; satisfy
o ifi—jez,\{l,n—1},
%sj = o I A
+g ifi—je{l,n—1}, (1-1)
%iim =6\ (6-1.:YGit1) D forall i € 1, n, with conventions 0=n andn+1=1.

Note this automatically implies the cardinality |4;| > 3 for all i. Also such an enumeration cliq(¥) =
{%1, ..., 6} is called a consecutive cliques enumeration. A basic example of such a graph is any simple,
length n, cycle of triangles .%,, = (¥}, &,), which essentially looks like a flower-shaped graph with n
petals, shown in Figure 1. In fact any graph in CC; is a two-level clustered graph that is a specific
retraction of .%,; for more details the reader may consult Section 4.

The goal of this paper is to describe the structure of all x-isomorphisms between graph product group
von Neumann algebras (i.e., group von Neumann algebras arising from graph product groups), where
the underlying graphs belong to CC;. To introduce our results, we first highlight a canonical family of
x-isomorphisms between these algebras that are analogous to the graph product groups situation. Let
¢, # € CC| be isomorphic graphs, and fix o : 4 — 4 an isometry. Let cliq(¥) = {%1,...,%,} be a
consecutive cliques enumeration. Let 'y and A j» be graph product groups and assume that, for every
i €1, n, there are x-isomorphisms

O1i i LT, ) = LA ) & L) = LAy gim),  Orir : £(Tg,) > LAy, )
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Figure 1. A simple, length n cycle of triangles, which is an example of a graph that is in CC;.

here and in what follows we use the convention as before that » =0 and n 4+ 1 = 1. Results in Section 7.1
show these *-isomorphisms induce a unique *-isomorphism ¢y ¢ » : L(I'y) — L(A ) defined as

91'_1’1'()6) if x € ﬁ(Dg[._U),

foralli € 1,n. 12
() ifxelL@m) oS! (1-2)

d’e,é,c (x) = {

When 'y = A 4, this construction yields a group of x-automorphisms of £(I'¢), which we denote
by Loc,¢(L(I'y)). We also denote by Loc.(£(I'y)) the subgroup of all local automorphisms satisfying
o = Id. Notice that

Loc. (L(Tg)) = @ Aut(L(Tg_,,)) ® Aut(ﬁ(r‘%}im)),
l
and also Loc.(L(I'y)) < Loc ¢(£(I'y)) has finite index.

Next, we highlight a class of automorphisms in Loc.(£(I'y)) needed to state our main results. Consider
n-tuples a = (a;;+1); and b = (b;); of nontrivial unitaries a; ;11 € L(I'z;_,,;) and b; € L(T,im) for
every i € 1,n. If in (1-2), we let 0;.i+1 = ad(a; ;+1) and & = ad(b;), and then the correspondin;g local
automorphism ¢y ¢ 14 is most of the time an outer automorphism of £(I") and will be denoted by ¢,
throughout. These automorphisms form a normal subgroup denoted by Loc, ; (L(I'y)) <t Locc(L(I'y));
see Section 7.1 for more details.

Developing an approach which combines outgrowths of prior methods in Popa’s deformation/rigidity
theory [loana et al. 2008] with a new technique on analyzing cancellation in cyclic relations of graph
von Neumann algebras (Section 5), we are able to describe all *-isomorphisms between these algebras
solely in terms of the aforementioned local isomorphisms. This can be viewed as a von Neumann algebra
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counterpart of very general and deep results of Genevois and Martin [2019, Corollary C] from geometric
group theory describing the structure of the automorphisms of graph product groups.

Theorem A. Let 4, 7# € CCy, and let ' = 4{I",} and A = F#{ A} be graph products such that

(1) 'y and A, are icc property (T) groups forallve ¥ and w € W,

(2) there is a class C of countable groups which satisfies the s-unique prime factorization property (see
Definition 7.6) for which I'y, and A, belong to C forallv e ¥V and w € #'.

Lett > 0, and let © : L(T')" — L(A) be any x-isomorphism. Then t = 1 and one can find an isometry
0.9 — J, x-isomorphisms 0;_1; : L(I'y,_, ) — E(F%(Qgiil i>) and & : L(Tyim) — E(Fa((ﬁim)) for all
iel,n,anda unitary u € L(A) such that ® = ad(u) o ¢p ¢ 5.

This theorem applies to fairly large classes of property (T) vertex groups, including: all fibered Rips
constructions considered in [Chifan et al. 2023a; 2024], and all wreath-like product groups WR(A, B 1),
where A is either abelian or icc, B is an icc subgroup of a hyperbolic group, and the action B ~ [ has
amenable stabilizers [Chifan et al. 2023b]. The result also implies that the fundamental group [Murray
and von Neumann 1936] of these graph product group II;-factors is always trivial; this means that if " is
a graph product group as in Theorem A, then {r > 0: L(I')" = L(I')} = 1. Recall that Popa [2006a] used
his deformation/rigidity theory for obtaining the first examples of II;-factors with trivial fundamental
group, hence answering a longstanding open problem of Kadison; see [Ge 2003]. Subsequently, a large
number of striking results on computations of fundamental groups of II;-factors were obtained; see
the introduction of [Chifan et al. 2024]. To our knowledge, Theorem A provides the first instance of
computing the fundamental group for nontrivial graph product von Neumann algebras which is not a
tensor product.

Specializing Theorem A to the case when the vertex groups I',, and A, are the property (T) wreath-like
product groups as in [Chifan et al. 2023c, Theorem 7.5], we obtain a fairly concrete description of all
such isomorphisms between these graph product group von Neumann algebras; namely, they appear as
compositions between the canonical group-like isomorphisms and the clique-inner local automorphisms
of L(A) described above.

Theorem B. Let &, 57 € CCy, and let I' = 9{I',} and A = 5€{ A} be graph product groups where all
vertex groups I'y,, Ay, are property (T') wreath-like product groups of the form WR(A, B ~ ), where A
is abelian, B is an icc subgroup of a hyperbolic group, and B ~ I has infinite orbits.

Then, for any t > 0 and *-isomorphism © : L(I')' — L(A), we have t = 1 and one can find a character
n € Char(I'), a group isomorphism é € Isom(I", A), a x-automorphism ¢, p € Loc. i(L(A)), and a unitary
u € L(A) such that ©® = ad(u) o ¢y 0 Wy 5.

In the statement of Theorem B and also throughout the paper, given a character n € Char(I") and a
group isomorphism é € Isom(I", A), we denote by W, 5 the *-isomorphism from £(I') to L(A) given by
W, s(ug) =n(g)vs(e) forany g € I'. Here, {u, : g € '} and {v;, : h € A} are the canonical group unitaries
of L(I') and L(A), respectively.
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To this end we recall that in [Chifan et al. 2023c, Corollary 2.12] it was shown that the property (T)
regular wreath-like products covered by the previous theorem can be chosen to have trivial abelianization
and prescribed finitely presented outer automorphism groups. Using this, Theorem A yields the following.

Corollary C. Let 4 € CCy, and fix cliq(¥) = {%1, . . ., €} a consecutive enumeration of its cliques. Let
' = 9{I",} be any graph product groups (as in Theorem B). Assume in addition that its vertex groups are
pairwise nonisomorphic and have trivial abelianization and trivial outer automorphisms. Then the outer
automorphisms satisfy the formula

n
Out(L(1) = P % (L (T, ) & % (L(Tyin)).
i=1
By applying Corollary C to the case when the underlying graph ¥ is the n-petals flower-shaped
Fn = (Yn, &), see Figure 1, we obtain the slimmest types of outer automorphisms groups one could have
in this setup. Namely, we deduce that Out(L(T")) = P, e, U (L(T'y)).
We conclude our introduction with Corollary D, where we describe all x-isomorphisms of the reduced
C*-algebras of graph product groups that we considered in Theorem B. This result can be seen as a
C*-algebraic version of [Genevois and Martin 2019, Corollary C].

Corollary D. Let 4, # € CCy, and let T' = 4{I",} and A = s#{A,} be graph product groups (as in
Theorem B). Then, for any x-isomorphism ® : C¥(I') — C}(A), there exist a character n € Char(I"),
a group isomorphism § € Isom(I", A), a x-automorphism ¢, € Loc. i(L(A)), and a unitary u € L(A)
such that © = ad(u) o ¢y o ¥y 5.

In fact, this result is a consequence of Theorem B since the graph product groups that we consider
have trivial amenable radical (see Lemma 4.3) and, consequently, their reduced C*-algebras have unique
trace [Breuillard et al. 2017].

2. Preliminaries

2.1. Terminology. Throughout this document all von Neumann algebras are denoted by calligraphic
letters, e.g., M, N, P, Q, etc. All von Neumann algebras M considered in this document will be
tracial, i.e., endowed with a unital, faithful, normal linear functional 7 : M — C satisfying 7(xy) = t(yx)
for all x, y € M. This induces a norm on M with the formula ||x |, = 7 (x*x)'/? for all x € M. The
|| - |[2-completion of M will be denoted by L*(M).

Given a von Neumann algebra M, we will denote by % (M) its unitary group and by Z(M) its center.
Given a unital inclusion /' C M of von Neumann algebras, we denote by NN M = {x € M : [x, N]1=0}
the relative commmutant of A inside M, and by M/ (N) = {u € % (M) : uNu* = N} the normalizer
of NV inside M. We say that the inclusion A is regular in M if A4 (N)” = M and irreducible if
N'NM=CI.

2.2. Graph product groups. In this preliminary section we briefly recall the notion of graph product
groups introduced by E. Green [1990] while also highlighting some of its features that are relevant to
this article. Let ¥4 = (¥, &) be a finite simple graph, where ¥ and & denote its vertex and edge sets,
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respectively. Let {I",},e» be a family of groups called vertex groups. The graph product group associated
with this data, denoted by 4{I",,, v € ¥’} or simply ¥4{I',}, is the group generated by I'y, v € ¥, with
the only relations being [I",, I',] = 1 whenever (u, v) € &. Given any subset % C ¥, the subgroup
Iy =Ty, :ue?)of 9{I'y,v e ¥} is called a full subgroup. This can be identified with the graph
product ¥, {T",,, u € %} corresponding to the subgraph ¥, of ¢, spanned by the vertices of % . For every
v € ¥, we denote by lk(v) the subset of vertices w # v such that (w, v) € &. Similarly, for every % C ¥,
we define k(%) = ﬂue% Ik(u). We also use the convention that k(&) = #'. Notice that Z Nlk(% ) = @.

Graph product groups naturally admit many amalgamated free product decompositions. One such
decomposition — which is essential for deriving our main results — involves full subgroup factors in
[Green 1990, Lemma 3.20] as follows. For any w € ¥, we have

Gy} =Dovjwy kD) (2-1)
Cik(w)
where st(w) = {w}Ulk(w). Notice that Iy S Ts(w), but it could be the case that T'i(y) = Iy \ ()} When
¥ = st(w). In this case the amalgam decomposition is called degenerate.

Similarly, for every subgraph % C ¢, we write st(%) = % Ulk(% ). A maximal complete subgraph
¢ C ¥ is called a clique and the collections of all cliques of ¢ will be denoted by cliq(¥). Below we
highlight various properties of full subgroups that will be useful in this paper. The first is [Antolin and
Minasyan 2015, Lemma 3.7], the second is [Antolin and Minasyan 2015, Proposition 3.13], while the
third is [Antolin and Minasyan 2015, Proposition 3.4].

Proposition 2.1 [Antolin and Minasyan 2015]. Let I' = ¢{T",} be any graph product of groups with
gel,andlet &, T C 4 be any subgraphs. Then the following hold:

(1) If gT7g~ ' C Ty, then there is h € Ty such that gT7g~! = hTongh~t. In particular, if & = 7,
then gT7g~ ' =T,
(2) The normalizer of Iy inside I satisfies Nr(I'z) = I'7 Ulink(2)-
(3) There exist 2 €. N T and h € Ty such that gTyg ' NTy = hTyh~ L.
2.3. Popa’s intertwining-by-bimodules techniques. We next recall the intertwining-by-bimodules tech-

nique of Popa [2006b, Theorem 2.1 and Corollary 2.3], which is a powerful criterion for identifying
intertwiners between arbitrary subalgebras of tracial von Neumann algebras.

Theorem 2.2 [Popa 2006b]. Let (M, t) be a tracial von Neumann algebra and P C pMp, Q C g Mg
be von Neumann subalgebras. Then the following are equivalent:

(1) There exist projections pg € P, qo € Q, a x-homomorphism 6 : poP po — qoQqo, and a nonzero
partial isometry v € qoM pg such that 8 (x)v = vx for all x € poP po.
(2) There is no sequence (u,)n>1 CU(P) satisfying |Eqo(x*u,y)||l2 — 0 forall x,y € pM.

If one of these equivalent conditions holds, we write P < Q and say that a corner of P embeds into
Q inside M. Moreover, if Pp’ < Q for any nonzero projection p’ € P' N pMp, then write P <5, Q.
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Given an arbitrary graph product group, our next lemma clarifies the intertwining of subalgebras of
full subgroups in the associated graph product group von Neumann algebra.

Lemma 2.3. Let I' = ¥{I",} be any graph product of infinite groups, and let ., 7 C 4 be any subgraphs.
If L(Ty) <) L(T7), then ¥ C 7.

Proof. By applying [Chifan and Toana 2018, Lemma 2.2], there is g € I" such that [[» : Ty NgT7 g~ '] < 0o.
By Proposition 2.1, one can find a subgraph 2 €.’ N.7 and k € Ty such that Ty Ngly g~ ! = kTpk ™!,
Thus k['»k~! < T'y is a finite index subgroup. Since k € 'y, it follows that I'» < 'y has finite index
as well. Since |I'y| = oo, for all v € ¢4, we must have that [['» : '] = 1, and hence I'» = I'y». Thus,
S =P C.NT,and hence ¥ C 7. O

Remark 2.4. The proof of Lemma 2.3 shows that if I' = ¢{I",,} is a graph product of infinite groups and
S, F C ¢ are subgraphs such that [['» : T N gl7g 7] < oo for some g € T, then .’ C 7.

2.4. Quasinormalizers of von Neumann algebras. Given an inclusion P C M of tracial von Neumann
algebras, we define the quasinormalizer 2.4 »((P) as the subgroup of all elements x € M for which
there exist xy, ..., x, € M such that Px C > x;P and xP € ) _ Px;; see [Popa 1999, Definition 4.8].

Lemma 2.5 [Fang et al. 2011; Popa 2006b]. Let P C M be tracial von Neumann algebras. For any
projection p € P, we have that W*(24 ,pmp(pPp)) = pW* (24 pm(P)) p.

Given a group inclusion H < G, the quasinormalizer QN (H) is the group of all g € G for which
there exists a finite set F C G such that Hg C FH and gH C HF. The following result provides a
relation between the group theoretical quasinormalizer and the von Neumann algebraic one.

Lemma 2.6 [Fang et al. 2011, Corollary 5.2]. Let A < I be countable groups. Then we have that
W2 iy (L(A))) = LIQNp (A)).

We continue by computing the quasinormalizer of subalgebras of full subgroups in any graph product
group von Neumann algebra. More generally, we show the following.

Theorem 2.7. Let I" = 4{I",} be any graph product of infinite groups, and let ., 7 C &4 be any subgraphs.
Write M = L(I'), and assume there exist x, x1, X2, ..., x, € M such that L(I'¢)x C ZZ:] x  L(T7).
Thus . € 7 and x € L(T'zyk)).

Proof. Using the proofs of [Chifan and Ioana 2018, Lemma 2.8 and Claim 2.3], we obtain that x belongs
to the || - [|2-closure of the linear span of {u,}¢cs. Here, S denotes the set of all elements g € I' for which
[Ty :TeyN gFgg_l] < 00. By assuming that x # 0, it follows that S is nonempty. Fix g € §. By using
Remark 2.4, we derive that .¥ € .7, which gives the first part of the conclusion.

For proving the second part, note that by Proposition 2.1 one can find a subgraph & C . and k € ['»
such that I'» ﬂgr‘yg_1 = kI'»k~'. Thus kT'»k~! < I’y is a finite index subgroup. Since k € I', this
further implies that '» < I'» has finite index, and hence &2 = .. Using again that k € I's», we get
I'yNglyg~ ! =kI'pk~' =T, and thus g ™' g < I'». By Proposition 2.1, one can find r € I's such that
g 'TI'yg =rTyr~!. This relation implies in particular that gr € Np(I'y), and since Np(I'y) = Lol
(see Proposition 2.1), we conclude that gr € I'» (). Therefore, g € 'y i)' C I'suik(s). This
gives the desired conclusion. O
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Corollary 2.8. Let I' = ¥{I',} be any graph product of infinite groups, and let € € cliq(¥) be a clique
with at least two vertices. Fix a vertex v € € such that 1k(€ \ {v}) = {v}. Write M = L(I"), and assume
there exist x, X1, X2, ..., X, € M such that L(I'g\(y))x C 22:1 xx L(Ty). Then x € L(Ty).

Proof. The result follows by applying Theorem 2.7 for ¥ =€ \ {v} and T = %. O

Lemma 2.9. Let I' = ¥{I',} be a graph product of groups, and let € € cliq(¥) be a clique. Let
P C pL(Ly)p be a von Neumann subalgebra such that P £,y L(I'y,) for any v € €. If x € L(T")
satisfies xP C Z?:l L(Tg)x; for some x1, ..., x, € L(T), then xp € L(Ty).

Proof. Let g € T'\ I'y. From Proposition 2.1, there exist & € T'y and 2 C € such that T, N gTy g~ ! =
hT'»h~"'. Note that Theorem 2.7 shows QN(FI)(Dg) = Iy and therefore 2 # ¢’; otherwise, we would get
g€ QN(FI)(F(g) = I', a contradiction. Thus, from the assumption we deduce P A, L(I'y N gy g hH
for any g € I' \ I'4. The conclusion now follows from [Chifan and Ioana 2018, Lemma 2.7]. O

2.5. A result on normalizers in tensor product factors. Our next proposition describes the normalizer of
a II;-factor \V inside the tensor product of N with another II;-factor.

Proposition 2.10. Let N and P be Il,-factors and write M =N ® P. If u € % (M) satisfies uNu* =N,
then one can find a € % (N') and b € % (P) such thatu = a ® b.

Proof. Let (£))ic; C L?(P) be a Pimsner—Popa basis for the inclusion N’ C M, let u = Y ExuE) ®E,
and write n; = Ex (u&). If 6 : N — N denotes the *-isomorphism 6 = ad(«), then we have 6 (x)u = ux
for all x € A/. This combined with the above formula yields 6 (x)n; ® & = 6 (x)u = ux = n;x ® §;. Hence,
for all x € N and all i, we have

0(x)n; = nix. (2-2)

Let u; € N be the partial isometry in the polar decomposition of 7;. Thus 6 (x)u; = u;x for all x € N
and all i. In particular, we get u*u; € N'NN = Cl, and hence u; € % () for all i. The prior relations
also imply that u}xu; = 6(x) = u;.kxuj for all i, j € I. In particular, we have uiu}k e N'NN =Cl,
and thus one can find scalars ¢; ; € T such that u; = ¢; ju; for all i, j € I. Relation (2-2) also implies
that |n;| € NN L?(N) and, since A is a II;-factor, we get |n;| € C1. In conclusion, n; € C% (N for
all 7, and one can find d; ; € C such that n; = d; jn; for all i, j € I. Fix j € I with n; # 0. Using the
above relations, we have u =Y, n; @& =Y, d; jn; @& =1, @ (X, di, j&) = n; ® b, where we write
b=y ,d j& € L*(P). Since n; € C% (N), we get the desired conclusion. O

3. Wreath-like product groups

A new category of groups called wreath-like product groups were introduced in the previous work [Chifan
et al. 2023b]. To briefly recall their construction, let A and B be any countable groups, and assume that
B ~ I is an action on a countable set. One says W is a wreath-like product of A and B ~ [ if it can be
realized as a group extension

1-@PAa—>wS5B-1 (3-1)

which satisfies the following properties:
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(a) A;,=ZAforalliel.

(b) The action by conjugation of W on €, _; A; permutes the direct summands according to the rule

iel
wAiw_l = Ag(w)i foralwe W, iel.

The class of all such wreath-like groups is denoted by WR(A, B ~ I). When I = B and the action
B ~ I is by translation, this consists of so-called regular wreath-like product groups and we simply
denote their class by WR(A, B).

Notice that every classical generalized wreath product A ¢; B belongs to WR(A, B ~ I). However,
building examples of nonsplit wreath-like products is a far more involved problem. One way to approach
this is through the use of the so-called Magnus embedding [1939]: these are quotients groups of the form
['/[A, A], where A < T is a normal subgroup. Methods of this type were used by Cohen and Lyndon
to produce many such quotients in the context of one-relator groups. The following result is a particular
case of [Chifan et al. 2023b, Corollary 4.6] and relies on the prior works [Dahmani et al. 2017; Osin
2007; Sun 2020].

Corollary 3.1. Let G be an icc hyperbolic group. For every infinite order element g € G, there exists
d € N such that, for every k € N divisible by d, we have the following:

@) G/I{g"), ("N e WR(Z, G/ {(g") ~ I), where (gX) is normal in Eg(g), the action G/{(g*)) ~ I
is transitive, and all the stabilizers of elements of I are isomorphic to the finite group E;(g)/(g").
Here, E(g) denotes the elementary subgroup generated by g, (g*) denotes the subgroup generated
by g* and ((g*)) denotes the smallest normal subgroup that contains g*.

(b) G/{(g") is an icc hyperbolic group.

Developing a new quotienting method in the context of Cohen—Lyndon triples, [Chifan et al. 2023b,
Theorem 2.5] constructed many examples of property (T) regular wreath-like product groups as follows.

Theorem 3.2 [Chifan et al. 2023b]. Let G be a hyperbolic group. For every finitely generated group A,
there exists a quotient W of G such that W € WR(A, B) for some hyperbolic group B.

For further use we also recall the following result on prescribed outer automorphisms of property (T)
regular wreath-like product groups established in [Chifan et al. 2023b, Theorem 6.9].

Theorem 3.3 [Chifan et al. 2023b]. For every finitely presented group Q and every finitely generated
group Ao, there exist groups A, B and a regular wreath-like product W € WR(A, B) with the following
properties:

(a) W has property (T) and has no nontrivial characters.

(b) A is the direct sum of |Q| copies of Ag. In particular, A = Ay if Q = {1}.

(¢) B is an icc normal subgroup of a hyperbolic group H and H/B = Q. In particular, B is hyperbolic

whenever Q is finite.

(d) Out(W) = Q.
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Remark 3.4. Since Ag can be any finitely generated group, it follows that if we fix the group Q there
are infinitely many pairwise nonisomorphic regular wreath-like product groups W € WR(A, B) which
satisfy (a)—(d) in the prior theorem.

3.1. Unique prime factorization for von Neumann algebras of wreath-like product groups. In this
subsection, more precisely in Theorem 3.6, we show that von Neumann algebras of certain wreath-like
product groups satisfy the unique prime factorization of Ozawa and Popa [2010]. First, we point out
the following structural result for commuting property (T) von Neumann subalgebras of von Neumann
algebras that arise from trace-preserving actions of certain wreath-like product groups.

Lemma 3.5. Let I" be a wreath-like product group of the form WR(A, B ~ I), where A is abelian and B
is an icc subgroup of a hyperbolic group. Let T' ~ N be a trace-preserving action and write M =N x T.
If A, BC pMp are commuting property (T) von Neumann subalgebras, then A <y N or B < N.

The proof of Lemma 3.5 follows from [Chifan et al. 2023c, Theorem 6.4], and the main ingredient of
its proof is Popa and Vaes’ structure theorem [2014] for normalizers in crossed products arising from
actions of hyperbolic group.

Theorem 3.6. Let I'; be a property (T) wreath-like product group of the form WR(A, B ~ I) for any
i €1, n, where A is abelian and B is an icc subgroup of a hyperbolic group.

If M:=LT)®--®L(MT,) =P ®P, is a tensor product decomposition into II|-factors, then
there exist a unitary u € M, a decomposition M = 73{ ® 731”, and a partition T\ U T, = 1, n such that
L(X yes, Tv) =uP]u* forany j € {1,2}.

Proof. To fix some notation, we have that I'; belongs to WR(A;, Bi ~ I;) forany i € 1, n, where A; is
abelian and B; is an icc subgroup of a hyperbolic group. Note that, since P; and P, have property (T), by
applying Lemma 3.5, we obtain a map ¢ : 1, n — 1, 2 such that

Potiy <m @) L(Tk) foranyiel n.
k#i
By [Drimbe etal. 2019, Lemma 2.8 (2)], there exists a partition 1, n =SS, such that P; < £( X ces, T%)
for any j. By passing to relative commutants, we get E( X ke s; Fk) <m P;, for any j. The conclusion of

the theorem follows by using standards arguments that rely on [Ozawa and Popa 2004, Proposition 12]
and [Ge 1996, Theorem A]. O

Corollary 3.7. Let 'y, ..., [, and Ay, ..., Ay be property (T) wreath-like product groups of the form
WR(A, B ~ 1), where A is abelian, B is an icc subgroup of a hyperbolic group, and B ~ I has infinite
stabilizers.

If there exists t > 0 such that L(T'y x - -+ x Tp) = L(A| X -+- X Ap), thent =1, n = m, and there is
a unitaryu € L(I'y x -+ - x T'y) such that uT(I'y x -« - x Tu* =T(A1 x -+ - X Ap).

Proof. The result follows directly by combining Theorem 3.6 and [Chifan et al. 2023b, Theorem 1.3]. [
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4. Graph product groups associated with cycles of cliques graphs

In this section we highlight a class of graphs considered to have good clustering properties. Specifically,
a graph ¥ is called a simple cycle of cliques (and belongs to the class CC) if there is an enumeration
of its cliques set cliq(¥) = {¢1, ..., €,} with n > 4 such that the subgraphs %; ; := ¢; N ¢; satisty the
conditions

o ifi—iez,\{i.n—1)
%’j:{ ifi—jez,\{in—1) )

£o ifi—je{l,n—1).

Here, the classes i and f belong to Z/nZ. We will also refer to cliq(¢) = {41, . .., 6,} satisfying the
previous properties as the the consecutive enumeration of the cliques of ¥.

For every i € 1, n, we define %”l.im =%\ (¢-1.; U%, i+1), where we declare that 0 =rn andn+1=1.
When %iim # @ for all i € 1, n, one says that ¢ belongs to the class CCy. Most of our main results will
involve graphs of this form. Throughout this article we will use all these notations consistently.

A basic example of a graph in the class CC; is a simple cycle of triangles called .%,, where n is the
number of cliques; see Figure 2 below for n = 16.

In fact every graph ¢ € CC; appears as a two-level clustered graph which is a specific retraction of .%,
as follows. There exists a graph projection map @ : 4 — %, such that, for every vertex v € .%,, the
cluster ®~'(v) C ¢ is a complete subgraph of ¢. In addition, whenever v, w € .%, are connected in .%,,
there are edges in ¢ between all vertices of the corresponding clusters &~ (v) and D' (w).

We continue by recording some elementary combinatorial properties of graph product groups associated
with graphs that are simple cycles of cliques. The proof of the following lemma is straightforward and
we leave it to the reader.

Figure 2. A cycle of 16 triangles is a simple example of a graph in CC;.
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Lemmad.1. Let ¥ € CCy, andlet 6, ..., 6, be an enumeration of its consecutive cliques. Let {I',, ve ¥’}
be a collection of groups, and let T'y be the corresponding graph product group. We denote by {w;}7_, the
petal outer vertices of .7, and by {b;}!_, the petal base vertices of 7.

Then 'y can be realized as a graph product F;;n associated to the graph %,, where the vertex groups

are defined by
r, = @ [y, and T, = @ I, foreveryiel, n.

ve%’iim VEGi—1,i

Proposition 4.2. Let 4 € CCy, and let 41, ..., €, be an enumeration of its consecutive cliques. Let
{I'y, v € ¥} be a collection of infinite groups, and let Ty be the corresponding graph product group. Then
the following properties hold:

(D) If 8 €T;_n; and h € Uig n.,, satisfy gh € Uy qgin, then one can find a € Uig_\4_, U415 8 € Digint,
and b € U4, \¢,,,1)0%_1, such that g = as and h = s~ 'b.

(2) Letg €y, %10 h € TG U6, 100> and k € Ty, U, such that

+2,i43
ghk € chi—z,i—lU%—l.iuﬁ+l,i+2u‘/gi+2,i+3 .

Then one canfinda € I'y,_,, ,, b €Ty and s € Ty, ., such that g = as and k = s~ 'b.

+2,i+3°
(3) Foreachi € 1,n, let x; i1 € I'gug,,, such that x12x23 - - Xn—1,nXn,1 = 1. Then, for eachi € 1,n,
-1 -1 -1
one can find a; € I'y,_, ,, b; € F%;’_im, and ¢; € T, such that x; ;11 = a,-b,-cl-bl.HaHzciH. Here we

use the convention thatn+1=1, n+2 =2, etc.

Proof. Here A is the symmetric difference operation defined by AAB = (AU B) \ (AN B). We recall
the normal form [Green 1990, Theorem 3.9], which in graph product groups plays the role that reduced
words play in free product groups. If 1 # g € I'y is expressed as g = g1 - - - g4, We say g is in normal
form if each g; is a nonidentity element of some vertex group (called a syllable) and if it is impossible,
through repeated swapping of syllables (corresponding to adjacent vertices in ¢), to bring together two
syllables from the same vertex group. By [Green 1990, Theorem 3.9], every 1 # g € I'y has a normal
form g = g - - - g, and it is unique up to a finite number of consecutive syllable shuffles. Moreover, given
any sequence of syllables g; - - - g, there is an inductive procedure for putting this sequence into normal
form: if &y - - - h, is the normal form of g; - - - g;,, then the normal form of g - - - g, is either

(i) hy---hyif g1 =1,
(i) hy---hj_1hjyy - -~ h, if h; shuffles to the end and g,,41 = hj_l,
(i) hy---hj_1hjyy---hy(hjgms1) if hj shuffles to the end, g1 # hj_l, and g1, h; belong to the
same vertex group, or

@v) hy---hrgm+1 if g1 1s in a different vertex group from that of every syllable which can be shuffled
down.

Note that the normal form of an element g € I'y has minimal syllable length with respect to all the
sequences of syllables representing g.
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We are now ready to prove the three assertions of the proposition. For (1), let g = g;---g, and
h=hy---h, be the normal forms of g and 2. Then gh has a normal form gh =k - - - k,, determined
by the procedure described in the previous paragraph. By assumption, k; ¢ (J,.n{I'y} for all j € 1,r.
Now, if g; ¢ [ J,cqm{Iy} forall j e 1, n, then each h; € Upegin {T'v} is one of the[syllables occurring in
the normal form of gh. Since this cannot happen, we have hilgé Uypegmily} foralli e 1, m, and hence
we can take a = g, b =h, and s the empty word. Assume that g; € Uve(ﬁ;m{rv} for some j € 1,n. We

note that we may assume j = n since, if g; € UUE%A\%_ {I'y} for some i € j + 1, n, then g; would be a
syllable in gh since it cannot be shuffled past g;, which shows that g;;1--- g, € UUE%_ {I"y}. This implies
that gn_1 = h; for some i € 1, m. Choosing the smallest such i and noting that iy, ..., h;—1 € Uve‘co”,- 'y}
(since it must be possible to shuffle #; up to g, as in (ii) of the previous paragraph), we may assume
that h; = gn_l. Continuing in this way we see that we can take @ = g1 ---gk—1, b = hpy—k12-- - hp,
and s = gi - gu, Where g; ¢ | J,cym{Dy) forall j e Lk—land h =g, ', ..., g ' huks2s oy Bim.
Notice too that none of the syllables l;n_k+2, ..., hy can belong to UU con iy} since the inverse of such
a syllable cannot be any of the syllables g, ..., gr—1. This proves (1). l

For (2),letg=g1---gn, h="h1---hy,and k =k; - - - k, be normal forms. If g; ¢ Uve%+l {I",} for all
i€l n thenk; ¢ U,cq, .,
in J, €Giinn {I",} by assumption, and hence we can take a = g, b = k, and s the empty word. Otherwise

{I",} for all j € 1, n since neither 4 nor ghk have normal forms with syllables

we must have g; € I', for some v € €;;41, and as in the proof of part (1) we can assume j = n and
ki = g; ! (note that g;j commutes with each syllable in the normal form of /). Continuing, we see that we
cantake a =g1---g—1, b=kn_j42---k,,and s =g - - - g,, where g; ¢ UUE%M{FU} forall jel,[—1
and k=g, ' - g 'kn—i12 - k. This proves (2).

For (3), observe first that every x; ;11 € I'gue,, = I'g,,, X Tg\4,, * [g,\%) can be written in the
form Zzil;iﬁ,-c?,-éi f,', where

&,’ S chi—l,i’ b,‘ € F%)l_im, E,‘ ely

Litlo di € Fﬁij_‘]’ e €lig, i fi € Tgue,,-

Moreover, we can assume that the normal form of x; ;41 is the sequence obtained by concatenating the
normal forms of a;, l;,-, G, c?,-, e, f,-, and if fl = f1 -+ fu is the normal form of ﬁ, then f; belongs to a
group I'y, where v is vertex in %; \ 1.

We continue by showing that we can assume f; = 1. Notice that this is the case if there is no syllable g
occurring in the normal form of x; ;41 belonging to | J, cH\G {T"y}; indeed, in this case cf,-, ¢; =1 and all
the syllables occurring in the normal form of f; can be shuffled up to the normal forms of a;, b;, ¢;. So
it remains to assume that there is such a syllable g and assume by contradiction that f; # 1. Notice that

our hypotheses imply that fl_l is a syllable in the normal form of x; 5 ; 1x;_1;, and g~!

is a syllable
in the normal form of x;41 ;4+2%i42,;+3. This implies that the normal form of xj2x23 - Xj—1,;Xii+1
must still contain f; as fl_1 cannot shuffle past g to cancel with fj. Consequently, the normal form of
X1,2X23 -+ Xu—1,nXn,1 Must still contain f; as ffl cannot shuffle past g or g~! to cancel with f;. This
gives a contradiction, and hence we can assume f, =1.

Next, we observe that b; = c?i__ll for each i since our hypotheses imply that all the syllables oc-

curring in the normal form of l;l_ ! occur in the one for Xi—1,i, and only d~,~, 1 has normal form with
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syllables coming from |_J, e {I'y}. To finish the proof, set a; = a;, b; = l;,', and ¢; = ¢; and note that,
since ¢€;C;11d;+2 = 1 (being the only elements in our decompositions belonging to Iz, .,,), we have
Xii+1 = &ibifid,'éi = aibicibl._ﬁlai_ﬁz(aiﬂéi) = a,-b,-cl-b:lai_ﬁzci_ﬁl. O
Lemma 4.3. Let I' =9{T",, v € ¥} be a graph product of groups such that ¢ € CCy. Then T has trivial
amenable radical.

Proof. Assume by contradiction that there exists a nontrivial amenable normal subgroup A of I'. Since I' is
icc, we get that A is an infinite group. For any w € 7, note that st(w) # 7 and 4{I"y} = ['y\ (w} * Iy Dst(w) -
Since A is an amenable, normal subgroup of I', it follows that £L(A) <.ry L(Tkw)) [Vaes 2014,
Theorem A]. In particular, by using [Drimbe et al. 2019, Lemma 2.4], it follows that £(A) <S£(r) L(Ty)
for any ¢ € cliq(¥). Let ¢, 2 € cliq(¢) such that ¥ N ¥ = &. Using [Vaes 2013, Lemma 2.7],
there is g € I" such that L(A) <‘2(F) LTy Nglyg™"). Note however that Proposition 2.1 implies that
Iy N gf‘gg_1 = 1. This shows that £(A) <) C1, and thus gives the contradiction that A is finite. [

We end this section by recording a result describing all automorphisms of graph product groups 'y
associated with graphs in the class CC;. This is a particular case of a powerful theorem in geometric
group theory established recently by Genevois and Martin [2019, Corollary C].

To state the result we briefly recall a special class of automorphisms of graph product groups. For
any isometry o : 4 — ¢ and any collection of group isomorphisms ® = {¢, : I'y = ') 1 v € ¥},
define the local automorphism (o, ®) to be the canonical automorphism of Iy induced by the maps
Upey Tv 2 &8 = ¢5)(g) € T'y. One can easily observe that, under composition, these form a subgroup
of Aut(I'y) which is denoted by Loc(I'¢). We denote by Locy(I'¢) the subgroup of local automorphisms

satisfying o = Id. Notice that Locy(I'y) is naturally isomorphic to €, _, Aut(I',). Moreover, the

vey
inclusion Locy(I'y) < Loc(I'y) has finite index.

Theorem 4.4 [Genevois and Martin 2019]. Let I'y be a graph product associated with a graph ¢ € CC;.
Then its automorphism group Aut(I'y) is generated by the inner and the local automorphisms of T'y. In
fact we have Aut(I'y) = Inn(I'y) x Loc(I'y), and therefore

Aut(Ty) =Ty <<EB Aut(Fv)) X Sym(rg)>,
vey (4_2)
Out(I'y) = (@ Aut(FU)) x Sym(Ty).
vey

Here, Sym(I'y) is an explicit finite subgroup of automorphisms of I'y.

Proof. One can easily check that the graphs in CC; are atomic and therefore the conclusion follows
immediately from [Genevois and Martin 2019, Corollary C]. U

Remark 4.5. (1) If in the hypothesis of Theorem 4.4 we assume in addition that {I",},cy are pairwise
nonisomorphic, then we have Sym(I'¢) = 1 in the automorphism group formulae (4-2). The same holds
if instead we assume that any two cliques of ¢ have different cardinalities and for any ¢ € cliq(¥) the
set {I'y}yew consists of pairwise nonisomorphic subgroups.
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(2) One of the main goals of this paper is to establish both von Neumann algebraic and C*-algebraic
analogs of Theorem 4.4, under various assumptions on the vertex groups. For the specific statements in
this direction, the reader may consult Corollaries 7.11 and 7.14 in Section 7.

5. Von Neumann algebraic cancellation in cyclic relations

In this section we establish a von Neumann algebraic analog of Proposition 4.2 (3) describing the structure
of all unitaries that satisfy a similar cyclic relation (Lemma 5.1). We start by first proving the following
von Neumann algebraic counterpart of Proposition 4.2 (1).

Lemma 5.1. Let Ay, Ay, X < I be groups satisfying the following properties:
() AINA=AINE=ANE =1

(2) Forany g1 € A\ VvV X and g» € Ay V X satisfying g182 € A1V Ay, one can find ay € Ay, ay € Ay

and s € ¥ such that g1 = a1s and g, = s a.

Then, for any y) € % (L(A1V X)) and yo € % (L(A, Vv X)) satisfying y1y2 € % (L(A1 V Ay)), one can
find vy € % (L(A1)), v € % (L(A)), and x € % (L(X)) such that yi = vix and y, = x*v,.

Above we used the notation that if '}, I'y < I" are groups, then we denote by I'; V I'; the subgroup
of I generated by I'| and I'.

Proof of Lemma 5.1. For each i = 1, 2, consider the Fourier expansion of y; =) e Arvs Didg g, - Since
y1y2 € L(A1V A») using condition (2), we have that

y=yn= Y ODaOalan= Y 0Das(2)s10tarar-

g1€A1\/E ajeN
g2€MVE a€EN)
8182€A1VA, SEX

The above formula and basic approximations show that
1= Ery Oty Ecian sy2)y",
seX

where the right-hand side is only || - ||;-summable. Using this in combination with the Cauchy—Schwarz
inequality, we further get

l=1 (Z Eum)(ylus1)E5<A2>(usyz)y*) <Y It By (gD Ecay (s y2)y")|
seEX sEX

<D NEcan G0 l2ll Ezay wsy2) l2

sEX
12 1/2
<(Z||E£<A.><y1usl>||%) (ZnEaAz)(uSyz)n%) <lyilallyalla =1,
SEX SEX

Thus, we must have equality in the Cauchy—Schwarz inequality, and hence, for every s, there is ¢, € C
satisfying
EcianyOttg-1) = ¢y Er(a,) (Yaus-1). (5-1)
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Taking absolute values, we get |Exa ) (Yiug-1)| = |cs| |[Egca,) (Yiug-1)], and since AjN Ay =1 we
conclude |Eza,) (1us-1)| = |cs| |Eay) (y3us-1)| € Cl. Using the polar decomposition formula one can
find d;, e; € C and unitaries x5 € L(A1), zs € L(Ay) satisfying

EL(AI)(y1u571)=dsxs and EE(M)(y;url):eszs.

Combining these with (5-1), we get dsx; = cse5yzs for all s € ¥; in particular, for every d; # 0, we have
xs = (escs/ds)yzs. Hence, for all s, t € X with dy, d; # 0, we have x/x; = (escs?ct/dsc?t)zj‘zs. Again,
as AN Ay =1, one can find ¢, d; ; € C such that

Xs = Cs,t Xt and zy= 5,1t (5-2)

Fix ¢t € X. Using the prior relations, we see that

Y1 = Z E,C(A1)(ylus*1)us = stxsus = stcs,txtus =X (Z dscs,tus)-

seX SEX SEX SEX

In particular, this shows there are v| € Z (L(A1)) and x € % (L(X)) such that y; = vy x. Similarly, the
prior relations also imply that y, = x*v, for some vy € % (L(A3)). g

Theorem 5.2. Let & be a graph in the class CCy, and let 61, ..., 6, be an enumeration of its con-
secutive cliques. Let Ty, v € ¥, be a collection of icc groups, and let I'y be the corresponding
graph product group. For each i € 1, n, assume Xii+1 = ajit1biiy1, where a; i € % (L(Tg,.,))
and b iy € U (LTgug \¢i1)- If X12%23 Xu—1,nXn,1 = 1, then for each i € 1,n one can find
a; €% (LT ), bi € %(E(F(giim)), and ¢; € % (L(Uy;,,,)) such that x; ;1 = a;b;c;b},_ a5}, |. Here,
we use the convention thatn +1=1andn+2 =2.

Proof. Fix an arbitrary i € 1, n. Using x1,2X2.3 - - - Xp—1.nXn,1 = 1, it follows that

% * * ok * *
bi—1,ibiiv1 = Qi 1,i%i—2,i—1"""X12%n,1 " Xit1,i+2%i+1-

Since a;_1 i, @i i+1 € E(Fg\(giim) and x; j11, aj j+1 € LTz Uy, ), for any j € 1, n, we get that

o x * * % * * )
bi—l,ibi,i+1 —_— ai_l’i.xi_z’i_l .. 'xl’z.xn’l e xi+1’i+zai’i+l S E(nggiml).

Since b;_1,;b; i+1 € LT_uzus,,), we deduce that
bi—1,ibiit1 € % (L(Tg_,ug.,,))- (5-3)

Now, fix two words g1 € I'i¢:_,ug)\%_,; and g2 € ['gus, )\, such that g1g2 € 'y, u«,,. Using
Proposition 4.2 (1), there exist a; € I'g,_\¢)u%.,1» D € T(g\%)ug_1,;» and s € [ such that gy = as
and g» = s~ 'b. Thus, applying Lemma 5.1 for A1 =% _,\z)uz .1 A2=T(@\@)uz . and T =T,

we derive from (5-3) that one can find unitaries x; _1 € L(I'(¢,_\%)u%,,,) and z;—1 € L(I',in) such that

i+
bi—1i=Xi-1Zi-1.
Lemma 5.1 also implies from (5-3) that b; ;1 =z} y; for some y; € % (L(T' (%, \¢)u%_,,;)). Using

this with b; ;11 = x;z;, we get that b; ;11 = zj_|y; = x;z;. Hence, x/z] | = z;y] =: #; ;31 and note
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that 1; ;11 € LT, ,u4,1.:40)- Thus, Xiiy1 = a;iv1biiv1 = a,',in;"_]ti”jini = Z;ﬁ_lai,prlt;fi_i_lzi. In
conclusion, we showed that, for any i € 1, n, we have

k
Xiitl = Zj_1Qii+11ii+1%i- (5-4)
Now, we note that, since x1 2X2.3 - - - Xp—1,2Xn,1 = 1, we obviously have
a12t,20230.3 - A1 pta—1,00n, 10,1 = 1.

Again we will use this relation together with the same argument from the proof of Lemma 5.1 to show
that x; ;41 has the form described in the conclusion of the theorem. First, observe the cyclic relation and
use a similar argument as in the beginning of the proof to show that

W I=1i—1,iq;i+10,i+10i+1,i+28i+1,i+20i4+2,i+3

*

_ * k% % * ) ) )
=da;_ ;" t1,2a1,2tn,1an,1 e ti+2,i+3 € E(F‘é’i—z.i—lU(fi—l,iU(6i+1,i+2U‘5i+2,i+3)'

Now, fix three words wy € I, ,u%.,» W2 € Ty ;U6 1> and w3 € Ty, ug,,,,, satisfying
wiwaw3 € I, (UG 1 jUGi41112U% 2,43 USINg Proposition 4.2 (2), we have w; = as and w3 = s~1p,

wherea €Iy, ,, |, bely and s € I'y;,,,. Since f; j+1ai+1,i+2 € L4, ;0% ,,,)» WE can write the

+2,i+3?
Fourier expansions

Lio1,iGii41 = E (Fi—1,i @i i 1) w, Uy »
WIE€G—2,i—1U%] i+1

lig1,i420i42,i43 = E (Fi11,i420i42,i43) wy tws -
W3EG; i +1UG12,i+3

All these observations imply that

W= (t;i-1,i0i,i+1) (G i+10i41,i+2) (T 1,i420i+2,i43)

= E Erwry, ,, pUi-vitiivitg-)tiiniviiv2Ecwry, ) Usliviv2diz,it3),

s€l%; 4y
where again the convergence is in || - ||;. Using this and the Cauchy—Schwarz inequality, we get
l= Z IT(Ecry, ,, ) (ti-1itiiv 1Dt iv18iv1i2Ecry, o Wstit1iv2diz2,ie3)w’)]

s€lg; ;44

* *
< Z 1Ecere, ,, pUi-vitiivitgD)201Ecwe,,, )@ i3t ivatts) 2

s€l%; ;41
12 12
2 2
<< Z ”EE(I‘cgiz’,.l)(til,iai,i+1us—')||2) ( Z ||EL(F%MM)(a7+z,i+3fi*+1,,~+zus—l)||2>
s€le; ;1 s€le, i

< tiz1,iaiiv ||2||a;k+2,i+3fi*+1,i+2||2 =1.

Therefore, one can get scalars ¢, such that

_ * * * *
EE(F%&I-,Z’,-,I)(tifl,iai,iJrlus—l) = CSWEE(ch,.HM)(ai+2,i+3fi+1,i+2”s—')ai+1,i+2ti,i+1- (5-5)
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Thus, proceeding in the same fashion as in the proof of Lemma 5.1, one can find ds, e; € C, g €
w(L(Tg_,, ), and hy € % (L(T'g, ;) such that

Erreg, ,, pUi-vitiiviug1) =dsgs, (5:6)

* * * * _
Erre,,,, @il ivalts ) 1 iqali v = eshs.

Hence, (5-5) gives that d;g; = cse;wh; for all s € ', |, and finally employing the same arguments

i+1°
as in the first part one can find scalars ¢y, d ; such that g = ¢;,g; and hy = dy ;h, forall s, 1 € Ty,
Using (5-6), we derive that

ti1,iqiiv1 = Z dsgsus = 8e Z dscs,e”s-

s€lg, ;1 s€l; ;4

This further implies that one can find unitaries r; | € % (L(I's;,_,,_,)) and p; | € % (L(I'4,,)) such that

k
ti_1,0ii+1 =ri—1pi—1, and hence t;_1; = r,_1p;—1a

ii+1° and

. _ *
Similarly, we get #; ;11 = FiPidiyy o

hence, from (5-4), we deduce that
* * * * *
Xiitl = Z; 1 Qi it16ii+1Zi = Z;_1@ii+17i PiGiyy 422 = ViZi—1Gii+12i Pibi 41 12- (5-7)
Now, one can see that, using the cyclic relation x1 5 - - - xX,—1 ,X,,1 = 1, we get that p; = rl.*+2. This together
with (5-7) gives the desired conclusion by taking a; =r;, b; =z}, and ¢; = a; j11. Ol

6. Rigid subalgebras of graph product group von Neumann algebras

In this section we classify all rigid subalgebras of von Neumann algebras associated with graph product
groups. This should be viewed as a counterpart of [loana et al. 2008, Theorem 4.3] for amalgamated
free product von Neumann algebras. In fact, the latter plays an essential role in deriving our result. For
convenience, we include a detailed proof of how it follows from this.

Theorem 6.1. Let I' = 4{I",} be a graph product group, let I' ~ P be any trace-preserving action,
and denote by M =P x I the corresponding crossed product von Neumann algebra. Letr € M be a
projection, and let Q C r Mr be a property (T) von Neumann subalgebra.

Then one can find a cliqgue € € cliq(¥) such that Q <4 P x I'y. Moreover, if Q AP x g\ for all
¢ € €, then one can find projections q € Q and q' € Q' Nr Mr with qq' # 0 and a unitary u € M such
that ugQqq'u* C P x I'y. In particular, if P x Ty is a factor, then one can take g = 1 above.

Proof. Let %y = (W, o) €9 = (¥, &) be a subgraph with |#)| minimal such that Q@ < P x I'y,. In the
remaining part we show that ¢ is complete, which proves the conclusion.

Write N' =P x T'y,. Since Q < N, one can find projections g € Q and p € N, a nonzero partial
isometry v € pMg, and a x-isomorphism onto its image 6 : Qg — R := 6(¢Qq) C pN p such that
0(x)v = vx for all x € gQq. Notice that vv* € R’ N pMp and v*v € (Q'N M)q. Moreover, one can
assume without any loss of generality that the support projection of Ex(vv*) equals p.

Assume by contradiction that % is not complete. Thus, one can find v € %, such that I'y, admits a
noncanonical amalgam decomposition I'y, = g\ (v} ey Ust(v)s in particular, we have |st(v)| < |#%] — 1.
Since Q has property (T), R has property (T) as well. Using [loana et al. 2008, Theorem 5.1], we have
either (i) R <n P X g\ (u)» Or (i) R <nr P X [y Assume (i). Define X :=P X I'yj\jv). As R <y &,
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one can find projections ¢ € R and f € X, a nonzero partial isometry w € fNe, and a *-isomorphism
onto its image ¥ : eRe — T :=60(eRe) C fX f such that ¥ (x)w = wx for all x € eRe.

Next, we argue that wv # 0. Otherwise, we would have 0 = wvv*, and since w € N, we get
0 = wEN(vv*). Therefore 0 = ws(Ex(vv*)) = wp = w, which is a contradiction. Combining the
previous intertwining relations, we get ¢ (6 (x))wv = wé(x)v = wvx for all x € tOf; here we write
0 # t = 6~ (e). Taking the polar decomposition of wv in the prior intertwining relation, we obtain that
Q <pm X =P X I'y)\(v). However, since |7 \ {v}| = [#| — 1, this contradicts the minimality of |#|. In a
similar manner, one can show case (ii) also leads to a contradiction.

Next, we show the moreover part. Let S = P x I'y. From the first part of the proof one can
find projections ¢ € Q and s € S, a nonzero partial isometry vy € s Mg, and a x-isomorphism onto
its image 6 : gQq — YV = 0(gQq) < sSs such that 8(x)vg = vox for all x € gQgq. We note that
vovg € V' NisMs and vjvg € ¢ Qg’ N gMg. Moreover, one can assume without loss of generality that the
support projection of Es(vovg;) equals s. Observe that we have an amalgamated free product decomposition
M = (P X Ty\(e}) kpureg o (P X ). Using the same argument as before, since Q A P X g\ (¢}, we
must have that ) As P x I\ ). Therefore, by [loana et al. 2008, Theorem 1.2.1], we have that vovg € S,
and hence the intertwining relation implies that vog Qqv; = Yvovg € S. If u is a unitary extending vy,
we further see that ug Qqujvou™ C S. Letting ¢" = vjvo, we get the desired conclusion.

To see the last part, we note that, since P x [y is a factor, after passing to a new unitary u, one can
replace g above with its central support in Q. U

7. Symmetries of graph product group von Neumann algebras

The main result of this section is a strong rigidity result describing all *-isomorphisms between factors
associated with a fairly large family of graph product groups arising from finite graphs in the class CC;
(Theorem 7.10). As a by-product, we obtain concrete descriptions of all symmetries of these factors
including such examples with trivial fundamental groups (Corollaries 7.11 and 7.12). However, to be
able to state and prove these results, we first need to introduce some new terminology and establish a few
preliminary results.

7.1. Local isomorphisms of graph product group von Neumann algebras. The isomorphism class of a
von Neumann algebra associated with a graph product group tends to be fairly abundant. As in the group
situation, a rich source of isomorphisms stems from both the isomorphism class of the underlying graph
and the isomorphism classes of the von Neumann algebras of the vertex groups. By analogy with the
group case, these are called local isomorphisms and we briefly explain their construction below.

Let ¢4 and % be simple finite graphs, and let I'¢4 and A ,» be graph product groups, where their
vertex groups are {I",, v € ¥} and {A,, w € #}, respectively. Assume ¢ and 7 are isometric and fix
0 : Y — J an isometry. In addition, assume that ® = {®¢, v € ¥} is a collection of *-isomorphisms
@9 : L(I'y) = L(As(v)) for all v e ¥. Then the following holds.

Theorem 7.1. There exists a unique *-isomorphism denoted by (®, o) : L(I'y) — L(A ,) which extends
the maps ey L(T'y) 3 x = ®F(x) € LA »).
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Proof. We recall that a word for ¢ is a finite sequence v = (vy, ..., v,) of elements in ¥ [Caspers and
Fima 2017, Definition 1.2]. The word v is called reduced if, whenever i < j and v; 41, ..., v;_1 € st(v;),
we have v; # v;. Following [Caspers and Fima 2017, Section 2.3], £L(I'y) can be presented alternatively
as the graph product von Neumann algebra associated to the graph ¢ and vertex von Neumann algebras
{LTv)}ver.

We continue by proving the following claim: for any reduced word (vy, ..., v,) in ¢ and elements
a; € L(I'y,) with 7(a;) = 0, we have r(CID;’l (ay)--- CIDgn (an)) = 0. To show this, write w; = o (v;) € #
and b; = ®7 (a;) € L(Ay,) for any i. Note that the word (wy, ..., wy) is reduced in 57 and 7(b;) =0
for any i. By considering the Fourier series of b;, the claim follows by proving that, whenever /; € Ay,
with h; # 1, we have hy ---h, # 1. Since (wy, ..., w,) is a reduced word in JZ, it is easy to see that
hy---hy is a reduced element of A, in the sense of [Green 1990, Definition 3.5]. Applying [Green
1990, Theorem 3.9] implies that /4 - - - h, # 1, hence proving the claim.

Finally, our theorem follows directly by applying [Caspers and Fima 2017, Proposition 2.22]. |

Hereafter, (®, o) will be called the local isomorphism induced by o and & = {®J, v € 7}. Whenever
¥ = and I'y, = A, for all v, these are called local automorphisms and they form a subgroup of
Aut(L(I'y)) under composition which will be denoted by Locy ¢(L(I'y)). The subgroup of local auto-
morphisms satisfying o = 1Id is denoted by Loc,(L(I'y)); observe that it has finite index in Loc, (L(I'y)).
Moreover, we have u Locy (L£(T'y)) = D, ., Aut(L(I",)). Next, we observe that most of the time (&, o)
is an outer automorphism.

Proposition 7.2. Under the same assumptions as before, suppose in addition that 4 is a graph satisfying
(Nyey Star(v) = . Then (P, o) is inner if and only if o =1d and ] =1d forallv € V.

Proof. Let M = L(I'y), and let u € % (M) such that (®, o) = ad(u). Fix v € ¥. From the definitions
we have ul(I"))u* = L(I's)). Using Theorem 2.7, we get that v = o (v) and u € Z (L(Tstarv)))- As
this holds for all v € ¥, we get 0 =1d and also u € (),c, L(T'star(v)) = C1. Hence (®, o) =1d, and also
@9 =Idforallve 7. O

When o = 1d, let Loc, ;(£(I'y)) be the set of all local automorphisms (&P, o) which satisfies the
following: for any v € ¥, there exists a unitary u, € £(I";) such that ®J = ad(u,). It is easy to see that
Locy ;(£(I'y)) forms a normal subgroup of Loc,(L(I'¢)) under composition. Thus, when there exists
a v € ¥ for which I', is an icc group, it follows from Proposition 7.2 that Loc, ;(£(I'¢)), and hence
Out(L(I'y)), is always an uncountable group. In conclusion, for this class of von Neumann algebras, in
general, one cannot expect rigidity results and computations of their symmetries of the same precision
level as the prior results [Popa and Vaes 2008; Vaes 2008].

Remark 7.3. It is worth mentioning that the class of local isomorphisms can be defined for all tracial
graph products [Caspers and Fima 2017] (regardless if they come form groups or not) with essentially the
same proofs.

Next, we highlight a family of x-isomorphisms between graph product von Neumann algebras that
is specific to graphs in the class CC; and is related more to the clique algebras structure than to the
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vertex algebra structure as in the previous part. As before, let ¢4, 7 € CC; be isomorphic graphs, and

fix 0 : 4 — S an isometry. Let cliq(¥¢) = {41, ..., %,} be a consecutive enumeration of the cliques

of 4. Let 'y and A be graph product groups and assume, for every i € 1, n, there are s-isomorphisms

Oi—1i: LTz, ,) — E(A%%H.i)) and §; : ,C(F(gl_im) — ,C(Ao.(cgiim)). Here, and afterwards, we use the

notation %p,1 = %,,1. Using Lemma 4.1, we can view I'y as a graph product group F,;@,, over the graph .%,,

where the vertex groups satisfy I', = D, cim ['v and I'y, =@ yeq_,,
!/

o) = D, csint Ao vy and A;(b,-) =®,cs_,, Aow)- Therefore, using Theorem 7.1, these isomorphisms

[,. Similarly, A ,» = A, ., where

induce a unique *-isomorphism ¢g ¢ 5 : L(I'y) — L(A »):

0,'_1,,'()6) ifx e 'C(F%Ll,i)’

E(x)  ifx e L(Tym) (7-1)

Po.e0(x) = {

foralli €1, n.

When 'y = A 4, this construction yields a group of automorphisms of £(I'y) that will be denoted by
Locc ¢ (L£(I'y)). We also denote by Loc.(L(I'y)) the subgroup of all automorphisms satisfying o = Id.
Note: Loc.(L(I'y)) = P; Aut(L(Tg_, ;) ® Aut(L(Tin)) and also Loc.(L(T'y)) < Loce ¢(L(I'y)) has
finite index. l

Next, we highlight a subgroup of automorphisms in Loc.(L(I'¢)) that will be useful in stating our
main results. Namely, consider a family of nontrivial unitaries a;—,; € L(I's;_, ;) and b; € L(I',in) for
every i € 1, n. If in the formula (7-1) we let 6,_1 ; = ad(a;_1;) and & = ad(b;), then the corresp(')nding
automorphism ¢y ¢ 14 is an (most of the times outer) automorphism of £(I') which we will denote by
@4.» throughout this section. The set of all such automorphisms forms a normal subgroup denoted by
Loc¢i(L(I'y)) <t Loc.(L(I'y)). From the definitions we also have Loc, ;(L(I'y)) < Loci(L(I'¢)) and
Locy(L(I'y)) < Locc(L(I'y)).

Proposition 7.4. The automorphism ¢, € Loc.i(L(I'y)) is inner if and only if a; ;1 € Z(L(Tg_,,))
and b; € Z(L(T m)) foralli €1, n.

Proof. Assume that ¢, € Loc.i(L(I'y)) is inner, and hence, there is a unitary u € £(I'y) such that
@u.p(x)u = ux for any x € L(I'y). Fix an arbitrary i € 1,n. Then, for any x € L(I'4;_,,), we have
a,-_l,,-xa?jl._l = uxu*. Together with Theorem 2.7, this yields u*a; ;_1 € L(T's,_, ) NL(Ty) C L(T4,_,uz).
Since a; ;41 € L(T'y_, ), it follows that u € ﬂ?zl L(I's,_,uz) = C1, and then it follows that a; ;11 €
Z(L(Tg_,,)). Similarly, one can show that b; € 2°(L(Iin)) for all i € 1, n. This concludes one direction
of the proof. As for the converse, note that we trivially have ¢qp =1d. U

7.2. Computations of symmetries of graph product group von Neumann algebras. Next, we introduce
a few preliminary results needed to describe the isomorphisms between von Neumann algebras arising
from graph product groups with property (T) vertex groups.

Theorem 7.5. Let I' = 9{T",} and A = {\,} be graph product groups, and assume that I, and A,
are icc property (T') groups forallve ¥ and w € #. Let 0 : L(I') = L(A) be any x-isomorphism. Then
there is a bijection o : cliq(¥) — cliq(s7) such that, for every € € cliq(¥), there is a unitary uy € L(A)
such that 0 (L(Ty)) = ug L(Ao (4)) Ul
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Proof. Fix € € cliq(¥¢). Using the hypothesis and Corollary 2.8, it follows that 8(L(I's)) € L(A)
is a property (T) irreducible subfactor. By the first part of Theorem 6.1, there must exist a clique
0 (%) € cliq(s) such that 6(L(I'y)) <za) L(Ts%)). Now, we argue that, for every ¢ € (%), we have
(L)) Aoa) L(Ts@)\(c))- Indeed, if we assume 0(L(A¢)) <za) L(Ts4)\(c}), then by passing to
relative intertwining commutants we would get from [Vaes 2008, Lemma 3.5] that

L(Ae) = LAgonie)) NLA) <) O(LT) NLA) =0(L(Ty) NLT)) =Cl,

which is a contradiction. Thus, by using that £(As(¢)) is a factor and L(I'y) C L(I') is irreducible,
it follows from the moreover part of Theorem 6.1 that there exists a unitary us € L(A) that satisfies
uz0(L(Tg))ugy € L(Asw))-

We now reverse the roles of I' and A: in a similar manner for every 2 € cliq(.¢), one can find
7(2) e cliq(¥¢) and a unitary wy € L(I') satisfying L(Ag) € w0 (LT (9))w?y,. Altogether these show
that

uz0(LT)ug C L(As%) S Wo )0 (LT ro@)Wy )

In particular, Theorem 2.7 implies that € = (0 (%)) and u, ws (%) € 0(L(I'x)). This combined with the
prior containment implies that u«6(L(I'))u, = L(Agx)). As € = 1(0 (%)) for any clique ¢ of ¥, it
follows in particular that o is a bijection. g

Remarks. Theorem 7.5 still holds under the more general assumption that each vertex group I',, possesses
an infinite property (T) normal subgroup. The proof is essentially the same and is left to the reader.

We continue by recording a notion of unique prime factorization along with some examples that will
be needed in the first main result.

Definition 7.6. A family C of countable icc groups is said to satisfy the s-unique prime factorization if,
whenever
M=LTx--xT)' =LA XX Ap)

for some I'y, ..., Ty, Aq, ..., A, that belong to C and ¢ > 0, we must have t = 1 and m = n, and there
exist a unitary u € M and a permutation T € &, such that uLl(I';)u* = L(A.)) forall i € 1,n.

There are several classes of natural examples of groups that satisfy this unique factorization condition
in the literature, but for our paper only those which have property (T) will be relevant. Thus appealing to
the results in [Chifan et al. 2023a; 2023b; 2024; Das 2020], we have the following.

Corollary 7.7. Class C satisfies the s-unique prime factorization whenever C is one of the following:
(1) The class of property (T) fibered Rips constructions [Chifan et al. 2023a; 2024].

(2) The class of property (T) generalized wreath-like product groups WR(A, B ~ 1), where A is abelian,
B is an icc subgroup of a hyperbolic group, and the action B ~ I has infinite stabilizers [Chifan
et al. 2023b; Chifan et al. 2023c].

Proof. Part (1) is a direct consequence of [Chifan et al. 2023a; 2024; Das 2020]. Part (2) follows from
Theorem 3.6 and Corollary 3.7. O
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Proposition 7.8. Let I' = 4{I",} and A = 57{A\} be graph products such that
(1) Ty and Ay, are icc property (T) groups for allv € ¥ and w € ¥/,

(2) there is a class C of countable groups which satisfies the s-unique prime factorization property (see
Definition 7.6) for which I, and A, belong to C forallve ¥V and w € #'.

Let 0 <t < 1 be a scalar and © : L(T')" — L(A) be any *-isomorphism.
Then t = 1 and there is a bijection o : cliq(¥) — cliq(J#) such that, for every € € cliq(¥), there is a
unitary ug € L(A) such that © (L(Ty)) = ug L(Ag ) usy.

Proof. First we observe that it suffices to show that ¢t = 1, as the rest of the statement follows from
Theorem 7.5.

Let 2 be aclique in ¢. Since L(I'y) is a II;-factor, there is a projection p € L(I'y) of trace 7 (p) =t with
L) = pL(T)p. As L(I'y) has property (T) then so does pL(I'y) p. Since pL(I'y)p C O~L(L(A)) =N,
then by Theorem 6.1 one can find a clique .% € cliq(##) such that pL(I'y)p <un O Y (L(A#)). Now,
observe that since the inclusion p£L(I'p) p C N is irreducible, we can proceed as in the proof of Theorem 7.5
to deduce that pL(I'g)p Anr ol 7\(¢})) for every ¢ € #. Thus, using the irreducibility condition
and the moreover part of Theorem 6.1, there exists u € % (O~1(L(A))) satisfying

upL(Ty) pu* C O~ (L(A 2)). (7-2)

Also observe that (upL(Ty) pu*) NO (LA ) C up(L(TTy)) N LT y)pu* = Cp. Hence (7-2) is an
irreducible inclusion of II;-factors.

Next, since © 1 (£(A #)) has property (T) and ® ' (L(A #)) C pL(T") p C L(T") := M, by Theorem 6.1
one can find 2’ € cliq(¢) such that ® ! (L(A »)) < L(T'y). Combining this with (7-2), we further get
pL(3)p < L(Ty), which further implies by Lemma 2.3 that 2 C 2/, and since these are cliques we
conclude that 2 = 2’'. In conclusion, the prior intertwining relation amounts to O NL(A2)) < L(Ty).
Since £(I'y) is a II;-factor, we further obtain © ' (L(A #)) <y upL(Ty)pu*. Since u € pMp is a
unitary this further implies

O~ (L(A#)) <patp upL(Ty) pu*. (7-3)

By irreducibility, we have O~ (L(A2)) ApMp @_I(E(Ay\{c}) for all ¢ € #. Thus, (7-3), (7-2),
and Lemma 2.9 further imply ®~!(L(A #)) <e-1(c(A ) UPL(Ty) pu*. Using [Chifan and Das 2018,
Lemma 2.3], this requires that the inclusion (7-2) has finite index, and consequently, we have
O~ (L(A#)) C 2N\, (upL(Ty) pu’). (7-4)
Since Z is a clique, Theorem 2.7 and Lemma 2.6 imply that O Nr(I'y) = I'y. Using this together with
Lemmas 2.5 and 2.6, we obtain
DNy UpL(Tg) pu*) = up 2.4 (L(Tg)) pu™ = upL(QNr(Tz)) pu* = upL(Ty) pu*,

which together with (7-4) implies that @ ' (L(A #)) C upL(Ty) pu*. Together with (7-2) it follows that
O~ (L(A#)) =upL(T'y)pu*. Finally, the strong unique prime factorization property implies p = 1 and
thus # = 1, as desired. O
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7.3. Proofs of the main results. With all the previous preparations at hand we are ready to prove the
first main result, namely Theorem A.

Theorem 7.9. Let & and 7 be graphs in the class CCy, and let ' = 4{I",} and A = 5#{A\,} be graph
product groups satisfying the following conditions:

(1) T'y and Ay, are icc property (T) groups for all v € ¥ and w € ¥

(2) There is a class C of countable groups which satisfies the s-unique prime factorization property (see
Definition 7.6) for which I, and A, belong to C forallv € ¥ and w € ¥'.

Lett > 0, and let ® : L(I')! — L(A) be any *-isomorphism. Then t = 1 and one can find an isometry
09 — A, x-isomorphisms 0;—1,; : LTy, ;) = LT, ) and & : L(Tgimn) — LT, iny) for all
i€l,n,anda unitary u € L(A) such that ® = ad(u) o ¢y .

Proof. Without loss of generality, we can assume ¢ < 1 and from the prior theorem we have t = 1. Also
for simplicity we will omit ® from the formulas. Using condition (2) in conjunction with Theorem 7.5,
one can find a bijection o : cliq(¥) — cliq(’) and unitaries u1, ..., u, € M such that, for any i € 1,n,
we have

u,-E(F(g,.)u;-“ = [:(Ag(cgi)). (7-5)

Next, condition (2) implies that, for any i € 1, n, there exist a complete subgraph Z; C o (%;) and
a unitary #; € L(Ay ) such that u; L(Ty, . )u] = L(Ag,). Note that relation (7-5) still holds if we
replace u; by i;. Therefore, for ease of notation, we denote i; by u;. Hence, L(I'y,,,,) = u; L(Ag)u; =
uy,  L(Ag,)uit1, and therefore L(Ag)u;ui | =u;ju;, L(Ag,,). By Theorem 2.7 this further implies
2; € Zi41, and similarly we get Z; 2 Z;,1; thus, &; = ;1. Furthermore, we see that u; L(I'y; ,, Ju} =
ui1 £, )ui, = L(Ag), and hence

ujip1 € Mu(L(Tg,, ) = LT, o) = LTgua,,)-

Moreover, using Proposition 2.10, we further have that u}u; 1 =a; ; +1b; 11, where a; j 11 € % (L(%i11))
and b; ;11 € % (L(T%u%,1)\%..,)). To this end observe that if we let x; ;41 := u;u;;1 then we have
X1,2X23---X,,1 = 1. Thus, using Theorem 5.2 for each i € 1,n, one can find g; € w(L(Tg_, 1)),
b; € %(E(F(giim)), and ¢; € % (L(I'y; ;) such that

k %k k *
Uiniy) = Xji+1 = aibicibi a; ¢y . (7-6)

Using these relations recursively together with the commutation relations and performing the appropriate
cancellations, we see that, for every i € 2, n, we have

ui = uyuiu)Wwius) - - (ui_sui—1)(u;_u;)
=uy(ar1bic1bsa5c5)(arbycrbiaycy) - - - (ai—1bi—ici—1bja;, c;)

kg ok ok *
=warbicraa; bja;, c;. (7-7)



RIGIDITY FOR VON NEUMANN ALGEBRAS OF GRAPH PRODUCT GROUPS, I 1143

Since a;kb;kalfﬂrlc;* € % (L(I';)), we can see that by replacing each u; by u = uja1bicja; the relations
in (7-5) still hold. By writing .%; = o (%;) for all i, we observe that in particular these relations imply
that ul(I'y,,, )u* = L(A #,,,,) for all i. Passing to relative commutants in each clique algebra, we also
have u L(Iin)u* = L(A zin). We now notice that the s-unique prime factorization property of the groups
implies that the map o arises from an isometry o : 4 — s still denoted by the same letter. Altogether

these relations give the desired statement. O

Using the W*-superrigid property (T) wreath-like product groups recently discovered in [Chifan et al.
2023b] as vertex groups in the previous result, one obtains an even more precise description of the
s-isomorphisms between these von Neumann algebras; hence, we provide a proof for Theorem B.

Theorem 7.10. Let 4 and 7# be graphs in the class CCy, and let G = 9{I",} and A = F#{A\,} be
graph product groups where all vertex groups I', and A, are property (T) wreath-like product groups
(as described in the second part of Corollary 7.7).

Then, for any t > 0 and x-isomorphism © : L(I')" — L(A), we have t = 1, and one can find a character
n € Char(I'), a group isomorphism § € Isom(I", A), an automorphism of L(A) of the form ¢, (see the
notation after (7-1)), and a unitary u € L(A) such that ©® = ad(u™) o ¢y p o W, 5.

Proof. From the prior result we have t = 1. From Theorem 7.9 one can find a graph isomorphism o : 4 — %
and a unitary u € L(A) such that, for every clique %; € cliq(¥), we have u® (L(I';;))u* = L(As(z)). In
particular, these relations imply that u® (L(I'y; ,,))u™ = L(As(4,,,)) and also uC(EKI;m)u* =L(A U(%;’_im))
for all i € 1, n. Furthermore, using Corollary 3.7, one can find unitaries a; ;11 € ®(L(I's,,,)) and
bi € ©(L(I'¢,.,)) such that

Tuai,iH@(D@M)a;‘jiHu* = —H—AJ(%_JH) and TubiG)(Rgiim)bfu* = —H—Aa((ﬁii“‘)'

Hence, there exists an automorphism of £(A) of the form ¢, ; such that, by letting 0= qba_’ll7 oad(u) 0 ®,
we have

TOMy,,) =TAog,) and TOCgm) =TA,
for any i € 1, n. The conclusion trivially follows. O

Next, we record four immediate consequences of the prior result, and hence provide proofs to the other
main results of the introduction.

Corollary 7.11. Let & be a graph in the class CCy, and let I' = 4{I",} be the graph product groups
where all vertex groups I, are property (T) wreath-like product groups (as described in the second part of
Corollary 7.7).

Then, for any automorphism ® € Aut(L(I")), one can find n € Char(I"), 6 € Aut(I"), an automorphism
of L(I') of the form ¢, », and a unitary u € L(I') such that ® = ad(u) o ¢4, 0 Wy 5.

Corollary 7.12. Let 4 be a graph in the class CCy, and let I' = 4{I",} be the graph product groups
where all vertex groups Iy, are property (T) wreath-like product groups (as described in the second part of
Corollary 7.7). Then the fundamental group F(L(I')) = {1}.
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In particular, combining these results with Theorem 3.3 and Remark 3.4, we obtain examples when the
only outer automorphisms of von Neumann algebras of graph products are the only options discussed in
relation (7-1).

Corollary 7.13. Let 4 € CCy, and fix cliq(¥4) = {41, . .., €,} a consecutive enumeration of its cliques.
Let ' = 4{I",} be the graph product groups where all vertex groups I, are property (T) regular wreath-
like product groups (as described in the second part of Corollary 7.7) which in addition are pairwise
nonisomorphic, and have trivial abelianization and trivial outer automorphisms. Then

n
Out(L(M) =@ 7 (LT, ) & U (L(Tyin)).
i=1
Proof. Let ©® € Out(L(I")). By Theorem 7.10, one can find a character n € Char(I"), a group automorphism
8 € Aut(I'), and an automorphism of £(I") of the form ¢, , such that ©® = ¢, ; o W, 5. Note that, for any
v € ¥, the restriction of 1 to I'y is a character of I, and, by assumption, we get that n(g) = 1 for any
ve ¥ and g € T,,. Next, recall that by Theorem 4.4 we have Aut(I') =T x (D, Aut(I'y)) x Sym(I")).
Now, because the vertex groups are pairwise nonisomorphic, then Sym(I"') = 1. Moreover, since all
automorphisms of the vertex groups are inner, it follows that W, 5 is essentially an automorphism of the
form ¢, 1y, where a’ and b’ are collections of unitaries implemented by group elements. In conclusion,
we have that ® = ¢, 4, where ¢ and d are some collections of unitaries, and the formula follows. Il

Corollary 7.14. Let < and 57 be graphs in the class CCy, and let G = 4{',} and A = F#{A,} be
graph product groups where all vertex groups Iy, and A, are property (T) wreath-like product groups
(as described in the second part of Corollary 7.7).

Then, for any x-isomorphism © : C:(I') — C}(A), one can find a character n € Char(I'), a group
isomorphism § € Isom(I", A), an automorphism of L(A) of the form ¢, p, and a unitary u € L(A) such
that © = ad(u™*) o ¢y p o Wy 5.

Proof. From Lemma 4.3, we get that I" has trivial amenable radical, and hence, by [Breuillard et al. 2017,
Theorem 1.3], it follows that C)(I") has unique trace. This implies that any *-isomorphism between
CH(I') and C}(A) lifts to a x-isomorphism of the associated von Neumann algebras. Now the result
follows from Theorem 7.10. O
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We consider the Schrodinger equation in R, d > 1, with a confining potential growing at most quadratically.
Our main theorem characterizes open sets from which observability holds, provided they are sufficiently
regular in a certain sense. The observability condition involves the Hamiltonian flow associated with
the Schrodinger operator under consideration. It is obtained using semiclassical analysis techniques. It
allows us to provide an accurate estimation of the optimal observation time. We illustrate this result with
several examples. In the case of two-dimensional harmonic potentials, focusing on conical or rotation-
invariant observation sets, we express our observability condition in terms of arithmetical properties of the
characteristic frequencies of the oscillator.
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1. Introduction and main results

We are concerned with the observability of the Schrédinger equation with a confining potential in the
Euclidean space:

iy =Py, P=Vx) —1A, teRxeR’ (1-1)

where V is a real-valued potential, bounded from below. Specific assumptions shall be stated below. The
general problem reads as follows: we wonder which measurable sets @ C R? and times T > 0 satisfy

T
3C > 0:Vu € L*(RY), ||u||L2(Rd) < c/ ||e*’”’u||iz(w) dt. Obs(w, T)

When this property Obs(w, T') is true, we say that the Schrodinger equation (1-1) is observable from w
in time 7, or that w observes the Schrodinger equation. The question consists in finding conditions on
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the pair (w, T') ensuring that one can recover a fraction of the mass of the initial data u, by observing
the solution v (t) = e~""*u of (1-1) in w during a time T. We will often call w the observation set and T
the observation time. As for the constant C in the inequality, we will refer to it as the observation cost
throughout the text. When an observation set w is fixed, the infimum of times 7" > 0 such that Obs(w, T)
holds is called the optimal observation time, and is denoted by 7, = T, (w). It is clear that this so-called
observability inequality holds for @ = R? in any time 7 > 0. This is because the propagator solving
the Schrodinger equation e~/'F is an isometry on L?(R¢).! But from the viewpoint of applications, one
would like to find the smallest possible observation sets and the corresponding optimal times for which
the observability inequality holds.

The observability question for Schrodinger-type equations has been extensively investigated over the
past decades, mainly in compact domains of R? or compact Riemannian manifolds. See the surveys of
Laurent [2014] or Macia [2015] for an overview. In a compact Riemannian manifold, Lebeau [1992]
showed that the so-called geometric control condition (introduced for the wave equation in [Rauch and
Taylor 1974; Bardos et al. 1992]) is sufficient to get observability of the Schrodinger equation in any time
T > 0. This means that all billiard trajectories have to enter the observation set in finite time. See for
instance [Phung 2001] for later developments in Euclidean domains. However, works by Haraux [1989]
and Jaffard [1990] on the torus show that this condition is not always necessary. Since then, considerable
efforts have been made to find the good geometric condition characterizing the observability of the
Schrédinger equation, depending on the geometrical context. This question is closely related to that of
understanding the concentration or delocalization of Laplace eigenfunctions or quasimodes, which rule
the propagation of states through the Schrodinger evolution; see [Burq and Zworski 2004]. The latter
properties are linked to the behavior of the underlying classical dynamics, which is supposed to drive
the quantum dynamics at high frequency. In the literature, mainly two different dynamical situations
have been investigated. On the one hand, complete integrability, meaning existence of many conserved
quantities, usually features symmetries that result in high multiplicity in the spectrum at the quantum
level. This allows for possible concentration of eigenfunctions. On the other hand, chaotic systems,
epitomized by the geodesic flow of negatively curved Riemannian manifolds, go along with strong
instability properties. For instance, quantum ergodicity states that most> Laplace eigenfunctions are
delocalized on manifolds with ergodic geodesic flow. Here we collect a nonexhaustive list of references
illustrating this diversity of situations. On the torus, observability was investigated by several authors;
see, for example, [Haraux 1989; Jaffard 1990; Burq and Zworski 2004; 2012; 2019; Bourgain et al.
2013; Macia 2010; Anantharaman and Macia 2012; 2014]. General completely integrable systems were
studied by Anantharaman, Fermanian-Kammerer and Macia [Anantharaman et al. 2015]. As for the disk,
the question of characterizing open sets from which observability holds was solved by Anantharaman,
Léautaud and Macia [Anantharaman et al. 2016a; 2016b]. Macia and Riviere [2016; 2019] thoroughly

! Another consequence of this is that the condition Obs(w, T') is “open” with respect to T': if Obs(w, T') is true with cost
C > 0, then Obs(w, T —¢) is true as soon as ¢ < 1/C. See Lemma A.3 in Appendix A for a precise statement.

2In fact, the situation is more complicated due to the possible existence of a sparse subsequence of eigenmodes concentrating
around unstable closed classical trajectories — a phenomenon known as scarring.
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described what happens on the sphere and on Zoll manifolds. In the negatively curved setting, we refer to
[Anantharaman 2008; Anantharaman and Riviere 2012; Eswarathasan and Riviere 2017; Dyatlov and Jin
2018; Jin 2018; Dyatlov et al. 2022]. See also [Privat et al. 2016] in connection with quantum ergodicity.
Recently, there has been a growing interest in the question of observability for the Schrodinger
equation in the Euclidean space, for which new difficulties arise due to the presence of infinity in space.
Taufer [2023] dealt with the observability of the free Schrodinger equation in R¢, showing that it is
observable from any nonempty periodic open set in any positive time. It relies on the Floquet—Bloch
transform and the theory of lacunary Fourier series. It was later generalized by Le Balc’h and Martin [2023]
to the case of periodic measurable observation sets with a periodic L potential, in dimension 2.
Huang, Wang and Wang [Huang et al. 2022] characterized measurable sets for which the Schrodinger
equation (1-1) is observable, in dimension d = 1 when V (x) = lx 2" m e N. They proved that, in the
case where m = 1 (resp. m > 2), one has observability from w C R in some time (resp. in any time) if

and only if
. lon[=x, x]|
liminf ——M

0, 1-2
oo [[—x, x]] (-2

where | ¢ | is the one-dimensional Lebesgue measure. Such a set is called “weakly thick”. Simultaneously,
Martin and Pravda-Starov [2021] provided a generalization of this condition in dimension d which turns
out to be necessary if d > 1 and sufficient if d = 1 for observability to hold, in the case of the fractional
harmonic Schrodinger equation, namely (1-1) with P = (—A+|x|?)*, where s > 1. In the particular cases of
potentials or operators discussed above, the techniques that are used, mainly relying on abstract harmonic
analysis tools, provide very strong results. However, it seems that more general potentials remain out
of reach, since the arguments involved require the knowledge of precise spectral estimates on eigenvalues
and eigenfunctions, explicit asymptotics and symmetry properties. Moreover, regarding the case of the
harmonic oscillator, the existing results focus on the properties of the sets for which observability holds,
but given such a set, they do not give a hint of what would be the minimal time for which the observability
inequality holds. In fact they provide an upper bound for this optimal time independent of the open set,
corresponding to half a period of the classical harmonic oscillator. But it is reasonable to think that this
upper bound can be improved taking into account the geometry of the observation set.

To complete the picture, let us mention the study of observability for time-dependent quadratic
Hamiltonians in R? by Waters [2023]. As for bounded potentials in dimension 1, a quantitative observabil-
ity result was obtained by Su, Sun and Yuan [Su et al. 2025]. See also [Wei et al. 2023] on the half-line.

Motivations, assumptions and notation. This work aims to address the issues discussed above, namely:

(a) find a robust method to prove that the Schrodinger equation is observable from a given set with less
restrictions on the dimension or the potential (e.g., variations of the harmonic potential like x - Ax
where A is a real symmetric positive-definite d x d matrix, or potentials of the form (x)?" with
m > 0 a real number);

(b) provide a more accurate upper bound for the optimal observation time depending on the shape of the
observation set.
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Throughout this work, we make the following assumptions on the potential:

Assumption 1.1. The potential V is C* smooth and satisfies, for some m > 0,

C,r > 0: Vx| =1, é<x>2'" < V(x) < Clx)™, (1-3)

Vo e N?, 3C, > 0:Vx e RY, 3%V (x)| < Cy(x)>m 1ol (1-4)
Unless stated otherwise, we assume that the potential is subquadratic, namely 0 <m < 1.

Throughout the article, we shall refer to the left-hand side inequality in (1-3) by saying that the potential
is elliptic. In addition, the notion of principal symbol that we will use is made clear below.

Definition 1.2 (principal symbol). Let Vy and V be two potentials satisfying Assumption 1.1 above with
a power m > 0. We say that Vj and V have the same principal symbol if

Va e NT,3C, > 0:¥x e RY, [3°(V = Vo) ()| = Co )" ~1 71,

This defines an equivalence relation. The equivalence class of such a potential V is called the principal
symbol of V.

Classical spectral theory arguments ensure that the operator V (x) — %A with domain CSO(R") is
essentially self-adjoint (from now on, its closure will be denoted by P) and that the evolution problem (1-1)
on L%(R?) is well-posed. In fact, most of our results will depend only on the principal symbol of V,
namely they will not depend on perturbations of the potential of order (x)2"~!,

Our strategy emphasizes the role of the underlying classical dynamics ruling the evolution of high-energy
solutions to the Schrodinger equation (1-1), by means of the so-called quantum-classical correspondence

principle. This motivates the introduction of the symbol of the operator P, defined by
p(x. )=V @) +3lE7  (x.§) e R

This is a smooth function on the phase space R* ~ R¢ x R, tending to 400 as (x, &) — oo, since the
potential is elliptic. Throughout this text, typical phase space points will be denoted by p = (x, £), and
we will sometimes use the notation 7 : R4 — R for the projection (x, &) — x. We will often refer to p
as the classical Hamiltonian, and to its quantization P as the quantum Hamiltonian. The Hamiltonian
flow (¢"),er on R, which preserves p, is defined as the flow generated by the Hamilton equation:

d
2 () =TV (), #(p)=p. (1-5)
It is well-defined for all times under our assumptions. Here J = (_Old I(;’ ) is the symplectic matrix.
Introducing (x’, &) = ¢' (p) the position and momentum components of the flow, this can be rewritten as
i t__ st
=8

d ., t &% =p. (1-6)
E?E =—-VV(x'),

Hereafter, we will refer to the x-component of a trajectory of the Hamiltonian flow as a projected trajectory.
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1.1. Main result. Let us insist on the fact that the result below applies for confining potentials having
a subquadratic growth, i.e., 0 < m < 1. We will explain later why we restrict ourselves to this case.
Throughout the article, the open ball of radius r centered at x € R? is denoted by B, (x). Our main result
reads as follows.

Theorem 1.3. Let Vi and V be potentials on R¢ satisfying Assumption 1.1 with some m € (0, 1],
having the same principal symbol. Set P =V (x) — %A and denote by e='* the propagator solving the
Schrodinger equation

idy = Py.

Also denote by (d)(’)) teR the Hamiltonian flow associated with the symbol po(x, ) = Vp(x) + %lé |2 For
any Borel set  C RY, define for any R > 0 the thickened set

wg = Br(x),

XeEw

and introduce for any T > 0 the classical quantity’

T
oy (@, T) =1im inff 1w () (p)) di = liminf|{r € (0, T): (o d)(p) € w}.
—00  Jo —00

Fix a Borel set w C R%
(1) (sufficient condition) Assume there exists Ty > 0 such that
ﬁoo = ﬁoo(a) Tp) > 0. (1-7)

Then there exists a constant L = L(d, Ty, po, p) > 0 such that for R = L /8, for any compact set K C R?

and any T > Ty, Obs(wg \ K, T) is true, namely:

Po’

T
3C > 0:Vu € L>(RY), ||u||Lz(W) Cf IIe"”’uIIiz(wR\K) dr.

(ii) (necessary condition) Assume there exists a time T > O such that Obs(w, T) is true with cost Cops > 0,
that is to say,

T
Vu e L*RY),  [lull72ga, < Cobs / le™" |35, dt. (1-8)
0

Then there is a constant ¢ = c(d, T, po, p) such that for any R > 1 and any compact set K C R% one has

1 (log R)!/?
KX K, T)> — )
@R\ K, T) > o TR

The rest of the introduction is organized as follows: in Section 1.2, we comment on Theorem 1.3 and

describe the main ideas of the proof. Then we discuss various examples of application. We begin with
examples in dimension 1 in Section 1.3. In Section 1.4, we investigate the particular case of harmonic

3 The integral makes sense when w is Borel. Indeed, the map (¢, p) = 1, pa (d)o (p)) is then Lebesgue-measurable, so that
the same is true fort > 1, pa (¢0(p)) when p is fixed. Tonelli’s theorem [Lerner 2014, Theorem 4.2.5] then shows that the
map p — fO wxRd (¢O(p)) dt is Lebesgue-measurable.
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oscillators in two dimensions. We specifically focus on conical and rotation-invariant observation
sets in Sections 1.4.1 and 1.4.3 respectively. These are cases where one can prove accurate estimates
on the optimal observation time — see for instance Proposition 1.5. Arithmetical properties of the
characteristic frequencies of the harmonic oscillator under consideration also play a key role, as evidenced
by Proposition 1.11. Then in Section 1.5, we present other consequences of Theorem 1.3 concerning
observability of eigenfunctions of the Schrodinger operator P and energy decay of the damped wave
equation. Lastly, we discuss the links between our work and the Kato smoothing effect in Section 1.6,
and provide with further explanations regarding the natural semiclassical scaling of the problem and the
criticality of quadratic potentials in Section 1.7.

1.2. Idea of proof and comments. The core of our work consists in establishing a suitable version of
Egorov’s theorem to relate the evolution through the Schrédinger flow of high-energy initial data on the
quantum side, to the action of the associated Hamiltonian flow on the classical side. This is done using
semiclassical analysis. To apply this theory, we approximate the indicator function of w by a smooth
and sufficiently flat cut-off function. This is how the larger set wg arises. Although Theorem 1.3 is not
a complete characterization of sets for which observability holds, it provides an almost necessary and
sufficient condition of observability, up to thickening the observation set, and it gives sharp results in many
concrete situations. See the examples given in Sections 1.3, 1.4 and 1.5 below. We review remarkable
features of this statement.

o The observability condition (1-7) we find is reminiscent of the geometric control condition that rules
the observability or control of the wave equation in a number of geometrical contexts, especially compact
Riemannian manifolds [Rauch and Taylor 1974; Bardos et al. 1988; 1992]. It reflects the importance of
the quantum-classical correspondence in this problem: high-energy solutions to the Schrodinger equation,
lifted to phase space, propagate along the trajectories of the Hamiltonian flow. Our constant 87 (w, T') is
to some extent different from the one quantifying the geometric control condition for the wave equation
(see the constant C(t) of Lebeau [1996] or the constant K(7T') of Laurent and Léautaud [2016]). Indeed,
the latter constant consists in averaging some function (typically the indicator function of w) along
speed-one geodesics in a time interval [0, T']. In contrast, our constant ﬁ;‘; (w, T) does the same, except
that the length of trajectories tends to infinity as their initial datum p goes to infinity in phase space. This
is consistent with the infinite speed of propagation of singularities for the Schrodinger equation.

o The necessary condition of Theorem 1.3 gives an estimate of the observation cost (from the set w) of the
form Cyps > ﬁ% (wgr, T)~' —o0(1) as R — +oo. This is the expected lower bound while using Egorov’s
theorem to prove observability results; see [Laurent and Léautaud 2016] for a similar statement in the
context of the wave equation. As for an upper bound, it could be that Cps is much larger than the lower
bound, due to localization of low-energy eigenmodes away from w. In this respect, [Bourgain et al. 2013,
Appendix A] gives a hint of how one could quantify the unique continuation argument that we use in the
proof of Theorem 1.3 (see Appendix A). See also [Laurent and Léautaud 2016] for the wave equation.

« In the sufficient condition of Theorem 1.3, if one takes K = &, the unique continuation step (Appendix A)
turns out to be unnecessary to prove observability from wg. Indeed, it suffices to take R large enough so
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as to cover a sufficiently large compact set in phase space. This allows to capture all trajectories of the

Hamiltonian flow and have
inf |[{t € (0,T):(wop))(p) € wr} >0, (1-9)

pERZd

instead of a positive lower bound for the liminf.* From a unique continuation perspective, this corresponds
to taking R large enough so that wg covers the region where low-energy modes might be localized. This
indicates, through Gérding inequality, that the observation cost from the set wg is bounded from above
by the inverse of (1-9), up to a small error that vanishes in the limit R — 4-00.

o Let us insist on the fact that the Schrodinger equation (1-1) does not contain any semiclassical parameter.
Instead, we artificially introduce a semiclassical parameter R — +o00, which we use to enlarge the
observation set. This is natural in view of the fact that remainders in the quantum-classical correspondence
are expressed in terms of derivatives of the symbol under consideration: scaling these symbols by 1/R
thus produces remainders of the same order.

¢ On the technical side, the noncompactness of the Euclidean space yields new difficulties. In our
problem, the use of semiclassical defect measures seems to be limited to very particular geometries of the
observation set: roughly speaking, only homogeneous symbols can be paired with such measures, which
would theoretically restrict the scope of the result to conical observation sets. Instead, we use (and prove)
a version of Egorov’s theorem to study the operator e!’¥1,,e~/'F. The idea of using Egorov’s theorem was
introduced in control theory by Dehman and Lebeau [2009] and Laurent and Léautaud [2016]. Of course,
we must pay particular attention to the remainder terms, in connection with the noncompactness of the
ambient space. The great advantage of this is that we can describe the evolution of a fairly large class of
symbols on the phase space, which in turn allows to study observability for a variety of observation sets.

e Our result is very robust since it is valid for a fairly large class of potentials, with the noteworthy
property that the statement only involves the principal symbol of the potential. Indeed, up to enlarging
the parameter R, the fact that the dynamical condition (1-7) is fulfilled or not in wg is independent of the
representative of the equivalence class of Vj (introduced in Definition 1.2) chosen to compute R;O (wg, T).
This is a consequence of Corollary 2.4. This was already evidenced in the context of propagation of
singularities for solutions to the perturbed harmonic Schrodinger equation; see [Mao and Nakamura 2009].
The stability under subprincipal perturbation of the potential fails to be true if one considers superquadratic
potentials (m > 1), as we can see by the examination of the trajectories of the flow. Take Vj satisfying
Assumption 1.1 for some m > 1, and perturb this potential with some W behaving like (x)?"~!. Consider
the Hamiltonian flow associated with the potential V = V4 W. Then the second derivative of a trajectory

of the classical flow is given by
2

d t t t
—x' ==VW&x")-VW(K).
dx?
We remark that the perturbation is of order VW (x’) &~ (x')2"=D_which may blow up when x’ is large.
When m < 1, the perturbation of the trajectory remains bounded, and can therefore be absorbed by

4In the proof of Theorem 1.3 (Section 3), we would be able to take A =0 in (3-9) and by = 0 in (3-10), provided R is large
enough, in order to bypass the use of Appendix A.
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thickening the observation set. See Section 2.1 and the proof of Theorem 1.3 at the end of Section 3 for
further details.

o At the level of the Hamiltonian flow, the difference between m < 1 and m > 1 can also be under-
stood by looking at the equation solved by the differential of the flow: differentiating the Hamilton
equation (1-5) yields

d
7 d¢'(p) = J Hess p(¢' (p)) do' (p).
We deduce that the differential of the flow behaves as

|d¢l‘| Sel‘|HeSSp|’

which means that the norm of the Hessian of the Hamiltonian plays the role of a local Lyapunov exponent
for the classical dynamics. Yet Hess p is uniformly bounded on phase space if and only if m < 1.
Incidentally, it is likely that for m < 1, one can exploit the decay of Hess p at infinity in the space variable
in order to get small remainders in the proof of Egorov’s theorem (see Proposition 3.3) instead of taking R
large. This might allow us to thicken w by any positive ¢ rather than by a large parameter R. Since we are
mostly interested in quadratic potentials in this work, we chose not to refine our result in this direction.

» Going through the details of the proof, it appears that one could replace assumption (1-4) on the
potential by the weaker assumption’

Yo € Nd, iC, >0:Vx € [Rd, 9%V (x)| < Ca<x>max(0,2m—|a\)'

This is consistent with the fact that there exist versions of Egorov’s theorem requiring only 0%V (x) = O (1)
for all |&| > 2; see [Robert 1987, Theorem (IV-10)].

« It is possible that the necessary condition can be slightly improved by propagating coherent states rather
than using Egorov’s theorem on quantum observables. This is discussed in more detail in Section 1.4.2.

1.3. Examples in dimension 1. The one-dimensional case gives an insight of how the potential can
influence the geometry of sets for which observability holds.

1.3.1. Harmonic potential. The one-dimensional harmonic oscillator corresponds to V (x) = %xz. The
Hamiltonian flow reads

¢'(x,€) = (xcost+Esint, —xsint +£cost), (x,&)e R%, teR.

Our dynamical condition (1-7) can then be written as

(x,8)—00

T
liminf/ 1,(xcost+E&sint)dt > 0.
0

S1In fact, in the case m < l, we make use of the decay of VV (x) = 0((x)2’"_1) in Proposition 2.5 (see the computation (2-16)).
But in fact, VV (x) = O(1) already gives (2-13), which is sufficient to obtain Corollary 2.6, that is used later in the proof
of Theorem 1.3.
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In view of the periodicity of the flow, it is relevant to consider 7 = 27. Under this additional assumption,
condition (1-7) reduces to

2

RX = liminf/ 1,(Asint) dt > 0, (1-10)
A—00 0

where A has to be thought as (the square-root of) the energy p(x, £) = 3 (x> +£2). We claim that this

is equivalent to the weak thickness (1-2) condition of [Huang et al. 2022]. Suppose that £ > 0. First,

notice that

27 /2
/ 1,(Asint) dt =2f 1,(Asint) dt.
0 —1/2

Second, fix ¢ € (0, £°°/2). Since the integrand is bounded by 1, we can slightly reduce the time interval

to [—% +35,5— %] so that y = A sint defines a proper change of variables:

c /2 o) w/2—c/3
= §liminff 1,(Asint)dt — Zc < liminf/ 1,(Asint) dt
3 A—00 —7/2 3 A—00 —7/2+4¢/3
w/2—c/3 Alcos ¢ 37 1 Asin(rr/2—c/3)
<lim inff 1,(Asint) |2 | dt = — liminf — 1,(y)dy.
A=oo J_pes3 AZx§ 2¢ A>oo A J_Asin(n/2—c/3)

We used the concavity inequality

]

2 T
> [ — —_
cost 1 |l| 01’1[ 3

(ST

to get the third inequality. This gives

liming 20 A AL

A—oco  |[—A, A]
namely w is weakly thick. Conversely, we can follow the same lines, using that the Jacobian |cos #] is
less than 1, to show that any weakly thick set satisfies (1-10). Although our main theorem allows us to
conclude that observability is true only on a slightly larger set, it is more precise than the previous result
from [Huang et al. 2022] with respect to the optimal observation time: we can estimate this optimal time
depending on the geometry of the observation set. In addition, our result is stable under subprincipal
perturbation of the potential. In particular, weak thickness of @ implies observability from wg (for some R
given by Theorem 1.3) for any potential whose principal symbol is %xZ (or any positive multiple of x2).
Anticipating on the next paragraph, observe that a weakly thick set can contain arbitrarily large gaps,
hence is not necessarily thick (see [Huang et al. 2022, Example 4.12]).

1.3.2. Potentials having critical points. An interesting phenomenon appears when the potential possesses
a sequence of critical points going to infinity. To construct such a potential, we proceed as follows. We set

V(x) = 2+sin(alog(x))x?, xeR, (1-11)

where a is a positive parameter to be chosen properly. See Figure 1, left, for an illustration.
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Figure 1. Case of a potential with critical points. Left: a potential V of the form (1-11). The
dotted lines correspond to the potentials x> and 3x% Right: some level sets of the Hamiltonian
px,&)=V(x)+ %IE |2. The corresponding picture for the harmonic potential is just a collection
of concentric ellipses.

One can check that Assumption 1.1 is fulfilled: V is subquadratic, elliptic (bounded from below by x?)
and each derivative yields a gain of (x)~!. Notice however that this is not a subprincipal perturbation of
the harmonic potential. For any x € R, we have

V/(x) = % (20x)2(2 + sin(a log(x))) + ax? cos(a log{x)))
X
- %((4 +25sin(a log(x))) + x2(4 + 2 sin(a log(x))) + a cos(a log(x))).
X
Factorizing the last two terms, we can write, for a certain angle ¢,,
X

V'(x) = W((4+2 sin(a log(x))) + x?(4 4+ /4 + a2 sin(g, +a log(x))))

_
{x)?

When 5 + (%)2 > 1, which is true if and only if @ > 2+/3, we can find two sequences (x;"),ery and (X ),en

2
((4+2sin(a log(x)))+4x2(l n }‘+ (%) $in(@q —|—alog(x)))).

tending to infinity such that

2
éll—i_ (%) sin(g, +alog(x;)) > —1+n,

1 2. _
5+ (§) sin(q +alogle;) = —1-1
for some sufficiently small n > 0. The intermediate value theorem then implies that there exist infinitely
many points x,?, with |x2| tending to infinity, where V’ (x,?) = 0. Now we observe from (1-6) that the
trajectories of the Hamiltonian flow with initial data p,, = (x,? , 0) are stationary, that is

¢ (pn) =pn Yt €R.
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We deduce the following: assume that the Schrédinger equation (1-1) is observable from @ C R in some
time for this potential. Then the necessary condition of Theorem 1.3 tells us that there exists R > 0 such
that, for any n large enough, x,? € wgr. We can rephrase this as

IngeN:Vn>ny, oNBr(x?)#2. (1-12)

This is consistent with the phase portrait depicted in Figure 1, right: some energy might be trapped around
small closed trajectories encircling stable critical points. Hence, in order to have observability, @ cannot
be too far away from those points. In fact, one observes that (1-12) concerns all critical points, whatever
the sign of V" (x?) is.

In conclusion, the situation of a potential of the form (1-11) is in contrast with the previous case of the
harmonic potential %xz where the weak thickness condition allowed for large gaps around any sequence
of points x,, — oo satisfying |x,+1| > |x,|. Notice that w can still have large gaps away from critical
points though.

1.3.3. Sublinear potentials. Our last remark in the one-dimensional case concerns potentials having a
sublinear growth, namely m € (0, %] In this situation, the trajectories of the Hamiltonian flow whose
initial datum has purely potential energy (namely & = 0) do not escape far away from their initial location.
This is because d ., L -
TE ==V = o)y,

which remains bounded uniformly as soon as m < % For the same reason, m = % also appears to be critical
in Proposition 2.5. If observability from @ C R holds in some time for such a potential, the necessary
condition of Theorem 1.3 leads to the conclusion that w has to intersect any interval of length 2R, for
some R > 0. Likewise, in higher dimension, any set from which the Schrédinger equation is observable
must satisfy

IR>0:VxeRY, wNBr(x)#D. (1-13)
Therefore, sets observing the Schrédinger equation (1-1) for a sublinear potential cannot have arbitrarily
large holes.® Although the case of bounded potentials (i.e., m = 0) is not in the scope of this article, let
us mention that this observation is consistent with recent results on the free Schrédinger equation. See
[Huang et al. 2022; Taufer 2023], as well as [Le Balc’h and Martin 2023] for the case of bounded periodic
potentials in two dimensions.

1.4. Observability of two-dimensional harmonic oscillators. As an application of Theorem 1.3, we study
the observability of harmonic oscillators in conical or rotation-invariant sets. Our results mainly concern
the two-dimensional case. The examples presented in this subsection suggest that there is no general
reformulation of our dynamical condition (1-7) in purely geometrical terms. That is to say, it seems
difficult to find an equivalent condition that would not involve the Hamiltonian flow (e.g., thickness, weak
thickness...). In contrast, by restricting ourselves to a certain class of potentials (harmonic oscillators at the
principal level here) and a certain class of observation sets (conical or rotation-invariant), one can indeed

SNotice that (1-13) is much weaker that the usual thickness condition of control theory:

IR, c>0:VxeRY,  |wNBr(x)| > c|Br(x)|.
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transform the dynamical condition into a geometrical one. Along the way, we will see that observability
properties are very sensitive to slight modifications of the coefficients of the harmonic oscillator under
consideration. This subsection culminates in Proposition 1.11, where we show that observability of
rotation-invariant sets is governed by Diophantine properties of the oscillator’s coefficients.

Let us first recall basics about general harmonic oscillators. Let A be a real symmetric positive-definite
d x d matrix and set Hy = %(x - Ax — A). Up to an orthonormal change of coordinates, one can assume
that A is diagonal, so that the potential can be written

d
Valx) ==x-Ax = 1 Z v%x?

j=1
The characteristic frequencies of Hs are those numbers vy, vy, ..., vy, that we will always assume
to be positive. The corresponding Hamiltonian flow is explicit: denoting by x(¢), x2(¢), ..., xq4(¢)

and & (1), & (1), . .., £;(r) the components of ¢, we can solve the Hamilton equations (1-6):

x;(t) = cos(v;1)x;(0) + ~- sin(v;1)E; (0),

Vj Vje{l,2,...,d}. (1-14)

§j(t) = —v;sin(v;1)x;(0) +cos(v;1)&;(0)
From this expression, we see that each coordinate is periodic, so the trajectories whose initial conditions
are of the form x;(0) = xod;—j,, §;(0) = &0d j—, with x¢, & € R, are periodic, with period 27 /v, (unless
both x( and & vanish, in which case the trajectory is a point). Assuming d = 2, we can classify harmonic
oscillators into three categories. See Figure 2 for an illustration.

o The harmonic oscillator is isotropic’ if v = v, = v. In this situation, energy surfaces, that is, level
sets of the classical Hamiltonian, are concentric spheres in phase space (up to a symplectic change
of coordinates). Trajectories of the Hamiltonian flow are great circles on these spheres, so that their
projection on the x-variable “physical space” are ellipses. The flow is periodic, with period 27 /v.

o The harmonic oscillator is said to be anisotropic rational when v, /v; is a rational number different
from 1. Trajectories, although all closed, exhibit a more complicated behavior. Writing v»/v; = p/q
with p and g coprime positive integers, the period of the flow is 2pmw /vy, = 2gm/v;. Projected
trajectories are known in the physics literature as Lissajous curves [1857].

* We say a harmonic oscillator is anisotropic irrational when vy/v; € R\ Q. In that case, the
Hamiltonian flow is aperiodic. Trajectories are dense in invariant tori (see (1-15) below), yielding
projected trajectories that fill rectangles parallel to the eigenspaces of the matrix A.

In the multidimensional setting, the description of the flow can be achieved by examining the (D-vector
space generated by the characteristic frequencies. The dimension of the latter gives the number of periodic
decoupled “suboscillators” from which we can reconstruct the dynamics of the whole oscillator. This
was thoroughly explained by Arnaiz and Macia [2022a], who computed the set of quantum limits of
general harmonic oscillators, and studied their behavior when bounded perturbations of the potential are
added [2022b].

TFor general dimension, we still call isotropic any harmonic oscillator having all its characteristic frequencies equal.
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X2 X2

X1 X1

2

Isotropic harmonic oscillator: E—] =1. Rational anisotropic harmonic oscillator: :—f =1

3

Irrational anisotropic harmonic oscillator: 72 =

Figure 2. Typical projected trajectories of two-dimensional harmonic oscillators. Shading
indicates the course of the trajectory.

In order to understand well the classical dynamics of the harmonic oscillator, it is convenient to take
advantage of the complete integrability of this dynamical system. Here, the classical Hamiltonian is the
sum of the one-dimensional Hamiltonians %(vf.sz. + 512), which are conserved by the flow, as one can
see from the explicit expression (1-14). This property implies that energy levels are foliated in (possibly
degenerate) invariant d-dimensional tori of the form

Te={(x.&) eR*:Vj, J(vixi+&) =E;}, E=(Ei Ea....Eq)€RY. (1-15)

The projection of these tori on the x-variable space yields rectangles, as in Figure 2, bottom.
The goal of the following examples is to highlight the fact that observability is sensitive to the global
properties of the Hamiltonian flow. We will show that isotropic and anisotropic harmonic oscillators
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behave differently with respect to observability, i.e., the sets that observe the Schrodinger equation are not
the same. One can already anticipate that the isotropic oscillator v} = v, has less such sets since its classical
trajectories are all ellipses, that is, they are very simple and only explore a small part of the classically
allowed region. It contrasts with the anisotropic situation vy # vy, where, in the rational case for instance,
trajectories visit more exhaustively the classically allowed region. It makes it harder to find a set that is not
reached by any of these trajectories. It is even more the case when v, and v, are rationally independent,
since the trajectories are then dense in the invariant torus to which they belong, as we already discussed.

1.4.1. Observability from conical sets. We first investigate the case where the observation set w is conical,
namely it is invariant by dilations with positive scaling factor:

VxeRIVA>0, (xew <<= Ixcow). (1-16)

We will see that exploiting the symmetries of harmonic oscillators is sometimes sufficient to obtain
satisfactory results, without the need of our main theorem (see Section 1.4.2). However, Theorem 1.3
will prove useful to estimate precisely the optimal observation time in some situations.

As we already noticed, it follows from the expression of the flow (1-14) that, whatever the characteristic
frequencies, the classical dynamics exhibits periodic trajectories contained in the coordinate axes. Those
starting from the origin are of the form

xj(1) = v—lj sin(v;1)§;(0),  &;(1) = cos(1)§;(0)
for one j € {1,2,...,d}, and with all the other components being equal to zero. Thus it appears that a
general necessary condition for a conical w to observe the Schrodinger equation (1-1), working for any
harmonic oscillator, is that it contains at least half of each line spanned by an eigenvector of A. Note that
this works in any dimension.

Proposition 1.4. Consider P =V (x) — %A, where V is a potential fulfilling Assumption 1.1 and having
principal symbol V4 (x) = %x - Ax, A being a real symmetric positive-definite d x d matrix. Let o C R?
be a conical set and assume that it observes the Schrodinger equation in some time T > 0. Then v € @ or
—v € @ for any eigenvector v of A.

Now we place ourselves in dimension d = 2. We know from the above Proposition 1.4 that the closure
of a conical set which observes the Schrodinger equation has to contain at least half of any line spanned
by an eigenvector of the matrix A. Here, we exhibit a conical observation set, illustrated in Figure 3, that
behaves differently according to whether the harmonic oscillator is isotropic or not.

Proposition 1.5 (conical sets and anisotropy). Let d =2 and consider a potential V fulfilling Assumption 1.1,
and with principal symbol

Valx) = %x -Ax, x € Rz,
where A is a real symmetric positive-definite matrix. Denote by vy > v_ > 0 its characteristic frequencies.
Choose an orthonormal basis of eigenvectors (e, e_) of A, so that Aey = viei. Forany ¢ € (0, /2),
define the two cones with aperture ¢:

Cr={xeR*:|x eg| <tan(3e)x-ei}. (1-17)
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Figure 3. The above projected trajectory is responsible for the lower bound on the optimal
observation time in (1-18). It is obtained with an oscillator such that v, /v_ =3.9. For v, /v_ =4,
one can choose the initial datum so that the curve goes back to the upper-right quadrant, passing
through the origin, without crossing the two cones. This yields a larger lower bound on the optimal
time, corresponding to the jump from [3.9] =3 to 4] =4 in (1-18).

Then the set w(e) = CUC observes the Schrodinger equation if and only if the oscillator is anisotropic,
that is, v_ < vy. In that case, there exist constants C, ¢ > 0, possibly depending on v, v_, such that for
any e € (0,1/2),
To— Ce? < Ty(w(e)) < Ty — c&,  where Ty = 1ZT—+<2+ UiD (1-18)
This result does not distinguish between rational and irrational anisotropic oscillators: one cannot guess,
from the knowledge that observability from w (¢) holds, whether the oscillator is rational or irrational.

Remark 1.6 (discontinuous behavior of 7,). The time Tj, obtained formally as the limiting optimal
observation time when & — 0, does not vary continuously with respect to v, and v_ because of the floor
function. This is related to special symmetry properties of the Hamiltonian flow that appear when v is
a multiple of v_, namely the projected trajectories can go from a quadrant to another one crossing the
origin, and thus avoiding to cross the observation cones. See Figure 3. From the proof, especially (4-29),
the constant C in the lower bound of (1-18) can be estimated by

1/V+
~ min(l, vy /v_ — 1)

’
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up to a constant independent of € and v_, vy. (A similar but more complicated lower bound is available
for the constant ¢ from (4-14).) In particular we have

e%/vy
min(l, vy /v_ —1)

0 =< TO - T*(a)(é‘)) 5

Therefore, if we fix v_ = 1 and let v, — 2 with vy < 2, the optimal observation time is of order
T, ~ %n + 0(&?), while in the limit v, = 2, we have T, &~ 27 + O(e?). Since the constants involved
in the O (¢?) remainder are uniform in the limit v, — 2, taking & small enough gives a case where the
optimal observation time depends discontinuously on v_, v_.

It is interesting to see what happens when v, v_ — v, that is to say, when the operator P becomes
closer to an isotropic harmonic oscillator. As mentioned earlier, we know from Proposition 1.4 that
observability is not true for a set of the form C;” U C; for an isotropic oscillator (¢ < 7/2 is important
here). Thus it can seem surprising that the optimal observation time for such a set is bounded uniformly
in vy, v_ as the frequencies tend to v. Actually, degeneracy in this limit should be seen on the observation
cost, rather than on the optimal observation time. Indeed, computations suggest that the value of the
dynamical constant R;O (w(e), T) tends to zero; see (4-13) in the proof. This would imply a blow up of
the observation cost as vy, v_ — v, in virtue of the necessary condition part of Theorem 1.3.

1.4.2. Refinement for the unperturbed isotropic harmonic oscillator. Theorem 1.3 allows us to conclude
whether an open set w observes the Schrodinger equation provided this open set is in a sense “regular’:
the thickening process yields open sets that are sufficiently close to a cut-off function. But the quest of
characterizing general measurable sets seems to be more delicate. To understand the limitation of our
main theorem, we investigate the very particular case of the isotropic harmonic oscillator and conical
observation sets in dimension d > 1. In this setting, we can take advantage of symmetries and exact
propagation of coherent states.

For the purpose of the statement, let us introduce some notation. A conical set in R? is determined by
the subset ¥ = wNS?~! in the unit sphere. When ¥ C S9! we denote by w (%) the conical set defined by

w(E):{xeRd\{O}:%EE}. (1-19)

Moreover, for any subset ¥ C S4-1 we introduce the notation
—2={eS¥:—0ex)

The lower density of a measurable set ¥ C S?~!, denoted by Oy, is the function S9=1 - [0, 1] defined by

050) = liminfM Vo e 41 (1-20)
r—~0 o (B(0))
where B, (0) is the ball of radius r centered at 6 in R¢, and o is the uniform probability measure on the
unit sphere S,
We insist on the fact that the statement below is proved for exact isotropic harmonic oscillators, and
not for perturbations of it.
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Proposition 1.7. Let P = %(U2|x|2 — A) be an isotropic oscillator with characteristic frequency v > 0.
Let ¥ C S ! be measurable, and w(%) be the corresponding conical set. Set S =3XU-X the
symmetrized version of X.

(1) If the Schrodinger equation is observable from w(X) in some time, then

§151£ ®§ > 0.

(ii) If/E\ = ¥ U —X has full measure, namely o (S9~"\ /E\) = 0, or equivalently @%(0) =1 for all
6 € S\, then w(X) observes the Schridinger equation, with optimal observation time T, < 27/ v.

Remark 1.8. The gap between the sufficient and the necessary conditions above can be thought as the
difference between X being the complement of a Cantor set (thus having full measure) and ¥ being the
complement of a fat Cantor set; see [Stromberg 1981, Chapter 2, p. 80]. Regarding the estimate on the
optimal observation time, the strict inequality is due to Lemma A.3.

In fact, considering the propagation of coherent state, as investigated for instance by Combescure and
Robert [1997], one could conjecture that observability is characterized by the property

p—>00

T
IR>0: liminf/ loN Br(x'(p))| dt > 0, (1-21)
0

with x’(p) = (7t 0 ¢")(p). This type of integral can be rewritten as

T T
/ 0N Br(x' ()| dt = / ol e o d1-
0 0

The necessary condition of Theorem 1.3, namely K7°(wg, T) > 0 for some R large enough, involves
the quantity

T T
/ 1, (x"(p)) dt :/ Lol L (B (xt (0))) A1 (1-22)
0 0

Since the L' norm in a ball of radius R is controlled by the L* norm (times a constant of order R%),
we know that the dynamical condition (1-21) is stronger than the condition ﬁ;’f (wg, T) > 0, involving
the L° norm as written in (1-22). In particular, if w is dense but Lebesgue negligible, the condition
ﬁ;o (wg, T) > 0 will be satisfied, since then wg = R? for any R > 0, whereas (1-21) will not. In this
situation, Theorem 1.3 would then yield a trivial result, namely that observability holds from the whole
space, although it clearly does not hold from w itself. Thus (1-21) seems to be a good guess to free
ourselves from thickening the observation set. In addition, this condition would be consistent with
the generalized geometric control condition introduced by Burq and Gérard [2020] in the context of
stabilization of the wave equation.

1.4.3. Observability from spherical sets. In this section, we investigate the observability properties of a
set consisting in a union of spherical layers. In the sequel, we refer to rotation-invariant (measurable) sets
as spherical sets. Such a set w is completely determined by the data of a measurable set / C R, such that

w=o()={xecR:|x|el}. (1-23)
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Due to the thickening process that occurs when applying Theorem 1.3, we shall generally make further
assumptions, that ensure that a set and its thickened version are somewhat equivalent.

The existence of many periodic circular orbits of the Hamiltonian flow for radial potentials implies
that observability from w (1) does not hold for such Hamiltonians if / contains large gaps. In fact, the
proposition below works for slightly more general potentials.

Proposition 1.9. Let d > 2. Suppose the Hamiltonian P is of the form P =V (x) — %A with a potential V
satisfying Assumption 1.1 together with
(i) V(=x)=V(x),Vx € R%;

(i) there exists an orthogonal change of coordinates M such that
VIMSsM™'x) =V (x) VxeR VoeR,

where Sp is the rotation of angle 0 acting on the first two coordinates; in particular, for every
y € RY=2, the map Vy : (x1, x2) = V(M (x1, x2, y)) is radial,

(iii) the map ‘70 such that Vy_o(x1, x2) = VO(|(x1, x2)|) is nondecreasing.

Then for any spherical set w (1), if observability holds from w (1) in some time T > 0, one has
Ir>0:VseRy: IN[s,s+r]#a. (1-24)

Remark 1.10. The hypotheses are fulfilled for harmonic oscillators in d dimensions having at least two
identical characteristic frequencies.

In dimension 2, Proposition 1.9 allows to conclude that spherical sets observing the Schrodinger
equation for isotropic harmonic oscillators have to occupy space somewhat uniformly — they cannot
contain arbitrarily large gaps. Therefore, we shall rule out isotropic harmonic oscillators from our study
of observability from spherical sets. Instead, we investigate how the anisotropy of a harmonic oscillator
can help to get observability from an observation set made of concentric rings. The proposition below
investigates, in dimension 2, the observability from spherical sets of the form w([), where I = J I,
is a countable union of open intervals in Ry. We require additionally that |/,,] — 400 (we drop this
assumption if there are only finitely many 1,,’s). To any such set, we associate a number between 0 and 1
that quantifies the distribution of the annuli w (/) at infinity:

iy (1) = min{/c €[0,1]: ygg%u Alkr, ]| = o} [0, 1]. (1-25)

While investigating the observability property from such a set w(/), we will see that it is relevant to
compare the geometrical quantity «, (/) with a dynamical quantity that encodes relevant features of the
underlying Hamiltonian flow. This dynamical constant is expressed in terms of a function A : R%. — [0, 1]

defined by
tan(n—f> ifu=2, ged(p,g)=1, p—qg =0 (mod?2),
pTq q
AW =qsin(Z2) ifu=L, ged(p.g)=1, p—g=1(mod2), (1-26)
p+q q

0 if ue R\ Q.
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As far as the optimal observation time 7, is concerned, we shall use Diophantine properties of u to
approximate irrational oscillators by rational ones, for which we can control 7, by the period of the flow.
This motivates the introduction of the irrationality exponent of an irrational number w, defined by

T(p) = sup{s ceR: ‘,u — B‘ < % for infinitely many coprime couples (p, q)}. (1-27)

q
Dirichlet’s approximation theorem tells us that 7(u) € [2, +o00] for any irrational number. Also keep in
mind that 7(u) = 2 is achieved for Lebesgue-almost every irrational. See the lecture notes [Durand 2015]
or the books [Einsiedler and Ward 2011; Schmidt 1991] for further details.

Proposition 1.11 (spherical sets and anisotropy). Let d = 2 and consider a potential V fulfilling
Assumption 1.1, and with principal symbol

Valx) = %x‘Ax, x e R?,

where A is a real symmetric positive-definite matrix. Denote by v and v, the characteristic frequencies
of A, and assume that vy # vy. We fix I = J I, a union of open intervals in R, assuming that | I,,| — +o0.
Denote by w(I) the corresponding open spherical set in R? as defined in (1-23). Then observability
from w(I) holds in some time T if and only if

iy (1) > A(ﬁ). (1-28)
Vi
Moreover, the optimal observation time T, can be estimated as follows:
o If vo/v1 € Q, writing v2/v1 = p/q with p, q positive coprime integers, then
T, < U% p= vllq.
e If vo/v1 € R\ Q is Diophantine, that is t = t(v2/v1) < 00, then

1 1/(r—1+¢) 1 T—1+e
Ve >0,3c., Ce >0 Ce(m(])) <T, < Ca(/c,,(])) . (1-29)

The constants c. and C, may depend on vy, vy, but not on I.

Let us review the meaning of the different quantities involved in this statement.

The number «, (/) introduced in (1-25) encodes some notion of density of the set /. For instance,
k«(1) =1 means that I has positive density in any window [« r, r] with k < 1 as r — 4-00. In contrast, x, ()
close to zero means that the annuli are extremely sparse at infinity. This quantity is well-defined, for

the map L
K r—>1iminf—/ 1,(s)ds
K

r—>—+oo r r

is nonincreasing and lower semicontinuous (even Lipschitz-continuous in fact). That it is nonincreasing
comes from the monotonicity of the integral and of the lower limit, whereas the continuity follows from

the fact that . .
‘1f 11<s>ds—1f 1,(s)ds| < Iz — k).
r Kor r Kir
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Note. Beware of the fact that «, (/) does not coincide in general with the lower density of / defined by

o U)l..fummmu
=miml——-
= r—>+o0  [[0,7]

In fact, the two quantities satisfy
Ox(l) <k,(I) and k,(I)=0 <= O U)=0.

The second assertion follows from the definition of «, (/). To check the first assertion, we write
[ N[0, r]| [T N[0, k]
= Kx
[0, r] [0, ur]|

Then taking lower limits as r — 400 and using the definition of «, yield the desired inequality. Notice that

+ 1Al 7 < o T ATk ],

the equality ® (1) = k,(I) is not true in general, as one can see from the example I = |_J,, EN(n, n+ %),
for which we have @u (1) = 3 but &, (1) = 1.

Given u € R*, the constant A (i) defined in (1-26) is related to the flow of a harmonic oscillator with
characteristic frequencies vy, v, such that u = v,/v;. More precisely, it corresponds to the largest ratio
between the minimum and the maximum of the distance to the origin of a projected trajectory. This is the
content of the following lemma that we prove in Section 5.2.

Lemma 1.12. For all vy, v, > 0, one has

v\ inf;cr|( 0 @) (00)|
A(v—l)_ sup (1-30)

poeR4\ (0} SUPrer| (T 0 ") (o)
where (¢"),er is the Hamiltonian flow of any two-dimensional harmonic oscillator with characteristic
frequencies vy, vy.

Thus we can refer to A(u) as the optimal “radial aspect ratio” of projected trajectories. Observability
from w (/) will depend on whether the critical trajectories that attain this maximal ratio spend sufficient
time in w (), hence the criterion «, (1) > A(v2/v2). See Figure 4 for an illustration of the case where
such trajectories are not seen by the observation set. Notice that maximizing the ratio in (1-30) with
respect to any nonzero initial data is the same as taking the upper limit as pg — oo since the Hamiltonian
flow is homogeneous. Thus A(u) can be understood as a quantity that captures the behavior of the
flow at infinity. In addition, we remark that A () = A(1/1), which means that this value depends only
on the spectrum of the matrix A, and not on the choice of a specific basis of R%. The maximum of A
is reached exactly at 1, where it is equal to tan(;r/4) = 1. This is consistent with the fact that in two
dimensions, isotropic harmonic oscillators are the only ones possessing circular orbits: the norm of the
trajectory |x’(pp)| is constant for well-chosen initial data.

The distinction between rational and irrational values of w is natural in light of the complete integrability
of the flow of harmonic oscillators. When the ratio of characteristic frequencies p = v, /v is rational,
writing u = p/q with p, g a couple of coprime integers, one can check that the Hamiltonian flow of the
corresponding harmonic oscillator is periodic of period 2w p /v, = 2w q/v;. In that case, there are many
orbits of the flow whose projection on the x-variable space stays away from the origin, thus producing a
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N

X2

Figure 4. The above curve is a projected trajectory of a harmonic oscillator with v, /v; = %,

that does not intersect the observation set w (/). The existence of a sequence of energy layers
{p =E,}, E, — 400, containing such curves would imply that observability from w (/) fails.

positive A(u), as one can see in Figure 2, top right. When p is irrational, it is known that (nondegenerate)
trajectories are dense in the invariant torus to which they belong. In particular, any projected trajectory can
get arbitrarily close to the origin, up to waiting a long enough time, so that A (u) = 0; see Figure 2, bottom.

Lastly, let us point out that the estimate (1-29) of the optimal observation time for Diophantine
irrational does not give any precise information for a given open set /, but is relevant for fixed vy, v, in
the asymptotics k(1) < 1.

Remark 1.13. It can look surprising that Proposition 1.11 gives an exact characterization of spherical
sets for which observability holds, whereas Theorem 1.3 provides a necessary and sufficient condition
up to thickening the observation set. This improvement is made possible by the extra assumption
that |1,,| — +o00. This ensures that thickening the observation set by a radius R is negligible compared to
the width of the annulus w([,), for n large.

Remark 1.14 (non-Diophantine irrationals). When u = v,/v; € R\ @Q, one can estimate T,, even if
T = 7(1) = 400, using the so-called convergents of w. These are the rational numbers arising in the
continued fraction expansion algorithm. Denote them in irreducible form by u; = p;/q;. It is known that
this sequence is the most efficient way to approximate an irrational number by rationals (a result known
as Lagrange theorem; see [Durand 2015, Theorem 1.3] or [Einsiedler and Ward 2011; Schmidt 1991]).
These convergents satisfy

- (1-31)

VjeN, |M—ﬁ‘<i
qj q;
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(This is why t(u) > 2 holds for any irrational.) We will show in the proof of Proposition 1.11 the
following: when u € R\ Q, there exist constants ¢, ¢; > 0 and 81, §; > 0, possibly depending on vy, vy,
such that

c19j, = Tu = c2q), (1-32)
(see (5-51) in the proof), where j; is the largest index for which g; < 8;/«., and j; is the smallest index
for which g; > 8> /«,.

The bounds (1-29) are particularly interesting when 7 has the smallest possible value, that is, T = 2,
which is the case of Lebesgue-almost every irrational. However, we see that the lower and upper
bounds (1-29) get far apart as T goes to infinity. This reflects the fact that the gaps between the denominators
of consecutive convergents get wider at each step of the continued fraction expansion. Irrationals having
an infinite irrationality exponent are known as Liouville numbers. There are many of them: the set of
Liouville numbers is an instance of a Lebesgue negligible set having the cardinality of the continuum. This
set is also Baire generic, as it can be written as a countable intersection of dense open sets. When v, /v;
is a Liouville number, the bounds (1-32) on the optimal observation time are very poor, owing to the
lacunary behavior of the g;’s.

1.5. Other applications. Let us briefly discuss two other applications of Theorem 1.3.

1.5.1. Uniform observability of eigenfunctions. Under Assumption 1.1, the operator P is self-adjoint
with compact resolvent. Thus, its spectrum consists in a collection of eigenvalues with finite multiplicity.
A direct consequence of an observability inequality Obs(w, T') in a set w is the fact that the eigenfunctions
of P are uniformly observable from w:

Je>0:Yue L*RY), (Pu=ru = |ullp2@) = cllull2gs).

Theorem 1.3 thus furnishes a sufficient condition for this to hold. In particular, for anisotropic oscillators,
Proposition 1.5 implies that uniform observability of eigenfunctions from the two cones defined in (1-17)
is true. This can certainly be deduced from [Arnaiz and Macia 2022a], which characterizes quantum
limits of harmonic oscillators. From Proposition 1.11, we obtain a similar uniform estimate in spherical
sets satisfying the assumptions of the proposition together with the condition (1-28). This time, it is not
clear that one can deduce this result as easily from the knowledge of quantum limits [Arnaiz and Macia
2022a]. See also [Dicke et al. 2023] for details about spectral inequalities for the Hermite operator, and
[Martin 2022] for anisotropic Shubin operators.

1.5.2. Energy decay of the damped wave equation. Lastly, our study leads to stabilization results con-
cerning the damped wave equation
M+ Py + 1,09 =0,
12 ) (1-33)
(W, 3Y)ji=0 = Up € Dom P'/2 x L
with damping in @ C RY provided P > 0 (assume for instance that the potential V is nonnegative). This
equation comes with a natural energy

€Uo, 1) = 3(IP' 2y 17, + 13,¥ )1132),
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which decays over time. Let us recall that Anantharaman and Léautaud [2014, Theorem 2.3] proved that
an observability inequality Obs(w, T') implies a decay at rate #~'/2 for the damped wave equation (1-33),
meaning that there exists a constant C > 0 such that

€(Up, 1) < g(”PuO”iz + 1P 2ui)3,) Ve >0

for all initial data in the domain of the damped wave operator, where Uy = (ug, 1) € Dom P x Dom P 172
Their result applies in our setting since P has compact resolvent under Assumption 1.1. Our examples
thus provide concrete situations where such a decay occurs.

1.6. Link with the Kato smoothing effect. The dynamical condition (1-7) concerns only what happens at
infinity in phase space. We will see that trajectories of the Hamiltonian flow escape from any compact
set (in the x variable) most of the time provided the initial data has large enough energy, namely p(p)
is large enough. This is the reason why one can remove any compact set from the observation without
losing observability: no energy can be trapped in a compact set. Quantitatively, we will check that, given
T > 0, there exist a constant C > 0 and Ey > 0O such that

T
¥r>0,Ype(p>Eo). [irel0.T]:¢'(p) € B,(0) x RY)] =/ 15,40 dt <C (1-34)
0

-
v p(p)

(see Corollary 2.6). We can rephrase this by saying that compact sets are not classically observable. This
property is related to the Kato smoothing effect as follows. Writing (x’, &) = ¢’ (p), for any ¢ > 0 we
compute, using Fubini’s theorem,

T/ ptoo / +oo v ! d
/ Ve, 0 (/( (1+6) X2 p(p) r)dt=/1 (1+e) pr(p)(/o Lg, 0 ((x >)df) e

1+e 1)

From (1-34), we deduce that

+00
/ \/p(p _C/ (1+8) <
1

1+8

and the latter integral is indeed convergent when ¢ > 0. This is the classical analogue to the so-called
Kato smoothing effect. In our context, the latter says roughly that

T
/ 1) =2 PYAT P12, oy di < Clull s -
0

(R?)

See for instance [Doi 2005] for a thorough discussion on this topic. See also the survey of Robbiano [2013],
as well as [Robbiano and Zuily 2008; 2009; Burq 2004] for related results. The main phenomenon
responsible for this smoothing effect is the fact that P contains a Laplace—Beltrami operator associated with
a nontrapping metric (here a flat metric), that is to say all geodesics escape at infinity forward and backward
in time. In our case, working with a flat Laplacian enables us to compare the trajectories of the Hamiltonian
flow to straight lines, at least for some time near the origin. It would be interesting to see whether our study
can be adapted to operators of the form P =V (x)— % A, with a nontrapping metric g on R? (sufficiently flat
at infinity). See [Macia and Nakamura, Lemma 3.1] for an alternative proof that nontrapping implies failure
of observability from bounded observation sets. The argument relies on semiclassical defect measures.
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1.7. Natural semiclassical scaling for homogeneous potentials. A way to comprehend what goes wrong
when the potential is superquadratic is to introduce the natural semiclassical scales associated to our
problem, based on an observation of [Macia and Nakamura]. Take for simplicity p(x, &) = |x|*" + |&|
Following classical arguments, we recall in Appendix A that the observability inequality reduces to a
high-energy observability inequality: roughly speaking, we can restrict ourselves to L? functions u that
are microlocalized around some level set {p = E} with E > 1. Writing

2m+ i
E1/2

2

X _

E1/2m

px,§)=E < ‘

we may introduce a small Planck parameter / such that £ = 2~7 for some power y > (0. Thus we have
B2 x| 4 RV PE P =1
This motivates the definition of an #-dependent Weyl quantization (see Appendix B)
Opy(a) := Op,(a(h”"*"x, h"/2§))

for any classical observable a on the phase space. This quantization is properly “normalized” by choosing
y =2m/(m + 1): with this choice, the corresponding pseudodifferential calculus is expressed in powers
of h, since then h?/?"hY/? = h. Therefore the relevant semiclassical Schrodinger operator is

P, = Op,(p) =h” P.

If one wants to express the observability inequality in terms of the associated propagator, one is then lead

to study .
— —i e
e ll‘Pu —e ith Ph/hu.

In other words, running the Schrédinger evolution on a time interval [0, 7] amounts to consider a
semiclassical time scale of order h!~7 = p1=")/(+4m) Tt is then clear that this time blows up as 7 — 0
when m > 1. Yet the analysis of the quantum-classical correspondence, for long times, is much more
difficult. In particular, it restricts considerably the amount of classical observables whose evolution can be
described through the usual Egorov theorem. For this reason, we will not pursue in this direction and stick
to the case m < 1. An interesting approach to study this would be to consider first particular potentials for
which the classical flow is completely integrable, e.g., anharmonic oscillators; see [Bambusi et al. 2022].
Indeed, observability of the Schrodinger equation has been successfully investigated taking advantage
of the completely integrable nature of the underlying classical dynamics in some particular geometrical
contexts (e.g., in the disk [Anantharaman et al. 2016a; 2016b] which corresponds morally to m = o0; see
also [Anantharaman and Macia 2014] on the torus and [Anantharaman et al. 2015]).

1.8. Plan of the article. Section 2 is devoted to the study of the underlying classical dynamics: we show
that the Hamiltonian flow is roughly stable under subprincipal perturbations of the potential, and that
high-energy projected trajectories can cross compact sets only on a very short period of time. Then
we establish an instance of quantum-classical correspondence adapted to our context in Section 3, and
subsequently prove Theorem 1.3. This is the core of the article. Next, in Sections 4 and 5, we deal
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with the examples presented in Sections 1.4.1, 1.4.2 and 1.4.3 (observability from conical and spherical
sets respectively). Finally, we recall in Appendix A a classical result, related to the notion of unique
continuation, that shows that the sought observability inequality is equivalent to a similar high-energy
inequality. Appendix B collects reminders about pseudodifferential operators, as well as refined estimates
on the pseudodifferential calculus and the Garding inequality needed for Section 3.

2. Study of the classical dynamics

In this section, we investigate the properties of the Hamiltonian flow (¢");cr associated with p. This study
consists essentially in analyzing the ODE system that defines ¢’, namely the Hamilton equation (1-5).
The dynamical condition of Theorem 1.3

T
. T) = liminf/ 1,5 (@' (p) dt > 0
p—=>0  Jo

motivates the study of what can be referred to as “classical observability”.

Definition 2.1 (classical observability). Let ¢ = ¢(¢; p) be a Borel-measurable® function on R x R,
Then we say that ¢ is classically observable if

R‘[’,O(q) = liminff q(t; ¢'(p))dt > 0. (2-1)
=0 Jr

Of course, we will be specifically interested in the case where p contains a subquadratic potential
and g = 1 7)x,xr2, but it is interesting to work out this problem in a more general setting in order to
understand to what extent quadratic potentials are critical for the Schrodinger equation.

2.1. Invariance of classical observability under subprincipal perturbation. In this subsection, we
consider a set of classical symbols on R24 of order n; in x and n, in &, defined by

Snnz — GGCOO(RZd):V(XENZd sup |aaa(xa§)| <ol
' (cgyeres (1)1 (g) el

A basic example is the classical Hamiltonian p(x, &) =V (x)+ % |€|? that we consider: it belongs to §2m.2,
We draw the reader’s attention to the fact that this is not a standard symbol class in microlocal analysis.
Our aim here is simply to study symbols whose derivatives have similar decay properties as the classical
Hamiltonian p. We will not make use of any notion of pseudodifferential calculus in this subsection.

It is clear that these symbol classes are nested in the following way: if ny < n} and ny < n), then
Smna - gy (and this inclusion is even continuous with respect to the associated Fréchet structure).
Given ny, np € R, areal-valued symbol a € §""""* is said to be elliptic in S""""*? if a(x, §) > c({(x)" +(§)"?)
provided |(x, £)| is large enough. In addition, the binary relation

Vf,geS"™m, f=g @modSs" ) = fogegulmTl (2-2)

8Recall that Borel-measurability is slightly stronger than Lebesgue-measurability. This restriction ensures that ¢ — g (¢; ¢ (p))
is Lebesgue-measurable. This is not a problem in our context since we will consider functions ¢ that are continuous, or at worse,
indicator functions of Borel sets.
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is an equivalence relation, and the projection on the quotient space S§"1"2 /S§™ ~1:m2=1 ig called the principal
symbol. Two symbols are said to have the same principal symbol if they belong to the same equivalence
class through this projection. In the example of our classical Hamiltonian p, these notions of ellipticity
and principal symbol are consistent with the terminology used right after Assumption 1.1 regarding the
potential V.

The proposition below is essentially an application of Gronwall’s lemma.

Proposition 2.2 (stability estimate). Fix ny, ny > 0 and let p1, py € S""2 be elliptic symbols in §""2
Assume they have the same principal symbol in the sense of (2-2). Consider the Hamiltonian flows (¢})icr
and (¢5)er associated with py and p respectively. Then there exists a constant C > 0 such that

164(p) — ¢ (p)| < CHPINMETE g € Ry >
where ny. = max(ny, ny). In particular, when ny, n, <2, there exists C > 0 such that

195 (p) — Pl (p)| < e VpeR™¥, vt >0.

Remark 2.3. This result ensures that the distance between ¢i (0) and ¢§ (p) is bounded provided n4 <2,
on a time interval [0, 7'] independent of p. In our problem, this condition on n4 means exactly that the
potential is subquadratic.

Proof. In this proof, we write n,. = max(ny, ny) and n_ = min(ny, n). Set p = p» — p1, which belongs
to $"1~12=1 by assumption. The Hamilton equation (1-5) gives

L 640) 90| = |7 (Vp2(@h(0) = V1 9} ()]

< |V p2(95(0)) — V pa(@] ()| + [V 5 (@] (o). (2-3)

By assumption, p; and p; are elliptic at infinity in §"!"*2, so that for any p = (x, &) large enough, one has
1 n n n n .

(T HE) = pj (0 = C()™" + (&)™), jefl, 2} (2-4)

From the definition of §”1~1"2~1 which contains p, we have
IVH(P)| < C((x)" 72 +(§)"72).
The ellipticity of p», that is, the left-hand side of (2-4), then yields
V() = C(Ip1 (o)™ =2 4 py (o) OIZ21) < €| py (o) X720,
provided |p| is large enough. On the whole phase space we obtain
V()| < C+Clpi(p)"™ 120 vp e R¥. (2-5)
Now we deal with the other term in (2-3): the mean-value inequality yields

[Vp2(¢5(0)) = V p2(1(0))] < |93(p) — b1 ()] X SE)P”\HGSS p2((1 = )1 (0) +593(0))|.  (2-6)

Write for short p! = (1 — 5)¢| (p) + s¢5(p). Using that p, € §""2, we obtain
[Hess pa(p5)| < C({(1 —s5)x] +sx5)" 72 4 (1 — )] +S€2[)"2_2),
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where we wrote ¢§. (p) = (x;., é}), j € {1, 2}. Then we use the classical inequality (a + b) < 2({a) + (b))
to get

[Hess p2(p)] < C(((x]) + (ep) ™72+ ((&]) + (g5)"™ O 72)
< C/(<xi>max(0,n1—2) + (élt>max(0,n2—2)) + C/((xé)max(o,nl—Z) + (gé)max(o,nz—Z))'
ext we use the ellipticity of p; and p; and the fact that they are conserve the corresponding flows:
N he ellipticity of d d the fact that they d by th ponding fl
[Hess p2(p))] < C(Ip1(¢7 (eI 1721 4 pay (@5 (o)) " 172/+))
= C(Ip1(p) ") | pa (o) X ®I=2),

which holds for |p| large enough. Up to adding a constant, this works for all p € R% Finally we use the
fact that p; and p, are comparable (a consequence of ellipticity) to obtain

[Hess p2(p))| < C + Clpi(p)|™ 172/ vp e R,
Plugging this into (2-6), that results in
|V p2(85(0)) = Vpa (¢ (p)| < Clobs () — ¢ ()| x (1 + | py(p) ™1 =24y

for all p € R?? Putting this together with (2-5), we estimate the right-hand side of (2-3) from above as

‘%(%(,0) — ¢ (P))‘ < C(1+ph(p) — ¢ (0)]) x (14 | p1 (o)™ 1=2/ns)y
We deduce that
L 830)— 9100 = 50 = 10)
L1640~ o0 = Ho-_so

< C{$5(p) — ¢} () (1 + [ p1(p) ™1 =2/m))

for any p € R%?. We conclude by Gronwall’s lemma that

d i t
E((ﬁz(p) - ¢1 (p)) -

(@ (0) — ¢! (p)) < CHPE™ Ty e @2 gy > 0,

which gives the sought result. U

The result below roughly states that our dynamical condition is invariant under subprincipal perturbation
of the potential V, under the assumption that V is subquadratic.

Corollary 2.4. Fix 0 <ny,ny <2 and let py, p» € §""™ be elliptic symbols in S""2, and assume they
have the same principal symbol in the sense of (2-2). Consider the Hamiltonian flows (d){ )ier and ((l)é) R
associated with py and p, respectively. For any T > 0, there exists a constant C = Ct > 0 such that the
following holds: for any function q = q(t; p), Lipschitz in p and such that

suppg C [T, T] x [Rz",
one has

< ClIVoqllpmmxrea, Vo € R,

fqm%w»m—/qmﬁw»m
R R

In particular,
187, (q) — &5/ (@)] < ClIVpqll L mxred)-
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Proof. This is a direct application of the mean-value inequality and Proposition 2.2, observing that
ny =max(ny, ny) <2:

‘/Rq(t;d)é(p))dt—/Rq(t;¢i(p))dt

T
< / IV o q |l oo iz |5 (0) — @ (0) | dt < 2T T [V, |l Lo mcmey-
-T
Taking lower limits in p yields the second claim. 0

2.2. Quantitative estimates of classical (non)observability. In this subsection, we show that 1o 7. g, (0) xR
is not classically observable in the sense of Definition 2.1 when the Hamiltonian is of the form p(x, &) =
Vx)+ %l&‘ |>. Actually for this class of Hamiltonians, we can prove a more precise result.

Proposition 2.5. Let p be a symbol of the form p(x,&) =V (x) + %lf 1%, with V fulfilling Assumption 1.1
with an arbitrary m > 0.

o If m> % there exists a constant C > 0 and Eqy > 0 such that for all E > E, one has

Vr>0,Vpe(p=E} |{tel0, EVPUmD]: ¢ (p) e B,(0) x R'}| < c%.

o If m< %, then for any € > 0 small enough, there exists a constant C > 0 and Eq > 0 such that for all
E > Ey, one has
r

JE

Corollary 2.6 (classical nonobservability). Under the assumptions of the proposition above, one has:

Vr >0, V,O c {p — E}’ |{t c [0’ E(I/Z)(l/m—l)—é‘] . d)t(p) c Br(O) % Rd” <C

e If m < 1, then for any T > 0, there exists a constant C > 0 and Eq > 0 such that for all E > E,

one has
r

JE

o If m > 1, there exists a constant C > 0 and Eq > 0 such that for all E > Eq and for all T > 0, one has

1+T
Vr>0,Vpe{p=E}, |{tel0,T]:¢"'(p)e B, (0)x R} SCFI(WT,"))-

Vr>0,Vpe{p=E}, |{rel0,T1:¢'(p)€B,0)xR}|<C

Remark 2.7. The corollary implies in particular that when r and 7" are fixed, the function 1 7)x . o) xRr?
is not classically observable in the sense of Definition 2.1.

Let us explain the meaning of the typical scales appearing in Proposition 2.5 and the subsequent
corollary. When V satisfies Assumption 1.1 with an arbitrary m > 0, one can single out a typical time
scale in the energy layer {p(p) = E} of order t &~ E1/2(/m=D 'which corresponds roughly speaking to
the “period” of the trajectories of the flow, or rather, to the time needed to go from one turning point of a
projected trajectory to another. We observe that for the harmonic oscillator, one has m = 1; hence 7 ~ 1
is indeed independent of the energy layer. Following this observation, we understand the criticality of
quadratic potentials in our problem: if m > 1, the typical time scale of evolution of the flow tends to
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zero as the energy goes to infinity, which means that the flow mixes the phase space more and more in
the high-energy limit in a time interval of the form [0, T'] with T > 0 fixed. On the contrary, for m < 1,
the flow gets nicer on such a time interval because t — 400 as E — 400. We also have a typical
scale with respect to the space variable, which is r ~ E!/®™)_ This is the approximate diameter of the
classically allowed region Kg = {x € R : V(x) < E}. This scale also appears naturally when one looks
for a trajectory t — ¢'(p) = (x'(p), £'(p)) such that |x’(p)| = constant (think for instance of the case
of radial potentials). Differentiating |x’ (p)|* with respect to time, one gets x’(p) - €' (p) = 0 for all ¢,
and differentiating again leads to |£(p)|> — x"(p) - VV (x'(p)) = 0. Yet |VV(x'(p))| < |x' ()",
and p is preserved by the flow. From this we can deduce that |x’(p)| & p(p)"/@®™. So if r is larger than
p(p)/@™ such trajectories will always stay in B, (0) x R% Finally, if po = (xo, &) € {p(p) = E} is such
that |xo| <r, with r < sp(,o)l/ @m) ¢ being sufficiently small, the momentum of the trajectory satisfies
|€y| = /P (p). Therefore, we can expect that the measure of times 7 € [0, 7] such that |x’(p)| < r will be

of order r//p(p).

The proof of Proposition 2.5 relies on the lemma below.

Lemma 2.8. Leta, b, c > 0. Let I C R be a measurable set such that

Vo) el x 1, alp—nl>—bln—n|+c=0.
Then 8ac b
Remark 2.9. Observe that the left-hand side of (2-7) is always bounded by 7. Thus, the lemma is mainly
relevant in the case where ac < b in which case the discriminant of the polynomial aX? —bX + ¢
is positive.
Proof of Lemma 2.8. First assume that the discriminant of the polynomial aX? — bX + c is positive.
Denote by z_ < z; the (real) roots of the polynomial. Then

b st oy 2b g o == _c/a 2

2a 2 a 4 2+ — b

Since a > 0, we deduce that any ¢ such that at> — bt + ¢ > 0 satisfies

2 b
tSszf or 1ZzizH (2-8)
We deduce that
b 2
10fo. ]| = l{r e 10201 ar® = bt +c = 0} 110,21 = 2. (2-9)

Now if T > b/(2a), we split the interval [0, 7] as follows:

n

[0, r]=U[k;1r, Sr] with n = |

IQ/LZJZL

On each piece, we have

et N G B O R (G B CE A
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where the last inequality is due to the definition of n. We can apply (2-9) with I — (k — 1)t /n instead
of 1, since the former set satisfies the assumptions of the lemma. Then, summing over k yields

|Im[o,r]|5n%s( LA )ZC<8“C

— _‘L",
b/2a b — b2
which is the desired estimate. Finally if the discriminant is nonpositive, i.e., b> < 4ac, then

4
|Iﬂ[0,r]|§r§%r. O

Proof of Proposition 2.5. Let us write for short E = p(p), and introduce the components of the flow
(x',€") = ¢'(p). Assume E > 0. The core of the argument is to compare x’ to the straight trajectory
t — x° 4 t£0 which is of course easier to handle. In order to have two distinct points of the initial
trajectory to be in the ball B, (0), its distance to the straight trajectory has to be very small or very large,
which is possible in a time interval which is either small or large respectively. Introduce

I=1,,={teR:x' € B.(0)}.

This set is measurable. Moreover, for any #; < t,, using the Hamilton equation and the Taylor formula at
order 1 with integral remainder, one has

1
xtz — xtl 4 (tz _ l‘])‘étl _ (t2 . tl)Z/ (1 _S)VV(X(lfs)tlJrstz) ds.
0
Assume now that ¢1, ; € 1. Then the inverse triangle inequality leads to

2r = | —n|E"| = (a—11)” sup |VV(x')]. (2-10)

telty,n]

At this stage we have to estimate differently the term involving V'V, depending on whether m is greater
or less than % (or roughly speaking on whether the potential is approximately convex of concave).

Case m > %: Using that V satisfies Assumption 1.1, we have

€] = V2(E =V (x)) = V/max(0, E — C(r)>")
for some constant C > 1. Moreover, one can roughly estimate the remainder using the triangle inequality:

sup |[VV (x| <C sup (x)>" 1L

teltr,n] telty,n]

Now we take advantage of the fact that V is elliptic: up to enlarging the constant C, one has
—CH LW S V@ S V@ +ER V(e E) e R

Therefore if E is large enough (say larger than C), we obtain (x")?"~! < CE'=1/C™) ith a possibly
larger constant C (we use m > % here). Inequality (2-10) then becomes

2r > |th — t1|v/max(0, E — C(r)2m) — CE'=V/ @M |1, — )2,
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Set

a=CE"Y®m  p—= . /max(0, E—C(r)?"), c¢=2r and t=E!/20/m=D (2-11)

We have 7 > b/(2a) since we can assume that C > 1:

b _ \/max(o, E — C(I”)zm)EU(zm)_] < LE(I/Z)U/’"—U <7
2a 2C - 2C -

With this notation, we have that any ¢, t; € I satisfy

alty— > —blty—ti|+¢>0.
Therefore, assuming first that C (r)z’" <E/2,wehave b> /E/2 >0, sothat Lemma 2.8 applies. We obtain

1-1/@m)
1[0, EA/2/m-n) < 8ac _8CE X2 (2 /m-) _ 3y

pr = E/2 JE
If on the contrary we have (r) > (E/2C)"/@™), as soon as E > 2*"+1C we have r > 3(E/2C)"/?™, and
we check that

o EVEW o,
|1 N[O, E(1/2)(1/m—1)]| < g/20/m=1) _ _* < I pl1/@m)c1/@m)

X
VE r T JVE
This is valid for any r > 0, but in fact r = 0 works as well since By(0) = @. In addition, this is independent
of the point p € {p = E}, whence the result.

Case m < %: In the situation where the potential is “sublinear”, the inequality (x')2"~1 < E1=1/Gm) jg
false in general since the power 2m — 1 is nonpositive (such an inequality would require V (x’) to be
controlled from below by E, which is possible near turning points of the trajectory but not in the well).
Thus, a priori we can only have |VV (x")| < C, which leads to

2r > |ta — 1 ||E"| = Clty — 111> = |1y — 11]y/max(0, E — C(r)?") — Clty — 11

> |t — t11y/max(0, E — C(r)) — Clt — 1 *. (2-12)

This coincides with the previous case for the critical value m = %: for any t1, t, € I, we have
a|t2—t1|2—b|t2—t1|+c >0,

where a, b, ¢ are defined in (2-11) (with m = %) Then the first step of the proof tells us that there
exists C > 0 such that for all E large enough, we have

{t €10, VE]: ¢' (p) € B,(0) x RY}| < c% Vr>0.Yp e {p=E}. (2-13)

We shall use this additional information to improve (2-12), and then bootstrap this procedure to reach the

critical time £1/21/m=1D We will work this out by induction, taking (2-13) as our basis step. Consider n >

0 and suppose there exist y,, € [%, %(% - l)) and C,, > 1 such that when E is large enough, one has

r

VE

[{t €10, E"]: ¢"(p) € B,(0) x R*}| < C, Vr>0,Vp e{p=E)}. (2-14)
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We first deduce from the Taylor formula a bound slightly more precise than (2-10):

15}
2rz|r2—r1||s“|—|t2—n|/ V() di
141

15}
> Itz—tllx/maX(O,E—C<r)2’”)—ltz—t1|f IVV(x")|dt. (2-15)
1

Take & € [0, 1] to be chosen later. We have

%) 5] +o00 15}
/|VV(xf)|dz5c/ <x’>2’"—1dt:c/ (/ 1u<<x,>2m_1dt)du
t 51 0 n

+00
sc/ el bl < 16 2"} du
0

c|
0

The first inequality follows from our assumptions on V, the equality is a consequence of Fubini’s theorem,
then we use that 2m — 1 <0 to deduce (x*)?"~! < |x*|?"~! and finally we split the integral over u into two
pieces. To estimate the second piece, we split the interval [#1, ;] into N = [|t,—1t;|/ E"*] intervals of length
less than E?. On the k-th piece, we use the induction hypothesis (2-14), with py = ¢/t T*k=DIn=0l/N 5y
instead of p, namely setting 7y = 1; + (k — 1)|to — t1|/N, we have

Eﬁ(lfl/(Zm)) +00

|t2—t1|du+C/ It €t1, 2] |x | <u”VI=2MV du.  (2-16)

E8(1=1/@2m))

Cn
VE

y—l/a=2m)

{1 € s Bl I T < VO2Y < [{s €10, 7 et < w02 | <
Summing over k € {1, 2, ..., N} yields

[t elnnl: x| < w020y < S u—1/<1—zm>P_f2 ‘“'],

ﬁ EVn

provided E is large enough. Integrating over u, we obtain a bound for the second term in (2-16):

+00
/ {t eln, 0] x| <u™ /02 du

ES(I*I/(Zm))
C th—t too
< 1n2 |t2 — 1] 41 / L—la=am g
EV Evn E8(1-1/@m))
C

_ G (ln=n| 1) % —1 E80-1/@m)(1-1/(1-2m))
El/2 En _ #
—Zim

_ 1/2 Cn |t2_t1| §
_<7—1>XE1/2< £ +1)E°.

[5)
/ IVV(x')|dt < %m — | (ESIYC@m) 4 po1/2mvny 4 c g1
n

In the end we obtain

for some constant C > 0. By choosing 6 = m(2y, + 1) (We have indeed § € [2m, 1) C [0, 1) when
Vo € [%, %(% — 1))), we obtain

5]
/ IVV (x| dt < Clty —y|[ECm~Vrtm=l/2 . cEP712,
41
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Going back to (2-15), if 71, t; € I, i.e., x" and x™ lie in B,(0), we deduce

2r > |t — 1] (v max(0, E — C(r)2m) — CE*~'?) — CEV> V1|t — 112,

where we set y,+1 = (1 —2m)y, +1 — m. Now set

a=CEY* 7 p=/max(0, E — C({r)2)—CE* "2 and c¢=2r

Assuming first that C(r)>" < E /2 and recalling that § < 1, we know that for E large enough, we have
b> E/3. Any 11, 1, € I satisfy
alty =1 |* = bl — 11| +¢ =0,

so we apply Lemma 2.8 with T = EV+!1 > b/(2a) to get

8ac 16CE'/? 48C
EV)H»I <

? = E/3 r = ﬁr.

When C(r)*" > E /2, assuming that E is large enough we have r > 1(E/2C)/®™ and we conclude as
in the previous step that

[I N[0, E"+]| <

r Ey)1+]+1/2 r
I{t € [0, E"*']:x" € B,(0)}] < ﬁ < pF1/Cm) ~1/Cm) pya1—(1/2A/m=1)
r

~VE
Since by the induction hypothesis we have y, € [%, %(% - 1)), then y,4+1 belongs to the same interval
because by definition, y,4+1 > 1—m > %, and we have

where y = %(% — 1). (2-17)

V_lynJrl =(1_2m))/_lyn’

2 2

Therefore we see that y,.1 —y <0, so as soon as E is large enough, we have
r
VE
for any r > 0, and for some constant C,;. Thus we have constructed by induction a nondecreasing

sequence (¥,)nen for which (2-14) holds. We deduce from (2-17) that it converges to y = %(% — 1),
which yields the final result. O]

|{t € [0, Eyn+]] x' e B.(0)}| < Cht1

Proof of Corollary 2.6. Firstly we treat the case where m < 1. For & small enough, E(/2U/m=D=¢ _ 4 5o
as £ — 400, so we can write, using Proposition 2.5,

)
JE

provided F is large enough, for all p € {p = E} and all » > 0. Now in the case where m > 1, we know

[{t €10, T1:¢'(p) € B,(0) x R‘}| < [{r e [0, EV/PU/m=D=¢]: ¢! (p) € B, (0) x R}| < C

that E(1/21/m=1 remains bounded as E — 4o00. By Proposition 2.5 again, there is a Ey > 0 such that

for any E > Eg, we have
[{r €10, EVPW/mD]: g1 (p) € B.(0) x R} | < C——, (2-18)

S



1180 ANTOINE PROUFF

whenever r > 0 and p € {p(p) = E}. Let n = [T /E/2U/m=D7 Writing t, = kT /n and py = ¢ (p) for
any k € {0, 1, ..., n}, we have

{1 €10, T1:¢'(0) € B,(0) x R'}| < > |{t € [t—1, 1] : ' (p) € B-(0) x R}
k=1

=> {r€[0.17]: ¢ (p) € B,(0) x R} ]
k=1

n
<> Hrelo, EVPUmDT: ¢ (o) € B, (0) x R
k=1
The last inequality comes from the definition of n. Estimate (2-18) applies to each piece of this sum. We
conclude that

0,T]:¢' B, (0) x R4} | <nC—— < 1+7 c’ _Cr(l—i—T)

[{t €10.T1:9'(p) € B,(0) x R'}| <n ﬁ_mx N
(we can ensure that n < (14 7)/E/21/m=1 in the second equality up to enlarging Ey so that it is larger
than 1, independently of T'). O

2.3. Continuity of the composition by the flow in symbol classes. From now on we go back to a sub-
quadratic potential, that is to say we suppose our classical Hamiltonian is of the form p(x, )=V (x)+% HE
with V satisfying Assumption 1.1 with m € (0, 1]. In the course of our study, we will need to check that
the composition of a symbol with the Hamiltonian flow is still well-behaved in a suitable symbol class, in
the sense that its derivatives remain controlled properly. The following lemma is common in the context
of the quantum-classical correspondence; see for instance [Bouzouina and Robert 2002, Lemma 2.2]. We
reproduce a proof to obtain an estimate adapted to our context and to keep track of the dependence of
constants on the parameters of the problem. We recall that a function a € C*°(R??) is said to be a symbol
in the class S(1) if all its derivatives are bounded. The quantities

lalsqy = max sup [3%(p)l. €eN,
aeN¥ cpad
0<|a|<t

endow the vector space S(1) with a Fréchet structure (see Appendix B for further details).

Lemma 2.10. Let a be a symbol in S(1). Then the function a o ¢' still belongs to S(1), and stays in a
bounded subset of S(1) locally uniformly with respect to t. More precisely, for any fixed T > 0, for any
nonzero multi-index o € N?4, we have the derivative estimate

8% (@ 0 ¢l < Ca(T, p) max [|8%allso,
1<|B|=]e|

uniformly int € [T, T]. The constants Cy(T, p) depend only on T and on the sup-norm of derivatives
of order {2,3, ..., |a|+ 1} of p.

Proof. In all the proof, t ranges in a compact set, say [—7, T'] for some fixed T > 0.



OBSERVABILITY OF THE SCHRODINGER EQUATION WITH CONFINING POTENTIAL 1181

Step 1: Control of differentials of the Hamiltonian flow. Differentiating the Hamilton equation (1-5)
defining the flow ¢, we get

L 44! (p) = T Hess p(@' (0)) o (p).

By assumption on the potential V (see (1-4)), we observe that the Hessian of p is bounded. Since
d¢(p) = 1d for any p € R>?, we classically deduce using Gronwall’s lemma that

ld¢’ (p)|| < Tl HessPloe < pTHess Pl vy € R2 Wr € [T, T1.

For higher-order differentials, we proceed by induction. Suppose that for some k > 1, all the differentials
of order < k of ¢’ are bounded uniformly in ¢ on R??, with a bound involving derivatives of order k + 1
of p. Differentiating the Hamilton equation k£ + 1 times, the Faa di Bruno formula shows that % d* ¢! (p)
is a sum of terms of the form

Jd " (Vp) (@' (p).(d"¢' (p), d2¢' (p), ...,d" ' (p)),

where 1 <¢ <k+1and ky +ky+---+ ke =k+ 1. Such terms are bounded uniformly in ¢ € [T, T] by
the induction hypothesis as soon as £ > 2 (note that all the differentials of order > 2 of p are bounded).
So in fact the ODE on d**t1¢!(p) can be written

d

Ed"“c/f(p) = J Hess p(¢'(0)) d*T'¢' (0) + R(z, p),

where R(¢, p) satisfies
IR(t, P)loo < C(T, p) Vp eR¥ Vi e[-T,T],
where the constant C (7, p) depends only on the sup-norm of derivatives of order {2, 3, ..., k +2} of p.

We conclude by Gronwall’s lemma again, together with Duhamel’s formula that d¥*!¢!(p) is bounded
similarly: given that k + 1 > 2, we have d**1¢%(p) = 0 for every p € R, so that

Il
1d* 1" (o)l < / C(T, pelessP=l=sl s < TC'(T, p).
0

This finishes the induction.

Step 2: Estimates of derivatives of a o ¢'. We estimate the derivatives in x or £. Let « € N?? \ {0}, and
denote by (x}, x5, ..., x}, &, & ..., &) the components of the flow. The chain rule together with the
Faa di Bruno formula yield that 3% (a o ¢") can be expressed as a sum of terms of the form

@%0fa)og’ x [ a%nx;, x [] 87245,
Jiea Jj2€B

where @, B € N? are such that 1 < |&| + || < |«| and o, Bj, € N2\ {0} satisfy Zjl aj, +Zj2 Bj, = «.
By jiea, e ,8~, we mean that j;, j» € {1,2, ..., d} are indices for which & and ,8~ are nonzero.) The
claim follows immediately from the bounds on the derivatives of x; and & jt proved in Step 1. O
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3. Proof of the main theorem

We start with a lemma that will enable us to replace 1.\, (0) in the observability inequality with a
well-behaved symbol.

Lemma 3.1 (mollifying the observation set). Let @ C R? and denote by wg the open set

wg=|J Br(x). R>0.

Xew

There exists a symbol a = ag € S(1) depending only on the x variable such that
Lo, (X) < ag(x) <1, (x) VxeR

In addition, it satisfies the seminorm estimates

C
VeeN,3C > 0:VR=1, |agl§, <C¢ and |VaR|§(1)§FZ.

The constants involved do not depend on w.

Proof. Fix k € C2°(R?) a mollifier with the following properties:
k(x)>0,Vx e R?, suppk C B;(0) and / Kk(x)dx = 1.
Rd

For any r > 0, set k, = r_d/((o/r), so that ||k, || 1 rey = 1. Set, for any R > 0,
aR(x) = (Krya * L, )(x)  Vx € R

We check that ag defined in this way satisfies the required properties. We first observe that, by definition, ag
is nonnegative, and that ag < 1 by Young’s inequality. Now by standard properties of convolution, the
support of ag is contained in w3g/4 + Br/4(0) C wg (recall that the support of « is a compact subset
of B;1(0)), which proves that ag < 1,,. On the other hand, if x € wg/, then kg 4(x — ) is supported
in w3g/4, so thatag (x) =1, which proves thatag > 1,,, /2 Differentiating under the integral sign, we see that
10%ag || oo is of order 1/ R!%! for any multi-index « € N¢, which yields the desired seminorm estimates (R > 1
is important here). The constants depend only on the supremum norms of derivatives of «, and not on w. [

Remark 3.2. The symbol ay can be considered as a semiclassical symbol, with Planck parameter 1/R?,
since by construction each derivative yields a gain of 1/R. However in view of Lemma 2.10, this property
is not preserved by composition by the Hamiltonian flow, since all the derivatives of ag o ¢’ of order > 1
behave as 1/R. This comes from the fact that, when differentiating ag o ¢ twice or more, the second,
third, and higher-order derivatives can hit ¢’ instead of ag.

We prove a version of Egorov’s theorem taking into account the above remark. Our approach is very
classical; see [Bouzouina and Robert 2002] or [Zworski 2012, Chapter 11] for refinements. We refer
again to Appendix B for an account on the Weyl quantization Op.
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Proposition 3.3 (Egorov). Let a € S(1). Then the symbol a o ¢' lies in S(1) with seminorm estimates
VT >0,V €N, 3C(T, p) > 0: ao¢'|§y, < Co(T. pllals,, Vte[-T.TI,

and one has

¢"POp(a)e™"” = Op(a o ¢') + Ru (1), (3-1)
where the remainder term R, (t) is a bounded operator satisfying
YT >0,3C(T, p)>0:  1Re()l 22 < C(T, p)IVal§yy Vi €[-T,T),
for some integer ky depending only on the dimension.

Proof. The claim that a o ¢’ € S(1) and the subsequent seminorm estimates are provided by Lemma 2.10.
To prove (3-1), we follow the classical method that consists in differentiating the time dependent operator

Q(S) — e—isPOp(a O¢S)eisP’

and estimating this derivative. For the sake of simplicity, let us introduce a;, = a o ¢°. All the operators in
this composition map ¥(RY) to itself continuously, so that Q(s)u can be differentiated using the chain
rule, foranyu € & (R?). From now on, we will omit to write u. Recalling that %as ={p, as} by definition
of ¢°, we have

d _
%Op(as) = Op({p. as})

(rigorously, one may apply the dominated convergence theorem to the pairing (v, Op(as)u)y g gy for
two Schwartz functions u and v). Therefore we get

j—sQ(s) = —ie "F([P,Op(a,)] +iOp({p, as}))e" " = —ie *FOp(R3(s))e . (3-2)

The symbol R3(s) above is nothing but the remainder of order 3 in the pseudodifferential calculus
between p and a,. Proposition B.5 provides a bound on this remainder in terms of seminorms of a,. Recall
that, in the subcritical case m < 1, % p € S(1) whenever |«| > 2. Therefore according to Proposition B.5,
for any seminorm index ¢ € N, there exist a constant C, > 0 as well as an integer k > 0 such that

|97i3(s)|§(1) =< Cg|d3as|]§(1)|d3p|'§(1)-

Then we use Lemma 2.10 to obtain
|P3(9) |51y < Ce(T, p)|Valfy,

for any s € [T, T]. Therefore, the Calderén—Vaillancourt theorem (Theorem B.2) tells us that the norm

of Op(R3(s)) is bounded, uniformly in s € [T, T'], by a seminorm of Va, and a constant depending
only on T and p. Plugging this into (3-2), given that the propagator e*¥

4
ds

is an isometry, we obtain the

same bound on - Q(s). Integrating this in s, we obtain from the mean-value inequality

Viel-T.T] 100 -0Olpp =27 sw [Low| — <c@ pival,.

se[~T.T] L2—L?

where the integer k; depends only on the dimension. Conjugating by the propagator, which is an isometry
on L2, yields the desired result. O
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We are now in a position to prove our main result.

Proof of Theorem 1.3. We fix  C R% a compact set K C R?, and we introduce &(R) = (w \ Kg)r
for R > 0. One can verify that ®(R) C wg \ K. By Lemma 3.1, there exists a symbol ag € S(1) depending
on the parameter R > 0 such that

Lio\kpyx! < ar < 1ryxme YR >0, (3-3)

and |Va R|§(1) < cq.¢/R for any £ € N, with a constant ¢ ¢ depending only on the dimension and ¢,
uniformly in R > 1. Notice that the symbol depends on w and K but not its seminorms. On the quantum
side, one can regard the functions in (3-3) as multiplication operators, and understand the inequalities
in the sense of self-adjoint operators. Conjugating by the Schrodinger propagator does not change the
inequalities, so that

eitle\KRe—itP < e"POp(ag)e™P < &P lme P Vi eR.

Then we use Egorov’s theorem (Proposition 3.3) and we integrate with respect to ¢ to get

T . To T .
/ "L kpyxmie " dt < / Op(ag o ¢") dt +Rp < / e"Plypye P dt, (3-4)
0 0 0

where the remainder term R is a bounded operator with
k c’
IRRl2op2 < C|VaR|S[21) =z VR > 1. (3-5)
The constant C’ above depends only on p and Ty (and of course on the dimension d), but not on w or K.
One can check that the quantization and the integral over ¢ in the middle term of (3-4) commute.’
On the classical side, using the same notation as in (2-1), we introduce the quantity

T
Sx(arton) =timint [ aeiion

and similarly for p instead of py, replacing the flow ¢, by ¢’. We claim that, for any 7' > 0, there exists a
constant C” > 0 depending only on the dimension, on 7 and on the Hamiltonians py and p, such that,
for any compact K, and for any R > 0,

4

C
R (@, T) < R (arlo,1) + =

- ol
£ (arlor) <8 (wr\ K, T)+ =

The constant C” does not depend on @ or K from which we built ag neither. The proof of the first

(3-6)

inequality in (3-6) reads as follows: Corollary 2.6 shows that the quantity in the left-hand side does not
change if we remove a compact set:

K@, T) =8, (w\Kg,T) VR>0. 3-7)
Now we use that 1, x,)xre < ar to get

R (@\ K, T) < & (arlo,1)- (3-8)

90ne can see this by pairing the operator under consideration with two Schwartz functions and use the dominated convergence
theorem.
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Then we switch from pg to p, having the same principal symbol, using Corollary 2.4: the function agl )
is compactly supported in time and c4 1/ R-Lipschitz in the variable p, so that
C//
ﬁ;?)(aRl(o’T)) < ﬁ;o(aRl(o,T)) + ? VR > 0.
Putting this together with (3-7) and (3-8) yields the first inequality in (3-6). The second inequality in (3-6)
is proved using similar arguments: Corollary 2.4 leads to

4

C
ﬁ?(d[gl(oj)) < ﬁ%(aRl((),T)) + ? VR > 0.

Then we use from the construction of ar in (3-3) that ag is supported in wgr x R? and we apply

Corollary 2.6 to remove a compact set K. This leads to the sought inequality.

Sufficient condition. We wish to bound the left-hand side of (3-4) from below. The high-energy classical
o o

observability constant K77 := &7
with Tp in place of 7, we can write

(w, Tp) is assumed to be positive. From the first inequality in (3-6),

To ”
34> 0:V]p| > A, (agod)(p)dr = 162 — & —cp. (3-9)
) 27 TR

Take a cut-off function y € C°(R*?) such that x = 1 on the unit ball, and set xg = x( /(A + R)).
Then xg has compact support, equals one on the ball B4(0), and it satisfies ||0% xg|lco = O(1/R"!), with
constants independent of  again.!® We split the symbol in the left-hand side of (3-9) using this cut-off
function: we write

To
/ ago¢' dt =bo+ beo, (3-10)
0

where we set
Ty To
boszx(/ aRqu’dt—cR) and boo:(l_XR)/ agrod' dt +crxr.
0 0

Using the Leibniz formula and Lemma 2.10, we can prove that by € S(1). Moreover, by is compactly
supported in R24, so that Op(by) is a compact operator by [Zworski 2012, Theorem 4.28]. As for b, the
Leibniz formula and Lemma 2.10 lead to the following estimates on derivatives: for all @ € N??, one has

To C 1 1
t o
19bclloc < Car max 13 (1= xp)lloc /0 1% (ar 0 ¢ oo i + criey < ca,ro,p<W + g)-

The last inequality comes from distinguishing the cases ap = 0 and «, # 0. In the first case, we have
34 (1 — xg) = O(R7'®!) and |ag o ¢'| < 1. Otherwise, Lemma 2.10 tells us that 3%2(ag o ¢') behaves
like |Vagl4, = O(1/R), R > 1. In particular, bs € S(1) and [Hess boo|§;, = O(1/R) for any £ € N,
with a constant independent of w and K. In addition, we have b, > cg in view of (3-9). Therefore, the
Garding inequality (Proposition B.6) yields

C
Op(beo) = <cR - ;1) 1d.

10The parameter A depends on R, but this will not be a problem in the sequel. The phase space region localized at distance < A
from the origin will be handled by Proposition A.1.
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The constant C; is independent of @ and K in view of the seminorm estimates of Hess b, discussed
above. Going back to (3-4), we have proved

T
f e"Plgpye P dt > cg1d+0p(bo) + R VR > 1.
0

As we have seen in the course of the proof, Op(by) is a compact self-adjoint operator and ||R| ;2,72 <C2/R,
with a constant C;, depending only on the dimension, on 7y and on the Hamiltonians pg, p. In view of the

definition of cg in (3-9), taking R =4(C" + C2 + Tp)/ Ro‘g, we obtain the desired observability inequality,
up to a compact operator:

TO . .
/ ¢'""15rye """ dt — Op(bo) = 185 1d.
0
Notice that indeed R > 1, since K77 < Tp. Proposition A.1 then applies (see Remark A.2). It yields the
sought observability inequality on @(R) C wg \ K, in any time T > Tj.

Necessary condition. Consider the symbol ag from (3-3) with K = &. We fix R > 1 (not necessarily
large), K compact, and we estimate the observation cost Cops in (1-8) using the quantity ﬁ% (wr \ K ,T).
We will track carefully the dependence of remainders on the parameter R. Write for short

T
a7 (o) = [ (arodprdr, peR,
0
and pick a point py € R* such that
. 1
{(ar)T(p0) < plélligfdeR)T(,O) tx

Notice that in virtue of the second inequality of (3-6), we have

1 ~ C’"+1
{ar)T(p0) < K (arlio,1)) + 7= R (@ \ K, T)+ Ij - (3-11)

Differentiating under the integral sign and using Lemma 2.10, we check that (ag)7 is Lipschitz as a
function of p:

VpeR™, |Viag)r(p)| <T sup |V(ago¢")(p)| < C(T, p)|Vagrle < <. (3-12)

1€[0,T] R
Consider a Gaussian wave packet centered at pg, namely, writing pg = (x¢, &), we define

da/

wx)=m" 4exp(—%pc —x0|2)ei$°'x, x € RY.

It is properly normalized: ||w| ;2 = 1. A classical computation (see [Folland 1989, Proposition (1.48)])
shows that the Wigner transform of w is the Gaussian in the phase space centered at pg, defined by
p = w4 exp(—|p — pol?), that is to say,

(w, Op({azg)7)w) 2 =71 ¢ /R _{aar)7(p) exp(—|p—pol*)dp=n"1 /R _{a2r)7(p0+p) exp(—|p|?) dp.
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Note that it is a nonnegative quantity. Taking an arbitrary A > 0 and splitting the integral over R?? into
two pieces, we obtain

(w, Op({azr) )W) 2

—d —|p2 —d 1P
= / ((a2r)7(po) + AllV {a2r) 7 lloc ) ~4e™ 71" dp +f {a2r) 7l ~4e™ 17" dp
B4(0) R24\ B4 (0)

¢ =d o=Ipl?
S(CIZR)T(,OO)-I-A——FT/ 7% """ dp

R R4\ B (0)

~ C"+1+A
< 8% (wr \ K. T) + % +Te 4224,
We used (3-12) and (3-11) to obtain the last two inequalities. We take A = |2 log R|'/? to obtain

~ ~14 |log R|'/?
(w, Op({azr) )W) 2 < Rpy(wr \ K, T) + CT

for some constant C > 0 independent of R. Going back to the left-hand side of (3-4) (recall that we

chose K = @ here) with T in place of Tj, as well as (3-5), taking the inner product with w on both sides,

we deduce that ; "
By o ~1+|logRI? ¢
[ e 0 dr = S\ R+ 8RR 1 €
0 R R

By assumption, Obs(w, T) is true with a cost Cops > 0. Recalling that ||w||;2 = 1, we can bound the
left-hand side from below by C -1

obs- Ve arrive at

~ 1 ~1+logR|'? (¢
KT)y> —-C -&
ﬁpo (a)R \ ’ ) e Cobs R R ’

which yields the sought result. (|

4. Proofs of observability results from conical sets

In this section, we give proofs of the results presented in Sections 1.4.1 and 1.4.2, which concern
observation sets that are conical in the sense of (1-16). Propositions 1.4, 1.5 and 1.7 are proved in
Sections 4.1, 4.2 and 4.3 respectively.

4.1. Proof of Proposition 1.4. Let us prove the converse statement: assume there exists a normalized
eigenvector e of A such that e ¢ @ and —e & . Let v > 0 be such that Ae = v?e. We claim the following.

Lemma 4.1. There exists a constant ¢ > 0 such that for any R > 0, one has
VseR, (secwr = |s|<cR).
Proof. If s € R is such that se € wg, then there exists y € w\ {0} such that |se — y| < R. Moreover, since e

belongs to the complement of the closed set w U —m, there exists € > 0 such that

Vx € (wU—w)\ {0}, >¢

X
e__
x|
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We apply this to x = sign(s)y to obtain

1 2R
se—|s||§|‘ Lise—yl+ 11y |‘1—— < Slse —yl+1lse -y = 2.

1
ls] < =
) )

We used the inverse triangle inequality to obtain the second to last inequality. O

Using this lemma, for any 7 > 0 and any n > 0, we can estimate the quantity

T T
./o 1, xra (@' (0, ne))dt=f0 le<% Sin(vt)e) dtf/o

where N = [vT /2. Using the periodicity of the sine and a change of variable, we deduce

2Nn /v

Lo, (g sin(vt)e) dr,

2N

T
/0 1, e (@' (0, o)) dr < / sm(t)e) dt = 1wR<g sin(t)e) dr.

—1/2

Provided 5 # 0, we make the change of variables s = 7 sin ¢, for which we have dr = (5> — s2)~'/2 ds;

this leads to
g Inl s
/ waRd(¢ (O 77@)) dr < —/ 2
0 Inl It —s2

From Lemma 4.1 above, we conclude that, for any 7 large enough,

S2

T
wg xRE 0, dt < —
/0 2 (6 (0, ne) - F —

An extra change of variables yields

T cRv/n
R
<rd (@' (0, ne)) dt < —/ =0|—
~/0 e ¢ 1 cRv/n 1 —52 (77)

as n tends to infinity and R is fixed. We deduce that, for any R > 0,

T
liminf/ 1,,xre (@' () dt =
0

pP—>00

The necessary condition of Theorem 1.3 then proves that observability cannot hold from w in time 7". [J

4.2. Proof of Proposition 1.5. We first reduce to the case where the matrix A is diagonal in the canonical
basis of R% Then we investigate the isotropic and anisotropic cases separately.

Step 1: Reduction to positive cones containing half coordinate axes. Let S : R> — R? be a linear symplectic
mapping. Then V(p o S) = S*(Vp) o S, and we observe that

%S—W(Sp) =S1I(STH*S*Vp(¢'(Sp)) = IV (p o S)(S™'¢' (Sp)).

This means that the conjugation of the Hamiltonian flow of p by § is the Hamiltonian flow of p o S. Thus,
for any measurable set C C R? x R?,

T T
/Olc(qbt(,o))dt:/o Ls-ic((S7'¢'S) (S~ p)) dr,
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and finally, since S~!p — oo if and only if p — oo, we deduce that

p—

T T
lim inf / Le(@' (o)) d1 = lim n / Lo1c((S7'¢'S)(p)) dt. (4-1)

Denote by Q the orthogonal matrix that diagonalizes A as follows:

2
Q-lAQ:(vo v(;>’ WlthQ(é):e_ and Q((l)):e+
+

We apply the above observation (4-1) to the map

~(52)

It is indeed symplectic since Q = (Q~')* is an orthogonal matrix. When the subset of the phase space C
is of the form w(¢) given in the statement, the resulting set S~!C is @(¢) = C! U C2, where

C!={(x1,x) eR?: |xz] <tan(ie)x;} and CZ={(x1, x2) € R?*: |xi| <tan(ie)xs}.
The corresponding Hamiltonian is
(poS)(x,€) = 5(0x - AQx +|QE1") = 302 x> +vixn’ + |E1).

That is to say, we have reduced the problem to the study of observability from @(e) for the above
Hamiltonian: the Schrodinger equation is observable from w(¢) in time 7" for the Hamiltonian p is and
only if it is observable from @(e) in time T for the Hamiltonian p o §. From now on, we write w (&)
instead of @(¢), p instead of p o S respectively, and (vq, v2) = (v_, v1).

Step 2: Isotropic case. The case where v, = v_ = v follows from Proposition 1.4. Indeed, since ¢ < /2,
one has w(e) N Ly = {0}, where L1 = {x, = £x} are eigenspaces of A = v21d. Therefore, isotropic
oscillators are not observable from w (¢).

Anisotropic case. We assume that the harmonic oscillator is anisotropic, i.e., v; < v, and we want to show
that w(¢) observes the Schrodinger equation. Anticipating the use of Theorem 1.3 where the observation
set has to be enlarged, we will rather prove that the dynamical condition in (1-7) is satisfied by the smaller
set w(e/2) = Cg/z U ng/z- We fix an initial point 0 = (x?, xg; 510, 53) € R? x R% We write the space
components of the flow as follows:

x = cos(v;n)x + ! sin(v;1)€] = Ajsin(v;r +6;),  je{l,2}1€R,

J

vj
57\ /v X!
with A; = (x?)z—i- <—J> and cosf; = ]—], sinf; = L.
v Aj Aj

Our first goal will be to prove that the dynamical condition (1-7) is satisfied in the time interval [0, Tp],
where Tj is given in (1-18). We can consider p° to be nonzero since we are interested in what happens at
infinity. Therefore A; > 0 or A, > 0. Also keep in mind that p? — oo if and only if [(A{, Ap)| = +o0.
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Step 3: Time spent in Cf/z. First we look at the possibility to be in the cone ng/z' This will certainly
be the case provided A is very small compared to A, that is to say the projected trajectory (x{, x}) is
almost contained in the ordinate axis. We prove

To Al/A
/ 1 (xl xhyde =T - A/A ) (4-2)
0 e/2 V2 tan(e/4)
Suppose ¢ € [0, Tp] is such that sin(vpt + 6,) > §, namely xé > Ap8. Assuming that A > 0, one has
x| < Ay < ﬂx; (4-3)
- Ay

We want to quantify the amount of ¢ such that this holds. In the following estimate, we use the fact that
To > 27 /v, and the classical concavity inequality sin x > 2x/m for all x € [0, 7 /2]:

Ty 21 /vy 1 2w o) /2 T
/ Lsin(uyr+6,)>s dt > / Lsin(,n)>s dt > —/ Lins>s dt > —/ 1o jn=sdt = —(1 —9).
0 0 V2 Jo V2 Jo V2

Now in (4-2), we wish A|/(A»d) to be strictly less than tan(e/4), that is to say § > A/(A;tan(e/4)).
Therefore, for any § satisfying this condition, the time spent by the trajectory in ng/z can be bounded
from below by

Ty Ty .
/ Lysaysdt = / Lsin(wyr+6,)=5 dt > — (1 —9),
0 0 V2

so that, maximizing the right-hand side with respect to §, one obtains (4-3). Notice that this inequality
is useful only if A;/A; is small enough. In the opposite case where A;/A; is large, we use another
argument (v; and v, do not play a symmetric role here).

Step 4: Time spent in C 81 /2 Let us now consider the times when the trajectory is in the other cone C 81 /2
Set n = |vy/vi]+1—wvy/v; € (0, 1]. The main claim in this step of the proof is

I el0.Tol: <=0 and xz Ay, where § =min(2ly, 1 2L). (4-4)
2 2

Denote by t; the first zero of sin(v;t 4 6;) in [0, Tp]. It exists since by definition, Ty > 7 /vo(1+v2/v1) >
7 /vy. It turns out that #; is given by
S(31-2)
n==—(=1—-=).
V1 T b

Then #; € [0, /v1), and we know that sin(vi¢ + 8;) has constant sign on /; := [0, #{], on I, :=
[t1,t1 + 7/vi] N[0, To] and on I3 := [t; + 7 /vy, t; + 27 /v1] N [0, Tp]. Observe that I; is possibly
reduced to a singleton, I, is always nontrivial, and I3 is possibly empty. One can check this from the fact

that Ty can be rewritten . .
To=—+A4+n—. (4-5)
V1 V2

Because Ty > 7 /vy, we know that sin(v;¢ 4 61) vanishes at least once in [0, Tp]. We first distinguish
cases according to whether there are a single one or more than two of these zeroes in this interval.
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Figure 5. The dashed line is  — Aj sin(v,z + 6), the gray line is ¢ — A; sin(vat 4 6,), with v, /v = 1.7.

Case 1: Assume first #; is the only zero in [0, Tp]. This case is illustrated in Figure 5. In view of (4-5), #;
lies at distance > (1 4 1) /v, from the boundary of [0, Ty], otherwise t; 4+ 7 /vy or t; — 7t /v; is another
zero in [0, Tp]. In particular, the intervals [0, #1] and [#1, Tp] have length > (1 4+ )7 /v,. We know that
sin(vt +61) > 0 on one of these intervals, that we denote by I. Given that I has length > (1 4+n)m /vy, it
contains a zero of sin(vyt + 6,), lying at distance > (7/v,)(n/2) from the boundary of . We denote such
a zero by ,. Given that the only zero of sin(vi¢ +6;) in [ is t1, we deduce that the distance between 1,
and the closest zero 7] of sin(vit 4+ 6) is at least (w/v2)(n/2). Then the inequality sinx > 2x/m
on x € [0, /2] yields

2u

sin(vity + 61) = sin(vy(tp — t{) + v t{ +61) = sin(vy |, — ti|) > -

h—1] =2y (4-6)
1%

The absolute value resulting from the second inequality is due to the fact that we chose 7, in an interval
where sin(vit + 01) > 0, or equivalently, vi#; 4+ 6 is an even or odd multiple of 7 according to the sign
of t, — t1. We conclude that xéz = 0 by definition of #, and that we have xiz > Ajvin/v, in virtue of (4-6),
hence the claim (4-4).

Case 2: Now we treat the case where #; 4+ 7r/v; also lies in [0, Tp]. The situation is illustrated in Figure 6.
The interval Jy := [t{, t; + 7 /v1] is contained in [0, Tg]. As we already mentioned, sin(vi# 4 60) has
constant sign on Jj.

Subcase 2a: If sin(vit+6;) > 0 on Jy, since J; has length 7 /v; > 7 /v;, then ¢ > sin(v,t + 6,) vanishes
in Ji, and we can choose a zero f, at distance > (/2)(1/v; — 1/v,) from the boundary of J;. This is
illustrated in Figure 6, left. Reproducing the previous argument with the concavity inequality for the sine
function, we deduce that

sin(vity +61) > @ X l(l 1 ) ﬂ
T 2\v;  »m %)

Therefore in this case, there is t, € [0, Tp] with x? =0 and xiz > (1 — vy /v2) Ay, hence the claim (4-4).

Subcase 2b: In the remaining case where sin(v;¢ +6;) < 0 on J;, we introduce some additional notation;
see Figure 6, right. We denote by 7_ (resp. ¢;) the largest (resp. smallest) zero of sin(v,f + 6,) which
is < t; (resp. > t; +m/vy), given respectively by

. 1((@} _1_@> and 1, = Z(va(t1+n/v1)+02J _H_G_z)_
V2 4 b/ %) T b4
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sin(vit+6;) >0fort e Jy =[t,t1 +7/v1]. sin(vit+6;) <Ofort e Jy=[t,t1 +7/vi].
Figure 6. The dashed line is t — A; sin(v,f 4 6;), the gray line is t — A, sin(vaf 4 6,), with v, /v; = 1.2.

They both have the property that sin(v; ¢4 4 61) > 0, but we wish to quantify this statement in order to
have a uniform lower bound. We observe that we can write

z+—t_=1(k+1+ LQD
1% V1

with k£ € {0, 1}. Indeed, from the definition of ¢z, and 7_ and the properties of the floor and ceiling
functions, we see that

e N R

is an integer satisfying

—152—1—{2J<k51+2—{ﬁj<2,
V1 V1 V1 V1

whence k = 0 or 1. In particular, we remark that the distance between ¢_ and 7 is always less than 7.
This implies that either ¢_ or ¢ belongs to [0, Tp].

Subcase 2b(i): Suppose 7_ and 71 both belong to [0, Tp]. We have

(1) = =T (k14 [ 2] - 2) =T = T
V1 1% V1 V1 V2 V2

Recalling that 7_ < #; and 74 > t; 4+ /vy, we deduce that either t; —t_ > n/2vy or t. — (t; +7/vy) >
n/2v,. We call 1, the zero, among ¢_ and £, that satisfies this property. Then, the concavity inequality
for the sine function allows to conclude that x? > Avin/v, again.

Subcase 2b(ii): If t— ¢ [0, Tp], so that ¢, € [0, Tp], we can estimate the distance of 74 from ¢ + 7 /v,
and Tj as

b4 b4 b4 b4 T
— — ) = — _— = — = — — — > —n— — — -
= () =t ) = k) () 2 Ty (k. @)
where we used the fact that |#{ —¢_| < /v, by construction in the last inequality; and
To—ty =To— (tp — 1) —t- = “(1—k)—1_ > "=(1 - k), (4-8)
123 1%

where this time we have used that _ < 0 by assumption.
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Now observe that ¢, satisfies by definition
I1+2U—7f—f+=vll—(f+—(t1+v£1>> Zvll—vlz-
Thus, if |t; — (t; + 7 /v1)| = (r/2) min(n/v,, 1/v; — 1/17), then t, = ¢4 lies at distance greater or equal
to (r/2) min(n/vs, 1/v; — 1/vy) from the boundary of the interval [#| + 7 /vy, t| + 27 /v1], to which it
belongs. This allows us to deduce that xiz > A1 using the inequality sinx > 2x /7 on [0, 7 /2] again,
and xéz = 0 by definition of #, = ¢,.. If on the contrary |ty — (f; + 7 /v1)| < (7 /2) min(n /vy, 1 /v —1/v3),
then from (4-7), it follows that k =0, so r, =t + 7w /vy < Ty from (4-8). Then

2 1 1
t1+—n—t2:£—l—(t+—(l‘1+£>> Zz(———).
Vi Vi v 2\v1 »m
In particular, t, lies again at large enough distance of the boundary of [, + 7 /vy, t; + 27 /v;]. We deduce

as before that xiz > A18; and xéz =0.

Subcase 2b(iii): It remains to deal with the case where £ ¢ [0, Tp], hence z_ € [0, Tp], which is symmetrical.

We write
T T T T T T
n—to=—(—n=T) =TT T = Ty T, @)
f=Tg— (ty = 1) +1y = To = (1K), (4-10)
2

using respectively that |t; + 7 /v; — t+| < /v,y by construction of ¢;, and 7. > Ty by assumption. By
definition of #_ we have

s0 1y =1 satisfies xi? > A18; and x3* = 0 provided || —¢_| > (7r/2) min(y/va, 1/v; — 1/v2). Otherwise,
k = 0 in virtue of (4-9), so (4-10) ensures that t, =¢_ — /v, > 0. Then we check that
tz—(t1—1> Zl—l—(tl—t,)z l(i_l)’
Vi vp V2 2\v;

and we conclude similarly to the previous case.

The discussion above shows that (4-4) is true. In particular, (x?, xéz) is in the cone C 81 /2 Using that the
sine function is 1-Lipschitz, we know that for ¢ in a neighborhood of 0, we have

h+t h+t
lx; 7| < Agwpt] and x> Ay(81 —vilt]).

So for ¢ small enough, (x?“, x?“) will remain in the cone C 81 2 Quantitatively, as soon as ¢ fulfills the
condition 85
Vi
< ——————, 4-11
< —"m (@-11)
V) tan(e/4)
we compute that 50 A/ A »
4 Arv X
xiz_l,_t - A v tan(e/4) 22 > | P |

L /AL tan(e/d) | tan(e/4)
v tan(e/4)
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This means that for ¢ satisfying (4-11), the point (x>, x7™") belongs indeed to the cone C /- In the

case where r, = 0 or ©, = Tp, we may restrict ourselves to times ¢ satisfying > 0 or ¢ < 0 in addition
to (4-11), so that in the end, we obtain

4
. n
1 V2 AZ/AI

V| tan(e/4)

To
/0 ng/z (x{, xé) dt > min| Ty, (4-12)

Step 5: Upper bound on the optimal observation time. Now that we have (4-3) and (4-12) at hand, we can
obtain a lower bound independent of the values of A; and A,. If on the one hand A;/A, <tan(e/4)/2,
then (4-3) yields

To T
1,0 2 dt > —,
/(; (x],x3)€w(e/2) 2‘)2

while on the other hand, if A;/A| < 2/tan(e/4), then (4-12) leads to
T J
0 . — 2 5
/O Lt ea(ern di = min| Ty, ———— | > £ mm(To ! ) (4-13)

v — 16 Ty +2v,
v| tan2(g/4)

(to get the second inequality, use that /4 < tan(e/4) < 1 since ¢ < /2 by assumption). On the whole,
we have

To 5
: 8
| P dr > £ (1, ‘ )= 2, 4-14
/O (e (e/2) 4T Z 35 M 17, T ) = ¢8 (4-14)

and setting 7T, = Tp — ce? /2, we deduce

Ts TO
cCa_C o
) P, zdtZ/ ) P, zdl——s > —&”.
/0 (! xb)ew(e/2) A (! xh)ew(e/2) 5 3

Therefore the dynamical condition (1-7) holds in time 7. Setting 7 =Ty —ce? /4> T, we use Theorem 1.3
to conclude that observability is true on [0, T'] from w(g/2)g \ K, for some R > 0 and for any compact
set K. We can take K to be a ball with radius large enough so that w(¢/2)gr \ K C w(¢e) (this can be
justified by an argument similar to Lemma 4.1). We conclude that observability holds from w(¢g) in
time 7. This proves the upper bound in (1-18).

Step 6: Lower bound on the optimal observation time. Fix ¢ € (0, w/4). We recall that v, > v{. Our
objective is to exhibit trajectories (x], x}) that do not meet the set w(2¢). They typically look like the
one shown in Figure 3. Take § > 0 a small parameter to be chosen later. These trajectories we look for
are of the form

x;=A4 sin(yr:—;(l —8) — vlt) and x5 = Aps sin( 8 + vat), (4-15)

with s € {+1, —1}, and A}, A> > 0 to be tuned properly later on as well.
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\ o " T~ _\ _ -7 /6T

Figure 7. The dashed line is 7 > x1, the gray line is # > x5, with v, /v = 3.9, as defined in (4-15).
Let us introduce three remarkable times #g, #; and #,: provided § < %, the first zeroes of xi and x§ in
the interval [0, Tp] coincide and are given by
b4
to=—(1-19).
0="1 ( )

The next zero of x] is .
H=t+ —.
Vi

As for x}, its first zero that is strictly larger than 7, is given by

t2=1(1+p+2z1j—5) 1(1+L1+2J—5)=To—l5. (4-16)
1) T 1% Vi V2

This is illustrated in Figure 7. Notice that t, < Ty. By construction, the interval [#1, ;] has length
1 — 11 € (0, /1], and x} has constant sign on this interval. We choose the sign s involved in the
definition (4-15) of xé in such a way that xé < 0on [t1, ]. In particular, the projected trajectory (xi, xé)
cannot cross ng in the time interval [z, t;]. Likewise, since x? > 0, it follows that xi < 0on [f, 1], by
definition of 1y, 7;. In particular, the curve (x{, x}) cannot be in Czlg fort € [tg, 11].

Set T =t, — wd/v,. In each interval [0, fy], [t, #1] and [#1, T'], we want to exclude the possibility for
the trajectory to be in Czlg or C%a by suitably choosing the parameters 6, Aj, A;.

To achieve this goal, we are interested in estimating from above and from below x| and x} in these
intervals. We first deal with x|. Recalling that the sine function is 1-Lipschitz, we know that

|xi| < Apvymin(jt —tyl, |t —11|]) VteR. 4-17)

We obtain lower estimates by roughly bounding from below sin x on [0, 7] by the “triangle” function
(2/m) min(x, m — x). For ¢ € [0, p], that leads to

= A2 min(vilto — 1], 7T — vi (g — 1)]) > A 2L min(lto — [ B =X 4 +zD
T T Vi 1% V2
> 42 min(jr — 1], T - ), (*-18)
b/ V1 Vv
for t € 19, t;] we obtain
xt1 = 4y 2L mine — o], 11 =11, (4-19)

while for ¢ € [t;, T'], we obtain

2 . 2v )
{12 A1 min(or = ], |7 = vy = 0)]) = A171mm(|r—n|,

b
—+1n —t‘)
Vi

> Al%minotl — 1, vl—i-tl —T).
1
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The last inequality rests on the fact that /v + ¢ > 7. More quantitatively, we have

Tan=To+ T(1+2+1-5-2-|2|)
129} %) V1

V1
:T+13+£(2—L2J). (4-20)
V2 V2 \ V1 V1
In particular,
1+t1—T=n(l—i)+(1+t1—T)zn(i—i)+18, (4-21)
V1 v V2 %) Vi V2 V2
which leads to
HE Alﬂmm(m —1l, n(l - i)) Vi eln, T1.
T V1 1%

We obtain a similar estimate for x}: it vanishes at 7y and #,, so using again that the sine function is
1-Lipschitz we get
|x5| < Aqvymin(|fg —¢t|, |2 —t]) Vi eR. (4-22)

Near, t;, we want an accurate upper bound using the fact that xél < 0 (recall that we chose the sign s
in (4-15) so that this is true): for any ¢ € R, we have

xh < x5 —x3 < At — 4. (4-23)
As for a lower bound, we obtain, for ¢ € [0, %],
[x3] > Ao 2 min(valto — 1, 170 = va(to — D)]) > 42222 min(jto — 1], 57 +1)
T T V2
> Ay 22 min(|to—t|,al), (4-24)
b/ 1%
and, for t € [t;, T'],

2 . 2vy . T
3l = Ay~ min(l — va(t2 = 1)1, valtr — 1) > A272 mm(\v—2 —(n—1)

,Itz—t|)

> Ay 22 min(lt — 1l 13). (4-25)
T V2

This time, the last inequality holds true since on the one hand, t, —t > t, — T = 7w §/v;, and on the other
hand, thanks to (4-20) and (4-16), we check that, for any ¢ € [z;, T],

1—(tz—t)Z(l‘—l1)+(l+tl>—12=(l—t1)+l<2—L2J>Zt—tl.
V2 1% V2 AV Vi

Now we show that the two conditions

2%8533, (4-26)
%2, < A1 min(l, V2 _ ) (4-27)
vi T A V1

imply that the curve (x{, x}) does not cross the set w(2¢) in the interval [0, T]. We study the three
intervals [0, #o], [#o, t1] and [#;, T'] separately.
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e Lett € [0, tp]. On the one hand, the condition (4-26) implies that

2v 14
At — t0|— < A2—2 m1n<|t —tl, 31)—)
2

(recall that #yp < /v, and § < 1/2). Using that tane < 4¢/m for ¢ € [0, w /4], we obtain
At — ol tan s < Ay 22 min(|t — 1, 51),
v V2
which leads to tan(e)|x|| < |x}| in virtue of (4-17) and (4-24). Therefore (x{, x}) ¢ Czls. On the other

hand, the condition (4-27) implies that

2v
Agvalto — z|— ==t m1n(|t0 i, E - vl)
V1 2

(recall again that ty < w/v;). Using that tane < 4¢/m for ¢ € [0, 7 /4], we obtain

2v; T
Aoty —t|tane < Al—m1n<|to —t| — - —)
v V2

which leads to tan(e)|x}| < |x!| in virtue of (4-22) and (4-18). Therefore (x!, x}) ¢ C3,
« On [19, 11], the situation is slightly simpler because we already know that x| < 0 on this interval, which
means that the trajectory does not cross C21S by construction. In addition, condition (4-27) implies that

. 4e PAVIE
Arvy min(|tg — 1], |t — fl); < A17 min(|t — fo|, [t —t]).

Then (4-22), (4-23) and (4-19) yield tan(e)x} < |x{|; hence (x], x}) ¢ C2 .
o We finally consider ¢ € [¢, T]. Notice that by construction, x2 <0 on [t1, T], so that the trajectory does
not enter C22€. To disprove the fact that it meets Czls, we check that the condition (4-26) implies

2vp T
Al —z1|— < Ag—mm(|t —nl, v—a),
2

owing to the fact that w /v, > T —#; >t — t; (this can be deduced from (4-21)). Then (4-17) and (4-25)
lead to tan(e)|x|| < |x}|, which shows indeed that (x], x}) & ng

To sum up, in order to ensure that # — (x], x}) does not cross w(2¢), it suffices to choose A/A, properly,
as well as 8, so that (4-26) and (4-27) are fulfilled. If we set
482 A1 U2/V1

= — and — =2&— , (4-28)
min(1, v /vy — 1) A> min(1, vp/vi — 1)

we can check that these two conditions are indeed satisfied.
The conclusion is as follows: we consider a sequence of initial data of the form

pn = (Al,n sin(n%(l - 5)), A s sin(na)),
2

with A /A, , asin (4-28)and A ,, Az, — 00 as n — 00. The x component of the trajectory ¢ — ¢’ (p,)
is then of the same form as the projected trajectory (x{, x5) that we studied. Given that these trajectories do
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not cross w(2¢), we conclude that the observability condition of Theorem 1.3 is not true in time 7, namely
R (@(2¢), T)=0.

Yet for any R > 0, as we have already seen earlier, w(¢e)g is contained in w(2¢) modulo a compact set.
Thus for any R > 0, there exists a compact set K (R) C R? such that

R ((@r\K(R), T) < R (0(26), T) = 0.

We conclude thanks to the necessary condition in Theorem 1.3 that observability cannot hold in w(¢)
in time 7'. It remains to see that by definition (recall (4-16) and (4-28)), we have

T=th—26=Ty—2%6="Ty— Ce. (4-29)
V2 V2
This ends the proof of the lower bound of the optimal observation time. 0

4.3. Proof of Proposition 1.7. The aim of this proposition is to study observability from measurable
conical sets for the (exact) isotropic harmonic oscillator. We first simplify the situation owing to periodicity
properties of the isotropic quantum harmonic oscillator.

Step 1: Upper bound of the optimal observation time. First recall that there exists a complex number z of
modulus 1 such that

TPy = zu(—e) Vue L*(RY). (4-30)

See for instance!! [Zworski 2012, Section 11.3.1] or [Folland 1989, (4.26)]. In particular, the propagator
e'P is 27 /v-periodic modulo multiplication by z% This enables us to show that observability holds in
some time 7 if and only if it holds in time 277 /v: assume the Schrodinger equation is observable from
o C R? in some time 7T'; let k be an integer such that 27k /v > T. The aforementioned 27 /v-periodicity
of the harmonic oscillator leads to

T 2wk
lull32gey <C | lle Pul?,  dt <C mn Py, dt
Ullp2 ey = o € Ul dt = A € Ul
2 /v . 5
:Ck/ le™ " ull7s,,,, dt (4-31)
0

for any u € L? so that observability holds in w in time 27 /v. In particular, the optimal observation time
is always < 27 /v. We can further reduce the observation time by (2C k)~! (see Lemma A.3), so that the
optimal observation time is in fact 7, < 27 /v. Incidentally, the property (4-30) yields

/v s 27 /v p o /v ip o
f le™ Pl d1 < f le™ P2, di <2 / le™ P ulfa sy 4t (432)
0 0 0

which will be useful later on.

HThe property (4-30) can be derived from the fact that the spectrum of P is made of half integer multiples of v, together with
parity properties of eigenfunctions.
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Step 2: Necessary condition. Assume observability holds from w = w(X) in some time 7. Let k be a
positive integer such that 2wk /v > T. Using (4-31) and (4-32), we obtain

T ) /v i
Vire R, e, = C [ el dr <20k [ 1e ulsg, ,, dr.
0 0

We choose for u a particular coherent state. Following [Combescure and Robert 2012], for any pg = (xg, &),
we set

d/4 . .
Op () = (2] e exp (D — g ).

Then
e_itPSDpO — e—(i/Z)tvngpt, (4_33)

where p;, = ¢'(po) is the evolution of py in phase space along the Hamiltonian flow associated with
px, &)= %(Uzlxl2 +1£]?), that is to say,

pr = <cos(vt)xo + sin(vt)i—o, —v sin(vt)xg + cos(vt)é()).

Equation (4-33) can be checked by observing that the derivative of both sides agree, or by applying
[Combescure and Robert 2012, Proposition 3]. Selecting an initial datum of the form pg = (0, &) with a
nonzero &y, the observability inequality implies

T /v
L= lgplagun, < C / ||<pp,||iz(w) d < 2%C / ||<pp,||iz(wu,w) i
/2 2
= 2kC / / exp ——|x —sin(vt) EO) )‘ dx dt
wU—w

\d/2 [7/? £ |2
- 4k—(—) / / exp(—v’x _ Sin(t)—O‘ ) dx di. (4-34)
VAV 0 oU—w v

We used a change of variables in the integral over ¢ and the fact that sin(x) = sin(x — x) to obtain the
last equality. Next we truncate the integrals in # and in x using respectively a small parameter § > 0 and a
large parameter R > O:

/2 d/2 2
/ (E) / exp(—v‘x—sin(r)@) )dxdt
0 v oU—w v
(/2)(1-5) T dj2 ) SO 2 2
§n8+/ (;) (f exp(—v‘x—sm(z‘);‘ )IBR(Sm(;)gO/,,)(x)dx+/ e VIl dx) dt.
/28 wU—w R4\Bg(0)
The rightmost integral is controlled by ¢/ R for some constant ¢ > 0. Therefore
/2 dj2 2
/ (Z) / exp(—v‘x — sin(t)@‘ ) dx dt
0 v wU—w v

dr2 [/2)(1-8) £
<mé+— +< ) / }(a)U—a))ﬂBR(sin(t)—O)‘dt.
R v 78)2 1%
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We get rid of the sine in the right-hand side by noting that cost >1—2¢ /7 > § forany ¢ € [75§/2, m (1—38) /2],
and changing variables:

r(1-8)/2 7(1-8)/2
/ ‘(a)U—a))ﬂBR (sin(t)s—())‘dt 5/ ((wu—w)nBR(sin(z)@)‘Mdz
78/2 v 78/2 v s
1 sin(zw (1-68)/2) %_
:—/ |(a)U—a))ﬂBR<s—0>‘ds.
8 Jsiners2) v

Using that sinx > 2x/m on [0, /2], we finally deduce that

/2 d/2 2
/ (E) / exp(—v‘x — sin(t)@’ ) dx dt
0 v wU—w v

<7+ S+ é(%)m f;}(a}u —w)N BR<S%O>)ds. (4-35)

We plug this into (4-34) to obtain

1

2= 2 10p gy < 4 /((wu ~0) 1 Br(s2)|as, (4-36)

where we absorbed the remainder terms of (4-35) in the left-hand side by choosing § sufficiently small
and R sufficiently large. We now use a scaling argument in the right-hand side, which is possible since

the set w U —w is conical: for any s € [§, 1], writing
R
b= and r="K (4-37)
€0 8o

we have

(wU—w)N Bg (sg—l?)‘ = <S|ETO|>d|(a) U—-w)N BvR/slf;‘ol(GO)‘
< (Y 1wu—w) N B @01

After integrating over the s variable, the estimate (4-36) becomes

2 C/n dj2 R d —d
L= lop 2200 = 865 () (5) r@U=@) N B @), (4-38)

We now reformulate the right-hand side in terms of the lower density O defined in (1-20). To do so, we
observe that the triangle inequality yields, for r € (0, 1),

x—6p , B0
x| x|

Vx € B-(6o), |lx|—1]<[|x—6| and ‘%—90=

(1—|x|>‘ <2
which in turn leads to

B(QO)C{XERd 1—r<|x|<l+r and ‘__00

12r } re(,1).
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Recall that if |&p| is large enough, then (4-37) implies r € (0, 1). We conclude by a spherical change of
coordinates that

1+r
[(wU —w) N B, (60)] </ /d Lio—ao<2r/(1—r) Lwu—o(FO)caF ™ do (0) dF

1+r
/ / 15(0)ca2¢  do (0) dF
1 S?=1N0By/(1-r) (60)

= ca2971 % 2ra (2 N Barj1-r) (60)). (4-39)

In addition, one has
o (B, (6p)) < cyri™t. (4-40)

(In the above estimates, ¢ and ¢/, are constants depending only on the dimension.) Combining (4-38),
(4-39) and (4-40), we obtain

a+3, C 472 1 R\? 2 \¢!
”*”PO”LZ(W)SQ’CE’Z+k5u(_> (3) X(l )

—r

; a(En Bayy1-r)(00))

c,( 2r )d—
d\1_»

< c2d+3k ( >d/2(5)d( 2 )d 0 (XN Borj1-r)(00))
Sv 5 1—r o (Bar/(1—r)(60))

Recalling that r behaves as 1/|&p/, it remains to let £y — oo with &y/|&g| = O arbitrary, to deduce that

1<cc2d+3k8(;( ) (2(5) Oz VoS,

This concludes the proof of the necessary condition.

Step 3: Sufficient condition. Write for short w = (%) again. The fact that T = X U—X has full measure,
namely o (S9! \f) =0, implies that R? \ (wU —w) is Lebesgue negligible (recall the definition of w(X)
in (1-19)). Therefore the left-hand side of (4-32) with k£ = 1 yields

/v

27 /v 5 /v 5 ) T 5
—itP —itP —itP
/(; ”6 " u”Lz(a)) dt 2 /0‘ ”e " u”Lz(wU—a)) dt = /() ”e " u”LZ(Rd) dt = ;”u”LZ(Rd)’

where we used the fact that the propagator is an isometry. U
5. Proofs of observability results from spherical sets

In this section, we give proofs of the results presented in Section 1.4.3, which concern observation sets
that are spherical in the sense of (1-23). Propositions 1.9 and 1.11 are proved in Sections 5.1 and 5.3
respectively. Section 5.2 is dedicated to the proof of Lemma 1.12.

5.1. Proof of Proposition 1.9. The rotation Sy of angle 6 reads

Spy = (cosOyy +sinfy,, —sin Oy +cosOyz, y3, ..., ya)s ¥ = V1, y2, ..., ya) € R
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In the sequel, we set L to be the two-dimensional plane spanned by the vectors
er=M(1,0,0,...,0) and e,=M(0,1,0,0,...0).
The two linear maps
My, =iM1Id-S,)M~" and My = IMAd+SH)M™!

are the orthogonal projectors on Ly and Lé respectively, since M is orthogonal. With the notation of (iii),
we can write, with a slight abuse of notation,

V(xo) = VoM ™" xo) Vo € Lo. (5-1)
Let us investigate the properties of the gradient of V on Ly.

Lemma 5.1. Let xy € Lg. Then
VV(xg) e Lo and 3TJc=c(xg]) =0: VV(xg)=cxp.

Proof. Assumptions (i) and (ii) (with 8 = ) yield, for any x € R4,

—VV(—x)=VV(x) and MS_ .M 'VV(MS; M 'x)=VV(x). (5-2)
Yet since xo € Lo, we have Iz xo = xo so that

Xo=—MS M 'xo, (5-3)
and noticing that S, = S_,, we obtain combining the two equations (5-2):
VV(x0) = —VV(=x0) = —MS; M~ 'VV(=MS M 'x0) = —MS; M~'VV (x).

That means exactly that I1 LéVV(xo) =0, or in other words, VV (xg) € Ly.
Next we prove that V'V (xp) is collinear with xo. We first get rid of the case xo = 0: the first equation
in (5-2) implies that VV (0) = 0. From now on, we assume that xo # 0. We compute

d —1 d —1 —1 —1
SgMSeM :@(MSQM My, +MSeM ™I 1) = MSpirpM ™ T,

This is true because M SgM~'TI 1+ is independent of 6 (M SyM ~!is the identity in Lg). Therefore,
differentiating the equality V (x) = V(M SoM ~Ix) at 6 = 0, we obtain
d d _ _
0= 2V @X0)p=0 = 75 V(MSM ™' x0)j9=0 = VV (x0) M Sz oM~ TLyx0
=VVi(xg) - MSN/QMfl)C().
This means that VV (xy) is orthogonal to M S, M ~Ixo. Yet the plane Ly is invariant by M Sg M ~land
xo L MSﬂ/zM_lxo. Since VV (xg) € Ly and Lg has dimension 2, we deduce that VV (xg) = cxg for

some ¢ € R. We claim that ¢ > 0 as a consequence of (iii) that Vo is nondecreasing. Indeed for ¢t > 0
close to zero, using (5-1), the Taylor formula at order 1 yields

0 < Vo((1+0)IM ™" xo) — Vo(IM ™" x0]) = V (x + tx0) — V (x0) = 1 V'V (x0) - x0 + 0(1).
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Dividing by ¢ > 0, we find that V'V (x¢) - xo = ¢|xo|> > 0. Thus ¢ = V'V (x) - x0/|x0|> depends only on |xo|
since V restricted to L is radial. Il

This lemma allows us to exhibit periodic circular orbits of the Hamiltonian flow of p. For any xo € Lo,
denoting by c the scalar such that VV (xg) = cxo, the phase space curve

X' =MS M xo, & =VeMS gy nM X0 (5-4)

is the trajectory of the Hamiltonian flow with initial data (xo, v/cM Sy oM ~Ix0). This follows from
uniqueness in the Picard—Lindel6f theorem, since the above curve solves on the one hand

d _
Ext =VeMS oy pM M xo=¢",

and on the other hand, in view of (5-3) and observing that |x’| = |x| for any ¢,
%g‘ =cMS sy M T o0 = cMSﬁ,Mfl(nLé —T)x0 = —cx' = =VV(x').

To conclude, we argue as follows: since by assumption observability holds from w (/) in time 7" > 0,
the necessary condition of Theorem 1.3 implies that there exists R > 0 such that

T
320,342 0:¥1ol 2 A, [ Loy @' (0)) dr 2 e
0

Let xo € Ly be such that |xg| > A. We consider the Hamiltonian trajectory issued from the point
(x0, v/c(xo) M -ls. 2Mxg) constructed in (5-4). Then |x’| is constant over time, which implies that

T T
¢ < /0 L1yt (' (0)) dif = fo Lo, (") dt = T3, (1)),

whence |xg| € Ig. We deduce that
VseR,, IgpN[s,s+ A]# 2,

which implies the desired result (1-24) with » = A + 2R. Il

5.2. Proof of Lemma 1.12. Firstly we assume that v,/v; is rational: we write it as an irreducible
fraction p/q. The number T =2mp /v, =2mwq/v; is the period of the Hamiltonian flow associated with
%(x - Ax + |£]%). Without loss of generality, we can assume that A is diagonal, and that the eigenvectors
associated with v12 and v% are the vectors (1, 0) and (0, 1) of the canonical basis of R

We want to prove that A(v,/v;) defined in (1-26) is equal to the quantity

min Top’
Ao= sup ref0,711( 0¢t)(,00)| ’ (5-5)
pocRé\ (0} MaXref0,71](7T 0 ") (po)|

where we recall that 77 : (x, &) — x.

We start with two remarks, related to explicit expressions of the Hamiltonian flow. First we can replace
the supremum on R* by a maximum on a compact set parametrizing trajectories, e.g., the unit sphere S°,
because the Hamiltonian flow is homogeneous of degree 1, that is ¢’ (Apg) = A’ (po) for any scalar . € R
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(it fact ¢’ is a linear map for all 7). Second, since |x'|> = |x{|> + |x}|? it will be easier to compute A. In

view of these remarks, and writing the Hamiltonian trajectories in action-angle coordinates:

xi = Aysin(vit+6;) and xé = Aj sin(vpt + 6;), (5-6)

we want to study

min AZsin®(vit +0;) + AZ sin®(vor + 6
A2 sup ref0,71(A7 sin* (v 1) + A3 sin® (vt +6,))

A24A2=1 MaXe[0,7] (A% Sin2(1)1t +61) + A% sinz(v2t + 92))
91,92€R

min,le[oyT]((l —)) sinz(vltl +61)+ A sinz(vztl + 92))
= sup

Lel0.1) MaXpyefo,7] (1 =) sin® (vt +61) + A sin®(vatr + 62))
1,02€

min,, ejo,71((1 — A) sin®(v1# + 6) + A sin® (voty +62))
= sup

ref0,1] 1 —ming, o, 71((1 — A) cos?(vity + 61) + A cos?(vatr + 62))
01,0,eR

In view of the periodicity in the variables 6; and 6,, the supremum in the variables A, 61, 6, is in fact

a supremum over (A, 6y, 6,) € [0, 1] x [0,27] x [0,27]. A compactness and continuity argument

shows that this supremum is attained for some triple (X, 61, 6,). Furthermore, one can check that

max; g,,6, = Maxg, g, max,. Thus we should simplify the problem first by considering fixed values for 6;

and 6, and maximizing with respect to these variables ultimately. Therefore our objective is to compute
mintle[oj]((l — A sin(vi11 + 601) + A sin?(vat; + 92))

A2 , = max . 5-7
0.0 = ei01y 1 — miny,e[o, 7] ((1 — ) cosZ(vity +61) + A cosZ(vatr + 92)) >-7)

We can further simplify this by rewriting in more pleasant terms the minima in the numerator and the
denominator. It relies on the following fact.

Step I: Simplification of the optimization problem. The minimum we want to estimate involves a sum of
two squared sine functions that oscillate at different frequencies. Intuitively, it looks reasonable that the
minimum of such a sum is attained between two zeroes that achieve the minimal distance between a zero
of the first sine function, and a zero of the second. This is a motivation to introduce

4pq .
do=4do(01,00) =—— min [t} — DBl (5-8)
T sin(v;t;+6;)=0
j=1,2
It is indeed a minimum, and not only an infimum, thanks to the rational ratio between v; and v,, or
equivalently, thanks to the periodicity of the Hamiltonian flow. We can give an explicit expression of this
quantity reasoning as follows: the numbers # and #, are such that sin(v;¢; +6;) =0, j =1, 2, if and only

if there exist two integers k; and k, such that
viti+ Qj = ij[.
Therefore

b= ’ﬂ_lﬂ)_(ﬂ_@N_L’ _ _< o _ @)‘
n—nl=r (3 =32) = (5= 2)| = 50|t =k = (p5E =4 2)|
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Yet since p and g are coprime integers, it follows from Bézout’s identity that k| p — kg can take any
value in Z when we vary k; and k,. We deduce that

01

d0=2dist<p;—qi—2,l) =dist(p O %

72 Tmp

Incidentally, this expression implies that dy € [0, 1]. Now we claim that

22) .

min ((l —A) sinz(vlt +61)+A sinz(vzt + 92))
1€[0,T]

- Sg[léﬂ](( 1—2) sin2<”7{2sdo) + A sin? (”7/2(1 - s)d0>). (5-9)

This amounts to proving that the minimum in ¢ in the left-hand side of (5-9) is attained between two zeros
t1, t of sin(vit + 0;) and sin(vot + 6,) such that |t, — t;| = T'dy/4 pq. We first show that the minimum
in s (in the right-hand side) is less than the minimum in ¢ (in the left-hand side). To do so, we pick
to € [0, T'] that attains the minimum in z. We choose ¢; two zeroes of sin(v;f +6;) respectively, j =1, 2,
that are the closest possible to #y. Due to periodicity, they satisfy |f; — 79| < 7/(2v;). That 1, attains the
minimum means that it is a critical point of the function

F it (1 =) sin®(vit +61) + Asin?(vat +62) = (1 — ) sin® (01 (¢ — 1)) + A sin®(va(t — 12)). (5-10)
Classical trigonometry formulae then yield
(1 — M)y sinQy (fg — 11)) + Ava sin(ua(tg — 1)) = F'(19) = 0. (5-11)

Recalling that [2v;(t9 —t;)| < m, we see that sin(2v;(fy —¢;)) is of the same sign as 7y — ¢;, thus leading
to the condition that
(to —t1)(to —12) <0,
or in other words, 7y lies between 7 and ;. Let sg € [0, 1] be such that 7y = (1 — sg)#; + sot2. We obtain
F(t9) = (1 =) sin®(v1 (fg — 11)) + A sin* (v (tg — 12))
= (1 — 1) sin’ (vyso(12 — 11)) + A sin® (2 (1 = 50) (11 — 12)).
We finally use that |t — #;| > T'dy/4pg and the monotonicity of the sine function on [0, 7 /2] to deduce

one inequality in (5-9), namely:

min F(1) = min ((1-2) sinz(”—/zsdo) +2 sinz(”—/z(l ~)do))- (5-12)
1€[0,T] s€l0,1] p q

To check the converse inequality, we proceed as follows: we pick #; and 1, zeroes of sin(v;t + 6;)

respectively, that satisfy |t| — ;] = Tdy/4pq. Denote by J the closed interval with endpoints 71, f,. Let

top € J be a point where F restricted to J attains its minimum. Then introducing a parameter s € [0, 1]

such that t = (1 — s)t; + st», we obtain

Flto) < F(t) = (1 —2) sin2<n—/2sdo> A sinz(”—/2(1 _ s)do)
P q
for all s € [0, 1]. This results in

min F(1) < Sgg(iﬁ]<(1 — ) smz(”szsdo) Yy sin2<n7/2(l - s)d())),
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which shows together with (5-12) that (5-9) is true. We observe in the definition of Ag, g, (see (5-7)) that
a similar minimum is involved with cosine functions instead of sine functions. To reduce to the case of
sine functions and use (5-9), we simply recall that cos(x) = sin(x + 7r/2). We obtain

min ((1 — 1) cos?(vit +60;) + A cos? (var + 92))

1€[0,T]
= min ((1 —A) sinz(vlt +6, + Z) + A sin® (vzt + 6, + E))
1€[0,T] 2 2

= SEE&%(“ —A) sin2<nT{2sdﬂ/2> +A sinz(%/z(l — s)dn/2>>,

where we set (recall the definition of dj in (5-8))

7 T . 0 ) )
= = - — = — — g —= — 27).
dep = depp(Or, 02) = do(01 + 5. 00+ 5 ) = dist(p s —a 25+ p—a,
Depending on whether p and g have the same parity, we can state that
do if p—¢g =0 (mod 2),
dn/2 = .
1—dy if p—g=1 (mod2).

With this at hand, we can rewrite Aglﬂz defined in (5-7) as

ming, g0, 1] ((1 =) sin2<an2s1do> + A sinz(nT/z(l — sl)do))
max .
AEl01] ] — ming, o, 1] ((1 —A) sinz(”T{zszdﬂ/z) +A sin2<”7/2(1 — sz)dn/z))

2 _
A91,92 -

Step II: Computation ongl’ez. We set, for any A € [0, 1] and s € [0, 1],

2.(9) = gray () = (1 — 1) sin2<”—/2sdo) Y sinz(n—/z(l — s)do).
p q

In the perspective of computing Aglﬂz’ we first show the following result.

Lemma 5.2. One has

. .o /2 )
max min = = sin do),
}\e[O,Xl]se[(l),l]g)\(S) §1(50) = sl (P+q 0

where so = p/(p+q) and Ao =q/(p + q).

Proof. Firstly, we observe that g, (so) is independent of A, since it solves
2 2
sinz(ﬂsodo) - sinz(i(l — so)d0>.
p q
This remarkable property implies that for any A € [0, 1], we have

VA €[0,1], min gy (s) < gv(so) = &.(s0),
s€[0,1]

which results in

max min gy (s) < g.(so) VAel[0,1].
Vel0,1] 5€[0,1]
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Now we to show that the equality is reached when A = A¢ introduced in the statement. Noticing that
(1—=X0)/p=Xo/q =1/(p+q), we obtain, using classical trigonometry formulae,

g (=2 d0<2 (1—,\0)cos(£sdo)sm( /2 4 )—%xocos(”?/z(l—s)do)sin(%/z(l—s)d0)>

=72, (sin(—sd0> - sin(—(l —s)do))
P+ p q
1—s . (T s l—s
docos(Fdo( 5+ ) sin(Fo (5 - =)
p+q0C0820p g sm20p 4
1—s . (T 1 1
docos(Fdo( 5+ ))sin(Feo (-, + )6 =s0)):
p+q ocos| do » 7 sin{ 5 do g (s —s0)

We observe that the cosine is always nonnegative for any s € [0, 1], because dy < 1. As for the sine, it is

nonpositive for s < sg and nonnegative for s > so. We deduce that g’AO (s) <0on [0, so] and g’AO (s)=0
on [so, 1]. Therefore, the minimum of g;, is attained at so. Il

Regarding the denominator in the definition of Aél ,» Observing that A9 and s¢ in the above lemma do
not dependent on dy or dy 2, we find

min (1 — min ((1 —A) sin2<n—/2sdﬂ/2> + A sinz(n—/z(l — s)dﬂ/2>>> 1 — max min g, 4, ,(s)
1€l0,1] s€[0,1] q p 1€[0,1] s€[0,1]

=1 — &ap.dy > (50)

This implies that Ay maximizes the minimum of the numerator and minimizes the maximum of the
denominator at once. Moreover, when A = A¢, the minimum of the denominator and the maximum of the
numerator are reached at a common value si. Therefore

When p and g have the same parity, we have d > = dj, so that

Ao, g, = tan(;’fr 2q do). (5-13)

When they do not have the same parity, then d» = 1 — dp and we obtain

sin( 72 4 sin 1 —d,
_ (pﬁz 0) n/2 /2 <l’+q( 0))
Bors cos(%(l —do)) a Sm<P+‘]) _COS<P+4>COS(%(1 —d0)>

_ sin(%) —Cos( /2 )m( /2 —d0)>. (5-14)
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Recall that in the above formulae, the dependence on the phase shifts 6; and 6, is hidden in dy. Thus
it remains to optimize over these parameters 6y, 6, to compute the quantity Ao defined in (5-5). In the
first case (5-13), we notice that dy < 1, and that the equality is achieved for 8; = 7 /(2p) and 6, = 0, for

instance, so that
Ay = tan(n—/z).
P+q
In the second case (5-14), the maximum is reached for dy = 1 as well, so that
Ay = sin(n—/z).
P+q
The conclusion is that Ag = A(p/q), where the function A is the one defined in (1-26).

Step III: Irrational case. We now consider the case where v,/v; € Q. To obtain the sought result, it
suffices to show that for any nonzero initial data (A1, A», 61, 6») of the flow (in action-angle coordinates),
the projected trajectory

xi = Ay sin(vit 4+ 0y), xé = Aj sin(vyt + 65),

satisfies inf,;cr|x’| = 0. Let us consider the convergents (p i/4q;) jen of v2 /vy, in irreducible form (see

Remark 1.14). In view of (1-31), we introduce €; € [—1, 1] such that
v i€
2_Piy S

5 (5-15)
Vi qj q;

We exhibit a sequence of times (¢;) jen such that xij =0and x;j — 0 as j — oo. Since p; and g; are
coprime integers, we can fix for each j € N a pair of Bézout coefficients (k;, ;) € 7? such that

kipj—1liqj =1, with |k;| <g;. (5-16)
Set
9_1 ._9_2 i . . J—
aj{”p]—??q]J and 1y = UETZ0 (5-17)
1+€j—{ Vi
qj

By definition of 7;, we have xi" = 0. Thus it remains to check that x;i — 0 as j — co. We have

wtj+6 —ajljm = (&4-6—/2) xn(ajkj - —1> +6—ajlim
b1

4 9q;
pj Ej ( 91) 7'[(92 91 )
=Sakin—ajlim+-Lxnlaki— =) +=(2q;,— 2p;
qj JN J% qu JN T 6]/ T J T J
T kj 91€j 7'[((91 92
=aj—Faj€jSn—— ——| —Pj = 4]
qj G 4 a4\7 s

0 0
n k; TPi— 24\ e
= — 1+6j— aj— o -
qj qj 1+e€;L qj

qj
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We used (5-15) to obtain the first equality and (5-16) for the third. In the last line, the two factors between
parentheses are bounded. Indeed, the first factor is bounded by 2 since we chose k; such that |k;| < g;
in (5-16) and because |€;| < 1 from (5-15). The second factor is bounded by 1 due to the definition
of a; (5-17). Recalling that g; — o0 since v, /vy is irrational, we obtain vyt; + 6, = a;l;m + o(1) as
j — 00, hence x;j — 0, and the proof of Lemma 1.12 is complete. O

5.3. Proof of Proposition 1.11. As we did in Section 5.2, we assume without loss of generality that A is
diagonal, with eigenvalues vlz and v% associated with the eigenvectors (1, 0) and (0, 1) in R2.

Step 1: Construction of an equivalent shrunk observation set. Recall that the sufficient condition of
Theorem 1.3 implies observability from an “enlarged” observation set. This leads us to construct a shrunk
set [ C I, suchthat Ig = + (=R, R) is contained in / up to a bounded set, so that the same is true for the
sets a)(i) and w (/). In the lemma below, when I C Ry, we use the notation Iy := Usel(s —R,s+ R).

Lemma 5.3 (shrunk observation set). Let [ =, I,,, where I, C Ry are open intervals, with |I,,| — 400
if the union is infinite. Then there exists a family of disjoint open intervals (Jo)n in Ry (with |J,| = +00
if there are infinitely many of them) such that the set I = U, J, satisfies the following:

(i) Icl.
(ii) Forany R > 0, the set I \ I is bounded.
(iii) For any R > 0, one has k,(I) = ko (Ig) = k. (1) = k. (IR).

Proof. Recall the definition of «, in (1-25). We write the open set / as a union of disjoint open intervals
I =1, Ju. Let us fix R > 0. We first deal with the case where there are only finitely many J,’s. If 1
is bounded, one has «,(I) = «,(Ig) = 0 and [ = & satisfies the conclusions of the lemma. If 7 is not
bounded, then there is an index n¢ for which J,, is of the form J,, = (a, 4+00). Then for any R > O the
equality «, (/) = x,(Ig) =1 and [= Jn, satisfies the conclusions of the lemma as well.

We now consider the case where there are infinitely many J,,’s. By assumption, one has |J,,| — +00
as n — oo. Writing J, = (a,, b,), with a, < b, < 0o, we define for any index » the interval

Jo=(an+ 34+ 84, by — 53/4+6,), where 8, =min(a,, by — ay).

Since the J,’s are disjoint and |J,| = b, — a, — +00, we also have a, - 400, so §, — +00 too.
Incidentally, one readily checks that |J,| — 0o as well. Thus, defining

=
n
we have I C I, namely the property (i), and given any R > 0, there are finitely many n’s such that
R > /5, /2. This implies that the thickened set I is contained in I modulo a bounded set, and hence
we obtain (ii). The crucial point of this construction is claim (iii). As a consequence of the inclusions
[ C Ig and I C Ig, we have K*(i) < K*(iR) and «,(I) < k.(Igr). Moreover, in virtue of (ii), we
can write Ig = (Ig N 1) U A, where A = I \ I is bounded. Since (1/r)|ANTO0,r]| < (1/r)|A] — 0
as r — +o00, one can check that K*(iR) < K*(iR NI) <k,(I). To sum up, we have proved so far that
(D) < () < K60 (1) < seu(Ip).
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Thus, in order to prove (iii), it remains to check that «, (Ig) < /<,,(I~ ). Unless we are in the straightforward
case k,(Ig) =0, we pick x € (0, k.(Ig)), so that by definition of «,, we have

dc > 0,3rg>0:Vr >rg, %|IRH[K}’,}’]|ZC. (5-18)

In the sequel, to simplify notation, we write JR = (J,)g. Up to enlarging ro, we can assume that for
any index n such that JnR N [krg, +00) £ J, we have §, > 5+ 8R (recall that §,, — +00). Fix an r > ry.
Then there is a finite (possibly empty) set of indices {n;}; such that Jnli C [kr, r]. Assume first that

C
Z| > (5-19)

KI"V

Then

—|Iﬂ[lcr I ZlJnk|_—Z( IR = (V4+8, +2R))
MHR I 41 2R
z;%j( )|J,{§|z;2(1— =4+ —- )If,fﬁl-

8, + 2R - 82" 8, S,+2R

To obtain the second to last inequality, we used the fact that by definition of §,,, we have |J,,| > §,, which
implies in particular that |Jf| > 8, + 2R. Using in the last line that §,, > 54 8R, together with (5-19),
we obtain

17 _ 2 Il R s Loc ;
r|Iﬂ[Kr,r]|z(l 55 5)r2k2|Jnk|25x2. (5-20)

Otherwise, if now (5-19) is not satisfied, then recalling (5-18), we have

(IR\U )ﬂ[/(r r]

Any interval J® C Ig\ Uk JnR; intersecting [«r, ] must contain «r or r, otherwise it would satisfy
JnR N[kr,r] =<, or JnR C (kr, r) (the latter would imply that n € {ny};). Therefore, there are at most
two such intervals. We deduce that there is an index n, such that J,ﬁ ¢ [kr, r] but Jn’f N[kr, r] # 9, with

l\)lﬁ

o

%|J£ﬂ[/cr,r]|>—

.|>

Writing J,ﬁ = (an, — R, by, + R), the fact that J,{f Nlkr, r] # @& imposes that a,, — R <r; hence a,, <r+R.
Thus we obtain

p—

%llﬂ[/(r,r]|z—|f Nlkr, r]| > = (|JR [kr, r1l — /4 +8,, —2R)

>£_«/4—|—r—|—R+2R (5-21)
Zq . .
We used the fact that §,, < a,, <r + R to obtain the last inequality. In view of the estimates (5-20)
and (5-21), in any case we have
- V4 R +2R
l|Iﬂ[Kr,r]|2min(%,%— rrh R )
r

~
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We conclude that
liminf%|l~ﬂ [kr, r]| > O.

r——+00

Recalling that « is any arbitrary number < «,(Ig), we finally get the desired converse inequality
K*(i ) > i, (Ig). Thus (iii) is proved, which concludes the proof of the lemma. Il

In the sequel, we will proceed as follows: to prove that «, (/) > A(vy/v;) is a sufficient condition to
have observability from w (1), we will check that the dynamical condition (1-7) of Theorem 1.3 is true in
the smaller set w (1), where [ is given by Lemma 5.3. To show that it is also necessary, we will check
that the condition (1-7) is violated in the larger set w(/)g = w(Ig) for any R > 0.

Step 2: Geometric condition of observability for rationally dependent characteristic frequencies. We
investigate the validity of the dynamical condition (1-7) of Theorem 1.3. In the case where v, /v; € Q,
writing v,/v; = p/q as an irreducible fraction, the period of the Hamiltonian flow is given by Ty =
2 p/vy =2mq/vi. We write for short A = A(v2/v;) and k, = k. (I). Our goal now is to reformulate the
dynamical condition (1-7) using the area formula.

Proposition 5.4 (area formula [Evans and Gariepy 2015, Theorem 3.9]). Let J C R be a bounded interval
and let y : J — R" be a Lipschitz curve. Then y is differentiable at Lebesgue-almost every point in J and
for any Borel set E C R", one has

/J Le(y )y (1)) dt = / #y = ({x}) d%e' (x).

ImyNE

Here,Imy ={y(t):t € J} CR", #y~'({x}) stands for the cardinality of the set {t € J : y (t) = x}, and %!
is the one-dimensional Hausdorff measure.

We will apply this formula to a curve of the form y : t > |x’| € R defined on J = (0, T'), where
t+— (x', &") is a trajectory of the Hamiltonian flow. Calculations will involve the inverse Jacobian |y’ (¢)| -1
Using anisotropy!? of the harmonic oscillator (p # ¢), we can check that the Jacobian vanishes only at a
finite number of points.

Lemma 5.5. Lett — (x', &) be a trajectory of the Hamiltonian flow of an anisotropic harmonic oscillator,
with initial datum py = (xo, &o). Then the curve y : R > t +— |x'| € Ry is Lipschitz with constant /2 p(po).
If po £ 0, then y is of class C* in R\ {y = 0}. Moreover, the set

S, :={teR:y()=0 or y'(t) =0}

is locally finite, namely for any bounded interval I C R, the set S, N I is finite. In addition, for any
bounded interval I C R, one has

G =k(I)eN:VseR,, #y'{shnI<k. (5-22)
1211 the excluded isotropic case (p = g = 1), one can choose (xo, SO) so that |x!| is constant, as we did in the proof of

Proposition 1.9 (see Section 5.1). In such a situation, the set Imy C R4 is reduced to a point. This is a very singular situation,
since the Jacobian |y’ (#)| is identically zero.
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Proof. That y is Lipschitz follows from the inverse triangle inequality, the Hamilton equations (1-6) and
the fact that p(x, &) =V (x) + %|f§|2 is preserved by the flow:

ly () —y (t1)| < |x? —x"| < |ta — 1] supl&’| < |2 — t11v/2p(p0)-
teR

From now on, we assume that py # 0. First notice that the set {y = 0} is closed since y is continuous.
Given that t — x' is smooth, the curve y is smooth in a neighborhood of any point t € R\ {y = 0}, so
that y € C*°(R\ {y =0}). To show that S,, is locally finite, it is sufficient to prove that it is closed and
also discrete, namely that it is made of isolated points.'?

We first check that it is closed by observing that the map f : ¢+ y%(t) = |x|? belongs to C*°(R) and that

S, ={teR: f'(r) =0). (5-23)

To check this equality, we use the fact that f'(t) =2y (¢)y'(¢) forallt e R\ S,. If t & S, then it follows that
y )y’ (t) #0. Conversely, if t € S, either y (¢) #0, so that ' () =0, in which case f'(t) =2y (t)y'(t) =0;
or y(t) = 0, which implies that x” = 0, hence f'(r) = 2x’ - &' = 0. This justifies (5-23).

Thus it remains to show that S, is discrete. Let us compute the derivatives of f up to order 4:

[y =2x"-¢, (5-24)
@) =27 —2x" - AX, (5-25)
FO@) = —48" - Ax' — 28" Ax' —2x' - AE" = —8E" . AxX', (5-26)
fP@) =8(|Ax")> — €' - AE"). (5-27)

Let us write the Taylor expansion of f’ at order 3 near ¢y € R:

(t— ) (t— )

/() = f'(to) + (t —10) f P (10) + ——=—— f P (t0) + ——— P (t0) + o((t — 10)*). (5-28)

Suppose that 79 € S,. Then f’(f) = 0 in virtue of (5-23). If f<2> (to) # 0, then (5-28) yields

(2)
ronz 220y

for all 7 in a neighborhood U of 1. In particular, S, N U = {fp}, meaning that 7, is isolated. Likewise,
if f@ (1) =0but £ (1) # 0, then (5-28) leads to

(3)
|f0N>U‘(MI —1o)?

in a neighborhood of 7, so that #; is isolated again.
Now, if f@(t9) = f®(t9) = 0, we show that necessarily f®(zy) # 0. In view of (5-24), (5-25),
and (5-26), we have

x0.g0 =0, |92 =x".Ax", and £°.Ax"=0, (5-29)

131f § c R is closed and discrete, the for any compact interval I C R, the set SN is compact. Since S is discrete, the set SN/
can be covered by open sets containing at most one element of S. Then, extracting a finite subcovering shows that § N/ is finite.
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The first and third equalities mean that £ | x™ and &0 1 Ax"™. Moreover, the second equality ensures
that x £ 0 and & # 0, otherwise (x", £0) = (0, 0); hence pp = 0. Since we are in two dimensions,
we deduce that Ax™ and x™ are parallel, and therefore x” is an eigenvector of A. Since £ L x™ and
£ £ 0, we deduce that £% is also an eigenvector, associated with a different eigenvalue since A has
two distinct eigenvalues by assumption. We relabel v; and v, so that Ax0 = v2x and Ag" = v?é"’.
Plugging this into the second equality in (5-29) yields |£%0|? 0|2

= v2|x|2, from which we deduce that the

fourth derivative (5-27) cannot vanish at #y, given that the oscillator is anisotropic (vy 7# vg):
2 4 22 2 2,2 2 2
|Ax"|7 — g0 . AE" = vl x| — v5|§t°| = (vy — v$)|xt0| # 0.

Therefore (5-28) implies that @
ronz L0,
in a neighborhood of #y, that is to say the critical point #; is again isolated. To sum up, the above argument
shows that there exists a neighborhood U of #y such that U N S, = {#o}, so S, is indeed a discrete set.
Now fix I C R a bounded interval. We have just shown that n = #(S,, N I) is finite. To prove (5-22),
we observe that the complement of S,, in ] is a union of at most n 4 1 open intervals in /, on which y’
does not vanish and has constant sign (use the intermediate value theorem). Therefore y is one-to-one

in each of these intervals. We infer that
VseR, #rtel:y@)=s}<n+1+#S,NI)=2n+1. O

Let us assume that k, < A and fix R > 0. Recalling that «, = k,(I) = «,(Ig) from (iii) in Lemma 5.3,
we know that there exists a sequence (r,),en tending to 400 along which

1
—Ir N [Kutns 1a]l =—=> 0. (5-30)

rn n—oo

According to Step II of Section 5.2, considering actions

(A1, As) = (V1= %o, \/To):( | P /L)
p+a' Vp+q

and initial angles (0, 6,) = (7 /(2p), 0), one obtains a trajectory of the Hamiltonian flow ¢ — (x', &)

such that

min |x’| = A max |x], (5-31)
t€[0,T] t€[0,T]

that is to say a trajectory that attains the supremum (5-5). Here T is any real number larger than the
period of the flow Tp. In view of the homogeneity of degree 1 of the Hamiltonian flow, we know that
t > (cx', c&") is still a trajectory of the Hamiltonian flow, for any scalar ¢ € R. Note that (5-31) above
ensures that |x’| is bounded from below by a positive constant for all times. Therefore, Lemma 5.5
implies that the curve y : (0, T') > t — |x'| is smooth. The corresponding set S, of Lemma 5.5 is nothing
but S, = {y’ # 0}. A consequence of this lemma is that S, has vanishing measure. Thus we write

0.7)\S, = | J By. where By ={t €(0.T): |y'(t) =27"}. (5-32)
NeN
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Fix an arbitrary N € N and a scalar ¢ > 0. Then we obtain

; 2N , o ' s
/ L (el Ddr < = | 15,y @)ley' () d = 2 / 11R<s>#{r €. T):y(t) = —} ds
By ¢ JBy € Jeyy) ¢

N N cmaxy
L 2Tk 1;,(s)ds < 27k 1;,(s) ds, (5-33)

¢ cy(BN) ¢ cA max y
where the equality results from the area formula (Proposition 5.4) applied to £ = Ig. The integer & is
the one from Lemma 5.5 (5-22). The last inequality follows from the fact that |x’| spans the interval
[A max y, max y] by construction (recall (5-31)). Thus taking ¢ = ¢, = r,/ max y, with (r,),en the
sequence from (5-30), we obtain

|ty @ndr =2kmaxy) < L0t nll oo 0
By n
by (5-30), since A > «,. Now going back to (5-32), since the set S, is negligible, monotone convergence
ensures that |[By| — T as N — oco. We finally obtain that

T
/ Ly (1) (cnx") dt < |(0, T)\BN|+/ Ly, (cplx'dt =T — |By| +o(1)
0

By

as n — oo. We let N — oo to conclude that the dynamical condition (1-7) is not fulfilled, namely

T
liminf / L1y e (91 (0)) dit = 0.
0

p—>00

The parameter R > O is arbitrary. Therefore the necessary condition of Theorem 1.3 tells us that
observability from w (/) in time T does not hold, and T > Ty itself is arbitrary.

We turn to the case where «, > A. This time, we take T = Ty to be the period of the Hamiltonian
flow and check that the observability condition (1-7) holds in a)(f ). We pick k € (A, k). In virtue of
Lemma 5.3(iii), we have «, =k, (I) = K*(i) so that

dc>0,3rg>0:Vr >ry, %|I~ﬂ[/<r,r]|2c. (5-34)

Let (x', &) be a trajectory of the Hamiltonian flow with initial datum py. One can estimate 7 = max|x’|
from below as follows: since the time 7y at which the maximum is reached is also a (local) maximum
of |x'|2 the second derivative satisfies

2

Tl Pz, = 210 — 24" Ax® <0,
Thus A |
Pim Pzt oz

— (L
1Al — 1Al

1
S0 Ax 4 IED2) = —— p(po). (5-35)

Al

Provided |pg| is large enough so that p(pg) > ||A||r§, we see in particular that 7 > ry. Introduce
y :(0,T) >t |x'|. We know from Lemma 5.5 that y is Lipschitz with constant /2p(po) < «/2||A||F
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(this inequality is a consequence of (5-35) above). In particular, we have |y/(1)| < +/2||A||7 outside the
set S, from Lemma 5.5. Thus we can apply again the area formula (Proposition 5.4):

T T 1 T
/lw(;><xf)dt=/ li(lx’l)dtz(2||A||)‘”2:f L;(y)ly' (0l dr
0 0 rJo

_ <2||A||>—”2if 154 € (0, T) : y (1) = s} ds
r Jy«o,1))

1

> QAN / 1;(s) ds. (5-36)
" Jy«o,1)

This time, one has y ((0, T)) D [AF, 7] D [«7, r] (by definition of A; see (5-5)). This means that

T 1 r
/ LG de = (2||A||)_”2:/ 1;(s)ds = 2] A, (5-37)
0 T Jir

Kr
where the last inequality is due to (5-34) (recall that 7 > rg). Therefore the dynamical condition (1-7)
of Theorem 1.3 is satisfied. In fact, the explicit expression of the Hamiltonian flow in action-angle
coordinates (5-6) shows that |x’|?is (Tp/ 2)—periodic.14 Therefore, setting ¢ := (2||A IN~12¢, the dynamical
condition (1-7) is equivalently satisfied in time Typ/2 — ¢/4:

To/2—C/4 t 1 [ . : _ij2¢
fo 1,5 de = Efo 1, )dt—zl > 2||AlD R
By Theorem 1.3, this implies that observability holds from (1) \ K for some R > 0 and any compact
set K C R? in any time > Ty/2 — ¢/4, which in turn implies observability from (/) in virtue of
Lemma 5.3(ii). Incidentally, the optimal observation time is strictly smaller than 7p/2.

Step 3: Diophantine approximation in the irrational case. We assume that v,/v; € R\ Q and denote
by p;/q; the reduced fraction expression of its convergents (see Remark 1.14). We investigate the validity
of the dynamical condition (1-7) by approximating the trajectories of the “irrational” Hamiltonian flow by
the trajectories of the “rational” Hamiltonian flow obtained by replacing v, /vy with its convergent p;/q;.
For instance, a projected trajectory of the irrational harmonic oscillator of the form

xi = Ay sin(vit +0y), xé = A sin(vyt + 65), (5-38)
should be compared to
X = Apsin(uir+6)),  xh, = A sin(%vﬂ + 92>, (5-39)
J

which is a trajectory of the Hamiltonian flow of the (rational) harmonic oscillator with characteristic
frequencies vy and p;v;/q;, whose classical Hamiltonian is

2
1 Pj 1
pj(x.§)= E(v%x% + q—;vfx§> +5E +8).
J

140ne can check that the projected trajectories of rational harmonic oscillators are invariant by point reflection with respect to
the origin or axial symmetry with respect to some coordinate axis, depending on whether p and g have the same parity or not.
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The distance between these two trajectories is
pj Vit
' — x| = x5 — x| < Aglvy — ZLui|lt] < Ay—-, (5-40)
qj q;

owing to the fact that the sine function is 1-Lipschitz and to the Diophantine approximation result (1-31).
We already know from Lemma 1.12 that

27 p]
min |x|<A max |x| where Tj = —q;, Aj=A(—|.

tel0,7}] telo, Vi qj
The time T is the period of the flow of the rational harmonic oscillator with characteristic frequencies vy
and p;vi/q;. Let us set

: 1 t
m;=min|x’| and M ; = max|x’|. 5-41
J lERl jl J I€R| J| ( )

Although the trajectory ¢ x;. is T;-periodic, it will be convenient to compare x;. and x’ on smaller
times. Then in view of (5-40), on the time interval [0, n7}], where n € (0, 1], the norm |x’| spans an
interval JJ'.7 such that

2 2
J}c [mj —Ay—, M; +A277—}, (5-42)
qj qj
and if n = 1, since |x;.| attains m; and M on the time interval [0, 7], we have
21 2 |
mj+Ay—,M; Az— C J (5-43)
qj qj

So now, according to the value of «,, we check whether the dynamical condition (1-7) of Theorem 1.3 is
satisfied, using the area formula.

Step 4: Geometric condition of observability for rationally independent characteristic frequencies.
Take n = 1, that is, we consider a whole period of the rational Hamiltonian flow. We first establish a
lower bound on the time spent by # — x’ in w(I). We consider «, > 0 here. From Lemma 5.5, we know
that y : (0, T;) > t — |x| is Lipschitz with constant v/2p(po). Yet, similarly to (5-35), we have

p(po) < [AIlM},  where M; = max |x'],
t€[0,7}]

so that y is Lipschitz with constant «/2||A||]lﬁ/j ;- Applying the area formula (Proposition 5.4), we obtain
as in (5-36) the lower bound

/Tj (x") QA= 1 f i(s)
x)dt>(2|A s)ds,
0 “’([) M] J! !

and in view of (5-43) and (5-42) with n = 1, we deduce that

Uy gy e CIADTYE ML
w(hX)dt = 1;(s)ds.
0

Mj + Azzq—t[ mj+2mwAr/q;
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Observing that A, < M; and that m; < A;M;, we obtain
Tj QA2 Mi(=27/q))
/ lw(i)(xt)dt > —271/ 1;(s)ds. (5-44)
0 M;(1+ q—j) M(A;+27/q;))

Setting

2
i AR
r= 1 and A; = 7 (5-45)
qj l—q—j;

we can write the lower bound in (5-44) under the form
Tj 12 1 zqn 1 r
/ 1,5 dr = AN~ 27’1 X = / 1;(s) ds. (5-46)
0 14+ = r ir
4qj

We assume that g; > 27 so that r > 0, which is the case for j large enough since g; — 00. The above
estimate (5-46) is valid for any trajectory of the (irrational) Hamiltonian flow with initial datum pg # 0.
In addition, we remark that M; defined in (5-41) tends to infinity as pp — 00, so that r defined in (5-45)
tends to +o00 as pyg — oo too. Thus (5-46) leads to

27'[
T; 11—
lim inf /0 1, 7)o (8 (0)) dt = A 1+'f]— xliminf HIO[Ar ]l (547)
J

In order to deduce a positive lower bound, it suffices that A < Ke= K*(i ) = k,(I). This is achieved
provided ¢g; > 6m /K, > 6r. Indeed, under this condition, we have on the one hand

-2 ] -2

s "o _1 (5-48)
2w = 2 Y
S R

and on the other hand, recalling the definition of A j in (5-45), the formula (1-26) for A ;, and using that
sinx < x and tanx < 4x/m for x € [0, 7 /4], we obtain

i 7t/2 27T

A<z pj+qf+q_j<31+n<1<l+1)/c <k (5-49)
! 2n - ;2 o
1— qj

6

IA

Now we turn to the upper bound on the time spent by projected trajectories of the (irrational) Hamiltonian
flow in w(I)g, for a fixed R > 0. We consider «, € [0, 1] arbitrary now, with the convention 1/, = 400
if k, = 0. We go back to n € (0, 1]. We select a curve t — (xj., & Jt.) of the rational flow that maximizes
the ratio min, |x}|/ max, |x"|, namely that satisfies

m; = min |x | =A; max |x |=A;M,;.
1€[0,T;] 1€[0,7;]

This curve is of the form (5-39) for well-chosen action and angle variables. We consider ¢ + (x', £)
the corresponding trajectory of the irrational flow given by (5-38), that is the integral curve obtained
by substituting v, for p;vi/q; in (5-39). Notice that this trajectory depends on j. We still write
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y(t) = |x'|. By Lemma 5.5, we know that it is a Lipschitz map and that there exists an integer ko such
that #y ~1(s) N[0, T;] < ko for all s € R . Reproducing the computation (5-33), we find

NkO cmaxy NkO

2 2
/ 1, (clx')dt < — 1,,(s)ds < / 1, (s)ds,
By ¢ cAjmaxy c cjj’]

where we recall that the parameter ¢ > 0 is an arbitrary scaling factor, and By is defined similarly

to (5-32) b
° g By =t €[0.07;1: 1y’ ()] = 2V},

In view of (5-42), this leads to

/ 1y (clx' ) di <
By (mj—2mwAan/q;)

As we did before in (5-44), we use the fact that A, < M, together with m; = A ;M (the equality is
important here) to obtain

N (M ;+2m Aan/q;)
0 / 1;,(s) ds.
.

C

1;,(s) ds.

NkO cM;(1+2mn/q;)
=

2
/ 1y (el di <
By

Mj(Aj—2mn/q))

Defining now
: 2w ~ Aj _’7%1_7-{
}":MJ 1+T]— aIld A]: ]’

j 1—}-772—7
4qj
we end up with
. N 2\ 1 [
1, (clx'dt <2%koMj| 1 +n— | — 1;,(s)ds.
By qj /) cr 1~\jcr

We finally prove that this upper bound tends to zero along a well-chosen sequence of parameters c
provided A j = k. This is fulfilled whenever ¢g; < §/«,, for a small enough constant 8. To see this, we can
use that tan x > x and sinx > 2x /7 on [0, /2] to control A ; from below by 1/(p; +¢;). Then (1-31)
leads to p;/q; < v2/vi + 1, which yields
Ajz— s L C
Tpita T qi2+R) e

Assuming that n < C/(2m) < 1, we obtain

C—2my
q; 1 C—27r77> C —2mnp

A/Z ) Z X = Ky.
1_|_,7q_7; q;j 1+2mn — 6(1+2mn)

This yields A j = Ky if & is small enough, so that by definition of «,, letting ¢ — +00, we obtain

nT;j N 27T 1 cr
liminf/ Lo (1) (cx") di < |[0, nT;]\ By| +2 koM‘,<1 +n—> lim inf — 1;,(s) ds
0

c—+00 qj c—>—+00 Cr 1~\jcr

=nTj—|Bnl, (5-50)

which tends to zero as N — oo.
The general conclusion is the following: if x, > 0 and j € N is such that g; > 67/k,, we know
by (5-49) that A j < Kx, so that by definition of «,, the estimate (5-47), together with (5-48), proves that
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the dynamical condition (1-7) of Theorem 1.3 holds for a)(l~ ) in time T; = 2mq;/vy. If on the contrary
k. €10, 1], and g; < 8/k, for some § > 0 depending only on v, /vy, then, from (5-50), the dynamical
condition (1-7) is violated in w (/) for any R > 0 on the time interval [0, n7;], where n > 0 depends
only on vy /vy again. Theorem 1.3 then implies that the Schrédinger equation is observable from w (1) if
and only if k, > 0. If indeed «, > 0, then the optimal observation time T, = T, (w(I)) is controlled as
follows: there exist constants C, ¢ > 0 such that

cqj, =T, <Cqj, (5-51)

where j is the largest index such that g; < §/k, and j» is the smallest index such that g; > 67 /«,.

To go from (5-51) to the desired estimate (1-29) in the case where v,/v; is Diophantine, we use the
fact that the irrationality exponent 7, defined in (1-27), is related to the growth of the g;’s. This comes
from the formula

logg;
() =14 limsup D84+l
Jj—>00 0g4;

(see [Durand 2015, Proposition 1.8] or [Sondow 2004, Theorem 1]). When t is finite, we deduce in
particular that for any ¢ > 0, we have, for any j large enough,
logg;+i
log g

which leads to the existence of a constant C, > 0 such that

<t—-1+e¢,

gji+1 <Ceq;" ' VjeN.

By definition of the indices j; and j,, we obtain

J T—l+e T—l+4e AN
o =i = C:qj, and ¢qj, <Ccqj,1 < CS(K—> )
* *

Plugging this into (5-51), we finally deduce (1-29). This concludes the proof of Proposition 1.11. g

Appendix A: Reduction to a weaker observability inequality

The following proposition shows that Obs(w, T') is equivalent to a similar inequality with a remainder
involving a compact operator. The argument goes back to Bardos, Lebeau and Rauch [Bardos et al. 1992].
This reformulation of the problem paves the way for the use of microlocal analysis: we are interested
in the propagation of high-energy modes through the Schrodinger evolution, discarding anything that is
microlocalized near a fixed energy sublevel {p < cst}. An alternative route could be to slice the phase
space according to energy layers of the Hamiltonian p(x, &) = V(x) + %|§ ?; see [Lebeau 1992; Burq
and Zworski 2012; Anantharaman and Macia 2014].

Proposition A.1. Suppose P is a self-adjoint operator with compact resolvent, and let B be a bounded
operator on L>(R?) satisfying the unique continuation property:

for any eigenfunctionu of P, Bu=0 = u=0. (A-1)
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Let Ty > 0 and assume there exists a compact self-adjoint operator K such that
T .
3Co > 0:Yu e L*RY), |ul3, < Cof IBe ""Ful|3, dt + (u, Ku) 2. (A-2)
0
Then for every T > Ty, there exists C > 0 such that
T
Vue LXRY,  ulP.<C / |Be~"Pull2, dr.
0

Remark A.2. The operators of the form P =V (x)— % A that we consider, with V subject to Assumption 1.1,
satisfy the unique continuation property of the statement when B is the multiplication by the indicator
function of a nonempty open set. See [Le Rousseau et al. 2022, Theorem 5.2].

Proof. Let us introduce, for any S € R,
N
AS:/ ellPB*Be—llP dt,
0
and denote by Jy its kernel (the space of so-called invisible solutions). One can check that

9s= () kerBe " ={ue L*R?): vt €[0, 5], Be "Pu=0},
t€l0,S]
using the fact that e/’” B*Be~'P > 0 for all t € R as operators, and that the map ¢ —> Be"'F is strongly
continuous. The space g is a closed linear subspace of L*(R?), both for the strong and the weak
topology (use for instance that Ay is a bounded operator). Moreover, one has the property that S; < S,
yields $5, D $s,. It implies that for any S, the set

Is=U 95
N
is also a linear subspace, contained in $g.
Step 1: 91, is finite-dimensional. This assertion is a consequence of the fact that K is coercive on 7,

namely

Vu € gy, ullpz < [Kullp2,

which follows directly from assumption (A-2) and the Cauchy—Schwarz inequality. Setting W =Ran Ky, ,
we deduce that K : $7, — W is one-to-one and its inverse K ~1 is bounded as an operator in £(W, 97,).
Now denote by B 91, the closed unit ball of $7,. Since $7; is strongly and weakly closed, the same holds
for its closed unit ball as a subset of L>(R?). We deduce that B 91, 1s weakly compact. The compactness
of K implies that K (E(%) is (strongly) compact in L?(R%). Since it is contained in W, it is compact
in W. Therefore the fact that K~ : W — 91, is bounded implies that B 91, = K~ (K(B 5%)) is compact.
We deduce by the Riesz theorem that $7; is finite-dimensional.

Step 2: 1, is stable by P. Let us check that $7. C Dom P. Let u € $7, and set

efiePu _

ue=""""" vexo.
€
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By definition of 9;0, the function u belongs to $7, ¢, for some €y > 0, so that u, € 55;0 for any € € (0, €p).
Recall from the previous step that $7, D 55;0 is finite-dimensional. We observe that v — ||(P —i)~"'v]| ;2
is a norm on 7, so it is equivalent to the L? norm. Yet we see that

e PP —iylu—(P—i)lu

(P—i)"u. = ,
€

with (P —i)~'u € Dom P, so that (P — i)~ 'u, converges as € — 0. Since
Ve, e2€ (0, €0), e, —ttgll 2 < CIIP =) Nuey = (P =) Mgl 2,

we deduce that (u.)¢ is a Cauchy sequence, hence it converges, which means that u € Dom P. Thus
ﬁ;o C Dom P. It remains to see that lim._,o ue = —i Pu belongs to ﬁ;o, which is a consequence of the
fact that &;0 is finite-dimensional, hence closed.

Step 3: $7, = {0}. This results from the unique continuation property (A-1). Indeed, we can argue as
follows: from the previous steps, $, is a finite-dimensional linear subspace of L*(R?) which is stable by
the self-adjoint operator P. Therefore there exists a basis (uy, us, ..., u,) of ﬁ;o made of eigenvectors
of P. By definition of $, these eigenvectors satisfy in particular Bu; = 0. So by the unique continuation
result (A-1), we find that 9;0 must be trivial.

Step 4: Conclusion. Let T > Ty. We want to show that Ay > ¢ for some ¢ > 0. To do this, it suffices
to prove that Ay is invertible, because A7 is self-adjoint and A7 > 0. The assumption (A-2) implies
that the self-adjoint operator Ay + K is invertible, meaning that zero does not belong to its spectrum.
Since K is compact and self-adjoint, we classically know that Ay has the same essential spectrum as
Ar + K, so in particular zero is not in the essential spectrum of Ar. It is not an eigenvalue neither since
ker Ay C §_0 = {0}. Therefore Ay is invertible, and the conclusion follows. O

The following lemma is not related to the previous proposition. Still, it is worth stating it properly
since we use it on several occasions throughout the article.

Lemma A.3. Let o C R? be measurable. Assume Obs(w, T) holds in some time T > 0 with a cost C > 0,
namely

T
Vi€ PR, s <C [l Pullsg, d.
Then Obs(w, T — ¢€) holds for any ¢ < 1/C.
itP

Proof. We use the fact that the propagator e~/'? is an isometry on L?(R%) to get

T T
—itP_ 12 —itP_ 12 2
C/T “e " u||L2(a)) dt E C‘/T ||e o u”LZ(Rd) dt=C8||u||L2(Rd)-
—&

—&

Thus we can absorb this term in the left-hand side of the observability inequality provided Ce < 1:
T—e¢ )
(1= CoMulsn <C [ e ulls dr.

namely Obs(w, T — ¢) holds with cost C(1 — Ce)~ . O
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Appendix B: Pseudodifferential operators

We recall below basics of the theory of pseudodifferential operators (see the textbooks [Hormander 1985;
Lerner 2010; Martinez 2002; Zworski 2012] for further details). We will also need a precise bound on
the remainder of the pseudodifferential calculus and of the sharp Garding inequality. This is why we
reproduce the proofs of these results below.

B.1. Weyl quantization. Let a € $(R>*!). We define the operator Op(a) acting on the Schwartz class
F(R7) by

[Op(a)u](x) = (2m) ™ /

ei(x—y)-é?a(%’ g)u(y)dy dé, ue9RY, x e R
R2d

It is known that Op(a) : (RY) — P(R?) is continuous. The quantization Op extends to tempered
distributions: for any a € &’ (R%4), the operator Op(a) : P(RY) — ¥ (RY) is continuous.

B.2. Symbol classes.

Definition B.1 (symbol classes). Let f be an order function.'> Then the symbol class S(f) is the set of
functions a € C*®(R??) satisfying

Vo € N?? 3C, > 0:Vp e R, 3% (p)| < Cy f(p).
Collecting the best constants C,, for each «, the quantities

e _
|a|s(f)—|r(£lli)zca7 teN,

are seminorms that turn the vector space S(f) into a Fréchet space.

Any a € S(f) is a tempered distribution and yields a continuous linear operator Op(a) : ¥ (R?) — P(RY).

B.3. L*-boundedness of pseudodifferential operators.

Theorem B.2 (Calderén—Vaillancourt). There exist constants Cq, kg > 0 depending only on the dimen-
sion d such that, for any a € S(1), the operator Op(a) can be extended to a bounded operator on L*(R?)

with the bound k
I10p(@) 212 < Cd|a|sd(1)'

B.4. Refined estimate in the pseudodifferential calculus. Let a;, a; be two symbols. We have seen
previously that the composition Op(a;) Op(a;) makes sense as an operator on the Schwartz space. This
operator is also a pseudodifferential operator, whose symbol is denoted by a; # a;, called the Moyal
product of a; and a», and satisfies

Op(ay) Op(az) = Op(a #az). (B-1)

154 positive function f on the phase space is said to be an order function if

3C > 0,3N > 0:Vp, pg €R*,  f(p) < Clp—po)™ f(00).
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More generally, one can define the 2-Moyal product, depending on a parameter & € (0, 1], as

_1;
(a1 #4 a2)(p) = e~ 2" O gy (01)ar (02) | py=py=p>»

where o is the canonical symplectic form on R?¢. Taking & = 1, one gets a formula for the Moyal product
in (B-1) above. The ~#-Moyal product is known to be a bilinear continuous map between symbol classes;
see [Zworski 2012, Theorem 4.17] or [Lerner 2010, Theorem 2.3.7] for instance.

Proposition B.3 (continuity of Moyal product). Let f1, f> be two order functions. Then the map
S(f) xS(f2) = SN f2), (a1,a2) > a1 #,az

is bilinear continuous, with constants independent of h € (0, 1]. More precisely, for any £ € N, there exist
k € N and Cy > 0 such that

lay #, a2|§(f1f2) = C£|al|§(fl)|a2|§(fz) Vh € (0, 1], Y(ai, az) € S(f1) x S(f2).

A stationary phase argument leads to an asymptotic expansion of the Moyal product

(=i/2) -
afay~) 0 o 3) a1 (P2 (02) 5= =0
— !

In the sequel, we denote by R j; (a1, a») the remainder of order jj in this asymptotic expansion, namely

= =if2y -
Rj,(ar, a2)(p) = a) #ax — Z i o (0p,, 0p,) a1(P1)a2(02) p1=pr=p-
Jj=0 '

Estimates on this remainder term are usually stated as follows.
Proposition B.4 (pseudodifferential calculus). Let f1, f> be two order functions. Then for any integer

jo =1, the map
S(f1) xS(f2) > S(fif2), (a1, a2) = Rj(ar, a2),

is bilinear continuous.

In our study, it will be convenient to have a slightly more precise statement. Actually, the explicit
formula for the remainder allows to prove that its seminorms are controlled not only by the seminorms
of a; and a, but more precisely by the seminorms of the derivatives d/°a; and d’°a,.

Proposition B.5 (refined estimate). Let fi, f» be two order functions. Then, for any jo > 1,
VEeN, Tk eN,3C > 0: Ry (a1, a)l§ s, ) < CeldParl§ s ldParll 4,
forall (a1, a2) € S(f1) x S(f2).

Proof. We outline the arguments of the proof, which are classical, trying to keep track of constants
carefully. The starting point of this result is the explicit expression of the remainder (see [Zworski 2012,
Theorem 4.11] for instance):

i)jo (1 —r)do~!

Rjy(ar, az)(p) = (_— ) W

7l. o . .
5 e 2110 9n) 5 (3 9,101 (p1)az(02)p,=py=p AL
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The binomial expansion of o (3,,, d,,)”° exhibits a particular structure: we observe that the integrand of
the integral over ¢ can be written as a sum of terms of the form

_ 1
e~ 2117 @n1-90) (3%1.01) (1) (32@2) (02) |91 = pr=p

with |a1| = |az| = jo, which corresponds exactly to 0%'a; #, 9*>a>. By Proposition B.3, we know that the
Moyal product is a bilinear continuous map S(f;) x S(f2) = S(f1.f2) with respect to the Fréchet space
topology, with seminorm estimates independent of ¢ € (0, 1]. This yields

PRy (a1, a)[$, 1,y < ColdPar[§ s, ldParl ). (B-2)
In order to handle seminorms of order £ > 0, we use the Leibniz formula:
0Rj (a1, a2) =R, (0ay, az) +Rj (a1, 0az),

and we apply (B-2). The result follows. U

B.S. Positivity. Heuristically, the quantization of a nonnegative symbol is an almost-nonnegative operator.
The formal statement, known as the Garding inequality, says that the negative part of the operator is con-
trolled in terms of the Planck parameter in semiclassical analysis, or exhibits some decay at infinity in the
phase space in microlocal analysis. In the main part of the article, we need to apply the Garding inequality
to a symbol in S(1) whose derivatives, of any order, behave like 1/R, where R is a large parameter.
Unfortunately, such a symbol does not fit in the semiclassical framework, in which derivatives of order j
behave like 1/R/. Thus we provide in this paragraph a refined statement of the sharp Garding inequality
that keeps track of the dependence of the remainder term on the seminorms of the derivatives of the symbol.

Proposition B.6 (sharp Gérding inequality). There exists a constant ¢y > 0 and an integer kg > 0
depending only on the dimension d such that the following holds. For any real-valued symbol a € S(1)
satisfying a > 0, one has

Op(a) > —cq|Hess al§l, 1d.

Proof. We redo the usual proof (see for instance [Zworski 2012]) using the refined estimate on the
remainder in the pseudodifferential calculus (Proposition B.5). Let us prove that for z sufficiently negative,
the operator Op(a — z) is invertible, which in turn shows that it is nonnegative by classical arguments.

Step 1: Estimate of the derivatives of (a — z)~\. Using the assumption that a > 0, we classically have

|Va(p)| < v/2|Hessalxa(p) VYp e R* (B-3)

(see [Zworski 2012, Lemma 4.31] for instance). Besides, the Faa di Bruno formula tells us that, for any
nonzero o € N9, the partial derivative 3%(a — z) ™' can be computed as a sum of terms of the form

14

1
— TT1s8%a
— ) 1+L 1_[ ’
(a—2z) i1
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with 1 <€ < ||, Z§:1 aj =a, |aj| # 0 for all j. Denote by £’ the number indices j such that |o;| = 1.
We apply (B-3) to the £’ factors of the form 9% a corresponding to these indices, and we bound the £ — £’
other ones by seminorms of the Hessian of a (recall that |o ;| > 2 for those remaining indices). We obtain

b4
1 A / -
@ 197 (2[Hess aloca(p)) ([ Hess aly )¢
Jj=1

S(1)

- |a _Z|1+€

We deduce that

0 I, Y /2 le| \e—e'/2
z)WH ” |1+Z la(p)|”"“(|Hess alg )

< 2 a =l P a1 (Hessal )

Putting together all the terms in the Faa di Bruno formula, and using that a — z > |z] (since z < 0), we
finally get that there exists a constant C > 0 (depending on |«|) such that

loel \e—'/2
1 C |Hess a|
G (S

o
a—z

|z] 1=e<lal |Z]

Assuming that |z| > |Hessa||;(|1), we arrive at

1

a—2z2

|Hessa|
< - | — 50 (B-4)
IZI |z

8(3(

Step 2: Invertibility of Op(a — z). From the previous step, we know that ¢ — z and (@ — z) ! are in S(1)
with explicit seminorm estimates, provided |z| is large enough. We perform the pseudodifferential calculus,

1

keeping in mind that the second term in the asymptotic expansion vanishes because both symbols are
functions of the same symbol. According to the Calderén—Vaillancourt theorem (Theorem B.2), our
refined estimate on the remainder (Proposition B.5), and finally to (B-4), we obtain

H k 3/2
Op(@ < CylPal,, < CylHessalll ) [H -6 <o e dlsa
I0p(R2) (|2 12 < Cal 2|S(1) =< C4l essa|s(1)| ess(a — z) |S(1) = T
for some constant C and some integer k independent of a and z, and provided z is negative enough.
Actually when z < —(2C)**[Hess al;, we obtain that [|Op(%2)|| < 3, so that Id +Op(%y) is invertible

by Neumann series. This leads classically to the invertibility of Op(a — z). (|
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GLOBAL WELL-POSEDNESS
FOR TWO-DIMENSIONAL INHOMOGENEOUS VISCOUS FLOWS
WITH ROUGH DATA VIA DYNAMIC INTERPOLATION

RAPHAEL DANCHIN

We consider the evolution of two-dimensional incompressible flows with variable density, only bounded
and bounded away from zero. Assuming that the initial velocity belongs to a suitable critical subspace
of L?, we prove a global-in-time existence and stability result for the initial (boundary) value problem.

Our proof relies on new time decay estimates for finite energy weak solutions and on a “dynamic
interpolation” argument. We show that the constructed solutions have a uniformly C' flow, which ensures
the propagation of geometrical structures in the fluid and guarantees that the Eulerian and Lagrangian formu-
lations of the equations are equivalent. By adopting this latter formulation, we establish the uniqueness of
the solutions for prescribed data and the continuity of the flow map in an energy-like functional framework.

In contrast with prior works, our results hold in the critical regularity setting without any smallness
assumption. Our approach uses only elementary tools and applies indistinctly to the cases where the fluid
domain is the whole plane, a smooth two-dimensional bounded domain, or the torus.

Introduction

An extensive literature has been devoted to the mathematical analysis of the Navier—Stokes equations that
govern the evolution of the velocity field u = u(¢, x) and pressure function P = P (¢, x) of homogeneous
incompressible viscous flows in a domain Q of R?. Recall that these equations read as

ur+diviu @u) —uAu+VP =0 in Ry x Q,
divu =0 in Ry x Q, (NS)
uli=o = uo in Q
and, if €2 has a boundary, are supplemented with homogeneous Dirichlet boundary conditions for the
velocity.
The global existence theory for (NS) originated in the paper by J. Leray [1934b]. In the case Q = R3,
by combining the energy balance associated to (NS),

1 ' 1
S @117 +u/ IVal 72 d = 5 uollz. (0-1)
0

with compactness arguments, he constructed, for any divergence-free u( in L2(R*; R?), a global distri-
butional solution of (NS) satisfying (0-1) with an inequality (viz. the left-hand side is bounded by the
right-hand side).
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It is by now well understood that Leray’s result is true in any open subset  of R? with d =2, 3; see
for instance the first part of [Chemin et al. 2006]. However, despite the numerous papers devoted to the
topic and significant recent progresses, the question of uniqueness of finite energy solutions in the case
d =3 has not been completely solved yet. The two-dimensional situation is much better understood: finite
energy solutions are unique and do satisfy (0-1) with an equality. Although uniqueness in dimension 2
could be hinted from [Leray 1934a], it has been established only by O. A. Ladyzhenskaya [1959] and
J.-L. Lions and G. Prodi [Lions and Prodi 1959].

In the present paper, we are concerned with inhomogeneous, that is, with variable density, incompressible
viscous flows. The evolution of these flows, which can be encountered in models of geophysics or mixtures,
is often described by the following inhomogeneous incompressible Navier—Stokes equations:

pr +div(pu) =0 in Ry x €2,
(pu); +divipu ®u) — uAu+VP =0 inR; x Q, (INS)
divu =0 in Ry x €.

Above, u and P still denote the velocity and the pressure, respectively, and p = p(¢, x) stands for the
density, which for obvious physical reasons has to be nonnegative. If we supplement (INS) with initial
data and boundary conditions

Pli=o = po, uli=o=uo and ulpe =0, (0-2)

then the energy balance associated to (INS) reads as

1 ' 1
IV @IE: + 1 /0 IVulz. dt = 5 1l/potollZ- (0-3)
The divergence-free condition ensures that the Lebesgue norms of p are conserved and that,
forall t e Ry, inf p(z,x) = inf pg(x) and sup p(t, x) = sup po(x). (0-4)
xeQ reQ xXeQ xeQ

In the torus case, we have in addition the conservation of total momentum

/Tz (pu)(t, x)dx = fp(pouo)(x) dx. (0-5)

Like (NS), equations (INS) have a scaling invariance (if €2 is stable by dilation): they are invariant for all
A > 0 by the transform
(p,u, P)(t,x) ~ (p, A, A P)(A°t, Ax). (0-6)

Although (INS) is of hyperbolic-parabolic-type while (NS) is parabolic, similar results hold for the initial
value (or boundary value) problem. For instance:

« In any dimension, provided py is bounded and nonnegative and ./poitg is in L?, there exists a global
weak solution satisfying (0-3) with inequality.'
IFirst proved by A. V. Kazhikhov [1974] if pg > 0, then for general pg > 0 by J. Simon [1990]. P.-L. Lions [1996] pointed

out that the density is a renormalized solution of the mass equation and treated density dependent viscosity coefficients. He also
considered unbounded densities.
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» Smooth enough data with density bounded and bounded away from zero generate a unique local-in-
time smooth solution, which is global in the two-dimensional case and also in higher dimensions if
the initial velocity is small.?

In dimension 2, the quantities that come into play in the energy balance (0-3) are scaling invariant in
the sense of (0-6). However, unlike the case with constant density, it is not known whether finite energy
two-dimensional weak solutions with bounded density, albeit having critical regularity, are unique.

In order to explain the difference between the variable and constant density cases and to motivate the
assumptions that will be made in this paper, let us sketch the proof of the uniqueness of finite energy
solutions for (NS) in dimension 2. Assume that we are given two solutions (u, P) and (i, ﬁ) pertaining
to the same finite energy initial velocity ug. Then, du := & —u and §P := P—P satisfy

Su; +div(u @ du) — nAdu+ V6P = —dividu ® u) in R4 x €,
{divSu:O in Ry x Q.
Taking the L*(2; R?) scalar product with 8u, integrating by parts where needed and using the Holder
inequality to bound the right-hand side yields
1d
2dt
which, in light of the celebrated Ladyzhenskaya inequality

18ull72 + el VSull7> < Vil 2 l1dull7s,

||Z||i4 < Cllzll2IVzll 2, (0-7)

leads to
ld
2dt

At this stage, Gronwall’s lemma allows us to conclude that

. i c?
18ullZ > + plVull7, < CIIVll g2 )18ull 21| Voull 2 < Envsuuiz + ﬂnwniznauuiz.

! 2 o2
I8u()[13, + 1 / I1Vsul2, dr < /M I VI 475, 0|2,
0

Owing to (0-1), the exponential term is finite. Hence we have éu = 0 if #(0) = u(0).
In contrast, when comparing two finite energy solutions (o, u, P) and (p, i, f;) of (INS), we get the
following system for §p := p — p, Su, and §P:
8p; +div(dpu) = —div(péu),
(péu); +div(pu @ Véu) — uAdu + VP = —(Spit); — div(pu @ du) — div(pdu Q it),
divéu = 0.

Since p is only bounded, the first line is a transport equation by the divergence-free vector field u, with
a source term that has (at most) the regularity C~! with respect to the space variable. Now, in order to
control the propagation of negative regularity in a transport equation, we need

Vu e L} (Ry; L™). (0-8)

ZFirst established by O. A. Ladyzhenskaya and V. A. Solonnikov [1975].
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However, this property generally fails for finite energy solutions of (INS) and even for the two-dimensional
heat equation. In fact, the set of functions ug such that the solution u to the free heat equation with initial
data u satisfies Vi € L' (R4; L™) is the homogeneous Besov space Bo_ofl, and L? is not embedded in
this space.

To avoid working in spaces with negative regularity, one can recast (INS) in the Lagrangian coordinate
system as in [Danchin and Mucha 2019]. Then, the density becomes time-independent and the velocity
equation keeps its parabolicity (at least for small time). However, the equivalence between the Eulerian
and Lagrangian formulations of (INS) in our low-regularity context still requires (0-8), a property that
cannot be expected if uq is only in L? since it fails for the heat flow.

To make a long story short, it is not clear that uniqueness holds for (INS) in the framework of just

finite energy solutions.

Before describing in more detail the main objective of the article, let us recall some recent results on
the well-posedness theory for (INS). A number of works have been devoted to this issue under weaker
assumptions than in [Ladyzhenskaya and Solonnikov 1975]. This is mainly to relax the positivity condition
on the density or the regularity assumptions on the initial data. Regarding the first question, it has been
observed by Y. Cho and H. Kim [2004] that (INS) is well-posed for smooth enough data and, possibly,
vanishing densities satisfying a suitable compatibility condition. Recently, J. Li [2017] discovered that this
condition is no longer needed if one considers H! regularity for the velocity, and the full well-posedness
theory for general only bounded (not necessarily positive) initial densities and H' velocities has been
carried out in a joint work with P. B. Mucha [Danchin and Mucha 2019].

Regarding the minimal regularity requirement of the velocity for well-posedness, the scaling invariance
of (INS) pointed out in (0-6) suggests (if 2= R?) that one should take pg € L (RY) and ug € H4/2-1 (RY).
In the constant density case and for d = 3, this assumption is in accordance with the well-known Fujita
and Kato theorem [1964]. However, as, again, Ve'“ug need not be in Ll (Ry; L®) if ug € H¥/2~1(RY),
it is not clear that uniqueness may be achieved if there is no additional regularity in the variable density
case. In this direction, it has been proved in [Danchin 2003; 2004] that if u#( belongs to the homogeneous
Besov space Bg,/f_] (R?), a large subspace of H4/2-1 (R?) with the same scaling invariance, then (INS)
is globally well-posed in dimension 2 (or in higher dimensions if uq is small) provided py is close to
some positive constant in the homogeneous Besov space BE{ /lz(Rd ). This result is satisfactory as regards
the regularity requirement for the velocity, since it is critical and closely related to the L? space, but the
condition on the density is rather restrictive both because pg has to be almost constant and since it has to
be continuous (the space BZ /lz(Rd ) is embedded in the set C,(R?) of bounded and continuous functions
on R?). The result of [Danchin 2003] has been significantly improved recently in the two-dimensional
case: H. Abidi and G. Gui [2021] established the global well-posedness without any smallness condition
on the data if pg — 1 is in le’l (R?) and uy belongs to Bgl (R?). The corresponding result in dimension 3
has been obtained with completely different techniques by H. Xu [2022] (for small u( of course). As said
before, works based on the use of critical Besov spaces for the density precludes considering the case
of densities that are discontinuous along an interface, a situation which is of particular interest if one
believes (INS) to be a relevant model for mixtures of incompressible viscous flows with different densities.
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This very situation — sometimes called the density patch problem —has been extensively studied lately,
see, e.g., [Danchin and Mucha 2019; Gancedo and Garcia-Juarez 2018; Liao and Zhang 2019].

Well-posedness results for only bounded initial density, bounded away from zero, and smooth enough
velocity have been obtained in a joint work with P. B. Mucha [Danchin and Mucha 2013b], then improved
by M. Paicu, P. Zhang and Z. Zhang in [Paicu et al. 2013] (there, ug is in H*(R?) for some s > 0 if
d =2, and in H'(R?) if d = 3). In the whole space case, the critical regularity index has been reached
in an intriguing work by P. Zhang [2020]. He established the global existence for any small enough
divergence-free ug with coefficients in le/ 12(R3) while pg is only bounded and bounded away from zero.
It has been observed recently in a joint work with S. Wang [Danchin and Wang 2023] that Zhang’s
solutions actually satisfy (0-8) and are thus unique.

The main goal of the present paper is to investigate the counterpart in dimension 2 and for large initial
data of Zhang’s result recalled just above: we want to establish a global well-posedness result for general
divergence-free velocity fields uo with critical regularity of L2-type and densities po simply satisfying

ps :=essinf pg(x) > 0,
xeQ
. (0-9)
P i=esssup pp(x) < oo.
xeQ
According to [Abidi and Gui 2021], a good candidate to achieve the Lipschitz property within a critical
regularity framework of L2-type is the space 33,1- However, owing to the use of Fourier analysis
techniques, rather strong regularity assumptions on the density were made in that work. Here, since we
want to consider only bounded densities, we shall adopt a completely different approach. In fact, we shall
combine real interpolation and three levels of time decay estimates (corresponding to H~', L2, and H'
data, respectively) for a linearized version of (INS) that can be obtained just by energy arguments and
basic properties of the Stokes system, so as to work out a space for u¢ that coincides with 33,1 if pg is
smooth (but that might depend on it if it is not). The overall strategy is so robust that it can be adapted to
other systems.

The rest of the paper is structured as follows: in the next section we state our main results and explain
the key steps of the proof. Then, in Section 2, we establish a first family of time decay estimates pertaining
to the case where u is just in L? and construct corresponding global finite energy weak solutions for (INS).
Section 3 is devoted to proving more a priori decay estimates. The final goal is to establish that, under
a slightly stronger assumption on the initial velocity very close to the regularity Bgl, the Lipschitz
property (0-8) is satisfied. Finally, we establish in Section 4 the existence and uniqueness of a solution
under this assumption, assuming only (0-9) and that the velocity belongs to the aforementioned space.
The same method also provides stability estimates for the flow map in the energy space.

Notation. In the rest of the paper, Q2 will be either a C 2 pounded domain of R2, a two-dimensional torus,
or R2. It will be convenient to use the same notation H *(2) to designate:

o the classical homogeneous Sobolev space if 2 = R?,

« the subset of functions of H® with mean value 0 if Q = T2,
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o the space Hj(£2) (that is the completion of C2°(€2) for the H* (R?) norm) if € is a bounded domain
and s € [0, 1],

e the dual of HO_S(Q) if € is a bounded domain and s € [—1, O].
We designate by L2 () the set of divergence-free vector fields with coefficients in L2(£2) (such that
ug-n =0 at Q2 in the bounded domain case, with n being the unit exterior normal vector to d€2), and

denote by P the orthogonal projector from L?(2; R?) to L2 ().
For any normed space X, Lebesgue index g € [1, o], and time T € [0, co], we shall define

Izllze x) == ” ”Z(t)”XHLq(O,T)’

omitting T if it is co. In the case where z has several components in X, we keep the same notation for
the norm.

As usual, C designates harmless positive real numbers, and we shall often write A < B instead of
A < CB. To emphasize the dependency with respect to parameters ay, . .., a,, we adopt the notation
Ca,,...a,- The notation C, , stands for various “constants” that only depend (algebraically) on the
infimum and supremum of p and on “energy-like”” norms of v, that is, on norms that could be eventually
bounded by |luo|| 2 if (p, v) were a solution to (INS). Obvious examples are ||v||zo(z2) O [VV|l 1212
(remember (0-3)) but also [|v|| +(z4) (use (0-7)) and so on.

1. Results and strategy

The first step is to exhibit time decay estimates for finite energy solutions. More precisely, we shall
establish the following statement.

Theorem 1.1. Let ug be in L?, () and pg satisfy (0-9). Then, (INS) supplemented with (0-2) admits a
global solution (p, u, P) satisfying (0-4) (and (0-5) if Q =T?), u € L*°(Ry; L2), Vu € L*(Ry x ),

and

1 ' 1
§||<ﬁu)<r>||iz+u/0 IVulgzdr < Sl/pouollza. 1> 0. (1-1)

Furthermore, there exists a constant C depending only on 2, p., and p* such that, for all t > 0, we have

IVEu(@) |2 < Cut) ™ lluoll2 fork=0,1,2,
V5 g, ) (1)1 12 < C(ut) 2 ugll 2 fork=0,1,
VP2 < Ct Huoll 12,

where u denotes the convective derivative of u; that is, u := u; +u - Vu.
Two remarks are in order:

» The constructed solutions satisfy more time decay estimates: see (2-11), (2-21), (2-26), Proposition 3.1
with s = 0, and Proposition 3.2 with p = 2.
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» As pointed out in [Danchin et al. 2024] for H(} (£2) initial velocities, exponential time decay estimates
hold if €2 is bounded. Following the proof of Lemma 5 therein, one can show that there exists a positive
constant cq depending only on €2 such that,

forall t € Ry, [[(V/pu)(D)llz2 < e H/*" | /pouol 2.

From this inequality, one can deduce exponential decay for
N2 ull 2y N2V 2, and e TERVER .

However, as exponential decay does not hold if 2 = R? and since we strive for a unified approach, we
refrain from tracking it in the rest of the paper to simplify the presentation.

As underlined in the Introduction, in order to establish the uniqueness of solutions, we need a functional
space that ensures (0-8). At the same time, we want our functional framework to be critical, to allow
any initial density just bounded and bounded away from zero, and to be strongly related to the energy
space L2. Note that Theorem 1.1 ensures that Vu belongs to the weak L' space for the time variable with
values in the Sobolev space H'. This latter space “almost” embeds in L>. A classical way to improve
embeddings is to work out a space by means of real interpolation with second parameter equal to 1.
In our context, since energy arguments play an important role, it is natural to interpolate from Sobolev
spaces and to consider”

[H™*, H*l1)21 for some s € (0, 1). (1-2)

This definition gives the Besov space Bg’ | (independently of the value of s).
Let us briefly explain why in the simpler situation where u is the solution of the free heat equation in
R2, supplemented with initial data ug in 33,1’ we do have (0-8). We start from the two inequalities

s/2

t|Vu(t)|| = < C min(t S ug |l ), (1-3)

luoll gs» ¢
which may be easily derived by using the explicit formula for u in the Fourier space.

Then, we use the characterization of real interpolation spaces in terms of atomic decomposition like
in, e.g., [Lions and Peetre 1964]. In our setting, it reads z € Bg , if and only if there exists a sequence
(zj)jez of H*NH* satisfying

—j/2 /2
e=Y 'z and Y Q7P|gllgs +272Nzl ) < oo
jez jez
The infimum of the above sum on all admissible decompositions of z defines a norm on Bg |- Now, take
the decomposition

o=y uoj, with D @7 luo il g + 27w jll ) < 2luoll g+ (1-4)
Jjez jez

30ne could prefer to interpolate between Lebesgue spaces and consider the velocity in the Lorentz space L%, However we
do not know how to handle (INS) in this space. The reader is referred to [Danchin 2024] where the space L21 is used for solving
the two-dimensional system for pressureless gases.



1238 RAPHAEL DANCHIN

and solve all the heat equations
()i —Auj =0, ujli=0o=nuo,;j.

As the heat equation is linear, we have u =} ; u;, and thus

(o.¢] (o.¢]
/ V|| dt < Z/ V|| oo dt. (1-5)
0 0

jez

Now, for every j in Z and A; > 0, we have, due to (1-3),

00 Aj 00
f ||Vu]||Loodt§/ ||VMJ||Loodl+/ ||Vu]||Lood[
0 0 i

Aj

PR * s
S ||“0,J||H-v/ ¢/ dt‘f‘”MO,j”H—s/ 1152 gy
0

j
< Mol s A3 + lluo 1l s A2
Hence, choosing A; = 27J/5 and remembering (1-4) and (1-5) gives (0-8) (globally in time).

This “dynamic interpolation approach” has been used before by T. Hmidi and S. Keraani [2008] for
the transport equation and by Zhang [2020] for the velocity equation of (INS) (in dimension 3 and for
small velocities). In both cases however, the initial data was decomposed according to a Littlewood—Paley
decomposition. The additional flexibility that consists here in using general atomic decompositions
enables us to do without Fourier analysis and to treat general domains.

As our aim is to prove (0-8) for (INS), we have to consider instead of the heat equation a linear system

which captures both the effects of the density and of the convection. To this end, we consider

(pu); +diviv@u) — Au+VP =0 inR, xQ,
divu =0 in Ry x €, (1-6)
uly=0 = uo in Q,

where the (smooth enough) triplet (p, v, ug) is given with p bounded and bounded away from zero,
pr +div(pv) =0, divv=0, and v|yn=0. (1-7)

Clearly, if we succeed in proving (1-3) for (1-6) with a constant that only depends on p,, p*, and on
energy-like norms of v, then repeating the above dynamic interpolation procedure will yield (0-8) for the
solutions of (1-6) supplemented with initial data in Bg,p and then for (INS) if taking v = u.

The way to get (1-3) is to prove beforehand three families of time weighted estimates for (1-6)
corresponding to initial data uq in L2, H', and H ™', respectively. The estimate in H ' will be obtained
by duality from the estimate in H'. This will lead us to consider the backward system associated with (1-6),
and it is rather ||P(pu)(t)| g-1 and, more generally, || P(pou)(t)|| 5z-s for s € (0, 1) that can be estimated.
In the end, combining the three families of inequalities with suitable Gagliardo—Nirenberg inequalities
yields, instead of (1-3),

S Nuoll s, t 2P oo | g—s)- (1-8)

Above, C, , only depends on p,, p*, and on energy-like norms of v.

HIVu@)lle < Cp v min(z



GLOBAL WELL-POSEDNESS FOR TWO-DIMENSIONAL INHOMOGENEOUS NAVIER-STOKES EQUATIONS 1239

As a consequence, the suitable interpolation space to carry out our dynamic interpolation procedure
for (1-6) is the one that is given in the following definition.

Definition 1.2. Let s be in (0, 1) and a be a measurable function on 2 with positive lower bound. We
denote by BSJT(Q) the set of vector fields z in L(Zf (€2) such that there exists a sequence (z;)jez of L(Z7 ()
satisfying:

* 2= ;77 in the sense of distributions,

e for all j € Z, we have P(azj) € H™*(2) and z; € H*(£2),

o Yz Nzjll g + 272 Pazj) | ) s finite.
The infimum on all admissible decompositions of z defines a norm on Bg:‘i(Q).

Let us highlight a few properties of these spaces.
. (BO’S(Q))SG(O 1) is a family of nested Banach spaces: if 0 < s’ < s < 1, then BO’S(Q) > BO’S/(Q)

» Owing to (1-2), if a is a positive constant, then B 1 is nothing other than 32 1» and if a has a positive
lower bound a,, then it embeds in L?. Indeed, decomposmg zZ€ B 1 T according to Definition 1.2 and
using the fact that P is an L? orthogonal projector, one may write, for all j e Z,

Izll3, <a;" /Q Plaz;)-zjdx < a; ' Q72| Pazp)ll g-12) Q72 zj g2, (1-9)

which implies, by Young’s inequality, that

2 = Z|| 5o
lzllz 2\/—II 50

e If a is bounded and s = 2/p — 1 for some p € (1, 2), then the critical Besov space

“142
Bp TP =L, W2 T2

is embedded in B . Indeed, if z € B 1+2/ P then there exists a sequence (z;)jez of the nonhomoge-
neous Sobolev space Wgs such that

Z:ZZJ- and 2(2_]/2”Z1HW§Y +2]/2||Z]||LP) §2||Z||B,:ll+2/p.
jezZ jez
Now, the fact that P : L? — L? and the embeddings WI%“ > H* and L? — H~* allow us to write

Izl s = Clizj Il and [[Pazp)ll - = ClIPazplir = Cllallz=lizjlize,

which gives our claim.

» For general measurable functions @ bounded and bounded away from zero, the space Bgi might depend
on s. However, in the case s € (O, %), if a is positive and piecewise constant along a finite number of
Lipschitz curves, then it coincides with 321' Indeed, in this case the space H ™ is stable by multiplication
by piecewise constant functions.

Our main global existence and uniqueness statement reads as follows.
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Theorem 1.3. Let py satisfy (0-9) and ug be in Eg(’)‘fl for some s € (0, 1). Then, (INS) supplemented
with (0-2) admits a unique global solution (p, u, V P) satisfying all the properties stated in Theorem 1.1
(and the remarks that follow) and the energy balance (0-3). In addition, we have

ueCRy:L?, Vuel' Ry CoNnHY, i@, VP, Vu) e LY (R, LY
and, forallt € Ry, we have u(t) € E,%(i),l with the inequality
t 50,5 < C 0.5 . 1‘10
lu(@lzo: < Cluolzos (1-10)

Remark 1.4. As a by-product of the proof of the uniqueness, we get a stability result with respect to the
initial data in the energy space (see Theorem 4.2 below).

Remark 1.5. Owing to Vu € L' (R, ; C,(S2)), the flow of u has C' regularity with respect to the space
variable, which means that the geometrical structures of the fluid during the evolution are conserved. For
example, if po takes two different positive values across a C! interface, then it remains so forever: the
interface is just transported by the flow and keeps its C! regularity. Likewise, the (local) H? regularity of
the interfaces is preserved since V2u e LY (Ry; L2(Q)).

Remark 1.6. As said before, for Q = R, a result in the same spirit has been obtained by Zhang [2020]
in the small velocity case; see also [Danchin and Wang 2023]. An important difference with our situation
is that, in dimension 3, the critical space for the velocity is le/ 12 =[L?, H R /2,1 Hence, it is enough
to prove time weighted energy estimates in L2 and H', and the relevant critical space for uq does not
depend on pg.

To simplify the presentation, we assume hereafter that s = % We use the short notation Ego , for Eg(’)ll/ 2,

Let us briefly present the main steps of the proof of Theorem 1.3. The global existence of a solution
being ensured by prior results, the main point is to exhibit enough regularity of the solution to ensure
uniqueness. As already explained at length in the Introduction, the key is to establish (0-8), and this will
be actually performed on the linear system (1-6).

The first step is to prove energy-type weighted estimates for (1-6) that require only u to be in L?
and the density to be bounded and bounded away from zero. The three principles guiding our search for
estimates are:

o taking convective derivatives D, := 9, + v - V (since D;p = 0) rather than space derivatives, since p
has no regularity,

« using differential operators </tV, t9,, and D, (that are of order 0 in the parabolic scaling),

« transferring time regularity to space regularity by means of the maximal regularity properties of the
Stokes system (see the Appendix), observing that

UuAu—VP=pu and divu=0 inQ, witha:=0du-+v--Vu. (1-11)

In the end, this allows us to control quantities like ||/t Vu(t)| 2, |1t3;u(t)| 2, |[ti(t)|| 2, or £V 2u(t) 72
in terms of ||ug||;2, p«, p*, and energy-like norms of v.
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The second step is to propagate the H' and the H~! norms. On the one hand, H' estimates for (INS)
have been known since [Ladyzhenskaya and Solonnikov 1975] (we shall also derive time weighted
versions of these estimates). On the other hand, propagating negative Sobolev regularity seems to be new.
This will be achieved by duality after observing that the backward system associated with (1-6) satisfies the
same family of estimates in H*. However, owing to the density dependent structure of the latter system, we
will have only access to || P(pu)(t)|| 5, whence the “weighted” definition of the interpolation space Eg’j.

The third step is devoted to propagating the regularity §2’1 and to bounding Vu in L'(R;; L™) in
terms of the data only. In passing, we exhibit some controls of other critical norms (like, e.g., that of i in
L'(R,; L?)) that will be needed in the proof of uniqueness and stability. All these bounds rely on the
dynamic interpolation method that has been described above for the heat equation. In the end, we get

00 00 00 i3 3/4
IVullpe dt + [ Nl 2 dt + 2Pa| " dr) < Clluollzo -
0 0 0 L ro-!

The fourth step is the proof of existence of a global solution corresponding to the assumptions of
Theorems 1.1 or 1.3. For Theorem 1.1, the overall strategy is standard: we smooth out the data, resort to
classical results that ensure the existence of a sequence of global smooth solutions for (INS), and use the
aforementioned estimates and compactness to pass to the limit. For Theorem 1.3, it is a bit the same,
except that one has to be careful when smoothing out the velocity, owing to the “exotic” definition of the
space 520,1- The easiest way is to truncate a decomposition of ug so as to have an approximate initial
velocity in the smoother space H'/2.

The last step is devoted to uniqueness and stability for (INS). As in [Danchin and Mucha 2019], we
reformulate (INS) in Lagrangian coordinates. The properties of the solutions provided by Theorem 1.3, in
particular (0-8), ensure that the two formulations are equivalent. The gain is that we do not have to worry
about the density as it is time-independent. As for the difference of the two velocities in Lagrangian
coordinates, it satisfies a parabolic-type equation and may be estimated in

L®([Ry; LN L*(Ry; HY).

The computations are in the spirit of those of [Danchin et al. 2024]. However, in our case the velocity is
less regular by one derivative, which requires some care.

As a concluding remark, we want to point out that, in contrast with numerous recent works dedicated to
the inhomogeneous incompressible Navier—Stokes equations, our approach does not use Fourier analysis
at all. It just relies on very basic energy arguments, interpolation, embedding, and on the classical
regularity theory for the Stokes system (this is the only place where some assumptions have to be made on
the fluid domain). For simplicity here we considered R?, T2, or C? bounded domains, but more general
domains could be treated in the same way.

Hereafter we shall focus on the case ;1 = 1 for simplicity. The general case follows due to the rescaling
p(t, x) = p(ut, x),
u(t, x) = pu(ut, x),
P(t, x):= u?P(ut, x).
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2. Weak solutions with time decay

This section is devoted to proving Theorem 1.1: we here construct finite energy weak solutions satisfying
algebraic time decay estimates of different orders, without requiring more regularity on u than L2. The
exponential decay that can be expected in the bounded domain case (see [Danchin et al. 2024]), is not
addressed to simplify the presentation, as it is not needed for achieving the main result of the paper.

2.1. Time decay estimates for the linearized momentum equation. We here aim at proving time weighted
energy estimates for the linear system (1-6) in the case where the (smooth enough) given pair (p, v)
satisfies (1-7) and

= inf t,x) >0,
P (t,x)€R+pr( )
. 2-1)
p = sup p(t,x) <oo.
(1,x)eRy xQ

System (1-6) is supplemented with a divergence-free initial velocity field uq, vanishing at the boundary in
the bounded domain case and, in the torus case, such that

/ (pouo)(x) dx = 0.
T2

This latter assumption is not restrictive owing to the Galilean invariance of the system and will enable us
to use freely the Gagliardo—Nirenberg inequality (A-2).

We aim at proving energy estimates for the solution with time weights t*/2 for k € {0, 1, 2, 3}. We
strive for bounds depending only on p., 0*, |uogll 2, and on energy-type norms of v in the meaning
given at the end of the Introduction of the paper. This latter point is fundamental for getting not only
Theorem 1.1 but also Theorem 1.3.

Before proceeding, let us warn the reader that we unfortunately did not find a way to avoid the tedious
calculations that will follow, since it is has to be checked with the greatest care that only “energy-type
norms” come into play.

The basic energy balance. Taking the L? scalar product of (1-6) with u yields

1d
5 37 IWPulz: + IV ullz, =0, (2-2)
From this, we get, forall t e R,
t
Mvﬁmam;+2/|wm@nh=nvﬂww;. (2-3)
0

As p, > 0, combining (2-3) with the Gagliardo—Nirenberg inequality (A-1) recalled in the Appendix
yields, for all 2 < p < o0,

(2-4)

- o1 1 1
lullzown < Cpp P I/pottoll 2 with 4= = 3.
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Estimates with weight /t. Let us rewrite (1-6) as
Au—VP=pu and divu=0 inQ, withu:=u,+v-Vu. (2-5)
Taking the L?(£2; R?) scalar product of (2-5) with ¢i yields, for all > 0,
/ pt|i|? dx :r/ Au-utdx—t/ VP-utdx—l-t/(Au—VP)-(v-Vu)dx.
Q Q Q Q

As divu = 0, integrating by parts and using again (2-5) yields

1d

34 t|Vu| dx — = /|Vu| dx—l—/ptlul dx_/,otu (v-Vu)dx. (2-6)

Remembering (2-2) and performing a time integration, we get, for all ¢ > 0,

t
1/ p(z)|u(z)|2dx+5/|Vu(t)|2dx+// tpli)? dx dt
4 Q 2 Q 0JQ

t
:lf p0|u0|2dx+// o~ (- Vu)ydxdr. (2-7)
4 Q 0JQ

Of course, since u; = i — v - Vu, one can write

Hpuzs < 3ol + Slv/ov - Va2,

Hence, adding up this inequality multiplied by ¢ with (2-7) and using Young’s inequality to bound the
last term of (2-7), we discover that

IV pOu@7. +2IV1Vu @)}, +/ (IV/pTill72 + IVpTull7.) de
< ll/Aouol + 6/ IVT- Vuldr. (28)
Combining Holder’s inequality, Ladyzhenskaya’s inequality (0-7), and Young’s inequality yields
2 € o2 2 4 P 4 2
I/pv: Vulifs < IVl + VAU Vul e, 6> 0, (2-9)
and taking advantage of the regularity theory of the Stokes system (recalled in the Appendix) gives

IV2ull3, + IV P35, < Cap*ll/pill; . (2-10)

Hence, choosing ¢ > 0 suitably small in (2-9), using (2-10), then reverting to (2-8) and applying Gronwall’s
lemma allows us to conclude that there exist positive constants cg and Cg, depending only on €2, such that

t
X1(1) < l/pouoll7.e“1”,  with CY (1) := Cqp* f Ivpvl;adr, (2-11)
0

where

Xi0:= [ (SO +20VIVu)|2+ f (||¢p—w||L2+||\/mf||L2+ IVE (V. VP>||L2) dr.
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Estimates with weight t. Applying 9, to (1-6) gives
puy + pv-Vu, — Auy + VP = —pii — pv; - V. (2-12)
As divu, = 0, testing (2-12) by %u, then observing that
o = —div(pv) and |u,> = i|> =2 - (v-Vu)+|v- Vul?
gives, after performing a few integration by parts,

1d ,0t2|u,|2dx+f t2|Vu,|2dx:/ tp|u|2dx—2/ ptit~(v-Vu)dx—|—/ tolv-Vu|*dx
2dr Jg Q Q Q Q
+/ 2 div(pv)i - u; dx—/ 2p(v; - Vu) - u; dx.
Q Q
Adding up twice (2-2) and (2-6) to this latter inequality, we obtain

12 )
LA ol +01vul? + 22 ) dx + | qVul + ptla + 21V, ) dx

=/,0t|v-Vu|2dx—|—/t2div(,0v)b't-utdx—/tz,o(v,-Vu)-utdx =L+L+15 (2-13)
Q Q Q

Thanks to (2-9), (2-10) and Young’s inequality, we have

I < 3IW/ptil7: + Co /Pl llVTVul . (2-14)

For the term I, an integration by parts yields

12=—/ tz(pv-Vb't)-utdx—/ ?(pv-Vu,) -idx =: Iy + Ip.
Q Q

By (0-7), Holder’s and Young’s inequalities, and (2-1), we have, for some constant C depending only on

10*9 p*s and Qv
. 1/2 1/2
Dby < ClleVidl| 2 ll/poll e lltue | 5 1 Ve s
< S UEVu 2, + 16Vill32) + Cllv/pvlls < ll/ptudl 3. (2-15)
The same arguments lead to
Iy < 151t Vug 172+ [ Vill7.) + Cll/pvll 1 all/ptil 7. (2-16)

For I3, one has, still owing to Holder’s and Young’s inequalities and (A-1) or (A-2),
I < Vot vl 2 lt/p ugll g4IV Vul s
< S1eVu 21 Vull 2 + ClIptvll7 E/pu | 211V | 2. (2-17)

Hence, inserting (2-14)—(2-17) in (2-13) gives
d . .
(I/pull7 > + IVeVullZ + i/otuds,) + SAVullZ, + 1ot + 1t Vu|l3.) — S Vi3,
dt

S IVPvllT /ot Gy ud) 132 + IVEVull3 ) + Vot vell 7ol /oull 211t V2ull 2. (2-18)
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To close the estimate, we have to bound || /pti]| .2, ||tV2u||Lz, and ||#Vit|| ;2. For the first two terms,
one may use (0-7), (2-10) and the definition of # to get

1/2 1/2
16 (V2u, VP)Il 2 < Ca(Wp llt/Pusll 2 + ot 4ol L IV Vull 2 10V 2ull )

< 21tV2ull 2 + Co(Wo*llt/pudll 2 + Lot I3 4 V1 Vull 12).
This, in the end, implies that

cQ
/p*

Finally, from the definition of i, Holder’s inequality and (0-7), we may write

1 .
WPt + —=11V2u, Y Pl 2 < C(le/pull 2 + I Il IV Val 2). (2-19)

16Vl 2 < eVuell 2 + 116V -Vl g2 + v - V| 2

1/2 1/2 .0 1/2 .0 1/2
< Vgl 2 + INEVOl L I Vul S V2l 5+ Cllol g el )5 e vl 2
which implies that
16Vl 2 < 20t Vugll 2 + LIVull 2 + CUAVTVOIR Va2 + [l ll/ptill 2).- (2-20)

Let us set

1 1 . cQ
Xa(t) = WP (O3 + IVIVuOIL: + 71tz + g /ot +=Cl (Vo VP

1 , ,
+ ¢ / (IVuliz + I/PTill T, + 7 Vue iz + Vil z,) dr.
0

Integrating (2-18) on [0, 7], taking advantage of (2-19) and (2-20), and then, finally, using Gronwall’s
lemma, we conclude that there exists a constant C depending only on €2, p,, and p* such that

2 CU
Xa(t) < lluol3,e42?,

t
with C3 (1) :=C< sup (|7 v(@) 7.+ f (||ﬁv||i4+||ﬁVv||i4+||~/_prvf||iz)dr>. (2-21)
0

€[0,1]
Estimates with weight 32, Let D, := 8, +v-V and ii := D,ii. We have*
pii—Ali+VP=F:=Vv-VP—Av-Vu—2V%u-Vu. (2-22)
Taking the L?(2; R?) scalar product with £3ii, we readily get
1d 3 2
5 g 1PV + 162 piil 7 = SN Vil ga + ) i, (2-23)

i=1

with
Ji ::/ Au-(Bv-Viydx, Jp:= —f VP (v (Vv-Vu))dx,
Q Q

5 :=/ VP (v -Vu)dx, I :=/ VP (v -(v-Viu))dx, Js :=/ F-tiidx.
Q Q Q

4Here we use the notation (VZu - Vv)/ := Zl<j k<d 8kvj 0; Bkui.
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For any ¢ > 0, the terms J; through Js may be bounded as follows by combining Holder’s inequality,
Young’s inequality, and (A-1) with p =4 or p = 6 (and (A-4) for J4):

i < 1220 vl 18V | s
< ellt3V2)2, + Collvll3 1132V 2,,
Jo < P2V P 2160l s VTVl Lol OV u| 1o
. 1/3 2/3
< CIP32V P 211t s IVl Lo VTV a5 V2l
. 2/3 4/3
< ellrPVPI2, + Collt oul2 VTV VTVl 75 1Vl )
J3 < 132V P 2 lltvg || el Vu | 4
<ellt3PVPIE, + Celitvllfalle A Vul2, + (112 V2u)2,,
Jo < 1PV P 21t o3 611870V 1o
. .. 1/3 .,2/3
< CIPPPVP| 2N vl ptall 5 1152 Vi 3,
<el|PVPI, + CellW/ptill;, + Cellt /o086 182 Vi3,
. C
Js < ellt? /piill3, + p—inﬁ/aniz.

Thanks to Holder’s inequality, (0-7), and (A-4), we have
12 FI: < IVEVullgalle (VP V2u) s+ 1t V20l VTVl 7
SIVIVUIL VPt 2102 Vi 2+ 10Vl LIV Val 2V VPl 2
SVt 7, + IVEV2uls, + VeVl 32 Vil 7, + 11Vl 3.V Vull7..
To close the estimates, we need to bound
32VP and *?V%i in L*(R; x Q).
Now, we observe that the couple (i, V P) satisfies the inhomogeneous Stokes system
—Alu+VP=F—pii and divi=Tr(Vv-Vu) inQ, (2-24)

with boundary condition i|yq = 0 if Q is a bounded domain, i(7) — 0 at infinity (due to i(r) € L* for
all 7 > 0) in the case Q = R?, and

/ pindx =0 if Q=T2.
T2
Hence, applying (A-4) with p =2 guarantees that

IV2i, VP12, SIFN7, + 1piill 3, + 1IV20 ® Vull3, + | Vv ® Vul[7,. (2-25)
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The last two terms are parts of F. Hence bounding ||#3/2F||,2 as above and putting this together with the
previous inequalities, we conclude after time integration that

t
X5(0) 1= 1PV + / 122 (Jpii, VB, Vi) |2 de
0
t
< / Uvllfa+ 1T %18 + I 2Vl s DT Vi3, dt
0
t t
+ / I'2V2u, /pTill?, dt + / (ltvellys + TVl 30T Vul?, dr
0 0

+/Ot 1T /012 IVT VI VT Vull 35 1o VPul 5 dT
After using Gronwall’s lemma and the inequalities of the previous steps, we get
X3(t) < Cllugl7,e5®,
with C3 (1) := Cfot(nvn‘; + A+ DI s + 1T 01 + 1T Vol
T Pl T+ 1T 2Vl s+ 1TVl e + llTvell]s) dT. (2-26)

2.2. The proof of Theorem 1.1. Let us fix some data (po, o) such that ug € L? and 0 < p, < py < p* < 00.
Then we smooth out the velocity so as to get a sequence (ug),en of H I divergence-free vector fields
(vanishing at 92 in the bounded domain case) that converges strongly to ug in L?. It is known (see
[Danchin and Mucha 2019] for the bounded domain or torus cases and [Paicu et al. 2013] for the R?
case) that such data generate a unique global solution (p”, u”, V P") with relatively smooth velocity.
In particular, the computations leading to the estimates of the previous subsection may be justified for
p=p" u=v=u", and we get, for all > 0 for some constant depending only on p,, p*, and 2,

t
Xg@) = (V" u) ()7, +2 / IVu" 172 dt < lI/Poull2 (2-27)
0
t
X1 (@) < 1/pougl7.e51Y,  with C} (1) :=C f |74 d., (2-28)
0

X5(0) < IVpougliye=?,
with C3 (1) :=C( sup ||z 4u" (0l + /(Ilu I e + VTV [+ I/Tu? ||L2>dr) (2-29)
7€[0,7]
X5(t) < Cllug?,e5,

t
with C% (1) :=C/ (L + I A" 150136 + 1T 0u™ 1S + VT V" (13
0

+ 1T 2R3, 4 Hlu”, < VU, VR ||y ) dT. (2-30)

Above, X J" for j € {1, 2, 3} are the quantities defined in (2-11), (2-21), and (2-26), respectively, pertaining
to (o, u", VP").
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The fundamental point is that all the norms coming into play in C{, C7, and C5 may be bounded by
means of M := sup,y lugll 2, px, and p*. For C{, this just stems from (2-4) with p = 4. Hence we
have, for some Cy; := C(py, p*, M),

sup X7 (t) < Cuy.

IER+

Combining with (0-7) and (2-27), we thus get

sup 14" (O 76 S 1" 17 0 12 INTVU o0 12y S MPCiyt, (2-31)
teR4
VIV a0y S IVEVU G o) 1NV 12 2y S Cips (2-32)
IVotu 1722y S Cu (2-33)

whence, remembering (2-29), we have, up to a change of Cyy,
X5(t) <Cpy forallt>0.

Finally, one has to bound the terms of C% independently of n. Let us just treat the third term as an
example. We write that, owing to (A-1) with p =6,

oo oo
1/6 6 2 2 2
f e /u 6 dr / AN A AN s
0 0

2 2 2 4
<" 17 ooy IVEVE G o 12 IV 17212y S MPCi.

As a conclusion, we deduce that there exists a constant, still denoted by Cjy, such that, for all n € N, we
have
sup (Xo (1) + X7 (1) + X5() + X5(1)) < Cpy.

teRy

Regarding the density, the divergence-free property of u” clearly ensures that,
forallneN, forallt e Ry, p.<p"()<p®*.

At this point, arguing as in the classical proofs of global existence of weak solutions for (INS) (see, e.g.,
[Boyer and Fabrie 2013; Lions 1996]), one can conclude that (p", u", V P"),cn converges weakly, up to
a subsequence, to a global distributional solution of (INS) satisfying not only (2-1) and the usual energy
inequality (0-3), but also

sup (X1 (1) + X2(t) + X3()) < Cp, p*lluoll -

Z‘ER+

3. More decay estimates

The goal of this section is to prove that the solutions to the linearized momentum equation (1-6), with p
satisfying (2-1) and v verifying the regularity properties listed in Theorem 1.1 supplemented with
divergence-free ug in 520’1, satisfy (0-8). Achieving this requires several steps. The cornerstones are
estimates in H' and H~! for the solution to (1-6) (in addition to the estimates that have been proved
hitherto) and the interpolation method that has been described in Section 1.
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3.1. A priori estimates involving H! regularity of uy. In this section, we consider system (1-6) with
some source term g. Our aim is to prove estimates of u in H' in terms of Vugy € L? and gin L%(L?).
Considering here a source term will be needed when proving estimates in H~' by means of a duality
method.

Buasic estimates in H'. Let f := g/p. Taking the L? scalar product of the first line of (1-6) with u; yields,

after integrating by parts in the term with Au,
1d
m||w||iz+||\/ﬁut||iz=/ VA = v Vu) - (Jpuy) dx. (3-1)
Q

By virtue of Young’s and Holder’s inequality, we have
1
f VP =v-Vu) - (Vour) dx < Sl/pudllp + Vo f 172+ Ivov- Vullz.
Q

Since & = u; + v - Vu, we may write

IVpillL2 < Iv/purll2 + lIv/pv - Vull 2.

Remembering (2-9), this yields, for some constant cg depending only on €2,
d 1 . cQ
a7Vl g IV/P e DI + TNV, VPIL < 41VPF 17 (3-2)

In the end, combining with Gronwall’s lemma and remembering that f = g/p, we get

1 ([’ . ca ('
||Vu<z>||iz+zf ||ﬁ<ut,u)||izdr+5/ IV2u, VP, d7
0 0

8

2
S dr). (3-3)
Vol

Decay estimates with weight «/t. Assuming in the rest of this section that g = 0, we proceed as when

Co* [ I yBull, dr > Lot [E Al dv
<e L [Vuoll;.+4 | e L
0

proving (2-21) except that we take the L? scalar product of (2-12) with tu;, instead of #2u;,. In this way,

we get
1d N 1 AL NPT
3dr l Pl‘ut||Lz+§|| ully2 ) +IIVtVuelly,

=/tdiv(,ov)iru,dx—/t,o(v,-Vu)-u,dx—/ p(-Vu) -usdx. (3-4)
Q Q Q

Combining (A-1), Young’s inequality, and (2-9) gives

1 cQ
—2/ p(v-Vu)-u,dx < |l /pull3, + Envzuniz + Co*ll/pvll I Vul7,.
Q

Hence, adding half (3-2) to (3-4) yields
1d

1 .
5 27 VPt + 1Vl 72 + IVEVu iz + 2 IV/p e, i)l + cal Viu, VP

< C||ﬁv||i4||Vu||i2 —I—f tdiv(pv)i - u; dx —/ to(vy-Vu) -u;dx.  (3-5)
Q Q
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We integrate by parts in the second term of the right-hand side, which gives
/Qtdiv(pv)it Uy dx = —fg t(pv-Vit) -u, dx — /Q t(pv-Vu,)-udx.
The two integrals may be handled as when proving (2-21). We get
/Q div(pw)ic - up dx < L IIVEVIL, V)12 + Clly/olld /T, w) .
To bound the last term of (3-5), we proceed as follows (for all ¢ > 0):

/ tp(v; - Vu) -ugdx < ||/ progll 2l ptul L[Vl 4
Q

< el V2ull2, + ellViVull3, + Cellv/ptv 12 [1v/ptul 2| Vull 2.
From the definition of & and (2-10), it is easy to get

IVE(Vu, VP, /pi)ll 2 < C(INptull 2+ I/pvl 7a VTVl 12). (3-6)
By Holder’s inequality, (A-1), and (A-4) with p = 4, we also notice that

. 1/2 1/2 . 1/2 . 1/2
VTVl 2 — VTVl 2 S VIVl Val IVl 3+ ol sl ol Vvl

which implies that
VTVl 2 < 20VEVu 2 4+ $1V2ull 2 + CUVEVIE I Val 2 + ]34 l/ptill ).

Inserting all the above inequalities in (3-5) then using Gronwall’s lemma and (2-11), we discover that

~ ~ t
Yi(t) < I Vuol7,e1?”,  with C{ (1) :=C f (VT Vv, vll]s + Iv/pTvclI32) dx, (3-7)
0
where

. cQ
Yi(t) := I/t (e, )13, + | Vull, + ;u«/?(vzu, VP)II3,

t
. . cQ
+ / (uﬁ(w,, Vi) |72+ IV/p . D7 + - CIVin, wniz) dr.
0

Decay estimates with weight t. Still assuming f = 0, we now take the L? scalar product of (2-22) with
tD;(tit) and get

1d . . . . . . .
LNV + IVBD il = [ GF =198+ piy- Dittidx + [ AGwi)-(0- Vit d.
Q Q
Hence, for all ¢ > 0,
1d . .
IV @) 17 + I/ D i) |17

2dr .
. . 1 . . tF—tVP
< e(IVAi)lIz. + IV/PD: (i) 1 72) + ;(uv VI + Ipilg + | ——=—

2
. 3-8
7 Lz) G-5)

To continue, we must estimate 7 P and V2. To this end, we recall inequality (2-25) and observe that

IVptiill2 < I/pDi (i)l 2 + /ol 2.
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Hence, taking ¢ small enough in (3-8) yields

IV @) 7. + I/oDy (ti), V(EP), V(ti) |3,
SIVpil, +1lv- VE |13, + 1tV ® Va3, + [t Vu @ Vo3, + [[tVu- VP71, (3-9)

We can bound the first term of the right-hand side according to (3-3). To bound the other terms, we have

. C . .
v V@a)liz, < 2l V7 +el Ve 3.
11V @ Vi, S 1Vl 7, (Va3 [ V2ul72)' 2,
1tV2u® Vo7, + [tV - VPII7, S IVE(V2u, VP)||7, IV Vvll7s.
Using regularity estimates for (2-5) and (0-7) yields

IVE(V2u, VP37, S Wil S llill g2 M1 Vit 2.
Hence

2 2 2 2 - . 12 4 12
11V2u @ Vol|7, + 11V - VP73, S IVEVullgallill 211Vl 2 S Nall7. 4+ IVeVol gl Vi3,

Plugging all these inequalities in (3-8), using (3-3), and integrating on [0, ¢] gives
Ya(r) = V(i) 72 + /0 BD (e, V(e ), V(i) |, d
< /0 t<||v||‘;4 + VTV T Vil2, dr + [ Va 26”0 i (14 o v2u)dy ).
At this stage, Gronwall’s lemma enables us to conclude
Ya(t) < C|Vuol22eG O, with C3(r) :=C /Ot lv, VTV, TV}, dz. (3-10)

Estimates in H* for s € (0,1). If we denote by E the linear operator that associates to (ug, g) the
solution u to (1-6) on Ry x €2, then the previous inequalities (2-3) and (3-3) and the fact that the norms
in L2(p dx) or L?(dx) are equivalent (recall (0-4)) ensure that

o Emaps L2(Q) x L2 (Ry; H1(Q)) to L®(Ry; L2(2)) N L2(R4; H'(Q)),
o Emaps H'(Q) x L2(Ry; L*(Q)) to L®°(Ry; H'(Q2)) N L2(R,; HX()).
Consequently, the complex interpolation theory ensures that, for all s € [0, 1],
E:H (Q) x L*(Ry: H7'(Q) » LRy H () N L*(Ry: HT(Q)),
with, for some constant C,, depending only on p, and p*, we have the bound
2 T Csp* [y /Pl dr 2 T
sup )l +/ l s, dt < CpeS" 0 WPt (2. +/ Il di).  G-11)
1€[0,T] 0 0
For g =0, due to (2-21) and (3-10), for all ¢ > 0, the linear operator that associates to u( the function

tu(t) — with u being the solution to (1-6) with no source term — maps L?to L? and H' to H'. Hence it
maps H® to H® forall s € [0, 1], and we have

()] g5 < Ce® PO gl 4y forall £ > 0. (3-12)
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3.2. Estimates in negative Sobolev spaces. We here prove estimates for (1-6) in the case of initial data
in Sobolev space with negative regularity.

Data in H='. To estimate J/pu in L%(0, T x ), we consider the backward parabolic system

pwr+pv-Vw+ Aw+VQ = pu,
divw =0, (3-13)
wl=r =0.

By definition of w, we have

T T
f/u-(pu)dxdt:ffu-(,ow,—l—pv-Vw—f—Aw—f—VQ)dxdt.
0JQ 0JQ

Integrating by parts and remembering that d;p + div(pv) = 0 and divw = 0 yields

T T
//plulzdxdtz—//(pd—Au—i—VP)-wdxdt—i—/((,ou)(T)-w(T)—,oouo-w(O))dx.
0JQ 0JQ Q

As w(T) =0 and u satisfies (1-6), we conclude that

T
| ] ol axar == [ oo w©dx < lpwollz-1 19w O 2
0Ja Q
Adapting the proof of (3-3) to (3-13) yields

s T 4
2 dt 2
Vw2, < e o WPy U2 o 1

Hence we have

* T
PullL20,rxe) = llPotollg-1€ 0 S (3-14)
I 220, < g 0*/2) [y Il /pvl
In order to bound P (pu)(T) in H‘l, we start from
IP(ou) (T4 = sup / (ou)(T) - wr dx
lwrllz1=1J%
divw=0

and solve (3-13) with no source term and data wr at time t = 7. Hence,

T
O=//(pw,+pv-Vw+Aw+VQ)-udxdt
0JQ

T
=—//p(atu—l-v-Vu—Au)-wdxdt—l—/(p(T)u(T)-wT—,oouo-w(O))dx.
0JQ Q

Since u satisfies (1-6) and divw = 0, we get

/(,ou)(T)-wT dx=/ poug - w(0)dx. (3-15)
Q Q

As
* T 4
IVw(O) 2 < @720 IVPILadt Gy o,

we conclude that ,
* 4
1P (o) (Tl 1 < 1P (pouo) || gre P o IVPUILadr. (3-16)
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Estimates in H™* for s € (0, 1). We start from

IPou)(T)ll g =  sup / (ou)(T) - wr dx.
ng_rl\ysgl Q
1IVw=

Using (3-15), we get, for any divergence-free wy € H® with norm equal to 1,

< IP(oouo) Il s 1w O) | s »

/(,OM)(T) wr dx
Q

where w is the solution of (3-13) with no source term and data wy at time 7.
Keeping (3-11) in mind, we easily conclude that

x T 4
1Pou) (Tl s < CIP(pouo) |l gse /20" Jo IWPvILadT. (3-17)

3.3. More time decay estimates. In this section, we point out a number of time decay estimates for (1-6)
in Sobolev and Lebesgue spaces that may be deduced from what we proved hitherto and basic interpolation
results.

Sobolev decay estimates. These are summarized in the following proposition.
Proposition 3.1. The following estimates hold:

e Forany0 <s <2and0<s' <1, we have

Ul s < Cput =2 P(oouo) |l - > 0. (3-18)
e Forany0<s,s' <1,
ltws (O] s + 1280 || 35 < Cpo =2 P(pouo)l g—s 1 > O. (3-19)
e Forany(0) <s <1,
l2it(2), u ()| g1 < CeC2OFEEOL=D2) 00 (3-20)

1i(0), ur ()]l 2 < CeSFOFEO=C=92) (3-21)
lit(t)]l g5 < CeCHOTEO =210 (3-22)

Proof. The previous sections guarantee that
PV @) 2 < Cpolluoll2 fork=0,1,2, (3-23)
2V g, i) (D2 < Cpollull2 for k=0, 1. (3-24)

The key observation for proving (3-18) is that having the density bounded and bounded away from zero
ensures that

IP(o2)ll 2 ~ llzll2 forall z e L2. (3-25)

Indeed, since P is an L? orthogonal projector, we may write

1Pz < llpzlizz < p*lzll L2
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and

p*nzuizs/ p|z|2dx=/ P(pz)- 2 dx
Q Q

= P2 llzl L2

Inequality (3-18) in the case s’ = 0 thus follows from (3-23), with k = 0, 2, and complex interpolation. In
order to attain negative values of s’, we use again (3-25) then argue by duality as follows for all r > O:

IP(ou) ()]l 2 = sup f (ou)(t) - wdx = sup f potto - w(0) dx
IIWIIL5=l Q IIwIILg=l Q

=< IPCpouo)ll - sup w0l 5,

lwll,z=1

where w(0) stands for the solution at time ¢ = 0 of the backward Stokes system (3-13) with no source
term and data w at time ¢. Now, using the inequality we have just proved (that, obviously, also holds
for (3-13)), we discover that

_‘,/ 2
lw(0) |l g < Ct™5*||w]|2,
whence

lo@u)|l 2 < Ct="|P(oouo) |l ;- - (3-26)

Since inequality (3-23) is valid on any interval [fg, ¢] (if replacing ug by u(tp) and ¢ by t — 1y, of course),
one can assert that, for all s € [0, 2], we have

lu@llgs < Ct=2] (ou)(57) | 12

which, combined with (3-26) (at time %t) completes the proof of (3-18) forall0 <s <2and 0 <s' < 1.
Next, using (3-24), with k = 0, 1, and complex interpolation yields (3-19) for s’ =0 and all s € [0, 1].
Since the inequality also holds if ug is replaced with u ( %t), using again (3-26) yields the desired inequality
for all s' € [0, 1].
By the same token, combining the above result with the continuity properties resulting from inequalities
(2-26), (3-3), (3-7) and (3-10) gives the last three inequalities of the statement. The details are left to
the reader. Il

Decay estimates in Lebesgue spaces. Inequalities (3-23) and (3-24) also imply the following result.
Proposition 3.2. The following inequalities hold:
e Ifl < p<2<g <oothen
lu(@llzs + IV1Vu@®llza < Cp ot 97 llugll o (3-27)
e If 1 < p<2<gq < o0 then

£ G, up, Vi, VPY(O)| e < Cpot V7P ug)| Lo (3-28)
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Proof. Combining the Gagliardo—Nirenberg inequality (A-1) and (3-23) with k =0, 1, 2, it is easy to get
lu@llze + IVTVu@lle < Cput4= 2 llugll 2, 2 <q < o0, (3-29)

while (3-24) ensures that
llu (2), ()| s < Cpot VT3 2ug]l 2. (3-30)

Since (u, V P) satisfies the Stokes system (2-5), inequality (A-4) gives

IV?u()||a + IVP @) le < Cpot473 2 |lugll 2, 2 <g < o0. (3-31)
Remember that®
1/2 1/2
Izl < Clizll V2l (3-32)

Taking first z = u and using (3-29) with p =4, then z = Vu and using (3-31) with p =4 allows us to
reach the index g = oo in (3-29).

In (3-29) and (3-31), the term |jugl|;2 may be replaced with ||u(%t) ||L2. Consequently, using (2-1),
(3-26), embedding L? <> H~'*2/7 for all 1 < p <2, and the fact that P : L? — L” ensures that

@)l 2 = |Pou) ()] 12 < Cpot V> VPP (0ouo) |l 12
< Cp ot VPP (pouo) e < Cpot* VP lug|| e,

which, plugged into (3-29) and (A-4), completes the proofs of (3-27) and (3-28) for all admissible values
of p and q. U

Decay estimates for L?-in-time norms. Putting together (2-3), (2-11), (2-21), and (2-26), we see that
t
/ (IVul?, + V7 (V2u, VP2, + VT G, ur) |3
0
+ T (Vue, Vi) |13, + 177213, + 1 T2(V2i, VP)|I3,) dt < Cpulluoll,.  (3-33)

This will enable us to prove the following family of decay estimates.

Proposition 3.3. The following inequalities hold:

||T1/2_1/qv””Lt2(L‘1) <Cpulluollzz forall2 <gq < oo, (3-34)

17" Y9G w200y < Cpulluollz forall2 < q < oo, (3-35)

1T =Y VPu, VP 2y < Cpulluollz forall 2 < g < oo, (3-36)
1727 Y9N0l 120y < Cpulluolly forall2 < g < oc. (3-37)

Proof. Except for g = 00, inequality (3-34) follows from the Gagliardo—Nirenberg inequality (A-1) and
the fact that

2
”VM”L?(LZ) + ||\/?V M||L12(L2) =< Cp,v”uO“LZ-

SIn the torus case, this inequality holds under the assumption fW az dx = 0 for some nonnegative function a with mean
value 1. The idea of the proof is similar to that of (A-2).
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Similarly, except for the case ¢ = 0o, inequality (3-35) for u stems from (A-1) and

IeViill 22 + IVTill 22 < Cpulluol 2.

Now, since (u, P) satisfies (2-5), the regularity properties of the Stokes system pointed out in (A-4) and
(3-35) guarantee that

1T =19 (V2u, VPl 210y < Cowlluoll2 forall 2 < g < oo.
Putting together this latter inequality and (3-34) with ¢ = 4 and remembering (3-32) yields (3-34)

for g = oo.
Note that (3-33) also implies that

1732Vl 212y + T Vil 122y < Cpolluoll 2,
and thus (3-37) by (A-1). Using it with ¢ = 4 as well as (3-35) (also with ¢ = 4) and (3-32) gives (3-35)

for & and g = .
To prove that u, satisfies (3-35), it suffices to check that

Ie' =90 - Vul 210y < Cplluollzz forall 2 < g < oo.
Now, by Holder’s inequality, we have
1T Y% Vull 20y < IT20ll e 12270V u 20,
The term with v is energy-like (see (3-27)), which completes the proof. g

3.4. The Lipschitz control and other properties needed for stability. In the present subsection, we point
out some additional properties of the velocity field that are valid in the case where ug is in Ego’ 1~ The
most important one is the Lipschitz control. We shall also prove that the regularity Ego’l is preserved by
the flow, and that other norms that will be needed in the proof of uniqueness and stability are finite.
These results follow from the Sobolev estimates we proved in the previous section and on the dynamic
interpolation argument presented for the heat equation in Section 1.
Now, fix some ug in Ego’l and a sequence (ug,j)jez of Lg such that

wo=» uo;. withP(pouo ;)€ H'? ug;eH'* forall jeZ
je
j and Y 272 ug e + 272 1P (pouo )l 1) < 2uollzo - (3-38)
jez
Then, for each j € Z, we solve the linear system
,oatuj + pv- Vuj — Auj —+ VPJ‘ =0,
divu; =0, (3-39)
Ujli=o = uo,j-
From (3-38) and the uniqueness properties of system (1-6) in the energy space, we deduce that

u=>y uj. (3-40)

jez
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The Lipschitz bound. Recall the Gagliardo—Nirenberg inequality

1/4

B Nard A (3-41)

IVzl[Le < Cliz]| 14

Combined with the elliptic estimates for the Stokes system and Sobolev embedding, this implies that, for
allt >0and j €7,

1/4, . . 3/4 _ 1/4 . 3/4
D ea O < Cor¥ 4 o134 ey 012

Vi @)L < Ct>lu; (1)
Hence, taking advantage of (3-11) and (3-12) gives

—3/4
IVuj(t) |z < Cpot > *luo jll g2

Since we also have

IVuj Ol < Cpoot ™ u; (58) | g2
we conclude in light of (3-18) that
Vu; (1)l < Cpot ™I P(poto, ) gg-112-

Hence, arguing as in Section 1, we conclude that

o0
/ [VullLe dt < Cp ylluollgo - (3-42)
0 ro!

Remark 3.4. Recall the more accurate interpolation inequality

172

LV, (3-43)

1921532 = Cllzl 2

Repeating the above dynamic interpolation procedure thus actually gives
o0
Vul ,ipdt <C upllzo -
[ 1Vl i < € ol

Since B i/ 12 < Cp, this ensures that the flow of the velocity field is uniformly C' with respect to the space
variable.

Propagating the initial regularity. Owing to (3-11) and to (3-17) with s = % we have, forall j e Zand ¢ >0,
;O Nl g2 < Cpolluo jllgio and [P Goui) (@Ol g-12 < CpulIP(poro ) 12
Hence, multiplying the first (resp. second) inequality by 27//2 (resp. 2//%) then summing over j € Z yields
)iz, | < Crulluolizs -

Additional bounds for the pressure and the time derivative of the velocity. In addition to the Lipschitz
bound on velocity, our proof of uniqueness will require that /71 and 4/7V P are in L*/3(R,; L*), and we
will also need the property that it and /7 Dit are in L' (R,; L?) to prove the stability of the flow map.
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Again, in light of the decomposition (3-40) and of the triangle inequality, in order to prove that /?ii is
in L*3(R,; L*), it suffices to estimate i ; for all j € Z. Now, owing to the Sobolev embedding and the
inequalities (that stem from (3-12) and (3-19) with s = s’ = %)

-3/2

. -1 .
;O g2 = Cp ot Nuo,jll gz and (@)l g2 < Cp ot P (00u0,j) | g-172,

we may write, for all A; > 0,
4/3 o 2/3 4/3
e gy € /0 23 |3, dr

Aj [e.¢]
pr,v<f 2R o 1) di + / r2/3<r—3/2||7><pouo,j>||gm)““dz)

0 A;
1/3 4/3 ~1/3 4/3
< Conl AP lluo 110 + A7 P 1P oouo NI, ), (3-44)

which gives, if taking A; = 272 and using (A-4),

IVt V1V, VIV Pl @, 1) < Cp,ulluo|lggoyl- (3-45)

Similarly, in order to bound i in L' (R, ; L?), it suffices to get appropriate bounds in terms of the data
for i in L'(Ry; L?) and for all j € Z. The inequalities (that stem from (2-21) and (3-7))

. -1 . —1/2
litj )l 2 < Cpot ™ luo jllz2 and  [lit; ()2 < Cput ™1 Vgl 12

and complex interpolation give
. —3/4
litj () 2 < Cp,ut ™ Hluo, il y112-

Furthermore, combining with (3-19), we discover that, for all j € Z,
i ()12 < Cpot =" IPGoou0 ) 112

Hence we have, forall j € Z and A; > 0,

00 Aj 00
/ IIitj(t)IledIS[ ||’/"j(f)||L2dt+/ Il )1l 2 dt
0 0 i

A
Y s j > s/
<Cpu ( /0 (> luo jll ) dt + /A 1P (pouo, ) 1) dr)
j
1/4 —1/4
< Co (A o j 1l g1z + A7 1P oo, ) -1
Taking A; = 272/, summing over j, then using the regularity properties of the Stokes system thus gives
IV2u, VP, ikl 11 g, < Cpolluolizo - (3-46)
In the same way, one can prove that
IVtDillLi ;2 = Coolluollo - (3-47)
It suffices to use, as a consequence of (3-19) and (3-20), that

NV ()2 < Cpot > Hluo jll g and N1V (1)1l 2 < Cpot "I P(poto, )l -172-
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4. A global well-posedness result for large data

This section is devoted to the proof of Theorem 1.3 and of stability estimates.

4.1. The proof of existence. Consider data (pg, ug) satisfying the hypotheses of Theorem 1.3. Since
the space Ego’l is embedded in L2, Theorem 1.1 provides us with a global weak solution (p, u, V P)
satisfying the properties therein, and it is only a matter of checking that this solution has the additional
properties that are listed in Theorem 1.3. To do so, we fix some decomposition ) _ ;uo,j of ug given by
Definition 1.2 and look, for all j € Z, at the solution u; to the linear system (1-6) with density p, transport
field u, and initial data u¢ ;. Since each ug ; is in LCZr NHY? and P(pouo, ;) € H~'/2 standard techniques
yield a unique global solution (u;, V P;) that satisfies, for all # > 0,

1 ' 1
IV p®u; 017+ fo IVujli72 dT = S 1Iv/potto j 172 (@)
IPouj) (O g-112 < C(px, ™, lluoll L2) 1P (pouo, )l -1/ 4-2)
luj Ol g2 < C s ™ ol 2) 1o, - (4-3)

Remembering (1-9), this ensures that the L?-valued series j uj converges normally on R.. Its sum u
thus also belongs to the energy space. Furthermore, as for each j € Z, we have u; € C(Ry; L?) (observe

that t3/4u,J is in L (Ry; L% owing to (3-21)), and we deduce that & € C(Ry; L?). Next, if we define
u" = men uj, then we see that, for all n € N,

o (p(u" — i) +divipu @ w" — 1)) — A" —u) + V(P" — ﬁ) =0, divw"—n)=0,

which implies
LIV O = D)2 + fo 19" = D2, dt = S /A © - uO)I2..

As the right-hand side tends to O for n going to 0, the velocity field & satisfies the energy balance (0-3),
and it is also easy to conclude that, like u, it satisfies (1-6) with density p, transport field u, and initial
data ug. In particular,

3 (p(u—i) +divipu ® (u —it)) — Au —it) + V(P — P) =0, div(u—ii) =0.

As (u—u)(0) =0 and the two solutions are in the energy space, they must coincide. Now, inequalities (4-2)
and (4-3) ensure that one can propagate the regularity §20’ |» getting (1-10). Likewise, the justification that u
satisfies (0-8), that (it, /7 Dit, D?u, VP) € L' (Ry; L?), and that /71t € L4/3([R+; L% may be achieved
by following the arguments of the previous section. The fundamental point is that all the bounds that
are needed for the u; in the process only depend on p., p*, llugllz2, P (pouo, ;) |l g-12, and |Jug |l g1/2-

4.2. The proof of uniqueness. Let (p',u', VP') and (p2, u?, VP?) be two solutions fulfilling the
properties listed in Theorem 1.3 and corresponding to data (,oé, u(l)) and (pg, u(z)), respectively. As in
[Danchin and Mucha 2019], in order to prove that

(o', u', VP = (p?, u?, VP?)
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in the case where the two initial data coincide, we shall compare the solutions at the level of their own
Lagrangian coordinates. To do so, we consider, for i = 1,2, the flow X’ of u’ that is defined by the
(integrated) ODE

Xt yy=y+ / u'(t, X'(1, y)) dr. (4-4)
0

Since Vu' isin L'(Ry; L) and +/tu’ is in L>(0, T x Q) (see (3-27) with p =2 and g = 00), there
exists a unique continuous flow X' on (0, T') x € that is Lipschitz with respect to the space variable.
In Lagrangian coordinates the density is equal to the initial density. As for the velocity and the pressure
defined by
Q'(t,y)=P'(t,X'(1,y)) and v'(1,y) =u'(t, X' (1,)), (4-5)
they satisfy

{’O(i)vf —divyi Vo' +V,i 0" =0, (4-6)

div,i v/ =0,
where
Ve i=(A)TV, and div, :=div,(A"-)=(A)T:V,, with A":=(DX")"".

The fact that V! is in LI(R+; L*>) and the other properties of regularity ensure that (INS) and (4-6)
(with time-independent density) are equivalent.
Observe that, due to (4-4) and the definition of v, we have

t
DX'(t,y)=1d+ / Dv'(z, y)dr. (4-7)
0

Hence, since det DX’ = 1 (owing to div v’ = 0), we have, fori = 1, 2,

fot vl dr —fé drvi! d‘[)

. L (4-8)
—fo 9 vtdr Il ovildr

Ai(r):1d+<

Hence 8A := A?> — A! depends linearly on Vév (with 8v := v*> — v!) as follows:

t 2 t 1
0év-dt — [, 06V dT
8A(t)=( Jo 22 Jo 22 )

: : 4-9)
-/ 918v2dt Jo 918v! dt

Now, setting A, :=div,; V,; and §Q := Q% — Q', we discover that (8v, §Q) satisfies

{,oéévt — A8+ V80 = (A — Ay)v? — (V2 — V1) Q% — 8pov2, 4-10)
div,i 8v = (div, — div,2)v? = —div(8Av?).

In order to prove uniqueness in the case where the initial data are the same and, more generally, stability
estimates with respect to the initial data, using the basic energy method — which consists of taking the
L? scalar product of (4-10) with 8u — is not appropriate, since one cannot eliminate the pressure term
(there is no reason why we should have div,: ju = 0). To overcome the difficulty, we proceed as in

[Danchin and Mucha 2019], solving first the equation

div,i w = —div(8Av?) = —8AT : Vo2,  with 84 := A — A (4-11)
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Then, we look at the system for z := év — w, namely

{pgz, —Apz+ V80 = (A — A)v> — (Ve — V) 0% — piw; + Ajiw — 8pov?,

4-12
div, z =0, (4-12)

supplemented with z|;—o = Svo.
Solving (4-11) relies on the following lemma.
Lemma 4.1. Assume that Q is a C? bounded domain, the torus, or the whole space. Fix T > 0 and define
Er:={weC(0, T]; LY, Vw € L*(0, T x ), w|sq = 0 and w, € L*3(0, T x Q)}.

There exists a constant ¢ depending only on 2 such that, whenever the divergence-free vector field u
satisfies
IVullr20.7x0) + 1Vullpio,7:000) < ¢ (4-13)

then, for all vector fields k € C([0, T]; L?) such that divk € L2(0, T x Q) and k, € L*3(0, T x ), there
exists a vector field w in the space Et satisfying

div(Aw) =divk

(where A is defined from u as in (4-8)) and the inequalities

lw@llp2 < Cllk@®ll2  forallt €[0,T], (4-14)
Vw2 12y < CldivE] L2 2), (4-15)
lwill 23 oy < CAlkell a3 sy +UVUN L2 2 1w g 29))- (4-16)

Proof. With the notation of Lemma A.1 in the Appendix, we introduce the map
P:wrz:=Bk+Ad—A)w).

It is only a matter of proving that & admits a fixed point. That ® maps Er to Er follows from Lemma A.1
and easy modifications of the computations below. Hence, as E7 is a Banach space, it suffices to show
that the linear map @ is strictly contractive. To do so, take two elements w' and w? of E7. Then, we have

®(w?) — d(w') = B(Id — A)sw), with w :=w? —w'.
Remembering (4-8) and that 5 : L? — L?, we thus have
1 (w?) = @l e 12y < CUIVall Ly ooy 18w L 12)- (4-17)
Next, using again (4-8) and the fact that
div((Id — A)sw) = (Id— A ") : Véw,
we readily get
IV(@w?) = @) 212y < ClIVull Lt (10 I VWII 2 12 4-18)

Finally, using
(dd — A)sw); = (dd — A)dw; — Asdw
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yields, for almost every ¢ € [0, T'],

(@D w?) — @ (w")), (Ol 45 S NAd— A@)Sw, ()| o5 + | A ()W ()| Lor3
SNVl 1 ooy 18w, ) [ 45 + IV @) [ 2118w (@) | 4

1/2 1/2
SVl o 18w0 Dl s + 1V @ ]2 18w @) 151 V8w @)1},

V2 (4-19)

Combining (4-17)—(4-19), we conclude
(@) — @Y, < CUIVul 1 e + 1Vl 2 g2 18w E,

Hence, if (4-13) is satisfied with a suitable small ¢ > 0 then ® is contractive, which ensures the existence
of w in E7 satisfying the desired equation. Finally, using the fact that we thus have w = Bk+B((Id— A)w)
and that

div((Id— A)w) =(Id— A") : Vuw,

(dd—A)w), = 1d - A)w, — Aw,
mimicking the above calculations gives (4-14), (4-15), and (4-16). O

In what follows, we assume that 7' has been chosen such that (4-13) is satisfied for ! and u2, and we
define w on [0, T] x Q according to the above lemma with k = —§Av>. We shall use repeatedly that,
owing to (4-9) and the Cauchy—Schwarz inequality, we have

max ([l 284l 012y, [ BA l220,7x2) < VOV 20,750 (4-20)
Hence, thanks to (4-14), we have, for all ¢ € [0, T],

w2 < Cllftvz(t)llmoIIVSUIILz(o,zxm- (4-21)
Next, as

(8AV?), = 8A, v + AV,
inequality (4-16) (before time integration) and (4-9) guarantee that
lw o < CAVV l2llwllzs + Vvl 21031 s + 18AT L2107 ]]24)- (4-22)
Finally, using div(8Av?) = 8A T : Vv?, inequalities (4-15) and (4-20) yield
IDw®) |12 < CIVVIl 1212, VTV V|| Lo (1) (4-23)

Now, taking the L2(0, t x ) scalar product of the first equation of (4-12) with z and integrating by parts
in some terms yields

5
1 ' 1
SV s+ [ 192l de = S1vabu0l+ 3 10, (4-24)
=1
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with
t
L(1) = —//(8A(A2)T—|—A18AT)VUZ:Vzdxdt,
0JQ

t t
L(1) = —//aATVQ2.zdxdf, (1) ::—//péw,-zdxdt,
0JQ 0JQ

t t
Li(1) = —/ / (AHTVw: (AYTVzdxdr, Is(1) == —// Spov? -zdxdt.  (4-25)
0JQ 0JQ
We shall often use that, due to (4-8),

IVzllL20.7x9) = 1VorzllLzo,rxa)- (4-26)

From this we easily get
t
L =C / I~ 28A@) 12 VTV (D)l V1 2(0) [ 2 dT.

0

Hence, using (4-20) and Young’s inequality,
2 2 1 2
1 < CINTIV 2, 19801720, F 5 /0 IV,12)12, dx. (4-27)

Next, by (4-20), (4-26), Holder’s inequality, and (0-7), we have

1/2 12 4

12<Cf It 28A0 2 IVTV Q%I 4 llz ]l 5 1 V2l 5

t
_ 4/3 2/3 4/3
= /0 IVuizl e+ Clle ™ P8AIR o) 12175 o) fo VTV Q) dr.
Hence, in light of (4-20), Young’s inequality, and (0-9), we have

I 1
h<g f (V23 + 198013 ) d7 + CIV P31y VT Q2L (4-28)
0 1

(G}
In order to bound I3, we start with the inequality
t
I; = ,0*/ lwellLanllzll L+ dT.
0

Taking advantage of (4-22) to bound w; and of the Gagliardo—Nirenberg and Young inequalities yields
1/2 1/2
EBS / Izl 2 1Yzl AV 2wl + 07 sl Vvl 2 + 1A 2 [[v7 ] 4) d

1 t t
ggf ||Vvlz||izdr+3—2/ ||V(Sv||izdr+0f 102174 2172 d + L1 + Lo,
0 0 0
with

2/3 4/3 2/3 2/3 2/3 4/3 4/3
I3 =C/ IV 1 w2 Vw3 de and I3 = / IzI25 1Al 102113 d
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Just using (4-20) yields
4/3 2/3 4/3
Iz < V80l o) 12l o VT2

In order to bound /31, one has to use (4-21) and (4-23), which yields

)

L2(L?)

4/3 2/3 2/3 4/3 23
scuvaang(Lz)||z||L§,O(L2)/ VT2V 13T Vo7 d

2/3 4/3 23 2/3 — 2/3 2/3
131<Cf 1ZI25 IV 135 VTR IV sul35) o T 28A @) 135 IV/T VIR d

This enables us to get the following bound for /3:
Iz(t)

IIV izl ||‘7311H

L? L2)
3
2/3 4 3 2/3
+C<||v2||j¢(w+( /0 VT IR IV 12 VTV dr) +||ﬁv$||j¢/3(w)||¢p5z||’i?o@z). (4-29)

Next, thanks to (4-23), (4-20), and the Cauchy—Schwarz and Young inequalities,

L2(L?)

t t
1450/ IVwll 2 Vyizll 2 dT sCf T 2841 2 lINTVV | 1 | Vi 2l 12 d T
0 0

1 t
sgfo ”Vvlzuizd‘lf+C”\/;szniz(o’t;lﬂo)||V5v||%2(0’txg). (4-30)

Finally, it is obvious that

5po
Is(t) < H— IV pozll Loy 107 1 2)- (4-31)

So plugging (4-27)—(4-31) into (4-24) and taking r = T yields
1500 2l 12y + 1V012072 g2y = IV 0oBu0ll 2 + AT IV o2l 75012,

1 2,2 ) 2 8po

2
m”vt ”LIT(LZ)’

with

. 214 2,4
A(T) .—C(nv R N TR vo?| o
2/3 4/3 2/3
+(f VT IVl 1351V T V|72 d ))
0

The regularity properties of the constructed solutions guarantee that A(oo) is finite, and the Lebesgue

(L%

dominated convergence theorem thus ensures that if 7' is small enough then

max(8C ||/ Vv?||? 2A(T)) < 1. (4-32)

L2 Loo)s

Under this hypothesis, the above inequality becomes

31V 0 2l 12y + IV02l 32 2y < IV 080N + FIVEVITs ) + ClISpOlT< 10717 (2 (4-33)
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Since Vév = Vz 4+ Vw and owing to (4-20), (4-23), and (4-26), we may write
2 2 2 5 2 22 2
Hence, under assumption (4-32) (up to a change of C if needed), we have
IV8uI172 0 7 < 3IVurzl 720,750 (4-34)
Plugging this inequality into (4-33) gives
31V 2o 2l 12y + 31Vu2l 3 12y = CUV poBuollzz + 18p0lZ0 107 17 12))- (4-35)

In the case where the two solutions correspond to the same initial data, this ensures that z =0 on [0, T].
Remembering (4-34) and (4-21), one can conclude uniqueness on [0, T'] and then on R by a standard
bootstrap argument.

4.3. Continuity of the flow map. We consider here the case where the two previous solutions correspond
to possibly different data. To begin with, we have to observe that (4-34) and (4-35) together imply that if

IVtv? | e, <o) < K, (4-36)

then, in light of inequalities (4-21), (4-34) and (4-35), there exists some constant ¢ > 0 such that if
A(To) < ¢, then we have

IV 0o 801l 1 (12 + V1801l 12 12y < C (A + K) IV pgduoll 2 + 18poll L), (4-37)
To TO( )

where we define, for all T € [0, o0],

4/3

A . 214 2 2
AT) = 1}y o, HIVEQE VOIS

+ A+ KUV T o)+ IVTVV N o) 107 02)-

~

Now, if we consider data that belong to a bounded subset of Bgo’l, then K in (4-36) and A(co) can be

uniformly bounded. By iterating the procedure that led to (4-37), this allows us to get in the end

IV 09 80l 5212y + V1801l 3. 1.2y < Ce“H IV pgduoll 12 + 1800l L. (4-38)
Then, reverting to the Eulerian coordinates gives the following stability statement.

Theorem 4.2. Consider two solutions (p', u', P') and (p?, u?, P?%) corresponding to initial data (,0(1), u(l))
and (,08, u%) given by Theorem 1.3. Assume that

2 1 2
0<pe=py.py=p” and max(flugllgo, . lugllzo, ) <M.
Py P

Then we have ’

IV 09 8ull L2y + 181l 12 12y < Coppr (I £g 8ol 12 + 1300l 22) (4-39)
and, forall p € [2, 00),

180 lyir-1.0 < Cp.pu. o= s (18P0l =10 + /TP (v g Suoll 12 + 1800l L)) (4-40)



1266 RAPHAEL DANCHIN

Proof. Although our regularity assumptions are weaker, we shall follow [Danchin et al. 2024] to bound
the difference of the velocities. The starting point is the relation

Vydv =K1+ Ky +Ka,  with Ki(1, y) 1= V,8X (1, y) - Veu (2, X3 (2, y)),
Ka(t,y) ==V, X'(t,y) - Vidu(t, X*(t, y)),
K3(t,y) :=V, X'(t, ) - (Vou (1, X2 (2, y)) — Vou (2, X2 (2, ))).

Since Véu(t, X*(t, y)) = AlT(t, y)K»(t, y) and the flow X? is measure-preserving, the above decomposi-
tion implies that
IVéullr2 < A1l (IVEvll 2 + 1K1l 2 + ([ K3l 22)-

Bounding K; may be done as in [Danchin et al. 2024]. We get, for all ¢ > 0,
1K1 Dllz2 < CIVIVU* @)LVl 1212,
For bounding K3, we use the relation
Ks(t,3) = VX1(t, y) - < /1 VRl X0 ) (L) ds),
where the “interpolating flow” X* stands for the solution to
XS, y)=y+ /O t((z —)u'(r, X’ (1, y)) + (s — Du*(z, X*(r, y))) dT.
As X*(t, -) is also measure-preserving, it is easy to prove that (again, see [Danchin et al. 2024])

|G

14 = C||5M||L}(L4)-
Thanks to that and to Holder’s inequality, we deduce that
IK3@)lIz2 < CA+ Va1 o) 184V @)l pall8ul 2y

Hence, in the end, if T is chosen such that

T T
max(f ||Vu1<z>||Loodt,/ ||w2(t>||Loodr)sl,
0 0

then we have, using also (A-4),
IV8ull 2 12y S 1+ VTV 12,100 IV 2 2y + 107 2 1) 1800 1)
The last term may be handled by means of (0-7), and one ends up with
2 3/4:1)2 T
V61l 13,12y S A+ VIV 13 1o IV 3 12+ 1T o) IV 0 Sl e 1. (4-41)
Remember that the constructed solutions satisfy Vivu? e LZ([R?JF; L*°) and note that, since

3/4 -1 -11/2 <1172
||t u ”L%(L“) SC”tu ||L%C(L2)”\/;Du ||L%~(L2)’
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inequalities (2-21) and (3-47) guarantee that 3% is in Lz([R{+; L*). So we are left with bounding
vV plu in L*®(0, T; L?). To do so, we use, as in [Danchin et al. 2024], the relation

2
axs
Vogdu(t, y) = Ve, X', y>>(6u(t, X't y)) + / Du(t, X*(t. )= (t.) ds).
1
Hence, as all the flows X° are measure-preserving and p; is bounded from below,

IV P! 08112 < IV po8v(®) |12 + Cy/p* 1D ()| 2 18ull 1 1)
< IV pedv(@) 2 + CllE>/* DU (@) 18wl 11 .4

1/2 1/2 1/2 1/2
< IV po8u(®l2 + CIVEDU> O 7 1 D2 O IV Sull g o) IV T O8ull 2 -

Since both the terms with /7 Du? and with £ D> may be bounded in terms of p,, p*, and ||u%||Lz only,
we end up with

IV pt8ull L2y < 211V po80l L2y + C (s 0%, gl .2 IVl 1212

Putting this inequality together with (4-41) and remembering (4-38) allows us to conclude that there
exists an absolute constant C such that, for small enough 7', we have

IV 0 8utll e 12 + 11 V81l 12 1.2y < CUIV pgBuoll 2 + 18p0ll L),

then arguing by induction and using the bounds on u' and u? in terms of the data yields (4-39).
Finally, the difference between the (Eulerian) densities may be bounded by resorting to the classical
theory of transport equation. Indeed, we have

3,80 + div(Spu?) = —div(p'su).

Hence, we may write, for all p € [1, co] and ¢ > 0,

t 13
||5,O(t)||W71.p < <||5p0||W1,p —|—/ e_fo V2| oo dT | o18u]lLr d‘l?)efo Vu?| oo dz
0

4 2
< (I8pollyy-1r + Pt P 8ull 20 Yo TV T,

Combining inequality (4-39) with the Gagliardo—Nirenberg inequality provides us with a control of éu in
L2P/P=2(R; LP) for all p € [2, 00). In the end, we get (4-40). O

Remark 4.3. In the bounded or torus cases, one can take advantage of exponential decay to get a
time-independent bound. The details are left to the reader.
Appendix

Here we recall some results that played a key role throughout the paper. The first one is the following
Gagliardo—Nirenberg inequality that extends (0-7):

2 1-2
lzler < CpllzlZP IVl 7P, 2< p < oo (A-1)
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It holds with the same constant in R? and for any z € H(} () in a general domain 2, or in the torus T2
provided the mean value of z is zero. In the torus case, however, we rather are in situations where

/ azdx =0
‘[rz

for some nonnegative measurable function a with positive mean value (say 1 with no loss of generality).
Then, we claim that

2 1-2 . _
Izlizr < Cpallzll 31V, 27, with Cpq = Cp log?=2/P (e + [lal| 2). (A-2)

Indeed, decomposing z into z = 7 4+ Z with 7 := sz zdx, we have

/ lz|” dx =/ 1z|?1Z 4+ 2P 2 dx
1K 1
S |2|”—2||z||iz+f 22172 dx
'[]'2
o - p=2
S P lzlz. + 27 1207,
Now, 7 is mean-free and thus satisfies (A-1). Besides, according to [Danchin and Mucha 2019, (A.2)],

1z| < Clog(e + llallz2)IVzll z2-
Hence,

-2 ~n2 1-2 _
12112, < Clog(e + llall ) IVzI25 2 Nzl13: + Collzliz, (1A 1V 2L Pyr 2,

Then, (A-2) follows from ||Z]l;2 < |Izll 2. O

Next, we recall a well-known result for the inhomogeneous Stokes equations
—Aw+VQ=f and divw=g in, (A-3)

with data f € L?(Q) and g € WP (Q), 1 < p < 0.

In the bounded domain case (with g having mean value 0), it is known (see, e.g., [Galdi 2011]) that
(A-3) admits a unique solution (w, VQ) € W2P(Q) x LP(R2) such that w|sq = 0, and that the following
bound holds:

IV2w, VOIlr < CUIf e + IV EllLr). (A-4)

A similar result holds in = R? or Q = T2 provided we consider only solutions such that w — 0 at
infinity (R? case) or sz aw dx = 0 for some nonnegative bounded function a with mean value 1 (torus
case). Indeed, one can set

VO =0f, with Q:=—(—A)"'Vdiv,

then solve the Poisson equation —Aw = f + V Q. Uniqueness is given by the supplementary conditions
that are prescribed above.

Finally, in the proof of stability and uniqueness, we used the following result.
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Lemma A.1. Assume that Q is a C% bounded domain, the torus, or the whole space. Then, there exists a
linear operator B that maps L? to LP for all p € (1, o0) such that, for all k € L?(2; R?) (with mean
value 0 in the case Q = T4), we have

div(Bk) = divk.

Furthermore, if divk € L1(Q2) for some q € (1, 00), then we have Bk € Wol’q(Q; R™) with ||VBk| L« <

C| divk| e, and if k (seen as a function from Ry to some space L” with 1 < r < 00) is differentiable for
almost every t € Ry, then so is Bk, and we have ||(Bk):||.r < Cllk:||L- for almost every t € R,.

Proof. Whenever R is a C? bounded domain, the existence of B as well as the first two properties have
been established in [Danchin and Mucha 2013a]. The third one stems from the fact that, owing to the
continuity and linearity of B, we may write in the L” meaning

. Bk(t+h) — Bk(t) , k(t+h) —k(t)
(Bk);(t) = ]}li% P = 212})8 — )= Bk, .
If Q is the torus or the whole space, then one can just set B:= —(—A)~!'V div. g
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QUANTITATIVE STABILITY FOR
COMPLEX MONGE-AMPERE EQUATIONS, I

HOANG-SON DO AND DUC-VIET VU

We generalize several known stability estimates for complex Monge—Ampere equations to the setting
of low (or high) energy potentials. We apply our estimates to obtain, among other things, a quantitative
domination principle, and metric properties of the space of potentials of finite energy. Further applications
will be given in subsequent papers.

1. Introduction

Let (X, w) be a compact Kéhler manifold of dimension n and let & be a big cohomology (1, 1)-class
in X. Let 6 be a closed smooth real (1, 1)-form in «. For u € PSH(X, 6), we put 0, := dd“u + 6. Let
¢ € PSH(X, 0) such that ¢ <0 and |’ X 9(;’ > 0, where 9(;’ denotes the non-pluripolar self-product of 6 (see
[Bedford and Taylor 1987; Boucksom et al. 2010]). Denote by PSH(X, 6, ¢) the set of 6-psh functions u
with u < ¢. Note that it is slightly different from the usual definition of PSH(X, 6, ¢) in which u is only
required to be more singular than ¢. This difference is not essential. We say that ¢ is a model 6-psh
function (see [Darvas et al. 2018b; Ross and Witt Nystrém 2014]) if ¢ = Py[¢] and f X 0:; > (0, where

Py[¢] := (sup{y € PSH(X,0) : ¥ <0, ¥ <¢+ O(1)})".

The function Py[¢] is called a roof-top envelope in [Darvas et al. 2018b]. By [Darvas et al. 2018b], the
function Py[u] is a model one for every u € PSH(X, 6) with fx 0] > 0, and for every u € PSH(X, 6, ¢)
with [, 6] = [y 0;, we have Py[u] = Pp[¢].

Let ¢ be now a model 6-psh function. Let £(X, 6, ¢) be the space of 8-psh functions u < ¢ with
0=y 0. Let 11 be a non-pluripolar measure with u(X) = [x 0. It was proved in [Darvas
et al. 2021a] (see also [Darvas et al. 2018b; Do and Vu 2022a]) that the Monge—Ampere equation with
prescribed singularities

dd‘u+0)"=u, uePSH(X,0,d), (1-1)

admits a unique solution u € £(X, 0, ¢) and supy (1 — ¢) = 0. We note that the left-hand side of (1-1)
denotes the non-pluripolar self-product of 8, (see [Bedford and Taylor 1987; Boucksom et al. 2010; Gued;
and Zeriahi 2007; Vu 2021]). We refer to [Boucksom et al. 2010; Cegrell 1998; Dinew 2009; Kotodziej
1998; Yau 1978], to cite a few, for the well-known case where « is big and ¢ is a potential of minimal
singularities in «.

MSC2020: 32Q15, 32U15.

Keywords: Monge—Ampere equation, convex weights, lower energy, non-pluripolar products.
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The aim of this paper is to study the following stability question for (1-1).

Problem 1.1. Let 6, ¢ be as above. Letu; € £(X, 0, ¢) for j=1,2and u; :295/, for j =1,2. Compare u
with uy in terms of a suitable “distance” between (11, L.

To our best knowledge, there has been no available quantitative comparison between potentials of finite
energy in general, even in the case where « is Kéhler and ¢ = 0. The closest result that we know of is the
uniqueness property (by [Dinew 2009] in the K&hler case and by [Boucksom et al. 2010; Darvas et al.
2021a] in the present setting) which says that u; = uy if u; = . There were however some concrete
estimates for the distance between u, u, in terms of w1, o but one had to assume some extra assumption
(i.e., ur, ur € EY(X, 0, ¢)); see [Blocki 2003; Gued;j and Zeriahi 2012]. We will explain details below.

The goal of this paper is to solve Problem 1.1 for any potential of high or low energy. As one will see
in our applications later in this paper or in our subsequent paper, it is crucial to consider Problem 1.1 for
potentials in low energy.

Let W™ be the set of convex, nondecreasing functions x : R<g — R<p such that x(0) =0 and x #0.
Let W™ be the subset of x € W~ such that X (—00) = —o0. Note that in general x € W~ can be bounded.
It is crucial in our method that we consider also bounded weights x € W~. Let M > 1 be a constant
and W;f, the usual space of increasing concave functions yx : R<op — R<o such that x(0) =0, x <Oon
(—00,0), and |tx'(t)| < M|y (¢)| for every ¢t <O.

Let ¢ := [, 0. For x € W~ UWj; and u € PSH(X, 0, ¢), let

E%e@;(“) = _Qil /X x(u — ¢)93,
which is called the (normalized) x-energy of u (with respect to 6, ¢). We define
E(X,0,¢):={ue&(X,0,¢):E) , ,(u) <oo}.

Certainly if x is bounded, then &, (X, 0, ¢) = £(X, 0, ¢). We would like to point out however that our
method is not about the finiteness of Eg,e, (1) but estimating the size of that quantity. Thus whether x is
bounded or not does not make much difference for our later arguments. Put

I)(()(u, V) = Qil /

{u<v}

X(u—v)(6) —9;:)+Q1/ X —u)(6; —6y)

{u>v}
foru,v e &, (X, 0, ¢). The factor 0~ ! in the defining formulae for E?(’g’(p(u) and I)?(u, v) plays the role
of a normalizing constant. In geometric applications it is important to treat the case where o — 0, i.e., to
obtain estimates uniformly as o — 0.

Clearly if 6] = 0,7, then 1 )(() (u, v) = 0. We will see later that each term in the sum defining / )(() (u, v)
is nonnegative. We recall that there is a natural (quasi)metric on the space &, (X, 6, ¢) constructed in
[Darvas 2019; 2024; Gupta 2023], and see [Darvas et al. 2018a; Di Nezza and Lu 2020; Trusiani 2022;
Xia 2023] as well. The functional / )(() (u, v) has an intimate relation with these quasimetrics. We refer to
the end of Section 3 for details on this connection. Here is our main result.
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Theorem 1.2. Let 6 be a closed smooth real (1, 1)-form and ¢ be a negative 6-psh function such that

Q:=f9$>0.
X

Let x, ¥ € W-UW, (M > 1) such that § < x, and if x € W, then lim,_, oo (x (t)/% (1)) =0. Let B> 1
be a constant and let uj, ¥; € £(X, 0, ¢) satisfy uy < us and

EY ) +E, (W) <B

for j = 1,2. Then there exist a constant C > 0 depending only on n, x(—1) and M, and a continuous
increasing function f :Rs¢ — Rxq depending only on x, x such that f(0) =0 and

/ X — ) O, —01) < COB ' (I0(uy. u2)). (1-2)
X
where f°" := fo fo---o f (n-iterate of f). Moreover, if p = Py[¢p] and supy u; = supy u, then

Px Px

/ X — ) O, 1) < 0. g1 ua)). (13)
X

where g : R>og — R> is a continuous increasing function depending only onn, M, X, w, 0, x, x and B
such that g(0) = 0.

If x € W}, then one can certainly apply Theorem 1.2 to ¥ = x. Nevertheless, we underline that
in applications it is of crucial importance to consider x € W~. In this case in order to have (1-3), it is
necessary to require an upper bound for x-energy of u;, where x “dominates” x as in the statement of
Theorem 1.2. We refer to Section 3.4 for details.

One sees that (1-3) implies, in particular, that if / )(() (uy1, up) — 0, then the expression in the left-hand
side also converges to 0. Theorem 1.2 follows from Theorems 3.1 and 3.2 below, where the functions
f and g are given explicitly. We note that the single Theorem 1.2 contains the following three important
results in pluripotential theory: uniqueness of solutions of complex Monge—Ampére equations, domination
principle, and comparison of capacities. We obtain indeed quantitative (hence stronger) versions of these
results for which we refer to Section 4. The quantitative version of uniqueness theorem (see Theorem 4.2
below) provides an answer to Problem 1.1. Readers can also find, in Section 4, a quantitative version of
the fact that the convergence in Darvas’s metric in £, (X, 6, ¢) implies the convergence in capacity. Notice
that such an estimate seems to be not reachable by using the usual plurisubharmonic envelope method.

The main novelty of Theorem 1.2 is that it deals with arbitrary weights. Similar statements was already
known for x (¢) =t (see [Berman et al. 2019; Blocki 2003; Guedj and Zeriahi 2012; Trusiani 2023]).
However the proof there only work exclusively for this case. One should notice that the weight x (¢) =1t is
very special: it is linear and lies in the middle between higher energy weights and lower energy weights.
As to the proof of Theorem 1.2, going up to the space of higher energy weights or going down to the
space of lower energy weights are equally difficult. We will explain this point in more details in the
paragraph after Theorem 1.3 below.

The key in the proof of Theorem 1.2 is Proposition 3.5 in Section 3, a simplified version of which we
state here for readers’ convenience.
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Theorem 1.3. Let x, x € W— U W;f, such that ¥ < x and x € ¢ (R). Let uy, ur, u3 € E(X,0,9)
such that uy < up and uj — ¢ is bounded (j =1, 2, 3), where ¢ is a negative 0-psh function satisfying
0 :=vol(8s) > 0. Then there exist a constant C > 0 depending only on n, x (—1) and M such that

/ X'y — uz) d(uy —uz) Ad(uy —uz) NG < CoB* £V (IY (uy, u2)),
X

where B .= 2;21 max{Eg 0 ¢(uj), 1} and f : Rso — Rxq is a continuous function such that f(0) =0 if
one has either x € W;,r, or x € W~ and lim;—, oo (x(2)/x(t)) =0.

As far as we know, all of previous works related to Theorem 1.3 only concern x () = ¢. In this case,
Theorem 1.3 is known with an explicit f and without x if ¢ is of minimal singularity in the cohomology
class of 6, by [Blocki 2003; Guedj and Zeriahi 2012].

The key ingredients in previous versions of Theorem 1.3 for x () =t are integration by parts arguments.
Direct generalization of such reasoning immediately break down if x 7 id: in a more precise but technical
level, the integration by parts arguments give terms like x'(u; — u2)d(u; — u3z) Ad°(u; — u3), such a
quantity is easy to bound if x =id (hence x’ = 1), but not if y # id.

In order to prove Theorem 1.3, we still use this strategy but need to use a so-called “monotonicity
argument” from [Do and Vu 2022a; Vu 2021; 2022] to deal with general x. In a nutshell it is about using
intensively the plurilocality of Monge—Ampere operators together with the monotonicity of pluricomplex
energy which allows one to bound from above “Monge—Ampere quantities” of bad potentials by that of
nicer potentials. This method is a flexible tool to deal with “low regularity”, and was a key in the proof of
the convexity of the class of potentials of finite x -energy in [Vu 2022], as well as giving a characterization
of the class of Monge—Ampere measures with potentials of finite y-energy in [Do and Vu 2022a].

We refer to the end of the paper for some applications of our main results. Furthermore, the quantitative
domination principle obtained in Section 4 was used crucially in [Dang and Vu 2023] to describe the
degeneration of conic Kdhler—Einstein metrics. We note also that the present paper is the first part of
the manuscript [Do and Vu 2022b], in which we give a more or less satisfactory treatment for a much
more general question than Problem 1.1: precisely, we establish quantitative stability when both the
cohomology class and the singularity type vary. The second part of [Do and Vu 2022b], where this
generalization is treated, will be submitted separately due to the length constraint.

The paper is organized as follows. In Section 2, we recall the integration by parts formula from [Vu
2022], auxiliary facts about weights are also collected there. Theorems 1.2 and 1.3 are proved in Section 3.
Applications will be given in Section 4.

2. Preliminaries

2.1. Integration by parts. In this subsection, we recall the integration by parts formula obtained in [Vu
2022, Theorem 2.6]. This formula will play a key role in our proof of main results later.

Let X be a compact Kéhler manifold. Let 71, .. ., T, be closed positive (1, 1)-currents on X. Let T be a
closed positive current of bidegree (p, p) on X. The T-relative non-pluripolar product /\'}1:1 T;AT)is de-
fined in a way similar to that of the usual non-pluripolar product (see [Vu 2021]). The product (/\';-1:1 Tj/'\T)
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is a closed positive current of bidegree (m + p, m+ p); and the wedge product ( /\T:1 T; /\T) as an operator
on currents is symmetric with respect to 71, ..., T, and is homogeneous. In latter applications, we will
only use the case where T is the non-pluripolar product of some closed positive (1, 1)-currents, say, T =
(TnyaN- - -ATpqy), where T; are (1, 1)-currents for m+1 < j <m+/. In this case, (T A- - AT, AT) is sim-
ply equal to < /\3";r 1[ TJ> We usually remove the bracket ( ) in the non-pluripolar product to ease the notation.

Recall that a dsh function on X is the difference of two quasi-plurisubharmonic (quasi-psh for short)
functions on X (see [Dinh and Sibony 2006]). These functions are well-defined outside pluripolar sets.
Let v be a dsh function on X. Let T be a closed positive current on X. We say that v is T-admissible if
there exist quasi-psh functions ¢y, ¢, such that v = ¢ — ¢, and T has no mass on {¢; = —oo} for j =1, 2.
In particular, if 7 has no mass on pluripolar sets, then every dsh function is 7 -admissible.

Assume now that v is T-admissible. Let ¢, ¢, be quasi-psh functions such that v =¢| — ¢, and T
has no mass on {¢; = —oo} for j =1, 2. Let

@jk = max{p;, —k}
forevery j =1,2 and k € N. Put vy := ¢ 4 — ¢2.x. Put
O :=dvu Ad“u AT = 3ddvi AT — veddvg A T.

By the plurifine locality with respect to 7' (see [Vu 2021, Theorem 2.9]) applied to the right-hand side of
the last equality, we have
I s Q=1 g1y Os 2-1)

for every s > k. We say that (dv A dvAT) is well-defined if the mass of lﬂz_ o> —k
i

bounded on k. In this case, using (2-1) implies that there exists a positive current Q on X such that for
every bounded Borel form & with compact support on X such that
<Q7 cD) = llm <1m§=1{<0j>—k} ka q>>a

k— 00

1 Ok is uniformly

and we define (dv A d°vAT) to be the current Q. This agrees with the classical definition if v is the
difference of two bounded quasi-psh functions. One can check that this definition is independent of the
choice of ¢y, ¢;. By [Vu 2022, Lemma 2.5], if v is bounded, then (dv A d“vAT) is well-defined.

Let w be another T-admissible dsh function. If T is of bidegree (n — 1, n — 1), we can also define
the current (dv A d°wAT) by a similar procedure as above. More precisely, we say (dv A d°wAT) is
well-defined if (dv Ad°vAT), (dw Ad°wAT), and (d(v+ w) Ad(v+ w)AT) are well-defined. In this
case, as in the classical case of bounded potentials, the defining formula for (dv A d°wAT) is obvious:

2dv Ad“WAT) = {d(v+w) Ad“ (v +w)AT) — (dv AdVAT) — (dw Ad“wAT).

As above, if v, w are bounded T -admissible, then (dv A d°wAT) is well-defined and given by the above
formula. The following Cauchy—Schwarz inequality is clear from definition.

Lemma 2.1. Assume that (dv A d°wAT) is well-defined. Then, for every positive Borel function x,

1/2 1/2
/ x{dvAd“wAT) < (/ x {dv /\a’cv/'\T)> (/ x {(dw /\dcw/'\T)> )
X X X

we have
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We put
(dd°vAT) := (dd°@ AT) — (dd g2 AT),

which is independent of the choice of ¢y, ¢>. The following integration by parts formula is crucial for
us later.

Theorem 2.2 ([Vu 2022, Theorem 2.6] or [Do and Vu 2022a, Theorem 3.1]). Let T be a closed positive
current of bidegree (n — 1,n — 1) on X. Let v, w be bounded T-admissible dsh functions on X. If
x :R— Risa ¢ function then

/X(w)(ddcv/\T)zf vx//(w)(dw/\dcw/\T)—i—/ vy (w)(dd“wAT)
X X X
=—f x (w){dw Ad“vAT). (2-2)
X

Since the case where T is a non-pluripolar product of (1, 1)-currents plays an important role in the
study of complex Monge—Ampere equations, we present below an equivalent natural way to define the
current (dg A d°@AT) in this setting. It is just for the purpose of clarification.

Lemma 2.3. Let uy, ..., u, be negative psh functions on an open subset U in C" such that T :=
(dduy N --- AddCupy) is well-defined. Let v be the difference of two bounded psh functions on U. For
k€N, put u; :=max{u;, —k} and

Ty = ddcul,k VANRIRIEAN ddcum,k.
Then

dvANdOANT =dvAdvATy
on ﬂTzl{uj > —kJ.
Proof. Put

Vi i=k Y max{uy + -+ wm, —k} + 1.

Observe ¥ T = Y T. Now regularizing v and using the continuity of Monge—Ampere operators of
bounded potentials, we obtain
Yedv AdvAT = Ypdv Adv ATy

Hence
dvAndOANT =dvAdvAT

onU = ﬂ?l:l{uj > —k/(2m)} (for Y > % on U). Note that dv Ad“v ATy =dv Adv A Tyyomy on U
by the plurifine locality. Thus the desired assertion follows. O

Let T, ..., T, be closed positive (1, 1)-currents on X. Let n := dim X. Consider now
T:=(T1'A---ANTy).

Note that 7" has no mass on pluripolar sets. Let ¢, ¢ be negative quasi-psh function on X. Let ¢; &
(j =1, 2) be as before and v := ¢; — ¢;. In the moment, we work locally. Let U be an open small enough
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local chart (biholomorphic to a polydisk in C") in X such that T; =dd‘uj for j =1, ..., m, where u;
are negative psh functions on U. Put u  := max{u;, —k} for k € N, and

Ty :=dduy g N ANddUp i, Q;C =duvg Advi A Ty.
Put Ay := ﬂ?z Hej > —k}n ﬂ'f:l{uj > —k}. By plurifine properties of Monge—Ampere operators,

lAk Q;c = lAk Q/s

for every s > k. One can check that the condition that (14, Q) )« is of mass bounded uniformly (on
compact subsets in U) in k is independent of the choice of potentials.

Proposition 2.4. The current 14, Q) is of mass bounded uniformly in k on compact subsets in U for
every U (small enough biholomorphic to a polydisk in C") if and only if the current {dv A d°vAT) is
well-defined. In this case

(dv Ad“VAT) :kli)n;o 14,05 (2-3)

Proof. By writing a smooth form of bidegree (n —m — 1, n —m — 1) as the difference of two smooth
positive forms, we can assume without loss of generality that 7 is of bidegree (n — 1, n — 1) (hence
m =n —1). Assume that (dv A d°vAT) is well-defined. We will check that 1,4, Q) is of mass bounded
uniformly in k£ on compact subsets in U. Let x be a nonnegative smooth function compactly supported
on U. Put

V=gt tu 4 Fuy, Y=k max{y, —k}+1,

and ¢ := max{g;, —k} for 1 < j < 2. Observe that 0 < v < 1 and if Y > 0, then ¢; > —k
for 1 < j <2;and
Yr(x) = 1—s/k (2-4)

for every x € Ay/m+2) and 1 < s < k. Recall vy := @ — @2 which is bounded (but not necessarily
uniformly in k). Observe that (dv A d°vAT) has no mass on pluripolar sets because T is so (see, for
example, [Vu 2021, Lemma 2.1]). Put Q] := ¥ Qi = Y14, Q. By (2-4) and Lemma 2.3, we have

(dv /\d"v/'\T) = klim Yrdvoy ANdu AT
—00
= klggo Yrdvg Advo ATy = kll)ngo QZ (2-5)

on U. On the other hand, by (2-4) again, we see that the claim that Q; is of mass uniformly bounded on

compact subsets in U is equivalent to that 1,4, O is so. This together with (2-5) yields the desired assertion.
Conversely, suppose now that 1,4, Q; is of mass bounded uniformly in k£ on compact subsets in U for

every U. Thus there exists a positive current R on U such that 14, R =14, Q) for every k and U. Set

V=014 @, U=k max{i, —k} + 1.

Let s € N with s > k. Observe
Vs R = Y R+ (1 — Y)Yy R.
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The second term in the right-hand side of the last inequality tends to O (uniformly in s) because ¥ converges
pointwise to 1 outside a pluripolar set and R has no mass on pluripolar sets. Using Lemma 2.3, we have

&kwsR = &kwsdvs /\dcvs AN Ts
= Y Wsdvg Advg AT = Ysdvg Advi A T.

Here we used the plurifine topology properties with respect to 7' (see [Vu 2021, Theorem 2.9]), thanks
to the fact that ¢; x = ¢; s on {1/};( # 0} for j =1, 2 (recall s > k), and they are bounded psh functions.
Letting s — oo gives

lﬁkR = ]ZkIU;":l{uj>—oo}dvk A dcvk AT = lﬁkdvk /\dcvk AT

because the current dvy A d°vx A T has no mass on pluripolar sets. Now letting k — oo gives the
desired assertion. O

Thanks to Proposition 2.4, we can use the right-hand side of (2-3) to define (dv A d°vAT) in the case
where T is the non-pluripolar product of some closed positive (1, 1)-currents. By the same reason, in
this case, we will use the expression dv Ad“w ATy A ... AT, to denote (dv ANAWATI A A Tn,l))
whenever it is well-defined.

2.2. Auxiliary facts on weights. In this subsection, we present some facts about weights needed for the
proofs of main results.

Recall that W~ is the set of all convex, nondecreasing functions x : R<p — R<g such that x (0) =0
and x # 0. Let M > 1 be a constant and W;,’I the usual space of increasing concave functions
x : R = R<p such that x(0) =0, x < 0 on (—00,0), and |tx' ()] < M|x ()| for every t < 0.
We have the following lemmas.

Lemma 2.5. Letc >0, 0 <8 < 1and x : R— R such that x (t) = ct for everyt > —§ and x|(—c0,0] €
wW- UW;I (M =1). Let g be a smooth radial cut-off function supportedin [—1, 1]on R, i.e., g(t) = g(—1)
forteR, 0<g<1and ng(I) dt = 1. Put g.(t) := €' g(et) for every constant € > 0 and x. := X * g¢
(the convolution of x with g¢).

@ If xl(—oc0,01 € W, then Xel(—00,0] € W‘for every 0 < e <8, xe \\ x as € \(0and sup(xe — x) < ce.

(i) If Xl(=00,00 € Wiy and 0 < € < 8%/2 then xe|(—o0,01 € Wy J(1_s)- Moreover, if 0 <€ < 82/8 then

)_(E :=X€('+6)_CGEW]—;/(175)29 )_(EEX_CE’
and X ¢ converges uniformly to x as € — 0 on compact subsets in R.

Proof. Part (i) follows from [Do and Vu 2022a, Lemma 2.1]. Part (ii) can be obtained more or less by

similar arguments as in the last reference. We provide details for readers’ convenience. It is clear that y.
is a concave, increasing function with x.(0) = 0. We will show that

/ M Xé (t)
X (1) < 1-s 1 (2-6)

for every t <0 and 0 < € < §2/2.
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Ift < —4/2 then

ﬂ0%=/efa—sm4®dsi/%AQ;?:Q&@MB
< GMX(t—S)gé(S)dS:Mxe(t) Mt Xe(t)_ M xe(0)
e I+e t+e t+e t 1-8 ¢

for every 0 < € < 62/2.
On the other hand, if r > —8/2, then x.(t) = x (t) = ct for every 0 < € < 82/2. As a consequence,
x( ) Xe(®)
xO=x'=—"—=M=—
Thus, (2-6) follows. Hence, xe|(—o00,0] € W;I/afa)-
Now, we consider x.. Since x is increasing, one sees that x. > x — ce and X . converges uniformly
to x as € — 0 on compact subsets in R. It remains to show that x . € WAJ;(1+5)/(1_8) for every 0 < € < 8%/8.
Note that
)_(e = he * 8e,
where h(t) = x (¢t +€) — ce. The function x.(¢) is concave, increasing and x + €(0) =
If —6/2 <t <O0then he(t) = x(t) =ct forevery 0 < € < 82 /2. Therefore
Mx(@) _ he(®)
t

he() = x'(t) < ;

If t < —38/2 then

t
Bt = 1+ o) < M
t+e€
<Mx(t+e)—ce_ h(t) Mth(t) M h.(1)
- t+€ T U t4e t4e t 1—8 t

for every 0 < € < §2/2.
Then, for every 0 < € < §2/2, we have h, € W;I/(l—&) and h. = ct for every t > —§/2. Hence, for
every 0 < € < 82/8, we have

Xe =he*ge € Wiy i_sy1-8/2) C Wiy u

M/(1-8)2
Lemma 2.6. Let x, x € WU W;, (M > 1) such that x < x. Then there exist sequences of functions
Xj» Xj € WU W;flj (with M; (M as j — o0 ) satisfying the following conditions:

e xj € €°(R) forevery j.

e xj=Xxjand x; = x — 277 for every j big enough.

—27/ < Xj < x on (—oo, —1] for every j big enough.

 Xxj converges uniformly to x on compact subsets in R<.

Proof. We split the proof into two cases.

Casel: x € W~. For every j > 1, we set

_ max{y (), c;t} if t <0,
X)) = .
cjt if t >0,



1280 HOANG-SON DO AND DUC-VIET VU

where .
_ —x(=27)
CJ = f'
2—J

Then X; satisfies the hypothesis of Lemma 2.5 for § := 27/, Let g be a smooth radial cut-off function
supported in [—1, 1] on R, i.e., g(t) = g(—¢t) fort e R, 0 < g <1 and fR g()dt =1. Forevery j > 1,
we define B ~ _

Xj=Xj*8s-i— and X;=x.
By Lemma 2.5, x; and y; satisfy the desired conditions.

Case 2: x € W;; Since x > x, we also have x € W;; Assume that g and c; are as in Case 1. For
every j > 1, we define

min{x (), ¢;t} ift <O,
%0 = { {ch_; ) <o
and
X0 =X +47T D xge )@ — a7
We also set x;(1) = min{x (1), x;(1)}. By Lemma 2.5, x; and ; satisfy the desired conditions. 0

Let ¢ be a negative 8-psh function. We denote by PSH(X, 0, ¢) the set of 0-psh functions u < ¢.
Recall that by monotonicity, we always have |. P / X 9(;’, where for every 6-psh function v, we put
0, :=ddv + 6. We also define by £(X, 0, ¢) the set of u € PSH(X, 6, ¢) of full Monge—Ampere mass
with respect to ¢, i.e., [, O = [y 0%.

Let x € W~ UW;,, and u € PSH(X, 6, ¢). We put

Ey0.6) 1=/ —xu—¢)o,.
X
We also define by &, (X, 0, ¢) the set of u € £(X, 0, ¢) with E, g 4(u) < 00.

Lemma 2.7. Let x € W-uU W;f, and uy, uz € £,(X, 0, ¢). Then there exists a constant C > 0 depending
only on n and M such that

2
—/ x(w =)o, <C Z E, ¢.0uj),
X

j=1
and )

Eyo.pau +(1—a)uy) < C1 Y Ey 9.4(u))
j=1

for every 0 < a < 1. Furthermore if u; > u», then
Eyg.0(u1) <CrEy 4 0(u2)
for some constant C, depending only on n and M.

Proof. The first and third inequalities are from [Do and Vu 2022a, Lemma 3.2] (see also [Guedj and
Zeriahi 2007, Propositions 2.3, 2.5] for the case where ¢ = 0 and 6 is a Kihler form). The second
desired inequality was implicitly proved in the proof of convexity of finite energy classes in [Vu 2022,
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Proposition 3.3] (in a much broader context). Alternatively one can use properties of envelopes in [Darvas
et al. 2018b] to get the same conclusion. We prove here the second desired inequality using ideas from [Vu
2022] for readers’ convenience. We only consider y € W~. The case where X € W;,“I is done similarly.

Considering u; — € for € > 0 instead of u;, and taking € — 0 later, without loss of generality, we
can assume that u; < ¢ <0 for j =1, 2. By replacing u;, 6 by u; — ¢, 64 respectively, we can assume
that ¢ = 0, but 0 is no longer a smooth form but a closed positive (1, 1)-current. This change causes no
trouble for us. Let v := au + (1 — a)u,. Observe that X C {u; < ur}U{u; > 2u;}. Hence

E, o(v) S/ —x(v)9{,’+/ —x ()6,
{uy<us} {11>2us}
n
< Z(/ —xunOf Aot +/ —x (1 4+ a)u2)) Ae;};k)
k=0 {ur<us} {u1>2us}

k k+1 k —k
= Z/ _X(ul)eul eryrlmx{ul us} + Z/ -2 X(”Z)emax{ul/Z,ug} A 9:2

{ur<us} {u1>2us}

k k k+1 k —k
=< Z(/X _X(u1)9u1 r’:lax{ul us} +2 A _X(”2)9max{ul/2,u2} A 9;’2 >
k=0

S Exo(ui) + Eyo(max{uy, (uy +u2)/2}) + Ey 9(u2) + Ey o (max{u) /4 +uz/2, us})
S Exo(ur) + Ey g(u2),
where the two last estimates hold due to the first and third inequalities of the lemma. U

Lemma 2.8. Let x, x € WU W;I such that x < x and let uy,uy,...,u,+1 € (X, 0, ¢). Define
0 :=vol(6y). Then there exists a constant C > 0 depending only on n and M such that

—/XX(E(ul = @)Ou, A Aby,,, < CBo(1 = x(=1))Qo(e€)

forevery 0 < € <1, where

B=1+ max EX9¢(u])/Q and Qo(€) :== sup x(et)
1<j< {t<—1} (t)

Proof. Let L be the left-hand side of the desired inequality. We have

L=< —/ x (€ — @)y, N+ ANy, —/ x (€ — @)y, A+ ANy,
{u1>¢—1} {u1<gp—1}

< —x(=€)o— Qo(€) XUy =)y Ao NOy,
{ur1<p—1}

= —000(€) 3 (—1) = Qo(e) / R = @), A< A B,
X
< =0QuOF (=) +CQole) | max Ey ()

where C > 0 depends only on n and M. The last estimate holds due to Lemma 2.7. Thus the desired
inequality follows. 0
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By the convexity/concavity and by the assumption ¥ < x, we have

iQo(e) >eQo(l) if x e W™,

2-7
Qole) <eQo(1) if x e WA"/‘I (2-7)

for every 0 < € < 1. Moreover, if x € W~ and x(@)/x () — 0 ast — —oo, then by the definition of Qy,
we also have

x(—€'/?) X () ot
EAR S 2222050

(2-8)
Letuy,u; € £,(X, 0, ¢), and v := max{u, us}. Put

v(up, up) == x (=luy —uz|)(@,;, —0,)

and

Iy (uy, uz) := / U(ul,uz)+/ v(u, uy)
{up<uy} {u1>us}

= [ v+ [ v, 2-9)
X X
Proposition 2.9. Let x € WU WA’} Let ¢ is a negative 0-psh function and uy, u> € £,(X, 0, ¢). Then
L (uy, uz) > 0.

Proof. Define u = 9:}2 — 6{}1. Since x is absolutely continuous, we have y is differentiable almost

everywhere and —x (t) = /ZO x'(s) ds for every t < 0. Hence

0
[ v =- [ (f X @) dt) dp
{u1<uz} {ur<uz} \Juj—uz
0
= _/ (/ X/(t)l{u1<uz+t} dt) d/“l'
{u1<uz} \J—o00

0
= —/ x (Opluy <up+1t}de.
—00

Moreover, it follows from [Darvas et al. 2021a, Lemma 2.3] that p{u; < uy+t} <0 for every ¢ <0. Hence

0
/ v(ul,uz)=—/ x' (Opluy <ur+1tyde > 0.
{ur<uz}

—0o0

Similarly,

/ v(ug, uy) > 0.
{ua<u1}

IX(M1,M2)=/ V(ul,uz)-l-/ v(uz, ur) > 0. O
{ur<us} {uz<u1}

Thus
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3. Stability for weighted potentials
3.1. Main results. Let x, x € W~ U W;,} (M = 1) such that y < x. For each constant r > 0, we let

1 ifr>1,
(Q0(t)/Qo(INV? if0<t<1and x € W™,
Q1) = Qy ;71) = 12 . n
t if0<t<1land x e W,,,
limg_o+ Q(s) ifr=0,

(3-1)

where Qy is defined as in Lemma 2.8. We remove the subscript x, x from Q, ; if x, x are clear from
the context. Note that Q is increasing continuous function in ¢ and

Q(0)=0 ifeither xeW,), or lim Z——==0. (3-2)
For the convenience, we normalize energies with respect to ¢ := |’ X 9;’ as

EY s =0 "Ezpg L) uz)=0""I(ur, u).

Theorem 3.1. Let 6 be a closed smooth real (1, 1)-form and ¢ be a negative 6-psh function such that
0 :=vol(fy) > 0. Let x, x € W UWAJCI (M > 1) such that ¥ < x. Let B > 1 be a constant and let
uj, ¥j € E(X, 0, @) satisfy uy < up and

E 4 o) +ES, ,(Uj) < B
for j =1,2. Then there exists a constant C, > 0 depending only on n and M such that
f —x (1 —u2) (60, —0},) < CooB>(1 = 1 (=1)* Q" (I} (u1, u2)). (3-3)
X

where Q is defined by (3-1), and Q°" := Qo Q o---o0 Q (n-iterate of Q).

Since the measure 91’;1 — % is not positive, we need the following consequence of the above theorem
for later applications on stability estimates.

Theorem 3.2. Let 6 be a closed smooth real (1, 1)-form and ¢ be a negative 6-psh function such that
¢ = Pyl¢p], 0 :=vol(6y) > 0and 0 < Aw for some constant A > 1. Let x, x € W-uU W;I (M = 1) such
that ¥ < x. Let B > 1 be a constant and u1, uy, v € £(X, 6, ¢) satisfying

E2,9,¢(”1) + E%g@(”Z) + E%‘g#,(lﬂ) <B

for j =1,2. Then, for every constant m > 0 and 0 < y < 1, there exists a constant C > 0 depending
onn, M, X, w,m and y such that

f — X (=luy —uz)0), < —ox(—lar —az| = A") + CoA'"/"™(B — 3 (—A)*(1 — X (—1))*1”,
X

where a; := supy u; and A = QO”(I)(()(ul, us)).
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3.2. Proof of Theorem 3.1. Here is the first step in the proof of Theorem 3.1.

Lemma 3.3. If Theorem 3.1 holds for u;, y; of the same singularity type as ¢, then it holds for the
general case.

Proof. Let uj,y; (j = 1,2) be as in the statement of Theorem 3.1. For every k > 0, we define
ujy :=max{u;, ¢ —k} and ¥;; = max{y;, ¢ — k}. By Lemma 2.7, there exists a constant C; > 0
depending only on n and M such that

Eg,9,¢(”j,k) + E2,9,¢(¢j,k) <CB

for j =1, 2 and for every k > 0. Therefore, by the assumption, there exists a constant C, > 0 depending
only on n and M such that

/X —x gk —u2)(0),, =0y, ) < CooB>(1 = 3 (=1 Q°™ (1) (w1 1, u24)

for every k, [ > 0. Letting [ — 0o and using [Darvas et al. 2021b, Theorem 2.2], we get

f —x (1 — u2) (O}, —05,) < Cro0B*(1 — X (—1))>Q°" (1) (uy . u2.1)) (3-4)
X
for every k > 0. We will show that
Ly(uy, up) = im I, (uq g, u2 ). (3-5)
k— 00
Define
fi=x—u)©@,, —6;),  fir=xWir—u20),, =0, )
We have
IX(Ml,k,Mz,k)Z/ kaf fk+/ Jr
X {u1>¢—k} {u1<¢p—k}
=/ f+/ Sk
{u1>¢—k} {u1<¢p—k}
:I)((u]»MZ)_/ f+/ fk-
{u1<¢—k} {u1<¢—k}
Then
Ly (uy g, u i) — Iy (uy, u)| = ‘/ f= Jx
{u1<¢p—k} {u1<¢p—k}

5/ u+/ —x (i —u20)0,,, +6, )
(u1<¢—k) {ur<¢—k) . Y

5/ M—i—/ —x(=k)(6,,, + 64 )
{u1 <¢p—k) {u1 <¢p—k}
n

where p = —x (u1 — ¢)(6;, +06,,). By Lemma 2.7, we have fx u < 0o. Then it follows from Lebesgue’s

2
dominated convergence theorem that limy_, oo f{u = 0. Therefore,

1=¢—k}

limsup |1, (u1 k, uz.k) — Iy (1, uz)| <lim SUP/ —x (=)@, +6, ) (3-6)
{ur<¢p—k} ’ ’

k—o00 k— 00
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By the fact that

f%’l,k =/ Oy :f b Lui>9-n10y,, = Lu=p-nby, (=12),
X X X

we have
—x(—k) Oy, , +0i,,) = —x(—k) 0y, +0,,) < / . (3-7)
{ur1<¢—k} ' {ur<¢p—k} {ur<¢p—k}
By using (3-6), (3-7) and the fact limy_, f{u1§¢_k} w =0, we get (3-5). Now, combining (3-4) and (3-5),
we obtain
fx —X (w1 —u2) (0}, —0},) < C20B>(1 = X (=1))>Q°™ (1) (u1, u2)). O

Lemma34. Let M > 1and x, x € W UW;[ such that ¥ < x and x € €' (R). Letuy, ua, ..., unss €
E(X, 0, ¢) such that uy < up and uj — ¢ is bounded (j = 1,2, ...,n+2), where ¢ is a negative 0-psh
function satisfying o := vol(0y) > 0. Set

T=0y, N NOy,,,, 1= ‘/ X'y —u2)d(uy —uz) Ad(uy —uz) AT,
X

and
J= / X' (ur —u2)d(uy —uz) Ad(uy —u) AT,
X
Then there exists C > 0 depending only on n and M such that
I <CoB(1—x(=1)0/0),
where B 1= Z'}ﬁ max{E%e’d)(uj), 1} and Q is defined by (3-1).
Clearly if x, x € W™, then the above constant C does not depend on M.

Proof. In this proof, we use the symbols < and > for inequalities modulo a constant depending only on »
and M. By Theorem 2.2 and Lemma 2.7, we have

I'= V —x(uy —uz)dd*(uy —us) ANT| S 0B =0BQ(1).
X

Therefore, without loss of generality, we can assume that J /o < 1. Approximating u3 by u3 —4 with § \ 0,
we can assume that u3 < ¢ on X.
Foreach 0 < € < % we let
Ue) ={ur —uz <€(ur +uz —2¢)},  V(e)={ur —uz > e(uy +uz—2¢)},

and I'(e) ={u1 —ur =e(u+u3z—2¢)}. Since I'(e1) NI (e2) = @ for every €] # €, (note u3 < ¢), we have
/ dui —uz) Ad(uy —uzs) AT =0 (3-8)
I'(e)

for almost everywhere € € (0, 1).



1286 HOANG-SON DO AND DUC-VIET VU

Let0 <€ < % be a constant satisfying (3-8). To simplify the notation, from now on, we write U, V, I’
for U (¢), V (¢), I'(¢) respectively. Define

up+eus {u2+eu3 (l—e)u1+26¢} L
= and

, Up =max ,
14€ 1+¢€ 14+¢€

U
Then ¢ := (u; —uy) = (14+€)@p on U. Hence

1= / (@) dd(uy —u3>AT‘
X

< /_X((D)ddc(ul_u3)/\T‘+f —x(<p)ddc(u1—u3)AT‘
U X\U

< / —x((1+e)@)dd (u; —uz) A T‘ +
U

/ —x(@)(Ou, +0u3) A T‘
X\U

= /—X((1+€)¢)ddc(ul—u3)AT‘+
U

/ —x(e(uy +u3z —2¢)) (04, +6u;) A T‘
X\U

=hL+D,

where in the last inequality we used the fact that x is increasing and ¢ > € (u; + up — 2¢) on X\U. By
Lemma 2.7, we have E%G ¢(%(u1 + u3)) < B. Therefore, it follows from Lemma 2.8 that

I < 2/ —x (26 (31 +u3) — )0, +un 2 AT S Bo(1 = X (—1)) Qo(2e). (3-9)
X
In order to estimate /;, we divide it into two terms

L <

/ —x (1 +e)@)dd(uy —usz) A T‘ +
X

f (1 +O§) dd*(uy —us) AT
X\U
=1L+ 1.

Note that 1] —itp = € (u; +uz —2¢)/(14+¢€) on X \ U. Hence

145/ _X((1+6)¢)(9u|+0u3)/\T§/ —x(e(ui+uz —2¢))(0u, +0u3) NT.
X\U X\U

Using Lemma 2.8 again, we get
I S Bo(1 — 3 (=1))Qo(2€). (3-10)

Using integration by parts, we have

Iy =(1+e€)

/ X' (1+e)@)dop ANd(uy —u3) AT|.
b e
Moreover, by the Cauchy—Schwarz inequality and by the choice of € (see (3-8)), we get

f K (1 +§) d§ Ad s —us) AT =0,
r
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Hence
13 = (1 +€)

/ X (1 +6)@)dd Ad (uy —uz) AT| < (1+€)(Isls)'/?, (3-11)
Uuv

where
15=/ X' (A+e)@)dw —uz) Nd°(uy —uz) AT,
Uuv

li= [ xR dpndGaT.
uuv
Since (1+€)p <e(uy+uz —2¢),if x € W (hence x’ is nonnegative and increasing on R<) then
Is < / x'(e(ui+uz—2¢9))d(uy —uz) Nd“(uy —uz) AT
X
5/ X' (e(ur +us —2¢)d(uy —p) Ad(uy —p) AT
X
+/ X' (eui4uz —2¢0)duz —¢) Ad(u3 — ) AT
X
Sf X/(E(Ml—qﬁ))d(ul—¢)/\dc(ul—¢)/\T+/ X' (e(us =) dus —p) Ad(uz —p) AT
X X
=€_1/ —X(E(u1—¢))ddc(u1—¢)/\T+6_1/ —x(e(uz — ) dd(uz —p) AT
X X

< Bo(1—7(=1)e ' Qo(e),

where the last estimate holds due to Lemma 2.8.
Define vy := (41 + 2u3)/3 and vy := (2u; +u3)/3. Since

(I+e)(uy —u2) >uy +uz —2¢, uy—u3=-3(;—vy),

one sees that if y € W;f, (hence x’ is nonnegative and decreasing in R<¢) then
Is < / X' ((ur+u3 =2¢) d(uy —uz) Nd“(uy —uz) AT
X
S / X (w1 +u3 —2¢0))(d(v1 — ) Ad“(v1 = @) +d(v2 = §) Ad (12— D)) AT
X

S/XX/(?)(M —¢)dv — @) Ad (v —¢>)/\T+/XX/(3(U2—¢))d(vz—¢)/\dc(vz—¢)AT

= %/ X B — ) dd (v~ $) AT + %f —X (B2 —$)) dd (2= $) AT
X X

E/X—X(3(v1—¢))(9vl+9¢)/\T+/X—X(3(v2—¢))(9vz +O0) AT

<3 [ k=90 +OIAT+3 [ —x 2= 910+ 0 AT

< Bo,
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where the two last estimates hold due to Lemma 2.7 and the fact

3t X/(s) 3t M
log(—x (3)) — log(—x (1)) = / ds < f M s = Mog3
t X (S) t N
for every x € W;; and ¢ < 0. Combining the estimates in both cases, we obtain
0(e)*

Is S Bo(1—x(=1)) (3-12)

6 9
where we used the inequality Q(e) > €!/?if xy W;; Now, we estimate /¢. Since U, V are open in the

plurifine topology and
Q on U,

(I+eg= {e(ul 4+u3—2¢) onV,

we have

16:/ X/((1+6)¢)d¢/\d"¢/\T+/ X' (A+e)@)dg Ad¢AT
U v

=1+ 6)‘2/ X' @dondoAT
U
2

(1+€)?
= J+€2/ X (eQui+uz —2¢))d(ur +u3 —2¢) Ad“(uy +us —29) AT
X

+

/ x (e +uz —2¢))duy +u3 —2¢) Ad“(uy1 +uz —20) AT
1%

= J—i—e/}(—x(e(ul +u3—2¢))dd(u; +us —2¢) A T.
Therefore, it follows from Lemma 2.8 that
Ie S J + Bo(1 = x(—1))€Qo(2¢). (3-13)
Combining (3-9)—(3-13), we get
I<h+hLh=LG+L+Dh
SUsle)' ? + L+ I
< (Bo(l = 1 (=)™ N2 0(e) + Bo(1 = X(—1)) Q(2€)*.
Letting € N\, J/(20) (and supposing € satisfies (3-8)), we obtain
I < Bo(1-x(=1)0Q(/0). [

Proposition 3.5. Let x, x € W- U W;[ such that ¥ < x and x € €' (R). Let uy,us, u3 € £(X, 0, ¢)
such that uy < u and uj — ¢ is bounded (j =1, 2, 3), where ¢ is a negative 0-psh function satisfying
0 :=vol(8s) > 0. Then there exists a constant C, > 0 depending only on n and M such that

/x/(ul—md(ul—uz)AdC(ul—uz)Ae;’;lscnglﬂ(l—)z<—1>>2Q°<"—“(1§(u1,uz», (3-14)
; :

where B 1= 2;21 max{E%e’(p(uj), 1} and Q is defined by (3-1).
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Proof. Let .
Qi =u;—up, T:= ZQL{I /\9;12—1—/

j=1

and
Ty = 951 A 952 A 933_k_1_1’ Ly := / X' (@)do nd o ATy
X
Observe
0! —0" =—dd°p AT

and

Lin1oi < / X' @ dp Adp AT = oI%uy, u2) (3-15)
b'¢
by integration by parts. We now prove by inverse induction on m := k 4 [ that
Lt < Cnn@B*(1 = 3 (=1)*Q°" D10 (uy, uy)) (3-16)

for some constant C,, , > 1 depending only on m, n and M. The desired assertion (3-14) is the case where

k =1 =0. In what follows we use the symbols < and 2 for inequalities modulo a constant depending

only on n and M. We have checked (3-16) for k +/ =n — 1. Suppose that (3-16) holds for k + = m with

0 <m <n—1. We will verify it for Ly_;, where k4! =m and k > 1. The case Ly ;_; is done similarly.
Denote Sy_1; =605 "' A6. A6 =1 Then

Lk—l,l—Lk,z=/ x' (@) do Ad o Add(uz —ur) A Sg—1,.
X

Using integration by parts, we have
Li—10— Lk = / —x(p) dd (p) Ndd(u3 —u1) A Sk—1.1
X

:/ _X((P)ddc(u3_ul)/\Tk,l—/ —x(@)dd(u3 —u1) A Ti—1,141
X X

= /x X' (@)ydo Ad(uz —uy) ATy — /x X' (@) do Ad(uz —ur) ATi—141.
Therefore, it follows from Lemma 3.4 that

L1y —Lig S 0B — x(=1)(Q(Lk1/0) + Q(Lk-1,1+1/0)).
Hence, by using the inductive hypothesis, we get

Lio1 SoB*(1— 3 (=1)*Q°" ') (u1, u2))
+0B(1 = 1 (=1)Q(Cpn B> (1 — £ (=1)* Q"™ (I (u1, u2)))
SoB* (1= 3(=1)*Q°" ™ (I)(u1, ua)).
Here we use the fact Q(#)) < (tl/tz)l/zQ(tz) for every t; > t, > 0 (see Lemma 3.6).
Thus (3-16) holds for Ly_1 ;. O

Lemma 3.6. The function h(t) = (Q(1))? /t is nonincreasing in R~.
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Proof. If x € W;,rl then

Toipr >,
ht)y=3"?
1 if0<rt<l1
is a nonincreasing function.
We consider the case x € W~. We have
L=,
t

h(t) =
Qo) pg < p <1,
£Qo(1)
It is clear that 4 is decreasing in [1, 00). We need to show that /4 is nonincreasing in (0, 1). Since yx is
convex, we have
x(t1s) - X (125)
t1s S

for every 0 < 1, < t; < 1 and s < 0. Dividing both sides of the last estimate by y (s)/s, we get
X (t1s) - X (t25)
nx(s) ~ nxls)

Taking the supremum of both sides, we obtain

Qo) x(s) x(s)  Qo(n)
= sup < su .

t s<—1 X () ~se1 bX(s) B

Then h(t;) < h(t;). Hence h is nonincreasing in (0, 1). Il

End of the proof of Theorem 3.1. By Lemma 3.3, we can assume that u;, ¥; are of the same singularity
type as ¢. Now let (x;)jen, (Xj)jen be the sequences approximating y, x respectively in Lemma 2.6.
By Lebesgue’s dominated convergence theorem, observe that

lim 1) () = Iy, u2)

and
Jim [ =it =)@, ~05,) = /X —x (y —u2) (O, —0)).
On the other hand, for € € (0, 1] we also get
hm Q)(j,)?j (6) = Q)(,X(E)a
j—00

because for t < —1, one has

. ; _0—J . .
XZ(GZ) - X{(Ef) < x(6t~) 2 and XZ(GI) > Xxj(€1) N
X (1) x (@) x (@) xi(t) = x@)—27/
which converges to x (et)/x (t) (by Lemma 2.6). Hence, by considering y;, x; instead of x, x, we can
further assume that x € €' (R).
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Let L be the left-hand side of the desired inequality. We have
L= / —x (ur —u2) Oy, —0,) —f —x (i —u2)(6;, —6y)
X X

=/ —x(m—uz)dd%wl—ulmn—/ Uy —u2) dd(Yr — ) AT
X X
=L;— Ly,

where T} = ;’;01 Gfpj A G;I_[ ~1. Using integration by parts and Lemma 3.4, we get
L= f X (ur —u2)d(uy —ua) Ad° (Y1 —u1) AT
b'¢

<CioB(1— )Z(—l))Q(Q1 / X (w1 —uz) d(uy —uz) Ad(uy —uz) A Tl),
X
where C1 > 0 depends only on n and M. Observe that there is a dimensional constant C| such that

! an—1
1 = CiOy, a2

Moreover one has
E;06((W1+u1)/2) S Ezoe(W)+ Egzo¢(ur)

by Lemma 2.7. Hence, it follows from Proposition 3.5 (applied to u3 := (y; +u1)/2) that
0! fX X'y —uz) d(uy —uz) Ad°(uy —uz) ATy < C2B*(1— X (=1)?Q°" V(I (w1, u2)),
where C, > 1 depends only on n and M. Then
Ly < C30B*(1 = 3 (=1))*Q°" (1) (u1, u2)),

where C3 > 0 depends only on n and M. Here we use the fact Q(#;) < (t1/1)'/*> Q (1) for everyt; >t >0
(Lemma 3.6).
By the same arguments, we also have

—Ly < C40B*(1— 3 (1)’ Q" (1) (u1, u2)),

where C4 > 0 depends only on n and M.
Hence

L=L,—L,<(C3+CyoB*(1 — X (—1))> Q" (I (uy, u3)). O
3.3. Proof of Theorem 3.2. Recall that for every Borel set E in X, we define
capy ,(E) := sup{/ 0, :hePSH(X,0), ¢ —1<h< d)}.
E

The following is an improvement of results from [Darvas et al. 2018b; 2021a] (see also [Boucksom et al.
2010; Kotodziej 2003]).
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Theorem 3.7. Let A > 1 be a constant and let 6 be a closed smooth real (1, 1)-form such that 0 < Aw.
Let ¢ € PSH(X, 0) and 0 < f € L?(X) for some constant p > 1 such that ¢ = P[¢] and 0 < /X fo' =
fx O == 0. Assume u € £(X, 0, ¢) satisfies supy (u —$) =0and 6, = fo". Then, there exists a constant
C > 1 depending only on X, w, n and p such that

u2¢—CA(log Il f vol,(X) /ol Lr —HogA—i—l), (3-17)
where vol,(X) := [y @" and g = p/(p —1).

By Holder inequalities, one sees that

1= / Lo <1 /0lLs (ol (X)),
x ©

and then log || f vol,(X)? /ol|» = 0.

Proof. Without loss of generality, we can assume that vol,,(X) = 1. Recall that there exists a constant v > 0
depending only on X, w such that

f exp(—y/v)o" < C§
X

for every ¢ € PSH(X, w) with supy ¥ = 0, where Cyp > 1 is a constant depending only on X and w.
Consequently, one gets

f exp(—/(An)a" < C3
X

for every ¥ € PSH(X, ) C PSH(X, Aw) with supy ¥ = 0. By the same arguments as in the proof of
[Darvas et al. 2018b, Proposition 4.30] (use [Darvas et al. 2021a, Lemma 3.9] instead of [Darvas et al.
2018b, Lemma 4.9]), we have

1 [capy 4(E)\~"/"
/w”gCSexp — Po.¢
E 2Av o)

for every Borel set E C X. Therefore, by the Holder inequality and the fact that e~!/* < m!#™ for

every m € N and every ¢ > 0, there exists Ag > 0 depending only on X, w, n and p such that

1/q (E)?
Q*l /E@ZZ :/;(f/Q)w" <\f/ellr </E w") < A0A2"||f/g||prp9’Q+ (3-18)

for every Borel set E C X, where 1/p+1/q = 1. On the other hand, letting b = (Avg)~! and By = (Cg)l/q,
we have

1/q
Q_lf e"””@[ffllf/ellm(/ e"’qu"> < Bollf/ellLr (3-19)
X X

for every w € PSH(X, 0) with supy w =0.
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For every h € PSH(X, 0) with ¢ — 1 <h < ¢, foreach0 <7 <1 and s > 0, we have

t" / 6, < / 6’(nl—t)¢>—|-th = / O, < / Oy
{u<gp—t—s} {u<(1—t)p+th—s} {u<(1—t)p+th—s} {u<gp—s}

where the third estimate holds due to the comparison principle [Darvas et al. 2021a, Lemma 2.3]. Then

t"capy y(u <¢p—t—s) < / 0y (3-20)
{u<gp—s}
for every 0 <t <1, s > 0. Therefore, it follows from (3-18) that

"0 'capy y(u < —1t —5) < Aj0 capy 4(u < ¢ —5)°,

1/n

where A = AgA?"|| f/ollL». Putting g(s) = Q‘l/”capg’(ﬁ(u < ¢ —s5)'/", the above inequality becomes

1g(t+5) < A" g(s)%.
Hence, it follows from [Eyssidieux et al. 2009, Lemma 2.4 and Remark 2.5] that if g(sg) < 1/ (ZA}/ ™

then g(s) =0 for all s > 59 + 2. Moreover, by (3-20) and the condition (3-19), we have

gs+1)" <o / O; < o' /eb(¢_”_s)9,:' < Bje™™
{u<¢p—s} X

for every s > 0, where By = Bo|| f/ollL». Then g(s + 1) < 1/(2A;’") provided that

nlog2+log A, n log B
b b

s >

Hence g(s) = 0 for every
- nlog2+log Ay n log B

4.
s > b b +

Thus

log2+1logA; logB
uzd,_(nog +logAr | log By

b b +4)=¢—C110g||f/QllLP—C2,

where C1 =2/b =2vqA and

nlog2+log Ag+log By +2nlog A
b
=4+vg(nlog2+logAg+log Bg+2nlog A)A. (|

Cr=4+

Lemma 3.8. There exists a constant C >0 depending only on n, X and w such that for every u € PSH(X, ®)
satisfying supy u = 0 and for every constant 0 <t < 1, one has

/ " > Ct?". (3-21)
{u>—t}
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Proof. Let (U}, ¢;)'}_, be such that U; C X are open, ¢; : 4B — U are biholomorphic and Uiz ¢;(B) =
(where B is the open umt ball in C"), and there is a smooth psh function p; in U; such that dd“p; = w
for1 <j <m. Let

Cp,= sup sup||V(pjo@)l.
I<j<m 2B

Assume u(zo) =0. Then there exists 1 < jo <m such that zo € ¢, (B). Let wo= (pjfol (20), u(w) =uogp;,(w)
and p(w) = pj, o @j,(w) — pj, o @j,(wp). By the plurisubharmonicity of & + p, for every t > 0 and
0 <r <1, we have

0=(@it+p)(wy) < m/ (14 p) d Vo,

1 /
udVay
C2ﬂr2n rB
t

<C r——/ dv,
O rBO{i<—1)} "

t
<Cyr—t+—— / dv,
— ~p

Canzn rBN{ia>—t) "

C t
<Cpr—t + — vol,({u > —t}),

<Cpr+

where ¢, = volc: (B) and C,, > 0 is a constant dependmg only on n, X, w. It follows that
o=~y = o (1=
vol, ({u > — —(1-—

Co, t

Hence, for every 0 <t < 1, by choosing r =1/(1+ C,), we have
vol, ({u > —t}) > Ct*",

where C = 1/C, (1 + C,O)Z”+1 depends only on n, X and w. O

End of the proof of Theorem 3.2. Without loss of generality, we can assume that u; < up. Let W, =
{uy >ay—t}for0 <t <1. We have

f —X(u1—uz)w”§/ —x(u —ax)o" < —bix(ay —ay—1), (3-22)
W,

where b, := vol(W;).
It follows from Lemma 3.8 that W, # &. Moreover,

by = / o' > Cl(%)zn, (3-23)

where C > 0 is a constant depending only on 7, X and w. By [Darvas et al. 2021a, Theorem A] (see also
[Do and Vu 2022a, Theorem 3]), there exists a unique ¢ € £(X, 0, ¢) with supy (¢ — ¢) = 0 such that

9":—1
¢ b, w, @
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It follows from Theorem 3.7 that
¢ — CrA(—logt+logA+1)<¢p <¢ (3-24)

for some constant C; > 1 depending only on n, X and w. Thus, we have

M
EY ,4(@) < —X(—C2A(—logt +log A+ 1)) < —C3<log %) X (—A),

where C3 > 0 depends only on n, X, ® and M.
Hence, it follows from Theorem 3.1 that

2M
[X —x(un —u2) @ —0) = Cro(log 2 ) (B = R(—A)P(1 = H(= 1), (3-25)

where A = QO(”)(I)?(ul, u3)) and C4 > 0 depends only on n, X, w and M.
Combining (3-22) and (3-25), we get

n Ae\M = 2 = 2
1 =)0, < —ox(@ —az— 1) +Cag(log T4) (B = F(=AN (1 = H(=1) .
X
Letting r — A, we get

2M
| =xtn =0y < (@ —a =2+ Cioflog B ) (B - 7 (-A)21 = R
X

(I=y)/m
< —ox(@ —a—A") + Cso——— (B = X(—=A)*(1 = Z (=)’

< —ox(ar —ay —A") + Csg A" /" (B — 3 (—=A)*(1 = R (=1)*)7,
where Cs > 0 depends only on n, X, w, M, m and y. O

Remark 3.9. The hypothesis that ¥ < x in Theorems 3.1 and 3.2 can be slightly relaxed: the same
statement remains true if ¥ < y on (—oo, —1] and y (—1) = —1. Indeed, we only need the inequality ¥ < x
to guarantee that E, g ¢ (u) < Ej g 4(u) for u € PSH(X, 0, ¢). If we only have x < x on (—oo, —1], then

Ey0.¢W) < Ej0,¢u)— x(—1)vol(fy).

This is still sufficient for the proof of Theorems 3.1 and 3.2.
Later we will apply Theorem 3.2 to the special case where x (t) = max{t, —1} and ¥ € W~ with

x(=1) = —1. In this case, we can compute explicitly Qo , 5(€) = SUP( <1 x(et)/% (1) as follows.
Observe that
Qo.x.7(€) =max{ sup M, sup X~(Et) } = max{ sup —ft R _171 }
—el<r<—1 X () f<—e-1 X (@) e leieo 71 F(—e )

Since x € W, the function t/x (t) is decreasing; hence Qo , 5 (€) = (—x (—e )L
If x () = x (t) = —(—t)? for some constant p > 0, then one sees directly that Qg , ;(€) =€”. However
we will not use this special case in applications.
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3.4. A counterexample. Let

x(@):=—log(—t+1)eWw .

In this subsection, to simplify the notation, we define E, (u) := E, , 0(u), where by O we mean the
constant function equal to 0. Our goal in this subsection is to construct sequences of functions u,, v, €
PSH(X, w) N L°°(X) such that

(1) 0 2 um Z vm, SupX Mm = supX Um = 0,
(i) tm, vm — 0in L' as m — oo,

(iii) sup,,(Ey () + Ey (vy)) < 00 and limy,_, o0 I (U, vy) = 0 but

@{iv) inf/ —x (U — V) (dd vy + )" > 0.
mJx

As a consequence of our construction of u,,, v, below, we see that Theorem 1.2 (and Theorem 1.3)
does not hold in general if x = ¥ € W™. Here is our construction. On the unit ball B of C”", we define

om = max{log |z|, —¢™} and F,={z€B:loglz|=—€"}, m>0.

Lemma 3.10. We have

m

{O(e_e ) if k<n,

hn (3-26)

/ (dd pn)* A (ddC|z|)"F =
F,

m

where ¢ .= f{Z:O}(ddC log [z[)" > 0.

Proof. The case k = n follows from Stokes’ theorem. We consider now k < n. Let B, be the ball of radius
r > 0 centered at 0 in C". Observe that ¢,, = log |z| on an open neighborhood of 9B,,-.~. Using this and
Stokes’ theorem, we obtain

/ (dd )" A (dd|z|H)"F < / (dd )" A (dd|z|H"*
Fu

BZE’Em

- f (dd* og |2])* A (dd® |22,
B, _.m

2e

By direct computations (and approximating log |z| by % log(|z]? + €) as € — 0), we see that

/ (ddlog |z)* A (dd€ |z * = 0(e™").
B, _m

2e~

Hence the desired assertion for k < n follows. O

Let g : B — U be a biholomorphic mapping from B to an open subset U of X. Let ¥y € C;°(B) such
that 0 <y < I and ¥ |, , = 1. Let

Gm = (@m¥)og™".
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Then there exists a constant A > 1 such that ¢,, is Aw-psh for every m > 0. Now, for all m > A™", we define

U — (Z)m and v _¢m+l
m ”m+1 m %

We have u,,, v, € PSH(X, w) N L (X) with supy u,, =supy v, =0and 0> u,, > v, L—l> 0 as m — oo.
Put u,, := (dd‘u,, + w)" and v,, = (ddv,, + w)". We have
Lx\g(Fu) om + 1x\g (s Vm < Cr10" (3-27)

for every m, where C; > 0 is a constant. By (3-26), we also have

pm(@F)) = ——+0@™") and  vp(g(Fps1)) = — + O(e™"). (3-28)
m-+1 m

By (3-27), (3-28) and by the fact vy, L—l> 0, there exists C, > 0 such that

_em+1 c "
Ex (vm) < Cy f —x ()" — x (n—> <_ +0( ¢ )> <
X\g(Fai1) Smo ) \m

for every m > 1. Hence, sup,, E, (v,) < 0o. Since v, < u,, <0, we also have sup,, E, (u,,) < oc. On
the other hand,

/ —X (U — ) (dd vy + )" > / — X (U — ) (dd vy + @)"
X &(Fm+1)

c em+l e
>—1lo - +1
m g( Jm w1 )
_ m
< log(&) <
m n m + 1 2
for m > 1. It remains to show that lim,, oo I, (4, v,) = 0. By (3-27) and (3-28), we have

Ix(umavm)zf —X (U — ) (W — )
X\g(E;1UEn+1)

— X (W = ) € V)o@ (Fns 1)) + X (W — i) (€™ )) ton (8 (Fin)

c em—i—l e
<C Un|" + —1o ( — +1)
1/;(| ml m g W \n/nm

c | <em e +1>
— 0 —
m+1 & Jmo Ym+1
c e 1
<C v w"-l——lo( — +e"”>
1/X|m| “log( o=~ v
1 1

— +e’”) +— 40"
+1 m+1

+0@E™")

m— 00
—0

Hence we get lim;,_, o0 1, (4, vp) = 0.
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4. Applications

4.1. Quantitative version of Dinew’s uniqueness theorem. For every Borel set E in X, recall that the
capacity of E is given by
cap(E) =cap,,(E) = sup f Wl
{wePSH(X,w):0<w<I1} JE

We usually remove the subscript w from cap,, if w is clear from the context. There are generalizations
of capacity in big cohomology classes, many of them are comparable; see Theorem 4.8 below and [Lu
2021]. Recall that a sequence of Borel functions (u;); is said to converge to a Borel function u in capacity
if for every constant € > 0, we have that cap({|u; — u| > €}) converges to 0 as j — oo. Recall that
for uj, u € PSH(X, w), if u; — u in capacity, then u; — u in L.

The convergence in capacity is of great importance in pluripotential theory in part because it implies
the convergence of Monge—Ampere operators under reasonable circumstances. To study quantitatively
the convergence in capacity, it is convenient to introduce the following distance function on PSH(X, w):

1/2
deap(u, v) = sup / lu—v|" W),
{wePSH(X,w):0<w<1} J X

for every u, v € PSH(X, w) (note that dc,p(u, v) < 0o thanks to the Chern-Levine-Nirenberg inequality).
The number % in the definition of d.,p can be replaced by any constant in (0, 1). One can see that
for uj, u € PSH(X, ) for j € N, deyp(uj, u) — 0 if and only if |u; — u| — O in capacity. Indeed, if
deap(uj, u) — 0, then it is clear that |u; — u| — 0 in capacity. For the converse statement, assume that
|uj — u| converges to 0 in capacity, i.e., for every constant § > 0, we have

lim cap({|u; —u| > 8}) = 0.
j—00

In particular, the L'-norm of u; is bounded uniformly in j. Consequently

/ Iuj—ull/zwz)ff Iuj—ull/za)ﬁj—l-/ luj —u'at
X {luj—u| <8} {luj—u|=38}

1/2 1/2
< 51/2/ " + (/ wﬁ;) (/ u; — u|a)$> (Holder’s inequality)
X {luj—u|>8} {luj—u|=8}

561/2/ "+ (cap({ju; —u| = 8)""%,

X

by Chern-Levine-Nirenberg inequality. Hence deqp (), u) — 0 if |u; —u| — 0 in capacity. The following
result is an immediate consequence of the Chern—Levine—Nirenberg inequality.

Proposition 4.1. Let 0 < Aw be a closed smooth real (1, 1)-form (Where A > 1 is a constant) and ¢ be
a model 0-psh function with o := fX 0(;’ > 0. Let 0 < w < 1 is an w-psh function and \ is the unique
solution to the problem

ueé(X,0,q),
dd‘w+ w)", 4-1)

n__ 0@
Ou = vol(X)
supy u = 0.
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Then there exists a constant C > 0 depending only on X and w such that

/ 16 < C Ag.
X
Here is the main result of this subsection.

Theorem 4.2. Let 6 < Aw be a closed smooth real (1, 1)-form (A > 1) and let ¢ be a model 6-psh function
such that o :=vol(0y) > 0. Let B> 1, x € W~ and uy,upy € £(X,0,¢) such that x(—1) = —1 and

EY o)+ E , ,(u2) < B.
Let x(t) = max{t, —1}. Then, for every 0 <y < 1, there exists C > 0 depending only on n, X, w and y

such that
deap(u1, u2)> < C(A+ay — az))(|lar — az| + A(A + B)*17), (4-2)
where
1
A= 5
her(1/ 15 (uy, uz))
One sees that for uy, u; € £(X, 6, ¢), we can find a common ¥ € W~ so that the assumption in
Theorem 4.2 is satisfied. Thus if supy u; = supy u =0, and 6], =6, , then the right-hand side of (4-2)

up’

and h(s) = (—=x(—s)"%

aj (= S8up uj,
X

vanishes; hence u#; = u,. We then recover Dinew’s uniqueness theorem for prescribed singularities
potentials [Boucksom et al. 2010; Darvas et al. 2018b; Dinew 2009].

Proof. Suppose that w is an arbitrary w-psh function satisfying 0 < w < 1 and  is the unique solution to
the problem

ueé(X,0,q),
(dd“w + )", (4-3)

n__ 0@
Ou = vol(X)
supy u = 0.

We split the proof into two cases.

Case 1: Assume now that I)(()(ul, uy) < 1. Hence, we get A = Q‘)’(”;( (I)(() (uq, uy)) (see Remark 3.9), and
one has —x(—A) < A because x(—1) = —1. It follows from Theorem 3.2 and Proposition 4.1 that, for
every 0 < y < 1, there exists C; > 0 depending only on n, X, w and y such that

I :=f —x(—lur —u2)8), < —ox(~lar —a2| = 1) + CroA(A + B)?2. (4-4)
X

Moreover

Q
vol(X)

/Im—uzl”z(dd"w-i-w)”:/ uy — uz|'/20]
X X
=f |u1—u2|”203,+/ luy — ua|'/?6},
{lug—uz|<1} {luy—uz|>1}

12 172
<2 ®) oy rmeet) )
{lur—uz|<1} v {lur—uz|>1} v
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where the last estimate holds due to the Cauchy—Schwarz inequality. Moreover, it follows from Chern—
Levine—Nirenberg inequality [Kotodziej 2005] that

/X|u1—al—’/l2+32|9$:%(X)/XWI_QI_”Z'FGZKCMCU)‘FCU)"

< Cro(llur —aillpix) + lluz —azll1(x))
< 0GC3A, (4-5)

where C,, C3 > 0 depend only on X and w. Here, the last estimate holds due to the compactness of
{u € PSH(X, w) : supy u = 0} in L' (X).
Hence
Q
vol(X)
where C4 > 0 depends only on X and w.
Combining (4-4) and (4-6), we get

/ 1 — 1] 2(ddw + )" < Cal 2oV (A + |ay — aa]) 2, (4-6)
X

(/ Jur —ua| ' (ddw +w)")2 < Cs(A+ a1 —aa)) (= x (=lar — az] = 2) + A(A + B)*A7)
! < Cs(A+la) — arl)(Jas — az| + 1 + A(A+ B)*1Y)
< Co(A+la — az])(Ja1 — az| + A(A + B)*A)),
where Cs, Cg > 0 depend only on n, X, w and y. Since w is arbitrary, we obtain the desired inequality.

Case 2: We treat now the case where I)? (uq,uy) > 1.
Observe that A > 1 in this case. Hence the right-hand side of (4-2) is greater than or equal to
C(A+ |a; —ay]) because A > 1 and A > 1. On the other hand, Holder’s inequality gives

2
(f |M1—M2|1/2(ddcw+w)"> sf luy — us|(ddw + w)"
X X

< / luy —ay —us +az|(ddw+ w)" + |ay — az| / "
X X
SA+a —a
by (4-5). Thus the desired estimate holds. Il
Remark 4.3. If B > A then the inequality (4-2) is equivalent to

deap(ur, u2)” < C(A+ |ay —aa])(lar — az| + A BA),
where C > 0 depends only on n, X, @ and y.

4.2. Quantitative version for the domination principle.

Theorem 4.4. Let A > 1 be a constant and let 0 < Aw be a closed smooth real (1, 1)-form and ¢ be a
model 6-psh function, and ¢ := vol(64) > 0. Let B > 1 be a constant, x € W~ and u,uy € é(X,0,qo)
such that x(—1) = —1 and

EY o)+ E) , ,(u2) < B.
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Assume that there exists a constant 0 < ¢ < 1 and a Radon measure p on X satisfying 6, < ct, +ou on
{ur <uz}andc, = f{u1<u2} du < 1. Then there exists a constant C > 0 depending only on n, X and o

such that
C vol(X)(A + B)?
e(l—=c)h°"(1/cy)

cap,{u; <up —e€} <

forevery O <€ < 1, where h(s) = (—x (—s)H1/? Jorevery 0 <s < o0.

In particular, if ¢, = 0 then cap,{u; < uy — €} =0 for every € > 0, and then uy; > us on whole X.

The standard domination principle corresponds to the case where ¢ = 0 and p := 0. A non-
quantitative version of this domination principle (i.e., for © = 0) in the non-Kéhler setting was obtained
in [Guedj and Lu 2023].

Proof of Theorem 4.4. Let w be an arbitrary w-psh function satisfying 0 < w < 1 and v is the unique
solution to (4-1). Let v =max{uy, up} and x (t) =max{¢, —1} > x (¢). By Theorem 3.1 and Proposition 4.1,
there exists a constant C; > 0 depending only on #, X an @ such that

I = / —x(u1 =)0 — 0] ) < Cro(A+ B)*Q°™ (1) (11, v)), (4-7)
X

L= / —x(uy =)@, —0;) < Cro(A+ B)*Q°"™ (I)(uy, v)). (4-8)
X

Moreover, by the fact 0,/ =6, on {u; < us} and by the assumption 6,/ < c6, +ou on {u; <u,}, we have

2
I (u1, v) =Q—‘f

{u1<uz}

—x(ur —v)(@,, —6,) EQ“/ —x(ur =)0, —cb;) <c,. (49

2
{uy<uy}

Combining (4-7), (4-8) and (4-9), we get
(1-20) / —x(uy — v)@&‘, = / —x(uy — v)(G;‘1 — 69,;’2) +0 -1 +cl
X X

< f — X (1 — )@, — L) + Cro(A+ B)* Q%" (c,)
X

<oc,+Cio(A+ B> Q% (c,)
<Co(A+ B)*Q0°(cp),
where C = C; + 1. Hence

2 non
/ o = vol(X) o < C vol(X)(A + B)*Q°(c,)
{uy<ur—e} o {uy<ur—e} (1 - C)E

for every 0 < € < 1. Since w is arbitrary, it follows that

C vol(X)(A + B)?Q°"(c,,)
(1—c)e '

cap,f{u; <uz—e€} <

(4-10)
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Moreover, by the definition of x and the formula of Q, we have
1 1

&) =72 ~ w1ys)

for every 0 <s <1, and Q(0) = 0. Then

on _ 1 B
Q™ (s) = W (1)s) (4-11)

forevery 0 <s <1. |

4.3. Relation to Darvas’s metrics on the space of potentials of finite energy. Let x € W~ U W;fl Let
6 be a closed smooth real (1, 1)-form in a big cohomology class. When 6 is Kéhler, it was proved in
[Darvas 2015; 2017; 2024] that there is a natural metric d, on &, (X, 6) which makes the last space to be a
complete metric space. When y () = ¢, such metrics have a long history and play an important role in the
study of complex Monge—Ampere equations. We refer to these last references and [Berman et al. 2020;
2021] for more details. We now draw the connection between I, (1, v) and the metric on &, (X, ). Let

fx(u,v)=/ —X(M—U)(93+9:f)+f —x(w—u)@; +6,))> L (u,v).
{u<v} {u>v}

By [Darvas 2015; 2017; 2024], there exists a constant C > 0 such that
C_lfx(u, v) <d,(u,v) < Cix(u, V)

for every u, v € £, (X, 6) and 6 is Kihler. It was proved in [Gupta 2023] (and also [Darvas 2015; Darvas
et al. 2018a; Di Nezza and Lu 2020; Trusiani 2022; Xia 2023]) that I » (u, v) satisfies a quasitriangle
inequality, and the convergence in 1. » (u, v) implies the convergence in capacity by using the plurisub-
harmonic envelope. Such a method is not quantitative. We present below quantitative version of this fact
by using our approach.

Theorem 4.5. Let 6 < Aw be a closed smooth real (1, 1)-form (A > 1 is a constant) and ¢ be a
model 0-psh function with ¢ :== vol(6y) > 0. Let B> 1, x € W™ and uy,u> € £(X, 6, ¢) such that
x(—=1)=—1and

EY g o(u1) + EY o ,(u2) < B.

Then there exist C > 0 depending only on n, X and w such that

C(A+ |supy u; —supy us|) (A+ B)?
hen(o/ Iz (uy, u2))

2
dcap(”l’ uz)” <

’

where h(s) = (—x (—s))'/? for every 0 < s < oo.

We note that the quantities a; := [supy u;| for j =1, 2 (hence |a; — a3|) can be bounded by a function
of B and yx as follows. Since ¢ is a model, we have —a; = supy (u; — ¢). It follows that

B> E), )= —7(—aj).
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Consequently, we geta; < —%~'(=B) for j =1, 2, where ¥ ~! denotes the inverse map of ¥ : R<og — Ro.
Thus by Theorem 4.5, one sees that if I 5 (w1, up) is small, then s0 is dcap (41, u2) (uniformly in uy, up €
(X, 0, ¢) of x-energy bounded by a fixed constant).

Proof. Let x(t) = max{r, —1}. Suppose that w is an arbitrary w-psh function satisfying 0 < w < 1. By
the proof of Theorem 4.2 (see (4-6)), there exists C; > 0 depending only on X and w such that

2
(/ |u1—142|1/2(ddcw+60)"> scl(A+|supu1—supuz|)e‘1f —x(—luy —ua))0),  (4-12)
X X X X

where i is defined by (4-3). Moreover, it follows from Theorem 3.1 (applied to u;, max{u;, us},
Y1 := Y, Yo :=u;) and Proposition 4.1 that

/ —X(—lur = ua))0 < I (w1, uz) + Cro(A + BY> Q5" (19 (uy, u2)),
X

where C, > 0 depends only on n. Therefore, since

o 1 2 7
0°"(s) = oy 9 D) <D, ug) < T, u),
we obtain )
C3;0(A+ B)
/ —x (=lur —u2|)y, < e . (4-13)
X he™ (o/ 15 (uy, uz))
where C3 > 0 depends only on n, X and w. Combining (4-12) and (4-13), we get
2 2
C A+ |supy u; —supy usz|)(A+ B
(/ Iul—uzll/z(ddcw+a))") < ( | Px U1 _ Px 2|)( ) ’
X ho™ (o] I3 (u1, u2))
where C > 0 depends only on n, X and w. Since w is arbitrary, we get the desired inequality. O

Remark 4.6. Consider now a weight x € WAJCI with ¥ (—1) = —1. One sees that ¥ (1) < (=)™ 3 (=1) =
—(=t)M for —1 <t <0, and ¥ (t) < Xo(t) :=t for t < —1. Consequently, using Holder’s inequality, we get

o I (ur, u) < 2007 Iy (uy, ua)) Y™ + p7 I (uy, wn).

Hence, Theorem 4.5 applied to xo shows that if oM 7(u1, uz) — 0 and the normalized y-energies of
uy, up are uniformly bounded, then dcap (11, u2) — 0.

When j € W;,, we have another version of Theorem 4.5 which is more explicit.

Theorem 4.7. Let 6 < Aw be a closed smooth real (1, 1)-form (A > 1) and ¢ be a model 6-psh
function such that ¢ :== vol(84) > 0. Let B> 1, x € W;, (M = 1)and uy,uy € £(X, 0, ¢) be such that
x(—1)=—1and

EY o)+ E) , ,(u2) < B.

Then there exists C > 0 depending only on n and M such that

f — X (—luy —ua))0}) < CoB*(Iy (w1, uz)/0)* " (4-14)
X
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for every € PSH(X, 0) with ¢ — 1 < < ¢. Moreover, if supy u; = supy u then there exists C' > 0
depending onn, X, w, A and M such that
Iy (w1, up) < C'o A2 B2(19(ur, ).
Proof. The case I)? (uq, up) > 1 is trivial because
Iz (u1, u2)/0 > I)?(ul, uz) > 1,

whereas the left-hand side of (4-14) is always bounded by a constant (depending on M) times B. Thus,
from now on, it suffices to assume that Ig (uq,up) < 1.

Denote v = max{u, us}. By Lemma 2.7, we have v € £(X, 0, ¢) and E}% 9’¢(v) < C1B, where C; >0
depends only on n and M. Taking x = x and using Theorem 3.1, we get

/ —X(uj =)0, < / —X(uj =)0 + C20B>(I} (uj, v))* (4-15)
X X
for j =1, 2, where C, > 0 depends on n and M. Note that
/ — %y =)0 +/ — 5 (w2 — )6, 5/ — 7 (=l —ua (O +67) = Tz (ur, u2),
X X X

I (ur, v) + I3 (ua, v) = I)(uy, u2) < 0 Iy (uy, ua).

Hence, by (4-15), we get

— X (—|u1—uz|)0y, :/ —)?(ul—v)en-i-/ —X(ur—v)0y
/X v X v X v
< / R i)+ / 2= 002, +Co0B (1, v +(I0ua, 1))
X X
< I;(u1,u2)+2C20B*(I; (u1, u2)/0)* "
< C30B*(Iz (u1,u2)/0)* ",

where C3 > 0 depends on n and M. Here, the last estimate holds due to the fact that I gy, uz) < 0B.
Now, we consider the case supy u; = supy u2. By Theorem 3.2 (choose m=1and y = %) there
exists C4 > 0 depending only on n, X, w and M such that

I;(ur, ua) S/ —X (=luy —uz )6}, +6,))
X

~ —n —n—1
< =207 (U1, u2))* ") + CagA 2 BX(I(ur, uz))* " (4-16)
Moreover, since j is concave, we have
A0 _x=H
t = =1

for every —1 <t < 0. Hence, by (4-16), we have
~ —n —n—1
Iy (ur, u2) <20 (1)1, u2))* " + Cag A B (I (uy, u2))?
< 2+ CaoA P BAU(ur, u)* " O
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4.4. Comparison of capacities. For every Borel subset E in X and for every ¢ € PSH(X, 0), we recall
again that

capgw(E) = sup{/ 9$ Y e PSH(X,0), p— 1<y < (p}.
E

In [Lu 2021], it was shown that if ¢; (j = 1, 2) is a 6;-psh function with fX(Gj +dd°p;)" > 0 then
there exists a continuous function f : R>g — Rxo with f(0) =0 such that capy, o, (EY<f (capgz,(pz(E )
for every Borel set E C X. As an application of our main results, we obtain the following quantitative
comparison of capacities for the case where ¢; is a model 6;-psh function.

Theorem 4.8 (comparison of capacities). Assume that 61, 6, < Aw are closed smooth real (1, 1)-forms
representing big cohomology classes and, for j = 1,2, that ¢; is a model 0;-psh function satisfying
fX (dd°¢; +0))" =0j > 0. Then, for every 0 <y < 1, there exists C > 0 depending only onn, X, w, A
and y such that -
Cap91,¢1 (E) S C(Cap02,¢2(E)> Y
Q1 Q2
for every Borel set E C X.

We now prove Theorem 4.8. First, we need the following lemma.

Lemma 4.9. Let A, B > 0 be constants. Let 0 be a closed smooth real (1, 1)-form representing a big
cohomology class such that 0 < Aw. Assume that u, v are 0-psh functions satisfying v <u < v+ B. Then

| wer < [ oo enas [ o
X X X
for every negative Aw-psh function .

Proof. Using approximations, we can assume that ¥ is smooth. Let

n—1
T=Y olnop
1=0
We have 0 — 0! = dd‘(u — v) A T. Moreover, using integration by parts (Theorem 2.2), we get

/(—w)ddc(u—v)/\TZ/(u—v)ddc(—tﬂ)ATEA/(u—U)wATan"Bf o".
X X b'e b'e

Hence

/ (—y)o) < f (=)0 +nA"B / o .
X X X

Proof of Theorem 4.8. By the inner regularity of capacities (see [Darvas et al. 2018b, Lemma 4.2]), we
only need consider the case where E is compact. Since the case capy, 4, (E) = 0 is trivial, we can also
assume that capy, ¢2(E ) < 07. In particular, by Darvas et al. 2021a, Proposition 3.7; 2021b, Lemma 2.7],
we have

sup hE 6,9, = Sl}l{p(hi%,@z,¢2 —$2) =0,

where
hEo,.6 =sup{w € PSH(X, 0,) : wlg < ¢ — 1, w < 2 }.
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Set x(t) = x(t) =t. We will use Theorem 3.2 for u; = (hg g, ¢,)" and us = ¢. It is clear that
Eg’ 6. ¢2(u2) =0and u; =ur —1on E\ N, where N is a pluripolar set. Moreover, it follows from [Darvas

et al. 2021a, Proposition 3.7] that
I(ui, up) < EY o o (1) =05 'capy, 4,(E) < 1.

By Theorem 3.2, for every 0 < y < 1 and B > 1, there exists C > 0 depending only on X, w, n, A and y
such that

f o) < f X (—luy —uz))0), < CorA(A+ B)*(capy, 4,(E)/02)* 7, (4-17)
E X

for every compact set E and for each ¢ € £(X, 0;, ¢,) with E%gzm(w) < B. Let ¢ € £(X, 01, ¢1) such
that p; — 1 < ¢ < ¢ and fE(91 +dd¢p)" > %capew,1 (E). By [Darvas et al. 2021a], there exists a unique

function ¥y € £(X, 62, ¢2) such that supy o =0 and
(dd“ Yo +0,)" = %(dd%p + 00"
1
When ¢ = 1, we have
Q2
/E% > 2—Qlcap91’¢1(E). (4-18)

Moreover, by using Lemma 4.9 for ¢, ¢ and using the fact that (dd“$> + 62)" < 1(4,—0y0; (see [Darvas
et al. 2018b, Theorem 3.8]), we have

01EY 4 5 (o) = /X (¢2 — Y0) (ddp +61)" < /X (—Yo)(dd 1 +6)" +nA" fx W <B, (419

where B > 1 depends only on A, X, , n. Combining (4-17), (4-18) and (4-19), we get

201 201
ca (E)s—/e" <22 [ (Clur = wa)er
Po,, ¢, 0 Je =0, Jy Yo

<2C01A(A+ B)(capy, 4,(E)/02)* 7. O
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