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This paper concerns an inverse boundary value problem for a semilinear wave equation on a globally hyper-
bolic Lorentzian manifold. We prove a Holder stability result for recovering an unknown potential g of the
nonlinear wave equation g u +qu™ =0, m > 4, from the Dirichlet-to-Neumann map. Our proof is based
on the recent higher-order linearization method and use of Gaussian beams. We also extend earlier unique-
ness results by removing the assumptions of convex boundary and that pairs of light-like geodesics can
intersect only once. For this, we construct special light-like geodesics and other general constructions in
Lorentzian geometry. We expect these constructions to be applicable in studies of related problems as well.
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1. Introduction

We consider the stability and uniqueness of an inverse problem for the nonlinear wave equation on an
(n+1)-dimensional, n > 2, globally hyperbolic Lorentzian manifold. As is well known, any globally hyper-
bolic Lorentzian manifold N is isometric to a product manifold R x M equipped with the product metric

= —B(t, x)dt* + h(t, x). (1

Here 8 > 0is a smooth function and (¢, - ), t € R, is a smooth one-parameter family of Riemannian metrics
on an n-dimensional manifold M ; see, e.g., [Bernal and Sdnchez 2005]. Let 2 C M be a smooth subman-
ifold of dimension # with smooth boundary and let us denote the lateral boundary of [0, T] x & C N by

= [0, T] x 3%2.

In local coordinates (x?) the d’Alembertian wave operator (g of g has the form

Z \/Wax“( @)l 51 )
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Here we write (g~ 1) 45 = (¢%%), a,b =0, ..., n, as usual. We consider the nonlinear wave equation

Ogu(t,x)+q(t, x)u(t,x)” =0 1in[0,T] x 2,
u=f on [0, T] x 0€2, @)
u(0,x) =d;u(0,x) =0 on €2,

where we assume that the exponent m is an integer greater than or equal to 4. The inverse problem we
study is the stability of recovery of the potential ¢ from the Dirichlet-to-Neumann (DN) map

A:HSYU(E) — HY(Z), [ dvuyls,

where u ¢ is the unique small solution of (2) and 9y, is the normal derivative on X. Here also Hg t1land H*
refer to Sobolev spaces, where s € N will be specified later. See Section 1.4 for details about Sobolev
spaces and Section 2 for details about the well-posedness of the forward problem. The present work is a
continuation of the authors’ earlier work [Lassas et al. 2022], which considered the stability of a recovery
of the potential g of (2) in the Minkowski space of R” 1. We describe our main results in Section 1.1.

Studies of uniqueness and stability of the recovery of unknown parameters in inverse problems are
motivated by practical applications. Let us mention some results on inverse problems for linear wave
type equations. First results in this direction for the linear wave equation with vanishing initial data were
obtained in [Belishev 1987; Belishev and Kurylev 1992]. The approach there is called the boundary control
method and it combines both the wave propagation and controllability results [Katchalov et al. 2001]. The
boundary control method allows also an effective numerical algorithm [de Hoop et al. 2018]. Recently,
there have been several results on determining a Riemannian manifold from partial data boundary measure-
ments for the linear wave equation and related equations such as the ones in [Anderson et al. 2004; Helin
et al. 2018; Isozaki et al. 2017; Kian et al. 2019; Krupchyk et al. 2008; Kurylev et al. 2018b; Lassas 2018;
Lassas and Oksanen 2014]. However, the boundary control method has been applicable only in the cases
where the coefficients of the equation are time-independent, or when the lower-order terms are real analytic
in the time variable [Eskin 2007]. In a geometric setting it has been studied if it is possible to recover a
Riemannian metric g from the Dirichlet-to-Neumann map of the equation (32 — A ¢)u = 01n a stable way.
Earlier results for recovery of the metric are based on Tataru’s unique continuation principle, which yields
stability estimates of logarithmic type; see, e.g., [Bosi et al. 2022]. Later these results have been improved
by using different techniques and different assumptions. For example, in [Stefanov and Uhlmann 2005] it
was shown that a simple Riemannian metric g can be recovered in a Holder stable way from the DN map.
For examples of instability of inverse problems for a wide class of equations; see [Koch et al. 2021].

Concerning the unique recovery of potentials for a linear counterpart of (2) with lower-order terms we
mention [Feizmohammadi et al. 2021; Stefanov 1989; Stefanov and Yang 2018]. These works make use
of propagation of singularities along bicharacteristics to determine integrals of the unknown coefficients
along light rays. In these results, the Dirichlet-to-Neumann or scattering operator needs to be known over
all of the lateral boundary X.

Moving on to inverse problems for nonlinear wave equations, Kurylev, Lassas and Uhlmann [Kurylev
et al. 2018a] observed that nonlinearity can be used as a beneficial tool in inverse problems for nonlinear
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wave equations. By exploiting the nonlinearity, some still unsolved inverse problems for linear hyperbolic
equations have recently been solved for their nonlinear counterparts. The first results in [Kurylev et al.
2018a], for the scalar wave equation with a quadratic nonlinearity, already showed that local measurements
of solutions of the nonlinear wave equation determine the global topology, differentiable structure and the
conformal class of the metric g on a globally hyperbolic (34 1)-dimensional Lorentzian manifold. The
results of [Kurylev et al. 2018a] use the so-called higher-order linearization method, which has made
inverse problems for nonlinear equations more approachable. The method has given rise to many new
results on inverse problems for nonlinear equations. We will explain the method later in this Introduction.

The authors of [Lassas et al. 2018] studied inverse problems for general semilinear wave equations on
Lorentzian manifolds, and in [Lassas et al. 2017] they studied the analogous problem for the Einstein—
Maxwell equations. The papers [Hintz et al. 2022a; 2022b] are closely related to this work. They use the
higher-order linearization method to study uniqueness for the inverse problem of (2). However, these
works have additional assumptions that the domain €2 of the time cylinder [0, T'] x €2 is convex and that
light-like geodesics can only intersect once. These conditions are removed in the present work. Our
results will in particular improve results in [Hintz et al. 2022b].

The research of inverse problems for nonlinear equations is expanding fast. By using the higher-order
linearization method, inverse problems for nonlinear models have been studied for example in [Balehowsky
et al. 2022; Carstea et al. 2019; Chen et al. 2021; 2022; de Hoop et al. 2019; 2020; Feizmohammadi and
Oksanen 2020; 2022; Kang and Nakamura 2002; Krupchyk and Uhlmann 2020a; 2020b; Kurylev et al.
2022; Lai et al. 2021; Lassas et al. 2021a; 2021b; Oksanen et al. 2024; Sun and Uhlmann 1997; Uhlmann
and Wang 2020; Wang and Zhou 2019].

1.1. Main results. The present work is a continuation of [Lassas et al. 2022] to the setting of globally
hyperbolic Lorentzian manifolds. In that work we considered a stability result for a recovery of the
potential ¢ of (2) in R"*1. We denote by (¥, g) a globally hyperbolic manifold. We assume that the
dimension of N is n + 1, where n > 2. As explained earlier, we view N as the product manifold R x M
equipped with the product metric (1) and where M is an n-dimensional manifold. For 7" > 0, we fix a
time-interval [0, T]. We assume that Q C M is an n-dimensional submanifold of M and that Q2 has a
smooth nonempty boundary 9€2.

The finite propagation speed of solutions to the wave equation and the causal structure of (N, g) cause
natural limitations on the parts of [0, 7] x  where we can obtain information about the potential in the
inverse problem. Let W be a compact set belonging to both the chronological future /(X) and past
I~ (X) of the lateral boundary X = [0, T'] x 092:

Wl ()NIT(E)N0,T]x Q). (3)

(See Section 1.2 for the definitions of /% (%) and other basic Lorentzian geometry concepts.) This is
the domain which can be reached by sending waves from X so that the possible signals generated by
a nonlinear interaction of the waves can also be detected on X. We do not assume that [0, T] x 9L2 is
convex or that light-like geodesics of (&, g) can only intersect once.
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Below we use the notation H for the closure of the space of compactly supported smooth functions,
with respect to the Sobolev H* norm. The main result of this work is the following:

Theorem 1 (stability estimate). Suppose (N, g), N =RxM, is an (n+1)-dimensional globally hyperbolic
Lorentzian manifold. Let T > 0 and let Q@ C M be a submanifold with smooth nonempty boundary. Let
m > 4 be an integer, s € N with s + 1 > % andr € Rwithr <s. Let j = 1,2. Assume that
q; € CSTHRx Q) satisfy ||qj | cs+1 < ¢, j = 1,2, for somec > 0. Let Aj : HSH(E) — H"(X) be the
corresponding Dirichlet-to-Neumann maps of the nonlinear wave equation (2).

Leteg >0, L >0andé € (0, L) be such that

IAL(f) = A2 ()llar(z) <8

forall f € HYTY(Z) with | f Il zzs+1(x) < €0. Then there exists a constant C > 0, independent of q1,q2
and § > 0, such that
g1 — g2ll oo ) < €87, (4)

h
where 8(m —1)

2m(m—1)8s—n+13) +2m—1"

A corollary of the theorem is a uniqueness result, which improves the main result of [Hintz et al.

o(s,m)=

2022b] by allowing nonconvex boundary and light-like geodesics to intersect more than once.

Corollary 2 (uniqueness). Adopt the notation and assumptions of Theorem 1. Then the Dirichlet-to-

Neumann map A uniquely determines the potential q within the set W.

We only consider the case m > 4 in this work as the other natural cases m = 2 or m = 3 would lead
to additional considerations. The reason is that our method leads to a density problem for products of
m + 1 solutions of the wave equation. The solutions we use do not yield density in the case m = 2, and
not even in the case m = 3, when light-like geodesics can intersect several times. We mention that the
authors of [Hintz et al. 2022b] needed to use different types of solutions in their uniqueness proof when
m = 2 than in the cases m > 3. We expect that both the cases m = 2 and m = 3 can be handled by a
method developed in [Feizmohammadi et al. 2023] for an elliptic equation with quadratic nonlinearity
transferred to the current hyperbolic setting. We consider the cases m = 2, 3 in a future work.

We explain next how our results are proved and how we are able to consider nonconvex boundaries
and the case where light-like geodesics can intersect more than once.

1.2. Sketch of the proof of Theorem 1. Let us discuss the main ideas behind the proof of Theorem 1.
We first discuss how to recover ¢ uniquely from the DN map A associated with (2). To avoid technical
details, the presentation here is slightly formal. We also only consider here the case m = 4 for simplicity,
while the case m > 4 is similar.

We first recall some notation and definitions in Lorentzian geometry following the books [Beem et al.
1996; O’Neill 1983]. Let (N, g) be a Lorentzian manifold. A smooth path u : (a,b) — N is said to be
time-like if g(g(s), ft(s)) < O for all s € (a, b). The path p is causal if g(fi(s), 1(s)) <0 and p(s) #0
for all s € (a, b). For p,q € N we write p < g if p # ¢ and there is a future-pointing time-like path from



STABILITY AND LORENTZIAN GEOMETRY FOR AN INVERSE PROBLEM OF A SEMILINEAR WAVE EQUATION 1069

p to q. Similarly, p < g if p # g and there is a future-pointing causal path from p to ¢, and p < g when
p =q or p <q. The chronological future of p € N is the set I T (p) ={g € N | p < ¢} and the causal
future of p is J ¥ (p) ={g € N | p < q}. The chronological past / ~(g) and causal past J ~(q) of g € N
are defined similarly. If A C N, then we define J*(4) = Upe ad £(p). The sets T (p) are always
open. If (N, g) is in addition globally hyperbolic, then the sets J(p) are closed, and the sets *(p)
and J £ (p) are related by cl(I*(p)) = J(p); see [0’ Neill 1983, Lemmas 14.6 and 14.22]. Finally, a
geodesic from p € N with initial direction £ € T, N is denoted by y, ¢(1) = exp, (¢§).

Consider f; € Hg“ (2), j=1,2,3,4, with || f; || grs+1(x) < co for some constant c¢o > 0. Let us denote
by Ug, £, 4.+, £, the solution to (2) with boundary data &1 f1 + - + €4 f4, where &; > 0 are sufficiently
small parameters. We abbreviate the notation by writing € = 0 when referring to 1 = --- = g4 = 0. By
taking the mixed derivative 831 wg4l5=0 Of the solution ug, f, 4...1¢, £, to (2) with respect to the parameters
£1,...,&4, we see that the function
De1 DeqlzmqerSitteats
solves the equation

Ogw = —16qvivav3vgs in [0, T] x Q ®))
with vanishing Cauchy and boundary data. Here the functions v;, j = 1,...,4, satisfy

Ogv; =0 in [0, 7] x Q,

vj = f; on [0, T'] x 02, (6)

Vjlt=0 = 0;Vj|;=0 =0 in Q.
This way we have produced new linear equations from the nonlinear equation (2). If the DN map A is
known, then the normal derivative of w is also known on 2. This is true, because

dyw = 37, .o, lzmoA(E1 1+ + 4 fa).

Let vg be an auxiliary smooth function solving Ogv = 01in [0, T] x 2, with vo|;=7 = 0;Vo|;=7 =01in Q.
The function vg will compensate for the fact that d,w is known only on the lateral boundary X, but not
on {t = T'}. The normal derivative d,,w is known on {¢t = 0} due to the initial conditions. Multiplying (5)
by vg and integrating by parts on [0, T'] x 2, we arrive at the useful integral identity

/Evoagl...mlg:o/\(&fl +--4e4f4)dS =/ vodgwd Vg

[0,T]x
=—16[ quov1v2v3v4 d V. (7)
[0,T1xQ2
This means that the quantity
/ quov1v2v3Vs d Vg (8)
[0,T]x%
is known from the knowledge of the DN map A. Since the functions v;, j =1,...,4, were arbitrary

solutions to (6), we are able to choose suitable solutions v; so that the products of the form vovivav3v4
become dense in L' ([0, T'] x ). This recovers the potential ¢ uniquely. The procedure we have now
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explained results in new equations, and an integral identity relating the DN map and the unknown ¢, by
differentiating solutions to the nonlinear equation (2) depending on several parameters. This procedure in
general is called the higher-order linearization method.

The earlier work [Lassas et al. 2022] by the authors studied an analogous stability problem in the
Minkowski space. There v; were chosen to be approximate plane waves so that the product viv2v3v4 in
the integral (8) essentially becomes a delta function of a hyperplane. Hence the integral (8) in that work
became the Radon transformation of gvg in R”. Since the Radon transformation in R” is invertible, this
recovered ¢g. In 14-1 dimensions, the integral (8) becomes an integral of gvo against a delta distribution,
in which case the recovery of pointwise values of qvy is trivial. The auxiliary function vg in the product
qvo can be eliminated by choosing vg suitably.

Motivated by the above explanation, in the present work we shall consider the so-called Gaussian beam
solutions v; to (6). One can think of Gaussian beams as wave packets traveling on light-like geodesics. In
Sections 3 and 5 we will show that by using the nonlinearity of (2) and Gaussian beams, one can produce
approximate delta distributions from the product v vpv3v4 in (8). This uses the fact that Gaussian beams
are solutions to the linear wave equation (6) with exponential concentration to a neighborhood of a given
light-like geodesics up to a small error term. Thus, if two different geodesics intersect, then the product
of the corresponding Gaussian beams concentrates near the intersection points of the geodesics. The
product of four, instead of two, Gaussian beams is required to cancel oscillations of the product of the
solutions. (If oscillations would not be canceled, one would expect not to be able to recover g due to the
nonstationary phase.)

Let us explain how we use four Gaussian beams in (7) in more detail. Let us consider pg € W C
I (Z)NIT(Z)N ([0, T] x Q). We show that there exist two different geodesics y; and y, that pass
through pg and that intersect X in a suitable manner. We distinguish two cases depending on whether y;
and y, intersect only once or multiple times. Let us explain first the simpler case, where the geodesics
y1 and y» intersect only at the point pg. Let v; and v, be Gaussian beam solutions to (6) with respect
to y1 and y,. Making the choice v3 = ¥; and v4 = ¥ yields vjvav3v4 = |v1|?|v2|?. Evaluating this
product, one finds that the product |v|?|v|? is an approximation of the delta distribution concentrated
at po. Therefore, by using the integral identity (7) for this specific product v{v;v3v4, and the knowledge
of the DN map, we can recover quvg at pg. We take vg to be another Gaussian beam that is nonzero at py.
This way we have recovered g at pg. Repeating the argument for all points of W recovers g on W.

Suppose next that y; and y» intersect at points x1 <--- < xp, P > 2. Using arguments similar to those
above, the integral (8) reduces to an integral of gvg against a sum of approximate delta functions located

at the intersection points X1, ..., xp. That is, by using (7), we know from the DN map A the quantity
P
> q(x)volxk) )
k=1

up to an error, which can be made arbitrarily small by taking a parameter associated to the Gaussian
beams large enough. The task is then to decouple the information about gvg at each single point x; from
the sum above.
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To decouple the information, the choice of vg plays a crucial role. Recall that the only requirement
from vo was that it satisfies the wave equation Cgvg = 0 with Cauchy data vanishing at = 7. We
show that there is a family (v(()k)) ,f=1 of P functions, satisfying the required conditions for vg, with the
property that the matrix

o)) v (2) e vg (xp)
po [ 00 0P 00) P )
P) P P
v(() )(x1) v(() )(xz) - U(() )(xp)
is invertible. Thus, by using (9) for each v(()k) in place of vg separately we know the quantity
q(x1)
1% :

q(xp)

from the DN map A. Since V is a known invertible matrix, this uniquely recovers the values of the
unknown potential g at the points x1,...,xp. We explain in Section 1.3 the idea of how the matrix V is
constructed, while complete statements and proofs about the matter are in Section 5.6. The matrix V is
called a separation matrix.

So far, we have sketched the proof of unique recovery of ¢ from the DN map A associated with (2).
We briefly discuss how to quantify the uniqueness result and thus to prove a stability estimate. To obtain a
stability estimate for ¢ in terms of A, instead of differentiating (2) with respect to €1, . . ., &4, we take the
mixed finite difference Dg]~-~s4 of Ug, £, 4te, £, A€ =0. (Recall that € = 0 stands for g1 =--- =4 =0.)
In this case, we obtain a slightly different version of the integral identity (7) given by

—16/ quov1V2V3V4 d Vg
[0,T]xS

1 -
4
— voDZ . / voleRdV,.
[z Frmes e1--e4 Jorxe  © &

Here the second integral on the right is a small error term, where R is of the size O({g1, ..., &4)7) in
an energy space norm. For details, see (11) and (23)—(24). Here we also denote by (e1,..., (94)7 an
unspecified homogeneous polynomial of order 7 in €1, ..., &4. If po € W is fixed, a stability result for g
at po follows by using Gaussian beams associated to the light-like geodesics y; and y» described above,
optimizing with respect to the parameters €1, . . ., &4 and the parameters related to the Gaussian beams vy,

0/\(81f1 +--teafa)dS +

-
e=

U2, U3 and vg4. The implied constant of the stability estimate at the fixed-point estimate depends on py.
To show that the constant can in fact be taken to be independent of po we must vary the geodesics y;
and y» and the corresponding Gaussian beams smoothly. This requires some work, which is done in
Section 3. In addition, we must also use different separation matrices for different points in W. These
separation matrices will be constructed with respect to a suitable finite collection of solutions to Clgv = 0.
The finite collection will called a separation filter, which is explained in the next section.
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Figure 1. The lateral boundary X (orange cylinder) intersects the lightcone (blue cone) of a
point x (apex of the cone) along the black curves. The point zg, is the latest and zj,r the earliest
point on X which can be reached from x by an optimal geodesics. We call these optimal geodesics
boundary optimal geodesics.

1.3. Lorentzian geometry tools. To prove our main results, we make some constructions in Lorentzian
geometry. The main constructions we develop are boundary optimal geodesics and separation matrices.
We explain briefly what these are next. Since we expect the constructions to have applications in related
inverse problems as well, and they might also be of interest in Lorentzian geometry in general, this section
is written to be independent of the inverse problem we consider. We follow the terminology of the book
[O’Neill 1983], and we have included the used concepts of causality in Section 1.4 for an easy access.

Boundary optimal geodesics. Let us first explain what is a boundary optimal geodesic. As before we
consider the subset [0, T']x 2 of a globally hyperbolic smooth Lorentzian manifold Rx M, dim(M)=n>2,
equipped with the metric (1) and where €2 is a smooth submanifold of M with boundary and of dimension 7.
The lateral boundary X refers to the set [0, 7] x dQ2 as before. As is by now quite standard, see, e.g.,
[Kurylev et al. 2018a; O’Neill 1983], we say that a geodesic connecting the points x,y € N, x < y,
is optimal if the time separation function t of these points vanishes, t(x, y) = 0. The time separation
function is the supremum of lengths of piecewise smooth future-directed causal paths from x to y; see
(49) or [O’Neill 1983] for details. An optimal geodesic is always light-like.

Let us then consider a point x € I~ (X) N ([0, T]x 2). In the inverse problem of this paper, we consider
Gaussian beams that vanish on a neighborhood of {t = T'}. For this, it is required to find past-directed light-
like geodesics of [0, T]x 2 from X to x € [0, T'] x 2, which do not intersect the set {t = T'}. In Lemma 15,
we show that we may find a point zj,r of the lateral boundary ¥ and an optimal past-directed geodesic y
from zjur to x. The situation is illustrated in Figure 1. In the figure, the point zj,r € X, is the point which
has the smallest time coordinate in the intersection of the light-like future of x (the upper cone) and X. The
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light-like geodesic y from zjuf to x is not only optimal, i.e., T(x, zjs¢) = 0, but it also necessarily intersects X
transversally even if ¥ would be nonconvex. We call the geodesic y a boundary optimal geodesic.

Note that by deforming ¥ in the figure to a nonconvex manifold, it is possible to find optimal geodesics
from x to points in X, which intersect X tangentially. Therefore, not all optimal geodesics are boundary
optimal geodesics. Similarly, for x € I 7 (Z) N ([0, T] x ), we also prove in Lemma 15 that we may
find a future-directed boundary optimal geodesic from zg,, € X to x also presented in Figure 1.

We remark that in inverse problems related to the one studied in this paper, convexity of the lateral
boundary is assumed to have light-like geodesics that intersect the boundary transversally; see, e.g., [Hintz
et al. 2022b]. By using boundary optimal geodesics of this paper, the convexity assumption in that work
can be dropped. We expect this to be true also in related inverse problems.

We make the notion of boundary optimal geodesics precise in the form of the following definition.
Below, the time coordinate, or the time function, of N is ¢.

Definition 3 (boundary optimal geodesic). Let (N, g) be globally hyperbolic, N =Rx M, Q C M a
manifold with boundary and X = [0, T'] x 02. We call a geodesic y : [0, 1] — [0, T] x R a past-directed
boundary optimal geodesic to x € J (%) if

(1) y(0) € ¥ and y(1) = x,
(2) the time coordinate of y(0) equals

finf = inf{d € [0, T] | there is Z € ¥ such that 7(£) = d and 7(x, %) > 0},

(3) vy is an optimal geodesic connecting the points x and y(0).

Similarly, we call y a future-directed boundary optimal geodesic to x € J 7 (Z) if the time coordinate of
y(0) equals instead

fsup = sup{c;? €[0,T] | there is Z € X such that ¢ (Z) = d and ©(Z,x) > 0}.

We refer to both past- and future-directed boundary optimal geodesics to x respectively belonging to
J7(2) and J T (X) collectively as boundary optimal geodesics.

Remark 4. Boundary optimal geodesics are related to a recently introduced concept of null distance
[Allen and Burtscher 2022; Sormani and Vega 2016]. A null distance turns a Lorentzian manifold
admitting a suitable time function into a metric space in a conformally invariant way. In particular, a
globally hyperbolic manifold N becomes a metric space with a metric d : N x N — [0, 0c0). We wish to
state here the following facts, even though we do not use them.

If y is a boundary optimal geodesic connecting z € X to x, then |f(x) —t(z)| = d(x, z). Moreover,
a boundary optimal geodesic minimizes the distance between x and its future causal lateral boundary
¥ N J1(x) in the sense that

d(ZNJT(x), x) = d(Zint. X).

where zj,r € ¥ N J 1 (x) is the starting point of a past-directed boundary optimal geodesic to x. We have
similarly for the past causal lateral boundary ¥ N J~(x). In this sense, boundary optimal geodesics are
an analogue to Riemannian geodesics that minimize the distance to a boundary.
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Figure 2. Past-directed light-like geodesics (red dashed lines) that separate the intersection points
x1 and x; of future-directed light-like geodesics (black). The geodesics in red and black intersect
Y attimes t < T and ¢ > 0 respectively.

Separation matrices. Having explained what optimal and boundary optimal geodesics are, we are ready
to present what a separation matrix is and how it is constructed.

Definition 5 (separation matrix). Let x1,...,xp €[0,T] xQ and vy,...,vp be solutions to Ogv =0
in [0, T'] x Q. If the matrix
vi(x1) valxy) --- wvp(xy)
v1(x2) va(xz) -+ vp(x
1(‘ 2) v2(x2) . P(‘ 2) (10)
vi(xp) va(xp) -+ vp(xp)
is invertible, we call it a separation matrix.
In general, if x1,...,xp € I 7 (X) N ([0, T] x d2) satisfy x; <--- < xp we show in Lemma 17 that
there are P solutions vg, k =1,..., P, to the wave equation (g v = 0 whose Cauchy data vanish on

{t = T} such that the corresponding matrix (10) is invertible and thus a separation matrix.

Let us consider here the simplest nontrivial case P = 2 and assume that x1, x, € I~ (X)N ([0, T] x 92)
satisfy x1 < x5. To construct suitable solutions v; and v; in this case, we proceed by first choosing two
light-like geodesics as follows. The choice is illustrated in Figure 2, where the points x; and x; are
the intersection points of the black curves. (In our inverse problem the black curves are also geodesics,
but that is not important for the present discussion.) By the discussion above, we may find a boundary
optimal geodesic y; between x; and x1 jpr € 3 and another boundary optimal geodesic y, connecting x>
to X. Next we note that if y; also meets x,, then we can perturb the initial direction of y; at x; to have a
new light-like geodesic that does not meet x,. Indeed, if the new perturbed geodesic would still meet x5,
then it is a fact that there would be a shortcut path from x; to X which has positive length. This would
contradict the condition t(xy, x1,inf) = 0. We refer to the proof of Lemma 17 for the details. We also
note that it is possible that y, meets x7.
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By the above discussion, we have the light-like geodesic y; from x; to ¥ which does not meet x;
and another light-like geodesic from x;, to . Corresponding to these two geodesics there are respective
Gaussian beam solutions vy and v, to Ogv = 0 with vanishing Cauchy data at { = T'}. By using the
properties of Gaussian beams, we know that v; and v, are concentrated to small neighborhoods of the
corresponding geodesics, respectively. See Section 3 for details. Thus we have for k,/ = 1, 2 that

k(D= 1, k=1,
e (x| <1, k>1,

[vg (x7)| <co. k<,

where cg > 0 is a constant. Therefore the matrix V in (10) in this case is approximately a lower triangular
matrix with ones on the diagonal. Thus V is invertible, and hence a separation matrix in our terminology.
Vaguely speaking, we can separate points by solutions to the wave equation gv = 0. We mention that a
similar condition has been used in the study of inverse problems for elliptic equations in [Guillarmou
et al. 2019; Lassas et al. 2020].

Finally, we mention that when proving our stability result in this paper, we can only use finitely many
separation matrices. For this, we show that there are finitely many solutions v to [gv = 0 with vanishing
Cauchy data at {t = T'} such that the separation matrices made out of these solutions can separate any
fixed number of points in 1~ (X) N ([0, T'] x 2) that are distinct in a precise sense. In the definition below,
g is an auxiliary Riemannian metric on [0, 7] x 2.

Definition 6 (separation filter). Let K C [0, T] x  be compact and P € N. A finite collection M C
C>°([0, T] x 2) of solutions to Ogv = 0 is called a separation filter if the following holds: For any points
X1,...,xp € K suchthat x; < xp <---<xp and dg (xg,x;) > § for x # x;, k,I =1,..., P, there are
V1,...,Vp € M such that the matrix (vg (x;))f:’ ;=1 in (53) is invertible (and thus a separation matrix).

In Lemma 18 we show thatif K C I (Z) N 1T (Z) N ([0, T] x ), then a separation filter exists.

1.4. Preliminary definitions. The Sobolev spaces H® on a compact smooth manifold can be defined in
several ways (up to equivalent norms). We define Sobolev spaces first on the manifold N = R x M using
partition of unity on charts; see, e.g., [Hormander 1983; Roe 1988; Taylor 2011]. Sobolev spaces on the
time cylinder [0, T'] x 2 are then defined by restriction:

H* ([0, T1x Q) :={flo,r1xa | f € H*(Rx M)}.
As usual, the dual space of H” ([0, T] x ), r >0, is defined as
H7([0,T1xQ):={f e H"(Rx M) | supp f C[0,T]xQ}.

It is endowed with the norm

g

gl - S TS
H=7([0,T]xR) vl &r o, 71x )
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where the supremum is over all v € H” ([0, T] x M), v # 0, with suppv C [0, T] x Q. By the Riesz
representation theorem, one can always find fo € H"(Rx M) so that forallv e H"(Rx M)

”f”ﬁ—r([o,T]XQ) = ||f0||H’(RxM)’ f(v) = (fO» U)-
Additionally, if supp v C [0, T] x 2, then we have for all v € H" ([0, T] x M) the estimate

F @) = 1o o) < 11l gr go.71xen 1V 187 G0, T1x00)-

Sobolev spaces of the manifold €2 with boundary are defined similarly. By the notation H; we mean the
closure of the space of compactly supported smooth functions with respect to the Sobolev H* norm.

Structure of the paper. This paper is organized as follows. In Section 1.1 we present our main results
and explain briefly the structure of the proofs. Section 2 studies the forward problem of the nonlinear
equation (2). Most of the proofs of Section 2 are included in the Appendix. Section 3 concerns the
construction of Gaussian beams in Lorentzian manifolds. In Section 4 we construct the tools of Lorentzian
geometry which we use in our inverse problem. This section in particular shows it is possible distinguish
different points of a Lorentzian manifold by using solutions to the wave equation. The section introduces
the concepts of boundary optimal geodesics and separation matrices. Finally, in Section 5 we collect the
results we have obtained until that point to give a proof for our main theorem. For clarity, the proof is
split into several parts.

2. Well-posedness of the forward problem

To prove existence of small solutions for the nonlinear wave equation (2), we start by recalling the
corresponding results for the linear initial-boundary value problem
Ogu=F in[0,T]x%,
u=jf onl0,T]x0%,
Ulp=0 = uo, drul;=0=uy in Q.
Let s € N. Convenient spaces for solutions of the wave equation are called energy spaces E, defined as
E* = (1) C*(o.T]: H*7F(Q).
0<k<s
These spaces are equipped with the norm
lullgs = sup_ D 107uC-.0llgs—r(g). (11)
o<t<T 0<k<s
As is the case with the Sobolev spaces H*(S2), the space E* is an algebra if s > 5 and we have the norm
estimate

luvlgs < Csllullgs|v]lgs forallu,ve E®.

The above facts are well known, see, e.g., [Choquet-Bruhat 2009, Appendix III, Definitions 3.4(2) and 3.5],
but for completeness of our presentation, we sketch a proof for them here for the case s € N. For this, we
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let u, v € E’ and show that the pointwise product uv is in E®. Since

N
luvles = sup > (195 o) gs—eq)-
k=0

0<t<T ; _

it suffices to show that each term of the form

sup [|0%2 070 || s (o)
0<t<T
is finite for @ + b = k and for each k = 0,...,s. By using [Choquet-Bruhat 2009, Appendix III,
Definition 3.4(2)] or [Behzadan and Holst 2021, Corollary 6.3 or Theorem 7.4], we see that when
51,52 > s > 0and sg 452 > s + 7 the following multiplication property holds in Lipschitz domains:

H(Q) x H2(Q) C HY ().

Since u,v € E* we find 09u € H"%(R2) and d%v € H*~b(Q) for all fixed ¢ € [0, T] and the implied
norms are uniformly bounded in #. We have s —a, s —b>s—k >0and (s—a)+ (s —b) > (s—k) + 7,
since s > 5 and a + b = k. This implies Bgua?v € HS7%(Q) for all t € [0, T] with the implied norm
uniformly bounded in ¢ as required.

Remark 7. We note that E¥ C H*([0, T'] x ). Conversely, due to the standard Sobolev embedding

H5([0,T] x ) C C¥([0,T] x ), when s > k + 2+L we have that H¥' ([0, T] x ) C E*, when

2 b
s’ > s+ 2+L In particular,

||“||H»Y([0,T]x§z) S lulles < ||”||Hs’([o,T]xQ)- (12)

For the wave equations we consider, we need to assume certain compatibility conditions between the
boundary values and the initial data. The compatibility conditions for (2) to order 2 are given by

Sfli=0o =uolpq, 0:fli=0 = 0rulioixae = u1lpq.
37 fle=0 = 07ulioyxa = B~ 'lioyxan (Anuolag + Flioyxag)- (13)

Here the smooth function 8 and g are related by (1). The compatibility conditions up to general order s are
obtained by setting 3% f|,—g = 3],fu|{0}xag, for k =0, ...,s, and then solving for 3% u l{0yxag in terms of
the initial data by using the equation Cgu = F. These conditions guarantee that at the boundary d<2 the
initial data (u¢, u1) is compatible with the corresponding boundary condition f. These conditions have
been discussed for example in [Katchalov et al. 2001, Section 2.3.7] in the simpler case where the metric
is time-independent. Especially, if 3Iff |t=o =0forallk =0,...,s,orif f is supported away from the
Cauchy surface {t = 0}, and F =0 and ug = u; = 0, then the compatibility conditions of order s hold.

Proposition 8 (existence and estimates for the linear equation [Ikawa 1968; Lasiecka et al. 1986]). Assume
that (Rx M, g) is a globally hyperbolic Lorentzian manifold as in (1) and Q C M is a compact submanifold
with nonempty boundary. Let s € N be a positive integer and assume that F € ES, f € HTI(%),
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ug € HTY(Q) and uy € HS(Q) satisfy the compatibility conditions. Then the equation
Oeu=F inl0,T]x L,
u=f on X, (14)
U=ugp, dgu=u; n{t=0}xQ

has a unique solution u € E*T1 satisfying

lullgs+1 = CUIFNEs + 1 f lgs+1(z) + luollgs+1@) + luillas @) (15)
and dyu|y € H5(X).

As we could not find a proof for Proposition 8 in general for globally hyperbolic Lorentzian manifolds,
we have included one in the Appendix. The energy estimates of the linear problem (14) directly allow us
to conclude that the nonlinear problem (2) has a unique small solution in £+, The proof of the following
lemma is similar to the one in [Lassas et al. 2022, Proof of Lemma 1, Appendix A]. We omit the proof.

Lemma 9. Let m > 2 be an integer and Q2 C M be a compact submanifold, dim(2) = dim(M), with
nonempty boundary. Assume s € N is such that s + 1 > % Suppose that g € CST1([0, T] x Q) satisfies
the a priori bound ||q || cs+1 < ¢ for some ¢ > 0. Then there are k > 0 and p > 0 such that if f € HST1(X)
satisfies || f | gs+1(xy <k, and 0 f|t=0 =0 foralloa =0, ...,s on [0, T| x 92, then there is a unique

solution to
Ogu +qu™ =0 inf0,T] xR,

u=f on [0,T]x 022, (16)
Ult=0 = dtut|s=0 =0 inQ
in the ball
By(0):={u € E*! | ul gs+1 < p} C E°TT

Furthermore, the solution satisfies the estimate

lullgs+1 < Coll f Il s +1(x)s
where Co > 0 is a constant independent of f and q.

If the boundary data of the nonlinear equation (16) depends on small parameters, we may expand the
corresponding solution u in terms of the small parameters. Indeed, let 1, . .., &4, > 0 be small parameters
and define

E=1(e1,...,6m).

Consider the boundary value in (16)

f) =) & /i),
j=1

where f; € HSTY(X), j =1,...,m, satisfies the compatibility conditions to order s and || f || Hs+1(x) <K
for some k > 0. Let us denote in the usual multi-index notation

k=(ki,... km),
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where k; € {0,...,m}. Then by repeating the proof of Proposition 1 in [Lassas et al. 2022], we find
that u can be expanded as

m
m
u=) &jvi+ ), (k1 km)glfl"'elriz’”w;; +R. a7)
j=1 lk|=m
The functions v;, j =1,...,m, satisfy
Ogv; =0 in [0,T] x Q,
v = fj on [0, T] x 0€2, (18)

vj|t=0:0’ alvjll‘:O:O an
and the functions w i satisfy
Dgwlg+qvlfl'--v,]f{"=0 in [0, 7] x €2,

wi =0 on [0, T] x 0€2, (19)
Wilr=0 =0, drwg|r=0=0 inQ.

The remainder R is bounded in the energy spaces as follows:

m
D&
ji=1

m
> e

Jj=1

2m—1

IR gs+2 < e (s, Tllgl s :
HS+](E)

2m—1
IOR[ g1 < CGs, Tl s

Hs+1(3)

By using the expansion formula (17), we will next derive an integral equation which relates the
potential g to the DN map A. In general, relating an unknown parameter/function in an inverse problem
for a nonlinear equation to a formula for solutions to linear equations is called a higher-order lineariza-
tion method. See for example [Kurylev et al. 2018a; Lassas et al. 2018; 2021b], where solutions are
differentiated with respect to small parameters. However, as we are interested in stability of our inverse
problem, we need accurate control on the remainder terms. For this reason, following [Lassas et al. 2022],
instead of differentiating we use finite differences Dg”. The mixed finite difference of u at € = 0, that is,
&1 == ¢y =0, is defined by the formula

1
PO Z (_1)|0|+mu0181f1+"'+0m£mfm’ (21)

m _

D;; la=0Ue, fi+tem frn =
€1 8m

oe{0,1}m

where g, £, +...t¢,, f,, 1S the unique solution to (16) with f replaced by &1 f1 + -+ &m fm. Then the
mixed finite difference Dg" of the solution u of (16) takes the form

m m —
Dg |§=0u :m!le 1 +D8]82m8m|§=072, (22)

.....

where R is a sum of the remainders of the solutions Ugier fidtomem fru 1 (21).
For more details about the finite differences of u, we refer the reader to [Lassas et al. 2022, Appendix C].
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Let vg be an auxiliary function solving Ogve = 0 with vo|;=7 = 0;vo|;=7 = 0 in Q. By multiplying
the DN-map A associated with (2) by vo and integrating by parts over [0, T'] x 2, we obtain

fzvoD?k:oA(Slﬁ +otemfm)dS
= L vngn|g:08vuglf]+...+£mfm as

1 ~
=m!/ voEIngl ..... 1dVg+—/ U()DngVg.
[0,T]xQ Em J[0,T1xQ

Here we defined
R = 162+ em DTz oR (23)
and R satisfies
IR gs+2 < (s, Tl %1 Z loie1 f1+ +Um8mfm||Hs+l(E)’
oe{0,1}m

IOR|gs+1 <CCs. DGl 5ssr >, llorerfi+- -+ Omem S| i1 ()
oge{0,1}"

(24)

We have arrived at the following integral identity which connects the potential ¢ with the DN-map A.
Integral identity.

—m!/ quoViV2 Uy d Vg
[0,T]x%

=/ V0D |smoA(e1 fi + -+ + &m fn) dS + / voORdV,. (25)
b [0,T]x2

8182..-8m

Our analysis of the inverse problem is based on this formula.

3. Gaussian beams

In this section we record some facts about Gaussian beams. Gaussian beams on a Lorentzian manifold
(N, g), dim(N) =n+ 1 > 3, are approximate solutions to the wave equation Clgv = 0. If 5 is a geodesic
parameter of a light-like geodesic y : [s1,52] =& N and (s,y), y = (V1,..., yn) € R", are suitable
Fermi coordinates (see (26) below) on a neighborhood of the graph I' of y, then a Gaussian beam in the

coordinates (s, y) looks roughly like
eiviT—atlyl®

up to a normalization. By graph of y we mean the image set

[ :=y([s1,52]).

Here a > 0 and 7 is a large parameter. Therefore, the qualitative behavior of a Gaussian beam is oscillation
in a direction y; transversal to the geodesic y and Gaussian concentration around the graph of y.

The construction of Gaussian beams is well known; see, e.g., [Babich et al. 1985; Feizmohammadi
and Oksanen 2022; Ralston 1982]. We include details about the construction since we wish to keep
track of the constants that will be implicit in our stability estimate of Theorem 1. Our presentation
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of the construction follows closely [Feizmohammadi and Oksanen 2022, Section 4] to which we refer
for omitted details. We mention here the recent work [Krupchyk et al. 2022], which constructs related
Gaussian beam quasimodes in a Riemannian setting by using more sophisticated methods, which lead to
better estimates.

Fermi coordinates are constructed by inverting the map

(30 expy0 (b)) € 6)
k=1

Here ey (s) are the parallel transportations along a light-like geodesic y of the last n vectors of a frame
{60, e1,..., en} of Ty(O) with

eo = y(0).

The other vectors of the frame are chosen so that, for j, k = 2,...n, it holds

g(eo,e0) =0, gler,e1)=0, gleo,e1)=-2, glej,ex)=7Jji. 27)
The frame {eg, €1, ..., ey} is called a pseudo-orthonormal frame. (Due to relation to the usual light-cone
coordinates, we could also call it a lightcone frame.) Since the frame {eo(s), e1(s), ..., en(s)} is the
parallel transportation of {eg, e1,...,e,} along y, the conditions (27) hold for e;, j =0, ..., n, replaced

with e; (s) and eq(s) = p(s).

We work in the Fermi coordinates described above. In the Fermi coordinates (s, y), the geodesic y
corresponds to (s,0) and the coordinate representation g|, = g(s,0) of the metric g restricted to y
satisfies

n
gly =—2dsdyy+ ) _ dyy dy.
k=2
Gaussian beams are constructed by using a WKB ansatz ! 7®») (s, y) to approximately solve the
equation g v = 0 in the Fermi coordinates (s, y). We have

O, (e'%®a) = '@ (12g(d©, dO) —2i1g(d®, da) + it1(0yO)a + Oga). (28)

We will choose a phase function ® and an amplitude function a so that the right-hand side of (28) is
O~ XY in H*([0, T]x Q) for given k > 0 and K € N. To do so, we first approximately solve the eikonal
equation

g(d®,d®) =0. (29)

After finding an (approximate) solution ® to the eikonal equation, we equate the last three terms of (28)
by inserting ® into
—2itg(d®,da) +it(dg®)a+ Oga = 0.

By assuming an expansion of the form

a=ap+1t 'ay+ 1 2ar+--+ 1 Nay
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for the amplitude a, where N € N is to be chosen later, we are led by equating the powers of t to a family
of N 4 1 equations

—2ig(d®,dag) +i(0g®)ag =0, (30)
—2ig(d®,da;)+i(0g0®)a; —Oga;—1 =0, (31)
j =1,..., N. We solve these equations approximately and recursively in j starting from ag. Equations

(30) and (31) are called transport equations.
In what follows, we refer to [Feizmohammadi and Oksanen 2022] for omitted details. To solve the
eikonal equation (29) approximately, one sets

N
©=7) 0 ),

j=0
where ©; (s, y) is a homogeneous polynomial of order j in y € R". We say that g(d®, d®) vanishes to
order N on T, or that g(d®, d®) = 0 is satisfied to order N on T, if
(058(d©.d0©))(s,0) =0,

where « is any multi-index with |o| < N. We set

@0 =0and @1 =J)1. (32)
It follows that
g(d®,dO)(s,00=0 and (0,,8(dO,dO))(s,0) =0,

where / = 1,...,n. That is, the eikonal equation (29) is satisfied to order 1 on I'. The conditions (32)
imply the invariantly written conditions

O(y(s)) =0 and VO(y(s)) =ei(s).

To have that g(d®, d®) = 0 is satisfied to order 2 on I' is more complicated. For this, one uses the
quadratic ansatz

Oa(s,y) =y-H(s)y,

where H(s) is a complex n x n matrix and “-” refers to the usual R” inner product and y € R". This
ansatz leads to the Riccati equation, which is a first-order matrix-valued ODE. For our purposes, the
form of the Riccati equation is not important and it suffices to say that one can find a complex solution
H (s) to the equation with Im(H (s)) > 0. The conditions Im(H (s)) > 0 and ®¢ = 0 together imply the
invariantly written conditions

Im(V?O(y(5))) =0 and Im(V>O)(y(5))l;(s)L > O.

Here we use the notation p(s)* to denote the algebraic complement to y(s) in Ty)N. That is,
R)'/(S) @ ?(S)J_ = Ty(s)N-
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Solving the eikonal equation to order 2 is enough to understand the qualitative properties of the phase
function ® needed in our inverse problem. However, we wish to have that

Og(e"®Wa(x)) = OHk([o,T]xQ)(T_K)-

For this, we solve the eikonal equation to an order N, which depends on k and K. This can be done
by solving additional ODEs, but we omit the details. After finding ® so that g(d®, d®) vanishes to
order N on T, the term t2g(d®, d®) in the expansion (28) of (g (€™®q) satisfies

t2g(d®,d®) < Cor?|y|Nt1. (33)
We choose a specific N later.

Next we insert the phase function ® that we have constructed into the transport equations (30) and (31)
to find an amplitude function a. To solve the transport equations, we write

ag = X(g}—))bk, (34)
so that
1) o
a= X(W) Z T b
k=0

Here y € C2°(R) is a fixed cutoff function, which is identically 1 on a neighborhood of 0 € R and §’ > 0
is chosen small enough so that y(|y|/4’) is compactly supported in the domain of the Fermi coordinates.
We seek the by, k =1,..., N, in the form

N
b= bij(s.y). (35)
Jj=0
where by ; (s, y) is a complex-valued homogeneous polynomial of order j in y. We are interested in the
specific form only of the leading term bg o. The transport equation concerning by is

—2g(d®,dag) + (OgO)ag =0,

which is satisfied to order O if
—2g(d® s dboyo)(s, O) + (Dg @)bo,o (S, O) =0.

Here we used that y(|y|/8’) = 1 to order 1 at y = 0. We have d®(s,0) = dy! and g%!(s,0) = —1. It
is calculated in [Feizmohammadi and Oksanen 2022, Section 4.2] that (O, ®)(s,0) = % log det(Y(s)),
where Y (s) is a one-parameter nondegenerate matrix field which solves an ODE with the initial condition
Y (0) = I,xn, the n x n identity matrix. Thus we have that the equation for bg o(s) is solved by

bo,o(s) = det(¥ (5)) 2. (36)

with
b(),()(O) =1. 37
Recall that the terms ag, bo and by ;, j = 1,2,..., N, are related by (34)—(35). The terms by, ;,

Jj =1,2,..., N, are constructed by solving linear ODEs so that —2g(d®, dag) + (Og®)ap = 0 is
satisfied to order N. The higher-order transport equations (31) concerning by, k > 1, can be solved
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recursively to order N by using similar arguments. We omit the details, and only conclude that there is

C1 > 0 so that
|—2ig(d®, dag) +i(0g®)ao| < Cy|y[V 1,

|—-2ig(d®, day) +i(Og®)ar —Ogar_1| < Cily[V
k=1,...,N.Sincea =ag+ 1t ta; + t2a>+---+ v Nay, we have that

—2itg(d®,da)+it(OgO)a+0ga
N

N
=1y t7¥(-2ig(d®.da)+i(Og®)ar)+ Y v *Ogar
k=0

k=0
N
=1y t7¥(-2ig(d®.day)+i(Og®)ax+Ugar_1)+1(-2ig(d®.dag)+i(OgO)ao)+7 N Ogay
k=1

=10 (lyN*H+0™Y).
By additionally recalling from (33) that 72g(d©®,d®) < Cot?|y|V *1, we have
e ™®0, ('"%a) = 12g(d©,d®) —2itg(dO, da) + it1(0z0)a + Oga
< Cor?[y|N ! + Cyrly N + Cor V.
By redefining 8’ > 0 smaller, if necessary, we have that

| TO6Y)| < ComeThyl?

for (s, ¥) in the support of a. Recall that our aim is to show that

10g ("N a(s, )| g qo.r1x) = O 5).

Taking k derivatives of Dg(ei’®(s’y)a(s, y)) gives

k
|vk|:]g(eir@(3,y)a(s’ y))| < C3e—tc|y|2 Z ‘L'k_l(‘E2|y|N+l_l + ‘L'|y|N+1_l + _[—N)'

[=0

(38)

(39)

We calculate the integral of (39) squared using polar coordinates for the y-variable and the standard
formula fooo rle=t¢r? dr ~ t=(+D/2 for | > 0. Note that since the light-like geodesic y of (N, g) is
causal, [0, T'] x  compact and (&, g) globally hyperbolic, the geodesic y = y(s) exits [0, T'] x 2 after a

finite parameter time ro. Thus the integration in the coordinate s will be over a finite interval [0, r¢]. The

above discussion implies the estimate

ro

k
IIDg(e”®(S’y)a(S,y))lli,k(M) < ZTZ(k—l)(/ o 2eer? =1 (4, 2N 4221 | T—2N)dr)
0
=0

k
_ _n4+2N42-21 —2N—n
Szfz(k l)(r41' 2 +t 2 )
=0

< p2kra- RN k434N
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for  and N large enough. (Here we have relaxed the notation and written A < B if there is a constant C
it®

independent of 7 such that 4 < CB.) If p > 1, we may L?-normalize the function e'*®a so that

o0

/ |_[2r;,ei‘r®a|p5rg/ rn—le—‘rCr2§1’
M 0
in which case we also have
|Vl(r%e”®a)|2 <tre?les,
M
Therefore, if we define N = N(n, k, K, p) so that it satisfies
2K =2k+3-2_N4+2 (40)
2 P

we have (38). (If N above is not an integer, we redefine itas [N +1].)

By collecting the details of the construction and by defining
v = 125179
we have:

Proposition 10 (Gaussian beams). Let (N, g) be a globally hyperbolic Lorentzian manifold, N = R x M
and dim(N) =n+ 1> 3. Let Q be a compact submanifold of M with boundary, and dim(2) = n. Let
T > 0 and let y be a light-like geodesic of (N, g). Letk, K,l € N and p > 2. There is 19 > 1 and a family
of functions (vy) C C*°([0, T] x Q) such that for t > 19
I0gvell g o, Tixey = O %),
[vellLe o, 71x2) = O(1), (41)
J_ gy
lvell g qo. 7y = O(x22 47

as T — o0o. The function v is called a Gaussian beam and it has the form
vy = tﬁe”@(x)a(x),

where © is a smooth complex function (independent of t) on a neighborhood of y ([0, L)) satisfying

O(y(s)) =0, VO(y(s)) =ei(s),

5 R (42)
IM(V20(y(s)) 2 0. Im(V2O)(y(5))]j(5)2 > 0.

Here also
a(y(s)) = ao(y(s)) + O™,
where
ao(y(5)) = det(¥ (5)) 2

is nonvanishing and independent of t. Here Y (s) is a nondegenerate n X n matrix-valued function. The
support of a can be taken to be in any small neighborhood U of ([0, L]) chosen beforehand. If so € [0, L],
we may arrange so that ag(y(sg)) = 1.

The Gaussian beams can be corrected to be exact solutions to (v = 0.
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Corollary 11. Let us adopt the assumptions and notation of Proposition 10. Assume in addition that the
light-like geodesic y does not intersect {t = 0}. Assume that I’ € N satisfies k >1'—1+ % Then there are

Gaussian beams vy satisfying the conditions of Proposition 10 and functions ry € C*° ([0, T'|x ) such that

Vi=Vr +T¢

is a solution to
Ogv=0 inf0,T] x 2,

vV =v; on [0, T] x0%2, (43)
V|r=0 = 0sv|;=0 =0 in Q.
The functions r satisfy
Irell gz qo. 7ixgy = O ~5). (44)

Proof. By assumption the graph of y has a neighborhood U which does not intersect a neighborhood of
{t = 0}. Let v; be Gaussian beams which are supported in U and satisfy the conditions of Proposition 10.
By Proposition 8, there exists a solution to

Ogre = —0gvy in [0,T] x <,

re =0 on [0, T] x 0€2,

relt=0 = 0¢relt=0 =0 in Q.
Then v = v; + r¢ solves (43).

By Proposition 10 we have that [Ogvel| g ([0, 71x0) = O(t—K), where k, K can be chosen freely. By

Remark 7 for k > I’ — 1+ "L it holds that H¥([0, T] x Q) C EY'~1. Choosing k > I’ — 1 + “FL in
Proposition 8 and using (12) shows that

Irell g qo.rxey < Irellgr < 10gvell oy < 10 vell e o rpxgy = O )
as claimed. O
Remark 12. We shall also need solutions to the wave equation
DgU:O in[O,T]XQ,
v=f on [0, T] x 0€2, (45)
V|i=7 = 0tv];=7 =0 inQ,
where the Cauchy data of v vanishes at the top of the time cylinder. Solutions to (45) can be found as

follows. Consider the isometry 4 given by t +> T —¢ and let & = h*g. Let f = f(T —t,x) and let ¥ be
the unique solution to

Ogv=0 in [0, T] x 2,
i=f on [0, T] x 9L,
ﬁ|t:0=8tﬁ|t:0=0 in Q.

Because the wave operator is invariant under isometries we have
* ~ X ~
h™(Ogv) = Og (A7 V),

whence v(z, x) := (h*0)(t, x) = O(T —t, x) solves (45).
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We next vary the initial point and direction of a light-like geodesic to construct a family of Gaussian
beams. The Gaussian beams will be constructed so that the implied constants of the family of Gaussian
beams are uniformly bounded. This uniformity of constants is essential when proving stability estimates.
We mention here a similar consideration in the Riemannian setting [Dos Santos Ferreira et al. 2020,
Section 4.1].

To obtain such Gaussian beams, we start with a lemma. We define the set PSO(N) of pseudo-
orthonormal frames as

PSO(N) := {(eo. ... en) € (TN)""! | g(eo.e0) = 0. g(er.e1) = 0. gleo. e1) = —2,
glej. ex) =8k for j.k =2,3,...,n}.

The lemma especially says that on a neighborhood of any point of N there is a local pseudo-orthonormal
frame.

Lemma 13. Let zo € N and let Vo € T, N be a light-like vector. The set of pseudo-orthonormal frames
admits a local section E : UU — PSO(N) such that the first component (E(z¢))o of E at zg is Vy. Here U
is an open neighborhood of zy.

Proof. The existence of a pseudo-orthonormal frame e = (eg, ey, ..., e,) of the tangent space 7, N over
the single point zg with eg = Vy was shown in [Feizmohammadi and Oksanen 2022]. By using local
coordinates (x¥) on a neighborhood &/ C M of zq let us define the mapping

F(x,E):x(U) x ROAFDX(+1) _ g+ Dx(+1)
where x(U) C R"*1 by the conditions

F(x.E)jx = gx(Ej, Ex) — 8z (ej. ex) if j >k,
F(x, E)jx = gx(ej, Ex) —gzo(ej,ex) if j <k.

Here E; is the j-th column vector of the (n+4-1) x(n+1) matrix E. Here also gx(E;, Ex) =(E;, g(x)Eg)
and gx(ej, Ex) = (e;, g(x) Ex), where g(x) is the coordinate representation matrix of g in the coordinates
(x*). The perhaps ad hoc looking conditions for F(x, E) ik for j <k are related to the fact that local
sections E of PSO(M) satistying (E(z9))o = Vo (should they exist) are not unique without additional
conditions. The conditions for F(x, E); for j < k remove this ambiguity.

We apply the implicit function theorem (see, e.g., [Renardy and Rogers 2004, Theorem 10.6]) to show
that there is a smooth mapping x — E(x) such that F'(x, E(x)) = 0. In this case E is a smooth section
of PSO(N) by the conditions for F(x, E) i for j > k and by the symmetry of g. To apply the implicit
function theorem, note that F(zg, e) = 0 and that

(DE Flx=z0,E=e (V) jk = &z0(Vj, ek) + &zo(ej,vx) if j >k, (46)
(DEF|x=zo,E=e(U))jk :gzo(ej7vk) if j <k, (47)
where j,k=0,1,...,nandv=(vo, V1,...,Vy) € R®+Dx(+1) - Agqume that (DEF|x=z9,E=e(v))=0.

Since g is symmetric, the condition (47) implies that g,,(v;,ex) = O for j > k. Substituting this
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into (46) then implies that g,,(e;,vx) = 0 for j > k. Thus we actually have that g;,(e;, vx) = 0 for
all j,k=0,1,...,n. Since g is nondegenerate and e is a frame, it follows that each vy € R"*! is the
zero vector of R* 1. Thus Dg F |x=z,E=e 1s injective, and also surjective by dimensionality. Thus,
by the implicit function theorem, and by redefining ¢/ smaller if necessary, there is a smooth mapping
E :U — PSO(N). This is our desired section. O

We remark that it is likely that another proof of the above lemma can be obtained by generalizing
the Gram—Schmidt procedure to the current situation. We also mention the similar construction [Dos
Santos Ferreira et al. 2020, Lemma 6.1] in the Riemannian setting.

In the next result | Vo — yx (s0)| is defined by using local coordinates.

Corollary 14. Let y be a light-like geodesic of (N, g). Assume as in Proposition 10 and adopt its notation.
Let sg be in the domain of y and let us define y(sg) = zo and y(to) = Vo. Let also § > 0. Then there is
0 > 1 and a neighborhood U of zy and a family of Gaussian beams

ve(x, +)

[T3R1]

solving Ogv.(x, -) = 01in [0, T] x Q (including the correction term) parametrized by x € U. Here
refers to points in N and t© > 1. The geodesics yx corresponding to the Gaussian beams v (x, ) satisfy
[Vo — 7x(s0)| <8 and the implied constants of v;(x,-) in Proposition 10 and Corollary 11 are uniformly
bounded in x.

Proof. The proof is based on inspecting the construction of the Gaussian beams at the beginning of this
section that lead to Proposition 10, and by using Corollary 11 and Lemma 13.

Let v; be a Gaussian beam without the error term corresponding to the geodesic y as in Proposition 10.
Note that this implies that we have chosen initial data for the certain ODEs used in the construction (such
as the Riccati equation). Let us record these initial data and also define

ve(20,-) 1= v (+).

By Lemma 13 there is a local section £ of PSO(M) such that (E(z¢p))o = Vo. We define a local vector
field V by

V(x) = (E(x))o-

By redefining the domain of £ smaller, if necessary, we have that |V (x) — y(0)| < §. The section E also
defines a family of Fermi coordinates by the formula (26) parametrized by x. Since E is smooth, the
corresponding Fermi coordinates depend smoothly on x (say in any C k norm in the Fréchet sense). Also
the domain of the Fermi coordinates is uniformly bounded by the same reason. Let x € I/ and let us pass
to the Fermi coordinates determined by E(x). We construct a Gaussian beam

U‘E(x")

with the following properties: (a) It corresponds to the geodesic yy y () with initial data x € M and
V(x) € Ty M. (b) It is constructed by exactly the same method described in the beginning of this section
by using the same initial data for the corresponding ODEs that we used for v;. Since the coefficients of
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the ODEs are determined by the smooth metric g and the initial data are the same as for v, the Gaussian
beam v (x, - ) differs boundedly and uniformly in x from v¢(-) (say in any C¥(M) norm). In particular,
the implied constants in Proposition 10 are uniform in x.

Finally, we use Corollary 11 to find correction terms for v (x, - ) such that the implied constants in (44)
are uniform in x. U

4. Separation of points

In this section (&, g) is a globally hyperbolic smooth Lorentzian manifold without boundary. The length
of a piecewise smooth causal path « : [a, b] — N is defined as

k=1 a
=Y [ Gl ds 48)
j=0"%

where ag < a; < -+ < ap_; < aj are chosen such that « is smooth on each interval (a;,a;1) for
j =0,...,k—1. The time separation function, see, e.g., [O’Neill 1983], is denoted by t: N x N — [0, co)

and defined as
supl(a), yeJT(x),

0, y & Jh(x),

where the supremum is taken over all piecewise smooth future-directed causal curves « : [0, 1] — N that
satisfy «(0) = x and (1) = y. By [O’Neill 1983, Chapter 14, Lemma 16], we have that

T(x,y) = % (49)

7(x,z) >0 ifandonlyif x < z. (50)

As before, we view N as the product manifold R x M and assume that Q@ C M, dim(2) = dim(M),
is a smooth compact manifold with boundary. As before, let ¥ denote the lateral boundary [0, T] x 0€2.
Let us consider x € IT(X) N1~ (X). We say that y; : [0, 1] — [0, T] x Q is a future-directed optimal
geodesic connecting X to x if there is

z1€J (x)NX suchthat y1(0)=2z1, y1(1) =x and 7(z1,x) =0.

Similarly, we say that y, : [0, 1] — [0, T] x 2 is a past-directed optimal geodesic connecting X to x if
there is

z5eJT(x)NE suchthat y,(0) = za, y2(1) = x and 7(x, z5) = 0.

We always understand optimal geodesics as their maximal extensions. Note that by definition future/past-
directed optimal geodesics are always light-like. The next lemma says that such optimal geodesics always
exist. We assume the notation and assumptions used earlier in this section. The situation of the lemma is
illustrated in Figure 1, which can be found in Section 1.3 in the Introduction.

In the lemma we consider intersection times of geodesics and X. This means that if the geodesic is de-
noted by y : [0, 1] — [0, T'] x €2, then the first intersection time is the smallest s € [0, 1] such that y(sg) € X.
Typically s¢ will be 0. That the intersection in the lemma is transverse means that y(so) is transversal
to the tangent space 7),(5,) 2. We do not claim anything about possible other intersections of y and X.
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Lemma 15 (boundary optimal geodesics). Let (N, g) be globally hyperbolic, N = Rx M. If x € It ()N
([0, T]x 2), there exists a future-directed optimal geodesic y : [0, 1] = [0, T]1x Q2 from X to x and the first
intersection of y and X is transverse. Similarly, if x € I~ (X) N ([0, T] x ), there exists a past-directed
optimal geodesic y : [0,1] = [0, T] x Q from X to x and the first intersection of y and X is transverse.

Proof. Existence: Let us first consider the claim about the existence of future-directed optimal geodesic.
For this, let us define

fsup = sup{ci €[0,T] | there is Z € X such that £ (Z) = d and ©(Z,x) > 0}. 51D

Here 7 is defined on N x N. The number g, will be the time coordinate of zy,, in Figure 1. By
assumption x € I (X) and thus there is Z € X such that x € 7 (Z) with 7(Z, x) > 0 by (50). We also
have £(Z) € [0, T']. Consequently the supremum in (51) exists and #g,, € [0, T']. Let zx € ¥ and 1 (zx) =1,
be such that 7 — #g,p as kK — oo. Since z; € ¥ and X is compact, we may pass to a subsequence so that
Zk — Zsup € X. We also have #(zg,p) = tsup by continuity of the time function 7.

We claim that 7(zg,p, x) = 0. We argue by contradiction and assume the opposite that 7(zgp, x) > 0.
Then there is a timelike future-directed path 71 : [0, 1] — N connecting zg,, to x by (50). Since 7 is
timelike and /™ (x) is open, we may deform 7 slightly on a neighborhood of zgy, to a future-directed
timelike path that connects z’ € T to x so that 7(z") > tep. Thus x € I 7(z’) and we still have 7(z’,x) > 0
by (50). This is a contradiction to the definition of #s,,. We conclude that 7(z, x) = 0. Since (N, g) is
globally hyperbolic, there is a future-directed light-like geodesic y1 : [0, 1] — N from zg, to x of length
T(Zsup, X) = 0; see [O’Neill 1983, Chapter 14, Proposition 19].

We note that y; is actually a path [0, 1] — [0, T] x Q. Indeed, if y; meets the complement of [0, T] x €2,
then y; necessarily intersects X at a parameter time so < 1 before it meets zgy, at the parameter time 1.
Since yq is causal, it follows that 7 (y1(s0)) > fsup = 1 (Zsup), Where y1(so) € X. Since X is timelike, there
is point Z € X with tg,p, <1(Z) < t(y1(s0)) and a future-directed timelike path 7 connecting Z to y1(so).
Thus, a path achieved by composing the paths 7 and y; has positive length by the definition (48). It
follows that 7(Z, x) > 0 by the definition (49). We have arrived to a contradiction with the definition
of Zgup, since #(Z) > tep.

Transversality: We next show that the optimal geodesic y constructed above intersects the lateral boundary
¥ transversally. Assume that y is parametrized so that y(0) = zgyp. Let Sy, = {Zup} X M be the Cauchy
level surface at 1 = tgyp. Let T = (T, ..., Ty—1) be a basis for the tangent space T7,, d€2. Then {7, v},
where v is the normal vector to 92 at zgp in Sy, o is a basis for T Sz, o Consequently, the tangent space

Zsup

T, N is spanned by {0, T, v}, where 9; is the coordinate vector of [0, T']. Let us write y(0) € T, N

Zsup Zsup
in the form

7(0) = (7(0), 77 (0), 7" (0)).

Suppose now to the contrary that y does not intersect X transversally. Then it follows that y*(0) = 0.
Indeed, if this is not the case, then 77, ¥ + T7,,, graph(y) would be equal to 7, N. Let us check whether
y(0) is normal to Xy := X N{f = fsp}. Since Xy, is space-like, the normal space

Nz 2y, ={v €T N | (v,w)g =0forall we T, >y }

sup
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(see [O’Neill 1983, p. 98 or p. 198]) is spanned by d; and v. To see this, note that a vector X € Tzsup N,
X =ad +b-T +cv, isin Ny %y  if and only if b € R"~! is zero. Note y"(0) = 0; then if
y(0) € Nz, Ey,,,, we must have y(0) = ('(0), 0,0). But this is not possible, since y is light-like. So
y(0) is not normal to X and by [O’Neill 1983, Chapter 10, Lemma 50] there exists a time-like curve o
from x to X, . By slightly deforming o we obtain another time-like curve ¢ connecting x to 7/ ex
with 7(z”) > tep. This contradicts the definition of £gp.

The claim about the past-directed optimal geodesic follows by defining

tinf = inf{cz € [0, T] | there is Z € ¥ such that #(Z) = d and 7(x,%) > 0}
and by using arguments analogous to the ones above to find zj,s € X with t(x, Ziyr) = 0. O

By using boundary optimal geodesics and related Gaussian beams we may separate points of [0, 7] x
by solutions to gv = 0. We mention here that separation of points by solutions has been beneficial in
the study of inverse problems for elliptic equations [Guillarmou et al. 2019; Lassas et al. 2020].

Proposition 16 (separation of points). Let (N, g) be globally hyperbolic, N =R x M. Let x € I ~(X) N
([0,T]x2) and y € N be such that y ¢ J~ (x). Denote by v¢ the solution to Ogv =0in N withv|g = f
and whose Cauchy data vanishes at t = T. Then there is f € C°°(X) such that

vr(x) #vr(y).

If xe IT(2)N([0, T x Q) and x ¢ J~(y), we have the same claim for solutions of Ogv =0 in N with
v|y = f whose Cauchy data instead vanishes at t = 0.

Proof. We first claim that there is a past-directed light-like geodesic from X that meets the point x but
not y. We argue by contradiction and assume the opposite that all past-directed light-like geodesics
from ¥ to x meet both x and y. Since x € I~ (X) N ([0, T] x ), by Lemma 15 we have that there is a
past-directed boundary optimal geodesic y; : [0, 1] — [0, T'] x Q with y1(0) =z € ¥ and y1(1) = x. The
first intersection of y; with X is transverse. If x ¢ J~(y), then by the assumption y ¢ J~ (x) we have
that x and y are not causally connected. Thus y; cannot pass through y and we have found our light-like
geodesic. Therefore, we may assume that y > x.

Let y1 = 71(s) be a past-directed light-like geodesic with y1(0) € X such that y; intersects X
transversally at s = 0, and which satisfies y1(§) = x for some § > 0. The geodesic y; can be obtained by
perturbing the tangent vector of 1 at y1(1) = x slightly. Note that the condition of transversal intersection
is an open condition. By assumption y; meets y. In this case we have a shortcut path, which has timelike
portion, obtained by traveling along 7; from x to a point y’ close to y, doing a shortcut from y’ to y;
and then by continuing along y; to z; see [O’Neill 1983, Chapter 10, Proposition 46]. Since the shortcut
path has timelike portion, it has positive length. Since y > x, the shortcut path is also future-directed. It
follows that 7(x, z) > 0. This contradicts the optimality of y;. We conclude that y; is a past-directed
light-like geodesic from X that meets x but not y.
n/4,it®

To conclude the proof, we use Proposition 10 and choose a Gaussian beam v; =t a corre-

sponding to 1 with k >n, K =1 and p,l = 2. We also choose the support of the amplitude a be so small
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that y ¢ supp(a) and supp(a) N {t = T} = @. We will use the Sobolev embedding H! c L%, which

n—1 n+1

holds for I’ > % Since k > n, we have k — %5~ 3=, which shows that we can take /" such that

% <l'<k-— % Applying Corollary 11 with these k& and I’ shows that there is r; € C°°(N) such that

_n _n _n
Ve =T 4V=1T 40+7T *r¢

satisfies Lgvy = 0 and

t_%vt(x) =1 and r_%vt(y) =0 forall t> 19
and
I % rellzooqwy < Co™ 4 el oy = 740G,

We mention for future reference that at any other point z € [0, T] x Q we have
v @] <[t 4 v @)+ [T 4 (@) < C'+ [t 4r(2) = C (52)
for all 7 large enough. Here we used the above Sobolev embedding. Taking t large enough shows that

vy (x) # vr(y).
The claim about the case x € I T(X) and x ¢ J~(y) can be proved in similar way. O

We next consider the case where we have multiple points of [0, T'] x €2, which we wish to separate by
solutions of the wave equation [1gv = 0. The points will correspond to the intersection points of pairs of
geodesics we use for our inverse problem. The matrix (53) below will be a separation matrix in the sense
of Definition 5.

Lemma 17 (existence of separation matrix). Let (N, g) be globally hyperbolic, N = R x M. Let
X1,...,xp € I7(X) N ([0, T] x Q) be such that x1 < x < --- < xp. Denote by vy the solution of
Ogv=0in[0,T]xQ withv|g = f and whose Cauchy data vanishes att = T. Then there are boundary
values fi € C*°(X) such that the matrix

vr (X1) g (x1) oo v (X1)
vy, fxz) v, (X2) Vfp :(xz) (53)
vr (XP) vp(xp) -0 Vg (xp)
is invertible.
If x; € IT(2)N ([0, T] x ), we have the similar claim for solutions of Ogv = 0in [0, T| x Q with
vy = f whose Cauchy data instead vanishes at t = 0.

Proof. The proof is an iteration of the proof Proposition 16. First we let y; be a past-directed boundary
optimal geodesic that connects a point z € X to the point x;. By the shortcut argument in the proof of
Proposition 16, we deduce after possibly redefining y as its small perturbation that y; does not meet any
of the other points x, k =2,..., P. Let v 1 be a Gaussian beam solution (including the correction term)
as in the proof of Proposition 16, where f; € C°°(X). Then there is 71 > 0 such that for t > 7; we have

n

vp(x1)) =1 and wvp (xg) = o 17%), k=2,...,P.
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Next, let y» be a past-directed boundary optimal geodesic that connects z € ¥ to the point x,. By

repeating the above argument we find a boundary value f, € C°°(X) and a solution vy, such that
v (x2) =1 and g, (xg) = O(t_l_%), k=3,..., P,

for all T > 72. Note that we do not claim that we have much control on the value of vy, at xy and it
might be that y, meets also the point x;. However, by (52) we know that |vg,| at x1 is bounded by C
(possibly by defining 7, larger). This is illustrated in Figure 2, which can be found in Section 1.3 in the
Introduction. By repeating the above arguments, we find other solutions v, , k =3,..., P, such that the
matrix (53) becomes of the form

1 O~ 17%) oz 17%)
Ve=|# O(™174%)
# # 1

Here # means unspecified complex numbers bounded by some fixed constant. The determinant of this
matrix tends to 1 as Tt — o0o. Therefore, there is 7o > 1 such that the matrix (53) is invertible for all 7 > 7¢. O

The previous lemma shows that if we are given a set of points x; < -+ < X, one can find a set of
Gaussian beams separating these points. However, for the proof of the stability estimate in Theorem 1,
we need a finite collection of Gaussian beams that separate any sufficiently distinct P € N points. The
collection will be a separation filter in the sense of Definition 6. Existence of such a collection is the
content of the next lemma.

Let g be an auxiliary Riemannian metric on R x M.

Lemma 18 (existence of separation filter). Let P > 1 be an integer and let § > 0. Suppose K C
I~ (Z)NIT(Z)N ([0, T] x Q) is a compact set. There exists a finite collection M C C*®([0, T] x Q) of
solutions to Ugvy = 0 with the following properties: Assume that x1, ...,xp € K are any points such
that x1 < xp <--- <xp and dgz(x,x;) > § for x; # x1, k,l = 1,..., P. Then there are solutions
Vfys .., Vfp € M corresponding to boundary values fi € C°°(X), and which have vanishing Cauchy
data at t = T, such that the matrix (v, (xl))lf,l=1 in (53) is invertible. Thus M is a separation filter.

Proof. Case 1: If P = 1, then the situation is similar to the proof of Proposition 16. Applying Lemma 15
to x1, we find a past-directed boundary optimal geodesic y from X to x;, whose first intersection with X
is transverse. Using Corollary 11 we can then construct a Gaussian beam v (including the correction term
and with vanishing Cauchy data at {t = T'}) corresponding to y such that

v(xy)=1.
By continuity of v, the point x; has a neighborhood B(x1) such that

lv(z)| > % for all z € B(xy1).

Doing this for all points x € K we find an open cover of K of the form

L B

xekK
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and for each B(x) the corresponding optimal geodesic and the respective Gaussian beam v. Because K
is compact, there is a finite subcover

R
| B
j=1

of K and the corresponding finite collection of Gaussian beams. Denoting this collection by M completes
the proof for P = 1.

Case 2: Suppose now P > 2. To begin, consider a complex matrix of the form
di (@)
# dp
where all entries # are bounded by a fixed constant C > 0 and the diagonal entries satisty |d;| > %,
j =1,..., P. When the elements of the upper triangular part O are of the size ¢ > 0, the determinant of

the matrix in (54) equals
di---dp + O(e).

This can be seen by considering the definition of the determinant in terms of minors. Thus the matrix in
(54) is invertible when ¢ is small enough.

We construct an open cover of K as follows. Let Kc JT(E)NJ(Z)N ([0, T] x Q) be an open
neighborhood of K. Let us fix x € K and let Bs;2(x) denote a %—radius ball centered at x with respect to
the metric g. Let us also define

V(x) 1= (I (x)\ B (x)) N ([0, T] x £2).

Since J *(x) is closed, the set V(x) is compact for all x € K. We define the subset of V(x)P~1 of ordered
points by

T(x):={(x2,....xp)eVxX) P ix<xp<---<xpl
Because the relation < is closed (see, e.g., [O’Neill 1983, Section 14, Lemma 22]), the set 7 (x) is
compact as a closed subset of the compact set V(x)F 1.

Lete > 0andlet X = (x2,...,xp) € T(x). Recall that when constructing a Gaussian beam v, we
can bound its size in absolute value by using the estimate (52). Since x € I~ (X) N ([0, T] x ), there is
Jx € C*°(X) and a Gaussian beam vy (including the correction term and with vanishing Cauchy data at
{t =T}) and tx > 0 such that there is a neighborhood Ug(x) C Bj/3(x) of x and neighborhoods B(x)
of x such that

lvre| =2 on Ug(x),
lveel <& on B(xg), k=2,3,....P, (55)
v | <C on [0, T]x R,

where C > 0 is independent of & > 0. Here we have first normalized so that vy, (x) = 1. Then we have
chosen the 7y large enough, so that the condition |vz, | < & holds on B(x), and |vz, | < C on [0, T] x Q.
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These conditions can be obtained since the correction term of a Gaussian beam can be made arbitrarily
small by taking the corresponding 7 large enough. Then, by the continuity of vz, and vg, (x) =1,
we have chosen the neighborhood U (x) so that |vz, | > % Note that since here ty depends on & and
v, depends on tx, the neighborhood Ug(x) depends on ¢ as indicated in the notation. See the argument
in the proof of Proposition 16 for more details.

We now modify the open sets Ug(x) slightly. Let us define

Us(x) := I (x) N Ug(x).
We have that
e | > % on ﬁg(x).

Moreover, we have
x <z forall ze ﬁg(x). (56)

We then have an open cover of 7 (x) given by

U B(x3) x---x B(xp).

XeT(x)

Since 7 (x) is compact, we may pass to a finite open subcover

| BG2)x---x B(xp),

XeT;(x)
where J;(x) is a finite subset of 7 (x) and which depends on €. Note that for each X = (x2,...,xp) €
J+(x) there are associated neighborhoods B(x3), ..., B(xp) of the points x», ..., xp and an open set

U, (x). This shows that to each point x € K we can attach a finite collection
Me(x) C C=([0,T] x )

of solutions with the following property: for any X € 7 (x) there is some Gaussian beam solution
Vfy € Me(x) corresponding to a boundary value fx with the property (55) with Ug(x) replaced by
U, (x). We repeat the above argument for all x € K. Note that if x € K, then there is ¥ € KN J ~(x)
so that x € U,(%). Thus, our construction yields an open cover of K C [0, 7] x Q by the sets Us(x)
described above. By compactness, finitely many sets Ug(x) suffice to cover K. Let x() € [0, T] x Q be
the corresponding points, such that

R
| O:(x9) (57)
j=1

is a finite subcover of K, where R, € N. To each of these finitely many points x{/) there is also attached
a finite subset jg(x(j )) - T(x(j )), j =1,..., Re. Corresponding to this finite cover, we take as the
collection of boundary values M, the set

R,
My = Me(xD).
j=1
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Letthen xq,x2,...,xp € K withx; <xp <---<xp and dg(x;, xx) >0 fork #[ withk,/ =1,..., P.
Let us consider first the point x; € K. Corresponding to xi, there is an index j; € {l,..., R¢} and a
neighborhood Ug(x(j 1)) of x1, where ﬁe(x(j 1) belongs to the finite subcover (57) of K. The radius of
Us(xU1) is less than % Note that dg(x(jl), Xg) > % fork =2,3,..., P. Indeed, we have that

5_2 8

Moreover, (56) implies xUD < x1. Thus xUD <Xxp <x3 <---<xp. Using this and (58), we obtain

dz (xYUV, xp) = dg(x1. x) —dz (xYV, x1) > § —

(x2,Xx3,...,xp) € T(x(jl)).

Consequently, using the definition of J; (xU1), we find X = (xéj Do ,xl(pjl)) € Js(xU1) with the
associated neighborhoods B(x](cj 1)) of xx, k =2,3,..., P, satisfying the following property: there is a
Gaussian beam solution vy, € M, corresponding to a boundary value f7 such that
lvyl=2  on Ue(xU1),
lvs | <&  on B(x](cjl)), k=23,...,P,
lve | <C on [0, T] x Q.
Let us then proceed to the point x,. Much as above, regarding this point there is j, € {1,..., R},

xU2) e [0, T'] x €2 and neighborhoods ﬁg(x(jZ)) of x, and neighborhoods B(x](cjz)) of xp, k=3,4...,xp,
and a Gaussian beam vy, , such that

lvg,| > % on U, (x\?),
vl <e  on B(x?), k=3,4,....P,
lvg,| <C on [0, T] x Q2.
Continuing in this manner, we have indices j1, j2, ..., jp and a set of Gaussian beams vy, , k=_ 1,..., P,
such that |vg, | > % on a neighborhood Uy (xUK)) of x; and |vg, | < & on a neighborhood B(xl(jk)
for/ >k and |vg | < C on [0, T] x Q.

The separation matrix (53) corresponding to the functions vy, and points xi is invertible for & < &g for
€o small enough. We set M := My, . Finally, we note that the number of Gaussian beams used is

) of x;

Re, R, Re,
#M = #(U Mgo(x(/))) < # Moy (x) =Y #7, (x),
j=1 Jj=1 Jj=1
which is finite. U

Remark 19. We will apply Lemma 17 as follows. Suppose the points x; < --- < xp are the intersection
points of two light-like geodesics y; and y». We will use Lemma 17 to show that there is a choice of P
solutions vy, , ..., vy, € M which separate the points x1, ..., xp. Moreover, these solutions have zero
Cauchy dataatt =T.

We also mention that we have a result similar to Lemma 18 for solutions that have vanishing Cauchy
data at {t = 0}. The result is obtained, for example, from Lemma 18 by considering the isometry ¢ + T —t
as in Remark 12.



STABILITY AND LORENTZIAN GEOMETRY FOR AN INVERSE PROBLEM OF A SEMILINEAR WAVE EQUATION 1097

5. Proof of the stability estimate: Theorem 1

Assume the conditions from Theorem 1, especially that

[A1(f) = A2 (D) lEr(z) <9,

where r <s+lands—+1> ”erl, and § > 0. Here A1 and A, are the DN maps of the nonlinear wave

equation (2) corresponding to the potentials g¢; and g,, respectively. We show that we have explicit

control on the L norm of ¢; — ¢ in terms of §. The proof will be divided into several steps.

5.1. Step I: integral identity from finite differences. Let j =1,...,m and &; > 0 be small parameters.
Let k be as in Lemma 9. Assume that f; € H*T!(X) is a family of functions satisfying 3% fj|;=0 = 0
on [0,T]x 032, « =0,...,s, and that

lerf1+ -+ em fmllgs+1j0,11x0) < K-
For [ = 1,2, we have that the boundary value problems
Ogus +quui' =0 in [0, 7] x 2,
uy=e1fi+-+éeémfm on [0, 7] x 0L2,
Urlt=0 =0, 0dsul;=0=0 inQ
have unique small solutions u; = ug, £, 1.4, f,, @ described in Lemma 9. According to (17), the
solutions u; have expansions of the form

m
ul:8101,1+"'+8mvlam+ Z (kl

lk|=m

kl... k’n >
,km)gl em' Wy g+ R

where vy ; satisfy (18) and w, ¢ satisfy (19) with g replaced by g;. We also used the notation k=
(k1,...,km). In particular, we know by (19) that

W; i -= WA,...,1)

satisfy
Oew, 3 +qivpy--vym =0  in[0,T]x,

w; =0 on [0, T] x 0€2, (59)
wl,i|f=0 =0, B,wl’ﬂ,:o =0 inQ.
Note that since (18) for v; ; are independent of g;, we have by the uniqueness of solutions that
vl,j:vz,j::vj’ J:l,,m (60)

Moreover, according to (20), the correction terms R; for [ = 1, 2 satisfy

IRl gs+2 + 18g Rillgstr < €, T lqil Fsriler fi+ -+ em | 7571 5y
We apply the finite difference operator Dg“ |z—¢ of order m, defined in (21), to u;. By (22), we have
1

mj_ _ | R —_
DE |8:0ul _m‘wl’I + 81"'8le,
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where R; contains sum of the remainder terms R; appearing in the finite differences. Consequently, by
taking into account (59) and (60), we obtain

1

——— O, Ry,
81..-8m g l

O DY |zt = —m! qrv1 -+ vm +

where R; = ¢&1-+-emRy, [ =1,2.

We manipulate the integral identity (25) to relate the difference of the DN maps A and A, to the
difference of the unknown potentials g1 and g5 in terms of v;. For this, consider an auxiliary function vg
which satisfies dgvg =01in [0, T]x 2, with vo|;=7 = 0;vo|;=7 =0 in . Applying (25) to the difference
of the DN maps yields

—M!/ (91 —q2)vov1 -V d Vg
[0,T]x%

e /MXQ 00 (Ra =) Yy + [ 00DPleco(hr = ADerfi++++mfn) dS. (6D
The finite difference D["[z—¢ of u; is a sum of 2™ terms. By using (61), we calculate
m!'[{vo(q1 —q2), V1 Vm)12([0,T1x )
<[{vo. DI [(A1—=A2)(e1 fi++++em ) r2(s)| + (61 &m) ™ [(vo. Og (R1— R2))12(10. 77x0)]
<2™(e1-+-em) " [{vo, (A1 — A2)(e1 fo + -t emfm))L2z)l
+ (e em) " [{vo. Og(R1 — R2)) 12 0. 71x)|
<278 (e1-+-em) " Vol grgy+ (61~ 8m) " 10 (Ri—=R2) |l grs+10,77x@) V01l G510 0. 71x2)
<25 (o1 em) " ol gr gy + Co1 61+ em) ™ 10 Ry = Rl g1 100l -4 0. 7700
< Cm,s+1 (&1 ceem) ! (||U0||1.7—r(z) + ||U0||ﬁf(s+1)([o,7~]xg))

Jj=1

m 2m—1
x [2’" §+C(s. T) (g1l %41 + ||q2||§g+l>(Ze,- ||f,-||Hs+1<z)) }

m 2m—1

<C(e1--em) " |:5 + ( &ill fi ||Hs+l(z:)) ] (62)
j=1

Here we used the assumption [[A1(f) — A2(f)|ar(z) <8 for f =e1 1+ + &m fm. We also used

that the norm in H5+1([0, T] x ) is bounded by the norm in E5*! up to a multiplicative factor Cs41

as noticed in Remark 7. The final constant C is given by

C = max{Cons1. Cs. )1 a1 + 120003 (1ol r sy + V0]l g1 0. 71

Here we have respectively denoted by H (X) and H G ([0, T] x Q) the dual spaces of H” (X) and
HSTL([0, T] x Q).

5.2. Step 2: approximation of a delta distribution by a product of Gaussian beams. Recall that (v; );?1=1
is a family solutions to Cgv; = 0 as in (18). The second step of the proof of Theorem 1 is to choose
the solutions v; so that they allow us to obtain information about g1 — g2 on the left-hand side of the
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estimate (62). The boundary values corresponding to v; will be denoted by f;. We use the Gaussian
beam construction of Section 3 to produce approximate delta functions from products of Gaussian beams.
We shall need the following elementary results. Let f : R — C be a Lipschitz function. We define the
Lipschitz seminorm of f as

£ lILip :=inf{c = O [ | f(x) = f(W)] = c[x =y}

Lemma 20. Let d € N, T > 0 and b be Lipschitz. The estimate

(Sl

d
‘b(zo) — (%) 2 /Rd b(z)e ™20 dz| < e b Lipr™

holds true for all zg € R4 In particular, the integral on the left converges uniformly to b(z¢) when T — 0.
Here cg := F(%)/ F(%)

We omit the proof of Lemma 20 as it can be proved similarly to the following more general result:

Lemma 21. Lett >0, x € Ri, d > 2,and assume x = (Xx1,...,Xg), where x1 > 0. Let b : [R{f’;_ — C be
Lipschitz. Define a map ® : (—oo, 0] — [%, 1] by
d(s) ! /oo vy (63)
§) = —— e .
v Js

The estimate

1
< 2¢q||b e

409 e (1) Jomp

holds true for all x € R4 N {x1 > O}. In particular, the integral on the left converges uniformly to b as
T — 00. Here cg = F(%)/F(%)

Proof. Let us write x = (x1, x") and assume without loss of generality that x” = 0. To begin, recall the

_ 2
/ e 1P dz = x
Rd
d
2

/ e~TlTx? gy — /00/ et (=2 HZ'P) g g — (z) D(—+/Tx1).
RZN{z1>0} 0 JrRA-1 T

Since b is Lipschitz in RZ, we have

identities

[SiSW

1z 4
and Iz|e V¥ dz = cym %,
R4

Note also that

b 25 +x1.T722) = b(x1.0)] < [bllipr 2 [(s. 2")]
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for any x; > 0 and(s, z’) € R?, s > —/7Tx;. Thus we may calculate

d
®(—/Tx1)b(x1,0) — (%) 2 /Rdm{ , b(z)e T g
Z1=

- (z)gA;gdm{z >0}(b(x1,0) —b(Z))e_ﬂZ_x'Z dz

g

[N

=7

o0
/ / (b(x1,0) —b(v™2s +x1, 77 22"))e 2P 42 ds
—JTx; JrRd—1

da [ 5
< ||b||Lip7T_2/ / (s, z")|e" 1" dz’ ds
_ﬁxl R4 —1

_1 _4a _z]2 _1
< lbllupe 4% [ 12167 dz = calblpe .
R

Finally, dividing the above inequality by ®(—./Tx;), and observing that ® is monotone and satisfies
d(0) = % and O(s) — 1 as s > —o0, we have the claim. |

We will apply Lemmas 20 and 21 with d = n 4 1 and the function b will be a multiple of g1 — ¢>.
Lemma 20 will be applied for recovery of points that lie in W \ ¥ and Lemma 21 for recovery of points
on .

To achieve the factor t4/2 = ¢(n+1)/2 appearing in Lemmas 20 and 21, we use the solutions of
Corollary 11 with p = 4 and scale them by a constant t1/8, This change amounts to scaling the boundary
values f; by t1/8 The estimates (41) and (44) still hold by taking k, [/, K and N large enough. Moreover,
when applying Lemma 21, we modify the functions of Corollary 11 by multiplying them by ®(—./7x1)
with a suitable number x; > 0.

Recall that Gaussian beams concentrate on light-like geodesics. We show that at the intersection
points of geodesics, the corresponding product of Gaussian beams approximates the delta function of the
intersection point. Taking this approach, one can recover information about the difference of the unknown
potentials g1 and g5 at points where the geodesics intersect. When the geodesics intersect only once, the
proof is simpler and instructive. For this reason, we first analyze the case where the geodesics intersect
only once and prove the general case after that.

5.3. Proof'in the case of a single intersection point. Let pg € W, where W is as in (3). In this case
po € I7(X) by assumption and by Lemma 15 there is a future-directed optimal geodesic y; from X
to po that does not intersect {t = 0}. By making a small perturbation of y;, we have another geodesic
y2 that intersects y; at po and does not intersect { = 0}. Since the geodesics are causal, they exit the
compact set [0, T'] x 2 in finite parameter time. By the assumption of this simplified case, y; and y»
intersect only at pg. Let §' > 0 be small parameter so that the Fermi coordinates (26), associated to y;
and y,, are defined for |y| < &'

By Proposition 10 and Corollary 11 there is 79 > 0 such that, for j = 1,2 and t > 7o, we may choose

Uj:'fé(v‘[’j‘l‘rj) and f; =vjls, j=12, (64)
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so that (g (v, ; +7;) = 01in [0, T'] x Q. Here the function v,; stands for the Gaussian beam described
in Section 3 corresponding to the geodesic y;. We also have that the correction term r; satisfies

rils =0, j=12. (65)
By (34) and (35) and Proposition 10 applied with p = 4, we have for t > 19
ve,j (s, y) = T8 7O OV (s y), T =10,
~ ARy
a(s,y) = ng) kgor bk{)(s, y), T=>1o, 66)
b5 y) = > by,
k=0

where bl(cj’ )k” (s, y) is a family of complex-valued homogeneous polynomials of order k” in the vari-

able y. We emphasize that all functions on the right-hand sides of (66) are independent of 7. Thanks to
Proposition 10, see also (36) and (37), we also have

b(0.0) = bJ0(0.0) =1, j=1.2. (67)
In addition, by (40), (41) and (44), we get for j = 1,2 and k > [ + %(n -1

e, gt qo.ryxey = O ¥ 1), o> 10, .
17l e qo.rixey = O5). t> 10,

if N satisfies K = %(N +1—k)—1. (If N defined this way is not an integer, we redefineitas | N +1].) We
imposed the condition k > [ 4 %(n —1) to embed the energy space E! into H¥ ([0, T'] x ©2); see Remark 7.
This condition is needed to control certain Sobolev norms in the following computations. Furthermore,
by (41) and assuming that [ > %(n + 1) (to embed H ([0, T] x Q) into L*([0, T] x R2)) we get
vz, jllL4qo,71x) = O, J =12, t>1,
”rj ||L4([O,T]XQ) = O(T_K)’ J=L12 t=1.
Since [y is a linear operator, the complex conjugates of vy and v, denoted by vy and v2, also solve
Ogv = 0. We set

(69)

vj:=0j_p and fj:=vj|g, Jj=3,4.

Combining the trace theorem with (65) and (68) in the case [ = s + %, we obtain an estimate for the
boundary values f; for j =1,2,3,4 and t > 19, as

1
I fillzs+1czy = vjlsllas+iz) = T8 (ve,j + 1))zl gs+1(x)

. S (70)
< t8vg,jll gs+32j0,rix) S CT° 87 8.
For j =5,...,m, we choose Gaussian beams at fixed 7 = 7¢ as
_n+1
Vi =1y ° Vilt=¢, and fj=v;lz, j=5....,m. (71)

Let us write
0 =1UV5-Up.
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Remark 22. We remark that by making 7o > 0 large enough, there exists ¢ > 0 such that

[0(s, ) > ¢ (72)

in a neighborhood of (s, y) = (0,0). Indeed, by taking [ > % and combining Morrey’s inequality

with (68), we deduce that both v;,1 and 1 are continuous functions for T > 7. In particular, the function vy
is continuous according to (64). Proposition 10 ensures that ®;(0,0) = 0 and b(()}()) (0,0) = 1. Looking

at (66) one has
a1(0,0)=1+0x"Y, ©>r1.
Hence

r_ngl v1(0,0) =1+ ‘L'_%I‘l 0,0)=1+ 0(‘17_%), T > 1,

where in the last equality, we have used (68) to deduce |71z ((0,71x@) = O(1). Thus we have, by

redefining 7¢ if necessary,

N _n+1 _
19(0,0)| = (5 [v1(0,0))" *>1

for all T > 7. By the continuity of ¥, we have (72) on a neighborhood of (0, 0).

With these choices, we now analyze the left-hand side of (62). We decompose the product vy - - - vy, as
the sum of a leading term plus lower-order terms. A straightforward computation holding for t > ¢ yields

V1 v = [v1]? 2]
1 A
=12|vg,1 + 71 [*|ve2 + 12D
_ .3 2 - ~ 2 2 - - 2\ A
=12(|ve,1|" + veaT1 + 11 7)) (V2| + ve2l2 + 12Uz + (2] 9)0
1 .
= 12|vg,1*|ve2]?D + L1, (73)
where £; is a sum of products of terms each containing r; or r2, or their complex conjugates, as well as

v as a factor. Consequently, we can choose (N, k, [, K) in (68) so that together with the Cauchy—Schwarz
inequality, we obtain

IL11lL1 qo,71xg) = OF) (74)
for some R > 1. Indeed, let us analyze one term of L1, say fl/zvm |vr,2|2f16. As 1 is continuous, it
is bounded in [0, T] x Q2. Using (69), we have for t > 14

1 2- A < 1 2-
T2 |Jvg1|ve a2l F10 L1 o, 71xe) < T2 v alve 2" F1ll L1 o, 1x )
1 1_g
<12 |veallLaqo,rixe) ||Ur,2||%4([0,r]xg) Ir1llL4o,71x@)=0(x27 7).

A similar analysis allows us to deduce that the L!([0, T] x Q) norms of the other terms of £; are
O(<1/2=K) Therefore

1_
110 qo.rixey = 0(275), 1>1.
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Thus we can take R = K — % in (74). Note that we can always find suitable parameters /, k, N and K
satisfying K = N+T1_k -1, k>1+ % and / > % > %. One possible choice is
l=n4+1, k=3n+1, K=2, N=3n+1).
Let us now analyze the leading term in the expansion (73):

T%lvr 1|2 |U‘E 2|21’)\ — 1%6”61(x)e_itél(x)e”@zo‘)e_”@z(x)|a(1)(x)|2|a(2)(x)|2 ﬁ(X)

For technical convenience, we consider a normal coordinate system (x¢)” _ centered at the point pg,
which is the unique intersection of the geodesics y; and y,. At the center of the normal coordinates the
metric is the identity matrix and all Christoffel symbols vanish; see, e.g., [O’Neill 1983, Section 3]. At the
point pg both the phase functions ®; and ®, vanish and their gradients are real. Using the properties (42),
we have the following Taylor expansion around py:

O1(x) —O1(x) + Oz(x) — Oz (x) =2i x - VZIm(O1 + ©3)|x=0x + O(|x|?).

Here V2 Im(©; 4+ ©,) is a positive definite matrix at pg (i.e., at x = 0 in normal coordinates) by the last
two conditions of (42), because ®; and ®, are positive semidefinite and positive definite in directions
transversal to y; and y; respectively.

Recall from (66) that the amplitude al ), j = 1,2, has the cut-off function y as a factor. Therefore, we
may redefine §’ > 0 smaller, if necessary, so that at the intersection U; N U, of the supports

Uj := supp(a”) = supp(v;)
we have Im(®; + ®3) > 0. Let us write
H:=2V?Im(O; + O3)|x=0 >0 (75)
so that in the normal coordinates
©1(x) = 01(x) + O2(x) = O2(x) = ix - Hx + O(x), (76)
where @(x) = O(|x|?). Using the precise expressions in (66) for at/), j = 1,2, we see that
a® )7 1a@ )P = lbg? (1) b6 ()2 + 7" La(x),

where
121|210, 71x2) = O(D). (77)

Via a calculation similar to the one done in deriving (73), we deduce in the coordinates (x¢)” _ that
1 N ntl 1 2 A i 70 —rx
w2 ve Ploea 0 =72 (0 PLa () Plbg? (0 PIbg (x) P8 (x)el W
_1 ntft A i 70 —Tx-
+77 T @ P @) Pi()e W Ly (). (78)

=L (x)

Here the functions y;, j = 1, 2, stand for the normal coordinate representations of y;, which in Fermi
coordinates (s, y) corresponding to the geodesics y; take the form x(|y|/4’). Note that x;(0) = 1. Recall



1104 MATTI LASSAS, TONY LIIMATAINEN, LEYTER POTENCIANO-MACHADO AND TEEMU TYNI

that O(x) = O(|x|?). By using (77), making the change of variables x > 7~1/2

1O(r2x) = t=120(|x]?) = O(|x|?) one calculates that

12201 qo.71xey = O ). (79)

(See (84) below for a similar calculation.)
For the sake of brevity, we set

) = 1) —q2(x),  A) = [11 )P 2P P ()1 b ()12 6(x). (80)

By Proposition 10, see also (67), we have in the normal coordinates that ®;(0) = 0 and b(()j )(O) =1,
j =1,2. Note also that (:)(O) = 0. Thus one gets

x and using the fact

A(0) = H(0). (81)

Integrating in the normal coordinates, and combining (73) and (78), we find

/[ vo(q1 —q2)v1 - vm dVy

=72 / 00(X)q(x) A(x)e! TOW e=TxHx g / vo(X)q(x)(L1(x) + L2(x)) dx
B(po) B(po)

=1 2 / o (x)q(x)A(x)e ™M dx +/ vo(xX)q (x)(L1(x) + La(x))dx
B(po) B(po) ~
T vo(X)g(x) A(x)(€"TOW) — 1)e ¥ X gx (82)
B(po)

(Recall that v is a function satisfying Ogvg = 0 with vo|;=7 = d;vo|;=7 = 0in .)
With slight abuse of notation, there are now two possible cases in the integral (82).

Case 1: If Uy N U, N Y = @, then B(pog) is a ball in R*T! centered at pg such that U; N U, C B(po)
and we can proceed without changes.

Case 2: If U1 NU, N X # @, then B(py) is a ball in erl centered at pg such that Uy N U, C B(pyp). In
this case, we can similarly derive the identity (82) in boundary normal coordinates. As can be seen from
Lemma 21, to obtain a proper normalization, we scale by the constant 1/®(—+/7x1). This is achieved by
multiplying the function vg by 1/®(—+/7x1). Since ® : (—o0, 0] — [ 3, 1], this scaling will contribute to
redefining the constant of the stability estimate by a factor of at most 2. Here ®(s) := /2 fsoo e~ dt
is as in (63) and x; denotes the first coordinate of pg in local coordinates of [RR’_’i_H.

We now analyze each term in (82) above. Thanks to (62), we can control the term on the left-hand
side of (82) in terms of §, &1, ..., &y and the size of f;. The first term after the second equality in (82)
contains information about g1 — ¢, and will be analyzed last. At this point, the exponential function
e—rx-?—Lx
that  is a positive definite matrix, see (75). By combining (74) and (79), and using the fact that both vg
and ¢ are uniformly bounded, we have for T > ¢ that

will play a crucial role, as it will act as an approximate delta function. This is due to the fact

/ 00 (0)g () (L1 () + L2 (0)) dx| S 7L (83)
B(po)
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1/2

Making the change of variables x — 7~/ “x, we obtain

3 / vo(x)q(x)A(x)(e”@(x) —1)e ™ M* dx
B(po

/ (voqA)(r_%x)(e"’@(fl/zx) —De ¥ dx| < I (84)
B(po)

In the last inequality we used that |e?! —e?2| < |21 —z,|e™ 2111220} for all 2, 2z, € C and @(x) =0(x|?)
to deduce that ] |
|eit®(r_7x)_ |3e‘c—7|x|3’

1
1| <t72|x T > 1.

We also used that the functions vogA, e=*7*, |x| and et IR are uniformly bounded in B(py).

Let us then analyze the first term after the second equality in (82). Since H is positive definite, there
exists another positive definite matrix B so that B2 = 7. Making the change of variables x > Bx, we
deduce that in Case 1, where U; N U; N X = &, we have

/ vo(x)q (x) A(x)e ¥ dx = / vo(B2)q(Bz) A(B2)|g(2)|2 [det B|™ e~ dz.  (85)
B(po) R+l
For convenience, we set
1 _
b(z) := q(Bz)A(Bz)|g(z)|2|det B|~".
By using (81), we see that in normal coordinates
A _1
b(0) = (¢1(0) — ¢2(0))v(0)[|det | 2. (86)

The identities (82) and (85), combined with estimates (83) and (84) yield
n+1

(x)

Thanks to (62), the second term on the right can be controlled in terms of 8, &1, ..., &, and sizes of the

1
ST+

/ vo(2)b(z)e~ 7 dz
Rn-{—l

/ vo(q1 —q2)V1 v d Vg
[0,T1x2

functions f;. Thereby, applying Lemma 20 with zo =0 and d =n + 1, we get
n+1

b(O)—(l) : / vo(2)b(2)e™ 7 4z
T Rr+1

Scn+1||vob||clf_%+f_
e et e et erll fill s+ )+t em fnll s+ )2

2m—1
<CQ,m,T,QjaXM|: A

n+1

@)™ [ et

1b(0)] =

D=

2 ..
< 1 2t 24 €] Em
ko
1

+m—1

g7t e fi ||Hs+1(§;)+"'+8m||fm||HS+1(E))2m_1:|, (87)

where vg can be chosen so that in normal coordinates vo(0) = 1. The above holds for any M > 0 and
ko > 0. In the last step, we scaled § by Kg’”_l /(mM). The coefficients 2 and 1/(m — 1) in front of 7~1/2
and 81_1 ---g,. 1 in (87) were included to simplify formulas later on. We will determine the constants M
and ko later. Their role in obtaining a stability estimate will be clarified in Lemma 23 below.
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In Case 2 we arrive at the same integral (82), but the integration is only over the half-space [Ri’j_“ and
due to scaling of vq the integral is scaled by a constant 1/®(—+/7x1)). All other calculations after (82)
remain similar, but one needs to apply Lemma 21 instead of Lemma 20 to obtain the estimate (87). We
omit the details.

5.4. Step 3: optimizing the error terms. The last step of the proof of Theorem 1 (in this simplified
setting) is to choose T and €1, ..., &, in terms of § to have the right-hand side of (87) as small as possible.
We begin by setting

gl =:-r=&y =&

Note that by (70) and (71), we have for T > ¢ that

el fillas+1(z) wsts_%J“%, j=1,2,3,4, > 10,
3 (83)

s—4+5 .
el fillas+1(zy ~ €7 , J=5,...,m.

To guarantee the unique solvability of our nonlinear wave equation (16), we require the quantities on
the right-hand sides of (88) to be bounded by «, which was given by Lemma 9. Recall that 7o > 0 is a
fixed large parameter, which we chose at (71). The parameter was especially chosen so that the Gaussian
beams v; for j =5,...,m have small enough correction terms.

Lemma 23 shows how to choose the parameters t and ¢ in (87) optimally given x > 0 and § € (0, M).
By choosing ko < k, we will see that the optimal value for 7 is at least tp and we also have that

ell fillas+1(zy < k.
Lemma 23. Let C,M,s >0and m € N. Let also 19 > 1, § € (0, M) and k € (0, 1). Then there are ¢ > 0,

T > 19 and ko < k such that

2m—18 1

LK
6,7):=2t 2 +4+-2 g
f(e, 1) T 24 M +m—l

8(m—1)
< Cs,m,M,KO § 2mm—1)8s—n+13)+2m—1

g1 T(Zm—l)(s—%-i—%)

and we also have

—
W

_n 15
e’ 8T® < Ck.

Proof. To simplify the notation, let us write § := (2m — 1)(s — % + £2) and yo = x3™~!/ M. We take
ko < Kk to be so that yp < 1. We will redefine k¢ > 0 smaller later if necessary. A direct computation

shows that R
N _ s
8m 1_s5s—1 )

9 f = —(yod)e ™ L 4 em 1S 9 f=_173 4 T

m—1
Making d. f = d; f = 0, we obtain the critical points of f, namely

A1y 522m=D _2m—1)
T = ((m—1)§ ") Bm+am=T1 (o)~ Bm+2m—T
Al 2§ 45m+2m—1-23 (89)
e = ((m—1)§ ) Bm+am=T (yy§) @m+2m—D@2@m-1)

(One can also verify that the Hessian of f at the critical point is positive definite, and hence the critical
point is a local minimum.)
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Note now that -
= ((m—1)8 1) Tokom=1 (yo8) " TmFam=T
20n=D@m=1)

> ((m — l)s 1)2Yrr12—|’—n72ml)l,(0 25m+2m—1

’

because by assumption 0 < § < M and since yo = k3™ 1/ M. Since the constant

19}
((m— )5~ 50T > 0

and the exponent
2m—1)2m—1)

25m+2m—1
do not depend on k¢, we may choose k¢ so that kg < Ck and that 7 in (90) satisfies

<0

2(m—=1)

T = ((m_ l)s 1)23m+2m 1()/08) 2sm+2m—1 > 70.

With these choices, we have at the critical point of f (e, t) given by (89)

2m—1

13 3 1 K 2m—1
+ 8 — gr2m—1 — ()/08) 2m—1) — ( OM 8) E Ko < CK'

et’ ™

ol

forall 0 < § < M. A straightforward calculation using (89) shows that 7—1/2, (y8)e™™ and ¢” 1%
are all bounded by Cg . a1.x (y08) "~ D/ @m+2m=1) "where the constant Cg . a1, is independent of &

and t. =
Recall (86) and (87). We set €1 = -+ = &, =: € and apply Lemma 23 to obtain
[vo(Po)l1g1(Po) —q2(po)| 10 (po)||det H| 2
< Ca,rq; M 2773 I K"~ 158 —m 4 1 m=1 @m=1)(s=§+)
Tkt mM m—1
8(m—1)
< C08 2m(m—1)(8s—n+13)+2m—1 _ (90)

Since po € I ~(2)N ([0, T]x ), by Lemma 15 there exists a past-directed optimal geodesic from X to pg
such that the first intersection of the geodesic and X is transverse. Since the intersection is transverse, the
geodesic does not intersect {¢ = 7T'}. Therefore, we may choose v¢ to be a Gaussian beam corresponding
to the geodesic such that vg|;=7 = d;vo|;=7 = 0. We may assume by normalizing that vo(pg) = 1.
Recall also that 0(pg) > ¢ > 0 and |det H| > 0 by (72) and (75) respectively. Dividing (90) by the norm
of vo(po)(po)|det | ~1/2, we have a stability estimate

8(m—1)
lg1(po) —g2(po)| < C82mn=D@s=n+13+2m=1 91)

at the point pg. We next show that the constant C can be redefined to be independent of py.

5.5. Step 4: uniformity of the constant C. So far we have obtained the estimate (91) regarding the differ-
ence of g and g5 at the single point pg. The constant C may at this point depend on pg. Next we argue that
the constant C can be redefined to be independent of pg. This will then yield (4) and conclude the proof
of Theorem 1 in the simplified setting, where we assumed that light-like geodesics can intersect only once.
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To show that C in (91) can be taken to be independent of pg, we first construct an open cover of
W C IT(Z)NI~(Z) as follows. (Recall from (3) that W is a compact set which we can reach and observe
from X.) Let z € W. By Lemma 15 there are optimal light-like geodesics y1 and y, that intersect at z and
which do not intersect { = 0}. We may reparametrize so that y1(0) = y2(0) = z. Let ¢ = |y1(0) — 2(0)|.
Here and below | - | denotes the R” norm of vectors in local coordinates.

By Corollary 14 there are open neighborhoods ¢/; and U, of z and families of Gaussian beams v, (x, [, -)
(including the correction term) parametrized by x € U;, / = 1,2, such that all the implied constants,
such as tp, in the construction of v;(x,,-) are uniform in x. Moreover, still by using Corollary 14, the
geodesics y, ; corresponding to the Gaussian beams v (x,/,-) satisfy [7;(0) —yx;(0)| < £, | =1,2.
Then, for x € U1 NU,, we also have that

[72,1(0) = 7x,2(0)] = § > 0. 92)

We conclude that the geodesics yx,1 and yx > intersect at x and do not have the same graph. We also set

ﬁx() = (U‘E(x7 l, '))m_4|r=ro,l=1

for x € Uy NU,. By redefining 7¢ larger, if necessary, we have that |0, (x)| > d > 0 for all x € Uy NU>.

In deriving (91) in this Section 5, we used normal coordinates. Normal coordinates are uniquely defined
by choosing an orthonormal basis at a point. By using a local orthonormal frame on a neighborhood /3
of z, we may find a family of normal coordinates smoothly parametrized by x € U3. It follows that
the contribution to C in (91) coming from the use of normal coordinates may be taken to be uniformly
bounded for all x € /3. All things considered, by repeating the arguments in this Section 5, we may take
the constant C to be uniform for all x € Uy NU> N U3, where U; N U, NU3 is a neighborhood of z.

Recall that we aim to estimate the difference of ¢; and ¢ in the compact set W C I (X)N I~ (X). By
covering first the compact set W by the sets U1 NU» N U3 as described above and then passing to a finite
subcover, we have that (91) holds for all z € W. Finally, we apply Lemma 18 with P = 1 to deduce that
there is a finite family of functions v, o satisfying Ogv;,0=0in [0, T]xQ and v; o|;=7 = 0:Vz,0|;=7 =0
and such that v, ¢(z)| > ¢ > 0. (Only finitely many of the functions v ¢ are actually distinct.) Combining
everything yields the estimate

8(m—1)
|(Uz,0(2)ﬁz(2)((]1 —qz))(z)| |det/}-[z|_% < C §2mm—D@s—n+13)F2m—1 , (93)

which holds for all z € W. Here the point z corresponds to the origin 0 of normal coordinates centered
at z and all the quantities are expressed in these coordinates. The point z is also the point where the
geodesics yz,1 and yz » corresponding to the Gaussian beams v.(z, 1,-) and v.(z, 2, -) intersect.
By Remark 22, we have that |v;,0(z)| > ¢ > 0 and hence |0;(z)| > d > 0 in (93). Let us estimate
|det H .|, where
H, = 2V2 Irn(®z,1(x) + ®z,2(x))|x=z-

Here ®;,; and ©; 5 are the phase functions corresponding to the Gaussian beams v (z, 1, ) and v,(z, 2, -)
respectively. Here also V? is the invariant Hessian. In the normal coordinates centered at z we have
that the geodesics y;,1 and y; 2 are rays emanating in from origin. Since y;,1 and y; 2 do not have the
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same graphs, the rays are not same and there is a positive angle (in the R”*! metric) between the rays in
the normal coordinates. Due to (92), the angle is uniformly bounded from below by a positive constant.
Consequently, using also the facts that

Im(V?0,,)(z) 20, Im(V?0;,)(2)l;. o)+ >0

we conclude that there is 7 > 0 such that |det ;| > h for all z € W. Dividing (93) by |v;,0(2)], |Vx(x)]
and |det 7, |~1/2, and redefining C larger, if necessary, concludes the proof in the special case where we
assumed that light-like geodesics can intersect only once.

5.6. Step 5: multiple intersections. We have proven Theorem 1 in the special case, which assumed that
the used light-like geodesics intersect only once. In the case of multiple intersections, we can perform
a similar analysis as in the special case, but this leads to an estimate for a sum of terms regarding the
difference g1 —¢g» at the intersection points. To separate the contributions coming from several intersection
points, we will use separation matrices and a separation filter constructed in Lemmas 17 and 18. Most of
the work needed to handle the case of several intersections was already done in proving these two lemmas.

Let N be globally hyperbolic Lorentzian manifold. Let also g be an auxiliary Riemannian metric
on N. The following lemma shows that given a compact set K C N there is a bound on the number of
possible intersections of pairs of causal geodesics in K. We will apply the lemma with K = [0, T] x
and N = R x M. Let us recall some relevant facts. An open set O of N is convex if for every pair of
points p,g € O with p # ¢ there is a unique geodesic y of O connecting the points. Each point in N
has a neighborhood that is convex [O’Neill 1983, Section 5, Proposition 7]. Let p € N and let U, be its
convex neighborhood. By [O’Neill 1983, Section 14, Exercise 10] (see also [Minguzzi 2019]), and the
fact that Uj, is convex, it follows that p has a neighborhood V,, C U, with two properties:

(i) Any causal curve starting in V), that leaves it never returns.
(i1) Two distinct geodesic segments in V), can intersect at most once.

We mention that in [O’Neill 1983] the sets V), are called causality neighborhoods. It follows from
conditions (i) and (ii) that any two distinct causal geodesics can intersect at most once in V).

Lemma 24. Let (N, g) be a globally hyperbolic Lorentzian manifold and let K C N be a compact set.
There is P > 1 with the following property. Let y1 and y, be two distinct causal geodesics. Then the
number of intersection points of y1 and y» is bounded by P,

#IT1NT) <P,

where I'j C N are the graphs of the geodesics y;, j = 1,2.

Proof. Let y; and y; be as in the statement of the lemma. Because N is globally hyperbolic, every point
p € N has a neighborhood V), satisfying the conditions (i) and (ii). Because K is compact, there exists a

finite subcover
P

U V2K

a=1
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formed of sets V),,. Since a pair of distinct causal geodesics can intersect at most once within each V),

a’

it follows that the number of intersections of y; and y», is bounded by P. O

Lemma 25. Let g be an auxiliary Riemannian metric on a globally hyperbolic Lorentzian manifold (N, g)
and let K C N be compact. Then there exists p > 0 such that for any pair of distinct causal geodesics y1

and y, intersecting at points X1, ...,xp we have
dg(xj,xx) = p, Jj#k,
where dg(x, y) is the distance induced by g.

Proof. Let x; and xi, x; # xi, be intersection points of y; and y>. Let {V}, }5:1 be a finite open cover
of K consisting of sets with properties (i) and (ii). Let p > 0 be a Lebesgue number (see, e.g., [Munkres
1975, Lemma 27.5]) of {Vp, }5=1 with respect to the distance dg. It follows that the ball Bz (x;, p)
belongs to V), for some a € {1, ..., P}. Since the geodesics y1 and y, can intersect at most once in Vp,,,

the point x; cannot belong to Vj,,. Consequently, xi ¢ Bz (x;, p) and thus dz (x;, xx) > p as claimed. [J

By Lemma 24 we know that there is P € N such that light-like geodesics can intersect at most P times
in [0, T] x Q. Let also g be an auxiliary Riemannian metric on [0, 7] x 2.

Let y; and y» be future-directed light-like geodesics starting from X that intersect for the first time at
z and which do not intersect {r = 0}. Let

Z1y .3 2Py
be the intersection points of y1 and y» arranged as z1 < z> <--- < zp,, where Py < P and

z=1I1.
As in (64), we choose
1
vjzfg(vt,j_{—rj), j=1’2’

to be Gaussian beams associated to y; and y,. We also choose
Vi =V—2, J=23,4, and V= (1)1|t=1—0)m_4

as before. Since the product v - - - vy, is supported on neighborhoods of the intersection points, the term

(vo(q1 —42), V1" Vm) L2([0.T)xQ) = / vo(q1 —g2)v1 -+ vm d Vg
[0,T]x%2
becomes a sum of terms
Po ~
> / v0(x)(q1 — 42) () A(x)e O T g, (94)
j=1 B(Zj)

where each set B(z;) is a neighborhood of z;, j =1,..., Po. Here @(x) and A(x) are defined similarly
to (76) and (80) respectively and

Hz, =2V2Im(O1(x) + O2(x)|x=z;. Jj=1....,Po
as before.
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By Lemma 25 there is a uniform constant p > 0 independent of zy, ..., zp, such that dz (z;, z;) > p for
alli # j. This implies we can use Lemma 18 to find a separation filter on [0, T]x 2. So, let M ={vf, jrex
be a separation filter of [0, T'] x 2 given by Lemma 18 with the compact set W as K and Py as P. Here
Ji € C%°(X) and K is a finite index set. According to Lemma 18, the corresponding solutions vy, to
Ogv =01in [0, T'] x € can be chosen so that the associated separation matrix (v, (z;)) ,I; 0j=1 is invertible.

We note that if B(z;) N X # & in (94), then the corresponding integrals can be taken over the half-space
[F\R'_’:rl in boundary normal coordinates. As indicated by Lemma 21 we need to use the scaling factor
1/®(—+/7z;,1) to recover the value of g1 — ¢» at z;. This can be achieved by scaling the functions vy,
of the separation matrices by 1/®(—+/7z;,1). This amounts to scaling the matrix element of the upper
triangular parts of each of the separation matrices by 1/®(—+/7z;,1) if B(z;) N X # @. Here z; ; is the
first coordinate of z; in boundary normal coordinates. Recall from (63) that ® : (—o00, 0] — [%, 1]. Thus
by choosing a larger 7y, if necessary, the separation matrices with scaled elements stay invertible. Much
as in Step 4, it is possible to make the choices of the boundary normal coordinates so that the choices
amount to redefining the constant C.

By repeating the calculation in (62) we have for each k € K that

m 2m—1
(Vg (@1 —42). V1 -+ Vm) 20, 7yx)| < Cre (61 €m) ™" [5 + (Z &ill fi ||Hs+l(z)) }
j=1

We apply (94) with vy, in place of vg and note that the integrals in (94) are the value of the integrand
at zx plus a term of size O(z~1/2) by calculations (75)—(87) and Lemmas 20 and 21. Optimizing as in

Section 5.4 in T and €1, ..., &, yields that
PO 1 8(m—1)
> 0 (2)(@1(z) = 42(2)) D (z))|det Hz, | 72 | < C§ 2D 3271
j=1

forall k =1,..., Py. Let us define a matrix A and a vector Q as

A =v7,(z). Q= (q1(z)) —q2(2))d(z))|det Hz, |72,

where j,k =1,..., Py. Since the separation matrix {vy, (xj)}ll:oj=1 is invertible, we have that

8(m—1)
Qi < Q1 = 147 (AQ)|| < AT |4Q] < [[A]| 7! € §zmtm=nss =+ To2m=T,

Recalling that z; = z, we thus have

8(m—1)
|(q1(z) —qz(z))ﬁ(z)|det7-[z|_% <C ||A||—152m<m—1>(8s—n+13>+2m—1 . (95)

In (95), 9., detH_, but also ||A||~! depend on the point z. We argued in Section 5.5 that ¥,
|det H, |_1/ 2 have norms which are uniformly bounded from below with respect to z. Since the separation
filter M is a finite collection, we may also bound || 4| ~! uniformly when we consider different points
in W. Using these facts and by dividing by |(z) det %,|~!/2 and redefining C shows that

8(m—1)
||q1 — C]2||L°°(W) < C §2mm—D@s—n+13)F2m—1 |

This concludes the proof of Theorem 1.
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Appendix: Proof of Proposition 8

Before proceeding to the proof of Proposition 8, which concerns the well-posedness of the linear wave
equation (14), we need the following lemma.

Lemma 26. Let (Rx M, g) be a globally hyperbolic manifold. Let also to € R and let S;) = {t =to} x M
be the corresponding Cauchy surface. Suppose V C Sy, is a compact set in Sy, and W is an open
neighborhood of V in Rx M. Then there exists ¢ > 0 such that ([to, to+¢&]xM)NJ (V) C W. In particular
if V€ U, where U is open in Sy, there exists & > 0 such that ([to, to +&]x M)NJ T (V) C [to, to + €] x U.

Proof. For the first claim, assume that there is no such & > 0. Then there are numbers ¢ > 0 with g — 0
as k — oo and points px € ([to, to +ex] x M)NJ T (V), but pr & W. Since W is open, any accumulation
points of py, if existing, are not in W. As ¢, — 0 there is ¢ > ¢ for all sufficiently large k € N, say,
k > ko. It follows that py € ([to,to + €] x M) N J+(V) for all k > ko.

Because R x M is foliated by the space-like Cauchy surfaces S;, we have

[lo,lo+8]XM: U S;.

t€fto,to+e]

Also S; C J(ST) for all t < T, because if y is any nonextendible future-directed causal curve with
y(s) € St for some s € R, then this curve intersects S in the future. By [Bir et al. 2007, Corollary A.5.4],
the intersection J ~(S,+¢) N J (V) is compact. So [, to + &] X M being a closed subset of J ~(Sz,+¢)
implies that ([tg, o + €] x M) N J (V) is compact and there exists a convergent subsequence Pk, —~> D€
([to, to+€]xM)NJ T (V). Due to the construction, as e, — 0 we have py, — p €{t =to}xMNJ T (V)=
V C W. Thus p € W, which is a contradiction.

Suppose now that W = (a,b) x U where g € (a,b) C R. Then if € > 0 is so small that ([tg, o + €] X
M)YNJT (V) C (a,b)x U, we have ([tg, to + €] x MYNJ (V) C [to, to + €] x U. If not, we would have
some p = (t,x) € ([to. to + €] x M)N J T (V) with t & [tg, to + €] or x & U. Both options are invalid, so
also the second claim holds. O

Proof of Proposition 8. Let us first recall results in the special case where €2 is a domain 2 C R”. From
[Lasiecka et al. 1986] we know that there exists a unique solution v € ES*! to the problem

@?—-Apv=F in[0,T]x%,
v=f on [0, T] x 0€2, (96)
v=ug, dyv=u; in{tr=0}xQ,

if h(z,-) is a smooth 1-parameter family of Riemannian metrics on R” and if we assume that F, f, uo and
u1 satisfy the regularity and compatibility conditions of our proposition in R”. Under these assumptions,
we also know from classical results such as [Ikawa 1968] that there exists a unique solution w € E* 1o

(0> - Apw+Aw =G in[0,T]xQ,
w=0 on [0, T] x 092, 7N
w=0dw=0 in {t =0} x Q
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when A € C*°([0, T] x ) and G € E®. By combining the mentioned results, we have that the problem
(0?—Ap)u+Au=F in[0,T]x S,
u=f on [0, T] x 0€2, (98)
U=1ug, 0;U=1u in {t =0} x Q

has a unique solution ¥ € ES*1! and the regularity results of [Tkawa 1968; Lasiecka et al. 1986] also show
that d,u € H* ([0, T]x 0L). Indeed, by solving first (96) for v € E**! and then defining G := Av € EST!
for the problem (97) we find w € E® *1 (in fact w € ES12) solving (97) and so that u := v —w solves (98).

Let us then explain how these results translate to the case of a globally hyperbolic manifold [0, T'] x M
equipped with a Lorentzian metric g = (¢, x) dt> — h(t, x). Here B > 0 is a smooth function and A(z, - )
is a smooth 1-parameter family of Riemannian metrics on M. The function 8 > 0 is bounded from above
and below by the compactness of [0, T] x €. Via a conformal change of variables we obtain a scaled
metric § = dt? — B~ 'h for which the wave operator transforms as

Pi=Bi0,B =0 +V=0—Ap 1)+ V.

Here V(z, x) is a smooth function and Ag-1, for each 7 € [0, T'] is the Laplace-Beltrami operator of the

Riemannian metric (8~ 1/)(z,-) on M. Then u solving (14) is equivalent to v := B'/2u solving
Pv=B2F in [0, T] x 2,
v = ,B%f on X, (99)

v=P2up, dv=21B"29,uo+p2u; in{t=0}xQ.
From [Hérmander 1983, Theorem 24.1.1] we know that there exists a unique solution to (99). (The

result of that work is not however sufficient to us.) Also, in local coordinates in €2 this equation is of the
form (98). Let us define

R=P3F, r=p2f ro=p%uo, ri =B 20:Puo+pur.

Note that {r = 0} x M is a space-like Cauchy surface in R x M. Because 2 C M is a compact manifold,
there exists a finite atlas {(U}, (pj)}j?zl covering €2. Let y; be a partition of unity subordinate to {U; };‘zl
and let us denote the support of y; as

Vj = supp(y;) € Uj.
Let us also define
Rj = xjR, rj=yjlsr, roj=xjro. T1,j= )i,
denote the corresponding coordinate representations as
Rj=Rjogi'. Fi=rogil. Foj=roog;' Fij=riog .
and let
Uj = ¢; (Uj).

We construct a solution to (14) by patching up local solutions following partly the proof of [Bér et al.

2007, Proposition 3.2.11]. As we will see, this is possible due to the finite speed of propagation of
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solutions to a wave equation. Let K; be an open set with compact closure such that V; C K and K; C U.
If t € R, we may use Lemma 26 to deduce that there exists ¢ > 0 so that

(t,t+e)xQNIT (V) C(t,t+e)xK; C(t,t+&)xU;

holds. (This is similar to [Bir et al. 2007, proof of Proposition 3.2.11].) Here J * is defined with respect
to the conformal metric g. We remark that J * of a set is conformally invariant. By the compactness of
[0, T'], there is a finite set of numbers &; > 0 and #; € R so that the intervals

Ii == (t,t;i + &)

cover [0, T]. We are going to find a solution to our wave equation (14) iteratively in the index i so
that at each step of the iteration we have (I; x Q) NJ1T(V;) C I; xU;, j = 1,...,k. Let us set
11 =0<ty<---<tyand#; +¢& = T and consider the set ((0, 1) x ) N J T (V) first.

By the discussion around (98), we have that there is a unique solution i; € E*® 1o

l

7317{]: ¢ in(O,Sl)Xﬁj,
ii; =0 on (0,&1) x dT; \ ¢; (32),
ﬂj:fo,j’ atﬁ] :izl,]’ ln{tZO}XU]
in each coordinate chart U i, J =1,...,k, in the time interval (0, &1). (Here and below we understand

@;j(0Q2) = @ if U; N9 = &.) Since our (14) satisfies the compatibility conditions (13), one can verify
by a direct calculation that (100) satisfies the compatibility conditions of [Ikawa 1968; Lasiecka et al.
1986] that were needed for the unique solvability of (98). In particular, at the intersection of {t = 0}
and 9U i N @; (092) the compatibility conditions follow from the assumptions of the proposition we are
proving. At the intersection of { = 0} and a neighborhood of dU i \ ¢; (0€2) the initial values vanish due
to the cut-off functions y;. Thus (100) has a unique solution.
Next, let us define
ﬁj o @; in [0,81] X Uj,

o in [0, £1] x (2 \ Uj).

By the finite speed of propagation of solutions to a wave equation, see for example [Bir et al. 2007,
Proposition 3.2.11], we have supp(u;) C JT(V;), and by the condition ((0,&1) x ) N J+(V}) C
(0,e1) x K; C (0,e1) x Uy, we have that

ii; =0 ina neighborhood of 3U; \ ¢; (3R).

Consequently, u; is the smooth continuation of #i; o@; : U; — R by zero and u; € E* *1 We also continue
ii; smoothly by zero to R” (or to R, if U; is a boundary chart.)
We now patch up the functions u; as

k
U= Zuj € EST1
j=1
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to have a solution to (99) in the case T = ¢1. Indeed, we have on ((0, 1) x U;) that

k k k
Pu = Z(ﬁﬁj)oq)j = ZEJ op; = ZXJR = R.
Jj=1 Jj=1 Jj=1
We also have that
u=f on [0,e1] x 0€2,
{u:ro, dsu=r; in{t=0}xQ,
which is (99) for T = ¢;.

We continue iteratively and extend u to a solution of (14) in increasing time steps #;. At each iteration
step, which concerns the time-interval /;, we use as the initial values 1|,=, and d;u|;=;. These are well
defined since t; < t;_1 + &;—1. In this way, we found a unique solution u € ES*! to (99) in [0, T] x £,
and consequently a unique solution to (14) in the class E5T1,

Next we show that the above regularity and unique existence results of solutions for (14) can be turned
into the energy estimate (15) by using the closed graph theorem. Consider the Banach space E*+! and

define a linear map
A ESx HSTY(D) x HSTH(Q) x HS(Q) — EST!

by A(F, f,up,u1) = u, where u is the unique solution to (14). To have the energy estimate (15) it is
sufficient to show that A is continuous. By the closed graph theorem, this is in turn equivalent to showing
that if

(Fi, fie: ok ur k) = (F. fouo,ur) in EX x HOFH(Z) x HYFH(Q) x H*(Q),

A(F, fe Uk U1 k) = Uoso in ESt1,
then

Uso = A(F, fiug,uy).

Here Fj, — Oguoo in D'([0, T] X Q), fx = Uso|x in D'(X), and similarly for r = 0, ug x — Ueo and
U1k —> 0sUoo in D'(S2). Due to the uniqueness of limits, we have that 1, solves (14). Therefore, by
uniqueness of solutions to the wave equation, we have that u = A(F, h,ug,u1). Hence A is a bounded
linear map and the energy estimate follows. O
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