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This paper concerns an inverse boundary value problem for a semilinear wave equation on a globally hyper-
bolic Lorentzian manifold. We prove a Hölder stability result for recovering an unknown potential q of the
nonlinear wave equation�guCqumD 0, m� 4, from the Dirichlet-to-Neumann map. Our proof is based
on the recent higher-order linearization method and use of Gaussian beams. We also extend earlier unique-
ness results by removing the assumptions of convex boundary and that pairs of light-like geodesics can
intersect only once. For this, we construct special light-like geodesics and other general constructions in
Lorentzian geometry. We expect these constructions to be applicable in studies of related problems as well.
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1. Introduction

We consider the stability and uniqueness of an inverse problem for the nonlinear wave equation on an
.nC1/-dimensional, n�2, globally hyperbolic Lorentzian manifold. As is well known, any globally hyper-
bolic Lorentzian manifold N is isometric to a product manifold R�M equipped with the product metric

g D�ˇ.t; x/ dt2C h.t; x/: (1)

Here ˇ>0 is a smooth function and h.t; � /, t 2R, is a smooth one-parameter family of Riemannian metrics
on an n-dimensional manifold M ; see, e.g., [Bernal and Sánchez 2005]. Let ��M be a smooth subman-
ifold of dimension n with smooth boundary and let us denote the lateral boundary of Œ0; T ����N by

† WD Œ0; T �� @�:

In local coordinates .xa/ the d’Alembertian wave operator �g of g has the form

�guD�
nX

a;bD0

1p
jdet.g/j

@

@xa

�p
jdet.g/jgab @u

@xb

�
:
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Here we write .g�1/ab D .gab/, a; b D 0; : : : ; n, as usual. We consider the nonlinear wave equation8<:
�gu.t; x/C q.t; x/u.t; x/m D 0 in Œ0; T ���;
uD f on Œ0; T �� @�;
u.0; x/D @tu.0; x/D 0 on �;

(2)

where we assume that the exponent m is an integer greater than or equal to 4. The inverse problem we
study is the stability of recovery of the potential q from the Dirichlet-to-Neumann (DN) map

ƒ WH sC1
0 .†/!H s.†/; f 7! @�uf j†;

where uf is the unique small solution of (2) and @� is the normal derivative on†. Here alsoH sC1
0 andH s

refer to Sobolev spaces, where s 2 N will be specified later. See Section 1.4 for details about Sobolev
spaces and Section 2 for details about the well-posedness of the forward problem. The present work is a
continuation of the authors’ earlier work [Lassas et al. 2022], which considered the stability of a recovery
of the potential q of (2) in the Minkowski space of RnC1. We describe our main results in Section 1.1.

Studies of uniqueness and stability of the recovery of unknown parameters in inverse problems are
motivated by practical applications. Let us mention some results on inverse problems for linear wave
type equations. First results in this direction for the linear wave equation with vanishing initial data were
obtained in [Belishev 1987; Belishev and Kurylev 1992]. The approach there is called the boundary control
method and it combines both the wave propagation and controllability results [Katchalov et al. 2001]. The
boundary control method allows also an effective numerical algorithm [de Hoop et al. 2018]. Recently,
there have been several results on determining a Riemannian manifold from partial data boundary measure-
ments for the linear wave equation and related equations such as the ones in [Anderson et al. 2004; Helin
et al. 2018; Isozaki et al. 2017; Kian et al. 2019; Krupchyk et al. 2008; Kurylev et al. 2018b; Lassas 2018;
Lassas and Oksanen 2014]. However, the boundary control method has been applicable only in the cases
where the coefficients of the equation are time-independent, or when the lower-order terms are real analytic
in the time variable [Eskin 2007]. In a geometric setting it has been studied if it is possible to recover a
Riemannian metric g from the Dirichlet-to-Neumann map of the equation .@2t ��g/uD 0 in a stable way.
Earlier results for recovery of the metric are based on Tataru’s unique continuation principle, which yields
stability estimates of logarithmic type; see, e.g., [Bosi et al. 2022]. Later these results have been improved
by using different techniques and different assumptions. For example, in [Stefanov and Uhlmann 2005] it
was shown that a simple Riemannian metric g can be recovered in a Hölder stable way from the DN map.
For examples of instability of inverse problems for a wide class of equations; see [Koch et al. 2021].

Concerning the unique recovery of potentials for a linear counterpart of (2) with lower-order terms we
mention [Feizmohammadi et al. 2021; Stefanov 1989; Stefanov and Yang 2018]. These works make use
of propagation of singularities along bicharacteristics to determine integrals of the unknown coefficients
along light rays. In these results, the Dirichlet-to-Neumann or scattering operator needs to be known over
all of the lateral boundary †.

Moving on to inverse problems for nonlinear wave equations, Kurylev, Lassas and Uhlmann [Kurylev
et al. 2018a] observed that nonlinearity can be used as a beneficial tool in inverse problems for nonlinear
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wave equations. By exploiting the nonlinearity, some still unsolved inverse problems for linear hyperbolic
equations have recently been solved for their nonlinear counterparts. The first results in [Kurylev et al.
2018a], for the scalar wave equation with a quadratic nonlinearity, already showed that local measurements
of solutions of the nonlinear wave equation determine the global topology, differentiable structure and the
conformal class of the metric g on a globally hyperbolic .3C1/-dimensional Lorentzian manifold. The
results of [Kurylev et al. 2018a] use the so-called higher-order linearization method, which has made
inverse problems for nonlinear equations more approachable. The method has given rise to many new
results on inverse problems for nonlinear equations. We will explain the method later in this Introduction.

The authors of [Lassas et al. 2018] studied inverse problems for general semilinear wave equations on
Lorentzian manifolds, and in [Lassas et al. 2017] they studied the analogous problem for the Einstein–
Maxwell equations. The papers [Hintz et al. 2022a; 2022b] are closely related to this work. They use the
higher-order linearization method to study uniqueness for the inverse problem of (2). However, these
works have additional assumptions that the domain � of the time cylinder Œ0; T ��� is convex and that
light-like geodesics can only intersect once. These conditions are removed in the present work. Our
results will in particular improve results in [Hintz et al. 2022b].

The research of inverse problems for nonlinear equations is expanding fast. By using the higher-order
linearization method, inverse problems for nonlinear models have been studied for example in [Balehowsky
et al. 2022; Cârstea et al. 2019; Chen et al. 2021; 2022; de Hoop et al. 2019; 2020; Feizmohammadi and
Oksanen 2020; 2022; Kang and Nakamura 2002; Krupchyk and Uhlmann 2020a; 2020b; Kurylev et al.
2022; Lai et al. 2021; Lassas et al. 2021a; 2021b; Oksanen et al. 2024; Sun and Uhlmann 1997; Uhlmann
and Wang 2020; Wang and Zhou 2019].

1.1. Main results. The present work is a continuation of [Lassas et al. 2022] to the setting of globally
hyperbolic Lorentzian manifolds. In that work we considered a stability result for a recovery of the
potential q of (2) in RnC1. We denote by .N; g/ a globally hyperbolic manifold. We assume that the
dimension of N is nC 1, where n� 2. As explained earlier, we view N as the product manifold R�M

equipped with the product metric (1) and where M is an n-dimensional manifold. For T > 0, we fix a
time-interval Œ0; T �. We assume that � �M is an n-dimensional submanifold of M and that � has a
smooth nonempty boundary @�.

The finite propagation speed of solutions to the wave equation and the causal structure of .N; g/ cause
natural limitations on the parts of Œ0; T ��� where we can obtain information about the potential in the
inverse problem. Let W be a compact set belonging to both the chronological future IC.†/ and past
I�.†/ of the lateral boundary †D Œ0; T �� @�:

W � I�.†/\ IC.†/\ .Œ0; T ���/: (3)

(See Section 1.2 for the definitions of I˙.†/ and other basic Lorentzian geometry concepts.) This is
the domain which can be reached by sending waves from † so that the possible signals generated by
a nonlinear interaction of the waves can also be detected on †. We do not assume that Œ0; T �� @� is
convex or that light-like geodesics of .N; g/ can only intersect once.
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Below we use the notation H s
0 for the closure of the space of compactly supported smooth functions,

with respect to the Sobolev H s norm. The main result of this work is the following:

Theorem 1 (stability estimate). Suppose .N; g/, N DR�M, is an .nC1/-dimensional globally hyperbolic
Lorentzian manifold. Let T > 0 and let ��M be a submanifold with smooth nonempty boundary. Let
m � 4 be an integer, s 2 N with s C 1 > nC1

2
and r 2 R with r � s. Let j D 1; 2. Assume that

qj 2 C
sC1.R��/ satisfy kqj kC sC1 � c, j D 1; 2, for some c > 0. Let ƒj WH sC1

0 .†/!H r.†/ be the
corresponding Dirichlet-to-Neumann maps of the nonlinear wave equation (2).

Let "0 > 0, L> 0 and ı 2 .0; L/ be such that

kƒ1.f /�ƒ2.f /kH r .†/ � ı

for all f 2H sC1
0 .†/ with kf kH sC1.†/ � "0. Then there exists a constant C > 0, independent of q1; q2

and ı > 0, such that
kq1� q2kL1.W / � Cı

�.s;m/; (4)

where
�.s;m/D

8.m� 1/

2m.m� 1/.8s�nC 13/C 2m� 1
:

A corollary of the theorem is a uniqueness result, which improves the main result of [Hintz et al.
2022b] by allowing nonconvex boundary and light-like geodesics to intersect more than once.

Corollary 2 (uniqueness). Adopt the notation and assumptions of Theorem 1. Then the Dirichlet-to-
Neumann map ƒ uniquely determines the potential q within the set W .

We only consider the case m� 4 in this work as the other natural cases mD 2 or mD 3 would lead
to additional considerations. The reason is that our method leads to a density problem for products of
mC 1 solutions of the wave equation. The solutions we use do not yield density in the case mD 2, and
not even in the case mD 3, when light-like geodesics can intersect several times. We mention that the
authors of [Hintz et al. 2022b] needed to use different types of solutions in their uniqueness proof when
mD 2 than in the cases m � 3. We expect that both the cases mD 2 and mD 3 can be handled by a
method developed in [Feizmohammadi et al. 2023] for an elliptic equation with quadratic nonlinearity
transferred to the current hyperbolic setting. We consider the cases mD 2; 3 in a future work.

We explain next how our results are proved and how we are able to consider nonconvex boundaries
and the case where light-like geodesics can intersect more than once.

1.2. Sketch of the proof of Theorem 1. Let us discuss the main ideas behind the proof of Theorem 1.
We first discuss how to recover q uniquely from the DN map ƒ associated with (2). To avoid technical
details, the presentation here is slightly formal. We also only consider here the case mD 4 for simplicity,
while the case m> 4 is similar.

We first recall some notation and definitions in Lorentzian geometry following the books [Beem et al.
1996; O’Neill 1983]. Let .N; g/ be a Lorentzian manifold. A smooth path � W .a; b/!N is said to be
time-like if g. P�.s/; P�.s// < 0 for all s 2 .a; b/. The path � is causal if g. P�.s/; P�.s//� 0 and P�.s/¤ 0
for all s 2 .a; b/. For p; q 2N we write p� q if p¤ q and there is a future-pointing time-like path from
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p to q. Similarly, p < q if p ¤ q and there is a future-pointing causal path from p to q, and p � q when
p D q or p < q. The chronological future of p 2N is the set IC.p/D fq 2N j p� qg and the causal
future of p is JC.p/D fq 2N j p � qg. The chronological past I�.q/ and causal past J�.q/ of q 2N
are defined similarly. If A � N, then we define J˙.A/ D

S
p2A J

˙.p/. The sets I˙.p/ are always
open. If .N; g/ is in addition globally hyperbolic, then the sets J˙.p/ are closed, and the sets I˙.p/
and J˙.p/ are related by cl.I˙.p//D J˙.p/; see [O’Neill 1983, Lemmas 14.6 and 14.22]. Finally, a
geodesic from p 2N with initial direction � 2 TpN is denoted by 
p;�.t/D expp.t�/.

Consider fj 2H sC1
0 .†/, j D1; 2; 3; 4, with kfj kH sC1.†/�c0 for some constant c0>0. Let us denote

by u"1f1C���C"4f4 the solution to (2) with boundary data "1f1C� � �C "4f4, where "j > 0 are sufficiently
small parameters. We abbreviate the notation by writing E"D 0 when referring to "1 D � � � D "4 D 0. By
taking the mixed derivative @4"1���"4 jE"D0 of the solution u"1f1C���C"4f4 to (2) with respect to the parameters
"1; : : : ; "4, we see that the function

w WD
@

@"1
� � �

@

@"4

ˇ̌̌
E"D0

u"1f1C���C"4f4

solves the equation
�gw D�16qv1v2v3v4 in Œ0; T ��� (5)

with vanishing Cauchy and boundary data. Here the functions vj , j D 1; : : : ; 4, satisfy8<:
�gvj D 0 in Œ0; T ���;
vj D fj on Œ0; T �� @�;
vj jtD0 D @tvj jtD0 D 0 in �:

(6)

This way we have produced new linear equations from the nonlinear equation (2). If the DN map ƒ is
known, then the normal derivative of w is also known on †. This is true, because

@�w D @
4
"1���"4

jE"D0ƒ."1f1C � � �C "4f4/:

Let v0 be an auxiliary smooth function solving�gvD 0 in Œ0; T ���, with v0jtDT D @tv0jtDT D 0 in�.
The function v0 will compensate for the fact that @�w is known only on the lateral boundary †, but not
on ft D T g. The normal derivative @�w is known on ft D 0g due to the initial conditions. Multiplying (5)
by v0 and integrating by parts on Œ0; T ���, we arrive at the useful integral identityZ

†

v0@
4
"1���"4

jE"D0ƒ."1f1C � � �C "4f4/ dS D

Z
Œ0;T ���

v0�gw dVg

D�16

Z
Œ0;T ���

qv0v1v2v3v4 dVg : (7)

This means that the quantity Z
Œ0;T ���

qv0v1v2v3v4 dVg (8)

is known from the knowledge of the DN map ƒ. Since the functions vj , j D 1; : : : ; 4, were arbitrary
solutions to (6), we are able to choose suitable solutions vj so that the products of the form v0v1v2v3v4

become dense in L1.Œ0; T ���/. This recovers the potential q uniquely. The procedure we have now
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explained results in new equations, and an integral identity relating the DN map and the unknown q, by
differentiating solutions to the nonlinear equation (2) depending on several parameters. This procedure in
general is called the higher-order linearization method.

The earlier work [Lassas et al. 2022] by the authors studied an analogous stability problem in the
Minkowski space. There vj were chosen to be approximate plane waves so that the product v1v2v3v4 in
the integral (8) essentially becomes a delta function of a hyperplane. Hence the integral (8) in that work
became the Radon transformation of qv0 in Rn. Since the Radon transformation in Rn is invertible, this
recovered q. In 1C1 dimensions, the integral (8) becomes an integral of qv0 against a delta distribution,
in which case the recovery of pointwise values of qv0 is trivial. The auxiliary function v0 in the product
qv0 can be eliminated by choosing v0 suitably.

Motivated by the above explanation, in the present work we shall consider the so-called Gaussian beam
solutions vj to (6). One can think of Gaussian beams as wave packets traveling on light-like geodesics. In
Sections 3 and 5 we will show that by using the nonlinearity of (2) and Gaussian beams, one can produce
approximate delta distributions from the product v1v2v3v4 in (8). This uses the fact that Gaussian beams
are solutions to the linear wave equation (6) with exponential concentration to a neighborhood of a given
light-like geodesics up to a small error term. Thus, if two different geodesics intersect, then the product
of the corresponding Gaussian beams concentrates near the intersection points of the geodesics. The
product of four, instead of two, Gaussian beams is required to cancel oscillations of the product of the
solutions. (If oscillations would not be canceled, one would expect not to be able to recover q due to the
nonstationary phase.)

Let us explain how we use four Gaussian beams in (7) in more detail. Let us consider p0 2 W �
I�.†/\ IC.†/\ .Œ0; T ���/. We show that there exist two different geodesics 
1 and 
2 that pass
through p0 and that intersect † in a suitable manner. We distinguish two cases depending on whether 
1
and 
2 intersect only once or multiple times. Let us explain first the simpler case, where the geodesics

1 and 
2 intersect only at the point p0. Let v1 and v2 be Gaussian beam solutions to (6) with respect
to 
1 and 
2. Making the choice v3 D Nv1 and v4 D Nv2 yields v1v2v3v4 D jv1j2jv2j2. Evaluating this
product, one finds that the product jv1j2jv2j2 is an approximation of the delta distribution concentrated
at p0. Therefore, by using the integral identity (7) for this specific product v1v2v3v4, and the knowledge
of the DN map, we can recover qv0 at p0. We take v0 to be another Gaussian beam that is nonzero at p0.
This way we have recovered q at p0. Repeating the argument for all points of W recovers q on W .

Suppose next that 
1 and 
2 intersect at points x1 � � � � � xP , P � 2. Using arguments similar to those
above, the integral (8) reduces to an integral of qv0 against a sum of approximate delta functions located
at the intersection points x1; : : : ; xP . That is, by using (7), we know from the DN map ƒ the quantity

PX
kD1

q.xk/v0.xk/ (9)

up to an error, which can be made arbitrarily small by taking a parameter associated to the Gaussian
beams large enough. The task is then to decouple the information about qv0 at each single point xk from
the sum above.
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To decouple the information, the choice of v0 plays a crucial role. Recall that the only requirement
from v0 was that it satisfies the wave equation �gv0 D 0 with Cauchy data vanishing at t D T. We
show that there is a family .v.k/0 /P

kD1
of P functions, satisfying the required conditions for v0, with the

property that the matrix

V WD

0BBB@
v
.1/
0 .x1/ v

.1/
0 .x2/ � � � v

.1/
0 .xP /

v
.2/
0 .x1/ v

.2/
0 .x2/ � � � v

.2/
0 .xP /

:::
: : :

:::

v
.P /
0 .x1/ v

.P /
0 .x2/ � � � v

.P /
0 .xP /

1CCCA
is invertible. Thus, by using (9) for each v.k/0 in place of v0 separately we know the quantity

V

0B@q.x1/:::
q.xP /

1CA
from the DN map ƒ. Since V is a known invertible matrix, this uniquely recovers the values of the
unknown potential q at the points x1; : : : ; xP . We explain in Section 1.3 the idea of how the matrix V is
constructed, while complete statements and proofs about the matter are in Section 5.6. The matrix V is
called a separation matrix.

So far, we have sketched the proof of unique recovery of q from the DN map ƒ associated with (2).
We briefly discuss how to quantify the uniqueness result and thus to prove a stability estimate. To obtain a
stability estimate for q in terms of ƒ, instead of differentiating (2) with respect to "1; : : : ; "4, we take the
mixed finite differenceD4"1���"4 of u"1f1C���C"2f4 at E"D 0. (Recall that E"D 0 stands for "1D � � �D "4D 0.)
In this case, we obtain a slightly different version of the integral identity (7) given by

�16

Z
Œ0;T ���

qv0v1v2v3v4 dVg

D

Z
†

v0D
4
"1���"4

ˇ̌̌
E"D0

ƒ."1f1C � � �C "4f4/ dS C
1

"1 � � � "4

Z
Œ0;T ���

v0�g zR dVg :

Here the second integral on the right is a small error term, where zR is of the size O.h"1; : : : ; "4i7/ in
an energy space norm. For details, see (11) and (23)–(24). Here we also denote by h"1; : : : ; "4i7 an
unspecified homogeneous polynomial of order 7 in "1; : : : ; "4. If p0 2W is fixed, a stability result for q
at p0 follows by using Gaussian beams associated to the light-like geodesics 
1 and 
2 described above,
optimizing with respect to the parameters "1; : : : ; "4 and the parameters related to the Gaussian beams v1,
v2, v3 and v4. The implied constant of the stability estimate at the fixed-point estimate depends on p0.
To show that the constant can in fact be taken to be independent of p0 we must vary the geodesics 
1
and 
2 and the corresponding Gaussian beams smoothly. This requires some work, which is done in
Section 3. In addition, we must also use different separation matrices for different points in W . These
separation matrices will be constructed with respect to a suitable finite collection of solutions to �gvD 0.
The finite collection will called a separation filter, which is explained in the next section.
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Figure 1. The lateral boundary † (orange cylinder) intersects the lightcone (blue cone) of a
point x (apex of the cone) along the black curves. The point zsup is the latest and zinf the earliest
point on† which can be reached from x by an optimal geodesics. We call these optimal geodesics
boundary optimal geodesics.

1.3. Lorentzian geometry tools. To prove our main results, we make some constructions in Lorentzian
geometry. The main constructions we develop are boundary optimal geodesics and separation matrices.
We explain briefly what these are next. Since we expect the constructions to have applications in related
inverse problems as well, and they might also be of interest in Lorentzian geometry in general, this section
is written to be independent of the inverse problem we consider. We follow the terminology of the book
[O’Neill 1983], and we have included the used concepts of causality in Section 1.4 for an easy access.

Boundary optimal geodesics. Let us first explain what is a boundary optimal geodesic. As before we
consider the subset Œ0; T ��� of a globally hyperbolic smooth Lorentzian manifold R�M, dim.M/Dn�2,
equipped with the metric (1) and where� is a smooth submanifold ofM with boundary and of dimension n.
The lateral boundary † refers to the set Œ0; T �� @� as before. As is by now quite standard, see, e.g.,
[Kurylev et al. 2018a; O’Neill 1983], we say that a geodesic connecting the points x; y 2 N, x � y,
is optimal if the time separation function � of these points vanishes, �.x; y/D 0. The time separation
function is the supremum of lengths of piecewise smooth future-directed causal paths from x to y; see
(49) or [O’Neill 1983] for details. An optimal geodesic is always light-like.

Let us then consider a point x 2 I�.†/\.Œ0; T ���/. In the inverse problem of this paper, we consider
Gaussian beams that vanish on a neighborhood of ftDT g. For this, it is required to find past-directed light-
like geodesics of Œ0; T ��� from† to x 2 Œ0; T ���, which do not intersect the set ft DT g. In Lemma 15,
we show that we may find a point zinf of the lateral boundary † and an optimal past-directed geodesic 

from zinf to x. The situation is illustrated in Figure 1. In the figure, the point zinf 2†, is the point which
has the smallest time coordinate in the intersection of the light-like future of x (the upper cone) and†. The
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light-like geodesic 
 from zinf to x is not only optimal, i.e., �.x; zinf/D0, but it also necessarily intersects†
transversally even if † would be nonconvex. We call the geodesic 
 a boundary optimal geodesic.

Note that by deforming † in the figure to a nonconvex manifold, it is possible to find optimal geodesics
from x to points in †, which intersect † tangentially. Therefore, not all optimal geodesics are boundary
optimal geodesics. Similarly, for x 2 IC.†/\ .Œ0; T ���/, we also prove in Lemma 15 that we may
find a future-directed boundary optimal geodesic from zsup 2† to x also presented in Figure 1.

We remark that in inverse problems related to the one studied in this paper, convexity of the lateral
boundary is assumed to have light-like geodesics that intersect the boundary transversally; see, e.g., [Hintz
et al. 2022b]. By using boundary optimal geodesics of this paper, the convexity assumption in that work
can be dropped. We expect this to be true also in related inverse problems.

We make the notion of boundary optimal geodesics precise in the form of the following definition.
Below, the time coordinate, or the time function, of N is t .

Definition 3 (boundary optimal geodesic). Let .N; g/ be globally hyperbolic, N D R�M, � �M a
manifold with boundary and †D Œ0; T �� @�. We call a geodesic 
 W Œ0; 1�! Œ0; T ��� a past-directed
boundary optimal geodesic to x 2 J�.†/ if

(1) 
.0/ 2† and 
.1/D x,

(2) the time coordinate of 
.0/ equals

tinf D inff Qd 2 Œ0; T � j there is Qz 2† such that t . Qz/D Qd and �.x; Qz/ > 0g;

(3) 
 is an optimal geodesic connecting the points x and 
.0/.

Similarly, we call 
 a future-directed boundary optimal geodesic to x 2 JC.†/ if the time coordinate of

.0/ equals instead

tsup D supf Qd 2 Œ0; T � j there is Qz 2† such that t . Qz/D Qd and �. Qz; x/ > 0g:

We refer to both past- and future-directed boundary optimal geodesics to x respectively belonging to
J�.†/ and JC.†/ collectively as boundary optimal geodesics.

Remark 4. Boundary optimal geodesics are related to a recently introduced concept of null distance
[Allen and Burtscher 2022; Sormani and Vega 2016]. A null distance turns a Lorentzian manifold
admitting a suitable time function into a metric space in a conformally invariant way. In particular, a
globally hyperbolic manifold N becomes a metric space with a metric d WN �N ! Œ0;1/. We wish to
state here the following facts, even though we do not use them.

If 
 is a boundary optimal geodesic connecting z 2† to x, then jt .x/� t .z/j D d.x; z/. Moreover,
a boundary optimal geodesic minimizes the distance between x and its future causal lateral boundary
†\JC.x/ in the sense that

d.†\JC.x/; x/D d.zinf; x/;

where zinf 2†\J
C.x/ is the starting point of a past-directed boundary optimal geodesic to x. We have

similarly for the past causal lateral boundary †\J�.x/. In this sense, boundary optimal geodesics are
an analogue to Riemannian geodesics that minimize the distance to a boundary.
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x2
†


2


1 x1

Figure 2. Past-directed light-like geodesics (red dashed lines) that separate the intersection points
x1 and x2 of future-directed light-like geodesics (black). The geodesics in red and black intersect
† at times t < T and t > 0 respectively.

Separation matrices. Having explained what optimal and boundary optimal geodesics are, we are ready
to present what a separation matrix is and how it is constructed.

Definition 5 (separation matrix). Let x1; : : : ; xP 2 Œ0; T ��� and v1; : : : ; vP be solutions to �gv D 0
in Œ0; T ���. If the matrix 0BBB@

v1.x1/ v2.x1/ � � � vP .x1/

v1.x2/ v2.x2/ � � � vP .x2/
:::

: : :
:::

v1.xP / v2.xP / � � � vP .xP /

1CCCA (10)

is invertible, we call it a separation matrix.

In general, if x1; : : : ; xP 2 I�.†/\ .Œ0; T �� @�/ satisfy x1 < � � �< xP we show in Lemma 17 that
there are P solutions vk , k D 1; : : : ; P, to the wave equation �gv D 0 whose Cauchy data vanish on
ft D T g such that the corresponding matrix (10) is invertible and thus a separation matrix.

Let us consider here the simplest nontrivial case P D 2 and assume that x1; x2 2 I�.†/\.Œ0; T ��@�/
satisfy x1 < x2. To construct suitable solutions v1 and v2 in this case, we proceed by first choosing two
light-like geodesics as follows. The choice is illustrated in Figure 2, where the points x1 and x2 are
the intersection points of the black curves. (In our inverse problem the black curves are also geodesics,
but that is not important for the present discussion.) By the discussion above, we may find a boundary
optimal geodesic 
1 between x1 and x1;inf 2† and another boundary optimal geodesic 
2 connecting x2
to †. Next we note that if 
1 also meets x2, then we can perturb the initial direction of 
1 at x1 to have a
new light-like geodesic that does not meet x2. Indeed, if the new perturbed geodesic would still meet x2,
then it is a fact that there would be a shortcut path from x1 to † which has positive length. This would
contradict the condition �.x1; x1;inf/D 0. We refer to the proof of Lemma 17 for the details. We also
note that it is possible that 
2 meets x1.
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By the above discussion, we have the light-like geodesic 
1 from x1 to † which does not meet x2
and another light-like geodesic from x2 to †. Corresponding to these two geodesics there are respective
Gaussian beam solutions v1 and v2 to �gv D 0 with vanishing Cauchy data at ft D T g. By using the
properties of Gaussian beams, we know that v1 and v2 are concentrated to small neighborhoods of the
corresponding geodesics, respectively. See Section 3 for details. Thus we have for k; l D 1; 2 that

jvk.xl/j � 1; k D l;

jvk.xl/j � 1; k > l;

jvk.xl/j � c0; k < l;

where c0 > 0 is a constant. Therefore the matrix V in (10) in this case is approximately a lower triangular
matrix with ones on the diagonal. Thus V is invertible, and hence a separation matrix in our terminology.
Vaguely speaking, we can separate points by solutions to the wave equation �gv D 0. We mention that a
similar condition has been used in the study of inverse problems for elliptic equations in [Guillarmou
et al. 2019; Lassas et al. 2020].

Finally, we mention that when proving our stability result in this paper, we can only use finitely many
separation matrices. For this, we show that there are finitely many solutions v to �gvD 0 with vanishing
Cauchy data at ft D T g such that the separation matrices made out of these solutions can separate any
fixed number of points in I�.†/\ .Œ0; T ���/ that are distinct in a precise sense. In the definition below,
Ng is an auxiliary Riemannian metric on Œ0; T ���.

Definition 6 (separation filter). Let K � Œ0; T ��� be compact and P 2 N. A finite collection M �
C1.Œ0; T ���/ of solutions to�gvD 0 is called a separation filter if the following holds: For any points
x1; : : : ; xP 2K such that x1 < x2 < � � �< xP and d Ng.xk; xl/ > ı for xk ¤ xl , k; l D 1; : : : ; P, there are
v1; : : : ; vP 2M such that the matrix .vk.xl//Pk;lD1 in (53) is invertible (and thus a separation matrix).

In Lemma 18 we show that if K � I�.†/\ IC.†/\ .Œ0; T ���/, then a separation filter exists.

1.4. Preliminary definitions. The Sobolev spaces H s on a compact smooth manifold can be defined in
several ways (up to equivalent norms). We define Sobolev spaces first on the manifold N D R�M using
partition of unity on charts; see, e.g., [Hörmander 1983; Roe 1988; Taylor 2011]. Sobolev spaces on the
time cylinder Œ0; T ��� are then defined by restriction:

H s.Œ0; T ���/ WD ff jŒ0;T ��� j f 2H
s.R�M/g:

As usual, the dual space of H r.Œ0; T ���/, r � 0, is defined as

zH�r.Œ0; T ���/ WD ff 2H�r.R�M/ j suppf � Œ0; T ���g:

It is endowed with the norm

kgk zH�r .Œ0;T ���/ WD sup
jg.v/j

kvkH r .Œ0;T ��M/

;
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where the supremum is over all v 2 H r.Œ0; T ��M/, v ¤ 0, with supp v � Œ0; T ���. By the Riesz
representation theorem, one can always find f0 2H r.R�M/ so that for all v 2H r.R�M/

kf k zH�r .Œ0;T ���/ D kf0kH r .R�M/; f .v/D hf0; vi:

Additionally, if supp v � Œ0; T ���, then we have for all v 2H r.Œ0; T ��M/ the estimate

jf .v/j D jhf0; vij � kf k zH�r .Œ0;T ���/kvkH r .Œ0;T ���/:

Sobolev spaces of the manifold � with boundary are defined similarly. By the notation H s
0 we mean the

closure of the space of compactly supported smooth functions with respect to the Sobolev H s norm.

Structure of the paper. This paper is organized as follows. In Section 1.1 we present our main results
and explain briefly the structure of the proofs. Section 2 studies the forward problem of the nonlinear
equation (2). Most of the proofs of Section 2 are included in the Appendix. Section 3 concerns the
construction of Gaussian beams in Lorentzian manifolds. In Section 4 we construct the tools of Lorentzian
geometry which we use in our inverse problem. This section in particular shows it is possible distinguish
different points of a Lorentzian manifold by using solutions to the wave equation. The section introduces
the concepts of boundary optimal geodesics and separation matrices. Finally, in Section 5 we collect the
results we have obtained until that point to give a proof for our main theorem. For clarity, the proof is
split into several parts.

2. Well-posedness of the forward problem

To prove existence of small solutions for the nonlinear wave equation (2), we start by recalling the
corresponding results for the linear initial-boundary value problem8<:

�guD F in Œ0; T ���;
uD f on Œ0; T �� @�;

ujtD0 D u0; @tujtD0 D u1 in �:

Let s 2 N. Convenient spaces for solutions of the wave equation are called energy spaces Es, defined as

Es D
\

0�k�s

C k.Œ0; T � IH s�k.�//:

These spaces are equipped with the norm

kukEs D sup
0<t<T

X
0�k�s

k@kt u. � ; t /kH s�k.�/: (11)

As is the case with the Sobolev spaces H s.�/, the space Es is an algebra if s > n
2

and we have the norm
estimate

kuvkEs � CskukEskvkEs for all u; v 2Es:

The above facts are well known, see, e.g., [Choquet-Bruhat 2009, Appendix III, Definitions 3.4(2) and 3.5],
but for completeness of our presentation, we sketch a proof for them here for the case s 2N. For this, we
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let u; v 2Es and show that the pointwise product uv is in Es. Since

kuvkEs D sup
0<t<T

sX
kD0

k@kt .uv/kH s�k.�/;

it suffices to show that each term of the form

sup
0<t<T

k@at u @
b
t vkH s�k.�/

is finite for a C b D k and for each k D 0; : : : ; s. By using [Choquet-Bruhat 2009, Appendix III,
Definition 3.4(2)] or [Behzadan and Holst 2021, Corollary 6.3 or Theorem 7.4], we see that when
s1; s2 � s � 0 and s1C s2 > sC n

2
the following multiplication property holds in Lipschitz domains:

H s1.�/�H s2.�/�H s.�/:

Since u; v 2 Es we find @at u 2 H
s�a.�/ and @at v 2 H

s�b.�/ for all fixed t 2 Œ0; T � and the implied
norms are uniformly bounded in t . We have s�a, s�b � s�k � 0 and .s�a/C .s�b/ > .s�k/C n

2
,

since s > n
2

and aC b D k. This implies @at u@
b
t v 2H

s�k.�/ for all t 2 Œ0; T � with the implied norm
uniformly bounded in t as required.

Remark 7. We note that Es � H s.Œ0; T ���/. Conversely, due to the standard Sobolev embedding
H s.Œ0; T � � �/ � C k.Œ0; T � � �/, when s > k C nC1

2
, we have that H s0.Œ0; T � � �/ � Es, when

s0 > sC nC1
2

. In particular,

kukH s.Œ0;T ���/ . kukEs . kukH s0 .Œ0;T ���/: (12)

For the wave equations we consider, we need to assume certain compatibility conditions between the
boundary values and the initial data. The compatibility conditions for (2) to order 2 are given by

f jtD0 D u0j@�; @tf jtD0 D @tujf0g�@� D u1j@�;

@2t f jtD0 D @
2
t ujf0g�@� D ˇ

�1
jf0g�@�.�hu0j@�CF jf0g�@�/: (13)

Here the smooth function ˇ and g are related by (1). The compatibility conditions up to general order s are
obtained by setting @kt f jtD0D @

k
t ujf0g�@�, for kD 0; : : : ; s, and then solving for @kt ujf0g�@� in terms of

the initial data by using the equation �guD F. These conditions guarantee that at the boundary @� the
initial data .u0; u1/ is compatible with the corresponding boundary condition f . These conditions have
been discussed for example in [Katchalov et al. 2001, Section 2.3.7] in the simpler case where the metric
is time-independent. Especially, if @kt f jtD0 D 0 for all k D 0; : : : ; s, or if f is supported away from the
Cauchy surface ft D 0g, and F � 0 and u0 � u1 � 0, then the compatibility conditions of order s hold.

Proposition 8 (existence and estimates for the linear equation [Ikawa 1968; Lasiecka et al. 1986]). Assume
that .R�M;g/ is a globally hyperbolic Lorentzian manifold as in (1) and��M is a compact submanifold
with nonempty boundary. Let s 2 N be a positive integer and assume that F 2 Es, f 2 H sC1.†/,
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u0 2H
sC1.�/ and u1 2H s.�/ satisfy the compatibility conditions. Then the equation8<:

�guD F in Œ0; T ���;
uD f on †;
uD u0; @tuD u1 in ft D 0g ��

(14)

has a unique solution u 2EsC1 satisfying

kukEsC1 � C.kF kEs Ckf kH sC1.†/Cku0kH sC1.�/Cku1kH s.�// (15)

and @�uj† 2H s.†/.

As we could not find a proof for Proposition 8 in general for globally hyperbolic Lorentzian manifolds,
we have included one in the Appendix. The energy estimates of the linear problem (14) directly allow us
to conclude that the nonlinear problem (2) has a unique small solution in EsC1. The proof of the following
lemma is similar to the one in [Lassas et al. 2022, Proof of Lemma 1, Appendix A]. We omit the proof.

Lemma 9. Let m � 2 be an integer and � �M be a compact submanifold, dim.�/D dim.M/, with
nonempty boundary. Assume s 2N is such that sC1 > nC1

2
. Suppose that q 2 C sC1.Œ0; T ���/ satisfies

the a priori bound kqkC sC1 � c for some c > 0. Then there are � >0 and �>0 such that if f 2H sC1.†/

satisfies kf kH sC1.†/ � �, and @˛t f jtD0 D 0 for all ˛ D 0; : : : ; s on Œ0; T �� @�, then there is a unique
solution to 8<:

�guC qum D 0 in Œ0; T ���;
uD f on Œ0; T �� @�;
ujtD0 D @tujtD0 D 0 in �

(16)

in the ball
B�.0/ WD fu 2E

sC1
j kukEsC1 < �g �E

sC1:

Furthermore, the solution satisfies the estimate

kukEsC1 � C0kf kH sC1.†/;

where C0 > 0 is a constant independent of f and q.

If the boundary data of the nonlinear equation (16) depends on small parameters, we may expand the
corresponding solution u in terms of the small parameters. Indeed, let "1; : : : ; "m >0 be small parameters
and define

E"D ."1; : : : ; "m/:

Consider the boundary value in (16)

f .x/D

mX
jD1

"jfj .x/;

where fj 2H sC1.†/, j D1; : : : ; m, satisfies the compatibility conditions to order s and kf kH sC1.†/� �

for some � > 0. Let us denote in the usual multi-index notation

Nk D .k1; : : : ; km/;
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where kj 2 f0; : : : ; mg. Then by repeating the proof of Proposition 1 in [Lassas et al. 2022], we find
that u can be expanded as

uD

mX
jD1

"j vj C
X
j NkjDm

� m

k1; : : : ; km

�
"
k1
1 � � � "

km
m w NkCR: (17)

The functions vj , j D 1; : : : ; m, satisfy8<:
�gvj D 0 in Œ0; T ���;
vj D fj on Œ0; T �� @�;
vj jtD0 D 0; @tvj jtD0 D 0 in �

(18)

and the functions w Nk satisfy8<:
�gw NkC qv

k1
1 � � � v

km
m D 0 in Œ0; T ���;

w Nk D 0 on Œ0; T �� @�;
w NkjtD0 D 0; @tw NkjtD0 D 0 in �:

(19)

The remainder R is bounded in the energy spaces as follows:

kRkEsC2 � c.s; T /kqk
2
EsC1





 mX
jD1

"jfj





2m�1
H sC1.†/

;

k�RkEsC1 � C.s; T /kqk
2
EsC1





 mX
jD1

"jfj





2m�1
H sC1.†/

:

(20)

By using the expansion formula (17), we will next derive an integral equation which relates the
potential q to the DN map ƒ. In general, relating an unknown parameter/function in an inverse problem
for a nonlinear equation to a formula for solutions to linear equations is called a higher-order lineariza-
tion method. See for example [Kurylev et al. 2018a; Lassas et al. 2018; 2021b], where solutions are
differentiated with respect to small parameters. However, as we are interested in stability of our inverse
problem, we need accurate control on the remainder terms. For this reason, following [Lassas et al. 2022],
instead of differentiating we use finite differences Dm

E"
. The mixed finite difference of u at E"D 0, that is,

"1 D � � � D "m D 0, is defined by the formula

Dm
E"
jE"D0u"1f1C���C"mfm D

1

"1 � � � "m

X
�2f0;1gm

.�1/j� jCmu�1"1f1C���C�m"mfm ; (21)

where u"1f1C���C"mfm is the unique solution to (16) with f replaced by "1f1C � � � C "mfm. Then the
mixed finite difference Dm

E"
of the solution u of (16) takes the form

Dm
E"
jE"D0uDmŠw1;1;:::;1CD

m
"1"2���"m

jE"D0R; (22)

where R is a sum of the remainders of the solutions u�1"1f1C���C�m"mfm in (21).
For more details about the finite differences of u, we refer the reader to [Lassas et al. 2022, Appendix C].
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Let v0 be an auxiliary function solving �gv0 D 0 with v0jtDT D @tv0jtDT D 0 in �. By multiplying
the DN-map ƒ associated with (2) by v0 and integrating by parts over Œ0; T ���, we obtainZ
†

v0D
m
E"
jE"D0ƒ."1f1C � � �C "mfm/ dS

D

Z
†

v0D
m
E"
jE"D0@�u"1f1C���C"mfm dS

DmŠ

Z
Œ0;T ���

v0�gw1;1;:::;1 dVg C
1

"1 � � � "m

Z
Œ0;T ���

v0�g zR dVg :

Here we defined
zR WD "1"2 � � � "mDmE" jE"D0R (23)

and zR satisfies

kzRkEsC2 � c.s; T /kqk
2
EsC1

X
�2f0;1gm

k�1"1f1C � � �C �m"mfmk
2m�1
H sC1.†/

;

k� zRkEsC1 � C.s; T /kqk2EsC1
X

�2f0;1gm

k�1"1f1C � � �C �m"mfmk
2m�1
H sC1.†/

:
(24)

We have arrived at the following integral identity which connects the potential q with the DN-map ƒ.

Integral identity.

�mŠ

Z
Œ0;T ���

qv0v1v2 � � � vm dVg

D

Z
†

v0D
m
E"
jE"D0ƒ."1f1C � � �C "mfm/ dS C

1

"1"2 � � � "m

Z
Œ0;T ���

v0�zR dVg : (25)

Our analysis of the inverse problem is based on this formula.

3. Gaussian beams

In this section we record some facts about Gaussian beams. Gaussian beams on a Lorentzian manifold
.N; g/, dim.N /D nC1� 3, are approximate solutions to the wave equation �gvD 0. If s is a geodesic
parameter of a light-like geodesic 
 W Œs1; s2� ! N and .s; y/, y D .y1; : : : ; yn/ 2 Rn, are suitable
Fermi coordinates (see (26) below) on a neighborhood of the graph � of 
 , then a Gaussian beam in the
coordinates .s; y/ looks roughly like

eiy1��a� jyj
2

;

up to a normalization. By graph of 
 we mean the image set

� WD 
.Œs1; s2�/:

Here a>0 and � is a large parameter. Therefore, the qualitative behavior of a Gaussian beam is oscillation
in a direction y1 transversal to the geodesic 
 and Gaussian concentration around the graph of 
 .

The construction of Gaussian beams is well known; see, e.g., [Babich et al. 1985; Feizmohammadi
and Oksanen 2022; Ralston 1982]. We include details about the construction since we wish to keep
track of the constants that will be implicit in our stability estimate of Theorem 1. Our presentation
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of the construction follows closely [Feizmohammadi and Oksanen 2022, Section 4] to which we refer
for omitted details. We mention here the recent work [Krupchyk et al. 2022], which constructs related
Gaussian beam quasimodes in a Riemannian setting by using more sophisticated methods, which lead to
better estimates.

Fermi coordinates are constructed by inverting the map

.s; y/ 7! exp
.s/

� nX
kD1

ykek.s/

�
2N: (26)

Here ek.s/ are the parallel transportations along a light-like geodesic 
 of the last n vectors of a frame
fe0; e1; : : : ; eng of T
.0/ with

e0 D P
.0/:

The other vectors of the frame are chosen so that, for j; k D 2; : : : n, it holds

g.e0; e0/D 0; g.e1; e1/D 0; g.e0; e1/D�2; g.ej ; ek/D ıjk : (27)

The frame fe0; e1; : : : ; eng is called a pseudo-orthonormal frame. (Due to relation to the usual light-cone
coordinates, we could also call it a lightcone frame.) Since the frame fe0.s/; e1.s/; : : : ; en.s/g is the
parallel transportation of fe0; e1; : : : ; eng along 
 , the conditions (27) hold for ej , j D 0; : : : ; n, replaced
with ej .s/ and e0.s/D P
.s/.

We work in the Fermi coordinates described above. In the Fermi coordinates .s; y/, the geodesic 

corresponds to .s; 0/ and the coordinate representation gj
 D g.s; 0/ of the metric g restricted to 

satisfies

gj
 D�2 ds dy1C

nX
kD2

dyk dyk :

Gaussian beams are constructed by using a WKB ansatz ei�‚.s;y/a.s; y/ to approximately solve the
equation �gv D 0 in the Fermi coordinates .s; y/. We have

�g.ei�‚a/D ei�‚.�2g.d‚; d‚/� 2i�g.d‚; da/C i�.�g‚/aC�ga/: (28)

We will choose a phase function ‚ and an amplitude function a so that the right-hand side of (28) is
O.��K/ in Hk.Œ0; T ���/ for given k � 0 and K 2N. To do so, we first approximately solve the eikonal
equation

g.d‚; d‚/D 0: (29)

After finding an (approximate) solution ‚ to the eikonal equation, we equate the last three terms of (28)
by inserting ‚ into

�2i�g.d‚; da/C i�.�g‚/aC�gaD 0:

By assuming an expansion of the form

aD a0C �
�1a1C �

�2a2C � � �C �
�NaN
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for the amplitude a, where N 2N is to be chosen later, we are led by equating the powers of � to a family
of N C 1 equations

�2ig.d‚; da0/C i.�g‚/a0 D 0; (30)

�2ig.d‚; daj /C i.�g‚/aj ��gaj�1 D 0; (31)

j D 1; : : : ; N. We solve these equations approximately and recursively in j starting from a0. Equations
(30) and (31) are called transport equations.

In what follows, we refer to [Feizmohammadi and Oksanen 2022] for omitted details. To solve the
eikonal equation (29) approximately, one sets

‚D

NX
jD0

‚j .s; y/;

where ‚j .s; y/ is a homogeneous polynomial of order j in y 2 Rn. We say that g.d‚; d‚/ vanishes to
order N on �, or that g.d‚; d‚/D 0 is satisfied to order N on �, if

.@˛yg.d‚; d‚//.s; 0/D 0;

where ˛ is any multi-index with j˛j �N. We set

‚0 D 0 and ‚1 D y1: (32)

It follows that

g.d‚; d‚/.s; 0/D 0 and .@ylg.d‚; d‚//.s; 0/D 0;

where l D 1; : : : ; n. That is, the eikonal equation (29) is satisfied to order 1 on �. The conditions (32)
imply the invariantly written conditions

‚.
.s//D 0 and r‚.
.s//D e1.s/:

To have that g.d‚; d‚/D 0 is satisfied to order 2 on � is more complicated. For this, one uses the
quadratic ansatz

‚2.s; y/D y �H.s/y;

where H.s/ is a complex n� n matrix and “ � ” refers to the usual Rn inner product and y 2 Rn. This
ansatz leads to the Riccati equation, which is a first-order matrix-valued ODE. For our purposes, the
form of the Riccati equation is not important and it suffices to say that one can find a complex solution
H.s/ to the equation with Im.H.s// > 0. The conditions Im.H.s// > 0 and ‚0 D 0 together imply the
invariantly written conditions

Im.r2‚.
.s///� 0 and Im.r2‚/.
.s//j P
.s/? > 0:

Here we use the notation P
.s/? to denote the algebraic complement to P
.s/ in T
.s/N. That is,
R P
.s/˚ P
.s/? D T
.s/N.
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Solving the eikonal equation to order 2 is enough to understand the qualitative properties of the phase
function ‚ needed in our inverse problem. However, we wish to have that

�g.eis‚.x/a.x//DOHk.Œ0;T ���/.�
�K/:

For this, we solve the eikonal equation to an order N, which depends on k and K. This can be done
by solving additional ODEs, but we omit the details. After finding ‚ so that g.d‚; d‚/ vanishes to
order N on �, the term �2g.d‚; d‚/ in the expansion (28) of �g.ei�‚a/ satisfies

�2g.d‚; d‚/� C0�
2
jyjNC1: (33)

We choose a specific N later.
Next we insert the phase function ‚ that we have constructed into the transport equations (30) and (31)

to find an amplitude function a. To solve the transport equations, we write

ak D �

�
jyj

ı0

�
bk; (34)

so that

aD �

�
jyj

ı0

� NX
kD0

��kbk :

Here � 2 C1c .R/ is a fixed cutoff function, which is identically 1 on a neighborhood of 0 2 R and ı0 > 0
is chosen small enough so that �.jyj=ı0/ is compactly supported in the domain of the Fermi coordinates.

We seek the bk , k D 1; : : : ; N, in the form

bk D

NX
jD0

bk;j .s; y/; (35)

where bk;j .s; y/ is a complex-valued homogeneous polynomial of order j in y. We are interested in the
specific form only of the leading term b0;0. The transport equation concerning b0 is

�2g.d‚; da0/C .�g‚/a0 D 0;
which is satisfied to order 0 if

�2g.d‚; db0;0/.s; 0/C .�g‚/b0;0.s; 0/D 0:

Here we used that �.jyj=ı0/D 1 to order 1 at y D 0. We have d‚.s; 0/D dy1 and g01.s; 0/D �1. It
is calculated in [Feizmohammadi and Oksanen 2022, Section 4.2] that .�g‚/.s; 0/D d

ds
log det.Y.s//,

where Y.s/ is a one-parameter nondegenerate matrix field which solves an ODE with the initial condition
Y.0/D In�n, the n�n identity matrix. Thus we have that the equation for b0;0.s/ is solved by

b0;0.s/D det.Y.s//�
1
2 ; (36)

with
b0;0.0/D 1: (37)

Recall that the terms a0, b0 and b0;j , j D 1; 2; : : : ; N, are related by (34)–(35). The terms b0;j ,
j D 1; 2; : : : ; N, are constructed by solving linear ODEs so that �2g.d‚; da0/C .�g‚/a0 D 0 is
satisfied to order N. The higher-order transport equations (31) concerning bk , k � 1, can be solved
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recursively to order N by using similar arguments. We omit the details, and only conclude that there is
C1 > 0 so that

j�2ig.d‚; da0/C i.�g‚/a0j � C1jyjNC1;

j�2ig.d‚; dak/C i.�g‚/ak ��gak�1j � C1jyjNC1;

k D 1; : : : ; N. Since aD a0C ��1a1C ��2a2C � � �C ��NaN , we have that

�2i�g.d‚;da/Ci�.�g‚/aC�ga

D �

NX
kD0

��k.�2ig.d‚;dak/Ci.�g‚/ak/C
NX
kD0

��k�gak

D �

NX
kD1

��k.�2ig.d‚;dak/Ci.�g‚/akC�gak�1/C�.�2ig.d‚;da0/Ci.�g‚/a0/C��N�gaN

D �OL1.jyjNC1/CO.��N /:

By additionally recalling from (33) that �2g.d‚; d‚/� C0�2jyjNC1, we have

e�i�‚�g.ei�‚a/D �2g.d‚; d‚/� 2i�g.d‚; da/C i�.�g‚/aC�ga

� C0�
2
jyjNC1CC1� jyj

NC1
CC2�

�N :

By redefining ı0 > 0 smaller, if necessary, we have that

jei�‚.s;y/j � Ce�c� jyj
2

for .s; y/ in the support of a. Recall that our aim is to show that

k�g.ei�‚.s;y/a.s; y//kHk.Œ0;T ���/ DO.��K/: (38)

Taking k derivatives of �g.ei�‚.s;y/a.s; y// gives

jr
k�g.ei�‚.s;y/a.s; y//j � C3e��cjyj

2
kX
lD0

�k�l.�2jyjNC1�l C � jyjNC1�l C ��N /: (39)

We calculate the integral of (39) squared using polar coordinates for the y-variable and the standard
formula

R1
0 r le��cr

2

dr � ��.lC1/=2 for l � 0. Note that since the light-like geodesic 
 of .N; g/ is
causal, Œ0; T ��� compact and .N; g/ globally hyperbolic, the geodesic 
 D 
.s/ exits Œ0; T ��� after a
finite parameter time r0. Thus the integration in the coordinate s will be over a finite interval Œ0; r0�. The
above discussion implies the estimate

k�g.ei�‚.s;y/a.s; y//k2Hk.M/
.

kX
lD0

�2.k�l/
�Z r0

0

e�2�cr
2

rn�1.�4r2NC2�2l C ��2N / dr

�

.
kX
lD0

�2.k�l/.�4��
nC2NC2�2l

2 C �
�2N�n

2 /

. �2kC4�
nC2C2N

2 D �2kC3�
n
2
�N
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for � and N large enough. (Here we have relaxed the notation and written A. B if there is a constant zC
independent of � such that A� zCB .) If p > 1, we may Lp-normalize the function ei�‚a so thatZ

M

j�
n
2p ei�‚ajp . �

n
2

Z 1
0

rn�1e��cr
2

. 1;

in which case we also have Z
M

jr
l.�

n
2p ei�‚a/j2 . �

n
p �2l��

n
2 :

Therefore, if we define N DN.n; k;K; p/ so that it satisfies

�2K D 2kC 3�
n

2
�N C

n

p
; (40)

we have (38). (If N above is not an integer, we redefine it as bN C 1c.)
By collecting the details of the construction and by defining

v� D �
n
2p ei�‚a

we have:

Proposition 10 (Gaussian beams). Let .N; g/ be a globally hyperbolic Lorentzian manifold, N D R�M

and dim.N /D nC 1� 3. Let � be a compact submanifold of M with boundary, and dim.�/D n. Let
T > 0 and let 
 be a light-like geodesic of .N; g/. Let k;K; l 2N and p � 2. There is �0 � 1 and a family
of functions .v� /� C1.Œ0; T ���/ such that for � � �0

k�gv�kHk.Œ0;T ���/ DO.��K/;

kv�kLp.Œ0;T ���/ DO.1/;

kv�kH l .Œ0;T ���/ DO.�
n
2p
�n
4
Cl/

(41)

as � !1. The function v� is called a Gaussian beam and it has the form

v� D �
n
2p ei�‚.x/a.x/;

where ‚ is a smooth complex function (independent of � ) on a neighborhood of 
.Œ0; L�/ satisfying

‚.
.s//D 0; r‚.
.s//D e1.s/;

Im.r2‚.
.s///� 0; Im.r2‚/.
.s//j P
.s/? > 0:
(42)

Here also
a.
.s//D a0.
.s//CO.��1/;

where
a0.
.s//D det.Y.s//�

1
2

is nonvanishing and independent of � . Here Y.s/ is a nondegenerate n�n matrix-valued function. The
support of a can be taken to be in any small neighborhood U of 
.Œ0; L�/ chosen beforehand. If s0 2 Œ0; L�,
we may arrange so that a0.
.s0//D 1.

The Gaussian beams can be corrected to be exact solutions to �v D 0.
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Corollary 11. Let us adopt the assumptions and notation of Proposition 10. Assume in addition that the
light-like geodesic 
 does not intersect ftD0g. Assume that l 02N satisfies k>l 0�1C nC1

2
. Then there are

Gaussian beams v� satisfying the conditions of Proposition 10 and functions r� 2C1.Œ0; T ���/ such that

v WD v� C r�

is a solution to 8<:
�gv D 0 in Œ0; T ���;
v D v� on Œ0; T �� @�;
vjtD0 D @tvjtD0 D 0 in �:

(43)

The functions r� satisfy
kr�kH l0 .Œ0;T ���/ DO.��K/: (44)

Proof. By assumption the graph of 
 has a neighborhood U which does not intersect a neighborhood of
ft D 0g. Let v� be Gaussian beams which are supported in U and satisfy the conditions of Proposition 10.
By Proposition 8, there exists a solution to8<:

�gr� D��gv� in Œ0; T ���;
r� D 0 on Œ0; T �� @�;
r� jtD0 D @tr� jtD0 D 0 in �:

Then v D v� C r� solves (43).
By Proposition 10 we have that k�gv�kHk.Œ0;T ���/ DO.��K/, where k;K can be chosen freely. By

Remark 7 for k > l 0 � 1C nC1
2

it holds that Hk.Œ0; T ���/ � El
0�1. Choosing k > l 0 � 1C nC1

2
in

Proposition 8 and using (12) shows that

kr�kH l0 .Œ0;T ���/ . kr�kE l0 . k�gv�kE l0�1 . k�gv�kHk.Œ0;T ���/ DO.��K/

as claimed. �

Remark 12. We shall also need solutions to the wave equation8<:
�gv D 0 in Œ0; T ���;
v D f on Œ0; T �� @�;
vjtDT D @tvjtDT D 0 in �;

(45)

where the Cauchy data of v vanishes at the top of the time cylinder. Solutions to (45) can be found as
follows. Consider the isometry h given by t 7! T � t and let Qg D h�g. Let Qf D f .T � t; x/ and let Qv be
the unique solution to 8<:

� Qg Qv D 0 in Œ0; T ���;
Qv D Qf on Œ0; T �� @�;
QvjtD0 D @t QvjtD0 D 0 in �:

Because the wave operator is invariant under isometries we have

h�.� Qg Qv/D�g.h� Qv/;

whence v.t; x/ WD .h� Qv/.t; x/D Qv.T � t; x/ solves (45).
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We next vary the initial point and direction of a light-like geodesic to construct a family of Gaussian
beams. The Gaussian beams will be constructed so that the implied constants of the family of Gaussian
beams are uniformly bounded. This uniformity of constants is essential when proving stability estimates.
We mention here a similar consideration in the Riemannian setting [Dos Santos Ferreira et al. 2020,
Section 4.1].

To obtain such Gaussian beams, we start with a lemma. We define the set PSO.N / of pseudo-
orthonormal frames as

PSO.N / WD f.e0; : : : ; en/ 2 .TN /nC1 j g.e0; e0/D 0; g.e1; e1/D 0; g.e0; e1/D�2;

g.ej ; ek/D ıjk for j; k D 2; 3; : : : ; ng:

The lemma especially says that on a neighborhood of any point of N there is a local pseudo-orthonormal
frame.

Lemma 13. Let z0 2N and let V0 2 Tz0N be a light-like vector. The set of pseudo-orthonormal frames
admits a local section E W U ! PSO.N / such that the first component .E.z0//0 of E at z0 is V0. Here U
is an open neighborhood of z0.

Proof. The existence of a pseudo-orthonormal frame e D .e0; e1; : : : ; en/ of the tangent space Tz0N over
the single point z0 with e0 D V0 was shown in [Feizmohammadi and Oksanen 2022]. By using local
coordinates .xk/ on a neighborhood U �M of z0 let us define the mapping

F.x;E/ W x.U/�R.nC1/�.nC1/! R.nC1/�.nC1/;

where x.U/� RnC1, by the conditions

F.x;E/jk D gx.Ej ; Ek/�gz0.ej ; ek/ if j � k;

F.x;E/jk D gx.ej ; Ek/�gz0.ej ; ek/ if j < k:

HereEj is the j -th column vector of the .nC1/�.nC1/matrixE. Here also gx.Ej ; Ek/DhEj ; g.x/Eki
and gx.ej ; Ek/Dhej ; g.x/Eki, where g.x/ is the coordinate representation matrix of g in the coordinates
.xk/. The perhaps ad hoc looking conditions for F.x;E/jk for j < k are related to the fact that local
sections E of PSO.M/ satisfying .E.z0//0 D V0 (should they exist) are not unique without additional
conditions. The conditions for F.x;E/jk for j < k remove this ambiguity.

We apply the implicit function theorem (see, e.g., [Renardy and Rogers 2004, Theorem 10.6]) to show
that there is a smooth mapping x 7!E.x/ such that F.x;E.x//D 0. In this case E is a smooth section
of PSO.N / by the conditions for F.x;E/jk for j � k and by the symmetry of g. To apply the implicit
function theorem, note that F.z0; e/D 0 and that

.DEF jxDz0;EDe.v//jk D gz0.vj ; ek/Cgz0.ej ; vk/ if j � k; (46)

.DEF jxDz0;EDe.v//jk D gz0.ej ; vk/ if j < k; (47)

where j; kD0; 1; : : : ; n and vD .v0; v1; : : : ; vn/2R.nC1/�.nC1/. Assume that .DEF jxDz0;EDe.v//D0.
Since g is symmetric, the condition (47) implies that gz0.vj ; ek/ D 0 for j > k. Substituting this
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into (46) then implies that gz0.ej ; vk/ D 0 for j � k. Thus we actually have that gz0.ej ; vk/ D 0 for
all j; k D 0; 1; : : : ; n. Since g is nondegenerate and e is a frame, it follows that each vk 2 RnC1 is the
zero vector of RnC1. Thus DEF jxDz0;EDe is injective, and also surjective by dimensionality. Thus,
by the implicit function theorem, and by redefining U smaller if necessary, there is a smooth mapping
E W U ! PSO.N /. This is our desired section. �

We remark that it is likely that another proof of the above lemma can be obtained by generalizing
the Gram–Schmidt procedure to the current situation. We also mention the similar construction [Dos
Santos Ferreira et al. 2020, Lemma 6.1] in the Riemannian setting.

In the next result jV0� P
x.s0/j is defined by using local coordinates.

Corollary 14. Let 
 be a light-like geodesic of .N; g/. Assume as in Proposition 10 and adopt its notation.
Let s0 be in the domain of 
 and let us define 
.s0/D z0 and P
.t0/D V0. Let also ı > 0. Then there is
�0 � 1 and a neighborhood U of z0 and a family of Gaussian beams

v� .x; � /

solving �gv� .x; � /D 0 in Œ0; T ��� (including the correction term) parametrized by x 2 U . Here “ � ”
refers to points in N and � � �0. The geodesics 
x corresponding to the Gaussian beams v� .x; � / satisfy
jV0� P
x.s0/j � ı and the implied constants of v� .x; � / in Proposition 10 and Corollary 11 are uniformly
bounded in x.

Proof. The proof is based on inspecting the construction of the Gaussian beams at the beginning of this
section that lead to Proposition 10, and by using Corollary 11 and Lemma 13.

Let v� be a Gaussian beam without the error term corresponding to the geodesic 
 as in Proposition 10.
Note that this implies that we have chosen initial data for the certain ODEs used in the construction (such
as the Riccati equation). Let us record these initial data and also define

v� .z0; � / WD v� . � /:

By Lemma 13 there is a local section E of PSO.M/ such that .E.z0//0D V0. We define a local vector
field V by

V.x/D .E.x//0:

By redefining the domain of E smaller, if necessary, we have that jV.x/� P
.0/j< ı. The section E also
defines a family of Fermi coordinates by the formula (26) parametrized by x. Since E is smooth, the
corresponding Fermi coordinates depend smoothly on x (say in any C k norm in the Fréchet sense). Also
the domain of the Fermi coordinates is uniformly bounded by the same reason. Let x 2 U and let us pass
to the Fermi coordinates determined by E.x/. We construct a Gaussian beam

v� .x; � /

with the following properties: (a) It corresponds to the geodesic 
x;V.x/ with initial data x 2M and
V.x/ 2 TxM. (b) It is constructed by exactly the same method described in the beginning of this section
by using the same initial data for the corresponding ODEs that we used for v� . Since the coefficients of
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the ODEs are determined by the smooth metric g and the initial data are the same as for v� , the Gaussian
beam v� .x; � / differs boundedly and uniformly in x from v� . � / (say in any C k.M/ norm). In particular,
the implied constants in Proposition 10 are uniform in x.

Finally, we use Corollary 11 to find correction terms for v� .x; � / such that the implied constants in (44)
are uniform in x. �

4. Separation of points

In this section .N; g/ is a globally hyperbolic smooth Lorentzian manifold without boundary. The length
of a piecewise smooth causal path ˛ W Œa; b�!N is defined as

l.˛/ WD

k�1X
jD0

Z ajC1

aj

p
�g. P̨ .s/; P̨ .s// ds; (48)

where a0 < a1 < � � � < ak�1 < ak are chosen such that ˛ is smooth on each interval .aj ; ajC1/ for
j D 0; : : : ; k�1. The time separation function, see, e.g., [O’Neill 1983], is denoted by � WN �N! Œ0;1/

and defined as

�.x; y/ WD

�
sup l.˛/; y 2 JC.x/;

0; y … JC.x/;
(49)

where the supremum is taken over all piecewise smooth future-directed causal curves ˛ W Œ0; 1�!N that
satisfy ˛.0/D x and ˛.1/D y. By [O’Neill 1983, Chapter 14, Lemma 16], we have that

�.x; z/ > 0 if and only if x� z: (50)

As before, we view N as the product manifold R�M and assume that ��M, dim.�/D dim.M/,
is a smooth compact manifold with boundary. As before, let † denote the lateral boundary Œ0; T �� @�.
Let us consider x 2 IC.†/\ I�.†/. We say that 
1 W Œ0; 1�! Œ0; T ��� is a future-directed optimal
geodesic connecting † to x if there is

z1 2 J
�.x/\† such that 
1.0/D z1; 
1.1/D x and �.z1; x/D 0:

Similarly, we say that 
2 W Œ0; 1�! Œ0; T ��� is a past-directed optimal geodesic connecting † to x if
there is

z2 2 J
C.x/\† such that 
2.0/D z2; 
2.1/D x and �.x; z2/D 0:

We always understand optimal geodesics as their maximal extensions. Note that by definition future/past-
directed optimal geodesics are always light-like. The next lemma says that such optimal geodesics always
exist. We assume the notation and assumptions used earlier in this section. The situation of the lemma is
illustrated in Figure 1, which can be found in Section 1.3 in the Introduction.

In the lemma we consider intersection times of geodesics and †. This means that if the geodesic is de-
noted by 
 W Œ0; 1�! Œ0; T ���, then the first intersection time is the smallest s0 2 Œ0; 1� such that 
.s0/2†.
Typically s0 will be 0. That the intersection in the lemma is transverse means that P
.s0/ is transversal
to the tangent space T
.s0/†. We do not claim anything about possible other intersections of 
 and †.
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Lemma 15 (boundary optimal geodesics). Let .N; g/ be globally hyperbolic,N DR�M. If x 2 IC.†/\
.Œ0; T ���/, there exists a future-directed optimal geodesic 
 W Œ0; 1�! Œ0; T ��� from† to x and the first
intersection of 
 and † is transverse. Similarly, if x 2 I�.†/\ .Œ0; T ���/, there exists a past-directed
optimal geodesic 
 W Œ0; 1�! Œ0; T ��� from † to x and the first intersection of 
 and † is transverse.

Proof. Existence: Let us first consider the claim about the existence of future-directed optimal geodesic.
For this, let us define

tsup D supf Qd 2 Œ0; T � j there is Qz 2† such that t . Qz/D Qd and �. Qz; x/ > 0g: (51)

Here � is defined on N � N. The number tsup will be the time coordinate of zsup in Figure 1. By
assumption x 2 IC.†/ and thus there is Qz 2† such that x 2 IC. Qz/ with �. Qz; x/ > 0 by (50). We also
have t . Qz/ 2 Œ0; T �. Consequently the supremum in (51) exists and tsup 2 Œ0; T �. Let zk 2† and t .zk/D tk
be such that tk! tsup as k!1. Since zk 2† and † is compact, we may pass to a subsequence so that
zk! zsup 2†. We also have t .zsup/D tsup by continuity of the time function t .

We claim that �.zsup; x/D 0. We argue by contradiction and assume the opposite that �.zsup; x/ > 0.
Then there is a timelike future-directed path � W Œ0; 1�! N connecting zsup to x by (50). Since � is
timelike and I�.x/ is open, we may deform � slightly on a neighborhood of zsup to a future-directed
timelike path that connects z0 2† to x so that t .z0/ > tsup. Thus x 2 IC.z0/ and we still have �.z0; x/ > 0
by (50). This is a contradiction to the definition of tsup. We conclude that �.z; x/D 0. Since .N; g/ is
globally hyperbolic, there is a future-directed light-like geodesic 
1 W Œ0; 1�!N from zsup to x of length
�.zsup; x/D 0; see [O’Neill 1983, Chapter 14, Proposition 19].

We note that 
1 is actually a path Œ0; 1�! Œ0; T ���. Indeed, if 
1 meets the complement of Œ0; T ���,
then 
1 necessarily intersects † at a parameter time s0 < 1 before it meets zsup at the parameter time 1.
Since 
1 is causal, it follows that t .
1.s0// > tsup D t .zsup/, where 
1.s0/ 2†. Since † is timelike, there
is point Oz 2† with tsup < t. Oz/ < t.
1.s0// and a future-directed timelike path O� connecting Oz to 
1.s0/.
Thus, a path achieved by composing the paths O� and 
1 has positive length by the definition (48). It
follows that �. Oz; x/ > 0 by the definition (49). We have arrived to a contradiction with the definition
of zsup, since t . Oz/ > tsup.

Transversality: We next show that the optimal geodesic 
 constructed above intersects the lateral boundary
† transversally. Assume that 
 is parametrized so that 
.0/D zsup. Let Stsup D ftsupg�M be the Cauchy
level surface at t D tsup. Let T D .T1; : : : ; Tn�1/ be a basis for the tangent space Tzsup@�. Then fT; �g,
where � is the normal vector to @� at zsup in Stsup , is a basis for TzsupStsup . Consequently, the tangent space
TzsupN is spanned by f@t ; T; �g, where @t is the coordinate vector of Œ0; T �. Let us write P
.0/ 2 TzsupN

in the form
P
.0/D . P
 t .0/; P
T .0/; P
�.0//:

Suppose now to the contrary that 
 does not intersect † transversally. Then it follows that P
�.0/D 0.
Indeed, if this is not the case, then Tzsup†CTzsup graph.
/ would be equal to TzsupN. Let us check whether
P
.0/ is normal to †tsup WD†\ft D tsupg. Since †tsup is space-like, the normal space

Nzsup†tsup WD fv 2 TzsupN j hv;wig D 0 for all w 2 Tzsup†tsupg
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(see [O’Neill 1983, p. 98 or p. 198]) is spanned by @t and �. To see this, note that a vector X 2 TzsupN,
X D a@t C b � T C c�, is in Nzsup†tsup if and only if b 2 Rn�1 is zero. Note P
�.0/ D 0; then if
P
.0/ 2 Nzsup†tsup , we must have P
.0/D . P
 t .0/; 0; 0/. But this is not possible, since 
 is light-like. So
P
.0/ is not normal to †tsup and by [O’Neill 1983, Chapter 10, Lemma 50] there exists a time-like curve �
from x to †tsup . By slightly deforming � we obtain another time-like curve Q� connecting x to z0 2 †
with t .z0/ > tsup. This contradicts the definition of tsup.

The claim about the past-directed optimal geodesic follows by defining

tinf D inff Qd 2 Œ0; T � j there is Qz 2† such that t . Qz/D Qd and �.x; Qz/ > 0g

and by using arguments analogous to the ones above to find zinf 2† with �.x; zinf/D 0. �

By using boundary optimal geodesics and related Gaussian beams we may separate points of Œ0; T ���
by solutions to �gv D 0. We mention here that separation of points by solutions has been beneficial in
the study of inverse problems for elliptic equations [Guillarmou et al. 2019; Lassas et al. 2020].

Proposition 16 (separation of points). Let .N; g/ be globally hyperbolic, N D R�M. Let x 2 I�.†/\
.Œ0; T ���/ and y 2N be such that y … J�.x/. Denote by vf the solution to�gvD 0 inN with vj†D f
and whose Cauchy data vanishes at t D T. Then there is f 2 C1.†/ such that

vf .x/¤ vf .y/:

If x 2 IC.†/\ .Œ0; T ���/ and x … J�.y/, we have the same claim for solutions of �gvD 0 in N with
vj† D f whose Cauchy data instead vanishes at t D 0.

Proof. We first claim that there is a past-directed light-like geodesic from † that meets the point x but
not y. We argue by contradiction and assume the opposite that all past-directed light-like geodesics
from † to x meet both x and y. Since x 2 I�.†/\ .Œ0; T ���/, by Lemma 15 we have that there is a
past-directed boundary optimal geodesic 
1 W Œ0; 1�! Œ0; T ��� with 
1.0/D z 2† and 
1.1/D x. The
first intersection of 
1 with † is transverse. If x … J�.y/, then by the assumption y … J�.x/ we have
that x and y are not causally connected. Thus 
1 cannot pass through y and we have found our light-like
geodesic. Therefore, we may assume that y � x.

Let Q
1 D Q
1.s/ be a past-directed light-like geodesic with Q
1.0/ 2 † such that Q
1 intersects †
transversally at s D 0, and which satisfies Q
1.Qs/D x for some Qs � 0. The geodesic Q
1 can be obtained by
perturbing the tangent vector of 
1 at 
1.1/D x slightly. Note that the condition of transversal intersection
is an open condition. By assumption Q
1 meets y. In this case we have a shortcut path, which has timelike
portion, obtained by traveling along Q
1 from x to a point y0 close to y, doing a shortcut from y0 to 
1
and then by continuing along 
1 to z; see [O’Neill 1983, Chapter 10, Proposition 46]. Since the shortcut
path has timelike portion, it has positive length. Since y � x, the shortcut path is also future-directed. It
follows that �.x; z/ > 0. This contradicts the optimality of 
1. We conclude that Q
1 is a past-directed
light-like geodesic from † that meets x but not y.

To conclude the proof, we use Proposition 10 and choose a Gaussian beam v� D �
n=4ei�‚a corre-

sponding to Q
1 with k >n, KD 1 and p; l D 2. We also choose the support of the amplitude a be so small
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that y … supp.a/ and supp.a/\ ft D T g D ∅. We will use the Sobolev embedding H l 0� L1, which
holds for l 0 > nC1

2
. Since k > n, we have k � n�1

2
> nC1

2
, which shows that we can take l 0 such that

nC1
2
< l 0 <k� n�1

2
. Applying Corollary 11 with these k and l 0 shows that there is r� 2C1.N / such that

vf WD �
�n
4 v D ��

n
4 v� C �

�n
4 r�

satisfies �gvf D 0 and

��
n
4 v� .x/D 1 and ��

n
4 v� .y/D 0 for all � � �0

and
k��

n
4 r�kL1.N/ � C�

�n
4 kr�kH l0 .N/ D �

�n
4O.��1/:

We mention for future reference that at any other point z 2 Œ0; T ��� we have

jvf .z/j � j�
�n
4 v� .z/jC j�

�n
4 r� .z/j � C

0
Cj��

n
4 r� .z/j � C (52)

for all � large enough. Here we used the above Sobolev embedding. Taking � large enough shows that

vf .x/¤ vf .y/:

The claim about the case x 2 IC.†/ and x … J�.y/ can be proved in similar way. �

We next consider the case where we have multiple points of Œ0; T ���, which we wish to separate by
solutions of the wave equation �gv D 0. The points will correspond to the intersection points of pairs of
geodesics we use for our inverse problem. The matrix (53) below will be a separation matrix in the sense
of Definition 5.

Lemma 17 (existence of separation matrix). Let .N; g/ be globally hyperbolic, N D R �M. Let
x1; : : : ; xP 2 I

�.†/ \ .Œ0; T � ��/ be such that x1 < x2 < � � � < xP . Denote by vf the solution of
�gvD 0 in Œ0; T ��� with vj†D f and whose Cauchy data vanishes at t D T . Then there are boundary
values fk 2 C1.†/ such that the matrix0BBB@

vf1.x1/ vf2.x1/ � � � vfP .x1/

vf1.x2/ vf2.x2/ � � � vfP .x2/:::
: : :

:::

vf1.xP / vf2.xP / � � � vfP .xP /

1CCCA (53)

is invertible.
If xk 2 IC.†/\ .Œ0; T ���/, we have the similar claim for solutions of �gv D 0 in Œ0; T ��� with

vj† D f whose Cauchy data instead vanishes at t D 0.

Proof. The proof is an iteration of the proof Proposition 16. First we let 
1 be a past-directed boundary
optimal geodesic that connects a point z 2† to the point x1. By the shortcut argument in the proof of
Proposition 16, we deduce after possibly redefining 
1 as its small perturbation that 
1 does not meet any
of the other points xk , kD 2; : : : ; P. Let vf1 be a Gaussian beam solution (including the correction term)
as in the proof of Proposition 16, where f1 2 C1.†/. Then there is �1 > 0 such that for � � �1 we have

vf1.x1/D 1 and vf1.xk/DO.��1�
n
4 /; k D 2; : : : ; P:
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Next, let 
2 be a past-directed boundary optimal geodesic that connects z 2 † to the point x2. By
repeating the above argument we find a boundary value f2 2 C1.†/ and a solution vf2 such that

vf2.x2/D 1 and vf2.xk/DO.��1�
n
4 /; k D 3; : : : ; P;

for all � � �2. Note that we do not claim that we have much control on the value of vf2 at x1 and it
might be that 
2 meets also the point x1. However, by (52) we know that jvf2 j at x1 is bounded by C
(possibly by defining �2 larger). This is illustrated in Figure 2, which can be found in Section 1.3 in the
Introduction. By repeating the above arguments, we find other solutions vfk , k D 3; : : : ; P, such that the
matrix (53) becomes of the form

V� D

0B@1 O.��1�
n
4 / O.��1�

n
4 /

#
: : : O.��1�

n
4 /

# # 1

1CA :
Here # means unspecified complex numbers bounded by some fixed constant. The determinant of this
matrix tends to 1 as �!1. Therefore, there is �0�1 such that the matrix (53) is invertible for all ���0. �

The previous lemma shows that if we are given a set of points x1 < � � � < xk , one can find a set of
Gaussian beams separating these points. However, for the proof of the stability estimate in Theorem 1,
we need a finite collection of Gaussian beams that separate any sufficiently distinct P 2N points. The
collection will be a separation filter in the sense of Definition 6. Existence of such a collection is the
content of the next lemma.

Let Ng be an auxiliary Riemannian metric on R�M.

Lemma 18 (existence of separation filter). Let P � 1 be an integer and let ı > 0. Suppose K �
I�.†/\ IC.†/\ .Œ0; T ���/ is a compact set. There exists a finite collection M� C1.Œ0; T ���/ of
solutions to �gvf D 0 with the following properties: Assume that x1; : : : ; xP 2K are any points such
that x1 < x2 < � � � < xP and d Ng.xk; xl/ > ı for xk ¤ xl , k; l D 1; : : : ; P. Then there are solutions
vf1 ; : : : ; vfP 2M corresponding to boundary values fk 2 C1.†/, and which have vanishing Cauchy
data at t D T, such that the matrix .vfk .xl//

P
k;lD1

in (53) is invertible. Thus M is a separation filter.

Proof. Case 1: If P D 1, then the situation is similar to the proof of Proposition 16. Applying Lemma 15
to x1, we find a past-directed boundary optimal geodesic 
 from † to x1, whose first intersection with †
is transverse. Using Corollary 11 we can then construct a Gaussian beam v (including the correction term
and with vanishing Cauchy data at ft D T g) corresponding to 
 such that

v.x1/D 1:

By continuity of v, the point x1 has a neighborhood B.x1/ such that

jv.z/j> 2
3

for all z 2 B.x1/:

Doing this for all points x 2K we find an open cover of K of the form[
x2K

B.x/
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and for each B.x/ the corresponding optimal geodesic and the respective Gaussian beam v. Because K
is compact, there is a finite subcover

R[
jD1

B.xj /

of K and the corresponding finite collection of Gaussian beams. Denoting this collection by M completes
the proof for P D 1.

Case 2: Suppose now P � 2. To begin, consider a complex matrix of the form0@d1 O
: : :

# dP

1A ; (54)

where all entries # are bounded by a fixed constant C > 0 and the diagonal entries satisfy jdj j > 2
3

,
j D 1; : : : ; P. When the elements of the upper triangular part O are of the size " > 0, the determinant of
the matrix in (54) equals

d1 � � � dP CO."/:

This can be seen by considering the definition of the determinant in terms of minors. Thus the matrix in
(54) is invertible when " is small enough.

We construct an open cover of K as follows. Let zK � JC.†/\ J�.†/\ .Œ0; T ���/ be an open
neighborhood of K. Let us fix x 2 zK and let Bı=2.x/ denote a ı

2
-radius ball centered at x with respect to

the metric Ng. Let us also define

V.x/ WD .JC.x/ nB ı
2
.x//\ .Œ0; T ���/:

Since JC.x/ is closed, the set V.x/ is compact for all x 2 zK. We define the subset of V.x/P�1 of ordered
points by

T .x/ WD f.x2; : : : ; xP / 2 V.x/P�1 W x � x2 � � � � � xP g:

Because the relation � is closed (see, e.g., [O’Neill 1983, Section 14, Lemma 22]), the set T .x/ is
compact as a closed subset of the compact set V.x/P�1.

Let " > 0 and let X D .x2; : : : ; xP / 2 T .x/. Recall that when constructing a Gaussian beam v, we
can bound its size in absolute value by using the estimate (52). Since x 2 I�.†/\ .Œ0; T ���/, there is
fX 2 C

1.†/ and a Gaussian beam vX (including the correction term and with vanishing Cauchy data at
ft D T g) and �X > 0 such that there is a neighborhood U".x/� Bı=3.x/ of x and neighborhoods B.xk/
of xk such that

jvfX j �
2
3

on U".x/;

jvfX j< " on B.xk/; k D 2; 3; : : : ; P;

jvfX j � C on Œ0; T ���;

(55)

where C > 0 is independent of " > 0. Here we have first normalized so that vfX .x/D 1. Then we have
chosen the �X large enough, so that the condition jvfX j< " holds on B.xk/, and jvfX j �C on Œ0; T ���.
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These conditions can be obtained since the correction term of a Gaussian beam can be made arbitrarily
small by taking the corresponding � large enough. Then, by the continuity of vfX and vfX .x/ D 1,
we have chosen the neighborhood U".x/ so that jvfX j �

2
3

. Note that since here �X depends on " and
vfX depends on �X , the neighborhood U".x/ depends on " as indicated in the notation. See the argument
in the proof of Proposition 16 for more details.

We now modify the open sets U".x/ slightly. Let us define

zU".x/ WD I
C.x/\U".x/:

We have that
jvfX j �

2
3

on zU".x/:

Moreover, we have
x � z for all z 2 zU".x/: (56)

We then have an open cover of T .x/ given by[
X2T .x/

B.x2/� � � � �B.xP /:

Since T .x/ is compact, we may pass to a finite open subcover[
X2J↑.x/

B.x2/� � � � �B.xP /;

where J↑.x/ is a finite subset of T .x/ and which depends on ". Note that for each X D .x2; : : : ; xP / 2
J↑.x/ there are associated neighborhoods B.x2/; : : : ; B.xP / of the points x2; : : : ; xP and an open set
zU".x/. This shows that to each point x 2 zK we can attach a finite collection

M".x/� C
1.Œ0; T ���/

of solutions with the following property: for any X 2 T .x/ there is some Gaussian beam solution
vfX 2M".x/ corresponding to a boundary value fX with the property (55) with U".x/ replaced by
zU".x/. We repeat the above argument for all x 2 zK. Note that if x 2K, then there is Qx 2 zK \ J�.x/
so that x 2 zU". Qx/. Thus, our construction yields an open cover of K � Œ0; T ��� by the sets zU".x/
described above. By compactness, finitely many sets zU".x/ suffice to cover K. Let x.j / 2 Œ0; T ��� be
the corresponding points, such that

R"[
jD1

zU".x
.j // (57)

is a finite subcover of K, where R" 2 N. To each of these finitely many points x.j / there is also attached
a finite subset J".x.j // � T .x.j //, j D 1; : : : ; R". Corresponding to this finite cover, we take as the
collection of boundary values M" the set

M↑ WD

R"[
jD1

M".x
.j //:



1096 MATTI LASSAS, TONY LIIMATAINEN, LEYTER POTENCIANO-MACHADO AND TEEMU TYNI

Let then x1; x2; : : : ; xP 2K with x1<x2< � � �<xP and d Ng.xl ; xk/> ı for k¤ l with k; lD 1; : : : ; P.
Let us consider first the point x1 2 K. Corresponding to x1, there is an index j1 2 f1; : : : ; R"g and a
neighborhood zU".x.j1// of x1, where zU".x.j1// belongs to the finite subcover (57) of K. The radius of
zU".x

.j1// is less than ı
3

. Note that d Ng.x.j1/; xk/ > ı
2

for k D 2; 3; : : : ; P. Indeed, we have that

d Ng.x
.j1/; xk/� d Ng.x1; xk/� d Ng.x

.j1/; x1/ > ı�
ı

3
D
2ı

3
>
ı

2
: (58)

Moreover, (56) implies x.j1/ � x1. Thus x.j1/ � x2 � x3 � � � � � xP . Using this and (58), we obtain

.x2; x3; : : : ; xP / 2 T .x.j1//:

Consequently, using the definition of J".x.j1//, we find X D .x.j1/2 ; : : : ; x
.j1/
P / 2 J".x.j1// with the

associated neighborhoods B.x.j1/
k

/ of xk , k D 2; 3; : : : ; P, satisfying the following property: there is a
Gaussian beam solution vf1 2M" corresponding to a boundary value f1 such that

jvf1 j �
2
3

on zU".x.j1//;

jvf1 j< " on B.x.j1/
k

/; k D 2; 3; : : : ; P;

jvf1 j � C on Œ0; T ���:

Let us then proceed to the point x2. Much as above, regarding this point there is j2 2 f1; : : : ; R"g,
x.j2/ 2 Œ0; T ��� and neighborhoods zU".x.j2// of x2 and neighborhoods B.x.j2/

k
/ of xk , kD3; 4 : : : ; xP ,

and a Gaussian beam vf2 , such that

jvf2 j �
2
3

on zU".x.j2//;

jvf2 j< " on B.x.j2/
k

/; k D 3; 4; : : : ; P;

jvf2 j � C on Œ0; T ���:

Continuing in this manner, we have indices j1; j2; : : : ; jP and a set of Gaussian beams vfk , kD1; : : : ;P,
such that jvfk j �

2
3

on a neighborhood zU".x.jk// of xk and jvfk j< " on a neighborhood B.x.jk/
l

/ of xl
for l > k and jvfk j< C on Œ0; T ���.

The separation matrix (53) corresponding to the functions vfk and points xk is invertible for "� "0 for
"0 small enough. We set M WDM"0 . Finally, we note that the number of Gaussian beams used is

#MD #
�R"0[
jD1

M"0.x
.j //

�
�

R"0X
jD1

#.M"0.x
.j ///D

R"0X
jD1

#J"0.x
.j //;

which is finite. �

Remark 19. We will apply Lemma 17 as follows. Suppose the points x1 < � � �< xP are the intersection
points of two light-like geodesics 
1 and 
2. We will use Lemma 17 to show that there is a choice of P
solutions vf1 ; : : : ; vfP 2M which separate the points x1; : : : ; xP . Moreover, these solutions have zero
Cauchy data at t D T.

We also mention that we have a result similar to Lemma 18 for solutions that have vanishing Cauchy
data at ft D 0g. The result is obtained, for example, from Lemma 18 by considering the isometry t 7!T �t

as in Remark 12.
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5. Proof of the stability estimate: Theorem 1

Assume the conditions from Theorem 1, especially that

kƒ1.f /�ƒ2.f /kH r .†/ � ı;

where r � sC 1 and sC 1 > nC1
2

, and ı > 0. Here ƒ1 and ƒ2 are the DN maps of the nonlinear wave
equation (2) corresponding to the potentials q1 and q2, respectively. We show that we have explicit
control on the L1 norm of q1� q2 in terms of ı. The proof will be divided into several steps.

5.1. Step 1W integral identity from finite differences. Let j D 1; : : : ; m and "j > 0 be small parameters.
Let � be as in Lemma 9. Assume that fj 2H sC1.†/ is a family of functions satisfying @˛t fj jtD0 D 0
on Œ0; T �� @�, ˛ D 0; : : : ; s, and that

k"1f1C � � �C "mfmkH sC1.Œ0;T ���/ � �:

For l D 1; 2, we have that the boundary value problems8<:
�gul C qluml D 0 in Œ0; T ���;
ul D "1f1C � � �C "mfm on Œ0; T �� @�;
ul jtD0 D 0; @tul jtD0 D 0 in �

have unique small solutions ul D u"1f1C���C"mfm as described in Lemma 9. According to (17), the
solutions ul have expansions of the form

ul D "1vl;1C � � �C "mvl;mC
X
j EkjDm

� m

k1; : : : ; km

�
"
k1
1 � � � "

km
m w

l; Ek
CRl ;

where vl;j satisfy (18) and w
l; Ek

satisfy (19) with q replaced by ql . We also used the notation Ek D
.k1; : : : ; km/. In particular, we know by (19) that

w
l;E1
WD wl;.1;:::;1/

satisfy 8̂<̂
:
�gwl;E1C qlvl;1 � � � vl;m D 0 in Œ0; T ���;
w
l;E1
D 0 on Œ0; T �� @�;

w
l;E1
jtD0 D 0; @twl;E1jtD0 D 0 in �:

(59)

Note that since (18) for vl;j are independent of ql , we have by the uniqueness of solutions that

v1;j D v2;j DW vj ; j D 1; : : : ; m: (60)

Moreover, according to (20), the correction terms Rl for l D 1; 2 satisfy

kRlkEsC2 Ck�g RlkEsC1 � C.s; T /kqlk2EsC1k"1f1C � � �C "mfmk
2m�1
H sC1.†/

:

We apply the finite difference operator Dm
E"
jE"D0 of order m, defined in (21), to ul . By (22), we have

Dm
E"
jE"D0ul DmŠwl;E1C

1

"1 � � � "m
Rl ;
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where Rl contains sum of the remainder terms Rl appearing in the finite differences. Consequently, by
taking into account (59) and (60), we obtain

�gDmE" jE"D0ul D�mŠ qlv1 � � � vmC
1

"1 � � � "m
�g zRl ;

where zRl D "1 � � � "mRl , l D 1; 2.
We manipulate the integral identity (25) to relate the difference of the DN maps ƒ1 and ƒ2 to the

difference of the unknown potentials q1 and q2 in terms of vj . For this, consider an auxiliary function v0
which satisfies�gv0D0 in Œ0; T ���, with v0jtDT D@tv0jtDT D0 in�. Applying (25) to the difference
of the DN maps yields

�mŠ

Z
Œ0;T ���

.q1� q2/v0v1 � � � vm dVg

D
1

"1 � � � "m

Z
Œ0;T ���

v0�g.zR1� zR2/ dVg C
Z
†

v0D
m
E"
jE"D0.ƒ1�ƒ2/."1f1C � � �C "mfm/ dS: (61)

The finite difference Dm
E"
jE"D0 of ul is a sum of 2m terms. By using (61), we calculate

mŠ jhv0.q1� q2/; v1 � � � vmiL2.Œ0;T ���/j

� jhv0;D
m
E"D0

Œ.ƒ1�ƒ2/."1f1C� � �C"mfm/�iL2.†/jC ."1 � � � "m/
�1
jhv0;�g. zR1� zR2/iL2.Œ0;T ���/j

� 2m ."1 � � � "m/
�1
jhv0; .ƒ1�ƒ2/."1f1C � � �C "mfm/iL2.†/j

C ."1 � � � "m/
�1
jhv0;�g. zR1� zR2/iL2.Œ0;T ���/j

�2m ı ."1 � � � "m/
�1
kv0k zH�r .†/C ."1 � � � "m/

�1
k�g. zR1� zR2/kH sC1.Œ0;T ���/ kv0k zH�.sC1/.Œ0;T ���/

� 2m ı ."1 � � � "m/
�1
kv0k zH�r .†/CCsC1 ."1 � � � "m/

�1
k�g. zR1� zR2/kEsC1 kv0k zH�.sC1/.Œ0;T ���/

� Cm;sC1 ."1 � � � "m/
�1 .kv0k zH�r .†/Ckv0k zH�.sC1/.Œ0;T ���//

�

�
2m ıCC.s; T /.kq1k

2
EsC1

Ckq2k
2
EsC1

/

� mX
jD1

"j kfj kH sC1.†/

�2m�1�
� C ."1 � � � "m/

�1

�
ıC

� mX
jD1

"j kfj kH sC1.†/

�2m�1�
: (62)

Here we used the assumption kƒ1.f /�ƒ2.f /kH r .†/ � ı for f D "1f1C � � �C "mfm. We also used
that the norm in H sC1.Œ0; T ���/ is bounded by the norm in EsC1 up to a multiplicative factor CsC1
as noticed in Remark 7. The final constant C is given by

C DmaxfCm;sC1; C.s; T /.kq1k2EsC1 Ckq2k
2
EsC1

/g .kv0k zH�r .†/Ckv0k zH�.sC1/.Œ0;T ���//:

Here we have respectively denoted by zH�r.†/ and zH�.sC1/.Œ0; T ���/ the dual spaces of H r.†/ and
H sC1.Œ0; T ���/.

5.2. Step 2W approximation of a delta distribution by a product of Gaussian beams. Recall that .vj /mjD1
is a family solutions to �gvj D 0 as in (18). The second step of the proof of Theorem 1 is to choose
the solutions vj so that they allow us to obtain information about q1 � q2 on the left-hand side of the
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estimate (62). The boundary values corresponding to vj will be denoted by fj . We use the Gaussian
beam construction of Section 3 to produce approximate delta functions from products of Gaussian beams.
We shall need the following elementary results. Let f W Rd ! C be a Lipschitz function. We define the
Lipschitz seminorm of f as

kf kLip WD inffc � 0 j jf .x/�f .y/j � cjx�yjg:

Lemma 20. Let d 2 N , � > 0 and b be Lipschitz. The estimateˇ̌̌̌
b.z0/�

�
�

�

�d
2

Z
Rd
b.z/e�� jz�z0j

2

dz

ˇ̌̌̌
� cdkbkLip�

� 1
2

holds true for all z0 2Rd. In particular, the integral on the left converges uniformly to b.z0/ when �!1.
Here cd WD �

�
dC1
2

�
=�
�
d
2

�
.

We omit the proof of Lemma 20 as it can be proved similarly to the following more general result:

Lemma 21. Let � > 0, x 2 Rd
C

, d � 2, and assume x D .x1; : : : ; xd /, where x1 � 0. Let b W Rd
C
! C be

Lipschitz. Define a map ˆ W .�1; 0�!
�
1
2
; 1
�

by

ˆ.s/ WD
1
p
�

Z 1
s

e�t
2

dt: (63)

The estimate ˇ̌̌̌
b.x/�

1

ˆ.�
p
�x1/

�
�

�

�d
2

Z
Rd\fz1�0g

b.z/e�� jz�xj
2

dz

ˇ̌̌̌
� 2cdkbkLip�

� 1
2

holds true for all x 2 Rd \ fx1 � 0g. In particular, the integral on the left converges uniformly to b as
� !1. Here cd D �

�
dC1
2

�
=�
�
d
2

�
.

Proof. Let us write x D .x1; x0/ and assume without loss of generality that x0 D 0. To begin, recall the
identities Z

Rd
e�jzj

2

dz D �
d
2 and

Z
Rd
jzj e�jzj

2

dz D cd�
d
2 :

Note also thatZ
Rd\fz1�0g

e�� jz�xj
2

dz D

Z 1
0

Z
Rd�1

e��..s�x1/
2Cjz0j2/ dz0 ds D

��
�

�d
2
ˆ.�
p
�x1/:

Since b is Lipschitz in Rd
C

, we have

jb.��
1
2 sC x1; �

� 1
2 z0/� b.x1; 0/j � kbkLip�

� 1
2 j.s; z0/j
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for any x1 � 0 and.s; z0/ 2 Rd, s > �
p
�x1. Thus we may calculateˇ̌̌̌

ˆ.�
p
�x1/b.x1; 0/�

� �
�

�d
2

Z
Rd\fz1�0g

b.z/e�� jz�xj
2

dz

ˇ̌̌̌
D

� �
�

�d
2

Z
Rd\fz1�0g

.b.x1; 0/� b.z//e
�� jz�xj2 dz

D ��
d
2

Z 1
�
p
�x1

Z
Rd�1

.b.x1; 0/� b.�
� 1
2 sC x1; �

� 1
2 z0//e�jzj

2

dz0 ds

� kbkLip�
�d
2

Z 1
�
p
�x1

Z
Rd�1

j.s; z0/je�jzj
2

dz0 ds

� kbkLip�
� 1
2��

d
2

Z
Rd
jzje�jzj

2

dz D cdkbkLip�
� 1
2 :

Finally, dividing the above inequality by ˆ.�
p
�x1/, and observing that ˆ is monotone and satisfies

ˆ.0/D 1
2

and ˆ.s/! 1 as s!�1, we have the claim. �

We will apply Lemmas 20 and 21 with d D nC 1 and the function b will be a multiple of q1 � q2.
Lemma 20 will be applied for recovery of points that lie in W n† and Lemma 21 for recovery of points
on †.

To achieve the factor �d=2 D � .nC1/=2 appearing in Lemmas 20 and 21, we use the solutions of
Corollary 11 with pD 4 and scale them by a constant �1=8. This change amounts to scaling the boundary
values fj by �1=8. The estimates (41) and (44) still hold by taking k, l , K and N large enough. Moreover,
when applying Lemma 21, we modify the functions of Corollary 11 by multiplying them by ˆ.�

p
�x1/

with a suitable number x1 � 0.
Recall that Gaussian beams concentrate on light-like geodesics. We show that at the intersection

points of geodesics, the corresponding product of Gaussian beams approximates the delta function of the
intersection point. Taking this approach, one can recover information about the difference of the unknown
potentials q1 and q2 at points where the geodesics intersect. When the geodesics intersect only once, the
proof is simpler and instructive. For this reason, we first analyze the case where the geodesics intersect
only once and prove the general case after that.

5.3. Proof in the case of a single intersection point. Let p0 2 W , where W is as in (3). In this case
p0 2 I

C.†/ by assumption and by Lemma 15 there is a future-directed optimal geodesic 
1 from †

to p0 that does not intersect ft D 0g. By making a small perturbation of 
1, we have another geodesic

2 that intersects 
1 at p0 and does not intersect ft D 0g. Since the geodesics are causal, they exit the
compact set Œ0; T ��� in finite parameter time. By the assumption of this simplified case, 
1 and 
2
intersect only at p0. Let ı0 > 0 be small parameter so that the Fermi coordinates (26), associated to 
1
and 
2, are defined for jyj< ı0.

By Proposition 10 and Corollary 11 there is �0 > 0 such that, for j D 1; 2 and � � �0, we may choose

vj D �
1
8 .v�;j C rj / and fj D vj j†; j D 1; 2; (64)
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so that �g.v�;j C rj /D 0 in Œ0; T ���. Here the function v�;j stands for the Gaussian beam described
in Section 3 corresponding to the geodesic 
j . We also have that the correction term rj satisfies

rj j† D 0; j D 1; 2: (65)

By (34) and (35) and Proposition 10 applied with p D 4, we have for � � �0

v�;j .s; y/D �
n
8 ei�‚j .s;y/a.j /.s; y/; � � �0;

a.j /.s; y/D �

�
jyj

ı0

� NX
k0D0

��k
0

b
.j /

k0
.s; y/; � � �0;

b
.j /

k0
.s; y/D

NX
k00D0

b
.j /

k0;k00
.s; y/;

(66)

where b.j /
k0;k00

.s; y/ is a family of complex-valued homogeneous polynomials of order k00 in the vari-
able y. We emphasize that all functions on the right-hand sides of (66) are independent of � . Thanks to
Proposition 10, see also (36) and (37), we also have

b
.j /

k0
.0; 0/D b

.j /
0;0.0; 0/D 1; j D 1; 2: (67)

In addition, by (40), (41) and (44), we get for j D 1; 2 and k > l C 1
2
.n� 1/

kv�;j kH l .Œ0;T ���/ DO.�
�n
8
Cl/; � � �0;

krj kH l .Œ0;T ���/ DO.�
�K/; � � �0;

(68)

ifN satisfiesKD 1
2
.NC1�k/�1. (IfN defined this way is not an integer, we redefine it as bNC1c.) We

imposed the condition k > lC 1
2
.n�1/ to embed the energy space El into Hk.Œ0; T ���/; see Remark 7.

This condition is needed to control certain Sobolev norms in the following computations. Furthermore,
by (41) and assuming that l > 1

4
.nC 1/ (to embed H l.Œ0; T ���/ into L4.Œ0; T ���/) we get

kv�;j kL4.Œ0;T ���/ DO.1/; j D 1; 2; � � �0;

krj kL4.Œ0;T ���/ DO.�
�K/; j D 1; 2; � � �0:

(69)

Since �g is a linear operator, the complex conjugates of v1 and v2, denoted by Nv1 and Nv2, also solve
�gv D 0. We set

vj WD Nvj�2 and fj WD vj j†; j D 3; 4:

Combining the trace theorem with (65) and (68) in the case l D sC 3
2

, we obtain an estimate for the
boundary values fj for j D 1; 2; 3; 4 and � � �0, as

kfj kH sC1.†/ D kvj j†kH sC1.†/ D �
1
8 k.v�;j C rj /j†kH sC1.†/

� �
1
8 kv�;j kH sC3=2.Œ0;T ���/ � C�

s�n
8
C 13
8 :

(70)

For j D 5; : : : ; m, we choose Gaussian beams at fixed � D �0 as

vj D �
�
nC1
8

0 v1j�D�0 and fj D vj j†; j D 5; : : : ; m: (71)
Let us write

Ov D v5 � � � vm:
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Remark 22. We remark that by making �0 > 0 large enough, there exists c > 0 such that

j Ov.s; y/j> c (72)

in a neighborhood of .s; y/ D .0; 0/. Indeed, by taking l > nC1
2

and combining Morrey’s inequality
with (68), we deduce that both v�;1 and r1 are continuous functions for � � �0. In particular, the function v1
is continuous according to (64). Proposition 10 ensures that ‚1.0; 0/D 0 and b.1/0;0.0; 0/D 1. Looking
at (66) one has

a1.0; 0/D 1CO.�
�1/; � � �0:

Hence

��
nC1
8 v1.0; 0/D 1C �

�n
8 r1.0; 0/D 1CO.�

�n
8 /; � � �0;

where in the last equality, we have used (68) to deduce kr1kL1.Œ0;T ���/ D O.1/. Thus we have, by
redefining �0 if necessary,

j Ov.0; 0/j D .��
nC1
8 jv1.0; 0/j/

m�4 > 1
2

for all � � �0. By the continuity of Ov, we have (72) on a neighborhood of .0; 0/.

With these choices, we now analyze the left-hand side of (62). We decompose the product v1 � � � vm as
the sum of a leading term plus lower-order terms. A straightforward computation holding for � � �0 yields

v1 � � � vm D jv1j
2
jv2j

2
Ov

D �
1
2 jv�;1C r1j

2
jv�;2C r2j

2
Ov

D �
1
2 .jv�;1j

2
C v�;1 Nr1C r1 Nv�;1Cjr1j

2/.jv�;2j
2
C v�;2 Nr2C r2 Nv�;2Cjr2j

2/ Ov

D �
1
2 jv�;1j

2
jv�;2j

2
OvCL1; (73)

where L1 is a sum of products of terms each containing r1 or r2, or their complex conjugates, as well as
Ov as a factor. Consequently, we can choose .N; k; l;K/ in (68) so that together with the Cauchy–Schwarz
inequality, we obtain

kL1kL1.Œ0;T ���/ DO.�
�R/ (74)

for some R > 1. Indeed, let us analyze one term of L1, say �1=2v�;1jv�;2j2 Nr1 Ov. As Ov is continuous, it
is bounded in Œ0; T ���. Using (69), we have for � � �0

�
1
2 kv�;1jv�;2j

2
Nr1 OvkL1.Œ0;T ���/. �

1
2 kv�;1jv�;2j

2
Nr1kL1.Œ0;T ���/

. �
1
2 kv�;1kL4.Œ0;T ���/kv�;2k

2
L4.Œ0;T ���/

kr1kL4.Œ0;T ���/DO.�
1
2
�K/:

A similar analysis allows us to deduce that the L1.Œ0; T � � �/ norms of the other terms of L1 are
O.�1=2�K/. Therefore

kL1kL1.Œ0;T ���/ DO.�
1
2
�K/; � � �0:
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Thus we can take RDK � 1
2

in (74). Note that we can always find suitable parameters l , k, N and K
satisfying K D NC1�k

2
� 1, k > l C n�1

2
and l > nC1

2
> nC1

4
. One possible choice is

l D nC 1; k D 3nC 1; K D 2; N D 3.nC 1/:

Let us now analyze the leading term in the expansion (73):

�
1
2 jv�;1j

2
jv�;2j

2
Ov D �

nC1
2 ei�‚1.x/e�i�‚1.x/ei�‚2.x/e�i�‚2.x/ja.1/.x/j2 ja.2/.x/j2 Ov.x/:

For technical convenience, we consider a normal coordinate system .xa/naD0 centered at the point p0,
which is the unique intersection of the geodesics 
1 and 
2. At the center of the normal coordinates the
metric is the identity matrix and all Christoffel symbols vanish; see, e.g., [O’Neill 1983, Section 3]. At the
point p0 both the phase functions‚1 and‚2 vanish and their gradients are real. Using the properties (42),
we have the following Taylor expansion around p0:

‚1.x/�‚1.x/C‚2.x/�‚2.x/D 2i x � r
2 Im.‚1C‚2/jxD0xCO.jxj3/:

Here r2 Im.‚1C‚2/ is a positive definite matrix at p0 (i.e., at x D 0 in normal coordinates) by the last
two conditions of (42), because ‚1 and ‚2 are positive semidefinite and positive definite in directions
transversal to P
1 and P
2 respectively.

Recall from (66) that the amplitude a.j /, j D 1; 2, has the cut-off function � as a factor. Therefore, we
may redefine ı0 > 0 smaller, if necessary, so that at the intersection U1\U2 of the supports

Uj WD supp.a.j //D supp.vj;� /

we have Im.‚1C‚2/ > 0. Let us write

H WD 2r2 Im.‚1C‚2/jxD0 > 0 (75)

so that in the normal coordinates

‚1.x/�‚1.x/C‚2.x/�‚2.x/D ix �HxC y‚.x/; (76)

where y‚.x/DO.jxj3/. Using the precise expressions in (66) for a.j /, j D 1; 2, we see that

ja.1/.x/j2 ja.2/.x/j2 D jb
.1/
0 .x/j2 jb

.2/
0 .x/j2C ��1L2.x/;

where
kL2kL1.Œ0;T ���/ DO.1/: (77)

Via a calculation similar to the one done in deriving (73), we deduce in the coordinates .xa/naD0 that

�
1
2 jv�;1j

2
jv�;2j

2
Ov D �

nC1
2 j�1.x/j

2
j�2.x/j

2
jb
.1/
0 .x/j2jb

.2/
0 .x/j2 Ov.x/ei�

y‚.x/e��x�Hx

C ��1�
nC1
2 j�1.x/j

2
j�2.x/j

2
Ov.x/ei�

y‚.x/e��x�HxL2.x/„ ƒ‚ …
WDyL2.x/

: (78)

Here the functions �j , j D 1; 2, stand for the normal coordinate representations of �j , which in Fermi
coordinates .s; y/ corresponding to the geodesics 
j take the form �.jyj=ı0/. Note that �j .0/D 1. Recall
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that y‚.x/ D O.jxj3/. By using (77), making the change of variables x 7! ��1=2x and using the fact
� y‚.��1=2x/D ��1=2O.jxj3/DO.jxj3/ one calculates that

kyL2kL1.Œ0;T ���/ DO.�
�1/: (79)

(See (84) below for a similar calculation.)
For the sake of brevity, we set

q.x/D q1.x/� q2.x/; A.x/D j�1.x/j
2
j�2.x/j

2
jb
.1/
0 .x/j2 jb

.2/
0 .x/j2 Ov.x/: (80)

By Proposition 10, see also (67), we have in the normal coordinates that ‚j .0/ D 0 and b.j /0 .0/ D 1,
j D 1; 2. Note also that y‚.0/D 0. Thus one gets

A.0/D Ov.0/: (81)

Integrating in the normal coordinates, and combining (73) and (78), we findZ
Œ0;T ���

v0.q1� q2/v1 � � � vm dVg

D �
nC1
2

Z
B.p0/

v0.x/q.x/A.x/e
i� y‚.x/e��x�Hx dxC

Z
B.p0/

v0.x/q.x/.L1.x/CyL2.x// dx

D �
nC1
2

Z
B.p0/

v0.x/q.x/A.x/e
��x�Hx dxC

Z
B.p0/

v0.x/q.x/.L1.x/C yL2.x//dx

C �
nC1
2

Z
B.p0/

v0.x/q.x/A.x/.e
i� y‚.x/

� 1/e��x�Hx dx: (82)

(Recall that v0 is a function satisfying �gv0 D 0 with v0jtDT D @tv0jtDT D 0 in �.)
With slight abuse of notation, there are now two possible cases in the integral (82).

Case 1: If U1 \U2 \†D ∅, then B.p0/ is a ball in RnC1 centered at p0 such that U1 \U2 � B.p0/
and we can proceed without changes.

Case 2: If U1\U2\†¤∅, then B.p0/ is a ball in RnC1
C

centered at p0 such that U1\U2 �B.p0/. In
this case, we can similarly derive the identity (82) in boundary normal coordinates. As can be seen from
Lemma 21, to obtain a proper normalization, we scale by the constant 1=ˆ.�

p
�x1/. This is achieved by

multiplying the function v0 by 1=ˆ.�
p
�x1/. Since ˆ W .�1; 0�!

�
1
2
; 1
�
, this scaling will contribute to

redefining the constant of the stability estimate by a factor of at most 2. Here ˆ.s/ WD ��1=2
R1
s e�t

2

dt
is as in (63) and x1 denotes the first coordinate of p0 in local coordinates of RnC1

C
.

We now analyze each term in (82) above. Thanks to (62), we can control the term on the left-hand
side of (82) in terms of ı, "1; : : : ; "m and the size of fj . The first term after the second equality in (82)
contains information about q1 � q2 and will be analyzed last. At this point, the exponential function
e��x�Hx will play a crucial role, as it will act as an approximate delta function. This is due to the fact
that H is a positive definite matrix, see (75). By combining (74) and (79), and using the fact that both v0
and q are uniformly bounded, we have for � � �0 thatˇ̌̌̌Z

B.p0/

v0.x/q.x/.L1.x/C yL2.x// dx
ˇ̌̌̌
. ��1: (83)
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Making the change of variables x 7! ��1=2x, we obtainˇ̌̌̌
�
nC1
2

Z
B.p0/

v0.x/q.x/A.x/.e
i� y‚.x/

� 1/e��x�Hx dx

ˇ̌̌̌
D

ˇ̌̌̌Z
B.p0/

.v0qA/.�
� 1
2x/.ei�

y‚.��1=2x/
� 1/e�x�Hx dx

ˇ̌̌̌
. ��

1
2 : (84)

In the last inequality we used that jez1�ez2 j� jz1�z2jemaxfjz1j;jz2jg for all z1; z22C and y‚.x/DO.jxj3/
to deduce that

jei�
y‚.�
� 1
2 x/
� 1j � ��

1
2 jxj3e�

� 1
2 jxj3 ; � � �0:

We also used that the functions v0qA, e�x�Hx , jxj3 and e�
�1=2jxj3 are uniformly bounded in B.p0/.

Let us then analyze the first term after the second equality in (82). Since H is positive definite, there
exists another positive definite matrix B so that B2 DH. Making the change of variables x 7! Bx, we
deduce that in Case 1, where U1\U2\†D∅, we haveZ

B.p0/

v0.x/q.x/A.x/e
��x�Hx dx D

Z
RnC1

v0.Bz/q.Bz/A.Bz/jg.z/j
1
2 jdetBj�1e�� jzj

2

dz: (85)

For convenience, we set

b.z/ WD q.Bz/A.Bz/jg.z/j
1
2 jdetBj�1:

By using (81), we see that in normal coordinates

b.0/D .q1.0/� q2.0// Ov.0/jdetHj�
1
2 : (86)

The identities (82) and (85), combined with estimates (83) and (84) yieldˇ̌̌̌�
�

�

�nC1
2

Z
RnC1

v0.z/b.z/e
�� jzj2 dz

ˇ̌̌̌
. ��

1
2 C

ˇ̌̌̌Z
Œ0;T ���

v0.q1� q2/v1 � � � vm dVg

ˇ̌̌̌
:

Thanks to (62), the second term on the right can be controlled in terms of ı, "1; : : : ; "m and sizes of the
functions fj . Thereby, applying Lemma 20 with z0 D 0 and d D nC 1, we get

jb.0/j �

ˇ̌̌̌
b.0/�

�
�

�

�nC1
2

Z
RnC1

v0.z/b.z/e
�� jzj2 dz

ˇ̌̌̌
C

ˇ̌̌̌�
�

�

�nC1
2

Z
RnC1

v0.z/b.z/e
�� jzj2 dz

ˇ̌̌̌
. cnC1kv0bkC1��

1
2C��

1
2

C
�
ı"�11 � � �"

�1
m C"

�1
1 � � �"

�1
m ."1kf1kH sC1.†/C�� �C"mkfmkH sC1.†//

2m�1
�

.
C�;m;T;qj ;�M

�2m�10

�
2��

1
2C

�2m�10 ı

mM
"�11 � � �"

�1
m

C
1

m�1
"�11 � � �"

�1
m ."1kf1kH sC1.†/C�� �C"mkfmkH sC1.†//

2m�1

�
; (87)

where v0 can be chosen so that in normal coordinates v0.0/D 1. The above holds for any M > 0 and
�0 > 0. In the last step, we scaled ı by �2m�10 =.mM/. The coefficients 2 and 1=.m�1/ in front of ��1=2

and "�11 � � � "
�1
m in (87) were included to simplify formulas later on. We will determine the constants M

and �0 later. Their role in obtaining a stability estimate will be clarified in Lemma 23 below.
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In Case 2 we arrive at the same integral (82), but the integration is only over the half-space RnC1
C

and
due to scaling of v0 the integral is scaled by a constant 1=ˆ.�

p
�x1//. All other calculations after (82)

remain similar, but one needs to apply Lemma 21 instead of Lemma 20 to obtain the estimate (87). We
omit the details.

5.4. Step 3W optimizing the error terms. The last step of the proof of Theorem 1 (in this simplified
setting) is to choose � and "1; : : : ; "m in terms of ı to have the right-hand side of (87) as small as possible.
We begin by setting

"1 D � � � D "m DW ":

Note that by (70) and (71), we have for � � �0 that

"kfj kH sC1.†/ � "�
s�n

8
C 13
8 ; j D 1; 2; 3; 4; � � �0;

"kfj kH sC1.†/ � "�
s�n

4
C 3
2

0 ; j D 5; : : : ; m:

(88)

To guarantee the unique solvability of our nonlinear wave equation (16), we require the quantities on
the right-hand sides of (88) to be bounded by �, which was given by Lemma 9. Recall that �0 > 0 is a
fixed large parameter, which we chose at (71). The parameter was especially chosen so that the Gaussian
beams vj for j D 5; : : : ; m have small enough correction terms.

Lemma 23 shows how to choose the parameters � and " in (87) optimally given � > 0 and ı 2 .0;M/.
By choosing �0 � �, we will see that the optimal value for � is at least �0 and we also have that
"kfj kH sC1.†/ � �.

Lemma 23. Let C;M; s > 0 andm 2N. Let also �0 � 1, ı 2 .0;M/ and � 2 .0; 1/. Then there are " > 0,
� � �0 and �0 � � such that

f ."; �/ WD 2��
1
2 C

�2m�10 ı

mM
"�mC

1

m� 1
"m�1 � .2m�1/.s�

n
8
C 13
8
/

� Cs;m;M;�0 ı
8.m�1/

2m.m�1/.8s�nC13/C2m�1

and we also have
"�s�

n
8
C 13
8 � C�:

Proof. To simplify the notation, let us write Os WD .2m� 1/
�
s � n

8
C
13
8

�
and 
0 D �2m�10 =M. We take

�0 � � to be so that 
0 < 1. We will redefine �0 > 0 smaller later if necessary. A direct computation
shows that

@"f D�.
0ı/"
�m�1

C "m�1� Os; @�f D��
� 3
2 C

Os

m� 1
"m�1� Os�1:

Making @"f D @�f D 0, we obtain the critical points of f , namely

� D ..m� 1/Os�1/
2.2m�1/
2OsmC2m�1 .
0ı/

�
2.m�1/

2OsmC2m�1 ;

"D ..m� 1/Os�1/�
2Os

2OsmC2m�1 .
0ı/
4OsmC2m�1�2Os

.2OsmC2m�1/.2m�1/ :

(89)

(One can also verify that the Hessian of f at the critical point is positive definite, and hence the critical
point is a local minimum.)
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Note now that
� D ..m� 1/Os�1/

2.2m�1/
2OsmC2m�1 .
0ı/

�
2.m�1/

2OsmC2m�1

� ..m� 1/Os�1/
2.2m�1/
2OsmC2m�1 �

�
2.m�1/.2m�1/
2OsmC2m�1

0 ;

because by assumption 0 < ı <M and since 
0 D �2m�10 =M. Since the constant

..m� 1/Os�1/
2.2m�1/
2OsmC2m�1 > 0

and the exponent

�
2.m� 1/.2m� 1/

2OsmC 2m� 1
< 0

do not depend on �0, we may choose �0 so that �0 < C� and that � in (90) satisfies

� D ..m� 1/Os�1/
2.2m�1/
2OsmC2m�1 .
0ı/

�
2.m�1/

2OsmC2m�1 � �0:

With these choices, we have at the critical point of f ."; �/ given by (89)

"�s�
n
8
C 13
8 D "�

Os
2m�1 D .
0ı/

1
.2m�1/ D

�
�2m�10

M
ı

� 1
2m�1

� �0 < C�

for all 0 < ı < M. A straightforward calculation using (89) shows that ��1=2, .
0ı/"�m and "m�1� Os

are all bounded by Cs;m;M;�0 .
0ı/
.m�1/=.2OsmC2m�1/, where the constant Cs;m;M;�0 is independent of "

and � . �

Recall (86) and (87). We set "1 D � � � D "m DW " and apply Lemma 23 to obtain

jv0.p0/jjq1.p0/� q2.p0/jj Ov.p0/jjdetHj�
1
2

.
C�;T;qj ;�M

�2m�10

�
2��

1
2 C

�2m�10 ı

mM
"�mC

1

m� 1
"m�1 � .2m�1/.s�

n
8
C 13
8
/
�

� C0ı
8.m�1/

2m.m�1/.8s�nC13/C2m�1 : (90)

Since p0 2 I�.†/\.Œ0; T ���/, by Lemma 15 there exists a past-directed optimal geodesic from† to p0
such that the first intersection of the geodesic and † is transverse. Since the intersection is transverse, the
geodesic does not intersect ft D T g. Therefore, we may choose v0 to be a Gaussian beam corresponding
to the geodesic such that v0jtDT D @tv0jtDT D 0. We may assume by normalizing that v0.p0/ D 1.
Recall also that Ov.p0/ > c > 0 and jdetHj> 0 by (72) and (75) respectively. Dividing (90) by the norm
of v0.p0/ Ov.p0/jdetHj�1=2, we have a stability estimate

jq1.p0/� q2.p0/j � Cı
8.m�1/

2m.m�1/.8s�nC13/C2m�1 (91)

at the point p0. We next show that the constant C can be redefined to be independent of p0.

5.5. Step 4W uniformity of the constant C . So far we have obtained the estimate (91) regarding the differ-
ence of q1 and q2 at the single point p0. The constantC may at this point depend on p0. Next we argue that
the constant C can be redefined to be independent of p0. This will then yield (4) and conclude the proof
of Theorem 1 in the simplified setting, where we assumed that light-like geodesics can intersect only once.
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To show that C in (91) can be taken to be independent of p0, we first construct an open cover of
W � IC.†/\I�.†/ as follows. (Recall from (3) thatW is a compact set which we can reach and observe
from †.) Let z 2W . By Lemma 15 there are optimal light-like geodesics 
1 and 
2 that intersect at z and
which do not intersect ft D 0g. We may reparametrize so that 
1.0/D 
2.0/D z. Let "D j P
1.0/� P
2.0/j.
Here and below j � j denotes the Rn norm of vectors in local coordinates.

By Corollary 14 there are open neighborhoods U1 and U2 of z and families of Gaussian beams v� .x; l; � /
(including the correction term) parametrized by x 2 Ul , l D 1; 2, such that all the implied constants,
such as �0, in the construction of v� .x; l; � / are uniform in x. Moreover, still by using Corollary 14, the
geodesics 
x;l corresponding to the Gaussian beams v� .x; l; � / satisfy j P
l.0/� P
x;l.0/j � "

3
, l D 1; 2.

Then, for x 2 U1\U2, we also have that

j P
x;1.0/� P
x;2.0/j �
"

3
> 0: (92)

We conclude that the geodesics 
x;1 and 
x;2 intersect at x and do not have the same graph. We also set

Ovx. � /D .v� .x; l; � //
m�4
j�D�0;lD1

for x 2 U1\U2. By redefining �0 larger, if necessary, we have that j Ovx.x/j � d > 0 for all x 2 U1\U2.
In deriving (91) in this Section 5, we used normal coordinates. Normal coordinates are uniquely defined

by choosing an orthonormal basis at a point. By using a local orthonormal frame on a neighborhood U3
of z, we may find a family of normal coordinates smoothly parametrized by x 2 U3. It follows that
the contribution to C in (91) coming from the use of normal coordinates may be taken to be uniformly
bounded for all x 2 U3. All things considered, by repeating the arguments in this Section 5, we may take
the constant C to be uniform for all x 2 U1\U2\U3, where U1\U2\U3 is a neighborhood of z.

Recall that we aim to estimate the difference of q1 and q2 in the compact set W � IC.†/\I�.†/. By
covering first the compact set W by the sets U1\U2\U3 as described above and then passing to a finite
subcover, we have that (91) holds for all z 2W . Finally, we apply Lemma 18 with P D 1 to deduce that
there is a finite family of functions vz;0 satisfying�gvz;0D0 in Œ0; T ��� and vz;0jtDT D@tvz;0jtDT D0
and such that jvz;0.z/j � c >0. (Only finitely many of the functions vz;0 are actually distinct.) Combining
everything yields the estimate

j.vz;0.z/ Ovz.z/.q1� q2//.z/jjdetHzj�
1
2 � Cı

8.m�1/
2m.m�1/.8s�nC13/C2m�1 ; (93)

which holds for all z 2W . Here the point z corresponds to the origin 0 of normal coordinates centered
at z and all the quantities are expressed in these coordinates. The point z is also the point where the
geodesics 
z;1 and 
z;2 corresponding to the Gaussian beams v� .z; 1; � / and v� .z; 2; � / intersect.

By Remark 22, we have that jvz;0.z/j � c > 0 and hence j Ovz.z/j � d > 0 in (93). Let us estimate
jdetHzj, where

Hz D 2r2 Im.‚z;1.x/C‚z;2.x//jxDz :

Here‚z;1 and‚z;2 are the phase functions corresponding to the Gaussian beams v� .z; 1; � / and v� .z; 2; � /
respectively. Here also r2 is the invariant Hessian. In the normal coordinates centered at z we have
that the geodesics 
z;1 and 
z;2 are rays emanating in from origin. Since 
z;1 and 
z;2 do not have the
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same graphs, the rays are not same and there is a positive angle (in the RnC1 metric) between the rays in
the normal coordinates. Due to (92), the angle is uniformly bounded from below by a positive constant.
Consequently, using also the facts that

Im.r2‚z;l/.z/� 0; Im.r2‚z;l/.z/j P
z;l .0/? > 0

we conclude that there is h > 0 such that jdetHzj> h for all z 2W . Dividing (93) by jvz;0.z/j, j Ovx.x/j
and jdetHzj�1=2, and redefining C larger, if necessary, concludes the proof in the special case where we
assumed that light-like geodesics can intersect only once.

5.6. Step 5W multiple intersections. We have proven Theorem 1 in the special case, which assumed that
the used light-like geodesics intersect only once. In the case of multiple intersections, we can perform
a similar analysis as in the special case, but this leads to an estimate for a sum of terms regarding the
difference q1�q2 at the intersection points. To separate the contributions coming from several intersection
points, we will use separation matrices and a separation filter constructed in Lemmas 17 and 18. Most of
the work needed to handle the case of several intersections was already done in proving these two lemmas.

Let N be globally hyperbolic Lorentzian manifold. Let also Ng be an auxiliary Riemannian metric
on N. The following lemma shows that given a compact set K �N there is a bound on the number of
possible intersections of pairs of causal geodesics in K. We will apply the lemma with K D Œ0; T ���
and N D R�M. Let us recall some relevant facts. An open set O of N is convex if for every pair of
points p; q 2O with p ¤ q there is a unique geodesic 
 of O connecting the points. Each point in N
has a neighborhood that is convex [O’Neill 1983, Section 5, Proposition 7]. Let p 2N and let Up be its
convex neighborhood. By [O’Neill 1983, Section 14, Exercise 10] (see also [Minguzzi 2019]), and the
fact that Up is convex, it follows that p has a neighborhood Vp � Up with two properties:

(i) Any causal curve starting in Vp that leaves it never returns.

(ii) Two distinct geodesic segments in Vp can intersect at most once.

We mention that in [O’Neill 1983] the sets Vp are called causality neighborhoods. It follows from
conditions (i) and (ii) that any two distinct causal geodesics can intersect at most once in Vp.

Lemma 24. Let .N; g/ be a globally hyperbolic Lorentzian manifold and let K �N be a compact set.
There is P � 1 with the following property. Let 
1 and 
2 be two distinct causal geodesics. Then the
number of intersection points of 
1 and 
2 is bounded by P,

#.�1\�2/� P;

where �j �N are the graphs of the geodesics 
j , j D 1; 2.

Proof. Let 
1 and 
2 be as in the statement of the lemma. Because N is globally hyperbolic, every point
p 2N has a neighborhood Vp satisfying the conditions (i) and (ii). Because K is compact, there exists a
finite subcover

P[
aD1

Vpa �K
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formed of sets Vpa . Since a pair of distinct causal geodesics can intersect at most once within each Vpa ,
it follows that the number of intersections of 
1 and 
2 is bounded by P. �

Lemma 25. Let Ng be an auxiliary Riemannian metric on a globally hyperbolic Lorentzian manifold .N; g/
and let K �N be compact. Then there exists Q� > 0 such that for any pair of distinct causal geodesics 
1
and 
2 intersecting at points x1; : : : ; xP we have

d Ng.xj ; xk/� Q�; j ¤ k;

where d Ng.x; y/ is the distance induced by Ng.

Proof. Let xj and xk , xj ¤ xk , be intersection points of 
1 and 
2. Let fVpag
P
aD1 be a finite open cover

of K consisting of sets with properties (i) and (ii). Let Q� > 0 be a Lebesgue number (see, e.g., [Munkres
1975, Lemma 27.5]) of fVpag

P
aD1 with respect to the distance d Ng . It follows that the ball B Ng.xj ; Q�/

belongs to Vpa for some a 2 f1; : : : ; P g. Since the geodesics 
1 and 
2 can intersect at most once in Vpa ,
the point xk cannot belong to Vpa . Consequently, xk …B Ng.xj ; Q�/ and thus d Ng.xj ; xk/� Q� as claimed. �

By Lemma 24 we know that there is P 2N such that light-like geodesics can intersect at most P times
in Œ0; T ���. Let also Ng be an auxiliary Riemannian metric on Œ0; T ���.

Let 
1 and 
2 be future-directed light-like geodesics starting from † that intersect for the first time at
z and which do not intersect ft D 0g. Let

z1; : : : ; zP0

be the intersection points of 
1 and 
2 arranged as z1 � z2 � � � � � zP0 , where P0 � P and

z D z1:

As in (64), we choose
vj D �

1
8 .v�;j C rj /; j D 1; 2;

to be Gaussian beams associated to 
1 and 
2. We also choose

vj D Nvj�2; j D 3; 4; and Ov D .v1j�D�0/
m�4

as before. Since the product v1 � � � vm is supported on neighborhoods of the intersection points, the term

hv0.q1� q2/; v1 � � � vmiL2.Œ0;T ���/ D

Z
Œ0;T ���

v0.q1� q2/v1 � � � vm dVg

becomes a sum of terms
P0X
jD1

�
nC1
2

Z
B.zj /

v0.x/.q1� q2/.x/A.x/e
i� y‚.x/e

��x�Hzj x dVg ; (94)

where each set B.zj / is a neighborhood of zj , j D 1; : : : ; P0. Here y‚.x/ and A.x/ are defined similarly
to (76) and (80) respectively and

Hzj D 2r
2 Im.‚1.x/C‚2.x//jxDzj ; j D 1; : : : ; P0

as before.
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By Lemma 25 there is a uniform constant Q� > 0 independent of z1; : : : ; zP0 such that d Ng.zi ; zj /� Q� for
all i¤j . This implies we can use Lemma 18 to find a separation filter on Œ0; T ���. So, let MDfvfkgk2K
be a separation filter of Œ0; T ��� given by Lemma 18 with the compact set W as K and P0 as P. Here
fk 2 C

1.†/ and K is a finite index set. According to Lemma 18, the corresponding solutions vfk to
�gvD 0 in Œ0; T ��� can be chosen so that the associated separation matrix .vfk .zj //

P0
k;jD1

is invertible.
We note that if B.zj /\†¤∅ in (94), then the corresponding integrals can be taken over the half-space

RnC1
C

in boundary normal coordinates. As indicated by Lemma 21 we need to use the scaling factor
1=ˆ.�

p
�zj;1/ to recover the value of q1� q2 at zj . This can be achieved by scaling the functions vfk

of the separation matrices by 1=ˆ.�
p
�zj;1/. This amounts to scaling the matrix element of the upper

triangular parts of each of the separation matrices by 1=ˆ.�
p
�zj;1/ if B.zj /\†¤∅. Here zj;1 is the

first coordinate of zj in boundary normal coordinates. Recall from (63) that ˆ W .�1; 0�!
�
1
2
; 1
�
. Thus

by choosing a larger �0, if necessary, the separation matrices with scaled elements stay invertible. Much
as in Step 4, it is possible to make the choices of the boundary normal coordinates so that the choices
amount to redefining the constant C .

By repeating the calculation in (62) we have for each k 2 K that

jhvfk .q1� q2/; v1 � � � vmiL2.Œ0;T ���/j � Ck ."1 � � � "m/
�1

�
ıC

� mX
jD1

"j kfj kH sC1.†/

�2m�1�
:

We apply (94) with vfk in place of v0 and note that the integrals in (94) are the value of the integrand
at zk plus a term of size O.��1=2/ by calculations (75)–(87) and Lemmas 20 and 21. Optimizing as in
Section 5.4 in � and "1; : : : ; "m yields thatˇ̌̌̌ P0X

jD1

vfk .zj /.q1.zj /� q2.zj // Ov.zj /jdetHzj j
� 1
2

ˇ̌̌̌
� Cı

8.m�1/
2m.m�1/.8s�nC13/C2m�1

for all k D 1; : : : ; P0. Let us define a matrix A and a vector Q as

Akj D vfk .zj /; Qj D .q1.zj /� q2.zj // Ov.zj /jdetHzj j
� 1
2 ;

where j; k D 1; : : : ; P0. Since the separation matrix fvfk.xj /g
P0
k;jD1

is invertible, we have that

jQ1j � kQk D kA�1.AQ/k � kAk�1kAQk � kAk�1Cı
8.m�1/

2m.m�1/.8s�nC13/C2m�1 :

Recalling that z1 D z, we thus haveˇ̌
.q1.z/� q2.z// Ov.z/jdetHzj�

1
2

ˇ̌
� CkAk�1ı

8.m�1/
2m.m�1/.8s�nC13/C2m�1 : (95)

In (95), Ovz , detHz , but also kAk�1 depend on the point z. We argued in Section 5.5 that Ovz ,
jdetHzj�1=2 have norms which are uniformly bounded from below with respect to z. Since the separation
filter M is a finite collection, we may also bound kAk�1 uniformly when we consider different points
in W . Using these facts and by dividing by j Ov.z/ detHzj�1=2 and redefining C shows that

kq1� q2kL1.W / � Cı
8.m�1/

2m.m�1/.8s�nC13/C2m�1 :

This concludes the proof of Theorem 1.
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Appendix: Proof of Proposition 8

Before proceeding to the proof of Proposition 8, which concerns the well-posedness of the linear wave
equation (14), we need the following lemma.

Lemma 26. Let .R�M;g/ be a globally hyperbolic manifold. Let also t0 2R and let St0 D ft D t0g�M
be the corresponding Cauchy surface. Suppose V � St0 is a compact set in St0 and W is an open
neighborhood of V in R�M. Then there exists ">0 such that .Œt0; t0C"��M/\JC.V /�W . In particular
if V bU, where U is open in St0 , there exists " > 0 such that .Œt0; t0C"��M/\JC.V /� Œt0; t0C"��U.

Proof. For the first claim, assume that there is no such " > 0. Then there are numbers "k > 0 with "k! 0

as k!1 and points pk 2 .Œt0; t0C"k��M/\JC.V /, but pk 62W . Since W is open, any accumulation
points of pk , if existing, are not in W . As "k ! 0 there is " � "k for all sufficiently large k 2 N, say,
k � k0. It follows that pk 2 .Œt0; t0C "��M/\JC.V / for all k � k0.

Because R�M is foliated by the space-like Cauchy surfaces St , we have

Œt0; t0C "��M D
[

t2Œt0;t0C"�

St :

Also St � J�.ST / for all t � T, because if 
 is any nonextendible future-directed causal curve with

.s/2 St for some s 2R, then this curve intersects ST in the future. By [Bär et al. 2007, Corollary A.5.4],
the intersection J�.St0C"/\J

C.V / is compact. So Œt0; t0C "��M being a closed subset of J�.St0C"/
implies that .Œt0; t0C"��M/\JC.V / is compact and there exists a convergent subsequence pki ! p 2

.Œt0; t0C"��M/\JC.V /. Due to the construction, as "ki!0we have pki!p2ftD t0g�M\J
C.V /D

V �W . Thus p 2W , which is a contradiction.
Suppose now that W D .a; b/�U where t0 2 .a; b/� R. Then if " > 0 is so small that .Œt0; t0C "��

M/\JC.V /� .a; b/�U, we have .Œt0; t0C "��M/\JC.V /� Œt0; t0C "��U. If not, we would have
some p D .t; x/ 2 .Œt0; t0C "��M/\JC.V / with t 62 Œt0; t0C "� or x 62 U. Both options are invalid, so
also the second claim holds. �

Proof of Proposition 8. Let us first recall results in the special case where � is a domain �� Rn. From
[Lasiecka et al. 1986] we know that there exists a unique solution v 2EsC1 to the problem8<:

.@2t ��h/v D F in Œ0; T ���;
v D f on Œ0; T �� @�;
v D u0; @tv D u1 in ft D 0g ��;

(96)

if h.t; � / is a smooth 1-parameter family of Riemannian metrics on Rn and if we assume that F, f , u0 and
u1 satisfy the regularity and compatibility conditions of our proposition in Rn. Under these assumptions,
we also know from classical results such as [Ikawa 1968] that there exists a unique solution w 2EsC1 to8<:

.@2t ��h/wCAw DG in Œ0; T ���;
w D 0 on Œ0; T �� @�;
w D @tw D 0 in ft D 0g ��

(97)
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when A 2 C1.Œ0; T ���/ and G 2Es. By combining the mentioned results, we have that the problem8<:
.@2t ��h/uCAuD F in Œ0; T ���;
uD f on Œ0; T �� @�;
uD u0; @tuD u1 in ft D 0g ��

(98)

has a unique solution u 2EsC1 and the regularity results of [Ikawa 1968; Lasiecka et al. 1986] also show
that @�u2H s.Œ0; T ��@�/. Indeed, by solving first (96) for v 2EsC1 and then definingG WDAv 2EsC1

for the problem (97) we find w 2EsC1 (in fact w 2EsC2) solving (97) and so that u WD v�w solves (98).
Let us then explain how these results translate to the case of a globally hyperbolic manifold Œ0; T ��M

equipped with a Lorentzian metric gD ˇ.t; x/ dt2�h.t; x/. Here ˇ > 0 is a smooth function and h.t; � /
is a smooth 1-parameter family of Riemannian metrics on M. The function ˇ > 0 is bounded from above
and below by the compactness of Œ0; T ���. Via a conformal change of variables we obtain a scaled
metric Qg D dt2�ˇ�1h for which the wave operator transforms as

P WD ˇ
3
2�gˇ�

1
2 D� Qg CV D @2t ��ˇ�1hCV:

Here V.t; x/ is a smooth function and �ˇ�1h for each t 2 Œ0; T � is the Laplace–Beltrami operator of the
Riemannian metric .ˇ�1h/.t; � / on M. Then u solving (14) is equivalent to v WD ˇ1=2u solving8̂<̂

:
Pv D ˇ

3
2F in Œ0; T ���;

v D ˇ
1
2f on †;

v D ˇ
1
2u0; @tv D

1
2
ˇ�

1
2 @tˇu0Cˇ

1
2u1 in ft D 0g ��:

(99)

From [Hörmander 1983, Theorem 24.1.1] we know that there exists a unique solution to (99). (The
result of that work is not however sufficient to us.) Also, in local coordinates in � this equation is of the
form (98). Let us define

RD ˇ
3
2F; r D ˇ

1
2f; r0 D ˇ

1
2u0; r1 D

1
2
ˇ�

1
2 @tˇu0Cˇ

1
2u1:

Note that ft D 0g �M is a space-like Cauchy surface in R�M. Because ��M is a compact manifold,
there exists a finite atlas f.Uj ; 'j /gkjD1 covering �. Let �j be a partition of unity subordinate to fUj gkjD1
and let us denote the support of �j as

Vj D supp.�j /b Uj :
Let us also define

Rj D �jR; rj D �j j†r; r0;j D �j r0; r1;j D �j r1;

denote the corresponding coordinate representations as

zRj DRj ı'
�1
j ; Qrj D r ı'

�1
j ; Qr0;j D r0 ı'

�1
j Qr1;j D r1 ı'

�1
j ;

and let
zUj D 'j .Uj /:

We construct a solution to (14) by patching up local solutions following partly the proof of [Bär et al.
2007, Proposition 3.2.11]. As we will see, this is possible due to the finite speed of propagation of
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solutions to a wave equation. LetKj be an open set with compact closure such that Vj �Kj andKj �Uj .
If t 2 R, we may use Lemma 26 to deduce that there exists " > 0 so that

..t; t C "/��/\JC.Vj /� .t; t C "/�Kj � .t; t C "/�Uj

holds. (This is similar to [Bär et al. 2007, proof of Proposition 3.2.11].) Here JC is defined with respect
to the conformal metric Qg. We remark that JC of a set is conformally invariant. By the compactness of
Œ0; T �, there is a finite set of numbers "i > 0 and ti 2 R so that the intervals

Ii WD .ti ; ti C "i /

cover Œ0; T �. We are going to find a solution to our wave equation (14) iteratively in the index i so
that at each step of the iteration we have .Ii � �/ \ JC.Vj / � Ii � Uj , j D 1; : : : ; k. Let us set
t1 D 0 < t2 < � � �< tl and tl C "l D T and consider the set ..0; "1/��/\JC.Vj / first.

By the discussion around (98), we have that there is a unique solution Quj 2EsC1 to8̂̂̂<̂
ˆ̂:
zP Quj D zRj in .0; "1/� zUj ;
Quj D Qrj on .0; "1/� @ zUj \'j .@�/;
Quj D 0 on .0; "1/� @ zUj n'j .@�/;
Quj D Qr0;j ; @t Quj D Qr1;j in ft D 0g � zUj

(100)

in each coordinate chart zUj , j D 1; : : : ; k, in the time interval .0; "1/. (Here and below we understand
'j .@�/D∅ if Uj \ @�D∅.) Since our (14) satisfies the compatibility conditions (13), one can verify
by a direct calculation that (100) satisfies the compatibility conditions of [Ikawa 1968; Lasiecka et al.
1986] that were needed for the unique solvability of (98). In particular, at the intersection of ft D 0g
and @ zUj \'j .@�/ the compatibility conditions follow from the assumptions of the proposition we are
proving. At the intersection of ft D 0g and a neighborhood of @ zUj n'j .@�/ the initial values vanish due
to the cut-off functions �j . Thus (100) has a unique solution.

Next, let us define

uj D

�
Quj ı'j in Œ0; "1��Uj ;
0 in Œ0; "1�� .� nUj /:

By the finite speed of propagation of solutions to a wave equation, see for example [Bär et al. 2007,
Proposition 3.2.11], we have supp.uj / � JC.Vj /, and by the condition ..0; "1/ � �/ \ JC.Vj / �
.0; "1/�Kj � .0; "1/�Uj , we have that

Quj D 0 in a neighborhood of @ zUj n'j .@�/:

Consequently, uj is the smooth continuation of Quj ı'j WUj !R by zero and uj 2EsC1. We also continue
Quj smoothly by zero to Rn (or to RCn if Uj is a boundary chart.)

We now patch up the functions uj as

uD

kX
jD1

uj 2E
sC1



STABILITY AND LORENTZIAN GEOMETRY FOR AN INVERSE PROBLEM OF A SEMILINEAR WAVE EQUATION 1115

to have a solution to (99) in the case T D "1. Indeed, we have on ..0; "1/�Uj / that

PuD
kX

jD1

.zP Quj / ı'j D
kX

jD1

zRj ı'j D

kX
jD1

�jRDR:

We also have that �
uD f on Œ0; "1�� @�;
uD r0; @tuD r1 in ft D 0g ��;

which is (99) for T D "1.
We continue iteratively and extend u to a solution of (14) in increasing time steps ti . At each iteration

step, which concerns the time-interval Ii , we use as the initial values QujtDti and @tujtDti . These are well
defined since ti < ti�1C "i�1. In this way, we found a unique solution u 2EsC1 to (99) in Œ0; T ���,
and consequently a unique solution to (14) in the class EsC1.

Next we show that the above regularity and unique existence results of solutions for (14) can be turned
into the energy estimate (15) by using the closed graph theorem. Consider the Banach space EsC1 and
define a linear map

A WEs �H sC1.†/�H sC1.�/�H s.�/!EsC1

by A.F; f; u0; u1/D u, where u is the unique solution to (14). To have the energy estimate (15) it is
sufficient to show that A is continuous. By the closed graph theorem, this is in turn equivalent to showing
that if �

.Fk; fk; u0;k; u1;k/! .F; f; u0; u1/ in Es �H sC1.†/�H sC1.�/�H s.�/;

A.Fk; fk; u0;k; u1;k/! u1 in EsC1;
then

u1 D A.F; f; u0; u1/:

Here Fk !�gu1 in D 0.Œ0; T ���/, fk ! u1j† in D0.†/, and similarly for t D 0, u0;k ! u1 and
u1;k ! @tu1 in D0.�/. Due to the uniqueness of limits, we have that u1 solves (14). Therefore, by
uniqueness of solutions to the wave equation, we have that uD A.F; h; u0; u1/. Hence A is a bounded
linear map and the energy estimate follows. �

Acknowledgements. Lassas was supported by Academy of Finland, grant numbers 320113, 318990, and
312119. Potenciano-Machado and Liimatainen were supported by the Academy of Finland (Centre of
Excellence in Inverse Modeling and Imaging, grant numbers 284715 and 309963) and by the European
Research Council under Horizon 2020 (ERC CoG 770924). Tyni was supported by the Academy of
Finland (Centre of Excellence in Inverse Modeling and Imaging, grant number 312119). The authors are
grateful to the anonymous referees for their comments and constructive feedback.

References

[Allen and Burtscher 2022] B. Allen and A. Burtscher, “Properties of the null distance and spacetime convergence”, Int. Math.
Res. Not. 2022:10 (2022), 7729–7808. MR Zbl

[Anderson et al. 2004] M. Anderson, A. Katsuda, Y. Kurylev, M. Lassas, and M. Taylor, “Boundary regularity for the Ricci
equation, geometric convergence, and Gelfand’s inverse boundary problem”, Invent. Math. 158:2 (2004), 261–321. MR Zbl

https://doi.org/10.1093/imrn/rnaa311
http://msp.org/idx/mr/4418719
http://msp.org/idx/zbl/1507.83083
https://doi.org/10.1007/s00222-004-0371-6
https://doi.org/10.1007/s00222-004-0371-6
http://msp.org/idx/mr/2096795
http://msp.org/idx/zbl/1177.35245


1116 MATTI LASSAS, TONY LIIMATAINEN, LEYTER POTENCIANO-MACHADO AND TEEMU TYNI

[Babich et al. 1985] V. M. Babich, V. S. Buldyrev, and I. A. Molotkov, Prostranstvenno-vremennŏı luqevŏı metod:
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