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GLOBAL WELL-POSEDNESS
FOR TWO-DIMENSIONAL INHOMOGENEOUS VISCOUS FLOWS
WITH ROUGH DATA VIA DYNAMIC INTERPOLATION

RAPHAEL DANCHIN

We consider the evolution of two-dimensional incompressible flows with variable density, only bounded
and bounded away from zero. Assuming that the initial velocity belongs to a suitable critical subspace
of L?, we prove a global-in-time existence and stability result for the initial (boundary) value problem.

Our proof relies on new time decay estimates for finite energy weak solutions and on a “dynamic
interpolation” argument. We show that the constructed solutions have a uniformly C' flow, which ensures
the propagation of geometrical structures in the fluid and guarantees that the Eulerian and Lagrangian formu-
lations of the equations are equivalent. By adopting this latter formulation, we establish the uniqueness of
the solutions for prescribed data and the continuity of the flow map in an energy-like functional framework.

In contrast with prior works, our results hold in the critical regularity setting without any smallness
assumption. Our approach uses only elementary tools and applies indistinctly to the cases where the fluid
domain is the whole plane, a smooth two-dimensional bounded domain, or the torus.

Introduction

An extensive literature has been devoted to the mathematical analysis of the Navier—Stokes equations that
govern the evolution of the velocity field u = u(¢, x) and pressure function P = P (¢, x) of homogeneous
incompressible viscous flows in a domain Q of R?. Recall that these equations read as

ur+diviu @u) —uAu+VP =0 in Ry x Q,
divu =0 in Ry x Q, (NS)
uli=o = uo in Q
and, if €2 has a boundary, are supplemented with homogeneous Dirichlet boundary conditions for the
velocity.
The global existence theory for (NS) originated in the paper by J. Leray [1934b]. In the case Q = R3,
by combining the energy balance associated to (NS),

1 ' 1
S @117 +u/ IVal 72 d = 5 uollz. (0-1)
0

with compactness arguments, he constructed, for any divergence-free u( in L2(R*; R?), a global distri-
butional solution of (NS) satisfying (0-1) with an inequality (viz. the left-hand side is bounded by the
right-hand side).
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It is by now well understood that Leray’s result is true in any open subset  of R? with d =2, 3; see
for instance the first part of [Chemin et al. 2006]. However, despite the numerous papers devoted to the
topic and significant recent progresses, the question of uniqueness of finite energy solutions in the case
d =3 has not been completely solved yet. The two-dimensional situation is much better understood: finite
energy solutions are unique and do satisfy (0-1) with an equality. Although uniqueness in dimension 2
could be hinted from [Leray 1934a], it has been established only by O. A. Ladyzhenskaya [1959] and
J.-L. Lions and G. Prodi [Lions and Prodi 1959].

In the present paper, we are concerned with inhomogeneous, that is, with variable density, incompressible
viscous flows. The evolution of these flows, which can be encountered in models of geophysics or mixtures,
is often described by the following inhomogeneous incompressible Navier—Stokes equations:

pr +div(pu) =0 in Ry x €2,
(pu); +divipu ®u) — uAu+VP =0 inR; x Q, (INS)
divu =0 in Ry x €.

Above, u and P still denote the velocity and the pressure, respectively, and p = p(¢, x) stands for the
density, which for obvious physical reasons has to be nonnegative. If we supplement (INS) with initial
data and boundary conditions

Pli=o = po, uli=o=uo and ulpe =0, (0-2)

then the energy balance associated to (INS) reads as

1 ' 1
IV @IE: + 1 /0 IVulz. dt = 5 1l/potollZ- (0-3)
The divergence-free condition ensures that the Lebesgue norms of p are conserved and that,
forall t e Ry, inf p(z,x) = inf pg(x) and sup p(t, x) = sup po(x). (0-4)
xeQ reQ xXeQ xeQ

In the torus case, we have in addition the conservation of total momentum

/Tz (pu)(t, x)dx = fp(pouo)(x) dx. (0-5)

Like (NS), equations (INS) have a scaling invariance (if €2 is stable by dilation): they are invariant for all
A > 0 by the transform
(p,u, P)(t,x) ~ (p, A, A P)(A°t, Ax). (0-6)

Although (INS) is of hyperbolic-parabolic-type while (NS) is parabolic, similar results hold for the initial
value (or boundary value) problem. For instance:

« In any dimension, provided py is bounded and nonnegative and ./poitg is in L?, there exists a global
weak solution satisfying (0-3) with inequality.'
IFirst proved by A. V. Kazhikhov [1974] if pg > 0, then for general pg > 0 by J. Simon [1990]. P.-L. Lions [1996] pointed

out that the density is a renormalized solution of the mass equation and treated density dependent viscosity coefficients. He also
considered unbounded densities.
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» Smooth enough data with density bounded and bounded away from zero generate a unique local-in-
time smooth solution, which is global in the two-dimensional case and also in higher dimensions if
the initial velocity is small.?

In dimension 2, the quantities that come into play in the energy balance (0-3) are scaling invariant in
the sense of (0-6). However, unlike the case with constant density, it is not known whether finite energy
two-dimensional weak solutions with bounded density, albeit having critical regularity, are unique.

In order to explain the difference between the variable and constant density cases and to motivate the
assumptions that will be made in this paper, let us sketch the proof of the uniqueness of finite energy
solutions for (NS) in dimension 2. Assume that we are given two solutions (u, P) and (i, ﬁ) pertaining
to the same finite energy initial velocity ug. Then, du := & —u and §P := P—P satisfy

Su; +div(u @ du) — nAdu+ V6P = —dividu ® u) in R4 x €,
{divSu:O in Ry x Q.
Taking the L*(2; R?) scalar product with 8u, integrating by parts where needed and using the Holder
inequality to bound the right-hand side yields
1d
2dt
which, in light of the celebrated Ladyzhenskaya inequality

18ull72 + el VSull7> < Vil 2 l1dull7s,

||Z||i4 < Cllzll2IVzll 2, (0-7)

leads to
ld
2dt

At this stage, Gronwall’s lemma allows us to conclude that

. i c?
18ullZ > + plVull7, < CIIVll g2 )18ull 21| Voull 2 < Envsuuiz + ﬂnwniznauuiz.

! 2 o2
I8u()[13, + 1 / I1Vsul2, dr < /M I VI 475, 0|2,
0

Owing to (0-1), the exponential term is finite. Hence we have éu = 0 if #(0) = u(0).
In contrast, when comparing two finite energy solutions (o, u, P) and (p, i, f;) of (INS), we get the
following system for §p := p — p, Su, and §P:
8p; +div(dpu) = —div(péu),
(péu); +div(pu @ Véu) — uAdu + VP = —(Spit); — div(pu @ du) — div(pdu Q it),
divéu = 0.

Since p is only bounded, the first line is a transport equation by the divergence-free vector field u, with
a source term that has (at most) the regularity C~! with respect to the space variable. Now, in order to
control the propagation of negative regularity in a transport equation, we need

Vu e L} (Ry; L™). (0-8)

ZFirst established by O. A. Ladyzhenskaya and V. A. Solonnikov [1975].
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However, this property generally fails for finite energy solutions of (INS) and even for the two-dimensional
heat equation. In fact, the set of functions ug such that the solution u to the free heat equation with initial
data u satisfies Vi € L' (R4; L™) is the homogeneous Besov space Bo_ofl, and L? is not embedded in
this space.

To avoid working in spaces with negative regularity, one can recast (INS) in the Lagrangian coordinate
system as in [Danchin and Mucha 2019]. Then, the density becomes time-independent and the velocity
equation keeps its parabolicity (at least for small time). However, the equivalence between the Eulerian
and Lagrangian formulations of (INS) in our low-regularity context still requires (0-8), a property that
cannot be expected if uq is only in L? since it fails for the heat flow.

To make a long story short, it is not clear that uniqueness holds for (INS) in the framework of just

finite energy solutions.

Before describing in more detail the main objective of the article, let us recall some recent results on
the well-posedness theory for (INS). A number of works have been devoted to this issue under weaker
assumptions than in [Ladyzhenskaya and Solonnikov 1975]. This is mainly to relax the positivity condition
on the density or the regularity assumptions on the initial data. Regarding the first question, it has been
observed by Y. Cho and H. Kim [2004] that (INS) is well-posed for smooth enough data and, possibly,
vanishing densities satisfying a suitable compatibility condition. Recently, J. Li [2017] discovered that this
condition is no longer needed if one considers H! regularity for the velocity, and the full well-posedness
theory for general only bounded (not necessarily positive) initial densities and H' velocities has been
carried out in a joint work with P. B. Mucha [Danchin and Mucha 2019].

Regarding the minimal regularity requirement of the velocity for well-posedness, the scaling invariance
of (INS) pointed out in (0-6) suggests (if 2= R?) that one should take pg € L (RY) and ug € H4/2-1 (RY).
In the constant density case and for d = 3, this assumption is in accordance with the well-known Fujita
and Kato theorem [1964]. However, as, again, Ve'“ug need not be in Ll (Ry; L®) if ug € H¥/2~1(RY),
it is not clear that uniqueness may be achieved if there is no additional regularity in the variable density
case. In this direction, it has been proved in [Danchin 2003; 2004] that if u#( belongs to the homogeneous
Besov space Bg,/f_] (R?), a large subspace of H4/2-1 (R?) with the same scaling invariance, then (INS)
is globally well-posed in dimension 2 (or in higher dimensions if uq is small) provided py is close to
some positive constant in the homogeneous Besov space BE{ /lz(Rd ). This result is satisfactory as regards
the regularity requirement for the velocity, since it is critical and closely related to the L? space, but the
condition on the density is rather restrictive both because pg has to be almost constant and since it has to
be continuous (the space BZ /lz(Rd ) is embedded in the set C,(R?) of bounded and continuous functions
on R?). The result of [Danchin 2003] has been significantly improved recently in the two-dimensional
case: H. Abidi and G. Gui [2021] established the global well-posedness without any smallness condition
on the data if pg — 1 is in le’l (R?) and uy belongs to Bgl (R?). The corresponding result in dimension 3
has been obtained with completely different techniques by H. Xu [2022] (for small u( of course). As said
before, works based on the use of critical Besov spaces for the density precludes considering the case
of densities that are discontinuous along an interface, a situation which is of particular interest if one
believes (INS) to be a relevant model for mixtures of incompressible viscous flows with different densities.
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This very situation — sometimes called the density patch problem —has been extensively studied lately,
see, e.g., [Danchin and Mucha 2019; Gancedo and Garcia-Juarez 2018; Liao and Zhang 2019].

Well-posedness results for only bounded initial density, bounded away from zero, and smooth enough
velocity have been obtained in a joint work with P. B. Mucha [Danchin and Mucha 2013b], then improved
by M. Paicu, P. Zhang and Z. Zhang in [Paicu et al. 2013] (there, ug is in H*(R?) for some s > 0 if
d =2, and in H'(R?) if d = 3). In the whole space case, the critical regularity index has been reached
in an intriguing work by P. Zhang [2020]. He established the global existence for any small enough
divergence-free ug with coefficients in le/ 12(R3) while pg is only bounded and bounded away from zero.
It has been observed recently in a joint work with S. Wang [Danchin and Wang 2023] that Zhang’s
solutions actually satisfy (0-8) and are thus unique.

The main goal of the present paper is to investigate the counterpart in dimension 2 and for large initial
data of Zhang’s result recalled just above: we want to establish a global well-posedness result for general
divergence-free velocity fields uo with critical regularity of L2-type and densities po simply satisfying

ps :=essinf pg(x) > 0,
xeQ
. (0-9)
P i=esssup pp(x) < oo.
xeQ
According to [Abidi and Gui 2021], a good candidate to achieve the Lipschitz property within a critical
regularity framework of L2-type is the space 33,1- However, owing to the use of Fourier analysis
techniques, rather strong regularity assumptions on the density were made in that work. Here, since we
want to consider only bounded densities, we shall adopt a completely different approach. In fact, we shall
combine real interpolation and three levels of time decay estimates (corresponding to H~', L2, and H'
data, respectively) for a linearized version of (INS) that can be obtained just by energy arguments and
basic properties of the Stokes system, so as to work out a space for u¢ that coincides with 33,1 if pg is
smooth (but that might depend on it if it is not). The overall strategy is so robust that it can be adapted to
other systems.

The rest of the paper is structured as follows: in the next section we state our main results and explain
the key steps of the proof. Then, in Section 2, we establish a first family of time decay estimates pertaining
to the case where u is just in L? and construct corresponding global finite energy weak solutions for (INS).
Section 3 is devoted to proving more a priori decay estimates. The final goal is to establish that, under
a slightly stronger assumption on the initial velocity very close to the regularity Bgl, the Lipschitz
property (0-8) is satisfied. Finally, we establish in Section 4 the existence and uniqueness of a solution
under this assumption, assuming only (0-9) and that the velocity belongs to the aforementioned space.
The same method also provides stability estimates for the flow map in the energy space.

Notation. In the rest of the paper, Q2 will be either a C 2 pounded domain of R2, a two-dimensional torus,
or R2. It will be convenient to use the same notation H *(2) to designate:

o the classical homogeneous Sobolev space if 2 = R?,

« the subset of functions of H® with mean value 0 if Q = T2,
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o the space Hj(£2) (that is the completion of C2°(€2) for the H* (R?) norm) if € is a bounded domain
and s € [0, 1],

e the dual of HO_S(Q) if € is a bounded domain and s € [—1, O].
We designate by L2 () the set of divergence-free vector fields with coefficients in L2(£2) (such that
ug-n =0 at Q2 in the bounded domain case, with n being the unit exterior normal vector to d€2), and

denote by P the orthogonal projector from L?(2; R?) to L2 ().
For any normed space X, Lebesgue index g € [1, o], and time T € [0, co], we shall define

Izllze x) == ” ”Z(t)”XHLq(O,T)’

omitting T if it is co. In the case where z has several components in X, we keep the same notation for
the norm.

As usual, C designates harmless positive real numbers, and we shall often write A < B instead of
A < CB. To emphasize the dependency with respect to parameters ay, . .., a,, we adopt the notation
Ca,,...a,- The notation C, , stands for various “constants” that only depend (algebraically) on the
infimum and supremum of p and on “energy-like”” norms of v, that is, on norms that could be eventually
bounded by |luo|| 2 if (p, v) were a solution to (INS). Obvious examples are ||v||zo(z2) O [VV|l 1212
(remember (0-3)) but also [|v|| +(z4) (use (0-7)) and so on.

1. Results and strategy

The first step is to exhibit time decay estimates for finite energy solutions. More precisely, we shall
establish the following statement.

Theorem 1.1. Let ug be in L?, () and pg satisfy (0-9). Then, (INS) supplemented with (0-2) admits a
global solution (p, u, P) satisfying (0-4) (and (0-5) if Q =T?), u € L*°(Ry; L2), Vu € L*(Ry x ),

and

1 ' 1
§||<ﬁu)<r>||iz+u/0 IVulgzdr < Sl/pouollza. 1> 0. (1-1)

Furthermore, there exists a constant C depending only on 2, p., and p* such that, for all t > 0, we have

IVEu(@) |2 < Cut) ™ lluoll2 fork=0,1,2,
V5 g, ) (1)1 12 < C(ut) 2 ugll 2 fork=0,1,
VP2 < Ct Huoll 12,

where u denotes the convective derivative of u; that is, u := u; +u - Vu.
Two remarks are in order:

» The constructed solutions satisfy more time decay estimates: see (2-11), (2-21), (2-26), Proposition 3.1
with s = 0, and Proposition 3.2 with p = 2.
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» As pointed out in [Danchin et al. 2024] for H(} (£2) initial velocities, exponential time decay estimates
hold if €2 is bounded. Following the proof of Lemma 5 therein, one can show that there exists a positive
constant cq depending only on €2 such that,

forall t € Ry, [[(V/pu)(D)llz2 < e H/*" | /pouol 2.

From this inequality, one can deduce exponential decay for
N2 ull 2y N2V 2, and e TERVER .

However, as exponential decay does not hold if 2 = R? and since we strive for a unified approach, we
refrain from tracking it in the rest of the paper to simplify the presentation.

As underlined in the Introduction, in order to establish the uniqueness of solutions, we need a functional
space that ensures (0-8). At the same time, we want our functional framework to be critical, to allow
any initial density just bounded and bounded away from zero, and to be strongly related to the energy
space L2. Note that Theorem 1.1 ensures that Vu belongs to the weak L' space for the time variable with
values in the Sobolev space H'. This latter space “almost” embeds in L>. A classical way to improve
embeddings is to work out a space by means of real interpolation with second parameter equal to 1.
In our context, since energy arguments play an important role, it is natural to interpolate from Sobolev
spaces and to consider”

[H™*, H*l1)21 for some s € (0, 1). (1-2)

This definition gives the Besov space Bg’ | (independently of the value of s).
Let us briefly explain why in the simpler situation where u is the solution of the free heat equation in
R2, supplemented with initial data ug in 33,1’ we do have (0-8). We start from the two inequalities

s/2

t|Vu(t)|| = < C min(t S ug |l ), (1-3)

luoll gs» ¢
which may be easily derived by using the explicit formula for u in the Fourier space.

Then, we use the characterization of real interpolation spaces in terms of atomic decomposition like
in, e.g., [Lions and Peetre 1964]. In our setting, it reads z € Bg , if and only if there exists a sequence
(zj)jez of H*NH* satisfying

—j/2 /2
e=Y 'z and Y Q7P|gllgs +272Nzl ) < oo
jez jez
The infimum of the above sum on all admissible decompositions of z defines a norm on Bg |- Now, take
the decomposition

o=y uoj, with D @7 luo il g + 27w jll ) < 2luoll g+ (1-4)
Jjez jez

30ne could prefer to interpolate between Lebesgue spaces and consider the velocity in the Lorentz space L%, However we
do not know how to handle (INS) in this space. The reader is referred to [Danchin 2024] where the space L21 is used for solving
the two-dimensional system for pressureless gases.
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and solve all the heat equations
()i —Auj =0, ujli=0o=nuo,;j.

As the heat equation is linear, we have u =} ; u;, and thus

(o.¢] (o.¢]
/ V|| dt < Z/ V|| oo dt. (1-5)
0 0

jez

Now, for every j in Z and A; > 0, we have, due to (1-3),

00 Aj 00
f ||Vu]||Loodt§/ ||VMJ||Loodl+/ ||Vu]||Lood[
0 0 i

Aj

PR * s
S ||“0,J||H-v/ ¢/ dt‘f‘”MO,j”H—s/ 1152 gy
0

j
< Mol s A3 + lluo 1l s A2
Hence, choosing A; = 27J/5 and remembering (1-4) and (1-5) gives (0-8) (globally in time).

This “dynamic interpolation approach” has been used before by T. Hmidi and S. Keraani [2008] for
the transport equation and by Zhang [2020] for the velocity equation of (INS) (in dimension 3 and for
small velocities). In both cases however, the initial data was decomposed according to a Littlewood—Paley
decomposition. The additional flexibility that consists here in using general atomic decompositions
enables us to do without Fourier analysis and to treat general domains.

As our aim is to prove (0-8) for (INS), we have to consider instead of the heat equation a linear system

which captures both the effects of the density and of the convection. To this end, we consider

(pu); +diviv@u) — Au+VP =0 inR, xQ,
divu =0 in Ry x €, (1-6)
uly=0 = uo in Q,

where the (smooth enough) triplet (p, v, ug) is given with p bounded and bounded away from zero,
pr +div(pv) =0, divv=0, and v|yn=0. (1-7)

Clearly, if we succeed in proving (1-3) for (1-6) with a constant that only depends on p,, p*, and on
energy-like norms of v, then repeating the above dynamic interpolation procedure will yield (0-8) for the
solutions of (1-6) supplemented with initial data in Bg,p and then for (INS) if taking v = u.

The way to get (1-3) is to prove beforehand three families of time weighted estimates for (1-6)
corresponding to initial data uq in L2, H', and H ™', respectively. The estimate in H ' will be obtained
by duality from the estimate in H'. This will lead us to consider the backward system associated with (1-6),
and it is rather ||P(pu)(t)| g-1 and, more generally, || P(pou)(t)|| 5z-s for s € (0, 1) that can be estimated.
In the end, combining the three families of inequalities with suitable Gagliardo—Nirenberg inequalities
yields, instead of (1-3),

S Nuoll s, t 2P oo | g—s)- (1-8)

Above, C, , only depends on p,, p*, and on energy-like norms of v.

HIVu@)lle < Cp v min(z
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As a consequence, the suitable interpolation space to carry out our dynamic interpolation procedure
for (1-6) is the one that is given in the following definition.

Definition 1.2. Let s be in (0, 1) and a be a measurable function on 2 with positive lower bound. We
denote by BSJT(Q) the set of vector fields z in L(Zf (€2) such that there exists a sequence (z;)jez of L(Z7 ()
satisfying:

* 2= ;77 in the sense of distributions,

e for all j € Z, we have P(azj) € H™*(2) and z; € H*(£2),

o Yz Nzjll g + 272 Pazj) | ) s finite.
The infimum on all admissible decompositions of z defines a norm on Bg:‘i(Q).

Let us highlight a few properties of these spaces.
. (BO’S(Q))SG(O 1) is a family of nested Banach spaces: if 0 < s’ < s < 1, then BO’S(Q) > BO’S/(Q)

» Owing to (1-2), if a is a positive constant, then B 1 is nothing other than 32 1» and if a has a positive
lower bound a,, then it embeds in L?. Indeed, decomposmg zZ€ B 1 T according to Definition 1.2 and
using the fact that P is an L? orthogonal projector, one may write, for all j e Z,

Izll3, <a;" /Q Plaz;)-zjdx < a; ' Q72| Pazp)ll g-12) Q72 zj g2, (1-9)

which implies, by Young’s inequality, that

2 = Z|| 5o
lzllz 2\/—II 50

e If a is bounded and s = 2/p — 1 for some p € (1, 2), then the critical Besov space

“142
Bp TP =L, W2 T2

is embedded in B . Indeed, if z € B 1+2/ P then there exists a sequence (z;)jez of the nonhomoge-
neous Sobolev space Wgs such that

Z:ZZJ- and 2(2_]/2”Z1HW§Y +2]/2||Z]||LP) §2||Z||B,:ll+2/p.
jezZ jez
Now, the fact that P : L? — L? and the embeddings WI%“ > H* and L? — H~* allow us to write

Izl s = Clizj Il and [[Pazp)ll - = ClIPazplir = Cllallz=lizjlize,

which gives our claim.

» For general measurable functions @ bounded and bounded away from zero, the space Bgi might depend
on s. However, in the case s € (O, %), if a is positive and piecewise constant along a finite number of
Lipschitz curves, then it coincides with 321' Indeed, in this case the space H ™ is stable by multiplication
by piecewise constant functions.

Our main global existence and uniqueness statement reads as follows.
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Theorem 1.3. Let py satisfy (0-9) and ug be in Eg(’)‘fl for some s € (0, 1). Then, (INS) supplemented
with (0-2) admits a unique global solution (p, u, V P) satisfying all the properties stated in Theorem 1.1
(and the remarks that follow) and the energy balance (0-3). In addition, we have

ueCRy:L?, Vuel' Ry CoNnHY, i@, VP, Vu) e LY (R, LY
and, forallt € Ry, we have u(t) € E,%(i),l with the inequality
t 50,5 < C 0.5 . 1‘10
lu(@lzo: < Cluolzos (1-10)

Remark 1.4. As a by-product of the proof of the uniqueness, we get a stability result with respect to the
initial data in the energy space (see Theorem 4.2 below).

Remark 1.5. Owing to Vu € L' (R, ; C,(S2)), the flow of u has C' regularity with respect to the space
variable, which means that the geometrical structures of the fluid during the evolution are conserved. For
example, if po takes two different positive values across a C! interface, then it remains so forever: the
interface is just transported by the flow and keeps its C! regularity. Likewise, the (local) H? regularity of
the interfaces is preserved since V2u e LY (Ry; L2(Q)).

Remark 1.6. As said before, for Q = R, a result in the same spirit has been obtained by Zhang [2020]
in the small velocity case; see also [Danchin and Wang 2023]. An important difference with our situation
is that, in dimension 3, the critical space for the velocity is le/ 12 =[L?, H R /2,1 Hence, it is enough
to prove time weighted energy estimates in L2 and H', and the relevant critical space for uq does not
depend on pg.

To simplify the presentation, we assume hereafter that s = % We use the short notation Ego , for Eg(’)ll/ 2,

Let us briefly present the main steps of the proof of Theorem 1.3. The global existence of a solution
being ensured by prior results, the main point is to exhibit enough regularity of the solution to ensure
uniqueness. As already explained at length in the Introduction, the key is to establish (0-8), and this will
be actually performed on the linear system (1-6).

The first step is to prove energy-type weighted estimates for (1-6) that require only u to be in L?
and the density to be bounded and bounded away from zero. The three principles guiding our search for
estimates are:

o taking convective derivatives D, := 9, + v - V (since D;p = 0) rather than space derivatives, since p
has no regularity,

« using differential operators </tV, t9,, and D, (that are of order 0 in the parabolic scaling),

« transferring time regularity to space regularity by means of the maximal regularity properties of the
Stokes system (see the Appendix), observing that

UuAu—VP=pu and divu=0 inQ, witha:=0du-+v--Vu. (1-11)

In the end, this allows us to control quantities like ||/t Vu(t)| 2, |1t3;u(t)| 2, |[ti(t)|| 2, or £V 2u(t) 72
in terms of ||ug||;2, p«, p*, and energy-like norms of v.



GLOBAL WELL-POSEDNESS FOR TWO-DIMENSIONAL INHOMOGENEOUS NAVIER-STOKES EQUATIONS 1241

The second step is to propagate the H' and the H~! norms. On the one hand, H' estimates for (INS)
have been known since [Ladyzhenskaya and Solonnikov 1975] (we shall also derive time weighted
versions of these estimates). On the other hand, propagating negative Sobolev regularity seems to be new.
This will be achieved by duality after observing that the backward system associated with (1-6) satisfies the
same family of estimates in H*. However, owing to the density dependent structure of the latter system, we
will have only access to || P(pu)(t)|| 5, whence the “weighted” definition of the interpolation space Eg’j.

The third step is devoted to propagating the regularity §2’1 and to bounding Vu in L'(R;; L™) in
terms of the data only. In passing, we exhibit some controls of other critical norms (like, e.g., that of i in
L'(R,; L?)) that will be needed in the proof of uniqueness and stability. All these bounds rely on the
dynamic interpolation method that has been described above for the heat equation. In the end, we get

00 00 00 i3 3/4
IVullpe dt + [ Nl 2 dt + 2Pa| " dr) < Clluollzo -
0 0 0 L ro-!

The fourth step is the proof of existence of a global solution corresponding to the assumptions of
Theorems 1.1 or 1.3. For Theorem 1.1, the overall strategy is standard: we smooth out the data, resort to
classical results that ensure the existence of a sequence of global smooth solutions for (INS), and use the
aforementioned estimates and compactness to pass to the limit. For Theorem 1.3, it is a bit the same,
except that one has to be careful when smoothing out the velocity, owing to the “exotic” definition of the
space 520,1- The easiest way is to truncate a decomposition of ug so as to have an approximate initial
velocity in the smoother space H'/2.

The last step is devoted to uniqueness and stability for (INS). As in [Danchin and Mucha 2019], we
reformulate (INS) in Lagrangian coordinates. The properties of the solutions provided by Theorem 1.3, in
particular (0-8), ensure that the two formulations are equivalent. The gain is that we do not have to worry
about the density as it is time-independent. As for the difference of the two velocities in Lagrangian
coordinates, it satisfies a parabolic-type equation and may be estimated in

L®([Ry; LN L*(Ry; HY).

The computations are in the spirit of those of [Danchin et al. 2024]. However, in our case the velocity is
less regular by one derivative, which requires some care.

As a concluding remark, we want to point out that, in contrast with numerous recent works dedicated to
the inhomogeneous incompressible Navier—Stokes equations, our approach does not use Fourier analysis
at all. It just relies on very basic energy arguments, interpolation, embedding, and on the classical
regularity theory for the Stokes system (this is the only place where some assumptions have to be made on
the fluid domain). For simplicity here we considered R?, T2, or C? bounded domains, but more general
domains could be treated in the same way.

Hereafter we shall focus on the case ;1 = 1 for simplicity. The general case follows due to the rescaling
p(t, x) = p(ut, x),
u(t, x) = pu(ut, x),
P(t, x):= u?P(ut, x).
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2. Weak solutions with time decay

This section is devoted to proving Theorem 1.1: we here construct finite energy weak solutions satisfying
algebraic time decay estimates of different orders, without requiring more regularity on u than L2. The
exponential decay that can be expected in the bounded domain case (see [Danchin et al. 2024]), is not
addressed to simplify the presentation, as it is not needed for achieving the main result of the paper.

2.1. Time decay estimates for the linearized momentum equation. We here aim at proving time weighted
energy estimates for the linear system (1-6) in the case where the (smooth enough) given pair (p, v)
satisfies (1-7) and

= inf t,x) >0,
P (t,x)€R+pr( )
. 2-1)
p = sup p(t,x) <oo.
(1,x)eRy xQ

System (1-6) is supplemented with a divergence-free initial velocity field uq, vanishing at the boundary in
the bounded domain case and, in the torus case, such that

/ (pouo)(x) dx = 0.
T2

This latter assumption is not restrictive owing to the Galilean invariance of the system and will enable us
to use freely the Gagliardo—Nirenberg inequality (A-2).

We aim at proving energy estimates for the solution with time weights t*/2 for k € {0, 1, 2, 3}. We
strive for bounds depending only on p., 0*, |uogll 2, and on energy-type norms of v in the meaning
given at the end of the Introduction of the paper. This latter point is fundamental for getting not only
Theorem 1.1 but also Theorem 1.3.

Before proceeding, let us warn the reader that we unfortunately did not find a way to avoid the tedious
calculations that will follow, since it is has to be checked with the greatest care that only “energy-type
norms” come into play.

The basic energy balance. Taking the L? scalar product of (1-6) with u yields

1d
5 37 IWPulz: + IV ullz, =0, (2-2)
From this, we get, forall t e R,
t
Mvﬁmam;+2/|wm@nh=nvﬂww;. (2-3)
0

As p, > 0, combining (2-3) with the Gagliardo—Nirenberg inequality (A-1) recalled in the Appendix
yields, for all 2 < p < o0,

(2-4)

- o1 1 1
lullzown < Cpp P I/pottoll 2 with 4= = 3.
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Estimates with weight /t. Let us rewrite (1-6) as
Au—VP=pu and divu=0 inQ, withu:=u,+v-Vu. (2-5)
Taking the L?(£2; R?) scalar product of (2-5) with ¢i yields, for all > 0,
/ pt|i|? dx :r/ Au-utdx—t/ VP-utdx—l-t/(Au—VP)-(v-Vu)dx.
Q Q Q Q

As divu = 0, integrating by parts and using again (2-5) yields

1d

34 t|Vu| dx — = /|Vu| dx—l—/ptlul dx_/,otu (v-Vu)dx. (2-6)

Remembering (2-2) and performing a time integration, we get, for all ¢ > 0,

t
1/ p(z)|u(z)|2dx+5/|Vu(t)|2dx+// tpli)? dx dt
4 Q 2 Q 0JQ

t
:lf p0|u0|2dx+// o~ (- Vu)ydxdr. (2-7)
4 Q 0JQ

Of course, since u; = i — v - Vu, one can write

Hpuzs < 3ol + Slv/ov - Va2,

Hence, adding up this inequality multiplied by ¢ with (2-7) and using Young’s inequality to bound the
last term of (2-7), we discover that

IV pOu@7. +2IV1Vu @)}, +/ (IV/pTill72 + IVpTull7.) de
< ll/Aouol + 6/ IVT- Vuldr. (28)
Combining Holder’s inequality, Ladyzhenskaya’s inequality (0-7), and Young’s inequality yields
2 € o2 2 4 P 4 2
I/pv: Vulifs < IVl + VAU Vul e, 6> 0, (2-9)
and taking advantage of the regularity theory of the Stokes system (recalled in the Appendix) gives

IV2ull3, + IV P35, < Cap*ll/pill; . (2-10)

Hence, choosing ¢ > 0 suitably small in (2-9), using (2-10), then reverting to (2-8) and applying Gronwall’s
lemma allows us to conclude that there exist positive constants cg and Cg, depending only on €2, such that

t
X1(1) < l/pouoll7.e“1”,  with CY (1) := Cqp* f Ivpvl;adr, (2-11)
0

where

Xi0:= [ (SO +20VIVu)|2+ f (||¢p—w||L2+||\/mf||L2+ IVE (V. VP>||L2) dr.
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Estimates with weight t. Applying 9, to (1-6) gives
puy + pv-Vu, — Auy + VP = —pii — pv; - V. (2-12)
As divu, = 0, testing (2-12) by %u, then observing that
o = —div(pv) and |u,> = i|> =2 - (v-Vu)+|v- Vul?
gives, after performing a few integration by parts,

1d ,0t2|u,|2dx+f t2|Vu,|2dx:/ tp|u|2dx—2/ ptit~(v-Vu)dx—|—/ tolv-Vu|*dx
2dr Jg Q Q Q Q
+/ 2 div(pv)i - u; dx—/ 2p(v; - Vu) - u; dx.
Q Q
Adding up twice (2-2) and (2-6) to this latter inequality, we obtain

12 )
LA ol +01vul? + 22 ) dx + | qVul + ptla + 21V, ) dx

=/,0t|v-Vu|2dx—|—/t2div(,0v)b't-utdx—/tz,o(v,-Vu)-utdx =L+L+15 (2-13)
Q Q Q

Thanks to (2-9), (2-10) and Young’s inequality, we have

I < 3IW/ptil7: + Co /Pl llVTVul . (2-14)

For the term I, an integration by parts yields

12=—/ tz(pv-Vb't)-utdx—/ ?(pv-Vu,) -idx =: Iy + Ip.
Q Q

By (0-7), Holder’s and Young’s inequalities, and (2-1), we have, for some constant C depending only on

10*9 p*s and Qv
. 1/2 1/2
Dby < ClleVidl| 2 ll/poll e lltue | 5 1 Ve s
< S UEVu 2, + 16Vill32) + Cllv/pvlls < ll/ptudl 3. (2-15)
The same arguments lead to
Iy < 151t Vug 172+ [ Vill7.) + Cll/pvll 1 all/ptil 7. (2-16)

For I3, one has, still owing to Holder’s and Young’s inequalities and (A-1) or (A-2),
I < Vot vl 2 lt/p ugll g4IV Vul s
< S1eVu 21 Vull 2 + ClIptvll7 E/pu | 211V | 2. (2-17)

Hence, inserting (2-14)—(2-17) in (2-13) gives
d . .
(I/pull7 > + IVeVullZ + i/otuds,) + SAVullZ, + 1ot + 1t Vu|l3.) — S Vi3,
dt

S IVPvllT /ot Gy ud) 132 + IVEVull3 ) + Vot vell 7ol /oull 211t V2ull 2. (2-18)
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To close the estimate, we have to bound || /pti]| .2, ||tV2u||Lz, and ||#Vit|| ;2. For the first two terms,
one may use (0-7), (2-10) and the definition of # to get

1/2 1/2
16 (V2u, VP)Il 2 < Ca(Wp llt/Pusll 2 + ot 4ol L IV Vull 2 10V 2ull )

< 21tV2ull 2 + Co(Wo*llt/pudll 2 + Lot I3 4 V1 Vull 12).
This, in the end, implies that

cQ
/p*

Finally, from the definition of i, Holder’s inequality and (0-7), we may write

1 .
WPt + —=11V2u, Y Pl 2 < C(le/pull 2 + I Il IV Val 2). (2-19)

16Vl 2 < eVuell 2 + 116V -Vl g2 + v - V| 2

1/2 1/2 .0 1/2 .0 1/2
< Vgl 2 + INEVOl L I Vul S V2l 5+ Cllol g el )5 e vl 2
which implies that
16Vl 2 < 20t Vugll 2 + LIVull 2 + CUAVTVOIR Va2 + [l ll/ptill 2).- (2-20)

Let us set

1 1 . cQ
Xa(t) = WP (O3 + IVIVuOIL: + 71tz + g /ot +=Cl (Vo VP

1 , ,
+ ¢ / (IVuliz + I/PTill T, + 7 Vue iz + Vil z,) dr.
0

Integrating (2-18) on [0, 7], taking advantage of (2-19) and (2-20), and then, finally, using Gronwall’s
lemma, we conclude that there exists a constant C depending only on €2, p,, and p* such that

2 CU
Xa(t) < lluol3,e42?,

t
with C3 (1) :=C< sup (|7 v(@) 7.+ f (||ﬁv||i4+||ﬁVv||i4+||~/_prvf||iz)dr>. (2-21)
0

€[0,1]
Estimates with weight 32, Let D, := 8, +v-V and ii := D,ii. We have*
pii—Ali+VP=F:=Vv-VP—Av-Vu—2V%u-Vu. (2-22)
Taking the L?(2; R?) scalar product with £3ii, we readily get
1d 3 2
5 g 1PV + 162 piil 7 = SN Vil ga + ) i, (2-23)

i=1

with
Ji ::/ Au-(Bv-Viydx, Jp:= —f VP (v (Vv-Vu))dx,
Q Q

5 :=/ VP (v -Vu)dx, I :=/ VP (v -(v-Viu))dx, Js :=/ F-tiidx.
Q Q Q

4Here we use the notation (VZu - Vv)/ := Zl<j k<d 8kvj 0; Bkui.
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For any ¢ > 0, the terms J; through Js may be bounded as follows by combining Holder’s inequality,
Young’s inequality, and (A-1) with p =4 or p = 6 (and (A-4) for J4):

i < 1220 vl 18V | s
< ellt3V2)2, + Collvll3 1132V 2,,
Jo < P2V P 2160l s VTVl Lol OV u| 1o
. 1/3 2/3
< CIP32V P 211t s IVl Lo VTV a5 V2l
. 2/3 4/3
< ellrPVPI2, + Collt oul2 VTV VTVl 75 1Vl )
J3 < 132V P 2 lltvg || el Vu | 4
<ellt3PVPIE, + Celitvllfalle A Vul2, + (112 V2u)2,,
Jo < 1PV P 21t o3 611870V 1o
. .. 1/3 .,2/3
< CIPPPVP| 2N vl ptall 5 1152 Vi 3,
<el|PVPI, + CellW/ptill;, + Cellt /o086 182 Vi3,
. C
Js < ellt? /piill3, + p—inﬁ/aniz.

Thanks to Holder’s inequality, (0-7), and (A-4), we have
12 FI: < IVEVullgalle (VP V2u) s+ 1t V20l VTVl 7
SIVIVUIL VPt 2102 Vi 2+ 10Vl LIV Val 2V VPl 2
SVt 7, + IVEV2uls, + VeVl 32 Vil 7, + 11Vl 3.V Vull7..
To close the estimates, we need to bound
32VP and *?V%i in L*(R; x Q).
Now, we observe that the couple (i, V P) satisfies the inhomogeneous Stokes system
—Alu+VP=F—pii and divi=Tr(Vv-Vu) inQ, (2-24)

with boundary condition i|yq = 0 if Q is a bounded domain, i(7) — 0 at infinity (due to i(r) € L* for
all 7 > 0) in the case Q = R?, and

/ pindx =0 if Q=T2.
T2
Hence, applying (A-4) with p =2 guarantees that

IV2i, VP12, SIFN7, + 1piill 3, + 1IV20 ® Vull3, + | Vv ® Vul[7,. (2-25)
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The last two terms are parts of F. Hence bounding ||#3/2F||,2 as above and putting this together with the
previous inequalities, we conclude after time integration that

t
X5(0) 1= 1PV + / 122 (Jpii, VB, Vi) |2 de
0
t
< / Uvllfa+ 1T %18 + I 2Vl s DT Vi3, dt
0
t t
+ / I'2V2u, /pTill?, dt + / (ltvellys + TVl 30T Vul?, dr
0 0

+/Ot 1T /012 IVT VI VT Vull 35 1o VPul 5 dT
After using Gronwall’s lemma and the inequalities of the previous steps, we get
X3(t) < Cllugl7,e5®,
with C3 (1) := Cfot(nvn‘; + A+ DI s + 1T 01 + 1T Vol
T Pl T+ 1T 2Vl s+ 1TVl e + llTvell]s) dT. (2-26)

2.2. The proof of Theorem 1.1. Let us fix some data (po, o) such that ug € L? and 0 < p, < py < p* < 00.
Then we smooth out the velocity so as to get a sequence (ug),en of H I divergence-free vector fields
(vanishing at 92 in the bounded domain case) that converges strongly to ug in L?. It is known (see
[Danchin and Mucha 2019] for the bounded domain or torus cases and [Paicu et al. 2013] for the R?
case) that such data generate a unique global solution (p”, u”, V P") with relatively smooth velocity.
In particular, the computations leading to the estimates of the previous subsection may be justified for
p=p" u=v=u", and we get, for all > 0 for some constant depending only on p,, p*, and 2,

t
Xg@) = (V" u) ()7, +2 / IVu" 172 dt < lI/Poull2 (2-27)
0
t
X1 (@) < 1/pougl7.e51Y,  with C} (1) :=C f |74 d., (2-28)
0

X5(0) < IVpougliye=?,
with C3 (1) :=C( sup ||z 4u" (0l + /(Ilu I e + VTV [+ I/Tu? ||L2>dr) (2-29)
7€[0,7]
X5(t) < Cllug?,e5,

t
with C% (1) :=C/ (L + I A" 150136 + 1T 0u™ 1S + VT V" (13
0

+ 1T 2R3, 4 Hlu”, < VU, VR ||y ) dT. (2-30)

Above, X J" for j € {1, 2, 3} are the quantities defined in (2-11), (2-21), and (2-26), respectively, pertaining
to (o, u", VP").
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The fundamental point is that all the norms coming into play in C{, C7, and C5 may be bounded by
means of M := sup,y lugll 2, px, and p*. For C{, this just stems from (2-4) with p = 4. Hence we
have, for some Cy; := C(py, p*, M),

sup X7 (t) < Cuy.

IER+

Combining with (0-7) and (2-27), we thus get

sup 14" (O 76 S 1" 17 0 12 INTVU o0 12y S MPCiyt, (2-31)
teR4
VIV a0y S IVEVU G o) 1NV 12 2y S Cips (2-32)
IVotu 1722y S Cu (2-33)

whence, remembering (2-29), we have, up to a change of Cyy,
X5(t) <Cpy forallt>0.

Finally, one has to bound the terms of C% independently of n. Let us just treat the third term as an
example. We write that, owing to (A-1) with p =6,

oo oo
1/6 6 2 2 2
f e /u 6 dr / AN A AN s
0 0

2 2 2 4
<" 17 ooy IVEVE G o 12 IV 17212y S MPCi.

As a conclusion, we deduce that there exists a constant, still denoted by Cjy, such that, for all n € N, we
have
sup (Xo (1) + X7 (1) + X5() + X5(1)) < Cpy.

teRy

Regarding the density, the divergence-free property of u” clearly ensures that,
forallneN, forallt e Ry, p.<p"()<p®*.

At this point, arguing as in the classical proofs of global existence of weak solutions for (INS) (see, e.g.,
[Boyer and Fabrie 2013; Lions 1996]), one can conclude that (p", u", V P"),cn converges weakly, up to
a subsequence, to a global distributional solution of (INS) satisfying not only (2-1) and the usual energy
inequality (0-3), but also

sup (X1 (1) + X2(t) + X3()) < Cp, p*lluoll -

Z‘ER+

3. More decay estimates

The goal of this section is to prove that the solutions to the linearized momentum equation (1-6), with p
satisfying (2-1) and v verifying the regularity properties listed in Theorem 1.1 supplemented with
divergence-free ug in 520’1, satisfy (0-8). Achieving this requires several steps. The cornerstones are
estimates in H' and H~! for the solution to (1-6) (in addition to the estimates that have been proved
hitherto) and the interpolation method that has been described in Section 1.
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3.1. A priori estimates involving H! regularity of uy. In this section, we consider system (1-6) with
some source term g. Our aim is to prove estimates of u in H' in terms of Vugy € L? and gin L%(L?).
Considering here a source term will be needed when proving estimates in H~' by means of a duality
method.

Buasic estimates in H'. Let f := g/p. Taking the L? scalar product of the first line of (1-6) with u; yields,

after integrating by parts in the term with Au,
1d
m||w||iz+||\/ﬁut||iz=/ VA = v Vu) - (Jpuy) dx. (3-1)
Q

By virtue of Young’s and Holder’s inequality, we have
1
f VP =v-Vu) - (Vour) dx < Sl/pudllp + Vo f 172+ Ivov- Vullz.
Q

Since & = u; + v - Vu, we may write

IVpillL2 < Iv/purll2 + lIv/pv - Vull 2.

Remembering (2-9), this yields, for some constant cg depending only on €2,
d 1 . cQ
a7Vl g IV/P e DI + TNV, VPIL < 41VPF 17 (3-2)

In the end, combining with Gronwall’s lemma and remembering that f = g/p, we get

1 ([’ . ca ('
||Vu<z>||iz+zf ||ﬁ<ut,u)||izdr+5/ IV2u, VP, d7
0 0

8

2
S dr). (3-3)
Vol

Decay estimates with weight «/t. Assuming in the rest of this section that g = 0, we proceed as when

Co* [ I yBull, dr > Lot [E Al dv
<e L [Vuoll;.+4 | e L
0

proving (2-21) except that we take the L? scalar product of (2-12) with tu;, instead of #2u;,. In this way,

we get
1d N 1 AL NPT
3dr l Pl‘ut||Lz+§|| ully2 ) +IIVtVuelly,

=/tdiv(,ov)iru,dx—/t,o(v,-Vu)-u,dx—/ p(-Vu) -usdx. (3-4)
Q Q Q

Combining (A-1), Young’s inequality, and (2-9) gives

1 cQ
—2/ p(v-Vu)-u,dx < |l /pull3, + Envzuniz + Co*ll/pvll I Vul7,.
Q

Hence, adding half (3-2) to (3-4) yields
1d

1 .
5 27 VPt + 1Vl 72 + IVEVu iz + 2 IV/p e, i)l + cal Viu, VP

< C||ﬁv||i4||Vu||i2 —I—f tdiv(pv)i - u; dx —/ to(vy-Vu) -u;dx.  (3-5)
Q Q



1250 RAPHAEL DANCHIN

We integrate by parts in the second term of the right-hand side, which gives
/Qtdiv(pv)it Uy dx = —fg t(pv-Vit) -u, dx — /Q t(pv-Vu,)-udx.
The two integrals may be handled as when proving (2-21). We get
/Q div(pw)ic - up dx < L IIVEVIL, V)12 + Clly/olld /T, w) .
To bound the last term of (3-5), we proceed as follows (for all ¢ > 0):

/ tp(v; - Vu) -ugdx < ||/ progll 2l ptul L[Vl 4
Q

< el V2ull2, + ellViVull3, + Cellv/ptv 12 [1v/ptul 2| Vull 2.
From the definition of & and (2-10), it is easy to get

IVE(Vu, VP, /pi)ll 2 < C(INptull 2+ I/pvl 7a VTVl 12). (3-6)
By Holder’s inequality, (A-1), and (A-4) with p = 4, we also notice that

. 1/2 1/2 . 1/2 . 1/2
VTVl 2 — VTVl 2 S VIVl Val IVl 3+ ol sl ol Vvl

which implies that
VTVl 2 < 20VEVu 2 4+ $1V2ull 2 + CUVEVIE I Val 2 + ]34 l/ptill ).

Inserting all the above inequalities in (3-5) then using Gronwall’s lemma and (2-11), we discover that

~ ~ t
Yi(t) < I Vuol7,e1?”,  with C{ (1) :=C f (VT Vv, vll]s + Iv/pTvclI32) dx, (3-7)
0
where

. cQ
Yi(t) := I/t (e, )13, + | Vull, + ;u«/?(vzu, VP)II3,

t
. . cQ
+ / (uﬁ(w,, Vi) |72+ IV/p . D7 + - CIVin, wniz) dr.
0

Decay estimates with weight t. Still assuming f = 0, we now take the L? scalar product of (2-22) with
tD;(tit) and get

1d . . . . . . .
LNV + IVBD il = [ GF =198+ piy- Dittidx + [ AGwi)-(0- Vit d.
Q Q
Hence, for all ¢ > 0,
1d . .
IV @) 17 + I/ D i) |17

2dr .
. . 1 . . tF—tVP
< e(IVAi)lIz. + IV/PD: (i) 1 72) + ;(uv VI + Ipilg + | ——=—

2
. 3-8
7 Lz) G-5)

To continue, we must estimate 7 P and V2. To this end, we recall inequality (2-25) and observe that

IVptiill2 < I/pDi (i)l 2 + /ol 2.
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Hence, taking ¢ small enough in (3-8) yields

IV @) 7. + I/oDy (ti), V(EP), V(ti) |3,
SIVpil, +1lv- VE |13, + 1tV ® Va3, + [t Vu @ Vo3, + [[tVu- VP71, (3-9)

We can bound the first term of the right-hand side according to (3-3). To bound the other terms, we have

. C . .
v V@a)liz, < 2l V7 +el Ve 3.
11V @ Vi, S 1Vl 7, (Va3 [ V2ul72)' 2,
1tV2u® Vo7, + [tV - VPII7, S IVE(V2u, VP)||7, IV Vvll7s.
Using regularity estimates for (2-5) and (0-7) yields

IVE(V2u, VP37, S Wil S llill g2 M1 Vit 2.
Hence

2 2 2 2 - . 12 4 12
11V2u @ Vol|7, + 11V - VP73, S IVEVullgallill 211Vl 2 S Nall7. 4+ IVeVol gl Vi3,

Plugging all these inequalities in (3-8), using (3-3), and integrating on [0, ¢] gives
Ya(r) = V(i) 72 + /0 BD (e, V(e ), V(i) |, d
< /0 t<||v||‘;4 + VTV T Vil2, dr + [ Va 26”0 i (14 o v2u)dy ).
At this stage, Gronwall’s lemma enables us to conclude
Ya(t) < C|Vuol22eG O, with C3(r) :=C /Ot lv, VTV, TV}, dz. (3-10)

Estimates in H* for s € (0,1). If we denote by E the linear operator that associates to (ug, g) the
solution u to (1-6) on Ry x €2, then the previous inequalities (2-3) and (3-3) and the fact that the norms
in L2(p dx) or L?(dx) are equivalent (recall (0-4)) ensure that

o Emaps L2(Q) x L2 (Ry; H1(Q)) to L®(Ry; L2(2)) N L2(R4; H'(Q)),
o Emaps H'(Q) x L2(Ry; L*(Q)) to L®°(Ry; H'(Q2)) N L2(R,; HX()).
Consequently, the complex interpolation theory ensures that, for all s € [0, 1],
E:H (Q) x L*(Ry: H7'(Q) » LRy H () N L*(Ry: HT(Q)),
with, for some constant C,, depending only on p, and p*, we have the bound
2 T Csp* [y /Pl dr 2 T
sup )l +/ l s, dt < CpeS" 0 WPt (2. +/ Il di).  G-11)
1€[0,T] 0 0
For g =0, due to (2-21) and (3-10), for all ¢ > 0, the linear operator that associates to u( the function

tu(t) — with u being the solution to (1-6) with no source term — maps L?to L? and H' to H'. Hence it
maps H® to H® forall s € [0, 1], and we have

()] g5 < Ce® PO gl 4y forall £ > 0. (3-12)
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3.2. Estimates in negative Sobolev spaces. We here prove estimates for (1-6) in the case of initial data
in Sobolev space with negative regularity.

Data in H='. To estimate J/pu in L%(0, T x ), we consider the backward parabolic system

pwr+pv-Vw+ Aw+VQ = pu,
divw =0, (3-13)
wl=r =0.

By definition of w, we have

T T
f/u-(pu)dxdt:ffu-(,ow,—l—pv-Vw—f—Aw—f—VQ)dxdt.
0JQ 0JQ

Integrating by parts and remembering that d;p + div(pv) = 0 and divw = 0 yields

T T
//plulzdxdtz—//(pd—Au—i—VP)-wdxdt—i—/((,ou)(T)-w(T)—,oouo-w(O))dx.
0JQ 0JQ Q

As w(T) =0 and u satisfies (1-6), we conclude that

T
| ] ol axar == [ oo w©dx < lpwollz-1 19w O 2
0Ja Q
Adapting the proof of (3-3) to (3-13) yields

s T 4
2 dt 2
Vw2, < e o WPy U2 o 1

Hence we have

* T
PullL20,rxe) = llPotollg-1€ 0 S (3-14)
I 220, < g 0*/2) [y Il /pvl
In order to bound P (pu)(T) in H‘l, we start from
IP(ou) (T4 = sup / (ou)(T) - wr dx
lwrllz1=1J%
divw=0

and solve (3-13) with no source term and data wr at time t = 7. Hence,

T
O=//(pw,+pv-Vw+Aw+VQ)-udxdt
0JQ

T
=—//p(atu—l-v-Vu—Au)-wdxdt—l—/(p(T)u(T)-wT—,oouo-w(O))dx.
0JQ Q

Since u satisfies (1-6) and divw = 0, we get

/(,ou)(T)-wT dx=/ poug - w(0)dx. (3-15)
Q Q

As
* T 4
IVw(O) 2 < @720 IVPILadt Gy o,

we conclude that ,
* 4
1P (o) (Tl 1 < 1P (pouo) || gre P o IVPUILadr. (3-16)
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Estimates in H™* for s € (0, 1). We start from

IPou)(T)ll g =  sup / (ou)(T) - wr dx.
ng_rl\ysgl Q
1IVw=

Using (3-15), we get, for any divergence-free wy € H® with norm equal to 1,

< IP(oouo) Il s 1w O) | s »

/(,OM)(T) wr dx
Q

where w is the solution of (3-13) with no source term and data wy at time 7.
Keeping (3-11) in mind, we easily conclude that

x T 4
1Pou) (Tl s < CIP(pouo) |l gse /20" Jo IWPvILadT. (3-17)

3.3. More time decay estimates. In this section, we point out a number of time decay estimates for (1-6)
in Sobolev and Lebesgue spaces that may be deduced from what we proved hitherto and basic interpolation
results.

Sobolev decay estimates. These are summarized in the following proposition.
Proposition 3.1. The following estimates hold:

e Forany0 <s <2and0<s' <1, we have

Ul s < Cput =2 P(oouo) |l - > 0. (3-18)
e Forany0<s,s' <1,
ltws (O] s + 1280 || 35 < Cpo =2 P(pouo)l g—s 1 > O. (3-19)
e Forany(0) <s <1,
l2it(2), u ()| g1 < CeC2OFEEOL=D2) 00 (3-20)

1i(0), ur ()]l 2 < CeSFOFEO=C=92) (3-21)
lit(t)]l g5 < CeCHOTEO =210 (3-22)

Proof. The previous sections guarantee that
PV @) 2 < Cpolluoll2 fork=0,1,2, (3-23)
2V g, i) (D2 < Cpollull2 for k=0, 1. (3-24)

The key observation for proving (3-18) is that having the density bounded and bounded away from zero
ensures that

IP(o2)ll 2 ~ llzll2 forall z e L2. (3-25)

Indeed, since P is an L? orthogonal projector, we may write

1Pz < llpzlizz < p*lzll L2
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and

p*nzuizs/ p|z|2dx=/ P(pz)- 2 dx
Q Q

= P2 llzl L2

Inequality (3-18) in the case s’ = 0 thus follows from (3-23), with k = 0, 2, and complex interpolation. In
order to attain negative values of s’, we use again (3-25) then argue by duality as follows for all r > O:

IP(ou) ()]l 2 = sup f (ou)(t) - wdx = sup f potto - w(0) dx
IIWIIL5=l Q IIwIILg=l Q

=< IPCpouo)ll - sup w0l 5,

lwll,z=1

where w(0) stands for the solution at time ¢ = 0 of the backward Stokes system (3-13) with no source
term and data w at time ¢. Now, using the inequality we have just proved (that, obviously, also holds
for (3-13)), we discover that

_‘,/ 2
lw(0) |l g < Ct™5*||w]|2,
whence

lo@u)|l 2 < Ct="|P(oouo) |l ;- - (3-26)

Since inequality (3-23) is valid on any interval [fg, ¢] (if replacing ug by u(tp) and ¢ by t — 1y, of course),
one can assert that, for all s € [0, 2], we have

lu@llgs < Ct=2] (ou)(57) | 12

which, combined with (3-26) (at time %t) completes the proof of (3-18) forall0 <s <2and 0 <s' < 1.
Next, using (3-24), with k = 0, 1, and complex interpolation yields (3-19) for s’ =0 and all s € [0, 1].
Since the inequality also holds if ug is replaced with u ( %t), using again (3-26) yields the desired inequality
for all s' € [0, 1].
By the same token, combining the above result with the continuity properties resulting from inequalities
(2-26), (3-3), (3-7) and (3-10) gives the last three inequalities of the statement. The details are left to
the reader. Il

Decay estimates in Lebesgue spaces. Inequalities (3-23) and (3-24) also imply the following result.
Proposition 3.2. The following inequalities hold:
e Ifl < p<2<g <oothen
lu(@llzs + IV1Vu@®llza < Cp ot 97 llugll o (3-27)
e If 1 < p<2<gq < o0 then

£ G, up, Vi, VPY(O)| e < Cpot V7P ug)| Lo (3-28)
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Proof. Combining the Gagliardo—Nirenberg inequality (A-1) and (3-23) with k =0, 1, 2, it is easy to get
lu@llze + IVTVu@lle < Cput4= 2 llugll 2, 2 <q < o0, (3-29)

while (3-24) ensures that
llu (2), ()| s < Cpot VT3 2ug]l 2. (3-30)

Since (u, V P) satisfies the Stokes system (2-5), inequality (A-4) gives

IV?u()||a + IVP @) le < Cpot473 2 |lugll 2, 2 <g < o0. (3-31)
Remember that®
1/2 1/2
Izl < Clizll V2l (3-32)

Taking first z = u and using (3-29) with p =4, then z = Vu and using (3-31) with p =4 allows us to
reach the index g = oo in (3-29).

In (3-29) and (3-31), the term |jugl|;2 may be replaced with ||u(%t) ||L2. Consequently, using (2-1),
(3-26), embedding L? <> H~'*2/7 for all 1 < p <2, and the fact that P : L? — L” ensures that

@)l 2 = |Pou) ()] 12 < Cpot V> VPP (0ouo) |l 12
< Cp ot VPP (pouo) e < Cpot* VP lug|| e,

which, plugged into (3-29) and (A-4), completes the proofs of (3-27) and (3-28) for all admissible values
of p and q. U

Decay estimates for L?-in-time norms. Putting together (2-3), (2-11), (2-21), and (2-26), we see that
t
/ (IVul?, + V7 (V2u, VP2, + VT G, ur) |3
0
+ T (Vue, Vi) |13, + 177213, + 1 T2(V2i, VP)|I3,) dt < Cpulluoll,.  (3-33)

This will enable us to prove the following family of decay estimates.

Proposition 3.3. The following inequalities hold:

||T1/2_1/qv””Lt2(L‘1) <Cpulluollzz forall2 <gq < oo, (3-34)

17" Y9G w200y < Cpulluollz forall2 < q < oo, (3-35)

1T =Y VPu, VP 2y < Cpulluollz forall 2 < g < oo, (3-36)
1727 Y9N0l 120y < Cpulluolly forall2 < g < oc. (3-37)

Proof. Except for g = 00, inequality (3-34) follows from the Gagliardo—Nirenberg inequality (A-1) and
the fact that

2
”VM”L?(LZ) + ||\/?V M||L12(L2) =< Cp,v”uO“LZ-

SIn the torus case, this inequality holds under the assumption fW az dx = 0 for some nonnegative function a with mean
value 1. The idea of the proof is similar to that of (A-2).
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Similarly, except for the case ¢ = 0o, inequality (3-35) for u stems from (A-1) and

IeViill 22 + IVTill 22 < Cpulluol 2.

Now, since (u, P) satisfies (2-5), the regularity properties of the Stokes system pointed out in (A-4) and
(3-35) guarantee that

1T =19 (V2u, VPl 210y < Cowlluoll2 forall 2 < g < oo.
Putting together this latter inequality and (3-34) with ¢ = 4 and remembering (3-32) yields (3-34)

for g = oo.
Note that (3-33) also implies that

1732Vl 212y + T Vil 122y < Cpolluoll 2,
and thus (3-37) by (A-1). Using it with ¢ = 4 as well as (3-35) (also with ¢ = 4) and (3-32) gives (3-35)

for & and g = .
To prove that u, satisfies (3-35), it suffices to check that

Ie' =90 - Vul 210y < Cplluollzz forall 2 < g < oo.
Now, by Holder’s inequality, we have
1T Y% Vull 20y < IT20ll e 12270V u 20,
The term with v is energy-like (see (3-27)), which completes the proof. g

3.4. The Lipschitz control and other properties needed for stability. In the present subsection, we point
out some additional properties of the velocity field that are valid in the case where ug is in Ego’ 1~ The
most important one is the Lipschitz control. We shall also prove that the regularity Ego’l is preserved by
the flow, and that other norms that will be needed in the proof of uniqueness and stability are finite.
These results follow from the Sobolev estimates we proved in the previous section and on the dynamic
interpolation argument presented for the heat equation in Section 1.
Now, fix some ug in Ego’l and a sequence (ug,j)jez of Lg such that

wo=» uo;. withP(pouo ;)€ H'? ug;eH'* forall jeZ
je
j and Y 272 ug e + 272 1P (pouo )l 1) < 2uollzo - (3-38)
jez
Then, for each j € Z, we solve the linear system
,oatuj + pv- Vuj — Auj —+ VPJ‘ =0,
divu; =0, (3-39)
Ujli=o = uo,j-
From (3-38) and the uniqueness properties of system (1-6) in the energy space, we deduce that

u=>y uj. (3-40)

jez



GLOBAL WELL-POSEDNESS FOR TWO-DIMENSIONAL INHOMOGENEOUS NAVIER-STOKES EQUATIONS 1257

The Lipschitz bound. Recall the Gagliardo—Nirenberg inequality

1/4

B Nard A (3-41)

IVzl[Le < Cliz]| 14

Combined with the elliptic estimates for the Stokes system and Sobolev embedding, this implies that, for
allt >0and j €7,

1/4, . . 3/4 _ 1/4 . 3/4
D ea O < Cor¥ 4 o134 ey 012

Vi @)L < Ct>lu; (1)
Hence, taking advantage of (3-11) and (3-12) gives

—3/4
IVuj(t) |z < Cpot > *luo jll g2

Since we also have

IVuj Ol < Cpoot ™ u; (58) | g2
we conclude in light of (3-18) that
Vu; (1)l < Cpot ™I P(poto, ) gg-112-

Hence, arguing as in Section 1, we conclude that

o0
/ [VullLe dt < Cp ylluollgo - (3-42)
0 ro!

Remark 3.4. Recall the more accurate interpolation inequality

172

LV, (3-43)

1921532 = Cllzl 2

Repeating the above dynamic interpolation procedure thus actually gives
o0
Vul ,ipdt <C upllzo -
[ 1Vl i < € ol

Since B i/ 12 < Cp, this ensures that the flow of the velocity field is uniformly C' with respect to the space
variable.

Propagating the initial regularity. Owing to (3-11) and to (3-17) with s = % we have, forall j e Zand ¢ >0,
;O Nl g2 < Cpolluo jllgio and [P Goui) (@Ol g-12 < CpulIP(poro ) 12
Hence, multiplying the first (resp. second) inequality by 27//2 (resp. 2//%) then summing over j € Z yields
)iz, | < Crulluolizs -

Additional bounds for the pressure and the time derivative of the velocity. In addition to the Lipschitz
bound on velocity, our proof of uniqueness will require that /71 and 4/7V P are in L*/3(R,; L*), and we
will also need the property that it and /7 Dit are in L' (R,; L?) to prove the stability of the flow map.
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Again, in light of the decomposition (3-40) and of the triangle inequality, in order to prove that /?ii is
in L*3(R,; L*), it suffices to estimate i ; for all j € Z. Now, owing to the Sobolev embedding and the
inequalities (that stem from (3-12) and (3-19) with s = s’ = %)

-3/2

. -1 .
;O g2 = Cp ot Nuo,jll gz and (@)l g2 < Cp ot P (00u0,j) | g-172,

we may write, for all A; > 0,
4/3 o 2/3 4/3
e gy € /0 23 |3, dr

Aj [e.¢]
pr,v<f 2R o 1) di + / r2/3<r—3/2||7><pouo,j>||gm)““dz)

0 A;
1/3 4/3 ~1/3 4/3
< Conl AP lluo 110 + A7 P 1P oouo NI, ), (3-44)

which gives, if taking A; = 272 and using (A-4),

IVt V1V, VIV Pl @, 1) < Cp,ulluo|lggoyl- (3-45)

Similarly, in order to bound i in L' (R, ; L?), it suffices to get appropriate bounds in terms of the data
for i in L'(Ry; L?) and for all j € Z. The inequalities (that stem from (2-21) and (3-7))

. -1 . —1/2
litj )l 2 < Cpot ™ luo jllz2 and  [lit; ()2 < Cput ™1 Vgl 12

and complex interpolation give
. —3/4
litj () 2 < Cp,ut ™ Hluo, il y112-

Furthermore, combining with (3-19), we discover that, for all j € Z,
i ()12 < Cpot =" IPGoou0 ) 112

Hence we have, forall j € Z and A; > 0,

00 Aj 00
/ IIitj(t)IledIS[ ||’/"j(f)||L2dt+/ Il )1l 2 dt
0 0 i

A
Y s j > s/
<Cpu ( /0 (> luo jll ) dt + /A 1P (pouo, ) 1) dr)
j
1/4 —1/4
< Co (A o j 1l g1z + A7 1P oo, ) -1
Taking A; = 272/, summing over j, then using the regularity properties of the Stokes system thus gives
IV2u, VP, ikl 11 g, < Cpolluolizo - (3-46)
In the same way, one can prove that
IVtDillLi ;2 = Coolluollo - (3-47)
It suffices to use, as a consequence of (3-19) and (3-20), that

NV ()2 < Cpot > Hluo jll g and N1V (1)1l 2 < Cpot "I P(poto, )l -172-



GLOBAL WELL-POSEDNESS FOR TWO-DIMENSIONAL INHOMOGENEOUS NAVIER-STOKES EQUATIONS 1259

4. A global well-posedness result for large data

This section is devoted to the proof of Theorem 1.3 and of stability estimates.

4.1. The proof of existence. Consider data (pg, ug) satisfying the hypotheses of Theorem 1.3. Since
the space Ego’l is embedded in L2, Theorem 1.1 provides us with a global weak solution (p, u, V P)
satisfying the properties therein, and it is only a matter of checking that this solution has the additional
properties that are listed in Theorem 1.3. To do so, we fix some decomposition ) _ ;uo,j of ug given by
Definition 1.2 and look, for all j € Z, at the solution u; to the linear system (1-6) with density p, transport
field u, and initial data u¢ ;. Since each ug ; is in LCZr NHY? and P(pouo, ;) € H~'/2 standard techniques
yield a unique global solution (u;, V P;) that satisfies, for all # > 0,

1 ' 1
IV p®u; 017+ fo IVujli72 dT = S 1Iv/potto j 172 (@)
IPouj) (O g-112 < C(px, ™, lluoll L2) 1P (pouo, )l -1/ 4-2)
luj Ol g2 < C s ™ ol 2) 1o, - (4-3)

Remembering (1-9), this ensures that the L?-valued series j uj converges normally on R.. Its sum u
thus also belongs to the energy space. Furthermore, as for each j € Z, we have u; € C(Ry; L?) (observe

that t3/4u,J is in L (Ry; L% owing to (3-21)), and we deduce that & € C(Ry; L?). Next, if we define
u" = men uj, then we see that, for all n € N,

o (p(u" — i) +divipu @ w" — 1)) — A" —u) + V(P" — ﬁ) =0, divw"—n)=0,

which implies
LIV O = D)2 + fo 19" = D2, dt = S /A © - uO)I2..

As the right-hand side tends to O for n going to 0, the velocity field & satisfies the energy balance (0-3),
and it is also easy to conclude that, like u, it satisfies (1-6) with density p, transport field u, and initial
data ug. In particular,

3 (p(u—i) +divipu ® (u —it)) — Au —it) + V(P — P) =0, div(u—ii) =0.

As (u—u)(0) =0 and the two solutions are in the energy space, they must coincide. Now, inequalities (4-2)
and (4-3) ensure that one can propagate the regularity §20’ |» getting (1-10). Likewise, the justification that u
satisfies (0-8), that (it, /7 Dit, D?u, VP) € L' (Ry; L?), and that /71t € L4/3([R+; L% may be achieved
by following the arguments of the previous section. The fundamental point is that all the bounds that
are needed for the u; in the process only depend on p., p*, llugllz2, P (pouo, ;) |l g-12, and |Jug |l g1/2-

4.2. The proof of uniqueness. Let (p',u', VP') and (p2, u?, VP?) be two solutions fulfilling the
properties listed in Theorem 1.3 and corresponding to data (,oé, u(l)) and (pg, u(z)), respectively. As in
[Danchin and Mucha 2019], in order to prove that

(o', u', VP = (p?, u?, VP?)
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in the case where the two initial data coincide, we shall compare the solutions at the level of their own
Lagrangian coordinates. To do so, we consider, for i = 1,2, the flow X’ of u’ that is defined by the
(integrated) ODE

Xt yy=y+ / u'(t, X'(1, y)) dr. (4-4)
0

Since Vu' isin L'(Ry; L) and +/tu’ is in L>(0, T x Q) (see (3-27) with p =2 and g = 00), there
exists a unique continuous flow X' on (0, T') x € that is Lipschitz with respect to the space variable.
In Lagrangian coordinates the density is equal to the initial density. As for the velocity and the pressure
defined by
Q'(t,y)=P'(t,X'(1,y)) and v'(1,y) =u'(t, X' (1,)), (4-5)
they satisfy

{’O(i)vf —divyi Vo' +V,i 0" =0, (4-6)

div,i v/ =0,
where
Ve i=(A)TV, and div, :=div,(A"-)=(A)T:V,, with A":=(DX")"".

The fact that V! is in LI(R+; L*>) and the other properties of regularity ensure that (INS) and (4-6)
(with time-independent density) are equivalent.
Observe that, due to (4-4) and the definition of v, we have

t
DX'(t,y)=1d+ / Dv'(z, y)dr. (4-7)
0

Hence, since det DX’ = 1 (owing to div v’ = 0), we have, fori = 1, 2,

fot vl dr —fé drvi! d‘[)

. L (4-8)
—fo 9 vtdr Il ovildr

Ai(r):1d+<

Hence 8A := A?> — A! depends linearly on Vév (with 8v := v*> — v!) as follows:

t 2 t 1
0év-dt — [, 06V dT
8A(t)=( Jo 22 Jo 22 )

: : 4-9)
-/ 918v2dt Jo 918v! dt

Now, setting A, :=div,; V,; and §Q := Q% — Q', we discover that (8v, §Q) satisfies

{,oéévt — A8+ V80 = (A — Ay)v? — (V2 — V1) Q% — 8pov2, 4-10)
div,i 8v = (div, — div,2)v? = —div(8Av?).

In order to prove uniqueness in the case where the initial data are the same and, more generally, stability
estimates with respect to the initial data, using the basic energy method — which consists of taking the
L? scalar product of (4-10) with 8u — is not appropriate, since one cannot eliminate the pressure term
(there is no reason why we should have div,: ju = 0). To overcome the difficulty, we proceed as in

[Danchin and Mucha 2019], solving first the equation

div,i w = —div(8Av?) = —8AT : Vo2,  with 84 := A — A (4-11)
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Then, we look at the system for z := év — w, namely

{pgz, —Apz+ V80 = (A — A)v> — (Ve — V) 0% — piw; + Ajiw — 8pov?,

4-12
div, z =0, (4-12)

supplemented with z|;—o = Svo.
Solving (4-11) relies on the following lemma.
Lemma 4.1. Assume that Q is a C? bounded domain, the torus, or the whole space. Fix T > 0 and define
Er:={weC(0, T]; LY, Vw € L*(0, T x ), w|sq = 0 and w, € L*3(0, T x Q)}.

There exists a constant ¢ depending only on 2 such that, whenever the divergence-free vector field u
satisfies
IVullr20.7x0) + 1Vullpio,7:000) < ¢ (4-13)

then, for all vector fields k € C([0, T]; L?) such that divk € L2(0, T x Q) and k, € L*3(0, T x ), there
exists a vector field w in the space Et satisfying

div(Aw) =divk

(where A is defined from u as in (4-8)) and the inequalities

lw@llp2 < Cllk@®ll2  forallt €[0,T], (4-14)
Vw2 12y < CldivE] L2 2), (4-15)
lwill 23 oy < CAlkell a3 sy +UVUN L2 2 1w g 29))- (4-16)

Proof. With the notation of Lemma A.1 in the Appendix, we introduce the map
P:wrz:=Bk+Ad—A)w).

It is only a matter of proving that & admits a fixed point. That ® maps Er to Er follows from Lemma A.1
and easy modifications of the computations below. Hence, as E7 is a Banach space, it suffices to show
that the linear map @ is strictly contractive. To do so, take two elements w' and w? of E7. Then, we have

®(w?) — d(w') = B(Id — A)sw), with w :=w? —w'.
Remembering (4-8) and that 5 : L? — L?, we thus have
1 (w?) = @l e 12y < CUIVall Ly ooy 18w L 12)- (4-17)
Next, using again (4-8) and the fact that
div((Id — A)sw) = (Id— A ") : Véw,
we readily get
IV(@w?) = @) 212y < ClIVull Lt (10 I VWII 2 12 4-18)

Finally, using
(dd — A)sw); = (dd — A)dw; — Asdw
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yields, for almost every ¢ € [0, T'],

(@D w?) — @ (w")), (Ol 45 S NAd— A@)Sw, ()| o5 + | A ()W ()| Lor3
SNVl 1 ooy 18w, ) [ 45 + IV @) [ 2118w (@) | 4

1/2 1/2
SVl o 18w0 Dl s + 1V @ ]2 18w @) 151 V8w @)1},

V2 (4-19)

Combining (4-17)—(4-19), we conclude
(@) — @Y, < CUIVul 1 e + 1Vl 2 g2 18w E,

Hence, if (4-13) is satisfied with a suitable small ¢ > 0 then ® is contractive, which ensures the existence
of w in E7 satisfying the desired equation. Finally, using the fact that we thus have w = Bk+B((Id— A)w)
and that

div((Id— A)w) =(Id— A") : Vuw,

(dd—A)w), = 1d - A)w, — Aw,
mimicking the above calculations gives (4-14), (4-15), and (4-16). O

In what follows, we assume that 7' has been chosen such that (4-13) is satisfied for ! and u2, and we
define w on [0, T] x Q according to the above lemma with k = —§Av>. We shall use repeatedly that,
owing to (4-9) and the Cauchy—Schwarz inequality, we have

max ([l 284l 012y, [ BA l220,7x2) < VOV 20,750 (4-20)
Hence, thanks to (4-14), we have, for all ¢ € [0, T],

w2 < Cllftvz(t)llmoIIVSUIILz(o,zxm- (4-21)
Next, as

(8AV?), = 8A, v + AV,
inequality (4-16) (before time integration) and (4-9) guarantee that
lw o < CAVV l2llwllzs + Vvl 21031 s + 18AT L2107 ]]24)- (4-22)
Finally, using div(8Av?) = 8A T : Vv?, inequalities (4-15) and (4-20) yield
IDw®) |12 < CIVVIl 1212, VTV V|| Lo (1) (4-23)

Now, taking the L2(0, t x ) scalar product of the first equation of (4-12) with z and integrating by parts
in some terms yields

5
1 ' 1
SV s+ [ 192l de = S1vabu0l+ 3 10, (4-24)
=1
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with
t
L(1) = —//(8A(A2)T—|—A18AT)VUZ:Vzdxdt,
0JQ

t t
L(1) = —//aATVQ2.zdxdf, (1) ::—//péw,-zdxdt,
0JQ 0JQ

t t
Li(1) = —/ / (AHTVw: (AYTVzdxdr, Is(1) == —// Spov? -zdxdt.  (4-25)
0JQ 0JQ
We shall often use that, due to (4-8),

IVzllL20.7x9) = 1VorzllLzo,rxa)- (4-26)

From this we easily get
t
L =C / I~ 28A@) 12 VTV (D)l V1 2(0) [ 2 dT.

0

Hence, using (4-20) and Young’s inequality,
2 2 1 2
1 < CINTIV 2, 19801720, F 5 /0 IV,12)12, dx. (4-27)

Next, by (4-20), (4-26), Holder’s inequality, and (0-7), we have

1/2 12 4

12<Cf It 28A0 2 IVTV Q%I 4 llz ]l 5 1 V2l 5

t
_ 4/3 2/3 4/3
= /0 IVuizl e+ Clle ™ P8AIR o) 12175 o) fo VTV Q) dr.
Hence, in light of (4-20), Young’s inequality, and (0-9), we have

I 1
h<g f (V23 + 198013 ) d7 + CIV P31y VT Q2L (4-28)
0 1

(G}
In order to bound I3, we start with the inequality
t
I; = ,0*/ lwellLanllzll L+ dT.
0

Taking advantage of (4-22) to bound w; and of the Gagliardo—Nirenberg and Young inequalities yields
1/2 1/2
EBS / Izl 2 1Yzl AV 2wl + 07 sl Vvl 2 + 1A 2 [[v7 ] 4) d

1 t t
ggf ||Vvlz||izdr+3—2/ ||V(Sv||izdr+0f 102174 2172 d + L1 + Lo,
0 0 0
with

2/3 4/3 2/3 2/3 2/3 4/3 4/3
I3 =C/ IV 1 w2 Vw3 de and I3 = / IzI25 1Al 102113 d
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Just using (4-20) yields
4/3 2/3 4/3
Iz < V80l o) 12l o VT2

In order to bound /31, one has to use (4-21) and (4-23), which yields

)

L2(L?)

4/3 2/3 2/3 4/3 23
scuvaang(Lz)||z||L§,O(L2)/ VT2V 13T Vo7 d

2/3 4/3 23 2/3 — 2/3 2/3
131<Cf 1ZI25 IV 135 VTR IV sul35) o T 28A @) 135 IV/T VIR d

This enables us to get the following bound for /3:
Iz(t)

IIV izl ||‘7311H

L? L2)
3
2/3 4 3 2/3
+C<||v2||j¢(w+( /0 VT IR IV 12 VTV dr) +||ﬁv$||j¢/3(w)||¢p5z||’i?o@z). (4-29)

Next, thanks to (4-23), (4-20), and the Cauchy—Schwarz and Young inequalities,

L2(L?)

t t
1450/ IVwll 2 Vyizll 2 dT sCf T 2841 2 lINTVV | 1 | Vi 2l 12 d T
0 0

1 t
sgfo ”Vvlzuizd‘lf+C”\/;szniz(o’t;lﬂo)||V5v||%2(0’txg). (4-30)

Finally, it is obvious that

5po
Is(t) < H— IV pozll Loy 107 1 2)- (4-31)

So plugging (4-27)—(4-31) into (4-24) and taking r = T yields
1500 2l 12y + 1V012072 g2y = IV 0oBu0ll 2 + AT IV o2l 75012,

1 2,2 ) 2 8po

2
m”vt ”LIT(LZ)’

with

. 214 2,4
A(T) .—C(nv R N TR vo?| o
2/3 4/3 2/3
+(f VT IVl 1351V T V|72 d ))
0

The regularity properties of the constructed solutions guarantee that A(oo) is finite, and the Lebesgue

(L%

dominated convergence theorem thus ensures that if 7' is small enough then

max(8C ||/ Vv?||? 2A(T)) < 1. (4-32)

L2 Loo)s

Under this hypothesis, the above inequality becomes

31V 0 2l 12y + IV02l 32 2y < IV 080N + FIVEVITs ) + ClISpOlT< 10717 (2 (4-33)
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Since Vév = Vz 4+ Vw and owing to (4-20), (4-23), and (4-26), we may write
2 2 2 5 2 22 2
Hence, under assumption (4-32) (up to a change of C if needed), we have
IV8uI172 0 7 < 3IVurzl 720,750 (4-34)
Plugging this inequality into (4-33) gives
31V 2o 2l 12y + 31Vu2l 3 12y = CUV poBuollzz + 18p0lZ0 107 17 12))- (4-35)

In the case where the two solutions correspond to the same initial data, this ensures that z =0 on [0, T].
Remembering (4-34) and (4-21), one can conclude uniqueness on [0, T'] and then on R by a standard
bootstrap argument.

4.3. Continuity of the flow map. We consider here the case where the two previous solutions correspond
to possibly different data. To begin with, we have to observe that (4-34) and (4-35) together imply that if

IVtv? | e, <o) < K, (4-36)

then, in light of inequalities (4-21), (4-34) and (4-35), there exists some constant ¢ > 0 such that if
A(To) < ¢, then we have

IV 0o 801l 1 (12 + V1801l 12 12y < C (A + K) IV pgduoll 2 + 18poll L), (4-37)
To TO( )

where we define, for all T € [0, o0],

4/3

A . 214 2 2
AT) = 1}y o, HIVEQE VOIS

+ A+ KUV T o)+ IVTVV N o) 107 02)-

~

Now, if we consider data that belong to a bounded subset of Bgo’l, then K in (4-36) and A(co) can be

uniformly bounded. By iterating the procedure that led to (4-37), this allows us to get in the end

IV 09 80l 5212y + V1801l 3. 1.2y < Ce“H IV pgduoll 12 + 1800l L. (4-38)
Then, reverting to the Eulerian coordinates gives the following stability statement.

Theorem 4.2. Consider two solutions (p', u', P') and (p?, u?, P?%) corresponding to initial data (,0(1), u(l))
and (,08, u%) given by Theorem 1.3. Assume that

2 1 2
0<pe=py.py=p” and max(flugllgo, . lugllzo, ) <M.
Py P

Then we have ’

IV 09 8ull L2y + 181l 12 12y < Coppr (I £g 8ol 12 + 1300l 22) (4-39)
and, forall p € [2, 00),

180 lyir-1.0 < Cp.pu. o= s (18P0l =10 + /TP (v g Suoll 12 + 1800l L)) (4-40)
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Proof. Although our regularity assumptions are weaker, we shall follow [Danchin et al. 2024] to bound
the difference of the velocities. The starting point is the relation

Vydv =K1+ Ky +Ka,  with Ki(1, y) 1= V,8X (1, y) - Veu (2, X3 (2, y)),
Ka(t,y) ==V, X'(t,y) - Vidu(t, X*(t, y)),
K3(t,y) :=V, X'(t, ) - (Vou (1, X2 (2, y)) — Vou (2, X2 (2, ))).

Since Véu(t, X*(t, y)) = AlT(t, y)K»(t, y) and the flow X? is measure-preserving, the above decomposi-
tion implies that
IVéullr2 < A1l (IVEvll 2 + 1K1l 2 + ([ K3l 22)-

Bounding K; may be done as in [Danchin et al. 2024]. We get, for all ¢ > 0,
1K1 Dllz2 < CIVIVU* @)LVl 1212,
For bounding K3, we use the relation
Ks(t,3) = VX1(t, y) - < /1 VRl X0 ) (L) ds),
where the “interpolating flow” X* stands for the solution to
XS, y)=y+ /O t((z —)u'(r, X’ (1, y)) + (s — Du*(z, X*(r, y))) dT.
As X*(t, -) is also measure-preserving, it is easy to prove that (again, see [Danchin et al. 2024])

|G

14 = C||5M||L}(L4)-
Thanks to that and to Holder’s inequality, we deduce that
IK3@)lIz2 < CA+ Va1 o) 184V @)l pall8ul 2y

Hence, in the end, if T is chosen such that

T T
max(f ||Vu1<z>||Loodt,/ ||w2(t>||Loodr)sl,
0 0

then we have, using also (A-4),
IV8ull 2 12y S 1+ VTV 12,100 IV 2 2y + 107 2 1) 1800 1)
The last term may be handled by means of (0-7), and one ends up with
2 3/4:1)2 T
V61l 13,12y S A+ VIV 13 1o IV 3 12+ 1T o) IV 0 Sl e 1. (4-41)
Remember that the constructed solutions satisfy Vivu? e LZ([R?JF; L*°) and note that, since

3/4 -1 -11/2 <1172
||t u ”L%(L“) SC”tu ||L%C(L2)”\/;Du ||L%~(L2)’
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inequalities (2-21) and (3-47) guarantee that 3% is in Lz([R{+; L*). So we are left with bounding
vV plu in L*®(0, T; L?). To do so, we use, as in [Danchin et al. 2024], the relation

2
axs
Vogdu(t, y) = Ve, X', y>>(6u(t, X't y)) + / Du(t, X*(t. )= (t.) ds).
1
Hence, as all the flows X° are measure-preserving and p; is bounded from below,

IV P! 08112 < IV po8v(®) |12 + Cy/p* 1D ()| 2 18ull 1 1)
< IV pedv(@) 2 + CllE>/* DU (@) 18wl 11 .4

1/2 1/2 1/2 1/2
< IV po8u(®l2 + CIVEDU> O 7 1 D2 O IV Sull g o) IV T O8ull 2 -

Since both the terms with /7 Du? and with £ D> may be bounded in terms of p,, p*, and ||u%||Lz only,
we end up with

IV pt8ull L2y < 211V po80l L2y + C (s 0%, gl .2 IVl 1212

Putting this inequality together with (4-41) and remembering (4-38) allows us to conclude that there
exists an absolute constant C such that, for small enough 7', we have

IV 0 8utll e 12 + 11 V81l 12 1.2y < CUIV pgBuoll 2 + 18p0ll L),

then arguing by induction and using the bounds on u' and u? in terms of the data yields (4-39).
Finally, the difference between the (Eulerian) densities may be bounded by resorting to the classical
theory of transport equation. Indeed, we have

3,80 + div(Spu?) = —div(p'su).

Hence, we may write, for all p € [1, co] and ¢ > 0,

t 13
||5,O(t)||W71.p < <||5p0||W1,p —|—/ e_fo V2| oo dT | o18u]lLr d‘l?)efo Vu?| oo dz
0

4 2
< (I8pollyy-1r + Pt P 8ull 20 Yo TV T,

Combining inequality (4-39) with the Gagliardo—Nirenberg inequality provides us with a control of éu in
L2P/P=2(R; LP) for all p € [2, 00). In the end, we get (4-40). O

Remark 4.3. In the bounded or torus cases, one can take advantage of exponential decay to get a
time-independent bound. The details are left to the reader.
Appendix

Here we recall some results that played a key role throughout the paper. The first one is the following
Gagliardo—Nirenberg inequality that extends (0-7):

2 1-2
lzler < CpllzlZP IVl 7P, 2< p < oo (A-1)
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It holds with the same constant in R? and for any z € H(} () in a general domain 2, or in the torus T2
provided the mean value of z is zero. In the torus case, however, we rather are in situations where

/ azdx =0
‘[rz

for some nonnegative measurable function a with positive mean value (say 1 with no loss of generality).
Then, we claim that

2 1-2 . _
Izlizr < Cpallzll 31V, 27, with Cpq = Cp log?=2/P (e + [lal| 2). (A-2)

Indeed, decomposing z into z = 7 4+ Z with 7 := sz zdx, we have

/ lz|” dx =/ 1z|?1Z 4+ 2P 2 dx
1K 1
S |2|”—2||z||iz+f 22172 dx
'[]'2
o - p=2
S P lzlz. + 27 1207,
Now, 7 is mean-free and thus satisfies (A-1). Besides, according to [Danchin and Mucha 2019, (A.2)],

1z| < Clog(e + llallz2)IVzll z2-
Hence,

-2 ~n2 1-2 _
12112, < Clog(e + llall ) IVzI25 2 Nzl13: + Collzliz, (1A 1V 2L Pyr 2,

Then, (A-2) follows from ||Z]l;2 < |Izll 2. O

Next, we recall a well-known result for the inhomogeneous Stokes equations
—Aw+VQ=f and divw=g in, (A-3)

with data f € L?(Q) and g € WP (Q), 1 < p < 0.

In the bounded domain case (with g having mean value 0), it is known (see, e.g., [Galdi 2011]) that
(A-3) admits a unique solution (w, VQ) € W2P(Q) x LP(R2) such that w|sq = 0, and that the following
bound holds:

IV2w, VOIlr < CUIf e + IV EllLr). (A-4)

A similar result holds in = R? or Q = T2 provided we consider only solutions such that w — 0 at
infinity (R? case) or sz aw dx = 0 for some nonnegative bounded function a with mean value 1 (torus
case). Indeed, one can set

VO =0f, with Q:=—(—A)"'Vdiv,

then solve the Poisson equation —Aw = f + V Q. Uniqueness is given by the supplementary conditions
that are prescribed above.

Finally, in the proof of stability and uniqueness, we used the following result.
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Lemma A.1. Assume that Q is a C% bounded domain, the torus, or the whole space. Then, there exists a
linear operator B that maps L? to LP for all p € (1, o0) such that, for all k € L?(2; R?) (with mean
value 0 in the case Q = T4), we have

div(Bk) = divk.

Furthermore, if divk € L1(Q2) for some q € (1, 00), then we have Bk € Wol’q(Q; R™) with ||VBk| L« <

C| divk| e, and if k (seen as a function from Ry to some space L” with 1 < r < 00) is differentiable for
almost every t € Ry, then so is Bk, and we have ||(Bk):||.r < Cllk:||L- for almost every t € R,.

Proof. Whenever R is a C? bounded domain, the existence of B as well as the first two properties have
been established in [Danchin and Mucha 2013a]. The third one stems from the fact that, owing to the
continuity and linearity of B, we may write in the L” meaning

. Bk(t+h) — Bk(t) , k(t+h) —k(t)
(Bk);(t) = ]}li% P = 212})8 — )= Bk, .
If Q is the torus or the whole space, then one can just set B:= —(—A)~!'V div. g
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