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DAMPED STRICHARTZ ESTIMATES
AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM

D10GO ARSENIO AND HAROUNE HOUAMED

Euler—Maxwell systems describe the dynamics of inviscid plasmas. We consider an incompressible two-
dimensional version of such a system and prove the existence and uniqueness of global weak solutions,
uniformly with respect to the speed of light ¢ € (cg, 00), for some threshold value ¢y > 0 depending only
on the initial data. In particular, the condition ¢ > ¢ ensures that the velocity of the plasma nowhere
exceeds the speed of light and allows us to analyze the singular regime ¢ — co.

The functional setting for the fluid velocity lies in the framework of Yudovich’s solutions of the two-
dimensional Euler equations, whereas the analysis of the electromagnetic field hinges upon the refined
interactions between the damping and dispersive phenomena in Maxwell’s equations in the whole space.
This analysis is enabled by the new development of a robust abstract method allowing us to incorporate the
damping effect into a variety of existing estimates. The use of this method is illustrated by the derivation
of damped Strichartz estimates (including endpoint cases) for several dispersive systems (including the
wave and Schrodinger equations), as well as damped maximal regularity estimates for the heat equation.
The ensuing damped Strichartz estimates supersede previously existing results on the same systems.
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1. Introduction

We are concerned with the existence and uniqueness of solutions to the incompressible Euler—-Maxwell

system
diu+u-Vu=-Vp+jxB, divu=0 (Euler’s equation),
%B,E —VxB=-—], div E =0 (Ampere’s equation), (1-1)
%8,3 +VxE=0, div B =0 (Faraday’s equation),
j=0(cE+ P(uxB)), divj; =0 (Ohm’s law)

for some initial data (u, E, B)|;=0 = (40, Eo, Bo), with the two-dimensional normal structure on the
vector fields

ui(t, x) Ei(t,x) 0
ult,x)=ux(t,x)|, E(,x)=|Ext x) and B(t,x) = 0 , (1-2)
0 0 b(t.x)

where (¢, x) € [0, 00) x R? and P =Id —A~!V div denotes Leray’s projector onto divergence-free vector
fields. We will later see that the normal structure (1-2) is propagated by the flow and is therefore persistent.

Taking the divergence of Maxwell’s system, which is made up of Ampere and Faraday’s equations,
notice that the divergence-free conditions div £ = 0 and div B = 0 are also propagated by the evolution
of the system, provided they hold initially. (In fact, notice that the condition div B = 0 is a trivial
consequence of the normal structure (1-2). Nevertheless, it is physically relevant, since magnetic fields
are solenoidal.)

This model describes the evolution of a plasma, i.e., a charged gas or an electrically conducting fluid,
subject to the self-induced electromagnetic Lorentz force j x B. Here, the field u denotes the velocity of
the fluid, £ and B are the electric and magnetic fields, respectively, whereas j denotes the electric current.
Moreover, the positive constants ¢ and o represent the speed of light and the electrical conductivity,
respectively. We refer to [Biskamp 1993; Davidson 2001] for details about the physical principles behind
the modeling of plasmas.

It is readily seen that any smooth solution (u, E, B) € C1([0, 00) x R?) of (1-1) satisfies the energy
inequality ;

2 2 2 2 N2 2
O + IEOR: +1BOIE: + 2 [ 170l dr <& (13)

for all + > 0, where we define
&o := ||(uo, Eo, Bo)ll 2.



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1311

(Observe that (1-3) actually holds with an equality sign for smooth functions, but this will not be used.)
This is the only known global a priori estimate for solutions of (1-1), and the ensuing natural bound

(u, E, B) € L®°([0, 00); L%(R?))

is insufficient to guarantee the existence of global weak solutions to (1-1). At least, no known method
has so far been able to build such solutions, and the same holds for the classical two-dimensional
incompressible Euler system

dyu+u-Vu=-Vp, divu =0, (1-4)

which corresponds to the case (£, B) = 0. This is due to the fact that the nonlinear terms in (1-1) and (1-4)
are, in general, not stable under weak convergence of solutions.

1.1. Main results. Our main result on the Euler—-Maxwell system (1-1) establishes the global existence
and uniqueness of weak solutions for any initial data in suitable spaces, provided the speed of light c is
sufficiently large. Note that this is seemingly the only known global existence result for incompressible
Euler—-Maxwell systems. It reads as follows.

Theorem 1.1. Let p and s be any real numbers in (2, 00) and (% 2), respectively. For any initial data
(uo, Eo, Bo) € (H' N WPy x H® x H*)(R?),

with divug = div Eg = div By and the two-dimensional normal structure (1-2), there is a constant
co > 0 such that, for any speed of light ¢ € (cg, 00), there is a global weak solution (u, E, B) to the
two-dimensional Euler—Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

ue LR HINWYP), (E,B)e L®°([R™; H®),

. . . (1-5)
(cE,B)e L2(RT:HY), cEecL*(RT:H®), (E,B)eL*RT;:WH>).

It is to be emphasized that the bounds in (1-5) are uniform in ¢ € (cg, 00) for any given initial data.
If, furthermore, the initial vorticity wg := V x ug belongs to L>°(R?), then the solution enjoys the
global bound
w:=VxueL®R";L®),

and it is unique in the space of all solutions (i1, E, B) to the Euler-Maxwell system (1-1) satisfying the
bounds, locally in time,
(@, E,B)e L°L2, uel?LP, jel?

t,x
and having the same initial data.

Theorem 1.1 is a simple and more accessible reformulation of the results from Section 3, which are
stated therein in full detail in the setting of Besov and Chemin-Lerner spaces (see Appendix A for a
precise definition of these spaces). Indeed, it is readily seen that Theorem 1.1 follows directly from the
combination of Theorems 3.1, 3.2, 3.3 and Corollary 3.13 with straightforward embeddings of functional
spaces. The respective proofs of these results are also provided in complete detail in Section 3.
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One should note that the constant cg in the above statement depends on norms of the initial data. Thus,
for any given ¢ > 0, the condition cgp < ¢ can be interpreted, in a fully equivalent way, as a smallness
condition on the initial data. In fact, a careful inspection of (3-4) in the statement of Theorem 3.3 readily
provides an explicit expression for cg in terms of the norms of (1o, Eg, Bo) in (H! N W1P) x H x H®,
More specifically, for any given initial data, one could set, for example,

co = max{1, (Ioll 1 yirs.» + I(Eo. Bo)llars)Ce€ 5}
for some suitable large constant C > 0 which only depends on p and s, and is independent of the initial
data. Then, with this definition of cg, it is straightforward to show that the condition ¢ > co implies the
validity of (3-4). In particular, for a given speed of light ¢, we observe that the existence of solutions is a
consequence of the smallness of the initial data. Finally, we also note that it is not difficult to provide
sharper formulas for cg, with increasing complexity.

A detailed scaling analysis of solutions to the Euler—Maxwell system (1-1) is conducted in Section 3.1,
which further clarifies the significance of the initial conditions of our main results and their dependence
on the physical constants ¢ and o.

We have already emphasized that the bounds (1-5) on the solutions of the incompressible Euler—
Maxwell system (1-1) are uniform with respect to the speed of light ¢ > cg. This crucial feature allows
us to deduce a simple but powerful convergence result in the asymptotic regime ¢ — oo, which is of
particular interest. We refer to [Arsénio et al. 2015] for a thorough discussion of this regime in the context
of incompressible Navier—Stokes—Maxwell systems.

Generally speaking, the physical relevance of the regime ¢ — oo in Euler—-Maxwell systems stems from
the fact that the limiting magnetohydrodynamic systems are suitable to describe the behavior of flows which
are influenced by self-induced magnetic fields. This is the case, for instance, of the terrestrial magnetic
field, which is sustained by the earth’s core through the dynamo effect, or the solar magnetic field, which
is responsible for sunspots, or the galactic magnetic field, which plays a role in the formation of stars. We
refer to [Davidson 2001] for more details on the physical background of magnetohydrodynamic systems.

The next result follows directly from Theorem 1.1 and establishes a magnetohydrodynamic system
by taking the limit of the Euler—-Maxwell system (1-1) in the singular regime ¢ — co. Observe that it
recovers the classical Yudovich theorem for the incompressible Euler system (1-4) by setting B = 0.

Corollary 1.2. For any given initial data (uo, Eo, Bo) as in Theorem 1.1 ( for some p € (2,0) and

s € (%, 2)), consider the global solution (u¢, E€, B€) constructezd therein for each ¢ € (cg, 00). Then,
t,x,loc’

{(ufn, E¢n, B")}, en, with ¢, — 00, there is a convergent subsequence (which we do not distinguish, for

the set of solutions {(u¢, E€, B)}¢>¢, is relatively compact in L In particular, for any sequence

simplicity)
(ué, ES", By 222, (4,0, B) in L? (1-6)

t,x,loc’

where (u, B) = ((u1,u2,0), (0,0, b)) has the normal structure (1-2) and is a global weak solution of the

system
diu+u-Vu=-Vp, divu =0,

1-7
0:b— 2 Ab+u-Vb =0, (-7
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with the bounds
ue LR HINWYP), be L°RT;HHYNLART;H N HZNnWH®),

If, furthermore, the initial vorticity wo belongs to L>°(R?), then the solution (u,b) to (1-7) satisfies
the additional bound @ € L®(R™; L) and is unique in the space of all solutions (i1, b) satisfying the
bounds, locally in time,

-~ ocory?2 2700 A ocor2 2171
ue LPLLNLYLY, belLLyNL;H,,
and having the same initial data. Moreover, one has the convergence

u, E€, B¢) £=2°%5 (u,0,B) inL? (1-8)

t,x,loc’
without extraction of subsequences.

Remark. Note that (1-7) is a simple form of a magnetohydrodynamic system. Indeed, the equations for
u and b are not genuinely coupled, for the incompressible Euler equation does not contain an external
magnetic force. This can be interpreted as a consequence of the two-dimensional normal structure (1-2).
More specifically, whenever the electric current is given by j = V x B, a straightforward calculation
exploiting (1-2) shows that the Lorentz force satisfies

jxB=(VxB)xB=-1V(®?,

which can be absorbed in the pressure gradient. In particular, since u is independent of b in this regime,
there can be no Alfvén waves (see [Davidson 2001] for an introduction to Alfvén waves). Therefore,
in this case, the limiting magnetohydrodynamic system loses the feature of some important physical
effects (such as Alfvén waves). This suggests that extending the results of the present article beyond the
two-dimensional normal structure (1-2) is of particular interest and significance.

Proof. We begin by showing the relative compactness of the set of solutions {(u¢, E€, B¢)}¢>¢, in
L%’ . (K) for any compact set K C Rt x R2. To that end, note that the energy inequality (1-3) and the
global bounds (1-5) on the solutions hold uniformly in c¢. In particular, it is readily seen that £¢ — 0 in
L % x,loc

Now, one can show from (1-5) that u¢ € LS, and B¢ € L%L;o (for instance, using the Gagliardo—

Nirenberg convexity inequality (3-16), which is recalled later on). It therefore follows directly from (1-9)
that d,u¢ = P(j€x B¢)— P(u°-Vu®) is uniformly bounded in L}, L2. Similarly, it is readily seen from

t,loc
Faraday’s equation d; B¢ = —cV x E€ that d; B¢ is uniformly bounded in L%’ - Then, further combining
these controls of d,u¢ and d; B with the uniform bound (4, B") € L H! and the compactness of the
embedding chl)c C leoc, we deduce that {(u€, B€)}¢>¢, is relatively compact in the topology of Lf’x’loc
by a classical compactness result by Aubin and Lions. (See [Simon 1987] for a thorough discussion of

as ¢ — o0o. Therefore, we only need to focus on {(u, B)}¢>cp-

such compactness results and, in particular, Section 9 therein, for convenient results which are easily
applicable to our setting.)
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Next, for any convergent subsequence (1-6), employing Ohm’s law to substitute ¢, £ into Faraday’s
equation in (1-1), observe that we only have to pass to the limit in the system

puln +un - Vyn = —Vpn 4 jén x Bn divu‘r =0,
0 E =V x B = —jen, div B¢" =0, (1-9)
3¢ B 4+ 1V x jen +y‘n . VB = 0.

Moreover, up to further extraction of subsequences, it is also possible to assume that one has the weak
convergence

jér—j inLj,.

All in all, passing to the limit n — oo in (1-9) in the sense of distributions and exploiting the strong
convergence (1-6), we find that

diu+u-Vu=-Vp+jxB, divu=0,
VxB=], divB =0,
3B+ 1Vxj+u-VB=0.

Then, recalling the vector identity Vx(V x B) = V(div B)— A B and noticing that (VX B)x B = —%V(bz),
we conclude that (u, b) is a solution of (1-7).

Finally, if we further assume the pointwise boundedness of the initial vorticity wg, then w¢ = V x u€
remains uniformly bounded in L%, thereby yielding a similar bound for the limiting system (1-7). These
bounds then fall in the framework of Yudovich’s uniqueness theorem (see [Majda and Bertozzi 2002,
Section 8.2.4], for instance), which guarantees the uniqueness of the solution u to the incompressible
two-dimensional Euler system. Alternatively, one can also deduce the uniqueness of u by reproducing the
arguments from Section 3.9 below, by setting (£, B) = 0. As for the uniqueness of b, it easily follows
from classical energy estimates on the heat equation.

At last, the uniqueness of the limit point (u, 0, B) allows us to deduce the validity of (1-8), which

completes the proof of the corollary. O

1.2. Other models of incompressible plasmas. The Euler—Maxwell system (1-1) can be seen as the
inviscid version of the Navier—Stokes—Maxwell system given by

du+u-Vu—vAu=—-Vp+jxB, divu=0,

19, E—VxB=—j, div E =0,
¢ _ (1-10)
20;B+VxXxE=0, divB =0,
j =0(cE+ P(uxB)), divj =0,

where v > 0 denotes the viscosity of the fluid.

The derivation of (1-10) has been established rigorously in [Arsénio and Saint-Raymond 2019] through
the analysis of the viscous incompressible hydrodynamic regimes of Vlasov—Maxwell-Boltzmann systems.
In particular, it follows from the results therein that (1-10) can be obtained by letting § — 0, with § > 0,
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in the more complete system

diu+u-Vu—vAu=-Vp+3secnE+ jx B, divu =0,
1%E—-VxB=-—j div E = én,
13:B+VxE=0, divB =0,
j—8nu=0(=§Vn+cE+uxB),

(1-11)

which takes the Coulomb force n E into account, where # is the electric charge density.

The work performed in [Arsénio and Saint-Raymond 2019] addresses the viscous incompressible
regimes of Vlasov—Maxwell-Boltzmann systems only. However, inviscid incompressible regimes can
also be achieved as an asymptotic limit of collisional kinetic equations. For instance, the incompressible
Euler limit of the Boltzmann equation has been established in [Saint-Raymond 2003; 2009b]. (A general
discussion of hydrodynamic regimes of the Boltzmann equation can also be found in [Saint-Raymond
2009a].) Similarly, in the vein of the results from [Arsénio and Saint-Raymond 2019], it is possible to
derive (1-1) by considering the incompressible Euler regime of Vlasov—Maxwell-Boltzmann systems, at
least formally. However, this remains to be done rigorously.

The well-posedness theory established in this article only concerns (1-1) and does not encompass
the inviscid version of (1-11) (i.e., the corresponding Euler—Maxwell system obtained by setting v = 0
in (1-11)). However, we are hopeful that some adaptation of our results can be implemented to show the
existence and uniqueness of solutions to (1-11), with v = 0. Nevertheless, for the sake of simplicity, we
are going to stick to (1-1).

It turns out that there is yet another version of incompressible Navier—Stokes—Maxwell systems which
is commonly found in the literature. It reads

diu+u-Vu—vAu=—-Vp+jx B, divu =0,
19,E—VxB=—], divB =0,
1B+ VxE =0,
j=o0(E+uxB),

(1-12)

and a corresponding incompressible Euler—Maxwell system is given by setting v = 0. We refer to [Arsénio
and Gallagher 2020; Germain et al. 2014; Masmoudi 2010] for details on the construction of global
solutions to (1-12), with v > 0.

Unlike (1-10) and (1-11), it is to be emphasized that this model is not obtained as an asymptotic regime
of Vlasov—Maxwell-Boltzmann systems, as shown in [Arsénio and Saint-Raymond 2019]. Furthermore,
when compared to (1-10) and (1-11), it has the major drawback of not providing a strong control of div E.
For this reason, we do not make any claim concerning the extension of our work to the above model. It
would, however, be interesting to clarify the well-posedness of the nonviscous version of (1-12).

Finally, we observe that there is also a rich family of compressible Euler—Maxwell systems which
are commonly used to model the behavior of plasmas. The study of such systems is challenging, and
corresponding results tend to focus on the stability of smooth solutions near specific equilibrium states.
We refer to [Germain and Masmoudi 2014; Guo et al. 2016] for foundational results on three-dimensional
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compressible Euler—-Maxwell systems. We note that the results therein do not require any specific vector
structure, such as the normal structure (1-2). However, they are sensitive to the speed of light ¢ and,
therefore, may not provide uniform bounds as ¢ tends to infinity.

1.3. Strategy of proof. We lay out now the strategy and the key ideas leading to the proof of Theorem 1.1,
which will be implemented in Section 3 to establish the more precise Theorems 3.1, 3.2 and 3.3.

Observe first that, even if we add a dissipation term —Au to the first equation of (1-1), thereby yielding
the incompressible Navier—Stokes—Maxwell system (1-10), it is still unknown whether or not global
weak solutions do exist when the initial data are only square-integrable. This is due to the lack of strong
compactness (or regularity) in electromagnetic fields (£, B), combined with the lack of stability of
the source term j x B in weak topologies (see [Arsénio and Gallagher 2020] for further details). The
same difficulty persists in the inviscid version of the same system, which stems from the propagation of
singularities in Maxwell’s system, as a result of its hyperbolic nature. The construction of solutions in L2
to (1-1) is thus highly challenging — all the more so than in the viscous case.

One should therefore treat this system in some higher-regularity spaces. To this end, inspired by known
results on the well-posedness of the two-dimensional Euler system (1-4), we shall look at the equivalent
vorticity formulation of (1-1), which reads as

diw+u-Vo=—j-VB, divu =0,
19E—VxB+0cE=-0PuxB), divE =0, (1-13)
1B+ VxE=0, div B =0,
j=0(cE+ P(ux B)), divj =0,
where @ := V x u and u can be reconstructed from o through the Biot—Savart law
u=-A"'Vxo. (1-14)

Observe that the normal structure (1-2) has been used in (1-13) to write V x (j x B) = —j - VB. This is
crucial.
Much of our analysis of (1-13) will hinge on the dispersive properties of the damped Maxwell system

20,E—-VXxB+0cE=—-0P(uxB),
19:B+VxE =0, (1-15)
divu =divE =divB =0.

This will require us to interpret the role of the velocity field u in (1-15), in the spatial variable x, as that
of a coefficient in the algebra L$° N H ; (or some weaker variant), thereby allowing us to view (1-15) as
a linear system in (£, B) and produce closed estimates on the electromagnetic field.

To be precise, the treatment of the source term —o P (u x B) in (1-15) will necessitate the control of
the velocity field u in a suitable algebra acting on H 3 for appropriate values of s. In particular, according
to the classical paradifferential product law
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which holds for any s € (—%d , %d ) and d > 1, it will be natural to seek the control of u (in the space
variable) in the weaker algebra L°° N 321, OO(IRZ); see Appendix A for a definition of Besov spaces.

In the context of two-dimensional viscous flows, such a control is expected in view of the strong bounds
provided by the energy dissipation inequality. For example, in [Arsénio and Gallagher 2020, Theorem 1.2],
the existence of weak solutions to a two-dimensional incompressible Navier—Stokes—Maxwell system
was established by proving a uniform control of the velocity field in the algebra L$° N H 1(R?). More
precisely, by building upon the methods from [Masmoudi 2010], it was shown therein (see [Arsénio and
Gallagher 2020, Proposition 2.1]) that the control of the velocity field in the space L%(L;O NH ;) was
sufficient to propagate some H*-regularity, with —1 < s < 1, in Maxwell’s equations (1-15), uniformly
as ¢ — oo.

In the setting of two-dimensional incompressible electrically conducting ideal fluids (i.e., plasmas),
which is the focus of our work, global energy estimates are nowhere near as good as their viscous
counterpart and, thus, fail to yield the control of u# in a useful algebra. Instead, we need to take Yudovich’s
approach of propagating the L2 N L?-norm of the vorticity , for some given p > 2, by exploiting the
transport equation

diw+u-Vo=—j-VB, (1-16)

thereby providing a bound on u in the algebra L (LN H ;), by classical Sobolev embeddings combined
with standard estimates on the Biot—Savart law (1-14). We refer to [Bahouri et al. 2011, Section 7.2] for a
modern treatment of global existence results for two-dimensional perfect incompressible fluids and the
Yudovich theorem.

In particular, elementary estimates on transport equations, which are performed in detail in Section 3.4,

show that the control of @ in L% L% follows from the control of the initial vorticity wo and the nonlinear

2

source term j - VB in LY and L1 L%, respectively. Since j is naturally bounded in L

by virtue of the
energy inequality (1-3), we conclude that V B should be controlled in L? L.

Now, experience shows that such a Lipschitz bound on B cannot easily follow from energy estimates
on the wave system (1-15). Indeed, energy estimates on hyperbolic systems are typically performed
in Lfc. Therefore, in order to control VB in LS, an energy estimate on (1-15) would lead us, in view
of classical Sobolev embeddings, to seek a bound of B in H2+¥, with a small parameter § > 0. To
that end, the source term —o P (u x B) in (1-15) would also need to be controlled in H f”. However,
employing paradifferential calculus to control u x B would require that Vu be bounded in L° N H Lat
least. Unfortunately, such uniform bounds on perfect incompressible two-dimensional flows are largely
out of reach in our context. This is where the damped dispersive properties of (1-15), on the whole
Euclidean plane R?, come into play.

Maxwell’s system (1-15) can be rewritten as a system of wave equations (more on this later on, see
(1-17)). Thus, heuristically, one expects to be able to employ Strichartz estimates for the wave equation to
control the electromagnetic field (£, B). In particular, by paying close attention to the admissibility criteria
of functional spaces in Strichartz estimates (see [Bahouri et al. 2011, Section 8.3] or [Keel and Tao 1998]),
one observes that it is possible to control the Lipschitz norm of a solution to a two-dimensional wave
equation, provided one can bound % derivatives of the initial data and the source term in some appropriate
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functional spaces (in some Besov spaces, for instance) of L? space-integrability. (For simplicity, we have
omitted here the consideration of time integrability in Strichartz estimates and focused solely on space
regularity and integrability.) Loosely speaking, such an estimate is better than a Sobolev embedding,
which would require the control of over two derivatives in L?(R?) in order to bound a Lipschitz norm.
This should give the reader some intuition concerning the special role played by the regularity parameter
s = % in Theorem 1.1.

Thus, so far, our strategy seems to yield some promising closed estimates. Indeed, on the one hand,
the transport equation (1-16) gives us a bound on the L?O(LJZC N L¥)-norm of the vorticity @ provided
V B is controlled in L?LS°, while, on the other hand, a control of VB in L? L can be achieved through
dispersive estimates on the wave system (1-15) if the velocity field u is sufficiently smooth (at least
LP(LP N HY), say).

However, such a roadmap may not lead to global estimates in time. To see this, we need to take a
closer look at the temporal norms associated with our strategy. Specifically, it is important to note that
the classical Strichartz estimates for the two-dimensional wave equation do not actually give a global
control of VB in L?L°. Instead, they only allow us to control VB in L% LS globally, which then leads
to a control in L%Lg" locally in time. This difficulty is solved by complementing our strategy with a
careful study of the damping phenomenon in (1-15) produced by the term ocE. To that end, we provide,
in Section 2, a robust analysis of the damping effect on general semigroup flows, which is formulated in
precise terms in Lemma 2.1 (the damping lemma). We also give applications of the damping lemma to
parabolic and dispersive equations in Sections 2.2 and 2.3, respectively.

Concerning Maxwell’s system (1-15), the ensuing time decay of the electromagnetic field is encapsulated
in Corollary 2.12. It is shown therein that (1-15) forms a damped hyperbolic system which is best
understood by decomposing the frequencies of the solutions relative to the magnitude of the speed of
light ¢ > 0.

Indeed, by appropriately combining Ampere’s equation and Faraday’s equation from (1-15) and using
that V x (V x B) = —A B, observe that B solves the damped wave equation

1
—03;B+03;B—AB =—0V x (uxB), (1-17)
C

where the damping term 0 d; B comes from the term ocE in (1-15).

Heuristically, since waves described by (1-17) typically propagate with a characteristic speed c, it
is then natural to expect a consistent hyperbolic behavior of the solutions of (1-15) on the range of
frequencies larger than a suitable multiple of the speed of light c. In particular, Corollary 2.12 will confirm
that solutions to (1-17) enjoy dispersive properties for those high frequencies, which are analogous to the
nondamped case (obtained by setting o = 0 in (1-17)) with drastically improved long-time integrability.

On the remaining range of frequencies, i.e., on frequencies slower than ¢, the same result will establish
that the behavior of solutions to (1-15) is largely dictated by the heat equation

00;B—AB =—-0V x(uxB),

which is formally achieved in the asymptotic regime ¢ — oo from (1-17).
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All in all, the application of the sharp damped dispersive estimates from Section 2 to Maxwell’s
equations (1-15) will allow us to obtain closed estimates on the incompressible Euler—Maxwell system (1-1)
which hold globally and lead to Theorem 1.1. The precise nonlinear analysis of (1-1) is detailed in
Section 3 with complete proofs of our main theorems.

It is difficult to pinpoint the exact source of the breakdown of our proofs for small values of light
velocity c. However, one can argue that the degeneracy of Maxwell’s system in the limit ¢ — O results in
a loss of the damped dispersive properties which are central to our nonlinear analysis. We believe that this
provides some evidence that our method cannot be extended to the whole range of ¢ > 0. Nevertheless,
we are hopeful that other techniques may be used to construct solutions in the remaining range of light
velocities.

1.4. Notation. Allow us to clarify some notation which will be used repeatedly throughout this article.
First of all, for clarity and convenience, note that all relevant functional spaces of Besov and Chemin—
Lerner types are introduced in precise detail in Appendix A.
Next, Leray’s projector
P L (R R) — L2(R* R)

onto divergence-free vector fields, which is used in (1-1), and the corresponding orthogonal projector
P~ =1d —P onto conservative fields are given by

P=I1d—A"'Vdiv, PL=A"1Vdiv.

Finally, when necessary, we will employ the letter C to denote a generic constant, which is allowed
to differ from one estimate to another, and we will resort to the use of indices to distinguish specific
constants. We will also often write A < B to denote A < CB for some positive constant C which only
depends on fixed parameters, and A ~ B whenever A < B and B < A are simultaneously true.

2. The effect of damping on semigroup flows

Here, we analyze the effect of damping on evolution flows, which are generally described by semigroups.
More specifically, in Section 2.1, we begin by establishing a robust and general result—called the
damping lemma— showing how damping terms act on integral operators. Then, in Sections 2.2 and 2.3,
this result is applied to the context of damped parabolic and Strichartz estimates, which will be crucial to
our analysis of Maxwell’s system in Section 3. In particular, in Section 2.3, we give complete and sharp
formulations of Strichartz estimates for the damped Schrodinger, half-wave, wave and Maxwell equations
in Euclidean spaces.

2.1. The damping lemma. The result below provides a general and robust principle allowing us to take

o

into account the influence of a damping term e~%?, with & > 0, on an integral operator.

Lemma 2.1 (the damping lemma). Let X and Y be Banach spaces and, for each s,t € [0,T), with T >0,
let K(t,s) : X — Y be an operator-valued kernel from X to Y such that

K(t,s) € L1([0,T) x [0, T); £(X,Y)),
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where L(X,Y) denotes the Banach space of bounded linear operators from X to Y. Further suppose that
there are 0 < pg < qo < 00, with qo > 1, and a constant A > 0 such that the estimate

< Al fllLroqo,1):x) (2-1)
L9 ([0,T);Y)

T
'/0 x(@, $)K(,s)f(s)ds

holds for all f € LP°([0,T); X) and any x(t,s) € L*([0, T)?;R), with || x|lLe < 1.
Then, for any a > 0 and po < p <q < qo, with q > 1, one has the damped estimate

T
1+aT

T B
H/o e~ =Sy (2, 5)K (2, 5) f(5) ds < CﬂA( ) I flL7o,T): %)

L4([0,T);Y)
forall f € LP([0,T); X) and any x(t,s) € L*®([0, T)?;R), with || x||pe < 1, where B > 0 is defined by
gl 1,1 1

9 dq0 pPo D
and Cg > 0 only depends on B.

Proof. For o = 0, the result follows straightforwardly from Holder’s inequality on the domain [0, T') for
all integrability parameters merely satisfying 0 < g < go < oo and 0 < pg < p < oo. We assume now
thatae >0and 0 < pg < p <q <qo < o0, withg > 1.
For convenience of notation, we extend the definition of the kernel K and the functions y and f to all
real values of ¢ and s by setting them equal to zero whenever ¢ or s fall outside of the interval [0, T).
We begin with the use of a partition

Loty = ) Lipi<pims<ait)

jez
to deduce that
T AT
‘ / e~ =Sly (e, 5)K (2, 5) f(5) ds < e 2 ‘ / 2 (€, 8)K(,5) f(5)ds , (2-2)
0 L4(R;Y) jez 0 L4(R;Y)
2/ <T
where we have defined
Xi(t,s)=1g; 5|t_s|<2f+1}e_a(lt_”_zj))((t,s).
Observe that || x|z < 1.
Then, we further decompose the domain of ¢ into the disjoint union
@k <t <2/ (k+ 1)}
kez
to write
T T
H/ 1t )K(t.5) f(s)ds = HU xi Kf(s)ds o
0 L4(R;Y) 0 L4([27k,27 (k+1));Y) I ¢4 (ke?)
G5
<2/ ag / xiKf(s)ds o . (2-3)
0 L90([2/k,27 (k+1));Y) I ¢4 (kez)

where we employed Holder’s inequality.
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Now, notice that
Vk—=2)<t—|t—s|<s<t+]|t—s| <2/ (k+3)

whenever 2/ < |t —s| <2/F1and 2/k <t <2/ (k 4 1). In particular, using (2-1), it follows that

T T
”/0 1 Kf(s)ds /0XjKf(S)l{zf(k_2)<s<zf(k+3)}dS

S ‘

L0 ([2/k,2/ (k+1));Y) L0 [R;Y)

<A Z £ |70 (127 (k+n),27 G+ 14n)):X)

n=-2

2
(L _1
< 42/ Gep) Y M e keamy2s s 14myxys -4

n=-2
where we applied Holder’s inequality again.

All in all, combining (2-2), (2-3) with (2-4), and recalling that £ C £9 because p < ¢, we infer that

T
H / e~y (1, 5)K (1, 5) f(5) ds
0

LIR;Y)
g Aj(—L 4y L1
<54 Z @2/ (4 =a5+ 75 ")H I/ W Le (27 k27 (1)) 30) ng(kez)
Jjez
2/ <T
1_1 41 _ 1
<54l flr@xn Y. e 2/ T w5 % 2-5)
jez
2/ <T

It only remains to evaluate the constant resulting from the above sum in j € Z. If p = pg and ¢ = qo, the
lemma trivially holds and there is nothing to prove. Thus, we may assume that 8 > 0, thereby ensuring
that the sum converges.

Now, observing that the function e ¥ (1 + x)!*# reaches its maximum on [0, 0o) at x = f8, we obtain

2JB 2(1+u)B
B (1+8) —a2/ 5 jB
(1+8)" Z e 27P < Z (1+o¢2J)1+B = Z // 1(1+a2u)1+/5d

]EZ
2/ <T 2’ <T zf <T
7B T B-1 2B B
< f * dx = (). o
log2 Jo (14+ax)!*8 Blog2\14+aT
Therefore, incorporating (2-6) into the estimate (2-5) concludes the proof of the lemma. O

2.2. Damped parabolic estimates. Let us consider the general solution w(z, x) of a damped heat equation
on the Euclidean space R? for any dimension d > 1
{8,w+o¢w—Aw = f,

(2-7)
W|r=0 = Wo,

where (¢,x) € [0,T) x RY, with T > 0 (T = oo may also be considered), the damping constant satisfies
a > 0, the right-hand side f(z, x) is a source term and wg(x) is an initial datum.
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Such equations naturally appear in dissipative physical systems. For instance, the heat equation (2-7)
provides the linear structure of the damped incompressible Navier—Stokes equations, which arise from
hydrodynamic regimes of inelastic particle systems.

Using standard semigroup notation, the solution w(z, x) can be represented as

t
w(r) = e 1@ By, +/ e U@ £ (5) ds. (2-8)
0

We are now going explore the jungle of parabolic smoothing estimates in Besov spaces for (2-8) by first
reviewing the available results for the case @ = 0 and, then, extending these results to the setting o > 0.
When f = 0 and « = 0, direct parabolic estimates on the semigroup e’? yield the following result.

Proposition 2.2. Letc € R, p € [l,00] and g € [1,00]. If @ =0, wq belongs to Bg,q and f =0, then
the solution of the heat equation (2-7) satisfies
tA
ool o to.00y:55.,» < Iwol 5.

Furthermore, if q < 00, one also has the estimate
tA
e'“w : < |lwol| po -
” Olqu([o,oo);B;f’-{Q/q) ~ || O“Bgﬂ
Remark. The above result somewhat reinforces the estimate

A
lle"®woll L4 ([0,00):L7) < lwoll 3 2/4

for any 1 < p, g < oo, which is commonly found in the literature; see [Bahouri et al. 2011, Theorem 2.34],
for instance.

Remark. Note that taking p = ¢ = 2 in the above proposition yields the estimate
le" w0l 2 o000 5541y = 1001l o
where we used that H% = 33,2 (see Appendix A for a precise definition of all relevant homogeneous
spaces).
Remark. Throughout this section, we will routinely use the basic estimate
"2 AullLr < CemC 2 | Agu| o (2-9)

forany ¢ > 0, p €[1, oo] and any dyadic block Ay, with k € Z, where C and Cy are positive independent
constants. We refer to [Bahouri et al. 2011, Lemma 2.4] for a justification of (2-9).

Proof. The first part of the statement is a straightforward consequence of the definition of the homogeneous
Besov norm. More precisely, using (2-9), we obtain

1 1
q _ 2k g
leAwoll 5o = (Z(2k°||etAAkw0||Lp)q) < (Ze Cur2 (2k0||Akw0||Ll’)q) S llwollgg .-

kez kez

which, upon taking the supremum in # > 0, concludes the justification of the first estimate.
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The second part of the statement is more subtle. Indeed, assuming now that ¢ < co and using (2-9),
we find that

le S woll jorara = 3 2XOTD A Apwgllrs 3 e C 2 KO+ D) Apwg .
p.1
kez kez
Next, further employing Holder’s inequality and taking a fixed positive value A > 0 such that (g —1)A < 1,

we infer that

tA )
e Zwo ||BZ’T2/61
qg—1 1

_ 2k 4 1 _ 2k A (g a
< (Z(l22k)Ae Cyt2 ) (Z ;6’ Cit2 ([22k)1 Alg 1)(2k0”Akw0”LP)q) . (2-10)

kez kez

Now, for any positive ¢, considering the unique j € Z such that 2%/ <t < 22041 we find, since
A > 0, that

sup Z(Izzk)xe—c*tz% <22* sup 2(22(j+k))xe—c*22<f+k> — 92 Z(zzk)xe—c*zﬂc <00, (2-11)
1>0 ez J€2 ez kez
whereas, since A(g — 1) < 1, we evaluate
/°° o Cut2 o2k 1-2g- AL _ /°° o= Col =A@ g; < oo
0 4 0
Therefore, integrating (2-10) in time, we finally arrive at the estimate

tA
e-w ;
I OHL;’B;J{”"
1

g—1
q o0 q
s sup(§ (t22k)ke—c*l‘22k) (§ [) e—C*tZZk (t22k)l—k(q_l) Cl;l (zka ”AkaHLp)q)

t>0

kez kez
< lwel +
< lwoll g .
which concludes the proof of the proposition. O

In view of the preceding result, the effect of the damping term e~ on the initial data can be taken
into account through a straightforward application of Holder’s inequality, thereby providing the following
corollary.

Corollary 2.3. Letog € R, p €[l,00] and g € [1,00]. If o > 0, wo belongs to Bg,q and f =0, then the
solution of the heat equation (2-7) satisfies

~t(a—A) . T \m .
e w0l o,z S (Tog7) " Twollag,

for every 0 < m < oo. Furthermore, if 0 <m < g < 00, one also has the estimate

1 1

T \A—2

—t(@—A) . < (_)m q .
wO”Lm([O’T);B;‘{‘Z/‘]) ~\1+aT ”wO”Bg’q'

lle
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Proof. A direct use of Holder’s inequality followed by an application of Proposition 2.2 yields

—t(a— - T m
lle o A)WOHLm([o,T);Bg,q) <|le m”L’”([O,T))”etAwO”Loo([o,T);Bg’q) < (m) ||w0||1-}g!q

for all 0 < m < oo and

—t(a—A - A
le @ )wOHLm([O,T);Bg,'{'z/q) <lle ta”L(l/m—l/q)_l ([0,7)) e’ wOlqu([O,T);ngz/q)
T \L-L
m q
<(rvar)” ol
for all 0 < m < g < oo, which completes the proof. O

Parabolic estimates are more involved when one includes a nonzero source term f. The coming results
contain a wide range of smoothing estimates for the inhomogeneous heat equation. In preparation of
these results, in order to reach a broader range of applicability, we are now going to introduce symbols

a(t,s,£) € L([0,T) x [0, T) x R%),

which act as multipliers on the Fourier variable £ € R4 and are dependent on the time variables ¢, s € [0, T),
thereby leading to time-dependent Fourier multipliers a(¢, s, D).

Definition. For a given 1 < p < oo, we say that a(t, s, D) is bounded if there is a constant C, > 0,
independent of 7 and s, such that

la,s, D) f g . = Call fligo . (2-12)

for every f € Bg’oo([R{d ) and almost every (¢, s) € [0, T)2. That is, the multiplier a(z, s, D) is bounded
if it is bounded over the Besov space BI(,)’OO([R{‘{), uniformly in ¢ and s. The norm of a(¢t, s, D), which we
denote by

la(z, s, D)llm,.
is defined as the smallest possible constant C, > 0 that fits in (2-12).

Remark. Equivalently, it is readily seen that (2-12) holds if and only if there is a constant C > 0,
independent of 7 and s, such that

lat.s. D)Ag fllr < Call fllLe (2-13)
for every k € Z, f € LP(R?) and almost every (z, s) € [0, T)2.
Remark. Observe that (2-12) and (2-13) hold if and only if one has
latt.5. D)/l g < Caoall [l 55

with Cy 5,4 > 0, forallo e R, g € [1,00] and every f € Bg,q([Rd).
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Since the space of Fourier multipliers over L2(R¢) is isomorphic to L (R?), it is readily seen, when
p = 2, that proving (2-12) and (2-13) is equivalent to establishing a bound

a(t,s,€) € L%([0, T) x [0, T) x R%).
More generally, when p # 2, in order to ensure that (2-12) or (2-13) hold, it is sufficient to require that
F a5, )97 8)] e L'RY),

uniformly in ¢, s and k, where g0(2_k £) is a smooth compactly supported cutoff function used to define
a Littlewood—Paley dyadic decomposition (see Appendix A). Therefore, in view of the straightforward
classical estimate

17 a5, 0 FOI) 1 27551+ 25DV F (e, 5. )02 F9)I() .2
<2ke 1219g la (5. )OI 2

aeNd
le|<N

278 Y 2Mgat s H@P 7R,

a,BeNd
la|+|Bl=N

where we have used Plancherel’s theorem and N is any integer larger than %d , we see that (2-12) and
(2-13) both hold as soon as a(z, s, §) is sufficiently differentiable in & (except possibly at the origin £ = 0)
and satisfies the estimate

lIg1“10gat, . &)llLes , < oo (2-14)

for every multi-index « € N? with |o| < [%d ] + 1. Observe that the above criterion establishes the

boundedness of a(z, s, D) over Bg IRd), uniformly in ¢ and s, for all values of 1 < p < oo, including

(
,00
the endpoints. Later on, we will be making use of (2-14) to show the boundedness of multipliers.

We return now to the smoothing estimates for the heat equation with a nontrivial source term f. The
next result provides a large array of such estimates in the classical case o = 0.
Proposition 2.4. Let o € R, 1 <r <m < oo and p € [1,00]. If f belongs to L' ([0, T); BS32'") and

wo = 0, then the solution of the heat equation (2-7), with o = 0, satisfies

/t e84, 5, D) f(s)ds
0

for any Fourier multiplier a(t, s, D).

S llalla 5042/
Lm([0,1),By 1272/ lllazy 17, o, 7, 5207y

Remark. We refer to [Arsénio 2019, Lemma 2] for a complete justification of the preceding proposition in
the case a(¢, s, D) = 1d. A straightforward adaptation of this proof readily extends the result to nontrivial
multipliers a(t, s, D).

Remark. The endpoint case r = m above corresponds formally to a maximal gain of two derivatives
on the solution of the heat equation. However, the method of proof of this result relies on the Hardy—
Littlewood—Sobolev inequality, which typically falls short for endpoint settings. It is therefore not possible
to extend the proof of [Arsénio 2019, Lemma 2] to the case r = m.
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The next result generalizes Proposition 2.4 to incorporate the action of a damping term.

Proposition 2.5. Leto € R, p €[1, 0] and

L1

1<r<m<oo, 0<f<l+——=<1,
m r

or

l<r<m<oo, 0<0=1—|—l—l<1.
m r

Then, for any o > 0, one has the estimate

t
/ e~ =@yt 5, D) f(s)ds
0

Lm([0,7),B51%%)
1 1

(T \'Fw—r?
< (147 lala, 1f I go.myig.) 215

forany fin L"([0,T); Bg’oo) and any Fourier multiplier a(t, s, D).

Remark. We emphasize that any implicit constant involved in the estimate of Proposition 2.5 is indepen-
dent of T and . Moreover, it is permitted to set 7 = oo and « > 0 therein, in order to deduce a global
estimate.

Remark. Observe that, choosing any 1 <r <m <00, 1 < p,q < o0 and o € R, one has the simple
estimate

t
/ e~ E=)@=D) (1 s D) f(s)ds < llalla,
0

L™ ([0,T),B3.,)

t
—a(t—s) .
| e 0, ds

L™([0,T))

1 1
T mTr
s(i27) " a1 f ooy,
for all @ > 0, which corresponds to the case 8 = 0 in the previous proposition.

Proof in the case 1 <r <m < oo. First of all, notice that the case

l<r<m<oo, O<9=1+l—l<1
m r
follows from a direct application of Proposition 2.4 by absorbing the damping term e~®~5) into the
multiplier a(t, s, D).
In order to treat the remaining case

L1

l<r<m<oo, O0<bl<l4+——-<1
m r

’

we introduce auxiliary parameters

l<ro<r<m<my<oo

such that
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In particular, in view of Proposition 2.4, we have

Then, an application of the damping lemma (Lemma 2.1) implies, for any o > 0, that (2-15) holds, thereby

S lallsa, £ W oo, 1), 89

00)’

/ t U984, 5, D) f(s) ds
0

Lo ([0,T),B51%%)

concluding the proof. O

For the sake of completeness, since the preceding proof fails to treat the cases r = 1 and m = oo, we
provide now an alternative justification of Proposition 2.5, based on the proof of Lemma 2 from [Arsénio
2019], which works in full generality.

General proof. Following [Arsénio 2019], we begin by using (2-9) and (2-13) to deduce the existence of
an independent constant C,. > 0 such that

For simplicity, we omit the norm ||a/||az,, which we absorb in the implicit constants. It then follows that

! —(1— 2k
< A Ze (t—s)(a+Cx2 )zk(0+29)”Akf(s)”Lp ds
kez

T
S [ sl e 1) gy i,

t
Ak/ e~ t=9C@=Ny (¢ 5, D) f(s)ds
0

t
< [T A 1) ds.
L? 0

t
/ e~ U@z 5, D) f(s)ds
0

O +26
Bp!1

where we have used (2-11), with the assumption that 8 > 0, to deduce that
Z 22k ,—Ci(t—5)2%¢ It —s|~0.
kez

Next, if 6 = 1+ 1/m — 1/r, by virtue of the Hardy-Littlewood—Sobolev inequality, which holds
because 0 < 0 < 1 and 1 < m, r < oo, we infer that

t T
[ e Dates, 0y 650 s sH [ =51l ds
0 26 0 D.0o

< o
LmBg,T Lm ~ ”f“Lng’oo

Similarly, if 0 <6 <1+ 1/m—1/r <1, we deduce from Young’s convolution inequality that

<
0 +26
LmBl).l

T N
-6 — 1+L1_1
5(/ (0ot (1+5—) dt) 1 e sg
0 ,

T \ltam—r—t
< 1/l go s
~\1+aT LB o

which concludes the proof of the proposition. O

t T
| e Dag.s D)5 ds | s e I )l ds
0 0 "

rm
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The shortcomings of Propositions 2.4 and 2.5 in the case r = m, with 6 = 1, naturally bring the
question of the maximal regularity of the Laplacian in Banach spaces.

For a given Banach space X such that the Laplacian operator A is defined on a dense subspace of X,
we say that the Laplacian (or another elliptic operator) has maximal L?-regularity on [0, T") for some
1 < p < oo if the solution (2-8) of the heat equation (without damping, i.e., « = 0) for a null initial data,
i.e., wo = 0, is differentiable almost everywhere in ¢, takes values almost everywhere in the domain of A
and satisfies the estimate

10:wllzrqo,1y;x) + | AwLro,7):x) < Coll f L2 (q0,1):X)

for any source term f € L?([0,T); X). We refer to [Kunstmann and Weis 2004] for an introduction to
the theory of maximal L?-regularity for parabolic equations.

The next important result, extracted from [Arsénio and Gallagher 2020], establishes the maximal
regularity of the Laplacian in all homogeneous Besov spaces Bg, ¢+ In particular, this result provides the
basis which will allow us (in Section 3.6, for instance) to obtain stronger estimates, with sharp gains of
parabolic regularity, by avoiding the use of Chemin—Lerner spaces.

Proposition 2.6 [Arsénio and Gallagher 2020]. Leto € R, p,q € [1,00] and r € (1,00). If f belongs to
L7 ([0, T); Bg,q) and wg = 0, then the solution of the heat equation (2-7), with o > 0, satisfies

1
/ e~ U=9@=Ry (1,5, D) f(s) ds
0

S lallm, 1 e o.1y 8o
L7 (0.T).BS5?) > (10,7),58.¢)

for any Fourier multiplier a(t, s, D). The result remains valid if r =q =1 orr = g = o0.

Remark. Again, it is to be emphasized that any implicit constant involved in the above estimate is
independent of 7" and «. In particular, one can set 7 = oo therein.

Remark. We refer to [Arsénio and Gallagher 2020, Proposition 3.1] or [Arsénio 2019, Lemma 3] for
a proof of Proposition 2.6 in the case a(z,s, D) = Id and & = 0. The original proof from [Arsénio and
Gallagher 2020] deals first with the case ¢ = 1 and then relies on an interpolation argument. The proof
from [Arsénio 2019], however, offers a self-contained approach which avoids interpolation altogether.

Remark. In fact, the original statements of Proposition 3.1 in [Arsénio and Gallagher 2020] and Lemma 3
in [Arsénio 2019] only cover the range of parameters 1 < g <r < co. Nevertheless, it is readily seen that
the corresponding proofs can be used mutatis mutandis to show identical bounds on the adjoint operator,
which is defined by

T
/ e~ 6N (51 D)g(s) ds.

t

It then follows from a standard duality argument that these results hold for values 1 < r < g < oo as well.

For the sake of completeness and clarity, we provide now a full justification of Proposition 2.6, based
on a straightforward adaptation of the proof of [Arsénio 2019, Lemma 3].
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Proof. First, noticing that the damping term e~*~5) can be absorbed into the bounded multiplier
a(t,s, D), we assume, without loss of generality, that « = 0. Then, we follow the proof of Lemma 3
from [Arsénio 2019].

We start by considering the case 1 < g < r < oco. By duality, it is enough to prove that, if g is a
nonnegative function in L2 ([0, T')) with b = r/q > 1 and 1/b + 1/b’ = 1, then

/0 "o

To this end, using (2-9) and (2-13), we deduce the existence of a constant Cx > 0 such that

fo "5

q

dt < |a|? a . ; ,
By lliar, 171 ’([o,T),Bg.q)”g”L” ([0.79)

/t e =9%q(t, 5, D) f(s) ds
0

q

t
/ e@™984(t,5, D) f(s)ds
0 B

=Z/()T§<r>

kez

T t q
— _ 2k
Slally, > /0 g(t)( /0 e CxE=2 AL () ||Lr ds) 2k(0+2)q 4,
kez

dt
+2
q

t q
/ U8 (t,5, D) Ay f(s)ds| 2K©@+Da g;
0

Lr

T t
— _ 2k
Slally, ¥ [ e [ eS0T ag po)1g, ds 240+ ar.
kez

For simplicity, we omit the norm ||a||s, in the remaining estimates.
Next, we define a maximal operator by

T
Mg(s) = sup p / P H|g (1)) d.
p>0 0

Classical results from harmonic analysis (see [Grafakos 2014, Theorems 2.1.6 and 2.1.10]) establish
that M is bounded over L¢([0, T')) for any 1 < ¢ < co. One can then write

[0 " o)

q
dt

0 +2
B[’sq

/t e@™984(t,5, D) f(s)ds
0

T T
— — 2k
< Z/(; |:22k/ g(l)e Cy(t—5)2 dti| ||Akf(s)||%,,2k0q ds

kez §

T f T
SY [ MeIAS O3 ds = [ Me@IF O, ds.

kez

Therefore, by the boundedness properties of M g and Holder’s inequality, we conclude that

/0 "o

which completes the proof of the proposition in the case 1 < g <r < oo.

q
dt < |M 1 5 = 1 s
g 11 SN o S el A1

/ t e 9%q(t,5, D) f(s) ds
0
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Now, observe that the exact same proof applies to the adjoint operator

T
/ B84 (s.1, D) f(s) ds,
t
thereby leading to the estimate

S ||f||Lr([0,T),33,q)

T
/ B84 (s. 1, D) f(s)ds

t

L7 ([0,T),B5 &%)

whenever 1 < g <r < 0o. Then, a standard duality argument establishes that

for parameter values in the range 1 < r’ < ¢’ < oo. Therefore, replacing p, ¢, r and o by p’, ¢’, r’ and

< .
sl ”Lr%[o,T),Bp,fg,“))

/ t et=984(1,5, D) f(s) ds
0

L7 ([0,T),B,°,)

—(0 4+ 2), respectively, shows the proposition in the case 1 < r < g < co, which concludes the proof. [

2.3. Damped Strichartz estimates. We focus now on the interaction between damping and dispersion.
More precisely, we are going to explore how the damping lemma (Lemma 2.1) applies to Strichartz
estimates. To that end, we first recall the general result on Strichartz estimates for abstract semigroups
from [Keel and Tao 1998]. We also refer to [Bahouri et al. 2011, Chapter 8] for a comprehensive exposition
of Strichartz estimates.

Proposition 2.7 [Keel and Tao 1998]. Let H be a Hilbert space and (X, dx) be a measure space. For
eacht €[0,T), with T >0, let U(t) : H — L*(X) be an operator such that

U(t) € L*([0,T); L(H, L*(X)))

and, for some o > 0,

IUOUs)*gllLeex) < gl cx)

|t —s]°

forallt,s €[0,T), witht #s,and all g € L'(X) N L?>(X).
Then, the estimate
U@ fligarr, < I1fIla

and its dual version

T
” /0 U()*¢(t) di

<

hold for any exponent pair (q,r) € [2, 00]?, which is admissible in the sense that
1 o0 o
p + T=5 and (q,r,0) # (2,00,1).

Furthermore, if (§,7) € [2, 00]? is also an admissible exponent pair, then the estimate

T
H fo 2t U@DU(s) g (s) ds

L, S rlellgl g
t=x

holds for any x(t,s) € L*([0, T)?; R).
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Remark. In fact, the statement of the result from [Keel and Tao 1998] only considers the function
x(t,s) = 1is<sy. However, a straightforward alteration of the proof from [Keel and Tao 1998] easily
shows that the result actually holds for all x(z,s) € L>®°([0, T)?; R). A detailed proof valid for all y(¢, s)
can also be found in Section 8.2 of [Bahouri et al. 2011].

By combining the damping lemma with the preceding proposition, we obtain the damped Strichartz
estimates, which are stated in precise terms in the next result.

Proposition 2.8 (damped Strichartz estimates). Let H be a Hilbert space and (X, dx) be a measure
space. For eacht € [0,T), with T >0, let U(t) : H — L?(X) be an operator such that

U(t) € L([0, T): L(H, L*(X)))
and, for some o > 0,

1
IUOU(s)*gllLeex) < mllgllum

forallt,s €[0,T), witht #s,and all g € L'(X) N L?>(X).
Then, for any oo > 0, the estimate

~Q

g
2

1
—at T N\at
1™ VO e = (1557) I/l
and its dual version
T li0_go
—at * <( T )q r2 ,
[ eevorsoa] s (mEn) " sl

hold for any exponent pair (q,1) € [1, 00] X [2, 00], which is admissible in the sense that

1 o_o 1 o0 _o
- = > 2 - = > 2
q—i— =y 2—|— Sz and (r,0) # (oo, 1).
Furthermore, if (4,7) € [1, 00] X [2, 00] is also an admissible exponent pair such that
1o,
q 4

then the estimate

<:( T );+$+v(}+é)—o

T
H /0 e~y (1, ) U ) U(s)* g (5) ds ({57

llzelgl,g

LiLY
holds for any x(t,s) € L*([0, T)?; R).
Proof. First of all, observe that all hypotheses of Proposition 2.7 are satisfied by U(¢). Then, introducing

! —0(%—1), (2-16)

q0 r

the parameter g € [2, co] by setting

we see that the exponent pair (gg, ) € [2, o0]? is admissible for Proposition 2.7. Therefore, it follows

from Proposition 2.7, with an application of Holder’s inequality, that
1 1

T \i-24

||e_‘”U(t)f||L;/L§ = ||€_°‘t||L(1/q—1/qo>—1([o,T))”U(t)f”L?OLQ < (m)q C
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which establishes the first estimate of the proposition. The second estimate then ensues from a dual
reformulation of the first estimate.

It only remains to justify the validity of the third estimate. To that end, employing (2-16), we introduce
auxiliary parameters g, §o € [2, 00], so that the exponent pairs (go. r), (Go, ) € [2, 00]? are admissible
for Proposition 2.7. In particular, it follows that

T
H /0 (. HUDOU(s)*g(s) ds

< ~
gy ¥ [ xllzee IIgIIL?()L;,

for any y(z,s) € L°([0, T)*; R). Therefore, noticing that gy < ¢’ < g < go, we conclude from an
application of Lemma 2.1 that

1 1 1 1

T
—ot—s| *
H/o e Sy (1, ) U(H)U(s)*g(s) ds S\ a7

v ool

which completes the proof. O
Remark. We do not make any claim of optimality of Proposition 2.8. It would be interesting, though, to

test the sharpness of the admissibility criteria for the exponent pairs (¢, 7) and (g, 7) in connection with
the sensitivity in 7" and « of the estimates.

We proceed now to specific formulations of the damped Strichartz estimates for the Schrodinger and
wave equations, as well as for Maxwell’s system.

Corollary 2.9 (damped Schrodinger equation). Let d > 1 and consider a solution u(t, x) of the damped

Schrodinger equation
(at +o —lA)M(Z,X) = F(t,X),

u(0,x) = f(x).

witha >0, t€[0,T) and x € R4,
For any exponent pairs (q,1), (G, F) € [1, 00] X [2, o0] which are admissible in the sense that

2 .d_d d _d
= bl bl
q+r_2’ 1+r_2 and (r,d) # (00,2),
and similarly for (g, 7), and such that
1.l
q9 4
one has the estimate
1,d(1_1 1 1,d(141
T \at5G—2) T \atitsG+i-1)
;< L Fll,a o
llzors, S (1507) 1712+ (527) 1Fll g

Proof. The solution u(¢, x) can be expressed by Duhamel’s representation formula as

t t

mnzeﬂ%nuf+/ _““”wﬁU@ﬁF@ﬂB:eWQK0f+/‘EﬂmﬂUU—ﬂF@ﬁm
0

e
0
where
Ut) =" and U(r)* =e /12,
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In particular, one has the explicit formula (see Section 8.1.2 in [Bahouri et al. 2011])

1 _\x;yt@ J
@i Jo ¢ OV

which readily implies that U(¢) satisfies all hypotheses of Proposition 2.8 with H = L2(R¢), X = R?
and o0 = %d . Therefore, we conclude that the corollary follows from a direct application of the damped
Strichartz estimates of Proposition 2.8. O

U@ f(x) =

Corollary 2.10 (damped half-wave equation). Let d > 2, and consider a solution u(t, x) of the damped
half-wave equation

(0 +aFi|D|u(t,x) = F(t, x),

u(0,x) = f(x),
witha >0,t €[0,T)and x € RY.

For any exponent pairs (q,r), (¢, 7) € [1, 00] X [2, 00] which are admissible in the sense that
1

2o G e G ) # (009,
and similarly for (g, ), and such that
1iloy,
9 4
one has the estimate
cd+1(1_1
i 5GP |A: .
2T TGP Al
T\ T\ G ey
5(1+ozT) ||Ajf||L§+(1+aT) 250 ')”AJF”L?/LQ’
forall j €7.

Remark. If §’ < p < g, then further multiplying the preceding estimate by 2/° for some o € R and
summing over j € Z in the £Z-norm leads to

lll g go—ca+n/marz=1/m

d—1(1_1

<( T )(lﬂLz(r_z)”f” +( T )‘LJF}IJF[IEI(;JF;_I)HFH
. a’ - —_ 7).
< (et 57, + (a7 L g

Proof. The solution u (¢, x) can be expressed by Duhamel’s representation formula as

t
u() :e—ate:titlDf+/ 0= £ G=)ID| (5) 4.
0

For each j € Z, we introduce now the flow
Uy f(x) = 1Py (2 f(x),

where ¥ (§) is a smooth compactly supported function such that O ¢ supp ¢ and ¥ = 1 on {% <|él < 2}.
In particular, if A; is the Littlewood—Paley frequency cutoff operator, defined in Appendix A, which
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localizes frequencies to {2/~ < |£] <2/}, one has the representation
t
Aju(t)=e YU )N, f —i—/ e_a(t_s)Uj (t—=s)A;F(s)ds
0

t
=e MU f +/ eI (U (5)* A F(s) ds.
0

We are now going to apply Proposition 2.8 to the operator Uy(¢) in order to control Agu(t).
Classical results, based on the stationary phase method, establish that

1
|t _sl(d_l)/z ”f“Ll(Rd)

ITo(®)Uo($)* fll oo ey <
forallt #s and f € L'(R?). (Proposition 8.15 from [Bahouri et al. 2011] contains a precise justification
of the preceding dispersive estimate, and we further refer to Section 8.1.3 from the same work for
more details on the stationary phase method.) It therefore follows that Uy (#) satisfies all hypotheses of
Proposition 2.8 with H = L2(R%), X =R% and 0 = %(d —1). Hence, we conclude that

d 1(1 )

Ty e

T \at
||A0M||L?L§C < ( ) T+tal

e 180z +

|&0F g,z (2-17)

q/
Lt

for all admissible exponent pairs.
In order to recover an estimate for all components A;u, where j € Z, we conduct a simple scaling
argument by introducing

u,-(t,x)::u(zL 2—]), Fit.x) =lF(2J zxj) £i(x) :=f(%).

Noticing that

Aouj(f’x)=(Aj”)(§’%>, Ao Fj(t,x) = (AJF)(2, 2’3) Aofj(X)=(Ajf)(%)

and that u; (¢, x) solves
{(8t + 2V a Fi|D|)u;(t,x) = Fj(t, x),
u;j(0,x) = fj(x)

on [0,2/ T), we obtain, applying (2-17) to u s

(L+4
2 GO Al o

= [[Aou, ”L?LQ

< (LY gy 4 (L)Y
1+al 0L T\ 15T

2T NG -D) g 2T Natat T ) (Chra(i-d
:(l—l—aT)q 2fz||Ajf||L,%+(m)q ' /it ))”A Fl

1A0F; I arp

Lq/ .
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Finally, reorganizing the terms above, we deduce that

1 dl
T \a+t5 G-3 jaFL (L1
18jullzer = (1507)" 2T ED)A; £l
T \ats+ G+ agi_1_1
+(p) U I
which concludes the proof. O

Corollary 2.11 (damped wave equation). Let d > 2, and consider a solution u(t, x) of the damped wave
equation

(02 + ad; — A)u(t, x) = F(t, x),
u(0,x) = f(x),
alu(oa X) = g(x)’
witha >0, t €[0,T) and x € R?.
For any exponent pairs (q,r), (¢, 7) € [1,00] X [2, 00] which are admissible in the sense that

2 d-1_d-1 d—1 _d-—1
bt P P
q+ 5 1+ — = and (r,d) # (00, 3),
and similarly for (g, 7), and such that
1.l
q9 4

one has the high-frequency estimate

1 d—1(1
_jd+1(1_1 T Ntz Gz
PAsalt r)||Aj(8,u,Vu)||L?L§C§(m>q 18, (2. Y )l
1 d—1(1
T \etstS G+i —1) e (A-1
(1+aT)q ' G=D), Fllipg
forall j € Z with 2/ > a, and the low-frequency estimates
; 1
—id(L—1 T 1/ a2%T \a,j(1-2
277403 r)uAjatuuLgL;s(HaT) 1878022 + 5 (5577) 204V F s
1 1
T Nata,ja(i-1
+(1+aT)q 7njd(} r)||AJ.F||L?,L§,
and
d(l_1)_2 1/ a2¥T «2?/ T
2" —i(d(3-7) )”AJVMHLqu N—(W> 2/ ”AJgHLZ"i_(m) ||A1Vf”L2
1/ a2/ T \a+ d(1-1)-2
L) D D g

forall j € Zwith2/ <a.

Remark. Summing the preceding inequalities in j easily leads to damped Strichartz estimates in Besov
spaces with summability in £? for any §’ < p < q. However, due to the dichotomy of the statement of
Corollary 2.11 into high and low frequencies, the resulting estimates cannot be stated with homogeneous
Besov spaces in a unified format, which is natural because the damped wave equation does not enjoy any
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scaling invariance. Observe, though, that the high- and low-frequency estimates match in the borderline
case o = 2/, with r =7 = 2.

Remark. Corollary 2.11 is optimal in the loose sense that it provides a similar result as Corollary 2.10 for
high frequencies. Moreover, it recovers the optimal Strichartz estimates for the classical wave equation in
the limit « — 0. Corollary 2.11 also displays optimality in its control of low frequencies. Indeed, let us
consider a solution u.(t, x) for each ¢ > 0 of the damped wave equation

(¢720? + ad; — A)uc(t, x) = F(t,x),
MC(O’X) = f(X),
druc (0, x) = g(x)

ont € [0, T). In particular, it follows that i (z, x) := uc(c~'t, x) solves

(0% + cady — Niic(t, x) = F(c™t,x),

uc(0,x) = f(x),
driic(0,x) = ¢ g(x)

ont € [0,cT). Therefore, applying Corollary 2.11 to ti., with r = 7 = 2, yields the low-frequency
estimates

1 T i 1 @2¥T \a,j(1-2
I800eligzz = 5 (Temgr) 18selo + 5 (Gzrp) 2 718V g
1,1
+ () I F

1+c2aT Ly'L?
and
. 1 ; 1
F2ua L a22T Naqjia 2% T \a,\
2018 Vuellgrz = o (2arp) P Iaele + (Jsa7) 187V S 2
1/ 2T \iti,j(1-2
2 G YT

for all j € Z with 2/ < ca. Finally, letting ¢ tend to infinity and denoting the limit of u. (in the sense of
distributions) by u, we obtain the estimates
1( a2¥T i, j2(1-1 1
18700922 < o (225577) 22NN F s + 18 Fllgrs
and '
a2?T

1( a2 T )é+$
oa—+2%2/T

$2
1 i3 IA;
a\a+2%T 270A E]

1
22 7
TN AUl 5 ( )18 fllz + 02

for all j € Z and every ¢, g € [1, oo] such that 1/q 4+ 1/g < 1, which are optimal parabolic estimates for
the heat equation

(Otat — A)u =F

with initial data u(0, x) = f(x).
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Remark. Other attempts at establishing Strichartz estimates for the damped wave equation can be found
in [Inui 2019; Inui and Wakasugi 2021]. However, the results obtained therein are suboptimal. Indeed,
Corollary 2.11 supersedes the results from those two works in both the breadth of the range of integrability
parameters that it handles and the sharpness of regularity gains that it produces.

Proof. We begin by introducing
e(t,x):=du(t,x) and b(t,x):=i|D|u(t,x).
It then follows that (e, b) is a solution of the system

dre—i|D|b+ae=F,
d:b—i|Dle =0,

with initial data (e(0, x), b(0, x)) = (g(x),i|D| f(x)). This system is reminiscent of Maxwell’s equations,
which are studied in Section 3, and it can be recast as

o (5)==(5)+(5):

_ _ [~ ilD|
L=L(D):= (i|D| 0 )
Now, a straightforward computation shows that £(£), where & € R¥, has the eigenvalues
Ae(§) = —za = Vga® — (2-18)

in the complex field C. Moreover, exploiting the trivial identities A + A— = —a and A1 A_ = |£|2, one

e e e
=P P_
(5) =7 ()7 G)
provides an eigenvector decomposition, where
e 1 Aye+1i|D|b e 1 A_e+1i|D|b
P = — P_ = —
+(b) P (ilDle—/\_b and )= —a; \iiple—asb
are the projections onto the eigenspaces associated with A4+ (D) and A_(D) (when these eigenvalues
are distinct, i.e., when || # %a), respectively. In particular, this decomposition allows us to deduce the

where

can readily verify that

representation formula

(Z) ()= Py (Z) 1)+ P- (Z) (0

e e |D|? f N e T =
= A8 e + 42 ds. (2-19)
et —efr— . e'rtA_etr =y . =g _pt—5)A— :
A=A l|D|g_—A+_x_ i|D|f 0 AT —A_ i|D|F
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We want now to use (2-19) to deduce an estimate on Age and Agb, which, by a scaling argument
in the spirit of the proof of Corollary 2.10, will then result in a control on each dyadic component A e
and A;b, with j € Z. Note, however, that the eigenvalues A4 (§) are of a fundamentally different nature
depending on the relative size of the frequencies {% <|él < 2} with respect to o > 0, which leads us to
consider several cases.

More specifically, on the one hand, when AL € R (i.e., when |§] < %cx), we are going to employ the
elementary controls

2 2
_a</\_<_g<_ﬂ<k+<_ﬁ
B o «“ - (2-20)
0 = <tet <tetu,
= Ap—A Ay —A_

while, on the other hand, when A1+ € C\ R (i.e., when |&] > %a), we are going to use the properties

el =&, JeTPE| =72,
otht othe ‘ _, Isin(tVIEP — 30?)] _ st (2-21)
—_— | =e 2 <te 2°.
Ay —A_ '/|$|2—%012

Considering that the dyadic operator Ay localizes frequencies to {% <|§ < 2}, we will then distinguish
three cases:

e The complex case, where 0 < o < %, so that A+ and (A4 —A_)~! are complex and smooth on
3 =lel=2}.
» The degenerate case, where % < o < 5 and the eigenvalues may be equal.

e The real case, where o > 5, which implies that the eigenvalues are real and the damping phenomenon
dominates the behavior of solutions on {% <& < 2}.

The complex case. We begin by considering the range 0 < o < % In this setting, it is readily seen that the
functions A4 (£), A—(£) and (A (§) —A_(£))™!, as well as any number of their derivatives, are uniformly
bounded on {3 < |§| < 3}, uniformly in « € [0, 3]. In particular, by virtue of the criterion (2-14) for
the boundedness of multipliers, further introducing a smooth cutoff function v (¢) compactly supported
inside {% <&l < 3} and such that ¥ = 1 on {% <&l < 2}, it follows that A+ (§)y (§), A—(&)¥ (&) and
(A4 (E) = A—(£)) "1y (&) are the symbols of bounded Fourier multipliers over any homogeneous Besov
space. Therefore, we deduce from (2-19) that

|Aoe.b)ll o1

t
5 Z”etA:I:AO(f, g)”L‘tILgC + “/ e(t—S)AiAOF ds
:E 0

LILY

, (2-22)
LILY,

t
= Z”e_%te:tztS(D)AO(fa g)IILf;L; + H/ e_%(t—s)e:tz(t—s)S(D)AOF ds
0
+
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where we introduced the notation
8(8) = VI§* — 3o®
for convenience.
Now, classically, the stationary phase method can be used (see [Bahouri et al. 2011, Proposition 8.15],
for instance) to show that

. . &
ix-E Fit|€| ¥

for all > 0, where the constant Cy > 0 is independent of 7 and x, and ¥ is any smooth compactly
supported function whose support does not contain the origin. A similar estimate holds, uniformly in
o€ [O, %], if one replaces |&| by 6(&) and if the support of ¥ is disjoint from the closed ball {|§ | < %(x}.
More precisely, we claim that

. . C
ix-E Eit8(£) 14 -
/Rd eve w(S)dé‘ = @-np (2-23)

whenever supp ¢ C {|§| > % > %a}, where Cy, > 0 is independent of t > 0, x € R? and o € [0, %] For

the sake of completeness, we provide a justification of (2-23) in Appendix B.
Therefore, introducing the flow

U(t) f(x) := eE 1Py (D) f(x)

for some fixed compactly supported cutoff 1 (£¢) such that supp ¢ C {|§‘| > % > %} and ¥ =1 on

{% << 2}, we see, in view of (2-23), that U(¢) satisfies all hypotheses of Proposition 2.8 with
H=L*®RY), X=R? and o=1@d-1).

Hence, we conclude from (2-22) that

||AO(€,b)||L?L;
< (L)Y
~\1+4+aT

for all admissible exponent pairs, when 0 < @ <

Ty

180(£ )l + (7757 |AoF | (2-24)

a y ¥
LY LY

D=

The degenerate case. We are now looking at the range % < a < 5. This case is easily settled by the use
of (2-20) and (2-21), which allows us to deduce, whenever % <|&] <2, that

Ay _ ,tA_

2 1 2 1
by 2 () <2 (Y s ()
Ay —A— ¢ t 1+T72 1+T 1+T
+ L¢
oA e i) (L
Ay —A- Le ' A=A g TANHT
tA th_ tA tA_ 1
e T i PP P




1340 DIOGO ARSENIO AND HAROUNE HOUAMED

for any 1 < ¢ < 00. Indeed, incorporating these controls into (2-19) and recalling that the space of Fourier

multipliers on L2(R?) is isomorphic to L% (R%) leads to

| Ao(e.b)llo
< ||Ao(e, b) ”L"L2

T T \iti
< 0 ,
(1+T) 1800/ )z + (1) “I180F I,
1, d-1(1 1 d 1(1
T \a+t 7 G2 T )E"‘?"‘ (F+3-1)
< | — AT
< (77) l80(£ ez + (17 180F g7,
for all admissible exponent pairs, when % <a <5.
The real case. In the remaining case, we assume that o > 5. In particular, when > <& =2,

A —Ao = Va2 —4|g* > Va2 —16 > 2a.
5

Furthermore, employing (2-20), one finds that

1 1
t)"i‘ ) __r < (XT c th_ ) _at < T ra
e+ e < lle™3|Le < <a+T and [le™ g <lle™ > g < (147

for any 1 < ¢ < oco. Therefore, we deduce from (2-19) and (2-20) that
IAoellLapr < l[Aoellpay2

l—2qT T a7 —qT
< (% A ( ) A

( Gl T +1+aT) 1808z + (57 +1+ =) 180 f 12
<a1—2(1/4+1/q) ' T \i+1

a7 g
AoF|, &
+T +1+0(T) 180F Ly

(T ‘A ol=aT A T é%AF
< (5 e =) 180gl2 + (% +T) 180/ 2+ (15om +(XT) 180F g,z

and
I Aobllpayy,
< ||A0b||L‘{L2

) 13ogl + (L + LY ag )
I "\ o+ T T 14arT 0/ 1L

(a1—(1/q+1/q)—1 T N o~ (/a+1/D)™! T)Clﬁl
a+T 14+aT

1_
<(a qT+ a 4T
oa+T 1+aT

Ao F |l

aT ql=Wa+1/D~ iy L
< P
N((X+T ) ||A0g||L2+( +T) ”AOf”LZ ( Ol+T ) “AOF”L? L/rv

for all admissible exponent pairs, whenever o > 5.

L9712

(2-25)

(2-26)

(2-27)
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Scaling argument and conclusion of proof. We are now in a position to conclude the justification of the
corollary. In order to deduce an estimate on A (e, b) for all j € Z from (2-24)—(2-27), we conduct now a
scaling analysis in the spirit of the proof of Corollary 2.10. To that end, we introduce

(ej,b,-)(z,x):z(e,b)(i “). Fj(t,x):ziF(t =),

2772 27 \2i" 2/
Si(x):= 2jf<%), gj(x):= g(%)

and observe that (e;, b;) solves
dre; —i|D1b; +2_j0[ej = Fj,
d:bj —i|Dlej =0

on [0,2/ T), with initial data (ej(0,x),b;(0,x)) = (gj(x),1| D] fj (x)).
Then, noticing that

_i(la,d
18, (. D)l =277+ | Aotes. b))l o1
_id
1Ajgll2 =277 211Aogjll 2.
i d
18 fll2 =277 0+ D) a0 1,2,

i(L—d(1-1
187 Fll g =27 GO a0 Byl g o

7!
7
L

and applying (2-24) and (2-25) to (e;, b;) yields the estimate

1 ,d=1(1_1
T et 5 (G=3)_jaxi1_1
IIAj(e,b)IILgL;§(1+aT)q 275 G208,V )2
1yl d-1(1,41_
(L) T O T D6
I+aT ST Ly

whenever 2/ > a.
Similarly, if 2/ < «, then, applying (2-25), (2-26) and (2-27) to (e i, bj) leads to the controls

1 1
T \an,jd(i-1 1 al  \a,j 1_1
lajelsry < (1) 29 P NAsgl e + o (5 577) 2/ G4, v 7

1+aTl a\q+22/T
* (1+TaT);+$2jd(1_}_'l)”AJF”L?/LQ’
and
1A7bllLg Ly, = é(a+a27;‘j T);zj(l+d(é_i))||Ajg||L§ + (a+a2€'j T)[llzjd(é_;)”Af'vf”L%
+ é(aszz'j T)l+$2,-(1+d(1_;_;)) 187 F gz

which concludes the proof of the corollary. O
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Corollary 2.12 (damped Maxwell equations). Let d = 2 or d = 3 and consider a solution (E, B)(t, x) :
[0, T) x R — R® of the damped Maxwell system

%atE—VxB—i—UcE:G,
1:B+VxE =0,
divB=0

for some initial data (E, B)(0, x) = (Eo, Bo)(x), where 6 > 0 and ¢ > 0.

For any exponent pairs (q,1), (G, 7) € [1, 00] X [2, 00] which are admissible in the sense that

2 d—-1_d-1 d—1 _d—1
z >% a1 4=
q+ 5 1+ — = and (r,d) # (00, 3),
and similarly for (g, F), and such that
1olo,
q9 4

one has the high-frequency estimate
a¥1(1_1
2775 G A (PE. B Loyt

< d— 1(% %)_%( 2T )1+d 1(,_,
~ l+o0c2T

L d1(1, 1.
+c +d I(I_L_L _;_g(lf;ZZT)q+q+ > (r+r 1)2/d+1 l_f)”A PG”

forall j € Z with2/ > oc, and the low—frequency estimates

|| AJ (PEO, BO) ||L2

LY ([0,T);L%)
11 T 1 ( 02¥T 2

l
T Niti5a(-Dya, pGl o
+C(1+oc2T) 2ERTNA PG L7 0.1y

and
—i(d(3-3)-3) < L (02T \aiy; 02T
/G0N Blag oy < 5o (o) &N PEO||L2+ T 14, Boll
L 02YT \ati j(1+d(3-1)-2)
* E(o+22j T) "2 187 PGl qo.ry:ey

forall j € Z with2/ <oc.

Remark. Corollary 2.12 only provides estimates of the magnetic field B and the divergence-free part of
the electric field PE. Notice, though, that the divergent component PL E can also be estimated directly
from Maxwell’s system. Indeed, applying the projector P+ to Ampere’s equation yields

3, PYE +0c?PLE =cPLG,
which leads to the representation formula

t
PLE({) =e o PLEy 4+ ¢ / e =) pL G5y ds.
0
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A direct estimate then easily gives
A=) |A, pL

1
=< ||AJ'P E||L;1L)2C

1

QY

1
T -+

1
oL
5( )q”AJ’PLE"”L%“<1+oc2T

1+o0c2T

< (L)‘I’HAPLEOH s +c(L)
~\140c2T / Lx l+0c2T

forany ¢,g € [1,00] and r, 7 € [2, 00], with 1/g + 1/g < 1.

4
LY L%
J’_

Q=
Q=

214G A PG, 40 0
“ J ”L‘t[ L§

Proof. Since B(t, x) is a solenoidal field, we begin by introducing a vector potential A(z, x), with
1 €[0,¢T) and x € R?, such that
B(t,x) =V x A(ct, x). (2-28)

Faraday’s equation ¢ =19, B 4+ V x E = 0 then implies that (9; A)(ct, x) + E(¢, x) must be curl-free,
whereby there exists a scalar potential ¢(¢, x), with 7 € [0, ¢T) and x € R?, such that

E(t,x) =Vep(ct,x)—(3:A)(ct, x). (2-29)

Observe that A and ¢ are not uniquely determined. Indeed, for any scalar-valued potential (¢, x), it is
possible to apply the transformations

A(t, x) = A1, x) + VY (1, x),

p(t,x) = @(t,x) + 9,y (2, x)

to produce new potentials representing the same electromagnetic field (E, B). Any particular choice of A

(2-30)

and ¢ is called a gauge.

Different choices of gauge lead to different insights into Maxwell’s equations. It is therefore important
to carefully select the properties fixing the gauge. A standard example of gauge fixing is the Coulomb
gauge, which merely requires that A be solenoidal, i.e., div A = 0. The Lorenz gauge, which imposes the
condition

div A(t, x) = 0;0(t, x)

is another classical example with the property that it produces decoupled wave equations on A and ¢
when there is no damping, i.e., 0 = 0.
Here, we introduce a damped Lorenz gauge by selecting potentials A and ¢ solving

div A(¢, x) = d;0(t, x) + ocp(t, x). (2-31)

Observe that it is always possible to find a damped Lorenz gauge. Indeed, starting from any other gauge
(A, @), one can apply the transformations (2-30) with any solution (¢, x) of the damped wave equation

8%1// +o0cdiy — Ay =divA— 03,9 —0ce,

thereby producing new potentials satisfying (2-31).
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Now, by inserting (2-28) and (2-29) into Ampere’s equation and then employing (2-31), a straight-
forward calculation shows that the damped Lorenz gauge is a solution of the damped wave system

(02 + 0cd; — A A(t, x) = —G(c 1. x) (2-32)
ont €[0,cT).
Therefore, applying the Strichartz estimates for damped wave equations from Corollary 2.11 to this

system, we find, concerning high frequencies, that

d+l1(1
2 \2

1_1
A (PE. Bl Lo oryLr

_jd+1(1_1
2772 (2 r)||Aj(atPA,VPA)”L?([O,CT);Lfc)

1 .
ca2™/

A

d—1 1

( cT )(lﬁz(}—z)
1+o0c2T

A

A (PEo. Bo)ll.2

1 1 d—1(1 1
1—1 T NatitFG+i-1) JAEL(L-1y, i
te q(l—i—aczT) 2 ”AJPG”L?’([o,T);L?)

for all j € Z with 27 > ge.
As for low frequencies, i.e., when j € Z with 2/ < ¢, we obtain similarly from Corollary 2.11 that

Lo jd(i-1
cho—id(} r)||AjPE”L‘t]([0,T)§L§c)

—id(L—-1
= 274G A3, PAll Lo o L)

1 ; 1
cT q 1 [ 0c2¥ T \a,i(1-2
< (rperr) 185 PEolz + oo (F507) 218 Bl
1 1
=L T Nata ja(i-1)p . _
te q(l-}—aczT) 2 “AJPG”L?/([O,T);L?)

and

1 _i(d(i_1y_2

c727 /@G A Bll oo 1yers
1 1

<27/ (d(3-1)-3) 1AV PAll L9 (0,c7);1r)

1 1

1 (0c2¥ T \a,; 0c2% T \a
< (22 1) %)) A, PE (—) A;B
< (225 218 Pl + (2557 14 Bl
-4 1 0022JT)5+C17 JO+d(3=5)=2) A )
+e qac(OszT 2 AT PGl L7 go.ryn7y
which concludes the proof of the corollary. O

The global low-frequency estimates from Corollaries 2.11 and 2.12 can be refined by considering
the maximal regularity of the heat equation (without damping) discussed in Section 2.2. The next two
results provide such low-frequency parabolic estimates for the wave equation and Maxwell’s system,
respectively.
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Proposition 2.13. Let d > 2, and consider a solution u(t, x) of the damped wave equation
(8% 4 ad, — Au(t,x) = F(t, x),
u(0,x) = f(x),

atu(07 x) = g(x)’
witho >0, t €[0,T) and x € R?.
Forany y € Ccoo(Rd) and o € R, one has the low-frequency estimates

—1
(™ DYdsutll o, 7. g +2/my

_1 1_q —(1+1_-1
So gl ggram +am M fllpgra + (1455 ’)||F||L;([o,r);zég;2/'")

foranyl <r <m <oocand1 <q < oo, as well as

-1 _ < gl _ 1 _ 1_1 .
lxte=DIVull o, rypgy2rm S @ gl gger +am il Npg ey +am Tl qo ry:pg 142

forany 1 <r <m < oo, and
-1 1 _4 1
1@ DYVl o7y, +20my S @ gl gt 0 ILF gt + 1 o,y g 120,
foranyl <m <ooand1 <q < oo.
Proof. Following the proof of Corollary 2.11, we consider
e(t,x):=0:u(t,x) and b(t,x):=1i|D|u(t, x).

In particular, one has the representation formula (2-19), which, for any given choice of 0 < A < 1, can be
recast as

t
e(t) = egmmz(t, D)g—egmml(t, D)|D|2f +/ eg(t_s)Amz(t —s,D)F ds
0

A _ _ A
= (e@'"|D*m¥ (t, D) — e "*m3 (t, D))g —e«'“my(t, D)|D|* f

e (2-33)
+/ (ea(t_s)A|D|2m;(t —s5,D)— e_A(t_S)“mg(t —s5,D))F ds,
0
t
b(t) = ea™m,(t, D)i|D|g — e @' ®ms(z, D)i|D| f +/ e =98y (t 5, D)i|D|F ds,
0
with the time-dependent Fourier multipliers
et —eth— e e Ay —etPmAl e
t’ e — o b t’ == « 9
mi(t,§) A e ma(t, §) A e
I,‘A+)L 2 t/l_A
+ ¢ + Al — ¢ - At
my (1,§) = —5 ¢ . omy(t,§) = —7—e™", (2-34)
’ €2 (4 —2-) 2 A — Ao
e L W
t’ = Ta
m3(t, §) i ¢

where the eigenvalues A (§) and A_(§) are defined in (2-18).
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Then, making use of the elementary controls (2-20), one can show that

||mll{lfl< a}||L°° Sa™l, ||m2 1{|$|< a}”Loo sa,

Im L <1gyllies S 1, lm3lge<aryllzes S 1.

In particular, since the space of Fourier multipliers over L2(R?) is isomorphic to L% (R¢), we conclude
that L
1{|D|5%a}m1’ 1{|D|5%a}m2 and l{\Dlsia}m3
are bounded in the sense that they satisfy (2-12) for p = 2.
Therefore, applying Propositions 2.2 and 2.4 to the representation formulas (2-33) by suitably scaling
time by A/«, we obtain the estimates

1 1 1
: <qm 2 . ~m . L .
hodo OOy
tom o ”1{|D|§£a}F||L;ngj;§/r o mor ||F||L;Bg;rz/m

_L 1_ — 1_1
<o gl ggraim +am | fllggra + o UEHTDNFY y poram  (235)
and

1_4 1 1_1
12 p1<saybllpp g ram S @ Mgl g1 +aW I f g1 +am FIFl ygoriar (236)

forany 1 <r <m <ooand 1 <¢g < oo.
If, instead of Proposition 2.4, one uses Proposition 2.6, then one arrives at the estimates

_1 1_4 -1
1 p13atellipigtm S gl sgram +am 1 f gz + @ | Fll oo (2-37)
and 1 ]
i_l 4
1201 sabli g ram S @ gl g+ f gt + 1l g2 (2:38)

forany l <m <ooand 1 <¢g < oo0.
In order to handle frequencies lying in the range { a<|E < ozR} for any choice of parameter R > 1
with 24R? < 1, we employ (2-20) and (2-21) to deduce that the multipliers in (2-33) satisfy

.
||ml1{%0,45\50[13}||L<;_<§3 Sa

t(AL+4

1133 oy 253 = ALy camy ez 1AL gl <1
1Oy a2

1m32¢ 1o < zart Lz = Aemiles, e amyllies + e 45010 0l S 1.

Therefore, as previously, by the boundedness of multipliers and the fact that ||e ™% || L?([0,00)) = a~l/p
for any a > 0 and 1 < p < 0o (no need to use Propositions 2.2, 2.4 or 2.6, here), we conclude from (2-33)
that

”1{%a<|D|§th}e”L’,"Bg,‘q"z/m
_1 _1_ _ 1_1
<qg m ||g||Bg-(|1-2/m 4o m 1||1{|D|S¢1R}f“Bg;‘2+2/m +o (1+L r)”F”MB;’Z””’

_1 1 _ _ 1_1
Sa gl pgtarm +am Ul ggz +e (43 r)||F||L;Bg;2/m (2-39)
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and
”1{%a<uN5aR}b”LTng2hn
S o 1 pi<ary8l go1+2/m + @ |1 p<ary f || go+142sm
2.9 24
+a 2wty IL0Di<ary Flly pg+1+2/m
S gl ggan +am Sl pga +am T Flly oo (2-40)

forany 1 <r <m<ooand 1 <¢g <oo.
All in all, combining (2-35), (2-37) and (2-39), we obtain

L L _ (1441
120Disariel g s2m <@gl ggram + oISl ggsz +a DN FY Ly gosarm
forany 1 <r <m < oo and 1 < g < oco. Similarly, combining (2-36), (2-38) and (2-40), we deduce that
1_4 1 1_1
120plsarsblp s t2m S~ gl gyt +am If | ggr + o FIFll Ly gorsar
forany 1 <r <m < oo and
1_4 1
I120D1saribll g 2m S am gl gt +am L fll g+ IFllp gor+2/m

forany 1 <m <ooand 1 <gq < oo.
Finally, selecting R large enough that supp y C {|€| < R} yields the desired estimates on y (=1 D)(e, b),
thereby concluding the proof. O

Remark. The preceding proof raises a question — is it possible to extend the statement of Proposition 2.13
from the L2-setting (in space integrability) to a general L?-setting, with p # 2? Such an extension would
require dealing with the boundedness of the multipliers defined in (2-34) over L?. This is related to the
boundedness of the Bochner-Riesz multiplier (1 — |€ |2)}|r/2, which is notoriously challenging and remains
unsettled in general dimensions. We will therefore not be going into further detail on this subject.

Corollary 2.14. Let d = 2 or d = 3, and consider a solution (E, B)(t,x) : [0, T) x R — RS of the
damped Maxwell system

%atE—VXB-i-GCE =G,

19B+VxE=0,

divB=0

for some initial data (E, B)(0, x) = (Eo, Bo)(x), where 0 > 0 and ¢ > 0.
Forany y € C c"o(Rd ) and s € R, one has the low-frequency estimates

-1
”X(C D)PE”L;”([O,T);B;':Z/’")
< C_% ||PE0|| 5s+2/m + C_l ”B()“ 5s+1 + C_1+%_%||PG” - ss+2/m
- B2y Bam Li([0.7):B5 7™

foranyl <r <m < ooand 1 <q < o0, as well as

-1 -1
1€ DY Bl o pycg12my S €~ IPEoll sgtr + Boll gy, + 1Pl s o722
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forany 1 <r <m < o0, and
-1 . <1 . . L
1€ DYBl o g r2rmy < €~ I PEoll g1+ 1Boll g + PGl o g r+2rm

foranyl <m < ooand1 <q < oo.

Proof. We follow the steps of the proof of Corollary 2.12, which involves first fixing a damped Lorenz
gauge satisfying (2-28), (2-29) and (2-31). Then, applying Proposition 2.13 instead of Corollary 2.11 to
the damped wave system (2-32), we find, for any y € C2° (R9) and s € R, that

-1
e ! |
=c ||)((C D)atPA”L;"([O,CT);B;"ZN’”)
2 2_2
<c m PE S m -1 B S _1+7_ﬁ PG r S my s
<= C [ 0”32.':2/ +c |l 0”32;11 +c | ”Lt([O’T);Bz,-ZZ/ )
forany 1 <r <m <ooand 1 <g < oco. We also obtain
-1 _1 -1
llx(c D)B”L’;”([O,T);B;jz/m) Semmx(e D)VPA”L?”([O,CT);B;jZ/m)
_1 . .
S ¢HPEol g1 +11Boll gy, + PGl o ry,s 2y
for any 1 < r <m < oo, whereas the limiting case 1 < r = m < oo yields
-1 _1 —1
||)((C D)B”L’t"([O,T);BS_':z/m) Scm ||)((C D)VPA”L?Z([O,CT);B;:‘ZZ/W[)
—1 . .
sc¢ ”PEO“B;j‘nl + ”B()”Bim + ”PG||L’,"([O,T);B§;11+2/'")

for any 1 < g < oo, which concludes the proof. O

3. Perfect incompressible two-dimensional plasmas

We are now going to apply the damped Strichartz estimates for Maxwell’s system, established in the
preceding section, to the analysis of the two-dimensional incompressible Euler—-Maxwell system (1-1).
The main goal of this section is to establish Theorems 3.1, 3.2 and 3.3 below.

In order to conveniently state the results, recall first that we denote the initial energy by

Eo := ||(uo, Eo, Bo)|l 2.

For ease of notation, we also introduce a natural frequency decomposition of Besov and Chemin-Lerner

spaces with respect to the speed of light ¢ > 0. More precisely, we define the Besov seminorms
1

1
q q
£l :=( ) 2"W||Akf||%p) and Iflg :=( T ok, f||g,,) |

kez kez
2k <gc 2k>g¢

as well as the Chemin—-Lerner seminorms

- . A ksq q 5 - . A ksq q
1185, = (2 2086 1pug) and 171y ay, o= (2 2008es 1)

kez kez
2k <ge 2k>gc

Q=
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forany s € R and 0 < p, g, r < oo (with obvious modifications if ¢ is infinite), where the constant o > 0
is the electrical conductivity used in the original Euler—Maxwell system (1-1).

Theorem 3.1. Let p and ¢ be any real numbers in (2, 00) and (0, 1), respectively. There is a constant
Cy > 0 such that, if the initial data (ug, Eg, Bo), with divug = div Eg = div By, has the two-dimensional
normal structure (1-2) and belongs to (H' N WPy x (H' N B7/4) )(R?) with

_3 ate
(&o + ol g1apirt.r + I(Eo0, Bo)ll g1 + ¢~ 3| (Eo, Bo)llg;/f)c*ec*go <c, (3-1)

where ¢ > 0 is the speed of light, then there is a global weak solution (u, E, B) € L®(R™; L?) to the
two-dimensional Euler—Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity
we L°RY: H'NWP), (E,B)e L°R*:H'), ¢ 3(E.B)e L°®R*: B]}).
(cE,B)e L*(RT;H'"), Be LZ(R+; B3, ). (3-2)
(E,B)e L*R*:BY,.), *EcI?R*:B]}), ciBecI?®R*:B]}.).

It is to be emphasized that the bounds in (3-2) are uniform in any set of initial data such that the left-hand
side of (3-1) remains bounded.

Remark. For any fixed initial data (1o, Eg, Bo) satisfying the requirements of Theorem 3.1, it is possible
to improve the uniform controls (3-2) by showing that the bound

(E.B) e L*(R*; B}
holds uniformly as ¢ — oo. This is clarified in Section 3.11 below.

Remark. Note that we do not make any claim concerning the uniqueness of solutions produced by
Theorem 3.1. However, Theorem 3.2 below strengthens the statement of Theorem 3.1 by achieving such
uniqueness, provided the initial vorticity is bounded pointwise.

Remark. Employing the bounds (3-2), one can easily show that (VE,VB) € L?2(R™; L*®). Indeed,
making use of straightforward embeddings in Besov and Chemin—Lerner spaces, we deduce that

IVElL2@t:o0) S IVEl 250 ) SIENz2@+ 8 ) HIEN 2@ 51, )
SIeElfa@e 58 oo o) tIEI @B, )

< ||CE||Z2(R+;le,oo,<) + ”EHZZ(R-F;B;J?)
and

”VB“L2(R+;L°°) = ||VB||L2(R+;BC(>)O.1) < ||B||L2(R+§Bcl>o,1.<) + ||B||Z2(R+;Bcl>o.l,>)

< ||B||L2(R+;B%’L<) + ||B||Z2(R+§Béo,1,>)' (3-3)
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Remark. The initial condition (3-1) can be interpreted as a mere strengthening of the property that the
velocity of the fluid cannot exceed the speed of light, i.e.,

lullzse, <c.
On purely physical grounds, this condition seems therefore quite reasonable and is not very restrictive.

The previous result only covers the case wg € L? N L? in the range of parameters p € (2, o0). The
next result strengthens Theorem 3.1 by assuming that wg € L2 N L™,

Theorem 3.2. If, in addition to all hypotheses of Theorem 3.1, for some given p € (2, 00), one also
assumes that wg € L (but not necessarily Vug € L), then the solution produced by Theorem 3.1
satisfies the additional bound w € L®(RT; L®) and is unique in the space of all solutions (i, E, B) to
the Euler—Maxwell system (1-1) satisfying the bounds, locally in time,
(@, E,B)e LPL:, uelily, jelj,,
and having the same initial data.
We address the propagation of regularity in the Euler—-Maxwell system (1-1) with the following result.

Theorem 3.3. Consider parameters p € (2,00), e € (0,1), s € (%, 2) andn € [1, 00]. There is a constant

Cux > 0 such that, if the initial data (uo, Eo, Bo), with divug = div Eg = div By, has the two-dimensional
normal structure (1-2) and belongs to (H* N WPy x (H' N Bin)z)([Rz) with

_ 4-+¢e
(€0 + loll 1 si.o + 1 Eo. Bl g1 + ¢~ I(Eo, Bo)ll gy )Caxe®+50" <, (3-4)

where ¢ > 0 is the speed of light, then there is a global weak solution (u, E, B) € L>®(R™*; L?) to the
two-dimensional Euler—Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

uel®RTH NnWh?), (E,B)e L°RT;H')., ¢'(E,B)e L°R";B3,).
(cE,B)e L*(RT;H'), BeL*(R*:B3, ). (3-5)
ciT(E,B)e L*(RY;BLL), P TPEel?RY:BS,). < °Bel*RT:By,.).
It is to be emphasized that the bounds in (3-5) are uniform in any set of initial data such that the left-hand
side of (3-4) remains bounded.

Remark. As in the case of Theorem 3.1, for any fixed initial data (uo, Eo, Bo) satisfying the requirements
of Theorem 3.3, it is possible to improve the uniform controls (3-5) by showing that the bound

(E.B)e L®(R": BS )
holds uniformly as ¢ — oo. This is clarified in Section 3.11 below.

The remainder of this section builds up to the proofs of Theorems 3.1, 3.2 and 3.3 by implementing
the strategy discussed in Section 1.3. The proofs of the theorems per se are given in Sections 3.8, 3.9
and 3.10, respectively.
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3.1. Dimensional analysis. Prior to discussing specific elements of the proofs of the above theorems,
we provide here a dimensional analysis of the Euler—Maxwell system (1-1), which, we hope, will shed
light on the initial conditions (3-1) and (3-4).

Specifically, assuming that (u, E, B) is a solution of (1-1) for some fixed light velocity ¢ > 0 and
initial data (ug, Eo, Bo), we observe, defining

ur(t,x) = \u(A?t,Ax), E*t,x)=AEA2t,Ax), B*(1,x) = AB(A\*1, Ax), (3-6)

for any A > 0, that (u*, E*, B*) also solves (1-1) with a rescaled speed of light ¢; = Ac (the electrical
conductivity o remains unchanged) and for the initial data

ug(x) = Au(Ax), E}(x)=AE(Ax), B}(x)=AB(Ax).

In particular, we readily compute

—3/4
10c5. E3. B2 + 5l + 11005 3. BON g + ¢ *I(EG. B s

_ _2 _3
= A(A " [ (uo, Eo, Bo) L2 + A" 7 [uollyir1.» + 1o, Eo, Bo)ll g1 + ¢~ * | (Eo, Bo)l 774,
which, by an optimization procedure in A, implies that Theorem 3.1 still holds if one replaces assump-
tion (3-1) with the weaker inequality

(&7 CP D uol| 72 + (0. Eo. Bo)l 1 + ¢ 3 [(Eo. B ) Ce 0™ <. (3-7)
where the independent constant C,. > 0 may take a different value. Note that this inequality is now invariant
with respect to the parabolic scaling (3-6). Similarly, the same procedure can be used to optimize (3-4)
and replace it with a scaling invariant assumption.

It turns out that the parabolic scaling (3-6) is the only available invariant dilation which leaves the
electrical conductivity o unchanged. However, if one allows o to be redefined according to the dilation,

then other scalings become available. For example, introducing the hyperbolic scaling
ur(t,x) =u(ht,Ax), E*t,x)=Et,Ax), B*(t,x)= B(At,Ax) (3-8)

for any A > 0, we see that (u*, E*, B*) now solves (1-1) with a rescaled electrical conductivity o3 = Ao
(the speed of light ¢ remains unchanged) and for the initial data

up(x) =u(Ax), E}(x)=E(x), B}(x)= B(ix).

In particular, by setting A = ¢!, it is now possible to deduce how the constants Cy and Cyy in (3-1)
and (3-4), respectively, depend on o. More precisely, this process allows us to show that Theorem 3.1
holds if one further replaces (3-7) by the assumption

_ — _ _3 44-¢ o4+e
(&7 21CP ™ ug |22 4 (o, Eo, Bo)l 1 +(0) 3 [(Eo, Bo)ll 37/4)Cae 50" < (3-9)
s 2,1

for some constant Cyx > 0 which is now independent of the electrical conductivity o. Observe that (3-9)
is now invariant with respect to both the parabolic scaling (3-6) and the hyperbolic scaling (3-8). As
previously noted, the same process can be applied to improve (3-4).
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3.2. Approximation procedure and stability. The proofs of Theorems 3.1, 3.2 and 3.3 proceed by
compactness arguments. More specifically, they follow the standard procedure of first considering smooth
solutions to a regularized approximation of the original system (1-1), where all formal estimates can be
conducted with full rigor, and then showing the stability of the approximation as it converges towards the
original system.

Such approximation procedures are absolutely classical in the field of fluid dynamics. We are therefore
only going to outline an example of approximation which can be used here to conveniently establish
our results. Specifically, for any integer n > 1, we consider the unique solution (u,, E,, B;) to the
approximate Navier—Stokes—Maxwell system

deun + (Spun) - Vin — LAuy = =V py + (Sujn) X By, divu, =0,

19/Ey —V x By =—jp. div E, =0, (3-10)
19/By +VxE, =0, div B, =0,
jn=0(cEy, + Sp P(uy x By)), div j, =0,

for the initial data (uy,, Ey, Bn)|t=0 = Sn (4o, Eo, Bo), with the two-dimensional normal structure (1-2),
where S, denotes the Fourier multiplier operator defined in Appendix A which restricts frequencies to
the domain {|&| < 2"}. The construction of the solution (1, E,, B;) is a standard procedure. One can,
for instance, follow and adapt the steps detailed in [Lemarié-Rieusset 2016, Section 12.2].

Note that other approximation schemes can be employed. In particular, the dissipation term —(1/n)Au,,
is not essential. However, as a matter of convenience, the use of this term allows us to comfortably construct
the approximate solution (u,, E,, By,) by relying on methods from the analysis of the incompressible
Navier—Stokes system.

Observe that the corresponding energy inequality

1 ‘1 1, .
E(Hun(t)”iz +IEDNZ2 + I Ba()]I72) +/O <;||Vun(f)||iz + E”Jn(f)”iz) dr
1 1
= 5 1Sn (1o, Eo, Bo)ll7» < 5 l(uo. Eo. Bo)|7»

for all + > 0 is now fully justified and, since the initial data is smooth, it is possible to show that
(un, En, By) remains smooth for all times, albeit not uniformly in 7.
The above energy inequality only allows us to deduce the uniform bounds

(Un, En, By) € L°L2 and j, € L?

1,%°

which are insufficient to establish the stability of the nonlinear terms
(Spun)-Vun, (Spjn)*x B, and S, P(u, x By)

in the limit n — oo. The general strategy is therefore to show that the bounds and properties stated in
Theorems 3.1, 3.2 and 3.3 can be fully justified on the smooth system (3-10) uniformly in #. Such uniform
bounds are then sufficient to show the strong relative compactness of {(u,, En, By)}5~; in Li x.loc> Which
then allows us to take the limit # — oo (up to extraction of subsequences) and establish the asymptotic

stability of (3-10), thereby yielding suitable solutions of the original Euler—Maxwell system (1-1).
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In what follows, for the sake of simplicity, keeping in mind that all computations can be fully justified
on the approximate system (3-10), we shall perform all estimates formally on the original system (1-1).
In particular, we emphasize that, even though, strictly speaking, the dissipation operator —(1/n)A cannot
be ignored, it is self-adjoint and therefore will not impact the energy estimates which are performed in
the proofs below.

3.3. Paradifferential calculus and the normal structure. The use of Besov and Chemin—Lerner spaces
in the analysis of nonlinear systems often requires a careful use of product estimates. Such results
from paradifferential calculus are rather standard, but their applicability is limited. In the following
paradifferential lemma, we show how the normal structure (1-2) can be exploited to extend the range of
applicability of classical product estimates. This plays a central role in our analysis of (1-1).

Lemma 34. Let F,G : R; x [RRJZC — R3 be solenoidal vector fields with the normal structure

Fi(t, x1, x2) 0
F(t,x1,x2) = | Fa(t,x1,x2) | and G(t,x1,x2) = 0 . (3-11)
0 G3(t,x1,x2)
Further consider integrability parameters in [1, 00| such that
[ O R B B
a ai ar c C1 (&)

Then, recalling that P = (—A) ™! curl curl denotes Leray’s projector onto solenoidal vector fields, one
has the product estimate
IP(F % Ol g g1y S WF gy @ IGlze2gs e (3-12)
forany s € (—oo, 1) and t € (—00,2), with s +t > 0. Furthermore, in the endpoint case s = 1, one has
| P(F x G)”Z?BQC([RZ) < ”F”L?lL?(Rz)ﬂZ?llegoo(Rz)”G”Z?zBéac(Rz) (3-13)
foranyt € (—1,2).

Remark. The significance of the preceding lemma lies in the fact that it allows us to consider parameters
in the range ¢ € [1, 2). Without the normal structure (3-11), we would be restricted to values ¢ < 1.

Remark. A straightforward simplification of the proof below yields a corresponding result in Besov
spaces for vector fields independent of the time variable ?.

Proof. We are going to use the paradifferential decomposition
FxG=TrG—-TgF + R(F,G),
where the paraproducts are defined by

TrG =) Sj2F x A;G,
Jj€Z

ToF =) Sj 2GxAjF ==Y AjFxS;,G
JE€Z Jj€z
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and the remainder is given by
R(F.G)= ) A;FxAG.
Jj.kez
lj—kl=<2
In particular, by virtue of the solenoidal and normal structures of F' and G, one has
VX (FxG)=Fx(VxG),
which leads to the identity
VX(FxG)=VxTrG—TyxgF +V xR(F,G).
We therefore conclude, by standard embeddings of Besov spaces, that
e < s
| P(F x G)”L?Bgf 1 SV (F x G)”L?Bziﬁt 2

SITFGlizapy+i—1 +1Tvx6 Fliga gyt + IR(F, Gl ga pye

for every 5,1 € R.
Next, employing the classical paradifferential estimates (A-6) and (A-7) presented in the appendix and
further exploiting standard embeddings of Besov spaces, we find that

1P (F X Gl za gyt
SIFlzo gy NGl ze2 gy +IFlzo gy IV xGlizegiz, +1Flzoss 1G1zeg
SFlze B, ||G||zg23§£2

for any s < 1 and t < 2, such that s 4+ ¢ > 0. This establishes (3-12).
As for the endpoint case s = 1, if, in addition to (A-6), one also uses (A-8), then similar bounds lead to

|P(FxG)lzes;
SIFlparpeollGligaa gy + I Flgarg IV XGllgeagia +11Flza gy Glzea g
SIFle peenzor gy NGllgo gy

for any —1 <t < 2, thereby establishing (3-13) and concluding the proof of the lemma. O

The following ad hoc variant of a paraproduct estimate will be useful when handling vorticities which
are bounded pointwise.

Lemma 3.5. Let F,G : [F\Ri — R3 be solenoidal vector fields with the normal structure (3-11). Then, one
has the product estimate

”P(F X G)”BZI‘](Rz) < ”F”LZ(RZ)”G”B(;J(RZ) + ”F”Hl(RZ)”G”Hl(RZ)' (3-14)

Remark. The above statement is phrased in terms of mere Besov spaces. As usual, a straightforward
extension of the same result to Chemin-Lerner spaces also exists.
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Proof. We employ the method of proof of Lemma 3.4. In particular, we obtain
IP(Fx Gl SITrGllgy  +TvxFll g, + IR(F.G)ll gy
Then, by virtue of the classical paradifferential estimates (A-6), (A-7) and (A-8) , we arrive at
IP(Fx Gl SIFIL2NGl g +1VxGligor 1F gy +1Flz0 IGl40

SIFILIGl 5 +1G 50 IF g .
Finally, an application of the two-dimensional embedding 321’2 C Bgo,z concludes the proof. O

3.4. Controlling the vorticity. In order to carry out our strategy, previously laid out in Section 1.3,
we need to control the vorticity  in L%, with p > 2, by exploiting Yudovich’s approach of the two-
dimensional incompressible Euler equations (1-4). The following basic lemma provides us with a simple
tool to do so.

Lemma 3.6. Let (u, E, B) € C1([0, T) x R?) N L>°([0, T); H'(R?)) be a smooth solution to (1-1) for
some T > 0, with the two-dimensional normal structure (1-2). Then, forallt € (0,T),
lo®llz2 < 102 + 1112200022 IV B2 q0.0:159):
< .n2/p .1=2/p -
oz S 10Ol + 171555, o9 1l 2gen: sy IV BlL2@0nns):
lo@llLe < NloO) e + 17 1L2q0,0;25) IV BllL2([0,6):.59)
< ”C‘)(O)”L}’o + ”J ”LZ([O,t);le 1)||VB||L2([O,1‘);L5’C°)

forany?2 < p < oo.

Proof. By slight abuse of language, we assume here that the vorticity w is defined as the scalar function

U= (ul) and j = (]1)
uz J2

In particular, a straightforward computation shows that the transport equation (1-16) can then be recast as

w = d1up — douq and that

diw+u-Vo =—j-Vb, (3-15)

where b(¢, x) is the third component of the magnetic field B(¢, x) as defined in (1-2).

Next, supposing, for simplicity, that p is finite and introducing the test function ¢(x) = e lx |2, we
multiply the above vorticity transport equation by pw|w|?~2¢(ex), where 0 < & < 1, and then integrate
in space. This yields, since u is divergence-free,

4 [ olreendx<p [ 179blol o dx e [ jolPu- Vo dx
R2 R2 R2
p—1

. p -1
< plljllL2 Vbl ( /R 1ol”p(e) dx) +ellolZ= ol el 2 1V 2.
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whereby, if w is nontrivial,
-1
8||w||1’f§o lollp2 llull 2 IVellLge

(p—1)
P(fiz lolPg(ex) dx) P01
Finally, further integrating in time and letting ¢ tend to zero, we conclude that

1
d » .
([ oreen ) <11 9ele +
R2

oLz < leO)lLz + 17 | L2q0,0):.2) VO 2 (0,0);2.5°)
for any ¢ € (0, T'). A classical modification of this argument gives the same result for an infinite value of
the parameter p.
Now, if p = 2, the proof is finished. If 2 < p < oo, we further employ the following convexity
inequality (see [Bergh and Lofstrom 1976] for details on interpolation theory)
. ] < :12/P . 1=2/p
20,521y S 0007500 9 M2y

in combination with the classical two-dimensional Sobolev embedding H 1-2/P = LP to conclude that

.2/p .1=2/p
Ol < NoO) ez + 171320 o g0 1l agnn s IVl

Finally, the case p = oo is settled with an application of the continuous embeddings 321,1 C Bgo’l C L,

valid in two dimensions, thereby completing the proof of the lemma. O

Remark. Recall that the approximation procedure presented in Section 3.2 relies on a viscous approxi-
mation of the Euler system. It is therefore important to emphasize here that the method of proof of the
preceding lemma also applies to viscous approximations of the transport equation (3-15). Indeed, observe
that multiplying the transport-diffusion equation

diw+u-Vo—Aw=—j-Vb

by B’(w), for some convex nonnegative renormalization 8 € C2(R) with 8(0) = 0, and then integrating
in space leads, at least formally, to the estimate

%/RZ B(w)dx < %/Rz ﬂ(a))dx—l-/R2 |Vo|?B" () dx :/Rz(j .Vb)B' (o) dx.

This observation can be exploited to derive the estimates stated in Lemma 3.6 in spite of the diffusion
term. Thus, we conclude that the approximated system (3-10) is well-suited for an application of the
estimates from Lemma 3.6.

Recall now that the space H ! (R?) barely fails to embed into L°°(R2). Thus, the bounds produced
in the preceding lemma will be very useful to recover, by interpolation, an L°°-bound on the velocity
field u, as explained in the following simple result.

Lemma 3.7. Let (u, E, B) be a smooth solution to (1-1), with the two-dimensional normal structure (1-2).
Then, forall T > 0,

-2)/(2(p—1 .2 . 1=2 2
lu(P)llzge < MG CC D@ lyro + 1713550 1715507 IVBI2100) 70D

2 R0 2pl
LIBZ.oo Ll‘BZ.oo

for any 2 < p < oo, where all time-norms are taken over the interval [0, T).
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Proof. This result follows from the classical Gagliardo—Nirenberg interpolation inequality in two space-
dimensions. For the sake of convenience, we provide a brief justification of the precise inequality which
is employed here.

Specifically, for any k € Z and 2k < R < 2K*1 we estimate that

[e.°] oo
lullzoe < ISkullzee+ Y N Asulzee 2¥ull 2+ 27 G| Vullo < Riull 2+ R~ | Vul o,
i=k i=k
which yields, upon optimization of the interpolation parameter value R > 0, the Gagliardo—Nirenberg
inequality
lull ooy S ull gy C2 ™ Va2 01 (3-16)
for any 2 < p < o0.
Then, combining this convexity inequality with the estimates from Lemma 3.6 and recalling the

equivalence |Vul||p» ~ ||@|L», because u is divergence-free, concludes the proof of the lemma. |

Remark. Note that the proof of (3-16) can be adapted to establish, for any divergence-free field u, that

-2)/2(p—1 2(p—1
lull ooy S Il @0 x| 2,501 (3-17)

for all values 2 < p < oco. Indeed, this follows from the observation that

o (2 _
Al S 27 AV xuflzoe S 27 G|V xul| o,

provided divu = 0.

3.5. Control of high-frequency damped electromagnetic waves. The following result follows from a
simple but careful combination of the damped Strichartz estimates for high electromagnetic frequencies,
established in Section 2.3, with the paradifferential product estimates from Lemma 3.4.

Lemma 3.8. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eg, Bo)
and some divergence-free vector field u, with the normal structure (1-2).

Then, for any exponents 1 < p <q <00, 2<r <oo and 1 <n < oo which are admissible in the sense
that

1
+-= 5 (3-18)

N
N | =

one has the high-frequency estimate over any time interval [0, T) for any 0 < a < 1 and s < 2, with
a+s>0,

I(E, B) ||Z(;B:'j1—fx>—7/4+3/(2r)

L(l_1)_2 L(L_1)jp(l_1)_q  q_
< e2 G0 (Eo. Bo)l pyrect + 27D eyl sy 1By
B Ne o} ,O0 :

In the endpoint cases o = 1 and oo = 0, one also has the respective estimates

I(E, B) ||Z;’B;';fi/2)“/2—”")

1(l1_1)_2 L(1_1)gp(l_1)_q
s G0 (Eo, Bo)ll gy +c2TI G0 ) e iy IBlzrgs  (319)
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forany —1 <s <2 and

D=

(L-1)-2 . 11 +2(5-14)-1 ) - .
ICE. Bz sy-rgswvran <2 G770 (Bo. Bo)l| gy _+2G77) ulgeny 1Bz,
forany 0 <s < 2.

Proof. Considering Maxwell’s system (1-15) and applying Corollary 2.12, with 7 = 2 and § = p/, yields
the high-frequency estimate

=

—;3(1_1 1_1)_2 2_
2-73( ’)IIAJ(E,B)IILmﬁc (2= (18 (Eo, Bo)llz2 + ¢~ 1 A; Pux Bl rp2)

for all j € Z with 2/ > g¢, where 1 < p <q <ocand 2 <r < oo must satisfy (3-18). It is to be
emphasized that, thanks to the damping phenomenon in (1-15), all estimates here hold uniformly over
any time interval [0, T'), where T = oo is allowed.

Next, summing the preceding estimate in j and utilizing the paradifferential product law (3-13), we
deduce that

11025062 2G4 (B, Bl 11

1ll_1)_2 1lcl_1 —
<2670 (Eo, Bl gy +c2 672607 P B) 7

A

J4-b-2 B T R T
c2t2 ””(EO,BO)”Bin)‘FCZ 2o poa ”u”L?f’xﬂL?ole!OO”B”LfBéﬁ

for any —1 < s < 2. If, instead of using (3-13), one employs the paradifferential product law (3-12), then
one arrives at the estimate

P _743
|12/ 2062 T+ | A (E. B o1 |

1(1_1)_2 1) _
562(2 r) q ||(EOsBO)||BV+a 1 +02(2 )+2( (1) 1||P(M X B)“ZszJrafl
1(1_1)_2 _1
502(2 r) q”(EO?BO)”BSJ"a 1_|_cz(z )+2( ) 1||u||LooBOt ||B||LPBY
1(1_1)_2 1(1_1 1
562(2 )= 4||(E0,Bo)||Bs+a 1t+c 3(3-0)+2(5-9)- 1||M|LooBo ||u||Lc>oBl IBllzrgs -

which is valid for any 0 < o < 1 and s < 2, with « + s > 0, where we exploited the fact that Z‘t"’ Bg’l is
an interpolation space between Z?o Bg’ oo and Z?o 321’ oo (see [Bergh and Lofstrom 1976] for details on
interpolation theory).

Similarly, the case o = 0 yields

i(e—7 4 3
Hl{zjzgc}zf(s 4+2r)||Aj(E,B)||L?L§ .

2

lel_1)_2 lcl_1 1_1)_
OB, Bo)l g+ CTIPEmD T PGk Bl 7y

A

l(l_l)_g ) L(L_l)+2(L_L)_1 o o
AE=D70)(Eo, Bo)ll g1 +e2 020D g0 1Blz

for any 0 < s < 2. This completes the justification of the high-frequency estimates. O



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1359

3.6. Control of low-frequency damped electromagnetic waves. The statement of Corollary 2.12 has
clearly emphasized how solutions to the damped Maxwell system enjoy intrinsically different properties
on the distinct ranges of low and high frequencies.

In particular, the combination of Corollary 2.12 with the paradifferential Lemma 3.4 resulted in the
nonlinear high-frequency estimates of Lemma 3.8. A similar strategy based on the same corollary could
now be employed to deduce suitable nonlinear low-frequency estimates.

However, in the next lemma, we are instead going to exploit the refined estimates established in
Corollary 2.14, which are a consequence of the maximal parabolic regularity studied in Section 2.2, to
obtain a sharper control of low frequencies. This will lead to stronger statements of our main theorems.

Lemma 3.9. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, Bo)
and some divergence-free vector field u, with the normal structure (1-2).

Then, for any exponents 1 < p <q < oo and 1 <n < 00, one has the following low-frequency estimates
over any time interval [0, T). Forany 0 <a <l and s <2, witha 4+ s > 0,

2
E g1 < aEoll s sto— Bl gt
1Bl jytecr S €41 Eoll sypact + 7 1Boll gy
2(L -1y 1—a o .
+c\pa ”ulL;’OBS,OO”u”L?ole,oo”B”Lf)B;oo’
B, —asp S Y Eoll 4 - Bol| pst+a—
I ||L;135‘+],a<+2/q 2/p I 0||B;j|(;?t<-|-l 2/ + || 0”352‘2 2/p
11—« o . -
e DilSesy 1BlLppy - (3-20)
In the endpoint case o = 1, with —1 < s < 2, one also has the estimates
IEl g <S¢ @l Eollzs  +c IBol 4 +2G ) s Bl pge . 32D
L?Bi,n,<” 0 Bé,n,< 0 352,122/‘1 L??xﬂL?ole,oo L{)Bg.n,
aswell as, if p <q,
iy < o1 L L . .
||B||L735j}jz/q—z/p Sc ||E0||Bgﬁ;g<—2/p + ||Bo||33j1f<—2/p + ”“”L??XHL?"BZI,OO”B”Lf’B%,oo
and, if p=g¢q,
1
|

. <c~ . . . . -
1Bl gt S ¢ I Boll ggroas + I Boll gyi—ava + Ml os npoepy IBlgsy - (3-22)

Finally, in the remaining endpoint case ¢« =0, with 0 < s < 2,
1Ell o -1 S a1 Eoll g1+~ NBol gozsa + ™0™ ull oo o 1Bl
L{B3, .~ OllBs ollgy e LE°B] " P ILYBS
aswell as, if p<q,
1Bl g gg+2ra=2r0 = ¢! 1 Eoll gy+1-2/0 + | Boll gs—2/0 + ull ooy IBlrppy
and, if p =4,

. -1 . . . . -
1Bl 5s, S < NEol gyricare + IBoll gy-ovo + oy IBlggy - (323
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Remark. The devil is in the details. In the statement of Lemma 3.9 and its corresponding proof below,
we have paid painstaking attention to the summability index of Besov spaces, occasionally referred to as
the third index. Thus, in the above statement, sometimes the third index is g, other times it is n, 1 or oco.
Either way, we believe that these defining values of Besov spaces are optimal, which is a crucial step to
reach sharp statements of our main results.

Proof. Let us consider some fixed regularity parameters s € Rand 0 <o < 1.

On the one hand, an application of Corollary 2.12 with r =7 = 2 (note that this is the best possible
choice for r and 7, since all other estimates for values 2 < r, 7 < oo follow from the case r =7 =2 by
Sobolev embeddings) and § = p’ gives

Jls+a—1) A . -2 . -1 . 2(1-1)— ]
2 187 Ellg 13 S <71 Eoll gyrams + ¢ 1 Bol gyra—zra + >0 7 [P x B p gy
and
J(statz=2) A -1 . . .
2 @ 77 |AjBllpap2 S IIEollngil—zm + IIBollBézg;z/p P x Bl ppyras

for all j € 7 with 2/ < ¢, where 1 <p=<gq<=<o0.
On the other hand, employing Corollary 2.14 yields

J(s+a—1) .
H 1{2j <%O‘C}2 1A, E”L% HL;’K;’
< —2 -1 2(l—L)—1
sc 9 ||E0||3542a<—1 +c ||BO||B§+a<—2/q + P P(u x B)||L535Jrrla—1
n, . B
forany 1 < p <g <ooand 1 <n < oo, as well as

j(s+at+2-2 _
11 <1002 TN 8Bl 13 | o

<c! 1Eol gy+at+i-2/p + | Boll gyta—2/po + |1 P X B) || p gyt

forany 1 < p < g < 00, and
JEHa) A -1 . . .
12607 1061218 B2 | gy < 7 N Eoll gt -2z + 1 Bol pyrasa + 1| Pa x Bl g gyt

forany 1 <g <ooand 1 <n < 0.
On the whole, combining the above estimates, we arrive at the conclusion that

_2 -1 2(i—l)—l
”E”L?Bg‘f;l Scoa ||E0||B§j};?f<—l +c ||Bo||35fgfx<—2/q + ¢\ T T P(u x B)”LfB;-:a—l
forany 1 < p <g <ooand 1 <n < oo, as well as
||B||L?35jg<+z/q—z/p <! ||E0||B§_Jcrﬁ<+1—2/p + ||Bo||35y<—2/p + (| P(u % B)l&;g;gq
forany 1 < p < g < 00, and
-1
”B”L?B;T,‘Q Sc ||E0||B§Z§<Jr1—2/q + ||Bo||3~2vz?t<—2/q + || P(u x B)”L?Bf;““

forany 1 <g <ooand 1 <n < oo.
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We are now going to apply the paradifferential product inequalities from Lemma 3.4 to the three
preceding controls. More precisely, setting o = 1, restricting the range of s to (—1, 2) and utilizing the
product law (3-13) to handle the nonlinear term u x B, we obtain

. -2 . -1 2(5-4)-1 . .
”E||L?B§,n,< Sca ||E0||B§,n,< +c ”BOHBSZ,IQM +et @ ullpee peepr ”B”LfBS,n
forany l < p<g<ooand 1 <n <00, as well as
oL
1Bl g gy rara2ro S M Eoll gyraar + 1Boll gy1—2ro + Il s apzes 1By
forany 1 < p < g < 00, and
-1
1Bl g1 S I Eoll syraasa + 1 Bol gyt i2sa + Il s poy I Blio s,

forany 1 <g <ooand 1 <n < oo.

Similarly, choosing parameters 0 < o < 1 and s < 2, with & + s > 0, utilizing (3-12) instead of (3- 13)
and exploiting again the fact that L Bza,1 is an interpolation space between L$° B'g’ oo and L°°B21 o W
find that

2
Ell,qpsta—t S @ Eoll gsta—t + ¢ V| Boll psta—
[ ||L?B§j?<1~c a| 0||B;;?¢<1+c [ 0||32v;?t 2/a
1
+ PO 2y Il 1Blpsy
forany 1 < p <g <ooand 1 =<n < oo, as well as

1819 ggraszra—2so S ¢ 1 Eoll gytaiozrm + 1 Boll gyrazarn + Il 250 Nulfoosy 1Blpsy

forany 1 < p < ¢ < co.
Finally, the case o = 0, with 0 < s < 2, is handled with the same product estimate (3-12) and results in

-1 1
1ENyg g1 ¢ 1 Eoll g+ 1Boll gyasa + ™0 ull oo 1Bl p s,
forany 1 < p<g<ooand 1 <n <00, as well as
. <1 . , . .
”B”L‘;B;fq?ﬁ—z/l’ <c ||E0||B§:.1<_2/,, + “BOHngg’ tlullpeopy NBllLrgs
forany 1 < p < g < 00, and
. <1 Lo . . .

1Bl ogy, S e I1Eoll gy + IBoll syra + lullco g 1Bloss

forany 1 < g < oo and 1 <n < o0, thereby completing the justifications of all low-frequency estimates. [

Note that the estimates from Lemma 3.9 do not include the value ¢ = oco. Rather than providing a
technical extension of the preceding proof to incorporate the value ¢ = co, we show in the next result a
simple energy estimate on Maxwell’s system (1-15), which corresponds to the case ¢ = oo in Lemma 3.9.
This energy estimate allows us to propagate the H L _norm of electromagnetic fields, which will come in
handy in the proof of Theorem 3.1 below.
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Lemma 3.10. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Ey, Bo)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimates

ICE, B)ll oo g1 + ¢l Ell 251 < [1(Eos Bo)ll 1 + IIMIILooLz IIVBIILngo,

ICE, B)ll oo 1 + <l Ell 251 < [1(Eos Bo)ll g1 + ||u|| IIMII

ICE. Bl oo gy + €I Ell 20 < 1 (Eo. Bo)l sy + ||u||Lto?xmL;>olem||B||LgHXl
over any time interval [0, T) forany 0 <a < 1.

Proof. We perform a classical energy estimate on (1-15). More precisely, defining
(E,B):=(VxE,VxB),
we observe from (1-15) that (E , E) solves the system

%B,E—Vx B+0cE=—-0VxuxB)=0u-V)B—o(B-V)u,
19,B+VxE=0,
where we employed the fact that u and B are divergence-free fields. In fact, the preceding step holds in
any dimension d =2 or d = 3.
However, restricting ourselves to the two-dimensional setting and assuming that the field (u, E, B)

satisfies the structure (1-2) allows us to discard the term (B - V)u. To be precise, we now have that (E B )
solves

%B,E—ng—i—acE:—au x B,
19,B+VxE=0.

Thus, multiplying the first equation by E, the second by B and integrating in time and space, we deduce

that

L7 5 2 =12
Z”(E’B)(T)”L)ZC +UC||E||L%([O T)'Lz)

1 ~ ~
_c”(E B)(O)” + ol x B”L%([O,T);Li)”E”L%([O,T);Li)

< L IE )OI, + 2 ux B

L2qo.m:L) T IWH

L7([0,T);L3)"
Further employing the fact that
ICE. B)ll g1 = I(VE, VB)| 2 = I(E, B)ll 2,

we arrive at the estimate

E,B)(T 2\E Eo, B B|? .
”( ) )( )“ +0C ” ” ([0 T)H )_”( 0, 0)” +U||MX ”L%([O,T);L)ZC)

Therefore, the proof will be completed upon controlling the nonlinear term ||u X B k4 120,712y
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To this end, an elementary application of Holder’s inequality first leads to
[ x B”L%X = ||u||L§>°L)2€ ||VB||L%L§°v

thereby completing the justification of the first estimate of the lemma.
Alternatively, following the proof of Lemma 3.9, one can use the paraproduct estimates from Lemma 3.4
again. More specifically, utilizing the product law (3-13), we obtain

B = < ., .
ux Bllgz = 1P B2 S Dl s oy 1Bl

Similarly, choosing a parameter 0 < o < 1, utilizing (3-12) instead of (3-13), and exploiting the fact that

1

oo pa ; ; oo po 00 P
L7°Bj3 , is an interpolation space between L7°B, , and L7°B, .,

we finally infer that

1—
g0 lullf

B — < . < , , .
lux Bllp2 = I[Pux B)||LgH§ < ||M||L;>oBg,2||B||LgB§;g < ||u||L?OB(2),oo L%OBZI!OO”B”L?B%;S"

which concludes the proof. O

3.7. Almost-parabolic estimates on the magnetic field. In the singular limit ¢ — oo, Maxwell’s equa-
tions (1-15) formally converge towards the parabolic system

9, B +(u~V)B—$AB — (B-V)u,

where we employed the fact that ¥ and B are divergence-free. This holds in both dimensions d = 2
and d = 3. Further assuming the two-dimensional normal structure (1-2), the preceding system reduces
to the simple transport-diffusion equation

8,b+u-Vb—éAb=O,

which satisfies the energy inequality

1 1 1
Iz + VDI, < 1O, (3-25)

for all T > 0, at least formally.

The estimates provided by Lemma 3.9 fail to fully capture this asymptotic parabolic behavior of
Maxwell’s equations, because they always contain a control of the nonlinear term u - Vb, whereas this
term does not contribute to the energy dissipation inequality (3-25).

The next result establishes a singular almost-parabolic energy estimate for Maxwell’s system (1-15)
which recovers the classical a priori estimate (3-25) (up to multiplicative constants) for the heat equation in
the limit ¢ — oo. This is crucial to our work, as it will allow us to construct solutions to the Euler—Maxwell
system (1-1) for arbitrarily large initial data as the speed of light ¢ tends to infinity.

Lemma 3.11. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eg, Bo)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimate

||B||L<I>OL§ + ||VB||L%L)2€ S ||BO||L§ + ¢ (Eo. BO)”H; +C_1||”||L<;°L§||VB||L§L§O (3-26)

over any time interval [0, T).
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Proof. First, we observe that taking the curl of Ampere’s equation in (1-15) and then employing Faraday’s

equation to substitute V x £ = —(1/c¢)d; B, when necessary, leads to the system
9B+ (u-V)B — éAB — (B-V)u+ éat(v x E),

where we have also used that ¥ and B are divergence-free. This holds in any dimension d =2 or d = 3.
Then, further assuming that (1, £, B) has the two-dimensional normal structure (1-2) yields

0:b+u-Vb— lAb = LBt(curl E).
o oc
Now, the elementary observation that
/ (u-Vb)b dx = 1/ u-V(b?) dx = —1/ (divu)b? dx =0,
RZ 2 RZ 2 RZ

which is a consequence of the incompressibility of u, allows us to deduce the parabolic energy estimate

1d [ 42 1 2ge= L d 1 2 ]
3 sz dx+6/ﬂ;22|Vb| dx_ac 7 /Rz(curlE)bdx—i—G/Rz(curlE) dx, (3-27)
where we used Faraday’s equation again to substitute d;b = —c curl E.

Then, integrating in time, we infer that

1 1
LB + 1B 40 12,

1 2 1 1 1 2
< 5 ”b(O)HLi + o /RZ curl E(T)b(T) dx o /RZ curl E(0)b(0) dx + - ”CurlE”L%([O,T);L%)

1 2 1 2 2 1 2 2 1 2
= 51672 + 5 ULO)72 +16(T)72) + W(IIE(O)IIHQ + IIE(T)IIH;) + EHE”Lg([o,T);H;)’
which leads to

1 1
FIBDIZ + VB2 (0 102

3 2 1 2 1 2 2
< 21Bol2, + —5 51 Bollyy + —5 IEMI, +0l1cE sy 1 i) (28)

Finally, combining (3-28) with the energy estimates (3-24) shows that (3-26) holds, thereby reaching the
conclusion of the proof. O

Remark. The identity (3-27) contains the crucial calculation which enables us to extract a uniform bound
on B in L%H Y with remainder terms of order ¢~!. This estimate will play an important role in the
control of the low frequencies of nonlinear source terms in the Euler—Maxwell system.

3.8. Proof of Theorem 3.1. We proceed to the proof of our first main result— Theorem 3.1. Recall
that we are taking the liberty of assuming, for simplicity, to be dealing with a smooth solution (u, E, B)
of (1-1) for some smooth initial data (ug, Eg, Bo), and that the justification of the theorem is only fully
completed by relying on the approximation procedure laid out in Section 3.2.
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Our proof hinges upon the preliminary lemmas established in Sections 3.4-3.7. Accordingly, we begin
by carefully gathering all the relevant estimates on an arbitrary time interval [0, 7). We will then move
on to construct the energy functional which will produce the uniform bounds we are seeking.

Control of velocity field. The control of u is obtained from Lemmas 3.6 and 3.7. Recalling the equivalence
[Vu|ra ~ ||w|za for any value 1 < a < oo, these lemmas provide the estimates

el oo gy S ol gy + 172 IV B2

.2 L 1=2
el sopipr Mol + 17175 17157 1V Bl L2 e
el e, < [l 22 @O=1) 12/ @o=1) (3-29)
L~ lpeer2 A
p=2/2(p-1) S12/p i 1=2/p 2(p—1
S Il 22 o llpr + 151757 1151 IV Bl 2 10) 7/ OO,

where 2 < p < oo is a fixed value.

Control of high electromagnetic frequencies. The control of high frequencies of (E, B) is obtained from
Lemma 3.8. Specifically, setting s = % in (3-19) allows us to deduce that

_3 1
¢ HIE. B)ligeepzra +e*I(E. B)llzagye +I(E.B)ligz1
_3 -3
S HI(Eo. Bo)ll gzra_ + e ull oo npee i I Blip2 g7/a-

Then, further decomposing high and low frequencies in the last term above, we obtain

Bl 274 < IIBll+ Bll~ - <B4 3/4. Bl~, -
” ”L%B;/l“’\/” ||L%B;/l4<+” ||L?B;/ﬁ>“|| ||L%BZI,00.< L%Bzz.oo,<+” ||L%Bz7/14>

1/4 3/4
< . . -
SUBI s 1B +1Blz247
which yields the estimate

_3 1
CHNE, B)llgeo grrs_ 43 (E B)liz2grs +1(E B)lg2z1

3 _3 1/4 3/4

< P! . 4 . . . — -

S ¢ HIEo. Bo)l gz +¢ 7l pog ooy (1BI sy 1BI 5 1Bl 57 ). (330
Observe that the choice of regularity parameter s = % is dictated by the need to control VB in L2L%°, as
anticipated in the strategy presented in Section 1.3. Further notice that it is therefore crucial to be able to
set a regularity parameter s with a value greater than one in (3-19). This flexibility comes from the use of
the normal structure (1-2), which we exploited in the product estimates established in Section 3.3.

Control of low electromagnetic frequencies. The control of low frequencies of (£, B) is deduced from
Lemmas 3.9 and 3.10. Here also, the choice of parameters is dictated by the need to control VB in L2 LS°.
Thus, since 322 1 (Rz) is contained in L°°([R€2), one could, for instance, set s = 2 in (3-23), which gives
-1
1Bliziz,  Sc™IEolsz, +1Bolly, _+lulgepallBll s

But, due to the coefficient ||u|| L2 such an estimate would eventually lead to a smallness condition,
uniform in ¢, on the initial energy &y, which is not desirable. Therefore, instead, we employ (3-20)
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and (3-22). More precisely, by setting s = 1 in (3-22) and s = 2 — « in (3-20), for any choice 0 < o < 1,
we obtain the respective estimates

—1
18255 S e IEolzz, +1Bollsy, +ullps oot 1Blizgy
. < 1 . .
1Bli2iz, S < IBollgz, _+1Bollsy, _+ Il Il gy 1B 50 1BIES;

In fact, it is possible to straightforwardly adapt the proofs of the above estimates to derive the more useful
combined control, where we split the high and low frequencies of B in the right-hand side,

IBll2p3, < ¢! IEollgz, _+1Bollgy, _+ullpee nree it pi= 1oy BllL2 51
+ ”””114;1]‘2‘ ”””(Z?OH} ||1{|D|<%GC}B||2%321. ”1{|D|< UC}B”Lsz
S [1(Eo. Bo)ll g1 + IIMIIL;?xngog;(C_IIIBIIngz +C_Z||B||zz 3774 )
I I DB B 125 . (3D
Further combining the preceding estimate with the energy estimate (3-24) from Lemma 3.10, we obtain
ICE, B)l| oo g1+l Ell 251 + ||B||Lg3§'1_<
<11 (Eo. Bl g + Il os ooy € 1Bz 52+ 3Bz 575 )
2 Il B B35

Finally, by a classical use of Young’s inequality ab < aa'/® 4+ (1 —a)bY/ =% with a, b > 0, aimed at

absorbing the term || B ||1 2 with the above left-hand side, we conclude that
2.1.<

ICE, B)l| oo g1+l Ell 251 + ||B||ngg'1.<
-1 _3
SI(Eo, Boll gy + ll oo npooggi(c 1 Bll2g2 _ +c 4||B||Z%327/14>)
1/a—1
+||u||L;L)zC||M||L;>og;||B||ng)g- (3-32)

Parabolic stability of magnetic field. The parabolic stability of the magnetic field comes as a result of the
almost-parabolic estimates established in Lemma 3.11, which we conveniently reproduce here:

1Bl 21 < 1Bollzz + ¢~ I(Eo. Bo)ll gy + ¢ lullpeor2 1V Bl 2 oo (3-33)
This estimate will serve to control the term || B|| 120! in (3-32).

Ohm’s law estimate. Finally, we need to employ Ohm’s law from (1-1) to control the electric current j.
More precisely, by Ohm’s law and the normal structure (1-2), we have

121 S €NEN 21+ 1P@x Bl 21 S e lE 20 + Ml oo 2 VBl g (3-34)

which will be used to control || j || L2H] in (3-29).



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1367

Nonlinear energy estimate. We are now in a position to derive the global nonlinear energy estimate
which will yield a uniform bound on solutions to (1-1). Thus, inspired by the above set of estimates, we
introduce the energy H(t1, t2), with 0 < #1 < 1, by setting

-2)/2(p—1 2(p—1 _3 1
H(tr, )= ull oo gy +E57 2P >>||u||§gg;;q,,, D e 3(E, B)goo s +CHI(E. B)ll 32 g7s4
X Wy t Po1> tP21,>

+I(E, B)”Z?Béo,l,> TICE, B)ll oo g1+l Ell 2 1 + ||B”L?B§,1,<’
where all time-norms are taken over the interval [t1,72). Since (u, E, B) is assumed, without any loss

of generality, to be a smooth solution of (1-1), observe that #(¢1, f2) is continuous on {0 <y <f}. In
particular, we can further define the continuous function

-2)/(2(p—1 2(p—1 _3
HO):=H(0) = @) gy +E7 2 T @ |17 T HIEBY O] gy +IEBYO) gy
for every t > 0. Note that
H(r) <H (11, 12)
for all ¢ € [t1, t2].
It will also be useful to assign the notation

T =1l

to the dissipation produced by the electric current in (1-3), where the L2?-norm is taken over the time-
interval [¢1, t2), as well. In particular, one has the uniform bound

1
T2 = (§) € (3-35)
by virtue of the energy inequality (1-3).

Observe now that all the above estimates, which were stated on the time-interval [0, T"), could equally
well be written over any other finite time-interval [¢1, ¢ ), provided one replaces the initial data (u¢o, Eo, Bo)
by the data at time #;. Thus, employing the energy inequality (1-3), the energies H(¢1, ) and H(z), and
the embedding

IVBl2ree < IBlp2g  SIBl2gg  +IBlgg  <Hb),
one can write the parabolic stability estimate (3-33) as
”B”L%H% S5()+C_17'[(t1)+€_1507-[(t1,t2) (3-36)
and the Ohm’s law estimate (3-34) as
17l 21 = (L+E0)H 1, 12), (3-37)

which are linear in H (¢, 2).
Then, incorporating the linear estimate (3-37) into the velocity control (3-29), we obtain

[l oo g1 = H(t1) + T (11, 22)H 11, 12),

p—2 J2) p—2

—2
lullzgs < 7D NulPZ D, , S H(t) + 277 (1+ E0) D T (11, 1) 7T H(t1. ).

i7l.p ~
LW,

(3-38)
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Furthermore, the use of (3-36) and (3-38) in the high-frequency control (3-30) leads to
CHIE Bl pge s+ IEB)pagpa +IEB)p2ge
SH() + ¢ TIH(L 12)(Eo + ¢ IH) + ¢ EoH(t, 12)) A H(, 1) + ¢TI H (1 12)?
SH() + T 3E H( . 0)F + T 1+ Y H . 1)?
SH() + AH(t1. 1) + A3 P H (. )2 + 1A+ £ Y H (. 1) (3-39)
for any A > 0, whereas a similar procedure applied to the low-frequency estimate (3-32) yields
ICE, B)l| oo g1+l Ell 251 + ||B||L333'1_<
SH(M) + 7 (. 12)2 + £ (1) + T (1. ) (1. 12)) (o + ¢ T H() + ¢ EoH (1. 12))
S (14 &/ H(n) + & T (0, )M, 1) + (14 &/ e (1, 1), (3-40)

All in all, summing estimates (3-38), (3-39) and (3-40) together and setting A in (3-39) small enough
that the term A#(¢1, t2) can be absorbed by the resulting left-hand side, we finally arrive at the crucial
nonlinear energy estimate
H(t1,12) S (1+E VM) + (1 +E*) T (11, ) H (11, 12)
- — — — 1 -

+g(()1’ 2)/(2(p 1))(1 +g(()P 2)/(2(p 1)))J(l1 , t2) —1 H(tl, [2)+(1 +5(}/a+1)c 1H(t1 , 12)2

for any 0 < #1 < tp, which, using (3-35), can be slightly simplified to
- - 1
H(t1,12) < Co(1 4+ E/YH(1) + Co(1 + /2T PPy 741 1) 7T H (11, 12)
+ 1+ THe™ M1, 1), (3-41)

where Cx > 0 only depends on fixed parameters (in particular, it is independent of time, the speed of
light ¢ and the initial data). We are now going to show that (3-41) leads to a global bound on H(¢1, t2).

Conclusion of proof. Let us consider a partition of time
O=to<ti < <ty <lpy1 =00
such that, foreveryi =0,1,...,n—1,
C. +gé/a+(p—2)/(p—1))j([l,’ti“)ﬁ :% and  Cy(1 +gé/a+(p—2)/(p—1))j(tn’tnﬂ)ﬁ < %
In particular, by virtue of (3-35), one has, for any ¢ € [t;,t;+1] withi =0, 1,...,n, that

. i—1
1

_ 2 2 _ 02 .
(ZC*(I +g&/ﬂt-ﬁ-(P—z)/(P—l)))Z(p—l) - I;)j(tk’ tk+1) = j(to’ t) = 250 (3 42)
It then follows from (3-41) that
H(ti.1) < 2Co(1+ EVYH(1) +2Ca (1 + T 1 (5. 1)? (3-43)

foralli =0,...,nandt € [t;,tj+1].
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Next, for fixed i, we introduce the quadratic polynomial

PX) =2C(1+ & X2 - X +2C.(1+ £/ M),

whose roots

1+ V1—16C2(1+ £ Y (1 + £ e H(1)
Ay = 1/a+1
4C*(1 +50 )C_l

are real and distinct, provided
¢

H(t) < .
UT16C2(1+ MO (14 g1

(3-44)

Observe that (3-43) can be rewritten as
p(H(ti,1)) >0

for all ¢ € [t;, tj+1]. Therefore, by continuity of #(¢;, ¢) and assuming that (3-44) is satisfied, we deduce
that H(t;,t) < A_ forall t € [t;, t; 1] if it is true for t = ¢;, i.e., H(t;) < A_.

Now, it is readily seen that (3-44) implies #(#;) < A_ if we assume, without any loss of generality, that
2C.(1 + 8& / %) > 1. Thus, by continuity of ¢ — H(#;, t), we conclude that (3-44) is sufficient to deduce
the bound

H(t) < M. 1) < Ao <4C(1+ £ ) H (@)

for all ¢ € [t;, tj+1], where we used the elementary inequality 1 — /1 —z < z for all z € [0, 1] in the last
step. Then, a straightforward iterative process leads us to the estimate

H(tr.1) < 4Co(1+ E3TYH () < [4Ck (1 + £ 1 (10)

foreachi =0,1,...,n and all ¢ € [t;, t; +1], if the initial data satisfies
C

ACK(1 4 EM*THACL(1 4 €1+t

Further noticing, for any ¢ € [t;,; 1], that

Htp) <

i—1
Hlto,1) < H(ti, 1)+ Y Hltks tie4 1)

k=0
we conclude, in view of (3-42), that one has the global bound
i 1/ayii+1
4C«(1 4+ & -1
HO.1) < Y AC(1+E/)FH12(0) = 4C.(1 1 gl e TG 1/)‘1 H(0)

. a+(p—2)/(p—1) -
< 2[4C*(1 +€é/a)]l+lH(O) < 2[4C*(1 +5(}/a)]1+[2c*(1+5&/ p=2)/(p 1)]2(p l)j(O,t)ZH(O)’

provided

2(0) < ¢

AC(1+ £/ THACK(1 + g5/ ) HRCH ey *T2ITTRO =D (/2065

C
<
T AC (1 + &Y ACL (1 + £/ 1+n

holds initially.
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Summarizing the preceding developments, we have now established the existence of an independent
constant Cy > 0 such that, if the smooth solution (1, E, B) has initial data satisfying

4Cu (1 + &/ THACL (1 + £/ HRC & TR0 0) <0, (3-45)

then the bound

1/05+(17—2)/(P—1))]2(1)71)J(O t)2

H(0. 1) < 2[4C, (1 + £/ +RC-1+ #(0) (3-46)

holds globally for any ¢ € [0,00). In view of the approximation procedure laid out in Section 3.2,
this uniform control allows us to complete the construction of solutions claimed in the statement of
Theorem 3.1.

Moreover, observe that all global bounds on (u, E, B) stated in (3-2) are a direct consequence of (3-36)
and (3-46).

Finally, in order to deduce the simpler initial condition (3-1) from (3-45), there only remains to notice,
for any given ¢ > 0, by taking 0 < @ < 1 and 2 < p < oo sufficiently close to the values 1 and 2,
respectively, that

4C (1 + ELOTNAC, (1 + 1/ HROHE/ T OTTIMPECD0/eG < ¢ oCrnes™
for some large independent constant Cy > 0. Then, since the global bound (3-46) holds for that particular
choice of p close to 2, one can use the ensuing uniform controls on the solution (u, £, B) in combination

with (3-29) to propagate the L%-norm of the vorticity w for higher values 2 < p < oo, which completes
the proof of Theorem 3.1. O

3.9. Proof of Theorem 3.2. The proof of Theorem 3.2 is a continuation of that of Theorem 3.1. Thus,
assuming that the solution (u, E, B) produced by Theorem 3.1 is already constructed, we observe that
Lemma 3.6 provides us with the additional bound

lo@lLe < NlwO)llLee + 17 22¢0,6):25) IV Bl L2(10,6):.50)
S loO)lese + Uilliz2qon:so. , o T 1 l2qon:0,  YIVBIL2o.:L50)

for any ¢ > 0, which, when combined with Ohm’s law, the two-dimensional embedding 321,1 CcB go,l and
the paradifferential product law (3-14), further yields

lo®lzse 5 IO s +(7lz5y, +elElzz | +1P@xB)l2g VB e
SloOlee +(clill 2z +1El25
+lullpoe 2Bl 2 g |+l e g1 1BUL2 g ) IV B2 50

Now, recall from (3-3) that VB belongs to L?(R™; Bgo,l) C L?(R™; LE). Therefore, by virtue of
the energy inequality (1-3), the global bounds (3-2) and the assumption that the initial vorticity belongs
to LY, we conclude the pointwise boundedness of w(¢) for all times.
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Observe, though, that the ensuing bound w € L7S, is global in time, but it is not uniform in c. Never-

theless, it is possible to derive another global bound on the vorticity in L%, uniformly in ¢, by employing

x>
Ohm’s law to control j in Lt Bz,l, - and requiring the additional initial assumption that Eq € 321’1
Specifically, the use of Ohm’s law to expand the low frequencies of j leads to the necessity of
controlling ¢ E uniformly in the space L%le’l’ -, which can be achieved by relying on the low-frequency
estimates from Lemma 3.9. More precisely, by combining (3-21), with s = 1, and (3-20), with s =2 —«

and 0 <« < 1, it is possible to establish, by repeating the steps leading to (3-31), that

-1 _3
CNENgzgy, 5 1Eoll sy, +1Boll sy + Il oo poe s (€ ||B||Lsz’ g

. B B .

All terms in the right-hand side of this estimate are now uniformly Controlled (in ¢) by the bounds (3—2),
provided one further assumes that the initial data Eq belongs to B'ZI’I. This concludes the justification of

the bound w € L7%,

We turn now to the uniqueness of solutions to (1-1), which rests upon Yudovich’s fundamental ideas.

uniformly in c.

To that end, suppose that
(u;, E;, B;) € L°°([0, T); L? R

with i =1, 2, are two weak solutions to the two-dimensional incompressible Euler—-Maxwell system (1-1)
for the same initial data and for some existence time 7" > 0. We are going to establish a weak-strong
uniqueness principle by requiring a control on the solution (u2, E», B») which is stronger than the one
on (u1, E1, By).

In a natural way, we denote the vorticities and electric currents associated to each solution by w; and j;,
respectively. Furthermore, we assume that each solution satisfies its corresponding energy inequality
(1-3) and that

up € L2([0.T): L), wae () LY(0.T);LY). joeL'(0.7):LY).
2<g=<o©
By virtue of the Gagliardo—Nirenberg inequality (3-17), recall that the above bounds are sufficient to
imply that
up € L2([0,T); L)

as well. Note that we are not requiring here that the solutions have the normal structure (1-2).
Next, a straightforward duality argument on (1-1), similar to the computation which gives the energy
inequality (1-3), leads to

%/ (Ml'M2+E1-E2+Bl-Bz)dX+%/ J1+j2dx
R2 o R2
—/2(M2®(u1 —u3)): V(up —uz)dx
R

[ (U= 2% (B1 = B) 2= 2 X (B = B)- 1 —w2) .

It is to be emphasized that the solutions considered here have sufficient regularity and integrability to
justify the above computation rigorously.
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We introduce now the modulated energy

Fe() = 31007 + 1EOI7 + 1 BO72) +e,
where
ft::ul—uz, EZZ E1—E2, EZZBl—Bz,

and ¢ > 0 merely ensures the positivity of Fg.
Then, integrating the preceding identity in time and combining the result with the energy inequality (1-3)
for each solution, we deduce the estimate

1[5 e
RO+ [0, dr
t
E8_[/2[((12-V)uz)-ft+(j><B)-uz—(jz><B)-ﬁ](r)dxdr
0JR
! 2/ 2/q’ L 3 B
58+/0 IVua | g lll 7€ Il 5" dt+/0 12U Bl 2 lluzllzge + 2L I Bl 2 Il 2]1d T
t t
~12/ay ~n2/d’ 1 )12
§8+/() ”V”2”L§’CHMHL§°“””L}C d7+%/0 ”J(T)“L%dt

t
O, 5 . 5 ~
+[0 [S1B12, 10213 o + 2l o= 1Bl 2 2 | d o

forall ¢ € [0, T) and any 2 < g < 0o, where we have defined Ji=Jj1— ja.

The next step relies on a classical sharp estimate on the Biot—Savart law (1-14). More precisely, by
exploiting that the map w — V(—A~1V x w) = Vu produces a Calderén—Zygmund singular integral
operator, it is possible to show that

2
a
IVullpage) = Cos 7 IV xullLa@2)

for all 1 < a < oo and any divergence-free vector field u, where Cgg > 0 is independent of a. We refer to
[Bahouri et al. 2011, Section 7.1.1] for more details concerning the Biot—Savart law and to [Grafakos
2014, Section 6.2.3] for a Fourier multiplier theorem which can be used to obtain the correct dependence
of the above Biot—Savart estimate in the parameter a.

Thus, we deduce from the previous bound that

! 1
R0 <o+ [ 2asaloalig il F@F + ol + Ll o) de

Moreover, denoting the right-hand side of the above inequality by G.(¢) and observing that it is absolutely
continuous on [0, 7'), we obtain

d i 1, .
£Ge(t) = 2Cnsqllon g 1R GoO) T + [0 u2]F o0 + 11 2 L1Ge(0)

for almost every ¢ € [0, T'). Therefore, further introducing the absolutely continuous functional

_rt 2 . oo
0,(1) = Gy (1)~ oMo+l el d e

’
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we see that o )
1 2 p j o0
L 0c(1) = 2Cusqllonll g 1l 2 0. (1)1 ¢ DT IRl dO 0T,

Lo (1) 12/a b ol o+l )0 de
E@g(t)q 52CBS”")2”L§||M||L{;7>€ qfO 2l 00 2l 20 .

Observe that all technical difficulties incurred when dividing by ®, )Y/ 4" in the last step are removed by

whence

the use of ¢ > 0.
Now, integrating in time leads to

1 rt 2 .
Fu(t) < Ga(t)F < et DMl il el de
t 1t 2 . I
+2Cus [ loa@ gl Fer Mol IO g
0 X

whereby, letting ¢ — 0, we end up with
1 - ~ ~
SUEOIHIEOI+IB@I72)

t qd t 2 .
e A B
0

- 2 +1J .
=QCasllo2 ]l o,0:29) 11720 t)~Lj°C°)€G||u2||L2([°J)?L§°) 1721 qo.0:259)

2 20 ~n2 0'||142||2 . +i2ll 1 1)L
S(2CBS“CUZHLI([OJ);L?CO))L] (2CBS||C‘)2||L2([0’¢);L§)) ”u”Lz([O,t);L)oCo)e L2(00.0:L5) L0,

Finally, considering values ¢ € [0, T') such that

1
lw2llL1q0.0):L50) < 2Cps

and then letting ¢ tend to infinity, we conclude that (i, E, E) (t) = 0, thereby establishing the uniqueness
of solutions on a time interval [0, ¢) for some ¢ € (0, T').

Now, observe that this argument can be reproduced on any time interval [to, T'), with 79 > 0 and such
that (i1, E, B)(19) =0, to prove the uniqueness of solutions on [z, #) for some ¢ € (¢9, T'). In other words,
we have shown that the set

t ~ ~
S = {t c[0,7) :/0 IGi. E. B)(s)ll 2 ds =0

is open. Since the function ¢ — fot IGi, E, B)(s)|| L2 ds is continuous, the set S is actually both open and
closed. Furthermore, it is nonempty and [0, 7') is connected. We conclude that S = [0, T') and, therefore,
that both solutions (11, E1, B1) and (u3, E», B>) match on the whole interval of existence [0, 7). This
completes the proof of the weak-strong uniqueness principle and concludes the proof of the theorem. O

Remark. In view of the estimates on the electric current j established in the preceding proof, it seems
also possible to propagate the boundedness of the B;’l-norms of the vorticity, with p € (1, 00) and
s =2/ p, by making use of the methods developed in [Vishik 1998] to prove the global well-posedness of
the two-dimensional incompressible Euler system in critical spaces. We also refer to [Abidi et al. 2010;
Hassainia 2022] for well-posedness results of similar models in critical spaces.
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Remark. It is possible to propagate the boundedness of L”-norms of the vorticity for values 1 < p < 2.
Indeed, a variation of the proof of Lemma 3.6 gives

lo®llLp < lo©OlLz + 17 12022 IV Bl 2o py:027/-m)

. 2/p—1 2—-2
< 0Oz + 172022 IVBI S 2 IV Bl 20

for any ¢ > 0. It is then readily seen that the terms involving V B are controlled by the bounds (3-2)
and (3-3), whereas the electric current j remains bounded by virtue of the energy inequality (1-3).

3.10. Proof of Theorem 3.3. The proof of Theorem 3.3 builds upon the estimates established in
Theorem 3.1. Thus, following the proof of that theorem, we assume that we have a smooth solution
(u, E, B) of (1-1) for some smooth initial data (uq, Eo, Bo), and we only derive the bounds relevant to
our argument through formal estimates on (u, E, B), keeping in mind that the full justification of the
result is then completed by carrying out the approximation strategy laid out in Section 3.2.

Now, the proof of Theorem 3.1 establishes that the bound (3-45) on the initial data (u¢, Eo, Bo) implies
the global uniform bound (3-46) on the solution (u, E, B). In particular, combining the two inequalities
(3-45) and (3-46), we see that, for any 0 < A < 1, if the initial data satisfies (3-45) with its right-hand
side replaced by Ac, then the solution (u, E, B) satisfies the estimate

Ac
2C.(1+£*Th

H(O0,T) < (3-47)
for all T € [0, 0o). This global bound will come in handy below, with some small but fixed value for the
constant A.

Next, in order to derive a higher-regularity estimate on the field (£, B), we extend the control of high
electromagnetic frequencies (3-30) to higher smoothness parameters. Specifically, a direct application of
estimate (3-19) from Lemma 3.8 yields

- . 7_
INE By + T NEB)2gy  + T IE Bl gss
1— 1-
S e N(Eo. Bo)ll gy + ' lullpge apse 1 Bliz2 sy

on any time interval [0, T') for any Z <s<2and 1 <n <oo. Then, recalling that the energy (0, T)
controls the velocity u in Lg% N L°°H ! (thanks to the Gagliardo—Nirenberg interpolation inequality
(3-16)) and the magnetic ﬁeld B in L%BZZ’L -, we infer that the last term above can be bounded by

CTHODBI, 1Bl 1Bz, )

<c1 S3(0, T><||B|| _TlIBlizzag, )

L2H1 ||B| LZB2
¢ITIHO, T)((Eo + ¢TI H(O0) + T EHO T)? T HO. )7 + 1Bliz2 55, )

where we also employed (3-36) in the last step to control B in L%H ;



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1375

All in all, combining the preceding inequalities and making use of (3-47), we arrive at
1- 2— 7—
TNE B)gopy, T NE Bl gzgy A NE Bl g2 oass
< (B0, Bolllgy ¢! TETIHO.T) 4+ e A+ ETOHO.T)? + AT | Bllzagy
Thus, setting the value of the constant A small enough (with respect to fixed parameters only) that the
last term above can be absorbed by the left-hand side, the previous estimate can be recast as
1- 2— 7—
TNE B)iggy,  + P NE Bl gzgy  + i NE Bl g2 goass
ST N(Eo Bollgg, _ +e T ETIHO.T) + T A+ ETHHO.T)%,

which provides the pursued uniform control of the solution (1, £, B) in higher-regularity spaces.
Finally, it only remains to notice that

_3 _3 _3
¢ *[|(Eo, Bo)ll 774 = ¢ *lI(Eo. Bo)ll gz/a_ + ™ #|(Eo. Bo)ll g7/a
< I(Eo. Bo)ll g1 + ¢ I (Eo. Bo)llgs

which allows us to deduce that a suitable choice of independent constant Cys > 0 in the initial assump-
tion (3-4) implies the corresponding initial condition (3-1) in Theorem 3.1, with its right-hand side replaced
by Ac (this is necessary to guarantee the validity of (3-47)), thus completing the proof of the theorem. [J

3.11. Uniform bounds for fixed initial data. As previously mentioned, the controls (3-2) and (3-5), from
Theorems 3.1 and 3.3, hold for any families of initial data such that the left-hand sides of (3-1) and (3-4)
remain respectively bounded. In particular, within such families, the corresponding collection of global
solutions only satisfies the respective uniform bounds

cTH(E, B) e LP®Y; B]Y), ¢'TS(E.B) e I®®R*: B,
Thus, there is, in general, no bound on the size of the electromagnetic field (£, B) in ZOO([RW; B;/ 14
and L°(R; Bin), uniformly in ¢, if the corresponding family of initial data (Eg, Bg) only satisfies a
uniform control

¢"4(Eo, Bo) € B} and ¢'"*(Eo. Bo) € B3,

respectively.
For example, such sets of initial electromagnetic fields occur naturally when considering mollifications

(ug, EG., Bg) = ¢c * (uo, Eo, Bo).

where ¢.(x) = c?¢(cx) is a classical approximate identity and (uq, Eq, Bo) is a given initial data
satisfying
C***€4+8
(50 + ”uO”[-']lle,p + ||(E07 BO)”HI)C***e 0 <, (3-48)

with Cyss > 0. Indeed, it is readily seen that (ug, E§, B§) satisfies the bounds (3-1) and (3-4), provided
(3-48) holds for some suitable constant Cixx.
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We are now going to show that the solutions constructed in Theorems 3.1 and 3.3 have, in fact, an
electromagnetic field which remains uniformly bounded in
Lo®*: 8]} and L®R*:BS,).
provided that their corresponding initial values are selected within a bounded family of 327 / 14 and Bin,
respectively. In particular, such uniform bounds hold whenever one considers fixed initial data independent
of c. This is of special significance in the study of the limiting regime ¢ — oo in order to derive sharp
asymptotic bounds.

The next result provides a suitable energy estimate on the damped Maxwell system (1-15), and the ensu-
ing corollary clarifies the uniform boundedness properties of the solutions built in Theorems 3.1 and 3.3.

Lemma 3.12. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, By)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimate

ICE. B)pes +elElz25s
<o, Bo)ll gy + Il ooy (1Bl2 iy + 1Bl +1Blzaz ) (349)
over any time interval [0, T) forany 1 <s <2 and 1 <n < oc.

Proof. This result follows from a direct energy estimate on the damped Maxwell system (1-15) and is an
extension of Lemma 3.10.

In order to show (3-49), we first localize (1-15) in frequencies by applying A;, for j € Z, and then
perform a classical energy estimate on each dyadic frequency component (A; E, A; B). This procedure
yields the control

SN B, A BYT2, +0el A E N0 112,

< ZII(A]'E, AjB)(O)”L;C +ollAj P x Bl p2(0,7y;.2) 18 Ell L210,7);1.2)

1 . . 2 o . 2
< 52 I(A E.A;B)O)Z + 51147 P(ux B))|

OCHAEN?
2qoney T 1A E

L7([0,T);L3)"
Then, summing over j in £, with 1 <n < oo, we deduce, for any s € R, that
I(E, B)”Z?O([O,T);BQH) + C”E”Z%([O,T) (B3~ < I(Eo, BO)HBY + ([P (u x B)||L2([0 T):B3 )’
Next, by the paradifferential product law (3-13), we see that
1P xB)lzzpy < lullpeo nreony B2y,

for any —1 < s <2 and 1 <n < oco. Therefore, combining the preceding inequalities, we conclude that
ICE. B)go gy +lEl 25

<10 Bl g+ Il ey (OBl + 1Bz, )

< I(Eo. Bl gy, + Il s zosy (1B, 1Bl +1Blz2sy, )

foralll<s<2and 1 <n <oo.
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Finally, combining the previous estimate with straightforward embeddings of Besov spaces proves
(3-49), thereby concluding the proof of the lemma. O

Corollary 3.13. Consider parameters p € (2, 00), % <s<2andl<n<oosuchthatn =1if s = %.
For any fixed initial data
(uo. Eo. Bo) € (H' NW'P)x (H' N B3 ) x (H' N B3 ,))(R?)

satisfying the assumptions of Theorem 3.1 (lf s = % and n = l) or Theorem 3.3 (zf s > %), the

corresponding global solutions (u¢, E€, B€) constructed therein satisfy the bounds
u¢ e L°(RT; HI NWP),  (ES,BS) e L°RY; HY), (EC, BS) e L°(R*;B3,),
(cE€,BS)e LART;H'Y), B°eL*RT;BZ,.),
AT(EC B e LPRY: Bloyd). cEC e I2RYiBS,). c3BCeI2R*iBS,.).
uniformly in c.

Proof. This result follows from a straightforward combination of Theorems 3.1 and 3.3 with Lemma 3.12.
Indeed, it is readily seen that the uniform bounds (3-2) and (3-5) are sufficient to control the right-hand
side of (3-49) for appropriate values of (s, n), thereby showing the improved uniform boundedness of the
solutions (u€, E€, B). O

Appendix A: Littlewood-Paley decompositions and Besov spaces

We recall here the fundamentals of Littlewood—Paley decompositions and introduce a precise definition
of Besov spaces.

A.1. Littlewood—Paley decompositions. We are going to use the Fourier transform

FIO =7 @)= [ e fwds
and its inverse

Flegx) =g(x):=

e /R e s

in any dimension d > 1.
Now, consider smooth cutoff functions ¥ (§), ¢(§) € C° (R¥) satisfying

V¥, @ >0 areradial, suppy C {|§| <1}, suppe C {% <|¢l <2}
and

I=yE)+ ) @@ forall £ eR?,

k=0

Vi ©) =y 7%E),  gr(®) = p27FE)

Defining the scaled cutoffs

for each k € Z, so that

supp ¥ C {|&] <25}, suppgp {2571 < |g| <2k 1y,
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it is readily seen that

o0
=y + Z Pk
k=0
provides us with a dyadic partition of unity of R4 Notice also that
o0
=y + ) o
k=j
for any j € Z and
o0

=Y w

away from the origin £ = 0.
Next, denoting the space of tempered distributions by &’, we introduce the Fourier multiplier operators

Sk, Ay : S’ (RY) — S'(RY),
with k € Z, defined by

Skf =F ' Ff=F W)« f and Apf:=F 'opFf =(F op) x f. (A-1)

The Littlewood—Paley decomposition of f € &’ is then given by

oo
Sof +Y  Af =,
k=0
where the series is convergent in S’.

Similarly, one can verify that the homogeneous Littlewood—Paley decomposition
o0
o Af=f

k=—00

holds in S’ if f € &' satisfies
lim ||k flzee =0. (A-2)
k——o00

Observe that (A-2) holds if f is locally integrable around the origin, or whenever Sy f belongs to L? (R%)
for some 1 < p < oo. In particular, note that (A-2) excludes all nonzero polynomials.

A.2. Besov spaces. For any s € R and 1 < p,q < oo, we define now the homogeneous Besov space
B 5.q (R%) as the subspace of tempered distributions satisfying (A-2) endowed with the norm

1/ 135, 0y = (Zz Sankfan(Rd))

kez

1

if ¢ < oo, and
17155,y = S9P@ A o))
’ €Z

if ¢ = 0o. One can show that B;;,q is a Banach space if s < d/p, orif s = d/p and g = 1; see [Bahouri
et al. 2011, Theorem 2.25].
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We also consider here the homogeneous Sobolev space H*(R?) for any real value s € R, which is
defined as the subspace of tempered distributions whose Fourier transform is locally integrable equipped
with the norm

7= ([ |é|23|f<s>|2ds)%.

One verifies that H* is a Hilbert space if and only if s < %d ; see [Bahouri et al. 2011, Proposition 1.34].
Moreover, it is possible to show that HS = Biz whenever s < %d .

A.3. Chemin—Lerner spaces. For any time 7' > 0 and any choice of parameters s e Rand 1 < p, g, r < o0,
with s <d/p (or s =d/p and ¢ = 1), the spaces

L7 ([0, T): By ,(RY))
are naturally defined as L"-spaces with values in the Banach spaces BIS,, 4- In addition to these vector-valued
Lebesgue spaces, we define the spaces

L7([0.T): By ,(R?))
as the subspaces of tempered distributions such that

klirfoo ISk f L7 o,7);L»mayy =0O:

endowed with the norm
o0 1
q

_ k q
”f”Z’([O,T);B;;.q([Rd)) = ( Z 2 sq”Akf”Lr([O’T);Lp(Rd)))

k=—o00
if g < oo, and with the obvious modifications in the case g = oo.
One can easily check that, if ¢ > r, then

L™([0.7); By ,(R?)) C L™([0, T); By ,(RY))
and that, if ¢ <r, then
L7 ([0.T): By ,(RY)) C L"([0.T): By ,(R?)).

We refer the reader to [Bahouri et al. 2011, Section 2.6.3] for more details on Chemin—Lerner spaces.

A.4. Embeddings. We present now a few embeddings and inequalities in Besov spaces which are
routinely used throughout this work.
First, a direct application of Young’s convolution inequality to (A-1) yields

< okd(5—1)
Ak fllr@ay 27777 7 Ap [l Lp ey (A-3)
for any 1 < p <r < o0. A suitable use of (A-3) then leads to the embedding

17 s,y S 1 st rom1m g (A-4)

forany 1 < p <r <00, 1 <g < oo and s € R, which can be interpreted as a Sobolev embedding in the
framework of Besov spaces.
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Moreover, recalling that £ C £", for all 1 <g <r < oo, one has
3 d 3 d
B () B, (RY)

forallseR, 1 <p<ococand1<g <r <oo.
Next, observe that

D Arf

kez

< D IS oy =18 f o | oy (A-5)

I/ 1lLrway =
LP®RY) kez

for every 1 < p < oco. Therefore, by combining (A-4) and (A-5), we obtain

1/ ooy S 171 g2y
This estimate is particularly useful in view of the failure of the embedding of the Sobolev space H%/2(R%)
into L (R9).

Further considering any cutoff function y € Cfo([R{d ) such that 1¢g<1y < x(§) < 1{j¢/<2), one can
show, for any ¢ > 0, o > 0 and 1 < p < o0, that

D
= < o2 .
1(2) 7] e S 1 i qw

and
la-n(2)/| SIS N ggee
c B;,I(Rd) ~ By o (RY)
where the operator m (D) denotes the Fourier multiplier associated with the symbol m(§) for any m €
CX(RY).

Finally, we mention another essential inequality in Besov spaces which is related to their interpolation
properties. Specifically, one has the interpolation, or convexity, inequality

L< 1-6 o
||f||B;’1 < ||f||B;900||f||B;}OO

for any p € [1, <], 5,850,571 € Rand 6 € (0, 1) such that s = (1 —0)s¢ + 651 and sg F# 571.
Note that the preceding estimates and embeddings can be adapted to the setting of Chemin—Lerner
spaces in a straightforward way.

A.5. Paradifferential product estimates. Here, we recall the basic principles of paraproduct decomposi-
tions and some essential paradifferential product estimates that follow from it.
For any two suitable tempered distributions f and g, introducing the paraproduct

Trg=Y Si2fAjg
jez
readily leads to the decomposition

fe=Trg+Tef +R(f 2),
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where

R(fe)= Y, Ajfhg
j.kez
lj—k|=<2
is the remainder. For any choice of integrability parameters in [1, oo] such that

1 1 1 1 1 1 1 1 1

a_al az’ b_bl bz’ C_Cl 6‘2’

it can be shown, in the context of Chemin—Lerner spaces, that
Troll= - < ~aq —a A-6
1Ty gl goes S 1f Iz gy Nelzoogy (A-6)
for any o < 0 and B € R, and that
R =47 < zay g ~ay g A-7
IRCE &) zggoen S 1 Nz gy Nelzeags (A7)
for any «, B € R with o 4+ 8 > 0. Moreover, one has the endpoint estimates

1778z gp 51710 o lgl e gy (A-8)
for all 8 € R and
< ~ai . ~ady
IR &)lzgrn <1 Mg gy Nglzee g e
for all « € R, provided 1/c; + 1/¢2 = 1. Similar bounds hold for Besov spaces, and we refer to [Bahouri
et al. 2011, Section 2.6] for more details on such paradifferential estimates.
We finally recall two important product rules of paradifferential calculus in the context of Besov spaces,

which are direct consequences of the preceding bounds. First, exploiting (A-6) and (A-7) (for Besov
spaces), we have

178l grsimarz S 17 Do gl
for any —%d <s§,t < %d, with s +¢ > 0.
Second, we find that
178155 S 1F Do prz g s

for all —%d <s< %d , which follows from a suitable combination of (A-6), (A-7) and (A-8) (for Besov
spaces, as well).

Appendix B: Oscillatory integrals and dispersion

We give here a justification of the dispersive estimate (2-23) employing the stationary phase method.
This method is classical and we will rely on [Bahouri et al. 2011], when needed, to refer the reader to
complete details on the technical results pertaining to the method.
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Generally speaking, we are considering here oscillatory integrals of the form
L= [ @Oy ag
R4

for smooth test functions ¥ € C>° (R%) and ¢ € R, where the smooth phase ¢ (£) only needs to be defined
on the support of . It is readily seen that
[y (D] < 1Yl L1 (ra)-

We seek now to understand the asymptotic behavior of I (t) when |¢]| is large, which requires us to
exploit the cancellations in the integral Iy (¢) due to the oscillatory term ¢!'®®  There are two cases to
consider: the stationary phase and the nonstationary phase.

The stationary phase. This case analyzes the asymptotic behavior of Iy (f) near critical points of the
phase, i.e., near points in the integration domain where V¢ (&) = 0. More precisely, we suppose here that

Ve (§)] < €0

for some &g € (0, 1] and for all £ € supp ¥. Under such assumptions, Theorem 8.9 from [Bahouri et al.
2011] establishes that, for any positive integer N, there is a constant C, 4 y > 0 such that

d§
|1y ()| = Cng,y /suppw (1+eot|VP(E) PN

(B-1)
forallr > 0.

The nonstationary phase. The decay of Iy (¢) is better when V¢ does not vanish on the support of .
More precisely, assuming now that

Vo ()] = g0

for some ¢ € (0, 1] and for all £ € supp ¥, Theorem 8.8 from [Bahouri et al. 2011] shows that, for any
positive integer N, there is a constant Cy,¢ 4 > 0 such that

Cngy

IO =

(B-2)
for all £ > 0.
The asymptotic estimate (B-2) always offers a faster decay than (B-1) and, therefore, the oscillatory

integral I (7) can be treated as a remainder term wherever the phase V¢ does not vanish. In conclusion,
the overall asymptotic behavior of Iy (¢) is, in general, determined by the critical points of the phase.

All in all, as explained in Theorem 8.12 from [Bahouri et al. 2011], it is possible to combine the
preceding estimates to show, for all Y € C2° (R%), &g € (0, 1] and any positive numbers N and N’, that
there are positive constants C and Cp- such that

Cy d§
Ol = o N+ | :
Y (o) 4y (L+ 00t [V )PV

for all 7 > 0, where the set Ay is defined as

Ap :=1{& esuppy : |[Vo(§)| < eo}.

(B-3)
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We are now in a position to prove (2-23). To be precise, we are going to establish the equivalent
estimate (up to a scaling of the variable x)

; C
it (x.€) v .
‘/Rd e V(& dE| = o7 (B-4)

for all > 0 and x € R4, where the phase is defined by

¢(x,6) =x-E£8(), withd(§) = V[§—jo® and 0<a < %

and the test function ¢ € C °°([R§d) satisfies supp ¥ C { <& < R} for some R > 7, while the constant
Cy > 0 is independent of 7, x and .
To that end, noting that ¢ (x, £) is smooth on the support of i and setting g9 = 1, N = %(d —1) and

2
=d in (B-3), we find that

oG, i dg
'[Rde 9 s)w(é)dé‘ S ~@on +/A ( :

1+t}xim}2)
where
A::{ <lE <R |xt— 1}
86|~ 2

Now, notice that x # 0 if A is nonempty. In particular, for any £ € A, we can write the decomposition

E=¢ +¢, with &= (if_é)x and ¢ =E—¢,
whence, since ¢’ -x =0,

2
NI 2

8(§)

L ¢

8()

PP
G

+

We therefore conclude that

. 1 dt’ 1
itg(x.8) del < —— / <
/Rde VOIS @2 i (0B~ @72

which completes the justification of (B-4). O
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