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DAMPED STRICHARTZ ESTIMATES
AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM

DI0GO ARSENIO AND HAROUNE HOUAMED

Euler—-Maxwell systems describe the dynamics of inviscid plasmas. We consider an incompressible two-
dimensional version of such a system and prove the existence and uniqueness of global weak solutions,
uniformly with respect to the speed of light ¢ € (¢g, 00), for some threshold value ¢y > 0 depending only
on the initial data. In particular, the condition ¢ > c¢ ensures that the velocity of the plasma nowhere
exceeds the speed of light and allows us to analyze the singular regime ¢ — c0.

The functional setting for the fluid velocity lies in the framework of Yudovich’s solutions of the two-
dimensional Euler equations, whereas the analysis of the electromagnetic field hinges upon the refined
interactions between the damping and dispersive phenomena in Maxwell’s equations in the whole space.
This analysis is enabled by the new development of a robust abstract method allowing us to incorporate the
damping effect into a variety of existing estimates. The use of this method is illustrated by the derivation
of damped Strichartz estimates (including endpoint cases) for several dispersive systems (including the
wave and Schrodinger equations), as well as damped maximal regularity estimates for the heat equation.
The ensuing damped Strichartz estimates supersede previously existing results on the same systems.
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1. Introduction

We are concerned with the existence and uniqueness of solutions to the incompressible Euler—Maxwell

system
dsu+u-Vu=—-Vp+jxB, divu=0 (Euler’s equation),
%BtE —VxB=-—], div E =0 (Ampere’s equation), (1-1)
%8IB +VXxE=0, div B =0 (Faraday’s equation),
j=0(cE+ P(uxB)), divj =0 (Ohm’s law)

for some initial data (u, E, B)|¢t=0 = (40, Eo, Bo), with the two-dimensional normal structure on the
vector fields

ul(t,x) El(t,x) 0
ut,x)=ux(t,x)|, E(,x)=|Ex x) and B(t,x) = 0 , (1-2)
0 0 b(t, x)

where (¢, x) € [0, 00) x R? and P = Id —A~!V div denotes Leray’s projector onto divergence-free vector
fields. We will later see that the normal structure (1-2) is propagated by the flow and is therefore persistent.

Taking the divergence of Maxwell’s system, which is made up of Ampere and Faraday’s equations,
notice that the divergence-free conditions div £ = 0 and div B = 0 are also propagated by the evolution
of the system, provided they hold initially. (In fact, notice that the condition div B = 0 is a trivial
consequence of the normal structure (1-2). Nevertheless, it is physically relevant, since magnetic fields
are solenoidal.)

This model describes the evolution of a plasma, i.e., a charged gas or an electrically conducting fluid,
subject to the self-induced electromagnetic Lorentz force j x B. Here, the field u denotes the velocity of
the fluid, £ and B are the electric and magnetic fields, respectively, whereas j denotes the electric current.
Moreover, the positive constants ¢ and o represent the speed of light and the electrical conductivity,
respectively. We refer to [Biskamp 1993; Davidson 2001] for details about the physical principles behind
the modeling of plasmas.

It is readily seen that any smooth solution (u, E, B) € C cl ([0, 00) x R?) of (1-1) satisfies the energy
inequality

2 (1.
O + IEOIE: + 10 + 2 [ 1@ dv <6 (13)

for all # > 0, where we define
Eo :=||(uo, Eo, Bo)|| 2.
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(Observe that (1-3) actually holds with an equality sign for smooth functions, but this will not be used.)
This is the only known global a priori estimate for solutions of (1-1), and the ensuing natural bound

(u, E, B) € L*°(]0, 00); L%(R?))

is insufficient to guarantee the existence of global weak solutions to (1-1). At least, no known method
has so far been able to build such solutions, and the same holds for the classical two-dimensional
incompressible Euler system

diu+u-Vu=—-Vp, divu =0, (1-4)

which corresponds to the case (E, B) = 0. This is due to the fact that the nonlinear terms in (1-1) and (1-4)
are, in general, not stable under weak convergence of solutions.

1.1. Main results. Our main result on the Euler—-Maxwell system (1-1) establishes the global existence
and uniqueness of weak solutions for any initial data in suitable spaces, provided the speed of light c is
sufficiently large. Note that this is seemingly the only known global existence result for incompressible
Euler—Maxwell systems. It reads as follows.

Theorem 1.1. Let p and s be any real numbers in (2, 00) and (%, 2), respectively. For any initial data
(1o, Eo, Bo) € (H' N WHP) x H® x H®)(R?),

with divug = div £y = div By and the two-dimensional normal structure (1-2), there is a constant
co > 0 such that, for any speed of light ¢ € (co, ), there is a global weak solution (u, E, B) to the
two-dimensional Euler—Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

ue L°RT;HINnWYP), (E,B)e L®(RT; H®),

. . . (1-5)
(cE,B)e L2(R™: HY), cEeL*(R":H®), (E,B)eL*RT;Wh>).

It is to be emphasized that the bounds in (1-5) are uniform in ¢ € (cg, 00) for any given initial data.
If, furthermore, the initial vorticity wg := V X ug belongs to L>°(R?), then the solution enjoys the
global bound
w:=VxuelL®R"; L),

and it is unique in the space of all solutions (i1, E, B) to the Euler—Maxwell system (1-1) satisfying the
bounds, locally in time,
@ E,B)eLPL:, uelijly, jeli,,

and having the same initial data.

Theorem 1.1 is a simple and more accessible reformulation of the results from Section 3, which are
stated therein in full detail in the setting of Besov and Chemin—Lerner spaces (see Appendix A for a
precise definition of these spaces). Indeed, it is readily seen that Theorem 1.1 follows directly from the
combination of Theorems 3.1, 3.2, 3.3 and Corollary 3.13 with straightforward embeddings of functional
spaces. The respective proofs of these results are also provided in complete detail in Section 3.
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One should note that the constant cg in the above statement depends on norms of the initial data. Thus,
for any given ¢ > 0, the condition co < ¢ can be interpreted, in a fully equivalent way, as a smallness
condition on the initial data. In fact, a careful inspection of (3-4) in the statement of Theorem 3.3 readily
provides an explicit expression for cg in terms of the norms of (1o, Eg, Bo) in (H' N W1P) x H x HS.
More specifically, for any given initial data, one could set, for example,

co = max{L, (Jwoll g1 pyirt.n + | (Eo. Bo)llzs)Ce €}
for some suitable large constant C > 0 which only depends on p and s, and is independent of the initial
data. Then, with this definition of cy, it is straightforward to show that the condition ¢ > co implies the
validity of (3-4). In particular, for a given speed of light ¢, we observe that the existence of solutions is a
consequence of the smallness of the initial data. Finally, we also note that it is not difficult to provide
sharper formulas for cg, with increasing complexity.

A detailed scaling analysis of solutions to the Euler—Maxwell system (1-1) is conducted in Section 3.1,
which further clarifies the significance of the initial conditions of our main results and their dependence
on the physical constants ¢ and o.

We have already emphasized that the bounds (1-5) on the solutions of the incompressible Euler—
Maxwell system (1-1) are uniform with respect to the speed of light ¢ > c¢¢. This crucial feature allows
us to deduce a simple but powerful convergence result in the asymptotic regime ¢ — oo, which is of
particular interest. We refer to [Arsénio et al. 2015] for a thorough discussion of this regime in the context
of incompressible Navier—Stokes—Maxwell systems.

Generally speaking, the physical relevance of the regime ¢ — oo in Euler—Maxwell systems stems from
the fact that the limiting magnetohydrodynamic systems are suitable to describe the behavior of flows which
are influenced by self-induced magnetic fields. This is the case, for instance, of the terrestrial magnetic
field, which is sustained by the earth’s core through the dynamo effect, or the solar magnetic field, which
is responsible for sunspots, or the galactic magnetic field, which plays a role in the formation of stars. We
refer to [Davidson 2001] for more details on the physical background of magnetohydrodynamic systems.

The next result follows directly from Theorem 1.1 and establishes a magnetohydrodynamic system
by taking the limit of the Euler-Maxwell system (1-1) in the singular regime ¢ — co. Observe that it
recovers the classical Yudovich theorem for the incompressible Euler system (1-4) by setting B = 0.

Corollary 1.2. For any given initial data (uo, Eo, Bo) as in Theorem 1.1 ( for some p € (2,00) and

s € (% 2)) consider the global solution (u¢, E€, B€) constructed therein for each ¢ € (cy, 00). Then,

2
t,x,loc*

{(un, En B}, en, with ¢, — 00, there is a convergent subsequence (which we do not distinguish, for

the set of solutions {(u¢, E¢, B€)}¢>¢, is relatively compact in L In particular, for any sequence

simplicity)
(u, ES", By 222, (4,0, B) in L? (1-6)

t,x,loc’

where (u, B) = ((u1,u3,0), (0,0, b)) has the normal structure (1-2) and is a global weak solution of the

system
diu+u-Vu=-Vp, divu =0,

1-7
dth— S Ab+u-Vb =0, -



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1313
with the bounds
ue LR HINWY?), be LR HHYNLART;H' nHZn W),

If, furthermore, the initial vorticity wo belongs to L™ (R?), then the solution (u, b) to (1-7) satisfies
the additional bound w € L®(R"; L>®) and is unique in the space of all solutions (ii, b) satisfying the
bounds, locally in time,

= oor?2 2700 A ocor?2 2171
ue LPLLNLYLY, beLLyNL;H,,
and having the same initial data. Moreover, one has the convergence

u€, E€, B¢) <=2 (4,0, B) inL? (1-8)

t,x,loc’
without extraction of subsequences.

Remark. Note that (1-7) is a simple form of a magnetohydrodynamic system. Indeed, the equations for
u and b are not genuinely coupled, for the incompressible Euler equation does not contain an external
magnetic force. This can be interpreted as a consequence of the two-dimensional normal structure (1-2).
More specifically, whenever the electric current is given by j = V x B, a straightforward calculation
exploiting (1-2) shows that the Lorentz force satisfies

jxB=(VxB)xB=-1v(?,

which can be absorbed in the pressure gradient. In particular, since u is independent of b in this regime,
there can be no Alfvén waves (see [Davidson 2001] for an introduction to Alfvén waves). Therefore,
in this case, the limiting magnetohydrodynamic system loses the feature of some important physical
effects (such as Alfvén waves). This suggests that extending the results of the present article beyond the
two-dimensional normal structure (1-2) is of particular interest and significance.

Proof. We begin by showing the relative compactness of the set of solutions {(u¢, E€, B )}¢>¢, in
L%,x (K) for any compact set K C R* x R2. To that end, note that the energy inequality (1-3) and the
global bounds (1-5) on the solutions hold uniformly in ¢. In particular, it is readily seen that E€ — 0 in
L %,x,loc
Now, one can show from (1-5) that u¢ € L
Nirenberg convexity inequality (3-16), which is recalled later on). It therefore follows directly from (1-9)
that 0,u¢ = P(j¢x B¢)— P(u®-Vu®) is uniformly bounded in L},IOCL)%. Similarly, it is readily seen from
Faraday’s equation d; B¢ = —cV x E€ that d; B¢ is uniformly bounded in L%, - Then, further combining
these controls of d,u¢ and d; B¢ with the uniform bound (1", B¢") € L% H! and the compactness of the
embedding H! C L2 | 7 cloc
by a classical compactness result by Aubin and Lions. (See [Simon 1987] for a thorough discussion of

as ¢ — o0o. Therefore, we only need to focus on {(u¢, B€)}c>¢,-

o0

2. and B¢ € L7L$° (for instance, using the Gagliardo—

we deduce that {(u€, B)}¢>c, is relatively compact in the topology of L

such compactness results and, in particular, Section 9 therein, for convenient results which are easily
applicable to our setting.)
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Next, for any convergent subsequence (1-6), employing Ohm’s law to substitute ¢, E€” into Faraday’s
equation in (1-1), observe that we only have to pass to the limit in the system

Qun +un - Vun = —Vpn 4 jn x Bn, divu‘r =0,
- E =V x B = —jn, div B =0, (1-9)
3¢ B 4+ LV x jn +un . VB = 0.

Moreover, up to further extraction of subsequences, it is also possible to assume that one has the weak
convergence

jer—j inL?,.

All in all, passing to the limit # — oo in (1-9) in the sense of distributions and exploiting the strong
convergence (1-6), we find that

diu+u-Vu=—-Vp+jxB, divu=0,
VxB=j, divB =0,
0B+ 1Vxj+u-VB=0.

Then, recalling the vector identity Vx(Vx B) = V(div B)— A B and noticing that (VX B)x B = —%V(bz),
we conclude that (u, b) is a solution of (1-7).

Finally, if we further assume the pointwise boundedness of the initial vorticity wg, then w® = V x u®
remains uniformly bounded in L%, thereby yielding a similar bound for the limiting system (1-7). These
bounds then fall in the framework of Yudovich’s uniqueness theorem (see [Majda and Bertozzi 2002,
Section 8.2.4], for instance), which guarantees the uniqueness of the solution u to the incompressible
two-dimensional Euler system. Alternatively, one can also deduce the uniqueness of u by reproducing the
arguments from Section 3.9 below, by setting (E, B) = 0. As for the uniqueness of b, it easily follows
from classical energy estimates on the heat equation.

At last, the uniqueness of the limit point (u, 0, B) allows us to deduce the validity of (1-8), which

completes the proof of the corollary. O

1.2. Other models of incompressible plasmas. The Euler—Maxwell system (1-1) can be seen as the
inviscid version of the Navier—Stokes—Maxwell system given by

diu+u-Vu—vAu=-Vp+jxB, divu =0,

19, E—-VxB=—j, divE =0,
¢ _ (1-10)
EB,B—i—VxE:O, div B =0,
j=0(cE+ P(uxB)), divj =0,

where v > 0 denotes the viscosity of the fluid.

The derivation of (1-10) has been established rigorously in [Arsénio and Saint-Raymond 2019] through
the analysis of the viscous incompressible hydrodynamic regimes of Vlasov—Maxwell-Boltzmann systems.
In particular, it follows from the results therein that (1-10) can be obtained by letting § — 0, with § > 0,
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in the more complete system

dsu+u-Vu—vAu=—-Vp+3senE+ jx B, divu =0,
19E-VxB=—}, div E = 6n,
19 B+VxE =0, div B =0,
j—8nu=0(=§Vn+cE+uxB),

(1-11)

which takes the Coulomb force n E' into account, where 7 is the electric charge density.

The work performed in [Arsénio and Saint-Raymond 2019] addresses the viscous incompressible
regimes of Vlasov—Maxwell-Boltzmann systems only. However, inviscid incompressible regimes can
also be achieved as an asymptotic limit of collisional kinetic equations. For instance, the incompressible
Euler limit of the Boltzmann equation has been established in [Saint-Raymond 2003; 2009b]. (A general
discussion of hydrodynamic regimes of the Boltzmann equation can also be found in [Saint-Raymond
2009a].) Similarly, in the vein of the results from [Arsénio and Saint-Raymond 2019], it is possible to
derive (1-1) by considering the incompressible Euler regime of Vlasov—Maxwell-Boltzmann systems, at
least formally. However, this remains to be done rigorously.

The well-posedness theory established in this article only concerns (1-1) and does not encompass
the inviscid version of (1-11) (i.e., the corresponding Euler—Maxwell system obtained by setting v = 0
in (1-11)). However, we are hopeful that some adaptation of our results can be implemented to show the
existence and uniqueness of solutions to (1-11), with v = 0. Nevertheless, for the sake of simplicity, we
are going to stick to (1-1).

It turns out that there is yet another version of incompressible Navier—Stokes—Maxwell systems which
is commonly found in the literature. It reads

dsu+u-Vu—vAu=—-Vp+jxB, divu=0,
19E-VxB=—}, div B =0,
1B+ VxE =0,
j=0(E+uxB),

(1-12)

and a corresponding incompressible Euler—Maxwell system is given by setting v = 0. We refer to [Arsénio
and Gallagher 2020; Germain et al. 2014; Masmoudi 2010] for details on the construction of global
solutions to (1-12), with v > 0.

Unlike (1-10) and (1-11), it is to be emphasized that this model is not obtained as an asymptotic regime
of Vlasov—Maxwell-Boltzmann systems, as shown in [Arsénio and Saint-Raymond 2019]. Furthermore,
when compared to (1-10) and (1-11), it has the major drawback of not providing a strong control of div E.
For this reason, we do not make any claim concerning the extension of our work to the above model. It
would, however, be interesting to clarify the well-posedness of the nonviscous version of (1-12).

Finally, we observe that there is also a rich family of compressible Euler—Maxwell systems which
are commonly used to model the behavior of plasmas. The study of such systems is challenging, and
corresponding results tend to focus on the stability of smooth solutions near specific equilibrium states.
We refer to [Germain and Masmoudi 2014; Guo et al. 2016] for foundational results on three-dimensional
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compressible Euler—Maxwell systems. We note that the results therein do not require any specific vector
structure, such as the normal structure (1-2). However, they are sensitive to the speed of light ¢ and,
therefore, may not provide uniform bounds as ¢ tends to infinity.

1.3. Strategy of proof. We lay out now the strategy and the key ideas leading to the proof of Theorem 1.1,
which will be implemented in Section 3 to establish the more precise Theorems 3.1, 3.2 and 3.3.

Observe first that, even if we add a dissipation term —Au to the first equation of (1-1), thereby yielding
the incompressible Navier—Stokes—Maxwell system (1-10), it is still unknown whether or not global
weak solutions do exist when the initial data are only square-integrable. This is due to the lack of strong
compactness (or regularity) in electromagnetic fields (E, B), combined with the lack of stability of
the source term j x B in weak topologies (see [Arsénio and Gallagher 2020] for further details). The
same difficulty persists in the inviscid version of the same system, which stems from the propagation of
singularities in Maxwell’s system, as a result of its hyperbolic nature. The construction of solutions in L2
to (1-1) is thus highly challenging — all the more so than in the viscous case.

One should therefore treat this system in some higher-regularity spaces. To this end, inspired by known
results on the well-posedness of the two-dimensional Euler system (1-4), we shall look at the equivalent
vorticity formulation of (1-1), which reads as

diw+u-Vo=—j-VB, divu =0,
19E—VxB+0cE=-0PuxB), divE =0, (A-13)
19B+VxE=0, div B =0,
j=0(E+ P(uxB)), divj =0,
where @ := V x u and u can be reconstructed from ® through the Biot—Savart law
u=-A"1Vxo. (1-14)

Observe that the normal structure (1-2) has been used in (1-13) to write V x (j x B) = —j - VB. This is
crucial.
Much of our analysis of (1-13) will hinge on the dispersive properties of the damped Maxwell system

19/E—V xB+0cE =—0PuxB),
19:B+VxE =0, (1-15)
divy =divE =divB =0.

This will require us to interpret the role of the velocity field u in (1-15), in the spatial variable x, as that
of a coefficient in the algebra LY° N H ; (or some weaker variant), thereby allowing us to view (1-15) as
a linear system in (£, B) and produce closed estimates on the electromagnetic field.

To be precise, the treatment of the source term —o P (u x B) in (1-15) will necessitate the control of
the velocity field u in a suitable algebra acting on H $ for appropriate values of s. In particular, according
to the classical paradifferential product law

”fg”Hs(Rd) < ”f”LooﬂBzdg(Rd)”g”HA(Rd)’
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which holds for any s € (—%d , %d ) and d > 1, it will be natural to seek the control of u (in the space
variable) in the weaker algebra L°° N le, oo([RRZ); see Appendix A for a definition of Besov spaces.

In the context of two-dimensional viscous flows, such a control is expected in view of the strong bounds
provided by the energy dissipation inequality. For example, in [Arsénio and Gallagher 2020, Theorem 1.2],
the existence of weak solutions to a two-dimensional incompressible Navier—Stokes—Maxwell system
was established by proving a uniform control of the velocity field in the algebra L$° N H 1(R?). More
precisely, by building upon the methods from [Masmoudi 2010], it was shown therein (see [Arsénio and
Gallagher 2020, Proposition 2.1]) that the control of the velocity field in the space L?(LS° N H 1) was
sufficient to propagate some H*-regularity, with —1 < s < 1, in Maxwell’s equations (1-15), uniformly
as ¢ — oo.

In the setting of two-dimensional incompressible electrically conducting ideal fluids (i.e., plasmas),
which is the focus of our work, global energy estimates are nowhere near as good as their viscous
counterpart and, thus, fail to yield the control of u in a useful algebra. Instead, we need to take Yudovich’s
approach of propagating the L2 N L¥-norm of the vorticity w, for some given p > 2, by exploiting the
transport equation

diw~+u-Vo =—j-VB, (1-16)

thereby providing a bound on u in the algebra L (L° N H 1), by classical Sobolev embeddings combined
with standard estimates on the Biot—Savart law (1-14). We refer to [Bahouri et al. 2011, Section 7.2] for a
modern treatment of global existence results for two-dimensional perfect incompressible fluids and the
Yudovich theorem.

In particular, elementary estimates on transport equations, which are performed in detail in Section 3.4,

show that the control of @ in LY® L% follows from the control of the initial vorticity wg and the nonlinear

2

source term j - VB in L and L1 L%, respectively. Since j is naturally bounded in L5

by virtue of the
energy inequality (1-3), we conclude that V B should be controlled in L%L;"’.

Now, experience shows that such a Lipschitz bound on B cannot easily follow from energy estimates
on the wave system (1-15). Indeed, energy estimates on hyperbolic systems are typically performed
in LJZC. Therefore, in order to control VB in L, an energy estimate on (1-15) would lead us, in view
of classical Sobolev embeddings, to seek a bound of B in H )%‘Hg, with a small parameter § > 0. To
that end, the source term —o P (4 x B) in (1-15) would also need to be controlled in H f” . However,
employing paradifferential calculus to control u x B would require that Vu be bounded in L3 N H Lat
least. Unfortunately, such uniform bounds on perfect incompressible two-dimensional flows are largely
out of reach in our context. This is where the damped dispersive properties of (1-15), on the whole
Euclidean plane R?, come into play.

Maxwell’s system (1-15) can be rewritten as a system of wave equations (more on this later on, see
(1-17)). Thus, heuristically, one expects to be able to employ Strichartz estimates for the wave equation to
control the electromagnetic field (£, B). In particular, by paying close attention to the admissibility criteria
of functional spaces in Strichartz estimates (see [Bahouri et al. 2011, Section 8.3] or [Keel and Tao 1998]),
one observes that it is possible to control the Lipschitz norm of a solution to a two-dimensional wave
equation, provided one can bound % derivatives of the initial data and the source term in some appropriate
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functional spaces (in some Besov spaces, for instance) of L? space-integrability. (For simplicity, we have
omitted here the consideration of time integrability in Strichartz estimates and focused solely on space
regularity and integrability.) Loosely speaking, such an estimate is better than a Sobolev embedding,
which would require the control of over two derivatives in L?(R?) in order to bound a Lipschitz norm.
This should give the reader some intuition concerning the special role played by the regularity parameter
s = % in Theorem 1.1.

Thus, so far, our strategy seems to yield some promising closed estimates. Indeed, on the one hand,
the transport equation (1-16) gives us a bound on the L°(L2 N L%)-norm of the vorticity @ provided
V B is controlled in L%Lgo, while, on the other hand, a control of VB in L%Lgo can be achieved through
dispersive estimates on the wave system (1-15) if the velocity field u is sufficiently smooth (at least
LP(LYP N HY), say).

However, such a roadmap may not lead to global estimates in time. To see this, we need to take a
closer look at the temporal norms associated with our strategy. Specifically, it is important to note that
the classical Strichartz estimates for the two-dimensional wave equation do not actually give a global
control of VB in L2 L. Instead, they only allow us to control VB in L% LS globally, which then leads
to a control in L%L;O locally in time. This difficulty is solved by complementing our strategy with a
careful study of the damping phenomenon in (1-15) produced by the term ocE. To that end, we provide,
in Section 2, a robust analysis of the damping effect on general semigroup flows, which is formulated in
precise terms in Lemma 2.1 (the damping lemma). We also give applications of the damping lemma to
parabolic and dispersive equations in Sections 2.2 and 2.3, respectively.

Concerning Maxwell’s system (1-15), the ensuing time decay of the electromagnetic field is encapsulated
in Corollary 2.12. It is shown therein that (1-15) forms a damped hyperbolic system which is best
understood by decomposing the frequencies of the solutions relative to the magnitude of the speed of
light ¢ > 0.

Indeed, by appropriately combining Ampere’s equation and Faraday’s equation from (1-15) and using
that V x (V x B) = —AB, observe that B solves the damped wave equation

1
—37B+003;B—AB =—-0V x (uxB), (1-17)
C

where the damping term 0d; B comes from the term ocE in (1-15).

Heuristically, since waves described by (1-17) typically propagate with a characteristic speed c, it
is then natural to expect a consistent hyperbolic behavior of the solutions of (1-15) on the range of
frequencies larger than a suitable multiple of the speed of light c. In particular, Corollary 2.12 will confirm
that solutions to (1-17) enjoy dispersive properties for those high frequencies, which are analogous to the
nondamped case (obtained by setting 0 = 0 in (1-17)) with drastically improved long-time integrability.

On the remaining range of frequencies, i.e., on frequencies slower than ¢, the same result will establish
that the behavior of solutions to (1-15) is largely dictated by the heat equation

00;B—AB =—0V x(uxB),

which is formally achieved in the asymptotic regime ¢ — oo from (1-17).
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All in all, the application of the sharp damped dispersive estimates from Section 2 to Maxwell’s
equations (1-15) will allow us to obtain closed estimates on the incompressible Euler—Maxwell system (1-1)
which hold globally and lead to Theorem 1.1. The precise nonlinear analysis of (1-1) is detailed in
Section 3 with complete proofs of our main theorems.

It is difficult to pinpoint the exact source of the breakdown of our proofs for small values of light
velocity c. However, one can argue that the degeneracy of Maxwell’s system in the limit ¢ — 0 results in
a loss of the damped dispersive properties which are central to our nonlinear analysis. We believe that this
provides some evidence that our method cannot be extended to the whole range of ¢ > 0. Nevertheless,
we are hopeful that other techniques may be used to construct solutions in the remaining range of light
velocities.

1.4. Notation. Allow us to clarify some notation which will be used repeatedly throughout this article.
First of all, for clarity and convenience, note that all relevant functional spaces of Besov and Chemin—
Lerner types are introduced in precise detail in Appendix A.
Next, Leray’s projector
P L* (R R%) — LR R%)

onto divergence-free vector fields, which is used in (1-1), and the corresponding orthogonal projector
P =1d—P onto conservative fields are given by

P=Id—-A"'Vdiv, PL=A"1Vdiv.

Finally, when necessary, we will employ the letter C to denote a generic constant, which is allowed
to differ from one estimate to another, and we will resort to the use of indices to distinguish specific
constants. We will also often write A < B to denote A < CB for some positive constant C which only
depends on fixed parameters, and A ~ B whenever A < B and B < A are simultaneously true.

2. The effect of damping on semigroup flows

Here, we analyze the effect of damping on evolution flows, which are generally described by semigroups.
More specifically, in Section 2.1, we begin by establishing a robust and general result—called the
damping lemma — showing how damping terms act on integral operators. Then, in Sections 2.2 and 2.3,
this result is applied to the context of damped parabolic and Strichartz estimates, which will be crucial to
our analysis of Maxwell’s system in Section 3. In particular, in Section 2.3, we give complete and sharp
formulations of Strichartz estimates for the damped Schrodinger, half-wave, wave and Maxwell equations
in Euclidean spaces.

2.1. The damping lemma. The result below provides a general and robust principle allowing us to take
into account the influence of a damping term e~*!, with o > 0, on an integral operator.

Lemma 2.1 (the damping lemma). Let X and Y be Banach spaces and, for each s,t € [0, T), with T > 0,
let K(t,s): X = Y be an operator-valued kernel from X to Y such that

K(t,s) e L1([0,T)x[0,T); L(X.Y)),
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where L(X,Y) denotes the Banach space of bounded linear operators from X to Y. Further suppose that
there are 0 < pg < qo < 00, with qo > 1, and a constant A > 0 such that the estimate

< Al fllLroqo,1);x) (2-1)
L90([0,T);Y)

T
‘/0 x(t,)K(t,s) f(s)ds

holds for all f € LP°([0,T); X) and any x(t,s) € L*([0, T)?;R), with | x||L < 1.
Then, for any a > 0 and po < p < q < qo, with q > 1, one has the damped estimate

T
<C A(
Loy 0 \+aT

r B
H[; eyt 5)K (1.5) f(5) ds ) 1 f oo my:x)

forall f e LP([0,T); X) and any x(t,s) € L®([0, T)?;R), with || x||Loc < 1, where B > 0 is defined by

gl L, 1 1
q 490 po P

and Cg > 0 only depends on B.

Proof. For o = 0, the result follows straightforwardly from Holder’s inequality on the domain [0, T") for
all integrability parameters merely satisfying 0 < g < go < oo and 0 < pg < p < co. We assume now
thatao >0and 0 < pg < p <q < qo < 00, with g > 1.
For convenience of notation, we extend the definition of the kernel K and the functions y and f to all
real values of ¢ and s by setting them equal to zero whenever ¢ or s fall outside of the interval [0, T').
We begin with the use of a partition

Litsy = ) Lips <limsi<ait)

jez
to deduce that
T J T
H / e~y (1, 5)K (1, 5) f(5) ds < ™2 ‘ / 1 (t.$)K(t,5) f(s)ds , (2-2)
0 LI®RY) ez 0 L4(R;Y)
2/ <T
where we have defined
xj(t.s) = 1{2/5|t_s\<21+1}e_“(lt_sl_zj))((l‘,S)-
Observe that || x| < 1.
Then, we further decompose the domain of ¢ into the disjoint union
@7k <t <2/ (k + 1)}
kez
to write
T T
\[weskasroan) = ko)
0 L4(R;Y) 0 L4([27k,27 (k+1));Y) I ¢4 (kez)
iG-S "
<2/%a"a / 1 Kf(s)ds o . (2-3)
0 L0 ([27k,27 (k+1));Y) 1 ¢4 (kez)

where we employed Holder’s inequality.
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Now, notice that
(k-2 <t—|t—s|<s<t+]|t—s| <2/ (k+3)

whenever 2/ < |t —s| <2/T1and 27k <t <2/ (k + 1). In particular, using (2-1), it follows that

<
L9O([27k,27 (k+1))Y)

T
/0 XiKf () i k—2y<s<aik+3); 48

2
<A Y 1S Lro2s Gesn) 2 et 14m:x)

n=-2

2
(L_1
§A2](”0 7) Z I f e 2/ k)27 Gk 14m))i ) (24

n=-2

T
H /0 2 Kf(s) ds

L90(R;Y)

where we applied Holder’s inequality again.
All in all, combining (2-2), (2-3) with (2-4), and recalling that £ C £ because p < g, we infer that

T
H / e~ =sly (1, 9)K (2, 5) f(s) ds
0

L9(R;Y)

o (o1 1
<54 ) o/ (a5 5 ”)H||f||LP([2fk,2f(k+1));X)”eq(kez)

jez
2/ <T
—a2i (k= + =3
<S5A| fllLew:x) Z e 27%a a0 T po P/, (2-5)
jez
2/ <T

It only remains to evaluate the constant resulting from the above sum in j € Z. If p = pg and ¢ = qo, the
lemma trivially holds and there is nothing to prove. Thus, we may assume that § > 0, thereby ensuring
that the sum converges.

Now, observing that the function e * (1 4+ x)'*# reaches its maximum on [0, co) at x = f, we obtain

ﬁ( B) a+p) Z a2/ ~jp Z 2/B Z J 2(1+u)B 4
e"(1+p)" e ¥ 2P < T o / L
B 1+8 — - i+
jez i (1+a2) g iey Jim1 (I +a2v) [
2/<T 2/ <T o) =T
2B T B—1 2B p
= / : dr = (). 2-6)
log2 Jo (1+ax)!th Blog2\1+aT
Therefore, incorporating (2-6) into the estimate (2-5) concludes the proof of the lemma. O

2.2. Damped parabolic estimates. Let us consider the general solution w(z, x) of a damped heat equation
on the Euclidean space R for any dimension d > 1
%atw +aw—Aw = f,

2-7
W|r=0 = Wo,

where (z,x) € [0,T) x R, with T > 0 (T = 00 may also be considered), the damping constant satisfies
a > 0, the right-hand side f(z, x) is a source term and wg(x) is an initial datum.
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Such equations naturally appear in dissipative physical systems. For instance, the heat equation (2-7)
provides the linear structure of the damped incompressible Navier—Stokes equations, which arise from
hydrodynamic regimes of inelastic particle systems.

Using standard semigroup notation, the solution w(z, x) can be represented as

t
w(t) =e 1@ Dy + / e~ U=90@=8) £(4) ds. (2-8)
0

We are now going explore the jungle of parabolic smoothing estimates in Besov spaces for (2-8) by first
reviewing the available results for the case « = 0 and, then, extending these results to the setting o > 0.
When f = 0 and « = 0, direct parabolic estimates on the semigroup e’ yield the following result.

Proposition 2.2. Leto € R, p € [1,00] and q € [1,00]. If @ =0, wq belongs to B;,’,q and f =0, then
the solution of the heat equation (2-7) satisfies
tA
”e wO”LOO([O’OO);Bg’q) S ”wO”Bg.q-

Furthermore, if q¢ < 0o, one also has the estimate
tA ) < .
le wO”Lq([O,oo);ng'z/q) ~ “wO”Bg’q.
Remark. The above result somewhat reinforces the estimate
A
le* 2 woll L4 ([0,00);:L.7) < ||wo||31;§/q

for any 1 < p, g < oo, which is commonly found in the literature; see [Bahouri et al. 2011, Theorem 2.34],
for instance.

Remark. Note that taking p = ¢ = 2 in the above proposition yields the estimate
||€tAw0||Lz([o,oo);Bg’Jlr1) < lwoll go
where we used that H? = Bgﬂz (see Appendix A for a precise definition of all relevant homogeneous
spaces).
Remark. Throughout this section, we will routinely use the basic estimate
e Agullr < Ce 2 | AgullLr (2-9)

for any t > 0, p €1, 0o] and any dyadic block A, with k € Z, where C and C are positive independent
constants. We refer to [Bahouri et al. 2011, Lemma 2.4] for a justification of (2-9).

Proof. The first part of the statement is a straightforward consequence of the definition of the homogeneous
Besov norm. More precisely, using (2-9), we obtain

1
q
e unlg, = (@ I acunlin) 5 (

kez

—Ct22k Ak 4
3Gt (2"||Akwo||Lp)Q) < lwoll g .
kez

which, upon taking the supremum in ¢ > 0, concludes the justification of the first estimate.
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The second part of the statement is more subtle. Indeed, assuming now that ¢ < oo and using (2-9),
we find that

le B woll joraa = 3 2KOF DA Apwgllps 3 e C 2 KO+ D) Apug .
p.1
kez kez
Next, further employing Holder’s inequality and taking a fixed positive value A > 0 such that (g —1)A < 1,
we infer that

tA _
lle* Fwo ||Bg’41r2/q
qg—1

q—1 1
< (Z(tzz")*e‘c*’zz") ' (Z FemCua (rzz")l‘“‘f‘”(z’“’||Akwo||u)‘1)q. (2-10)

kez kez

Now, for any positive ¢, considering the unique j € Z such that 2%/ <t < 220+1  we find, since
A > 0, that

sup Z(t22k)xe_c*t22k <224 sup Z(22(j+k))le_c*22(j+k) =224 Z(sz)’le_c*?k < oo, (2-11)
t>0kez jez kez kez

whereas, since A(g — 1) < 1, we evaluate

/oo o= Cnt2%k ([22k)1—k(q—1)% — /oo e G20 gy < oo,
0 0

Therefore, integrating (2-10) in time, we finally arrive at the estimate

tA
e~ w '
” OHL?BZ,—{QM
qg—1 1

_ 2k\ 4 © 2k (o1 dt a
5sup(2(t22k)/\e Cyt2 ) (Z/ e Cit2 ([22k)1 Alg 1)7(2kO‘HAkw0”Lp)q)

>0 kez kez 0
< llwoll g -

which concludes the proof of the proposition. O

~% on the initial data can be taken

In view of the preceding result, the effect of the damping term e
into account through a straightforward application of Holder’s inequality, thereby providing the following

corollary.

Corollary 2.3. Letog € R, p €[1,00] and g € [1,00]. If o > 0, wg belongs to B'g,q and f =0, then the
solution of the heat equation (2-7) satisfies

~t(@—A) . T \m .
e~ D0l o, rig oy S (Tig7) " 1w0llag,

for every 0 <m < oo. Furthermore, if 0 <m < g < 00, one also has the estimate

1 1

T \&-1

—t(x—A) m~q )
wO”Lm([O,T);B;Tz/q) 5 (1+C¥T) ”wO“Bg.q'

le
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Proof. A direct use of Holder’s inequality followed by an application of Proposition 2.2 yields

1

—t(a—A - A T \m
Ha )wOHLm([O,T);Bg!q) =< ||€ ta”L’"([O,T))”et wO”LOO([O,T);Bg.q) < (m) ”wO”ng

lle

for all 0 < m < oo and

—t(a—A - A
le ‘@ )wOHLm([O,T);B[‘,”J{”q) =<le m”L(l/m—l/q)—l([O,T))”et wo“Lq([O,T);BZ’J{”q)
1
T m-q
< (rvar)” ool
for all 0 < m < g < oo, which completes the proof. g

Parabolic estimates are more involved when one includes a nonzero source term f. The coming results
contain a wide range of smoothing estimates for the inhomogeneous heat equation. In preparation of
these results, in order to reach a broader range of applicability, we are now going to introduce symbols

a(t,s,€) € L%°([0, T) x [0, T) x RY),

which act as multipliers on the Fourier variable & € R4 and are dependent on the time variables ¢, s € [0, T),
thereby leading to time-dependent Fourier multipliers a(z, s, D).

Definition. For a given 1 < p < oo, we say that a(¢, s, D) is bounded if there is a constant C; > 0,
independent of ¢ and s, such that

latt. 5. D) fll g _ < Call 15 (2-12)

for every f € Bg,oo(le) and almost every (¢, s) € [0, T)2. That is, the multiplier a(, s, D) is bounded
if it is bounded over the Besov space Bg’oo([Rd ), uniformly in ¢ and s. The norm of a(t, s, D), which we
denote by

||a(t,s, D)”Mp’
is defined as the smallest possible constant C, > 0 that fits in (2-12).

Remark. Equivalently, it is readily seen that (2-12) holds if and only if there is a constant C} > 0,
independent of ¢ and s, such that

la(t, s, D)Ag fllr < Coll fllLr (2-13)
for every k € Z, f € LP?(R?) and almost every (¢, s) € [0, T)2.
Remark. Observe that (2-12) and (2-13) hold if and only if one has
latt.5. D) f 135, < Caall fl 55,

with Cy 54 > 0, forallo € R, ¢ € [1,00] and every f € BI‘,”q(Rd).
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Since the space of Fourier multipliers over L2(R9) is isomorphic to L% (R?), it is readily seen, when
p = 2, that proving (2-12) and (2-13) is equivalent to establishing a bound

a(t,s,€) € L%°([0,T) x [0, T) x R%).
More generally, when p # 2, in order to ensure that (2-12) or (2-13) hold, it is sufficient to require that
Fa(.s.5)p@ 7 €)] € L' (R,

uniformly in ¢, s and k, where (p(2_k§ ) is a smooth compactly supported cutoff function used to define
a Littlewood—Paley dyadic decomposition (see Appendix A). Therefore, in view of the straightforward
classical estimate

17 a5, 0@ *N) 1 275511+ 25DV F a5, 02 F 9N .2
<27k Y 12°19g la(r.5. )0 @Oz

aeN?
le|<N

<kt Y 1210ga(r. 5. )P ) @)1 2.

o,BeNd
lee|+|BI=N

where we have used Plancherel’s theorem and N is any integer larger than %d , we see that (2-12) and
(2-13) both hold as soon as a(z, s, §) is sufficiently differentiable in £ (except possibly at the origin & = 0)
and satisfies the estimate

l1El“10gae, s, &)llLse , < oo (2-14)

for every multi-index o € N? with |o| < [%d ] + 1. Observe that the above criterion establishes the
boundedness of a(z, s, D) over BI(,),OO(R”Z), uniformly in 7 and s, for all values of 1 < p < oo, including
the endpoints. Later on, we will be making use of (2-14) to show the boundedness of multipliers.

We return now to the smoothing estimates for the heat equation with a nontrivial source term f. The
next result provides a large array of such estimates in the classical case o = 0.
Proposition 2.4. Leto € R, 1 <r <m < oo and p € [1,00]. If f belongs to L ([0, T); B33 and
wo = 0, then the solution of the heat equation (2-7), with o = 0, satisfies

/t e 9% (1,5, D) f(s) ds
0

for any Fourier multiplier a(t, s, D).

< llalla, 111l yo+2/r
Lm([0,T),B5 T>12/™) p 1AL ([0,T),Bp ")

Remark. We refer to [Arsénio 2019, Lemma 2] for a complete justification of the preceding proposition in
the case a(z,s, D) = Id. A straightforward adaptation of this proof readily extends the result to nontrivial
multipliers a(¢, s, D).

Remark. The endpoint case r = m above corresponds formally to a maximal gain of two derivatives
on the solution of the heat equation. However, the method of proof of this result relies on the Hardy—
Littlewood—Sobolev inequality, which typically falls short for endpoint settings. It is therefore not possible
to extend the proof of [Arsénio 2019, Lemma 2] to the case r = m.



1326 DIOGO ARSENIO AND HAROUNE HOUAMED

The next result generalizes Proposition 2.4 to incorporate the action of a damping term.

Proposition 2.5. Leto € R, p €1, 00] and

1<r<m<oo, 0<9<1+l—1§1,
m r
or
l<r<m<oo, 0<9=1+l—1<1.
m r

Then, for any o > 0, one has the estimate

forany f in L"([0,T); BI‘,’,OO) and any Fourier multiplier a(t, s, D).

t
/ e~ =9@=Ry(t.5, D) f(s) ds
0

Lm([0,T),B51%%)
1 1

T \'twm—r—?
< (527 lalla, 1 g qory.dgy @19

Remark. We emphasize that any implicit constant involved in the estimate of Proposition 2.5 is indepen-
dent of 7" and «. Moreover, it is permitted to set 7 = oo and « > 0 therein, in order to deduce a global
estimate.

Remark. Observe that, choosing any 1 <r <m <00, 1 < p,q < oo and ¢ € R, one has the simple
estimate

; t
/o =@y 5. D) f(s) ds /0 e NS ()l gg, ds

_ Slalm,
Lm([0,T),BZ.,)

L™([0,T))

1 1
T mTr
< (727 lallag, £l oz

for all @ > 0, which corresponds to the case 8 = 0 in the previous proposition.

Proofin the case 1 < r <m < oc. First of all, notice that the case

l<r<m<oo, 0<0=1—|—l—l<1
m r

follows from a direct application of Proposition 2.4 by absorbing the damping term e~*¢~5) into the
multiplier a(¢, s, D).
In order to treat the remaining case

L1

l<r<m<oo, 0<f<l+——=-<1,
m r

we introduce auxiliary parameters

l<ro<r<m<myg<oo

such that

o=1+-1 -1
mo ro
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In particular, in view of Proposition 2.4, we have

Then, an application of the damping lemma (Lemma 2.1) implies, for any o > 0, that (2-15) holds, thereby

/t e@=984(1,5, D) f(s)ds
0

< llallag, 1 o o,y 89
LmO([O,T),BpU’l 6) D ([ s )’ )4

00’

concluding the proof. O

For the sake of completeness, since the preceding proof fails to treat the cases r = 1 and m = oo, we
provide now an alternative justification of Proposition 2.5, based on the proof of Lemma 2 from [Arsénio
2019], which works in full generality.

General proof. Following [Arsénio 2019], we begin by using (2-9) and (2-13) to deduce the existence of
an independent constant C, > 0 such that

t
HAkf e~ U@yt 5, D) f(s)ds
0

t
< / e~U=D@ECLN A £(5) Lo ds.
Lr 0

For simplicity, we omit the norm ||a/| 5z, , which we absorb in the implicit constants. It then follows that

t
‘ f 3Tt C2EH20) | Ay £(5) | ds

t
[ e~ =@yt 5, D) f(s)ds
A 0 kez

<
BZ,TZG
T %
< [ l=s e 0 gy s
0 ,
where we have used (2-11), with the assumption that 6 > 0, to deduce that
Z 22k08—C*(t_S)22k < |t _ S|—9

kez

Next, if 6 =1+ 1/m — 1/r, by virtue of the Hardy-Littlewood—Sobolev inequality, which holds
because 0 < 6 <1 and 1 <m,r < oo, we infer that

<

~

¢ T
[O e~ =90@=8y (1,5, D) f(s) ds /O =57 f ) g ds

< . .
g pn S W g

Similarly, if 0 <6 <1+ 1/m—1/r <1, we deduce from Young’s convolution inequality that

<

~

¢ T
/ e @Dy 5 D) f(s)ds| / 6 —s| e f(9)ll go _ds
0 LmBgTZ 0 D

rm

T N
-0 — 1+L1L_-1
5([ (=0 ooty (145 =) dt) 1/ gg
0 ,

T \'+m—r0
R (1+aT) 1A g o

which concludes the proof of the proposition. O
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The shortcomings of Propositions 2.4 and 2.5 in the case r = m, with 6 = 1, naturally bring the
question of the maximal regularity of the Laplacian in Banach spaces.

For a given Banach space X such that the Laplacian operator A is defined on a dense subspace of X,
we say that the Laplacian (or another elliptic operator) has maximal L?-regularity on [0, T') for some
1 < p < oo if the solution (2-8) of the heat equation (without damping, i.e., « = 0) for a null initial data,
i.e., wo = 0, is differentiable almost everywhere in ¢, takes values almost everywhere in the domain of A
and satisfies the estimate

10:wzrqo,m);x) + 1 AWLrqo,7):x) < Coll flILr(q0,1):X)

for any source term f € L?([0, T); X). We refer to [Kunstmann and Weis 2004] for an introduction to
the theory of maximal L?-regularity for parabolic equations.

The next important result, extracted from [Arsénio and Gallagher 2020], establishes the maximal
regularity of the Laplacian in all homogeneous Besov spaces BI‘,” - In particular, this result provides the
basis which will allow us (in Section 3.6, for instance) to obtain stronger estimates, with sharp gains of
parabolic regularity, by avoiding the use of Chemin—Lerner spaces.

Proposition 2.6 [Arsénio and Gallagher 2020]. Leto € R, p,q € [1,00] and r € (1,00). If f belongs to
L7 ([0, T); Bg,q) and wg = 0, then the solution of the heat equation (2-7), with o > 0, satisfies

for any Fourier multiplier a(t, s, D). The result remains validif r =q =1 orr = g = o0.

t
/ e~ U=@=D (¢ 5, D) f(s) ds
0

Lr([0.7).B54?) » (10.7).B5.4)

Remark. Again, it is to be emphasized that any implicit constant involved in the above estimate is
independent of 7" and «. In particular, one can set T = oo therein.

Remark. We refer to [Arsénio and Gallagher 2020, Proposition 3.1] or [Arsénio 2019, Lemma 3] for
a proof of Proposition 2.6 in the case a(¢, s, D) = Id and a = 0. The original proof from [Arsénio and
Gallagher 2020] deals first with the case ¢ = 1 and then relies on an interpolation argument. The proof
from [Arsénio 2019], however, offers a self-contained approach which avoids interpolation altogether.

Remark. In fact, the original statements of Proposition 3.1 in [Arsénio and Gallagher 2020] and Lemma 3
in [Arsénio 2019] only cover the range of parameters 1 < g <r < co. Nevertheless, it is readily seen that
the corresponding proofs can be used mutatis mutandis to show identical bounds on the adjoint operator,
which is defined by

T
/ e~ 6TD@=A) (57 D)g(s) ds.

t

It then follows from a standard duality argument that these results hold for values 1 < r < g < oo as well.

For the sake of completeness and clarity, we provide now a full justification of Proposition 2.6, based
on a straightforward adaptation of the proof of [Arsénio 2019, Lemma 3].
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Proof. First, noticing that the damping term e~*¢~5) can be absorbed into the bounded multiplier
a(t,s, D), we assume, without loss of generality, that « = 0. Then, we follow the proof of Lemma 3
from [Arsénio 2019].

We start by considering the case 1 < g <r < oco. By duality, it is enough to prove that, if g is a
nonnegative function in L2 ([0, T')) with b =r/q > 1 and 1/b +1/b’ = 1, then

fo " o)

To this end, using (2-9) and (2-13), we deduce the existence of a constant C, > 0 such that

q

dt < a4 a ' / ‘

/t =98t 5, D) f(s)ds
0

T t q
/ g(z)H/ U981, 5, D) f(s) ds dt
0 0 BS+?
T t q
=Z/ g(t) f 801, 5, D) A f(s)ds| 2K@+2 gy
kez 0 0 Lr
T t ok q
Shally, X [ e[ e O ar s lr ds) 20t ar
kez

T t
— — 2k
Slally, ¥ [ «0) [ e ag po)1g, ds 2400+ ar,
kez

For simplicity, we omit the norm [|@||s, in the remaining estimates.
Next, we define a maximal operator by

T

Mg =supp [ g ar.
p>0 0

Classical results from harmonic analysis (see [Grafakos 2014, Theorems 2.1.6 and 2.1.10]) establish

that M is bounded over L¢([0, T')) for any 1 < ¢ < co. One can then write

q
dri
By §?

T t
/ g(z)” / eU=984(1,5, D) f(s) ds
0 0

T T
5 ZK) |:22k/ g(t)e_c*(t_S)ZZk d[}”Akf(S)”%pzkaq dS
s

kez

T T
SY [ MeIASOIL 27 ds = [ MO, ds

kez

Therefore, by the boundedness properties of M g and Holder’s inequality, we conclude that

fo " o)

which completes the proof of the proposition in the case 1 <g <r < o0.

q
dt < ||M < a
e Mgl IIfIIL,.Bg’q S lglpe IIfIIL,Bg’q

ft e@™984(1,5, D) f(s)ds
0
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Now, observe that the exact same proof applies to the adjoint operator

T
/ e6D84(s.1, D) f(s)ds,
t
thereby leading to the estimate

whenever 1 < g <r < 0o. Then, a standard duality argument establishes that

for parameter values in the range 1 < r’ < ¢’ < oo. Therefore, replacing p, ¢, r and o by p’, ¢/, r’ and

T
/ e6D84(s, 1, D) f(s)ds
t

Sl o, 89
L7([0,7),B7 4% 0550

/t et=984(1,5, D) f(s)ds
0

< .

= —(o+2)

L7 ([0,7),85° ) 170z oy 152
T pl g

—(0 + 2), respectively, shows the proposition in the case 1 < r < g < oo, which concludes the proof. [

2.3. Damped Strichartz estimates. We focus now on the interaction between damping and dispersion.
More precisely, we are going to explore how the damping lemma (Lemma 2.1) applies to Strichartz
estimates. To that end, we first recall the general result on Strichartz estimates for abstract semigroups
from [Keel and Tao 1998]. We also refer to [Bahouri et al. 2011, Chapter 8] for a comprehensive exposition
of Strichartz estimates.

Proposition 2.7 [Keel and Tao 1998]. Let H be a Hilbert space and (X, dx) be a measure space. For
eacht €[0,T), with T >0, let U(t) : H — L*(X) be an operator such that
U(r) € L([0.T): L(H, L*(X)))

and, for some o > 0,

1
U@ U(s)*gllLoo(x) < W”g”Ll(X)

forallt,s €[0,T), witht #s,and all g € L'(X) N L*(X).
Then, the estimate
IO fllpap, < I flla

and its dual version

T
H/o U(t)*g(t)dt

<

hold for any exponent pair (q,r) € [2, 00)?, which is admissible in the sense that

1 o o
5_{—7_5 and (q’rao’)#(z’oo’l)'

Furthermore, if (§,7) € [2,00]? is also an admissible exponent pair, then the estimate

T
H /0 Xt )UOU(s) g (s) ds

holds for any y(t,s) € L*([0, T)?; R).

Lo, S rlellgl g g
t Lx
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Remark. In fact, the statement of the result from [Keel and Tao 1998] only considers the function
x(t,s) = 1is<sy. However, a straightforward alteration of the proof from [Keel and Tao 1998] easily
shows that the result actually holds for all y(¢,s) € L>°([0, T)?; R). A detailed proof valid for all y(z,s)
can also be found in Section 8.2 of [Bahouri et al. 2011].

By combining the damping lemma with the preceding proposition, we obtain the damped Strichartz
estimates, which are stated in precise terms in the next result.

Proposition 2.8 (damped Strichartz estimates). Let H be a Hilbert space and (X, dx) be a measure
space. For eacht € [0,T), with T >0, let U(t) : H — L?(X) be an operator such that

U(t) € L®(0, T); L(H. L*(X)))
and, for some o > 0,

U@ U(s)*glleox) < gl x)

|t —s]°

forallt,s €[0,T), witht #s,and all g € L'(X) N L*(X).
Then, for any o > 0, the estimate

—at (T \at7~%
I U flgrs < (7g7) W la
and its dual version
T l,0_o
_ T \atr—2
ot * < ( ) , ,
[ eervorenda) s ()" el
hold for any exponent pair (q,r) € [1, 00] X [2, 00], which is admissible in the sense that
1 o_o 1 0_o0
~+Z>2 -42>2 1).
q+r_2’ 2+r_2 and (r,0) # (00, 1)
Furthermore, if (4,7) € [1, 00] X [2, o] is also an admissible exponent pair such that
Lol
q9 4
then the estimate
T 1yl (1,1
T +i+o(1+1)—0o
—oli=sly (1, )U()U(s)*g(s) d <( )q @ wollgll, o
H/O VOV e ds| 5 (g7 Izl g

holds for any y(t,s) € L*([0, T)?; R).

Proof. First of all, observe that all hypotheses of Proposition 2.7 are satisfied by U(¢). Then, introducing
the parameter go € [2, oo] by setting
1 1 1
q—o—"(z—;)’ 2-16)
we see that the exponent pair (go, 1) € [2, o0]? is admissible for Proposition 2.7. Therefore, it follows

from Proposition 2.7, with an application of Holder’s inequality, that
1 1

T \i-4L

||e_°”U(l)f||L;1L; = ||€_w||L(1/q—1/qo>—1([o,T))“U(Z)f”L;'OLQ R (m)q CIS N
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which establishes the first estimate of the proposition. The second estimate then ensues from a dual
reformulation of the first estimate.

It only remains to justify the validity of the third estimate. To that end, employing (2-16), we introduce
auxiliary parameters o, §o € [2, 00], so that the exponent pairs (qo. r), (Go, 7) € [2, 00]? are admissible
for Proposition 2.7. In particular, it follows that

T
H /0 2(E.)UDUs)* g(s) ds

< .
gy S el

for any x(t,s) € L®°([0, T)?;R). Therefore, noticing that 4o =4 < g = qo, we conclude from an

()
~\14+aT

which completes the proof. O

application of Lemma 2.1 that

oSN
m‘_
N

T
H / Sy (1, YU U(s) g s) ds
0

pre Iz ligl g

Remark. We do not make any claim of optimality of Proposition 2.8. It would be interesting, though, to
test the sharpness of the admissibility criteria for the exponent pairs (g, ) and (g, 7) in connection with
the sensitivity in 7" and o of the estimates.

We proceed now to specific formulations of the damped Strichartz estimates for the Schrédinger and
wave equations, as well as for Maxwell’s system.

Corollary 2.9 (damped Schrodinger equation). Let d > 1 and consider a solution u(t, x) of the damped

Schrodinger equation
(8t —{—O{—IA)u(l‘,x) = F(l‘,x),

u(0,x) = f(x),
witha >0, 1 €[0,T) and x € RY.
For any exponent pairs (q,r), (¢,7) € [1, 00] X [2, 00] which are admissible in the sense that

2 .d_d d _d
4452 1+=>= 2
q+r_2’ + z5 and (r,d) # (00, 2),
and similarly for (g, 7), and such that
1.1
q9 4
one has the estimate
1 d (1 1 1 1 d(1 1
T \it5(G—3 T N\atatsG+i-1)
r < P E— F G’ v 7 .
lelsrs < (5 07) 1712+ (1527) 1F 1l

Proof. The solution u(¢, x) can be expressed by Duhamel’s representation formula as

t t

ut) =e U@) f + / eI U@ U(s)* F(s)ds = e ' U@) f + / e =yt — 5)F(s) ds,
0 0

where
Ut) =" and U@)* =e 2.
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In particular, one has the explicit formula (see Section 8.1.2 in [Bahouri et al. 2011])
U0 = [ e 10
X)= — e i s
(4mit)d/2 Jpa ey

which readily implies that U(¢) satisfies all hypotheses of Proposition 2.8 with H = L2(R?), X = R4
and o0 = %d . Therefore, we conclude that the corollary follows from a direct application of the damped
Strichartz estimates of Proposition 2.8. O

Corollary 2.10 (damped half-wave equation). Let d > 2, and consider a solution u(t, x) of the damped
half-wave equation

(0 +a Fi|Du(t,x) = F(t, x),
u(0,x) = f(x),
witha >0, 1 €[0,T) and x € R?.

For any exponent pairs (q,1), (¢, F) € [1, 00] X [2, o] which are admissible in the sense that

2 d-1_d-1 d—1 _ d-1
5—{— p ET, 1 p ZT and (r,d) # (0, 3),
and similarly for (g, ), and such that
11l
9 4
one has the estimate
2T G Al
T \st+t5(G-3 T \itstTGHE-D jdEL (L1
< . < g J ( i) P
< (15a7) 18) 12z + (1527) TG AFl g,
forall j €7.

Remark. If §’ < p < g, then further multiplying the preceding estimate by 2/ for some o € R and
summing over j € Z in the £”-norm leads to

el g go—ca+nraara=i/m

1

T N3+ G- T \bHE o)
e (l+aT) ”f”Bg_p.x + (l—l-(xT) ||F||Lct7’B;f/:(,(;ul)/z)u/z—l/f).

Proof. The solution u(¢, x) can be expressed by Duhamel’s representation formula as

t
M(l‘) — e—atezl:itlle +/ e—a(t—s)e:i:i(t—s)|D\F(S) ds.
0

For each j € Z, we introduce now the flow
U0 () = =00y (2 £x),

where ¥ (£) is a smooth compactly supported function such that 0 ¢ supp ¥ and ¢ = 1 on { > =<6l = 2}
In particular, if A; is the Littlewood—Paley frequency cutoff operator, defined in Appendix A, which
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localizes frequencies to {2/ =1 < |&] <2/71}, one has the representation

t

Aju(t) =e_°”Uj(t)Ajf+/ e =Y, (t —5)A; F(s) ds
0

t
="M (0A ] + /0 e IO} ()" A F(5) ds.

We are now going to apply Proposition 2.8 to the operator Uy(¢) in order to control Agu ().
Classical results, based on the stationary phase method, establish that

1
1Uo(1)Uo ()" f || Looray < m”fnl‘lmd)

forall t #s and f € L'(R%). (Proposition 8.15 from [Bahouri et al. 2011] contains a precise justification
of the preceding dispersive estimate, and we further refer to Section 8.1.3 from the same work for
more details on the stationary phase method.) It therefore follows that Uy () satisfies all hypotheses of
Proposition 2.8 with H = L2(R9), X =R? and o = %(d —1). Hence, we conclude that

1,d-1(1_1
T )q+ 2 (r 2) (2_17)

Ty
1+aT

e |80 F]|

lAoullzory < ( 1802+ (

Ly
for all admissible exponent pairs.
In order to recover an estimate for all components Aju, where j € Z, we conduct a simple scaling
argument by introducing
wi(t,x) i=u(55.25). Filex) = LF(L =) Heo=r(35)
J ’ . Py N B J 9’ . 2] 2] ’ 2] ’ J . 2] .
Noticing that

Aouj(t,X)=(Aju)<%,%), Aon(t,x)zé(AjF)(%,%), Aofj(X)=(A,;f)(%)

and that u; (¢, x) solves
{(8; +27/a Fi|D|)u;(t, x) = Fj(t, x),
u;j(0,x) = fj(x)

on [0,2/T), we obtain, applying (2-17) to u s

i(L+d
27 (5 r)||Aj”||L?L§

= [[Aou, ”L?L;

<( 2iT );+"51(i—5)”A Y +( 2T );+;+d;1(5+;_1)

~\1+aT 0Ny T\ T XaT

_ 27T \a 2 (r Z)ZJ%”Af” .+ 27T \aT3 ) (r 7 )zj(_é_i_d(l_%))”AF”
1+aT S T\ 1 +aT J

|| AOF‘] ”L?/L;;c/

sy
LY LY
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Finally, reorganizing the terms above, we deduce that

T \aet5G=%)_ari1_1
18jullgrs < (75g7) 2566 1
O T A IV
1+aT JELE L
which concludes the proof. O

Corollary 2.11 (damped wave equation). Let d > 2, and consider a solution u(t, x) of the damped wave
equation

(8% + O{a[ - A)u(ta X) = F([’ x)a
u(0,x) = f(x),
atu(o’ x) = g(x)9
witha >0, t €[0,T) and x € R?.
For any exponent pairs (q,r), (¢,7) € [1, 00] X [2 oo]| which are admissible in the sense that

d—1_d-1 d % and (r.d) # (00.3),

q+r 2

and similarly for (g, 7), and such that

+==1

Q| —

1
q
one has the high-frequency estimate

1, d—-1(1_1
(1 T\ G-D)
2 TGI8 Qo Vil < (7o) T 18 VP2

1+aT
1 1 d—1(1 1
T \itztEG+i-1) jeFL(L-1)
() L
forall j € Z with2/ > a, and the low-frequency estimates
1
—jd(i-1 T \a 1/ a2¥T -2
273 r>||Ajatu||LgL;s(m)"||Ajg||L;+a(w) 2/ )llAJVflle
1
T Yata,ja(i-1) ]
+ (127 " 18 Fll g,z
and
j@(3-1H-2 1/ a2¥T a2?/ T
271 dG=3)=3) | p, V|l Lo pr N&(W) 2/ ||A,g||L2+(W) 1AV flz2
1/ a2¥T 7.j(1+d(L-1)-2)
+—(m) 2 A E g

forall j € Zwith2/ <a.

Remark. Summing the preceding inequalities in j easily leads to damped Strichartz estimates in Besov
spaces with summability in £7 for any ¢’ < p < q. However, due to the dichotomy of the statement of
Corollary 2.11 into high and low frequencies, the resulting estimates cannot be stated with homogeneous
Besov spaces in a unified format, which is natural because the damped wave equation does not enjoy any
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scaling invariance. Observe, though, that the high- and low-frequency estimates match in the borderline
case o = 2/, with r = 7 = 2.

Remark. Corollary 2.11 is optimal in the loose sense that it provides a similar result as Corollary 2.10 for
high frequencies. Moreover, it recovers the optimal Strichartz estimates for the classical wave equation in
the limit « — 0. Corollary 2.11 also displays optimality in its control of low frequencies. Indeed, let us
consider a solution u. (¢, x) for each ¢ > 0 of the damped wave equation

(c™20% + ad; — Auc(t, x) = F(t, x),
MC(O’X) = f(X),
aluC(O’ X) = g(X)

ont € [0, 7). In particular, it follows that i.(t, x) := uc(c !¢, x) solves

(0% + cad; — Niic(t, x) = F(c™ 1, x),

uc(0,x) = f(x),
dstic(0,x) = c'g(x)

ont € [0,cT). Therefore, applying Corollary 2.11 to #i., with r = 7 = 2, yields the low-frequency
estimates

1 ; 1
1 T \« 1/ a2?T \a,j(1-2
I800elgzz = 5 (Temgr) M8sehos + 5 (G 5zr7) 2 718V g

1

1
141
+ (=) 1A F

1+c2aT I
and
P 1 i 1
20 L 22T Najia a2% T \a, \
2187 Vuel 912 5 oo (ogarg) 2P IAvele: + (garg) 1459 iz
1( a2 T \iti,j(1-2
o Gramr) YTVl

for all j € Z with 2/ < ca. Finally, letting ¢ tend to infinity and denoting the limit of u, (in the sense of
distributions) by u, we obtain the estimates

1/ a2?T \i,j2(1-1 1
18j0el oz = o (2r7) 22T NA F iz + 1A Flg s

and

a2V T \g 1 ( a2 T

l—|—é _ 2
o) 1Sl + )2

2
Jq ,
24N AUl 5 ( S oTT

Li'13

for all j € Z and every ¢, g € [1, oo] such that 1/q + 1/ < 1, which are optimal parabolic estimates for
the heat equation

(O(at — A)M =F

with initial data u (0, x) = f(x).
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Remark. Other attempts at establishing Strichartz estimates for the damped wave equation can be found
in [Inui 2019; Inui and Wakasugi 2021]. However, the results obtained therein are suboptimal. Indeed,
Corollary 2.11 supersedes the results from those two works in both the breadth of the range of integrability
parameters that it handles and the sharpness of regularity gains that it produces.

Proof. We begin by introducing
e(t,x):=0:u(t,x) and b(t,x):=i|D|u(t,x).
It then follows that (e, b) is a solution of the system
die—i|D|b+ae=F,
d;b—i|Dle =0,

with initial data (e(0, x), b(0, x)) = (g(x),i|D| f(x)). This system is reminiscent of Maxwell’s equations,
which are studied in Section 3, and it can be recast as

n()=2()+ ()

L£=L(D):= (il_gl i'é)l).

where

Now, a straightforward computation shows that £(£), where & € R?, has the eigenvalues
Ax(§) = —ga £ Vze? —|g? (2-18)

in the complex field C. Moreover, exploiting the trivial identities A+ +A_ = —a and Ay A_ = |£|?, one

()=r-()+-G)

provides an eigenvector decomposition, where

e\ 1 (hyetilDp e\ 1 (ie+ilDlb
P+(b)‘x+—x_ (ilDle—)L_b) and P‘(b)_x_—x+ i|Dle—Asb

are the projections onto the eigenspaces associated with A (D) and A_(D) (when these eigenvalues

can readily verify that

are distinct, i.e., when |§| #£ %(x), respectively. In particular, this decomposition allows us to deduce the
representation formula

(Z) t) = P (Z) 1)+ P- (Z) 0

A A— A — T—=s)A t—s)A—
et Ap—elr A el _etr 2 [ e +Ayp—e=9A—)_
a8~ i 1PI°S n A ds. (2-19)
el A _plA— +A_et? 0 eU=)Aqp _p(t—5)A— :

el plg — <A e p i|D|F
i I8 R Ay—A
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We want now to use (2-19) to deduce an estimate on Age and Agb, which, by a scaling argument
in the spirit of the proof of Corollary 2.10, will then result in a control on each dyadic component A e
and A;b, with j € Z. Note, however, that the eigenvalues A4 (§) are of a fundamentally different nature
depending on the relative size of the frequencies {% <|§|l < 2} with respect to o > 0, which leads us to
consider several cases.

More specifically, on the one hand, when A+ € R (i.e., when [§] < %a), we are going to employ the
elementary controls

2 2
PR S L i
2 * * (2-20)
elh+ _ pth— f'hr te’ ds e
0< — A= <ttt < te ta,
ST DAl Aol e s

while, on the other hand, when A4 € C\R (i.e., when [¢| > %a), we are going to use the properties
Axl =gl JeT =75,

em_efl’ _g, [sin(t V[E]* — 3e)| P (2-21)
— | =e =le .
A_f_—k_ /|§|2—%Ol2

Considering that the dyadic operator A localizes frequencies to {% <|§|l < 2}, we will then distinguish

three cases:

¢ The complex case, where 0 < o < %, so that A4 and (A4 —A_)~! are complex and smooth on
3 =lEl=2}.
¢ The degenerate case, where % < a < 5 and the eigenvalues may be equal.

¢ The real case, where o > 5, which implies that the eigenvalues are real and the damping phenomenon
dominates the behavior of solutions on {% <|f < 2}.

The complex case. We begin by considering the range 0 <« < % In this setting, it is readily seen that the
functions A4 (£), A—(£) and (A (§) —A_(£))™ L, as well as any number of their derivatives, are uniformly
bounded on {1 < || < 3}, uniformly in « € [0, 1]. In particular, by virtue of the criterion (2-14) for
the boundedness of multipliers, further introducing a smooth cutoff function ¥ (¢) compactly supported
inside {% <&l < 3} and such that ¢ = 1 on {% <|& < 2}, it follows that A+ (§)¥ (&), A—(&)¥(§) and
(A (&) = A_(§))" 'y (£) are the symbols of bounded Fourier multipliers over any homogeneous Besov
space. Therefore, we deduce from (2-19) that

| Ao(e. Bl Lo

t
S Z”etkiAo(ﬁ g)”L‘lIL;’C + H/ e(t—S)AiAOF ds
0
+

LILY

. (2-22)
LILY%,

t
= Z”e—%teﬂ:ItS(D)AO(f’ g)”L;ngC + ”/ e‘%(t—s)e:l:z(t—s)S(D)AOF ds
+ 0
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where we introduced the notation
. 2 1.2
8(§) == VI§|" -z
for convenience.

Now, classically, the stationary phase method can be used (see [Bahouri et al. 2011, Proposition 8.15],
for instance) to show that

L C
ix-& *it|€| v
[ty ae < s

for all > 0, where the constant Cy, > 0 is independent of 7 and x, and ¥ is any smooth compactly
supported function whose support does not contain the origin. A similar estimate holds, uniformly in
Q€ [O, %] if one replaces || by §(£) and if the support of v is disjoint from the closed ball {|§ | < %a}.
More precisely, we claim that

. . C
ix& Litd(£) 14 -
/Rde e lﬁ(é)dé‘ft(d_l)/z (2-23)

whenever supp ¥ C {|€| > £ > La}, where Cy > 0 is independent of # > 0, x € R? and & € [0, 1]. For
the sake of completeness, we provide a justification of (2-23) in Appendix B.
Therefore, introducing the flow

U@) f(x) = XDy (D) f(x)

for some fixed compactly supported cutoff ¥ (£) such that suppyy C {|§| > % > %} and ¥ =1 on

{% <é< 2}, we see, in view of (2-23), that U(¢) satisfies all hypotheses of Proposition 2.8 with
H=L*RY), X=R? and o=1(d-1).

Hence, we conclude from (2-22) that

[Ao(e.D)lipapr
1 d—1(1_1 1 1, d—-1(1 1
T \at72 =2 T \atitSTG+i-1)
< _r
< (rvar) I20(/.8)az + (77)

Ao £l (2-24)

Li'Ly
for all admissible exponent pairs, when 0 < o < %

The degenerate case. We are now looking at the range % < a < 5. This case is easily settled by the use
of (2-20) and (2-21), which allows us to deduce, whenever % < |&] <2, that

thy _ A 5 1 2 1
| ey s (I 2 (L s (L)
P PP i~\rr2) =7\ I+7
etl+k+ _etl_k_ etl+ _ etl_ T %
T <l + -5 ()
+— A L¢ +— A e
tAy tA_ tAy _ tA_ 1
e 1y 1P W Y (B M
RSV r = e ~\THT
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for any 1 < ¢ < o00. Indeed, incorporating these controls into (2-19) and recalling that the space of Fourier

multipliers on L2(R%) is isomorphic to L (R%) leads to

|A0(e.D)llorr
< llote: Dlsgez

+1

1
T T ata
< G/

1,d—-1(1 1 1 1l,d—-1(141
T \at72 =2 T E+E+T(7+7_1)
<(—=— —
< (7) 180(£: )23+ (157) 180F g,
for all admissible exponent pairs, when % <a <5.
The real case. In the remaining case, we assume that o > 5. In particular, when > <& <2,

Ap—A-o=Va?—4E = Va2 —16 > La.

Furthermore, employing (2-20), one finds that

1 1
AL -t < (e \¢ oy —y T \¢
e log < lle™#@ e < (255)  and e log < le™ o < (1557

for any 1 < ¢ < oco. Therefore, we deduce from (2-19) and (2-20) that

[AvellLarr < l1Aoell a2

al™24T ) =T 74T
< A ( ) A
(a+T t1ar) 1208l + (G + 75a7) 180/ 122
ql2/a+1/D~ "' 1 T \i+%
AoF|l, o
( at+T +1+ozT) 1A0Fl g,

1 - 1,1
T 1 q T q c?
and
[ Aobllpapr

= ||A0b||L;1L§

74T 79T \g of o« 24T
<
- ( ot T 1+aT> 8081z + (a+T e T) 180 fllL2
(al—(l/qﬂ/c})lT N a‘(l/‘1+1/‘7)_'T);+},”A o
at+T 1+aT ofllpa 2
T aT gl + 1/~ Ll
< o
”(a+T) 808z + (5 +T) 1801z + ( a+T ) |80 F a7

for all admissible exponent pairs, whenever o« > 5.

(2-25)

(2-26)

(2-27)
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Scaling argument and conclusion of proof. We are now in a position to conclude the justification of the
corollary. In order to deduce an estimate on A (e, b) for all j € Z from (2-24)—(2-27), we conduct now a
scaling analysis in the spirit of the proof of Corollary 2.10. To that end, we introduce

by 1 r X
(ej.b;)(t.x) := (e, b)( 2/) Fj(t.3) = 3; F(E,E),
(x) =27 (2 _
so=2i(F) swms(d)
and observe that (e;, b;) solves
drej —i|D|bj +2  aej = F;,
tbj —i|Dlej =0
on [0, 2/ T'), with initial data (€j(0,x),b;(0,x)) = (gj(x),i|D| fj(x)).
Then, noticing that
_i(lyd
18Dl =277 G+ | Aotes. bl oz
_id
1Ajgll2 =272 1Aogjll 2.
_i(1+4
18, fllz =277 0D A fll 2,

18 Fll gz = 2G40 D a0 ) g

Lfl/ 7’ Lr/

and applying (2-24) and (2-25) to (e;, b;) yields the estimate

T +d 1(1_7 d+1
18) € Desr S (507)" 2 TG a(8. VPl
1 d—1(1
T \st+a+G(GF+i-1) jaEL(1-1-1)
+(1+aT) 2 187 F g 1
whenever 2/ > .
Similarly, if 2/ < «, then, applying (2-25), (2-26) and (2-27) to (e i, b;) leads to the controls
1
T id(L—1 1 oaT dni(1+d(i=1
1AjellLar s(1+oeT) 4G a8l + (2 +2_2JT)q2](1+ =89 flgs
1 l
T YaTa,ja(-1-1) ,
+(1+aT) 2 125 Fll L
and
1
. 1(_al YiyiG+a(=1) 4, ()it
1878l rr S 5 (=57) 2 D a8, + sz,-T) 2G4V f 15
1 1
Lol NaTa,)i(+d(=1=D)a, F||
+&(a+221'T) 2 125 Fll g -

which concludes the proof of the corollary. O
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Corollary 2.12 (damped Maxwell equations). Let d = 2 or d = 3 and consider a solution (E, B)(t, x) :
[0,T) x R - R of the damped Maxwell system

%8;E—VxB+acE:G,
19 B+VxE =0,
divB =0

for some initial data (E, B)(0, x) = (Eo, Bo)(x), where 6 > 0 and ¢ > 0.

For any exponent pairs (q,1),(q,7) € [1, 00] X [2, o] which are admissible in the sense that

2+d—1>d—1 d—1 _d—1

5 - _T, 1+TZT and (r,d);é(oo,3),
and similarly for (g, 7), and such that
Lol
9 4
one has the high-frequency estimate
dF1(1_1
2775 G A (PE. B s oy,
TR A v
<7 G (m)q A (PEo. Bo)ll .2
d—1 1 2 2 2 l-Fé-i-@(i *—1)
T e _E_E<—1facTzT)q 7t 2 TGP A PG|

LY (0,7);L7)
forall j € Z with?2/ > oc, and the low-frequency estimates

1_1 T 1 022/ T -2
y—id (% )||A PE||L"([0T)LX)~(W) 14 PEoll 2 + — (W) i (1 )IlA Boll.2

1
—T a E jd(i_7) : G’
+C(1—|—062T) PR A P G”L? (10,T);LY)

and
jd(3-H-2) 1 GZ_T _02 T
2702 1A Bl e qo,7);L7) < oc\o 22T “271|A; PEoll2 + o+ 22T ‘1A, Boll 2
L 02¥T \ati j(1+d(3-1)-2)
+E(a+22fT) 2 14 PG”L"([o,T);Li’)

forall j € Z with2/ <oc.

Remark. Corollary 2.12 only provides estimates of the magnetic field B and the divergence-free part of
the electric field PE. Notice, though, that the divergent component P+ E can also be estimated directly
from Maxwell’s system. Indeed, applying the projector P1 to Ampere’s equation yields

3, PTYE +0c?PLtE =cP1G,
which leads to the representation formula

t
PLE(t)=e 1 PLEy + ¢ / e=0¢(=5) pLG(5) ds.
0
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A direct estimate then easily gives
—id(i_-1 1
2G| A P Ellpopr
1
= ||A,/'P E”L?L%

1 1
T 7 n ( T )a+
<(—>=)"1a; PLE S
~ (1+002T) 14, ollz +e¢ 1+0c2T

1
T q N ( T ) +
< — . -
N(1+002T) 1A; P E0||L§+C 1+o0c2T

for any g, € [1,00] and r, 7 € [2,00], with 1 /g + 1/g < 1.

1

QY

AjPLG|, 4
|| ] ”L;’/L)%

Q=

1
q,jd(1-1 1
2j (2 r)||AJP G“L?/Lfc/

Proof. Since B(t, x) is a solenoidal field, we begin by introducing a vector potential A(z, x), with
t€]0,c¢T)and x € R4, such that
B(t,x) =V x A(ct, x). (2-28)

Faraday’s equation ¢=19; B 4+ V x E = 0 then implies that (3, A)(ct, x) + E(t, x) must be curl-free,
whereby there exists a scalar potential ¢(z, x), with ¢ € [0, ¢T) and x € R, such that

E(t,x)=Ve(ct,x)—(3:A)(ct, x). (2-29)

Observe that A and ¢ are not uniquely determined. Indeed, for any scalar-valued potential v (¢, x), it is
possible to apply the transformations

A(t,x) = A(t,x) + Vy (e, x),

o(t,x) = @(t,x) + 9,91, x)

to produce new potentials representing the same electromagnetic field (E, B). Any particular choice of A4

(2-30)

and ¢ is called a gauge.

Different choices of gauge lead to different insights into Maxwell’s equations. It is therefore important
to carefully select the properties fixing the gauge. A standard example of gauge fixing is the Coulomb
gauge, which merely requires that A be solenoidal, i.e., div A = 0. The Lorenz gauge, which imposes the
condition

div A(t, x) = d:0(t, x)

is another classical example with the property that it produces decoupled wave equations on A and ¢
when there is no damping, i.e., 0 = 0.
Here, we introduce a damped Lorenz gauge by selecting potentials A and ¢ solving

div A(t, x) = 0¢(t, x) + oco(t, x). (2-31)

Observe that it is always possible to find a damped Lorenz gauge. Indeed, starting from any other gauge
(A, @), one can apply the transformations (2-30) with any solution (¢, x) of the damped wave equation

8%10 +octdy — Ay =divA—0d;,9 —oce,

thereby producing new potentials satisfying (2-31).
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Now, by inserting (2-28) and (2-29) into Ampere’s equation and then employing (2-31), a straight-
forward calculation shows that the damped Lorenz gauge is a solution of the damped wave system

(02 + 0cd; — A A(t,x) = —G(c™ 1, x) (2-32)

ont €l0,cT).
Therefore, applying the Strichartz estimates for damped wave equations from Corollary 2.11 to this
system, we find, concerning high frequencies, that

ca2 75 G A (PE. B o o,y

2

_idtl(1_1
<2775 G=P) A, (0, PA, VPA)La0,c1y:Lr)

1,d-1(1_1

( cT Nat72 G2
l1+0c2T

A

|A;j(PEo, Bo)llz2

n 1_5( T )q+ it Gl
Cc

e 3=7)
14+0c2T I2; PG

L ((0,1):LY)
for all j € Z with 2/ > oc.
As for low frequencies, i.e., when j € Z with 2/ < o¢, we obtain similarly from Corollary 2.11 that

1 _7(l1_1
o277 4C=D) A PE o o.ry:rr)

—id(l_1
_y—jd(} r)||Aja,PA||Lq([oCT)-L’

<(—<T ) ) A, PE —(—("2 T) 2= A, B
< (T5er) 18 PEols + (2 arr 147 Boll

i+
re T () P Ia Gl

14+0c2T LY ([0,T);LY)

and

=18 BllLoqoryLry
<2 J(d(i—F)_*)||AJVPA||Lq([ocT) L)

1 [ oc2% T) oc2¥ T
< —(Z2 )2/ A, PE (—) AjB
-1 1 [ 02T \it3 J(+d(5-1)-2)
+e q_(0+22J T) 2 187 PGl qo,ry:ntry
which concludes the proof of the corollary. O

The global low-frequency estimates from Corollaries 2.11 and 2.12 can be refined by considering
the maximal regularity of the heat equation (without damping) discussed in Section 2.2. The next two
results provide such low-frequency parabolic estimates for the wave equation and Maxwell’s system,
respectively.
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Proposition 2.13. Let d > 2, and consider a solution u(t, x) of the damped wave equation
(8% 4 ad; — Au(t, x) = F(t, x),
u(0,x) = f(x),

81‘”(0’ x) = g(x)a
witha >0,t€[0,T)and x € R4,
Forany y € CX° (R?) and o € R, one has the low-frequency estimates

-1
[l (c D)atu||L?1([0,T);Bg!Z2/m)
S o gl gosarm + iV f | gora + " UFETD | F) -
~ gl ggra/m BZt? L7 ([0,T):BI /™M)
foranyl <r <m<ooand1 <q < o0, as well as
1 . U . 1 . 1_1 .
[ x (o D)vu”L;n([O,T);BZOTZ/m) ~am ”g”ng;,l +om ”f”Bg-’r;zl tam - ”F”L;([O,T);BZ;J’_ZN)
forany 1 <r <m < o0, and
-1 . < gl . i . .
[l x (e D)Vu”L;n([O’T);B;-“;Z/m) ~oam ”g”ngnl +oam ”f”Bg:Lnl + ”F||L’zn([0’T)§320;1+2/m)
foranyl <m <ooand1 <q < oc.

Proof. Following the proof of Corollary 2.11, we consider
e(t,x):=0:u(t,x) and b(t,x):=1i|D|u(t, x).

In particular, one has the representation formula (2-19), which, for any given choice of 0 < 4 < %, can be
recast as

t
e(t) = egmmz(t, D)g—egmml(l, D)|D|2f +/ eg(t_s)Amz(t —s,D)F ds
0

A _ _ A
= (e«"®|D|’Pm3 (t, D) — e~ 4"*m5 (t, D))g —ea"2m(t, D)| D> f

e (2-33)
+/ (eE(I_S)A|D|2m;(t —s5,D)— e_A(t_s)“m;(t —s,D))F ds,
0
t
b(t) = e« my(t, D)i|D|g —ea'®ms(t. D)i|D|f + / ea =)0y (t —s, D)i|D|F ds,
0
with the time-dependent Fourier multipliers
etrt —eth— | e eP Ay —etr-Al 2
[’ = o Z, == @,
mi(t,§) P e ma(t, ) A e
t)L.;.A 2 M_k
+ ¢ + Akl — ¢ — At
my (1,§) = — ¢ . omy(t,§) = ———e"", (2-34)
: 62 (At —2-) 2 o — Ao
e A_etr oy 42
t? e — T’
mae.§) =

where the eigenvalues A (§) and A_(§) are defined in (2-18).
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Then, making use of the elementary controls (2-20), one can show that
-1 + -2
lmilge<ioyliies Sos llmy Lo 1llie S,
Iz Le<1ayllies <1 lm3lge<aryllLes S 1.

In particular, since the space of Fourier multipliers over L2(R?) is isomorphic to L% (R?), we conclude
that "
bty Yipictaymz and Lypi<iqyms
are bounded in the sense that they satisfy (2-12) for p = 2.
Therefore, applying Propositions 2.2 and 2.4 to the representation formulas (2-33) by suitably scaling
time by A/«, we obtain the estimates

1_5 _1
”l{|D|§%0‘}e“Litntj;2/m Sam ||1{|D|5%a}g”ng;l2 4« m||g||ng1_2/m am ||f||BJ+2
-t L in)
+am r ”1{|D|§i(x}F”L{Bg,;2/r +o m 7 ”F”L’thj;Z/m

1 1 _ — 1_1
Sa”m|gll gorarm +am T [l gore + (7 r)||F||LrBa+2/m (2-35)
2.9 2.m tP2.,q
and 1 1 1
. < . m . m_r . _
||1{|D|5%a}b||w33¢z/mNam IIgllBg;nn+am||f||Bg;n+am IF Ly pg—+2rr (2-36)

forany l <r<m<ooand 1 <g <oo.
If, instead of Proposition 2.4, one uses Proposition 2.6, then one arrives at the estimates

_1 1_q -1
”1{|D|5%°‘}6”L’,”Bg:q"2/m Sam ||g||gg!-;2/m +oam ||f||Bg;I;2 +to ”F”L'Z’ngz/m (2-37)
and 1 1
7_1 L
L gipicsaBllipgsam S@ gl gga +am I flgu +1Flpgemiiom  (239)

forany 1 <m <ooand 1 <g < oo.
In order to handle frequencies lying in the range {%a <& < aR} for any choice of parameter R > 1
with 2AR? < 1, we employ (2-20) and (2-21) to deduce that the multipliers in (2-33) satisfy

—1
||m11{%a<|5|5aR}||L<;% Sa T,

t(A4+4 'E'

22 ciercaryliss, < MA-midgg g comy gy + 1€ P41 g pligs < 1.
t(Ap+A ‘

Im32 3 cpticary 25 = 1A+ gercaryllis + 1ALl S 1.

Therefore, as previously, by the boundedness of multipliers and the fact that [|e™*||, ?([0,00)) = a=l/p
for any a > 0 and 1 < p < 0o (no need to use Propositions 2.2, 2.4 or 2.6, here), we conclude from (2-33)
that

”1{ﬁa<m|<aR}e||Lm sgam
<a” 0 ||g||BU+2/m +a” e ||l{|D|<aR}f||Bcr+2+2/m +oz_(1+*—*) “F”L' g

_1 1 _ — 1_1
s o m ”g”B;--(;z/m +am 1 ”f”BgJ,n_f + o (1+m r) ||F||L;,ng]_2/m (2-39)
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and
”l{%a<\D|§aR}b”L’,”ng;z/m
_1_ _1
Sa N Lypzarygll go+1+2/m + 7 | L <ary f || go+142/m
2.9 2.9

p 141
+a Zm Ty ”1{|D|§aR}F||LrBU+1+2/m
S 1 11 T2
Sam Mﬂg;;v+aMHfﬂggy-+am rHFH”B;;+wr (2-40)
forany 1 <r <m <ooand 1 <g < oo.

All in all, combining (2-35), (2-37) and (2-39), we obtain

—L -1 ~(1+5-1)
||1{|D|§aR}€||L;nt;2/m Sam IIgIIB;.;z/m tom [ fll gz o IIFIIL;Bg,;z/m

forany 1 <r <m < oo and 1 <¢g < oco. Similarly, combining (2-36), (2-38) and (2-40), we deduce that
1_ 1 1_1
1Lgpi<arybllpm gotorm < am 1||g||334”-11 tam | fllggrt +am [ Fll, go-142/r
forany 1 <r <m < oo and
1_4 1
120D1saribll g 2m S am gl gyt +am I fllgss +1F Il gor2m

forany 1 <m <ooand 1 <gq < oo0.
Finally, selecting R large enough that supp x C {|€| < R} yields the desired estimates on y (e~ D)(e, b),
thereby concluding the proof. O

Remark. The preceding proof raises a question —is it possible to extend the statement of Proposition 2.13
from the L2-setting (in space integrability) to a general L”-setting, with p # 2? Such an extension would
require dealing with the boundedness of the multipliers defined in (2-34) over L”. This is related to the

1/2
+

boundedness of the Bochner-Riesz multiplier (1 — |£|?)_/~, which is notoriously challenging and remains

unsettled in general dimensions. We will therefore not be going into further detail on this subject.

Corollary 2.14. Let d = 2 or d = 3, and consider a solution (E, B)(t,x) : [0, T) x R4 — RS of the
damped Maxwell system

19,E—V xB+o0ocE=QG,

19,B+VxE =0,

divB=0

for some initial data (E, B)(0, x) = (Eg, Bo)(x), where 6 > 0 and ¢ > 0.
Forany y e C° ([R{d) and s € R, one has the low-frequency estimates

-1
”X(C D)PE”LT([O,T),B;—ZZ/M)
<c m | PEo| - + Y Bol —H 0| PG .
S ol y+2/m c OHB;j;}"'C I ”L{([O,T);B;ng/’")

foranyl <r <m <ooand1 <q < o0, as well as

-1 -1
[l x(c D)B”L;”([O,T);B‘Zyﬁz/m) <Sc ”PEO”B;:‘;} + ”BOHBQVM + ||PG||L{([O,T);B;;L+2/r)
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forany 1 <r <m < o0, and

-1 -1 . R
foranyl <m <ooand1 <q < oco.

Proof. We follow the steps of the proof of Corollary 2.12, which involves first fixing a damped Lorenz
gauge satisfying (2-28), (2-29) and (2-31). Then, applying Proposition 2.13 instead of Corollary 2.11 to
the damped wave system (2-32), we find, for any y € C2° (R9) and s € R, that

-1
”X(C D)PE”L;"([O,T);B‘Zij/m)

_1 —
=cC W’”X(C 1D)atPA”L?n([o’cT);Bs-i-Z/m)

2.9

_2 — —1+2_2
S CTRIPEol gy rom + ¢ [ Boll gy + ¢RI PGl o 7y g1 20m.

forany 1 <r <m <ooand 1 <g < co. We also obtain

-1 _ 1 -1
l[x(c D)B“thﬂ([o,T);B;jZ/m) Semx(e D)VPA||L¥1([0,CT);BS+2/'”)

2.1

ST NPEol gyt +11Boll g+ IPGlly o pyess-ivarry:
for any 1 < r <m < 0o, whereas the limiting case 1 <r = m < oo yields
-1 _1 -1
%™ DYBl  m 0.1 pytaimy S (™ DYV PA| L o o1, By2my

for any 1 < g < oo, which concludes the proof. O

3. Perfect incompressible two-dimensional plasmas

We are now going to apply the damped Strichartz estimates for Maxwell’s system, established in the
preceding section, to the analysis of the two-dimensional incompressible Euler—-Maxwell system (1-1).
The main goal of this section is to establish Theorems 3.1, 3.2 and 3.3 below.

In order to conveniently state the results, recall first that we denote the initial energy by

Eo = ||(uo, Eo. Bo)||12-

For ease of notation, we also introduce a natural frequency decomposition of Besov and Chemin—Lerner
spaces with respect to the speed of light ¢ > 0. More precisely, we define the Besov seminorms

1

q q
17155, = (2 208 1E,)  ana 11lgy, o= (X 20aesil,)

kez kez
2k <gc 2k >g¢

as well as the Chemin—Lerner seminorms
1 1

- . A ksq q 4 - . A ksq q a
17155, = (X 2086 10) w00 1 gay, = (X 2008es 1)

kez kez
2k <gc 2k>g¢
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for any s € R and 0 < p, g, r < oo (with obvious modifications if ¢ is infinite), where the constant o > 0
is the electrical conductivity used in the original Euler—Maxwell system (1-1).

Theorem 3.1. Let p and ¢ be any real numbers in (2, 00) and (0, 1), respectively. There is a constant
Cx > 0 such that, if the initial data (uo, Eo, Bo), with divug = div Eg = div By, has the two-dimensional
normal structure (1-2) and belongs to (H* N\ WPy x (H!' N B7/4) )(R?) with

_3 4te
(&0 + luoll g1apirt.r + 1(Eos Bo)ll g1 + ¢~ #[[(Eo, Bo)llg;/;t)c*ec*g" <c, (3-1)

where ¢ > 0 is the speed of light, then there is a global weak solution (u, E, B) € L®(RT; L?) to the
two-dimensional Euler—-Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

we LR H'NWP), (E,B)e L°R*;H'), ¢ 3(E.B)e L°®R*: B]}).
(cE,B)e L2 (R™:H'), Be LZ(R+; B3, .2). (3-2)
(E.B)e L’R*:BY,.), ¢*Ec[®®R*:B]), ciBec?®*:B]}.).

It is to be emphasized that the bounds in (3-2) are uniform in any set of initial data such that the left-hand
side of (3-1) remains bounded.

Remark. For any fixed initial data (ug, Eg, Bo) satisfying the requirements of Theorem 3.1, it is possible
to improve the uniform controls (3-2) by showing that the bound

(E.B)e L®®*: B}
holds uniformly as ¢ — oo. This is clarified in Section 3.11 below.

Remark. Note that we do not make any claim concerning the uniqueness of solutions produced by
Theorem 3.1. However, Theorem 3.2 below strengthens the statement of Theorem 3.1 by achieving such
uniqueness, provided the initial vorticity is bounded pointwise.

Remark. Employing the bounds (3-2), one can easily show that (VE,VB) € L?>(RT; L*). Indeed,
making use of straightforward embeddings in Besov and Chemin-Lerner spaces, we deduce that

IVEl2@rie0) < IVENp2@e:s9, ) S WENE2@esy, , ) HIEI2@esy, L)
SeElpa@e 0, FIEN2@es1 )

< ||CE||zz(R+;321’oo’<) + ||E||Z2(R+;B;o,l,>)
and

||VB||L2(R+;L°°) = ||VB||L2(R+;320’1) < ”B”L2(R+;B;o_l’<) + ”B”Z2(R+;Bc1>o’1,>)

< ”B”L2(R+;B§1 2) + “B”ZZ(RJF;Béo =) (3-3)
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Remark. The initial condition (3-1) can be interpreted as a mere strengthening of the property that the
velocity of the fluid cannot exceed the speed of light, i.e.,

lullgoe, <ec.

On purely physical grounds, this condition seems therefore quite reasonable and is not very restrictive.

The previous result only covers the case wg € L? N L? in the range of parameters p € (2, 00). The
next result strengthens Theorem 3.1 by assuming that wg € L2 N L.

Theorem 3.2. If, in addition to all hypotheses of Theorem 3.1, for some given p € (2,00), one also
assumes that wg € L (but not necessarily Vug € L), then the solution produced by Theorem 3.1
satisfies the additional bound w € L®(RT; L) and is unique in the space of all solutions (i, E, B) to
the Euler—Maxwell system (1-1) satisfying the bounds, locally in time,

@ E,B)e LPL:, uelijLy, jeli,,
and having the same initial data.
We address the propagation of regularity in the Euler—Maxwell system (1-1) with the following result.

Theorem 3.3. Consider parameters p € (2,00), €€ (0,1), s € (%, 2) and n € [1, 00]. There is a constant
Cyx > 0 such that, if the initial data (ug, Eg, Bo), with divug = div Eg = div By, has the two-dimensional
normal structure (1-2) and belongs to (H* N WPy x (H' N Bin)z)(lR{z) with

_ 44-¢
(€0 + lluoll g1 agirt.o + 1(Eo. Boll g1 + ¢ ~*|(Eo. Bo)ll gy YCaxe %" <. (3-4)

where ¢ > 0 is the speed of light, then there is a global weak solution (u, E, B) € L>®(R™; L?) to the
two-dimensional Euler—-Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

ue LRV H NWYP), (E,B)e L°R':H'Y), c'™(E.B)e L®R":B;,).
(cE.B)e LA (RT;H"), BeL?>®R*:BZ, ), (3-5)
ciTN(E,B) e 2R B )Y), PEel*®RY:BL,), A Bel?(RT:BY,.)
It is to be emphasized that the bounds in (3-5) are uniform in any set of initial data such that the left-hand
side of (3-4) remains bounded.

Remark. As in the case of Theorem 3.1, for any fixed initial data (1o, Eo, Bo) satisfying the requirements
of Theorem 3.3, it is possible to improve the uniform controls (3-5) by showing that the bound

(E.B)e L*(R*: B5 )
holds uniformly as ¢ — oco. This is clarified in Section 3.11 below.

The remainder of this section builds up to the proofs of Theorems 3.1, 3.2 and 3.3 by implementing
the strategy discussed in Section 1.3. The proofs of the theorems per se are given in Sections 3.8, 3.9
and 3.10, respectively.
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3.1. Dimensional analysis. Prior to discussing specific elements of the proofs of the above theorems,
we provide here a dimensional analysis of the Euler—Maxwell system (1-1), which, we hope, will shed
light on the initial conditions (3-1) and (3-4).

Specifically, assuming that (u, E, B) is a solution of (1-1) for some fixed light velocity ¢ > 0 and
initial data (ug, Eo, Bo), we observe, defining

ur(t,x) = Au(\2t,Ax), E*1t,x)=AEA%t,Ax), B*@t, x)=AB(\t, Ax), (3-6)

for any A > 0, that (uk, E*, BA) also solves (1-1) with a rescaled speed of light ¢; = Ac (the electrical
conductivity o remains unchanged) and for the initial data

ug(x) = Au(Ax), E}(x) =AE(Ax), B}(x)=AB(Ax).

In particular, we readily compute
—3/4
1G5 £ B2 + bl + 1G5 B3 B o + ¢ IEG. B 0
_ -2 _3
= 20 (w0, Eo. Bo)llz2 + 4" 7 [uoll . + a0, Eo. Bo)ll g1 + ¢ (o, Bo)l z74),

which, by an optimization procedure in A, implies that Theorem 3.1 still holds if one replaces assump-
tion (3-1) with the weaker inequality

_ _ _ _3 4—+¢
(5727 || 527D + | o Eo. Bo)ll g1 + 3 [(Eo, Bo)ll g7 Cue 0" <. (37)

where the independent constant Cy > 0 may take a different value. Note that this inequality is now invariant
with respect to the parabolic scaling (3-6). Similarly, the same procedure can be used to optimize (3-4)
and replace it with a scaling invariant assumption.

It turns out that the parabolic scaling (3-6) is the only available invariant dilation which leaves the
electrical conductivity o unchanged. However, if one allows ¢ to be redefined according to the dilation,
then other scalings become available. For example, introducing the hyperbolic scaling

ur(t,x) =u(ht,Ax), E*@t,x)=Et,Ax), B*(t,x)= B(At, Ax) (3-8)

for any A > 0, we see that (u'l, E* B A) now solves (1-1) with a rescaled electrical conductivity o) = Ao
(the speed of light ¢ remains unchanged) and for the initial data

ug(x) =u(Ax), E}(x)=EMx), B}(x)= B(ix).

In particular, by setting A = ¢!, it is now possible to deduce how the constants Cyx and Cyy in (3-1)
and (3-4), respectively, depend on o. More precisely, this process allows us to show that Theorem 3.1
holds if one further replaces (3-7) by the assumption

4+4¢ 5g+a

- — — _3
&P 2ol 71272 + [ Gwo. Eo. Bo)l g1 +(@0) | (Eo. Bo)| 5/4)Cxe

<c (3-9)
for some constant C, > 0 which is now independent of the electrical conductivity o. Observe that (3-9)
is now invariant with respect to both the parabolic scaling (3-6) and the hyperbolic scaling (3-8). As

previously noted, the same process can be applied to improve (3-4).



1352 DIOGO ARSENIO AND HAROUNE HOUAMED

3.2. Approximation procedure and stability. The proofs of Theorems 3.1, 3.2 and 3.3 proceed by
compactness arguments. More specifically, they follow the standard procedure of first considering smooth
solutions to a regularized approximation of the original system (1-1), where all formal estimates can be
conducted with full rigor, and then showing the stability of the approximation as it converges towards the
original system.

Such approximation procedures are absolutely classical in the field of fluid dynamics. We are therefore
only going to outline an example of approximation which can be used here to conveniently establish
our results. Specifically, for any integer n > 1, we consider the unique solution (u,, E,, B,) to the
approximate Navier—Stokes—Maxwell system

run + (Sputn) - Vin — LAup = =V py + (Sujin) X Bn, divu, =0,

%81En — VX By =—jn, divE, =0, (3-10)
10/By+VxE, =0, div B, = 0,
jn=0(cEy + Sp P(uy X By)), div j, =0,

for the initial data (4, Ey, Bn)|t=0 = Sn (4o, Eo, Bo), with the two-dimensional normal structure (1-2),
where S, denotes the Fourier multiplier operator defined in Appendix A which restricts frequencies to
the domain {|&| < 2"}. The construction of the solution (u,, E,, By) is a standard procedure. One can,
for instance, follow and adapt the steps detailed in [Lemarié-Rieusset 2016, Section 12.2].

Note that other approximation schemes can be employed. In particular, the dissipation term —(1/n)Auy,
is not essential. However, as a matter of convenience, the use of this term allows us to comfortably construct
the approximate solution (¥, E,, B,) by relying on methods from the analysis of the incompressible
Navier—Stokes system.

Observe that the corresponding energy inequality
t

1 1.
(S IVun @122 + a2, ) d

1 1
< 511Sn (0. Eo. Bo)ll72 < 51| (uo. Eo. Bo)l7-

3 (O + IEnOIF + 12O + [

for all + > 0 is now fully justified and, since the initial data is smooth, it is possible to show that
(un, Epn, By) remains smooth for all times, albeit not uniformly in 7.
The above energy inequality only allows us to deduce the uniform bounds

(un, En,By) € L°L2 and j,e€L?

t,x°

which are insufficient to establish the stability of the nonlinear terms
(Spun)-Vun, (Spjn)x B, and S, P(u, x By)

in the limit n — oo. The general strategy is therefore to show that the bounds and properties stated in
Theorems 3.1, 3.2 and 3.3 can be fully justified on the smooth system (3-10) uniformly in #. Such uniform
bounds are then sufficient to show the strong relative compactness of {(uy, E,, By)}5>; in L%, x.loc> Which
then allows us to take the limit # — oo (up to extraction of subsequences) and establish the asymptotic

stability of (3-10), thereby yielding suitable solutions of the original Euler-Maxwell system (1-1).



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1353

In what follows, for the sake of simplicity, keeping in mind that all computations can be fully justified
on the approximate system (3-10), we shall perform all estimates formally on the original system (1-1).
In particular, we emphasize that, even though, strictly speaking, the dissipation operator —(1/n)A cannot
be ignored, it is self-adjoint and therefore will not impact the energy estimates which are performed in
the proofs below.

3.3. Paradifferential calculus and the normal structure. The use of Besov and Chemin-Lerner spaces
in the analysis of nonlinear systems often requires a careful use of product estimates. Such results
from paradifferential calculus are rather standard, but their applicability is limited. In the following
paradifferential lemma, we show how the normal structure (1-2) can be exploited to extend the range of
applicability of classical product estimates. This plays a central role in our analysis of (1-1).

Lemma3.4. Let F,G : R; x R2 — R3 be solenoidal vector fields with the normal structure

Fi(t, x1, x2) 0
F(t,x1,x2) = | Fa(t, x1,x2) and G(t,x1,x3) = 0 . (3-11)
0 G3(t, x1, x2)
Further consider integrability parameters in [1, 00| such that
L e B arie
a ai ay c C1 C2

Then, recalling that P = (—A) ™! curl curl denotes Leray’s projector onto solenoidal vector fields, one
has the product estimate
| P(F x G)llz?l;;tr—l(ﬁz) SFlza BS, (®2) ||G||z;¢2,;§_(’_2(Rz) (3-12)
forany s € (—oo, 1) and t € (—00,2), with s +t > 0. Furthermore, in the endpoint case s = 1, one has
| P(F x G)||Z?B£,c(R2) < ”F”L?IL?CO(Rz)ﬂZ?l le,oo(Rz)”G”Z?Zléé,c(Rz) (3-13)
foranyt € (—1,2).

Remark. The significance of the preceding lemma lies in the fact that it allows us to consider parameters
in the range ¢ € [1,2). Without the normal structure (3-11), we would be restricted to values ¢ < 1.

Remark. A straightforward simplification of the proof below yields a corresponding result in Besov
spaces for vector fields independent of the time variable ¢.

Proof. We are going to use the paradifferential decomposition
FxG=TrG—-TgF + R(F,G),
where the paraproducts are defined by

TrG =) Sj2F xA;G,
J€Z
TGFZZSj_zGXAjFZ—ZAJ‘FXSj_zG
JE€Z JEZ
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and the remainder is given by
R(F.G)= ) A;FxNG.
J.kez
lj—kl=<2
In particular, by virtue of the solenoidal and normal structures of F' and G, one has
VX (FxG)=Fx(VxG),
which leads to the identity
VX(FxG)=VxTrG—-TyxgF +V x R(F, G).
We therefore conclude, by standard embeddings of Besov spaces, that
i < st
| P(F x G)”L‘;B;t’ 1 SV (F % G)||L¢t132:*;t 2
SITFGlza gyt +1T9x6 Fliga gyti—2 + IIR(F, Gl poe
for every s,t € R.

Next, employing the classical paradifferential estimates (A-6) and (A-7) presented in the appendix and
further exploiting standard embeddings of Besov spaces, we find that

IP(F % G)llga pyte
< ”F”Z?‘B‘é&‘q IIGllzf;zB;c2 + IIFIIZle;'Cl [V x G”Z?ZB{)S’ZCZ + ||F||zf;11;5£1 IIGllz;lzBQC2
< lll”llzﬁlgic1 ||G||z;’235£2

for any s < 1 and t < 2, such that s 4+ ¢ > 0. This establishes (3-12).
As for the endpoint case s = 1, if, in addition to (A-6), one also uses (A-8), then similar bounds lead to

IP(F % G)lizasy
S ”F”L?IL?”G”Z‘?BQC + ||1”'||z;11321'00||V X Gllpaz gz + ||F||zf;1le'oollGllzyzgé‘c
< ||F||L;11Lg;omzf1BéawllGllzyzgégc

for any —1 < ¢ < 2, thereby establishing (3-13) and concluding the proof of the lemma. O

The following ad hoc variant of a paraproduct estimate will be useful when handling vorticities which
are bounded pointwise.

Lemma 3.5. Let F,G : R)zc — R3 be solenoidal vector fields with the normal structure (3-11). Then, one
has the product estimate

||P(F X G)”BZIJ(RZ) < ||F||L2(R2)||G||B;'1(R2) + ||F||1.'11(R2)||G||Hl(R2)- (3-14)

Remark. The above statement is phrased in terms of mere Besov spaces. As usual, a straightforward
extension of the same result to Chemin—Lerner spaces also exists.
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Proof. We employ the method of proof of Lemma 3.4. In particular, we obtain
IP(FxGlgy SITFGlgy +IToxcFllgy +IR(F, Gy .
Then, by virtue of the classical paradifferential estimates (A-6), (A-7) and (A-8) , we arrive at
IP(FxGlgy SIFIL2IG 5 +1Vx Gl [IFlz +1Flz0 Gz

< . . .
SIFILNG 5 +1G g0 IFllg .
Finally, an application of the two-dimensional embedding 321,2 C Bgo,z concludes the proof. O

3.4. Controlling the vorticity. In order to carry out our strategy, previously laid out in Section 1.3,
we need to control the vorticity @ in L, with p > 2, by exploiting Yudovich’s approach of the two-
dimensional incompressible Euler equations (1-4). The following basic lemma provides us with a simple
tool to do so.

Lemma 3.6. Let (u, E, B) € C1([0, T) x R?) N L®°([0, T); H'(R?)) be a smooth solution to (1-1) for
some T > 0, with the two-dimensional normal structure (1-2). Then, forallt € (0, T),
lo@ 2 < 10O2 + 15l 220.0:22) 1V Bll 20,025

.12/p .11=2/p
o0l < WoO)lzg + 11350 ) g0 1ilznm. s IVBlL2qoe).

lo@llLe < 0Ol + 11 22¢0,0);25) IV Bl L2(10,6):1.5°)
SlloOlzse + 11 2q0.0:81 HIVBlL2qo.0:L5)

forany?2 < p < oo.

Proof. By slight abuse of language, we assume here that the vorticity w is defined as the scalar function

U= (ul) and j = (Jl) .
Uz J2

In particular, a straightforward computation shows that the transport equation (1-16) can then be recast as

w = 01Uy — dou; and that

diw+u-Vo =—j-Vb, (3-15)

where (¢, x) is the third component of the magnetic field B(¢, x) as defined in (1-2).

Next, supposing, for simplicity, that p is finite and introducing the test function ¢(x) = e~ ?, we
multiply the above vorticity transport equation by pw|w|?~2¢(ex), where 0 < & < 1, and then integrate
in space. This yields, since u is divergence-free,

4 [ olreendx <p [ 119bllolpexdxte [ jol?u- Vo dx
R2 R2 R2

p—1

. P 1
< pilp bl ( e dx) +elol 2 ol lul 2 Vel
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whereby, if w is nontrivial,
-1
elolfe lollzzlull 2 1Vellzg

P(fr2 |0 P (ex) dx) P77

Finally, further integrating in time and letting ¢ tend to zero, we conclude that

1
d » .
& ([ tolreen ax) <1l 1900 +
R2 .

||w(f)||Lf§ = ||w(0)||L§ +1j ||L2([o,z);ij)||Vb||L2([0,t);L;°)

for any ¢ € (0, T). A classical modification of this argument gives the same result for an infinite value of
the parameter p.
Now, if p = 2, the proof is finished. If 2 < p < oo, we further employ the following convexity
inequality (see [Bergh and Lofstrom 1976] for details on interpolation theory)
. ) < :12/P .11-2/p
i z2o.y -2y S 1313500 9 M I atomys

in combination with the classical two-dimensional Sobolev embedding H 1=2/P = LP, to conclude that

.n2/p . 1=2/p
JoOlzg < WoO)leg + 11350 ) g0 1 lzmm s VPl

Finally, the case p = oo is settled with an application of the continuous embeddings le’l C Bgo’l C L,
valid in two dimensions, thereby completing the proof of the lemma. O

Remark. Recall that the approximation procedure presented in Section 3.2 relies on a viscous approxi-
mation of the Euler system. It is therefore important to emphasize here that the method of proof of the
preceding lemma also applies to viscous approximations of the transport equation (3-15). Indeed, observe
that multiplying the transport-diffusion equation

diw+u-Vo—Aw=—j-Vb

by B’(w), for some convex nonnegative renormalization 8 € C?(R) with 8(0) = 0, and then integrating
in space leads, at least formally, to the estimate

This observation can be exploited to derive the estimates stated in Lemma 3.6 in spite of the diffusion
term. Thus, we conclude that the approximated system (3-10) is well-suited for an application of the
estimates from Lemma 3.6.

Recall now that the space H ! (R?2) barely fails to embed into L%°(R2). Thus, the bounds produced
in the preceding lemma will be very useful to recover, by interpolation, an L°°-bound on the velocity
field u, as explained in the following simple result.

Lemma 3.7. Let (u, E, B) be a smooth solution to (1-1), with the two-dimensional normal structure (1-2).
Then, forall T > 0,

-2)/(2(p—1 .2 . 1=2 2
(™)l < G CPD )l yro + 15713550 17115507 IVBIIL2100) 77D

2 R0 2nl
Ll‘BZ.oo LIBZ,oo

for any 2 < p < oo, where all time-norms are taken over the interval [0, T).
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Proof. This result follows from the classical Gagliardo—Nirenberg interpolation inequality in two space-
dimensions. For the sake of convenience, we provide a brief justification of the precise inequality which
is employed here.

Specifically, for any k € Z and 2k < R < 2%*1 we estimate that

o0 o0
i(2_ (1-2
lullzee < IISgullzee+ 3 N Aullzee <2 ull 2+ > 2G| VullLs < Rlullz + RO | Vul| o,
which yields, upon optimization of the interpolation parameter value R > 0, the Gagliardo—Nirenberg
inequality
-2)/2(p—1 2(p—1
lull ooy S Nl sy P~ Va2 5071 (3-16)
for any 2 < p < oo.
Then, combining this convexity inequality with the estimates from Lemma 3.6 and recalling the
equivalence |Vu||L» ~ ||@|L», because u is divergence-free, concludes the proof of the lemma. O

Remark. Note that the proof of (3-16) can be adapted to establish, for any divergence-free field u, that

-2)/2(p—1 2(p—1
lull ooy S el gty SN0 x| 2,501 (3-17)

for all values 2 < p < oco. Indeed, this follows from the observation that

o (2 _
1Az S 27 AV xuf oo 2 GV IV xul| 0,

provided divu = 0.

3.5. Control of high-frequency damped electromagnetic waves. The following result follows from a
simple but careful combination of the damped Strichartz estimates for high electromagnetic frequencies,
established in Section 2.3, with the paradifferential product estimates from Lemma 3.4.

Lemma 3.8. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, Bo)
and some divergence-free vector field u, with the normal structure (1-2).

Then, for any exponents 1 < p <q <00, 2<r <ooand 1 <n < 0o which are admissible in the sense
that
+

>

: (3-18)

N | =
N[ —

SELS

one has the high-frequency estimate over any time interval [0, T) for any 0 < o < 1 and s < 2, with
a+s>0,

I(E, B) ”Z? BsasT/ay/en
1(1 1 2 1(1 1 1 1
<c3G-9)-2 o sG-H+2(5-D—1 11-a a o
<c r 4||(E0,BO)||B;;¢?:>1 +c r L ”u|L?oBgoo”u”Ltooleoo ”B”L;’Béoo
In the endpoint cases « = 1 and o« = 0, one also has the respective estimates

I(E, B)llzzt/Bi;g/z)(l/z—l/r)

1(1_1)_2 L(l_1yjo(l_1)_,4
s G0 (Eo, Bo)llgy  +c2E G0 ) e gy IBlzpgs  (319)
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forany —1 <s <2 and

=

I(E. B)l|54 gs—r/a13/0n <2 GG [(Bo. Bo)l| jot +c2G™I2G=D) " o [1Bll70 4
Lt Br,n.> ~ B2,n,> Lt B2,oo Lt B2.n
Jorany 0 <s < 2.

Proof. Considering Maxwell’s system (1-15) and applying Corollary 2.12, with 7 = 2 and § = p’, yields
the high-frequency estimate

2 2_
)= (I87(Eo. Bo)ll 2 + 77 1A Pux B)l|pp2)

‘:\—-

_jé(l_%) ) < l(l
277232 ||AJ(E,B)||L;1L§C Sce2?

for all j € Z with 2/ > g¢, where 1 < p <q < oo and 2 <r < oo must satisfy (3-18). It is to be
emphasized that, thanks to the damping phenomenon in (1-15), all estimates here hold uniformly over
any time interval [0, T"), where T = oo is allowed.

Next, summing the preceding estimate in j and utilizing the paradifferential product law (3-13), we
deduce that

1102750652 C 2G| A (. B) | o 11 |

1cl1_1y_2 1le1_1 1_1y_
$cd77) ‘1||(EO,BO)||B§n>+CZ(2 DTG P Bl g

A

L(4-1)-2 L AUDRG-D g
c2\27r q||(E0’BO)||B§,n,>+C2 277 P 4 ||u||Llo,oxﬂL(l>ole,OO||B||L{JB5,H

for any —1 < s < 2. If, instead of using (3-13), one employs the paradifferential product law (3-12), then
one arrives at the estimate

: _ 743
|1007 2002 CTO3 43 A (L B)| oy |

<A GD70)(Eo, Bo)l gyras + G P2GmD P ux Bl p oo
(4-

D=
M\—
\\—

c

A

2 2(L-1)y—
)“||(E0,Bo)||3v+al+02(2 267D ullzoo o 1Blzr g5

A

1(i-1)-2 +2(L-1)—1
AT (Eo. Bo)l gract +¢2 T POTD gy ulbe sy 1Bz -
which is valid for any 0 < o < 1 and s < 2, with o + s > 0, where we exploited the fact that L°°B2 1 1s
an interpolation space between L;"’B2 oo and L?OBZI’ oo (see [Bergh and Lofstrom 1976] for details on
interpolation theory).
Similarly, the case o = 0 yields

i(s—Z4+ 3
Hl{zjzac}zj(s 4‘|‘2r)||Aj(E,B)“L?LfC l
lcl_1y_2 lc1_1 1_1y_
Sc2(2 r) qll(EO’BO)||B£711 +C2(2 r)+2(p (I) 1||P(MXB)”Z;’B£;1
1

ll_1y_2 +2 1)_q
<2G770(Bo, Bl g1 +e2C7 2670 o 1Bz

for any 0 < s < 2. This completes the justification of the high-frequency estimates. O
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3.6. Control of low-frequency damped electromagnetic waves. The statement of Corollary 2.12 has
clearly emphasized how solutions to the damped Maxwell system enjoy intrinsically different properties
on the distinct ranges of low and high frequencies.

In particular, the combination of Corollary 2.12 with the paradifferential Lemma 3.4 resulted in the
nonlinear high-frequency estimates of Lemma 3.8. A similar strategy based on the same corollary could
now be employed to deduce suitable nonlinear low-frequency estimates.

However, in the next lemma, we are instead going to exploit the refined estimates established in
Corollary 2.14, which are a consequence of the maximal parabolic regularity studied in Section 2.2, to
obtain a sharper control of low frequencies. This will lead to stronger statements of our main theorems.

Lemma 3.9. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eg, By)
and some divergence-free vector field u, with the normal structure (1-2).

Then, for any exponents 1 < p <q < oo and 1 <n < 00, one has the following low-frequency estimates
over any time interval [0, T). Forany0 <a < land s <2, witha +s > 0,

_2 _
IEN g sypet S 71 Eoll gyrec + ¢~ | Bol gysasa
2 1
+ O 2y sy 1Blpsy .
||B||Lq sha+2/a= 2/p S _IHEO”B;;l’XJI*z/P+”BO||BS+(X*2/p
]

1o IulSsy Bl - (320

In the endpoint case o = 1, with —1 < s < 2, one also has the estimates
. -3 . -1 2(5—¢)-1 . .
||E||L;135’n’<56‘ 4 ”EOHBE - +c ||BO||BS+I —2/q¢ +¢C ”u”L?.oxmL?ole.oo”B”LfBé,n’ (3-21)

aswell as, if p<q,

1Bl gypizas—ro S Eoll gz + Bollgger=o + Wil ey VBl
and, if p=gq,
‘_1 . .o . . -
||B||L73§j;}< Sc ||Eo||35j1_2<—2/q + ||Bo||332}<—2/q + ”“”L?f’xﬂL,”le,oo ”B”L?Bé,n' (3-22)

Finally, in the remaining endpoint case o« =0, with 0 < s < 2,
1Ell g pg-1_ S € @NEol g1+ Boll gs—2sa + 2070 ul oo jo 1Bl p s
n.< 2.n,< 2.q.< i P2.00 t P20
aswell as, if p<q,
||B||Lg35’+1‘2</q72/p < C_lllEollgin}QZ/p + ||BOI|B§;?QJ Flullpeepy NBllLrgs
and, if p =4,

. -1 . . . . -
1Bllog,  Se™ 1ol gyor-oia +1Boll gy + lullpgopy IBlgay,  (3-23)
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Remark. The devil is in the details. In the statement of Lemma 3.9 and its corresponding proof below,
we have paid painstaking attention to the summability index of Besov spaces, occasionally referred to as
the third index. Thus, in the above statement, sometimes the third index is ¢, other times it is 7, 1 or oo.
Either way, we believe that these defining values of Besov spaces are optimal, which is a crucial step to
reach sharp statements of our main results.

Proof. Let us consider some fixed regularity parameters s € R and 0 <o« < 1.

On the one hand, an application of Corollary 2.12 with r = 7 = 2 (note that this is the best possible
choice for r and 7, since all other estimates for values 2 < r, ¥ < oo follow from the case r =7 = 2 by
Sobolev embeddings) and § = p’ gives

Js+a—1) A . -3 ) -1 ) 2(5—4)-1 .
2 1Aj EllLg 2 S el Eoll gytanr + el Boll gyra—zra + e a7 Pux B p py+as
and

. 2_2 —
2 TN Bl 5 ¢ ol yrosi-2in + 1Bol yrazin + 1PGx Bl p pyra

for all j € Z with 2/ < oc, where 1 < p <q < o0.
On the other hand, employing Corollary 2.14 yields

j —1
H 1{2-/ <%ac}2j(s+a ) | AJ

Ellz2 HL"M
<c q||Eo||Bé+a v+ ¢ Boll gytaasa +c 2(5-4)- Y Px Bl p gy
forany 1 < p <g <ooand 1=<n < oo, as well as

Jlsta+2=2)nA .
11 <102 CHH TR0 2Bl 13 | g

St ||EO||354;0(<+1—2/D + ||BO||B;J20¢<—2/D + | P (u x B)HLfgétg—l

forany 1 < p < g < 00, and
Js+a) | A . -1 . . .
Hl{z_;g%gc}l A B2 ”Lm <c “EOHB;j,f”jl‘”" + ||Bollng;ix<—2/q + | P(ux B)llL;zBivfna—l

forany 1 <g <ooand 1 <n < oo.
On the whole, combining the above estimates, we arrive at the conclusion that

11 g gyras S <0 NEoll gyt + ¢ 1 Bol yraasa + 25707 P x Bl p pysecs
forany 1 < p <g<ooand 1 <n < o0, as well as
||B||L;11§§fgf¥j2/q—2/p N ||Eo||Bs+a+1 —2/p + IIBollBs+a —2/p + || P(u x B)||Lva+a 1
forany 1 < p < g < 00, and
1BllLg pyte S ¢ ol gyrati—2ra + |1 Boll gyra=zsa + 1P (u X B)| g gt

forany 1 <g <oocand 1 <n < oo.
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We are now going to apply the paradifferential product inequalities from Lemma 3.4 to the three
preceding controls. More precisely, setting o« = 1, restricting the range of s to (—1, 2) and utilizing the
product law (3-13) to handle the nonlinear term u x B, we obtain

. -7 : o1 2(5-3)-1 : .
”E”L‘t])_!;;,n,< Scoa ”EO”BZYH ”BOHBS'H —2/9 +¢C ”u”L?,oxmL?ole,oo”B”Lf)Bg,n
forany 1 < p <g <ooand 1 <n < oo, as well as
o1
1B g gyt 1427a-2/0 S ¢l Eoll gy+2-2/p + | Boll gg1-2r0 + Ml oo npoopy I1Bllras
forany 1 < p < g < 00, and
—1
”B”L?BS,T,L Sc ”EOllngfgz/q + ||Bo||3~2vf;}<—2/q + ||M||L;>3(,—1L;>0321!00||B||L;135’n

forany 1 <g <ooand 1 <n < oo.

Similarly, choosing parameters 0 < o < 1 and s < 2, with & + s > 0, utilizing (3-12) instead of (3- 13)
and exploiting again the fact that L9° Bg’l is an interpolation space between L$° B 0 oo and L°°le o W
find that

2
-2 -1
|Ell g pytact < €71 Eoll gyrac + " 1 Bol gypava
1
+ PO 2y Il 1Blipsy
forany 1 < p<g<ooand 1 <n < o0, as well as

181y gysasara—aso S ¢ 1 Eol gyasizrm + 1 Boll pytazarn + Il Lye Nuloosy IBlpsy

forany 1 < p < g < o0.
Finally, the case a = 0, with 0 < s < 2, is handled with the same product estimate (3-12) and results in

1B <4 NEol g+ 1Boll gyara + 0 ul oo go 1B, p 5,
forany 1 < p <g <ooand 1 <n < oo, as well as
||B||Lqu+2/q —2/p S ”E()”BA-H —2/p + ||B()||Bs ~2/p + ||u||LooBO ”B”LfBi,oo
forany 1 < p < g < 00, and
1Blggsy, < e NEoll gyersa + I Boll gyaza + Nl o gy _1Blosy
forany 1 < g < oo and 1 <n < 00, thereby completing the justifications of all low-frequency estimates. [

Note that the estimates from Lemma 3.9 do not include the value ¢ = oco. Rather than providing a
technical extension of the preceding proof to incorporate the value ¢ = 0o, we show in the next result a
simple energy estimate on Maxwell’s system (1-15), which corresponds to the case ¢ = co in Lemma 3.9.
This energy estimate allows us to propagate the H Y _norm of electromagnetic fields, which will come in
handy in the proof of Theorem 3.1 below.
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Lemma 3.10. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eg, By)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimates
1CE. Bl oy + €N Ell 20 < 1(Eo. Bo)l gy + Il o2 1V B2 2o
1—a o
ICE B)lge iy +cIE 3 < 1o, Bl gy + 1l %50 locgy 1Bl 2azee (324
ICE. B)ll o gy + €N EN 20 < 1o, Bo)l gy + Wl s poe s 1Bl 2100
over any time interval [0, T) forany 0 <« < 1.

Proof. We perform a classical energy estimate on (1-15). More precisely, defining
(E,B):=(VxE,VxB),
we observe from (1-15) that (E . B ) solves the system

%8tE—VxE+ocE=—on(uxB)=a(u-V)B—0(B-V)u,
19 B+VxE =0,

where we employed the fact that ¥ and B are divergence-free fields. In fact, the preceding step holds in
any dimension d =2 ord = 3.

However, restricting ourselves to the two-dimensional setting and assuming that the field (u, E, B)
satisfies the structure (1-2) allows us to discard the term (B - V)u. To be precise, we now have that (E , E)
solves

%8tE—Vx§+ocE= —oux B,
19:B+VxE=0.

Thus, multiplying the first equation by E, the second by B and integrating in time and space, we deduce
that

L7 5 2 =2
E”(E’ B)(T)”L% + O—C”E”L%([O,T);L)zc)

| 2 = ~
= Z”(E’ B)(O)”L% + o lu x B”L%([O,T);LJZC) ||E||L%([0,T);LJ2C)

15 7 2 o =2 oc =12
= 5 IE-BYOgz + 5l x Bl qo.ryie2) + 5 1E Iz q0,my:22)

Further employing the fact that

ICE. B)ll g = I(VE. VB)ll 2 = I(E. B 2.

we arrive at the estimate

ICE. BYT) 2y + 0N E s o ety = N(Eo BOIyy +0lux BI2s 0 101

2

Therefore, the proof will be completed upon controlling the nonlinear term ||u x B || 12(0.TY:L2)"
t ’ =X
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To this end, an elementary application of Holder’s inequality first leads to
[l x B”L%x = ”u”L?OL% ||VB||L%L§°’

thereby completing the justification of the first estimate of the lemma.
Alternatively, following the proof of Lemma 3.9, one can use the paraproduct estimates from Lemma 3.4
again. More specifically, utilizing the product law (3-13), we obtain

lx Bl 2 = 1P Bl 21 S Il s ooy 1B l2p0:

Similarly, choosing a parameter 0 < o < 1, utilizing (3-12) instead of (3-13), and exploiting the fact that

1

oo pa ; ; oo RO 00 L
L7° B3 , is an interpolation space between L7° B, , and L7°B, .

we finally infer that

B — < . . < lI-a o .
lx Bl = 1PGx By S Wellgoiig 1B g3 S Il ISy 1B loa3-0,

which concludes the proof. O

3.7. Almost-parabolic estimates on the magnetic field. In the singular limit ¢ — co, Maxwell’s equa-
tions (1-15) formally converge towards the parabolic system

9, B +(u-V)B—éAB — (B-V)u,

where we employed the fact that u and B are divergence-free. This holds in both dimensions d = 2
and d = 3. Further assuming the two-dimensional normal structure (1-2), the preceding system reduces
to the simple transport-diffusion equation

8,b+u-Vb—éAb:O,

which satisfies the energy inequality
1 1 1
SIBDIZ, + 219612, = 21bO)2, (3-25)

for all T > 0, at least formally.

The estimates provided by Lemma 3.9 fail to fully capture this asymptotic parabolic behavior of
Maxwell’s equations, because they always contain a control of the nonlinear term u - Vb, whereas this
term does not contribute to the energy dissipation inequality (3-25).

The next result establishes a singular almost-parabolic energy estimate for Maxwell’s system (1-15)
which recovers the classical a priori estimate (3-25) (up to multiplicative constants) for the heat equation in
the limit ¢ — oo. This is crucial to our work, as it will allow us to construct solutions to the Euler—-Maxwell
system (1-1) for arbitrarily large initial data as the speed of light ¢ tends to infinity.

Lemma 3.11. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, Bo)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimate

IBllpeor2 +1VBIlL2z2 < 1Boll2 +c7H[(Eo, Bo)ll g1 +C_1||M||L<;OL§||VB||L%L§<> (3-26)

over any time interval [0, T).
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Proof. First, we observe that taking the curl of Ampere’s equation in (1-15) and then employing Faraday’s

equation to substitute V x £ = —(1/c¢)d; B, when necessary, leads to the system
39,B+ (u-V)B — éAB —(B-V)u+ éa,(v « E),

where we have also used that u and B are divergence-free. This holds in any dimension d =2 or d = 3.
Then, further assuming that (u, £, B) has the two-dimensional normal structure (1-2) yields

0b+u-Vb—Lab =13, (curl E).
o oc
Now, the elementary observation that
/ (u-Vb)bdx = l/ u-V(b?) dx = —l/ (divu)b? dx =0,
R2 2 R2 2 R2

which is a consequence of the incompressibility of u, allows us to deduce the parabolic energy estimate

1d [ pogeid e Ld 1 2 _
3 sz dx—i—O/Rz|Vb| dx—cht /Rz(curlE)bdx—i—O/Rz(curlE) dx, (3-27)
where we used Faraday’s equation again to substitute d;b = —c curl E.

Then, integrating in time, we infer that

1 2

<1 1 _1 1 2
2||b(0)|| + o /Rz curl E(T)b(T) dx oe /W curl £(0)b(0) dx + - ||curlE||L%([0’T);L)2()

1 1 1
= 3 IBO)I2, + FUBO)Z, + 16T)I2,) + 5 IEOIZ, + IETIZ) + S1E 0 1.1y

which leads to

1 1
Z”B(T)”i% + E”VB”i%([o,T);L%)

3 1 1
= 31Bol; + =55 1ol + =5 (IEDI, +olcE|2 (3-28)

L3([0,T);H} ))

Finally, combining (3-28) with the energy estimates (3-24) shows that (3-26) holds, thereby reaching the
conclusion of the proof. O

Remark. The identity (3-27) contains the crucial calculation which enables us to extract a uniform bound
on B in L%H Y with remainder terms of order ¢~!. This estimate will play an important role in the
control of the low frequencies of nonlinear source terms in the Euler—-Maxwell system.

3.8. Proof of Theorem 3.1. We proceed to the proof of our first main result— Theorem 3.1. Recall
that we are taking the liberty of assuming, for simplicity, to be dealing with a smooth solution (u, E, B)
of (1-1) for some smooth initial data (u¢, E¢, Bo), and that the justification of the theorem is only fully
completed by relying on the approximation procedure laid out in Section 3.2.
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Our proof hinges upon the preliminary lemmas established in Sections 3.4-3.7. Accordingly, we begin
by carefully gathering all the relevant estimates on an arbitrary time interval [0, 7). We will then move
on to construct the energy functional which will produce the uniform bounds we are seeking.

Control of velocity field. The control of u is obtained from Lemmas 3.6 and 3.7. Recalling the equivalence
[Vu|pa ~ |lw|pa for any value 1 < a < oo, these lemmas provide the estimates

lell o g1 S Tutol gy + 15122 VBl 2 e

.12 . 1—2
lelsogirpr = Mol + 1707 17150 IV B2 e
’ (3-29)
—=2)/2(p—1 2(p—1

Jullzs,

LPL: LoW,?
—2/2(p—1 02 12 2(p—1
S W2/ gl 4+ 152 L1522 N9 Bl 50070,

where 2 < p < o0 is a fixed value.

Control of high electromagnetic frequencies. The control of high frequencies of (£, B) is obtained from
Lemma 3.8. Specifically, setting s = % in (3-19) allows us to deduce that

3 1
TI(E, B)|| 700 £ “ICE, B)liz2 5 BBz s
CHNE. Blizoosgrs +HIE Bligzsgre +IE Blizzs
_3 -3
Se B, Bolllgzrs e ull e appe my 1Bl E2 g7

Then, further decomposing high and low frequencies in the last term above, we obtain

72nl1 T72p2
LtBZ,oo,< Lt Bz,oo,

1/4 3/4
S oy A LI P
B !< T

Bll=s 27/ <||Bll=» » Bll=» - <||B Bll~» -
1Bl 375 S 1Bl 270+ 1Bl 57 <8I _+ 1Bl s

which yields the estimate
_3 1
HNE Blizoe g+ IE B g2z +1E Bz

-3 -3 1/4 3/4

< 4 X 4 . . . ~ -

S Ao, Bo)lggrs_+¢ Il g ooy (1B s I1BI 5 + 1Bl 57 ). (330
Observe that the choice of regularity parameter s = % is dictated by the need to control VB in L2L%°, as
anticipated in the strategy presented in Section 1.3. Further notice that it is therefore crucial to be able to
set a regularity parameter s with a value greater than one in (3-19). This flexibility comes from the use of
the normal structure (1-2), which we exploited in the product estimates established in Section 3.3.

Control of low electromagnetic frequencies. The control of low frequencies of (E, B) is deduced from
Lemmas 3.9 and 3.10. Here also, the choice of parameters is dictated by the need to control VB in L2 LS°.
Thus, since 322 1([F\Rz) 18 contained in L°°(IR2), one could, for instance, set s = 2 in (3-23), which gives
. < 1 . . o .
1Bll2sz,_ Se ™ IEollsz, _+1Bollsy,  +lullzsera | Blzsz -

But, due to the coefficient |u|| 1oL such an estimate would eventually lead to a smallness condition,
uniform in ¢, on the initial energy £y, which is not desirable. Therefore, instead, we employ (3-20)
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and (3-22). More precisely, by setting s = 1 in (3-22) and s = 2 — « in (3-20), for any choice 0 < o < 1,
we obtain the respective estimates

-1
1Bllzsz, _ Se™ NEollzz, +1Bollgy, +lullpgenpsortlBlliza -
. < -1 . . . 1—0{
1Blzss, S Bollgy, +1Bolly, +Iulp2 oy 1B 5 I1BIE:

In fact, it is possible to straightforwardly adapt the proofs of the above estimates to derive the more useful
combined control, where we split the high and low frequencies of B in the right-hand side,

1BlL253, _ Sc™ IEollgz, _+1Bollzy, + Il npse s 1lpps toe B2,
+ ||u||LooL2 ]l L®H! “1{|D‘<%“}B”Z%BZI,OO ||1{|D|<%GC}B||II‘§%22,OO
S (B0 Bo)l gy + Il s oy (¢ 1Bl 2gz,_+e 4Bz )
el I DB B 12 - (3D
Further combining the preceding estimate with the energy estimate (3-24) from Lemma 3.10, we obtain
1B, B)ll o gy + €I El 20 + 1Bl 252 _
S I(Eo, Bo)ll gy + llull oo oo (C_1||B||L;322.1’< +c_%”B”ZZB;{;f>)
2 el DB 5y 1817

Finally, by a classical use of Young’s inequality ab < a@a'/® 4+ (1 —a)bY/1=®)  with a, b > 0, aimed at
absorbing the term || B ”Lng . with the above left-hand side, we conclude that
1CE. B)ll oy + €N E 201 + 1Bl 253
S (B0, Bo)ll gy + Il o rpgory € NBl 252+ 3Bz 5 )
-l e el e g 1B N2y (3-32)

Parabolic stability of magnetic field. The parabolic stability of the magnetic field comes as a result of the
almost-parabolic estimates established in Lemma 3.11, which we conveniently reproduce here:

18121 < 1Bollz2 + ¢ I1(Eo. Bl gy + ¢ lull 219 Bl 20 (3-33)
This estimate will serve to control the term || B[, 2 ;1 in (3-32).
rx

Ohm’s law estimate. Finally, we need to employ Ohm’s law from (1-1) to control the electric current j.
More precisely, by Ohm’s law and the normal structure (1-2), we have

12 S €lE 21 +1P@x B 21 S e lE 20 + Ml oo 2 I VBl 2. (3-34)

which will be used to control || j || L2A] in (3-29).
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Nonlinear energy estimate. We are now in a position to derive the global nonlinear energy estimate
which will yield a uniform bound on solutions to (1-1). Thus, inspired by the above set of estimates, we
introduce the energy H(f1,t2), with 0 < t; < f,, by setting
— , (p—2)/@(p=1)), 1 2/Q(P-1)  —3 . i .
H(t1.12):= [l o g +E5 Il S e AN E. Bl e s +eHIE. B 2 pys
+ICE B)ligzgr +IE B)lpeoggy +clEl2gr +11Blp2p2

where all time-norms are taken over the interval [t1,?2). Since (u, E, B) is assumed, without any loss
of generality, to be a smooth solution of (1-1), observe that (¢, #2) is continuous on {0 < ¢} <t»}. In
particular, we can further define the continuous function

— — — _3
HO:=H(t.) = [u® g +&" " CC a2 4 IEBYO s +IE. B 1

for every ¢t > 0. Note that
H(t) < H(11,12)
for all ¢t € [t1, t2].
It will also be useful to assign the notation

J(t.12) = ||j ”L?.x

to the dissipation produced by the electric current in (1-3), where the L2-norm is taken over the time-
interval [t1, 1), as well. In particular, one has the uniform bound

1
T =(Z) & (3-35)
by virtue of the energy inequality (1-3).

Observe now that all the above estimates, which were stated on the time-interval [0, T"), could equally
well be written over any other finite time-interval [¢1, ¢2), provided one replaces the initial data (uq, Eo, Bo)
by the data at time ¢;. Thus, employing the energy inequality (1-3), the energies H(z1,1>) and H(¢), and
the embedding

IVBlg2 e < 1Blizpr  SIBlizgz, +1Blpg = H(nb),
one can write the parabolic stability estimate (3-33) as
1Bl 21 < €0+ Hit) + ¢ &M (1, 12) (3-36)
and the Ohm’s law estimate (3-34) as
17Nz g1 = (1 + E)H . 12), (3-37)

which are linear in H(¢1, t2).
Then, incorporating the linear estimate (3-37) into the velocity control (3-29), we obtain

||M||L§>oH; SH(t) + T (1, 2)H M, 12),
(3-38)

pP—2 p P

= > == _p=2_ 1
lllzgs, < &7 lull [2 2 S HED) +E57 (14 £) 2P0 T (1. 12) 7T H (11 12).
P x
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Furthermore, the use of (3-36) and (3-38) in the high-frequency control (3-30) leads to
CHNE. B g gy +cHIE B)Ipagys +I(EB)lpag |

SH(t) + T IH(1, 1) (Eo + ¢ TVH(T) + ¢ EgH (1, 12) FH(1, 12)F + ¢ T M1, 12)?

SH() + T IE () F + T 1+ E DM, 1)

S H(1) + AH (11, 12) + 273 P H . 0)? + TN+ 6/ (. 1) (3-39)
for any A > 0, whereas a similar procedure applied to the low-frequency estimate (3-32) yields

ICE. B)l oo gy + el Ell 2y + 1Bl 252,

SH(N) + T HnL )P+ 53/11—1(%(“) + T (t1, ) H(t1.12))(Eo + ¢ H(t1) + ¢ EoH (11, 12))
S (14 &/ YH1) + &/ T (. )M 1) + (14 & e H(t1. 1) (3-40)

All in all, summing estimates (3-38), (3-39) and (3-40) together and setting A in (3-39) small enough
that the term A#(#1,2) can be absorbed by the resulting left-hand side, we finally arrive at the crucial
nonlinear energy estimate
(1. 12) S AHEY VM) +(1+E4) T (01, )M (11, 12)
- - — — 1 -

4P (4 P2/ 71y )T H(1, 1)+ (1+E* e H (1 1)

for any 0 < #; <1,, which, using (3-35), can be slightly simplified to
- - 1
H11.12) < a1+ &/ V(1) + Cu1 4+ &* T2 711, 12) 75T (11, 12)
+Cu1+& e M), (3-4D)

where Cx > 0 only depends on fixed parameters (in particular, it is independent of time, the speed of
light ¢ and the initial data). We are now going to show that (3-41) leads to a global bound on H(#1, #2).

Conclusion of proof. Let us consider a partition of time
O=ty<ti < <ty <ty41 =00
such that, foreveryi =0,1,...,n—1,

— — 1 — — _1
Cul &P (1 t1) 7T = 3 and - Cul1+ &™) g0y 14 ) 77T < 5.

In particular, by virtue of (3-35), one has, for any ¢ € [t;,#;+1] withi =0, 1,...,n, that
. i—1
1 2 2 0 -2
= [ < to,1)” < =&5. 3-42
(2Co (1 + €12 P=DT=Dy 5 kX:;) Tt tir)” = It D7 = 54 (3-42)
It then follows from (3-41) that
H(t, 1) < 2Cx(1 4 EFYHE) +2C (1 + 3 e M (11, 1)? (3-43)

foralli =0,...,nandt € [t;,ti+1]
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Next, for fixed i, we introduce the quadratic polynomial

PX) =2Cx(1 4 £ e X2 — X 4+ 2C.(1+ £V H (1),

whose roots

1 VI 16C2(1+ &Y (1 + &/ H @)
4C.(1 4 £}/ F et

At

are real and distinct, provided
c
H(4) < : (3-44)
UT16C2(1+ AN (14 1/

Observe that (3-43) can be rewritten as
p(H(ti, 1)) >0

for all ¢ € [t;, t;+1]. Therefore, by continuity of H(¢;, ¢) and assuming that (3-44) is satisfied, we deduce
that H(t;,t) < A_ forall t € [t;, t; 1] if it is true for t = 1;, i.e., H(t;) < A_.

Now, it is readily seen that (3-44) implies #(#;) < A_ if we assume, without any loss of generality, that
2C(1 + 53 / *) > 1. Thus, by continuity of ¢ — H(t;, 1), we conclude that (3-44) is sufficient to deduce
the bound

H(1) < (1. 1) < Ao < 4Ca(1+ /) H (1)

for all ¢ € [t;, ti+1], where we used the elementary inequality 1 —+/1 —z < z for all z € [0, 1] in the last
step. Then, a straightforward iterative process leads us to the estimate

H(ti,1) < 4CH(1+ EYYH(1) < [ACe(1+ £/ T M (10)

foreachi =0,1,...,n and all ¢ € [t;, t;4+1], if the initial data satisfies
c

ACK(1 4 £ THACL(1 + £)/))i+1

H(to) <

Further noticing, for any ¢ € [¢;,t; +1], that
i—1
Hlto.1) S H WG 1)+ Y il le41),
k=0
we conclude, in view of (3-42), that one has the global bound

! 4C, (14 gMoyi+1 g
HO.0) < S AC (1 + £/ IH(©) = 4Ca (1 + g1/ B0 &)

#H(0)
= AC (146" —1

<2[4C+(1 + g&/a)]i—i-er(O) <2[4C+(1 + 55/0‘)]1+[2C*(1+Eé/a+(p_2)/(1’_1))]2(p—1)j(0,t)27_l(0),

provided
H(0) <

c
4C*(1 +g&/a+1)[4c*(1 + gé/oe)]1+[2C*(1+gé/oz+(p—2)/(p—l))]2(p_1)(0/2)53
c

<
ACK(1 4 £/ THACL(1 + £3/%)]1+n
holds initially.
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Summarizing the preceding developments, we have now established the existence of an independent
constant Cyx > 0 such that, if the smooth solution (u, £, B) has initial data satisfying

4CL (14 £/ TACL (1 4 £ HRE (4SRRI OGS 1 0) <, (345)

then the bound

1 -2 —1 _
0/a+(p )/ (p ))]2(p 1)j(0’t)2

H(0.1) < 2[4C, (1 + £/ HHRC-(+6 #(0) (3-46)

holds globally for any ¢ € [0,00). In view of the approximation procedure laid out in Section 3.2,
this uniform control allows us to complete the construction of solutions claimed in the statement of
Theorem 3.1.

Moreover, observe that all global bounds on (u, E, B) stated in (3-2) are a direct consequence of (3-36)
and (3-46).

Finally, in order to deduce the simpler initial condition (3-1) from (3-45), there only remains to notice,
for any given ¢ > 0, by taking 0 < ¢ < 1 and 2 < p < oo sufficiently close to the values 1 and 2,
respectively, that

4C* (1 + gé/a+l)[4c* (1 + g(}/a)]1+[2C*(1+gé/0(+(l7—2)/(17—1))]2(17—1)(0—/2)53 S C**ec**gg+8
for some large independent constant Cyx > 0. Then, since the global bound (3-46) holds for that particular
choice of p close to 2, one can use the ensuing uniform controls on the solution (1, £, B) in combination

with (3-29) to propagate the L%-norm of the vorticity  for higher values 2 < p < oo, which completes
the proof of Theorem 3.1. O

3.9. Proof of Theorem 3.2. The proof of Theorem 3.2 is a continuation of that of Theorem 3.1. Thus,
assuming that the solution (u, E, B) produced by Theorem 3.1 is already constructed, we observe that
Lemma 3.6 provides us with the additional bound

lo@)llLe < 0Ol + 17 22q0,0);252) IV BllL2(j0,0);1.5%)
< “a)(o)”L?f’ + (”] ”LZ([O,t);Bgo_l 2) + ”] ”LZ([OJ);B& . >))||VB||L2([O,t);L§°)

for any ¢ > 0, which, when combined with Ohm’s law, the two-dimensional embedding 321,1 C Bgo,l and
the paradifferential product law (3-14), further yields

oz £ 1oz + ilzgy, +elElz50  +1PGx B2 VB2
SloOlege +(clillzge  _+1EIL251
+lullpge 2 1Bl 251+ Nl oo g1 BllL2 ) IVBIIL2 Lo

Now, recall from (3-3) that VB belongs to LZ(R™; Bgo’l) C L%(R™; L%). Therefore, by virtue of
the energy inequality (1-3), the global bounds (3-2) and the assumption that the initial vorticity belongs
to LY, we conclude the pointwise boundedness of w(¢) for all times.
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Observe, though, that the ensuing bound w € L7 is global in time, but it is not uniform in c. Never-

theless, it is possible to derive another global bound on the vorticity in L8

t» uniformly in ¢, by employing
Ohm’s law to control j in L%le’L - and requiring the additional initial assumption that Eo € 321,1.
Specifically, the use of Ohm’s law to expand the low frequencies of j leads to the necessity of
controlling ¢ E uniformly in the space L%BZI,I, -, which can be achieved by relying on the low-frequency
estimates from Lemma 3.9. More precisely, by combining (3-21), with s = 1, and (3-20), with s =2 —«

and 0 <« < 1, it is possible to establish, by repeating the steps leading to (3-31), that

cNEl 25y, . S IBollgy, +1Bollgy + il oo € IBl 252+ HIBlz 570 )
Il e 1B 1B 7S
All terms in the right-hand side of this estimate are now uniformly controlled (in ¢) by the bounds (3-2),
provided one further assumes that the initial data E¢ belongs to lel This concludes the justification of
the bound w € LYY,
We turn now to the uniqueness of solutions to (1-1), which rests upon Yudovich’s fundamental ideas.

uniformly in c.

To that end, suppose that
(uj, Ej, B;) € L°°([0,T); L2),

withi =1, 2, are two weak solutions to the two-dimensional incompressible Euler—-Maxwell system (1-1)
for the same initial data and for some existence time 7" > (0. We are going to establish a weak-strong
uniqueness principle by requiring a control on the solution (u5, E2, B») which is stronger than the one
on (u1, E1, By).

In a natural way, we denote the vorticities and electric currents associated to each solution by w; and j;,
respectively. Furthermore, we assume that each solution satisfies its corresponding energy inequality
(1-3) and that

up € L2([0.T): L), wae () LY(0.T):LY). jreL'(0.7):LY).
2<g<oo
By virtue of the Gagliardo—Nirenberg inequality (3-17), recall that the above bounds are sufficient to
imply that
up € L*([0, T); L)

as well. Note that we are not requiring here that the solutions have the normal structure (1-2).
Next, a straightforward duality argument on (1-1), similar to the computation which gives the energy
inequality (1-3), leads to

di/ (”1'”2+E1'E2+Bl'32)dx+2/ Ji-j2dx
I Jp2 0 Jr2
= —/2(u2®(u1 —u3)):V(up —uz)dx
R

[ (U= 2% (B1 = B) 2= 2 X (B = B 1 —w2) .

It is to be emphasized that the solutions considered here have sufficient regularity and integrability to
justify the above computation rigorously.



1372 DIOGO ARSENIO AND HAROUNE HOUAMED

We introduce now the modulated energy

Fo(t) := 2@ 12> + IE@) 125 + |1 B()]122) + .
where

U=1ujp—1uy, E:= Ey - Es, B:= By — Ba,

and & > 0 merely ensures the positivity of Fg.
Then, integrating the preceding identity in time and combining the result with the energy inequality (1-3)
for each solution, we deduce the estimate

1 [ 2
Fon)+ 1 [0 @I, de
t

58—// [((@-Vuz) i + (j X B) -uz — (j2 x B)-t](r) dx dt
t

<e+ / IVazll g NN T 21257 d e + /0 1712200 B 122 luzllzee + 1 2llese 1Bl 2 il 21 d e
1 (' -

<e+ ||Vu2||Lq||u||2/q||u||2/‘1 di+ [ 17 @I?, dr
20 0 X

t
(O T . 5 ~
+/O [S1B12, 2l oo + 12 Nese I Bl 2 Il 2 | d

forall 7 € [0,7) and any 2 < ¢ < oo, where we have defined | := j; — j».

The next step relies on a classical sharp estimate on the Biot—Savart law (1-14). More precisely, by
exploiting that the map @ > V(—A~!V x w) = Vu produces a Calder6n—Zygmund singular integral
operator, it is possible to show that

a2
Vil pa@wey = CBS—||V X ullpam2)

for all 1 <a < oo and any divergence-free vector field u, where Cgg > 0 is independent of a. We refer to
[Bahouri et al. 2011, Section 7.1.1] for more details concerning the Biot—Savart law and to [Grafakos
2014, Section 6.2.3] for a Fourier multiplier theorem which can be used to obtain the correct dependence
of the above Biot—Savart estimate in the parameter a.

Thus, we deduce from the previous bound that

t
Fs(t)§8+/ 2CBsq||w2||LqIIMIILo'iFa(f)q +olluzllfe + llj2llLg] Fe(r) dx.

Moreover, denoting the right-hand side of the above inequality by G(¢) and observing that it is absolutely
continuous on [0, T"), we obtain

d 7

77 0e(0) =2Cpsqllwz]l Lo IIuIILof’»Ge(t)q +lollualZee + I 2llLse]Ge(t)
for almost every ¢ € [0, T). Therefore, further introducing the absolutely continuous functional

O (t) := Gs(t)e_fé ["““2”igo+||f2||L§O](r) dt
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we see that

d 2oo+ i o d
4 604(1) < 2Casqlonl g TR0, ()7 4 BTl IRl NO dr,

whence

4a
dt
Observe that all technical difficulties incurred when dividing by ®,(¢) 1/4" in the last step are removed by
the use of ¢ > 0.
Now, integrating in time leads to

Fu(t)h < Go(t)h < sot SOl el o2l )0 de
& — & —

1 _12/q — L [Sloluz]? o+l Loo)(x) d T
Oc(1)7 < 2Cps|lwa | ]| 7ade @ 0 Lg Tl RO,

2 .
+2Cas f fon(O)l g (et oMtz R0 ds g

whereby, letting ¢ — 0, we end up with
1. - ~ ~
E(Ilu(l)lliﬁllE(t)llinrllB(l)lliz)

t 2
< (26us [ Toa(ol gl ar) Btz b0

- 2 +1J :
= (Casloalle 0.0 N aqo e 200 Ik 0

5 20 ~12 U||u2|| 2 +||j2”Ll([()' ) L.2°)
<Q2CssllozllL10,0;252) " QCosll2llL2(j0,0);22) Nl T2 g0 1y po0ye — F O DT,

Finally, considering values ¢ € [0, T') such that

1
w2l L1 (jo,0);L.50) < 2Cgs

and then letting ¢ tend to infinity, we conclude that (i, E.B)t)=0, thereby establishing the uniqueness
of solutions on a time interval [0, ¢) for some ¢ € (0, T).

Now, observe that this argument can be reproduced on any time interval [ty, T'), with 7o > 0 and such
that (i, E, §) (to) = 0, to prove the uniqueness of solutions on [tg, t) for some ¢ € (¢9, T'). In other words,
we have shown that the set

t ~ ~
= {z e [o, T):/O IGi. E. BY(s)ll 2 ds =0

is open. Since the function ¢ — f(; |G, E, B)(s)| L2 ds is continuous, the set S is actually both open and
closed. Furthermore, it is nonempty and [0, T') is connected. We conclude that S = [0, T') and, therefore,
that both solutions (11, E1, B1) and (u3, E2, B») match on the whole interval of existence [0, T'). This
completes the proof of the weak-strong uniqueness principle and concludes the proof of the theorem. O

Remark. In view of the estimates on the electric current j established in the preceding proof, it seems
also possible to propagate the boundedness of the B;’I—nomls of the vorticity, with p € (1, 00) and
s =2/ p, by making use of the methods developed in [Vishik 1998] to prove the global well-posedness of
the two-dimensional incompressible Euler system in critical spaces. We also refer to [Abidi et al. 2010;
Hassainia 2022] for well-posedness results of similar models in critical spaces.
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Remark. It is possible to propagate the boundedness of L?-norms of the vorticity for values 1 < p < 2.
Indeed, a variation of the proof of Lemma 3.6 gives

lo®lLz < 10O 2 + 1122022 I VBl o220,

. 2/p—1 2-2
< 10Ol + 172022 IV BIZ ot 120 IV B 20 0y

for any ¢ > 0. It is then readily seen that the terms involving V B are controlled by the bounds (3-2)
and (3-3), whereas the electric current j remains bounded by virtue of the energy inequality (1-3).

3.10. Proof of Theorem 3.3. The proof of Theorem 3.3 builds upon the estimates established in
Theorem 3.1. Thus, following the proof of that theorem, we assume that we have a smooth solution
(u, E, B) of (1-1) for some smooth initial data (u¢, Eo, Bo), and we only derive the bounds relevant to
our argument through formal estimates on (u, E, B), keeping in mind that the full justification of the
result is then completed by carrying out the approximation strategy laid out in Section 3.2.

Now, the proof of Theorem 3.1 establishes that the bound (3-45) on the initial data (¢, Eo, Bo) implies
the global uniform bound (3-46) on the solution (u, E, B). In particular, combining the two inequalities
(3-45) and (3-46), we see that, for any 0 < A < 1, if the initial data satisfies (3-45) with its right-hand
side replaced by Ac, then the solution (u, E, B) satisfies the estimate

Ac

(3-47)
2C.(1+ L/

H(O,T) <

for all T € [0, co). This global bound will come in handy below, with some small but fixed value for the
constant A.

Next, in order to derive a higher-regularity estimate on the field (£, B), we extend the control of high
electromagnetic frequencies (3-30) to higher smoothness parameters. Specifically, a direct application of
estimate (3-19) from Lemma 3.8 yields

1—- 2— I—

NE By 4 NEB)pzgy AN B gy
1-s 1—s . -
¢ ll(Eo, B0)||B§n'> +c ”u”L;’f’XﬂL?"H} ”B”L%Bgﬂ

on any time interval [0, T') for any Z < s <2and 1 <n < oo. Then, recalling that the energy (0, T')
controls the velocity u in L5 N L°°H ! (thanks to the Gagliardo—Nirenberg interpolation inequality
(3-16)) and the magnetic ﬁeld B in L%Bz,l, -, we infer that the last term above can be bounded by

() T)(||B||L2Bl IIBILsz _HIBlgzgs, )

<O, DIUBIZ5 1B 5  +1Blzy )

L232

< TS H(0, TY((Eo + ¢~ 1H(0) + c_ISOH(O, D> HO.T) ™ + [ Blz2gy ).

where we also employed (3-36) in the last step to control B in L%H ;
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All in all, combining the preceding inequalities and making use of (3-47), we arrive at
- - 7_
NE By +TNE B2y T IE Bz g
<! N(Eo. Bolllgy A+ TETIHO.T) e A+ EOHO.T) + AT Bllgagy

Thus, setting the value of the constant A small enough (with respect to fixed parameters only) that the
last term above can be absorbed by the left-hand side, the previous estimate can be recast as

o . 7_
c S”(E’ B)||Z?OB511> *e S”(E, B)||Z%B5n> Tt SH(E’ B)”Z%Béo_?l/i
< " *|l(Eo. Bolllgy  _+ I TETTIHO0.T) + TN+ E5°)H(0. T)?,

which provides the pursued uniform control of the solution (1, E, B) in higher-regularity spaces.
Finally, it only remains to notice that

_3 _3 _3
¢ 4lI(Eo. Bo)ll g7/4 = ¢ *[[(Eo. Bo)ll g4 _+c™*[(Eo. Bo)ll g7/4
< [(Eo, Bo)ll g +Cl_s||(Eo,Bo)||BEn’

which allows us to deduce that a suitable choice of independent constant Cy4 > 0 in the initial assump-
tion (3-4) implies the corresponding initial condition (3-1) in Theorem 3.1, with its right-hand side replaced
by Ac (this is necessary to guarantee the validity of (3-47)), thus completing the proof of the theorem. [J

3.11. Uniform bounds for fixed initial data. As previously mentioned, the controls (3-2) and (3-5), from
Theorems 3.1 and 3.3, hold for any families of initial data such that the left-hand sides of (3-1) and (3-4)
remain respectively bounded. In particular, within such families, the corresponding collection of global
solutions only satisfies the respective uniform bounds

¢TH(E, B)e LP®Y; B]Y), ¢'TS(E,B) e L®(R*: B,

Thus, there is, in general, no bound on the size of the electromagnetic field (£, B) in Z°°([R§+; 327 / 14

and L®(R™; Bg’n), uniformly in ¢, if the corresponding family of initial data (Eg, Bo) only satisfies a
uniform control
¢"#(Eo, Bo) € B]'} and ¢'~*(Eo, Bo) € B3,
respectively.
For example, such sets of initial electromagnetic fields occur naturally when considering mollifications

(ug’ ES’ BS) = (pC * (M07 EO? B0)7

where ¢.(x) = c2¢(cx) is a classical approximate identity and (uq, Eq, Bg) is a given initial data
satisfying
C***54+8
(&0 + ||u0||Han1,p + [[(Eo, BO)”HI)C***e o <c, (3-48)

with Cysx > 0. Indeed, it is readily seen that (ug, E§, B§) satisfies the bounds (3-1) and (3-4), provided
(3-48) holds for some suitable constant Ciyx.
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We are now going to show that the solutions constructed in Theorems 3.1 and 3.3 have, in fact, an
electromagnetic field which remains uniformly bounded in
L®[R*: B 7/4 and L®°(R*; B; n)s
provided that their corresponding initial values are selected within a bounded family of B / * and Bin,
respectively. In particular, such uniform bounds hold whenever one considers fixed initial data 1ndependent
of c. This is of special significance in the study of the limiting regime ¢ — oo in order to derive sharp
asymptotic bounds.

The next result provides a suitable energy estimate on the damped Maxwell system (1-15), and the ensu-
ing corollary clarifies the uniform boundedness properties of the solutions built in Theorems 3.1 and 3.3.

Lemma 3.12. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, Bo)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimate

ICE. B)ligzoesy +clElz2gs
< 1(Eo. Bo)ll s+ lull o oo (1B 2y + 1Bl 252, +1Blz2gs ) (49)
over any time interval [0, T) forany 1 <s <2 and 1 <n < oo.

Proof. This result follows from a direct energy estimate on the damped Maxwell system (1-15) and is an
extension of Lemma 3.10.

In order to show (3-49), we first localize (1-15) in frequencies by applying A;, for j € Z, and then
perform a classical energy estimate on each dyadic frequency component (A; E, A; B). This procedure
yields the control

N . 2 2
E”(A] E’ A] B)(T)”Li + O—C”AJEHL%([O’T);I&)

1 2
= Z”(AJ E.A; B)(O)”L)zc + U||Aj P(ux B)“L%([O,T);L}C)”AjE||L2([0,T);L§)

1 _ _ 2 O A, 2

L2qo.m:L3) T 5 18Il

L7([0.T);L3)’
Then, summing over j in £, with 1 <n < oo, we deduce, for any s € R, that
I(E, B)”Z§’°([0,T);B§,n) + C”E”Z%([O,T);Bg,n) < [I(Eo, BO)”Bin + || P(u x B)”Z%([OsT)?Bg,n)'
Next, by the paradifferential product law (3-13), we see that
|Paux B)lzags S Il npsess IBlzzss

for any —1 < s <2 and 1 <n < oo. Therefore, combining the preceding inequalities, we conclude that
I(E, B)”Ztooggﬂ + C”E”Z%Bgm

< 1o Bl + g sz (1N, + 1Bz, )

< N(Eo. Bo)l gy, + e rzesy (1BI%5,  IBISY,  +1Blzza, )

forall<s<2and 1 <n <oo.
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Finally, combining the previous estimate with straightforward embeddings of Besov spaces proves
(3-49), thereby concluding the proof of the lemma. O

Corollary 3.13. Consider parameters p € (2, 00), % <s<2andl<n<ocosuchthatn =1if s = %.
For any fixed initial data

(uo. Eo. Bo) € (H' N W) x (H' N B3 ) x (H' N B3 ,))(R?)
satisfying the assumptions of Theorem 3.1 (lf s = % and n = 1) or Theorem 3.3 (lf s > %), the
corresponding global solutions (u¢, E€, B€) constructed therein satisfy the bounds
ut e L°RT H N WhP), (E€.B)e L°(RT:H'), (E°.B°)e L®[R":B;,).
(cE°,B¢)e L*(R";H"), B eL*R*:B3, ).
ciTN(EC, B e LP(RY;BSLY), cEC e IP(R*:B3,). ciBCe*(RT;B3,.),
uniformly in c.

Proof. This result follows from a straightforward combination of Theorems 3.1 and 3.3 with Lemma 3.12.
Indeed, it is readily seen that the uniform bounds (3-2) and (3-5) are sufficient to control the right-hand
side of (3-49) for appropriate values of (s, ), thereby showing the improved uniform boundedness of the
solutions (u€, E€, B€). O

Appendix A: Littlewood-Paley decompositions and Besov spaces

We recall here the fundamentals of Littlewood—Paley decompositions and introduce a precise definition
of Besov spaces.

A.1. Littlewood—Paley decompositions. We are going to use the Fourier transform

PO =7©:= [ e s
and its inverse

Flg(r) = (x) = / ¢ VEg(6) d
[Rd

(2m)4
in any dimension d > 1.
Now, consider smooth cutoff functions v/ (£), ¢(£) € C°(R?) satisfying

V¥, ¢ >0 areradial, suppy C{|é| <1}, suppe C {% <|¢1 <2}
and

o0
L=y ®+ > 9@ 7FE) forallgeR?.
k=0
Defining the scaled cutoffs

Yr(€) = v Q27%E),  oe(E) = p(27%¢)

for each k € Z, so that

supp Vi C {|&] <2F},  suppgp € {2571 < |g| <2k 1y,
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it is readily seen that

o
=y + Z Pk
k=0
provides us with a dyadic partition of unity of R? . Notice also that
o0
I=y;+) w
k=j

for any j € Z and
1

o
>

away from the origin £ = 0.
Next, denoting the space of tempered distributions by S’, we introduce the Fourier multiplier operators

Sk, A : S’ (RY) — S'(RY),
with k € Z, defined by

Sef =F W Ff=F W)xf ad Acfi=FloFf=F 'g)xf  (AD

The Littlewood-Paley decomposition of f € &’ is then given by

o0
Sof +)  Af =,
k=0
where the series is convergent in S’.

Similarly, one can verify that the homogeneous Littlewood—Paley decomposition

Y Mf=f
k=—o00

holds in S’ if f € &' satisfies
lim [[Sg flLee =0. (A-2)
k——o00

Observe that (A-2) holds if f is locally integrable around the origin, or whenever Sy f belongs to L? (R?)
for some 1 < p < oco. In particular, note that (A-2) excludes all nonzero polynomials.

A.2. Besov spaces. For any s € R and 1 < p,q < oo, we define now the homogeneous Besov space
B;,q (R%) as the subspace of tempered distributions satisfying (A-2) endowed with the norm

q
1/ 5., oty = (Z 2ksq||Akf||§p(Rd))

. kez
if ¢ < 0o, and

17155 ety = SUPQ@ WAk S N )
’ €z

if ¢ = 0o. One can show that Bls,,q is a Banach space if s < d/p, orif s =d/p and g = 1, see [Bahouri
et al. 2011, Theorem 2.25].
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We also consider here the homogeneous Sobolev space H*(R?) for any real value s € R, which is
defined as the subspace of tempered distributions whose Fourier transform is locally integrable equipped
with the norm

171 = ( [, P17 @R dg)

One verifies that H* is a Hilbert space if and only if s < %d ; see [Bahouri et al. 2011, Proposition 1.34].
Moreover, it is possible to show that H* = 35’2 whenever s < %d .

A.3. Chemin—Lerner spaces. For any time 7' > 0 and any choice of parameters s e Rand 1 < p, g, r <oo,
with s <d/p (or s =d/p and ¢ = 1), the spaces

L™([0.7): By ,(RY))

are naturally defined as L"-spaces with values in the Banach spaces B;’ 4~ Inaddition to these vector-valued
Lebesgue spaces, we define the spaces

L' ([0,T); By ,(RY))
as the subspaces of tempered distributions such that

im 1Sk f 101 =0,
Jm 1Sk fllLr oy ey

endowed with the norm
[ele] 1
q

- _ k q
“f”L’([O,T);B;}'q(Rd)) —( Z 2 sq”Akf” ’([O,T);L”([Rd)))

k=—00
if ¢ < 0o, and with the obvious modifications in the case ¢ = oo.
One can easily check that, if ¢ > r, then

L7([0.T); By ,(RY) C L7 ([0, T): By ,(RY))
and that, if ¢ <r, then

L7([0.7); By ,(RY)) C L™ ([0, T); BS ,(R?)).
We refer the reader to [Bahouri et al. 2011, Section 2.6.3] for more details on Chemin—Lerner spaces.
A.4. Embeddings. We present now a few embeddings and inequalities in Besov spaces which are

routinely used throughout this work.
First, a direct application of Young’s convolution inequality to (A-1) yields

< okd(5—3)
[Ak fllLray S 277527 M Ak fllLp we) (A-3)
for any 1 < p <r < o0. A suitable use of (A-3) then leads to the embedding

1/ W gs ey S WS N gstaaro—1im ga) (A-4)

forany 1 < p <r <00, 1 £¢q <ooand s € R, which can be interpreted as a Sobolev embedding in the
framework of Besov spaces.
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Moreover, recalling that £9 C £", for all 1 < g <r < oo, one has
3 d 3 d
By o %) B}, (R

forallseR, 1 <p<oocand1<g<r <oo0.
Next, observe that

o Acf

kez

<D N8k S Ir@ay =18 f 1159 gay (A-5)

”f”Ll’([Rd) =
LP(RY) kez

for every 1 < p < 0o. Therefore, by combining (A-4) and (A-5), we obtain

1 Mooty S 11 572 gy
This estimate is particularly useful in view of the failure of the embedding of the Sobolev space H /2 (R9)
into L (RY).

Further considering any cutoff function y € C° (R%) such that Lgg<1y < x(§) < 1yg/<2}, One can
show, for any ¢ > 0, o >0 and 1 < p < o0, that

D o _
12(2)7 HB;j“(Rd) S g omey

and
ca-n(2)7] SIf sy
¢/’ Bs ey ~ 1 IBpso ®Y)
where the operator m (D) denotes the Fourier multiplier associated with the symbol m (&) for any m €
C2(RY).

Finally, we mention another essential inequality in Besov spaces which is related to their interpolation
properties. Specifically, one has the interpolation, or convexity, inequality

< 1-6 6
||f||1;;;7‘1 < ||f||B;900 ”f”Bi?oo

for any p € [1, <], s,50,51 € Rand 6 € (0, 1) such that s = (1 —0)sg + 051 and s F# 571.
Note that the preceding estimates and embeddings can be adapted to the setting of Chemin—Lerner
spaces in a straightforward way.

A.5. Paradifferential product estimates. Here, we recall the basic principles of paraproduct decomposi-
tions and some essential paradifferential product estimates that follow from it.
For any two suitable tempered distributions f and g, introducing the paraproduct

Trg =Y Si2fAjg

jez
readily leads to the decomposition

fe=Trg+Tg f + R(/. ).
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where

R(fe)= D Ajfig
Jj.kez
|j—k|<2

is the remainder. For any choice of integrability parameters in [1, oo] such that

r_1+,1 1_1,1 1_1,1
a_al az’ b_bl bz’ C_Cl Cz’
it can be shown, in the context of Chemin-Lerner spaces, that
Trgllva satn < ~a1 au ~as 4 A-6
1778z gots S 1S zer gy Nelzeogy (A-6)
for any o < 0 and B € R, and that
- . < ~a) 5 —ar -
IRCE &)y goren 1 Nz g glzengy (A7)

for any o, B € R with o 4+ B > 0. Moreover, one has the endpoint estimates

TR L P e (A8)
for all B € R and
IR(S ey N fllgaga Nglizez go
X b1.cy t br.co
for all @ € R, provided 1/c¢1 4+ 1/¢2 = 1. Similar bounds hold for Besov spaces, and we refer to [Bahouri
et al. 2011, Section 2.6] for more details on such paradifferential estimates.
We finally recall two important product rules of paradifferential calculus in the context of Besov spaces,

which are direct consequences of the preceding bounds. First, exploiting (A-6) and (A-7) (for Besov
spaces), we have

1780 gsi-arz < 17 sl g
forany —3d <s,t < id, with s +¢ > 0.
Second, we find that
1780 s S 1f poeryzrz 11 s

for all —%d <s< %d , which follows from a suitable combination of (A-6), (A-7) and (A-8) (for Besov
spaces, as well).

Appendix B: Oscillatory integrals and dispersion

We give here a justification of the dispersive estimate (2-23) employing the stationary phase method.
This method is classical and we will rely on [Bahouri et al. 2011], when needed, to refer the reader to
complete details on the technical results pertaining to the method.
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Generally speaking, we are considering here oscillatory integrals of the form
=[Oy ag
R4

for smooth test functions ¥ € C° (R9) and r € R, where the smooth phase ¢ (&) only needs to be defined
on the support of . It is readily seen that
[Ty (D] < Y]l L1 (re)-

We seek now to understand the asymptotic behavior of Iy () when |¢| is large, which requires us to
exploit the cancellations in the integral Iy (¢) due to the oscillatory term e'®)  There are two cases to
consider: the stationary phase and the nonstationary phase.

The stationary phase. This case analyzes the asymptotic behavior of Iy (¢) near critical points of the
phase, i.e., near points in the integration domain where V¢ (§) = 0. More precisely, we suppose here that

Vo (&) < €0

for some g¢ € (0, 1] and for all £ € supp ¥. Under such assumptions, Theorem 8.9 from [Bahouri et al.
2011] establishes that, for any positive integer N, there is a constant Cp, ¢y > 0 such that

dE
Iy ()] = CN,gp /suppw (1 + &ot|Vo(£)|2)N

(B-1)
forallz > 0.

The nonstationary phase. The decay of Iy (¢) is better when V¢ does not vanish on the support of .
More precisely, assuming now that

Vo ()] = g0

for some ¢ € (0, 1] and for all ¢ € supp ¥, Theorem 8.8 from [Bahouri et al. 2011] shows that, for any
positive integer N, there is a constant Cy ¢ 4 > 0 such that

CNg.v
O] = 5 (B-2)

for all # > 0.

The asymptotic estimate (B-2) always offers a faster decay than (B-1) and, therefore, the oscillatory
integral Iy (7) can be treated as a remainder term wherever the phase V¢ does not vanish. In conclusion,
the overall asymptotic behavior of 1y (¢) is, in general, determined by the critical points of the phase.

All in all, as explained in Theorem 8.12 from [Bahouri et al. 2011], it is possible to combine the
preceding estimates to show, for all Y € C° (R?), &9 € (0, 1] and any positive numbers N and N’, that
there are positive constants Cy and Cp- such that

< N Len a
@Ol = G F TV fA¢ (I+eot[Vo ()N

for all £ > 0, where the set Ay is defined as

Ap =& €suppy : [V (§)| < &0}

(B-3)
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We are now in a position to prove (2-23). To be precise, we are going to establish the equivalent
estimate (up to a scaling of the variable x)

- C
it (x,€) 4 -
/Rd e v©dE| = G5 (B-4)

for all 7 > 0 and x € R4, where the phase is defined by
$(x,§) =x-££8(5), withd(§) = V[§? -0 and 0 < < 3,

and the test function ¢ € C° (R?) satisfies supp ¥ C {% <&l < R} for some R > %, while the constant
Cy > 01is independent of 7, x and «.

To that end, noting that ¢ (x, £) is smooth on the support of i and setting g9 = %, N = %(a’ —1) and
N’ =d in (B-3), we find that

) 1 dé&
OOy E) | 5 s + ,
L D (it s )
where "
1 1
A=) R lx+—|<:t.
{4<'E'< T 6(5)52%

Now, notice that x # 0 if A is nonempty. In particular, for any £ € A, we can write the decomposition

E=01 4+, with¢p = (fx—é)x and ¢ := £y,

whence, since {'-x =0,
i 2 _‘ ;_1 2 é-/ 2 |é—/|2 - |é-/|2
Fie T sel el Ter R

We therefore conclude that

. 1 g’ 1
608 () dEl < —— / <
/M VOEIS @07 fericnan (g~ @7

which completes the justification of (B-4). O
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