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We consider the notion of equivariant uniform property Gamma for actions of countable discrete groups
on C*-algebras that admit traces. In case the group is amenable and the C*-algebra has a compact
tracial state space, we prove that this property implies a kind of tracial local-to-global principle for the
C*-dynamical system, generalizing a recent such principle for C*-algebras exhibited in work of Castillejos
et al. For actions on simple nuclear Z-stable C*-algebras, we use this to prove that equivariant uniform
property Gamma is equivalent to equivariant Z-stability, generalizing a result of Gardella, Hirshberg, and
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Introduction

This article aims to extend the fine structure theory for actions of amenable groups on finite simple
C*-algebras, in particular those covered by the Elliott program. The classification of such C*-algebras,
which mirrors the celebrated Connes—Haagerup classification of injective factors [Connes 1976; Haagerup
19871, has been nearly completed as a culmination of numerous articles by many researchers over the
past decade, such as [Elliott et al. 2024; 2020; Gong and Lin 2020; 2022; Gong et al. 2020a; 2020b;
Schafhauser 2020; Tikuisis et al. 2017]. Furthermore, Carrion, Gabe, Schafhauser, Tikuisis, and White
have announced an eagerly awaited new conceptual proof of the classification theorem [Carrién et al.
2023b], which does not directly rely on the prior works related to tracial approximation. By now it has
been recognized that the next natural step is to understand the underlying symmetries of classifiable
C*-algebras, which can be interpreted as the goal to classify group actions on them. This mirrors the work
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of Connes, Jones, Ocneanu and others [Connes 1977; Jones 1980; Katayama et al. 1998; Kawahigashi
et al. 1992; Masuda 2007; 2013; Ocneanu 1985; Sutherland and Takesaki 1989]. When it comes to
classifying group actions on C*-algebras, a number of researchers have introduced many sophisticated
methods over the years to classify specific kinds of group actions utilizing certain Rokhlin-type properties
[Evans and Kishimoto 1997; Izumi 2004a; 2004b; Izumi and Matui 2010; 2021a; 2021b; Katsura and
Matui 2008; Kishimoto 1995; 1998a; 1998b; Matui 2008; 2010; 2011; Nakamura 2000; Sato 2010;
Szab6 2021a]. In direct comparison to the generality achieved for actions on von Neumann algebras, the
implementation of the involved methods (in particular the Evans—Kishimoto intertwining argument) for
actions on C*-algebras remained challenging beyond some specific classes of actions or acting groups.

To combat these methodological obstacles, the first author introduced a categorical framework in
[Szabo 2021c] to open up the classification of C*-dynamics up to cocycle conjugacy to methodology
directly inspired by [Elliott 2010]. For actions on classifiable C*-algebras without traces, the so-called
Kirchberg algebras [1995], this idea led to the recent breakthrough in [Gabe and Szab6 2022; 2024]. The
main result of said work implies that, given any countable amenable group G, any outer G-action on a
Kirchberg algebra is uniquely determined by its KK “-class up to cocycle conjugacy.

Although one might be tempted to guess that similar breakthrough results ought to be in reach for
actions on finite classifiable C*-algebras, one still has a long way to go before such a goal can be achieved.
In analogy to the original obstacles to classify all simple nuclear C*-algebras [Rgrdam 2003; Toms 2008;
Villadsen 1999], there are basic structural questions to be settled before a classification theory such as in
[Gabe and Szabd 2024] can be attempted on finite C*-algebras. When concerned with just the underlying
C*-algebras, this is already a serious challenge. On the one hand, there is the question whether the
C*-algebras under consideration automatically satisfy certain properties predicted by classification. For
the purpose of this article we highlight the property of Jiang—Su stability. If Z is the so-called Jiang—Su
algebra from [Jiang and Su 1999], then a C*-algebra A is called Jiang—Su stable or Z-stable when
A = A® Z. Although this might seem like a technical property at first glance, it becomes natural with
more context: Firstly, Z behaves (as a C*-algebra) very much like an infinite-dimensional version of the
complex numbers C, for instance at the level of K-theory and traces. Secondly, there is by now a pile of
evidence that Z-stability holds automatically for many C*-algebras arising from various constructions like
the crossed product [Kerr 2020; Kerr and Naryshkin 2021; Kerr and Szab6 2020; Toms and Winter 2013].
The discovery that Z-stability does in fact not hold automatically for all simple nuclear C*-algebras has,
among other things, led to the nearly proven Toms—Winter conjecture, which asserts that Z-stability can
only hold or fail in conjunction with some other, a priori different, regularity conditions.

On the other hand, there is the question about precisely what additional structural consequences (not
necessarily equivalent characterizations) are shared by Jiang—Su stable C*-algebras, a good example of
which is the recent breakthrough work [Castillejos et al. 2021b] (which was in turn continuing work
from [Bosa et al. 2019; Matui and Sato 2014a; Sato et al. 2015]). The most novel technical achievement
therein can be identified as the tracial local-to-global principle for C*-algebras satisfying the so-called
uniform property Gamma, which is a weaker assumption than Jiang—Su stability. Said principle concerns
the behavior of elements in a given C*-algebra A with respect to the 2-seminorm || - ||2,; induced by



EQUIVARIANT PROPERTY GAMMA AND THE TRACIAL LOCAL-TO-GLOBAL PRINCIPLE FOR C*-DYNAMICS 1387

individual tracial states T on A on the one hand, and the behavior with respect to the uniform tracial
2-norm || - ||, = sup, || - [|2.,r on the other hand. While the latter is often of interest in the deeper structure
and classification theory for C*-algebras, the former can be understood by studying the tracial von
Neumann algebra 77, (A)” arising as the weak closure of A under the GNS representation associated to an
individual trace 7. In a nutshell, the tracial local-to-global principle asserts that any suitable behavior
that can be observed one trace at a time can also be observed uniformly, which often allows one to
transfer, so to speak, phenomena from von Neumann algebras to the C*-algebraic context. This became
in turn the main technical driving force behind the main results in [Castillejos et al. 2021b; 2022], which
can be summarized by saying that the Toms—Winter conjecture holds for all simple nuclear C*-algebras
having the uniform property Gamma. Whether the latter property automatically holds for simple nuclear
nonelementary C*-algebras is presently unknown but is of high interest as it currently represents the main
obstacle towards a full solution to the Toms—Winter conjecture.

When we turn our attention to C*-dynamics instead of C*-algebras, we can (and should) study analogous
well-behavedness properties as for C*-algebras, one important example of which is equivariant Jiang—Su
stability. An action o : G ™~ A on a C*-algebra is called (equivariantly) Jiang—Su stable or Z-stable, if « is
cocycle conjugate to @ ®idz : G ~» A ® Z. Assuming G is amenable, it is presently open if this happens
automatically when A is simple nuclear and Z-stable; see [Szab6 2021b, Conjecture A]. We note that the
analogous question for nonamenable groups is known to have a negative answer [Gardella and Lupini
2021; Jones 1983], although recent insights as in [Gardella et al. 2024; Suzuki 2021] leave some hope for
the class of amenable actions of nonamenable groups, which we shall not investigate in this article. If
one stresses the point again that Z essentially looks like an infinite-dimensional version of C, it should
not come as a surprise that we can only expect a classification of G-actions on classifiable C*-algebras
by reasonable invariants if they are equivariantly Z-stable. The existing work in this direction seems to
indicate that equivariant Jiang—Su stability may indeed hold automatically whenever one can reasonably
expect it [Gardella et al. 2022; Matui and Sato 2012; 2014b; Sato 2019; Szab6 2018a; Wouters 2023].
The other possible line of investigation, namely further structural consequences of equivariant Jiang—Su
stability for group actions, was initiated in [Gardella et al. 2022] as a direct adaption of techniques in
[Castillejos et al. 2021b], albeit under rather restrictive assumptions on the actions. We recall one of the
key concepts from both said paper and the present work but restrict ourselves in this introduction to the
case of unital simple C*-algebras for convenience, despite actually investigating the concept in broader
generality.'

Definition A. Let G be a countable discrete group. Let A be a separable unital simple C*-algebra such
that all 2-quasitraces on A are traces and 7 (A) # &. Given a free ultrafilter w on N, form the uniform
tracial ultrapower A® of A. An action o : G ™ A is said to have equivariant uniform property Gamma if,
for any k > 2, there exist pairwise orthogonal projections py, ..., pr € (A“ N A")*” such that

T(apj) = %r(a) forall j=1,...,k, ae A, t€T,(A).

IThe reader might consult Definitions 1.7, 1.8, and 2.1 and compare with [Gardella et al. 2022, Definition 3.1].
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One can observe easily (Remark 2.2) that equivariant uniform property Gamma is always implied by
equivariant Jiang—Su stability. This is important to note because it means that all nontrivial consequences
of this property will also hold for Jiang—Su stable actions, and may in fact turn out to be useful for
subsequent applications. The most important technical consequence relevant to the present work is the
tracial local-to-global principle for C*-dynamical systems over amenable groups. An ad hoc version
of this principle appeared in [Gardella et al. 2022, Lemma 4.5] but is only applicable (see [Gardella
et al. 2022, Remark 2.2]) for actions that induce an action on tracial states with finite orbits of uniformly
bounded size. This assumption appeared not only as a prerequisite for the theory in [Gardella et al.
2022] but is implicitly crucial for the usefulness of the conclusion of this ad hoc principle, which only
involves tracial states that are fixed by the action.? In this article we aim to remove any assumptions
about how actions G ~ A are allowed to act on the traces of A, as well as strengthen the conclusion
of the tracial local-to-global principle compared to [Gardella et al. 2022], in such a way as to directly
generalize and strengthen the known principle for C*-algebras [Castillejos et al. 2021b, Lemma 4.1]. In
addition to formulating our result in the language of *-polynomials as all prior papers did, we would also
like to promote the following (formally equivalent) formulation of the tracial local-to-global principle for
C*-dynamics, which becomes our main technical result. We not only restrict ourselves for the moment
to actions on unital simple nuclear C*-algebras (similarly to before) for convenience but give a slightly
weaker version here that is easier to state. We treat a stronger version of the statement in broader generality
in the main body of the paper; see Theorems 4.2 and 4.6.

Theorem B. Let G be a countable amenable group and A a separable unital simple nuclear C*-algebra.
Let o : G ~ A be an action with equivariant uniform property Gamma. Let 6 : G ~ D be an action on a
separable C*-algebra and B C D a 8-invariant C*-subalgebra. Suppose that ¢ : (B, §) — (A®, a®) is an
equivariant x-homomorphism. Then @ extends to an equivariant x-homomorphism ¢ : (D, §) — (A®, a®)
if and only if, for every trace T € T,,(A)"", there exists a x-homomorphism ¢* : (D, 8) — (n;"w (A®)", a®)

o

s “ 0. Here 1, denotes the GNS representation associated to the trace t, and n;"w denotes

with % |g=m
. . ©
the direct sum representation P, ¢ 7r o gy

Not unlike previous approaches, the proof of this main result factors through a kind of dynamical
version of CPoU (the existence of so-called complemented partitions of unity) that we establish along
the way; see Lemma 3.2. There are two things to note about this, however. Firstly, the present version
of dynamical CPoU does not generally match the property suggested for this purpose in [Gardella et al.
2022], and based on our work we are in fact uncertain whether that property can be expected to hold
even under the validity of the above theorem. Secondly, we would like to propose a slight perspective
shift by viewing the above local-to-global principle as the primary conceptual property to be studied and
exploited instead of the dynamical CPoU, which we feel — especially compared to previous iterations —
to be rather unwieldy by itself due to its elaborate technical nature.

2This uses that if o : G ~ A is assumed to induce an action G ~ T (A) with finite orbits of uniformly bounded cardinality
M > 0, then one has || - ||2,, < M|l - 2, 7(a)« as norms on A.

3In actuality one may even allow @7 to have range in the tracial ultrapower of this von Neumann algebra, but this requires
more cumbersome notation to state rigorously.
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In the main body of the paper, we actually prove a stronger version of Theorem B for a class of actions
on much more general C*-algebras. We would like to comment that the starting point of our theory
presumes that the underlying C*-algebra satisfies a kind of weak CPoU, namely the one shown to hold for
nuclear C*-algebras in [Castillejos et al. 2021b, Lemma 3.6]. Fortunately, a result in the recent preprint
[Carridn et al. 2023a] implies that this kind of weak CPoU in fact holds automatically for all C*-algebras
with compact tracial state space, which we can use to our advantage.

As for the rest of the paper, we apply Theorem B (or rather Theorems 4.2 and 4.6) to gain insight
on equivariant Jiang—Su stability. A famous argument due to Matui and Sato [2012] and the main
result of [Szabd 2021b] allows us to argue (as explained in Section 5) that an action « as above is
equivariantly Jiang—Su stable if and only if A = A ® Z and « is uniformly McDuff, i.e., there exist unital
*-homomorphisms

M, — (AN AN forallneN.

Once we note that the latter property is known to hold one trace at a time as a consequence of Ocneanu’s
theorem [1985] (in the generality we need it, this is imported from [Szabd and Wouters 2024]), the above
result can be applied to the a-equivariant inclusion

1, ®idg : A — M, (A)

to deduce the following consequence. As before, we note that we prove this result in greater generality
than stated here; see Theorem 5.7.

Corollary C ( cf. [Gardella et al. 2022, Theorem 7.6]). Let @ : G ~ A be an action of a countable
amenable group on a separable unital simple nuclear Z-stable C*-algebra. Then a has equivariant
uniform property Gamma if and only if « is equivariantly Jiang—Su stable.

We expect the main result of this article to have an impact on subsequent applications of equivariant
uniform property Gamma or equivariant Jiang—Su stability, in particular in the context of classifying
actions on tracial C*-algebras.

As far as potential further research is concerned, let us point out that, for group actions « : G ~ A that
are assumed to be “sufficiently free”,* the theory pursued in this article can be seen as an instance where
one studies uniform property Gamma for the inclusion of C*-algebras A € A X, G in such a way as to
strengthen uniform property Gamma for A. It is a tantalizing issue to determine a common framework
encompassing all applications of interest regarding uniform property Gamma for more general inclusions
of C*-algebras. For instance, it has been hypothesized in past work [Kerr and Szabé 2020, Remark 9.6]
that, for a free minimal action G ~ X of an amenable group on a compact metric space, some desirable
dynamical properties ought to follow from a different kind of uniform property Gamma for the inclusion
C(X) € C(X) x G, namely the one that strengthens uniform property Gamma for the crossed product;
see also [Liao and Tikuisis 2022].

A priori, this may have several different interpretations.
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1. Preliminaries

Notation 1.1. Throughout this paper, we will use the following notation and conventions unless specified
otherwise:

o By default, @ denotes some free ultrafilter on N. At times it can make it easier to state a claim using
two free ultrafilters, in which case we denote a second one by «.

« If F is a finite subset inside another set M, we often denote this by F € M.
« K denotes the compact operators on the Hilbert space £2(N).

o Let A be a C*-algebra. We denote its positive elements by A and its minimal unitization by A. We
will also make use of its Pedersen ideal, denoted by P(A). We assume the reader is familiar with the
basic properties of this object. Given a positive element a € A and ¢ > 0, we denote by (a — €)4 the
positive part of the self-adjoint element a — ¢1 ;.

» The topological cone of lower semicontinuous traces on A will be denoted by T(A); cf. [Elliott
et al. 2011]. We call such a trace t on A trivial if it is {0, oo}-valued. It is well known that trivial
traces are in one-to-one correspondence with the ideal lattice of A by mapping a trivial trace t to
the linear span of 7~!(0). The set of nontrivial lower semicontinuous traces on A, will be denoted
by T7(A) and the set of tracial states will be denoted by T'(A). In this paper, we say that a compact
subset K C TT(A) is a compact generator for T+ (A) if R"OK = T+ (A).?

« In addition, we denote by QTZ(A) the set of lower semicontinuous 2-quasitraces (see [Blanchard
and Kirchberg 2004, Definition 2.22]) on A, which contains T(A). We usually only mention them
to assume in appropriate contexts that there are no genuine quasitraces, i.e., sz(A) =T(A).

We recall the following existence theorem for traces. This follows from a combination of the work
of Blackadar and Cuntz [1982, Theorem 1.5] and Haagerup [2014]; see also [Blanchard and Kirchberg
2004, Remark 2.29 (i)].

Theorem 1.2. Let A be a simple, exact C*-algebra such that A ® K contains no infinite projections. Then
OT>(A) =T (A) and TT(A) £ @.

In particular, this implies that each stably finite, simple, separable, nuclear C*-algebra admits a
nontrivial trace.

Definition 1.3 [Kirchberg 2006, Definition 1.1; Kirchberg and Rgrdam 2014, Definition 4.3]. Let A be a
C*-algebra with an action @ : G ~ A of a discrete group.

(1) The ultrapower of A is defined as
Ay = L2(A)/{(an)nen € L7 (A) : lim |la,| = 0}.
n—w

(2) Pointwise application of o on representing sequences induces an action on the ultrapower, which we
will denote by «, : G ™~ Ay,

SIn case A is simple, an example of such a compact generator is given by {t € TT(A) | t(a) = 1} for some a € P(A)+ \ {0}.



EQUIVARIANT PROPERTY GAMMA AND THE TRACIAL LOCAL-TO-GLOBAL PRINCIPLE FOR C*-DYNAMICS 1391

(3) There is a natural inclusion A C A, by identifying an element of A with its constant sequence.
Define

A,NA :={x€A,|[x,A]=0} and A,NAT:={xeA,|xA=Ax=0}.

The quotient
Fo(A) = (A,NA)/(A,NAY)

is called the (corrected) central sequence algebra. If A is o-unital, then F,,(A) is unital, where the
unit is represented by a sequential approximate unit (ey,),eN-

(4) Since A is a,-invariant, so are A, N A’ and A, N AL. Thus, e, induces an action on F,,(A), which
we will denote by @, : G ™~ F,(A).

Definition 1.4. Let A be a C*-algebra. A sequence of tracial states (t,),en On A defines a trace on A,
via

[(@n)nen] — nh_r)ri) Ty (an).

A trace of this form is called a limit trace. The set of all limit traces on A, will be denoted by 7,,(A).
More generally, following [Szabd 2021b, Definition 2.1], a sequence (T,),en in T(A) defines a lower
semicontinuous trace 7 : £*°(A); — [0, oo] by

T((an)nen) = sup lim 7, ((a, — €)4).
£>0 n—-w

This trace is the lower semicontinuous regularization of the trace given by lim,,_,,, 7,(a,); see [Elliott
et al. 2011, Lemma 3.1]. This regularization ensures that t((a,),en) = 0 if lim,, ., |la,|| =0, so T also
induces a lower semicontinuous trace on A,. A trace of this form on A, is called a generalized limit
trace. The set of all generalized limit traces is denoted by fw(A).

For the next part, assume A is separable. Forany a € A4 and 7 € T, (A), we can define a trace

7, (A,NA)L — [0,00], x> T(ax).

We have that 7,(x) < ||x||t(a), so this trace is bounded whenever 7(a) < oco. Note that this trace also
induces a trace on F,(A), which by abuse of notation will also be denoted by 7,. Clearly this yields a
tracial state under the assumption 7 (a) = 1. Let us say that a given tracial state T on F,,(A) is a canonical
trace if it belongs to the weak-x-closed convex hull of {7, | T € Tw(A), aeAi,t(a)=1}.

Remark 1.5. We point out that it is not necessary to consider generalized limit traces in an important
subcase that often occurs in the literature. Namely, assume A is a separable simple C*-algebra with
@ #TH(A) =R>°T(A) such that T (A) is compact.6 Then it follows by [Castillejos and Evington 2021,
Proposition 2.3] that every generalized limit trace 7 € T,,(A) that is finite on some nonzero positive
element of A is a multiple of an ordinary limit trace.

Next we recall how various versions of tracial ultrapowers are defined.

SFor instance, this is automatic when A is separable, simple, nuclear, unital, and stably finite.
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Definition 1.6 [Ando and Haagerup 2014, Propositions 3.1 and 3.2]. Suppose M is a finite von Neumann
algebra with faithful normal tracial state 7. Then the tracial von Neumann algebra ultrapower is defined as

M = L2 (M) /{(Xn)nen € €2 (M) | Him o, = 0}. (1-1)

This is again a von Neumann algebra with a faithful normal tracial state t® that is defined on representative
sequences by ¢ ((x;)nen) = limy,—, T(x,).

The notation used for the tracial von Neumann algebra ultrapower is the same as for the uniform tracial
ultrapower of a suitable C*-algebra as defined below. It will be clear from context which of the two
notions we use. In the special case that A is a C*-algebra with unique tracial state T and no unbounded
traces, the uniform tracial ultrapower A® is naturally isomorphic, by Kaplansky’s density theorem, to the
von Neumann tracial ultrapower (7, (A)”)®, where 7, denotes the GNS representation associated to 7.
Note that on a tracial von Neumann algebra (M, 1), the topology induced by the || - |[2,.-norm agrees
with the *-strong operator topology on bounded subsets. So equivalently, in (1-1) one can quotient out
by the sequences that converge to 0 in the *-strong operator topology, which makes the construction
equivalent to the Ocneanu ultrapower; cf. [Ando and Haagerup 2014].

Definition 1.7. Let A be a C*-algebra. Given a constant p > 1 and 7 € T(A), we define a seminorm
|| : ”p,r on A by

lallpe =t(al”)'’?, aeA.
We will in particular appeal to the cases p = 1 or p =2 subsequently. For a nonempty set X C T (A), we
define a seminorm || - |[2,x on A by

lall2,x :=sup llall2,«
teX

for all a € A. The seminorm || - ||2,7(4) is also denoted by || - ||2,,. This is a norm if and only if, for all
nonzero a € A, there exists some T € T (A) such that t(a*a) > 0, which is in particular the case when A
is simple with 7' (A) nonempty.

We note that in the construction below, we deviate from other sources by making a very explicit
distinction in terminology between C*-algebras that do or do not admit nontrivial unbounded traces.

Definition 1.8 ( cf. [Castillejos et al. 2021b, Section 1.3]”). Let A be a C*-algebra with T (A) # @. Then
the trace-kernel ideal (with respect to bounded traces) inside A, is defined by

T3 = {l@)nen] € Ay | lim flay|l2.7(a) = 0}.
The uniform bounded tracial ultrapower is defined as the quotient
A=A, T8

Whenever || - ||2,7¢4) defines a norm on A, there also exists a canonical embedding of A into A®’ Then
AP N A’ is called the uniform bounded tracial central sequence algebra. Whenever we have an action

TThe cited source assumes separability, but we generalize the definition beyond that case.
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o : G ~ A of a discrete group, the ideal J['j is a,-invariant. Hence, there is an induced action on the
uniform bounded tracial ultrapower, which we will denote by a® : G ~ A“P.

Clearly, every limit trace vanishes on JE and hence also induces a tracial state on A®"°. We will also
use 7,,(A) to denote the collection of limit traces on A“-°. Note that

IR ={x €Ay Ixll2.1,04 = O},

so in particular || - [|2,7,(4) defines a norm on AP,

Finally, if we assume A is a simple C*-algebra such that QTQ (A)= T(A) and 3£ TT(A) = R>0.T(A)
with T (A) compact, then we simply call J4 = J}j the trace-kernel ideal, A” = A“* the uniform tracial
ultrapower, and A” N A’ the uniform tracial central sequence algebra.

Remark 1.9. Our choice to add the extra “bounded” in the terminology above and the extra letter “b”
in the notation, which is usually not included in other sources such as the ones we cite, is deliberate
and has the purpose to not overuse the word “uniform”, in particular in cases where it becomes rather
misleading. This is most apparent for nonsimple C*-algebras; if B is any unital simple C*-algebra with
T (B) # @, then the above construction applied to A = B @ K yields A“"®> = B® by virtue of the fact
that the canonical trace on K is unbounded. Since one of the two tracial direct summands is entirely
forgotten in this construction, this object seems unfit to be called “uniform tracial”’. However, even
the case of simple C*-algebras is enough to illustrate why one should not equate A“*® with the object
capturing all “uniform tracial” data. Namely, the range result [Gong and Lin 2022] combined with a
little playing around with invariants allows one to see that, given any metrizable Choquet simplex S with
9. S admitting some isolated point, there exists a (nonunital) classifiable C*-algebra A such that 77 (A)
has a Choquet base affinely homeomorphic to S, yet A has a unique tracial state 7. In this scenario,
we have A®? = (7, (A))® = R? as a consequence of Connes’ theorem. So despite A having a rich
tracial structure, the only trace captured by this construction is 7, which compels us to not apply the word
“uniform” or the notation “A“” to such an example.

Note that the phenomenon discussed here is also what motivated us to subsequently revise the definition
of (equivariant) uniform property Gamma in the spirit of [Castillejos and Evington 2021], as well as
introduce an auxiliary version of it that explicitly only takes into account tracial states, even when the
surrounding C*-algebra may have other unbounded traces.

Remark 1.10. Let A be a o-unital C*-algebra with T(A) # &. By [Castillejos et al. 2021b, Proposi-
tion 1.11] the uniform bounded tracial ultrapower A“® is unital if and only if 7'(A) is compact.®> Moreover,
[Castillejos et al. 2021b, Lemma 1.10] shows that, in that case, the natural map A, N A" — A“PN A’
factors through F,,(A). In case A is separable, this natural map is surjective by a combination of
Propositions 4.5 (iii) and 4.6 in [Kirchberg and Rgrdam 2014] (the unitality hypothesis in the second cited
proposition is not needed, as it suffices to take a unit in the minimal unitization for the proof).

As we have argued above, there are some issues if one is trying to define the object A® for a C*-algebra
A that may possess many unbounded traces. In fact, trying to find a viable general definition that has the

8The cited statement assumes separability of A, but a closer look at the proof shows that o -unitality is sufficient.
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same level of utility as in the case of unital C*-algebras has eluded a number of researchers for years.
By introducing the next few definitions and observations, however, we wish to promote the viewpoint
that there is a rather natural way to define the object A” N A’ for any separable C*-algebra A, even if we
do not know at present how to properly define the object A® itself. Since we are unsure of the viability
of this definition when A admits genuine quasitraces, we wish to be cautious and shall only define the
concepts below under the assumption that A does not admit them.’

Definition 1.11. Let A be a separable C*-algebra with Q7>(A) =T (A) and Tt (A) # @. The trace-kernel
ideal J4 inside F,(A) is defined as the set of elements x € F,,(A) such that, for every generalized limit
trace T € Tw(A) and a € A, with 0 < t(a) < oo, we have 7,(x*x) = 0. With some abuse of notation, we
denote the quotient by

A°NA = F,(A)/Tas. (1-2)

It is clear from construction that a canonical trace on F,,(A) vanishes on 74, so it descends to a tracial
state on A N A’. As before, we call a given tracial state on A” N A’ a canonical trace if it is induced by
a canonical trace on F,(A), or equivalently if it belongs to the weak-x-closed convex hull of the tracial
states 7, on A N A’, where 7 € ﬁ,(A) anda € A, with t(a) = 1.

If o : G ~ A is an action of a discrete group with induced action &, : G ~ F,(A), then clearly J4 is
&, -invariant, so we obtain an induced action a® : G ~ AN A’.

Remark 1.12. In the case that A is simple, and QTZ(A) = T(A) and @ # TT(A) =R>T (A) with T (A)
compact, it follows from Remarks 1.5 and 1.10 that F,,(A)/J4 = A®P N A’, so the notation A® N A is
consistent with the last part of Definition 1.8.

Remark 1.13 (see remark after [Kirchberg and Rgrdam 2014, Definition 4.3]). Let p > 1 be any constant.
Given any element x in a C*-algebra B with a tracial state 6, one has the inequalities

1/p 1-1
IxXlte < Ixllp.o < IIxl2 Ixll' =177

This implies that an element in either Definition 1.8 or 1.11 belongs to the trace-kernel ideal if and only
if its tracial p-norms vanish with respect to the appropriately chosen (limit) traces. We will frequently
use this without further mention for p = 1.

Remark 1.14. One of Kirchberg’s initial observations about F,,(A), which attests to the naturality of its
construction, is that it is a stable invariant. We are about to argue that the same applies to the construction
A+ A®NA’. For this purpose, let {ex ¢ | k, £ > 1} be a set of matrix units generating [, and let 1,, € [ be
the increasing approximate unit given by 1, = Z?:l ej j- We recall (see [Kirchberg 2006, Proposition 1.9,
Corollary 1.10]) that there is a canonical isomorphism 6 : F,,(A) — F,(A ® ) defined as follows: given
an element x € F,(A) represented by a central sequence (x,),en in A, it is sent to the element 6 (x)
represented by the central sequence (x, ® 1,),eN-

9At the same time, we note that the concepts make sense formally anyway, and none of the subsequent arguments hinge on
the assumption that A does not admit genuine quasitraces.
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Proposition 1.15. Let A be a separable C*-algebra with QTz (A) = YN"(A) and TT(A) # &. Then the
canonical isomorphism F,,(A) = F,(A ® K) preserves the canonical traces on both sides. Consequently,
it descends to a canonical isomorphism

ANA Z(AQK)N(AQK).

Proof. As we set up before the proposition, we denote the canonical isomorphism by 6. It is clear that it
induces an affine homeomorphism between all tracial states on F,,(A) and on F,(AQK) viat+> to o1
The claim amounts to showing that the image of the canonical traces on the left is equal to the canonical
traces on the right.

Let Tr be the unique lower semicontinuous trace on I with Tr(e; 1) = 1. We keep in mind that the
assignment T (A) — f(A ® K) given by 7 — 7 ® Tr is an affine homeomorphism. Given a generalized
limit trace 7 € Tw(A) induced by a sequence (7,),en In T(A), let us denote by t° € ﬁ,(A ® K) the
generalized limit trace induced by the sequence (7, ® Tr), ey in T(A ®K). Clearly the assignment 7 +— 7°
is also a bijection between generalized limit traces. Let such a generalized limit trace t be given on A,,.
Given a € (A ® K) 4, we can write a = Z}:}[:l ay.¢ ® ey ¢ for uniquely determined elements a; o € A. It
then follows from [Castillejos and Evington 2021, Proposition 2.9] that we have a norm-convergent sum

expression
o0
To0=) T4, (1-3)
=1
Applied to a = b ® e1; for some b € A, with 7(b) =1, this gives 75 0 01 = 7>. From this we can infer

that canonical traces are mapped to canonical traces. The general expression (1-3) applied to a € (AQK) +
with t¥(a) = 1 shows that we have a bijection. Il

We give two more technical lemmas that will be useful later on.

Lemma 1.16. Let A be a C*-algebra with positive element a € Ay. Let (¢y)nen be a sequence of
positive constants such that lim,_, ~ &, = 0, and let (b,)),eN be a sequence of positive elements such that
b, —al| < ¢&y. Foreacht € T,(A) and c € F,(A), one has

nlgglo T(bp—tn)4 (€) = Ta(C).

Proof. For each n € N, there exists a contraction d, € A such that (b, — ¢,)+ = d,ad,; by [Kirchberg
and Rgrdam 2002, Lemma 2.2]. This implies that 7(;,_¢,), (¢) < 7,(c). Since the sequence (b, —&,)
converges to a and 7 is lower semicontinuous, this leads to the desired result. (|

Lemma 1.17. Let A be a simple C*-algebra with a € P(A)4+ \ {0}, and let K be a compact generator
for TY(A) # @. Take a generalized limit trace Tt € i,(A) such that 0 < t(a) < 00. Then there exists a
sequence (0,)nenN in K such that the associated generalized limit trace 6 on A, is a scalar multiple of T
and such that, for each sequence (by),cN representing an element of A, we have that

0((abn)nen) = lim 6, (aby). (1-4)
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Proof. The fact that there exists a sequence (6,),en in K such that the associated generalized limit trace is
a multiple of t follows directly from [Szab6 2021b, Lemma 2.10 and Remark 2.11]. Let B :=a'/2Aa!/?
denote the hereditary subalgebra generated by a'/2. Then B C P(A); see for example [Pedersen 1979,
Proposition 5.6.2]. Since K is compact, we claim that sup, g ||o|g|| < co. Suppose that this would
not be the case; then, for all n € N, we could find a 0,, € K and a positive contraction d,, € B such that
0,(d,) > n2". Consider d := fozl 27"d, € B and 0 = lim,_,, 0,, € K (using the compactness of K).
Then, for each n € N, we would get

o(d) = lim 0,(d) > lim ¢,(27"d,) = oo,

but this is a contradiction, since d belongs to the Pedersen ideal. As a consequence we get that, when
restricted to the hereditary subalgebra al/2¢°°(A)al/? C £*°(B), the trace formed by lim,,_,, 6, is already
bounded and hence continuous, so formula (1-4) holds. Il

The following proposition is a useful lifting property in various contexts. The proof relies on the concept
of G-o-ideals; see [Szabd 2018c, Definition 4.1]. Let @ : G ~ A and 8 : G ~ B be actions on C*-algebras.
As in [Kirchberg 2006], we call an equivariant surjective «-homomorphism 7 : (A, o) — (B, B) strongly
locally semisplit, if for every separable S-invariant C*-subalgebra D C B, there exists an equivariant
c.p.c. order-zero map ¢ : (D, ) — (A, «) such that 7 o p = idp.

Proposition 1.18. Ler A be a separable simple C*-algebra with Qfg(A) = f(A) and TT(A) # . Let
o : G ~ A be an action of a countable discrete group. Then the quotient map

(Fy(A), @) — (AN A", o)
is strongly locally semisplit.

Proof. By [Szab6 2018c, Proposition 4.5 (ii)], it suffices to prove that 74 C F,(A) is a G-o-ideal. Fix an
element 0 # a € P(A), and a compact generator K C T+ (A).!° By [Szab 2021b, Proposition 2.4] and
Lemma 1.16, we can conclude that 74 coincides with the ideal of those elements x € F,,(A) such that
T,(x*x)=0forall r € i)(A) induced by any sequence t, € K. Since a belongs to the Pedersen ideal
and K is compact, this further implies that an element x € F,,(A) represented by a sequence (x)nen in A
belongs to J4 precisely when lim,,_,, max;cg t(al/zx;fxnal/z) =0.

We proceed to show that 74 is a G-o-ideal. Let D C F,,(A) be a separable &,,-invariant C*-subalgebra.
Let (di.n)n.ken and (cx n)n.ken be two bounded double sequences in A such that, for each k € N, the
sequences (dk.n)neN and (cg n)nen are approximately central, the set {d *) — [(dk.n)nen] | kK € N} defines
a dense subset in the unit ball of D, and the set {c(k) = [(¢k.n)nenl | k € N} defines a dense subset in the
unit ball of D N J4. By Kasparov’s lemma [1988, Lemma 1.4], we can find, for any ¢ > 0, F € G, and
m € N, a positive element e € J4 such that

max ||[e, dP]| <&, max|(l—e)c®|<e, and max|le—a,(e)l <e.
k<m k<m geF

10Ag pointed out in the footnote after defining compact generators in Notation 1.1, this always exists as a consequences of
simplicity.



EQUIVARIANT PROPERTY GAMMA AND THE TRACIAL LOCAL-TO-GLOBAL PRINCIPLE FOR C*-DYNAMICS 1397

Let b € A be a strictly positive contraction. If we represent e by an approximately central sequence
(en)nen Of positive contractions in A, then it follows that

max lim ”[en’ dk,n]b” <¢&, max lim ”(1 - en)ck,nb” <eé,
k<m n—w k<m n—o

and

max lim [[(e, —ag(e,))b|| <&, lim max t(a'?e,a'’?) = 0.
geF n—w n—-w tek

Appealing to Kirchberg’s e-test [Kirchberg and Rgrdam 2014, Lemma 3.1], we can find another approxi-
mately central sequence (e,),ecn Of positive contractions in A satisfying the stronger property

Lim (lllen, din1bll + 1(1 = en)crnbll + [l (en — ctg(en))b]) =0 and  lim max (a'?e,a'?) =0

n—w tek

for all k € N and g € G. This means that this sequence represents a positive contraction e € (J4 N D)%
such that ec = ¢ for all ¢ € J4 N D. This finishes the proof. O

To end this preliminary section, we prove the following tracial inequality.

Lemma 1.19. Let B be a C*-algebra with a, b € B, and t € T(B). Then
la =bl3 , < lla® = b1,z

Proof. If we replace B by its weak closure of the GNS representation 7, (B)”, it is enough to show this in
the case that B is a von Neumann algebra with faithful normal tracial state t.

Historically, this was proved by Powers and Stgrmer [1970, Lemma 4.1] in the case B = M,,(C)
for some n € N. When B is a von Neumann algebra with faithful normal tracial state t, this follows
from applying [Haagerup 1975, Lemma 2.10], which is formulated for the space L?(B, 7), to elements
in B C L?(B, 7). For the reader’s convenience we give here a more direct proof using an idea from
[Anantharaman and Popa 2014, Theorem 7.3.7].

Given a, b € B4, let p and g denote the spectral projections of a — b corresponding to [0, +00) and
(—o00, 0), respectively. This means that a —b = (p — g)|a — b| and p L q. First of all, we have

t((a® —b*) p) — t((a —b)*p) = t(b(a — b) p) + t((a — b)bp) =2t (b'/*(a — b) pb'/*) > 0

since (@ —b)p > 0. So we get

7((a = b)’p) < t((@®~b*)p), (1-5)
and in a similar way we can obtain that
(b —a)’q) < T((b —a)g). (1-6)

Combining (1-5) and (1-6) gives

t((@a—b)*) =t((a—b)*(p+q)) < (@ —-b>(p—q).
Also,

t((@* = b*)(p—q) = t(pa* = b*)p) +1(q(b* —a*)g) < t(la* = b*|(p+q)) < lla* — b |1«

since ||p + ¢/ < 1. This implies the result. a
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2. Equivariant uniform property Gamma

The notion of uniform property Gamma was introduced in [Castillejos et al. 2021b] and further studied
in [Castillejos et al. 2022], where it served as a uniform C*-algebraic version of property Gamma
introduced by Murray and von Neumann for II; factors [1943]. Recently, a dynamical version of this
property was introduced in the separable unital setting in [Gardella et al. 2022] called the equivariant
uniform property Gamma. Here we revise the definition to account for separable C*-algebras with
possibly unbounded traces, generalizing the concept called “stabilised property Gamma” by Castillejos
and Evington [2021, Definition 2.5]. We choose not to adopt that name because one can argue that
uniform property Gamma ought to be a stable property in the first place, just like property Gamma is for
von Neumann algebras. In light of recent work by Lin [2023] who proposed a more general framework
for C*-algebras that admit genuine quasitraces, we shall state the definition only in the absence of such.

For separable unital simple exact C*-algebras, the definition below corresponds to the earlier definition
given in [Gardella et al. 2022] (see Proposition 2.4 below) but not in the nonsimple case, as demonstrated
by C*-algebras that arise as extensions of unital classifiable C*-algebras by the compacts (see the type of
example mentioned in Remark 1.9, for instance).

Definition 2.1. Let A be a separable C*-algebra with QTZ(A) = T(A) and TH(A) #@,andleta: G~ A
be an action by a countable discrete group. We say that « has equivariant uniform property Gamma
(or equivariant property Gamma for short) if, for all n € N, there exist pairwise orthogonal projections
Pls-..y pn€ (AN A such that, foralla € A, and 7 € T,,(A) with 7(a) < 00,

nxm)=%rMX

Remark 2.2. We can notice immediately from the naturality of the isomorphism in Proposition 1.15 that
equivariant uniform property Gamma is preserved under stable cocycle conjugacy. That is, if A and B
are C*-algebras as above and we have actions & : G ~ A and  : G ~ B such that « ® idi is cocycle
conjugate to 8 ® idy, then a® is conjugate to S“ via a map preserving the canonical traces. In particular,
equivariant uniform property Gamma holds for « if and only if it holds for 8.

Next, we observe (cf. [Castillejos et al. 2021b, Proposition 2.3]) that, whenever o : G ~ A is an
equivariantly Z-stable action on a separable C*-algebra with sz(A) = f(A) and TT(A) # @, it
automatically has equivariant property Gamma. Indeed, a cocycle conjugacy between o and o ® idz is
easily seen to give rise to a unital x-homomorphism

Z9NZ — (AN AN,

For this purpose one chooses an approximate unit e, € A and considers a sequence of maps Z2 — A ® Z,
X — e, ® x, composed with such a cocycle conjugacy, which is seen to induce such a homomorphism. It
is well known that Z® N Z’ admits unital embeddings of matrix algebras of arbitrary size n > 2. So if we
fix n and define py, ..., p, € (AN A)®” as the image of the canonical rank-one projections inside a
matrix algebra under the aforementioned *-homomorphism, then they satisfy the necessary requirements
for equivariant property Gamma by uniqueness of the trace on the n x n matrices.
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The following is a version of equivariant property Gamma for possibly nonseparable C*-algebras that
exclusively takes into account the bounded traces. This agrees with [Gardella et al. 2022, Definition 3.1] for
separable unital C*-algebras but not with the general definition of equivariant property Gamma given above.

Definition 2.3. Let A be a o-unital C*-algebra with 7' (A) nonempty and compact, and leta : G ~ A
be an action of a countable discrete group. We say that « has local equivariant property Gamma with
respect to bounded traces if, for all n € N and || - ||2,1, (4)-separable subsets S C AP there exist pairwise
orthogonal projections p1, ..., p, € (A®)*” N S such that 7(ap;) = t(a)/n foralla € S and 7 € T,,(A).

In the unital separable simple setting, Definitions 2.1 and 2.3 are equivalent. We prove this fact in a
slightly more general setting in the proposition below.

Proposition 2.4. Let A be a simple separable C*-algebra with QTZ(A) =T (A), and such that T (A) * 0
is compact and T (A) = R*°T (A).'! Then an action o : G ~ A of a countable discrete group has
equivariant property Gamma if and only if o has local equivariant property Gamma with respect to
bounded traces.

Proof. The assumptions on A imply that every generalized limit trace on A that is finite on some nonzero
positive element of A is a multiple of an ordinary limit trace (see Remark 1.5) and that AN A’ = AP A’
(see Remark 1.12). Therefore, it suffices to show that the existence of pairwise orthogonal projections
Py Pn € (AN AN such that t(ap;) = t(a)/n for all a € A and T € T,(A) implies, for any
Il 2,7, (4)-separable S C A, the existence of pairwise orthogonal projections p}, ..., pj € (A2 N S)*"
such that 7(ap;) =t(a)/n foralla € S and t € T,,(A). This follows by a standard reindexation argument,
which we omit. O

The next part of this section is devoted to proving an equivalence between equivariant property Gamma
for an action @ : G ~ A and local equivariant property Gamma with respect to bounded traces for its
induced action a® : G ~ A N A, at least in the setting when A is simple nuclear and has stable rank
one.'? Recall that A is said to have stable rank one if the invertibles of A are dense in A. We start by
observing the following description of the tracial state space of AN A’.

Proposition 2.5. Let A be a separable, simple, nuclear C*-algebra with uniform property Gamma and
stable rank one. Then every tracial state on A® N A’ is a canonical trace, i.e., one has

T(A°NA) =comv” {t, | T € Ty(A),a € Ay, T(a) = 1}.

Proof. Using exactly the same argument as in the proof of [Castillejos and Evington 2021, Lemma 3.3]
and modifying it as hinted in the remark stated before [Castillejos and Evington 2021, Theorem 3.4], we
may appeal to [Antoine et al. 2022, Theorem 7.13] (since we assume stable rank one) and pick a nonzero
hereditary C*-subalgebra B C A ® K with T*(B) = R>°T(B) and for which T'(B) is nonempty and

LWe note that this is automatic if one assumes, e.g., that A has continuous scale (see [Lin 1991, Definition 2.5]), which is a
rather common assumption in the context of classification.

12Although we use it in the proof, it is likely that stable rank one is not so important for the claim to hold, although we take
no guess as to pinning down the correct general assumptions. We note, however, that simple finite Z-stable C*-algebras have
stable rank one; see [Fu et al. 2022; Rgrdam 2004].
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compact. By Brown’s theorem, it follows that A and B are stably isomorphic. Proposition 1.15 implies
that we have an isomorphism A“ N A"’ = B® N B’ that induces a bijection between the canonical traces on
the left and the right. Hence the claim holds for A if and only if it holds for B.

Now B has uniform property Gamma (see Remark 2.2), so [Castillejos et al. 2021b, Lemma 3.7]
implies that B has CPoU. By the “no silly trace” theorem [Castillejos et al. 2021a, Proposition 2.5],'> one
has that 7' (B®) is the weak-*-closed convex hull of the limit traces. If B is unital, then the claim follows
directly from [Castillejos et al. 2021b, Proposition 4.6]. If B is nonunital, we can extend the inclusion
map B C B® to a unital inclusion BT C B®. From this point of view, we have a trivial equality of algebras

B®NB =BN (B N{lgo —151}".

In this case it follows from [Castillejos and Evington 2020, Proposition 5.7] that 7 (B® N B’) is the closed
convex hull of traces of the form 7, where t € T,,(B) is a limit trace and a € B is a positive element
with 7(a) = 1. If (e,)nen 1S an increasing approximate unit in B, then b, = e,ae, € B converges to a
strictly, and hence ||b, — a||2,; — 0. This implies the convergence of tracial states t(bn)_lrbn — T, 1In
the norm topology, so we observe the equality

T(B®NB')=conv” {1, | T € T,(B), b € By, t(b) = 1}. O

Theorem 2.6. Let A be a separable, simple, nuclear C*-algebra with stable rank one. Then o : G ~ A
has equivariant uniform property Gamma if and only if a® : G ~ A® N A’ has local equivariant uniform
property Gamma with respect to bounded traces.

Proof. In order to increase readability in this proof, let us specify another free ultrafilter « on N (which
may or may not be equal to ).

We shall show the “if”” part first, which actually holds for arbitrary separable simple C*-algebras with
sz(A) =T(A) and T*(A) # @. Let k > 2. Assuming a® has local equivariant property Gamma with

respect to bounded traces, we can find pairwise orthogonal projections py, ..., pr € ((A® N A’)<P)@)"
such that

t(ap;) = %t(a) forj=1,...,k, ac A, teT (A’NA").
Foreach j=1,...,k, let p; be represented by a sequence of positive contractions (p; »)nen in AN A’

Let in turn each element p; , be represented by a central sequence (x; , ¢)¢en Of positive contractions
in A. Traces in T, (A® N A’) in particular include limit traces associated to sequences of canonical traces.
Let C C P(A)4 \ {0} be a countable dense subset. Let K C T (A) be a compact generator. By the
conclusion of Lemma 1.17, it follows, for all @ € C and all sequences (8¢),en in K, that, if T is the limit
trace on A, induced by (6;),en and 7, is the induced bounded trace on A® N A’ that we view in a trivial
way as a multiple of a (constant) limit trace on (A® N A’ )b then

Lemma 1.17 ,. . 2
= lim lim 6y (alx; , ¢ — xj’n’gl).

0= lim i — D2 = lim t(a|p; , — p>
ey ”p],n pj,n”l,ra Nk ( |p],n pj,nl) vl o

13Strictly speaking the conclusion is about the reduced tracial product B in the reference, but this makes no difference to
the argument there.
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Since the sequence (6;)¢cn in K was arbitrary, we may rewrite this as

0 = lim lim max@(a|x;, ¢ — x> .
Nk b—sw ek ( | ‘],n,f j’n’ﬁl)

We may argue in a completely analogous fashion to see that

0= lim lim max0(a|x;j, ¢ —og(x;s0)l), g€G,
n—k {—w ek

as well as
0= lim lim max|6(ax;,..¢) — ~6(a)| = lim lim max6(ax;m.exine)
n—k {—w gk k n—k l—w 6k
foralli, j =1,...,k withi # j. Lastly, we have by definition that (x; , ¢)¢en is a central sequence

as £ — w. Appealing to Kirchberg’s e-test, we can find central sequences of positive contractions eéj )

in A for j =1, ..., k satisfying, for all a € C, the properties

0= Elim max Q(aeéj)) _1

) ()2
—e
—w ek k ¢ I)

f(a)| = lim max60(ale,
l—w ek
and

: () @) : ) ) . .
0= lim max 6 (ae,”’e,”’) = lim max 60 (ale,”” — a,(e , eGandi .
m max (ae,"e;”) ‘ A (ale, ¢(ey ) 8 £

We consider the resulting elements e; € A” N A’ represented by (eéj ))geN. Given that C was dense
in A, we may conclude that they are pairwise orthogonal projections belonging to (A” N A")*” satisfying
T4(ej) = t(a)/k for all T € Tw(A) and a € C with 7(a) < o0. In conclusion, this shows that « has
equivariant uniform property Gamma.

For the “only if” part, suppose that o has equivariant property Gamma. Given k > 2, there exist
pairwise orthogonal projections pi, ..., pr € (AN A")*” such that, foralla € A, and 7 € fw(A) with

T(a) < o0,

Ta(pj) = %f(a) forj=1,... k.

As above, choose a compact generator K C T (A). If we represent each element p; by a central sequence
of positive contractions (p; ,)sen in A, then we can argue as before and see that, for all a € P(A) 4 \ {0},
g € G,and i # j, one has the limit properties

0 = lim max|6(ap;,) — %G(a) = lim maxd(alp;, —ag(pjn)l)

n—>w ek n—w ek
and

0= }}meglea%G(apj,np,,n) = ,}5‘302?1?9(”“’*" PjnD-
Now take a countable subset S C (A N A')® whose closure would represent a separable subset as
in Definition 2.3. Without loss of generality, let us assume S consists of positive elements. Choose a
countable subset Sy C (A” N A’); such that every element of S is represented by a bounded Sy-valued
sequence. Next, choose an increasing sequence of finite sets F;, C P(A)+ \ {0} such that their union is

dense in A, and every element in Sy has a representing sequence in [ [, _ F,. Appealing to the above

neN
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stated properties of the sequences (p; )nen for j =1,...,n, we may find an increasing sequence of
natural numbers ¢ — n, such that the resulting subsequences satisfy

0= lim max Ila, pjn il = lim maxmax@(a|p] ne — g (Pjn)), (2-1)
£—00 00 acF; He
2

0‘&%%}:’23‘?““”/”@“ ne) = hrgogg%rglgc(?(alpj ne = Pjnl)s (2-2)

and
= li 2-
0= fim, ey maglo @i - goieD )
foralli, j=1,..., k withi # j. By the choice of the sets Fy, we can see that (p; ,,)een defines a central

sequence in A, and its induced element ¢; € A” N A" commutes with elements in Sp. We keep in mind the
conclusion of Lemma 1.17. Then conditions (2-1) and (2-2) imply that ey, . . ., e, are pairwise orthogonal
projections in (A® N A)*“. Condition (2-3) implies that, forall j =1,...,k, T € Tw(A), everya € A4
with t(a) =1, and every b € Sy, we have

74(bej) = t(abej) = %r(ab) = %ra(b).

By Proposition 2.5, the weak-*-closed convex hull of such tracial states 7, yields the whole tracial state
space of A® N A’. In other words, we may conclude

T(bej) = %‘C(b) forall j=1,...,k, beSyand t € T(A“NA).

We may view e; as constant elements inside (A“ N A’ )“P. Since every element in S was represented
by a sequence in Sy, we may conclude that the elements ey, ..., e; satisfy the required property from
Definition 2.3 applied to the action

G AYNA.
We conclude that a® has local equivariant property Gamma with respect to bounded traces. (|

3. Dynamical complemented partitions of unity

This section contains the most involved technical arguments of the article, namely the proof that local
equivariant property Gamma implies the existence of a dynamical version of complemented partitions
of unity [Castillejos et al. 2021b, Definition 3.1], or dynamical CPoU for short. In the case where the
induced action on the tracial state space has the property that all orbits are finite with uniformly bounded
cardinality, a different iteration of dynamical CPoU was proved in [Gardella et al. 2022, Theorem 4.3].
However, we note that the general statement we prove is a weaker and more intricate version compared
to earlier versions but will nevertheless be sufficient to deduce the tracial local-to-global principle.

The starting point for the approach in this section is the following weaker version of CPoU shown in
[Castillejos et al. 2021b, Lemma 3.6] for nuclear C*-algebras, which turns out to hold automatically with
the aid of the theory of tracially complete C*-algebras [Carrién et al. 2023a].
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Proposition 3.1. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Then, for every
Il - 2,7, a)-separable subset S C A®b, every k € N, every family ay, . .., ax € Ay, and every

d> sup min 7(a;),
‘EET(A)’=1"“’k

there exist e, . .., e; € (A2PN S’)fr such that, forall T € T,(A),

s t(Xie) =1,
o T(aje;) <ét(e;) fori=1,... k.

Proof. Let S, k, ay, ..., ax, and § be chosen as in the assumption. Set
dp:= sup min T(g;) <.
reT(A) i=hk
Since S is || - [|2,7, (4)-separable, it is first of all clear that one may find a nondegenerate separable C*-
subalgebra Ag € A containing the tuple ay, . . ., a; such that every element of S can be represented by a

bounded sequence in Ag. As every tracial state on A restricts to one on Ay, the tracial state space of Ag
is still nonempty and compact, and furthermore

sup min t(a;) > do.
TeT(Ag) i=1k

Let n > 0. We claim that there exists a finite set F;,, € A and &, > 0 such that, if p is any state on A with
max | p(x*x) — p(xx*)| < &,
xekFy
then min;—1,_x p(a;) < o+ n. If we suppose for a moment that this were false, then it follows that, for
every finite set F' € A and every ¢ > 0, there exists a state p(r ¢ on A with

max |o(Fe)(x"X) — p(Fe)(xx™)| <& and Hlliﬂk P(F,e)(@;) = 8o+ 1.
X 1=1,...,

We can view p(r ) as a net of states by equipping the set of pairs (F, ¢) with the obvious order. By the
Banach—Anaoglu theorem, there exists a subset (;),ca that weak-x-converges to a positive functional
p’ with norm at most one on A. By the properties of the net p(r ), it is clear that p’ is tracial. Hence
min;—;__x p'(a;) < 8y, while at the same time

.....

.....

which is a contradiction.

Using this intermediate claim, we choose for each n > 1 a finite set F,, € A and ¢, > 0 satisfying the
above conclusion for n = 1/n. Let A| C A be the C*-algebra generated by Ag and all the finite sets Fj,,
which is clearly still separable. Since A contains all the finite sets F},, it follows that every tracial state t
on A must satisfy

.....
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which leads to
sup min 1(q;) =68y <.
TeT (A i=Lk

By all the properties arranged for the subalgebra A; € A so far, it is clear for proving our main claim that
we may swap A for the subalgebra A;. In other words, we may assume without loss of generality that A
is separable.

By [Carrién et al. 2023a, Definition 3.19, Proposition 3.23], the tracial completion A7) of A yields
a factorial tracially complete C*-algebra. Note that as per the ultraproduct construction of tracially
complete C*-algebras in [Carrién et al. 2023a], the object (A7 4))® in that sense becomes canonically
isomorphic to the C*-algebra A®-® as considered in Definition 1.8. Because A is separable, A74) is
|l - ll2,7(a)-separable. Thus we may directly apply [Carrién et al. 2023a, Theorem 6.15] (inserting the unit
in place of the projection ¢ appearing there) and find the elements ey, ..., e; € (AN S’ )ﬂr with the
desired properties. O

The main achievement of this section is the following technical lemma.

Lemma 3.2. Given ¢ > 0 andt € (0, 1), there exists a universal constant n = n(e, t) > 0 such that the
following holds: Let A be a o -unital C*-algebra with T (A) nonempty and compact. Let G be a countable
discrete group, and let a : G ™~ A be an action with local equivariant property Gamma with respect to
bounded traces. Suppose that F, H € G are finite subsets such that

|eHAH| <n|H| forallgeF.

Then, for every || - ||2,1,(a)-Separable subset S C AP every family ay, ..., a; € (A®®), and every
constant § > 0 with
— > su min t(a;), (3-1)
IR A et
there exist pairwise orthogonal projections py, ..., px € A°° NS’ such that, for all T € T, (A), one has
t(pr+---+p)>t, (3-2)
t(aipi) <ét(pi)) fori=1,....k, (3-3)
k
ma D e (pi) = pills, <e. (3-4)
i=1

Remark 3.3. A standard argument shows that the statement in Lemma 3.2 is equivalent to the existence
of a universal constant n(e, ¢) > 0 satisfying the following statement (using approximations instead of the
uniform bounded tracial ultrapower):

If « : G~ Aisanactionand F, H € G are all given as in Lemma 3.2, then, for every finite subset
S € A, every& >0, every family ay, ..., ar € Ay, and every § > 0 with

1) .
—— > sup min 7(q;), (3-5)
|H| reTFA)iZl ----- ko
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there exist pairwise orthogonal contractions ey, . .., ex € A such that
e, x1llou <& forxeS,i=1,...,k,
le; — e llau <& fori=1,...,k,
t(er+---+e)>t—& forteT(A),
T(aje;) <ot(e;))+& forteT(A), i=1,...,k,

k
max ) flag(er) —eillor <e+& forr € T(A).
ger =

i=1

In particular, this means that it suffices to prove Lemma 3.2 for positive elements ay, ..., a; taken
in A instead of A®"°. In this case, (3-1) and (3-5) are equivalent.

The proof of Lemma 3.2 is an adapted version of the proof in the nondynamical setting (cf. [Castillejos
et al. 2021b, Section 3]) but also incorporates new ideas related to the dynamical structure. Before
we delve into the details, we shall give an overview of the strategy. The construction of the pairwise

orthogonal projections py, ..., px in the statement of Lemma 3.2 is done in three steps:
(1) Instead of producing pairwise orthogonal projections pi, ..., px, we start by producing (not yet
pairwise orthogonal) positive contractions ey, ..., e, € A®PN S that satisfy

t(e1+---+e) =1, t(aje;) <ét(e;) fori=1,...,k, 1t€T,(A),

and that are approximately invariant under «® in the right sense. This is done in Lemma 3.4 and is the
only part of the proof that makes use of the approximate Fglner property that appears in the assumption
of the lemma.

(2) Next, we use equivariant property Gamma to turn these contractions into orthogonal projections
Pis---s Py €A” >N §’. As a consequence of this procedure we get that

t(p/1+~--+p1/()=% for T € T,,(A),

but they still satisfy (3-3) and are still approximately invariant in the right sense. This is done in Lemma 3.6.

(3) In order to enlarge the trace of the sum of the projections, we repeat the above steps underneath the
projection 140 — Zle plf.m We continue this procedure inductively until we end up with orthogonal
projections p1, ..., px whose sum exceeds ¢ in trace and that still satisfy (3-3). If everything is done
carefully from the start and 1 > 0 is chosen correctly, we can control the error in the invariance of the
projections and make sure they satisfy (3-4) in the end. (We note, informally, that this error grows with
the number of times this procedure is repeated, which is the ultimate reason why we cannot simply work
with ¢ = 1 in the statement.)

We shall now implement the above strategy. Combining the contractions arising from Proposition 3.1
with an averaging argument over suitable Fglner sets allows us to carry out the first step.

14For this one actually needs a somewhat stronger version of the second step; see Lemma 3.7.
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Lemma 3.4. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ~ A be an
action by a countable discrete group. Let ¢ > 0, and let finite subsets F € G and H € G be given such
that |gHAH| < e|H| forall g € F. Then, forall || - ||2,7,a)-separable subsets S C AP all § >0, and
allay,...,a; € Ay with

%> sup min t(a;),
| | ‘L’ET(A)’ZI""’k

there exist e, . .., e; € (A2PN S’)fr such that, fort € T,(A),
k
. ‘L’(Zizl el-) = 1,
o T(aje;) <ét(e;) fori=1,...,k,and

k
e maxger )iy lag(e) —eilli: <e.

Proof. Given S C A®b §>0,anday,...,a; € A, as above, we define
1 .
a = TH Zag_l(a,-), i=1,... k.
geH

Note that, for each t € T (A), the trace IIFI deH T oa,-1 1S again an element of 7 (A), so we see that

8

i> sup min t(a))
|H| reT(A)i=l...k '

By Proposition 3.1, we know that there exist

such that, for T € T,,(A),
T(Z e;> —1, (3-6)
i=1

r(a;e;)fﬁr(el{) fori=1,...,k

In particular, this last equation implies that
T(ag-1(a)e)) <8t(e;), geH, teT,(A). (3-7)

Now, fori =1, ..., k, define
e;:=|H|™! Z ag’(e;).

geH

Clearly this still is a positive contraction in A® N S’. Notice that

k k
r(z e,-) =1H"Y oag)<z e;) 1 fort e T, (A).
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ForteT,(A)andi=1,...,k, we have

T(aier) = |H|1r<ai Za;<e;)) =H|"' ) (Toa) @ @)e))

geH geH

(E€0))
< |H|™' ) 8(roag)(e) = dt(er).
geH

Lastly, we see that, for g € F and t € T,,(A), we have

k k k
D legted —eillie <IHIT' Y D7 el =1HIT" > Y tafe))
i=1

i=1 hegHAH hegHAH i=1
O\ HIgHAH| <. 0
Analogously as in the nondynamical setting (cf. [Castillejos et al. 2021b, Lemma 2.4]), (local) equi-
variant property Gamma allows one to replace positive contractions by projections without changing
the tracial values in A"®. A different generalization of this lemma was proved in [Gardella et al. 2022,
Proposition 3.4], but for the purposes of this paper we need a way to control the (tracially) approximate
fixedness of the elements for the action.

Lemma 3.5. Let A be a o-unital C*-algebra with T (A) nonempty and compact, and let o : G ~ A be an
action of a countable discrete group. Assume that o has local equivariant property Gamma with respect
to bounded traces. Let S C A“° be a || - 2,7, a)-separable subset, and let b € A®P NS be a positive
contraction. Then there exists a projection p € A“° NS’ such that

t(ap) =t(ab) foraesl, teT,(A), (3-8)
and such that, forall g € G and v € T,,(A), one has
e (p) = pll3- < g )" = b [laclaf () + 52 |5.c. (3-9)

Proof. Fix n € N. By a common reindexation trick, it suffices to find a positive contraction p € A®* N §’
satisfying (3-8), (3-9), and || p — p2||§’Tw(A) < 1/n. An element p satisfying all the necessary properties
except (3-9) is constructed in the proof of [Castillejos et al. 2021b, Lemma 2.4] with the use of uniform
property Gamma. We show that when the construction is carried out using (local) equivariant property
Gamma instead, the resulting projection also satisfies the extra condition (3-9).

Just as in [Castillejos et al. 2021b], we define functions f1, ..., f, € C([0, 1]) such that f;|j0,i-1)/, =0,
filli/n,y =1, and f; is linear on [(i — 1)/n,i/n]. Note that not only (1/n) Z?:l fi =1djo,1, but the
monotonicity of each f; also implies

%;|ﬁ(fl)—ﬁ(t2)l=lt1—t2|, .1 €0, 1]. (3-10)

By local equivariant property Gamma with respect to bounded traces, we can find pairwise orthogonal
projections pi, ..., pn € (A®?)* NS N {b} such that t(p;x) =t(x)/nfori=1,...,n, T € T,(A),
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x € C*(SU{b}). Define

n

p:=) pifilb)e A”°NS'.

i=1
By repeating the arguments in the proof of [Castillejos et al. 2021b, Lemma 2.4] verbatim, we may
conclude that ||p — p2||%’Tw(A) <1/n and t(ap) = t(ab) foralla € § and t € T,(A). We need to show
that (3-9) holds as well. Fix t € T,(A) and g € G. By [Connes 1976, 1.1], there exists a positive Radon
measure v on [0, 1]% such that, for every pair of functions A, hy € Co((0, 1]), the functions (s, ¢) — h(s)
and (s, t) — hy(t) are square integrable and

A1 @2 b)) — a3, = /

- |h1(s) — ha(t)]* dv(s, 1).
[0,1]

Then we get

n 2

e (p) = plI3 . = | D_ pi(fi (@ (b)) — £ (b))

i=1 2t
1 v o

=2 ; | fierg ) = fi®)13 -
1 . 2

= — i — i d , 1
n;/[mzu(s) fi) dvs. 1)
1 n

< - i — fi(®)|dv(s,t

w;/{wv(s) fi@®ldv(s, 1)

3-10
(:)/ s — ] dv(s, 1)
(0,12

5\// |s1/2—t1/2|2dv(s,t)\// Is'2 4+ 61212 dv(s, 1)
[0,1]2 [0,1]2

= oy )" = b2 af &)+ 5|2 m

Using Lemma 3.5, we can construct orthogonal projections that play a similar role to the positive
elements in Lemma 3.4.

Lemma 3.6. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ™~ A be an
action by a countable discrete group and assume it has local equivariant property Gamma with respect to
bounded traces. Let ¢ >0, F € G,and H € G be such that |gHAH| < ¢|H| forall g € F. Then, for
every | - ||2.1,(a)-separable subset S C A®*, all § > 0, and all ay, . .., a; € Ay with

i> sup min t(a;),
|H|  rer(ayi=l..k

there exist pairwise orthogonal projections py, ..., px € AP NS such that, for all T € T, (A),
- (X p) = /K,
e T(a;p;) <ét(p;) fori=1,...,k,and
o maxeer Yoz la2(pi) — pill3, < 2E/k.
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Proof. By Lemma 3.4, we can find ey, . .., ex € (AN S")! such that, for all T € T,,(A),

k
‘L’(Ze,) =1, (3-11)
i=1

T(aie;) < 8t(e;) fori=1,...,k, (3-12)
k

max ) llo (e —eillie <. (3-13)
i=l

Let So = SU {100,ay1,...,ar}. Apply Lemma 3.5 for each i € {1,...,k} and find a projection
pi € A®bN S(’) such that, for all a € Sy, T € T,(A), and g € G, we have

T(ap;) = t(ae;), (3-14)

1/2| 1/2

e (pi) = pill3.; < Nl (e)'? — & llae o (e)'* + ;" |l (3-15)

This already implies the two following facts:

k k
T (Z p,-> C1Y z(z e,-> CIV 1 for 7 e Ty(A), (3-16)
i=1 i=1

_ (3-12)
t(aip) "2 t@ie)) < 8t(e)) 2V st(pi) fori=1,... k, T eT,(A). (3-17)

Furthermore, we get, for g € F and t € T, (A), that
k
o2 o2
S e (pi) — pillds = Z lo?(en) '/ — &, 12, lla? (en) /> + &% [12.¢
i=l1

1 2 2
(e — e/l (I (e) 2. + lle;* 12.)

||M»

Lemmdl 19 2 1/2 2
Zua%e, —eilly /7l (e Pllae + lle; ll2.e)
i=l1

= Z la (ei) — eilly 27 (@2 () /* + Z lag (ei) — eilly/ 27 (en) '/

i=1

k

k k
oy (e) —eillie Y (toay)(e)+ lag (ei) —eilli T(e;)
Z ‘ ‘ ‘
i=l1 i=1 i=l1 i=l1
3-11),(3-13
NG, e (3-18)
Set

Si=SUC*{ai,....a}U{ag(p)) | 1 < j <k, g €G}) C A”.
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Since A has local equivariant property Gamma with respect to bounded traces, we can find pairwise

orthogonal projections ry, ..., r; € (AP N Si such that
t(ria) = %t(a) fort e T,(A), ae S, i=1,...,k. (3-19)
Set p} :=r;p;. Then clearly pi, ..., p, € A®® NS are pairwise orthogonal projections. We get, for each

teT,(A), that
£ L (3-19) 1 £ (3-16) 1
(3) =o(mn) e (20m)
1= 1= 1=
Fori=1,...,kand 7 € T,(A), we get

-19) 1 G-17) § (3-19)

f(aip§)=f(airipi) = pt@p) = zt(p) st (p;).

Lastly, for g € F and t € T,,(A), we get

: (3-19) 1 . (3-18) 2[
>l () = pill3 . = zzmw(p, —pil3,

i=1
Hence the projections p; satisty all the required properties. This finishes the proof. (|

In order to carry out the inductive argument to enlarge the trace of the sum of the constructed orthogonal
projections, we need a stronger version of the previous lemma that allows us to find the orthogonal
projections under an arbitrary tracially constant projection g.

Lemma 3.7. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ~ A be an
action by a countable discrete group and assume it has local equivariant property Gamma with respect
to bounded traces. Let ¢ > 0, F € G,and H € G be such that |gHAH| < ¢|H| forall g € F. Choose
8>0anday,...,a € Ay such that

> sup min t(a;).
|H| ‘L’ET(A)I 1 ..... k

For every p € (0, 1] and || - 112,17, (a)-separable subset Sy C AP there exists a || - 2,7, (A)-separable subset
S C A such that, if ¢ € A”® NS’ is a projection with T(q) = . for all T € T, (A), there exist pairwise
orthogonal projections py, ..., px € A" N So N {ag(q) | g € GY such that, forall t € T,(A),

« YO t(pig) = w/k,

e t(aipiq) <8t(piq) fori=1,...,k,

o« maxger Yoy llg(@2(pi) — p)l3, <2u/e/k. and

o Y el (p) @@ — 13, < A/0le2(@) = ql3 7,4 forall g € G.

Proof. Lete >0, F,He G, § >0,and ay, ..., a; € A1 be as in the statement of the lemma. In order
to prove the claim, it suffices to prove the following local statement:
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Forevery u € (0,1], ¢ >0, T € A, and E € G, there exist S € A and £ > 0O such that, if g € AL
satisfies

lg —q*llou <&  sup |t(q) —ul <&, and ||[g,s]lla. <& forseS,
€T (A)

then there exist pairwise orthogonal projections py, ..., px € A1 such that

Ipi — pillou < ¢,

Ipi, 1l <¢ fort e T U{ag(q) | g € EY,
k

v
sup T(piq) — | <¢,
teT(A) ; k
T(aiPiQ) <ét(piq)+¢ forteT(A),

2us/e
sup max Y llg(eg(pi) — pill3, <
reT(A) 8€F Z S 2T k

k

1
sup maxZnag(p, )2 (eg(@) = I3 ¢ < llog(@) —ql3, +¢.
teT(A) g€k

+¢,

We prove this local statement by contradiction. Suppose there exist u € (0,1], ¢ >0, T € A, and
E & G for which the statement does not hold. In other words, this means that, for every @ # S € A, we
can find a g5 € AL such that

lgs — qsllau < 1/1SI,  sup |t(gs) —ul <1/IS|, and |lgs, sllo. <1/IS] fors €S,

€T (A)
but there exist no pairwise orthogonal projections py, ..., px € Alr satisfying
1pi = Pl < ¢, (3-20)
I[pi, 12, <& fort e T Ufag(gs) | g € EY, (3-21)
k
"
sup (pigs) — 7| < ¢, (3-22)
teT(A) ; l k
t(aipiqs) < 8t(piqs) +¢ forv € T(A), (3-23)
k
2u/e
sup max Y |lgs(ag(pi) — pill5 . < === +¢, (3-24)
reTFA) ek Z qs(og(pi Pill2 ¢ X ¢
- 1
sup maxZ lere (pi) ' (e (qs) = 4913 ¢ < 7l (qs) = gsll3, +¢. (3-25)

teT(A) 8€E

In this way we get a net (¢s)s indexed by the finite subsets of A equipped with inclusion as the natural
partial order. We can take a free ultrafilter @ on this index set of finite subsets of A as follows. For each
I € A consider the set

Pr={JeA|lICJ}.
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As the collection of P; is closed under finite intersections, they form a filter basis and hence there is a

minimal filter on the set of finite subsets of A containing all the sets P; for I € A. This filter will be free

and can be extended to a free ultrafilter @ by Zorn’s lemma.

Similarly as in Definitions 1.3 and 1.8, we can define the norm and bounded tracial ultrapower of A over
the ultrafilter @. We also get a set of limit traces 7;(A) over @. Then the net (¢s)s defines a projection
g € AP N A’ with value x on all limit traces on A®*. By Lemma 3.6, we can find pairwise orthogonal

rojections p’, ..., p, € AL such that
proj P Py +

Ip, = PPl <¢ fori=1,... .k
Ip, Ny <¢ forteT,
. , 1
«(20) -
t(aip)) <8t(pi)+¢ fori=1,....k, T €T(A),

sup <

teT(A)

Zé',

k
2/¢
max Y Nl () — P30 < —‘k/_ for 7 € T(A).
i=1

Since g € A®P N A’ it follows, for each T € T;(A) and g € G, that the assignment

A— Crar t(aag(@))/t(g (@) = T(aag @)/ 1

defines a tracial state on A. In particular, we get that, for T € T;(A), the following hold:

ne < g‘ for g € G,

<Z pic Zf(q))

T(a;piq ) 62 St(piq) +ut <8t(piq) +¢,

(3:30) 2,uf
k

max Z g (e (p}) — P,)Hz .

Next we show that, for all T € T;(A) and g € G,
k ) { .
>l (p) (@ (@) = 113 - < e (@) —qll5, + ¢
i=1
Fix T € T;(A) and g € G. Assume r(qag’(q)) > 0. Then the map
A—C, ar t(aqaf(@)/t(qel(q))

defines a tracial state on A. This means that

k
f(Z ag<p£>qa;?(q>) - %r(qa;?(q))' R R CCAIERTS
i=1

(3-26)
(3-27)

(3-28)

(3-29)

(3-30)

(3-31)

(3-32)

(3-33)

(3-34)

(3-35)
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Note that, if T(g2(g)) =0, then

k
) 1 )
v (Z oy (P))qerg (q)) =0=1(qey(9),
i=1
and hence (3-35) also holds in this case. Now

k i k ~ i )

T (Z g (p)) (g (q) — q)2> =1 <Z ag(p) (g (@) +q —ag(q)qg — qa;’(q))>
i=1 i=1

(3-31),(3-35) 1

<

LT (@) +q — e (9)q —qeg (@) +¢
1

= 7@ (@) —a)) +¢.
This proves (3-34). If we combine this with (3-26), (3-27), and (3-31)—(3-33), we can conclude that, for
some gy in the net, (3-20)—(3-25) must hold. This gives the desired contradiction. Il

Proof of Lemma 3.2. Given ¢ > 0 and ¢ € (0, 1), choose n > 0 small enough that

4 s v <e. (3-36)

We show that such a constant n satisfies the required properties. Let o : G ~ A, finite sets F, H € G,
and S C A®P be given as in the statement of the lemma. By Remark 3.3, it suffices to consider § > 0 and
ai,...,ar € Ay such that

8 > sup min 7(a;).
H| ~ rer(ayi=l..k
We construct the pairwise orthogonal projections py, ..., px in N :=k[t/(1 —t)] steps. Define a
sequence (s,) in [0, 1) inductively by setting so = 0 and setting s;+; = s; + (1 —s;)/ k. Note that, when
s <t,wehave s+ (1 —s)/k > s+ (1 —1t)/k. If we assumed for a moment that sy < ¢, then this sequence
is less than ¢ for all of the first N steps, leading to sy > N (1 —t)/k > ¢, which is a contradiction; hence

we must have sy > t. Next, we construct separable subsets Sp, ..., Sy as follows: Set Sy := S. Given
i e{l,..., N}suchthat S; is defined, let S;_; be the union of S; and the set determined by Lemma 3.7
with 1 —s;_; in place of i and S; in place of Sy.
In the initial step, we set pio) =...= p,(f)) = 0. Now suppose that, for some n € N, we have pairwise
orthogonal projections pf"), e p,(cn) € A®N S such that, for all T € T,,(A),
(P 4+ p) = s, (3-37)
t(aip™) <st(p™) fori=1,...,k, (3-38)
k
dn/m
/(1) (n) 2
r;la;; g (pi"™) = 13 = —— (3-39)
k k 2
max Z a;“(pi(")) — Z pf") < 2s,/1. (3-40)
s<r i P 2.T,(4)
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Note that the pi(o) trivially satisfy (3-37)—(3-40). We show that we can construct pairwise orthogonal

projections p§”+1), e p,ﬁ”H) € AP NS | such that, for all T € T,,(A),
(P p ) = s, (3-41)
(@i p™) <5t (") fori=1,....k, (3-42)
k
4n+1)/n
1 1

max 3" a2 (p¢+1) — p 3 < 2E DV (3-43)

geF P k

k k 2
max| » o (p") =y p" < 25113/ (3-44)
s i3 P 2.7,(4)

Define
k
q =100 — Zpi(").
i=1

Note that ¢ is a projection in A®PN S/ with 7(¢) = 1 —s, for all 7 € T,,(A). By Lemma 3.7 and our
choice of S,,, we can find pairwise orthogonal projections

rl,...,rkEAw’bﬂS,/l+1ﬂ{a§)(Q)|geG}/

such that, for all T € T,,(A),

k
1 —
(-5
i=1
=<

t(a;iriq) <ét(riq) fori=1,... k, (3-46)
k
2(1 =) /M
2 n
r;ag; g ey ) =ri)ll3 , < ———— (3-47)
. |

>l )@ @) = @li3 ¢ < g @) —q13 7,0 forg €G. (3-48)

i=1

Define
pi" = p .

By construction (recall that S, C S,), the elements pi”H), e p,ﬁ"H) are pairwise orthogonal pro-

jections in A®PN Sl; +1- We show that they satisty (3-41)—(3-44). Fix t € T,(A). Note first of all
that

k k k
(3-37),(3-45) 1
T(z:pi(n-i-l)):f(E :pz'(n))+T(§ C]”i) = Sn+E(1_Sn):sn+l-
i=1 i=1 i=1

Moreover, fori =1, ..., k, we have

(41 _

(3-38),(3-46) 1
t(a;p, (D

taip™) +tlaigr) £ 8t(p™) +58t(qr) =8t(p!

1
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This shows already that the projections satisfy (3-41) and (3-42). Next we prove that they satisfy (3-43).
Note that p(") is orthogonal to g fori =1, ..., k. Hence, we get, for each g € G and t € T, (A), that

+1 (n+1),,2
Zua " =" V15,

= Z (@ (p" ) = p{"* )

= Z(r((a%pl")) P + (@2 (gr) — gr)®) = 2t@®(p{™)gri) — 2t (p" el (gri)))

k k
<Y g™ =PI+ Y ey qr) = gril3 - (3-49)
i=1 i=1
Fori=1, ..., k, we have

leeg (gri) — qrills . < (1@ (@) — @eg ) lla.r + llg (g (ri) —ri)ll2.2)
<2(l(g (@) = ag ri)ll5 . + g (e (ri) = r)13.,)-
Combining this with (3-49), we find that, for g € F,

k
+1 +1
>l (p" = PV

k
Z le? (pi") — <”)||2,+2Z(||(a‘"(q)—q)a%rl)uz,+||q(a‘”<n) 3.

i=1

2(p”) - Z p(")

(3-40).(3-47) 4n /n 4snﬁ 4(1 — sn)ﬁ 4n+1)/n
< + + = .

k k k k
(n+1)

(339),(3-48) 4n f 2

2,T,(4)

k
+2> g ) —rli3,
i=1

Lastly, we show that the elements p, satisfy (3-44). We get, for each g € G, that

k
Z(ag(p,f"*l)) —p") = Z(ag’(p}”)) —p")+oy (q (Z rj)) —4 (Z ff)
i=1 i=l

j=1 j=1

=q—a;"<q>+a§’< (er,)) q<i”>

Jj=1

~o(1-X0)~es(o(1- X))

=f1(i<“§’(rf) _rj>> +q(1 - ia;"(rj)) —ag’(q (1 - er))

j=1 j=1

k
(Z(a (rj)—r)) +(q - a”(q))( Za;“m))
j=1
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Keeping in mind that ¢ is a projection and the elements r; are pairwise orthogonal projections, we have,
forall g € F and 7 € T, (A), that
k

+1 +1
a)(pl(n )) Z (n+1)

i=1

2

2,T
k

k 2
((Za‘“(p(”“)) dop “’“’)) ((ag’(pf")Jrqri)—pr")+qu-))
i=1

i=1
2
=T ((Z q(ag (ri) —ri) +(q — oz ()(1 — Ol?(”i))) )
" k
= T(Q(Z ag (rirj) +rirj —riag (rj) —Ol;()(ri)rj> + (g —05?(61))2(1 - Za?(rﬂ))
i,j=1 j=1
k k
—2r<<zrj>q(1 —ag(q))<1 —Za;’(rj)»
j=1 =1

(rlr])+rlr] ria?("j)—ag)(ri)f’j>+(q—0l§)(Q))2)

i,] 1

k
sr(q(Zoeg’(r,Hrl rio (i) — o (r,>r,)+<q a“’(q)))

k
( Z( 9 (i) r,->2) +(q—a;<q))2) =Z||q<r,- — a5, + g —ag @15,
i=1

(3-40),(3-47)
=2

—_

E(l _sn)>\/_: 25n+1\/ﬁ'

In the first inequality in the above computation, we used the fact that ¢ commutes with all the elements 7;,
thus the term (lele rj)q(l — oez,‘)(q))(l — Z’;Zl a;’(rj)) is a product of two positive elements, whose
trace value must be nonnegative. In the second inequality, we used the pairwise orthogonality of the
projections r;, so the mixed terms in the double sum appearing above contribute the trace value of
—(riozg’ (rj)+ ag’(ri)r ), which likewise is nonpositive.

As explained before, one has sy > 7. So if we start the inductive procedure with the projections

pgo) = p,({o) = (0, then after N steps we obtain projections p( ), e p,(cN) satisfying

k

Z‘[(p;N)) >t forteT,(A).
i=1
Moreover, at that point we have

(3-42)
‘L’(Clipl-(N)) < Sr(pi(N)) fori=1,...,k, t€T,(A)),

k
(3-43) 4N /1 (3-36)
N N
max 3 o (p") = pVI3 = 2 < e

We conclude that p(N), ey p,EN) satisfy all the required properties. O
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4. Dynamical tracial local-to-global principle

Here we prove our main technical result, namely that equivariant property Gamma implies a tracial local-
to-global principle for actions of amenable groups. Roughly, this means that whenever a *-polynomial
identity has (local) approximate solutions one tracial presentation at a time, then it has (global) approximate
solutions in the uniform tracial 2-norm. We begin by precisely defining these polynomial identities.

Definition 4.1 ( cf. [Gardella et al. 2022, Definition 4.4]). Let G be a discrete group, and let X be a
countable set of noncommutative variables. A noncommutative G-*-polynomial in the variables X is a
noncommutative *-polynomial in the variables {g-x | g € G, x € X}.

Let A be a C*-algebra with action « : G ~ A. Suppose that h(xy, ..., x,) is a G-x-polynomial in r
noncommuting variables. Given a tuple (ay, ..., a,) € A", the evaluation h(ay, ..., a,) is computed by
interpreting g - x; as ay(a;) forge Gandi=1,...,r.

The main theorem that we prove in this section is the following.
Theorem 4.2. Let A be a o-unital C*-algebra with T (A) nonempty and compact, and with weak CPoU.
Let o : G ~ A be an action by an amenable countable discrete group and assume it has local equivariant
property Gamma with respect to bounded traces. For each m € N, let
hm(xl, LIRS | xrm7 Z19 L] ZS,")
be a G-*-polynomial in r,, + s,, noncommuting variables. Let (a;);en be a sequence in A®b, Suppose,
foreverye >0, £ eN,andt €T, (A)Y", there exist contractions (¥))ieN in AP such that
Nhm(ar, ... ar,, yi, ..., ystm)||2,I <& form=1,...,¢.
Then there exist contractions (y;)ieN in A®Y such that

hm(ay, ...,an,,Y1,...,¥s,) =0 forallmeN. 4-1)

We reduce the complexity of the polynomials involved in the proof of this result with the following.

Lemma 4.3. Let G be a countable discrete group. Consider sets of variables X = {x; | i € N} and
Z ={z; | i € N}. Assume
P:{hm(xly--wxrmaZly---,Zsm)|m€ N}

is a countable set of noncommutative G-x-polynomials in the variables X U Z. Then there exists another

set of variables Z' = {2 | i € N} and another countable set of noncommutative G-x-polynomials
P/z{hin(xl,...,xr;,,z’l,...,z;;n) | m € N}
in the variables X U Z' such that every G-x-polynomial h), satisfies one of the following properties:

(1) hy,(x1,...,x7,0,...,0) = 0 (i.e., no terms in the polynomial with variables only in X) and
h,,(1,...,1,24,...,2,,) is an ordinary x-polynomial in the variables Z',

@) By Oty - Xy, 2o es 2y ) = My (a1 s X, 0, 02l = Rl (x1, i, 0, 0);

m

3) h;n(xl,...,x,;n,z/l,...,z;,)zg-zg—z’j forsome 1 <i, j<s, andsome g € G.
m
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Moreover we have that, for every action B : G ~ B on any C*-algebra, any sequence (b;);cn in B, and
subset T C T (B) the following two statements hold:

(a) There exist contractions (y;)ien in B such that
hm(br, ..., b Y1 oo Y5, )l2,r =0 forallm e N
if and only if there exist contractions (y;)ien in B such that
[ O T 2 R y;;n)llzj =0 forallmeN.
(b) For each € > 0 and each £ € N, there exist contractions (y;)ieN in B such that

”hm(bh ---’br,,,, y17 "'aysm)”2,T <€ form == 1’ ,Z

if and only if, for each &’ > 0 and each €' € N, there exist contractions (y])ien in B such that
A, (b1, ..., by, ¥y, ...,y;’/n)||277 <& form=1,...,¢0.

Proof. Define
Z'={z; |i eN}U{zi o |i €N, g € G\ {e}}U{wy |meNj.

For each m € N, we can take the G-x-polynomial %,, in the variables X U Z and define /), in the variables
X U Z' by replacing every instance of a variable g - z; for some i € N and g € G\ {e} by z; 4, e.g., the
polynomial g - z; — z» would be transformed into z; , — z>. Next, we define a new G-%-polynomial £,
for each m € N by setting

h'(XUZY=h' (XUZ)+ 1y % 0 O) [ — A (X1, -2 Xy, 5 0,0, 0). (4-2)

Set Py :={h,,(XUZ') | m € N}. All the polynomials in this set are of type (1) mentioned in the statement
of this lemma. Next, define the sets of G-*-polynomials

Py = {llhmx1, .o X, 0,0, O) [y — Ay (X1, ..., X5, 0, ..., 0) [ m € N}
and
Pyi={g-zi—zigli €N, g€ G\{e}}.

These sets consist of polynomials of type (2) and (3), respectively.

Consider P’ =P} UP;UP;. The G-*-polynomials in this set are all of the right form, and we claim that
this does the job. It suffices to show part (a). This is because, for a given C*-algebra B, action 8 : G ~ B,
sequence (b;);en € B, and subset T C T (B), statement (b) immediately follows from statement (a) when
applied to the C*-algebra B, with action f,, sequence (b;);cn in B C B, and the set of limit traces
on B, arising from sequences of traces in 7.

To show part (a), fix a C*-algebras B, an action 8 : G ~ B, a sequence (b;);en, and subset T C T(B).
Let (y;);en be any sequence of contractions in B. For notational brevity, we denote these sequences by
b= (bi); and y = (y;);. Furthermore we shall also write (exclusively in this proof), for two elements
X,y € B, the expression “x =7 y” as shorthand for ||x — y|l2.7 =0.
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We set y; ¢ = Bg(y;) fori e Nand g € G\ {e} and

0 hm(by,....b,,,0,...,0)=0,

Wy = huby,...,b. ,0,...,0)
m ., hubi,....,b. ,0,...,0 0.
Vi rs s brr0, 0y " )7

Then the tuple

Z:=(Yi)ien X (Vi,g)ieN,geG\fe} X (Wim)meN

represents a choice for the free variables of Z’ inside B. By definition we have p(b,z) = 0 for all
p € P, UP;. By definition of the polynomials /,,, we have

R/ (by,.... by, 2)=h!(b1,....b,,2)+qb,2)=hl(b1,..., b, 7)

for some *-polynomial g € P;. Due to the vanishing of all the *-polynomials of P} in Z and given how
the polynomial /), arises from the polynomial /,, via substitution of variables, we may finally observe

hm(bl, ey brm, Viy oo ey ysm) = h;;l(bl, ey brm’ Z)
This shows immediately that if the sequence (y;); satisfies
”hm(bl’ ceey b}"m? y]» LR ] ys,,,)”Z,T = O for all m e N,
then we also have | p(b, Z)[2.r = 0 for all p € P’. In particular, we get the “only if” part in (a).
Conversely, suppose that
Z:=(yi)ien X (Vi,g)ieN,geG\fe} X (Wim)meN

is an arbitrary tuple with values in the unit ball of B representing a choice for the free variables in Z’ such
that p(b, 7) = 0 for all p € P’. By doing the above computations in reverse, we can see that p(z) =7 0

for p € P forces y; ¢ =7 B,(y;) for all g € G \ {e}. Moreover, the vanishing p(b,7) =7 0for p e P}

forces the equation
hm(b1,...,b,,0,...,0)

" NAm(b1, ..., by, 0, 0)

when h,, (b1, ..., b,,,0,...,0) # 0. Similar to how we argued above, this implies, for all m > 1, that

h(by, ..., by, ,2) :h;,’l(bl,...,brm,Z)—i—q(l;, ) =rh,(b1,....,by,,2)

W

for some *-polynomial ¢ € P;. Given how the polynomial 4, arises from the polynomial 4, via
substituion of variables, we may finally observe

hm(bly"'vb}’m9 ylv"'aysm)=T /’l;;,(bl,---,brm,Z), m 2 1

This shows the “if” part of (a) and finishes the proof. 0

Proof of Theorem 4.2. Equation (4-1) is equivalent to
||hm(als I arm, )71, ceey ysm)”Z’Tw(A) == O f0r all m e N

By the previous lemma, we may assume that the x-polynomials /,, are all of one of the following types:
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(1) hm(ay,...,a,,,0,...,0)=0and Ay (1o, ..., Lgos, 21, ..., Zs,) 1s an ordinary *-polynomial.

(2) hyy is of the form ||A,, (x1, ..., %, 0, ..., 0)|lzi = hpm(x1, ..., X, 0,...,0) for some i € N. Equiv-
alently, since this doesn’t change the solutions, we may assume that h,,(ay, ..., a,, 21, - ., Zs,) 1S
of the form z; —a for some i e Nand a € C*({ozg,"(a,-) i eN, ge G}) with |Ja|| = 1.

(3) hy, is of the form g - z; — z; for some i,i’ e N and g € G.

By Kirchberg’s e-test, it suffices to find, for each ¢ > 0 and £ € N, contractions (y;);en in A®® such
that
hm(ar,....an,, 1., ¥s,)lo.r <€ form=1,...,¢and v € T,(A).

Choose ¢ > 0 and ¢ € N arbitrarily. Denote by F € G the set of g € G appearing in &, for some
m=1,...,¢. Set
)
5= Le. (4-3)
Choose t € (0, 1) such that
-t <1e? (4-4)

Let 7 > 0 be the universal constant from Lemma 3.2 corresponding to the tuple (62, ¢). Since G is
amenable, we can find H € G such that [gHAH| < n|H| for each g € F. By assumption, for each
7€ T,(A)"", we can find contractions (V))ien € A®® such that

(@, v ar ¥ v e frmel....¢
m see s Uy V1o oo Sm 2’.[ 2£|H| PERIE IR o0
Define ‘
bt = Z | (ar, ..., yi, ..., ystm)|2 € A®P, (4-5)
m=1
Then we get .
2
e
(b)) =Y Nhm(@r, .. @y ¥i YR <
2|H|
m=1
By continuity and compactness of T,(A)"", we can find finitely many tracial states 7y, ..., Ty € T,(A)Y
such that )
g

> sup min t(b%).
2[H|  ter,(a)i=lk

By Lemma 3.2, it follows that we can find pairwise orthogonal projections

/
pl,...,pkeA‘“’bﬂ(U ag(ys " a IieN}))

geG
such that, for T € T,,(A),
k
‘E(Z pj) >, (4-6)
j=1
t(b%p;) < 2e’t(p;) forj=1,... k, (4-7)

k
2 2
N p. 52, 4-8
?Eagzllag(m) pilla; < (4-8)
]:
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Define y; = Zl;zl pjyl.f" for i € N. We show that, fort € T,(A) andm =1, ..., ¢,

<12 49

k

2 7j Tiyi2

T(lhm(@r, ... ap, Y1, Vs, )—r(ijIhm(al, s Y )] )
j=1

We distinguish three cases. First, assume that h,, (a1, ..., a,,,0,...,0) =0 and that
hm(lAa),b, ey lAw,b, Llyeeey Zsm)

is an ordinary *-polynomial. In this case

k

2 T Tj\ 2

|hm(al’ . ",armv ylv ””yS,,,)| = ij|hm(al7 "-9arm7 y]jv LI ) ys,;)l
j=1

since py, ..., p are pairwise orthogonal projections. Second, assume #,, is of the form z; — a for some
i € N and some element a € C*({a;’(ai) |i €N, g € G}) with ||a]| = 1. In this case we have

k
(| hm(@, ... s Y1s s Y, )7) — I(ijlhm(al, R S ysf,f;)|2)
=1
J 5 X k
r( )—r(zpjlyf’—aV) f(la|2)—f(zpi|“|2)‘
— o

k
Tj
2 piyi’ —a
]_1 ]:l

k
4-6) (@-4)
§r<1—2pj) < 1—-t < %82.
j=1

Third, assume h,, is of the form g - z; — z;» for some i, i’ € N and g € F. Then we have

k
Tl (@, .. apy V1s - YD) — r(Zp,-|hm<a1, I AL y§,¢>|2>
j=1
k
.
o(lar( )
j=1

2 k
' ) - r(Z pilag () — y,-’/|2)
j=1
k , k . k .
T (Z(a;"(pj) — pag(ly; |2)> —1 (Z(a;‘f(pj) — Py piyid )
j=1 j=1 J'=1

k

Tj/
Pj' Yy

j'=1

k x k
1t ((Z pj'y;’/) > @2(py) - pj)a;“(yf’)) ‘
j'=1 j=1

k k k
< 1> @pp—ppetyy P 2> @@ —ppeto| | pivy
j:l 2, ]:1 2,T ]:1 2,
k k
<D @) = ppegy 1) +2‘ D @@ (p)) = ppeg ) (4-10)
j=l1 2.t j=1 2,7
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Note that, for any g € G and any positive contractions cy, . .., cx € A®b commuting with the p; and afg" (pj),
one has that
k 2 k k
D @p)—poei|| =Y t(@L(p)—p) cH+ Y tlei@y(pi)—pi) (@ (p))—pj)c;)
i=1 2t o i j=1
k i#]
< Z(r«af;(p,-)— pY— Y Tl (pipic)— > r(cipia;()(p,-)c‘,))
i=1 j=1,...k j=1,...k
J# J#

k
<Y e () —pill3
i=1

where in the last inequality we used the tracial property and the fact that the ¢; commute with the p;
and og'(p;j) to show that the last two terms can be rewritten as the negative of the trace of positive
elements.

In particular we have, for g € F, that

k k
j “ 8) 4-3)
> @ (py) — ppagy1? 5\/2 lag (pi) = pills. < 8 = 5&. (4-11)
j=1 i=1
For j =1, ..., k, we have that ozg) (yl.rj ) is a contraction that can be written as a linear combination of
positive contractions commuting with the p; and o' (p;). An application of the triangle inequality yields
k
i (4-3) @3
)= Py <4 el () = pills, < 48°= 36, (4-12)
2.t i=1

Combining (4-10) with (4-11) and (4-12), we get

2 1.2
58.

k
r(|hm(a1,...,ar,,,,yl,...,ysm>|2)—r(2pj|hm(a1,...,ar,,,,yff,...,ysm>|)

j=1
Thus, we have indeed shown that (4-9) holds for all t € T,,(A) and m =1, ..., £. From (4-5) we see that

9
< 18¢

k k
Y pilhmtar, .,y P pibT form=1,... L. (4-13)
. j=1
As a consequence, for Tt € T,(A) and m =1, ..., £, we get

”hm(a]a-..,arm,yl,...,ysm)”%r:‘[(|h (al’” arm’yl""aysm)|2)
(49) . .
(ijul (al""’arnﬂyfja--"y‘;‘[,j,)lz)_{—%gz

k
(4-13) _
< t(pjb’f)—l-% Z% ‘L'(p])—l- %824-%82:82. O
j=1 j=1
The next theorem gives an alternative formulation of the tracial local-to-global principle that is
convenient to use in certain applications. Before we state it, we introduce some notation.
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Notation 4.4. Let A be a C*-algebra with an action « : G ~ A of a countable discrete group. Given a
tracial state T € T (A), denote by m; : A — B(H-) the corresponding GNS representation. Then we define
the representation

ng A =BG, Hy)), 7 ()(E) () = 7o (e (0)§(h).

The left-regular representation A : G — U(£2(G, H,)), defined by (g-&)(h) =&(g~'h) for & € £*(G, H;)
and g, h € G, implements the action o on 7¥(A), so we get a continuous extension of the action
a:G ¥ (A)” on the weak closure.

Notice that 7%(A)” C [] ¢cG 7:(A)”. The trace T on A extends to a faithful normal trace on 7, (A)”

and, by composition with the natural quotient map g, : [[,.; 7:(A)” — 7;(A)” onto the summand

geG

with index g € G, also to a normal trace on [ [,.; 7 (A)”, which we will denote by 7,. Notice that

geG
Tgomd =1 oozéjl. Let (cg)gec be a sequence in (0, 1) such that } |, g ce=1. Then T :=3 ¢

defines a faithful normal tracial state on [ | ¢eG T (A)” and hence also on the subalgebra 7% (A)”. In this

CgTg

way we can form the tracial von Neumann algebra ultrapower (7% (A)”)“. Note that, on bounded subsets
of [] geG e (A)”, the strong operator topology is induced by the norm || - [|5 7, or equivalently by the
seminorms {|| - [|2.z, | ¢ € G}. Since wZ(A)” is a von Neumann subalgebra, it follows that on bounded
subsets its strong operator topology is also induced by (the restrictions of) these (semi)norms.

Remark 4.5. With the above notation and terminology, the condition in Theorem 4.2 that requires, for
every e >0, £eN,and 7 € T,,(A)"", the existence of contractions (¥i)ien In A®? such that

Nhm(ar, ....ar,, y1,-- o, ¥s,)lor <e form=1,...,¢

is equivalent to the following statement (by Kaplansky’s density theorem): for every ¢ > 0, £ € N, and
7 € T,(A)"", there exist contractions (¥))ien in 7% (A“®)" such that

||hm(a1,...,arm,yi,...,y;m)llgj <e form=1,...,¢.

Making use of the tracial von Neumann algebra ultrapowers, this is also equivalent to the follow-
ing statement: for every v € T,(A)"", there are contractions (y)ien in (m%" (A®®)")¢ such that
hm(ay, ...,ap,,y{,...,y)) =0 forevery m e N.

Theorem 4.6. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ™~ A be an
action by an amenable countable discrete group G and assume it has local equivariant property Gamma
with respect to bounded traces. Let w and x be two free ultrafilters on N. Let § : G ~ D be an
action on a separable C*-algebra and let B C D be a separable, §-invariant C*-subalgebra. Suppose
¢:(B,8) — (A®P a®) isan equivariant x-homomorphism. Then the following are equivalent:

(1) Foreveryt €T, (A)w*, there exists an equivariant *-homomorphism
9" (D, 8) = (g (A", (@®)")
such that ¢*|gp = n?‘w oQ.

(2) There is an equivariant *-homomorphism ¢ : (D, §) — (A®P, a®) with |5 = ¢.
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Proof. 1t is clear that (2) implies (1). To prove the other implication, take a countable dense Q[i]-*-
subalgebra C C D such that it is §-invariant and such that C N B is also dense in B. By inductively
enlarging C we may in addition assume that, for each contraction x € C, one has 1 — J1=x*x € C.
Let P denote the countable family of G-%-polynomials with coefficients in A®'" in the variables {X.}cec
encoding all relations in C:

* g-Xc— X5, forallce Cand g € G,

e AX.+ X — Xjeue forall ¢, ¢’ € C and A € Q[i],
e X, Xo— X0 fore,c’ €C,

e X! — X forceC,

e p(b)— Xpforbe BNC.

It follows from (1) that, for every t € T,(A)"", the equations in P have exact solutions in (n?‘w (A®PY"yx,
By Remark 4.5 this means precisely that all conditions to apply Theorem 4.2 are fulfilled, and we can
find exact solutions to all equations in P in A®"®. This is equivalent to the existence of a @[i]-linear,
x-preserving, multiplicative, equivariant map ¢ : C — A“*® with @|pnc = ¢|pnc. We observe that @
is contractive. Indeed, if x € C is a contraction, then y =1 — JT—x*xisa self-adjoint element also
belonging to C, which satisfies

xx+y?=2y=x"x+(y—-1>—-1=0.
Hence
P G(x) +¢(y)* —2p(y) =0,
or equivalently,
P P) + (1 —g(y)* =1.

We see that ¢(x)*@(x) is a contraction, and hence ¢(x) is as well. In conclusion, ¢ extends to an
equivariant *-homomorphism ¢ : (D, §) — (A®"®, @®) with ¢p = ¢. O

In many cases of interest we get the following corollary from Proposition 2.4, which directly generalizes
and recovers the technical machinery related to uniform property Gamma from the nondynamical setting;
see [Castillejos et al. 2021b, Lemma 4.1]. We note that, upon close inspection of our proof so far, this
particular corollary can be obtained based on [Castillejos et al. 2021b, Lemma 3.6] without relying on the
preprint [Carrién et al. 2023a].

Corollary 4.7. Let A be a separable, simple, nuclear C*-algebra with T (A) nonempty and compact, and
such that TT(A) = R>°T (A). Let o« : G ~ A be an action by a countable amenable discrete group that
has equivariant property Gamma. Then « satisfies the conclusion of Theorems 4.2 and 4.6.

Remark 4.8. For potential subsequent applications of the theory in this article, let us reflect on how we
ended up with the main result of this section. It is worthwhile to note that the amenability of the group G
is used (in the proof of Theorem 4.2) through the Fglner condition exclusively for the purpose of having
access to a finite set H € G that satisfies the conclusion of Lemma 3.4. At no other point in the whole
chain of argument is it necessary to know that H is actually a set that is almost invariant with respect



EQUIVARIANT PROPERTY GAMMA AND THE TRACIAL LOCAL-TO-GLOBAL PRINCIPLE FOR C*-DYNAMICS 1425

to F, or anything else about H for that matter. This culminates in the following more explicit observation,
which we suspect may be, at some point, interesting to consider for certain actions of nonamenable
groups.

Let A be a o-unital C*-algebra with 7' (A) nonempty and compact. Let & : G ~ A be an action of a
countable discrete group. Suppose that, for all ¢ > 0 and F € G, there exists a finite subset H € G that
satisfies the same conclusion as in Lemma 3.4. If « has local equivariant property Gamma with respect to
bounded traces, then « also satisfies the conclusion of Theorems 4.2 and 4.6.

5. Equivariant Jiang—Su stability

In this section we use the dynamical tracial local-to-global principle derived in the previous section
combined with von Neumann algebraic results to conclude that, for actions of countable amenable
groups on separable, simple, nuclear, finite, Z-stable C*-algebras, equivariant property Gamma implies
equivariant Z-stability. Although one can get by with known variations of Ocneanu’s theorem [1985], for
many applications treated in this section, our most general results here need a more general McDuff-type
theorem for actions of amenable groups on von Neumann algebras, which we import from our recent
work [Szabd and Wouters 2024].

We begin by reducing the problem of equivariant Z-stability to the existence of so-called tracially
large c.p.c. order-zero maps M,, — F,(A)% for n > 2. The argument is well known to experts and traces
back to the work of Matui and Sato [2012]. It makes use of an equivariant version of their property (SI),
for which the general framework needed here was developed in [Szab6 2021b].

Definition 5.1 [Szab6 2021b, Definition 2.5; Castillejos et al. 2023, Definition 1.3]. Let A be a separable,
simple C*-algebra with T (A) # @.

(1) We say that a positive contraction f € F,(A) is tracially supported at 1 if the following holds: for
every nonzero positive element a € P(A), there exists a constant k = « (f, a) > 0 such that, for every
TE i)(A) with 0 < t(a) < 00, one has infi ¢y ra(fk) > kt(a).

(2) A positive element e € F,,(A) is called tracially null if e € J4 in the sense of Definition 1.11.

(3) Let B be a unital C*-algebra. A c.p.c. order-zero map ¢ : B — F,,(A) is called tracially large if
7, 0¢ (1) = t(a) for all nonzero positive elements a € P(A) and T € fw(A) with 7(a) < o0.

Remark 5.2. It follows from [Szab6 2021b, Proposition 2.4] that any of the conditions above hold for all
nonzero positive elements a € P(A) if and only if they hold for just a single such element, so in practice
it suffices to check them for a single a € P(A)4 \ {0}.

Definition 5.3 [Szab6 2021b, Definition 2.7]. Let A be a separable, simple C*-algebra with 77 (A) # &
and an action « : G ™ A of a countable discrete group. We say that « has equivariant property (SI) if the
following holds:

Whenever e, f € F,(A)% are two positive contractions such that f is tracially supported at 1 and e is
tracially null, there exists a contraction s € F,, (A)% such that fs=usand s*s =e.
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It follows from [Szabd 2021b, Corollary 4.3] that all actions of amenable groups on nonelementary,
separable, simple, nuclear C*-algebras with strict comparison have property (SI). Combined with the
following theorem, it gives a powerful sufficient criterion for equivariant Jiang—Su stability. This is not
new to the experts but has never been formally stated in this generality before, so we shall give the proof
for the reader’s convenience.

Theorem 5.4. Let A be a separable, simple C*-algebra with T (A) # @, and let a : G ~ A be an action
of a countable discrete group with equivariant property (SI). Then « is equivariantly Z-stable if and only
if, for every n € N, there exists a unital x-homomorphism M,, — (A® N A")*".

Proof. Since the “only if” part can be obtained with the standard argument sketched in Remark 2.2,
we prove the “if” part. Given n € N, let ¢’ : M,, — (A® N A")*” be a unital *-homomorphism. By
Proposition 1.18, we can find a tracially large c.p.c. order-zero map ¢ : M,, — F,,(A)% that lifts ¢’. Set
e:=1f,a)—¢(1), and set f := ¢ (ey,1). Both are positive contractions in Fw(A)a‘w. Since ¢ is tracially
large, we can conclude immediately that e is tracially null. Since e is a projection, it follows that
@(e1.1) —@(er,1)™ is tracially null for any m > 1. Moreover, for every t € i,(A) and a € P(A)+ \ {0}
such that t(a) < oo, the functional 7, o ¢ is a bounded trace and therefore a multiple of the unique tracial
state on M,. So, for every k € N, we have

wW(F9) = 1@ (e, = 1B e1) = (@)

This proves that f is tracially supported at 1.

Since « has equivariant property (SI), we can find a contraction s € F,,(A)% such that fs =s and s*s =e.
By [Rgrdam and Winter 2010, Theorem 5.1], this implies the existence of a unital x-homomorphism
from the dimension drop algebra Z,, ;4 into F,(A)%. As Z is an inductive limit of those algebras, we
find a unital *-homomorphism Z — F,,(A)%.!5 This implies equivariant Z-stability by [Szab6 2018b,
Corollary 3.8]. U

We shall now prove that, for actions of amenable groups on simple nuclear Z-stable C*-algebras,
equivariant uniform property Gamma is equivalent to equivariant Z-stability. We end up giving two
separate arguments to prove this result in two cases. Firstly, we prove this result for actions on C*-algebras
that have a compact nonempty tracial state space and no unbounded traces, for which it is sufficient to
appeal to Corollary 4.7. Secondly, we prove the result in full generality, but this requires the full power
of our theory based on the results from [Carrién et al. 2023a].

Let us proceed in the first case.

Theorem 5.5. Let A be a separable, nuclear, simple Z-stable C*-algebra with T (A) nonempty and
compact, and such that TT(A) = R7T (A). Let o : G ~ A be an action of a countable discrete amenable
group. If o has equivariant property Gamma, then o is equivariantly Z-stable.

Proof. By Theorem 5.4, it suffices to construct a unital x-homomorphism M, — (A® N A")*” for n > 2.

We appeal to Corollary 4.7 and hence know that o obeys the conclusion of Theorem 4.2.

15This is a standard reindexation trick. Alternatively one can deduce this for example by a combination of Corollary 3.9 and
Lemma 4.2 in [Barlak and Szabé 2016].
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Let (ar)ren be a dense sequence in A. Then the existence of such a desired x-homomorphism is
equivalent to the existence of elements ej 1, ez 1, ..., e, 1 € A® satisfying the equations

* 2 w
einej1 =0, ¢ ej1=25je11, ejj=ei1, og(e1)=e,, and age; —ejar=0

forallge G, i, j=2,...,n,and k € N. By Theorem 4.2, it suffices to show that, for each ¢ > 0, finite
subset F' € G, m € N, and every tracial state T € 7' (A), there exists contractions fi.1, f2.1,..., fa1 €A
satisfying
L fin Finllae <& WfSFin—8ifiilae <& IfE = fiillae <e,
lg (fi1) — fitllor <&, and  |laxfi1 — finakl. <e

forall g e F, i,j=2,...,n,and 1 < k < m. This is the case, however, if and only if, for every
7 € T(A), there exists a unital equivariant x-homomorphism M, — ((rZ(A)")” N AN’ Since A is
nuclear, the tracial von Neumann algebra N, := 7% (A)” is injective; see for example [Blackadar 2006,
Theorem IV.2.2.13]. Since it does not have any direct summand of type I, it follows from Connes’
theorem [1976] that N, ® R = N,. Hence the claim follows directly from [Szabd and Wouters 2024,
Theorem Al]. O

Next we proceed in the second and more general case.

Lemma 5.6. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ~ A be an
action by a countable discrete amenable group G and assume it has local equivariant property Gamma
with respect to bounded traces. Then the following are equivalent:

(1) For all T € T(A), there exists a unital x-homomorphisms ¢* : M, — ((r%(A)")?*)*".
(2) There exists a unital x-homomorphism ¢ : M, — (A®-D)e”,
Proof. For each T € T (A), the map 7% induces a unital *-homomorphism
(A”D) = (7 ()™,
so (2) implies (1). We use the fact that o has local equivariant property Gamma to prove the other
implication. By Theorem 4.6 the following are equivalent:

(a) Forall T € T,,(A)"", there exists a unital equivariant *-homomorphism
@7 (My,idp,) — (0 (A”)"), (@?)).
(b) There exists a unital equivariant x-homomorphism ¢ : (M, idy,) — (AP q®).

Statement (b) is equivalent to statement (2) above. Hence, in order to prove the implication it suffices
to prove that statement (1) implies (a). Take 7 € T,(A)"" and denote its restriction to A by o. The
canonical map A — A®*® induces an equivariant *-homomorphism (7%(A), &) — (7% (A®®)", a®) that
is continuous on the unit ball with respect to the strong operator topology. Hence, it can be extended to a
unital equivariant *-homomorphism 7%(A)” — 7%” (A“**)”. Combining this with (1), this means we can
find a unital *-homomorphism M, — ((w%"(A*®)")*)@")" This ends the proof. O
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Theorem 5.7. Let A be a separable, simple, nuclear Z-stable C*-algebra such that T (A) # &. Let
o : G ~ A be an action of a countable discrete amenable group. If a has equivariant property Gamma,
then o is equivariantly Z-stable.

Proof. Combining [Szabé 2021b, Corollary 4.3] with Theorem 5.4, we see that, given n > 2, it suffices
to construct a unital x-homomorphism M, — (A N A")*”. For convenience, let us specify a (possibly
different) free ultrafilter k on N. It suffices to show that we can construct a unital *-homomorphism
M, — ((A° N A bY@ a5 a reindexation trick will then yield the required unital x-homomorphism
M, — (A” N A)*”. By Theorem 2.6, we conclude that «® = G ~ A® N A’ has local equivariant
property Gamma with respect to bounded traces. Thus, by Lemma 5.6, it suffices to prove that, for all
T € T(A®NA’), there exists a unital x-homomorphism ¢ : M,, — ((n;"w (A2 N A")")) @) We note that
the C*-algebra A has uniform property Gamma. Using the same trick as in the proof of Proposition 2.5,
we conclude that A“ N A’ = B®N B’ for a hereditary subalgebra B C A ® I such that 7+ (B) = R*°T(B)
and T (B) is compact. Using [Castillejos et al. 2022, Theorem 4.6], we can hence conclude that there
exists a unital x-homomorphism M, — A® N A’. By a standard reindexation trick, we can argue that such
a *-homomorphism can be chosen to additionally commute with any specified separable subset of A®NA’.

Fix t € T(A“N A’). We show first that N; := 7% (A® N A’)" contains a || - ||.;-separable, a®-invariant
von Neumann subalgebra that tensorially absorbs the hyperfinite II;-factor. By the aforementioned
property of A, we can find a unital embedding ¢ : My — nfﬂ) (AN A") C N;. Set

B = C*(U a?((ﬁl(Mz)))-

geCG
Using that By is a separable subquotient of A” N A’, we again use the aforementioned property of A and
find a unital embedding
¢r: My — %" (A,NA)NB; C N, NBj.
Set
&:0GNU%wM@Q
geG
Carry on with this procedure inductively, i.e., given the C*-algebra B; C n;"w (A® N A’), find a unital
x-homomorphism ¢; | : M, — n;"w (AN A")N B] and set

&H:@@uUﬁ@mmﬂ.
geG
Define B := |, Bi 2=  N,. Then Bisa || - ||2,--separable, a“-invariant von Neumann subalgebra
of N, such that additionally B= B ® R by [Szab6 and Wouters 2024, Corollary 3.8] because it satisfies
the McDuff-type criterion (existence of a unital *-homomorphism R — B,) by construction. Denote
the restriction of «® to B by . By [Szabd and Wouters 2024, Theorem A], it follows that 8 is cocycle
conjugate to B ® idg. In particular, we can find a unital x-homomorphism

U))K

M, — (B)P c (" (A N A7)y )@, O
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