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MULTIJET BUNDLES AND APPLICATION TO
THE FINITENESS OF MOMENTS FOR ZEROS OF GAUSSIAN FIELDS

MICHELE ANCONA AND THOMAS LETENDRE

We define a notion of multijet for functions on Rn, which extends the classical notion of jets in the sense
that the multijet of a function is defined by contact conditions at several points. For all p ⩾ 1 we build a
vector bundle of p-multijets, defined over a well-chosen compactification of the configuration space of
p distinct points in Rn. As an application, we prove that the linear statistics associated with the zero set
of a centered Gaussian field on a Riemannian manifold have a finite p-th moment as soon as the field
is of class C p and its (p−1)-jet is nowhere degenerate. We prove a similar result for the linear statistics
associated with the critical points of a Gaussian field and those associated with the vanishing locus of a
holomorphic Gaussian field.
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1. Introduction

This paper is concerned with two different but related problems. The first one is to define a natural notion
of multijet for a Ck function on Rn, generalizing the usual notion of k-jet. By multijet we mean that
we want to consider a collection of jets at different points in Rn and patch them together in a relevant
way. The second one is to find natural conditions on a Gaussian field f : Rn

→ Rr ensuring that the
(n−r)-dimensional volume of f −1(0)∩ B admits finite higher moments, where B stands for the unit ball
in Rn. One way to tackle this second problem is by considering the multijet of the random field f . In the
following, we give more details about our contributions concerning the previous two problems, as well as
some variations on these questions.
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1.1. Multijet bundles. Let us start by recalling some standard facts about jets. See [Saunders 1989] for
background on this matter. Let x ∈ Rn and k ⩾ 0. Two smooth functions f and g on Rn are said to have
the same k-jet at x if f − g vanishes at x , as well as all its partial derivatives up to order k. Having the
same k-jet at x is an equivalence relation on C∞(Rn), and the space Jk(R

n)x of k-jets at x is the set of
equivalence classes for this relation. We denote by jk( f, x) the k-jet of f at x , that is, its class in Jk(R

n)x .
The map jk( · , x) is a linear surjection from C∞(Rn) onto the finite-dimensional vector space Jk(R

n)x .
Of course, jk( f, x) makes sense even if f is only Ck and defined on some neighborhood of x .

Considering the family of k-jet spaces for all x ∈ Rn, the set Jk(R
n) =

⊔
x∈Rn Jk(R

n)x is equipped
with a natural vector bundle structure over Rn. Then, if � ⊂ Rn is open and f : � → R is Ck, the map
jk( f, · ) is a local section of Jk(R

n) → Rn over �. These definitions are well-behaved with respect to
smooth changes of coordinates, so one can define similarly the vector bundle of k-jets of functions on a
manifold M. More generally, if E → M is a vector bundle over M, there is a corresponding vector bundle
Jk(M, E) → M of k-jets of sections of E → M.

In this paper, we are interested in defining similarly a notion of multijet and the associated vector
bundles. That is, we want to consider smooth functions on Rn up to an equivalence relation defined by
the vanishing of some derivatives at several points.

Let us make this more precise. Let p ⩾ 1 and 1p = {(x1, . . . , x p) ∈ (Rn)p
| ∃i ̸= j such that xi = x j }

denote the diagonal in (Rn)p. Given x = (x1, . . . , x p) /∈ 1p, we say that f and g have the same multijet
at x if f (xi )= g(xi ) for all i ∈ [[1, p]] (here we use the notation [[a, b]]= [a, b]∩N). This is an equivalence
relation on functions, defined by the vanishing of f −g on the set {x1, . . . , x p} ⊂ Rn, that is, by p indepen-
dent linear conditions. Thus the corresponding set of classes is a vector space of dimension p, which we
denote by MJ p(R

n)x . We also denote by mjp( f, x) the class of f in this space, that is, its multijet at x .
As will be explained later, this defines a vector bundle MJ p(R

n) of rank p over (Rn)p
\1p. Moreover,

for all x /∈ 1p the linear map mjp( · , x) : C∞(Rn) → MJ p(R
n)x is surjective, and, for all smooth f , its

multijet mjp( f, · ) is smooth. We would like to extend this picture over the whole of (Rn)p. Note that the
surjectivity conditions rule out defining MJ p(R

n) as J0(R
n)p with mjp( f, x) = ( j0( f, xi ))1⩽i⩽p. When

x /∈ 1p, the previous notion of multijet is defined by p independent linear conditions: vanishing at each
of the xi . The main issue is that, when x ∈ 1p, these conditions are no longer independent and we need
to replace them by another p-tuple of independent conditions.

A first natural idea is to look at vanishing with multiplicities. In dimension n = 1 this works very
well. Let x ∈ Rp be a permutation of (y1, . . . , y1, . . . , ym, . . . , ym), where (y j )1⩽ j⩽m ∈ Rm

\ 1m and
y j appears exactly k j + 1 times. We say that f and g have the same multijet at x if ( f − g)(k)(y j ) = 0
for all j ∈ [[1, m]] and k ∈ [[0, k j ]]. In this sense, having the same multijet is equivalent to having
the same Hermite interpolating polynomials at x . Thus, we can define MJ p(R) as the trivial bundle
Rp−1[X ] × Rp

→ Rp and mjp( f, x) as the Hermite interpolating polynomial of f at x .
If n > 1, the previous approach fails already for p = 2. Let us consider x ∈ Rn and the corresponding

x = (x, x) ∈ 12. Asking for the vanishing of f − g and its differential at x gives us n + 1 independent
conditions, which define the 1-jet space J1(R

n)x . This space has dimension n + 1 > 2; hence it is too
large to be the MJ 2(R

n)x we are looking for. The next natural idea is to ask only for the vanishing



MULTIJET BUNDLES AND THE FINITENESS OF MOMENTS FOR ZEROS OF GAUSSIAN FIELDS 1435

at x of f − g and one of its directional derivatives. But whatever choice of directional derivative we
make will lead to mj2( f, · ) not being continuous at x for most f ∈ C∞(Rn). Actually, one cannot extend
MJ 2(R

n) nicely over (Rn)2 if n > 1. However, we can extend it nicely over a larger space: the blow-up
Bl12((R

n)2) of (Rn)2 along 12. The key idea is that Bl12((R
n)2) contains (Rn)2

\ 12 as a dense open
subset and that points in the complement of (Rn)2

\ 12 can be described by the following data: a base
point x ∈ Rn and a direction u ∈ RPn−1. This data tells us exactly which directional derivative to consider
at the corresponding point in the exceptional locus of Bl12((R

n)2). We will come back to this example
later; see Example 5.9.

This long discussion shows that there is a natural way to define a multijet bundle MJ p(R
n) over the

configuration space (Rn)p
\1p, but that it does not extend nicely over (Rn)p in general. The case p = 2

hints that it might however be possible to define a natural multijet bundle over a slightly larger space,
containing a copy of (Rn)p

\1p as a dense open subset. Our first main contribution is to define such an
object. Its main properties are gathered in the following statement, where Ck(Rn, V ) denotes the space of
Ck functions from Rn to V.

Theorem 1.1 (existence of multijet bundles). Let n ⩾ 1 and p ⩾ 1 and let V be a real vector space of
finite dimension r ⩾ 1. There exist a smooth manifold C p[R

n
] of dimension np without boundary and a

smooth vector bundle MJ p(R
n, V ) → C p[R

n
] of rank r p with the following properties:

(1) There exists a smooth proper surjection π : C p[R
n
] → (Rn)p such that π−1((Rn)p

\ 1p) is a dense
open subset of C p[R

n
], and π restricted to π−1((Rn)p

\ 1p) is a C∞-diffeomorphism onto (Rn)p
\ 1p.

(2) There exists a map mjp : C p−1(Rn, V ) × C p[R
n
] → MJ p(R

n, V ) such that

• for all z ∈ C p[R
n
], the linear map mjp( · , z) : C p−1(Rn, V ) → MJ p(R

n, V )z is surjective;

• for all f ∈ C l+p−1(Rn, V ), the section mjp( f, · ) of MJ p(R
n, V ) → C p[R

n
] is C l.

(3) Let z ∈ C p[R
n
] be such that π(z) = (x1, . . . , x p) /∈ 1p. Then for all f ∈ C p−1(Rn, V ) we have

mjp( f, z) = 0 ⇐⇒ ∀i ∈ [[1, p]], f (xi ) = 0.

(4) Let z ∈C p[R
n
] be such that π(z) is obtained as a permutation of (y1, . . . , y1, . . . , ym, . . . , ym), where

y j appears exactly k j + 1 times and y1, . . . , ym are pairwise distinct vectors in Rn. Then, there exists a
linear surjection 2z :

∏m
i=1 Jk j (R

n, V )y j → MJ p(R
n, V )z such that

∀ f ∈ C p−1(Rn, V ), mjp( f, z) = 2z( jk1
( f, y1), . . . , jkm

( f, ym)).

Remark 1.2. In Theorem 1.1, the manifold C p[R
n
] does not depend on V. Part (1) means that we can

consider (Rn)p
\ 1p as a dense open subset in C p[R

n
]. Part (2) consists of properties that we expect any

reasonable notion of multijet to satisfy. Part (3) means that, as in the previous discussions, if π(z) /∈ 1p

then MJ p(R
n)z = C p−1(Rn, V )/ ∼, where f ∼ g if and only if f (xi ) = g(xi ) for all i ∈ [[1, p]]. Part (4)

means that, more generally, mjp( f, z) only depends on the collection of jets ( jk j
( f, y j ))1⩽ j⩽m . In

particular, mjp( f, z) still makes sense if f is only Ck j on some neighborhood of y j . This last condition
also means that we can think of mjp( f, z) intuitively as a family of p independent linear combinations of
partial derivatives of f , up to order k j at y j . However this family is neither explicit nor unique in general.
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Let us now introduce some definitions and notation.

Definition 1.3 (multijets). Let �⊂ Rn be open. We let C p[�]=π−1(�p) and denote by MJ p(�, V )→

C p[�] the restriction of MJ p(R
n, V ) to C p[�]. We call MJ p(�, V )→C p[�] the bundle of p-multijets

of functions from � to V. Its fiber MJ p(R
n, V )z above z ∈ C p[�] is the space of p-multijets at z. If

V =R, we drop it from the notation and write MJ p(�)→C p[�]. Let f :�→ V be of class C p−1, we call
the section mjp( f, · ) of MJ p(�, V ) the p-multijet of f and its value at z ∈C p[�] the p-multijet of f at z.

The manifold C p[R
n
] is what is called in the literature a “compactification” of the configuration space

(Rn)p
\ 1p. We will use this terminology, even though it is ill-chosen in our case since C p[R

n
] is not

compact. However C p[R
n
] contains a diffeomorphic copy of (Rn)p

\1p as a dense open subset and it
is equipped with a proper surjection onto (Rn)p so that, in a sense, it is locally a compactification of
(Rn)p

\ 1p.
Compactifications of configuration spaces are built to understand how a configuration (ordered or

not) of p distinct points can degenerate as these points converge toward one another. They are usually
obtained by blowing up various pieces of the diagonal. Points in the exceptional locus then correspond
to singular configurations, with some extra data encoding along which paths regular configurations are
allowed to degenerate in order to reach this singular configuration. The hope is that the extra data
attached to singular configurations is enough to lift the singularities of the problem under considera-
tion. The simplest example of this kind is the blow-up Bl12((R

n)2) discussed above. More evolved
examples are the space defined by Le Barz [1988], the compactification of Fulton and MacPherson
[1994] (see also [Axelrod and Singer 1994; Sinha 2004]), Olver’s multispace [2001], the polydiagonal
compactification of Ulyanov [2002], the construction of Evain [2005] using Hilbert schemes, and
many others.

In dimension n = 1, most of the compactifications of configuration spaces that we found in the literature
coincide and can be used to define multijets; see for example [Ancona 2021], where Olver’s multispace is
used. In higher dimensions they are different and none of them exactly suited our needs. Thus to the
best of our knowledge, the manifold C p[R

n
] in Theorem 1.1 is a new addition to the previous list. We

define it by resolving the singularities of some real-algebraic variety, using Hironaka’s theorem [1964a;
1964b]. In particular, C p[R

n
] is obtained by a sequence of blow-ups along 1p. Note that this sequence

of blow-ups is neither explicit nor unique. Actually, C p[R
n
] itself is not uniquely defined, but this is not

an issue for the applications we have in mind.

1.2. Finiteness of moments for zeros of Gaussian fields. Let us now describe our contributions con-
cerning zeros of Gaussian fields. Let n ⩾ 1 and let r ∈ [[1, n]]. In the following n will always denote the
dimension of the ambient space and r the codimension of the random objects we are interested in.

Let � ⊂ Rn be open and let f : � → Rr be a centered Gaussian field of class C1. We will always
assume that f is nondegenerate, in the sense that det Var( f (x)) > 0 for all x ∈ �. Under this hypothesis
the zero set Z = f −1(0) is almost surely (n−r)-rectifiable; see [Armentano et al. 2023b]. As such, it
admits a well-defined (n−r)-dimensional volume measure dVolZ induced by the Euclidean metric on Rn.
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We denote by ν the random Radon measure on � defined by

∀φ ∈ C 0
c (�), ⟨ν, φ⟩ =

∫
Z

φ(x) dVolZ (x), (1-1)

where C 0
c (�) denotes the space of continuous functions on � with compact support.

Actually, ⟨ν, φ⟩ makes sense as an almost surely defined random variable as soon as φ ∈ L∞(�) and
has compact support. This kind of test-function includes C 0

c (�) and indicator functions of bounded Borel
subsets, which are the examples we are most interested in. Random variables of the type ⟨ν, φ⟩ are called
the linear statistics of ν (or of f ). Understanding the distribution of these linear statistics is one way to
understand the distribution of the random measure ν, or equivalently of the random set Z . For example, if
B ⊂ � is a bounded Borel set and 1B denotes its indicator function, then ⟨ν, 1B⟩ is the (n−r)-dimensional
volume of Z ∩ B.

In this setting, a classical question is to determine conditions on the field f ensuring that its linear
statistics admit finite moments. If n = r = 1, such conditions were first obtained in [Belyaev 1966].
More generally see [Azaïs and Wschebor 2009, Theorem 3.6], which holds even if f is not Gaussian.
If n ⩾ r = 1, a similar result is proved in [Armentano et al. 2023a]; see also [Armentano et al. 2019,
Theorem 4.4]. For a survey of previous results for hypersurfaces (i.e., r = 1), we refer to [Azaïs and
Wschebor 2009, Chapter 3, Section 2.7] in dimension n = 1 and to the introduction of [Armentano et al.
2023a] in dimension n ⩾ 1. Note that [Priya 2020, Theorem 1.2] implies the finiteness of all moments of
the nodal length for some Gaussian fields in R2. This problem was also studied in [Malevich and Volodina
1993] for points in R2.

Our second main result gives simple conditions on the field f ensuring the finiteness of the p-th
moments of its linear statistics in any dimension and codimension. These conditions are of two kinds: we
require the field to be regular enough, and to be nondegenerate in the following sense.

Definition 1.4 (p-nondegeneracy). Let p ⩾ 1 and let f : � → Rr be a C p centered Gaussian field. We
say that the field f is p-nondegenerate if for all x ∈ � the centered Gaussian vector

( f (x), Dx f, . . . , D p
x f ) ∈

p⊕
k=0

Symk(Rn) ⊗ Rr

is nondegenerate, where Symk(Rn) denotes the space of symmetric k-linear forms on Rn and Dk
x f ∈

Symk(Rn) ⊗ Rr stands the k-th differential of f at x .

Remark 1.5. If f = ( f1, . . . , fr ), the p-nondegeneracy condition means more concretely that for all
x ∈ � the Gaussian vector (∂α fi (x))1⩽i⩽r;|α|⩽p is nondegenerate, where we used multi-index notation
(see Section 2.2). More abstractly, this condition means that the p-jet jp( f, x) of f is nondegenerate for
all x ∈ �.

Theorem 1.6 (finiteness of moments). Let n ⩾ 1, let r ∈ [[1, n]] and let p ⩾ 1. Let � ⊂ Rn be open,
let f : � → Rr be a centered Gaussian field and let ν be defined as in (1-1). If f is C p and (p−1)-
nondegenerate then E[|⟨ν, φ⟩|

p
] < +∞ for all φ ∈ L∞(�) with compact support.
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Example 1.7. Let us give some examples of fields satisfying the assumptions of Theorem 1.6.

• The Bargmann–Fock field, i.e., the smooth stationary Gaussian field on Rn whose covariance function
is x 7→ e−∥x∥

2/2, satisfies the hypotheses of Theorem 1.6.

• Let f : Rn
→ R be a stationary C p centered Gaussian field. If the support of its spectral measure has

nonempty interior then f is (p−1)-nondegenerate.

• In codimension r , if ( fi )1⩽i⩽r are r independent (p−1)-nondegenerate C p Gaussian fields then so is
f = ( f1, . . . , fr ).

• The Berry field, i.e., the smooth stationary Gaussian field f on Rn whose spectral measure is the
uniform measure on Sn−1, is 1-nondegenerate but not 2-nondegenerate. Indeed it almost surely satisfies
1 f + f = 0, so that ( f (x), Dx f, D2

x f ) is degenerate for all x ∈ Rn.

We can consider the same question in a more geometric setting. Let (M, g) be a Riemannian manifold
of dimension n ⩾ 1 without boundary and let E → M be a smooth vector bundle of rank r ∈ [[1, n]]

over M. Let s be a centered Gaussian field on M with values in E , in the sense that s is a random section
of E → M such that for all m ⩾ 1 and all x1, . . . , xm ∈ M the random vector (s(x1), . . . , s(xm)) is a
centered Gaussian. We assume that s is almost surely C1 and that det Var(s(x)) > 0 for all x ∈ M.

As in the Euclidean setting, Z = s−1(0) is almost surely (n−r)-rectifiable. As before, we denote by ν

the random Radon measure on M defined by integrating over Z with respect to the (n−r)-dimensional
volume measure dVolZ induced by g. For all φ ∈ L∞(M) with compact support, we define the linear
statistic ⟨ν, φ⟩ as in (1-1). In this context Definition 1.4 adapts as follows.

Definition 1.8 (p-nondegeneracy for Gaussian sections). Let p ⩾ 1 and let s be a C p centered Gaussian
field on M with values in E . We say that s is p-nondegenerate if, for all x ∈ M, the centered Gaussian
vector jp(s, x) ∈ Jp(M, E)x is nondegenerate.

Theorem 1.9 (finiteness of moments for zeros of Gaussian sections). Let p ⩾ 1, let s be a centered
Gaussian field on M with values in E and let ν be defined as in (1-1). If s is C p and (p−1)-nondegenerate
then E[|⟨ν, φ⟩|

p
] < +∞ for all φ ∈ L∞(M) with compact support.

We are aware of the very recent paper [Gass and Stecconi 2024], in which the authors prove a result
similar to Theorem 1.6, as well as its analogue for zeros of Gaussian fields on a Riemannian manifold.
Their work and ours are independent, and the proofs are different. Their idea is to compare the Kac–Rice
densities (see Section 6.3) of the field f with those of a well-chosen Gaussian polynomial P. Then
they deduce the result for f from the result for P, which is a consequence of Bézout’s theorem. Our
proof follows a different path, as it relies on the multijet bundle that we defined in Theorem 1.1. Our
idea is to observe that the zero set of F : (x1, . . . , x p) 7→ ( f (x1), . . . , f (x p)) in the configuration space
�p

\ 1p is exactly the vanishing locus of the multijet mjp( f, · ) restricted to �p
\ 1p ⊂ C p[�]. Instead

of working with F, which degenerates along 1p, we work with the field mjp( f, · ) that we built to be
nondegenerate everywhere. Then, we deduce Theorem 1.6 from the Kac–Rice formula for the expectation
(see Proposition 6.17) applied to the p-multijet of f and a compactness argument.
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1.3. Higher-order multijets and holomorphic multijets. Let us now discuss two important variations
on our main results, Theorems 1.1 and 1.9. In Section 1.1, we said that two functions f and g on Rn

have the same p-multijet at a point x = (x1, . . . , x p) ∈ (Rn)p
\ 1p if and only if f and g have the same

value, i.e., the same 0-jet, at xi for all i ∈ [[1, p]]. In a sense, the p-multijet of f at x is obtained by
patching together the 0-jets of f at each of the xi in a relevant way. A natural generalization is to define
a higher-order multijet of f at x by patching together the k-jets of f at each of the xi . We define such a
higher-order multijet in Section 7. More generally, we define a multijet bundle adapted to a differential
operator D. The case of higher-order multijets corresponds to D = jk . The analogue of Theorem 1.1 in
this framework is Theorem 7.4 below. We use it to prove an analogue of Theorem 1.9 adapted to D; see
Theorem 7.8 for a general statement. In the special case where D = D is the standard differential, the
statement is the following.

Theorem 1.10 (finiteness of moments for critical points). Let M be a smooth manifold without boundary.
Let f : M → R be a centered Gaussian field and let νD denote the counting measure of its critical locus.
Let p ⩾ 1, we assume that f is C2p and (2p−1)-nondegenerate. Then, for all φ ∈ L∞

c (M), we have
E[|⟨νD, φ⟩|

p
] < +∞.

Another variation on Theorem 1.1 is to define holomorphic multijets for holomorphic maps. This is
done in Section 8, and more precisely in Theorem 8.2. This is used to prove a holomorphic version of
Theorem 1.9. The general statement is given in Theorem 8.13. For a holomorphic Gaussian field on an
open subset of Cn, it takes the following form.

Theorem 1.11 (finiteness of moments for zeros of holomorphic Gaussian fields). Let � ⊂ Cn be open and
let f : � → Cr be a centered holomorphic Gaussian field, where r ∈ [[1, n]]. Let ν be as in Definition 6.11.
Let p ⩾ 1, we assume that, for all x ∈ �, the complex Gaussian vector

( f (x), Dx f, . . . , D p−1
x f ) ∈

p−1⊕
k=0

Symk(Cn) ⊗ Cr

is nondegenerate. Then, for all φ ∈ L∞
c (�), we have E[|⟨ν, φ⟩|

p
] < +∞.

Note that Theorems 1.10 and 1.11 are not consequences of Theorem 1.9. Indeed, if f : M → R is
a smooth Gaussian field then D f cannot be 1-nondegenerate because D2 f is symmetric. Similarly, if
M is a complex manifold and s is holomorphic, then s is never 1-nondegenerate because it satisfies the
Cauchy–Riemann equations.

Gass and Stecconi [2024] proved, independently and by a different method, results analogous to
Theorems 1.10 and 1.11. Actually, they prove Theorem 1.10 under the weaker and optimal hypotheses
that f is C p+1 and p-nondegenerate. The finiteness of the third moment for the number of critical points
of a stationary Gaussian field on Rd was proved in [Beliaev et al. 2024, Theorem 1.6]. For holomorphic
Gaussian fields in dimension n = 1, see [Nazarov and Sodin 2012].

1.4. Organization of the paper. In Section 2 we gather useful notation that appears in several parts of
the paper. In Section 3 we discuss Kergin interpolation, which is a multivariate polynomial interpolation
appearing in the definition of multijets. Section 4 is dedicated to evaluations maps on spaces of polynomials,



1440 MICHELE ANCONA AND THOMAS LETENDRE

and more precisely the properties of their kernels. We define our multijet bundles and prove Theorem 1.1
in Section 5. Section 6 is concerned with the application of multijets to the finiteness of moments for
the zeros of Gaussian fields and the proofs of Theorems 1.6 and 1.9. Multijets adapted to a differential
operator are discussed in Section 7, where we also prove the analogue of Theorem 1.9 for critical points.
Finally, holomorphic multijets are defined in Section 8, where we prove the analogue of Theorem 1.9 for
holomorphic Gaussian fields.

2. Notation: partitions and function spaces

The goal of this section is to quickly introduce definitions and notation that will appear in different parts
of the paper. We gather them here for the reader’s convenience.

2.1. Sets, partitions and diagonals. In this paper, we denote by N the set of nonnegative integers. Let a
and b ∈ N, we use the following notation for integer intervals [[a, b]] = [a, b] ∩ N.

Let A be a nonempty finite set. For simplicity, in all the notation introduced in this section, if A =[[1, p]]

we allow ourselves to replace A by p in the indices and exponents. We denote by |A| the cardinality
of A. Let M be any set. We denote by M A the Cartesian product of |A| copies of M indexed by the
elements of A. A generic element of M A is usually denoted by x = (xa)a∈A. If ∅ ̸= B ⊂ A, we denote
by x B = (xa)a∈B .

Definition 2.1 (large diagonal). We denote by 1A the large diagonal in M A, that is,

1A = {(xa)a∈A ∈ M A
| ∃a, b ∈ A such that a ̸= b and xa = xb}.

Definition 2.2 (partitions). Let A be a nonempty and finite set, a partition of A is a family I ={I1, . . . , Im}

of nonempty disjoint subsets of A such that
⊔m

i=1 Ii = A. The subsets I1, . . . , Im are called the cells of I.
Given a ∈ A, we denote by [a]I the only cell of I that contains a. Finally, we denote by PA the set of
partitions of A.

Definition 2.3 (clustering partition). Let x = (xa)a∈A ∈ M A. We denote by I(x) ∈ PA the only partition
such that for all a and b ∈ A we have xa = xb if and only if [a]I(x) = [b]I(x).

Example 2.4. If x = (x, . . . , x) then I(x) = {A}. If x ∈ M A
\ 1A then I(x) = {{a} | a ∈ A} = I0.

Definition 2.5 (strata of the diagonal). For all I ∈ PA, we set 1A,I = {x ∈ M A
| I(x) = I}, so that

1A,I0 = M A
\ 1A and 1A =

⊔
I ̸=I0

1A,I .

Definition 2.6 (diagonal inclusions). Let I ∈ PA. We denote by ιI : MI
\ 1I → 1A,I the bijection

defined by ιI((yI )I∈I) = (y[a]I )a∈A.

2.2. Spaces of functions, sections and jets. We use the following multi-index notation. Let α =

(α1, . . . , αn) ∈ Nn. We denote its length by |α| = α1 +· · ·+αn . Let ∂i denote the i-th partial derivative in
some product space we denote by ∂α

= ∂
α1
1 · · · ∂

αn
n . Finally, if X = (X1, . . . , Xn), we let Xα

= Xα1
1 · · · Xαn

n .

Definition 2.7 (polynomials). We denote by Rd [X ] the space of real polynomials in n variables of degree
at most d , where d ∈ N and X = (X1, . . . , Xn) is multivariate.
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Definition 2.8 (symmetric forms and differentials). Let k ∈ N. We denote by Symk(Rn) the space of
symmetric k-linear forms on Rn. Let V be a finite-dimensional real vector space. Then Symk(Rn)⊗ V
is the space of symmetric k-linear maps from Rn to V. Given a Ck map f : Rn

→ V, we denote by
Dk

x f ∈ Symk(Rn) ⊗ V its k-th differential at x ∈ Rn.

Let M and N be two manifolds without boundary. For all k ∈ N ∪ {∞}, we denote by Ck(M, N ) the
space of Ck maps from M to N. If N = R, we drop it from the notation and we simply write Ck(M). We
denote by L1

loc(M) the space of locally integrable functions on M. We denote by C 0
c (M) (resp. L∞

c (M))
the space of continuous (resp. L∞) functions on M with compact support. Finally, for any Borel subset
B ⊂ M, we denote by 1B : M → R its indicator function.

Let E → M be a vector bundle of finite rank over M, we denote by Ex the fiber above x ∈ M. For all
k ∈ N ∪ {∞}, we denote by 0k(M, E) the space of Ck sections of E → M.

Definition 2.9 (jets). Let k ∈ N, we denote by Jk(M, E) → M the vector bundle of k-jets of sections of
E → M. If E = V × M is trivial with fiber V, we denote its k-jet bundle by Jk(M, V ) → M. If V = R, we
simply write Jk(M) → M. Given s ∈ 0k(M, E), we denote by jk(s, x) ∈ Jk(M, E)x its k-jet at x ∈ M.

3. Divided differences and Kergin interpolation

An important step in our construction of a multijet for Ck functions is to reduce the problem to that
of defining a multijet for polynomials. This is done by polynomial interpolation. In several variables,
polynomial interpolation is rather ill-behaved, at least compared with the one-variable case. However,
a multivariate polynomial interpolation suiting our needs was defined by Kergin [1980]. A constructive
version of his proof was then given in [Micchelli and Milman 1980], using a multivariate version of the so-
called divided differences. In this section, we give the definitions of these objects and recall their relevant
properties. We refer to the survey [Lorentz 2000] for more background on polynomial interpolation in Rn.

3.1. Divided differences. In this section, we recall the definition of multivariate divided differences; see
[Micchelli and Milman 1980]. Let k ∈ N. We denote by σk the standard simplex of dimension k, that is,

σk =

{
t = (t0, . . . , tk) ∈ [0, 1]

k+1
∣∣∣ k∑

i=0

ti = 1
}

⊂ Rk+1. (3-1)

The simplex σk is a subset of
{
t ∈ Rk+1

|
∑

ti = 1
}
, and we denote by νk the (k-dimensional) Lebesgue

measure on this hyperplane, normalized so that νk(σk) = 1/k! . One can check that its restriction to σk

satisfies ∫
σk

φ(t) dνk(t) =

∫
t1,...,tk⩾0∑k

i=1 ti⩽1

φ

(
1 −

k∑
i=1

ti , t1, . . . , tk

)
dt1 · · · dtk, (3-2)

where dt1 · · · dtk is the Lebesgue measure on Rk. For any x = (x0, . . . , xk) ∈ (Rn)k+1, we denote by σ(x)

the convex hull of the xi and we define υx : t 7→
∑k

i=0 ti xi from σk onto σ(x). Recalling Definition 2.8,
we have the following.
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Definition 3.1 (divided differences). Let x = (xi )0⩽i⩽k ∈ (Rn)k+1 and let f be a Ck function defined on
some open neighborhood of σ(x) in Rn. We define the divided difference of f at x by

f [x0, . . . , xk] =

∫
σk

Dk
υx (t) f dνk(t) ∈ Symk(Rn),

that is, as the average of Dk f over σ(x) with respect to the pushed-forward measure (υx)∗(νk).

Remark 3.2. • If x = (x, . . . , x) for some x ∈ Rn then f [x, . . . , x] = (1/k!)Dk
x f .

• Definition 3.1 is invariant under permutation of (x0, . . . , xk).

• When n = 1, Definition 3.1 coincides with the classical definition of divided differences, under the
canonical isomorphism Symk(R) ≃ R. This is known as the Hermite–Genocchi formula [Micchelli and
Milman 1980].

Lemma 3.3 (regularity of divided differences). For all x ∈ (Rn)k+1, the map f 7→ f [x0, . . . , xk] is linear.
Moreover, if f is of class Ck+l then x 7→ f [x0, . . . , xk] is of class C l.

Proof. The linearity with respect to f is clear. The regularity with respect to x is obtained by derivation
under the integral, using Definition 3.1 and (3-2). □

3.2. Kergin interpolation. This section is dedicated to Kergin interpolation. In the following, we recall
the construction of Kergin interpolation in [Micchelli and Milman 1980], which relies on the divided
differences introduced in Definition 3.1. We will use the notation introduced in Definition 2.7.

Proposition 3.4 (Kergin interpolation). Let x ∈ (Rn)p and let f be a function of class C p−1 defined on
some neighborhood of σ(x) in Rn. There exists a unique polynomial K ( f, x) ∈ Rp−1[X ] such that, for
all nonempty I ⊂ [[1, p]], we have f [x I ] = (K ( f, x))[x I ]. Moreover,

K ( f, x) =

p∑
k=1

f [x1, . . . , xk](X − x1, . . . , X − xk−1). (3-3)

Proof. This is the content of [Bojanov et al. 1993, Theorem 12.5] for m = 0. See also [Micchelli and
Milman 1980]. □

Remark 3.5. In particular, Proposition 3.4 implies the following:

• The restriction of K ( · , x) to Rp−1[X ] is the identity.

• If x appears with multiplicity at least k + 1 in x , then

Dk
x f = k! f [x, . . . , x︸ ︷︷ ︸

k+1 times

] = k! (K ( f, x))[x, . . . , x︸ ︷︷ ︸
k+1 times

] = Dk
x(K ( f, x)).

• The map P 7→ (P[x1, . . . , x j ])1⩽ j⩽p is an isomorphism from Rp−1[X ] to
⊕p−1

j=0 Sym j (Rn) whose
inverse map is given by (S j )0⩽ j⩽p−1 7→

∑p−1
j=0 S j (X − x1, . . . , X − x j ).

Definition 3.6 (Kergin polynomial). The polynomial K ( f, x) from Proposition 3.4 is called the Kergin
interpolating polynomial of f at x .
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Example 3.7. If n = 1, then K ( f, x) is the Hermite interpolating polynomial of f at x ∈ Rp. If
x = (x, . . . , x), then K ( f, x) is the Taylor polynomial of order p − 1 of f at x ∈ Rn.

Lemma 3.8 (regularity of the Kergin polynomial). For all x ∈ (Rn)p, the map K ( · , x) is linear. Moreover,
if f is C l+p−1 then K ( f, · ) is of class C l .

Proof. This is a consequence of Lemma 3.3 and (3-3). □

We need to prove a form of compatibility in Kergin interpolation, when the set of interpolation points is
refined. We will use this fact to prove that the multijet bundle we define below satisfies (4) in Theorem 1.1.
The following lemma is stated using the clustering partition I(x) from Definition 2.3.

Lemma 3.9 (compatibility in Kergin interpolation). For all x ∈ (Rn)p the linear map from Rp−1[X ] to∏
I∈I(x) R|I |−1[X ] defined by (K ( · , x I ))I∈I(x) : P 7→ (K (P, x I ))I∈I(x) is surjective.

Proof. Let x ∈ (Rn)p and let us write I = I(x) for simplicity. As explained at the end of Section 2.1,
there exists a unique y = (yI )I∈I ∈ (Rn)I \ 1I such that x = ιI(y). Let (χI )I∈I be smooth functions on
Rn with pairwise disjoint compact supports and such that χI is equal to 1 in a neighborhood of yI .

Let (PI )I∈I ∈
∏

I∈I R|I |−1[X ]. We consider the function f =
∑

I∈I χI PI ∈ C∞(Rn). Let P = K ( f, x)

and let us prove that K (P, x I ) = PI for all I ∈ I. For all k ⩽ |I | − 1 we have Dk
yI

P = Dk
yI

f = Dk
yI

PI .
Indeed yI appears with multiplicity |I | in x (see Remark 3.5) and f is equal to PI in a neighborhood
of yI . Recalling Example 3.7, we know that K (P, x I ) is the Taylor polynomial of order |I | − 1 at yI

of P , and hence of PI . Since PI ∈ R|I |−1[X ], we get K (P, x I ) = PI . □

4. Evaluation maps and their kernels

The goal of this section is to study evaluation maps on spaces of polynomials and their kernels. Defining
multijets is closely related to these objects. Indeed, let n ⩾ 1 and p ⩾ 1 and recall that 1p stands for
the large diagonal in (Rn)p; see Definition 2.1. As explained in the Introduction, when x /∈ 1p we
want the multijet of a C p−1 function f at x to be the class of f in C p−1(Rn)/ ∼, where f ∼ g if and
only if ( f (xi ))1⩽i⩽p = (g(xi ))1⩽i⩽p. The Kergin interpolation of Section 3.2 shows that any such class
can be represented by a polynomial. Hence, the space of p-multijets at x is canonically isomorphic to
Rp−1[X ]/ ker evx , where evx : P 7→ (P(x1), . . . , P(x p)).

Definition 4.1 (Grassmannian). Let V be a vector space of finite dimension N and k ∈ [[0, N ]]. We denote
by Grk(V ) the Grassmannian of vector subspaces of V of codimension k.

Remark 4.2. Beware that this notation is slightly unusual, since in most textbooks Grk(V ) stands for the
Grassmannian of subspaces of dimension k.

Let us denote by Lreg(V, Rk) ⊂ V ∗
⊗ Rk the open dense subset of linear surjective maps from V to Rk.

The group GLk(R) acts on Lreg(V, Rk) by multiplication on the left. On the other hand, L 7→ker(L) defines
a surjective map from Lreg(V, Rk) to Grk(V ), and ker(L1)=ker(L2) if and only if there exists M ∈GLk(R)

such that L2 = M L1. Thus, one can identify Grk(V ) with the orbit space Lreg(V, Rk)/ GLk(R) of the
previous action. This is one of the many ways to describe Grk(V ) as a smooth real-algebraic manifold.
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Definition 4.3 (evaluation map). Let x ∈ (Rn)p. We set evx : f 7→ ( f (x1), . . . , f (x p)) from any space of
functions defined at the xi to Rp. The source space will always be clear from the context.

Lemma 4.4 (nondegeneracy of evx ). Let x /∈ 1p. Then evx : Rp−1[X ] → Rp is surjective.

Proof. Since x /∈ 1p, we have I(x) = {{1}, . . . , {p}} and evx = (K ( · , xi ))1⩽i⩽p under the canonical
identification R0[X ] ≃ R. Hence this is just a special case of Lemma 3.9. Alternatively, in the right basis,
one can extract a Vandermonde matrix from that of evx . □

Lemma 4.4 shows that the following map is well-defined from (Rn)p
\ 1p to Grp(Rp−1[X ]):

G : x 7−→ ker evx . (4-1)

Lemma 4.5 (algebraicity of G). The map G : (Rn)p
\ 1p → Grp(Rp−1[X ]) is algebraic.

Proof. Recalling the previous discussion, we have Lreg(Rp−1[X ], Rp)/ GLp(R) ≃ Grp(Rp−1[X ]), where
the isomorphism is obtained as the quotient map of ker : L 7→ ker(L). In particular,

ker : Lreg(Rp−1[X ], Rp) −→ Grp(Rp−1[X ]) ≃ Lreg(Rp−1[X ], Rp)/ GLp(R)

is just the canonical projection, which is algebraic.
Writing ev : x 7→ evx , we have G = ker ◦ ev. Thus it is enough to prove that ev is algebraic from

(Rn)p
\ 1p to Lreg(Rp−1[X ], Rp). In the basis of Rp−1[X ] formed by the monomials (Xα)|α|<p, the

matrix of evx is (xα
i )1⩽i⩽p;|α|<p, which depends algebraically on x . □

Let x ∈ (Rn)p
\ 1p, we defined G(x) ∈ Grp(Rp−1[X ]) by (4-1). For any nonempty I ⊂ [[1, p]], we

define similarly

GI (x) = ker evx I ∈ Gr|I |(R|I |−1[X ]) and G̃ I (x) = ker evx I ∈ Gr|I |(Rp−1[X ]). (4-2)

Because of the interpolation properties of the Kergin polynomials (see Remark 3.5), we have that
evx I = (evx I )|R|I |−1[X ] ◦ K ( · , x I ) on Rp−1[X ]. Hence G̃ I (x) = K ( · , x I )

−1(GI (x)). Since K ( · , x I ) is
surjective from Rp−1[X ] to R|I |−1[X ], this shows that G̃ I (x) has indeed codimension |I |, like GI (x).

This collection of subspaces satisfies some incidence relations that will be useful in the following. For
all nonempty I ⊂ [[1, p]], we have G(x) ⊂ G̃ I (x). Actually, we can be more precise: for any I ∈ Pp, we
have G(x) =

⋂
I∈I G̃ I (x), and this intersection is transverse by a codimension argument.

Remark 4.6. The map G : (Rn)p
\ 1p → Grp(Rp−1[X ]) does not admit an extension as a regular map

from (Rn)p to Grp(Rp−1[X ]), except if n = 1 or p = 1, that is, if Grp(Rp−1[X ]) is a point.
For example, when n = 2 = p, the Grassmannian Grp(Rp−1[X ]) is the set of lines in R1[X1, X2].

Taking x = R(cos θ, sin θ) ∈ R2
\ {0}, the reader can check that G(0, x) = Span(X1 sin θ − X2 cos θ),

which does not converge as R → 0. However, in this case, G(0, · ) extends to the blow-up Bl0(R2) of R2

at 0 and similarly G extends smoothly to Bl12((R
2)2). This suggests that, even though G does not extend

smoothly to (Rn)p, it might extend to a larger space.
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5. Definition of the multijet bundles

In this section we define the vector bundle MJ p(R
n, V ) → C p[R

n
] of p-multijets for functions from Rn

to some finite-dimensional vector space V and prove Theorem 1.1. The singularity of G along 1p makes
it impossible to define such a bundle over (Rn)p, which is why we define it over a compactification
C p[R

n
] of the configuration space (Rn)p

\ 1p.
The manifold C p[R

n
] does not depend on V. It is defined in Section 5.1. In the next two sections, we

work in the case V = R. All important ideas appear in this case but the notation is slightly simpler. In
Section 5.2, we define the bundle MJ p(R

n). In Section 5.3, we prove that p-multijets are local, in the
sense of (4) in Theorem 1.1. Finally, we define the bundle MJ p(R

n, V ) of multijets for vector-valued
maps and prove Theorem 1.1 in Section 5.4.

5.1. Definition of the basis C p[R
n]. In this section, we define the basis C p[R

n
] over which our p-multijet

bundles are defined. This is a smooth manifold, obtained a compactification of the configuration space
(Rn)p

\ 1p such that (GI )I⊂[[1,p]] extends smoothly to C p[R
n
]. Let us first introduce some notation. We

denote by 50 the projection from the product space

(Rn)p
×

∏
∅̸=I⊂[[1,p]]

Gr|I |(R|I |−1[X ])

onto the factor (Rn)p. Similarly, we denote by 5I the projection onto Gr|I |(R|I |−1[X ]). Then, let

6 = {(x, (GI (x))I⊂[[1,p]]) | x ∈ (Rn)p
\ 1p} ⊂ (Rn)p

×

∏
∅̸=I⊂[[1,p]]

Gr|I |(R|I |−1[X ]) (5-1)

denote the graph of the map (GI )I⊂[[1,p]]. We denote by 6 the closure of 6 in the product space on the
right-hand side of (5-1).

Lemma 5.1 (surjectivity of (50)|6). Let x ∈ (Rn)p. Then there exists z ∈ 6 such that 50(z) = x.

Proof. Let (xn)n∈N be a sequence of points in (Rn)p
\ 1p converging to x . Since Grassmannians

are compact manifolds, up to extracting subsequences finitely many times, we can assume that for all
nonempty I ⊂ [[1, p]] there exists G I ∈ Gr|I |(R|I |−1[X ]) such that GI (xn) n→+∞

−−−−→ G I . Then

(xn, (GI (xn))I⊂[[1,p]]) n→+∞
−−−−→ (x, (G I )I⊂[[1,p]]) = z ∈ 6. □

Lemma 5.2 (location of the new points). We have 6 \ 6 ⊂ 5−1
0 (1p).

Proof. Since 6 is the graph of a continuous function on (Rn)p
\ 1p, it is closed in the open subset

5−1
0 ((Rn)p

\ 1p). Hence 6 ∩ 5−1
0 ((Rn)p

\ 1p) = 6 and 6 \ 6 ⊂ 5−1
0 (1p). □

Lemma 5.3 (algebraicity of 6 and 6). The graph 6 is a smooth real-algebraic manifold and (50)|6 :

6 → (Rn)p
\ 1p is an isomorphism. Moreover, 6 is a real-algebraic variety whose singular locus is

contained in 6 \ 6.

Proof. By Lemma 4.5, the set 6 is the graph of an algebraic map, hence a smooth real-algebraic manifold.
Additionally, 50 is algebraic and its restriction to 6 is the inverse of x 7→ (x, (GI (x))I⊂[[1,p]]). Thus
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(50)|6 is an algebraic isomorphism from 6 onto (Rn)p
\1p. Since 6 is real-algebraic, so is its closure 6.

By Lemma 5.2, we know that 6 ∩ 5−1
0 ((Rn)p

\ 1p) = 6 is smooth. Hence, the singular locus of 6 is
contained in 6 ∩ 5−1

0 (1p) = 6 \ 6. □

Example 5.4. In simple cases, we understand very well what 6 is.

• If p = 1 and n ⩾ 1, then 1p = ∅ and Grp(Rp−1[X ]) = {{0}}, so that 6 = 6 = Rn.

• If n = 1 and p ⩾ 1, then Gr|I |(R|I |−1[X ]) = {{0}} for all I ⊂ [[1, p]] and 6 = Rp.

• If p = 2 and n ⩾ 2, then for x ̸= y in Rn we know that G(x, y) ⊂ R1[X ] is the subspace of affine forms
on Rn vanishing at x and y, i.e., on the affine line through x and y. Thus G(x, y) encodes this line. As
y → x , the accumulation points of G(x, y) correspond to all the affine lines passing through x , and they
encode “the direction from which y converges to x”. In this case, one can check that 6 = Bl12((R

n)2).

In the previous examples the variety 6 is smooth, hence the following natural question.

Question. Is 6 smooth for all n ⩾ 1 and p ⩾ 1?

Lacking a positive answer to this question, since we want C p[R
n
] to be a smooth manifold, we will

define it by resolving the singularities of 6. The existence of a resolution of singularities is given by
Hironaka’s theorem [1964a; 1964b]. Our references on this matter are [Kollár 2007; Włodarczyk 2005].
See also [Hauser 2003] for a softer introduction to this theory.

Proposition 5.5 (resolution of singularities). There exists a smooth manifold C p[R
n
] without boundary of

dimension np and a smooth proper 5 : C p[R
n
] → (Rn)p

×
∏

∅̸=I⊂[[1,p]]
Gr|I |(R|I |−1[X ]) such that

(1) 5(C p[R
n
]) = 6;

(2) 5−1(6) is an open dense subset of C p[R
n
];

(3) 5|5−1(6) is C∞-diffeomorphism from 5−1(6) onto 6.

Proof. We apply Hironaka’s theorem [Kollár 2007, Theorem 3.27] to resolve the singularities of 6. Since
6 is algebraic by Lemma 5.3, there exists a smooth real-algebraic manifold C p[R

n
] and a projective

morphism 5 : C p[R
n
] → 6 such that 5 is an isomorphism over the smooth locus of 6.

In particular C p[R
n
] is smooth, the map 5 : C p[R

n
]→ (Rn)p

×
∏

∅̸=I⊂[[1,p]]
Gr|I |(R|I |−1[X ]) is smooth

and proper, and 5(C p[R
n
]) ⊂ 6. Since 6 is contained in the smooth locus of 6, the restriction of 5 to

5−1(6) is an isomorphism; in particular (3) is satisfied.
According to [Włodarczyk 2005, Theorem 1.0.2], the manifold C p[R

n
] and the projection 5 are

obtained by a sequence of blow-ups along smooth submanifolds that do not intersect the regular locus
of 6, and hence 6. This ensures that conditions (1) and (2) are satisfied. □

The following corollary proves the existence of the manifold C p[R
n
] and the proper surjection π :

C p[R
n
] → (Rn)p satisfying (1) in Theorem 1.1.

Corollary 5.6 (existence of the basis C p[R
n
]). There exists a smooth manifold C p[R

n
] without boundary

of dimension np and a smooth proper surjection π : C p[R
n
] → (Rn)p such that
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(1) the open subset π−1((Rn)p
\1p) is dense in C p[R

n
] and π induces a C∞-diffeomorphism from this

set onto (Rn)p
\ 1p;

(2) for any nonempty I ⊂ [[1, p]], the map GI ◦ π admits a unique smooth extension to C p[R
n
].

Proof. We consider 5 : C p[R
n
] → (Rn)p

×
∏

∅̸=I⊂[[1,p]]
Gr|I |(R|I |−1[X ]) given by Proposition 5.5 and

we let π = 50 ◦ 5. Since Grassmannians are compact, 50 is proper. Hence π is smooth and proper
because 5 and 50 are. The surjectivity of π is given by Lemma 5.1 and (1) in Proposition 5.5.

Item (1) in Corollary 5.6 is a consequence of Lemmas 5.2 and 5.3 and of conditions (2) and (3) in
Proposition 5.5. Let I ⊂ [[1, p]] be nonempty. On the dense open subset π−1((Rn)p

\ 1p) we have
GI ◦ π = 5I ◦ 5 by definition. In the last equality, the right-hand side is well-defined and smooth
on C p[R

n
], which yields the unique extension we are looking for. □

Since it is defined using Hironaka’s theorem, the manifold C p[R
n
] is not unique. However, the value

of the smooth extension of GI ◦ π = 5I ◦ 5 at z ∈ C p[R
n
] only depends on 5(z) ∈ 6. So this extension

does not really depend on the choice of a resolution of singularities. In the following we choose once
and for all a realization of π : C p[R

n
] → (Rn)p as in Corollary 5.6. Thanks to (1), we can identify the

configuration space (Rn)p
\1p with its open dense preimage by π . Under this identification, (2) states

that the maps (GI )I⊂[[1,p]] extend smoothly to C p[R
n
]. So, from now on, we consider GI as a smooth map

from C p[R
n
] to Gr|I |(R|I |−1[X ]).

5.2. Definition of the bundle MJ p(R
n). Now that we have defined the base space C p[R

n
] of our multijet

bundle, we can define the bundle itself. The purpose of this section is to construct the vector bundle
MJ p(R

n) → C p[R
n
] of multijets for functions from Rn to R, and the associated multijet map. The

construction for vector-valued maps, explained in Section 5.4, is basically a fiberwise direct sum of this
simpler case.

Recall that we defined the projections

C p[R
n
]

5
−→ 6

50
−→ (Rn)p

and that π = 50 ◦ 5. Thanks to Corollary 5.6, and under the identification discussed above, the map
G = G[[1,p]] defined by (4-1) extends as a smooth map from C p[R

n
] to Grp(Rp−1[X ]). Seen as a collection

of subspaces of Rp−1[X ] indexed by C p[R
n
], this means that G defines a smooth vector sub-bundle of

corank p in the trivial bundle Rp−1[X ]×C p[R
n
]→ C p[R

n
]. We define our multijet bundle as the quotient

of this trivial bundle by G.

Definition 5.7 (vector bundle of multijets). Let n ⩾ 1 and p ⩾ 1. The vector bundle of multijets of order p
on Rn is the smooth vector bundle of rank p over C p[R

n
] defined by

MJ p(R
n) = (Rp−1[X ] × C p[R

n
])/G.

In particular, for any z ∈ C p[R
n
], the fiber MJ p(R

n)z = Rp−1[X ]/G(z) only depends on 5(z) ∈ 6.

Recalling the definition of Kergin polynomials given in Section 3.2, we can now define the p-multijet
of a C p−1 function on Rn.



1448 MICHELE ANCONA AND THOMAS LETENDRE

Definition 5.8 (multijet of a function). Let f ∈ C p−1(Rn) and z ∈ C p[R
n
]. The multijet of f at z is the

element of MJ p(R
n)z defined as

mjp( f, z) = K ( f, π(z)) mod G(z).

In particular, as an element of Rp−1[X ]/G(z), the multijet mjp( f, z) only depends on 5(z) ∈ 6.

Example 5.9. In Example 5.4 we saw that in simple cases 6 is smooth. In these cases we set C p[R
n
] = 6

and we can describe the bundle MJ p(R
n) → C p[R

n
] and the map mjp.

• If p = 1, then C1[R
n
] = Rn and G : x 7→ {0} ⊂ R0[X ] ≃ R. Thus MJ 1(R

n) is the trivial bundle
R × Rn

→ Rn. Moreover, if f ∈ C 0(Rn) then K ( f, x) = f (x) ∈ R0[X ] ≃ R and mj1( f, x) = f (x) for all
x ∈ Rn.

• If n = 1, then C p[R] = Rp and G : x 7→ {0} ⊂ Rp−1[X ]. Thus MJ p(R) is the trivial bundle
Rp−1[X ]× Rp

→ Rp. If f ∈ C p−1(R) then mjp( f, x) = K ( f, x) is the Hermite interpolating polynomial
of f at x ; see Example 3.7.

Given x = (x1, . . . , x p) /∈ 1p, Lemma 4.4 shows that evx : Rp−1[X ] → Rp is an isomorphism. We can
then consider the Lagrange basis (L i (x))1⩽i⩽p of Rp−1[X ] which is the preimage by evx of the canonical
basis of Rp. We then have mjp( f, x) = K ( f, x) =

∑p
i=1 f (xi )L i (x). Geometrically, this means that

the map (P, x) 7→ (evx(P), x) defines a local trivialization of MJ p(R) → C p[R] over Rp
\ 1p and

that x 7→ (L i (x))1⩽i⩽p is the corresponding frame. Moreover, it is tautological that mjp( f, x) reads as
( f (x1), . . . , f (x p)) in this trivialization.

In this example, one can also define a global trivialization of MJ p(R) by considering the global
frame of Newton polynomials x 7→ (Nk(x))1⩽k⩽p, where Nk(x) =

∏
1⩽i<k(X − xi ). By (3-3) we have

K ( f, x) =
∑p

k=1 f [x1, . . . , xk]Nk(x), so that mjp( f, x) reads as ( f [x1, . . . , xk])1⩽k⩽p in this trivializa-
tion, where the divided differences are the classical ones in dimension 1. In this setting, we used in
[Ancona and Letendre 2021] a strategy that can be roughly summarized as replacing ( f (xi ))1⩽i⩽p by
( f [x1, . . . , xk])1⩽k⩽p. Our present point of view shows that we were actually considering mjp( f, x) all
along, but read in different trivializations.

• If p = 2, we saw that C2[R
n
] = Bl12((R

n)2). Given z ∈ C2[R
n
], if π(z) = (x1, x2) /∈ 12, we know that

G(z) ⊂ R1[X ] is the subspace of affine forms vanishing on the line L z ⊂ Rn through x1 and x2. It is then
natural to think of the class of P modulo G(z) as its restriction to L z . Parametrizing L z by

t 7→ x1 +
x2 − x1

∥x2 − x1∥
t,

one can check that
P 7→ P

(
x1 +

x2 − x1

∥x2 − x1∥
T
)

induces an isomorphism MJ 2(R
n)z ≃ R1[T ] ≃ R2, where T is univariate and the second isomorphism is

obtained by reading coordinates in the canonical basis (1, T ) of R1[T ].
Recalling Definition 3.1, we have

P[x1, x2] ·
x2 − x1

∥x2 − x1∥
T =

(∫ 1

0
Dx1+t (x2−x1) P · (x2 − x1) dt

)
T

∥x2 − x1∥
=

P(x2) − P(x1)

∥x2 − x1∥
T,
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and P = K (P, x1, x2) is given by (3-3). Letting P̃(z) = P(x2) − P(x1)/∥x2 − x1∥, we have

P
(

x1 +
x2 − x1

∥x2 − x1∥
T
)

= K (P, x1, x2)

(
x1 +

x2 − x1

∥x2 − x1∥
T
)

= P(x1) + P̃(z)T .

Thus, the previous isomorphism MJ 2(R
n)z → R2 is (P mod G(z)) 7→ (P(π(z)1), P̃(z)).

Let us now consider z ∈ π−1(12). This exceptional divisor is the projectivized normal bundle of 12

in (Rn)2. So we can think of z as a point in the diagonal, say (x, x) ∈ 12, and a line in (Rn)2 which is
orthogonal to 12, say spanned by (u, −u) with u ∈ Sn−1. Then z = limε→0(x +εu, x −εu) in C2[R

n
]. By

continuity, G(z) is the space of affine forms vanishing on the line L z ⊂ Rn parametrized by t 7→ x + tu. As
above, mapping P to the coefficients of P(x +T u)= P(x)+(Dx P ·u)T ∈ R1[T ] induces an isomorphism
MJ 2(R

n)z → R2. Letting P̃(z)= Dx P ·u, this isomorphism is again (P mod G(z)) 7→ (P(π(z)1), P̃(z)).
Actually, one can check that everything depends smoothly on the base point z ∈ C2[R

n
], so that

the bundle map (P mod G(z), z) 7→ (P(π(z)1), P̃(z), z) defines a global trivialization MJ 2(R
n) →

R2
× C2[R

n
]. If f ∈ C1(Rn), with the same notation as above, mj2( f, z) reads in this trivialization as(

f (x1),
f (x2) − f (x1)

∥x2 − x1∥

)
if z /∈ π−1(12) and as ( f (x), Dx f · u) otherwise.

In these examples, the multijet bundle MJ p(R
n) → C p[R

n
] is trivial. This raises the following.

Question. Is MJ p(R
n) → C p[R

n
] trivial for all n ⩾ 1 and p ⩾ 1?

The following two lemmas prove that the bundle map mjp : C p−1(Rn)×C p[R
n
] →MJ p(R

n) satisfies
(2) and (3) in Theorem 1.1.

Lemma 5.10 (regularity of multijets). The map mjp( · , z) : C p−1(Rn) →MJ p(R
n)z is a linear surjection

for all z ∈ C p[R
n
]. Additionally, let l ⩾ 0 and let f ∈ C l+p−1(Rn). Then mjp( f, · ) is a section of class C l

of MJ p(R
n) → C p[R

n
].

Proof. Let z ∈ C p[R
n
]. The map K ( · , π(z)) : C p−1(Rn) → Rp−1[X ] is linear by Lemma 3.8. It is also

surjective since its restriction to Rp−1[X ] is the identity. Since mjp( · , z) is the composition of K ( · , π(z))
with the canonical projection from Rp−1[X ] onto MJ p(R

n)z , it is a linear surjection.
Let l ⩾ 0 and let f ∈ C l+p−1(Rn). By Lemma 3.8, we have K ( f, · ) ∈ C l((Rn)p, Rp−1[X ]). Since

π is smooth, we get K ( f, · ) ◦ π ∈ C l(C p[R
n
], Rp−1[X ]). In other words, K ( f, · ) ◦ π defines a section

of class C l of the trivial bundle Rp−1[X ] × C p[R
n
] → C p[R

n
]. Since G is a smooth sub-bundle of

Rp−1[X ] × C p[R
n
], projecting onto the quotient bundle MJ p(R

n) does not decrease the regularity. □

Lemma 5.11 (multijets and evaluation). Let z ∈ C p[R
n
] be such that π(z) = (x1, . . . , x p) /∈ 1p. Then for

all f ∈ C p−1(Rn) we have mjp( f, z) = 0 if and only if , for all i ∈ [[1, p]], f (xi ) = 0.

Proof. Let us denote by x = (x1, . . . , x p) = π(z) /∈ 1p. For all f ∈ C p−1(Rn), we have

mjp( f, z) = 0 ⇐⇒ K ( f, x) ∈ G(x) ⇐⇒ evx(K ( f, x)) = 0 ⇐⇒ evx( f ) = 0,

since K ( f, x) interpolates the values of f on at x1, . . . , x p (see Remark 3.5). □
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Actually, we can describe more precisely the relation between multijets and evaluation outside of the
diagonal. This will appear in the proof of Theorem 6.26 below. Thanks to Lemma 4.4, the smooth bundle
map ev : (P, x) 7→ (evx(P), x) from Rp−1[X ]× ((Rn)p

\1p) to Rp
× ((Rn)p

\1p) is surjective and its
kernel is exactly the sub-bundle ker ev=G. Thus it induces a smooth bundle map τ :MJ p(R

n)|(Rn)p\1p →

Rp
×((Rn)p

\1p) defined by τ(P mod G(x)) = (evx(P), x), which is bijective. Thus τ defines a smooth
local trivialization of MJ p(R

n) over (Rn)p
\ 1p. Moreover, for all f ∈ C p−1(Rn) and z ∈ C p[R

n
] such

that x = π(z) /∈ 1p we have

τ(mjp( f, z)) = τ(K ( f, x) mod G(x)) = (evx(K ( f, x)), x) = (evx( f ), x).

Hence mjp( f, z) simply reads as ( f (x1), . . . , f (x p)) in this trivialization.

5.3. Localness of multijets. The goal of this section is to prove that the multijet bundle MJ p(R
n) →

C p[R
n
] defined in the previous section satisfies (4) in Theorem 1.1. Let z ∈ C p[R

n
], let x = π(z) and let

I = I(x) be as in Definition 2.3. As explained in Section 2.1, there is a unique y = (yI )I∈I ∈ RI
\ 1I

such that x = ιI(y). Recalling that we dropped V = R from the notation in the present case, we can
restate (4) in Theorem 1.1 as: there exists 2z :

∏
I∈I J|I |−1(R

n)yI → MJ p(R
n)z a linear surjection such

that mjp( f, z) = 2z(( j|I |−1( f, yI ))I∈I) for all f ∈ C p−1(Rn).
This property is fundamental. First, it shows that mjp( f, z) is obtained by patching together (part of)

the jets of order |I |−1 of f at yI , which justifies the name multijet. Second, it shows that mjp( f, z) only
depends on the values of f in arbitrarily small neighborhoods of the yI . This is not obvious at all since
the definition of mjp( f, z) involves divided differences of f , which are obtained by integrating on the
whole convex hull σ(x) of the xi (see Definition 3.1). In particular, it shows that mjp( f, z) makes sense
even if f is only C|I |−1 in some neighborhood of yI for all I ∈ I. Hence Definition 1.3 makes sense even
if � is not convex.

In the following, we consider what we think of as the I -th part of a multijet, where I ⊂ [[1, p]]. This is
just a variation on what we did in Definitions 5.7 and 5.8 and it is defined as follows.

Definition 5.12 (I -multijets). Let n ⩾ 1 and p ⩾ 1 and let I ⊂ [[1, p]] be nonempty, we define the bundle
of I -multijets as the following smooth bundle of rank |I | over C p[R

n
]:

MJ I (R
n) = (R|I |−1[X ] × C p[R

n
])/GI .

Let f ∈ C|I |−1(Rn) and z ∈ C p[R
n
]. We define by mjI ( f, z) = K ( f, π(z)I ) mod GI (z) ∈ MJ I (R

n)z the
I -multijet of f at z.

As explained in Section 5.1, for all ∅ ̸= I ⊂ [[1, p]] we have a map GI : C p[R
n
] → Gr|I |(R|I |−1[X ])

extending the one on (Rn)p
\ 1p. Let z ∈ C p[R

n
] and x = π(z). As in Section 4 we define G̃ I (z) =

K ( · , x I )
−1(GI (z)) ∈ Gr|I |(Rp−1[X ]), where K ( · , x I ) : Rp−1[X ] → R|I |−1[X ]. Note that G̃ I (z) has the

same codimension as GI (z) since K ( · , x I ) is surjective.

Lemma 5.13 (compatibility of the GI ). For all I ⊂ [[1, p]] and z ∈ C p[R
n
] we have G(z) ⊂ G̃ I (z).

Proof. Recall from Section 4 that G(z)⊂G̃I (z) for any z∈(Rn)p
\1p⊂C p[R

n
], that is, K ( · ,π(z)I )(G(z))⊂

GI (z). This incidence relation is a closed condition. By construction, the subset (Rn)p
\ 1p is dense
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in C p[R
n
] and both terms in the previous inclusion are continuous with respect to z; see Lemma 3.8

and Corollary 5.6. Hence the inclusion actually holds for any z ∈ C p[R
n
]. Thus G(z) ⊂ G̃ I (z) for all

z ∈ C p[R
n
]. □

Let ∅ ̸= I ⊂ [[1, p]], let z ∈ C p[R
n
] and x = π(z). We consider mjI ( · , z) : Rp−1[X ] → MJ I (R

n)z

from Definition 5.12. This linear map is surjective as the composition of K ( · , x I ) and the projection
modulo GI (z). Moreover, ker(mjI ( · , z)) = G̃ I (z) contains G(z) by Lemma 5.13. Hence, mjI ( · , z)
induces a surjective linear map from MJ p(R

n)z = Rp−1[X ]/G(z) onto MJ I (R
n)z that we still denote

by mjI ( · , z). This is summarized in the following commutative diagram, where the vertical arrows are
the canonical projections and all arrows are surjective:

Rp−1[X ] R|I |−1[X ]

MJ p(R
n)z MJ I (R

n)z

K ( · ,x I )

mjI ( · ,z)

mjI ( · ,z)

(5-2)

Note that (P, z) 7→ (K (P, π(z)I ), z) is a smooth bundle map over C p[R
n
] from Rp−1[X ] × C p[R

n
]

to R|I |−1[X ] × C p[R
n
]. Hence, the previous diagram (5-2) defines a smooth surjective bundle map

mjI : (P mod G(z)) 7→ (P mod GI (z)) from MJ p(R
n) to MJ I (R

n) over C p[R
n
].

Definition 5.14 (partitioned multijet). For all I ∈ Pp and z ∈ C p[R
n
], we define a linear map from

MJ p(R
n)z to

∏
I∈I MJ I (R

n)z by mjI( · , z) : α 7→ (mjI (α, z))I∈I .

As above, mjI : (α, z) 7→ mjI(α, z) defines a smooth bundle map over C p[R
n
] from MJ p(R

n)

to
⊕

I∈I MJ I (R
n), which is obtained as the quotient of (P, z) 7→ ((K (P, π(z)I )I∈I, z). However,

mjI( · , z) is not surjective in general. The following lemma proves its surjectivity in some cases.

Lemma 5.15 (splitting of multijets). Let z ∈ C p[R
n
], let x = π(z) and let I(x) be defined as in

Definition 2.3. Then mjI(x)( · , z) : MJ p(R
n)z →

∏
I∈I(x) MJ I (R

n)z is an isomorphism.

Proof. The map mjI(x)( · , z) is linear between two spaces of the same dimension p =
∑

I∈I(x)|I |, so
it is enough to prove its surjectivity. Let (αI )I∈I(x) ∈

∏
I∈I(x) MJ I (R

n)z . For each I ∈ I(x) there
exists PI ∈ R|I |−1[X ] such that αI = PI mod GI (z). By Lemma 3.9, there exists P ∈ Rp−1[X ] such that
K (P, x I ) = PI for all I ∈ I(x). Let α = P mod G(z) ∈ MJ p(R

n)z . Then, for all I ∈ I(x), we have

mjI (α, z) = mjI (P, z) = K (P, x I ) mod GI (z) = PI mod GI (z) = αI .

Hence mjI(x)(α, z) = (αI )I∈I(x), and mjI(x)( · , z) is indeed surjective. □

Let k ∈ N and let x ∈ Rn. By definition, two maps f and g ∈ Ck(Rn) have the same k-jet at x if and
only if they have the same Taylor polynomial of order k at x . Let x = (x, . . . , x). Recalling Example 3.7,
the linear map K ( · , x) : Ck(Rn) → Rk[X ] is surjective, and it induces an isomorphism Jk(R

n)x ≃ Rk[X ].
Let z ∈ C p[R

n
], let x = π(z), let I = I(x) and let (yI )I∈I = ι−1

I (x); see Definitions 2.3 and 2.6.
For all I ∈ I, the canonical isomorphism J|I |−1(R

n)yI ≃ R|I |−1[X ] allows us to see the projection from
R|I |−1[X ] onto MJ I (R

n)z as a canonical linear surjection ϖz,I : J|I |−1(R
n)yI → MJ I (R

n)z .
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Definition 5.16 (gluing map). Let z ∈ C p[R
n
], let x = π(z) and let (yI )I∈I = ι−1

I (x), where I = I(x).
We define ϖz : (αI )I∈I 7→ (ϖz,I (αI ))I∈I from

∏
I∈I J|I |−1(R

n)yI to
∏

I∈I MJ I (R
n)z . We also define

2z = mjI( · , z)−1
◦ ϖz .

We can now check that 2z satisfies (4) in Theorem 1.1.

Lemma 5.17 (localness of multijets). For all z ∈ C p[R
n
], the map 2z is a linear surjection from∏

I∈I J|I |−1(R
n)yI to MJ p(R

n)z . Moreover, it is the only map such that

∀ f ∈ C p−1(Rn), 2z(( j|I |−1( f, yI ))I∈I) = mjp( f, z).

Proof. With the same notation as in Definition 5.16, for all I ∈ I the map ϖz,I is a linear surjection
by definition. Hence so is ϖz . Since mjI( · , z) is an isomorphism by Lemma 5.15, the map 2z =

mjI( · , z)−1
◦ ϖz is also a linear surjection.

Let f ∈ C p−1(Rn). For all I ∈ I, the image of j|I |−1( f, yI ) under the canonical isomorphism
J|I |−1(R

n)yI ≃ R|I |−1[X ] is the Taylor polynomial K ( f, x I ). Hence

ϖz,I ( j|I |−1( f, yI )) = K ( f, x I ) mod GI (z) = mjI (K ( f, x I ), z).

Thus, we have

ϖz(( j|I |−1( f, yI ))I∈I) = (mjI (K ( f, x I ), z))I∈I = mjI(mjp( f, z), z),

and finally
2z(( j|I |−1( f, yI ))I∈I) = mjp( f, z).

Since the yI are pairwise distinct, every element of
∏

I∈I J|I |−1(R
n)yI can be realized as ( j|I |−1( f,yI ))I∈I

for some f ∈ C∞(Rn). Hence the previous relation completely defines 2z . □

5.4. Multijets of vector-valued maps. So far we have only defined multijets of real-valued functions. In
this section, we extend the previous construction to maps from Rn to some vector space V of dimension
r ⩾ 1. Let π : C p[R

n
] → (Rn)p be given by Corollary 5.6 as before. We define MJ p(R

n, V ) → C p[R
n
]

as the tensor product of the bundle MJ p(R
n) → C p[R

n
] from Definition 5.7 with the trivial bundle

V × C p[R
n
] → C p[R

n
].

Definition 5.18 (multijet bundle of vector-valued maps). Let n ⩾ 1 and p ⩾ 1; let V be a real vector
space of dimension r ⩾ 1. We define the bundle of p-multijets of V -valued maps on Rn as the following
smooth bundle of rank pr over C p[R

n
]:

MJ p(R
n, V ) = MJ p(R

n) ⊗ V .

Definition 5.19 (multijet of a map). Let (v1, . . . , vr ) denote a basis of V. Let z ∈ C p[R
n
] and let

f =
∑r

i=1 fivi ∈ C p−1(Rn, V ). We define by mjp( f, z) =
∑r

i=1 mjp( fi , z) ⊗ vi ∈ MJ p(R
n, V )z the

p-multijet of f at z.

Lemma 5.20 (independence from the basis). In Definition 5.19, the vector mjp( f, z) does not depend on
the choice of the basis (v1, . . . , vr ).
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Proof. Let (w1, . . . , wr ) be another basis of V. There exists a matrix (ai j )1⩽i, j⩽r ∈ GLr (R) such that
vi =

∑r
j=1 ai jw j for all i ∈ [[1, r ]]. Letting g j =

∑r
i=1 ai j fi for all j ∈ [[1, r ]], we get

f =

r∑
i=1

fivi =

∑
1⩽i, j⩽r

ai j fiw j =

r∑
j=1

g jw j .

Then, by linearity of the p-multijet for functions, we have
r∑

j=1

mjp(g j , z) ⊗ w j =

∑
1⩽i, j⩽r

ai j mjp( fi , z) ⊗ w j =

r∑
i=1

mjp( fi , z) ⊗ vi . □

Example 5.21. If V = Rr , then for all z ∈ C p[R
n
] and f = ( f1, . . . , fr ) ∈ C p−1(Rn, Rr ) we have

MJ p(R
n, Rr )z = MJ p(R

n)z ⊗ Rr
≃ (MJ p(R

n)z)
r ,

and under this canonical isomorphism mjp( f, z) = (mjp( fi , z))1⩽i⩽r , as one would expect.

Let x ∈Rn and k ∈N. We have a canonical isomorphism Jk(R
n, V )x ≃Jk(R

n)x ⊗V. If (v1, . . . , vr ) is a
basis of V, this isomorphism is totally determined by the fact that the image of jk( f, x) is

∑r
i=1 jk( fi , x)⊗vi

for all f =
∑r

i=1 fivi ∈ Ck(Rn, V ). As in the proof of Lemma 5.20, this does not depend on the choice
of the basis (v1, . . . , vr ).

Definition 5.22 (gluing map for vector-valued multijets). Let z ∈ C p[R
n
], let x = π(z), let I = I(x) and

let (yI )I∈I = ι−1
I (x). Using the previous canonical isomorphisms, we have∏

I∈I

J|I |−1(R
n, V )yI =

∏
I∈I

J|I |−1(R
n)yI ⊗ V =

(∏
I∈I

J|I |−1(R
n)yI

)
⊗ V .

Recalling Definition 5.16, we define a linear map

2z :

∏
I∈I

J|I |−1(R
n, V )yI → MJ p(R

n, V )z

by 2z(α ⊗ v) = 2z(α) ⊗ v for all α ∈
∏

I∈I J|I |−1(R
n)yI and all v ∈ V.

We now have everything we need to prove Theorem 1.1.

Proof of Theorem 1.1. The base space C p[R
n
] and the projection π are given by Corollary 5.6. In

particular, they satisfy (1) in Theorem 1.1. Definition 5.19 and Lemma 5.10 show that mjp satisfies (2).
Similarly, (3) is satisfied thanks to Lemma 5.11 and the definition of mjp for V -valued maps.

Let us check that the linear maps 2z from Definition 5.22 satisfy (4). Let z ∈ C p[R
n
], let x = π(z), let

I =I(x) and let (yI )I∈I = ι−1
I (x). Let us also denote by (v1, . . . , vr ) a basis of V. Let α ∈MJ p(R

n, V )z .
There exists α1, . . . , αr ∈ MJ p(R

n)z such that α =
∑r

i=1 αi ⊗ vi . By Lemma 5.17, for each i ∈ [[1, r ]],
there exists βi ∈

∏
I∈I J|I |−1(R

n)yI such that αi = 2z(βi ). Hence,

2z

( r∑
i=1

βi ⊗ vi

)
=

r∑
i=1

2z(β) ⊗ vi = α,

and 2z is indeed surjective.
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Finally, let us consider f =
∑r

i=1 fivi ∈ C p−1(Rn, V ). Then, by Lemma 5.17 once again,

2z(( j|I |−1( f, yI ))I∈I) = 2z

( r∑
i=1

( j|I |−1( fi , yI ))I∈I ⊗ vi

)
=

r∑
i=1

2z(( j|I |−1( fi , yI ))I∈I) ⊗ vi

=

r∑
i=1

mjp( fi , z) ⊗ vi = mjp( f, z). □

Remark 5.23. Another way to define MJ p(R
n, V ) and mjp is the following. If f : Rn

→ V is regular
enough, then the divided differences from Definition 3.1 still make sense, only this time f [x0, . . . , xk] ∈

Symk(Rn) ⊗ V. Then, one can still define K ( f, x) as in Proposition 3.4, and it defines an element of
Rp−1[X ]⊗ V that interpolates the divided differences of f . Similarly, everything we did from Section 3.1
to Section 5.3 can be adapted to the case of V -valued maps, simply by tensoring each vector space by V,
and each linear map by IdV . One can check that we recover the same objects as in Definitions 5.18
and 5.19, up to canonical isomorphisms.

6. Application to zeros of Gaussian fields

This section is concerned with our application of multijet bundles to Gaussian fields. In Section 6.1,
we describe the local model for the Gaussian fields with values in a vector bundle that we consider. In
Section 6.2, we prove a Bulinskaya-type lemma and a Kac–Rice formula for the zeros of these fields.
Section 6.3 is dedicated to the definition of the Kac–Rice densities of order larger than 2. We also relate
the properties of these functions with the moments of the linear statistics associated with our field. Finally,
we prove Theorems 1.6 and 1.9 in Section 6.4, using the multijet bundles defined in Theorem 1.1.

6.1. Gaussian vectors and Gaussian sections. In this section, we briefly recall some notation and
conventions concerning Gaussian vectors. Then we describe the local model for Gaussian fields with
values in a vector bundle. We will mostly consider centered random vectors in finite-dimensional vector
spaces, so we restrict ourselves to this setting. In the following, V is a finite-dimensional real vector space.

Definition 6.1 (Gaussian vector). We say that a random vector X with values in V is a centered Gaussian
vector if, for all η ∈ V ∗, the real random variable η(X) is a centered Gaussian in R.

In particular, a centered Gaussian vector in V has finite moments up to any order. Let us assume that
V is endowed with an inner product ⟨ · , · ⟩. Then for all v ∈ V, we define v∗

= ⟨v, · ⟩ ∈ V ∗.

Definition 6.2 (variance operator). Let X be a centered Gaussian vector in (V, ⟨ · , · ⟩). Then its variance
operator is the nonnegative self-adjoint endomorphism Var(X) = E[X ⊗ X∗

] of V. We say that X is
nondegenerate if Var(X) is invertible.

Recall that a centered Gaussian vector in (V, ⟨ · , · ⟩) is completely determined by its variance. In the
following, we denote by N (0, 3) the centered Gaussian distribution of variance 3, and by X ∼ N (0, 3)

the fact that X follows this distribution.

Definition 6.3 (Gaussian field). Let E → M be a vector bundle over some manifold M. We say that
a random section s of E → M is a centered Gaussian field if for all m ⩾ 1 and all x1, . . . , xm the
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random vector (s(x1), . . . , s(xm)) is a centered Gaussian. We say that this field is nondegenerate if s(x)

is nondegenerate for all x ∈ M.

If the centered Gaussian field s is C p, then its jet jk(s, x) is a centered Gaussian for all x ∈ M. Thus,
the definition of p-nondegeneracy of the field makes sense; see Definition 1.8. Note that 0-nondegenerate
simply means nondegenerate.

Since this will appear in several places later on, let us describe the local model for Gaussian fields in this
context. Let x0 ∈ M. There exists a chart (U, ϕ) of M around x0. That is ϕ : U → � is a diffeomorphism
between an open neighborhood U of x0 and an open subset � ⊂ Rn. Up to reducing U, we can assume
that E is trivial over U, i.e., there exists a trivialization τ : E|U → Rr

× U. Letting τϕ = (Id, ϕ) ◦ τ , we
have the following commutative diagram, where arrows on the top row are bundle maps covering the
maps on the bottom row:

E|U Rr
× U Rr

× �

U U �

τ

τϕ

(Id,ϕ)

Id ϕ

(6-1)

Let s be a local section of E|U . Then τϕ ◦s ◦ϕ−1 is a section of the trivial bundle on the right-hand side
of (6-1). Hence there exists a map f :�→Rr such that τϕ◦s◦ϕ−1

= ( f, Id). For all x ∈�, the vector f (x)

is the image of s(ϕ−1(x)) by a linear bijection. Thus, if s : M → E is a centered Gaussian field, its restriction
to U corresponds to a centered Gaussian field f : � → Rr . Moreover, f has the same regularity as s.

The local trivializations on the diagram (6-1) induce a similar picture for jet bundles so that we have a
local trivialization Jp(U, E|U ) ≃ Jp(�, Rr ), under which jp( f, x) corresponds to jp(s, ϕ

−1(x)). Thus,
the Gaussian section s is p-nondegenerate in the sense of Definition 1.8 if and only if f is p-nondegenerate
in the sense of Definition 1.4. If this is the case, up to replacing � by a smaller �′ such that �′

⊂ �

is compact, we can assume that f is uniformly p-nondegenerate, in the sense that det Var(jp( f, x)) is
bounded from below on �. This local picture is summarized in the following lemma.

Lemma 6.4 (local model for Gaussian fields). Let s : M → E be a centered p-nondegenerate Gaussian
field. For all x0 ∈ M, there exist an open neighborhood U of x0 and a local trivialization of the form (6-1)
such that s reads in local coordinates as a centered Gaussian field f : � → Rr of the same regularity as s
and which is uniformly p-nondegenerate on �.

6.2. Bulinskaya lemma and Kac–Rice formula for the expectation. Let (M, g) be a Riemannian mani-
fold of dimension n⩾1 without boundary and let E → M be a vector bundle of rank r ∈[[1, n]]. We consider
a nondegenerate centered Gaussian field s : M → E , in the sense of Definition 6.3. The goal of this section
is to state a Bulinskaya-type lemma and a Kac–Rice formula for the expectation of the linear statistics of s.

When M is an open subset of Rn and E = Rr
× M is trivial, these results are proved by Armentano,

Azaïs and Leòn [Armentano et al. 2023b, Proposition 2.1 and Theorem 2.2]. They are extended to fields
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on submanifolds of RN in [Armentano et al. 2023b, Section 9.1]. In the following we check that the
results of that work can be adapted to the case of Gaussian sections.

Remark 6.5. Some readers are most interested in the zeros of Gaussian fields from Rn to Rr and the
present geometric setting may seem overly complicated to them. Let us stress that, even in the simpler
setting of fields from Rn to Rr , our proof of Theorem 1.6 uses the Kac–Rice formula in the more general
setting we are studying here.

In order to state the Bulinskaya lemma and the Kac–Rice formula, we need the following.

Definition 6.6 (Jacobian determinant). Let L : V → V ′ be a linear map between Euclidean spaces and let
L∗ denote its adjoint map. The Jacobian of L is defined as Jac(L) = det(L L∗)1/2.

Remark 6.7. We have Jac(L) ⩾ 0, and Jac(L) > 0 if and only if L is surjective. In particular, the fact
that Jac(L) = 0 depends only on L and not on the Euclidean structures on V and V ′. Thus the condition
Jac(L) = 0 makes sense even if no inner product is specified.

Proposition 6.8 (weak Bulinskaya lemma). Let ∇ be a connection on E → M. If the centered Gaussian
field s : M → E is C1 and nondegenerate, the (n−r)-dimensional Hausdorff measure of

{x ∈ M | s(x) = 0 and Jac(∇x s) = 0}

is almost surely 0.

Remark 6.9. If s(x) = 0 then ∇x s does not depend on ∇. Hence the random set we are interested in
Proposition 6.8 does not depend on the choice ∇.

Proof of Proposition 6.8. We can cover M by countably many open trivialization domains of the type
described in Lemma 6.4. Then it is enough to prove the result in each of these domains.

Let U ⊂ M be as Lemma 6.4. In local coordinates, the restriction of s reads as a uniformly nondegenerate
C1 centered Gaussian field f : � → Rr , where � ⊂ Rn is open. Moreover, for any x ∈ � such that
f (x) = 0, the covariant derivative of s reads as Dx f , independently of the choice of ∇. Thus, we are left

with proving that the (n−r)-dimensional Hausdorff measure of

{x ∈ � | f (x) = 0 and Jac(Dx f ) = 0}

is almost surely 0, which is given by [Armentano et al. 2023b, Proposition 2.1]. □

Let us assume from now on that the centered Gaussian field s : M → E is C1 and nondegenerate. We
denote its zero set by Z = s−1(0). Let us define Zsing = {x ∈ Z | Jac(∇x s) = 0} and Zreg = Z \ Zsing. By
Proposition 6.8, the (n−r)-dimensional Hausdorff measure of the singular part Zsing is almost surely 0.
On the other hand, the regular part Zreg is the set of points where s vanishes transversally. As such, it is a
(possibly empty) C1 submanifold of M of codimension r without boundary. Thus, Z is almost surely the
union of an open (in Z ) regular part Zreg of dimension n − r , and a negligible singular part Zsing that we
can think of as a set of lower dimension. Let us mention that, under additional assumptions on the field,
the singular part is almost surely empty.
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Proposition 6.10 (strong Bulinskaya lemma). If the centered Gaussian field s : M → E is C2 and
1-nondegenerate, then Zsing = ∅ almost surely.

Proof. As in the proof of Proposition 6.8, it is enough to prove the result in local coordinates given by
Lemma 6.4. In these coordinates, s reads as a C2 centered Gaussian field f : � → Rr which is uniformly
1-nondegenerate, that is, det Var( f (x), Dx f ) is bounded from below on �. Then the result follows from
[Azaïs and Wschebor 2009, Proposition 6.12]. □

The Riemannian metric g induces a metric on Zreg, which in turn defines an (n−r)-dimensional
Riemannian volume measure dVolZ . This measure coincides with the (n−r)-dimensional Hausdorff
measure on Z . In the following, we consider this measure as a Radon measure on M defined as follows.
Recall that the space of Radon measures is the topological dual of C 0

c (M), and that being a nonnegative
Radon is equivalent to being a Borel measure which is finite on compact subsets.

Definition 6.11 (random measure associated with Z ). We denote by ν the random nonnegative Radon
measure on M defined by

∀φ ∈ C 0
c (M), ⟨ν, φ⟩ =

∫
Zreg

φ(x) dVolZ (x).

We define ⟨ν, φ⟩ similarly if φ is nonnegative Borel function (in which case ⟨ν, φ⟩ ∈ [0, +∞]) or if φ is
a Borel function such that ⟨ν, |φ|⟩ < +∞ almost surely.

Example 6.12. If n = r then Z is almost surely locally finite. In this case ν =
∑

x∈Z δx is the random
counting measure of this point process.

Let us go back to the local model of Lemma 6.4. Around any x0 ∈ M there exists a chart (U, ϕ) and
a local trivialization of the kind described by (6-1). Since s is C1 and nondegenerate, it corresponds in
local coordinates to a C1 nondegenerate Gaussian field f : � → Rr. We still denote by Z (resp. Zreg) the
image of Z (resp. Zreg) by ϕ, which is the zero set of f (resp. its regular part). Similarly, we still denote
by g (resp. dVolZ ) the push-forward to � of the metric g (resp. of the measure dVolZ ), and we identify
test-functions on U with test-functions on �. Thus, if φ ∈ L∞

c (U ) we have

⟨ν, φ⟩ =

∫
Zreg

φ(x) dVolZ (x),

where we think of everything on the right-hand side as defined on �. Now, the measure dVolZ is the
(n−r)-dimensional Riemannian volume on Z ⊂ � ⊂ Rn induced by g. In the following, we will need to
understand how it compares with the Riemannian volume dVol0Z on Z induced by the Euclidean metric.
This is the purpose of what comes next.

Definition 6.13 (Riemannian densities). Let x ∈ � and let G be a subspace of Rn. We denote by
det(g(x)|G) the determinant of the restriction to G of the inner product g(x), in any basis of G which is
orthonormal for the Euclidean inner product of Rn.

For all r ∈ [[0, n]], we denote by γr : � × Grr (R
n) → (0, +∞) the continuous map defined by

γr : (x, G) 7→ det(g(x)|G)1/2. We also write γ : x 7→ γ0(x, Rn) for simplicity.
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Lemma 6.14 (comparing volumes). Let Z be a submanifold of codimension r of � and let dVolZ

(resp. dVol0Z ) denote the (n−r)-dimensional Riemannian volume on Z induced by g (resp. the Euclidean
metric). Then dVolZ admits the density x 7→ γr (x, Tx Z) with respect to dVol0Z . In particular dVol�
admits the density γ with respect to the Lebesgue measure on �.

Proof. This follows directly from the definition of the Riemannian volume measures; see [Lee 2018,
Chapter 3] for example. □

We can now state and prove the Kac–Rice formula for the expectation of the linear statistics in our
setting of Gaussian fields on M with values in a vector bundle E .

Definition 6.15 (Kac–Rice density). Let ρ1 : M → [0, +∞) be defined by

ρ1 : x 7−→
E[Jac(∇x s) | s(x) = 0]

det(2π Var(s(x)))1/2 ,

where the numerator stands for the conditional expectation of Jac(∇x s) given that s(x) = 0.

Remark 6.16. Since s is nondegenerate and C1, the function ρ1 is well-defined and continuous. Moreover,
it does not depend on the choice of ∇, nor on the choice of a metric on E .

Proposition 6.17 (Kac–Rice formula for the expectation). Let s be a nondegenerate C1 centered Gaussian
field. Then, for any Borel function φ : M → R which is nonnegative or such that φρ1 ∈ L1(M), we have

E[⟨ν, φ⟩] =

∫
M

φ(x)ρ1(x) dVolM(x),

i.e., E[ν] is the Radon measure on M with density ρ1 with respect to the Riemannian volume dVolM .

Remark 6.18. For any Borel maps φ1 and φ2, we have

E[|⟨ν, φ1⟩ − ⟨ν, φ2⟩|] ⩽ E[⟨ν, |φ1 − φ2|⟩] =

∫
M

|φ1(x) − φ2(x)|ρ1(x) dVolM(x).

Then, if φ1 = φ2 almost everywhere on M, we have ⟨ν, φ1⟩ = ⟨ν, φ2⟩ almost surely. Thus, ⟨ν, φ⟩ makes
sense as a random variable even if φ is only defined up to modification on a negligible set.

Proof of Proposition 6.17. By a partition of unity argument, it enough to prove the result if φ is compactly
supported in an open domain U satisfying the same properties as in Lemma 6.4. In this case, in local
coordinates, the field s corresponds to a nondegenerate C1 centered Gaussian field f : � → Rr with
� ⊂ Rn open. Thanks to Remark 6.16, we can assume that ∇ corresponds in this trivialization to the
standard derivation for maps from � to Rr and that the metric on E corresponds to the canonical inner
product on Rr. Identifying Zreg, the metric g, the measure dVolZ and the test-function φ with their images
in the trivialization, we have reduced our problem to proving the result for the vanishing locus of f with
the volume measures induced by g.

By Lemma 6.14, we have

E[⟨ν, φ⟩] = E

[∫
Zreg

φ(x) dVolZ (x)

]
= E

[∫
Zreg

φ(x)γr (x, ker Dx f ) dVol0Z (x)

]
.



MULTIJET BUNDLES AND THE FINITENESS OF MOMENTS FOR ZEROS OF GAUSSIAN FIELDS 1459

For all x ∈ � and λ ∈ C 0(�,L(Rn, Rr )) we define 9(x, λ) = φ(x)γr (x, ker λ(x))1O(λ(x)), where
O = {L ∈ L(Rn, Rr ) | Jac(L) > 0}. Since O is open and the maps ker : O → Grr (R

n) and γr are
continuous, the map 9 is lower semicontinuous with respect to each variable, where C 0(�,L(Rn, Rr )) is
equipped with the weak topology. Thus, we can apply the Euclidean Kac–Rice formula with weight from
[Armentano et al. 2023b, Theorem 7.1 and Remark 8] to 9(x, D f ). This yields

E[⟨ν, φ⟩] =

∫
�

φ(x)
E[γr (x, ker Dx f ) Jac0(Dx f ) | f (x) = 0]

det(2π Var( f (x)))1/2 dx,

where Jac0 means that we computed the Jacobian with respect to the Euclidean metric on Rn.
To conclude, we need to compare Jac0 with the Jacobian Jac with respect to g. This is the content

of Lemma 6.19 below, which yields that γr (x, ker Dx f ) Jac0(Dx f ) = γ (x) Jac(Dx f ). Since γ (x) is
deterministic, by Lemma 6.14 we have

E[⟨ν, φ⟩] =

∫
�

φ(x)
E[Jac(Dx f ) | f (x) = 0]

det(2π Var( f (x)))1/2 γ (x) dx =

∫
�

φ(x)ρ1(x) dVol�(x).

This proves that the result holds locally, that is, for a field f : � → Rr, with the volume measures induced
by any Riemannian metric on �, which concludes the proof. □

Lemma 6.19 (comparing Jacobians). Let x ∈ � and let L : Rn
→ Rr be a surjective linear map. With the

same notation as above, we have γr (x, ker L) Jac0(L) = γ (x) Jac(L).

Proof. We denote by L∗
g (resp. L∗

0) the adjoint of L with respect to the inner product g(x) (resp. the
Euclidean inner product). In a Euclidean orthonormal basis adapted to ker(L)⊥ ⊕ ker(L), the matrix of
g(x) is symmetric of the form

(
A t B
B C

)
with A and C positive-definite, the matrix of L is (F 0), that of L∗

0
is

( t F
0

)
and that of L∗

g is
(

X
Y

)
. We have

( t F
0

)
=

(
A t B
B C

)(
X
Y

)
, which leads to t F = (A−

t BC−1 B)X . Hence,

det(L L∗

0) = det(F t F) = det(A −
t BC−1 B) det(F X) = det(A −

t BC−1 B) det(L L∗

g),

and γr (x, G) Jac0(L) = det(C)1/2 det(A −
t BC−1 B)1/2 Jac(L). Since A −

t BC−1 B is the Schur comple-
ment of C in the matrix of g(x), we have det(C)1/2 det(A −

t BC−1 B)1/2
= γ (x). □

6.3. Factorial moment measures and Kac–Rice densities. As in the previous section, we consider a
nondegenerate C1 centered Gaussian field s : M → E which is a random section of some vector bundle
E → M. Recall that n = dim(M) and r ∈ [[1, n]] is the rank of E . We are interested in the finiteness
of the moments of the linear statistics ⟨ν, φ⟩ with φ ∈ L∞

c (M); see Definition 6.11. In this section, we
introduce the factorial moment measures and Kac–Rice densities of the fields s, and we relate them to
higher moments of the linear statistics.

In the following, p will always denote the order of the moment we are considering. Recall that, under
our hypothesis on s, the random measure ν is almost surely a nonnegative Radon measure on M ; see
Remark 6.18.
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Definition 6.20 (product measures). Let p ⩾ 1. We denote by ν⊗p the product measure of ν with itself
p-times. We also denote by ν[p] the restriction of ν⊗p to M p

\ 1p. That is, for any test-function 8,

⟨ν⊗p, 8⟩ =

∫
Z p

reg

8(x) dVol⊗p
Z (x) and ⟨ν[p], 8⟩ =

∫
Z p

reg\1p

8(x) dVol⊗p
Z (x).

Almost surely, these measures are Radon measures on M p. More generally, if we want to consider product
spaces indexed by a nonempty finite set A instead of [[1, p]], we denote by ν⊗A the product measure of ν

with itself |A| times on M A and by ν[A] its restriction to M A
\ 1A.

The following lemma describes the relation between ν⊗p and ν[p], using the notation introduced in
Section 2.1.

Lemma 6.21 (relation between ν⊗p and ν[p]). Let p ⩾ 1. If r < n then ν⊗p
= ν[p]. If r = n then

ν⊗p
=

∑
I∈Pp

(ιI)∗(ν
[I]).

Proof. If r < n then Zreg is a C1 submanifold of positive dimension in M. In particular, the large diagonal
in (Zreg)

p has positive codimension, and hence is negligible for dVol⊗p
Z . Thus ν⊗p

= ν[p] in this case.
If r = n then Zreg is a locally finite set and ν is its counting measure. Similarly, ν⊗p is the counting

measure of the locally finite (Zreg)
p, and 1p is no longer negligible for this measure. If r = n = 1, we

proved in [Ancona and Letendre 2021, Lemma 2.7] that ν⊗p
=

∑
I∈Pp

(ιI)∗(ν
[I]). The proof is purely

combinatorics and it extends immediately to the case r = n ⩾ 1. □

Our interest in these measures is that, by the Fubini theorem, for all φ ∈ L∞
c (M) we have E[⟨ν, φ⟩

p
] =

E[⟨ν⊗p, φ⊗p
⟩]= ⟨E[ν⊗p

], φ⊗p
⟩, where φ⊗p

: (x1, . . . , x p) 7→φ(x1) · · · φ(x p). Thus, the measure E[ν⊗p
]

is closely related with the computation of moments of linear statistics. For technical reasons, it is more
convenient to consider E[ν[p]

] instead.

Definition 6.22 (moment measures). Let p ⩾ 1. The measure E[ν⊗p
] is called the p-th moment measure

of the field s and E[ν[p]
] is called its p-th factorial moment measure.

Definition 6.23 (Kac–Rice density of order p). Let p ⩾ 1 and let us assume that the random vector
(s(x1), . . . , s(x p)) is nondegenerate for all (x1, . . . , x p) ∈ M p

\ 1p. Then we define

ρp : (x1, . . . , x p) 7−→
E
[∏p

i=1 Jac(∇xi s) | ∀i ∈ [[1, p]], s(xi ) = 0
]

det(2π Var(s(x1), . . . , s(x p)))1/2

from M p
\ 1p to [0, +∞), where the numerator is the conditional expectation of

∏p
i=1 Jac(∇xi s) given

that s(xi ) = 0 for all i ∈ [[1, p]].

Once again, ρp is well-defined and continuous on M p
\ 1p thanks to our nondegeneracy hypothesis.

However, its expression is singular along 1p. In particular, ρp is in general not bounded, which raises
the question of its local integrability near 1p. For example, if f : Rn

→ R is a nondegenerate enough
stationary Gaussian field and p = 2, one can check that as y → x , the corresponding Kac–Rice density
ρ2(x, y) behaves like ∥y − x∥ if n = 1 and like 1/∥y − x∥ if n > 1.
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Proposition 6.24 (Kac–Rice formula for the p-th factorial moment). Let s be a C1 centered Gaussian
field such that (s(x1), . . . , s(x p)) is nondegenerate for all (x1, . . . , x p) ∈ M p

\1p. Then, for any Borel
function 8 : M p

→ R which is nonnegative or such that 8ρp ∈ L1(M p), we have

E[⟨ν[p], 8⟩] =

∫
M p

8(x)ρp(x) dVol⊗p
M (x),

i.e., E[ν[p]
] is the measure on M p with density ρp with respect to the Riemannian volume dVol⊗p

M .

Proof. Let us consider S : (x1, . . . , x p) 7→ (s(x1), . . . , s(x p)) on M p
\ 1p, which is a random section

of the restriction over M p
\ 1p of the vector bundle E p

→ M p. This is a nondegenerate C1 centered
Gaussian field on M p

\ 1p, and ν[p] is the measure of integration over its zero set. Bearing in mind that
1p is negligible in M p for dVol⊗p

M , the result follows from Proposition 6.17 applied to S. □

The following proposition relates the properties of the Kac–Rice densities, the moment measures and
the moments of linear statistics.

Proposition 6.25 (relation between moments, measures and densities). Let p ⩾ 1 and let s be a C1

centered Gaussian field such that (s(x1), . . . , s(x p)) is nondegenerate for all (x1, . . . , x p) /∈ 1p. Then
the following four properties are equivalent:

(1) For all φ ∈ L∞
c (M), we have E[|⟨ν, φ⟩|

p
] < +∞.

(2) For all k ∈ [[1, p]], the moment measure E[ν⊗k
] is Radon on Mk, i.e., finite on compact sets.

(3) For all k ∈ [[1, p]], the factorial moment measure E[ν[k]
] is Radon on Mk.

(4) For all k ∈ [[1, p]], the Kac–Rice density satisfies ρk ∈ L1
loc(Mk).

Proof. Let us assume (1). Let k ∈ [[1, p]] and let K0 ⊂ Mk be compact. There exists a compact set K ⊂ M
such that K0 ⊂ K k. Then,

⟨E[ν⊗k
], 1K0⟩ ⩽ ⟨E[ν⊗k

], 1⊗k
K ⟩ = E[⟨ν, 1K ⟩

k
] = E[|⟨ν, 1K ⟩|

k
].

Since 1K ∈ L∞
c (M), the p-th absolute moment of ⟨ν, 1K ⟩ is finite; hence so is its k-th absolute moment.

Thus ⟨E[ν⊗k
], 1K0⟩ < +∞ for all compact K0 and (2) is satisfied.

If (2) is satisfied then so is (3). Indeed, for any k ∈ [[1, p]], the measure ν[k] is the restriction of ν⊗k to
Mk

\ 1k . Thus, for any compact K ⊂ Mk we have

⟨E[ν[k]
], 1K ⟩ = E[⟨ν[k], 1K ⟩] ⩽ E[⟨ν⊗k, 1K ⟩] = ⟨E[ν⊗k

], 1K ⟩ < +∞.

If (3) is satisfied, let k ∈ [[1, p]] and let K ⊂ Mk be a compact. By Proposition 6.24 we have∫
K

ρk(x) dVol⊗p
M (x) =

∫
M

1K (x)ρk(x) dVol⊗p
M (x) = E[⟨ν[k], 1K ⟩] = ⟨E[ν[k]

], 1K ⟩ < +∞.

Thus ρk is integrable on any compact set, that is, ρk ∈ L1
loc(Mk). This proves (4) in this case.

Finally, let us assume that (4) holds. Let φ ∈ L∞
c (M), and let us denote by K ⊂ M its compact support.

We have E[|⟨ν, φ⟩|
p
] ⩽ E[⟨ν, |φ|⟩

p
] ⩽ ∥φ∥

p
∞E[⟨ν, 1K ⟩

p
], so it is enough to prove that E[⟨ν, 1K ⟩

p
] =
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E[⟨ν⊗p, 1K p⟩] is finite. By Lemma 6.21, whether r = n or not, we have

E[⟨ν⊗p, 1K p⟩] ⩽
∑
I∈Pp

E[⟨ν[I], 1K p ◦ ιI⟩] =

∑
I∈Pp

⟨E[ν[I]
], 1KI ⟩.

Then, the Kac–Rice formula for moments and the local integrability of the (ρk)1⩽k⩽p yields

E[⟨ν, 1K ⟩
p
] ⩽

∑
I∈Pp

⟨E[ν[I]
], 1KI ⟩ =

∑
I∈Pp

∫
K |I|

ρ|I|(x) dVol⊗|I|

M (x) < +∞,

which proves (1) and concludes the proof. □

6.4. Proofs of Theorems 1.6 and 1.9: finiteness of moments. The goal of this section is to prove
Theorems 1.6 and 1.9, which give simple conditions for the finiteness of the moments of the linear
statistics of a Gaussian field. We begin by proving a local version of Theorem 1.6, under a nondegeneracy
hypothesis for the multijets of the field. This is Theorem 6.26 below. Then we deduce Theorem 1.9
from Theorem 6.26, in the case of Gaussian fields with value in a vector bundle. Finally, Theorem 1.6 is
obtained as a special case of Theorem 1.9.

Let � ⊂ Rn be open. Recall that MJ p(�, Rr ) → C p[�] is defined in Definition 1.3 as the restriction
over C p[�] ⊂ C p[R

n
] of the vector bundle MJ p(R

n, Rr ) → C p[R
n
] from Theorem 1.1.

Theorem 6.26 (finiteness of moments, local version). Let f : � → Rr be a centered Gaussian field and
ν be as in Definition 6.11. Let p ⩾ 1. If f is C p and for all k ∈ [[1, p]] the Gaussian field mjk( f, · ) :

Ck[�] → MJ k(�, Rr ) is nondegenerate, then the four equivalent statements in Proposition 6.25 hold.

Proof. Let f : � → Rr be a C p centered Gaussian field such that mjk( f, · ) : Ck[�] → MJ k(�, Rr ) is
nondegenerate for all k ∈ [[1, p]].

Step 1: Gaussianity and nondegeneracy of the multijets. Since f is C p, for all k ∈ [[1, p]] we have
mjk( f, · ) ∈ 01(Ck[�],MJ k(�, Rr )) because of (2) in Theorem 1.1. Since f is centered and Gaussian,
so is any finite collection of jets of f . Then, for all m ⩾ 1 and all z1, . . . , zm ∈ Ck[�] we have that
(mjk( f, z1), . . . , mjk( f, zm)) is a centered Gaussian. Indeed, by (4) in Theorem 1.1, this is the image of
a centered Gaussian by a linear map. Thus, mjk( f, · ) is a nondegenerate C1 centered Gaussian field on
Ck[�] with values in MJ k(�, Rr ).

Let z /∈ π−1(1p) and let x = (x1, . . . , x p) = π(z). By (4) in Theorem 1.1, the map 2z is a linear
surjection. A dimension argument shows that it is actually a bijection. Thus

( f (x1), . . . , f (x p)) = ( j0( f, x1), . . . , j0( f, x p)) = 2−1
z (mjp( f, z)),

which proves that ( f (x1), . . . , f (x p)) is nondegenerate. Thus, the hypotheses of Proposition 6.25 are
satisfied, and the four statements appearing in this proposition are indeed equivalent.

Step 2: Comparing zeros of f and mjk( f, · ). Let k ∈ [[1, p]]. In the following we are going to prove that
E[ν[k]

] is a Radon measure on �k, which is enough to conclude the proof. In the following, we say that a
subset of Ck[�] (resp. �k) is negligible if its k(n−r)-dimensional Hausdorff measure is 0.
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Let us consider the Gaussian field mjk( f, · ) : Ck[�] → MJ k(�, Rr ). We have checked above that
it satisfies the hypotheses of Proposition 6.8. Let X ⊂ Ck[�] denote the zero set of mjk( f, · ). As in
Section 6.2, we define Xsing ={z ∈ Ck[�] | mjk( f, x)= 0 and Jac(∇z mjk( f, · ))= 0} and Xreg = X \ Xsing.
Recall that Xreg is a C1 submanifold of codimension kr and that Xsing is almost surely negligible by
Proposition 6.8. Let Y = X ∩ π−1(�k

\ 1k). We also let Ysing = Y ∩ Xsing and Yreg = Y ∩ Xreg.
Recalling that Z = f −1(0) ⊂ �, for all z ∈ Ck[�] we have z ∈ Y if and only if π(z) ∈ Z k

\1k ; see (3)
in Theorem 1.1. By (1) in the same theorem, the restriction of π to π−1(�k

\ 1k) is a diffeomorphism.
Hence π(Y ) = Z k

\ 1k , the set π(Yreg) is a C1 submanifold of �k
\ 1k , and π(Ysing) is almost surely

negligible. Since Z k
\ (Zreg)

k is also almost surely negligible, the submanifolds Z k
reg \ 1k and π(Yreg)

are almost surely the same, up to a negligible set (actually the reader can check that π(Yreg) = Z k
reg \1k

using the trivialization τ introduced at the end of Section 5.2). Recalling Definition 6.20, this shows that
ν[k] is the same as the integral over π(Yreg) with respect to the Riemannian volume dVolπ(Y ) induced by
the Euclidean metric on (Rn)k. At this stage we know that, almost surely,

∀8 ∈ L∞

c (�k), ⟨ν[k], 8⟩ =

∫
π(Yreg)

8(x) dVolπ(Y )(x). (6-2)

Step 3: Comparing volumes. Let us introduce a Riemannian metric g on Ck[�]. It induces a volume
measure dVolX on Xreg, and hence on Yreg. Additionally, let z ∈ Ck[�] and let G ⊂ Tz(Ck[�]) be a vector
subspace of codimension kr . We define J (G) = det((Dzπ|G)∗Dzπ|G)1/2, where the adjoint of Dzπ|G is
computed with respect to g on G and to the Euclidean metric on (Rn)k. Since π is smooth, this defines a
smooth nonnegative function J on the total space of the Grassmannian bundle Grkr (T (Ck[�])) → Ck[�]

of subspaces of codimension kr in the tangent of Ck[�]. Our interest in this map is that if z ∈ Yreg

and G = TzYreg then J (G) is the Jacobian determinant of Dz(πY ), where the C∞-diffeomorphism
πY : Yreg → π(Yreg) is the restriction of π on both sides.

Let K ⊂ �k be compact and let us apply (6-2) to 1K . Using the previous notation, the change of
variables πY yields

⟨ν[k], 1K ⟩ =

∫
Yreg

1K (π(z))J (TzYreg) dVolX (z) ⩽
∫

Xreg

1π−1(K )(z)J (Tz Xreg) dVolX (z).

By (1) in Theorem 1.1, the projection π is proper; hence K̃ = π−1(K ) is compact. Since the bundle
Grkr (T (Ck[�])) → Ck[�] has compact fiber, its restriction over K̃ ⊂ Ck[�] is compact. By continuity,
the function J is bounded on this compact set by some constant CK . Finally, we have proved that, almost
surely,

⟨ν[k], 1K ⟩ ⩽ CK ⟨ν̃, 1K̃ ⟩,

where ν̃ is defined by integrating over Xreg with respect to dVolX . Taking expectation on both sides we
get ⟨E[ν[k]

], 1K ⟩ ⩽ CK ⟨E[ν̃], 1K̃ ⟩.

Step 4: Applying the Kac–Rice formula to multijets. Now, Xreg is the regular part of the zero set X of
the Gaussian field mjk( f, · ). We have checked at the beginning of the proof that mjk( f, · ) satisfies the
hypotheses of Proposition 6.17. This proposition yields that E[ν̃] is a Radon measure on Ck[�]. Hence
⟨E[ν̃], 1K̃ ⟩ is finite, and so is ⟨E[ν[k]

], 1K ⟩. Thus E[ν[k]
] is Radon on �k, which concludes the proof. □
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We can now prove Theorem 1.9, which gives a criterion for the finiteness of the p-th moments of the
linear statistics associated with a centered Gaussian field s : M → E , where E → M is some vector bundle
of rank r over a Riemannian manifold (M, g) without boundary of dimension n ⩾ r . The idea of the
proof is to patch together the local results obtained by applying Theorem 6.26 in nice local trivializations.

Proof of Theorem 1.9. Let p ⩾ 1 and let s ∈ 0 p(M, E) be a centered Gaussian field which is C p and
(p−1)-nondegenerate.

Step 1: Existence of nice local trivializations. Let x0 ∈ M. There exists an open neighborhood U of x0

and a local trivialization of E over U given by Lemma 6.4. In this trivialization, the Gaussian section s
corresponds to a centered Gaussian field f : � → Rr which is C p and (p−1)-nondegenerate. We denote
by x ∈ � the image of x0 in local coordinates.

Let k ∈ [[1, p]] and let x = (x, . . . , x) ∈ �k. Since jp−1( f, x) is nondegenerate so is jk−1( f, x);
see Definition 1.4. Then, by (4) in Theorem 1.1, for all z ∈ π−1({x}) ⊂ Ck[�] the Gaussian vector
mjk( f, z) = 2z(jk−1( f, x)) ∈ MJ k(�, Rr )z is nondegenerate. By (1) in Theorem 1.1, the map π is
proper; hence π−1({x}) is compact. One the other hand, since f is C p, we know mjk( f, · ) is at least C1.
Thus z 7→ det Var(mjk( f, z)) is continuous on Ck[�] and positive on the compact π−1({x}), and hence
on some neighborhood Vk of π−1({x}) in Ck[�].

Up to reducing Vk we can assume that Vk = π−1(Wk), where Wk is an open neighborhood of x in �k.
Otherwise, there would exist a sequence (zn)n∈N ∈ Ck[�] \ Vk such that π(zn) n→+∞

−−−−→ x . By properness
of π , up to extracting a subsequence, we could assume that zn n→+∞

−−−−→ z. By continuity z ∈ π−1({x}),
which would be absurd. Since Wk is a neighborhood of x in �k, there exists an open neighborhood ϒk

of x in � such that (ϒk)
k
⊂ Wk .

Let us define ϒ =
⋂p

k=1 ϒk , which is an open neighborhood of x . For all k ∈ [[1, p]], we have
Ck[ϒ] = π−1(ϒk) ⊂ π−1((ϒk)

k) ⊂ π−1(Wk) = Vk and mjk( f, · ) is nondegenerate on Ck[ϒ]. Thus, up to
replacing � by the smaller neighborhood ϒ of x in � and replacing U by the corresponding neighborhood
of x0 on M, we can assume that the local trivialization given by Lemma 6.4 is such that, for all k ∈ [[1, p]],
the Gaussian field mjk( f, · ) : Ck[�] → MJ k(�, Rr ) is nondegenerate.

Step 2: Reduction to the local case. Let φ ∈ L∞
c (M) and let K denote its support. By compactness, there

exists a finite family (Ui )
m
1=1 of open subsets such that K ⊂

⋃m
i=1 Ui and each Ui is the domain of nice

trivialization of the type we built in the previous paragraph. Letting U0 = M \ K , there exists a smooth
partition of unity (χi )

m
i=0 subordinated to the open covering (Ui )

m
i=0 of M. Then φ =

∑m
i=1 χiφ by the

definition of K .
Recall that ν is the measure from Definition 6.11. We have |⟨ν, φ⟩| ⩽ ⟨ν, |φ|⟩ =

∑m
i=1⟨ν, φi ⟩, where

φi = χi |φ| for all i ∈ [[1, m]]. Let p ⩾ 1, by Hölder’s inequality we get

E[|⟨ν, φ⟩|
p
] ⩽ E

[( m∑
i=1

⟨ν, φi ⟩

)p]
=

∑
1⩽i1,...,i p⩽m

E

[ p∏
j=1

⟨ν, φi j ⟩

]
⩽

∑
1⩽i1,...,i p⩽m

p∏
j=1

E[⟨ν, φi j ⟩
p
]
1/p

⩽ m p max
1⩽i⩽m

E[⟨ν, φi ⟩
p
].
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Thus, in order to prove Theorem 1.9, it is enough to prove that E[⟨ν, φ⟩
p
] < +∞ for any nonnegative

φ ∈ L∞
c (M) whose support is included in the domain of a nice trivialization.

Step 3: Local case. Let U ⊂ M be an open subset over which we have a nice trivialization of E and s.
That is, U is as in Lemma 6.4, the section s reads as f : � → Rr in local coordinates, and in addition we
can assume that for all k ∈ [[1, p]] the field mjk( f, · ) is nondegenerate on Ck[�]. Identifying objects on U
with their image in the local trivialization, we reduced our problem to proving that E[⟨ν, φ⟩

p
] < +∞

for all nonnegative φ ∈ L∞
c (�). Note that ν is the measure of integration over Zreg with respect to the

Riemannian volume measure dVolZ induced by the metric g. In order to apply Theorem 6.26, we need to
compare ν with ν̃, which is the measure of integration over Zreg with respect to the Euclidean volume
measure dVol0Z .

Let φ ∈ L∞
c (�) be nonnegative and let K denote its compact support. Recalling Definition 6.13,

Lemma 6.14 shows that

⟨ν, φ⟩ =

∫
Zreg

φ(x) dVolZ (x) =

∫
Zreg∩K

φ(x)γr (x, ker Dx f ) dVol0Z (x).

Since γr is continuous and K × Grr (R
n) is compact, the nonnegative function γr is bounded by some

CK > 0 on this set. Thus ⟨ν, φ⟩ ⩽ CK ⟨ν̃, φ⟩. Since f : � → Rr satisfies the hypotheses of Theorem 6.26
and ν̃ is the measure of integration over its zero set induced by the Euclidean metric, we have E[⟨ν, φ⟩

p
]⩽

C p
K E[⟨ν̃, φ⟩

p
] < +∞. □

We conclude this section with the proof of Theorem 1.6, which is a corollary of Theorem 1.9.

Proof of Theorem 1.6. Let f : � → Rr be a centered Gaussian field which is C p and (p−1)-nondegenerate
in the sense of Definition 1.4. Then s = ( f, Id) is a random section of the trivial bundle Rr

× � → �.
This s is also a C p and (p−1)-nondegenerate centered Gaussian field. Its vanishing locus (as a section) is
the same as the vanishing locus of f . Hence, the result follows from applying Theorem 1.9 to s. □

7. Multijets adapted to a differential operator

In Theorem 1.1 we defined multijets such that, over the configuration space (Rn)p
\ 1p ⊂ C p[R

n
], the

p-multijet mjp( f, x) reads as ( f (x1), . . . , f (x p)) in the natural trivialization τ (see the end of Section 5.2).
Thus mjp( f, x) is a way to patch together the 0-jets of f at xi into a smooth object that does not degenerate
along 1p. In this section, we explain how a similar construction allows us to build a multijet that patches
together the k-jets of f at xi , and more generally the values at xi of D f , where D is a differential operator.
In Section 7.1 we recall the definition of a differential operator. Then we define a multijet adapted to a
given differential operator in Section 7.2. Finally, in Section 7.3, we prove Theorem 1.10.

7.1. Differential operator. In this section, we recall a few fact about differential operators. In the
following, we use the multi-index notation introduced in Section 2.2.

Definition 7.1 (differential operator). Let � ⊂ Rn be open, let q, r ⩾ 1 and let d ⩾ 0. We say a differential
operator of order at most d is a linear map D : Cd(�, Rq) → C 0(�, Rr ) such that there exist continuous
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functions (ai jα)1⩽i⩽r;1⩽ j⩽q;|α|⩽d on � such that, for all f = ( f1, . . . , fq) ∈ Cd(�, Rq),

D( f ) : x 7−→

( q∑
j=1

∑
|α|⩽d

ai jα(x)∂α f j (x)

)
1⩽i⩽r

. (7-1)

More generally, let M be a manifold of dimension n and let E → M and F → M be two vector bundles
of ranks q and r respectively. We say that D : 0d(M, E) → 00(M, F) is a differential operator of order
at most d if around any point x ∈ M there exist a chart and local trivializations of E and F such that D
is of the form (7-1) in the corresponding local coordinates. We say that D is of order d ∈ N if it is of
order at most d and not of order at most d − 1. If s ∈ 0d(M, E) and x ∈ M, we write Ds = D(s) and
Dx s = D(s)(x) for simplicity.

Remark 7.2. Let us make some important comments.

• If D : 0d(M, E) → 00(M, F) is a differential operator of order at most d, then it is of the form (7-1)
in any set of local coordinates on M, E and F.

• An equivalent definition of a differential operator of order at most d is that it factors linearly through
the bundle of d-jets. That is, there exists L ∈ 00(M,Jd(M, E)∗ ⊗ F) such that Dx s = L(x) jd(s, x) ∈ Fx

for all s ∈ 0d(M, E) and x ∈ M.

In the following we always assume that M, E , F and L are smooth. In particular, the functions
(ai jα) appearing in the local expression (7-1) of D are smooth. This implies that if s ∈ 0d+l(M, E) then
Ds ∈ 0l(M, F).

Example 7.3. The main examples we have in mind are the following.

• The differential D : C1(M) → 00(M, T ∗M) is a differential operator of order 1.

• For all k ∈ N, the jet map jk : 0k(M, E) → 00(M,Jk(M, E)) is a differential operator of order k
corresponding to L(x) being the identity of Jk(M, E)x for all x ∈ M.

• If M is equipped with a Riemannian metric, the Laplace–Beltrami operator 1 acting on C2(M) is a
differential operator of order 2.

• If ∇ is a connection on E → M then ∇ : 01(M, E) → 00(M, T ∗M ⊗ E) is a differential operator of
order 1. Indeed, in a local frame (e1, . . . , eq) of E and local coordinates (x1, . . . , xn) on M the covariant
derivative of s =

∑q
j=1 f j e j ∈ 01(M, E) at x is given by

∇x s =

n∑
i=1

q∑
j=1

(
∂i f j (x) +

q∑
k=1

µi jk(x) fk(x)

)
dxi ⊗ e j (x),

where the (µi jk) are defined by the relations ∇ek =
∑n

i=1
∑q

j=1 µi jkdxi ⊗ e j for all k ∈ [[1, q]].

7.2. Multijets adapted to D. The purpose of this section is to explain how to modify the construction of
Section 5 in order to define a multijet bundle adapted to a given differential operator.

Let n, q and r ⩾ 1. We consider a differential operator D : Cd(Rn, Rq) → C 0(Rn, Rr ) of order d . As in
Remark 7.2, there exists a section L of Jd(Rn, Rq)∗ ⊗ Rr such that for any f ∈ Cd(Rn, Rq) and x ∈ Rn
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we have Dx f = L(x) jd( f, x). We assume that for all x ∈ Rn the linear map Dx : Cd(Rn, Rq) → Rr is
surjective, which is equivalent to L(x) : Jd(Rn, Rq)x → Rr being surjective. Moreover, we assume that
L is smooth. In this context, we have the following analogue of Theorem 1.1. It holds in particular if
D = jk or D = D is the differential.

Theorem 7.4 (existence of multijets adapted to D). Let D : Cd(Rn, Rq) → C 0(Rn, Rr ) be a differential
operator of order d as above. Let p ⩾ 1. There exist a smooth manifold CD

p [Rn
] of dimension np without

boundary and a smooth vector bundle MJ D
p (Rn) → CD

p [Rn
] of rank r p with the following properties:

(1) There exists a smooth proper surjection π : CD
p [Rn

] → (Rn)p such that π−1((Rn)p
\ 1p) is a dense

open subset of CD
p [Rn

], and π restricted to π−1((Rn)p
\ 1p) is a C∞-diffeomorphism onto (Rn)p

\ 1p.

(2) There exists a map mjDp : C(d+1)p−1(Rn, Rr ) × CD
p [Rn

] → MJ D
p (Rn) such that

• for all z ∈ CD
p [Rn

], the map mjDp ( · , z) : C(d+1)p−1(Rn, Rr ) → MJ D
p (Rn)z is surjective;

• for all f ∈ C l+(d+1)p−1(Rn, Rr ), the section mjDp ( f, · ) of MJ D
p (Rn) → CD

p [Rn
] is C l.

(3) Let z ∈ CD
p [Rn

] be such that π(z) = (x1, . . . , x p) /∈ 1p. Then for all f ∈ C(d+1)p−1(Rn, Rq)

mjDp ( f, z) = 0 ⇐⇒ ∀i ∈ [[1, p]], Dxi f = 0.

(4) Let z ∈ CD
p [Rn

], let I = I(π(z)) and let (yI )I∈I = ι−1
I (π(z)) ∈ (Rn)I \ 1I . There exists a linear

surjection 2D
z :

∏
I∈I J(d+1)|I |−1(R

n, Rq)yI → MJ D
p (Rn)z such that

∀ f ∈ C(d+1)p−1(Rn, Rr ), mjDp ( f, z) = 2D
z (( j(d+1)|I |−1( f, yI ))I∈I).

Proof. The proof follows the same strategy as what we did in Sections 4 and 5 in order to prove
Theorem 1.1. Let us sketch its main steps.

Let x = (x1, . . . , x p) ∈ (Rn)p and let x̂ = (x, . . . , x) ∈ (Rn)(d+1)p. Let f ∈ C(d+1)p−1(Rn, Rq). The
polynomial map K ( f, x̂) ∈ R(d+1)p−1[X ] ⊗ Rq is defined as in Definition 3.6. For all i ∈ [[1, p]],
since xi appears with multiplicity d + 1 in x̂ , the map K ( f, x̂) has the same d-jet as f at xi . Hence
Dxi f = L(xi ) jd( f, xi ) = L(xi ) jd(K ( f, x̂), xi ) = Dxi (K ( f, x̂)).

If x /∈ 1p, let us define evD
x : P 7→ (Dxi P)1⩽i⩽p from R(d+1)p−1[X ]⊗Rq to (Rr )p. Since we assumed

that L(xi ) is surjective for all i ∈ [[1, p]], the previous interpolation result proves that evD
x is surjective.

Then, as in (4-2), for all nonempty I ⊂ [[1, p]] we define

GD
I (x) = ker evD

x I
∈ Grr |I |(R(d+1)|I |−1[X ] ⊗ Rq).

We also define GD(x) = GD
[[1,p]]

(x).
Following the same strategy as in Section 5, we denote by 6D the graph of (GD

I )I⊂[[1,p]] defined on
(Rn)p

\ 1p. We define CD
p [Rn

] as a resolution of the singularities of the algebraic variety

6D ⊂ (Rn)p
×

∏
∅̸=I⊂[[1,p]]

Grr |I |(R(d+1)|I |−1[X ] ⊗ Rq).
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The manifold CD
p [Rn

] satisfies the analogue of Corollary 5.6. In particular the maps GD
I with I ⊂ [[1, p]]

extend smoothly to CD
p [Rn

]. Then we define the p-multijet bundle adapted to D as

MJ D
p (Rn) =

(
(R(d+1)p−1[X ] ⊗ Rq) × CD

p [Rn
]
)
/GD

over CD
p [Rn

], similarly to Definition 5.7. Given a function f ∈ C(d+1)p−1(Rn, Rq), we define its p-multijet
adapted to D at z ∈ CD

p [Rn
] as

mjDp ( f, z) = K ( f, π̂(z)) mod GD(z).

Then, following the same steps as in Section 5, one can check that the objects we just defined satisfy the
conditions in Theorem 7.4. □

As before, thanks to the localness condition in Theorem 7.4(4), the multijet mjDp ( f, z) makes sense
even if f is only defined and C(d+1)|I |−1 near yI for all I ∈ I(π(z)). Hence, the following definition
makes sense.

Definition 7.5 (multijets adapted to D). Let �⊂ Rn be open. We define CD
p [�]=π−1(�p) and denote by

MJ D
p (�) the restriction of MJ D

p (Rn) to CD
p [�]. We call MJ D

p (�) → CD
p [�] the bundle of p-multijets

adapted to D. Let f : � → Rq be of class C(d+1)p−1. We call the section mjDp ( f, · ) of MJ D
p (�) the

p-multijet of f adapted to D.

7.3. Finiteness of moments for critical points. The purpose of this section is to prove Theorem 1.10.
More generally we prove an analogous result for the zero set of Ds, where s is a section of a vector
bundle E → M and D is a differential operator; see Theorem 7.8. This is done by adapting what we did
in Section 6 to this framework.

Let (M, g) be Riemannian manifold of dimension n ⩾ 1 without boundary. Let E → M (resp. F → M)
be a smooth vector bundle of rank q ⩾ 1 (resp. r ∈ [[1, n]]). We consider a differential operator D :

0d(M, E) → 00(M, F) of order d ⩾ 0, corresponding to a smooth section L ∈ 0∞(M,Jd(M, E)∗ ⊗ F);
see Remark 7.2. Thanks to this smoothness assumption we have D : 0d+l(M, E) → 0l(M, F) for all
l ⩾ 0. Finally we assume that L(x) :Jd(M, E)x → Fx (or equivalently Dx :0d(M, E)→ Fx) is surjective
for all x ∈ M.

Let s : M → E be a centered Gaussian field on M with values in E in the sense of Definition 6.3.
We assume that s is Cd+1 and d-nondegenerate, so that jd(s, · ) is a centered Gaussian field with values
in Jd(M, E) which is C1 and nondegenerate. Then Ds ∈ 01(M, F) is a centered Gaussian field with
values in F which is nondegenerate because of the surjectivity assumption on L . Everything we did
in Sections 6.2 and 6.3 applies to Ds. In particular, Ds satisfies the weak Bulinskaya lemma (see
Proposition 6.8). Hence its vanishing locus is almost surely the union of a codimension-r submanifold
of M and a negligible singular set. We denote by νD the random Radon measure on M defined by
integrating over the zero set of Ds. The formal definition is similar to Definition 6.11.

Example 7.6. Let us assume that E = R × M is trivial. Then we can identify 01(M, E) with C1(M)

and consider the differential D : C1(M) → 00(M, T ∗M), which is a differential operator of order 1.
Let f : M → R be a C2 and 1-nondegenerate centered Gaussian field. Then D f is a nondegenerate C1
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centered Gaussian field on M with values in T ∗M, the vanishing locus of D f is the set of critical points
of f , and νD is the counting measure this random set.

We can now state the analogue of Theorem 6.26 in this context, bearing in mind that Proposition 6.25
applies to νD.

Theorem 7.7 (finiteness of moments for νD, local version). Let � ⊂ Rn be open and f : � → Rq be a
centered Gaussian field. Let r ∈ [[1, n]]. Let D : Cd(�, Rq) → C 0(�, Rr ) be a differential operator of
order d satisfying the previous hypotheses and νD denote the measure of integration over the zero set
of D f . Let p ⩾ 1. If f is C(d+1)p and the Gaussian field mjDk ( f, · ) : CD

k [�]→MJ D
k (�) is nondegenerate

for all k ∈ [[1, p]], then the four equivalent statements in Proposition 6.25 hold for νD.

Proof. Under these hypotheses, for all k ∈ [[1, p]] the Gaussian field mjDk ( f, · ) is at least C1. Then the
proof is the same as that of Theorem 6.26. □

Theorem 7.8 (finiteness of moments for zeros of Ds). In the setting introduced at the beginning of this
section, let s : M → E be a centered Gaussian field and νD denote the measure of integration over the
zero set of Ds. Let p ⩾ 1. If s is C(d+1)p and ((d+1)p−1)-nondegenerate then E[|⟨νD, φ⟩|

p
] < +∞ for

all φ ∈ L∞
c (M).

Proof. We deduce Theorem 7.8 from Theorem 7.7 in the same way that we deduced Theorem 1.9 from
Theorem 6.26; see Section 6.4. □

8. Multijets of holomorphic maps

The purpose of this section is to explain how to adapt what we did in Sections 3 to 6 to the case of
holomorphic maps. Theorem 1.6 asks for the (p−1)-nondegeneracy of the field f , that is, jp−1( f, x) needs
to be nondegenerate for all x . If f : Cn

→ C is a centered holomorphic Gaussian field, then ( f (x), Dx f )

is always degenerate. Indeed, identifying canonically C with R2, the differential Dx f takes values in
the subspace of L(R2n, R2) consisting of R-linear maps that are actually C-linear. Thus, if we see the
holomorphic field f as a smooth field from R2n to R2, we cannot apply Theorem 1.6. From the point of
view of multijets, the multijet mjp( f, · ) of a holomorphic function f : Cn

→ C takes values in a strict
sub-bundle of MJ p(R

2n, R2), which is similar to what happens for jet bundles. Thus, the field mjp( f, · )
associated with a holomorphic Gaussian field f is necessarily degenerated and Theorem 6.26 does not
apply. To remedy this situation, we define in Section 8.1 a multijet bundle adapted to holomorphic maps.
Then, in Section 8.2, we use this holomorphic multijet to prove Theorem 1.11.

8.1. Definition of the holomorphic multijet bundles. In this section, we define a multijet bundle for
holomorphic maps. Our main result is an equivalent of Theorem 1.1 in this context. Let us first introduce
some notation.

Definition 8.1 (spaces of holomorphic maps). We define the following spaces.

• We denote by Cd [X ] the space of complex polynomials of degree at most d in n variables, where
X = (X1, . . . , Xn) is multivariate.
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• If M and N are two complex manifolds, we denote by O(M, N ) the space of holomorphic maps from
M to N. If N = C, we simply write O(M).

• If E → M is a holomorphic vector bundle, we denote by J C
k (M, E) → M the holomorphic bundle of

k-jets of holomorphic sections of E . If E = V × M is trivial with fiber V, we denote its holomorphic k-jet
bundle by J C

k (M, V ) → M. If V = C, we simply write J C
k (M) → M. Given a holomorphic section s of

E , we denote by jCk (s, x) its holomorphic k-jet at x ∈ M.

Theorem 8.2 (existence of holomorphic multijet bundles). Let n ⩾ 1 and p ⩾ 1 and let V be a complex
vector space of dimension r ⩾ 1. There exist a complex manifold CC

p [Cn
] of dimension np and a

holomorphic vector bundle MJ C
p (Cn, V ) → CC

p [Cn
] of rank r p with the following properties:

(1) There exists a holomorphic proper surjection π : CC
p [Cn

] → (Cn)p such that π−1((Cn)p
\ 1p) is a

dense open subset of CC
p [Cn

], and π restricted to π−1((Cn)p
\1p) is a biholomorphism onto (Cn)p

\1p.

(2) There exists a map mjCp : O(Cn, V ) × CC
p [Cn

] → MJ C
p (Cn, V ) such that

• for all z ∈ CC
p [Cn

], the linear map mjCp( · , z) : O(Cn, V ) → MJ C
p (Cn, V )z is surjective;

• for all f ∈ O(Cn, V ), the section mjCp( f, · ) of MJ C
p (Cn, V ) → CC

p [Cn
] is holomorphic.

(3) Let z ∈ CC
p [Cn

] be such that π(z) = (x1, . . . , x p) /∈ 1p. Then for all f ∈ O(Cn, V ) we have

mjCp( f, z) = 0 ⇐⇒ ∀i ∈ [[1, p]], f (xi ) = 0.

(4) Let z ∈ CC
p [Cn

], let I = I(π(z)) and let (yI )I∈I = ι−1
I (π(z)) ∈ (Cn)I \ 1I . There exists a linear

surjection 2C
z :

∏
I∈I J

C
|I |−1(C

n, V )yI → MJ C
p (Cn, V )z such that

∀ f ∈ O(Cn, V ), mjCp( f, z) = 2C
z (( jC

|I |−1( f, yI ))I∈I).

Proof. The proof follows the same steps as what we did in Sections 3, 4 and 5 to prove Theorem 1.1. In
the following, we sketch how the proof of Theorem 1.1 adapts to the holomorphic case.

Step 1: Divided differences and Kergin interpolation. Let us consider f ∈ O(Cn) and x = (x0, . . . , xk) ∈

(Cn)k+1. The divided difference f [x0, . . . , xk] from Definition 3.1 still makes sense. Since f is holo-
morphic, it is now a symmetric C-multilinear form on Cn that depends linearly on f and is holomorphic
with respect to x . As explained in [Kergin 1980, Proposition 5.1], the Kergin interpolating polynomial is
well-behaved with respect to holomorphic maps. Given f ∈O(Cn) and x ∈ (Cn)p, (3-3) defines K ( f, x) ∈

Cp−1[X ] that interpolates the values of f [x I ] for all nonempty I ⊂ [[1, p]]. The equivalent of Lemma 3.8
is true, in the sense that K ( · , x) is C-linear and K ( f, · ) is holomorphic from (Cn)p to Cp−1[X ].

In this complex framework, the equivalent of Lemma 3.9 holds, that is: for all x ∈ (Cn)p the map
P 7→ (K (P, x I ))I∈I(x) is surjective from Cp−1[X ] to

∏
I∈I(x) C|I |−1[X ]. Note however that the proof

we gave of Lemma 3.9 does not adapt to the holomorphic setting since it uses bump functions. Here,
we deduce the surjectivity of (K ( · , x I ))I∈I(x) from a general amplitude result in algebraic geometry.
Let I = I(x) and (yI )I∈I = ι−1

I (x). For all I ∈ I, let PI ∈ C|I |−1[X ]. Multiplying each monomial in
PI by the right power of X0 yields a homogeneous polynomial P̃I ∈ Chom

p−1[X0, . . . , Xn], that is, a global
holomorphic section of the line bundle O(p − 1) → CPn. Recall that O(p − 1) is the (p−1)-th tensor
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power of the hyperplane line bundle O(1) → CPn. Since O(1) is very ample, the bundle O(p − 1)

is (p−1)-jet ample; see [Beltrametti and Sommese 1993, Corollary 2.1]. This means that there exists
P̃ ∈ Chom

p−1[X0, . . . , Xn] with the same (|I |−1)-jet as P̃I at yI for all I ∈ I, where we see Cn as a standard
affine chart in CPn. Then, for all I ∈ I, the polynomial P = P̃(1, X1, . . . , Xn) ∈ Cp−1[X ] has the same
(|I |−1)-jet (i.e., the same Taylor polynomial of order |I |−1) as PI at yI . Thus (K (P, x I ))I∈I = (PI )I∈I .

Step 2: Kernel of the evaluation and resolution of singularities. As in Definition 4.3, we define a complex
evaluation map by evC

x : f 7→ ( f (x1), . . . , f (x p)), where x ∈ (Cn)p. If x /∈ 1p, this map is surjective from
Cp−1[X ] to Cp. Hence we can define GC

I (x) = ker evC
x I

∈ Gr|I |(C|I |−1[X ]) for all nonempty I ⊂ [[1, p]],
where the Grassmannian is now the Grassmannian of complex subspaces of codimension |I |. Then,
everything we did in Sections 4 and 5 works in the holomorphic setting after replacing R-linear objects
by C-linear ones.

We define 6C as the graph of (GC
I )I⊂[[1,p]] from (Cn)p

\1p to
∏

∅̸=I⊂[[1,p]]
Gr|I |(C|I |−1[X ]) and CC

p [Cn
]

as a resolution of the singularities of its closure 6C in (Cn)p
×

∏
∅̸=I⊂[[1,p]]

Gr|I |(C|I |−1[X ]). The resolu-
tion of singularities is a result from algebraic geometry which holds over fields of characteristic 0. In partic-
ular, in Proposition 5.5 and Corollary 5.6, “smooth” can be replaced by “algebraic” everywhere. The same
results hold over C, in which case algebraic implies holomorphic. Thus, CC

p [Cn
] is a complex manifold of

dimension np, which satisfies the equivalent of Corollary 5.6 with “smooth” replaced by “holomorphic”.

Step 3: Definition of the holomorphic multijet bundles. Everything we did in Sections 5.2, 5.3 and 5.4
adapts to the holomorphic setting. It is enough to replace Ck functions by holomorphic ones and to
write the linear arguments over C instead of R. We can then define the holomorphic vector bundle of
p-multijets of holomorphic functions on Cn by

MJ C
p (Cn) = (Cp−1[X ] × CC

p [Cn
])/GC (8-1)

and the p-multijet of f ∈ O(Cn) by mjCp( f, z) = K ( f, π(z)) mod GC(z) for all z ∈ CC
p [Cn

]. If V is a
complex vector space of finite dimension, we define as in Definition 5.18

MJ C
p (Cn, V ) = MJ C

p (Cn) ⊗ V . (8-2)

Then we define the p-multijet of f ∈ O(Cn, V ) as in Definition 5.19. If (v1, . . . , vr ) is a basis of V
and f =

∑r
i=1 fivi is holomorphic, then mjCp( f, z) =

∑r
i=1 mjCp( fi , z) ⊗ vi for all z ∈ CC

p [Cn
]. As in

Lemma 5.20, this definition does not depend on a choice of basis. This defines the holomorphic p-multijet
that we are looking for. □

As in the real case, thanks to (4) in Theorem 8.2, the holomorphic multijet mjCp( f, z) of f at z ∈ CC
p [Cn

]

only depends on the germ of f near the xi , where (xi )1⩽i⩽p = π(z). Thus, we can define a holomorphic
multijet bundle over any open subset of Cn.

Definition 8.3 (holomorphic multijets). Let � ⊂ Cn be open. We denote by CC
p [�] = π−1(�p) and

by MJ C
p (�, V ) → CC

p [�] the restriction of MJ C
p (Cn, V ) to C p[�]. If V = C, we drop it from the

notation and write MJ C
p (�) → CC

p [�]. Let f ∈O(�, V ), we call the section mjCp( f, · ) of MJ C
p (�, V )

the holomorphic p-multijet of f .
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8.2. Application to the zeros of holomorphic Gaussian fields. In this section, we explain how the holo-
morphic multijets defined in Section 8.1 allow us to prove Theorem 1.11, and the analogue of Theorem 6.26
for holomorphic Gaussian fields. We start by recalling a few facts about complex Gaussian vectors; see
[Andersen et al. 1995, Chapter 2].

A random variable X ∈ C is called a centered complex Gaussian if its real and imaginary parts are
independent real centered Gaussian variables of the same variance, i.e., there exists λ ⩾ 0 such that
X = Xℜ + i Xℑ, with (Xℜ, Xℑ) ∼ N (0, λ Id) in R2.

Definition 8.4 (complex Gaussian vector). We say that a random vector X in a finite-dimensional complex
vector space V is a centered Gaussian if for all η ∈ V ∗ the complex variable η(X) is a centered complex
Gaussian.

If V is equipped with a Hermitian inner product ⟨ · , · ⟩ and we define v∗
= ⟨v, · ⟩ then the variance

of X is the nonnegative Hermitian operator VarC(X) = E[X ⊗ X∗
]. We say that X is nondegenerate if

VarC(X) is positive-definite.

Remark 8.5. As in the real case, the Gaussianity and nondegeneracy of X do not depend on ⟨ · , · ⟩, but
the variance operator does.

A centered complex Gaussian vector X in (V, ⟨ · , · ⟩) is completely determined by its variance. For
example, if VarC(X) = 3 is positive-definite, then X admits the density v 7→ e−⟨v,3−1v⟩/det(π3) with
respect to the Lebesgue measure on V. We denote by NC(0, 3) the centered complex Gaussian distribution
of variance 3. Then X ∼ NC(0, 3) in Cn if and only if its real and imaginary part satisfy

(Xℜ, Xℑ) ∼ N
(

0,
1
2

(
ℜ(3) ℑ(3)

−ℑ(3) ℜ(3)

))
in R2n .

Let E → M be a holomorphic vector bundle over a complex manifold M. We denote by H 0(M, E)

the vector space of global holomorphic sections of E → M.

Definition 8.6 (holomorphic Gaussian field). We say that a random section s ∈ H 0(M, E) is a centered
holomorphic Gaussian field if for all m ⩾ 1 and all x1, . . . , xm the random vector (s(x1), . . . , s(xm)) is a
centered complex Gaussian. We say that this field is nondegenerate if s(x) is nondegenerate for all x ∈ M.

Note that if s ∈ H 0(M, E) is a centered holomorphic Gaussian field then, for all k ∈ N, its holomorphic
k-jet jCk (s, · ) defines a centered holomorphic Gaussian field with values in J C

k (M, E).

Definition 8.7 (p-nondegeneracy for holomorphic fields). Let p⩾1. We say that the centered holomorphic
Gaussian field s ∈ H 0(M, E) is p-nondegenerate if the centered complex Gaussian jCp(s, x)∈J C

p (M, E)x

is nondegenerate for all x ∈ M.

As in the real framework, we need the following definition.

Definition 8.8 (complex Jacobian). Let L : V → V ′ be a C-linear map between Hermitian spaces and let
L∗ denote its adjoint map. The complex Jacobian of L is defined as JacC(L) = det(L L∗).
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Remark 8.9. If we see V, V ′ and L as R-linear objects and we equip V and V ′ with the Euclidean
structures induced by their Hermitian inner products, then the real and complex Jacobians are related by
JacC(L) = Jac(L)2; see [Andersen et al. 1995, Theorem A.5].

Let us consider a complex manifold M of complex dimension n equipped with a Riemannian metric g
and a holomorphic vector bundle E → M of complex rank r ∈ [[1, n]]. In the following, we denote by ∇

a connection on E which is compatible with the complex structure. As in the real case, the choice of
this connection will not matter. Let s ∈ H 0(M, E) be a centered holomorphic Gaussian field on M with
values in E and let Z = s−1(0) denote its vanishing locus. We will always assume that s is nondegenerate.
In this setting, the random section s satisfies a strong Bulinskaya-type lemma.

Proposition 8.10 (holomorphic Bulinskaya lemma). Almost surely the following set is empty:

{x ∈ M | s(x) = 0 and JacC(∇x s) = 0}.

In particular, the zero set Z is almost surely a ( possibly empty) complex submanifold of complex
codimension r in M.

Proof. It is enough to check the result locally. On an open subset � ⊂ M over which E is trivial, we can
consider s as a nondegenerate smooth centered Gaussian field from � to Cr

≃ R2r. Then, the local result
follows from [Lerario and Stecconi 2019, Theorem 7]. □

Let us consider Z as random submanifold of real codimension 2r in the Riemannian manifold (M, g)

of real dimension 2n. The metric g induces a (2n−2r)-dimensional Riemannian volume dVolZ on Z
and we can define ν as in Definition 6.11, bearing in mind that Z = Zreg. Then Propositions 6.17, 6.24
and 6.25 hold for the holomorphic field s and the associated linear statistics ⟨ν, φ⟩ with φ ∈ L∞

c (M).
More generally, everything we did in Sections 6.2, 6.3 and 6.4 adapts to the holomorphic setting.

Remark 8.11. In Definition 6.23, the function ρp is defined in terms of real Jacobians and the variance of
(s(x1), . . . , s(x p)) seen as a real Gaussian vector. One can check that another expression of ρp(x1, . . . , x p)

is the following, which is more natural in our holomorphic framework:

∀(x1, . . . , x p) /∈ 1p, ρp(x1, . . . , x p) =
E
[∏p

i=1 JacC(∇xi s) | ∀i ∈ [[1, p]], s(xi ) = 0
]

det(π VarC(s(x1), . . . , s(x p)))
.

We can now state the equivalent of Theorem 6.26 for holomorphic Gaussian fields. Let � ⊂ Cn be open.
Recall that MJ C

p (�, Cr ) → CC
p [�] is defined in Definition 8.3 as the restriction over CC

p [�] ⊂ CC
p [Cn

]

of the vector bundle MJ C
p (Cn, Cr ) → CC

p [Cn
] from Theorem 8.2.

Theorem 8.12 (finiteness of moments for holomorphic fields, local version). Let f : � → Cr be a
centered holomorphic Gaussian field and ν be as in Definition 6.11. Let p ⩾ 1. If for all k ∈ [[1, p]]

the holomorphic Gaussian field mjCk ( f, · ) ∈ H 0(CC
k [�],MJ C

k (�, Cr )) is nondegenerate, then the four
equivalent statements in Proposition 6.25 hold.

Proof. The proof of Theorem 6.26 relies mostly on two facts that are valid for all k ∈ [[1, p]]. First, on
the open dense subset �k

\1k ⊂ Ck[�], the zero set of mjk( f, · ) is the same as that of (x1, . . . , xk) 7→
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( f (x1), . . . , f (xk)). And second, the field mjk( f, · ) is nondegenerate on Ck[�], so that we can apply
the Kac–Rice formula (Proposition 6.17) to the k-multijet.

These two facts are still true in the present holomorphic setting. Hence, the same proof as that of
Theorem 6.26 yields the result. □

We deduce from this result the equivalent of Theorem 1.9 for a centered holomorphic Gaussian field s
on a complex manifold M of dimension n with values in a holomorphic vector bundle E of rank r ∈ [[1, n]].
Theorem 1.11 is a special case of the following.

Theorem 8.13 (finiteness of moments for zeros of holomorphic Gaussian sections). Let p ⩾ 1, let
s ∈ H 0(M, E) be a centered holomorphic Gaussian field and let ν be as in Definition 6.11. If s is
(p−1)-nondegenerate then E[|⟨ν, φ⟩|

p
] < +∞ for all φ ∈ L∞

c (M).

Proof. We deduce Theorem 8.13 from Theorem 8.12 in the same way that we deduced Theorem 1.9 from
Theorem 6.26; see Section 6.4. □

Remark 8.14. In particular, Theorem 8.13 proves the local integrability of the p-points correlation
functions studied in [Bleher et al. 2000] and their scaling limit.
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zbigniew.blocki@uj.edu.pl

Charles Fefferman Princeton University, USA
cf@math.princeton.edu

David Gérard-Varet Université de Paris, France
david.gerard-varet@imj-prg.fr

Colin Guillarmou Université Paris-Saclay, France
colin.guillarmou@universite-paris-saclay.fr

Ursula Hamenstaedt Universität Bonn, Germany
ursula@math.uni-bonn.de

Peter Hintz ETH Zurich, Switzerland
peter.hintz@math.ethz.ch

Vadim Kaloshin Institute of Science and Technology, Austria
vadim.kaloshin@gmail.com

Izabella Laba University of British Columbia, Canada
ilaba@math.ubc.ca

Anna L. Mazzucato Penn State University, USA
alm24@psu.edu

Richard B. Melrose Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Frank Merle Université de Cergy-Pontoise, France
merle@ihes.fr

William Minicozzi II Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Müller Universität Bonn, Germany
mueller@math.uni-bonn.de

Igor Rodnianski Princeton University, USA
irod@math.princeton.edu

Yum-Tong Siu Harvard University, USA
siu@math.harvard.edu

Terence Tao University of California, Los Angeles, USA
tao@math.ucla.edu

Michael E. Taylor Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Gunther Uhlmann University of Washington, USA
gunther@math.washington.edu

András Vasy Stanford University, USA
andras@math.stanford.edu

Dan Virgil Voiculescu University of California, Berkeley, USA
dvv@math.berkeley.edu

Jim Wright University of Edinburgh, UK
j.r.wright@ed.ac.uk

Maciej Zworski University of California, Berkeley, USA
zworski@math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Cover image: Eric J. Heller: “Linear Ramp”

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2025 is US $475/year for the electronic version, and $735/year (+$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers

http://msp.org/apde
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:david.gerard-varet@imj-prg.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:peter.hintz@math.ethz.ch
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/


ANALYSIS & PDE
Volume 18 No. 6 2025

1309Damped Strichartz estimates and the incompressible Euler–Maxwell system
DIOGO ARSÉNIO and HAROUNE HOUAMED

1385Equivariant property Gamma and the tracial local-to-global principle for C∗-dynamics
GÁBOR SZABÓ and LISE WOUTERS

1433Multijet bundles and application to the finiteness of moments for zeros of Gaussian fields
MICHELE ANCONA and THOMAS LETENDRE

1477Existence of solutions to a fractional semilinear heat equation in uniformly local weak
Zygmund-type spaces

NORISUKE IOKU, KAZUHIRO ISHIGE and TATSUKI KAWAKAMI

1511A Marcinkiewicz multiplier theory for Schur multipliers
CHIAN YEONG CHUAH, ZHEN-CHUAN LIU and TAO MEI

1531Double duals and Hilbert modules
HUAXIN LIN

A
N

A
LY

SIS
&

PD
E

Vol.18,
N

o.6
2025


	1. Introduction
	1.1. Multijet bundles
	1.2. Finiteness of moments for zeros of Gaussian fields
	1.3. Higher-order multijets and holomorphic multijets
	1.4. Organization of the paper

	2. Notation: partitions and function spaces
	2.1. Sets, partitions and diagonals
	2.2. Spaces of functions, sections and jets

	3. Divided differences and Kergin interpolation
	3.1. Divided differences
	3.2. Kergin interpolation

	4. Evaluation maps and their kernels
	5. Definition of the multijet bundles
	5.1. Definition of the basis C_p[R^n]
	5.2. Definition of the bundle MJ_p(R^n)
	5.3. Localness of multijets
	5.4. Multijets of vector-valued maps

	6. Application to zeros of Gaussian fields
	6.1. Gaussian vectors and Gaussian sections
	6.2. Bulinskaya lemma and Kac–Rice formula for the expectation
	6.3. Factorial moment measures and Kac–Rice densities
	6.4. Proofs of Theorems 1.6 and 1.9: finiteness of moments

	7. Multijets adapted to a differential operator
	7.1. Differential operator
	7.2. Multijets adapted to D
	7.3. Finiteness of moments for critical points

	8. Multijets of holomorphic maps
	8.1. Definition of the holomorphic multijet bundles
	8.2. Application to the zeros of holomorphic Gaussian fields

	Acknowledgments
	References
	
	

