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MULTIJET BUNDLES AND APPLICATION TO
THE FINITENESS OF MOMENTS FOR ZEROS OF GAUSSIAN FIELDS

MICHELE ANCONA AND THOMAS LETENDRE

We define a notion of multijet for functions on R”, which extends the classical notion of jets in the sense
that the multijet of a function is defined by contact conditions at several points. For all p > 1 we build a
vector bundle of p-multijets, defined over a well-chosen compactification of the configuration space of
p distinct points in R”. As an application, we prove that the linear statistics associated with the zero set
of a centered Gaussian field on a Riemannian manifold have a finite p-th moment as soon as the field
is of class C? and its (p—1)-jet is nowhere degenerate. We prove a similar result for the linear statistics
associated with the critical points of a Gaussian field and those associated with the vanishing locus of a
holomorphic Gaussian field.
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1. Introduction

This paper is concerned with two different but related problems. The first one is to define a natural notion
of multijet for a C* function on R”, generalizing the usual notion of k-jet. By multijet we mean that
we want to consider a collection of jets at different points in R" and patch them together in a relevant
way. The second one is to find natural conditions on a Gaussian field f : R* — R’ ensuring that the
(n—r)-dimensional volume of f~!(0) N B admits finite higher moments, where B stands for the unit ball
in R™. One way to tackle this second problem is by considering the multijet of the random field f. In the
following, we give more details about our contributions concerning the previous two problems, as well as
some variations on these questions.
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1.1. Multijet bundles. Let us start by recalling some standard facts about jets. See [Saunders 1989] for
background on this matter. Let x € R” and k£ > 0. Two smooth functions f and g on R" are said to have
the same k-jet at x if f — g vanishes at x, as well as all its partial derivatives up to order k. Having the
same k-jet at x is an equivalence relation on C*°(R"), and the space J;(R"), of k-jets at x is the set of
equivalence classes for this relation. We denote by j, (f, x) the k-jet of f at x, that is, its class in Jx (R") .
The map j, (-, x) is a linear surjection from C*°(R") onto the finite-dimensional vector space Jix(R"),.
Of course, j, (f, x) makes sense even if f is only C* and defined on some neighborhood of x.

Considering the family of k-jet spaces for all x € R”, the set Jx(R") = | |, cpn Jk(R"), is equipped
with a natural vector bundle structure over R”. Then, if & C R” is open and f : Q@ — R is C%, the map
Jx(f5 -) is a local section of J; (R") — R" over Q2. These definitions are well-behaved with respect to
smooth changes of coordinates, so one can define similarly the vector bundle of k-jets of functions on a
manifold M. More generally, if E — M is a vector bundle over M, there is a corresponding vector bundle
Jki(M, E) — M of k-jets of sections of E — M.

In this paper, we are interested in defining similarly a notion of multijet and the associated vector
bundles. That is, we want to consider smooth functions on R" up to an equivalence relation defined by
the vanishing of some derivatives at several points.

Let us make this more precise. Let p > 1 and A, = {(x1, ..., x,) € (R")? | 3i # j such that x; = x;}
denote the diagonal in (R")”. Given x = (x1, ..., x,) ¢ A, we say that f and g have the same multijet
at x if f(x;) =g(x;) foralli € [1, p] (here we use the notation [[a, b]] = [a, b]NN). This is an equivalence
relation on functions, defined by the vanishing of f — g on the set {x1, ..., x,} CR", thatis, by p indepen-
dent linear conditions. Thus the corresponding set of classes is a vector space of dimension p, which we
denote by M7 ,(R"),. We also denote by mj,(f, x) the class of f in this space, that is, its multijet at x.

As will be explained later, this defines a vector bundle M7 ,(R") of rank p over (R")?”\ A ,. Moreover,
for all x ¢ A, the linear map mjp( -+, X) :CP(R") - MJT ,(R"), is surjective, and, for all smooth f;, its
multijet mj,(f, ) is smooth. We would like to extend this picture over the whole of (R")”. Note that the
surjectivity conditions rule out defining M7 ,(R") as Jo(R")? with mjp(f, x) = (Jo(f, xi)1<i<p- When
x ¢ A, the previous notion of multijet is defined by p independent linear conditions: vanishing at each
of the x;. The main issue is that, when x € A, these conditions are no longer independent and we need
to replace them by another p-tuple of independent conditions.

A first natural idea is to look at vanishing with multiplicities. In dimension n = 1 this works very
well. Let x € R? be a permutation of (yi, ..., y1,..., Ym, .-, Ym), Where (y;j)1<j<m € R" \ A,, and
y; appears exactly k; + 1 times. We say that f and g have the same multijet at x if (f — 2)®(y i)=0
for all j € [1,m]] and k € [[O, k;]|. In this sense, having the same multijet is equivalent to having
the same Hermite interpolating polynomials at x. Thus, we can define M7 ,(R) as the trivial bundle
Rp—1[X] x R” — R” and mj,,(f, x) as the Hermite interpolating polynomial of f at x.

If n > 1, the previous approach fails already for p = 2. Let us consider x € R" and the corresponding
x = (x, x) € A,. Asking for the vanishing of f — g and its differential at x gives us n 4+ 1 independent
conditions, which define the 1-jet space J;(R"),. This space has dimension n + 1 > 2; hence it is too
large to be the MJ>(R"), we are looking for. The next natural idea is to ask only for the vanishing
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at x of f — g and one of its directional derivatives. But whatever choice of directional derivative we
make will lead to mj,(f, -) not being continuous at x for most f € C°°(R"). Actually, one cannot extend
MT>(R™) nicely over (R")? if n > 1. However, we can extend it nicely over a larger space: the blow-up
BIAZ((R”)Z) of (R™)? along A,. The key idea is that BIAZ((R")Z) contains (R")? \ Aj as a dense open
subset and that points in the complement of (R")?\ A, can be described by the following data: a base
point x € R" and a direction u € RPP"~!. This data tells us exactly which directional derivative to consider
at the corresponding point in the exceptional locus of Bla, ((R")?). We will come back to this example
later; see Example 5.9.

This long discussion shows that there is a natural way to define a multijet bundle M7 ,(R") over the
configuration space (R")? \ A, but that it does not extend nicely over (R")? in general. The case p =2
hints that it might however be possible to define a natural multijet bundle over a slightly larger space,
containing a copy of (R")” \ A, as a dense open subset. Our first main contribution is to define such an
object. Its main properties are gathered in the following statement, where C¥(R", V) denotes the space of
C* functions from R” to V.

Theorem 1.1 (existence of multijet bundles). Letn > 1 and p > 1 and let V be a real vector space of
finite dimension r 2> 1. There exist a smooth manifold C,[R"] of dimension np without boundary and a
smooth vector bundle MJ ,(R", V) — C,[R"] of rank rp with the following properties:
(1) There exists a smooth proper surjection 7w : Cp[R"] — (R")? such that T L (RMHP\ A)p) is a dense
open subset of C,[R"], and 7 restricted to T (RMP\ A)) is a C*°-diffeomorphism onto (R")P \ A ,.
(2) There exists a map mjp (CPTUR™, V) x C,[R"] - MJT ,(R", V) such that

o forall z € C,[R"], the linear map mjp( 7)) CPTIRY, V) — MT p(R", V), is surjective,

o forall f €CP=I(R", V), the sectionmj,(f,-) of MJ p(R", V) — C,[R"]is C.
(3) Let z € C,[R"] be such that w(z) = (x1,...,xp) ¢ Ap. Then forall f € CP~Y(R", V) we have

mjp(va):O — Vlel[lvp]]v f(xl):()

(4) Let z € Cp[R"] be such that 7w (z) is obtained as a permutation of (y1, ..., Y1, .-+, Yms -+ Ym), Where
yj appears exactly k; + 1 times and y1, . . ., y, are pairwise distinct vectors in R". Then, there exists a
linear surjection © : [[i-, Ti; R", V)y, —> MT (R, V), such that

VfeCr IR, V), mj,(f,2) =0:(jt, (fs Y1) - s g, (s ym)-

Remark 1.2. In Theorem 1.1, the manifold C,[R"] does not depend on V. Part (1) means that we can
consider (R")?” \ A, as a dense open subset in C,[R"]. Part (2) consists of properties that we expect any
reasonable notion of multijet to satisfy. Part (3) means that, as in the previous discussions, if 7 (z) ¢ A,
then M7 ,(R"), = cr—Y(rRr, V)/ ~, where f ~ g if and only if f(x;) = g(x;) foralli € [[1, p]. Part (4)
means that, more generally, mj,(f,z) only depends on the collection of jets ( jkj( fiyiDi<i<m- In
particular, mj,, (f, z) still makes sense if f is only C%i on some neighborhood of y ;. This last condition
also means that we can think of mj,(f, z) intuitively as a family of p independent linear combinations of
partial derivatives of f, up to order k; at y;. However this family is neither explicit nor unique in general.
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Let us now introduce some definitions and notation.

Definition 1.3 (multijets). Let 2 C R" be open. We let C(,[Q2] = 7~ 1(Q2P) and denote by MT,(R2,V)—
C,[£2] the restriction of M7 ,(R", V) to C,[2]. We cal M T ,(2, V) — C,[£2] the bundle of p-multijets
of functions from 2 to V. Its fiber M7 ,(R", V), above z € C,[{2] is the space of p-multijets at z. If
V =R, we drop it from the notation and write M7 ,(£2) — C,[2]. Let f: 2 — V be of class P~ we call
the section mj ,(f, -) of MJT (2, V) the p-multijet of f and its value at z € C,[2] the p-multijet of f at z.

The manifold C,[R"] is what is called in the literature a “compactification” of the configuration space
(R™)?\ A,. We will use this terminology, even though it is ill-chosen in our case since C,[R"] is not
compact. However C,[R"] contains a diffeomorphic copy of (R")” \ A, as a dense open subset and it
is equipped with a proper surjection onto (R")? so that, in a sense, it is locally a compactification of
R\ A,.

Compactifications of configuration spaces are built to understand how a configuration (ordered or
not) of p distinct points can degenerate as these points converge toward one another. They are usually
obtained by blowing up various pieces of the diagonal. Points in the exceptional locus then correspond
to singular configurations, with some extra data encoding along which paths regular configurations are
allowed to degenerate in order to reach this singular configuration. The hope is that the extra data
attached to singular configurations is enough to lift the singularities of the problem under considera-
tion. The simplest example of this kind is the blow-up BlAz((R”)Z) discussed above. More evolved
examples are the space defined by Le Barz [1988], the compactification of Fulton and MacPherson
[1994] (see also [Axelrod and Singer 1994; Sinha 2004]), Olver’s multispace [2001], the polydiagonal
compactification of Ulyanov [2002], the construction of Evain [2005] using Hilbert schemes, and
many others.

In dimension n = 1, most of the compactifications of configuration spaces that we found in the literature
coincide and can be used to define multijets; see for example [Ancona 2021], where Olver’s multispace is
used. In higher dimensions they are different and none of them exactly suited our needs. Thus to the
best of our knowledge, the manifold C,[R"] in Theorem 1.1 is a new addition to the previous list. We
define it by resolving the singularities of some real-algebraic variety, using Hironaka’s theorem [1964a;
1964b]. In particular, C,[R"] is obtained by a sequence of blow-ups along A . Note that this sequence
of blow-ups is neither explicit nor unique. Actually, C,[R"] itself is not uniquely defined, but this is not
an issue for the applications we have in mind.

1.2. Finiteness of moments for zeros of Gaussian fields. Let us now describe our contributions con-
cerning zeros of Gaussian fields. Let n > 1 and let » € [1, n]]. In the following n will always denote the
dimension of the ambient space and r the codimension of the random objects we are interested in.

Let @ C R” be open and let f : Q@ — R’ be a centered Gaussian field of class C!. We will always
assume that f is nondegenerate, in the sense that det Var(f(x)) > 0 for all x € 2. Under this hypothesis
the zero set Z = f ~1(0) is almost surely (n—r)-rectifiable; see [Armentano et al. 2023b]. As such, it
admits a well-defined (n—r)-dimensional volume measure d Vol induced by the Euclidean metric on R".
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We denote by v the random Radon measure on €2 defined by
Vo eCl(Q), (v, ¢) =f ¢ (x) dVolz(x), -1
z

where C?(2) denotes the space of continuous functions on  with compact support.

Actually, (v, ¢) makes sense as an almost surely defined random variable as soon as ¢ € L>°(£2) and
has compact support. This kind of test-function includes CCO(Q) and indicator functions of bounded Borel
subsets, which are the examples we are most interested in. Random variables of the type (v, ¢) are called
the linear statistics of v (or of f). Understanding the distribution of these linear statistics is one way to
understand the distribution of the random measure v, or equivalently of the random set Z. For example, if
B C Q is a bounded Borel set and 15 denotes its indicator function, then (v, 1g) is the (n—r)-dimensional
volume of ZN B.

In this setting, a classical question is to determine conditions on the field f ensuring that its linear
statistics admit finite moments. If n = r = 1, such conditions were first obtained in [Belyaev 1966].
More generally see [Azais and Wschebor 2009, Theorem 3.6], which holds even if f is not Gaussian.
If n > r =1, a similar result is proved in [Armentano et al. 2023a]; see also [Armentano et al. 2019,
Theorem 4.4]. For a survey of previous results for hypersurfaces (i.e., r = 1), we refer to [Azais and
Wschebor 2009, Chapter 3, Section 2.7] in dimension n = 1 and to the introduction of [Armentano et al.
2023a] in dimension n > 1. Note that [Priya 2020, Theorem 1.2] implies the finiteness of all moments of
the nodal length for some Gaussian fields in R% This problem was also studied in [Malevich and Volodina
1993] for points in R%

Our second main result gives simple conditions on the field f ensuring the finiteness of the p-th
moments of its linear statistics in any dimension and codimension. These conditions are of two kinds: we
require the field to be regular enough, and to be nondegenerate in the following sense.

Definition 1.4 (p-nondegeneracy). Let p > 1 and let f : Q2 — R” be a C? centered Gaussian field. We
say that the field f is p-nondegenerate if for all x € 2 the centered Gaussian vector

P
(f(x), Dy f..... DI f) e (P Sym* (R @R’
k=0
is nondegenerate, where Sym*(R") denotes the space of symmetric k-linear forms on R” and D)’g fe
Sym*(R") ® R" stands the k-th differential of f at x.

Remark 1.5. If f = (f1,..., f-), the p-nondegeneracy condition means more concretely that for all
x € Q2 the Gaussian vector (0% f; (x))1<i<r;|a|<p 1S nondegenerate, where we used multi-index notation
(see Section 2.2). More abstractly, this condition means that the p-jet j,(f, x) of f is nondegenerate for
all x € Q.

Theorem 1.6 (finiteness of moments). Let n > 1, let r € [1,n] and let p > 1. Let Q C R" be open,
let f : Q2 — R be a centered Gaussian field and let v be defined as in (1-1). If f is C? and (p—1)-
nondegenerate then E[|(v, ¢)|P] < 400 forall ¢ € L*°(2) with compact support.
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Example 1.7. Let us give some examples of fields satisfying the assumptions of Theorem 1.6.

» The Bargmann—Fock field, i.e., the smooth stationary Gaussian field on R" whose covariance function
is x > e~ I¥I°/2 satisfies the hypotheses of Theorem 1.6.

e Let f:R" — R be a stationary C? centered Gaussian field. If the support of its spectral measure has
nonempty interior then f is (p—1)-nondegenerate.

« In codimension r, if (f;)1<i<r are r independent (p—1)-nondegenerate C” Gaussian fields then so is
S=U s fr)-

o The Berry field, i.e., the smooth stationary Gaussian field f on R" whose spectral measure is the
uniform measure on S$"~!, is 1-nondegenerate but not 2-nondegenerate. Indeed it almost surely satisfies
Af+ f=0,sothat (f(x), Dy f, D)%f) is degenerate for all x € R".

We can consider the same question in a more geometric setting. Let (M, g) be a Riemannian manifold
of dimension n > 1 without boundary and let E — M be a smooth vector bundle of rank r € [[1, n]
over M. Let s be a centered Gaussian field on M with values in E, in the sense that s is a random section
of E — M such that for all m > 1 and all x4, ..., x,, € M the random vector (s(x1), ..., s(x;;)) is a
centered Gaussian. We assume that s is almost surely C ! and that det Var(s(x)) > 0 for all x € M.

As in the Euclidean setting, Z = s~1(0) is almost surely (n—r)-rectifiable. As before, we denote by v
the random Radon measure on M defined by integrating over Z with respect to the (n—r)-dimensional
volume measure d Vol induced by g. For all ¢ € L°° (M) with compact support, we define the linear
statistic (v, ¢) as in (1-1). In this context Definition 1.4 adapts as follows.

Definition 1.8 (p-nondegeneracy for Gaussian sections). Let p > 1 and let s be a C? centered Gaussian
field on M with values in E. We say that s is p-nondegenerate if, for all x € M, the centered Gaussian
Vectorjp(s, x) € Jp(M, E), is nondegenerate.

Theorem 1.9 (finiteness of moments for zeros of Gaussian sections). Let p > 1, let s be a centered
Gaussian field on M with values in E and let v be defined as in (1-1). If s is C? and (p—1)-nondegenerate
then E[|{v, $)|’] < 400 forall ¢ € L°°(M) with compact support.

We are aware of the very recent paper [Gass and Stecconi 2024], in which the authors prove a result
similar to Theorem 1.6, as well as its analogue for zeros of Gaussian fields on a Riemannian manifold.
Their work and ours are independent, and the proofs are different. Their idea is to compare the Kac—Rice
densities (see Section 6.3) of the field f with those of a well-chosen Gaussian polynomial P. Then
they deduce the result for f from the result for P, which is a consequence of Bézout’s theorem. Our
proof follows a different path, as it relies on the multijet bundle that we defined in Theorem 1.1. Our
idea is to observe that the zero set of F': (x1,...,x,) = (f(x1),..., f(xp)) in the configuration space
QP \ A is exactly the vanishing locus of the multijet mj,(f, -) restricted to 27\ A, C Cp[£2]. Instead
of working with F, which degenerates along A, we work with the field mj,(f, -) that we built to be
nondegenerate everywhere. Then, we deduce Theorem 1.6 from the Kac—Rice formula for the expectation
(see Proposition 6.17) applied to the p-multijet of f and a compactness argument.
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1.3. Higher-order multijets and holomorphic multijets. 1et us now discuss two important variations
on our main results, Theorems 1.1 and 1.9. In Section 1.1, we said that two functions f and g on R"
have the same p-multijet at a point x = (x1, ..., x,) € (R")? \ A, if and only if f and g have the same
value, i.e., the same O-jet, at x; for all i € [1, p]l. In a sense, the p-multijet of f at x is obtained by
patching together the O-jets of f at each of the x; in a relevant way. A natural generalization is to define
a higher-order multijet of f at x by patching together the k-jets of f at each of the x;. We define such a
higher-order multijet in Section 7. More generally, we define a multijet bundle adapted to a differential
operator D. The case of higher-order multijets corresponds to D = j,. The analogue of Theorem 1.1 in
this framework is Theorem 7.4 below. We use it to prove an analogue of Theorem 1.9 adapted to D; see
Theorem 7.8 for a general statement. In the special case where D = D is the standard differential, the
statement is the following.

Theorem 1.10 (finiteness of moments for critical points). Let M be a smooth manifold without boundary.
Let f : M — R be a centered Gaussian field and let vp denote the counting measure of its critical locus.
Let p > 1, we assume that f is C%? and (2p—1)-nondegenerate. Then, for all ¢ € L (M), we have
E(l{vp, $)|7] < +o0.

Another variation on Theorem 1.1 is to define holomorphic multijets for holomorphic maps. This is
done in Section 8, and more precisely in Theorem 8.2. This is used to prove a holomorphic version of
Theorem 1.9. The general statement is given in Theorem 8.13. For a holomorphic Gaussian field on an
open subset of C”, it takes the following form.

Theorem 1.11 (finiteness of moments for zeros of holomorphic Gaussian fields). Let 2 C C" be open and
let f: Q2 — C" be a centered holomorphic Gaussian field, where r € [1, n]l. Let v be as in Definition 6.11.
Let p > 1, we assume that, for all x € 2, the complex Gaussian vector
p—1
(f(), Dif..... DI fre Psym* € o C’

k=0
is nondegenerate. Then, for all ¢ € L (2), we have E[|(v, ¢)|P] < +o0.

Note that Theorems 1.10 and 1.11 are not consequences of Theorem 1.9. Indeed, if f: M — R is
a smooth Gaussian field then Df cannot be 1-nondegenerate because D? f is symmetric. Similarly, if
M is a complex manifold and s is holomorphic, then s is never 1-nondegenerate because it satisfies the
Cauchy—Riemann equations.

Gass and Stecconi [2024] proved, independently and by a different method, results analogous to
Theorems 1.10 and 1.11. Actually, they prove Theorem 1.10 under the weaker and optimal hypotheses
that f is C”*! and p-nondegenerate. The finiteness of the third moment for the number of critical points
of a stationary Gaussian field on R? was proved in [Beliaev et al. 2024, Theorem 1.6]. For holomorphic
Gaussian fields in dimension n = 1, see [Nazarov and Sodin 2012].

1.4. Organization of the paper. In Section 2 we gather useful notation that appears in several parts of
the paper. In Section 3 we discuss Kergin interpolation, which is a multivariate polynomial interpolation
appearing in the definition of multijets. Section 4 is dedicated to evaluations maps on spaces of polynomials,
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and more precisely the properties of their kernels. We define our multijet bundles and prove Theorem 1.1
in Section 5. Section 6 is concerned with the application of multijets to the finiteness of moments for
the zeros of Gaussian fields and the proofs of Theorems 1.6 and 1.9. Multijets adapted to a differential
operator are discussed in Section 7, where we also prove the analogue of Theorem 1.9 for critical points.
Finally, holomorphic multijets are defined in Section 8, where we prove the analogue of Theorem 1.9 for
holomorphic Gaussian fields.

2. Notation: partitions and function spaces

The goal of this section is to quickly introduce definitions and notation that will appear in different parts
of the paper. We gather them here for the reader’s convenience.

2.1. Sets, partitions and diagonals. In this paper, we denote by N the set of nonnegative integers. Let a
and b € N, we use the following notation for integer intervals [[a, b]] = [a, b] " N.

Let A be a nonempty finite set. For simplicity, in all the notation introduced in this section, if A =1, p]
we allow ourselves to replace A by p in the indices and exponents. We denote by |A| the cardinality
of A. Let M be any set. We denote by M* the Cartesian product of |A| copies of M indexed by the
elements of A. A generic element of M“ is usually denoted by x = (X,)aea. If @ # B C A, we denote
by xp = (X4)acB-

Definition 2.1 (large diagonal). We denote by A 4 the large diagonal in M4, that is,
Ax = {(xa)aca € M* |3a, b € A such that a # b and x, = x;}.

Definition 2.2 (partitions). Let A be a nonempty and finite set, a partition of A is afamily Z={Iy, ..., I,;}
of nonempty disjoint subsets of A such that |_|", /; = A. The subsets I, ..., I, are called the cells of Z.
Given a € A, we denote by [a]7 the only cell of Z that contains a. Finally, we denote by P4 the set of
partitions of A.

Definition 2.3 (clustering partition). Let x = (x;)zea € M A We denote by Z(x) € P4 the only partition
such that for all @ and b € A we have x, = x;, if and only if [a]z) = [Dlz(y).

Example 2.4. If x = (x, ..., x) then Z(x) = {A}. If x e MA\ A, then Z(x) = {{a} | a € A} = Ty.
Definition 2.5 (strata of the diagonal). For all Z € Py, we set Ay 7 = {x € M* | T(x) = I}, so that
Aazy=M*"\Agand Ay = ;.7 Anz.

Definition 2.6 (diagonal inclusions). Let Z € P4. We denote by t7 : ML \ Az — A4 1 the bijection
defined by t7((yr)1ez) = (Vialz)acA-

2.2. Spaces of functions, sections and jets. We use the following multi-index notation. Let o =
(o1, ..., o) € N*. We denote its length by |¢| = o +- - - +,. Let 9; denote the i-th partial derivative in
some product space we denote by 3% =9;" - - - 9,". Finally, if X = (X1, ..., X,,), we let X* = X" --- X;,".

Definition 2.7 (polynomials). We denote by R;[X] the space of real polynomials in n variables of degree
at most d, where d e N and X = (X1, ..., X,,) is multivariate.
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Definition 2.8 (symmetric forms and differentials). Let k € N. We denote by Sym*(R") the space of
symmetric k-linear forms on R Let V be a finite-dimensional real vector space. Then Sym*(R") ® V
is the space of symmetric k-linear maps from R” to V. Given a C* map f : R" — V, we denote by
D f € Sym*(R") ® V its k-th differential at x € R".

Let M and N be two manifolds without boundary. For all £ € NU {oco}, we denote by CK(M, N) the
space of CK maps from M to N. If N = R, we drop it from the notation and we simply write C*(M). We
denote by LIIOC(M ) the space of locally integrable functions on M. We denote by CCO(M ) (resp. L (M))
the space of continuous (resp. L°°) functions on M with compact support. Finally, for any Borel subset
B C M, we denote by 15 : M — R its indicator function.

Let E — M be a vector bundle of finite rank over M, we denote by E, the fiber above x € M. For all

k € NU {00}, we denote by I'*(M, E) the space of C* sections of E — M.

Definition 2.9 (jets). Let k € N, we denote by J(M, E) — M the vector bundle of k-jets of sections of
E— M. If E=V x M is trivial with fiber V, we denote its k-jet bundle by 7, (M, V) - M. If V =R, we
simply write J; (M) — M. Given s € I'"(M, E), we denote by j.(s,x) € Jx(M, E), its k-jet at x € M.

3. Divided differences and Kergin interpolation

An important step in our construction of a multijet for C* functions is to reduce the problem to that
of defining a multijet for polynomials. This is done by polynomial interpolation. In several variables,
polynomial interpolation is rather ill-behaved, at least compared with the one-variable case. However,
a multivariate polynomial interpolation suiting our needs was defined by Kergin [1980]. A constructive
version of his proof was then given in [Micchelli and Milman 1980], using a multivariate version of the so-
called divided differences. In this section, we give the definitions of these objects and recall their relevant
properties. We refer to the survey [Lorentz 2000] for more background on polynomial interpolation in R".

3.1. Divided differences. In this section, we recall the definition of multivariate divided differences; see
[Micchelli and Milman 1980]. Let k£ € N. We denote by o} the standard simplex of dimension k, that is,

k
O = {£= (o, ..., 1x) € [0, 1] ‘ N 1} C R 3-1)
i=0

The simplex oy is a subset of {r € R¥ | 31 = 1}, and we denote by vy the (k-dimensional) Lebesgue
measure on this hyperplane, normalized so that vg(ox) = 1/k!. One can check that its restriction to oy

satisfies
k
/ (1) dv () = / ,,,,, 20 ¢<1 =t rk) dty - di, (3-2)
% Zf:l <1 i=1
where df - - - d#y is the Lebesgue measure on RX. For any x = (xg, ..., Xx) € (RM 1 we denote by o (x)

the convex hull of the x; and we define v, : £ Zf‘c:o t;x; from o} onto o (x). Recalling Definition 2.8,
we have the following.
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Definition 3.1 (divided differences). Let x = (x;)o<i<x € (R")**! and let f be a C* function defined on
some open neighborhood of o (x) in R". We define the divided difference of f at x by

f[xo,...,xk]:f Dﬁi@fdvk(g)eSymk([Ren)’

that is, as the average of Dk f over o (x) with respect to the pushed-forward measure (vy ) (vi).
Remark 3.2. « If x = (x, ..., x) for some x € R" then f[x,...,x]= (l/k!)D';f.

 Definition 3.1 is invariant under permutation of (xo, ..., Xx).

e When n = 1, Definition 3.1 coincides with the classical definition of divided differences, under the

canonical isomorphism Symk (R) >~ R. This is known as the Hermite—Genocchi formula [Micchelli and
Milman 1980].

Lemma 3.3 (regularity of divided differences). For all x € (RN the map f — flxo, ..., x¢]is linear:
Moreover, if f is of class C** then x = flxo,...,xt]is of class cl.

Proof. The linearity with respect to f is clear. The regularity with respect to x is obtained by derivation
under the integral, using Definition 3.1 and (3-2). ]

3.2. Kergin interpolation. This section is dedicated to Kergin interpolation. In the following, we recall
the construction of Kergin interpolation in [Micchelli and Milman 1980], which relies on the divided
differences introduced in Definition 3.1. We will use the notation introduced in Definition 2.7.

Proposition 3.4 (Kergin interpolation). Let x € (R")? and let f be a function of class CP~" defined on
some neighborhood of o (x) in R". There exists a unique polynomial K (f, x) € R,_{[X] such that, for
all nonempty I C [1, pll, we have f[x;] = (K(f, x))[x1]. Moreover,

p
K(fox) = flaroooudX —xi oo, X —xe). (3-3)

k=1
Proof. This is the content of [Bojanov et al. 1993, Theorem 12.5] for m = 0. See also [Micchelli and
Milman 1980]. a

Remark 3.5. In particular, Proposition 3.4 implies the following:
o The restriction of K (-, x) to R,_1[X] is the identity.

 If x appears with multiplicity at least k + 1 in x, then

DXf =k flx,...,x] =k!(K(f, x)[x, ..., x]= DK (f, x)).
e N e’

k+1 times k+1 times
e The map P +— (P[x1,...,x;]i<j<p is an isomorphism from R,_;[X] to EB;:S Symj(IR") whose
inverse map is given by (S;)o<j<p—1 > Zf;é Si(X —x1,..., X —xj).

Definition 3.6 (Kergin polynomial). The polynomial K ( f, x) from Proposition 3.4 is called the Kergin
interpolating polynomial of f at x.
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Example 3.7. If n = 1, then K(f, x) is the Hermite interpolating polynomial of f at x € RP. If
x =(x,...,x), then K(f, x) is the Taylor polynomial of order p — 1 of f at x € R".

Lemma 3.8 (regularity of the Kergin polynomial). For all x € (R")?, the map K (-, x) is linear. Moreover,
if fisC*P~1 then K (f,-) is of class C".

Proof. This is a consequence of Lemma 3.3 and (3-3). O

We need to prove a form of compatibility in Kergin interpolation, when the set of interpolation points is
refined. We will use this fact to prove that the multijet bundle we define below satisfies (4) in Theorem 1.1.
The following lemma is stated using the clustering partition Z(x) from Definition 2.3.

Lemma 3.9 (compatibility in Kergin interpolation). For all x € (R")? the linear map from R,_[X] to
[Tz Rin-11X1 defined by (K (-, x1)iezq) : P > (K(P, x1)1e1(x) IS surjective.

Proof. Let x € (R*)? and let us write Z = Z(x) for simplicity. As explained at the end of Section 2.1,
there exists a unique y=nrer € (R™T\ Az such that x = tz(y). Let (X1)rez be smooth functions on
R" with pairwise disjoint compact supports and such that y; is equal to 1 in a neighborhood of y;.

Let (Pp)rez € [ [z Rirj—1[X1. We consider the function f =), ., x; P € C*(R"). Let P = K(f, x)
and let us prove that K (P, x;) = P; forall I € Z. For all k < |I| — 1 we have D} P = D} f = D} P;.
Indeed y; appears with multiplicity |/| in x (see Remark 3.5) and f is equal to P; in a neighborhood
of y;. Recalling Example 3.7, we know that K (P, x) is the Taylor polynomial of order |/| — 1 at y;
of P, and hence of P;. Since P; € Rj;j—1[X], we get K(P, x;) = Py. U

4. Evaluation maps and their kernels

The goal of this section is to study evaluation maps on spaces of polynomials and their kernels. Defining
multijets is closely related to these objects. Indeed, let n > 1 and p > 1 and recall that A, stands for
the large diagonal in (R")?; see Definition 2.1. As explained in the Introduction, when x ¢ A, we
want the multijet of a C”~! function f at x to be the class of f in C?~!(R")/ ~, where f ~ g if and
only if (f(xi))1<i<p = (8(xi))1<i<p- The Kergin interpolation of Section 3.2 shows that any such class
can be represented by a polynomial. Hence, the space of p-multijets at x is canonically isomorphic to
R,_1[X]1/kerevy, where evy : P — (P(x1), ..., P(xp)).

Definition 4.1 (Grassmannian). Let V be a vector space of finite dimension N and k € [0, N]|. We denote
by Gr (V) the Grassmannian of vector subspaces of V of codimension k.

Remark 4.2. Beware that this notation is slightly unusual, since in most textbooks Gry (V') stands for the
Grassmannian of subspaces of dimension k.

Let us denote by Lyee (V) R¥) ¢ V* ® R* the open dense subset of linear surjective maps from V to R,
The group GL (R) acts on Lyeg(V, RK) by multiplication on the left. On the other hand, L +— ker(L) defines
asurjective map from Lyeg(V, R¥) to Gry (V), and ker(L ;) =ker(L,) if and only if there exists M € GL;(R)
such that L, = M L. Thus, one can identify Gr; (V) with the orbit space Leg(V, R*) / GLi(R) of the
previous action. This is one of the many ways to describe Gri (V') as a smooth real-algebraic manifold.
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Definition 4.3 (evaluation map). Let x € (R")”. We setev, : f + (f(x1), ..., f(xp)) from any space of
functions defined at the x; to R”. The source space will always be clear from the context.

Lemma 4.4 (nondegeneracy of evy). Let x ¢ A,. Thenev, : R,_1[X] — RP is surjective.

Proof. Since x ¢ A,, we have Z(x) = {{1}, ..., {p}} and ev, = (K (-, X;))1<i<p under the canonical
identification Rg[ X] >~ R. Hence this is just a special case of Lemma 3.9. Alternatively, in the right basis,
one can extract a Vandermonde matrix from that of ev,. O

Lemma 4.4 shows that the following map is well-defined from (R")? \ A, to Gr,(R,_[X]):
G :x+— kerev, . 4-1)
Lemma 4.5 (algebraicity of G). The map G : (R")? \ A, — Gr,(R,_1[X]) is algebraic.

Proof. Recalling the previous discussion, we have Lo (R, 1[X], R?)/ GL,(R) >~ Gr,(R,_;[X]), where
the isomorphism is obtained as the quotient map of ker : L — ker(L). In particular,

ker: Ereg(Rp—l[X]v Rp) - Grp(Rp—l[X]) = ﬁreg(Rp—l[X]v Rp)/ GL[J(R)

is just the canonical projection, which is algebraic.

Writing ev : x > ev,, we have G = keroev. Thus it is enough to prove that ev is algebraic from
(R")P\ Ay to Lieg(Ry,—1[X], RP). In the basis of R,_{[X] formed by the monomials (X%)4|< ), the
matrix of ev, is (x{")1<i<p;a|<p> Which depends algebraically on x. U

Let x € (R")?\ A, we defined G(x) € Gr,(R,_1[X]) by (4-1). For any nonempty I C [[1, p]l, we
define similarly

gI()_C) = kerevy € GI‘|1|(R|1|_1[X]) and 51()_6) = kerevy € GI‘|1|(RP_1[X]). (4—2)

Because of the interpolation properties of the Kergin polynomials (see Remark 3.5), we have that
evy, = (eVx )Ry yx1 © K (-, x7) on Ry_1[X]. Hence G;(x) = K(-,x)™" (G (x)). Since K (-, x;) is
surjective from R,_;[X] to Rj;;_;[X], this shows that G;(x) has indeed codimension |I], like G;(x).

This collection of subspaces satisfies some incidence relations that will be useful in the following. For
all nonempty I C [1, p]l, we have G(x) C G (x). Actually, we can be more precise: for any 7 € P, we
have G(x) =<1 G (x), and this intersection is transverse by a codimension argument.

Remark 4.6. The map G : (R")? \ A, — Gr,(R,_1[X]) does not admit an extension as a regular map
from (R")? to Gr,(R,—1[X]), exceptif n =1 or p =1, that is, if Gr,(R,_{[X]) is a point.

For example, when n = 2 = p, the Grassmannian Gr,(R,_[X]) is the set of lines in R;[X, X].
Taking x = R(cos#@, sinf) € R? \ {0}, the reader can check that G(0, x) = Span(X; sin6 — X, cos6),
which does not converge as R — 0. However, in this case, G(0, - ) extends to the blow-up Bly(R?) of R?
at 0 and similarly G extends smoothly to Bla, ((R?)?). This suggests that, even though G does not extend
smoothly to (R")?, it might extend to a larger space.
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5. Definition of the multijet bundles

In this section we define the vector bundle M7 ,(R", V) — C,[R"] of p-multijets for functions from R"
to some finite-dimensional vector space V and prove Theorem 1.1. The singularity of G along A, makes
it impossible to define such a bundle over (R*)?, which is why we define it over a compactification
C,[R"] of the configuration space (R")? \ A ,.

The manifold C,[R"] does not depend on V. It is defined in Section 5.1. In the next two sections, we
work in the case V = R. All important ideas appear in this case but the notation is slightly simpler. In
Section 5.2, we define the bundle M7 ,(R"). In Section 5.3, we prove that p-multijets are local, in the
sense of (4) in Theorem 1.1. Finally, we define the bundle M7 ,(R", V') of multijets for vector-valued
maps and prove Theorem 1.1 in Section 5.4.

5.1. Definition of the basis C,[R"]. In this section, we define the basis C,[R"] over which our p-multijet
bundles are defined. This is a smooth manifold, obtained a compactification of the configuration space
(R")P\ A, such that (G;) ;1,7 extends smoothly to C,[R"]. Let us first introduce some notation. We
denote by Iy the projection from the product space

®Y? x  [] Grn@®-(XD)
e#IC1,pl

onto the factor (R")”. Similarly, we denote by IT; the projection onto Gry;(R,7—1[X]). Then, let

= ={(, Greicppn) |2 € RHP\N A C R x  []  Griy®Ry-alXD) (5-D

@#IC(1,pl

denote the graph of the map (G;);cq1,py- We denote by ¥ the closure of ¥ in the product space on the
right-hand side of (5-1).
Lemma 5.1 (surjectivity of (Ho)lg). Let x € (R™)P. Then there exists z € % such that Ty(z) = x.
Proof. Let (x,)nen be a sequence of points in (R")” \ A, converging to x. Since Grassmannians

are compact manifolds, up to extracting subsequences finitely many times, we can assume that for all
nonempty I C [1, p]| there exists G; € Gr|;|(R;7—1[X]) such that G;(x,) s G;. Then

Xn, GrXa))icn,pl) 55355 & (GDicpp) =2 € . 0
Lemma 5.2 (location of the new points). We have = \ X CII, ! (Ap).
Proof. Since X is the graph of a continuous function on (R")? \ A, it is closed in the open subset
;' (R"P\ Ap). Hence TNTI; (RMHP\A,) =% and T\ T C 115 (A)). O

Lemma 5.3 (algebraicity of ¥ and X). The graph ¥ is a smooth real-algebraic manifold and (ITo)x :
X — (RMP\ A, is an isomorphism. Moreover, ¥ is a real-algebraic variety whose singular locus is
contained in T\ X.

Proof. By Lemma 4.5, the set X is the graph of an algebraic map, hence a smooth real-algebraic manifold.
Additionally, Iy is algebraic and its restriction to X is the inverse of x — (x, (G;(x));cq1,p1). Thus
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(ITp) |z is an algebraic isomorphism from X onto (R")”\ A ,. Since X is real-algebraic, so is its closure z.
By Lemma 5.2, we know that X N Hal((R”)p \ A,) = X is smooth. Hence, the singular locus of T is
contained in NI ' (A,) =2\ . O

Example 5.4. In simple cases, we understand very well what X is.
e If p=1landn > 1, then A, = @ and Gr,(R,_1[X]) = {{0}}, so that £ = £ = R".
1, then Gryy|(Ry7—1[X]) = {{0}} for all 7 C [1, p]l and T = R”.

2, then for x # y in R" we know that G(x, y) C R;[X] is the subspace of affine forms
on R” vanishing at x and y, i.e., on the affine line through x and y. Thus G(x, y) encodes this line. As
y — x, the accumulation points of G(x, y) correspond to all the affine lines passing through x, and they
encode “the direction from which y converges to x”. In this case, one can check that Y= BIAZ((R")Z).

elfn=1and p >
elfp=2andn >

In the previous examples the variety % is smooth, hence the following natural question.
Question. Is X smooth foralln > 1 and p > 1?7

Lacking a positive answer to this question, since we want C,[R"] to be a smooth manifold, we will
define it by resolving the singularities of X. The existence of a resolution of singularities is given by
Hironaka’s theorem [1964a; 1964b]. Our references on this matter are [Kollar 2007; Wiodarczyk 2005].
See also [Hauser 2003] for a softer introduction to this theory.

Proposition 5.5 (resolution of singularities). There exists a smooth manifold C,[R"] without boundary of
dimension np and a smooth proper I1: Cp[R"] — (R")? x [15; 1.y Cria) (Ry7 -1 [X1) such that

(1) TH(Cp[R"]) = £;
(2) TI7'(X) is an open dense subset of Cp[R"];
(3) Mg-1(x) is C*°-diffeomorphism from M-(2) onto X.

Proof. We apply Hironaka’s theorem [Kollar 2007, Theorem 3.27] to resolve the singularities of X. Since
Y is algebraic by Lemma 5.3, there exists a smooth real-algebraic manifold C »[R"] and a projective
morphism IT: C,[R"] — ¥ such that IT is an isomorphism over the smooth locus of z.

In particular C,[R"] is smooth, the map IT: C,[R"] — (R")? x H%HCIILP]] Gr)7(Ry7j=1[X]) is smooth
and proper, and IT(C,[R"]) C X. Since X is contained in the smooth locus of X, the restriction of IT to
[I'(X) is an isomorphism; in particular (3) is satisfied.

According to [Wlodarczyk 2005, Theorem 1.0.2], the manifold C,[R"] and the projection IT are
obtained by a sequence of blow-ups along smooth submanifolds that do not intersect the regular locus
of ¥, and hence X. This ensures that conditions (1) and (2) are satisfied. O

The following corollary proves the existence of the manifold C,[R"] and the proper surjection 7 :
Cp[R"] — (R")? satisfying (1) in Theorem 1.1.

Corollary 5.6 (existence of the basis C,[R"]). There exists a smooth manifold C,[R"] without boundary
of dimension np and a smooth proper surjection w : C,[R"] — (R")? such that
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(1) the open subset 1" (R")? \ A p) is dense in C,[R"] and 7 induces a C*-diffeomorphism from this
set onto (R")P\ A ;

(2) for any nonempty I C [[1, pll, the map G; o w admits a unique smooth extension to C,[R"].

Proof. We consider IT : C,[R"] — (R")? x ]—[@#,C[[l’p]] Gr|7(R7j-1[X]) given by Proposition 5.5 and
we let w = Iy o I1. Since Grassmannians are compact, I1j is proper. Hence 7 is smooth and proper
because IT and Iy are. The surjectivity of & is given by Lemma 5.1 and (1) in Proposition 5.5.

Item (1) in Corollary 5.6 is a consequence of Lemmas 5.2 and 5.3 and of conditions (2) and (3) in
Proposition 5.5. Let I C [[1, p]l be nonempty. On the dense open subset 7' (R")? \ A ») we have
Gr o = I1j o I1 by definition. In the last equality, the right-hand side is well-defined and smooth
on C,[R"], which yields the unique extension we are looking for. U

Since it is defined using Hironaka’s theorem, the manifold C,[R"] is not unique. However, the value
of the smooth extension of G; o =1I1; oIl at z € C,[R"] only depends on I1(z) € 3. So this extension
does not really depend on the choice of a resolution of singularities. In the following we choose once
and for all a realization of 7 : C,[R"] — (R")? as in Corollary 5.6. Thanks to (1), we can identify the
configuration space (R")” \ A, with its open dense preimage by 7. Under this identification, (2) states
that the maps (G;) 1,1 extend smoothly to C,[R"]. So, from now on, we consider G; as a smooth map
from C,[R"] to Grj7|(R);—1[X]).

5.2. Definition of the bundle M J ,(R"). Now that we have defined the base space C,[R"] of our multijet
bundle, we can define the bundle itself. The purpose of this section is to construct the vector bundle
MJT p(R") — C,[R"] of multijets for functions from R" to R, and the associated multijet map. The
construction for vector-valued maps, explained in Section 5.4, is basically a fiberwise direct sum of this
simpler case.

Recall that we defined the projections

C, IR 5 = oy (my?

and that 7 = Iy o [1. Thanks to Corollary 5.6, and under the identification discussed above, the map
G =Gy, p1 defined by (4-1) extends as a smooth map from C,[R"] to Gr,(R,_{[X]). Seen as a collection
of subspaces of R,_1[X] indexed by C,[R"], this means that G defines a smooth vector sub-bundle of
corank p in the trivial bundle R, _1[X]x C,[R"] — C,[R"]. We define our multijet bundle as the quotient
of this trivial bundle by G.

Definition 5.7 (vector bundle of multijets). Let n > 1 and p > 1. The vector bundle of multijets of order p
on R" is the smooth vector bundle of rank p over C,[R"] defined by

MTp([R") = (R,_1[X] x C,[R"])/G.
In particular, for any z € C,[R"], the fiber M7 ,(R"), =R, _1[X]/G(z) only depends on I1(z) € s.

Recalling the definition of Kergin polynomials given in Section 3.2, we can now define the p-multijet
of a C”~! function on R".
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Definition 5.8 (multijet of a function). Let f e CP~!(R") and z € C p[R"]. The multijet of f at z is the
element of M7 ,(R"), defined as

mj,(f,2) = K(f, 7(z)) mod G(z).
In particular, as an element of R,_;[X]/G(z), the multijet mj,(f, z) only depends on Il(z) € z.

Example 5.9. In Example 5.4 we saw that in simple cases X is smooth. In these cases we set C p[R']= )
and we can describe the bundle M7 ,(R") — Cp[R"] and the map mj,.

o If p=1,then C{[R"] =R" and G : x — {0} C Ro[X] =~ R. Thus M7 {(R") is the trivial bundle
R x R” — R". Moreover, if f € C*(R") then K (f, x) = f(x) € Ro[X]~ R and mj, (f, x) = f(x) forall
x € R~

e If n =1, then C,[R] = R? and G : x — {0} C R,_1[X]. Thus MJ,(R) is the trivial bundle
R,y—1[XIxRP — RP.If f e CP~1(R) then mj,(f, x) = K(f, x) is the Hermite interpolating polynomial
of f at x; see Example 3.7.

Given x = (x1,...,xp) ¢ A,, Lemma 4.4 shows that ev, : R,_[X] — RP? is an isomorphism. We can
then consider the Lagrange basis (L;(x))1<i<p of R,_1[X] which is the preimage by ev, of the canonical
basis of R”. We then have mjp(f, x)=K(f,x)= le f(xi)L;(x). Geometrically, this means that
the map (P, x) = (ev,(P), x) defines a local trivialization of M7 ,(R) — C,[R] over R” \ A, and
that x — (L;(x))1<i<p is the corresponding frame. Moreover, it is tautological that mj,(f, x) reads as
(f(x1), ..., f(xp)) in this trivialization.

In this example, one can also define a global trivialization of M7 ,(R) by considering the global
frame of Newton polynomials x — (Ny(x))1<k<p, Where Ni(x) = ngkk(X —x;). By (3-3) we have
K(f, x)= Z,le Slxi, ..., xk]Ni(x), so that mj, (f, x) reads as (f[xi, ..., xx])i<k<p in this trivializa-
tion, where the divided differences are the classical ones in dimension 1. In this setting, we used in
[Ancona and Letendre 2021] a strategy that can be roughly summarized as replacing (f (x;))1<i<p by
(flx1, .., xxD1<k<p- Our present point of view shows that we were actually considering mj p( f,x)all
along, but read in different trivializations.

o If p =2, we saw that C[R"] = BIAZ((R”)Z). Given z € Co[R"], if m(2) = (x1, x2) ¢ Ay, we know that
G(z) C Ry[X] is the subspace of affine forms vanishing on the line L, C R” through x; and x,. It is then
natural to think of the class of P modulo G(z) as its restriction to L,. Parametrizing L, by

X2 — X1
Xyt
ll2 — x1l

X2 — X1
P> P(x1 +—T)
flx2 — x|

one can check that

induces an isomorphism M 7,(R"), >~ R;[T] >~ R2 where T is univariate and the second isomorphism is
obtained by reading coordinates in the canonical basis (1, 7)) of R([T].
Recalling Definition 3.1, we have

1
X2 — X1 T P(x2) — P(x1)

Plxi,x] ————T = (/ Dx1+z(x2—x1)P'(X2—X1)dt) = T
flxo — 1] 0 llx2 — x1] [lx2 — x1]
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and P = K (P, xy, x2) is given by (3-3). Letting f;(z) = P(xp) — P(x1)/||x2 — x1]|, we have
X2 — X1 X2 — X1 ~
P(xl + —T) =K (P, xy, x2) <x1 + —T) =P(x)+ P@)T.
llx2 — x1] 22 —x1]]
Thus, the previous isomorphism M72(R"), — R2 is (P mod G(z)) — (P (7 (2)1), P(2)).

Let us now consider z € 7 ~!(A»). This exceptional divisor is the projectivized normal bundle of A,
in (R™)2 So we can think of z as a point in the diagonal, say (x, x) € A,, and a line in (R™)? which is
orthogonal to A;, say spanned by (u«, —u) with u € S"1. Then z =lim,_ o(x +eu, x —eu) in Co[R"]. By
continuity, G(z) is the space of affine forms vanishing on the line L, C R" parametrized by t — x +tu. As
above, mapping P to the coefficients of P(x+7Tu) = P(x)+(Dx P -u)T € R{[T] induces an isomorphism
MT»(R"Y). — R2 Letting P(z) = Dy P -u, this isomorphism is again (P mod G(2)) — (P (7 (2)1), P (2)).

Actually, one can check that everything depends smoothly on the base point z € C>[R"], so that

the bundle map (P mod G(z), z) > (P((2)1), P(2), 7) defines a global trivialization MJ7,(R") —
R? x C5[R"]. If fecC 1(R™), with the same notation as above, mj, (f, z) reads in this trivialization as

(f(X1), fx2) — f(xl))

ll2x2 — x|l
if z¢ 771 (A») and as (f(x), Dy f - u) otherwise.
In these examples, the multijet bundle M7 ,(R") — C,[R"] is trivial. This raises the following.
Question. Is MJ ,(R") — C,[R"] trivial for alln > 1 and p > 1?

The following two lemmas prove that the bundle map mjp :CPI (R x C,[R"] - MT ,(R") satisfies
(2) and (3) in Theorem 1.1.

Lemma 5.10 (regularity of multijets). The map mjp( ., z2):CPTHRY — MJT p(R"), is a linear surjection
forall z € Cp[R"]. Additionally, let] > 0 and let f € ClHP=Y(R™). Then mj,(f, -) is a section of class c!
of MJ p(R") — C,[R"].

Proof. Let z € Cp[R"]. The map K (-, 7 (z)) :CPH(RY) — R,—1[X] is linear by Lemma 3.8. It is also
surjective since its restriction to R, _;[X] is the identity. Since mj p( -, 7) is the composition of K (-, 7(z))
with the canonical projection from R,_;[X] onto M7 ,(R"), it is a linear surjection.

Let/ >0 and let f € C'*P~!1(R"). By Lemma 3.8, we have K(f,-) € C'((R")?,R,_;[X]). Since
7 is smooth, we get K(f,-)om € C’(Cp[[R{”], R,—1[X]). In other words, K (f, -) o defines a section
of class C! of the trivial bundle R,—1[X] x C,[R"] — C,[R"]. Since G is a smooth sub-bundle of
R,—1[X] x C,[R"], projecting onto the quotient bundle M7 ,(R") does not decrease the regularity. []

Lemma 5.11 (multijets and evaluation). Let z € C,[R"] be such that 7 (z) = (x1, ..., xp) &€ Ap. Then for
all f € CP~Y(R") we have mjp(f, z7) =0ifand only if, foralli € [1, pl, f(x;) =0.
Proof. Let us denote by x = (x1,...,x,) =m(z) ¢ A,. Forall f € CP~1(R"), we have

mj,(f,2)=0 < K(f,x)eGlr) = ew(K(f,x)=0 < ev(f)=0,

since K (f, x) interpolates the values of f on at xy, ..., x, (see Remark 3.5). [l
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Actually, we can describe more precisely the relation between multijets and evaluation outside of the
diagonal. This will appear in the proof of Theorem 6.26 below. Thanks to Lemma 4.4, the smooth bundle
map ev : (P, x) — (evy(P), x) from R,_{[X] x (R")?\ A,) to R? x ((R")? \ A,) is surjective and its
kernel is exactly the sub-bundle ker ev =G. Thus it induces a smooth bundle map 7 : M7 , (R")|®n)r\a, =
R? x ((R")?\ Ap) defined by (P mod G(x)) = (ev,(P), x), which is bijective. Thus 7 defines a smooth
local trivialization of M7 ,(R") over (R")” \ A,. Moreover, for all f € CP~'(R") and z € C p[R"] such
that x = (z) ¢ A, we have

t(mj,(f,2)) =t(K(f,x) mod G(x)) = (evy(K(f, x)), x) = (evx(f), x).

Hence mj p( f, z) simply reads as (f(x1), ..., f(xp)) in this trivialization.

5.3. Localness of multijets. The goal of this section is to prove that the multijet bundle M7, (R") —
C,[R"] defined in the previous section satisfies (4) in Theorem 1.1. Let z € C,[R"], let x = 7 (z) and let
T =ZI(x) be as in Definition 2.3. As explained in Section 2.1, there is a unique y = (y;);ez € RZ\ Az
such that x = ¢7(y). Recalling that we dropped V' = R from the notation in the present case, we can
restate (4) in Theorem 1.1 as: there exists O : [[,.7 Jjr1—1(R")y, = MJT ,(R"), a linear surjection such
that mj,, (f, 2) = ©,((jj;—1(f, y1)1ez) forall f € CP~H(R").

This property is fundamental. First, it shows that mj,(f, z) is obtained by patching together (part of)
the jets of order |/| — 1 of f at y;, which justifies the name multijet. Second, it shows that mj,(f, z) only
depends on the values of f in arbitrarily small neighborhoods of the y;. This is not obvious at all since
the definition of mj,(f, z) involves divided differences of f, which are obtained by integrating on the
whole convex hull o (x) of the x; (see Definition 3.1). In particular, it shows that mj o f, z) makes sense
even if f is only C!I~! in some neighborhood of y; for all I € Z. Hence Definition 1.3 makes sense even
if € is not convex.

In the following, we consider what we think of as the /-th part of a multijet, where I C [1, p]l. This is
just a variation on what we did in Definitions 5.7 and 5.8 and it is defined as follows.

Definition 5.12 (/-multijets). Letn > 1 and p > 1 and let I C [1, p] be nonempty, we define the bundle
of I-multijets as the following smooth bundle of rank |I| over C,[R"]:

MI1(R") = Ry7-1[X] x Cp[R"] /G-
Let f € CI=1(R") and z € C,[R"]. We define by mj, (£, z) = K (f, 7(z);) mod G;(z) € MT(R"), the
I-multijet of f at z.

As explained in Section 5.1, for all & # I C [[1, p]l we have a map G; : Cp[R"] — Gr;|(R);—1[X])
extending the one on (R")” \ A,. Let z € Cp[R"] and x = 7 (z). As in Section 4 we define 51 (z) =
K(-, )_c,)_l(gl(z)) € Gr|(R,—1[X]), where K (-, x;) : R,_1[X] — Rj;j—1[X]. Note that 51(z) has the
same codimension as G;(z) since K (-, xy) is surjective.

Lemma 5.13 (compatibility of the G;). Forall I C [1, pll and z € C,[R"] we have G(z) C Gr (2).

Proof. Recall from Section 4 that G(z) C G (z) forany ze (R")?\ A, CC,[R"], thatis, K (-, (2)7)(G(z))C
G1(z). This incidence relation is a closed condition. By construction, the subset (R")? \ A, is dense
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in C,[R"] and both terms in the previous inclusion are continuous with respect to z; see Lemma 3.8
and Corollary 5.6. Hence the inclusion actually holds for any z € C,[R"]. Thus G(z) C G (z) for all
z € Cp[R"]. |

Let @ # 1 C[1, pl, let z € C,[R"] and x = 7 (z). We consider mj; (-, z) : R, 1[X] - MT(R"),
from Definition 5.12. This linear map is surjective as the composition of K (-, x;) and the projection
modulo G;(z). Moreover, ker(mj;(-,z)) = 51 (z) contains G(z) by Lemma 5.13. Hence, mj, (-, 2)
induces a surjective linear map from M7 ,(R"), = R,_1[X]/G(z) onto M T (R"), that we still denote
by mj; (-, z). This is summarized in the following commutative diagram, where the vertical arrows are
the canonical projections and all arrows are surjective:

K(-.xp) __ K2 g
-1l

l & l (5-2)

(-2
MTp(RY, —22 5 MT (R,
Note that (P, z) = (K (P, m(z)), z) is a smooth bundle map over C,[R"] from R,_;[X] x C,[R"]
to Rj7—1[X] x C,[R"]. Hence, the previous diagram (5-2) defines a smooth surjective bundle map
mj; : (P mod G(z)) — (P mod G;(z)) from MJ ,(R") to MT(R") over C,[R"].

Definition 5.14 (partitioned multijet). For all Z € P, and z € C,[R"], we define a linear map from
MT R to [T, MT 1 (R"), by mjz(-, 2) : = (mj (e, 2)) ez

As above, mj; : (a, z) = mjz(a, z) defines a smooth bundle map over C,[R"] from M7 ,(R")
to @, MIT(R"), which is obtained as the quotient of (P, z) = ((K(P, 7 (z2)1)1ez,2). However,
mj7(-, z) is not surjective in general. The following lemma proves its surjectivity in some cases.

Lemma 5.15 (splitting of multijets). Let z € C,[R"], let x = 7 (z) and let I(x) be defined as in
Definition 2.3. Then mjz (-, z) : MJ p(R"); — ]_[,d@ MT 1 (R™), is an isomorphism.

Proof. The map mjz, (-, z) is linear between two spaces of the same dimension p = > ez s0
it is enough to prove its surjectivity. Let (a7)7ezx) € [ ] rezey MI 1(R");. For each I € Z(x) there
exists P; € Rj;—1[X] such that o; = P; mod G;(z). By Lemma 3.9, there exists P € R,,_1[X] such that
K(P,x;)=P;forall I e Z(x). Let @« = P mod G(z) € MJ ,(R"),. Then, for all I € Z(x), we have

mj, (o, z) =mj;(P,z) = K(P, x;) mod G;(z) = P mod §,(z) = a;.
Hence ij@)(a, 2) = (xp)rez(x), and ij@)( -, 7) is indeed surjective. |

Let k € N and let x € R™. By definition, two maps f and g € CX(R") have the same k-jet at x if and
only if they have the same Taylor polynomial of order k at x. Let x = (x, ..., x). Recalling Example 3.7,
the linear map K (-, x) :CK(R™) — Ry[X] s surjective, and it induces an isomorphism J; (R"), >~ Ry [X].

Let z € Cp[R"], let x = 7 (z), let Z = Z(x) and let (y;)jer = Lil(g); see Definitions 2.3 and 2.6.
For all I € Z, the canonical isomorphism Jj;,—1(R"),, >~ R;;—1[X] allows us to see the projection from
R7—1[X] onto M7 ;(R"); as a canonical linear surjection @ ; : Jj7—-1(R"),, = MT(R")..
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Definition 5.16 (gluing map). Let z € C,[R"], let x = 7(z) and let (y;)jez = LEI()_C), where Z = Z(x).
We define @w; : (7)) ez = (@;.1(ar)) ez from ]_[IeI Jir-1(R")y, to H,EzMJI([RR")Z. We also define
O, =mj.(-, ) lo w;.

We can now check that ®, satisfies (4) in Theorem 1.1.

Lemma 5.17 (localness of multijets). For all z € C,[R"], the map ©; is a linear surjection from
[z -1 Ry, to MT ,(R™),. Moreover, it is the only map such that

VI e R, O:(Gy (f y))ier) = mj,(f. 2).

Proof. With the same notation as in Definition 5.16, for all / € 7 the map @ ; is a linear surjection
by definition. Hence so is w,. Since mj;(-, z) is an isomorphism by Lemma 5.15, the map ©, =
mj (-, z)~! o, is also a linear surjection.

Let f € CP~Y(R™). For all I € Z, the image of jm_l(f, yr) under the canonical isomorphism
Ji-1(R")y, = Ry;—1[X] is the Taylor polynomial K ( f, x;). Hence

@11 O yi) = K (f, x1) mod G1(2) = mj; (K (f, 1), 2)-

Thus, we have

@ ((yp=1 (s, y))ier) = mj (K (f, x1), 2) 1ez = mjz(mj ,(f, 2), 2),
and finally
O:((Jjp—1 (fs y)1er) = mj, (f, 2).

Since the y; are pairwise distinct, every element of [ [; .7 Jj1j-1(R")y, can be realized as (j;_ (f,y1))rez
for some f € C*°(R"). Hence the previous relation completely defines ®,. ([

5.4. Multijets of vector-valued maps. So far we have only defined multijets of real-valued functions. In
this section, we extend the previous construction to maps from R” to some vector space V of dimension
r>1. Letw: Cp[R"] — (R")? be given by Corollary 5.6 as before. We define M7 ,(R", V) — C,[R"]
as the tensor product of the bundle M7 ,(R") — C,[R"] from Definition 5.7 with the trivial bundle
V x Cp[R"] — C,[R"].

Definition 5.18 (multijet bundle of vector-valued maps). Let n > 1 and p > 1; let V be a real vector
space of dimension r > 1. We define the bundle of p-multijets of V -valued maps on R" as the following
smooth bundle of rank pr over C,[R"]:

Mjp(an V) = Mjp(Rn) V.

Definition 5.19 (multijet of a map). Let (vy, ..., v,) denote a basis of V. Let z € C,[R"] and let
=Y, fivie CP"'(R", V). We define by mj,(f,z) = Yj_ mj,(fi,2) ®v; € MT,(R", V), the
p-multijet of f at z.

Lemma 5.20 (independence from the basis). In Definition 5.19, the vector mj ,(f, z) does not depend on
the choice of the basis (v, ..., V).
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Proof. Let (wy, ..., w,) be another basis of V. There exists a matrix (a;j)1<;, j<r € GL,(R) such that
v = Z;:l ajjwj foralli € [1,r]. Letting g; =Y i, a;; f; for all j € [1, r]l, we get

r r
f:ZfiUiZ Z aijfiwjzzgjwj-
im1 =1

1<i, j<r

Then, by linearity of the p-multijet for functions, we have

Y omj, (gD @wi= Y a;mj,(fi,)@w; =Y mj,(fi,2)®u;. O
i=1

j=1 I<i,j<r
Example 5.21. If V =R’ then for all z € C,[R"] and f = (f1,..., f;) € CcP~Y(R", R") we have
MT,([R",R"), = MTp(R"), QR =~ (MT,(R"),)",
and under this canonical isomorphism mj p( f,2)=(mj p( fi» )i<i<r»> as one would expect.

Let x € R” and k € N. We have a canonical isomorphism J; (R", V), >~ 7 (R"),QV. If (v, ..., v,)isa
basis of V, this isomorphism is totally determined by the fact that the image of j, (f, x) is Y _:_, jx (fi, X)®v;
forall f =Y"_, fivi € CK(R", V). As in the proof of Lemma 5.20, this does not depend on the choice
of the basis (vi, ..., v,).

Definition 5.22 (gluing map for vector-valued multijets). Let z € C,[R"], let x =7 (2), let T =Z(x) and
let (y;)jer = t%l (x). Using the previous canonical isomorphisms, we have

[T ® vy, =T A1 ®Dy, @V = <H jlll(R")y’> Qv

IeZ IeZ 1T

Recalling Definition 5.16, we define a linear map

O : [[Tin-1®R", V)y, = MT R, V),

IeZ
by O, (¢ ®v) =0,(x¢)®v forall @ € ]_[161 Ji-1(R"),, and all v e V.

We now have everything we need to prove Theorem 1.1.

Proof of Theorem 1.1. The base space C,[R"] and the projection 7 are given by Corollary 5.6. In
particular, they satisfy (1) in Theorem 1.1. Definition 5.19 and Lemma 5.10 show that mj,, satisfies (2).
Similarly, (3) is satisfied thanks to Lemma 5.11 and the definition of mj, for V-valued maps.

Let us check that the linear maps ©, from Definition 5.22 satisfy (4). Let z € C,[R"], let x = 7 (z), let
I=Z(x)andlet (y;)jez = LEI()_C). Let us also denote by (vy, ..., v,)abasisof V. Leta e M T ,(R", V).
There exists ay, ..., a, € MJ ,(R"); such that « = Zle o; ® v;. By Lemma 5.17, for each i € [[1, r]],
there exists B; € [ [, Jjrj-1(R")y, such that o; = ®,(B;). Hence,

®Z<Z,Bi ®Ui> = Z®z(,3) RV, = «,
i=1 i=1

and O, is indeed surjective.
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Finally, let us consider f = er: | fivi € cr-1 (R", V). Then, by Lemma 5.17 once again,

O (=1 (fs YD) iex) = O, (Z(h]—l(fi: Y))iez ® Ui) = Z O (=1 (fis y1))iez) ® vi

’ i=1 i=1

=Y " mj,(f.2) ®v; =mj,(f.2). O
i=1

Remark 5.23. Another way to define M7, (R", V) and mj, is the following. If f : R" — V is regular
enough, then the divided differences from Definition 3.1 still make sense, only this time f[xq, ..., xx] €
Symk (R") ® V. Then, one can still define K (f, x) as in Proposition 3.4, and it defines an element of
R,_1[X]® V that interpolates the divided differences of f. Similarly, everything we did from Section 3.1
to Section 5.3 can be adapted to the case of V-valued maps, simply by tensoring each vector space by V,
and each linear map by Idy. One can check that we recover the same objects as in Definitions 5.18
and 5.19, up to canonical isomorphisms.

6. Application to zeros of Gaussian fields

This section is concerned with our application of multijet bundles to Gaussian fields. In Section 6.1,
we describe the local model for the Gaussian fields with values in a vector bundle that we consider. In
Section 6.2, we prove a Bulinskaya-type lemma and a Kac—Rice formula for the zeros of these fields.
Section 6.3 is dedicated to the definition of the Kac—Rice densities of order larger than 2. We also relate
the properties of these functions with the moments of the linear statistics associated with our field. Finally,
we prove Theorems 1.6 and 1.9 in Section 6.4, using the multijet bundles defined in Theorem 1.1.

6.1. Gaussian vectors and Gaussian sections. In this section, we briefly recall some notation and
conventions concerning Gaussian vectors. Then we describe the local model for Gaussian fields with
values in a vector bundle. We will mostly consider centered random vectors in finite-dimensional vector
spaces, so we restrict ourselves to this setting. In the following, V is a finite-dimensional real vector space.

Definition 6.1 (Gaussian vector). We say that a random vector X with values in V is a centered Gaussian
vector if, for all n € V*, the real random variable 1(X) is a centered Gaussian in R.

In particular, a centered Gaussian vector in V has finite moments up to any order. Let us assume that
V is endowed with an inner product (-, - ). Then for all v € V, we define v* = (v, -) € V*

Definition 6.2 (variance operator). Let X be a centered Gaussian vector in (V, (-, -)). Then its variance
operator is the nonnegative self-adjoint endomorphism Var(X) = E[X ® X*] of V. We say that X is
nondegenerate if Var(X) is invertible.

Recall that a centered Gaussian vector in (V, (-, -)) is completely determined by its variance. In the
following, we denote by N (0, A) the centered Gaussian distribution of variance A, and by X ~ N (0, A)
the fact that X follows this distribution.

Definition 6.3 (Gaussian field). Let £ — M be a vector bundle over some manifold M. We say that
a random section s of E — M is a centered Gaussian field if for all m > 1 and all xy, ..., x,, the
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random vector (s(xy), ..., s(xy)) is a centered Gaussian. We say that this field is nondegenerate if s(x)
is nondegenerate for all x € M.

If the centered Gaussian field s is C?, then its jet j, (s, x) is a centered Gaussian for all x € M. Thus,
the definition of p-nondegeneracy of the field makes sense; see Definition 1.8. Note that 0-nondegenerate
simply means nondegenerate.

Since this will appear in several places later on, let us describe the local model for Gaussian fields in this
context. Let xo € M. There exists a chart (U, ¢) of M around x¢. That is ¢ : U — 2 is a diffeomorphism
between an open neighborhood U of x( and an open subset €2 C R". Up to reducing U, we can assume
that E is trivial over U, i.e., there exists a trivialization 7 : E|jy — R" x U. Letting 7, = (Id, ¢) o 7, we
have the following commutative diagram, where arrows on the top row are bundle maps covering the

R

(d.e)

maps on the bottom row:

Ey — " R xU — Jprxq
| | | D
U ld s U 4 s Q

Let s be a local section of E|yy. Then 7,050 ¢! is a section of the trivial bundle on the right-hand side

of (6-1). Hence there exists amap f : 2 — R’ such that 7,05 o~ ! =(f,1d). Forall x € Q, the vector f(x)
is the image of s (¢! (x)) by a linear bijection. Thus, if s : M — E is a centered Gaussian field, its restriction
to U corresponds to a centered Gaussian field f : & — R”". Moreover, f has the same regularity as s.

The local trivializations on the diagram (6-1) induce a similar picture for jet bundles so that we have a
local trivialization J,(U, E\y) ~ J,(£2, R"), under Whichjp(f, x) corresponds to jp(s, ¢~ '(x)). Thus,
the Gaussian section s is p-nondegenerate in the sense of Definition 1.8 if and only if f is p-nondegenerate
in the sense of Definition 1.4. If this is the case, up to replacing Q by a smaller Q' such that Q' C Q
is compact, we can assume that f is uniformly p-nondegenerate, in the sense that det Var(j,,(f, x)) is
bounded from below on 2. This local picture is summarized in the following lemma.

Lemma 6.4 (local model for Gaussian fields). Let s : M — E be a centered p-nondegenerate Gaussian
field. For all xo € M, there exist an open neighborhood U of xq and a local trivialization of the form (6-1)
such that s reads in local coordinates as a centered Gaussian field [ : 2 — R" of the same regularity as s

and which is uniformly p-nondegenerate on Q.

6.2. Bulinskaya lemma and Kac—-Rice formula for the expectation. Let (M, g) be a Riemannian mani-
fold of dimension n > 1 without boundary and let £ — M be a vector bundle of rank r € [1, n]]. We consider
a nondegenerate centered Gaussian field s : M — E, in the sense of Definition 6.3. The goal of this section
is to state a Bulinskaya-type lemma and a Kac—Rice formula for the expectation of the linear statistics of s.

When M is an open subset of R" and £ = R" x M is trivial, these results are proved by Armentano,
Azais and Leon [Armentano et al. 2023b, Proposition 2.1 and Theorem 2.2]. They are extended to fields
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on submanifolds of R" in [Armentano et al. 2023b, Section 9.1]. In the following we check that the
results of that work can be adapted to the case of Gaussian sections.

Remark 6.5. Some readers are most interested in the zeros of Gaussian fields from R” to R” and the
present geometric setting may seem overly complicated to them. Let us stress that, even in the simpler
setting of fields from R” to R", our proof of Theorem 1.6 uses the Kac—Rice formula in the more general
setting we are studying here.

In order to state the Bulinskaya lemma and the Kac—Rice formula, we need the following.

Definition 6.6 (Jacobian determinant). Let L : V — V' be a linear map between Euclidean spaces and let
L* denote its adjoint map. The Jacobian of L is defined as Jac(L) = det(LL*)'/2.

Remark 6.7. We have Jac(L) > 0, and Jac(L) > 0 if and only if L is surjective. In particular, the fact
that Jac(L) = 0 depends only on L and not on the Euclidean structures on V and V’. Thus the condition
Jac(L) = 0 makes sense even if no inner product is specified.

Proposition 6.8 (weak Bulinskaya lemma). Let V be a connection on E — M. If the centered Gaussian
field s : M — E is C! and nondegenerate, the (n—r)-dimensional Hausdorff measure of

{x e M |s(x)=0and Jac(V,s) =0}
is almost surely 0.

Remark 6.9. If s(x) = 0 then V,s does not depend on V. Hence the random set we are interested in
Proposition 6.8 does not depend on the choice V.

Proof of Proposition 6.8. We can cover M by countably many open trivialization domains of the type
described in Lemma 6.4. Then it is enough to prove the result in each of these domains.

Let U C M be as Lemma 6.4. In local coordinates, the restriction of s reads as a uniformly nondegenerate
C' centered Gaussian field f : @ — R’, where Q C R" is open. Moreover, for any x € 2 such that
f(x) =0, the covariant derivative of s reads as D, f, independently of the choice of V. Thus, we are left
with proving that the (n—r)-dimensional Hausdorff measure of

{x e 2| f(x) =0and Jac(D, f) = 0}
is almost surely 0, which is given by [Armentano et al. 2023b, Proposition 2.1]. ]

Let us assume from now on that the centered Gaussian field s : M — E is C! and nondegenerate. We
denote its zero set by Z = s~1(0). Let us define Zsing =1{x € Z | Jac(Vys) =0} and Zeg = Z \ Zging. By
Proposition 6.8, the (n—r)-dimensional Hausdorff measure of the singular part Zgy,g is almost surely 0.
On the other hand, the regular part Z, is the set of points where s vanishes transversally. As such, it is a
(possibly empty) C! submanifold of M of codimension » without boundary. Thus, Z is almost surely the
union of an open (in Z) regular part Z,., of dimension n —r, and a negligible singular part Z;,, that we
can think of as a set of lower dimension. Let us mention that, under additional assumptions on the field,
the singular part is almost surely empty.
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Proposition 6.10 (strong Bulinskaya lemma). If the centered Gaussian field s : M — E is C* and
1-nondegenerate, then Zgn, = & almost surely.

Proof. As in the proof of Proposition 6.8, it is enough to prove the result in local coordinates given by
Lemma 6.4. In these coordinates, s reads as a C> centered Gaussian field f : Q — R” which is uniformly
1-nondegenerate, that is, det Var( f (x), D, f) is bounded from below on 2. Then the result follows from
[Azais and Wschebor 2009, Proposition 6.12]. (I

The Riemannian metric g induces a metric on Z,, which in turn defines an (n—r)-dimensional
Riemannian volume measure dVol;. This measure coincides with the (n—r)-dimensional Hausdorff
measure on Z. In the following, we consider this measure as a Radon measure on M defined as follows.
Recall that the space of Radon measures is the topological dual of C*(M), and that being a nonnegative
Radon is equivalent to being a Borel measure which is finite on compact subsets.

Definition 6.11 (random measure associated with Z). We denote by v the random nonnegative Radon
measure on M defined by

Vo eCOM). (v, )= / ¢ (x) dVolz (x).
Z

reg

We define (v, ¢) similarly if ¢ is nonnegative Borel function (in which case (v, ¢) € [0, +o0]) or if ¢ is
a Borel function such that (v, |¢|) < +o00 almost surely.

Example 6.12. If n = r then Z is almost surely locally finite. In this case v =)
counting measure of this point process.

cez Ox 18 the random

Let us go back to the local model of Lemma 6.4. Around any xo € M there exists a chart (U, ¢) and
a local trivialization of the kind described by (6-1). Since s is C! and nondegenerate, it corresponds in
local coordinates to a C' nondegenerate Gaussian field f : 2 — R". We still denote by Z (resp. Ze) the
image of Z (resp. Z¢z) by ¢, which is the zero set of f (resp. its regular part). Similarly, we still denote
by g (resp. dVolz) the push-forward to Q2 of the metric g (resp. of the measure dVoly), and we identify
test-functions on U with test-functions on . Thus, if ¢ € L2°(U) we have

(v.¢) = /z ¢ (x) dVolz(x),

where we think of everything on the right-hand side as defined on Q2. Now, the measure d Vol is the
(n—r)-dimensional Riemannian volume on Z C €2 C R" induced by g. In the following, we will need to
understand how it compares with the Riemannian volume dVol), on Z induced by the Euclidean metric.
This is the purpose of what comes next.

Definition 6.13 (Riemannian densities). Let x € Q and let G be a subspace of R”. We denote by
det(g(x)|c) the determinant of the restriction to G of the inner product g(x), in any basis of G which is
orthonormal for the Euclidean inner product of R”".

For all r € [0, n]l, we denote by y, : Q@ x Gr,(R") — (0, 400) the continuous map defined by
Vi (x, G) — det(g(x)‘(;)l/z. We also write y : x — pp(x, R") for simplicity.
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Lemma 6.14 (comparing volumes). Let Z be a submanifold of codimension r of 2 and let dVolz
(resp. dVol%) denote the (n—r)-dimensional Riemannian volume on Z induced by g (resp. the Euclidean
metric). Then dVolz admits the density x — y,(x, T, Z) with respect to dVol%. In particular dVolg
admits the density y with respect to the Lebesgue measure on Q.

Proof. This follows directly from the definition of the Riemannian volume measures; see [Lee 2018,
Chapter 3] for example. U

We can now state and prove the Kac—Rice formula for the expectation of the linear statistics in our
setting of Gaussian fields on M with values in a vector bundle E.

Definition 6.15 (Kac—Rice density). Let p; : M — [0, +00) be defined by

E[Jac(V,s) | s(x) =0]
det(27 Var(s(x)))1/2 ’

where the numerator stands for the conditional expectation of Jac(V,s) given that s(x) = 0.

P11 X >

Remark 6.16. Since s is nondegenerate and C!, the function p1 is well-defined and continuous. Moreover,
it does not depend on the choice of V, nor on the choice of a metric on E.

Proposition 6.17 (Kac—Rice formula for the expectation). Let s be a nondegenerate C' centered Gaussian
field. Then, for any Borel function ¢ : M — R which is nonnegative or such that ¢p, € L' (M), we have

E[{v, §)] = /M ¢ (0)p1 (x) dVolyy (x),

i.e., E[v] is the Radon measure on M with density p; with respect to the Riemannian volume dVol ;.

Remark 6.18. For any Borel maps ¢; and ¢», we have

E[l(v, ¢1) — (v, o) [ S E[{v, |1 — ¢2])] = /M|¢1(X) — ¢2(x)|p1(x) dVoly (x).

Then, if ¢ = ¢, almost everywhere on M, we have (v, ¢1) = (v, ¢>) almost surely. Thus, (v, ¢) makes
sense as a random variable even if ¢ is only defined up to modification on a negligible set.

Proof of Proposition 6.17. By a partition of unity argument, it enough to prove the result if ¢ is compactly
supported in an open domain U satisfying the same properties as in Lemma 6.4. In this case, in local
coordinates, the field s corresponds to a nondegenerate C' centered Gaussian field f : @ — R” with
Q C R" open. Thanks to Remark 6.16, we can assume that V corresponds in this trivialization to the
standard derivation for maps from €2 to R” and that the metric on E corresponds to the canonical inner
product on R". Identifying Z.s, the metric g, the measure d Vol and the test-function ¢ with their images
in the trivialization, we have reduced our problem to proving the result for the vanishing locus of f with
the volume measures induced by g.
By Lemma 6.14, we have

E{v. ¢)] = [E[ ¢ (x) dVolz(X)] = [E[ ¢ (x)yr(x, ker Dy f) dVol(%(X)]-
Zreg

Zreg
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For all x € Q and A € C%K, L(R", R")) we define W(x, 1) = ¢(x)y,(x, ker A(x))1o(A(x)), where
O ={L € LR",R") | Jac(L) > 0}. Since O is open and the maps ker : O — Gr,(R") and y, are
continuous, the map W is lower semicontinuous with respect to each variable, where C%(Q2, L(R", R")) is
equipped with the weak topology. Thus, we can apply the Euclidean Kac—Rice formula with weight from
[Armentano et al. 2023b, Theorem 7.1 and Remark 8] to W(x, Df). This yields

vr(x, ker Dy £) Jac®(Dy f) | f(x) =0]

det(27 Var(f (x))) 12 d,

E[
E[{v, ¢)] = fg¢(X)

where Jac’ means that we computed the Jacobian with respect to the Euclidean metric on R”.

To conclude, we need to compare Jac® with the Jacobian Jac with respect to g. This is the content
of Lemma 6.19 below, which yields that y,(x, ker Dy f) JacO(Dx f) =y ) Jac(Dy f). Since y(x) is
deterministic, by Lemma 6.14 we have

E[Jac(Dyx f) | f(x)=0]
det27 Var(f ()12 7

E[{(v, #)] :f ¢(x) (x) dx:/ ¢ (x)p1(x) dVolg (x).

Q Q
This proves that the result holds locally, that is, for a field f : 2 — R’, with the volume measures induced
by any Riemannian metric on €2, which concludes the proof. O

Lemma 6.19 (comparing Jacobians). Let x € Q and let L : R" — R" be a surjective linear map. With the
same notation as above, we have y, (x, ker L) Jac(L) = y(x) Jac(L).

Proof. We denote by Ly (resp. Lg) the adjoint of L with respect to the inner product g(x) (resp. the
Euclidean inner product). In a Euclidean orthonormal basis adapted to ker(L)* @ ker(L), the matrix of
g(x) is symmetric of the form (g lg ) with A and C positive-definite, the matrix of L is (F 0), that of Lj

is (‘g) and that of L} is (¥). We have (lg) =(4'Z)(¥). which leads to 'F = (A—'BC~'B)X. Hence,

det(LL{) = det(F'F) = det(A —'BC™'B) det(FX) = det(A —'BC™'B) det(LL?),

and y,(x, G) Jac®(L) = det(C)/? det(A —'BC~'B)'/? Jac(L). Since A —'BC~!B is the Schur comple-
ment of C in the matrix of g(x), we have det(C)'/?det(A —'BC~'B)1/?2 = y (x). O

6.3. Factorial moment measures and Kac—Rice densities. As in the previous section, we consider a
nondegenerate C' centered Gaussian field s : M — E which is a random section of some vector bundle
E — M. Recall that n = dim(M) and r € [[1, n]] is the rank of E. We are interested in the finiteness
of the moments of the linear statistics (v, ¢) with ¢ € L2°(M); see Definition 6.11. In this section, we
introduce the factorial moment measures and Kac—Rice densities of the fields s, and we relate them to
higher moments of the linear statistics.

In the following, p will always denote the order of the moment we are considering. Recall that, under
our hypothesis on s, the random measure v is almost surely a nonnegative Radon measure on M; see
Remark 6.18.
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Definition 6.20 (product measures). Let p > 1. We denote by v®? the product measure of v with itself
p-times. We also denote by vlP! the restriction of v®? to M\ A p- That is, for any test-function @,

0o 0)= [ ow vl ad oo = [ o avel? .
Zig Zieg\Ap
Almost surely, these measures are Radon measures on M”. More generally, if we want to consider product
spaces indexed by a nonempty finite set A instead of [1, p]|, we denote by v®4 the product measure of v
with itself | A| times on M4 and by plAlits restriction to M4 \ A 4.

The following lemma describes the relation between v®” and v!?!, using the notation introduced in
Section 2.1.

Lemma 6.21 (relation between v®” and v!P!). Let p > 1. If r < n then v®? = VPl If r = n then
V&P = ZIEPP (LI)*(V[I])-

Proof. If r < n then Ze is a C' submanifold of positive dimension in M. In particular, the large diagonal
in (Zreg)? has positive codimension, and hence is negligible for dVol?p . Thus v®” = v[Pl in this case.
If r = n then Zy, is a locally finite set and v is its counting measure. Similarly, v®” is the counting
measure of the locally finite (Zg)?, and A, is no longer negligible for this measure. If r =n =1, we
proved in [Ancona and Letendre 2021, Lemma 2.7] that v®? = Zlepp (t7)+ (W), The proof is purely
combinatorics and it extends immediately to the case r =n > 1. U

Our interest in these measures is that, by the Fubini theorem, for all ¢ € L2°(M) we have E[(v, ¢)”] =
E[(v®P, p®P)] = (E[v®P], p®P), where p®P : (x1, ..., xp) > ¢ (x1) - - - ¢ (x}). Thus, the measure E[v®?]
is closely related with the computation of moments of linear statistics. For technical reasons, it is more
convenient to consider E[v!?!] instead.

Definition 6.22 (moment measures). Let p > 1. The measure E[v®”] is called the p-th moment measure
of the field s and E[v!P!] is called its p-th factorial moment measure.

Definition 6.23 (Kac—Rice density of order p). Let p > 1 and let us assume that the random vector
(s(x1),...,s(xp)) is nondegenerate for all (x1,...,x,) € MP?\ A,. Then we define

E[TT2, Jac(Vy,s) | Vi € [1, pll. s(x;) = 0]
det(2m Var(s(x1), ..., s()cp)))l/2

Pp (X150, Xp) >

from M?\ A, to [0, +00), where the numerator is the conditional expectation of ]_[l.pzl Jac(V,,s) given
that s(x;) =0 for all i € [[1, p].

Once again, p, is well-defined and continuous on M” \ A, thanks to our nondegeneracy hypothesis.
However, its expression is singular along A ,. In particular, p, is in general not bounded, which raises
the question of its local integrability near A ,. For example, if f : R" — R is a nondegenerate enough
stationary Gaussian field and p = 2, one can check that as y — x, the corresponding Kac—Rice density
p2(x, y) behaves like ||y — x| if n =1 and like 1/||y — x| if n > 1.
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Proposition 6.24 (Kac—Rice formula for the p-th factorial moment). Let s be a C' centered Gaussian
field such that (s(x1), ..., s(xp)) is nondegenerate for all (xi, ..., x,) € MP\ A,. Then, for any Borel
function ® : MP — R which is nonnegative or such that ®p, € L'(MP), we have

F, @)= [ 0w, @ vl @),
P

i.e., E[vIP1] is the measure on MP with density p p With respect to the Riemannian volume dVol%,p .

Proof. Let us consider S : (x1,...,x,) = (s(x1),...,5(xp,)) on MP\ A, which is a random section

of the restriction over M? \ A, of the vector bundle E” — MP". This is a nondegenerate C ! centered

Gaussian field on M7\ A, and vlPl is the measure of integration over its zero set. Bearing in mind that
A, is negligible in M? for dVol%?, the result follows from Proposition 6.17 applied to S. U

The following proposition relates the properties of the Kac—Rice densities, the moment measures and
the moments of linear statistics.

Proposition 6.25 (relation between moments, measures and densities). Let p > 1 and let s be a C 1
centered Gaussian field such that (s(x1), ..., s(x,)) is nondegenerate for all (xi,...,x,) ¢ A,. Then
the following four properties are equivalent:

(1) Forall ¢ € L(M), we have E[|(v, ¢)|P] < +o0.

(2) Forall k € [1, p]l, the moment measure E[v®*] is Radon on M¥, i.e., finite on compact sets.

(3) Forallk €1, pll, the factorial moment measure E[v¥] is Radon on M*.

(4) Forallk € [[1, pll, the Kac—Rice density satisfies pix € Ll (M.

loc

Proof. Let us assume (1). Let k € [1, p]] and let Ko C M k be compact. There exists a compact set K C M
such that Ky ¢ K*. Then,

(E[v®F], 1g,) < (EWEF 1S5 = E[(v, 1x)* 1 = E[|(v, 1x)[*].

Since 1x € L2°(M), the p-th absolute moment of (v, 1x) is finite; hence so is its k-th absolute moment.
Thus (E[v®K], 1x,) < 4oo0 for all compact Ky and (2) is satisfied.

If (2) is satisfied then so is (3). Indeed, for any k € [1, p]l, the measure vI¥! is the restriction of V& to
M¥*\ Ay. Thus, for any compact K C M* we have

(EWH], 1) = B[N 1)1 < B[, 15)] = (E[v®*], 1k) < +o0.

If (3) is satisfied, let k € [1, p]land let K C M kbe a compact. By Proposition 6.24 we have
/K pi(x) dVol§ (x) = /M 1 (x) pe(x) d Vol (x) = E[(], 1)1 = (E[v¥], 1x) < +o00.

Thus py is integrable on any compact set, that is, o € Llloc(Mk). This proves (4) in this case.

Finally, let us assume that (4) holds. Let ¢ € L2°(M), and let us denote by K C M its compact support.
We have E[|(v, ¢)[7] < E[{(v, [¢])"] < IplI&EL(v, 1k)"], so it is enough to prove that E[(v, 1x)”] =
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E[(v®P, 1g»)] is finite. By Lemma 6.21, whether = n or not, we have

LW, 1)1 < Y ELwH, Ak o)) = ) (EDH], 1x2).

ZeP, ZePy

Then, the Kac—Rice formula for moments and the local integrability of the (ox)1<k<p yields

L 1071 < Y €L 1= 3 [ g avol§ ) < 4o,
ZeP, zep, ' K7

which proves (1) and concludes the proof. O

6.4. Proofs of Theorems 1.6 and 1.9: finiteness of moments. The goal of this section is to prove
Theorems 1.6 and 1.9, which give simple conditions for the finiteness of the moments of the linear
statistics of a Gaussian field. We begin by proving a local version of Theorem 1.6, under a nondegeneracy
hypothesis for the multijets of the field. This is Theorem 6.26 below. Then we deduce Theorem 1.9
from Theorem 6.26, in the case of Gaussian fields with value in a vector bundle. Finally, Theorem 1.6 is
obtained as a special case of Theorem 1.9.

Let 2 C R" be open. Recall that M7, (2, R") — C,[£2] is defined in Definition 1.3 as the restriction
over C,[2] C C,[R"] of the vector bundle M7 ,(R", R") — C,[R"] from Theorem 1.1.

Theorem 6.26 (finiteness of moments, local version). Let f : Q — R" be a centered Gaussian field and
v be as in Definition 6.11. Let p > 1. If f is C? and for all k € [[1, p]l the Gaussian field mj, (f, -) :
Ci[R2] > MTk (2, R") is nondegenerate, then the four equivalent statements in Proposition 6.25 hold.

Proof. Let f : Q2 — R" be a C? centered Gaussian field such that mj, (f, -) : Cx[Q2] > MT (2, R") is
nondegenerate for all k € [1, p]l.

Step 1: Gaussianity and nondegeneracy of the multijets. Since f is C?, for all k € [1, p]] we have
mj,(f, ) € I'(Ci[R], MT(2, R")) because of (2) in Theorem 1.1. Since f is centered and Gaussian,
so is any finite collection of jets of f. Then, for all m > 1 and all zy, ..., z,, € C¢[2] we have that
(mj, (f, z1), - .., mj; (f, zm)) is a centered Gaussian. Indeed, by (4) in Theorem 1.1, this is the image of
a centered Gaussian by a linear map. Thus, mj,(f, -) is a nondegenerate C' centered Gaussian field on
Cr[2] with values in M T (2, R").

Letz ¢ n_](Ap) and let x = (x1,...,x,) = m(z). By (4) in Theorem 1.1, the map O, is a linear
surjection. A dimension argument shows that it is actually a bijection. Thus

(FOn)s s FOp)) = Golfs X1 -4 Jo(f %)) = O (mij, (f, 2)),

which proves that (f(x1), ..., f(xp)) is nondegenerate. Thus, the hypotheses of Proposition 6.25 are
satisfied, and the four statements appearing in this proposition are indeed equivalent.

Step 2: Comparing zeros of f and mj,(f,-). Let k € [1, p]l. In the following we are going to prove that
E[v[¥1] is a Radon measure on ¥, which is enough to conclude the proof. In the following, we say that a
subset of Cy[€2] (resp. Q" is negligible if its k(n—r)-dimensional Hausdorff measure is O.
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Let us consider the Gaussian field mj, (f, -) : Cx[2] = M T (€2, R"). We have checked above that
it satisfies the hypotheses of Proposition 6.8. Let X C C¢[£2] denote the zero set of mj,(f, ). Asin
Section 6.2, we define Xing = {z € C[2] | mj, (f, x) =0 and Jac(V, mj,(f,-)) =0} and Xreg = X \ Xing.
Recall that X, is a C ! submanifold of codimension kr and that Xging 18 almost surely negligible by
Proposition 6.8. Let Y = X N T I(Qk \ Ag). We also let Ying = Y N Xjpg and Yieg = ¥ N Xieg.

Recalling that Z = f~1(0) C Q, for all z € Cx[2] we have z € Y if and only if 7 (z) € Z*\ Ay; see (3)
in Theorem 1.1. By (1) in the same theorem, the restriction of 7 to 77~ (QK \ Ayp) is a diffeomorphism.
Hence 7 (Y) = Z* \ Ay, the set 7 (Yyeg) is a ¢! submanifold of Q* \ Ay, and 7 (Ysing) is almost surely
negligible. Since Z* \ (Zreg)k is also almost surely negligible, the submanifolds Zfeg \ Ay and 7 (Yeg)
are almost surely the same, up to a negligible set (actually the reader can check that 7 (Yyeg) = Zfeg \ Ay
using the trivialization 7 introduced at the end of Section 5.2). Recalling Definition 6.20, this shows that
Ikl is the same as the integral over 7 (Yreg) with respect to the Riemannian volume d Vol y) induced by
the Euclidean metric on (R")X. At this stage we know that, almost surely,

voerX@) o= [ owdvolun . 6-2)
ﬂ(Yreg)

Step 3: Comparing volumes. Let us introduce a Riemannian metric g on C;[€2]. It induces a volume
measure dVoly on Xieg, and hence on Y. Additionally, let z € Ci[€2] and let G C T (C¢[£2]) be a vector
subspace of codimension kr. We define J(G) = det((Dzmg)*Dzm(;)]/z, where the adjoint of D, is
computed with respect to g on G and to the Euclidean metric on (R")X. Since 7 is smooth, this defines a
smooth nonnegative function J on the total space of the Grassmannian bundle Gry, (T (C¢[2])) — Cr[€2]
of subspaces of codimension kr in the tangent of Cy[€2]. Our interest in this map is that if z € Y
and G = 1Yy, then J(G) is the Jacobian determinant of D, (wy), where the C*°-diffeomorphism
7y @ Yieg — 7 (Yreg) is the restriction of 7 on both sides.

Let K C Q* be compact and let us apply (6-2) to 1g. Using the previous notation, the change of
variables my yields

WM 1x) = / 1k (7(2))J (T; Yreg) dVolx (2) < / 1,1k (2)J (T= Xreg) dVolx (2).
Yreg X

reg
By (1) in Theorem 1.1, the projection & is proper; hence K =7n"YK)is compact. Since the bundle
Gry, (T (Ci[R2])) — C¢[2] has compact fiber, its restriction over Kc Cy[2] is compact. By continuity,
the function J is bounded on this compact set by some constant Ck . Finally, we have proved that, almost
surely,

(WM 1) < Ck (D, 17),

where V is defined by integrating over X ., with respect to dVoly. Taking expectation on both sides we
get (], 1x) < Ck (E[V], 1),

Step 4: Applying the Kac—Rice formula to multijets. Now, X, is the regular part of the zero set X of
the Gaussian field mj, (f, - ). We have checked at the beginning of the proof that mj, (f, -) satisfies the
hypotheses of Proposition 6.17. This proposition yields that E[V] is a Radon measure on Ci[€2]. Hence
(E[v], 1) is finite, and so is (E[v¥]], 1g). Thus E[v¥]] is Radon on QF, which concludes the proof. [
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We can now prove Theorem 1.9, which gives a criterion for the finiteness of the p-th moments of the
linear statistics associated with a centered Gaussian field s : M — E, where E — M is some vector bundle
of rank r over a Riemannian manifold (M, g) without boundary of dimension n > r. The idea of the
proof is to patch together the local results obtained by applying Theorem 6.26 in nice local trivializations.

Proof of Theorem 1.9. Let p > 1 and let s € I'’?(M, E) be a centered Gaussian field which is C” and
(p—1)-nondegenerate.

Step 1: Existence of nice local trivializations. Let xo € M. There exists an open neighborhood U of x
and a local trivialization of E over U given by Lemma 6.4. In this trivialization, the Gaussian section s
corresponds to a centered Gaussian field f : 2 — R” which is C? and (p—1)-nondegenerate. We denote
by x € Q2 the image of x in local coordinates.

Let k € [1, pll and let x = (x,...,x) € Q. Since jp_l(f, x) is nondegenerate so is j,_;(f, x);
see Definition 1.4. Then, by (4) in Theorem 1.1, for all z € 7' ({x}) C Cy[R] the Gaussian vector
mj, (f,2) = O.(r_1(f, x)) € MTr(2, R"), is nondegenerate. By (1) in Theorem 1.1, the map 7 is
proper; hence 7 ~! ({x}) is compact. One the other hand, since f is C?, we know mj,(f, -) is at least C'.
Thus z — det Var(mj, (f, z)) is continuous on C[€2] and positive on the compact 7! ({x}), and hence
on some neighborhood Vj of 77 '({x}) in Cx[2].

Up to reducing Vi we can assume that V; = 7Y (Wy), where Wy, is an open neighborhood of x in Qk.
Otherwise, there would exist a sequence (z,)nen € Cr[€2] \ Vi such that 7(z,) ——— x. By properness

e
of 77, up to extracting a subsequence, we could assume that z, ————> z. By CO—flifntu zen '({x)),
which would be absurd. Since W; is a neighborhood of x in QF, there exists an open neighborhood Y}
of x in € such that (Yx)* C Wy.

Let us define YT = ﬂ,f | Yk, which is an open neighborhood of x. For all k € [1, p]l, we have
CilY1=7"'(r) cn~ ()" c =1 (W) =V and mj, (f, -) is nondegenerate on Ci[Y]. Thus, up to
replacing €2 by the smaller neighborhood Y of x in €2 and replacing U by the corresponding neighborhood
of xo on M, we can assume that the local trivialization given by Lemma 6.4 is such that, for all k € [ 1, p]],

the Gaussian field mj, (f, -) : Cx[2] = M T« (2, R") is nondegenerate.

Step 2: Reduction to the local case. Let ¢ € L2°(M) and let K denote its support. By compactness, there
exists a finite family (U;)]_, of open subsets such that K C Uf": 1 Ui and each U; is the domain of nice
trivialization of the type we built in the previous paragraph. Letting Uy = M \ K, there exists a smooth
partition of unity (x;)"", subordinated to the open covering (U;)", of M. Then ¢ = >_/_, xi¢ by the
definition of K.

Recall that v is the measure from Definition 6.11. We have |[(v, ¢)| < (v, |¢|) = Z;":l (v, ¢;), where
¢; = xil¢| forall i € [1, m]. Let p > 1, by Holder’s inequality we get

m p 14 14
ELI(v, $)I71 < EE[( (v, ¢,>) }— > []‘[w ¢,,>} < Y J]Ew.¢i)n1vP
1 1<iy

Sityonip<m  Sj=1 1<iy,ip<m j=1
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Thus, in order to prove Theorem 1.9, it is enough to prove that E[(v, ¢)”] < 400 for any nonnegative
¢ € L2°(M) whose support is included in the domain of a nice trivialization.

Step 3: Local case. Let U C M be an open subset over which we have a nice trivialization of E and s.
That is, U is as in Lemma 6.4, the section s reads as f : 2 — R’ in local coordinates, and in addition we
can assume that for all k € [[1, p]l the field mj, (f, - ) is nondegenerate on C[S2]. Identifying objects on U
with their image in the local trivialization, we reduced our problem to proving that E[(v, ¢)?] < +00
for all nonnegative ¢ € L°(£2). Note that v is the measure of integration over Z, with respect to the
Riemannian volume measure d Vol induced by the metric g. In order to apply Theorem 6.26, we need to
compare v with U, which is the measure of integration over Z., with respect to the Euclidean volume
measure dVol%.

Let ¢ € L2°(S2) be nonnegative and let K denote its compact support. Recalling Definition 6.13,
Lemma 6.14 shows that

(v, ) = / 6 (x) Vol (x) = / 6 ()7 (x. ker Dy f) dVol% (x).
Z

reg Zreg nK

Since y, is continuous and K x Gr,(R") is compact, the nonnegative function y, is bounded by some
Ck > 0 on this set. Thus (v, ¢) < Cg (D, ¢). Since f : Q2 — R’ satisfies the hypotheses of Theorem 6.26
and v is the measure of integration over its zero set induced by the Euclidean metric, we have E[(v, ¢)”] <
CRE[(D, ¢)P] < +o0. O

We conclude this section with the proof of Theorem 1.6, which is a corollary of Theorem 1.9.

Proof of Theorem 1.6. Let f : Q2 — R" be a centered Gaussian field which is C? and (p—1)-nondegenerate
in the sense of Definition 1.4. Then s = (f, Id) is a random section of the trivial bundle R" x Q — Q.
This s is also a C” and (p—1)-nondegenerate centered Gaussian field. Its vanishing locus (as a section) is
the same as the vanishing locus of f. Hence, the result follows from applying Theorem 1.9 to s. ]

7. Multijets adapted to a differential operator

In Theorem 1.1 we defined multijets such that, over the configuration space (R")? \ A, C C,[R"], the
p-multijet mj p( fox)readsas (f(x1), ..., f(xp)) in the natural trivialization 7 (see the end of Section 5.2).
Thus mj ,(f, x) is a way to patch together the O-jets of f at.x; into a smooth object that does not degenerate
along A . In this section, we explain how a similar construction allows us to build a multijet that patches
together the k-jets of f at x;, and more generally the values at x; of D f, where D is a differential operator.
In Section 7.1 we recall the definition of a differential operator. Then we define a multijet adapted to a
given differential operator in Section 7.2. Finally, in Section 7.3, we prove Theorem 1.10.

7.1. Differential operator. In this section, we recall a few fact about differential operators. In the
following, we use the multi-index notation introduced in Section 2.2.

Definition 7.1 (differential operator). Let Q2 C R” be open, let ¢, r > 1 and let d > 0. We say a differential
operator of order at most d is a linear map D : C4(Q, R?) — €%, R") such that there exist continuous
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functions (a;jo)1<i<r;1<j<g;la|<a ON £2 such that, for all f = (f1,..., fy) € c4(Q, R?),
q
D(f):x—> (Z > aija(x)aafj(x)) : (7-1)
Jj=1la|<d Isisr

More generally, let M be a manifold of dimension n and let E — M and F — M be two vector bundles
of ranks ¢ and r respectively. We say that D : I'Y(M, E) — I'°(M, F) is a differential operator of order
at most d if around any point x € M there exist a chart and local trivializations of E and F such that D
is of the form (7-1) in the corresponding local coordinates. We say that D is of order d € N if it is of
order at most d and not of order at most d — 1. If s € (M, E) and x € M, we write Ds = D(s) and
Dys = D(s)(x) for simplicity.

Remark 7.2. Let us make some important comments.

e« IfD:T9M, E)— I'°%M, F) is a differential operator of order at most d, then it is of the form (7-1)
in any set of local coordinates on M, E and F.

o An equivalent definition of a differential operator of order at most d is that it factors linearly through
the bundle of d-jets. That is, there exists L € %M, 7;(M, E)*® F) such that D,s = L(x)j (s, x) e Fy
forall s € (M, E) and x € M.

In the following we always assume that M, E, F and L are smooth. In particular, the functions
(aijo) appearing in the local expression (7-1) of D are smooth. This implies that if s € '+ (M, E) then
Ds e '(M, F).

Example 7.3. The main examples we have in mind are the following.

e The differential D : C' (M) — %M, T*M) is a differential operator of order 1.

 For all k£ € N, the jet map jj : I'“(M,E) - %M, Ju(M, E)) is a differential operator of order k
corresponding to L(x) being the identity of Jx(M, E), for all x € M.

o If M is equipped with a Riemannian metric, the Laplace—Beltrami operator A acting on C>(M) is a
differential operator of order 2.

o If V is a connection on E — M then V : T''(M, E) - I'°(M, T*M ® E) is a differential operator of

order 1. Indeed, in a local frame (ey, ..., ¢;) of E and local coordinates (xi, ..., x,) on M the covariant
derivative of s = 3>%_, fje; € I''(M, E) at x is given by

n q q
Vs = Z Z(aifj (x)+ Z Mijk(x)fk(x))dxi ®ej(x)’
k=1

i=1 j=I

where the (u;ji) are defined by the relations Ve, =)/, 23:1 wijkdx; @ej for all k € [1, ¢]l.

7.2. Multijets adapted to D. The purpose of this section is to explain how to modify the construction of
Section 5 in order to define a multijet bundle adapted to a given differential operator.

Let n, g and r > 1. We consider a differential operator D : CY(R", RY) — CO(R", R") of order d. As in
Remark 7.2, there exists a section L of J;(R", R9)* ® R” such that for any f € C¢(R", R?) and x € R"
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we have D, f = L(x)]j,(f, x). We assume that for all x € R" the linear map D; : C4{(R", R?) — R is
surjective, which is equivalent to L(x) : 7;(R", R?), — R" being surjective. Moreover, we assume that
L is smooth. In this context, we have the following analogue of Theorem 1.1. It holds in particular if
D =], or D = D is the differential.

Theorem 7.4 (existence of multijets adapted to D). Let D : C4(R", R?) — CO(R™, R") be a differential
operator of order d as above. Let p > 1. There exist a smooth manifold C pD[[R?"] of dimension np without
boundary and a smooth vector bundle M J pD([R”) —C l?[[R”] of rank rp with the following properties:

(1) There exists a smooth proper surjection 7 : C?[R"] — (R™? such that 7~ ((R™)? \ A,) is a dense
open subset of CE[R”], and 7 restricted to T (R™)P\ A,) is a C*°-diffeomorphism onto (R")P \ A ,.

(2) There exists a map mjf (CYUTDP=I (R RT) x C[?[IR"] — MJE([R”) such that

e forallz € C[?[[R"], the map mj?( ., z):cléthr=l(pr Rry - /MJE([F\R”)Z is surjective;

o forall f € CHTDP=I (R R"), the section mj}) (f,-) of MT D (R") — CP[R"] is C'.
(3) Let z € CD[R"] be such that 7(z) = (x1, ..., xp) ¢ Ap. Then for all f € C*DP=1(R" R)
mjy(f,2)=0 <= Viell,pl, Dyf=0.

(4) Let z € CD[R"], let T =T(n(2)) and let (y1)1ez = 7' (1(2)) € (RT\ Az. There exists a linear
surjection @? N1yer Ta+nin-1R", RY)y, — MJE(R”)Z such that

Vet R R, mil(f. 2) = OP((Guapnyr—1(fr Y1) iex)-

Proof. The proof follows the same strategy as what we did in Sections 4 and 5 in order to prove
Theorem 1.1. Let us sketch its main steps.

Letx = (x1,...,x,) € (R")? and let £ = (x,...,x) € R)TDP Let f e ctDP=I(R" RY). The
polynomial map K(f,X) € Ru+1)p—1[X]® R? is defined as in Definition 3.6. For all i € [1, p]l,
since x; appears with multiplicity d + 1 in X, the map K (f, X) has the same d-jet as f at x;. Hence
Dy f = L) jg(foxi) = L) (K (f. 5), x1) = Dy, (K (£, £)).

If x ¢ Ap, let us define ev)? : P (Dy, P)i<i<p from Rig11),-1[X]®RY to (R")?. Since we assumed
that L(x;) is surjective for all i € [1, pl, the previous interpolation result proves that ev? is surjective.
Then, as in (4-2), for all nonempty I C [1, p]l we define -

G (x) = kerevg € Gry /| (R4 1y-1IXT @ RY).

We also define GP(x) = g[[Dl,p]] (x).
Following the same strategy as in Section 5, we denote by Xp the graph of (g}’) 1cl, py defined on
(R")P\ A,. We define CI?[[R{”] as a resolution of the singularities of the algebraic variety

Tp C (RN x l_[ Grr 1| (R4 -1 X1 ® RY).
o#IC[[1,pll
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The manifold CI?[[R{”] satisfies the analogue of Corollary 5.6. In particular the maps g}’ with I C [1, pll
extend smoothly to CZ,’[[RR”]. Then we define the p-multijet bundle adapted to D as

MT)RY) = (R, 1 [XIQRY) x CPIR"])/GP

over C[?[[RR"], similarly to Definition 5.7. Given a function f € cU+Hr—I(R" RY), we define its p-multijet
adaptedto D at z € C?[[R{"] as

miZ(f, 2) = K (f, 7()) mod 7 (2).

Then, following the same steps as in Section 5, one can check that the objects we just defined satisfy the
conditions in Theorem 7.4. O

As before, thanks to the localness condition in Theorem 7.4(4), the multijet mj?( f, z) makes sense
even if f is only defined and C“*+DII=1 near y; for all I € Z(r(z)). Hence, the following definition
makes sense.

Definition 7.5 (multijets adapted to D). Let 2 C R" be open. We define CIT,’[Q] =7 ~!(Q7) and denote by
MJFT(R) the restriction of MJ 7D (R") to CP[2]. We call MJ D () — CP[] the bundle of p-multijets
adapted to D. Let f : Q — R? be of class C!“+DP~1. We call the section mj})(f,-) of MJTPD(RQ) the
p-multijet of f adapted to D.

7.3. Finiteness of moments for critical points. The purpose of this section is to prove Theorem 1.10.
More generally we prove an analogous result for the zero set of Ds, where s is a section of a vector
bundle £ — M and D is a differential operator; see Theorem 7.8. This is done by adapting what we did
in Section 6 to this framework.

Let (M, g) be Riemannian manifold of dimension n > 1 without boundary. Let £ — M (resp. F — M)
be a smooth vector bundle of rank g > 1 (resp. r € [1, n]]). We consider a differential operator D :
r'‘{(M, E)y - T'%(M, F) of order d > 0, corresponding to a smooth section L € I'®*(M, J;(M, E)* ® F);
see Remark 7.2. Thanks to this smoothness assumption we have D : it (M, E) — T''(M, F) for all
[ > 0. Finally we assume that L(x) : 7;(M, E), — F, (or equivalently D, : IY“(M, E)— F,)is surjective
for all x € M.

Let s : M — E be a centered Gaussian field on M with values in E in the sense of Definition 6.3.
We assume that s is C¢*! and d-nondegenerate, so that j,(s, - ) is a centered Gaussian field with values
in J;(M, E) which is C! and nondegenerate. Then Ds € I'(M, F) is a centered Gaussian field with
values in F' which is nondegenerate because of the surjectivity assumption on L. Everything we did
in Sections 6.2 and 6.3 applies to Ds. In particular, Ds satisfies the weak Bulinskaya lemma (see
Proposition 6.8). Hence its vanishing locus is almost surely the union of a codimension-r submanifold
of M and a negligible singular set. We denote by vp the random Radon measure on M defined by
integrating over the zero set of Ds. The formal definition is similar to Definition 6.11.

Example 7.6. Let us assume that E = R x M is trivial. Then we can identify I'' (M, E) with C' (M)
and consider the differential D : C'(M) — I'°(M, T*M), which is a differential operator of order 1.
Let f : M — R be a C? and 1-nondegenerate centered Gaussian field. Then Df is a nondegenerate C!
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centered Gaussian field on M with values in 7*M, the vanishing locus of Df is the set of critical points
of f, and vp is the counting measure this random set.

We can now state the analogue of Theorem 6.26 in this context, bearing in mind that Proposition 6.25
applies to vp.

Theorem 7.7 (finiteness of moments for vp, local version). Let 2 C R" be open and f : Q2 — R? be a
centered Gaussian field. Letr € [1,n]. Let D : CUQ, R — COUQ,R) be a differential operator of
order d satisfying the previous hypotheses and vp denote the measure of integration over the zero set
of Df. Let p > 1. If f is CYtDP and the Gaussian field mjkD(f, ) CE[Q] — ./\/leD(Q) is nondegenerate
forall k € [1, pll, then the four equivalent statements in Proposition 6.25 hold for vp.

Proof. Under these hypotheses, for all k£ € [1, p]| the Gaussian field mjkD( f, ) is at least C'. Then the
proof is the same as that of Theorem 6.26. (]

Theorem 7.8 (finiteness of moments for zeros of Ds). In the setting introduced at the beginning of this
section, let s : M — E be a centered Gaussian field and vp denote the measure of integration over the
zero set of Ds. Let p > 1. If s is CTVP and ((d+1) p—1)-nondegenerate then E[|(vp, ¢)|7] < 400 for
all ¢ € L°(M).

Proof. We deduce Theorem 7.8 from Theorem 7.7 in the same way that we deduced Theorem 1.9 from
Theorem 6.26; see Section 6.4. (]

8. Multijets of holomorphic maps

The purpose of this section is to explain how to adapt what we did in Sections 3 to 6 to the case of
holomorphic maps. Theorem 1.6 asks for the (p—1)-nondegeneracy of the field f, thatis, j,_; (f, x) needs
to be nondegenerate for all x. If f : C" — C is a centered holomorphic Gaussian field, then (f(x), D, f)
is always degenerate. Indeed, identifying canonically C with R? the differential D, f takes values in
the subspace of £(R?*, R?) consisting of R-linear maps that are actually C-linear. Thus, if we see the
holomorphic field f as a smooth field from R?” to R we cannot apply Theorem 1.6. From the point of
view of multijets, the multijet mj,(f, -) of a holomorphic function f : C* — C takes values in a strict
sub-bundle of M7, (R>", R?), which is similar to what happens for jet bundles. Thus, the field mj 2
associated with a holomorphic Gaussian field f is necessarily degenerated and Theorem 6.26 does not
apply. To remedy this situation, we define in Section 8.1 a multijet bundle adapted to holomorphic maps.
Then, in Section 8.2, we use this holomorphic multijet to prove Theorem 1.11.

8.1. Definition of the holomorphic multijet bundles. In this section, we define a multijet bundle for
holomorphic maps. Our main result is an equivalent of Theorem 1.1 in this context. Let us first introduce
some notation.

Definition 8.1 (spaces of holomorphic maps). We define the following spaces.

e We denote by C4[X] the space of complex polynomials of degree at most d in n variables, where
X = (Xy, ..., X,) is multivariate.
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e If M and N are two complex manifolds, we denote by O(M, N) the space of holomorphic maps from
M to N. If N =C, we simply write O(M).

o If E — M is a holomorphic vector bundle, we denote by jkC(M , E) — M the holomorphic bundle of
k-jets of holomorphic sections of E. If E =V x M is trivial with fiber V, we denote its holomorphic k-jet
bundle by JkC(M , V) > M. If V =C, we simply write jkC(M ) — M. Given a holomorphic section s of
E, we denote by j}?(s, x) its holomorphic k-jet at x € M.

Theorem 8.2 (existence of holomorphic multijet bundles). Letn > 1 and p > 1 and let V be a complex
vector space of dimension r > 1. There exist a complex manifold C}?[C”] of dimension np and a
holomorphic vector bundle MJ ;73 cv)y— Cg[@”] of rank rp with the following properties:

(1) There exists a holomorphic proper surjection 7 : C}E[C”] — (C"? such that 1~ ((C")P \ Ap)isa
dense open subset of C E[C”], and 1 restricted to w~ ' ((C")P \ A p) is a biholomorphism onto (C")P \ A .

(2) There exists a map qup: :O(CH, V) x CE[C”] — MJ;C((C", V) such that

o forall z € Cg[@”], the linear map mjg( -,2):00C", V) —> ./\/lj;:(C”, V), is surjective;

e forall f € O(C", V), the section mjg(f, ) of Mj;,C(C”, V)—> C}?[C”] is holomorphic.
(3) Letz € C}?[C”] be such that w(z) = (x1,...,xp) ¢ Ap. Then forall f € O(C", V) we have

mi%(f,2)=0 <« Viell,pl, f(x)=0.

@) Letz € C}?[C”], let T =7(n(2)) and let (y;)ier = LEI (m(2)) € (CYE\ Az. There exists a linear
surjection @g Nlier jlq;l_l(C”, V)y, = Mjff(@", V), such that

VfeOo@ V)., mi(f.2)=0 (i (f. y))ieD)-

Proof. The proof follows the same steps as what we did in Sections 3, 4 and 5 to prove Theorem 1.1. In
the following, we sketch how the proof of Theorem 1.1 adapts to the holomorphic case.

Step 1: Divided differences and Kergin interpolation. Let us consider f € O(C") and x = (xq, ..., Xx) €
(C"*+1. The divided difference flxo, ..., xx] from Definition 3.1 still makes sense. Since f is holo-
morphic, it is now a symmetric C-multilinear form on C” that depends linearly on f and is holomorphic
with respect to x. As explained in [Kergin 1980, Proposition 5.1], the Kergin interpolating polynomial is
well-behaved with respect to holomorphic maps. Given f € O(C") and x € (C")?, (3-3) defines K (f, x) €
Cp—1[X] that interpolates the values of f[x;] for all nonempty I C [[1, p]l. The equivalent of Lemma 3.8
is true, in the sense that K (-, x) is C-linear and K (f, -) is holomorphic from (C")? to C,_{[X].

In this complex framework, the equivalent of Lemma 3.9 holds, that is: for all x € (C")? the map
P+ (K(P, x1))1ez(x) 1s surjective from C,_{[X] to ]_[161@ Ci71-1[X]. Note however that the proof
we gave of Lemma 3.9 does not adapt to the holomorphic setting since it uses bump functions. Here,
we deduce the surjectivity of (K (-, x7))7ez(x) from a general amplitude result in algebraic geometry.
LetZ =7Z(x) and (y;)jez = LEI()_C). For all I € Z, let P; € Cj;—1[X]. Multiplying each monomial in
P; by the right power of X yields a homogeneous polynomial P e CI;"_“i [Xo, ..., X,], that is, a global
holomorphic section of the line bundle O(p — 1) — CP". Recall that O(p — 1) is the (p—1)-th tensor
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power of the hyperplane line bundle O(1) — CP". Since O(1) is very ample, the bundle O(p — 1)
is (p—1)-jet ample; see [Beltrametti and Sommese 1993, Corollary 2.1]. This means that there exists
Pe (Dhom [Xo, ..., X, ] with the same (||—1)-jet as P at vy for all I € Z, where we see C" as a standard
affine chart in C[P’” Then, for all I € Z, the polynomial P = P(l X1, ..., X,) € Cp_1[X] has the same
(|1]—1)-jet (i.e., the same Taylor polynomial of order |/|—1) as P; at y;. Thus (K(P, x1))rez = (P1) ez

Step 2: Kernel of the evaluation and resolution of singularities. As in Definition 4.3, we define a complex
evaluation map by eV cf > (f(x1), ..., f(xp)), where x € (C")P. If x ¢ A, this map is surjective from

Cp-1[X]to CP. Hence we can define g, x)= kerev € Gr7|(C7j—1[X]) for all nonempty I C [[1, pll,
where the Grassmannian is now the Grassmannian of complex subspaces of codimension |/|. Then,
everything we did in Sections 4 and 5 works in the holomorphic setting after replacing R-linear objects
by C-linear ones.

We define X¢ as the graph of (g?),c[[l,,,]] from (C")P\ A, to ]_[gyélcﬂl’p]] Gr)7(Cy7j=1[X]) and CE[(D”]
as a resolution of the singularities of its closure X¢ in (C")? x H@;ﬁlc[[l,p]] Gr 7| (Ci7—1[X]). The resolu-
tion of singularities is a result from algebraic geometry which holds over fields of characteristic 0. In partic-
ular, in Proposition 5.5 and Corollary 5.6, “smooth” can be replaced by “algebraic” everywhere. The same
results hold over C, in which case algebraic implies holomorphic. Thus, C;‘f[@”] is a complex manifold of
dimension np, which satisfies the equivalent of Corollary 5.6 with “smooth” replaced by “holomorphic”.

Step 3: Definition of the holomorphic multijet bundles. Everything we did in Sections 5.2, 5.3 and 5.4
adapts to the holomorphic setting. It is enough to replace C* functions by holomorphic ones and to
write the linear arguments over C instead of R. We can then define the holomorphic vector bundle of
p-multijets of holomorphic functions on C" by

MF S (€C") = (Cpi[X] x C,IC"])/G" (8-1)

and the p-multijet of f € O(C") by mjp(f 7) = K(f, m(z)) mod GC(z) for all z € C%[C”]. If Visa
complex vector space of finite dimension, we define as in Definition 5.18

MIEEC", V)= MIFECHRV. (8-2)

Then we define the p-multijet of f € O(C", V) as in Definition 5.19. If (v, ..., v,) is a basis of V
and f =Y ._, fiv; is holomorphic, then me(f )=y lmjp(f,, 7) ® v; for all ZE CC[C"] As in
Lemma 5.20, this definition does not depend on a choice of basis. This defines the holomorphic p-multijet
that we are looking for. O

As in the real case, thanks to (4) in Theorem 8.2, the holomorphic multijet mJ ( f,z)of fatzeC C[(E”]
only depends on the germ of f near the x;, where (x;)1<;<p = 7 (z). Thus, we can define a holomorphic
multijet bundle over any open subset of C".

Definition 8.3 (holomorphic multijets). Let € C C" be open. We denote by C}[Q] = 7~ !(Q7) and
by .Mjff(Q, V) — C;?[Q] the restriction of MJC(C” V) to Cp[R]. If V = C, we drop it from the
notation and write MJ},:(Q) — Cg[ . Let f € O(R2, V), we call the section mjp(f -) of MJC(Q V)
the holomorphic p-multijet of f.
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8.2. Application to the zeros of holomorphic Gaussian fields. In this section, we explain how the holo-
morphic multijets defined in Section 8.1 allow us to prove Theorem 1.11, and the analogue of Theorem 6.26
for holomorphic Gaussian fields. We start by recalling a few facts about complex Gaussian vectors; see
[Andersen et al. 1995, Chapter 2].

A random variable X € C is called a centered complex Gaussian if its real and imaginary parts are
independent real centered Gaussian variables of the same variance, i.e., there exists A > 0 such that
X = Xy +i Xy, with (Xg, X3) ~ N (0, A1d) in R

Definition 8.4 (complex Gaussian vector). We say that a random vector X in a finite-dimensional complex
vector space V is a centered Gaussian if for all n € V* the complex variable 1(X) is a centered complex
Gaussian.

If V is equipped with a Hermitian inner product (-, - ) and we define v* = (v, - ) then the variance
of X is the nonnegative Hermitian operator Varc(X) = E[X ® X*]. We say that X is nondegenerate if
Varg (X) is positive-definite.

Remark 8.5. As in the real case, the Gaussianity and nondegeneracy of X do not depend on (-, - ), but
the variance operator does.

A centered complex Gaussian vector X in (V, (-, -)) is completely determined by its variance. For
example, if Varc(X) = A is positive-definite, then X admits the density v — e~ (A7) /det(r A) with
respect to the Lebesgue measure on V. We denote by N¢ (0, A) the centered complex Gaussian distribution
of variance A. Then X ~ N¢(0, A) in C" if and only if its real and imaginary part satisfy

o 1R 3(A)
(Xor. X3) ~ N (05(_:;(1\) S%(A)))

in R*".
Let E — M be a holomorphic vector bundle over a complex manifold M. We denote by H(M, E)
the vector space of global holomorphic sections of £ — M.

Definition 8.6 (holomorphic Gaussian field). We say that a random section s € H*(M, E) is a centered
holomorphic Gaussian field if for all m > 1 and all xy, ..., x;, the random vector (s(x1), ..., s(x;;))isa
centered complex Gaussian. We say that this field is nondegenerate if s(x) is nondegenerate for all x € M.

Note that if s € H'(M, E) is a centered holomorphic Gaussian field then, for all k € N, its holomorphic
k-jet j}? (s, -) defines a centered holomorphic Gaussian field with values in JkC (M, E).

Definition 8.7 ( p-nondegeneracy for holomorphic fields). Let p > 1. We say that the centered holomorphic
Gaussian field s e H*(M, E) is p-nondegenerate if the centered complex Gaussian j(g(s, x)eJ, pC (M, E),
is nondegenerate for all x € M.

As in the real framework, we need the following definition.

Definition 8.8 (complex Jacobian). Let L : V — V' be a C-linear map between Hermitian spaces and let
L* denote its adjoint map. The complex Jacobian of L is defined as Jacc (L) = det(LL*).
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Remark 8.9. If we see V, V' and L as R-linear objects and we equip V and V' with the Euclidean
structures induced by their Hermitian inner products, then the real and complex Jacobians are related by
Jacc(L) = Jac(L)?; see [Andersen et al. 1995, Theorem A.5].

Let us consider a complex manifold M of complex dimension n equipped with a Riemannian metric g
and a holomorphic vector bundle £ — M of complex rank r € [1, n]. In the following, we denote by V
a connection on E which is compatible with the complex structure. As in the real case, the choice of
this connection will not matter. Let s € HO(M, E) be a centered holomorphic Gaussian field on M with
values in E and let Z = s~!(0) denote its vanishing locus. We will always assume that s is nondegenerate.
In this setting, the random section s satisfies a strong Bulinskaya-type lemma.

Proposition 8.10 (holomorphic Bulinskaya lemma). Almost surely the following set is empty:
{x e M |s(x) =0and Jacc(Vys) = 0}.

In particular, the zero set Z is almost surely a (possibly empty) complex submanifold of complex
codimension r in M.

Proof. 1t is enough to check the result locally. On an open subset 2 C M over which E is trivial, we can
consider s as a nondegenerate smooth centered Gaussian field from 2 to C” ~ R*. Then, the local result
follows from [Lerario and Stecconi 2019, Theorem 7]. U

Let us consider Z as random submanifold of real codimension 2r in the Riemannian manifold (M, g)
of real dimension 2n. The metric g induces a (2n—2r)-dimensional Riemannian volume dVolz on Z
and we can define v as in Definition 6.11, bearing in mind that Z = Z,.,. Then Propositions 6.17, 6.24
and 6.25 hold for the holomorphic field s and the associated linear statistics (v, ¢) with ¢ € L°(M).
More generally, everything we did in Sections 6.2, 6.3 and 6.4 adapts to the holomorphic setting.

Remark 8.11. In Definition 6.23, the function p,, is defined in terms of real Jacobians and the variance of
(s(x1), ..., s(xp)) seen as areal Gaussian vector. One can check that another expression of p, (x1, ..., xp)
is the following, which is more natural in our holomorphic framework:

E[TT/_, Jacc(Vys) | Vi € [1, pll, s(x;) = 0]
det(r Varc(s(xy), ..., s(xp))) ’
We can now state the equivalent of Theorem 6.26 for holomorphic Gaussian fields. Let 2 C C" be open.
Recall that M,]E(Q, C" — Cg[Q] is defined in Definition 8.3 as the restriction over C}?[Q] C C;‘,:[(D”]
of the vector bundle M7 ;,:(C", CH—cC g[@"] from Theorem 8.2.

Vi, ..., xp) €Ay, pp(X1, ..., Xp) =

Theorem 8.12 (finiteness of moments for holomorphic fields, local version). Let f : Q — C be a
centered holomorphic Gaussian field and v be as in Definition 6.11. Let p > 1. If for all k € [[1, p]
the holomorphic Gaussian field mjg(f, ) e HO(CE[Q], MJ}E(Q, C")) is nondegenerate, then the four
equivalent statements in Proposition 6.25 hold.

Proof. The proof of Theorem 6.26 relies mostly on two facts that are valid for all k € [1, p]|. First, on
the open dense subset QF \ Ag C C[£2], the zero set of mj,(f, -) is the same as that of (xy, ..., x) —



1474 MICHELE ANCONA AND THOMAS LETENDRE

(f(x1), ..., f(xx)). And second, the field mj, (f, -) is nondegenerate on Ci[€2], so that we can apply
the Kac—Rice formula (Proposition 6.17) to the k-multijet.

These two facts are still true in the present holomorphic setting. Hence, the same proof as that of
Theorem 6.26 yields the result. O

We deduce from this result the equivalent of Theorem 1.9 for a centered holomorphic Gaussian field s
on a complex manifold M of dimension n with values in a holomorphic vector bundle E of rank r € [ 1, n]].
Theorem 1.11 is a special case of the following.

Theorem 8.13 (finiteness of moments for zeros of holomorphic Gaussian sections). Let p > 1, let
s € H'(M, E) be a centered holomorphic Gaussian field and let v be as in Definition 6.11. If s is
(p—1)-nondegenerate then E[|(v, ¢)|P] < +o00 forall p € L2°(M).

Proof. We deduce Theorem 8.13 from Theorem 8.12 in the same way that we deduced Theorem 1.9 from
Theorem 6.26; see Section 6.4. ]

Remark 8.14. In particular, Theorem 8.13 proves the local integrability of the p-points correlation
functions studied in [Bleher et al. 2000] and their scaling limit.
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