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EXISTENCE OF SOLUTIONS
TO A FRACTIONAL SEMILINEAR HEAT EQUATION

IN UNIFORMLY LOCAL WEAK ZYGMUND-TYPE SPACES

NORISUKE IOKU, KAZUHIRO ISHIGE AND TATSUKI KAWAKAMI

We introduce uniformly local weak Zygmund-type spaces and obtain an optimal sufficient condition for
the existence of solutions to the critical fractional semilinear heat equation.

1. Introduction

Consider the Cauchy problem for the fractional semilinear heat equation�
@tuC .��/

�
2 uD jujp�1u; x 2 Rn; t > 0;

u.x; 0/D '.x/; x 2 Rn;
(P)

where n� 1, @t WD @=@t , � 2 .0; 2�, p > 1, and ' is a locally integrable function in Rn. Here .��/�=2

denotes the fractional power of the Laplace operator �� in Rn. In this paper we establish the local-in-time
existence of solutions to problem (P) in the critical case

p D p� WD 1C
�

n

in the framework of uniformly local weak Zygmund-type spaces.
The solvability of the Cauchy problem for semilinear heat equations has fascinated many mathematicians

since the pioneering work by Fujita [1966]. The literature is very large, and we refer the reader to the
comprehensive monograph [Quittner and Souplet 2007] and the papers [Andreucci and DiBenedetto
1991; Baras and Pierre 1985; Brezis and Cazenave 1996; Fujishima et al. 2023; 2024; Fujishima and Ioku
2021; 2022; Giraudon and Miyamoto 2022; Hisa and Ishige 2018; Hisa et al. 2023; Ishige et al. 2014;
2020; 2022; Kozono and Yamazaki 1994; Laister and Sierżęga 2020; 2021; Laister et al. 2016; Miyamoto
2021; Robinson and Sierżęga 2013; Sugitani 1975; Weissler 1981; Zhanpeisov 2023], some of which are
closely related to this paper, while the others include recent developments in this subject. The study of
the solvability of problem (P) is divided into the following three cases:

1 < p < p� (subcritical case); p > p� (supercritical case); p D p� (critical case):

We collect some known results on necessary conditions and sufficient conditions for the existence of
solutions to problem (P).
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(1) Subcritical case .1 < p < p� /.

(a) Necessity: There exists C1 D C1.n; �; p/ > 0 such that if problem (P) possesses a nonnegative
solution in Rn � .0; T / for some T > 0, then

sup
x2Rn

Z
B.x;T 1=� /

'.y/ dy � C1T
n
�
� 1
p�1 :

See [Andreucci and DiBenedetto 1991; Baras and Pierre 1985] for � D 2 and [Hisa and Ishige 2018]
for � 2 .0; 2�.

(b) Sufficiency: There exists �1 D �1.n; �; p/ > 0 such that if

sup
x2Rn

Z
B.x;T 1=� /

j'.y/j dy � �1T
n
�
� 1
p�1

for some T 2 .0;1/, then problem (P) possesses a solution in Rn � .0; T /. See, e.g., [Andreucci
and DiBenedetto 1991; Hisa and Ishige 2018; Weissler 1981].

The results in (a) and (b) (see also (1-4)) imply that, for any nonnegative measurable initial function '
in Rn, problem (P) possesses a local-in-time nonnegative solution if and only if

sup
x2Rn

Z
B.x;1/

'.y/ dy <1:

(2) Supercritical case .p > p� /.

(a) Necessity: There exists C2 D C2.n; �; p/ > 0 such that if problem (P) possesses a nonnegative
solution in Rn � .0; T / for some T > 0, then

sup
x2Rn

sup
�2.0;T 1=� /

jB.x; �/j
�

n.p�1/
�1

Z
B.x;�/

'.y/ dy � C2:

See [Andreucci and DiBenedetto 1991; Baras and Pierre 1985] for � D 2 and [Hisa and Ishige 2018]
for � 2 .0; 2�.

(b) Sufficiency: For any r 2 .1;1/, there exists �2 D �2.n; �; p; r/ > 0 such that if

sup
x2Rn

sup
�2.0;T 1=� /

jB.x; �/j
�

n.p�1/
� 1
r

�Z
B.x;�/

j'.y/jr dy

� 1
r

� �2

for some T 2 .0;1�, then problem (P) possesses a solution in Rn � .0; T /. See [Kozono and
Yamazaki 1994; Robinson and Sierżęga 2013] for � D 2 and [Hisa and Ishige 2018; Ishige et al.
2020; 2022; Zhanpeisov 2023] for � 2 .0; 2�. See, e.g., [Andreucci and DiBenedetto 1991; Ishige
et al. 2014; Weissler 1981] for related results.

(3) Critical case .p D p� /.

(a) Necessity: There exists C3DC3.n; �/ > 0 such that if problem (P) possesses a nonnegative solution
in Rn � .0; T / for some T > 0, then

sup
x2Rn

Z
B.x;�/

'.y/ dy � C3

�
log
�
eC

T 1=�

�

���n
�

; � 2 .0; T
1
� /:

See [Baras and Pierre 1985] for � D 2 and [Hisa and Ishige 2018] for � 2 .0; 2�.



SOLUTIONS TO A FRACTIONAL SEMILINEAR HEAT EQUATION IN CERTAIN ZYGMUND-TYPE SPACES 1479

(b) Sufficiency: For any ˛ > 0, there exists �3 D �3.n; �; ˛/ > 0 such that if

sup
x2Rn

‰�1˛

�
1

jB.x; �/j

Z
B.x;�/

‰˛.T
1
p�1 j'.y/j/ dy

�
� �3�.�T

� 1
� /; � 2 .0; T

1
� /;

for some T > 0, then problem (P) possesses a solution in Rn � .0; T /, where

‰˛.s/ WD sŒlog.eC s/�˛; �.s/ WD s�n
�

log
�
eC

1

s

���n
�

:

See [Hisa and Ishige 2018; Ishige et al. 2020; 2022].

Furthermore, the results in (2) and (3) imply the following results.

(4) Let p � p� , and set

'c.x/ WD

(
jxj�n

�
log
�
eC 1

jxj

���n
�
�1 if p D p� ;

jxj�
�
p�1 if p > p�

for x 2 Rn: (1-1)

(a) There exists C4 D C4.n; �; p/ > 0 such that if

'.x/� C4'c.x/

for almost all x in a neighborhood of the origin, then problem (P) possesses no local-in-time
nonnegative solutions.

(b) There exists �4 D �4.n; �; p/ > 0 such that if

j'.x/j � �4'c.x/CK; a.a. x 2 Rn;

for some K � 0, then problem (P) possesses a local-in-time solution.

The results in (4) show that the “strength” of the singularity at the origin of the function 'c is the critical
threshold for the local-in-time solvability of problem (P). The function 'c is quite useful for identifying
optimal function spaces to which initial functions belong from the view of the solvability of problem (P).
We remark that assertion (2b) with r D 1 and assertion (3b) with ˛ D 0 do not hold. (See [Takahashi
2016, Theorem 1 and Proposition 1], which treat only the case of � D 2 but which is also applicable to
the case of � 2 .0; 2/. See also [Kan and Takahashi 2017, Section 4].)

There are (at least) two useful strategies for the proof of the existence of solutions to problem (P). One is
the supersolution method (SSM) and the other is the contraction mapping theorem (CMT). SSM depends
on the following principle: if there exists a nonnegative supersolution v to problem (P) in Rn � .0; T /

for some T > 0, then problem (P) possesses a nonnegative solution u in Rn � .0; T / such that u� v in
Rn � .0; T /. In our problem (P) with nonnegative initial function ', the following functions have been
used as supersolutions in Rn � .0; T / for some T > 0:

2S� .t/' .1 < p < p� /; 2.S� .t/'
r/
1
r .p > p� /; 2‰�1˛ .S� .t/‰˛.'// .p D p� /;

where S� .t/' is a solution to the fractional heat equation (see (1-5)), r > 1, and ‰˛ is as in assertion (3b).
(See, e.g., [Weissler 1981] for 1 < p < p� ; [Hisa and Ishige 2018; Robinson and Sierżęga 2013]
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for p > p� ; [Hisa and Ishige 2018] for p D p� .) Furthermore, thanks to the arguments in [Tayachi
and Weissler 2014], SSM is also applicable to the study of the existence of sign-changing solutions to
problem (P) (see [Ishige et al. 2020; 2022]), however we require additional arguments in which sense
the solution converges to the initial function. On the other hand, CMT is widely used in the proof of
the existence of solutions in various evolution equations, and the choice of function spaces is crucial.
For our problem (P) with p > p� , the existence of solutions has been proved by CMT in the framework
of weak Lebesgue spaces (see [Fujishima and Ioku 2021; Ishige et al. 2014]) and Morrey spaces (see
[Kozono and Yamazaki 1994; Zhanpeisov 2023]). The results in [Fujishima and Ioku 2021; Ishige et al.
2014; Kozono and Yamazaki 1994; Zhanpeisov 2023] cover the result in (4b) with p > p� . However,
in the critical case p D p� , the arguments in [Fujishima and Ioku 2021; Ishige et al. 2014; Kozono and
Yamazaki 1994; Zhanpeisov 2023] are not applicable to the proof of assertion (4b) by the logarithmic
singularity of 'c .

supersolution method (SSM) weak spaces (CMT) Morrey spaces (CMT)

p > p�
[Hisa and Ishige 2018] [Fujishima and Ioku 2021] [Kozono and Yamazaki 1994]

[Robinson and Sierżęga 2013] [Ishige et al. 2014] [Zhanpeisov 2023]

p D p� [Hisa and Ishige 2018] open not applicable
(see [Takahashi 2016])

The aim of this paper is to establish a sharp sufficient condition on the existence of solutions to
problem (P) in the critical case pDp� in the framework of Banach spaces. For the critical case pDp� , the
weak Zygmund space L1;1.logL/1Cn=� seems a reasonable Banach space since 'c 2L1;1.logL/1Cn=� .
(See Remark 4.4 (i) for the definition of the weak Zygmund spaces Lq;1.logL/˛ , where 1� q <1 and
˛ � 0.) Then we require sharp decay estimates of solutions to the fractional heat equation in the weak
Zygmund spaces Lq;1.logL/˛; however, by the peculiarity of L1;1.logL/˛ , it seems difficult to obtain
our desired sharp decay estimates. (See Remark 4.4 (ii) for further details.)

In this paper we introduce new weak Zygmund-type spaces Lq;1.logL/˛ and uniformly local weak
Zygmund-type spaces Lq;1ul .logL/˛ . Then we establish sharp decay estimates of solutions to the fractional
heat equation in the spaces Lq;1.logL/˛ and L

q;1
ul .logL/˛, and obtain a sufficient condition on the

existence of solutions to problem (P) with p D p� in the framework of the space L
q;1
ul .logL/˛. Our

sufficient condition is simpler than that of assertion (3b) and covers assertion (4b) with p D p� .

We introduce some notation and define the weak Zygmund-type spaces Lq;1.logL/˛ and the uni-
formly local weak Zygmund-type spaces Lq;1ul .logL/˛ . We also formulate the definition of solutions to
problem (P). Let M be the set of Lebesgue measurable sets in Rn. For any E 2M, we denote by jEj
and �E the n-dimensional Lebesgue measure of E and the characteristic function of E, respectively. Let
L1loc be the set of locally integrable functions in Rn. For any q 2 Œ1;1�, we denote by Lq and k � kLq the
usual Lq-space on Rn and its norm, respectively.

Let q 2 Œ1;1� and ˛ 2 Œ0;1/. We define the weak Zygmund-type space Lq;1.logL/˛ by

Lq;1.logL/˛ WD ff 2 L1loc W kf kLq;1.logL/˛ <1g;
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where

kf kLq;1.logL/˛ WD

(
sups>0

˚�
log
�
eC 1

s

��˛ supjE jDs
R
E jf .x/j

q dx
	 1
q if q 2 Œ1;1/;

kf kL1 if q D1:
(1-2)

Then Lq;1.logL/˛ is a Banach space equipped with the norm k�kLq;1.logL/˛ (see Lemma 2.1). See (2-9)
for different expressions of the norm k � kLq;1.logL/˛ . We remark that

Lq D Lq;1.logL/0 � Lq;1.logL/˛ for ˛ � 0: (1-3)

Next, we introduce the uniformly local weak Zygmund-type space L
q;1
ul .logL/˛ by

L
q;1
ul .logL/˛ WD ff 2 L1loc W kf kLq;1ul .logL/˛ <1g;

where
kf kLq;1ul .logL/˛ WD sup

z2Rn
kf�B.z;1/kLq;1.logL/˛ :

Then L
q;1
ul .logL/˛ is also a Banach space equipped with the norm k � kLq;1ul .logL/˛ . We often write, for

any f 2 Lq;1ul .logL/˛ and � > 0,

jjjf jjjq;˛I� WD sup
z2Rn
kf�B.z;�/kLq;1.logL/˛

for simplicity. We remark that L1;1ul .logL/˛ DL1 and jjj � jjj1;˛I� D k � kL1 for all ˛ 2 Œ0;1/. Notice
that, for any k � 1, there exists C D C.n; k/ > 0 such that

jjjf jjjq;˛Ik� � C jjjf jjjq;˛I� (1-4)

for f 2 Lq;1ul .logL/˛ and � > 0.
We formulate the definition of solutions to problem (P). Let � 2 .0; 2�. Let G� be the fundamental

solution to the fractional heat equation

@tvC .��/
�
2 v D 0 in Rn � .0;1/:

For any ' in L1loc, we write

.S� .t/'/.x/ WD

Z
Rn
G� .x�y; t/'.y/ dy; .x; t/ 2 Rn � .0;1/; (1-5)

for simplicity.

Definition 1.1. Let � 2 .0; 2�, p > 1, and T > 0. Set Fp.s/ WD jsjp�1s for s 2 R. Let u be a measurable
and finite almost everywhere function in Rn � .0; T /. We say that u is a solution to problem (P) in
Rn � .0; T / if, for almost all .x; t/ 2 Rn � .0; T /,

� G� .x�y; t/'.y/ is integrable in Rn with respect to y 2 Rn,

� G� .x�y; t � s/Fp.u.y; s// is integrable in Rn � .0; t/ with respect to .y; s/ 2 Rn � .0; t/,

� u satisfies

u.x; t/D ŒS� .t/'�.x/C

Z t

0

ŒS� .t � s/Fp.u.s//�.x/ ds:

We are ready to state our main results.
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Theorem 1.2. Let � 2 .0; 2�, p D p� D 1C �=n, and T� 2 .0;1/. Then there exists � > 0 such that if
' 2 L1;1ul .logL/n=� satisfies

jjj'jjj1;n
�
IT 1=� � � for some T 2 .0; T��;

then problem (P) possesses a solution u 2C..0; T / WL1;1ul .logL/n=� /\L1loc..0; T / WL
1/ in Rn� .0; T /,

with u satisfying

sup
t2.0;T /

jjju.t/jjj1;n
�
IT 1=� C sup

t2.0;T /

t
n
�

�
log
�
eC

1

t

��n
�

ku.t/kL1 <1: (1-6)

Furthermore, the solution u satisfies

lim
t!C0

ku.t/�S� .t/'kL1;1ul .logL/
 D 0 for any 
 2 Œ0; n=�/;

lim
t!C0

u.t/D ' in the sense of distributions:
(1-7)

We remark that Theorem 1.2 with T�D1 does not hold since problem (P) possesses no global-in-time
positive solutions (see [Sugitani 1975]). As a direct consequence of Theorem 1.2, we obtain assertion (4b).

Corollary 1.3. Let � 2 .0; 2� and p D p� . Let 'c be as in (1-1). Then there exists � > 0 such that if

j'.x/j � �'c.x/CK; a.a. x 2 Rn;

for some K � 0, then problem (P) possesses a local-in-time solution.

Furthermore, as a consequence of Theorem 1.2, we have the following.

Theorem 1.4. Let � 2 .0; 2� and p D p� . If ' 2 L1;1ul .logL/˛ for some ˛ > n=� , then problem (P)
possesses a solution u in Rn � .0; T / for some T > 0, with u satisfying (1-6) and (1-7).

The rest of this paper is organized as follows. In Section 2 we collect some properties of nonincreasing
rearrangements of measurable functions and prove some lemmas in Lq;1.logL/˛ and L

q;1
ul .logL/˛.

Furthermore, we recall Hardy’s inequalities and some properties of S� .t/'. In Section 3 we establish
decay estimates of S� .t/' in weak Zygmund-type spaces (see Proposition 3.1). Furthermore, we obtain
decay estimates of S� .t/' in L

q;1
ul .logL/˛ using Besicovitch’s covering lemma. In Section 4 we apply

the contraction mapping theorem in L
q;1
ul .logL/˛ to prove Theorems 1.2 and 1.4. In the Appendix we

give two propositions on relations among the weak Zygmund-type spaces Lq;1.logL/˛, the Zygmund
spaces Lq.logL/˛, and the weak Zygmund spaces Lq;1.logL/˛.

2. Preliminaries

In this section we introduce some notation and give some lemmas on our weak Zygmund-type spaces.
Furthermore, we recall some lemmas on Hardy’s inequalities. In all that follows, we will use C to denote
generic positive constants and point out that C may take different values within a calculation. For any
positive functions f1 and f2 in .0;1/, we write

f1 � f2 for s > 0 if C�1f2.s/� f1.s/� Cf2.s/ for s > 0:
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2.1. Weak Zygmund-type spaces. For any (Lebesgue) measurable function f in Rn, we denote by �f
the distribution function of f , that is,

�f .�/ WD jfx W jf .x/j> �gj for � > 0:

We define the nonincreasing rearrangement f � of f by

f �.s/ WD inff� > 0 W �f .�/� sg for s 2 Œ0;1/:

Here we adopt the convention inf∅D1. Then f � is nonincreasing and right-continuous in Œ0;1/, and
it has the following properties (see [Grafakos 2008, Proposition 1.4.5]):

.kf /� D jkjf �; .jf jq/� D .f �/q;

Z
Rn
jf .x/jq dx D

Z 1
0

f �.s/q ds; f �.0/D kf kL1 ; (2-1)

where q 2 .0;1/ and k 2 R. We remark that if E 2M with jEj<1, then

.�E /
�.s/D �Œ0;jE j/.s/ for s � 0: (2-2)

Define

f ��.s/ WD
1

s

Z s

0

f �.�/ d� for s 2 .0;1/: (2-3)

Here we collect properties of f � and f �� used in the paper.

(a) Since f � is nonincreasing in .0;1/, it follows that

f ��.s/� f �.s/ for s 2 .0;1/: (2-4)

(b) For any q 2 Œ1;1/, Jensen’s inequality together with (2-1) yields

.f ��.s//q �
1

s

Z s

0

f �.�/q d� D
1

s

Z s

0

.jf jq/�.�/ d� D .jf jq/��.s/ for s 2 .0;1/: (2-5)

(c) It follows from [Bennett and Sharpley 1988, Chapter 2, Proposition 3.3] that

f ��.s/D
1

s

Z s

0

f �.�/ d� D
1

s
sup
jE jDs

Z
E

jf .x/j dx for s 2 .0;1/: (2-6)

(d) (O’Neil’s inequality) For any f , g 2 L1, it follows from [O’Neil 1963, Lemma 1.6] that

.f �g/��.s/�

Z 1
s

f ��.�/g��.�/ d� for s 2 .0;1/; (2-7)

where

.f �g/.x/D

Z
Rn
f .x�y/g.y/ dy:

(e) For any f1, f2 2 L1loc, it follows from [O’Neil 1963, Theorem 3.3] that

.f1f2/
��.s/�

1

s

Z s

0

f �1 .�/f
�
2 .�/ d� for s 2 .0;1/: (2-8)
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Let q 2 Œ1;1/ and ˛ � 0. For any L1loc-function f , by (1-2), (2-1), and (2-6), we have

kf kLq;1.logL/˛ D sup
s>0

��
log
�
eC

1

s

��˛
s.jf jq/��.s/

�1
q

D sup
s>0

��
log
�
eC

1

s

��˛ Z s

0

.jf jq/�.�/ d�

�1
q

D sup
s>0

��
log
�
eC

1

s

��˛ Z s

0

f �.�/q d�

�1
q

: (2-9)

Furthermore, for any E 2M with jEj<1, it follows from (2-2) and (2-8) that

.f�E /
��.s/D .f�E�E /

��.s/�
1

s

Z s

0

.f�E /
�.�/.�E /

�.�/ d�D
1

s

Z minfs;jE jg

0

.f�E /
�.�/ d�: (2-10)

For any ˇ 2 Œ˛;1/, since

the function .0;1/ 3 � 7!
�

log
�
eC

1

�

��˛�ˇ
2 R is nondecreasing; (2-11)

by (2-1), (2-9), and (2-10), we have

kf�EkL1;1.logL/˛ D sup
s>0

��
log
�
eC

1

s

��˛
s.f�E /

��.s/

�
� sup
s>0

��
log
�
eC

1

s

��˛ Z minfs;jE jg

0

.f�E /
�.�/ d�

�
D sup
0<s�jE j

��
log
�
eC

1

s

��ˇC˛�ˇ Z minfs;jE jg

0

.f�E /
�.�/ d�

�

�

�
log
�
eC

1

jEj

��˛�ˇ
sup

0<s�jE j

��
log
�
eC

1

s

��ˇ Z minfs;jE jg

0

.f�E /
�.�/ d�

�

�

�
log
�
eC

1

jEj

��˛�ˇ
sup
s>0

��
log
�
eC

1

s

��ˇ Z s

0

.f�E /
�.�/ d�

�
D

�
log
�
eC

1

jEj

��˛�ˇ
kf�EkL1;1.logL/ˇ :

In particular,

jjjf jjj1;˛I� � C

�
log
�
eC

1

�

��˛�ˇ
jjjf jjj1;ˇ I� (2-12)

for f 2 L1;1ul .logL/ˇ , 0� ˛ � ˇ, and � > 0. Here we show that Lq;1.logL/˛ and L
q;1
ul .logL/˛ are

Banach spaces.

Lemma 2.1. For any 1 � q < 1 and ˛ � 0, the weak Zygmund-type space Lq;1.logL/˛ and the
uniformly local weak Zygmund-type space L

q;1
ul .logL/˛ are Banach spaces.

Proof. Let 1� q <1 and ˛� 0. It suffices to prove that Lq;1.logL/˛ (resp. Lq;1ul .logL/˛) is a complete
metric space with the norm k � kLq;1.logL/˛ (resp. k � kLq;1ul .logL/˛ ). Let ffng be a Cauchy sequence in
Lq;1.logL/˛ . It follows from (1-3) that ffng is a Cauchy sequence in Lq , and hence there exists f 2Lq
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such that fn! f as n!1 in Lq . Since the Cauchy sequence ffng is bounded in Lq;1.logL/˛, we
observe from (1-2) that f 2 Lq;1.logL/˛ . It remains to prove that fn! f as n!1 in Lq;1.logL/˛ .
For this aim, we take a subsequence ffnkg such that ffnkg converges almost everywhere to f . Then
Fatou’s lemma gives us that

kf �fnj kLq;1.logL/˛ � sup
s>0

��
log
�
eC

1

s

��˛
sup
jE jDs

lim inf
k!1

Z
E

jfnk .x/�fnj .x/j
q dx

�1
q

� lim inf
k!1

kfnk �fnj kLq;1.logL/˛ :

This implies that fnj converges to f in Lq;1.logL/˛. Thus Lq;1.logL/˛ is a complete metric space.
Similarly, we see that Lq;1ul .logL/˛ is a complete metric space. �

Next, we prove two lemmas on our weak Zygmund-type spaces and uniformly local weak Zygmund-type
spaces.

Lemma 2.2. Let q1, q2 2 Œ1;1� and ˛1, ˛2 � 0 be such that

1D
1

q1
C
1

q2
; ˛ D

˛1

q1
C
˛2

q2
: (2-13)

Then

kf1f2kL1;1.logL/˛ � kf1kLq1;1.logL/˛1kf2kLq2;1.logL/˛2 (2-14)

for f1 2 Lq1;1.logL/˛1 and f2 2 Lq2;1.logL/˛2 . Furthermore,

jjj Qf1 Qf2jjj1;˛I� � jjj Qf1jjjq1;˛1I�jjj
Qf2jjjq2;˛2I� (2-15)

for Qf1 2 L
q1;1
ul .logL/˛1 , Qf2 2 L

q2;1
ul .logL/˛2 , and � > 0.

Proof. Let q1, q2 2 Œ1;1/ and ˛1, ˛2 � 0 satisfy (2-13). Let

f1 2 L
q1;1.logL/˛1 and f2 2 L

q2;1.logL/˛2 :

It follows from Hölder’s inequality, (2-8), and (2-9) that

kf1f2kL1;1.logL/˛ D sup
s>0

��
log
�
eC

1

s

��˛
s.f1f2/

��.s/

�
� sup
s>0

��
log
�
eC

1

s

��˛ Z s

0

f �1 .�/f
�
2 .�/d�

�

� sup
s>0

��
log
�
eC

1

s

��˛�Z s

0

f �1 .�/
q1 d�

� 1
q1

�Z s

0

f �2 .�/
q2 d�

� 1
q2

�

� sup
s>0

��
log
�
eC

1

s

��˛1Z s

0

f �1 .�/
q1 d�

� 1
q1

sup
s>0

��
log
�
eC

1

s

��˛2Z s

0

f �2 .�/
q2 d�

� 1
q2

Dkf1kLq1;1.logL/˛1kf2kLq2;1.logL/˛2 :
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Thus (2-14) holds. Furthermore, for any Qf1 2L
q1;1
ul .logL/˛1 , Qf2 2L

q2;1
ul .logL/˛2 , and �>0, by (2-14)

we have
jjj Qf1 Qf2jjj1;˛I� D sup

x2Rn
k Qf1 Qf2�B.x;�/kL1;1.logL/˛

� sup
x2Rn
fk Qf1�B.x;�/kLq1;1.logL/˛1k

Qf2�B.x;�/kLq2;1.logL/˛2 g

� sup
x2Rn

k Qf1�B.x;�/kLq1;1.logL/˛1 � sup
x2Rn

k Qf2�B.x;�/kLq2;1.logL/˛2

D jjj Qf1jjjq1;˛1I�jjj
Qf2jjjq2;˛2I�:

Thus (2-15) holds, and Lemma 2.2 follows for q1, q2 2 Œ1;1/. If q1 D1 or q2 D1, the conclusion
follows from (1-2). �

Lemma 2.3. Let q 2 Œ1;1/ and ˛ � 0. Then, for any r > 0 with rq � 1,

kjf jrkLq;1.logL/˛ D kf k
r
Lrq;1.logL/˛ for f 2 Lrq;1.logL/˛;

jjjj Qf jr jjjq;˛I� D jjj Qf jjj
r
rq;˛I� for Qf 2 Lq;1ul .logL/˛ and � > 0:

Proof. It follows from (2-9) that

kjf jrkLq;1.logL/˛ D sup
s>0

��
log
�
eC

1

s

��˛ Z s

0

..jf jr/q/�.�/ d�

�1
q

D sup
s>0

��
log
�
eC

1

s

��˛ Z s

0

.jf jrq/�.�/ d�

� r
rq

D kf krLrq;1.logL/˛

for f 2 Lrq;1.logL/˛. Then

jjjj Qf jr jjjq;˛I� D sup
x2Rn

kj Qf jr�B.x;�/kLq;1.logL/˛

D sup
x2Rn

kj Qf j�B.x;�/k
r
Lrq;1.logL/˛

D jjj Qf jjjrrq;˛I�

for Qf 2 Lrq;1ul .logL/˛ and � > 0. Thus Lemma 2.3 follows. �

2.2. Hardy’s inequalities. We recall the following two lemmas on Hardy’s inequality. (See [Muckenhoupt
1972, Theorems 1 and 2].) Throughout this paper, for any q 2 Œ1;1�, we denote by q0 the Hölder conjugate
of q, that is, q0 D q=.q� 1/ if q 2 .1;1/, q0 D1 if q D 1, and q0 D 1 if q D1.

Lemma 2.4. Let q 2 Œ1;1�. Let U and V be locally integrable functions in Œ0;1/. Then there exists
C > 0 such that

kU zF kLq..0;1// � CkVf kLq..0;1//; with zF .s/ WD
Z s

0

f .�/ d�;

holds for all locally integrable functions f in Œ0;1/ if and only if

sup
s>0

fkU kLq..s;1//kV
�1
kLq0 ..0;s//g<1:
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Lemma 2.5. Let q 2 Œ1;1�. Let U and V be locally integrable functions in Œ0;1/. Then there exists
C > 0 such that

kU yF kLq..0;1// � CkVf kLq..0;1//; with yF .s/ WD
Z 1
s

f .�/ d�;

holds for all locally integrable functions f in .0;1/, with f 2 L1..1;1//, if and only if

sup
s>0

fkU kLq..0;s//kV
�1
kLq0 ..s;1//g<1:

2.3. Fundamental solutions. Let � 2 .0; 2�. Let G� be the fundamental solution to the fractional heat
equation

@tvC .��/
�
2 v D 0 in Rn � .0;1/:

The function G� is positive and smooth in Rn � .0;1/, and it satisfies

G� .x; t/D .4�t/
�n
2 exp

�
�
jxj2

4t

�
� Ch�;t .x/ if � D 2;

G� .x; t/� h�;t .x/ if 0 < � < 2
(2-16)

for .x; t/ 2 Rn � .0;1/, where
h�;t .x/ WD t

�n
� .1C t�

1
� jxj/�n�� : (2-17)

Furthermore,

� G� .x; t/D t
�n
�G� .t

� 1
� x; 1/,

R
Rn
G� .x; t/ dx D 1,

� G� . � ; 1/ is radially symmetric and G� .x; 1/�G� .y; 1/ if jxj � jyj,

� G� .x; t/D
R

Rn
G� .x�y; t � s/G� .y; s/ dy

for x, y 2 Rn and 0 < s < t (see, e.g., [Bogdan and Jakubowski 2007; Brandolese and Karch 2008;
Sugitani 1975]), and

lim
t!C0

kS� .t/�� �kL1 D 0 for � 2 C0.Rn/: (2-18)

In addition, it follows from Young’s inequality that

kS� .t/�kLq � Ct
�n
�
. 1
r
� 1
q
/
k�kLr (2-19)

for � 2 Lr , 1� r � q �1, and t > 0.

3. Decay estimates of S�.t/'

In this section we obtain decay estimates of S� .t/' in our weak Zygmund-type spaces and uniformly
local weak Zygmund-type spaces. For simplicity we write gt WDG� . � ; t / and ht WD h�;t .

Proposition 3.1. Let � 2 .0; 2�, 1� r � q �1, and ˛, ˇ � 0. Assume that ˛ � ˇ if r D q. Then there
exists C > 0 such that

kS� .t/'kLq;1.logL/ˇ � Ct
�n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

k'kLr;1.logL/˛

for ' 2 Lr;1.logL/˛ and t > 0.
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Before starting the proof, we recall the following relations on logarithmic functions: for any fixed
L> 1 and k > 0,

log
�
eC

1

s

�
� log

�
LC

1

s

�
� log

�
eC

k

s

�
� log

�
eC

1

sk

�
for s > 0: (3-1)

Furthermore, we have the following results.

Lemma 3.2. (1) Let q > �1 and ˛ 2 R. Then there exists C1 > 0 such thatZ s

0

�q
�

log
�
eC

1

�

��˛
d� � C1s

qC1

�
log
�
eC

1

s

��˛
for s > 0:

(2) Let S > 0 and ˛ < �1. Then there exists C2 > 0 such thatZ s

0

��1
�

log
�
eC

1

�

��˛
d� � C2

�
log
�
eC

1

s

��˛C1
for s 2 .0; S/:

(3) Let q < �1 and ˛ 2 R. Then there exists C3 > 0 such thatZ 1
s

�q
�

log
�
eC

1

�

��˛
d� � C3s

qC1

�
log
�
eC

1

s

��˛
for s > 0:

Proof. We prove assertion (1). Let ı > 0 be such that q� ı >�1. Then there exists L 2 Œe;1/ such that

the function .0;1/ 3 � 7! �ı
�

log
�
LC

1

�

��˛
is nondecreasing: (3-2)

This together with (3-1) implies thatZ s

0

�q
�

log
�
eC

1

�

��˛
d� � C

Z s

0

�q�ı � �ı
�

log
�
LC

1

�

��˛
d�

� Csı
�

log
�
LC

1

s

��˛ Z s

0

�q�ı d� � CsqC1
�

log
�
eC

1

s

��˛
for s > 0. Thus assertion (1) follows.

We prove assertion (2). Let S > 0. It follows thatZ s

0

��1
�

log
�
eC

1

�

��˛
d� � C

Z s

0

��1j log � j˛ d� � C j log sj˛C1 � C
�

log
�
eC

1

s

��˛C1
for s 2

�
0; 1
2

�
. If S � 1

2
, thenZ s

0

��1
�

log
�
eC

1

�

��˛
d� �

Z S

1
4

��1
�

log
�
eC

1

�

��˛
d� CC � C � C

�
log
�
eC

1

s

��˛C1
for s 2

�
1
2
; S
�
. Thus assertion (2) follows.

It remains to prove assertion (3). Let ı0 > 0 be such that qC ı0 < �1. Then there exists L0 2 Œe;1/
such that

the function .0;1/ 3 � 7! ��ı
0

�
log
�
L0C

1

�

��˛
is nonincreasing:
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This together with (3-1) implies thatZ 1
s

�q
�

log
�
eC

1

�

��˛
d� � C

Z 1
s

�qCı
0

� ��ı
0

�
log
�
L0C

1

�

��˛
d�

� Cs�ı
0

�
log
�
L0C

1

s

��˛ Z 1
s

�qCı
0

d� � CsqC1
�

log
�
eC

1

s

��˛
for s > 0. Thus assertion (3) follows. �

Next, we prepare the following lemma on h�t , where ht D h�;t is as in (2-17).

Lemma 3.3. Let 1� r � q <1 and 
 2 R. Assume that 
 � 0 if r D q. Then there exists C > 0 such
that Z 1

0

�q.1�
1
r
/
�

log
�
eC

1

�

��

.h�t .�//

q d� � Ct�
nq
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

��

(3-3)

for t > 0.

Proof. It follows from (2-17) that

.ht /
�.s/D ht ..!

�1
n s/

1
n e1/� Ct

�n
� .1C t�

1
� s

1
n /�n��

for s 2 Œ0;1/ and t 2 .0;1/, where !n is the volume of the n-dimensional unit ball B.0; 1/ and
e1 WD .1; 0; : : : ; 0/ 2 Rn. Then

I WD

Z 1
0

�q.1�
1
r
/
�

log
�
eC

1

�

��

.h�t .�//

q d�

� Ct�
nq
�

Z 1
0

�q.1�
1
r
/
�

log
�
eC

1

�

��

.1C t�

1
� �

1
n /�q.nC�/ d�

� Ct�
nq
�
. 1
r
� 1
q
/
Z 1
0

�nq.1�
1
r
/Cn�1.1C �/�q.nC�/

�
log
�
eC

1

.t1=��/n

��

d� (3-4)

for t > 0.
We first consider the case of 
 � 0. It follows from (3-1) that�

log
�
eC

1

.t1=��/n

��

� C

�
log
�
eC

1

t1=��

��

� C

�
log
�
eC

1

t1=�

�
C log

�
eC

1

�

��

� C

�
log
�
eC

1

t

��

CC

�
log
�
eC

1

�

��

(3-5)

for t > 0 and � 2
�
0; 1
2

�
. Similarly, by (3-1), we have�

log
�
eC

1

.t1=��/n

��

�

�
log
�
eC

2n

.t1=� /n

��

� C

�
log
�
eC

1

t

��

(3-6)
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for t > 0 and � 2
�
1
2
;1

�
. Since

nq

�
1�

1

r

�
Cn� 1� q.nC �/D�

nq

r
Cn� 1� q� D�nq

�
1

r
�
1

q

�
� 1� q� < �1; (3-7)

by Lemma 3.2, (3-4), (3-5), and (3-6), we obtain

I � Ct�
nq
�
. 1
r
� 1
q
/
Z 1

2

0

�nq.1�
1
r
/Cn�1

��
log
�
eC

1

t

��

C

�
log
�
eC

1

�

��
�
d�

CCt�
nq
�
. 1
r
� 1
q
/
Z 1
1
2

�nq.1�
1
r
/Cn�1.1C �/�q.nC�/

�
log
�
eC

1

t

��

d�

� Ct�
nq
�
. 1
r
� 1
q
/
�
1C

�
log
�
eC

1

t

��
�
� Ct�

nq
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

��

for t > 0. This implies (3-3) in the case of 
 � 0.

Consider the case of 
 < 0. Then, by (3-1), we have�
log
�
eC

1

.t1=��/n

��

�

�
log
�
eC

2n

.t1=� /n

��

� C

�
log
�
eC

1

t

��

(3-8)

for t > 0 and � 2
�
0; 1
2

�
. Let 0 < ı < �q=j
 j. We find L 2 Œe;1/ such that the function f in .0;1/

defined by

f .z/ WD zı log
�
LC

1

zn

�
is nondecreasing in .0;1/. Since 
 < 0, by (3-1), we obtain�

log
�
eC

1

.t1=��/n

��

� C

�
log
�
LC

1

.t1=��/n

��

D C Œz�ı
f .z/
 �jzDt1=��

� C.t
1
� �/�ı
f .z/
 j

zD t
1=�

2

� C��ı

�

log
�
eC

2n

tn=�

��

� C��ı


�
log
�
eC

1

t

��

for t > 0 and � 2

�
1
2
;1

�
. This together with (3-7) and (3-8) implies that

I � Ct�
nq
�
. 1
r
� 1
q
/
Z 1

2

0

�nq.1�
1
r
/Cn�1

�
log
�
eC

1

t

��

d�

CCt�
nq
�
. 1
r
� 1
q
/
Z 1
1
2

�nq.1�
1
r
/Cn�1�ı
 .1C �/�q.nC�/

�
log
�
eC

1

t

��

d�

� Ct�
nq
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

��

for t > 0. This implies (3-3) in the case of 
 < 0. Thus Lemma 3.3 follows. �
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Proof of Proposition 3.1. The proof is divided into the following three cases:

1� r < q <1; 1� r D q <1; 1� r � q D1:

Step 1. Consider the case of 1� r < q <1. It follows from (2-4), (2-7), (2-9), and (2-16) that

kS� .t/'k
q

Lq;1.logL/ˇ
D sup
s>0

��
log
�
eC

1

s

��ˇ Z s

0

..S� .t/'/
�.�//q d�

�

� sup
s>0

��
log
�
eC

1

s

��ˇ Z s

0

..S� .t/'/
��.�//q d�

�

� sup
s>0

��
log
�
eC

1

s

��ˇ Z s

0

�Z 1
�

g��t .�/'
��.�/ d�

�q
d�

�

� C sup
s>0

��
log
�
eC

1

s

��ˇ Z s

0

�Z 1
�

h��t .�/'
��.�/ d�

�q
d�

�
for t > 0. Furthermore, thanks to (2-11), we have

kS� .t/'k
q

Lq;1.logL/ˇ
� C

Z 1
0

��
log
�
eC

1

�

��ˇ
q
Z 1
�

h��t .�/'
��.�/ d�

�q
d� (3-9)

for t > 0. On the other hand, set

U.�/ WD

�
log
�
eC

1

�

��ˇ
q

; V .�/ WD �

�
log
�
eC

1

�

��ˇ
q

for � > 0. It follows from Lemma 3.2 (1) and (3) that

sup
s>0

�Z s

0

jU.�/jq d�

�1
q
�Z 1

s

jV.�/j�q
0

d�

� 1
q0

� sup
s>0

�
Cs

1
q

�
log
�
eC

1

s

��ˇ
q

�Cs
�1C 1

q0

�
log
�
eC

1

s

���ˇ
q
�
<1:

Then, by Lemma 2.5, (2-3), and (3-9), we have

kS� .t/'k
q

Lq;1.logL/ˇ
�C

Z 1
0

�
�

�
log
�
eC

1

�

��ˇ
q

h��t .�/'
��.�/

�q
d�

�C sup
s>0

��
log
�
eC

1

s

��˛
s.'��.s//r

�q
r
Z 1
0

�
�1�

1
r

�
log
�
eC

1

�

���˛
r
C
ˇ
q

h��t .�/

�q
d�

for t > 0. This together with (2-5) and (2-9) implies that

kS� .t/'k
q

Lq;1.logL/ˇ
� Ck'k

q

Lr;1.logL/˛

Z 1
0

�
��

1
r

�
log
�
eC

1

�

��
 Z �

0

h�t .�/ d�

�q
d� (3-10)
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for t > 0, where


 WD �
˛

r
C
ˇ

q
:

Set

zU.�/D ��
1
r

�
log
�
eC

1

�

��

; zV .�/D �1�

1
r

�
log
�
eC

1

�

��

:

Since q > r and q0 < r 0, by Lemma 3.2 (1) and (3), we have

sup
s>0

�Z 1
s

j zU.�/jq d�

�1
q
�Z s

0

j zV .�/j�q
0

d�

� 1
q0

D sup
s>0

�Z 1
s

��
q
r

�
log
�
eC

1

�

��q

d�

�1
q
�Z s

0

��
q0

r0

�
log
�
eC

1

�

���q0

d�

� 1
q0

� sup
s>0

�
Cs

1
q
� 1
r

�
log
�
eC

1

s

��

�Cs

1
q0
� 1
r0

�
log
�
eC

1

s

���
�
<1: (3-11)

Applying Lemma 2.4 to (3-10), by (3-11), we obtain

kS� .t/'k
q

Lq;1.logL/ˇ
� Ck'k

q

Lr;1.logL/˛

Z 1
0

�
�1�

1
r

�
log
�
eC

1

�

��

h�t .�/

�q
d�

for t > 0. This together with Lemma 3.3 implies that

kS� .t/'k
q

Lq;1.logL/ˇ
� Ct�

nq
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

��q

k'k

q

Lr;1.logL/˛

for t > 0. Thus Proposition 3.1 follows in the case of 1� r < q <1.

Step 2. Consider the case of 1� r D q <1. It follows from Hölder’s inequality and (2-16) that

jŒS� .t/'�.x/j
r
� C

�Z
Rn
jht .x�y/jj'.y/j dy

�r
� C

�Z
Rn
jht .x�y/j dy

�r�1 Z
Rn
jht .x�y/jj'.y/j

r dy

� C

Z
Rn
jht .x�y/jj'.y/j

r dy:

Then it follows from (2-7) and (2-9) that

kS� .t/'k
r
Lr;1.logL/ˇ D sup

s>0

��
log
�
eC

1

s

��ˇ
s.jS� .t/'j

r/��.s/

�

� C sup
s>0

��
log
�
eC

1

s

��ˇ
s

Z 1
s

.ht /
��.�/.j'jr/��.�/ d�

�
(3-12)
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for t > 0. Set

yU.r/D r

�
log
�
eC

1

r

��ˇ
; yV .r/D r2

�
log
�
eC

1

r

��ˇ
:

Similarly to (3-2), we find L 2 Œe;1/ such that

the function .0;1/ 3 r 7! r

�
log
�
LC

1

r

��ˇ
is nondecreasing:

Then, by (3-1), we have

k yU kL1.0;s/ � C sup
r2.0;s/

�
r

�
log
�
LC

1

r

��ˇ�

� Cs

�
log
�
LC

1

s

��ˇ
� Cs

�
log
�
eC

1

s

��ˇ
for s > 0. This together with Lemma 3.2 (3) implies that

sup
s>0

�
k yU kL1..0;s//

Z 1
s

j yV .�/j�1 d�

�
� sup
s>0

�
Cs

�
log
�
eC

1

s

��ˇ
�Cs�1

�
log
�
eC

1

s

���ˇ�
<1: (3-13)

Applying Lemma 2.5 with q D1, by (2-9), (3-12) and (3-13), we obtain

kS� .t/'k
r
Lr;1.logL/ˇ � C sup

s>0

�
s2
�

log
�
eC

1

s

��ˇ
.ht /

��.s/.j'jr/��.s/

�

� C sup
s>0

�
s

�
log
�
eC

1

s

��ˇ�˛
.ht /

��.s/

�
� sup
s>0

�
s

�
log
�
eC

1

s

��˛
.j'jr/��.s/

�
D CkhtkL1;1.logL/ˇ�˛k'k

r
Lr;1.logL/˛ (3-14)

for t > 0. Furthermore, since ˛ � ˇ, by Lemma 3.3, (2-9), and (2-11), we have

khtkL1;1.logL/ˇ�˛ D sup
s>0

��
log
�
eC

1

s

��ˇ�˛ Z s

0

.ht /
�.�/ d�

�
�

Z 1
0

�
log
�
eC

1

�

��ˇ�˛
.ht /

�.�/ d�

� C

�
log
�
eC

1

t

��ˇ�˛
for t > 0. This together with (3-14) implies that

kS� .t/'k
r
Lr;1.logL/ˇ � C

�
log
�
eC

1

t

��ˇ�˛
k'krLr;1.logL/˛ for t > 0:

Thus Proposition 3.1 follows in the case of 1� r D q <1.
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Step 3. It remains to consider the case of 1� r � q D1. If r D q D1, then it follows from (2-16) that

kS� .t/'kL1 � Ck'kL1

Z
Rn
ht .y/ dy � Ck'kL1

for t > 0, and Proposition 3.1 follows. On the other hand, in the case of 1� r < q D1, let Qq 2 .r;1/.
Then, by Proposition 3.1 with q D Qq > r , (1-3), (2-19), and (3-1), we have

kS� .t/'kL1 D



S�� t2�S�� t2�'


L1 � Ct� n

� Qq




S�� t2�'


L Qq D C� n
� Qq




S�� t2�'


L Qq;1.logL/0

� Ct�
n
� Qq �Ct�

n
�
. 1
r
� 1
Qq
/
�

log
�
eC

2

t

���˛
r

k'kLr;1.logL/˛

D Ct�
n
�r

�
log
�
eC

1

t

���˛
r

k'kLr;1.logL/˛

for t > 0. Thus Proposition 3.1 follows in the case of 1 � r < q D1. The proof of Proposition 3.1 is
complete. �

Furthermore, by Proposition 3.1, we employ the arguments in the proof of [Hisa and Ishige 2018,
Lemma 2.1] to obtain decay estimates of S� .t/' in uniformly local weak Zygmund-type spaces.

Proposition 3.4. Let � 2 .0; 2�, 1� r � q �1, and ˛, ˇ � 0. Assume that ˛ � ˇ if r D q. There exists
C > 0 such that, for any T > 0,

jjjS� .t/'jjjq;ˇ IT 1=� � Ct
�n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

jjj'jjjr;˛IT 1=� (3-15)

for ' 2 Lr;1ul .logL/˛ and t 2 .0; T �.

Proof. We first consider the case of � 2 .0; 2/. It suffices to prove

t
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

��˛
r
�
ˇ
q

k�B.z;T 1=� /S� .t/'kLq;1.logL/ˇ � C jjj'jjjr;˛IT 1=� (3-16)

for z 2 Rn and 0 < t � T . For the proof, by translating if necessary, we have only to consider the case
of z D 0.

By Besicovitch’s covering lemma, we can find an integer m depending only on n and a set

fxk;igkD1;:::;m; i2N � Rn nB.0; 10T
1
� /

such that
Bk;i \Bk;j D∅ if i 6D j and Rn nB.0; 10T

1
� /�

m[
kD1

1[
iD1

Bk;i ; (3-17)

where Bk;i WD B.xk;i ; T 1=� /. Then

jŒS� .t/'�.x/j � ju0.x; t/jC

mX
kD1

1X
iD1

juk;i .x; t/j; .x; t/ 2 Rn � .0; T /; (3-18)

where
u0.x; t/ WD ŒS� .t/.'�B.0;10T 1=� //�.x/; uk;i .x; t/ WD ŒS� .t/.'�Bk;i /�.x/:
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By Proposition 3.1 and (1-4), we have

ku0.t/�B.0;T 1=� /kLq;1.logL/ˇ � ku0.t/kLq;1.logL/ˇ

� Ct�
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

k'�B.0;10T 1=� /kLr;1.logL/˛

� Ct�
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

jjj'jjjr;˛I10T 1=�

� Ct�
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

jjj'jjjr;˛IT 1=� (3-19)

for t 2 .0; T �.
Let k D 1; : : : ; m and i2 N. By (2-16), we have

juk;i .x; t/j � C

Z
B.xk;i ;T 1=� /

ht .x�y/j'.y/j dy D C

Z
Rn
ht .x� z� xk;i /'k;i .z/ dz (3-20)

for .x; t/ 2Rn� .0;1/, where 'k;i .x/D j'.xCxk;i /j�B.0;T 1=� /. Since jxk;i j � 10T 1=� , it follows that

.1CT �
1
� jxk;i j/.1C t

� 1
� jx� zj/D 1CT �

1
� jxk;i jC t

� 1
� jx� zjC t�

1
� T �

1
� jxk;i jjx� zj

� 1C 3t�
1
� jxk;i jC t

� 1
� jx� zj

D 1C 4t�
1
� .jxk;i j � jx� zj/� t

� 1
� jxk;i jC 5t

� 1
� jx� zj

� 4.1C t�
1
� .jxk;i j � jx� zj//� 4.1C t

� 1
� jx� z� xk;i j/

for x, z 2 B.0; T 1=� / and t 2 .0; T /. This together with (2-16) implies that

ht .x� z� xk;i /� Ct
�n
� .1CT �

1
� jxk;i j/

�n�� .1C t�
1
� jx� zj/�n��

� C.1CT �
1
� jxk;i j/

�n��gt .x� z/ (3-21)

for x, z 2 B.0; T 1=� / and t 2 .0; T /. We observe from (3-20) and (3-21) that

juk;i .x; t/j � C.1CT
� 1
� jxk;i j/

�n�� ŒS� .t/'k;i �.x/

for x 2 B.0; T 1=� / and t 2 .0; T /. Then, by Proposition 3.1, we obtain

kuk;i .t/�B.0;T 1=� /kLq;1.logL/ˇ

� C.1CT �
1
� jxk;i j/

�n��
kS� .t/'k;ikLq;1.logL/ˇ

� C.1CT �
1
� jxk;i j/

�n�� t�
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

k'k;ikLr;1.logL/˛

D C.1CT �
1
� jxk;i j/

�n�� t�
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

k'�B.xk;i ;T 1=� /kLr;1.logL/˛

� C.1CT �
1
� jxk;i j/

�n�� t�
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

jjj'jjjr;˛IT 1=� (3-22)

for t 2 .0; T /.
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On the other hand, since

1
2
jyj � 1

2
.jxk;i jCT

1
� /� jxk;i j for y 2 Bk;i ;

we have
1

jBk;i j

Z
Bk;i

�
1C 1

2
T �

1
� jyj

��n��
dy � .1CT �

1
� jxk;i j/

�n�� :

Then, by (3-17), we see that

1X
iD1

.1CT �
1
� jxk;i j/

�n��
� CT �

n
�

1X
iD1

Z
Bk;i

�
1C 1

2
T �

1
� jyj

��n��
dy

� CT �
n
�

Z
Rn

�
1C 1

2
T �

1
� jyj

��n��
dy � C (3-23)

for T > 0. Combining (3-18), (3-19), (3-22), and (3-23), we obtain

t
n
�
. 1
r
� 1
q
/
�

log
�
eC

1

t

��˛
r
�
ˇ
q

k�B.0;T 1=� /S� .t/'kLq;1.logL/ˇ

� C jjj'jjjr;˛IT 1=� CC jjj'jjjr;˛IT 1=�

mX
kD1

1X
iD1

.1CT �
1
� jxk;i j/

�n��

� C jjj'jjjr;˛IT 1=�

for t 2 .0; T /. This implies (3-16) with z D 0; that is, (3-15) holds. Thus Proposition 3.4 follows in the
case of 0 < � < 2.

Consider the case of � D 2; that is, S� .t/D et�. Let � D t1=2. It follows from (2-16) that

jŒet�'�.x/j � C

Z
Rn
t�

n
2 .1C t�

1
2 jx�yj/�n�1j'.y/j dy

� C ŒS1.�/j'j�.x/

for .x; t/ 2 Rn � .0;1/. This together with Proposition 3.4 in the case of � D 1 implies that

jjjet�'jjjq;ˇ IT 1=2 � C jjjS1.�/j'jjjjq;ˇ IT 1=2

� C��n.
1
r
� 1
q
/
�

log
�
eC

1

�

���˛
r
C
ˇ
q

jjj'jjjr;˛IT 1=2

� Ct�
n
2
. 1
r
� 1
q
/
�

log
�
eC

1

t

���˛
r
C
ˇ
q

jjj'jjjr;˛IT 1=2 for t 2 .0; T /:

Thus Proposition 3.4 follows in the case of � D 2. The proof of Proposition 3.4 is complete. �

4. Proof of Theorems 1.2 and 1.4

We apply the contraction mapping theorem to problem (P) in uniformly local weak Zygmund-type spaces
and prove Theorems 1.2 and 1.4. We also prove Corollary 1.3. We first prove the following proposition.
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Proposition 4.1. Let p D p� , T� 2 .0;1/, and 
 2 Œ0; n=�/. Then there exists � > 0 such that if
' 2 L1;1ul .logL/n=� satisfies

jjj'jjj1;n
�
IT 1=� � � for some T 2 .0; T��; (4-1)

then problem (P) possesses a solution

u 2 C..0; T / W L1;1ul .logL/n=� /\L1loc.0; T W L
1/ in Rn � .0; T /;

with u satisfying
jjju.t/jjj1;n

�
IT 1=� � C jjj'jjj1;n

�
IT 1=� ;

jjju.t/jjjp;
 IT 1=� � Ct
�n
�
.1� 1

p
/
�

log
�
eC

1

t

���n
�
C


p

jjj'jjj1;n
�
IT 1=� ;

ku.t/kL1 � Ct
�n
�

�
log
�
eC

1

t

���n
�

jjj'jjj1;n
�
IT 1=�

(4-2)

for t 2 .0; T /. Here C is a positive constant depending only on T�, n, � , and 
 .

Throughout this section, we set

T� 2 .0;1/; T 2 .0; T��; p WD p� D 1C
�

n
; ˛ WD

n

�
; 0� 
 < ˛; ' 2 L1;1ul .logL/˛:

Let � > 0, and assume (4-1). By Proposition 3.4, we find C� > 0 such that

sup
0<t<T

jjjS� .t/'jjj1;˛IT 1=� � C�jjj'jjj1;˛IT 1=� � C��;

sup
0<t<T

t
n
�
.1� 1

p
/
�

log
�
eC

1

t

��� 

p
C˛

jjjS� .t/'jjjp;
 IT 1=� � C�jjj'jjj1;˛IT 1=� � C��;

sup
0<t<T

t
n
�

�
log
�
eC

1

t

��˛
kS� .t/'kL1 � C�jjj'jjj1;˛IT 1=� � C��:

(4-3)

Define
XT WD C..0; T / W L

1;1
ul .logL/˛/\L1loc..0; T / W L

p;1
ul .logL/
 /\L1loc..0; T / W L

1/:

Setting C � D 2C�, for any u 2XT , we say that u 2XT .C ��/ if u satisfies

sup
0<t<T

jjju.t/jjj1;˛IT 1=� C sup
0<t<T

t
n
�
.1� 1

p
/
�

log
�
eC

1

t

��� 

p
C˛

jjju.t/jjjp;
 IT 1=�

C sup
0<t<T

t
n
�

�
log
�
eC

1

t

��˛
ku.t/kL1 � C

��: (4-4)

For any u, v 2XT .C ��/, set

dX .u; v/ WD d
1
X .u; v/C d

2
X .u; v/C d

3
X .u; v/;

where
d1X .u; v/ WD sup

0<t<T

jjju.t/� v.t/jjj1;˛IT 1=� ;
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d2X .u; v/ WD sup
0<t<T

t
n
�
.1� 1

p
/
�

log
�
eC

1

t

��� 

p
C˛

jjju.t/� v.t/jjjp;
 IT 1=� ;

d3X .u; v/ WD sup
0<t<T

t
n
�

�
log
�
eC

1

t

��˛
ku.t/� v.t/kL1 :

Then .XT ; dX / is a Banach space and XT .C ��/ is closed in .XT ; dX /. Define

ˆ.u/ WD S� .t/'C

Z t

0

S� .t � s/Fp.u.s// ds for u 2XT .C ��/;

where Fp.s/D jsjp�1s for s 2 R. For the proof of Proposition 4.1 we prepare the following two lemmas.

Lemma 4.2. Let � > 0, and assume that (4-1) holds for some T 2 .0; T��. Then there exists C D
C.n; �; C�; T�/ > 0 such that

d1X .ˆ.u/;ˆ.v//C d
2
X .ˆ.u/;ˆ.v//� C�

p�1 d2X .u; v/ for u; v 2XT .C ��/:

Proof. Let u, v 2XT .C ��/. Let 0 < s < t < T . It follows that

jFp.u.x; s//�Fp.v.x; s//j � w.x; s/ju.x; s/� v.x; s/j for x 2 Rn; (4-5)

where w.x; s/ WD p.ju.x; s/jp�1Cjv.x; s/jp�1/. Then, by Lemmas 2.2 and 2.3, we have

jjjFp.u.s//�Fp.v.s//jjj1;
 IT 1=� � jjjw.s/jjj p
.p�1/

;
 IT 1=� jjju.s/�v.s/jjjp;
 IT 1=�

� p.jjju.s/jjj
p�1

p;
 IT 1=�
Cjjjv.s/jjj

p�1

p;
 IT 1=�
/jjju.s/�v.s/jjjp;
 IT 1=� : (4-6)

Since u, v 2XT .C ��/, by (4-4), we obtain

jjjFp.u.s//�Fp.v.s//jjj1;
 IT 1=�

� Cs�
n.p�1/
�

.1� 1
p
/
�

log
�
eC

1

s

��
.p�1/
p
�˛.p�1/

.C ��/p�1Cs�
n
�
.1� 1

p
/
�

log
�
eC

1

s

�� 

p
�˛

d2X .u; v/

D C�p�1s�
n.p�1/
�

�
log
�
eC

1

s

��
�˛p
d2X .u; v/: (4-7)

This together with Proposition 3.4 implies thatˇ̌̌̌̌̌̌̌ ˇ̌̌̌Z t

0

S� .t � s/ŒFp.u.s//�Fp.v.s//� ds

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
q;ˇ IT 1=�

�

Z t

0

jjjS� .t � s/ŒFp.u.s//�Fp.v.s//�jjjq;ˇ IT 1=� ds

� C

Z t

0

.t � s/�
n
�
.1� 1

q
/
�

log
�
eC

1

t � s

���
Cˇ
q

jjjFp.u.s//�Fp.v.s//jjj1;
 IT 1=� ds

� C�p�1d2X .u; v/

Z t

0

.t � s/�
n
�
.1� 1

q
/
�

log
�
eC

1

t � s

���
Cˇ
q

s�
n
�
.p�1/

�
log
�
eC

1

s

��
�˛p
ds (4-8)

for q 2 Œ1; p� and ˇ 2 Œ
; ˛�.
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On the other hand, since


 �˛p D 
 �
n

�

�
1C

�

n

�
D 
 �

n

�
� 1D 
 �˛� 1 < �1; (4-9)

by Lemma 3.2 (2) and (3-1), we haveZ t
2

0

.t � s/�
n
�
.1� 1

q
/
�

log
�
eC

1

t � s

���
Cˇ
q

s�
n
�
.p�1/

�
log
�
eC

1

s

��
�˛p
ds

� Ct�
n
�
.1� 1

q
/
�

log
�
eC

1

t

���
Cˇ
q
Z t

2

0

s�1
�

log
�
eC

1

s

��
�˛p
ds

� Ct�
n
�
.1� 1

q
/
�

log
�
eC

1

t

���
Cˇ
q

�C

�
log
�
eC

1

t

��
�n
�

D Ct�
n
�
.1� 1

q
/
�

log
�
eC

1

t

��ˇ
q
�˛

(4-10)

for t 2 .0; T /. Similarly, since

�
n

�

�
1�

1

q

�
� �

n.p� 1/

�p
D�

1

p
> �1;

by Lemma 3.2 (1) and (3-1), we obtainZ t

t
2

.t � s/�
n
�
.1� 1

q
/
�

log
�
eC

1

t � s

���
Cˇ
q

s�
n
�
.p�1/

�
log
�
eC

1

s

��
�˛p
ds

� Ct�
n
�
.p�1/

�
log
�
eC

1

t

��
�˛p Z t

t
2

.t � s/�
n
�
.1� 1

q
/
�

log
�
eC

1

t � s

���
Cˇ
q

ds

� Ct�1
�

log
�
eC

1

t

��
�˛p
�Ct�

n
�
.1� 1

q
/C1

�
log
�
eC

1

t

���
Cˇ
q

D Ct�
n
�
.1� 1

q
/
�

log
�
eC

1

t

��ˇ
q
�˛p

� Ct�
n
�
.1� 1

q
/
�

log
�
eC

1

t

��ˇ
q
�˛

(4-11)

for t 2 .0; T /. Combining (4-8), (4-10), and (4-11) with .q; ˇ/D .1; ˛/ and .p; 
/, we deduce that

d1X .ˆ.u/;ˆ.v//C d
2
X .ˆ.u/;ˆ.v//

D sup
0<t<T

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌Z t

0

S� .t � s/ŒFp.u.s//�Fp.v.s//� ds

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
1;˛IT 1=�

C sup
0<t<T

t
n
�
.1� 1

p
/
�

log
�
eC

1

t

��� 

p
C˛ ˇ̌̌̌̌̌̌̌ ˇ̌̌̌Z t

0

S� .t � s/ŒFp.u.s//�Fp.v.s//� ds

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
p;
 IT 1=�

� C�p�1d2X .u; v/

for u, v 2XT .C ��/. Thus Lemma 4.2 follows. �

Lemma 4.3. Let � > 0, and assume that (4-1) holds for some T 2 .0; T��. Then there exists C D
C.n; �; C�; T�/ > 0 such that

d3X .ˆ.u/;ˆ.v//� C�
p�1.d2X .u; v/C d

3
X .u; v// for u; v 2XT .C ��/:
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Proof. Let u, v 2XT .C ��/. Let 0 < s < t < T . Similarly to (4-6), we have

kFp.u.s//�Fp.v.s//kL1 � kw.s/kL1ku.s/� v.s/kL1

� p.ku.s/k
p�1
L1 Ckv.s/k

p�1
L1 /ku.s/� v.s/kL1 :

Since u, v 2XT .C ��/, by (4-4), we obtain

kFp.u.s//�Fp.v.s//kL1 � Cs
�
n.p�1/
�

�
log
�
eC

1

s

���˛.p�1/
.C ��/p�1 �s�

n
�

�
log
�
eC

1

s

���˛
d3X .u; v/

D C�p�1s�
np
�

�
log
�
eC

1

s

���˛p
d3X .u; v/:

This together with Proposition 3.4 and (4-7) implies that



Z t

0

S� .t � s/ŒFp.u.s//�Fp.v.s//� ds






L1

�

Z t

0

kS� .t � s/ŒFp.u.s//�Fp.v.s//�kL1 ds

� C

Z t
2

0

.t � s/�
n
�

�
log
�
eC

1

t � s

���

jjjFp.u.s//�Fp.v.s//jjj1;
 IT 1=� ds

CC

Z t

t
2

kFp.u.s//�Fp.v.s//kL1 ds

� C�p�1d2X .u; v/

Z t
2

0

.t � s/�
n
�

�
log
�
eC

1

t � s

���

s�

n
�
.p�1/

�
log
�
eC

1

s

��
�˛p
ds

CC�p�1d3X .u; v/

Z t

t
2

s�
np
�

�
log
�
eC

1

s

���˛p
ds

� C�p�1t�
n
�

�
log
�
eC

1

t

���

d2X .u; v/

Z t
2

0

s�1
�

log
�
eC

1

s

��
�˛p
ds

CC�p�1t�
np
�
C1

�
log
�
eC

1

t

���˛p
d3X .u; v/:

Since np D nC � and ˛p > ˛, we have



Z t

0

S� .t � s/ŒFp.u.s//�Fp.v.s//� ds






L1

� C�p�1t�
n
�

�
log
�
eC

1

t

���

d2X .u; v/

Z t
2

0

s�1
�

log
�
eC

1

s

��
�˛p
ds

CC�p�1t�
n
�

�
log
�
eC

1

t

���˛
d3X .u; v/: (4-12)

Furthermore, by Lemma 3.2 (2) and (4-9) we see thatZ t
2

0

s�1
�

log
�
eC

1

s

��
�˛p
ds � C

�
log
�
eC

1

t

��
�˛
(4-13)
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for t 2 .0; T /. Combining (4-12) and (4-13), we deduce that

d3X .ˆ.u/;ˆ.v//D sup
0<t<T

t
n
�

�
log
�
eC

1

t

��˛



Z t

0

S� .t � s/ŒFp.u.s//�Fp.v.s//� ds






L1

� C�p�1.d2X .u; v/C d
3
X .u; v//

for u, v 2XT .C ��/. Thus Lemma 4.3 follows. �

Proof of Proposition 4.1. Let T� > 0. Let � > 0 be small enough. Let ' 2 L1;1ul .logL/˛ be such that
jjj'jjj1;˛IT 1=� < � for some T 2 .0; T��. By (4-3), (4-4), and Lemma 4.2, we have

sup
t2.0;T /

jjjˆ.u.t//jjj1;˛IT 1=� C sup
0<t<T

�
t
n
�
.1� 1

p
/
�

log
�
eC

1

t

��� 

p
C˛

jjjˆ.u.t//jjjp;
 IT 1=�

�

� jjjS� .t/'jjj1;˛;T 1=� C sup
0<t<T

�
t
n
�
.1� 1

p
/
�

log
�
eC

1

t

��� 

p
C˛

jjjS� .t/'jjjp;
 IT 1=�

�
Cd1X .ˆ.u/;ˆ.0//C d

2
X .ˆ.u/;ˆ.0//

� C��CC�
p�1d2X .u; 0/

� C��CC�
p�1
�C ��

� C �� (4-14)

for u 2XT .C ��/. Similarly, we observe from Lemma 4.3, (4-3), and (4-4) that

sup
0<t<T

�
t
n
�

�
log
�
eC

1

t

��˛
kˆ.u.t//kL1

�
� sup
0<t<T

�
t
n
�

�
log
�
eC

1

t

��˛
kS� .t/'kL1

�
Cd3X .ˆ.u/;ˆ.0//

�C��CC�
p�1.d2X .u;0/Cd

3
X .u;0//

�C��CC�
p�1
�2C ��

�C �� (4-15)

for u 2XT .C ��/. By (4-14) and (4-15), we see that ˆ.u/ 2XT .C ��/ for u 2XT .C ��/. Furthermore,
taking small enough � > 0 if necessary, by Lemmas 4.2 and 4.3, we have

dX .ˆ.u/;ˆ.v//D d
1
X .ˆ.u/;ˆ.v//C d

2
X .ˆ.u/;ˆ.v//C d

3
X .ˆ.u/;ˆ.v//

� C�p�1.d2X .u; v/C d
3
X .u; v//

�
1
2
dX .u; v/

for u, v 2XT .C ��/. Then we apply the contraction mapping theorem to find a unique u� 2XT .C ��/
such that ˆ.u�/D u� in XT .C ��/. The function u� is a solution to problem (P) in Rn� .0; T /, with u�
satisfying (4-2). Thus Proposition 4.1 follows. �

Proof of Theorem 1.2. Let T > 0. Let ' 2 L1;1ul .logL/˛ be such that jjj'jjj1;˛IT 1=� is small enough.
Then, by Proposition 4.1, we find a solution u to problem (P) in Rn � .0; T /, with u satisfying (4-2). Let
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ˇ 2 .
; n=�/. Then, by Proposition 3.4, Lemma 2.3, and (4-2), we obtain

jjju.t/�S� .t/'jjj1;ˇ IT 1=� �

Z t

0

jjjS� .t�s/Fp.u.s//jjj1;ˇ IT 1=� ds

� C

Z t

0

�
log
�
eC

1

t�s

���
Cˇ
jjjFp.u.s//jjj1;
 IT 1=� ds

D C

Z t

0

�
log
�
eC

1

t�s

���
Cˇ
jjju.s/jjj

p

p;
 IT 1=�
ds

� C jjj'jjj
p

1;˛IT 1=�

Z t

0

�
log
�
eC

1

t�s

���
Cˇ
s�1

�
log
�
eC

1

s

��
�˛p
ds (4-16)

for t 2 .0; T /. On the other hand, since ˇ < �=n, by Lemma 3.2 (2) and (4-9), we haveZ t
2

0

�
log
�
eC

1

t � s

���
Cˇ
s�1

�
log
�
eC

1

s

��
�˛p
ds

� C

�
log
�
eC

1

t

���
Cˇ Z t
2

0

s�1
�

log
�
eC

1

s

��
�˛p
ds

� C

�
log
�
eC

1

t

���
Cˇ
�C

�
log
�
eC

1

t

��
�n
�

! 0 (4-17)

andZ t

t
2

�
log
�
eC

1

t � s

���
Cˇ
s�1

�
log
�
eC

1

s

��
�˛p
ds

� Ct�1
�

log
�
eC

1

t

��
�n
�
�1 Z t

t
2

�
log
�
eC

1

t � s

���
Cˇ
ds

� Ct�1
�

log
�
eC

1

t

��
�n
�
�1

�Ct

�
log
�
eC

1

t

���
Cˇ
! 0 (4-18)

as t !C0. Combining (4-16), (4-17), and (4-18), we see that

lim
t!C0

jjju.t/�S� .t/'jjj1;ˇ IT 1=� D 0 for ˇ 2 .
; n=�/:

This together with (2-12) implies that

lim
t!C0

jjju.t/�S� .t/'jjj1;ˇ IT 1=� D 0 for ˇ 2 Œ0; n=�/: (4-19)

It remains to prove that u! ' in the sense of distributions. Let � 2 C0.Rn/. Let R > 0 be such that
supp �� B.0;R/. By (1-3), (1-4), and (4-19), we haveˇ̌̌̌Z

Rn
.u.x; t/� ŒS� .t/'�.x//�.x/ dx

ˇ̌̌̌
� Ck�kL1

Z
B.0;R/

ju.x; t/� ŒS� .t/'�.x/j dx

� Ck�kL1 jjju.t/�S� .t/'jjj1;0IT 1=� ! 0 (4-20)
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as t !C0. Set

�.x; t/ WD

Z
Rn
G� .x�y; t/�.y/ dy for .x; t/ 2 Rn � .0;1/:

It follows from (2-18) that
lim
t!C0

k�. � ; t /� �kL1 D 0: (4-21)

On the other hand, by (2-16), we have

j�.x; t/j � Ct�
n
�

Z
B.0;R/

.1C t�
1
� jx�yj/�n�� j�.y/j dy � Ck�kL1 t

�n
� �C.t�

1
� jxj/�n�� � T jxj�n��

for x 2 Rn nB.0; 2R/ and t 2 .0; T /. Since k�. � ; t /kL1 � k�kL1 for t > 0, we obtain

j�.x; t/j � C.1Cjxj/�n�� for .x; t/ 2 Rn � .0; T /: (4-22)

Furthermore, it follows from Proposition 3.4 with q D1 that

ŒS� .1/j'j�.0/D

Z
Rn
G� .y; 1/j'.y/j dy <1:

This together with (2-16) implies thatZ
Rn
.1Cjyj/�n�� j'.y/j dy <1: (4-23)

Therefore, by (4-21), (4-22), and (4-23), we apply the Fubini theorem and the Lebesgue convergence
theorem to obtainZ

Rn
ŒS� .t/'�.x/�.x/ dx

D

Z
Rn

�Z
Rn
G� .x�y; t/'.y/ dy

�
�.x/ dx D

Z
Rn

�Z
Rn
G� .x�y; t/�.x/ dx

�
'.y/ dy

D

Z
Rn
�.y; t/'.y/ dy!

Z
Rn
�.y/'.y/ dy

as t !C0. Then we deduce from (4-20) that

lim
t!C0

Z
Rn
u.x; t/�.x/ dx D

Z
Rn
'.x/�.x/ dx for � 2 C0.Rn/I

that is, u.t/! ' in the sense of distributions. The proof of Theorem 1.2 is complete. �

Proof of Corollary 1.3. Let 'c be as in (1-1) with p D p� . It follows from the definition of the
nonincreasing rearrangements that

.'c/
�.s/� Cs�1

�
log
�
eC

1

s

���n
�
�1

for s 2 .0;1/: (4-24)

Let S > 0. Then, by Lemma 3.2 (2), (2-3), and (4-24), we see that

.'c/
��.s/� Cs�1

�
log
�
eC

1

s

���n
�

for s 2 .0; S/:

This implies that 'c 2 L
1;1
ul .logL/n=� . Then Corollary 1.3 follows from Theorem 1.2. �
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Proof of Theorem 1.4. Since ˛ > n=� , it follows from (2-12) that

jjj'jjj1;n
�
IT 1=� � C

�
log
�
eC

1

T 1=�

��n
�
�˛

jjj'jjj1;˛IT 1=� ! 0 as T !C0:

Then, by Theorem 1.2, we find a solution u to problem (P) in Rn � .0; T / for some small enough T > 0,
with u satisfying (1-6) and (1-7). Thus Theorem 1.4 follows. �

At the end of this paper we recall the definitions of the usual Zygmund space and the usual weak
Zygmund space, and explain the advantage of our weak Zygmund-type spaces.

Remark 4.4. (i) We recall the Zygmund space Lq.logL/˛ and the weak Zygmund space Lq;1.logL/˛ .
For any q 2 Œ1;1� and ˛ � 0, set

Lq.logL/˛ WD ff 2 L1loc.R
n/ W kf kLq.logL/˛ <1g;

Lq;1.logL/˛ WD ff 2 L1loc.R
n/ W kf kLq;1.logL/˛ <1g;

where

kf kLq.logL/˛ WD

�Z 1
0

�
log
�
eC

1

s

��˛
f �.s/q ds

�1
q

; (4-25)

kf kLq;1.logL/˛ WD sup
s>0

��
log
�
eC

1

s

��˛
sf �.s/q

�1
q

: (4-26)

See, e.g., [Bennett and Sharpley 1988, Chapter 4, Section 6] and [Wadade 2014]. For the case q > 1, as
in the Lorentz space (see, e.g., [Grafakos 2008, Chapter 1, Exercises 1:4:3]), applying Hardy’s inequality
(see Lemma 2.4) and Lemma 3.2 with (2-3), for any f 2 L1loc, we see that f 2Lq.logL/˛ if and only if

Œf �Lq.logL/˛ WD

�Z 1
0

�
log
�
eC

1

s

��˛
f ��.s/q ds

�1
q

<1:

In contrast, the above relation does not hold for the case q D 1. In fact, applying integration by parts, we
see that Z 1

0

�
log
�
eC

1

s

��˛
f �.s/ ds D ˛

Z 1
0

�
log
�
eC

1

s

��˛�1
f ��.s/

ds

esC 1
Ckf kL1 :

(ii) By O’Neil’s inequality (2-7), we have the inequality

.G� . � ; t /�'/
��.s/�

Z 1
s

.G� . � ; t //
��.�/'��.�/ d�; s > 0;

which is crucial in the proof of our sharp decay estimates of S� .t/'. Our Zygmund-type spaces are
defined by the average of the nonincreasing rearrangement, and they are effectively used in the proof of
our sharp decay estimates of S� .t/' (see the proof of Proposition 3.1). These sharp decay estimates of
S� .t/' in the spaces Lq;1.logL/˛ enable us to obtain Theorem 1.2.
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On the other hand, since the weak Zygmund space Lq;1.logL/˛ is defined by the nonincreasing
rearrangement, the inequality

.G� . � ; t /�'/
�.s/� .G� . � ; t /�'/

��.s/�

Z 1
s

.G� . � ; t //
��.�/'��.�/ d�; s > 0; (4-27)

seems useful for the study of decay estimates of S� .t/' in the space Lq;1.logL/˛ . The first inequality in
(4-27) follows from inequality (2-4). However, in general, inequality (2-4) is not sharp in L1;1.logL/˛ ,
where ˛ > 1. Indeed, let f 2 L1loc be such that

f �.s/D s�1
�

log
�
eC

1

s

���˛
; s > 0;

where ˛ > 1. Then f 2 L1;1.logL/˛ and

f ��.s/� s�1
�

log
�
eC

1

s

���˛C1
for small enough s > 0. Then f �.s/=f ��.s/! 0 as s!C0, and we see that inequality (2-4) is not sharp.
This suggests that it is difficult to obtain sharp decay estimates of S� .t/' in the usual weak Zygmund
spaces.

(iii) In order to overcome the disadvantage of the usual weak Zygmund spaces, one might consider the
weak Zygmund-type spaces

Lq;1.log L/˛ WD ff 2 L1loc W kf kLq;1.log L/˛ <1g;

where 1� q <1, ˛ � 0, and

kf kLq;1.log L/˛ WD sup
s>0

��
log
�
eC

1

s

��˛
sf ��.s/q

�1
q

:

Indeed, applying the arguments to those in the proof of Proposition 3.4, we can obtain similar sharp decay
estimates of S� .t/' in the weak Zygmund-type space Lq;1.log L/˛ to those in Proposition 3.4.

On the other hand, in the proof of Theorem 1.2, we used the inequality

kjf jpkL1;1.logL/˛ � Ckf k
p

Lp;1.logL/˛ for f 2 Lp;1.logL/˛ (4-28)

in order to estimate the nonlinear term jujp�1u, where p > 1 and ˛ � 0. Actually, (4-28) holds with
C D 1 and “�” replace by “D” (see Lemma 2.3). In the case of Lq;1.log L/˛ , it follows from (2-5) that

kjf jpkL1;1.log L/˛ D sup
s>0

��
log
�
eC

1

s

��˛
s.jf jp/��.s/

�
� sup
s>0

��
log
�
eC

1

s

��˛
s.f ��.s//p

�
D kf k

p

Lp;1.log L/˛

for f 2 Lp;1.log L/˛; that is, the reverse to the desired inequality holds. This suggests that it is difficult
to obtain a similar result to that of Theorem 1.2 in the framework of weak Zygmund-type spaces
Lq;1.log L/˛.
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Appendix

Here we prove two propositions on relations between Lq.logL/˛, Lq;1.logL/˛, and Lq;1.logL/˛.
We remark that the following relations hold for ˛ D 0:

Lq D Lq.logL/0 D Lq;1.logL/0 ¨ Lq;1 D Lq;1.logL/0 if q 2 Œ1;1/:

Proposition A.1. Let 1� q <1 and ˛ � 0. Then

kf kLq;1.logL/˛ � kf kLq.logL/˛ for f 2 Lq.logL/˛;

kf kLq;1.logL/˛ � kf kLq;1.logL/˛ for f 2 Lq;1.logL/˛:
Furthermore,

Lq.logL/˛ ¨ Lq;1.logL/˛ ¨ Lq;1.logL/˛; ˛ > 0:

Proof. By (2-9), (2-11), and (4-25), we see that

kf kLq;1.logL/˛ D sup
s>0

��
log
�
eC

1

s

��˛ Z s

0

.f �.�//q d�

�1
q

� sup
s>0

�Z s

0

�
log
�
eC

1

�

��˛
.f �.�//q d�

�1
q

D kf kLq.logL/˛

for f 2 Lq.logL/˛ . This implies that Lq.logL/˛ � Lq;1.logL/˛ . Let g be a function in Rn such that

g�.s/D
d

ds

��
log
�
eC

1

s

���˛�
�.0;ı/.s/D

˛

es2C s

�
log
�
eC

1

s

���˛�1
�.0;ı/.s/;

where ı > 0 is chosen so that g� is decreasing. Set f .x/ WD jg.x/j1=q . It follows from (2-1) that
f �.s/q D g�.s/. Furthermore,

kf k
q

Lq;1.logL/˛ D sup
s>0

�
log
�
eC

1

s

��˛ Z s

0

g�.�/ d�D 1

and

kf k
q

Lq.logL/˛ D

Z 1
0

�
log
�
eC

1

�

��˛
g�.�/ d�D

Z ı

0

˛

e�2C �

�
log
�
eC

1

�

���1
d�D1:

Thus Lq.logL/˛ ¨ Lq;1.logL/˛.
On the other hand, it follows from (2-1), (2-4), (2-9), and (4-26) that

kf kLq;1.logL/˛ D sup
s>0

��
log
�
eC

1

s

��˛
s.jf jq/��.s/

�1
q

� sup
s>0

��
log
�
eC

1

s

��˛
s.jf jq/�.s/

�1
q

D sup
s>0

��
log
�
eC

1

s

��˛
s.f �.s//q

�1
q

D kf kLq;1.logL/˛
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for f 2 Lq;1.logL/˛, and hence Lq;1.logL/˛ � Lq;1.logL/˛. We finally show that the inclusion is
strict. Let f be a function such that

f �.s/D s�
1
q

�
log
�
eC

1

s

���˛
q

�.0;ı/.s/;

where ı > 0 is chosen so that f � is decreasing. Then kf kLq;1.logL/˛ D 1. On the other hand, for the
case ˛ � 1, we see that

s.jf jq/��.s/D

Z s

0

��1
�

log
�
eC

1

�

���˛
d��

Z s

0

��1
�

log
�
eC

1

�

���1
d�D1

for s 2 .0; ı/. This implies that f … Lq;1.logL/˛. Furthermore, for the case ˛ > 1, there exists C > 0
such that

s.jf jq/��.s/D

Z s

0

��1
�

log
�
eC

1

�

���˛
d�

� C

Z s

0

.e�2C �/�1
�

log
�
eC

1

�

���˛
d�D

C

˛� 1

�
log
�
eC

1

s

��1�˛
for s 2 .0; ı/. In conclusion, there exists C > 0 such that

kf kLq;1.logL/˛ � C sup
0<s<ı

�
log
�
eC

1

s

�� 1
q

D1:

Thus Lq;1.logL/˛ ¨ Lq;1.logL/˛. The proof of Proposition A.1 is complete. �

Let f be a locally integrable function in Rn such that�
log
�
eC

1

s

��˛
s.jf jq/��.s/D 1; s > 0; (A-1)

which is a typical function in Lq;1.logL/˛. By (A-1), we see

f �.s/q D
d

ds
.s.jf jq/��.s//D

˛

es2C s

�
log
�
eC

1

s

���˛�1
; s > 0:

Since

f �.s/� s�
1
q

�
log
�
eC

1

s

���˛C1
q

for small enough s > 0;

we see that f also has a typical singularity of functions in Lq;1.logL/˛C1. These arguments suggest
that Lq;1.logL/˛ is closely related to Lq;1.logL/˛C1.

Proposition A.2. Let 1� q <1 and ˛ > 0. Then there exists C > 0 such that

kf kLq;1.logL/˛ � Ckf kLq;1.logL/˛C1 (A-2)

for f 2 Lq;1.logL/˛C1. Furthermore,

inf
�
kf kLq;1.logL/˛

kf kLq;1.logL/˛C1
W f 2 Lq;1.logL/˛C1

�
D 0: (A-3)
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Proof. By Lemma 2.3 and (2-1), it suffices to consider the case q D 1. We first prove (A-2) with q D 1.
Let f 2 L1;1.logL/˛C1, where ˛ > 0. By Lemma 3.2 (2), for any R > 0, we have

sf ��.s/D

Z s

0

f �.�/ d��

�Z s

0

��1
�

log
�
eC

1

�

���˛�1
d�

��
sup
�>0

�
log
�
eC

1

�

��˛C1
�f �.�/

�
� C

�
log
�
eC

1

s

���˛�
sup
�>0

�
log
�
eC

1

�

��˛C1
�f �.�/

�
for s 2 .0; R/. This together with (2-9) implies that

kf kL1;1.logL/˛ D sup
0<s<R

�
log
�
eC

1

s

��˛
sf ��.s/

� C sup
�>0

�
log
�
eC

1

�

��˛C1
�f �.�/D Ckf kL1;1.logL/˛C1 :

Thus (A-2) holds for q D 1, and the proof of (A-2) is complete.
Next, we prove (A-3) with q D 1. Let ffng be a sequence in L1loc such that

f �n .s/D nŒlog.eCn/��˛�1�.0; 1
n
/.s/:

Since

f ��n .s/D

(
nŒlog.eCn/��˛�1 for s 2

�
0; 1
n

�
;

s�1Œlog.eCn/��˛�1 for s 2
�
1
n
;1

�
;

(A-4)

we have

kfnkL1;1.logL/˛ D sup
s>0

�
log
�
eC

1

s

��˛
sf ��n .s/D

�
log
�
eC

1

s

��˛
sf ��n .s/

ˇ̌̌̌
sD 1

n

D Œlog.eCn/��1

for nD 1; 2; : : : . On the other hand, similarly to (3-2), we find L 2 Œe;1/ such that

the function .0;1/ 3 � 7! �

�
log
�
LC

1

�

��˛C1
is nondecreasing:

Then, by (3-1) and (A-4), we have

kfnkL1;1.logL/˛C1 D sup
s>0

�
log
�
eC

1

s

��˛C1
sf �n .s/

� C sup
s>0

�
log
�
LC

1

s

��˛C1
sf �n .s/D C

�
log
�
LC

1

s

��˛C1
sf �n .s/

ˇ̌̌̌
sD 1

n

� C

for nD 1; 2; : : : . These imply (A-3). Thus Proposition A.2 follows. �
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