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EXISTENCE OF SOLUTIONS
TO A FRACTIONAL SEMILINEAR HEAT EQUATION
IN UNIFORMLY LOCAL WEAK ZYGMUND-TYPE SPACES

NORISUKE [OKU, KAZUHIRO ISHIGE AND TATSUKI KAWAKAMI

We introduce uniformly local weak Zygmund-type spaces and obtain an optimal sufficient condition for
the existence of solutions to the critical fractional semilinear heat equation.

1. Introduction

Consider the Cauchy problem for the fractional semilinear heat equation

Do+ (=A) 2u=[ulPMu, xeR", 1>0,

P)
u(x,0) = p(x), x e R",

where n > 1, 9, :=9/dt, # € (0,2], p> 1, and ¢ is a locally integrable function in R”. Here (—A)%/2
denotes the fractional power of the Laplace operator —A in R”. In this paper we establish the local-in-time
existence of solutions to problem (P) in the critical case

0
p=pe:=1+-
in the framework of uniformly local weak Zygmund-type spaces.

The solvability of the Cauchy problem for semilinear heat equations has fascinated many mathematicians
since the pioneering work by Fujita [1966]. The literature is very large, and we refer the reader to the
comprehensive monograph [Quittner and Souplet 2007] and the papers [Andreucci and DiBenedetto
1991; Baras and Pierre 1985; Brezis and Cazenave 1996; Fujishima et al. 2023; 2024; Fujishima and Ioku
2021; 2022; Giraudon and Miyamoto 2022; Hisa and Ishige 2018; Hisa et al. 2023; Ishige et al. 2014;
2020; 2022; Kozono and Yamazaki 1994; Laister and Sierzgga 2020; 2021; Laister et al. 2016; Miyamoto
2021; Robinson and Sierzgga 2013; Sugitani 1975; Weissler 1981; Zhanpeisov 2023], some of which are
closely related to this paper, while the others include recent developments in this subject. The study of
the solvability of problem (P) is divided into the following three cases:

1 < p < pg (subcritical case), p > pg (supercritical case), p = pg (critical case).

We collect some known results on necessary conditions and sufficient conditions for the existence of
solutions to problem (P).
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(1) Subcritical case (1 < p < pg).

(a) Necessity: There exists C; = Cy(n, 6, p) > 0 such that if problem (P) possesses a nonnegative
solution in R” x (0, T') for some T > 0, then

swp [ pdy sairh it
B(x,T1/9)

x€eR?
See [Andreucci and DiBenedetto 1991; Baras and Pierre 1985] for & = 2 and [Hisa and Ishige 2018]
for 6 € (0, 2].

(b) Sufficiency: There exists €; = €1(n, 8, p) > 0 such that if

sup / oY) dy < e TH 7T
B(x,T1/9)

xR
for some T € (0, 00), then problem (P) possesses a solution in R” x (0, T'). See, e.g., [Andreucci
and DiBenedetto 1991; Hisa and Ishige 2018; Weissler 1981].

The results in (a) and (b) (see also (1-4)) imply that, for any nonnegative measurable initial function ¢
in R”", problem (P) possesses a local-in-time nonnegative solution if and only if

sup / @(y)dy < oo.
B(x,1)

x€R”
(2) Supercritical case (p > pg).
(a) Necessity: There exists Co = Ca(n, 8, p) > 0 such that if problem (P) possesses a nonnegative
solution in R” x (0, T') for some T > 0, then
supsup (BT [ pgrdy=c
X€ER" 5e(0,T1/9) B(x,0)
See [Andreucci and DiBenedetto 1991; Baras and Pierre 1985] for 6 = 2 and [Hisa and Ishige 2018]
for 8 € (0,2].

(b) Sufficiency: For any r € (1, 00), there exists €3 = €2(n, 8, p, r) > 0 such that if

9 r
sup  sup |B<x,o>|n<p—n‘1[f |<p<y)|’dy] <&
XER" 5e(0,T1/9) B(x,0)

for some T € (0, 0o], then problem (P) possesses a solution in R” x (0, 7). See [Kozono and
Yamazaki 1994; Robinson and Sierzgga 2013] for 8 = 2 and [Hisa and Ishige 2018; Ishige et al.
2020; 2022; Zhanpeisov 2023] for 6 € (0, 2]. See, e.g., [Andreucci and DiBenedetto 1991; Ishige
et al. 2014; Weissler 1981] for related results.

(3) Critical case (p = pg).

(a) Necessity: There exists C3 = C3(n, 8) > 0 such that if problem (P) possesses a nonnegative solution
in R" x (0, T') for some T > 0, then
T1/9 _% 1
s [ sy <aloge+ T2)] L ceorh.
xeR" JB(x,0) o
See [Baras and Pierre 1985] for 6 = 2 and [Hisa and Ishige 2018] for 8 € (0, 2].
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(b) Sufficiency: For any « > 0, there exists €3 = €3(n, 6, «) > 0 such that if

sup ¥, !

1 _1 1
[— Vo (T 75T o ()]) dy} < ep(0TH), oe©Th,
XERN |B(X7U)| B(x,0)

for some T > 0, then problem (P) possesses a solution in R” x (0, T'), where

1IN~ @
W, (s) := s[log(e + 5)]%, p(s) := s_”[log(e + —)] .
S
See [Hisa and Ishige 2018; Ishige et al. 2020; 2022].
Furthermore, the results in (2) and (3) imply the following results.

(4) Let p > pg, and set

|x|™" [log(e + |71|)]—%—1 if p = pg,

p for x € R". (1-1)
lx| =T if p> pe

@c(x) 1=

(a) There exists C4 = Cq(n, 0, p) > 0 such that if

@(x) = Cage(x)

for almost all x in a neighborhood of the origin, then problem (P) possesses no local-in-time
nonnegative solutions.

(b) There exists €4 = €4(n, 8, p) > 0 such that if
lp(x)| < €ape(x) + K, aa. xeR",

for some K > 0, then problem (P) possesses a local-in-time solution.

The results in (4) show that the “strength” of the singularity at the origin of the function ¢, is the critical
threshold for the local-in-time solvability of problem (P). The function ¢, is quite useful for identifying
optimal function spaces to which initial functions belong from the view of the solvability of problem (P).
We remark that assertion (2b) with » = 1 and assertion (3b) with o« = 0 do not hold. (See [Takahashi
2016, Theorem 1 and Proposition 1], which treat only the case of 8 = 2 but which is also applicable to
the case of 6 € (0, 2). See also [Kan and Takahashi 2017, Section 4].)

There are (at least) two useful strategies for the proof of the existence of solutions to problem (P). One is
the supersolution method (SSM) and the other is the contraction mapping theorem (CMT). SSM depends
on the following principle: if there exists a nonnegative supersolution v to problem (P) in R” x (0, T')
for some T > 0, then problem (P) possesses a nonnegative solution u in R” x (0, T) such that 4 < v in
R”™ x (0, T'). In our problem (P) with nonnegative initial function ¢, the following functions have been
used as supersolutions in R” x (0, T') for some T > 0:

2S99 (1< p<pg), 2Se)e")" (p>pg), 25 (Se(t)¥(@) (p = pes),

where Sg(¢)g is a solution to the fractional heat equation (see (1-5)), r > 1, and Wy, is as in assertion (3b).
(See, e.g., [Weissler 1981] for 1 < p < pg; [Hisa and Ishige 2018; Robinson and Sierzg¢ga 2013]
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for p > pg; [Hisa and Ishige 2018] for p = pg.) Furthermore, thanks to the arguments in [Tayachi
and Weissler 2014], SSM is also applicable to the study of the existence of sign-changing solutions to
problem (P) (see [Ishige et al. 2020; 2022]), however we require additional arguments in which sense
the solution converges to the initial function. On the other hand, CMT is widely used in the proof of
the existence of solutions in various evolution equations, and the choice of function spaces is crucial.
For our problem (P) with p > pg, the existence of solutions has been proved by CMT in the framework
of weak Lebesgue spaces (see [Fujishima and Ioku 2021; Ishige et al. 2014]) and Morrey spaces (see
[Kozono and Yamazaki 1994; Zhanpeisov 2023]). The results in [Fujishima and Ioku 2021; Ishige et al.
2014; Kozono and Yamazaki 1994; Zhanpeisov 2023] cover the result in (4b) with p > pg. However,
in the critical case p = py, the arguments in [Fujishima and Ioku 2021; Ishige et al. 2014; Kozono and
Yamazaki 1994; Zhanpeisov 2023] are not applicable to the proof of assertion (4b) by the logarithmic
singularity of ¢..

supersolution method (SSM) weak spaces (CMT) Morrey spaces (CMT)
p>p [Hisa and Ishige 2018] [Fujishima and Ioku 2021] [Kozono and Yamazaki 1994]
0 [Robinson and Sierzgga 2013] [Ishige et al. 2014] [Zhanpeisov 2023]
. . . not applicable
= H d Ishige 2018
p=pe |  [HisaandIshige 2018] opet (see [Takahashi 2016])

The aim of this paper is to establish a sharp sufficient condition on the existence of solutions to
problem (P) in the critical case p = pg in the framework of Banach spaces. For the critical case p = pg, the
weak Zygmund space L (log L)' +"/? seems a reasonable Banach space since ¢, € L1**(log L)' *+7/?.
(See Remark 4.4 (i) for the definition of the weak Zygmund spaces L?:°°(log L)%, where 1 < g < oo and
o > 0.) Then we require sharp decay estimates of solutions to the fractional heat equation in the weak
Zygmund spaces L?*(log L)%; however, by the peculiarity of L*°(log L)%, it seems difficult to obtain
our desired sharp decay estimates. (See Remark 4.4 (ii) for further details.)

In this paper we introduce new weak Zygmund-type spaces £4°°°(log £)* and uniformly local weak
Zygmund-type spaces 231’ *°(log £)®. Then we establish sharp decay estimates of solutions to the fractional
heat equation in the spaces £7°°(log £)* and £7,°°(log £)%, and obtain a sufficient condition on the
existence of solutions to problem (P) with p = pg in the framework of the space Sgl’oo(log £)%. Our
sufficient condition is simpler than that of assertion (3b) and covers assertion (4b) with p = py.

We introduce some notation and define the weak Zygmund-type spaces £7°°(log £)* and the uni-
formly local weak Zygmund-type spaces Szl’oo(log £)¥. We also formulate the definition of solutions to
problem (P). Let M be the set of Lebesgue measurable sets in R”. For any £ € M, we denote by |E]|
and y g the n-dimensional Lebesgue measure of E and the characteristic function of E, respectively. Let
LllOC be the set of locally integrable functions in R”. For any ¢ € [1, co], we denote by L7 and || - ||« the
usual L9-space on R” and its norm, respectively.

Let g € [1,00] and & € [0, 00). We define the weak Zygmund-type space £2°°°(log £)% by

L22(log £)* :={f € Ly, : | fllga.00(0g 2y < 00},



SOLUTIONS TO A FRACTIONAL SEMILINEAR HEAT EQUATION IN CERTAIN ZYGMUND-TYPE SPACES 1481

where 1
su log(e + 1)1% sup z— x)|9dxte ifgell,o0),
”fHEqsoo(logS)o‘ = ps>0{[ g( s)] p|E| K fE |f( )| } . q [ ) (1_2)
I fllzee if ¢ = o0.

Then £9-°°(log £)* is a Banach space equipped with the norm || -|| ¢a.00 (10g gy« (see Lemma 2.1). See (2-9)
for different expressions of the norm || - || g¢.00 (1og £)«. We remark that
L9 = £9°(log £)° D £4®(log £)* for a > 0. (1-3)

Next, we introduce the uniformly local weak Zygmund-type space Szl’oo(log £)% by

24 (10g £)7 = {f € L : 1/ lag(ogaye < o0
where

1f 2.2 1og £ = sup I/ xB(z.1) | 2200 tog £y -
z€eR"

Then £7,°°(log £)* is also a Banach space equipped with the norm || - | 4.9 1og ya - We often write, for
any f € Sgl’oo(log £)¥ and p > 0,

W f llg.es0 == sup [IfXB(z,p) ll 24-20 (10g £)«
zeR?

for simplicity. We remark that Sfl’f’oo(log £)¥ =L and || - loo,a;p = Il - | for all & € [0, 00). Notice
that, for any k£ > 1, there exists C = C(n, k) > 0 such that
S Mg.eskp < ClLS Mg (1-4)

for f € £1,°(log £)* and p > 0.
We formulate the definition of solutions to problem (P). Let 6 € (0, 2]. Let Gy be the fundamental
solution to the fractional heat equation

9+ (—A)2v=0 inR"x (0,00).

1

locs WE write

For any ¢ in L

(Se (M) (x) := /W Go(x—y.0e(y)dy, (x.1) €R" x(0,00), (1-5)
for simplicity.
Definition 1.1. Let 6 € (0,2], p > 1,and T > 0. Set Fy(s) := |s|?~Ls for s € R. Let u be a measurable
and finite almost everywhere function in R” x (0, 7). We say that u is a solution to problem (P) in
R x (0, T') if, for almost all (x,?) € R" x (0, T),
e Gy(x —y,t)p(y) is integrable in R” with respect to y € R”,
* Go(x —y,t —5)Fp(u(y,s)) is integrable in R” x (0, #) with respect to (y,s) € R" x (0, 1),

o y satisfies ,

u(x.r) = [Sp()el(x) + /O [So(t — ) Fp(u(s)](x) ds.

We are ready to state our main results.
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Theorem 1.2. Let 6 € (0,2], p = pg =1+ 0/n, and Ty € (0, 0). Then there exists € > 0 such that if
@ € L1 (log £)"9 satisfies

llglly a0 <€ forsome T € (0. 7],

then problem (P) possesses a solutionu € C((0,T) : Sil’oo(log £)MOYNLX((0,T): L®) inR" x (0, T),

loc
with u satisfying

" 1\1¢
sup )l girvo + s % [tog(e+ 1) | ol < oo, (16
1€(0,T) 1€(0,T) t

Furthermore, the solution u satisfies

Jim [u(0) = S50 g1 og oy =0 Joranyy € [0.n/6).
lim u(t) =¢ inthe sense of distributions. (-
t—>+0
We remark that Theorem 1.2 with 7% = oo does not hold since problem (P) possesses no global-in-time
positive solutions (see [Sugitani 1975]). As a direct consequence of Theorem 1.2, we obtain assertion (4b).

Corollary 1.3. Let 0 € (0,2] and p = pg. Let ¢ be as in (1-1). Then there exists € > 0 such that if
lp(x)| < €@e(x)+ K, aa xR,

for some K > 0, then problem (P) possesses a local-in-time solution.
Furthermore, as a consequence of Theorem 1.2, we have the following.

Theorem 1.4. Let 0 € (0,2] and p = pg. If ¢ € Sil’oo(log L)% for some a > n/0, then problem (P)
possesses a solution u in R" x (0, T) for some T > 0, with u satisfying (1-6) and (1-7).

The rest of this paper is organized as follows. In Section 2 we collect some properties of nonincreasing
rearrangements of measurable functions and prove some lemmas in £4:°°(log £)* and Slzl’oo(log £)“.
Furthermore, we recall Hardy’s inequalities and some properties of Sg(¢)¢. In Section 3 we establish
decay estimates of Sg(f)¢ in weak Zygmund-type spaces (see Proposition 3.1). Furthermore, we obtain
decay estimates of Sg(¢)¢ in Szl’oo(log £)¥ using Besicovitch’s covering lemma. In Section 4 we apply
the contraction mapping theorem in Szl’oo(log £)¥ to prove Theorems 1.2 and 1.4. In the Appendix we
give two propositions on relations among the weak Zygmund-type spaces £7°*°(log £)%, the Zygmund
spaces L9(log L)%, and the weak Zygmund spaces L?°*°(log L)*.

2. Preliminaries

In this section we introduce some notation and give some lemmas on our weak Zygmund-type spaces.
Furthermore, we recall some lemmas on Hardy’s inequalities. In all that follows, we will use C to denote
generic positive constants and point out that C may take different values within a calculation. For any
positive functions f; and f5 in (0, 00), we write

fix fo fors>0 if C7! fo(s) < fi(s) < Cfa(s) fors>O0.
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2.1. Weak Zygmund-type spaces. For any (Lebesgue) measurable function f in R", we denote by s
the distribution function of f, that is,

pmr(A) =[x :[f(x)]>A}] forA>0.
We define the nonincreasing rearrangement f* of f by
f(s):=1inf{A >0: us(A) <s} fors e [0,00).

Here we adopt the convention inf & = co. Then f* is nonincreasing and right-continuous in [0, 00), and
it has the following properties (see [Grafakos 2008, Proposition 1.4.5]):

W)=kl A0 = [ @i = [ s 10 =1 s, @)
where ¢ € (0,00) and k € R. We remark that if £ € M with |E| < oo, then

(xE)*(s) = xp0,Ep(s) fors>0. (2-2)
Define

1 N
f**(s)::—/ f*(r)dt fors € (0,00). (2-3)
s Jo
Here we collect properties of f* and f** used in the paper.
(a) Since f* is nonincreasing in (0, 00), it follows that
f*(s) = f*(s) fors € (0,00). (2-4)

(b) For any g € [1, 00), Jensen’s inequality together with (2-1) yields

(f ()7 < - / Frodr=" f (F1* @ dr = (f1)**(s) forse(©.o00).  (2-5)
S Jo S Jo

(c) It follows from [Bennett and Sharpley 1988, Chapter 2, Proposition 3.3] that
1 [ 1
() = —/ f*(t)dt =~ sup f | f(x)|dx fors € (0,00). (2-6)
s Jo E

S |E|=s

(d) (O’Neil’s inequality) For any f, g € L1, it follows from [O’Neil 1963, Lemma 1.6] that

(f &)™ (s) S/ (g™ (r)dr  fors € (0, 00), (2-7)
where

(f 20 = [ fx=ngdy.

(e) Forany f1, f» € Llloc, it follows from [O’Neil 1963, Theorem 3.3] that

(70 =1 [ KFOf @ forse .00 e
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Let ¢ €[1,00) and & > 0. For any L} -function f, by (1-2), (2-1), and (2-6), we have

loc

||f||2q.ooaog£)a=sug{[log(e+ )] s(lflq)**(s)} sug{[log(e+ )] / (119" (r)dr}
=sup{|:log(e+ )] / f* (r)qdr} . (2-9)
5s>0

Furthermore, for any £ € M with |E| < o0, it follows from (2-2) and (2-8) that

1 K 1 min{s,|E |}
(L1000 = e O =1 [ G @’ @de=1 [ ey @ e @10
For any B € [«, 00), since
a—B
the function (0, 00) > 7 > [log (e + %)] € R is nondecreasing, (2-11)

by (2-1), (2-9), and (2-10), we have
1
R e O )] ()]

m1n{s,|E [}
< sgg{ [1og( (FrE)*(0) dr}

1 B+a—ﬂ min{s,| E|}

— s { [log(e " —)] / (Fre)*(0) dr}

0<s<|E| s 0

r qo—pB B ,min{s,|E|}

log(e—i-i) sup {[log(e—i—l)} / (f)(E)*(r)dr}

L lEl]1  o<s<|E| s 0
— 1 _a_ﬂ
log(e+—) sup{ |:10g(e+ ):| / (fxe)* (‘L’)d‘[}
L | | i s>0

_ qa—pB
= log(e + —) [fXEller.01o0g £)8-

IA

A

In particular,
1\1¢#
1 llaep < € [Iog(e + ;)] T (2-12)

for f € Sil’oo(log £)8, 0 <a < B, and p> 0. Here we show that £4°®(log £)¢ and ,Szl’oo(log £)¥ are
Banach spaces.

Lemma 2.1. For any 1 < g < oo and a > 0, the weak Zygmund-type space £9°°°(log £)* and the
uniformly local weak Zygmund-type space Szl’oo(log £)¥ are Banach spaces.

Proof. Let 1 <g <ooand « > 0. It suffices to prove that £2:°°(log £)¢ (resp. Sﬁl’oo(log £)%) is a complete
metric space with the norm || - || ga.c0(10¢ ¢y (reSP. || - || £9:%9 (109 gy )+ Lt { fn} be a Cauchy sequence in
£4-°(log £)¥. Tt follows from (1-3) that { f,,} is a Cauchy sequence in L9, and hence there exists f € L4
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such that f,, — f asn — oo in L4. Since the Cauchy sequence { f,,} is bounded in £4:°°(log £)%, we
observe from (1-2) that f € £4:°°(log £)%. It remains to prove that f,, — f as n — oo in £4°*°(log £)%.
For this aim, we take a subsequence { f,, } such that { f,;, } converges almost everywhere to f. Then
Fatou’s lemma gives us that

1
ne i
1= o lsroetup e <supl [toe(e + )| sup imint [ 173,60 = i, 017
>

|E|=s k—o00

<liminf || fn, — f; | ga.00(10g £)o -
k—o00

This implies that f,,; converges to f in £2°°(log £)*. Thus £7:°°(log £)* is a complete metric space.
Similarly, we see that Szl’oo(log £)% is a complete metric space. |

Next, we prove two lemmas on our weak Zygmund-type spaces and uniformly local weak Zygmund-type
spaces.

Lemma 2.2. Let g1, g € [1, 0] and a1, az > 0 be such that

1 1 (03] (0%)
l=—4+—, a=—+4+—. (2-13)
q1 q2 q1 q2
Then
[ /1/20lg1.00010g £y = [ 11l 291-00 tog )1 [ f2 ]| £92-00 (10g £) %2 (2-14)

for f1 € £9:°(log £)*! and f, € £92°°(log £)*2. Furthermore,

A1 Fallnasp < W Filllgrarsoll F2llgs o (2-15)
for fi € i (log £)*1, fre £12:°° (log £)*2, and p > 0.
Proof. Let q1, g2 € [1,00) and a1, ap > O satisfy (2-13). Let
f1 € £97F(log £)*' and fr € £92®(log £)*2.

It follows from Holder’s inequality, (2-8), and (2-9) that

_ @
||f1f2”21’°°(10g£)“25u13{ 10g(e+—) S(flfz)**(s)}

S
_ N1 s
52213{ _1og(e+;)_ / fl*(r)fz*(r)dr}
i N e @
st oo ) | () s ar)” ([ s wmar) |
— 1 o1 S " | ﬁ 1 [0%) Ky . ) é
5:;18{ _log(e+5) /Ofl (r)? dr} ili%{[log(e—i-;)] /sz(‘[)q dr}

= || f1llga1-00 (g &)1 | f2l 24200 (10g £)2 -
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Thus (2-14) holds. Furthermore, for any f] € 2" (log £)*1, f> € £22°(log £)*2, and p > 0, by (2-14)

ul
we have

A1 £l azo = sup 11 f22 By | 2100 tog )0
xX€ERn
< sup U1 XBx,p) 29100 (10g £)21 | f2 X B(x,p) | 2420 (10g £)2 }
xR

< sup || f1xB(x,p)ll291-20(0g £)1 + SUP || f2 X B(x,p) Il £42-0° (10g £)22
xeRn xeRn

= lf1lllgr.cr:0lll 2lll 2,050

Thus (2-15) holds, and Lemma 2.2 follows for ¢1, g2 € [1, 00). If g1 = 00 or g2 = 00, the conclusion
follows from (1-2). O

Lemma 2.3. Let g € [1,00) and o > 0. Then, foranyr >0 withrqg > 1,

A1 eacoqog gy = Il f Neracooggye  for [ € £79°(log £)%,
A1 Mgseso = MM g,0:0 for f € £ (log £)* and p > 0.
Proof. It follows from (2-9) that

N a
|||f|’||2q,ooaogm=sup{[1og(e+—)] / ((Ifl’)q)*(r)dr}
§>0 N 0

= sup{ |:log(e + 1)]0[ /S(IfIrq)*(r)dr}m
>0 S 0

= ”f”grq.oo(logg)a
for f € £79:°°(log £)*. Then

11 Ng.es0 = sup 1" xBex.p) 2200 1og £
xXeR?
= sup ” |f|XB(x,p) ngq.w(logg)a
xeRn
=1/ g0
for £ € £ (log £)% and p > 0. Thus Lemma 2.3 follows. O

2.2. Hardy’s inequalities. We recall the following two lemmas on Hardy’s inequality. (See [Muckenhoupt
1972, Theorems 1 and 2].) Throughout this paper, for any g € [1, o], we denote by ¢’ the Holder conjugate
of ¢, thatis, ¢’ =q/(q—1)if g € (1,00), ¢’ =0 if g =1, and ¢’ = 1 if ¢ = 0.

Lemma 2.4. Let g € [1,00]. Let U and V be locally integrable functions in [0, 00). Then there exists
C > 0 such that

N
IU FllLa(0,000) = ClIVS llLa(0,000):  with F(s) := /O f(@)dr,
holds for all locally integrable functions f in [0, 00) if and only if

Sug{”U”L‘l((s,oo))”V_l ||Lq/((0,s))} < Q.
>



SOLUTIONS TO A FRACTIONAL SEMILINEAR HEAT EQUATION IN CERTAIN ZYGMUND-TYPE SPACES 1487

Lemma 2.5. Let q € [1,00]. Let U and V be locally integrable functions in [0, 00). Then there exists
C > 0 such that

o0
IUFlooon < CIV zoooon: with )= [ () d
N
holds for all locally integrable functions f in (0, 00), with f € L'((1, 00)), if and only if
Sul()){HUlqu((o,s)) IV e (5000 < O©-
s>

2.3. Fundamental solutions. Let 6 € (0,2]. Let Gy be the fundamental solution to the fractional heat
equation
[
v+ (—=A)2v =0 inR" x (0, 00).

The function Gy is positive and smooth in R” x (0, co), and it satisfies

_n x|? .
Gg(x,t) = (4nt)" 2 exp(—%) <Chgs(x) if0 =2, (2-16)
Go(x,t) < hg(x) if0<f0 <2
for (x,1) € R" x (0, 00), where
hot(x) =178 (1 +170|x[)™°. (2-17)

Furthermore,
« Go(x,1) =175 Gg(t70x,1), [y Gg(x,0)dx =1,
e Gy(-,1) is radially symmetric and Gg(x, 1) < Gg(y, 1) if |x| > |y],
© Go(x.1) = fun Go(x — .1 —5)Gp(y,5) dy
for x, y e R” and 0 < s <t (see, e.g., [Bogdan and Jakubowski 2007; Brandolese and Karch 2008;

Sugitani 1975]), and
lim || Sg(t)n—nllLee =0 for n € Co(R"). (2-18)
t—>+0

In addition, it follows from Young’s inequality that
_n(l_1
1S0@llze < Coo8G=a) gl (2-19)

forneL”, 1 <r <qg<oo,andt > 0.

3. Decay estimates of Sy (¢)¢

In this section we obtain decay estimates of Sg(#)¢ in our weak Zygmund-type spaces and uniformly
local weak Zygmund-type spaces. For simplicity we write g; := Gg(-, 1) and h; := hg ;.

Proposition 3.1. Let 6 € (0,2], 1 <r <gq < oo, and a, B > 0. Assume that o < § if r = q. Then there
exists C > 0 such that

_n(1_1 1 +
156 (1)@l ga.00(0g 2y < C1~ 8~ [Tog (e + = 10l 700 tog )
g t

for ¢ € £*°(log £)¥ and t > 0.

~IR

QD
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Before starting the proof, we recall the following relations on logarithmic functions: for any fixed
L>1andk >0,

1 1 k 1
log(e + —) = log(L + —) = log(e + —) = log(e + _k) for s > 0. (3-1)
s s s s

Furthermore, we have the following results.

Lemma 3.2. (1) Let ¢ > —1 and a € R. Then there exists C1 > 0 such that

Ky 1 o 1 o
/ rq[log(e—i——)] dr < C1sq+1[log(e+—)] fors > 0.
0 T S

(2) Let S > 0 and a < —1. Then there exists Co > 0 such that

s 1 o 1 a+1
/ t_l[log(e—i—;)] drsz[log(e+;):| fors €(0,9).
0

(3) Let g < —1 and o € R. Then there exists C3 > 0 such that

o0 1 o 1 o
[ 74 |:10g(e + —)] dt < C3s9T1 [log(e + —)] fors > 0.
s T s

Proof. We prove assertion (1). Let 6 > 0 be such that ¢ — 6 > —1. Then there exists L € [e, o0) such that

1 o
the function (0, 00) > 7 > 78 [log (L + —)} is nondecreasing. (3-2)
T

This together with (3-1) implies that

s 1 o s 1 o
/ rq|:log(e+—):| drfC/ rq_5~r5|:log(L+—):| dt
0 T 0 T
\1% [ n\1“
szs[log(L+§)] /fq_‘gdthsq‘H[log(e-i-;)}
0

for s > 0. Thus assertion (1) follows.
We prove assertion (2). Let S > 0. It follows that

s 1 o K 1 a+1
/ t_l[log(e—i——)] drfC/ f_1|logr|°‘dt§C|logs|“+1§C|:log(e+—)}
0 T 0 s

for s € (0, %) If S > %, then

s 1 o S 1 o 1 oa+1
/ r_l[log(e+—)i| dt 5/ r_1|:log(e—|——)i| dt+C <Cc< C|:log(e+—):|
0 T 1 T s

for s € [% S ) Thus assertion (2) follows.
It remains to prove assertion (3). Let 6’ > 0 be such that g + 8’ < —1. Then there exists L’ € [e, 00)

such that o
/ 1
the function (0, 00) > 7 > 8 |:10g (L' + —)] is nonincreasing.
T
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This together with (3-1) implies that

[ee] 1 (22 0] ,
/ rq[log(e+—)i| drfC/ AR [log(L/—l- )i|
T
N S o 1 o
<Cs~ [log(L’ )] / 9+ dr<Cs‘1+1[log(e+ ):|

for s > 0. Thus assertion (3) follows. O
Next, we prepare the following lemma on h}, where h; = hg, is as in (2-17).

Lemma3.3. Let1 <r <g <ooandy € R. Assume that y > 0 if r = q. Then there exists C > 0 such

that
o0 14 ng (1 1 v
/O 40-7) [log(e - %)] (hf()?dt < Ct‘e(r‘q)[log(e + %)} (3-3)

Proof. It follows from (2-17) that

fort > 0.

(h)*(s) = he((wy 's)mer) < Cr™8 (141~ dgm) ™0

for s € [0,00) and ¢ € (0, 00), where w, is the volume of the n-dimensional unit ball B(0, 1) and
e1:=(1,0,...,0) € R". Then

00 1 14
I:= / 4(1=3) [log(e + —)} (hi(t)?dr
0 T
n oo N\
e [T Dliog(er 1) ] by
0

nq l 1 ’
<ci G 7) / gna(i=p)+n=1(1 4 ¢) 4‘"+9>[log(e+(1/leg)n)] a 3D

fort > 0.
We first consider the case of y > 0. It follows from (3-1) that

1 Y [ 1 Y
[k’g(”(rl/%)")] < og(e+; 1/05)]
[ 1 AN
<C log(e+ 1/6)+log(e+§)]
[ AN N1
<C log(e—l—;)] +C|:log(e+§):| (3-5)

). Similarly, by (3-1), we have

fort>0and§e(0,%

1 Y on Y 1 Y
oele - omgg )] =[oele )| =ele+)] oo
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for/ > 0and & € [, 00). Since

1 1 1
nq(l——)+n—1—q(n+9)=—ﬂ+n—1—q0=—nq(———)—1—q0<—1, (3-7)
r r roq

by Lemma 3.2, (3-4), (3-5), and (3-6), we obtain
u 1 y y
I < ci— ¢ G-3) /2 an(l_%)—i_n_l ([log(e + l):| + |:log(e + é):| ) dE
0 t

+ C[_%(%_é) /oo E"‘I(l_%)"‘”_l(l + g)—!I(n-F@) [log(e + %)]y d§

1

for ¢ > 0. This implies (3-3) in the case of y > 0.
Consider the case of y < 0. Then, by (3-1), we have

1 Y 2n V4 1 Y
[k’g(” (zl/%)n)] = [I"g(” (,1/9),,)] SC[I"g(”?)] G-5)

fort > 0 and & € (0, %) Let 0 <8 < 6q/|y|. We find L € [e, c0) such that the function f in (0, co)
defined by

f(z):= z8 log(L + Zi")

is nondecreasing in (0, 0o). Since y < 0, by (3-1), we obtain

1 4 1 4 _
Loe(e+ g )| = € roelt + gy )| = € 0 e

< CEv O™ f)] e = CEP [1og(e + fw)}y

1 Y
<Ccgd [log(e + ;)]

for 7 >0 and £ € [1, 00). This together with (3-7) and (3-8) implies that

v

T /wan(l—:)w—l—ﬁm+s)‘q(”+‘”[1°g(e+%)} “

for t > 0. This implies (3-3) in the case of y < 0. Thus Lemma 3.3 follows. O
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Proof of Proposition 3.1. The proof is divided into the following three cases:

1<r<g<oo,

1<r=¢g<oo,

1<r<g=occ.

Step 1. Consider the case of 1 <r < g < oo. It follows from (2-4), (2-7), (2-9), and (2-16) that

||S0 (Z)(p“qsq,oo(logg)ﬁ = Sup

o)
o)
i)

< C sup

s>0

s>0

< sup
s>0

< sup
s>0

for ¢ > 0. Furthermore, thanks to (2-11), we have

B
q
||Se(t)(p||£q.oo(log£)ﬁ E C /(; ([log(e + ;)]

for ¢t > 0. On the other hand,

B
e v )]

set

for > 0. It follows from Lemma 3.2 (1) and (3) that

sup
s>0

([ o) (/[

1
V()| dr)q

ot el

< sup
s>0

Then, by Lemma 2.5, (2-3), and (3-9), we have

S q <C ” 1 ! gh** o qd
|| G(I)(p||2q,oo(10g2)/3— 0 T|log €+; t (T)(p (‘C) T

<Csup

s>0

%[log(e+§):|“s(¢**(s))r} 3/000 (Tl—}

for ¢ > 0. This together with (2-5) and (2-9) implies that

150010 0g 5

=Clell

q
Qr.oo(]og £)o

[ee) q
[ wrwerm dn) it

B
B o N
q-Cs I+ [log(e—f—;)}

B s
/0 ((Se(D)0)* (0)) dr}

B s
/0 ((So(1)9)* (1))" dr}

ﬂ /Os (/roo g (me™* () dn)qdf}
{[log(eJr i)]ﬂ /OS (/tooh?*(n)w**(n) dr))q dr}

(3-9)

Q[

QU

| <o

o
r

J’_

Q[

q
h;"*(r)) dt

o]

o (o)

14 T q
/Oh:‘(s)dé) dt  (3-10)
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for t > 0, where

o
y:=——+é.
roq

- 1 1 14 - 11 1 Y
Ut)=r1 r[log(e%—;)] , V)=t r[log(e+;)] .

Since ¢ > r and ¢’ < r/, by Lemma 3.2 (1) and (3), we have

0o _ P~ T
sup(/ |U(t)|th) (/ [V ()74 dr)
s>0\Js 0
0o INTEY Na /S o NT7Y \7
=sup(/ T [log(e+—):| dr)q (/ t_;l’[log(e+—)] dr)q
s>0\Js T 0 T
1_1 N1 ., 1_1 N1
fsup{qu r[log(e—l——)] -Csd 17 [log(e+—)] § < 00. (3-11)
5>0 N N

Applying Lemma 2.4 to (3-10), by (3-11), we obtain

[ele] Y q
q q 1-1 1 *
150001 g s = € 161 mug e | ( [k%(”?)] h’(”) I

for ¢ > 0. This together with Lemma 3.3 implies that

Set

n 1 qy
1S5 ()| <cr D ogle+ =) | 1ol
£4.%°(log £)8 ¢t L£7-00 (log £)«

for t > 0. Thus Proposition 3.1 follows in the case of 1 <r < g < oco.

Step 2. Consider the case of 1 <r = ¢ < co. It follows from Holder’s inequality and (2-16) that
r
sl = ([ it nllomiar)
r—1
<c( [ mitr=sas) [ mG=lier dy

<C [ It =nllel dy.

Then it follows from (2-7) and (2-9) that
r 1 ﬂ T kk
1S9 ()@l r.c010g 26 = SuPY [logl e+ — | | s([Se()e[")™"(s)
5>0 s

B 00
SCsup§[log(e+§)] s / (ht)**(z)ugor)**(r)df} 3-12)

s>0
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_ nNY - 1\1?
U(r)=r|:log(e+;)] , V(r)=r2|:log(e+;):| .

Similarly to (3-2), we find L € [e, 00) such that

1\18
the function (0,00) > 7+ r |:10g (L + —):| is nondecreasing.
r

Then, by (3-1), we have ,
] 1

10llzo0.) <C sup {r[log(L N _)} }

re(0,s)

for t > 0. Set

for s > 0. This together with Lemma 3.2 (3) implies that

~ o B 1 B 1 -B
sup{||U||Loo((0,s))/ |V (r)|! dr} fsup{Cs log(e+—)] -Cs_l[log(e—i-—)] } <o00. (3-13)
5>0 s L N N

s>0

Applying Lemma 2.5 with ¢ = oo, by (2-9), (3-12) and (3-13), we obtain
2 1 1 * %k * 3k
15000 e g s = € s0pf 2 toee+ 1) [ 07 020010 0]

B—a o
<C sup{s[log(e + l)] (h,)**(s)} -sup{s[log(e + l)] (|<p|r)**(s)}
§>0 N §>0 §
(3-14)

=C ”]’l; ||£1,oo(10g £)B—a ||‘/)”£r=<><>(log£)“

for t > 0. Furthermore, since « < 8, by Lemma 3.3, (2-9), and (2-11), we have

B—o s
l *
el qegpe =supl [1og e+ )| [ orae]

s>0

o 1 ﬁ—a
5/ |:log(e+—)] (hp)*(r)dt
0 T
1\
<C [log(e + ;)]

for ¢ > 0. This together with (3-14) implies that

1\1P
e | O |

Thus Proposition 3.1 follows in the case of 1 <r =g < oo.

fort > 0.
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Step 3. It remains to consider the case of 1 <r < g = oco. If r = g = o0, then it follows from (2-16) that

IS0l = Cllgles [ ey dy = Cliples

for ¢ > 0, and Proposition 3.1 follows. On the other hand, in the case of 1 <r < g = o0, let § € (r, 00).
Then, by Proposition 3.1 with ¢ = g > r, (1-3), (2-19), and (3-1), we have
4
So(5)v

st = [55()5: (8ol =5 (2)e

—n —a(l-1 AV
< crdi et 0D iog(e42) | 1ol

_n
_ p—t C 9‘7
L

£4.20(log £)0

o N
—cotriog(e+7)| ol
for t > 0. Thus Proposition 3.1 follows in the case of 1 < r < g = oco. The proof of Proposition 3.1 is

complete. O

Furthermore, by Proposition 3.1, we employ the arguments in the proof of [Hisa and Ishige 2018,
Lemma 2.1] to obtain decay estimates of Sg(¢)¢ in uniformly local weak Zygmund-type spaces.

Proposition 3.4. Let 0 € (0,2], 1 <r <q <oo,and o, § > 0. Assume that o < B if r = q. There exists
C > 0 such that, forany T >0,

ay B
_n(l_1 N, rte
15000l pirrve = 8= tog(e + 1) | lellnacrre G-15)

for ¢ € £:>°(log £)* and t € (0, T].

Proof. We first consider the case of 8 € (0, 2). It suffices to prove

o
n(l

B
n(l_1 \]7 ¢«
0-Dioe(e+ )| liservnSoOlon g < Clellrgrio G16)

for z € R” and 0 < ¢t < T. For the proof, by translating if necessary, we have only to consider the case
of z=0.
By Besicovitch’s covering lemma, we can find an integer m depending only on 7 and a set

1
{Xk,i tk=1,...m,ien C R\ B(0,10T'%)

such that m oo
. . 1
BiiNBr;j =@ ifi#j and R"\B(0.1077)C | J | B, (3-17)
k=1i=1
where By ; := B(x;, T1/9). Then
m o0
[Se ()1 (0)] < Juo(x. )|+ DY fugi(x.0)l, (x.1) R x (0. T), (3-18)
k=1i=1

where
uo(x,1) := [Se()(@xB©,10m1/0)](X), Ui (x, 1) := [Se()(@xB, )] (X).
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By Proposition 3.1 and (1-4), we have

0 (2) X B0, 71/6) | ca.00 (10g £)8 = 10 () [l ca.00 10 )8

SR
+
QU

_nci_1ny[ N1
<Ct o% 7) log(e + ;) l9xB0,1071/0) | 27 (10g £)«
_Q(L_l): 1 15+
<Ct 7% d’|log €+; el ;107176
_n L_L): 1 :—%+§
<Ct o'~ a’|log et el ;7176 (3-19)
fort € (0, T]. ) ]
Letk =1,...,m and i€ N. By (2-16), we have
uestenl = [ b= le0ldy =C [ e =z ne@rdz (20
B(xg.i,T1/9) R”

for (x,1) € R" x (0, 00), where @i ; (x) = |@(x + xk,i)| XB(o,71/9)- Since |[xg ;| > 10719 it follows that
A+ T8 DA 4170 x—z)) =1+ T8 x|+ 10| x—z|+17 8T8 |xp | |x —z]
< 143070 x| +177|x —z]
= 1+ 4077 (g | = [x = 2]) = 17 |xg | + 5079 |x — 2
< A4(1+ 170 (g — |x —2)) < 40+ 170 |x — 2 —xp4])
for x, z € B(0, T'/%) and r € (0, T). This together with (2-16) implies that
he(x =2 =) < Ct™8(1+ T8 g i N0 (1 177 — 2y ™0
< C(+ T xg, )" P gr(x —2) (3-21)
for x, z € B(0, T'/?) and ¢ € (0, T'). We observe from (3-20) and (3-21) that
g (. )] < COU+ T 7 g 1) ™0 [Sp (D)o 11(x)
for x € B(0, T'/%) and r € (0, T). Then, by Proposition 3.1, we obtain
lk,i (1) X Bo,71/0) | 2400 (10g )5

_1 o
<CO+T77x; D" 1Se (ki | cavo0 10g )2

a B
_1 g _n(i_n\[ N1 7 Te
EC(1+T 9|xk,i|) n 91‘ 9(r q) 10g(€+;) ||¢k,i||2r=°°(log2)a
-_ -__g B
_1 Cp—g,—n(1-1) 1\ "«
= COH T 056D frog e+ 1 10X Bexg 7170 7o rog
_ i a B
_nci_1y[ 1\]"rTa
5C(1+T—%|xk’i|)—n—9t 5G—4) log(€+?) el o: 7176 (3-22)

fort € (0,T).
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On the other hand, since

1
vl < A(Ixk i | + T¥) < x| fory € By,

we have
1

| Bk.i| JBy;
Then, by (3-17), we see that

_1 —n—=60 _1 e
I+ 177e)y) " dy > A+ T 0 |xg ;)0

o o
_1 o _n _1 —n—0
D A+T o )" =cCT eZ/B (1+L17e)y) ™" dy
i=1 i=1"7ki

<CT % / (1+ i1y " Pay <cC (3-23)
Rl’l

for T > 0. Combining (3-18), (3-19), (3-22), and (3-23), we obtain

o
r

n(l_1) 1 7_5
tohral logle + — 1 XB(0,71/6ySe ()@l ga.0010g £

m o0
_1 I
< Cllellya:r1/6 + Cliel arie . (1+T78|x; ;)"
k=1i=1
< Clllllyqs71/0

for ¢ € (0, T). This implies (3-16) with z = 0; that is, (3-15) holds. Thus Proposition 3.4 follows in the
case of 0 < 6 < 2.
Consider the case of § = 2; that is, Sg(¢) = e’2. Let t = t1/2, 1t follows from (2-16) that

le'20]()] < C / 3+ R x— ) ()| dy
Rn

= CIS1(Dlell(x)

for (x,t) € R" x (0, 0co0). This together with Proposition 3.4 in the case of § = 1 implies that

lle' @l iz < ClISIOl@lllyp:7172

_(1_1 N7t
< cpnl 4)|:10g(e+;)i| el o2

—n(l_1 N
<Ct 2774/ |log €+; el q:7172  forz e (0,T).

QU

[

Thus Proposition 3.4 follows in the case of 6 = 2. The proof of Proposition 3.4 is complete. O

4. Proof of Theorems 1.2 and 1.4

We apply the contraction mapping theorem to problem (P) in uniformly local weak Zygmund-type spaces
and prove Theorems 1.2 and 1.4. We also prove Corollary 1.3. We first prove the following proposition.
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Proposition 4.1. Let p = pg, T« € (0,00), and y € [0,n/0). Then there exists € > 0 such that if
@ € L1 (log £)"9 satisfies
gl 710 <€ forsome T € (0.T], (4-1)

then problem (P) possesses a solution
ueC((0,T): £L®°0og £)") N LL(0, T : L™®) inR" x (0, T),

with u satisfying
@iy, 2,710 < Clilglly,z,71/0,

J0-3) D
Ol o = €80 hog(e+ 1) | el g, @2)

i N]?
iz =t [iog(e+3)] ol e

fort € (0,T). Here C is a positive constant depending only on Ty, n, 0, and y.

Throughout this section, we set

0

Ty €(0,00), T €(0,Ty], p::pgzl—i—;, o= 0<y<a, (peﬁjl’oo(logﬁ)“.

n
9 9
Let € > 0, and assume (4-1). By Proposition 3.4, we find C, > 0 such that

sup [ISe(D)¢ll1,a;7176 = Cxlll@lly 07170 < Cxe,
0<t<T

N »*
sup 140 )[log(e+ )] 1S5 O)llyyirive < Callollyirve < Coer  @3)
0<t<T

1 o
sup te[log(e+ )} 155l < Callglly airive < Cae.
0<t<T

Define
X7:=C{0,T): )3 *log £)*) N L ((0,T): 2 (log SY)YNLY((0,T): L™).

Setting C* = 2Cy, for any u € X7, we say that u € X7(C*¢) if u satisfies

50-1) AV
sup IOl arvo + swp 50D [iog(e+ D)7 ol v
0<t<T 0<t<T

+ sup t9|:10g(e+1):| lu@)||pe < C*e. (4-4)

0<t<T
For any u, v € X7(C*¢), set
dx (u,v) := dy (u,v) + dg (u,v) + dg (u,v),
where

dy(u,v) = sup [[u(®) = vl q:71/0,

0<t<T
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1 —%+a
d)%(u,v):: sup p6(1- )[log(e-i- )] (@) —v@lp,y:71/0,

0<t<T

d;(u,v): sup t6|:log(e+ ):| l(t) —v(t)||Loo.

0<t<T

Then (X7, dx) is a Banach space and X7 (C *¢) is closed in (X7, dx). Define
t
D(u) := Sy(t)e +/ So(t —s)Fp(u(s))ds forue Xr(C¥e),
0

where Fp(s) = |s|?~Ls for s € R. For the proof of Proposition 4.1 we prepare the following two lemmas.

Lemma 4.2. Let € > 0, and assume that (4-1) holds for some T € (0, Tx]. Then there exists C =
C(n,0,Cx, Tx) > 0 such that

dy (D (u), D(v)) + dg (D(u), D(v)) < Ce? 1 dE(u,v) foru,ve Xr(C*e).
Proof. Letu, v € X7 (C*¢). Let 0 <s <t < T. It follows that
| Fp(u(x,s)) — Fp(v(x,s))] <w(x,s)u(x,s)—v(x,s)| forxeR", (4-5)
where w(x, s) := p(Ju(x,s)|P~1 + |v(x,s)|?~!). Then, by Lemmas 2.2 and 2.3, we have
I Fp (u(s)) — Fp —V()lp, ;7170
=< P(IIIM(S)Illpy 16+ |||v(S)|||py ) @) —=v©)ll, 7170, (4-6)
Since u, v € X7(C*¢), by (4-4), we obtain
1 Ep (u(s)) = Ep(v(s)lly,y;71/6

<cs™ " (173) [log(e + 1)]
N
nio— 1\17 7%
— CeP 1y |:10g(e + E)] dg (u,v). 4-7)

This together with Proposition 3.4 implies that

y(p—=1) _
> —a(p—1)

(C*e)?P~1Cs™ 51— )[log(e+ )]p_ad)%(u,v)

t
HVO So(t —$)[Fp(u(s)) — Fp(v(s))] ds

q.B;T1/?

t
< / 1St —$)[Epu(s)) — Ep ()]l g.7170 ds
—y+£
<c/ (1 —s5) 804 )[log(e-i-%)] 1y u(s)) = Fp((s)l 157170 ds

1\ N\~
<CeP~ 1alX(u v)/ t—s) 503 )[log(e+—s):| 5_9(17—1)|:10g(e+;):| ds (4-8)

forq €[1, p] and B € [y, «].
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On the other hand, since

y—ap:y—§Q+6) y—g—l=y—a—1<-1, (4-9)

by Lemma 3.2 (2) and (3-1), we have

— + y—a
oot L) e )
— _|_E j o
<Ct 7013 )[log(e—l-l)] ' / s_l[log(e—i- ):|V 1’
0 N
S 3
<Ct 503 )[log(e+l)] ’ -C[log(e+%)]y Ct —5(1-3 )|:10g(e+1)} (4-10)

for ¢t € (0, T). Similarly, since

n 1 n(p—1) 1
—(1l-=)——=——>—1,
9( q) Op p
by Lemma 3.2 (1) and (3-1), we obtain
1 1’+B 1\ 17 —eP
/ (t—s) 5(1-5 )[log(e—l— —)] s~ 6P 1)[1og(e+ )] ds
s
y—op n _1’+ﬁ
<croh [log(e + ;)} / (t—s)"#0-3) [log(e + IL)] " ds
L -8
2
y—ap ; —y+8
< Ct_1|:log(6+;):| 'Cf_9(1_4)+1|:log(e+;):| 5
1 g_ap 1 g—a
—Ctﬂl)p%e+ H <Ctﬂ1)P%G+ ﬂ @-11)

for t € (0, T'). Combining (4-8), (4-10), and (4-11) with (¢, 8) = (1, ®) and (p, y), we deduce that
dy (®(u), ©(v)) + dg (P(u), D(v))

t
fo So(t —$)[Ep(u(s)) — Ep(v(s))] ds

1\~ 7+
+ sup t9( )[log(e+ )]
0<t<T

< Cep_ld)%(u, v)

= sup
0<t<T

1,a;T1/8

t
/0 So(t — $)[Fyp(u(s)) — Fp(v(s))] ds

p,y;T1/?

for u, v € X7(C*¢). Thus Lemma 4.2 follows. O

Lemma 4.3. Let € > 0, and assume that (4-1) holds for some T € (0, Tx]. Then there exists C =
C(n,0,Cx, Tx) > 0 such that

dz (®(u), D(v)) < Ce? 1 (dF (u,v) +dy(u,v)) foru,ve Xr(C*e).
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Proof. Letu, v € X7(C*¢). Let 0 < s <t < T. Similarly to (4-6), we have

[ Fp(u(s)) — Fp(v(s))[Loe < [[w(s)||Loe ||M(S) —v(s)[|lLee
< p(lu)1Fe + o) 172 [uls) = v(s) | Loo.
Since u, v € X7(C *¢), by (4-4), we obtain

—a(p—1) —o
L P L | ’ e I (e R

1\]17%
=CeP 1 [log(e—{— ):| d (u, v).

This together with Proposition 3.4 and (4-7) implies that

t
H/o So(t = $)[Fp(u(s)) — Fp(v(s))] ds

Loo

t
< /O 156t — $)[Fp(u(s)) — Fyp(u(s)] oo ds

5 s 1
<c [Fu=oHoe(e+ )| WEE) - FowO e ds

t
e / | Fp (u(s)) — Ep (v(s)) v ds

% n 1 _y n 1 y_ap
scetagiun [Fa—ot e+ )| S‘“’)‘”[“’g(”‘)} -
0 —S
1\ %
+ Ce?71d3 (u, v)/ [log(e+ )i| ds
. N1 p 1\
<CeP~ 17w [log(e+?):| d)%(u,v)/ s_l[log(e—l-—)] ds
0 N

n 1 —ap
+Cep_lt_6p+1|:log(e+;):| ds (u,v).

Since np =n + 6 and ap > o, we have

H / So(t —$)[Fp (u(s)) — Fp(u(s))] ds

L 1 1\
e t_g[l"g(”?)} dr (. “)f “eg(e )]s
+CePTY78 |:10g(e + ;)]_ d3(u,v). (4-12)

Furthermore, by Lemma 3.2 (2) and (4-9) we see that

t

5 1\ ~* N7«
/ s [log(e + E)] ds<C [log(e + ;)] (4-13)
0
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for t € (0, T). Combining (4-12) and (4-13), we deduce that

n 1\ 1% 4
ai . o) = s flogle+ ) || [ sae-9lF ) - Fwends

0<t<T

LOO
< CeP N (dE(u,v) + d3 (u,v))

for u, v € X7 (C*€). Thus Lemma 4.3 follows. O

Proof of Proposition 4.1. Let Ty > 0. Let € > 0 be small enough. Let ¢ € Slllﬂ’oo(log £)¥ be such that
ll@llly q:71/6 < € for some T € (0, Tx]. By (4-3), (4-4), and Lemma 4.2, we have

. —%-ﬁ-a
sup 106 arvo + sop 180D [log(e+ 1) |7 OG0

t€(0,T) 0<t<T

(1) 1\ 7"
< 1Se(@)lly o 7o + sup {re ; [log(e+—)] |||Se<t>so|||p,y;rue}
o<t<T 4

+dy (D(u), D(0)) + dg (P(u), P(0))
< Cye+ Ce? 1 d} (u,0)
<Cye+CePl.C*e
<C*e (4-14)

for u € X7(C *¢). Similarly, we observe from Lemma 4.3, (4-3), and (4-4) that

sup {8 og(e+1 )| 1ot < swp {e#[iog(e+ 1 )| 150201 + a3 (@00, 00)

0<t<T 0<r<T
< Cre+Ce? 1 (dE (u,0)+d3 (u,0))
<Cye+CeP1.2C*e
<C*e (4-15)

for u € X7 (C™*¢). By (4-14) and (4-15), we see that ®(u) € X7(C*¢) for u € X7 (C *¢). Furthermore,
taking small enough € > 0 if necessary, by Lemmas 4.2 and 4.3, we have

dx (D), ®(v)) = dyg (P(u), D(v)) + dg (D), (v)) + dg (P(u), D(v))
< CeP7(dg (u,v) + d3 (u, v))
< 3dx (u,v)
for u, v € X7(C*¢). Then we apply the contraction mapping theorem to find a unique u € X7(C *¢)

such that ®(ux) = ux in X7(C *€). The function u is a solution to problem (P) in R” x (0, T"), with u4
satisfying (4-2). Thus Proposition 4.1 follows. O

Proof of Theorem 1.2. Let T > 0. Let ¢ € Sllll’oo(log £)% be such that [[¢|ll; 4.71/¢ is small enough.
Then, by Proposition 4.1, we find a solution u to problem (P) in R” x (0, T'), with u satisfying (4-2). Let
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B € (y,n/0). Then, by Proposition 3.4, Lemma 2.3, and (4-2), we obtain

t
@) =S¢l p.7176 S/O I Se (=) Fp(u(s)llly ;176 ds

d 1 \17+8
= CA |:1Og(e+§):| |||Fp(u(s))|||1,y;T1/0 dS

t 1 —y+8 »
—c /0 [log(e+:)} ()2 0 s
1 —y+B . 1\ 17 e
<C|||go|||1”1/9/ [l"g(”—sﬂ - [1og(e+;)] s

for ¢t € (0, T'). On the other hand, since 8 < 8/n, by Lemma 3.2 (2) and (4-9), we have

L) e
e e ]
y eliulc )] el )

o ke
[me+ﬂ_qéh4+£9r%m
e fiefe )] a0

as t — +0. Combining (4-16), (4-17), and (4-18), we see that

A lu(®) = Se@elly, p;r176 =0 for f € (y.n/0).

NI~

-1

-1

This together with (2-12) implies that

A (@) = So()¢lly p;r170 =0 for € [0.1/6).

(4-16)

(4-17)

(4-18)

(4-19)

It remains to prove that u — ¢ in the sense of distributions. Let n € Co(R"). Let R > 0 be such that

suppn C B(0, R). By (1-3), (1-4), and (4-19), we have

‘/I;{" (u(x, 1) = [Se()e](x))n(x) dx

< CllnliLe L( o D S50

s

< ClinliLelllu@) = So()ell1 0,716 =0

(4-20)
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as t — +0. Set
n(x,t):= / Go(x—y.t)n(y)dy for (x,1) € R" x (0, 00).
Rn

It follows from (2-18) that
lim 1) — oo =0. 4-21
Jim n(-,0)—nlL (4-21)

On the other hand, by (2-16), we have

_n _1 e _n _1 e e
InGr.0)] < Ci /B (413 x—y )0 dy < Cllyllzeet ™% -CE ¥ )™ < T

s

for x e R"\ B(0,2R) and ¢t € (0, T). Since ||n(-,t)||Loe < ||n||Le for t > 0, we obtain
In(x,0)| <C(A+|x)™ % for (x,1) e R" x (0, T). (4-22)

Furthermore, it follows from Proposition 3.4 with ¢ = oo that

[Se(Del](0) = /Rn Go(y. Dlp(y)|dy < o0.

This together with (2-16) implies that

[ A+ leo)ldy <o 423)

Therefore, by (4-21), (4-22), and (4-23), we apply the Fubini theorem and the Lebesgue convergence
theorem to obtain

| [sa00lmt) dx

- / ([ Ge(x—y,z)go@)dy)n(x)dx: [ ([ Ge(x—y,z)n(xmx)go(y)dy
n R7 n R7

=/ r;(y,t)go(y)dy—>/ n(y)e(y)dy
RI’I Rﬂ

as t — +0. Then we deduce from (4-20) that

lim ulx,)n(x)dx = / p(x)n(x)dx forne Co(R");
t—>+0 Jpn R7

that is, u(¢) — ¢ in the sense of distributions. The proof of Theorem 1.2 is complete. ([
Proof of Corollary 1.3. Let ¢, be as in (1-1) with p = pg. It follows from the definition of the

nonincreasing rearrangements that
n
—2-1
6

() (s) <Cs7! |:10g (e + %)] for s € (0, 00). (4-24)

Let S > 0. Then, by Lemma 3.2 (2), (2-3), and (4-24), we see that

(pc)™(s) < Cs™! |:10g(e + %):| for s € (0, S).

This implies that ¢, € Sllll’oo(log £)"? Then Corollary 1.3 follows from Theorem 1.2. O
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Proof of Theorem 1.4. Since a > n /8, it follows from (2-12) that

1 \167¢
ol gervo = Clloe(e + 75) ] Mollario >0 asT =40

Then, by Theorem 1.2, we find a solution u to problem (P) in R” x (0, T') for some small enough 7 > 0,
with u satisfying (1-6) and (1-7). Thus Theorem 1.4 follows. O

At the end of this paper we recall the definitions of the usual Zygmund space and the usual weak
Zygmund space, and explain the advantage of our weak Zygmund-type spaces.

Remark 4.4. (i) We recall the Zygmund space L9 (log L)% and the weak Zygmund space L2:°°(log L)*.
For any ¢ € [1, 0o] and & > 0, set

LY(log L)* :={f € Lic(R") : || f | Laog Ly < 00},

LE®(log L)* :={f € Liy(R") : || f [l La-001og Ly < 00},

ooty = ([ Jog(e+ 1) | 77 as)’, 25)

1
n\1“ q
Il £l La-00 (log Ly := sup{ [log(e + —):| sf*(s)q} .
5>0 §

See, e.g., [Bennett and Sharpley 1988, Chapter 4, Section 6] and [Wadade 2014]. For the case ¢ > 1, as
in the Lorentz space (see, e.g., [Grafakos 2008, Chapter 1, Exercises 1.4.3]), applying Hardy’s inequality
(see Lemma 2.4) and Lemma 3.2 with (2-3), for any f € L} , we see that f € L9(log L) if and only if

loc?

where

(4-26)

[f1La@og Ly = (fooo[log(e + %)]af**(s)q ds)}] < o0.

In contrast, the above relation does not hold for the case g = 1. In fact, applying integration by parts, we

[e'e) o o0 a—1 d
/o [log(e+§):| f*(s)ds=oc/(; |:log(e+§):| f**(s)ﬁ—l—llfllu.

(i) By O’Neil’s inequality (2-7), we have the inequality

see that

(Gol-.1) % )**(s) < [ (Go(-. )™ (D™ (@) dr. s >0,

which is crucial in the proof of our sharp decay estimates of Sy(¢)p. Our Zygmund-type spaces are
defined by the average of the nonincreasing rearrangement, and they are effectively used in the proof of
our sharp decay estimates of Sg(¢)¢ (see the proof of Proposition 3.1). These sharp decay estimates of
Sg ()@ in the spaces £4°°(log £)* enable us to obtain Theorem 1.2.
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On the other hand, since the weak Zygmund space L9:°°(log L)% is defined by the nonincreasing
rearrangement, the inequality

(Ge(',f)*w)*(S)S(Ge(wl)*fﬂ)**(S)S[ (Go(-.1)™ (D)™ (1) dr, s>0, (4-27)

seems useful for the study of decay estimates of Sy (¢)¢ in the space L9-°°(log L)¥. The first inequality in
(4-27) follows from inequality (2-4). However, in general, inequality (2-4) is not sharp in L% (log L)%,
where « > 1. Indeed, let f € LllOC be such that

) =s"" |:log(e + %)]_a, s> 0,

where @ > 1. Then f € L1:*°(log L)* and

1 —a+1
F**(s) < 57! |:10g(e + E)i|

for small enough s > 0. Then f*(s)/f**(s) — 0 as s — 40, and we see that inequality (2-4) is not sharp.
This suggests that it is difficult to obtain sharp decay estimates of Sg(#)¢ in the usual weak Zygmund
spaces.

(iii) In order to overcome the disadvantage of the usual weak Zygmund spaces, one might consider the
weak Zygmund-type spaces

L9®(og)* :={f € Ljy. : || f llLa-00ogye < 00},

where 1 < g < o0, @ >0, and

1
1\ 1% q
| f llia-ceognye := sup{ |:10g(e + —):| sf**(s)q} )
s>0 N

Indeed, applying the arguments to those in the proof of Proposition 3.4, we can obtain similar sharp decay
estimates of Sy (f)g in the weak Zygmund-type space 19-°°(logL)¥ to those in Proposition 3.4.
On the other hand, in the proof of Theorem 1.2, we used the inequality

171 e1.0000g 0y = ClULS IGpo0gogeye for f € £7°%(log £)° (4-28)

in order to estimate the nonlinear term |u|? ~1y, where p > 1l and @ > 0. Actually, (4-28) holds with
C =1 and “<” replace by “=" (see Lemma 2.3). In the case of 19-°°(log [)¥, it follows from (2-5) that

1 o
e L ) | Y

l o
> sup% |:log(e + E)] S(f**(s))p} = ||f||fp-00(]0g[L)a

s>0

for f € L#-*°(logl)%; that is, the reverse to the desired inequality holds. This suggests that it is difficult

to obtain a similar result to that of Theorem 1.2 in the framework of weak Zygmund-type spaces
L2-°°(log L)*.
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Appendix

Here we prove two propositions on relations between L4 (log L)%, L?:°°(log L)%, and £7-°°(log £)*.
We remark that the following relations hold for o = 0:

LY = L9(log L)° = £ ®(log £)° ¢ LT>® = L9®(log L)® if ¢ €[1, 00).
Proposition A.1. Let 1 < g < oo and o > 0. Then

||f||£"-°°(log2)a =< ”f”L‘/(logL)“ forf € Lq(logL)av

I fllLacoqog Ly < I fllga-0qog gy for f € £9°°°(log £)°.
Furthermore,

Li(log L)* < £9°°°(log £)* < L?*°(log L)*, o > 0.

Proof. By (2-9), (2-11), and (4-25), we see that
NS a
e L e | A
§>0 N 0

sl [ [oele )] o) =it

for f € L9(log L)*. This implies that LZ(log L)* C £4°*°(log £)*. Let g be a function in R” such that

1 - 1 —a—1
o= f[oe(e )] fronw=Zfee(e+ )] roaw

where § > 0 is chosen so that g* is decreasing. Set f(x) := |g(x)|1/4. It follows from (2-1) that
f*(s)? = g*(s). Furthermore,

N\1%
F12 s o = SU |:10 (e—i——)] / g mdn=1
| ||,gq (log £) s>g g P o

o 1\17¢ § N\t
= [ i [ ] e

Thus L9(log L)* < £9°*°(log £)*.
On the other hand, it follows from (2-1), (2-4), (2-9), and (4-26) that

and

1

_ - )

||f||£q.ooaog2)a=sup{ log(e+—) s(lflq)**(s)}
s>0( L § n

= sup! [1og e+ 1) | sar17 0]

s>0

Q=

—supf [1og(e + 1) [ 577607} = 1 romqogir
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for f € £4:°°(log £)%, and hence £4°*°(log £)* C L2°°(log L)¥. We finally show that the inclusion is
strict. Let f be a function such that

1 1 —q
f*(S)IS_q[IOg(e'i‘;)} X(0,8)(5),

where § > 0 is chosen so that f™* is decreasing. Then || f'||pa.c0(10g )= = 1. On the other hand, for the
case o < 1, we see that

s —o s —1
s(|f|‘1)"‘*(s)=/0 r]_l|:log(e+%):| dni/o r;*[log(e#—%)] dn = o0

for s € (0,8). This implies that f ¢ £9-°°(log £)*. Furthermore, for the case « > 1, there exists C > 0
such that

s 1 —
SGJTU**@)==/‘n‘l[bg(%+-—)] an
0 Ui
s —o 1—o
zC/(en2+r))_l|:log(e+l):| dn = ¢ [log(e—l—l)]
0 i oa—1 s

for s € (0, §). In conclusion, there exists C > 0 such that

1\ ¢
| £ 1l ga-00 (1og gy« = C  sup [log(e + E)} = o0.

0<s<§

Thus £9-°°(log £)* < L9*°(log L)“. The proof of Proposition A.1 is complete. |

Let f be alocally integrable function in R” such that

[log(e + %):|as(|f|q)**(s) =1, s>0, (A-1)

which is a typical function in £2°°(log £)*. By (A-1), we see

es2+s

—a—1
F16) = L7197 6) = “[WG+9] ol

Since et

_1 1 q
) =<s 7 [log(e + —)i| for small enough s > 0,
s

we see that f also has a typical singularity of functions in L9*°(log L)**1. These arguments suggest
that £4-°(log £)¥ is closely related to L4 (log L)**1!.
Proposition A.2. Let 1 < g < oo and o > 0. Then there exists C > 0 such that

[/ Il ea-00og 2y < C || f | La-00 tog Ly +1 (A-2)
for f € LT*®(log L)**1. Furthermore,

inf ||f||£q’°°(log£)“

T mtos Lyt : f e L&®log L)*T1E =o0. (A-3)
L4-2°(log L)¥



1508 NORISUKE IOKU, KAZUHIRO ISHIGE AND TATSUKI KAWAKAMI

Proof. By Lemma 2.3 and (2-1), it suffices to consider the case g = 1. We first prove (A-2) with g = 1.
Let f € L1*®(log L)**1, where > 0. By Lemma 3.2 (2), for any R > 0, we have

s s —a—1 a+1
70 = [ rrmans ( / n_l[log(e n 1)} dn) (sup[log(e " 1)} nf*(n))
0 0 n n>0 n
1 — 1 a+1
<C |:10g (e + —)} (sup |:10g (e + —)} nf*(n))
N n>0 Ui

for s € (0, R). This together with (2-9) implies that

1 o
£ lg1.00010g gy« = sup [log(e + E)i| S (s)

0<s<R

1 a+1
< Csup [1og(e i —)] D5 = CIlf oo gop Lyt
n>0 n

Thus (A-2) holds for g = 1, and the proof of (A-2) is complete.
Next, we prove (A-3) with ¢ = 1. Let { f,} be a sequence in LlloC such that

f¥(5) = nllog(e +m] ™ g 11().
Since
nllog(e 4+ n)]~*1 for s € ((), %),

(A-4)
s log(e +n)]" %! fors e [%, 0),

n**(s) — {

we have

1\1¢ 1\1¢
I faller.00gog ey = sup|logle + = ) | sf;"(s) = [log(e+ =) | s/, (s)
0 S N
s>

forn =1,2,.... On the other hand, similarly to (3-2), we find L € [e, co) such that

= llog(e +m] ™!

S=Z

the function (0,00) > t+> 7 [log (L + —)] is nondecreasing.
T

Then, by (3-1) and (A-4), we have

1 a+1
Il szt =supltoe(e + ) | st 60
>

0

1\ ]e+H! 1\ 7o+
> C sup |:10g (L + ;):| sfy(s)=C [log(L + E)] sty (s)

>0

>C

=1
S=n

forn =1,2,.... These imply (A-3). Thus Proposition A.2 follows. O
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