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A MARCINKIEWICZ MULTIPLIER THEORY FOR SCHUR MULTIPLIERS

CHIAN YEONG CHUAH, ZHEN-CHUAN L1U AND TAO MEI

We prove a Marcinkiewicz-type multiplier theory for the boundedness of Schur multipliers on the Schatten
p-classes. This generalizes a previous result of J. Bourgain for Toeplitz-type Schur multipliers and
complements a recent result by J. Conde-Alonso et al. (Ann. of Math. (2) 198:3 (2023), 1229-1260). As
a corollary, we obtain a new unconditional decomposition for the Schatten p-classes, 1 < p < co. We
extend our main result to the Z¢ and R cases, and include an operator-valued version of it using Pisier’s
noncommutative L% (£;)-norm.

1. Introduction

Let A € B(H) be a bounded operator on a (separable) Hilbert space H. We can write A in its matrix
representation

A = (a, )k, jez

with ay j = (Ae, e;) for a given orthonormal basis {e;}rez of H. Given a bounded function m on Z x Z,
we call the map

My, : (ay,j) — (m(k, j)ay, ;) (1-1)

a Schur multiplier with symbol m. The study of the boundedness of Schur multipliers with respect to the
Schatten p-norms has a rich history [Bennett 1977; Arazy 1982; Bozejko and Fendler 1984; Berkson and
Gillespie 1994; Pisier 1998; 2001; Harcharras 1999; Clément et al. 2000; Aleksandrov and Peller 2002;
Doust and Gillespie 2005]. The recent study of noncommutative analysis on the approximation properties
of operator functions and operator algebras [Haagerup et al. 2010; Neuwirth and Ricard 2011; Caspers and
de la Salle 2015; Potapov et al. 2015; 2017; de Laat and de la Salle 2018; Caspers et al. 2019; Parcet et al.
2022; Mei et al. 2022; Conde-Alonso et al. 2023], especially the work [Lafforgue and de la Salle 2011]
on the approximation property of higher-rank Lie groups, draws a lot of attention to the boundedness of
Schur multipliers for the case where 1 < p # 2 < co. Conde-Alonso, Gonzédlez—Pérez, Parcet and Tablate
[Conde-Alonso et al. 2023] recently proved a Hormander—Mikhlin-type Schur multiplier theory for S?,
1 < p # 2 < 00, in their remarkable work.

In this article, we prove a Marcinkiewicz-type Schur multiplier theory. Hérmander—Mikhlin-type
multipliers and Marcinkiewicz-type multipliers are rooted in classical Fourier analysis. Like their
counterpart in Fourier analysis, Marcinkiewicz-type Schur multipliers are a larger class of multipliers
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and their p-boundedness is more subtle; it was shown in [Tao and Wright 2001] that the L”-bounds of

Marcinkiewicz Fourier multipliers are of order p3/2

as p — oo.

When m is of Toeplitz-type, i.e., m(k, j) = m(k — j) for some function m : Z — C, one may apply a
well-known transference method and obtain bounded Schur multipliers from the classical Fourier multiplier
theory. J. Bourgain’s work [1986, Theorem 4, Corollary 20] on scalar-valued Fourier multipliers acting
on Schatten p-valued functions implies that the following Marcinkiewicz-type condition is sufficient for

the boundedness of M,, on the Schatten p-classes for all 1 < p < oo:

SO itk+1) —mk)| < C (1-2)

2n—l§‘k|<2n

for all n € N. Let ri1, (k) = &, for 2"~! < |k| < 2™. Then the associated multiplier M,,, is bounded for any
sequence &, = *1.

To extend Bourgain’s result to general non-Toeplitz-type Schur multipliers, one may ask whether the
condition that

Y mk+j+1, ) —mk+j. pl<C (1-3)
=l<k|<2n

for all n € N, j € Z implies the S” boundedness of general Schur multipliers. The answer is yes if m is
Toeplitz since condition (1-3) reduces to Bourgain’s condition (1-2) in that case. The answer would be
yes for general Schur multipliers as well if the family M,,_, defined after condition (1-2), is R-bounded
for any family of sequences ¢ = (g ), valued in {£1}. This implication was proved in the works of
Berkson and Gillespie [1994], Doust and Gillespie [2005] and Clément, de Pagter, Sukochev and Witvliet
[Clément et al. 2000], in which they studied the connection between vector-valued Littlewood—Paley
theory and Marcinkiewicz multiplier theory. We show in Section 5.1 that this is not true in general and
the condition (1-3) is not sufficient for the S”-boundedness of the associated Schur multiplier.]

The main result of this article is the following.

Theorem 1.1. M, defined in (1-1) extends to a bounded map on the Schatten p-classes S? for all
1 < p < oo with bounds < (p*/(p — 1))? if m is bounded and there exists a constant C such that

o mk+j+1, ) —mk+j, )l <C, (1-4)
n=l<|k|<2n

o mGik+j+D)—m@ k+ )l <C (1-5)
=l< k| <2n

forallneN, jeZ.

The writing of this article was motivated by the recent article [Conde-Alonso et al. 2023], although the
third author had known Theorem 1.1 previously. The authors of [loc. cit.] further studied Schatten- p-classes
indexed in d-dimensional Euclidean spaces, aiming for possible applications to the approximation prop-
erties of higher-rank Lie groups. Following this trend, we extend Theorem 1.1 to the higher-dimensional

IThis also shows that the family of “Littlewood—Paley operators” M;,, mentioned above is not R-bounded.
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cases as well. The proof of Theorem 1.1 relies on the crucial property that a Schur multiplier is an operator-
valued Fourier multiplier multiplying from the left, and is simultaneously an operator-valued Fourier
multiplier multiplying from the right. This property was already used by the authors of [Conde-Alonso
et al. 2023] in proving a Hormander—Mikhlin-type criterion for the boundedness of Schur multipliers.

Theorem 1.1 implies a new unconditional decomposition for Schatten p classes. For (n,{) €e Z x Z,
let Eg g ={(,€)} CZxZ. Let

Ene={(k, ) €ZxZ:2"" <k—j<2" 2" <k < (+1)2")

for n > 0, and
Eno={k, j)eZxZ:=2"<k—j<-=2"=1 g <k <@+1)2"
for n < 0. We then have the decomposition

Zx7= U Eny.
(n,0)eZx2

Let P, ¢ be the projection onto span{ey ;, (k, j) € E, ¢}. It is easy to see that an €n.¢ Py.¢ 1s a Schur
multiplier satisfying the assumptions of Theorem 1.1 for any bounded sequence ¢, . We then obtain an
unconditional decomposition of S?.

Corollary 1.2. ) , &,.¢Py ¢ extends to a bounded map on SP for all 1 < p < oo for any bounded
sequence &, g.

We will prove Theorem 1.1 in Section 3. We will explain how to extend Theorem 1.1 to the higher-
dimensional case in Section 4 and explain that the ball-type Schur multipliers remain bounded on
SP(€2(7%)) for d > 1 (Example 4.4), contrary to the behavior of Fourier multipliers. We will show
that the condition (1-4) alone is not sufficient in Section 5.1 and explain an operator-valued version of
Theorem 1.1 in Section 5.2.

2. Preliminaries

Given d € N, denote by B(£2(Z%)) the set of bounded linear operators on 02(7%). We represent the
operator A € B((*(Z9)) as A= (ai, ;)i jyezixz¢ Witha; j = (Ae;, e;) for the canonical basis {e;} of £2(Z%).
Given a bounded function m on Z¢ x 7, the associated Schur multiplier

M, (A) = (m(i, j)aij)

extends to a bounded operator on the Hilbert—Schmidt class S2(0%(7%)). We call m the symbol of M,,.
Recall that the Schatten p-class S, 1 < p < 00, is the collection of all compact operators A with a finite

Schatten-p norm, which is defined as
1

1 P
1All, = ([ (A*A) T ])r = (Z s,f’> @-1)
i
for 1 < p < oo, where s; is the i-th singular value of A. The Schatten p norm is unitary invariant
and does not depend on the choice of the orthonormal basis. The Schatten-class S”, 1 < p < oo, and
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B(£*(Z%)) share many similar properties with £7, 1 < p < oo. In particular, the dual space of S' (resp.
SP, 1 < p < 00) is isomorphic to B(£?) (resp. SP/(P=D). The family forms an interpolation scale

[B(£%), S']1 =8P

for 1 < p < co. However, S? does not admit an unconditional basis whenever p # 2. We will prove
that, for m satisfying additional conditions (1-4) and (1-5), M,, extends to a bounded map on S? for all
1 < p < oo, which immediately implies the unconditional decomposition for S¥ as stated in Corollary 1.2.

Given d € N, we denote by L” (T¢; SP) the space of S”-valued Bochner integrable functions f such that

1 fllr = (tr[/ F1PG) de])”< 0.
[0,1)4

Here we let z = ¢/2™? with 0 € [0, 1)¢, and | f|? = (f* f)P/? is defined via the functional calculus.
For f € L?(T%; §P) with 1 < p < oo, we have the Fourier expansion

f@~) fk,

kezd

with f k) = f[o 134 f(2)zX d6 € SP. Given R a finite subset of Z%, denote by Sg f the partial Fourier sum

Sef@ =) flz*. (2-2)
keR
Choose § € C*°(R) such that 0 < § < 1, supp(§) C [—2«/2, —%] U [% 2\/3] and §(x) = 1 when
3 < x| < +/d. For j >0, define §;(x) := 8(27/x). For f € L*(T%; §?), we define

Sif@) =Y 8;(kl2) f)z".
kezd
We denote by |k|, the £, norm of k € Z¢ in the formula above and will denote by |k|s the £o norm of k.
Let (E;) j>0 be the cubes with squared holes in 7% given by

j_

!{k €74:277 < |kloo <27}, j >0, (2-3)

{0}, j=0.

Note our construction implies Sg : S; =38k o which we will need later.
For a sequence (f) in L? (T4; $P), we use the classical notation

1 Loy = H (Z |fk|2) L) = H (Z |f,:‘|2)
k k

’

Lp(T4;87)

Lp(T4;57)

and
max{||(fiollres), 1 Lres)} if 2 < p < o0,

I llLr ey = { .
? infy, 1o =p 1O Lres) + 1@ Lr@; f0<p<2.

The above definition is justified by the following noncommutative Khintchine inequality:
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Lemma 2.1 [Lust-Piquard 1986; Lust-Piquard and Pisier 1991]. Let (gx) be a sequence of independent
Rademacher random variables. Then, for 1 < p < 00,

28k®fk 28k®fk
k 3

The optimal constant 8, is no greater than V3forl<p<2andis 1 for p > 2 (see [Haagerup and

o, Eq < I (fOllzrey < BpEs (2-4)

LP(T4;S5P)

Lr(T4;8P)

Musat 2007]); ap, is 1 for 1 < p <2 and is of order ,/p as p — oc. Inequality (2-4) was pushed further
to the case where 0 < p < 1 (see [Pisier and Ricard 2017]).
We will need the following noncommutative Littlewood—Paley theorem on Z<.

Lemma 2.2. There is a constant Cy > 0 that depends only on d such that

2

p
1CS; 1) j=ollLre,) < Cdp —
2

p—1

| f e re: sy (2-5)

| fllLrcra.sry < Ca 1Sk, f)j=ollLrie,) (2-6)

forall f e LP(T%; SP)and 1 < p < occ.

Proof. This lemma is well known. We explain here that the dependence of the constants on p is in the
order of p?/(p —1). Given &; = %1, let M, = ijo
Ho6rmander—Mikhlin multiplier, which in particular is a Calderén—Zygmund operator. So it is bounded

€;S;. Our choice of §;’s makes M, a so-called

from the classical Hardy space H' to L!. Moreover, it is from H' to H' since it commutes with the
classical Hilbert transform. By [Mei 2007, Theorem 6.4], it extends to a bounded operator on the
semicommutative BMO space BMO (L>®(T%) @ B(£*(Z%))). Inequality (2-5) then follows from the
interpolation result [Mei 2007, Theorem 6.2] and the Khintchine inequality (2-4). Inequality (2-6) follows
from (2-5) by duality because of the identity (f, g) = >_;(Sk; f, Sk;8) = >_ (S; f, S, 8)- O

Lemma 2.3. Suppose R; is a family of boxes with sides parallel to the axes in RZ Then there is a constant
Cy > 0 that depends only on d such that, for all 1 < p < o0 and for all families of measurable functions f;

: y :
H (Z S, (fj>|2) < cd( ) (Z |fj|2)
7 LP(T4;8P) p 7

Proof. Assume d = 1 and R; = [a;, b;]. Let T, to be the operator that sends f(-) to f(-)e/?74(). Let
P be the analytic projection. Then

on R we have

2
P
— 2-7)

LP(Td;8P)

Sk, = Ta, Pr T, — Tp, Py Ty,

Note that |7, f; ?=|f i |> and we obtain the inequality for d = 1 by the boundedness of P, . The case
d > 1 holds due to Fubini’s theorem. O

Lemma 2.4. For sequences (a,), (c,) € B(H), we have

E arcy E aay
n

n

2
=

(Z c;c,,>. (2-8)

n
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Proof. Given any v € S we have by the Cauchy—Schwarz inequality that

2 2
tr<v>k Za:cn v) =tr( Za:cnv ) < Za:an tr[v* (Z chn) }
n n n n

Since v is arbitrary, we obtain (2-8). O

3. Proof of Theorem 1.1
For z € T¢ given, let [T, be the *-homomorphism on B (€2(Z%)) defined as
I1.(A) = U. AU},
with U, the unitary sending e; to z¥e;. It is easy to see that IT, has the presentation
M, : A= (a,;) — (a,;j27), (3-1)

with k, j € 74 [1, defines an isometric isomorphism on B?(Z%)) and SP(£*(Z%)) forall 1 < p < o0
because all these norms are unitary invariant. Considering z as a variable on T¢, define IT : B(¢*(Z¢)) —
L>(T) @ B(*(2%)) as

I1(A)(z) =TI (A). (3-2)
Then IT is an isometric isomorphism from B(2(Z%)) to L=®(T4) @ B(£2(Z%)) and from S? (¢2(Z%)) to

LP(T4; SP(£2(Z%))) forall 1 < p < oco.
Given a symbol m = (m(i, j)); jez¢ and A = (a; j); jeza € SP(L*(Z?)), set

M;(n) = Z m(s,s —n)ess, My (n)= Z m(s +n,s) e,

sezd sezd

A(n): E s s—n€s,s—n — E As4n,s€s+n,s

sezd sez4

(3-3)

for n € 7¢. Here es,; denotes the operator on 0274 sending e; to e;. Then M;(n), M, (n) € B2 (Z%y)
with norm bounded by C, A(n) € SP(¢*(Z%)) for all n € 7¢, and

M(A) @) =Y AmZ", Mu(A) =) M(mA®m) =) A)M,(n).

Here M;(n)A(n) and A(n)M,(n) denote the products of operators in B%(7%)). Let f=I(A),ie.,
f@=> Amz". (3-4)
nez4

Denote by IT(S”) the image of TII, i.e., the subspace of L p(Td; S?) consisting of all f in the form of
(3-4). Define the operator-valued Fourier multiplier Tj; on I1(S?) as

Tuf(R) =Y Mi(m)An)z". (3-5)

nezd
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Note that M;(n)A(n) = A(n)M,(n) for all n € Z?; we can represent T3y as a multiplier from the right:

Tuf@) =) AWM )" (3-6)

nezd

Ty is defined so that the following identity holds:
Ty f = T1(My (A)).
Since I is a trace preserving x-homomorphism, we have
IAllse = 1 fllLrcra;seys  IMmAllse = 1Ty (Nl Lecra;se)- (3-7)

In order to prove M,,’s boundedness on S”, we only need to prove that 7, is bounded on I1(S?), i.e.,
the subspace of L p(Td; S?) consisting all f in the form of (3-4). By Lemma 2.2 and the transference
relation (3-7), it is sufficient to show the inequality

1 1
3 2 \4 3

H <Z |SEj<TMf>|2> < cd< P ) (Z |ij|2) (3-8)

=0 L,(T4;57) p—1 =0 L,(T4;57)
and its adjoint form
> 7\ >
H (Z |<SEj<TMf>>*|2> < cd< 1) (Z I(ij)*lz) (3-9)
=0 L,(Td;SP) p— =0 L,(T4;SP)

for p > 2. By duality, we will obtain M,,’s boundedness on S” for 1 < p < 2 as well.
We will use (3-5) as the presentation of T}, to prove (3-8) and will use the presentation (3-6) to prove
(3-9). Note that E; is symmetric so (SE_/.(TMf))* = SEj(TMf)* and

*
(T ) = (Z A(n)Mrm)z") =) (M (=n))*(A(=n))*z".
nezd nezd
So, both Sg,(Ty f) and (Sg, (T, f))* have the multiplier symbols on the left. This allows us to write
the corresponding squares in the forms with M, or M; sitting in the middle for both § E (Ty f) and
(Sg; (T f ))* and avoid the usual trouble caused by the noncommutativity of the operator products. After
noting these facts, the argument for the case d = 1 is rather standard, which we record below.

Proof of Theorem 1.1. We now set d = 1. By the notation in (3-3), the conditions (1-4) and (1-5) are
equivalent to

> IMi(n+1) — Mi(n)]

HGE./’

sup

s <C, sup Z

‘oo Jj=0

|Mr(n+1)_Mr(n)|H <C, (3-10)

I’lEEj
where E; is defined as in (2-3). Following the definition (2-2), we define S, ;) as
Sang@ = Y gm)yz" (3-11)

a<n<b

for g(z) =,z &(n)2" € LP(T; S”). We will deliberately extend the use of this notation and set

S8 =—Swu8
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when a > b. For j € N, write E; = (—2/, =2/71], Ej,=1[2/"1,2/). Let 2\’ = =2/, 2’ =2/ and

AM (n)_ {Ml(l/l)—M](I’l—l), n <O, (3_12)
EAMm+1) = M), n>o.

By applying summation by parts and the presentation of Ty, f in (3-5) and (3-6), we obtain

Se,(Tuf) =Y Se, (Tuf) =) (Mz<2§-"‘”)<SEj,,.f>+ > AMz(n)(S(Mlgn)f)) (3-13)

i=1,2 i=1,2 nek;;

i—1
=) ((SEj_i MR+ Y (S 00, NAM, (n)), (3-14)
i=1 ,2 I’lEEj'[
with AM, (n) defined similarly. We will use the presentation (3-13) to prove (3-8) and will use (3-14) to
prove (3-9). The arguments are similar. So we will only give the argument for (3-8). We will ignore the
term j = 0 in (3-8) because ||Sg,(Tm f)lLr .57y < Cll fllLr(T:s7)-
Note AM;(n) is a diagonal operator; we can write AM;(n) = a; b,, with a,, b, diagonal operators and
lan|> = |b,|* = |AM;(n)|. Then by Lemma 2.4, we have, fori =1, 2,

<> IAMz(n)IH ( Z 1615, ) f|>

nek;; nek;;

= C( Z 1618y 20, f | ) (3-15)

VZGE.,'V,'

= C( > |S(n,2;j>)(bnsjf)|2). (3-16)

nEEj,,-

Z AMm)S, 0,

l’lEEj_,'

Thus,

I\J\'—

<C
LP(T;SP)

|

By Lemma 2.3, we get

o3

(Z

jeN

(Z Z 1S 26, (B f>|>

jeNnek;;

Z AMn)S,, 50, f‘ )

nek;; LP(T;SP)

1

2)2
Lr(T;SP)

<c-C—ct (Z > |<bnsjf>|2>2

jeN nGEj_,'

S ek (Z(S,-f)*(z |bn|2)ij)2

jEN }’lEE_/'Y,‘

=C P C% (Z(S]f)*(z |AMl(n)|)ij>2

jeN nek;;

(ZIS f|>

jeN

Z AMg(n)Sn’[ )

JjeN'neE;;

Lp(T;SP)

LP(T;SP)

Lr(T;87)

(3-17)

LP(T;SP)
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Hence, by (3-13), (3-17), and Lemma 2.3

H (Z 1Sg,, (Tw £)] )

1

jeN LP(T:S7) 1
. 2
< (ZIMZ(ZS" ”)(SE,,,.f>|2) G2 (ZIS f|)
jeN 1 Lp(T,; sv) JeN LP(T;SP)
2
< c(2|<SE,.,if>|2> +C—C <Z|S f|)
jeN LP(T;S8P) jeN LP(T;SP)
2 : P2 2 :
= 'C(ZKSEJ.JS,-f)I) +C Cy (Zlijl)
ieN Lr(m;sy P ieN LP(T;SP)

()

jeN

LP(T;SP)

for i =1, 2. Therefore we finish the proof of (3-8). The arguments for the adjoint version of (3-9) are
similar. We then complete the proof of Theorem 1.1. O

Corollary 3.1 [Conde-Alonso et al. 2023, Corollary 3.5]. The following Mikhlin conditions imply the
boundedness of M,, on S? forall 1 < p < oc:

m(s. s +k) —m(s.s +k+ 1) 5% (3-18)
m(s 4k, ) —m(s +k+1,5)| < % (3-19)

-

Proof. 1t is clear that the Mikhlin conditions (3-18), (3-19) imply the Marcinkiewicz-type conditions
(1-4), (1-5). O

4. The cased > 1

In this part, we generalize Theorem 1.1 to the d-dimensional case. Before we proceed to the main
statement of the theorem, we need to borrow some notation from the calculus of finite differences.

Definition 4.1. Leto : 7Y — Cand j = (ji, ..., jg) € Z% Let {e'j}j?:1 be standard basis of Z¢, i.e., the
Jj-th entry of e; is 1 and all other entries are O for j =1, ..., d. We define the forward partial difference
operators A;; by
Ajo(t):=o(t+ej)—ol(t), 4-1)
and for o € {0, 1}%, define
AY = A7 AT

ld
Fora=(,...,1) {0, l}d, we simplify the notation AY as A;. Readers can find more information
on the calculus of finite differences in Chapter 3 of [Ruzhansky and Turunen 2010].

4.1. The case d = 2. Recall that we have the partition 7> = j=0 Ej with E; defined as
0,0 =0
£ {{( O, j=0.

; : 4-2
{(n1,n2) € 7% : 2771 < |(n1, ma)low <27}, j = 1. 2
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Theorem 4.2. Given m = (my ;) ;c72 € B(£*(Z?)), suppose m satisfies:

(1) supy ez Img | < Ci.

(ii) For any k € N, s € 72, there are constants C», C3 such that

o Amesl+ Y |At2ms,s+t|)<cz, (4-3)

t=(t1,£2x)eE; t=(£2k-1 1)eEy
> A < Cs, (4-4)

1=(t1,)€E}

and

Yoo Amesl+ Y |A,2ms+t,s|><cz, (4-5)

t=(t1,£2k-)eE; t=(£2k-1 1) eEy
> 1AMl < Ca. (4-6)

t=(t1,1h)€Ey
Then M,, is a bounded Schur multiplier on SP (€2(Z?)) for p € (1, 00) with an upper bound < (p?/(p—1)*
Here Cy, Cy and C3 are positive absolute constants.

Now we come to the proof of Theorem 4.2. As explained at the beginning of Section 3, we only need
to prove (3-8) and its adjoint version. Recall that Sg; is the partial sum projection on L” (T2; SP(Z%))
given by Sg, f(2) =Yg, f(m)2", where z € T°

Applying the definition of M; (3-3), we see that (4-3) and (4-4) imply

H > |AmM,<n>|‘ +H > |An2M,<n>|‘ <(y, (4-7)
n=(n;,£2/-1)eE; 0 Tn=(F2/-1m)€E; o0
> |Aan(n>|‘ <Cs. (4-8)
o0

n=(n,n2)€L;

To prove (3-8), we will cut E; into four rectangles E x, k=1, ...,4,for j > 1. Let I; =[2/~1,2/)nZ,
J;=[-2/71,2/)NZ, and set

EjJ:JjXI', Ej’zz(—lj)x.]',

Ej,3:IjX(—Jj), Ej,4:(_-]j)x(_]j)~
Thus, we have

4
Sg;Tm f = Z Se; . Tu f. (4-9)
To prove (3-8), it is sufficient to prove

i=1
) % 2 00 %
H (Z N TMf|2> < c’( ) <Z |ij|2)
im0 LP(T2;57) p im0

for p>2,i=1,2,3,4. The arguments fori =1, 2, 3, 4 are similar. We will give the argument for i =1

2
P 1 (4-10)

LP(T2;SP)

only. By the fundamental theorem of calculus,
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Se; T f =Mi(=2" 277 Se, 4+ Y A My, 277 S, 20y, f

n1€Jj
+ Z Anle(—2j71,nz)Sij(nz,zf)f—F Z ApMi(ny, n2) S, 27y x (n2,20) J
n€E; n=(n1,n2)€E;
_ . pl 2 3 4

By the operator inequality |Y"}_, ax \2 <n Y 7_; lax|’ we have
ISg, Tu I =P} + P} + P} + P}I> <4(P/>+ P} + P} +|P}"). (4-12)
For part le, by assumption (i) of Theorem 4.2, we have

|Pj 1P =M (=2~ 277" g, fIP < CPISE,, f I = CTISE,, S f 1. (4-13)

2 2
()
Lrazse@y AP

For part P?, we follow the arguments similar to (3-16) and (3-17) in the one-dimensional case and write
Ap, Mi(ny1, 2771y = alb,, with |a,|> = |b,|> = | A, Mi(n1, 277 1)|. Letting R, ; = (n1,2/) x I, we have

By Lemma 2.3,

(4-14)

(Z |ij|2);

j=0

()

j=0

L (T257(22)

2
212 __
|P?= <

ZAnlMl(nlv zj_l)S(nl,Z/)ijf

I’l]EJj

> 1A My(n1, 277 )]

I’l]EJj

(DSRnl,j(bnij)F). (4-15)

HOO nler

Thus, by (4-15), (4-7) and Lemma 2.3 and following the arguments similar to the case d = 1, we get

212 : P2 2 b :
'(ZIPﬂ) 5C2< _1> (Z|S,,-f|) (4-16)
j=0 LP(T2;8P(Z?)) )4 >0 LP(T2;8P)
Similarly, we have
1 ) N
2 pZ 3
‘(Z'Pf'z) SCz( _1) (Zlijlz) . (4-17)
j=0 Lr(T%;8P) p >0 LP(T2;5P)
Now we come to the estimate of part PJ‘.‘. Define R, ; = (n1, 27) x (na, 27). Similarly,
% 1 %
3 1
()], =S T s siamontsr)
jz0 LP(T2:57) 20 n=(n1.n)€E LP(T2:57)
Y Y
<C Si|AM;(n)|2
=G| T mammetse) ]
Jj>0 n=(ny,n)€E; (T=;87)
P? Y :
< C3< ) (Z |ij|2) : (4-18)
p—1 LP(T%;8P)

j=0
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Therefore, by (4-9), (4-11) and (4-15)—(4-18), we have

) % p2 2 00 %
H (Z |SE,.,1TMf|2) < c(—) (Z |ij|2>
o0 LP(T2;8P) p—1 im0

Thus, (4-10) is proved. Hence, we finish the proof of Theorem 4.2.

(4-19)

LP(T%;8P)

4.2. Higher-dimensional case. We need some additional notation to deal with the case d > 2. Borrowing
the notation from [Hytonen et al. 2016], we denote by Z* the space

7% :={(n))i:au=1 : i € Z}
for o € {0, l}d. For any n eZ7%and E = I X oo X Iy C 79 let
Ng = (ni)i:oz,-zl €eZ% Eq:= l_[ I, 7
i:a;:l

be their natural projections onto Z% In particular, we will use the splittings n = (14, n1_o) € Z% x 717
and E =E, X E{_y, where 1 =(1,...,1). Suppose s,t € 7% and we abbreviate the interval notation
[s,6)NZ% as [s, 1).

Similarly, denote by J¢ the partition 3¢ := {E i1 j=0}of 7%, where

Ej::{(O,...,O)}, j=0,

. . 4-20
{1, ....ng) €227 < |(n1, ..., na)lo <2/}, j= 1. (420

Each E; can be further decomposed into 2424 — 1) subsets and each of the subsets can be obtained
by translation of the cube F; = [2/71,27) x ... x [2/71, 27). Following similar procedures to those in
the two-dimensional case and using the discrete fundamental theorem formula,

Xeon@mm) =X Y Y Amsi—g, ka)
ae{0,1}4 ky€[s,n)q

= YD Kiknaxls.ne (DA M(s1-a, k), (4-21)

OtE{O,l}d ko €[5,

we can obtain the following theorem. The details are left to the interested reader.
Theorem 4.3. Given m = (my ;) ;czd € B*(Z%)). Suppose m satisfies that, for some C > 0:
(1) sup; ,cza Imys:| < C.

(1) ForanyneN, s eZ ael0, 1} « #£0, and any r ez satisfying |rl.(”)| :2”_1f0ralli =1,...,d,

> 1AMl < C, > IAYmel < C. (4-22)

t=(tg.,r\" )EEy t=(tg.r\" )€Ey

Then M,, extends to a bounded Schur multiplier on SP(£>(Z4)) for p € (1, 00) with an upper bound
Cy(p?/(p — 1)?*2. Here C, is a constant dependent only on the dimension d.
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Note that we cannot hope for an analogue of Theorem 4.3 with E, defined by the ¢?-metric instead of
the £>° metric because the ball-type Fourier multipliers are not uniformly bounded on L?(T¢) for any
d > 1. Doust and Gillespie [2005, Theorem 6.2] gave an example of ball-type Schur multipliers for the
case d = 1. Their argument does not seem to extend to the case d > 1.

Example 4.4 (ball Schur multipliers). Let Xy = {(0,0)} C 7% x 7% For i € N, let
Xi={k, ) ez x2!: 27" < |k, Hl2 <2').
Letmy =), &1x,, with |&;| < 1. Then |A%m| < 2%/, Note that
|k, D2 = Tkla+1jl2 = |k = jla+1jl2 = Tk = jloo + [Jloo = [k = jloo + |Kloo-
We can find a constant K; which only depends on d such that the set
{(so,s0+1):t € E,}U{(so+1,50):t € E,}

intersects with at most K; many X;’s for any fixed s9. Since UOSiS” X; is convex for all n, we conclude
that there are at most 2¢ K; many nonzero terms in the two summations in (4-22), and the summations
are bounded by 29K ;. So (4-22) is satisfied and M,, = Zl- &i Py, is bounded on S? for any 1 < p < oc0.

4.3. The case of continuous indices. We explain in this section that Theorems 1.1 and 4.3 extend to
the continuous case by approximation. Let S”(R?) be the space of Schatten p-class operators acting on
the Hilbert space L?(R?). We identify S2(R?) as LE2(R? x R?), so for A € S2(R?) we can talk about its
pointwise value ag ;. For m € L®(R? x R?), we consider the Schur-multiplier-type map

M, (A) = (m(s, )a 1) repd -

Motivated by the work of [Lafforgue and de la Salle 2011; Conde-Alonso et al. 2023], we wish to
find sufficient conditions on m so that M,, extends to a bounded map with respect to the S”-norm for
1< p<oo.

Theorem 4.5. For p € (1, 00), consider the Schur multiplier M, on SP(R) with symbol m(-,-) in
L>®(R?) whose partial derivatives are continuous on (=271, —27YU (27, 2/t for all j € Z. Suppose
there exists an absolute constant C such that, forall j € Zand x,y € R,

iy 241
/ um(y+1, ) dt +f um(y +1, )| di < C, (4-23)
—2Jj+l1 27
—2J 2J+1
/ |82m(x,x+t)|dt—|—/ |opm(x, x +1)|dt <C. (4-24)
i+l ol

Then, the Schur multiplier M,, extends to a bounded map on SP(R) with |M,,| < C max{p>, 1/(p — 1)3}.
Proof. Let Dy be the o-algebra generated by dyadic cubes

s s+1 t t+1
Okt = (2—k, 7] X (?, 2—ki|, s, te”.
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Then (Dy);2 ; is the usual dyadic filtration for R2. Given m € L>®(R?), let mj = Ex(m) be the conditional
expectation of m with respect to the o-algebra D;. That is to say

1
mg(x) = Z —|:/ m(y) dyi|XQ(x) for all x € R%.
& 101Lo
Let L2(R, Dy) be the L2 space of all Di-measurable functions. Let (s, t) = m(s/2k, t/Zk) fors,teZ.
Note that S” (L*(R, Dy)) is isometrically isomorphic to S” (£2(Z)). We see that M;;, extends to a bounded

Schur multiplier on S? (¢%(Z)) with the same norm if M,,, extends to a bounded Schur multiplier on
SP(L*(R, Dy)) and vice versa. By Lemma 1.11 of [Lafforgue and de la Salle 2011],

Mo || = limys o0 [| Mo, || = limy— oo || M I

So, we need to show that M, satisfies conditions (1-4), (1-5). First, we verify condition (1-5). For
each j e Nand s € Z,

2/ -2
Z Imi(s, s +27 + L+ 1) —my(s, s +27 +€)|
= 2/ -2 r+1 2 +e+1 ! ikl 2/+7A(+|
2% 2 &t
=2 Z/ ﬁw M<y’y+x+2—k>d“fy—/s /M M(y,y+x)dxdy
2k o 7
2kz ) r+1 2/+1+| Vot 1<
=2 Z / 3 / My, t)dtdxdy
+l +x
‘-fl 2!+/z+1 +x+
2k
=2 Z /Y it /+ |02 M (y, 1)| dt dx dy
2k ok X
o Azik' 227,( y+x+k
=2 ; f I[62(M)1(y, 1)] dt dx dy
5 J4 Yyt
s+l
N
/ /21 2; X(x,x+2ik)(f)|[32(M)](y,t)ldt dxdy
s+1 2/+1 2J+] 1
2/\
Zk/ f / X(— 1)) dx|[(M)](y, Ol dt dy
y+ b3 2
s+1 ﬂ
k k
<2k/ 2/ |82M(y,t)|dtdy <sup/ ’ [[02(M)](y, y+1)|dt < A. (4-25)
H'zk yeR

The last inequality follows from the assumption in (4-24). So, condition (1-5) is verified. Applying the
same argument, we utilize the assumption in (4-23) to prove condition (1-4). Therefore, by Theorem 1.1,
My || = limy s 00 | Mz, || < C max{p?, 1/(p — 1)%}. u

Similarly, Theorem 4.3 and Example 4.4 have analogues in the continuous case as well.
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Theorem 4.6. Define E; .= {t € RY:2/71 <|t|oo <27} for j € Z. For p € (1, 00), consider the Schur
multiplier m € L>(R*) whose partial derivatives are continuous up to the boundary of Ey for all k € Z.
Assume there exists a constant C such that

/ , |0%m (s, s +1)|dty < C, (4-26)
(ta-r1”)EE;
/ , |0%m(s +t, 5)|dty < C (4-27)
(ta.r” )EE;

forany jeZ, s € R? and any r'V) e R? with |r[.(j)| =2/ forall 1 <i <d. Then, the Schur multiplier M,
extends to a bounded operator on SP(RY) for all 1 < p < oo with |M,,|| < Cgmax{p9+?, 1/(p — 1)4+2}.
Here t, is defined as in Section 4.2.

Remark 4.7. The Schur multipliers in all theorems of this article are also completely bounded on S? for
1 < p < o0; the arguments are exactly the same.

5. Discussions

5.1. Counterexamples.

(1) We show in the following that (1-4) alone is not sufficient for the boundedness of M,,.

Choose a large K € N. Let m(s, t) = exp(i2rkj/K) if s = 2%, t = 2/ for some j, k € N satisfying
1<j<k<K,and m(s,t) =0 for other s, t € N. Let m(k, j) =exp(i2nkj/K)if 1 < j <k <K, and
m(k, j) =0 for other k, j € N. Let U be the partial isometry on £,(N) sending ej to e,x. Then, we have
My (A) =U*M,,,(UAU*)U for any A € SP(£2(N)) and | M| < | M.

Note that, for any N, j given, there exists at most one k (actually k = N) satisfying k > j and

V=L <2k -2/ <2V,
Using the fact that |m(s, t)| < 1, for any N, ¢, we get

D mtr+1Ln—m@+r 0 <2,

A=l <|p|<2N
because there are at most two nonzero terms in the sum above. This means (m(s, 1)), satisfies the row
condition (1-4). On the other hand, if s = 2", then |m(s, t) —m(s, t + 1)| does not vanish if ¢ or # + 1 has

the form of 2/, j=1,..., N—1, by the definition of m(s, t). Hence we have
Yoo mGt+D=m@,nl= D ms, i+ D) —m(s, )] =2(N 1),
IN=1<|t—5|<2N 2N-T<g—t<2N

which shows that (m (s, t)),; fails the column condition (1-5).

Let A be the K x K matrix (exp(—i2mkj/K))1<k,j<k. Then A has S norm KYZH/P Mo (A) is the
lower triangular matrix with all nonzero coefficients being 1 which has S” norm >~ K for any given p,
1 < p < oo. This shows that K !/2=1/p S|IMy |l < || My, ||. We then conclude that (1-4) alone is not sufficient
for the boundedness of M,,. By symmetry, (1-5) alone is not sufficient for the boundedness of M,, either.
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(2) A smooth version of the example above implies that neither the assumption (3-18) nor the assumption
(3-19) is removable in Corollary 3.1. Indeed, fix a large K > 0, let

1277 | 1 t
(s, 1) = ep(%)

forl<s<t<2K s,reN,
K+1 _

mi(s,t) = 5K exp(i2m log, s)

for 1 <s <t, 2K <t <2K+1 5 reNand m (s, r) =0 otherwise. Then m, satisfies (3-18) because

0 i2m log, s log, t 1
—exp| ———————
ot K

whenever s < ¢ < 2%, Assuming the sufficiency of (3-18) would imply the uniform boundedness of M,), .
for all 1 < p < oo, which is wrong because M,,(A) = M,,, (VAV) for A SP(¢2(N)) and m, V defined
above. We conclude that neither the assumption (3-18) nor the assumption (3-19) is removable.

(3) Let
Fy,:={(s,1) e NxN:2V "1 < |5 —¢| <2V}

for N,t € N. Let Qn ; be the projection from S2(¢,(N)) onto the span of {e;; : (s, ) € Fy}. One may
wonder whether Corollary 1.2 can be improved so that the Schur multiplier S, = ) N.reN e(N,t)On;
is bounded for any sequence |e(NV, t)| < 1. This is impossible as well.> To see this, let (N, 1) =
exp(i2n Nj/K) if t = 2/ for some j e Nand j < N < K. Let ¢(N, t) = 0 otherwise. Let V be the
projection on £2(N) such that V (¢;) = ¢; if i = 2k for some k € N, and V (¢;) = 0 otherwise. Then, for
M,, defined in the first example and A € S? (¢2(N)), we have

M, (A) =S, (VAV).
Therefore, K'/2=1/7 < ||S,].

5.2. Operator-valued symbol. The Schatten p class has a natural operator space structure inherited from
the operator space complex interpolation S” = (S, §'), /p» 1 < p <oo. Pisier [1998, Lemma 1.7] proved
that, with respect to S”’s natural operator space structure, a map M on S”(£2) is completely bounded if
and only if M ® idsr(#) is bounded on S”(S7) = SP (02 ® H) for any separable Hilbert space H. We will
explain an operator-valued version of Theorem 1.1 which particularly implies the complete boundedness
of the Schur multipliers considered in Theorem 1.1. We will assume the readers are familiar with the
terminology of operator spaces in this subsection.

We will consider A € S>(¢2(Z) ® H) with H a separable Hilbert space. We present A in its matrix form
(ai,j)i jez With a; j € S?(H). More precisely, denote by e; the canonical basis of £,, let e ; be the rank-1
operator on £ sending ¢; to e ;. Denote by tr (resp. 7) the canonical trace on B(£*(Z)) (resp. B(H)). We set

ajj = (tr ®1d)(A(€]’, ®idgy)).

ZWe can get the same conclusion for sequences ¢ = =1 by choosing Hadamard orthogonal matrices instead of the matrices
(exp((—i2nkj)/K)) 1<k, j<K -
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Let M be a finite von Neumann algebra with a normal faithful tracial state . Given an M-valued
bounded function m on Z x Z and A € S2(¢2(Z) ® H) in its matrix form (@i, )i, jez, we define M, (A) as
the matrix

My (A) = (m; ; ®a; ;)i ;- (5-1)
We will show that an analogue of Theorem 1.1 holds, that is, there exists C, >~ (p?/(p — 1))* for
1 < p < oo such that
| M (Al Lr meB2@0m) < CollAllsr(2em)
for all A € S2N SP. By the density of $2N SP, M,, extends to a bounded operator from S? (02(Z2) ® H)
to LP(M ® B(¢*(Z) @ H)) when m satisfies Marcinkiewicz-type conditions. When M = C, this implies

the complete boundedness of M,, in Theorem 1.1 by Pisier’s result. We will need Pisier’s Lo, (€£1) norm
to express this Marcinkiewicz-type condition.

Definition 5.1 (Pisier’s L°°(£;) norm). Given N-tuples (xi, ..., xy) in M, set

Xl oo a;) = inf{ H (Z aja;>2 ' : <Z b7b1>2 H } (5-2)

where the infimum runs over all possible factorizations x; = a;b;, witha;, b; € M.

When x; > 0, we have ||x|| 1o a6y = H >k lxk] || but the two quantities are not comparable in general.
Pisier showed that ||x|| L (ar:¢,) < 00 if and only if there is a decomposition x; = X 1 —Xk,2 +iXk,3 — Xk 4
such that Xkg = 0 and ||(Xk,€)k”L°°(M;£1) <ooforallt=1,2,3,4.

Given M,, defined as in (5-1), let

Am(s,t)y=m(s+1,t) —m(s,t), Am(s,t)=m(s,t+1)—m(s,t)
fors,teZ.

Theorem 5.2. M,, defined as in (5-1) extends to a bounded map from Schatten p-classes SP(£> ® H)
to LP(M® BU:2(Z) ® H)) for all 1 < p < oo with bounds < (pz/(p —1)3 if m is bounded in M and
there is a constant C such that,

() foranyneN, t € Z,
[(Asm(s +1,1))2n-1 <))< [l Lo (M:0y) < C, (5-3)
(i) foranyn eN, s € Z,
(Am(s, s +1)on-1 < <20 | Lo Ase0) < C. (5-4)
Sketch of proof. Define m(s,t) = m(s,t) ® ly,on and a5 = 1 @ a, ;. Then m(s, t) commutes with
ay p forany s, t,s’,t' € Z. Let

Mi()=> s, s — ) ®ess, M(j)=) iii(s+j.5)®ess,
seZ seZ

A(]) = Zas,s—j Qe s—j= Zasﬁ—j,s Q €stj.ss

sezZ sezZ

(5-5)
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with e, ; the canonical basis of S2(£5(2)). Let f(z) = ZjeZ A(j)zj and

Taf() =Y M()HA(j)z . (5-6)
jez
We still have
Tif@) =Y AG)M, ()’ (5-7)
Jjez

and the identities
I f lrme B2 @) = 1 Allsr@om),

T35 f |l Lr me B2 @oH) = 1Mm(A)llsr@.0mH)-

Moreover, the conditions (5-3) and (5-4) imply that

NAIM (o1 jji< Lo me B2 @),y 1ArM(G)on-14 1<l Lo meB@2@)),0) < C
for

AM(G) = MG+ 1) — Mi(j), AM@G) =M, (j+1) — M, (j).

After these, it is not hard to check that the arguments for the proof of Theorem 1.1 work as well for the
tensor case. O

Corollary 5.3. The Schur multipliers considered in Theorem 1.1 are completely bounded on the Schatten
classes SP, 1 < p < oo, with bounds < (p*/(p — 1)) with respect to their natural operator space
structure.

Remark 5.4. The optimal constant for the L” bounds of the classical Marcinkiewicz Fourier multipliers
is p*/?
p
SP-bounds of the Schur multipliers in Theorem 1.1.

as p — oo [Tao and Wright 2001]. It is unclear what is the optimal asymptotic order for the

Open Question. Assume m is a bounded map on Z x Z such that
Y Imk, jo) —mk, joy)* < C
S

for all possible increasing sequences js € Z. Does M,, extend to a bounded map on S? forall 1 < p < 00?

Remark 5.5. The authors heard this question from Potapov and Sukochev. They told the authors that it
stems from the work of Birman and Solomyak on double operator integrals. The third author noticed
Theorem 1.1 during his effort of attacking this question.
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