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DOUBLE DUALS AND HILBERT MODULES
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Let A be a C*-algebra, H be a Hilbert A-module and K (H) be the closure of the set of finite-rank module
maps. We show that the W*-algebra of all bounded A**-module maps on the smallest self-dual Hilbert
A**-module containing H is isomorphic to K (H)** as W*-algebras. We also show that the unit ball of H
is closed in H*, the dual of H in an A-weak topology of H*, and the unit ball of H is also dense in
the unit ball of H* in a weak* topology. Some versions of the Kaplansky density theorem for Hilbert
C*-modules are also presented.

1. Introduction

Hilbert C*-modules as a generalization of Hilbert spaces were first introduced by I. Kaplansky [1953] in
special cases and later by W. Paschke [1973] for general C*-algebras. Hilbert C*-modules are crucial
to Kasparov’s formulation of KK -theory [1980]. Early applications also include C*-algebraic quantum
group theory; see [Baaj and Skandalis 1993]. Later, in the study of Cuntz semigroups in connection with
the classification of amenable C*-algebras, Hilbert C*-modules play an important role; see, for example,
[Brown and Ciuperca 2009; Brown and Lin 2025; Coward et al. 2008; Ortega et al. 2011].

Let A be a C*-algebra. Unlike Hilbert spaces, bounded module maps on a Hilbert A-module H may
not have adjoints and the dual module H°¥, i.e., the Banach A-module of all bounded module maps from H
to A, may not be identified as elements in H. Moreover, the C*-algebra L(H) of all bounded module
maps with adjoints may not be a W*-algebra. If Hy C H is a Hilbert A-submodule, a bounded module
map ¢ : Hyp — A may not be extended to a bounded module map from H to A. In general, one should not
expect that H can be decomposed into an orthogonal direct sum of Hy and its orthogonal complement. In
fact, Hy may not even have an orthogonal complement. Study of these phenomena may be found, for
example, in [Lin 1991a; 1992] and more recently in [Brown and Lin 2025].

However, Paschke [1973] found that, if A is a W*-algebra, then the dual module H % of a Hilbert
A-module H can be made into a Hilbert A-module in a natural way which extends H, and H* is a
self-dual Hilbert A-module. Even if A is not a W*-algebra, one can extend H into an A**-module
H o A** naturally. Then its dual H™~ := (H » A**)* becomes a self-dual Hilbert A**-module containing H.
In fact, H™ is the smallest self-dual Hilbert A**-module containing H as a Hilbert A-submodule; see
Proposition 3.2. Paschke showed that the Banach algebra of all bounded module maps on H™ becomes a
W*-algebra.
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For a Hilbert A-module H, the rank-1 module maps are the module maps 7" of the form T (h) = x(y, h)
for all h € H (and fixed x, y € H, where (-, - ) is the A-valued inner product). Denote by F (H) the linear
span of rank-1 module maps and denote by K (H) the norm closure of F(H). K(H) is a C*-algebra and
an important algebra related to the Hilbert module H. It was proved by Kasparov [1980, Theorem 1]
that the C*-algebra L(H) may be identified with M (K (H)), the multiplier algebra of K (H), and it was
proved in [Lin 1991a] that the Banach algebra of all bounded module maps on H is identified with the
left multipliers of K (H). (All Hilbert A-modules considered in this paper are right A-modules.) Over the
decades, we eventually realized that it is rather convenient to work in B(H ™) in many occasions as we
study module maps on a Hilbert module H. It is not difficult to establish a natural normal homomorphism
W : K(H)*™ — B(H™) which extends beyond M (K (H)) and LM (K (H)). It remained unknown for
many years whether W is an isomorphism. The original motivation of this paper is to show that indeed W
is an isomorphism between W*-algebras K (H)** and B(H™).

As we study the relation among Hilbert modules H, H o A** and H™, naturally we ask: how dense
is H in H e A* and in H™~? Since H™ = (H « A**)?, the dual of H « A**, one may also ask about the
density of H in H* in general.

We first note that it was shown (Theorem 6.1 of [Brown and Lin 2025]) that H is dense in H* in an
A-weak topology. More precisely, for any £ € H?, there is a net {x,} in H with ||x,| < ||£|| for all « such
that limy, ||£(x) — (x4, x)|| = O for all x € H. However, we show here that the unit ball of H is closed
in H* in the topology where x, — £ if and only if lim, ||(§ — x4, ¢)|| =0 for all ¢ € H¥, and where the
inner product is extended to H™.

On the other hand, it is easy to see that, for any & € H o« A™, there is a net {x;} in H such that
lim, 7y ((x3, y))(v) = Ty ((§, y))(v) for all y € H « A*™ and v € Hy, where Hy is the Hilbert space
corresponding to the universal representation my; of A. To be a more useful approximation, one may
ask whether the net can be chosen to be bounded (by ||£]]). We will present a Kaplansky-style density
theorem. Perhaps a more interesting question is: how dense is H in H~ = (H ¢ A*™)*? Since H" is the
dual of H « A**, it is relatively easy to show that, for any ¢ € H™, there is a net {z,} in H such that

li{n fUza,y) = f(C,y)) forallye HeA*™ and f € A*.

It is more challenging to show that y can be replaced by any element in H™ = (H « A**)*. We show that
the unit ball of H is actually dense in the unit ball of H™ in the weak* topology (as H™ is a conjugate
space), another Kaplansky-style density theorem. In fact, we show a stronger density theorem that, for
any £ € H™, there is a net {x,} in H with ||x,|| < ||£]| such that

lim f((§ — x4, & —x4)) =0 forall f e A",

2. Self-duals

Definition 2.1. Let A be a C*-algebra. Denote by A the minimum unitization of A. We use the following
convention: if A is a C*-subalgebra of a unital C*-algebra B, we write 1; = 13 if either A is unital and
ly=1;=1p,0r At ={b € B:ba =ab =0} ={0}, and we unitize A by adjoining 1 to form A C B.
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Definition 2.2. Let X be a Hilbert space and B(X) be the C*-algebra of all bounded linear operators
on X. Suppose that A C B(X). Then ASOT is the closure of A in the strong operator topology. Note that
if {ey} 1s an approximate identity for A, then e, ' 1y, i.€., e, increasingly converges to the identity of
M = ASOT in the strong operator topology as well as in the weak* topology (of M). In particular, we
may write 17 = 1y.

This works particularly for the pair A and A** (where X is H,, the Hilbert space corresponding to the
universal representation of A).

In general, if M is a W*-algebra, we denote by M, the predual of M.

Definition 2.3. Let A be a C*-algebra. In this paper, we use the formal definition of Hilbert modules in
[Paschke 1973] and consider only right A-modules. Recall that a linear space H is a pre-Hilbert module
if it is also a right A-module with an inner product H x H — A satisfying the following properties: for
any x,y,z€ H,ae Aand A € C,

(D) (x, Ay +2) = (x, y) +A{x, ),

() (x,ya)=(x, y)a,

3) (x, )" =y, x),

4) (x,x)>0;if (x,x) =0, then x =0.

Define ||x|| = ||(x, x)||'/? for x € H. Then H becomes a normed space. H is a Hilbert A-module if H is
complete with this norm.

Denote by H* the Banach space of all bounded module maps from H into A. A Hilbert A-module is
said to be self-dual if, for every f € HF, there is x € H such that

f(y)=(x,y) forallyeH.

Denote by B(H) the Banach algebra of all bounded module maps from H into itself, and by L(H) the
C*-algebra of all those bounded module maps T with an adjoint 7* in L(H) defined by

(T(x),y)={(x,T*(y)) forallx,yeH.

Let F(H) be the algebra of all finite-rank module maps, i.e., the linear span of all bounded module
maps of the form 6, , : H — H defined by

ex,y(%_) =X()’, S)

forall £ € H and x, y € H. Denote by K (H) the norm closure of F(H), which is a C*-algebra.

By Theorem 1 of [Kasparov 1980], we identify L(H) with M (K (H)), the multiplier algebra of K (H)
and, by Theorem 1.5 of [Lin 1991a], B(H) with LM (K (H)), the Banach algebra of left multipliers
of K(H) (in K(H)**). If H is self-dual, then B(H) = L(H).

We refer to [Kasparov 1980; Lin 1991a; 1992; Paschke 1973] for common terminologies related to
Hilbert C*-modules.
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Definition 2.4. Let A be a C*-algebra and H a Hilbert A-module. Let us give the definition of a self-dual
Hilbert A**-module H™; see Definition 1.3 of [Lin 1991a].

We may view H as a Hilbert A-module. Let B be a unital C *-algebra containing A and 1; = 15 (see
the convention in Definition 2.1). The algebraical tensor product H ® B becomes a right B-module if we
set (h®a)-b=hQ®ab forany h € H anda,b e B. Define (—,—): H®BXx H® B — B by

<Zh,~®ai,2x‘,~®b.> Za (hi, xj)
i j

and N ={ze€ HQ® A* : (z,z) =0}. Then (H ® B)/N becomes a pre-Hilbert B-module (see Section 4
of [Paschke 1973], but exchange B with A). Denote by H « B := ((H ® B)/N)~ (the completion of) the
Hilbert B-module.

We are particularly interested in the case that B = A**. We view A as a C*-subalgebra of A**. Then

~ .= (H » A*)? is a self-dual Hilbert A**-module.

Note that A is ultraweakly dense in A** (since A is). By applying the result [Paschke 1973, Theorem 4.2]
to the pair A** (as A in that result) and A (as B in that result, see also the remark right after the proof of
that result), we obtain an isometric (surjective) isomorphism ¢ : H™ := (H o A*)E — B(H, A*), with
B(H, A*) the Banach space of all bounded A-module maps from H to A** (written as M (H, A**) in
that same result).

Let x € H and b € B. Then

I(x ®b)/N||* = [|b* (x, x)b|| < |Ix|*|Ib*b]|.
Hence
I(x @b)/NI < lIx[1b].

In what follows, for x € H and b € B, we write x b := (x ® b)/N.
In general, if E is a self-dual Hilbert module, then B(E) = L(E); see [Paschke 1973, Corollary 3.5].
If in addition A is a W*-algebra, B(E) is also a W* -algebra; see [Paschke 1973, Proposition 3.11].
Let us recall the description of the predual of B(E) in this case. Denote by E . the linear space E with
the “twisted” scalar multiplication (i.e., Ax = Ax for x € E and A € C) and consider E. ® E ® A, with
the greatest cross-norm, where A, is the usual predual of the W*-algebra A. For each T € B(E), define a
linear functional 7 on E~ ® E ® A, by

T(ij ®yj ®gj) = Zgj((T(Xj), i)
=1 j=1

forx;,yje Eand g; € Ay, 1 < j <n. Themap T — T is a linear isometry of B(E) = L(E) into
(E~QE®A,)*. It was shown [Paschke 1973, Proposition 3.10] that B(E; is weak*-closedin E.QE®A.,.
A bounded net {7, } in B(E) converges to T € B(E) in the weak* topology if and only if

F({(Ta(x), y)) = f({T(x),y)) forallx,yeEand f €A,

[Paschke 1973, Remark 3.9 and Proposition 3.10]. In particular, B(H ™) is a W*-algebra.
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Definition 2.5. Keep the notation in Definition 2.4. Recall that H is a Hilbert A-module and A C B.
Then ¢ : H — H « B defined by x — x ® 1 is an injective map. Note that, for all a € A,

(x-a)®1—xQ®a,(x-a)®1—xQa)=(x-a,x-a)—{(x-a,x)a—a*{x,x-a)+a*{x, x)a
=a*{x,x)a—a*{x,x)a—a"{x,x)a+a*{x, x)a =0.
Hence ((x -a) = x ®a/N for all a € A. In the case B = A**, we then extend ¢ from H? to (H « A**)? by
t(f)(xeb)= f(x)b forallx € H and b e A*
and f € H*. Note that the map is a module map from H® to (H ™), which is conjugate module isomorphic
to H™.
From now on, we may view H as a submodule of H~ and, sometimes, omit the map ¢.

The following result provides a convenient and easy fact that H e B is the smallest Hilbert B-module
containing H as a Hilbert A-module.

Proposition 2.6. Let A and B be a pair of C*-algebras such that A C B, B is unital and 1; = 1.
Suppose that H is a Hilbert A-module, H; is a Hilbert B-module and there is an embedding . - H — H,
as Hilbert modules, i.e.,  is a linear and A-module map such that

(tx),t(y))=(x,y) forallx,ye H.
Then there is a unique B-module embedding 1 : H « B — H\ such that
I(xeb)=1t(x)b forallx € Handb € B, (1(&),1(0))=(&,C) forallE,t € HeB.

Proof. For any & = Zle x;ea;, where x; € H and a; € B (1 <i <n), define

n

1€ => txa.
i=1
Then, for { =) "_, yi *b;,

([, 1©) =) af(xi, yj)bj = (£, ¢).

i,J

n
> af(xi, x;)b;
iJ

Therefore ||7]] <1 on (H ® B)/N. So 7 is uniquely extended to a contractive linear map from H ¢ B
into Hj. It is a B-module map. Since (H ® B)/N is dense in H « B,

In particular,

[2(6), 1N = = lIE11%.

(T(x),1(y)) =(x,y) forallx,ye HeB.

To see this embedding is unique, let 7; be another such embedding. Then (i —7;)|y = 0. For any
§=) " x;iea;, where x; € H and a; € B,

T—1)E) =) ) —t(x) sa; =0.

i=1
In other words, 11 =1. O
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Definition 2.7. Keep the notation in Definitions 2.3, 2.4 and 2.5. Recall that F (H) is the algebra of all
finite-rank module maps. Define Wy : F(H) — F(H « B) C B(H « B) by
Wo(Ox,y) (&) = t(x){e(¥), )

forall e He B, x,y € H. W is a x-preserving homomorphism from the x-algebra F'(H) into F(H ¢ B).
Moreover, Wy is an isometry on F(H). In particular, ||Wg|| = 1. Therefore it extends uniquely to a
C*-algebra homomorphism from K (H) to K (H « B), which preserves the norm. It has to be an isometry
as F(H) is dense in K (H).
In the case that B = A**, we may define Uy : F(H)y— F(H”)CB(H™) by
Bo(6:,,) (@) = () ey, ¢)

forall¢ e H™, x, ye H. Then \TJO is a *-preserving homomorphism from the x-algebra F'(H) into F(H™)
and it extends uniquely to a C*-algebra homomorphism Wy from K (H) to K (H™), which preserves the
norm. Recall that «(H*) ¢ H™.

Proposition 2.8. Let A C B be a pair of C*-algebras, where B is unital and 13 = 1;. Let T € K(H).
Then Wo(T)(xeb) =T (x)eb forall x € H and b € B.

Proof. From the definition, for any S € F(H), any x € H and any b € B,
Yo (S (x ®b) = S(x)®b (mod N).
Fix T € K(H), and let € > 0. There exists S € F(H) such that

IT — S| < Je(L +[lx « bl + x| 151D
Then
IWo(T) — Wo(S)|| < Je(I+ [x @b+ [Ix][[6]) and [T (x)eb—S(x)eb| < ze.
Hence
[Wo(T)(x eb) — T (x) oDl <e.

Since this holds for all € > 0, we conclude that
Wo(xeb) =T(x)eb. O

Lemma 2.9. Let A and B be as in Proposition 2.8 and H be a Hilbert A-module. Suppose that {E,} is an
approximate identity for K(H). Then {Wo(E))} forms an approximate identity for K (H « B). Moreover

lixm |Wo(Ey)(x) —x||=0 forallx € HeB.
Proof. By Lemma 3.1 of [Brown and Lin 2025],
li{n |E)(x)—x||=0 forall x € H. (2-1)

Let S=) "6y, where x;, y; € (HQ® B)/N, 1 <i <n. Write x; = Zl;i)l Ejiobj;, where§;; € H
andbj; € B, j=1,2,...,k(i), i =1,2,...,n. By Proposition 2.8,

Wo(E)(Ejiebji)=E(§ji)ebj;.
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By (2_1)9

1211 IWo(EN)(Ejiebji)—(§jiehji)ll=0 (2-2)
for j=1,2,...,k(), i=1,2,...,n. It follows that

1211 [Wo(Ey)(xi) —xi|=0, i=1,2,...,n.
Forany z € He B,
Wo(E>)0y,.y (2) = (Wo(E)xi) (yis 2) = Ex(xi){yi, 2)-
It follows that, for 1 <i <n,
h}\l‘n ||\DO(E)\.)9)C1,y,’ - ex,-,y,' ” =0.
Hence
1i{n [Wo(E;)S — S|l =0.
The set of those module maps with the form of S is norm-dense in K (H e B). Therefore we conclude that
liF1 IWo(E;)S—S||=0 forall Se K(HeB).

It follows that {Wy(E})} forms an approximate identity for K (H « B). O

2.10. Let A be a C*-algebra and H be a Hilbert A-module. Then H* is a Banach A-module in general.
Recall that, for each T € B(H), one may define a bounded conjugate module map T* : H — H* as
follows: for x, y € H, define

T*(x)(y) = (x, T(»).

So, for a fixed x, we have that 7*(x) gives an element in H*. Moreover, T* is a bounded conjugate
module map from H to H* with ||T*| = ||T||. However, if we view H as a submodule of H?, then T* is
a bounded module map. Note that, if T € L(H), then T* € L(H) and T*(H) C H.

If A is a W*-algebra, by Theorem 3.2 of [Paschke 1973], H % becomes a Hilbert A module in a natural
way. For T € B(H) and f € H*, define, for each x € H,

T(Hx) = (f, T*(x)), (2-3)

where T* is defined above. Thus T( f) is a bounded linear module map from H to A with ||f( HI <
Tl f]l. Hence we extend T to a bounded (conjugate) module map from H* to H . As we view H? as a
Hilbert A-submodule in this case, T is in fact a bounded module map on H* (we will take the conjugate
as Hilbert space cases). By Corollary 3.7 of [Paschke 1973], such an extension is unique.

By Lemma 3.7 of [Lin 1992], one may ease the assumption that A is a W*-algebra to the assumption
that A is a monotone complete C*-algebra.

Proposition 2.11. Let A and B be as in Proposition 2.8, H be a Hilbert A-module and {E,} an approxi-
mate identity for K(H). Then

li{n(suP{II\T’O(EA)(f)(X) —f@Il: fe B |fI<1)=0 forallxe HeB. (2-4)
Moreover, suppose that (H « B)* extends H « B as a Hilbert B-module, then, for any T € B((H » B)%),
tim [($o(E)T To(E) (), ) = (T(), | =0 forallx,ye HsB.
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Proof. Fix f € H*. For any x € H « B, by Lemma 2.9,
IPo(ED) (@) = f@] = £ (Erx) = FEI < £ Exx) — x]| — 0.

Hence (2-4) holds.
To see the “moreover” part of the lemma, let T € B((H ¢ B)*). Then, for any x,y € H ¢ B,

(W0 (E)TBo(Es) (x), y) — (T (x), y) |
< T To(E2) (x), Yo(E) () — (T (x), Bo(E) )l + (T (x), Bo(E3) (»)) — (T (x), y) |
< IVIIT IWo(Ex)(x) — x| + I T H1x 1 Wo(Ex) (y) — VI

By applying Lemma 2.9 to the two terms of the last inequality above, we conclude that

lim (W0 (E5)TWo(E;)(x), y) — (T(x), y)| =0 forallx,ye HeB. O

Definition 2.12. Let A be a C*-algebra and H be a Hilbert A-module. Recall [Lin 1991a, Theorem 1.5]
that we identify B(H) with LM (K (H)), the Banach algebra of left multipliers of K (H) (in K (H)**).

By Lemma 2.9, ¥y maps K (H) into K (H ¢ B) which maps approximate identities to approximate
identities. We may then extend a homomorphism Wy : B(H)=LM(K(H)) - LM(K(He*B))=B(He+B)
by

Wo(T) = li){n Yo(TE),
where the convergence is in the left strict topology of LM (K (H « B)). Since Wy |k g is an isometry, so
is \I-‘o.

We are mostly interested in the case that B = A**. By Theorem 3.2 of [Paschke 1973], (H « A**)" is a
self-dual Hilbert A**-module. Therefore, by Section 2.10, for each T € B(H), the extension Cﬁ()(T) is
unique. Hence Wy may be extended to a Banach algebra isomorphism Wy from B(H) into B(H™) such
that N

Wo(T)|gear = Vo(T) forall T € B(H). (2-5)
We will visualize the map ¥ a bit more.

Proposition 2.13. Let A and B be a pair of C*-algebras as in Proposition 2.8 and H be a Hilbert
A-module. Then, forany T € B(H),
li{n Wo(T)Wo(E)(x) —Wo(T)(x)|| =0 forallx € HeB. (2-6)
Moreover
Yo(T)(xeb)=T(x)eb forallx € Handb € B.
Consequently, \’f'o(idy) =idy~.
Proof. The identity (2-6) follows immediately from Lemma 2.9.

Since
Wo(TE))(xeb) =TE;(x)eb,

by (2-6) and by Lemma 3.1 of [Brown and Lin 2025],

Wo(T)(xeb) =T (x)b
forall x € H and b € B.
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For the last part of the proposition, we note that, by considering the pair A and A**, and by the
“moreover” part of the proposition, Wy(idy) = idgea+. Therefore, since the extension \'Ivlo(idH. Ar)
is unique (Corollary 3.7 of [Paschke 1973], see Section 2.10 for convenience), we must have that
Uo(idy) = idy~. O

The following is a slightly strengthened restatement of [Brown and Lin 2025, Proposition 2.3].

Proposition 2.14. Let A be a C*-algebra and H a Hilbert A-module. Then there is a homomorphism ¥
from K (H)** into B(H™) such that V|g) = y. Moreover, if T e K(HY* and T, € K(H)™* such that
T, — T in the weak* topology, then

lim f(W(T)(x), y) = f(W(T)(), y)) forallx,y € H™ and f & A*.

Proof. By Definition 2.4, B(H™) = L(H™) is a W*-algebra; see [Paschke 1973, Proposition 3.11]. Let
7w : B(H™) — B(Hy) be a faithful normal representation such that 7 (B(H ™)) is weakly closed in B(H).
Then, by, for example, [Pedersen 1979, Theorem 3.7.7] and [Conway 2000, Corollary 46.5], there is a
normal homomorphism & : K (H)** — B(Hy) such that ®|x ) =m0 \INJO|K(H) and 7 o \IIO(K(H)) is
weakly dense in ® (K (H)*). Since 7(B(H ™)) is a von Neumann algebra, ®(K(H)**) C n(B(H™)).
Since 7 is injective, we may define ¥ =7 ~! o ®. Recall that 7 ~! is an isomorphism between W *-algebras
m(B(H™)) and B(H™). It follows that ¥ is weak*-continuous. Then, |k ) = 7 lomo \TJO|K(H) =
‘I’olk(H)-

Let V = B(H™), be the predual (as Banach spaces). Then W induces a map W*: V — K (H)*, the
predual of K (H)**, by L(V*(v)) =W (L)(v) forall L € (K(H)*)* and v € V. Thus if T, € K (H)** such
that 7, — T in the weak* topology in K (H)**, then ¥ (7T3)(v) = T, (¥*(v)) converges to T (V*(v)) =
W (T)(v) for all v € V. In other words, V(7)) — W(T) in the weak* topology in V* = B(H™). By
Definition 2.4 (see Remark 3.9 and proof of Theorem 3.10 of [Paschke 1973]), this implies, in particular,
forany f € A*, x,y € H™, that f({(¥(T)(x), y)) = f{¥(T)(x), ).

By Theorem 1.5 of [Lin 1991a], B(H) = LM (K (H)). Let { E;} be an approximate identity for K (H).
Then TE), € K(H) for all T € B(H). It follows from Proposition 2.13 that, for T € B(H),

li{n W(TE)(f)(x) =W (T)(H)| = li{n W (T)W(E;)(f)(x) =W (T)(f)H )] =0
forallx e He A** and f € (H o A**)E. On the other hand, by Lemma 2.9,
li{n IWo(TE)(x) — Yo (T)(x)|| =0 forall x € HeA*,

However, we have shown that W (T E)(y) = \AI}()(TEA)(y) =Wy (TE,)(y) forall y € H e A™ (see also
Definition 2.12). Therefore, combining these three facts, for x, y € H « A**, we obtain

(W(T)(x), y) = (Wo(T)(x), y).

It follows that W (T)|geas = Wo(T'). Since the extension of Wy (T') to a bounded module map on (H ¢ A**)F
is unique (see the end of Section 2.10 and [Lin 1992, Lemma 3.5]), we have W(T) = \TJO(T) for all
T € B(H). Hence

W sy = Po. U



1540 HUAXIN LIN

Definition 2.15. Let M be a W*-algebra and H be a Hilbert M-module. Then, H* is a self-dual Hilbert
M-module by [Paschke 1973, Theorem 3.2]. Let Fy : F(H) — F(H*) be the homomorphism defined by

Fo(6x.y)(z) =x(y,z) forallze H* andx,y € H.

Clearly Fy is an isometry. It extends uniquely to a homomorphism Fy : K (H) — K (H*). We further
extend F: K(H) — K(H?) by F(idg) = idy:.
Proposition 2.16. Let M be a W*-algebra and H a Hilbert M-module. Then there exists a unital normal
homomorphism F : K (H)* — B(H?) such that F|gy = Fo and, if T, — T in the weak* topology
of K(H)**, then

11/{11 FUF (D) (x), y) = fFUF(T)(x), y)

forall x,y € H* and f € M,, the predual of M. Moreover, F(T) = T forall T € B(H) as defined
by (2-3).

Proof. Recall that B(H®) is a W*-algebra. We may assume that B(H*) acts on a Hilbert space X as a
von Neumann algebra with 1z =idx. Then, by [Lin 2001, Theorem 1.8.2] (see also [Pedersen 1979,
Theorem 3.7.7]), there is a unital normal homomorphism F : K (H)** — Fy(K (H))S°T ¢ B(H") such
that F|g ) = Fo. So F is weak*-continuous (see, for example, [Conway 2000, Corollary 46.5]).

Suppose that 7, — T in the weak™* topology of K (H)**. Then F(T,) — F(T) in the weak* topology
of B(H*). Therefore (see the later part of Definition 2.4, also, Remark 3.9 and the proof of Proposition 3.9
of [Paschke 1973]),

SUF(T)(), y) = fUF(T)(x),y)) forallx,ye H" and f € M.

Let {E,} be an approximate identity for K (H). Then, for any T € B(H), by Lemma 3.1 of [Brown and
Lin 2025],

likm |F(TYF(E,)(x)— F(T)(x)| = 1iin |F(TYE,(x)— F(T)(x)|| =0 forallx € H.
On the other hand, since F(T)F (E;)|g = F(TE))|g =T E), and (by [Brown and Lin 2025, Lemma 3.1])

Hm |7 E;(x) =Tl =0,

we conclude that
T(x)=F(T)(x) forallxe H.

Since the extension of 7 to H* is unique (by Proposition 3.6 of [Paschke 1973], see also Lemma 3.5 of
[Lin 1992]), T = F(T). O

3. Isomorphism of B(H™) and K (H)**

Let A be a monotone complete C*-algebra and H be a Hilbert A-module. Then, by Lemma 3.7 of [Lin
1992], H® becomes a self-dual Hilbert A-module such that (z, x) = 7(x) for all x € H and t € H*. Note
that, if E is self-dual, we conjugate map E* onto E just as in the case of Hilbert spaces.
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We will apply the following lemma several times.

Proposition 3.1. Let A be a monotone complete C*-algebra and H) C H, be Hilbert A-modules such
that H, is self-dual. Then H lﬁ is an orthogonal summand of H2ﬁ and the embedding H lj — Hzti extends the
embedding H) C H,.

Proof. Define Py : Hy — HlLI by
Py(y)(x) =(y,x) forall ye Hy and x € H;. (3-1)

It is a bounded module map (by viewing HlLI as a Hilbert module instead of the dual to avoid the
conjugation) with || Py|| = 1. Note that Py|g, = idg,.

Lett € Hlj . Since A is monotone complete, by Theorem 3.8 of [Lin 1992], there is T € qu = H, such
that 7|y, = 7 and ||T|| = ||r||. This implies that Py is surjective.

Define j : Hlt — H2n = H, by

J)() = (x, Po(y)) forallx € H and y € H,. (3-2)
Then j extends the embedding H; < H;. Now, for x € Hltt and y € H,, by (3-1) and (3-2),

Poo j(x)(y) = Po(j (x)(y) = (j(x), y) = (x, Po(y)) = (Po(y), x)* = (Po(y)(x))" = (y, x)* = (x, y).

It follows that Pypo j =id| HE> and thus j : H; N H, is an embedding. With the identification of H, Y
and j (H ), Pol o= id | HE- It follows that Py is a projection and H, “is an orthogonal summand of H,. [

Applying Propositions 3.1 and 2.6, we obtain the following characterization of H"™.

Proposition 3.2. Let A be a C*-algebra and H be a Hilbert A-module. Then H™ is the smallest self-dual
Hilbert A**-module containing H as a Hilbert A-submodule.

Proof. Let Hy be a self-dual Hilbert A**-module containing H as a Hilbert A-submodule. Then, by
Proposition 2.6,

H C HeA™ C H,j.
Applying Proposition 3.1, since H; is self-dual,

~=(HeA™)"C H' = H,.

The proposition follows. U

3.3. In the next proposition, let A be a C*-algebra, and let H; C H be Hilbert A-modules. Then, by
Proposition 2.6, Hy ¢« A** C H ¢ A**. Since A** is monotone complete and (H ¢ A**)* = H™ and
(Hj o A¥)E = H|", by Proposition 3.1, we may write H™ = H,” ® (Hl”)L. Denote by P : H™ — H|" the
projection. Note that P € L(H™). By Lemma 3.2 of [Lin 1992], K (H)) is a hereditary C*-subalgebra
of K(H). Let Wy : K(H)*™ — B(H™) and ¥, : K(H;)** — B(H|") be the homomorphisms given by
Proposition 2.14, respectively.



1542 HUAXIN LIN

Proposition 3.4. Using the notation above, we have that
Vi =Whl|kmy= = PVaHP|k @)
in particular, V\(T) = Vy(T)| g = PYu(T)P|u>- forT € K (H))**. Moreover,
PWy(L)Plk )y~ CV1(K(H)™) forall L € K(H)™.
Furthermore, V(Q) = P, where Q is the open projection in K (H)** corresponding to the hereditary
C*-subalgebra K (H)).

Proof. Denote by Wk g0 the injective homomorphism from K (H) into K (H « A**) and by Wk (g,),0 the
injective homomorphism from K (H;) into K (H; « A**) described in Definition 2.7, respectively.
Fix S € K(H)). For each x € H; and b € A**, by Proposition 2.8,

Wk (m),0(S)(x eb) = S(x)eb,

PYk),0(S)P(xeb) = P(S(xeb)) =S5(x)eb =Wk o0(S)(xeb).
It follows that
W m),008) | Hjeas = Pk ),0(S) PlHjea~ = Yk (n,),00S).

Since the extensions of Wk z7),0(S)|Hea= and Wi g,),0(S) to bounded module maps on H|~ are unique,
and W(S)|y~ and W(S) are corresponding extensions, by Corollary 3.7 of [Paschke 1973], we conclude
that W(S)| - = PV (S)Plu- = W1(S).

Let T € K(H))™ and {T,} C K(H;) be a net such that 7, — T in the weak* topology. By
Proposition 2.14, for any g € A*,

li{n g ((Wr (T)(x), ¥)) —g((¥u (T)(x), y)| =0, (3-3)
li{n lg((W1(T5)(x), ¥) — g((W1(T)(x), y)| =0 (3-4)
for all x, y € H;". Since we have shown that Wy (T)lay = PYu(T) Plu- = Yi(T), we conclude that

V()| = PYu(T)Plu =Wi(T). (3-5)
Hence
V) = PVy Plkm)~ = VYalk @)~

Let {g,} be an approximate identity for K (H;). Then g, /' idy, € K(H;)**. It follows from
Proposition 2.14 that

lim f(W1(g2 (1), 2) = f({y,2)) forall y,z€ H " and f € A*,

On the other hand, we also have that g, /' Q in K (H)**. By Proposition 3.1, H~ = H” @ (Hf)L.
Note that g, (x) € H; for all x € H. Then, forx € H, be A** and g € (le)l, by Proposition 2.8,

(Wh(g:)(xeb), g) = g(gr(xob)* = g(g)(x)eb)* =0.

It follows that, for any y € H « A** and g € (H;")*,

(Wr(g) (), g) =0.
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Hence, for g € (HIN)L,
(y,¥r(g)(g) =0 forally e HeA™.

It follows that W (g;)(g) = 0 and
(W (9:)(2), 8) = (2, Vu(g1)(g)) =0 forallze H™.
In other words, Wy (¢:)(z) € H” for all z € H and A. Therefore
PYy(q) =Vu(gy) = VH(g)P.
Note that Pz € H;” for any z € H™. Thus, by (3-5) and (3-4),
lim f((W(g) (), 2)) =lim f (W (g) (P (7)), P())) = lim f({¥1(g:) (P (), P(2)))
=f{P), P(@)) = fUP), 2).
By (3-3) and (3-5), lim; f((¥(g2) (), 2)) = fF((¥(Q)(y), z)). Therefore
v(Q)="r.

This proves the “furthermore” part. In what follows we will identify Q with P as well as W (Q) and W (P).
Now let L € K(H)* and {L,} C K(H) be a net such that L, — L in the weak™* topology. By
Proposition 2.14, for any g € A*, x,y € H{",

lim |[g((Wr (To) (), y) — g (¥ (T)(x), y)I =0,
lim |g ((W1(T3) (%), y)) — g (¥1(T)(x), y)| =0
(note that W (T}) = PW(T))P). We also have, for any x, y € H|",

(Wu(PT,.P)(x), y) = (Wu(T1)(x), y),
(PYH(T)P(x), y) = (Yu(T)(x), y).

Since PT) P € K (H;)**, by the first part of the lemma, Wy (PT) P)(x) = W (PT; P)(x) for x € H". It
follows that PWy (T)P(x) = W (PT P)(x) for all x € H;". Then

PV (T)P =V (PTP) eV (K(H)™). O
3.5. Let A be a C*-algebra and let, for n € N,
Hn:A("):{(al,az,...,an):aj €A, 1<j<n},

the direct sum of n copies of A, where (a, b) = 27:1 a;‘bj ifa=(a,as,...,a,) andb=(by, by, ..., b,).
Let

n
Hy = {{an} tay € A and Za:ak converges in norm}
i=1



1544 HUAXIN LIN

be the standard countably generated Hilbert (right) A-module. Note that
({an}. {ba)) Z aiby.

We note that Hy is the closure of  J, A™ . We may also view H, = A" as an orthogonal summand
of H4. Then

H; = {{an}: {

} is bounded}.

n
St
k=1
If g = {a,} € HF, then

o0
g(x)=Y arb, forallx={b,} e Hy,

where the sum converges in norm. Moreover || g|| = lim,—, || Y ey afak H
If A is a W*-algebra, as mentioned earlier, Hf\ becomes a Hilbert A-module in a natural way (see
Theorem 3.2 of [Paschke 1973]). In fact, we may define

oo
(x.y) = arb, forallx={a,},y={bs} € Hj. (3-6)
n=1
To see the right side converges in the weak™* topology, we first let f € A*. Note that, if {a,} € H :

‘f( akak) Zakak

k=1
for any integer N. Hence {ZZ: W f (a,’:ak)} is bounded, is increasing and converges for any positive linear

=l

functional f. Hence, for any m > n,

m
Y f@ta) >0 asn—oo forall feA”. (3-7)
k=n

For any positive linear functional f of A and for any m > n in N,

(&)
k=n

=D f@bo| < 1f @byl
k=n k=n

<> I fGafa)|' P £ i)

k=n
m m 1/2
< ((Z |f<a;;ak>|) (Z |f<b:bk>|))
k=n k=n

m 1/2
< ||f||”2||{bk}||(2 |f<a,fak>|) — 0 asn— oo.

k=n
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It follows that f (3" _; ajbx) converges for all f € A* as n — co. Let us write the limitas f/(D_72, ajbx).
Then, by the above inequalities (with n = 1), we also have

()

< fliMpM,,

where

> bib

1/2
} and M, = sup{
k=1

n 1/2

M, = sup{ Za,’(“ak } .
k=1

Thus > ;o a; b defines a bounded linear functional on A*. Its restriction on A, gives an element in A

(recall that A is assumed to be a W*-algebra). This shows the infinite series in the right side of (3-6)

converges in the weak* topology. It is then standard to verify that (3-6) defines an inner product which

extends the inner product on Hy4.

Let A act on a Hilbert space X (as a W*-algebra). Consider I12(X), the Hilbert space direct sum
of countably many copies of X. Suppose that b = {b,} € Hﬁ. Then the infinite matrix b = (b;, i)
with b; 1 = b;, i e N and b; ; = 0 if j > 2, defines a bounded linear operator on 1*(X), by b(v) =
(b1 (v1), ba(vy), ..., by (v1),...), where v = (v, V2, ..., Un,...) € 1%(X). Moreover

o.¢] n
> brbi|| = sup{ > btb;
i=1 i=1

(some of these details in this subsection may be found in [Lin 1991b]).

1611 = |b*b|| = '

ne N} (3-8)

Proposition 3.6. Let C be a unital C*-algebra and A C C be a C*-subalgebra such that 1 ; = 1¢. Denote
by R = AC the closed right ideal of C generated by A. Then:

(1) HyoeC ={{b,} € Hc : b, € R}.

(2) If Cis a W*-algebra and ey, /' 1¢, where {ey} is an approximate identity for A, then

(HaoC)* = H.
Proof. To see (1), we first note that A « C = R as Hilbert C-modules. Hence A®™ « C = R™. Clearly,
HyeC C Hc. We note that {{r,} € Hc : r, € R} is closed in Hc. Since both | J, A™ e C and [ J72; R™
are dense in {{r,} € Hc :r, € R}, and |, A™ o C is dense Hy » C, we obtain
{{I"n} €Hc:r, € R}ZHAOC.
This proves (1).
For (2) we may assume that A C C C B(X), where X is a Hilbert space, 1¢ = idyx, and the range

C(X) equals X. Otherwise, we replace X by 1¢(X).

Claim 1: R(X) =C(X) = X. Since e, /' 1¢ =idy, for any v € X, e,(v) — v. This proves the claim.

Claim 2: R* = C, where R" is the dual of the Hilbert C-module R (as we assume that C is a W*-algebra).

Let f € R®. Then flex)r = f(eqr) — f(r) for all r € R in norm as e,r — r in norm. Hence
fleg)r(v) = f(r)(v) forall r € R and v € X. Define T on R(X) by T (r(v)) = limy f(ey)r(v) for
all v € X and r € R. One checks that T is a well-defined linear map on R(X). Moreover, we have
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IT |l < sup{|| f(ex)|l : @} < || f]l. Since, by Claim 1, R(X) = X, we have that T extends uniquely to a
bounded linear operator (denote by T again) on X. Moreover, f(e,) converges to T on X. Since C is
closed in the weak operator topology, T € C. Moreover, Tr(v) = f(r)(v) for all v € X. It follows that
Tr = f(r)forall r € R.

For each ¢ € C, define f. € R® by

fe(r)=c*r forallr € R.

For the above T', we note that fr«(r) = Tr for all r € R. Hence the map ¢ — f. is surjective. To see it is
injective, suppose that ¢*r = 0 for all » € R. Then

c*e,c=0 forall o.

Since c*eqc /' c*c, this implies that ¢*¢ = 0. Thus the map ¢ — f, is injective, which extends the identity
map on R. It follows that R¥ = C, and Claim 2 is proved.

By Claim 2, we obtain that ((A®™) e C)* = C™. By (1), (A™)eC is a direct summand of Hy « C.
Hence we may write ((A™) e C)t C (Hy o O)F. Together with (1), we obtain that

HyeC C He C (HyoC)R.

Note Hc is a Hilbert C-submodule of the self-dual Hilbert C module (H4 o C)*. It follows from
Proposition 3.1 that
(HaoC)* C H. C (HaoC)".
Consequently, H.. = (Ha » C)". O
3.7. Note that, if A is unital, H4 e C = H¢.
From the above discussion, we obtain the following result.

Lemma 3.8. Let A be a C*-algebra, H, = (A*)™ and P, : HS,. —> H, be the projection.
(1) Let S C H".. be a bounded subset. Then, forany f € A* and x € Hf‘**,

Jlim sup{] £ ((Pu(x), y)) = f(x, y)I 2y € S} =0,

Jim sup{| f((y, Pa())) — f({y,x))]: y € §} =0.
(2) Moreover,

nll)n;o | f{(Py(x), P(x))) — f({x,x))|=0 forallx e Hf‘** and f € A*.

Proof. Set M = sup{||y|| : y € S} + 1. Let f be a positive linear functional in A* and x = {a,} € HE...
For each y ={b,} € S,

> flaih

k=n+1

o0 1/2 o0
< |If||||y||( > f(a;:ak>) SMIIfII( > f(a,tak))

k=n+1 k=n+1

|f((Pu(x), y) = f((x, yDI =

00 1/2 , o 1/2
< < > f(a;:ak>> ( > f(bek)>

k=n+1 k=n-+1

1/2
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By what has been discussed in Section 3.5,
00 1/2
. " _
i (3 riaian) =0
k=n+1

Thus, for this f and x, we have that | f({P,(x), ¥)) — f({x, ¥))| converges uniformly on S. Almost
identical estimates show that | f ({y, P,(x))) — f({y, x))| converges uniformly on S.

Since any f € A* can be written as a linear combination of four positive linear functionals in A*, the
first part of the statement holds.

For the second part, we note that, for any f € A* and x € Hﬁ**, by the first part of the lemma (since

12, (Ol < 1D,
Tim | £ (P (), Pa())) = f((x, P ()] =0.

We also have
Lim [ f({Pa(x), x)) = f(x, x))| = 0.
Hence the second part of the lemma also follows. (|
The following are two easy facts which we present here for convenience.
Lemma 3.9. Let A be a C*-algebra.

(1) Let H be a Hilbert A-module and {E,} be an approximate identity for K (H). Suppose T € K (H)**
is a nonzero positive element. Then there is Ly such that

E,TE, #0 forall A > Ag.

(2) Let T € K (Hy)™ be a nonzero positive element and P, : Hy — H, = A"™ be the projection (n € N).
Then, there exists ng € N such that

P, TP, A0 foralln > ny.
Proof. Let f € K(H)* be a positive linear functional. Then
|fF(TPA = E))* < f(D (1= E)?) < f(T)f(1—E;)— 0.

It follows that f(T!/ ’E,) — f (T1/2) for all positive linear functionals in K (H)*, whence for all
f € K(H)*. Since T'/? # 0 for some A, we have that T'/2E; # 0 for all A > A¢. It follows that

EsTE; #0

for all A > Ag. This proves (1).
There are several easy proofs for (2). Let us use part (1). Choose an approximate identity {e,} for A.
Let A = (a,n) and Ay = (B1,n) < Ay = (B2, m) if B < B and n < m. Define
n

. —
Eﬁ’n = dlag(e,_g, €g,...,€8, 0, e )
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Then {Eg ,} forms an approximate identity for K (H4) = A®K. Let T € K (H4)%* be a nonzero positive
element. By (1), there is Sy and ng € N such that

Egn TEg,#0 forall (8,n)> (Bo, no).
Hence ||T1/2E§’HT1/2|| = |EgnT Epll # 0 for all (B, n) > (Bo, no). Since
T1/2PnT1/2 > Tl/zE,(%,nTl/z # 0’
we have T1/2P,T1/? £ 0. It follows that
P, TP, A0 forall n > ng. O

Lemma 3.10. Let A be a C*-algebra and H be a countably generated Hilbert A-module. Then the
homomorphism V from K (H)** into B(H™) (given by Proposition 2.16) is injective.

Proof. Let H,, = A™ ={(a;,as, ..., a,):a j € A} be the Hilbert A-module whose inner product is defined

by (x, y) = Z’}-:l ajbj, where x ={a;}i<j<n, and y = {b;}1<;<,. One identifies K (H,) with M, (A).

Claim: The map ¥ : K(H,)** — B(H,) is a W*-isomorphism.

Since we identify K (H,) with M, (A), we have K (H,)** = M,,(A**).

By Proposition 3.6 (2) (and Claim 2 of the proof), (H, s A**)? = (A**)®. So H" = (A**)™. Note
that B(H, ) = M,,(A**). One then easily checks that ¥ : K (H,)** — B(H, ) is a W*-isomorphism. This
proves the claim.

Let us consider the homomorphism Wy, : K(Hs)** — B(H}') given by Proposition 2.14. Put
T € K(Hp)%\ (0).

By Lemma 3.9 (2), there exists ng € N such that P,T P, # 0 for all n > ng. Recall that H), is a direct
summand of H,. Hence by the claim and applying Proposition 3.4, we conclude that Vg, (P,T P,) #0
for all n > ny. There must be an element x € H, such that

(Wh, (PuT Py)(x), x) #0.

It follows that (Wg,(T)x, x) # 0. Hence Wy, (T') # 0. This implies that ker Vg, = {0}.

In general, since H is countably generated, by Kasparov’s absorbing theorem [1980, Theorem 2],
we may write Hy = H @ H*. To show W is injective, let T € B(H)** be a nonzero element. Then
K(H)™ = PK(Hj)™ P, where P: Hy — H is the projection. Hence PT P =T in K(Ha)**. We have
shown that Wy, (PT P) # 0. By Proposition 3.4, we have that W(T) = PWg,(T) P|g~ # 0. This implies
that W is injective. 0

Lemma 3.11. Let A be a C*-algebra and H be a countably generated Hilbert A-module. Then there is
an isomorphism V from K (H)** onto B(H™) as W*-algebras.

Proof. By Lemma 3.10 (and by Proposition 2.14), it suffices to show that W is surjective. Let us first
consider the case H = Hy4 (even though Hy is not countably generated when A is not o-unital). By
the end of Definition 2.4 (see also Remark 3.9 (and Proposition 3.10) of [Paschke 1973]), to show that
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T e B(H™) = B(Hf‘**) is in W(K (H4)™), it suffices to show that, for any € > 0, any finite subsets
X C wa and a finite subset 7 C A*, there exists S € K (H)** such that

[fPS)x), y)— fUT(x),y)| <€ forallx,ye Xand f € F.

We now fix €, X and F.
Forany T € B(H}) = B(H}),
| f((PuT Pp(x), y) — f({T (x), y)I
<|f(TPy(x), Po(y))) — fUT(x), PaW)DI+ 1 f (T (x), Pa(0)) — fUT (x), yDI (3-9)

for any x, y € Hﬁ** and f € A*. However, | P,(y)|| < |ly|l for all n € N. By Lemma 3.8 (1),

|f (T Pp(x), Pa(y))) — fFUT(x), Pa(y)))| — 0,
and by Lemma 3.8 (2),
|FUT (x), Pa()) — fUT (x), y)| — 0.
It follows that (by (3-9))
Bim | f(PT Py(x), y) = F(T ), y)) =0

forall x, y € Hj and f € A*.
We then choose ng € N such that, for all n > ng (recall P, is a projection),

|f (P T Py(x), Pa(0)) — f(T(x),y))| <€ (3-10)
forall x,ye X and f € F.

Now fix n > ng. Then we have P,(x), P,(y) € (H,)” forall x,y € X, and P,TP, C B(H,"). By
the claim for H), in the proof of Lemma 3.10, we obtain an element S € K (H,,)** such that ¥,,(S) =
(PyT Py)|u, where

W, . K(Hy,)™ =M, (A™) — B(H,) = M,(A™)

is the isomorphism given by the claim. Note, by Proposition 3.4, that ¥ (S) = P,V (S) =WV (S) P, = ¥V, (S).
Hence it follows that, for all x, y € X and f € F (and n > ng), applying (3-10),

| fFUPS)(x), y) — FUT (x), y)I
= fU(PV(S) Pp(x), y)) — f(T(x), y)I
= |[(f PV (S)Pu(x), Pu(¥))) = fUPT Pp(x), Pa(Y)D| + | f{PuT Pa(x), Pa(y))) — f(T(x), y))I
<0+4€e=e.

As mentioned above, this implies that W is surjective.

For a general countably generated Hilbert A-module H, by Kasparov’s absorbing theorem [1980,
Theorem 2], we may write H4 = H & H~+. By Proposition 3.4, Hy=H"® (HY)™. Let S e B(H™)\ {0}.
Define T € B(H,) by T|y~ = § and S|y 1)~y = {0}. We have shown that there is L € B(Ha)** such
that Wy, (L) = S. Then PSP = S, and, by Proposition 3.4, W(L) = PWpy,(L)P|g~ =T. Hence V¥ is
surjective. O
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Theorem 3.12. Let A be a C*-algebra and H be a Hilbert A-module. Then there is an isomorphism V
(given by Proposition 2.14) from K (H)** onto B(H™) as W*-algebras. Moreover,

Vg = Wy

Proof. By Proposition 2.14, it suffices to show that W is bijective. If K (H) is unital, by Proposition 2.8
of [Brown and Lin 2025], H is finitely generated. The theorem then follows from Lemma 3.11. So we
will assume that K (H) is not unital.

Let {E;} be an approximate identity for K (H) and H, = E,(H). Then K (H,) = E;, K(H)E, is
o -unital. By Proposition 3.2 of [Brown and Lin 2025], H, is countably generated.

Denote by P, : H~ — H, the projection given by Proposition 3.1 and let ¥, : K (H,)** — B(H,")
be the map given by Proposition 2.14.

To see W is injective, let T € K (H )"\ {0}. It follows from Lemma 3.9 that E; T E; # 0 for all . > 4
and some Ag. Since H, is countably generated, by Lemma 3.11, W, (E T E;) # 0 (for L > Ag). By
Proposition 3.4,

V(ELAT E;) | = VW (EATE)).

It follows that \II(EATE;\)|H; # 0 for all A > Ag. For A > A¢, there are x, y € H, such that
(W(T)(Ex.(x)), Ex(y)) = (V(ELATE;)(x), y) #0.

Hence W(T') # 0. This shows that W is injective.

To see that W is surjective, let L € B(H ™). Since, by Proposition 2.14, W (K (H)**) is weak*-closed
in the W*-algebra B(H™), it suffices to show the following: for any € > 0, any finite subsets X, Y C H™
and finite subset F C A*, there exists T € K (H)** such that

|FQUT)x), ) — fFULKX), y)| <€ forallxeX, yeY, feF (3-11)
(see the last part of Definition 2.4). We now fix €, X, Y and F. By Proposition 2.14 (since E; /1 g (py=),
lim £ ((x, W(E) () =Tim f (W (E;)(x), ) = [ ((x, )
forall x, y € H™ and f € A*. It follows that there is Ao such that, for all A > Ao,
|fQW(ED)(x), L* () — f({x, LX) < 3¢
|f(LW(E) (x), y) = FUL(x), y)| < 5€

forall x € X, y € Y and f € F. We note that the proof would be shorter if we knew

or

li{H SUW(ELD)LY(Ey) (x), y) = f(L(x), y)).
However, we may also assume that, for fixed Ao, there is A; > A such that

| FULY(Es) (), W(ED () — f (LW (E)(x), )| < €
| f QW (ED LW (E) (), ¥)) = FULY(Ep)(x), y)| < 3¢

or
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forallx € X, ye Y and f € F, and A > A;. It follows that, forall x € X, ye Y and f € F, if A > Ay,
|f((L(x), ¥)) = FUW(EQDLY(E),)(x), y))
< |FULX), y) — fFULW(EL) (), YD+ [ (LY (E; ) (x), y) — f(W(EQD) LW (Ey,)(x), ¥))I
<%E+%€=€. (3_]2)
Fix A > A1 > A¢. Then H, = E, (H) D H,,. Hence
PA\IJ(EA):\IJ(EA) and \IJ(EAO)P)LI\IJ(EAO). (3-13)

We also note that W(E;) LWV (E),)|u; € B(H,). Since H, is countably generated, by Lemma 3.11,
there is T, € K (H,)** such that

Wi (Th) = W(E)LY(Ey)| ;- (3-14)
However, by Proposition 3.4,
PV (T) Pyl = V(D) vy = Wi(Th). (3-15)

Fix A > A1 > X¢. Then, for any x € X, y € Y and f € A™, by (3-15), (3-14), (3-13) and (3-12),

|f (T (x), (D) = FULG), yDI = [f V(D) Pr(x), Po())) — fL(x), y))I
= |fUW(ELD LY (Ey) Pr.(x), P.(y)) — f{L(x), y))I
= |fUPLW(EQN LY (Ey) Pr(x), y) — f{L(Xx), y))I
= [fW(ENLY(E;)(x), y)) = fF(L(X), y)| <e.

As mentioned above, this implies that W is surjective. O

Corollary 3.13. Let A be a W*-algebra and H be a Hilbert A-module. Then F : K (H)** — B(H"), the
map given by Proposition 2.16, is a surjective map.

Proof. Consider the pair A and A** and H™ = (H « A**)?. By Corollary 4.3 of [Paschke 1973],
H™ = B(H, A*"), the A**-module of all bounded A**-valued A-module maps from H into A™*. It
follows that H* C H™ as an A-submodule. It then follows from Proposition 2.6 that H* ¢ A** C H™ as
Hilbert A**-modules. Then, by applying Proposition 3.1,

(HF e A™)' C H™.
However, H « A** C H* ¢ A**. By applying Proposition 3.1 again, we obtain
H> = (HeA™)* C(H e A™)" C H™.
Hence (H®+ A**)! = H™. Denote by U : K(H)* — B(H™) the isomorphism given by Theorem 3.12
and by Uy : B(HY) — B((H"» A**)") = B(H™) the map given by Theorem 3.12.

Now let T € B(H?). Then, by applying Theorem 3.12, we obtain a € K (H)** such that \Tl(a) = ‘TJHn(T).
It follows that (viewing H tCcHY)

U(a)|y:=T.
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Since a € K (H)**, there exists a net {a,} in K(H) such that a, — a in the weak* topology. Therefore,
by Proposition 2.14, for any f € A*and any &,¢ € H™,

lim f ({(¥ (@) — T (a0))(§). £)) = 0.

Note, by Theorem 3.12, lAI3(ao,) = fﬁg (aqy). On the other hand, by Proposition 2.16, for any g € A, and
any x,y € H,
lim g (((F(a) = a0) (%), ¥)) = 0.

Hence (since \AI;o(aa)x = ay(x) for all x € H, see Definition 2.12)
g({(F(a)— {rl(a))(x), y))=0 forallx,ye H and g € A,.
Since \Tf(a)l gt = T, we actually have
g{((F(a)—T)(x),y))=0 forallx,ye H and g € A,. (3-16)
Note that F(a), T € B(H®). So F(a)(x), T(x) € H® for all x € H. It follows that

(Fa)—T)(x),y)e A forallx,ye H.
Then, by (3-16),
(F(a)—T)(x),yy=0 forallx,ye H.

Hence F(a) = T. In other words, F is surjective. Il

4. A Kaplansky density theorem in Hilbert modules

As mentioned in the introduction, in this section we study the density of H in H ¢ A**.

Definition 4.1. Let X be a Hilbert space and A C B(X) be a C*-subalgebra of B(X). Let M = ASOT,
the strong operator closure of A, and let H be a Hilbert A-module. Recall, by Proposition 2.6, H « M is
the smallest Hilbert M-module containing H as a Hilbert A-module. We consider the question of how
large H is in H « M as a submodule.

Let € > 0 and V be a finite subset of X. For each £ € H « M, define

Neev={zeHeM:||[(§—-z,§—-2)(v)| <€, veV}]

Let 7 be the topology generated by N¢ . v forall§ € He M, € € Ry \ {0}, and any finite subset V C X.
In other words, in 7y, a net {z,} converges to & in H « M if and only if

lim ||{(§ — 24, & —24)(v)|| =0 forall v e X.

In the special case that X = Hy is the Hilbert space corresponding to the universal representation my
of A and M = A*™*, we use Ty, for the topology generated by N¢ . v forall £ € H e A*™, € e R\ {0},
and any finite subset V C Hy.

We note that H is dense in H « M in the topology 7, but to be more useful, we will show in Theorem 4.4
that the unit ball of H is dense in the unit ball of H « M in 7, a Kaplansky-style density theorem.
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Lemma 4.2. Suppose that x € H e M and {x,} C H « M is a bounded net. Then x4, — x in Ty if and only
if, foranyv € X,
1i(§nsup{||(y,xa —x))l[:yeHeM, |ly|| <1} =0.

Moreover, if x4 — x in Ty, then, for any f € M,,
limsup{| f((y, X« —x)[:y € He M, |Iyll = 1} =0.
Proof. Suppose that x, — x in 7. We have (see Proposition 2.3 (ii) of [Paschke 1973]), forany y € He M,
(X =2, ¥) - (v xa = x) < V1P = x, Xg = x).
Then, for any v € X and any y € H « M with |y| <1,

1y, X = X)) I* = {{xa =%, ) - (3, %o — )0, V)x
< Iy {{xa = x, Xa — X), v)x < [[{Xe — %, Xo — x)0]| V]| = O

(where (-, -)x is the inner product in the Hilbert space X). Conversely, let K = sup, {||xo || + ||x|/} + 1.
Then

[{(xe =%, Xo = Xx)(W)|| = K sup{[[{y, X —x)(W)[:y e HeM, |y =1} =0

For the “moreover” part of the lemma, suppose that (x, — x, x, — x) — 0 in the strong operator
topology. Then it converges in the weak operator topology. However, since {(x, — x, xo — x)} is bounded,
this also implies that it converges to zero in the o-weak topology and in the weak™* topology. Hence

lim f((Xe — X, X —x)) =0 forall f e M,.
o

Let f € M, be a positive normal functional. Then, f((-, -)) defines a pseudo inner product on H « M.
Hence, for any y € H « M, we have, by the Cauchy—Bunyakovsky—Schwarz inequality,

LF (0, X —xXD2 < Uy, YD F (g — X, X0 — X)) < [ FIP VIS (g — X, Xq — X)).
Thus
liollnsup{lf((y,xa—x))l1)’€H°M, Iyl <1} =0. u

Lemma 4.3. Let X be a Hilbert space, A C B(X) be a C*-subalgebra and M = AS®T such that idx € M.
Then the unit ball of Hy is dense in the unit ball of Ha e M in Tj.

Proof. Let £ € Hy e M with ||| < 1. We will show that there is a net {x,} € H such that ||x,| < ||| and
limy || {(xy —&, x¢ —&)(v)|| =0 for all v € X. From the inequality

[(xe — &, Xg —EYO)| < I1{Xe — &, Xg — E)V2 (X0 — &, X — E) 20| < 2[[{xe — &, X0 — &) (W),
we conclude that it is enough to show that there is a net {x,} € H such that

ol < NIEl and  Tim [[(xg =&, xo —&)!20] =0
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for all v € X. Therefore it suffices to show that, for any € > 0 and any finite subset V C X, there exists
z € H with |z|| <1 such that

I —z, 6 —=NY?(v)|| <€ forallve V.

To simplify notation, we may also assume that ||v]| < 1forallve V.
Denote by R = AM, the closed right ideal of M generated by A. Note, by Proposition 3.6,

HyoeM ={{b,} € Hp : b, € R}.

We write £ = {b,} € Hs » M. There exists ng € N such that, for all n > ny,

o0
> biba|| < 3e.
k=n
Fix an integer n > ng. Let P, : Hye M — R™ ={(c1,ca,...,cp):ci € R) be the projection. Put
by 00 ---0
s=|b2 000
b, 00 ---0
For any v € V, put
v
0
uy=|\.
0

By the Kaplansky density theorem, there is L € M,,(A) such that
ILI < UISIl and || L(uy) — S(uy)|| < 3€ (4-1

for all v € V. Hence, denoting by (-, - ) x the inner product in X,
(L= 8)*(L— Suy, uy)x < %6 forallveV. 4-2)

Define g = diag(1,0,...,0) € M,,(M). Then S = Sq. Replacing L by Lg, we may write

a 00 --- 0
I — a2000 ’
4, 00 - 0

wherea; € A, i=1,2,...,n. Then

n
*
i=1

It follows from (4-2) that

=|L*L|| = |L|* < |S|I* = < [l (4-3)

Xn:b;“b,-'
i=1

<Z(bi —a)* (b —a)(v), v> < le.
i=1

X
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Putx =(aj,an,...,a,,0,0,...) € Hy. Then, by (4-3), we have ||x|| < ||&]| and

i bib;(v), v>

i=n+1

((§—x.§—x)(v),v)x = <Z(bi —a;)*(bi —a;)(v), v> +<
X

i=1 o
' > bibi

i=n+1

X

1 1 1, _
< 7€+ < €+ ;€ =€

In other words, for any v € V,

(& — Xy & — X)) | = ((E —x, & —x)(v), V) x <E€.
The lemma then follows. ]

Theorem 4.4. Let X be a Hilbert space, A C B(X) be a C*-subalgebra and M = ASOT withidy € M.
Let H be a Hilbert A-module. Then the unit ball of H is dense in the unit ball of H « M in 7.

Proof. Let £ € He M, with ||&]] < 1.
Let us first assume that H is a countably generated A-module. By Lemma 4.2, it suffices to show that,
for any € > 0 and any finite subset V C X, there exists z € H with ||z|| <1 such that

{y,.§ —z)(W)|| <e forallye H, |yl <1 and veV.

To simplify notation, we may also assume that ||v]| < 1forallve V.
By Kasparov’s absorbing theorem [1980, Theorem 2], we may write Hy = H @ H*. It follows that

HyoeM=HeM®H" oM.

Define Q : Hy — H to be the projection. Then Q € L(H4) = M(K (H4)). We identify Q with Wy(Q)
in the sense that Q € L(H)s) which extends Q|g,. In particular, H e M = Q(Hy e M).
By applying Lemmas 4.3 and 4.2, we obtain z € H4 with ||z|| < ||&]| such that

Ky, € —2)(v)|| <e forallye HeM, ||y|| <1, and veV.
Note Q(§) =& and Q(y) =y forall y € H. Put x = Q(z) € H. We have
I{y,§ =x)@)I = lI{y, Q&) — Q@)W = I{Q (), § —z)W)I| = ll{y, § —z)(V)[| <e.

This proves the case that H is countably generated.
Next we let H be a general Hilbert A-module. We will show that, for any € > 0 and any finite subset
V C X, there exists z € H with ||z]| < 1 such that

€ —z,E—2)(W)|| <€ forallveV.

Again, we may also assume that ||v|| <1 forallve V.
Let {E,} be an approximate identity for K (H). Then, as in the proof of Theorem 3.12, H, = E; (H)
is countably generated for each A. It follows from Lemma 2.9 that there is A such that

IWo(E;)(€) — £l < 1e. (4-4)
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Fix such a A. Note that, by Proposition 2.8, Wo(E;)(§) € H, e M C H « M. Since H, is countably
generated, by the first part of the proof, we obtain x € H, with ||x|| < ||[Wo(E;)(&)]| < ||€]| such that

sup{ ]| (y, Wo(Ex)(€) —x)(v) ]| : y € He M, ||y <1} < je. (4-5)
Then, applying (4-4) and then (4-5), for any v € V,

(& —x, & —x)W)] < IE — x, & — Wo(E)(E) W) || + (& — x, Wo(E)(E) —x) (V)|
<2[IE = Wo(EDE) | + 2| (3 —x), Yo(ED(E) —x)()|| < 36 +3e =€. O

We then obtain the following corollary as a Kaplansky density theorem.

Theorem 4.5. Let A be a C*-algebra and H be a Hilbert A-module. Then the unit ball of H is dense in
the unit ball of H « A** in Ty,.

5. Closeness of H

Let H be a Hilbert A-module., Then, by Theorem 6.1 of [Brown and Lin 2025], the unit ball of H is
A-weakly dense (see Definition 3.3 of [Brown and Lin 2025]) in the unit ball of H?, i.e., for any f € HF,
there is a net {x,} in H with ||xy|| < || f]| such that lim, ||{f — x4, ¥)|| =0 for all y € H. In the case
that A is a W*-algebra, H® is a Hilbert A-module. One may ask: can one find the net {x,} € H with
I xo |l < I £1| such that limg ||{f — x4, &)]| = O for all £ € H*?

We begin with the following example.

Example 5.1. Let M be a W*-algebra which contains a self-adjoint element a with infinite spectrum.
Then, by the spectral theory, one obtains a sequence of mutually orthogonal nonzero projections
Py P2 evs Pus-o-. Let H= Hy, and let § = {p,} € Hj,. Note that [|£]] = |32, p.| =1 (the
convergence is in the strong operator topology and weak* topology of M). We claim that there is no
net {xy} in Hy; such that

1igl||<§ —Xq, &) =0.
Otherwise, there would be x € H); such that
I —x, &)l < 3. (5-1)

Since x = {a,} € Hy, there is N € N such that

%
E a,ay

N+1

< (A +1xD)”

Choose g =Zf1’°:N+1 Pn € M. Define Py : Hlf,[—> MWN) ={(by, by, ..., by):b; € M} tobe the projection.
Then
{6 — Pn(x), E)II < 1{§ — x, E)II + (1 — Pn)(x), §)]

<IHi1a-PomIEl <+ 5 =3
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On the other hand,

|U1

o
> pg

N+1

i = 1§ = Pn(x), &) = [I{§ — PN(X)%‘C]II—‘

(an Z(pz a;) pz) H

N+1 i=1

A contradiction. In other words, the question at the beginning of this section is negative. This also follows
from Corollary 5.7 below. However, we think that the example above might also be helpful.

Lemma 5.2. Let A be a C*-algebra. Suppose that & € Hg and {x,} is a bounded net in Hy such that
lim [|E(x) —xo(x)|| =0 forallx € Hy
o

and &(xy) := (&, x4) converges in norm. Then & € Hy and (€, &) = limy (€, xy).

Proof. Write & = {b,} and x, = {ay.n}, Where {b,} € Hu, ag.n € A and, for each o, {aq ,} € Ha.
Put
M =1+sup{flxgll @} + [ <oo and a =1i§l(xa,5§>-

Note &(xy) = (&€, x4) € A for all «. Hence a € A.
Let P, : Hi — H, := A™ be the projection to the first n copies of A, n € N. Then P,& € H, C Hy.
It follows that, for each n € N,

lim(xa, Py(€)) = (5. Pa(§)) = ) _bjb;. (5-2)
j=1

Fix f € A*. Let € > 0. By Lemma 3.8, since {x,} is bounded, there is an integer N € N such that, for all
n>N,

|f (Xas €)) = f({xas Pa(E))| < 3e  forall a. (5-3)

Fix any n > N. By (5-2), choose «q such that, for all & > «y,
(Xar Pa(€)) Zb* | < ze@+171D, (5-4)
||<xa,s> —al < e+ fD. (5-5)

It follows that, for all n > N, by (5-5), (5-3) and (5-4),
‘f(a) - f(Z bjb,-)
j=1

< |f(a—(xay, EDI+ 1 (X, §)) = f (Xags PaEIDIF I f

(Xaps Pu(€)) Zb*

< e—i— e-l— e—e

Hence, on the state space S(A) of A,

Tim_ f(z bjfbj) = f(a). (5-6)
j=1
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On the compact space S(A) (in the weak* topology), a(f) = f(a) is a continuous function for all
f € S(A), and Z’}Zl b;‘b ; is increasing. By the Dini theorem, Z?:l bjfb ;j converges uniformly to a
on S(A). It follows that .

Y bibj—>a

j=1

in norm. This implies that & = {b,} € H4 and (£, &) = a =1limy (&, x4). Il
Proposition 5.3. Let A be a C*-algebra and H be a Hilbert A-module. Then, for any T € K(H), one
has Wo(T)(H") C H, where Y is given in Definition 2.7.
Proof. Suppose that T € F(H) and T = Z;"Zl Oy, for some x;, y; € H, i =1,2,..., m. Then, for any
S < Hu’ m m
Wo(T)E) =) xi(yi &) =) xi(E()") € H.

i=1 i=1
Since F(H) is dense in K (H), this implies that Wo(T)(H*) C H. Il
Lemma 5.4. Let A be a C*-algebra, H be a Hilbert A-module and {E,} be an approximate identity
for K(H). Then, forany € € H™ and any f € A*,

lim sup{ f ((§ — Wo(Ex) (), yDI:y € H™, lIyll = 1} =0.

Proof. By Lemma 2.9, {W,(E;)} is an approximate identity for K (H ¢ A**). In the universal representation
of K(He«A*), 1—Wy(E),) converges to zero in the strong operator topology. Note that |1 — Wy (E,)| < 1.
Therefore (1 — Wo(E;))(1 — Wo(E,)) also converges to zero in the strong operator topology. Hence it
converges to zero in the weak operator topology. Since {(1 — Wo(E 2))?} is bounded, it also converges to
zero in the weak™ topology of K (H e A**). Recall that (H « A**)® = H™_ It follows from Proposition 2.16,
forany & € H™, that

lim [ f({§ = Wo(E2)(5), § — Wo(E (DI =Hm[f({§ — FoWo(E) (), § — F o Wo(E) ()
=lim| f(((1 = F o Wo(E2))*(§). ) =0,
where F : K (H)** — B(H"®) is the homomorphism given by Proposition 2.16. Suppose that y € H~ and

[ly]l < 1. Then, for any positive linear functional f € A*,

FUE = Wo(ED) (), y)* < fUE — V(B ), € — Wo(ED)EN £ (y, ¥))

<A E —Wo(EN(E), § — Wo(E)(E))).
It follows that, for any f € A*,

limsup{f({§ — Wo(Ex) (&), y)I:y € H™, |yl < 1} =0. o

Theorem 5.5. Let A be a C*-algebra and H be a Hilbert A-module. Suppose that € € H* and there is a
bounded net {x,} in H such that

lim ||E(x) — (xq, x)| =0 forallx e H

and & (xy) := (&€, xq) converges in norm. Then & € H and (&, &) =limy (€, x,) € A.
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Proof. First let us assume H is countably generated. Then, by Kasparov’s absorbing theorem [1980,
Theorem 2], we may write Hy = H & H'. Then £ € H® C H’. By applying Lemma 5.2, we obtain that

§€Hy and (£, 8)=1im(§, xo).

Since £(xy) € A, we have a = (£, &) € A. Let P: Hy — H be the projection. Then P € L(Hy). Put
n= P(§) € H. Note that (P(§) — &, x) =0 for all x € H. Hence £ = 1. Therefore this case follows.

In what follows we will work in H™ and use the inner product in H™~ whenever it is convenient.

In general, let a = limy (£, x4 ). Since (&, x,) = £(xy) € A for all o, we have a € A.

Claim: a = (£, &) (in the inner product of H™).
Let {E,} be an approximate identity for K(H). Let € > 0 and f € A*, with || f|| < 1. By applying
Lemma 5.4, we have (since {||§ — x|} is bounded)

lim(sup{| £ (€ — Wo(E;) (), & —xa)I}) =0. (5-7)

Thus, by applying Lemma 5.4 and (5-7), we obtain A such that, for all A > A,

| f((E — Wo(EL) (&), €))] < Le,
| f((E — Wo(E) (&), € —x4))| < 3¢ forall a. (5-8)

Recall that, by Proposition 5.3, Wy (E;)(§) € H. Fix any A > Ag. Choose «g such that, for any o > «y,
15, xa) —all < 3¢ and | f((Wo(EL)(E), € — xa))| < €. (5-9)
Now, by the first inequality of (5-9), (5-8) and then the second inequality of (5-9),

1fUE. &) —a)| < |f(E.E) — (E, xa))| + e = [ FUE. E —xa))| + 1€
S IFUE = Wo(E)(E), & —xa)| + | FUP(E)(E), & —xa))| + 56 < te+ie+ie=e

Since this holds for any €, we conclude that

fUEE)) = f(a) forall fe A",

By the Hahn—Banach theorem, we obtain (£, £) = a. The claim is proved.
There exists x| € {x,} and then x; € {x,} such that

I 8) —al <3, I —x2xp)ll <3 and [(x2,§) —all <.
Suppose that we have found xy, x2, ..., x,, such that
(& —xj, xi)|l < 1/2/  and l{x;, &) —al < 12/, i=1,2,...,j—1,
and j =1,2,...,n. Then choose x4+ € {x,} such that

16 = xnsr, x| < 1/2"*" and  [[(xq1,8) —all < 1/2"F, i=1,2,...,n.



1560 HUAXIN LIN

Thus, by induction, we obtain a subsequence {x,} in {x,} such that
lim |[{x,,&)—al =0 and lim |(§ —x,,x;)||=0 fori e N.
n—oo n—oo

Denote by Hy the Hilbert A-submodule generated by {xi, x2, ..., x,, ...}. In particular, x,, € Hp and
neN. Let n =£|g,.
Now Hj is countably generated and x,, € Hy, so we have
lim [[n(x,) —all = lim [|§(x,) —all =0.
n—oo n—oo

m

Moreover, if y =) """ | x; - a;, where a; € A, then

lim [[n(y) = (xn, )| =0.
n—oo
Since {x,} is bounded (since {x,} is bounded), this implies that
Jim [n(y) = (xn, )| =0 forall y € Ho.

Applying what has been proved, we conclude that n € Hy and lim,,—. o (1, x,,) = (n, ) = a.
We now consider Hilbert A**-modules Hye A** C H « A**. By Proposition 3.1, we obtain a projection
P :H™ — Hy such that P|gyes+ = idgyea=. Then n = P(&). Hence, by the claim,

I(1 = P)EI* = [[{(1 = P)(&). (1 = PYE) < II{(1 = P)E). &)l + (1 = P)(&). P&))
=[(§,8) = (P&, )| +0=lla—= (P&, PE))Il = lla — (n, n)] = 0.
In other words, P(§) = n = &. The theorem follows. O
Definition 5.6. Let A be a C*-algebra and H be a Hilbert A-module. Then H* C H™.
For each £ € H®, € > 0 and a finite subset Y C H®, define
Ocey =0 €H 1 |{E—¢.y)ll <€ yeY),

where the inner product is taken from H*® if H* is a Hilbert A-module, or from H™~ (with values in A**).
Denote by 7w the topology in H* generated by Oty forallé e H ¢, € € Ry \ {0} and finite subsets
Y C H*. Note that a net {¢,} converges to & in H* in Ty if and only if

lim |[{§ — &, y)II =0

for all y € H*, where the inner product is the one defined above.

Corollary 5.7. Let A be a C*-algebra and H be a Hilbert A-module. Then, with Tyw, the unit ball of H
is closed in H*.

Proof. Let £ € H®. Suppose that there is a net {x,} in H with | x,|| < 1 such that

lim [|[(€ — xq, n)| =0 forall n e H?,
o

where the inner product is in H™". Then, for each x € H, lim,, ||(§ — x4, x)|| = 0 and (by choosing n = &)
{€(xq)} = {(§, x4)} converges in norm to (£, £). By Theorem 5.5, £ € H. O
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Corollary 5.8. Let A be a monotone complete C*-algebra and H be a Hilbert A-module. Then the unit
ball of H is closed in H® in the topology Tyw, where we view H* as a self-dual Hilbert A-module.

Lemma 5.9. Let X be a Hilbert space, A C B(X) be a C*-subalgebra and M = ASOT with idy € M.
Let H be a Hilbert A-module. Suppose that § € H e M and (§,x) € A forall x € H. Then & € H.

Proof. First let us consider the case that H = H,4. Then, by Proposition 3.6,

n
HjpoM = {{an} a, € AM and Za,fak converges in norm}.
k=1

Write & = {b,} € Hy » M. The condition that (¢, x) € A for all x € H4 implies that & € H/i. It follows
that b, € A. Hence & € Hy.

Next, let us assume that H is countably generated. Let £ € H « M and (§,x) € A for all x € H. By
Kasparov’s absorbing theorem, we may write H4 = H @ H*. It follows from what has been proved that
&€ Hy. Let P: Hy — H be the projection. Then P(§) € H. However, (¢ — P(§),x) =0forall x € H.
Forany y € H™, since £ € HeM, we have (£, y) =0forall ye H. Hence £ = P(£) € H.

In general, since § € He M, thereare x,; € H, i =1,2,...,k(n), by,; e M, i =1,2,...,k(n),

n € N, such that
k(n)

nli)r{.lo“g - an,i o by
i=1

Let Hy be the Hilbert A-submodule generated by {x,; :1 <i <k(n), n € N}. Then § € Hye M and
&g, € Hg, as (&, h) € Aforall h € Hy C H. From what has just been proved, £ € Hy C H. O

=0.

We end this section with the following result.

Theorem 5.10. Let A be a C*-algebra and H be a Hilbert A-module. Then the unit ball of H is closed
in H™ in the topology Tyw of H™ = (H ¢ A*")F.

Proof. Let {x,} be a net in the unit ball of H and £ € H™ such that

lim || (£ — xo, £)| =0 forall¢ € H™.
o

Since H™ = (H « A**)* and H C H » A**, by applying Corollary 5.8, we conclude that £ € H « A**.
We also have, forall y € H,

lim |[{§ — xa. y)II = 0.

Since (xy, y) € A, it follows that (§, y) € A. By Lemma 5.9, § € H. [

6. A Kaplansky-style density theorem in the self-dual Hilbert modules

In the last section, we show that H is closed in H* and H™ in the topology Tyw of H* and that of H™,
respectively. In this section, however, we will show that H is dense in H™ in a weaker topology. In
fact, by Theorem 4.5, it is easy to show that H is dense in H* in 7y, the topology defined below (see
Definition 6.1). A similar question is whether one can replace x in (6-1) by any element in H*.
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Definition 6.1. Let A be a W*-algebra and H be a Hilbert A-module.
Lete >0, and let Y C H and F C A, be finite subsets. Let £ € H*. Define

Oscvr={CeH |f({(§—C,x)| <€, x€Y, feFyCH. (6-1)

Let Ty be the topology of H* generated by the subsets Otcv,F-
Lete >0, and let Z ¢ H? and F C A, be finite subsets. Let Ee H*. Define

Otezr={CeH |f((E—C,x)| <€, x€Z, feF}CH".

Let T,, be the topology of H* generated by the subsets Ot c.7.7.

In fact, by [Paschke 1973, Proposition 3.8] and the definition before it, 7y, is the weak* topology of H*
as a conjugate space. So a natural question is whether H is dense in H* in 7y,. To be more useful (but
perhaps not useful enough to be used twice on Sundays — see [Pedersen 1979, 2.3.4]), we will also prove
a Kaplansky-style density theorem in Theorem 6.4.

Let us also consider another topology. Let € > 0, £ € H*, and let F C A, be a finite subset. Define

Ocer={CeH :|f((E—C.E—C))| <€ feF)

Let 7,5 be the topology generated by O, ¢ 7 for all € > 0, & € H and finite subsets F C A,. Note that
Tws 1s stronger than 7, which is stronger than 7.

Lemma 6.2. Let X be a Hilbert space and A C B(X) be a C*-subalgebra. Suppose that M = ASOT with
idy € M and b = {b;} € Hj,l. There is a net ay = {(a1,a, 2,05 - - - » n.a» - - -)} € Hyp such that

o) 1/2
Y aiai.| <1l (6-2)
j=1
o
lim f(Z(bj —ajq)"(bj —aj,a)) =0 (6-3)
j=1

forall f € M,.

Proof. Let Y =1[%(X), the Hilbert space direct sum of countably many copies of X. Let b = (c;. j) € B(Y),
where ¢; 1 = b;, i €N, and ¢; ; = 0if j > 2 (see (3-8)). Denote by P, : Y — X the projection, where
X™ is the direct sum of (first) n copies of X. Lete >0and V € L?(X) be a finite subset. Then there is
no € N such that

(1= Pyl < 31+ b)) forallveV.
There is d € M,,,(A) such that

I(b —d)(Pay W)l < te forallveV.
We have
1(b —d Pay) )| < (b — d Puy) (1 = Pap) (W)l + 1| (b — d) Pyy (v) |
=[lb(1 = Py) )| + Je <€ forallve V.
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Let B be the self-adjoint algebra of those bounded operators on Y which can be expressed as infinite
matrices with entries in A, where all are zero except finitely many of them. Then, by what has been
proved, we conclude that, in the strong operator topology (of B(Y)), operator b is in the closure of
operators in B in the strong operator topology.

Then, by the Kaplansky density theorem, there is a net {d,} € B with ||d,|| < 5]l such that

lim ||(b —dy)v||=0 forallveV.
o

Since {||b — d, ||} is bounded, we also have

lim ||(b — dy)* (b —dy)v|| =0 forallv e Y.
o
We further note that

1517 = 1(b)*b] = ij-b,- <|bll.
j=1
Then
lim ||(b —dy)* (b —dy)Piv]| =0 forallveY. (6-4)

Note bPy =b. Letd, = dy Py = (d;.j ), Where d; j o = 0if j >2. Puta;, =d) ja» j € N. Then, for all

nelN,
n
*
2 :aj,aaj,a
Jj=1

Put a, = {a;}. Since d, € B, for each «, there are only finitely many a; , which are not zero. Hence
ay € Hy. Then |lay| < ||b]|. Thus (6-2) holds. On the other hand, by (6-4),

<l d)*d.) = Id, 11> < |da|I*> < 116])* < ||b]%.

lim [|(b — dg,)* (b — dg,) Prv|| = 0. (6-5)
Let h € X. By (6-5),
> (b —a;.0)*b; —aj,a)hH =0.

j=1

lim
o

In other words, Zfil(bj —ajo)"(bj —ajq) = (b—ay, b—ay) — 0 in the strong operator topology.
However,

= (b —d)II* < (bl + llde ) < 41151

D (b —a;0) (b —aja)
j=1

Therefore Y ', (bj—ajq)*(bj—aj ) — 0in the o-weak operator topology and hence in the weak* topol-
ogy (see, for example, 4.6.13 of [Pedersen 1989]). Therefore (6-3) holds. Il

Lemma 6.3. Let A C B(X) be a C*-subalgebra, and let M = AST, with 1x € M. Suppose that H is
a countably generated Hilbert A-module. Then H is dense in (H « M)? in the following sense: for any
£ € (H e M), there is a net xo € H with ||xo|| < ||€|| such that

limsup{| f({§ —xo, EN)]: ¢ € (He M), |lcll <1} =0 forall f € M. (6-6)
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Proof. Let us first prove this for H = H4, even though when A is not o-unital, H4 is not countably
generated. Lemma 6.2 provides a net {x,} in H4 with ||xy| < ||&]|| such that

li;n fUE —x4,E —x4))=0 forall feM,.

Recall that, for any positive linear functional f, the map H 54 x H }f,[ — R defined by [x, y]r = f({x, y))
(forallx,ye H }54) is a pseudo inner product. Therefore, by the Cauchy—Bunyakovsky—Schwarz inequality,

e,y < F(x, ) f({y,y) forallx,ye Hy.

It follows that, for any positive normal linear functional f,

SUp{| f ((§ = Xa, £N) 1 ¢ € Hip, 1121 < 17 < sup{ £ (£, E)) f (& = Xar & —Xa)) 1 ¢ € Hyy, 1] < 1)

=11 f ({5 —xa,§ —xa)) = 0.
Thus we proved (6-6) holds for H = Hy.

Now let H be a countably generated Hilbert A-module. Then, by Kasparov’s absorbing theorem, we
may write Hy = H @ H'.Hence Hyo M = H e« M & (H+ « M). It follows that

Hiy = (Hao M)" = (H « M)* @ (H" « M)".

Let P: H,@ — (H o M)* be the projection such that P|y = idy. Then, by what has been proved for H,
there is a net y, € Hx such that ||y, || < ||&]| and, for any f € M,,

limsup{ £ ((§ = ya. £)) : & € Hy. ]l <1} =0.
Put x, = P(yy) € (H » M)*. Note that P(&) = £. Then, for any f € M,,
limsup{f (& —xa. £)) 1 & € (He M), [l¢]| < 1} = limsup{f ((§ —xa. P())) :¢ € (He M), |I¢] <1}
= limsup{f (& —ya- £)) 1 £ € (He M), ¢] < 1}
<limsup{f ((§ —ya: £)) : ¢ € Hy IE < 1) =0. O

Theorem 6.4. Let X be a Hilbert space, A C B(X) a C*-subalgebra and M = ASOT with 1,y = idy, and
let H be a Hilbert A-module. Then the unit ball of H is dense in the unit ball of (H ¢ M)* in T, (the
topology on (H « M)*).

Proof. Let & € (HeM)*® with ||£]| < 1. It suffices to show that, for any € > 0, any finite subset Y C (H ¢ M)*
and any finite subset 7 C M,, there is x € H such that

IxI <lENl and |f(( —x,y)| <€ forallye (HeM) |yl <1, and feF.

Let us fix € and F. Choose an approximate identity {E,} for K(H). It follows that E,  idpy.
Note that idy € M (K (H)). By the last part of Proposition 2.13, Wy(idy) = idges- By [Paschke 1973,
Corollary 3.7], F o Wo(idy) = id(yep):, where F : K(H « M)™ — B(H o M)* is the map given by
Proposition 2.16. Note also that, by Lemma 2.9, {W((E,)} is an approximate identity for K (H « M).
In the universal representation of K (H ¢ M), we have that 1 — Wy(E)) converges to zero in the strong
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operator topology. Note that |1 — Wo(E;)| < 1. Therefore (1 — Wy (E;))*(1 — Wo(E,)) also converges
to zero in the strong operator topology. Hence (since {||(1 — Wo(E3))*(1 — Wo(E,))||} is bounded), it
converges to zero in the weak* topology. By Proposition 2.16, we have, for all f € M,,

JU§ = FoWo(Ey)(E), & — FoWy(EL(E)))
= f(((1 = FoWo(E)*(1 = F o Wo(E3)) (), &) — 0. (6-7)

Next let g be a positive normal linear functional in M,. Then, for any y € (H « M)* with || y| <1,

|g((& — F o Wo(E)(§), Y)I* < g((€ — F o Wo(E3)(§), & — F o Wo(Ex)(E))g((y, )

< lgllyl*g((& — F o Wo(E3)(§), & — F o Wo(E;)(E))).
Hence, by (6-7),

lim(sup{|g((€ — F o Wo(E;)(€). y))| : y € (H+ M)*, Iyl < 1}) =0.
It follows that, for any f € M,,
lim(sup{| £ ((§ — F o Wo(E)(€). y))| : y € (H « M), ||yl < 1}) =0.
Put @ := F o V. We obtain )¢ such that, for all A > A,
|f((§ = P(E ), y)| < 3¢ forally e (He M), |ly| <1, and f e F. (6-8)

Let H), = E;(H). As in the proof of Theorem 3.12, we have that H, is countably generated. Moreover,
by Proposition 3.1,
(H « M)" = (H, s M)* & ((Hy « M)")™.

Let P, : (H « M)* — (H, « M)* be the projection. Note that

D(E;)(E), D(EL)(Y) € Po((H o M)®) = (Hy, « M)*
forall y € (H « M)*.
It follows from Lemma 6.3 that there is x € H, with ||x|| < ||®(E;) ()| < ||&]|| such that

| fFUW(EDE) —x, PA()))] < 3¢ forall y € (Hys M), ||y < 1.
Since P, ®(E;) = ®(E,) and x € Hy, we have, for all y € (Hy « M)?, ||y <1,
|fUPEDNE) —x, YD = [ f(PLP(E)E) — Pr(x), y)| = [ fUP(EL E) —x, L)) < 3e.
Thus (also applying (6-8)) for all y € (H « M)? with ||y <1and f € F,
|fUE —x, YD < [F(E = PEDE), yDI+1f(PENE) —x, ¥))| < 3€ + 5€ =€. O

The next two statements are the main results of this section.

Corollary 6.5. Let A be a W*-algebra and H be a Hilbert A-module. Then the unit ball of H is dense in
H in Trs.

Proof. Let M = A and then apply Theorem 6.4. O
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Theorem 6.6. Let A be a C*-algebra and H be a Hilbert A-module. Then the unit ball of H is dense in
H™ in Ty (as H™ = (H ¢« A*™)%).

Proof. We choose the universal representation 7y and its strong operator closure A” = A**, then apply
Theorem 6.4. (|
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