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DAMPED STRICHARTZ ESTIMATES
AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM

DI0GO ARSENIO AND HAROUNE HOUAMED

Euler—-Maxwell systems describe the dynamics of inviscid plasmas. We consider an incompressible two-
dimensional version of such a system and prove the existence and uniqueness of global weak solutions,
uniformly with respect to the speed of light ¢ € (¢g, 00), for some threshold value ¢y > 0 depending only
on the initial data. In particular, the condition ¢ > c¢ ensures that the velocity of the plasma nowhere
exceeds the speed of light and allows us to analyze the singular regime ¢ — c0.

The functional setting for the fluid velocity lies in the framework of Yudovich’s solutions of the two-
dimensional Euler equations, whereas the analysis of the electromagnetic field hinges upon the refined
interactions between the damping and dispersive phenomena in Maxwell’s equations in the whole space.
This analysis is enabled by the new development of a robust abstract method allowing us to incorporate the
damping effect into a variety of existing estimates. The use of this method is illustrated by the derivation
of damped Strichartz estimates (including endpoint cases) for several dispersive systems (including the
wave and Schrodinger equations), as well as damped maximal regularity estimates for the heat equation.
The ensuing damped Strichartz estimates supersede previously existing results on the same systems.
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1. Introduction

We are concerned with the existence and uniqueness of solutions to the incompressible Euler—Maxwell

system
dsu+u-Vu=—-Vp+jxB, divu=0 (Euler’s equation),
%BtE —VxB=-—], div E =0 (Ampere’s equation), (1-1)
%8IB +VXxE=0, div B =0 (Faraday’s equation),
j=0(cE+ P(uxB)), divj =0 (Ohm’s law)

for some initial data (u, E, B)|¢t=0 = (40, Eo, Bo), with the two-dimensional normal structure on the
vector fields

ul(t,x) El(t,x) 0
ut,x)=ux(t,x)|, E(,x)=|Ex x) and B(t,x) = 0 , (1-2)
0 0 b(t, x)

where (¢, x) € [0, 00) x R? and P = Id —A~!V div denotes Leray’s projector onto divergence-free vector
fields. We will later see that the normal structure (1-2) is propagated by the flow and is therefore persistent.

Taking the divergence of Maxwell’s system, which is made up of Ampere and Faraday’s equations,
notice that the divergence-free conditions div £ = 0 and div B = 0 are also propagated by the evolution
of the system, provided they hold initially. (In fact, notice that the condition div B = 0 is a trivial
consequence of the normal structure (1-2). Nevertheless, it is physically relevant, since magnetic fields
are solenoidal.)

This model describes the evolution of a plasma, i.e., a charged gas or an electrically conducting fluid,
subject to the self-induced electromagnetic Lorentz force j x B. Here, the field u denotes the velocity of
the fluid, £ and B are the electric and magnetic fields, respectively, whereas j denotes the electric current.
Moreover, the positive constants ¢ and o represent the speed of light and the electrical conductivity,
respectively. We refer to [Biskamp 1993; Davidson 2001] for details about the physical principles behind
the modeling of plasmas.

It is readily seen that any smooth solution (u, E, B) € C cl ([0, 00) x R?) of (1-1) satisfies the energy
inequality

2 (1.
O + IEOIE: + 10 + 2 [ 1@ dv <6 (13)

for all # > 0, where we define
Eo :=||(uo, Eo, Bo)|| 2.
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(Observe that (1-3) actually holds with an equality sign for smooth functions, but this will not be used.)
This is the only known global a priori estimate for solutions of (1-1), and the ensuing natural bound

(u, E, B) € L*°(]0, 00); L%(R?))

is insufficient to guarantee the existence of global weak solutions to (1-1). At least, no known method
has so far been able to build such solutions, and the same holds for the classical two-dimensional
incompressible Euler system

diu+u-Vu=—-Vp, divu =0, (1-4)

which corresponds to the case (E, B) = 0. This is due to the fact that the nonlinear terms in (1-1) and (1-4)
are, in general, not stable under weak convergence of solutions.

1.1. Main results. Our main result on the Euler—-Maxwell system (1-1) establishes the global existence
and uniqueness of weak solutions for any initial data in suitable spaces, provided the speed of light c is
sufficiently large. Note that this is seemingly the only known global existence result for incompressible
Euler—Maxwell systems. It reads as follows.

Theorem 1.1. Let p and s be any real numbers in (2, 00) and (%, 2), respectively. For any initial data
(1o, Eo, Bo) € (H' N WHP) x H® x H®)(R?),

with divug = div £y = div By and the two-dimensional normal structure (1-2), there is a constant
co > 0 such that, for any speed of light ¢ € (co, ), there is a global weak solution (u, E, B) to the
two-dimensional Euler—Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

ue L°RT;HINnWYP), (E,B)e L®(RT; H®),

. . . (1-5)
(cE,B)e L2(R™: HY), cEeL*(R":H®), (E,B)eL*RT;Wh>).

It is to be emphasized that the bounds in (1-5) are uniform in ¢ € (cg, 00) for any given initial data.
If, furthermore, the initial vorticity wg := V X ug belongs to L>°(R?), then the solution enjoys the
global bound
w:=VxuelL®R"; L),

and it is unique in the space of all solutions (i1, E, B) to the Euler—Maxwell system (1-1) satisfying the
bounds, locally in time,
@ E,B)eLPL:, uelijly, jeli,,

and having the same initial data.

Theorem 1.1 is a simple and more accessible reformulation of the results from Section 3, which are
stated therein in full detail in the setting of Besov and Chemin—Lerner spaces (see Appendix A for a
precise definition of these spaces). Indeed, it is readily seen that Theorem 1.1 follows directly from the
combination of Theorems 3.1, 3.2, 3.3 and Corollary 3.13 with straightforward embeddings of functional
spaces. The respective proofs of these results are also provided in complete detail in Section 3.
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One should note that the constant cg in the above statement depends on norms of the initial data. Thus,
for any given ¢ > 0, the condition co < ¢ can be interpreted, in a fully equivalent way, as a smallness
condition on the initial data. In fact, a careful inspection of (3-4) in the statement of Theorem 3.3 readily
provides an explicit expression for cg in terms of the norms of (1o, Eg, Bo) in (H' N W1P) x H x HS.
More specifically, for any given initial data, one could set, for example,

co = max{L, (Jwoll g1 pyirt.n + | (Eo. Bo)llzs)Ce €}
for some suitable large constant C > 0 which only depends on p and s, and is independent of the initial
data. Then, with this definition of cy, it is straightforward to show that the condition ¢ > co implies the
validity of (3-4). In particular, for a given speed of light ¢, we observe that the existence of solutions is a
consequence of the smallness of the initial data. Finally, we also note that it is not difficult to provide
sharper formulas for cg, with increasing complexity.

A detailed scaling analysis of solutions to the Euler—Maxwell system (1-1) is conducted in Section 3.1,
which further clarifies the significance of the initial conditions of our main results and their dependence
on the physical constants ¢ and o.

We have already emphasized that the bounds (1-5) on the solutions of the incompressible Euler—
Maxwell system (1-1) are uniform with respect to the speed of light ¢ > c¢¢. This crucial feature allows
us to deduce a simple but powerful convergence result in the asymptotic regime ¢ — oo, which is of
particular interest. We refer to [Arsénio et al. 2015] for a thorough discussion of this regime in the context
of incompressible Navier—Stokes—Maxwell systems.

Generally speaking, the physical relevance of the regime ¢ — oo in Euler—Maxwell systems stems from
the fact that the limiting magnetohydrodynamic systems are suitable to describe the behavior of flows which
are influenced by self-induced magnetic fields. This is the case, for instance, of the terrestrial magnetic
field, which is sustained by the earth’s core through the dynamo effect, or the solar magnetic field, which
is responsible for sunspots, or the galactic magnetic field, which plays a role in the formation of stars. We
refer to [Davidson 2001] for more details on the physical background of magnetohydrodynamic systems.

The next result follows directly from Theorem 1.1 and establishes a magnetohydrodynamic system
by taking the limit of the Euler-Maxwell system (1-1) in the singular regime ¢ — co. Observe that it
recovers the classical Yudovich theorem for the incompressible Euler system (1-4) by setting B = 0.

Corollary 1.2. For any given initial data (uo, Eo, Bo) as in Theorem 1.1 ( for some p € (2,00) and

s € (% 2)) consider the global solution (u¢, E€, B€) constructed therein for each ¢ € (cy, 00). Then,

2
t,x,loc*

{(un, En B}, en, with ¢, — 00, there is a convergent subsequence (which we do not distinguish, for

the set of solutions {(u¢, E¢, B€)}¢>¢, is relatively compact in L In particular, for any sequence

simplicity)
(u, ES", By 222, (4,0, B) in L? (1-6)

t,x,loc’

where (u, B) = ((u1,u3,0), (0,0, b)) has the normal structure (1-2) and is a global weak solution of the

system
diu+u-Vu=-Vp, divu =0,

1-7
dth— S Ab+u-Vb =0, -



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1313
with the bounds
ue LR HINWY?), be LR HHYNLART;H' nHZn W),

If, furthermore, the initial vorticity wo belongs to L™ (R?), then the solution (u, b) to (1-7) satisfies
the additional bound w € L®(R"; L>®) and is unique in the space of all solutions (ii, b) satisfying the
bounds, locally in time,

= oor?2 2700 A ocor?2 2171
ue LPLLNLYLY, beLLyNL;H,,
and having the same initial data. Moreover, one has the convergence

u€, E€, B¢) <=2 (4,0, B) inL? (1-8)

t,x,loc’
without extraction of subsequences.

Remark. Note that (1-7) is a simple form of a magnetohydrodynamic system. Indeed, the equations for
u and b are not genuinely coupled, for the incompressible Euler equation does not contain an external
magnetic force. This can be interpreted as a consequence of the two-dimensional normal structure (1-2).
More specifically, whenever the electric current is given by j = V x B, a straightforward calculation
exploiting (1-2) shows that the Lorentz force satisfies

jxB=(VxB)xB=-1v(?,

which can be absorbed in the pressure gradient. In particular, since u is independent of b in this regime,
there can be no Alfvén waves (see [Davidson 2001] for an introduction to Alfvén waves). Therefore,
in this case, the limiting magnetohydrodynamic system loses the feature of some important physical
effects (such as Alfvén waves). This suggests that extending the results of the present article beyond the
two-dimensional normal structure (1-2) is of particular interest and significance.

Proof. We begin by showing the relative compactness of the set of solutions {(u¢, E€, B )}¢>¢, in
L%,x (K) for any compact set K C R* x R2. To that end, note that the energy inequality (1-3) and the
global bounds (1-5) on the solutions hold uniformly in ¢. In particular, it is readily seen that E€ — 0 in
L %,x,loc
Now, one can show from (1-5) that u¢ € L
Nirenberg convexity inequality (3-16), which is recalled later on). It therefore follows directly from (1-9)
that 0,u¢ = P(j¢x B¢)— P(u®-Vu®) is uniformly bounded in L},IOCL)%. Similarly, it is readily seen from
Faraday’s equation d; B¢ = —cV x E€ that d; B¢ is uniformly bounded in L%, - Then, further combining
these controls of d,u¢ and d; B¢ with the uniform bound (1", B¢") € L% H! and the compactness of the
embedding H! C L2 | 7 cloc
by a classical compactness result by Aubin and Lions. (See [Simon 1987] for a thorough discussion of

as ¢ — o0o. Therefore, we only need to focus on {(u¢, B€)}c>¢,-

o0

2. and B¢ € L7L$° (for instance, using the Gagliardo—

we deduce that {(u€, B)}¢>c, is relatively compact in the topology of L

such compactness results and, in particular, Section 9 therein, for convenient results which are easily
applicable to our setting.)
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Next, for any convergent subsequence (1-6), employing Ohm’s law to substitute ¢, E€” into Faraday’s
equation in (1-1), observe that we only have to pass to the limit in the system

Qun +un - Vun = —Vpn 4 jn x Bn, divu‘r =0,
- E =V x B = —jn, div B =0, (1-9)
3¢ B 4+ LV x jn +un . VB = 0.

Moreover, up to further extraction of subsequences, it is also possible to assume that one has the weak
convergence

jer—j inL?,.

All in all, passing to the limit # — oo in (1-9) in the sense of distributions and exploiting the strong
convergence (1-6), we find that

diu+u-Vu=—-Vp+jxB, divu=0,
VxB=j, divB =0,
0B+ 1Vxj+u-VB=0.

Then, recalling the vector identity Vx(Vx B) = V(div B)— A B and noticing that (VX B)x B = —%V(bz),
we conclude that (u, b) is a solution of (1-7).

Finally, if we further assume the pointwise boundedness of the initial vorticity wg, then w® = V x u®
remains uniformly bounded in L%, thereby yielding a similar bound for the limiting system (1-7). These
bounds then fall in the framework of Yudovich’s uniqueness theorem (see [Majda and Bertozzi 2002,
Section 8.2.4], for instance), which guarantees the uniqueness of the solution u to the incompressible
two-dimensional Euler system. Alternatively, one can also deduce the uniqueness of u by reproducing the
arguments from Section 3.9 below, by setting (E, B) = 0. As for the uniqueness of b, it easily follows
from classical energy estimates on the heat equation.

At last, the uniqueness of the limit point (u, 0, B) allows us to deduce the validity of (1-8), which

completes the proof of the corollary. O

1.2. Other models of incompressible plasmas. The Euler—Maxwell system (1-1) can be seen as the
inviscid version of the Navier—Stokes—Maxwell system given by

diu+u-Vu—vAu=-Vp+jxB, divu =0,

19, E—-VxB=—j, divE =0,
¢ _ (1-10)
EB,B—i—VxE:O, div B =0,
j=0(cE+ P(uxB)), divj =0,

where v > 0 denotes the viscosity of the fluid.

The derivation of (1-10) has been established rigorously in [Arsénio and Saint-Raymond 2019] through
the analysis of the viscous incompressible hydrodynamic regimes of Vlasov—Maxwell-Boltzmann systems.
In particular, it follows from the results therein that (1-10) can be obtained by letting § — 0, with § > 0,
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in the more complete system

dsu+u-Vu—vAu=—-Vp+3senE+ jx B, divu =0,
19E-VxB=—}, div E = 6n,
19 B+VxE =0, div B =0,
j—8nu=0(=§Vn+cE+uxB),

(1-11)

which takes the Coulomb force n E' into account, where 7 is the electric charge density.

The work performed in [Arsénio and Saint-Raymond 2019] addresses the viscous incompressible
regimes of Vlasov—Maxwell-Boltzmann systems only. However, inviscid incompressible regimes can
also be achieved as an asymptotic limit of collisional kinetic equations. For instance, the incompressible
Euler limit of the Boltzmann equation has been established in [Saint-Raymond 2003; 2009b]. (A general
discussion of hydrodynamic regimes of the Boltzmann equation can also be found in [Saint-Raymond
2009a].) Similarly, in the vein of the results from [Arsénio and Saint-Raymond 2019], it is possible to
derive (1-1) by considering the incompressible Euler regime of Vlasov—Maxwell-Boltzmann systems, at
least formally. However, this remains to be done rigorously.

The well-posedness theory established in this article only concerns (1-1) and does not encompass
the inviscid version of (1-11) (i.e., the corresponding Euler—Maxwell system obtained by setting v = 0
in (1-11)). However, we are hopeful that some adaptation of our results can be implemented to show the
existence and uniqueness of solutions to (1-11), with v = 0. Nevertheless, for the sake of simplicity, we
are going to stick to (1-1).

It turns out that there is yet another version of incompressible Navier—Stokes—Maxwell systems which
is commonly found in the literature. It reads

dsu+u-Vu—vAu=—-Vp+jxB, divu=0,
19E-VxB=—}, div B =0,
1B+ VxE =0,
j=0(E+uxB),

(1-12)

and a corresponding incompressible Euler—Maxwell system is given by setting v = 0. We refer to [Arsénio
and Gallagher 2020; Germain et al. 2014; Masmoudi 2010] for details on the construction of global
solutions to (1-12), with v > 0.

Unlike (1-10) and (1-11), it is to be emphasized that this model is not obtained as an asymptotic regime
of Vlasov—Maxwell-Boltzmann systems, as shown in [Arsénio and Saint-Raymond 2019]. Furthermore,
when compared to (1-10) and (1-11), it has the major drawback of not providing a strong control of div E.
For this reason, we do not make any claim concerning the extension of our work to the above model. It
would, however, be interesting to clarify the well-posedness of the nonviscous version of (1-12).

Finally, we observe that there is also a rich family of compressible Euler—Maxwell systems which
are commonly used to model the behavior of plasmas. The study of such systems is challenging, and
corresponding results tend to focus on the stability of smooth solutions near specific equilibrium states.
We refer to [Germain and Masmoudi 2014; Guo et al. 2016] for foundational results on three-dimensional
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compressible Euler—Maxwell systems. We note that the results therein do not require any specific vector
structure, such as the normal structure (1-2). However, they are sensitive to the speed of light ¢ and,
therefore, may not provide uniform bounds as ¢ tends to infinity.

1.3. Strategy of proof. We lay out now the strategy and the key ideas leading to the proof of Theorem 1.1,
which will be implemented in Section 3 to establish the more precise Theorems 3.1, 3.2 and 3.3.

Observe first that, even if we add a dissipation term —Au to the first equation of (1-1), thereby yielding
the incompressible Navier—Stokes—Maxwell system (1-10), it is still unknown whether or not global
weak solutions do exist when the initial data are only square-integrable. This is due to the lack of strong
compactness (or regularity) in electromagnetic fields (E, B), combined with the lack of stability of
the source term j x B in weak topologies (see [Arsénio and Gallagher 2020] for further details). The
same difficulty persists in the inviscid version of the same system, which stems from the propagation of
singularities in Maxwell’s system, as a result of its hyperbolic nature. The construction of solutions in L2
to (1-1) is thus highly challenging — all the more so than in the viscous case.

One should therefore treat this system in some higher-regularity spaces. To this end, inspired by known
results on the well-posedness of the two-dimensional Euler system (1-4), we shall look at the equivalent
vorticity formulation of (1-1), which reads as

diw+u-Vo=—j-VB, divu =0,
19E—VxB+0cE=-0PuxB), divE =0, (A-13)
19B+VxE=0, div B =0,
j=0(E+ P(uxB)), divj =0,
where @ := V x u and u can be reconstructed from ® through the Biot—Savart law
u=-A"1Vxo. (1-14)

Observe that the normal structure (1-2) has been used in (1-13) to write V x (j x B) = —j - VB. This is
crucial.
Much of our analysis of (1-13) will hinge on the dispersive properties of the damped Maxwell system

19/E—V xB+0cE =—0PuxB),
19:B+VxE =0, (1-15)
divy =divE =divB =0.

This will require us to interpret the role of the velocity field u in (1-15), in the spatial variable x, as that
of a coefficient in the algebra LY° N H ; (or some weaker variant), thereby allowing us to view (1-15) as
a linear system in (£, B) and produce closed estimates on the electromagnetic field.

To be precise, the treatment of the source term —o P (u x B) in (1-15) will necessitate the control of
the velocity field u in a suitable algebra acting on H $ for appropriate values of s. In particular, according
to the classical paradifferential product law

”fg”Hs(Rd) < ”f”LooﬂBzdg(Rd)”g”HA(Rd)’
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which holds for any s € (—%d , %d ) and d > 1, it will be natural to seek the control of u (in the space
variable) in the weaker algebra L°° N le, oo([RRZ); see Appendix A for a definition of Besov spaces.

In the context of two-dimensional viscous flows, such a control is expected in view of the strong bounds
provided by the energy dissipation inequality. For example, in [Arsénio and Gallagher 2020, Theorem 1.2],
the existence of weak solutions to a two-dimensional incompressible Navier—Stokes—Maxwell system
was established by proving a uniform control of the velocity field in the algebra L$° N H 1(R?). More
precisely, by building upon the methods from [Masmoudi 2010], it was shown therein (see [Arsénio and
Gallagher 2020, Proposition 2.1]) that the control of the velocity field in the space L?(LS° N H 1) was
sufficient to propagate some H*-regularity, with —1 < s < 1, in Maxwell’s equations (1-15), uniformly
as ¢ — oo.

In the setting of two-dimensional incompressible electrically conducting ideal fluids (i.e., plasmas),
which is the focus of our work, global energy estimates are nowhere near as good as their viscous
counterpart and, thus, fail to yield the control of u in a useful algebra. Instead, we need to take Yudovich’s
approach of propagating the L2 N L¥-norm of the vorticity w, for some given p > 2, by exploiting the
transport equation

diw~+u-Vo =—j-VB, (1-16)

thereby providing a bound on u in the algebra L (L° N H 1), by classical Sobolev embeddings combined
with standard estimates on the Biot—Savart law (1-14). We refer to [Bahouri et al. 2011, Section 7.2] for a
modern treatment of global existence results for two-dimensional perfect incompressible fluids and the
Yudovich theorem.

In particular, elementary estimates on transport equations, which are performed in detail in Section 3.4,

show that the control of @ in LY® L% follows from the control of the initial vorticity wg and the nonlinear

2

source term j - VB in L and L1 L%, respectively. Since j is naturally bounded in L5

by virtue of the
energy inequality (1-3), we conclude that V B should be controlled in L%L;"’.

Now, experience shows that such a Lipschitz bound on B cannot easily follow from energy estimates
on the wave system (1-15). Indeed, energy estimates on hyperbolic systems are typically performed
in LJZC. Therefore, in order to control VB in L, an energy estimate on (1-15) would lead us, in view
of classical Sobolev embeddings, to seek a bound of B in H )%‘Hg, with a small parameter § > 0. To
that end, the source term —o P (4 x B) in (1-15) would also need to be controlled in H f” . However,
employing paradifferential calculus to control u x B would require that Vu be bounded in L3 N H Lat
least. Unfortunately, such uniform bounds on perfect incompressible two-dimensional flows are largely
out of reach in our context. This is where the damped dispersive properties of (1-15), on the whole
Euclidean plane R?, come into play.

Maxwell’s system (1-15) can be rewritten as a system of wave equations (more on this later on, see
(1-17)). Thus, heuristically, one expects to be able to employ Strichartz estimates for the wave equation to
control the electromagnetic field (£, B). In particular, by paying close attention to the admissibility criteria
of functional spaces in Strichartz estimates (see [Bahouri et al. 2011, Section 8.3] or [Keel and Tao 1998]),
one observes that it is possible to control the Lipschitz norm of a solution to a two-dimensional wave
equation, provided one can bound % derivatives of the initial data and the source term in some appropriate
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functional spaces (in some Besov spaces, for instance) of L? space-integrability. (For simplicity, we have
omitted here the consideration of time integrability in Strichartz estimates and focused solely on space
regularity and integrability.) Loosely speaking, such an estimate is better than a Sobolev embedding,
which would require the control of over two derivatives in L?(R?) in order to bound a Lipschitz norm.
This should give the reader some intuition concerning the special role played by the regularity parameter
s = % in Theorem 1.1.

Thus, so far, our strategy seems to yield some promising closed estimates. Indeed, on the one hand,
the transport equation (1-16) gives us a bound on the L°(L2 N L%)-norm of the vorticity @ provided
V B is controlled in L%Lgo, while, on the other hand, a control of VB in L%Lgo can be achieved through
dispersive estimates on the wave system (1-15) if the velocity field u is sufficiently smooth (at least
LP(LYP N HY), say).

However, such a roadmap may not lead to global estimates in time. To see this, we need to take a
closer look at the temporal norms associated with our strategy. Specifically, it is important to note that
the classical Strichartz estimates for the two-dimensional wave equation do not actually give a global
control of VB in L2 L. Instead, they only allow us to control VB in L% LS globally, which then leads
to a control in L%L;O locally in time. This difficulty is solved by complementing our strategy with a
careful study of the damping phenomenon in (1-15) produced by the term ocE. To that end, we provide,
in Section 2, a robust analysis of the damping effect on general semigroup flows, which is formulated in
precise terms in Lemma 2.1 (the damping lemma). We also give applications of the damping lemma to
parabolic and dispersive equations in Sections 2.2 and 2.3, respectively.

Concerning Maxwell’s system (1-15), the ensuing time decay of the electromagnetic field is encapsulated
in Corollary 2.12. It is shown therein that (1-15) forms a damped hyperbolic system which is best
understood by decomposing the frequencies of the solutions relative to the magnitude of the speed of
light ¢ > 0.

Indeed, by appropriately combining Ampere’s equation and Faraday’s equation from (1-15) and using
that V x (V x B) = —AB, observe that B solves the damped wave equation

1
—37B+003;B—AB =—-0V x (uxB), (1-17)
C

where the damping term 0d; B comes from the term ocE in (1-15).

Heuristically, since waves described by (1-17) typically propagate with a characteristic speed c, it
is then natural to expect a consistent hyperbolic behavior of the solutions of (1-15) on the range of
frequencies larger than a suitable multiple of the speed of light c. In particular, Corollary 2.12 will confirm
that solutions to (1-17) enjoy dispersive properties for those high frequencies, which are analogous to the
nondamped case (obtained by setting 0 = 0 in (1-17)) with drastically improved long-time integrability.

On the remaining range of frequencies, i.e., on frequencies slower than ¢, the same result will establish
that the behavior of solutions to (1-15) is largely dictated by the heat equation

00;B—AB =—0V x(uxB),

which is formally achieved in the asymptotic regime ¢ — oo from (1-17).
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All in all, the application of the sharp damped dispersive estimates from Section 2 to Maxwell’s
equations (1-15) will allow us to obtain closed estimates on the incompressible Euler—Maxwell system (1-1)
which hold globally and lead to Theorem 1.1. The precise nonlinear analysis of (1-1) is detailed in
Section 3 with complete proofs of our main theorems.

It is difficult to pinpoint the exact source of the breakdown of our proofs for small values of light
velocity c. However, one can argue that the degeneracy of Maxwell’s system in the limit ¢ — 0 results in
a loss of the damped dispersive properties which are central to our nonlinear analysis. We believe that this
provides some evidence that our method cannot be extended to the whole range of ¢ > 0. Nevertheless,
we are hopeful that other techniques may be used to construct solutions in the remaining range of light
velocities.

1.4. Notation. Allow us to clarify some notation which will be used repeatedly throughout this article.
First of all, for clarity and convenience, note that all relevant functional spaces of Besov and Chemin—
Lerner types are introduced in precise detail in Appendix A.
Next, Leray’s projector
P L* (R R%) — LR R%)

onto divergence-free vector fields, which is used in (1-1), and the corresponding orthogonal projector
P =1d—P onto conservative fields are given by

P=Id—-A"'Vdiv, PL=A"1Vdiv.

Finally, when necessary, we will employ the letter C to denote a generic constant, which is allowed
to differ from one estimate to another, and we will resort to the use of indices to distinguish specific
constants. We will also often write A < B to denote A < CB for some positive constant C which only
depends on fixed parameters, and A ~ B whenever A < B and B < A are simultaneously true.

2. The effect of damping on semigroup flows

Here, we analyze the effect of damping on evolution flows, which are generally described by semigroups.
More specifically, in Section 2.1, we begin by establishing a robust and general result—called the
damping lemma — showing how damping terms act on integral operators. Then, in Sections 2.2 and 2.3,
this result is applied to the context of damped parabolic and Strichartz estimates, which will be crucial to
our analysis of Maxwell’s system in Section 3. In particular, in Section 2.3, we give complete and sharp
formulations of Strichartz estimates for the damped Schrodinger, half-wave, wave and Maxwell equations
in Euclidean spaces.

2.1. The damping lemma. The result below provides a general and robust principle allowing us to take
into account the influence of a damping term e~*!, with o > 0, on an integral operator.

Lemma 2.1 (the damping lemma). Let X and Y be Banach spaces and, for each s,t € [0, T), with T > 0,
let K(t,s): X = Y be an operator-valued kernel from X to Y such that

K(t,s) e L1([0,T)x[0,T); L(X.Y)),
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where L(X,Y) denotes the Banach space of bounded linear operators from X to Y. Further suppose that
there are 0 < pg < qo < 00, with qo > 1, and a constant A > 0 such that the estimate

< Al fllLroqo,1);x) (2-1)
L90([0,T);Y)

T
‘/0 x(t,)K(t,s) f(s)ds

holds for all f € LP°([0,T); X) and any x(t,s) € L*([0, T)?;R), with | x||L < 1.
Then, for any a > 0 and po < p < q < qo, with q > 1, one has the damped estimate

T
<C A(
Loy 0 \+aT

r B
H[; eyt 5)K (1.5) f(5) ds ) 1 f oo my:x)

forall f e LP([0,T); X) and any x(t,s) € L®([0, T)?;R), with || x||Loc < 1, where B > 0 is defined by

gl L, 1 1
q 490 po P

and Cg > 0 only depends on B.

Proof. For o = 0, the result follows straightforwardly from Holder’s inequality on the domain [0, T") for
all integrability parameters merely satisfying 0 < g < go < oo and 0 < pg < p < co. We assume now
thatao >0and 0 < pg < p <q < qo < 00, with g > 1.
For convenience of notation, we extend the definition of the kernel K and the functions y and f to all
real values of ¢ and s by setting them equal to zero whenever ¢ or s fall outside of the interval [0, T').
We begin with the use of a partition

Litsy = ) Lips <limsi<ait)

jez
to deduce that
T J T
H / e~y (1, 5)K (1, 5) f(5) ds < ™2 ‘ / 1 (t.$)K(t,5) f(s)ds , (2-2)
0 LI®RY) ez 0 L4(R;Y)
2/ <T
where we have defined
xj(t.s) = 1{2/5|t_s\<21+1}e_“(lt_sl_zj))((l‘,S)-
Observe that || x| < 1.
Then, we further decompose the domain of ¢ into the disjoint union
@7k <t <2/ (k + 1)}
kez
to write
T T
\[weskasroan) = ko)
0 L4(R;Y) 0 L4([27k,27 (k+1));Y) I ¢4 (kez)
iG-S "
<2/%a"a / 1 Kf(s)ds o . (2-3)
0 L0 ([27k,27 (k+1));Y) 1 ¢4 (kez)

where we employed Holder’s inequality.
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Now, notice that
(k-2 <t—|t—s|<s<t+]|t—s| <2/ (k+3)

whenever 2/ < |t —s| <2/T1and 27k <t <2/ (k + 1). In particular, using (2-1), it follows that

<
L9O([27k,27 (k+1))Y)

T
/0 XiKf () i k—2y<s<aik+3); 48

2
<A Y 1S Lro2s Gesn) 2 et 14m:x)

n=-2

2
(L_1
§A2](”0 7) Z I f e 2/ k)27 Gk 14m))i ) (24

n=-2

T
H /0 2 Kf(s) ds

L90(R;Y)

where we applied Holder’s inequality again.
All in all, combining (2-2), (2-3) with (2-4), and recalling that £ C £ because p < g, we infer that

T
H / e~ =sly (1, 9)K (2, 5) f(s) ds
0

L9(R;Y)

o (o1 1
<54 ) o/ (a5 5 ”)H||f||LP([2fk,2f(k+1));X)”eq(kez)

jez
2/ <T
—a2i (k= + =3
<S5A| fllLew:x) Z e 27%a a0 T po P/, (2-5)
jez
2/ <T

It only remains to evaluate the constant resulting from the above sum in j € Z. If p = pg and ¢ = qo, the
lemma trivially holds and there is nothing to prove. Thus, we may assume that § > 0, thereby ensuring
that the sum converges.

Now, observing that the function e * (1 4+ x)'*# reaches its maximum on [0, co) at x = f, we obtain

ﬁ( B) a+p) Z a2/ ~jp Z 2/B Z J 2(1+u)B 4
e"(1+p)" e ¥ 2P < T o / L
B 1+8 — - i+
jez i (1+a2) g iey Jim1 (I +a2v) [
2/<T 2/ <T o) =T
2B T B—1 2B p
= / : dr = (). 2-6)
log2 Jo (1+ax)!th Blog2\1+aT
Therefore, incorporating (2-6) into the estimate (2-5) concludes the proof of the lemma. O

2.2. Damped parabolic estimates. Let us consider the general solution w(z, x) of a damped heat equation
on the Euclidean space R for any dimension d > 1
%atw +aw—Aw = f,

2-7
W|r=0 = Wo,

where (z,x) € [0,T) x R, with T > 0 (T = 00 may also be considered), the damping constant satisfies
a > 0, the right-hand side f(z, x) is a source term and wg(x) is an initial datum.
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Such equations naturally appear in dissipative physical systems. For instance, the heat equation (2-7)
provides the linear structure of the damped incompressible Navier—Stokes equations, which arise from
hydrodynamic regimes of inelastic particle systems.

Using standard semigroup notation, the solution w(z, x) can be represented as

t
w(t) =e 1@ Dy + / e~ U=90@=8) £(4) ds. (2-8)
0

We are now going explore the jungle of parabolic smoothing estimates in Besov spaces for (2-8) by first
reviewing the available results for the case « = 0 and, then, extending these results to the setting o > 0.
When f = 0 and « = 0, direct parabolic estimates on the semigroup e’ yield the following result.

Proposition 2.2. Leto € R, p € [1,00] and q € [1,00]. If @ =0, wq belongs to B;,’,q and f =0, then
the solution of the heat equation (2-7) satisfies
tA
”e wO”LOO([O’OO);Bg’q) S ”wO”Bg.q-

Furthermore, if q¢ < 0o, one also has the estimate
tA ) < .
le wO”Lq([O,oo);ng'z/q) ~ “wO”Bg’q.
Remark. The above result somewhat reinforces the estimate
A
le* 2 woll L4 ([0,00);:L.7) < ||wo||31;§/q

for any 1 < p, g < oo, which is commonly found in the literature; see [Bahouri et al. 2011, Theorem 2.34],
for instance.

Remark. Note that taking p = ¢ = 2 in the above proposition yields the estimate
||€tAw0||Lz([o,oo);Bg’Jlr1) < lwoll go
where we used that H? = Bgﬂz (see Appendix A for a precise definition of all relevant homogeneous
spaces).
Remark. Throughout this section, we will routinely use the basic estimate
e Agullr < Ce 2 | AgullLr (2-9)

for any t > 0, p €1, 0o] and any dyadic block A, with k € Z, where C and C are positive independent
constants. We refer to [Bahouri et al. 2011, Lemma 2.4] for a justification of (2-9).

Proof. The first part of the statement is a straightforward consequence of the definition of the homogeneous
Besov norm. More precisely, using (2-9), we obtain

1
q
e unlg, = (@ I acunlin) 5 (

kez

—Ct22k Ak 4
3Gt (2"||Akwo||Lp)Q) < lwoll g .
kez

which, upon taking the supremum in ¢ > 0, concludes the justification of the first estimate.
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The second part of the statement is more subtle. Indeed, assuming now that ¢ < oo and using (2-9),
we find that

le B woll joraa = 3 2KOF DA Apwgllps 3 e C 2 KO+ D) Apug .
p.1
kez kez
Next, further employing Holder’s inequality and taking a fixed positive value A > 0 such that (g —1)A < 1,
we infer that

tA _
lle* Fwo ||Bg’41r2/q
qg—1

q—1 1
< (Z(tzz")*e‘c*’zz") ' (Z FemCua (rzz")l‘“‘f‘”(z’“’||Akwo||u)‘1)q. (2-10)

kez kez

Now, for any positive ¢, considering the unique j € Z such that 2%/ <t < 220+1  we find, since
A > 0, that

sup Z(t22k)xe_c*t22k <224 sup Z(22(j+k))le_c*22(j+k) =224 Z(sz)’le_c*?k < oo, (2-11)
t>0kez jez kez kez

whereas, since A(g — 1) < 1, we evaluate

/oo o= Cnt2%k ([22k)1—k(q—1)% — /oo e G20 gy < oo,
0 0

Therefore, integrating (2-10) in time, we finally arrive at the estimate

tA
e~ w '
” OHL?BZ,—{QM
qg—1 1

_ 2k\ 4 © 2k (o1 dt a
5sup(2(t22k)/\e Cyt2 ) (Z/ e Cit2 ([22k)1 Alg 1)7(2kO‘HAkw0”Lp)q)

>0 kez kez 0
< llwoll g -

which concludes the proof of the proposition. O

~% on the initial data can be taken

In view of the preceding result, the effect of the damping term e
into account through a straightforward application of Holder’s inequality, thereby providing the following

corollary.

Corollary 2.3. Letog € R, p €[1,00] and g € [1,00]. If o > 0, wg belongs to B'g,q and f =0, then the
solution of the heat equation (2-7) satisfies

~t(@—A) . T \m .
e~ D0l o, rig oy S (Tig7) " 1w0llag,

for every 0 <m < oo. Furthermore, if 0 <m < g < 00, one also has the estimate

1 1

T \&-1

—t(x—A) m~q )
wO”Lm([O,T);B;Tz/q) 5 (1+C¥T) ”wO“Bg.q'

le
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Proof. A direct use of Holder’s inequality followed by an application of Proposition 2.2 yields

1

—t(a—A - A T \m
Ha )wOHLm([O,T);Bg!q) =< ||€ ta”L’"([O,T))”et wO”LOO([O,T);Bg.q) < (m) ”wO”ng

lle

for all 0 < m < oo and

—t(a—A - A
le ‘@ )wOHLm([O,T);B[‘,”J{”q) =<le m”L(l/m—l/q)—l([O,T))”et wo“Lq([O,T);BZ’J{”q)
1
T m-q
< (rvar)” ool
for all 0 < m < g < oo, which completes the proof. g

Parabolic estimates are more involved when one includes a nonzero source term f. The coming results
contain a wide range of smoothing estimates for the inhomogeneous heat equation. In preparation of
these results, in order to reach a broader range of applicability, we are now going to introduce symbols

a(t,s,€) € L%°([0, T) x [0, T) x RY),

which act as multipliers on the Fourier variable & € R4 and are dependent on the time variables ¢, s € [0, T),
thereby leading to time-dependent Fourier multipliers a(z, s, D).

Definition. For a given 1 < p < oo, we say that a(¢, s, D) is bounded if there is a constant C; > 0,
independent of ¢ and s, such that

latt. 5. D) fll g _ < Call 15 (2-12)

for every f € Bg,oo(le) and almost every (¢, s) € [0, T)2. That is, the multiplier a(, s, D) is bounded
if it is bounded over the Besov space Bg’oo([Rd ), uniformly in ¢ and s. The norm of a(t, s, D), which we
denote by

||a(t,s, D)”Mp’
is defined as the smallest possible constant C, > 0 that fits in (2-12).

Remark. Equivalently, it is readily seen that (2-12) holds if and only if there is a constant C} > 0,
independent of ¢ and s, such that

la(t, s, D)Ag fllr < Coll fllLr (2-13)
for every k € Z, f € LP?(R?) and almost every (¢, s) € [0, T)2.
Remark. Observe that (2-12) and (2-13) hold if and only if one has
latt.5. D) f 135, < Caall fl 55,

with Cy 54 > 0, forallo € R, ¢ € [1,00] and every f € BI‘,”q(Rd).
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Since the space of Fourier multipliers over L2(R9) is isomorphic to L% (R?), it is readily seen, when
p = 2, that proving (2-12) and (2-13) is equivalent to establishing a bound

a(t,s,€) € L%°([0,T) x [0, T) x R%).
More generally, when p # 2, in order to ensure that (2-12) or (2-13) hold, it is sufficient to require that
Fa(.s.5)p@ 7 €)] € L' (R,

uniformly in ¢, s and k, where (p(2_k§ ) is a smooth compactly supported cutoff function used to define
a Littlewood—Paley dyadic decomposition (see Appendix A). Therefore, in view of the straightforward
classical estimate

17 a5, 0@ *N) 1 275511+ 25DV F a5, 02 F 9N .2
<27k Y 12°19g la(r.5. )0 @Oz

aeN?
le|<N

<kt Y 1210ga(r. 5. )P ) @)1 2.

o,BeNd
lee|+|BI=N

where we have used Plancherel’s theorem and N is any integer larger than %d , we see that (2-12) and
(2-13) both hold as soon as a(z, s, §) is sufficiently differentiable in £ (except possibly at the origin & = 0)
and satisfies the estimate

l1El“10gae, s, &)llLse , < oo (2-14)

for every multi-index o € N? with |o| < [%d ] + 1. Observe that the above criterion establishes the
boundedness of a(z, s, D) over BI(,),OO(R”Z), uniformly in 7 and s, for all values of 1 < p < oo, including
the endpoints. Later on, we will be making use of (2-14) to show the boundedness of multipliers.

We return now to the smoothing estimates for the heat equation with a nontrivial source term f. The
next result provides a large array of such estimates in the classical case o = 0.
Proposition 2.4. Leto € R, 1 <r <m < oo and p € [1,00]. If f belongs to L ([0, T); B33 and
wo = 0, then the solution of the heat equation (2-7), with o = 0, satisfies

/t e 9% (1,5, D) f(s) ds
0

for any Fourier multiplier a(t, s, D).

< llalla, 111l yo+2/r
Lm([0,T),B5 T>12/™) p 1AL ([0,T),Bp ")

Remark. We refer to [Arsénio 2019, Lemma 2] for a complete justification of the preceding proposition in
the case a(z,s, D) = Id. A straightforward adaptation of this proof readily extends the result to nontrivial
multipliers a(¢, s, D).

Remark. The endpoint case r = m above corresponds formally to a maximal gain of two derivatives
on the solution of the heat equation. However, the method of proof of this result relies on the Hardy—
Littlewood—Sobolev inequality, which typically falls short for endpoint settings. It is therefore not possible
to extend the proof of [Arsénio 2019, Lemma 2] to the case r = m.
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The next result generalizes Proposition 2.4 to incorporate the action of a damping term.

Proposition 2.5. Leto € R, p €1, 00] and

1<r<m<oo, 0<9<1+l—1§1,
m r
or
l<r<m<oo, 0<9=1+l—1<1.
m r

Then, for any o > 0, one has the estimate

forany f in L"([0,T); BI‘,’,OO) and any Fourier multiplier a(t, s, D).

t
/ e~ =9@=Ry(t.5, D) f(s) ds
0

Lm([0,T),B51%%)
1 1

T \'twm—r—?
< (527 lalla, 1 g qory.dgy @19

Remark. We emphasize that any implicit constant involved in the estimate of Proposition 2.5 is indepen-
dent of 7" and «. Moreover, it is permitted to set 7 = oo and « > 0 therein, in order to deduce a global
estimate.

Remark. Observe that, choosing any 1 <r <m <00, 1 < p,q < oo and ¢ € R, one has the simple
estimate

; t
/o =@y 5. D) f(s) ds /0 e NS ()l gg, ds

_ Slalm,
Lm([0,T),BZ.,)

L™([0,T))

1 1
T mTr
< (727 lallag, £l oz

for all @ > 0, which corresponds to the case 8 = 0 in the previous proposition.

Proofin the case 1 < r <m < oc. First of all, notice that the case

l<r<m<oo, 0<0=1—|—l—l<1
m r

follows from a direct application of Proposition 2.4 by absorbing the damping term e~*¢~5) into the
multiplier a(¢, s, D).
In order to treat the remaining case

L1

l<r<m<oo, 0<f<l+——=-<1,
m r

we introduce auxiliary parameters

l<ro<r<m<myg<oo

such that

o=1+-1 -1
mo ro
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In particular, in view of Proposition 2.4, we have

Then, an application of the damping lemma (Lemma 2.1) implies, for any o > 0, that (2-15) holds, thereby

/t e@=984(1,5, D) f(s)ds
0

< llallag, 1 o o,y 89
LmO([O,T),BpU’l 6) D ([ s )’ )4

00’

concluding the proof. O

For the sake of completeness, since the preceding proof fails to treat the cases r = 1 and m = oo, we
provide now an alternative justification of Proposition 2.5, based on the proof of Lemma 2 from [Arsénio
2019], which works in full generality.

General proof. Following [Arsénio 2019], we begin by using (2-9) and (2-13) to deduce the existence of
an independent constant C, > 0 such that

t
HAkf e~ U@yt 5, D) f(s)ds
0

t
< / e~U=D@ECLN A £(5) Lo ds.
Lr 0

For simplicity, we omit the norm ||a/| 5z, , which we absorb in the implicit constants. It then follows that

t
‘ f 3Tt C2EH20) | Ay £(5) | ds

t
[ e~ =@yt 5, D) f(s)ds
A 0 kez

<
BZ,TZG
T %
< [ l=s e 0 gy s
0 ,
where we have used (2-11), with the assumption that 6 > 0, to deduce that
Z 22k08—C*(t_S)22k < |t _ S|—9

kez

Next, if 6 =1+ 1/m — 1/r, by virtue of the Hardy-Littlewood—Sobolev inequality, which holds
because 0 < 6 <1 and 1 <m,r < oo, we infer that

<

~

¢ T
[O e~ =90@=8y (1,5, D) f(s) ds /O =57 f ) g ds

< . .
g pn S W g

Similarly, if 0 <6 <1+ 1/m—1/r <1, we deduce from Young’s convolution inequality that

<

~

¢ T
/ e @Dy 5 D) f(s)ds| / 6 —s| e f(9)ll go _ds
0 LmBgTZ 0 D

rm

T N
-0 — 1+L1L_-1
5([ (=0 ooty (145 =) dt) 1/ gg
0 ,

T \'+m—r0
R (1+aT) 1A g o

which concludes the proof of the proposition. O
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The shortcomings of Propositions 2.4 and 2.5 in the case r = m, with 6 = 1, naturally bring the
question of the maximal regularity of the Laplacian in Banach spaces.

For a given Banach space X such that the Laplacian operator A is defined on a dense subspace of X,
we say that the Laplacian (or another elliptic operator) has maximal L?-regularity on [0, T') for some
1 < p < oo if the solution (2-8) of the heat equation (without damping, i.e., « = 0) for a null initial data,
i.e., wo = 0, is differentiable almost everywhere in ¢, takes values almost everywhere in the domain of A
and satisfies the estimate

10:wzrqo,m);x) + 1 AWLrqo,7):x) < Coll flILr(q0,1):X)

for any source term f € L?([0, T); X). We refer to [Kunstmann and Weis 2004] for an introduction to
the theory of maximal L?-regularity for parabolic equations.

The next important result, extracted from [Arsénio and Gallagher 2020], establishes the maximal
regularity of the Laplacian in all homogeneous Besov spaces BI‘,” - In particular, this result provides the
basis which will allow us (in Section 3.6, for instance) to obtain stronger estimates, with sharp gains of
parabolic regularity, by avoiding the use of Chemin—Lerner spaces.

Proposition 2.6 [Arsénio and Gallagher 2020]. Leto € R, p,q € [1,00] and r € (1,00). If f belongs to
L7 ([0, T); Bg,q) and wg = 0, then the solution of the heat equation (2-7), with o > 0, satisfies

for any Fourier multiplier a(t, s, D). The result remains validif r =q =1 orr = g = o0.

t
/ e~ U=@=D (¢ 5, D) f(s) ds
0

Lr([0.7).B54?) » (10.7).B5.4)

Remark. Again, it is to be emphasized that any implicit constant involved in the above estimate is
independent of 7" and «. In particular, one can set T = oo therein.

Remark. We refer to [Arsénio and Gallagher 2020, Proposition 3.1] or [Arsénio 2019, Lemma 3] for
a proof of Proposition 2.6 in the case a(¢, s, D) = Id and a = 0. The original proof from [Arsénio and
Gallagher 2020] deals first with the case ¢ = 1 and then relies on an interpolation argument. The proof
from [Arsénio 2019], however, offers a self-contained approach which avoids interpolation altogether.

Remark. In fact, the original statements of Proposition 3.1 in [Arsénio and Gallagher 2020] and Lemma 3
in [Arsénio 2019] only cover the range of parameters 1 < g <r < co. Nevertheless, it is readily seen that
the corresponding proofs can be used mutatis mutandis to show identical bounds on the adjoint operator,
which is defined by

T
/ e~ 6TD@=A) (57 D)g(s) ds.

t

It then follows from a standard duality argument that these results hold for values 1 < r < g < oo as well.

For the sake of completeness and clarity, we provide now a full justification of Proposition 2.6, based
on a straightforward adaptation of the proof of [Arsénio 2019, Lemma 3].
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Proof. First, noticing that the damping term e~*¢~5) can be absorbed into the bounded multiplier
a(t,s, D), we assume, without loss of generality, that « = 0. Then, we follow the proof of Lemma 3
from [Arsénio 2019].

We start by considering the case 1 < g <r < oco. By duality, it is enough to prove that, if g is a
nonnegative function in L2 ([0, T')) with b =r/q > 1 and 1/b +1/b’ = 1, then

fo " o)

To this end, using (2-9) and (2-13), we deduce the existence of a constant C, > 0 such that

q

dt < a4 a ' / ‘

/t =98t 5, D) f(s)ds
0

T t q
/ g(z)H/ U981, 5, D) f(s) ds dt
0 0 BS+?
T t q
=Z/ g(t) f 801, 5, D) A f(s)ds| 2K@+2 gy
kez 0 0 Lr
T t ok q
Shally, X [ e[ e O ar s lr ds) 20t ar
kez

T t
— — 2k
Slally, ¥ [ «0) [ e ag po)1g, ds 2400+ ar,
kez

For simplicity, we omit the norm [|@||s, in the remaining estimates.
Next, we define a maximal operator by

T

Mg =supp [ g ar.
p>0 0

Classical results from harmonic analysis (see [Grafakos 2014, Theorems 2.1.6 and 2.1.10]) establish

that M is bounded over L¢([0, T')) for any 1 < ¢ < co. One can then write

q
dri
By §?

T t
/ g(z)” / eU=984(1,5, D) f(s) ds
0 0

T T
5 ZK) |:22k/ g(t)e_c*(t_S)ZZk d[}”Akf(S)”%pzkaq dS
s

kez

T T
SY [ MeIASOIL 27 ds = [ MO, ds

kez

Therefore, by the boundedness properties of M g and Holder’s inequality, we conclude that

fo " o)

which completes the proof of the proposition in the case 1 <g <r < o0.

q
dt < ||M < a
e Mgl IIfIIL,.Bg’q S lglpe IIfIIL,Bg’q

ft e@™984(1,5, D) f(s)ds
0
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Now, observe that the exact same proof applies to the adjoint operator

T
/ e6D84(s.1, D) f(s)ds,
t
thereby leading to the estimate

whenever 1 < g <r < 0o. Then, a standard duality argument establishes that

for parameter values in the range 1 < r’ < ¢’ < oo. Therefore, replacing p, ¢, r and o by p’, ¢/, r’ and

T
/ e6D84(s, 1, D) f(s)ds
t

Sl o, 89
L7([0,7),B7 4% 0550

/t et=984(1,5, D) f(s)ds
0

< .

= —(o+2)

L7 ([0,7),85° ) 170z oy 152
T pl g

—(0 + 2), respectively, shows the proposition in the case 1 < r < g < oo, which concludes the proof. [

2.3. Damped Strichartz estimates. We focus now on the interaction between damping and dispersion.
More precisely, we are going to explore how the damping lemma (Lemma 2.1) applies to Strichartz
estimates. To that end, we first recall the general result on Strichartz estimates for abstract semigroups
from [Keel and Tao 1998]. We also refer to [Bahouri et al. 2011, Chapter 8] for a comprehensive exposition
of Strichartz estimates.

Proposition 2.7 [Keel and Tao 1998]. Let H be a Hilbert space and (X, dx) be a measure space. For
eacht €[0,T), with T >0, let U(t) : H — L*(X) be an operator such that
U(r) € L([0.T): L(H, L*(X)))

and, for some o > 0,

1
U@ U(s)*gllLoo(x) < W”g”Ll(X)

forallt,s €[0,T), witht #s,and all g € L'(X) N L*(X).
Then, the estimate
IO fllpap, < I flla

and its dual version

T
H/o U(t)*g(t)dt

<

hold for any exponent pair (q,r) € [2, 00)?, which is admissible in the sense that

1 o o
5_{—7_5 and (q’rao’)#(z’oo’l)'

Furthermore, if (§,7) € [2,00]? is also an admissible exponent pair, then the estimate

T
H /0 Xt )UOU(s) g (s) ds

holds for any y(t,s) € L*([0, T)?; R).

Lo, S rlellgl g g
t Lx
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Remark. In fact, the statement of the result from [Keel and Tao 1998] only considers the function
x(t,s) = 1is<sy. However, a straightforward alteration of the proof from [Keel and Tao 1998] easily
shows that the result actually holds for all y(¢,s) € L>°([0, T)?; R). A detailed proof valid for all y(z,s)
can also be found in Section 8.2 of [Bahouri et al. 2011].

By combining the damping lemma with the preceding proposition, we obtain the damped Strichartz
estimates, which are stated in precise terms in the next result.

Proposition 2.8 (damped Strichartz estimates). Let H be a Hilbert space and (X, dx) be a measure
space. For eacht € [0,T), with T >0, let U(t) : H — L?(X) be an operator such that

U(t) € L®(0, T); L(H. L*(X)))
and, for some o > 0,

U@ U(s)*glleox) < gl x)

|t —s]°

forallt,s €[0,T), witht #s,and all g € L'(X) N L*(X).
Then, for any o > 0, the estimate

—at (T \at7~%
I U flgrs < (7g7) W la
and its dual version
T l,0_o
_ T \atr—2
ot * < ( ) , ,
[ eervorenda) s ()" el
hold for any exponent pair (q,r) € [1, 00] X [2, 00], which is admissible in the sense that
1 o_o 1 0_o0
~+Z>2 -42>2 1).
q+r_2’ 2+r_2 and (r,0) # (00, 1)
Furthermore, if (4,7) € [1, 00] X [2, o] is also an admissible exponent pair such that
Lol
q9 4
then the estimate
T 1yl (1,1
T +i+o(1+1)—0o
—oli=sly (1, )U()U(s)*g(s) d <( )q @ wollgll, o
H/O VOV e ds| 5 (g7 Izl g

holds for any y(t,s) € L*([0, T)?; R).

Proof. First of all, observe that all hypotheses of Proposition 2.7 are satisfied by U(¢). Then, introducing
the parameter go € [2, oo] by setting
1 1 1
q—o—"(z—;)’ 2-16)
we see that the exponent pair (go, 1) € [2, o0]? is admissible for Proposition 2.7. Therefore, it follows

from Proposition 2.7, with an application of Holder’s inequality, that
1 1

T \i-4L

||e_°”U(l)f||L;1L; = ||€_w||L(1/q—1/qo>—1([o,T))“U(Z)f”L;'OLQ R (m)q CIS N
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which establishes the first estimate of the proposition. The second estimate then ensues from a dual
reformulation of the first estimate.

It only remains to justify the validity of the third estimate. To that end, employing (2-16), we introduce
auxiliary parameters o, §o € [2, 00], so that the exponent pairs (qo. r), (Go, 7) € [2, 00]? are admissible
for Proposition 2.7. In particular, it follows that

T
H /0 2(E.)UDUs)* g(s) ds

< .
gy S el

for any x(t,s) € L®°([0, T)?;R). Therefore, noticing that 4o =4 < g = qo, we conclude from an

()
~\14+aT

which completes the proof. O

application of Lemma 2.1 that

oSN
m‘_
N

T
H / Sy (1, YU U(s) g s) ds
0

pre Iz ligl g

Remark. We do not make any claim of optimality of Proposition 2.8. It would be interesting, though, to
test the sharpness of the admissibility criteria for the exponent pairs (g, ) and (g, 7) in connection with
the sensitivity in 7" and o of the estimates.

We proceed now to specific formulations of the damped Strichartz estimates for the Schrédinger and
wave equations, as well as for Maxwell’s system.

Corollary 2.9 (damped Schrodinger equation). Let d > 1 and consider a solution u(t, x) of the damped

Schrodinger equation
(8t —{—O{—IA)u(l‘,x) = F(l‘,x),

u(0,x) = f(x),
witha >0, 1 €[0,T) and x € RY.
For any exponent pairs (q,r), (¢,7) € [1, 00] X [2, 00] which are admissible in the sense that

2 .d_d d _d
4452 1+=>= 2
q+r_2’ + z5 and (r,d) # (00, 2),
and similarly for (g, 7), and such that
1.1
q9 4
one has the estimate
1 d (1 1 1 1 d(1 1
T \it5(G—3 T N\atatsG+i-1)
r < P E— F G’ v 7 .
lelsrs < (5 07) 1712+ (1527) 1F 1l

Proof. The solution u(¢, x) can be expressed by Duhamel’s representation formula as

t t

ut) =e U@) f + / eI U@ U(s)* F(s)ds = e ' U@) f + / e =yt — 5)F(s) ds,
0 0

where
Ut) =" and U@)* =e 2.
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In particular, one has the explicit formula (see Section 8.1.2 in [Bahouri et al. 2011])
U0 = [ e 10
X)= — e i s
(4mit)d/2 Jpa ey

which readily implies that U(¢) satisfies all hypotheses of Proposition 2.8 with H = L2(R?), X = R4
and o0 = %d . Therefore, we conclude that the corollary follows from a direct application of the damped
Strichartz estimates of Proposition 2.8. O

Corollary 2.10 (damped half-wave equation). Let d > 2, and consider a solution u(t, x) of the damped
half-wave equation

(0 +a Fi|Du(t,x) = F(t, x),
u(0,x) = f(x),
witha >0, 1 €[0,T) and x € R?.

For any exponent pairs (q,1), (¢, F) € [1, 00] X [2, o] which are admissible in the sense that

2 d-1_d-1 d—1 _ d-1
5—{— p ET, 1 p ZT and (r,d) # (0, 3),
and similarly for (g, ), and such that
11l
9 4
one has the estimate
2T G Al
T \st+t5(G-3 T \itstTGHE-D jdEL (L1
< . < g J ( i) P
< (15a7) 18) 12z + (1527) TG AFl g,
forall j €7.

Remark. If §’ < p < g, then further multiplying the preceding estimate by 2/ for some o € R and
summing over j € Z in the £”-norm leads to

el g go—ca+nraara=i/m

1

T N3+ G- T \bHE o)
e (l+aT) ”f”Bg_p.x + (l—l-(xT) ||F||Lct7’B;f/:(,(;ul)/z)u/z—l/f).

Proof. The solution u(¢, x) can be expressed by Duhamel’s representation formula as

t
M(l‘) — e—atezl:itlle +/ e—a(t—s)e:i:i(t—s)|D\F(S) ds.
0

For each j € Z, we introduce now the flow
U0 () = =00y (2 £x),

where ¥ (£) is a smooth compactly supported function such that 0 ¢ supp ¥ and ¢ = 1 on { > =<6l = 2}
In particular, if A; is the Littlewood—Paley frequency cutoff operator, defined in Appendix A, which
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localizes frequencies to {2/ =1 < |&] <2/71}, one has the representation

t

Aju(t) =e_°”Uj(t)Ajf+/ e =Y, (t —5)A; F(s) ds
0

t
="M (0A ] + /0 e IO} ()" A F(5) ds.

We are now going to apply Proposition 2.8 to the operator Uy(¢) in order to control Agu ().
Classical results, based on the stationary phase method, establish that

1
1Uo(1)Uo ()" f || Looray < m”fnl‘lmd)

forall t #s and f € L'(R%). (Proposition 8.15 from [Bahouri et al. 2011] contains a precise justification
of the preceding dispersive estimate, and we further refer to Section 8.1.3 from the same work for
more details on the stationary phase method.) It therefore follows that Uy () satisfies all hypotheses of
Proposition 2.8 with H = L2(R9), X =R? and o = %(d —1). Hence, we conclude that

1,d-1(1_1
T )q+ 2 (r 2) (2_17)

Ty
1+aT

e |80 F]|

lAoullzory < ( 1802+ (

Ly
for all admissible exponent pairs.
In order to recover an estimate for all components Aju, where j € Z, we conduct a simple scaling
argument by introducing
wi(t,x) i=u(55.25). Filex) = LF(L =) Heo=r(35)
J ’ . Py N B J 9’ . 2] 2] ’ 2] ’ J . 2] .
Noticing that

Aouj(t,X)=(Aju)<%,%), Aon(t,x)zé(AjF)(%,%), Aofj(X)=(A,;f)(%)

and that u; (¢, x) solves
{(8; +27/a Fi|D|)u;(t, x) = Fj(t, x),
u;j(0,x) = fj(x)

on [0,2/T), we obtain, applying (2-17) to u s

i(L+d
27 (5 r)||Aj”||L?L§

= [[Aou, ”L?L;

<( 2iT );+"51(i—5)”A Y +( 2T );+;+d;1(5+;_1)

~\1+aT 0Ny T\ T XaT

_ 27T \a 2 (r Z)ZJ%”Af” .+ 27T \aT3 ) (r 7 )zj(_é_i_d(l_%))”AF”
1+aT S T\ 1 +aT J

|| AOF‘] ”L?/L;;c/

sy
LY LY
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Finally, reorganizing the terms above, we deduce that

T \aet5G=%)_ari1_1
18jullgrs < (75g7) 2566 1
O T A IV
1+aT JELE L
which concludes the proof. O

Corollary 2.11 (damped wave equation). Let d > 2, and consider a solution u(t, x) of the damped wave
equation

(8% + O{a[ - A)u(ta X) = F([’ x)a
u(0,x) = f(x),
atu(o’ x) = g(x)9
witha >0, t €[0,T) and x € R?.
For any exponent pairs (q,r), (¢,7) € [1, 00] X [2 oo]| which are admissible in the sense that

d—1_d-1 d % and (r.d) # (00.3),

q+r 2

and similarly for (g, 7), and such that

+==1

Q| —

1
q
one has the high-frequency estimate

1, d—-1(1_1
(1 T\ G-D)
2 TGI8 Qo Vil < (7o) T 18 VP2

1+aT
1 1 d—1(1 1
T \itztEG+i-1) jeFL(L-1)
() L
forall j € Z with2/ > a, and the low-frequency estimates
1
—jd(i-1 T \a 1/ a2¥T -2
273 r>||Ajatu||LgL;s(m)"||Ajg||L;+a(w) 2/ )llAJVflle
1
T Yata,ja(i-1) ]
+ (127 " 18 Fll g,z
and
j@(3-1H-2 1/ a2¥T a2?/ T
271 dG=3)=3) | p, V|l Lo pr N&(W) 2/ ||A,g||L2+(W) 1AV flz2
1/ a2¥T 7.j(1+d(L-1)-2)
+—(m) 2 A E g

forall j € Zwith2/ <a.

Remark. Summing the preceding inequalities in j easily leads to damped Strichartz estimates in Besov
spaces with summability in £7 for any ¢’ < p < q. However, due to the dichotomy of the statement of
Corollary 2.11 into high and low frequencies, the resulting estimates cannot be stated with homogeneous
Besov spaces in a unified format, which is natural because the damped wave equation does not enjoy any
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scaling invariance. Observe, though, that the high- and low-frequency estimates match in the borderline
case o = 2/, with r = 7 = 2.

Remark. Corollary 2.11 is optimal in the loose sense that it provides a similar result as Corollary 2.10 for
high frequencies. Moreover, it recovers the optimal Strichartz estimates for the classical wave equation in
the limit « — 0. Corollary 2.11 also displays optimality in its control of low frequencies. Indeed, let us
consider a solution u. (¢, x) for each ¢ > 0 of the damped wave equation

(c™20% + ad; — Auc(t, x) = F(t, x),
MC(O’X) = f(X),
aluC(O’ X) = g(X)

ont € [0, 7). In particular, it follows that i.(t, x) := uc(c !¢, x) solves

(0% + cad; — Niic(t, x) = F(c™ 1, x),

uc(0,x) = f(x),
dstic(0,x) = c'g(x)

ont € [0,cT). Therefore, applying Corollary 2.11 to #i., with r = 7 = 2, yields the low-frequency
estimates

1 ; 1
1 T \« 1/ a2?T \a,j(1-2
I800elgzz = 5 (Temgr) M8sehos + 5 (G 5zr7) 2 718V g

1

1
141
+ (=) 1A F

1+c2aT I
and
P 1 i 1
20 L 22T Najia a2% T \a, \
2187 Vuel 912 5 oo (ogarg) 2P IAvele: + (garg) 1459 iz
1( a2 T \iti,j(1-2
o Gramr) YTVl

for all j € Z with 2/ < ca. Finally, letting ¢ tend to infinity and denoting the limit of u, (in the sense of
distributions) by u, we obtain the estimates

1/ a2?T \i,j2(1-1 1
18j0el oz = o (2r7) 22T NA F iz + 1A Flg s

and

a2V T \g 1 ( a2 T

l—|—é _ 2
o) 1Sl + )2

2
Jq ,
24N AUl 5 ( S oTT

Li'13

for all j € Z and every ¢, g € [1, oo] such that 1/q + 1/ < 1, which are optimal parabolic estimates for
the heat equation

(O(at — A)M =F

with initial data u (0, x) = f(x).
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Remark. Other attempts at establishing Strichartz estimates for the damped wave equation can be found
in [Inui 2019; Inui and Wakasugi 2021]. However, the results obtained therein are suboptimal. Indeed,
Corollary 2.11 supersedes the results from those two works in both the breadth of the range of integrability
parameters that it handles and the sharpness of regularity gains that it produces.

Proof. We begin by introducing
e(t,x):=0:u(t,x) and b(t,x):=i|D|u(t,x).
It then follows that (e, b) is a solution of the system
die—i|D|b+ae=F,
d;b—i|Dle =0,

with initial data (e(0, x), b(0, x)) = (g(x),i|D| f(x)). This system is reminiscent of Maxwell’s equations,
which are studied in Section 3, and it can be recast as

n()=2()+ ()

L£=L(D):= (il_gl i'é)l).

where

Now, a straightforward computation shows that £(£), where & € R?, has the eigenvalues
Ax(§) = —ga £ Vze? —|g? (2-18)

in the complex field C. Moreover, exploiting the trivial identities A+ +A_ = —a and Ay A_ = |£|?, one

()=r-()+-G)

provides an eigenvector decomposition, where

e\ 1 (hyetilDp e\ 1 (ie+ilDlb
P+(b)‘x+—x_ (ilDle—)L_b) and P‘(b)_x_—x+ i|Dle—Asb

are the projections onto the eigenspaces associated with A (D) and A_(D) (when these eigenvalues

can readily verify that

are distinct, i.e., when |§| #£ %(x), respectively. In particular, this decomposition allows us to deduce the
representation formula

(Z) t) = P (Z) 1)+ P- (Z) 0

A A— A — T—=s)A t—s)A—
et Ap—elr A el _etr 2 [ e +Ayp—e=9A—)_
a8~ i 1PI°S n A ds. (2-19)
el A _plA— +A_et? 0 eU=)Aqp _p(t—5)A— :

el plg — <A e p i|D|F
i I8 R Ay—A
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We want now to use (2-19) to deduce an estimate on Age and Agb, which, by a scaling argument
in the spirit of the proof of Corollary 2.10, will then result in a control on each dyadic component A e
and A;b, with j € Z. Note, however, that the eigenvalues A4 (§) are of a fundamentally different nature
depending on the relative size of the frequencies {% <|§|l < 2} with respect to o > 0, which leads us to
consider several cases.

More specifically, on the one hand, when A+ € R (i.e., when [§] < %a), we are going to employ the
elementary controls

2 2
PR S L i
2 * * (2-20)
elh+ _ pth— f'hr te’ ds e
0< — A= <ttt < te ta,
ST DAl Aol e s

while, on the other hand, when A4 € C\R (i.e., when [¢| > %a), we are going to use the properties
Axl =gl JeT =75,

em_efl’ _g, [sin(t V[E]* — 3e)| P (2-21)
— | =e =le .
A_f_—k_ /|§|2—%Ol2

Considering that the dyadic operator A localizes frequencies to {% <|§|l < 2}, we will then distinguish

three cases:

¢ The complex case, where 0 < o < %, so that A4 and (A4 —A_)~! are complex and smooth on
3 =lEl=2}.
¢ The degenerate case, where % < a < 5 and the eigenvalues may be equal.

¢ The real case, where o > 5, which implies that the eigenvalues are real and the damping phenomenon
dominates the behavior of solutions on {% <|f < 2}.

The complex case. We begin by considering the range 0 <« < % In this setting, it is readily seen that the
functions A4 (£), A—(£) and (A (§) —A_(£))™ L, as well as any number of their derivatives, are uniformly
bounded on {1 < || < 3}, uniformly in « € [0, 1]. In particular, by virtue of the criterion (2-14) for
the boundedness of multipliers, further introducing a smooth cutoff function ¥ (¢) compactly supported
inside {% <&l < 3} and such that ¢ = 1 on {% <|& < 2}, it follows that A+ (§)¥ (&), A—(&)¥(§) and
(A (&) = A_(§))" 'y (£) are the symbols of bounded Fourier multipliers over any homogeneous Besov
space. Therefore, we deduce from (2-19) that

| Ao(e. Bl Lo

t
S Z”etkiAo(ﬁ g)”L‘lIL;’C + H/ e(t—S)AiAOF ds
0
+

LILY

. (2-22)
LILY%,

t
= Z”e—%teﬂ:ItS(D)AO(f’ g)”L;ngC + ”/ e‘%(t—s)e:l:z(t—s)S(D)AOF ds
+ 0



DAMPED STRICHARTZ ESTIMATES AND THE INCOMPRESSIBLE EULER-MAXWELL SYSTEM 1339

where we introduced the notation
. 2 1.2
8(§) == VI§|" -z
for convenience.

Now, classically, the stationary phase method can be used (see [Bahouri et al. 2011, Proposition 8.15],
for instance) to show that

L C
ix-& *it|€| v
[ty ae < s

for all > 0, where the constant Cy, > 0 is independent of 7 and x, and ¥ is any smooth compactly
supported function whose support does not contain the origin. A similar estimate holds, uniformly in
Q€ [O, %] if one replaces || by §(£) and if the support of v is disjoint from the closed ball {|§ | < %a}.
More precisely, we claim that

. . C
ix& Litd(£) 14 -
/Rde e lﬁ(é)dé‘ft(d_l)/z (2-23)

whenever supp ¥ C {|€| > £ > La}, where Cy > 0 is independent of # > 0, x € R? and & € [0, 1]. For
the sake of completeness, we provide a justification of (2-23) in Appendix B.
Therefore, introducing the flow

U@) f(x) = XDy (D) f(x)

for some fixed compactly supported cutoff ¥ (£) such that suppyy C {|§| > % > %} and ¥ =1 on

{% <é< 2}, we see, in view of (2-23), that U(¢) satisfies all hypotheses of Proposition 2.8 with
H=L*RY), X=R? and o=1(d-1).

Hence, we conclude from (2-22) that

[Ao(e.D)lipapr
1 d—1(1_1 1 1, d—-1(1 1
T \at72 =2 T \atitSTG+i-1)
< _r
< (rvar) I20(/.8)az + (77)

Ao £l (2-24)

Li'Ly
for all admissible exponent pairs, when 0 < o < %

The degenerate case. We are now looking at the range % < a < 5. This case is easily settled by the use
of (2-20) and (2-21), which allows us to deduce, whenever % < |&] <2, that

thy _ A 5 1 2 1
| ey s (I 2 (L s (L)
P PP i~\rr2) =7\ I+7
etl+k+ _etl_k_ etl+ _ etl_ T %
T <l + -5 ()
+— A L¢ +— A e
tAy tA_ tAy _ tA_ 1
e 1y 1P W Y (B M
RSV r = e ~\THT
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for any 1 < ¢ < o00. Indeed, incorporating these controls into (2-19) and recalling that the space of Fourier

multipliers on L2(R%) is isomorphic to L (R%) leads to

|A0(e.D)llorr
< llote: Dlsgez

+1

1
T T ata
< G/

1,d—-1(1 1 1 1l,d—-1(141
T \at72 =2 T E+E+T(7+7_1)
<(—=— —
< (7) 180(£: )23+ (157) 180F g,
for all admissible exponent pairs, when % <a <5.
The real case. In the remaining case, we assume that o > 5. In particular, when > <& <2,

Ap—A-o=Va?—4E = Va2 —16 > La.

Furthermore, employing (2-20), one finds that

1 1
AL -t < (e \¢ oy —y T \¢
e log < lle™#@ e < (255)  and e log < le™ o < (1557

for any 1 < ¢ < oco. Therefore, we deduce from (2-19) and (2-20) that

[AvellLarr < l1Aoell a2

al™24T ) =T 74T
< A ( ) A
(a+T t1ar) 1208l + (G + 75a7) 180/ 122
ql2/a+1/D~ "' 1 T \i+%
AoF|l, o
( at+T +1+ozT) 1A0Fl g,

1 - 1,1
T 1 q T q c?
and
[ Aobllpapr

= ||A0b||L;1L§

74T 79T \g of o« 24T
<
- ( ot T 1+aT> 8081z + (a+T e T) 180 fllL2
(al—(l/qﬂ/c})lT N a‘(l/‘1+1/‘7)_'T);+},”A o
at+T 1+aT ofllpa 2
T aT gl + 1/~ Ll
< o
”(a+T) 808z + (5 +T) 1801z + ( a+T ) |80 F a7

for all admissible exponent pairs, whenever o« > 5.

(2-25)

(2-26)

(2-27)
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Scaling argument and conclusion of proof. We are now in a position to conclude the justification of the
corollary. In order to deduce an estimate on A (e, b) for all j € Z from (2-24)—(2-27), we conduct now a
scaling analysis in the spirit of the proof of Corollary 2.10. To that end, we introduce

by 1 r X
(ej.b;)(t.x) := (e, b)( 2/) Fj(t.3) = 3; F(E,E),
(x) =27 (2 _
so=2i(F) swms(d)
and observe that (e;, b;) solves
drej —i|D|bj +2  aej = F;,
tbj —i|Dlej =0
on [0, 2/ T'), with initial data (€j(0,x),b;(0,x)) = (gj(x),i|D| fj(x)).
Then, noticing that
_i(lyd
18Dl =277 G+ | Aotes. bl oz
_id
1Ajgll2 =272 1Aogjll 2.
_i(1+4
18, fllz =277 0D A fll 2,

18 Fll gz = 2G40 D a0 ) g

Lfl/ 7’ Lr/

and applying (2-24) and (2-25) to (e;, b;) yields the estimate

T +d 1(1_7 d+1
18) € Desr S (507)" 2 TG a(8. VPl
1 d—1(1
T \st+a+G(GF+i-1) jaEL(1-1-1)
+(1+aT) 2 187 F g 1
whenever 2/ > .
Similarly, if 2/ < «, then, applying (2-25), (2-26) and (2-27) to (e i, b;) leads to the controls
1
T id(L—1 1 oaT dni(1+d(i=1
1AjellLar s(1+oeT) 4G a8l + (2 +2_2JT)q2](1+ =89 flgs
1 l
T YaTa,ja(-1-1) ,
+(1+aT) 2 125 Fll L
and
1
. 1(_al YiyiG+a(=1) 4, ()it
1878l rr S 5 (=57) 2 D a8, + sz,-T) 2G4V f 15
1 1
Lol NaTa,)i(+d(=1=D)a, F||
+&(a+221'T) 2 125 Fll g -

which concludes the proof of the corollary. O
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Corollary 2.12 (damped Maxwell equations). Let d = 2 or d = 3 and consider a solution (E, B)(t, x) :
[0,T) x R - R of the damped Maxwell system

%8;E—VxB+acE:G,
19 B+VxE =0,
divB =0

for some initial data (E, B)(0, x) = (Eo, Bo)(x), where 6 > 0 and ¢ > 0.

For any exponent pairs (q,1),(q,7) € [1, 00] X [2, o] which are admissible in the sense that

2+d—1>d—1 d—1 _d—1

5 - _T, 1+TZT and (r,d);é(oo,3),
and similarly for (g, 7), and such that
Lol
9 4
one has the high-frequency estimate
dF1(1_1
2775 G A (PE. B s oy,
TR A v
<7 G (m)q A (PEo. Bo)ll .2
d—1 1 2 2 2 l-Fé-i-@(i *—1)
T e _E_E<—1facTzT)q 7t 2 TGP A PG|

LY (0,7);L7)
forall j € Z with?2/ > oc, and the low-frequency estimates

1_1 T 1 022/ T -2
y—id (% )||A PE||L"([0T)LX)~(W) 14 PEoll 2 + — (W) i (1 )IlA Boll.2

1
—T a E jd(i_7) : G’
+C(1—|—062T) PR A P G”L? (10,T);LY)

and
jd(3-H-2) 1 GZ_T _02 T
2702 1A Bl e qo,7);L7) < oc\o 22T “271|A; PEoll2 + o+ 22T ‘1A, Boll 2
L 02¥T \ati j(1+d(3-1)-2)
+E(a+22fT) 2 14 PG”L"([o,T);Li’)

forall j € Z with2/ <oc.

Remark. Corollary 2.12 only provides estimates of the magnetic field B and the divergence-free part of
the electric field PE. Notice, though, that the divergent component P+ E can also be estimated directly
from Maxwell’s system. Indeed, applying the projector P1 to Ampere’s equation yields

3, PTYE +0c?PLtE =cP1G,
which leads to the representation formula

t
PLE(t)=e 1 PLEy + ¢ / e=0¢(=5) pLG(5) ds.
0
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A direct estimate then easily gives
—id(i_-1 1
2G| A P Ellpopr
1
= ||A,/'P E”L?L%

1 1
T 7 n ( T )a+
<(—>=)"1a; PLE S
~ (1+002T) 14, ollz +e¢ 1+0c2T

1
T q N ( T ) +
< — . -
N(1+002T) 1A; P E0||L§+C 1+o0c2T

for any g, € [1,00] and r, 7 € [2,00], with 1 /g + 1/g < 1.

1

QY

AjPLG|, 4
|| ] ”L;’/L)%

Q=

1
q,jd(1-1 1
2j (2 r)||AJP G“L?/Lfc/

Proof. Since B(t, x) is a solenoidal field, we begin by introducing a vector potential A(z, x), with
t€]0,c¢T)and x € R4, such that
B(t,x) =V x A(ct, x). (2-28)

Faraday’s equation ¢=19; B 4+ V x E = 0 then implies that (3, A)(ct, x) + E(t, x) must be curl-free,
whereby there exists a scalar potential ¢(z, x), with ¢ € [0, ¢T) and x € R, such that

E(t,x)=Ve(ct,x)—(3:A)(ct, x). (2-29)

Observe that A and ¢ are not uniquely determined. Indeed, for any scalar-valued potential v (¢, x), it is
possible to apply the transformations

A(t,x) = A(t,x) + Vy (e, x),

o(t,x) = @(t,x) + 9,91, x)

to produce new potentials representing the same electromagnetic field (E, B). Any particular choice of A4

(2-30)

and ¢ is called a gauge.

Different choices of gauge lead to different insights into Maxwell’s equations. It is therefore important
to carefully select the properties fixing the gauge. A standard example of gauge fixing is the Coulomb
gauge, which merely requires that A be solenoidal, i.e., div A = 0. The Lorenz gauge, which imposes the
condition

div A(t, x) = d:0(t, x)

is another classical example with the property that it produces decoupled wave equations on A and ¢
when there is no damping, i.e., 0 = 0.
Here, we introduce a damped Lorenz gauge by selecting potentials A and ¢ solving

div A(t, x) = 0¢(t, x) + oco(t, x). (2-31)

Observe that it is always possible to find a damped Lorenz gauge. Indeed, starting from any other gauge
(A, @), one can apply the transformations (2-30) with any solution (¢, x) of the damped wave equation

8%10 +octdy — Ay =divA—0d;,9 —oce,

thereby producing new potentials satisfying (2-31).
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Now, by inserting (2-28) and (2-29) into Ampere’s equation and then employing (2-31), a straight-
forward calculation shows that the damped Lorenz gauge is a solution of the damped wave system

(02 + 0cd; — A A(t,x) = —G(c™ 1, x) (2-32)

ont €l0,cT).
Therefore, applying the Strichartz estimates for damped wave equations from Corollary 2.11 to this
system, we find, concerning high frequencies, that

ca2 75 G A (PE. B o o,y

2

_idtl(1_1
<2775 G=P) A, (0, PA, VPA)La0,c1y:Lr)

1,d-1(1_1

( cT Nat72 G2
l1+0c2T

A

|A;j(PEo, Bo)llz2

n 1_5( T )q+ it Gl
Cc

e 3=7)
14+0c2T I2; PG

L ((0,1):LY)
for all j € Z with 2/ > oc.
As for low frequencies, i.e., when j € Z with 2/ < o¢, we obtain similarly from Corollary 2.11 that

1 _7(l1_1
o277 4C=D) A PE o o.ry:rr)

—id(l_1
_y—jd(} r)||Aja,PA||Lq([oCT)-L’

<(—<T ) ) A, PE —(—("2 T) 2= A, B
< (T5er) 18 PEols + (2 arr 147 Boll

i+
re T () P Ia Gl

14+0c2T LY ([0,T);LY)

and

=18 BllLoqoryLry
<2 J(d(i—F)_*)||AJVPA||Lq([ocT) L)

1 [ oc2% T) oc2¥ T
< —(Z2 )2/ A, PE (—) AjB
-1 1 [ 02T \it3 J(+d(5-1)-2)
+e q_(0+22J T) 2 187 PGl qo,ry:ntry
which concludes the proof of the corollary. O

The global low-frequency estimates from Corollaries 2.11 and 2.12 can be refined by considering
the maximal regularity of the heat equation (without damping) discussed in Section 2.2. The next two
results provide such low-frequency parabolic estimates for the wave equation and Maxwell’s system,
respectively.
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Proposition 2.13. Let d > 2, and consider a solution u(t, x) of the damped wave equation
(8% 4 ad; — Au(t, x) = F(t, x),
u(0,x) = f(x),

81‘”(0’ x) = g(x)a
witha >0,t€[0,T)and x € R4,
Forany y € CX° (R?) and o € R, one has the low-frequency estimates

-1
[l (c D)atu||L?1([0,T);Bg!Z2/m)
S o gl gosarm + iV f | gora + " UFETD | F) -
~ gl ggra/m BZt? L7 ([0,T):BI /™M)
foranyl <r <m<ooand1 <q < o0, as well as
1 . U . 1 . 1_1 .
[ x (o D)vu”L;n([O,T);BZOTZ/m) ~am ”g”ng;,l +om ”f”Bg-’r;zl tam - ”F”L;([O,T);BZ;J’_ZN)
forany 1 <r <m < o0, and
-1 . < gl . i . .
[l x (e D)Vu”L;n([O’T);B;-“;Z/m) ~oam ”g”ngnl +oam ”f”Bg:Lnl + ”F||L’zn([0’T)§320;1+2/m)
foranyl <m <ooand1 <q < oc.

Proof. Following the proof of Corollary 2.11, we consider
e(t,x):=0:u(t,x) and b(t,x):=1i|D|u(t, x).

In particular, one has the representation formula (2-19), which, for any given choice of 0 < 4 < %, can be
recast as

t
e(t) = egmmz(t, D)g—egmml(l, D)|D|2f +/ eg(t_s)Amz(t —s,D)F ds
0

A _ _ A
= (e«"®|D|’Pm3 (t, D) — e~ 4"*m5 (t, D))g —ea"2m(t, D)| D> f

e (2-33)
+/ (eE(I_S)A|D|2m;(t —s5,D)— e_A(t_s)“m;(t —s,D))F ds,
0
t
b(t) = e« my(t, D)i|D|g —ea'®ms(t. D)i|D|f + / ea =)0y (t —s, D)i|D|F ds,
0
with the time-dependent Fourier multipliers
etrt —eth— | e eP Ay —etr-Al 2
[’ = o Z, == @,
mi(t,§) P e ma(t, ) A e
t)L.;.A 2 M_k
+ ¢ + Akl — ¢ — At
my (1,§) = — ¢ . omy(t,§) = ———e"", (2-34)
: 62 (At —2-) 2 o — Ao
e A_etr oy 42
t? e — T’
mae.§) =

where the eigenvalues A (§) and A_(§) are defined in (2-18).
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Then, making use of the elementary controls (2-20), one can show that
-1 + -2
lmilge<ioyliies Sos llmy Lo 1llie S,
Iz Le<1ayllies <1 lm3lge<aryllLes S 1.

In particular, since the space of Fourier multipliers over L2(R?) is isomorphic to L% (R?), we conclude
that "
bty Yipictaymz and Lypi<iqyms
are bounded in the sense that they satisfy (2-12) for p = 2.
Therefore, applying Propositions 2.2 and 2.4 to the representation formulas (2-33) by suitably scaling
time by A/«, we obtain the estimates

1_5 _1
”l{|D|§%0‘}e“Litntj;2/m Sam ||1{|D|5%a}g”ng;l2 4« m||g||ng1_2/m am ||f||BJ+2
-t L in)
+am r ”1{|D|§i(x}F”L{Bg,;2/r +o m 7 ”F”L’thj;Z/m

1 1 _ — 1_1
Sa”m|gll gorarm +am T [l gore + (7 r)||F||LrBa+2/m (2-35)
2.9 2.m tP2.,q
and 1 1 1
. < . m . m_r . _
||1{|D|5%a}b||w33¢z/mNam IIgllBg;nn+am||f||Bg;n+am IF Ly pg—+2rr (2-36)

forany l <r<m<ooand 1 <g <oo.
If, instead of Proposition 2.4, one uses Proposition 2.6, then one arrives at the estimates

_1 1_q -1
”1{|D|5%°‘}6”L’,”Bg:q"2/m Sam ||g||gg!-;2/m +oam ||f||Bg;I;2 +to ”F”L'Z’ngz/m (2-37)
and 1 1
7_1 L
L gipicsaBllipgsam S@ gl gga +am I flgu +1Flpgemiiom  (239)

forany 1 <m <ooand 1 <g < oo.
In order to handle frequencies lying in the range {%a <& < aR} for any choice of parameter R > 1
with 2AR? < 1, we employ (2-20) and (2-21) to deduce that the multipliers in (2-33) satisfy

—1
||m11{%a<|5|5aR}||L<;% Sa T,

t(A4+4 'E'

22 ciercaryliss, < MA-midgg g comy gy + 1€ P41 g pligs < 1.
t(Ap+A ‘

Im32 3 cpticary 25 = 1A+ gercaryllis + 1ALl S 1.

Therefore, as previously, by the boundedness of multipliers and the fact that [|e™*||, ?([0,00)) = a=l/p
for any a > 0 and 1 < p < 0o (no need to use Propositions 2.2, 2.4 or 2.6, here), we conclude from (2-33)
that

”1{ﬁa<m|<aR}e||Lm sgam
<a” 0 ||g||BU+2/m +a” e ||l{|D|<aR}f||Bcr+2+2/m +oz_(1+*—*) “F”L' g

_1 1 _ — 1_1
s o m ”g”B;--(;z/m +am 1 ”f”BgJ,n_f + o (1+m r) ||F||L;,ng]_2/m (2-39)
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and
”l{%a<\D|§aR}b”L’,”ng;z/m
_1_ _1
Sa N Lypzarygll go+1+2/m + 7 | L <ary f || go+142/m
2.9 2.9

p 141
+a Zm Ty ”1{|D|§aR}F||LrBU+1+2/m
S 1 11 T2
Sam Mﬂg;;v+aMHfﬂggy-+am rHFH”B;;+wr (2-40)
forany 1 <r <m <ooand 1 <g < oo.

All in all, combining (2-35), (2-37) and (2-39), we obtain

—L -1 ~(1+5-1)
||1{|D|§aR}€||L;nt;2/m Sam IIgIIB;.;z/m tom [ fll gz o IIFIIL;Bg,;z/m

forany 1 <r <m < oo and 1 <¢g < oco. Similarly, combining (2-36), (2-38) and (2-40), we deduce that
1_ 1 1_1
1Lgpi<arybllpm gotorm < am 1||g||334”-11 tam | fllggrt +am [ Fll, go-142/r
forany 1 <r <m < oo and
1_4 1
120D1saribll g 2m S am gl gyt +am I fllgss +1F Il gor2m

forany 1 <m <ooand 1 <gq < oo0.
Finally, selecting R large enough that supp x C {|€| < R} yields the desired estimates on y (e~ D)(e, b),
thereby concluding the proof. O

Remark. The preceding proof raises a question —is it possible to extend the statement of Proposition 2.13
from the L2-setting (in space integrability) to a general L”-setting, with p # 2? Such an extension would
require dealing with the boundedness of the multipliers defined in (2-34) over L”. This is related to the

1/2
+

boundedness of the Bochner-Riesz multiplier (1 — |£|?)_/~, which is notoriously challenging and remains

unsettled in general dimensions. We will therefore not be going into further detail on this subject.

Corollary 2.14. Let d = 2 or d = 3, and consider a solution (E, B)(t,x) : [0, T) x R4 — RS of the
damped Maxwell system

19,E—V xB+o0ocE=QG,

19,B+VxE =0,

divB=0

for some initial data (E, B)(0, x) = (Eg, Bo)(x), where 6 > 0 and ¢ > 0.
Forany y e C° ([R{d) and s € R, one has the low-frequency estimates

-1
”X(C D)PE”LT([O,T),B;—ZZ/M)
<c m | PEo| - + Y Bol —H 0| PG .
S ol y+2/m c OHB;j;}"'C I ”L{([O,T);B;ng/’")

foranyl <r <m <ooand1 <q < o0, as well as

-1 -1
[l x(c D)B”L;”([O,T);B‘Zyﬁz/m) <Sc ”PEO”B;:‘;} + ”BOHBQVM + ||PG||L{([O,T);B;;L+2/r)
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forany 1 <r <m < o0, and

-1 -1 . R
foranyl <m <ooand1 <q < oco.

Proof. We follow the steps of the proof of Corollary 2.12, which involves first fixing a damped Lorenz
gauge satisfying (2-28), (2-29) and (2-31). Then, applying Proposition 2.13 instead of Corollary 2.11 to
the damped wave system (2-32), we find, for any y € C2° (R9) and s € R, that

-1
”X(C D)PE”L;"([O,T);B‘Zij/m)

_1 —
=cC W’”X(C 1D)atPA”L?n([o’cT);Bs-i-Z/m)

2.9

_2 — —1+2_2
S CTRIPEol gy rom + ¢ [ Boll gy + ¢RI PGl o 7y g1 20m.

forany 1 <r <m <ooand 1 <g < co. We also obtain

-1 _ 1 -1
l[x(c D)B“thﬂ([o,T);B;jZ/m) Semx(e D)VPA||L¥1([0,CT);BS+2/'”)

2.1

ST NPEol gyt +11Boll g+ IPGlly o pyess-ivarry:
for any 1 < r <m < 0o, whereas the limiting case 1 <r = m < oo yields
-1 _1 -1
%™ DYBl  m 0.1 pytaimy S (™ DYV PA| L o o1, By2my

for any 1 < g < oo, which concludes the proof. O

3. Perfect incompressible two-dimensional plasmas

We are now going to apply the damped Strichartz estimates for Maxwell’s system, established in the
preceding section, to the analysis of the two-dimensional incompressible Euler—-Maxwell system (1-1).
The main goal of this section is to establish Theorems 3.1, 3.2 and 3.3 below.

In order to conveniently state the results, recall first that we denote the initial energy by

Eo = ||(uo, Eo. Bo)||12-

For ease of notation, we also introduce a natural frequency decomposition of Besov and Chemin—Lerner
spaces with respect to the speed of light ¢ > 0. More precisely, we define the Besov seminorms

1

q q
17155, = (2 208 1E,)  ana 11lgy, o= (X 20aesil,)

kez kez
2k <gc 2k >g¢

as well as the Chemin—Lerner seminorms
1 1

- . A ksq q 4 - . A ksq q a
17155, = (X 2086 10) w00 1 gay, = (X 2008es 1)

kez kez
2k <gc 2k>g¢
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for any s € R and 0 < p, g, r < oo (with obvious modifications if ¢ is infinite), where the constant o > 0
is the electrical conductivity used in the original Euler—Maxwell system (1-1).

Theorem 3.1. Let p and ¢ be any real numbers in (2, 00) and (0, 1), respectively. There is a constant
Cx > 0 such that, if the initial data (uo, Eo, Bo), with divug = div Eg = div By, has the two-dimensional
normal structure (1-2) and belongs to (H* N\ WPy x (H!' N B7/4) )(R?) with

_3 4te
(&0 + luoll g1apirt.r + 1(Eos Bo)ll g1 + ¢~ #[[(Eo, Bo)llg;/;t)c*ec*g" <c, (3-1)

where ¢ > 0 is the speed of light, then there is a global weak solution (u, E, B) € L®(RT; L?) to the
two-dimensional Euler—-Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

we LR H'NWP), (E,B)e L°R*;H'), ¢ 3(E.B)e L°®R*: B]}).
(cE,B)e L2 (R™:H'), Be LZ(R+; B3, .2). (3-2)
(E.B)e L’R*:BY,.), ¢*Ec[®®R*:B]), ciBec?®*:B]}.).

It is to be emphasized that the bounds in (3-2) are uniform in any set of initial data such that the left-hand
side of (3-1) remains bounded.

Remark. For any fixed initial data (ug, Eg, Bo) satisfying the requirements of Theorem 3.1, it is possible
to improve the uniform controls (3-2) by showing that the bound

(E.B)e L®®*: B}
holds uniformly as ¢ — oo. This is clarified in Section 3.11 below.

Remark. Note that we do not make any claim concerning the uniqueness of solutions produced by
Theorem 3.1. However, Theorem 3.2 below strengthens the statement of Theorem 3.1 by achieving such
uniqueness, provided the initial vorticity is bounded pointwise.

Remark. Employing the bounds (3-2), one can easily show that (VE,VB) € L?>(RT; L*). Indeed,
making use of straightforward embeddings in Besov and Chemin-Lerner spaces, we deduce that

IVEl2@rie0) < IVENp2@e:s9, ) S WENE2@esy, , ) HIEI2@esy, L)
SeElpa@e 0, FIEN2@es1 )

< ||CE||zz(R+;321’oo’<) + ||E||Z2(R+;B;o,l,>)
and

||VB||L2(R+;L°°) = ||VB||L2(R+;320’1) < ”B”L2(R+;B;o_l’<) + ”B”Z2(R+;Bc1>o’1,>)

< ”B”L2(R+;B§1 2) + “B”ZZ(RJF;Béo =) (3-3)
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Remark. The initial condition (3-1) can be interpreted as a mere strengthening of the property that the
velocity of the fluid cannot exceed the speed of light, i.e.,

lullgoe, <ec.

On purely physical grounds, this condition seems therefore quite reasonable and is not very restrictive.

The previous result only covers the case wg € L? N L? in the range of parameters p € (2, 00). The
next result strengthens Theorem 3.1 by assuming that wg € L2 N L.

Theorem 3.2. If, in addition to all hypotheses of Theorem 3.1, for some given p € (2,00), one also
assumes that wg € L (but not necessarily Vug € L), then the solution produced by Theorem 3.1
satisfies the additional bound w € L®(RT; L) and is unique in the space of all solutions (i, E, B) to
the Euler—Maxwell system (1-1) satisfying the bounds, locally in time,

@ E,B)e LPL:, uelijLy, jeli,,
and having the same initial data.
We address the propagation of regularity in the Euler—Maxwell system (1-1) with the following result.

Theorem 3.3. Consider parameters p € (2,00), €€ (0,1), s € (%, 2) and n € [1, 00]. There is a constant
Cyx > 0 such that, if the initial data (ug, Eg, Bo), with divug = div Eg = div By, has the two-dimensional
normal structure (1-2) and belongs to (H* N WPy x (H' N Bin)z)(lR{z) with

_ 44-¢
(€0 + lluoll g1 agirt.o + 1(Eo. Boll g1 + ¢ ~*|(Eo. Bo)ll gy YCaxe %" <. (3-4)

where ¢ > 0 is the speed of light, then there is a global weak solution (u, E, B) € L>®(R™; L?) to the
two-dimensional Euler—-Maxwell system (1-1), with the normal structure (1-2), satisfying the energy
inequality (1-3) and enjoying the additional regularity

ue LRV H NWYP), (E,B)e L°R':H'Y), c'™(E.B)e L®R":B;,).
(cE.B)e LA (RT;H"), BeL?>®R*:BZ, ), (3-5)
ciTN(E,B) e 2R B )Y), PEel*®RY:BL,), A Bel?(RT:BY,.)
It is to be emphasized that the bounds in (3-5) are uniform in any set of initial data such that the left-hand
side of (3-4) remains bounded.

Remark. As in the case of Theorem 3.1, for any fixed initial data (1o, Eo, Bo) satisfying the requirements
of Theorem 3.3, it is possible to improve the uniform controls (3-5) by showing that the bound

(E.B)e L*(R*: B5 )
holds uniformly as ¢ — oco. This is clarified in Section 3.11 below.

The remainder of this section builds up to the proofs of Theorems 3.1, 3.2 and 3.3 by implementing
the strategy discussed in Section 1.3. The proofs of the theorems per se are given in Sections 3.8, 3.9
and 3.10, respectively.
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3.1. Dimensional analysis. Prior to discussing specific elements of the proofs of the above theorems,
we provide here a dimensional analysis of the Euler—Maxwell system (1-1), which, we hope, will shed
light on the initial conditions (3-1) and (3-4).

Specifically, assuming that (u, E, B) is a solution of (1-1) for some fixed light velocity ¢ > 0 and
initial data (ug, Eo, Bo), we observe, defining

ur(t,x) = Au(\2t,Ax), E*1t,x)=AEA%t,Ax), B*@t, x)=AB(\t, Ax), (3-6)

for any A > 0, that (uk, E*, BA) also solves (1-1) with a rescaled speed of light ¢; = Ac (the electrical
conductivity o remains unchanged) and for the initial data

ug(x) = Au(Ax), E}(x) =AE(Ax), B}(x)=AB(Ax).

In particular, we readily compute
—3/4
1G5 £ B2 + bl + 1G5 B3 B o + ¢ IEG. B 0
_ -2 _3
= 20 (w0, Eo. Bo)llz2 + 4" 7 [uoll . + a0, Eo. Bo)ll g1 + ¢ (o, Bo)l z74),

which, by an optimization procedure in A, implies that Theorem 3.1 still holds if one replaces assump-
tion (3-1) with the weaker inequality

_ _ _ _3 4—+¢
(5727 || 527D + | o Eo. Bo)ll g1 + 3 [(Eo, Bo)ll g7 Cue 0" <. (37)

where the independent constant Cy > 0 may take a different value. Note that this inequality is now invariant
with respect to the parabolic scaling (3-6). Similarly, the same procedure can be used to optimize (3-4)
and replace it with a scaling invariant assumption.

It turns out that the parabolic scaling (3-6) is the only available invariant dilation which leaves the
electrical conductivity o unchanged. However, if one allows ¢ to be redefined according to the dilation,
then other scalings become available. For example, introducing the hyperbolic scaling

ur(t,x) =u(ht,Ax), E*@t,x)=Et,Ax), B*(t,x)= B(At, Ax) (3-8)

for any A > 0, we see that (u'l, E* B A) now solves (1-1) with a rescaled electrical conductivity o) = Ao
(the speed of light ¢ remains unchanged) and for the initial data

ug(x) =u(Ax), E}(x)=EMx), B}(x)= B(ix).

In particular, by setting A = ¢!, it is now possible to deduce how the constants Cyx and Cyy in (3-1)
and (3-4), respectively, depend on o. More precisely, this process allows us to show that Theorem 3.1
holds if one further replaces (3-7) by the assumption

4+4¢ 5g+a

- — — _3
&P 2ol 71272 + [ Gwo. Eo. Bo)l g1 +(@0) | (Eo. Bo)| 5/4)Cxe

<c (3-9)
for some constant C, > 0 which is now independent of the electrical conductivity o. Observe that (3-9)
is now invariant with respect to both the parabolic scaling (3-6) and the hyperbolic scaling (3-8). As

previously noted, the same process can be applied to improve (3-4).
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3.2. Approximation procedure and stability. The proofs of Theorems 3.1, 3.2 and 3.3 proceed by
compactness arguments. More specifically, they follow the standard procedure of first considering smooth
solutions to a regularized approximation of the original system (1-1), where all formal estimates can be
conducted with full rigor, and then showing the stability of the approximation as it converges towards the
original system.

Such approximation procedures are absolutely classical in the field of fluid dynamics. We are therefore
only going to outline an example of approximation which can be used here to conveniently establish
our results. Specifically, for any integer n > 1, we consider the unique solution (u,, E,, B,) to the
approximate Navier—Stokes—Maxwell system

run + (Sputn) - Vin — LAup = =V py + (Sujin) X Bn, divu, =0,

%81En — VX By =—jn, divE, =0, (3-10)
10/By+VxE, =0, div B, = 0,
jn=0(cEy + Sp P(uy X By)), div j, =0,

for the initial data (4, Ey, Bn)|t=0 = Sn (4o, Eo, Bo), with the two-dimensional normal structure (1-2),
where S, denotes the Fourier multiplier operator defined in Appendix A which restricts frequencies to
the domain {|&| < 2"}. The construction of the solution (u,, E,, By) is a standard procedure. One can,
for instance, follow and adapt the steps detailed in [Lemarié-Rieusset 2016, Section 12.2].

Note that other approximation schemes can be employed. In particular, the dissipation term —(1/n)Auy,
is not essential. However, as a matter of convenience, the use of this term allows us to comfortably construct
the approximate solution (¥, E,, B,) by relying on methods from the analysis of the incompressible
Navier—Stokes system.

Observe that the corresponding energy inequality
t

1 1.
(S IVun @122 + a2, ) d

1 1
< 511Sn (0. Eo. Bo)ll72 < 51| (uo. Eo. Bo)l7-

3 (O + IEnOIF + 12O + [

for all + > 0 is now fully justified and, since the initial data is smooth, it is possible to show that
(un, Epn, By) remains smooth for all times, albeit not uniformly in 7.
The above energy inequality only allows us to deduce the uniform bounds

(un, En,By) € L°L2 and j,e€L?

t,x°

which are insufficient to establish the stability of the nonlinear terms
(Spun)-Vun, (Spjn)x B, and S, P(u, x By)

in the limit n — oo. The general strategy is therefore to show that the bounds and properties stated in
Theorems 3.1, 3.2 and 3.3 can be fully justified on the smooth system (3-10) uniformly in #. Such uniform
bounds are then sufficient to show the strong relative compactness of {(uy, E,, By)}5>; in L%, x.loc> Which
then allows us to take the limit # — oo (up to extraction of subsequences) and establish the asymptotic

stability of (3-10), thereby yielding suitable solutions of the original Euler-Maxwell system (1-1).
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In what follows, for the sake of simplicity, keeping in mind that all computations can be fully justified
on the approximate system (3-10), we shall perform all estimates formally on the original system (1-1).
In particular, we emphasize that, even though, strictly speaking, the dissipation operator —(1/n)A cannot
be ignored, it is self-adjoint and therefore will not impact the energy estimates which are performed in
the proofs below.

3.3. Paradifferential calculus and the normal structure. The use of Besov and Chemin-Lerner spaces
in the analysis of nonlinear systems often requires a careful use of product estimates. Such results
from paradifferential calculus are rather standard, but their applicability is limited. In the following
paradifferential lemma, we show how the normal structure (1-2) can be exploited to extend the range of
applicability of classical product estimates. This plays a central role in our analysis of (1-1).

Lemma3.4. Let F,G : R; x R2 — R3 be solenoidal vector fields with the normal structure

Fi(t, x1, x2) 0
F(t,x1,x2) = | Fa(t, x1,x2) and G(t,x1,x3) = 0 . (3-11)
0 G3(t, x1, x2)
Further consider integrability parameters in [1, 00| such that
L e B arie
a ai ay c C1 C2

Then, recalling that P = (—A) ™! curl curl denotes Leray’s projector onto solenoidal vector fields, one
has the product estimate
| P(F x G)llz?l;;tr—l(ﬁz) SFlza BS, (®2) ||G||z;¢2,;§_(’_2(Rz) (3-12)
forany s € (—oo, 1) and t € (—00,2), with s +t > 0. Furthermore, in the endpoint case s = 1, one has
| P(F x G)||Z?B£,c(R2) < ”F”L?IL?CO(Rz)ﬂZ?l le,oo(Rz)”G”Z?Zléé,c(Rz) (3-13)
foranyt € (—1,2).

Remark. The significance of the preceding lemma lies in the fact that it allows us to consider parameters
in the range ¢ € [1,2). Without the normal structure (3-11), we would be restricted to values ¢ < 1.

Remark. A straightforward simplification of the proof below yields a corresponding result in Besov
spaces for vector fields independent of the time variable ¢.

Proof. We are going to use the paradifferential decomposition
FxG=TrG—-TgF + R(F,G),
where the paraproducts are defined by

TrG =) Sj2F xA;G,
J€Z
TGFZZSj_zGXAjFZ—ZAJ‘FXSj_zG
JE€Z JEZ



1354 DIOGO ARSENIO AND HAROUNE HOUAMED

and the remainder is given by
R(F.G)= ) A;FxNG.
J.kez
lj—kl=<2
In particular, by virtue of the solenoidal and normal structures of F' and G, one has
VX (FxG)=Fx(VxG),
which leads to the identity
VX(FxG)=VxTrG—-TyxgF +V x R(F, G).
We therefore conclude, by standard embeddings of Besov spaces, that
i < st
| P(F x G)”L‘;B;t’ 1 SV (F % G)||L¢t132:*;t 2
SITFGlza gyt +1T9x6 Fliga gyti—2 + IIR(F, Gl poe
for every s,t € R.

Next, employing the classical paradifferential estimates (A-6) and (A-7) presented in the appendix and
further exploiting standard embeddings of Besov spaces, we find that

IP(F % G)llga pyte
< ”F”Z?‘B‘é&‘q IIGllzf;zB;c2 + IIFIIZle;'Cl [V x G”Z?ZB{)S’ZCZ + ||F||zf;11;5£1 IIGllz;lzBQC2
< lll”llzﬁlgic1 ||G||z;’235£2

for any s < 1 and t < 2, such that s 4+ ¢ > 0. This establishes (3-12).
As for the endpoint case s = 1, if, in addition to (A-6), one also uses (A-8), then similar bounds lead to

IP(F % G)lizasy
S ”F”L?IL?”G”Z‘?BQC + ||1”'||z;11321'00||V X Gllpaz gz + ||F||zf;1le'oollGllzyzgé‘c
< ||F||L;11Lg;omzf1BéawllGllzyzgégc

for any —1 < ¢ < 2, thereby establishing (3-13) and concluding the proof of the lemma. O

The following ad hoc variant of a paraproduct estimate will be useful when handling vorticities which
are bounded pointwise.

Lemma 3.5. Let F,G : R)zc — R3 be solenoidal vector fields with the normal structure (3-11). Then, one
has the product estimate

||P(F X G)”BZIJ(RZ) < ||F||L2(R2)||G||B;'1(R2) + ||F||1.'11(R2)||G||Hl(R2)- (3-14)

Remark. The above statement is phrased in terms of mere Besov spaces. As usual, a straightforward
extension of the same result to Chemin—Lerner spaces also exists.
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Proof. We employ the method of proof of Lemma 3.4. In particular, we obtain
IP(FxGlgy SITFGlgy +IToxcFllgy +IR(F, Gy .
Then, by virtue of the classical paradifferential estimates (A-6), (A-7) and (A-8) , we arrive at
IP(FxGlgy SIFIL2IG 5 +1Vx Gl [IFlz +1Flz0 Gz

< . . .
SIFILNG 5 +1G g0 IFllg .
Finally, an application of the two-dimensional embedding 321,2 C Bgo,z concludes the proof. O

3.4. Controlling the vorticity. In order to carry out our strategy, previously laid out in Section 1.3,
we need to control the vorticity @ in L, with p > 2, by exploiting Yudovich’s approach of the two-
dimensional incompressible Euler equations (1-4). The following basic lemma provides us with a simple
tool to do so.

Lemma 3.6. Let (u, E, B) € C1([0, T) x R?) N L®°([0, T); H'(R?)) be a smooth solution to (1-1) for
some T > 0, with the two-dimensional normal structure (1-2). Then, forallt € (0, T),
lo@ 2 < 10O2 + 15l 220.0:22) 1V Bll 20,025

.12/p .11=2/p
o0l < WoO)lzg + 11350 ) g0 1ilznm. s IVBlL2qoe).

lo@llLe < 0Ol + 11 22¢0,0);25) IV Bl L2(10,6):1.5°)
SlloOlzse + 11 2q0.0:81 HIVBlL2qo.0:L5)

forany?2 < p < oo.

Proof. By slight abuse of language, we assume here that the vorticity w is defined as the scalar function

U= (ul) and j = (Jl) .
Uz J2

In particular, a straightforward computation shows that the transport equation (1-16) can then be recast as

w = 01Uy — dou; and that

diw+u-Vo =—j-Vb, (3-15)

where (¢, x) is the third component of the magnetic field B(¢, x) as defined in (1-2).

Next, supposing, for simplicity, that p is finite and introducing the test function ¢(x) = e~ ?, we
multiply the above vorticity transport equation by pw|w|?~2¢(ex), where 0 < & < 1, and then integrate
in space. This yields, since u is divergence-free,

4 [ olreendx <p [ 119bllolpexdxte [ jol?u- Vo dx
R2 R2 R2

p—1

. P 1
< pilp bl ( e dx) +elol 2 ol lul 2 Vel
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whereby, if w is nontrivial,
-1
elolfe lollzzlull 2 1Vellzg

P(fr2 |0 P (ex) dx) P77

Finally, further integrating in time and letting ¢ tend to zero, we conclude that

1
d » .
& ([ tolreen ax) <1l 1900 +
R2 .

||w(f)||Lf§ = ||w(0)||L§ +1j ||L2([o,z);ij)||Vb||L2([0,t);L;°)

for any ¢ € (0, T). A classical modification of this argument gives the same result for an infinite value of
the parameter p.
Now, if p = 2, the proof is finished. If 2 < p < oo, we further employ the following convexity
inequality (see [Bergh and Lofstrom 1976] for details on interpolation theory)
. ) < :12/P .11-2/p
i z2o.y -2y S 1313500 9 M I atomys

in combination with the classical two-dimensional Sobolev embedding H 1=2/P = LP, to conclude that

.n2/p . 1=2/p
JoOlzg < WoO)leg + 11350 ) g0 1 lzmm s VPl

Finally, the case p = oo is settled with an application of the continuous embeddings le’l C Bgo’l C L,
valid in two dimensions, thereby completing the proof of the lemma. O

Remark. Recall that the approximation procedure presented in Section 3.2 relies on a viscous approxi-
mation of the Euler system. It is therefore important to emphasize here that the method of proof of the
preceding lemma also applies to viscous approximations of the transport equation (3-15). Indeed, observe
that multiplying the transport-diffusion equation

diw+u-Vo—Aw=—j-Vb

by B’(w), for some convex nonnegative renormalization 8 € C?(R) with 8(0) = 0, and then integrating
in space leads, at least formally, to the estimate

This observation can be exploited to derive the estimates stated in Lemma 3.6 in spite of the diffusion
term. Thus, we conclude that the approximated system (3-10) is well-suited for an application of the
estimates from Lemma 3.6.

Recall now that the space H ! (R?2) barely fails to embed into L%°(R2). Thus, the bounds produced
in the preceding lemma will be very useful to recover, by interpolation, an L°°-bound on the velocity
field u, as explained in the following simple result.

Lemma 3.7. Let (u, E, B) be a smooth solution to (1-1), with the two-dimensional normal structure (1-2).
Then, forall T > 0,

-2)/(2(p—1 .2 . 1=2 2
(™)l < G CPD )l yro + 15713550 17115507 IVBIIL2100) 77D

2 R0 2nl
Ll‘BZ.oo LIBZ,oo

for any 2 < p < oo, where all time-norms are taken over the interval [0, T).
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Proof. This result follows from the classical Gagliardo—Nirenberg interpolation inequality in two space-
dimensions. For the sake of convenience, we provide a brief justification of the precise inequality which
is employed here.

Specifically, for any k € Z and 2k < R < 2%*1 we estimate that

o0 o0
i(2_ (1-2
lullzee < IISgullzee+ 3 N Aullzee <2 ull 2+ > 2G| VullLs < Rlullz + RO | Vul| o,
which yields, upon optimization of the interpolation parameter value R > 0, the Gagliardo—Nirenberg
inequality
-2)/2(p—1 2(p—1
lull ooy S Nl sy P~ Va2 5071 (3-16)
for any 2 < p < oo.
Then, combining this convexity inequality with the estimates from Lemma 3.6 and recalling the
equivalence |Vu||L» ~ ||@|L», because u is divergence-free, concludes the proof of the lemma. O

Remark. Note that the proof of (3-16) can be adapted to establish, for any divergence-free field u, that

-2)/2(p—1 2(p—1
lull ooy S el gty SN0 x| 2,501 (3-17)

for all values 2 < p < oco. Indeed, this follows from the observation that

o (2 _
1Az S 27 AV xuf oo 2 GV IV xul| 0,

provided divu = 0.

3.5. Control of high-frequency damped electromagnetic waves. The following result follows from a
simple but careful combination of the damped Strichartz estimates for high electromagnetic frequencies,
established in Section 2.3, with the paradifferential product estimates from Lemma 3.4.

Lemma 3.8. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, Bo)
and some divergence-free vector field u, with the normal structure (1-2).

Then, for any exponents 1 < p <q <00, 2<r <ooand 1 <n < 0o which are admissible in the sense
that
+

>

: (3-18)

N | =
N[ —

SELS

one has the high-frequency estimate over any time interval [0, T) for any 0 < o < 1 and s < 2, with
a+s>0,

I(E, B) ”Z? BsasT/ay/en
1(1 1 2 1(1 1 1 1
<c3G-9)-2 o sG-H+2(5-D—1 11-a a o
<c r 4||(E0,BO)||B;;¢?:>1 +c r L ”u|L?oBgoo”u”Ltooleoo ”B”L;’Béoo
In the endpoint cases « = 1 and o« = 0, one also has the respective estimates

I(E, B)llzzt/Bi;g/z)(l/z—l/r)

1(1_1)_2 L(l_1yjo(l_1)_,4
s G0 (Eo, Bo)llgy  +c2E G0 ) e gy IBlzpgs  (319)
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forany —1 <s <2 and

=

I(E. B)l|54 gs—r/a13/0n <2 GG [(Bo. Bo)l| jot +c2G™I2G=D) " o [1Bll70 4
Lt Br,n.> ~ B2,n,> Lt B2,oo Lt B2.n
Jorany 0 <s < 2.

Proof. Considering Maxwell’s system (1-15) and applying Corollary 2.12, with 7 = 2 and § = p’, yields
the high-frequency estimate

2 2_
)= (I87(Eo. Bo)ll 2 + 77 1A Pux B)l|pp2)

‘:\—-

_jé(l_%) ) < l(l
277232 ||AJ(E,B)||L;1L§C Sce2?

for all j € Z with 2/ > g¢, where 1 < p <q < oo and 2 <r < oo must satisfy (3-18). It is to be
emphasized that, thanks to the damping phenomenon in (1-15), all estimates here hold uniformly over
any time interval [0, T"), where T = oo is allowed.

Next, summing the preceding estimate in j and utilizing the paradifferential product law (3-13), we
deduce that

1102750652 C 2G| A (. B) | o 11 |

1cl1_1y_2 1le1_1 1_1y_
$cd77) ‘1||(EO,BO)||B§n>+CZ(2 DTG P Bl g

A

L(4-1)-2 L AUDRG-D g
c2\27r q||(E0’BO)||B§,n,>+C2 277 P 4 ||u||Llo,oxﬂL(l>ole,OO||B||L{JB5,H

for any —1 < s < 2. If, instead of using (3-13), one employs the paradifferential product law (3-12), then
one arrives at the estimate

: _ 743
|1007 2002 CTO3 43 A (L B)| oy |

<A GD70)(Eo, Bo)l gyras + G P2GmD P ux Bl p oo
(4-

D=
M\—
\\—

c

A

2 2(L-1)y—
)“||(E0,Bo)||3v+al+02(2 267D ullzoo o 1Blzr g5

A

1(i-1)-2 +2(L-1)—1
AT (Eo. Bo)l gract +¢2 T POTD gy ulbe sy 1Bz -
which is valid for any 0 < o < 1 and s < 2, with o + s > 0, where we exploited the fact that L°°B2 1 1s
an interpolation space between L;"’B2 oo and L?OBZI’ oo (see [Bergh and Lofstrom 1976] for details on
interpolation theory).
Similarly, the case o = 0 yields

i(s—Z4+ 3
Hl{zjzac}zj(s 4‘|‘2r)||Aj(E,B)“L?LfC l
lcl_1y_2 lc1_1 1_1y_
Sc2(2 r) qll(EO’BO)||B£711 +C2(2 r)+2(p (I) 1||P(MXB)”Z;’B£;1
1

ll_1y_2 +2 1)_q
<2G770(Bo, Bl g1 +e2C7 2670 o 1Bz

for any 0 < s < 2. This completes the justification of the high-frequency estimates. O
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3.6. Control of low-frequency damped electromagnetic waves. The statement of Corollary 2.12 has
clearly emphasized how solutions to the damped Maxwell system enjoy intrinsically different properties
on the distinct ranges of low and high frequencies.

In particular, the combination of Corollary 2.12 with the paradifferential Lemma 3.4 resulted in the
nonlinear high-frequency estimates of Lemma 3.8. A similar strategy based on the same corollary could
now be employed to deduce suitable nonlinear low-frequency estimates.

However, in the next lemma, we are instead going to exploit the refined estimates established in
Corollary 2.14, which are a consequence of the maximal parabolic regularity studied in Section 2.2, to
obtain a sharper control of low frequencies. This will lead to stronger statements of our main theorems.

Lemma 3.9. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eg, By)
and some divergence-free vector field u, with the normal structure (1-2).

Then, for any exponents 1 < p <q < oo and 1 <n < 00, one has the following low-frequency estimates
over any time interval [0, T). Forany0 <a < land s <2, witha +s > 0,

_2 _
IEN g sypet S 71 Eoll gyrec + ¢~ | Bol gysasa
2 1
+ O 2y sy 1Blpsy .
||B||Lq sha+2/a= 2/p S _IHEO”B;;l’XJI*z/P+”BO||BS+(X*2/p
]

1o IulSsy Bl - (320

In the endpoint case o = 1, with —1 < s < 2, one also has the estimates
. -3 . -1 2(5—¢)-1 . .
||E||L;135’n’<56‘ 4 ”EOHBE - +c ||BO||BS+I —2/q¢ +¢C ”u”L?.oxmL?ole.oo”B”LfBé,n’ (3-21)

aswell as, if p<q,

1Bl gypizas—ro S Eoll gz + Bollgger=o + Wil ey VBl
and, if p=gq,
‘_1 . .o . . -
||B||L73§j;}< Sc ||Eo||35j1_2<—2/q + ||Bo||332}<—2/q + ”“”L?f’xﬂL,”le,oo ”B”L?Bé,n' (3-22)

Finally, in the remaining endpoint case o« =0, with 0 < s < 2,
1Ell g pg-1_ S € @NEol g1+ Boll gs—2sa + 2070 ul oo jo 1Bl p s
n.< 2.n,< 2.q.< i P2.00 t P20
aswell as, if p<q,
||B||Lg35’+1‘2</q72/p < C_lllEollgin}QZ/p + ||BOI|B§;?QJ Flullpeepy NBllLrgs
and, if p =4,

. -1 . . . . -
1Bllog,  Se™ 1ol gyor-oia +1Boll gy + lullpgopy IBlgay,  (3-23)
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Remark. The devil is in the details. In the statement of Lemma 3.9 and its corresponding proof below,
we have paid painstaking attention to the summability index of Besov spaces, occasionally referred to as
the third index. Thus, in the above statement, sometimes the third index is ¢, other times it is 7, 1 or oo.
Either way, we believe that these defining values of Besov spaces are optimal, which is a crucial step to
reach sharp statements of our main results.

Proof. Let us consider some fixed regularity parameters s € R and 0 <o« < 1.

On the one hand, an application of Corollary 2.12 with r = 7 = 2 (note that this is the best possible
choice for r and 7, since all other estimates for values 2 < r, ¥ < oo follow from the case r =7 = 2 by
Sobolev embeddings) and § = p’ gives

Js+a—1) A . -3 ) -1 ) 2(5—4)-1 .
2 1Aj EllLg 2 S el Eoll gytanr + el Boll gyra—zra + e a7 Pux B p py+as
and

. 2_2 —
2 TN Bl 5 ¢ ol yrosi-2in + 1Bol yrazin + 1PGx Bl p pyra

for all j € Z with 2/ < oc, where 1 < p <q < o0.
On the other hand, employing Corollary 2.14 yields

j —1
H 1{2-/ <%ac}2j(s+a ) | AJ

Ellz2 HL"M
<c q||Eo||Bé+a v+ ¢ Boll gytaasa +c 2(5-4)- Y Px Bl p gy
forany 1 < p <g <ooand 1=<n < oo, as well as

Jlsta+2=2)nA .
11 <102 CHH TR0 2Bl 13 | g

St ||EO||354;0(<+1—2/D + ||BO||B;J20¢<—2/D + | P (u x B)HLfgétg—l

forany 1 < p < g < 00, and
Js+a) | A . -1 . . .
Hl{z_;g%gc}l A B2 ”Lm <c “EOHB;j,f”jl‘”" + ||Bollng;ix<—2/q + | P(ux B)llL;zBivfna—l

forany 1 <g <ooand 1 <n < oo.
On the whole, combining the above estimates, we arrive at the conclusion that

11 g gyras S <0 NEoll gyt + ¢ 1 Bol yraasa + 25707 P x Bl p pysecs
forany 1 < p <g<ooand 1 <n < o0, as well as
||B||L;11§§fgf¥j2/q—2/p N ||Eo||Bs+a+1 —2/p + IIBollBs+a —2/p + || P(u x B)||Lva+a 1
forany 1 < p < g < 00, and
1BllLg pyte S ¢ ol gyrati—2ra + |1 Boll gyra=zsa + 1P (u X B)| g gt

forany 1 <g <oocand 1 <n < oo.
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We are now going to apply the paradifferential product inequalities from Lemma 3.4 to the three
preceding controls. More precisely, setting o« = 1, restricting the range of s to (—1, 2) and utilizing the
product law (3-13) to handle the nonlinear term u x B, we obtain

. -7 : o1 2(5-3)-1 : .
”E”L‘t])_!;;,n,< Scoa ”EO”BZYH ”BOHBS'H —2/9 +¢C ”u”L?,oxmL?ole,oo”B”Lf)Bg,n
forany 1 < p <g <ooand 1 <n < oo, as well as
o1
1B g gyt 1427a-2/0 S ¢l Eoll gy+2-2/p + | Boll gg1-2r0 + Ml oo npoopy I1Bllras
forany 1 < p < g < 00, and
—1
”B”L?BS,T,L Sc ”EOllngfgz/q + ||Bo||3~2vf;}<—2/q + ||M||L;>3(,—1L;>0321!00||B||L;135’n

forany 1 <g <ooand 1 <n < oo.

Similarly, choosing parameters 0 < o < 1 and s < 2, with & + s > 0, utilizing (3-12) instead of (3- 13)
and exploiting again the fact that L9° Bg’l is an interpolation space between L$° B 0 oo and L°°le o W
find that

2
-2 -1
|Ell g pytact < €71 Eoll gyrac + " 1 Bol gypava
1
+ PO 2y Il 1Blipsy
forany 1 < p<g<ooand 1 <n < o0, as well as

181y gysasara—aso S ¢ 1 Eol gyasizrm + 1 Boll pytazarn + Il Lye Nuloosy IBlpsy

forany 1 < p < g < o0.
Finally, the case a = 0, with 0 < s < 2, is handled with the same product estimate (3-12) and results in

1B <4 NEol g+ 1Boll gyara + 0 ul oo go 1B, p 5,
forany 1 < p <g <ooand 1 <n < oo, as well as
||B||Lqu+2/q —2/p S ”E()”BA-H —2/p + ||B()||Bs ~2/p + ||u||LooBO ”B”LfBi,oo
forany 1 < p < g < 00, and
1Blggsy, < e NEoll gyersa + I Boll gyaza + Nl o gy _1Blosy
forany 1 < g < oo and 1 <n < 00, thereby completing the justifications of all low-frequency estimates. [

Note that the estimates from Lemma 3.9 do not include the value ¢ = oco. Rather than providing a
technical extension of the preceding proof to incorporate the value ¢ = 0o, we show in the next result a
simple energy estimate on Maxwell’s system (1-15), which corresponds to the case ¢ = co in Lemma 3.9.
This energy estimate allows us to propagate the H Y _norm of electromagnetic fields, which will come in
handy in the proof of Theorem 3.1 below.



1362 DIOGO ARSENIO AND HAROUNE HOUAMED

Lemma 3.10. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eg, By)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimates
1CE. Bl oy + €N Ell 20 < 1(Eo. Bo)l gy + Il o2 1V B2 2o
1—a o
ICE B)lge iy +cIE 3 < 1o, Bl gy + 1l %50 locgy 1Bl 2azee (324
ICE. B)ll o gy + €N EN 20 < 1o, Bo)l gy + Wl s poe s 1Bl 2100
over any time interval [0, T) forany 0 <« < 1.

Proof. We perform a classical energy estimate on (1-15). More precisely, defining
(E,B):=(VxE,VxB),
we observe from (1-15) that (E . B ) solves the system

%8tE—VxE+ocE=—on(uxB)=a(u-V)B—0(B-V)u,
19 B+VxE =0,

where we employed the fact that ¥ and B are divergence-free fields. In fact, the preceding step holds in
any dimension d =2 ord = 3.

However, restricting ourselves to the two-dimensional setting and assuming that the field (u, E, B)
satisfies the structure (1-2) allows us to discard the term (B - V)u. To be precise, we now have that (E , E)
solves

%8tE—Vx§+ocE= —oux B,
19:B+VxE=0.

Thus, multiplying the first equation by E, the second by B and integrating in time and space, we deduce
that

L7 5 2 =2
E”(E’ B)(T)”L% + O—C”E”L%([O,T);L)zc)

| 2 = ~
= Z”(E’ B)(O)”L% + o lu x B”L%([O,T);LJZC) ||E||L%([0,T);LJ2C)

15 7 2 o =2 oc =12
= 5 IE-BYOgz + 5l x Bl qo.ryie2) + 5 1E Iz q0,my:22)

Further employing the fact that

ICE. B)ll g = I(VE. VB)ll 2 = I(E. B 2.

we arrive at the estimate

ICE. BYT) 2y + 0N E s o ety = N(Eo BOIyy +0lux BI2s 0 101

2

Therefore, the proof will be completed upon controlling the nonlinear term ||u x B || 12(0.TY:L2)"
t ’ =X
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To this end, an elementary application of Holder’s inequality first leads to
[l x B”L%x = ”u”L?OL% ||VB||L%L§°’

thereby completing the justification of the first estimate of the lemma.
Alternatively, following the proof of Lemma 3.9, one can use the paraproduct estimates from Lemma 3.4
again. More specifically, utilizing the product law (3-13), we obtain

lx Bl 2 = 1P Bl 21 S Il s ooy 1B l2p0:

Similarly, choosing a parameter 0 < o < 1, utilizing (3-12) instead of (3-13), and exploiting the fact that

1

oo pa ; ; oo RO 00 L
L7° B3 , is an interpolation space between L7° B, , and L7°B, .

we finally infer that

B — < . . < lI-a o .
lx Bl = 1PGx By S Wellgoiig 1B g3 S Il ISy 1B loa3-0,

which concludes the proof. O

3.7. Almost-parabolic estimates on the magnetic field. In the singular limit ¢ — co, Maxwell’s equa-
tions (1-15) formally converge towards the parabolic system

9, B +(u-V)B—éAB — (B-V)u,

where we employed the fact that u and B are divergence-free. This holds in both dimensions d = 2
and d = 3. Further assuming the two-dimensional normal structure (1-2), the preceding system reduces
to the simple transport-diffusion equation

8,b+u-Vb—éAb:O,

which satisfies the energy inequality
1 1 1
SIBDIZ, + 219612, = 21bO)2, (3-25)

for all T > 0, at least formally.

The estimates provided by Lemma 3.9 fail to fully capture this asymptotic parabolic behavior of
Maxwell’s equations, because they always contain a control of the nonlinear term u - Vb, whereas this
term does not contribute to the energy dissipation inequality (3-25).

The next result establishes a singular almost-parabolic energy estimate for Maxwell’s system (1-15)
which recovers the classical a priori estimate (3-25) (up to multiplicative constants) for the heat equation in
the limit ¢ — oo. This is crucial to our work, as it will allow us to construct solutions to the Euler—-Maxwell
system (1-1) for arbitrarily large initial data as the speed of light ¢ tends to infinity.

Lemma 3.11. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, Bo)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimate

IBllpeor2 +1VBIlL2z2 < 1Boll2 +c7H[(Eo, Bo)ll g1 +C_1||M||L<;OL§||VB||L%L§<> (3-26)

over any time interval [0, T).
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Proof. First, we observe that taking the curl of Ampere’s equation in (1-15) and then employing Faraday’s

equation to substitute V x £ = —(1/c¢)d; B, when necessary, leads to the system
39,B+ (u-V)B — éAB —(B-V)u+ éa,(v « E),

where we have also used that u and B are divergence-free. This holds in any dimension d =2 or d = 3.
Then, further assuming that (u, £, B) has the two-dimensional normal structure (1-2) yields

0b+u-Vb—Lab =13, (curl E).
o oc
Now, the elementary observation that
/ (u-Vb)bdx = l/ u-V(b?) dx = —l/ (divu)b? dx =0,
R2 2 R2 2 R2

which is a consequence of the incompressibility of u, allows us to deduce the parabolic energy estimate

1d [ pogeid e Ld 1 2 _
3 sz dx—i—O/Rz|Vb| dx—cht /Rz(curlE)bdx—i—O/Rz(curlE) dx, (3-27)
where we used Faraday’s equation again to substitute d;b = —c curl E.

Then, integrating in time, we infer that

1 2

<1 1 _1 1 2
2||b(0)|| + o /Rz curl E(T)b(T) dx oe /W curl £(0)b(0) dx + - ||curlE||L%([0’T);L)2()

1 1 1
= 3 IBO)I2, + FUBO)Z, + 16T)I2,) + 5 IEOIZ, + IETIZ) + S1E 0 1.1y

which leads to

1 1
Z”B(T)”i% + E”VB”i%([o,T);L%)

3 1 1
= 31Bol; + =55 1ol + =5 (IEDI, +olcE|2 (3-28)

L3([0,T);H} ))

Finally, combining (3-28) with the energy estimates (3-24) shows that (3-26) holds, thereby reaching the
conclusion of the proof. O

Remark. The identity (3-27) contains the crucial calculation which enables us to extract a uniform bound
on B in L%H Y with remainder terms of order ¢~!. This estimate will play an important role in the
control of the low frequencies of nonlinear source terms in the Euler—-Maxwell system.

3.8. Proof of Theorem 3.1. We proceed to the proof of our first main result— Theorem 3.1. Recall
that we are taking the liberty of assuming, for simplicity, to be dealing with a smooth solution (u, E, B)
of (1-1) for some smooth initial data (u¢, E¢, Bo), and that the justification of the theorem is only fully
completed by relying on the approximation procedure laid out in Section 3.2.
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Our proof hinges upon the preliminary lemmas established in Sections 3.4-3.7. Accordingly, we begin
by carefully gathering all the relevant estimates on an arbitrary time interval [0, 7). We will then move
on to construct the energy functional which will produce the uniform bounds we are seeking.

Control of velocity field. The control of u is obtained from Lemmas 3.6 and 3.7. Recalling the equivalence
[Vu|pa ~ |lw|pa for any value 1 < a < oo, these lemmas provide the estimates

lell o g1 S Tutol gy + 15122 VBl 2 e

.12 . 1—2
lelsogirpr = Mol + 1707 17150 IV B2 e
’ (3-29)
—=2)/2(p—1 2(p—1

Jullzs,

LPL: LoW,?
—2/2(p—1 02 12 2(p—1
S W2/ gl 4+ 152 L1522 N9 Bl 50070,

where 2 < p < o0 is a fixed value.

Control of high electromagnetic frequencies. The control of high frequencies of (£, B) is obtained from
Lemma 3.8. Specifically, setting s = % in (3-19) allows us to deduce that

3 1
TI(E, B)|| 700 £ “ICE, B)liz2 5 BBz s
CHNE. Blizoosgrs +HIE Bligzsgre +IE Blizzs
_3 -3
Se B, Bolllgzrs e ull e appe my 1Bl E2 g7

Then, further decomposing high and low frequencies in the last term above, we obtain

72nl1 T72p2
LtBZ,oo,< Lt Bz,oo,

1/4 3/4
S oy A LI P
B !< T

Bll=s 27/ <||Bll=» » Bll=» - <||B Bll~» -
1Bl 375 S 1Bl 270+ 1Bl 57 <8I _+ 1Bl s

which yields the estimate
_3 1
HNE Blizoe g+ IE B g2z +1E Bz

-3 -3 1/4 3/4

< 4 X 4 . . . ~ -

S Ao, Bo)lggrs_+¢ Il g ooy (1B s I1BI 5 + 1Bl 57 ). (330
Observe that the choice of regularity parameter s = % is dictated by the need to control VB in L2L%°, as
anticipated in the strategy presented in Section 1.3. Further notice that it is therefore crucial to be able to
set a regularity parameter s with a value greater than one in (3-19). This flexibility comes from the use of
the normal structure (1-2), which we exploited in the product estimates established in Section 3.3.

Control of low electromagnetic frequencies. The control of low frequencies of (E, B) is deduced from
Lemmas 3.9 and 3.10. Here also, the choice of parameters is dictated by the need to control VB in L2 LS°.
Thus, since 322 1([F\Rz) 18 contained in L°°(IR2), one could, for instance, set s = 2 in (3-23), which gives
. < 1 . . o .
1Bll2sz,_ Se ™ IEollsz, _+1Bollsy,  +lullzsera | Blzsz -

But, due to the coefficient |u|| 1oL such an estimate would eventually lead to a smallness condition,
uniform in ¢, on the initial energy £y, which is not desirable. Therefore, instead, we employ (3-20)
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and (3-22). More precisely, by setting s = 1 in (3-22) and s = 2 — « in (3-20), for any choice 0 < o < 1,
we obtain the respective estimates

-1
1Bllzsz, _ Se™ NEollzz, +1Bollgy, +lullpgenpsortlBlliza -
. < -1 . . . 1—0{
1Blzss, S Bollgy, +1Bolly, +Iulp2 oy 1B 5 I1BIE:

In fact, it is possible to straightforwardly adapt the proofs of the above estimates to derive the more useful
combined control, where we split the high and low frequencies of B in the right-hand side,

1BlL253, _ Sc™ IEollgz, _+1Bollzy, + Il npse s 1lpps toe B2,
+ ||u||LooL2 ]l L®H! “1{|D‘<%“}B”Z%BZI,OO ||1{|D|<%GC}B||II‘§%22,OO
S (B0 Bo)l gy + Il s oy (¢ 1Bl 2gz,_+e 4Bz )
el I DB B 12 - (3D
Further combining the preceding estimate with the energy estimate (3-24) from Lemma 3.10, we obtain
1B, B)ll o gy + €I El 20 + 1Bl 252 _
S I(Eo, Bo)ll gy + llull oo oo (C_1||B||L;322.1’< +c_%”B”ZZB;{;f>)
2 el DB 5y 1817

Finally, by a classical use of Young’s inequality ab < a@a'/® 4+ (1 —a)bY/1=®)  with a, b > 0, aimed at
absorbing the term || B ”Lng . with the above left-hand side, we conclude that
1CE. B)ll oy + €N E 201 + 1Bl 253
S (B0, Bo)ll gy + Il o rpgory € NBl 252+ 3Bz 5 )
-l e el e g 1B N2y (3-32)

Parabolic stability of magnetic field. The parabolic stability of the magnetic field comes as a result of the
almost-parabolic estimates established in Lemma 3.11, which we conveniently reproduce here:

18121 < 1Bollz2 + ¢ I1(Eo. Bl gy + ¢ lull 219 Bl 20 (3-33)
This estimate will serve to control the term || B[, 2 ;1 in (3-32).
rx

Ohm’s law estimate. Finally, we need to employ Ohm’s law from (1-1) to control the electric current j.
More precisely, by Ohm’s law and the normal structure (1-2), we have

12 S €lE 21 +1P@x B 21 S e lE 20 + Ml oo 2 I VBl 2. (3-34)

which will be used to control || j || L2A] in (3-29).
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Nonlinear energy estimate. We are now in a position to derive the global nonlinear energy estimate
which will yield a uniform bound on solutions to (1-1). Thus, inspired by the above set of estimates, we
introduce the energy H(f1,t2), with 0 < t; < f,, by setting
— , (p—2)/@(p=1)), 1 2/Q(P-1)  —3 . i .
H(t1.12):= [l o g +E5 Il S e AN E. Bl e s +eHIE. B 2 pys
+ICE B)ligzgr +IE B)lpeoggy +clEl2gr +11Blp2p2

where all time-norms are taken over the interval [t1,?2). Since (u, E, B) is assumed, without any loss
of generality, to be a smooth solution of (1-1), observe that (¢, #2) is continuous on {0 < ¢} <t»}. In
particular, we can further define the continuous function

— — — _3
HO:=H(t.) = [u® g +&" " CC a2 4 IEBYO s +IE. B 1

for every ¢t > 0. Note that
H(t) < H(11,12)
for all ¢t € [t1, t2].
It will also be useful to assign the notation

J(t.12) = ||j ”L?.x

to the dissipation produced by the electric current in (1-3), where the L2-norm is taken over the time-
interval [t1, 1), as well. In particular, one has the uniform bound

1
T =(Z) & (3-35)
by virtue of the energy inequality (1-3).

Observe now that all the above estimates, which were stated on the time-interval [0, T"), could equally
well be written over any other finite time-interval [¢1, ¢2), provided one replaces the initial data (uq, Eo, Bo)
by the data at time ¢;. Thus, employing the energy inequality (1-3), the energies H(z1,1>) and H(¢), and
the embedding

IVBlg2 e < 1Blizpr  SIBlizgz, +1Blpg = H(nb),
one can write the parabolic stability estimate (3-33) as
1Bl 21 < €0+ Hit) + ¢ &M (1, 12) (3-36)
and the Ohm’s law estimate (3-34) as
17Nz g1 = (1 + E)H . 12), (3-37)

which are linear in H(¢1, t2).
Then, incorporating the linear estimate (3-37) into the velocity control (3-29), we obtain

||M||L§>oH; SH(t) + T (1, 2)H M, 12),
(3-38)

pP—2 p P

= > == _p=2_ 1
lllzgs, < &7 lull [2 2 S HED) +E57 (14 £) 2P0 T (1. 12) 7T H (11 12).
P x
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Furthermore, the use of (3-36) and (3-38) in the high-frequency control (3-30) leads to
CHNE. B g gy +cHIE B)Ipagys +I(EB)lpag |

SH(t) + T IH(1, 1) (Eo + ¢ TVH(T) + ¢ EgH (1, 12) FH(1, 12)F + ¢ T M1, 12)?

SH() + T IE () F + T 1+ E DM, 1)

S H(1) + AH (11, 12) + 273 P H . 0)? + TN+ 6/ (. 1) (3-39)
for any A > 0, whereas a similar procedure applied to the low-frequency estimate (3-32) yields

ICE. B)l oo gy + el Ell 2y + 1Bl 252,

SH(N) + T HnL )P+ 53/11—1(%(“) + T (t1, ) H(t1.12))(Eo + ¢ H(t1) + ¢ EoH (11, 12))
S (14 &/ YH1) + &/ T (. )M 1) + (14 & e H(t1. 1) (3-40)

All in all, summing estimates (3-38), (3-39) and (3-40) together and setting A in (3-39) small enough
that the term A#(#1,2) can be absorbed by the resulting left-hand side, we finally arrive at the crucial
nonlinear energy estimate
(1. 12) S AHEY VM) +(1+E4) T (01, )M (11, 12)
- - — — 1 -

4P (4 P2/ 71y )T H(1, 1)+ (1+E* e H (1 1)

for any 0 < #; <1,, which, using (3-35), can be slightly simplified to
- - 1
H11.12) < a1+ &/ V(1) + Cu1 4+ &* T2 711, 12) 75T (11, 12)
+Cu1+& e M), (3-4D)

where Cx > 0 only depends on fixed parameters (in particular, it is independent of time, the speed of
light ¢ and the initial data). We are now going to show that (3-41) leads to a global bound on H(#1, #2).

Conclusion of proof. Let us consider a partition of time
O=ty<ti < <ty <ty41 =00
such that, foreveryi =0,1,...,n—1,

— — 1 — — _1
Cul &P (1 t1) 7T = 3 and - Cul1+ &™) g0y 14 ) 77T < 5.

In particular, by virtue of (3-35), one has, for any ¢ € [t;,#;+1] withi =0, 1,...,n, that
. i—1
1 2 2 0 -2
= [ < to,1)” < =&5. 3-42
(2Co (1 + €12 P=DT=Dy 5 kX:;) Tt tir)” = It D7 = 54 (3-42)
It then follows from (3-41) that
H(t, 1) < 2Cx(1 4 EFYHE) +2C (1 + 3 e M (11, 1)? (3-43)

foralli =0,...,nandt € [t;,ti+1]
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Next, for fixed i, we introduce the quadratic polynomial

PX) =2Cx(1 4 £ e X2 — X 4+ 2C.(1+ £V H (1),

whose roots

1 VI 16C2(1+ &Y (1 + &/ H @)
4C.(1 4 £}/ F et

At

are real and distinct, provided
c
H(4) < : (3-44)
UT16C2(1+ AN (14 1/

Observe that (3-43) can be rewritten as
p(H(ti, 1)) >0

for all ¢ € [t;, t;+1]. Therefore, by continuity of H(¢;, ¢) and assuming that (3-44) is satisfied, we deduce
that H(t;,t) < A_ forall t € [t;, t; 1] if it is true for t = 1;, i.e., H(t;) < A_.

Now, it is readily seen that (3-44) implies #(#;) < A_ if we assume, without any loss of generality, that
2C(1 + 53 / *) > 1. Thus, by continuity of ¢ — H(t;, 1), we conclude that (3-44) is sufficient to deduce
the bound

H(1) < (1. 1) < Ao < 4Ca(1+ /) H (1)

for all ¢ € [t;, ti+1], where we used the elementary inequality 1 —+/1 —z < z for all z € [0, 1] in the last
step. Then, a straightforward iterative process leads us to the estimate

H(ti,1) < 4CH(1+ EYYH(1) < [ACe(1+ £/ T M (10)

foreachi =0,1,...,n and all ¢ € [t;, t;4+1], if the initial data satisfies
c

ACK(1 4 £ THACL(1 + £)/))i+1

H(to) <

Further noticing, for any ¢ € [¢;,t; +1], that
i—1
Hlto.1) S H WG 1)+ Y il le41),
k=0
we conclude, in view of (3-42), that one has the global bound

! 4C, (14 gMoyi+1 g
HO.0) < S AC (1 + £/ IH(©) = 4Ca (1 + g1/ B0 &)

#H(0)
= AC (146" —1

<2[4C+(1 + g&/a)]i—i-er(O) <2[4C+(1 + 55/0‘)]1+[2C*(1+Eé/a+(p_2)/(1’_1))]2(p—1)j(0,t)27_l(0),

provided
H(0) <

c
4C*(1 +g&/a+1)[4c*(1 + gé/oe)]1+[2C*(1+gé/oz+(p—2)/(p—l))]2(p_1)(0/2)53
c

<
ACK(1 4 £/ THACL(1 + £3/%)]1+n
holds initially.
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Summarizing the preceding developments, we have now established the existence of an independent
constant Cyx > 0 such that, if the smooth solution (u, £, B) has initial data satisfying

4CL (14 £/ TACL (1 4 £ HRE (4SRRI OGS 1 0) <, (345)

then the bound

1 -2 —1 _
0/a+(p )/ (p ))]2(p 1)j(0’t)2

H(0.1) < 2[4C, (1 + £/ HHRC-(+6 #(0) (3-46)

holds globally for any ¢ € [0,00). In view of the approximation procedure laid out in Section 3.2,
this uniform control allows us to complete the construction of solutions claimed in the statement of
Theorem 3.1.

Moreover, observe that all global bounds on (u, E, B) stated in (3-2) are a direct consequence of (3-36)
and (3-46).

Finally, in order to deduce the simpler initial condition (3-1) from (3-45), there only remains to notice,
for any given ¢ > 0, by taking 0 < ¢ < 1 and 2 < p < oo sufficiently close to the values 1 and 2,
respectively, that

4C* (1 + gé/a+l)[4c* (1 + g(}/a)]1+[2C*(1+gé/0(+(l7—2)/(17—1))]2(17—1)(0—/2)53 S C**ec**gg+8
for some large independent constant Cyx > 0. Then, since the global bound (3-46) holds for that particular
choice of p close to 2, one can use the ensuing uniform controls on the solution (1, £, B) in combination

with (3-29) to propagate the L%-norm of the vorticity  for higher values 2 < p < oo, which completes
the proof of Theorem 3.1. O

3.9. Proof of Theorem 3.2. The proof of Theorem 3.2 is a continuation of that of Theorem 3.1. Thus,
assuming that the solution (u, E, B) produced by Theorem 3.1 is already constructed, we observe that
Lemma 3.6 provides us with the additional bound

lo@)llLe < 0Ol + 17 22q0,0);252) IV BllL2(j0,0);1.5%)
< “a)(o)”L?f’ + (”] ”LZ([O,t);Bgo_l 2) + ”] ”LZ([OJ);B& . >))||VB||L2([O,t);L§°)

for any ¢ > 0, which, when combined with Ohm’s law, the two-dimensional embedding 321,1 C Bgo,l and
the paradifferential product law (3-14), further yields

oz £ 1oz + ilzgy, +elElz50  +1PGx B2 VB2
SloOlege +(clillzge  _+1EIL251
+lullpge 2 1Bl 251+ Nl oo g1 BllL2 ) IVBIIL2 Lo

Now, recall from (3-3) that VB belongs to LZ(R™; Bgo’l) C L%(R™; L%). Therefore, by virtue of
the energy inequality (1-3), the global bounds (3-2) and the assumption that the initial vorticity belongs
to LY, we conclude the pointwise boundedness of w(¢) for all times.
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Observe, though, that the ensuing bound w € L7 is global in time, but it is not uniform in c. Never-

theless, it is possible to derive another global bound on the vorticity in L8

t» uniformly in ¢, by employing
Ohm’s law to control j in L%le’L - and requiring the additional initial assumption that Eo € 321,1.
Specifically, the use of Ohm’s law to expand the low frequencies of j leads to the necessity of
controlling ¢ E uniformly in the space L%BZI,I, -, which can be achieved by relying on the low-frequency
estimates from Lemma 3.9. More precisely, by combining (3-21), with s = 1, and (3-20), with s =2 —«

and 0 <« < 1, it is possible to establish, by repeating the steps leading to (3-31), that

cNEl 25y, . S IBollgy, +1Bollgy + il oo € IBl 252+ HIBlz 570 )
Il e 1B 1B 7S
All terms in the right-hand side of this estimate are now uniformly controlled (in ¢) by the bounds (3-2),
provided one further assumes that the initial data E¢ belongs to lel This concludes the justification of
the bound w € LYY,
We turn now to the uniqueness of solutions to (1-1), which rests upon Yudovich’s fundamental ideas.

uniformly in c.

To that end, suppose that
(uj, Ej, B;) € L°°([0,T); L2),

withi =1, 2, are two weak solutions to the two-dimensional incompressible Euler—-Maxwell system (1-1)
for the same initial data and for some existence time 7" > (0. We are going to establish a weak-strong
uniqueness principle by requiring a control on the solution (u5, E2, B») which is stronger than the one
on (u1, E1, By).

In a natural way, we denote the vorticities and electric currents associated to each solution by w; and j;,
respectively. Furthermore, we assume that each solution satisfies its corresponding energy inequality
(1-3) and that

up € L2([0.T): L), wae () LY(0.T):LY). jreL'(0.7):LY).
2<g<oo
By virtue of the Gagliardo—Nirenberg inequality (3-17), recall that the above bounds are sufficient to
imply that
up € L*([0, T); L)

as well. Note that we are not requiring here that the solutions have the normal structure (1-2).
Next, a straightforward duality argument on (1-1), similar to the computation which gives the energy
inequality (1-3), leads to

di/ (”1'”2+E1'E2+Bl'32)dx+2/ Ji-j2dx
I Jp2 0 Jr2
= —/2(u2®(u1 —u3)):V(up —uz)dx
R

[ (U= 2% (B1 = B) 2= 2 X (B = B 1 —w2) .

It is to be emphasized that the solutions considered here have sufficient regularity and integrability to
justify the above computation rigorously.
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We introduce now the modulated energy

Fo(t) := 2@ 12> + IE@) 125 + |1 B()]122) + .
where

U=1ujp—1uy, E:= Ey - Es, B:= By — Ba,

and & > 0 merely ensures the positivity of Fg.
Then, integrating the preceding identity in time and combining the result with the energy inequality (1-3)
for each solution, we deduce the estimate

1 [ 2
Fon)+ 1 [0 @I, de
t

58—// [((@-Vuz) i + (j X B) -uz — (j2 x B)-t](r) dx dt
t

<e+ / IVazll g NN T 21257 d e + /0 1712200 B 122 luzllzee + 1 2llese 1Bl 2 il 21 d e
1 (' -

<e+ ||Vu2||Lq||u||2/q||u||2/‘1 di+ [ 17 @I?, dr
20 0 X

t
(O T . 5 ~
+/O [S1B12, 2l oo + 12 Nese I Bl 2 Il 2 | d

forall 7 € [0,7) and any 2 < ¢ < oo, where we have defined | := j; — j».

The next step relies on a classical sharp estimate on the Biot—Savart law (1-14). More precisely, by
exploiting that the map @ > V(—A~!V x w) = Vu produces a Calder6n—Zygmund singular integral
operator, it is possible to show that

a2
Vil pa@wey = CBS—||V X ullpam2)

for all 1 <a < oo and any divergence-free vector field u, where Cgg > 0 is independent of a. We refer to
[Bahouri et al. 2011, Section 7.1.1] for more details concerning the Biot—Savart law and to [Grafakos
2014, Section 6.2.3] for a Fourier multiplier theorem which can be used to obtain the correct dependence
of the above Biot—Savart estimate in the parameter a.

Thus, we deduce from the previous bound that

t
Fs(t)§8+/ 2CBsq||w2||LqIIMIILo'iFa(f)q +olluzllfe + llj2llLg] Fe(r) dx.

Moreover, denoting the right-hand side of the above inequality by G(¢) and observing that it is absolutely
continuous on [0, T"), we obtain

d 7

77 0e(0) =2Cpsqllwz]l Lo IIuIILof’»Ge(t)q +lollualZee + I 2llLse]Ge(t)
for almost every ¢ € [0, T). Therefore, further introducing the absolutely continuous functional

O (t) := Gs(t)e_fé ["““2”igo+||f2||L§O](r) dt
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we see that

d 2oo+ i o d
4 604(1) < 2Casqlonl g TR0, ()7 4 BTl IRl NO dr,

whence

4a
dt
Observe that all technical difficulties incurred when dividing by ®,(¢) 1/4" in the last step are removed by
the use of ¢ > 0.
Now, integrating in time leads to

Fu(t)h < Go(t)h < sot SOl el o2l )0 de
& — & —

1 _12/q — L [Sloluz]? o+l Loo)(x) d T
Oc(1)7 < 2Cps|lwa | ]| 7ade @ 0 Lg Tl RO,

2 .
+2Cas f fon(O)l g (et oMtz R0 ds g

whereby, letting ¢ — 0, we end up with
1. - ~ ~
E(Ilu(l)lliﬁllE(t)llinrllB(l)lliz)

t 2
< (26us [ Toa(ol gl ar) Btz b0

- 2 +1J :
= (Casloalle 0.0 N aqo e 200 Ik 0

5 20 ~12 U||u2|| 2 +||j2”Ll([()' ) L.2°)
<Q2CssllozllL10,0;252) " QCosll2llL2(j0,0);22) Nl T2 g0 1y po0ye — F O DT,

Finally, considering values ¢ € [0, T') such that

1
w2l L1 (jo,0);L.50) < 2Cgs

and then letting ¢ tend to infinity, we conclude that (i, E.B)t)=0, thereby establishing the uniqueness
of solutions on a time interval [0, ¢) for some ¢ € (0, T).

Now, observe that this argument can be reproduced on any time interval [ty, T'), with 7o > 0 and such
that (i, E, §) (to) = 0, to prove the uniqueness of solutions on [tg, t) for some ¢ € (¢9, T'). In other words,
we have shown that the set

t ~ ~
= {z e [o, T):/O IGi. E. BY(s)ll 2 ds =0

is open. Since the function ¢ — f(; |G, E, B)(s)| L2 ds is continuous, the set S is actually both open and
closed. Furthermore, it is nonempty and [0, T') is connected. We conclude that S = [0, T') and, therefore,
that both solutions (11, E1, B1) and (u3, E2, B») match on the whole interval of existence [0, T'). This
completes the proof of the weak-strong uniqueness principle and concludes the proof of the theorem. O

Remark. In view of the estimates on the electric current j established in the preceding proof, it seems
also possible to propagate the boundedness of the B;’I—nomls of the vorticity, with p € (1, 00) and
s =2/ p, by making use of the methods developed in [Vishik 1998] to prove the global well-posedness of
the two-dimensional incompressible Euler system in critical spaces. We also refer to [Abidi et al. 2010;
Hassainia 2022] for well-posedness results of similar models in critical spaces.
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Remark. It is possible to propagate the boundedness of L?-norms of the vorticity for values 1 < p < 2.
Indeed, a variation of the proof of Lemma 3.6 gives

lo®lLz < 10O 2 + 1122022 I VBl o220,

. 2/p—1 2-2
< 10Ol + 172022 IV BIZ ot 120 IV B 20 0y

for any ¢ > 0. It is then readily seen that the terms involving V B are controlled by the bounds (3-2)
and (3-3), whereas the electric current j remains bounded by virtue of the energy inequality (1-3).

3.10. Proof of Theorem 3.3. The proof of Theorem 3.3 builds upon the estimates established in
Theorem 3.1. Thus, following the proof of that theorem, we assume that we have a smooth solution
(u, E, B) of (1-1) for some smooth initial data (u¢, Eo, Bo), and we only derive the bounds relevant to
our argument through formal estimates on (u, E, B), keeping in mind that the full justification of the
result is then completed by carrying out the approximation strategy laid out in Section 3.2.

Now, the proof of Theorem 3.1 establishes that the bound (3-45) on the initial data (¢, Eo, Bo) implies
the global uniform bound (3-46) on the solution (u, E, B). In particular, combining the two inequalities
(3-45) and (3-46), we see that, for any 0 < A < 1, if the initial data satisfies (3-45) with its right-hand
side replaced by Ac, then the solution (u, E, B) satisfies the estimate

Ac

(3-47)
2C.(1+ L/

H(O,T) <

for all T € [0, co). This global bound will come in handy below, with some small but fixed value for the
constant A.

Next, in order to derive a higher-regularity estimate on the field (£, B), we extend the control of high
electromagnetic frequencies (3-30) to higher smoothness parameters. Specifically, a direct application of
estimate (3-19) from Lemma 3.8 yields

1—- 2— I—

NE By 4 NEB)pzgy AN B gy
1-s 1—s . -
¢ ll(Eo, B0)||B§n'> +c ”u”L;’f’XﬂL?"H} ”B”L%Bgﬂ

on any time interval [0, T') for any Z < s <2and 1 <n < oo. Then, recalling that the energy (0, T')
controls the velocity u in L5 N L°°H ! (thanks to the Gagliardo—Nirenberg interpolation inequality
(3-16)) and the magnetic ﬁeld B in L%Bz,l, -, we infer that the last term above can be bounded by

() T)(||B||L2Bl IIBILsz _HIBlgzgs, )

<O, DIUBIZ5 1B 5  +1Blzy )

L232

< TS H(0, TY((Eo + ¢~ 1H(0) + c_ISOH(O, D> HO.T) ™ + [ Blz2gy ).

where we also employed (3-36) in the last step to control B in L%H ;
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All in all, combining the preceding inequalities and making use of (3-47), we arrive at
- - 7_
NE By +TNE B2y T IE Bz g
<! N(Eo. Bolllgy A+ TETIHO.T) e A+ EOHO.T) + AT Bllgagy

Thus, setting the value of the constant A small enough (with respect to fixed parameters only) that the
last term above can be absorbed by the left-hand side, the previous estimate can be recast as

o . 7_
c S”(E’ B)||Z?OB511> *e S”(E, B)||Z%B5n> Tt SH(E’ B)”Z%Béo_?l/i
< " *|l(Eo. Bolllgy  _+ I TETTIHO0.T) + TN+ E5°)H(0. T)?,

which provides the pursued uniform control of the solution (1, E, B) in higher-regularity spaces.
Finally, it only remains to notice that

_3 _3 _3
¢ 4lI(Eo. Bo)ll g7/4 = ¢ *[[(Eo. Bo)ll g4 _+c™*[(Eo. Bo)ll g7/4
< [(Eo, Bo)ll g +Cl_s||(Eo,Bo)||BEn’

which allows us to deduce that a suitable choice of independent constant Cy4 > 0 in the initial assump-
tion (3-4) implies the corresponding initial condition (3-1) in Theorem 3.1, with its right-hand side replaced
by Ac (this is necessary to guarantee the validity of (3-47)), thus completing the proof of the theorem. [J

3.11. Uniform bounds for fixed initial data. As previously mentioned, the controls (3-2) and (3-5), from
Theorems 3.1 and 3.3, hold for any families of initial data such that the left-hand sides of (3-1) and (3-4)
remain respectively bounded. In particular, within such families, the corresponding collection of global
solutions only satisfies the respective uniform bounds

¢TH(E, B)e LP®Y; B]Y), ¢'TS(E,B) e L®(R*: B,

Thus, there is, in general, no bound on the size of the electromagnetic field (£, B) in Z°°([R§+; 327 / 14

and L®(R™; Bg’n), uniformly in ¢, if the corresponding family of initial data (Eg, Bo) only satisfies a
uniform control
¢"#(Eo, Bo) € B]'} and ¢'~*(Eo, Bo) € B3,
respectively.
For example, such sets of initial electromagnetic fields occur naturally when considering mollifications

(ug’ ES’ BS) = (pC * (M07 EO? B0)7

where ¢.(x) = c2¢(cx) is a classical approximate identity and (uq, Eq, Bg) is a given initial data
satisfying
C***54+8
(&0 + ||u0||Han1,p + [[(Eo, BO)”HI)C***e o <c, (3-48)

with Cysx > 0. Indeed, it is readily seen that (ug, E§, B§) satisfies the bounds (3-1) and (3-4), provided
(3-48) holds for some suitable constant Ciyx.
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We are now going to show that the solutions constructed in Theorems 3.1 and 3.3 have, in fact, an
electromagnetic field which remains uniformly bounded in
L®[R*: B 7/4 and L®°(R*; B; n)s
provided that their corresponding initial values are selected within a bounded family of B / * and Bin,
respectively. In particular, such uniform bounds hold whenever one considers fixed initial data 1ndependent
of c. This is of special significance in the study of the limiting regime ¢ — oo in order to derive sharp
asymptotic bounds.

The next result provides a suitable energy estimate on the damped Maxwell system (1-15), and the ensu-
ing corollary clarifies the uniform boundedness properties of the solutions built in Theorems 3.1 and 3.3.

Lemma 3.12. Let d = 2. Assume that (E, B) is a smooth solution to (1-15) for some initial data (Eq, Bo)
and some divergence-free vector field u, with the normal structure (1-2).
Then, one has the estimate

ICE. B)ligzoesy +clElz2gs
< 1(Eo. Bo)ll s+ lull o oo (1B 2y + 1Bl 252, +1Blz2gs ) (49)
over any time interval [0, T) forany 1 <s <2 and 1 <n < oo.

Proof. This result follows from a direct energy estimate on the damped Maxwell system (1-15) and is an
extension of Lemma 3.10.

In order to show (3-49), we first localize (1-15) in frequencies by applying A;, for j € Z, and then
perform a classical energy estimate on each dyadic frequency component (A; E, A; B). This procedure
yields the control

N . 2 2
E”(A] E’ A] B)(T)”Li + O—C”AJEHL%([O’T);I&)

1 2
= Z”(AJ E.A; B)(O)”L)zc + U||Aj P(ux B)“L%([O,T);L}C)”AjE||L2([0,T);L§)

1 _ _ 2 O A, 2

L2qo.m:L3) T 5 18Il

L7([0.T);L3)’
Then, summing over j in £, with 1 <n < oo, we deduce, for any s € R, that
I(E, B)”Z§’°([0,T);B§,n) + C”E”Z%([O,T);Bg,n) < [I(Eo, BO)”Bin + || P(u x B)”Z%([OsT)?Bg,n)'
Next, by the paradifferential product law (3-13), we see that
|Paux B)lzags S Il npsess IBlzzss

for any —1 < s <2 and 1 <n < oo. Therefore, combining the preceding inequalities, we conclude that
I(E, B)”Ztooggﬂ + C”E”Z%Bgm

< 1o Bl + g sz (1N, + 1Bz, )

< N(Eo. Bo)l gy, + e rzesy (1BI%5,  IBISY,  +1Blzza, )

forall<s<2and 1 <n <oo.
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Finally, combining the previous estimate with straightforward embeddings of Besov spaces proves
(3-49), thereby concluding the proof of the lemma. O

Corollary 3.13. Consider parameters p € (2, 00), % <s<2andl<n<ocosuchthatn =1if s = %.
For any fixed initial data

(uo. Eo. Bo) € (H' N W) x (H' N B3 ) x (H' N B3 ,))(R?)
satisfying the assumptions of Theorem 3.1 (lf s = % and n = 1) or Theorem 3.3 (lf s > %), the
corresponding global solutions (u¢, E€, B€) constructed therein satisfy the bounds
ut e L°RT H N WhP), (E€.B)e L°(RT:H'), (E°.B°)e L®[R":B;,).
(cE°,B¢)e L*(R";H"), B eL*R*:B3, ).
ciTN(EC, B e LP(RY;BSLY), cEC e IP(R*:B3,). ciBCe*(RT;B3,.),
uniformly in c.

Proof. This result follows from a straightforward combination of Theorems 3.1 and 3.3 with Lemma 3.12.
Indeed, it is readily seen that the uniform bounds (3-2) and (3-5) are sufficient to control the right-hand
side of (3-49) for appropriate values of (s, ), thereby showing the improved uniform boundedness of the
solutions (u€, E€, B€). O

Appendix A: Littlewood-Paley decompositions and Besov spaces

We recall here the fundamentals of Littlewood—Paley decompositions and introduce a precise definition
of Besov spaces.

A.1. Littlewood—Paley decompositions. We are going to use the Fourier transform

PO =7©:= [ e s
and its inverse

Flg(r) = (x) = / ¢ VEg(6) d
[Rd

(2m)4
in any dimension d > 1.
Now, consider smooth cutoff functions v/ (£), ¢(£) € C°(R?) satisfying

V¥, ¢ >0 areradial, suppy C{|é| <1}, suppe C {% <|¢1 <2}
and

o0
L=y ®+ > 9@ 7FE) forallgeR?.
k=0
Defining the scaled cutoffs

Yr(€) = v Q27%E),  oe(E) = p(27%¢)

for each k € Z, so that

supp Vi C {|&] <2F},  suppgp € {2571 < |g| <2k 1y,
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it is readily seen that

o
=y + Z Pk
k=0
provides us with a dyadic partition of unity of R? . Notice also that
o0
I=y;+) w
k=j

for any j € Z and
1

o
>

away from the origin £ = 0.
Next, denoting the space of tempered distributions by S’, we introduce the Fourier multiplier operators

Sk, A : S’ (RY) — S'(RY),
with k € Z, defined by

Sef =F W Ff=F W)xf ad Acfi=FloFf=F 'g)xf  (AD

The Littlewood-Paley decomposition of f € &’ is then given by

o0
Sof +)  Af =,
k=0
where the series is convergent in S’.

Similarly, one can verify that the homogeneous Littlewood—Paley decomposition

Y Mf=f
k=—o00

holds in S’ if f € &' satisfies
lim [[Sg flLee =0. (A-2)
k——o00

Observe that (A-2) holds if f is locally integrable around the origin, or whenever Sy f belongs to L? (R?)
for some 1 < p < oco. In particular, note that (A-2) excludes all nonzero polynomials.

A.2. Besov spaces. For any s € R and 1 < p,q < oo, we define now the homogeneous Besov space
B;,q (R%) as the subspace of tempered distributions satisfying (A-2) endowed with the norm

q
1/ 5., oty = (Z 2ksq||Akf||§p(Rd))

. kez
if ¢ < 0o, and

17155 ety = SUPQ@ WAk S N )
’ €z

if ¢ = 0o. One can show that Bls,,q is a Banach space if s < d/p, orif s =d/p and g = 1, see [Bahouri
et al. 2011, Theorem 2.25].
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We also consider here the homogeneous Sobolev space H*(R?) for any real value s € R, which is
defined as the subspace of tempered distributions whose Fourier transform is locally integrable equipped
with the norm

171 = ( [, P17 @R dg)

One verifies that H* is a Hilbert space if and only if s < %d ; see [Bahouri et al. 2011, Proposition 1.34].
Moreover, it is possible to show that H* = 35’2 whenever s < %d .

A.3. Chemin—Lerner spaces. For any time 7' > 0 and any choice of parameters s e Rand 1 < p, g, r <oo,
with s <d/p (or s =d/p and ¢ = 1), the spaces

L™([0.7): By ,(RY))

are naturally defined as L"-spaces with values in the Banach spaces B;’ 4~ Inaddition to these vector-valued
Lebesgue spaces, we define the spaces

L' ([0,T); By ,(RY))
as the subspaces of tempered distributions such that

im 1Sk f 101 =0,
Jm 1Sk fllLr oy ey

endowed with the norm
[ele] 1
q

- _ k q
“f”L’([O,T);B;}'q(Rd)) —( Z 2 sq”Akf” ’([O,T);L”([Rd)))

k=—00
if ¢ < 0o, and with the obvious modifications in the case ¢ = oo.
One can easily check that, if ¢ > r, then

L7([0.T); By ,(RY) C L7 ([0, T): By ,(RY))
and that, if ¢ <r, then

L7([0.7); By ,(RY)) C L™ ([0, T); BS ,(R?)).
We refer the reader to [Bahouri et al. 2011, Section 2.6.3] for more details on Chemin—Lerner spaces.
A.4. Embeddings. We present now a few embeddings and inequalities in Besov spaces which are

routinely used throughout this work.
First, a direct application of Young’s convolution inequality to (A-1) yields

< okd(5—3)
[Ak fllLray S 277527 M Ak fllLp we) (A-3)
for any 1 < p <r < o0. A suitable use of (A-3) then leads to the embedding

1/ W gs ey S WS N gstaaro—1im ga) (A-4)

forany 1 < p <r <00, 1 £¢q <ooand s € R, which can be interpreted as a Sobolev embedding in the
framework of Besov spaces.
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Moreover, recalling that £9 C £", for all 1 < g <r < oo, one has
3 d 3 d
By o %) B}, (R

forallseR, 1 <p<oocand1<g<r <oo0.
Next, observe that

o Acf

kez

<D N8k S Ir@ay =18 f 1159 gay (A-5)

”f”Ll’([Rd) =
LP(RY) kez

for every 1 < p < 0o. Therefore, by combining (A-4) and (A-5), we obtain

1 Mooty S 11 572 gy
This estimate is particularly useful in view of the failure of the embedding of the Sobolev space H /2 (R9)
into L (RY).

Further considering any cutoff function y € C° (R%) such that Lgg<1y < x(§) < 1yg/<2}, One can
show, for any ¢ > 0, o >0 and 1 < p < o0, that

D o _
12(2)7 HB;j“(Rd) S g omey

and
ca-n(2)7] SIf sy
¢/’ Bs ey ~ 1 IBpso ®Y)
where the operator m (D) denotes the Fourier multiplier associated with the symbol m (&) for any m €
C2(RY).

Finally, we mention another essential inequality in Besov spaces which is related to their interpolation
properties. Specifically, one has the interpolation, or convexity, inequality

< 1-6 6
||f||1;;;7‘1 < ||f||B;900 ”f”Bi?oo

for any p € [1, <], s,50,51 € Rand 6 € (0, 1) such that s = (1 —0)sg + 051 and s F# 571.
Note that the preceding estimates and embeddings can be adapted to the setting of Chemin—Lerner
spaces in a straightforward way.

A.5. Paradifferential product estimates. Here, we recall the basic principles of paraproduct decomposi-
tions and some essential paradifferential product estimates that follow from it.
For any two suitable tempered distributions f and g, introducing the paraproduct

Trg =Y Si2fAjg

jez
readily leads to the decomposition

fe=Trg+Tg f + R(/. ).
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where

R(fe)= D Ajfig
Jj.kez
|j—k|<2

is the remainder. For any choice of integrability parameters in [1, oo] such that

r_1+,1 1_1,1 1_1,1
a_al az’ b_bl bz’ C_Cl Cz’
it can be shown, in the context of Chemin-Lerner spaces, that
Trgllva satn < ~a1 au ~as 4 A-6
1778z gots S 1S zer gy Nelzeogy (A-6)
for any o < 0 and B € R, and that
- . < ~a) 5 —ar -
IRCE &)y goren 1 Nz g glzengy (A7)

for any o, B € R with o 4+ B > 0. Moreover, one has the endpoint estimates

TR L P e (A8)
for all B € R and
IR(S ey N fllgaga Nglizez go
X b1.cy t br.co
for all @ € R, provided 1/c¢1 4+ 1/¢2 = 1. Similar bounds hold for Besov spaces, and we refer to [Bahouri
et al. 2011, Section 2.6] for more details on such paradifferential estimates.
We finally recall two important product rules of paradifferential calculus in the context of Besov spaces,

which are direct consequences of the preceding bounds. First, exploiting (A-6) and (A-7) (for Besov
spaces), we have

1780 gsi-arz < 17 sl g
forany —3d <s,t < id, with s +¢ > 0.
Second, we find that
1780 s S 1f poeryzrz 11 s

for all —%d <s< %d , which follows from a suitable combination of (A-6), (A-7) and (A-8) (for Besov
spaces, as well).

Appendix B: Oscillatory integrals and dispersion

We give here a justification of the dispersive estimate (2-23) employing the stationary phase method.
This method is classical and we will rely on [Bahouri et al. 2011], when needed, to refer the reader to
complete details on the technical results pertaining to the method.
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Generally speaking, we are considering here oscillatory integrals of the form
=[Oy ag
R4

for smooth test functions ¥ € C° (R9) and r € R, where the smooth phase ¢ (&) only needs to be defined
on the support of . It is readily seen that
[Ty (D] < Y]l L1 (re)-

We seek now to understand the asymptotic behavior of Iy () when |¢| is large, which requires us to
exploit the cancellations in the integral Iy (¢) due to the oscillatory term e'®)  There are two cases to
consider: the stationary phase and the nonstationary phase.

The stationary phase. This case analyzes the asymptotic behavior of Iy (¢) near critical points of the
phase, i.e., near points in the integration domain where V¢ (§) = 0. More precisely, we suppose here that

Vo (&) < €0

for some g¢ € (0, 1] and for all £ € supp ¥. Under such assumptions, Theorem 8.9 from [Bahouri et al.
2011] establishes that, for any positive integer N, there is a constant Cp, ¢y > 0 such that

dE
Iy ()] = CN,gp /suppw (1 + &ot|Vo(£)|2)N

(B-1)
forallz > 0.

The nonstationary phase. The decay of Iy (¢) is better when V¢ does not vanish on the support of .
More precisely, assuming now that

Vo ()] = g0

for some ¢ € (0, 1] and for all ¢ € supp ¥, Theorem 8.8 from [Bahouri et al. 2011] shows that, for any
positive integer N, there is a constant Cy ¢ 4 > 0 such that

CNg.v
O] = 5 (B-2)

for all # > 0.

The asymptotic estimate (B-2) always offers a faster decay than (B-1) and, therefore, the oscillatory
integral Iy (7) can be treated as a remainder term wherever the phase V¢ does not vanish. In conclusion,
the overall asymptotic behavior of 1y (¢) is, in general, determined by the critical points of the phase.

All in all, as explained in Theorem 8.12 from [Bahouri et al. 2011], it is possible to combine the
preceding estimates to show, for all Y € C° (R?), &9 € (0, 1] and any positive numbers N and N’, that
there are positive constants Cy and Cp- such that

< N Len a
@Ol = G F TV fA¢ (I+eot[Vo ()N

for all £ > 0, where the set Ay is defined as

Ap =& €suppy : [V (§)| < &0}

(B-3)
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We are now in a position to prove (2-23). To be precise, we are going to establish the equivalent
estimate (up to a scaling of the variable x)

- C
it (x,€) 4 -
/Rd e v©dE| = G5 (B-4)

for all 7 > 0 and x € R4, where the phase is defined by
$(x,§) =x-££8(5), withd(§) = V[§? -0 and 0 < < 3,

and the test function ¢ € C° (R?) satisfies supp ¥ C {% <&l < R} for some R > %, while the constant
Cy > 01is independent of 7, x and «.

To that end, noting that ¢ (x, £) is smooth on the support of i and setting g9 = %, N = %(a’ —1) and
N’ =d in (B-3), we find that

) 1 dé&
OOy E) | 5 s + ,
L D (it s )
where "
1 1
A=) R lx+—|<:t.
{4<'E'< T 6(5)52%

Now, notice that x # 0 if A is nonempty. In particular, for any £ € A, we can write the decomposition

E=01 4+, with¢p = (fx—é)x and ¢ := £y,

whence, since {'-x =0,
i 2 _‘ ;_1 2 é-/ 2 |é—/|2 - |é-/|2
Fie T sel el Ter R

We therefore conclude that

. 1 g’ 1
608 () dEl < —— / <
/M VOEIS @07 fericnan (g~ @7

which completes the justification of (B-4). O
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EQUIVARIANT PROPERTY GAMMA
AND THE TRACIAL LOCAL-TO-GLOBAL PRINCIPLE FOR C*-DYNAMICS

GABOR SZABO AND LISE WOUTERS

We consider the notion of equivariant uniform property Gamma for actions of countable discrete groups
on C*-algebras that admit traces. In case the group is amenable and the C*-algebra has a compact
tracial state space, we prove that this property implies a kind of tracial local-to-global principle for the
C*-dynamical system, generalizing a recent such principle for C*-algebras exhibited in work of Castillejos
et al. For actions on simple nuclear Z-stable C*-algebras, we use this to prove that equivariant uniform
property Gamma is equivalent to equivariant Z-stability, generalizing a result of Gardella, Hirshberg, and
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Introduction

This article aims to extend the fine structure theory for actions of amenable groups on finite simple
C*-algebras, in particular those covered by the Elliott program. The classification of such C*-algebras,
which mirrors the celebrated Connes—Haagerup classification of injective factors [Connes 1976; Haagerup
19871, has been nearly completed as a culmination of numerous articles by many researchers over the
past decade, such as [Elliott et al. 2024; 2020; Gong and Lin 2020; 2022; Gong et al. 2020a; 2020b;
Schafhauser 2020; Tikuisis et al. 2017]. Furthermore, Carrion, Gabe, Schafhauser, Tikuisis, and White
have announced an eagerly awaited new conceptual proof of the classification theorem [Carrion et al.
2023b], which does not directly rely on the prior works related to tracial approximation. By now it has
been recognized that the next natural step is to understand the underlying symmetries of classifiable
C*-algebras, which can be interpreted as the goal to classify group actions on them. This mirrors the work
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of Connes, Jones, Ocneanu and others [Connes 1977; Jones 1980; Katayama et al. 1998; Kawahigashi
et al. 1992; Masuda 2007; 2013; Ocneanu 1985; Sutherland and Takesaki 1989]. When it comes to
classifying group actions on C*-algebras, a number of researchers have introduced many sophisticated
methods over the years to classify specific kinds of group actions utilizing certain Rokhlin-type properties
[Evans and Kishimoto 1997; Izumi 2004a; 2004b; Izumi and Matui 2010; 2021a; 2021b; Katsura and
Matui 2008; Kishimoto 1995; 1998a; 1998b; Matui 2008; 2010; 2011; Nakamura 2000; Sato 2010;
Szab6 2021a]. In direct comparison to the generality achieved for actions on von Neumann algebras, the
implementation of the involved methods (in particular the Evans—Kishimoto intertwining argument) for
actions on C*-algebras remained challenging beyond some specific classes of actions or acting groups.

To combat these methodological obstacles, the first author introduced a categorical framework in
[Szabd 2021c] to open up the classification of C*-dynamics up to cocycle conjugacy to methodology
directly inspired by [Elliott 2010]. For actions on classifiable C*-algebras without traces, the so-called
Kirchberg algebras [1995], this idea led to the recent breakthrough in [Gabe and Szab6 2022; 2024]. The
main result of said work implies that, given any countable amenable group G, any outer G-action on a
Kirchberg algebra is uniquely determined by its KK “-class up to cocycle conjugacy.

Although one might be tempted to guess that similar breakthrough results ought to be in reach for
actions on finite classifiable C*-algebras, one still has a long way to go before such a goal can be achieved.
In analogy to the original obstacles to classify all simple nuclear C*-algebras [Rgrdam 2003; Toms 2008;
Villadsen 1999], there are basic structural questions to be settled before a classification theory such as in
[Gabe and Szabd 2024] can be attempted on finite C*-algebras. When concerned with just the underlying
C*-algebras, this is already a serious challenge. On the one hand, there is the question whether the
C*-algebras under consideration automatically satisfy certain properties predicted by classification. For
the purpose of this article we highlight the property of Jiang—Su stability. If Z is the so-called Jiang—Su
algebra from [Jiang and Su 1999], then a C*-algebra A is called Jiang—Su stable or Z-stable when
A = AR® Z. Although this might seem like a technical property at first glance, it becomes natural with
more context: Firstly, Z behaves (as a C*-algebra) very much like an infinite-dimensional version of the
complex numbers C, for instance at the level of K-theory and traces. Secondly, there is by now a pile of
evidence that Z-stability holds automatically for many C*-algebras arising from various constructions like
the crossed product [Kerr 2020; Kerr and Naryshkin 2021; Kerr and Szab6 2020; Toms and Winter 2013].
The discovery that Z-stability does in fact not hold automatically for all simple nuclear C*-algebras has,
among other things, led to the nearly proven Toms—Winter conjecture, which asserts that Z-stability can
only hold or fail in conjunction with some other, a priori different, regularity conditions.

On the other hand, there is the question about precisely what additional structural consequences (not
necessarily equivalent characterizations) are shared by Jiang—Su stable C*-algebras, a good example of
which is the recent breakthrough work [Castillejos et al. 2021b] (which was in turn continuing work
from [Bosa et al. 2019; Matui and Sato 2014a; Sato et al. 2015]). The most novel technical achievement
therein can be identified as the tracial local-to-global principle for C*-algebras satisfying the so-called
uniform property Gamma, which is a weaker assumption than Jiang—Su stability. Said principle concerns
the behavior of elements in a given C*-algebra A with respect to the 2-seminorm || - ||2,; induced by
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individual tracial states T on A on the one hand, and the behavior with respect to the uniform tracial
2-norm || - ||, = sup; || - ||2.,r on the other hand. While the latter is often of interest in the deeper structure
and classification theory for C*-algebras, the former can be understood by studying the tracial von
Neumann algebra 77, (A)” arising as the weak closure of A under the GNS representation associated to an
individual trace 7. In a nutshell, the tracial local-to-global principle asserts that any suitable behavior
that can be observed one trace at a time can also be observed uniformly, which often allows one to
transfer, so to speak, phenomena from von Neumann algebras to the C*-algebraic context. This became
in turn the main technical driving force behind the main results in [Castillejos et al. 2021b; 2022], which
can be summarized by saying that the Toms—Winter conjecture holds for all simple nuclear C*-algebras
having the uniform property Gamma. Whether the latter property automatically holds for simple nuclear
nonelementary C*-algebras is presently unknown but is of high interest as it currently represents the main
obstacle towards a full solution to the Toms—Winter conjecture.

When we turn our attention to C*-dynamics instead of C*-algebras, we can (and should) study analogous
well-behavedness properties as for C*-algebras, one important example of which is equivariant Jiang—Su
stability. An action o : G ~ A on a C*-algebra is called (equivariantly) Jiang—Su stable or Z-stable, if « is
cocycle conjugate to ¢ ®idz : G ~ A ® Z. Assuming G is amenable, it is presently open if this happens
automatically when A is simple nuclear and Z-stable; see [Szab6 2021b, Conjecture A]. We note that the
analogous question for nonamenable groups is known to have a negative answer [Gardella and Lupini
2021; Jones 1983], although recent insights as in [Gardella et al. 2024; Suzuki 2021] leave some hope for
the class of amenable actions of nonamenable groups, which we shall not investigate in this article. If
one stresses the point again that Z essentially looks like an infinite-dimensional version of C, it should
not come as a surprise that we can only expect a classification of G-actions on classifiable C*-algebras
by reasonable invariants if they are equivariantly Z-stable. The existing work in this direction seems to
indicate that equivariant Jiang—Su stability may indeed hold automatically whenever one can reasonably
expect it [Gardella et al. 2022; Matui and Sato 2012; 2014b; Sato 2019; Szab6 2018a; Wouters 2023].
The other possible line of investigation, namely further structural consequences of equivariant Jiang—Su
stability for group actions, was initiated in [Gardella et al. 2022] as a direct adaption of techniques in
[Castillejos et al. 2021b], albeit under rather restrictive assumptions on the actions. We recall one of the
key concepts from both said paper and the present work but restrict ourselves in this introduction to the
case of unital simple C*-algebras for convenience, despite actually investigating the concept in broader
generality.!

Definition A. Let G be a countable discrete group. Let A be a separable unital simple C*-algebra such
that all 2-quasitraces on A are traces and T (A) # @. Given a free ultrafilter w on N, form the uniform
tracial ultrapower A® of A. An action « : G ~ A is said to have equivariant uniform property Gamma if,
for any k > 2, there exist pairwise orthogonal projections py, ..., px € (A® N A")*” such that

r(apj):%r(a) forall j=1,...,k, ae A, Tt € T,(A).

IThe reader might consult Definitions 1.7, 1.8, and 2.1 and compare with [Gardella et al. 2022, Definition 3.1].
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One can observe easily (Remark 2.2) that equivariant uniform property Gamma is always implied by
equivariant Jiang—Su stability. This is important to note because it means that all nontrivial consequences
of this property will also hold for Jiang—Su stable actions, and may in fact turn out to be useful for
subsequent applications. The most important technical consequence relevant to the present work is the
tracial local-to-global principle for C*-dynamical systems over amenable groups. An ad hoc version
of this principle appeared in [Gardella et al. 2022, Lemma 4.5] but is only applicable (see [Gardella
et al. 2022, Remark 2.2]) for actions that induce an action on tracial states with finite orbits of uniformly
bounded size. This assumption appeared not only as a prerequisite for the theory in [Gardella et al.
2022] but is implicitly crucial for the usefulness of the conclusion of this ad hoc principle, which only
involves tracial states that are fixed by the action.? In this article we aim to remove any assumptions
about how actions G ~ A are allowed to act on the traces of A, as well as strengthen the conclusion
of the tracial local-to-global principle compared to [Gardella et al. 2022], in such a way as to directly
generalize and strengthen the known principle for C*-algebras [Castillejos et al. 2021b, Lemma 4.1]. In
addition to formulating our result in the language of *-polynomials as all prior papers did, we would also
like to promote the following (formally equivalent) formulation of the tracial local-to-global principle for
C*-dynamics, which becomes our main technical result. We not only restrict ourselves for the moment
to actions on unital simple nuclear C*-algebras (similarly to before) for convenience but give a slightly
weaker version here that is easier to state. We treat a stronger version of the statement in broader generality
in the main body of the paper; see Theorems 4.2 and 4.6.

Theorem B. Let G be a countable amenable group and A a separable unital simple nuclear C*-algebra.
Let o : G ~ A be an action with equivariant uniform property Gamma. Let § : G ~ D be an action on a
separable C*-algebra and B C D a 8-invariant C*-subalgebra. Suppose that ¢ : (B, 8) — (A®, a®) is an
equivariant x-homomorphism. Then ¢ extends to an equivariant x-homomorphism ¢ : (D, §) — (A®, a®)
if and only if, for every trace T € T,,(A)"", there exists a x-homomorphism ¢* : (D, §) — (n?‘w(A‘”)”, o®)

o

. “0@.® Here 1, denotes the GNS representation associated to the trace t, and Jrﬁ‘w denotes

withp'|lp=m
. . ©
the direct sum representation B, 7 o g

Not unlike previous approaches, the proof of this main result factors through a kind of dynamical
version of CPoU (the existence of so-called complemented partitions of unity) that we establish along
the way; see Lemma 3.2. There are two things to note about this, however. Firstly, the present version
of dynamical CPoU does not generally match the property suggested for this purpose in [Gardella et al.
2022], and based on our work we are in fact uncertain whether that property can be expected to hold
even under the validity of the above theorem. Secondly, we would like to propose a slight perspective
shift by viewing the above local-to-global principle as the primary conceptual property to be studied and
exploited instead of the dynamical CPoU, which we feel — especially compared to previous iterations —
to be rather unwieldy by itself due to its elaborate technical nature.

This uses that if & : G ~ A is assumed to induce an action G ~ T (A) with finite orbits of uniformly bounded cardinality
M > 0, then one has || - [|l2,, < M| - ll2,7(a)« as norms on A.

3In actuality one may even allow ¢® to have range in the tracial ultrapower of this von Neumann algebra, but this requires
more cumbersome notation to state rigorously.
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In the main body of the paper, we actually prove a stronger version of Theorem B for a class of actions
on much more general C*-algebras. We would like to comment that the starting point of our theory
presumes that the underlying C*-algebra satisfies a kind of weak CPoU, namely the one shown to hold for
nuclear C*-algebras in [Castillejos et al. 2021b, Lemma 3.6]. Fortunately, a result in the recent preprint
[Carridn et al. 2023a] implies that this kind of weak CPoU in fact holds automatically for all C*-algebras
with compact tracial state space, which we can use to our advantage.

As for the rest of the paper, we apply Theorem B (or rather Theorems 4.2 and 4.6) to gain insight
on equivariant Jiang—Su stability. A famous argument due to Matui and Sato [2012] and the main
result of [Szabd 2021b] allows us to argue (as explained in Section 5) that an action « as above is
equivariantly Jiang—Su stable if and only if A = A ® Z and « is uniformly McDuff, i.e., there exist unital
*-homomorphisms

M, — (AN A" forallneN.

Once we note that the latter property is known to hold one trace at a time as a consequence of Ocneanu’s
theorem [1985] (in the generality we need it, this is imported from [Szabé and Wouters 2024]), the above
result can be applied to the «-equivariant inclusion

1, ®idg : A — M, (A)

to deduce the following consequence. As before, we note that we prove this result in greater generality
than stated here; see Theorem 5.7.

Corollary C ( cf. [Gardella et al. 2022, Theorem 7.6]). Let @ : G ~ A be an action of a countable
amenable group on a separable unital simple nuclear Z-stable C*-algebra. Then a has equivariant

uniform property Gamma if and only if o is equivariantly Jiang—Su stable.

We expect the main result of this article to have an impact on subsequent applications of equivariant
uniform property Gamma or equivariant Jiang—Su stability, in particular in the context of classifying
actions on tracial C*-algebras.

As far as potential further research is concerned, let us point out that, for group actions « : G ~ A that
are assumed to be “sufficiently free”,* the theory pursued in this article can be seen as an instance where
one studies uniform property Gamma for the inclusion of C*-algebras A € A X, , G in such a way as to
strengthen uniform property Gamma for A. It is a tantalizing issue to determine a common framework
encompassing all applications of interest regarding uniform property Gamma for more general inclusions
of C*-algebras. For instance, it has been hypothesized in past work [Kerr and Szab6 2020, Remark 9.6]
that, for a free minimal action G ~ X of an amenable group on a compact metric space, some desirable
dynamical properties ought to follow from a different kind of uniform property Gamma for the inclusion
C(X) € C(X) x G, namely the one that strengthens uniform property Gamma for the crossed product;
see also [Liao and Tikuisis 2022].

‘A priori, this may have several different interpretations.
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1. Preliminaries

Notation 1.1. Throughout this paper, we will use the following notation and conventions unless specified
otherwise:

» By default, w denotes some free ultrafilter on N. At times it can make it easier to state a claim using
two free ultrafilters, in which case we denote a second one by «.

 If F is a finite subset inside another set M, we often denote this by F € M.
« [K denotes the compact operators on the Hilbert space £2(N).

o Let A be a C*-algebra. We denote its positive elements by A and its minimal unitization by A. We
will also make use of its Pedersen ideal, denoted by P(A). We assume the reader is familiar with the
basic properties of this object. Given a positive element a € A and ¢ > 0, we denote by (a — ¢) the
positive part of the self-adjoint element a — ¢1 ;.

» The topological cone of lower semicontinuous traces on A will be denoted by f(A); cf. [Elliott
et al. 2011]. We call such a trace T on A trivial if it is {0, oo}-valued. It is well known that trivial
traces are in one-to-one correspondence with the ideal lattice of A by mapping a trivial trace t to
the linear span of 7' (0). The set of nontrivial lower semicontinuous traces on A will be denoted
by T7(A) and the set of tracial states will be denoted by T'(A). In this paper, we say that a compact
subset K C TT(A) is a compact generator for TT(A) if R"OK = T (A).

« In addition, we denote by sz (A) the set of lower semicontinuous 2-quasitraces (see [Blanchard
and Kirchberg 2004, Definition 2.22]) on A, which contains ?(A). We usually only mention them
to assume in appropriate contexts that there are no genuine quasitraces, i.e., QTZ(A) =T(A).

We recall the following existence theorem for traces. This follows from a combination of the work
of Blackadar and Cuntz [1982, Theorem 1.5] and Haagerup [2014]; see also [Blanchard and Kirchberg
2004, Remark 2.29 (i)].

Theorem 1.2. Let A be a simple, exact C*-algebra such that A ® K contains no infinite projections. Then
OT>(A) =T (A) and TT(A) # @.

In particular, this implies that each stably finite, simple, separable, nuclear C*-algebra admits a
nontrivial trace.

Definition 1.3 [Kirchberg 2006, Definition 1.1; Kirchberg and Rgrdam 2014, Definition 4.3]. Let A be a
C*-algebra with an action « : G ~ A of a discrete group.

(1) The ultrapower of A is defined as
Ay =12 (A)/{(an)nen € £7(A) P lim la, || = 0}.

(2) Pointwise application of o on representing sequences induces an action on the ultrapower, which we
will denote by ¢, : G ™~ Ay

SIn case A is simple, an example of such a compact generator is given by {t € TT(A) | t(a) = 1} for some a € P(A)+ \ {0}.
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(3) There is a natural inclusion A C A, by identifying an element of A with its constant sequence.
Define

ApNA :={x€A,|[x,A]=0} and A,NAt:={xeA,|xA=Ax=0)}.

The quotient
F,(A) = (A,NA)/(A,NAY)

is called the (corrected) central sequence algebra. If A is o-unital, then F,(A) is unital, where the
unit is represented by a sequential approximate unit (ey,),en-

(4) Since A is a,-invariant, so are A, N A’ and A, N A+. Thus, «,, induces an action on F,(A), which
we will denote by &, : G ~ F,(A).

Definition 1.4. Let A be a C*-algebra. A sequence of tracial states (7,),cn on A defines a trace on A,
via
[(@n)nen] — lim 7,(ay,).
n—w

A trace of this form is called a limit trace. The set of all limit traces on A, will be denoted by 7;,(A).
More generally, following [Szabé 2021b, Definition 2.1], a sequence (T,)nen in T(A) defines a lower
semicontinuous trace 7 : £*°(A); — [0, oo] by

T((an)neN) = sup lim tn((an - 8)+)-
e>0 1@

This trace is the lower semicontinuous regularization of the trace given by lim,,_,, 7, (a,); see [Elliott
et al. 2011, Lemma 3.1]. This regularization ensures that 7 ((a,),en) = 0 if lim, ., ||a, || = 0, so 7 also
induces a lower semicontinuous trace on A,. A trace of this form on A, is called a generalized limit
trace. The set of all generalized limit traces is denoted by Tw(A).

For the next part, assume A is separable. Foranya € AL and 7 € fw(A), we can define a trace

T, (A,NAYL — [0,00], x> T(ax).

We have that 7,(x) < ||x||t(a), so this trace is bounded whenever t(a) < co. Note that this trace also
induces a trace on F,(A), which by abuse of notation will also be denoted by 7,. Clearly this yields a
tracial state under the assumption 7(a) = 1. Let us say that a given tracial state t on F,,(A) is a canonical
trace if it belongs to the weak-*-closed convex hull of {7, | T € Tw(A), ac€Ai,t(a)=1}.

Remark 1.5. We point out that it is not necessary to consider generalized limit traces in an important
subcase that often occurs in the literature. Namely, assume A is a separable simple C*-algebra with
@ # TH(A) = R>°T(A) such that T'(A) is compact.® Then it follows by [Castillejos and Evington 2021,
Proposition 2.3] that every generalized limit trace 7 € Tw(A) that is finite on some nonzero positive
element of A is a multiple of an ordinary limit trace.

Next we recall how various versions of tracial ultrapowers are defined.

6For instance, this is automatic when A is separable, simple, nuclear, unital, and stably finite.
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Definition 1.6 [Ando and Haagerup 2014, Propositions 3.1 and 3.2]. Suppose M is a finite von Neumann
algebra with faithful normal tracial state T. Then the tracial von Neumann algebra ultrapower is defined as

M= 02 (M) /{(n)nen € €2 (M) | lim lx o, = 0}. 1-1)

This is again a von Neumann algebra with a faithful normal tracial state T that is defined on representative
sequences by T ((x;)nen) = limy, ., T(x,).

The notation used for the tracial von Neumann algebra ultrapower is the same as for the uniform tracial
ultrapower of a suitable C*-algebra as defined below. It will be clear from context which of the two
notions we use. In the special case that A is a C*-algebra with unique tracial state T and no unbounded
traces, the uniform tracial ultrapower A® is naturally isomorphic, by Kaplansky’s density theorem, to the
von Neumann tracial ultrapower (7, (A)”)®, where 7, denotes the GNS representation associated to t.
Note that on a tracial von Neumann algebra (M, 7), the topology induced by the | - ||2,.-norm agrees
with the *-strong operator topology on bounded subsets. So equivalently, in (1-1) one can quotient out
by the sequences that converge to O in the *-strong operator topology, which makes the construction
equivalent to the Ocneanu ultrapower; cf. [Ando and Haagerup 2014].

Definition 1.7. Let A be a C*-algebra. Given a constant p > 1 and 7 € T(A), we define a seminorm
” : ||p,r on A by

lallp.c =(al)"?, aeA.
We will in particular appeal to the cases p = 1 or p =2 subsequently. For a nonempty set X C T (A), we
define a seminorm || - ||, x on A by

llall2,x :=sup llall2,
teX

for all a € A. The seminorm || - ||2,7(4) is also denoted by || - ||2,. This is a norm if and only if, for all
nonzero a € A, there exists some 7 € T (A) such that t(a*a) > 0, which is in particular the case when A
is simple with 7' (A) nonempty.

We note that in the construction below, we deviate from other sources by making a very explicit
distinction in terminology between C*-algebras that do or do not admit nontrivial unbounded traces.

Definition 1.8 ( cf. [Castillejos et al. 2021b, Section 1.3]7). Let A be a C*-algebra with T (A) # @. Then
the trace-kernel ideal (with respect to bounded traces) inside A, is defined by

I3 = {[(@nen] € Ay | lim [layll2.7(a) = 0}
The uniform bounded tracial ultrapower is defined as the quotient
AP = A,/ T},

Whenever || - ||2,7(4) defines a norm on A, there also exists a canonical embedding of A into A®P? Then
AP N A’ is called the uniform bounded tracial central sequence algebra. Whenever we have an action

TThe cited source assumes separability, but we generalize the definition beyond that case.
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o : G ~ A of a discrete group, the ideal JX is o, -invariant. Hence, there is an induced action on the
uniform bounded tracial ultrapower, which we will denote by a® : G ~ A®P,

Clearly, every limit trace vanishes on J/lj and hence also induces a tracial state on A®"®. We will also
use 7,,(A) to denote the collection of limit traces on A“-". Note that

TR ={x € Ay : lIxll2.7,(4) = O},

so in particular | - ||2,7,(4) defines a norm on A®®.

Finally, if we assume A is a simple C*-algebra such that QTZ(A) = T(A) and @ #TH(A) =R>%.T(A)
with T'(A) compact, then we simply call J4 = JX the trace-kernel ideal, A” = A“*® the uniform tracial
ultrapower, and A” N A’ the uniform tracial central sequence algebra.

Remark 1.9. Our choice to add the extra “bounded” in the terminology above and the extra letter “b”
in the notation, which is usually not included in other sources such as the ones we cite, is deliberate
and has the purpose to not overuse the word “uniform”, in particular in cases where it becomes rather
misleading. This is most apparent for nonsimple C*-algebras; if B is any unital simple C*-algebra with
T (B) # @, then the above construction applied to A = B @ [K yields A“"® = B® by virtue of the fact
that the canonical trace on K is unbounded. Since one of the two tracial direct summands is entirely
forgotten in this construction, this object seems unfit to be called “uniform tracial”. However, even
the case of simple C*-algebras is enough to illustrate why one should not equate A®® with the object
capturing all “uniform tracial” data. Namely, the range result [Gong and Lin 2022] combined with a
little playing around with invariants allows one to see that, given any metrizable Choquet simplex S with
9.S admitting some isolated point, there exists a (nonunital) classifiable C*-algebra A such that T+ (A)
has a Choquet base affinely homeomorphic to §, yet A has a unique tracial state 7. In this scenario,
we have A”Y = (7, (A))® = R® as a consequence of Connes’ theorem. So despite A having a rich
tracial structure, the only trace captured by this construction is T, which compels us to not apply the word
“uniform” or the notation “A®” to such an example.

Note that the phenomenon discussed here is also what motivated us to subsequently revise the definition
of (equivariant) uniform property Gamma in the spirit of [Castillejos and Evington 2021], as well as
introduce an auxiliary version of it that explicitly only takes into account tracial states, even when the
surrounding C*-algebra may have other unbounded traces.

Remark 1.10. Let A be a o-unital C*-algebra with T (A) # @. By [Castillejos et al. 2021b, Proposi-
tion 1.11] the uniform bounded tracial ultrapower A®® is unital if and only if T (A) is compact.® Moreover,
[Castillejos et al. 2021b, Lemma 1.10] shows that, in that case, the natural map A, N A" — AP A/
factors through F,,(A). In case A is separable, this natural map is surjective by a combination of
Propositions 4.5 (iii) and 4.6 in [Kirchberg and Rgrdam 2014] (the unitality hypothesis in the second cited
proposition is not needed, as it suffices to take a unit in the minimal unitization for the proof).

As we have argued above, there are some issues if one is trying to define the object A“ for a C*-algebra
A that may possess many unbounded traces. In fact, trying to find a viable general definition that has the

8The cited statement assumes separability of A, but a closer look at the proof shows that o -unitality is sufficient.
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same level of utility as in the case of unital C*-algebras has eluded a number of researchers for years.
By introducing the next few definitions and observations, however, we wish to promote the viewpoint
that there is a rather natural way to define the object A“ N A’ for any separable C*-algebra A, even if we
do not know at present how to properly define the object A itself. Since we are unsure of the viability
of this definition when A admits genuine quasitraces, we wish to be cautious and shall only define the
concepts below under the assumption that A does not admit them.’

Definition 1.11. Let A be a separable C*-algebra with Q7>(A) =T (A) and T+ (A) # @. The trace-kernel
ideal J4 inside F,(A) is defined as the set of elements x € F,,(A) such that, for every generalized limit
trace T € Tw(A) and a € Ay with 0 < 7(a) < 0o, we have 7,(x*x) = 0. With some abuse of notation, we
denote the quotient by

A’NA = F,(A)/Ja. (1-2)

It is clear from construction that a canonical trace on F,,(A) vanishes on 74, so it descends to a tracial
state on A“ N A’. As before, we call a given tracial state on A“ N A" a canonical trace if it is induced by
a canonical trace on F,(A), or equivalently if it belongs to the weak-*-closed convex hull of the tracial
states 7, on A®N A’, where T € Tw(A) anda € A, with t(a) = 1.

If o : G ~ A is an action of a discrete group with induced action &, : G ~ F,,(A), then clearly J4 is
a,,-invariant, so we obtain an induced action a® : G ~ A? N A’.

Remark 1.12. In the case that A is simple, and QTZ(A) = f(A) and @ # TT(A) =R°T (A) with T (A)
compact, it follows from Remarks 1.5 and 1.10 that F,,(A)/Js = A®PN A’, so the notation A® N A’ is
consistent with the last part of Definition 1.8.

Remark 1.13 (see remark after [Kirchberg and Rgrdam 2014, Definition 4.3]). Let p > 1 be any constant.
Given any element x in a C*-algebra B with a tracial state 8, one has the inequalities

1 1-1
Ixlie < %l 0 < Iel}/2lx =17

This implies that an element in either Definition 1.8 or 1.11 belongs to the trace-kernel ideal if and only
if its tracial p-norms vanish with respect to the appropriately chosen (limit) traces. We will frequently
use this without further mention for p = 1.

Remark 1.14. One of Kirchberg’s initial observations about F,,(A), which attests to the naturality of its
construction, is that it is a stable invariant. We are about to argue that the same applies to the construction
A+ A®NA’. For this purpose, let {ex ¢ | k, £ > 1} be a set of matrix units generating [, and let 1,, € [ be
the increasing approximate unit given by 1, = Z'}Zl e; j. Werecall (see [Kirchberg 2006, Proposition 1.9,
Corollary 1.10]) that there is a canonical isomorphism 0 : F,,(A) — F,(A ® K) defined as follows: given
an element x € F,(A) represented by a central sequence (x,),en in A, it is sent to the element 0 (x)
represented by the central sequence (x, ® 1,),eN-

9 At the same time, we note that the concepts make sense formally anyway, and none of the subsequent arguments hinge on
the assumption that A does not admit genuine quasitraces.
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Proposition 1.15. Let A be a separable C*-algebra with QT>(A) = T(A) and T+ (A) # . Then the
canonical isomorphism F,(A) = F,(A ® K) preserves the canonical traces on both sides. Consequently,
it descends to a canonical isomorphism

ANA Z(AQK)*N(AQK).

Proof. As we set up before the proposition, we denote the canonical isomorphism by 6. It is clear that it
induces an affine homeomorphism between all tracial states on F,(A) and on F,(AQK) viat+— to o~
The claim amounts to showing that the image of the canonical traces on the left is equal to the canonical
traces on the right.

Let Tr be the unique lower semicontinuous trace on K with Tr(e; ;) = 1. We keep in mind that the
assignment T(A) — T(A ® K) given by 7 — 7 ® Tr is an affine homeomorphism. Given a generalized
limit trace T € Tw(A) induced by a sequence (7,),en in f(A), let us denote by t° € i,(A ® K) the
generalized limit trace induced by the sequence (7, @ Tr) e in T(A ®K). Clearly the assignment 7+ t°
is also a bijection between generalized limit traces. Let such a generalized limit trace T be given on A,,.
Given a € (A ® K) 4, we can write a = 212,0521 ak.¢ ® ey ¢ for uniquely determined elements a; , € A. It
then follows from [Castillejos and Evington 2021, Proposition 2.9] that we have a norm-convergent sum
expression

oo
100=) T4, (1-3)
=1

Applied to a = b ® e | for some b € A, with 7(b) = 1, this gives 1, 00~ ! = t5. From this we can infer
that canonical traces are mapped to canonical traces. The general expression (1-3) applied to a € (A®K) 1
with t¥(a) = 1 shows that we have a bijection. O

We give two more technical lemmas that will be useful later on.

Lemma 1.16. Let A be a C*-algebra with positive element a € Ay. Let (e;)nen be a sequence of
positive constants such that lim,_, &, = 0, and let (b,),eN be a sequence of positive elements such that
b, —all < &y. For each t € T,,(A) and c € F,(A), one has

nlgrolo T(by—gn), (€) = T4(C).

Proof. For each n € N, there exists a contraction d, € A such that (b, — ¢,);+ = d,ad, by [Kirchberg
and Rgrdam 2002, Lemma 2.2]. This implies that 7, _¢,), (¢) < 7,(c). Since the sequence (b, — &,)+
converges to a and 7 is lower semicontinuous, this leads to the desired result. (I

Lemma 1.17. Let A be a simple C*-algebra with a € P(A)4 \ {0}, and let K be a compact generator
for TT(A) # @. Take a generalized limit trace Tt € i,(A) such that 0 < t(a) < 00. Then there exists a
sequence (Oy)nen in K such that the associated generalized limit trace 6 on A, is a scalar multiple of T
and such that, for each sequence (by,),eN representing an element of A, we have that

0((abn)nen) = lim 6, (aby). (1-4)
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Proof. The fact that there exists a sequence (6, ),en in K such that the associated generalized limit trace is
a multiple of t follows directly from [Szab6 2021b, Lemma 2.10 and Remark 2.11]. Let B :=a!/2Aq!/?
denote the hereditary subalgebra generated by a'/2. Then B C P(A); see for example [Pedersen 1979,
Proposition 5.6.2]. Since K is compact, we claim that sup, g |lo|g|| < co. Suppose that this would
not be the case; then, for all n € N, we could find a 0,, € K and a positive contraction d,, € B such that
0,(d,) > n2". Consider d := 22021 27"d, € B and 0 =lim,,_,, 0, € K (using the compactness of K).
Then, for each n € N, we would get

o (d) = lim 0, (d) = lim 6,(27"d,) = o0,

but this is a contradiction, since d belongs to the Pedersen ideal. As a consequence we get that, when
restricted to the hereditary subalgebra al/2¢°°(A)a!/? C £*°(B), the trace formed by lim,,_, 6, is already
bounded and hence continuous, so formula (1-4) holds. O

The following proposition is a useful lifting property in various contexts. The proof relies on the concept
of G-o-ideals; see [Szab6 2018c, Definition 4.1]. Let« : G ~ A and B8 : G ~ B be actions on C*-algebras.
As in [Kirchberg 2006], we call an equivariant surjective x-homomorphism 7 : (A, a) — (B, B) strongly
locally semisplit, if for every separable S-invariant C*-subalgebra D C B, there exists an equivariant
c.p.c. order-zero map ¢ : (D, ) — (A, «) such that 7 o ¢ = idp.

Proposition 1.18. Ler A be a separable simple C*-algebra with QTQ(A) = T(A) and TT(A) # . Let
o : G~ A be an action of a countable discrete group. Then the quotient map

(Fo(A), @) — (A”NA", a®)
is strongly locally semisplit.

Proof. By [Szab6 2018c, Proposition 4.5 (ii)], it suffices to prove that J4 C F,(A) is a G-o-ideal. Fix an
element 0 # a € P(A) and a compact generator K C T (A).!° By [Szabé 2021b, Proposition 2.4] and
Lemma 1.16, we can conclude that 74 coincides with the ideal of those elements x € F,,(A) such that
T,(x*x)=0forall T € Tw(A) induced by any sequence 1, € K. Since a belongs to the Pedersen ideal
and K is compact, this further implies that an element x € F,,(A) represented by a sequence (x,),en in A
belongs to 74 precisely when lim,,_,, max;cg r(al/zx:xnal/z) =0.

We proceed to show that 74 is a G-o-ideal. Let D C F,,(A) be a separable &,,-invariant C*-subalgebra.
Let (di.n)n.ken and (ck n)n.ken be two bounded double sequences in A such that, for each k € N, the
sequences (dk.,)nen and (ck.n)neN are approximately central, the set {d® = [(dk.n)nen] | kK € N} defines
a dense subset in the unit ball of D, and the set {¢® = [(ck.n)nen] | kK € N} defines a dense subset in the
unit ball of DN J4. By Kasparov’s lemma [1988, Lemma 1.4], we can find, for any ¢ > 0, F € G, and
m € N, a positive element e € J4 such that

max [|[e, dP]|| <&, max|(l1—e)c®| <e, and max|le—a,(e)l <e.
k<m k<m geF

10Ag pointed out in the footnote after defining compact generators in Notation 1.1, this always exists as a consequences of
simplicity.
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Let b € A be a strictly positive contraction. If we represent e by an approximately central sequence
(en)nen of positive contractions in A, then it follows that

max lim |/[e,, dk,n]b” <e, max lim [|[(1— en)ck,nb” <e,
k<m n—w k<m n—w

and

max lim ||(e, —og(e,))bl <&,  lim max t(a'/?e,a'?) =0.
geF n—w n—w tek

Appealing to Kirchberg’s e-test [Kirchberg and Rgrdam 2014, Lemma 3.1], we can find another approxi-
mately central sequence (e,),en Of positive contractions in A satisfying the stronger property

1im ([[[en, dinlbll + (1= en)ernbll + [l (en — g (e)bl) =0 and  lim max7(a'/?e,a'/?) =0

n—-w tek

for all k € N and g € G. This means that this sequence represents a positive contraction e € (J4 N D)%
such that ec = ¢ for all ¢ € J4 N D. This finishes the proof. O

To end this preliminary section, we prove the following tracial inequality.

Lemma 1.19. Let B be a C*-algebra with a, b € By and t € T(B). Then
lla =bl3 < lla® = b1,z

Proof. If we replace B by its weak closure of the GNS representation 77, (B)”, it is enough to show this in
the case that B is a von Neumann algebra with faithful normal tracial state t.

Historically, this was proved by Powers and Stgrmer [1970, Lemma 4.1] in the case B = M,(C)
for some n € N. When B is a von Neumann algebra with faithful normal tracial state 7, this follows
from applying [Haagerup 1975, Lemma 2.10], which is formulated for the space L?(B, t), to elements
in B C L*(B, 7). For the reader’s convenience we give here a more direct proof using an idea from
[Anantharaman and Popa 2014, Theorem 7.3.7].

Given a, b € B, let p and g denote the spectral projections of a — b corresponding to [0, 4-00) and
(—o00, 0), respectively. This means thata —b = (p — g)|a — b| and p L g. First of all, we have

t((a® —b*) p) — t((a —b)*p) = t(b(a — b)p) + t((a — b)bp) =2t (b'/*(a — b) pb'/*) > 0

since (@ —b)p > 0. So we get

t((a—=b)*p) < t((@® = b7)p). (1-5)
and in a similar way we can obtain that
(b —a)’q) < T(b* —a*)q). (1-6)

Combining (1-5) and (1-6) gives

t((a—b)*) =1((a—b)*(p+q)) < (@ —bH(p—q)).
Also,

t((@* = b*)(p—q) = t(p(a* —b*)p) +t(q(b* —a*)q) < t(la* = b*|(p+q)) < lla* = b* |1

since ||p + ¢|| < 1. This implies the result. U
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2. Equivariant uniform property Gamma

The notion of uniform property Gamma was introduced in [Castillejos et al. 2021b] and further studied
in [Castillejos et al. 2022], where it served as a uniform C*-algebraic version of property Gamma
introduced by Murray and von Neumann for II; factors [1943]. Recently, a dynamical version of this
property was introduced in the separable unital setting in [Gardella et al. 2022] called the equivariant
uniform property Gamma. Here we revise the definition to account for separable C*-algebras with
possibly unbounded traces, generalizing the concept called “stabilised property Gamma” by Castillejos
and Evington [2021, Definition 2.5]. We choose not to adopt that name because one can argue that
uniform property Gamma ought to be a stable property in the first place, just like property Gamma is for
von Neumann algebras. In light of recent work by Lin [2023] who proposed a more general framework
for C*-algebras that admit genuine quasitraces, we shall state the definition only in the absence of such.

For separable unital simple exact C*-algebras, the definition below corresponds to the earlier definition
given in [Gardella et al. 2022] (see Proposition 2.4 below) but not in the nonsimple case, as demonstrated
by C*-algebras that arise as extensions of unital classifiable C*-algebras by the compacts (see the type of
example mentioned in Remark 1.9, for instance).

Definition 2.1. Let A be a separable C*-algebra with Q7>(A) = T(A) and T (A) # @, and letar : G ~ A
be an action by a countable discrete group. We say that « has equivariant uniform property Gamma
(or equivariant property Gamma for short) if, for all n € N, there exist pairwise orthogonal projections
Pl .-+, Pn € (AN A)*” such that, for all a € Ayand T € Tw(A) with 7(a) < 00,

w(p) = (@)

Remark 2.2. We can notice immediately from the naturality of the isomorphism in Proposition 1.15 that
equivariant uniform property Gamma is preserved under stable cocycle conjugacy. That is, if A and B
are C*-algebras as above and we have actions @ : G ™~ A and 8 : G ~ B such that « ® idi is cocycle
conjugate to 8 ® idy, then «® is conjugate to S via a map preserving the canonical traces. In particular,
equivariant uniform property Gamma holds for « if and only if it holds for §.

Next, we observe (cf. [Castillejos et al. 2021b, Proposition 2.3]) that, whenever « : G ~ A is an
equivariantly Z-stable action on a separable C*-algebra with QTZ(A) = T(A) and TT(A) # @, it
automatically has equivariant property Gamma. Indeed, a cocycle conjugacy between « and @ ® idz is
easily seen to give rise to a unital *-homomorphism

29N Z — (AN AN,

For this purpose one chooses an approximate unit e, € A and considers a sequence of maps Z - A ® Z,
x — e, ® x, composed with such a cocycle conjugacy, which is seen to induce such a homomorphism. It
is well known that Z“ N Z" admits unital embeddings of matrix algebras of arbitrary size n > 2. So if we
fix n and define pi, ..., pn € (A® N A")*” as the image of the canonical rank-one projections inside a
matrix algebra under the aforementioned *-homomorphism, then they satisfy the necessary requirements
for equivariant property Gamma by uniqueness of the trace on the n x n matrices.
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The following is a version of equivariant property Gamma for possibly nonseparable C*-algebras that
exclusively takes into account the bounded traces. This agrees with [Gardella et al. 2022, Definition 3.1] for
separable unital C*-algebras but not with the general definition of equivariant property Gamma given above.

Definition 2.3. Let A be a o-unital C*-algebra with 7' (A) nonempty and compact, and let v : G ~ A
be an action of a countable discrete group. We say that « has local equivariant property Gamma with
respect to bounded traces if, for all n € N and || - [|2.7, (4)-Separable subsets S C A“*°, there exist pairwise
orthogonal projections p1, ..., pp € (A“?)*" NS’ such that T (ap;) =t(a)/n foralla € S and t € T, (A).

In the unital separable simple setting, Definitions 2.1 and 2.3 are equivalent. We prove this fact in a
slightly more general setting in the proposition below.

Proposition 2.4. Let A be a simple separable C*-algebra with Qfg(A) = f(A), and such that T (A) # @
is compact and TT(A) = R*°T (A).!' Then an action o : G ~ A of a countable discrete group has
equivariant property Gamma if and only if o has local equivariant property Gamma with respect to
bounded traces.

Proof. The assumptions on A imply that every generalized limit trace on A that is finite on some nonzero
positive element of A is a multiple of an ordinary limit trace (see Remark 1.5) and that AN A’ = A®PN A’
(see Remark 1.12). Therefore, it suffices to show that the existence of pairwise orthogonal projections
Pls-.., pn € (A2 N AN such that t(ap;) = t(a)/n for all a € A and T € T, (A) implies, for any
| - l2,7,a)-separable S C A®, the existence of pairwise orthogonal projections pi, ..., p, € (AN s’
such that T(ap}) = t(a)/n foralla € S and t € T,,(A). This follows by a standard reindexation argument,
which we omit. (I

The next part of this section is devoted to proving an equivalence between equivariant property Gamma
for an action o : G ~ A and local equivariant property Gamma with respect to bounded traces for its
induced action «® : G ~ A® N A/, at least in the setting when A is simple nuclear and has stable rank
one.!2 Recall that A is said to have stable rank one if the invertibles of A are dense in A. We start by
observing the following description of the tracial state space of A“ N A’.

Proposition 2.5. Let A be a separable, simple, nuclear C*-algebra with uniform property Gamma and
stable rank one. Then every tracial state on A° N A’ is a canonical trace, i.e., one has

T(A°NA)=comv” {1, | T € Tn(A), a € Ay, t(a) = 1}.

Proof. Using exactly the same argument as in the proof of [Castillejos and Evington 2021, Lemma 3.3]
and modifying it as hinted in the remark stated before [Castillejos and Evington 2021, Theorem 3.4], we
may appeal to [Antoine et al. 2022, Theorem 7.13] (since we assume stable rank one) and pick a nonzero
hereditary C*-subalgebra B C A ® K with T+ (B) = R*°T(B) and for which 7' (B) is nonempty and

e note that this is automatic if one assumes, €.g., that A has continuous scale (see [Lin 1991, Definition 2.5]), which is a
rather common assumption in the context of classification.

12Although we use it in the proof, it is likely that stable rank one is not so important for the claim to hold, although we take
no guess as to pinning down the correct general assumptions. We note, however, that simple finite Z-stable C*-algebras have
stable rank one; see [Fu et al. 2022; Rgrdam 2004].
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compact. By Brown’s theorem, it follows that A and B are stably isomorphic. Proposition 1.15 implies
that we have an isomorphism A“ N A’ = B® N B’ that induces a bijection between the canonical traces on
the left and the right. Hence the claim holds for A if and only if it holds for B.

Now B has uniform property Gamma (see Remark 2.2), so [Castillejos et al. 2021b, Lemma 3.7]
implies that B has CPoU. By the “no silly trace” theorem [Castillejos et al. 2021a, Proposition 2.5],! one
has that 7' (B®) is the weak-*-closed convex hull of the limit traces. If B is unital, then the claim follows
directly from [Castillejos et al. 2021b, Proposition 4.6]. If B is nonunital, we can extend the inclusion
map B C B® to a unital inclusion BT C B®. From this point of view, we have a trivial equality of algebras

B®NB =B*N (B N{lgo— g}t

In this case it follows from [Castillejos and Evington 2020, Proposition 5.7] that 7 (B N B’) is the closed
convex hull of traces of the form 7,, where t € T,,(B) is a limit trace and a € BT is a positive element
with 7(a) = 1. If (e,)nen 1S an increasing approximate unit in B, then b,, = e,ae, € B converges to a
strictly, and hence ||b, — all2,; — 0. This implies the convergence of tracial states ‘E(bn)_l‘l,’bn — T, In
the norm topology, so we observe the equality

T(B®NB')=conv” {1, | T € T,(B), b € By, t(b) =1}. O

Theorem 2.6. Ler A be a separable, simple, nuclear C*-algebra with stable rank one. Then o : G ™~ A
has equivariant uniform property Gamma if and only if a® : G ~ A® N A’ has local equivariant uniform
property Gamma with respect to bounded traces.

Proof. In order to increase readability in this proof, let us specify another free ultrafilter x on N (which
may or may not be equal to w).

We shall show the “if” part first, which actually holds for arbitrary separable simple C*-algebras with
QTZ(A) =T(A) and T*(A) # . Let k > 2. Assuming a® has local equivariant property Gamma with

respect to bounded traces, we can find pairwise orthogonal projections py, ..., pr € ((A® N A")* by (@)
such that

T(apj) = %r(a) forj=1,....k, ac A, 1T (ANA").
Foreach j =1,...,k, let p; be represented by a sequence of positive contractions (p; »)nen in AN A’

Let in turn each element p; , be represented by a central sequence (x; , ¢)¢en Of positive contractions
in A. Traces in T, (A® N A’) in particular include limit traces associated to sequences of canonical traces.
Let C C P(A)4 \ {0} be a countable dense subset. Let K C T (A) be a compact generator. By the
conclusion of Lemma 1.17, it follows, for all @ € C and all sequences (6¢)¢cn in K, that, if T is the limit
trace on A,, induced by (6y)¢en and 7, is the induced bounded trace on A® N A’ that we view in a trivial
way as a multiple of a (constant) limit trace on (A® N A")* b then

Lemma 1.17 . . )
= lim lim Oy (alx; . —xj’n’el).

0=lim ||pj — p; = lim (alpj — p;
n—k ”p]’n p/’nul’t“ n—k ( |p]’n p-/’nD n—Kk {—w

13Strictly speaking the conclusion is about the reduced tracial product B in the reference, but this makes no difference to
the argument there.
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Since the sequence (6¢)¢en in K was arbitrary, we may rewrite this as

0= lim lim max @ (a|x; ¢ — x> .
Nk > Ok ( | j.n,tl J,n,(D

We may argue in a completely analogous fashion to see that

0= lim lim max0(a|x;, ¢ —ag(xjne)l), g€G,
n—k {—w 0K

as well as
0= lim lim max|6(ax; ¢) — 119(a) = lim lim max 6 (ax; , ¢X;n,¢)
n—k l—o 0k T k n—k l—w 0K e
foralli, j =1,...,k withi # j. Lastly, we have by definition that (x; , ¢)¢en 1S a central sequence

as £ — w. Appealing to Kirchberg’s ¢-test, we can find central sequences of positive contractions eéj )

in A for j =1, ..., k satisfying, for all a € C, the properties

0= lim max |6 (ae!”) — Lo = 1im max 6 (alel”) — e?))
o 9K k t—o 0K
and
0= lim max O(ae ey = Zlir?orerlez}?(Q(a|e§J) —age)), geGandi# .

We consider the resulting elements ¢; € A” N A’ represented by (e,(zj ))ZGN. Given that C was dense
in A, we may conclude that they are pairwise orthogonal projections belonging to (A® N A")*” satisfying
T4(ej) = t(a)/k for all T € Tw(A) and a € C with t(a) < oo. In conclusion, this shows that o has
equivariant uniform property Gamma.

For the “only if” part, suppose that o has equivariant property Gamma. Given k > 2, there exist
pairwise orthogonal projections pi, ..., pr € (A“ N A")*” such that, foralla € A, and 7 € i)(A) with

T(a) < o0,

- 1~ .
Ta(pp) = T@ forj=1,... k.

As above, choose a compact generator K C T+ (A). If we represent each element p; by a central sequence
of positive contractions (p; ,)sen in A, then we can argue as before and see that, for all a € P(A) 4 \ {0},
g € G, and i # j, one has the limit properties

. 1 .
0= nlglgoglealg Oapjn) — §9(a) = nlglgo{ong?@(alpj,n —ag(pjn)l)

and

0= lim {ongé’(ap,,npz,n) = lim {oneagé’(alp],n PjnD-
Now take a countable subset S C (A N A’)*® whose closure would represent a separable subset as
in Definition 2.3. Without loss of generality, let us assume § consists of positive elements. Choose a
countable subset So C (A“ N A’), such that every element of S is represented by a bounded Sy-valued
sequence. Next, choose an increasing sequence of finite sets F,, C P(A)+ \ {0} such that their union is

dense in A, and every element in Sy has a representing sequence in [ [ _y F,. Appealing to the above

neN
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stated properties of the sequences (p; )nen for j =1,...,n, we may find an increasing sequence of
natural numbers ¢ — n, such that the resulting subsequences satisfy

O—le)m man Ila, pjn il = llrgoflréaégla%e(alp] ne —%g(Pjn)l), (2-1
0= lim maxmax&(ap] ne Ping) = hm maxmax&(a|p] ne P?nﬂ)v 2-2)
{—o00 acF; 6eK —o0 aeFy HeK ’
and
0=1 0(ab 0 (ab 2-3
Jim, 72, gl ) — Ot =
foralli, j=1,...,k withi # j. By the choice of the sets Fy, we can see that (p; ,,)¢en defines a central

sequence in A, and its induced element e; € A” N A’ commutes with elements in Sy. We keep in mind the
conclusion of Lemma 1.17. Then conditions (2-1) and (2-2) imply that ey, . . ., e; are pairwise orthogonal
projections in (A“ N A", Condition (2-3) implies that, forall j =1,...,k, T € Tw(A), everya € Ay
with 7(a) = 1, and every b € Sy, we have

ta(bej) = t(abe;) = r(ab) = 1 1,(b).

By Proposition 2.5, the weak-*-closed convex hull of such tracial states 7, yields the whole tracial state
space of A® N A’. In other words, we may conclude

T(bej) = %‘E(b) forall j=1,...,k, beSyandt € T(A“NA).

We may view e; as constant elements inside (A“ N A’ )<P. Since every element in S was represented
by a sequence in Sy, we may conclude that the elements ey, ..., e; satisfy the required property from
Definition 2.3 applied to the action

PG AYNA.
We conclude that «® has local equivariant property Gamma with respect to bounded traces. (Il

3. Dynamical complemented partitions of unity

This section contains the most involved technical arguments of the article, namely the proof that local
equivariant property Gamma implies the existence of a dynamical version of complemented partitions
of unity [Castillejos et al. 2021b, Definition 3.1], or dynamical CPoU for short. In the case where the
induced action on the tracial state space has the property that all orbits are finite with uniformly bounded
cardinality, a different iteration of dynamical CPoU was proved in [Gardella et al. 2022, Theorem 4.3].
However, we note that the general statement we prove is a weaker and more intricate version compared
to earlier versions but will nevertheless be sufficient to deduce the tracial local-to-global principle.

The starting point for the approach in this section is the following weaker version of CPoU shown in
[Castillejos et al. 2021b, Lemma 3.6] for nuclear C*-algebras, which turns out to hold automatically with
the aid of the theory of tracially complete C*-algebras [Carrion et al. 2023a].
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Proposition 3.1. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Then, for every
I - ll2,7, (a)-separable subset S C AP every k € N, every family ay, ..., ax € Ay, and every

d> sup min T(a;),
‘L'ET(A)’ZI ,,,,, k

there existey, ..., e, € (A“”b N S/)fr such that, forall T € T,(A),

* T(Zf:l er) =1,
e T(aje;) <d8t(e;) fori=1,... k.

Proof. Let S, k, ay, ..., ax, and § be chosen as in the assumption. Set
8o:= sup min t(a;) <$.
TeT(A) i=l1,..., k
Since S is || - ||2,7,(a)-separable, it is first of all clear that one may find a nondegenerate separable C*-
subalgebra Ap € A containing the tuple ay, . . ., a; such that every element of S can be represented by a

bounded sequence in Ag. As every tracial state on A restricts to one on Ay, the tracial state space of Ay
is still nonempty and compact, and furthermore

sup  min t(a;) > do.
‘EET(Ao)lzl ..... k

Let n > 0. We claim that there exists a finite set F;, € A and ¢, > 0 such that, if p is any state on A with

max |p(x*x) — p(xx®)| < &,
xeFy,

then min;—1 __x p(a;) < 8o+ n. If we suppose for a moment that this were false, then it follows that, for

.....

every finite set /' € A and every ¢ > 0, there exists a state p(r,) on A with
max lo(F,e)(x*X) — p(rey(xx™)| <& and f?in ) P(F,e)(@i) > 80+ 1.
X 1=1,...,

We can view p(r,¢) as a net of states by equipping the set of pairs (F, ¢) with the obvious order. By the
Banach—Anaoglu theorem, there exists a subset (p;),ca that weak-x-converges to a positive functional
p’ with norm at most one on A. By the properties of the net p(r ), it is clear that p’ is tracial. Hence
min;—;___x p'(a;) < 8y, while at the same time

lznillnk p'(a;) = (1}% ,:nilmk P(F.e)(ai) = 8o+,
which is a contradiction.

Using this intermediate claim, we choose for each n > 1 a finite set F,, € A and ¢, > 0 satisfying the
above conclusion for n = 1/n. Let A; C A be the C*-algebra generated by A and all the finite sets F,,
which is clearly still separable. Since A; contains all the finite sets F,,, it follows that every tracial state T
on A must satisfy

. 1
min T(az)fao'i‘_, n217
i=1,.. .k n
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which leads to
sup min 1(a;) =68y < 4.
reT(Ay) i=lmk

By all the properties arranged for the subalgebra A; € A so far, it is clear for proving our main claim that
we may swap A for the subalgebra A;. In other words, we may assume without loss of generality that A
is separable.

By [Carrién et al. 2023a, Definition 3.19, Proposition 3.23], the tracial completion A7 of A yields
a factorial tracially complete C*-algebra. Note that as per the ultraproduct construction of tracially
complete C*-algebras in [Carrién et al. 2023a], the object (A7 (4)) in that sense becomes canonically
isomorphic to the C*-algebra A®" as considered in Definition 1.8. Because A is separable, A7) is
| - Il2,7(a)-separable. Thus we may directly apply [Carrién et al. 2023a, Theorem 6.15] (inserting the unit
in place of the projection ¢ appearing there) and find the elements ey, ..., e; € (A®PN S’ )L_ with the
desired properties. U

The main achievement of this section is the following technical lemma.

Lemma 3.2. Given ¢ > 0 andt € (0, 1), there exists a universal constant n = n(e, t) > 0 such that the
following holds: Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let G be a countable
discrete group, and let « : G ~ A be an action with local equivariant property Gamma with respect to
bounded traces. Suppose that F, H € G are finite subsets such that

|eHAH| <n|H| forallgeF.

Then, for every || - |l2,1,(a)-separable subset S C AP every family ay, ..., ax € (A®),, and every
constant § > 0 with
— > su min t(q;), (3-1
IR
there exist pairwise orthogonal projections py, ..., px € A° NS’ such that, for all T € T, (A), one has
t(pr+-+pe) > 1, (3-2)
t(aipi) <8t(pi) fori=1,... k, (3-3)
k
max D e (p) = pills, <e. (3-4)
i=1

Remark 3.3. A standard argument shows that the statement in Lemma 3.2 is equivalent to the existence
of a universal constant 1(¢, ¢) > 0 satisfying the following statement (using approximations instead of the
uniform bounded tracial ultrapower):

If a: G~ Aisanactionand F, H € G are all given as in Lemma 3.2, then, for every finite subset
S € A, every & > 0, every family ay, ..., ar € Ay, and every 6 > 0 with

8 .
—— > sup min t(q;), (3-5)
|H|  rer(ayi=l.k
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there exist pairwise orthogonal contractions ey, ..., ey € Ay such that

Ilei, x1ll2.u <& forxeS,i=1,...,k,
lei — e llau <& fori=1,...,k,
t(e1+---+e)>t—& forteT(A),
. t(aje;) <dt(e;))+& forteT(A), i=1,...,k,

1;1;‘;‘2 log (i) —eillae <e+& forT e T(A).
i=1
In particular, this means that it suffices to prove Lemma 3.2 for positive elements ay, ..., a; taken
in A instead of A“°P. In this case, (3-1) and (3-5) are equivalent.

The proof of Lemma 3.2 is an adapted version of the proof in the nondynamical setting (cf. [Castillejos
et al. 2021b, Section 3]) but also incorporates new ideas related to the dynamical structure. Before
we delve into the details, we shall give an overview of the strategy. The construction of the pairwise

orthogonal projections py, ..., px in the statement of Lemma 3.2 is done in three steps:
(1) Instead of producing pairwise orthogonal projections py, ..., px, we start by producing (not yet
pairwise orthogonal) positive contractions ey, ..., e; € A®° N S’ that satisfy

t(er+---+e) =1, t(aje;) <bt(e;) fori=1,...,k, teT,(A),

and that are approximately invariant under «® in the right sense. This is done in Lemma 3.4 and is the
only part of the proof that makes use of the approximate Fglner property that appears in the assumption
of the lemma.

(2) Next, we use equivariant property Gamma to turn these contractions into orthogonal projections
Pis.... Py € A®PN S As a consequence of this procedure we get that

(p) +"'+P2):% for 7 € T, (A),

but they still satisfy (3-3) and are still approximately invariant in the right sense. This is done in Lemma 3.6.

(3) In order to enlarge the trace of the sum of the projections, we repeat the above steps underneath the
projection 140 — Zle p;.m We continue this procedure inductively until we end up with orthogonal
projections pi, ..., px whose sum exceeds ¢ in trace and that still satisfy (3-3). If everything is done
carefully from the start and n > 0 is chosen correctly, we can control the error in the invariance of the
projections and make sure they satisfy (3-4) in the end. (We note, informally, that this error grows with
the number of times this procedure is repeated, which is the ultimate reason why we cannot simply work
with ¢ = 1 in the statement.)

We shall now implement the above strategy. Combining the contractions arising from Proposition 3.1
with an averaging argument over suitable Fglner sets allows us to carry out the first step.

14For this one actually needs a somewhat stronger version of the second step; see Lemma 3.7.
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Lemma 3.4. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ~ A be an
action by a countable discrete group. Let ¢ > 0, and let finite subsets F € G and H € G be given such
that |gHAH| < ¢|H| forall g € F. Then, for all | - ||2,1,a)-separable subsets S C A®P all § >0, and
allay, ...,a; € Ay with

i> sup min T(a;),
|H|  cer(a)yi=l...k

there existey, ..., e; € (A“”b N S/)fr such that, for t € T,(A),
. T(Z;{:l e,~) = 1,
e T(aje;) <ét(e;) fori=1,...,k,and

k
e maxger ) iy log(e) —eillic <e.

Proof. Given S C A®P §>0,anday,...,a € A, as above, we define
1 .
a; = TH Z(Xg—l(ai), i=1,..., k.
geH

Note that, for each t € T (A), the trace ﬁ deH T o,-1 is again an element of T (A), so we see that

8

N sup min t(a))
|H| reT(A) =1k '

By Proposition 3.1, we know that there exist

such that, for T € T,,(A),
T (Z e;> =1, (3-6)

) .
t(dle)) < —r1(e)) fori=1,..., k.
(ll)_|H| (1)

In particular, this last equation implies that
T(ag-1(a))e)) <8t(e;), geH, teT,(A). (3-7)

Now, fori =1, ..., k, define
e = |H|™! Zafg"(e;).

geH

Clearly this still is a positive contraction in A N S’. Notice that

k k
I(Zei) =|H|"! Z(‘L’ oozz,")(z el’.) 1 forre T,(A).
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ForteT,(A)andi=1,...,k, we have

T(aie;) = |H|—1r(ai Za;;(e,f>> =[H|™" ) (toad) i (a)e))
geH geH
(B-7

< [HIT' ) s(oag)(e) =8t

geH

Lastly, we see that, for g € F and t € T,,(A), we have

k k k
D ollegten —eille <IHIT' Y D7 el =1HI"" > Y t(e)(e))
i=1

i=1 hegHAH hegHAH i=1

O\ gHAH| <. O

Analogously as in the nondynamical setting (cf. [Castillejos et al. 2021b, Lemma 2.4]), (local) equi-

variant property Gamma allows one to replace positive contractions by projections without changing

the tracial values in A”"®. A different generalization of this lemma was proved in [Gardella et al. 2022,

Proposition 3.4], but for the purposes of this paper we need a way to control the (tracially) approximate
fixedness of the elements for the action.

Lemma 3.5. Let A be a o-unital C*-algebra with T (A) nonempty and compact, and let a : G ~ A be an
action of a countable discrete group. Assume that o has local equivariant property Gamma with respect
to bounded traces. Let S C A®® be a || - ||2.1,(a)-Separable subset, and let b € A“® N S’ be a positive

contraction. Then there exists a projection p € A“° NS’ such that
t(ap) =t(ab) foraesS, te€T,(A), (3-8)
and such that, forall g € G and t € T,(A), one has
leg (p) = pll. < Naf )" = b llacad () + 525 (3-9)

Proof. Fix n € N. By a common reindexation trick, it suffices to find a positive contraction p € A“®> N §’
satisfying (3-8), (3-9), and || p — p2||%’ 7.4y = 1/n. An element p satisfying all the necessary properties
except (3-9) is constructed in the proof of [Castillejos et al. 2021b, Lemma 2.4] with the use of uniform
property Gamma. We show that when the construction is carried out using (local) equivariant property
Gamma instead, the resulting projection also satisfies the extra condition (3-9).

Just as in [Castillejos et al. 2021b], we define functions f, ..., f, € C([0, 1]) such that f;|0,i—-1)/21 =0,
filli/n,y =1, and f; is linear on [(i — 1)/n,i/n]. Note that not only (1/n) Z?:l fi =1djo,1, but the
monotonicity of each f; also implies

%;|fi(tl)_ﬁ(t2)|=|tl—fz|, t. 1 €0, 1]. (3-10)

By local equivariant property Gamma with respect to bounded traces, we can find pairwise orthogonal
projections p1, ..., p, € (A®")* N8 N {b) such that t(p;x) =t(x)/nfori=1,...,n, T € T,(A),
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x € C*(SU{b}). Define

n

p=)_ pifib)e A”"NS.
i=1
By repeating the arguments in the proof of [Castillejos et al. 2021b, Lemma 2.4] verbatim, we may
conclude that | p — p?|3 1. 4, < 1/n and T(ap) = t(ab) foralla € S and t € T,,(A). We need to show
that (3-9) holds as well. Fix t € T,,(A) and g € G. By [Connes 1976, I.1], there exists a positive Radon
measure v on [0, 1] such that, for every pair of functions A, hy € Co((0, 1]), the functions (s, ¢) — h(s)
and (s, t) — ho(t) are square integrable and
71 (@2 b)) — ha D)3, = / 1 (s) — ha (D) dv s, 1).

(0,112
Then we get

e (p) = pl3 . = | D pi(filef ) — fi
i=1

= LN i) - F BB,
i=1

n

o Z/[‘o 11 |£i(9) = fi@P dv(s, 1)

%Z/ | fi(s) — fi(®)|dv(s, 1)
0,1]?
(3;0)/ 5 —t]dvis.

[0.112

5\// |s1/2—t1/2|2dv(s,t)\// Is'/2 41212 dv(s, 1)
[0,17? [0,1]?

= llag B> = b2 af 1)/ +b' |l O

Using Lemma 3.5, we can construct orthogonal projections that play a similar role to the positive
elements in Lemma 3.4.

Lemma 3.6. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o« : G ~ A be an
action by a countable discrete group and assume it has local equivariant property Gamma with respect to
bounded traces. Let ¢ > 0, F € G,and H € G be such that |gHAH| < ¢|H| forall g € F. Then, for
every | - 2.7, (a)-separable subset S C A®°, all § > 0, and all ay, . . ., a; € Ay with

> sup min r(a,)
|H| reT(A) =L

there exist pairwise orthogonal projections py, ..., px € AP NS’ such that, for all T € T, (A),
k
e T(Xisy pi) = 1/k,
o T(a;p;) <8t(p;) fori=1,...,k,and
o maxger Y5, lla?(p)) — pill}, <24/ k.
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Proof. By Lemma 3.4, we can find ey, ..., e € (A“)’b N S/)Lr such that, for all r € T,,(A),

k
‘E(Zei>:1, (3-11)
i=1

T(a;e;) <ot(e;) fori=1,...,k, (3-12)
k

max ) llog (e —eillie <e. (3-13)
i=1

Let So = SU {100,a1,...,ar}. Apply Lemma 3.5 for each i € {1,...,k} and find a projection
pi € A®PN S(/) such that, for all a € Sy, 7 € T,,(A), and g € G, we have

T(ap;) = t(ae;), (3-14)

e (3-15)

2
1o (pi) = pill3.; < (e = e/ ol (en)'/? +e

This already implies the two following facts:

k k
T(Z pi) G r<z ei) IV for g e T,(A), (3-16)
i=1 i=1

@i 2 rien O ot(er) "L st(p) fori=1.... k. T eT,(A). (3-17)

Furthermore, we get, for g € F and t € T,,(A), that

k k

(3-15) 1/2
Y el —pil3e < > Nl — e *lacllal @) + e/l
i=1

i=1

k
1/2 1/2
sZna;@o“z—e/ e (e e 1o, + lle; 12.0)

Lemmal 19 2 12
Zna‘“(e, —eilly/ 7l (e) e + lle; Il
i=1

= Z lo? (ei) — eilly 27 (@2 () * + Z lo? (ei) — i 1y 2 7 (en) 2
i=1
k k k

Z||a;<e,->—e,-||1,fZ(roag’xe,-H D leen) —eillie Y t(en)
i=1

2./5. (3-18)

(3-11),(3-13)
<

Set
S1=SUC*(ar, ..., a}Ufay (pj) | 1 < j <k, g€ G} C A”",
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Since A has local equivariant property Gamma with respect to bounded traces, we can find pairwise

orthogonal projections 71, . .., 7, € (A“®)*" N S} such that
t(r;a) = %r(a) forteT,(A), ae S, i=1,...,k. (3-19)
Set p} :=r;p;. Then clearly pi, ..., p, € A»®N S are pairwise orthogonal projections. We get, for each

t e T,(A), that
¢ ‘ (3-19) 1 ¢ (3-16) 1
Iy 1. ) L . — =
(X n) = (Xrn) L e () 21
i=1 i=1 i=1
Fori=1,...,kand 7 € T,(A), we get

(3-19) 1 ) (3:19)

T(aip;)zf(aiript) = 7 (alpl) < Ef(pt) dt(p )

Lastly, for g € F and t € T,,(A), we get

~

3-19 1
Dl (= pil . =" 7 D Nl (pr) = pil3
i=1 i—1

G-18) 2[

Hence the projections p! satisfy all the required properties. This finishes the proof. (I

In order to carry out the inductive argument to enlarge the trace of the sum of the constructed orthogonal
projections, we need a stronger version of the previous lemma that allows us to find the orthogonal
projections under an arbitrary tracially constant projection q.

Lemma 3.7. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ~ A be an
action by a countable discrete group and assume it has local equivariant property Gamma with respect
to bounded traces. Let ¢ >0, F € G,and H € G be such that |gHAH| < ¢|H| forall g € F. Choose
6>0anday,...,a; € Ay such that

> sup min 7(@;).
HI ™ ceriayi=to-k

For every p € (0, 1] and | - ||2,1, (a)-separable subset Sy C A®P there exists a || - 2,7, (a)-separable subset
S C A®P such that, if ¢ € A®® NS is a projection with t(q) = u for all T € T, (A), there exist pairwise
orthogonal projections py, ..., py € A”°N So N {ag(g) 1 g € GY such that, forall T € T,(A),

« Y t(pig) = u/k,

e T(a;piq) <ét(piq) fori=1, ...k,

o maxger Y5, llg@2(p) — p)l3., < 2uv/E/k, and

o« Y e (p)@2(@) — I3, < (1/0Ne?(@) — g3 ) forall g € G.

Proof. Lete >0, F,He G, § >0,and ay, ..., a; € A; be as in the statement of the lemma. In order
to prove the claim, it suffices to prove the following local statement:
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Forevery u € (0,1], ¢ >0, T € A, and E € G, there exist S € A and £ > O such that, if g € Alr
satisfies

lg —q*llou <&  sup |t(q)—ul <&, and |l[g,s]lla. <& forseS,
teT(A)

. . . . . 1
then there exist pairwise orthogonal projections py, ..., px € A such that

2
||Pi —D; ||2,u <d,

lpis tlll2w <& forzeT Ulag(q) | g € E},
k

"
sup |y t(pig)— | <¢,
€T (A) ; l k
t(aipiq) <ét(piq) +¢ fort € T(A),
k
2us/e
sup max ) llg(eg(p) = pill3, < =———+¢,
IETFA) ek Z qltg(pi Pill2 ¢ X ¢
k
1
sup maxZuag(p, )2 (g (@) = I3 - < llog(@) =13, +¢.

teT(A) 8€E

We prove this local statement by contradiction. Suppose there exist u € (0, 1], ¢ >0, T € A, and
E & G for which the statement does not hold. In other words, this means that, for every & # S € A, we
can find a g5 € A_lF such that

lgs = q5llou < 1/1SI, sup |t(gs) —ul <1/ISl, and |llgs,sll2. < 1/IS] fors €S,

TeT(A)
but there exist no pairwise orthogonal projections py, ..., px € Aﬂr satisfying
Ipi = pillow < ¢, (3-20)
Ilpi, tlll2u <& fort e TU{ay(gs) | g € E}, (3-21)
k

v
sup t(pigs) — 7| < ¢, (3-22)

TeT(A) ; l k
T(aipifIS) <é8t(pigs) +¢ fort e T(A), (3-23)

2pe
sup max ¥ |lgs(ag(pi) — pill3, < +¢, (3-24)
‘L'GTFA) ek Z qs\0g\pi Pilly ¢ X ¢
1

sup maxZ lerg (P2 (et (95) = 49)13¢ < 7 Nt (g5) = sz, + ¢ (3-25)

TeT(4) 8€E

In this way we get a net (gs)s indexed by the finite subsets of A equipped with inclusion as the natural
partial order. We can take a free ultrafilter @ on this index set of finite subsets of A as follows. For each
I € A consider the set

Pr={JeAl|lICJ}.
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As the collection of Pj is closed under finite intersections, they form a filter basis and hence there is a
minimal filter on the set of finite subsets of A containing all the sets P; for I € A. This filter will be free

and can be extended to a free ultrafilter @ by Zorn’s lemma.

Similarly as in Definitions 1.3 and 1.8, we can define the norm and bounded tracial ultrapower of A over

the ultrafilter @. We also get a set of limit traces 7;(A) over @. Then the net (¢s)s defines a projection
g € A% N A’ with value p on all limit traces on A“"*. By Lemma 3.6, we can find pairwise orthogonal

projections pj, ..., p, € Al+ such that

1P — PPl <¢ fori=1,... k
Ip; tlllow <¢ forteT,
£ 1
sup 1:( pf> —=
teT(A) ; ! k

t(a;ip;) <8t(p))+¢ fori=1,....k, 1 €T(A),

2\/¢
rgeag; lag (p)) — Pil3 < ~ for T € T(A).
1=

Since g € A®PN A, it follows, for each T € Tj(A) and g € G, that the assignment

A— C:ar> t(aag(@))/T(@g (@) = tlaag @)/ 1

defines a tracial state on A. In particular, we get that, for T € 7;(A), the following hold:

3-28
( )l ue < ( for g € G,

k
. (z pzag<q>) iy
i=1

/ (3-29) / /
T(aiPiCI) < dt(p;q) +mn& <dét(p;q)+¢,

(3- 30) 2@[
k

maXZ lg(eg(P})) = PDII3

Next we show that, for all T € T;(A) and g € G,
k ) 1 -
> e (p) (@ (@) = 113 ¢ < e (@) = qll5, + ¢
i=1
Fix t € T;(A) and g € G. Assume t(qoz?(q)) > 0. Then the map
A—C, ar t(aqag(q))/t(qel(q))

defines a tracial state on A. This means that

k
I(Z ag(p§)qa§(q)) - %f(qa;b(q))‘ = %Cf(qa;‘?(q)) <
i=1

(3-26)
(3-27)

(3-28)

(3-29)

(3-30)

(3-31)

(3-32)

(3-33)

(3-34)

(3-35)
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Note that, if 7(ga2(g)) =0, then

k
r(z ag(pﬁ)qaf(q)> =0= %r(qa?(q)),

i=1

and hence (3-35) also holds in this case. Now

k k
r(Z oy (p)) (@2 () —q>2> = r(Z oy (P (@2(q) +q — a2 (q)q — qag’<q>>)
i=1 i=1
G3D.335) 1 4 P 5
< prleg@)+q—a(9)g —qeg () +¢

1

= 17(@g (@) —a)) +¢.
This proves (3-34). If we combine this with (3-26), (3-27), and (3-31)—(3-33), we can conclude that, for
some gy in the net, (3-20)—(3-25) must hold. This gives the desired contradiction. O

Proof of Lemma 3.2. Given ¢ > 0 and ¢ € (0, 1), choose n > 0 small enough that

4[&]@ <e. (3-36)
We show that such a constant 5 satisfies the required properties. Let o : G ~ A, finite sets F, H € G,

and S C A®P be given as in the statement of the lemma. By Remark 3.3, it suffices to consider § > 0 and

ai,...,ar € Ay such that
N > sup min 7(q;)
|H| ™ er(ayi=lik
We construct the pairwise orthogonal projections py, ..., px in N := k[t/(1 —t)] steps. Define a

sequence (s,) in [0, 1) inductively by setting so = 0 and setting s;+; = s; + (1 — s;)/ k. Note that, when
s <t,wehave s+ (1 —s)/k > s+ (1 —1t)/k. If we assumed for a moment that s < ¢, then this sequence
is less than ¢ for all of the first N steps, leading to sy > N(1 —t)/k > t, which is a contradiction; hence

we must have sy > t. Next, we construct separable subsets Sp, ..., Sy as follows: Set Sy := S. Given
i €{l,..., N}suchthat S; is defined, let S;_; be the union of S; and the set determined by Lemma 3.7
with 1 —s;_; in place of u and S; in place of Sp.
In the initial step, we set pfo) =-..= p,ﬁo) = 0. Now suppose that, for some n € N, we have pairwise
orthogonal projections pin), el p,({”) € A®®N S such that, for all 7 € T,,(A),
t(p™ 4+ ") =50, (3-37)
t(aip™) <8t (p™) fori=1,...,k, (3-38)
k
dn/m
w/ (1) ()2
r;la}(; lerg (i) = P13 = —— (3-39)
k k 2
max Z a;“(pf”)) - Z pi(") <2s,/1. (3-40)
seF I i—1 2.Tu(A)
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Note that the p(O) trivially satisfy (3-37)—(3-40). We show that we can construct pairwise orthogonal

projections pg H), R p,gnH) € A®bn Sr/z—i-l such that, for all T € T,,(A),
r(p" 4+ p) = sag, (3-41)
r(@ip™) <5t (™) fori=1,....k, (3-42)
k
4(n + l)ﬁ
(n+1) (n+1)

I;lg}‘Z leeg (p"*) — 13—, (3-43)
max Zaw(p("“)) Zp("“’ < 250013/ (3-44)

ger 2,T,,(A)

Define
q:= lAwb—Zp(n)

Note that ¢ is a projection in A®PN S; with 7(q) = 1 —s, for all T € T,,(A). By Lemma 3.7 and our
choice of S,,, we can find pairwise orthogonal projections

Fly ... 1% € A? mS’Hﬂ{aw(q)lgeG}

such that, for all T € T,,(A),

k
1—
. Zr,-q)= . (3-45)

t(airiq) <ét(riq) fori=1,...,k, (3-46)
k
2(1 —s,) /M
max ) llg (@ (ri) =)l < Tf (3-47)
i=1
k l ]
> Nl e @) =@l . < 7 leg @) = ql3 7,0 forg €G. (3-48)
i=1
Define
p{" = p" +an.
By construction (recall that S, C S,), the elements p("+1), cees p,(cn+ ) are pairwise orthogonal pro-

jections in A®” b s +1- We show that they satisfy (3-41)—(3-44). Fix t € T,(A). Note first of all
that

k
3-37),(3-45) 1
<Zp(n+l)> <Zp(n)) (2}‘1”!‘) (7 Sn+%(1 —8p) = Sp41.
1=
Moreover, fori =1, ..., k, we have

1 (3-38),(3-46) |
taip" ™)y = t(@ip™) +tlaigry) T < st(p™) +8t(gri) =8t (p" ).
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This shows already that the projections satisfy (3-41) and (3-42). Next we prove that they satisfy (3-43).
Note that pl.(") is orthogonal to ¢ fori =1, ..., k. Hence, we get, for each g € G and t € T,,(A), that

k

+1 +1),2
> e (p™) = p" I3,
i=1

k
= (@) = p"))
=Y (t(@(p!™) = p{"™) + T (@ (gri) — qri)?) = 2x (@ (p{)gri) — 2t ("l (qri)))

k
<> le?(p™) = p <”’||2,+Z||a‘°(qu —qril} - (3-49)
i=1

Fori=1, ..., k, we have
g (qri) —qrill3.. < (1@ (@) — Qe (r) o + g ey (ri) = ri)l2.0)?
< 2@ (q) — ey )3, + llg (e (ri) — I3 ,)-
Combining this with (3-49), we find that, for g € F,
k
> ey = p" V3,
i=l1

la? (p™) — ">||2,+2Z(||<a‘°(q)—q)oe‘”(rl>||2,+||q(oew<r,) 3.0

||M»

(3- 39) (3-48) 4nf

o (p") - Zp“” +2Z lg @2 i) = )3,
2,T,(A) i1

(3-40),<(3-47) dn/n . 4snﬁ n 4(1 —s,,)ﬁ _ 4n+1)/n

k k k B k
Lastly, we show that the elements p(nJr ) satisfy (3-44). We get, for each g € G, that
k
Z(a%p,”*”) ) = Z(a”(pl”)) ")+ o (q (Z rj)) —q( r,)
j=1 j=1
k
o o() (5
j=1 j=1
k k
i-Er)-lt-$0)
j=1 j=1

k k
- q<Z(ag (rj) — rJ)> +q(l — Za?(q)) a?(q <1 — er))

j=1 j=1 j=1
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Keeping in mind that ¢ is a projection and the elements r; are pairwise orthogonal projections, we have,
forall g € F and 7 € T, (A), that

(n+1) (n+1)
e(p") - Zp

i=1
:T((Za?(pln—i-l)) Zp(n-i-l)) ) (( o(p" 4 qry) - Zp(n)Jrqu) )
lil 5
= f((Z q(ef (ri) —ri) + (g — e (@))(1 —a;:m))) )
i=1k '
= f(q < > al(rir)) +riry — el (rj) — a;m)rj) +(q— ag;<q>>2(1 - Za?(rj)))
i,j=1 . =1 .
—21 ((Z ~)q(1 —a§(q>><1 — Zag’m-)))
j=1

j=1

ST(C](ZO[ (rlr])+rlr] ritg (r]) (o4 (rl)rj>+(q Olw(Q)))

i,j=1

k
r(q (Z ag (ri) +ri —riag (r;) —Ol;(ri)ri) +(q —0{3)(61))2)
i=1

k k
= r(q (Z(a;;(n) - mz) +(q —a;“(q)>2) =Y llg@ri = a3 + g — 2 (@l13.,
i= i=1

(3-40),(3-47)
= (Sn

IA

(1= 5)) V7 = 250417

In the first inequality in the above computation, we used the fact that ¢ commutes with all the elements r;,
thus the term (ZIJ‘-:] ri)g(1—af(g)(1 2] L a¥(rj)) is a product of two positive elements, whose
trace value must be nonnegative. In the second inequality, we used the pairwise orthogonality of the
projections r;, so the mixed terms in the double sum appearing above contribute the trace value of
—(r,-ag,"(r i)+ oa? (r;)rj), which likewise is nonpositive.

As explained before, one has sy > ¢. So if we start the inductive procedure with the projections

pio) =...= p,ﬁo) 0, then after N steps we obtain projections p( ..., p,EN) satisfying

k
Zr(p(N)) >t forteT,(A).
i=1
Moreover, at that point we have

Ny, 342 (N) _
r(a,pl ) < dt(p;’) fori=1,...,k, t€T,(A),

N N (3-43) 4N /1 (3-36)
maxZnag’(pf H=pM3, < Tf <e.

We conclude that p(N), ey p,EN) satisfy all the required properties. U
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4. Dynamical tracial local-to-global principle

Here we prove our main technical result, namely that equivariant property Gamma implies a tracial local-
to-global principle for actions of amenable groups. Roughly, this means that whenever a *-polynomial
identity has (local) approximate solutions one tracial presentation at a time, then it has (global) approximate
solutions in the uniform tracial 2-norm. We begin by precisely defining these polynomial identities.

Definition 4.1 ( cf. [Gardella et al. 2022, Definition 4.4]). Let G be a discrete group, and let X be a
countable set of noncommutative variables. A noncommutative G-x-polynomial in the variables X is a
noncommutative x-polynomial in the variables {g-x | g € G, x € X}.

Let A be a C*-algebra with action & : G ~ A. Suppose that h(xy, ..., x,) is a G-x-polynomial in r
noncommuting variables. Given a tuple (ay, ..., a,) € A", the evaluation h(ay, ..., a,) is computed by
interpreting g - x; as ay(a;) forge Gandi=1,...,r.

The main theorem that we prove in this section is the following.
Theorem 4.2. Let A be a o-unital C*-algebra with T (A) nonempty and compact, and with weak CPoU.
Let o : G ~ A be an action by an amenable countable discrete group and assume it has local equivariant
property Gamma with respect to bounded traces. For each m € N, let
hm(xl, LR ’-x}”m7 Zl’ R ] Zsm)
be a G-x-polynomial in ry, + s, noncommuting variables. Let (a;);en be a sequence in AP, Suppose,
foreverye >0, £ eN,and 1t € Tw(A)”’*, there exist contractions (y})ieN in A®® such that
lAm(ar, . @rys Yisevos Y5 Moe <& form=1,... ¢
Then there exist contractions (y;)ien in A®® such that

hm(ay, ..., an,,Y1,...,¥s,) =0 forallmeN. 4-1)

We reduce the complexity of the polynomials involved in the proof of this result with the following.
Lemma 4.3. Let G be a countable discrete group. Consider sets of variables X = {x; | i € N} and
Z ={z; |i € N}. Assume

P:{hm(xlv ---,xr,,,yZh "',ZS,T,) |m € N}

is a countable set of noncommutative G-*-polynomials in the variables X U Z. Then there exists another
set of variables Z' = {2/ | i € N} and another countable set of noncommutative G-x-polynomials

Pr={hy, (1, Xy, 2002 ) ImeN)
in the variables X U Z' such that every G -x-polynomial h), satisfies one of the following properties:
(D) Ay, (x1,...,%,0,...,0) = 0 (i.e., no terms in the polynomial with variables only in X) and
h,(,...,1,2, ..., z;’,n) is an ordinary x-polynomial in the variables 7'
(2) hpy (X1, .oy X 2, z;,n) = A, (x1, ..., X%, 0, .. .,O)Ilz;;n —hp,(x1, .o %, 0,000, 0);

?3) h;n(xl,...,x,/,z’l,...,z;,)zg-z;—z} forsome 1 <i, j <s, and some g € G.
m

m
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Moreover we have that, for every action B : G ~ B on any C*-algebra, any sequence (b;);cn in B, and
subset T C T (B) the following two statements hold:

(a) There exist contractions (y;)ieN in B such that
Nam D1, ..obr v, Y, )l =0 forallm e N
if and only if there exist contractions (y])ien in B such that
Ay, (b1, ... by vy, -, yé,’,,)”“ =0 forallmeN.
(b) For each ¢ > 0 and each £ € N, there exist contractions (y;);eN in B such that

Wam Dy, ..o by, Y ) ot <& form=1,...,¢

if and only if , for each &' > 0 and each £’ € N, there exist contractions (y})ien in B such that
||h;n(b1, e, brr/n, yi, R y;’/n)HQ’T <& form=1,..., 7.

Proof. Define
Z' ={zi i eN}U{zio li eN,g e G\ {e}}U{wy, | meNJ.

For each m € N, we can take the G-*-polynomial 4,, in the variables X U Z and define %/, in the variables
X U Z' by replacing every instance of a variable g - z; for some i € N and g € G\ {e} by z; ¢, e.g., the
polynomial g - z; — z» would be transformed into z; , — zo. Next, we define a new G-%-polynomial /),
for each m € N by setting

RY(XUZY =R (XUZ) 4 @ty X, 0, O) W — B (X1, - Xy, 0, ..., 0). (4-2)

m

Set Py :={h, (XUZ') | m e N}. All the polynomials in this set are of type (1) mentioned in the statement
of this lemma. Next, define the sets of G-x-polynomials

Pé :={||hm(x19"'a-xrma09"'aO)me_hm(xl’"-’xrm707'~-’0) |m GN}
and
Pyi={g-zi—zigli €N, g€ G\{e}}.

These sets consist of polynomials of type (2) and (3), respectively.

Consider P' =P UP;UP;. The G-*-polynomials in this set are all of the right form, and we claim that
this does the job. It suffices to show part (a). This is because, for a given C*-algebra B, action §: G ~ B,
sequence (b;);en € B, and subset T C T (B), statement (b) immediately follows from statement (a) when
applied to the C*-algebra B, with action f,, sequence (b;);cn in B C B, and the set of limit traces
on B, arising from sequences of traces in 7.

To show part (a), fix a C*-algebras B, an action 8 : G ~ B, a sequence (b;);en, and subset T C T(B).
Let (y;);en be any sequence of contractions in B. For notational brevity, we denote these sequences by
b = (b;); and y = (y;);. Furthermore we shall also write (exclusively in this proof), for two elements
X,y € B, the expression “x =7 y” as shorthand for ||x — y|l2,7 =0.
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We set y; o = Bg(y;) fori e Nand g € G\ {e} and

0 h(by, ... by, ,0,...,0)=0,

wm: /’/lm(blv"'9braov"'70)
. hy(by,....b, ,0,...,0)#£0.
1w (b1, - by, 0, ..., 0)] (b1 m ) #

Then the tuple

2= (Yi)ieN X (Vi,g)ieN,geG\(e} X (Wm)meN

represents a choice for the free variables of Z’ inside B. By definition we have p(b,z) = 0 for all

p € P, UP;. By definition of the polynomials /,, we have
h],/',rl,(bl’ "'9brmaz) :h;,;(bl’ ’brmvz)‘i‘CI(Eaz) =h;,1,1(b]7 "'9brmaz)

for some *-polynomial g € P;. Due to the vanishing of all the x-polynomials of P} in z and given how
the polynomial /), arises from the polynomial /,, via substitution of variables, we may finally observe

hm(bl, ey brm, Viseees ysm) = h::l(bl, ey br,,,’ Z)
This shows immediately that if the sequence (y;); satisfies
WamDi, ... br v, Ys,)lo.r =0 forallm e N,

then we also have ||p(b, 7) l2.7 =0 for all p € P'. In particular, we get the “only if” part in (a).
Conversely, suppose that

Z:= (i)ieN X (Vi,g)ieN,geG\le} X (Wm)meN

is an arbitrary tuple with values in the unit ball of B representing a choice for the free variables in Z’ such
that p(b, 7) = 0 for all p € P’. By doing the above computations in reverse, we can see that p(z) =7 0
for p e P; forces yi , =7 B,(y;) for all g € G\ {e}. Moreover, the vanishing p(b,7) =7 0for p e P

forces the equation
hm(by, ..., b;,,0,...,0)

" b, ... by 0, O

when h,, (b1, ..., b,,,0,...,0) # 0. Similar to how we argued above, this implies, for all m > 1, that

Wm

R(by, ..., by, 2)=hl(b1,....b, ,2)+qb,7) =7 Kl (b1,...,b,,7)

for some *-polynomial ¢ € P;. Given how the polynomial 4, arises from the polynomial %, via
substituion of variables, we may finally observe

hm(bl»---abr,,,a)’la---’y‘vm) =T h;:l(blv"'abrmaz)9 m Z 1

This shows the “if”” part of (a) and finishes the proof. (Il

Proof of Theorem 4.2. Equation (4-1) is equivalent to
lhm(a, ..., an,, Y1, .-, Ys)ll2,1,4) =0 forall m € N.

By the previous lemma, we may assume that the x-polynomials /4, are all of one of the following types:
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(1) hm(ay,...,ar,,0,...,0)=0and A, (1 ges, ..., Lgos, 21, ..., Zs,) i an ordinary *-polynomial.

(2) hy is of the form ||Ay, (X1, ..., %, 0, ..., O)|lzi = Ay (X1, ..., X, 0, ..., 0) for some i € N. Equiv-
alently, since this doesn’t change the solutions, we may assume that A, (ay, ..., ar,, 21, - ., Zs,) 1S
of the form z; —a for some i e Nand a € C*({a?(ai) i eN, g € G}) with |la] = 1.

. /! . -/
m ] ) .
(3) hy is of the form g - z; — z; for some i,i" € Nand g € G

By Kirchberg’s e-test, it suffices to find, for each ¢ > 0 and £ € N, contractions (y;)ien in A®® such
that
lhm(ar, ..., an,, Y1, .., ¥s,)l2.r <& form=1,...,€and 7 € T,(A).

Choose ¢ > 0 and £ € N arbitrarily. Denote by F € G the set of g € G appearing in &, for some
m=1,...,L. Set

§ = e, (4-3)
Choose t € (0, 1) such that

1.2
1—1 <16 (4-4)

Let 7 > 0 be the universal constant from Lemma 3.2 corresponding to the tuple (62, ¢). Since G is
amenable, we can find H € G such that |gHAH| < n|H| for each g € F. By assumption, for each
1€ T,(A)"", we can find contractions V)ieN € A®® such that

T T 2 82
”hm(ala N R A R ysm)”zj < W form = 1’ . ’ﬂ‘
Define .
bt = Z |hm(a, ..., ar,, yi, ..., ysfm)|2 c AP 4-5)
m=1
Then we get
¢ 2
2
(b7 = Z IAm(at, ..., @, yis-oos ¥ ), < NH
m=1
By continuity and compactness of T, (A)”", we can find finitely many tracial states 71, . .., 7% € Tp(A)""
such that )
e

— sup min 7(b").
2|H| ‘EETw(A)lzl ..... k

By Lemma 3.2, it follows that we can find pairwise orthogonal projections

/
pl,...,pkeA“”bﬂ(U ag’({yfl,...,yi’",ai|ieN}))

geG
such that, for t € T,,(A),
k
T (Z p j> > 1, (4-6)
j=l1
T(b% p;) < %gzr(pj) forj=1,...,k, 47

k
2 2
N 52, 4-8
mas D leatp) il < 3
J=
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Define y; = ZI;':I pjy;'f for i € N. We show that, for t € T,(A) and m =1, ..., ¢,

<1t (49

k
t(|hm(al9 "'7arm7 ylv "'7ySm)|2) _I<ij|hm(al9 "-1arm7 y;j’ "'7y;ri)|2>
j=1

We distinguish three cases. First, assume that A, (a1, ..., a,,0,...,0) =0 and that
hm(lAw.b, ey lAw.b, Lly v vy Zsm)
is an ordinary *-polynomial. In this case
k
2 Tj T2
|hm(al, oo ,arm, )’1, L] ysm)| = ij|hm(als .. -aarma yl‘la L] yS,,/,)|
j=1

since pi, ..., px are pairwise orthogonal projections. Second, assume #,, is of the form z; — a for some
i € N and some element a € C*({ocg’(ai) |i €N, g € G}) with ||a]| = 1. In this case we have

k

t(lhm(alv R ] ar,,,7 yl’ L] ys,,,)|2) - t(z p]lhm(alv R ] ar,,,, y.lrjv ceey y;‘r,f,)|2)

j=1
2 k k

o

t( )—t(ijlyi’—aF) r(|a|2)—r(2pj|a|2)

— =

k
Tj
2 piv —a
£ (4-6) (4-4)
f‘[(l—ij) < 1-t < %82.
Jj=1

Third, assume #,, is of the form g - z; — z;» for some i, i’ € N and g € F. Then we have

k
r(|hm<a1,...,arm,yl,...,ysm)|2>—r(2pj|hm<a1,...,arm,yff,...,yﬁ,i)ﬂ)

j=1
T<

2 k
) — r(Z piley (v — y§’|2>
j=1
k . k , k ,
r(Z(a;(p,-) —peg(ly;’ |2)) — r(Z(a;’(p,-) —ppef (Y p,vyl-/>
j=1 j=1 j

1

k x k
—7 ((Z p,-/y,-’/’) PCHIDE pJ-)a;’(yf-’)) ‘
j'=1 j=1

k

k
oy (Z pP;Yi ) = Py
j=l1

j=1

k k k
<D @) —ppedy! Y| +2)D @) —parD| D] pivy
j=1 2.t j=1 2,155 2,7
k k
<D @) —ppegdy/ | +2 Z(a;‘)(pj)—p,-)a;“(yf’)‘ : (4-10)
j=l 2,1’ J:1 2,‘[
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Note that, for any g € G and any positive contractions cy, . . ., cx € A”"® commuting with the p jandag (p)),
one has that
k 2
D @ (p)—piei Zr((awpz) pchH+ Z T(ci(@f (pi)— pi) (@ (p)) = pj)c))
i=1 2T i,j=1
i#]
<Z(r((aw<p,> = Y tlael(ppic)— Y r(c,-pia;‘)(pj)c,-))
i= 1 j=1,k j=lk
J# J#

< Z le (pi) = pil5 ..
i=1
where in the last inequality we used the tracial property and the fact that the ¢; commute with the p;
and ' (p;) to show that the last two terms can be rewritten as the negative of the trace of positive
elements.
In particular we have, for g € F, that

k k
4 8) (4-3)
Y @ (pp) = ppely’ = \/ Dl p) = pils, < 8= &% (4-11)
j=1 i=1
For j =1, ..., k, we have that ag‘,’(yit 7Y is a contraction that can be written as a linear combination of

positive contractions commuting with the p; and oy (p;). An application of the triangle inequality yields

k
; 4:3)
Yo — e | =4S e — pil, < a5 26 (4-12)
T i=1
Combining (4-10) with (4-11) and (4-12), we get
k
T(lhm(alv ""a}’mv ylv "'$ySm)|2)_T(ij|hm(alv --~’arm’ yfjv ---,)’sm)| ) % 2: %82

j=1
Thus, we have indeed shown that (4-9) holds for all t € T,,(A) and m =1, . .., £. From (4-5) we see that

k
> pilhmt@r. .. an, vy Y pibT form=1,... L. (4-13)
o j=1
As a consequence, fort € T,(A) andm =1, ..., £, we get

2 2
(@t ey @y, Y1y Yo 3 e = TR (@1, iy V1o, Y51
k
(4-9) . .
< T(Zp]”lm(al’ ""arm’ylj’"'9yé‘,f1)|2)+%82

k
< T(p;b")+ 3¢ Z% r(pp+ief<ief+isf=¢r O
j=1 j=1

The next theorem gives an alternative formulation of the tracial local-to-global principle that is
convenient to use in certain applications. Before we state it, we introduce some notation.
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Notation 4.4. Let A be a C*-algebra with an action o : G ~ A of a countable discrete group. Given a
tracial state T € T (A), denote by 7, : A — B(H;) the corresponding GNS representation. Then we define
the representation

e A— BUA(G, Hy)), 7%(x)(E)(h) = m (o, (x)Eh).

The left-regular representation A : G — UA(G, Hy)), defined by (g-&)(h) =&(g'h) for £ € 2(G, Hy)
and g, h € G, implements the action o on 7¥(A), so we get a continuous extension of the action
a: G ~1¥(A)” on the weak closure.

Notice that 7%(A)” C ] ¢eG TTr (A)”. The trace T on A extends to a faithful normal trace on 7, (A)”
and, by composition with the natural quotient map g, : I1 ¢eG Tr (A)" — m.(A)” onto the summand
with index g € G, also to a normal trace on [ ¢eG T (A)”, which we will denote by 7,. Notice that
Tgomd =1 ooe;l. Let (cg)geG be a sequence in (0, 1) such that 3 g, =1. Then7:= 3} 5
defines a faithful normal tracial state on [ | ¢cG 7:(A)” and hence also on the subalgebra 72 (A)". In this

CgTy

way we can form the tracial von Neumann algebra ultrapower (7 (A)”)®. Note that, on bounded subsets
of [] 2eG Tt (A)", the strong operator topology is induced by the norm || - ||z, or equivalently by the
seminorms {|| - |27, | § € G}. Since 7¢(A)” is a von Neumann subalgebra, it follows that on bounded
subsets its strong operator topology is also induced by (the restrictions of) these (semi)norms.

Remark 4.5. With the above notation and terminology, the condition in Theorem 4.2 that requires, for
every e >0, £eN,and 7 € T,,(A)™", the existence of contractions (¥i)ieN In A®? such that

Nam(ay, ....an,, Y1, Ys,)l2e <& form=1,...,¢

is equivalent to the following statement (by Kaplansky’s density theorem): for every ¢ > 0, £ € N, and
T € T,(A)"", there exist contractions (¥)ien in n;"w (A®"®)” such that

lhm(ar, ..., an,, i, ..., v Moz <e form=1,...,¢.

Making use of the tracial von Neumann algebra ultrapowers, this is also equivalent to the follow-
ing statement: for every v € T,(A)"", there are contractions (y)ien in (2" (A®®)")< such that
hw(ay,....a,y{,...,y]) =0 forevery m e N.

Theorem 4.6. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ™~ A be an
action by an amenable countable discrete group G and assume it has local equivariant property Gamma
with respect to bounded traces. Let @ and k be two free ultrafilters on N. Let 6 : G ~ D be an
action on a separable C*-algebra and let B C D be a separable, §-invariant C*-subalgebra. Suppose
¢ : (B, 8) = (A”’, a®) is an equivariant s-homomorphism. Then the following are equivalent:

(1) Forevery T € T, (A)Y", there exists an equivariant x-homomorphism
9" (D, 8) = (G (A”D)")*, (@))
such that 9% |gp = 71;"&) o Q.

(2) There is an equivariant *-homomorphism @ : (D, 8) — (A®®, a®) with ¢|z = ¢.
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Proof. 1t is clear that (2) implies (1). To prove the other implication, take a countable dense Q[i]-*-
subalgebra C C D such that it is §-invariant and such that C N B is also dense in B. By inductively
enlarging C we may in addition assume that, for each contraction x € C, one has 1 — /1 —x*x € C.
Let P denote the countable family of G-x-polynomials with coefficients in A®" in the variables {X,}cec
encoding all relations in C:

* g Xe— X5, forallce Cand g € G,

e AX.+ X — Xjeqe forall ¢, ¢’ € C and A € Q[i],
e X, Xo— X, forc,c €C,

e Xi— X~ forceC,

e p(b)—Xpforbe BNC.

It follows from (1) that, for every t € mw*, the equations in P have exact solutions in (n;"m(A“’*b)’ "«
By Remark 4.5 this means precisely that all conditions to apply Theorem 4.2 are fulfilled, and we can
find exact solutions to all equations in P in A®°. This is equivalent to the existence of a Q[i]-linear,
s-preserving, multiplicative, equivariant map @ : C — A®® with @|gnc = ¢|anc. We observe that ¢
is contractive. Indeed, if x € C is a contraction, then y =1 — JT—=x*x isa self-adjoint element also
belonging to C, which satisfies

x4y —2y=x*x+(y—-1)*—=1=0.
Hence
PO P(x) +@(y)* —2p(y) =0,
or equivalently,
@)+ (1 —g(y) =1

We see that ¢(x)*@(x) is a contraction, and hence ¢(x) is as well. In conclusion, ¢ extends to an
equivariant *-homomorphism ¢ : (D, §) — (A®°, a®) with ¢ = . O

In many cases of interest we get the following corollary from Proposition 2.4, which directly generalizes
and recovers the technical machinery related to uniform property Gamma from the nondynamical setting;
see [Castillejos et al. 2021b, Lemma 4.1]. We note that, upon close inspection of our proof so far, this
particular corollary can be obtained based on [Castillejos et al. 2021b, Lemma 3.6] without relying on the
preprint [Carrién et al. 2023a].

Corollary 4.7. Let A be a separable, simple, nuclear C*-algebra with T (A) nonempty and compact, and
such that TT(A) = R*OT (A). Let o : G ~ A be an action by a countable amenable discrete group that
has equivariant property Gamma. Then « satisfies the conclusion of Theorems 4.2 and 4.6.

Remark 4.8. For potential subsequent applications of the theory in this article, let us reflect on how we
ended up with the main result of this section. It is worthwhile to note that the amenability of the group G
is used (in the proof of Theorem 4.2) through the Fglner condition exclusively for the purpose of having
access to a finite set H € G that satisfies the conclusion of Lemma 3.4. At no other point in the whole
chain of argument is it necessary to know that H is actually a set that is almost invariant with respect
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to F, or anything else about H for that matter. This culminates in the following more explicit observation,
which we suspect may be, at some point, interesting to consider for certain actions of nonamenable
groups.

Let A be a o-unital C*-algebra with 7'(A) nonempty and compact. Let & : G ™~ A be an action of a
countable discrete group. Suppose that, for all ¢ > 0 and F € G, there exists a finite subset H € G that
satisfies the same conclusion as in Lemma 3.4. If o has local equivariant property Gamma with respect to
bounded traces, then « also satisfies the conclusion of Theorems 4.2 and 4.6.

5. Equivariant Jiang—Su stability

In this section we use the dynamical tracial local-to-global principle derived in the previous section
combined with von Neumann algebraic results to conclude that, for actions of countable amenable
groups on separable, simple, nuclear, finite, Z-stable C*-algebras, equivariant property Gamma implies
equivariant Z-stability. Although one can get by with known variations of Ocneanu’s theorem [1985], for
many applications treated in this section, our most general results here need a more general McDuff-type
theorem for actions of amenable groups on von Neumann algebras, which we import from our recent
work [Szabd and Wouters 2024].

We begin by reducing the problem of equivariant Z-stability to the existence of so-called tracially
large c.p.c. order-zero maps M,, — F,(A)% for n > 2. The argument is well known to experts and traces
back to the work of Matui and Sato [2012]. It makes use of an equivariant version of their property (SI),
for which the general framework needed here was developed in [Szab6 2021b].

Definition 5.1 [Szab6 2021b, Definition 2.5; Castillejos et al. 2023, Definition 1.3]. Let A be a separable,
simple C*-algebra with T (A) # &.

(1) We say that a positive contraction f € F,,(A) is tracially supported at 1 if the following holds: for
every nonzero positive element a € P(A), there exists a constant « =« (f, a) > 0 such that, for every
T € i,(A) with 0 < t(a) < 00, one has infj¢p ra(fk) > kt(a).

(2) A positive element e € F,,(A) is called tracially null if e € J4 in the sense of Definition 1.11.

(3) Let B be a unital C*-algebra. A c.p.c. order-zero map ¢ : B — F,,(A) is called tracially large if
7, 0¢ (1) = t(a) for all nonzero positive elements a € P(A) and T € i,(A) with 7(a) < oo.

Remark 5.2. It follows from [Szab6 2021b, Proposition 2.4] that any of the conditions above hold for all
nonzero positive elements a € P(A) if and only if they hold for just a single such element, so in practice
it suffices to check them for a single a € P(A)4 \ {0}.

Definition 5.3 [Szab6 2021b, Definition 2.7]. Let A be a separable, simple C*-algebra with 77 (A) # &
and an action « : G ~ A of a countable discrete group. We say that o has equivariant property (SI) if the
following holds:

Whenever e, f € F,,(A)% are two positive contractions such that f is tracially supported at 1 and e is
tracially null, there exists a contraction s € F,,(A)% such that fs=sand s*s =e.
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It follows from [Szabd 2021b, Corollary 4.3] that all actions of amenable groups on nonelementary,
separable, simple, nuclear C*-algebras with strict comparison have property (SI). Combined with the
following theorem, it gives a powerful sufficient criterion for equivariant Jiang—Su stability. This is not
new to the experts but has never been formally stated in this generality before, so we shall give the proof
for the reader’s convenience.

Theorem 5.4. Let A be a separable, simple C*-algebra with T (A) # &, and let a : G ~ A be an action
of a countable discrete group with equivariant property (SI). Then « is equivariantly Z-stable if and only
if, for every n € N, there exists a unital x-homomorphism M, — (A® N A")*.

Proof. Since the “only if” part can be obtained with the standard argument sketched in Remark 2.2,
we prove the “if” part. Given n € N, let ¢’ : M, — (A® N A")*” be a unital *x-homomorphism. By
Proposition 1.18, we can find a tracially large c.p.c. order-zero map ¢ : M,, — F,(A)% that lifts ¢'. Set
e:=1fp,a)—¢(1), and set f := ¢(ey,1). Both are positive contractions in F,,(A)%. Since ¢ is tracially
large, we can conclude immediately that e is tracially null. Since e; ; is a projection, it follows that
¢(e1.1) —@(ey,1)™ is tracially null for any m > 1. Moreover, for every 7 € fw(A) anda € P(A)+ \ {0}
such that 7 (a) < oo, the functional 7, o ¢ is a bounded trace and therefore a multiple of the unique tracial
state on M,. So, for every k € N, we have

W) = %@ 1)) = %@ 1) = rT@),

This proves that f is tracially supported at 1.

Since o has equivariant property (SI), we can find a contraction s € F,,(A)% such that fs=sands*s=e.
By [Rgrdam and Winter 2010, Theorem 5.1], this implies the existence of a unital x-homomorphism
from the dimension drop algebra Z,, 4 into F,(A)%. As Z is an inductive limit of those algebras, we
find a unital *-homomorphism Z — F,(A)%."> This implies equivariant Z-stability by [Szab6 2018b,
Corollary 3.8]. (|

We shall now prove that, for actions of amenable groups on simple nuclear Z-stable C*-algebras,
equivariant uniform property Gamma is equivalent to equivariant Z-stability. We end up giving two
separate arguments to prove this result in two cases. Firstly, we prove this result for actions on C*-algebras
that have a compact nonempty tracial state space and no unbounded traces, for which it is sufficient to
appeal to Corollary 4.7. Secondly, we prove the result in full generality, but this requires the full power
of our theory based on the results from [Carridn et al. 2023a].

Let us proceed in the first case.

Theorem 5.5. Let A be a separable, nuclear, simple Z-stable C*-algebra with T (A) nonempty and
compact, and such that T+ (A) = R*°T (A). Let o : G ~ A be an action of a countable discrete amenable
group. If a has equivariant property Gamma, then « is equivariantly Z-stable.

Proof. By Theorem 5.4, it suffices to construct a unital *-homomorphism M, — (A® N A")*" for n > 2.
We appeal to Corollary 4.7 and hence know that « obeys the conclusion of Theorem 4.2.

15This is a standard reindexation trick. Alternatively one can deduce this for example by a combination of Corollary 3.9 and
Lemma 4.2 in [Barlak and Szab6 2016].
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Let (ar)ren be a dense sequence in A. Then the existence of such a desired *-homomorphism is
equivalent to the existence of elements eq 1, €21, ..., €1 € A“ satisfying the equations

* 2 15}
einej1 =0, e ej1=25jei1, ejj=ei1, o (ei1)=e,, and are; —ejar=0

forallge G, i,j=2,...,n,and k € N. By Theorem 4.2, it suffices to show that, for each ¢ > 0, finite
subset F' € G, m € N, and every tracial state T € T (A), there exists contractions f1.1, f2.1,.-., fu1 € A
satisfying
Ifirfialze <& IS Fia =8 fiilee <& e — fiill: <e
g (fi1) — fitllar <&, and  |lax fi1 — finaklla,. <€

forall g e F, i,j=2,...,n,and 1 < k < m. This is the case, however, if and only if, for every
T € T(A), there exists a unital equivariant x-homomorphism M, — ((wZ(A)")* N AN, Since A is
nuclear, the tracial von Neumann algebra N, := 7% (A)” is injective; see for example [Blackadar 2006,
Theorem IV.2.2.13]. Since it does not have any direct summand of type I, it follows from Connes’
theorem [1976] that N, ® R = N,. Hence the claim follows directly from [Szab6 and Wouters 2024,
Theorem A]. U

Next we proceed in the second and more general case.

Lemma 5.6. Let A be a o-unital C*-algebra with T (A) nonempty and compact. Let o : G ~ A be an
action by a countable discrete amenable group G and assume it has local equivariant property Gamma
with respect to bounded traces. Then the following are equivalent:

(1) For all Tt € T (A), there exists a unital x-homomorphisms ¢* : M, — (¥ (A)")®)”.
(2) There exists a unital x-homomorphism ¢ : M,, — (A®"®)®".
Proof. For each T € T (A), the map 77 induces a unital x-homomorphism
(A2 — (g ()™,
so (2) implies (1). We use the fact that o has local equivariant property Gamma to prove the other
implication. By Theorem 4.6 the following are equivalent:

(a) For all T € T,(A)"", there exists a unital equivariant x-homomorphism
©" 1 (My,idp,) — (2 (A2D))*, (@)%).
(b) There exists a unital equivariant x-homomorphism ¢ : (M, idy,) — (A®P g®).

Statement (b) is equivalent to statement (2) above. Hence, in order to prove the implication it suffices
to prove that statement (1) implies (a). Take 7 € T,(A)”" and denote its restriction to A by o. The
canonical map A — A®?® induces an equivariant *-homomorphism (7% (A), @) — (7" (A®?)", a®) that
is continuous on the unit ball with respect to the strong operator topology. Hence, it can be extended to a
unital equivariant *-homomorphism 7% (A)” — n?‘w (A®®)” Combining this with (1), this means we can
find a unital *-homomorphism M, — ((%" (A®:)")* )@ This ends the proof. O
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Theorem 5.7. Let A be a separable, simple, nuclear Z-stable C*-algebra such that T (A) # @. Let
o : G ~ A be an action of a countable discrete amenable group. If a has equivariant property Gamma,
then « is equivariantly Z-stable.

Proof. Combining [Szabd 2021b, Corollary 4.3] with Theorem 5.4, we see that, given n > 2, it suffices
to construct a unital x-homomorphism M,, — (A® N A")®”. For convenience, let us specify a (possibly
different) free ultrafilter « on N. It suffices to show that we can construct a unital x-homomorphism
M, — ((A® N A")P) @) a5 a reindexation trick will then yield the required unital *-homomorphism
M, — (A® N A")*°. By Theorem 2.6, we conclude that «® = G ~ A® N A’ has local equivariant
property Gamma with respect to bounded traces. Thus, by Lemma 5.6, it suffices to prove that, for all
T € T(A®N A’), there exists a unital x-homomorphism ¢ : M, — (" (A® N A’)")*)@*)", We note that
the C*-algebra A has uniform property Gamma. Using the same trick as in the proof of Proposition 2.5,
we conclude that AN A’ = B®N B’ for a hereditary subalgebra B C A ® [ such that T1(B) = R>9T(B)
and 7' (B) is compact. Using [Castillejos et al. 2022, Theorem 4.6], we can hence conclude that there
exists a unital x-homomorphism M, — A® N A’. By a standard reindexation trick, we can argue that such
a x-homomorphism can be chosen to additionally commute with any specified separable subset of A?NA’".

Fix T € T(A®N A’). We show first that N, := 7" (A® N A’)” contains a || - ||..-separable, a®-invariant
von Neumann subalgebra that tensorially absorbs the hyperfinite II;-factor. By the aforementioned
property of A, we can find a unital embedding ¢ : M, — nfm (AN A" C N;. Set

&:C{Lhﬁ@wmﬂ

geG
Using that B is a separable subquotient of A“ N A’, we again use the aforementioned property of A and
find a unital embedding
¢r: My — %" (A,NAYNB; C N, NB].
Set
&:w@wU%wmmﬂ
geG

Carry on with this procedure inductively, i.e., given the C*-algebra B; C n;"w(A‘“ N A’), find a unital
x-homomorphism ¢, : My — n;"w (A?NAHN Bl./ and set

Bit1:=C" (Bi ulJ a?(¢i+l(M2)))-
geG
Define B := |, Bi M2 N,. Then Bis a | - ||2,.-separable, a®-invariant von Neumann subalgebra
of N such that additionally B= B ® R by [Szabé and Wouters 2024, Corollary 3.8] because it satisfies
the McDuff-type criterion (existence of a unital *-homomorphism R — B,) by construction. Denote
the restriction of a® to B by 8. By [Szabé and Wouters 2024, Theorem Al], it follows that g is cocycle
conjugate to 8 ® idr. In particular, we can find a unital x-homomorphism

aJ)K )

M, — (B)F" c (%" (A® N A")"y )@ O
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MULTIJET BUNDLES AND APPLICATION TO
THE FINITENESS OF MOMENTS FOR ZEROS OF GAUSSIAN FIELDS

MICHELE ANCONA AND THOMAS LETENDRE

We define a notion of multijet for functions on R”, which extends the classical notion of jets in the sense
that the multijet of a function is defined by contact conditions at several points. For all p > 1 we build a
vector bundle of p-multijets, defined over a well-chosen compactification of the configuration space of
p distinct points in R”. As an application, we prove that the linear statistics associated with the zero set
of a centered Gaussian field on a Riemannian manifold have a finite p-th moment as soon as the field
is of class C? and its (p—1)-jet is nowhere degenerate. We prove a similar result for the linear statistics
associated with the critical points of a Gaussian field and those associated with the vanishing locus of a
holomorphic Gaussian field.

1. Introduction 1433
2. Notation: partitions and function spaces 1440
3. Divided differences and Kergin interpolation 1441
4. Evaluation maps and their kernels 1443
5. Definition of the multijet bundles 1445
6. Application to zeros of Gaussian fields 1454
7. Multijets adapted to a differential operator 1465
8. Multijets of holomorphic maps 1469
Acknowledgments 1474
References 1474

1. Introduction

This paper is concerned with two different but related problems. The first one is to define a natural notion
of multijet for a C* function on R”, generalizing the usual notion of k-jet. By multijet we mean that
we want to consider a collection of jets at different points in R" and patch them together in a relevant
way. The second one is to find natural conditions on a Gaussian field f : R* — R’ ensuring that the
(n—r)-dimensional volume of f~!(0) N B admits finite higher moments, where B stands for the unit ball
in R™. One way to tackle this second problem is by considering the multijet of the random field f. In the
following, we give more details about our contributions concerning the previous two problems, as well as
some variations on these questions.
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1.1. Multijet bundles. Let us start by recalling some standard facts about jets. See [Saunders 1989] for
background on this matter. Let x € R” and k£ > 0. Two smooth functions f and g on R" are said to have
the same k-jet at x if f — g vanishes at x, as well as all its partial derivatives up to order k. Having the
same k-jet at x is an equivalence relation on C*°(R"), and the space J;(R"), of k-jets at x is the set of
equivalence classes for this relation. We denote by j, (f, x) the k-jet of f at x, that is, its class in Jx (R") .
The map j, (-, x) is a linear surjection from C*°(R") onto the finite-dimensional vector space Jix(R"),.
Of course, j, (f, x) makes sense even if f is only C* and defined on some neighborhood of x.

Considering the family of k-jet spaces for all x € R”, the set Jx(R") = | |, cpn Jk(R"), is equipped
with a natural vector bundle structure over R”. Then, if & C R” is open and f : Q@ — R is C%, the map
Jx(f5 -) is a local section of J; (R") — R" over Q2. These definitions are well-behaved with respect to
smooth changes of coordinates, so one can define similarly the vector bundle of k-jets of functions on a
manifold M. More generally, if E — M is a vector bundle over M, there is a corresponding vector bundle
Jki(M, E) — M of k-jets of sections of E — M.

In this paper, we are interested in defining similarly a notion of multijet and the associated vector
bundles. That is, we want to consider smooth functions on R" up to an equivalence relation defined by
the vanishing of some derivatives at several points.

Let us make this more precise. Let p > 1 and A, = {(x1, ..., x,) € (R")? | 3i # j such that x; = x;}
denote the diagonal in (R")”. Given x = (x1, ..., x,) ¢ A, we say that f and g have the same multijet
at x if f(x;) =g(x;) foralli € [1, p] (here we use the notation [[a, b]] = [a, b]NN). This is an equivalence
relation on functions, defined by the vanishing of f — g on the set {x1, ..., x,} CR", thatis, by p indepen-
dent linear conditions. Thus the corresponding set of classes is a vector space of dimension p, which we
denote by M7 ,(R"),. We also denote by mj,(f, x) the class of f in this space, that is, its multijet at x.

As will be explained later, this defines a vector bundle M7 ,(R") of rank p over (R")?”\ A ,. Moreover,
for all x ¢ A, the linear map mjp( -+, X) :CP(R") - MJT ,(R"), is surjective, and, for all smooth f;, its
multijet mj,(f, ) is smooth. We would like to extend this picture over the whole of (R")”. Note that the
surjectivity conditions rule out defining M7 ,(R") as Jo(R")? with mjp(f, x) = (Jo(f, xi)1<i<p- When
x ¢ A, the previous notion of multijet is defined by p independent linear conditions: vanishing at each
of the x;. The main issue is that, when x € A, these conditions are no longer independent and we need
to replace them by another p-tuple of independent conditions.

A first natural idea is to look at vanishing with multiplicities. In dimension n = 1 this works very
well. Let x € R? be a permutation of (yi, ..., y1,..., Ym, .-, Ym), Where (y;j)1<j<m € R" \ A,, and
y; appears exactly k; + 1 times. We say that f and g have the same multijet at x if (f — 2)®(y i)=0
for all j € [1,m]] and k € [[O, k;]|. In this sense, having the same multijet is equivalent to having
the same Hermite interpolating polynomials at x. Thus, we can define M7 ,(R) as the trivial bundle
Rp—1[X] x R” — R” and mj,,(f, x) as the Hermite interpolating polynomial of f at x.

If n > 1, the previous approach fails already for p = 2. Let us consider x € R" and the corresponding
x = (x, x) € A,. Asking for the vanishing of f — g and its differential at x gives us n 4+ 1 independent
conditions, which define the 1-jet space J;(R"),. This space has dimension n + 1 > 2; hence it is too
large to be the MJ>(R"), we are looking for. The next natural idea is to ask only for the vanishing
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at x of f — g and one of its directional derivatives. But whatever choice of directional derivative we
make will lead to mj,(f, -) not being continuous at x for most f € C°°(R"). Actually, one cannot extend
MT>(R™) nicely over (R")? if n > 1. However, we can extend it nicely over a larger space: the blow-up
BIAZ((R”)Z) of (R™)? along A,. The key idea is that BIAZ((R")Z) contains (R")? \ Aj as a dense open
subset and that points in the complement of (R")?\ A, can be described by the following data: a base
point x € R" and a direction u € RPP"~!. This data tells us exactly which directional derivative to consider
at the corresponding point in the exceptional locus of Bla, ((R")?). We will come back to this example
later; see Example 5.9.

This long discussion shows that there is a natural way to define a multijet bundle M7 ,(R") over the
configuration space (R")? \ A, but that it does not extend nicely over (R")? in general. The case p =2
hints that it might however be possible to define a natural multijet bundle over a slightly larger space,
containing a copy of (R")” \ A, as a dense open subset. Our first main contribution is to define such an
object. Its main properties are gathered in the following statement, where C¥(R", V) denotes the space of
C* functions from R” to V.

Theorem 1.1 (existence of multijet bundles). Letn > 1 and p > 1 and let V be a real vector space of
finite dimension r 2> 1. There exist a smooth manifold C,[R"] of dimension np without boundary and a
smooth vector bundle MJ ,(R", V) — C,[R"] of rank rp with the following properties:
(1) There exists a smooth proper surjection 7w : Cp[R"] — (R")? such that T L (RMHP\ A)p) is a dense
open subset of C,[R"], and 7 restricted to T (RMP\ A)) is a C*°-diffeomorphism onto (R")P \ A ,.
(2) There exists a map mjp (CPTUR™, V) x C,[R"] - MJT ,(R", V) such that

o forall z € C,[R"], the linear map mjp( 7)) CPTIRY, V) — MT p(R", V), is surjective,

o forall f €CP=I(R", V), the sectionmj,(f,-) of MJ p(R", V) — C,[R"]is C.
(3) Let z € C,[R"] be such that w(z) = (x1,...,xp) ¢ Ap. Then forall f € CP~Y(R", V) we have

mjp(va):O — Vlel[lvp]]v f(xl):()

(4) Let z € Cp[R"] be such that 7w (z) is obtained as a permutation of (y1, ..., Y1, .-+, Yms -+ Ym), Where
yj appears exactly k; + 1 times and y1, . . ., y, are pairwise distinct vectors in R". Then, there exists a
linear surjection © : [[i-, Ti; R", V)y, —> MT (R, V), such that

VfeCr IR, V), mj,(f,2) =0:(jt, (fs Y1) - s g, (s ym)-

Remark 1.2. In Theorem 1.1, the manifold C,[R"] does not depend on V. Part (1) means that we can
consider (R")?” \ A, as a dense open subset in C,[R"]. Part (2) consists of properties that we expect any
reasonable notion of multijet to satisfy. Part (3) means that, as in the previous discussions, if 7 (z) ¢ A,
then M7 ,(R"), = cr—Y(rRr, V)/ ~, where f ~ g if and only if f(x;) = g(x;) foralli € [[1, p]. Part (4)
means that, more generally, mj,(f,z) only depends on the collection of jets ( jkj( fiyiDi<i<m- In
particular, mj,, (f, z) still makes sense if f is only C%i on some neighborhood of y ;. This last condition
also means that we can think of mj,(f, z) intuitively as a family of p independent linear combinations of
partial derivatives of f, up to order k; at y;. However this family is neither explicit nor unique in general.
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Let us now introduce some definitions and notation.

Definition 1.3 (multijets). Let 2 C R" be open. We let C(,[Q2] = 7~ 1(Q2P) and denote by MT,(R2,V)—
C,[£2] the restriction of M7 ,(R", V) to C,[2]. We cal M T ,(2, V) — C,[£2] the bundle of p-multijets
of functions from 2 to V. Its fiber M7 ,(R", V), above z € C,[{2] is the space of p-multijets at z. If
V =R, we drop it from the notation and write M7 ,(£2) — C,[2]. Let f: 2 — V be of class P~ we call
the section mj ,(f, -) of MJT (2, V) the p-multijet of f and its value at z € C,[2] the p-multijet of f at z.

The manifold C,[R"] is what is called in the literature a “compactification” of the configuration space
(R™)?\ A,. We will use this terminology, even though it is ill-chosen in our case since C,[R"] is not
compact. However C,[R"] contains a diffeomorphic copy of (R")” \ A, as a dense open subset and it
is equipped with a proper surjection onto (R")? so that, in a sense, it is locally a compactification of
R\ A,.

Compactifications of configuration spaces are built to understand how a configuration (ordered or
not) of p distinct points can degenerate as these points converge toward one another. They are usually
obtained by blowing up various pieces of the diagonal. Points in the exceptional locus then correspond
to singular configurations, with some extra data encoding along which paths regular configurations are
allowed to degenerate in order to reach this singular configuration. The hope is that the extra data
attached to singular configurations is enough to lift the singularities of the problem under considera-
tion. The simplest example of this kind is the blow-up BlAz((R”)Z) discussed above. More evolved
examples are the space defined by Le Barz [1988], the compactification of Fulton and MacPherson
[1994] (see also [Axelrod and Singer 1994; Sinha 2004]), Olver’s multispace [2001], the polydiagonal
compactification of Ulyanov [2002], the construction of Evain [2005] using Hilbert schemes, and
many others.

In dimension n = 1, most of the compactifications of configuration spaces that we found in the literature
coincide and can be used to define multijets; see for example [Ancona 2021], where Olver’s multispace is
used. In higher dimensions they are different and none of them exactly suited our needs. Thus to the
best of our knowledge, the manifold C,[R"] in Theorem 1.1 is a new addition to the previous list. We
define it by resolving the singularities of some real-algebraic variety, using Hironaka’s theorem [1964a;
1964b]. In particular, C,[R"] is obtained by a sequence of blow-ups along A . Note that this sequence
of blow-ups is neither explicit nor unique. Actually, C,[R"] itself is not uniquely defined, but this is not
an issue for the applications we have in mind.

1.2. Finiteness of moments for zeros of Gaussian fields. Let us now describe our contributions con-
cerning zeros of Gaussian fields. Let n > 1 and let » € [1, n]]. In the following n will always denote the
dimension of the ambient space and r the codimension of the random objects we are interested in.

Let @ C R” be open and let f : Q@ — R’ be a centered Gaussian field of class C!. We will always
assume that f is nondegenerate, in the sense that det Var(f(x)) > 0 for all x € 2. Under this hypothesis
the zero set Z = f ~1(0) is almost surely (n—r)-rectifiable; see [Armentano et al. 2023b]. As such, it
admits a well-defined (n—r)-dimensional volume measure d Vol induced by the Euclidean metric on R".
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We denote by v the random Radon measure on €2 defined by
Vo eCl(Q), (v, ¢) =f ¢ (x) dVolz(x), -1
z

where C?(2) denotes the space of continuous functions on  with compact support.

Actually, (v, ¢) makes sense as an almost surely defined random variable as soon as ¢ € L>°(£2) and
has compact support. This kind of test-function includes CCO(Q) and indicator functions of bounded Borel
subsets, which are the examples we are most interested in. Random variables of the type (v, ¢) are called
the linear statistics of v (or of f). Understanding the distribution of these linear statistics is one way to
understand the distribution of the random measure v, or equivalently of the random set Z. For example, if
B C Q is a bounded Borel set and 15 denotes its indicator function, then (v, 1g) is the (n—r)-dimensional
volume of ZN B.

In this setting, a classical question is to determine conditions on the field f ensuring that its linear
statistics admit finite moments. If n = r = 1, such conditions were first obtained in [Belyaev 1966].
More generally see [Azais and Wschebor 2009, Theorem 3.6], which holds even if f is not Gaussian.
If n > r =1, a similar result is proved in [Armentano et al. 2023a]; see also [Armentano et al. 2019,
Theorem 4.4]. For a survey of previous results for hypersurfaces (i.e., r = 1), we refer to [Azais and
Wschebor 2009, Chapter 3, Section 2.7] in dimension n = 1 and to the introduction of [Armentano et al.
2023a] in dimension n > 1. Note that [Priya 2020, Theorem 1.2] implies the finiteness of all moments of
the nodal length for some Gaussian fields in R% This problem was also studied in [Malevich and Volodina
1993] for points in R%

Our second main result gives simple conditions on the field f ensuring the finiteness of the p-th
moments of its linear statistics in any dimension and codimension. These conditions are of two kinds: we
require the field to be regular enough, and to be nondegenerate in the following sense.

Definition 1.4 (p-nondegeneracy). Let p > 1 and let f : Q2 — R” be a C? centered Gaussian field. We
say that the field f is p-nondegenerate if for all x € 2 the centered Gaussian vector

P
(f(x), Dy f..... DI f) e (P Sym* (R @R’
k=0
is nondegenerate, where Sym*(R") denotes the space of symmetric k-linear forms on R” and D)’g fe
Sym*(R") ® R" stands the k-th differential of f at x.

Remark 1.5. If f = (f1,..., f-), the p-nondegeneracy condition means more concretely that for all
x € Q2 the Gaussian vector (0% f; (x))1<i<r;|a|<p 1S nondegenerate, where we used multi-index notation
(see Section 2.2). More abstractly, this condition means that the p-jet j,(f, x) of f is nondegenerate for
all x € Q.

Theorem 1.6 (finiteness of moments). Let n > 1, let r € [1,n] and let p > 1. Let Q C R" be open,
let f : Q2 — R be a centered Gaussian field and let v be defined as in (1-1). If f is C? and (p—1)-
nondegenerate then E[|(v, ¢)|P] < 400 forall ¢ € L*°(2) with compact support.
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Example 1.7. Let us give some examples of fields satisfying the assumptions of Theorem 1.6.

» The Bargmann—Fock field, i.e., the smooth stationary Gaussian field on R" whose covariance function
is x > e~ I¥I°/2 satisfies the hypotheses of Theorem 1.6.

e Let f:R" — R be a stationary C? centered Gaussian field. If the support of its spectral measure has
nonempty interior then f is (p—1)-nondegenerate.

« In codimension r, if (f;)1<i<r are r independent (p—1)-nondegenerate C” Gaussian fields then so is
S=U s fr)-

o The Berry field, i.e., the smooth stationary Gaussian field f on R" whose spectral measure is the
uniform measure on S$"~!, is 1-nondegenerate but not 2-nondegenerate. Indeed it almost surely satisfies
Af+ f=0,sothat (f(x), Dy f, D)%f) is degenerate for all x € R".

We can consider the same question in a more geometric setting. Let (M, g) be a Riemannian manifold
of dimension n > 1 without boundary and let E — M be a smooth vector bundle of rank r € [[1, n]
over M. Let s be a centered Gaussian field on M with values in E, in the sense that s is a random section
of E — M such that for all m > 1 and all x4, ..., x,, € M the random vector (s(x1), ..., s(x;;)) is a
centered Gaussian. We assume that s is almost surely C ! and that det Var(s(x)) > 0 for all x € M.

As in the Euclidean setting, Z = s~1(0) is almost surely (n—r)-rectifiable. As before, we denote by v
the random Radon measure on M defined by integrating over Z with respect to the (n—r)-dimensional
volume measure d Vol induced by g. For all ¢ € L°° (M) with compact support, we define the linear
statistic (v, ¢) as in (1-1). In this context Definition 1.4 adapts as follows.

Definition 1.8 (p-nondegeneracy for Gaussian sections). Let p > 1 and let s be a C? centered Gaussian
field on M with values in E. We say that s is p-nondegenerate if, for all x € M, the centered Gaussian
Vectorjp(s, x) € Jp(M, E), is nondegenerate.

Theorem 1.9 (finiteness of moments for zeros of Gaussian sections). Let p > 1, let s be a centered
Gaussian field on M with values in E and let v be defined as in (1-1). If s is C? and (p—1)-nondegenerate
then E[|{v, $)|’] < 400 forall ¢ € L°°(M) with compact support.

We are aware of the very recent paper [Gass and Stecconi 2024], in which the authors prove a result
similar to Theorem 1.6, as well as its analogue for zeros of Gaussian fields on a Riemannian manifold.
Their work and ours are independent, and the proofs are different. Their idea is to compare the Kac—Rice
densities (see Section 6.3) of the field f with those of a well-chosen Gaussian polynomial P. Then
they deduce the result for f from the result for P, which is a consequence of Bézout’s theorem. Our
proof follows a different path, as it relies on the multijet bundle that we defined in Theorem 1.1. Our
idea is to observe that the zero set of F': (x1,...,x,) = (f(x1),..., f(xp)) in the configuration space
QP \ A is exactly the vanishing locus of the multijet mj,(f, -) restricted to 27\ A, C Cp[£2]. Instead
of working with F, which degenerates along A, we work with the field mj,(f, -) that we built to be
nondegenerate everywhere. Then, we deduce Theorem 1.6 from the Kac—Rice formula for the expectation
(see Proposition 6.17) applied to the p-multijet of f and a compactness argument.
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1.3. Higher-order multijets and holomorphic multijets. 1et us now discuss two important variations
on our main results, Theorems 1.1 and 1.9. In Section 1.1, we said that two functions f and g on R"
have the same p-multijet at a point x = (x1, ..., x,) € (R")? \ A, if and only if f and g have the same
value, i.e., the same O-jet, at x; for all i € [1, p]l. In a sense, the p-multijet of f at x is obtained by
patching together the O-jets of f at each of the x; in a relevant way. A natural generalization is to define
a higher-order multijet of f at x by patching together the k-jets of f at each of the x;. We define such a
higher-order multijet in Section 7. More generally, we define a multijet bundle adapted to a differential
operator D. The case of higher-order multijets corresponds to D = j,. The analogue of Theorem 1.1 in
this framework is Theorem 7.4 below. We use it to prove an analogue of Theorem 1.9 adapted to D; see
Theorem 7.8 for a general statement. In the special case where D = D is the standard differential, the
statement is the following.

Theorem 1.10 (finiteness of moments for critical points). Let M be a smooth manifold without boundary.
Let f : M — R be a centered Gaussian field and let vp denote the counting measure of its critical locus.
Let p > 1, we assume that f is C%? and (2p—1)-nondegenerate. Then, for all ¢ € L (M), we have
E(l{vp, $)|7] < +o0.

Another variation on Theorem 1.1 is to define holomorphic multijets for holomorphic maps. This is
done in Section 8, and more precisely in Theorem 8.2. This is used to prove a holomorphic version of
Theorem 1.9. The general statement is given in Theorem 8.13. For a holomorphic Gaussian field on an
open subset of C”, it takes the following form.

Theorem 1.11 (finiteness of moments for zeros of holomorphic Gaussian fields). Let 2 C C" be open and
let f: Q2 — C" be a centered holomorphic Gaussian field, where r € [1, n]l. Let v be as in Definition 6.11.
Let p > 1, we assume that, for all x € 2, the complex Gaussian vector
p—1
(f(), Dif..... DI fre Psym* € o C’

k=0
is nondegenerate. Then, for all ¢ € L (2), we have E[|(v, ¢)|P] < +o0.

Note that Theorems 1.10 and 1.11 are not consequences of Theorem 1.9. Indeed, if f: M — R is
a smooth Gaussian field then Df cannot be 1-nondegenerate because D? f is symmetric. Similarly, if
M is a complex manifold and s is holomorphic, then s is never 1-nondegenerate because it satisfies the
Cauchy—Riemann equations.

Gass and Stecconi [2024] proved, independently and by a different method, results analogous to
Theorems 1.10 and 1.11. Actually, they prove Theorem 1.10 under the weaker and optimal hypotheses
that f is C”*! and p-nondegenerate. The finiteness of the third moment for the number of critical points
of a stationary Gaussian field on R? was proved in [Beliaev et al. 2024, Theorem 1.6]. For holomorphic
Gaussian fields in dimension n = 1, see [Nazarov and Sodin 2012].

1.4. Organization of the paper. In Section 2 we gather useful notation that appears in several parts of
the paper. In Section 3 we discuss Kergin interpolation, which is a multivariate polynomial interpolation
appearing in the definition of multijets. Section 4 is dedicated to evaluations maps on spaces of polynomials,
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and more precisely the properties of their kernels. We define our multijet bundles and prove Theorem 1.1
in Section 5. Section 6 is concerned with the application of multijets to the finiteness of moments for
the zeros of Gaussian fields and the proofs of Theorems 1.6 and 1.9. Multijets adapted to a differential
operator are discussed in Section 7, where we also prove the analogue of Theorem 1.9 for critical points.
Finally, holomorphic multijets are defined in Section 8, where we prove the analogue of Theorem 1.9 for
holomorphic Gaussian fields.

2. Notation: partitions and function spaces

The goal of this section is to quickly introduce definitions and notation that will appear in different parts
of the paper. We gather them here for the reader’s convenience.

2.1. Sets, partitions and diagonals. In this paper, we denote by N the set of nonnegative integers. Let a
and b € N, we use the following notation for integer intervals [[a, b]] = [a, b] " N.

Let A be a nonempty finite set. For simplicity, in all the notation introduced in this section, if A =1, p]
we allow ourselves to replace A by p in the indices and exponents. We denote by |A| the cardinality
of A. Let M be any set. We denote by M* the Cartesian product of |A| copies of M indexed by the
elements of A. A generic element of M“ is usually denoted by x = (X,)aea. If @ # B C A, we denote
by xp = (X4)acB-

Definition 2.1 (large diagonal). We denote by A 4 the large diagonal in M4, that is,
Ax = {(xa)aca € M* |3a, b € A such that a # b and x, = x;}.

Definition 2.2 (partitions). Let A be a nonempty and finite set, a partition of A is afamily Z={Iy, ..., I,;}
of nonempty disjoint subsets of A such that |_|", /; = A. The subsets I, ..., I, are called the cells of Z.
Given a € A, we denote by [a]7 the only cell of Z that contains a. Finally, we denote by P4 the set of
partitions of A.

Definition 2.3 (clustering partition). Let x = (x;)zea € M A We denote by Z(x) € P4 the only partition
such that for all @ and b € A we have x, = x;, if and only if [a]z) = [Dlz(y).

Example 2.4. If x = (x, ..., x) then Z(x) = {A}. If x e MA\ A, then Z(x) = {{a} | a € A} = Ty.
Definition 2.5 (strata of the diagonal). For all Z € Py, we set Ay 7 = {x € M* | T(x) = I}, so that
Aazy=M*"\Agand Ay = ;.7 Anz.

Definition 2.6 (diagonal inclusions). Let Z € P4. We denote by t7 : ML \ Az — A4 1 the bijection
defined by t7((yr)1ez) = (Vialz)acA-

2.2. Spaces of functions, sections and jets. We use the following multi-index notation. Let o =
(o1, ..., o) € N*. We denote its length by |¢| = o +- - - +,. Let 9; denote the i-th partial derivative in
some product space we denote by 3% =9;" - - - 9,". Finally, if X = (X1, ..., X,,), we let X* = X" --- X;,".

Definition 2.7 (polynomials). We denote by R;[X] the space of real polynomials in n variables of degree
at most d, where d e N and X = (X1, ..., X,,) is multivariate.
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Definition 2.8 (symmetric forms and differentials). Let k € N. We denote by Sym*(R") the space of
symmetric k-linear forms on R Let V be a finite-dimensional real vector space. Then Sym*(R") ® V
is the space of symmetric k-linear maps from R” to V. Given a C* map f : R" — V, we denote by
D f € Sym*(R") ® V its k-th differential at x € R".

Let M and N be two manifolds without boundary. For all £ € NU {oco}, we denote by CK(M, N) the
space of CK maps from M to N. If N = R, we drop it from the notation and we simply write C*(M). We
denote by LIIOC(M ) the space of locally integrable functions on M. We denote by CCO(M ) (resp. L (M))
the space of continuous (resp. L°°) functions on M with compact support. Finally, for any Borel subset
B C M, we denote by 15 : M — R its indicator function.

Let E — M be a vector bundle of finite rank over M, we denote by E, the fiber above x € M. For all

k € NU {00}, we denote by I'*(M, E) the space of C* sections of E — M.

Definition 2.9 (jets). Let k € N, we denote by J(M, E) — M the vector bundle of k-jets of sections of
E— M. If E=V x M is trivial with fiber V, we denote its k-jet bundle by 7, (M, V) - M. If V =R, we
simply write J; (M) — M. Given s € I'"(M, E), we denote by j.(s,x) € Jx(M, E), its k-jet at x € M.

3. Divided differences and Kergin interpolation

An important step in our construction of a multijet for C* functions is to reduce the problem to that
of defining a multijet for polynomials. This is done by polynomial interpolation. In several variables,
polynomial interpolation is rather ill-behaved, at least compared with the one-variable case. However,
a multivariate polynomial interpolation suiting our needs was defined by Kergin [1980]. A constructive
version of his proof was then given in [Micchelli and Milman 1980], using a multivariate version of the so-
called divided differences. In this section, we give the definitions of these objects and recall their relevant
properties. We refer to the survey [Lorentz 2000] for more background on polynomial interpolation in R".

3.1. Divided differences. In this section, we recall the definition of multivariate divided differences; see
[Micchelli and Milman 1980]. Let k£ € N. We denote by o} the standard simplex of dimension k, that is,

k
O = {£= (o, ..., 1x) € [0, 1] ‘ N 1} C R 3-1)
i=0

The simplex oy is a subset of {r € R¥ | 31 = 1}, and we denote by vy the (k-dimensional) Lebesgue
measure on this hyperplane, normalized so that vg(ox) = 1/k!. One can check that its restriction to oy

satisfies
k
/ (1) dv () = / ,,,,, 20 ¢<1 =t rk) dty - di, (3-2)
% Zf:l <1 i=1
where df - - - d#y is the Lebesgue measure on RX. For any x = (xg, ..., Xx) € (RM 1 we denote by o (x)

the convex hull of the x; and we define v, : £ Zf‘c:o t;x; from o} onto o (x). Recalling Definition 2.8,
we have the following.
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Definition 3.1 (divided differences). Let x = (x;)o<i<x € (R")**! and let f be a C* function defined on
some open neighborhood of o (x) in R". We define the divided difference of f at x by

f[xo,...,xk]:f Dﬁi@fdvk(g)eSymk([Ren)’

that is, as the average of Dk f over o (x) with respect to the pushed-forward measure (vy ) (vi).
Remark 3.2. « If x = (x, ..., x) for some x € R" then f[x,...,x]= (l/k!)D';f.

 Definition 3.1 is invariant under permutation of (xo, ..., Xx).

e When n = 1, Definition 3.1 coincides with the classical definition of divided differences, under the

canonical isomorphism Symk (R) >~ R. This is known as the Hermite—Genocchi formula [Micchelli and
Milman 1980].

Lemma 3.3 (regularity of divided differences). For all x € (RN the map f — flxo, ..., x¢]is linear:
Moreover, if f is of class C** then x = flxo,...,xt]is of class cl.

Proof. The linearity with respect to f is clear. The regularity with respect to x is obtained by derivation
under the integral, using Definition 3.1 and (3-2). ]

3.2. Kergin interpolation. This section is dedicated to Kergin interpolation. In the following, we recall
the construction of Kergin interpolation in [Micchelli and Milman 1980], which relies on the divided
differences introduced in Definition 3.1. We will use the notation introduced in Definition 2.7.

Proposition 3.4 (Kergin interpolation). Let x € (R")? and let f be a function of class CP~" defined on
some neighborhood of o (x) in R". There exists a unique polynomial K (f, x) € R,_{[X] such that, for
all nonempty I C [1, pll, we have f[x;] = (K(f, x))[x1]. Moreover,

p
K(fox) = flaroooudX —xi oo, X —xe). (3-3)

k=1
Proof. This is the content of [Bojanov et al. 1993, Theorem 12.5] for m = 0. See also [Micchelli and
Milman 1980]. a

Remark 3.5. In particular, Proposition 3.4 implies the following:
o The restriction of K (-, x) to R,_1[X] is the identity.

 If x appears with multiplicity at least k + 1 in x, then

DXf =k flx,...,x] =k!(K(f, x)[x, ..., x]= DK (f, x)).
e N e’

k+1 times k+1 times
e The map P +— (P[x1,...,x;]i<j<p is an isomorphism from R,_;[X] to EB;:S Symj(IR") whose
inverse map is given by (S;)o<j<p—1 > Zf;é Si(X —x1,..., X —xj).

Definition 3.6 (Kergin polynomial). The polynomial K ( f, x) from Proposition 3.4 is called the Kergin
interpolating polynomial of f at x.
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Example 3.7. If n = 1, then K(f, x) is the Hermite interpolating polynomial of f at x € RP. If
x =(x,...,x), then K(f, x) is the Taylor polynomial of order p — 1 of f at x € R".

Lemma 3.8 (regularity of the Kergin polynomial). For all x € (R")?, the map K (-, x) is linear. Moreover,
if fisC*P~1 then K (f,-) is of class C".

Proof. This is a consequence of Lemma 3.3 and (3-3). O

We need to prove a form of compatibility in Kergin interpolation, when the set of interpolation points is
refined. We will use this fact to prove that the multijet bundle we define below satisfies (4) in Theorem 1.1.
The following lemma is stated using the clustering partition Z(x) from Definition 2.3.

Lemma 3.9 (compatibility in Kergin interpolation). For all x € (R")? the linear map from R,_[X] to
[Tz Rin-11X1 defined by (K (-, x1)iezq) : P > (K(P, x1)1e1(x) IS surjective.

Proof. Let x € (R*)? and let us write Z = Z(x) for simplicity. As explained at the end of Section 2.1,
there exists a unique y=nrer € (R™T\ Az such that x = tz(y). Let (X1)rez be smooth functions on
R" with pairwise disjoint compact supports and such that y; is equal to 1 in a neighborhood of y;.

Let (Pp)rez € [ [z Rirj—1[X1. We consider the function f =), ., x; P € C*(R"). Let P = K(f, x)
and let us prove that K (P, x;) = P; forall I € Z. For all k < |I| — 1 we have D} P = D} f = D} P;.
Indeed y; appears with multiplicity |/| in x (see Remark 3.5) and f is equal to P; in a neighborhood
of y;. Recalling Example 3.7, we know that K (P, x) is the Taylor polynomial of order |/| — 1 at y;
of P, and hence of P;. Since P; € Rj;j—1[X], we get K(P, x;) = Py. U

4. Evaluation maps and their kernels

The goal of this section is to study evaluation maps on spaces of polynomials and their kernels. Defining
multijets is closely related to these objects. Indeed, let n > 1 and p > 1 and recall that A, stands for
the large diagonal in (R")?; see Definition 2.1. As explained in the Introduction, when x ¢ A, we
want the multijet of a C”~! function f at x to be the class of f in C?~!(R")/ ~, where f ~ g if and
only if (f(xi))1<i<p = (8(xi))1<i<p- The Kergin interpolation of Section 3.2 shows that any such class
can be represented by a polynomial. Hence, the space of p-multijets at x is canonically isomorphic to
R,_1[X]1/kerevy, where evy : P — (P(x1), ..., P(xp)).

Definition 4.1 (Grassmannian). Let V be a vector space of finite dimension N and k € [0, N]|. We denote
by Gr (V) the Grassmannian of vector subspaces of V of codimension k.

Remark 4.2. Beware that this notation is slightly unusual, since in most textbooks Gry (V') stands for the
Grassmannian of subspaces of dimension k.

Let us denote by Lyee (V) R¥) ¢ V* ® R* the open dense subset of linear surjective maps from V to R,
The group GL (R) acts on Lyeg(V, RK) by multiplication on the left. On the other hand, L +— ker(L) defines
asurjective map from Lyeg(V, R¥) to Gry (V), and ker(L ;) =ker(L,) if and only if there exists M € GL;(R)
such that L, = M L. Thus, one can identify Gr; (V) with the orbit space Leg(V, R*) / GLi(R) of the
previous action. This is one of the many ways to describe Gri (V') as a smooth real-algebraic manifold.
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Definition 4.3 (evaluation map). Let x € (R")”. We setev, : f + (f(x1), ..., f(xp)) from any space of
functions defined at the x; to R”. The source space will always be clear from the context.

Lemma 4.4 (nondegeneracy of evy). Let x ¢ A,. Thenev, : R,_1[X] — RP is surjective.

Proof. Since x ¢ A,, we have Z(x) = {{1}, ..., {p}} and ev, = (K (-, X;))1<i<p under the canonical
identification Rg[ X] >~ R. Hence this is just a special case of Lemma 3.9. Alternatively, in the right basis,
one can extract a Vandermonde matrix from that of ev,. O

Lemma 4.4 shows that the following map is well-defined from (R")? \ A, to Gr,(R,_[X]):
G :x+— kerev, . 4-1)
Lemma 4.5 (algebraicity of G). The map G : (R")? \ A, — Gr,(R,_1[X]) is algebraic.

Proof. Recalling the previous discussion, we have Lo (R, 1[X], R?)/ GL,(R) >~ Gr,(R,_;[X]), where
the isomorphism is obtained as the quotient map of ker : L — ker(L). In particular,

ker: Ereg(Rp—l[X]v Rp) - Grp(Rp—l[X]) = ﬁreg(Rp—l[X]v Rp)/ GL[J(R)

is just the canonical projection, which is algebraic.

Writing ev : x > ev,, we have G = keroev. Thus it is enough to prove that ev is algebraic from
(R")P\ Ay to Lieg(Ry,—1[X], RP). In the basis of R,_{[X] formed by the monomials (X%)4|< ), the
matrix of ev, is (x{")1<i<p;a|<p> Which depends algebraically on x. U

Let x € (R")?\ A, we defined G(x) € Gr,(R,_1[X]) by (4-1). For any nonempty I C [[1, p]l, we
define similarly

gI()_C) = kerevy € GI‘|1|(R|1|_1[X]) and 51()_6) = kerevy € GI‘|1|(RP_1[X]). (4—2)

Because of the interpolation properties of the Kergin polynomials (see Remark 3.5), we have that
evy, = (eVx )Ry yx1 © K (-, x7) on Ry_1[X]. Hence G;(x) = K(-,x)™" (G (x)). Since K (-, x;) is
surjective from R,_;[X] to Rj;;_;[X], this shows that G;(x) has indeed codimension |I], like G;(x).

This collection of subspaces satisfies some incidence relations that will be useful in the following. For
all nonempty I C [1, p]l, we have G(x) C G (x). Actually, we can be more precise: for any 7 € P, we
have G(x) =<1 G (x), and this intersection is transverse by a codimension argument.

Remark 4.6. The map G : (R")? \ A, — Gr,(R,_1[X]) does not admit an extension as a regular map
from (R")? to Gr,(R,—1[X]), exceptif n =1 or p =1, that is, if Gr,(R,_{[X]) is a point.

For example, when n = 2 = p, the Grassmannian Gr,(R,_[X]) is the set of lines in R;[X, X].
Taking x = R(cos#@, sinf) € R? \ {0}, the reader can check that G(0, x) = Span(X; sin6 — X, cos6),
which does not converge as R — 0. However, in this case, G(0, - ) extends to the blow-up Bly(R?) of R?
at 0 and similarly G extends smoothly to Bla, ((R?)?). This suggests that, even though G does not extend
smoothly to (R")?, it might extend to a larger space.
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5. Definition of the multijet bundles

In this section we define the vector bundle M7 ,(R", V) — C,[R"] of p-multijets for functions from R"
to some finite-dimensional vector space V and prove Theorem 1.1. The singularity of G along A, makes
it impossible to define such a bundle over (R*)?, which is why we define it over a compactification
C,[R"] of the configuration space (R")? \ A ,.

The manifold C,[R"] does not depend on V. It is defined in Section 5.1. In the next two sections, we
work in the case V = R. All important ideas appear in this case but the notation is slightly simpler. In
Section 5.2, we define the bundle M7 ,(R"). In Section 5.3, we prove that p-multijets are local, in the
sense of (4) in Theorem 1.1. Finally, we define the bundle M7 ,(R", V') of multijets for vector-valued
maps and prove Theorem 1.1 in Section 5.4.

5.1. Definition of the basis C,[R"]. In this section, we define the basis C,[R"] over which our p-multijet
bundles are defined. This is a smooth manifold, obtained a compactification of the configuration space
(R")P\ A, such that (G;) ;1,7 extends smoothly to C,[R"]. Let us first introduce some notation. We
denote by Iy the projection from the product space

®Y? x  [] Grn@®-(XD)
e#IC1,pl

onto the factor (R")”. Similarly, we denote by IT; the projection onto Gry;(R,7—1[X]). Then, let

= ={(, Greicppn) |2 € RHP\N A C R x  []  Griy®Ry-alXD) (5-D

@#IC(1,pl

denote the graph of the map (G;);cq1,py- We denote by ¥ the closure of ¥ in the product space on the
right-hand side of (5-1).
Lemma 5.1 (surjectivity of (Ho)lg). Let x € (R™)P. Then there exists z € % such that Ty(z) = x.
Proof. Let (x,)nen be a sequence of points in (R")” \ A, converging to x. Since Grassmannians

are compact manifolds, up to extracting subsequences finitely many times, we can assume that for all
nonempty I C [1, p]| there exists G; € Gr|;|(R;7—1[X]) such that G;(x,) s G;. Then

Xn, GrXa))icn,pl) 55355 & (GDicpp) =2 € . 0
Lemma 5.2 (location of the new points). We have = \ X CII, ! (Ap).
Proof. Since X is the graph of a continuous function on (R")? \ A, it is closed in the open subset
;' (R"P\ Ap). Hence TNTI; (RMHP\A,) =% and T\ T C 115 (A)). O

Lemma 5.3 (algebraicity of ¥ and X). The graph ¥ is a smooth real-algebraic manifold and (ITo)x :
X — (RMP\ A, is an isomorphism. Moreover, ¥ is a real-algebraic variety whose singular locus is
contained in T\ X.

Proof. By Lemma 4.5, the set X is the graph of an algebraic map, hence a smooth real-algebraic manifold.
Additionally, Iy is algebraic and its restriction to X is the inverse of x — (x, (G;(x));cq1,p1). Thus
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(ITp) |z is an algebraic isomorphism from X onto (R")”\ A ,. Since X is real-algebraic, so is its closure z.
By Lemma 5.2, we know that X N Hal((R”)p \ A,) = X is smooth. Hence, the singular locus of T is
contained in NI ' (A,) =2\ . O

Example 5.4. In simple cases, we understand very well what X is.
e If p=1landn > 1, then A, = @ and Gr,(R,_1[X]) = {{0}}, so that £ = £ = R".
1, then Gryy|(Ry7—1[X]) = {{0}} for all 7 C [1, p]l and T = R”.

2, then for x # y in R" we know that G(x, y) C R;[X] is the subspace of affine forms
on R” vanishing at x and y, i.e., on the affine line through x and y. Thus G(x, y) encodes this line. As
y — x, the accumulation points of G(x, y) correspond to all the affine lines passing through x, and they
encode “the direction from which y converges to x”. In this case, one can check that Y= BIAZ((R")Z).

elfn=1and p >
elfp=2andn >

In the previous examples the variety % is smooth, hence the following natural question.
Question. Is X smooth foralln > 1 and p > 1?7

Lacking a positive answer to this question, since we want C,[R"] to be a smooth manifold, we will
define it by resolving the singularities of X. The existence of a resolution of singularities is given by
Hironaka’s theorem [1964a; 1964b]. Our references on this matter are [Kollar 2007; Wiodarczyk 2005].
See also [Hauser 2003] for a softer introduction to this theory.

Proposition 5.5 (resolution of singularities). There exists a smooth manifold C,[R"] without boundary of
dimension np and a smooth proper I1: Cp[R"] — (R")? x [15; 1.y Cria) (Ry7 -1 [X1) such that

(1) TH(Cp[R"]) = £;
(2) TI7'(X) is an open dense subset of Cp[R"];
(3) Mg-1(x) is C*°-diffeomorphism from M-(2) onto X.

Proof. We apply Hironaka’s theorem [Kollar 2007, Theorem 3.27] to resolve the singularities of X. Since
Y is algebraic by Lemma 5.3, there exists a smooth real-algebraic manifold C »[R"] and a projective
morphism IT: C,[R"] — ¥ such that IT is an isomorphism over the smooth locus of z.

In particular C,[R"] is smooth, the map IT: C,[R"] — (R")? x H%HCIILP]] Gr)7(Ry7j=1[X]) is smooth
and proper, and IT(C,[R"]) C X. Since X is contained in the smooth locus of X, the restriction of IT to
[I'(X) is an isomorphism; in particular (3) is satisfied.

According to [Wlodarczyk 2005, Theorem 1.0.2], the manifold C,[R"] and the projection IT are
obtained by a sequence of blow-ups along smooth submanifolds that do not intersect the regular locus
of ¥, and hence X. This ensures that conditions (1) and (2) are satisfied. O

The following corollary proves the existence of the manifold C,[R"] and the proper surjection 7 :
Cp[R"] — (R")? satisfying (1) in Theorem 1.1.

Corollary 5.6 (existence of the basis C,[R"]). There exists a smooth manifold C,[R"] without boundary
of dimension np and a smooth proper surjection w : C,[R"] — (R")? such that
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(1) the open subset 1" (R")? \ A p) is dense in C,[R"] and 7 induces a C*-diffeomorphism from this
set onto (R")P\ A ;

(2) for any nonempty I C [[1, pll, the map G; o w admits a unique smooth extension to C,[R"].

Proof. We consider IT : C,[R"] — (R")? x ]—[@#,C[[l’p]] Gr|7(R7j-1[X]) given by Proposition 5.5 and
we let w = Iy o I1. Since Grassmannians are compact, I1j is proper. Hence 7 is smooth and proper
because IT and Iy are. The surjectivity of & is given by Lemma 5.1 and (1) in Proposition 5.5.

Item (1) in Corollary 5.6 is a consequence of Lemmas 5.2 and 5.3 and of conditions (2) and (3) in
Proposition 5.5. Let I C [[1, p]l be nonempty. On the dense open subset 7' (R")? \ A ») we have
Gr o = I1j o I1 by definition. In the last equality, the right-hand side is well-defined and smooth
on C,[R"], which yields the unique extension we are looking for. U

Since it is defined using Hironaka’s theorem, the manifold C,[R"] is not unique. However, the value
of the smooth extension of G; o =1I1; oIl at z € C,[R"] only depends on I1(z) € 3. So this extension
does not really depend on the choice of a resolution of singularities. In the following we choose once
and for all a realization of 7 : C,[R"] — (R")? as in Corollary 5.6. Thanks to (1), we can identify the
configuration space (R")” \ A, with its open dense preimage by 7. Under this identification, (2) states
that the maps (G;) 1,1 extend smoothly to C,[R"]. So, from now on, we consider G; as a smooth map
from C,[R"] to Grj7|(R);—1[X]).

5.2. Definition of the bundle M J ,(R"). Now that we have defined the base space C,[R"] of our multijet
bundle, we can define the bundle itself. The purpose of this section is to construct the vector bundle
MJT p(R") — C,[R"] of multijets for functions from R" to R, and the associated multijet map. The
construction for vector-valued maps, explained in Section 5.4, is basically a fiberwise direct sum of this
simpler case.

Recall that we defined the projections

C, IR 5 = oy (my?

and that 7 = Iy o [1. Thanks to Corollary 5.6, and under the identification discussed above, the map
G =Gy, p1 defined by (4-1) extends as a smooth map from C,[R"] to Gr,(R,_{[X]). Seen as a collection
of subspaces of R,_1[X] indexed by C,[R"], this means that G defines a smooth vector sub-bundle of
corank p in the trivial bundle R, _1[X]x C,[R"] — C,[R"]. We define our multijet bundle as the quotient
of this trivial bundle by G.

Definition 5.7 (vector bundle of multijets). Let n > 1 and p > 1. The vector bundle of multijets of order p
on R" is the smooth vector bundle of rank p over C,[R"] defined by

MTp([R") = (R,_1[X] x C,[R"])/G.
In particular, for any z € C,[R"], the fiber M7 ,(R"), =R, _1[X]/G(z) only depends on I1(z) € s.

Recalling the definition of Kergin polynomials given in Section 3.2, we can now define the p-multijet
of a C”~! function on R".
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Definition 5.8 (multijet of a function). Let f e CP~!(R") and z € C p[R"]. The multijet of f at z is the
element of M7 ,(R"), defined as

mj,(f,2) = K(f, 7(z)) mod G(z).
In particular, as an element of R,_;[X]/G(z), the multijet mj,(f, z) only depends on Il(z) € z.

Example 5.9. In Example 5.4 we saw that in simple cases X is smooth. In these cases we set C p[R']= )
and we can describe the bundle M7 ,(R") — Cp[R"] and the map mj,.

o If p=1,then C{[R"] =R" and G : x — {0} C Ro[X] =~ R. Thus M7 {(R") is the trivial bundle
R x R” — R". Moreover, if f € C*(R") then K (f, x) = f(x) € Ro[X]~ R and mj, (f, x) = f(x) forall
x € R~

e If n =1, then C,[R] = R? and G : x — {0} C R,_1[X]. Thus MJ,(R) is the trivial bundle
R,y—1[XIxRP — RP.If f e CP~1(R) then mj,(f, x) = K(f, x) is the Hermite interpolating polynomial
of f at x; see Example 3.7.

Given x = (x1,...,xp) ¢ A,, Lemma 4.4 shows that ev, : R,_[X] — RP? is an isomorphism. We can
then consider the Lagrange basis (L;(x))1<i<p of R,_1[X] which is the preimage by ev, of the canonical
basis of R”. We then have mjp(f, x)=K(f,x)= le f(xi)L;(x). Geometrically, this means that
the map (P, x) = (ev,(P), x) defines a local trivialization of M7 ,(R) — C,[R] over R” \ A, and
that x — (L;(x))1<i<p is the corresponding frame. Moreover, it is tautological that mj,(f, x) reads as
(f(x1), ..., f(xp)) in this trivialization.

In this example, one can also define a global trivialization of M7 ,(R) by considering the global
frame of Newton polynomials x — (Ny(x))1<k<p, Where Ni(x) = ngkk(X —x;). By (3-3) we have
K(f, x)= Z,le Slxi, ..., xk]Ni(x), so that mj, (f, x) reads as (f[xi, ..., xx])i<k<p in this trivializa-
tion, where the divided differences are the classical ones in dimension 1. In this setting, we used in
[Ancona and Letendre 2021] a strategy that can be roughly summarized as replacing (f (x;))1<i<p by
(flx1, .., xxD1<k<p- Our present point of view shows that we were actually considering mj p( f,x)all
along, but read in different trivializations.

o If p =2, we saw that C[R"] = BIAZ((R”)Z). Given z € Co[R"], if m(2) = (x1, x2) ¢ Ay, we know that
G(z) C Ry[X] is the subspace of affine forms vanishing on the line L, C R” through x; and x,. It is then
natural to think of the class of P modulo G(z) as its restriction to L,. Parametrizing L, by

X2 — X1
Xyt
ll2 — x1l

X2 — X1
P> P(x1 +—T)
flx2 — x|

one can check that

induces an isomorphism M 7,(R"), >~ R;[T] >~ R2 where T is univariate and the second isomorphism is
obtained by reading coordinates in the canonical basis (1, 7)) of R([T].
Recalling Definition 3.1, we have

1
X2 — X1 T P(x2) — P(x1)

Plxi,x] ————T = (/ Dx1+z(x2—x1)P'(X2—X1)dt) = T
flxo — 1] 0 llx2 — x1] [lx2 — x1]
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and P = K (P, xy, x2) is given by (3-3). Letting f;(z) = P(xp) — P(x1)/||x2 — x1]|, we have
X2 — X1 X2 — X1 ~
P(xl + —T) =K (P, xy, x2) <x1 + —T) =P(x)+ P@)T.
llx2 — x1] 22 —x1]]
Thus, the previous isomorphism M72(R"), — R2 is (P mod G(z)) — (P (7 (2)1), P(2)).

Let us now consider z € 7 ~!(A»). This exceptional divisor is the projectivized normal bundle of A,
in (R™)2 So we can think of z as a point in the diagonal, say (x, x) € A,, and a line in (R™)? which is
orthogonal to A;, say spanned by (u«, —u) with u € S"1. Then z =lim,_ o(x +eu, x —eu) in Co[R"]. By
continuity, G(z) is the space of affine forms vanishing on the line L, C R" parametrized by t — x +tu. As
above, mapping P to the coefficients of P(x+7Tu) = P(x)+(Dx P -u)T € R{[T] induces an isomorphism
MT»(R"Y). — R2 Letting P(z) = Dy P -u, this isomorphism is again (P mod G(2)) — (P (7 (2)1), P (2)).

Actually, one can check that everything depends smoothly on the base point z € C>[R"], so that

the bundle map (P mod G(z), z) > (P((2)1), P(2), 7) defines a global trivialization MJ7,(R") —
R? x C5[R"]. If fecC 1(R™), with the same notation as above, mj, (f, z) reads in this trivialization as

(f(X1), fx2) — f(xl))

ll2x2 — x|l
if z¢ 771 (A») and as (f(x), Dy f - u) otherwise.
In these examples, the multijet bundle M7 ,(R") — C,[R"] is trivial. This raises the following.
Question. Is MJ ,(R") — C,[R"] trivial for alln > 1 and p > 1?

The following two lemmas prove that the bundle map mjp :CPI (R x C,[R"] - MT ,(R") satisfies
(2) and (3) in Theorem 1.1.

Lemma 5.10 (regularity of multijets). The map mjp( ., z2):CPTHRY — MJT p(R"), is a linear surjection
forall z € Cp[R"]. Additionally, let] > 0 and let f € ClHP=Y(R™). Then mj,(f, -) is a section of class c!
of MJ p(R") — C,[R"].

Proof. Let z € Cp[R"]. The map K (-, 7 (z)) :CPH(RY) — R,—1[X] is linear by Lemma 3.8. It is also
surjective since its restriction to R, _;[X] is the identity. Since mj p( -, 7) is the composition of K (-, 7(z))
with the canonical projection from R,_;[X] onto M7 ,(R"), it is a linear surjection.

Let/ >0 and let f € C'*P~!1(R"). By Lemma 3.8, we have K(f,-) € C'((R")?,R,_;[X]). Since
7 is smooth, we get K(f,-)om € C’(Cp[[R{”], R,—1[X]). In other words, K (f, -) o defines a section
of class C! of the trivial bundle R,—1[X] x C,[R"] — C,[R"]. Since G is a smooth sub-bundle of
R,—1[X] x C,[R"], projecting onto the quotient bundle M7 ,(R") does not decrease the regularity. []

Lemma 5.11 (multijets and evaluation). Let z € C,[R"] be such that 7 (z) = (x1, ..., xp) &€ Ap. Then for
all f € CP~Y(R") we have mjp(f, z7) =0ifand only if, foralli € [1, pl, f(x;) =0.
Proof. Let us denote by x = (x1,...,x,) =m(z) ¢ A,. Forall f € CP~1(R"), we have

mj,(f,2)=0 < K(f,x)eGlr) = ew(K(f,x)=0 < ev(f)=0,

since K (f, x) interpolates the values of f on at xy, ..., x, (see Remark 3.5). [l
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Actually, we can describe more precisely the relation between multijets and evaluation outside of the
diagonal. This will appear in the proof of Theorem 6.26 below. Thanks to Lemma 4.4, the smooth bundle
map ev : (P, x) — (evy(P), x) from R,_{[X] x (R")?\ A,) to R? x ((R")? \ A,) is surjective and its
kernel is exactly the sub-bundle ker ev =G. Thus it induces a smooth bundle map 7 : M7 , (R")|®n)r\a, =
R? x ((R")?\ Ap) defined by (P mod G(x)) = (ev,(P), x), which is bijective. Thus 7 defines a smooth
local trivialization of M7 ,(R") over (R")” \ A,. Moreover, for all f € CP~'(R") and z € C p[R"] such
that x = (z) ¢ A, we have

t(mj,(f,2)) =t(K(f,x) mod G(x)) = (evy(K(f, x)), x) = (evx(f), x).

Hence mj p( f, z) simply reads as (f(x1), ..., f(xp)) in this trivialization.

5.3. Localness of multijets. The goal of this section is to prove that the multijet bundle M7, (R") —
C,[R"] defined in the previous section satisfies (4) in Theorem 1.1. Let z € C,[R"], let x = 7 (z) and let
T =ZI(x) be as in Definition 2.3. As explained in Section 2.1, there is a unique y = (y;);ez € RZ\ Az
such that x = ¢7(y). Recalling that we dropped V' = R from the notation in the present case, we can
restate (4) in Theorem 1.1 as: there exists O : [[,.7 Jjr1—1(R")y, = MJT ,(R"), a linear surjection such
that mj,, (f, 2) = ©,((jj;—1(f, y1)1ez) forall f € CP~H(R").

This property is fundamental. First, it shows that mj,(f, z) is obtained by patching together (part of)
the jets of order |/| — 1 of f at y;, which justifies the name multijet. Second, it shows that mj,(f, z) only
depends on the values of f in arbitrarily small neighborhoods of the y;. This is not obvious at all since
the definition of mj,(f, z) involves divided differences of f, which are obtained by integrating on the
whole convex hull o (x) of the x; (see Definition 3.1). In particular, it shows that mj o f, z) makes sense
even if f is only C!I~! in some neighborhood of y; for all I € Z. Hence Definition 1.3 makes sense even
if € is not convex.

In the following, we consider what we think of as the /-th part of a multijet, where I C [1, p]l. This is
just a variation on what we did in Definitions 5.7 and 5.8 and it is defined as follows.

Definition 5.12 (/-multijets). Letn > 1 and p > 1 and let I C [1, p] be nonempty, we define the bundle
of I-multijets as the following smooth bundle of rank |I| over C,[R"]:

MI1(R") = Ry7-1[X] x Cp[R"] /G-
Let f € CI=1(R") and z € C,[R"]. We define by mj, (£, z) = K (f, 7(z);) mod G;(z) € MT(R"), the
I-multijet of f at z.

As explained in Section 5.1, for all & # I C [[1, p]l we have a map G; : Cp[R"] — Gr;|(R);—1[X])
extending the one on (R")” \ A,. Let z € Cp[R"] and x = 7 (z). As in Section 4 we define 51 (z) =
K(-, )_c,)_l(gl(z)) € Gr|(R,—1[X]), where K (-, x;) : R,_1[X] — Rj;j—1[X]. Note that 51(z) has the
same codimension as G;(z) since K (-, xy) is surjective.

Lemma 5.13 (compatibility of the G;). Forall I C [1, pll and z € C,[R"] we have G(z) C Gr (2).

Proof. Recall from Section 4 that G(z) C G (z) forany ze (R")?\ A, CC,[R"], thatis, K (-, (2)7)(G(z))C
G1(z). This incidence relation is a closed condition. By construction, the subset (R")? \ A, is dense
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in C,[R"] and both terms in the previous inclusion are continuous with respect to z; see Lemma 3.8
and Corollary 5.6. Hence the inclusion actually holds for any z € C,[R"]. Thus G(z) C G (z) for all
z € Cp[R"]. |

Let @ # 1 C[1, pl, let z € C,[R"] and x = 7 (z). We consider mj; (-, z) : R, 1[X] - MT(R"),
from Definition 5.12. This linear map is surjective as the composition of K (-, x;) and the projection
modulo G;(z). Moreover, ker(mj;(-,z)) = 51 (z) contains G(z) by Lemma 5.13. Hence, mj, (-, 2)
induces a surjective linear map from M7 ,(R"), = R,_1[X]/G(z) onto M T (R"), that we still denote
by mj; (-, z). This is summarized in the following commutative diagram, where the vertical arrows are
the canonical projections and all arrows are surjective:

K(-.xp) __ K2 g
-1l

l & l (5-2)

(-2
MTp(RY, —22 5 MT (R,
Note that (P, z) = (K (P, m(z)), z) is a smooth bundle map over C,[R"] from R,_;[X] x C,[R"]
to Rj7—1[X] x C,[R"]. Hence, the previous diagram (5-2) defines a smooth surjective bundle map
mj; : (P mod G(z)) — (P mod G;(z)) from MJ ,(R") to MT(R") over C,[R"].

Definition 5.14 (partitioned multijet). For all Z € P, and z € C,[R"], we define a linear map from
MT R to [T, MT 1 (R"), by mjz(-, 2) : = (mj (e, 2)) ez

As above, mj; : (a, z) = mjz(a, z) defines a smooth bundle map over C,[R"] from M7 ,(R")
to @, MIT(R"), which is obtained as the quotient of (P, z) = ((K(P, 7 (z2)1)1ez,2). However,
mj7(-, z) is not surjective in general. The following lemma proves its surjectivity in some cases.

Lemma 5.15 (splitting of multijets). Let z € C,[R"], let x = 7 (z) and let I(x) be defined as in
Definition 2.3. Then mjz (-, z) : MJ p(R"); — ]_[,d@ MT 1 (R™), is an isomorphism.

Proof. The map mjz, (-, z) is linear between two spaces of the same dimension p = > ez s0
it is enough to prove its surjectivity. Let (a7)7ezx) € [ ] rezey MI 1(R");. For each I € Z(x) there
exists P; € Rj;—1[X] such that o; = P; mod G;(z). By Lemma 3.9, there exists P € R,,_1[X] such that
K(P,x;)=P;forall I e Z(x). Let @« = P mod G(z) € MJ ,(R"),. Then, for all I € Z(x), we have

mj, (o, z) =mj;(P,z) = K(P, x;) mod G;(z) = P mod §,(z) = a;.
Hence ij@)(a, 2) = (xp)rez(x), and ij@)( -, 7) is indeed surjective. |

Let k € N and let x € R™. By definition, two maps f and g € CX(R") have the same k-jet at x if and
only if they have the same Taylor polynomial of order k at x. Let x = (x, ..., x). Recalling Example 3.7,
the linear map K (-, x) :CK(R™) — Ry[X] s surjective, and it induces an isomorphism J; (R"), >~ Ry [X].

Let z € Cp[R"], let x = 7 (z), let Z = Z(x) and let (y;)jer = Lil(g); see Definitions 2.3 and 2.6.
For all I € Z, the canonical isomorphism Jj;,—1(R"),, >~ R;;—1[X] allows us to see the projection from
R7—1[X] onto M7 ;(R"); as a canonical linear surjection @ ; : Jj7—-1(R"),, = MT(R")..
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Definition 5.16 (gluing map). Let z € C,[R"], let x = 7(z) and let (y;)jez = LEI()_C), where Z = Z(x).
We define @w; : (7)) ez = (@;.1(ar)) ez from ]_[IeI Jir-1(R")y, to H,EzMJI([RR")Z. We also define
O, =mj.(-, ) lo w;.

We can now check that ®, satisfies (4) in Theorem 1.1.

Lemma 5.17 (localness of multijets). For all z € C,[R"], the map ©; is a linear surjection from
[z -1 Ry, to MT ,(R™),. Moreover, it is the only map such that

VI e R, O:(Gy (f y))ier) = mj,(f. 2).

Proof. With the same notation as in Definition 5.16, for all / € 7 the map @ ; is a linear surjection
by definition. Hence so is w,. Since mj;(-, z) is an isomorphism by Lemma 5.15, the map ©, =
mj (-, z)~! o, is also a linear surjection.

Let f € CP~Y(R™). For all I € Z, the image of jm_l(f, yr) under the canonical isomorphism
Ji-1(R")y, = Ry;—1[X] is the Taylor polynomial K ( f, x;). Hence

@11 O yi) = K (f, x1) mod G1(2) = mj; (K (f, 1), 2)-

Thus, we have

@ ((yp=1 (s, y))ier) = mj (K (f, x1), 2) 1ez = mjz(mj ,(f, 2), 2),
and finally
O:((Jjp—1 (fs y)1er) = mj, (f, 2).

Since the y; are pairwise distinct, every element of [ [; .7 Jj1j-1(R")y, can be realized as (j;_ (f,y1))rez
for some f € C*°(R"). Hence the previous relation completely defines ®,. ([

5.4. Multijets of vector-valued maps. So far we have only defined multijets of real-valued functions. In
this section, we extend the previous construction to maps from R” to some vector space V of dimension
r>1. Letw: Cp[R"] — (R")? be given by Corollary 5.6 as before. We define M7 ,(R", V) — C,[R"]
as the tensor product of the bundle M7 ,(R") — C,[R"] from Definition 5.7 with the trivial bundle
V x Cp[R"] — C,[R"].

Definition 5.18 (multijet bundle of vector-valued maps). Let n > 1 and p > 1; let V be a real vector
space of dimension r > 1. We define the bundle of p-multijets of V -valued maps on R" as the following
smooth bundle of rank pr over C,[R"]:

Mjp(an V) = Mjp(Rn) V.

Definition 5.19 (multijet of a map). Let (vy, ..., v,) denote a basis of V. Let z € C,[R"] and let
=Y, fivie CP"'(R", V). We define by mj,(f,z) = Yj_ mj,(fi,2) ®v; € MT,(R", V), the
p-multijet of f at z.

Lemma 5.20 (independence from the basis). In Definition 5.19, the vector mj ,(f, z) does not depend on
the choice of the basis (v, ..., V).
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Proof. Let (wy, ..., w,) be another basis of V. There exists a matrix (a;j)1<;, j<r € GL,(R) such that
v = Z;:l ajjwj foralli € [1,r]. Letting g; =Y i, a;; f; for all j € [1, r]l, we get

r r
f:ZfiUiZ Z aijfiwjzzgjwj-
im1 =1

1<i, j<r

Then, by linearity of the p-multijet for functions, we have

Y omj, (gD @wi= Y a;mj,(fi,)@w; =Y mj,(fi,2)®u;. O
i=1

j=1 I<i,j<r
Example 5.21. If V =R’ then for all z € C,[R"] and f = (f1,..., f;) € CcP~Y(R", R") we have
MT,([R",R"), = MTp(R"), QR =~ (MT,(R"),)",
and under this canonical isomorphism mj p( f,2)=(mj p( fi» )i<i<r»> as one would expect.

Let x € R” and k € N. We have a canonical isomorphism J; (R", V), >~ 7 (R"),QV. If (v, ..., v,)isa
basis of V, this isomorphism is totally determined by the fact that the image of j, (f, x) is Y _:_, jx (fi, X)®v;
forall f =Y"_, fivi € CK(R", V). As in the proof of Lemma 5.20, this does not depend on the choice
of the basis (vi, ..., v,).

Definition 5.22 (gluing map for vector-valued multijets). Let z € C,[R"], let x =7 (2), let T =Z(x) and
let (y;)jer = t%l (x). Using the previous canonical isomorphisms, we have

[T ® vy, =T A1 ®Dy, @V = <H jlll(R")y’> Qv

IeZ IeZ 1T

Recalling Definition 5.16, we define a linear map

O : [[Tin-1®R", V)y, = MT R, V),

IeZ
by O, (¢ ®v) =0,(x¢)®v forall @ € ]_[161 Ji-1(R"),, and all v e V.

We now have everything we need to prove Theorem 1.1.

Proof of Theorem 1.1. The base space C,[R"] and the projection 7 are given by Corollary 5.6. In
particular, they satisfy (1) in Theorem 1.1. Definition 5.19 and Lemma 5.10 show that mj,, satisfies (2).
Similarly, (3) is satisfied thanks to Lemma 5.11 and the definition of mj, for V-valued maps.

Let us check that the linear maps ©, from Definition 5.22 satisfy (4). Let z € C,[R"], let x = 7 (z), let
I=Z(x)andlet (y;)jez = LEI()_C). Let us also denote by (vy, ..., v,)abasisof V. Leta e M T ,(R", V).
There exists ay, ..., a, € MJ ,(R"); such that « = Zle o; ® v;. By Lemma 5.17, for each i € [[1, r]],
there exists B; € [ [, Jjrj-1(R")y, such that o; = ®,(B;). Hence,

®Z<Z,Bi ®Ui> = Z®z(,3) RV, = «,
i=1 i=1

and O, is indeed surjective.
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Finally, let us consider f = er: | fivi € cr-1 (R", V). Then, by Lemma 5.17 once again,

O (=1 (fs YD) iex) = O, (Z(h]—l(fi: Y))iez ® Ui) = Z O (=1 (fis y1))iez) ® vi

’ i=1 i=1

=Y " mj,(f.2) ®v; =mj,(f.2). O
i=1

Remark 5.23. Another way to define M7, (R", V) and mj, is the following. If f : R" — V is regular
enough, then the divided differences from Definition 3.1 still make sense, only this time f[xq, ..., xx] €
Symk (R") ® V. Then, one can still define K (f, x) as in Proposition 3.4, and it defines an element of
R,_1[X]® V that interpolates the divided differences of f. Similarly, everything we did from Section 3.1
to Section 5.3 can be adapted to the case of V-valued maps, simply by tensoring each vector space by V,
and each linear map by Idy. One can check that we recover the same objects as in Definitions 5.18
and 5.19, up to canonical isomorphisms.

6. Application to zeros of Gaussian fields

This section is concerned with our application of multijet bundles to Gaussian fields. In Section 6.1,
we describe the local model for the Gaussian fields with values in a vector bundle that we consider. In
Section 6.2, we prove a Bulinskaya-type lemma and a Kac—Rice formula for the zeros of these fields.
Section 6.3 is dedicated to the definition of the Kac—Rice densities of order larger than 2. We also relate
the properties of these functions with the moments of the linear statistics associated with our field. Finally,
we prove Theorems 1.6 and 1.9 in Section 6.4, using the multijet bundles defined in Theorem 1.1.

6.1. Gaussian vectors and Gaussian sections. In this section, we briefly recall some notation and
conventions concerning Gaussian vectors. Then we describe the local model for Gaussian fields with
values in a vector bundle. We will mostly consider centered random vectors in finite-dimensional vector
spaces, so we restrict ourselves to this setting. In the following, V is a finite-dimensional real vector space.

Definition 6.1 (Gaussian vector). We say that a random vector X with values in V is a centered Gaussian
vector if, for all n € V*, the real random variable 1(X) is a centered Gaussian in R.

In particular, a centered Gaussian vector in V has finite moments up to any order. Let us assume that
V is endowed with an inner product (-, - ). Then for all v € V, we define v* = (v, -) € V*

Definition 6.2 (variance operator). Let X be a centered Gaussian vector in (V, (-, -)). Then its variance
operator is the nonnegative self-adjoint endomorphism Var(X) = E[X ® X*] of V. We say that X is
nondegenerate if Var(X) is invertible.

Recall that a centered Gaussian vector in (V, (-, -)) is completely determined by its variance. In the
following, we denote by N (0, A) the centered Gaussian distribution of variance A, and by X ~ N (0, A)
the fact that X follows this distribution.

Definition 6.3 (Gaussian field). Let £ — M be a vector bundle over some manifold M. We say that
a random section s of E — M is a centered Gaussian field if for all m > 1 and all xy, ..., x,, the
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random vector (s(xy), ..., s(xy)) is a centered Gaussian. We say that this field is nondegenerate if s(x)
is nondegenerate for all x € M.

If the centered Gaussian field s is C?, then its jet j, (s, x) is a centered Gaussian for all x € M. Thus,
the definition of p-nondegeneracy of the field makes sense; see Definition 1.8. Note that 0-nondegenerate
simply means nondegenerate.

Since this will appear in several places later on, let us describe the local model for Gaussian fields in this
context. Let xo € M. There exists a chart (U, ¢) of M around x¢. That is ¢ : U — 2 is a diffeomorphism
between an open neighborhood U of x( and an open subset €2 C R". Up to reducing U, we can assume
that E is trivial over U, i.e., there exists a trivialization 7 : E|jy — R" x U. Letting 7, = (Id, ¢) o 7, we
have the following commutative diagram, where arrows on the top row are bundle maps covering the

R

(d.e)

maps on the bottom row:

Ey — " R xU — Jprxq
| | | D
U ld s U 4 s Q

Let s be a local section of E|yy. Then 7,050 ¢! is a section of the trivial bundle on the right-hand side

of (6-1). Hence there exists amap f : 2 — R’ such that 7,05 o~ ! =(f,1d). Forall x € Q, the vector f(x)
is the image of s (¢! (x)) by a linear bijection. Thus, if s : M — E is a centered Gaussian field, its restriction
to U corresponds to a centered Gaussian field f : & — R”". Moreover, f has the same regularity as s.

The local trivializations on the diagram (6-1) induce a similar picture for jet bundles so that we have a
local trivialization J,(U, E\y) ~ J,(£2, R"), under Whichjp(f, x) corresponds to jp(s, ¢~ '(x)). Thus,
the Gaussian section s is p-nondegenerate in the sense of Definition 1.8 if and only if f is p-nondegenerate
in the sense of Definition 1.4. If this is the case, up to replacing Q by a smaller Q' such that Q' C Q
is compact, we can assume that f is uniformly p-nondegenerate, in the sense that det Var(j,,(f, x)) is
bounded from below on 2. This local picture is summarized in the following lemma.

Lemma 6.4 (local model for Gaussian fields). Let s : M — E be a centered p-nondegenerate Gaussian
field. For all xo € M, there exist an open neighborhood U of xq and a local trivialization of the form (6-1)
such that s reads in local coordinates as a centered Gaussian field [ : 2 — R" of the same regularity as s

and which is uniformly p-nondegenerate on Q.

6.2. Bulinskaya lemma and Kac—-Rice formula for the expectation. Let (M, g) be a Riemannian mani-
fold of dimension n > 1 without boundary and let £ — M be a vector bundle of rank r € [1, n]]. We consider
a nondegenerate centered Gaussian field s : M — E, in the sense of Definition 6.3. The goal of this section
is to state a Bulinskaya-type lemma and a Kac—Rice formula for the expectation of the linear statistics of s.

When M is an open subset of R" and £ = R" x M is trivial, these results are proved by Armentano,
Azais and Leon [Armentano et al. 2023b, Proposition 2.1 and Theorem 2.2]. They are extended to fields
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on submanifolds of R" in [Armentano et al. 2023b, Section 9.1]. In the following we check that the
results of that work can be adapted to the case of Gaussian sections.

Remark 6.5. Some readers are most interested in the zeros of Gaussian fields from R” to R” and the
present geometric setting may seem overly complicated to them. Let us stress that, even in the simpler
setting of fields from R” to R", our proof of Theorem 1.6 uses the Kac—Rice formula in the more general
setting we are studying here.

In order to state the Bulinskaya lemma and the Kac—Rice formula, we need the following.

Definition 6.6 (Jacobian determinant). Let L : V — V' be a linear map between Euclidean spaces and let
L* denote its adjoint map. The Jacobian of L is defined as Jac(L) = det(LL*)'/2.

Remark 6.7. We have Jac(L) > 0, and Jac(L) > 0 if and only if L is surjective. In particular, the fact
that Jac(L) = 0 depends only on L and not on the Euclidean structures on V and V’. Thus the condition
Jac(L) = 0 makes sense even if no inner product is specified.

Proposition 6.8 (weak Bulinskaya lemma). Let V be a connection on E — M. If the centered Gaussian
field s : M — E is C! and nondegenerate, the (n—r)-dimensional Hausdorff measure of

{x e M |s(x)=0and Jac(V,s) =0}
is almost surely 0.

Remark 6.9. If s(x) = 0 then V,s does not depend on V. Hence the random set we are interested in
Proposition 6.8 does not depend on the choice V.

Proof of Proposition 6.8. We can cover M by countably many open trivialization domains of the type
described in Lemma 6.4. Then it is enough to prove the result in each of these domains.

Let U C M be as Lemma 6.4. In local coordinates, the restriction of s reads as a uniformly nondegenerate
C' centered Gaussian field f : @ — R’, where Q C R" is open. Moreover, for any x € 2 such that
f(x) =0, the covariant derivative of s reads as D, f, independently of the choice of V. Thus, we are left
with proving that the (n—r)-dimensional Hausdorff measure of

{x e 2| f(x) =0and Jac(D, f) = 0}
is almost surely 0, which is given by [Armentano et al. 2023b, Proposition 2.1]. ]

Let us assume from now on that the centered Gaussian field s : M — E is C! and nondegenerate. We
denote its zero set by Z = s~1(0). Let us define Zsing =1{x € Z | Jac(Vys) =0} and Zeg = Z \ Zging. By
Proposition 6.8, the (n—r)-dimensional Hausdorff measure of the singular part Zgy,g is almost surely 0.
On the other hand, the regular part Z, is the set of points where s vanishes transversally. As such, it is a
(possibly empty) C! submanifold of M of codimension » without boundary. Thus, Z is almost surely the
union of an open (in Z) regular part Z,., of dimension n —r, and a negligible singular part Z;,, that we
can think of as a set of lower dimension. Let us mention that, under additional assumptions on the field,
the singular part is almost surely empty.
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Proposition 6.10 (strong Bulinskaya lemma). If the centered Gaussian field s : M — E is C* and
1-nondegenerate, then Zgn, = & almost surely.

Proof. As in the proof of Proposition 6.8, it is enough to prove the result in local coordinates given by
Lemma 6.4. In these coordinates, s reads as a C> centered Gaussian field f : Q — R” which is uniformly
1-nondegenerate, that is, det Var( f (x), D, f) is bounded from below on 2. Then the result follows from
[Azais and Wschebor 2009, Proposition 6.12]. (I

The Riemannian metric g induces a metric on Z,, which in turn defines an (n—r)-dimensional
Riemannian volume measure dVol;. This measure coincides with the (n—r)-dimensional Hausdorff
measure on Z. In the following, we consider this measure as a Radon measure on M defined as follows.
Recall that the space of Radon measures is the topological dual of C*(M), and that being a nonnegative
Radon is equivalent to being a Borel measure which is finite on compact subsets.

Definition 6.11 (random measure associated with Z). We denote by v the random nonnegative Radon
measure on M defined by

Vo eCOM). (v, )= / ¢ (x) dVolz (x).
Z

reg

We define (v, ¢) similarly if ¢ is nonnegative Borel function (in which case (v, ¢) € [0, +o0]) or if ¢ is
a Borel function such that (v, |¢|) < +o00 almost surely.

Example 6.12. If n = r then Z is almost surely locally finite. In this case v =)
counting measure of this point process.

cez Ox 18 the random

Let us go back to the local model of Lemma 6.4. Around any xo € M there exists a chart (U, ¢) and
a local trivialization of the kind described by (6-1). Since s is C! and nondegenerate, it corresponds in
local coordinates to a C' nondegenerate Gaussian field f : 2 — R". We still denote by Z (resp. Ze) the
image of Z (resp. Z¢z) by ¢, which is the zero set of f (resp. its regular part). Similarly, we still denote
by g (resp. dVolz) the push-forward to Q2 of the metric g (resp. of the measure dVoly), and we identify
test-functions on U with test-functions on . Thus, if ¢ € L2°(U) we have

(v.¢) = /z ¢ (x) dVolz(x),

where we think of everything on the right-hand side as defined on Q2. Now, the measure d Vol is the
(n—r)-dimensional Riemannian volume on Z C €2 C R" induced by g. In the following, we will need to
understand how it compares with the Riemannian volume dVol), on Z induced by the Euclidean metric.
This is the purpose of what comes next.

Definition 6.13 (Riemannian densities). Let x € Q and let G be a subspace of R”. We denote by
det(g(x)|c) the determinant of the restriction to G of the inner product g(x), in any basis of G which is
orthonormal for the Euclidean inner product of R”".

For all r € [0, n]l, we denote by y, : Q@ x Gr,(R") — (0, 400) the continuous map defined by
Vi (x, G) — det(g(x)‘(;)l/z. We also write y : x — pp(x, R") for simplicity.
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Lemma 6.14 (comparing volumes). Let Z be a submanifold of codimension r of 2 and let dVolz
(resp. dVol%) denote the (n—r)-dimensional Riemannian volume on Z induced by g (resp. the Euclidean
metric). Then dVolz admits the density x — y,(x, T, Z) with respect to dVol%. In particular dVolg
admits the density y with respect to the Lebesgue measure on Q.

Proof. This follows directly from the definition of the Riemannian volume measures; see [Lee 2018,
Chapter 3] for example. U

We can now state and prove the Kac—Rice formula for the expectation of the linear statistics in our
setting of Gaussian fields on M with values in a vector bundle E.

Definition 6.15 (Kac—Rice density). Let p; : M — [0, +00) be defined by

E[Jac(V,s) | s(x) =0]
det(27 Var(s(x)))1/2 ’

where the numerator stands for the conditional expectation of Jac(V,s) given that s(x) = 0.

P11 X >

Remark 6.16. Since s is nondegenerate and C!, the function p1 is well-defined and continuous. Moreover,
it does not depend on the choice of V, nor on the choice of a metric on E.

Proposition 6.17 (Kac—Rice formula for the expectation). Let s be a nondegenerate C' centered Gaussian
field. Then, for any Borel function ¢ : M — R which is nonnegative or such that ¢p, € L' (M), we have

E[{v, §)] = /M ¢ (0)p1 (x) dVolyy (x),

i.e., E[v] is the Radon measure on M with density p; with respect to the Riemannian volume dVol ;.

Remark 6.18. For any Borel maps ¢; and ¢», we have

E[l(v, ¢1) — (v, o) [ S E[{v, |1 — ¢2])] = /M|¢1(X) — ¢2(x)|p1(x) dVoly (x).

Then, if ¢ = ¢, almost everywhere on M, we have (v, ¢1) = (v, ¢>) almost surely. Thus, (v, ¢) makes
sense as a random variable even if ¢ is only defined up to modification on a negligible set.

Proof of Proposition 6.17. By a partition of unity argument, it enough to prove the result if ¢ is compactly
supported in an open domain U satisfying the same properties as in Lemma 6.4. In this case, in local
coordinates, the field s corresponds to a nondegenerate C' centered Gaussian field f : @ — R” with
Q C R" open. Thanks to Remark 6.16, we can assume that V corresponds in this trivialization to the
standard derivation for maps from €2 to R” and that the metric on E corresponds to the canonical inner
product on R". Identifying Z.s, the metric g, the measure d Vol and the test-function ¢ with their images
in the trivialization, we have reduced our problem to proving the result for the vanishing locus of f with
the volume measures induced by g.
By Lemma 6.14, we have

E{v. ¢)] = [E[ ¢ (x) dVolz(X)] = [E[ ¢ (x)yr(x, ker Dy f) dVol(%(X)]-
Zreg

Zreg
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For all x € Q and A € C%K, L(R", R")) we define W(x, 1) = ¢(x)y,(x, ker A(x))1o(A(x)), where
O ={L € LR",R") | Jac(L) > 0}. Since O is open and the maps ker : O — Gr,(R") and y, are
continuous, the map W is lower semicontinuous with respect to each variable, where C%(Q2, L(R", R")) is
equipped with the weak topology. Thus, we can apply the Euclidean Kac—Rice formula with weight from
[Armentano et al. 2023b, Theorem 7.1 and Remark 8] to W(x, Df). This yields

vr(x, ker Dy £) Jac®(Dy f) | f(x) =0]

det(27 Var(f (x))) 12 d,

E[
E[{v, ¢)] = fg¢(X)

where Jac’ means that we computed the Jacobian with respect to the Euclidean metric on R”.

To conclude, we need to compare Jac® with the Jacobian Jac with respect to g. This is the content
of Lemma 6.19 below, which yields that y,(x, ker Dy f) JacO(Dx f) =y ) Jac(Dy f). Since y(x) is
deterministic, by Lemma 6.14 we have

E[Jac(Dyx f) | f(x)=0]
det27 Var(f ()12 7

E[{(v, #)] :f ¢(x) (x) dx:/ ¢ (x)p1(x) dVolg (x).

Q Q
This proves that the result holds locally, that is, for a field f : 2 — R’, with the volume measures induced
by any Riemannian metric on €2, which concludes the proof. O

Lemma 6.19 (comparing Jacobians). Let x € Q and let L : R" — R" be a surjective linear map. With the
same notation as above, we have y, (x, ker L) Jac(L) = y(x) Jac(L).

Proof. We denote by Ly (resp. Lg) the adjoint of L with respect to the inner product g(x) (resp. the
Euclidean inner product). In a Euclidean orthonormal basis adapted to ker(L)* @ ker(L), the matrix of
g(x) is symmetric of the form (g lg ) with A and C positive-definite, the matrix of L is (F 0), that of Lj

is (‘g) and that of L} is (¥). We have (lg) =(4'Z)(¥). which leads to 'F = (A—'BC~'B)X. Hence,

det(LL{) = det(F'F) = det(A —'BC™'B) det(FX) = det(A —'BC™'B) det(LL?),

and y,(x, G) Jac®(L) = det(C)/? det(A —'BC~'B)'/? Jac(L). Since A —'BC~!B is the Schur comple-
ment of C in the matrix of g(x), we have det(C)'/?det(A —'BC~'B)1/?2 = y (x). O

6.3. Factorial moment measures and Kac—Rice densities. As in the previous section, we consider a
nondegenerate C' centered Gaussian field s : M — E which is a random section of some vector bundle
E — M. Recall that n = dim(M) and r € [[1, n]] is the rank of E. We are interested in the finiteness
of the moments of the linear statistics (v, ¢) with ¢ € L2°(M); see Definition 6.11. In this section, we
introduce the factorial moment measures and Kac—Rice densities of the fields s, and we relate them to
higher moments of the linear statistics.

In the following, p will always denote the order of the moment we are considering. Recall that, under
our hypothesis on s, the random measure v is almost surely a nonnegative Radon measure on M; see
Remark 6.18.
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Definition 6.20 (product measures). Let p > 1. We denote by v®? the product measure of v with itself
p-times. We also denote by vlP! the restriction of v®? to M\ A p- That is, for any test-function @,

0o 0)= [ ow vl ad oo = [ o avel? .
Zig Zieg\Ap
Almost surely, these measures are Radon measures on M”. More generally, if we want to consider product
spaces indexed by a nonempty finite set A instead of [1, p]|, we denote by v®4 the product measure of v
with itself | A| times on M4 and by plAlits restriction to M4 \ A 4.

The following lemma describes the relation between v®” and v!?!, using the notation introduced in
Section 2.1.

Lemma 6.21 (relation between v®” and v!P!). Let p > 1. If r < n then v®? = VPl If r = n then
V&P = ZIEPP (LI)*(V[I])-

Proof. If r < n then Ze is a C' submanifold of positive dimension in M. In particular, the large diagonal
in (Zreg)? has positive codimension, and hence is negligible for dVol?p . Thus v®” = v[Pl in this case.
If r = n then Zy, is a locally finite set and v is its counting measure. Similarly, v®” is the counting
measure of the locally finite (Zg)?, and A, is no longer negligible for this measure. If r =n =1, we
proved in [Ancona and Letendre 2021, Lemma 2.7] that v®? = Zlepp (t7)+ (W), The proof is purely
combinatorics and it extends immediately to the case r =n > 1. U

Our interest in these measures is that, by the Fubini theorem, for all ¢ € L2°(M) we have E[(v, ¢)”] =
E[(v®P, p®P)] = (E[v®P], p®P), where p®P : (x1, ..., xp) > ¢ (x1) - - - ¢ (x}). Thus, the measure E[v®?]
is closely related with the computation of moments of linear statistics. For technical reasons, it is more
convenient to consider E[v!?!] instead.

Definition 6.22 (moment measures). Let p > 1. The measure E[v®”] is called the p-th moment measure
of the field s and E[v!P!] is called its p-th factorial moment measure.

Definition 6.23 (Kac—Rice density of order p). Let p > 1 and let us assume that the random vector
(s(x1),...,s(xp)) is nondegenerate for all (x1,...,x,) € MP?\ A,. Then we define

E[TT2, Jac(Vy,s) | Vi € [1, pll. s(x;) = 0]
det(2m Var(s(x1), ..., s()cp)))l/2

Pp (X150, Xp) >

from M?\ A, to [0, +00), where the numerator is the conditional expectation of ]_[l.pzl Jac(V,,s) given
that s(x;) =0 for all i € [[1, p].

Once again, p, is well-defined and continuous on M” \ A, thanks to our nondegeneracy hypothesis.
However, its expression is singular along A ,. In particular, p, is in general not bounded, which raises
the question of its local integrability near A ,. For example, if f : R" — R is a nondegenerate enough
stationary Gaussian field and p = 2, one can check that as y — x, the corresponding Kac—Rice density
p2(x, y) behaves like ||y — x| if n =1 and like 1/||y — x| if n > 1.
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Proposition 6.24 (Kac—Rice formula for the p-th factorial moment). Let s be a C' centered Gaussian
field such that (s(x1), ..., s(xp)) is nondegenerate for all (xi, ..., x,) € MP\ A,. Then, for any Borel
function ® : MP — R which is nonnegative or such that ®p, € L'(MP), we have

F, @)= [ 0w, @ vl @),
P

i.e., E[vIP1] is the measure on MP with density p p With respect to the Riemannian volume dVol%,p .

Proof. Let us consider S : (x1,...,x,) = (s(x1),...,5(xp,)) on MP\ A, which is a random section

of the restriction over M? \ A, of the vector bundle E” — MP". This is a nondegenerate C ! centered

Gaussian field on M7\ A, and vlPl is the measure of integration over its zero set. Bearing in mind that
A, is negligible in M? for dVol%?, the result follows from Proposition 6.17 applied to S. U

The following proposition relates the properties of the Kac—Rice densities, the moment measures and
the moments of linear statistics.

Proposition 6.25 (relation between moments, measures and densities). Let p > 1 and let s be a C 1
centered Gaussian field such that (s(x1), ..., s(x,)) is nondegenerate for all (xi,...,x,) ¢ A,. Then
the following four properties are equivalent:

(1) Forall ¢ € L(M), we have E[|(v, ¢)|P] < +o0.

(2) Forall k € [1, p]l, the moment measure E[v®*] is Radon on M¥, i.e., finite on compact sets.

(3) Forallk €1, pll, the factorial moment measure E[v¥] is Radon on M*.

(4) Forallk € [[1, pll, the Kac—Rice density satisfies pix € Ll (M.

loc

Proof. Let us assume (1). Let k € [1, p]] and let Ko C M k be compact. There exists a compact set K C M
such that Ky ¢ K*. Then,

(E[v®F], 1g,) < (EWEF 1S5 = E[(v, 1x)* 1 = E[|(v, 1x)[*].

Since 1x € L2°(M), the p-th absolute moment of (v, 1x) is finite; hence so is its k-th absolute moment.
Thus (E[v®K], 1x,) < 4oo0 for all compact Ky and (2) is satisfied.

If (2) is satisfied then so is (3). Indeed, for any k € [1, p]l, the measure vI¥! is the restriction of V& to
M¥*\ Ay. Thus, for any compact K C M* we have

(EWH], 1) = B[N 1)1 < B[, 15)] = (E[v®*], 1k) < +o0.

If (3) is satisfied, let k € [1, p]land let K C M kbe a compact. By Proposition 6.24 we have
/K pi(x) dVol§ (x) = /M 1 (x) pe(x) d Vol (x) = E[(], 1)1 = (E[v¥], 1x) < +o00.

Thus py is integrable on any compact set, that is, o € Llloc(Mk). This proves (4) in this case.

Finally, let us assume that (4) holds. Let ¢ € L2°(M), and let us denote by K C M its compact support.
We have E[|(v, ¢)[7] < E[{(v, [¢])"] < IplI&EL(v, 1k)"], so it is enough to prove that E[(v, 1x)”] =
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E[(v®P, 1g»)] is finite. By Lemma 6.21, whether = n or not, we have

LW, 1)1 < Y ELwH, Ak o)) = ) (EDH], 1x2).

ZeP, ZePy

Then, the Kac—Rice formula for moments and the local integrability of the (ox)1<k<p yields

L 1071 < Y €L 1= 3 [ g avol§ ) < 4o,
ZeP, zep, ' K7

which proves (1) and concludes the proof. O

6.4. Proofs of Theorems 1.6 and 1.9: finiteness of moments. The goal of this section is to prove
Theorems 1.6 and 1.9, which give simple conditions for the finiteness of the moments of the linear
statistics of a Gaussian field. We begin by proving a local version of Theorem 1.6, under a nondegeneracy
hypothesis for the multijets of the field. This is Theorem 6.26 below. Then we deduce Theorem 1.9
from Theorem 6.26, in the case of Gaussian fields with value in a vector bundle. Finally, Theorem 1.6 is
obtained as a special case of Theorem 1.9.

Let 2 C R" be open. Recall that M7, (2, R") — C,[£2] is defined in Definition 1.3 as the restriction
over C,[2] C C,[R"] of the vector bundle M7 ,(R", R") — C,[R"] from Theorem 1.1.

Theorem 6.26 (finiteness of moments, local version). Let f : Q — R" be a centered Gaussian field and
v be as in Definition 6.11. Let p > 1. If f is C? and for all k € [[1, p]l the Gaussian field mj, (f, -) :
Ci[R2] > MTk (2, R") is nondegenerate, then the four equivalent statements in Proposition 6.25 hold.

Proof. Let f : Q2 — R" be a C? centered Gaussian field such that mj, (f, -) : Cx[Q2] > MT (2, R") is
nondegenerate for all k € [1, p]l.

Step 1: Gaussianity and nondegeneracy of the multijets. Since f is C?, for all k € [1, p]] we have
mj,(f, ) € I'(Ci[R], MT(2, R")) because of (2) in Theorem 1.1. Since f is centered and Gaussian,
so is any finite collection of jets of f. Then, for all m > 1 and all zy, ..., z,, € C¢[2] we have that
(mj, (f, z1), - .., mj; (f, zm)) is a centered Gaussian. Indeed, by (4) in Theorem 1.1, this is the image of
a centered Gaussian by a linear map. Thus, mj,(f, -) is a nondegenerate C' centered Gaussian field on
Cr[2] with values in M T (2, R").

Letz ¢ n_](Ap) and let x = (x1,...,x,) = m(z). By (4) in Theorem 1.1, the map O, is a linear
surjection. A dimension argument shows that it is actually a bijection. Thus

(FOn)s s FOp)) = Golfs X1 -4 Jo(f %)) = O (mij, (f, 2)),

which proves that (f(x1), ..., f(xp)) is nondegenerate. Thus, the hypotheses of Proposition 6.25 are
satisfied, and the four statements appearing in this proposition are indeed equivalent.

Step 2: Comparing zeros of f and mj,(f,-). Let k € [1, p]l. In the following we are going to prove that
E[v[¥1] is a Radon measure on ¥, which is enough to conclude the proof. In the following, we say that a
subset of Cy[€2] (resp. Q" is negligible if its k(n—r)-dimensional Hausdorff measure is O.
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Let us consider the Gaussian field mj, (f, -) : Cx[2] = M T (€2, R"). We have checked above that
it satisfies the hypotheses of Proposition 6.8. Let X C C¢[£2] denote the zero set of mj,(f, ). Asin
Section 6.2, we define Xing = {z € C[2] | mj, (f, x) =0 and Jac(V, mj,(f,-)) =0} and Xreg = X \ Xing.
Recall that X, is a C ! submanifold of codimension kr and that Xging 18 almost surely negligible by
Proposition 6.8. Let Y = X N T I(Qk \ Ag). We also let Ying = Y N Xjpg and Yieg = ¥ N Xieg.

Recalling that Z = f~1(0) C Q, for all z € Cx[2] we have z € Y if and only if 7 (z) € Z*\ Ay; see (3)
in Theorem 1.1. By (1) in the same theorem, the restriction of 7 to 77~ (QK \ Ayp) is a diffeomorphism.
Hence 7 (Y) = Z* \ Ay, the set 7 (Yyeg) is a ¢! submanifold of Q* \ Ay, and 7 (Ysing) is almost surely
negligible. Since Z* \ (Zreg)k is also almost surely negligible, the submanifolds Zfeg \ Ay and 7 (Yeg)
are almost surely the same, up to a negligible set (actually the reader can check that 7 (Yyeg) = Zfeg \ Ay
using the trivialization 7 introduced at the end of Section 5.2). Recalling Definition 6.20, this shows that
Ikl is the same as the integral over 7 (Yreg) with respect to the Riemannian volume d Vol y) induced by
the Euclidean metric on (R")X. At this stage we know that, almost surely,

voerX@) o= [ owdvolun . 6-2)
ﬂ(Yreg)

Step 3: Comparing volumes. Let us introduce a Riemannian metric g on C;[€2]. It induces a volume
measure dVoly on Xieg, and hence on Y. Additionally, let z € Ci[€2] and let G C T (C¢[£2]) be a vector
subspace of codimension kr. We define J(G) = det((Dzmg)*Dzm(;)]/z, where the adjoint of D, is
computed with respect to g on G and to the Euclidean metric on (R")X. Since 7 is smooth, this defines a
smooth nonnegative function J on the total space of the Grassmannian bundle Gry, (T (C¢[2])) — Cr[€2]
of subspaces of codimension kr in the tangent of Cy[€2]. Our interest in this map is that if z € Y
and G = 1Yy, then J(G) is the Jacobian determinant of D, (wy), where the C*°-diffeomorphism
7y @ Yieg — 7 (Yreg) is the restriction of 7 on both sides.

Let K C Q* be compact and let us apply (6-2) to 1g. Using the previous notation, the change of
variables my yields

WM 1x) = / 1k (7(2))J (T; Yreg) dVolx (2) < / 1,1k (2)J (T= Xreg) dVolx (2).
Yreg X

reg
By (1) in Theorem 1.1, the projection & is proper; hence K =7n"YK)is compact. Since the bundle
Gry, (T (Ci[R2])) — C¢[2] has compact fiber, its restriction over Kc Cy[2] is compact. By continuity,
the function J is bounded on this compact set by some constant Ck . Finally, we have proved that, almost
surely,

(WM 1) < Ck (D, 17),

where V is defined by integrating over X ., with respect to dVoly. Taking expectation on both sides we
get (], 1x) < Ck (E[V], 1),

Step 4: Applying the Kac—Rice formula to multijets. Now, X, is the regular part of the zero set X of
the Gaussian field mj, (f, - ). We have checked at the beginning of the proof that mj, (f, -) satisfies the
hypotheses of Proposition 6.17. This proposition yields that E[V] is a Radon measure on Ci[€2]. Hence
(E[v], 1) is finite, and so is (E[v¥]], 1g). Thus E[v¥]] is Radon on QF, which concludes the proof. [
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We can now prove Theorem 1.9, which gives a criterion for the finiteness of the p-th moments of the
linear statistics associated with a centered Gaussian field s : M — E, where E — M is some vector bundle
of rank r over a Riemannian manifold (M, g) without boundary of dimension n > r. The idea of the
proof is to patch together the local results obtained by applying Theorem 6.26 in nice local trivializations.

Proof of Theorem 1.9. Let p > 1 and let s € I'’?(M, E) be a centered Gaussian field which is C” and
(p—1)-nondegenerate.

Step 1: Existence of nice local trivializations. Let xo € M. There exists an open neighborhood U of x
and a local trivialization of E over U given by Lemma 6.4. In this trivialization, the Gaussian section s
corresponds to a centered Gaussian field f : 2 — R” which is C? and (p—1)-nondegenerate. We denote
by x € Q2 the image of x in local coordinates.

Let k € [1, pll and let x = (x,...,x) € Q. Since jp_l(f, x) is nondegenerate so is j,_;(f, x);
see Definition 1.4. Then, by (4) in Theorem 1.1, for all z € 7' ({x}) C Cy[R] the Gaussian vector
mj, (f,2) = O.(r_1(f, x)) € MTr(2, R"), is nondegenerate. By (1) in Theorem 1.1, the map 7 is
proper; hence 7 ~! ({x}) is compact. One the other hand, since f is C?, we know mj,(f, -) is at least C'.
Thus z — det Var(mj, (f, z)) is continuous on C[€2] and positive on the compact 7! ({x}), and hence
on some neighborhood Vj of 77 '({x}) in Cx[2].

Up to reducing Vi we can assume that V; = 7Y (Wy), where Wy, is an open neighborhood of x in Qk.
Otherwise, there would exist a sequence (z,)nen € Cr[€2] \ Vi such that 7(z,) ——— x. By properness

e
of 77, up to extracting a subsequence, we could assume that z, ————> z. By CO—flifntu zen '({x)),
which would be absurd. Since W; is a neighborhood of x in QF, there exists an open neighborhood Y}
of x in € such that (Yx)* C Wy.

Let us define YT = ﬂ,f | Yk, which is an open neighborhood of x. For all k € [1, p]l, we have
CilY1=7"'(r) cn~ ()" c =1 (W) =V and mj, (f, -) is nondegenerate on Ci[Y]. Thus, up to
replacing €2 by the smaller neighborhood Y of x in €2 and replacing U by the corresponding neighborhood
of xo on M, we can assume that the local trivialization given by Lemma 6.4 is such that, for all k € [ 1, p]],

the Gaussian field mj, (f, -) : Cx[2] = M T« (2, R") is nondegenerate.

Step 2: Reduction to the local case. Let ¢ € L2°(M) and let K denote its support. By compactness, there
exists a finite family (U;)]_, of open subsets such that K C Uf": 1 Ui and each U; is the domain of nice
trivialization of the type we built in the previous paragraph. Letting Uy = M \ K, there exists a smooth
partition of unity (x;)"", subordinated to the open covering (U;)", of M. Then ¢ = >_/_, xi¢ by the
definition of K.

Recall that v is the measure from Definition 6.11. We have |[(v, ¢)| < (v, |¢|) = Z;":l (v, ¢;), where
¢; = xil¢| forall i € [1, m]. Let p > 1, by Holder’s inequality we get

m p 14 14
ELI(v, $)I71 < EE[( (v, ¢,>) }— > []‘[w ¢,,>} < Y J]Ew.¢i)n1vP
1 1<iy

Sityonip<m  Sj=1 1<iy,ip<m j=1
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Thus, in order to prove Theorem 1.9, it is enough to prove that E[(v, ¢)”] < 400 for any nonnegative
¢ € L2°(M) whose support is included in the domain of a nice trivialization.

Step 3: Local case. Let U C M be an open subset over which we have a nice trivialization of E and s.
That is, U is as in Lemma 6.4, the section s reads as f : 2 — R’ in local coordinates, and in addition we
can assume that for all k € [[1, p]l the field mj, (f, - ) is nondegenerate on C[S2]. Identifying objects on U
with their image in the local trivialization, we reduced our problem to proving that E[(v, ¢)?] < +00
for all nonnegative ¢ € L°(£2). Note that v is the measure of integration over Z, with respect to the
Riemannian volume measure d Vol induced by the metric g. In order to apply Theorem 6.26, we need to
compare v with U, which is the measure of integration over Z., with respect to the Euclidean volume
measure dVol%.

Let ¢ € L2°(S2) be nonnegative and let K denote its compact support. Recalling Definition 6.13,
Lemma 6.14 shows that

(v, ) = / 6 (x) Vol (x) = / 6 ()7 (x. ker Dy f) dVol% (x).
Z

reg Zreg nK

Since y, is continuous and K x Gr,(R") is compact, the nonnegative function y, is bounded by some
Ck > 0 on this set. Thus (v, ¢) < Cg (D, ¢). Since f : Q2 — R’ satisfies the hypotheses of Theorem 6.26
and v is the measure of integration over its zero set induced by the Euclidean metric, we have E[(v, ¢)”] <
CRE[(D, ¢)P] < +o0. O

We conclude this section with the proof of Theorem 1.6, which is a corollary of Theorem 1.9.

Proof of Theorem 1.6. Let f : Q2 — R" be a centered Gaussian field which is C? and (p—1)-nondegenerate
in the sense of Definition 1.4. Then s = (f, Id) is a random section of the trivial bundle R" x Q — Q.
This s is also a C” and (p—1)-nondegenerate centered Gaussian field. Its vanishing locus (as a section) is
the same as the vanishing locus of f. Hence, the result follows from applying Theorem 1.9 to s. ]

7. Multijets adapted to a differential operator

In Theorem 1.1 we defined multijets such that, over the configuration space (R")? \ A, C C,[R"], the
p-multijet mj p( fox)readsas (f(x1), ..., f(xp)) in the natural trivialization 7 (see the end of Section 5.2).
Thus mj ,(f, x) is a way to patch together the O-jets of f at.x; into a smooth object that does not degenerate
along A . In this section, we explain how a similar construction allows us to build a multijet that patches
together the k-jets of f at x;, and more generally the values at x; of D f, where D is a differential operator.
In Section 7.1 we recall the definition of a differential operator. Then we define a multijet adapted to a
given differential operator in Section 7.2. Finally, in Section 7.3, we prove Theorem 1.10.

7.1. Differential operator. In this section, we recall a few fact about differential operators. In the
following, we use the multi-index notation introduced in Section 2.2.

Definition 7.1 (differential operator). Let Q2 C R” be open, let ¢, r > 1 and let d > 0. We say a differential
operator of order at most d is a linear map D : C4(Q, R?) — €%, R") such that there exist continuous
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functions (a;jo)1<i<r;1<j<g;la|<a ON £2 such that, for all f = (f1,..., fy) € c4(Q, R?),
q
D(f):x—> (Z > aija(x)aafj(x)) : (7-1)
Jj=1la|<d Isisr

More generally, let M be a manifold of dimension n and let E — M and F — M be two vector bundles
of ranks ¢ and r respectively. We say that D : I'Y(M, E) — I'°(M, F) is a differential operator of order
at most d if around any point x € M there exist a chart and local trivializations of E and F such that D
is of the form (7-1) in the corresponding local coordinates. We say that D is of order d € N if it is of
order at most d and not of order at most d — 1. If s € (M, E) and x € M, we write Ds = D(s) and
Dys = D(s)(x) for simplicity.

Remark 7.2. Let us make some important comments.

e« IfD:T9M, E)— I'°%M, F) is a differential operator of order at most d, then it is of the form (7-1)
in any set of local coordinates on M, E and F.

o An equivalent definition of a differential operator of order at most d is that it factors linearly through
the bundle of d-jets. That is, there exists L € %M, 7;(M, E)*® F) such that D,s = L(x)j (s, x) e Fy
forall s € (M, E) and x € M.

In the following we always assume that M, E, F and L are smooth. In particular, the functions
(aijo) appearing in the local expression (7-1) of D are smooth. This implies that if s € '+ (M, E) then
Ds e '(M, F).

Example 7.3. The main examples we have in mind are the following.

e The differential D : C' (M) — %M, T*M) is a differential operator of order 1.

 For all k£ € N, the jet map jj : I'“(M,E) - %M, Ju(M, E)) is a differential operator of order k
corresponding to L(x) being the identity of Jx(M, E), for all x € M.

o If M is equipped with a Riemannian metric, the Laplace—Beltrami operator A acting on C>(M) is a
differential operator of order 2.

o If V is a connection on E — M then V : T''(M, E) - I'°(M, T*M ® E) is a differential operator of

order 1. Indeed, in a local frame (ey, ..., ¢;) of E and local coordinates (xi, ..., x,) on M the covariant
derivative of s = 3>%_, fje; € I''(M, E) at x is given by

n q q
Vs = Z Z(aifj (x)+ Z Mijk(x)fk(x))dxi ®ej(x)’
k=1

i=1 j=I

where the (u;ji) are defined by the relations Ve, =)/, 23:1 wijkdx; @ej for all k € [1, ¢]l.

7.2. Multijets adapted to D. The purpose of this section is to explain how to modify the construction of
Section 5 in order to define a multijet bundle adapted to a given differential operator.

Let n, g and r > 1. We consider a differential operator D : CY(R", RY) — CO(R", R") of order d. As in
Remark 7.2, there exists a section L of J;(R", R9)* ® R” such that for any f € C¢(R", R?) and x € R"
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we have D, f = L(x)]j,(f, x). We assume that for all x € R" the linear map D; : C4{(R", R?) — R is
surjective, which is equivalent to L(x) : 7;(R", R?), — R" being surjective. Moreover, we assume that
L is smooth. In this context, we have the following analogue of Theorem 1.1. It holds in particular if
D =], or D = D is the differential.

Theorem 7.4 (existence of multijets adapted to D). Let D : C4(R", R?) — CO(R™, R") be a differential
operator of order d as above. Let p > 1. There exist a smooth manifold C pD[[R?"] of dimension np without
boundary and a smooth vector bundle M J pD([R”) —C l?[[R”] of rank rp with the following properties:

(1) There exists a smooth proper surjection 7 : C?[R"] — (R™? such that 7~ ((R™)? \ A,) is a dense
open subset of CE[R”], and 7 restricted to T (R™)P\ A,) is a C*°-diffeomorphism onto (R")P \ A ,.

(2) There exists a map mjf (CYUTDP=I (R RT) x C[?[IR"] — MJE([R”) such that

e forallz € C[?[[R"], the map mj?( ., z):cléthr=l(pr Rry - /MJE([F\R”)Z is surjective;

o forall f € CHTDP=I (R R"), the section mj}) (f,-) of MT D (R") — CP[R"] is C'.
(3) Let z € CD[R"] be such that 7(z) = (x1, ..., xp) ¢ Ap. Then for all f € C*DP=1(R" R)
mjy(f,2)=0 <= Viell,pl, Dyf=0.

(4) Let z € CD[R"], let T =T(n(2)) and let (y1)1ez = 7' (1(2)) € (RT\ Az. There exists a linear
surjection @? N1yer Ta+nin-1R", RY)y, — MJE(R”)Z such that

Vet R R, mil(f. 2) = OP((Guapnyr—1(fr Y1) iex)-

Proof. The proof follows the same strategy as what we did in Sections 4 and 5 in order to prove
Theorem 1.1. Let us sketch its main steps.

Letx = (x1,...,x,) € (R")? and let £ = (x,...,x) € R)TDP Let f e ctDP=I(R" RY). The
polynomial map K(f,X) € Ru+1)p—1[X]® R? is defined as in Definition 3.6. For all i € [1, p]l,
since x; appears with multiplicity d + 1 in X, the map K (f, X) has the same d-jet as f at x;. Hence
Dy f = L) jg(foxi) = L) (K (f. 5), x1) = Dy, (K (£, £)).

If x ¢ Ap, let us define ev)? : P (Dy, P)i<i<p from Rig11),-1[X]®RY to (R")?. Since we assumed
that L(x;) is surjective for all i € [1, pl, the previous interpolation result proves that ev? is surjective.
Then, as in (4-2), for all nonempty I C [1, p]l we define -

G (x) = kerevg € Gry /| (R4 1y-1IXT @ RY).

We also define GP(x) = g[[Dl,p]] (x).
Following the same strategy as in Section 5, we denote by Xp the graph of (g}’) 1cl, py defined on
(R")P\ A,. We define CI?[[R{”] as a resolution of the singularities of the algebraic variety

Tp C (RN x l_[ Grr 1| (R4 -1 X1 ® RY).
o#IC[[1,pll
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The manifold CI?[[R{”] satisfies the analogue of Corollary 5.6. In particular the maps g}’ with I C [1, pll
extend smoothly to CZ,’[[RR”]. Then we define the p-multijet bundle adapted to D as

MT)RY) = (R, 1 [XIQRY) x CPIR"])/GP

over C[?[[RR"], similarly to Definition 5.7. Given a function f € cU+Hr—I(R" RY), we define its p-multijet
adaptedto D at z € C?[[R{"] as

miZ(f, 2) = K (f, 7()) mod 7 (2).

Then, following the same steps as in Section 5, one can check that the objects we just defined satisfy the
conditions in Theorem 7.4. O

As before, thanks to the localness condition in Theorem 7.4(4), the multijet mj?( f, z) makes sense
even if f is only defined and C“*+DII=1 near y; for all I € Z(r(z)). Hence, the following definition
makes sense.

Definition 7.5 (multijets adapted to D). Let 2 C R" be open. We define CIT,’[Q] =7 ~!(Q7) and denote by
MJFT(R) the restriction of MJ 7D (R") to CP[2]. We call MJ D () — CP[] the bundle of p-multijets
adapted to D. Let f : Q — R? be of class C!“+DP~1. We call the section mj})(f,-) of MJTPD(RQ) the
p-multijet of f adapted to D.

7.3. Finiteness of moments for critical points. The purpose of this section is to prove Theorem 1.10.
More generally we prove an analogous result for the zero set of Ds, where s is a section of a vector
bundle £ — M and D is a differential operator; see Theorem 7.8. This is done by adapting what we did
in Section 6 to this framework.

Let (M, g) be Riemannian manifold of dimension n > 1 without boundary. Let £ — M (resp. F — M)
be a smooth vector bundle of rank g > 1 (resp. r € [1, n]]). We consider a differential operator D :
r'‘{(M, E)y - T'%(M, F) of order d > 0, corresponding to a smooth section L € I'®*(M, J;(M, E)* ® F);
see Remark 7.2. Thanks to this smoothness assumption we have D : it (M, E) — T''(M, F) for all
[ > 0. Finally we assume that L(x) : 7;(M, E), — F, (or equivalently D, : IY“(M, E)— F,)is surjective
for all x € M.

Let s : M — E be a centered Gaussian field on M with values in E in the sense of Definition 6.3.
We assume that s is C¢*! and d-nondegenerate, so that j,(s, - ) is a centered Gaussian field with values
in J;(M, E) which is C! and nondegenerate. Then Ds € I'(M, F) is a centered Gaussian field with
values in F' which is nondegenerate because of the surjectivity assumption on L. Everything we did
in Sections 6.2 and 6.3 applies to Ds. In particular, Ds satisfies the weak Bulinskaya lemma (see
Proposition 6.8). Hence its vanishing locus is almost surely the union of a codimension-r submanifold
of M and a negligible singular set. We denote by vp the random Radon measure on M defined by
integrating over the zero set of Ds. The formal definition is similar to Definition 6.11.

Example 7.6. Let us assume that E = R x M is trivial. Then we can identify I'' (M, E) with C' (M)
and consider the differential D : C'(M) — I'°(M, T*M), which is a differential operator of order 1.
Let f : M — R be a C? and 1-nondegenerate centered Gaussian field. Then Df is a nondegenerate C!
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centered Gaussian field on M with values in 7*M, the vanishing locus of Df is the set of critical points
of f, and vp is the counting measure this random set.

We can now state the analogue of Theorem 6.26 in this context, bearing in mind that Proposition 6.25
applies to vp.

Theorem 7.7 (finiteness of moments for vp, local version). Let 2 C R" be open and f : Q2 — R? be a
centered Gaussian field. Letr € [1,n]. Let D : CUQ, R — COUQ,R) be a differential operator of
order d satisfying the previous hypotheses and vp denote the measure of integration over the zero set
of Df. Let p > 1. If f is CYtDP and the Gaussian field mjkD(f, ) CE[Q] — ./\/leD(Q) is nondegenerate
forall k € [1, pll, then the four equivalent statements in Proposition 6.25 hold for vp.

Proof. Under these hypotheses, for all k£ € [1, p]| the Gaussian field mjkD( f, ) is at least C'. Then the
proof is the same as that of Theorem 6.26. (]

Theorem 7.8 (finiteness of moments for zeros of Ds). In the setting introduced at the beginning of this
section, let s : M — E be a centered Gaussian field and vp denote the measure of integration over the
zero set of Ds. Let p > 1. If s is CTVP and ((d+1) p—1)-nondegenerate then E[|(vp, ¢)|7] < 400 for
all ¢ € L°(M).

Proof. We deduce Theorem 7.8 from Theorem 7.7 in the same way that we deduced Theorem 1.9 from
Theorem 6.26; see Section 6.4. (]

8. Multijets of holomorphic maps

The purpose of this section is to explain how to adapt what we did in Sections 3 to 6 to the case of
holomorphic maps. Theorem 1.6 asks for the (p—1)-nondegeneracy of the field f, thatis, j,_; (f, x) needs
to be nondegenerate for all x. If f : C" — C is a centered holomorphic Gaussian field, then (f(x), D, f)
is always degenerate. Indeed, identifying canonically C with R? the differential D, f takes values in
the subspace of £(R?*, R?) consisting of R-linear maps that are actually C-linear. Thus, if we see the
holomorphic field f as a smooth field from R?” to R we cannot apply Theorem 1.6. From the point of
view of multijets, the multijet mj,(f, -) of a holomorphic function f : C* — C takes values in a strict
sub-bundle of M7, (R>", R?), which is similar to what happens for jet bundles. Thus, the field mj 2
associated with a holomorphic Gaussian field f is necessarily degenerated and Theorem 6.26 does not
apply. To remedy this situation, we define in Section 8.1 a multijet bundle adapted to holomorphic maps.
Then, in Section 8.2, we use this holomorphic multijet to prove Theorem 1.11.

8.1. Definition of the holomorphic multijet bundles. In this section, we define a multijet bundle for
holomorphic maps. Our main result is an equivalent of Theorem 1.1 in this context. Let us first introduce
some notation.

Definition 8.1 (spaces of holomorphic maps). We define the following spaces.

e We denote by C4[X] the space of complex polynomials of degree at most d in n variables, where
X = (Xy, ..., X,) is multivariate.
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e If M and N are two complex manifolds, we denote by O(M, N) the space of holomorphic maps from
M to N. If N =C, we simply write O(M).

o If E — M is a holomorphic vector bundle, we denote by jkC(M , E) — M the holomorphic bundle of
k-jets of holomorphic sections of E. If E =V x M is trivial with fiber V, we denote its holomorphic k-jet
bundle by JkC(M , V) > M. If V =C, we simply write jkC(M ) — M. Given a holomorphic section s of
E, we denote by j}?(s, x) its holomorphic k-jet at x € M.

Theorem 8.2 (existence of holomorphic multijet bundles). Letn > 1 and p > 1 and let V be a complex
vector space of dimension r > 1. There exist a complex manifold C}?[C”] of dimension np and a
holomorphic vector bundle MJ ;73 cv)y— Cg[@”] of rank rp with the following properties:

(1) There exists a holomorphic proper surjection 7 : C}E[C”] — (C"? such that 1~ ((C")P \ Ap)isa
dense open subset of C E[C”], and 1 restricted to w~ ' ((C")P \ A p) is a biholomorphism onto (C")P \ A .

(2) There exists a map qup: :O(CH, V) x CE[C”] — MJ;C((C", V) such that

o forall z € Cg[@”], the linear map mjg( -,2):00C", V) —> ./\/lj;:(C”, V), is surjective;

e forall f € O(C", V), the section mjg(f, ) of Mj;,C(C”, V)—> C}?[C”] is holomorphic.
(3) Letz € C}?[C”] be such that w(z) = (x1,...,xp) ¢ Ap. Then forall f € O(C", V) we have

mi%(f,2)=0 <« Viell,pl, f(x)=0.

@) Letz € C}?[C”], let T =7(n(2)) and let (y;)ier = LEI (m(2)) € (CYE\ Az. There exists a linear
surjection @g Nlier jlq;l_l(C”, V)y, = Mjff(@", V), such that

VfeOo@ V)., mi(f.2)=0 (i (f. y))ieD)-

Proof. The proof follows the same steps as what we did in Sections 3, 4 and 5 to prove Theorem 1.1. In
the following, we sketch how the proof of Theorem 1.1 adapts to the holomorphic case.

Step 1: Divided differences and Kergin interpolation. Let us consider f € O(C") and x = (xq, ..., Xx) €
(C"*+1. The divided difference flxo, ..., xx] from Definition 3.1 still makes sense. Since f is holo-
morphic, it is now a symmetric C-multilinear form on C” that depends linearly on f and is holomorphic
with respect to x. As explained in [Kergin 1980, Proposition 5.1], the Kergin interpolating polynomial is
well-behaved with respect to holomorphic maps. Given f € O(C") and x € (C")?, (3-3) defines K (f, x) €
Cp—1[X] that interpolates the values of f[x;] for all nonempty I C [[1, p]l. The equivalent of Lemma 3.8
is true, in the sense that K (-, x) is C-linear and K (f, -) is holomorphic from (C")? to C,_{[X].

In this complex framework, the equivalent of Lemma 3.9 holds, that is: for all x € (C")? the map
P+ (K(P, x1))1ez(x) 1s surjective from C,_{[X] to ]_[161@ Ci71-1[X]. Note however that the proof
we gave of Lemma 3.9 does not adapt to the holomorphic setting since it uses bump functions. Here,
we deduce the surjectivity of (K (-, x7))7ez(x) from a general amplitude result in algebraic geometry.
LetZ =7Z(x) and (y;)jez = LEI()_C). For all I € Z, let P; € Cj;—1[X]. Multiplying each monomial in
P; by the right power of X yields a homogeneous polynomial P e CI;"_“i [Xo, ..., X,], that is, a global
holomorphic section of the line bundle O(p — 1) — CP". Recall that O(p — 1) is the (p—1)-th tensor



MULTIJET BUNDLES AND THE FINITENESS OF MOMENTS FOR ZEROS OF GAUSSIAN FIELDS 1471

power of the hyperplane line bundle O(1) — CP". Since O(1) is very ample, the bundle O(p — 1)
is (p—1)-jet ample; see [Beltrametti and Sommese 1993, Corollary 2.1]. This means that there exists
Pe (Dhom [Xo, ..., X, ] with the same (||—1)-jet as P at vy for all I € Z, where we see C" as a standard
affine chart in C[P’” Then, for all I € Z, the polynomial P = P(l X1, ..., X,) € Cp_1[X] has the same
(|1]—1)-jet (i.e., the same Taylor polynomial of order |/|—1) as P; at y;. Thus (K(P, x1))rez = (P1) ez

Step 2: Kernel of the evaluation and resolution of singularities. As in Definition 4.3, we define a complex
evaluation map by eV cf > (f(x1), ..., f(xp)), where x € (C")P. If x ¢ A, this map is surjective from

Cp-1[X]to CP. Hence we can define g, x)= kerev € Gr7|(C7j—1[X]) for all nonempty I C [[1, pll,
where the Grassmannian is now the Grassmannian of complex subspaces of codimension |/|. Then,
everything we did in Sections 4 and 5 works in the holomorphic setting after replacing R-linear objects
by C-linear ones.

We define X¢ as the graph of (g?),c[[l,,,]] from (C")P\ A, to ]_[gyélcﬂl’p]] Gr)7(Cy7j=1[X]) and CE[(D”]
as a resolution of the singularities of its closure X¢ in (C")? x H@;ﬁlc[[l,p]] Gr 7| (Ci7—1[X]). The resolu-
tion of singularities is a result from algebraic geometry which holds over fields of characteristic 0. In partic-
ular, in Proposition 5.5 and Corollary 5.6, “smooth” can be replaced by “algebraic” everywhere. The same
results hold over C, in which case algebraic implies holomorphic. Thus, C;‘f[@”] is a complex manifold of
dimension np, which satisfies the equivalent of Corollary 5.6 with “smooth” replaced by “holomorphic”.

Step 3: Definition of the holomorphic multijet bundles. Everything we did in Sections 5.2, 5.3 and 5.4
adapts to the holomorphic setting. It is enough to replace C* functions by holomorphic ones and to
write the linear arguments over C instead of R. We can then define the holomorphic vector bundle of
p-multijets of holomorphic functions on C" by

MF S (€C") = (Cpi[X] x C,IC"])/G" (8-1)

and the p-multijet of f € O(C") by mjp(f 7) = K(f, m(z)) mod GC(z) for all z € C%[C”]. If Visa
complex vector space of finite dimension, we define as in Definition 5.18

MIEEC", V)= MIFECHRV. (8-2)

Then we define the p-multijet of f € O(C", V) as in Definition 5.19. If (v, ..., v,) is a basis of V
and f =Y ._, fiv; is holomorphic, then me(f )=y lmjp(f,, 7) ® v; for all ZE CC[C"] As in
Lemma 5.20, this definition does not depend on a choice of basis. This defines the holomorphic p-multijet
that we are looking for. O

As in the real case, thanks to (4) in Theorem 8.2, the holomorphic multijet mJ ( f,z)of fatzeC C[(E”]
only depends on the germ of f near the x;, where (x;)1<;<p = 7 (z). Thus, we can define a holomorphic
multijet bundle over any open subset of C".

Definition 8.3 (holomorphic multijets). Let € C C" be open. We denote by C}[Q] = 7~ !(Q7) and
by .Mjff(Q, V) — C;?[Q] the restriction of MJC(C” V) to Cp[R]. If V = C, we drop it from the
notation and write MJ},:(Q) — Cg[ . Let f € O(R2, V), we call the section mjp(f -) of MJC(Q V)
the holomorphic p-multijet of f.
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8.2. Application to the zeros of holomorphic Gaussian fields. In this section, we explain how the holo-
morphic multijets defined in Section 8.1 allow us to prove Theorem 1.11, and the analogue of Theorem 6.26
for holomorphic Gaussian fields. We start by recalling a few facts about complex Gaussian vectors; see
[Andersen et al. 1995, Chapter 2].

A random variable X € C is called a centered complex Gaussian if its real and imaginary parts are
independent real centered Gaussian variables of the same variance, i.e., there exists A > 0 such that
X = Xy +i Xy, with (Xg, X3) ~ N (0, A1d) in R

Definition 8.4 (complex Gaussian vector). We say that a random vector X in a finite-dimensional complex
vector space V is a centered Gaussian if for all n € V* the complex variable 1(X) is a centered complex
Gaussian.

If V is equipped with a Hermitian inner product (-, - ) and we define v* = (v, - ) then the variance
of X is the nonnegative Hermitian operator Varc(X) = E[X ® X*]. We say that X is nondegenerate if
Varg (X) is positive-definite.

Remark 8.5. As in the real case, the Gaussianity and nondegeneracy of X do not depend on (-, - ), but
the variance operator does.

A centered complex Gaussian vector X in (V, (-, -)) is completely determined by its variance. For
example, if Varc(X) = A is positive-definite, then X admits the density v — e~ (A7) /det(r A) with
respect to the Lebesgue measure on V. We denote by N¢ (0, A) the centered complex Gaussian distribution
of variance A. Then X ~ N¢(0, A) in C" if and only if its real and imaginary part satisfy

o 1R 3(A)
(Xor. X3) ~ N (05(_:;(1\) S%(A)))

in R*".
Let E — M be a holomorphic vector bundle over a complex manifold M. We denote by H(M, E)
the vector space of global holomorphic sections of £ — M.

Definition 8.6 (holomorphic Gaussian field). We say that a random section s € H*(M, E) is a centered
holomorphic Gaussian field if for all m > 1 and all xy, ..., x;, the random vector (s(x1), ..., s(x;;))isa
centered complex Gaussian. We say that this field is nondegenerate if s(x) is nondegenerate for all x € M.

Note that if s € H'(M, E) is a centered holomorphic Gaussian field then, for all k € N, its holomorphic
k-jet j}? (s, -) defines a centered holomorphic Gaussian field with values in JkC (M, E).

Definition 8.7 ( p-nondegeneracy for holomorphic fields). Let p > 1. We say that the centered holomorphic
Gaussian field s e H*(M, E) is p-nondegenerate if the centered complex Gaussian j(g(s, x)eJ, pC (M, E),
is nondegenerate for all x € M.

As in the real framework, we need the following definition.

Definition 8.8 (complex Jacobian). Let L : V — V' be a C-linear map between Hermitian spaces and let
L* denote its adjoint map. The complex Jacobian of L is defined as Jacc (L) = det(LL*).
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Remark 8.9. If we see V, V' and L as R-linear objects and we equip V and V' with the Euclidean
structures induced by their Hermitian inner products, then the real and complex Jacobians are related by
Jacc(L) = Jac(L)?; see [Andersen et al. 1995, Theorem A.5].

Let us consider a complex manifold M of complex dimension n equipped with a Riemannian metric g
and a holomorphic vector bundle £ — M of complex rank r € [1, n]. In the following, we denote by V
a connection on E which is compatible with the complex structure. As in the real case, the choice of
this connection will not matter. Let s € HO(M, E) be a centered holomorphic Gaussian field on M with
values in E and let Z = s~!(0) denote its vanishing locus. We will always assume that s is nondegenerate.
In this setting, the random section s satisfies a strong Bulinskaya-type lemma.

Proposition 8.10 (holomorphic Bulinskaya lemma). Almost surely the following set is empty:
{x e M |s(x) =0and Jacc(Vys) = 0}.

In particular, the zero set Z is almost surely a (possibly empty) complex submanifold of complex
codimension r in M.

Proof. 1t is enough to check the result locally. On an open subset 2 C M over which E is trivial, we can
consider s as a nondegenerate smooth centered Gaussian field from 2 to C” ~ R*. Then, the local result
follows from [Lerario and Stecconi 2019, Theorem 7]. U

Let us consider Z as random submanifold of real codimension 2r in the Riemannian manifold (M, g)
of real dimension 2n. The metric g induces a (2n—2r)-dimensional Riemannian volume dVolz on Z
and we can define v as in Definition 6.11, bearing in mind that Z = Z,.,. Then Propositions 6.17, 6.24
and 6.25 hold for the holomorphic field s and the associated linear statistics (v, ¢) with ¢ € L°(M).
More generally, everything we did in Sections 6.2, 6.3 and 6.4 adapts to the holomorphic setting.

Remark 8.11. In Definition 6.23, the function p,, is defined in terms of real Jacobians and the variance of
(s(x1), ..., s(xp)) seen as areal Gaussian vector. One can check that another expression of p, (x1, ..., xp)
is the following, which is more natural in our holomorphic framework:

E[TT/_, Jacc(Vys) | Vi € [1, pll, s(x;) = 0]
det(r Varc(s(xy), ..., s(xp))) ’
We can now state the equivalent of Theorem 6.26 for holomorphic Gaussian fields. Let 2 C C" be open.
Recall that M,]E(Q, C" — Cg[Q] is defined in Definition 8.3 as the restriction over C}?[Q] C C;‘,:[(D”]
of the vector bundle M7 ;,:(C", CH—cC g[@"] from Theorem 8.2.

Vi, ..., xp) €Ay, pp(X1, ..., Xp) =

Theorem 8.12 (finiteness of moments for holomorphic fields, local version). Let f : Q — C be a
centered holomorphic Gaussian field and v be as in Definition 6.11. Let p > 1. If for all k € [[1, p]
the holomorphic Gaussian field mjg(f, ) e HO(CE[Q], MJ}E(Q, C")) is nondegenerate, then the four
equivalent statements in Proposition 6.25 hold.

Proof. The proof of Theorem 6.26 relies mostly on two facts that are valid for all k € [1, p]|. First, on
the open dense subset QF \ Ag C C[£2], the zero set of mj,(f, -) is the same as that of (xy, ..., x) —
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(f(x1), ..., f(xx)). And second, the field mj, (f, -) is nondegenerate on Ci[€2], so that we can apply
the Kac—Rice formula (Proposition 6.17) to the k-multijet.

These two facts are still true in the present holomorphic setting. Hence, the same proof as that of
Theorem 6.26 yields the result. O

We deduce from this result the equivalent of Theorem 1.9 for a centered holomorphic Gaussian field s
on a complex manifold M of dimension n with values in a holomorphic vector bundle E of rank r € [ 1, n]].
Theorem 1.11 is a special case of the following.

Theorem 8.13 (finiteness of moments for zeros of holomorphic Gaussian sections). Let p > 1, let
s € H'(M, E) be a centered holomorphic Gaussian field and let v be as in Definition 6.11. If s is
(p—1)-nondegenerate then E[|(v, ¢)|P] < +o00 forall p € L2°(M).

Proof. We deduce Theorem 8.13 from Theorem 8.12 in the same way that we deduced Theorem 1.9 from
Theorem 6.26; see Section 6.4. ]

Remark 8.14. In particular, Theorem 8.13 proves the local integrability of the p-points correlation
functions studied in [Bleher et al. 2000] and their scaling limit.
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EXISTENCE OF SOLUTIONS
TO A FRACTIONAL SEMILINEAR HEAT EQUATION
IN UNIFORMLY LOCAL WEAK ZYGMUND-TYPE SPACES

NORISUKE IOKU, KAZUHIRO ISHIGE AND TATSUKI KAWAKAMI

We introduce uniformly local weak Zygmund-type spaces and obtain an optimal sufficient condition for
the existence of solutions to the critical fractional semilinear heat equation.

1. Introduction

Consider the Cauchy problem for the fractional semilinear heat equation

du+ (—A)u =[P, xeR", 10,

(P)
u(x,0) = p(x), x e R",

where n > 1, 9, :=9/d¢, 8 € (0,2], p > 1, and ¢ is a locally integrable function in R”. Here (—A)%/2
denotes the fractional power of the Laplace operator —A in R”. In this paper we establish the local-in-time
existence of solutions to problem (P) in the critical case

0
= ::1 —
P =P T

in the framework of uniformly local weak Zygmund-type spaces.

The solvability of the Cauchy problem for semilinear heat equations has fascinated many mathematicians
since the pioneering work by Fujita [1966]. The literature is very large, and we refer the reader to the
comprehensive monograph [Quittner and Souplet 2007] and the papers [Andreucci and DiBenedetto
1991; Baras and Pierre 1985; Brezis and Cazenave 1996; Fujishima et al. 2023; 2024; Fujishima and Ioku
2021; 2022; Giraudon and Miyamoto 2022; Hisa and Ishige 2018; Hisa et al. 2023; Ishige et al. 2014;
2020; 2022; Kozono and Yamazaki 1994; Laister and Sierzgga 2020; 2021; Laister et al. 2016; Miyamoto
2021; Robinson and Sierzgga 2013; Sugitani 1975; Weissler 1981; Zhanpeisov 2023], some of which are
closely related to this paper, while the others include recent developments in this subject. The study of
the solvability of problem (P) is divided into the following three cases:

1 < p < pg (subcritical case), p > pg (supercritical case), p = pg (critical case).

We collect some known results on necessary conditions and sufficient conditions for the existence of
solutions to problem (P).

MSC2020: 35A01, 35A21, 35K58, 35R11, 46E30.
Keywords: solvability, fractional semilinear heat equation, Zygmund-type spaces.
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(1) Subcritical case (1 < p < pg).

(a) Necessity: There exists C; = Ci(n, 8, p) > 0 such that if problem (P) possesses a nonnegative
solution in R” x (0, T') for some T > 0, then

sup / o(y)dy < C;TH 7T,
B(x,T1/9)

XER?
See [Andreucci and DiBenedetto 1991; Baras and Pierre 1985] for & = 2 and [Hisa and Ishige 2018]
for 6 € (0, 2].

(b) Sufficiency: There exists €; = €1(n, 6, p) > 0 such that if

sup / ()l dy < e TH 7
B(x,T1/9)

xeR?

for some T € (0, 00), then problem (P) possesses a solution in R” x (0, T'). See, e.g., [Andreucci
and DiBenedetto 1991; Hisa and Ishige 2018; Weissler 1981].

The results in (a) and (b) (see also (1-4)) imply that, for any nonnegative measurable initial function ¢
in R”, problem (P) possesses a local-in-time nonnegative solution if and only if

sup / @(y)dy < oo.
B(x,1)

x€R”
(2) Supercritical case (p > pg).
(a) Necessity: There exists C, = Ca(n, 8, p) > 0 such that if problem (P) possesses a nonnegative
solution in R” x (0, T') for some T > 0, then
s sup (BT [ gy
XER" 5e(0,T1/9) B(x,0)
See [Andreucci and DiBenedetto 1991; Baras and Pierre 1985] for 6 = 2 and [Hisa and Ishige 2018]
for 6 € (0, 2].

(b) Sufficiency: For any r € (1, 00), there exists €2 = €3(n, 8, p,r) > 0 such that if

0 r
swp  sup |B(x,(,)|n(p_n—;[/ |<o(y)|’dy} <6
XER" 5e(0,T1/9) B(x,0)

for some T € (0, oo], then problem (P) possesses a solution in R” x (0, 7). See [Kozono and
Yamazaki 1994; Robinson and Sierzgga 2013] for § = 2 and [Hisa and Ishige 2018; Ishige et al.
2020; 2022; Zhanpeisov 2023] for 8 € (0, 2]. See, e.g., [Andreucci and DiBenedetto 1991; Ishige
et al. 2014; Weissler 1981] for related results.

(3) Critical case (p = pg).

(a) Necessity: There exists C3 = C3z(n, 8) > 0 such that if problem (P) possesses a nonnegative solution
in R" x (0, T) for some T > 0, then

T1/6\7 "¢ 1
sup / p(y)dy < C3 [log(e + —)} , 0€(0,T7).
B(x,0) o

x€ER”

See [Baras and Pierre 1985] for 6 = 2 and [Hisa and Ishige 2018] for 8 € (0, 2].
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(b) Sufficiency: For any « > 0, there exists €3 = €3(n, 8, ) > 0 such that if
1
sup wal[— wa<Tp'—1|<p(y)|>dy] <ep(T™#), o€ (0.T9),
xeRn |B(xa U)| B(x,0)

for some T > 0, then problem (P) possesses a solution in R” x (0, T'), where

1N %
W) i=sllogle +1%, pts)i=s" | tog(e+ )| .
S
See [Hisa and Ishige 2018; Ishige et al. 2020; 2022].
Furthermore, the results in (2) and (3) imply the following results.

(4) Let p > pg, and set
P = Do

—nop
x|7"[log(e + A )] 7 if p = pg,
ooy = ) Eg( )] P=P0 g xemr, (1-1)

|x|” 7T if p > pg
(a) There exists Cq4 = C4(n, 6, p) > 0 such that if

@(x) = Capc(x)

for almost all x in a neighborhood of the origin, then problem (P) possesses no local-in-time
nonnegative solutions.

(b) There exists €4 = €4(n, 0, p) > 0 such that if
lp(x)| < €4pc(x) + K, aa xeR",

for some K > 0, then problem (P) possesses a local-in-time solution.

The results in (4) show that the “strength” of the singularity at the origin of the function ¢, is the critical
threshold for the local-in-time solvability of problem (P). The function ¢, is quite useful for identifying
optimal function spaces to which initial functions belong from the view of the solvability of problem (P).
We remark that assertion (2b) with » = 1 and assertion (3b) with &« = 0 do not hold. (See [Takahashi
2016, Theorem 1 and Proposition 1], which treat only the case of & = 2 but which is also applicable to
the case of 6 € (0,2). See also [Kan and Takahashi 2017, Section 4].)

There are (at least) two useful strategies for the proof of the existence of solutions to problem (P). One is
the supersolution method (SSM) and the other is the contraction mapping theorem (CMT). SSM depends
on the following principle: if there exists a nonnegative supersolution v to problem (P) in R” x (0, T)
for some T > 0, then problem (P) possesses a nonnegative solution # in R” x (0, T') such that u < v in
R” x (0, T'). In our problem (P) with nonnegative initial function ¢, the following functions have been
used as supersolutions in R” x (0, T') for some 7 > O:

2S9()p (1< p<pg). 2Se@)e)T (p>pe) 295 (Se()%a(9)) (p = po).

where Sg(¢)g is a solution to the fractional heat equation (see (1-5)), r > 1, and Wy, is as in assertion (3b).
(See, e.g., [Weissler 1981] for 1 < p < pg; [Hisa and Ishige 2018; Robinson and Sierzega 2013]
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for p > pg; [Hisa and Ishige 2018] for p = pg.) Furthermore, thanks to the arguments in [Tayachi
and Weissler 2014], SSM is also applicable to the study of the existence of sign-changing solutions to
problem (P) (see [Ishige et al. 2020; 2022]), however we require additional arguments in which sense
the solution converges to the initial function. On the other hand, CMT is widely used in the proof of
the existence of solutions in various evolution equations, and the choice of function spaces is crucial.
For our problem (P) with p > pg, the existence of solutions has been proved by CMT in the framework
of weak Lebesgue spaces (see [Fujishima and Ioku 2021; Ishige et al. 2014]) and Morrey spaces (see
[Kozono and Yamazaki 1994; Zhanpeisov 2023]). The results in [Fujishima and Ioku 2021; Ishige et al.
2014; Kozono and Yamazaki 1994; Zhanpeisov 2023] cover the result in (4b) with p > pg. However,
in the critical case p = py, the arguments in [Fujishima and Ioku 2021; Ishige et al. 2014; Kozono and
Yamazaki 1994; Zhanpeisov 2023] are not applicable to the proof of assertion (4b) by the logarithmic
singularity of ¢..

supersolution method (SSM) weak spaces (CMT) Morrey spaces (CMT)
p>p [Hisa and Ishige 2018] [Fujishima and Ioku 2021] [Kozono and Yamazaki 1994]
o [Robinson and Sierzgga 2013] [Ishige et al. 2014] [Zhanpeisov 2023]
. . . not applicable
= H d Ishige 2018
p=po |  [HisaandIshige 2018] open (see [Takahashi 2016])

The aim of this paper is to establish a sharp sufficient condition on the existence of solutions to
problem (P) in the critical case p = py in the framework of Banach spaces. For the critical case p = pg, the
weak Zygmund space L1 (log L)' +"/? seems a reasonable Banach space since ¢, € L (log L)1 +7/9.
(See Remark 4.4 (i) for the definition of the weak Zygmund spaces L9-°°(log L)%, where 1 < ¢ < 0o and
a > 0.) Then we require sharp decay estimates of solutions to the fractional heat equation in the weak
Zygmund spaces L9 (log L)%; however, by the peculiarity of L1:*°(log L)%, it seems difficult to obtain
our desired sharp decay estimates. (See Remark 4.4 (ii) for further details.)

In this paper we introduce new weak Zygmund-type spaces £4:°°(log £)* and uniformly local weak
Zygmund-type spaces le’oo(log £)¥. Then we establish sharp decay estimates of solutions to the fractional
heat equation in the spaces £7°*°(log £)* and le’oo(log £)%, and obtain a sufficient condition on the
existence of solutions to problem (P) with p = pg in the framework of the space 231’00 (log £)%. Our
sufficient condition is simpler than that of assertion (3b) and covers assertion (4b) with p = pyg.

We introduce some notation and define the weak Zygmund-type spaces £4°°(log £)* and the uni-
formly local weak Zygmund-type spaces Sgl’oo(log £)*. We also formulate the definition of solutions to
problem (P). Let M be the set of Lebesgue measurable sets in R”. For any E € M, we denote by |E|
and y g the n-dimensional Lebesgue measure of E and the characteristic function of E, respectively. Let
LllOC be the set of locally integrable functions in R”. For any ¢ € [1, 0o], we denote by L? and || - ||z4 the
usual L9-space on R” and its norm, respectively.

Let g € [1,00] and « € [0, 00). We define the weak Zygmund-type space £4°*°(log £)¢ by

2% (log ) := {f € Lt | f lescoog 2y < 00},
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where 1
su log(e + 1)1% sup 51— x)2dxte ifqe[l,o0),
1 lenoeogeye = § SPs=otllogle + DI supipi—s [y 1F I dxje it elloo) )
I fllzee if g = oo.
Then £9-°°(log £)* is a Banach space equipped with the norm | -[| ¢a.c0 (jog gy« (see Lemma 2.1). See (2-9)
for different expressions of the norm | - || ga.00 (1og ¢)o. We remark that
L9 = £2°°(log £)° D £9®(log £)* for a > 0. (1-3)
Next, we introduce the uniformly local weak Zygmund-type space 231’ *(log £)* by
2L (log £)* :={f e LL || /] 2729 1og gya < OO},
where

/1l 2.2 (10g £ = sup I/ XB(z,1) |l 24-50 (1og £) -
z€ER”?

Then 231’00 (log £)% is also a Banach space equipped with the norm || - || 29 (jog )t We often write, for
any f € Sﬁl’oo(log £)* and p > 0,

I/ lllg.a:0 := sup [|.f XB(z.p)ll 24-00 tog 2)
zeR?

for simplicity. We remark that £ (log £)% = L™ and || - [llsc,azp = || - || for all & € [0, 00). Notice
that, for any k£ > 1, there exists C = C(n, k) > 0 such that
A llg.askp = ClllLS Nlg.ase (1-4)

for f € £5:°°(log £)* and p > 0.
We formulate the definition of solutions to problem (P). Let 6 € (0, 2]. Let Gg be the fundamental
solution to the fractional heat equation

;v + (—A)%v =0 inR" x(0,00).

1

loc» WE Wwrite

For any ¢ in L

(S0 1= [ Golx =00y, (x.0) €R"x (0,00, (1-5)
for simplicity.
Definition 1.1. Let 6 € (0,2], p > 1,and T > 0. Set Fy(s) := |s|?~Ls for s € R. Let u be a measurable

and finite almost everywhere function in R” x (0, 7). We say that u is a solution to problem (P) in
R” x (0, T) if, for almost all (x,7) € R" x (0, T),

e Gy(x —y,t)p(y) is integrable in R” with respect to y € R”,
* Go(x —y,t —5)Fp(u(y,s)) is integrable in R" x (0, r) with respect to (y,s) € R" x (0, 1),
o u satisfies

t
u(x.1) = [So(D)g](x) + /0 (St — ) Fp(a(s)](x) ds.

We are ready to state our main results.
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Theorem 1.2. Let 0 € (0,2], p = pg =1+ 0/n, and Ty € (0, 00). Then there exists € > 0 such that if
@ € L0 (log £)"9 satisfies

|||(p|||1’%;7~1/e <e forsomeT € (0, Tx],

then problem (P) possesses a solutionu € C((0,T) : Eil’oo(log L)Y L®((0,T): L) in R" x (0, T),

loc
with u satisfying

a 1\1?
sup |||u(t)|||1’%;T1/e + sup 1@ |:10g(e + —)} lu@)|Lee < 0. (1-6)
1€(0,T) 1€(0,T) 4

Furthermore, the solution u satisfies

tl—iﬂo ||”(t)—Se(f)‘/’||,g§lv°°(log2),, =0 foranyy €(0,n/0), -
lim u(t) =¢ inthe sense of distributions.
t—+0

We remark that Theorem 1.2 with T = oo does not hold since problem (P) possesses no global-in-time
positive solutions (see [Sugitani 1975]). As a direct consequence of Theorem 1.2, we obtain assertion (4b).

Corollary 1.3. Let 6 € (0,2] and p = pg. Let . be as in (1-1). Then there exists € > 0 such that if
lp(x)| < €ge(x) + K, aa xeR",

for some K > 0, then problem (P) possesses a local-in-time solution.
Furthermore, as a consequence of Theorem 1.2, we have the following.

Theorem 1.4. Let 0 € (0,2] and p = pg. If ¢ € Sllﬂ’oo(log £)* for some a > n/0, then problem (P)
possesses a solution u in R" x (0, T) for some T > 0, with u satisfying (1-6) and (1-7).

The rest of this paper is organized as follows. In Section 2 we collect some properties of nonincreasing
rearrangements of measurable functions and prove some lemmas in £4°°(log £)* and £gl’°°(log £)%.
Furthermore, we recall Hardy’s inequalities and some properties of Sg(¢)¢. In Section 3 we establish
decay estimates of Sg(#)¢ in weak Zygmund-type spaces (see Proposition 3.1). Furthermore, we obtain
decay estimates of Sg(¢)¢ in 231’00 (log £)% using Besicovitch’s covering lemma. In Section 4 we apply
the contraction mapping theorem in Ezl’oo(log £)¥% to prove Theorems 1.2 and 1.4. In the Appendix we
give two propositions on relations among the weak Zygmund-type spaces £9°°°(log £)%, the Zygmund
spaces L9 (log L)%, and the weak Zygmund spaces L2*°(log L)%.

2. Preliminaries

In this section we introduce some notation and give some lemmas on our weak Zygmund-type spaces.
Furthermore, we recall some lemmas on Hardy’s inequalities. In all that follows, we will use C to denote
generic positive constants and point out that C may take different values within a calculation. For any
positive functions f1 and f> in (0, 00), we write

fix fo fors>0 if C!fa(s) < fi(s) < Cfa(s) fors > 0.



SOLUTIONS TO A FRACTIONAL SEMILINEAR HEAT EQUATION IN CERTAIN ZYGMUND-TYPE SPACES 1483

2.1. Weak Zygmund-type spaces. For any (Lebesgue) measurable function f in R”, we denote by s
the distribution function of f, that is,

pr(A) =[x :[f(x)]|>A}] forA>0.
We define the nonincreasing rearrangement f* of f by
f*(s):==inf{lA > 0:ur(A) <s} fors e [0,00).

Here we adopt the convention inf & = oco. Then f* is nonincreasing and right-continuous in [0, 00), and
it has the following properties (see [Grafakos 2008, Proposition 1.4.5]):

kN =1klf*  Af1D" =1, /Rn | f ()T dx =/0 [ ds, fF0) = flLe, 2-D
where ¢ € (0,00) and k € R. We remark that if £ € M with |E| < oo, then

(xE)*(s) = xp0,1 (s) for s >0. (2-2)
Define

1 s
() = —/ f*(r)dt fors € (0,00). (2-3)
S Jo
Here we collect properties of f* and f** used in the paper.
(a) Since f* is nonincreasing in (0, 00), it follows that
f**(s) > f*(s) fors e (0,00). (2-4)

(b) For any g € [1, 00), Jensen’s inequality together with (2-1) yields

(f* ()7 < - [ O dr =" / (F1* @ dr = (f19)™(s) forse©0.00).  (2-5)
S Jo S Jo

(c) It follows from [Bennett and Sharpley 1988, Chapter 2, Proposition 3.3] that
1 [* 1
() = —/ f*(x)dTr =~ sup / | f(x)|dx fors € (0,00). (2-6)
s Jo E

S |E|=s

(d) (O’Neil’s inequality) For any f, g € L1, it follows from [O’Neil 1963, Lemma 1.6] that

(f %)™ (s) < / F@g™ (@) dr fors € (0,00), 2-7)
where

(00 = [ o= ds,

(e) Forany f1, f» € Llloc, it follows from [O’Neil 1963, Theorem 3.3] that

(hf)™ () < - /0 Fr@ £ dT fors € (0,00). (2-8)
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Let ¢ € [1,00) and o > 0. For any L! -function f, by (1-2), (2-1), and (2-6), we have

loc

||f||£q,ooaog£>a=sgg§[log(e+ )] s(lflq)**(s)} sgg{[log(w )] / (119" (r)dr}
=sup%|:log(e+ )] /f (r)qdr%. (2-9)
s>0

Furthermore, for any £ € M with |E| < oo, it follows from (2-2) and (2-8) that

1 75 1 min{s,|E]}
10y 0 = e O =1 [ e @ue’@de=1 [ (e @ e @10
For any B € [«, 00), since
a—p
the function (0, 00) > 7 —~ |:10g (e + %):| € R is nondecreasing, (2-11)

by (2-1), (2-9), and (2-10), we have

1
128t wgene = 0! [1og(e + 1) | st}

1 mm{s,|E|}
< sup{ [log(e + s)] (F1E)" () dr}

>0

B+a—B  ,min{s,|E|}
— sup {[log(e )} / (fm*(r)dr}
0<s<|E| 0
a—p B min{s,|E |}
log(e L sup {[log(e—l—l)]/ (f)(E)*(r)dr}
L | | J 0<s<|E| s 0

)
e )] s ) Lswroe

_ qa—pB
= log(e + _) I/ xE ||21~°°(log£)ﬁ‘

IA

A

In particular,
1\1¢A
1 f llaep < € [log(e + ;)} T (2-12)

for f € Eil’oo (log £)B, 0 < < B, and p > 0. Here we show that £4°°(log £)¢ and Szl’oo(log £)¥ are
Banach spaces.

Lemma 2.1. For any 1 < g < oo and a > 0, the weak Zygmund-type space £9°°(log £)* and the
uniformly local weak Zygmund-type space ,Sgl’oo(log £)¥ are Banach spaces.

Proof. Let 1 <g < oo and o > 0. It suffices to prove that £2:°°(log £)¢ (resp. Szl’oo(log £)%) is a complete
metric space with the norm || - || ga.00 (10g ¢)o (reSP. || - || £4:(1og oye)- Let {f»} be a Cauchy sequence in
£2:°(log £)¢. It follows from (1-3) that { f,, } is a Cauchy sequence in L9, and hence there exists f € L9
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such that f,, — f asn — oo in L4. Since the Cauchy sequence { f,,} is bounded in £7-°°(log £)%, we
observe from (1-2) that f € £4°°(log £)¥. It remains to prove that f, — f as n — oo in £9°°(log £)%.
For this aim, we take a subsequence { f,, } such that { f,, } converges almost everywhere to f. Then
Fatou’s lemma gives us that

1
1 o
T . ssug{ [log(e+;)] sup timint / e 0= fo, (O dx
§>

|E|=s

<liminf || fo, — fn; llga.00 (10g £) -
k—o0

This implies that f,; converges to f in £9:°°(log £)*. Thus £4°°°(log £)* is a complete metric space.
Similarly, we see that Egl’oo(log £)% is a complete metric space. O

Next, we prove two lemmas on our weak Zygmund-type spaces and uniformly local weak Zygmund-type
spaces.

Lemma 2.2. Let q1, q2 € [1, 0] and a1, aa > 0 be such that

1 1 (03] (0%)
l=—4+—, aoa=—+—7F. (2-13)
q91 92 q1 q2
Then
/1 /21l g1.00q0g )¢ =< Il f11l 24100 (10g )1 | 21| £42-00 (10g £)*2 (2-14)

for f1 € £9-°°(log £)*! and f, € £92°°(log £)*2. Furthermore,
/1 2l azp < W fillgr.ansoll F2llga.anio (2-15)
for fi € £I1°(log £)*1, fre £12°°(log £)*2, and p > 0.
Proof. Let q1, g2 € [1,00) and o1, ap > 0 satisfy (2-13). Let
f1 € £9®(og £)¥' and fp € £92°(log £)*>.

It follows from Holder’s inequality, (2-8), and (2-9) that

© | =

< sup{ log(e+

171 olerosqopen =supd [log(e+ ) | st o]
sup ) N o]
ol (s )] ([ werman)” ([ merar))
cupf e )] [ ] gl (e )] o

= || f1llgar-og gyt | f21l ga2.00 (10g £)e2 -
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Thus (2-14) holds. Furthermore, for any f] € 1 (log £)*1, fre £82:%°(log £)*2, and p > 0, by (2-14)
we have - . Y
Il f1 /21110 = Su[p? | /1 /2% BGx,p) | £1-00 (10g )
x€ER”

= Suﬂg {||f~1XB(x,p)||2‘11~°°(1og2)°‘l ||f~2XB(x,p)||£‘12~°°(1og2)“2}
X€

=< sup 11 X By [l 21-20 10g 2t - sup 12X By [l 2250 10g )2
x€R eRn

= (I f1llgr,ar0ll F2 Mg ,250-
Thus (2-15) holds, and Lemma 2.2 follows for g1, g2 € [1,00). If g1 = 00 or g2 = o0, the conclusion
follows from (1-2). g

Lemma 2.3. Let g € [1,00) and a > 0. Then, for anyr > 0 withrq > 1,
|||f|r”2q~°°(log2)“ = ”f”grq .20 (log £) for f € £79°(log £)¥,
AT Mgz = WA Mg for f € £ (log £)* and p > 0.
Proof. 1t follows from (2-9) that

|||f|’||£q,oouog2>a=s313{[1og(e+ )} [ (£ (r)dr}

~spl[oe(e+ )] [Casrorraf”

= ”f”QNI-OO(lOgg)a
for f € £77°°(log £)*. Then

11" Mg.az0 = sup IS 2B |02 og )

xX€R

= sup |||f|XB(x p)”grq .09 (log £)@
x€R

= 1£117 4,020
for f € Slrﬂq’oo(log £)¥ and p > 0. Thus Lemma 2.3 follows. O

2.2. Hardy’s inequalities. We recall the following two lemmas on Hardy’s inequality. (See [Muckenhoupt
1972, Theorems 1 and 2].) Throughout this paper, for any g € [1, co], we denote by ¢’ the Holder conjugate
of ¢, thatis, g’ =q/(qg—1)if g€ (1,00), ¢ =0 ifg=1,and ¢’ =1 if ¢ = 00

Lemma 2.4. Let g € [1,00]. Let U and V be locally integrable functions in [0, 00). Then there exists
C > 0 such that

s
U Floooon = CIVS liaooon.  with F)i= [ foyd
holds for all locally integrable functions f in [0, 00) if and only if

Su%{”U”L‘i((s,oo))”V_1 ”L‘//((O,s))} < o0.
5>
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Lemma 2.5. Let q € [1,00]. Let U and V' be locally integrable functions in [0, 00). Then there exists
C > 0 such that

o0
10 Flaqooon < CIV Izooooy: with )= [ (@) d.
N
holds for all locally integrable functions f in (0, 00), with f € L'((1, 00)), if and only if
Sulg{HU||Lq((o,s))||V_1 IZa (5,000 7 < O©-
5>

2.3. Fundamental solutions. Let 0 € (0,2]. Let Gy be the fundamental solution to the fractional heat
equation
;v + (—A)%v =0 inR" x (0, 00).

The function Gy is positive and smooth in R” x (0, 00), and it satisfies

_n x|? .
Gg(x,t) = (4mt)” 2 exp(—%) <Chgs(x) if0 =2, (2-16)
Go(x,t) < hg,(x) if0<6<2
for (x,1) € R"” x (0, o0), where
ho o (x) =178 (1+170)x[)™"°. (2-17)

Furthermore,
e Gg(x,1) =17 8Gg(t70x, 1), [rn Go(x,0)dx =1,
e Gg(-,1) is radially symmetric and Gg(x, 1) < Gg(y, 1) if |x| > |y|,
* Gog(x,1) = [pu Go(x =yt —5)Gg(y,5) dy
for x, y e R" and 0 < s < ¢ (see, e.g., [Bogdan and Jakubowski 2007; Brandolese and Karch 2008;

Sugitani 1975]), and

lim ||Sp(t)n—nlLee =0 for n e Co(R™). (2-18)
t—>—+0

In addition, it follows from Young’s inequality that

_n(l_1
1Se(nllLe < Ct=8G=D ) Lr (2-19)
fornel”, 1<r<qg<oo,andt > 0.

3. Decay estimates of Sg (1)@

In this section we obtain decay estimates of Sg(?)¢ in our weak Zygmund-type spaces and uniformly
local weak Zygmund-type spaces. For simplicity we write g; := Gg(-,1) and h; := hg ;.

Proposition 3.1. Ler0 € (0,2], 1 <r <g <oo,and a, B > 0. Assume that a < B if r = q. Then there
exists C > 0 such that

_n(l_1 N " te
||Sg(l‘)(p||2¢,,oo(10g2),s <Ct 9(" q |:log(e + ?):| ||(P||£">°°(log2)°‘

for ¢ € £ (log £)% and t > 0.
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Before starting the proof, we recall the following relations on logarithmic functions: for any fixed
L>1andk >0,

1 1 k 1
log(e + —) = log(L + —) = log(e + —) = log(e + _k) for s > 0. 3-1)
s s s s

Furthermore, we have the following results.

Lemma 3.2. (1) Let g > —1 and o € R. Then there exists C1 > 0 such that

Ky 1 o 1 o
[ rq[log(e+—)i| dt §C1sq+1|:log(e+—):| fors > 0.
0 T s

(2) Let S > 0 and a < —1. Then there exists Cy > 0 such that

s 1 o 1 a+1
/ t_l[log(e—l—;)} drsz[log(e—l—E)] fors €(0,5).
0

(3) Let g < —1 and o € R. Then there exists C3 > 0 such that

o0 1 o 1 o
/ 74 [log(e + —):| dr < C3s9T! |:log(e + —)] fors > 0.
s T S

Proof. We prove assertion (1). Let § > 0 be such that ¢ —§ > —1. Then there exists L € [e, c0) such that

1 o
the function (0, 00) > 7 > 78 [log (L + —)] is nondecreasing. (3-2)
T

This together with (3-1) implies that

K 1 o Ky 1 o
/ rq[log(e—i-—)] drfC/ rq_s-rs[log(L—l——)] dt
0 T 0 T
1% r* 1\ 1%
§Cs8|:log(L+E)} /rq_8df§qu+1|:log(e+E)]
0

for s > 0. Thus assertion (1) follows.
We prove assertion (2). Let § > 0. It follows that

N 1 o S 1 a+1
/ r_1|:log(6+—)i| drfC/ r_1|logr|“df§C|logs|“+15C[log(e+—)]
0 T 0 s

for s € (O, %) IfS > %, then

K 1 [+ S 1 o 1 a+1
/ t_1|:10g(e+—)] dtf/l t_1|:10g(e+—)] dt+C§C§C[log(e+—)i|
0 T 1 T s

for s € [% S ) Thus assertion (2) follows.

It remains to prove assertion (3). Let §’ > 0 be such that ¢ + 6’ < —1. Then there exists L’ € [e, 00)
such that

/ 1\ 1%
the function (0, 00) > 7 > 8 [log (L’ + —)} is nonincreasing.
T
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This together with (3-1) implies that

[e'e} 1 (24 e} ,
/ rq|:10g(e+—)] dth/ r4+8 . 8 [log(L’—i— )]
T
N N - 1 o
<Cs~ [log(L/ )] / 4+ dr<qu+1[log(e+ ):|

for s > 0. Thus assertion (3) follows. O
Next, we prepare the following lemma on i}, where h; = hg is as in (2-17).

Lemma3.3. Let1 <r <g <ooandy € R. Assume that y > 0 if r = q. Then there exists C > 0 such

that
e’} ng 1 Y
| fq(l—i>[1og(e+%)} (it (r))‘fdr<Cr—9(r‘q)[1°g(e+ %)] G

Proof. 1t follows from (2-17) that

fort > 0.

(h)*(s) = he((@wy 's)mer) < C1™8 (141~ dsim)™°

for s € [0,00) and ¢ € (0, 00), where w, is the volume of the n-dimensional unit ball B(0, 1) and
e1:=(1,0,...,0) € R". Then

[oe] 1 14
I::/(; rq(l_r)[log(e+%)i| (hi(x))?dz
SCt_an/ t‘I(l )|:log(e+ 1):|y(1+;—éf,l1)—qm+9)dt
0

nq 1 !
D) / gna(i=b) 1| 4 gy ‘1<"+9>[1 g( W)] FTNCY)

fort > 0.
We first consider the case of y > 0. It follows from (3-1) that

1 4 [ 1 4
[log(”(zl/%)")} =€ IOg(” 1/95)]
[ 1 N1
<C log(e+ 1/0)+log(e+g):|
[ 1" N1
<C log(e+;)i| +C[log(e+§)] (3-5)

fort >0and £ € (O, %) Similarly, by (3-1), we have

14 on 14 1 Y
e+ )| = el ) | = oele7)] oo
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fort >0and £ € [%, 00). Since

1 11
nq(l——) tn—1—qn+6)=-"1 +n—1—q9=—nq(———)—1—q9 <1, 37
r r r q

by Lemma 3.2, (3-4), (3-5), and (3-6), we obtain

_r# G [* gal=benm O]+ foele+)])
e s ol o e ]

+CtF =) /Oo gnq(l—%)Jr”—l(l +£)"9+0) |:10g(e + ;)]y d§

1

for ¢ > 0. This implies (3-3) in the case of y > 0.
Consider the case of y < 0. Then, by (3-1), we have

1 V4 271 Y 1 Y
[k’g(”(rl/%)")] f[l"g(”(rl/@)n)] fc[log(”?)] G-5)

for ¢ > 0 and § € (0, %) Let 0 < § < 8q/|y|. We find L € [e, 0o) such that the function f in (0, co0)
defined by

f(z):= z8 log(L + Zi”)

is nondecreasing in (0, o). Since y < 0, by (3-1), we obtain

1 4 1 v _
os(e+ )| =€t g )| =B e

<CErO™ fE] o < Cé“”[log(e + fw)}y

1 14
<cgdr |:10g(e + ;)]

for 7 >0 and § € [, 00). This together with (3-7) and (3-8) implies that

3

—

4 Ct_% =) /005”11(1—})"‘"—1—5)’(1 +§)—Q(n+9) [log(e + 1)]y d§

for ¢ > 0. This implies (3-3) in the case of y < 0. Thus Lemma 3.3 follows. O
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Proof of Proposition 3.1. The proof is divided into the following three cases:
I<r<g<oo, 1<r=qg<oo, 1=<r=<qg=o0.

Step 1. Consider the case of 1 <r < g < oo. It follows from (2-4), (2-7), (2-9), and (2-16) that

N8 s
oe(e+ )| [ a0y a

- N s
<supl [iog(e-+1)]" [“assopr o ae]

s>0

q —
150001 g s = 5001

[ 1 b s o *% *% 7
sl [oale+5)] L (L s oo

1 ﬂ Ky o0 q
fcfglg{[log(e+§)] /0([1 h}"*(n)fp**(n)dn) df}

for ¢t > 0. Furthermore, thanks to (2-11), we have

B
o0 1 q [e%e} q
15601000 105 09 SC/O ([log(e+;)} /r hf*(n)w**(n)dn) dt (3-9)

for t > 0. On the other hand, set

U(z) := |:log(e + %)}5 V(z):= r[log(e + %)}

for t > 0. It follows from Lemma 3.2 (1) and (3) that

QD

1
7

N é o0 , q
sup(/ |U(r)|‘1dr) (/ [V(t)| ™4 dr)
s>0\J0 N

1 1 7 1 1\
fsup{qu[log(e—F—)} -Cs_1+¢/’[log(e+—):|
§>0 s s

Then, by Lemma 2.5, (2-3), and (3-9), we have
16000 gy <C [ (r [log (e+;)] B @) (r)) dr

1\]® Freos T AL a
§Csup{|:log(e+—):| s(go**(s))’} / (rl_r log(e+—):| I’l;k*(‘[)) dt
§>0 s 0 L T

for t > 0. This together with (2-5) and (2-9) implies that

QU

o) 1 1 Y T q
160091 g ey = €101 omqogye | ( r[log(e+;) / h?‘(é)dé) v (-10)
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for t > 0, where

yi=—4=.
roq

- 1 1 Y - 11 1 4
Ur)=r1 r[log(e—i—;)}, Vir)=r< r[log(e—i—;)}.

Since ¢ > r and ¢’ < r/, by Lemma 3.2 (1) and (3), we have

S /S - .\
sup(/ |U(‘[)|qd‘[) (/ [V (z)| 4 d‘L’)
>0 Ky 0
o INTEY Na/ S o INT?Y \7
=sup(/ T |:log(e+—):| d‘L’) (/ r_r’|:log(e+—):| dr)
s>0\Js T 0 T
1_1 N1 1_1 N1
§sup%qu r[log(e—l——)] -Csda’ v/ [log(e—l——)] } < 00. (3-11)
$>0 s s

Applying Lemma 2.4 to (3-10), by (3-11), we obtain

(o)) 1 1 Y q
1001, og 298 = C IO 0 105 2y /O (Tl r|:log(6+;)i| h:(r)) dt

for ¢ > 0. This together with Lemma 3.3 implies that

Set

_ng(1_1 1\1%
||Sg(;)¢||gm(log£)ﬂ <ci %G q)[log(e—i- ;)] 111%r.00 10g )

for ¢t > 0. Thus Proposition 3.1 follows in the case of 1 <r < g < o0.

Step 2. Consider the case of 1 <r =g < oo. It follows from Holder’s inequality and (2-16) that
r
1Ss ()10l = € ( | theG= 1o dy)
r—1
=C (/R At (x = y) dy) /R e (x = )l leOI" dy

<C [ G =ller dy.

Then it follows from (2-7) and (2-9) that
r 1 P 7\ ok
15006 ey = 560} [Tog(e+ ) | 5So001)™ )

B 00
SCsup{ [log(e+§)} o[ (hz)**(f)(lwlr)**(f)dr} 3-12)

§s>0



SOLUTIONS TO A FRACTIONAL SEMILINEAR HEAT EQUATION IN CERTAIN ZYGMUND-TYPE SPACES

_ N - n1°
U(r):r[log(e+;)i| , V(r):r2|:log(e+;)] .

Similarly to (3-2), we find L € [e, 00) such that

for t > 0. Set

B
)] is nondecreasing.

N | =

the function (0,00) > 7+ r |:10g (L +

Then, by (3-1), we have ,
/] 1

10 llz0.) <€ sup Hlog(L . _)] %
re(0,s) r

for s > 0. This together with Lemma 3.2 (3) implies that

R o [ 1 b 1 h
Sup{”U”LOO((O,s))/ |V(‘C)|_1 d‘[} SSUP{CS log(e—l——)] ‘Cs_l |:10g(€+—):| } <00,
>0 s §>0 - s ’

Applying Lemma 2.5 with ¢ = o0, by (2-9), (3-12) and (3-13), we obtain

1 18
16 (¢ .00 0g 0y < € sup{sz[log(e + ;) (h,)**(s>(|<p|’)**(s)}

s>0

1493

(3-13)

B—a o
<C sup{s[log(e + l):| (ht)**(s)} -sup{s[log(e + l):| (I(plr)**(s)}
>0 s >0 s

=C ||]’lt ||£l,oo(10g£)ﬁ—a ||§0 ||r2r»0°(log£)°‘

for ¢ > 0. Furthermore, since @ < 8, by Lemma 3.3, (2-9), and (2-11), we have

1 B—a s
1726 ]] g1.00 (1og ) - = 22%{ |:10g(e + ;)} /0 (he)*(v) df}
00 B—a
< [1og(e+1)} (he)* (1) d
0 T
1\7%~
<C |:10g(e + ;)}

for t > 0. This together with (3-14) implies that

1\
15000 gy = Ctoe(e 4 1) | 10Mrqpere fore >0

Thus Proposition 3.1 follows in the case of 1 <r =g < oo.

(3-14)
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Step 3. It remains to consider the case of 1 <r < g = oco. If r = g = 00, then it follows from (2-16) that

160l = Cliels [ hiy)dy = Clloli

for ¢ > 0, and Proposition 3.1 follows. On the other hand, in the case of 1 <r < g = o0, let § € (r, 00).
Then, by Proposition 3.1 with ¢ = g > r, (1-3), (2-19), and (3-1), we have
t
so((5)e

[Se()@llLee = “59(3)59(%%“”0 <Ct797| 8, (%)(pHLq =C %
n(1l 1

_n __n(l_1 2 o
<Ct7ea.Ccto\r f7)|:10g(€+;):| ol er.c0 tog 2)e

£4.2°(log £)0

a "
—ci#fiog(e+ 1) Iellsromqonse
for ¢t > 0. Thus Proposition 3.1 follows in the case of 1 <r < g = co. The proof of Proposition 3.1 is

complete. O

Furthermore, by Proposition 3.1, we employ the arguments in the proof of [Hisa and Ishige 2018,
Lemma 2.1] to obtain decay estimates of Sg(#)¢ in uniformly local weak Zygmund-type spaces.

Proposition 3.4. Let 6 € (0,2], 1 <r <g <oo,and a, B > 0. Assume that « < B if r = q. There exists
C > 0 such that, forany T > 0,

_ay B
15006l r10 = €186~ og(e 1) | 7 Wollgirrre 315)
forp e S;ioo (log £)* andt € (0, T].
Proof. We first consider the case of 6 € (0, 2). It suffices to prove
a_B
0D iog(e4 )| s S0l < Clllloario (16

for z € R” and 0 < ¢ < T. For the proof, by translating if necessary, we have only to consider the case
of z=0.
By Besicovitch’s covering lemma, we can find an integer m depending only on n and a set

1
{Xk,itk=1,...m,ien CR"\ B(0,1077)
such that

m o0
BeiNBy, = ifi#j and R"\B0.107%)c | J | B (3-17)
k=1i=1
where By ; := B(xy;, T1/%). Then
m o
[Se (@] < JuoCe. O+ D Y ki (x.0). (x.1) €R" x (0, T), (3-18)
k=1i=1

where

uo(x, 1) :=[Se(1)(@xB(0,10T1/0)1(X),  up,i(x,1) =[S (@) (PxBy ;)] ().
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By Proposition 3.1 and (1-4), we have

0 (1) xB(o,71/6) | ca.00 (tog £)8 = 10 (1) ]| ga.00 (10g )8

SR
+
QD

_n(i_ny[ N1

fCt o\r q) 10g(€+;) ”gOXB(O,]()Tl/B)||2r.oo(10g£)tx
_aaony[ N\ 5+4

<Ct o' 4 log €+; |”§0|”r,o(;10T1/9
_Q(L_L)_ 1 1-5+4

< 8G0) log e+ - ol 71 (3-19)

fort € (0, T].
Letk =1,...,m and i€ N. By (2-16), we have

uesenl = | B =DleWIdy =C [ =z —xeei@rdz (20)

B(xy ;,T'/9)
for (x,7) € R" x (0, 00), where ¢ ; (x) = |@(x + xg,i) | X o, 71/6)- Since |xg ;| > 10719 it follows that
(L T 70 g i DU+ 170 x = 2) = 14 T8 g+ 170 x =2 170 T~ x| ]y — 2|
<143t 0| +177|x — 2|
= 14070 (g =[x = 2[) =179 g | + 577w — 2|
<40+ (il = e —zD) < 40+ x =z = xp )
for x, z € B(0, T'/?) and 1 € (0, T). This together with (2-16) implies that
hex =2 =x) < CH 8L+ T 79 D" 0 (1170 [ — 2y ™~
< CU+T 70 )™ Pgi(x - 2) (3-21)
for x, z € B(0, T'/?) and r € (0, T). We observe from (3-20) and (3-21) that
g (6, 1)) = COUA+ T8 g i )" 1800 11()
for x € B(0, TY%) and ¢ € (0, T). Then, by Proposition 3.1, we obtain
ki (1) XB0,11/6) | 2a.50 10g £8

_1 o
<CA+T77x; )" 1S (1) ki | caoo 109 )2

__Q+ﬁ
-1 —n—6,—2(1-1) 1 rTq
SC+T77|xg,]) A [log(e-i-;) | 0x,i | £7.00 (10g £)e
___g B
_1 " 1 rta
=C(1+T77xk,]) t o a’llogle + 7 ||§0XB(x1c,i,T1/9)||2’v°°(log£)"‘
1 _-_Q_lr_g
_1 _a_p —n(l1_1 r
<C+T 7 |xp, )" 5( q)[log(eJr;) @il o176 (3-22)

fort € (0,T).
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On the other hand, since

1
IV < 2(xk i | + T¥) < |xx;| fory e By,

we have
1

|Br.il JBy ;
Then, by (3-17), we see that

_1 —n—~0 _1 e
(I+177e)y) " dy > A+ T70|xg )0

o0 o0
S +T 7" <cT7h Z/B (L+37701y) " ay
i=1 i=1%7ki

<CcT % / (415" Pay<cC (3-23)
Rn

for T > 0. Combining (3-18), (3-19), (3-22), and (3-23), we obtain

a_
7

QU

n(l

n(1_1 1
D iog(e+ 1) | mormSa00 s g

m o0
_1 o
< Cllellyasrive + Cll@llrasrive D Y (14T xg ;)™
k=1i=1
= C|||‘p|||r,a;Tl/9

for t € (0, T'). This implies (3-16) with z = 0; that is, (3-15) holds. Thus Proposition 3.4 follows in the
case of 0 < 0 < 2.
Consider the case of 8 = 2; that is, Sp(¢) = e'2. Let v = ¢1/2. It follows from (2-16) that

[l < C f R =y ) ()] dy
er

= C[S1(D)lell(x)

for (x,1) € R" x (0, 00). This together with Proposition 3.4 in the case of 8 = 1 implies that

lle' 2l g.7172 < CUISI @l pir1/2

oy B
_p(l_1 1\ "«
<@ Dogle+ )| el
—n(l_1) 1 —F+4
<ct 204 log(e + ?) llollyq:71/2  fort e (0,T).
Thus Proposition 3.4 follows in the case of & = 2. The proof of Proposition 3.4 is complete. O

4. Proof of Theorems 1.2 and 1.4

We apply the contraction mapping theorem to problem (P) in uniformly local weak Zygmund-type spaces
and prove Theorems 1.2 and 1.4. We also prove Corollary 1.3. We first prove the following proposition.
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Proposition 4.1. Let p = pg, T« € (0,00), and y € [0,n/0). Then there exists € > 0 such that if
@ € L0 (log £)"9 satisfies
|||‘/’|||1,g;T1/9 <e forsomeT € (0, Tx], 4-1)

then problem (P) possesses a solution
ueC(0,T): £L%°00g £)"/°)NLL(0, T : L™®) inR" x (0, T),

with u satisfying

@y, z;7170 < Clillly,z;7170,

b)) AT
@)l p.7176 < Ct™0 [log(e+ )] llells,z;r1e, (4-2)

i N7
e [ e | I

fort € (0,T). Here C is a positive constant depending only on Ty, n, 0, and y.

Throughout this section, we set

0

Tve(0.00). Te(O.T.. p=pp=1+-. a:= 0<y<a, g¢efLr®(logf)”.

n
9 b
Let € > 0, and assume (4-1). By Proposition 3.4, we find Cx > 0 such that

sup [1Se()@lll1 a:71/0 < Cxll@llly g:7170 < Cie,
0<t<T

Y
1 —;'{‘C{
sup (401~ )[log(e+ )} 1500l pirive < Collllyarie < Coer  (43)
o<t<

1 o
sup re[log(e+ )] 1S0)@llzee < Callllyas < Cre.
0<t<T

Define
=C((0,T): £5°10g £)*) N LE((0,T) : £8®(log £)Y) N LE((0, T) : L™).

Setting C* = 2Cy, for any u € X7, we say that u € X7(C*¢) if u satisfies

2(1-1) AV AN
sup 1wl e + sup o9 [log(e+ )] el
0<t<T 0<t<T

+ sup l9|:log(e+1):| |lu(@)||pe < C*e. (4-4)

0<t<T
For any u, v € X7(C*¢), set
dy (u,v) := dy (u,v) + dg (u, v) + d3 (u,v),
where

d)}(u,v) ‘= sup |||u(t)_v(t)|”1,a;T1/9’

0<t<T
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20-3) Dy
Gayi= s 30D iog(e4 )| 0 -0l e

0<t<T

dX(u v):= sup te[log(e—i- ):| lu(t) —v(t)||peo.

0<t<T
Then (X7, dx) is a Banach space and X7 (C *¢) is closed in (X7, dx). Define

D(u) = Sp(t)p + /Ot So(t —s)Fp(u(s))ds foru e Xr(C¥e),

where Fy(s) = |s|? ~Ls for s € R. For the proof of Proposition 4.1 we prepare the following two lemmas.

Lemma 4.2. Let € > 0, and assume that (4-1) holds for some T € (0, Tx]. Then there exists C =
C(n,0,Cy, Tx) > 0 such that

dy (D (), D(v)) + dg (P(u), P(v)) < Ce? 1 dg(u,v) foru,ve Xr(C*e).
Proof. Letu, v € Xp(C*¢). Let 0 <s <t < T. It follows that
| Fp(u(x,s)) — Fp(v(x,s))] <w(x,s)u(x,s)—v(x,s)| forxeR", 4-5)
where w(x, s) := p(Ju(x,s)|P~1 + |v(x,s)|?~!). Then, by Lemmas 2.2 and 2.3, we have

I £p (u(s)) = Fp

,y'T1/9 e (s) = v($)llp, ;7176

< p<|||u(s)|||p s HIOZ S () =0y 176 (4-6)
Since u, v € X7(C *¢), by (4-4), we obtain
I #p () = Fp(v(s)lly, 7176

n(p=1) ({_1 125 a1 g
<Cs~ 0 (1—p)[1og(e+—)} (Cc*eyp-1cs~ 805 )|:log(€+ )] dz (u,v)
N

n(p— N1~
= CeP 15~ = |:log(e + ;)} d}% (u,v). 4-7)

This together with Proposition 3.4 implies that

t
m/o So(t —$)[Fp(u(s)) — Fp(v(s))] ds

q,8;T1/¢

t
< / 1156t —$)[Fpu(s)) — Ep ()]l g.71/0 ds
1 —V+g
< [[a=o 0D ioglew )] UEO) — Fp @Dl o ds

1\ 1N\~
<CeP~ 1dX(u v)/ t—s) 803 )[log(e+—s)i| s_e(P—1)|:log(e+§)i| ds (4-8)

forg € [1, p] and B € [y, @].
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On the other hand, since

S

y—ap=y—%<1+%)=y———l=y—a—1<—1, 4-9)

>

by Lemma 3.2 (2) and (3-1), we have

— _|._ —
N S eI
Sl =
<Ct 5013 )|:log(e+1):| ’ / s_l[log(e—l—1 ]V pds
0 N
<Ct™ #(1-5 )|:log(e+1)} ’ -C[log(e—i—;)]y =Ct_9(1_q)|:log(e+;)i| (4-10)

for t € (0, T). Similarly, since

by Lemma 3.2 (1) and (3-1), we obtain

5(1-3) 1 v N
/(t—s) 0 |:10g(e+—s):| s~ 1)|:10g(e+ ):| ds
(0 — +g
SCI_Z(”‘“[Iog(eJr;)]V p/é(t—s)‘Z(l—é)[log(e+tls)} T as
§Ct_1|:log(e+%)i|y p.ct—Z(l—},)ﬂ[]og(e_i_;)} Y
1 g—ap 1 g—a
=cr 803 )|:10g(e—|— )] <cr 803 )[log(e—l— )] @4-11)

for t € (0, T). Combining (4-8), (4-10), and (4-11) with (¢, ) = (1,«) and (p, y), we deduce that

dy (D), ®(v)) + dg ((u), D(v))

t
/0 So(t —s)[Fp(u(s)) — Fp(v(s))lds

1 —%-i—a
+ sup t9( )|:10g(e+ )]
0<t<T

< Cep_ld)%(u, v)

= sup
0<t<T

1,0;T1/¢

/0 So(t —$)[Ep(u(s)) — Ep(v(s))] ds

p,y;T1/¢

for u, v € X7(C*¢). Thus Lemma 4.2 follows. O

Lemma 4.3. Let € > 0, and assume that (4-1) holds for some T € (0, Tx]. Then there exists C =
C(n,0,Cy, Tx) > 0 such that

dz (O (u), (v)) < CeP"1(dE (u,v) +d3(u,v)) foru,ve Xr(C*e).
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Proof. Letu, v e X7(C*¢). Let 0 < s <t < T. Similarly to (4-6), we have

[ Fp(u(s)) — Fp(v(s)lLoo = [w(s)|[Lee ||M(S) —v(s)llzee
< p(u@IF= + v 122D uls) = vis) [ oe.
Since u, v € X7(C *€), by (4-4), we obtain

—a(p—1) —a
| Fp(u(s))— Fp(v(s))||Loe < Cs™ [log(e—i— 1)] ’ (C*e)P~ 1.5~ 5 [log(e+§):| ds (u,v)

1y T 5
=CeP™ |:10g(e+ )] dyg (u,v).

This together with Proposition 3.4 and (4-7) implies that

t
H/o So(t = $)[Fp(u(s)) — Fp(v(s))] ds

1Lo°

S/O 156 (r = $)[Fp (u(s)) — Fp(v(s)]llLee ds

P, -
<c [Fu=otioe(et )| R G0) - o@Dl ds
+C [ IE () = Fo(w(s)ll ds

5 n 1\ , 1\ 7P
SCep_ld)%(u,v)/ (t—s)_e[log(e+t—):| s_e(l’_l)[log(e+—)i| ds
0 —s
1\ %
+Ce? 1 a3 (u, v)/ [log(e—l— )] ds
n 1 - % 1 y—ap
<CeP7 170 [log(e—l—;)] d)%(u,v)/ s_1|:10g(e+—)i| ds
0 s

n 1\]7%
—I—Ce”_lt_epH[log(e—l-;)] dy (u,v).

Since np =n + 0 and ap > o, we have

H/ So(t —5)[Fp(u(s)) — Fp(v(S))]ds

<Cel 1476 [log(e—l—%)] dz (u, v)/ |:10g(6+§)}7’_“1’ ds

n NT*¢
+Cep_lt_9|:log(e+;):| dy(u,v). (4-12)

Furthermore, by Lemma 3.2 (2) and (4-9) we see that

t

3 1\ ~* N7
/ 571 |:10g(e + E)i| ds <C |:log(e + ;)] (4-13)
0
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for t € (0, T'). Combining (4-12) and (4-13), we deduce that

n 1 o t
i@, o0) = s fogle+ ) || [ sae-91F 0 - ol ds

0<t<T

Loo
< CeP~V(dZ (u,v) + d5 (u, v))

for u, v € X7(C*¢). Thus Lemma 4.3 follows. O

Proof of Proposition 4.1. Let Tx > 0. Let € > 0 be small enough. Let ¢ € Sllﬂ’oo (log £)* be such that
ll@llly o:71/6 < € for some T' € (0, Tx]. By (4-3), (4-4), and Lemma 4.2, we have

n 1 1 —%4—0(
sup 0 airro-+ s {0 iog(e+ )| 7 0w o

te(0,T) 0<t<T

n(1-1) 1\~ 7+
<11Se()lly o g1/ + sup {w ; [log(e+—)] |||Se(r><o|||p,ym/e}
0<t<T t

+dy (D), D(0)) + dg (D), D(0))
< Cyxe+Ce?'dE(u,0)
< Cye+CeP™1.C*e
<C*e (4-14)

for u € X7(C *¢). Similarly, we observe from Lemma 4.3, (4-3), and (4-4) that

sup {t’é[log(e#)} ||<I><u(r))||Loo} < sup {z’e’[log(e#)} ||Se(z><p||Loo}+d§<<b(u),<1>(0))
0<t<T ! 0<t<T t

< Cue+Ce? 1 (dE (u,0)+d5 (u,0))
<Cye+CeP712C*e
<C*e (4-15)
for u € X7(C*¢). By (4-14) and (4-15), we see that ®(u) € X7(C*¢) for u € X7 (C*¢). Furthermore,
taking small enough € > 0 if necessary, by Lemmas 4.2 and 4.3, we have
dx (D(u), P(v)) = dy (P(u), D(v)) + dg (D), P(v)) + dg (P(u), D(v))
< Ce?™N(dg (u,v) + d3 (u,v))
< 3dx (u,v)
for u, v € X7(C*¢). Then we apply the contraction mapping theorem to find a unique u4 € X7(C *¢)

such that ®(u«) = ux in X7(C *€). The function u is a solution to problem (P) in R” x (0, T'), with 1«
satisfying (4-2). Thus Proposition 4.1 follows. O

Proof of Theorem 1.2. Let T > 0. Let ¢ € Sllll’oo(log £)% be such that [[[¢|ll; o.71/¢ is small enough.
Then, by Proposition 4.1, we find a solution u to problem (P) in R” x (0, T'), with u satisfying (4-2). Let
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B € (y,n/0). Then, by Proposition 3.4, Lemma 2.3, and (4-2), we obtain

t
(6~ Se ()@l g0 < /0 1St —5) Fp (u(s)) I _gi1/e ds

! 1 \1v+A
< c/o [log(e—l—z)} Il Ep @)l 1.:71/0 ds

t 1 —y+8 »
—c [ fog(et )] WO, g0 ds

D ! 1 —v+B 1 1)’—0!17
et e )] ]

for ¢t € (0, T'). On the other hand, since 8 < 8/n, by Lemma 3.2 (2) and (4-9), we have

t

5 1 —v+B 1\7]7~eP
/ [log(e + —)i| s71 [log(e + —)] ds
0 r—s N

and

t 1 —y+8 1\ 17~
/ |:log(e + —):| s~ [log(e + - ] ds
L t—s N
INTY—6"1 gt 1 —v+8
<Ct! log(e—k—)} / [log(e+—)] ds
t L t—s
1 y—5-1 1 —y+B
log(e—k;)} -Ct|:log(e+;)} -0

as t — +0. Combining (4-16), (4-17), and (4-18), we see that

|

<Ct!

lim [lu() = S (D)@l ;10 =0 for B (y.n/9).
t—>+0
This together with (2-12) implies that

tim JJu(®) = S ()l g0 =0 for B € [0.1/6).

(4-16)

4-17)

(4-18)

(4-19)

It remains to prove that u — ¢ in the sense of distributions. Let n € Co(R"). Let R > 0 be such that

suppn C B(0, R). By (1-3), (1-4), and (4-19), we have

‘/R" (u(x, 1) = [Sp(t)e](x))n(x) dx

SC”’?”L‘X’f )Iu(x,t)—[Se(l)wl(X)ldx

H

< Clinlielllu@) = Se()@ll1,0,71/6 — 0

(4-20)
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ast — +0. Set
1) = [ Golw—y.0m)dy for (x,1) € B x (0,00).
Rn
It follows from (2-18) that
li 1) — oo = 0. 4-21
Jim In(C-.0)—nlL (4-21)
On the other hand, by (2-16), we have

n(x.1)] <Ct 8 /B o 10—y ) dy < Cllnllpest ™6 - C(7 7 |x]) ™0 < T|x| "~
05

for x e R" \ B(0,2R) and t € (0, T'). Since ||n(-,t)||Lee < ||n||Lee for ¢t > 0, we obtain
In(x,0)] <C(1+|x)™8  for (x,1) € R" x (0, T). (4-22)

Furthermore, it follows from Proposition 3.4 with ¢ = oo that

SsDI0) = [ Gaty Dipldy <.

This together with (2-16) implies that

| as i lemldy <oe. (423

Therefore, by (4-21), (4-22), and (4-23), we apply the Fubini theorem and the Lebesgue convergence
theorem to obtain

| 1ss001cem)

- / (/ Ge<x—y,z>¢<y)dy)n(x)dx= / (/ Ge<x—y,r)n(x)dx)so(y>dy
n Rn Rn Rn

:/ r](y,t)ga(y)dy—>/ n(y)e(y)dy
R7 R

as t — +0. Then we deduce from (4-20) that

lim ulx,H)n(x)dx = [ p(x)n(x)dx forne Cy(R");
RH [Rn

t—>+0
that is, u(¢) — ¢ in the sense of distributions. The proof of Theorem 1.2 is complete. O

Proof of Corollary 1.3. Let ¢, be as in (1-1) with p = pg. It follows from the definition of the

nonincreasing rearrangements that
n
—1-1
0

(e)*(s) <Cs™! [log(e + %):| for s € (0, 00). (4-24)

Let S > 0. Then, by Lemma 3.2 (2), (2-3), and (4-24), we see that

[4

(pc)*™*(s) < Cs7! [log(e + %):| for s € (0, 5).

This implies that ¢, € Sil’oo(log £)"/9 Then Corollary 1.3 follows from Theorem 1.2. O
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Proof of Theorem 1.4. Since o > n /8, it follows from (2-12) that

1 167
ol gervo = C{toe(e + 7575) ] Molhiario >0 as7 =40,

Then, by Theorem 1.2, we find a solution u to problem (P) in R” x (0, T') for some small enough 7 > 0,
with u satisfying (1-6) and (1-7). Thus Theorem 1.4 follows. O

At the end of this paper we recall the definitions of the usual Zygmund space and the usual weak
Zygmund space, and explain the advantage of our weak Zygmund-type spaces.

Remark 4.4. (i) We recall the Zygmund space L9 (log L)% and the weak Zygmund space L9-°°(log L)“.
For any ¢ € [1, 0co] and o > 0, set

Li(log L)* :={f € Lo (R™) : || fllLa(og Lyx < 00}

L% (log L)* 1= {f € LE(R") || f | Laoqog Lye < 00},

1oy = ( [ roe(e+3) | 7o as)’” @25)

1

1\ 1% q

1 f L g Ly :=sup{[log(e+—)] sf*(s)q} .
s>0 N

See, e.g., [Bennett and Sharpley 1988, Chapter 4, Section 6] and [Wadade 2014]. For the case g > 1, as
in the Lorentz space (see, e.g., [Grafakos 2008, Chapter 1, Exercises 1.4.3]), applying Hardy’s inequality
(see Lemma 2.4) and Lemma 3.2 with (2-3), for any f € L} , we see that f € L9(log L) if and only if

loc’

[f1Laqog L) := (/0 |:10g(e + é)] ()4 ds)q < 00.

In contrast, the above relation does not hold for the case ¢ = 1. In fact, applying integration by parts, we

see that
o 1\1* 00 1\7*! d
/0 [log(e—l—;)] f*(s)dSZa/O [log(e+;)i| f**(s)—es_is_1 + 0N

(ii)) By O’Neil’s inequality (2-7), we have the inequality

where

(4-26)

(Go(-,l)*w)**(S)S/ (Go(-. 1) (D)™ (r)dr. s>0,

which is crucial in the proof of our sharp decay estimates of Sy(f)¢. Our Zygmund-type spaces are
defined by the average of the nonincreasing rearrangement, and they are effectively used in the proof of
our sharp decay estimates of Sg(¢)¢ (see the proof of Proposition 3.1). These sharp decay estimates of
Sg ()¢ in the spaces £72°°(log £)* enable us to obtain Theorem 1.2.
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On the other hand, since the weak Zygmund space L9:°°(log L)% is defined by the nonincreasing
rearrangement, the inequality

(Go(-,l)*w)*(S)S(Go(-J)*(P)**(S)S/ (Go(-. 1) (D)™ (r)dt. s>0, (4-27)

seems useful for the study of decay estimates of Sy (#)¢ in the space L?-°°(log L)*. The first inequality in
(4-27) follows from inequality (2-4). However, in general, inequality (2-4) is not sharp in L1**°(log L),
where o > 1. Indeed, let f € LllOC be such that

f*(s)=s" [log(e + %)}_a, s >0,

where o > 1. Then f € L1*(log L) and

1 —a+1
() =<s7! [log(e + E)]

for small enough s > 0. Then f*(s)/f**(s) — 0 as s — 40, and we see that inequality (2-4) is not sharp.
This suggests that it is difficult to obtain sharp decay estimates of Sg(¢)¢ in the usual weak Zygmund
spaces.

(iii) In order to overcome the disadvantage of the usual weak Zygmund spaces, one might consider the
weak Zygmund-type spaces

L9®(log)* :={f € Lj. : || flLa.ooogye < 00},

where 1 < g < o0, o >0, and

1
n\1“ a
| fllia-o0 og 1y = sup{ [log(e + —):| sf**(s)q} )
s>0 s

Indeed, applying the arguments to those in the proof of Proposition 3.4, we can obtain similar sharp decay
estimates of Sy ()¢ in the weak Zygmund-type space 19:°°(log )* to those in Proposition 3.4.
On the other hand, in the proof of Theorem 1.2, we used the inequality

17N et00g0g 0y = ClUS Grooogeye  fOr f €L7% (log £)° (4-28)

in order to estimate the nonlinear term |u|”~1u, where p > 1 and @ > 0. Actually, (4-28) holds with
C =1 and “<” replace by “=" (see Lemma 2.3). In the case of 19->°(log [)¥, it follows from (2-5) that

e L ) | XY

1 o
> sup{ |:10g(e + ;)} S(f**(s))p§ = ||f||fp,oo(10gm)a

s>0

for f € LP7-*°(logL)%; that is, the reverse to the desired inequality holds. This suggests that it is difficult
to obtain a similar result to that of Theorem 1.2 in the framework of weak Zygmund-type spaces
12°°(logL)«.
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Appendix

Here we prove two propositions on relations between L4 (log L)*, L%*°(log L)%, and £2°°°(log £)“.
We remark that the following relations hold for o = 0:

L9 =L9(log L)° = £2%°(log £)° € L9 = L9®(log L)° if ¢ €[, 00).
Proposition A.1. Let 1 < g < oo and o > 0. Then

I/ lgacoqogeye < I fllLagogrye  for f € L9(log L),

I fllLa.coqog Ly < I fllga.coqog ey for f € £9°°°(log £)“.
Furthermore,

Li(log L)* ¢ £2*°(log £)* < L9*°(log L)*, « > 0.

Proof. By (2-9), (2-11), and (4-25), we see that
N [ 7
1 snetog e =sopf [toe(e + 1) | ["¢rconeae]
s>0 s 0

55313( /0 [log(eJr%)} (f*(r))qczr)"=||f||mogm

for f € L9(log L)“. This implies that L9 (log L)* C £4°*°(log £)¢. Let g be a function in R” such that

—o —a—1
ror= e D] rwnr= e D]

where § > 0 is chosen so that g* is decreasing. Set f(x) := |g(x)|'/4. It follows from (2-1) that
f*(s)? = g*(s). Furthermore,

1 o Ky
q *
oo « = sup|logle + - f dn=1
”f”gq, (log £) S>€[ g( S):| o g (mdn

g o0 N1 . b N
o« = lo e+—)] g (n)dnz/ [lo (e+—)] dn = oo.
1 2o os /0 [ g( n o enztnl S\"" 7y

Thus L9(log L)* < £9°°°(log £)*.
On the other hand, it follows from (2-1), (2-4), (2-9), and (4-26) that

and

1
[ 1 1* *k g
||f||,:q,ooaogs)a=sup{ log(e+—) S(LF19) <s>}
s>0\ L N _
1

> sup{ _log(e + ;)_asufrl)*(s)}q

s>0

Q=

NS
—supf [1og( + 1) | 57707} = 1 ooeonr
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for f € £4:°°(log £)%, and hence £4°*°(log £)* C L?2°°(log L)%. We finally show that the inclusion is
strict. Let f be a function such that

fs)=s"7 [IOg(e + %)] ‘ X(0,8)(5),

where § > 0 is chosen so that f™* is decreasing. Then || f||za.c0(10g £)» = 1. On the other hand, for the
case o < 1, we see that

s —o s —1
S 19 (s) = /0 n_l[log(eJr%)} dn> /0 n_l[log(eJr%)] dn = oo

for s € (0,8). This implies that f* ¢ £4-°°(log £)*. Furthermore, for the case « > 1, there exists C > 0
such that

11970 = [ og(e )| an
0 n
s —o 1—«a
> C/ (enz—l—r])_l[log(e—l-l)] dn = ¢ |:10g(e+1)]
0 n o—1 s

for s € (0, 8). In conclusion, there exists C > 0 such that

1\1¢
I f |l g4.00 (log gy = € sup [log(e + ;)] = oo.

0<s<§

Thus £2°°(log £)* € L2:*°(log L)*. The proof of Proposition A.1 is complete. O

Let f be a locally integrable function in R" such that

[log(e + %)]as(|f|q)**(s) =1, s>0, (A-1)

which is a typical function in £7-°°(log £)¢. By (A-1), we see

—a—1
£ = L1976 = [log(e%)] ool

es2+s
Since

+1
1 1 T Ta
() =<s 7 [log (e + —):| for small enough s > 0,
s
we see that f also has a typical singularity of functions in L%>*°(log L)**!. These arguments suggest
that £4°°(log £)¥ is closely related to L2°*°(log L)**1.

Proposition A.2. Let 1 < g < 0o and o > 0. Then there exists C > 0 such that

||f||£"~°°(log£)°‘ = C”f”L‘Iﬂ‘)O(logL)"“"1 (A-2)
for f € LT*®(log L)**!. Furthermore,

ing) S leeqog ey feL?®log L)* 1 =0, (A-3)

” f ||L‘1s°°(log L)+l
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Proof. By Lemma 2.3 and (2-1), it suffices to consider the case g = 1. We first prove (A-2) with g = 1.
Let f € L1*®(log L)**!, where @ > 0. By Lemma 3.2 (2), for any R > 0, we have

s s a1 a1
AR WRUITE ( / n—l[log(e T 1)} dn) (sup[log(e T 1)} nf*(n))
0 0 n n>0 n
1 —o 1 a+1
<C [log(e + —)i| (sup [log(e + —)i| r]f*(n))
N n>0 n

for s € (0, R). This together with (2-9) implies that

1 o
[/l g1.00(t0g )« = sup [log(e+ E)] sf**(s)

0<s<R

1 a+1
< C sup [log(e + —)] 1*0) = ClLF oo og Lyot 1
n>0 n

Thus (A-2) holds for ¢ = 1, and the proof of (A-2) is complete.
Next, we prove (A-3) with g = 1. Let { f,} be a sequence in LllOC such that

£¥(5) = nllog(e +m] ™ g o 11().
Since
nllog(e +n)]=«1 for s € (0, %)

s~ Hlo ol 1 (A-4)
g(e +n)] forse[n,oo),

n**(s) — %

we have

1 o 1 o
||fn||£1~°°(log2)°‘ = Sug[log(e + E)j| S n**(s) = |:10g(€ + ;)j| S n**(s)
5>

forn =1,2,.... On the other hand, similarly to (3-2), we find L € [e, 00) such that

= llogle +m)]”!

S=ﬁ

1 a+1
the function (0,00) 3>t 1 |:10g (L + —)] is nondecreasing.
T

Then, by (3-1) and (A-4), we have

l a+1
Il sgugyess = supiog(e+ 1) 577
§>

1\ 1et! 1\ 1eH!
>C sup[log(L + —)] sfy(s)=C [log(L + —)] S (s) >C
s>0 § N S:%
forn =1,2,.... These imply (A-3). Thus Proposition A.2 follows. O
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A MARCINKIEWICZ MULTIPLIER THEORY FOR SCHUR MULTIPLIERS

CHIAN YEONG CHUAH, ZHEN-CHUAN L1U AND TAO MEI

We prove a Marcinkiewicz-type multiplier theory for the boundedness of Schur multipliers on the Schatten
p-classes. This generalizes a previous result of J. Bourgain for Toeplitz-type Schur multipliers and
complements a recent result by J. Conde-Alonso et al. (Ann. of Math. (2) 198:3 (2023), 1229-1260). As
a corollary, we obtain a new unconditional decomposition for the Schatten p-classes, 1 < p < co. We
extend our main result to the Z¢ and R? cases, and include an operator-valued version of it using Pisier’s
noncommutative L°°(£;)-norm.

1. Introduction

Let A € B(H) be a bounded operator on a (separable) Hilbert space H. We can write A in its matrix
representation

A= (a,j)k, jez>

with a; ; = (Aey, e;) for a given orthonormal basis {e;},cz of H. Given a bounded function m on Z x Z,
we call the map

My, : (ay,j) = (m(k, j)a,j) -1

a Schur multiplier with symbol m. The study of the boundedness of Schur multipliers with respect to the
Schatten p-norms has a rich history [Bennett 1977; Arazy 1982; Bozejko and Fendler 1984; Berkson and
Gillespie 1994; Pisier 1998; 2001; Harcharras 1999; Clément et al. 2000; Aleksandrov and Peller 2002;
Doust and Gillespie 2005]. The recent study of noncommutative analysis on the approximation properties
of operator functions and operator algebras [Haagerup et al. 2010; Neuwirth and Ricard 2011; Caspers and
de la Salle 2015; Potapov et al. 2015; 2017; de Laat and de la Salle 2018; Caspers et al. 2019; Parcet et al.
2022; Mei et al. 2022; Conde-Alonso et al. 2023], especially the work [Lafforgue and de la Salle 2011]
on the approximation property of higher-rank Lie groups, draws a lot of attention to the boundedness of
Schur multipliers for the case where 1 < p # 2 < co. Conde-Alonso, Gonzalez—Pérez, Parcet and Tablate
[Conde-Alonso et al. 2023] recently proved a Hormander—Mikhlin-type Schur multiplier theory for S,
1 < p # 2 < 00, in their remarkable work.

In this article, we prove a Marcinkiewicz-type Schur multiplier theory. Hormander—Mikhlin-type
multipliers and Marcinkiewicz-type multipliers are rooted in classical Fourier analysis. Like their
counterpart in Fourier analysis, Marcinkiewicz-type Schur multipliers are a larger class of multipliers
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and their p-boundedness is more subtle; it was shown in [Tao and Wright 2001] that the L”-bounds of

Marcinkiewicz Fourier multipliers are of order p3/2

as p — oo.

When m is of Toeplitz-type, i.e., m(k, j) = m(k — j) for some function m : Z — C, one may apply a
well-known transference method and obtain bounded Schur multipliers from the classical Fourier multiplier
theory. J. Bourgain’s work [1986, Theorem 4, Corollary 20] on scalar-valued Fourier multipliers acting
on Schatten p-valued functions implies that the following Marcinkiewicz-type condition is sufficient for

the boundedness of M,, on the Schatten p-classes forall 1 < p < oo:

S itk 1) — )] < C (1-2)

2=l <|k|<2n

for all n € N. Let mi1, (k) = &, for 2"~! < |k| < 2™. Then the associated multiplier M,,, is bounded for any
sequence &, = £1.

To extend Bourgain’s result to general non-Toeplitz-type Schur multipliers, one may ask whether the
condition that

D mlk+j+1 ) —mk+j. )l <C (1-3)
2n-l<|k|<2n

forall n € N, j € Z implies the S? boundedness of general Schur multipliers. The answer is yes if m is
Toeplitz since condition (1-3) reduces to Bourgain’s condition (1-2) in that case. The answer would be
yes for general Schur multipliers as well if the family M,,_, defined after condition (1-2), is R-bounded
for any family of sequences ¢ = () valued in {£1}. This implication was proved in the works of
Berkson and Gillespie [1994], Doust and Gillespie [2005] and Clément, de Pagter, Sukochev and Witvliet
[Clément et al. 2000], in which they studied the connection between vector-valued Littlewood—Paley
theory and Marcinkiewicz multiplier theory. We show in Section 5.1 that this is not true in general and
the condition (1-3) is not sufficient for the S”-boundedness of the associated Schur multiplier.'

The main result of this article is the following.

Theorem 1.1. M,, defined in (1-1) extends to a bounded map on the Schatten p-classes S? for all
1 < p < oo with bounds < (p*/(p — 1))? if m is bounded and there exists a constant C such that

Y mk+j+1, ) —mk+j, )l <C, (1-4)
2n=1<|k|<2n

> imGk+j+1D) —m.k+ ) <C (1-5)
n=l<|k|<2n

forallneN, jeZ.

The writing of this article was motivated by the recent article [Conde-Alonso et al. 2023], although the
third author had known Theorem 1.1 previously. The authors of [loc. cit.] further studied Schatten- p-classes
indexed in d-dimensional Euclidean spaces, aiming for possible applications to the approximation prop-
erties of higher-rank Lie groups. Following this trend, we extend Theorem 1.1 to the higher-dimensional

IThis also shows that the family of “Littlewood—Paley operators” M,,, mentioned above is not R-bounded.
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cases as well. The proof of Theorem 1.1 relies on the crucial property that a Schur multiplier is an operator-
valued Fourier multiplier multiplying from the left, and is simultaneously an operator-valued Fourier
multiplier multiplying from the right. This property was already used by the authors of [Conde-Alonso
et al. 2023] in proving a Hormander—Mikhlin-type criterion for the boundedness of Schur multipliers.

Theorem 1.1 implies a new unconditional decomposition for Schatten p classes. For (n, £) € Z x Z,
let Eg e ={({,£)} CZ x Z. Let

Eno={(k, ) eZxZ:2"V <k—j<2" 02" <k <(L+1)2")

for n > 0, and
Eno={k,)eZxZ:-2"<k—j<-=2"=1 g <k <@+1)2")
for n < 0. We then have the decomposition

ZxZ= | En
(n,0)€ZxZ
Let P, ¢ be the projection onto span{ey ;, (k, j) € E, ¢}. It is easy to see that Zn,e &n.e Pn.¢ 1s a Schur
multiplier satisfying the assumptions of Theorem 1.1 for any bounded sequence ¢, .. We then obtain an
unconditional decomposition of S?.

Corollary 1.2. an en.e Pn.¢ extends to a bounded map on SP for all 1 < p < oo for any bounded
sequence &y ¢.

We will prove Theorem 1.1 in Section 3. We will explain how to extend Theorem 1.1 to the higher-
dimensional case in Section 4 and explain that the ball-type Schur multipliers remain bounded on
SP(£>(Z%)) for d > 1 (Example 4.4), contrary to the behavior of Fourier multipliers. We will show
that the condition (1-4) alone is not sufficient in Section 5.1 and explain an operator-valued version of
Theorem 1.1 in Section 5.2.

2. Preliminaries

Given d € N, denote by B(£%(Z%)) the set of bounded linear operators on 02(7%). We represent the
operator A € B(t*(Z%)) as A= (a;,j) . jyezdxz¢ Witha; j = (Ae;, ;) for the canonical basis {¢;} of £2(Z¢).
Given a bounded function m on Z¢ x 7 the associated Schur multiplier

My (A) = (m(i, j)aij)

extends to a bounded operator on the Hilbert—Schmidt class S2(%2(7%)). We call m the symbol of M,,.
Recall that the Schatten p-class S”, 1 < p < o0, is the collection of all compact operators A with a finite

Schatten- p norm, which is defined as
1

1 P
IA]l, = (l(A*A) 5P = <Zs;’> @1
i
for 1 < p < oo, where s; is the i-th singular value of A. The Schatten p norm is unitary invariant
and does not depend on the choice of the orthonormal basis. The Schatten-class S?, 1 < p < oo, and



1514 CHIAN YEONG CHUAH, ZHEN-CHUAN LIU AND TAO MEI

B(£%(7¢)) share many similar properties with £7, 1 < p < oc. In particular, the dual space of S' (resp.
SP, 1 < p < 00) is isomorphic to B(¢?) (resp. SP/(P=D). The family forms an interpolation scale

[B(£?), S'], = SP

for 1 < p < co. However, S? does not admit an unconditional basis whenever p # 2. We will prove
that, for m satisfying additional conditions (1-4) and (1-5), M,, extends to a bounded map on S? for all
1 < p < oo, which immediately implies the unconditional decomposition for S as stated in Corollary 1.2.

Given d €N, we denote by L?(T%; SP) the space of SP-valued Bochner integrable functions f such that

1 fllr = (rr[/ 1P () de]>”< 5o,
[0,1)4

Here we let z = ¢/2™% with 0 € [0, 1)¢, and | f|? = (f* f)?/? is defined via the functional calculus.
For f € LP(T%; §P) with 1 < p < oo, we have the Fourier expansion

f@~) fk,

kezd

with f (k) = f[o 134 f(2)z* d6 € SP. Given R a finite subset of Z%, denote by Sg f the partial Fourier sum

Sef@ =) fk". (2-2)
keR
Choose 6 € C*°(R) such that 0 < § < 1, supp(§) C [—2\/_, —%] U [4—11, 2\/3] and 8(x) = 1 when
1 < x| <+/d. For j > 0, define 8;(x) := 8(27/x). For f € L*(T%; §?), we define

Sif@ =" 8;(klp) fk)z.
kezd
We denote by |k|, the £, norm of k € Z¢ in the formula above and will denote by |k|s the £4, norm of k.
Let (E;)j>0 be the cubes with squared holes in 7% given by

_{{kezd:zf—1 <lkloo <27}, j >0, 2.3)

77 Loy, j=0.

Note our construction implies S E;Sj = SE; which we will need later.
For a sequence (fx) in L? (T4; SP), we use the classical notation

I Lreg) = H (Z |fk|2) ) = H (Z |fk*|2)
k k

’

LP(Td;8pr)

Lr(T4;8P)

and

_Jmax{ll(fllLres)s 1N Lres)}t if 2 < p < o0,
IS llLres) = 1. :
infy o= 1O Lres) + 1@ ey 0 < p <2,

The above definition is justified by the following noncommutative Khintchine inequality:
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Lemma 2.1 [Lust-Piquard 1986; Lust-Piquard and Pisier 1991]. Let (gx) be a sequence of independent
Rademacher random variables. Then, for 1 < p < oo,

&k ® fi &k ® fi
2. 2.
k k

The optimal constant 8, is no greater than V3 forl<p<2andis 1 for p > 2 (see [Haagerup and
Musat 2007]); e, is 1 for 1 < p <2 and is of order ,/p as p — oc. Inequality (2-4) was pushed further

o, E, < (fllLres) < BpEe (2-4)

Lr(T4;8P)

LP(T4;57)

to the case where 0 < p < 1 (see [Pisier and Ricard 2017]).
We will need the following noncommutative Littlewood—Paley theorem on Z¢.

Lemma 2.2. There is a constant Cy4 > 0 that depends only on d such that

2

14
1CS; /) j=ollLre,) < Cdp —

2

p—1

||f||L1’('[I'd;S1’)v (2-5)

I fllzrcra.sry < Ca ISk, f)jzollLrie,) (2-6)

forall f e LP(T%; SP)and 1 < p < oc.

Proof. This lemma is well known. We explain here that the dependence of the constants on p is in the
order of p*/(p —1). Given g; = +1,let M. =3
Hormander—Mikhlin multiplier, which in particular is a Calder6n—Zygmund operator. So it is bounded

€;S;. Our choice of S;’s makes M, a so-called

from the classical Hardy space H' to L'. Moreover, it is from H' to H' since it commutes with the
classical Hilbert transform. By [Mei 2007, Theorem 6.4], it extends to a bounded operator on the
semicommutative BMO space BMO, (L>®(T%) @ B(£*(Z%))). Inequality (2-5) then follows from the
interpolation result [Mei 2007, Theorem 6.2] and the Khintchine inequality (2-4). Inequality (2-6) follows
from (2-5) by duality because of the identity (f, g) = >_;(Sg, f, Sk;8) = >_;(S; f. Sk;8). O

Lemma 2.3. Suppose R; is a family of boxes with sides parallel to the axes in RZ Then there is a constant
Cy4 > O that depends only on d such that, for all 1 < p < o0 and for all families of measurable functions f;

} d }
H (Z |SRj(f,->|2) < cd< ) (Z |ij2>
F Lr(Td;SP) p ;

Proof. Assume d =1 and R; = [aj, b;]. Let T, to be the operator that sends f(-) to f(- Ye!2ai () Let
P, be the analytic projection. Then

on R4 we have

2
P
— 2-7)

LP(T4;8P)

Sk, = Tuy Py T, — Ty, P+ T p,.

Note that 7, f; >=|f | |> and we obtain the inequality for d = 1 by the boundedness of P.. The case
d > 1 holds due to Fubini’s theorem. (Il

Lemma 2.4. For sequences (a,), (c¢,) € B(H), we have

ES *
E a,cp E a,ay
n n

2
=

(Z c:;cn> : (2-8)
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Proof. Given any v € S%, we have by the Cauchy—Schwarz inequality that

2 2
tr(v* Za:cn v) :tr( Za;“cnv > < Za;“an tr[v*(Zchn> :|
n n n n

Since v is arbitrary, we obtain (2-8). U

3. Proof of Theorem 1.1
For z € T¢ given, let 1, be the *~homomorphism on B(£*(Z%)) defined as
I1.(A) = U. AU},
with U, the unitary sending e; to z¥e;. It is easy to see that IT, has the presentation
M, : A= (a ;) —> (ar,;z7), (3-1)

with k, j € 7% TI, defines an isometric isomorphism on B?(Z%)) and S?(£*(Z%)) forall 1 < p < 0o
because all these norms are unitary invariant. Considering z as a variable on T¢, define IT : B(¢*(Z%)) —
L>®(T4) @ B(*(Z4)) as

I1(A)(z) =TI (A). (3-2)

Then IT is an isometric isomorphism from B(¢%(Z4)) to L>®(T%) ® B(£*(Z%)) and from S? (¢2(Z%)) to
LP(T%; 8P (£%2(2%))) forall 1 < p < oo.
Given a symbol m = (m(i, j)); jeze and A = (a; j); jezd € SP(*(Z?)), set

M;(n) = Z m(s,s —n)ess, M.(n)= Z m(s+n,s) e,

sezd sezd
A(n) = E As,s—n€s,s—n = E As4n,s€s+n,s
sezd sezd

for n € 7¢. Here es,; denotes the operator on 02(Z%) sending e, to e;. Then M;(n), M,(n) € B(£>(Z%))
with norm bounded by C, A(n) € S?(£>(Z%)) for all n € Z¢, and

(3-3)

M(A)R) =Y A", Mu(A) =) Min)A@n) =) A)M,(n)

Here M;(n)A(n) and A(n)M, (n) denote the products of operators in B(£%(7%)). Let f=T11(A),1ie.,
f@=Y_ Am7". (3-4)
nezd

Denote by IT(S?) the image of II, i.e., the subspace of L p(TTd; S?) consisting of all f in the form of
(3-4). Define the operator-valued Fourier multiplier Ty, on I1(S?) as

Tuf(2)= ) Mi(n)An)Z". (3-5)

nezd
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Note that M;(n)A(n) = A(n)M,(n) for all n € Z¢; we can represent Ty as a multiplier from the right:

Tuf@ =) AWM ()" (3-6)

nezd

Ty is defined so that the following identity holds:
Ty f =T1(Mp(A)).
Since IT is a trace preserving *x-homomorphism, we have
IAlsy = fllLrcresey,  IMmAllse = 1Ty (Nl L cre;sv)- (3-7)

In order to prove M,,’s boundedness on S, we only need to prove that Tj, is bounded on IT(S?7), i.e.,
the subspace of L ,,(Td ; SP) consisting all f in the form of (3-4). By Lemma 2.2 and the transference
relation (3-7), it is sufficient to show the inequality

1 d 1
2 ]72 2

H (Z |SEj<TMf>|2) o= cd(p 1) (Z |ij|2> ) (3-8)

=0 L, (T4;57) - =0 L, (T4;57)
and its adjoint form
> P\ >
‘ (Z |<SEj<TMf>>*|2> < cd( 1) (Z |(ij)*|2> (3-9)
=0 L,(T4;57) p—= =0 L,(T4;57)

for p > 2. By duality, we will obtain M,,’s boundedness on S” for 1 < p < 2 as well.
We will use (3-5) as the presentation of T); to prove (3-8) and will use the presentation (3-6) to prove
(3-9). Note that E; is symmetric so (SEj(TMf))* = SE_/.(TMf)* and

*
(Tu f)* = (Z A(n)Mr(n)z”> = D (M (=) (A(=n))"Z".
nezd nezd
So, both Sk, (Ty f) and (Sg, (T f ))* have the multiplier symbols on the left. This allows us to write
the corresponding squares in the forms with M, or M; sitting in the middle for both § EJ.(TM f) and
(Sg; (T f))* and avoid the usual trouble caused by the noncommutativity of the operator products. After
noting these facts, the argument for the case d = 1 is rather standard, which we record below.

Proof of Theorem 1.1. We now set d = 1. By the notation in (3-3), the conditions (1-4) and (1-5) are
equivalent to

sup
j=0

ZIMI(H-H)—MI(”)IH <C, swp
%) Jj=0

> |M,<n+1>—Mr<n>|‘

l’lGE_/

<C, (3-10)
o0

nEEj
where E; is defined as in (2-3). Following the definition (2-2), we define S, 5) as
Sang@= Y §mz" (3-11)

a<n<b

for g(z2) =),z 8(m)2" € LP(T; 7). We will deliberately extend the use of this notation and set

S8 =—Sw,a)8
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when a > b. For j € N, write Ej | = (=27, —=2/71], Ejo=1[2/"1,2/). Let 2’ = —2/,2) = 2/ and

AM;(n) = {

M;(n) — M;(n—1),
M;(n+1)—M;(n),

n<0, (3-12)
n>0.

By applying summation by parts and the presentation of Ty, f in (3-5) and (3-6), we obtain

Sg,(Tu f) = Z Sg; (Tu f) = Z (Ml(zgj_l))(SEj,i f+ Z AMI(”)(S(n,zf-"))f))

i=1,2 i=1,2

(3-13)

nEE_,",'

=) ((SE].,,.f>Mr<2§f‘”>+ > (S(n’zlgn)f)AMr(n)) (3-14)

i=1,2

}’lEEjv,'

with AM, (n) defined similarly. We will use the presentation (3-13) to prove (3-8) and will use (3-14) to
prove (3-9). The arguments are similar. So we will only give the argument for (3-8). We will ignore the

term j = 0 in (3-8) because || Sg,(Tm )l Lrr.sr) < CIl fllLr(T:s7)-
Note AM;(n) is a diagonal operator; we can write AM;(n) = a,'b,, with a,, b, diagonal operators and
lan|? = |b,)?> = |AM;(n)|. Then by Lemma 2.4, we have, fori = 1, 2,

2
Y AM()S, 0, f| <

neEj,,-

=C

Thus,

> AM(S, 0, f

nEijl'

2)%

{o2

jeN

By Lemma 2.3, we get

o3

jeN

D AM)S, o f

}’lEE_/'Y,‘

1
2)2

<G

LP(T;SP)

p2

p—1

<G

> 1AM

}’lEEjvl'

(Z |S(n,25j>)<bnsjf>|2>.

LP(T;SP)

: (Z 3 |<bnsjf>|2)2

( Z |b"S(n,2§j))f|2>

'OO nEEj','

(3-15)
neEj_,-

(3-16)

l’lGE_]'J'

1
<(C2

(Z > |S(,,,2;j))<bnsjf)|2)2

jGN neEj,,-

LP(T;SP)

jGN nEEjV; LP(T;S”)

(Z(S,-f)*( > |bn|2>sjf)é

jeN nek;;

LP(T;SP)

(g

(Z(Sm*( > |AMz(n)|)ij)é

jeN nEEj.l‘

LP(T;SP)

(3-17)

ieN LP(T;SP)
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Hence, by (3-13), (3-17), and Lemma 2.3

‘ (Z |SE_,,,(TMf)|2)2

jeN LP(T;SP)
1 ’ 1
i1 2 p 2
< ‘(Zma? >><SE,«_l.f)|2) v (Zwﬁ)
jeN Lr(T:s7y P e LP(T;SP)
2 : P’ 2 :
< ‘C<Z|(SE,.,,.f>|> +C——C) (Z|S,-f|)
jeN lLl)(‘[;SP) P — jeN f}z(‘[r;sp)
2\’ P’ 2\’
= (D 1SE, 8 ) +C——=Col( D15, /]
jeN Le(Tisp) P e LP(T;SP)
2 1
p 2
<c H (Zlij|2>
p—1 LP(T;SP)

jeN
for i =1, 2. Therefore we finish the proof of (3-8). The arguments for the adjoint version of (3-9) are
similar. We then complete the proof of Theorem 1.1. ]

Corollary 3.1 [Conde-Alonso et al. 2023, Corollary 3.5]. The following Mikhlin conditions imply the
boundedness of M, on S? forall 1 < p < oo:

mis. 540 = m(s.s +k+ D] < 12 (3-18)
m(s+k. s)—m(s+k-+1,5)] 5|i—|. (3-19)
Proof. 1t is clear that the Mikhlin conditions (3-18), (3-19) imply the Marcinkiewicz-type conditions
(1-4), (1-5). O

4. The cased > 1

In this part, we generalize Theorem 1.1 to the d-dimensional case. Before we proceed to the main
statement of the theorem, we need to borrow some notation from the calculus of finite differences.

Definition 4.1. Leto : 7Y - Cand j = (ji, ..., jg) € Z% Let {e j};?zl be standard basis of Z¢, i.e., the
Jj-th entry of ¢; is 1 and all other entries are 0 for j =1, ..., d. We define the forward partial difference
operators A;; by
Ajo(t):=o(t+e;)—o(1), “4-1)
and for o € {0, 1}¢, define
A= AL AT
Fora=(1,...,1) € {0, l}d, we simplify the notation AY as A;. Readers can find more information

on the calculus of finite differences in Chapter 3 of [Ruzhansky and Turunen 2010].

4.1. The case d = 2. Recall that we have the partition 72 = | J j=0 Ej with E; defined as
£ {{(0, 0)}, Jj=0,

P = . . 4-2
! {(n1,m) € Z2: 277 < |(n1, np) |0 <27}, j=>1. (4-2)
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Theorem 4.2. Given m = (my ;) ;c72 € B(£*(Z?)), suppose m satisfies:
(1) sup; ,ez2 Ims¢| < Cy.

(i) Foranyk €N, s € 72 there are constants Co, Cs such that

( Yoo Amesl+ Y |A,2ms,s+t|)<cz, (4-3)

t=(t1,£2k)eE; t=(F2k"1 1)eE;
D 1Ay < Cs, (4-4)

t=(t1,h)€E}

and

( S Amesl+ Y |A,2ms+,,s|)<cz, (4-5)

l‘=(t|,:|:2k71)EEk t:(:l:zk’l,l‘z)EEk
Y 1Ayl < Ca. (4-6)

t=(t1,h)EEy}

Then M, is a bounded Schur multiplier on SP (€>(Z?)) for p € (1, 00) with an upper bound < (p?/(p—1)*
Here Cy, Cy and Cs are positive absolute constants.

Now we come to the proof of Theorem 4.2. As explained at the beginning of Section 3, we only need
to prove (3-8) and its adjoint version. Recall that Sg; is the partial sum projection on L” (T2; §P(Z?%))
given by Sg, f(z) = ZHGE‘/_ f(n)z", where z € T2

Applying the definition of M; (3-3), we see that (4-3) and (4-4) imply

> |AmM1(n)|H +H > |AnzMz(n)|H <C, (4-7)

n:(n1,i2f*1)€E,- n:(iszl,nz)eE,-

> |Aan<n)|H <Cs. (4-8)

n=(n,n2)€k;

To prove (3-8), we will cut E; into four rectangles E x, k=1, ...,4, for j > 1. Let I, =[2/"1,2/)nZ,
J; =[-2/"1,2/)NZ, and set

EjJ:JjX]', Ej’zz(—lj)XJ',

Ej’3=Ij X(—Jj), Ej’4:(—Jj)X(—Ij).
Thus, we have

4
SE; Tm f = Z Se; . Tu f. (4-9)
To prove (3-8), it is sufficient to prove

i=1
00 % 2 00 %
H (Z |SE,,,-TMf|2> < c/( ) (Z |ij|2>
j=0 LP(T%:57) P /=0

for p>2,i=1,2,3,4. The arguments for i =1, 2, 3, 4 are similar. We will give the argument for i = 1

2
P 1 (4-10)

LP(T%;8P)

only. By the fundamental theorem of calculus,
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Se; Tuf = M;(—2771, 2j_1)SEj,1f+ Z Ap Mi(ny, 2j_1)5(n1,21)x1jf

n|€J.,~
+ Z Anle(—Zj_l,flz)Sij(nz,z.f)f—i‘ Z ApMi(n1,n2) S, 25y x (n2,20) S
n€E; n=(ny,n)€E;
_ . pl 2 3 4

By the operator inequality | > }_; ax |2 <n Y 7_; lax|* we have
g, Tu fI> =P} + P} + P} + P}I> <4(1P/ P +|P}* +| P} +P}"). (4-12)
For part P!, by assumption (i) of Theorem 4.2, we have

|/ =M (=271, 277N Sg, fIP < CTISE,, fI* = CTISE,, S; f 1™ (4-13)
By Lemma 2.3,

2 2 \2 2
(Z ) c( 2 (S ssr)
= LP(T2;SP (7)) p =0

For part P2, we follow the arguments similar to (3-16) and (3-17) in the one-dimensional case and write
A, Mi(ny, 271y = ab,, with |a,|? = |by)? = | Ay, M (11, 277 1)|. Letting R, ; = (n1,27) x I;, we have

(4-14)

LP(T%8P(Z%))

2
|P]-2|2: ZAnlMl(nlv2]_1)S("1’2j)><1jf =

n1€Jj

meMz(nl,zf—lnH (Z ISR, ; (bnsjf)|2). (4-15)

n|€J.,~ nler

Thus, by (4-15), (4-7) and Lemma 2.3 and following the arguments similar to the case d = 1, we get

202 : P2 : ) :
H (ZIPﬂ) 502( 1) (me) (4-16)
j=0 LP(T2;SP(Z2)) p— >0 LP(T2;8P)
Similarly, we have
1 2 1
2 p2 3
H(Z'Pﬂz) SCz( _1) (ZlijF) : 4-17)
j=0 LP(T2;8P) p =0 LP(T2;5P)
Now we come to the estimate of part Pf’. Define R, ; = (n1, 27) x (no, 27). Similarly,
7 | 1
2 1
()], =S X snsiammise)
=0 Lr (1287 =0 n=(ny.m)ek;, LP(T2;5P)
1 p2 2 1.0 %
SC§< _1) ’(Z > ISlean(n)IZfl)
p j=0n=(ny,n2)€kE; LP(T?;SP)
p2 2 %
< C3( ) <Z Iijlz) : (4-18)
p—1 LP(T%;57)

Jj=0
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Therefore, by (4-9), (4-11) and (4-15)-(4-18), we have

00 % 2 00 %
H (Z |SE,.,1TMf|2> < c’( ) (Z |sjf|2)
=0 LP(T2;57) p =0

Thus, (4-10) is proved. Hence, we finish the proof of Theorem 4.2.

2
pl (4-19)

Lr(T?;8P)

4.2. Higher-dimensional case. We need some additional notation to deal with the case d > 2. Borrowing
the notation from [Hytonen et al. 2016], we denote by Z* the space

7% :={(n))i:a;=1 : ni €7}
fora €{0,1}%. Foranyn € Z? and E = I} x --- x I; € 7 let
Ng = (i)ia=1 €2% Eq:= [] L €2
iZOl[:l

be their natural projections onto Z%. In particular, we will use the splittings n = (ny, n1_o) € Z% x Z1~¢
and £E = E, X E1_y, where 1 =(1,...,1). Suppose s, € 79 and we abbreviate the interval notation
[s,t)NZ% as [s, 1).

Similarly, denote by J¢ the partition 3¢ := {E j1Jj =0} of 7% where

Ej:{{(O,...,O)}, j=0,

. . 4-20
(1, ..ong) €227 < |(ny, ... na)leo <27}, J 2 1 (420

Each E; can be further decomposed into 2424 — 1) subsets and each of the subsets can be obtained
by translation of the cube F; = [2/71,2/) x ... x [2/7!,2/). Following similar procedures to those in
the two-dimensional case and using the discrete fundamental theorem formula,

Xen@m@) = xin Y Y Amlsig, ke)
ae{0,1}9 ky€[s,n)q

= > D Kiknuxls.one (A M(s1—a, ko), (4-21)

ae{0,1}4 ko €[s,1)q

we can obtain the following theorem. The details are left to the interested reader.
Theorem 4.3. Given m = (my ;) ;74 € B*(Z%)). Suppose m satisfies that, for some C > 0:
@1) Sup; sezd Ims | < C.

@i1) ForanyneN, s €7 aef{0, 1} « #£0, and any rmezd satisfying |rl.(")| =2"_1f0ralli =1,...,d,

Z |A?‘ms,s+t| <C, Z |A;Xms+tﬂs| < C. (4-22)

t=(ta,r{'i)a)€En tz(tasrin,)a)EEn

Then M, extends to a bounded Schur multiplier on SP (£*(Z%)) for p € (1, 00) with an upper bound
Cq(p?/(p — 1)?*2. Here C, is a constant dependent only on the dimension d.
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Note that we cannot hope for an analogue of Theorem 4.3 with E, defined by the ¢2-metric instead of
the £°° metric because the ball-type Fourier multipliers are not uniformly bounded on L”(T%) for any
d > 1. Doust and Gillespie [2005, Theorem 6.2] gave an example of ball-type Schur multipliers for the
case d = 1. Their argument does not seem to extend to the case d > 1.

Example 4.4 (ball Schur multipliers). Let X¢ = {(0,0)} C 74 x 7% Fori e N, let
Xi={tk, ) ez x2*: 27" < |k, 2 <2').
Letmy =Y, &1x,, with |&;| < 1. Then |A%m| < 2%, Note that
|k, D2 = |kla+1jl2 = k= jla+1jl2 = |k — jloo + 1jloo = |k — jloo + koo
We can find a constant K; which only depends on d such that the set
{(so,s0+1):t € Ex}U{(so+1t,50):t€E,}

intersects with at most K; many X;’s for any fixed sp. Since |, <i<n Xi is convex for all n, we conclude
that there are at most 2¢ K, many nonzero terms in the two summations in (4-22), and the summations
are bounded by 29K ;. So (4-22) is satisfied and M,, = > ; € Px, is bounded on S? for any 1 < p < oc.

4.3. The case of continuous indices. We explain in this section that Theorems 1.1 and 4.3 extend to
the continuous case by approximation. Let S”(R“) be the space of Schatten p-class operators acting on
the Hilbert space L%(R%). We identify S2(R?) as L*(R4 x R?), so for A € S2(R?) we can talk about its
pointwise value a; ;. For m € L (R? x R?), we consider the Schur-multiplier-type map

M, (A) = (m(s, t)as,t)s,teR"-

Motivated by the work of [Lafforgue and de la Salle 2011; Conde-Alonso et al. 2023], we wish to
find sufficient conditions on m so that M,, extends to a bounded map with respect to the S”-norm for
1< p<oo.

Theorem 4.5. For p € (1, 00), consider the Schur multiplier M,, on S?(R) with symbol m(-,-) in
L®(R?) whose partial derivatives are continuous on (=271, —27yu (27,27 + forall j € Z. Suppose
there exists an absolute constant C such that, forall j € Zand x,y € R,

—2J 2J+1
[ oG emides [ o+l <c (4-23)
_Dij+l 27
—0J 2J+1
/ |82m(x,x+t)|dt+/ |Oom(x, x +1)|dt <C. (4-24)
_2j+l 2J

Then, the Schur multiplier M,, extends to a bounded map on SP (R) with ||[M,,| < C max{p>, 1/(p — 1)3}.

Proof. Let Dy be the o-algebra generated by dyadic cubes

s s+1 t t+1
Oks.t = (?1 7j| X (?’ 7], s, te”.
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Then (Dy)2, is the usual dyadic filtration for R2. Given m € L*®(R?), let my, = E(m) be the conditional
expectation of m with respect to the o-algebra D;. That is to say

my(x) = Z L[/ m(y) dy]XQ(x) for all x € R
0Dy 101 LJo
Let L2(R, Dy) be the L? space of all Di-measurable functions. Let i (s, t) = m(s/Zk, t/2k) fors,teZ.
Note that S?(L2(R, Dy)) is isometrically isomorphic to S” (£%(Z)). We see that M;;, extends to a bounded
Schur multiplier on S§? (¢%2(Z)) with the same norm if M,,, extends to a bounded Schur multiplier on
SP(L*(R, Dy)) and vice versa. By Lemma 1.11 of [Lafforgue and de la Salle 2011],

[ Mo || = limys o0 [| Moy || = limy— oo || Mz, ||

So, we need to show that M;;, satisfies conditions (1-4), (1-5). First, we verify condition (1-5). For
each j e Nand s € Z,

2/-2
Z|mk(s’s+2j+£+1)—mk(s,s+2j+€)|
£=0 |
2/ -2 H—I 2I+g+1 ot daet
22k 1 dxd ok ok Iy ed
Z 2yt yoytxdop)axdy=1 |, (v, y+x)dxdy
2k ok
o 2/ -2 H—I 2J 4041 vt k
=2 Z/ ﬁfﬁ / 32M(y,t)dtdxdy‘
+1 2+/+1

)+x—|—
/ / M (y, )] dt dx dy
2!+£

)

<% Z /
s+1 J

ok 2 + y+x+-¢ k
Zk/ /zf / [82(M)](y, 1)| dt dx dy

s+1 2it+ 2J+
2k Zk +zk
=2 Ly Y X(xx+2Lk)(f)|[32(M)](y,t)|dtdxdy
2k
s+1 2/+1 2j+1_
2k 21‘ 2k
_1 () dx|[02(M)](y, 1)l dt dy
+2/ 2J ok
Y 2k 2k
s+l o/t 2j+1
k 2k )+2 2k
52/ f,- |32M<y,f>ldtdy<sup/, [82(M))(y, y +1)| dt < A. (4-25)
o y+§? yeR ik

The last inequality follows from the assumption in (4-24). So, condition (1-5) is verified. Applying the
same argument, we utilize the assumption in (4-23) to prove condition (1-4). Therefore, by Theorem 1.1,
| My || = Timy o0 | M, | < C max{p®, 1/(p —1)*}. u

Similarly, Theorem 4.3 and Example 4.4 have analogues in the continuous case as well.
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Theorem 4.6. Define E; = {t € R : 2/7! <|t|oo <2/} for j € Z. For p € (1, 00), consider the Schur
multiplier m € L™ (R*?) whose partial derivatives are continuous up to the boundary of Ey for all k € Z.
Assume there exists a constant C such that

/ _ [0%m(s, s +1)|dty, <C, (4-26)

(ta.r\” )EE;

/ . 10%m(s +1,5)|dty <C (4-27)
(ta.r\” )EE;

forany j €Z, s € R and any r') € R? with |ri(j)| =2/"Yforall 1 <i <d. Then, the Schur multiplier M,,
extends to a bounded operator on SP(RY) for all 1 < p < oo with |M,,| < Cgmax{p9t?, 1/(p — 1)4+2}.
Here t, is defined as in Section 4.2.

Remark 4.7. The Schur multipliers in all theorems of this article are also completely bounded on S? for
1 < p < o0; the arguments are exactly the same.

5. Discussions

5.1. Counterexamples.

(1) We show in the following that (1-4) alone is not sufficient for the boundedness of M,,.

Choose a large K € N. Let m(s, t) = exp(i2mkj/K) if s = 2%, t =2/ for some j, k € N satisfying
1<j<k=<K,and m(s,t) =0 for other s, € N. Let m(k, j) = exp(i2nkj/K)if 1 < j <k <K, and
m(k, j) =0 for other k, j € N. Let U be the partial isometry on £,(N) sending e; to e,«. Then, we have
My (A) =U*M,,,(UAU*)U for any A € SP(£,(N)) and | M| < | M.

Note that, for any N, j given, there exists at most one k (actually k = N) satisfying k > j and

N1 <2k =2/ <2V,
Using the fact that |m(s, t)| < 1, for any N, ¢, we get

DO m@tr+1Ln—mi+r 0 <2,
2N=T<|r|<2N
because there are at most two nonzero terms in the sum above. This means (m(s, 1)) ; satisfies the row
condition (1-4). On the other hand, if s =2V, then |m(s, t) —m(s, t + 1)| does not vanish if # or # + 1 has
the form of 2/, j=1,..., N —1, by the definition of m(s, t). Hence we have

S mGt+D—m@.0l= D Im(s.t+1) —m(s, )] =2(N 1),
2N=l<|p—g|<2N IN=l<g_t<2N
which shows that (m (s, t));,, fails the column condition (1-5).

Let A be the K x K matrix (exp(—i2mkj/K))1<k, j<k- Then A has S? norm K'/2t1/P. M, (A) is the
lower triangular matrix with all nonzero coefficients being 1 which has S” norm ~ K for any given p,
1 < p < oo. This shows that K '/2~1/p < |IMj |l < || My || We then conclude that (1-4) alone is not sufficient
for the boundedness of M,,. By symmetry, (1-5) alone is not sufficient for the boundedness of M,, either.
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(2) A smooth version of the example above implies that neither the assumption (3-18) nor the assumption
(3-19) is removable in Corollary 3.1. Indeed, fix a large K > 0, let

127 1 1 t
(s, 1) = exp(w>
K
forl <s<t<2K s,reN,
K+1 _
mi(s,t) = T exp(i2m log, )

for1 <s<t, 2K <t <2K+1 5 r e Nand m;(s, t) = 0 otherwise. Then m, satisfies (3-18) because

a 27 1 log, ¢ 1 1
exp(l 7 log, s log, ) -

_ < _
ot K ~t T t—s

whenever s < ¢ < 2X. Assuming the sufficiency of (3-18) would imply the uniform boundedness of M,), .
for all 1 < p < oo, which is wrong because M,,(A) = M,,,(VAV) for A € SP(¢%2(N)) and m, V defined
above. We conclude that neither the assumption (3-18) nor the assumption (3-19) is removable.

(3) Let
Fy:={(s,1) e NxN: 2Vt < |5 —¢| <2V}

for N,t e N. Let On ; be the projection from S2(¢,(N)) onto the span of {e;;: (s, ) € Fy}. One may
wonder whether Corollary 1.2 can be improved so that the Schur multiplier S, = ) N.reN e(N,t)On;
is bounded for any sequence |¢(N,t)| < 1. This is impossible as well.> To see this, let (N, t) =
exp(i2n Nj/K) if t =2/ for some j e Nand j < N < K. Let ¢(N, t) = 0 otherwise. Let V be the
projection on £2(N) such that V(e;) = ¢; if i = 2F for some k € N, and V (¢;) = 0 otherwise. Then, for
M,, defined in the first example and A € S (¢>(N)), we have

M, (A) =S (VAV).
Therefore, K/2-1/p SSell

5.2. Operator-valued symbol. The Schatten p class has a natural operator space structure inherited from
the operator space complex interpolation S” = (S°°, §'), /p» 1 < p <oo. Pisier [1998, Lemma 1.7] proved
that, with respect to S”’s natural operator space structure, a map M on S”(£?) is completely bounded if
and only if M ® idsr(y) is bounded on S?(S?) = S? (¢*® H) for any separable Hilbert space H. We will
explain an operator-valued version of Theorem 1.1 which particularly implies the complete boundedness
of the Schur multipliers considered in Theorem 1.1. We will assume the readers are familiar with the
terminology of operator spaces in this subsection.

We will consider A € S2(¢2(Z) ® H) with H a separable Hilbert space. We present A in its matrix form
(ai,j)i, jez With a; j € S?(H). More precisely, denote by e; the canonical basis of £,, let e;; be the rank-1
operator on 02 sending e; to e;. Denote by tr (resp. 7) the canonical trace on B(¢*(Z)) (resp. B(H)). We set

a j= (tr ®id)(A(€j’l‘ ®idgy)).

2We can get the same conclusion for sequences e, = =1 by choosing Hadamard orthogonal matrices instead of the matrices
(exp((—i2mkj)/K) 1<k, j<K -
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Let M be a finite von Neumann algebra with a normal faithful tracial state . Given an M-valued
bounded function m on Z x Z and A € S2(¢*(Z) ® H) in its matrix form (ai,j)i,jez, we define M,,(A) as
the matrix

My (A)=(m;; ®a ;)i (5-D
We will show that an analogue of Theorem 1.1 holds, that is, there exists C), ~ (p*/(p — 1))? for
1 < p < oo such that
M (Al Lr meB2@yon) < CpllAllsr2em)
for all A € S>N SP. By the density of S>N SP, M,, extends to a bounded operator from S? (¢2(Z) ® H)
to LP(M ® B({*(Z) ® H)) when m satisfies Marcinkiewicz-type conditions. When M = C, this implies

the complete boundedness of M,, in Theorem 1.1 by Pisier’s result. We will need Pisier’s Lo (£1) norm
to express this Marcinkiewicz-type condition.

Definition 5.1 (Pisier’s L°°(£{) norm). Given N-tuples (x,...,xy) in M, set

Izt = inf{ H (Z aja;’-‘)z H : ‘ (Z b}%)z H } (5-2)

where the infimum runs over all possible factorizations x; = a;b;, witha;, b; € M.

When x; > 0, we have ||x|[zoc(arie)) = || >k lxl H but the two quantities are not comparable in general.
Pisier showed that ||x ||z (a1;¢,) < 00 if and only if there is a decomposition x; = xx,1 — Xk, 2 +iXk,3 —iXk 4
such that x4 , > 0 and ||(xk’g)k||L00(M;gl) <ooforallt=1,2,3,4.

Given M,, defined as in (5-1), let

Asm(s,t) =m(s+1,t) —m(s,t), Am(s,t)=m(s,t+1)—m(s,1)
fors,teZ.

Theorem 5.2. M,, defined as in (5-1) extends to a bounded map from Schatten p-classes SP(£> @ H)
to LP(M® B(t*(Z) ® H)) for all 1 < p < oo with bounds < (pz/(p —-1))3 if m is bounded in M and
there is a constant C such that,

(i) foranyneN, t € Z,

|(Asm(s +1, 1)1 <5 <20 [ Lo (Mmiey) < Cs (5-3)
(i) foranyn eN, s € Z,

[(Am(s, s+ 1))2n-1 <)) <20 Lo (M) < C. (5-4)

Sketch of proof. Define m(s,t) = m(s,t) ® ly,on and ds; = 1y ® ag ;. Then m(s, t) commutes with
ay p forany s, t,s',t' € Z. Let

M)y =Y (s, s — ) ®esss  Mp(j) =) iii(s+j,9) Deys,

seZ seZ

A(j)= Z&s,sfj ®es,s7j = Z&H}',s ®es+j,Sv
seZ seZ

(5-5)
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with ey ; the canonical basis of S2(£,(Z)). Let f(z) = ZjEZ A(j)zj and

Taf@ =Y M)A . (5-6)
jez
We still have
T f@) =Y AG)M,(j)z’ (5-7)
JjeZ

and the identities
I flLrcme B2 @) = 1Allsr@0m),

T3 f | Lrme B2 @) = M (A)llse@,0H)-

Moreover, the conditions (5-3) and (5-4) imply that

1AM (j)on-1< i<l e Mme B2 @) ), 1ArM(G)an-1 <1<l Lo meB2@)),00) < C
for
AM(j) =M (j+ 1) — Mi(j),  AM(j) =M, (j+1) — M,(j).

After these, it is not hard to check that the arguments for the proof of Theorem 1.1 work as well for the
tensor case. ]

Corollary 5.3. The Schur multipliers considered in Theorem 1.1 are completely bounded on the Schatten
classes SP, 1 < p < oo, with bounds < (p*/(p — 1)) with respect to their natural operator space
structure.

Remark 5.4. The optimal constant for the L? bounds of the classical Marcinkiewicz Fourier multipliers
is p*/? as p — oo [Tao and Wright 2001]. It is unclear what is the optimal asymptotic order for the
S?-bounds of the Schur multipliers in Theorem 1.1.

Open Question. Assume m is a bounded map on Z x Z such that

> Imik, j) —mk, jey)* < €

N

for all possible increasing sequences js; € Z. Does M,, extend to a bounded map on S” forall 1 < p < 00?

Remark 5.5. The authors heard this question from Potapov and Sukochev. They told the authors that it
stems from the work of Birman and Solomyak on double operator integrals. The third author noticed
Theorem 1.1 during his effort of attacking this question.
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DOUBLE DUALS AND HILBERT MODULES

HUAXIN LIN

Let A be a C*-algebra, H be a Hilbert A-module and K (H) be the closure of the set of finite-rank module
maps. We show that the W*-algebra of all bounded A**-module maps on the smallest self-dual Hilbert
A**-module containing H is isomorphic to K (H)** as W*-algebras. We also show that the unit ball of H
is closed in H¥, the dual of H in an A-weak topology of H*, and the unit ball of H is also dense in
the unit ball of H* in a weak™* topology. Some versions of the Kaplansky density theorem for Hilbert
C*-modules are also presented.

1. Introduction

Hilbert C*-modules as a generalization of Hilbert spaces were first introduced by 1. Kaplansky [1953] in
special cases and later by W. Paschke [1973] for general C*-algebras. Hilbert C*-modules are crucial
to Kasparov’s formulation of KK -theory [1980]. Early applications also include C*-algebraic quantum
group theory; see [Baaj and Skandalis 1993]. Later, in the study of Cuntz semigroups in connection with
the classification of amenable C*-algebras, Hilbert C*-modules play an important role; see, for example,
[Brown and Ciuperca 2009; Brown and Lin 2025; Coward et al. 2008; Ortega et al. 2011].

Let A be a C*-algebra. Unlike Hilbert spaces, bounded module maps on a Hilbert A-module H may
not have adjoints and the dual module H?, i.e., the Banach A-module of all bounded module maps from H
to A, may not be identified as elements in H. Moreover, the C*-algebra L(H) of all bounded module
maps with adjoints may not be a W*-algebra. If Hy C H is a Hilbert A-submodule, a bounded module
map ¢ : Hy — A may not be extended to a bounded module map from H to A. In general, one should not
expect that H can be decomposed into an orthogonal direct sum of Hy and its orthogonal complement. In
fact, Hy may not even have an orthogonal complement. Study of these phenomena may be found, for
example, in [Lin 1991a; 1992] and more recently in [Brown and Lin 2025].

However, Paschke [1973] found that, if A is a W*-algebra, then the dual module H f of a Hilbert
A-module H can be made into a Hilbert A-module in a natural way which extends H, and H* is a
self-dual Hilbert A-module. Even if A is not a W*-algebra, one can extend H into an A**-module
H o A** naturally. Then its dual H™ := (H « A**)" becomes a self-dual Hilbert A**-module containing H.
In fact, H™ is the smallest self-dual Hilbert A**-module containing H as a Hilbert A-submodule; see
Proposition 3.2. Paschke showed that the Banach algebra of all bounded module maps on H™ becomes a
W*-algebra.
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For a Hilbert A-module H, the rank-1 module maps are the module maps 7" of the form 7 (k) = x(y, h)
for all h € H (and fixed x, y € H, where (-, - ) is the A-valued inner product). Denote by F'(H) the linear
span of rank-1 module maps and denote by K (H) the norm closure of F(H). K(H) is a C*-algebra and
an important algebra related to the Hilbert module H. It was proved by Kasparov [1980, Theorem 1]
that the C*-algebra L(H) may be identified with M (K (H)), the multiplier algebra of K (H), and it was
proved in [Lin 1991a] that the Banach algebra of all bounded module maps on H is identified with the
left multipliers of K (H). (All Hilbert A-modules considered in this paper are right A-modules.) Over the
decades, we eventually realized that it is rather convenient to work in B(H ™) in many occasions as we
study module maps on a Hilbert module H. It is not difficult to establish a natural normal homomorphism
V. K(H)*™ — B(H™) which extends beyond M (K (H)) and LM (K (H)). It remained unknown for
many years whether W is an isomorphism. The original motivation of this paper is to show that indeed W
is an isomorphism between W*-algebras K (H)** and B(H™).

As we study the relation among Hilbert modules H, H ¢ A** and H™, naturally we ask: how dense
is H in H e A* and in H~? Since H™~ = (H « A**)*, the dual of H « A**, one may also ask about the
density of H in H* in general.

We first note that it was shown (Theorem 6.1 of [Brown and Lin 2025]) that H is dense in H* in an
A-weak topology. More precisely, for any £ € H?, there is a net {x,} in H with ||x,|| < ||£]| for all « such
that lim,, ||€(x) — (x4, x)|| = O for all x € H. However, we show here that the unit ball of H is closed
in H" in the topology where x, — & if and only if limy ||[(§ — x4, ¢)|| =0forall ¢ € H®, and where the
inner product is extended to H™.

On the other hand, it is easy to see that, for any & € H ¢ A™, there is a net {x;} in H such that
lim;, 7wy ((x5, y)(v) = my ((&, y))(v) for all y € H « A* and v € Hy, where Hy is the Hilbert space
corresponding to the universal representation wy of A. To be a more useful approximation, one may
ask whether the net can be chosen to be bounded (by ||&]]). We will present a Kaplansky-style density
theorem. Perhaps a more interesting question is: how dense is H in H™ = (H » A**)?? Since H" is the
dual of H « A**, it is relatively easy to show that, for any { € H™, there is a net {z,} in H such that

1ikm fUzayy) = f{c,y)) forallye HeA™ and f € A,

It is more challenging to show that y can be replaced by any element in H~ = (H « A**)*. We show that
the unit ball of H is actually dense in the unit ball of H™ in the weak* topology (as H™ is a conjugate
space), another Kaplansky-style density theorem. In fact, we show a stronger density theorem that, for
any £ € H™, there is a net {x,} in H with ||x,| < ||&]| such that

lim f((§ —x4,& —x4)) =0 forall f e A*.

2. Self-duals

Definition 2.1. Let A be a C*-algebra. Denote by A the minimum unitization of A. We use the following
convention: if A is a C*-subalgebra of a unital C*-algebra B, we write 1; = 1p if either A is unital and
la=1;=1p,0r At ={b e B:ba=ab=0}={0}, and we unitize A by adjoining 15 to form A CB.
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Definition 2.2. Let X be a Hilbert space and B(X) be the C*-algebra of all bounded linear operators
on X. Suppose that A C B(X). Then ASOT is the closure of A in the strong operator topology. Note that
if {e4} is an approximate identity for A, then e, 1, i.e., e, increasingly converges to the identity of
M = ASOT in the strong operator topology as well as in the weak* topology (of M). In particular, we
may write 1; = 1.

This works particularly for the pair A and A** (where X is H,, the Hilbert space corresponding to the
universal representation of A).

In general, if M is a W*-algebra, we denote by M, the predual of M.

Definition 2.3. Let A be a C*-algebra. In this paper, we use the formal definition of Hilbert modules in
[Paschke 1973] and consider only right A-modules. Recall that a linear space H is a pre-Hilbert module
if it is also a right A-module with an inner product H x H — A satisfying the following properties: for
any x,y,z€ H,ae Aand A € C,

(1) (x, 2y +z) = (x, y) +A{x, y),

(2) (x,ya)=(x, y)a,

3) (x, »)* =y, x),

4) (x,x)>0;if (x,x) =0, then x =0.

Define ||x|| = ||(x, x)||'/? for x € H. Then H becomes a normed space. H is a Hilbert A-module if H is
complete with this norm.

Denote by H* the Banach space of all bounded module maps from H into A. A Hilbert A-module is
said to be self-dual if, for every f € H®, there is x € H such that

f(») =(x,y) forall ye H.

Denote by B(H) the Banach algebra of all bounded module maps from H into itself, and by L(H) the
C*-algebra of all those bounded module maps 7" with an adjoint 7* in L(H) defined by

(T(x),y)={(x,T*(y)) forallx,ye H.

Let F(H) be the algebra of all finite-rank module maps, i.e., the linear span of all bounded module
maps of the form 60, , : H — H defined by

ex,y(g:) I)C(y,é:)

forall £ € H and x, y € H. Denote by K (H) the norm closure of F(H), which is a C*-algebra.

By Theorem 1 of [Kasparov 1980], we identify L(H) with M (K (H)), the multiplier algebra of K (H)
and, by Theorem 1.5 of [Lin 1991a], B(H) with LM (K (H)), the Banach algebra of left multipliers
of K(H) (in K(H)*). If H is self-dual, then B(H) = L(H).

We refer to [Kasparov 1980; Lin 1991a; 1992; Paschke 1973] for common terminologies related to
Hilbert C*-modules.
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Definition 2.4. Let A be a C*-algebra and H a Hilbert A-module. Let us give the definition of a self-dual
Hilbert A**-module H™; see Definition 1.3 of [Lin 1991a].

We may view H as a Hilbert A-module. Let B be a unital C*-algebra containing A and 1 i=1p (see
the convention in Definition 2.1). The algebraical tensor product H ® B becomes a right B-module if we
set(h®a)-b=h®ab foranyhe Handa,be B. Define (—,—): HRBx H®B — B by

<Zh, KR a;, ij ®bj> = Za;‘(hi,xj)bj
i J ij
and N ={ze€ HQ® A* : (z,z) =0}. Then (H ® B)/N becomes a pre-Hilbert B-module (see Section 4
of [Paschke 1973], but exchange B with A). Denote by H « B := ((H ® B)/N)~ (the completion of) the
Hilbert B-module.

We are particularly interested in the case that B = A**. We view A as a C*-subalgebra of A**. Then
H™ := (H » A*")" is a self-dual Hilbert A**-module.

Note that A is ultraweakly dense in A** (since A is). By applying the result [Paschke 1973, Theorem 4.2]
to the pair A** (as A in that result) and A (as B in that result, see also the remark right after the proof of
that result), we obtain an isometric (surjective) isomorphism ¢ : H™ := (H « A**)* — B(H, A**), with
B(H, A**) the Banach space of all bounded A-module maps from H to A** (written as M (H, A**) in
that same result).

Let x € H and b € B. Then

[(x @ b)/NII*> = |b* (x, x)bl| < [lx|16*B]|.
Hence
I(x ®@b)/NI < lIx[b].

In what follows, for x € H and b € B, we write x b := (x ® b)/N.
In general, if E is a self-dual Hilbert module, then B(E) = L(E); see [Paschke 1973, Corollary 3.5].
If in addition A is a W*-algebra, B(E) is also a W* -algebra; see [Paschke 1973, Proposition 3.11].
Let us recall the description of the predual of B(E) in this case. Denote by E~ the linear space E with
the “twisted” scalar multiplication (i.e., Ax = Ax for x € E and A € C) and consider E~ ® E ® A, with
the greatest cross-norm, where A, is the usual predual of the W*-algebra A. For each T € B(E), define a
linear functional 7 on E~ ® E ® A, by

T(ij Ry ®gj) = Zgj((T(xj), yi))
j=1 Jj=1

forx;,yje Eand g; € Ay, 1 < j <n. Themap T — T is a linear isometry of B(E) = L(E) into
(E~QE®A,)*. It was shown [Paschke 1973, Proposition 3.10] that B(E5 is weak*-closedin E~-QERQA,.
A bounded net {7,,} in B(E) converges to T € B(E) in the weak* topology if and only if

J{Ta(x), y)) = f((T(x),y)) forallx,yeEand f €A,

[Paschke 1973, Remark 3.9 and Proposition 3.10]. In particular, B(H™) is a W*-algebra.
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Definition 2.5. Keep the notation in Definition 2.4. Recall that H is a Hilbert A-module and A C B.
Then ¢ : H — H « B defined by x — x ® 1 is an injective map. Note that, for all a € A,

(x-a)®1—xQa,(x-a)®1 —xQa)=(x-a,x-a)—{(x-a,x)a—a*{x,x-a)+a*{x, x)a
=a*{(x,x)a—a"{x,x)a—a*{x,x)a+a*(x,x)a=0.
Hence ((x -a) =x ®a/N for all a € A. In the case B = A**, we then extend ¢ from H? to (H « A**)? by
t(f)(xeb)= f(x)b forallx € H and b € A*
and f € H*. Note that the map is a module map from H* to (H~)*, which is conjugate module isomorphic
to H™.
From now on, we may view H as a submodule of H™ and, sometimes, omit the map .

The following result provides a convenient and easy fact that H e B is the smallest Hilbert B-module
containing H as a Hilbert A-module.

Proposition 2.6. Let A and B be a pair of C*-algebras such that A C B, B is unital and 1; = 1p.
Suppose that H is a Hilbert A-module, H; is a Hilbert B-module and there is an embedding  : H — H,
as Hilbert modules, i.e., t is a linear and A-module map such that

(t(x), t(y)) = {(x,y) forallx,yec H.
Then there is a unique B-module embedding i : H « B — H| such that
I(xeb)=1(x)b forallx € Handb € B, (1), 1(0)) = (&, ¢) forall€,; € HeB.

Proof. For any & = Z?:l x;ea;, where x; € H and a; € B (1 <i <n), define

n

(€)=Y x)a.
i=1

Then, for £ =), yi *b;, "
([€). 1) =Y _a}(xi. yj)bj = (£, ¢).

i,j

n
Zafk(xi,xj)bj
i,j

Therefore ||i]| <1 on (H ® B)/N. So { is uniquely extended to a contractive linear map from H ¢ B
into H,. It is a B-module map. Since (H ® B)/N is dense in H « B,

In particular,

12(6), tENII = = €.

(T(x),1(y)) =(x,y) forallx,ye€ HeB.

To see this embedding is unique, let 7; be another such embedding. Then (I —7;)|z = 0. For any
§=> " x;%a;, where x; € H and g; € B,
T—T)E) =Y () —t(x)) ea; =0.
i=1
In other words, 11 =1. O
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Definition 2.7. Keep the notation in Definitions 2.3, 2.4 and 2.5. Recall that F'(H) is the algebra of all
finite-rank module maps. Define Wy : F(H) — F(H « B) C B(H « B) by
Yo (0x,y) (&) = t(x)(t(y), §)

forall{ e HeB, x,y € H. WV is a x-preserving homomorphism from the x-algebra F(H) into F(H « B).
Moreover, Wy is an isometry on F(H). In particular, | Wl = 1. Therefore it extends uniquely to a
C*-algebra homomorphism from K (H) to K (H « B), which preserves the norm. It has to be an isometry
as F(H) is dense in K (H).
In the case that B = A™*, we may define Uy : F(H)— F(H”)CB(H™) by
W0 ) () = L) (), ¢)

forall¢ e H™, x, y€ H. Then Tyisa x-preserving homomorphism from the x-algebra F'(H) into F(H™)
and it extends uniquely to a C*-algebra homomorphism Wy from K (H) to K (H™), which preserves the
norm. Recall that «(H®) C H™.

Proposition 2.8. Let A C B be a pair of C*-algebras, where B is unital and 1 =1;. Let T € K(H).
Then Wo(T)(xeb) =T (x)eb forallx € H and b € B.

Proof. From the definition, for any S € F(H), any x € H and any b € B,
Yo (S)(x ®b) = S(x)®b (mod N).
Fix T € K(H), and let € > 0. There exists S € F(H) such that

IT — S| < je +Ilx e bl + x| 151D
Then
1Wo(T) — Wo(S)[| < (1 + lx @b + [Ix[lIb]) and [T (x)eb— S(x)ebl| < 3e.
Hence
[Wo(T)(x D) —T(x)eb| <e.

Since this holds for all € > 0, we conclude that
Yo(xeb) =T (x)eb. O

Lemma 2.9. Let A and B be as in Proposition 2.8 and H be a Hilbert A-module. Suppose that {E,} is an
approximate identity for K (H). Then {Vy(E))} forms an approximate identity for K(H « B). Moreover

li{n [Wo(E,)(x)—x||=0 forallx € HeB.
Proof. By Lemma 3.1 of [Brown and Lin 2025],
li){n||EA(x)—x|| =0 forallx e H. 2-1)

Let S =31 0y, where x;, y; € (H® B)/N, 1 <i <n. Write x; =Y - & eb; ;. where &;,; € H
andb;; € B, j=1,2,...,k(i), i =1,2,...,n. By Proposition 2.8,

Wo(E)(Ejiobji)=ExEji)ebj;.
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By (2-1),
li{n [Wo(Er)(Ejiebji)—(jieb;j)]l=0 (2-2)

for j=1,2,...,k@i), i=1,2,...,n. It follows that

liin [Wo(En)(xi) —xi| =0, i=1,2,...,n.
Forany z € He B,
Vo (E;)0y,y, (2) = (Wo(E)xi)(yi, 2) = Ew(xi)(yi, 2).
It follows that, for 1 <i <n,
tim | o (Ex)6,.5, — O, | = 0.
Hence
li{n [Wo(E;)S — S| =0.

The set of those module maps with the form of S is norm-dense in K (H e B). Therefore we conclude that

liin [Wo(E;)S—S||=0 forall Se K(H *B).
It follows that {Wy(E))} forms an approximate identity for K (H « B). ([l

2.10. Let A be a C*-algebra and H be a Hilbert A-module. Then H* is a Banach A-module in general.
Recall that, for each T € B(H), one may define a bounded conjugate module map T* : H — H* as
follows: for x, y € H, define

T*(x)(y) = (x, T().

So, for a fixed x, we have that 7*(x) gives an element in H*. Moreover, T* is a bounded conjugate
module map from H to H* with || T*| = ||T||. However, if we view H as a submodule of H¥, then T* is
a bounded module map. Note that, if T € L(H), then T* € L(H) and T*(H) C H.

If A is a W*-algebra, by Theorem 3.2 of [Paschke 1973], H* becomes a Hilbert A module in a natural
way. For T € B(H) and f € H*, define, for each x € H,

T(fHHx) = (f, T*(x)), (2-3)

where T* is defined above. Thus T( f) is a bounded linear module map from H to A with ||T( HI<
1Tl f1l. Hence we extend T to a bounded (conjugate) module map from H “to H®. As we view H as a
Hilbert A-submodule in this case, T is in fact a bounded module map on H*® (we will take the conjugate
as Hilbert space cases). By Corollary 3.7 of [Paschke 1973], such an extension is unique.

By Lemma 3.7 of [Lin 1992], one may ease the assumption that A is a W*-algebra to the assumption
that A is a monotone complete C*-algebra.

Proposition 2.11. Let A and B be as in Proposition 2.8, H be a Hilbert A-module and {E,} an approxi-
mate identity for K(H). Then

1i{n(SUP{II‘I’o(EA)(f)(X) —f@I:feHBF |IfII<1H=0 forallxeHeB. (24
Moreover, suppose that (H  B)? extends H o B as a Hilbert B-module, then, for any T € B((H « B)%),
lim [ (Bo(E;)T Uo(E2)(x), y) = (T(x). )| =0 forallx,y € HeB.
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Proof. Fix f € H*. For any x € H « B, by Lemma 2.9,
1Po(E)(f)(x) = ) = I f(ELx) = £ < I F I Ex(x) —x] — 0.

Hence (2-4) holds.
To see the “moreover” part of the lemma, let 7 € B((H ¢ B)?). Then, for any x, y € H » B,

(W (E;)TWo(E;) (x), y) — (T'(x), y)|
< T Bo(E3) (x), Uo(E) (1)) — (T (x), Bo(E) W) + INT (x), Wo(E3) (»)) — (T (x), y) I
< VT I (E) (x) — x|+ I T HIx 1 Wo(E) () — yli

By applying Lemma 2.9 to the two terms of the last inequality above, we conclude that

lim [[(Bo(E3) T o(E;)(x). y) = (T(x). y)[| =0 forallx,y e HeB. 0

Definition 2.12. Let A be a C*-algebra and H be a Hilbert A-module. Recall [Lin 1991a, Theorem 1.5]
that we identify B(H) with LM (K (H)), the Banach algebra of left multipliers of K (H) (in K (H)**).
By Lemma 2.9, Wy maps K (H) into K (H « B) which maps approximate identities to approximate
identities. We may then extend a homomorphism Wy : B(H)=LM(K(H)) — LM(K(HeB))=B(He*B)
by
Wo(T) = liin Yo (TE;),

where the convergence is in the left strict topology of LM (K (H ¢ B)). Since Wy |k m) is an isometry, so
is Y.

We are mostly interested in the case that B = A**. By Theorem 3.2 of [Paschke 1973], (H « A**)% is a
self-dual Hilbert A**-module. Therefore, by Section 2.10, for each T € B(H), the extension \TIO(T) is
unique. Hence Wy may be extended to a Banach algebra isomorphism U, from B(H) into B(H™) such
that -

Wo(T)| e = Wo(T) forall T € B(H). (2-5)
We will visualize the map Wy a bit more.

Proposition 2.13. Let A and B be a pair of C*-algebras as in Proposition 2.8 and H be a Hilbert
A-module. Then, forany T € B(H),

li{n [Wo(THYWo(Ey)(x) —Wo(T)(x)|| =0 forall x € HeB. (2-6)
Moreover
Wo(T)(xeb)=T(x)eb forallx € Handb € B.
Consequently, lTfo(idH) =idg~.
Proof. The identity (2-6) follows immediately from Lemma 2.9.

Since
Wo(TE))(xeb) =TE)(x)eb,

by (2-6) and by Lemma 3.1 of [Brown and Lin 2025],

Wo(T)(xeb) =T (x) b
forall x € H and b € B.
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For the last part of the proposition, we note that, by considering the pair A and A**, and by the
“moreover” part of the proposition, Wo(idy) = idgea=. Therefore, since the extension \TJO(idH. A*)
is unique (Corollary 3.7 of [Paschke 1973], see Section 2.10 for convenience), we must have that
Uy (idy) = id g~ O

The following is a slightly strengthened restatement of [Brown and Lin 2025, Proposition 2.3].

Proposition 2.14. Let A be a C*-algebra and H a Hilbert A-module. Then there is a homomorphism ¥
from K (H)** into B(H™) such that V|pn) = \TJO. Moreover, if T € K(H)** and T, € K (H)™* such that
T, — T in the weak* topology, then

lim f(W(T) (), y) = f(¥(T)x), y)) forallx,y € H™ and f € A”.

Proof. By Definition 2.4, B(H™) = L(H"™) is a W*-algebra; see [Paschke 1973, Proposition 3.11]. Let
7w : B(H™) — B(H;) be a faithful normal representation such that = (B(H ™)) is weakly closed in B(H).
Then, by, for example, [Pedersen 1979, Theorem 3.7.7] and [Conway 2000, Corollary 46.5], there is a
normal homomorphism & : K (H)** — B(Hy) such that ®|gy)y =m0 \Al}olg(H) and 7 o \AIJO(K(H)) is
weakly dense in ® (K (H)*™). Since 7(B(H ™)) is a von Neumann algebra, ® (K (H)**) C =(B(H™)).
Since 7 is injective, we may define W = 7! o ®. Recall that 7 ~! is an isomorphism between W *-algebras
7 (B(H™)) and B(H™). It follows that ¥ is weak*-continuous. Then, W) = 7 lomo @0|K(H) =
Vol k().

Let V = B(H™), be the predual (as Banach spaces). Then W induces a map W* : V — K (H)*, the
predual of K (H)**, by L(W*(v)) =W (L)(v) forall L € (K(H)*)* and v € V. Thus if T € K (H)** such
that T;, — T in the weak* topology in K (H)**, then W (T};)(v) = T, (¥*(v)) converges to T (V*(v)) =
W (T)(v) for all v € V. In other words, WV (73) — W(T) in the weak* topology in V* = B(H™). By
Definition 2.4 (see Remark 3.9 and proof of Theorem 3.10 of [Paschke 1973]), this implies, in particular,
forany f € A*, x,y € H™, that f((W(T3)(x), y)) = f(¥(T)(x), y)).

By Theorem 1.5 of [Lin 1991a], B(H) = LM (K (H)). Let { E,} be an approximate identity for K (H).
Then TE; € K(H) for all T € B(H). It follows from Proposition 2.13 that, for T € B(H),

lim [W(T E5) () () = (T (H O = im [W(T)P(ED) (F)(x) = PTH(HO) =0
forall x € He A*™* and f € (H » A**)®. On the other hand, by Lemma 2.9,
li{n |Wo(TE)(x) —Wo(T)(x)| =0 forall x € HeA™.

However, we have shown that W(T E,)(y) = \INJO(TEA)(y) =Wo(TE))(y) for all y € H e A* (see also
Definition 2.12). Therefore, combining these three facts, for x, y € H « A™*, we obtain

(U(T)(x), y) = (Wo(T)(x), y).

It follows that W (T')|geas = Wo(T'). Since the extension of W (7') to a bounded module map on (H ¢ A**)*
is unique (see the end of Section 2.10 and [Lin 1992, Lemma 3.5]), we have W(T) = EJO(T) for all
T € B(H). Hence

Vg = Wo. O
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Definition 2.15. Let M be a W*-algebra and H be a Hilbert M-module. Then, H* is a self-dual Hilbert
M-module by [Paschke 1973, Theorem 3.2]. Let Fy: F(H) — F(H?") be the homomorphism defined by

Fo(6xy)(z) =x{y,z) forallze H*andx,y € H.

Clearly Fj is an isometry. It extends uniquely to a homomorphism Fy : K (H) — K (H"). We further
extend F : K(H) — K (H?) by F(idy) = idy:.
Proposition 2.16. Let M be a W*-algebra and H a Hilbert M-module. Then there exists a unital normal
homomorphism F : K(H)** — B(H?) such that Flkwy = Fo and, if T, — T in the weak* topology
of K(H)**, then

1i{n FUF(TOx), y) = fFUF(T)(x), )

forall x,y € H* and f € M,, the predual of M. Moreover, F(T) = T forall T € B(H) as defined
by (2-3).

Proof. Recall that B(H fisa W*-algebra. We may assume that B(H %) acts on a Hilbert space X as a
von Neumann algebra with 1) =idx. Then, by [Lin 2001, Theorem 1.8.2] (see also [Pedersen 1979,
Theorem 3.7.7]), there is a unital normal homomorphism F : K (H)** — Fo(K (H))S°T ¢ B(H*) such
that F|g gy = Fo. So F is weak*-continuous (see, for example, [Conway 2000, Corollary 46.5]).

Suppose that 7, — T in the weak™ topology of K (H)**. Then F(T,) — F(T) in the weak* topology
of B(H?). Therefore (see the later part of Definition 2.4, also, Remark 3.9 and the proof of Proposition 3.9
of [Paschke 1973]),

FUFT)X), y) = fUF(T)(x),y) forallx,ye H* and f € M..

Let {E;} be an approximate identity for K (H). Then, for any T € B(H), by Lemma 3.1 of [Brown and
Lin 2025],

li)I\Il |F(T)F(E)(x)— F(T)x)| = liin |F(TYE,(x)— F(T)(x)||=0 forall x € H.
On the other hand, since F(T)F (E))|g = F(TE))|g =T E), and (by [Brown and Lin 2025, Lemma 3.1])

lim |7 E5(x) =T (0l =0,

we conclude that
T(x)=F(T)(x) forall x e H.

Since the extension of T to H* is unique (by Proposition 3.6 of [Paschke 1973], see also Lemma 3.5 of
[Lin 1992]), T = F(T). 0

3. Isomorphism of B(H™) and K (H)**

Let A be a monotone complete C*-algebra and H be a Hilbert A-module. Then, by Lemma 3.7 of [Lin
1992], H® becomes a self-dual Hilbert A-module such that (z, x) = 7(x) for all x € H and t € H®. Note
that, if E is self-dual, we conjugate map E* onto E just as in the case of Hilbert spaces.
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We will apply the following lemma several times.

Proposition 3.1. Let A be a monotone complete C*-algebra and H, C H, be Hilbert A-modules such
that H; is self-dual. Then H lﬁ is an orthogonal summand of H2ti and the embedding H lﬁ — H2jj extends the
embedding H) C H;.

Proof. Define Py : Hy, — HlTj by
Py(y)(x) =(y,x) forallye H, and x € Hj. (3-1)

It is a bounded module map (by viewing HlTj as a Hilbert module instead of the dual to avoid the
conjugation) with || Py|| = 1. Note that Py|g, =1idg,.

Lett € Hlti . Since A is monotone complete, by Theorem 3.8 of [Lin 1992], there is T € qu = H, such
that 7|y, = v and ||7|| = || ||. This implies that Py is surjective.

Define j : Hl:I — H2Ii = H, by

J)(y) = (x, Py(y)) forall x e Hltt and y € H;. (3-2)
Then j extends the embedding H; < H;. Now, for x € HlIi and y € Hy, by (3-1) and (3-2),

Pyo j(x)(y) = Po(j(x)(y) = (j(x), y) = (x, Po(y)) = (Po(y), x)* = (Po(»)(x))" = (y, x)* = (x, y).

It follows that Pyo j =id| HE and thus j : H — Hj is an embedding. With the identification of H, f
and j (H ), Pyl H = id | H- It follows that Py is a projection and H| % is an orthogonal summand of H,. [

Applying Propositions 3.1 and 2.6, we obtain the following characterization of H™.

Proposition 3.2. Let A be a C*-algebra and H be a Hilbert A-module. Then H™ is the smallest self-dual
Hilbert A**-module containing H as a Hilbert A-submodule.

Proof. Let H be a self-dual Hilbert A**-module containing H as a Hilbert A-submodule. Then, by
Proposition 2.6,

H C HeA™ C H;.
Applying Proposition 3.1, since H is self-dual,

Y =(HeA™)' C H = H,.
The proposition follows. O

3.3. In the next proposition, let A be a C*-algebra, and let H; C H be Hilbert A-modules. Then, by
Proposition 2.6, H; ¢ A** C H s« A**. Since A** is monotone complete and (H ¢« A**)* = H~ and
(Hy» A*)* = H_, by Proposition 3.1, we may write H™ = H;” & (Hl“)L. Denote by P : H™ — H| the
projection. Note that P € L(H™). By Lemma 3.2 of [Lin 1992], K (H,) is a hereditary C*-subalgebra
of K(H). Let Wy : K(H)™ — B(H™) and ¥, : K(H;)** — B(H| ) be the homomorphisms given by
Proposition 2.14, respectively.
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Proposition 3.4. Using the notation above, we have that
Vi =Whlkmy= = PVhHP|k @)
in particular, V\(T) =Vy(T)|u- = PYu(T)P|u- forT € K (H)**. Moreover,
PWy(L)P|k )y~ C V1(K(H)™) forall L € K(H)™.
Furthermore, ¥ (Q) = P, where Q is the open projection in K (H)** corresponding to the hereditary
C*-subalgebra K (H)).

Proof. Denote by Wk g o the injective homomorphism from K (H) into K (H « A**) and by Wk (n,),0 the
injective homomorphism from K (H;) into K (H; « A**) described in Definition 2.7, respectively.
Fix § € K(H}). For each x € H; and b € A*™*, by Proposition 2.8,

Wi (m),0(S)(xeb) = S(x)eb,

PYk),0(S)P(xeb) = P(S(xeb)) = S5(x)eb=Wgpo0(S)(xeb).
It follows that
W m),008) | Hjea = PV (),0(S) PlHjea~ = Wi (H,),0(8).

Since the extensions of Wk y7),0(S)|# e and Wk g,),0(S) to bounded module maps on H|™ are unique,
and W(S)|y~ and W(S) are corresponding extensions, by Corollary 3.7 of [Paschke 1973], we conclude
that W(S) |- = PV (S) Pluy = Vi(S).

Let T € K(H))™ and {T,} C K(H;) be a net such that 7, — T in the weak* topology. By
Proposition 2.14, for any g € A¥,

lim |g({(Wp (T3)(x), ¥) — (W (T)(x), YN[ =0, (3-3)
lim | g ((W1(T3) (x), y)) — g (¥1(T)(x), yD| =0 (3-4)
for all x, y € H;". Since we have shown that V(D) = PYu (D) Plu- = W (T).), we conclude that

Wy (D)l = PYy (T) Pl = ¥i(T). (3-5)
Hence

Wy = PWy Plkm)y~ = VYulk@H)=-

Let {g,} be an approximate identity for K(H;). Then g, " idy, € K(H;)**. It follows from
Proposition 2.14 that

lim f((W1(g:.(»)), 2) = f({y,2)) forally,z€ H and f € A*.

On the other hand, we also have that g, /' Q in K (H)**. By Proposition 3.1, H~ = H[” ® (Hl”)L.
Note that g5 (x) € H; forall x € H. Then, forx € H, be A* and g € (le)L, by Proposition 2.8,

(Wi (gn)(xeb), g) = g(gr(x *b))* = g(gs(x) «b)* =0.
It follows that, for any y € H « A** and g € (H;")1,

(Wr(g:)(y), g) =0.
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Hence, for g € (Hf)l,
(y, U (q)(g)) =0 forallye HeA*.

It follows that W (g;)(g) = 0 and
(W (q2)(2), 8) = (2, Vu(g)(8)) =0 forallze H™.
In other words, Wy (g3)(z) € H, for all z € H and A. Therefore
PWy(q) =VYu(g)) = VH(g))P.
Note that Pz € H;” for any z € H™. Thus, by (3-5) and (3-4),
lim f((¥(g2)(y), 2) =lim f (¥ (g) (P (), P(2) = lim f({(W1(g) (P (), P(2)
=f{P), P(2)) = fUP), 2).
By (3-3) and (3-5), lim;_ f((¥(g2)(¥), 2)) = f((¥(Q)(¥), z)). Therefore
v(Q)="r.

This proves the “furthermore” part. In what follows we will identify Q with P as well as W (Q) and W (P).
Now let L € K(H)* and {L,} C K(H) be a net such that L, — L in the weak™* topology. By
Proposition 2.14, for any g € A*, x,y € H{",

liin lg((Wu (T3)(x), ¥)) — g((Wu(T)(x), y)| =0,
li{n g (W1 (TR)(x), ¥)) =g (W1 (T)(x), yD| =0
(note that W (Ty) = PW(T;)P). We also have, for any x, y € H|",

(Vu(PT,P)(x), y) = (VYu(T1)(x), y),
(PUH(T)P(x), y) = (¥u(T)(x), y).

Since PT, P € K (H;)*™, by the first part of the lemma, Wy (PT, P)(x) = W (PT; P)(x) for x € H". It
follows that PWy (T)P(x) = W (PT P)(x) for all x € H;". Then

PV (T)P =WV (PTP) €V (K(H)™). O
3.5. Let A be a C*-algebra and let, for n € N,
Hn=A(n) ={(als02;---,an):aj GAs 15]5”}7

the direct sum of n copies of A, where (a, b) = Z'}Zl a
Let

;.‘bj ifa=(aj,a,...,a,)andb= (b1, by, ..., b,).

n
Hy = {{an} ta, € A and Za,fak converges in norm}

i=1
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be the standard countably generated Hilbert (right) A-module. Note that
o0
({an}, (ba}) =) arby.
n=1

We note that Hy is the closure of |, A®. We may also view H, = A™ as an orthogonal summand

of H4. Then
g _ .
H, = {{an} : {

glx) = Za:bn forall x = {b,} € Hy,
n=1

n
E ajag
k=1

} is bounded}.

If ¢ = {a,} € HF, then

where the sum converges in norm. Moreover ||g|| = lim,— H Zzzl agay ||
If A is a W*-algebra, as mentioned earlier, Hﬁ becomes a Hilbert A-module in a natural way (see
Theorem 3.2 of [Paschke 1973]). In fact, we may define

oo
(x.y) = aib, forallx={a,},y=1{b,} € Hj. (3-6)
n=1
To see the right side converges in the weak™* topology, we first let f € A*. Note that, if {a,} € H ‘

N N N
> f@a)| = ‘f(Z%f%) > dia
k=1 k=1 k=1

for any integer N. Hence {ZZZI f (a,fak)} is bounded, is increasing and converges for any positive linear

= Il

functional f. Hence, for any m > n,

m
> f@ia) >0 asn—oo forall feA*. (3-7)
k=n

For any positive linear functional f of A and for any m > n in N,

(Ee)
k=n

> fagpo| < 1 f @by
k=n k=n

<Y 1f@al P f bibol'?

k=n
m m 1/2
< ((Z |f<a;:ak>|) (Z |f<b;§bk>|>)
k=n k=n

m 1/2
s||f||”2||{bk}||(z|f(az‘ak)|> —0 asn— oo.
k=n
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It follows that f (ZZZI a,’fbk) converges for all f € A* asn — o0o. Let us write the limit as f (Z,fil a,fbk).
Then, by the above inequalities (with n = 1), we also have

r(3ein)
k=1

< I flIiMpM,,

where
n

> bib

1/2
} and M, = sup{
k=1

n 1/2

M, = sup{ Zaijak } .
k=1

Thus > ;- a;b defines a bounded linear functional on A*. Its restriction on A, gives an element in A

(recall that A is assumed to be a W*-algebra). This shows the infinite series in the right side of (3-6)

converges in the weak* topology. It is then standard to verify that (3-6) defines an inner product which

extends the inner product on H4.

Let A act on a Hilbert space X (as a W*-algebra). Consider I12(X), the Hilbert space direct sum
of countably many copies of X. Suppose that b = {b,} € Hﬁ. Then the infinite matrix b = (b;, i)
with b; 1 = b;, i € N and b; ; = 0 if j > 2, defines a bounded linear operator on 12(X), by b(v) =
(b1 (v1), b2(v1), ..., bu(v1),...), where v = (v1, V2, ..., Un,...) € [>(X). Moreover

(o.¢] n
> b = sup{ Zb;“bi'
i=1 i=1

(some of these details in this subsection may be found in [Lin 1991b]).

1611* = 1b*b|| =

e N} (3-8)

Proposition 3.6. Let C be a unital C*-algebra and A C C be a C*-subalgebra such that 1 ; = 1¢. Denote
by R = AC the closed right ideal of C generated by A. Then:
(1) HyoC ={{b,} € Hc : b, € R}.
(2) If Cis a W*-algebra and e, /' 1¢, where {ey} is an approximate identity for A, then
(HqoC)* = H{.
Proof. To see (1), we first note that A « C = R as Hilbert C-modules. Hence A®™ « C = R"™. Clearly,
HyeC C Hc. We note that {{r,} € Hc : r, € R} is closed in Hc. Since both | J, A™ e C and [ J32, R™
are dense in {{r,} € Hc :r, € R}, and |, A™ o C is dense Hy » C, we obtain
{{rn} €Hc:r, € R} =HyoC.
This proves (1).
For (2) we may assume that A C C C B(X), where X is a Hilbert space, 1¢ = idy, and the range
C(X) equals X. Otherwise, we replace X by 1¢(X).
Claim 1: R(X) =C(X) = X. Since e, /" 1¢ =idy, for any v € X, e,(v) — v. This proves the claim.
Claim 2: R* = C, where R* is the dual of the Hilbert C-module R (as we assume that C is a W*-algebra).
Let f € R*. Then f(ey)r = f(eqr) — f(r) for all ¥ € R in norm as e,r — r in norm. Hence
flex)r(v) = f(r)(v) forallr € R and v € X. Define T on R(X) by T (r(v)) = limy f(eq)r(v) for
all v € X and r € R. One checks that T is a well-defined linear map on R(X). Moreover, we have
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1T < sup{ll f(ex)|l : @} < || f]l. Since, by Claim 1, R(X) = X, we have that T extends uniquely to a
bounded linear operator (denote by 7' again) on X. Moreover, f(ey) converges to T on X. Since C is
closed in the weak operator topology, T € C. Moreover, Tr(v) = f(r)(v) for all v € X. It follows that
Tr = f(r)forallr € R.

For each ¢ € C, define f,. € R® by

fe(r)=c*r forallr € R.

For the above T, we note that fr«(r) = T'r for all r € R. Hence the map ¢ — f is surjective. To see it is
injective, suppose that ¢*r =0 for all r € R. Then

c*e,c=0 forall a.

Since c*eyc /' c*c, this implies that ¢*c = 0. Thus the map c — f, is injective, which extends the identity
map on R. It follows that R* = C, and Claim 2 is proved.
By Claim 2, we obtain that ((A®™) e C)* = C™. By (1), (A™)eC is a direct summand of Hy « C.
Hence we may write ((A™) e C)E C (Hy o C). Together with (1), we obtain that
HyeC C Hc C (HyoC)F.

Note Hc is a Hilbert C-submodule of the self-dual Hilbert C module (H4 o C)*. It follows from
Proposition 3.1 that
(HaC)* C H. C (HaoC)".
Consequently, H. = (Hz » C)". O
3.7. Note that, if A is unital, H4 «C = Hc.
From the above discussion, we obtain the following result.
Lemma 3.8. Let A be a C*-algebra, H, = (A**)"™ and P, : Hu** — H, be the projection.
(1) Let S C H®.. be a bounded subset. Then, forany f € A* and x € Hﬁ**,
Tim_ sup( £ (Pa(x), ¥)) = F((x, )| 1y € S} =0,
JLim sup{] f((y, Pa(x))) — f({y,x))]: y € §} =0.

(2) Moreover,

im | f((Py(x), Pa(x))) — f({x, x))| =0 forallx & H}.and f € A™.

Proof. Set M = sup{||y|| : y € S} + 1. Let f be a positive linear functional in A* and x = {a,} € HE...
Foreach y=1{b,} € S,

> flaiby)

k=n+1

oo 1/2 o0
5||f||||y||< 3 f(a;:ak>> §M||f|I< 3 f<a;:ak>>

k=n+1 k=n+1

|f ((Pa(x), y) = f((x, yDI =

00 1/2 , 00 1/2
< ( > f(a;;ak>) ( > f(bzbk>>

k=n+1 k=n+1

1/2
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By what has been discussed in Section 3.5,
00 1/2
. X _
Jim ( > f(akan)) = 0.
k=n+1

Thus, for this f and x, we have that | f ({P,(x), ¥)) — f({x, ¥))| converges uniformly on S. Almost
identical estimates show that | f ({y, P,(x))) — f ({y, x))| converges uniformly on S.

Since any f € A* can be written as a linear combination of four positive linear functionals in A*, the
first part of the statement holds.

For the second part, we note that, for any f € A* and x € wa, by the first part of the lemma (since

12,00l < I,
Tim | £ (P, (), Pa())) = f((x, P ()] =0.

We also have
Tim | £ ((Pa), ¥) = £ (bx, X)) =0,
Hence the second part of the lemma also follows. U
The following are two easy facts which we present here for convenience.
Lemma 3.9. Let A be a C*-algebra.

(1) Let H be a Hilbert A-module and {E,} be an approximate identity for K(H). Suppose T € K (H)**

is a nonzero positive element. Then there is Ly such that
E,TE, #0 forall A > L.

(2) Let T € K(Ha)** be a nonzero positive element and P, : Hy — H,, = A™ be the projection (n € N).
Then, there exists ng € N such that

P, TP, A0 foralln > ny.
Proof. Let f € K(H)* be a positive linear functional. Then
(T2 = E)* < £(T) f((1 = E?) < f(T)f(1—E;) — 0.

It follows that f(T'/2E;) — f(T'/?) for all positive linear functionals in K (H)*, whence for all
f e K(H)*. Since T'/? # 0 for some Ao, we have that T'/2E; # 0 for all A > Ag. It follows that

E\TE; #0

for all A > Ag. This proves (1).
There are several easy proofs for (2). Let us use part (1). Choose an approximate identity {e,} for A.
Let A = (a,n) and Ay = (B1,n) < Ay = (B2, m) if B < B, and n < m. Define
n

. — ——
E,B,n :dlag(e,g, 6/3, “e ,eﬁ, O, .. )
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Then {Eg ,} forms an approximate identity for K (H4) = A® K. Let T € K (H4)%* be a nonzero positive
element. By (1), there is Sy and ny € N such that

Egn TEg,#0 forall (8,n)> (Bo, no).
Hence ||T1/2E§’HT1/2|| = ||[EgnTEgll # 0 for all (8,n) > (Bo, no). Since
T1/2PnT1/2 > TI/ZEé,nTl/Z 7& 0,
we have T1/2P,T1/2 £ 0. It follows that
P, TP, A0 forall n > ng. O

Lemma 3.10. Let A be a C*-algebra and H be a countably generated Hilbert A-module. Then the
homomorphism V from K (H)** into B(H™) (given by Proposition 2.16) is injective.

Proof. Let H, =A™ ={(ay, aa, ..., a,) :a j € A} be the Hilbert A-module whose inner product is defined
by (x,y) = Z?:l a;fbj, where x ={a;}i<j<;, and y = {b;}1<;<,. One identifies K (H,) with M, (A).

Claim: The map ¥ : K(H,)** — B(H,) is a W*-isomorphism.

Since we identify K (H,) with M, (A), we have K (H,,)** = M, (A*).

By Proposition 3.6 (2) (and Claim 2 of the proof), (H, s A**)? = (A**)®. So H~ = (A**)™. Note
that B(H,) = M, (A**). One then easily checks that ¥ : K (H,,)** — B(H,) is a W*-isomorphism. This
proves the claim.

Let us consider the homomorphism Wy, : K(Hs)* — B(H)') given by Proposition 2.14. Put
T € K(Hp)%\ {0).

By Lemma 3.9 (2), there exists ng € N such that P,T P, # 0 for all n > ng. Recall that H,, is a direct
summand of Hy. Hence by the claim and applying Proposition 3.4, we conclude that Wy, (P,T P,) #0
for all n > ny. There must be an element x € H, such that

(Wh, (PaT Py)(x), x) #0.

It follows that (Vg (T)x, x) # 0. Hence Wy, (T) # 0. This implies that ker Vg, = {0}.

In general, since H is countably generated, by Kasparov’s absorbing theorem [1980, Theorem 2],
we may write Hy = H @ H*. To show W is injective, let T € B(H)** be a nonzero element. Then
K(H)* = PK(Hy)** P, where P : Hy — H is the projection. Hence PT P =T in K (H)**. We have
shown that Wy, (PT P) # 0. By Proposition 3.4, we have that ¥(T) = PWy,(T) P|g~ # 0. This implies
that W is injective. 0

Lemma 3.11. Let A be a C*-algebra and H be a countably generated Hilbert A-module. Then there is
an isomorphism \V from K (H)** onto B(H™) as W*-algebras.

Proof. By Lemma 3.10 (and by Proposition 2.14), it suffices to show that W is surjective. Let us first
consider the case H = Hy (even though Hy is not countably generated when A is not o-unital). By
the end of Definition 2.4 (see also Remark 3.9 (and Proposition 3.10) of [Paschke 1973]), to show that
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T e B(H™) = B(Hﬁ**) is in W (K (H4)™), it suffices to show that, for any € > 0, any finite subsets
X C Hfl** and a finite subset 7 C A*, there exists S € K (H)** such that

|fUPS) @), y) = fFUT (), y))| <€ forallx,ye X and f € F.

We now fix €, X and F.
For any T € B(H}) = B(H},),
| fUPLT Pp(x), y) — fUT (x), y))|
<|f(TPy(x), Pa(0) — fFUTx), PaWIDI+ 1 FUT (x), Po(0)) — FUT(x), yDI - (3-9)

for any x, y € Hu** and f € A*. However, || P,(¥)|| < |y for all n € N. By Lemma 3.8 (1),

| f(T Pu(x), Po(y)) — fUT(x), P,(WD| = 0,
and by Lemma 3.8 (2),
| FUT(x), Pa(y))) — fFUT (x), y)I — 0.
It follows that (by (3-9))
Tm | f(PaT Pa(x), y) = (T (), y)) =0

forall x, y € Hﬁ and f € A*.
We then choose ng € N such that, for all n > ng (recall P, is a projection),

| f((PuT Py(x), Py(y))) — f(T(x), y)I <€ (3-10)
forall x,ye X and f € F.

Now fix n > ng. Then we have P,(x), P,(y) € (H,)” forall x,y € X, and P,TP, C B(H,). By
the claim for H, in the proof of Lemma 3.10, we obtain an element S € K (H,)** such that W, (S) =
(PuT Py)|uy-, where

W, : K(H,)™ = M,(A™) — B(H) = M,(A™)

is the isomorphism given by the claim. Note, by Proposition 3.4, that W (S) = P,V (S) =W (S) P, =V, (S).
Hence it follows that, for all x, y € X and f € F (and n > ny), applying (3-10),

| fUPS)(x), y) — fUT (x), y))I
= |fUPV(S) Pu(x), y) — f(T (x), y))I
= [|(f{(PY(S) P (x), P,(¥))) — fUP.T Py(x), Pu(Y)| + | f (P T Py(x), Pa(3))) — f(T(x), y)I
<0+4e=e.

As mentioned above, this implies that W is surjective.

For a general countably generated Hilbert A-module H, by Kasparov’s absorbing theorem [1980,
Theorem 2], we may write Hy = H & H~. By Proposition 3.4, Hy = H~ & (HY)™. Let S € B(H™)\ {0}.
Define T € B(H)') by T|y~ = S and S|y 1)~y = {0}. We have shown that there is L € B(H4)** such
that Wy, (L) = S. Then PSP = S, and, by Proposition 3.4, W(L) = PV, (L)P|g~ =T. Hence ¥ is
surjective. U
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Theorem 3.12. Let A be a C*-algebra and H be a Hilbert A-module. Then there is an isomorphism V
(given by Proposition 2.14) from K (H)™* onto B(H™) as W*-algebras. Moreover,

Vg = Y.

Proof. By Proposition 2.14, it suffices to show that W is bijective. If K (H) is unital, by Proposition 2.8
of [Brown and Lin 2025], H is finitely generated. The theorem then follows from Lemma 3.11. So we
will assume that K (H) is not unital.

Let {E,} be an approximate identity for K(H) and H, = E,(H). Then K(H,) = E, K(H)E, is
o-unital. By Proposition 3.2 of [Brown and Lin 2025], H,, is countably generated.

Denote by P, : H™ — H,~ the projection given by Proposition 3.1 and let W, : K (H))** — B(H,)
be the map given by Proposition 2.14.

To see W is injective, let T € K (H)%* \ {0}. It follows from Lemma 3.9 that E; T E; # 0 for all A > Ao
and some Ag. Since H, is countably generated, by Lemma 3.11, W, (E, T E,) # 0 (for A > Xp). By
Proposition 3.4,

V(E,TE) | = V. (EATE;).

It follows that \IJ(EATEA)IH; # (0 for all A > Xg. For A > Ao, there are x, y € H, such that
(W(T)(Ev(x)), E;(y)) = (V(ELTE)(x), y) #0.

Hence W (T') # 0. This shows that W is injective.

To see that W is surjective, let L € B(H ™). Since, by Proposition 2.14, W (K (H)**) is weak*-closed
in the W*-algebra B(H ™), it suffices to show the following: for any € > 0, any finite subsets X, Y C H™
and finite subset F C A*, there exists T € K (H)** such that

| fFA(T)(x), y)) = fFUL(x), y)| <€ forallxeX, yeY, ferF (3-11)
(see the last part of Definition 2.4). We now fix €, X, Y and F. By Proposition 2.14 (since Ey 7 1 g (py+),
lim f ({x, W(EL) () =lim f((W(E)(x), y)) = f((x, ¥))
forall x,y e H™ and f € A*. It follows that there is Ao such that, for all A > Ag,
|FUWED (), L)) = f((x, L* DN < 3¢
| FULW(E)(x), ) = FUL(x), y))] < €

forall x € X, y € Y and f € F. We note that the proof would be shorter if we knew

or

11{11 SUY(ELDLY(EL)(x), y) = f(L(X), y)).
However, we may also assume that, for fixed g, there is A; > A such that

| FULW(Er) (), W(ED)) = fULY(Ep)(x), Y)| < 5€
| FUW(ED LY (Ep)(x), ¥) — [ (LW (E)(x), YD) < €

or
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forallx € X, ye Y and f € F, and A > A;. It follows that, forall x € X, ye Y and f € F,if A > Ay,
| f(L(x), y)) = fUW(EDLY(E)(x), y))I
<L), y) = fULW(E) (), yD|+ [ f (LY (Ey)(x), y) — fFUV(E) LY (E;,)(x), y)I
<letie=e. (3-12)
Fix A > A1 > A¢. Then H, = E, (H) D H,,. Hence
P\ (E;,)=W(E,) and W(E,)P.=V(E,,). (3-13)

We also note that \IJ(EA)LIII(EAO)lH; € B(H,). Since H, is countably generated, by Lemma 3.11,
there is 75, € K (H,)** such that

Wi(T5) = W(ELD LY (Ex) ;- (3-14)
However, by Proposition 3.4,
PV (T) Pyl ap = V(D) Hy = Wa(Th). (3-15)

Fix A > A1 > A¢. Then, for any x € X, y € Y and f € A™, by (3-15), (3-14), (3-13) and (3-12),

| f (T (x), (D) = FULE), yDI = [f V() Pa(x), Pr(y)) — fULX), y)I
= |fUW(EQNLY(Ey) Pr(x), PL(y))) — fF{L(x), y)I
= [fUPLV(ELDLY(E; ) P.(x), y) — fFUL(x), y))I
= [fW(ENLY(E))(x), y)) = fF(LX), y)| <e.

As mentioned above, this implies that W is surjective. (]

Corollary 3.13. Let A be a W*-algebra and H be a Hilbert A-module. Then F : K (H)*™* — B(H?), the
map given by Proposition 2.16, is a surjective map.

Proof. Consider the pair A and A** and H~ = (H « A**)!. By Corollary 4.3 of [Paschke 1973],
H™ = B(H, A™), the A**-module of all bounded A**-valued A-module maps from H into A**. It
follows that H* C H™ as an A-submodule. It then follows from Proposition 2.6 that H* ¢ A** C H™ as
Hilbert A**-modules. Then, by applying Proposition 3.1,

(H* e A*™)* Cc H™.
However, H e A** C H*+ A**. By applying Proposition 3.1 again, we obtain
H™ = (HeoA*™)  C (H e A™)"C H™.

Hence (H%e A*)* = H™. Denote by T K(H)*™ — B(H™) the isomorphism given by Theorem 3.12
and by \TJH: : B(H*) — B((H" e A*)") = B(H"™) the map given by Theorem 3.12.

Now let T € B(H*). Then, by applying Theorem 3.12, we obtain a € K (H)** such that \Tl(a) = \T!Hu (7).
It follows that (viewing H* C H™)

U(a)|y:=T.
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Since a € K(H)™, there exists a net {a,} in K(H) such that a, — a in the weak* topology. Therefore,
by Proposition 2.14, for any f € A*and any &£, € H™,

lim f (P (@) — (@) (€). £)) =0.

Note, by Theorem 3.12, E‘(aa) = \TJO (ag). On the other hand, by Proposition 2.16, for any g € A, and
any x,y € H,
lim g(((F(a) — aa)(x), y)) = 0.

Hence (since \'Ivlo(aa)x =ay(x) for all x € H, see Definition 2.12)
g({((F(a)— lAlj(a))(x), y)=0 forallx,ye H and g € A,.
Since l’IVJ(a)I gt =T, we actually have
g{(F(a)—T)(x),y))=0 forallx,ye€ H and g € A,. (3-16)
Note that F(a), T € B(H?). So F(a)(x), T (x) € H® for all x € H. It follows that

(Fa)—T)(x),yye A forallx,ye H.
Then, by (3-16),
(F(a)—T)(x),y)=0 forallx,ye H.

Hence F(a) = T. In other words, F is surjective. Il

4. A Kaplansky density theorem in Hilbert modules

As mentioned in the introduction, in this section we study the density of H in H ¢ A**.

Definition 4.1. Let X be a Hilbert space and A C B(X) be a C*-subalgebra of B(X). Let M = ASOT,
the strong operator closure of A, and let H be a Hilbert A-module. Recall, by Proposition 2.6, H e M is
the smallest Hilbert M-module containing H as a Hilbert A-module. We consider the question of how
large H is in H « M as a submodule.

Let € > 0 and V be a finite subset of X. For each & € H « M, define

Neev={zeHeM:|{(§—-2,E—2)(V)| <€, ve V]

Let 75 be the topology generated by Ng v forall & € H e M, € € Ry \ {0}, and any finite subset V C X.
In other words, in 75, a net {z,} converges to & in H « M if and only if

lim ||[(§ — 24, & —24)(0)| =0 forallv e X.

In the special case that X = Hy is the Hilbert space corresponding to the universal representation my
of A and M = A**, we use Ty, for the topology generated by Ng v forall § € H e A*, € € R\ {0},
and any finite subset V C Hy.

We note that H is dense in H « M in the topology 7, but to be more useful, we will show in Theorem 4.4
that the unit ball of H is dense in the unit ball of H « M in 7, a Kaplansky-style density theorem.
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Lemma 4.2. Suppose that x € H e M and {x,} C H « M is a bounded net. Then x, — x in Ty if and only
if, foranyv e X,
limsup{[[(y, ¢ —x)()I : y € He M, |Iyll = 1} =0.

Moreover, if x, — x in T, then, for any f € M.,
limsup{| f({y, xo —x)|:y € He M, |yl =1} =0.
Proof. Suppose that x, — x in 7. We have (see Proposition 2.3 (ii) of [Paschke 1973]), for any y € He M,
(Y =2, ¥) - (¥, g = x) < V1P (0 —x, X0 —x).
Then, for any v € X and any y € H « M with | y|| <1,

Iy, Xa — X)) 1* = ({xe — X, ¥) - (¥, Xg —x)0, V)x

2
S Iyl (xe = x, Xo —X)v, V) x < [{Xa —x, Xo —x)V[l[[V]| > O

(where (-, -)x is the inner product in the Hilbert space X). Conversely, let K = sup, {||xq |l + ||x||} + 1.
Then

[(Xe = X, Xa = x) ()| < K sup{[[{y, xo —x)(W)[|:y € He M, |yl <1} =0

For the “moreover” part of the lemma, suppose that (x, — x, x, —x) — O in the strong operator
topology. Then it converges in the weak operator topology. However, since {{x, — x, x, — x)} is bounded,
this also implies that it converges to zero in the o-weak topology and in the weak* topology. Hence

lim f({xy —x,xq —x)) =0 forall f e M,.

Let f € M, be a positive normal functional. Then, f((-, -)) defines a pseudo inner product on H ¢ M.
Hence, for any y € H « M, we have, by the Cauchy—Bunyakovsky—Schwarz inequality,

|F((y, xa = XDI2 < FUD YD FUxg — X, X0 — ) < IFIPIVIRf (X — X, X — X)).
Thus
limsup{| f ((y, xa —x))| 1y € He M, ||y| < 1} =0. O

Lemma 4.3. Let X be a Hilbert space, A C B(X) be a C*-subalgebra and M = ASOT such that idy € M.
Then the unit ball of Hy is dense in the unit ball of Ha e M in T;.

Proof. Let £ € Hq o M with ||&|| < 1. We will show that there is a net {x,} € H such that ||x,| < ||| and
limy || (x4 — &, xo —&)(v)|| =0 for all v € X. From the inequality

1w — &, X0 = EYW) < [{xe =&, %0 — §) 21l (X0 — &, xa — &) P W) < 20(xa — &, % — §) W),
we conclude that it is enough to show that there is a net {x,} € H such that

lxoll < 1§ and  Tim |[(xg =&, x0 —8)!20] =0
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for all v € X. Therefore it suffices to show that, for any € > 0 and any finite subset V C X, there exists
z € H with ||z]] <1 such that

(€ —z, € =) ?(v)|| <€ forallveV.

To simplify notation, we may also assume that ||v|| <1 forallve V.
Denote by R = AM, the closed right ideal of M generated by A. Note, by Proposition 3.6,

HyoM = {{b,) € Hg : b, € R).

We write &€ = {b,} € Hs »« M. There exists ng € N such that, for all n > ny,

o0
Zb:bn < e
k=n
Fix an integer n > ng. Let P, : Hy e M — R™ ={(ci,ca,...,¢p) i c; € R} be the projection. Put
by 00 ---0
5= 000
b, 00 ---0
For any v € V, put
v
0
Uy =| .
0

By the Kaplansky density theorem, there is L € M, (A) such that
ILI < IS and  [ILGuy) = S(uy)|| < z¢ -1

for all v € V. Hence, denoting by (-, - ) x the inner product in X,
(L= 8)"(L = S)uy,uy)x <3¢ forallveV. 4-2)

Define g = diag(1,0, ...,0) € M,,(M). Then § = Sq. Replacing L by Lg, we may write

a1 00 - 0
e=[2 000
a4, 00 - 0

wherea; € A, i =1,2,...,n. Then

n
§ : *
i=1

It follows from (4-2) that

=|L*LIl=IL|* < |S|I* = < [IE]I*. (4-3)

Xn: bib;
i=1

<Z(bl- —a;)* (b —a) (v), v> < le.

i=1 X
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Putx =(ai, a2, ...,a,,0,0,...) € Hy. Then, by (4-3), we have ||x|| < ||&]| and

i bib;(v), v>

i=n+1 X

(6 —x. 8§ —x)(v), v)x = <Z(bi —a;)*(bi — a;)(v), U> +<
i=1 X

oo
<le+ “ Z b:b;
i=n+1

1 1, _
<§e—|—§e_e.

In other words, for any v € V,

(& — Xas & — x) 2 () || = ((E —x, & — x)(V), V) x <E€.
The lemma then follows. [

Theorem 4.4. Let X be a Hilbert space, A C B(X) be a C*-subalgebra and M = ASOT withidy € M.
Let H be a Hilbert A-module. Then the unit ball of H is dense in the unit ball of H « M in 7.

Proof. Let £ € He M, with || & < 1.
Let us first assume that H is a countably generated A-module. By Lemma 4.2, it suffices to show that,
for any € > 0 and any finite subset V C X, there exists z € H with ||z|| <1 such that

[(y.§ —z2)()l <e forallyeH, [y <1 and veV.

To simplify notation, we may also assume that ||v|| <1 forallve V.
By Kasparov’s absorbing theorem [1980, Theorem 2], we may write Hy = H @ H*. It follows that

HyeM=HeM®H" oM.

Define Q : Hy — H to be the projection. Then Q € L(H4) = M(K(H4)). We identify Q with Wy(Q)
in the sense that Q € L(H)s) which extends Q|g,. In particular, H e M = Q(Hy e M).
By applying Lemmas 4.3 and 4.2, we obtain z € H4 with ||z]| < ||£]| such that

Iy, € —2z)(v)|| <e forallye HeM, ||y|| <1, and veV.
Note Q&) =& and Q(y) =y forall y € H. Put x = Q(z) € H. We have
[{y, & =x)@) = lI{y, Q&) — Q@)W = I(Q (), & =2y = [[{y,§ —2) ()| <e.

This proves the case that H is countably generated.
Next we let H be a general Hilbert A-module. We will show that, for any € > 0 and any finite subset
V C X, there exists z € H with ||z]] < 1 such that

HE—z,&E—2)(W)|| <e forallveV.

Again, we may also assume that ||v]| <1 forallve V.
Let {E,} be an approximate identity for K (H). Then, as in the proof of Theorem 3.12, H), = E,(H)
is countably generated for each A. It follows from Lemma 2.9 that there is A such that

IWo(E3)(§) — €Il < je. (4-4)
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Fix such a A. Note that, by Proposition 2.8, Wo(E))(§) € Hy M C H « M. Since H, is countably
generated, by the first part of the proof, we obtain x € H, with || x| < [|[Wo(E,) ()] < |||l such that

sup{[[(y, Wo(E»)(€) —x) ()| :y € He M, |ly| < 1} < ge. (4-5)
Then, applying (4-4) and then (4-5), for any v € V,

(& —x, & = X)) < (& — x, & — Wo(E)(E) W) + [ — x, Wo(E)(E) —x) (V)|
<2[IE = Wo(EDE) | + 2| (3 —x), Wo(E)E) —x)()|| < 36 +3e =€. O

We then obtain the following corollary as a Kaplansky density theorem.

Theorem 4.5. Let A be a C*-algebra and H be a Hilbert A-module. Then the unit ball of H is dense in
the unit ball of H e« A** in Ty,.

5. Closeness of H

Let H be a Hilbert A-module., Then, by Theorem 6.1 of [Brown and Lin 2025], the unit ball of H is
A-weakly dense (see Definition 3.3 of [Brown and Lin 2025]) in the unit ball of H*, i.e., for any f € H¥,
there is a net {x,} in H with ||xy| < || f]| such that lim, ||{f — Xy, ¥}|| = 0 for all y € H. In the case
that A is a W*-algebra, H® is a Hilbert A-module. One may ask: can one find the net {x,} € H with
Ixo | < [ Il such that limy [|{ f — xo., &) =0 for all § € H*?

We begin with the following example.

Example 5.1. Let M be a W*-algebra which contains a self-adjoint element a with infinite spectrum.
Then, by the spectral theory, one obtains a sequence of mutually orthogonal nonzero projections
PLyP2sees Puy--.. Let H= Hy, and let &£ = {p,} € H},. Note that ||£] = 1302y pu| =1 (the
convergence is in the strong operator topology and weak™* topology of M). We claim that there is no
net {x,} in Hy; such that

lim [1(€ — xq. §)Il =0.
Otherwise, there would be x € Hj; such that
1€ —x, &) < 1. (5-1)

Since x = {a,} € Hy, there is N € N such that

*
E a,ay

N+1

< (1 +1xD)*.

Choose g = ZZOZNH Pn € M. Define Py : Hi,l — MWMN) ={(by, by, ...,by):b; € M} tobe the projection.
Then
(6 — Pn(x), &)l < 1€ — x, &)l + [{(1 — Py)(x), &)

<1HIA=PYHW@IIEN <+ % =2
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On the other hand,

o0
> paq

N+1

15 = 16 = Py (), E)II = 115 — PN(X)SC]II—‘

<an Z(pz—al) pz) H=

N+1

A contradiction. In other words, the question at the beginning of this section is negative. This also follows
from Corollary 5.7 below. However, we think that the example above might also be helpful.

Lemma 5.2. Let A be a C*-algebra. Suppose that & € Hi and {x,} is a bounded net in Hy such that
lim [|E(x) —xo(x)]| =0 forall x € Hy
o

and & (xq) := (&, x4) converges in norm. Then &€ € Hy and (€, &) = limy (€, xy).

Proof. Write & = {b,} and x, = {ay ,}, where {b,} € Hﬁ, ayn € A and, for each o, {aq ,} € Ha.
Put
M =1+sup{|lxe| :a} + & <oco and a =1i01}1(xa,§)-

Note &(xy) = (€, x4) € A for all «. Hence a € A.
Let P, : H/i — H, =A™ be the projection to the first n copies of A, n € N. Then P,§ € H, C Hy.
It follows that, for each n € N,

lim(x. Py(§)) = (. Pa(&)) Zb* (5-2)

Fix f € A*. Let € > 0. By Lemma 3.8, since {x,} is bounded, there is an integer N € N such that, for all
n>N,
|f (%0 §) = f (xas Pa()D)] < 53¢ forall o (5-3)

Fix any n > N. By (5-2), choose «g such that, for all & > «y,

(Yo, Pa(§)) = D _b3bj| < Je(1+ £, (5-4)
j=1
{xe, €) —all < Je(T+ 11D (5-5)

It follows that, for all n > N, by (5-5), (5-3) and (5-4),
n
‘f(a) — f(Z b;fbj)
j=1

< |f(a—=(xap, ENI+1f ({Xag §)) = f (Kargs Pa(EIDIF I f]

(Xag» Pu(®)) Zb*

< e—i— e+ e—e

Hence, on the state space S(A) of A,

Tim_ f(Z bjfbj) = f(a). (5-6)
j=1
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On the compact space . S(A) (in the weak* topology), a(f) = f (a) is a continuous function for all
f € S(A), and > " j=1 b}bj is increasing. By the Dini theorem, ¢

on S(A). It follows that .
> bibj—>a
j=1

in norm. This implies that £ = {b,} € H4 and (£, &) = a = lim, (£, x4). [l

Proposition 5.3. Let A be a C*-algebra and H be a Hilbert A-module. Then, for any T € K(H), one
has Wo(T)(H®) C H, where Y, is given in Definition 2.7.

i Jb converges uniformly to a

Proof. Suppose that T € F(H) and T =) _[_, 0y, ,, for some x;, y; € H, i = 1,2, ..., m. Then, for any
5 € Hﬁ’ m m
Wo(T)(E) =Y xi(yi. &)=Y _ xi(E()") € H.
i=1 i=1
Since F(H) is dense in K (H), this implies that Wo(T)(H*) C H. U
Lemma 5.4. Let A be a C*-algebra, H be a Hilbert A-module and {E,} be an approximate identity
for K(H). Then, forany &€ € H™ and any f € A*,

lim sup{ f ((§ — Wo(Ex) (&), yDI:y € H™, lIyll = 1} =0.

Proof. By Lemma 2.9, {Wy(E,)} is an approximate identity for K (H ¢ A**). In the universal representation
of K(HeA*), 1—Wy(E)) converges to zero in the strong operator topology. Note that |1 —Wo(E))| < 1.
Therefore (1 — Wo(E;))(1 — Wo(E,)) also converges to zero in the strong operator topology. Hence it
converges to zero in the weak operator topology. Since {(1 — Wy(E 2))?} is bounded, it also converges to
zero in the weak™ topology of K (H « A**). Recall that (H « A**)* = H™. It follows from Proposition 2.16,
forany & € H™, that

im[f({§ = Wo(E2)(§), § — Po(E2)(E)D| =lm [f((§ — F o Wo(E) (&), § — FoWo(E)(E))
=lim|f (1 = F o Wo(Ex)*(§). £))| =0,
where F : K(H)** — B(H?") is the homomorphism given by Proposition 2.16. Suppose that y € H™ and

lyll < 1. Then, for any positive linear functional f € A*,

FUE = Wo(ED(E), ) < f({E = Wo(E(E), € — Wo(EDE)) £y, ¥))

<N EE — WolEN (), § —Wo(E)(E))).
It follows that, for any f € A*,

lim sup{ f ({§ — Wo(E2) (), yDI:y € H™, |yl < 1} =0. O

Theorem 5.5. Let A be a C*-algebra and H be a Hilbert A-module. Suppose that € € H* and there is a
bounded net {x,} in H such that

lim |£(x) — (x4, x)|| =0 forallx e H

and &(xy) := (&€, xo) converges in norm. Then &€ € H and (&, &) = limy (€, x,) € A.
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Proof. First let us assume H is countably generated. Then, by Kasparov’s absorbing theorem [1980,
Theorem 2], we may write Hy = H ® H». Then £ € H* C Hﬁ. By applying Lemma 5.2, we obtain that

§€Hy and (£, §)=1lm(E, xq).

Since &(xq) € A, we have a = (£,&) € A. Let P: Hy — H be the projection. Then P € L(Hy). Put
n= P(&) e H. Note that (P(§) — &, x) =0 for all x € H. Hence & = 1. Therefore this case follows.

In what follows we will work in H™ and use the inner product in H~ whenever it is convenient.

In general, let a = lim, (€, x4 ). Since (€, x4) = £(xy) € A for all o, we have a € A.

Claim: a = (£, &) (in the inner product of H™).
Let {E;} be an approximate identity for K (H). Let € > 0 and f € A*, with || f|| < 1. By applying
Lemma 5.4, we have (since {||§ — x4 ||} is bounded)

1i;ll(SUP{|f((€ — Wo(Ex)(§), € —xa)I}) =0. (5-7)

Thus, by applying Lemma 5.4 and (5-7), we obtain A such that, for all A > A,

| f((E = Wo(E) (&), €))] < Le,
|f((E = Wo(E) (&), & —x4))| < 3¢ forall a. (5-8)

Recall that, by Proposition 5.3, Wy (E;)(§) € H. Fix any A > Ag. Choose o such that, for any o > «y,
15, xo) —all < 3¢ and | f((Wo(EL)(E), § —xa))| < €. (5-9)
Now, by the first inequality of (5-9), (5-8) and then the second inequality of (5-9),

1fUEE) —a)| < |fUE.E) — (E.xaD|+ e = fE, & —xa))| + 1€
< IFUE = Wo(E)(E), & —xa) |+ | fFUP(E)(E), € —xa))| + 1€ < Je+ e+ 1€ =€

Since this holds for any €, we conclude that

fUE &)= f(a) forall feA*.

By the Hahn—Banach theorem, we obtain (£, £) = a. The claim is proved.
There exists x| € {x,} and then x; € {x,} such that

I, §) —all <5, 1 —x2,x)l <3 and [[{x2,8) —al <.
Suppose that we have found xy, x, ..., x, such that
(€ —x;, xi)|l < 1/2/  and {x;, &) —al < 12/, i=1,2,...,j—1,
and j =1,2,...,n. Then choose x,+1 € {x,} such that

€ —xurrx)ll < 1/2"F and  [[Goupr, &) —all < 17277, i=1,2,....n.
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Thus, by induction, we obtain a subsequence {x,} in {x,} such that

Iim |[{(x;,&)—all=0 and lim ||(§ —x,,x;)||=0 fori e N.
n—oo n—oo

Denote by Hy the Hilbert A-submodule generated by {xi, x2, ..., x,, ... }. In particular, x, € Hy and
neN. Let n =£|g,.
Now Hj is countably generated and x,, € Hp, so we have

lim |In(x,) —all = lim [§(x,) —al =0.
n—oo n—oo
Moreover, if y =Y 7", x; - a;, where a; € A, then
lim [[n(y) — (xq, y) I = 0.
n—>oo
Since {x,} is bounded (since {x,} is bounded), this implies that
nlirgo In(y) — (xn, Y)II=0 forall y € Hp.

Applying what has been proved, we conclude that n € Hy and lim,,—. o (1, x,) = (n, n) = a.
We now consider Hilbert A**-modules Hye A** C H o A**. By Proposition 3.1, we obtain a projection
P :H™ — Hj such that P|gyes+ = idyyes=. Then n = P(&). Hence, by the claim,

I(1 = PYE* = [{(1 = P)(&), (1 = PYE < {1 = P)(E), E)I + (1 — P)(&), P(&))]
=15, 8) = (P&, &) +0=lla— (P &), PE) = lla—(n, n)] =0.
In other words, P(§) = n =&. The theorem follows. [l
Definition 5.6. Let A be a C*-algebra and H be a Hilbert A-module. Then H* C H™.
For each & € H*, € > 0 and a finite subset Y C H", define
Ocey={¢ €H :l{E ¢, )l <€ yeY),

where the inner product is taken from H if H® is a Hilbert A-module, or from H"~ (with values in A*™*).
Denote by Tyw the topology in H* generated by Og ¢y forall &£ € H*, e € Ry \ {0} and finite subsets
Y C H*. Note that a net {¢,} converges to & in H® in Ty if and only if

lim [[{§ — Za, ¥} =0

for all y € H*®, where the inner product is the one defined above.

Corollary 5.7. Let A be a C*-algebra and H be a Hilbert A-module. Then, with Tyw, the unit ball of H
is closed in H*.

Proof Let &€ € HE. Suppose that there is a net {x,} in H with ||xy| < 1 such that

lim || (€ — xq, n)| =0 forall n € H¥,
o

where the inner product is in H™. Then, for each x € H, lim, ||(§ — x4, x)|| = 0 and (by choosing n = &)
{E(xe)} = {(§, x4)} converges in norm to (£, £). By Theorem 5.5, £ € H. [l
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Corollary 5.8. Let A be a monotone complete C*-algebra and H be a Hilbert A-module. Then the unit
ball of H is closed in H® in the topology Tyw, where we view HF as a self-dual Hilbert A-module.

Lemma 5.9. Let X be a Hilbert space, A C B(X) be a C*-subalgebra and M = ASOT, with idy € M.
Let H be a Hilbert A-module. Suppose that & € HeM and (§,x) € A forallx € H. Then & € H.

Proof. First let us consider the case that H = H4. Then, by Proposition 3.6,

n
HjoM = {{an} :a, € AM and Za,’fak converges in norm}.
k=1

Write & = {b,} € Hy » M. The condition that (¢, x) € A for all x € H, implies that £ € Hi. It follows
that b,, € A. Hence & € Hy.

Next, let us assume that H is countably generated. Let £ € H e M and (§, x) € A forall x € H. By
Kasparov’s absorbing theorem, we may write Hy = H @ H*. It follows from what has been proved that
&€ Hy. Let P: Hy — H be the projection. Then P(&) € H. However, (§ — P(§),x) =0forall x € H.
For any y € H*, since £ € HeM, we have (£, y) =0forall y e H. Hence £ = P(£§) € H.

In general, since § €¢ He M, there are x,; € H, i =1,2,...,k(n), by; e M, i =1,2,...,k(n),

n € N, such that
k(n)

nllg)lng - ;xn,i 'bn,i
i=

Let Hy be the Hilbert A-submodule generated by {x,; :1 <i <k(n), n € N}. Then § € Hye M and
&ln, € Hg, as (§,h) € A for all h € Hy C H. From what has just been proved, £ € Hy C H. U

=0.

We end this section with the following result.

Theorem 5.10. Let A be a C*-algebra and H be a Hilbert A-module. Then the unit ball of H is closed
in H™ in the topology Tyw of H™ = (H e A**)%.

Proof. Let {x,} be a net in the unit ball of H and £ € H™ such that

lim||(§ —xy,¢)|| =0 forall¢ e H™.

Since H™ = (H ¢ A**)* and H C H « A**, by applying Corollary 5.8, we conclude that £ € H ¢ A**,
We also have, forall y € H,
lim [[(§ — xo, )| = 0.

Since (x4, y) € A, it follows that (§, y) € A. By Lemma 5.9, § € H. O

6. A Kaplansky-style density theorem in the self-dual Hilbert modules

In the last section, we show that H is closed in H* and H™ in the topology Tyw of H* and that of H™,
respectively. In this section, however, we will show that H is dense in H™ in a weaker topology. In
fact, by Theorem 4.5, it is easy to show that H is dense in H" in 7p, the topology defined below (see
Definition 6.1). A similar question is whether one can replace x in (6-1) by any element in H*.
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Definition 6.1. Let A be a W*-algebra and H be a Hilbert A-module.
Lete >0, and let Y C H and F C A, be finite subsets. Let £ € H*. Define

Oscvr={CeH |f({(§—C¢,x)| <€, xeY, feFyCH". (6-1)

Let 7o be the topology of H* generated by the subsets Os ¢ y 7.
Lete > 0, and let Z C H* and F C A, be finite subsets. Let & € H*. Define

Otezr={CeH |f((E—¢,x)| <€, xeZ, feF}CH.

Let 7, be the topology of H¥ generated by the subsets O .. 7. 7.

In fact, by [Paschke 1973, Proposition 3.8] and the definition before it, 7y, is the weak* topology of H*
as a conjugate space. So a natural question is whether H is dense in H* in 7,,. To be more useful (but
perhaps not useful enough to be used twice on Sundays — see [Pedersen 1979, 2.3.4]), we will also prove
a Kaplansky-style density theorem in Theorem 6.4.

Let us also consider another topology. Let € > 0, & € H*, and let F C A, be a finite subset. Define

Ocer={CeH :|f((E—¢C,E—C)) <€ feF)

Let 7,5 be the topology generated by O, ¢ 7 for all € > 0, & € H* and finite subsets F C A,. Note that
Tws 18 stronger than T,,, which is stronger than 7.

Lemma 6.2. Let X be a Hilbert space and A C B(X) be a C*-subalgebra. Suppose that M = ASOT with

idy € M and b = {b;} € Hf,l. There is a net ay = {(a1,a, 2,005 - - - » An,ars - - -)} € Hy such that
0o 172
> diaia| =Bl (6-2)
j=1
o0
lim f(Z(bj —a;4)"(bj — aj,a)> =0 (6-3)
j=1

forall f € M,.

Proof. Let Y =1?(X), the Hilbert space direct sum of countably many copies of X. Let b= (ci,j) € B(Y),
where ¢; 1 = b;, i €N, and ¢; j = 0if j > 2 (see (3-8)). Denote by P, : ¥ — X the projection, where
X ™ is the direct sum of (first) n copies of X. Let € > 0 and V € L?(X) be a finite subset. Then there is
ngo € N such that

(1 — Py < %e(l +||b|]) forallveV.

There is d € M,,,(A) such that
(b —d) (P, ()|l < J¢ forallve V.
We have

(B —d Pyy)(@)|| < [|(b—dPuy)(1 = Pup) ()| + | (b — d) Pay (V)]
= 1b(1 — P, )|l + € <€ forallve V.
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Let B be the self-adjoint algebra of those bounded operators on ¥ which can be expressed as infinite
matrices with entries in A, where all are zero except finitely many of them. Then, by what has been
proved, we conclude that, in the strong operator topology (of B(Y)), operator b is in the closure of
operators in B in the strong operator topology.

Then, by the Kaplansky density theorem, there is a net {d,} € B with ||dy| < 5|l such that

lim ||(b —dy)v||=0 forallveV.
o

Since {||b — dy ||} is bounded, we also have

lim ||(b — dy)* (b — dy)v|| =0 forallv e Y.
o
We further note that

[e.e]
611> = [|(b)*bl| = HZb;'fbj <]
j=1
Then
lim ||(b —dy)* (b —dy)Piv|]| =0 forallve?Y. (6-4)

Note bPy = b. Letd!, = dy Py = (d;.j.«), Where d; j o = 0if j >2. Puta; 4 =d) ju» j € N. Then, for all

nelN,
n
*
Z Ajodje
j=1

<l d)*d.ll = I, 11> < lda|I* < 151> < [Ib]1%.

Put a, = {a;«}. Since d,, € B, for each «, there are only finitely many a; , which are not zero. Hence
ay € Hy. Then |lay|l < ||8]|. Thus (6-2) holds. On the other hand, by (6-4),

lim [|(b —d,)*(b —d.) Piv|| = 0. (6-5)
Let h € X. By (6-5),

lim
o

> by —aj0)*b; - aj,a)hH =0.
j=1

In other words, Z;’il (bj—aj)*(bj—ajq) = (b—aq, b—a,) — 0 in the strong operator topology.
However,

= (b —d)I* < (bl + llde IN* < 411511

Z(bj —aj)*(bj—ajq)
=1

Therefore ) i, (bj—aj)*(bj—aj ) — 0in the o-weak operator topology and hence in the weak* topol-
ogy (see, for example, 4.6.13 of [Pedersen 1989]). Therefore (6-3) holds. O

Lemma 6.3. Let A C B(X) be a C*-subalgebra, and let M = ASOT, with 1x € M. Suppose that H is
a countably generated Hilbert A-module. Then H is dense in (H « M)* in the following sense: for any
£ € (H o M)*, there is a net x, € H with ||xo | < ||€|| such that

limsup{| f({§ —xo, ENI: ¢ € (HeM), ¢ <1} =0 forall f € M,. (6-6)
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Proof. Let us first prove this for H = H4, even though when A is not o-unital, H4 is not countably
generated. Lemma 6.2 provides a net {x,} in H4 with ||xy| < ||&]| such that

lignf((é —Xo, E —x4)) =0 forall feM,.

Recall that, for any positive linear functional f, the map H f/[ X Hf/[ — R defined by [x, ylr = f({x, y))
(forallx,ye H 1?4) is a pseudo inner product. Therefore, by the Cauchy—Bunyakovsky—Schwarz inequality,

FUE NP < FUx, XD F((y,y)) forall x, y € Hj,.

It follows that, for any positive normal linear functional f,

sup(| £ ((€ = Xa, £))| : £ € Hyp, 121 < 11 < sup{ £ (£, E)) f (& — Xar & —Xa)) 1 ¢ € Hiy, 1] < 1)

=1 fIIf((§ —xa, & —x4)) = 0.
Thus we proved (6-6) holds for H = Hy.

Now let H be a countably generated Hilbert A-module. Then, by Kasparov’s absorbing theorem, we
may write Hy = H & H'.Hence HyeM = H e M & (H+ « M). It follows that

Hy = (Hyo M)* = (H « M)* & (H" « M)

Let P: H f,, — (H « M)* be the projection such that P|y = idy. Then, by what has been proved for Hy,
there is a net y, € H4 such that ||y, || < ||&]| and, for any f € M,,

limsup{ £ ({§ — ya: €)) 1 ¢ € Hyy, 6] < 1) =0.
Put x, = P(y,) € (H « M)*. Note that P(£) = £. Then, for any f € M,,
lim sup{f ((§ —xq. £)) : ¢ € (HeM)?, [I£]| < 1} = limsup{f ((§ —xa. P())): ¢ € (HeM)", ]| <1}
= limsup{f ((§ —ya. £)) : £ € (He M), || < 1}
<limsup{f ((§ —ya: £)) : ¢ € Hyy Il <1} =0. O

Theorem 6.4. Let X be a Hilbert space, A C B(X) a C*-subalgebra and M = ASOT with 1,y = idx, and
let H be a Hilbert A-module. Then the unit ball of H is dense in the unit ball of (H « M)* in T, (the
topology on (H « M)*).

Proof. Let & € (H«M)® with ||£]| < 1. It suffices to show that, for any € > 0, any finite subset Y C (H ¢ M)*
and any finite subset 7 C M,, there is x € H such that

Ixll < lI§] and |f((§ —x,y)| <€ forallye(HeM), |y| <1, and fe€F.

Let us fix € and F. Choose an approximate identity {E,} for K(H). It follows that E, 7 idgy.
Note that idy € M (K (H)). By the last part of Proposition 2.13, Wy(idy) = idges. By [Paschke 1973,
Corollary 3.7], F o Wo(idy) = id(gep:, Where F : K(H o M)** — B(H » M)* is the map given by
Proposition 2.16. Note also that, by Lemma 2.9, {W((E;)} is an approximate identity for K (H « M).
In the universal representation of K (H « M), we have that 1 — Wy(E,) converges to zero in the strong
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operator topology. Note that |1 — Wo(E; )| < 1. Therefore (1 — Wo(E3))*(1 — Wy(E})) also converges
to zero in the strong operator topology. Hence (since {||(1 — Wo(E3))*(1 — Wo(E,))|l} is bounded), it
converges to zero in the weak™* topology. By Proposition 2.16, we have, for all f € M,,

J((§ = FoW(Ep)(§), § — FoWo(E)(E)))
= f(((1 = FoWo(EL)* (1 — F o Wo(E3)) (&), &) — 0. (6-7)

Next let g be a positive normal linear functional in M,. Then, for any y € (H « M)* with ||y| <1,

|g((6 = F o Wo(E)(§), Y)I* < g((§ — F o Wo(Ey)(§), & — F o Wo(E)(E))g((y, ¥)

< gyl (& — F o Wo(Ex) (). £ — F o Wo(E;)(£))).
Hence, by (6-7),

lim (sup{|g (& — F o Wo(E;)(§), y))| : y € (H « MY*, Iyl < 1}) =0,
It follows that, for any f € M,,
lim(sup{| £ ((€ — F o Wo(E) (), y))| : y € (H « MY, Iyl < 1}) =0.
Put @ := F o Wy. We obtain X such that, for all 1 > Ao,
[f(E = P(EDE). y)| < 3¢ forallye (HeM)", |y <1, and feF. (6-8)

Let H) = E;(H). As in the proof of Theorem 3.12, we have that H, is countably generated. Moreover,
by Proposition 3.1,
(H e M) = (H;. » M)* @ ((Hy » M)")".

Let P, : (H « M)* — (H, « M)* be the projection. Note that

D(E;) (&), D(E;)(y) € Po((H e M)*) = (Hy, o M)
forall y € (H « M)*.
It follows from Lemma 6.3 that there is x € H, with ||x|| < || ®(E;)(E)| < |||l such that

|fQW(EDE) —x, i) < 3¢ forall y € (Hy » M), |Iyll < 1.
Since P, ®(E;) = ®(E;) and x € H,, we have, for all y € (Hy e M)?, ||y| <1,
|FUPEDE) —x, YD = [ FUPLD(E)(E) — Po(x), YD) = [ FUPR(EDE) —x, P < 3€.
Thus (also applying (6-8)) for all y € (H « M)? with ||y|| <1 and f € F,
|f(E —x, DI <1 (g = DEDE), I+ I fUPEDE) —x, y)| < 36 + 36 = €. O

The next two statements are the main results of this section.

Corollary 6.5. Let A be a W*-algebra and H be a Hilbert A-module. Then the unit ball of H is dense in
HE in Ty.

Proof. Let M = A and then apply Theorem 6.4. ]
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Theorem 6.6. Let A be a C*-algebra and H be a Hilbert A-module. Then the unit ball of H is dense in
H™ in Tys (as H™ = (H « A*)%).

Proof. We choose the universal representation 7ty and its strong operator closure A” = A**, then apply
Theorem 6.4. U

References

[Baaj and Skandalis 1993] S. Baaj and G. Skandalis, “Unitaires multiplicatifs et dualité pour les produits croisés de C*-algebres”,
Ann. Sci. Ecole Norm. Sup. (4) 26:4 (1993), 425-488. MR Zbl

[Brown and Ciuperca 2009] N. P. Brown and A. Ciuperca, “Isomorphism of Hilbert modules over stably finite C*-algebras”,
J. Funct. Anal. 257:1 (2009), 332-339. MR Zbl

[Brown and Lin 2025] L. G. Brown and H. Lin, “Projective Hilbert modules and sequential approximations”, Sci. China Math.
68:1 (2025), 137-168. MR Zbl

[Conway 2000] J. B. Conway, A course in operator theory, Grad. Stud. Math. 21, Amer. Math. Soc., Providence, RI, 2000. MR
Zbl

[Coward et al. 2008] K. T. Coward, G. A. Elliott, and C. Ivanescu, “The Cuntz semigroup as an invariant for C*-algebras”,
J. Reine Angew. Math. 623 (2008), 161-193. MR Zbl

[Kaplansky 1953] I. Kaplansky, “Modules over operator algebras”, Amer. J. Math. 75 (1953), 839-858. MR Zbl

[Kasparov 1980] G. G. Kasparov, “Hilbert C*-modules: theorems of Stinespring and Voiculescu”, J. Operator Theory 4:1
(1980), 133-150. MR Zbl

[Lin 1991a] H. X. Lin, “Bounded module maps and pure completely positive maps”, J. Operator Theory 26:1 (1991), 121-138.
MR Zbl

[Lin 1991b] H. X. Lin, “Hilbert C*-modules and their bounded module maps”, Sci. China Ser. A 34:12 (1991), 1409-1421. MR
Zbl

[Lin 1992] H. X. Lin, “Injective Hilbert C*-modules”, Pacific J. Math. 154:1 (1992), 131-164. MR Zbl
[Lin 2001] H. Lin, An introduction to the classification of amenable C*-algebras, World Sci., River Edge, NJ, 2001. MR Zbl

[Ortega et al. 2011] E. Ortega, M. Rgrdam, and H. Thiel, “The Cuntz semigroup and comparison of open projections”, J. Funct.
Anal. 260:12 (2011), 3474-3493. MR Zbl

[Paschke 1973] W. L. Paschke, “Inner product modules over B*-algebras”, Trans. Amer. Math. Soc. 182 (1973), 443-468. MR
Zbl

[Pedersen 1979] G. K. Pedersen, C*-algebras and their automorphism groups, Lond. Math. Soc. Monogr. 14, Academic Press,
London, 1979. MR Zbl

[Pedersen 1989] G. K. Pedersen, Analysis now, Grad. Texts in Math. 118, Springer, 1989. MR Zbl

Received 17 Dec 2023. Revised 5 Apr 2024. Accepted 8 Jun 2024.

HUAXIN LIN: hlinQuoregon.edu
Shanghai Institute for Mathematics and Interdisciplinary Sciences, Shanghai, China

mathematical sciences publishers :.msp


https://doi.org/10.24033/asens.1677
http://msp.org/idx/mr/1235438
http://msp.org/idx/zbl/0804.46078
https://doi.org/10.1016/j.jfa.2008.12.004
http://msp.org/idx/mr/2523343
http://msp.org/idx/zbl/1173.46038
https://doi.org/10.1007/s11425-023-2194-x
http://msp.org/idx/mr/4844140
http://msp.org/idx/zbl/07965983
https://doi.org/10.1090/gsm/021
http://msp.org/idx/mr/1721402
http://msp.org/idx/zbl/0936.47001
https://doi.org/10.1515/CRELLE.2008.075
http://msp.org/idx/mr/2458043
http://msp.org/idx/zbl/1161.46029
https://doi.org/10.2307/2372552
http://msp.org/idx/mr/58137
http://msp.org/idx/zbl/0051.09101
http://www.mathjournals.org/jot/1980-004-001/1980-004-001-007.html
http://msp.org/idx/mr/587371
http://msp.org/idx/zbl/0456.46059
http://www.mathjournals.org/jot/1991-026-001/1991-026-001-008.html
http://msp.org/idx/mr/1214924
http://msp.org/idx/zbl/0791.46032
http://msp.org/idx/mr/1167791
http://msp.org/idx/zbl/0772.46022
https://doi.org/10.2140/pjm.1992.154.131
http://msp.org/idx/mr/1154736
http://msp.org/idx/zbl/0799.46057
https://doi.org/10.1142/9789812799883
http://msp.org/idx/mr/1884366
http://msp.org/idx/zbl/1013.46055
https://doi.org/10.1016/j.jfa.2011.02.017
http://msp.org/idx/mr/2781968
http://msp.org/idx/zbl/1222.46043
https://doi.org/10.2307/1996542
http://msp.org/idx/mr/355613
http://msp.org/idx/zbl/0239.46062
http://msp.org/idx/mr/548006
http://msp.org/idx/zbl/0416.46043
https://doi.org/10.1007/978-1-4612-1007-8
http://msp.org/idx/mr/971256
http://msp.org/idx/zbl/0668.46002
mailto:hlin@uoregon.edu
http://msp.org

Guidelines for Authors

Authors may submit manuscripts in PDF format on-line at the Submission
page at msp.org/apde.

Originality. Submission of a manuscript acknowledges that the manu-
script is original and and is not, in whole or in part, published or under
consideration for publication elsewhere. It is understood also that the
manuscript will not be submitted elsewhere while under consideration
for publication in this journal.

Language. Articles in APDE are usually in English, but articles written
in other languages are welcome.

Required items. A brief abstract of about 150 words or less must be
included. It should be self-contained and not make any reference to the
bibliography. If the article is not in English, two versions of the abstract
must be included, one in the language of the article and one in English.
Also required are keywords and subject classifications for the article,
and, for each author, postal address, affiliation (if appropriate), and email
address.

Format. Authors are encouraged to use IATEX but submissions in other
varieties of TigX, and exceptionally in other formats, are acceptable. Ini-
tial uploads should be in PDF format; after the refereeing process we will
ask you to submit all source material.

References. Bibliographical references should be complete, including
article titles and page ranges. All references in the bibliography should
be cited in the text. The use of BibTgX is preferred but not required. Tags
will be converted to the house format, however, for submission you may
use the format of your choice. Links will be provided to all literature
with known web locations and authors are encouraged to provide their
own links in addition to those supplied in the editorial process.

Figures. Figures must be of publication quality. After acceptance, you
will need to submit the original source files in vector graphics format for
all diagrams in your manuscript: vector EPS or vector PDF files are the
most useful.

Most drawing and graphing packages (Mathematica, Adobe Illustrator,
Corel Draw, MATLAB, etc.) allow the user to save files in one of these
formats. Make sure that what you are saving is vector graphics and not a
bitmap. If you need help, please write to graphics @msp.org with details
about how your graphics were generated.

White space. Forced line breaks or page breaks should not be inserted in
the document. There is no point in your trying to optimize line and page
breaks in the original manuscript. The manuscript will be reformatted to
use the journal’s preferred fonts and layout.

Proofs. Page proofs will be made available to authors (or to the des-
ignated corresponding author) at a Web site in PDF format. Failure to
acknowledge the receipt of proofs or to return corrections within the re-
quested deadline may cause publication to be postponed.


http://msp.org/apde
mailto:graphics@msp.org

ANALYSIS & PDE

Volume 18 No.6 2025

Damped Strichartz estimates and the incompressible Euler—Maxwell system
DIOGO ARSENIO and HAROUNE HOUAMED

Equivariant property Gamma and the tracial local-to-global principle for C*-dynamics
GABOR SZABO and LISE WOUTERS

Multijet bundles and application to the finiteness of moments for zeros of Gaussian fields
MICHELE ANCONA and THOMAS LETENDRE

Existence of solutions to a fractional semilinear heat equation in uniformly local weak
Zygmund-type spaces
NORISUKE I0KU, KAZUHIRO ISHIGE and TATSUKI KAWAKAMI

A Marcinkiewicz multiplier theory for Schur multipliers
CHIAN YEONG CHUAH, ZHEN-CHUAN LIU and TAO MEI

Double duals and Hilbert modules
HUAXIN LIN

1309

1385

1433

1477

1511

1531



	 vol. 18, no. 6, 2025
	Masthead and Copyright
	01
	1. Introduction
	1.1. Main results
	1.2. Other models of incompressible plasmas
	1.3. Strategy of proof
	1.4. Notation

	2. The effect of damping on semigroup flows
	2.1. The damping lemma
	2.2. Damped parabolic estimates
	2.3. Damped Strichartz estimates

	3. Perfect incompressible two-dimensional plasmas
	3.1. Dimensional analysis
	3.2. Approximation procedure and stability
	3.3. Paradifferential calculus and the normal structure
	3.4. Controlling the vorticity
	3.5. Control of high-frequency damped electromagnetic waves
	3.6. Control of low-frequency damped electromagnetic waves
	3.7. Almost-parabolic estimates on the magnetic field
	3.8. Proof of Theorem 3.1
	3.9. Proof of Theorem 3.2
	3.10. Proof of Theorem 3.3
	3.11. Uniform bounds for fixed initial data

	Appendix A. Littlewood–Paley decompositions and Besov spaces
	A.1. Littlewood–Paley decompositions
	A.2. Besov spaces
	A.3. Chemin–Lerner spaces
	A.4. Embeddings
	A.5. Paradifferential product estimates

	Appendix B. Oscillatory integrals and dispersion
	References

	02
	Introduction
	1. Preliminaries
	2. Equivariant uniform property Gamma
	3. Dynamical complemented partitions of unity
	4. Dynamical tracial local-to-global principle
	5. Equivariant Jiang–Su stability
	Acknowledgements
	References

	03
	1. Introduction
	1.1. Multijet bundles
	1.2. Finiteness of moments for zeros of Gaussian fields
	1.3. Higher-order multijets and holomorphic multijets
	1.4. Organization of the paper

	2. Notation: partitions and function spaces
	2.1. Sets, partitions and diagonals
	2.2. Spaces of functions, sections and jets

	3. Divided differences and Kergin interpolation
	3.1. Divided differences
	3.2. Kergin interpolation

	4. Evaluation maps and their kernels
	5. Definition of the multijet bundles
	5.1. Definition of the basis C_p[R^n]
	5.2. Definition of the bundle MJ_p(R^n)
	5.3. Localness of multijets
	5.4. Multijets of vector-valued maps

	6. Application to zeros of Gaussian fields
	6.1. Gaussian vectors and Gaussian sections
	6.2. Bulinskaya lemma and Kac–Rice formula for the expectation
	6.3. Factorial moment measures and Kac–Rice densities
	6.4. Proofs of Theorems 1.6 and 1.9: finiteness of moments

	7. Multijets adapted to a differential operator
	7.1. Differential operator
	7.2. Multijets adapted to D
	7.3. Finiteness of moments for critical points

	8. Multijets of holomorphic maps
	8.1. Definition of the holomorphic multijet bundles
	8.2. Application to the zeros of holomorphic Gaussian fields

	Acknowledgments
	References

	04
	1. Introduction
	2. Preliminaries
	2.1. Weak Zygmund-type spaces
	2.2. Hardy's inequalities
	2.3. Fundamental solutions

	3. Decay estimates of S_theta (t)phi
	4. Proof of Theorem 1.2 and Theorem 1.4
	Appendix
	Acknowledgements
	References

	05
	1. Introduction
	2. Preliminaries
	3. Proof of Theorem Theorem 1.1
	4. The case d>1
	4.1. The case d=2
	4.2. Higher-dimensional case
	4.3. The case of continuous indices

	5. Discussions
	5.1. Counterexamples
	5.2. Operator-valued symbol

	Acknowledgments
	References

	06
	1. Introduction
	2. Self-duals
	2.10. 

	3. Isomorphism of B(H^~) and K(H)^** 
	3.3. 
	3.5. 
	3.7. 

	4. A Kaplansky density theorem in Hilbert modules
	5. Closeness of H
	6. A Kaplansky-style density theorem in the self-dual Hilbert modules
	References

	Guidelines for Authors
	Table of Contents

