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We adapt and extend the Montiel-Ros methodology to compact manifolds with boundary, allowing for
mixed (including oblique) boundary conditions and also accounting for the action of a finite group G
together with an additional twisting homomorphism o : G — O(1). We then apply this machinery
in order to obtain quantitative lower and upper bounds on the growth rate of the Morse index of free
boundary minimal surfaces with respect to the topological data (i.e., the genus and the number of boundary
components) of the surfaces in question. In particular, we compute the exact values of the equivariant
Morse index and nullity for two infinite families of examples, with respect to their maximal symmetry
groups, and thereby derive explicit two-sided linear bounds when the equivariance constraint is lifted.
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1. Introduction

Despite a profusion of constructions of free boundary minimal surfaces in the Euclidean unit ball B> over
the course of the past decade — [Fraser and Schoen 2011; 2016; Girouard and Lagacé 2021; Karpukhin
et al. 2014] via optimization of the first Steklov eigenvalue, [Carlotto et al. 2022a; Ketover 2016a; 2016b]
via min-max methods for the area functional, and [Carlotto et al. 2022b; Folha et al. 2017; Kapouleas and
Li 2021; Kapouleas and McGrath 2023; Kapouleas and Wiygul 2023; Kapouleas and Zou 2021] via gluing
methods — many basic questions about the space of such surfaces remain open. The reader is referred
to [Franz 2022; Fraser 2020; Li 2020] for recent overviews of the field. In particular, so far it is only
for the rotationally symmetric examples, planar discs through the origin and critical catenoids, that the
exact value of the Morse index is actually known; see [Devyver 2019; Smith and Zhou 2019; Tran 2020].
The present manuscript is the first in a series of works aimed at shedding new light on this fundamental
invariant, which (also due to its variational content, and thus to its natural connection with min-max theory,
see [Marques and Neves 2016; 2018; 2020]) has acquired great importance within geometric analysis.
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Partly motivated by the corresponding conjectures concerning closed minimal hypersurfaces in mani-
folds of positive Ricci curvature (see [Ambrozio et al. 2018a; Neves 2014]), five years ago the first author
proved with Ambrozio and Sharp a universal lower bound for the index of any free boundary minimal
surface in any mean-convex subdomain € of R? in terms of the topological data of the surface under
consideration. Specifically, it was shown in [Ambrozio et al. 2018b] that the following estimate holds:

index(X) > 1(2g+b— 1), (1-1)

where ¥ is any free boundary minimal surface in 2 and g and b denote its genus and the number
of its boundary components, respectively. This result was then partly complemented by [Lima 2022,
Theorem 4], that is, an affine upper bound with a very large, yet in principle computable, numerical
constant. In this article we shall develop a general methodology, building upon the fundamental work
[Montiel and Ros 1991], which allows us, among other things, to significantly refine such universal
estimates bringing the geometry and symmetry group of the surfaces under consideration into play. This
approach, while motivated by our goal to better understand the behavior of certain infinite families of free
boundary minimal surfaces in B> (aiming for two-sided bounds in terms of explicit, affine functions of
the topological data), turns out to be of independent interest and much wider applicability.

In more abstract terms, we shall be concerned here with proving effective estimates for (part of)
the spectrum of Schrédinger-type operators on bounded Lipschitz domains of Riemannian manifolds,
combined with mixed boundary conditions, which will be — on disjoint portions of the boundary in
question — of Dirichlet or Robin (oblique) type. Summarizing and oversimplifying things to the extreme,
the number of eigenvalues of any such operator below a given threshold can be estimated by suitably
partitioning the domain into finitely many subdomains, provided one adjoins Dirichlet boundary conditions
in the interior boundaries when aiming for lower bounds, and Neumann boundary conditions in the
interior boundaries for upper bounds instead. We refer the reader to Section 2 for the setup of our problem
together with our standing assumptions, and to the first part of Section 3 (specifically to Proposition 3.1,
and Corollary 3.2) for precise statements.

Often times (yet not always) the partitions mentioned above naturally relate to the underlying symmetries
of the problem in question, which is in particular the case for some of the classes of free boundary minimal
surfaces in B3 that have so far been constructed. With this remark in mind, a peculiar (and, a posteriori,
fundamental) feature of our work is the development of the Montiel-Ros methodology in the presence
of the action of a group G together with an additional twisting homomorphism o : G — O(1), in the
terms explained in Section 2.4. This allows us, for instance, to explicitly and transparently study how the
Morse index of a given free boundary minimal surface depends on the symmetries one imposes, namely
to look at the “functor” (G, o) — ind;(T), where T denotes the index (Jacobi) form of the surface in
question. As apparent even from the simplest examples we shall discuss, this perspective turns out to be
very natural and effective in tackling the geometric problems we are interested in.

With this approach, lower bounds are sometimes relatively cheap to obtain. One way they can be
derived is from ambient Killing vector fields, once it is shown that the associated (scalar-valued) Jacobi
field on the surface under consideration vanishes along the (interior) boundary of any domain of the
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chosen partition, which in practice amounts to suitably designing the partition and picking the Killing field
given the geometry of the problem. We present one such simple yet paradigmatic result in Proposition 4.2,
which concerns free boundary minimal surfaces with pyramidal or prismatic symmetry in B>. Instead,
upper bounds are often a lot harder to obtain and shall typically rely on finer information than the sole
symmetries of the scene one deals with. Said otherwise, one needs to know how (i.e., by which method)
the surface under study has been obtained.

We will develop here a detailed analysis of the Morse index of the two families of free boundary
minimal surfaces we constructed in our recent, previous work [Carlotto et al. 2022b]. Very briefly, using
gluing methods of essentially PDE-theoretic character, we obtained there a sequence X, KoUB*UKo of
surfaces having genus m, three boundary components and antiprismatic symmetry group A, and a

sequence E,"0UX0 of surfaces having genus zero, n + 2 boundary components and prismatic symmetry
group PP,,. As we described at length in Section 7 therein, with data (see Tables 2 and 3 in [Carlotto et al.
2022b]) and heuristics, numerical simulations for the Morse index of the surfaces in the former sequence
display a seemingly “erratic” behavior, as such values do not align on the graph of any affine function,
nor seem to exhibit any obvious periodic pattern. This is a rather unexpected behavior (by comparison,
e.g., with other families of examples, say in the round three-dimensional sphere, see [Kapouleas and
Wiygul 2020]), which obviously calls for a careful study that we carry through in Section 5 of the present

article. In particular, we establish the following statement.

. . _ 2 —— .
Theorem 1.1 (index estimates for X, ¥0UB VKo and B Kooy There exist mg, ng > 0 such that, for
all integers m > mgy and n > ng, the Morse index and nullity of the free boundary minimal surfaces
2 .
3, [UB UK g Koo — B3 sarisfy the bounds

2m + 1 < ind(z; KU UKoy - jng(x-KoUB UKy 4y (- KoUB2UKy < 10 4 12,
2n +2 < ind(g;, K00y, ind(&, "0YK0y 4 nui(E, Kooy < 8n.

In fact, the upper bound in this “absolute estimate” follows quite easily by combining the “relative
estimate” associated to the equivariant Morse index of these surfaces (with respect to their respective max-
imal symmetry groups) with the aforementioned Proposition 3.1. The next statement thus pertains to such
equivariant bounds for which we do obtain equality, thus settling part of Conjectures 7.7 (iv) and 7.9 (iv) of
[Carlotto et al. 2022b]. We stress that neither family is constructed variationally, and thus there is actually
no cheap index bound one can extract from the design methodology itself; on the contrary, this statement
indicates a posteriori that the families of surfaces in question may in principle be constructed (even in
a nonasymptotic regime) by means of min-max schemes generated by 2-parameter sweepouts, modulo
the well-known problem of fully controlling the topology in the process (see [Carlotto et al. 2022a]).

o . _ 2 —_ .
Theorem 1.2 (equivariant index and nullity of X, KoUB“UKo and g, KoUKo) - There exist mo, ng > 0 such
that, for all integers m > mgy and n > ny, the equivariant Morse index and nullity of the free boundary
. _ 2 —_ .
minimal surfaces ,,*0Y8 WMo -t = B3 a1y
; —KoUB2UIK —KoUB2UIK
11’ldAm+l (Em 0 0) = 2’ nu]AnH—l (Em 0 0) = O’

indp, (2, K00y =2, nulp, (2, K050y = 0,
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The main idea behind the proof of these results, or— more precisely — for the upper bounds, can only
be explained by recalling, in a few words, how the surfaces in question have been constructed. Following
the general methodology of [Kapouleas 1997], one first considers a singular configuration, that is a formal
union of minimal surfaces in B> (not necessarily free boundary), then its regularization — which needs
the use of (wrapped) periodic minimal surfaces in R>, to desingularize near the divisors, and controlled
interpolation processes between the building blocks in play — and, thirdly and finally, the perturbation of
such configurations to exact minimality (at least for some values of the parameters), while also ensuring
proper embeddedness and accommodating the free boundary condition. Here we first get a complete
understanding of the index and nullities of the building blocks for the concrete cases under consideration
in Section 5. In somewhat more detail, the analysis of the Karcher—Scherk towers (the periodic building
blocks employed in either construction) exploits, in a substantial fashion, the use of the Gauss map, which
allows one to rephrase the initial geometric question into one for the spectrum of simple elliptic operators
of the form A,s* 42 on suitable (typically singular, i.e., spherical triangles, wedges or lunes) subdomains
of round S?, with mixed boundary conditions, and possibly subject to additional symmetry requirements.
The analysis of the other building blocks — disks and asymmetric catenoidal annuli—is more direct,
although, in the latter case, trickier than it may first look (see, e.g., Lemma 5.8).

Once that preliminary analysis is done, we then prove that, corresponding to the (local) geometric con-
vergence results (that are implied by the very gluing methodology), there are robust spectral convergence
results that serve our scopes. However, a general challenge in the process is that gluing constructions
typically have transition regions where different scales interact with each another: in our constructions of
the sequences

3 —KQUBZUKO

m

= —KoUIK
and E, 070,

such regions occur between the catenoidal annuli Kq (as well as the disk B2 in the former case) and
the wrapped Karcher—Scherk towers, roughly at distances between m~! and m~!/? (respectively n~!
and n~1/2) from the equatorial S!. As a result, we need to deal with delicate scale-picking arguments, an
ad hoc study of the geometry of such regions (see Lemma 5.21) and — most importantly — prove the
corresponding uniform bounds for eigenvalues and eigenfunctions (collected in Lemma 5.25), which

allow us to rule out pathologic concentration phenomena, thereby leading to the desired conclusions.

2. Notation and standing assumptions

2.1. Boundary value problems for Schridinger operators on Lipschitz domains. Let Q be a Lipschitz
domain of a smooth, compact d-dimensional manifold M with (possibly empty) boundary d M, by which
we mean here a nonempty, open subset of M whose boundary is everywhere locally representable as the
graph of a Lipschitz function. We do not require — at least in general — 2 to be connected, and we admit
the case Q = M (where Q denotes the closure of € in M), when of course Q2 = d M, the boundary of
the ambient manifold in question. Throughout this article we will in fact assume d > 2.

We are going to study the spectrum of a given Schrodinger operator on 2 subject to boundary
conditions and, sometimes, symmetry constraints. Such symmetry constraints will be encoded in terms of
equivariance with respect to a certain group action, which we shall specify in due time.
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The Schrodinger operator
Ag+q

is determined by the data of a given smooth Riemannian metric g on  and a given smooth (i.e., C*)
function ¢ : Q — R. To avoid ambiguities, we remark here that a function (or tensor field) on € is
smooth if it is the restriction of a smooth tensor field on M or —equivalently — on a relatively open set
containing Q.

The boundary conditions are specified by another smooth function r : € — R and a decomposition

0Q = pQUINQU &R, (2-1)

where the sets on the right-hand side are the closures of pairwise disjoint open subsets dp€2, InS€2, and
orS2 of 9€2.

Somewhat more specifically, we will consider the spectrum of the operator A, + g subject to the
Dirichlet, Neumann, and Robin conditions

u=>0 on dp<2,
du(nd) =0  on N, (2-2)
du(ng,z) =ru on JdrS2,

where 17§2 is the almost-everywhere defined outward unit normal induced by g on 9£2.

It is obviously the case that the Neumann boundary conditions can be regarded as a special case of their
inhomogeneous counterpart, however it is convenient— somewhat artificially —to distinguish them in
view of the later applications we have in mind — the study of the Morse index of free boundary minimal
surfaces.

2.2. Sobolev spaces and traces. To pose the problem precisely, we introduce the Sobolev space H'($2, g)
consisting of all real-valued functions in L?(2, g) which have a weak g-gradient whose pointwise g
norm is also in L2(2, g); then H'(2, g) is a Hilbert space equipped with the inner product

(U, V) 1) = / (uv + g(Veu, Vov)) d#%(g),
Q

integrating with respect to the d-dimensional Hausdorff measure induced by g. (We say a function

uell

10c (82, @) has a weak g-gradient Vyu if V,u is a measurable vector field on €2 with pointwise g
norm in L]

1e(Q,8) and [, g(X, Vou)d#(g) = — [ udivy X d#(g) for every smooth vector field
X on Q of relatively compact support, where div, X is the g divergence of X; V,u is uniquely defined
whenever it exists, modulo vector fields vanishing almost everywhere.)

Under our assumptions on d€2, we have a bounded trace map H (@, ) — L*02Q, 9) extending the
restriction map CY(Q) — C°%0). (The Hilbert space L2302, g) is defined using either the (d—1)-
dimensional Hausdorff measure .#¢~!(g) induced by g or, equivalently, the almost-everywhere defined
volume density induced by g on 9€2.) In fact, we have not only boundedness of this map but also the
stronger inequality

lulaelli2@a,q) < C(82, @) (ellullgiq,q + CENullL2Q,q) (2-3)
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forall u € H'(Q, g), all € > 0, some C(S2, g) independent of u and ¢, and some C(¢) independent of
u and (€2, g). (This can be deduced, for example, by inspecting the proof of Theorem 4.6 in [Evans
and Gariepy 2015]: specifically, we can apply the Cauchy—Schwarz inequality (weighting with €, as
is standard) to the inequality immediately above the line labeled (x x x) on page 158 of the preceding
reference, whose treatment of Lipschitz domains in Euclidean space is readily adapted to our setting.)

For each C € {D, N, R}, indicating one of the boundary conditions we wish to impose, by composing
the preceding trace map with the restriction IRICIvE g) — L?(8c%2, g), since dc 2 is open in 92, we also
get a trace map - |y, : HY(Q,g) — L*(3c, g). In practice we will consider traces on just dp<2 and dg €2.
Considering the condition on dp <2, we will then define

Hy o(Q,8):={uec H (R, 8 :ulspa =0},

which is obviously to be understood in the sense of traces, in the terms we just described, and we remark
that (2-3) also clearly holds with d€2 on the left-hand side replaced by dr€2 (or by dp€2 or an€2, but we
have no need of the inequality in these cases).

2.3. Bilinear forms and their eigenvalues and eigenspaces. Corresponding to the above data we define
the bilinear form T =T[<2, g, q, r, Ip2, INS2, OR 2] by

T: Hyo(Q,8) x Hyo(R,8) — R,

(u,v)i—>/(g(Vgu,ng)—quv)d%”d(g)—/ ruvd#4 ' (g). (2-4)
Q IR

Then T is symmetric, bounded, and coercive as encoded in the following three equations, respectively:

forall u,ve Hy o(Q, 8, Tu,v)=T(,u),

forall u € Hy (2, 8), T, u)<(1+C(Q g q,r)lul?, (2-5)

(€.,8)
forallu € Hyo(R,8), T, u)=sllullyq ) —C€ 8 qNlulisg (2-6)

where, for (2-5) and (2-6), one can take C(£2, &, q,7r) = gl cog), + C(2, @Il corg) thanks to the
trace inequality (2-3). From these three properties and the Riesz representation theorem for Hilbert spaces,
it follows that, for some constant A = A(L2, g, g, r) > 0, there exists a linear map R : LZ(Q, g) —
Hj o(2, g) such that

T(Rf,v) + AQRS, )12, = (fs V) 12(0,0)

for all functions f € L?(Q,g) and v € HalDQ(Q, g), where we have introduced the inclusion map
L Hy o(Q,8) > LA, 8).

(Of course, if f is smooth then standard elliptic interior regularity results ensure that u is as well
smooth on €2 and there satisfies the equation —(Ag +¢g — A)u = f in a classical pointwise sense.) Since
the inclusion H'(Q, g) — L?*(2, g) is compact (see for example Section 7 of Chapter 4 of [Taylor
1996]) and of course the inclusion of the closed subspace H;}DQ(Q, g) — HY(Q, g) is bounded, the
aforementioned maps ¢ : Hj (R, g) — L?(€2, g) and the composite (R : L*(Q2, g) — L*(Q, g) are also
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both compact operators. Furthermore, to confirm that (R is symmetric, we simply note that (by appealing
to the equation defining the operator R, with Rf} and Rf; in place of v)

(f2, .tRf) 12,00 = T(Rf2, Rf1) + AR f2, tRf1) 12(02,0)
=T (Rf1, Rf2) + AR f1, (Rf2) 12(.9) = (1, LRF2) 1200,

for all f1, f> € L*(S, g). That being clarified, to improve readability we will from now on refrain from
explicitly indicating the inclusion map ¢ in our equations.

With slight abuse of language, in the setting above we call A € R an eigenvalue of T if there exists a
nonzero u € Hj (2, g) such that,

forallve Hyo(R,8), T(u,v) =, )24 (2-7)

and we call any such u an eigenfunction of T with eigenvalue A. (We caution that the notions of
eigenfunctions and eigenvalues depend not only on 7 but also on the underlying metric g; for the sake of
convenience we choose to suppress the latter dependence from our notation.)

Hence, as a consequence of the key facts we presented before this definition, one can prove by well-
known arguments the existence of a discrete spectrum for the “shifted” elliptic operator (A, +¢q) — A
subject to the very same boundary conditions (2-2). As a straightforward corollary, by accounting for the
shift, we obtain the following conclusions for 7T':

» The set of eigenvalues of T is discrete in R and bounded below.

« For each eigenvalue of T, the corresponding eigenspace has finite dimension.

o There exists a Hilbertian basis {e j}j?il for L?(2, g) consisting of eigenfunctions of T.

. {ej}?zl has dense span in HBIDQ(Q, g).
(To avoid ambiguities, we remark that the phrase Hilbertian basis refers to a countable, complete
orthonormal system for the Hilbert space in question.) For each integer i > 1, we write A;(T') for the i-th

eigenvalue of T (listed with repetitions in nondecreasing order, in the usual fashion). We have the usual
min-max characterization

. T(w, w) 1 . .
A;(T) = min|{max — OFweW W C Hyq(R,g),dimW=i;. (2-8)
”w”Lz(Q,g) subspace

Next, for any ¢ € R, we let E=/(T) denote the (possibly trivial) linear span, in HZ}DQ(Q, g), of the
eigenfunctions of 7" with eigenvalue ¢, and, more generally, for any # € R and any binary relation ~ on R
(in practice <, <, >, >, or =), we set

E™'(T) := Closure;2(q ) (Span (U EZS(T)>),

s~t

and we denote the corresponding orthogonal projection by

a7 LR, g) = ETN(T).
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That is, the space E~(T) has been defined to be the closure in L*(S2, g) of the span of all eigenfunctions
of T having eigenvalue A such that A ~¢. Of course E~(T) is a subspace of HBIDQ(Q, g) —in particular —
whenever the former has finite dimension. Taking ~ to be equality clearly reproduces the originally
defined space E=/(T).
For future use, observe that the above spectral theorem for T implies
(EY(T) @0 = E7(T), E~(T) C ES(T) C Hjo(Q, ),
subspace subspace (2_9)

forallu € E¥'(T)N Hy (R, 8), T(u,u)~ t||u||2Lz(Q g for ~anyoneof <, <, >, >,
and,
for all u € Hy (2, ) N(ES'(TYUEZ(T)), T(u,u)= t||u||iz(9’g) = ueE(T),

throughout which ¢ is any real number (not necessarily an eigenvalue of 7') and where in the first equality
of (2-9) ~ is any relation on R and - its negation (so that {s * t} = R\ {s ~ ¢} for any ¢ € R).

Index and nullity. In the setting above and under the corresponding standing assumption, we shall define
the nonnegative integers

ind(T) :=dim E<%(T) and nul(7) :=dim E=°(T)

called, respectively, the index and nullity of T. Such invariants will be of primary interest in our
applications.

2.4. Group actions. Let G be a finite group of smooth diffeomorphisms of M, each restricting to an
isometry of (2, g). Then, as for any group of diffeomorphism of Q, we have the standard (left) action
of G on functions on €2 via pullback:

(b, u) > uop ' =¢ ™ u forallp €G, u:Q— R.

We say that a function u is G-invariant if it is invariant under this action: equivalently u o ¢ = u for
allp € G.

We can also twist this action by orthogonal transformations on the fiber R: given in addition to G a
group homomorphism o : G — O(1) = {—1, 1}, we define the action

(@, u) > o (@)uodp N =0(@)p "u forallp € G, u:Q — R,

and we call a function (G, o)-invariant if it is invariant under this action. Obviously the above standard
action (¢, u) — u o ¢! is recovered by taking the trivial homomorphism ¢ = 1. We also comment that
one could of course replace R by C and correspondingly O(1) by U(1) (and in the preceding sections
instead work with Sobolev spaces over C), though we restrict our attention to real-valued functions in
this article.

Since, by virtue of our initial requirement, G is a group of isometries of (2, g), the above twisted
action yields a unitary representation of G in L*(, g), i.e., a group homomorphism

6:G—O0L*R,g), ¢ oo™, (2-10)
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whose targets are the global isometries of L?($2, g); we note that the same conclusions hold with
H' (R, g) in place of L(Q, g). The corresponding subspaces of (G, o)-invariant functions, in L3(Q, g)
or H'(R, g), are readily checked to be closed and thus Hilbert spaces themselves. That said, we define
the orthogonal projection

T6o LR, 8) > L*(Q,g), ur L > & (2-11)

|G| pyerd
Here |G| is the order of G, which— we recall —is assumed throughout to be finite. The image of
L3(Q, g) under 7 , thus consists of (G, o)-invariant functions.

Remark 2.1. One could lift the finiteness assumption, say by allowing G to be a compact Lie group,
requiring o to be continuous, and replacing the finite average in (2-11) with the average over G with
respect to its Haar measure (which reduces to the former for finite G). However, with a view towards our
later applications, in this article we content ourselves with the finiteness assumption, which allows for a
lighter exposition.

Henceforth we make the additional assumptions that G globally (i.e., as sets) preserves each of
apR2, INS2, and g2, and that ¢ and r are both G-invariant. Each element of 6 (G) then preserves also
HZ,IDQ(Q, g) and the bilinear form 7', and the projection 75 , commutes with the projection 77" for any
t € R and binary relation ~ on R (as above). In particular 77 , preserves each eigenspace E='(T) of T,
and more generally the space

Eg',(T) =16, (E™(T)) (2-12)

is a subspace of E~(T).

For each integer i > 1, we can then define )»iG’G(T), the i-th (G, o)-eigenvalue of T, to be the i-th
eigenvalue of 7" having a (G, o)-invariant eigenfunction (by definition nonzero), counting with multiplicity
as before; equivalently one can work with spaces of (G, o)-invariant functions and derive the analogous
conclusions as in Section 2.3 directly in that setting.

Remark 2.2. We explicitly note, for the sake of completeness, that under no additional assumptions on
the group G and the homomorphism o it is possible that the space of (G, o)-invariant functions be finite
dimensional (possibly even of dimension zero). This type of phenomenon happens, for instance, when
every point of the manifold M is a fixed point of an isometry on which o takes the value —1. In this case,
all conclusions listed above still hold but need to be understood with a bit of care: the corresponding
sequence of eigenvalues )»?"’ (T) < kg “(T) < --- will in fact just be a finite sequence, consisting say of
1 (G, o) elements, counted with multiplicity as usual; we shall use the convention that )»l-G’g (T)=+o00
for i > I(G, o). That being said, we also remark that this phenomenon patently does not occur for the
Jacobi form of the two sequences of free boundary minimal surfaces we examine in Sections 4 and 5.

In this equivariant framework we still have the corresponding min-max characterization

T(w, w)

2

AiG’“ (T) = min{max{
L2(2,8)

:O;éweW}:W C nGﬁ(HalDQ(Q,g)),dimW=i}. (2-13)

|| w || subspace
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We also define the (G, o)-index and (G, o )-nullity

ind(7) :=dim EG" (T) and nul(T) :=dim E5% (T)

(e

of T. Obviously we can recover E~'(T'), ,(T), and the standard index and nullity by taking G to be the
trivial group. As mentioned in the introduction, we reiterate that it is one of the goals of the present article
to study, for fixed g and T, how these numbers (index indg, (7') and nullity nulf;(7")) depend on G and o.

Terminology. For the sake of brevity, we shall employ the phrase admissible data to denote any tuple
(2,g,q9,r 0p2, N, RS2, G, 0) satisfying all the standing assumptions presented up to now. We
digress briefly to highlight two important special cases, which warrant additional notation.

Example 2.3 (actions of order-2 groups). When |G| = 2, there are precisely two homomorphisms
G — O(1). Considering such homomorphisms and the corresponding (G, o )-invariant functions, we may
define G-even or G-odd functions. Hence, we may call indg and ind; the G-even and G-odd index, and
likewise for the nullity. Clearly, we always have

{ind(T) =ind5(T) +ind;(T),

2-14
nul(T) = nul(T) + nul; (7). (e-14)

Example 2.4 (actions of self-congruences of two-sided hypersurfaces). Suppose, momentarily, that
(M, g) is isometrically embedded (as a codimension-one submanifold) in a Riemannian manifold (N, &),
that the set €2 is connected, and assume further that the normal bundle of M over 2 is trivial. Then we
can pick a unit normal v on 2 and thereby identify — as usual — sections of the normal bundle of M|q
with functions on 2. With this interpretation of functions on €2 in mind and G now a finite group of
diffeomorphisms of N that map €2 onto itself (as a set) and everywhere on 2 preserve the ambient metric &
meaning that ¢*h = h for any ¢ € G, we have a natural action given by

(¢, u) > sgn (P)(uog™ ) forallg € G, u:Q— R,

where sgn, (¢) := h(¢4v, v) is a constant in O(1) = {1, —1}. We shall further assume that the action
of G on  is faithful, meaning that only the identity element fixes €2 pointly; this assumption is always
satisfied in our applications.

In this context we continue to say that a function u : 2 — R is G-invariant if u = u o ¢ for all ¢ € G,
and we say rather that u is G-equivariant if u = sgn, (¢)u o ¢ for all ¢ € G (that is, noting the identity
sgn, (¢) = sgn, (¢, provided u is invariant under the sgn, -twisted G action).

Similarly, in this context, we set

indg(T) :=ind; "(T) and nulg T :=nulg " (T), (2-15)
which we may refer to as simply the G-equivariant index and G-equivariant nullity of 7. We point out
that we are abusing notation in the above definitions in that, on the right-hand side of each, in place
of G we mean really the group, isomorphic to G by virtue of the faithfulness assumption, obtained by
restricting each element of G to €2, and in place of sgn,, we mean really the corresponding homomorphism,
well-defined by the faithfulness assumption, on this last group of isometries of €2.
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Figure 1. Example of a Lipschitz domain 2 with subdomain €2;.

We now return to the more general assumptions on G preceding this paragraph.

2.5. Subdomains. Suppose that Q2; C 2 is another Lipschitz domain of M (see Figure 1). We shall
define

Q1 :=0Q1 NQ, OextS21 1= 91 \ 21,
DM Q) 1= (021 NODR) U din 1, ON™Q 1= 0 21 N A2,
AN 1= 21 N ONS, IN™Q 1= (exe 21 N IN) U 3iny 21, 210
AP 1= o2 N IR, IR™Q 1= e 21 N IR

In this way we prepare to pose two different sets of boundary conditions on €2;, whereby, roughly
speaking, in both cases d€2; inherits whatever boundary condition is in effect on 2 wherever the two
meet (corresponding to dex€21) and the two sets of conditions are distinguished by placing either the
Dirichlet or the Neumann condition on the remainder of the boundary (corresponding to 9i:€2). Naturally
associated to these two sets of conditions are the bilinear forms

Tom :=T[Q1, 8, q,r, 05" Q1, ™R, "],

. : _ _ (2-17)
Tslz\llmt = T[Q]’ g’ q’ r, 8]1311le1’ agmlgl’ agmlﬁl]’

defined, respectively, on the Sobolev spaces
Hipug, (Q1,8) and  Hyx,q (R, 8).

Recalling (G, o) from above, with the tacit understanding that (2, g, ¢, r, dp$2, INS2, ORS2, G, 0) is
admissible, we further assume that each element of G maps €2; onto itself; since G preserves 2 and
respects the decomposition (2-1), it follows that it also respects the decompositions (2-16). Somewhat
abusively, we shall write 6 and 7, not only for the maps (2-10) and (2-11) but also for their counterparts
with Q2 replaced by €2, which are well-defined under our assumptions. The spaces ngg(Tglz)li"‘) and
E gfa(Tglim) as in (2-12) are then also well-defined.
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3. Fundamental tools

3.1. Index and nullity bounds in the style of Montiel and Ros. Recalling the notation and assumptions
of Section 2, suppose now that we have not only €2; C €2 as above, but also (open) Lipschitz subdomains
Qq,...,Q, C Q which are pairwise disjoint, each of which satisfies the same assumptions as €2 in
Section 2.5 and whose closures cover Q. In particular, we assume that each element of the group G maps
each subdomain €2; onto itself. We assume further that G acts transitively on the connected components
of Q2 and note that this last condition is always satisfied in the important special case that €2 is connected.

Proposition 3.1 (Montiel-Ros bounds on the number of eigenvalues below a threshold). With assumptions
as in the preceding paragraph and notation as in Section 2, the following inequalities hold for any t € R:
() dim EG,(T) > dim Eg' (Tm) + Y1_) dim EG'_ (T&m),
(i) dim Eg', (T) < dim EG' (TYm) + Y0 dim EG' (T5m).

The statement and proof of Proposition 3.1 are adapted from Lemmas 12 and 13 of [Montiel and Ros
1991], which concern the spectrum of the Laplacian on branched coverings of the round sphere and rely
on standard, fundamental facts about eigenvalues and eigenfunctions of Schrodinger operators, much
as in the proof of the classical Courant nodal domain theorem. These arguments are readily applied to
more general Schrodinger operators on more general domains, as observed for instance in [Kapouleas and
Wiygul 2020], where such bounds in the style of Montiel and Ros played a major role in the computation
of the index and nullity of the &, ; Lawson surfaces. Here, instead, we present an extended version
allowing for the imposition of mixed (Robin and Dirichlet) boundary conditions and invariance under
a group action; as mentioned in the introduction, this level of generality is motivated by the goal of
bounding (from above and below) the G-equivariant Morse index of free boundary minimal surfaces.
(Our treatment of course includes the fundamental case when G is the trivial group.)

Proof. Throughout the proof we will make free use of the consequences (2-9) of the spectral theorem for
the various bilinear forms appearing in the statement. Fix ¢ € R. For (i) we will verify injectivity of the

map
n

n

P B (TE @ @D EG, (T8™) — Egly(T),  (ur ua, ... up) > 75 (Z U,-)
i=2 i=1

where each U; is the extension to €2 of u; such that U; vanishes on 2\ €2;. Clearly, each such extension

lies in the image of 7 », which, as observed above, commutes with 7/, so that the map is indeed

well-defined with its asserted target. Now suppose that (u1, ..., u,) belongs to the domain of (P, and

setv:=) ., U;. Thenv € HE}DQ(Q, g) and

n
T(v,v) =) Te™ (ui ui) <tlvl7aq 4
i=1
with equality possible only when u; = 0. To check injectivity suppose next that (= (uy, ..., u,) = 0.
By definition of (Pintthis assumption means that v is L*(R, g)-orthogonal to E éfU(T), and so in view
of the preceding inequality and (2-9) we have v € EZfU(T). Thus, v satisfies the elliptic equation
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(Ag +q +1)u =0; moreover, we must also have v|g, =u; =0, but now the unique continuation principle
[Aronszajn 1957] implies that v = 0, whence (uy, ..., u,) = 0, completing the proof of (i).
For (ii) we verify injectivity of

1

n
. <t <t . ' ,
(Nint EG (T) — EG’G(Tgmt) @@ Eé’a(Tinmt)’
i=2

<t <t <t
U (T[Tgimukz]’ ﬂTgimu|Qzﬁ ] jTTgintu|Q”)
1 2 n
instead. Note that
2 1
ulg, € 7G.o (L7(S2, 8)) N Hyini, ($2:5 8) (3-1)

for each i; in particular, the left inclusion and the commutativity of 7, with each of the spectral
projections appearing in the definition of (Nint ensure that the latter really is well-defined. Suppose then
that u belongs to the domain of (Nint and (Niny = (0, ..., 0). The second assumption (making use of the
right inclusion in (3-1) in addition to (2-9)) implies

n

E N; 2
T(uvu): TQim[(ulﬁial’tlQi) ztllu”LZ(Q’g)a

i=1

with equality possible only when u|q, = 0. Recalling that, by assumption, u € E éfU(T), we therefore
conclude, appealing to (2-9), thatu € E (:;ta (T) and indeed this equality case holds. In particular, u satisfies
the elliptic equation (Ag + g +t)u = 0, but then the condition u|o, = 0 and the unique continuation
principle imply u = 0, ending the proof. U

In particular, in our applications we will repeatedly (yet not always) appeal to the special case when
t =0 and €2 (most often equal to the whole ambient manifold itself M) is partitioned into a finite collection
of pairwise isometric domains.

Corollary 3.2 (Montiel-Ros index and nullity bounds from isometric pieces). In the setting of the previous
proposition, let us suppose the domains 21, . .., Q, to be pairwise isometric via isometries of 2. Then

(i) ind%(T) > nind§(TEm) + (n — 1) nulg (T9m),
(i) indG(T) +nul(T) <n ind((’;(Tgli"t) + nul?, (Tg;m)_

Remark 3.3. We further explicitly note how the two inequalities given in the previous corollary jointly
imply the “compatibility condition” that

(n — 1) nulG(TE™) — nulG(Tg™) < n(indg (TH™) — indg (TH™)), (3-2)
which in general has nontrivial content.

Remark 3.4. The requirement that the domains in question be G-invariant implies, in certain examples,
that some of them may in fact have to be taken disconnected. We will however discuss, in the next
subsection, how this nuisance may actually be avoided in the totality of our later applications.
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3.2. Reduction and extension of domain under symmetries. With our standing assumptions on (€2, g),
T and (G, o) in place, encoded in the requirement that they determine admissible data, we again assume
that 21, ..., @, C Q are pairwise disjoint Lipschitz domains whose closures cover 2. However, for
the specific purposes of this section, we assume €2 is connected and, rather than assuming G-invariance
of each ©;, we instead suppose that G preserves the collection {€2;}7_

postulate — also respecting the decomposition (2-1), which dictates the boundary conditions (2-2)) and

, (while —as per our general

acts transitively on its elements (so in particular the €2; are pairwise isometric). The (possibly trivial)
subgroup of G which preserves €21 we call H. Note that H preserves 0di,§21 in particular.
For each p € 0in¢€21, we define

Gp={peG:3U C 3. peUandp|y =id}.

open

Then G, is a subgroup of G having order at most 2, as we now explain. Let ¢, ¢, € G,. Then we have
open neighborhoods Uy, U, of p in 0;,$2; with U; fixed pointwise by ¢;. By the Lipschitz assumption,
there exists g € Uy N U at which 9;,(€21 has a well-defined outward unit conormal 7,. Then, for each i,
we have (d;¢;)(n,) = €;n, for some ¢; = 1. If an ¢; = +1, then, since ¢; fixes U; pointwise and €2
is connected, ¢; must be the identity on 2 (which comes essentially by arguing, e.g., as in Lemma 4.5
of [Carlotto and Li 2024]). If €; = €, = —1, then similarly ¢; o ¢, lis the identity on €2, establishing
our claim. Note also that the set {p : |G ,| = 2} is open in 0;,$2; and that, for each x € H, the map
¢ — x o¢ o x~! defines an isomorphism from G p 10 Gy (p) which commutes with o
For each p, we next set
0 if |G,|l=1,
o), = 1 if|Gyl=2buto(G,) = {+1},
-1 if|Gyl=2and 0 (G),) ={+1, —1},

and we in turn define the subsets 04 €21, 0_ 2| C 9j,t$2; by letting (respectively)
0:Q =0, ().

With the aid of the foregoing observations, we see that 0, €2; and d_€2; are open and disjoint, and each is
preserved by H. We now impose the additional assumption that their closures cover 0iy€21, and finally
we set T, :=T[L21, g, q, 1, IpL21, ONS21, ORE21], where

OpS21 := 0_21 U (3ext€21 N Ip£2),

ONS21 := 04821 U (0ext£21 N ONS2),

ORS21 := 0ext$21 N ORS2.
Lemma 3.5 (reduction and extension of domain under symmetries). Under the above assumptions, for
every integeri > 1,

G. H,
)‘i U(T) = )‘i U(TQI)7

and the (H, o)-invariant eigenfunctions of Tq, are the restrictions to Q1 of the (G, o )-invariant eigen-
functions of T.
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Proof. First observe that
VENGoHyo(R.8) = vlo, € ThoHyg (R, 8),

using in particular the fact that any (G, o')-invariant function in H'(£2, g) must have vanishing trace
along 0_€2;. Next observe that our assumptions guarantee that each (H, o)-invariant function u on €2
has a unique (G, o)-invariant extension # to 2. This is also true of vector fields, the action being
(¢, X) — o(¢)p.X. Now suppose u € JTH,GHE}DQI (21, g). Obviously u € L?*(R2, g), and we next check
that in fact & € H'(Q, g) with Vit = V,u.

For this let X be a smooth vector field with support contained in Q2. Let Y := 75 - X (meaning we
average as in (2-11) but with the appropriate action for vector fields, as above). Then (writing, with slight
abuse of notation, LZ(Q, g) and Lz(Ql, g) also for the Hilbert spaces of L? vector fields on Q and Q;,
respectively, in metric g)

(X, Veu)r2q.q) = (Y, Vaut) 12 o) = 1Y |, Vett) 12(0,,0)
= (1, divuY lo,)) 12 — 1t div Y]ey) 120, o)
=n(ulyg,, g(ng‘, Ylse ) 1200, — (U, divY) 2 4

=0—(div X, it) 1210 ¢):

in the third line we have used the divergence theorem (see for example Theorem 4.6 of [Evans and
Gariepy 2015] for a statement serving our assumptions) with u|3q, of course the trace of u and n?l
the almost everywhere defined outward unit conormal, and in the fourth line we have used the fact
that the (G, o)-invariance of Y forces it to be (almost everywhere) orthogonal to this last conormal
on 0421, while on the other hand, as already noted above, u|3q, vanishes on 0_€2. Thus every element
of JTH,GHE,IDQI (€21, g) extends uniquely to an element of JTG,UHE}DQ(Q, g). It is now straightforward to
verify that, for all ¢ € R, restriction to €2; furnishes a bijection E g’ o (T) —> E;t - (Tq,), which implies the
claims. O

For the purposes of our later geometric applications, it is convenient to focus on two special cases,
which correspond to the examples we presented in Section 2.4.

Example 3.6 (actions of order-2 groups). With respect to our general setup, let & = M and consider
G = (¢), where ¢ is a (nontrivial) isometric involution of M. Suppose further (which is not true in
general) that the set of fixed points of the action divides M into two open regions, which we shall label
21 and €2;. Then note that, arguing as above, one must have ¢ (21) = 2, (as well as ¢ (£22) = 21). In
particular H is the trivial subgroup, just consisting of the identity element. That said, there are two cases
depending on the choice of twisting homomorphism o : G — {—1, 1} we consider:

(1) If we let o(¢p) = +1, then 942 = 9,21 and d_Q; = &, so we are considering the (nonequivariant)
spectrum of Tq, adding a Neumann boundary condition along 0;n€2;.

(2) If weleto(¢p) = —1, then 94 Q2| = & and 9_ Q| = 0in€21, SO we are considering the (nonequivariant)
spectrum of Tq, adding a Dirichlet boundary condition along 0in€2;.
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Example 3.7 (actions of self-congruences of two-sided hypersurfaces). Here we follow up on the
discussion of Example 2.4 but specified to 2 = M for N =B? and G =P, (i.e., we postulate the ambient
manifold to be the Euclidean ball, and the surface M to have prismatic symmetry). We refer the reader to
the first part of Section 4 for basic recollections about this and related group action. We let €2 be an
open fundamental domain for this action (so that M is covered by the closures of exactly 4n pairwise
isometric domains); it follows that again H is the trivial subgroup. Considering the sign homomorphism
o :P, — {—1, +1} defined in Example 2.4, it is readily checked that 04 £2| = 0i,:€2; and 0_Q2; = &, and
so— when applied to this case — Lemma 3.5 compares (and proves equality of) the (fully-)equivariant
spectrum of the problem with the spectrum of a fundamental domain, with Neumann boundary conditions
added on each interior side.

3.3. Spectral stability. As it has been anticipated in the introduction, in our applications we will analyze
the spectrum of free boundary minimal surfaces obtained by gluing certain constituting blocks. In that
respect, we will need to derive from “geometric convergence” results some corresponding “spectral
convergence” results. Suppose we have a sequence {(£2,, gn» Gn> ¥ns D20, IN2y, RS2, G, 0,)} Of
admissible data, as well as “limit data” (€2, g, g, r, Ip2, INS2, RS2, G0, Oco), satisfying all our assump-
tions on admissible data except that G, is possibly allowed to have infinite order. For instance, in our
later applications G  is the compact Lie group O(2). Although we originally introduced the notation

Goo,000
)\’i

well-defined for infinite G.,. The quantities ind(g’; (T) and nulg’zc (T) are likewise defined in this setting;

(T), with T the bilinear form associated to the foregoing data, for G, finite, the notion remains

as a special case, we can in turn define indg_ (") and nulg_ (T) for G a suitable infinite-order symmetry
group of a hypersurface (as per Example 2.4). That being said, alongside T[<2, g, g, r, Ip2, OnS2, IR 2],
we then have the corresponding sequence {7,,} with

T, = T[an 8nsqns 'n, o2, INS2,, 8RQn]-
We will present some conditions on the data that ensure
lim A" (T,,) = A97(T)  for all i. (3-3)
n—oo

As we are especially interested in index and nullity, we immediately point out that (3-3) implies
ind‘(’;; (T) < hnrg ggf ind‘g‘n (T,

lim sup nulg} (7,,) < nulg® (T), (3-4)

n—oo

lim sup(indg} (T,) +nulg} (7,,)) < ind> (T) 4 nulg® (7).

n—oo
Proposition 3.8. Let (2, g,q,r, )2, INR2, IR, G, Oxo) satisfy all our assumptions on admissible
data except that we allow G to have infinite order; let T be the bilinear form determined by the data. Let
{(2, g1, qn> T, DR, N, RS2, G, 0,)} be a sequence of admissible data, with corresponding sequence
{T,} of bilinear forms. Assume

_ .e. Q
sup sup(lgu s + 18, Hetlanl +1ral) <00 and (gu.qn. 1) “n=> (8.4, 7).
n
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Assume further that

(1) G, <G foralln, and o,(¢p,) = 0 (¢,) forall n and all ¢, € G,;
(2) for each ¢ € G, there exists a sequence {¢p,} such that

(@) ¢, € Gy, foralln,
(b) ¢* —— ¢* strongly as linear endomorphisms of L*(S2, g),

n n—oo

(©) 0,(¢py) =0 (¢) foralln.

Then
lim A% (T,) = A8 (T i
Jim 27 (T) = 4, (T) foralli.

Proof. For expository convenience, we will first focus on the case when G, = G and 0, = 0 for all n,
thereby implicitly assuming (€2, g, g, 7, Ip€2, INS2, RS2, G, Os0) to be admissible data (in our standard
sense); we shall simply denote by G the group in question, and by o the associated homomorphism.
Fix the index i > 1. We will start by showing that
limsup 277 (T,,) < A% (T). (3-5)
n—oo
For this we start with an L?(2, g)-orthonormal set {u j };:1 such thatu; is a (G, o)-invariant eigenfunction
of T with eigenvalue AJG’U(T). Then our assumptions on the coefficients together with the dominated
convergence theorem imply that, forall 1 < j, k <1,

m (u;, ug);2 ={u;, uy)2 ,
n—>oo< j k)L (2,8n) (] k)L (2,8)

nli)H;oWj, Gnlk) 12(,g,) = (Uj» QUK 12(0, g)>

n—oo

lim [ g.(Vy,u;, Vo,ur)ds#"(g,) = / g(Veu;, Vouy) d#(g),
Q Q

lim rattjug d 71 (gy) =/ rujurdA*"(g).
=00 JorQ RQ
In conjunction with the min-max characterization (2-13) this proves (3-5). To conclude it thus suffices
to prove the complementary inequality
1321(2&?’”@) >2.9°(T). (3-6)
By (3-5) the sequence k?’g (T,) is bounded from above uniformly in 2, and by the min-max characterization
(2-13) of eigenvalues along with the assumed uniform bounds on g, and r,, and the trace inequality (2-3)
it is also bounded from below. Therefore the left-hand side of (3-6) is a real number, and, by passing to a
subsequence of the data if necessary (without renaming), we in fact assume without loss of generality
that

{A?’"(Tn)} converges to A?O € R foreach j <i, (3-7)

with Aj?o the lim inf of the j-th (G, o)-eigenvalue of the original sequence.
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For each j <i and each n, let v;”) be a (G, o)-invariant eigenfunction of 7,, with eigenvalue )Lf"’ (T,)
such that, for each n, the set {vj.")}.",.:1 is L3(S2, gn)-orthonormal. It follows from the assumed unit
L?*(2, g») bounds on the vﬁ.”), the definitions of eigenvalues and eigenfunctions, the eigenvalue bound
following from (3-7), and the assumed bounds on ¢, and r, as well as g, and g, ! that the sequence
||v;”) 51, 1s bounded uniformly in n. (The assumptions on the metrics are needed there to ensure
that the constants in the trace inequality (2-3), as applied here, can be chosen independently of n.) It then
follows, in turn, using again the assumed bounds on g, and g, !, that ||v§.”) 51 (q,¢) 18 likewise bounded.
Consequently, passing to a further subsequence if needed, for each j < i, there exists v; € H (Q, ¢
which is simultaneously a limit in L?($2, g) and a weak limit in H'(Q, g) of v;”) as n — oo. Note in
particular that each v; is (G, o)-invariant.

The dominated convergence theorem, our assumptions on the metrics, and the L?(2, g)-convergence
for each j of {vj.n)} to v; imply that {v J'};':I is L*(2, g)-orthonormal, so in particular this finite family is
linearly independent. In the same fashion, but also appealing to the assumptions on the ¢g,, we get, for all
l<j<iandallwe L*(R,g),

: (n) . : (n) _ )
im0, w) 2, = (V) W@, 1M (07, W) 20, = (GV), W) @)

Thanks to the weak convergence in H (@, g) of {vﬁ.”)} to v; for each j (and again using the dominated
convergence theorem, the assumptions on the metrics, and the L? convergence of each {v}”)}), we further
conclude that, forall 1 < j <i and all w € H'(R, g),

lim | g1(Ve, 0", Vo, w) d A" (gn) = /Q g(Vovi, Vow) da (g).

n—oo

We use the trace inequality (2-3) in conjunction with boundedness in H 1(Q, g) of {v§”)} U{v;} and the
convergence in L?*(2, g) for each j of vﬁ.’” to v; to deduce that we also have L?(3Q, g)-convergence
of the traces. As one consequence we see that each v; in fact belongs to H;}DQ(SZ, g). As another, by
virtue of the assumptions on the r,, and once again the dominated convergence theorem, we obtain, for all
l<j<iandwe HY(RQ, g),

lim rnvﬁn)wd,%ﬂd_l(gn):/ rUjU)d%d_l(gn)-

>0 JorQ2 RS

From the definition of the vﬁ.’”, the assumption (3-7), and the above three displayed equations, we conclude
that, forall 1 < j <iand w € H{}DQ(Q, g), we eventually have

o

. . G,
T(vj,w)= lim T,(0)", w) = lim 277 (L)} w) 1204, = A5 (0). whi20,p)-

Specifically, for the second equality above we have used the fact that vﬁ.”) is an eigenfunction of 7;;
together, the inequalities then show that v; is an eigenfunction of 7. Since {v j};: | s a linearly independent
subset of nG,UHalDQ(Q, g), it follows that

A0 > 000(T),

completing the proof in the case of a “fixed symmetry group”.
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However, it is actually straightforward to generalize the above argument to capture also continuity in
the symmetries. The proof above goes through with mostly superficial modification, and we address the
only two salient points. First, in proving (3-5) but with (G, o) replaced on the left by (G,,, 0,,) and on
the right by (G, 00), note that each u ;, now assumed (G, 0o )-invariant, is by our hypotheses also
(G, oy)-invariant for each n. Second, in proving the corresponding analogue of (3-6), note that each v;
is, as the L%(%2, g) limit of a sequence whose n-th term is (G, 0,,)-invariant, by our hypotheses, itself
(G 0, 00 )-invariant. O

We now turn our attention to the related yet different problem of handling controlled changes in
the domain. We switch to slightly different notation, which is again tailor-made to best fit our later
applications.

Proposition 3.9. Let (2, g, q, r, Ip2, N2, RS2, G, 0) be admissible data, with corresponding bilinear
form T. Suppose that, for any § > 0 less than the injectivity radius of (M, g), say 8y, we are given a
Lipschitz domain Q5 C Q2 such that (2, g, q, 1, Ips, IN2s, IR, G, 0) are also admissible data (with
suitable restrictions of tensors and functions tacitly understood) and whose complement K5 := Q \ 25
satisfies

U Bro(® c ks c | Bro® (3-8)
PES peSs

for some finite set of points S C Q2 and monotone functions fi, f>:[0, 8ol — Rxq such that lims_,¢ f>(8) =0.
Consider the sets as in (2-16) with Qs in lieu of 21 as well as the associated bilinear form

Tom:=T[Qs. 8, q. 7, 0p™ s, IR, ™ Qs

Then, for each integeri > 1,
APCTEM) = 07T, (3-9)
and we have
lim AT (TE™) = A7 (T). (3-10)

The conclusion simply relies on the fact that points have null W!*-capacity in R” for 1 <s <n and
50, in particular, have null W'-2-capacity in R" for any n > 2; for the sake of completeness, we provide
a self-contained argument focusing on the case of surfaces (d = 2), where a logarithmic cutoff trick is
required and omit the simpler modifications for d > 3.

nt

Proof. Given any us, vs € HalDD- Q5(525), postulated to be (G, o)-invariant, it is standard to note that their
extensions by 0, say us, vs respectively, belong to HalDQ(Q), that such functions are themselves (G, o)-
invariant, and, for any ¢ € (0, o) we have (us, vs)12(q;, ) = (Us, Us)12(q,¢) and Tglz);"‘(u(;, us) =T (us, ug).
Hence, it follows at once from the variational characterization of eigenvalues, (2-13), that, for each integer
i > 1, we have indeed )Ll.G’U(TS?;m) > kiG’J (T), which is the first claim. Appealing again to the domain
monotonicity, it actually suffices to check (3-10) in the case when Kj is in fact a union of metric balls,
namely when we have equality in (3-8), for f; = f>. To simplify the notation we can (without loss of
generality, up to reparametrization) assume in fact f,(§) = 4 for any § in the assumed domain. That said,
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given any u, v € HBIDQ(Q), (G, o)-invariant, and § > 0 (small as in the statement), one can simply define
us = s and vy = vgs, where (for r :=dy(p, ¢) and p € §) we set

0 if r <834,
ws(q) = {3 —4logr/logs if 83/* <r <§'/2,
1 otherwise.

It is then clear that us, vs € Halgimgs (€25), that such functions are (G, o)-invariant, and, in addition,

. Dl]‘l _ - - . _ -
}g)% To (us, us) =T (u, ), ;gr(l)(us, Us) 12(25.) = (Us V) 12(Q,0)-

Hence, again appealing to (2-13), we must conclude

limsup A7 (T&™) < A7 (T), (3-11)
5—0
whence, combining this inequality with the one above, the conclusion follows. 0

Corollary 3.10. Given the setting and the assumptions of Proposition 3.9, we have
lim indZ; (T5™) = indZ (7).
5—0

3.4. Conformal change in dimension 2. In this section we suppose, in addition to the assumptions
above, that d = dim M =2 and that we are given a smooth, strictly positive, G-invariant function p on .
Note that the above bilinear form T of (2-4) is invariant under scaling, namely under the simultaneous

transformations g — p?g, g — p2q,and r — p~lr:

T[Q, 0%g. p%q, p'r, R, Q2 RQ =T[Q, g, ¢, 7, IR, N2, R,

with the corresponding domains HalDQ(Q, p%g) and HalDQ(Q, g) agreeing as sets of functions and hav-
ing equivalent norms. This claim needs a clarification: the standard H' norms of HZ}DQ(Q, p’g) and
HZ,IDQ(Q, g) are only equivalent up to constants that depend on the extremal (inf and sup) values of the
conformal factor p.

In general, the eigenvalues (as defined in Section 2.3) will be affected by the conformal scaling, and
yet the index and nullity are nonetheless invariant when this operation is performed.

Proposition 3.11 (invariance of index and nullity under conformal change in dimension 2). With assump-
tions as in the preceding paragraph,

ind% (T, p?g) =ind%(T, g) and nul%(T, p*g) = nul%(T, g).

Proof. By definition, we have that u € E g?a (T, g) if and only if u is (G, o)-invariant and T (u, v) = 0 for
all v e HalDQ(Q, g) (and likewise if each g is replaced by p2g), so the nullity equality is clear. For the
index, because we can reverse the roles of g and p*g by replacing p with p~!, it suffices to check that
the claim holds with > in place of =. This follows at once from the min-max characterization (2-13)
applied to the (G, o)-eigenvalues of (T, p*g), by considering the “competitor” subspace E E?G(T, g) in
the minimization problem therein, for i = ind (T, g). Il
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4. Free boundary minimal surfaces in the ball: a first application

From now on, we specialize our study to the case when Q = M is a properly embedded free boundary
minimal surface, henceforth denoted by X, of the closed unit ball B3 := {(x,y,2) € R3: x4 y2 +z72< 1}
in Euclidean space (R?, gRS). Observe that, by the maximum principle, every embedded free boundary
minimal surface is properly embedded.

As anticipated in the introduction, our task here will be to obtain quantitative estimates on the Morse
index of free boundary minimal surfaces; hence our Schrodinger operator is the Jacobi (or stability)
operator on X acting on functions subject to the Robin condition

du(n’s)=u ondx, (4-1)
8

namely: ¢ = |A¥|?, the squared norm of the second fundamental form of ¥, and p%T = INE = O,
oRX = 0X, r = 1. Correspondingly, as our bilinear form 7" we will consider the index (or stability or
Jacobi) form of X, which we will denote by Q. We define the index and nullity of ¥ in the usual way,
setting

ind(X):=ind(Q*) and nul(X):=nul(Q¥),

and we likewise define the G-equivariant index and nullity of ¥, indg(¥) and nulg(X), in the sense
of (2-15), when given a group G < O(3) of symmetries of X one considers the associated sign homo-
morphism. More generally, we will also study the (G, o)-index and (G, o)-nullity of X, ind;,(X) and
nulg; (), when given a group G and, further, a homomorphism o : G — O(1) (thus, in either case, these
expressions are to be understood by replacing X by Q*).

It has already been mentioned above how general lower bounds for the index, linear in the topological
data (genus and number of boundary components), have been obtained in [Ambrozio et al. 2018b] and
by [Sargent 2017] in the special case when the ambient manifold is a convex body in Euclidean R>.
We begin this section by presenting an alternative lower bound (Proposition 4.2 below) in terms of
symmetries, which, though much less general in nature, nevertheless yields sharper lower bounds for
many of the known examples (in terms of the coefficients describing the linear growth rate as a function
of the topological data). Before proceeding, we pause to explain some notation we will find convenient.

Cylindrical coordinates and wedges. We shall describe points in Euclidean R?, endowed with standard
Cartesian coordinates (x, y, z) and also in terms of cylindrical coordinates (7, 8, z), so that the point with
cylindrical coordinates (rg, 6y, zo) has Cartesian coordinates (x, y, z) = (rg cos 8y, ro sin 6y, zg). However
we wish to stress that, for our purposes, it will be convenient to allow arbitrary real values for both r
and 0; thus the triples (r, 8, z) and (—r, 8 4 7, z) describe the same point in Euclidean space. Given real
numbers o« < 8, we also define the closed wedge

WO’? :={(rcosh, rsinf,z):r >0, 0 €[a, B], z€ R}, 4-2)
with the half-plane W accommodated as a degenerate wedge. In particular, our convention implies

0=a}=WIUWZT

a4+
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Notation for symmetries. Given a plane IT C R? through the origin, we write Ry € O(3) for reflection
through I1. Similarly, given a directed line & C R? through the origin and an angle 6 € R, we write Rg
for rotation about & through angle « in the usual right-handed sense. Typically we will be interested not
exclusively in such a rotation Rg but rather in the cyclic subgroup it generates, with the result that it will
never really be important to associate a direction to &. Given symmetries Ty, ..., T, € O(3), we write
(Tyq, ..., T,) for the subgroup they generate.

The order-2 groups generated by reflections through planes will figure repeatedly in the sequel
(beginning with the following proposition), so for succinctness of notation, given a plane IT C R* through
the origin, we agree to set Il := (Rypy). In such a context, consistent with the general convention we
defined above, we will employ the apex + (resp. —) to denote functions that are even (resp. odd) with
respect to the reflection through I1. Similarly (but less frequently), if & is a line through the origin in R3,
we will write & for the order-2 group generated by reflection R through & (equivalently rotation through
angle  in either sense about &).

We also pause to name the following three subgroups of O(3), which will be realized as subgroups of
the symmetry groups of the examples we study below and which partly pertain to the statement of the
next proposition: for each integer k > 1, we set

Yk := (Rig=—n/0)}» Rio=r/00))) (pyramidal group of order 2k),
Pr := (Rio=—r/k)}> Rio=n/@20)}> Riz=0y)  (prismatic group of order 4k), (4-3)
Ay := (Rip=r/@b)}> Riy=s=0)) (antiprismatic group of order 4k).

Note in particular that we have Y; = Py N Ay.

Remark 4.1. The above three groups are so named because they are the (maximal) symmetry groups of,
respectively, a right pyramid, prism, or antiprism over a regular k-gon. See, e.g., Section 2 of [Carlotto
et al. 2022b] for pictures and further details, but we caution that the above definition of the subgroup Py
differs slightly from that given in [Carlotto et al. 2022b]: the two subgroups are conjugate to one another
via rotation through angle 7 /(2k) about the z-axis.

With this terminology and notation in place, we proceed with the aforementioned lower index bound,
which illustrates the Montiel-Ros methodology as developed in Section 3 and is interesting in its own right.

Proposition 4.2 (index lower bounds under pyramidal and prismatic symmetry; see [Choe 1990; Kapouleas
and Wiygul 2020]). Let ¥ be a connected, embedded free boundary minimal surface in B®. Assume that
Y is not a disc or critical catenoid, that X is invariant under reflection through a plane I1, and that ¥
is also invariant under rotation through an angle o € 10, 27 [ about a line & C I1y. Then « is a rational
multiple of 21, there is a largest integer k > 2 such that rotation about & through angle 21 / k is also a
symmetry of %, and

(a) ind(X) =2k —1,

(b) indp, (¥) =k —1, and

(¢) if X is additionally invariant under reflection through a plane T1, orthogonal to &, then in fact
indf; (%) >2k—1.
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Note that the symmetries assumed in the preamble of Proposition 4.2 generate, up to conjugacy in O(3),
the group Y, from (4-3), while one instead obtains (again up to conjugacy) the group P, by adjoining the
additional symmetry assumed in item (c).

The proof below is an abstraction and transplantation to the free boundary setting of some index lower
bounds obtained in the course of [Kapouleas and Wiygul 2020] and drawing on ideas from [Montiel and
Ros 1991]. The estimates ultimately depend on a lower bound on the number of nodal domains of a
suitable Jacobi field, which was also the basis for earlier index estimates (of complete minimal surfaces
in R3 and closed minimal surfaces in S3) established in [Choe 1990].

Proof. By excluding the discs and critical catenoids we ensure that X is not S'-invariant about £, implying
the claim on « and the existence of the rotational symmetry about & through angle of the form 27/ k, as
follows. First, if the cyclic subgroup generated by rotation about & through angle o were not finite, then
it would be dense in the SO(2) subgroup of rotations about &, but the symmetry group of X is closed
in O(3); yet, as already observed, our assumptions ensure that ¥ has no SO(2) symmetry subgroup.
Thus « must be a rational multiple of 27, as claimed. Now let 8 be the least angle in ]0, 27 through
which rotation about £ is generated by the assumed rotational symmetry through angle «, and let k be the
least positive integer such that k8 > 2. Then rotation through angle k8 — 27, which lies in [0, 8], is also
generated by the assumed rotational symmetry. The presumed minimality of 8 then forces 8 =2r/k.

By composing the assumed symmetries, it follows that ¥ is also invariant under reflection through each
of the k — 1 planes I, ..., [1; containing £ and there meeting I1; at angle an integer multiple of 7/ k.
Now suppose IT € {l'[,'}f.‘zl. We necessarily have ITN X # & (for example since IT separates B> into two
components and is a plane of symmetry for X, which is assumed to be connected). Because IT is a plane
of symmetry and ¥ is embedded, these two surfaces must intersect either orthogonally or tangentially,
but in the latter case ¥ must be a disc, which possibility we have excluded by assumption; consequently,
the intersection is orthogonal. Moreover, by the symmetries each of the 2k components Wy, ..., Wy, of
B3 \ Uf:l [1; then has nontrivial intersection 2; := X N W; with X. Without loss of generality, let us
agree to label the domains under consideration in counterclockwise order such that 21, ..., €2 all lie on
the same side of IT;.

Note that the members of the family { Q,-}izi | are pairwise isometric and each is connected. (Indeed, X
is itself connected, so any two points in any single €2; can be joined by some path in X, but this path
can leave €2; only through the latter’s intersection with planes of symmetry, so we can always produce a
path connecting the two points that is entirely contained in €2; by repeated reflection and replacement,
if necessary.) Furthermore, each €; has Lipschitz boundary contained in S? U Ule I1; because the
intersection of ¥ with either S? and any of the planes IT, ..., IT; is orthogonal (thus transverse) and
exactly k of the €2; lie on each side of IT;.

Next, letting «¢ be a choice of (scalar-valued) Jacobi field on X induced by the rotations about & and
again using the fact that X is not rotationally symmetric (and so, in particular, not planar either), we
conclude that k¢ vanishes on X N Uf: 1 IT; (because of the aforementioned orthogonality) but does not
vanish identically on any ;. As a result, imposing, for each i, the Robin condition (4-1) on S$? N 3;
and the Dirichlet condition on d€2; N Uf‘: | IT;, the corresponding nullity of €2; is at least 1. An appeal to
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item (i) of Corollary 3.2 (for claims (a) and (c)) and to item (i) of Proposition 3.1 (for (b)) now completes
the proof. Specifically:

« for (a), we consider the partition of X into the 2k domains 21, ..., Q¢ and take G to be the trivial
group;

« for (b), we take G = (R, ) to be the group with two elements (as in Example 2.3), the homomorphism
determined by o (R1,) = —1 (thereby imposing odd symmetry) and, correspondingly, we consider
the partition of ¥ into kK domains obtained by equivariant pairing, i.e., by taking €2; 1 U Q;_; for
i=0,...,k—1;

» for (c), we consider the partition of X into the 2k domains €21, ..., Q, take G = (R, ) to be the
group with two elements, and the homomorphism determined by o (R, ) = +1 (thereby imposing
even symmetry).

Thereby the proof is complete. O

5. Effective index estimates for two sequences of examples

5.1. Review of the construction and lower index bounds. As we have already alluded to in the intro-
duction, in [Carlotto et al. 2022b] two families of embedded free boundary minimal surfaces in B3 were
constructed by desingularizing (in the spirit of [Kapouleas 1997]) the configurations —[Ky U Ky and
—Ko UB? UK, where K is the intersection with B> of a certain catenoid having axis of symmetry
{x = y = 0} and meeting B> (not orthogonally) along the equator B> and orthogonally along one
additional circle of latitude at height 4 > 0.

Proposition 5.1 (existence and basic properties of Kg). There exists a minimal annulus WKy which is
properly embedded in B> and intersects the unit sphere B> exactly along the equator dyl<o :=dB>N{z =0}
and orthogonally along a circle of latitude at height z = h ~ 0.87028, which we denote by

8J_K() = 8K0 \ 8()K().

Moreover, Ky coincides with the surface of revolution of the graph of r : [0, h] — 10, 1] given by
r(¢) = (1/a) cosh(at —s) for suitable a ~ 2.3328 and s ~ 1.4907.

Proof. The existence of [<g is proven in [Carlotto et al. 2022b, Lemma 3.3]. For the numerical values of
a, h, and s, we refer to [loc. cit., Remark 3.9]. O

That being said, these are (somewhat simplified) versions of the main existence results we proved
in [loc. cit.].
Theorem 5.2 (desingularizations of —[IKy U Iy [Carlotto et al. 2022b]). For each sufficiently large integer
n, there exists in B3 a properly embedded free boundary minimal surface g, Koo that has genus 0,
exactly n + 2 boundary components, and is invariant under the prismatic group PP, from (4-3). Moreover,
C Koo converges to —Ko UK in the sense of varifolds, with unit multiplicity, and smoothly away from

the equator, as n — oo.
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Theorem 5.3 (desingularizations of —Kq U B? U I, [Carlotto et al. 2022b)). For each sufficiently large
integer m, there exists in B> a properly embedded free boundary minimal surface pIN KoUB2 UKo that has
genus m, exactly three boundary components and is invariant under the antiprismatic group A, from
(4-3). Moreover, Z,;KOUBZUKO converges to —IKy U B? UK in the sense of varifolds, with unit multiplicity,
and smoothly away from the equator, as m — 0.

Proposition 5.4 (lower bounds by symmetry on the index of the examples of [Carlotto et al. 2022b]).
There exist ng, mo > 0 such that we have the following index estimates for all integers n > ng and m > mo:

indf_gy(E,%09%0) > 20 — 1 and  ind(T,K0VE K0y > 2 41,

Proof. As stated in Theorem 5.2, &, KoUK 5 invariant under the action of the prismatic group P,, which
is generated by the reflections through the vertical planes {# = —x/(2n)} and {# = 7 /(2n)} and through
the horizontal plane {z = 0}. As a composition of the first two reflections, [, also contains the rotation
by angle 2 /n about the vertical axis §y = {r = 0}. Applying Proposition 4.2 (c) with k =n, & = &,
I, = {0 =n/(2n)}, and I1, = {z = 0}, we obtain

ind(;_g, (E, ") > 2n — 1.

Similarly, Theorem 5.3 states that KoUB*UKo g invariant under the action of the antiprismatic group Ay, 41,
which contains the reflection through the vertical plane {§ = 7 /(2(m 4 1))} and also the rotation by angle
2 /(m 4+ 1) about the vertical axis &. Applying Proposition 4.2 (a) then yields

ind(2HUB UKoy 5 0 1 O

m

In terms of topological data, the previous proposition (compared to [Ambrozio et al. 2018b]) provides
a coefficient 2 for the growth rate of the Morse index of & KoUKo (resp. x-FoUB*UKo) with respect to the
number of boundary components (resp. of the genus), modulo an additive term. In fact, the lower bound
on the Morse index of E, %Y can be further improved via the following observation, which pertains
to the odd contributions to the index instead (again with respect to reflections across the {z = 0} plane
in R?); incidentally this is also an example of an application of Proposition 3.1 to a collection of domains
that are not pairwise isometric.

Proposition 5.5. There exists ng > 0 such that we have the following index estimates for all integers
n > no:
indp,_y, (8, 709) > 3.

Proof. Let I1; denote a vertical plane of symmetry, passing through the origin, of the surface &, KoUKo
(which, we recall, has prismatic symmetry [P,), let £ be the line obtained as the intersection of such
a plane with {z = 0}, and let finally [T, = £ be the vertical plane, again passing through the origin,
that is orthogonal to TT;. Consider on E, %Y the function k¢ = K¢ - v, where K is the Killing vector
field associated to rotations around & (oriented either way) and v is a choice of the unit normal to the
surface in question. Clearly, the flow of K¢ generates a curve of free boundary minimal surfaces around
g, UKo hence the function k; lies in the kernel of the Jacobi operator of E; %" and satisfies the
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Z

Figure 2. Nodal domains of the function induced by rotations around the symmetry axis &.

natural Robin boundary condition along the free boundary. Furthermore, concerning its nodal set, we first
note it contains the curves
g, on{z=0} and g;"onrI.

We also claim that, for any sufficiently large n, the function k¢ changes sign along the connected arc
g, NI N (z > 2o}, (5-1)

where H; denotes either of the half-planes determined by IT; on I, and zo > 0 is any sufficiently small
value (as we are about to describe, stressing that we can choose it independently of 7). Since one has
smooth convergence of B0V to —[<o U I§y as n — oo away from the equator, it suffices to verify an
analogous claim for Kg. In fact, it then follows from an explicit calculation that the function induced by
rotations around the symmetry axis & (the analogue of k¢ on [Kg) has opposite signs on the two endpoints
of the arc [y N l'[; (see Figure 2, right image), and so — assuming without loss of generality it is negative
on the equatorial point— by continuity there exists zop > 0 such that the same function is also strictly
negative at all points of Ko N H; at height zg € [0, zo]. In particular, we can indeed choose one such
value zq € (0, Zg) once and for all.

Hence, appealing to the aforementioned smooth convergence, by the intermediate value theorem for
any sufficiently large n, there must be a point along the arc (5-1) where «¢ vanishes. Now, standard results
about the structure of the nodal sets of eigenfunctions of Schrédinger operators ensure that such a zero is
not isolated, but is either a regular point of a smooth curve or a branch point out of which finitely many
smooth arcs emanate. In either case, combining all facts above we must conclude thaton E, KoUKo {z=0}
the function «¢ has at least four nodal domains, and thus an application of Proposition 3.1 with t =0,
G = (Rpy) for IT1 = {z = 0}, and o (Rr1) = —1 ensures the conclusion. Il
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Remark 5.6. Note that the very same argument would lead, when applied with no equivariance constraint
at all (i.e., when G is the trivial group) to the conclusion that, for any sufficiently large n, the index of
&, KoUKo js bounded from below by 7, which however is a lot worse than the bound provided by combining
Proposition 5.4 with Proposition 5.5. Furthermore, we note that one can show that the function ¢ has
exactly 8 nodal domains and not more, as visualized in Figure 2.

Remark 5.7. Concerning the sharpness of the estimate given in Proposition 5.5, we note that numerical
simulations of Ky with fixed lower boundary dpl{g and upper boundary 9, g constrained to the unit
sphere indicate that it has in fact index equal to 3. Roughly speaking, one negative direction comes from
“pinching” the catenoidal neck and the other two negative directions correspond to “translations” of 9 €
on the northern hemisphere.

The rest of this section is aimed at obtaining upper bounds on the Morse index of our examples, which
is a more delicate task and one that relies crucially not only on the symmetries of the surfaces in question
but also on the way they were actually constructed (which we encode in suitable convergence results).

5.2. Equivariant index and nullity of the models. For upper bounds we will exploit the regionwise
convergence of the two families to the models glued together in their construction. Therefore we first
study the index and nullity on these models.

Equivariant index and nullity of [{y. We begin with a summary of the properties of the minimal annulus [
we will need. Let dpl<g = 0Ky N {z =0} and 9, K¢ = 9y \ dplg be as in Proposition 5.1, so that 9, Iy
is the boundary component along which [y meets the sphere B> orthogonally. Referring to (2-4), we
define
0% := T[Ko, g, g := A", r := 1, dpl<p := @, InlSo := dolo, RISy 1= 31 [0 ]

(where we abuse notation in that by g we really mean its topological interior) to be the Jacobi form
of Ko subject to the natural geometric Robin condition (4-1) on 9, iy and to the Neumann condition
on dply. Clearly, for each k > 1, the pyramidal group Y} from (4-3) preserves Ky and each of its boundary
components individually.

Lemma 5.8 (Y-equivariant index and nullity of IKy). With notation as above, for each sufficiently large
integer k,
indy, (O%) =1 and nuly, (Q%)=0.

Proof. We shall start by recalling [Carlotto et al. 2022b, Lemma 4.4], which states that when imposing
the Dirichlet condition on dpl{g and the Robin condition on d; Kg, then the Jacobi operator acting on
Yy-equivariant functions on [ is invertible provided that k is sufficiently large, which means that the
equivariant nullity vanishes in this case. Considering that the coordinate function u = z on Ky, which
is harmonic, satisfies the Dirichlet condition on dyl{y and the Robin condition on 9 Ky, it is also evident
that the equivariant index is at least 1 in this case (see [loc. cit., Lemma 7.2]). This implies that when
instead the Neumann condition is imposed on dyl<g, the equivariant index is again at least 1. Below we
prove that it is exactly 1 and the equivariant nullity is exactly O in the Neumann case by showing that the
second eigenvalue is strictly positive. (We note here, incidentally, that this information also proves that a
posteriori the equivariant index is also exactly 1 in the case that a Dirichlet condition is imposed on dyly.)
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Let a,h,s > 0 and r(¢) = (1/a)cosh(a¢ — s) be as in Proposition 5.1. In particular, we have
) +1 = coshz(ag“ — §). Thus, when [y is parametrized as a surface of revolution in terms of
the coordinates (0, ¢) with profile function r(¢), the metric gy, and the squared norm of the second
fundamental form Ay, on Iy are given by

N2 1 Clz+a_2
(2 DA 42 d0. (Al = (=r") — .
g, = ((F) "+ 1)de*+r [ A, | (T2 +1)3 + ((r2 4+ 1)2r2 cosh4(a§—S)

The outward unit conormal along 9 Ky = Ko N {¢ = h} is given by
1 1 1

Mo = (r)2(h) + 18§ - cosh(ah —s) 0 = ar(h) .

Assume, for the sake of a contradiction, that A, = )gk’sgn < 0, where we are considering the spectrum
of the Jacobi operator of Iy acting on Y;-equivariant functions (see Example 2.4), and subject to the
boundary conditions described above. Then, by first invoking the Courant nodal domain theorem as in
the proof of [Carlotto et al. 2022b, Lemma 4.4] we may assume that the associated eigenfunction u» is
rotationally symmetric provided that k is sufficiently large, i.e., u, only depends on ¢ and not on 6.
That said, let u be a function on Ky which is rotationally symmetric, i.e., constant in 6. Then
1 0%u

Ka¥ = coshz(ag“ —5) 3_{2
and we shall consider the Jacobi operator J = Ay, + | Ay, | and the eigenvalue problem

Ju=—\u,

u'0,-)=0 (Neumann condition on 9ylp),

u'(h, ) =cosh(ah —s)u(h,-) (Robin condition on 9, Kp).

Since u, must change sign, there exists zg € ]0, i[ such that u,(z9) = 0. Multiplying the eigenvalue

A

equation ) 5 5
d0%uy a-+a-

+ u
9¢2  cosh’(at —s)
with u; and integrating from ¢ = 0 to ¢ = zg, we obtain

20 20 20 a2 +a—2
f —ou3 cosh?(at —s)d¢ = —/ |ub|* d¢ +/ —————u5d¢.
0 0 o cosh“(a¢ —s)

» = —Auy cosh?(at —s) (5-2)

Since u(zg) = 0, we can obtain the Poincaré-type inequality

20 20 ¢
f s (©)P dg = / f uh (1) dt
0 0 20

Hence, 0 0 ) _2 )
[ eostiar —syac = [T 2 2 Y
0 o \cosh“(al —s) 2

2 A
0 < 1/ m ~ 0.5962,

and so, in this case, we conclude A, > 0, a contradiction.

2 20 20 2 pzo
d;s/ (zo—of |u’2(r)|2dtd;sz—°/ ()P de.
0 ¢ 2 Jo

The right-hand side is negative if
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Integrating the eigenvalue equation (5-2) instead from ¢ = zg to ¢ = h and recalling the Robin condition
u'(h) = cosh(ah — s)u(h) along 9, [y, we obtain the alternative estimate

h h h a2+a—2
f —u3 cosh?(at —s) d¢ = |ua(h)|? cosh(ah — s) —/ uh)? dt +/ 2dt

2 Uz
20 20 2 cosh™(a¢ —s)
h a2+a—2 5

h
< ((h — zp) cosh(ah — s) — 1)‘/2\0 Iu/2|2d§ +/Z0 mu2d§
<(a2+a2+#((h— )cosh(ah—s)—l)) /h 24
: h—zop L,

provided that (h — zp) cosh(ah — s) — 1 < 0. Now the right-hand side is negative if zg > 0.4443.
Since the intervals [0, 0.5962] and [0.4443, h] intersect, we anyway obtain a contradiction. Thus, we
confirm the claim A, > 0, as desired. O

Observing (as we have already done in the previous proof) that any eigenfunction “generating” the
index in Lemma 5.8 is rotationally invariant, we have the following obvious corollary (which in fact can
conversely be used to prove the lemma, with the aid of Proposition 3.8). In the statement, G0 denotes
the subgroup of O(3) preserving [<y. Note that G0 consists of rotations about the z-axis and reflections
through planes containing the z-axis. In particular G¥ is isomorphic to O(2), and each element of G*©
preserves either choice of unit normal of K.

Corollary 5.9 (fully equivariant index and nullity of Ko). With notation as above and recalling the
comments immediately preceding Proposition 3.8, we have

indgi, (O%0) =1 and nulgi, (QF) =0.

Equivariant index and nullity of B>. The analysis for the flat disc B> (featured in the construction of just
one of the families) is trivial, and the conclusions are as follows; in the statement we write Q%z for the
index form of B? as a minimal surface with boundary in (R, gR3) subject to the Neumann boundary
condition, namely

OF = T[B ¢%, 0,0, @, B := 9B?, 7).
Lemma 5.10 ((A,,+1-equivariant) index and nullity of B2). With notation as above,
ind(Q¥)=0 and nul(Q¥)=1.
Moreover, for each integer m > 0, the antiprismatic group A, preserves B> and
inda,,,,(Q%) =nula,,, (Q%) =0.

Proof. The first line of equalities is clear, since the Jacobi operator on B? is simply the standard Laplacian,
whose Neumann kernel is spanned by the constants (to rule out index one can for instance just appeal to
the Hopf boundary point lemma). The invariance of B under each A, is obvious, and the proof is
then completed by the observation that the constants are not A,,-equivariant (for any m > 0). O
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From Lemma 5.10 we immediately obtain, analogously to Corollary 5.9 from Lemma 5.8, the following
corollary. In the statement O(2) refers to the group of intrinsic isometries of B? (extended to isometries
of R?), rather than to some subgroup of O(3), and we write 1 and det for the trivial and determinant
homomorphisms O(2) — O(1), respectively. The (O(2), 1)-invariant functions on B? are thus the radial
functions, while the space of (O(2), det)-invariant functions is trivial.

Corollary 5.11 (indices and nullities of B> under O(2) actions). With notation as above, we have
indH, (OR) =0, nulpo, (OR) =1, indh (OF) =nuldh (OF) =0.

Equivariant index and nullity of ME and M*. We recall how, away from the equator S', the surfaces
g Ko and 3~ KoUB*Uo are constructed as graphs over (subsets of) —[<o U Iy and —K U B2 U K.
In the vicinity of S', the surfaces are instead modeled on certain singly periodic minimal surfaces that
belong to a family discovered by Karcher [1988] and generalize the classical singly periodic minimal
surfaces of Scherk [1835]. We now summarize the key properties of such models to the extent we will
need later.

Proposition 5.12 (desingularizing models). There exist in R®> complete, connected, properly embedded
minimal surfaces M® and M* having the following properties, which uniquely determine the surfaces up
to congruence:

(i) ME and M* are periodic in the y direction with period 21, and the corresponding quotient surfaces
have genus zero.
(i) M= and M* are invariant under Rix=oy, Riy=r/2}, and Riy=—_2).
(iii) ME is invariant under Rz=0y and MZ* under R{y=z=0}-
(iv) ME has four ends and M* has six ends, all asymptotically planar.

(v) Each of ME and M* has an end contained in {x < 0} N {z > 0} whose asymptotic plane intersects
{z = 0} at the same angle wy > 0 at which g intersects B2, and M* has additionally {z = 0} as an
asymptotic plane.

(vi) ME :=MEN{x <0}N{|y| < n/2} and MZ :=M* N {x <0} N{|y| < m/2} are connected free
boundary minimal surfaces in the half-slab {x < 0}N{|y| < /2}, with Mfi invariant under Ri;—o)
and Mfi invariant under R{y,—.—o) (see Figure 3).
(vii) Each of Mf”:b \ {z =0} and Mfi \ {y = 2 =0} has exactly two connected components.
(viii) ME has no umbilics, while the set of umbilic points of M* is {(0, nx, 0) : n € Z).

(ix) The Gauss map v= of M restricted to the closure of either component of Mfgb\ {z =0} is a bijection
onto a solid spherical triangle with all sides geodesic segments of length w /2 (in other words, a
quarter hemisphere), less a point in the interior of one side.

(X) The Gauss map v* of M* restricted to the closure of either component of Mfi \{y=2z=0}isa
bijection onto a spherical lune of dihedral angle 1 /2 (in other words, a half-hemisphere), less one
vertex and a point in the interior of one side.
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Figure 3. The minimal surfaces Mfi (left) and Mfzb (right) as defined in Proposition 5.12 (vi).

We refer the reader to Section 3 and Appendix A of [Carlotto et al. 2022b] for further details and a fine
analysis of the properties of both surfaces in question. The free boundary minimal surfaces le”:t‘) and Mfzb
are visualized in Figure 3.

Now we examine the index and nullity of M5 and M2 as free boundary minimal surfaces in the half-
slab {x <0}N{]y| <m/2}. Because the boundary of such a domain is piecewise planar, the corresponding
Robin condition associated with the index forms of these surfaces is in fact homogeneous (Neumann).

Let us prove an ancillary result. We will observe (in the proof of Lemma 5.16, to follow shortly) that,
by virtue of the behavior of the Gauss maps described in Proposition 5.12, the analysis of the index
and nullity of MfEb and leb reduces to the following index and nullity computations for boundary value
problems on suitable Lipschitz domains of S2.

Lemma 5.13 (index and nullity of Ag§2 + 2 on images of Gauss maps of Mf‘b and Mfzb). Set
Q% :=S"N{x>0}N{y >0}N{z >0},
Q% =S*N{x>0}n{y > 0}.

Then we have the following indices and nullities, where the final row holds for any ¢ € |—1, 1] and,
throughout, T is the bilinear form (2-4) with Q as indicated, g = gSz is the round metric, g =2 (and so is
associated to the Schrodinger operator Ags* +2), RS2 =&, dpS2 is as indicated, and INS2 = 02\ I

Q pQ ind(T) nul(T)
= & 1 0
P {z=0) 0 (5:3)
@ 1 1
Q2 {(x =0} 0 1
{x=0}N{z>¢} 1 0
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Proof. By Lemma 3.5, we can fill in the first four rows by identifying the index and nullity of Ags* +2
on the entire sphere subject to appropriate symmetries, the relevant spherical harmonics being simply the
restrictions of affine functions on R®. Lemma 3.5 is not directly applicable to the final row, but by the
min-max characterization (2-13) of eigenvalues, the i-th eigenvalue for the bilinear form specified in that
row must lie between the i-th eigenvalues of the forms specified in the two preceding rows (> that of
the third row and < that of the fourth); moreover, the unique continuation principle implies that both
inequalities must be strict (> and <). The entries of the final row now follow, concluding the proof. [J

We shall fix components of
M\ {z=0} and Mg\ {y=2=0)

once and for all and write Q% and Q¥ for their respective interiors: it follows from Proposition 5.12
that vE|g= and v |g* are diffeomorphisms onto their images, which we can and will identify with the
triangle ng and lune ng of Lemma 5.13, respectively, and in particular

x=0}N3QS, =vE({x =0}NIQ®),

{y=01NaQE = vi({y = £7/2}N9Q5),

{z=0}N3QS, =vE({z=0}NIQ®),
and

x=0}N3QZ, =v>(({x =0} U{y =z=0}) NIQ>),

[y=01N3QZ, =v>{y =+r/2}NIQ>).

In what follows, recalling, e.g., that the index of a minimal surface, when finite, can be computed
by exhaustion (see [Fischer-Colbrie 1985]), we conveniently introduce this notation, which pertains
to certain truncations of M, M?Z*, Mfsb, and I\/I]Eb. To do so, we first fix R} > 0 large enough that
MEN\ {x2+ 7% = R%} consists of five connected components: one component C in x2+72 < Rf} and
four components Wy, W, Wiz, Wy in the complement, each of which is a graph over (a subset of) an
asymptotic half-plane (see Figure 4). For each W; let T¢) be a unit vector parallel to the asymptotic
half-plane of W;, perpendicular to the y-axis (the axis of periodicity), and directed away from d W; toward
the corresponding end, namely (up to relabeling)

3

= (coswy, 0, sinwg) = —7

@ = (—cos wyg, 0, sinwqy) = —@,

where we recall that wy > 0 is the angle at which [ intersects B2. Now, given s > R, we define the
truncations
Wis) := Win{z® . (x,y,2) <s},
Ma(s) =CU U?ZIWI- (s), ME(S) analogously (for six ends),
ME (s) := MZ(s) N {x <0}, MZ(s) := M*(s) N {x <0}, (5-4)
ME (s) := M= (s) "M, M2 (s) := M>(s) "M,
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Figure 4. A view of ME(s).

For each €, € > 0, we then set similarly M (e 7!, €/) :=MZ (e ) N{x*+ y>+ 2% > €'} and

QE(e) == Q5 NME (e ),
Q% (e, €)= Q¥ NME (e, €),

truncating Q% and Q7 at (affine) distance € ! and excising from Q7 a disc with radius +/¢’ and center
at the umbilic (0, 0, 0). We then in turn define ng (€) :=vE(QE(e)) C ng as well as ng (e,€) :=
E(Q% (e, €)) C ng. As a direct consequence of Lemma 5.13 and Proposition 3.9 we get what follows.

Corollary 5.14. In the setting above, consider for any €, €' > 0 the Schrodinger operator Ags* +2 on
the domains given by ng () and ng (€, €), respectively, and subject to any of the boundary conditions
specified in the table (5-3), where the boundary is contained in Bﬂgz and 852;2, respectively, and subject
to Dirichlet conditions elsewhere. In other words, let T be either bilinear form corresponding to the
top two rows of (5-3), let T* be any bilinear form corresponding to the bottom three rows of (5-3), and

consider also the bilinear forms

= 2.D: = 2 o) o) = =
TE = (T9)ge ., =T[Q5(e), 8%, 2,0, pQ5 U025 () \ 9QE,), InQE,, 2],

e = Q= (e
s2
. 2
I = (T™)38 oy = T[25:(6. ). 8%, 2.0, Q% U 093 (e, €)\ 02E). 2. 2]
using the notation (2-17). Then there exists €y > 0 such that, for all 0 < €, €’ < €,
ind(TF) =ind(T®) and ind(T>,)=ind(T>).

In particular, we can derive the following geometric conclusions.
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Corollary 5.15 (index of Mf”:t‘) and Mfzb). We have the following even and odd indices for Mf{) and Mfzbz

S G ‘ ind5(S) ind;(S)
ME  {z=0) 1 0
MZ {y=z=0} 1 1

Proof. We will verify (as a sample) the even index asserted in the second row of the table; the other claims
are checked in the same fashion. The Gauss map of a minimal surface in R? is (anti)conformal away
from its umbilics, with conformal factor (one half of) the pointwise square of the norm of its second
fundamental form, so by Proposition 3.11, for each €, €’ > 0, the index of Q¥ 2 (¢, €’) with the foregoing
boundary conditions (as in Corollary 5.14, according to the third row of the table in Lemma 5.13) agrees
also with the index of Q¥ (¢, €’) subject to the corresponding boundary conditions. By Lemma 3.5,
this last index agrees with the {y = z = 0}-even index of Mfzb (€', €') subject to the Dirichlet condition
along the excisions and the Neumann condition everywhere else. Hence, thanks to Corollary 5.14,
such a value of the index is equal to 1 for any sufficiently small €, ¢’. We now conclude, first letting
¢’ — 0 and appealing to Proposition 3.9 to control the effect of the excision near (0, 0, 0), and then
appealing to the aforementioned characterization of the Morse index via exhaustions, that Mfzb indeed has
{y =z = 0}-index 1. O

For use in the following subsection, we fix a smooth cutoff function W : [0, oo[ — [0, 1] that is
constantly 1 on {x < 1} and constantly 0 on {x > 2}, and we define on MZ and M* the functions and
metrics

¥E = Wolxhlus, p% = VY S+ 1AM P -y 3, 1= (0", (5-5)

PE = WolxDlus, o™ =V + 1AM PA—y®), %= (0%) %"
Note that p is invariant under R{z=0}, p* under R{y=z=0}, and both are invariant under Riy—oy, Rjy=—r/2},
and R{y—; /2. It is natural to associate to Mfi, regarded as a free boundary minimal surface in the slab
{x <0}N{ly| < /2}, the stability form QM, defined at least on smooth functions of compact support by

OME (u, v) ;:/:gME(ngsu,ngsv) d%z(g’wa)—/=|AME|§Msuvd%2(gME).

Mg My,
From the identity

QMfEl;(u,U):/ hE(VhEu,Vhsv)d%”Z(hE)_/ |AME|%EuUd%2(hE)
M M

and the manifest boundedness of |AME |%ls = (,05)_2|AME |§ME , we see that QM5 is in fact well-defined
on H'! (Mfi, h®). Likewise, the analogously defined QME is well-defined on H'(MZ, h%).

We now point out that we can identify the interiors of Mf% and Mfzb under the metrics 2% and A%,
respectively, as Lipschitz domains in the setting of Section 2. Concretely, we first consider the Riemannian
quotients ME and MZ of (MEZ, h¥) and (M*, h*) under a fundamental period. Then ME is diffeomorphic
to S? with four points removed and M= is diffeomorphic to $? with six points removed. By virtue
of (5-5) and the behavior of the Gauss maps outlined in Proposition 5.12, we can in fact choose the last
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two diffeomorphisms so that they are isometries on neighborhoods of the punctures. In this way we
obtain smooth Riemannian compactifications. By composing the defining projection of each tower onto
its quotient by a fundamental period with the corresponding embedding into the compactification, we
identify (via isometric embedding) the interior of Mfi under ~% and the interior of Mfzb under 7> with
Lipschitz domains f\’/\ﬂf":b and li\/ﬂfb in the two respective compactifications, and we likewise identify aM;:b
and 9M? with subsets of 9MZ and IMZ, respectively. Of course, the role of the “ambient manifold” for
such Lipschitz domains is played by the Riemannian manifolds (S?, 1) and (S?, h*), respectively; here,
with slight abuse of notation, we have tacitly extended the metrics in question across the four and six
punctures respectively.
Next, recalling the definition of T from (2-4), we define the bilinear form

OV = T[ME, 1, g = (p%)2AY Puz, r =0, 3pME = o, 0NV = VS, 8rME = 2],

where (as we shall do generally in the sequel for functions defined on M & or M, without further comment)
for the potential we tacitly interpret the right-hand side as a function on ME ; we define QM in analogous
fashion. We then have (see Section 3.4) the equalities

oY% = QMR on H'(MZ, h®) and QY = Q™% on H'(MZ, h™). (5-6)

Lemma 5.16 (index and nullity of QMfEb and QMfEb). With definitions as in the preceding paragraph, we
have the following indices and nullities:

S G ‘indg(QS) nul(Q%) ind;(QS) nulg(Q%)
ME  {z=0) 1 0 0 1
MZ (y=z=0) 1 1 1 0

Proof. The first row follows from a direct application of Proposition 3.11 in conjunction with the first
two rows of the table in Lemma 5.13. Indeed, in this case there are no umbilic points in play (for, recall,
ME has no umbilic points) and the Gauss map furnishes an (anti)conformal map from the compactified
quotient onto S%. For M¥, however, the corresponding conformal factor degenerates at the umbilic at
(0,0, 0), as all of its translates. Nevertheless, aided by Lemma 3.5 and Corollary 3.10, we can verify the
indices in the second row in much the same fashion, applying Proposition 3.11 on suitable subdomains
(obtained by removing smaller and smaller neighborhoods of the origin).

For the nullities, however, we employ an ad hoc argument since one cannot expect an analogue of the
aforementioned Corollary 3.10 to hold true in general. That said, we observe first that the translations in
the z direction induce a nontrivial, smooth, bounded, ({y = z = 0}, +)-invariant (scalar-valued) Jacobi
field on M* which readily implies that it defines an element of H!(MZ, h¥). This shows, in view
of (5-6), that the nullities in question are at least the values indicated in the table. On the other hand
(appealing to Lemma 3.5 for the regularity), each element, say u : N//\ﬂf% — R, of the eigenspace with
eigenvalue zero corresponding to the nullities in question is smooth and bounded. If we restrict it to
QF C I@I]fzb and consider the precomposition with the inverse of the Gauss map (which, let us recall, yields

an (anti)conformal diffeomorphism WME QT ng), then the resulting function ug :=u o (vMZ)_1
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satisfies (Ag§2 + 2)ug = 0, and so we get an element contributing to nul(7"), where T is as encoded
in the third (resp. fifth) row of the table (5-3) when starting from the ({y = z = 0}, +)-invariant (resp.
({y = z =0}, —)-invariant) problem on l@l]fzb It is clear that one thereby gets injective maps of vector
spaces, and so from Lemma 5.13

null;(QME) < 1, nulg(QVR) <0,

which in particular implies that such maps are, a posteriori, linear isomorphisms, and thus completes
the proof. O

When we wish to consider the sets Mfi (s) and Mfzb(s) endowed with the metrics 4% and h~>, respectively,
we shall denote them by Mfi (s) and f\//\ﬂfzb(s). Recalling the notation of Section 2.5, we further define
ME (s) .— (()ME \Din ME (s) .— ¢ ()ME \Nin _
Opr® = (Q¥m)ge | and  ONRO) = (QVR)TE . 5-7)

In short, we are adjoining respectively Dirichlet or Neumann boundary conditions along the cuts.
Lemma 5.17 (spectra of Q’\A/"f:L(S) and mei(s)). For each integeri > 1,

lim AF=%EOME©®) = 1im AF=0E QM) = J=0E VR

§—> 00 ! D §—>00 ! N ! ’

. =z=0 == iz . =z=0 ,x Kz =z=0 =+ iz
Jim AP QERD) = lim AP (ORRO) =P )

for any consistent choice of + or — on both sides of each equality.

Proof. We will write down the proof of the two equalities in the first line for the + choice, as the remaining
cases can be proved in the same way. First note that Proposition 3.9 gives us

. =0}, NIE (o =0}, RAE
llm )\’EZ } +(QN6|]ﬂ)(3)) — )\41{1 } +(Qbe).

§—>00

Using the min-max characterization (2-13) of eigenvalues, we then also get
lim sup A§z=0}’+(Q1’§IA’”fEb(S)) < lim sup A§z=0}’+(QI")7”fEb(S)) = AEZ=0}’+(QN7"fEb).

§—>0Q §—>00

The key step now toward the goal of establishing
liminf A= (QUR ) > 1=+ (QME)
§—>00

(which completes the proof) is to construct a family of (appropriately symmetric) linear extension operators
E,: H' (Mf%(s)) — H! (f@l];:t‘,) uniformly bounded in s, assuming s > so for some universal so > 0. With
these extensions in hand it is straightforward, for example, to adapt the argument for (3-6) in the proof of
Proposition 3.8.

We now outline the construction of the E; extension operators. By the imposed symmetry (in the
case under discussion even reflection through {z = 0}) and by taking s large enough, it suffices to
specify the extension on a single end W, a graph over a subset of the corresponding asymptotic plane I1
(with t the corresponding defining vector, recalling the notation preceding (5-4)). Let @ : W — Il be
the associated projection. By partitioning the given function using appropriately chosen smooth cutoff
functions (fixed independently of s), it in fact suffices to consider the extension problem for a function
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ve H'(WN Mf%(s), hE) such that the support of o *v is compactly contained in the rectangle (expressed
in the notation of (5-4))

O<t-(x,y,2) <s}N{—m <2y <m}.

We can extend @ *v via even reflection through the s side of the above rectangle, thereby obtaining an
extension of v to an element of H'(W, h®). The asymptotic convergence of W to I1, the monotonic
decay of p& along W toward oo, and the conformal invariance (in the current two-dimensional setting) of
the Dirichlet energy ensure that this extension has the desired properties. U

5.3. Deconstruction of the surfaces and regionwise geometric convergence. We first take a moment to
briefly review the constructions of the surfaces from [Carlotto et al. 2022b]. First (see [loc. cit., Section 3]),
an approximate minimal surface in B>, called the initial surface, whose boundary is contained in B>
and which meets dB> exactly orthogonally, is fashioned by hand, via suitable interpolations, from the
models (I<g, M=, or M*, and for Z,;K‘)UBZUKO also B?). Second (see [loc. cit., Section 5]), the final
exact solution is identified as the normal graph of a small function over the approximate solution. For
what pertains to this second step we wish only to highlight that the assignment of graph to function
is made using not the usual Euclidean metric g[F‘E3 but instead an O(3)-invariant metric (fixed once and
for all, independently of the data n or m) conformally Euclidean and called the auxiliary metric. On a
neighborhood of the origin this metric agrees exactly with the Euclidean one, while on a neighborhood of
dB* = S? it agrees exactly with the cylindrical metric on S? x R; this last property and the orthogonality
of the intersection of the initial surface with B> ensure that the boundary of the resulting graph is also

. . . -~_ S 2 e B m— -
in B3, We will write &, %00 and T -KoUB UKo for the initial surfaces and w2 : B F0W0 . F-KoUko

3 —KoUB2UIK, N ’E\—KOUBZUKO

" " for the nearest-point projections under the above auxiliary metric.

and wx :

Turning to the first step, actually (because of the presence of a cokernel) one constructs for each given n
or m not just a single initial surface but a (continuous) one-parameter family of them. In the construction
this parameter is treated as an unknown and is determined only in the second step, simultaneously with
the defining function for the final surface. Here, however, we can take the construction for granted and
accordingly speak of a single initial surface, whose defining parameter value is some definite (though
not explicit) function of n or m as appropriate. Nevertheless we must explain that this parameter enters
the construction at the level of the building blocks, except for B2, which is unaffected, as follows. First,
the catenoidal annulus [ is just one in a family I, (see the beginning of Section 3.1 in [loc. cit.]) of
such annuli, all rotationally symmetric about the z-axis, depending smoothly on €. The details are not
critical here, but each K, is the intersection with B? of a complete catenoid with axis the z-axis, and ¢
meets S? at two circles of latitude, the upper one a circle of orthogonal intersection and the lower one the
circle at height z = €. Similarly, from MZ and M* we define, by explicit graphical deformation, families
which here we will call ME and M(SE (see the beginning of Section 3.2 of [loc. cit.]). These deformations
are the identity on the “cores” of MZ and M* and smoothly transition to translations on the ends, in the
z-direction, up or down depending on the end, and through a displacement determined by §. Importantly,
all the Mg‘ and M(SE have the same symmetries as MZ and M¥, respectively. Now the datum n determines
building blocks M;js - and K2 ;,, while the datum m determines building blocks fo () <2 (m), and B2.
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We next define maps CI>nE and d>nz1 [loc. cit., (3.37)] from neighborhoods of (1/ n)f\/l];‘a m N {x <0} and
(1/(m+ 1))!\/1]52): oy N {x = 0}, respectively, into B3, so as to “wrap” the cores of these surfaces around the
equator S! approximately isometrically but to take their asymptotic half-planes (in {x < 0}) onto TR
in the first case and onto %[>, and B? in the second. Thus, just referring to the family E 0" for
the sake of brevity, we truncate the surface MSEE () bY intersecting with {x > —n3/4}, and then apply ®Z
to the truncated surface scaled-down by a factor of 1/x. The image is embedded (for n large enough) and
contained in the ball, and is in fact contained in a tubular neighborhood of S! with radius of order n=1/4.

Near the two truncation boundary components, the surface is a small graph over either £K.2(,). We
smoothly cut off the defining function in a (1/n)-neighborhood of the boundary to make the surface
exactly catenoidal there and then extend using these annuli on the other side of the truncation boundary all
the way to dB>. The result is our initial surface @; %oUKo  The initial surface ’E\J; KoUB?UK g constructed
analogously, now also smoothly transitioning from the middle truncation boundary to coincide with B>
on a neighborhood of the origin. In what follows we will distill those objects and ancillary results that are

needed for the spectral convergence theorems we will prove in Section 5.4.

Decompositions. Recalling (5-4) for the definition of the below domains, our construction in [Carlotto
et al. 2022b] provides, in particular, smooth maps

(pME‘ . ME(”S/S) — E’:KOUKO’
M ME((m 4 1)Y8) > 3 FoUB,

which are smooth coverings of their images. For all 0 < s < \/n, or, respectively, 0 < s < «/m + 1, we in
turn define _ .

M3 (s) = oM (ME(s)) C &, "0V,

ME(s) 1= pMn (MZ (s)) C 3 KoUB*UKo

In practice, in addition to the upper bound required on s, we will be interested only in s greater than a
universal constant set by M® and M*: we want to truncate far enough out (in the domain) that near and
beyond the truncation boundary the surface is already the graph of a small function over the asymptotic
planes. In a typical application to follow we will take s large in absolute terms and then take n or m large

with respect to s, so we will not always repeat either restriction. When they do hold, E;K(’UKO \ ME(s)

. 2 .
consists of two connected components and X KoUB“Uko \ Mmz (s) consists of three, and we define

K ,E (s) := the closure of the component of &, KoLl \ M,;T‘ (s) on which z is maximized,

2 . . ..
K n}f (s) := the closure of the component of X KoUB~ Uy \ M,E (s) on which z is maximized,
K()UBZUK() \ ME

m

B (s) := the closure of the component of %, (s) that contains the origin.

Observe that each M;lE (s) is invariant under Ry,—q,, that the interiors of MnE (s), K n: (), and Ri;—o) KnE (s)

= —KoUKp
n .

are pairwise disjoint, and that the last three regions cover & In particular, considering the

interior of such sets, one thereby determines a candidate partition for the application of Proposition 3.1.
Similarly, Mn% (s) and B,E (s) are invariant under R{y—._o); the interiors of M,E (s), B,f (s), K n% (s), and

. . I _ 2
Riy=z—0} K2 (s) are pairwise disjoint, and these four surfaces also cover %, KoUB UKo,
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. .. —_— _ 2 . .
Figure 5. Decomposition of &0 (left) and X ¥0UBUKo (right, cutaway view).

We agree to distinguish the choices s = y/n and s = +/m + 1 by omission of the parameter value:

M7 = M7 (V/n), Ky :=K7(/n),
ME :=M*(m+1), KX:=KZ(m+1), B>:=BX(m+1),

as visualized in Figure 5. We also define the dilated truncations (see Figure 6)

o) E 2 EAns o) e
ME () == n(ME () NWTLEE ) = np™™ (M (). Mg, = Mg ,(Vn),
2 1 P
M (5) 2= (m+ DM () VW TSN ) = (m o+ D™ (ME (). M, o= My, (Vm + 1),

where the notation for wedges has been given in (4-2), and finally introduce the transition regions
AZ(s) = Mg, \ Mg (), An(s) =My, \ Mg, ().

Geometric estimates. Before proceeding, we declare the following abbreviated notation for the metrics
and second fundamental forms on Mff , and Mfzb ,» (induced by their inclusions in (R3, gR3)):

2.  ME . MZ B ._ AME Y. aME
g, =8 o, gi=grom A= AT A= AT,

In analogy with (5-5), we first write wna, %E for the unique functions on MfE 0 MfE . such that

= = P
YE=mopM ) yE,  YE=(m+1)opM)yr,
and then in turn define
o=V H AT =D + e T = (o)
pE =V + LA (L =y e hE = (p2) gk,

(5-8)
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S
Waes

_—

Figure 6. The dilated truncations M , (left) and M7, ,, (right).

The terms e~ 2" and e—2" above are included to ensure the conformal factors vanish nowhere. For the

sake of brevity, and consistent with the notation adopted in the previous subsections, we set

e 8 By 15> ) £y fFE o gy 7% P> by
Mﬂg’n = (be,ny hn )v be’m = (be,ma hm)’ Mﬂ),n(s) = (be,n(s)9 hn )’ be,m (S) = (be’m(s)v hm)v
so that Mf‘?; , and A?f% ,, and their truncations Mfi 2 (8) C MfEb , and Mf% n(8) C Mfi:) ,n, are always understood
as being equipped with the conformal metrics A and A2, rather than gZ and g=.

Lemma 5.18 (convergence of Mfin(s) and Mf):b’m(s)). For every s > 0, there exists mg > 0 such that, for
every integer m > m,

(1) the region Mfzb’ n(8) is defined and is the diffeomorphic image under (m + l)gaMrE of Mfzb (s),
(i) (m + 1gMn (ME () N {x =0}) =M ()N (m+1)S?,
(ii1) (er)rf commutes with Ri;—qy, and
@iv) M,E ) =m+DA, 1 Mfzb’m(s) is a surface with smooth boundary.

Moreover, for every s > 0 and o € 10, 1[,

Cle(ME (s). M
(V) ((m+1) 0 pMiyrg® SUBOME ), oM g
i s O (ME (5),gM™) 2
(vi) ((m+1)0pMn)*AZ b E L AMT

(=]

. —KoUB? . .
All the above statements have analogues for B0 in place of ¥, ¥0Y8" %0 mutatis mutandis.
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The first four claims are immediate from the definitions, while the convergence assertions are ensured,
in the case of &, KoUBUKo by the following estimates from [Carlotto et al. 2022b], the case of g KoUko
being completely analogous. Namely, the estimate [loc. cit., (5.20)] provides C>* bounds for the defining
function of X KoUB* UKo 4 o graph over the corresponding initial surface, and so controls the projection
map @,” from £ KUK (o the initial surface. The same estimate [loc. cit., (5.20)] also bounds the
parameter value for the initial surface from the one-parameter family that is selected to produce the final
one. On the other hand, [loc. cit., Proposition 3.18] provides estimates on the initial surface in terms of the
datum g as well as the value of the continuous parameter. (As an aid to extracting the required information,
we point out that the map @, . in [loc. cit., (3.43)] is essentlally (that is, up to some quotienting and the
exact extent of the domains) the inverse of the map w 00 My of the present article.)

Let us consider the other portions of our surfaces. By construction o= (K ) and > (K X) (subsets of
the initial surfaces) are graphs (under the Euclidean metric gR3) over subsets of K2, and K= ,,, and
@ X (BY) is a graph over B2. Thus, by composition with a further projection, we obtain injective maps

o2 (KP) = Ky, @2 (KX) > K, and By — B

Moreover, the image of each of these three maps is O(2) invariant: the image of the third is a disc with
radius tending to 1 as m — oo, the image of the second is a catenoidal annulus with upper boundary
circle coinciding with that of K.z, and lower boundary circle tending to that of K.z (,,) as m — oo; the
image of the first admits an analogous description.

In particular, by composing further with dilations of scale factor tending to 1, we obtain diffeomorphisms

© By B2 BZ
similarly reparametrizing in the radial direction one also obtains diffeomorphisms
(pK"E Ko — KnE, goK% Ko — K,f.

The inverses of these maps may be regarded as small perturbations (for n and m large) of the nearest-point
projection onto R? C B? or onto the complete catenoid containing <y, as appropriate. Somewhat more
formally, by reference to [loc. cit.] (specifically Proposition 3.18 and estimate (5.20) therein), much as in
the proof of Lemma 5.18, we confirm the following properties of K2, KX, and B~.

Lemma 5.19 (convergence of K= and K>). There exists mo > 0 such that, for each integer m > my,
@) (pK"% is defined and a diffeomorphism from [y onto K *

@i1) (pKr)rf commutes with each element of Y41, and

(iii) <pKl§ takes the upper boundary component of |y to the upper boundary component of K.

Moreover, for every a € 10, 1],

KoUB2UIK cle(o, g%
(vi) () g=n @0 n CTEOED oo g
- KoUBZUK, CO'”(Ko,gKO) K
(vii) (pK)*A k2 —s—— A

. _ 2 . .
All the above statements have analogues for E;K(’UKO in place of ¥, KoUB U0 mutatis mutandis.
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Lemma 5.20 (convergence of Bgz). There exists my > 0 such that, for each integer m > my,
@) (pBr)'f is defined and a diffeomorphism from B* onto B,E and
(ii) <pBr§ commutes with each element of Ay, 4.

Moreover, for each a € 10, 1],

2
ol KoUB2UIK,) clem?,g") B2
(ifi) (p%0)*g B}~ and
2
. BE\x 4 -KoUB2UKg o (B?,g%)
(@iv) (p=m)*Am Bz — = 0.

Last we focus on the transition regions. Let us agree to write ¢= and > for the distance functions on
nlKce ) and (m 4 1)Ke= () from their respective lower boundary circles. By construction (assuming s
large enough in absolute terms) nwnE (n_lAf(s)) has two connected components, one a graph over the
catenoidal annular wedge

(s <t®<yn}n W’_rj/r(/z(';)n) C nKez ()
and the other the reflection of this last one through {z = 0}, while (m + l)wrf ((m+ 1)_1AnE (s)) has three
connected components, one a graph over the planar annular wedge
s<m+D)—r=Vm+1nWES 0 (m+ DB,
another a graph over the catenoidal annular wedge

P / /(2(m+1))
{s <t, = m+1}ij_Tﬂ/(2n(1m+1)) C (m+1)KeE(m)y

and the third the reflection of this last one through {y = z = 0}.

Projecting onto these rotationally invariant sets and parametrizing them by arc length ¢ in the “radial”
direction and ¥ := n#, or, respectively, ¢ := (m + 1)6 in the angular direction (with 6 restricted to the
appropriate interval containing 0), we obtain injective maps

z z
(pAn(S)K [5. /7] x [2 2]_>Au PRHONS (pAm(x)B \/—]x[ z

whose images are components of AnE(s) and AE (s) that generate the latter regions under {z = 0} and

]—)AE

{y =z = 0}, respectively.
Lemma 5.21 (estimates on AZ(s) and AZ(s)). Let a € 10, 1[. There exists so > O such that, for each
s > 8o, there exists my > 0 such that, for every integer m > my,
@) (@AE(‘Y),K)*ME @5 (t, ) =a;(O)m™ 2+ ax(t, 9)e /* for some smooth functions a; and a; having
C%%(dt* 4 dv?) norm bounded independently of m and s,
(11) (¢ An (), Bz)*lAz |2: (t,9)=a3(t, 9)e /* for some smooth function az having CO*(dt>+dv?) norm
bounded lndependently of m and s,
(iii) (@28 e® = g2 4 (1 + m~ 't f (1) do? + fL (¢, 9)e " dudv for some smooth functions
fl f having CY*(dt* + d9%) norm bounded independently of m and s,
@iv) (¢ A (5),B2 )*gm =dt* + (1 +m™'tf2(1)) dv* + uzv(t, MNe /*dudv for some smooth functions f>
and fuv having CY*(dt* + d9%) norm bounded independently of m and s,
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(V) Ariosygs =07 +m =l (1) 8 + (1 +m™2bY7 (1)) 35 + e~ (B3 (¢, 9) 9, 8y + 52, 9) 3,,) for
some smooth functions b’lw, bY, cl, ¢4 having C 0.2 (dt? + d¥?) norm bounded independently of m

and s, and

(Vi) A agosygs = 07 +m ™ c5(0) 0+ (L+m™ 2657 (1)) 95 + e /4B (1, ) By By + ¢ (1, ) 8y) for
some smooth functions bg v byY, cf, cf1 having C%*(dt*> + dv?) norm bounded independently of m
and s.

It is understood that, in items (iii), (iv), (v), (vi), one sums over u, v € {t, 9}.
Furthermore,

(vii) 1o limy o0 #2(AE)(AZ(5)) = 0.
The same claims hold for A,‘f‘ (s), mutatis mutandis.

Proof. Again the estimates are ultimately justified by reference to the construction in [Carlotto et al.
2022b], most specifically (5.20) and Proposition 3.18 therein. That said, we also note how (v) follows
easily from (iii), as does (vi) from (iv); furthermore, it is clear that the justification of (ii) is analogous to
(in fact simpler than) (i), and (iv) is analogous to (iii). As a result, we briefly explain the ideas behind the
elementary computations required for the proof, in the case of Aﬁ (s), with regard to items (i) and (iii).

The projection of this region onto the blown-up initial surface (m + 1)’2\,,_1 KoUB*UKo g jtself constructed
as a graph over (m+1)K=z () or B2. Estimate [loc. cit., (5.20)] ensures that me > (m) is bounded uniformly
in m. The defining function of the above graph is obtained by “transferring” the defining functions of the
corresponding ends of M* over their asymptotic planes. These defining functions decay exponentially
in the distance along the planes. In turn AZ(s) is a graph over this portion of the initial surface with
defining function that is also guaranteed (by [loc. cit., (5.20)]) to decay exponentially, though a priori at a
slower rate; we have chosen % somewhat arbitrarily. This accounts for all exponential factors appearing
in the estimates.

The m-dependent terms in the estimates for the metric (and Laplacian) arise simply from the choice of
(t, 9) coordinates on disc and catenoidal models. The m 2 term in the first item arises from scaling the
second fundamental form of the “asymptotic” catenoid to this component (while the corresponding term
for the disc vanishes). With the estimates for the second fundamental form in place, the final item — the
area estimate — follows (recalling the definitions (5-8)) from the bound

72 pmtl
/ (am™+aze™ "y dt dy < C(m™>/* +e75/%)
—/2 Js

and the analogous estimate concerning the disk-type component instead. O

5.4. Regionwise spectral convergence. For each region S among ME, ME, KE, K*, and BZ (depicted
in Figure 5), we write QfI for the Jacobi form of S as a minimal surface in B with boundary, subject to
the Robin condition (4-1) where 3§ meets B> and subject to the Neumann condition elsewhere: recalling
(2-17), we set
{(ankouko)?im for S C E;KOUKO’
oR =

—KyUB2UKy \ N: _ 2
(Q):‘m 0 O)I;mt for S C EmKUU[EB UKo
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(where on the right-hand side we slightly abuse notation in that in place of S we really mean its interior).
Similarly, for § either Mg , or Mg ., we write Q3 for the Jacobi form of § as a minimal surface in
either nB> or (m + 1B, subject to the Robin condition either du(n) = n~uordu(n)=m+1)""u
where 95 meets either nS? or (m + 1)S?, respectively, and subject to the Neumann condition elsewhere.
Keeping in mind the statement of Proposition 3.1, we stress that the adjunction of Neumann conditions in
the “interior” boundaries is motivated by our task of deriving upper bounds on the Morse index of our
examples. Recalling the notation Mt%’n and A//?t%,n, we remark that the bilinear forms QlfI and QI% agree
by definition for each S as above, but whenever we refer to the eigenvalues, eigenfunctions, index, and
nullity of the latter we shall always mean those defined with respect to the 2% or hZ metric.

m

In the notation of (2-4), we have in particular (see Proposition 3.11)
OMen =T[ME . gz, q; = |Af|§na, rE=n"",
DM, =@, MG, =IME , \nS?, oRME , = IME , \ onMg ]
=T[ME,. hZ, (p5)7%qZ, (p5)'n~", @, IME , \nS*, IME , \ M, ] = QN}, (5-9)
and similarly for Q{ﬁ,m = QNMFEb,m. Observe further (see Lemma 3.5 and Proposition 3.11) that
indp, (Q¥) = ind]}_g, (OM&.), indy, (Q¥) = ind(QMis.),
inds,,.,(Q¥) =ind,_,_o (Q¥Fn), indy,., (Q¥") = ind(Q¥#n),
and likewise for the corresponding nullities.

Lemma 5.22 (equivariant index and nullity on K nE, K n%, and B,f). There exist ny, mqy > 0 such that we
have the following indices and nullities for all integers n > ny and m > my:

S G |inde(0}) mulg(Qf)

KE Y, 1 0
KZ Yt 1 0
B Ay 0 0

Additionally, still assuming m > mg, we have the upper bound

indy,, (@) +nuly, ,, (QF") < 1.

Proof. We use the convergence described in Lemmas 5.19 and 5.20 along with Proposition 3.8 to
compare the low eigenvalues of the regions in question with those of their limiting models, as recorded in
Lemmas 5.8 and 5.10. 0

While we have cut the surfaces 2, %00 and 3~ KoUB*UI i such a way that the resulting regions K =
and KX converge uniformly to Ky and likewise B> to B, thereby securing the preceding lemma in a
straightforward fashion, the cases of M,F and M> are more subtle. Our approach here (especially the proof
of eigenfunction bounds in Lemma 5.25 and their application to Lemma 5.26) draws inspiration from the
analysis Kapouleas makes of the invertibility of the Jacobi operator on “extended standard regions” in
many gluing constructions; for a specific example, concerning Scherk towers glued to catenoids, we refer

the reader to the proof of [Kapouleas 1997, Lemma 7.4].
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To proceed, recalling (2-17), for each s > 0 and each integer n (sufficiently large in terms of s), we
define

M n(S‘) — M n /\mt M n(.&) — M n ) unt
O = (o0l | and QYR = (QFET

and analogously for Mfzb’m(s) in place of Mfg’n(s).
Lemma 5.23 (spectral convergence for Mfﬁ (s) and Mt% n(8)). With the above notation, we have

H=E(QUR) = Tim lim AF=F QMR ) = Tim lim A= QR )
s—>00 n— §—>00n—00

for each integer i > 1 and each common choice of sign + on both sides of each equation. The analogous
statements hold, mutatis mutandis, for Mfzb’ n in place of Mf% .

Proof. Fix i. By Lemma 5.18 and Proposition 3.8, for each s > 0, we have
Tim 2= QR 0) = 2= (g,

=0 z =0}, e
i 260 QR0 = 7= (),

An application of Lemma 5.17 completes the proof in this case, and the proofs of the remaining three
cases are structurally identical to this one. 0

Lemma 5.24 (eigenvalue upper bounds on 1\7% and Mfzb ). With the above notation, we have
hm sup )L{z—O} i(QMﬂJ ) < A{z—Ol i(QMﬂ’)
lim sup )\Ey_z_O}’i(Q%fb,m) < )»Ey_z_m’i(QMfzb)
m—oQ

for each integer i > 1 and each common choice of sign + on both sides of each equation.

Proof. We give the proof for the 4+ choice on both sides of the top equation, the proofs for the remaining
three cases being identical in structure to this one. Fix i > 1. By (2-13), considering extensions by zero
of functions corresponding to the right-hand side below to obtain valid test functions corresponding to
the left, we get at once the inequality

=0},+ 1 E =0},+ 17 &
WEE QIR < 2 =0 (g, o))

for all s > 0 and all n sufficiently large (in terms of s) such that Afi ,(8) is defined. We then finish by
applying Lemma 5.23. U

Lemma 5.25 (uniform bounds on eigenvalues and eigenfunctions of Q{g[r%,n and Q@fzb,m). For each integer
i > 1, there exist C;, k; > 0 such that, for each integer k > k; and whenever )»l(k) is the i-th eigenvalue of
QNMfEh,k or QNMfE.k and vl.(k) is any corresponding eigenfunction of unit L*> norm (under either h,‘j‘ or hk2 as
appropriate), we have the bounds

0 11y, ® )
max{[A;], 1o gy ;" o} < Ci

(where the H' norm is defined via either hnE or hi as applicable and we emphasize that C; does not
depend on k).
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Proof. We will give the proof for Mfab,n’ that for Mfzb ,, being identical in structure. Fix i > 1, and let A
and v be as in the statement for each integer n (suppressing the fixed index i); it is our task to show
that, by assuming 7 large enough in terms of just i, we can ensure the asserted bounds on A and v,
In particular our assumptions include the normalization [|v™ || L2ME ) = 1.

Lemma 5.24 provides an upper bound on 1 independent of n. We deduce a lower bound on A as
follows. Keeping in mind the min-max characterization (2-13), we observe that in the ratio

(, gntt) 12mg | 2y + (log M, rnttlog M3, ) 120 ME , )

, (5-10)
||I/l ”%‘Z(Mfab,n’hna)
with

rni= (o) Nogmz 0 ' =0 +e?) P07 g, = (Pna)_zmr?'gf’

we have not only a uniform upper bound on r,, but also, by inspecting (5-8) and bearing in mind the
convergence described in Lemma 5.18 as well as the boundedness (with decay) of the second fundamental
form of ME,

sup [1gallcomg ) < o0.
- ,

In addition, the convergence in Lemma 5.18 further ensures that the constants appearing in (2-3), with
(2,9 = (Mfin, hZ) and g in place of 32, can be chosen uniformly in n: thus, employing such a
trace inequality and exploiting the foregoing uniform bounds we secure the promised uniform lower
bound on 1.

In turn, from the definitions of eigenvalues and eigenfunctions and the normalization of v, we have
“ 2 s o
|| Vh,f‘ v(i’l) || Lz(Mt%,n’h;?) == )\'(n) + (v(n)’ qn U(n)>L2(M£’n,h;’5) + (v(n) |8RMfi.n ) rnv(l’l) |8RMfi,n )LZ((')RMfEb.n,hE)'

The uniform bound on ||v™ | 41 (ME ,,hE) NOW follows, in view of the above equality, from the upper bound
on A" as well as again the above uniform bounds on ¢, and r,,.

It remains to establish the uniform C° bound. To start, by Lemma 3.5 and standard elliptic regularity,
v™ is smooth up to the boundary: indeed, it satisfies

(Apg + (0D PNAT =P +2N™ =0 in Mg,
hEME, Visv™) = (1+e 2~ 120~ 1™ on g ME (5-11)
hEME, Vizv™) =0 on INME .

with 17 the outward /7 unit conormal to M . As established above, we have bounds independent of 1
on |A™]| and the g, and r, functions. By Lemma 5.18 (and the uniform geometry of M%), we also have
uniform control over the geometry of (Mth;, 2 (5), hZ) for each s > 0 and all n sufficiently large in terms
of s.

Standard elliptic regularity therefore ensures that, for every s > 0, there exist ny > 0 and y(s) > 0
such that

10 g

fb.n(s)”CO(MfEb.n(S)’hnE) <vy(s) forevery integer n > ny. (5-12)



SPECTRAL ESTIMATES FOR FREE BOUNDARY MINIMAL SURFACES 1761

Since we do not have uniform control on the geometry of (MfEb’ 0= Mﬂ:;,n(\/ﬁ)’ hnE), we do not obtain
a global bound independent of 7 in the same fashion. Instead the proof will be completed by securing
a C° bound for v, independent of n, on Af(s) for some s > 0 to be determined. In the remainder
of the proof, y (s) will continue to denote the above constant, depending on s, while C will denote a
strictly positive constant whose value may change from instance to instance but can always be selected
independently of s and n.
To proceed we multiply both sides of the PDE in (5-11) by (pZ)? to get
(Agz +1AZ =+ 27 (05 ™ =0, (5-13)

n 8y

and we aim to bound v™ on Af (s) on the basis of this equation, with unknown but controlled (as we
explain momentarily) Dirichlet data on the portion of d A Z(s) contained in the interior of Mt%’ , and with
homogeneous Neumann data on the rest of the boundary. By the symmetries it suffices to establish the
estimate on just the component of AZ(s) that is a graph over a subset of nl<y. (For AZ (s) one must also
consider the component which is a graph over a subset of (m + 1)B2, but this case does not differ in
substance from the one we treat now.)

Recall the map

wAnE(S),[K s, \/ﬁ] X [_%’ %] — A, (s)

introduced above Lemma 5.21, and continue to write (¢, ©) for the standard coordinates on its domain. For
the remainder of this proof we abbreviate ¢+ ¥ to @, ; and its domain to R, ;. Setting w™ := % v™,
we pull back (5-13) to get

Ay zw™ = —w" g} (AT 22+ 2 (p)7).

From the uniform bound on A", the expression for the conformal factor in (5-8), and item (i) of
Lemma 5.21, we in turn obtain

Ags 2w ™ = (cp s 4 dy sn~2Hw™ (5-14)

for some smooth functions ¢, s, d, ¢ having C 0@ (dt? + dv?) norms uniformly bounded in n and s, with
a € ]0, 1[ now fixed for the rest of the proof. (Here and below when referring to items of Lemma 5.21
we have in mind of course the corresponding statements for A,;E(s) in place of AE (s).)

Noting that we have (5-14) for all sufficiently large s, it now follows from the C 9 bound (5-12) and
standard interior Schauder estimates (using also item (iii) of Lemma 5.21) that

| w™ (s, Nera@sry < Cy(s+1) forevery integer n > ngyq. (5-15)

Since v™ satisfies the homogeneous Neumann condition along 9 M F ,» With the aid of item (iii) of
Lemma 5.21, we have

@w ™) (W, 9) = ey e VY4 Bw ™) (Vn, 9), (5-16)
(Byw ™) (-, £7/2) =0 (5-17)
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for some smooth function e, ; having C'%(dt? + d1*) norm bounded independently of n and s. (For
(5-17) we simply use the fact that ¢, ; has been constructed by composing and restricting maps which
commute with the symmetries of the construction, including the reflections through planes corresponding
to ¥ ==xm/2.)
Appealing again to standard Schauder estimates, now also up to the boundary, we can conclude from
(5-14)—(5-17) that
lw™ ll ez yassy < C (s + D+ lw™ o) (5-18)

for n and s sufficiently large in terms of the bounds assumed on the functions ¢, s, d,.s, and e, g, as
well as constants, which can be chosen uniformly, that appear in local Schauder estimates on R, ;. If we
exploit (5-18) in (5-16), we get

1@ w ™) (1, cra@sry < Ce ™V (y (s + 1)+ [w™]| o), (5-19)

once again for n and s assumed large enough in terms of absolute constants.
We next decompose w™ into

m._ 1
w = —
0 T

From (5-14), (5-18), and item (v) of Lemma 5.21, we obtain

/2
/ w9 de, wi” =w® —w"
—1/2

Pw” =al e b0 n7r 4+ (5-20)
with o 0
lla, ;llco+ 1B, ¢l co
n,s 1C' n,s1C + ||C,(1) V”CO < C
y(s+ 1D+ [[w™]co )
and

1Ag2rapw Vo < Ce™* +n7 ) (v (s + 1) + [w™ ] co). (5-21)

For (5-20) we have in particular integrated (5-14) in ¥/, making use of the ¥-invariance (see item (v) of
Lemma 5.21) of the coefficients of the n~! 3, and n~!/2 83 terms and observing that the n=1/2 83 term
integrates to zero because of (5-17); for (5-21) we have made use of the fact that

(n)
1A g2 452w " oo < 201 Ag24g92w™ [l co

and then appealed to (5-14).
To complete the analysis we will need some basic estimates for

Py
Ay yayr = 07 + 05

on R, . For any bounded (real-valued) function f on R, ; and for each nonnegative integer «, let us
define on [s, /1] the Fourier coefficients f, by
L2 f(e,0)do for k =0,

. wJ—m/2
fl((t> = 2 71/2
Ef—n/z f(t, 9 cosk(® —m/2)dv fork > 0.
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Then the Fourier coefficients of any u € CZ(R,,,S, dr® + do?) satisfying (dyu) = 0 at ¥ = /2 admit
the representations

uo(t)=uo(S)+(3zuo)(«/ﬁ)-(t—S)+// 9 uo(o) do dt
s J/n

— o(s) + (Buo) (V) - (1 — 5) + f /I(Adtzwu)o(o) do dr. (5-22)

U, (s) (0ru,) (\/n)
coshk (y/n —s) coshe(r — /) + Kk coshk (4/n —s)

coshk(t —+/n) (! .
K coshk (y/n —s) /S (Agpryg92u)(t) sinhk (v —s)dt

B sinhk (¢t —s) Vi
Kk coshk(/n—s) J;

In particular (5-23) implies, for any « > 1, the inequality

uezo(t) = sinhk (t —s)

(Agria9)e(7) cosh ik (t — /n) dr. (5-23)

1 1
e (D] < |uie ()| + ;I(B,uk)(ﬁ)l + p”(Adterdl?zu)K llco- (5-24)

Since u is C?, the Fourier series Z;’OZO u,(t)cosk (9 — m/2) converges (at least) pointwise to u(t, v);
furthermore (again appealing to the C? assumption in order to control the first two terms of (5-24)) we
obtain the implication

/2
/ u(-, M) dd =0 = |lulco < C(luls, lc2as2) + 1@ (Vn, Hlci@asr + 1 Agrapullco).
—1/2

This last estimate in conjunction with (5-21), (5-15), and (5-19) yields
lw{lco < Cy s+ 1)+ + e 4 n™ ) ™ o). (5-25)
On the other hand, differentiating (5-22) with respect to ¢ and applying (5-20) and (5-19), we find
13w lco < C (s + D+ [w™ o) eV + e/ 403 4 Cn Plojwg” o (5-26)
and therefore, by absorption,
13w lco < C v (s + D+ lw™ o)™/ +n7) (5-27)

for n sufficiently large in terms of s and the constants appearing in the above estimate. Feeding (5-27)
into (5-20) and applying the result, along with (5-15) and (5-19), in (5-22), we get

lwg”lco < Cly (s + 1)+ e ™ e 4 n =1 ™ | co). (5-28)

Finally, since [w®|lco < [lw{[lco + [w{"”

|co, estimates (5-28) and (5-25) jointly imply the desired
bound on the C° norm of w™ provided we first choose s and then, in turn, n sufficiently large, in terms of
the absolute constants appearing in the two estimates, to be able to absorb the ||w™ || -0 terms appearing

on their right-hand sides. This ends the proof. O
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Lemma 5.26 (eigenvalue lower bounds on Mf:t; , and Mfzb’m). For each integeri > 1,
. . =0 ,:t e =0 ,i ne
lim inf A= (@) = AT (QMR),
. =2=0),& , ~ij> =2=0},= , ~iZ
lim inf "= E QM) = AT (QMR)
for each common choice of sign = on both sides of each equation.

Proof. We give the proof for the 4+ choice on both sides of the top equation, the argument for the
remaining three cases being identical in structure to this one. Fix i > 1, and, for each n, let {v(”)}i
be an Lz(MfE hy; €) orthonormal set such that each v(”) is a j-th ({z =0}, +)-invariant elgenfunctlon
of Qbe «. Fix C > 0, as afforded by Lemma 5.25, such that

sup sup ([0 |co + 2= (M) < C.

no1<j<i

Given any € > 0 (fixed from now on) and taking s > 0 and correspondingly n; > O large enough, as
afforded by Lemmas 5.21 and 5.23, we have

AAE)(Mn(s)) <€, MW=VH(QVR) < 2= (QUR.0) +e. (5-29)

Now, for n > ng and any v in the span of {v( )}’ _|» We estimate
”v”Lz(Mtin,hf) lvlag n(S)HLz(M“ (),hE) = =c? ’6||v||L2(M~ hE)

IVigvIng ) l2mg )08 < IVASVIlL2 g, 12)s

Wl - (o) IAZ [z vImg o) g, o045 = 0 0 IAT G20 g, a2 —2C €NVl Loy gy

where for the last inequality we have used the fact that, on A, (s), the potential function appearing here is
bounded above by 2, as is obvious from inspection of (5-8).
‘We conclude that, for all n > ng, the set {vj.") | MfFl;,n(S)};Zl is linearly independent, and for all v as above
we have R R
Q&’Ifgb-n(”(lefE’n(s), vImE () - )\;FO}’JF(QN%M) +2C%e
- 1 —CZie '

2 2
10T, ) 12 00.09)
and so by virtue of the min-max characterization (2-13) for the eigenvalues, it follows that

{z=0},+ ME 2.
M= (o1 oy < M (@nP) F2CTE
’ N B 1 —CZie

for all n > ng and 1 < j <. Thus, using the second inequality in (5-29), we get in particular

MENT QN +2C%e

1 — C2ie
for all n > n;. The claim now follows since this inequality holds for all € > 0, with C independent of €
and n. U

XEZ=0]’+(QMfEb) <

By combining Lemmas 5.24 with 5.26, we immediately derive the following conclusion.
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Corollary 5.27 (eigenvalues on A//?fab’n and Mfzbym). For each integeri > 1,

lim A= () = 270 (M),

n—oo

. =z=( 7:I: ) =z=0 ,:ﬁ: Rz
Tim AP Q) = AT (M)

for each common choice of sign £ on both sides of each equation.

Corollary 5.28 (equivariant index and nullity on MnE and M mz). There exist ngy, mg > 0 such that we have
the following indices and nullities for all integers n > ng and m > my:

S G |indg(Q) nulg(Qf)

ME P, 1 0
ME Ay 1 0

Additionally, still assuming m > mg, we have the upper bound

indy,,, (Q¥) + nuly,,,, (QM) < 3.

Proof. All claims follow from the conjunction of Lemma 3.5 (to reduce to the appropriately even and odd
indices and nullities on n~'M{  and (m+1)"'M  with Neumann boundary data), Proposition 3.11
(to dispense with the above scale factors n, m + 1 and, more substantially, to pass from the natural metric
to hZ or hZ), Corollary 5.27 (to reduce to the appropriate indices and nullities of f\/;ﬂf% and I@]fzb ), and
finally Lemma 5.16 (which provides these last quantities). O

5.5. Proofs of Theorems 1.2 and 1.1. The following statement collects, from the broader analysis
conducted in the previous section, those conclusions we shall need to prove the two main results stated in
the introduction.

Corollary 5.29 (equivariant index and nullity upper bounds for X ~KoUB*UKo and g~K0UKo)  There exists
mo, ng > 0 such that, for all integers m > mg and n > ngy, we have the bounds

indAmH(E,;KOUBZUKO) +nulAm+l(En—1K0UB2uK0) <2,
indymH (E’;KOUBZUKO) +nulvm+1(2nZK°UB2UKO) <6,
indp, (2, 0950y 4 nulp, (8, K00y <2,
Proof. We apply item (ii) of Proposition 3.1 for the partition “into building blocks” defined in Section 5.3
(see Figure 5), in conjunction with Lemma 5.22 and Corollary 5.28 for the ancillary estimates for the
index and nullity of the various blocks. We find that the three index-plus-nullity sums appearing in the
statement are respectively bounded above by
indy,,,, (QK") +inda,,, (QM) + [inda,,,, (Q5) +nula, ., (QB)] < 14+140=2,
2indy,,, (QK") +indy,,, (QM¥) + [indy,,,, (Q%) + nuly, ., (QE)] <243+ 1=6,
indy, (QK%) + [indp, (QM) + nulp, (QMm)] < 1+1=2.
The first term in the first line arises as an upper bound for the A, 1 1-equivariant index of K n% URpy=z=0) K n%
subject to the natural (free boundary) Robin condition on the portion of its boundary in S? and subject to
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the homogeneous Neumann boundary condition on the remainder of the boundary. To obtain this upper
bound, we have used the fact that a function on K> UR{y—.—0; K> (a disjoint union with each annulus
disjoint from {z = 0}) is A, -equivariant if and only if its restriction to K ,E is Y, +1-equivariant and it
is odd with respect to any one (so all) of the m + 1 reflections through horizontal lines in A, ;. The first
term of the final line is obtained in similar fashion. |

So, we are in position to fully determine the (maximally) equivariant index and nullity for the two
families of free boundary minimal surfaces we constructed in [Carlotto et al. 2022b].

Proof of Theorem 1.2. We combine the upper bounds of the preceding corollary with the lower bounds
from our earlier paper [Carlotto et al. 2022b], specifically with the content of Proposition 7.1 (see
Remark 7.5) therein for what pertains to the index. At that stage, the fact that both nullities are zero then
follows from the first and third inequality in Corollary 5.29. O

Finally, we can obtain the absolute estimates on the Morse index of the same families.

—KoUB2UIK,
m

Proof of Theorem 1.1. The lower bounds have already been established: specifically, for X

this is just part of Proposition 5.4, while for &

it follows from just combining Proposition 5.4
with Proposition 5.5. For the upper bound we can apply the Montiel-Ros argument making use of the
equivariant upper bounds above, as we are about to explain. In the case of &, 0V the P,-equivariant
upper bound on the Morse index (and nullity) is equivalent to an upper bound on the index and nullity
on each domain Q} = & KoUko N W, where Wy, ..., Wa, are the open domains defined, in B3, by
the horizontal plane {z = 0} together with the n vertical planes passing through the origin and having
equations 6 = /(2n)+im/n, i =0,1,...,n—1, (in the cylindrical coordinates defined at the beginning
of Section 4), subject to Neumann conditions in the interior boundary as prescribed by Lemma 3.5. Thus
the conclusion comes immediately by appealing to Corollary 3.2 given the third displayed equation of
Corollary 5.29. Similarly, for X KoUB?UKo we can interpret the second inequality in the statement of
Corollary 5.29 as a statement on the index and nullity of the portions of surfaces that are contained in any
of the 2(m + 1) sets obtained by cutting with the m 4 1 vertical planes passing through the origin and
having equations 0 =7 /(2(m+1))+in/(m+1), i =0, 1, ..., m, again subject to Neumann conditions.
This completes the proof. O
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