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THE FRACTAL UNCERTAINTY PRINCIPLE
VIA DOLGOPYAT’S METHOD IN HIGHER DIMENSIONS

AIDAN BACKUS, JAMES LENG AND ZHONGKAI TAO

We prove a fractal uncertainty principle with exponent %d — &+ ¢, ¢ > 0, for Ahlfors—David regular
subsets of R? with dimension § which satisfy a suitable “nonorthogonality condition”. This generalizes
the application of Dolgopyat’s method by Dyatlov and Jin (2018) to higher dimensions. As a corollary,
we get a quantitative essential spectral gap for the Laplacian on convex cocompact hyperbolic manifolds
of arbitrary dimension with Zariski-dense fundamental groups.

1. Introduction

The fractal uncertainty principle, informally, is the assertion that a function cannot be microlocalized
to a neighborhood of a fractal set in phase space. Such assertions have applications in spectral theory,
where one can apply microlocal methods to show that fractal uncertainty principles imply the existence
of essential spectral gaps [Dyatlov and Zahl 2016]. In particular, one can obtain L> — L? bounds on the
scattering resolvents of the Laplacian on convex cocompact hyperbolic manifolds, as well as improvements
on the size of the maximal region in which certain zeta functions admit analytic continuation [Bourgain
and Dyatlov 2018].

To make the fractal uncertainty principle more precise, we introduce the semiclassical Fourier transform

Ff (&) = Q) f e F () dx,

Rd
where h > 0 is a small parameter. If we have sets X, Y and we write X, Y}, for the sumsets X, := X + By,
Y, :=Y + By, By := B(0, h), then the fractal uncertainty principle for X, Y asserts bounds of the form
1x, Zi Ly, Nl 2o 2 S P (1-1)
for some B > 0 in the limit 4 — 0. We are interested in the case that X, Y are Ahlfors—David regular sets.

Definition 1.1. A compactly supported finite Borel measure 1 on R? is Ahlfors—David regular of
dimension ¢ € [0, d] on scales [«, 8] with regularity constant Cg > 1 if, for every closed square box
with side length r € [«, 8] or closed ball I with radius r € [«, 8],

n(I) < Cgr®
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and if, in addition, / is centered on a point in X := supp K,

Crlr® < u(I).
In short we say that (X, ) is 8-regular.

Applying Plancherel’s theorem and Holder’s inequality, one can easily check that if X is §-regular
and Y is §’-regular on scales [k, 1] then

x, Faly, |l 2 g2 < HmxO03@=3-8)), (1-2)

this estimate is a straightforward modification of [Dyatlov 2019, (2.7)]. In fact, (1-2) is sharp if § or &’
are either O or d, or if X, Y are orthogonal line segments in R?.
Thus we say that X, Y satisfy the fractal uncertainty principle if (1-1) holds for some

B > max(0, 3(d — 8 —§8")).

We note that the two ranges § + 68" > d and 8§ + &’ < d are very different and the corresponding fractal
uncertainty principles usually hold for different reasons. There are several cases in which the fractal
uncertainty principle is known:

(1) Ifd =1and 0 < &, 8 < 1, then the fractal uncertainty principle holds [Bourgain and Dyatlov 2018;
Dyatlov and Jin 2018; Dyatlov and Zahl 2016].

(2) If d < 848" < 2d, then the fractal uncertainty principle holds under the additional assumption that
either Y can be decomposed as a product of Ahlfors—David fractals in R [Han and Schlag 2020] or
Y is line-porous [Cohen 2023].

(3) If d is odd and §, &8’ are very close to %d , then the fractal uncertainty principle holds [Cladek and
Tao 2021].

(4) If X, Y are arithmetic Cantor sets,' then the fractal uncertainty principle holds for 4 = 1 [Dyatlov
and Jin 2017] and d = 2, § + &’ > 1 under the condition that X does not contain any line [Cohen
2025].

1.1. The main theorem. In this paper we establish the fractal uncertainty principle for 0 < §+ 68’ < d
under the following additional hypothesis, which rules out the possibility that X, Y are orthogonal line
segments. For & (x, y) := —x - y, it is a quantitative form of the statement that “X and Y do not lie in
submanifolds which have orthogonal tangent spaces”.

Definition 1.2. Let X, Y C R?, and let ® € C2(R? x R?). We say that (X, Y) is ®-nonorthogonal with
constant 0 < ¢y < 1 from scales (o, o ) to (e, @] ) if, for any xo € X, yo € Y and rx € (e, af) and
ry € (ag, af), there exists x1, xo € X N B(xg, rx), Y1, Y2 € Y N B(yg, ry) such that

[P (x1, y1) — P(x2, y1) — P(x1, y2) + P(x2, y2)| = enrxry. (1-3)

I'We define these fundamental examples in Section 1.2.1, but for now the reader may view them as Cantor sets where the
removed boxes have rational vertices.
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The motivation for this definition is as follows: we want nonorthogonality to be visible on virtually all
scales; after all, orthogonality of fractals is a local property, so we want nonorthogonal examples on most
balls centered on a point in X and Y. The Ahlfors—David regularity condition guarantees that each such
ball contributes roughly the same amount of fractal mass and is hence the reason why we upgrade “most”
to “all”. At the same time, we don’t want nonorthogonal points to lie too close to each other. This is why
we take the right-hand side to be rxry instead of |x; — x| - |y1 — yo|. One can verify that this definition
of nonorthogonality generalizes the nonorthogonality hypothesis of [Dyatlov 2019, Proposition 6.5].

The nonorthogonality condition (1-3) is based on the local nonintegrability condition (LNI) of [Naud
2005; Stoyanov 2011], which itself can be traced back to the uniform nonintegrability condition of
[Chernov 1998; Dolgopyat 1998]. In such papers one is concerned with the nonintegrability of the stable
and unstable foliations of an Axiom A (or perhaps even Anosov) flow. Roughly speaking, given fractals
X, Y, one may define two laminations (in the sense of [Thurston 1979, Chapter 8]) in [Rf X [Rig, the
vertical lamination {x € X} and horizontal lamination {§ = 0, ®(x, y) : y € Y}, and then (1-3) essentially
asserts that the vertical and horizontal laminations satisfy LNI.

In order to state our result, we need one more condition which involves how the measure of a cube [
varies when we double it.

Definition 1.3. A measure u is doubling on scales [h, 1] if there exists Cp > 0 such that, for every
re [h, %] and every cube [ of side length r centered at x € supp i, we have u(1-2) <Cpu(l), where I -2
is the cube with the same center as / and side length 2r.

Clearly every regular measure is doubling; we highlight that our main theorem only needs to assume the
measure is doubling rather than regular. It is essential that we only consider cubes centered at x € supp @ in
the definition. One can compare this doubling property with the Federer property in [Dolgopyat 1998, §7],
in which case the Gibbs measure is supported everywhere.

What follows is our main theorem.

Theorem 1.4. Let vy, ny be doubling probability measures on scales [h, 1] with compact supports
X C Iy, Y C Jy, where Iy, Jo C R are rectangular boxes with unit length. Let B, be the semiclassical
Fourier integral operator

o0
Buf(x) = fY exp(%)p(x, £ duy(y). (1-4)

where the phase ® belongs to C3(Iy x Jy), X, Y are ®-nonorthogonal from scales h to 1, and the
symbol p belongs to C'(Iy x Jo). Then there exists gy > 0 such that

IBhll L2y ) L2 (uy) S B

We use the notation < in the statements of our theorems to record the existence of a hidden constant. The
constant could depend on the dimension d, the nonorthogonality constant ¢y, the doubling constant Cp,
the diameters of X, Y, ||®| 3, and || p|lc1, but is independent of h.

If one additionally assumes d =1 and that ;tx, wy are regular with dimension € (0, 1), then Theorem 1.4
was proven in [Dyatlov and Jin 2018], extending the method of [Dolgopyat 1998] which had already been
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applied to construct spectral gaps. Using the construction of dyadic cubes in [Christ 1990], it might be
possible that Theorem 1.4 can be generalized to doubling metric spaces. Since there is no immediate
application for metric spaces, we have not attempted to write down the more general version.

Following the methods of [Dyatlov and Jin 2018], Theorem 1.4 implies the following fractal uncertainty
principle which is interesting in the range %(d —8—68)+¢e0>0.

Theorem 1.5. Let X and Y be Ahlfors—David regular sets in R? which are nonorthogonal with respect to
the dot product on R? x RY. Assume that X is 8-regular, Y is 8'-regular, 0 < 8, 8" < d. Then there exists
g0 > 0 such that

1 ’
I1x, Znly,ll 22 S h2 @000,

1.1.1. Lower bounds on the uncertainty exponent. If we let

14 13
L:= max(1, |92, @|12.), (1-5)
then we can take in Theorem 1.4
Sl <6-10%cy2d*(Cp(X)Cp(¥))* 1oL 23 160 1 (1-6)
0
In the model case where X =Y is regular,d =1, and ®(x, y) = —xy, we can always take cy = C 1;4/ % and

Cp = 2°C%, which gives a subexponential bound of the form 1/gy < e€®1°82Cr This is because of the
rather poor dependence of gy on the doubling constant; if one modified our proof to use the Ahlfors—David
regularity directly, they would obtain a bound of the form 1/¢9 < C I?GH/ »
the bound 1/g9 < CII;’O/ @A=0) of [Dyatlov and Jin 2018].

In any case, it does not seem that one can use Dolgopyat’s method to obtain sharp fractal uncertainty

, which is comparable with

principles, which therefore remains an interesting and challenging open problem. To drive this point
home, we recall that in the case d = 1, § = %, an unpublished manuscript of Murphy claims that

1/e9 <log Crloglog Cr [Cladek and Tao 2021, §1].

1.1.2. Applications to spectral gaps. Suppose M = I'\H4*! is a (noncompact) convex cocompact hy-
perbolic manifold and A(T") is the limit set (see Section 5.2 for the definition). The Patterson—Sullivan
measure p on A(I') is Ahlfors—David regular of dimension ér € [0, d) [Sullivan 1979, Theorem 7].
Under the condition that I" is Zariski dense in G = SO(d + 1, 1), we have that (A(T"), ) satisfies the
nonorthogonality condition (1-3) for very general ®(x, y) (see Corollary 5.4). So we have the fractal
uncertainty principle for A(I") with very general phase functions.

Dyatlov and Zahl [2016] showed that fractal uncertainty principles can be used to prove essential
spectral gaps. Let A be the Laplace—Beltrami operator on M. Then the resolvent

RG) = (—A—1d> =327 L2 (M) —> H2.(M)

comp

is well defined for Im(X) > 1 with a meromorphic continuation to A € C; see [Guillarmou 2005; Mazzeo
and Melrose 1987] for (even) asymptotically hyperbolic manifolds and [Guillopé and Zworski 1995] for
manifolds with constant negative curvature near infinity. Vasy [2013a; 2013b] gave a new construction of
the meromorphic continuation, which is the one used in [Dyatlov and Zahl 2016].
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The standard Patterson—Sullivan gap [Patterson 1976; Sullivan 1979] says
R()\) has only finitely many poles in {Im(k) > — max(O, %d — SF)}. (1-7)

Moreover, there is no pole in {Im() > 8 — %d }, and there are conditions on 8r- such that > =i (8r — 1d)
is the first pole (see [Sullivan 1979; Patterson 1988]). Using methods of [Dyatlov and Zahl 2016], we can
improve the essential spectral gap when dr < %d .

Theorem 1.6. Let M be a noncompact convex cocompact hyperbolic (d+1)-dimensional manifold such
that ' = (M) is Zariski dense in SO(d + 1, 1)g. Let dr € (0, d) be the Hausdorff dimension of the
limit set A(I"). Then there exists g9 > O such that, for any ¢ > 0, R(\) has only finitely many poles
A with ImA > ép — %d — &0 + &. Moreover, for any x € Cg°(M), there exists Co = Co(e) > 0 and
C =C(e, x) > 0 such that

Ix RO x N2 g2 < Ca 7 72min@ImATe =) > Co, Ima > 8p — 1d —eo +e. (1-8)

Dyatlov and Jin [2018, Theorem 2] showed Theorem 1.6 with d = 1 by proving Theorem 1.4 for
d=1and X, Y é-regular and applying [Dyatlov and Zahl 2016, Theorem 3]; our result is the natural
higher-dimensional generalization of this theorem. Note the statement of the theorem holds for ér € (0, d)
in the whole range, but when ér > %d + &0, our theorem says nothing more than the Lax—Phillips gap
coming from unitarity. On the other hand, it improves the Lax—Phillips gap when ér < %d + &9, which
slightly passes the threshold %d .

The spectral gap in Theorem 1.6 was first proved [Naud 2005] for surfaces and generalized [Stoyanov
2011] to higher dimensions. The size of their gap is implicit but our method gives an explicit constant &g as
in (1-6) depending on the fractal dimension ér, the regularity constant and the nonorthogonality constant
of the limit set A(I"). We give a method for computing nonorthogonality constants from the generators
of a classical Schottky group I' C SL(2, C) in the Appendix.

Another advantage of the method of [Dyatlov and Zahl 2016] is that we also get the resolvent
estimate (1-8), which is hard to obtain using transfer operator techniques and in particular is not included
in [Naud 2005; Stoyanov 2011]. The resolvent bound is useful in applications; see, e.g., [Vacossin 2023].

Corollary 1.7. Let M be convex cocompact with T Zariski-dense. Let ¢y be the Selberg zeta function

@) =[] [Ja-e ™, s=1d-in,

leLy k=0
where Ly consists of the lengths of all primitive closed geodesics on M (with multiplicity). Then £y (s)
has only finitely many singularities (i.e., zeroes or poles) in the half-plane {Res > ér — ey + €} for
any € > 0.

Proof. This follows from Theorem 1.6 and [Bunke and Olbrich 1999; Patterson and Perry 2001]. O

The spectral gap is closely related to asymptotics of closed geodesics and exponential decay of
correlations, which are important and well-studied questions in dynamical systems. We list a few
references.
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o Chernov [1998] gave the first dynamical proof showing subexponential decay of correlations for
3-dimensional contact Anosov flows. The groundbreaking work of Dolgopyat [1998] showed expo-
nential decay of correlations for transitive Anosov flows with jointly nonintegrable C' stable/unstable
foliations.

» Naud [2005] applied Dolgopyat’s method to establish a spectral gap for convex cocompact hyperbolic
surfaces.

» Stoyanov [2008; 2011] showed exponential mixing for a general class of Axiom A flows satisfying
his local nonintegrability condition.

 Sarkar and Winter [2021] used Dolgopyat’s method to prove exponential mixing of the frame flow for
convex cocompact hyperbolic manifolds. Chow and Sarkar [2022] extended it to locally symmetric
spaces.

« It is interesting to ask what happens on hyperbolic manifolds with cusps. We direct the readers to
[Li and Pan 2023; Li et al. 2023] for more details.

All the above works require certain nonintegrability conditions which should be thought of as the analogue
of our nonorthogonality condition (1-3).

We would like to mention some other related works on the spectral gap for convex cocompact hyperbolic
manifolds.

» Dyatlov and Zahl [2016], Dyatlov and Jin [2018], Bourgain and Dyatlov [2018], and Jin and Zhang
[2020] proved the fractal uncertainty principle for d = 1 and hence gave explicit essential spectral
gaps.

» Bourgain and Dyatlov [2017] used Fourier decay of the Patterson—Sullivan measure to get an essential
spectral gap that only depends on §r when d =1, ér < % This is generalized to Kleinian Schottky
groups when d = 2 by Li, Naud and Pan [Li et al. 2021], but in this case the essential spectral gap
will depend on ér and another quantity related to our nonorthogonality constant cy (see [Li et al.
2021, Lemma 4.4]). See also [Khalil 2023; 2024] for a method using additive combinatorics.

e Oh and Winter [2016] showed a uniform spectral gap for a large family of congruence arithmetic
surfaces, which was then generalized to arbitrary dimensions by Sarkar [2022].

1.2. Idea of the proof.

1.2.1. Model problem: Arithmetic Cantor sets. We first describe the problem in the model case that X, Y
are arithmetic Cantor sets. Let M > 3 be an integer and A, B < {0,1,..., M — l}d be sets with
__log|A] 1 __log|B| -

1
= 14, 5= 14,
log(M) ~ 2 P log(m) ~ 2

A

We let N := M and define the arithmetic Cantor sets
Cra:={ag+aiM+ - +a_ 1M :a; € A} C(Z/NZ)",
Crp:={bo+bM~+---+b_M"~":b e By C(Z/NZ)".
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We introduce the discrete Fourier transform

Fuf( =N Y ep(2mij ) F 0, e @/ND).
£e{0,1,...,N—1}¢
The fractal uncertainty principle states that there exists some gy > 0 such that

e Fale sl e S NP, (1-9)

where 8 := %(d — 34 — 6p) [Dyatlov and Jin 2017, §3]. Analyzing the Hilbert—Schmidt norm, we have

AFBE
||1Ck,AFN1Ck_B||£2~>22 =< ||1Ck,A-FN1Ck,B||HS = T =N . (1_10)

Thus, our goal is to obtain additional gain beyond S. To prove this, one can show as in [Dyatlov 2019,
Lemma 6.4] that if we let

ri = le yFnle gl e

then 7y, 41, < 11, 7k,. This can be used to show that if we can get any gain at all at some scale k then we
get a gain on all further levels, so we suppose for the sake of contradiction that we cannot obtain any gain
at any scale, or that the inequality present in (1-10) is an equality. Then, since the Hilbert—Schmidt norm
measures the square root of the sum of squares of the singular values and the operator norm measures the
largest singular value, it follows that the operator N4/21¢, , Fiy 1 ¢, 5 must be rank 1. A simple computation
then shows that the operator Nd/zlck_A]-'N l¢, 5 18 the matrix (exp(27wij - £/N))jec; 4.tec, 5 (and is zero
in the unspecified entries). Computing the determinant of 2 x 2 minors, we see that

((expQ@rij - ¢/N) expmij'-¢/N)| _ (j—Jj,t=1)
expmij-€'/N) expmij -¢'/N))| N

exp(eri —1‘ =0

forall j, j/ € Cy.4 and £, £ € Cy . Thus, (1-9) holds as long as a nonorthogonality condition
(j—J.e—=t)#0

holds for some choice of j, j' € A, ¢, ¢ € B. If nonorthogonality is violated at all scales, then (1-9)
cannot hold; see Example 1.9.

1.2.2. Nonorthogonality and Dolgopyat’s method. Our proof and the proof of [Dyatlov and Jin 2018]
lies in the continuous setting where the fractal is not necessarily self-similar. Thus, we must construct a
tree of tiles that discretizes the doubling measure p and which is regular enough so that each tile has
two children which are spaced far enough apart. While very nice submultiplicativity does not hold as it
does in the discrete case, we can still, via an induction on scales argument, propagate gain on one scale
to gain on all scales. The key tool allowing us to obtain gain on all scales is nonorthogonality, which
we formulated in (1-3); it asserts that we can find many points in the intersections of the vertical and
horizontal laminations where the phase is “oscillating faster than the function 5, is being tested against”
at every scale, and so we must obtain a gain at every scale. This technique, called Dolgopyat’s method,
has been used to obtain fractal uncertainty principles, spectral gaps, or exponential mixing in previous
works, including [Dolgopyat 1998; Dyatlov and Jin 2018; Liverani 2004; Naud 2005; Stoyanov 2008;
2011; Tsujii and Zhang 2023].
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Figure 1. Nonorthogonality of the Sierpifiski carpet X (the white region) to itself at scale % (where
diam X = +/2). Given any two points x;, y; € X (green stars), we can find two points x;, y, € X
(red pentagons) such that |x; — x;| and |y; — y,| are both & 0.15, and |sin Z(x; —x1, y2 —y1)| < 1,
so (X, X) is nonorthogonal with constant (3 - 0.14)? &~ 0.42. Image adapted from [Réssel 2008].

The improvement on each child is measured in the spaces Cy (/) that were introduced in [Naud 2005,
Lemma 5.4]. Informally speaking, localizations of 5, to a tile / have roughly constant oscillation when
normalized by 8 diam(/) for some appropriate choice of 8 [Dyatlov and Jin 2018, §2.2]. The Cy (/) norms
are meant to capture this fact and to measure cancellation on scale /, similar to how algebraic manipulations
on M*-dimensional vectors can be used to measure cancellation in the arithmetic Cantor case.

1.2.3. Improvements over Dyatlov—Jin. The method of [Dyatlov and Jin 2018] does not immediately
generalize to d > 2 for two reasons. First, in order to ensure that each interval has at least two children
that are sufficiently far apart, Dyatlov—Jin allows intervals of varying length to appear in the tree by
merging together consecutive intervals that intersect the fractal. However, in higher dimensions this leads
to long, narrow, winding tiles appearing in the tree; these do not satisfy suitable doubling estimates, as
exemplified by the following example.

Example 1.8. Let X be a Sierpinski carpet, and consider the merged discretization for X (see Section 3
or [Dyatlov and Jin 2018, §2.1]). Since X is path-connected, every scale consists of a single tile, the only
child of the single tile at the previous scale! It is impossible to prove that every tile has two children
which enjoy phase cancellation.

However, our method must be able to handle the Sierpinski carpet, since it meets the hypotheses of
Theorem 1.5 if it is embedded in R*. Indeed, 28x ~ 3.8 < 4. Moreover, X is nonorthogonal to itself at
one scale (see Figure 1), so it is at every scale by self-similarity.
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Secondly, as remarked above, one cannot obtain cancellation for arbitrary children 7y, I, but only those
which are “not orthogonal to each other”. Otherwise, even if we construct I}, I, to be the appropriate
distance apart to impose cancellation, it will not follow that the phases actually cancel each other.

Example 1.9. Let X :=[—5, 5] x {0} and Y := {0} x [—5, 5]. The Gaussian
Flx,y) 1= e > 1277k

is localized to Xs;, and its Fourier transform is localized to Ys5;,. So the fractal uncertainty principle is
simply false for (X, Y), even though

Sx+éy=2<2,

and we must use the nonorthogonality hypothesis somehow. One can also see that if X' C X and Y/ C Y
are fractals then the fractal uncertainty principle does not hold for (X', Y').

To overcome these difficulties, we improve on Dyatlov—Jin as follows:

(1) We carefully construct the tree, so that tiles in the tree are very close to cubes and therefore satisfy
good doubling estimates, but also so that each tile contains two children with a suitable distance
from each other.

(2) We prove that if X, Y are nonorthogonal then we may choose tangent vectors to X, Y so that the
phases cannot decouple.

These goals are accomplished by Proposition 3.3, which asserts that we can construct the so-called
perturbed standard discretization of w, and Proposition 3.13, which asserts that many quadruples of tiles
in the perturbed standard discretization have the properties above.

We found it convenient to use the language of probability theory to state Proposition 3.13, as we then
could interpret the various quantities appearing in the induction on scale (Proposition 4.3) as expected
values or variances of certain averages of B, f taken over random tiles. The necessary estimates needed
to obtain a contradiction then follow from the second moment method — namely, the observation that, if
Proposition 4.3 is false, then the variance of such random variables is impossibly small given the large
size of their tails. A similar approach was taken by [Dyatlov and Jin 2018], which used the strict convexity
of balls in Hilbert spaces [Dyatlov and Jin 2018, Lemma 2.7] to accomplish the same goals.

1.3. Outline of the paper. In Section 2 we recall some preliminaries.

In Section 3 we construct our discretization and show that it has good statistical properties, as made
precise by Proposition 3.13.

In Section 4 we carry out our inductive argument. The main proposition is the iterative step,
Proposition 4.3; we then use this to prove Theorem 1.4.

We then turn to the applications in Section 5, where we reduce Theorems 1.5 and 1.6 to Theorem 1.4
by standard techniques.

In the Appendix, we demonstrate how one can compute the nonorthogonality constant in a typical
application: classical Schottky groups.
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2. Preliminaries

2.1. Probability theory. We shall have probability spaces A, B, and will denote by a, a’, a” and b, b’, b”
outcomes in those spaces (or equivalently random variables with values in A, B). The expected value of
a random variable X is denoted E X, while E(X | E) refers to the conditional expectation of X assuming
an event E. The probability of the event E is denoted Pr(E), and the variance of a random variable is
Var X := E(X?%) — (EX)%.

If X, Y arei.i.d., then

EIX—Y?P=E|X?+E|Y>*—2EXY)=2(E|X|*>— (EX)?),
and so

E|X —Y|>=2VarX. (2-1)

We also record Cantelli’s inequality, valid for any constant A > 0 [Lugosi 2009, Theorem 1]:

Pr(X > EX +2) < X
T A ~r <
- A2+ VarX

Var X
PrX <EX—2) < —— =
A2 4 Var X

(2-2)

2.2. A geometric mean value theorem. We shall need an analogue of the mean value theorem for phase
functions [Dyatlov and Jin 2018, Lemma 2.5]. To formulate it, we shall recall some differential geometry.

If R is a nondegenerate 2-dimensional rectangle in Rf X Ri’, and v, w are unit vectors tangent to the
edges of R, then we write yg := v ® w for the unit bitangent to R and dAy for the area element on R.?
We will consider the case when v € R? and w € [R{‘;,. In that case, yg and the off-diagonal Hessian afyq)
both lie in Rf ® [R{‘yi , so we can consider their contraction

(07, @, yr) = 0,0, P.

Lemma 2.1. Let ® € C*(R? x RY). Let xo, x1, yo, y1 € R?, and let R be the rectangle with vertices
(xi, y;), i, j €{0, 1}. Then

f <3§yq>’ yr) dAR = ®(x0, yo) — P (x0, y1) — P(x1, yo) + P (x1, y1). (2-3)
R

Proof. Both sides of (2-3) are preserved by orientation-preserving isometries which preserve the product
structure on R? x R?. Tn particular, we may take xg, yo =0, x; = (£*%,0,...,0),and y; = (*,0,...,0)
for some £*, n* € R. We then set

&, n):=o(£,0,...,0),(,0,...,0)).

2Stlrictly speaking, the unit bitangent should be defined using the exterior algebra, but since R is assumed nondegenerate this
adds more complication for no gain.



THE FRACTAL UNCERTAINTY PRINCIPLE VIA DOLGOPYAT’S METHOD IN HIGHER DIMENSIONS 1779

Then by Fubini’s theorem,

E pn* &*
/R (02,®. yr) dAg = /0 /0 0y €, ) diy dé = fo Do (5. 1") — (€, 0) dé

:CD(XOsyO)_CD(xO, yl)_(b(xl’ )70)+q>(xl,yl)- O
We now estimate the difference between (2-3) evaluated over two different rectangles R, R’ by

differentiating ® along a homotopy between R, R’. This estimate will be useful when applying the
nonorthogonality hypothesis.

Lemma 2.2. Let ® € C3(R? x RY), and let R, = [xo(t), x1(t)] % [yo(t), y1(¢)], where t = 0, 1 and
x; (1), yi(t) € Re. Let Vi := VR, be the unit bitangent to R;. Assume that, for some 0 < &y, &y, cy,cy <1,

(1) for every i € {0, 1}, we have |x;(1) — x;(0)| < &y and |y;(1) — y;i (0)| < &y,
(2) foreveryt € {0, 1}, we have |x1(t) — xo(t)| < cx and |yi(t) — yo(t)| < cy.
Then

‘f o) dan, = [ 03,0, dAn

= 7” q)llcl(gxcy"i'gycx)- (2-4)

Proof. By taking convex combinations, we define x;(¢) and y;(¢) for any ¢ € [0, 1] and hence also R;
and y;. Now introduce the parametrization

_ [Sm(t) +d - S)XO(I)] c

RY x RY
ny1(6) + (1= n)yo(t) x

lIJl‘ (Sv 77)
which maps [0, 117 to R;. Also let v, :=x; (t) —xo(¢) and w; := y; () — yo(t), s0 |v;| |w;| is the (unoriented)
Jacobian of the map ¥;. We record for later that |v/| < ¢, and |w,| < c,.

We estimate

at (92,@. 1) dAg, dr

‘ / @, 1) dAg, - f (02,®, y0) dAg, | =
Ry

R

S/O/Ofo 18, ({32, ® 0 Wy (&, ), 1) - g - |w, )| d& dip dt.

We next split up the above integrand:

10:((33,® 0 W, (&, 1), ¥2) vy | [wi )]
< (0,37, 0 W, (&, 1), vo)l - [ug] - [w | + 107, @ o Wi (&, m), 3,y2) | - [ui] - |w]
+ 1407, @ 0 Wi, m), i) - 10 [vi] - [wi] + (97, ® 0 W, (&, 1), ¥o)l - [vg] - 10w |
=14+ 1+ 1141V

To estimate I, we compute

9, W, (&, 1) = [5 (x1(1) = x1(0)) + (1 — &) (xo(1) —xo(O))i|

n(y1 (D) —y1(0) + (1 =) (o(1) = y0(0))
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and conclude that [|9; W, ||co < &x + €. Therefore, by the chain rule,
1< VO, ®@llcoll Wy llcolve| - [wy| < (105, ®llcrcxcy(ex +&y) < 1107, Pllci (ceey + cyex).

We furthermore estimate
10 v | = [x1 (1) — x1(0) — x0(1) + x0(0)| <2,

and similarly for w,. Now to estimate II, we recall

Uy Wy
V=—0Q —.
v |w; |

By the product rule,
2 2 €, £
13,7, < — |80, + —|8,wy| < 4| — + —2|.
vrl Jwi] ol T
So
II< 4||83y<D||Co(cxey +cyey) < 4||a§yq>||cl(cx8y Feyey).

To estimate III, we use Kato’s inequality |d;|v;|| < |0;v,| to bound
Il < 2197, @[l cocyer <2[197,Pllcrcyey.

The estimate on IV is similar but with x and y swapped. Adding up these terms and integrating, we
conclude the result. O

3. Discretization of sets and measures

3.1. A new discretization. As in previous works on the fractal uncertainty principle, such as [Bourgain
and Dyatlov 2018; Dyatlov and Jin 2018], we will discretize fractals as trees.

Definition 3.1. Let X C R? be a set. A discretization of X is a family V(X) = (V,,(X))nez of sets, where
V,(X) is a set of nonempty subsets of R such that

e X={INX:1IeV,(X)} for each n and the union is disjoint;
« for any I € V,(x), there exist [y € V,;1(X) such that I =, I.
Given I € |, V,(X), the height of I is defined as H (1) = sup{n : [ € V,(X)}.
Definition 3.2. For a compact set X C R? and base L > 2, its standard L-adic discretization V° = (V,?)nez
is defined by I € VO(X) if and only if
I=1(q)==Iq1, L™" +q1) x[q2, L™" +q2) x -~ - x[qa, L™" + qa)
for some g € L™"Z¢ and INX # .

The standard discretization was used in [Bourgain and Dyatlov 2018] to prove the fractal uncertainty
principle in the case d =1, § > % The problem with the standard discretization is that a box in V?(X)
may be too small for the fractal measure. Dyatlov and Jin [2018] addressed this issue in the case d =1,
8 < %, by considering a discretization that we call the merged discretization. Unfortunately, if d > 2 and
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8 > 1, then the merged discretization does not satisfy desirable estimates, as intimated by the fact that
such estimates have a constant of the form O (1)"/©®(1=9) for § < 1 in [Dyatlov and Jin 2018].

We now construct a discretization which is more appropriate to our setting. Given a compact convex
set I and a real number o > 0, we denote by [« the dilation of I by « from its barycenter. For sets
A, B C RY and x € R, we use the £>° Hausdorff distance,

disteo (x, A) := inf |a — x|goo,
acA
distao (A, B) := max(sup distao (a, B), sup dista (b, A)>,
acA beB

where, for points x = (x;) and y = (y;), we have |x — y|g~ :=maxj<;<q |x; — y;|. Note that distsc (x, A) #
disto({x}, A) in general. We recall that for the Hausdorff distance we have the triangle inequalities: for
every x € R? and every subset X C R?,

disteo (x, A) < dists(x, B) +distoo(A, B), distoo(X, A) < disty (X, B) +distso (A, B).
Proposition 3.3. For every compact set X C RY, N €N, and L > 103, there is a discretization V(X)
of X such that, foralll € V,(X)and1 <n <N,

o there exists I° € VnO(X ) such that
I°0—=L"cIcI’a+L?, (3-1)
o and there exists a point xo in X N I such that
disto (x0, 1) = 1L~ (3-2)

We call this discretization the perturbed standard discretization, and we call elements of the perturbed
standard discretization tiles (to emphasize that they may not be cubes).

Remark 3.4. Christ [1990] constructed dyadic cubes with similar properties for metric spaces with a
doubling measure u as in Definition 1.3. It’s possible that the construction there can also be applied to
prove Theorem 1.4. Our construction is less general but does not rely on the existence of a doubling
measure.

3.2. Constructing the new discretization. We prove Proposition 3.3 in this section.

3.2.1. Preliminaries. We establish some terminology and notation that we will use in the construction of
the new discretization. Let I be a cube such that I = [a;, b;] X - - - x [ag, bg]. For 1 < k < d, define the
k-boundary

01 := | J lar.bil x -+ x{aj. bj} x -+ x [aa, bal.

JlseeosJk

In other words, 9% is the union of all (d—k)-dimensional faces of I, so that 91 =91 and 971 is the set
of all vertices of 1. For a set A € R?, r > 0, let the £°° ball around A with radius r be

Boo(A,r)z{xe[R{d:ElaeA, la — x| < 1}
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Figure 2. A standard (left) and perturbed standard (right) discretization. On the left, cube 1 is
type 2, cubes 2 and 3 are type 1, cube 4 is type 0, and cubes 5 and 6 are type —1; on the right,
tiles 1 and 3 are good and all other tiles are type —1.

We stress that a B without a subscript refers to the ¢ ball, and in particular that the balls in the definition
of nonorthogonality are £2 balls!
For a subset P C 9*1 of the k-boundary of a cube I, suppose without loss of generality that
P C{ay, b} x - x{ak, bi} X [ag+41, b1l X - -+ X [aq, bal.
In that case, we define the tubular neighborhoods
BL (P,r):= {x e RY: there exists y = (y;) € P,

i =yl <rooo =yl <7 Xksr = Vit oo Xa =ya}  (3-3)
and

BL (P, ri,r2) = BL (P, r1)UB(P, ). (3-4)

We will use these tubular neighborhoods to modify the standard cubes. Note that BL (P, ry, r2) has the
advantage that diste (x, SBQO(P, r1,r2)) > min(ry, rp) for any x € P.

Let V°(X) be the standard discretization.
Definition 3.5. Foreveryn < N and [ € Vno(X ), the type of [ is defined as follows:

o [ is of type d if there exists a point x € X NI such that dists(x, 07) > %L‘Qﬁ_".

o Ifd—1>0, Iis of type d — 1 if there exists a point x € X NI with dists(x, 821) > %L‘2/3_” but
I is not of type d.

o Ifd —2 >0, I is of type d — 2 if there exists a point x € X NI with dists(x, 331) > %L‘2/3_” but
I is not of type > d — 1.

e I is of type 0 if X NI is nonempty and distso (X N1, 391) < %L‘2/3_”.
o [ isof type —1if X N1 is empty.

See Figure 2 for an example of cube types.
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We want to modify the cubes I € V2(X) into tiles T, so that there exists xo € X N T satisfying
disto (x0, 8T) > £L 7237, (3-5)

We say that a tile T is good if (3-5) holds and otherwise that it is bad. For the remainder of the proof, we
assume the following.

Invariant 3.6. Ifa tile T constructed from a cube I is bad, then T C 1.

This invariant is true at the current stage of the proof; we necessarily have 7' = I since we have not
modified any tiles yet.

We want to do induction on the type of the tiles. In order to do so, we will need a notion of “type” for
a bad tile. By Invariant 3.6, in order for type to be well defined, it suffices to define the type of a tile T
which was modified from a cube I such that 7 C I.

Definition 3.7. Let 7 be a bad tile which was modified from a cube [ such that T C I. Assume that /
has type k with respect to X N T'; that is, assume that [ has type k in V,,(X NT), where V(X NT) consists
of the restriction of elements of V (X) that we are already defined to 7. Then the type of T is k.

3.2.2. Induction on type. We now induct backwards on the largest type k of a bad tile. At every stage of
the induction, we iterate over all bad tiles of type k. At each stage of this iteration, either we do nothing,
or we replace a tile 7 with 7 U7 for a tubular neighborhood 7 of some set. In the latter case, we replace
all other tiles 77 with T’ \ 7. Here a tubular neighborhood 7 is always of the form (3-3) or (3-4). In
short, we say that we moved the set 7. It will be important that we keep track of which sets we have
already moved. As such, we make the following inductive assumptions, which are vacuous at the start of
the inductive process when k =d — 1:

Invariant 3.8. Every bad tile has type < k.
Invariant 3.9. Ifa tile T was constructed from a cube I, then disto (0T, 01) < %L*"*Z/ 3,
Invariant 3.10. Let T be the tubular neighborhood of a set P. If T has been moved, then dim P > k.

Lemma 3.11. Assume that 0 < k < d — 1 and the above set of tiles satisfies Invariants 3.6, 3.8, 3.9,

and 3.10. Then we may modify each tile to obtain a new set of tiles satisfying Invariants 3.6, 3.8, 3.9,
and 3.10 but with k replaced by k — 1.

Proof. Let T be a bad tile of type k modified from some cube /, and let P be a connected component of
397*I\ By (8d_k+11, %L‘ZB_”) such that B’(P, %L‘”_Z/S) NXNT # &. We modify the adjacent tiles
to P:

(1) If there is a good tile 7" # T adjacent to P, then we enlarge T’ to contain the tubular neighborhood
T:= B, (P, 1L7?*")N(T'UT). Then:
(a) T’ is still good.
(b) T no longer contains P.
(¢) Since T is contained in T’ U T, no other tile is affected.
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Figure 3. The proof of Lemma 3.11, Case (2). The boldest black lines represent components P
of the boundary. The tubular neighborhoods around them do not intersect.

(2) Otherwise, by Invariant 3.8, every tile adjacent to P has type < k. In this case, we enlarge T by a
tubular neighborhood 7 := BéO(P, %L‘2/3_”, %L‘zﬂ_"). Then:

(a) Let 77 be a tubular neighborhood of a set P’ which we already moved. Then:

(i) If dim P’ > k, then we claim that 7 is disjoint from 7. If this is not true, then let 7’ be the
tile containing 7”. Then 7" is adjacent to P. By Invariant 3.6, T’ is good, which contradicts
the fact that we are in Case (2).
(ii) If dim P’ =k, then T is disjoint from 7”. See Figure 3.
(iii) We cannot have dim P’ < k, by Invariant 3.10.

Therefore T is disjoint from all tubular neighborhoods which were already moved.
(b) T becomes good.
(c) Every tile T’ # T adjacent to P no longer contains P.

We iterate the above procedure over all possible components P, stopping once there are no more
components to consider. This happens after finitely many stages because of the following facts:

(1) If a tubular neighborhood of a component P is absorbed by a tile 7" of type k and its other neighboring
tile is 7', then T becomes good, and P can no longer witness that 7’ has type > k. Therefore we
will not iterate over P again.

(2) At each stage, no new bad tiles are created, and no bad tiles are given more points and remain bad.
Therefore Invariants 3.6 and 3.8 are preserved.

(3) Invariant 3.9 is preserved because if 7 was constructed from / then we only modify 7 in a neighbor-
hood of distance %L_"_ZB of 01.

(4) Invariant 3.10 is preserved because we only moved tubular neighborhoods of sets of dimension k.
After iterating over all possible components P, Invariant 3.8 is improved, so that every bad tile has type

<k—1. Indeed, if T is still bad and was type k, then every tubular neighborhood of a component P which
could witness that 7" had type k£ was absorbed into a neighboring tile, so 7 must have type <k —1. [
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After stage k = 0, every bad tile has type —1 by Invariant 3.8. However, if T is a tile of type —1, then
by definition X N T N[ is empty. Then, by Invariant 3.6, X N T is empty, and we may discard the tile T
entirely.

Let V, (X) be the set of good tiles that were constructed from V,,(X) by the above procedure. Then
every tile in \7,, (X) satisfies (3-5) and

x= || rnx
TeV,(X)

However, V(X ) may not have a tree structure, so it is not a discretization.

3.2.3. Obtaining a tree structure. We now modify V(X) to be a discretization V (X). We again proceed
by induction. For n > N, let V,,(X) = VnO(X). Now suppose that n < N and we have constructed
(Vin(X))m>n+1 to be a discretization of X. For each element T € Vn (X), we define subsets C(T) of
Va+1(X) as follows:

o The subsets C(T) are all disjoint and their disjoint union is V,,1(X).
e IfSeV, 1 (X)and S C T, then S € C(T).
o If S € V,41(X) intersects multiple T, then we pick one T for which S lies in C(T).

We now define V,,(X) = {USEC(T) S:T e ‘7,,(X)}. Thus, for each I € V,(X), there exists an element
T e Vn (X) such that
distoe (3T, 91) <2L7 "' < L7723

(where the second inequality is because L > 103), and, for x € T satisfying (3-5), x € I. Then, for
every x € X, there exists a unique I’ € V,, 1 (X) containing x by our inductive assumption, and a unique
I € V,(X) which is a superset of I’ by the fact that {C(T) : T € ‘7,, (X)} is a partition of V1 1(X). It
follows that (V,,,(X))m>y 1s a discretization of X.

By construction, there exists xo € X N 7T satisfying (3-5); hence

distos (x0, 81) > distoo(x0, 3T) — distee (31, 3T) = (2 — L)L 723 = LL ™%,
and hence xg satisfies (3-2). If we denote by / O the cube that we modified to create 7', then, by Invariant 3.9,

disteo(31°, 81) < distos(31°, 3T) +distos AT, 1) < (3 + 15)L "7,

which one can use to show (3-1). This completes the proof of Proposition 3.3.

3.3. Regularity of the discretization. We now show that if the compact set X is the support of a doubling
measure then its perturbed standard discretization V (X) satisfies regularity conditions similar to those
established in [Dyatlov and Jin 2018, Lemma 2.1] for the merged discretization in the case d = 1.

We begin by showing that every pair of tiles (1, J) € V,,(X) x V,,,(Y) has children which contain points
for which the estimate

| (x0, y0) — D (x0, y1) — P(x1, yo) + D (x1, y1)| 2 |xo — x1| - |yo — 1l

holds. This is the key new estimate needed in the higher-dimensional case.
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al,
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Figure 4. A typical situation in the proof of Lemma 3.12. The child tiles 1,, I, are contained in
the cube K C I and are much smaller than /. The green 7-pointed star denotes x, the red triangles
denote Xx,, X/, and the blue pentagons denote x,, x,/.

Lemma 3.12. Ler ® € C3(RY x RY), and let X, Y C R? be ®-nonorthogonal with constant cy from scales
(L=Kx, L=%v) t0 1. Let V(X), V(Y) be the perturbed standard discretizations of X, Y. Then, for

L > max(180°, 10"¢3* (|97, @[3, )d*/? (3-6)

and everyn < Kx, m < Ky, I € V,(X), J € V,,(Y), there exist children 1,, 1, of I and Jy, Jy of J
such that, for every xo € 1y, yg € Jg, and wqp := P (x4, yg), we have

N <Lm+"+4/3|a) — W,y — Wl + @, /| < ”a)%)cD”CO (3-7)
1000 — ab a’b ab a'b'| = 20
and
L"+2/3|xa _ xa’la Lm+2/3|yh _ yb" < % (3-8)
Moreover, we may assume:
forany x, € I, and xp € I, the line segment x,x, always lies in I. (3-9)
Proof. By Proposition 3.3, we may choose x € X N/ and y € Y N J such that
min(L" " distoe (x, 81), L™ distoo (y, 3J)) > 5.
_ 1 7-—n-2/3 _ 1 57-m-2/3 : _ 3
Letry = 20L and ry = 20L . One can show that, if (3-6) holds, then L > 20° and
(142L723)* < 2. (3-10)

Sincen < Ky — 1 and L > 203,

VX — %L—H—Z/?) 2 %L—KXL]/?J Z L_KX,
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and similarly ry > L~X¥_ By nonorthogonality, there exist X,, X, € XNB(x, rx) and jy;, ypy € ¥ ﬂB(X, ry)
such that for @gg := ®(Ig, ¥p),

|Dap — Dary — Dapy + Dy’ | = CNTXTY . (3-11)
In the other direction, (2-3) and the triangle inequality gives
|d)ab - Cba’b - Cbab’ +d)a’b’| = ”a)%yq)”CO . |ju _)Ea’| : |)~7b - yb’l- (3'12)

Let I,, be the child of / containing X, and Jg be the child of J containing yg. Pick arbitrary points x, € I,
and yg € Jg. We first use (3-1), (3-10), and (3-6) to bound

|xq — xo| <2rx +diam I, +diam I

< %L—n—2/3+2d1/2L—n—1(1+2L—2/3)2

IA

%L—n—2/3+5d1/2L—n—1
1y —n-2/3
<L

A similar estimate holds on |y, — yur|, which proves the upper bound in (3-8).
To prove (3-7), let ¢, :=2rx, ¢y :=2ry, &, ;= max(diam I,, diam /), ¢, := max(diam Jp,, diam Jy).
Then, by (2-3), Lemma 2.2, (3-1), (3-10), and (3-6),

|Wab — Wapy — Oar + Part — Bap + Bapy + Barp — Bary| < TN 05, Pllc1 (cxy + Cyex)
< 2195, @llcr (@' 2L R (1 2L 7))
<2003, @f|crd LT
Combining this estimate with (3-11) and (3-6), we obtain

|wap — Wap — W' + Oapy |

> |@abh — Oy — Oapy + Da'p'| — |Wab — Qapy — Wa'b + Oa'ty — Dap + Dapy + Oa'ty — Darpy|
1 —n—m—4/3 2 1/2y —n—m—5/3

> gsenl P —2)0;, ®llcrd'*L /
1 —n—m—4/3

> too0CN L .

which is the desired lower bound in (3-7). For the upper bound, since X,, X, € B(x, rx) and y, yp €
B(y, ry) we use (2-3):

|ab — ay — W+ arir| < 405, Pllco(rx + VAL (ry +VdL™"")
< 35197, @ oL,
Finally we prove (3-9). We use (3-1), (3-10), (3-6), and the fact that dists(a, b) < |a — b| to estimate
distos (Xq, X) < distoo (Xa, ¥q) + disto (Fq, x) <2L7" ' ry < L7775
The same bound holds for x,, and it follows that x,, x, are contained in the convex set

K := Boo(x, £ L7"7%).
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In particular, £ := x,x, satisfies £ C K. This implies £ C [ since
distos (3K, D) = disto (x, 81) — L7723 > L1772,
so that K C [. O

We now give a probabilistic interpretation of the above lemmas. To establish notation, suppose that
I € V,(X) for some compact set X and some n. We write {/, : a € A} for the set of children of /. This
induces the structure of a probability space on A; namely,

_ MX(Ia)
pwx (D)

Proposition 3.13. Let ® € C 3(RY x RY), and suppose that L satisfies (3-6). Let (X, ;tx) be doubling with
constant Cp(X) on scales [L~%x 1], let (Y, uy) be doubling with constant Cp(Y) on scales [L~%7 1],
let V(X), V(Y) be their perturbed standard discretizations, and assume that (X, Y) is ®-nonorthogonal
with constant cy from scales (L=, LX) to 1, n < Kx, m < Ky, I € V,,(X), and J € V,,(Y), and
{1, :a € A} and {J, : b € B} are the sets of children of I, J. Furthermore, choose, for each a € A and
be B, x, €l, and y, € Jp, and set wgp := P (x4, Yp).

Pr(a) :

Draw independent random outcomes a,a’ € A and b, b’ € B. Then, with probability

0>Cp (X)—2[10g2(20L5/3)'| CD(Y)—2[10g2(20L5/3)'|, (3-13)
we have
tonoenL ™ < L' gy — wgp — way + oay| < 7 (3-14)
and
L"2Pxg —xal, LRy — ) < 5. (3-15)
Moreover, we may assume,
forany x, € I, and x, € 1y, the line segment X,x, always lies in I. (3-16)

Proof. By Lemma 3.12, there exist a, b, a’, b’ satisfying (3-7) and (3-8). By definition of the perturbed
standard discretization, there exists x, € I, N X with [, := %Boo (x5, L7"73/3) C I,. Moreover,
I C Boo(x0, 2L™") = I,(20L3).

Therefore,
— I’LX(Ia) > /’LX(I*)S . > CD(X),UOgZ(ZOLS/S)-‘ ‘
pux(I) ~ px(I.(20L5/3))

We have analogous lower bounds on Pr(b), Pr(a’), and Pr(b’). Then, by independence,

Pr(a)

p > Pr(a) Pr(a’) Pr(b) Pr(b),

which gives (3-13), and (3-7) and (3-8) clearly imply (3-15) and the lower bound on (3-14). The condition
(3-16) comes from (3-9). For the upper bound we apply (3-7) and (3-6). O



THE FRACTAL UNCERTAINTY PRINCIPLE VIA DOLGOPYAT’S METHOD IN HIGHER DIMENSIONS 1789

4. The induction on scales

We now begin the proof of Theorem 1.4. Let ® € C3(R? x RY) and p € C'(R? x R?) be the phase and
symbol of By, and let K := [ —log; h].

Let (X, ux), (Y, uy) be doubling with constants Cp(X), Cp(Y) on scales > h, let V(X), V(Y) be
their perturbed standard discretizations, and assume that (X, Y) is $-nonorthogonal with constant cy
from scales (i, h) to 1.

For I e V,(X)and J € V,,(Y), wheren +m+ 1 = K, we set

1 CD 5 _CD )
Fy(x) = / exp(i . y) — DGy J)>p(x,y)f(y)duy(y)-
) h

Here y; is the center of J, the box in the standard discretization associated to J. Let {I, : a € A}
and {J, : b € B} be sets of children with their usual probability measures. Let x, := argmax; |F;| and
Yp = bi-

4.1. Mean value space. We need to generalize the space Cg(I) where d = 1 (see [Dyatlov and Jin 2018,
§2.2] and also [Naud 2005, Lemma 5.4]), which is supposed to locally measure oscillation on / whilst
also being “scale-invariant”.> This will allow us to get some gain out of the cancellation obtained from

nonorthogonality while performing induction on scales.

Definition 4.1. Given I € V,,(X) and 6 € (0, 1), we define the Cy(I) norm for functions f € C'(I) by

I flleocry :=max(|| fllcocry, € diam(D) IV fllcocry)-
Given J € V,,(Y), we define ¥, : I — R as

P (x, ) — Px, ys)

\I/;,(x) = h

Lemma 4.2. Let
1

6 < 2
8max (1, |97, Pllco(z.g))

(where I.ony is the convex hull of I) and L > 10. Then, for f € Co(1),
le"™ Fllcy iy < If ey (4-1)
Proof. Observe that if ¢ is a smooth function on I, cony then any f € Co(1,) satisfies

V'V )| =iV fVy + eV VI < VY] 4|V

Hence

6 diam(I,)|V ("™ £)(x)| < 6 diam(I,) ||V ¥yl o) Il £ ll cocr,y + 0 diam(I) IV £l co(r, -

3We cannot use the space c! (1) with its norm ||f||C1(I) = ”f”CO(I) + ||Vf||Co(1), because the first and second terms in

the norm will scale differently if we rescale /.
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We estimate that
diam(J)

2
h ”aXch”CO(Iconv)'

1 1
V(0] = 10 (P, ) = @06, YD = 21y = Y19, Pl o) <

So, by hypothesis on 6§ and L,

diam(/,) diam(J)
e - 103, @1l 010y IS o0y

<O+ L7107, @l coggeom I flcoiry

6 diam (1) [V Wyl o,y I fllcoqr,) < 0

<<l fllcosw-

=

In addition, by hypothesis on L,

0 diam(I) |V fllcor,) < %9 diam(D |V fllcory < 311 fllcon-
Summing up,
6 diam(I) IV ("™ Pllcog,y < I lcyn-
We also trivially have
I fllco,y < W lcoery = NS llcps
which proves (4-1). O

4.2. Inductive step. Our next task is to prove the following analogue of [Dyatlov and Jin 2018, Lemma 3.2].

Proposition 4.3. Let [ € V,(X), J € V,,(Y), where n+m + 1 = K. Draw a random b € B, and assume
that (3-14) and (3-15) hold with probability p. Assume that

12,73 10191192 3., 4372
L> max(lgefiz, ” = e >, (4-2)
CNY” N

2.2

P Cn
o= 109212 *+3)

Then we have the improvement

ENFE,q, < =80 E1F5 12,0y (4-4)

By Proposition 3.13, we can always choose L and ¢; > 0 such that the hypotheses of this proposition
are met.

4.2.1. The contradiction assumption. We set up the proof of Proposition 4.3 by first recording
F;=E ei\pl’F]b. (4-5)
beB
We have the following lemma which is nearly identical to [Dyatlov and Jin 2018, Lemma 3.3].

Lemma 4.4. For eacha € A,

2
2 2
1Fs 12,00 = (E, IFallcsn) = E NF4IE,q)- (4-6)
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Proof. By (4-1),

le™ Fy,llcorny < NE o
The assertions of (4-6) now follow from (4-5) and the Cauchy—Schwarz inequality. Il

We set R :=Epep || Fy, ||2CH - Draw a € A independently of b. Taking expectations in (4-6), we obtain

2. 2 _ 2 n
o = b-[eEB ||FJb||C9(1) aEA ”FJ”CH(Ia) = bVeag I F Nl cocy- (4-7)

In particular, (4-7) can be written as

2 p 2
0"=R aEA”FJHCNIﬂ)'

If we knew that o2 > ¢, R, then the improvement (4-4) would follow. So, we assume towards a contradiction
that
o2 <eR. (4-8)
Let
Fap:=F,(xa),  @ap:=Vp(xa), fap =€ Fgp. (4-9)

Note carefully that w,; disagrees with the phase in Proposition 3.13 by a factor of 4. We compute

Fr(xg)= E fap (4-10)
beB
and, foreacha € A,

2 2
b[eEB|Fab| Eb[eEB N Fn e, = R- (4-11)

4.2.2. Outline of the proof. By our contradiction assumption (4-8) and variance bound (4-7), the Cy (1)
norms of the functions F;, are all almost independent of b. One can show that f,, is almost independent
of b (see (4-12)). By the mean value theorem, F,; does not vary too much in a (see (4-23)). However, the
events (3-14) and (3-15) have positive probability, so we may condition on them without losing too much,
and, after conditioning, the phases of f,; and f,, cannot be too correlated by (3-14) and (3-15). So we
expect cancellation between f,; and f,;,y whenever a, a’, b, b" are drawn at random by the square-root
cancellation heuristic. This cancellation implies that the conditional expectation of | F,;|? is both very
small and comparable to R, a contradiction.

4.2.3. Two unconditional moment estimates. We now make two unconditional moment estimates; we
shall later use Cantelli’s inequality to show that weaker versions of the same moment estimates hold even
when we condition on the events (3-14) and (3-15).

Lemma 4.5. One has

E Var fu < E |Fa> — R+20% <202, (4-12)
acA beB acA
beB
E 1Fapl = (1 —2¢)VR. (4-13)
ae

beB
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Proof. We follow [Dyatlov and Jin 2018, Lemma 3.5]. By Lemma 4.2, for each a, b,
OV (™ Fi)lcoq, diam Lo < 51 Fy,llcym)-
From the definition of Cy(1,), (4-5), and the triangle inequality, for each a € A,
17 llcory) = max ([ Fyllcog,y> OV Frllco,) diam 1y)

= max(|| Fyllcoy,y, 6 diam Lo E V(™ Fi)ll o))
< max( || F , LEF )
< max(I Fsllcogsy- 3, E, I1Fs lcun

We estimate the squares of the two terms in the maximum using (4-6):

11 og,, < 5 F o, + 1FIZ,00) < 3UFIZ0, + R

and

2
(3,E IFulan) <4 E IFLIZ, o) < SR < SUES 120, + B,

In summary, we have

11, < 3 FTlIGog,, + R)-
After taking expectations and applying (4-7), we get

_ 2
agAllFfllco =2 E ||FJ||C9(,) R=R-20"

(a)

We also record that, by (4-5), (4-10), and the fact that x, maximizes |Fy|,

= E

acA

E ™00 F) ()| =

E fab beB

JE = [E |FJ(xa)|— [E I Fsllcocr,)-

aeA
Combining this fact with (4-15),

E fa;, >R —20°.

beB

aeA

Therefore,

2
E |Fpl>= E |fpl>= E (| E

a6A| ab| aEAlfab| acA berab
beB beB

Rearranging, we obtain

E Var f,, < [E |Fab| —R+20'
acA beB
beB

Then (4-12) follows from (4-11).
To obtain (4-13), we first estimate

E |Fopl= E > F | F
acA | Fa| acA | farl = acAlbeB Jab| =
beB beB

/brE [ sl = Var fus

acA

+ Var fab) >R—202+ E Var fup.
beB acA beB

(4-14)

(4-15)

(4-16)

4-17)

(4-18)

(4-19)
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From (4-17) and (4-11), and the contradiction assumption (4-8),

1
E L E 1l = Var fup =
acA V be Vmaxgaea Epep | fup|? @€A

> E Epes | fap* — Varpes fab - R — 202
acA VR VR
> (1—2¢)VR. 2

E (LE 1 fusl> = Var fus)

4.2.4. Drawing random nonorthogonal tiles. By (4-6) and the Cauchy—Schwarz inequality,

E Fy,llc,a) < VR. (4-20)
beB

Let T be the event that || Fy, [|c, 1) < 2JR. By the moment bounds (4-20) and (4-7), the contradiction
assumption (4-8), and Cantelli’s inequality (2-2),

Pr(T) > 1 —¢,. 4-21)

We let T’ be the respective event for b, where a’, b’ are drawn independently from a, b. From (4-12),
(4-21), and (2-1), we obtain
E (| fab— far I’ | fab — farr]
acA

ITAT)< —— [
Pr(TNT') acA
b,b'eB b,b'eB

< E Var fu <2.5-20% = 4-22
= BT aia p L Jar S 2.5 0" =50%, (4-22)

If T and (3-16) hold, then, by Lemma 4.2,
2VR
| Fap = Fan = ==LV lxa = x4 (4-23)

Let S be the intersection of T, T’, and the events (3-14), (3-15) and (3-16). By (4-3), &1 < %p, so by
(4-21),
Pr(S) - p—2(1—Pr(T)) - p — 28
Pr(T)? — Pr(T)? T (=g

If S holds, then by (4-23) and (3-15),

>

p. (4-24)

D —

VR

< S (4-25)

|Fab_ abl

4.2.5. Conditional second moment bounds. We now use (4-24) and (4-25) to obtain lower and upper
bounds on E(|F,,|? | §) which are not both tenable.

Lemma 4.6. For M := 8000000,

E (IFal*18) < Mdz( (4-26)
ae

R L2/3O.2)
beB

+2
e L3 cxp
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Proof. We take all expectations and probabilities over a, a’, b, b'. Write

T 1= Wab — Waly — Wa'b + Wa'p';
so if S holds then

€T — 17 > |7)> = 10763, L7%/3
by (3-14) and [Dyatlov and Jin 2018, Lemma 2.6]. Following [Dyatlov and Jin 2018, 19], we rewrite
(recalling the notation set in (4-9))
(€7 = 1) Fap| = [ =07 Fypy — e (v =) Fy
= |e_iwab/ (fab - fab’) + Fapy — Foy — e_iwa/h/ (fa/b - fa/b’) + ei(wa/b_wa/b/)(Fa’b - Fab)|-
So by the triangle inequality in L2,

E(1(e'™ — 1) Fapl? | S) < 4E(|Fap — Farpl* + | Fary — Fapr 1>+ | fab — farr 1>+ | far — fan|* | S).
So

E(|Fal* | S)
42123 _
<10°. E(|(e'™ — 1) Fapl? | S)
N
Md?L*? 2 Md*L*? )
S—Q[E(lFab_Fa’bl +|Fa’b’_ ab’| |S)+ [E(|fab_fab’| +|fa’b’ fa’b| |S)
2cyy 2c%;
Applying (4-25),
2R
|Fab = Farnl* + | Fay = Fa | < T3

Since S implies T N T’ and a, a’ are independent,

Pr(T)?
E(l fab = far I+ faw = fanl* 1 $) <22 G5 Elan = farP1TOT.
By (4-24), Pr(T)%/ Pr(S) <2/p. Summing all this up and applying (4-22), we conclude (4-26). O
Lemma 4.7. One has
E (1Fapl”| $) > gR. (4-27)

beB
Proof. By (4-13), we conclude that

Pr ( E |Fusl < (1 =2JeDVR) < Ver.

aeA

By Cantelli’s inequality (2-2),

R)< Varpep [Fapl

Pr(lFbIS E |Fupl —3VR) < :
peB\' '~ pep ¢ Varpep | Fap| + 5 R
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Since | F,p| = | fanl, it follows from (4-12) and (4-8) that
Pr(1Fusl? < 1R) = Pr (E [Fal < (1 =2J/eDVR) +Pr( E [Ful = (1 = 2JeDVR, |Fupl* < 4R)
ac € €

< E P (F < E |F,|—1 R)
_\/a-i_aeAbeI]j? | ab|_beB| ab| 2‘/_

4 Eyea Varpep fab

<Ja+

= W€l R
802

< €1 +T < 24/61.

But by (4-24),
Pr((IFusl® < §R)NS) _ 2Pr(|Ful” < §R)
Pr(S) = P :

Pr(|Fapl* < iR | S) =

The definition (4-3) of ¢; then implies

Pr(|Fapl> < iR S) < WEL_ -,
Jol

Therefore
Pr(|Fal”> = 3R|S) = 1-L7'7,
so by Markov’s inequality and the assumption (4-2),
2 1 2.1 1
zgg(|Fab| | $) = $RPr(|Fapl> = sR | S) = ¢R. O
€

4.2.6. Deriving a contradiction. The two above conditional second moment bounds contradict (4-2)
and (4-3) and the contradiction assumption (4-8). To be more precise, combining (4-26) with (4-27)
and (4-8), we obtain

LR< E (|Fup*18) < Mdz(
acA

R 21%3q2 R 2L%3¢ R
< 2 .
beB

% L230 ckp % L2130 ek p
Dividing both sides by RM and applying (4-2) and (4-3), we obtain

1 1 d? 2d°L*3e; 1 2 s
<—+—=12-10"%

2.1078 =_— < —
SA8I0° oM = L0 | dp 108100

This is a contradiction that proves that 6> > &, R and so completes the proof of Proposition 4.3.
4.3. Proof of main theorem. To prove Theorem 1.4, we iterate Proposition 4.3. For each J, we define
Ej:Vek_aX) =R, I |Filic,m-

We endow V,(X) with the discrete measure induced by ux, namely pux({/}) = ux(I), and J with the
restricted fractal measure py.
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First suppose that J € Vg (Y). Then, by the Cauchy—Schwarz inequality, it follows that

1
IVF;(x)| = —/iaxllff(x,y)eXP(i(\IJJ(x,y)))p(x,y)f(x,y)
wy(J) Jy
+exp(i (W (x, ¥)op(x, y) f(y)duy(y)

1 diamJ ,
< N 105, Pllcoll fll 2yl lico + 10x pllco 1 f T2
and Ipllcoll £1
I lleo < ~PRCRL IO,
iy ()
Thus,
Ipllerll fllze
E;(I)=IFlc,u) < % (4-28)
Y
Taking L2 norms of both sides of (4-28), we get
IPIZ x (X)
IEs |7, < quizw. (4-29)
If we take L2 norms of both sides of (4-4), we get
||EJ||iz < (1—81)b[€EB ”Ejb”iz- (4-30)

Inducting backwards on H (J) with (4-29) as base case and (4-30) as inductive case, we conclude that,
if J is a tile in Y such that H(J) =0,

VB2, < 1PN x (X)
= uy (D)

Summing both sides in J, we obtain (note ||B, (17 )|z < uy(I)IEsl2 and ux(X) = puy(¥)=1)

1B f1I72 S Pl wx X my XA —eD N £17. S A —e)XIFI7..

A=) 1 £ 1172

We now can set

g1 log(1 —g)~!
£o 1= <
6log L 2log L

and plug in 6 in (4-2) to obtain (1-5) and (1-6). Then (1 —&1)X/? < h®, so
1Bl 23y > L2ux) S 77

which completes the proof of Theorem 1.4.

5. Applications

5.1. Classical fractal uncertainty principle. We now prove Theorem 1.5 following [Dyatlov and Jin
2018, Theorem 1, Remarks 1]. The classical version of the fractal uncertainty principle, Theorem 1.5,
uses Lebesgue measure. In order to use our main Theorem 1.4, we need to define a rescaling of the
Lebesgue measure. This is the content of the following lemma.
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Lemma 5.1. Let (X, ) be §-regular on scales [h, 1], h > 0, where § € [0, d] and u is the 5-dimensional
Hausdorff measure. Let Xj, := X + By, and

wn(A) ;== h=4 X, N Al
Then (Xy, uy) is §-regular on scales [2h, 1] with constant
Cr(Xp) =6/ max (B, [B'|~)Cr(X)*.
Here | X, N A is the Lebesgue measure of X, N A and B? is the unit ball in R?.

Proof. Let N = Nx(x, r, h) be the cardinality of a maximal /-separated subset of X N B(x, r) forx € X
and r > 2h. By [Dyatlov and Zahl 2016, Lemma 7.4], we have
5 8
T 2 2r
Cr(X) s Nx(x,r, h) < Cr(X) (l +7> .

If {x{, ..., xy} is such a maximal set and I, := B(x,, 2h), then X;, N B(x,r) C Ur],v:1 I,,, so we have

N
un(B(x, 1)) <h® > 11| < 2/0°|BYIN <27 |BY|CRr(X)*(h+2r)° < Cr(Xp)r°.
n=1
Conversely, if J, := B(x,,, %h), then J, and J,, are disjoint and Ufl\’:l J, € X, N B(x,r), so we have

N
_ h? e _
n (B, ) 2 3 Iy = NG BY) = CrOOT27 B = Cr(Xi)™'r". O

n=1
We now show that the nonorthogonality condition also holds for (Xj, Y3).

Lemma 5.2. Let (X, Y) be ®-nonorthogonal on scales [h, 1], h > 0. Then (Xy,, Yp,) is ®-nonorthogonal
on scales [2h, 1] with constant cy (Xy, Yy) 1= %CN(X, Y).

Proof. Let xo € Xj, yo € Yy, and rx, ry > 2h; then there exist Xo € X and yy € Y with

max(|xo — Xol, [yo — Yol) < h.
Putting 7y :=rx — h and 7y :=ry — h, we can find by ®-nonorthogonality of (X, Y) points

x1,x2 € XN B(Xy, Fx) € XN B(xg, rx)
and
Y1, Y2 € YN B(Jo, Fy) € Y N B(yo, ry)
such that
[D(x1, y1) — D (x1, y2) — Px2, y1) + P (x2, y2)| = en (X)PxFy = en(Xp)rxry. 0

Proof of Theorem 1.5. We define (Xp,, ux.n), (Yn, yn) as in Lemma 5.1 and introduce the Fourier
integral operator

By f(€) = / ¢ F () dpty ().

Yy
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By the above lemmas, (X, ix.5) is 8-regular, (Yy,, py ) is 8’-regular, and (Xp, ¥) is ®-nonorthogonal.
Thus, by Theorem 1.4,* there exists g9 > 0 such that
(d—5-58")/2 )
Ilx, Znly, |22 = W | Bn, ”LZ(MY’/’)_)Lz(MX,h) < p(d=8=38")/2+e0 0
5.2. Convex cocompact hyperbolic manifolds. In this section we prove Theorem 1.6. First we recall
some preliminaries for convex cocompact hyperbolic manifolds.

Let HY+! be the (d+1)-dimensional hyperbolic space (with constant curvature —1). The orientation
preserving isometry group is given by G = SO(d + 1, 1)g. Let K = SO(d + 1) be a maximal compact
subgroup, so that H+! = G/K. We are interested in infinite volume hyperbolic manifolds given by
M =T\G/K, where I' C G is a convex cocompact Zariski-dense torsion-free discrete subgroup.

The limit set is defined as A(I") := ['x N 3 (H4Y) C H4+1 for any x € H?*! (one can show that
the definition is independent of the choice of x). Let Hull(A(I")) be the convex hull of A(T") in Ha+!,
Then I' is called convex cocompact if the convex core Core(M) := I'\Hull(A(I")) C M is compact, and I"
is Zariski dense if I is not contained in the zero set of some nontrivial polynomial on SO(d + 1, 1)o. We
identify the sphere S¢ with R? U {oo}. In the Poincaré upper half-space model, the limit set A (") c S¢
is a compact set of dimension dr € (0, d) (see [Sarkar and Winter 2021, §2]), and we may assume that
A(T) is a compact subset of R?.

We recall the following nonconcentration property from [Sarkar and Winter 2021, Proposition 6.6].

Proposition 5.3. Let I’ C G be a convex cocompact subgroup such that T is Zariski dense in G. Then
there exists co > 0 such that, for any x € A(T") N RY, ¢e ©0,1),and w € R with |lw| = 1, there exists
y e A(l') N B(x, &) such that
[{y —x, w)| > coe. (5-1)
As a corollary we have the following.

Corollary 5.4. Let M be a convex cocompact hyperbolic (d+1)-dimensional manifold such that T is
Zariski dense in G. Then, for any ® € C3(RY x RY; R) such that 8)%),<I>(x, y) is nonvanishing, the pair
(A(T), A(T")) is ®-nonorthogonal with some constant cy > 0 from scales O to 1.

Proof. By the mean value theorem, for x, x, € B(xg, rx) and y1, y» € B(yo, ry),

[P (x0, y0) — P (x1, yo) — D (x0, y1) +P(x1, y1) — (3xy P (x0, yo) (x1 —X0), Y1 = Yo) | S | Pl carxry (rx+ry).
Let H = ker(d2

Xy

By Proposition 5.3, there exists x; € A(I") N B(xo, rx) such that |{(x; — xg, v)| > corx. This would imply,
for some c; € (0, 1), that

@ (x9, yo)) and v be a unit normal vector to H (if H = {0}, then we choose v arbitrarily).

|07, ® (x0, y0) (x1 — x0)| > c1corx.
By Proposition 5.3 again, there exists y; € A(I") N B(yg, ry) such that
(05, ® (x0. y0) (x1 — X0). y1 — yo)| > c1cgrxry.

4The fact that regularity and nonorthogonality only hold up to scale 2/ causes us to incur a loss of a power of 2, but this is
irrelevant.
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Thus we may choose rx, ry < %clc(z)lld)HESl such that
| D (x0, yo) — P (x1, y0) — P(x0, y1) + P(x1, y)| > Seicgrxry,

i.e., nonorthogonality holds with
3.6
ciey

200(1 + [|@[¢3)?

CN

Proof of Theorem 1.6. As before, we may assume that A (I") is contained in a compact region of R? ¢ S¢.
On such a region, the stereographic projection ¢ : S\ {oo} — R? is bounded in C? with C3-bounded
inverse. Consider the measure

un(A) = kT A ), N AL

which is defined using the Euclidean metric but is comparable to the measure defined using the spherical
metric due to the bounds on the stereographic projection. By Lemma 5.1, , is §p-regular on scales [24, 1].
Let x € C°(S? x S?\ {(x, x) : x € S?}), and define B, (h) : L*(S?) — L*(S?) by

By () = Qe [ 1x =y (e, ) dy,

Then 1a(ry, By ()1, can be rewritten as (2wh)~4/2h9=%r B, where B, is the operator studied in
Theorem 1.4 with p(y') dy’ = x (™' ()@« (dy), ux =py = pn, and ®(x, y) =2log e~ (x) —p~' (y)].
Combining Theorem 1.4 with the bounds on the stereographic projection and Corollary 5.4, we conclude
the fractal uncertainty bound

ITam), By (W) 1am), 2250y L2(50) < Cha/?>=drteo,

By a covering argument as in [Bourgain and Dyatlov 2018, Proposition 4.2], we have, for p € (0, 1),

LAy By (ML amy 1250y 12(50) < Ch?/20rFe0=2(1=0)

Thus, A(I") satisfies the fractal uncertainty principle with exponent 8 = %d — 8r + &o in the sense of
[Dyatlov and Zahl 2016, Definition 1.1]. Applying [Dyatlov and Zahl 2016, Theorem 3], we conclude
that the Laplacian on M has only finitely many resonances in {Imk > — %d —&+ e} for any ¢ > 0,
proving Theorem 1.6. U

Appendix: The nonorthogonality constant of a classical Schottky group

In this appendix we demonstrate a simple way to estimate the nonorthogonality constant for classical
Schottky groups I' in SO(3, 1) = PSL(2, C), pointed out to us by Qiuyu Ren. The key idea is to use the
fact that Mobius transformations are conformal maps and preserve circles in order to derive (5-1).

We illustrate this by considering Schottky groups of genus 2. Let Dy, D,, D3, D4 be four disjoint
closed disks in CP! = 9, H?, and let v1, Y2 € PSL(2, C) such that

n(DY) =Dy, y(D) =Dy, y3= wh o=y

Let I = (yi, y»2) be the free group generated by y; and y». Thus, I' is a Schottky group of genus 2.
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We identify CP!, S?, and R? U {co}. We may assume that the D; do not contain oo and hence are
contained in R2. Given vectors v, w € R, let Z(v, w) denote the angle between v, w. The notion of a
circle is not completely invariant under conformal transformations of CP!. We recall that a generalized
circle is either a circle or a line; conformal transformations map generalized circles to generalized circles.
We will choose the disks Dy, D,, D3, D4 such that

no generalized circle passes though all four disks. (A-1)

The circle taken here is not necessarily a great circle.
Leta=a+2 mod4 fora e A=1{1,2, 3,4}, so that 1 =3, 2 =4. The limit set A(T") is given by the
Cantor-like procedure

o0
AT) = m |_| D,, W'={ajay---a,€ A" :a; #aj11},
n=1aeWw"

where Dy = yay Vas (- - Yy (D))

The nonorthogonality condition (1-3) follows from the nonconcentration property (5-1). Thus it suffices
to find absolute constants 0 < ¢; < 1 and ¥k = «(I") > 0 such that, for each x € A(I"), € > 0, and unit
vector w € R?, there exists an element y € A(I') N B(x, €) \ B(x, c1€) such that

[cos Z(x —y, w)| > k.

Suppose x € Dy = Dg,p and B(x, €) is roughly of the size of D,,. Then there are two other disks in Dy,
which we call Dy and Dg,,. By condition (A-1) and conformal invariance of the action of I', we know
that, for any y. € Dg,c N A(I") and y; € Dgya N A(D),

the circle passing through x, y., yq lies inside Dy, . (A-2)

A Mobius transformation preserving the unit disk is a composition of a rotation and the map

a—z

7> —.
1—az

A simple computation shows the angles of the triangle A(x, y., y4) are uniformly lower bounded under
conformal maps preserving Dy, if we assume (A-2). This implies that

0 </l(ye—x,y4—x)<m—0

for some constant # depending on the initial angles between y,(D}), a # b. Thus, by the pigeonhole
principle,

max (|cos Z(ye — x, w)], |cos £(yg — x, w)]) > cos(”‘

If we assume, moreover,

for any b # a # c, there exist a’ # a, b’ # a’ such that
no circle passes through y,(Dy), Ya(D¢), Yo (Dy), and Dz  (A-3)
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Figure 5. Iteration of disks under a Schottky group.

(which can be achieved if we choose the disks D, to be small and with generic centers), then we can
derive a lower bound on c; in a similar way. To be more precise, let x € Dy = Dy, = Sq,ab as before;
then by assumption (A-3), there exists a’ # a and b’ # a’ such that

the circle passing through Dy p, Dgye, and Dy, o lies inside Dy, . (A-4)

In particular, for any y,/» € Dg,q'r, the angles of the triangle A(x, y., y4») are lower bounded. This in
particular implies that the length of Xy, is comparable to the length of y.y,;y, which by the previous step
is comparable with the size of Dg,. This allows us to compute a lower bound of ¢y.

If one runs this procedure carefully, then it would be possible to compute an explicit nonorthogonality
constant in terms of the angles between the disks y,(Dp) in the initial step and the uniform constants in
doing conformal transformations.

We do not bother to do the computation here, but we include Figure 5 to indicate how the procedure
works. Conformal invariance ensures that the small blue disks always have an angle that lies in [0, m —6].

While one needs to compute the above parameters « and 6 for any given Zariski-dense classical
Schottky group I', we claim that this is always possible in principle, at least after passing to a finer scale.
We say that a pair of words a, b € W", n € NU{+-00}, is e-separated if their weighted Hamming distance

satisfies
n

DL
2t T
i=1
Lemma A.1. Let ' be a classical Schottky group which is Zariski dense in PSL(2, C). For every ¢ > 0,
there exists N € N such that, for every n > N and every triple of words a™, b", ¢" € W" which are
pairwise g-separated, there exists d" € W" such that, for every circle X which meets all three disks Dgn,
Dyn, Den, we have that X does not meet Dgn.
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Proof. We first prove an analogous result for the set of infinite words YW* and then reduce the finite
case to the infinite case. To formulate it, let x, be the unique point in lim, D,,...,, (SO @ = X4 is a
homeomorphism W* — A(I"), where W™ is given the product topology).

Let a, b, ¢ € W be distinct. Then there is a unique circle X4p, C CcP! passing through x4, xp, xc.
We claim that there exists d € W™ such that x4 ¢ Xgp.. Otherwise A(I") is contained in a circle, which
contradicts Proposition 5.3.

We now address the finite case. Suppose that the lemma fails on some a”, b", ¢" € W" for each n € N
which are e-separated, so, for every d” € W", there exists a circle X (d") which meets all disks Dgn, Dpn,
Den, Dgn. Let a, b, c € W™ be the limits of a”, etc., and let d € W be given. Then d = lim,, d" for
some sequence d" € W”", and we can define

X :=1lim X (d")

in Hausdorff distance. Then, x,, X, X¢, x4 € X, and @, b, ¢ are e-separated and hence distinct. Moreover,
X is the limit of circles in CP! whose radii are bounded from below (by -separation), so X is a circle,
and hence X = X .. This contradicts the infinite case. O

Assuming Lemma A.1, for D, = Dy, ...q,,, We can find b, ¢ € W?" such that any circle passing through
Dg, Dy, and D, lies in the disk D,,. This is because, given Dy, ...q,, and D_gl , we have

Ya, - YarYa (Dal---az,,) — Dan+|"'a2n7 Ya, *** YarYa (D_LLH) = D&,,---&Q[l] .

By Lemma A.1, there exists bg, ¢o € W" such that no circle passes through D, ,...a,,» Da,.-a>a,» Dby»
and D.,. Applying y,, - - - ¥a4,, we conclude any circle passing through

Dal'“aznv Da|~~anb07 Dalma,,co
lies inside D,, (there might be cancellations for the words a; - - - a,bg and a; - - - a,co but one can always

pass to a smaller disk). This allows us to compute the angle 6 as before for general Zariski-dense classical
Schottky groups.
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