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UNIFORM CONTRACTIVITY OF THE FISHER INFINITESIMAL MODEL
WITH STRONGLY CONVEX SELECTION

VINCENT CALVEZ, DAVID POYATO AND FILIPPO SANTAMBROGIO

The Fisher infinitesimal model is a classical model of phenotypic trait inheritance in quantitative genetics.
Here, we prove that it encompasses a remarkable convexity structure which is compatible with a selection
function having a convex shape. It yields uniform contractivity along the flow, as measured by an
L version of the Fisher information. It induces in turn asynchronous exponential growth of solutions,
associated with a well-defined, log-concave, equilibrium distribution. Although the equation is nonlinear
and nonconservative, our result shares some similarities with the Bakry—Emery approach to the exponential
convergence of solutions to the Fokker—Planck equation with a convex potential. Indeed, the contraction
takes place at the level of the Fisher information. Moreover, the key lemma for proving contraction
involves the Wasserstein distance W, between two probability distributions of a (dual) backward-in-time
process, and it is inspired by a maximum principle by Caffarelli for the Monge—Ampere equation.

1. Introduction
Let us consider the nonlinear model
F,=TI[F,—1], neN, xeR, (1-1)

describing the evolution of the distribution F,, = F, (x) of a one-dimensional trait x € R, subject to sexual
reproduction and the effect of selection at each generation. The operator 7 above is defined by

TIF1(x) := e ™ B[F](x), x eR, (1-2)

BIF](x) := // G(x _ A +X2)F(x1) F) dn, xeR (1-3)
R2 2 | Fll

for any F € Lﬂr (R)\ {0}. On the one hand, the operator B describes the distribution of traits of descendants
of the previous generation Fj,_|, arising as recombination of parental traits in agreement with Fisher’s
infinitesimal model [1919], which is a classical model in quantitative genetics; see also [Barton et al.
2017]. Accordingly, the mixing kernel G is set to a centered Gaussian distribution with unit segregation
variance without loss of generality, namely

-2y eR. (1-4)

G()C) = We y

MSC2020: primary 35B40, 35P30; secondary 35Q92, 47G20, 92D15.
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On the other hand, the trait-dependent mortality function m = m(x) > 0 represents the effect of selection
on the population, which acts multiplicatively over the descendants. In other words, the multiplicative
factor e 7™ in (1-2) represents the survival probability to the next generation of individuals having the
trait x. We note that the time-discrete generations n € N are assumed nonoverlapping since, altogether,
F,, describes the distribution of those offspring of F,_; having survived after the selection step, and then
different generations do not get mixed; see [Calvez et al. 2024] for further insight.

As the model is tracking only one trait distribution, it applies either when individuals are hermaphroditic,
or when the traits are equally distributed between male and female individuals within the population. We
refer to [Barton et al. 2017] for a comprehensive presentation of the model, its derivation and its limitations.

The goal of this paper is to extend the studies initiated in [Calvez et al. 2024] to a broader class of
selection functions. Specifically, when m is a strongly convex function we prove asynchronous exponential
growth [Webb 1987] of solutions to (1-1). In other words, we derive quantitative rates for the relaxation
of the solutions {F; },en of (1-1) to a strongly log-concave quasiequilibrium of the form A" F, where
A >0and F € L'(R) NP(R) is an appropriate probability density. The fact that the quasiequilibrium is
strongly log-concave is crucial in our approach and will be present throughout the paper.

Definition 1.1 (log-concavity). Consider any nonnegative function F =e~" : R? — R,:

(i) F is said to be log-concave when V is a convex function.

(ii) F is said to be strongly log-concave with log-concavity parameter ¥ > 0 (or y-log-concave) when
V is a strongly convex function with convexity parameter y (or y-convex).

When the potential function V is in C?(R¢), we can equivalently formulate log-concavity in terms of
second-order derivatives. Namely, F is log-concave when D?V > 0, and F is y-log-concave when
D*V > ylI,.

We remark that in order for an ansatz of the form F,,(x) = A" F (x) to define a solution to (1-1), we
need that the pair (%, F) solves the nonlinear eigenproblem

AF=TI[F], xeR,

F >0, /RF(x)dx —1. (1-5)

Hence, the possible quasiequilibria are to be found as solutions to (1-5). Note that contrarily to the special
quadratic regime treated in [Calvez et al. 2024], the Gaussian structure can no longer be exploited and, in
particular, the existence of solutions to (1-5) is unclear. Indeed, the above nonlinear integral operator is
1-homogeneous but nonmonotone, and therefore the Krein—Rutman theorem [Mahadevan 2007] cannot
be applied as it has been done in other (usually linear) problems in population dynamics [Berestycki
et al. 2016; Li et al. 2017]. Hence, the study of the nonlinear evolution problem (1-1) and the nonlinear
eigenproblem (1-5) requires innovative ideas.

Throughout this paper, we address jointly the following two problems: (i) existence of a strongly
log-concave solution (A, F') to (1-5), and (ii) quantitative relaxation of the solutions to (1-1) towards the
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quasiequilibrium A" F. We make the crucial hypothesis that m is a strongly convex function,

m’ >a for some o > 0. (HD)

The function m necessarily reaches its minimum value over R. For convenience, we assume the following
additional hypothesis without loss of generality:

m=>0 and m(0)=0. (H2)

The L relative Fisher information Z, plays a pivotal role in our analysis, as it measures the contractivity
along the flow (see methodological notes below). It is defined as follows, for a pair of functions
P,QeLL®NC'(R):

To(PI0) = | L (1og £ (1-6)
0 =175 og o)l -
Theorem 1.2. Let m € C2(RY) satisfy (H1)—(H2). Then, the following statements hold true:
(i) (existence of quasiequilibrium) There is at least one solution (A, F) to (1-5). In addition, F = e~ Ve
L#([RE) NC*®(R) is B-log-concave, where 8 > % is uniquely defined by the relationship
pmatF (1-7)
=« . -
1428
Moreover, (A, F) is the unique solution to (1-5) among all pairs (A, F) such that
d F
—(log — L*(R). 1-
dx(OgF>€ ®) (1-8)
(i1) (one-step contraction) Consider any Fy € L fr(R) N CY(R) such that
d Fo
——(log—= ) e LR H
dx(OgF>e ®). (H3)
and let {F,},eN be the solution to (1-1) issued at Fy. Then, we have
Zoo(Fu || F) < Too(Fu—1 |l F) (1-9)

1428
foranyn e N.

(ii1) (asynchronous exponential growth) Consider any Fy € LL([R{) NCY(R) satisfying the assumption
(H3) above, and let {F,},cn be the solution to (1-1) issued at Fy. Then, we have

[ Fnll L 2y
—L _al=cC : (1-10)
[ FptllLt 1+2p

DKL( Fo 'F)<C( 2 >2n (1-11)
| Follz - \1+28
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for everyn € N, where C > 0 is a explicit constant depending on Fy, and Dxy is the Kullback—Leibler
divergence (or relative entropy), that is,

DxL(P|Q) := / log<w>P(x) dx, P,Q¢€ L}F(R) NP(R). (1-12)
R Q(x)

Remark 1.3 (case of quadratic selection). For quadratic selection m(x) = %a |x|?, we have that m
satisfies the hypotheses (H1)-(H2) in Theorem 1.2, and then our new result applies. Such a special case
was studied in detail in [Calvez et al. 2024], where in particular it was proven that there is a unique
eigenpair (A, F) of (1-5), which involves a Gaussian eigenfunction F (x) = G ,2(x) with variance 02>0

satisfying
1 1
_2 = +

_— 1-13
o 14+02/2 (1-13)

In particular, F is (1/0?)-log-concave (see Definition 1.1), which is compatible with our new result
in view of the identity 0> = f~! stemming from (1-7) and (1-13). Furthermore, the contraction factor
in (1-9) predicted by Theorem 1.2 also recovers the one obtained in [Calvez et al. 2024] for quadratic

2 GB+2a)—y(B+2a)2 -8
1428 2
which agrees precisely with the contraction factor found in [Calvez et al. 2024, Lemma 6.3].

selection. Specifically,

’

Remark 1.4 (close-to-equilibrium initial data). In contrast with [Calvez et al. 2024], where the above
framework was restricted to m(x) = % o |x|? but generic Fy € M1 (R), Theorem 1.2 applies to a broader
class of selection functions satisfying (H1)—-(H2) at the cost of restricting to initial data fulfilling the
hypothesis (H3). Specifically, such a condition imposes a precise behavior of the tails of Fy, which must
be very close to those of the eigenfunction F (in particular, two Gaussian initial distributions should have
the same variance).

Remark 1.5 (conditional uniqueness). Another difference with [Calvez et al. 2024] is that the current
approach does not guarantee global uniqueness of solutions to the eigenproblem (1-5), but only within
the class of eigenpairs satisfying (1-8). Nevertheless, we conjecture that global uniqueness holds true, as
in the quadratic case m(x) = %a |x|%. Proving global uniqueness would require a careful control of the
behavior at infinity, in the spirit of [Calvez et al. 2024], which is beyond the scope of this paper.

Remark 1.6 (on the convexity assumption). The convexity assumption (H1) ensures that » must have
a unique minimum. It implies that the quasiequilibrium F obtained in Theorem 1.2 is log-concave,
as a consequence of the Prékopa—Leindler inequality. In the presence of multiple local minima of m,
it was proven in [Calvez et al. 2019, Corollary 1.5] that several quasiequilibria could coexist in the
time-continuous version of (1-1) provided that the variance of kernel (1-4) is small enough (in original
units). That is, in the case of nonconvex m there is evidence that the generalized eigenproblem (1-5) may
admit nonunique solutions, in contrast with general conclusions of the Krein—Rutman theory in the linear
case. This is illustrated by numerical simulations shown in Figure 1, where two different quasiequilibria
(one of them bimodal) are found numerically if m has two minima. A similar behavior can be observed
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(b) Nonuniqueness of quasiequilibria for the double-well selection function.

Figure 1. (a) Double-well selection function m(x) = 0.015((x — 3)? + 1)(x + 5) used in the
simulations. (b) Time-evolution of the normalized profiles F,/| F,||;1 up to generation n = 40
(solid line) for two different choices of initial datum Fy. On the left, Fy = 1;_35,.5) leads
to concentration near the left (globally) optimal trait. On the right, Fy = 1;_; 535 leads to
concentration near the right (locally) optimal trait.

in a population adapting to a heterogeneous, patchy environment, when each patch is associated with a
different optimal trait [Dekens 2022]. The same conclusions also hold for the (continuous) time-marching
problem in [Raoul 2021; Patout 2023; Guerand et al. 2025].

Remark 1.7 (log-concavity and contraction factor). For any « > 0, we have that the log-concavity

parameter § in (1-7) and the corresponding contraction factor —5= in (1-9) satisfy the properties

1+2/f3

2
a0 = ﬁ\_ad1+2,8
a0 = ﬂ/ooandl 2ﬂ\0

See Figure 2. In particular, we have genuine contraction in (1-9) since 0 < < 1 for every o > 0.

l+2ﬁ

Remark 1.8 (one-dimensional traits). In this paper we restrict to one-dimensional traits, but note that
an analogous version of (1-1) and (1-5) makes sense in higher dimensions yet. In fact, these were studied
in [Calvez et al. 2024] for quadratic selection functions. However, a higher-dimensional version of our
result for generic strongly convex selection function would require some nontrivial improvements of the
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1 2 3 1 2 3

Figure 2. Plot of the log-concavity parameter S of the eigenfunction F (left) and the contraction

parameter ﬁ in Theorem 1.2 as a function of « (right).

present methods. Just to emphasize some nontrivial obstructions, we remark that our approach exploits
a maximum principle for the Monge—Ampere equation in convex but not uniformly convex domains,
as described below. In this setting, it is not even clear why the standard elliptic regularity should hold
up to the boundary, as in the seminal work [Caffarelli 1996]. In two-dimensional domains with special
symmetries, this theory has been developed recently in [Jhaveri 2019], but a higher-dimensional extension
would require further work which goes beyond the scope of this paper. The extension to any dimension was
achieved in [Khudiakova et al. 2024], which was released during the time of revision of the present work.

Bibliographical notes. This work can be viewed as another step in using optimal transportation tools
for nonconservative problems arising in biology. The connection between the Fisher infinitesimal model
and the L? Wasserstein distance was spotted by G. Raoul [2017] (see also [Mirrahimi and Raoul 2013]
for similar results in a different context of protein exchanges between cells). In fact, when there is no
selection (that is, m = const.), the operator 7 is nonexpansive for the latter distance. Contraction cannot
be expected because of translational invariance. Nevertheless, it is contractive with rate 1/+/2 in the class
of distributions having the same center of mass (the latter being preserved by the flow) [Raoul 2017,
Theorem 4.1 and Corollary 4.2]. This remarkable structure was further exploited by G. Raoul [2021] in a
perturbative setting, when selection is small (in amplitude), and restricted to a compact interval (m is
constant beyond a certain range). More precisely, G. Raoul proved that the dynamics is well captured by
some averaged quantities (“moments”) of the Gaussian distribution coupled with the selection function,
provided that the initial data is well-prepared, in the basin of attraction of the stationary state, and the
amplitude of selection is small enough. For that purpose, he carefully established that the contraction
issued from the infinitesimal operator was robust enough to dominate detrimental effects due to selection.
Note that the later references consider overlapping generations, that is, a continuous-in-time rather than
discrete dynamics. However, some fruitful analogy can be drawn between the results and methodology.

In parallel, the regime of small segregation variance (when G (1-4) has variance 2 and ¢ is small
enough) was investigated by [Calvez et al. 2019; Patout 2023] in another perturbative setting, without
exploiting the Wasserstein metric structure. This methodology built upon the seminal works on vanishing
viscosity limits associated with linear (asexual) modes of reproduction in quantitative genetics models
[Diekmann et al. 2005; Perthame and Barles 2008; Barles et al. 2009]. Interestingly, it was proven in
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[Calvez et al. 2019] that the problem (1-5) lacks uniqueness in full generality. More precisely, it was
possible to build a solution to (1-5) centered in the vicinity of any local minimum of m, provided that the
selection value at the local minimum is close enough to the global minimum. This result gives a clear
separation with linear, order-preserving operators (and nonlinear extensions [Mahadevan 2007; Nussbaum
1988]) for which (1-5) genuinely admits a unique solution (under standard irreducibility assumptions); see
Remark 1.6. The Cauchy problem initialized with some concentrated initial data was further investigated
in [Patout 2023] (in a multiplicative perturbative approach) and more recently in [Guerand et al. 2025] (in
a moment-based approach), still in the regime of small segregation variance. The case of zero segregation
variance was the subject of the recent [Frouvelle and Taing 2025].

Heuristically, uniqueness of the (nonlinear) eigenpair (A, F) is rather clear when the selection function m
is convex, and [Calvez et al. 2024] was a first contribution in this direction, restricted to m(x) = %oz lx]2.
By exploiting the quadratic structure of the operator 7 in (1-2) (which involves products and convolutions
by Gaussian density functions), it was possible to prove asynchronous exponential growth towards the
explicit Gaussian distribution of equilibrium F, starting from any initial configuration Fy. This was
achieved by a careful study of the binary tree of ancestors, together with explicit change of variables in
a high-dimensional integral, to prove a sort of concentration of measure estimates. More precisely, it
was shown that the traits of the ancestors decorrelate sufficiently fast, backward in the tree, from the
trait of the individual at generation n. This implies that the dependence of the trait distribution F, at
generation n upon the initial distribution Fy diminishes exponentially fast. Asynchronous exponential
growth is a consequence of this observation, which is a backward feature.

Last, but not least, let us mention that both the infinitesimal model (1-2), and the relative information
(1-6) (or rather (1-18) below) date back to a couple of seminal works [Fisher 1919; 1922] respectively on
seemingly different purposes; see [Stigler 2005] for a discussion.

Methodological notes. In the present study, we push further the observations of [Calvez et al. 2024]. We
identify a key mechanism ensuring a one-step contraction for the flow (1-1). This can be summarized
roughly as follows:

For any two given individuals with traits X and X' respectively, the associated parental traits
(X1, X2) and (X}, X}) are closer to each other than X and X' are, in some sense.

See also [Garnier et al. 2023, Appendix F.2] for a visual explanation. To make sense of this contraction,
we shall work with the L> Wasserstein distance, denoted by W, (in contrast with the L? Wasserstein
distance). This naturally leads to estimates on the so-called L relative Fisher information Zo, (1-6)
(in contrast with the (L?) relative Fisher information Z5, see (1-18) below). The core estimate (1-9) is
forward-in-time, and it naturally arises as a dual estimate of a backward-in-time estimate analogous to
the work in [Calvez et al. 2024].

A forward-backward argument. We propose a short warm-up to this argument, which may help the
reader follow our method (without details of the proofs). Indeed, one complication of our setting is that
each individual has two parents, so that the dimension of the distribution doubles at each generation.
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Nonetheless, the same methodology can be applied to the case of a single parent, which boils down to a
linear operator. We thus consider, temporarily, the linear operator

A[F]1(x) := em(“f G(x—y)F(y)dy, xeR, (1-14)
R

in place of the above nonlinear operator 7 in (1-2). In this simpler case, the Krein—-Rutman theorem can
be applied (at least formally), and there exists an eigenpair (A, F') of the linear eigenproblem (1-5) with
T replaced by .A. Now, consider any solution {F};},,cn to the time-discrete problem (1-1) with 7 replaced
again by the linear operator .A. We may introduce the associated relative distribution u, = F,,/(A" F) to
follow the trend of F), across generations. It satisfies the equation

Ja G = Vup—1(y) F(y)dy

2(X) = = | P(x;y)un ; N, R,
n (x) [ Ga—2F(ds /R(x Vin—1(y)dy, neN, xe

where the x-dependent probability distribution function P(x; -) is defined as

Gx—y F(y)
JrG(x—2) F(2)dz’

P(x;y) = x,y€eR, (1-15)
and it can be interpreted as the transition probability from trait y to trait x. The fact that it is a probability
distribution function, f P(x; y)dy =1, is immediate by the choice of the normalization, which is such
that constant functions u, = const. are invariant by the flow.

Next, it can be proven that, if F is strongly log-concave, then we have

Woo(P(x;-), P(x';+)) <«k|x —x], (1-16)

where x € (0, 1) is related to the modulus of convexity of V = —log F. By duality, this backward
contraction estimate results in the forward estimate (see Lemma 2.4)

d d
|~ dogun) sxuaaogun_oﬂw,

LDC

which, by iteration and using the L relative Fisher information, can be expressed as
Too(Full F) < k" Loo (Foll F). (1-17)

As mentioned in Remark 1.8, the key estimate (1-16) is a consequence of the maximum principle on the
Monge—-Ampére equation for the optimal transportation plan between P (x; -) and P(x’; -). Interestingly,
this is an argument borrowed from the theory of conservative equations, whereas our problem is not. The
trick is to match an individual to its ancestor, which is obviously a conservative process, backward-in-time.

Analogy with the Bakry—Emery argument. There is some analogy between our results and the standard
Bakry—Emery method for exponential relaxation towards equilibrium for the gradient flow of some
displacement convex “entropy”, for instance, the Fokker—Planck equation with a convex potential [Bakry
1994; Arnold et al. 2001; Villani 2003; Bakry et al. 2014]. Indeed, from (1-9) (alternatively (1-17) in the
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linear case) we obtain exponential convergence on a quantity which is the L™ analog of the usual (L?)

d P
ii(oxg)

Recall that, in the usual Bakry—Emery argument, the exponential convergence is established at the level

relative Fisher information,
2

P(x)dx. (1-18)

L(P|Q) 22/

R

of the dissipation of entropy, that is, the usual relative Fisher information [Villani 2003]. In turn, the
exponential relaxation of the dissipation is intimately linked with the displacement convexity of the
entropy functional (essentially because the gradient flow is differentiated, which leads to the second
derivative of the entropy functional). In our argument, it is the convexity of V = —log F which induces
the geometrical relaxation of the uniform relative Fisher information.

Connection with another projective metric. The uniform relative Fisher information (1-6) may also be
viewed as a kind of first-order version of the Hilbert’s projective distance associated with the cone of
nonnegative functions, that is,

o Py _ P(x) . P(x)
A 0= °S°(1°g Q) =suplog 5y TR oy

The latter distance is well-suited for the analysis of 1-positively homogeneous, order-preserving operators
[Nussbaum 1988]. An obvious reason is the projective character of that metric [Nussbaum 1994], which
makes it insensitive to the exponential growth (or decay) O(A"). This character is also shared by Zo, (in
contrast with 7).

A linear argument, even in the nonlinear case. The previous discussion focused on the linear operator
(1-14) for the sake of clarity. Interestingly, the nonlinear case under study (1-2) also involves a linear
argument when formulated backward in time. Similarly, define the relative distribution u,, = F,,/(A" F),
where the pair (A, F) is the strongly log-concave solution to (1-5) from part (i) in Theorem 1.2. Then, u,
satisfies the forward-in-time nonlinear problem

1
Up(x) = —————— // P(x; x1, x0)up—1(x)up—1(x2) dx1dxy, neN, x eR, (1-19)
ltp—1 Fllpr JJpa

where the function P (x; x1, x2) is explicitly defined as

G(x = 3(x1 +x2)) F(x1) F(x2)
[ G(x — A(x} +xb)) F(x}) F(x}) dx; dx}’

Since P is normalized with respect to the variables (x;, x;), it can be regarded as a Markov kernel with

x eR, (x1,x) € R% (1-20)

P(x;x1,x) =

source x € R and target (x1, xo) € R? representing the probability of transitioning from the trait of the
offspring x to the traits of the parents (x1, x2). In Lemma 2.6, we prove the very same contraction estimate
as in (1-16) for the family of Markov kernels P indexed by its first variable x. The key difference is
that this Markov kernel makes the transition between u,, and u,_; ® u,_; due to the joint distribution of
parental traits (the nonlinearity, in fact). This is rescued by an appropriate tensorization property of the
relative Fisher information, which is expressed in Lemma 2.4.
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A close-to-optimal result despite a nonoptimal argument. The rate of contraction ﬁ coincides with
the optimal one in the quadratic case (see Remark 1.3). However, there is a nonoptimal step in the
proof. Indeed, our key contraction estimate (1-16) is a consequence of the maximum principle on the
Monge—Ampere equation satisfied by the Brenier transportation map between the joint distributions of
the parental traits (X, X») and (X}, X}). There is some subtlety here to be noticed, as the contraction is
set for the L°° Wasserstein distance (maximum of the optimal transportation displacement), whereas the
Brenier transportation map used in our argument is optimal for the L? Wasserstein distance. Nevertheless,
in the quadratic case, the transportation map is simply a translation, so that it comes with the same cost,
measured either in (weighted) L? or in L

In the recent contribution [Khudiakova et al. 2024], the authors used a different approach based on
Langevin dynamics to make the connection between the two joint distributions. Hence, they bypassed the
use of the Brenier map. Their approach is much simpler, and it enabled them to extend the result readily to
higher dimensions. These results were originally motivated by a computation in a previous version of our
paper, where we obtained an upper bound on the displacement |7 (x) — x ||, for the Brenier map between
a strongly log-concave density and a perturbation of it. In the current version, such an estimate cited
by [Khudiakova et al. 2024] is not crucial, as the important one concerns the displacement ||7(x) — x||;
(see Sections 2.3 and 2.4) and interpolating £, estimates from ¢, ones worsens the coefficients (see
Remark 3.1). We have moved the ¢, estimates to Appendix C for an easier readability. In [Khudiakova
et al. 2024], the authors bypass this delicate issue of choosing ¢;- rather than ¢,-based distances by

establishing some fruitful anisotropic version of our Corollary C.2.

Organization of the paper. In Section 2 we provide a sketch of the proof of the one-step contraction
property in Theorem 1.2(ii) under an additional technical condition. In Section 3 we derive the fundamental
contraction property of the one-step transition probability of the problem under the W, ; Wasserstein
distance (see definition below), thus removing the technical condition used in the sketch of proof of
Section 2. In Section 4 we analyze a truncated version of the time-marching problem (1-5) to bounded
intervals, which will be necessary in the next part. Section 5 focuses on proving the existence of strongly
log-concave solutions of the nonlinear eigenproblem (1-5) as claimed in Theorem 1.2(i). In Section 6
we prove asymptotic exponential growth of (1-5) for restricted initial data (H3) as in Theorem 1.2(iii).
Finally, Appendices A and B contain some technical results to alleviate the reading of the paper.

Notation.  (vector norms) Throughout paper, R? will be endowed with the various £, norms, namely,

for any z = (21, ..., 2q) e R4 and any 1 < g < oo we define
(Zfl_l IZilq)l/q if 1 <g < oo,
lzllg :== - . (1-21)
maxi<j<g |Zil if g = o0.

The associated £, and £, open balls centered at O with radius R > 0 are respectively denoted by

Br:={zeR’: |zl < R},

1-22
Or:=1{z€R’: |zl < R}. (122
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o (characteristic function) Given any set A C R?, we will denote the associated characteristic function of
convex analysis by x4 : R — (—o00, +00], which is the mapping defined by

0 ifzeA,

1-23
+oo ifze R\ A. (1-23)

xa(z) == {

« (measure spaces) We denote by M (R?) the space of finite Radon measures, endowed with the total
variation norm, and M T (R?) represents the cone of nonnegative finite Radon measures. Similarly, P(RY)
is the subspace of probability measures, endowed with the narrow topology except otherwise specified.

o (Wasserstein metrics) For any 1 < p < oo, we define the L? Wasserstein space
Py(RY) = {P e P(RY) : /Rd|z|p P(dz) < oo} if 1< p < oo,
Poo(le) ={P € P(Rd) : supp P is compact}.

Similarly, we consider the L? Wasserstein metric associated with the £, vector norm of R?. Specifically,
forany P, Q € P([R{d) and any 1 < p, g < oo we define

1/p
(- i VP
Woo(P.Q):=( inf [ Iz-2lfy(z.dd) " if1<p<oo,

Weoq(P, Q):= inf y-esssupllz—2Z|,,
o Yel(P.Q) " _ sepe v

(1-24)

where I'(P, Q) is the family of transference plan y € PR x R)? with marginals P and Q. Whilst the
L? Wasserstein distances could be infinitely valued over P(R?), note that they take finite values over
Py (R9) at least, although not exclusively. In particular, note that the L>° Wasserstein distances take finite
values over distributions P and Q that only differ on a space translation independently of their supports
being compact or not. For this reason, throughout paper we shall not restrict to compactly supported
distributions, but in all our computations the involved L°° Wasserstein distances will take finite values, as
it will become clear later in the proofs.

2. Proof of the one-step contraction property

For the reader’s convenience, we provide first the main ingredients behind the proof of the fundamental
one-step contraction property in Theorem 1.2(ii). Here, we shall assume that Theorem 1.2(i) holds
true, i.e., there exists a -log-concave solution (A, F') to (1-5) with 8 given by (1-7) (recall the precise
notion of strong log-concavity in Definition 1.1). We remark that its use will be crucial in our following
argument, but its proof is not apparent with regards to classical approaches based on the application of
the Krein—Rutman theorem. For this reason, a major part of this paper is devoted to rigorously addressing
this question, which will be introduced in full detail in Section 5 of this paper.

2.1. Sharp log-concavity parameter. First, we elaborate on the precise value of 8 given in (1-7). Specifi-
cally, we prove that it amounts to the sharpest possible log-concavity parameter of a generic solution
(A, F) to (1-5). To this end, it is worthwhile to note that the nonlinear operator 7 in (1-2) can be restated
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as the composition of a multiplicative operator and a double convolution operator, namely,

e—m

IE L

T[F]= (GxFxF) (2-1)
for every F € L}F([R{) \ {0}, where we define F(x) :=2F(2x) for x € R. The starting point is to realize
that strong log-concavity is stable under convolutions. This is a classical corollary of the celebrated
Prékopa—Leindler inequality, which reads as follows (see [Saumard and Wellner 2014, Proposition 7.1]
for further details).

Lemma 2.1 (stability of log-concavity under convolutions). Assume that Fy, F, € LL(R) satisfy that F;
are y;-log-concave for some yy, v» > 0. Then F| x F; is also y-log-concave for y > 0 given by

1_1.1
vy v

Let us remark that the above result could be applied to any pair of Gaussian distributions F| and F;
with respective variances 012 and 022 since they are in particular y;-log-concave with parameters y; =1/ ol.z
for i = 1,2. In doing so one finds that the above result is consistent with the classical fact that the
convolution F; x F, of two Gaussian distributions is again Gaussian with variance o= 012 + 022.

In addition, note that the mortality function m has been chosen «a-convex by the hypothesis (H1)
in Theorem 1.2, and then e™" is «-log-concave. Since strong log-concavity is also preserved under
multiplication, and F is 4y -log-concave whenever F is y-log-concave, we obtain that log-concavity must

also be preserved under the full operator 7.

Lemma 2.2 (stability of log-concavity under 7). Assume that F € LL(R) \ {0} is y-log-concave for some
y > 0. Then, T [F] is also §-log-concave for § > 0 given by

2y

5= .
1y

Thereby, log-concavity is preserved by the dynamics in (1-1), and we also obtain that the sharpest
log-concavity coefficient of the eigenfunction F' must be the one given in (1-7).

Lemma 2.3 (propagation of log-concavity). (i) Assume that Fy € LL(R) \ {0} is By-log-concave for some
Bo > 0. Then, the solution {F,},cN to the evolution problem (1-1) satisfies that F, is B,-log-concave for

B, > 0 satisfying the recurrence
2 ﬂl’l*l
1+28,_,

(i) Assume that (A, F) is any solution to the nonlinear eigenproblem (1-5) and that F is strongly

ﬂn =u+ ne N (2_2)

log-concave. Then, F is B-log-concave with 8 given by (1-7), that is,

2p
1428

Proof. Since (i) is clear by Lemma 2.2, we just prove (ii). Recall that for any solution (1, F) of (1-5) with

B=a+

y-log-concave F, we can build F, (x) = A" F(x), which solves the evolution problem (1-1). Therefore,
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the above applied to {F, },en shows that F is §,, log-concave for any n € N with {8}, ¢y satisfying the
recurrence (2-2) above and §y = y. Since 8, — B, then F is also B-log-concave. O

2.2. The renormalized problem. We introduce a renormalized version of the evolution problem (1-1).
Specifically, for any solution { F}, },en to (1-1) we renormalize by the strongly log-concave quasiequilibrium
A" F granted in Theorem 1.2(i). Namely, we set

neN, xeR. (2-3)
By inspection, we obtain that {u, },cn must solve the evolution problem

1
Up(x) = ———— // P(x; x1, x2)up—1(x)up—1(x2) dxy dx; (2-4)
lup—1 Flip JJwe

for any x € R, where P(x; x1, x2) is the one-step transition probability of transitioning from the parental
traits (x1, xp) to the descendant trait x. More, specifically, P(x;-) € L L([R{Z) NPR?) is a probability
density on two variables (x, x2) depending on the parameter x € R which takes the form (recall the
notation F = e~ ")

—Woinn) -y e R, (x1,x2) € R?,

P(x;x1,x):= 700

W(xs xi, x2) = L = Lo + x>+ Vo) + Vi), (2-5)

Z(x):= /f e~ WOxL2) g s
R2

Inspired by our method in [Calvez et al. 2024], we plan to study the relaxation to zero of H % (loguy) || oo
as n grows. Nevertheless, contrarily to the aforementioned paper, we do not need to accumulate a large
enough amount of generations in order to observe some ergodic behavior, but we rather find a precise
contraction of such a quantity after a single step.

2.3. A nonlinear Kantorovich-type duality. Our new approach exploits a nice nonlinear version of a
Kantorovich-type duality which relates the L°° transport distance to the Lipschitz norm of the log of
test functions. This nonlinear extension is reminiscent of the usual Kantorovich duality theorem, which
relates the L' transport distance to the Lipschitz norm of test functions; see [Ambrosio et al. 2008,
Theorem 6.1.1]. More specifically, we remark that the usual Kantorovich duality is fundamental in the
linear setting to establish a general equivalence between the contraction of a forward semigroup under the
Lipschitz norm, and the contraction of its backward (or dual) semigroup under the L' transport distance.
We refer to [Kuwada 2010] for further extensions, yet in a linear setting. In our case, our nonlinear relation
provides a method to derive contraction of a forward semigroup under the Lipschitz norms of the log of
tests functions, once we know that there is contraction of the backward semigroup under a suitable L>
transport distance. Interestingly, our nonlinear relation does not only apply to the linear setting, but also
to our nonlinear setting. To the best of our knowledge, this relation appears to be new. Moreover, it does
not represent an isolated example but there is a full family of related inequalities interpolating between
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the (classical) L' result and the (seemingly new) L result, and which further adapt to L? transport
distances; see Appendix A.

Lemma 2.4 (L*°-type Kantorovich duality). Consider the one-step transition from ug to uy in (2-4),

where it is assumed that ug € C'(R) with ug > 0 and %(log ug) € L*(R). Then, we have

llogui () —logu1 (B)] < | 4= (loguo)| _ Woet (P(x; ), P(: ) 2-6)

In

for any x, x € R. Here, the metric W | represents the L> Wasserstein distance associated with the £,

norm; see (1-24).
Proof. Set x, x € R and assume that
Woo 1 (P (x3 ), P(x;-)) <00
(otherwise the inequality is obvious). Indeed, this will always be the case as we prove later in Section 3.

Then, consider any y € I'(P(x; -), P(x; -)) minimizing the W | transport distance (1-24) and note that

) = ——— / / wo(x1)to(x2)y (dx1, dxz, diy, di2)
||Mo Pl

= W //2 exp(log uo(x1)—loguo(x1)+logugp(xz)—log uo()?z))
O IR xug(X))uo(R2)y (dxy, dxz, d3y, d5s)

< e [ e[ oz |, i x= Gzl Juo ooy @ d, di di)
L! 2

<exp(| Laoguo)|  Wooa (PG, PG B,

where in the next-to-last line we have used the mean value theorem and in the last one we have exploited
the fact that y is minimizer. Then, taking the logarithm at each side of the above inequality ends the
proof. (|

Remark 2.5 (the choice of £; norm). We note that Lemma 2.4 is a particular instance of Proposition A.1
in Appendix A which can be recovered by settingd; =1,d» =2, =1 and

u(xy, x2) == uo(xuo(x2),  (x1,x2) € R%,

However, the special choice g = 1 (that is £; norms) is apparently less clear at this stage since in fact
choosing any other 1 < g < oo would be possible in Proposition A.1 and it would yield more generally

flog s () —logur (8)] = 27| L (ogup) || Woe.y (Px; ), PG5 ) @7

for every x, X € R. Here, the metric W, , represents the L> Wasserstein distance associated with the
£, norm; see (1-24). By the natural relation between ¢; and £, vector norms, we infer that the above
estimate (2-6) is sharper than (2-7), namely

Wo 1 (P(x; ), P(&;+)) <219 W g (P(x:-), P(;-)).
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Therefore, it is clear that whenever ¢ > 1, the additional factor 2'/¢" makes the one-step contraction
factor in next section nonoptimal as compared to the explicit one-step contraction for quadratic selection
m(x) = % o |x|?, as illustrated in Remark 2.7 and detailed later in Remark 3.1.

2.4. Contraction of the one-step transition probability. The last step of our argument requires showing
that the mapping x e R~ P(x;-) € LL(IRZ) NP(R?) is a contraction when the space P(R?) is endowed
with the W, 1 Wasserstein distance in (1-24). Specifically, in the following result we quantify the exact
Lipschitz constant, which will account for the precise contraction factor in Theorem 1.2(ii).

Lemma 2.6 (W, |-contraction). Consider the one-step transition probability P = P (x; x1, x2) defined
in (2-5) in terms of the potential V of the B-log-concave quasiequilibrium F = e~V in Theorem 1.2(i).
Then, the following inequality holds true for every x, X € R:

Woo, 1 (P(x;+), P(X;+)) < lx —xI.

1428

A similar contraction property, with respect to W, distances instead of W, appeared previously in
[Ollivier 2007; 2009] leading to the definition of coarse Ricci curvature of a Markov kernel P (x; - ):
Wi(P(x;-), P(x;-)) g

k(x,x)=1-— — , x, xelR.
lx — x|

Specifically, the above references proved that a positive lower bound on the coarse Ricci curvature amounts
to the aforementioned contraction of the forward semigroup under the Lipschitz norm (or equivalently,
the contraction of the backward semigroup under the L' transport distance [Kuwada 2010]). For heat
kernels in a linear setting, this hypothesis on the coarse Ricci curvature is compatible with the Bakry—
Emery convexity condition and was proved equivalent to the contraction of the backward semigroup in
all W, transport distances [von Renesse and Sturm 2005], including W,,. However, the decay of the
L relative Fisher information has not been addressed in those works, and a nonlinear adaptation of them
does not seem straightforward.

Before entering into the details of the proof of the Lemma 2.6, let us note that putting Lemmas 2.4
and 2.6 together automatically implies the one-step contraction estimate

|4 ogun)| (loguo) | _. 2-8)

- 1+2,B”dx

which can be iterated and propagated into (1-9) in Theorem 1.2(ii) (at generation n), thus concluding this
section. Nevertheless, we remark that Lemma 2.6 is far from straightforward as one typically cannot even
ensure that the above W, 1 distance must be finite because the probability densities P (x; -) and P(x; -)
are supported on the full plane R2.

Remark 2.7 (quadratic selection). In the case of quadratic selection m(x) = % o |x|? studied in [Calvez
et al. 2024], we recall from Remark 1.3 that the unique eigenfunction of (1-5) is the Gaussian F = G ,2
with variance o> = B~ . Therefore, one easily obtains from (2-5) that

2
P(x,x1,x2) ocexp(—2|x — o1 +x)|" = 281x11* — 1BIx2 ).
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Completing squares with respect to the variables (x1, x) we readily find that P(x;-) = G, s is the
density of a bivariate normal distribution with mean and covariance matrix determined by

1 1
(3B

Wy i= (x,x), 2 l:= (4 4 )
1428 i ith

Since X is independent of x, any couple of Gaussians P (x; -) and P(X; -) must agree up to a translation

in the direction joining their means. Hence, the transport cost reduces to moving the center p, of P(x; )
to the center uz of P(X; - ), which yields Lemma 2.6 (with identity indeed):

. 2 .
Woo 1 (P(x;-), P(x; ) =[x — pzll = 1+25|x_x|'

The goal of this section is to prove Lemma 2.6. To alleviate the notation, throughout this section we

let z := (x1, x2) € R?, we fix x, ¥ € R with x # ¥ and then we simplify the notation on the one-step
transition probability in (2-5) by setting p(z) := P(x; x1, x2) and p(z) := P(X; x1, x2), that is,

. W(z) = 1 W (z)
p = — , D = = , 2-9
@ Z ¢ @ Z ¢ @9

where the potentials W and W, and the normalizing constants Z and Z are then given by
2
W (2) := W(x; x1,x2) = 5|x — 3(x1 +x2)| "+ V(xp) + V(x2),
=~ - - 2
W(2) = W(E; x1,x2) = 3|8 — 501 +x2) | 4+ V(x1) + Vi(x2), (2-10)

Z:= Z(x):// e WDd, 7= z()z):// e W@ g,
R2 R2

For any transport map 7 : R> — R? with Ty p = p, note that a possible strategy in order to estimate
the W1 distance is to compute an L° bound for the ¢; associated displacement, namely,

Woot(p, P) < [IT =111 | - (2-11)

Whilst the choice of T is somehow arbitrary at this point, a comfortable one is usually the Brenier map
T : R*> — R? from the density p to the density p, which is characterized as the unique transport map
satisfying Ty p = p and solving the Monge problem [Brenier 1991]

J[ 17 =216 per dz = W00, ),

where W) is the L? Wasserstein distance associated with the £, norm of R?; see (1-24). As we anticipated
in the Methodological notes in Section 1, in many cases this nonoptimal argument leads to no loss of
generality since the W, 1 and the uniform bound of the £; displacement of the Brenier map have the
same order. This was further depicted in the example of the Gaussians from Remark 2.7, where the
Brenier map is a translation, and therefore the transport cost is indeed identical to the displacement.
Our proof of Lemma 2.6 is based on the derivation of a novel L* bound of the ¢; displacement
T — I]|; associated with the Brenier map T between the densities p and p. We derive those bounds
by reformulating such a Brenier map as a solution to a Monge—Ampere equation and using a version



UNIFORM CONTRACTIVITY OF THE FISHER INFINITESIMAL MODEL 1851

of Caffarelli’s maximum principle along with the strong log-concavity of our densities. Indeed, by the
strong log-concavity of F in Theorem 1.2(i) we have

> > - (1tB 3 10
—D(, xylogp=—Dg, ylogp > (4 % %j—ﬂ) > B (0 1) )

and then p, p are S-log-concave. The aforementioned strategy recalls the one applied in Caffarelli’s
contraction principle [2000] (see also [Colombo and Fathi 2021; Colombo et al. 2017]) to find Lipschitz
bounds of the Brenier map between strongly log-concave probability densities. Yet, in order to obtain
Lipschitz bounds on the map (i.e., bounds on the Hessian of the potential), it is necessary to differentiate
twice the Monge—Ampere equation; here we only require bounds on the displacement, and we need to
differentiate only once. This recalls more what was done in [Ferrari and Santambrogio 2021], where the
goal was to obtain Lipschitz bounds on the logarithm of the solution of a JKO scheme or, equivalently,
L* bounds of the displacement associated with the Brenier map between two subsequent measures in
the same JKO scheme. Among the important differences, [Ferrari and Santambrogio 2021] was not
concerned with log-concave measures, but required one of the two to be obtained from the other via the
JKO scheme. As another important difference, [Ferrari and Santambrogio 2021] was concerned with £,
displacement bounds, and the choice of the Euclidean ball played a special role. In our setting, in view
of the definition (1-24) of W, 1, the choice of ¢; is not suitable and we focus on £;. For the £; norm,
we obtain new bounds on the Monge—Ampere equation, which lead to the sharp contraction factor, and
which cannot be recovered by interpolation from known ¢, estimates; see Remark 3.1.

For the reader’s convenience, we provide below a formal proof of Lemma 2.6 under the strong additional
assumption that the maximal £, displacement associated with the Brenier map is attained. Whilst true in
particular situations (see Remark 2.7), unfortunately this hypothesis is not necessarily always true, and
thus the rigorous derivation requires further work which we provide in detail in Section 3.

Formal proof of Lemma 2.6. 1t is well known that the Brenier map T : R — R? from p to p takes the
form T = V¢ for some convex function ¢ : R — R. Since p, p > 0 and p, p € C*®°(R?), the regularity
results in [Caffarelli 1992b] imply that ¢ € C°°(R?). Moreover, the change of variable formula implies

)4

det(D*¢) = , zeR% 2-12
et(D°¢) 5ove z (2-12)

As usual we make the change of variables through the displacement potential
V(2) =0 ) —1llzll3, zeR. (2-13)

In view of the relation (2-11), we note that the core of the proof then reduces to obtaining L bounds for
the £; norm of the displacement of the Brenier map, that is,

H(@) = T@) —zlh = IV¥@Ih = 0, ¥ @]+ 10,¥ @), z R (2-14)

We start by restating the Monge—Ampere equation (2-12) by taking its logarithm,

~

logdet(D*yr(z) + 1) = W(V(2) +2) — W(z) + log % e R2. (2-15)
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Taking partial derivatives d,, in (2-15) we have
tr((D>¢) ™' 0, D*Y) = VW(VY +2) - 0, VY + (VW (VY +2) — VW) ¢, zeR? (2-16)

for k =1, 2. Let us assume that H attains its maximum at some z* = (x}, x;) € R? (for the general case
where the maximum is not attained we refer to Section 3) and let us also define the auxiliary function

H (2) := sgn(0, ¥ (2)) 0, ¥ (2) + 520 (00, ¥ (z9)) 0¥ (), 2 € R (2-17)

Then, H must also attain its maximum at z* and it agrees with the maximum of H. In particular, we have
the necessary optimality conditions
VH(z*)=0, D*H(z*)<0. (2-18)

Now, we perform an appropriate convex combination of (2-16) depending on the signs of d,, ¥ (z*) and
0x, ¥ (z*) in order to make the auxiliary function H in (2-14) appear.

Case 1: 9,, ¥ (z*) > 0 and 0y, (z*) > 0. In this case we have H:= 0y, ¥ + 0x,¥. Evaluating (2-16) at
z* and summing over k € {1, 2} we have

tr((D?¢(z*) ' D*H(z*) = VW (VY () +2%) - VA + (YW (VY (2*) +29) — VW) - (1, D).

By the optimality conditions (2-18) and since D?¢(z*)~! is positive definite, the term in the left-hand
side above is nonpositive, and we obtain

(VW (VY (") +25) = VW) - (1, 1) < VW =W)(z) - (1, 1) =% — x.

By expanding the left-hand side we obtain
(VW (VY () +29 - VW) - (1, 1)
IR ACRRE LA

+ V'O v (@) +x) =V &)+ V' (0¥ @) +x3) —V(x3)

2
8xl * 8x2 ¥ * * 1 2 Ty /%
> ’”(Z); V) | gow @ + o@D = 2P f ),

where we have used that in this case dy, ¥ (z*) > 0 and 9y, (z*) > 0, along with the S-convexity of V.
Therefore, we conclude that X > x and

H o — H * — ﬁ * <

1HIlL (%) (z)_1+2ﬁ

Case 2: 0,, ¥ (z*) <0 and 9y, (z*) < 0. This case follows the same argument as Case 1. Indeed, note
now that H = —0y, ¥ — dx,¥. Then, we sum over k € 1, 2, multiply by —1 on (2-16) and we obtain

1428 ~
+2 Pl <x—+

Hence, in this case we obtain x > X and we recover

|x —X].

IH|L~ = H(z*) = H(z*) <

< lx — x|
1+28
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We show below that the other two cases (namely, d,, ¥ (z*) > 0 and 9,,¥ (z*) < 0, or 9y, ¥ (z*) <O
and 9y, (z*) > 0) cannot happen.

Case 3: 0,, ¥ (z*) > 0 and 0,,¥ (z*) < 0. Our goal is to show that this case cannot take place. In this
case, we have H:= 0y, ¥ — 0y, Y. Taking the difference of (2-16) with k = 1 and k =2 we obtain

tr((D*¢ (") ' D2H (M) = VW(VY (2*) +27) - VH () + (VW (Vi (") +2°) = VW () - (1, —1).
Since z* is a maximizer of ﬁ, we have
(VW (VY (") +2%) = VW () - (1, 1) < V(W =W)(z") - (1, = 1) =0

The expansion on the left-hand side is now radically different because the above factor %(8)( V(@) +0x,Y (%)
cancels and now we obtain
(VVV(VIIf(Z*)JrZ*) —VW(Z*)) (1, =) = V'@, ¥ @) +x) = V' (x)) = V' (0, () +x3)+V'(x3)
> B0, Y (21—, ¥ (27) = B H ("),

which implies ||H ||z~ = H(z*) = H (z*) = 0. This is clearly impossible since otherwise T (z) = z for all
z € R?, that is, x = *.

Case 4: 0,, ¥ (z*) <0 and 9,,¥ (z*) > 0. This case cannot happen either thanks to the same argument as
in Case 3 with H replaced by H= — 0y, ¥ + 0y, . Thus, we omit the proof. g
2.5. Proof of the one-step contraction property. With all the above machinery in hand, we are finally in

position to prove the one-step contraction property (1-9) in Theorem 1.2.

Proof of Theorem 1.2(ii). Combining Lemmas 2.4 and 2.6 applied to the solution (2-3) of (2-4) we obtain

d 1 Fy 2 d Fu1
—| log — < — | log
dx F )|~ 14+2|dx F

for every n € N, and this amounts to (1-9). Il

LOO

3. Main contractivity lemma

In this section, we provide a rigorous proof of Lemma 2.6, where the a priori assumption that the maximal
displacement associated with the Brenier map must be attained is no longer required. To do so, we shall
argue by deriving a local version of the lemma valid for more general strongly log-concave densities
f and g compactly supported on an appropriate domain and bounded away from zero on it. More
specifically, we propose to adapt the contribution of the maximum principle to the formal argument above
(Section 2.4) to compact domains. However, since the maximum may be attained at the boundary, the
boundary information is crucial in order to infer information from the nonlinear elliptic PDE (2-12), and
therefore the choice of the domain cannot be made arbitrarily.

We refer to Appendix C for a bound on the maximum of |7 — I||> (in £> norm) for the Brenier map

T : Bg — By between two generic strongly log-concave probability densities f =e~" and g =7V,
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Figure 3. Comparison of the theoretical contraction factor ﬁ in Lemma 2.6, and the contraction

factor % obtained by estimating the £; norm with the £, norm in R?.

supported and strictly positive on an Euclidean ball Bg. Specifically, we obtain
1 ~
Wos2(fo8) < 1T =112 5, = ” VW = Wll2 | L« 5, 3-1)

where y > 0 is the log-concavity parameter of f and g.

Remark 3.1 (inaccuracy of controlling £; by £, norms). We may be tempted to apply this £, estimate to
our setting by setting f and g as truncations of p o< e™ W and p e‘W (see (2-9)—(2-10)) to £, balls and
using the Cauchy—Schwarz inequality to get £, estimates. Specifically, consider an increasing sequence
of balls Bg and set f and g in (3-1) to be the truncation of p and p on such balls. First, recall that

1 /" 1
2 2 2TV (x) i B0
D" W(x1,x) =D W(XI»XZ)—( i ‘_11+V,,(x2)) > (0 )

because V” > 0, and therefore we can set y = B in (3-1). Also note that
V(W —W)(x1, x2) = 5(F = x, §—x).

Altogether this implies the £, estimate

1 =~ 1y1,~ ~ 1
Wooa(f:8) < [IT =1z 1 5,y < G NIV =W)la] oo = 3G =2 ¥ =), = T
and by the Cauchy—Schwarz inequality we also have the ¢; estimate
1 -
Woo1(f:8) = V2Woca(f,8) < glx =5

In particular, we note that such an estimate only provides contraction as long as 8 > 1 and, in addition,
the contraction factor is worse than the one claimed in Lemma 2.6 as depicted in Figure 3.

We refer to [Khudiakova et al. 2024] for a nice and fruitful anisotropic version of (3-1) which enables
us to obtain directly the claimed contraction factor.
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Thus, we need to improve our proof and avoid using the £, norm. This was done, formally, in the
previous section, but we need a rigorous proof which also takes care of the boundary. Let us focus on the
observation made in [Ferrari and Santambrogio 2021, Lemma 3.1] that, for generic f and g smooth on a £,
ball and bounded away from zero on it, the maximal £, displacement of the Brenier map must be attained
at some interior point in the ball. Apparently, the use of £, norms to quantify the size of the displacement
proved extremely well-suited to control the boundary information on £, balls. Interestingly, in the sequel
we show that in order to find precise information about the maximizers for the £, displacement, we need
densities f and g to be supported over £, balls B (see (1-22)). This is the content of the following.

Lemma 3.2 (maximizers in the £; setting). Consider two densities f, g € LL(RZ) NP(R?), assume that,
{zeR*: f(2) >0} ={z € R*: g(z) > 0} = Ok,

where Qp is the L ball (see (1-22)), and suppose that f, g € Cl"s(QR) for somed > 0. LetT =V¢:
Or — Qg be the Brenier map from f to g, define the displacement potential ¥ (2) := ¢ (z) — %Hzll% and
the displacement function quantified in the £| norm

H(z):= T @) =zl = 3, ¥ @I+ 13 ¥ (@),  z€ Ok (3-2)
Then, T € C*%(Qr) and we have the optimality conditions
VH((Z) =0, D?H(z*)<0 (3-3)
for any maximizer z* = (2}, 25) € Qr of H, where H is the auxiliary function

H (2) = sgn(dy, ¥(z")) 0, ¥ (2) + 5200, ¥ (2%) 0, ¥ (), 2z € Or. (3-4)

In contrast with the standard regularity theory for optimal transport, Q is not uniformly convex.
Then, the regularity theory of the Monge—Ampere equation is not directly applicable in full generality.
Specifically, since f,g € C Lo Q g) are bounded away from zero on Q &, we have T e C%9( Q r) by
[Caffarelli 1992a]. However, the lack of uniform convexity may prevent the full elliptic regularity
[Caffarelli 1996], which claims that T is a diffeomorphism of class C>%(Qpg). Fortunately, we can
proceed as in [Jhaveri 2019, Theorem 3.3] which, thanks to a clever symmetrization argument around
each corner of Qr and the classical interior regularity in [Caffarelli 1992b], shows that T is indeed a
diffeomorphism of class C>*(Q ). Moreover, it fixes the corners and sends each segment of the boundary
to itself. This guarantees in particular that H € C*(Qp) and the optimality conditions above make sense,
as shown below.

Proof of Lemma 3.2. We remark that z* € Q g must also be a maximizer of H since we have
H(z) < H(z) < H(") = H(z")

for every z* € Qg by the definitions of H and H in (3-2) and (3-4). Since the maximizer z* may lie in
principle in all Q R, two possible options arise, either z* € Qg or z* € dQg. In the first case, the usual
optimality conditions at interior points yield (3-3). In the second case, namely z* € d O, note that the
result is trivial if z* is one of the four corners since those are fixed points of T and therefore H=0.
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Hence, from here on we will assume that z* € 0 Q is not at a corner, but it lies in the interior of some of
the four segments. Note that at those points we only have to prove that VH (z*) =0. In fact, we remark
that those z* can be approached by interior points from any direction, and then the above readily implies
the second-order optimality condition D*H (z*) < 0. To show that VH (z*) = 0, note that the boundary
d Q g contains four segments:

ST i={(x1,x2) €eR*:x; =R, x2€ [-R, R]}, S§ :={(x1,x)eR?:x; €[-R, R], x=R)},
Sy i={(x1,x) €R*:x; =—R, xa € [-R, Rl}, S, :={(x1,x)eR?:x; €[—R, R], xo=—R).
Since T (dQr) = d Qg and each segment is mapped to itself, we have
¥ (z)=0 ifzeS USy, (3-5)
¥ (z)=0 ifzeSTUS;. (3-6)

By differentiation it is clear that we also have

0¥ (@) =0 ifz€dQr (3-7)
Now, we argue according to the four possible segments of d Qg that z* may belong to.

Casel: z* € Sf“ US| In this case, by (3-5) we have d,,¥(z*) = 0 and therefore we have

H(z) = sgn(@y, ¥ (z%) 3, ¥ (), z€ Ok

Since z* is a maximizer of H, there exists A € R (indeed L. > 0if z* € Sf“ and A <0if z* € §) such that
its gradient at z* equals the multiple A(1, O) of the outer normal vector, that is,

VH(z") = sgn(0y, ¥ (z*)) (gx'xzzg*;) - (g) ’

This implies that the second component of the gradient must vanish, but the first one also vanishes by the
condition (3-7) on the crossed derivative. Then, we have VH (z*) = 0.

Case 2: z* ¢ S;r U S, . In this case, by (3-6) we have 9,,¥ (z*) = 0 and therefore we have

H(z) = sgn(@y, ¥ (z*) 8, ¥ (2), z€ Og.

Since z* is a maximizer of H, there exists A € R (indeed A > 0 if z* € S; and A < 0if z* € §;) such that
its gradient at z* equals the multiple A (0, 1) of the outer normal vector, that is,

VA =sea, v (7)) = (7).

Oxy 0, ¥ (2%) A
This implies that the first component of the gradient must vanish, but the second one also vanishes by the
condition (3-7) on the crossed derivative. Then, we have VH (z*)=0. O

We remark that the unique formal point of the sketch of the proof of Lemma 2.6 in Section 2 which could
break down is the fact that for the global densities f = p and g = p in (2-9)—(2-10) the £; displacement
of their Brenier map does not necessarily attain its maximum. In particular, we may be deprived of the
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optimality condition (2-18), which was crucially used throughout the maximum-type principle sketched
in Section 2. However, Lemma 3.2 does guarantee that the maximum must be attained and the optimality
conditions (3-3) must hold in particular when f and g are set to be the truncation of the densities p and p
on £, balls. In fact, the result does not exploit the special potential V' in the definition (2-9)—(2-10) of
p, b, which corresponds to the potential of the eigenfunction F = ¢~V in Theorem 1.2(i), but it can
actually be replaced by any strongly convex function supported on Q. Since we shall use this more
general version later in Section 4, we state in full generality below.

Lemma 3.3 (maximum principle on ¢, balls). For any y-convex potential V € C 1,8

loc (R) with y > 0, any
x, X € Rwith x #X, and any R > 0 we define f, g € Li(Rd) NP(R?) given by

1 1 ~
f@z;fmﬁ mw=7ﬂmhzeW,

where the potentials W and W, and the normalizing constants Z and Z are
2
W) = 3lx — 51 +x)| 4+ V) + V) + x5, @),
~ - 2
W(2) =55 — 300 +x) | + V) + V) + x5, ),

Z:= f/ e VDaz, 7= /f e V@ g,
R2 ’ R2 ’

and x g, is the characteristic function associated to the L ball Or; see (1-23). Then, the Brenier map
T =V¢:Qr— Qg from f to g satisfies

2 -
Woo1 () < [IT =1 | ngyy = 5, 15 = 1

As explained above, we omit the proof since it follows the formal proof of Lemma 2.6 in Section 2
and the optimality conditions in Lemma 3.2. In particular, by setting V = V (and therefore y = 8) we
have that Lemma 3.3 is directly applicable to the truncations to Qr of the densities p, p in (2-9)—(2-10).

Definition 3.4 (truncation to Q). For the probability densities p, p € L. (R?) N P(R?) given in (2-9)-
(2-10), we define their truncations to the £, ball Qg (see (1-22)) as

1 W 1 &
)= —e" R(Z), pr(z) = N_e_WR(Z)’
Pr( Zn Pr(2) A
Wr@) :=W(@+x5,(), Wr@):=W(@)+xg,),
Zg :=f e~ Wr® gy Zr :=/ e Wr@ dz
R2 ’ R2 ’

for any R > 0, where x Ox is the characteristic function associated to the £, ball Qg; see (1-23).

Then, we are in position to rigorously prove Lemma 2.6 by taking limits R — oo and noting that
Lemma 3.3 yields a uniform bound of the displacement independent of R.

Rigorous proof of Lemma 2.6. Consider p and p given in (2-9)—(2-10) and set the associated Brenier map
T :R?> — R? from p to p. Similarly, we consider the family of truncations p and pp in Definition 3.4
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and we set the associated Brenier maps Tx : R — R2. By the above Lemma 3.3 we have

Tz — 111 ——|x — | (3-8)

for every R > 0. We set the optimal transference plans y € I',(p, p) and yg € I',(pg, Pg) associated
with the W, » distance, which are known to be supported on the graph of the above Brenier maps, i.e.,

y=U,T)sp, vr:=U,Tr)4Pg-

Since the involved potentials W and W are B-convex, we have enough integrability on p and p to ensure
that p, p € P»(R?). Hence, the dominated convergence theorem applies and we have indeed

Pr— P, Pr— P in (PR, Wan).

By stability of optimal transference plans, the sequence yr must converge narrowly to some optimal
transference plan (up to a subsequence); see [Ambrosio et al. 2008, Proposition 7.1.3]. Since the unique
optimal transference plan between p and p is precisely the above y supported on the graph of T, we obtain

yr — ¥ narrowly in P(R?).

Now we use the Kuratowski convergence of the supports under the narrow convergence of measures; see
[Ambrosio et al. 2008, Proposition 5.1.8]. Namely, consider any z € R%. Since (z, T(z)) € supp y, there
exists (z%, wX) e supp yx such that (z%, w®) — (z, T(z)). Since yy is supported on the graph of Tg, we
have zR € Qg and wR = Tr(z%). In particular, we have Tg(z®) — z8 — T'(z) — z as R — oo and by the
above uniform bound (3-8) the same bound is preserved in the limit, that is,

~ 2
Woot(p, P) < |IT =11 |, < 1728

Remark 3.5 (replacing £, balls by £; balls). We note that in Lemmas 3.2 and 3.3 the choice of £ is
crucial. However, this is not the only possible choice and a similar proof could be obtained if replacing
£~ balls with £; balls. It is clear anyway that the shape of the boundary and the norm to be optimized
should satisfy some form of compatibility conditions.

|x — x| O

4. Analysis of a truncated problem

In this part, we study an auxiliary version of the original time marching problem (1-1) restricted to the
bounded interval Ig := (—R, R) with R > 0, namely,

=TrIEX |1, neN, xeR. (4-1)
Here, we truncate the selection function m p as
mpg(x) :==mx)+ x;,(x), xR, (4-2)

where x T is the characteristic function associated to the interval I g (see (1-23)), so that the truncated
integral operator T takes the form

TRIF1(x) := e ’"W)/f ( x1+x2) DY 4 i, xR (4-3)
R2 I1Fll
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Again, solutions of the form FnR (x) = AW®)"FR(x) come as eigenpairs of the nonlinear eigenproblem
ARFR = TR[F®], xeR,

k>, / FRx)dx =1. -4
R

The goal of this section is to derive an analogous truncated version of Theorem 1.2. More specifically,
we study (i) existence of a unique strongly log-concave solution (AR, FR) to (4-4), and (ii) quantitative
relaxation of the solutions to (4-1) towards the quasiequilibrium AR FR

Theorem 4.1 (truncated problem). Consider any m € C*(R) satisfying (H1)—(H2) in Theorem 1.2. Set
any R > 0 and define the truncation mg according to (4-2). Then, the following statements hold true:

(i) (existence of quasiequilibrium) There is a unique solution (\R, FR) to (4-4). In addition, FR == V" €
L fr([RR) NC>®(Ig) is compactly supported on I g and bounded away from zero on it and B-log-concave

with parameter B > 0 given in (1-7) in Theorem 1.2.

(ii) (one-step contraction) Consider any FOR € L}F([R{) N CY(Ig) compactly supported on I g and bounded
away from zero on it, and let {Ff}neN be the solution to (4-1) issued at FOR. Then, we have

FR
(e )], = e (e 5)
SR L(Tx) 1+2,3 dx FR

(iii) (asynchronous exponential growth) Consider any FOR € LL(R) NCY(Ig) compactly supported on Ir

L®(Ig)
foranyn e N.

and bounded away from zero on it, and let {FnR}neN be the solution to (4-1) issued at FOR . Then, we have

FR
1Ml |

2 n
—CR<1+2/3)’
Cl 1+2,3

for any n € N and some constants Cg, C, depending on R and FOR.

IIFR 1z

H ”FR”Ll

As we show below, our proof exploits the overarching local contraction result, Lemma 3.3, to answer
simultaneously both questions. More specifically, our main observation is the following type of contraction
which holds true providing that the initial data FOR is strongly log-concave.

Lemma 4.2 (Cauchy-type property). Let m € C?*(R) satisfy (H1)—(H2) in Theorem 1.2. Consider a
Bo-log-concave density FOR € LL(IR) NCL8(Ig) with Bo>0and 0 < § < 1, compactly supported on Ir
and bounded away from zero on it. Let {F”R tnen be the solution to (4-1) issued at FOR . Then, we have

d (1., ¥ d (| EY,
dx gF dx OgFf_Z

where the sequence {B,}neN is defined by recurrence as in (2-2).

2
Lo(n) 1+2,3n 2

n>?2,

L(Ig)
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Proof. For any n € N, we define
FR -
ul(x):= n () , xe€lg,

FnR—l (x)

and note that, arguing as in (2-3), we have that {u, },cn must solve the following analog of (2-4):

| 2l 2||L

R _
) =R
1

// PR(x; x1, x)ul  (epul | (x2) dxy dxo
ORr

for any x € Iz and n > 2. We remark that the system above holds only on I ¢ and the one-step transition
probability PnR (x;-)e LL(Q R)NP(QOR) is not time-homogeneous but it depends explicitly on 7, namely

1
ZR(x)
2
WX x1, x0) == 4x = G +x) [+ VL) + VE, (),

Z;f(x) = // €_W"R(X;x]’x2) dxy dxs,
Or

where we let VX : I — R so that FR = eV, By Lemma 2.2, VR, is B, _,-convex and therefore the
contractivity Lemma 3.3 applies to f = PR(x;-) and g = PR(X; -) with x, X € I leading to

—WR(x;x1,x2)
b

PR(x:x1, x) := e x elg, (x1,x) € Ok,

Woo 1 (PR(x; ) PR<x--))<#|x—X|
00, n ’ s 4 n ’ —= 1—{—2[3}172 .

Therefore, arguing as in Lemma 2.4 we end the proof. g

Proof of Theorem 4.1. Step 1: Proof of (i). Under appropriate assumptions on F; R we shall prove that
||FR||L1/||FR (21 and FR/||FR||L1 must converge as in (iii), and their limit (AR, FR) solves (4-4). We
set a B-log-concave density FOR € L}F(R) NCY8(Ig) with By > B and 0 < & < 1, compactly supported
on I g and bounded away from zero on it. Let {FnR}neN be the solution to (4-1). Since the initial datum
has been chosen strongly log-concave, Lemma 4.2 implies

d ER 2 N g FR
log = log —R
d-x F Loo(iR) 1 +2ﬂ d-x FO

n—1
for all n > 1 because FR are B,-log-concave with 8, > B for all n € N by Lemma 2.2. Setting VR : Iz — R

R .
Vi’ we obtain

L>(Ig)

as before so that FX = e~

n n—1 k
2 d
! = 3 |goE-vio] L, s | et = v
“dx(v m)HLOO(IR)_k_Zl ax Ve =y L°°<Le>_Z 1128) lax ™" =Y ez,

k=m

forall n > m > 1. Since —5— 1+2;3 < 1 by Remark 1.7, {%(V"R)}nel\l is a Cauchy sequence in C(Ig) and

therefore it must converge uniformly to some limit D® € C(Ig). In particular, we have

%(log E®y— DR inC(Ip). (4-5)
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Now, we show that FR /|| FR|| . must also converge when evaluated at least at one point, and we choose
x = 0 for instance. To this purpose, we note that FX(0)/||FX|[;1 can be restated as

[, G (Gitx) exp(—(VE ()= V,E (0)—(VE  (x2)=VE (0))dx dxy
Jio M5, G (=L xixn) exp(—m ()~ (VE )= VR (0) = (VE | (x2)—V,E [ (0)) d’dixi dixy

and, by the fundamental theory of calculus, V. 1(x) — 1(O) in the integrand can be represented by

R R ! dvn—l T
V.o (x) =V, ,(0) = o Ox)xdf, xelg,
0

which converges uniformly to some limit. Therefore, there exists L® € R such that

FR©
g R( ) — L%,
|5

(4-6)
Putting (4-5)—(4-6) together and using the fundamental theorem of calculus gives

R R ! :
() 1oy Fn©) +f i(logFR)(Gx)xdeaLR+/ DR (Ox)xd6 in C'(Ig).

log = log
IFR L IFf N Jo dx " 0

We define FR(x) := exp(LR + fol DR(6x)x d6 + Xip (x)) € LL(R) NP(R) and therefore we achieve

FR
IERN L

—~ F® inC'(Ip). 4-7)

Our second step is to prove the convergence of || FnR /I F, R " ll.1. Note that we have

I ERI (x1) F,°(x2)
—n L /f Hpg(x1, x2) Rl Rl dxidx, (4-8)
IER g R? NE, e TF,Z
where we have defined
Hg(x1, x2) = / e "G (x — J(x1 +x2))dx, (x1,x2) € R
Ir

Since Hy is a bounded function, we have Hg € L' (Q ) and, consequently, the above uniform convergence
(4-7) of the normalized profiles, along with (4-8), implies that there must exists AR with
Il AR

o QLT 4-9
IR Il 2

The last step is to show that (AR, F®) must solve (4-4). This is actually clear because we have

IERI  FR [FR }
LER M WERI T LUER 11

for all n € N, and ||FR||L1/||FR Iz and FR/||FR||L1 converge in the above sense (4-7)—(4-9). We note
that F® must be B-log-concave because so is FR for all n € N. The uniqueness of the solution to (4-4)
will not be analyzed here, but it will hold as a consequence of the next contraction property in Step 2.
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Step 2: Proof of (ii). Once a strongly log-concave solution (AR, F®) of the truncated nonlinear eigen-
problem (4-4) exists, the one-step contraction property follows the same ideas as in the global version in
Theorem 1.2(ii) sketched in Section 2. More specifically, we shall argue like in the proof of Lemma 4.2
where again we replace u,, by the normalization of FX by the quasiequilibrium (A®)" FR That is, for
any n € N, we define

which must solve

1
u,’f(X)z—R// PR(xsxy, xuf (e)up (x2) dxy dx;
1 r ||L' Or

R
llut,,

for any x € Ig and n € N, where PR(x;-) € L}F(Q R)NP(OR) is the one-step transition probability

— WR(y-
e w (x,X1,xz)’

PR(x; x1, x0) = x elg, (x1,x) € Ok,

ZR(x)
2
WR(x: x1,x0) o= 5 |x — 3G+ x|+ VE@D) + Vi),

ZR(x) = // e~ Whaixix) dxydx;.
Or

Again, we let VR : I — R so that FR = ¢~ vE By Step 1 we have that V¥ is -convex and therefore
the contractivity result, Lemma 3.3, applies to PR (x;-) and PR (X;-) withx, x € Ir leading to

Woo 1 (PR (x; ), PR(F; ) <

lx — X|.
1+25

Therefore, arguing as in Lemma 2.4 we end the proof.

In particular, the above implies that (A®, F®) must be the unique solution to the truncated nonlinear
eigenequation (4-4). Indeed, if a second solution (A%, FR) exists, one can always define the special
solution FR(x) = (A )" FR(x) of (4-1) and therefore the above one-step contraction implies

d FR 2 d FR
dx F Leo(Tg) 1+28|dx F

Since ﬁ < 1 by Remark 1.7, we have FR = F* (and therefore AR = A%) because both FR and FR

are probability densities by definition.

L(Ig)

Step 3: Proof of (iii). We prove that the convergence in Step 1 holds for generic initial data FOR €
LL([R) N C'(Ig) compactly supported on I and bounded away from zero on it, and not necessarily
strongly log-concave. Note that by the above one-step contractivity property we have again

n
(r239) la
Loc(iR) 1+2ﬂ

dx
for all n € N. Then, the same argument as in Step 1 can be applied with explicit convergence rates and
equal to (ﬁ)n at each step: first %(log Ff), then log(FnR (0)/||FnR||L1), hence log(Ff/HFfllLl), and

finally also || FnR 71/l FnR_1 |1 Therefore, we readily obtain the claimed convergence rates for the rates

Lr—vr (VE - VF)

’

L>=(Ig)

of growth and the normalized profiles. O
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5. Existence and uniqueness of strongly log-concave quasiequilibria

In this section, we employ the truncated quasiequilibria in the above Theorem 4.1 to build a globally
defined quasiequilibrium of the nontruncated model (1-1), thus proving Theorem 1.2(i). In the following,
we show that the probability densities in the family { F®} .o are uniformly tight, and therefore weak limits
cannot lose mass at infinity, which will be useful in the sequel in order to pass to the limit with R — oo.

Proposition 5.1 (bounded second-order moments). Under the assumptions in Theorem 4.1, let us consider
the unique eigenpair AR, FR) of (4-4) for any R > 0 according to Theorem 4.1(i). Then,

sup/ x2 FR(x)dx < oo. (5-1)
R>0JR

We recall that a similar result was necessary in [Calvez et al. 2024]. Indeed, a general strategy was
developed therein to propagate second-order moments along any solution {F},},cn under the a priori
knowledge that the centers of mass stay uniformly bounded. However, such a condition proved difficult to
verify unless the initial datum Fj is centered at the origin, and m is an even function, which would leave
the center of mass fixed at the origin (and thus bounded) for all times. To overcome this problem, an
alternative approach was developed in [Calvez et al. 2024, Lemma 4.5] in order to control the convergence
to zero of the center of mass in the case of quadratic selection. Unfortunately, the proof exploits the
Gaussian structure in a crucial way and cannot be easily adapted to more general selection functions.
Here, we propose an alternative strategy based on the extra knowledge that F are S-log-concave.

Proof of Proposition 5.1. Step 1: Uniform bound of the variance. Let us define the center of mass and
the variance

R ::/RxFR(x)dx and a%g :=/R(x—ILR)2FR(X)dx’

for any R > 0. Since each eigenfunction F¥ is B-log-concave, a straightforward application of the
Brascamp-Lieb inequality shows that variances a% satisfy

ok < (5-2)

| =

for any R > 0; see [Brascamp and Lieb 1976, Theorem 4.1]. Then, in order to control the (noncentered)
second-order moments, we actually need to find a bound of the center of mass pp.

Step 2: Uniform bound of the center of mass. Assume that {ftz}r~0 is unbounded by contradiction.
Changing variables x with —x if necessary, we may assume without loss of generality that wp /' 400 as
R ' 400 up to an appropriate subsequence, which we denote in the same way for simplicity of notation.
Note that integrating (4-4) against ¢”*™) and remarking that [, B[F®](x) dx = [, F®(x)dx =1 (where
B is given in (1-3)) we obtain

ArBr=1 (5-3)

for every R > 0, where each factor reads

Ag:= / "k FR(x)dx, Bg:= / ¢® (501 +x2)) FR (1) F*(x2) dxy doxa,
R R2
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and ¢® := G x e~% By Chebyshev’s inequality we know that

/ FR(x)dx > (5-4)
lx—pg |<vV20g

for all R > 0. Therefore, noting that m is nondecreasing in R by virtue of the hypotheses (H1)—-(H2) we
obtain the lower bound

Ag = / O FR(ydx =1 min "0 = Lk —v20m) (5-5)
Ix—pg|<vV20 lx—pg |<vV20k

for large enough R > 0 so that [z —/20 g, g ++/20 ] C R,. Similarly, using (5-4) and noting that
$® is nonincreasing at the right of its maximizer (by strong log-concavity, see Lemma 2.2) we obtain

Bg > / / @R (3(x1 +x2)) FR(xy) FR(xp) dxy dx,
|xi—mg |<v20x

=

min_ ¢*(x) = ;6 (g +v208) (5-6)
[x—pg |§\/§0R

ENT

for large enough R > 0 so that [ 20, 1 R ++/20 ] lies in that region of the domain. Note
that the above can be obtained if R > 0 is large enough since u® —v/2 0z — 0o by assumptions, but
the maximizers of ¢® must converge to the maximizer of ¢, which is a fixed number in the real line.
Multiplying (5-5) and (5-6) yields the lower bound

ARBg = he"vx Y200 (G x ") ( +4/2 0 ) (5-7)

for large enough R > 0. Lemma B.2 provides an explicit lower bound (B-6) on Gaussian convolutions.
Therefore, applying it to the second factor in (5-7) with the choices

f=e" y=a, xo=pg, 8=«/§(7R

implies the lower bound
Viog

FESTL Sl
AnBe= G020 [T el +n2) dz
0
o V2
22\ (@R R
=(22) [T e e aa (59

where in the last line we have used the bound (5-2) of variances. Since the left-hand side in (5-8) diverges
as R — oo because p — +00, we reach a contradiction with (5-3), and this ends the proof. O

Theorem 5.2 (existence of quasiequilibria). Under the assumptions in Theorem 4.1, let us consider the
unique eigenpair (AR, FR) of (4-4) for any R > 0. Then, there exist . € Rand F € Lfr([R{) N C*(R)
which is B-log-concave (with B given in (1-7)) such that

XR—>X, FR—>F, as R — oo,

up to subsequence, both pointwise and in any space (P,(R), W,) with 1 < p < 2. Moreover, the pair
(X, F) is the unique solution to (1-5) among all pairs (A, F) satisfying (1-8).



UNIFORM CONTRACTIVITY OF THE FISHER INFINITESIMAL MODEL 1865

Proof. Step 1: Existence via limit as R — co. Let us notice that by (5-1) in Proposition 5.1 we have that
{F®) g0 is a uniformly tight sequence of probability measures. Therefore, by Prokhorov’s theorem there
must exist R, / oo and some limiting probability measure F € P(R) such that

F® _ F  narrowly in P(R). (5-9)
By integration on (4-4) we also obtain that

28 = [[ e s Gy (b ) B ) (e d d,
R

m

and then we can pass to the limit as » — o0 in the eigenvalues too. Specifically, since e™"* — ¢~ ™ in
L*®(R), we have e 7% x G — ¢~ % G in Cp(R), and therefore by (5-9) we obtain
AR (5-10)
as n — oo, where A is given by
A= // (7" % G)(%(xl +x2)) F(x) F(xy)dxydx, = / TIF]l(x)dx. (5-11)
R? R

Putting (5-9) and (5-10) together and taking limits as n — oo in (4-4) implies that {F Ry cn must
also converge pointwise to some other limit F e LL(R) by Fatou’s lemma. Note that since F¥ are all
B-log-concave, their pointwise limit F must be also. Indeed, note that we further have

AF(x)=T[F](x), xeR, (5-12)

and therefore, F € Ll (R) NP(R), in view of (5-11). Then, we actually have F* — F in L' (R) (thus
narrowly in P(R)) by Scheffé’s lemma. Since F is a narrow limit of the same sequence, we have F=F
and by (5-12) we obtain that (A, F') must satisfy the initial problem (1-5). Let us also emphasize that we
indeed have convergence in any L” Wasserstein space with 1 < p < 2 because all the p-th order moments
with 1 < p < 2 are uniformly integrable by (5-1); see [Ambrosio et al. 2008, Proposition 7.1.5].

Step 2: Uniqueness of quasiequilibria. Note that several different convergent subsequences of {F®}z_
in Step 1 could give rise to various eigenpairs (A, F) of (1-5). Whilst the global uniqueness is unclear with
this method, we prove that there can only exist one solution to (1-5) among the pairs (A, F') satisfying
(1-8). We exploit the one-step contraction property in Theorem 1.2(ii). Specifically, assume that (A, F)
is any other solution to (1-5) and define F, (x) = A" F(x), which is clearly a solution to the evolution
problem (1-1) with initial datum Fy € L ﬂr(IR) N C'(R) satisfying the hypothesis (H3) by virtue of the
assumption (1-8). Then, (1-9) implies

d F 2 d F

—(log —= < —(log — .

dx F/l, " 1+2p|dx F /|~
Again, since ﬁ < 1 by Remark 1.7, we obtain that F/ F must be constant. Since both F" and F are
normalized probability densities, then we necessarily have that F = F (and therefore 1 = ). O

6. Convergence to equilibrium for restricted initial data

In this section, we prove asynchronous exponential growth as claimed in Theorem 1.2(iii). More
specifically, we show that for restricted initial data the asymptotic behavior of the rate of growth of the
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mass || Fy, ||zt /]| Fu—1ll;1 and the normalized profiles F, /|| F,| ;1 is dictated by the solution (A, F) of the
eigenproblem (1-5) obtained in Theorem 1.2(i). We derive the relaxation of the normalized profiles under
the relative entropy metric. Our starting point is the one-step contraction property of the L°° relative Fisher
information in Theorem 1.2(ii) and the following version of the logarithmic-Sobolev inequality with respect
to strongly log-concave densities, which relate the (L?) relative Fisher information and the relative entropy.

Proposition 6.1 (logarithmic-Sobolev inequality). Consider any pair P, Q € LL(R) NP(R) such that Q
is y-log-concave for some y > 0. Then, we have

DkL(PlQ) < iysznQ) —12 P1O). 6-1)

where Dxy is the relative entropy (1-12), I, is the usual (or L2) relative Fisher information (1-18), and
Lo is the L™ relative Fisher information (1-6).

On the one hand, the first part of the inequality (6-1) amounts to the usual logarithmic-Sobolev
inequality with respect to a strongly log-concave measure; see Corollary 5.7.2 and Section 9.3.1 in [Bakry
et al. 2014] for details. On the other hand, the second part of the inequality readily holds by definition.
Therefore, putting Theorem 1.2(ii) and Proposition 6.1 together, we end the proof of Theorem 1.2(iii).

Proof of Theorem 1.2(iii). By iterating n times the one-step contraction property in Theorem 1.2(ii) and
using the logarithmic-Sobolev inequality (6-1) in Proposition 6.1 we obtain

< . F><C( : )zn ©2
=G -
RN 1+28
for every n € N, where the constant C; reads
1
Cri= 5 TRl F),

and it is finite by the assumption (H3). This proves the relaxation of the normalized profiles towards F in
the relative entropy sense. Regarding the rate of growth, we note that

F, n— F,_
M Fallpr // <x1+X2) 1(x1) 1(x2) dxy dxs 63)
| Fy—1ll R2 2 | Fotllp | Fuetllp
=//2¢<x1 JZ”Z) F(x)) F(x2) dx, dx». (6-4)
R

where (A, F) is the solution to (1-5) in Theorem 1.2(i), and ¢ := G * e~ again. Taking the difference of
the two identities (6-3) and (6-4) above, we achieve
”Fn”L' ‘ F.1 Foa
l

o nE —FQ®F
I Fn—tllr Footllpr — 1Fa—1llp

- ' ol Lo

L!

” n—llll 1 || ll—1||l 1

— 1] \/D (—F"—l ’F)<C< 2 )
IR e W T A ="N\1+28)
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with a explicit constant C, > 0 taking the form

Cr = |lpllL~/Cy.

Note that above, we have used successively Holder’s inequality, Pinsker’s inequality, the tensorization
property of the relative entropy, and (6-2) to reach the conclusion. O

Appendix A: Intermediate dualities

For simplicity of the discussion, we do not present here the intermediate Kantorovich-type dualities in
the case of nonlinear transition semigroups as in (2-4), but we rather focus on linear semigroups. More
specifically, we have the following intermediate result which is reminiscent of the natural interpolation of
Kantorovich duality for L! Wasserstein distance, and Lemma 2.4 for L% Wasserstein metric.

Proposition A.1. Consider any u,v € Pp(le)for some 1 < p < 0o, and set any function u € C'(R?)

such that u > 0 and V (u'/?) € L (R, RY). Then, the following inequality holds true for any 1 < q < oo,
and q’ given by é—l—% =1:

1/p 1/p
‘(/ u(x) ,u(dx)) — </ u(x) v(dx))
Rd Rd

Here, W), , denotes the L¥ Wasserstein distance associated with £, norm of RY, see (1-24), and we use

the convention that u'/* =log u for all u > 0.

< IV @'/?ylly

|Loo Wp,q(,u’ U)'

Proof. Let us consider any constant-speed geodesic ¢ € [0, 1] +— p; € Pp(Rd ) in the Wasserstein space
(Pp([Rd ), W,.4) joining p to v. Specifically, p satisfies the continuity equation

a o +div(pv) =0, 1e[0,1], x € R?,

(A-1)
pPo=Mn, p1=V,
in the distributional sense and, in addition, we have
lvellg Nl o,y = Woia (s ), 2 €10, 10, (A-2)

Let us also define the function

E(t) := fw u(y) pi(dy), tel0,1].
Since p € Lip([0, 1], Pp([Rd)), we have E € AC([0, 1]) and by the continuity equation (A-1) we have
4E 1/p 1/p
— D= /Rd Vu(y) - vi(y) pr(dy) = prd V@) () - v (u T () pi(dy) (A-3)

for a.e. 1 € [0, 1], where we have used the identity Vu = pV (u'/?)u'/?’. Therefore, we obtain

< ”/W IV @ PYO) g oe D P (v) pe(dy)

<plIva'’?,|

. /R ) g ) )

<plIva' i,

Lo || llvs ||q ”LP(p,) “ul/p/ ”LP’(pD
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for a.e. t € [0, 1], where in the first step we have used Holder’s inequality with the exponent g applied to
the inner product in the integrand of (A-3), and in the last step we have used Holder’s inequality with
exponent p applied to the integral of the second line. Using the constant-speed condition (A-2) in the
second factor, and ||u!/ P ;. (o) = E@®)Y P in the last one, we obtain the relation

< PV @ P) || oo Wp,g (e VIE@)P

dE
'E(t)

for a.e. t € [0, 1], which amounts to

‘dEl/P

—— O = [IVa'"ly

(0

L Wp,q (M ’ V)
for a.e. ¢ € [0, 1]. Integrating between 0 and 1 implies

IEQO)? —EMYP < [[IV@"P)],

Lo Wp,q (/J" U).
Then, noting that E(0) = [, u(x) u(dx) and E(1) = [, u(x) v(dx) ends the proof. O

As a consequence, we obtain the following result, which allows identifying the Lipschitz constant of a
function with the Lipschitz constant of an associated nonlinear functional over P, (RY).

Corollary A.2. Consider any 1 < p < 00, set any v € Cl([R{d) with Vv € L°°([R€d, Rd), and assume that
v > 0 when p < 00 but not necessarily when p = oo. Define the functional ®, , : P, (RY) — R by

(Jga v)? M(dx))l/p if p < oo,

®, (1] = { .
o log(fps €*® p(dx))  if p= o0,
forany u € Pp(Rd). Then, for any 1 < q < oo the following identify holds true:

2 1 e )
sup .
w,veP,(RY) Wp,q(,uva V)

[Vl

Lo —

Proof. First, note that the change of variable v = u'/? and Proposition A.1 readily imply

} > su q)p,v[,u] - q)p,v[v]
= Wpgv)
©w,veP, (RY) p.g s

11Vl

On the other hand, also note that by particularizing the measures u, v € Pp(Rd ) to be Dirac masses at
respective points x, x’ € R? we obtain
ch,v[M]_(Dp,v[V] cbp,v[ax]_q)p,v[sx/] U(X)—U(X/)

e =0 = sup === [1vlly|
M,UEPP(Rd) Wp’q(,u/a U) x,x'eRd Wp,q(gx’ 5)6’) x.x'eRd ”)C —x ||q

L>*

This proves the converse inequality and then the above identity holds. O
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Appendix B: Lower bound of Gaussian convolution of log-concave densities
We present a technical result which computes an explicit lower bound on the convolution of a Gaussian
density and any strongly log-concave probability density.

Lemma B.1 (lower bound I). Consider any f = e~V € L1 (R) N P(R), such that V € C'(R) with
V'(0) =0, and f is y-log-concave for some y > 0. Then, we have

Fx0= 7 y+1,
(G f)(x0+8) = G(26) f (x0 — 5)/ eXp<Tz ) dz (B-1)
0

for any § > 0 and each xy > VTHS , where G denotes the standard Gaussian distribution (1-4).
Proof. For simplicity of notation, we define x+ := xo = § and we note that we can write

1
@m)!”2
where the function U : R — R is defined by

(G * f)(rs) = F) / VU g (B-2)
R

U):=V@)+3ix—x)% xeR

Since the potential V is y convex, we have that the potential U is (y+1)-convex. By the convexity

inequality applied to the pair of points (x, x_) we then obtain

y+1
2

for any x € R. Consider the unique minimizer x, € R of the potential U. Since in particular x, is a critical
point of U, we have

Ux)=U@) +U'(x)(x_- —x)+ (x— —x)? (B-3)

0=U"(xs) = V' (xs) + (x5 — X4).

Multiplying above by x* using that V’(0) = 0 by hypothesis along with the convexity inequality of V
applied at the pair (x,, 0), we infer yx2 < (x; — X,)Xy, and therefore

x| <

. B-4
y+1x+ (B-4)

Since U’ (x) > 0 for x > x, and x_ — x > 0 for x < x_, (B-3) implies
p
1
U) = Ux) + %(x_ —x)?

for any x € (x,, x_). Let us note that indeed we have the appropriate ordering x, < x_ since by (B-4)
and the assumption x¢ > VT”S we obtain

1 1
Xy < Xy = x0+98)<xp—8=x_.
« ST y+1(0 ) < Xo

Writing everything in terms of V implies
y+1
2

Ve - U@ 2 —3 0 —x) + o — 2 (B-5)
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for any x € (x,, x_). Injecting (B-5) into (B-2) we obtain

y+1

(G* f)(xy) = Glry —x) f(x) / N exp( (x_ —x>2> dx.

Of course, the above implies (B-1) by a simple change of variables z = x_ — x, and noting again that

1 1 y y+2
X4 = (x0—98) — (xo+9) = 0— )

X — Xy = X_ — X
y+1 y+1 y+1 y+1

’

thanks to (B-4), which yields again positive a positive upper bound by the assumption xg > y7+25 . O

Note that arguing along the same lines, we can prove an analogous result where the above positive
strongly log-concave density f is replaced by its truncation fp to intervals I := (—R, R). Specifically,
anything that we need to guarantee is that [x,, x_] C Ig. First, note that x_ < R amounts to the condition
xo < R+ 4. Second, by (B-4) we obtain that x, > —R as long as #m_ < R, which amounts to the
condition xo < (y +1)R —§. If we take R large enough (namely R > 25/y) then we have that the former
condition on xy is the most restrictive. Therefore, we have the following result.

Lemma B.2 (lower bound II). Under the assumptions in Lemma B.1, let us define
fr(x) = e VRO, x eR,

VR(x) :=V(x)+ x;,(x), xe€R,

forany R > 0, where x Tr is the characteristic function associated to I g (see (1-23)). Then, we have

(G * o) (x0+8) = G(28) fr(xo— 6) f e exp(y ; 1Z2) dz (B-6)
0

forany § > 0, each VTJFZS <x9 < R+36,and every R > 2}/—5.

Appendix C: Euclidean estimates on the displacement of the Brenier map between perturbations
of log-concave measures

In this section we present a proof of the uniform bound of the £, norm on the displacement of the Brenier
map between perturbations of log-concave measures.

Lemma C.1. Consider two densities f, g € Lfr([Rd) NP(RY), assume that

{zeR?: f(z) >0} ={z e R : g(z) > 0} = Bg,

where By is the Euclidean ball, and suppose that f = e~ ", g =e~" are y-log-concave for some y > 0

and f, g € CY3(BR) for some 8 > 0. Let T = V¢ : Bg — By, be the Brenier map from f to g. Then,
1 ~
Wos2(fo8) < [IT =12 o 5, < ;H IVOW =W l2| e -

As mentioned in Remark 3.1, this result is not enough for the sake of this paper, but was the starting
point to prove Lemma 2.6. The technique to prove it is essentially based on the computations in [Ferrari
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and Santambrogio 2021], but we provide the proof here since the statement is not a direct consequence
of it. On the other hand, this very result has its own interest, as one can see from the recent paper
[Khudiakova et al. 2024].

Proof of Lemma C.1. Since f, g € C'**(Bpy) are bounded below on By by a positive constant, f =g =0
outside Bg, and Bp, is uniformly convex, Caffarelli’s theory [1996] proves that T € C 25(B r). We consider
T(z) —z =Vy(z), where ¥ (z2) = ¢(z) — %||Z||%- The function ¥ solves the Monge—Ampere equation,
which we write in logarithmic form:

logdet(D>y(z) + 1) = W(Vyr(z) +2) — W(z), zeR% (C-1)
Taking partial derivatives d,, in (C-1) we have
tr((D*¢) ™10, D>Y) = VW (VY +2) - 3, VY + (VW (VY +2) — VW) -er, z€RY,

for 1 <k <d. We then multiply by 0., and sum over k, so that we obtain
2 4y —1 2 v 1 2 o d
tr((D )Y D Mmﬂ) =VW(VY+2)-05 31V )+ (VW (VY +2)-VW)- Vi (2), zeR
k

We now consider the point z* € B which maximizes %||V1//||§, which is also the maximum point
for the displacement |7 — I||>. Such a point exists since the ball By is compact. Moreover, [Ferrari
and Santambrogio 2021, Lemma 3.1] shows that such a maximum cannot be attained on the bound-
ary d Bg. Hence, we can apply first- and second-order optimality conditions. In particular, we have
9y (311V¥113) (z*) = 0 and the Hessian matrix D?(5[|Vy/[|3)(z*) has to be negative-definite, i.e.,

> 8, D2 (29 ¥ (%) + (D2 (2)* < 0.
k

Using the fact that (D2 (z*))? is the square of a symmetric matrix, and hence is negative, we obtain
that ), dx, D2 (2%)dy, ¥ (2*) is itself negative definite, and the trace of its product times (D*@¢)~! is also
negative. This allows to obtain

(VW (VY (") +29) = VW () - Vi (z*) <0,

which implies
(YW (VY@@ +25) = VW) - V(@) < VW = W)l [V ()2,
and hence by y-convexity of W we have
yIVY @I < VW = W)l VY @) 2,
which ends the proof. U

Similarly to Lemma 2.6 for the £ norm of the displacement of the Brenier map, a more general result
1.8
loc

holds for strictly positive densities f, g € C, °(R?) supported in the full space R?.
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Corollary C.2. Consider two densities f, g € L L(Rd) N P(RY), assume that f, g > 0, and suppose
that f = eV, g = e~V are y-log-concave for some y > 0 and f, g € Cll.f([l%d) for some § > 0. Let
T = V¢ : R — R? be the Brenier map from f to g. Then,

Woea(£.8) = [T = Tl s = 5 NIV OF = W]

The proof is similar to the one of Lemma 2.6 arguing by a truncation argument and applying the local
version in Lemma C.1. Specifically, we truncate W and W and accordingly f and g to an increasing
sequence By of Euclidean balls preserving the Lipschitz and convexity bounds. We obtain a sequence of
optimal transport maps T transporting the associated truncations fr onto gg and satisfying

7% = Tl 5 < SNV = W)l oy,
(BR) y

for all R > 0. Finally, we pass to the limit in the above estimate as R — oo.
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THE L* ESTIMATE
FOR PARABOLIC COMPLEX MONGE-AMPERE EQUATIONS

QIZHI ZHAO

Following the recent developments in Chen and Cheng (2023) and Guo et al. (2023), we derive the
L™ estimate for Kéhler—Ricci flows under certain integral assumptions. The technique also extends to
some other parabolic Monge—Ampere equations derived from Kéhler geometry and G, geometry.

1. Introduction

We will derive the L™ estimate for the Kihler—Ricci flow

. n
0 :log(enF‘z)On>,

@(+,0)=go(-)

under the assumption that the p-entropy Ent,(F) = f w |[FIP e"F wy" is bounded and f v Foo" has alower

(1-1)

bound. Here is our main theorem.

Theorem 1.1. Let us consider the flow equation (1-1) on M x [0, T), where M is an n-dimensional
compact Kdhler manifold. Let F be a space function, i.e., F : M — R. Assume, for some p > n—+ 1, the
p-entropy Ent,(F) = fM |F|Pe™ wy" is bounded and fM nFwy" > —K. Moreover, suppose ¢ is a C?
solution, and let § = ¢ — £ pwy" be a normalization which has the zero integral. Then we have the L™
estimate

@1l Loomxpo,1y) < C,
where C depends on n, wy, ¢o, p, K, and Ent,(F). Most importantly, such a C does not depend on T .

Yau [1978] applied the method of Moser iteration to derive the L* estimate for Monge—Ampere
equations when | ¢"%||.» is bounded for some p > n. Later, Kotodziej [2003] gave another proof by using
the pluripotential theory under a weaker assumption that ||e"?| ., is bounded for some p > 1. More
recently, Guo, Phong, and Tong [Guo et al. 2023] recovered Kotodziej’s estimate by a PDE method which
was partly motivated by the breakthrough on the cscK metric of Chen and Cheng [2021].

The Kidhler—Ricci flow was firstly studied by Cao [1985] when he gave an alternative proof of Calabi’s
conjecture for c; (M) =0 and c; (M) < 0, which investigated the estimates for the Kdhler—Ricci flow instead
of Monge—Ampere equations. There are abundant results on Kdhler—Ricci flow, see [Eyssidieux et al. 2015;
2016; Guedj et al. 2021; Jian and Shi 2024]. Our result requires a weaker regularity on the right-hand side
than Cao’s L estimate and can be viewed as a parabolic analogue of [Guo et al. 2023; Wang et al. 2021].

MSC2020: 53E30, 58J90.
Keywords: auxiliary equations, energy estimates, parabolic complex Monge—Ampere equations.
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There are some technical improvements in our paper compared with previous results in [Chen and
Cheng 2023; Guo and Phong 2023; 2024; Guo et al. 2023]. The difficulty for the flow problem is that
we want to derive an L°° estimate independent of 7. But the original auxiliary equation may not serve
as a good choice. Our approach is to consider a local version of auxiliary flows instead, see Section 2.
Compared with the elliptic version of L estimates, our theorem requires an extra integral condition.
Rewriting (1-1) by oy, = e?F o™, we could see that the L™ estimate of ¢ comes from some p-entropy
bounds on ¢#*"F. Roughly speaking, we need not only the p-entropy bound controls on ¢ but also
some upper bounds on ¢. In Kéhler—Ricci flow, Cao proved the supremum of ¢ can be controlled by
the infimum of ¢"¥ when F is smooth. Indeed such estimates can be generalized to general parabolic
Monge-Ampere flows. However, in our theorem, we can improve the pointwise condition by some
integral condition on F'.

There are two directions to generalize Theorem 1.1. As in [Chen and Cheng 2023], we can replace
the Monge—Ampere operator on the right-hand side by a more general nonlinear operator . Write
wo=+/—1g i dz/ A dz™ in local coordinate; then the corresponding endomorphism hy, which is relative
to wy, can be expressed by (hw)i = g/™m (wy)mk in local coordinate. Let A[A,] be the vector of eigenvalues
of hy, and consider the nonlinear operator ¥ : I' C R" — R with the following four conditions:

(1) The domain I" is a symmetric cone with I, C I" C I', where I’y is defined to be the cone of vectors A
with o;(4) > 0 for 1 < j <k, where o; is the j-th symmetric polynomial in A.

(2) ¥ (1) is symmetric in A € I" and it is of homogeneous degree r.
3) % >0foreach j=1,...,nand A €T,

J
(4) There is a y > 0 such that

”aT@)>

> yF" =D forall A eT. (1-2)
A

j=1

The above requirements come from [Guo et al. 2023], and there is a slight modification on the last

condition since the homogeneous degree of ¥ is r under our assumption. The complex Hessian operators

and p-Monge—Ampere operators are examples. More examples can be found in [Harvey and Lawson
2023]. Here is our first generalization.

Theorem 1.2. Let ¢ be a C? solution of the flow

@(-.0) = o

’ (1-3)

on M x[0, T), where M is an n-dimensional compact Kdhler manifold. Let F : M — R be a space function.
Assume, for some p > n+ 1, the p-entropy Ent,(F) = fM |F|Pe"F wy" is bounded and fM Fwy" > —K.
Then we have the L™ estimate on the normalization ¢

@l zoomxio,1y) < C,

where C depends on n, wy, ¢o, p, K, y,r,and Ent,(F).
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Another direction of generalization is motivated by Chen and Cheng [2023], who considered the
L™ estimate for the inverse Monge—Ampere flow

Lo 02 et (1-4)
@(-,0) = ¢o.
Indeed, we can consider the general complex Monge—Ampere flow
D) n
o =0( )
9 e”Fa)o" (1_5)
(p( ) 0) = o,

where © : Ry — R is a strictly increasing smooth function. Picard and Zhang [2020] proved the long
time existence and convergence of the flow (1-5) under the assumption that F € C*(M, R). It is the
Kéhler-Ricci flow when ®(y) = log y and the inverse Monge—Ampere flow (1-4) when ®(y) = —1/y.
The general parabolic Monge—Ampere flow (1-5) also arises from many other geometric problems. For
example, when ©(y) = y, this is the flow reduced from the anomaly flow with conformal Kéhler initial
data; see [Phong et al. 2019]. When ©(y) = yl/ 3, this is the reduction of the G,-Laplacian flow over
a seven dimensional manifold [Picard and Suan 2024]. We can apply the new technique to prove the
L™ estimate of the solution ¢ to the flow (1-5) under an analogue assumption on F.

Theorem 1.3. Assume ©(y) = —1/y, vy, or y'/3, and Ent,(F) is bounded. Moreover, consider the
constant K equal to max(O, f M O "F )wo”). Then, there exists a constant C depending on n, wy, ¢y,
p, K, and Ent,(F) such that

@1l Lo mxio.1y) < C,
where ¢ is a normalization of a C? solution of the flow (1-5).

Since ® < 0 in the inverse Monge—Ampere equation, we have K = 0, which means there is no extra
condition for this case.
Going forward, a constant is called universal if it depends only on n, wg, ¢o, p, ¥, r, K, and Ent,(F).

2. Auxiliary equations

In this section, we want to find suitable auxiliary equations as in [Guo et al. 2023] and [Chen and Cheng
2023]. To motivate what a good auxiliary equation is, we first consider the parabolic Monge—Ampere
flow (1-5). To have some monotonicity properties of the auxiliary solutions, we prefer a flow with negative
time derivative of 1. Thus the inverse Monge—Ampere flow, see (1-4), is a good candidate.

Let us consider the inverse Monge—Ampere flow

{(—iﬁ.s)wa/fsn = fye"F ", 1)
V(-1 0) =0,
where
£ = (_‘”A—_S)* A, =/ (—p—e o di, Q={(G0)| (1) —s > O},
s Qq
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But such a flow has singularities, since the factor (—¢ — s)/A; is not smooth in a neighborhood
of 9Q2;. Thus we need to consider a sequence of smooth functions 7 (x) which converges uniformly to
x - xg+(x) and replace f; on the right-hand side by

Tk (—¢p —5)
Jo (=@ —s)ent”
By the dominated convergence theorem, v x converges to ¥, uniformly, which means we can always
take a limit in the inequalities to get the desired estimates as in [Guo et al. 2023] and [Chen and Cheng

2023]. To simplify our computations, we will keep using (2-1) as our auxiliary equation.

Another crucial modification of our auxiliary flow is that we must restrict the integration over the time
slices. To express our idea more clearly, we need Lemma 2.1 as well as Corollary 2.2 in [Chen and Cheng
2023], which will be stated below. For the reader’s convenience, we will also include the proof from
[Chen and Cheng 2023] here.

Lemma 2.1. Consider the inverse Monge—Ampére flow

{(_(/'))wwn — eanOn,
@li=0 = @o.
Assuming

/ enFa)On dt =Cy < 00,
M x[0,T]

we have |sup,; ¢| < C, where C depends on n, wy, C1, and ||@o|| Lo~.

Proof. Since ¢ < 0, we can get the upper bound by
sup ¢ < sup o =< l¢ol| L.
M M

To estimate the lower bound of sup,, ¢, let us consider the /-functional

n
_ 1 n—j j
1) = chpro Aoy
j=0
and its derivative

L) = f dpw," = - f "oy
M M

Therefore, for any ¢’ € [0, T'], we have

t/
d
L) = 1(go) = / g (@) de=— / "y dr
0 M x[0,1']

> —/ eanOn dt =—-Cy,
Mx[0,T]

which implies I (¢) is bounded from below on [0, T'].
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The lower bound estimate of | y $@o" comes from integration by parts:

n
n _ 1 n—j J J
/Mf/)wO —I(w)—/M mzwo A (wo” —wy”)

n+1/ Za)o” I AN—103(— w)Zwof 1=l A 1

n j—1

—1- I
= i [ VTG Y Y ! 0,
j=0 1=0
Therefore, we have f y $wo" > —Cy and
Ci
supg > ————— iy O
W~ Vol(M, wo) /MWO = Vol(M, wy)

Corollary 2.2. There exists a constant a > 0 depending only on wy such that

tel0,T1 I M

where Co depends on M, wy, C1, and ||@ol| 1.

This is a flow version of Hormander’s result; see [Hormander 1973, Lemma 4.4] and [Tian 1987] for
local and global version of such integral estimate, respectively.

Proof. Since ¢ is a wp-psh function for every ¢ € [0, T'], we have

sup / e VWS @) <
tel0.71/m

From Lemma 2.1, the uniform bound of sup,, ¢ gives us the desired inequality. U

The above Corollary 2.2 gives us a uniform bound on each time slice. If we apply this corollary on the
space time M x [0, T'), then a factor T seems unavoidable on the right-hand side. Therefore it is better to
divide the whole space-time into several pieces M x [fg, fp 4+ 1] and try to seek an estimate independent
of ty. This idea inspires us to consider such auxiliary equations involving only local information.

To get the L°° estimate, we need also to consider the normalization in Theorem 1.1, which follows the
same normalization in [Picard and Zhang 2020]. In conclusion, we need to use the domain

Q ={( 0| =g 1) —s >0}
as a substitute for €2;.
For any 9 € [0, T — 1), let us consider a family of regions €2 ;, = ﬁs N (M x [tg, to+ 1]) and define a
family of auxiliary equations

. _ F
{(—ws,m)wws,m” = fsun€" ", (2-2)

WS l()( T 0) -
where Ay, = [ (=@ —s)e"Fwy" dr and fy = (=@ —9) - g

5.10) .10

/As 1o
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The benefits appear when we apply Corollary 2.2 to such auxiliary equations. As a result of the choice
of f; ., the integral on the right-hand side of the equation is 1. This implies

/ e_aw“"oa)()n dr < C», (2-3)
Qs,to
where the C; is universal now. The above inequality is crucial, because it integrates against ¢ while it
remains independent of T and fy. We will use inequality (2-3) frequently in the following sections.

The family of auxiliary equations (2-2) meets the same problem as (2-1). To be precise, we also need to

apply 7x to remove the singularities. For the same reason, we will keep using (2-2) in the following sections.
The extra integral condition was chosen to make the normalization ¢ satisfy three properties, as follows.

Lemma 2.3. Let § be given in Theorem 1.1. Then we have
(1) sup;ejo.7) [y 90" = Cs,

(2) ¢ =G5,

3) [y 1@lwo" < Cs,

where Cs is universal.

Proof. For (1), it comes directly from the estimates
n n
f Qwy" = f log( Ci(p )a)o” = f log(ww >a)0" — f log(e™F)ewy"
< log<f a)(p”) — f log(e"Mwy" = — % log(e"MHwy" < K.

The first estimate comes from Jensen’s inequality while the second one comes from the assumption on F.

The average integral is chosen with respect to V = || y @0
To prove (2) and (3), let’s consider Green’s formula

% =f pwp" —/ GApw" = —/ GApwy" = —/ GApwy",
M M M M

where G is the Green’s function with respect to wy.

It is well known that the Green’s function G could be shifted to be nonnegative and with L' norm
bound C’. Combining with tr,,, w, =n + A¢ > 0 and Green’s formula, we have the universal estimate
@ <nC’.

Let /1 and /_ be the integrals of the positive and negative parts of ¢, respectively. Then we have

0:/¢:I+—1_ and I, <nC'V.
M

Thus
/ |¢| =1, +1_=2I, <2nC'V.
M

The lemma follows from choosing C3 = max(KV,nC’,2nC'V). O
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3. Entropy bounded by energy

From Section 2, we get a good choice of a family of auxiliary equations (2-2). The following lemma is a
key to the proof of Theorem 1.1,

Lemma 3.1. Let ¢ be as in Theorem 1.1 and i 4, be a solution of the auxiliary flow (2-2). Then there are
constants B, €, and A, with

n+1 n42 (n+2)”+2 42 ( C, )n+1
b= n+l o€ n+1)B S0

where Cy4 is a universal constant defined below, such that

—e(—VYss+ A0 =g —5<0 (3-1)
holds on M X [ty, tg + 1].

In the following estimates we will use ¥ and f to denote v, and f; ;,, respectively. Let us consider
the test function H = —e(—¥ + A)? — @ — s and the linearization operator L = —3/dt + Ay, of the
Kéhler—Ricci flow (1-1). The idea of the following argument comes from [Guo et al. 2023].

Let €27, denote the interior of €2 ;. Suppose the maximum of H is attained at some point xo = (2o, )
outside €27 , 3
the maximal point xo of H is in €27, and then apply the maximum principle.

then we have H < H (xg) < —¢(x9) —s <0. To complete the proof, we only need to assume

The scheme of the proof is to estimate L H at xg. The constants are chosen to make 0 < 8 < 1 and
1 — Be AP~1 =0, which imply some cancellations. Moreover, such relations among the constants imply
that L H is different from H by a positive coefficient at xo. Roughly speaking, the lemma holds because
of the facts that H is proportional to L H and L H < 0. Therefore let us firstly apply the operator L to H
at xo:

0> LH =—Pe(—y + AP + ¢ — f gy
+Be(—v + MNP ALY + B = Ble(—v + M 209l — Au,p
> Be(=Y + AT () = (=) + fe(= + NPT A Y — Ay, 9 — C3
= Be(—Y + M (=) = (=@) + Be(—v + M) try, 0y
— try, Wy + (1 — Be(—=¥ + AP tr,,, wp — C3
> Be(=y + NPT (= 11y, 0y) = (=@ + C3+n).
The last estimate comes from the choice of auxiliary equations. Since Y solves some inverse Monge—
Ampere flows with initial data being identically 0, we have v <0 on M x [0, T), and moreover

1—Be(—y + AP >1—Beaf1=0.

Then we need to deal with the factor —12f + try, @y, which is the main term of the estimate. By the
geometric-arithmetic inequality, we have
. . " 1/n
—Y +try, 0y > —1p+n(—lf:) . (3-2)
W
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Combining (3-2) with the two flow equations (1-1) and (2-2) and using the geometric-arithmetic
inequality again, we have

. . o 1/n
4+, Wy > +n< ‘”)

o
>~ +nf"" exp(— 1) (—i) "
> (1 DFU exp(——9). (3-3)

Thus replacing —{p + tr, wy by (3-3), we have the following estimate at x:

02 LH = (n+ Dpe(=y + M [0 D exp(=—2p) = (=g + Ca+m)

- B=1 ¢1/(+1) _ (. 1 )] (_L )
= [0+ De—y + 07 f (=g +Cr+mexp(=70) |exp(—579)-
Since the exponential function is positive, we can simplify it by
B—1 £1/(n+1) | (o 1 .
0=@m+Dpe(=y + A" f to—-CG-njexp(;—7¢) (3-4)

which looks similar to the desired inequality (3-1) in Lemma 3.1. Let us consider a function

hx)=(x —n—C3) exp(%x).

n+1

The function 4 : R — R has a universal lower bound —C4, where

Ci=(mn+1) exp(C:__l).

n+1
Thus we have h(¢) > —C4, and moreover

(n+ 1D Be(—y + AP /0D ¢y <0, (3-5)

Since f = (—¢ —s)/A; 4, at the maximal point x¢, inequality (3-5) is equivalent to

n+ D\ L —F—s D
( Cs e ——= < (AT, (3-6)
8,to

which is the test function when we chose the constants 8, €, and A as stated in Lemma 3.1. Thus we have

H < H(xp) <0,
which completes the proof.
From the above Lemma 3.1, we have
ﬂ < (c(—y + A))(n+1)/(n+2) (3-7)
1/(n+2) — ’
S,to

where

e ((n+ 1)%e >"+2
T\ +2)C, '
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The following estimate comes from (3-7):

—G—s (n+2)/(n+1)
/Q exp[k(m) :|a)o" dr < /;} exp{ic(—Ys.1, + A)}wo" dt.
.Y,t()

S,lo KN

If the universal constant A is chosen to make Ac = «, then, by Corollary 2.2 and inequality (2-3), we

J.

where C is universal. In Lemma 3.1, The constant A is chosen to be proportional to Ay ;, i.e., A =c"Ay 4,
for some universal constant ¢’. Then we can bound the right integral by C exp (C Ay ;,) for some universal

have

e_kc‘”sv’oa)o" dr < / e_"’%-’owon dr < Cs,
M x[to,t0+1]

5,10

constant C.
Let us define E = sup; cjo.7—1) [y w101 (—? + C3)€" " wo” dr. Then we have

Aspy = / (=g —s)e"t < f (=g +C3)e"" + f (—C3 —s)e"F
Q Q Q

$,10 $,10

< / (=@ + Cy)et = f (=@ + C3)e"F + / (§— Cy)e"F
Q M

5,10 x[to,t0+1] M x[to,t0+11\ s,

:E+/ (¢ —C3)e"f <E,
M x[t0,00+11\L2y

where the last inequality comes from ¢ < C3 by Lemma 2.3. In summary, we have

—G—s (n+2)/(n+1)
/ exp [A(m) :|a)0” dt < Cexp(CE). (3-8)
Q5"0 AS,I()

The E defined above is called the energy. The C3 term inside the integral comes purely from a technical
consideration that makes the inside function of the integral positive. There is no significant difference
from the elliptic case where E = [(—¢) since the extra integral 0 < [ ¢"F < Vol(M, w) + Ent,(F) is
universally bounded from both sides.

To end this section, we will use the De Giorgi iteration method to derive the C° estimate by assuming E
is universally bounded. In the next section, we will apply the ABP estimate to get the universal bound
on E which will complete the proof of Theorem 1.1. To prepare for the iteration procedure, we need such
an inequality to run the iteration:

P (s +1) < Ay < By (), (3-9)
where ¢, (s) = [, e"Fwy" dr.
$,10
The following lemma is the De Giorgi iteration mentioned above.

Lemma 3.2. Let ® : Ry — R4 be a decreasing right continuous function with lims_, o ®(s) = 0.
Moreover, assume r® (s +r) < Bo® (s)! 1% for some constant By > 0 and all s > 0 and r € [0, r]. Then
there exists a constant Seo = Soo (80, Bo, o) > 0 such that ®(s) =0 for all s > S, where sg is defined
during the proof.
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Proof. Fix an sg > 0 such that d(s0)% < 1 /(2Bg). Such an s exists since ®(s) — 0 as s — oo. Define
{sj} by
sj+1=sup{s > s; [ ¢(s) > 30(s))}.

Thus
. . \1+6 . )8 —Jd0 o —Jdo
Sit1—58; < By®(s;) T/ D(sj41) < 2ByP(s;)° <2Bp27 /0 P® <27/%,
Letting
1
Soo =SO+Z(Sj+1 —5j) <so+ 155"
j=0
we complete the proof. O

In our application, ® is chosen to be ¢,,. Let us derive the two sides of (3-9) separately. The left-hand
side of (3-9) can be derived by definition which is similar to the proof in [Guo et al. 2023]. The following
calculations are direct:

As,z():/ (=g —s)e"Fwy dtz/ (—@ —s)e"F wy™ dr
Q Q

5,10 S+,

2/ (s+r—s)e"Fwy dr =rp(s+r).
Q,\'+)",t0

To get the right-hand side of (3-9), we need to apply the following inequality coming from Young’s

inequality:
/ vPe" wy" dt < 1™ N 11 og Lyr M xTr0.10+11) F Cp/ e*wy” dt. (3-10)
Q. Q.
If we choose
. A ( —QZ — )(I’H-Z)/(I’H-l)
o\ 1/n+2 ’
AVHES
then by the above inequality (3-10) we have
/ (—§ — 5) TP/ F i qr < C(E) ALY, (3-11)
Q

$,10

where the factor C(E) is a constant dependent on n, wo, ¢o, p, ¥, K, Ent,(F) and additionally on E.
The explicit dependence of the constant C(E) on E can be expressed by combining inequalities (3-10)
and (3-8).

Thus the right-hand side can be derived by the estimate

Asi = / (—@ —s)e"F wy™ dt

Q.

1)/ (42)p) g
< (/ (=G — S)(n+2)p/<n+1>enF> , (/ enp>
& Qupy

s,10

< C(E)(n-i—l)/((I’H—Z)p)A;’/t(()n-l-Z)d)1—(n+1)/(p(n+2))

fo ’
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where the first line is by Holder’s inequality and p is the Holder coefficient

n+1 1
+ ==
p(n+2) ¢
In (3-9), we can choose
_ g p=n—1 _ 1/p
So=1+ FICESY) and By=C(E)"'"’.

To complete this section, we need to get an explicit expression on sg. By Chebyshev’s inequality

1 3 E
b1 (5) < —f (—g)e" ol < =
s Jao,, s

we can choose so = (2Bg) /% E.
In conclusion, we get the following theorem from the above arguments.

Theorem 3.3. Let ¢ be as in Theorem 1.1. Then we have

sup |¢| < C(n, wo, @0, p, v, K, Ent,(F), E).
M x[0,T)

Moreover, if E can be controlled by a universal constant, then we have Theorem 1.1.

4. Energy bounds by the ABP estimate

In this section we use a parabolic version of the ABP estimate proved by Krylov [1976] and Tso [1985]
to give us a uniform energy bound. This approach was introduced in [Chen and Cheng 2023] and is an
analogue to the elliptic version in [Guo et al. 2023].

Let u be a function defined on D = Q x [0, T'], where 2 is a bounded domain in R”. Then the parabolic
ABP estimate says that

1/(n+1)
sup u < sup u + C, (diam )"/ D ( / |8,u det D?u| dx dt) , (4-1)
D arD r
where dp D is the parabolic boundary of D and I" = {(x, ) | d,u > 0, Dfu <0}.
As mentioned in Section 2, we want to construct a family of local auxiliary equations. The auxiliary
equations in this section are chosen to be

UF1P4+1) - XM, 10+1] F
(=0 ¥y, " = o e wy",
0 0 fMX[tO’t0+l](|F|p+l)enFa)On dt (4—2)

wl‘o('so) :O

We will use ¥ to denote 1, for convenience and will skip the computation involved with t; for the
same reason we did in Section 2. Moreover, define a universal constant

v =/ (|F|? 4+ De"F wy dr.
M x[ty,to+1]

Parallel with Lemma 3.1, the following lemma plays a key role in this section.
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Lemma 4.1. Let ¢ be as in Theorem 1.1 and r be a solution of (4-2). For any 0 < B < 1, there exists
a constant C which depends on n, wy, o, p, v, K, Ent,(F), and additionally on B, such that the
following holds on M x [ty, to + 1]:

—e(—y+A)f-g<cC, (4-3)

where the constants € > 0 and A > 0 are defined as

(4-4)

1on+1 1t g\ /(4D (1=B))
nP (2n + 1)P2P4m 19 (4 1yt Cp g\ Y B
10n+lap

,BEA’B_I = le, A= (
The constants € and A depend additionally on B.
Let p be the test function defined by
p=—e~y+ANF~g¢

and L be the linearization as above. To prove Lemma 4.1, we only need to restrict p to its positive part.
More precisely, consider /;(x) = x ++/x2 + s and use hs(p) to approximate 2. . Therefore we have

2sup p < 2sup p4 <suph;(p),

and in addition the upper bounds of 4 imply an upper bound of p.
Let us consider & s(,o)b , Where
1
=1+ ,
2n+2)2n+1)

and assume /i (p)? attains its maximal value Q at some point xo € M x [0, T)). Moreover, we can assume
Q > 1, otherwise there is nothing to prove. Let us apply the parabolic ABP estimate for H = h,(p)? - 1,
where 7 is a cut-off function defined below.

Assume rg = min{1, inj(M, wgy)}, where inj(M, wp) is the injectivity radius of (M, wp). The cut-off
function 1 : M — R is defined in the following way:

n=1 on B, (xo, %ro), 4-5)
n=1-06 on {M\Bwo (xo, %ro)}, (4-6)
l-0<p<l1 on { Bu, (X0, 370)\ Buy (¥0, 370)} (4-7)
\Vnla, < 100%/rg, (4-8)
V20w < 100/72, (4-9)

where 0 < 6 < 1 is a small constant defined by

2 1
6 = min "0 < L
10000 22n+1)2n+2) | — 10

Since 7 is a space function, it has vanishing time derivative, which reduce our later computations.
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Proof of Lemma 4.1. The following inequality can be derived directly by applying the operator L on H:
LH > bh'h" 1 (=8,p)n + (Ay,h")n + 2Re(VAH", Vi)o,, +h Ay, 1. (4-10)

We will consider each of the terms separately to get good controls. Let us bound the last two terms:

100
hP Ay, = —r—zhbtr% wo, 4-11)
0
— b(b—1 b
2Re(Vh?, V) > — ( 5 )|Vh|3%hb—2 — ﬁhbwn@w. (4-12)
Then, we expand the second term and get
(Aw,h")n=b(b - 1)|Vh|i¢hb’2n +bh'h" (A, p)n + b|V,o|iwh”hb’ln. (4-13)

Combining (4-10)—(4-13), and noticing that the first term in (4-13) can be absorbed into the first term
in (4-12) and the third term of (4-13) is positive, we have

- _ 2b 100
LH z bh ™ (=0p)n +bI "™ (A, p)n = 5= h1VnlG, = —5=h" tro, @0
0

bl 2b 1062 b 106
> bh h (L ) — mr—]/l rww woy — r—h tl'wg7 . (4-14)
0 0

As we mentioned, the derivatives of the cut-off function n will produce tr,,, wo terms in (4-14) which
will be absorbed in the later estimates. The Lp term is the main term of (4-14), and it has the same
structure as the main term of the test function appearing in Lemma 3.1. This fact motivates the following
argument.

Let us compute Lp and drop the positive term S(1 — B)e(— + A)P72|Vy|%. Then we have

Lp > —Bey (= + NP + G+ Be(—y + NPT A v + B(L— Be(—y + NP2V P — A, ¢
> —Bef (=¥ + NP+ g+ Be(—y + AP TIAL Y — A9 — Ca.
Since Ap, @ +1try, wo=n and Awww + try, W0 = try, Wy, We have
Lp = Be(—y + NP (= +tr,, wy) + ¢ + (1 — e AP tr,, w9 — C3 —n. (4-15)

The tr,,, wo term in (4-15) will serve as a good term to absorb the last two terms in (4-14). The estimate
for the rest of the terms in (4-15) follows the same idea in (3-2)—(3-4).

Be(—y + NP1 (— + 1, wy) +¢— C3—n

> (n+ (= + A FUIOHD exp(= )+~ Cs =
= [+ Dpe=y + A FID 4 - €3 = mexp(—0) [ exp (- —70)

> [+ DBe(=y + AP FUOHD — Cylexp(-— ). (4-16)
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where
- (F1P 4+ 1) XM x[10,00+1]

f= .
fo[to,to—i-lJ('Flp+1)enFa)0n dr

What we have now is the following inequality, noting that the cut-off function satisfies % <n <1 for
any points in the space-time M x [0, T'):
LH > (14 Dbh'h=1 | D Be(—y + ayp—t foen _ _C4 exp(—an)
- 10 n+1 n+1
2002 106

- 9 1 -1
+bh? 1[—;1 1—BeAP Ny - " _h——
0" =F ) b-1rg br}

h:| try, wo. (4-17)
Although the core of the lemma is to control p., the choice of 4, makes the negative part of p involved
in the above inequality. So we will estimate on sets Q4 = {p > 0} and Q2_ = {p < 0} separately.
On Q_, we have

N
0<hi(p)=p+Vp+s=—————=</s
Vprts—p

P <.
Vpr+s
Combining the two bounds on 4 and /' and inequality (4-17), we have

1 ) 2002
n+1 ¢

and

0<rhi(p)=1+

LH > bsb—D/2 |:—C exp(— h e, wo — —2h e, a)o:|

(b—1Dr br}

gD [—c exp(—ﬁg{)) —c(b, 0, r)h tr,, a)o]

on _, where C is universal and
b.9.r0) 2002 N 100
cb,0,r) =——+ —.
0 (b — l)rg brg
On the other hand, 1 </’ <2 on . By the choice of the constants A and € in (4-4), the coefficient
of the tr,, wo term in (4-17) is positive.
Therefore, on the set 2, we have
_ 1z 10Cy 1 .
LH > Cbh"™! — N L A o s S (—— )
> [ﬂe( v+ AT S ot | P ?
Combining the above two estimates, we obtain

_ 1 .
LH > bs® 1)/2[_C exp(—mgo) —c(b, 0, ro)htr,, wo]xg_

_ 1z 10Cy 1 .
b—1 _ B—1 Fl/(n+1) _ _ _. _
+ Cbh (,36( v+ATSf —9(n+1)> exp( n—i—l(p)XQ* :R. (4-18)

To apply the parabolic ABP estimate for the test function H, we define the domain

T={(z,1)|9H >0, D?H <0}.
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We need also discuss how to control the operator L on I'. The estimate can be derived by

1/@2n+1)

0 2 o

LH:—a—H—l—A H<-— (2n+1)(‘ H -det D°H ‘( n)) ,
Wy

which connects our operator with the parabolic ABP estimate. In conclusion,

wOn 2\ 1/@2n+1) R R
|0, H -det D*H| - <— < ,
wy" 2n+1 2n +1

Note that the Hessian matrix D?H is the real Hessian of H instead of the complex Hessian of H.
Therefore we have

n\2
0, H - det D H| < ¢, R_2"*! (“’i) .
wo”

The factor w,," /wo" is hard to control since it appears as a quadratic term. We can use different strategies
to bound such term on 24 and €2_. On the domain 2., we have

2n+1 2
h(2n+1)(bl)<ﬂ€(_w+A)ﬁ1f1/(n+1)_ 10C4 )” exp( 2n+1 . )( )
_ wo"

9(n+1) nt+1l

2n+1 2—Q2n+1)/(n+1)
< h<2n+1)(b—l)( 10_C4 ) ’ e(n(2n+l)/(n+l))F<w_¢’n e
- 9(n—+1) wo"
10C 2n+1 w1 1/(n+1)
_ (9(n +41)) h(2n+1)(bl)e(n(2n+1)/(ﬂ+1))F(w_zn) , (4-19)

while on Q2_, we have

2041 [ oo, \?
Cn1)(b—1)/2 1 o
g&n (exp( —n+1<p) +c(b, 0, ro)h e, a)o> <w0”)

< CSS(2n+1)(b71)/2 _ C5s1/(4”+4), (4-20)

where Cs is not universal since it depends additionally on ¢, ¢, and .
Defining D = B, (xp) X [0, tp + 1] and combining (4-19) and (4-20), the parabolic estimate (4-1) tells
us that

sup(H) —sup(H)
apD

w 1/(n+1) 1/(2n+1)
§C6(/ h(2n+l)(b 1) (n(2n+1)/(n+1))F( ¥ ) wo" dt—i—/ Cssl/(4n+4)w0n dt)
DNQ, wo" DNQ

A

@ 1/2n+1)
Ce / (nh(2n+l)(n+l)(b—l)en(2n+1)F_|_ 4 )CUO dt+C5s]/(4"+4))
DN, n+1 wqy”

1/@2n+1)
C6</ 1/2 n(2n+l)F+/ a)(pn dl+C5S1/(4n+4))
DNy M x[to,t0+1]

1/2n+1)
Ce / Bl/2en@n+DF 1 4 o sl/(4n+4)> ’ (4-21)
DNQ,

A

A
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where Cg is universal. Moreover, C¢ changes line by line as it absorbs all universal coefficients derived
from the estimates. We use the volume of M to absorb the bad factor on €2 and Cs to absorb the same
bad factor on 2_

The integral over the set D N 2 is in fact integrated over the set

10C.
_10G o}.

_ B—1 F1/(n+1) _
{p>0}ﬂ{ﬂ6( v+ NS IS

Over this set we have, from the choice of constants,
10C4
9(n+1)
— %(_1// +A)(1—ﬁ)(n+1)/l" (4-22)

(n+1)/p
n(2n+1)|F| < ( ) \pl/P(ﬂE)*(nH)/p(_w _|_A)(1*/3)(n+1)/1?

Moreover, h(p) < 2p + +/s. Then by combining with the inequality (4-21), we have

sup(H) — sup(H)
D apD

1/2n+1)
< Cs ([ (—g+V9)'? exp(%(—ll/ + A)(l—ﬂ>(n+1)/,,)a)0” dr+1+ C5s1/(4"+4))
DN

1/@2n+1)
< Cs < / (=@ +expla(—y + M) PPy g de 414512 4+ Css/ “"*‘”)
< C + Css/@nt2) (4-23)

where C has the same dependencies as A. Moreover Cs changes line by line.

The last inequality is derived based on the following two inequalities: the integral || y (=)o dt is
uniformly bounded by Lemma 2.3, and the fact that 0 < (1-8)(n+1)/p < (n+1)/p <1since 0 < g < 1
and p > n + 1. Therefore the second integral is bounded by Corollary 2.2 and inequality (2-3).

By (4-23) and the definition of 9, we have

cQ'""V" <9Q < sup(H) —sup(H) < C + Css'/42),
D dpD

where c is universal. In addition, sup p can be controlled by

2sup py < suphy(p) < QV°.

The proof of Lemma 4.1 follows from taking the limit s — 0. g
Once we have Lemma 4.1, the following theorem is a direct application of Jensen’s inequality.

Theorem 4.2. Let ¢ be the C 2 solution defined in Theorem 1.1. Forany B € (0, 1) and ty € [0, T — 1), we

have the energy estimate

f (=g +C)PeFwy dt < C,
M x[ty,t0+1]

where the constant C has the same dependencies as A defined in Lemma 4.1.
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Proof. Similar to the application of Lemma 3.1 and (3-7), we have
/ exp(cp(—¢ + C3)'Pan" dr < Cy,
M x[ty,t0+1]

where cg and Cg both have the same dependencies as A.
Let V = Iy e"F wy" dt be the volume on the weighted volume form ¥ wy" dt. Taking logarithms of
both sides and applying Jensen’s inequality, we have

~ C ~ 1
\% log(Tﬁ) >V log<: / exp(cp(—¢ + C3)1/ﬂ —nF)e"F ay" dt)
|% V' I M xty,00+1]

v

/ (C,s(—g5+C3)1/’3—nF)e”Fa)0" dr

M x[tg,to+1]

> Cﬂ/ (=@ + C3)'"Pe" wy" dt — Ent, (F).
Mx[to.10+1]

The theorem follows from V <Ent,(F)+ V(M, wy) and the fact ylog(y) > —1/e for y > 0. Il

Proof of Theorem 1.1. Theorem 3.3 tells us the result follows directly from a uniform control on E. By
Holder’s inequality, we have

(n=1)/n
f (—§ +C3)e"Faw"dt < V" (/ (=@ + C3)" =D enF gy dt) :
M x[t9,t0+1] M x[19,10+1]

If we fix 8 =1 —1/n in Theorem 4.2, then the integral estimate is universal and independent of #,.
Thus we complete the proof of Theorem 1.1. 0

5. Some generalizations

In this section, we derive some generalizations, Theorems 1.2 and 1.3, of Theorem 1.1.

The idea of Theorem 1.2 comes from the result of Chen and Cheng [2023] for general parabolic
Hessian equations. Recall that r denotes the homogeneous degree of the operator # and the linearization
of the flow (1-3) is

Lu=—0u+ Gifuijf,

where

1 9F (Alhy))
F oh;

Gif —

To prove Theorem 1.2, we will use the family of auxiliary equations (2-2) and follow the same argument
as in Sections 3 and 4.

The proof of main estimate (3-1) is tedious, and we will only show the essential differences compared
to previous sections. When we apply the operator L to the test function

—e(~¥ + 0 —g—s.
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the Laplacian operator will be replaced by the trace operator trg v = G' i v; 7. More precisely, we have the

estimates
0> L(—e(—y +A)P —@g—s)
> —Be(—y + M + G+ Be(—v + AP rg (V=109Y)
+B(1 = Bre(—p + M) 2|dglg — trg (vV—1009)
> Be(—¥ + AP (=) — (=) + Be(—¥ + M) g (vV=188Y) — trg (v~ 1399) — C;
> Be(—y + M) (=) — (=9) + Be(—y + M) trg wy — trg w, — C
> Be(—y + M) (= +trg wy) — (=g +7 + Ca).
We also must deal with the factor —fﬁ + trg wy, as in inequalities (3-2)—(3-4). The lower bound of the

determinant on the condition of F will give us the lower bound det G/ > yF /" By the flows (2-2)
and (1-3) and the homogeneous degree r condition, we have

—l,.ﬁ-i-tr > "“M. n ij
G wy > (n+1) R det G
2

1/(n+1) n+l ﬁ nir 1/(n+1) o n .
>Crf 7 >Crf exp r(n+1)<ﬁ : (5-1)

where C7 is a universal constant.

h(x)=(x—r—Cz) exp(r(n’:_ l)x) > c,

r(n+1) <nC3—r)
c=— ex ,
n rin+1)

Since the function

where

we have the same estimate

0> CrBe(—y + AP~ 1/t D _ r(n+1) exp(nC3 —r)‘
n r(n+1)

To derive the ABP estimate and (4-16) for this case, we need to calculate the estimate of the operator L

on I'. We have | 1/@2n+1)
LH < —(2n+1)<|H, -det D’H| ( )) .

(det G)?

Moreover the bad factor in the integration over D N 2 is

(_n(2n + 1)¢) 1 _ P QD (D) F ge—n(n+1)/ (1) 1
r(n+1) (det G)? (det G)?
< _2e(nz(2n+1)/(r(n+1)))F.7_~n/(r(n+l)).
14
The exponent of ¥ is n/(r(n + 1)), which is less than or equal to 1 if we assume the degree satisfies
1 <r < n, and so we have a similar control as in (4-21). Theorem 1.2 follows from an analogue of
Theorem 4.2.
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We can also consider the much more general flow equation (1-5). Let us list the linearization operators
for different choices of © firstly:

—%u—i-(,bA(pu, Ok)=ux,
Lu={-2u+1¢Au, O(x)=x3 (5-2)
—2u—¢Agu, O()=—1/x.

To get Lemmas 3.1 and 4.1 under the new setting, we need to reprove Lemma 2.3 to get the upper
bound of the integral. The following arguments are divided into two cases.

When ®(y) = —1/y, we have
/ ¢=[ Y o,
M M wy"
When O (y) = y¢ for a > 0, we have
-1
L df o\ . wy" o, N
$= a(eanOn) _aAw(peanOn enFa)On —agkogo.

Consider the first variation of the functional | y P ", given by

i . n v i n
dr M(szp —Alwww +/M‘/’dt(a)<p)
=/ gﬁa)(p"—l-/ ¢A¢¢w¢n
M M
=(a+l)f ¢A¢¢w¢"
M

)
= —(a—l—l)/M |V§0|ww0)¢” <0.

Then the estimate of | y $wo" follows from
[ o< [ o [ go,+ [ o000
M M M M
. F w%n ¢
s ot [ (5o

S/ ¢(1_enF¢l/a)w0n+C/ efanFa)On’
M M

where C is universal.

Consider a function A(y) =y —Iy!'*1/¢ defined on y € [0, 0c0), where [ is positive. Using calculus, we

have
a* a® a
A <A = 1.
) = (l“(a+1)”> @+ 1)t

This yields the estimate

at
ot < —— e—aann+C/e—aann<CK'
Awo_(a+1)a+1/1‘4 0 ' 0 =
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Once we have the above results, we need to prove Lemmas 3.1 and 4.1 for the flow equation (1-5).
However the operator L has an extra factor —¢ in the Laplacian term which requires slightly different
calculations. We will only discuss the case when ® = —1/y; the other two cases can be treated similarly.
To start with, we have

L(—e(—y + NP = —5) = Be(—¢ + NP1~ — g try,, ) + ¢ +n. (5-3)

There is no constant C3 since f ¢ < 0, and there is a term n¢ since we have the extra factor when we
compute the second derivative. By applying the geometric-arithmetic inequality, we have

feanOn W n\ 1/(n+1) )
= (—g) - =+ 1) (—¢)

n

—zb—sbtrwwwg)z(nﬂ)(
(2

and

L(—e(—¥ + AP —G—5) > (n+ D(Be(—y + AP /0D 1) (—¢).

Therefore we can drop the positive factor —¢ and evaluate the inequality at the maximal point.
To derive an analogue of Lemma 4.1, we need to consider

p=—€e(—¥+A)F—¢—n+1)1t—1),

where the last two terms —(# —#p) do not affect the result since we only estimate locally on M x [#g, o+ 1].
If the new p has an upper bound which has the same dependencies as the constants in Lemma 4.1, then
—e(—y + A)? — @ does as well. Following a similar calculation, we have

Lp=(n+ 1>(ﬂe(—vf + M) FUOED — 1 _iq.))(—qb),

where 1/—¢ comes from L(t —ty) = —1. Applying the ABP estimate, we have

n\2\1/2n+1) R
(|3,H-detD2H|-(—¢)2”(Z—O)) < (5-4)

" 2n+1"

In conclusion, the main term in the ABP estimate is

(ﬂe(_w + A)ﬁ*lfl/(nJrl) — 14+ L)2n+l(_¢)2n+12n (a)_éﬂn>2
—@)_ w

Ol’l

5 1 2n+1 1
= (ﬁe(—¢+A)ﬁ—1f1/<"+1> —1 +—,) e — . (5-5)
The term 1/—¢ can be controlled pointwisely on the domain D N Q. More specifically,

~ 1
pe(=y + AP FUOHD — 14 — <0

implies both inequalities

3 1
Be(—y +A)PLFVOHD 1 -0 and — —1<0.
—¢

The rest of the proof for the ® = —1/y case follows the same procedure.
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SPECTRAL ASYMPTOTICS OF THE NEUMANN LAPLACIAN
WITH VARIABLE MAGNETIC FIELD
ON A SMOOTH BOUNDED DOMAIN IN THREE DIMENSIONS

MAHA AAFARANI, KHALED ABOU ALFA, FREDERIC HERAU AND NICOLAS RAYMOND

This article is devoted to the semiclassical spectral analysis of the Neumann magnetic Laplacian on a smooth
bounded domain in three dimensions. Under a generic assumption on the variable magnetic field (involving
a localization of the eigenfunctions near the boundary), we establish a semiclassical expansion of the lowest
eigenvalues. In particular, we prove that the eigenvalues become simple in the semiclassical limit.

1. Motivation and main result

1.1. The operator. Let Q C R? be a smooth connected open bounded domain. We consider A : Q@ — R3,
a smooth magnetic vector potential. The associated magnetic field is given by

B(x) =V x A(x)
and assumed to be nonvanishing on Q. For & > 0, we consider the self-adjoint operator

% = (—ihV — A)? (1-1)
with domain
Dom(%,) = {¢¥ € HX(Q) :n- (—ihV — A)y =0 on 92},

where n is the outward pointing normal to the boundary.
The associated quadratic form is defined, for all ¥ € H! (), by

0 (¥ = /Q \(—ihV — A)y 2 dx.

Since 2 is smooth and bounded, the operator .%, has compact resolvent and we can consider the
nondecreasing sequence of its eigenvalues (X, (h)),>1 (repeated according to their multiplicities). The
aim of this article is to describe the behavior of the eigenvalues A, (k) in the semiclassical limit # — 0.

1.2. The operator on a half-space with constant magnetic field. The boundary of Q2 has an important

influence on the spectral asymptotics. Let us consider xy € 92 and the angle 6 (xg) € [—% %] given by

B (xo) - n(x0) = || B(x0) || sin(6(xo)),
where n(xp) is the outward pointing normal at xg.
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Near xg, one will approximate €2 by the half-space R3 ={(r,s,t) € R}:¢ > 0} (the variable ¢ playing
the role of the distance to the boundary). Then, this will lead us to consider the Neumann realization of

Lo = (D, —tcos+s sin9)2+DS2+Dt2

in the ambient space LZ([R{i), which already appeared in [Lu and Pan 2000] in the context of Ginzburg—
Landau theory. We use the notation D = —i 0. The corresponding magnetic field is b(8) = (0, cos 9, sin 6).
We let

e(0) =infsp(Ly).

It is well known (see [Helffer and Morame 2002; Lu and Pan 2000] and also [Raymond 2017, Sec-

tion 2.5.2]) that e is even, continuous and increasing on [0, %] (from ®¢ :=e(0) € (0, 1) to 1) and analytic

on (0, %) Moreover, we can prove that, for all 6 € (O, %), e(0) is also the groundstate energy of the

Neumann realization of the “Lu—Pan” operator, acting on LZ([R{%F),

Lo = (t cos® — s sin0)* + D? + D?; (1-2)

see [Raymond 2017, Section 0.1.5.4]. In this case, the groundstate energy belongs to the discrete spectrum
and it is a simple eigenvalue.
These considerations lead us to introduce the function 8 on the boundary.

Definition 1.1. We let, for all x € 092,
B(x) =1[B(x)|le®(x)).

1.3. Context, known results, and main theorem. The function § plays a central role in the semiclassical
spectral asymptotics. The one-term asymptotics of Aj (k) are established in [Lu and Pan 2000] (see also
[Raymond 2010a] and [Fournais and Helffer 2010], where additional details are provided).

Theorem 1.2 [Lu and Pan 2000]. We have
A1(h) = h min(bmin, Bmin) + 0(h),
where byin = min, g || B(x)| and Bmin = minyeyo B(X).

When B is constant (or with constant norm), more accurate estimates of the groundstate energy have
been obtained in [Helffer and Kachmar 2023; Helffer and Morame 2004; Raymond 2010b]. When looking
at Theorem 1.2, natural questions can be asked. Can we describe more than the groundstate energy? Is
the groundstate energy a simple eigenvalue? In three dimensions, most of the results in this direction
have been obtained rather recently:

e When by < Bmin, We can prove that the boundary is essentially not seen by the eigenfunctions with
low eigenvalues and that they are localized near the minima of || B||. Then, if the minimum is unique and
nondegenerate, the analysis of [Helffer et al. 2016] applies and it can be established that

An(h) = bminh + Coh®'* + (C1(2n — 1) + C2)h* 4 o(h?),

where the constants (Cyp, C1, Cz) € R x Ry x R reflect the classical dynamics in a magnetic field.
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e When B is constant (or with constant norm), we can prove that By < byin and that B, = || B]|.
In this case, the eigenfunctions with low eigenvalues are localized near the points of the boundary
where the magnetic field is tangent, that is, where e(6(x)) is minimal. Assuming that the magnetic field
becomes generically tangent to the boundary along a nice closed curve and assuming also a nondegeneracy
assumption, we have, from [Hérau and Raymond 2024],

An(h) = Bminh 4+ Coh*3 + C1h3% + (C2(2n — 1) 4+ C3)R? + 0(h?)

for some constants (Co, Cy, Ca, C3) € R? x Ry x R.

The result in [Hérau and Raymond 2024] is stated in the case of a constant magnetic field, but only the
fact that its norm is constant is actually used in the analysis; see Section 3.2.1 in that same work. Note
that without the additional nondegeneracy assumption and stopping the analysis before Section 5.6 in
that same work provides us with the two-term expansion. This observation is motivated by [Helffer and
Kachmar 2023], where the two-term expansion of the groundstate energy has been obtained independently
and where examples are also analyzed in detail.

When Bnin < bmin and when || B| is variable, it seems that less is known. The first estimates of the
low-lying eigenvalues, and not only of the first one, are done in [Raymond 2010a] (see also [Raymond
2009]), where an upper bound is obtained under a generic assumption (see Assumption 1.3 below):

An(R) < Bminh + Coh*? 4+ (C1(2n — 1) + C2)h* + o(h?) (1-3)

for some constants (Cyp, C1, C7) € R x Ry x R and where C is explicitly given by

_ VdetHessy, B
2[|B (xo) | sin 6 (x0)

The upper bound (1-3) is obtained by means of a construction of quasimodes in local coordinates near

Cy

the minimum of 8 and involves a number of rather subtle algebraic cancellations. At a conference in
Dijon in March 2010, S. Vii Ngoc suggested to the last author that these algebraic cancellations were the
signs of a hidden normal form. At the same conference, J. Sjostrand also suggested that a dimensional
reduction in the Grushin spirit (see the remarkable survey [Sjostrand and Zworski 2007]) could provide us
with the lower bound. Retrospectively, we will see that both of them were somewhat right, but that some
microlocal techniques needed to be developed further in order to tackle the problem in an efficient way.

Until now, the matching lower bound to (1-3) has only been obtained for a toy model in the case of a
flat boundary with an explicit polynomial magnetic field; see [Raymond 2012]. The aim of this article
is to establish a lower bound that matches (1-3) in the general case. To do so, we will, of course, work
under the same assumption as in [Raymond 2010a].

Assumption 1.3. The function B has a unique minimum, which is nondegenerate. It is attained at xy € 052,
and we have

B(xg) € (0, %) (1-4)
Moreover, we have

Bmin = B(x0) = mCl)lglz B(x) < min [|B(x)[| = bmin.
X€ xeQ
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The main result of this article is a three-term expansion of the n-th eigenvalue of .%,. Thereby, it
completes the picture described above.

Theorem 1.4. Under Assumption 1.3, there exist Cy, C1 € R such that, for alln > 1, we have
v detHess,, B ( 1

: n—;

| B (x0) || sin 6 (xo) 2

In particular, for all n > 1, ©,(h) becomes a simple eigenvalue as soon as h is small enough.

dn(h) = Bminh + Coh’'* + ( ) + cl> h* + o(h?).

1.4. Organization and strategy of the proof. In Section 2, we recall the already known results of
localization of the eigenfunctions near xg. This formally reduces the spectral analysis to a neighborhood
of xg. This suggests that we should introduce local coordinates near xy. These coordinates (7, s, t) are
adapted to the geometry of the magnetic field: the coordinate s is the curvilinear coordinate along the
projection of the magnetic field on the boundary (we use here that 6 (xg) < %), the coordinate r is the
geodesic coordinate transverse to s, and ¢ is the distance to the boundary. A rather similar coordinate
system has been used and described in [Hérau and Raymond 2024] (inspired from [Helffer and Morame
2004]). Then, the local action of the operator is described in Section 2.3, where we perform a Taylor
expansion with respect to the normal variable ¢ only. After a local change of gauge, this makes an
approximate magnetic vector potential appear, see (2-10). In Section 2.3.2, we define a new operator
on LZ(IRi) by extending the coefficients, seen as functions of (r, s) defined near (0, 0), to functions on R2.
Since this extension occurs away from the localization zone of the eigenfunctions, we get a new operator
.Zhapp whose spectrum is close to that of .%},, see Proposition 2.11.

In Section 3, we perform the analysis of ,Zhapp with the help of the change of coordinates (r, s) —
F(r,s) = (u1, up), whose geometric role is to make the normal component of the magnetic field constant
(here, we use 0(xg) > 0). This idea is reminiscent of [Morin et al. 2023] in two dimensions; see
Proposition 2.2 in that work. We are reduced to the spectral analysis of the operator .47, see (3-1). Then,
we conjugate .47, by a tangential Fourier transform (in the direction ) and a translation/dilation 7 (after
these transforms, the variable u; becomes z). After these explicit transforms, we get a new operator %ﬁ’
which can be seen as a differential operator of order 2 in the variables (z, ) with coefficients that are
h-pseudodifferential operators (with an expansion in powers of / = h!/?) in the variable u only, see (3-10).
Its eigenfunctions are localized in (z, ), see Proposition 3.3 and Remark 3.4.

In Section 4, this localization with respect to z suggests that we should insert cutoff functions in the
coefficients of our operator. By doing this, we get the operator %b, see (4-1). The advantage of (/1?:) is that
it can be considered as a pseudodifferential operator with operator-valued symbol in a reasonable class
S(R?, N), see Proposition 4.2. The principal operator symbol ¢ (u, v) is unitarily equivalent to the Lu—Pan
operator || B (v, —u)||Lsw,—u) (Where we make a slight abuse of notation by forgetting the reference to the
local coordinates on the boundary), see Proposition 4.4. Then, we may construct an inverse for ng — A by
means of the so-called Grushin formalism as soon as A is close to Bnin, sSee Lemma 4.5. This is the first
step in the approximate parametrix construction for %b — A given in Proposition 4.7, which is the key
of the proof of Theorem 1.4. Let us emphasize that this parametrix construction is inspired by [Keraval
2018] and based on ideas developed by A. Martinez and J. Sjostrand. This formalism has recently been
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used in [Hérau and Raymond 2024] in three dimensions (see also [Bonnaillie-Nogl et al. 2022; Fahs et al.
2024; Fournais et al. 2023] in the case of two dimensions). At a formal level, this parametrix construction
relates the kernel of %b — A to that of an effective pseudodifferential operator QZE (A), see (4-7).

In Section 5 we relate the spectrum of Jl@ﬁ to that of the effective operator ( pf.lff) W see (5-1). Note: the
effective operator is an operator in one dimension. This contrasts with [Hérau and Raymond 2024], where
a double Grushin reduction is used: here this reduction is done in one step with the help of the Lu—Pan
operator. The quasi-parametrix in Proposition 4.7 is the bridge between the spectra of %ﬁ and ( p;ff)w.

We emphasize that we have to be very careful when studying this connection since the symbol of
the effective operator is not necessarily real-valued (only its principal symbol py is a priori real). This
again contrasts with [Hérau and Raymond 2024] and all the previous works on the subject. This non-self-
adjointness comes from the fact that .4 is not self-adjoint on the canonical L?-space but on a weighted
L?-space. That is why a short detour into the world of non-self-adjoint operators is used in Section 5.
In fact, one will not need the operator (pS™)" more than its approximation (p°¥)" near the minimum
of pg, see Section 5.1. This approximation is a complex perturbation of the harmonic oscillator. Its
spectrum is well known as well as the behavior of its resolvent.

In Section 5.2.1, we use rescaled Hermite functions to construct quasimodes for 4/1%1. This shows that
the spectrum of the model operator is in fact real, and we get an accurate upper bound of A, (%n) in (5-5).
This reproves in a much shorter way (1-3) (see [Raymond 2010a, Theorem 1.5], where the convention
|B(x0)|| =1 is used). Section 5.2.2 is devoted to establishing the corresponding lower bound (by using

in particular that the eigenvalues of the non-self-adjoint operator ( p}.l“"d)w have algebraic multiplicity 1).

Remark 1.5. The above analysis explains the presence of B, attached to the lowest eigenvalue of the
Lu—Pan operator, as the leading term in the semiclassical asymptotics. Similarly, the constant

v detHess,, B
1B (x0) | sin 6 (xo)

appears as the uncertainty constant attached to the effective harmonic oscillator ( p;.ln"d) W after the Grushin
reduction to a one-dimensional problem. This spectral gap combines the normal component of the magnetic
field with the spectrum of the Lu—Pan operator (and thus it has no obvious dynamical interpretation). The
latter is deeply related to the nondegeneracy assumption on 8. However, the geometric interpretation of
the constants Co and C is not clear since they come from the non-self-adjoint linear part of ( pg“’d)w.

2. Localization near x( and consequences
2.1. Localization estimates. In this section, we gather some already-known localization properties of the
eigenfunctions; see [Raymond 2009].

Proposition 2.1 (localization near the boundary). Again under Assumption 1.3, for all € > 0 such that
Bmin + € < bin, there exist a, C, hg > 0 such that, for all h € (0, hy) and all eigenfunctions W of %,
associated with an eigenvalue ). < (Buin + €)h, we have

/ A IID VA Y 2 4 < Cllyr 1%, (2-1
Q
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For 6 > 0, we consider the §-neighborhood of the boundary given by
Qs = {x € Q:dist(x, 0Q2) < 8}.

Due to Proposition 2.1, in the following, we take

§ = hl/2-n

forn e (0, %) We consider %, s = (—ihV — A)?, the operator with magnetic Neumann condition on 92
and Dirichlet condition on 925 \ 02.

Corollary 2.2. Let n > 1. There exist C, hg > 0 such that, for all h € (0, hy),
M (Lhs) — Ce™ M < ap(H) < M (L)

Note that the upper bound in Corollary 2.2 easily follows from the min-max theorem, whereas the
lower bound is obtained by using Proposition 2.1.

Thanks to Corollary 2.2, we may focus on the spectral analysis of .%} 5. The following proposition can
be found in [Fournais and Helffer 2010, Chapter 9] and [Helffer and Morame 2002, Theorem 4.3] (see
also the proof of [Hérau and Raymond 2024, Proposition 2.9]).

Proposition 2.3 (localization near xg). Let M > 0. There exist C, hy > 0 and o > 0 such that, for all
h € (0, ho) and all eigenfunctions ¥ of %, s associated with an eigenvalue X such that A < Bminh + M h3/2,

we have

[ sy o [l g o ax < Cly P 22
Qs Qs

Proposition 2.3 invites us to consider a local chart near xp and to write the operator in the corresponding
coordinates. In order to simplify our analysis, we construct below a system of coordinates compatible
with the geometry of the magnetic field.

2.2. Adapted coordinates near xy. This section is devoted to introducing coordinates adapted to the
magnetic field. Most of the properties of our coordinates system have been established in [Hérau and
Raymond 2024].

2.2.1. Coordinate in the direction of the magnetic field on the boundary. We set
B(x)
1B’

and we consider its projection on the tangent plane at x € 9€2:

b(x)=

bl (x) = b(x) — (b(x), n(x))n(x),

where n is the outward pointing normal.
Due to Assumption 1.3, near xg, the vector field b! does not vanish. This allows us to consider the unit

vector field
bl (x)

T = 13T
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and the associated integral curve y given by

Y'(s)=Ffy(), y(0)=xo,
which is well-defined on (—sg, s9) for some sg > 0. Clearly, y is smooth and with values in 9€2.

2.2.2. Coordinates on the boundary. Denoting by K the second fundamental form of 92 associated to
the Weingarten map defined by,

forall U,V € T,02, K,(U,V)={dn,(U),V),
we can consider the ODE with parameter s of unknown r — y (r, s),
2y (r.s) = —K @,y (r. ), 8,y (r. )y (. 5)),

with initial conditions
y(©0.9)=y(s), 3,y0,5)=—y'(s)",

where L is taken in the tangent space and such that (y’, y’*, n) is a direct orthonormal basis. The minus
is here so that (9, y, 95y, n) is also a direct orthonormal basis along y (- ). The curve y (r, -) is the image
of y(-) under the geodesic flow on 92 (with initial velocity orthogonal to y(-)) at time r.

This ODE has a unique smooth solution (—rg, ro) x (—so, so) > (r, s) — y(r,s), where ro > 0 is
chosen small enough. Let us gather the important properties of (r, s) — y (7, s). Their proofs may be
found in [Hérau and Raymond 2024].

Proposition 2.4. The function (r, s) — y(r, s) is valued in 2. Moreover, we have
|0,y (r,s)l=1, (3,y,dsy)=0.

In this chart y, the first fundamental form on 0S2 is given by the matrix

$09= (g gryy): @O =Ny @GP,

For all s € (—sg, 59), we have «(0, s) = 1 and 9, (0, s) = 0.
2.2.3. Coordinates near the boundary. We consider the tubular coordinates associated with the chart y:
y=@s, )~ T(,s,t)y=y@F,s)—tn(y(r,s)) =x. (2-3)

The map I is a smooth diffeomorphism from Qg := (—rg, r9) X (—So, So) X (0, tp) to I'(Qyp), as soon as
top > 0 is chosen small enough. The differential of I" can be written as

dI'y = [(Id =t dn)(9,y), (Id —t dn)(d;y), —n], (2-4)

and the Euclidean metric becomes

G = (dMN)Tdr = (g (1)) , (2-5)
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with

(5. 1) = I(Xd —z dr) (3, ) || ((Id —t dn)(3,y), (Id —t dn) (3,))
T\ =1 dm) (3, ), (1d —1 dm) (D)) 1(1d =1 dm) () |12 :

We have g(r, s) = g(r, s, 0), where g is defined in Proposition 2.4.

2.2.4. The magnetic form in tubular coordinates. In this section, we discuss the expression of the magnetic
field in the coordinates induced by I'. This discussion can be found in [Raymond 2017, Section 0.1.2.2]
and [Hérau and Raymond 2024, Section 3.2]. We consider the 1-form

3
o=A-dr=>) Agdx.
e=1
Its exterior derivative is the magnetic 2-form

w=do= Y (3Ar—dAr) dxi Adxy,
1<k<t<3
which can also be written as

w = Bydx; Adxy — Bpdx; Adx3z+ By dxy Adxs.
Note also that,
forallU,V e R}, w(U,V)=det(U,V,B)=(UxV, B).

Let us now consider the effect of the change of variables I'(y) = x. We have

3
F*UZZAjdyj, A=@NToAoT, (2-6)
j=1
and
Mo=T*do =d(™o)=[-,-,V x A].
Here we use the notation I'* for the pullback by I'. This also gives that, for all U, V € R3,
det(dT'(U), dI'(V), B) =det(U, V,V x A) or detdl'(-,-,dI'"'(B)) =det(-,-,V x A),

so that,
V x A = (detdl")dI' " (B).
Note then that, using (2-5), we get
lgI”'"*’V x A =8, (2-7)

where B(y) := dFy_ (B (x)) corresponds to the coordinates of B(y) in the image of the canonical basis
by dI'y. With our specific change of coordinates (2-3), we have

B =dI'(B) =B1(Id =t dn)(0,y) + B2(1d —t dn) (0, ) — Bsn.
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For all x € 02, 1.e., t =0, we have

B(x) =Bi(r,5,0) 9,y + By(r,s5,0) 85y — B3(r, s, O)n(y (r, 5)),

2-8
IB(x)||> = Bi(r, s, 0) +a(r, $)B3(r, s, 0) + B3 (r, s, 0). %)

Moreover, we have
Bl(ras$0):<Bsary)’ a(rsS)BZ(r,S,O):<B, aSV)’ 83(r9s70):_<B$n>'

Note that our choice of coordinate s (along the projection of the magnetic field on the tangent plane) and
of transverse coordinate r implies that

B1(0,s,0)=0, By(0,s,0) >0,
thanks to Assumption 1.3.
Definition 2.5. In a neighborhood of (0, 0), we can consider the unique smooth function 6 such that
B(y(r,s)) -n(y(r,s)) =B (y(r, )| sin6(r, s)
and satisfying 0(r, s) € (O, %) With a slight abuse of notation, we let
B(r,s) =By (r,5)e@(r,s)).

Remark 2.6. We have
Bi(r,s) = =By (r,s))| sin(@(r, s)).

Moreover, since B, > 0 and ¢ (0, s) =1,
B2(0,s,0) = [|B(y(0,s))[ cos€(0,s), B3(0,s,0)=—[B(y(0,s))|sin6(0,s).
In fact, we can choose a suitable explicit A such that (2-7) holds in a neighborhood of (0, 0, 0).

Lemma 2.7. Considering

t
Ai(r, s, 1) :/ (gl ?B:1(r, s, ) dr,
0

As(r,s, 1) = —fotngP/zBl](r, 5,7) dr+/0r[|g|1/283]<u, 5, 0) du,
A~3(r, s, 1) =0,
we have V x A(r, s,1)=|g|'*B(r, s, t).
Proof. This follows from a straightforward computation and the fact that |g|'/28 is divergence-free. [

Remark 2.8. Note that the proof of Lemma 2.7 does not involve global geometric quantities on the
boundary as in [Hérau and Raymond 2024, Proposition 3.3], since our analysis is local near xg.
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2.3. First approximation of the magnetic Laplacian in local coordinates. 1f the support of ¥ is close
enough to xo, we may express Qy, (%) in the local chart given by I'(y) = x. Letting ¥ (y) = ¥ o '(y), we
have then

On(Y) = / (G (—ihVy — A, (—ihVy — A()¥)|g]"/? dy.
In the Hilbert space L*(|g|'/? dy), the operator locally takes the form
1817 2 (=ihVy — A(Y)) - 1g]"*G™ (—ihV, — A(y)), (2-9)

where G is defined in (2-5). From now on, the analysis deviates from [Hérau and Raymond 2024].

1/2

2.3.1. Expansion with respect to t. Due to the localization near the boundary at the scale #'/~, we are led

to replace A by its Taylor expansion AP at order 3 and g and G by their Taylor expansions at order 2.
We let 3
A5, 0 =tllg" P Bal(r, 5, 0) + Cof> + G5,

AP, 5, 1) = —tllg BN, 5, 0) + F(r, 5) + Eai® + Esf?, (2-10)
A s, =0,

where 7 =ty (h~'/?*"t) for some smooth cutoff function x equal to 1 near 0 and where

F(r,s) =f [1g]'/?B51(¢, s, 0) de, (2-11)
0

and the functions C;(r, s) and E;(r, s) are smooth. We emphasize that we only truncate the terms of
order at least 2 in ¢ in the above expression.
Due to Assumption 1.3, (r, s) — (F(r, s), s) is a smooth diffeomorphism on a neighborhood of (0, 0).
We also consider the expansions

1812 (r, 5, 1) = ao(r, s) + tay (r, s) + t2ax(r, s) + O(3),
G~ = (Mo(r, ) +tMi(r,s) + > My(r, )) "' + O(),

and we let
m(r, s, t) = ao(r, s) +tay(r, s) +2ax(r,s), M(r,s,t) = Mo(r,s) + My (r,s) + > Ma(r, s). (2-12)
Recall that |g|(7, s, 0) = a (7, s).

2.3.2. Extension of the functions of the tangential variables. It will be convenient to work on the half-
space Ri instead of a neighborhood of (0, 0, 0).

Given €g > 0, consider a smooth, odd, and nondecreasing function ¢ : R — R such that {(x) = x on
[0, 9] and ¢ (x) = 2¢q for all x > 2¢g. In particular, ||¢ |00 = 2€9. We let

Z(r,s) = (£(r), £(s)).

The following lemma is a straightforward consequence of Assumption 1.3.
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Lemma 2.9. For €y small enough, the function ,3 = BoZ:R*— Ry is smooth and has a unique minimum
(at (0, 0)), which is nondegenerate and not attained at infinity.

Let us now replace the function & : (r, 5) — «a(r, 2B, s, 0) by %o Z in (2-10) and (2-11). We
replace the other coefficients C; and E; by C; o Z and E; o Z. Note that we have the following.

Lemma 2.10. For €y small enough, the function

TR (r,s) (/Or[|g|1/283](2(£, s), 0) de, s) =u=(uy,up) € R?

is smooth, and it is a global diffeomorphism.
This leads us to consider the new vector potential
Ai(r,5,1) = 1C1 + Caof? + G517,
As(r,s, 1) = —tEy + _g1(r, 5) + Eaf? + Ext?, (2-13)
As(r,5,1) =0,
where C| = «'/?B,, E| = «'/2B; and with the notation f =foZ.

The rest of the article will be devoted to the spectral analysis of the operator associated with the new
quadratic form

QP (¢) = /R G0 by — A, (~ihVy — AG)g)indy.

This self-adjoint operator .i”happ is acting as
MmN (=ihV, — A) - (M)~ (=ihV, — A)

in the ambient Hilbert space L*(R3, rivdy). We recall that m and M are given in (2-12). This spectral
analysis is motivated by the fact that the low-lying spectra of %}, and ,,thapp coincide modulo o(h?) in the
sense of the following proposition.

Proposition 2.11. We have, foralln > 1,
An(h) = 1 (L) + o(h?).

We omit the proof. It follows from Corollary 2.2, the localization estimates given in Proposition 2.3
(which are also true in the coordinates (r, s, t) for the eigenfunctions of .i”hap P by using the same arguments),
and the min-max theorem. These localization estimates allow us to remove the cutoff functions up to
remainders of order ¢'(h°°) and to control the remainders of the expansion in 7.

3. Change of coordinates and metaplectic transform

In order to perform the spectral analysis of ﬁhapp, it is convenient to use the change of variable # given
in Lemma 2.10. More precisely, we will use the unitary transform induced by _# defined by

U:L*(R3, mdy) — L*R3, mlJac_#~'|dudt), ¢+ ¢,
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where we use the notation f wu.t)=f(7 ~I(u), t) and the slight abuse of notation f = f . Then, we
focus on the operator A4}, = U fhappU -1 acting in L%(R3, m|Jac B4 11 du dr). The operator .4}, is acting
as

Ny =ULPPU =m g, - (M) 9, (3-1)
where
—ihéo 8u1 —tél —fzéz —f3é3
Dp= | —ihd, —uy—ihEyd, +1E, —iEy—1°E;
—ih 3,
and
Co=0d 71 =a'?Bs, Ey=3d; 7. (3-2)

Notation 3.1. We will use the following classical notation for the semiclassical Weyl quantization of a
symbol a = a(u, v). We let

War(u) = /W ei(”_x)'“/ha<¥, v)lﬁ(x)dxdv.

Proposition 3.2. Let K > 0 andn € (0, %) Let B be a smooth function of the real variable equal to 0
near 0 and 1 away from a compact neighborhood of 0. There exists hg > 0 such that, for all h € (0, hg)

1
(2mh)?

and for all normalized eigenfunctions W of 4, associated with an eigenvalue A such that A < Kh, we

have, in LZ([RRi),
w
Uy —v
[2(57)] v oo

Proof. To simplify the notation, we write
~f U1 — V2
=8\ 710 )
h1/2—n

Note that EXV is a bounded operator by virtue of the Calderén—Vaillancourt theorem (see [Zworski 2012,
Theorem 4.23]).
Let ¥ be a normalized eigenfunction of .4}, associated with an eigenvalue A such that A < KA. The

[1]

eigenvalue equation gives us

(MEN Y, BN ) = ME) WII* + ([, B 1v, EN v), (3-3)

where (-, -) is the scalar product in L?(R3 ,ntfJac_Z ! dudr).

According to the localization at the scale /'/?

in {r < h(l_")/z}, and we obtain, for j =2, 3,

with respect to ¢, we can insert a cutoff function supported

17 EY il < CRMEY ¥l + 6™y |. (3-4)
Then, we write
AEN W BY V) 2@ inprac s dwan = (D - (MDD EN W, Jae £ BNV V) 2@ auan
= (M) 2,8} ¥, Zn(1Tac_7 T EY ¥)) L2(RY, dudr)-
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We notice that [Z),, |Jac/¢_1 |l = €(h) and that 14“1(1\;1)_1 = ¢ > 0. This implies that
BNV BV 12w inprac s duany = ENZREN WP = ChIZWEY WINIEY ¥
> el ZhE) wI* — CRAIEY I,

where we use the Young inequality to get the last estimate.
By using again the Young inequality and (3-4) to deal with the powers 72 and 7> in Z,, this yields, for
some ¢, C > 0,

(AEY VS BNV 2@ iprac s dudny = CONEN ) = CRITNEN WP+ Ry I?, (3-5)

where
0%(9) = 1h 3,011* + [|(hCo Dy, — tC)@|I* + |(hDyy — u1 +hEgDy, +tEDe|*.

Then, using again the Young inequality, we find that
00 (@) = [1h d9lI* + hCoDu, 1> + 31 (h Dy, —u)@ | — 2[R Eo D, 01> — Clite|*.
Notice that there exists ¢ > 0 such that
1Col = ¢, |Eol < 3, (3-6)

where we recall (3-2) and Lemma 2.10. Indeed, we have Ey(0, 0) = 0 and, for some ¢y > 0, we have
Co = cp > 0. In particular, €y can be chosen small enough in the extension procedure in Section 2.3.2
that (3-6) holds. This shows that, for some ¢y > 0,

O0(@) = lh 3@l + collh Dy, @lI* + 3| (A Dy, — u)ell* — Clitg|>. (3-7)

On the support of E;, we have (v, — u1)? > ch'=2 for some ¢ > 0. Thus (3-4), (3-5), (3-7), and again
the localization in ¢ yield

AEN VS BNV 2@ a1 duan = 30 T IES WIP+ 0By, (3-8)
Using classical results of composition of pseudo-differential operators, we have
(s EN 1 BY ) S CRUMEN WP + 6(h™) 1911, (3-9)
where E has a support slightly larger than that of E;. Here we use the energy estimate
2 EY Yl = 6 DIES Wil + o h) |,

which follows from rough estimates of (3-3).
Thus, by combining (3-3), (3-8), and (3-9) with the fact that A < K&, we obtain

1€ V17 < MAME Y1+ o).
Finally, by an induction argument on the size of the support of E, we get

I} wil = 6B Y. O



1910 MAHA AAFARANI, KHALED ABOU ALFA, FREDERIC HERAU AND NICOLAS RAYMOND

Let us consider the partial semiclassical Fourier transform %, with respect to u; and the transla-

1/2

tion/dilation T : u; + (u; — vp)h™ '/~ = z. Slightly abusing notation, we identify 7" with ¢ > @ o T.

We mention that .%, is the metaplectic transform associated with the linear symplectic application
(12, v2) = (v2, —u2); see, for instance, [Martinez 2002, Section 3.4]. Letting V = .7, ! T, we have

V¥(—ih 0y, —u)V = —h'?z.
For the following it is pertinent to introduce the new semiclassical parameter
h=h/2

keeping in mind that we continue to deal not only with h-pseudodifferential operators but also with
asymptotic expansions in 7. The preceding equality then becomes

V*(—ih du, —uy)V = —hz.
Similarly, with the dilation W : r — h~'/?t = k', we get

WV VW = ha,

with
—iC} 8, —1C} — ht?x (h*11)2C5 — h* x (h*"1)C;
Tp= | —2—i 50, + B — 2y (W02 ES — B33 (W)L |
—i 0

where the coefficients of the conjugated operator @5 are now given by P? = P(vy + hz, —u»). Here the
Weyl quantization can be considered only in the variables (12, v>) since z is now a “space variable”. We
let

M = mp ™ PG} Imn (M)~ 7,

where mp(-,t) =m(-, ht) and Mp(-,t) = M (-, ht). The operator /ﬂf is equipped with the domain
(VW)~! Dom .4, (which is still made of functions satisfying the Neumann boundary condition). Note
that .47, and h%/l%t are unitarily equivalent since

WV VW = h2 A7 (3-10)
After all these elementary transforms, Proposition 3.2 can be reformulated as follows.

Proposition 3.3. Let K > 0andn € (0, %) Let & be a smooth function of the real variable equal to 0
near 0 and 1 away from a compact neighborhood of 0. There exists ho > 0 such that, for all i € (0, hig)
and for all normalized eigenfunctions \r of Jﬁ%ﬁ associated with an eigenvalue )\ such that . < K, we have

B2y = O(h™).

Remark 3.4. As a consequence of the Agmon estimates and working in the coordinates (u1, us, t),
we notice that the eigenfunctions are also roughly localized in “frequency” in the sense that, for all
(e, B,¥) € N? and all n € (0, 1), there exist C, /ip > 0 such that, for all & € (0, f),

12%2P DYy || 4+ 111%2P DY || < CR21@HPH0) |1y



SPECTRAL ASYMPTOTICS OF THE NEUMANN LAPLACIAN 1911

4. A pseudodifferential operator with operator symbol

Proposition 3.3 invites us to insert cutoff functions in the coefficients of the operator JV,f. Working from
now on with the semiclassical parameter /i, we therefore consider

My = Umn ™ Y 2 - mn (M)~ )™ 2, (4-1)
where
—iCyd, —1C, — 2y (h*"1)2C, — K26 x (K1) C,
D=\ —2—iE)d, +1E, — > (W) E) — B2 x (W¥"1)3ES | (4-2)
—i 0
with P° = P (v, +hxy(2)z, —uy), where x,(z) = x0(A*"z), the function xo being smooth, with a compact
support, and equal to 1 on a neighborhood of the support of 1 — E.

4.1. The symbol and its properties. Expanding the operator ,/Vhb with respect to /i (say first at a formal
level) suggests that we should consider the following self-adjoint operator, depending on the parameters
(12, v2) and acting in the variables (z, #) as

no(u2, v2)

= (—iCo(vy, —u2) 8, — tCy (U2, —u2))? + @~ (v, —ur) (—z — i Eog(v2, —u2) 8, 4+ 1 E1 (v, —up))? — 92,

with the domain
Dom(ng) = { € L*(R%) : no(uz, v2)¥ € L*(R2), 8, (z, 0) = 0},

and where we recall that C| and E| are given in (2-13). The domain of ng(u3, v;) depends on (uz, vy).
However, we can check that it is unitarily equivalent to a self-adjoint operator with domain independent of
(u2, V), see the proof of Proposition 4.4 below. In the following, we will use a class of operator symbols
of the form

S(R?, L(eA, o)) = {a € € (R?, L(<A, o)) : Yy eN?3C) > 0: 107 all (o, < Cy s
where 7] and % are (fixed) Hilbert spaces. We also introduce
B =1{y € L*(RY) : Vo e N2, || <k = (1) + (2)%) 3%y € LA(RD)} (4-3)

and the class of symbols
S(R*, N) = (1) SR, LB, Bin)),
k=N
and we notice that ng € S(R?, 2).

Remark 4.1. Note that these classes of symbols are not algebras. However, the classical Moyal product
of symbols in S (R%, N) and S(R?, M) is well-defined and belongs to § (R%, N + M); see [Keraval 2018,
Theorem 2.1.12].
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In fact, for N > 2, by using a classical trace theorem, we may also define
BN = € By : 0¥ (2,0) =0} (C Domny)

and the associated class SNU(R?, N). We can also write ng € SNU(R?, 2) to remember that the domain
of ng is equipped with the Neumann condition.

By expanding %b in powers of /i and by using the composition theorem for pseudodifferential operators
[Keraval 2018, Theorem 2.1.12], we get the following.

Proposition 4.2. The operator %b is an h-pseudodifferential operator with symbol in the class SN*(R?, 2).
Moreover, we can write the expansion

b

My =ng +hni + 07y + w0y (4-4)

with ny, na, and ry in the class SN (R?, 8).

Proof. Let us recall that Jl%b is given in (4-1). Let us notice that the operator @; , defined in (4-2), is
indeed a pseudodifferential operator with operator-valued symbol. With respect to the variables z and ¢, it
is a differential operator of order 1 whose symbol is

—iCy 3, —1C, — ht2 (h*11)2C) — B2 x (h*'1)3C,
—z—iE)d, +1E, — hi®x (h*"1)*E, — h*1®x (h*"1)° E;, (4-5)
—i 3,

and belongs to S (R%, 1). The functions/symbols [mp =11 and [my (M)~ belong to S (RZ, 0). Combining
these considerations with (4-1), it remains to apply the composition theorem for pseudodifferential
operators with operator symbols, see Remark 4.1.

To get (4-4), it is sufficient to use the Taylor expansions in 4 of the symbol (4-5), [my~'1°, and
[my(Mz)~'1°, and to apply again the composition theorem (the worst remainders being roughly of order 8
in (z,1)). 0

Remark 4.3. We will see that the accurate descriptions of n; and n, in (4-4) are not necessary to prove
our main theorem. The use of the more restrictive class SNeU(R2, 8) allows us to deal with the uniformity
in the semiclassical expansions in /.

Let us describe the groundstate energy of the principal symbol ng. From now on, we lighten the
notation by setting (us, v2) = (u, v).

Proposition 4.4. For all (u, v) € R?, the bottom of the spectrum of nq belongs to the discrete spectrum
and it is a simple eigenvalue that equals B (v, —u). The corresponding normalized eigenfunction f, .
belongs to the Schwartz class and depends on (u, v) smoothly.

Moreover, there exists ¢ > 0 such that, by possibly choosing €y smaller in Lemma 2.9, we have, for all
(u, v) € R?,

infsp(no(u, v)ljs ) = Bmin +¢ = B(v, —u).
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Proof. By using the Fourier transform in z and then a change of gauge, we are reduced to the case when
Ey = 0. With a rescaling in z, ng is unitarily equivalent to

(=i 8, —tC)* +a N (=Coz +1E))* — 87 = (=i 8, — thy)> + (b3z + th1)* — 2,
with
biy=Bi, by=('"’By), b3=-B;s,

where the functions are evaluated at (vy, —u3). Recalling (2-8), we see that the Euclidean norm of
b = (b1, by, b3) is
612 = Bl

with a slight abuse of notation. By homogeneity, we can easily scale out | B|| and consider the operator

(—i 3, —thy)* — 7 + (tby + b32)*,
with
by =cosfcose, by=cosfsing, bz=sind.
Completing a square leads to the identity
(—i o, —tb2)2 — 8t2 +(tby -|—b32)2 = —8,2 4+ (¢ cos @ —sinp D, — zsin 6 cos gz))z + (cos ¢ D, — 7 sin B sin (p)z.
This shows, thanks to the rescaling z = Z sin ¢ (since sin ¢ is nonzero) and the change of gauge
52
w s eii% sin@cosq)w
that the operator is unitarily equivalent to
th + (1 cos @ — Dz)? + (cot p D; — Z sin 0)?
and then, by the Fourier transform, to
th + (tcosO — {)2 + (¢ cotp + sin@D;)z.
Thanks to the change of gauge
.2 cot 9
V> e 2sind
(which is well-defined since sin 8 # 0), this last operator is unitarily equivalent to
th + DZ2 + (t cos O — z sin 9)2,
which is nothing but the Lu—Pan operator defined in (1-2), which is unitarily equivalent to
cos? 0D} +sin® §D? + (t — z)?

(whose domain is independent of 9).
The eigenfunction §, ,, belongs to the Schwartz class by virtue of [Raymond 2009, Corollaire 5.1.2]
and the stability of the Schwartz class under Fourier and gauge transforms. O
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4.2. An approximate parametrix.
4.2.1. Inverting the principal symbol.
Lemma 4.5. Consider € > 0 and A < Bmin + €. We let

no(u, v) — A -fu,u)
('9fu,v> 0 .

For € small enough, Zy(A) : Domng x C — LZ(R%F) x C is bijective. Its inverse is denoted by 2y and is

Po(N) = (

given by
-1
20=2p(A) = <(n0(u, v-A)y Ju ) ,

() fu) A— B, —u)

where (no(u, v) — A)Il is the regularized resolvent on (span fu,U)L.
Moreover, we have 2, € S(R?, 0).

Proof. Using the same algebraic computations as in [Keraval 2018] and the spectral gap in Proposition 4.4,
we get the announced inverse. Moreover, it is also clear that 2y is bounded from Lz(lRi) to Lz(lRi)
uniformly in (u, v). The fact that it belongs to the class S (R2, 0) follows from weighted resolvent
estimates similar to [Raymond 2009, pp. 100-101]; see also [Fahs et al. 2024, Appendix]. U

We let

2 3
—A fu.
WH(A):(nO+hnl+h ny+i’ry fu.

<'vfu,u> 0

where ng, ny, ny, and ry are given in Proposition 4.2.

) = Po(N) + hP\ + > Py + B> %y,

4.2.2. The approximate parametrix. Let us now construct an approximate (at order 2) inverse of 9};‘/
when it acts on the Schwartz class (with Neumann condition). We consider

On OF
Dy =20+h2 +h*2 =" ,
0, Oy
where

1
21 =—-2021 2y, Zr=-20922)+ 207120712 — lf{a%, P} 2. (4-6)

By Remark 4.1, the symbols 2; and 2, belong to S(R?, M) for some M > 8. By computing products of
matrices and using the exponential decay of f, ,,, we get

Q5 (M) =A—(po+hpi+ 1 pan), (4-7)
with pg = (v, —u) and py, pa.a € Sga(1), where
Sp2(1) = {a € €°(R?, C) : Va e N?,3C, > 0: 0% < Cy).
In addition, A + pa A € Sg2(1) is analytic in a neighborhood of Bpin.

Remark 4.6. Let us emphasize here that nothing a priori ensures that the subprincipal symbols p; and
pa. £ are real-valued since our formal operator is not self-adjoint on the canonical L2-space.
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The reason to consider the expressions (4-6) simply comes from the semiclassical expansion of
the product Q,‘;V @hw by means of the composition theorem [Keraval 2018, Theorem 2.1.12]. These
explicit choices, with the Calderén—Vaillancourt theorem [Keraval 2018, Theorem 2.1.16] to estimate the
remainders, imply the following proposition.

Proposition 4.7. There exists N > 2 such that the following holds. We have
3 3
g]gv «@,;V = Idnyw(ﬁi)xy(R) +h %;Q, y;"gg’ = Idy(@i)xy(n@) +h ‘%);I,/r’
where %y o and %y, belong to S (R, N) and where N (@i) denotes the Schwartz class on [R{i with

Neumann condition at t = 0.
In particular, we have, for all ¥ € YNe“(Ri),

oY (A — MY+ ODYBY =¥ + 6Vl 2@ sy
OV (A = MY+ (0D Ry = 0V | 2@z
and, for all p € S (R),

(4-8)

A — MO o +PBHHY o = o(m)llgl,
BONHY o =0+ o@)lgl.

Here, P = ({-, fu’v))w, By is given in (4-3), and || - || 2w 2, IS the L?-norm defined thanks to the
Bochner integral valued in the Banach space By.

(4-9)

5. Spectral consequences

This last section is devoted to the proof of Theorem 1.4, with the help of Proposition 4.7. The spectrum
of e/igf will be compared to the spectrum of a model operator, derived from an effective 4-pseudodifferential

operator whose symbol has the following expansion in powers of i = h'/%:

P = po+hpi + 1 pa g, (5-1)
see (4-7).

5.1. A model operator. Let us consider

prod(U) = p§(0) + 1 Hess(,0) po(U, U) + hp{™(U), U = (u, v),
lin

where p|" is the linear approximation of p; at (0, 0). The corresponding i-pseudodifferential operator
(pyoH?

we can compute its spectrum and estimate its resolvent. Let us explain this. Thanks to Assumption 1.3,

is not self-adjoint due to the linear part. However, this operator still has compact resolvent, and

the quadratic form Hessg,0) po(U, U) can be diagonalized with a rotation (which is a symplectic trans-
formation in two dimensions). Thus, by using a metaplectic transformation (or by means of an explicit
linear transformation in u), we may assume that the symbol is

p}rﬁnod — psz(o) 4 %do(u2 4+ U2) + h(au + Bu)

for some dy > 0 and («, B) € C2.
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Remark 5.1. In fact, we have

detHess,, B
1| B (x0) |12 sin® 8 (xp)

dy = \/detHess(o,o) po = \/detHess(o’o) B(v, —u) = \/

where we use the notation introduced at the beginning of Section 3, the change of variable ¢ in
Lemma 2.10, and Remark 2.6.

By completing the square and recalling that we deal with #-quantizations and that we have let & = h'/?,

we get

d ha'\? hB\ 242
(p;_lIlOd)W — ﬁ;ff(o) + _O u + o + hz Du + IB , ﬁ;:_lff(o) — psz(o) _ o + /3 hz‘
2 dy dy 2dy

For alln > 1, we let
Sty =™ PO H, (- )](u + 3>,
do
Fan@) =072 fu(h ),

where H, is the n-th normalized Hermite function.
The family (f,,.5)s>1 is a total family in L?*(R) (but not necessarily orthogonal). It satisfies

DY fon = KR fon, 5-2)
A4y = Ldo(2n — D + 551 (0).

By the analytic perturbation theory (see [Kato 1995, Chapter VII]), the spectrum of ( pg“’d)w is made of

eigenvalues of algebraic multiplicity 1, and it is given by
sp((pp°)") = {3do@n — DA* + p5(0), n > 1}

Moreover, for all compact K C C, there exists Cx > 0 such that, for all u € K,

Ck
s of( Feff 2 mody Wy
dist(p;," (0) + A, sp((pr°)™))

I((preHY — pe0) — r2 )~ < (5-3)

To see this, consider the operator

When % = 1, we have the estimate
Ck
dist(i, sp())’

which follows from the fact that the eigenvalues have algebraic multiplicity 1 (the Riesz projectors

(et — )Ml < (5-4)

associated with the finite number of eigenvalues in K have rank 1). To get (5-3), we use the rescaling
u = hn and (5-4).



SPECTRAL ASYMPTOTICS OF THE NEUMANN LAPLACIAN 1917

5.2. Refined estimates.

5.2.1. From the model operator to JV,f. The functions (f,, 1) can serve as quasimodes for Ji%ﬁ with the
help of (4-9). Indeed, by taking A = Anm"d(h) and ¢ = f, 5, we see that

(A = A4 (O fun = OR3).

Since (Q;)W fu.n 1s localized near (z, ) = (0, 0) (due to the exponential decay of §, ,,, which is uniform
in (u, v)), we get
(A7 =28 mQDY fun = O ).

By using the inverse Fourier transform and translation/dilation, (Q;)W Jn.n becomes a quasimode for .4,
see (3-1) and the end of Section 3. But the operator .4}, is unitarily equivalent to a self-adjoint operator
for a suitable scalar product on the usual L2-space. Therefore, we can apply the spectral theorem, and we
deduce that

dist(A™ (), sp(H)) < CR.

In particular, this implies that, for # small enough, )\Ln"d(h) is real. This shows that we necessarily have

2, a2
a4+
p1(0) eR, py(0) — e R.
2dy
This also implies that
Do (M) < AP (R) + CR3. (5-5)

5.2.2. From %ﬁ to the model operator. Let n > 1. Let us consider an eigenfunction i of g/ljf associated
with the eigenvalue A, (,/%f).

We know that A, (%u) = Bmin + 0(1) and that the corresponding eigenfunctions are localized in (z, )
(due to the Agmon estimates and Proposition 3.3). Thus, in (4-8), we can replace %b by f/ig.lﬂ, and we
deduce that

(PEHY = A (ANBY = 0B DY, vl < CIBY, (5-6)

for n > 0 as small as we want. We use Remark 3.4 to control the remainders ||/ || .2, 4,) by € (B[]l
By taking the scalar product with 3, taking the real part and using the min-max principle, we get that

Jn(N) = Brin + p1(0)h — Ch*.
This establishes the two-term asymptotic estimate
Jn(H55) = Brin + p1 (O + O (7).
Therefore, we can focus on the description of the eigenvalues of the form
Jn (A5 = B + 1O + pun ()R
for u,(h) € D(0, R) with a given R > 0. We have

(DY — Buin + P10V + 0 (MR B = OB 1B, (5-7)
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where v, denotes a normalized eigenfunction associated to the n-th eigenvalue of f/iﬁ. In fact, by
considering (5-7) and again Proposition 4.7, the function B, is microlocalized near (0, 0), the minimum
of the principal symbol pg. Since this minimum is nondegenerate, the quadratic approximation of the
symbol shows that P, is microlocalized near (u, v) = (0, 0) at the scale R for any n € (0, %) In
particular, we deduce that

((PF°HY = (Bmin + P12 + sy (AP = 6 (1) Bl
From the resolvent estimate (5-3), this implies that

a’+ B2
2dy

() e D(%(zj — 1) +di, sz”"), dy = p2(0) —

j>1
where D(z, r) denotes the disc of center z € C and radius r > 0. In particular, we have

pi(h) > 3do+dy — Ch'™.
This shows that
M (A = Bunin + 1O+ (3do + )R — CRZN,

and thus, with (5-5), we get
pi(h) = 3do+dy + 01"
and
M) =2y + o (R,

Let us now deal with Az(%ﬁ) and recall (5-5). Assume by contradiction that w, (%) € D (%do +d;, Ch 1*3’7).
Then, we have
2 (h) — i (R)] < CR' 1,
We infer that
(P = AP )Py = 60| By |

for all ¥ € span(yr1, ¥2). Moreover, coming back to (4-8) (see also (5-7)), we also get that ||y || < C||Bv ||

for all ¢ € span(yrq, ¥). In particular, P (span(i/i, ¥»)) is of dimension 2. Let us consider the Riesz
od\ W
)

projector (in the characteristic subspace of (pp" associated with the smallest eigenvalue)

1 _
M=-— (¢ — (ppreHhWy~lde,
207 Jog oty nd—4n)

which is of rank 1. Then, for all ¢ € P(span(¥r1, ¥2)), we write, with the Cauchy formula,
1 _ _
Mp=¢+— (€= (preH™) ™ = @ =2 () He de.
201 JgGady.pi—n)

But, we have

€ — (PPoHMy= — (¢ =2 m) ™ = (¢ = A7) T — (YWY TH(pehV — Amed(h)),
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so that, by using the resolvent estimate (5-3), we get
ITlp — @l < CRP MR35 4/3730 g || = ChY||g]|.

This shows that the range of IT is of dimension at least 2 as soon as # is small enough. This is a
contradiction. Therefore, we must have u, (%) € D(3(3do) +di, Ci' 7). In particular, we have

pua(h) =3(5do) +dy + ('), M (AF) = AP (h) + O (R,
We proceed by induction to get that, for all n > 1,
pn () = 20 — 1) (hdo) +di + OR' =), 1y (M) = A (R) + 6 (3, (5-8)

5.2.3. End of the proof of Theorem 1.4. Proposition 2.11 shows that the first eigenvalues of .%}, coincide
with those of .i”happ modulo o(k2). Then, by (3-1), .fhapp is unitarily equivalent to .47,. The operator .4}, is
unitarily equivalent to hz%ti’ see (3-10). Theorem 1.4 follows from (5-8) and (5-2) (see also Remark 5.1
for the explicit formula for dy).
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CHARACTERIZATION OF WEIGHTED HARDY SPACES
ON WHICH ALL COMPOSITION OPERATORS ARE BOUNDED

PASCAL LEFEVRE, DANIEL LI, HERVE QUEFFELEC AND LUIS RODRIGUEZ-PIAZZA

We give a complete characterization of the sequences 8 = (B,) of positive numbers for which all
composition operators on H 2(B) are bounded, where H>(B) is the space of analytic functions f on the
unit disk [ such that Z?;o |an|?B, < 400 if f)= Z:io a,z". We prove that all composition operators
are bounded on H?(B) if and only if § is essentially decreasing and slowly oscillating. We also prove that
every automorphism of the unit disk induces a bounded composition operator on H>(p) if and only if B is
slowly oscillating. We give applications of our results.

1. Introduction

Let 8 = (B,)n>0 be a sequence of positive numbers such that

liminf g1/" > 1. (1-1)

n—oo

The associated weighted Hardy space H?(B) is defined to be the Hilbertian space of analytic functions
f(2) =Y ,2anz" such that

LAIP =D lan|*Bn < oo. (1-2)
n=0

Condition (1-1) is equivalent to the inclusion H 2(B) € Hol(D). Indeed, if (1-1) holds, we have
H?(B) € Hol(D) since |a,|*B, is bounded and thanks to the Hadamard formula. Conversely, testing the
inclusion H2(B8) C Hol(D) on the function f(z) =Y o0 ,(n/B(n))~'z" € H*(B), we get (1-1) from the
Hadamard formula.

Condition (1-1) will therefore be assumed throughout this paper, without repeating it.

When g, = 1, we recover the usual Hardy space H?; the Bergman space corresponds to 8, = 1/(n+1)
and the Dirichlet space to 8, =n + 1.

Recall that a symbol is a (nonconstant) analytic self-map ¢ : D — D, and the associated composition
operator Cy,: H 2(B) — Hol(D) is defined as

Co(f)=Ffog. (1-3)
An important question in the theory is to decide when C, is bounded on H 2(B), i.e., when
C,: H*(B) — H*(B).

MSC2020: primary 47B33; secondary 30H10.
Keywords: composition operator, weighted Hardy space, slowly oscillating sequence, automorphism of the unit disk.
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This question appears in the literature in several places. For instance, it is Problem 1 in the thesis of
Nina Zorboska [1988, p.49]. This thesis contains many interesting results, in particular Propositions 3.1
and 4.2 of the present paper (we discovered the content of Zorboska’s thesis once the present paper was
almost finished). See also Question 36 raised by Deddens in [Shields 1974, p. 122.c].

When H?(B) is the usual Hardy space H? (i.e., when B, = 1), it is well known, as a consequence of
the Littlewood subordination principle [1925], that all symbols generate bounded composition operators
[Shapiro 1993, pp. 13—17]. On the other hand, for the Dirichlet space, corresponding to 8, =n 4+ 1, not
all composition operators are bounded since there exist symbols ¢ not belonging to the Dirichlet space
(e.g., any infinite Blaschke product).

Note that, by definition of the norm of H?(8), all rotations Ry, defined by Ry(z) = ez, with 6 € R,
induce bounded and surjective composition operators on H2(f) and send isometrically H?(8) into itself.

Our goal in this paper is to characterize the sequences B for which all composition operators act
boundedly on the space H 2(B), i.e., send H*(B) into itself.

In Shapiro’s presentation for the Hardy space H?, the main point is the case ¢ (0) =0 and a subordination
principle for subharmonic functions (Littlewood’s subordination principle). The case of automorphisms
is claimed to be simple, using an integral representation for the norm and some change of variable. For
general weights 8, the situation is different, as we will see in this paper, and it turns out that the conditions
on f for the boundedness of the composition operators C, on H 2(B) are not the same depending on
whether we consider the class of all symbols such that ¢ (0) = 0, or the class of symbols ¢ = T, where
a+z
I+az

It is clear that when these two classes of composition operators are bounded, then all composition

T,(z) = for a € D. (1-4)

operators are bounded. Recall that every symbol ¢ can be written as the composition ¢ = T, o yr, where
¥ (0) =0 and a = ¢(0), and then Cy, = Cy, 0 C7,.
In many occurrences, the weight 8 is defined as

1
ﬁn=f t"do(t), (1-5)
0

where o is a positive measure on (0, 1); more specifically the following definition is often used: let
G: (0, 1) — R be an integrable function, and let Hé be the space of analytic functions f: D — C such
that

11172 = fD If@FGU =z dA(2) < oc. (1-6)

Such weighted Bergman-type spaces are used, for instance, in [Kellay and Lefevre 2012; Kriete and
MacCluer 1995; Li et al. 2014]. We have H% = H?(8) with
1 1
B =2/ PG a—r?) dr:/ "G(1 —1t)dt, (1-7)
0 0

and the sequence B = (B,), is nonincreasing (actually, the representation (1-5) is equivalent, by the
Hausdorff moment theorem, to a high regularity of the sequence §, namely its complete monotony).
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When the weight 8 is nonincreasing (or more generally, essentially decreasing), all the symbols
vanishing at the origin induce a bounded composition operator. This was proved by C. Cowen [1990,
Corollary, p. 31], using Hadamard multiplication. We can also use Kacnelson’s theorem (see [Chalendar
and Partington 2014] or [Lefevre et al. 2021, Theorem 3.12]). Actually that follows from an older theorem
of Goluzin [1951] (see [Duren 1983, Theorem 6.3]), which itself uses a self-refinement observed by
Rogosinski of Littlewood’s principle [Duren 1983, Theorem 6.2].

For weights defined as in (1-5), we have at our disposal integral representations for the norm in H>(8),
and, as in the Hardy space case, this integral representation rather easily allows us to decide when
the boundedness of Cr, on H 2(B) occurs. This is not always the case, as shown by T. Kriete and
B. MacCluer in [Kriete and MacCluer 1995]. They consider spaces of Bergman-type A%; = Hé, where
5(r) = G(1 —r?), defined as the spaces of analytic functions in D such that

/D 1 f(2)1?G(lz]) dA < 00

for a positive nonincreasing continuous function G on [0, 1). They prove [Kriete and MacCluer 1995,
Theorem 3] that, for

~ 1

G(/’)=6Xp(—B(1_—r)a), B>0, O<a<?2,
and

) =z+t(1—2), 1<y<3, 0<r<2'77,

¢ is a symbol and C, is bounded on Azé ifand only if y > o + 1.
Here

1
Bn = / e~ B/A-VD" gy < exp(—en®/ @+,
0

We point out that B is nonincreasing, so, for every symbol ¢ fixing the origin, the composition operator C,,
is bounded. Nevertheless, choosing y < « 4+ 1, there exist symbols inducing an unbounded composition
operator, hence not all the Cr, are bounded. Actually, for every o € (0, 2], no C7, is bounded because
has no polynomial lower estimate (see Proposition 4.5 below).

Contents of the paper. In Section 2, we introduce several notions of growth or regularity for a sequence f —
essentially decreasing, polynomial lower and upper bounds, slow oscillation — and give some connections
between them. In Section 3, we consider the composition operators whose symbol vanishes at the origin.
We show that, in order for all these operators to be bounded, it is necessary that 8 be bounded above. We
show that 8 is essentially decreasing if and only if all these operators are bounded and

sup [|Cyll < +00.
»(0)=0

In Theorem 3.3, we give a sufficient condition for having all the composition operators C, with

¢(0) = 0 bounded, allowing us to give an example of a sequence B for which this happens even

though SUPy, (0)=0 |Cyll = +00 (Theorem 3.7). In Section 4, we prove that all Cr, are bounded on H 2(B)

if and only if B is slowly oscillating (Theorems 4.6 and 4.9). We state our main result.
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Theorem 1.1. Let 8 be a sequence of positive numbers, and let

a+z
Ta(®) = 1+az

for a € D. The following assertions are equivalent:
(1) For some a € D\ {0}, the map T, induces a bounded composition operator Ct, on HZ(ﬂ).
(2) Forall a € D, the maps T, induce bounded composition operators Ct, on H 2(B).
(3) B is slowly oscillating.

The deep implication is (2) = (3). Its proof requires some sharp estimates on the mean of Taylor
coefficients of T, for a belonging to a subinterval of (0, 1). Once we found the equivalence of (1) and (2),
we realized that it already appeared in the thesis of Zorboska [1988].

In Section 5, we show (Theorem 5.1) that if B is slowly oscillating, and moreover all composition
operators are bounded on H2(f8), then g is essentially decreasing. We thus obtain the following theorem.

Theorem 1.2. Let B be a sequence of positive numbers. Then all composition operators on H?(B) are
bounded if and only if B is essentially decreasing and slowly oscillating.

For the notion of essentially decreasing and slowly oscillating sequences, see Definitions 2.1 and 2.2.

We end the paper with some results about multipliers.

A first version of this paper, not including the complete characterization given here, was put on arXiv on
30 November 2020 (and a second version on 21 March 2022) under the title “Boundedness of composition
operators on general weighted Hardy spaces of analytic functions”.

2. Definitions, notation, and preliminary results
The open unit disk of C is denoted by D and we write T for its boundary o). We set
en(z):Zn’ n>0.

The weighted Hardy space H?(B) defined in the introduction is a Hilbert space with the canonical

orthonormal basis |
n

B,y —
e, (2) = ", n>0, 2-1)
" v Bn
and the reproducing kernel K,, given, for all w € D, by
Ku(z) = Z ef (2)ef (w) = Z 7 "z (2-2)
n

n=0

Note that H? is continuously embedded in H 2(B) if and only if 8 is bounded above. In particular, this
is the case when g is nonincreasing. In this paper, we need a slightly more general notion.

Definition 2.1. A sequence of positive numbers 8 = (8,),>0 is said to be essentially decreasing if, for
some constant C > 1, we have, for all m > n > 0,

Bm < CB,. (2-3)
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Note: saying that f is essentially decreasing means that the shift operator on H?(8) is power bounded.
If B is essentially decreasing and if we set
Bn = sup ﬁm7
m>n
the sequence B = (B is nonincreasing and we have 8, < B < CB,. In particular, H>(B) = H 2(B) (with
equivalent norms) and H 2 is continuously embedded in H 2(B).

Definition 2.2. A sequence f is slowly oscillating if there are positive constants ¢ < 1 < C such that

B

c<™ <C whenn/2<m<2n. (2-4)
n

We may remark that this is equivalent to the existence of some function p: (0, co) — (0, oo) which is
bounded above on each compact subset of (0, o) and for which 8,,/8, < p(m/n), equivalently

L P ptmm).
p/m) = By

Definition 2.3. The sequence of positive numbers 8 = (8,) is said to have a polynomial lower bound if

there are positive constants ¢ and « such that, for all integers n > 1,
Bn=cn?. (2-5)

This means that H2(B) is continuously embedded in the weighted Bergman space %i_ | of the analytic
functions f: D — C such that

115 = “/D If@PA = 12" dAR) < 00

o

since %271 = H?(y) with y, ~n~%.

Definition 2.4. The sequence of positive numbers 8 = (8,) is said to have a polynomial upper bound it
there are positive constants C and y such that, for all integers n > 1,

Bn < Cn”. (2-6)
The following simple proposition links these notions.

Proposition 2.5. (1) Every slowly oscillating sequence B has polynomial lower and upper bounds.

(2) There are sequences that are essentially decreasing and with polynomial lower bound but are not
slowly oscillating.

(3) There are bounded sequences that are slowly oscillating but not essentially decreasing.
Proof. (1) This is clear because, for some ¢ € (0, 1), if 2/ <n <2/t then

B = cBai > !B > cpin™,
with @ =log(1/c)/log2, and, for some C > 1,

Bu < CBy < CIH By < CBin”,
with y =log C/log?2.
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(2) Let§ > 0. We set By = B =1 and, for n > 2,

1
The sequence B is nonincreasing.

For n and k as above, we have

J— 1 > 1 .
o=y =
hence B has arbitrarily slow polynomial lower bound. However we have, for k > 2,
Bk (D 1

’

B Lk—DI? & =
so B is not slowly oscillating.
(3) We define B, as follows. Let (ax) be an increasing sequence of positive square integers such that
limg o ag+1/ax = 00, for example a; = 4"2, and let by = . /arar+1; with our choice, this is an integer
and we clearly have a; < by < axy1. We set

ar/n fora, <n < by,
b= {(ak/b,%)n = (1/agy1)n for by <n < apyi.
The sequence (f8,) is slowly oscillating by construction. Indeed, since the other cases are obvious, it
suffices to check that, for ar <n/2 < by <n < ay41, the quotient 8, /B, remains lower and upper bounded
when n/2 < m <n (it will then be automatically also satisfied when n <m < 2n). But, for n/2 <m < by,

we have )
Bm _ ax/m _ araks1 b
Bn  n/aks mn mn

which is < 219,%/112 <2and > b,%/n2 > (71/2)2/142 = %; and, for by < m, we have
= — = — €

:Bn n/akJrl n

However, even though (f8,) is bounded, since 8, <1 for @y <n < by and, for by <n < ay41,

lB_m m/ak+l m [] 1]

1
ﬂn =< ﬂak+1—l = E(ak—kl - 1) =< 19

it is not essentially decreasing, since
:301#1*1 Ak+1
= (ak_l,_] — 1) ~ [ m) Q. O
By Akt 1 ak
Now we are going to recall some well-known facts about matrix representation of an operator 7' defined

on a Hilbert space with an orthonormal basis (e;,),>0 and explain how they translate into our framework.
The entry a,, , (Where m, n > 0) is defined by the m-th coordinate of 7 (e,):

m,n = e:;l (T (en)),

where e; (x) stands for the k-th coordinate of the vector x.
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We shall use the notation f (k) for the k-th Fourier coefficient of a function f € L'(—m, 7):
A 1 T .
foy=5=| fwe™d.
2 J_,

Let us point out that when the operator is the composition operator C, associated to the symbol ¢,
viewed on H?(p), its matrix representation in the basis (ef )n>0 has an entry (m, n), which we write as

* m s« n ,Bm
(ef) (@(eﬁ))—*/ﬁm( )= j; " (m)

since the m-th Taylor coefficient of ¢" coincides with its m-th Fourier coefficient.
We say that the reproducing kernels K, have a slow growth if

| K (2-7)

Sl<—C
(1=l

for positive constants C and s. We have the following equivalence.

Proposition 2.6. The sequence B has polynomial lower bound if and only if the reproducing kernels K,
of H?(B) have a slow growth.

Proof. Assume that the reproducing kernels have a slow growth. Since

o |2k

1Kl Z

=0

we get, for any k > 2,
|w|2k C2
< :
B (I—Jwph*
Taking w = 1 — 1/k, we obtain g > C'k~%.
For the necessity, we only have to see that

|w|21’l 1 2n C
1K |12 ——+Z 2 _ﬂ0+5 Zn lw| = e O

n=1
3. Boundedness of composition operators whose symbol vanishes at the origin

3.1. Necessary conditions. We begin with this simple observation, see [Zorboska 1988, Proposition 3.1].

Proposition 3.1. If all composition operators with symbol vanishing at 0 are bounded on H*(B), then the
sequence B is bounded above.

Proof. Let f € H®. Write f = Ap+ f(0), where A is a constant and ¢ a symbol vanishing at 0. We have
p=Cy(z) € H?(B), by hypothesis, and so f € H>(8) and H® C H?(B). It follows (by the closed graph
theorem, since the convergence in norm implies pointwise convergence) that there exists a constant M
such that || f || g2s) < M|| f |l for all f € H*. Testing this with f(z) = z", we get B, < M?2. O
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Let us point out that boundedness of 8, does not suffice. For example, let (8,,) be a sequence such that
Bak+2/ Bak+1 7—=> 0o (for instance Box = 1 and Boy1 = 1/(k + 1)); if ¢(z) = 22, then

2n+1y 2 202n+1) 2 .
I1Co @ D17 = 122V 12 = Bacausny:
since [|z2"T!||?> = Ban+1, the operator C, is not bounded on H?(B).
A partial characterization is given in the next proposition.
Proposition 3.2. The following assertions are equivalent:

(1) All symbols ¢ such that ¢(0) = 0 induce bounded composition operators C, on H 2(B) and

sup [|Cyll < 00. (3-1)
»(0)=0

(2) B is an essentially decreasing sequence.

Of course, by the uniform boundedness principle, (3-1) is equivalent to

sup ||[fopl <oo forall fe H*(B).
9(0)=0

Let us point out an important fact: we shall see in Theorem 3.7 that there are weights 8 for which all
composition operators C, with ¢(0) = 0 are bounded but SUPy, (0)=0 |Cyll = +o0.

Proof. (2) = (1) We may assume that 8 is nonincreasing. Then the Goluzin—Rogosinski theorem [Duren
1983, Theorem 6.3] gives the result; in fact, writing

f@)= chz" and (Cyf)(z) = Zd,,z”,
n=0

n=0

Z |di|* < Z lex|> foralln >0,

0<k=<n 0<k<n

it says that

and hence, by Abel summation,
o o
ICo fIP =" 1dulPBu <D leal*Bu =1 £11%,
n=0 n=0
leading to C, bounded and ||Cy || < 1. This same result was also proved by Cowen [1990, Corollary of

Theorem 7]. Alternatively, we can use a result of Kacnelson [1972]; see also [Chalendar and Partington
2014; 2017, Corollary 2.2; Lefevre et al. 2021, Theorem 3.12].

(1) = (2) Set M =sup,, ) [ICyll. Let m > n, and take

9(2) = P (@) = 2(A(A+2") ",

Then ¢(0) =0 and [¢(2)]" = %(z" + z™); hence
LBu+Bw) = lle" 17 = ICyen) I* < ICylI* lenll* < M? By,

so B is essentially decreasing. O
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Remark. Let us mention the following example. For 0 <r < 1, let 8, = anr? forn > 1 and Bo=1.
This sequence is eventually decreasing, so it is essentially decreasing. The quantity || f ||i{2 ® " | £(0)]? is
the area of the part of the Riemann surface on which D is mapped by f. E. Reich [1954], generalizing
Goluzin’s result [1951] (see [Duren 1983, Theorem 6.3]), proved that, for all symbols ¢ such that ¢ (0) =0,

the composition operator Cy, is bounded on H 2(B) and

Gyl < sup vfiir 1 < ———
ForO0<r < 1/\/5, Goluzin’s theorem asserts that |Cy|| < 1.
Note that this sequence B is not slowly oscillating, since B2,/8, = 2r*". Hence, from Theorem 4.9
below, we get that no composition operator Cr, is bounded on H?(B).
However, that the weight 8 is essentially decreasing is not necessary for the boundedness of all
composition operators C,, with symbol ¢ vanishing at 0, as we will see later (Theorem 3.7).

3.2. Sufficient condition.
Theorem 3.3. Let B = ()2, be a sequence of positive numbers that is weakly decreasing, i.e.,

for every § > 0, there exists a positive constant C = C ()
such that B,, < CB, whenever m > (1 + 6)n. (3-2)

Then, for all symbols ¢ : D — D vanishing at 0, the composition operator C,, is bounded on H 2(B).

Let us point out that (3-2) implies that 8 is bounded.

Note that Zorboska showed [1988, Example 1, pp. 14-15] that, for 8, = exp(n*), with 0 < a < 1, which
is unbounded, the symbol ¢(z) = zF, k > 2, induces an unbounded composition operator on H 2(B).

To prove Theorem 3.3, we need several lemmas.

Lemma 3.4. Let ¢: D — D be an analytic self-map such that ¢(0) = 0 and |¢'(0)| < 1. Then there exists
p > 0 such that, for all integers n and m,

" (m)| < exp(=[(1 + p)n —m]).
Proof. Since ¢(0) = 0, we can write ¢(z) = z¢1(z). Since |¢'(0)| < 1, we have ¢;: D — D. Now let

M(r) = sup,_, l¢1(2)]. Cauchy’s inequalities say that |g;i’(m)| <[M@)]*/r". We have M(r) < 1, so
there exists a positive number p = p(r) such that M (r) = r”. We get

~ ~ ron 1 ~
lp"(m)| = |<pi’(m —n)| < — — pU+o)n m
r

and the result follows by taking r =e™". 0

The following result of V. E. Kacnelson [1972] was used in [Chalendar and Partington 2014; 2017,
Corollary 2.2]; see also [Lefevre et al. 2021, Theorem 3.12].

Theorem 3.5 [Kacnelson 1972]. Let H be a separable complex Hilbert space, and let (e;)i>o be a fixed
orthonormal basis of H. Let M : H — H be a bounded linear operator. We assume that the matrix of M
with respect to this basis is lower-triangular: (Mej|e;) =0 fori < j.



1930 PASCAL LEFEVRE, DANIEL LI, HERVE QUEFFELEC AND LUIS RODRIGUEZ-PIAZZA

Let (y;)j>0 be a nondecreasing sequence of positive real numbers, and let I' be the (possibly un-
bounded) diagonal operator such that I'(ej) = yje;, j > 0. Then the operator I''Mr: H— His
bounded and, moreover,

IT~'MT| < [M]].

We need the following generalization of Kacnelson’s theorem, which is implicitly used in [Lefévre
et al. 2021, p. 13]. The matrix A only needs to be lower-triangular with respect to the order induced by

the sequence (d,),.

Lemma 3.6. Let A: £, — £3 be a bounded operator represented by the matrix (ay n)m.n» i-€., Ampn =
(Aey, em), where (e,)n>0 is the canonical basis of £,.
Let (d,) be a sequence of positive numbers such that, for every m and n,

dn<d, = am,=0. (3-3)
Then, D being the (possibly unbounded) diagonal operator with entries d,, we have
IDT'AD| < || A].

We will propose two different proofs. The first one, using complex variables, is an adaptation of that
of Kacnelson, and we reproduce it for the convenience of the reader; the second one is new and uses real

variables.
Proof 1. Let Cy be the right-half-plane Cy = {z € C : Re z > 0}. We set Hy = span{e, : n < N} and
Ay = PyAlJy,

where Py is the orthogonal projection from £, onto Hy and Jy is the canonical injection from Hy into £5.
We consider, for z € Co,
An(z) =D *AyD*: Hy — Hy,
where D*(e,) =d:ey.
If (am.n(2))m.n 1s the matrix of Ay (z) on the basis {e, : n < N} of Hy, we clearly have

am,n(Z) = am,n(dn/dm)z-
In particular, we have, thanks to (3-3),
amn(2) =0 ifd, <d,

and
lam.n(z)] <suplax;|:=M forall z e Co.
k,l
Since
IAN@I” < IAN@DIGs = Y lama@P < (N + 1)*M?,
m,n<N
we get

IAN@I < (N4 1M forall z € Cy.
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Let us consider the function uy : Cy — Co defined by
uy(@) =An @Il (3-4)

This function uy is continuous on Cy, bounded above by (N + 1) M, and subharmonic in Cy. Moreover,
thanks to (3-3), the maximum principle gives

supuy(z) =supuy(z).
5() aCo

Since | D*|| = ||D7¢|| =1 for z € dCyp, we have

[AN@)I < |AN]l for z € 3C,,
and we get
supun(z) < |[AnIl < [|A]l.
Co
In particular, uy (1) < ||A|| and, letting N go to infinity, we obtain | D~'AD| < ||A]l.

Proof 2. Since d, is positive, we can write d, = e~ ", where p, € R. Let x = (x,,)n>0 and y = (yu)n>0
be in £2 with finite support. We are interested in controlling the sum

which can also be written
S — E am’ne_lpn_pmlxny_m

m,n

since the nontrivial part of the sum runs over the pairs (m, n) such that d,, > d,,, i.e., pp = pw.
Now we introduce the function

1
t)=———— fort eR,
f@® TR or
which is positive and belongs to the unit ball of L!(R). Moreover, its Fourier transform satisfies, for
every x € R,
F(0 = [ et ar=el
R
We get
°= / / (”<Z am,nxne"”"’yme"p’”’) = f FOAE®D), yO)p dt,
R m,n R
where
x(1) = (xneipnt)nzo and y(r) = ()’neip”t)nzo-

We obtain

S| < /Rf(t)IIAIIIIX(I)IIIIy(t)II dt:fRf(t)llAIIIIXIIIIyII dr = [[Allllx[yI

since || fllz1 @) = 1.
Since x and y are arbitrary, this proves ID-'AD| < ||A]|. O
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Proof of Theorem 3.3. First, if |¢’(0)| = 1, we have ¢(z) = az for some « with |«| = 1, and the result is

trivial.
So, we assume that |¢'(0)| < 1. Then, by Lemma 3.4, there exists p > 0 such that, for all m, n,

9" (m)| < exp(—[(1+ p)n —m]).

It follows that, with § = % p, we have

|g"(m)| < exp(—8n) when m < (1+8)n.

Since ¢(0) = 0, we also know that (ﬁ(m) =0ifm <n.
Now, using property (3-2), there exists M > 1 such that

Bn < MB, whenm > (1+d)n.

Define now a new sequence y = (y,) as
Vn = max{ﬂn, sup ,Bm}.
m>(1+8)n
We have

(1) Bu <yu <MB,,
Q) Y =ypifm=>(1+n.

Item (1) implies that H?(y) = H?*(B), and we are reduced to proving that Cy: H?*(y) — H?*(y) is

bounded.
Let A= (amn)mn= ((ﬁl (m))m.n- We have to prove that

1 2 2
2yl am,n)m,n

=V
represents a bounded operator on £,.
Define the matrix
Ay = (@mn Lion,ny:m=<1+8m)m,ns

and set Ap = A — A. Define analogously B; and B, = B — Bj.
Then A; is a Hilbert-Schmidt operator because (recall that a,, , = 0 if m < n) we have

oo (1+d)n oo (1+8)n
D lamal® <Z > exp(— 26n)<Z(8n+1)eXp( 28n) < +o0.
n=1 m=1 n=1 m=n

Since A is bounded, it follows that A, = A — A; is bounded.
We now remark that, writing As = (¢, n)m.n, We have, with d,, = 1/ /Vn,

dpn<dy, = VYu>vn = m<(+6n = au,=0.

Hence we can apply Lemma 3.6 to the matrix A,, which implies that B, is bounded.

. . 1 _ —
Now, we have lim inf ,Bn/ ">1, s0 B> 5 for n large enough; hence we have 8, > ce 3 for

every n > 1.
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Since y is bounded (like § is), we have, for some positive constant C,

oo (148)n o) (l+6)n 00

> —|amn| <> > —exp( 25n)<Z%(5n+1)exp(—8n)<+oo,

n=1 m=n n=1 m=n n=1

meaning that B is a Hilbert—-Schmidt operator.
Therefore B = B; + B, is bounded, as desired. O

As a corollary of Theorem 3.3, we can provide the following example.

Theorem 3.7. There exists a bounded sequence B, with polynomial lower bound, which is not essentially
decreasing, and for which every composition operator with symbol vanishing at 0 is bounded on H?(B).
We hence have Supy,g)=o [1Cy ll = +00.

It should be noted that, for this weight, the composition operators are not all bounded, as we will see
in Proposition 4.10.

Proof. Define 8, =1 for n < 3!, and, for k > 3,

By =1/k! fork! <n<(k+1)!—2andforn=(k+1)!,
{,Bn =1/k+1)! forn=k+1D!—1.

Note that, for m > n, we have 8, > g, onlyif n =(k+1)! —1and m = (k+ 1)! =n + 1 for some
k> 3.

However g is not essentially decreasing since, for every k > 3, we have §,4+1/8, =k+1if n=(k+1)!—1.

The sequence 8 has a polynomial lower bound because 8, > 1/(2n) for all n > 1. In fact, for k > 3,
wehave B, > (k+1)/n>1/nifk!l<n<(k+1)!—-2o0rifn=(k+1)!,and, forn =(k+1)! — 1, we
have nB, = [(k+ 1)! — 1]/(k 4+ 1)! > L. It has a polynomial upper bound since it is bounded above by 1.

Now, it remains to check (3-2) in order to apply Theorem 3.3 and finish the proof of Theorem 3.7.
Note first that we have 8,,/8, < 1 if m > n + 2. Next, for given § > 0, there exists an integer N such
that (14 6)n > n+ 2 for every n > N, so B,,/Bn < 1if m > (1 +6)n and n > N. It suffices to take
C = maxj<u<nN Pn+1/Bn to obtain (3-2). The last assertion follows from Proposition 3.2. O

4. Boundedness of composition operators of the symbol 7,

Recall that, for a € D, we defined

zeD. (4-1)

It is well known that 7, is an automorphism of D and that 7,(0) = a and T,(—a) =0
Though we do not really need this, we remark that (7,),¢(—1,1) is a group and (7, )4e(0,1 1S @ semigroup.

It suffices to see that T, o Tp, = T,4p, With
a+b

1+ab’

In this section, we are going to prove a necessary and sufficient condition for the statement that all

axb=

(4-2)

composition operators Cr, for a € D are bounded on H?(B). Namely, we have the following theorem,
the proof of which will occupy Sections 4.2 and 4.3.
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Theorem 4.1. All composition operators Ct,, with a € D, are bounded on H 2(B) if and only if B is
slowly oscillating.

Before that, let us note the following fact; see also [Zorboska 1988, Proposition 3.6]. Recall that if ¢
and v are two symbols, then Cy 0 Cy = Cyop.

Proposition 4.2. If Cr, is bounded on H*(B) for some a € D \ {0}, then Cy, is bounded on H*(B) for
allb eD.
Moreover, the maps Cr, are uniformly bounded on the compact subsets of D.

We decompose the proof into lemmas. The first one was first proved in [Zorboska 1988] (see also
[Gallardo-Gutiérrez and Partington 2013, Proposition 2.1]) and follows from the fact thatif b = pel? and Ry
is the rotation Ry(z) = e'?z, which induces a unitary operator Cg, on H 2(B), then T, = Ry o T,oR_¢
and CT;, = CR_@ [0) CT/7 OCRQ.

Lemma 4.3. The composition operator Cy, is bounded if and only if Cr,, is bounded, with equal norms.

Lemma 4.4. Let r € (0, 1) such that Cr, is bounded. For any b € D satisfying |b| < 2r/(1 +7r?), Cr, is
bounded and we have ||Cr,|| < ||Cr, %
Proof. Let S be the circle C(0, r) and u: S — R4 be the continuous function defined by

s+r ‘

=115 (+3)

u(s)

By connectedness, u#(S) contains the segment [0, 2r/(1 + r2)] = [u(—r), u(r)]. Let now
2r
b D(o, —)
€ 14712
By the above, there exists s € S such that |b| = u(s). This means that

ITp(0)] = [b] = [u(s)| = [T (r)| = [(Ty o T;)(0)|.

Therefore, Tj,(0) = ' (T, o T,)(0) for some « € R, and hence, by Schwarz’s lemma, there is some 6 € R
such that 7, = Ry 0 T o T, o Ry. We then have Cz, = Cg, 0 C1, 0 Cr, 0 Cg,. Since Cg, and Cg, are
unitary, we get, using Lemma 4.3 for Cr,,

IC7, Il = ICx, 0 Cr, Il < ICp, IIICr |l = IC, 11 u

Proof of Proposition 4.2. It suffices to use Lemmas 4.3 and 4.4 and do an iteration, noting that if
ro=lal >0 and r,41 =2r,/(1+ r,%) =ry x 1y, then (r,),>0 increases to 1. O

4.1. An elementary necessary condition. We begin with an elementary necessary condition. It is implied
by Theorem 4.9, but its statement deserves to be pointed out. Moreover, its proof is simple and highlights
the role of the reproducing kernel.

Proposition 4.5. Let a € (0, 1), and assume that T, induces a bounded composition operator on H*(B).
Then B has polynomial lower bound.
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Proof. Since
2n

1K= =,
= B
we have | K;|| < ||K,|forO<x <y <1.

We define by induction a sequence (u,),>0 With
up=0 and wu,11 =T,(uy,).

Since T,(1) =1 (recall that a € (0, 1)), we have

1 1—612

1
1— = T (t)dt = —d1;
Unt1 /u,, a() . (1+at)2
hence
1—a
1+a

Let0<x < 1. Wecan find N > 0 such that uy <x < up41. Then

(I—up) <1 —tpy1 < (1 —a®) (1 —uy).

l—x<l—-uy<1—-ad)V.

On the other hand, since C;a K. = K7, forall z € D, we have

1
N+1 N+1
IK < 1Ky I < NCT M Ky | < ICT IV I Kyl = —== I Cr, IV F

VBo

Let s > 0 such that (1 —a?) ™ = ICr,|l. We obtain

1
IKxll = mllcn I (4-4)

We get the result by using Proposition 2.6. O

Remarks. (1) For example, when 8, = exp[—c(log(n + 1))2], with ¢ > 0, no 7, induces a bounded
composition operator on H2(), even though C, is bounded for all symbols ¢ with ¢(0) =0, since B is
decreasing, as we saw in Proposition 3.2.

(2) For the Dirichlet space D2, we have B, =n+ 1, but all the maps 7, induce bounded composition
operators on D?; see [Lefevre et al. 2021, Remark before Theorem 3.12]. In this case 8 has polynomial
upper bound even though it is not bounded above.

(3) However, even for decreasing sequences, a polynomial lower bound for g is not enough for some 7,
to induce a bounded composition operator. Indeed, we saw in Proposition 2.5 an example of a decreasing
sequence B with polynomial lower bound but not slowly oscillating, and we will see in Theorem 4.9 that
this condition is needed to have some 7, induce a bounded composition operator.

(4) Gallardo-Gutiérrez and Partington [2013] give estimates for the norm of Cr,, witha € (0, 1), when Cr,
is bounded on H?(B). More precisely, they proved that if 8 is bounded above and Cr, is bounded, then
I+a )"

a b

ICnl = (15
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where o = inf{s > 0: (1 —z)™* ¢ H?*(8)}, and
14+a\*
a) ’

Icnl = (1

where T = % sup Re W(A), with A the infinitesimal generator of the continuous semigroup (S;) defined
as S; = Cr,,,,, namely (Af)(z) = f'(2)(1 — z?), and W (A) its numerical range.
For B, =1/(n+ 1)" with 0 < v < 1, the two bounds coincide, so they get

1+a\+D/2
lenl=(722)

4.2. Sufficient condition. The following sufficient condition explains in particular why all composition
operators Cr, are bounded on the Dirichlet space.

Theorem 4.6. If B is slowly oscillating, then all symbols that extend analytically in a neighborhood of D
induce a bounded composition operator on H*(B).
In particular, all Ct,, for a € D, are bounded on H?(B).

To prove Theorem 4.6, we begin with a very elementary fact.

Lemma 4.7. Let ¢ : D — D have an analytic extension to an open neighborhood Q2 of D. Then there are
a constant b > 0 and an integer A > 1 such that

—bn s
o) < | nzam,
e if m> in.

Proof. Let R > 1 such that D(0, R) C Q. For 0 <r < R, we set

M(r) = sup |p(2)].
|lzl=r
Take any r € (0, 1), for instance r = e~!. We have M (r) < 1, so we can write M (r) = e~” for some
positive p.

Cauchy’s inequalities give
OV _

rm

" (m)| <

Choose A} = max(2,2/p) and b; = p — )»fl. Then |g571(m)| <e Dmifp > am.
For the second inequality, write R =: e, with 8 > 0. Let & > 0 with M(R) <e®. Cauchy’s inequalities
again give
n
@) = P < conopm,
Choose A, =max(2, 2a/B) and b, = —akgl. Then |<Z71(m)| <e ™ if m > x,n. We get the conclusion
taking b = min(by, b,) and choosing an integer A > max(Xij, A;). O

Lemma 4.8. Let (B,) be a slowly oscillating sequence of positive numbers. Let A = (am n)m.n be the
matrix of a bounded operator on €,. Assume that, for some integer » > 1 and some constants c, b, we
have:
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(1) |am.n| < ce™" whenn > xm,
2) lamnl < ce " ywhen m > an.
Then the matrix A = (ap.n~/Bm/Bn)m.n also defines a bounded operator on 5.

Proof. In the sequel || - || stands for the £%-norm.

Since B is slowly oscillating, it has polynomial lower and upper bounds: for some «, y > 0 and
§€(0,1),wehave s(n+1)"*<B, <8 '(n+1).

The matrix A is Hilbert—Schmidt far from the diagonal since

Z 2. Iamn|2ﬁm < Z > D |agal* S Z(n+1)a+y+1 2 _ oo

n=1 Am<n n=1 Am<n
and

IPITLCED o) oURSTRTINESS DRI B ope Ao

n=0 m>n n=0m>An m>An

Since B, /B, remains bounded from above and below around the diagonal, the matrix A behaves like A
near the diagonal. More precisely, if 7, J are blocks of integers such that (m, n) € I x J implies that
n/ A2 < m < A2n, then, with obvious notation (e.g., Py is the orthogonal projection on span(e,, n € I)),
the slow oscillation of g gives, for some C > 0,

_[B B\
> am,nxnym,/ﬁ—’” <lan( > |xn|2|ym|2ﬂ—’” < C'PI AP Pry].
n

(m,n)el xJ (m,n)elxJ n

Fork=0,1,2,..., let Jy = [AX, A¥f![ and, for k = 1,2, ..., we define I = [Af~, A¥F2[. We also
define Iy = [0, A? [
‘We define the matrix R to have entries

) :{J—ﬁm/ﬁnam,n if (m, n) € U (i < Jo),

0 elsewhere.
Let Hy be the subspace of the sequences (x,),>0 in €2 such that x, =0 for n ¢ I, i.e.,
Hy =span{e, :n € I} and ﬁk = span{e, : n € Ji}.

Let P be (the matrix of) the orthogonal projection of ¢, with range H; and Q; that with range ﬁk.
Then Ry, = PrAQy is the matrix with entries a,, , when (m, n) € Iy x J; and O elsewhere. By the above
discussion, we have

|(Rex [y)] < C2I ANl Qrx || Peyll-

We point out that, for every y € £2, we have > Pry > < 3]ly|I? since each integer belongs to at most
three intervals Ij.

In the same way, for every x € €2, we have > I Qkx |> < ||lx]|? since the subspaces ﬁk are orthogonal.

Summing up over k, we get the boundedness of R =) ;2 Rx.
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Now let us check when the entries of R do not coincide with the entries of A. Actually, it happens
when (m, n) does not belong to the union of the Iy x Ji. When n > 1, it means that n belongs to some J,
but m ¢ I,: either m < AP~1 or m > APT2, and hence either m/n < A~! or m/n > A. Therefore the
nonzero entries (/m, n) of A—R satisfy either n > Am or m > An.

That ends the proof since we have seen at the beginning that A — R is Hilbert—Schmidt. U

Remark. The proof shows that, instead of (1) and (2), it is enough to have
Z n"”rlla,,,,,,l2 <00 and Z m‘)‘|am,n|2 < 00.
m<Cn m>Con

Moreover, the proof also shows that, when g is slowly oscillating, if we set
E={(m,n):Cin <m < Cyn} forsome C;, Cp >0,

then the matrix (v/B /B, 1g(m, n)) is a Schur multiplier over all the bounded matrices, while Kacnelson’s
theorem (Theorem 3.5) says that, if y = (y,,) is nonincreasing, the matrix (y,,/¥,) is a Schur multiplier
of all bounded lower-triangular matrices.

Proof of Theorem 4.6. Thanks to Lemma 4.7, the hypotheses of Lemma 4.8 are fulfilled by the matrix
whose entries are a,, , = (Zﬁ(m). It follows (with the notation of Lemma 4.8) that A is bounded on ¢2,
which means exactly that 7, is bounded on H 2(/3). O

4.3. Necessary condition. The main theorem of this section is the following.

Theorem 4.9. If the composition operator Cr, is bounded on H*(B) for some a € D \ {0}, then B is
slowly oscillating.

Let us give a corollary of this result.

Proposition 4.10. For the weight 8 constructed in the proof of Theorem 3.7, no automorphism T, with
0 <a < 1 can be bounded.

Proof. Indeed, it is clear that g is not slowly oscillating, since

Bk+iy—1 1
By k+1 k=
To prove Theorem 4.9, we need estimates on the Taylor coefficients of 7,'. Actually, the Taylor
coefficients of 7, are the Fourier coefficients of x € R+~ T (e’*), and we shall denote them with the
same notation TZ Sharp such estimates are given in [Szehr and Zarouf 2020; 2021], and we thank

O

R. Zarouf for interesting information on this subject (see also [Borichev et al. 2024]). Our method, using
stationary phase and the van der Corput lemma, is a variant of that used in [Szehr and Zarouf 2020; 2021]
and goes back at least to [Girard 1973]. However, we need minorizations of |TZ(m)| when m is close
to n, and Szehr and Zarouf’s estimates show that this quantity oscillates and, for individual a, can be
too small for our purpose, so we cannot use them and have to prove an estimate in mean for a in some
subinterval of (0, 1).

We begin with a standard fact, which we give with its proof for the convenience of the reader.
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Lemma 4.11. Leta € (0, 1), and let
1 —a?
1+2acosx +a?

be the Poisson kernel at the point —a. Then, for all x € [—n, ],

P_q(x) =

Ta(e™) = expli Va(x)], (4-5)
where .
Va(x) = / P_,(t)dt. (4-6)
0
Proof. For t € [—m, ], write
it 4
V() = — exp(iv (1),

14 ae'

with v a real-valued, C'-function on [—7, 7] such that v(0) = 0. This is possible since |y (e’)| = 1 and
¥ (0) = 1. Differentiating both sides with respect to ¢, we get

2 it
ielt(ll—l-TZ”)z — iV () 1e+:§t.
This implies
vi=—"% _p .0
11+ ael’|? '
and the result follows since v(0) =0 = V,(0). O

Let us note that, with V,, the function of Lemma 4.11, the Fourier formulas give, since TZ(m) is real
or since nV,(x) —mx is odd,

b
2n T (m) = / exp(i[nV,(x) —mx])dx =2Re I, ,, -7
where

Lyn= /ﬂ expi[nV,(x) —mx]dx. (4-8)
0

Now the main ingredient for proving Theorem 4.9 is the following.

Proposition 4.12. Let [ := [%, %] There exist constants a« > 1, e.g., o« = %, and § € (0, %) such that, for

n large enough (n > ny), we have

/1 |ﬁ(m)|2da > % forallm € [« 'n, an]. 4-9)
Proof. We will set once and for all
g="" (4-10)
so that ! < ¢ <« where o = % (say). We will only consider pairs (a, ¢) satisfying
acl=[13], qel:=[3.2] (4-11)

Such pairs will be called admissible.
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With this notation, we set, for 0 < x < 7,

X
Fy(x) = Va(x) — %x = / P_,(t)dt —qgx, (4-12)
0
where P_, is the Poisson kernel at —a. We have
(1—a?
Fl(x) = —q,
¢ () 1+ 2acosx +a? 4

and the unique (if it exists) critical point x, = x,(a) of Fj in [0, 7] is given by P_,(x,) = g, that is,

COS X _ll=a® 14
17 q 2a 2a

= hy(a). (4-13)

We now proceed through a series of simple lemmas and begin by estimates on 4, and x,.

Lemma 4.13. There are positive constants C > 1 and § € (0, %) such that, for every admissible pair (a, q),
we have

lhg(@)| <1—=68 and |h)(a)| <C, (4-14)
so there is one critical point x,(a) satisfying

§<x4(a)<m—38 and sinxy(a)>§; (4-15)

moreover,
|xé(a)| <C and §<|P.,(xp)|=<C. (4-16)
Proof. We have

1 l—az) 4 (_l—i-a2

hy(a) = (5 2a 2a ) = u@+ v

with u and v respectively decreasing and increasing on [0, 1] and with v < 0, so that we have, for g € J,

1 3 15
ha@ <u(3) =50 = 1o
Similarly:
2 1 5 5.1 5
h@zu(3)+o(3) =, -323-1= 17
Next, 2h;(a) =(1—1/¢q)1/a*> — (14 1/q); hence Ih;(a)l < C. So, writing x, = x,(a) = arccos hy(a),
we get, with another constant C > 0,
k! (@)]

1 _<C
J1—hy(a)? =

since hgy(a)? < 1—3. Finally, § < (1 —a)* <1+ 2acosx, +a* <4, and since

X (@) =

2a(1 —a?)sinx,
(1+2acosx, +a*)?’
we get the final estimates, ending the proof. O

P’ (xg) =

Back to Proposition 4.12.
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We saw in (4-7) that the value of a, , := TZ(m) is given by the formula
Ay = }T Re Iy p. 4-17)
We have the following estimate, whose proof is postponed (recall that ¢ =m/n and x, = x,(a)).

Proposition 4.14. We have
ei [nFy(xg)+m/4]

|PLy(xg)]

where the O only depends on a and so is absolute as long as (a, q) is admissible.

Lpn =212 +0(n=3), (4-18)

Note that % > % We hence have

o = En—l/zcos[”/ﬁ"Fq(Xq)] + om0, (4-19)
T | PZ,(xg)l

It will be convenient to introduce ¢, (a), which we do by setting
Fy(xq(a)) = ¢4(a). (4-20)
Then, since % + % = %, cosz(n/4—|—x) = %(1 —sin2x) and [P/ ,(x,)| > § by Lemma 4.13, we have

1 _;1—sin[2n¢,(a)]

2 ~11/10
=— 0
G =2 Rl O
implying, since | P’ ,(x4)| < C by Lemma 4.13 (again for (a, ¢) admissible) and changing 8,
a2, = 8n' (1 = sin2ng, (@)]) + O (n~"1/1°), @-21)

We will also need estimates on the derivatives of ¢, (a).
Lemma 4.15. If (a, q) is admissible, then ¢, decreases on I and, moreover,
(1) Igj (@) =8,
@) lgj@] = C.
Proof. Note, in passing, that, with x = x,(a) € [0, 7] (thanks to (4-12)),

X
Pq(a) =f [P—a(t) = P_a(x)]dt <0
0
since the integrand is negative. Next, if f and g are real C'-functions and

f@)
®(a) =/ gla,t)dt,
0

the chain rule gives
Y@= f@sa f@+ [ B
0

With g(a,t) = P_,(t) and f(a) = x,(a), we get, remembering that x, (a) is critical for F,

xq(a) xq(a)
gy (a) = [P_a(x4(a)) — qlx,(a) +/0 agg” (a,r)dt = [) 85;“ (a,t)dr.
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But P, (¢) = 1+2) 32, (—a)k coskt, so we have

x,(@) %) %)
@, (a) = / (—2 Z k(—a)*~! cos kt) dt = % Z(—a)k sin[kx, (a)],
0 k=1

. k=0
that is,
1 —2sinx,(a)

m - =
1 +ae*@  1+2acosx,(a)+a?

<0. (4-22)

Now, (4-15) gives (1).
Since |x/ (a)| < C by Lemma 4.13, the chain rule and (4-22) clearly give the uniform boundedness of
|(p (a)| when (a, g) is admissible, and this ends the proof. Il

Lemmas 4.13 and 4.15 will now be exploited through a simple variant of the van der Corput inequalities.

Lemma 4.16. Let f: [A, Bl — R, with A < B, be a C*-function satisfying | f'| = 8 and | f"'| < C, and
let us put M = fA inf™ dx. Then

M| < 2 +C(B—A)
~ né né? -
Proof. Write
inf (emf)/
e
znf’

and integrate by parts to get

einf B i mf(x) f (x) ‘
u=[p] e e

with [M] < 2/(n8) and |M>| < (B — A)/n) - C/82. O

End of proof of Proposition 4.12. The preceding lemma can be applied with A = %, B = %, f =9, and
n changed into 2n, since Lemma 4.15 shows that this f meets the assumptions of Lemma 4.16. This
gives us, uniformly with respect to (a, ¢g) admissible,

C

/e2in<pq(a) da <=
1

Now, integrating (4-21) on [ and using (4-23) gives, for some numerical § € (0, %),

/sin[2ng0q (a)]da| < (4-23)
I

[ TP da =07+ 07+ 011 = Jon!
1

forn > ngand a~' <m/n <« (recall that Ampn = ﬁ(m)). This ends the proof of Proposition 4.12. [J
Proof of Theorem 4.9. By Proposition 4.2, Cr, is bounded for all a € D, and, thanks to Lemma 4.4,

K:= sup | Cr,l| <+o0.
1/2<a<2/3

Matricially, this can be written, for all a € (%, %),

ﬁm>
Tl’l
H( g,

<K.
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In particular, for every n > 1, we have, considering the columns and rows of the previous matrix,

(o.¢] ﬁ o
TP <K e, Y |TEm) B < KB,
m=1 n m=1
and, for every m > 1,
- B
Z T ( m)|2 . e, Z|T"<m)|
e ﬁm
In particular, for every n > 1,
Yo ATIGDIB < KBy (4-24)
@/5)n<j=<(5/4n
and, for every m > 1,
= .21 _K?
> Tk 5= (4-25)
/S m=k=(5/4m koo b

Integrating on a € (%, %) and using Proposition 4.12, we get, from (4-24), for n large enough,

2
O S @20

4/5n=j=5/4n

and, from (4-25), for m large enough, we have both

b 1 _5K? 1
" Z ,3_ = 2_,3_ (4-27)
@4/5ym<k<m ¥ "
and 5
) Z 1 5K- 1
— —_< (4-28)
m<k<(5/%)m ﬂk 24 ,Bm

Since the harmonic mean (over the sets of integers [‘Slm, m] and [m, %m], which have cardinality ~n ~m)

is less than the arithmetical mean, we obtain, from (4-27) and (4-28), both

125 K2
Pn<ss— 2. B (4-29)
(4/5)m<k<m
and )
10 K
Pnsas— . P (4-30)
m=k=(5/4)m

Now assume that n <m < %n. From (4-29), we have
1 1
PnS— D, KBS, D, BSh
@/5)m=<k<m 4/5)n=<k=(5/Hn

thanks to (4-26). From (4-30) and (4-26), we treat the case ‘5—‘n < m < n in the same way. We conclude

that, for some constant ¢ > 0, we have, for n and m large enough satisfying %n <m< %n,

Bm =< B, (4-31)
which means that g is slowly oscillating. O
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Proof of Proposition 4.14. We will use a variant of [Titchmarsh 1986, Lemma 4.6, p. 72] on the van der
Corput’s version of the stationary phase method. A careful reading of the proof in [Titchmarsh 1986,
p. 72] gives the version below, which only needs local estimates on the second derivative F”, as occurs in
our situation. For the sake of completeness, we will give a proof, postponed to the Appendix.

Proposition 4.17 (stationary phase). Let F be a real function with continuous derivatives up to the third
order on the interval [A, B] and F" > 0 throughout 1A, B[. Assume that there is a (unique) point ¢ in

1A, B[ such that F’'(c) = 0 and that, for some positive numbers A, A3, and n, the following assertions
hold:

(1) [e=n,c+nl < [A, B],
(2) F"(x) = A2 forall x € [c —n, c+nl,
3) |F"(x)| <Az forall x € [A, B].

Then
il F(e)+m/4]

F//(C)I/Z

B
/ e FO dx = V2r
A

where the O involves an absolute constant.

+0 (% +13), (4-32)

We will show that Proposition 4.17 is applicable with F = nF, and
[A,Bl1=10,7], c=x; Ar=kon, *3=Con, n=(2r3)""".

The parameter 7 is chosen to make both error terms in Proposition 4.17 equal: (n1,)~" = n*A3; so

n= kn 23

and
L ' =kn3P = 0m3P) (4-33)
niz

(with k = (koCo)~'/3 and & = 2/kok).
The slight technical difficulty encountered here is that F, é’ (x) vanishes at 0 and r. But Proposition 4.17
covers this case. We have
sin x
(14+2acosx+ az)z”’
and there are some positive (and absolute) constants g and o such that

F"(x)=nF](x)=nP’ ,(x)=2a(1—a%

F'(x)>kon=»x, forxelo,m—ol. (4-34)

Now (for n large enough), we have [x, — 1, x, + 1] C [0, m — o ]. Hence assumptions (1) and (2) of
Proposition 4.17 are satisfied.
Finally, since F(x) = nF,(x) = n[V,(x) —gx] and F" = nF,;” =nV)" =nP”,, we have, for all
x € [0, 7] and (a, g) admissible,
|F"(x)| < Con = A3,

where Cj is absolute and assertion (3) of Proposition 4.17 holds.
With (4-33) this ends the proof of (4-18), once we note that nV,/(x,) = F"(xy). O
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5. Boundedness of all composition operators

In this section, we characterize all the sequences S for which all composition operators are bounded
on H?(B). The main remaining step is the following theorem.

Theorem 5.1. Assume that all composition operators Cy, are bounded on H 2(B). Then B is essentially
decreasing.

As an immediate consequence, we obtain Theorem 1.2.

Proof of Theorem 1.2. Assume that § is essentially decreasing and slowly oscillating. All composition
operators Cy, with 1/ (0) = 0 are bounded on H 2(B) (see the introduction or Proposition 3.2). Since 8 is
slowly oscillating, all the composition operators Cr,, with a € D, are bounded thanks to Theorem 4.6.
Now it is very classical that we can get the boundedness of every composition operators. Indeed given a
symbol ¢, the symbol ¥ = T, o ¢ fixes the origin for a = —¢(0). Since C, = Cy, o Cr_,, the conclusion
follows.

Assume that all composition operators are bounded on H?(f); in particular, the C7, ones are bounded
on H?(B), and B is slowly oscillating, thanks to Theorem 4.9. It also follows from Theorem 5.1 that g is
essentially decreasing. O

We will use the following elementary, but crucial, lemma.

Lemma 5.2. Let u be a function analytic in an open neighborhood Q of D. Then, for every € > 0, there
exists an integer N > 1 such that

oo
Z wP(H><e forall p=>1. (5-1)
J=Np

Proof. From Lemma 4.7, we know that there exist some integer A > 1 and a constant b > 0 such that
|Lﬁ’(j)| < e % when Jj = Ap. Therefore, for any N > A, we have

o0
Z P ()P < (1 —e20)~le2NP < (] — e 2b)~1e=20N < ¢
j=Np
as soon as N is chosen large enough. O
Proof of Theorem 5. 1. Thanks to Theorem 4.9, we know that 8 is slowly oscillating.
Now, assume that the sequence 8 is not essentially decreasing.

We are going to construct an analytic function ¢ : ) — D such that the composition operator C,, is not
bounded on H?(B). This function ¢ will be a Blaschke product of the form

o) = [[Tu™ =[] 2tk

k=1 k=1

for a sequence of numbers a € (0, 1) such that ), _, (1 —ax) < 400 and a sequence of positive integers 7
increasing to infinity.
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Observe that ¢ will be indeed a convergent Blaschke product, with n; zeroes of modulus a,l/ e

k=1,2,...,because, for T,(z) = (z+a)/(1 +az), with 0 < a < 1, we have
2(1 —ay)

| To (2™) — 1] <
1 —1z|

and, setting a; = e~ %, we get
1
Y m—a™) < mer/m) =Y e < +oo.
k k k

These sequences will be constructed by induction, together with another sequence of integers (my)g>1-
Since S is not essentially decreasing, there exist integers n| > m > 4 such that 8,, > 28,,,. We start
with
1 3
ag=1——=>=.
! m; — 4
Using Lemma 5.2 with u = T,,, we get No > 1 such that

o0
Z |fff(j)|252_15 for all m > 1.
Jj=Nom

Assume now that we have constructed increasing sequences of integers
mp,my,...,mg, N, N2, ..., Nk,  No, Ni,..., Ne—i
such that, for 1 <[/ <k — 1, we have

mip1 >4m; and  nip > 4n;

and, for 1 <[ <k,
n > Ni_ym; and B, =2,

and
o0
D lgr(IF =27,
J=Ni—1my;
where

1
a=1--- and ¢@)=T,E").

We then apply Lemma 5.2 again to the function u = uy = ¢y - - - ox. We get Ny > Ny_ such that

o0
Yl (HPF <27 forallm > 1. (5-2)
Jj=Nim

Since f is not essentially decreasing but is slowly oscillating, there exist my4, > 4my and ng4; > 4ny
such that
k+1
Nkt1 = Nigmyy  and ﬁnk+1 >2 + ﬂer

We set
1

M1

a1 =1- and  @r41(2) = Ty, ().

This ends the induction.
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It remains to check that
00 00 | 00 . |
kg_l(l—ak)zkg_l m—kfkg_lé‘- :§ < 400

to get that the infinite product ¢ = szl @, converges uniformly on compact subsets of D.
To show that the composition operator C, is not bounded on H 2(B), it suffices to show that, for some
constant ¢; > 0, we have, for all £k > 2,

2ny
S e ()P = e (5-3)
j=ni

Indeed, since B is slowly oscillating, there is a positive constant § < 1 such that
,Bj ZS,Bnk for j =ng,ng+1, ..., 2n.

Then, if we set e, (z) = 2™, we have, since Cy(ex) = @™,

ICe (s S 0™ (D1PB; 18
) o T LT s 4o,
ekl s, B, B

and so C,, is not bounded on H?(B).
We now have to show (5-3). Let us agree to write formally, for an analytic function f(z) = Z,fio szk

and an arbitrary positive integer p,
P

f@ =) fit + 0.
k=0
For that, we set

o o0
G =[] e@= ] a+0c™.
I=k+1 I=k+1
We have, for k > 2,

©(2) = (D)@ (2)Gi(2),
where vy, =@ -+ - Qr_1.

Remark now that, for 0 < a < 1, we have

Tu(z) =a+(1—a’)z+ 0(Z?),

SO
Ok (2) = Ty (2") = ax + (1 —aP)z™ + 0 (2*™).
Then
00 my
[Gr(@)]"™ = ( I1 az) +0(@") (5-4)
I=k+1
and

[k @™ = a + (1 — aDymea* ™" 2" + 0(Z%"™). (5-5)
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But

1 1yl _
a;*” (1——) >e li=¢,
mpg

and

(1- a,f)mka;"k*l >(1— ak)mkaZ”‘*l > 0.

Moreover, since | —x >e 2 for0 <x < 2, we have
o0 my 00 1 00
> -2 — > —2) 47} =exp(—2) :=cs.
(L ol ) o2 ) o =
I=k+1 I=k+1 =1
Afterwards, by (5-2), we have
o0
Y G <27,
J=Ni—1my

Set v;"* = g1 + g2, with
{g1<z> = SN R (e
2D =Y iy m U ()2
By (5-9), we have, with |- [l2 = I| - | 21,

le23=" D> Iy (I =<27".

J>Nig—1my
Besides, since ¢y is inner as a product of inner functions, we have |vg(z)| =1 for all z € T, so
lgil3 = llvll3 — llg2ll3 = 1 - 275
Now, " = v " G"* = Fi + F», with
Fi=gi9/*G}* and F, =g “G}* .

Using (5-4), (5-5), (5-7) and (5-8), we get

ng~+Ng_1my 00 Ni—1my

2my,
> |E(j)|2=( [1 az) [ —a)ma* ™' Y @I = (1—275)c3e3

j=n I=k+1 j=0
2 2 2 2 —15
IF2115 < lg2ll3 e 151G 5 <277,

we get, using the inequality |a + b|* > %|a|2 —|b)?,

2ny ng+Ni_1my ng+Ni_1mg ng+Ng—1mg

Sz Y R(O+BOE2L Y IRGE- Y RGP

Jj=ng J=nx J=nk J=ng

> 1 (1 271522 15 = 1(1 — 2157 10/3 _ 915 5 9=9 _ o~ 15
> >

> 0.

(5-6)

(5-7)

(5-8)

(5-9)
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6. Some results on multipliers

In this section, we give some results on the multipliers on H2(8), which show how the different notions
of regularity for 8 come into play.

The set M(H?(B)) of multipliers of H 2(B) is by definition the vector space of functions 4 analytic
on D such that hf € H?(B) for all f € H*(B8). When h € M(H?*(B)), the operator M, of multiplication
by 4 is bounded on H?(B8) by the closed graph theorem. The space M (H?(B)) equipped with the operator
norm is a Banach space. We note the obvious property

M(H?*(B)) — H™ contractively. (6-1)
Indeed, if h € M(H?*(B)), we easily get, for all w € D,
M} (Ky) = h(w)Ky,

and so by taking norms and simplifying, we are left with |k (w)| < || M}||, showing that h € H* with
Allo < I Mp]|.

Proposition 6.1. We have M(H?*(B)) = H* isomorphically if and only if B is essentially decreasing.

Proof. The sufficient condition is proved in [Lefevre et al. 2021, beginning of the proof of Proposition 3.16].
For the necessity, we then have || My, || = |h| ~ for every h € H* by the Banach isomorphism theorem.
Now, for m > n (recall that ¢, (z) = z),

em(z) =2"7"7" = (M,,_,en)(2);
so, since ||M,,, Il < Cllen—nllooc = C for some positive constant C,
2 2 2 2
Bm = llemll” = C7llen||” = C*Bhn. 0

In [Lefevre et al. 2021, Section 3.6], we gave the following notion of an admissible Hilbert space of
analytic functions.

Definition 6.2. A Hilbert space H of analytic functions on D, containing the constants, and with
reproducing kernels K,, a € D, is said to be admissible if

() H?is continuously embedded in H,
(i) M(H)=H®>,

(iii) the automorphisms of D induce bounded composition operators on H,

(iv) 1Kol < h(l_ |b|> for a, b € D, where h: R™ — R™ is a nondecreasing function.
1Kol 1—|al
We proved in that paper that every weighted Hilbert space H?(8) with 8 nonincreasing is admissible
under the additional hypothesis that the automorphisms of ) induce bounded composition operators. In
view of Theorem 4.6, we get the following result.
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Proposition 6.3. Let 8 be a weight.
(1) If B is essentially decreasing, then we have (i), (ii), (iii) in Definition 6.2.
(2) If B is slowly oscillating, then we have (iv) in Definition 6.2.
Let us give a different proof from the one in [Lefevre et al. 2021].

Proof. (1) Let us assume that g is essentially decreasing. Then item (i) holds, as well as item (ii), by
Proposition 6.1. Item (iii) is Theorem 4.6.

(2) Now we assume that 8 is slowly oscillating.
LetO<s<r<l1.
Without loss of generality, we may assume that r, s > % It is enough to prove

1K, 1> < ClIK 21> (6-2)
for some constant C > 1. Indeed, iteration of (6-2) gives

1K I1? < CHIK 11
and if k is the smallest integer such that P2 < s, we have

2*logr > logs

and
1—

<
2 Dl—r

where D is a numerical constant. Writing C = 2% with o > 1, we obtain

(1) === (i)
I Kl I—=r
To prove (6-2), we pick some M > 1 such that
Bon =My
and
Bon—1 =M,

for all n > 1, since B is slowly oscillating. Write t = r>. We have

t2n 1

1
”K ” :3 Z ,3211 Z ,Banl

implying, since 2" ~! < 47",

|mn_—+MZ

The notion of an admissible Hilbert space H is useful for the set of conditional multipliers:

t2n t2n

+4MZ—<5M||Kt|| O

MH,p)={we H:w(fop)e Hforall f e H}.

As a corollary of [Lefevre et al. 2021, Theorem 3.18], we get the following.
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Corollary 6.4. Let 8 be essentially decreasing and slowly oscillating. Then
(1) M(H?, ¢) € M(H*(B), ).

(2) M(H*(B), ) = H*(B) if and only if ||¢|le < 1,

(3) M(H?(B), ¢) = H™® ifand only if ¢ is a finite Blaschke product.

We add here as another application of our results an answer to a question appearing in Problem 5 in
the thesis of Zorboska [1988].

Theorem 6.5. Let B be a weight such that H*(B) is disc-automorphism-invariant, and let ¢ be a symbol
inducing a compact composition operator on H?(B). Then the Denjoy—Wolff point of ¢ must be in D.

In other words, ¢ has a fixed point in D.

In the statement, “H?(B) is disc-automorphism-invariant” means that, for all the automorphisms 7,
where a € D, we have that C7, is bounded on H 2(B) (equivalently it is bounded for at least one a € D\ {0}).

For the definition of the Denjoy—Wolff point, we refer to [Shapiro 1993].

Proof. From Theorem 4.9, we know that 8 is slowly oscillating, and from Proposition 6.3, we know that

K 1= b
IKalli2e h( | ') for every a, b € D, (6-3)
||Kb||H2(,3) 1 —|al

where h: RT™ — R™ is a nondecreasing function.
Now we split the proof into two cases:

o If Y 1/B, < o0, then H 2(B) c A(D) (continuously) thanks to the Cauchy—Schwarz inequality. It
follows from [Shapiro 1987, Theorem 2.1] that ||¢||~ < 1, and the conclusion follows obviously.

o If Y 1/, = oo, then the normalized reproducing kernel K, /|| K,| is weakly converging to O when
|z] = 17 since || K| — +o0.
Since C,, is compact, Cy is compact as well, and we get

K
2¢@ () when lz] = 17
I K|l
and equivalently
K
”—z” — +00 when |z] > 1.
”K(p(z)”
But, from (6-3), we get
1—
h<ﬂ> — +00 when |z| > 17;
1 —z|
hence, since 4 is nondecreasing,
1—
1|—¢|(Z|)| — 400 when |z| > 1.
— |z

By the Denjoy—Wolff theorem [Shapiro 1993], the conclusion follows in this case too. O
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Appendix

In this appendix, we give the proof of Proposition 4.17.

The following lemma can be found in [Montgomery 1994, Lemma 1, p.47].

Lemma A.1. Let F: [u, v] = R, withu < v, be a C*-function with F” > 0 and F' not vanishing on [u, v].

Let

v
J :/ e FO gy,
u

(@) if F' >0on[u,v], wehave |J| <2/F'(u),
(b) if F' <0on [u,v],we have |J| <2/|F'(v)|.

Then:

Proof of Proposition 4.17. Write now the integral I of Proposition 4.17 on [A, B] as [ = I} + I, + I3, with

c—n c+n B
h:/ &P ., b:/ &P 4y, @:/‘ﬁmm.
A c—n c+n

Lemma A.1 with u = A and v = ¢ — n implies, since F’ <0 on [A, ¢ — 1],

2 2

Ih| < ———<-—,
[F'(c—m| ~ niz

where, for the last inequality, we just have to write
|[F'(c=m)|=F'(c) = F'(c—n) =nF"(&)
for some & € [c¢ — 7, c] and to note that F” (&) > A,, by hypothesis.

Similarly, Lemma A.1 with u = ¢+ 7n and v = B implies

2 2

F'(c+n) ~ nk

We can now estimate I,. The Taylor formula shows that

|I3] <

F(x)=F()+ 3 —c)’F"(¢)+ R,

with
1 3
IRl < Llx —cPas.
Hence 0
L, =¢f© f Zexp(%isz”(c)) dx+S,
0
with

n
S| < A3/ %x3 dx = %17“3.
0
Finally, set
n
K =/ 2exp(3ix*F"(c)) dx.
0

(A-1)

(A-2)
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We make the change of variable x = /2/F”(c)+/1. Recall that [;° e/’ //t dt = /me™* is the classical
Fresnel integral and that an integration by parts gives, for m > 0,

e

—dt
s

2
m
Therefore, with m = %nzF "(c),

2 m it 2 .
K= / € ar= |- iR,
F'(c) Jo i F'(c)

with
IR, <C LL < i
=V F () Jm = i
All in all, we proved that
b= |2 expli(F(e) +7/4)] + O(L +13), (A-3)
F"(c) ni2
and the same estimate holds for 7, thanks to (A-1) and (A-2).
We have hence proved Proposition 4.17. (|
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LONG-TIME BEHAVIOR OF
THE STOKES-TRANSPORT SYSTEM IN A CHANNEL

ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

We consider here a two-dimensional incompressible fluid in a periodic channel, whose density is advected
by pure transport, and whose velocity is given by the Stokes equation with gravity source term. Dirichlet
boundary conditions are taken for the velocity field on the bottom and top of the channel and periodic
conditions in the horizontal variable. We prove that the affine stratified density profile is stable under
small perturbations in Sobolev spaces and prove convergence of the density to another limiting stratified
density profile for large time with an explicit algebraic decay rate. Moreover, we are able to precisely
identify the limiting profile as the decreasing vertical rearrangement of the initial density. Finally, we
show that boundary layers are formed for large times in the vicinity of the upper and lower boundaries.
These boundary layers, which had not been identified in previous works, are given by a self-similar ansatz
and driven by a linear mechanism. This allows us to precisely characterize the long-time behavior beyond
the constant limiting profile and reach more optimal decay rates.

1. Introduction 1955
2. Long-time stability of stratified profiles: proof of Theorem 1.1 1967
3. Formation of large-time boundary layers in the linear setting: proof of Theorem 1.2 1984
4. Long-time boundary layers in the nonlinear setting: proof of Theorem 1.3 1995
Appendix A. Well-posedness of the Stokes-transport equation in Sobolev spaces 2021
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Appendix C. Proof of Lemma 3.2 2025
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1. Introduction

The Stokes-transport system
op+u-Vp=0,
—Au+Vp=—pe,,
divu =0,
Pli=0 = po

models the evolution of an incompressible inhomogeneous fluid with density p and velocity and pressure

(1-1a)

fields (u, p). For physical reasons and without loss of generality, we assume that the initial density pg is

MSC2020: primary 35B35, 35B40, 35Q49, 76D07, 76D10; secondary 35D35, 35M13.
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nonnegative. This equation will be studied in a two-dimensional periodic strip, namely Q2 =T x (0, 1)
with variables (x, z) €  and with Dirichlet boundary condition of the velocity field:

u=0 onodQ. (1-1b)

It consists of a coupling of the transport equation for the density of the fluid with a velocity field
satisfying for all times the Stokes equation with gravity forcing —pe,, where e, is the unitary vertical
vector. This equation has been studied in particular in [Héfer 2018; Mecherbet 2021] showing that
(1-1a) is a model obtained as the homogenization limit of inertialess particles in a fluid-satisfying Stokes
equation. The more recent paper [Grayer 2023] shows that this system is obtained as a formal limit where
the Prandtl number is infinite. In this paper, the domain is chosen as 2 =T x (0, 1), which describes a
physically meaningful situation including Dirichlet boundary conditions.

Well-posedness. The well-posedness of this system has been shown in [Antontsev et al. 2000] for
piecewise constant initial data in bounded domains of R” and in [Leblond 2022] for arbitrary L°° data in
bounded domains of R? and R? or in the infinite strip R x (0, 1), the well-posedness in 2 =T x (0, 1)
being a direct consequence.

Well-posedness in Sobolev spaces is required for our results. Since this result does not seem to appear in
the literature, we provide a concise proof of the global well-posedness of this problem in Appendix A for
the sake of completeness. More precisely, for any pg € H™ with m > 3, there exists a unique strong solution
(p, u) of (1-1a) with p e C(Ry; H™(R2)) andu € C(R4; H™2(Q)). Well-posedness in other domains and
spaces has also been proven; see for example the recent results [Mecherbet and Sueur 2024; Inversi 2023].

Steady states. Before going further let us observe that the stationary states, i.e., states such that 9,p =0,
of this system are precisely the stratified density profiles, which means in this paper density profiles
depending only on the vertical variable z. Indeed, for such a map p; = p;(2),

(0.1, p) = (s 0.~ [ py()d2)

is a solution of (1-1a). To show the converse, let us introduce the potential energy associated to a density
profile p,

E(p) := /sz dx dz.
The energy balance is

d
SB@ = [ 2p=— [ zuVo= [ wep=—|Vul.. (1-2)
Q Q Q

where the divergence-free and the Dirichlet boundary conditions on u are used in the integration by parts.
The last equality is simply the basic estimate of the Stokes equation. The potential energy dissipates exactly
through the viscosity effects. From this observation we see that the whole evolution is nonreversible; the
fluid only rearranges in states of lower potential energy. Moreover, a stationary state is exactly a state for
which u = 0; therefore it means that the density p and the pressure p must satisfy

Vp=—pe,

so that the pressure is independent of the x-variable, implying p depends only on the z-variable.



LONG-TIME BEHAVIOR OF THE STOKES-TRANSPORT SYSTEM IN A CHANNEL 1957

The aim of this paper is to study the long-time behavior of perturbations of stratified initial data in the
stable regime, with lighter fluid on top and heavier fluid on the bottom. We will prove three different
results: The first one, Theorem 1.1, provides the stability of such stratified profiles, together with some
decay estimates. The second one, Theorem 1.2, gives an explicit asymptotic decomposition of solutions
of a linear version of (1-1a) as t — oo. In particular, we identify boundary layer profiles in the vicinity of
the top and bottom boundaries. Eventually, in Theorem 1.3, we go back to the nonlinear system (1-1a) and
provide a more precise description of the solutions as + — oo, building on the analysis from Theorem 1.2.
A striking consequence of our results lies in the fact that the boundaries slow down the relaxation towards
the asymptotic state. This new observation could probably be adapted to other systems; see Remark 1.4.

Main stability result. For simplicity and in the rest of this paper, we consider perturbations of the
affine profile p,(z) = 1 — z, although more general profiles such that d, 0, < O could be considered; see
Remark 2.8.

Our main stability result for perturbations vanishing on the boundary is the following:

Theorem 1.1. There exists a small universal constant gy > 0 such that, for any py € H®(Q) satisfying
lpo — psll g6 < €0 and po — ps € HS(Q), the solution p of (1-1a) satisfies
€0

, _ < g, 1-3
141 0= Pocllut() S €0 (1-3)

o= pollizg) S

where poo is given by the decreasing vertical rearrangement of po:
o
Poc(2) 1= /O Lo<z<i{po=2) dA-

Note that the condition on Hg (£2) is equivalent to the following requirements, discussed in the following
subsections:

polag = pslas  Ompoloe = npslag-

This theorem will be proven in Section 2, and we provide a scheme of proof at the end of this section.

Remarks on the main stability result.

» Since the set of steady states is not discrete, it is expected that ps is not asymptotically stable, and that
the long-time behavior is given by a slightly modified density profile. In general, this asymptotic profile
depends on the entire nonlinear dynamics in a very nonexplicit way. However the transport equation is
remarkable since it preserves the measure of the level sets. This property combined with the fact that
the asymptotic profile is strictly decreasing (as a smooth perturbation of p;) allows us to identify the
asymptotic profile as the decreasing vertical rearrangement of pg, which can be computed directly from pg
without dependence on the full nonlinear dynamics. See Section 2.4 for details.

« In fact the identification of the limit as the decreasing vertical rearrangement is quite general and only re-
quires two properties. First the density needs to converge to a stratified (i.e., independent of x) and decreas-
ing limiting profile. Second, the density should satisfy a transport equation with well-defined characteristics.
This is in particular the case for the incompressible porous medium equation; see Section 2.4 for details.
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« This result proves the stability of the particular state p;(z) =1 —z. We believe that the result generalizes
and our proofs adapt to the case of stratified p; € H® satisfying

sup d; 05 < 0.

0,1
This remark is detailed at the end of Section 2.2. We note that without the monotony assumption,
lighter fluid might be below heavy one, and physical instabilities — similar to the Rayleigh—Bénard
or Rayleigh—Taylor instabilities — are expected to develop (see [Drazin and Reid 2004]). Some weak
convergence up to extraction toward a stationary state could be proven, but the limit might be a non-
trivial w-limit set in general. In any case, it is not clear whether convergence to the rearranging steady
state holds.

¢ One can of course wonder about the strong regularity requirement in Theorem 1.1. It turns out that
one can adapt a strategy developed in [Kiselev and Yao 2023] about the instability of the incompressible
porous media equation. Indeed, the arguments are essentially geometric, and the result is the same: there
exist smooth perturbations small in H?~(£2)-norm such that lim sup,_, . ||0(t) — ps]| Hs (@) = oo for any
s > 1. Therefore, this shows the existence of a regularity threshold between H 2(Q) and H®(Q) between
stability and instability. The details are provided in the thesis of Antoine Leblond [2023].

« Finally, an interesting question is the optimality of the (1 4+ ¢)~! decay in (1-3). The dynamics of
the equation preserve the fact that the perturbation and its normal derivative are vanishing on 9€2 i.e.,
p— ps € HOZ(Q). For higher normal derivatives this property is not preserved, and this is the main
reason why the time-decay is limited. This is one of the main motivations to study the formation of
boundary layers in this system, together with the possibility to allow nonvanishing perturbations on 9£2.
Theorem 1.3 below indicates that the optimal decay rate under the assumptions of Theorem 1.1 is very
likely (1 + 1)~/ We refer to the discussion at the top of page 1961 for more details.

Related results and comparison with the incompressible porous medium equation. In [Gancedo et al.
2025] the interface problem for (1-1a) is considered also in the domain Q2 = T x (0, 1). The interface
problem treats the case where the density is equal to two different constants below and above an interface
['(t) C Q. The question lies in the regularity of the interface, the well-posedness for L*> densities
being established in [Leblond 2022; Antontsev et al. 2000]. More precisely, the authors prove local
well-posedness for the interface in C!¥ for 0 < y < 1 as well as the global well-posedness and decay
of small perturbation in H3(T) of the flat interface with lighter fluid on top. The proof is very different
from ours as it uses a contour dynamics equation, but the spirit of the stability result is pretty similar.

Let us also compare the results and properties of the Stokes-transport equation and of the incompressible
porous medium equation, namely (1-1a) where the Stokes equation is replaced by Darcy’s law,

dhp+u-Vp=0,
u+Vp=-pe:, (1)
divu =0,

Pli=0 = po.
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This equation has been intensively studied and we only cite comparable results. The question of well-
posedness is much more difficult than for the Stokes-transport equation. In particular global well-posedness
like Theorem A.1 seems to remain an open question. Local in time well-posedness has been shown in
[Cérdoba et al. 2007; Xue 2009; Yu and He 2014; Constantin et al. 2015], whereas ill-posedness through
nonuniqueness in some spaces has been shown in [Cérdoba et al. 2011; Shvydkoy 2011; Isett and Vicol
2015].

Concerning classical global solutions, the only known results have been proven for initial data close
enough in Sobolev space to the stratified initial data p,(z) = 1 — z by [Elgindi 2017] in R? and T? and
later generalized in [Castro et al. 2019a] to the domain T x (0, 1). More precisely, these results prove that
the profile ps(z) = 1 — z is asymptotically stable under small perturbations in H™ for some m. Let us also
mention the recent work [Park 2025], which revisits these results, relying mainly on energy estimates.

In T x (0, 1), the boundary conditions identified and used by Castro, Cérdoba and Lear [Castro et al.
2019a] ensure that the main linearized structure remains stable by differentiation, which makes the
analysis of that work similar to the one of the periodic or whole space case. This analysis has then been
extended by the same authors to the Boussinesq system with a damping velocity term in [Castro et al.
2019b]. In particular integrations by parts of high-order derivatives are possible to obtain uniform bounds
in Sobolev spaces of high enough regularity. By using similar boundary conditions for Stokes-transport in
T x (0, 1), the results of [Castro et al. 2019a] could be adapted in a straightforward way. In our situation,
the presence of the Dirichlet boundary condition is the major obstacle. In particular, uniform bounds in
high-regularity Sobolev spaces are no longer valid, as Theorem 1.3 below will highlight. This is due to
the presence of boundary layers, as explained above. More details are provided below in the scheme of
the proof.

Eventually, let us mention that the existence of the limiting profile was obtained in [Elgindi 2017;
Castro et al. 2019a] through a fixed-point argument. One contribution of the present paper is to precisely
identify the long-time asymptotic profile as the decreasing vertical rearrangement of py. As explained
previously, our method to identify the limiting profile is robust and in particular also applies to show
that the long-time asymptotic profile for the incompressible porous media equation is also given by the
decreasing vertical rearrangement.

Linear asymptotic expansion for nonvanishing perturbation on 3. Theorem 1.1 is only valid under the
assumption that the perturbation and its normal derivative are vanishing on 9€2, i.e., when pg— p; € HOZ(Q).
If the perturbation does not vanish on the boundary, this question is nontrivial even for the linearized
equations around p; = 1 — z: denoting by 6 the perturbed density, we consider

00 —u-e;, =0,
—Au+Vp=—be,,
divu =0,
01=0 = 6o.

(1-5)

It can be easily checked that Theorem 1.1 is also valid for (1-5). In other words, if 6y € H N Hg, then
0N <1+ )~ L. Note that there is no smallness assumption in this case because the system is linear.
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If 8y or 9,6y do not vanish on the boundary, however, it turns out that # vanishes as t — oo but with a
much slower rate. This is due to the formation of boundary layers of typical size ~'/# as t — oo, in the
vicinity of z =0 and z = 1. More precisely, we will prove the following result in Section 3:

Theorem 1.2. Let 6y € H*(2) for some s sufficiently large. Then the solution of (1-5) satisfies
0=00+60%+0¢"" inL*Q)ast— oo,

QBL

where 6y(z) = % fozn 6o(x, z) dx is the horizontal average of the initial data and is the boundary

layer part whose leading terms are

6% = @0 (x, 1% (1 —2)) + O (x, 112) + Lo, (1-6)

with ©9 174

top
Furthermore, fort > 1,

(resp. @éot) decaying exponentially as Zop = t14(1 — 2) = oo (resp. as Zpoy = 1'%z — 00).

_ _1 _3 _1 _3
C6olaall 2t 5 + O™ %) < 0% )12y < Cllfolaall 25 + O F).

Remarks on the linear asymptotic expansion.

« In fact, the definition of OB is more involved and is given as a sum in powers of ¢ ~'/4 of different
boundary layer profiles. For instance, in the vicinity of z =0 and for # > 1,

4 .
I 1
OBk =3 1730 (x,t4z).
—

Furthermore, the construction can be iterated. Up to a stronger regularity requirement on the initial data,
we could probably push the expansion of OB further and prove that 6 = 0B 4+ O (+=*) for k arbitrarily
large. In this case, the definition of 6B has to be modified in order to include profiles up to j = 4k. We
shall give more details on this matter in Remark 3.8.

» Note that the scaling of boundary layers is consistent with the estimates of Theorem 1.1: heuristically,

1/4

one power of ¢'/* is lost with each differentiation (with respect to z.)

Nonlinear asymptotic expansion. Let us now go back to the nonlinear problem in the case where
Po — Ps € HOZ(Q). In this case, p(t) — ps and 3,(p(t) — ps) vanish on the boundary for all ¢ > 0 (see
Lemma 2.1). As a consequence, the advection term is negligible in the vicinity of the boundary, and
we expect the dynamics to be driven by a linear mechanism in this zone at main order. Building on the
analysis of Theorem 1.2, we then derive uniform bounds in H®(£2), modulo some boundary layer terms:

Theorem 1.3. There exists ¢g > 0 small such that, for any po € H 14Q) satisfying || po — ps || g1+ < €o and
P — Ps € HO3 (R2), the solution p of (1-1a) satisfies

0 =poo+0B+00"% inL*(Q) ast— oo,

OBL

where is the boundary layer part given by

0% = 1@0p(x, 14(1 = 2)) + 1Oy (v, 152) +Lout.

1/4

with Oy (resp. Opoy) decaying exponentially as Zop = 141 —z2) - o0 (resp. as Zyot =1'/"7 — 00).



LONG-TIME BEHAVIOR OF THE STOKES-TRANSPORT SYSTEM IN A CHANNEL 1961

A more precise version of the theorem, including H* estimates on the remainder, will be provided in
Proposition 4.1. We note that [|§BL|| e S+ 1)~%/8 so this result strongly suggests that the optimal
decay of p— po is like t~/8in L?(2), which is close to the rate 7! obtained in Theorem 1.1. Theorem 1.3
also shows that the decay rate is dictated by boundary layers. Nevertheless, it is not excluded that the
nonlinear dynamics drive the system to the case where these boundary layer terms always vanish, although
we expect this behavior to be rather unlikely. Let us emphasize that the formation of boundary layers, let
alone the construction of boundary layer profiles, had not been identified in previous works, even in the
linear setting of Theorem 1.2. We believe that our analysis could be extended to the incompressible porous
media (IPM) system (1-4), for which similar boundary layers are expected to develop; see Remark 1.4
below. Let us also recall that in the cases without boundaries (see [Elgindi 2017; Castro et al. 2019a; Park
2025]), the rate of decay of p — p, can be arbitrarily large, provided the initial data is sufficiently smooth.

Let us now say a few words about the case when the initial data py of (1-1a) is such that pg — ps or
dn (0o — ps) do not vanish on the boundary. We expect the scaling of the boundary layers to be different.
Indeed, if the ansatz of the linear case (1-6) is plugged into (1-1a), we find that the quadratic term becomes
dominant close to the boundary, and cannot be balanced by other terms in the equation. As a consequence,
studying (1-1a) when p — p5 ¢ Hg(SZ) goes beyond the scope of this paper. We expect that the boundary
layer equations become nonlinear in this setting.

Note that Theorem 1.3 requires more stringent assumptions on the initial data than Theorem 1.1, since
the initial perturbation is assumed to be small in H 14 (rather than H®), and its second normal derivative
is also assumed to vanish on the boundary (i.e., 8Z2 (p — ps)lag = 0). Actually, the latter condition can be
slightly weakened; see Proposition 4.1 for a more precise statement.

Remark 1.4 (extension to the incompressible porous medium equation). We believe that Theorem 1.3
could be extended to the IPM equation (1-4) when the initial datum pg is sufficiently smooth and such
that pg — ps € H(} (i.e., the trace of py — p; vanishes on the boundary). In this case, (p(¢) — ps)|sg =0
for all £ > 0 (see Lemma 2.1).

In this setting, the boundary layer ansatz from Theorem 1.3 should be replaced with

fBL = %@gy(x, t2(1—2) + %@,ﬂ‘“(x, t2z)+1lot.,
where the profiles ®"M for a € {top, bot} satisfy

—OyM +3Z0,0,™M = 9, WM WM = 5, 0™,
This system should be compared with (4-18), and is endowed with the boundary conditions

IPM IPM 2 o IPM
YV, " z=0=0,"1z=0=0, 0870, "|z=0 = Va,

where Yiop(x) = lim,_ o0 8262, X, 1), Yoor(x) = lim;_,o0 326/(2, x, 0).

Therefore the situation is very similar to the one of Theorem 1.3: the main difference lies in the
thickness of the boundary layer (+~!/? for IPM vs. t~!/4 for Stokes-transport), which is consistent with the
order of the damping term (32 A~! for IPM vs. 3> A~2 for Stokes-transport). Furthermore, if agﬁ Oola =0
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for 0 < ¢ < k and for some k > 1, then the above ansatz should be replaced by

1 ! 1 1
0% = 7Oy (6, 17 (1 = ) + 7 O (v, 122) + Lot

Note that this is consistent with the results of [Park 2025] (see also [Castro et al. 2019b]), in which
the author proves that ||p(t) — ps|l;2 < t7%~1/2 under a slightly more stringent version of the previous
assumption.

However, if the trace of pg — ps on the boundary does not vanish, the situation is different. In this
scenario, the nonlinear terms are expected to be of leading order close to the boundary, and we expect
that nonlinear boundary layers are created.

Interpolating between the IPM system and the Stokes-transport system, it is also natural to wonder
what happens for fractional equations such as

360 +u-Ve=0d>(—A)"%,

with o € (1, 2). One should however define carefully the fractional operator (—A) ™ in this setting, since
the domain T x (0, 1) is bounded in the vertical direction (the boundedness in the horizontal direction is
not really an issue since we can rely on a Fourier definition of the fractional laplacian in the horizontal
variable.) One canonical choice is to use a spectral definition of the fractional laplacian. However, in
the present setting, there are two possible choices for the eigenbasis: the eigenfunctions of the laplacian,
or the ones of the bilaplacian, described in Lemma B.2. These two choices seem to lead to different
operators, and in particular, they are incompatible with one another.

Therefore it seems better to consider the so-called “restricted fractional laplacian”: for ¢ € H 2 (Q)
such that |y =0 and 9,¥ |y =0 if & > % extend ¥ by zero outside €2, and define

Ay (', Z)— Ay (x, 2) dr' dz’

(—A)*y = CaPV/

<k (¥, 2) = (', 2)[*

The equation for v then becomes
(=)%Y =0,0 inQ, Yo =0.

The main advantage of this choice is to be compatible with the end cases « = 1 (IPM) and o = 2
(Stokes-transport). However, due to the nonlocal nature of the fractional laplacian, having a description
of the boundary layer formation seems much more involved.

Schemes of proofs. Here we explain the main steps and difficulties of the proofs of Theorems 1.1, 1.2
and 1.3.

Rewriting of the equation. Since perturbations of p;(z) = 1 — z are considered, it is natural to introduce
the perturbation 6 as
p=ps+0,

with initial perturbation 6y = po — ps. Substituting this expression in (1-1a) and recalling that stratified
states do not contribute to the velocity field in the Stokes equation, we obtain the following equation for
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the perturbation 6:
0 4+u-Vo =u,,
—Au+Vp=—0Oe,,

divu =0,
ulyo =0,
O1i=0 = 6p.

We note that we used the notation # = (u,, ;) and that x and z indices always denote the horizontal
and vertical components and never derivatives with respect to x or z.

The Stokes equation can be simplified by introducing the stream function of the divergence-free velocity
field u through u = V- = (=3, d,v). Substituting it in the Stokes equation and considering the curl

of this equation, we get
90 +u-V0=u,,

A2y = 9,6,
u=vty,

Vs = 0n¥lse =0,
01r=0 = o.

Notice that this writing is consistent with the previous observation that any z-dependent perturbation of
the density does not affect the velocity field.

Once the steady states of (1-1a) are identified as the stratified density profiles, i.e., functions depending
only on z, it is natural to decompose the perturbation 6 (¢, x, z) as the sum of its horizontal average 0(t, z)
and its complement 6'(z, x, z) with zero horizontal average, following [Elgindi 2017] and others:

_ _ 27
0%, =0, +0'(,x,2), 6,2 =5 [ 0w x 2 dx,

We note that contrary to [Elgindi 2017; Castro et al. 2019a], 6 denotes the average rather than the
fluctuation, as this seems a more natural notation. In particular our notation is comparable to the standard
notation used for the Reynolds-averaged Navier—Stokes equations.

This decomposition is actually orthogonal in any Sobolev space H” and one can project the transport
equation onto the two appropriate complementary subspaces, leading to

90"+ u-V0') = (1-03.0)u;, 6= =06)

80 +u-vo =0, 0),=0 = o,

! (1-7)
A*y = 0,0, Vlaa =0,
u=v-ty, Vlaq =0.

Although more complicated at first sight, this equation allows us to distinguish the evolution of 6" and of
the average perturbation 6. This is needed since the whole perturbation cannot be expected to decay in
Sobolev spaces due to its pure transport. Only the average-free part 6’ is decaying.

Toy problem on the torus. In order to get an intuition of the decay of [|6'||,2(q) and to highlight the
specific difficulties of our work, we will first explain the strategy in the case when the problem is set
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on the torus, in order to avoid the issues associated with the boundary conditions. More precisely, we
consider the following linear problem for 6’ on the torus T?:

30 =1 —G)dy + S,
A% =d,0, (1-8)
9/|l=0 - 9(/)5

where G is a given small function of ¢ and z, whose finality is to be replaced by 3.0. The source term S,
which will include the nonlinearities of the system, will be omitted in this short presentation for simplicity.
Note that (1-8) differs from our original system through the periodic boundary conditions on v in the
vertical variable. The choice of periodic boundary conditions simplifies the analysis in several ways,
which we will detail below.
For any s > 0, applying A*/? to the first equation of (1-8) and projecting on A*/?6’, we obtain, after
several integrations by parts in the right-hand side,
LIk == [ AN - Gaity
2dr L T2
=— [LaFa-omary
< —(1=ClIGla) A3 Y17, (1-9)
where C is a universal constant. As a consequence, if C||G(t)]|ys+2 < 1, then the H* norm of @’ is
nonincreasing, and whence uniformly bounded.
Then, the decay of ||6/(7)|| ;> is deduced by using the following Gagliardo—Nirenberg interpolation
inequality, which in the case of the torus can be proved simply by Fourier analysis:

- 1 -
1071 M%7, < £ 1A + K210 A% 1., (1-10)

where 3! f denotes the antiderivative of f with null horizontal average, and K > 0 is an arbitrary positive
constant.
More precisely, combining (1-9) and (1-10) with ¢ = A2y for some r > 0 leads to

d r r

3182015 S —lA g,
SKANATHIS Y|, — Koy ATy 12,
SKAATT20 2, — K| A20)3,,

recalling that A%y = 3,6". Taking K ~ (1 +1)~" we deduce

d r 3 r r —
G870+ 18201 5 182202012 (1-11)

(1+1)3

Note that here the factor 3 could be made arbitrarily large by taking a larger multiplicative constant in K,
but any constant strictly larger than 2 is sufficient for the argument.
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Since A™/2%23720" is uniformly bounded in L*(T?) by |3y 20, || ;y-+, this integrates into

10526} Il g+
I+t
Note that the index of regularity r is arbitrary. Hence, plugging this estimate back into (1-11) and using

V>0, (A0 S (1-12)

an induction argument, we find that, for any o > 0, r > 0,

Vi>0, [[AZ0/ (D)2 <(1+1)"2 107405l gr+2e. (1-13)
Let us emphasize that when G = 0, this estimate can be proved directly from the Fourier representation
formula
. k?
0'(tx,2)= ) 6(0) exp(— T r) exp(ik - (x,2)).
ke7?
ke #0

Hence the decay rate can be expected to be somewhat optimal. Moreover, in the case of the torus, the
rate of decay can be as large as desired, the cost being the regularity required on 6. Note that, for r =0,
o =2, we find the decay rate announced in Theorem 1.1.

Difficulties with Dirichlet boundary conditions. Let us now explain the main differences between (1-8)
on T? and the original system (1-7) on =T x (0, 1). The strategy will be identical. We first prove a
uniform bound for 6’ in H*(2), and then use interpolation inequalities together with the energy estimate
to obtain the decay estimate (1-12). However the derivation of the different bounds will be substantially
more involved.

We shall prove the uniform H*(2) bound for 6’ directly from the equation without spectral analysis.
More precisely, the estimate (1-9) remains valid for s = 0 since ¥ |3q = 3, ¥ |3 = 0. Higher-order uniform
estimates in H*(€2) fail in general due to nonvanishing terms on the boundary. The question is therefore
when the integration by parts done in (1-9) can be performed. The traces of 8’ and 9,0’ being zero, the
traces of Azw and 0, Azw are also vanishing (see Section 2.1) so integrations by parts in (1-9) can be
done for s = 4 provided G = 0. Therefore a uniform H* bound can be deduced when G = 0. When
G is nonzero, some traces no longer vanish. The strategy will be to treat them perturbatively, i.e., not
performing integration by parts on A%(Gv) A3, A similar interpolation argument (Lemma 2.7) allows
us to then deduce the analogue of (1-12), i.e., that ||@’||,2 is bounded by (1 417)~".

However, note that the higher decay (1-13) for r > 0 and @ > 2 does not hold in general, as Theorem 1.3
shows. Indeed, the decay rate is prescribed by the boundary layer part of the solution, for which we have
| A7/20BL |12 oc (1 4+1)~1+7/4=1/8 Hence the H* norm of #’ for s > 5 is not expected to be bounded.

Finally, let us mention that proving some time integrability on the velocity field is crucial in order to
obtain the convergence of §. As a consequence, the linear decay from (1-12) is not entirely sufficient
to complete the proof of Theorem 1.1. In previous works, this higher decay on the velocity field was
obtained either thanks to high-regularity bounds, or by taking advantage of the Fourier representation
of the solution. Since none of these tools are available here, we rely on a different argument, involving
bounds on the time derivative of 6'.
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Remark 1.5 (about the spectral decomposition). Since the equation is no longer set on the torus, but
rather in the domain 2 =T x (0, 1) endowed with boundary conditions, we can no longer perform a
(discrete) Fourier transform in the vertical variable. However it is possible to analyze explicitly the
eigenfunctions of the operator

L:0eL?— 3y €L? where A2 =93,:0, V]sq =0,V |sq =0, (1-14)

and show that the eigenvalues (Ax)rezxn Of the operator L behave asymptotically as kf /1k|* (see
Lemma B.2), so that the estimate (1-12) remains true. Details on the spectral analysis are presented in
[Leblond 2023].

Bootstrap. The last step of the proof consists in bringing the previous linear analysis into the full nonlinear
system. Intuitively, the strategy is the following: denote by (0, T*) the maximal time interval over which
10'1;2 < B(1 + 1)~! and 0’|l 7+ < B are valid with a constant B. In fact more estimates need to be
included in the bootstrap argument for technical reasons; see (2-9). On this time interval, the quadratic
terms can be treated perturbatively, provided ||6y|| y+ is sufficiently small. Hence the bootstrap estimates
hold with a constant which is better than B, and thus 7* = oo. It follows that 6" converges towards zero
in L2 and that the time derivative of  is integrable. Hence 6 has a limit in L? as t — oo. This is the
main part of the proof which is detailed in Section 2.3.

Identification of the limit. Since 0’ converges to zero in any H™ for m < 4 as t — oo and 6 has a limit
in L? as t — oo, the whole density p = p; 4+ 0 = ps +6+0' converges to some limit poo = o5 +04 in L?
and pn, depends only on z. The term 9,6 is small compared to 3,0, = —1, and so is its limit 8,0,,. Whence
Poo 18 strictly decreasing with respect to z, as is ps. The transport of the density by the divergence-free
field u ensures that the level sets of p are preserved by the time evolution, and by strong convergence this
is also the case for the limit p,. According to rearrangement theory, p is therefore a rearrangement
of po. One can show that there exists a unique decreasing vertical rearrangement of pg; hence po is
uniquely determined. This part of the proof is detailed in Section 2.4.

Linear boundary layers for system (1-5). Let us now give a sketch of the proof of Theorem 1.2. We start
with rather simple observations:

« First, it follows from the equation that 9,630 = 9,0,6|3q = 0. Therefore, for all ¢ > 0,

Olae) =6loq, mblaa(t) = 0nboloq.

« Taking the horizontal average of the evolution equation, we find that 9,0 =0, and thus 6 (¢) = ;. Hence
we focus on the long-time behavior of 6'.

o Let us denote by (br)rezxn+ the basis of eigenvectors of the operator L defined in (1-14) (see
Lemma B.2). Then we can always write

0' ()= exp(—rxt)f(t =0)bx,
keZ*xN

with (é,’( (t = 0))kez+xn € £>. We recall that Ax behaves asymptotically as |k, |2/|k|* Tt then follows from
Lebesgue’s dominated convergence theorem that 6/(1) — 0 in L? as t — oo.
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Therefore 6’(¢) vanishes in L? while keeping a constant — and nonzero — value on the boundary. As a
consequence, it is reasonable to expect that boundary layers are formed in the vicinity of z =0 and z =1

as t — oo. We then plug the ansatz (1-6) into (1-5) and identify the profiles @?Op, ®} .. The role of ®?op
(resp. of @got) is to lift the trace of 6 at the top boundary z = 1 (resp. at the bottom boundary z = 0). We

find that these two profiles satisfy an ODE, with boundary conditions given by
O, (x. Z=0) =0)(x, z=1), 03207, (x, Z=0) =0,

top

O0(x, Z=0) = 0 (x, z=0), 3700, (x, Z=0) =0.

In a similar way, the next-order boundary layer terms G)tlop and ®ll)0t lift the traces of 9,6y on 0€2. Hence

the first step is to construct explicitly the boundary layer profiles in terms of 6y. By construction, the

remainder 6’ — 6BL

decay analysis presented above to the remainder 6’ — #BL, and we find that ||(8’ — 0B (1) ]|, < (14+1)7L

vanishes on the boundary, together with its normal derivative. We can then apply the

Boundary layers for system (1-1a). We now turn towards Theorem 1.3. Note that the boundary layer
term in Theorem 1.3 is smaller than in (1-6). This is directly linked to the fact that under the assumptions
of Theorem 1.3, & = p — p, vanishes on the boundary, together with its normal derivative. Therefore,
the boundary layer term OBL (or rather A26BL) now lifts the traces of A%0’ and 9, A%6’. The overall
strategy is the same as the one described above: we first identify the boundary-layer part of the solution by
rigorously constructing the boundary layer profiles @{;m and ®tj0p.
on the remainder 0™™ = 0’ — 6BL noticing that A20™™ satisfies assumptions that are very close to the

We then prove some decay estimates

ones of Theorem 1.1. Note that the higher decay we obtain on 6™™ is the main reason behind the strong
regularity requirements on pg.

However, there are several new conceptual and technical difficulties compared with Theorem 1.2. The
main one lies in the fact that the traces A20’|yq and 9, A%0'|3o are not constant with respect to time.
They merely have a finite limit as + — oco. Hence we need to find an asymptotic expansion in powers of
(1+1)""* for A%0'|3q and 9, A%0'|yq as ¢ > 1. The main boundary layer profiles @got and @?Op
lift the first term in this expansion (i.e., the long-time limit of A26'|5q), whereas the next-order profiles

will

®{;,p, @éot for j > 2 will lift the lower-order terms. Furthermore, in order to prove that A%0’|3o converges
in H* as t — oo for some sufficiently large s, we shall need high-regularity bounds on #’. Eventually, the
proof of Theorem 1.3 involves two nested bootstrap arguments: one on 6, which allows us to construct

QBL

the boundary layer term on the interval on which the bootstrap assumption is satisfied, and a second

one on the remainder 6’ — #BL, on a possibly smaller interval.

Notation. Throughout the paper, we write A < B whenever there exists a universal positive constant C
such that A < CB.

2. Long-time stability of stratified profiles: proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. The proof follows the steps highlighted in the
Introduction: we decompose 6 into # = 6 4 6’, and we prove that " vanishes in L? with algebraic decay,
while 6 converges in L? towards a profile 6 (z). To that end, we first study the linearized Stokes-transport
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system around a solution 6 close to an affine profile. Thanks to a crucial interpolation inequality (see
Lemma 2.7), which somehow replaces the spectral decomposition in the periodic setting, we quantify the
L? decay of solutions of the linearized equation with a source term (see Proposition 2.6). We then use
a bootstrap argument to show that the decay predicted by the linear analysis persists for the nonlinear
evolution. This allows us to prove that 6'(r) — 0 and that 0 — O in H*(RQ) as t — oo for all s < 4.
Eventually, we identify the asymptotic profile A, in terms of the initial data.

The organization of this section is the following. We start in Section 2.1 with some preliminary
remarks concerning the traces of 6 and 9,6. We then turn towards the analysis of the linearized system in
Section 2.2. The bootstrap argument is presented in Section 2.3. Eventually, we prove in Section 2.4 that
Poo 1S the rearrangement of the initial data pg.

2.1. Vanishing traces for 0’ and 3,0’. We prove here the following preliminary result:

Lemma 2.1. Let 6y € H"(Q2) withm > 3, and let 0 € Ly (Ry, H™) be the solution of (1-7). Assume
that 6y = 3,00 = 0 on 0K2. Then, forallt > 0,

0(t)|oe = 30 ()]s = 0.
If additionally 3260 = 0 on 92, then 820(t)|3q = 0 for all t > 0.

Remark 2.2. If py € Hj'(£2) then the solution p(z) of (1-1a) belongs to Hy" (€2) for all times. Indeed,
the solution of the transport equation can be written as

p(t) = po(X ()™,

where X : Ry x 2 —  is the characteristic function associated to u, defined as the solution of the
ordinary differential equation
X (1) =u, X)),
X(0) =Idg.

We recall that X (¢) is a diffeomorphism of €2 for all times t € R.. Since u(¢) € HOI(Q) due to the
homogeneous Dirichlet condition, the boundary 92 is stable for the characteristic function at all times
t > 0. In other words, X (t)|3q = Idsq, and consequently X (1)~ Yyq =1dyq. It follows that if Po € H(} (2),
then p(¢)|3q = 0 for all # > 0. The claim for higher values of m follows easily by induction.

Note that the assumptions of Lemma 2.1 are different since pg = 1 — z + 6y does not vanish on the
boundary.

Proof. We recall (see Theorem A.1) that 0 € C(Ry, H™)NC'(Ry, H™ ). Therefore, taking the trace of
(1-1a), we get
00laq +ulsa - VOlsa = u;lsq,

where u|3o = 0. Hence 0,60|3 = 0 and the trace of 6 is constant in time, equal to 0. Since horizontal
derivatives preserve this property, we even have 8ft9 laq = 0 for any £. Let us now consider the normal
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derivative. We recall that d,, coincides (up to a sign) with d,. Applying one vertical derivative to the

equation,
0;0,0 + 0,u-VO +u-Vo,0 =0,u,,
where
dzulpq - VO|sq = dzuxlsq 0x0laq + d;uzlaq 9:0|aq-
We recall that 9,030 = 0 and we use the divergence-free condition to observe d,u,|3q = —0dxux|sq = 0.

In the end we get 9,63 = O for all times; hence 8 € HOZ(Q). Trying to go further, applying the same
ideas, we get
8820 laq = 82uzlag.

However, E)Zzu . does not vanish on 9€2, and therefore we cannot iterate the argument. Nevertheless, we get

25 1 2 1
0,0;0)3 = o= /T%leag =5 fﬂ_axazux|89 =0.
Note that for higher orders of derivation, we cannot infer any cancellation in general. U

Definition 2.3. In the rest of the paper, we will set
G(t,2) = 8.0(t, 2).

Under the assumptions of Lemma 2.1, we infer that G|yq = 9;G |0 = 0.

2.2. Study of the linearized system. This subsection is concerned with the study of the linear system

3,0 =(1—G)ay +S in (0, +00) x Q,
A%y = 3,60 in (0, +00) x 2, 2-1)
V0se =V¥lsa =0, 6'|=0 =06,

which is satisfied by (6’, ) in the first place, with G = 3.6 and § = —(V1 - VO')". It will also be
satisfied for various derivatives of (9’, ¥) with different source terms S. The term G will always be 3.6.

Our goal is to analyze the long-time behavior of 6’, under suitable decay assumptions on S. For later
purposes, we have decomposed our results into several separate statements, whose proofs are postponed
to the end of the section. The first one is a uniform L? bound on the solutions when the source term is
time integrable:

Lemma 2.4 (uniform L? bound on solutions of the linearized system). Let G € L® (R, H?), § €
L®(Ry, L?), and 0 € L% Let 6’ € L*(Ry, L?) be the unique solution of (2-1). Assume that S can be
decomposed as S = S| + S| satisfying for some 0,8 > 0 and anyt >0

, o)
/QSJ_(t, x)0'(t, x)dx =0, ISz S m (2-2)

Thus, there exists a universal constant yg € (0, 1) such that if
Gl g2 = o, (2-3)
then
16'1l> < 16l 2 + Cso.
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Remark 2.5. The term S, will often have the structure S| = u - VO': indeed, provided u and 6’ have
sufficient regularity, the divergence-free and homogeneous Dirichlet conditions ensure that

/(u-V@’)G’:l/u-VI0’|2=—l/diVu|9/|2+l/ u-nlo'|> =0.
Q 2 Ja 2Ja 2 Jaq

Our second result, which is at the core of Theorem 1.1, gives a quantitative algebraic decay on 6’

Proposition 2.6. There exists a universal constant yy € (0, 1) such that the following result holds. Let
T>0,GeL®Ry, H?), S € LRy, L?), and 6} € L* such that 9720, € H*. Let 0’ € C(Ry, H?)
be the unique solution of (2-1). Assume that 0" and 9,0' vanish on 02, and that S decomposes into
S =81+ 8+ Sa with, for some 0,5 > 0andallt € [0, T],

/ _ o 1AV, ]
JoS1@ 080 dr =0, IS0 < G ISa0l 5 P2 @)

Assume moreover that G satisfies (2-3), and that there exist A, o > 0 such that for all t € [0, T']

A%37%0'(t < :
187920 Ol2 < G

(2-5)

Then
||96||L2 +A+o

(1 + t)min(lJrot,B) Vi e [0’ T]

16"l 2 <

In order to prove this quantitative decay, we shall need to analyze the structure of the dissipation term

— [ o = [ 1Ay

In previous works for different but related models [Castro et al. 2019a], at this stage, an explicit spectral
decomposition of the solution was used, relying on Fourier series. Note that such a spectral decomposition
is also available for the operator A~292 (see Lemma B.2). However, since we cannot interpolate for an
arbitrary regularity, we choose here to use a different approach. We replace this spectral analysis with
the following result, which can be seen as an interpolation lemma. It is noteworthy that in spite of its
deceitfully simple form (and proof), this lemma provides the correct scaling for the solutions.

Lemma 2.7. For any £ > 0, and for all ¥ € H3*=2(Q) satisfying

Al = 0 A%y =0,
we have for all K > 0

— 1 B
10,7 A% 17 S 1oL AV I + K219 Aty 7.
Proof. Since Ay and 9, A*Yy vanish on the boundary <2, we have after three integrations by parts

=— /S2 EAYATEA Y < 9EAY | 2152 A3 Y || o
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On another hand, we also have by integrations by parts
1920 15 = = [ ol Ao Aty = [ Vo Aty - va Aty
= — [ Ayl Aty < o AW 19 AN .
Hence, using the second bound in the first inequality, we obtain
1057 A2 12, < 195 AY 12 105 A2 11, 19 A% 1.

Gathering the similar terms on the left-hand side and applying Young’s inequality yields, for any constant
K >0,

4 2
0y A%y lI7, < 9L AW, 85 Aty
_2 i3 2 g 2
SKTNAEAY])T + (K5[0 Aty ;),)’?
1 _
< 28 AY T + K287 Aty 7. O

Let us now turn towards the proof of Lemma 2.4 and Proposition 2.6.

Proof of Lemma 2.4. The energy estimate in (2-1) writes

1d

1T Qa2 — _ / /
1015 = [A—Gaxye + [ o

A few integrations by parts provide, since ¥ |30 = I, ¥ s =0,
[a=6pwe' == [(1-Gya’y=— [ A-Gway. (2-6)
Using the Sobolev embeddings H> C L™ and H> C W4 we get
/Q(l — G0 < —(1=C|Gl )| AVl

At this point we have

1d

1013 <~ =CwIAvIL + [ 6= —Crlapll.+ [ s @)

So if yy is small enough, in a universal way, the first term in the right-hand side is nonpositive. Therefore

d . o
5”9 Ol < N8Oz < m
and since § > 0 this inequality integrates as
16702 < 16gll 2 + Cso. O

Proof of Proposition 2.6. Back to (2-7) and plugging the decomposition of S we get

d
EIIG/IIiz + (1= Cyo) AV N172 < USyllz2 + 1Sallz2) 16”1 2
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Then assumption (2-4) and Young’s inequality provide
101, o N 1612,
(1402 Q402 T AFDF2 14
161l 2 116117,

ISall2 160712 S HAY |l 2 Sl + — .
AllL L wL(l—i_t)% 1q WLZ " 1+1

ISyl 2116”1l 2 <

’

Hence if yy is small enough, the dissipative term y,|| A ||> can be absorbed, and we have, for some
co € (0, 1),

o? 16°17.
(141142 e

We now use the interpolation lemma, Lemma 2.7, with ¢ = 0, recalling that Azw lag = 0,6’ |30 = 0 and

d
31012 + ol A2 <

AP |sq = 3,0,0'|sq = 0. Choosing K = i /co(1 +1)~! with « > 0 arbitrary large independently of
the data, we obtain
1A%0:20"117, o?

(1+l‘)3 (1+t)1+28'

i m2 K m2. < .3
a1 ”L2+_1+t”9 72 Sk
Plugging assumption (2-5) provides

(k3AZ+02)
(1 + t)min(3+2a,1+25) ’

d 2 K 2

—1|0 — 6 <

| ”L2+1—|—t” 7 3
which for a suitable choice of « integrates into

1052+ A+o
(1 _;’_t)min(l-i-a,S)

Remark 2.8 (stability for more general stationary profiles). Let us now explain how our results can be

10"l < v €[0,T]. O

generalized to other stably stratified profiles p;. Let p; € H (0, 1) such that sup 9,05 < 0. The linear
evolution equation on 6’ can be written as

3,0 = —d, 0505

Multiplying the above equation by —6’/9, ps, we obtain

1d 1 / 2 / I / 2
- o' (t dx = | o,y60 =— Ayr|.
> dr /sz—azps (t,x) o Y Q| vl

Since 9, ps is bounded from above and below by negative constants, — fQ (6")%/9, py is equivalent to the

L? norm, and the main linear estimate remains the same. However, additional commutators stem from
the nonlinear terms when we use the weight —1/9, p,. For instance,

/u-ve’ o —1/(9’)2u-v !
Q — 0, ps 2 Jq 31/05'

These commutators will enter the terms S; and S| from Lemma 2.4 and Proposition 2.6. Also, the

constant yyp involved in the smallness condition (2-3) on G will now depend on 9, ps, but the result still
holds. We leave the details to the reader, and stick to the case of a linearly stratified profile for simplicity.
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Let us now consider the case of nonstably stratified profiles. First, if 9,05 > 0, we have the opposite
sign in front of the dissipative term fQ |Avy|?: at the linearized level, the perturbation grows. For the
nonlinear equation, starting from a small perturbation, ||6’(7)|| ;2 will have a transient growth for small
times, until its norm becomes of order 1 and the nonlinear term can no longer be neglected. In fact, when
d,ps 1s constant—say 9, p; = 1 — the equation satisfied by 9 is

0,0 4+u-VO0+uy; =0,

and therefore
1d

51001 =~ [ wp= [ (ay)=o.
In this case, the L2 norm of 0 is increasing on the whole interval [0, 4-00), but remains bounded since
the L? norm of p is conserved.

Let us indicate a few facts about the long-time behavior of solutions in the general case pg € L™ (see
Section 3.6 in [Leblond 2023] for a proof of these results). The velocity u belongs to L?([0, 4+00), HOl ().
Furthermore the w-limit set in H~! of py is nonempty and contained in the set of stratified rearrangements
of pg. However it is not known in general whether this w-limit set is a singleton.

We now go back to the case where pg is a small perturbation of a stratified state p;. When 9, o,
is not of constant sign, we cannot conclude a priori, even at the linearized level. Indeed, if a density
profile is not monotonous, then we cannot guarantee the proper sign in front of the integral d,p|Av|%
Therefore, if a profile admits a nonmonotonous function in any of its neighborhoods, in arbitrary high
regularity, and in particular in H®, the proof of our stability result does not hold. In particular, when
d;0s < 0 and 9,ps vanishes at a single point zg € (0, 1), this point is also an inflection point and
therefore py(z) = ps(z0) + O((z —z0)%) in a neighborhood of zg. Perturbing p; by a function of the type
e(z — z0)*x (z — z0) with a cut-off function x € C;°(R) breaks the monotony. Thus, even in the case
when p, is monotonous, but has a vanishing derivative at single point, we cannot conclude.

2.3. Bootstrap argument. The purpose of this subsection is to prove, thanks to a bootstrap argument, that
under the assumptions of Theorem 1.1, the solution 6 of (1-7) enjoys the same decay rates as the ones
predicted by the linear analysis (see Proposition 2.6). More precisely, we shall prove the following result:

Proposition 2.9. Let 0y € H®(Q) such that 6ylya = 3x00lsq = 0. There exists g > 0 such that if
160l go < & < &g the solution of (1-7) satisfies

& _
[ERCHGIIESS T+ 10:0"Ollgs S &, 10Olgs Se, ¥t >0. (2-8)

Remark 2.10. The interplay between horizontal derivatives of # and the considered regularities is
consistent with the operator A_Zaf from the linearized system

30" =0, = AT29%0.

Note that A~2 denotes the operator solving the bilaplacian A%y = f equation endowed with the boundary
condition ¥ |y = 3, ¥ |yq = 0.
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A proof of Proposition 2.9 is provided in the rest of this section. Remarks motivating the necessity
of the bootstrap hypothesis and the method in general are included throughout. We also present our
understanding of the obstacle to the iteration of this method to higher regularity on the perturbation.

Bootstrap assumption and general argument. 1Let 0 < B < 1. For some Cy > 1, to be chosen later,
let 6 € HZ N HS such that [|6]| zo < B/Co. In particular [|36]l,> < B/Co, [18:0)llz+ < B/Co, and
1060l g2 < B/Cyp. Let us note g := ¥|;,=0. We also have, according to Lemma B.1, with universal
positive constants gathered under the same notation C,

Ioll s < Cll3:O31l 2 < CB/Co,
and therefore,
19,86l =oll 12 < 11 = 32001l L= 1970 12 + 1192 (V40 - VO [ 1.2
< (L4 13:000l z2) 137 Yol .2 + 118 (V0 - VEQ) 1.2
< C(B/Co+ (B/Cop)?.
Up to a choice of Cy > 1 large enough, we find that all the bounds here above are strictly smaller than B.

Therefore, by continuity of the Sobolev norms of €, ensured by Theorem A.1, there exists a maximal
time 7" € Ry U {+o00} such that the following inequalities are satisfied on [0, T*):

B
136" (1)| 12 < s 18:6"(t) | y+ < B,
+1 (2-9)

B B
!/ _
19:60llm2 < B, 1008 Ollz < 55

We recall that these decay rates follow the behavior of the linearized system; see Proposition 2.6.

Let us assume by contradiction that 7* < +00. We show below by a bootstrap argument that hypothesis
(2-9), combined with Lemma 2.4 and Proposition 2.6, actually leads to an improvement of the inequalities,
satisfied with some new constant 0 < B < B, which contradicts the maximality of 7* Whence T* = +o00
and inequalities (2-9) hold for all times.

Remark 2.11. Let us wait a little on the choice of the constant B. We will choose B < yp, so that

assumption (2-3) is satisfied on (0, 7).

Preliminary bounds. Throughout the proof we require estimates on 6’ and v derived from the bootstrap
hypothesis (2-9). For the sake of readability, we introduce the following short-hand notation:

and [|g]l < -
(I+0)" I+

IF1%g?  when || £II <
——
ar+pr’

First, from an integration by parts, since 6’|yq = 9,0'|9q = 0 (see Lemma 2.1)
[ERASS /QafAe’afAe’ =— /Q 330'8,A%0" < 1820"|| 121100 || g+

We deduce, by assumption (2-9), for all ¢ € (0, T*)

1 1
1076”1l g2 S N3360" 112, 110:0" (1124 S (2-10)

H4 ~ 1_|_t)%

%xl—i—%xo
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We also get by interpolation, for any 0 < m <4, for all r € (0, T*)

/ / -7 / T
10x0" ) [ m S N0x0 )1, * 110:0" (D] s S RV (2-11)
(1=2)x1+2 %0
We will frequently use Agmon’s inequality in dimension 2, namely
1 1
Ve HyNH*(Q), |fllz~ SIUFILIFIZ,
together with the following direct consequence:
1 1
Ve HNHYQ), IVl SIFILIFI.
We infer, in particular, for all r € (0, T*)
1 1 B
2 2 2
1850" (Ol S N30 (D172 11850" Ol < m
Loq+lyl
2X1+2><2 . B (2_12)
IV (DL SN3:0" O 10:0 (Ol 1ys S —-
(141)2
%XH—%XO

We also need estimates on . Any Sobolev norm of order larger than 4 inherits the decays from 6’ thanks
to Lemma B.1, providing, for ¢ € (0, T%),

B
1829 (1) e S 1826 1)1l 2 S 7
+1
B (2-13)
3w (1)l o SN1820" (Ol 2 S

RE

We also need higher-order decays on 3,1 in L?(£2). We access this quantity thanks to the control of 3,6’
by rewriting
00"+ (u-Vo'y

1-G ’
We know that ||G ||~ < |Gl g2 < B so it is enough to have B smaller than a universal constant to ensure
that the inverse of (1 — G) is well-defined, which allows us to estimate 9,1 and afw in L% We illustrate
the computation for 9,y since the same reasoning applies for 3)%1,0 with a few extra terms:

0: ¥ (Dll2 S N80 (D2 + Nlu - VO' 1)l .2
S 180" )|z + 199 D)2 190" (O Nl 2 + 10 )11 £2119:0" (1) || 2
B
S 106"l 2+ 10:6" D17 +Ho: ¥ ()2 T
—_— — (141)2

)2

Y =

2 2x2
Hence for B > 0 small enough once again we get

2 2 < —
1930 Ol S
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By interpolation and Agmon inequalities we deduce, in the same fashion as above, the following decay
estimates, with the latest valid for 0 <m < 4:

B B
1929 (Ol > < 82 @)~ S — VIR~ S -,
(141)2 (I+1)4 (I4+1)2
m B (2_14)

B l_m
IV Dl S —— 1879 @Ol STV Ol 1079 Oy S ——5—-
(1+1)% (I40)"3

Remark 2.12. Let us come back briefly to the derivation of estimates (2-14), which ensure that i decays
faster than 6'. Note that such a fast decay is necessary to close the estimates: indeed, || ()] y 1. should be
time integrable in order that 6 (¢) converges as ¢t — 00. Formally, one needs to take an antiderivative in space
of the equation, i.e., apply the operator A~232 to (1-7). However, because of the nonlinear term, this is a
rather tedious operation. Therefore we rather derive estimates on 9,6’, and use (1-7) in order to infer esti-
mates on 1. Note that the two operations (taking a time derivative or an antispace derivative) are equivalent
at main order, since the linear operator is d; — A_Zaf. This idea, although simple, seems to us to be new.

H® bound on the solution and H* bound on G. In our nonlinear bootstrap argument, we shall need
some high Sobolev bound on the solution. In order to lighten the proof of the bootstrap as much as
possible, we isolate in the present subsection this technical step.

Lemma 2.13. Let 6y € HO(2) such that 6y|sq = 3x00]sc = 0. Let T* be the maximal time on which the
assumptions (2-9) are satisfied. Then, forallt € (0, T*),

2
10'Ollgs S BA+07, [G@)llys < B/Co+CB% 8GO < (lf_—t)g-

Proof. We cannot estimate 0’ in H® directly from its evolution equation since it requires an assumption

on G = 3,0 € H® and therefore on 6 in H’. To get around this, we directly perform an estimate from the
whole perturbed evolution equation, namely

00+u-V0 =u,.
For any derivative of order 6 (and less) of the previous equation, we obtain
1d 6,02 6 60 _ 6 6
> dr 1001172 +/Q[a ,u-V]300°0 = an 0”0,

where the commutator comes from the incompressibility assumption and the no-slip boundary condition.
Hence we get

d
7100 SN0 llgo + 110°, - VIO 2.

The first term is dealt with thanks to the bilaplacian regularization (Lemma B.1) and estimate (2-10),
B
+1)7

Notice that this %—algebraic decay, issued from the linear system, is critical to prove the %—algebraic

2
0x Wil s S 11050 sz S

growth control of 6 in H%(R2). Concerning the nonlinear term, we rely on the following tame estimate,
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valid for any m € N,

V. ge H"NL®(Q), |fellan SNfleeliglhan + 1 fllanlgle, (2-15)
which leads to

Ve H"NW *(Q), g H"'NLX(Q), 1", flgll2 SNV Fllzollglgm-1+1 £ anllgllze. (2-16)
Hence, we decompose the nonlinear commutator into
[0% u- V10 = —[3° 8,93,10 + [3°, 3,1 9,16.
Each part can be estimated, thanks to (2-16), as follows:

100°, 991801112 S NV Lo 110:6 1l g5 + 19 [l s 1106 Lo ,

< 2 / 1 < B B
S IV e 101 gs + 10:0°[ g3 110:0" [ L S s 101 s + ——.
—_———— (1+l‘)1 1+1¢

+

Bl
NN

5
7
and

110°, 9:19:011 22 S NV Il 102611 g5 + 11929 1 76119:6 [ Lo

B
SV e 100 gs + 19260 1 12 VOl Lo S 71601 s + + X
Nl —_—— (1+1)2 141t (1412

3 1

2 2

where we observed in particular that

B
VOl < IVO Il + 1G> S r+B.
1+1)2

In the end, gathering and summing up all these bounds provides
2

<101 s + 1
t)2 (1412

’

d
et} <
ar 101 s S

and we get
1 1
1011176 S 11601l s + B(1+1)2 < B (1+1)2.

Eventually, let us prove decaying bounds on d;G and uniform bounds on G. We recall that G = 3,0
depends only on the variables ¢ and z. From the evolution equation and one integration by parts we
observe (omitting the factors % for clarity)

9,0 = —u-V§ = / (0,09,0' — 9,19,0") = —aZ/ ER
T T
SO we can write

9,G = —afjwaxwe/.

The same arguments as above lead to

2
18:Gll 20,1y S 10 ¥ oo 16l g2 + N9 ¥l 2116l e <

+

(1+1)5
+

ENEN]
D=
I
Blw
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Using the H® estimate, we also have

2
18:G ll 0.1y S N0 Wl 101l s + 10x Yl s 10"l oo S

I+

(1+1)+4

ESIN}

D=
Bl

Since the right-hand side of the above inequality is time-integrable, we infer that

1t
1Glla40.1) = NGO 5201 +/0 18: Gl 4 0.1y < B/ Co + C B

Moreover, for all t € (0, T*),

LG, < B
183Gl S NG00 G £ s

X7+7X

ENIN
=]
N
Bl

Remark 2.14. In the estimate of 3%, it would be tempting to proceed to the same computations as
in (2-6) in order to exhibit a dissipative term, which would allow us to ignore its contribution as for
lower-order derivatives. Doing so requires to control the boundary integrals, which do not vanish a priori
in this case,

/ 969,185 = —/ 2%y A%0%y = —|| A%y |2, +/ (3050 AIOY — 35 8,9 AY).
Q Q Q2
For instance, trying to bound the integral involving the higher order of z-derivatives on ¥ provides at best
V 861//32A3610‘ B gorioss 10710 [ gosass < B2(1+1)3F3.
aQ

This estimate ensures no better growth control than [|6']| o < (1 + )3/ which is not enough to close the

bootstrap and get the control by (1 41)!/2

Improvements of the bootstrap bounds. We now improve the uniform bound on 6’ and 8,0” in H*(R),
relying on the linear analysis from Section 2.2. Since 0’| g+ < [|0x6’|| g4, it is enough to treat 9,6". Also
we have according to Lemma B.1 the inequality

1801+ S I1A%3:6 12

since 9,6’ belongs in particular to HO2 N H*(Q) as detailed in Section 2.1, so it is enough to deal with
3 A0 in L*(Q).

Lemma 2.15 (uniform bound for ||3,6’|| y4). As long as the bootstrap hypothesis (2-9) holds we have
||8xA29’(t)||Lz < B/Co—l-CBz. (2-17)

Proof. In view of the application of Lemma 2.4 to A23,6’, we observe that its evolution is governed by
the equation

9 A%0,0" = (1 — G)a, A%,y — [A%0,, Gloy Y — A%0,(u - VO'Y,
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which is of the form (2-1) with A?3, v = 326" and 9, A%d, ¥ = 3,326 vanishing on the boundary 92 and
with
S =—[A%d,, G1ayy — [A%0,,u-V10 —u-VA%,0.
S| S1

We already know that ||G || 42 satisfies the smallness assumption (2-9) for B > 0 small enough. We show
that S presents an algebraic decay strictly larger than 1, as in (2-2). To do so we apply the tame estimate
(2-16) to the two commutator terms. Let us emphasize that we need to be thorough by substituting
u = V+1 such that the transport operator can be written as

w-V=—3,0d + 0 Yd,.

Hence the nonlinear term presents formally only a vertical derivative of order 1. This makes a difference
in the estimates and allows us to reach more optimal decay rates.
On the one hand, we get for the perturbation due to G, using (2-14),
2

1A%, G12Y 2 < NGl s 1829 Nl +IVG L 1879 11> S
—— — —
5

7

7 Z

TET
Note that we used here the uniform H* bound on G from Lemma 2.13. On the other hand the contribution
of [A2d, u-V]0' splits into four terms as follows:

(A3, u-V]0' = —A%(8,0,93:0") + A*(0>9d,0') — [A?, 8,419%0" + [A?, 8,119.0,6'.

We estimate each term accordingly. We have, for instance, using the bootstrap assumption (2-9), the
preliminary bounds (2-12) and (2-14), and Lemma 2.13,

IA2(@293,0") | 12 S 11829 (| g4 118.0  Loo + 1029 || o< 1| 8,0”[| ¢
SN2 211V e + 1020 1 Lo 116 11 s S

14+1)3
1+} -4
The limiting decay comes from one of the commutators, which we estimate, thanks to (2-16) together
with the bounds (2-14), (2-11) and (2-12):
2
1A%, 8:91076" 12 S IV lloo 076"l + 19 1l s 11956 |l e <

=.
(I+1)s
30 it

Gathering these estimates provides

2

INTIFERS =
+1)3
and Lemma 2.4 applies, ensuring
| A%8,0'|| 12 < [|A%8,05]l 2 + C B O
0

Lemma 2.16 (decay of ||8)§9’ l72). As long as the bootstrap hypothesis (2-9) holds, we have

B/Co+ B?

830'||,> <
1070112 S 111
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Proof. Note that 8;?9/ satisfies (2-1) with the source term
S=58=-d(u- Vo).
We can bound the whole term S = S as follows:
15112 < 1938 93,0 | 2+1193 (B 8.0) .2
SNV 12190 | oo 110 | 1970 | 21959 1 1211826 | oo+ 1195 ¥ [l 00 18706 .2

SN2 521180 ([ oo + IV Nl 2o 1926 | 2 + 11829 | 5211V | 2 + 118: W 1 1011026 | g2 S EwSTE

+%>2

[N

3 1 7,1
+5=2 +§=2 Z+f>2

[S][9%
D=
[S119%

Assumption (2-4) is satisfied with § = 1. Additionally, the norm of (Azax_ 2)839/ = A%9,0’ is bounded
according to (2-17), so assumption (2-5) is satisfied with A = ||A28x96|| 2+C B? and o = 0. Moreover,
the traces of 8)?0’ and 0, 839’ vanish as a direct consequence of Lemma 2.1. Therefore min(1 + «, §) =1
and Proposition 2.6 provides

1

1+

Using inequality (2-17), we obtain the desired estimate. O

1856112 < (126411 12 + 18280 | Lo ((0.07.2) + B

Lemma 2.17 (stronger decay of ||0;0,0'(¢)||;2). Under assumptions (2-9) we have, for all t € (0, T*),

B/Cy+ B2
193,02 < B0t B
(1+1)2

Proof. The pair (3,0,0’, 9,0, satisfies (2-1) with
S=—8,Gd*Y — 8,0, (u- V0.

Note that 9,3,6 and 9,,9,0,6" vanish on the boundary, from Lemma 2.1. In order to apply Proposition 2.6,
we have to bound (Aza;z)a,axe/ in L?(). Going back to (1-7), we have

A?3719,0' = A*(1 = G)y) — A% (- V'),
the norm of which can be estimated as
1870 10,6'll 12 < A+ G gAY [l 12 + 1A%, (- VO [ 12
S80I 2 + 1Y 115 IVE [l + IV 210 s S

3¢l

B/Co+BZ+ B?
I+1¢ (1+;)§'

ENI
W
=

Hence assumption (2-5) is satisfied with @ = 1 and A = C(B/C¢ + B?).
Letus set S| :=u-Vd,0,0’, indeed orthogonal to 9,9,6" in L*(Q2). We further define

S) = —8,Gd>y — du -V,
SA:=0,0,u-V0 —du-Voe,

so that S| + §) 4+ Sa = §. Let us now check that S and Sx satisfy the assumptions of Proposition 2.6.
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The first term in §) can be bounded directly as follows, using Lemma 2.13:

2

18: GOV llz2 < |8 Gllex N3V 2 S e

242

The second requires, for instance, a bound on 3;6” in H' (), obtained directly from the evolution equation:

13:0" 11 11 S (L + y) 10l g1+ [l - VO || 1
S A+l llg + lull g IVE | + lull L VOl B
S A4y 0¥l + 1152 1VO e + IV 2 ll6 2 S ——
N——— 1

+1)

7

+

=

ol
BI—
NN

7 +

Hence )
0xu - V3,0 (|12 S 10wl L 190" | g1 S VO 1< 18,0 g1 S

137

(I+0)+

+

[S][3%
Bl

and S satisfies the assumption (2-4) with o = C B? and § = %. Continuing our computations,

B||Ad;0
10;0x2 - VOl 12 SV |l 12 IVO || oo S BlA% Y12
—_——

~ ’

(1+1)}
2
and the same consideration applies for
B||Ad; 0|l 2
12 - V9.0 12 S NV N2 [IV0:8 [l S ——————.
———— (1 +t)7

3
Hence
Sx=0,0,u-V0' —ou-Vo0

indeed satisfies assumption (2-4). Finally Proposition 2.6 applies with min(1 4+ «, §) = 2 and we obtain

B/Co+ B?

9,0,0’ <
18:2:6'llc2 S =

g
Conclusion. Let us close the bootstrap argument. Assuming [|6p|| 6 < B/Co, we had, by continuity-in-
time of the Sobolev norms of 6 ensured by Theorem A.1, existence of a maximal time 7* € R} U {+o00}
such that (2-9) is satisfied for any ¢ € [0, T*), reported here:

37 B /
1956 ||L2§1—, 10x0"ll g+ < B,
+1 B (2-18)
/
I1Gllg2 < B, 19,00 ||L2§m-
These decay estimates induce, as shown in Lemmas 2.13, 2.15, 2.16, and 2.17 that (2-18) holds for
another constant B defined as
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where C > 0 is universal. By choosing Cy large enough and B small enough, we have B < B and
inequalities (2-18) are strictly satisfied for any ¢ € [0, T*). Therefore T* must be 4-00; otherwise the
continuity of # — |6 (¢) || s would imply the existence of a larger validity time interval for (2-18). In the end,
these bounds are valid for all times, and setting e := B/Cy closes the demonstration of Proposition 2.9.

Remark 2.18 (generalization at any order). Motivated by the fact that the perturbed subproblem

300" = (1 -Gy,

Ay =0te),

0 Wloe = udy " ¥lse =0
is stable under horizontal derivation we could expect to propagate arbitrarily high horizontal regularity
on 6’. Nevertheless, our proof relies on the control

10116 S (1+1)2,

which we can obtain thanks to the classical divergence-free condition on # canceling the extra-derivative
term. Let us try to do the same on 80; we write

-1
3004+ > Coxd ™ u-vorko +u-valo = oy,
k=0

and multiply by 86" Then the estimation does not close, even though one of its terms does not contribute,
just as in the initial equation. Indeed, we have
1d

—1
B 1
T ||8f9||§16+gocg,k /Qaﬁ(af ku-Van)aéafH—l—i/Qu-V|868f9|25 1LY 1 611050 6.

—_—
=0
Note that crossed derivatives integrands, such as

/Q 3tu - va99°ate

do not lead to a vanishing integral. Hence deriving an estimate on 8};9/ in H° requires first the derivation
of an estimate of 6 in H*¢, in the spirit of Lemma 2.13. We will derive such estimates in Section 4 (see
Lemma 4.3), at the price of much stronger and more complicated bootstrap assumptions (see (4-3)).

2.4. Convergence as t — oo and identification of the asymptotic profile. Regarding the asymptotic
behavior of the density for the Stokes-transport system without any assumption on the type of initial data,
we can only say that if p converges toward some po, in H ', this limit profile is stratified. Indeed, the
energy balance (1-2) ensures that u € L>(R,, H'), and since u is also Lip(Ry, H') by linearity of the
Stokes system, we infer that ||u(¢)| g1 — 0 as t — oo, but without any information about its decay rate.
At least we have

IVp+pecllyt < llullm ——0.

The H~! convergence of p leads to the existence of p, such that

VDo = —Pct;.
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Observing that 9, poo = 0 and that the domain 2 =T x (0, 1) is convex ensures that p., and p, are both
independent of the horizontal coordinate x.

In the context of a small perturbation of the stationary profile p;(z) = 1 — z, we obtained explicit decay
rates for Sobolev norms of u. We show that these decays are sufficient to ensure the strong convergence
of p toward a limit profile po,. Moreover, the smallness of the perturbation 6 does not affect the vertical
monotonicity of the whole density p, from which we deduce that p, is exactly the vertical rearrangement
of pp.

Proposition 2.19. Under the assumptions of Theorem 1.1, the whole density p converges in H™ for any
m < 4 towards its vertical decreasing rearrangement.

Proof. The proof is divided in the following steps:

Convergence. 1t is enough to show that 3, p belongs to L' (R, H™) for m < 4, which implies the strong
convergence of p(¢) in H™ and existence of a limit py,. Let us estimate d;p in H™ for any 0 <m < 4,
using the tame estimates (2-15)

19:pllm = llw -V pllpm < 110; ¥ dxpllam + |05 0z 01l Him

S IV lLelloxpllam + 1 gmeillxpllLee + 10 Lo [ o1l st + 1102 Lam [0z o1l oo

Recalling that 3.p = —1 4+ G + 9.6 is bounded in H>(), that 3, p = 3,6’ decays as (1 +1)~'+"/4 for
m < 4, as well as the decay estimates (2-13) and (2-14), we find
ool

which is integrable for any m < 4, hence the convergence.

0ol am <

Stratified limit. Since p converges, so do 8’ = (p — p,)’ and 6 = p — p,. We obtained in (2-8) that 6’
vanishes in H” for m < 4, and therefore the limit p is stratified. Hence po, can be written as the sum
of p, and the limit 64, of 6. In view of (2-8) this limit satisfies in particular ||3,0 ||z~ < Ceo, with the
notation of Theorem 1.1. At least for &9 > 0 such that Cey < 1 = —9,0,, we know that Sup o, 1 0; P00 < 0,
which means that po, is strictly decreasing with respect to z.

Rearrangement. The divergence-free character of the velocity field u# ensures that all L? norms and the
cumulative distribution function of p(¢) are preserved along time, in the sense

VA=0, Hp@) >} =I{po> A} (2-19)

This property transfers to the limit state po, by L? strong convergence of p. According to rearrangement
theory such as that developed in [Lieb and Loss 2001, Chapter 3], we say that two maps are rearrangements
of each other if they have the same level sets, in the sense of (2-19). Adapting slightly the construction of
[Lieb and Loss 2001], we know there exists a unique vertical decreasing rearrangement of pg : Q — R4,
which can be defined as

o0
Py (2) == fo Lo<z<|{po>2y d2.

In the end, we know that po is a decreasing rearrangement of po; therefore it is p; by uniqueness.  []
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Remark 2.20. Note that the above argument extends immediately to the settings investigated by Elgindi
[2017] and Castro, Cérdoba and Lear [Castro et al. 2019a] for the incompressible porous media problem,
as mentioned in the Introduction.

Notice that we actually have ||3,0]|.~ < &g for all times. Therefore the total density has a strictly
negative vertical derivative, for all x € T and for all times ¢t € R, since

aZp(t9x9 ) = _1+829(t9x7 ')a

and the density reordering is essentially horizontal. This is a rare case in which we can describe the
asymptotic profile. This intuition of having heavy fluids sinking under the lighter ones prompts to wonder
if, at least in a weak sense, the density profile should always converge toward the vertical rearrangement of
the initial datum, unless it is already stratified. This question remains open, both for the Stokes-transport
equation and for the incompressible porous media.

3. Formation of large-time boundary layers in the linear setting: proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. We consider the linear problem

060 = 0,y in (0, +00) x €2,
A =00 inQ, Ylso=0hVle=0, (3-1)
0(t = 0) = 6o,

with 6y € H®(Q) arbitrary. The difference with the linear analysis of Section 2.2, and in particular with
Proposition 2.6, lies in the fact that we do not assume that 6y and 9,6y vanish on the boundary. As a
consequence, as explained in the sketch of the proof in the Introduction, boundary layers are created as
t — oo close to z =0 and z = 1, and the purpose of this section is precisely to describe the mechanism
driving the apparition of these boundary layers. We will therefore decompose 6 as the sum of an interior
term decaying like ! in L and some boundary layer terms which lift the traces of # and 3,6 on the
boundary. This will lead us to Theorem 1.2. We will then return to our nonlinear system (1-7) in Section 4.
In fact, we will prove a more precise version of Theorem 1.2:

Proposition 3.1. Let 6y € H*(Q2) for some s > O sufficiently large. Let 0 € C(RL, H®) be the unique
solution of (3-1). There exists a boundary layer profile 08" of the form
4 . . .
OBl = 3" (14075 (O, (¥, Zbor) + Ol (x, Ziop)),
i=0

with Zpoy = z(1+1)Y* and Ziop = (1 — 2)(1 +1)V/4, such that 6™ = 6 — 6B satisfies, for all t > 0,

160l 5
(141)%

< 1%0lla:
~ 1+t

1826™ (£)]| 1> 16™ ) g S NOollas,  [1AT2020™ (1) )|2 <

Furthermore, there exists a constant ¢ > 0 such that || ®£( Dy S 6ol as exp(—cZ4/5)f0r all Z > 0.

The organization of this section is the following. After motivating the ansatz (1-6), we formally derive
the equation satisfied by the boundary layer profiles. We then construct the boundary layer part of the
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solution, denoted by #BL, and we establish some properties. Eventually, we prove that 8 — §BL satisfies
the assumptions of Proposition 2.6, and we conclude.

3.1. Motivation for the ansatz and derivation of the boundary layer equations. We recall (see page 1966)
that a simple spectral decomposition suggests that the solution 6 has strong variations close to the
boundaries, and that 6(¢)|yq = 6olaq, 9.0 (t) |50 = 0ubp|yq. Hence we take an ansatz of the form

0(1) ~ 0™ + Oy, (x, (1+1)%2) + OF (x, (1 +1)* (1 —2))
(17O (x, (1 +D)%2) + (1 +1) 7Ok, (x, (1 +1%(1 —2)) +Lo.t.
for some @ > 0 to be determined, where
0™ sq = 0.0™sq =0,

®lﬁot(x’ Z) -0 and ®tj0p(x7 Z)— 0 asZ— oo.

The role of ®Y

top
boundary z = 0). Hence we take

Opp(x. Z=0) =6p(x,2=1), 9700, (x, Z=0) =0,

top

O (x, Z=0) = 6p(x, z=0), 3700, (x, Z=0) =0.

(resp. of ®got) is to lift the trace of 9y at the top boundary z = 1 (resp. at the bottom

In a similar way, the next-order boundary layer terms @tlop and @ém lift the traces of 9,6y on 0€2, i.e.,

Opp(*, Z=0) =0, 03204,,(x, Z=0) = —0:60(x, z=1),
O, (x, Z=0)=0, 8,0} (x, Z=0) = d,00(x, z=0).
Similarly, we assume that
Y () 2P+ (L4 07w (x, (L4 0)%2) + (L) 74w (x, (1+0)%(1 —2))
+ (1072 G, (LD + (L +0) 72U (x, 1+0%(1—2) + Lot
where
W =9,0/,
W/ =9,/ =0 onZ=0,
\IIL{ — 0 as Z — oo, a € {top, bot}.
Plugging these ansatz into (3-1), we find that at main order
a(l+16)7128,00 = (1 + 1), w’.
Consequently, identifying the powers of (1+¢), we take o = }‘, which is precisely the ansatz (1-6). Hence
the equation for \Ilfl), a € {top, bot}, becomes
175wl =920 in T x (0, +00),
0 0
‘I'a|Z=o = 82\%\2:0 =0,
aé‘pg\zzo = V(;)(x)’ 3§‘I’2|z=o =0,
limz— oo WO(x, Z) =0,

(3-2)
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where yl?ot(x) = 0,60(x, z=0), ytgp (x) = 0y00(x, z=1). Note that the above boundary conditions are

redundant: indeed, if 92 \Ifgl 7o =0, then it follows from the equation (after one differentiation with respect

to Z) that 8% \I—'gl 7—o = 0. Hence in the following subsection we will drop the condition 8% \I—'gl 7-0=0.
In a similar fashion, the equation for IDJ, a € {top, bot}, is

—0W) + 735wl =432w! in T x (0, +00),
\IJ;|Z:0 = 8Z‘I’Lhz:o =0,

8élpth:O =0, a%qﬂhz:o =¥, (%),

limz_ 0o W) (x, Z) =0,

(3-3)

where yblot(x) = 0,0;6p(x, 2=0), yt(l)p(x) = —0,0,0p(x, z=1). Once again, the condition aé\llilzzo =0
is redundant and is automatically satisfied when one takes the trace of the equation at Z = 0, using the
other boundary conditions. We now turn towards the well-posedness of (3-2) and (3-3).

3.2. Construction of the main profiles. The well-posedness of (3-2) and (3-3) stems from the following
result:

Lemma 3.2. Letm > mqg > 0 and let S € C([0, +00)), § > 0, such that

1 2 00
1512 = [ 320z + [“ 52 exps2) a2 < +oo.
Consider the ODE
ZE)%\I!(Z) =-mV(Z)+S(Z) in(0,4+00), Zlim v (Z)=0, (3-4)
—>00

endowed with one of the following four boundary conditions:
(i) W(0) = dz¥(0) = a5 W(0) =0.

(i) W(0) =33 W(0) = 35w (0) =0.

(i) W(0) = 32W(0) = 5 W(0) =0.

(iv) W(0) =9z¥(0) = 32¥(0) = 0.

Then there exists a constant ¢ > 0 depending only on mg and 8 such that (3-4) endowed with one of the
Sfour previous conditions has a unique solution ¥ € Hlf)c(R+) such that, forall k € {0, ...,5},

® ak 2 4 2
/ 105w (2) 2 exp(cZ5) dZ < C||S|* < +00.
0
As a consequence, for k <4, there exists a constant C such that
105w (z)| < C|S| exp(—%Z%) VZ > 0.

The proof of Lemma 3.2 is postponed to Appendix C, and relies on the use of the Lax—Milgram lemma
in weighted Sobolev spaces. As a corollary, we have the following result:
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Corollary 3.3. For all j € {0, 1}, there exists a unique solution x; € C*°(0, +00) of the ODE
Zayx;— jogx;+4x; =0 on (0, +00),
endowed with the boundary conditions

¢ %0(0) =3z x0(0) =0, 33 x0(0) =1,
o 9zx1(0) =97 x1(0) =0, 81(0) =1,

and such that, for j =0,1, 0 <k <5,
00 K 4
/O 105 x,(Z)| exp(cZ3) dZ < +oc.

Furthermore, 8%)(0(0) = x1(0) =0.

Proof. Let us start with xo. Let n € C2°(R) such that n = 1 in a neighborhood of zero. Then xo — Z4n /4!
satisfies (3-4) with the boundary conditions (i) and with a C*° and compactly supported source term.
Hence the result follows from Lemma 3.2. The C* regularity of xo follows easily from the ODE (3-4)
and from an induction argument. Differentiating the ODE and taking the trace at Z = 0, we obtain
97 x0(0) = =497 x0(0) = 0.

Concerning x;, we first consider the solution of the ODE

Zo3¢+4¢ =0 on (0, +00),
$(0)=0;0(0)=0, 370(0)=1, ¢(+00)=0.
The existence, uniqueness, and exponential decay of ¢ follow from a lifting argument and Lemma 3.2 with
boundary conditions (ii). We then set x;(Z) = — f;o ¢ and note that 8Z(Z8§X1 — 8§X1 +4x;)=0. Asa
consequence, Z 8; x1(Z) — 83 X1(Z) +4x1(Z) = const. = 0 on (0, +00), thanks to the decay properties

of ¢ at infinity. Hence the existence, uniqueness and decay of y; follow. Taking the trace of the equation
at Z =0, we find that x{(0) = 0. O

Let us now explain how we construct the boundary layer profiles \I!({ for a € {top, bot} and j =0, 1
which satisfy (3-2) and (3-3). Taking the Fourier transform of (3-2) with respect to x and dropping the
index a, we infer that @,9 satisfies

174530 230
450 A0 30 §0
8Z‘I’k|z=0 =Vie»  Wrz=o = aZ‘I’k|z=0 =0.
Considering the function y defined in Corollary 3.3, it is then easily checked that
=~ A 1
U = k1727 xo(lk1>Z)
is a solution of the problem. We infer that

A~ 1 i
Vx,2)= Y k720 xo(lk12Z)e™ (3-5)
keZ\{0}
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is a solution of (3-2). In a similar way,

3 A L ikx
W(x,2) =Y |kI729), xi(k|2Z)e™* (3-6)
keZ\{0}

satisfies (3-3).
As a consequence, we have the following estimates, which follow easily from formulas (3-5) and (3-6):

Corollary 3.4. Let yl?, yal € L*(T). Then (3-2) (resp. (3-3)) has a unique solution 1112 € H)?/A'LZZ ﬂL)zc H;/z
(resp. \IJJ € HXH/4LZZ ﬂL)ZCH;/z). Furthermore, for all m > %,
I 2 S 17 Wmeom S U000l sy, IWellzzmm S ve lmn-ss S 10560l g7

1 1 1 1
IWalltmr2 S NVa lam-1s SN0B0ll gm-srs(@y,  IWallL2mm S 1¥a lme-n S 105601l m-sia (.-

Additionally, the profiles \Ilg and \IJ; have exponential decay: there exists a universal constant ¢ > 0 such
that, for any Zo > 1 and any m € N,

4
1l (20,4000 S 1601l 1 () €XP(—CZ),
4
Wl (20,4000 S 1601l 2 () €XP(—CZ).
3.3. Construction of an approximate solution. The idea is now to find a decomposition of 0 as 6 =
6BL + 0" where 6Bl is a solution of
3,68 = 92A20BL 1 5,
with a remainder term S, such that, for some § > 0,
S, =0(1+n7")  in L),
S,y =0(1+n"""" in H (),
S, (N =01+n7)  inL* (),
and a boundary layer profile 6BL such that 8B |3 (r = 0) = 6ylaq, 9,.0B"|9a = 9,0]sq. Recall that the
operator A~2 is endowed with homogeneous conditions for the trace and the normal derivative on the
boundary of 9€2.
As a consequence, the interior part ™™ satisfies
ateil’lt — a)%A—Zein[ _ Sr

and the trace of A" vanishes on 9<2, together with its normal derivative. Thus we may apply Lemma 2.4

and Proposition 2.6, and we obtain ||0™]| ;2 = O ((141¢)~"), which will complete the proof of Theorem 1.2.
The main-order part of 6B will be given by the profiles @é, j=0,1, a e {top, bot}, constructed in

Corollary 3.4. However, a few adjustments must be made in order to have a suitable decomposition:

« First, the profiles @é must be truncated away from z = 0 and z = 1, so that their (exponentially small)
trace does not pollute the opposite boundary. Since @Z has exponential decay, this introduces a remainder
of order exp(—ct'/?), which will be included in S,. More precisely, the error terms generated by this
truncation will be dealt with thanks to the following lemma, whose proof is left to the reader:
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Lemma 3.5. Let ¥ € L*(T x (0, +00)) such that there exist ¢, C > 0 such that

o
// 1W(x, Z)|*exp(cZ3)dZ dx < C < +o0.
TJO

Let ¢ € L*(0, 1) such that Supp ¢ C (%, 1). Then there exists a constant ¢’ > 0, depending only (and
explicitly) on c, such that

1 1
W x, (1+032)¢ @2 S ClIE oo exp(=c(14+1)5).
« More importantly, the main-order profiles (G)é, lIJC{ ) for j =0, 1 do not satisfy exactly
A+ (x, (141)72)) = O] (x, (1 +1)72).

Indeed, when constructing \112, we only kept the main-order terms in A2 i.e., the z-derivatives. It turns out
that the term 28)%822 in the bilaplacian generates an error term in the equation which is not O ((1 + 172).
As a consequence, we introduce lower-order correctors, whose purpose is precisely to cancel this error
term. We emphasize that the construction of such additional correctors is quite classical in multiscale
problems. In order to determine the order at which the expansion can be stopped, we will rely on the
following lemma, whose proof is postponed to the end of this section:

Lemma 3.6. « Ler f € H*(T, LZ(R+)) such that there exist constants c, Cy > 0 such that, for all
ke{0,...,4},

0k £ (x, Z)| < Cyexp(—cZ5) Y(x,Z)eT xRy, (3-7)
Then there exists a constant C depending only on ¢ such that
_ 1 ccC
A2 (f e, A +DTDX@)] 2 = —5-
(I+1)s

Furthermore, if
2 * 3
/ Z2 f(x, Z)dZ=/ Z3f(x,Z)dZ=0 VxeT,
0 0
this estimate becomes
cC
1+
o Let f € HX(T, L*(R.)) such that (3-7) holds for all k € {0, 1,2}. Then there exists a constant C
depending only on ¢ such that

||A‘2(f(x’ (1+ t)%Z)X(Z)) ||L2 =

CcCy
+0

With the two above lemmas in mind, we define 8B in the following way. Let x € C>°(R) be a cut-off

A2 (F G, (14D Dx @) ]2 <

function such that x =1 on (—%, Alf), and Supp x C (—%, %) We look for 6BL in the form

4 j i 1 4 J i 1
0Pt x,2) =Y (1 +0)730L (x. 1+ 03 x(@) + Y (A +07104,(x. A +0i(1—2))x(z— 1)

Jj=0 Jj=0
__.nBL BL
- ebot + Qtop
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and

4 ) ) | 4
YL 2) = ) () T R, (D ) X @+ Y ()T W G, (14D (1=2) x = 1)

j= 0 Jj=0
bot +wtop

The profiles @é, lIfj for j =0, 1 and a € {bot, top} were defined in the previous subsection, and we
now proceed to define ®;, ¥, for j > 2. The reason why we stop the expansion at j = 4 follows from
Lemma 3.6, as we will see shortly.

We focus on the part near z = 0, since the part near z = 1 works identically. Setting Z = (1 +1)/%z,
we have
8 i . j
oo = (141! Z(l + 07 [~3/O0 (. 2) + 320200, (x. D] ).

=0
For j =0, 1, the bracketed term in the right-hand side is simply 9, \Ilgot(x, (14+10)42). Similarly, we
choose W for j =2, 3,4 and a € {bot, top} so that

W =—1jO)+1720,0]. (3-8)
With this choice, we have
3,0BL = 9, Bl

There remains to choose @é so that 9, yBL = A‘zanBL + O((1+1)7%) in L2 To that end, we observe
4

4 .
A2YBE =S A+ 0T (L DX @) +2) (072020 (x, Z)x (2)
4 ) i=0
J A j
+D A+ (x, 2)x ()
j=0
4 3
+ <4)(1+t) gk (x, )R ()
j=0 k=0

1
+2 Z( )(1+z) 20wl (x, Z)x 2P (2).
Jj=0 k=0

&~

The last two terms are handled by Lemma 3.5 (anticipating that lDL{ will have exponential decay for
Jj=2,3,4).
We obtain
A2yBL = 3.6BL 4 O (exp(—c'(1+1)5))
F(141) 2 [—8,02, + 05w +20202W0 1(x, Z)x (2)
_3
+ (14173 8,08 + 97w +20202W 1(x, Z)x ()
+ A+ [=8,0f, + 05w +20202W2 + 3200 (x, 2)x (2)

+ 3 A+ (x, 2)x(2) (3-9)
j=5
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for some functions @iot depending on the profiles \Ilgot (for instance ®° = 28%8% \Ilgot + a;‘\pgot). Thanks
to Lemma 3.6, the inverse bilaplacian of the last term has a size of order (1 + )~2 in L% Hence it will be
included in the remainder S,. Note that the reason why we need to stop the expansion in 6B at j = 4
is dictated by the above formula and by Lemma 3.6. If we stop the expansion for a lower j, then the
remainder may be greater than (1 +¢)~2 in L2

Therefore we focus on the terms of order (14 ¢)~//4 with j =2, 3, 4. We treat the cases j = 2 and

j = 3 simultaneously, and we will focus on the case j = 4 later.

e Construction of \IJ‘H/ for j =2, 3: Remembering (3-8), we choose ®£ and \Ilgf for a € {bot, top} and
j =2, 3 so that

0, W) =—1j0l+128,0], —8,0] +35W] +20203w) 2 =0,
endowed with the boundary conditions

lim W/ =0, W/(Z=0)=3dzV¥/(Z=0)=0/(Z=0)=03,0/(Z=0)=0.

Z— 00

As before, we note that the boundary conditions at Z = 0 are redundant. Eliminating @Z; from the equation,
we find that ¥ satisfies
Zo3W) — jorw) =497Wi + 87,
V/(Z=0)=03,¥/(2=0) =0,
1

AW/ = —20%92W/ 2= _—§/ atZ =0,
Z a X Z a ] a a (3_10)
BV = 20295 Wi 2 = —J,ilazsg at Z =0,
lim W/ =0,

Z—00

where Sé. =—2(Zdz — j)afB%\I/,{_z. Therefore
i oJ i+3 02,72 4aj=2qj-2
05,S] = —270579; W) "* = —8070, w2
As a consequence, 8% \Il,f is a solution of
i1 J i1 N
z_aga_éxpg, =49320, W) —8d%a, "W, T,
Wy =0 atZ=0,
; - . .
Wy = —20202W, ", W, =-20205W) " atZ=0,
limz_, o 05,94 = 0.
Note that the boundary condition E)é \IQ{ (Z=0) = 0 follows from the identity

8, 05w] =175/ @1

Taking the Fourier transform with respect to x, we observe that 8% W, (k) satisfies (3-4) with nonhomoge-
neous boundary conditions of type (iii) (for j = 2) or (iv) (for j = 3). Using the Fourier representations
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(3-5) and (3-6) for W° and W', we anticipate that W2 and W} can be written as
Vi, 2)= Y K70 (kI Z)e
keZ\(0}

Wi, 2)= Y kT 6k 2)e*,
keZ\{0}

(3-11)

with x2, x3 € C*°((0, +00)) decaying like exp(—EZ4/ 3). The precise construction of x> and x3 will be
performed below. We obtain the following result:

Lemma 3.7. Let a € {top, bot} and y?, y! € L*(T). Consider the solutions W2, W} of (3-2), (3-3) given
by Corollary 3.4.

Then there exist unique solutions \IJ2 € H; o4

7/4

2 2 5/2 3¢ 7/2
L,NLiH v 7

LZZ ﬂLJZCH of (3-10). Further-
more, for any m € N,
2 2
Wil g2 S 10x00ll gn—seys  1WG L2y S 10x00l pmra-s/s(q)
3 3
IWall gz S 10500l m-1ia(ys 1WG L2y S 1020011 prma-1/3 ()
Additionally, the profiles \Ilg and \112 have exponential decay: for any Zo > 1, foranym e N,
102 70z 00 16011 ) €xP(—EZ).

1921tz oo S W60l 2y eXP(—EZ5).
Proof. In view of (3-11), it is sufficient to construct x, and x3. We first construct the solution ¢; of
Z056;(Z) = —4;(2) —80) 12,
$;(0)=0, 3;,7¢;(00==20%x;2(0), 3)7¢;(0)=—-203x;2(0),
limz o0 ¢;(Z) =0

Note that after a suitable lifting, ¢; satisfies (3-4) with the boundary conditions (iii) from Lemma 3.2 (for
J =2)or (iv) (for j = 3). Hence the existence and uniqueness of ¢; (and its exponential decay) follow
from Lemma 3.2. Now, define x; as

Wxj=¢j, xj(H+o0)=0 for0<k<j—1.
It follows that x; decays like exp(—¢Z*). Furthermore, by construction
051 Z05x) — jogx; +4x) — 2AZdz — Pigxj-2] =0.
We deduce that ZE)%XJ ]BZXJ +4x;+2(Z0oz — ])BZXJ 2 is a polynomial of order at most j — 1, which
has exponential decay at infinity. Therefore, the following equality holds:
Zdx;— joyxn; +4xj —2(Zdz — j)dxj—2 =0.

Taking the trace of the above identity at Z = 0, we infer that x;(0) = 0. In a similar way, we also find
that ', i (0) = 0. Now, defining \IJ] by (3-11), we obtain that \IJ] satisfies (3-10). The Sobolev estimates
are then a consequence of the Fourier representation formula. O
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» Construction of \IJ;‘: The definitions of \IJ;‘ and @2 are similar. We choose \IJj such that
Zo Wi — 49t wd = 492wk + 54,
WH0) = 0,9 (0) =0, FWi=—1St HUi=-19,8t atz=0,
limz o U2 =0,
where
St=—(Z8; —4)(20202W> + 3¢ WD),

Therefore the Fourier transform of 8? lIJ;‘, after a suitable lifting, is a solution of (3-4). The main difference
with the construction of W for j < 3 lies in the fact that 35w is not fully determined. Indeed, we lack a
boundary condition on 8§IIJ;‘ for some k£ > 6. Once again, this phenomenon (a high-order corrector is
underdetermined) is quite common in multiscale problems. In fact it turns out that lIJ;1 could be determined
in a unique fashion if we were looking for a higher-order expansion (see Remark 3.8). In this case, we
should choose lllg‘ot so that 8§®§0t| z—o lifts the trace of A%6|,—. In the present case, since we merely
wish to close the first-order expansion, we simply further require that 8% v 1z=0 = 0, so that the lifted
Fourier transform of 8% \IJ;‘ satisfies the boundary conditions (i) of Lemma 3.2. We conclude that \IJ;‘ is
well-defined and satisfies the same estimates as \Ilg for j < 3. The details of the proof are left to the
reader.

3.4. Estimate of the remainder and conclusion. At this stage, we have constructed 6BL such that, for
allt >0,

0B (1) s =0 (1)laq = bolsgs

30BE (1) ]aq = 3.0 (1)]aa = dnbolag
and

8,01 = A72026%L + A20, T, + O(exp(—c(1+0)%) in L?,

where T, = Tiop + Thor and

Toow = [ £ (140706, (1 +052x()].
j=5

with a similar expression for Ti,p. According to Lemma 3.6,
IAT20: Tl 2 S 0ol s (L+D) 72 13, A720:Tpllz2 S N60llas (1+1) 7.
Furthermore,
-2 _s
NAT=0 Tl g SN0x T ll 2 S 6ol s (1 +12) 73
for some finite (and computable) index s > 0. Therefore " = 6 — #BL solves
3,0 = 92 A20"M — A=29. T, + O (exp(—c(1+1)%),

and 6™ = 9,0 = 0 on d$2. We first apply Lemma 2.4 to A%6™ and find that || A20™(¢)||,;2 < (|60l s for
all t > 0, for some finite s. From there, we apply Proposition 2.6 to 8)%9““ with ¢ = 0, and we deduce that
||830im(t)||Lz < 160l s (1 +1)~L. As in Section 2, estimates on 1™ can be obtained by deriving bounds
on 9,0'™. More precisely, applying Proposition 2.6 to 3;6™, we find that [|3,0™(¢) | ;2 < 1160l a5 (1 4+ 1) 72,
and therefore ||8§A_291m|| 12 S 6ol gs (14 ¢)~2 This completes the proof of Theorem 1.2.
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Remark 3.8 (construction of an approximation at any order). Since A6 solves the same equation as 6,
one can easily iterate this construction. More precisely, if 6y € H*, it can be proved that there exist
J

ot @tjop)of j<ak such that the following result holds:

sequences of profiles (®

4k o , , : _
O(t,x)= > (1 +t)_£[®ﬁot(x, (I+0)342)x(2) +®tjop('x’ A+0)*(1—2)x(—D]+60L,@)
j=1

and
1020l g S 1.

rem

10Lm Ol 2 S m,

For instance, the role of @é‘(’;t is to lift the trace of A%/@ at z = 0, the one of @if;l is to lift the one of

3,A%0 at 7 =1, etc.
The details of the construction are very similar to the ones of the profiles ©, for 0 < j < 3 above and
are left to the reader.

3.5. Proof of Lemma 3.6. We first define a function f; such that
303 f1 =T

and 85 J1(+00) =0 for 0 < k < 3. Note that the exponential decay assumption on f ensures that f;
exists, and f] € W4 N H* Moreover, for 0 < m, my < 4,

871957 f1(x, Z)| < C exp(—cZ5),
with possibly different constants C and c. Setting Z = (1 +1)'/#z, we infer that
1
A A+ filx, Dx @) = f(x. 2)x (@) +2(1+1) 72007 f1(x, Z)x(2)
F A+ fi(x, 2)x(2) + Oexp(—ct3)) in L,

where the term O (exp(ct!/?)) stems from the commutator-involving derivatives of x (see Lemma 3.5).
Note that 8%8% f1 satisfies the same decay assumptions as f, and therefore we can lift it by another
corrector f> such that

03 fr = 20797 fi,
1.€., B%fz = —28ff]. Therefore

A+ A, 2)+( 072 flx, 2)x@) = f(x, 2)x@+ 01+~ inH 2

The only remaining issue lies in the fact that f|, f> and their normal derivatives do not vanish on the
boundary. Hence we set a;(x) = f;(x,0), b;(x) = 0z fi(x, 0), and we add a corrector

At x,D)=— X A+077 (@ @) +2(1+1)3b; () x (2).
i=1,2

Now

AX((A+0)7 f10e, 2+ +0)72 folx, D)) x @+ +0)7 ) = £, Dx (D) +0((1+0)77) in H2,
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and fork =0, 1
(407" A6 D)+ A +072 olx, ZDX @)+ (1 +07" f3)lae =0.
It follows that
(407 10, D)+A+072 o, D)X @+A+07 f5=A72(f(x, 2)x @)+ O0(1+0)7F) in H2,
Let us now prove that when fooo sz( -, Z)dZ = fooo ZSf( -, Z)dZ =0, we gain an additional factor
(14+1)~"4 Tt can be easily checked that

1 3
flzmo=7¢ [~ Z°f(-.2)dz =0,
1 1,
Iz filz=0 = —5 , Z f(-,2)dZz=0.
Hence, with the notation above, a; = b; = 0 and therefore f3 = O((1 + 1)~'/%). With the same
arguments, we infer that

(1407 f1(x, D+ 73 folx, D) x @O+1+0 " f1=A72(f (x, 2)x @) +0((1+0)"") in HA D

Remark 3.9. Note that the first statement of Lemma 3.6 provides a better decay of the H~2 norm, but the
second one requires less horizontal derivatives on f. In the next section, we will also use the following
variant: Assume that there exists a sequence (yx)xez such that

. 1
fx,2)= Y we*™o(kl22),
keZ\{0}

where ¢ € C*(R) decays like Cy exp(—cZ*/). Then, following the previous computations,

. 1
[, Z)= Y kP pe o (k|2 2),
kez\{0}

. 1
L, Z2)=2 Y |k ™0 (k2 2),
kez\{0}

where ag%p(*m) = ¢, and =™ (4-00) = 0. Hence

1A 0 A nix@le SC (X kPP a+n7i
keZ\{0}

4. Long-time boundary layers in the nonlinear setting: proof of Theorem 1.3

We now go back to the long-time analysis of (1-7) when 6y = 9,6 =0 on d$2. We recall (see Theorem 1.1)
that in this case 6'(¢) converges towards zero in H* for all s < 4 as t — o0.

A natural question is to investigate whether the algebraic decay rate provided by Theorem 1.1 can be
improved, possibly at the cost of a stronger regularity requirement on the initial data. In other words,
if we assume that 6y € H® with s large, can we prove a uniform H*® bound on a solution, and thereby a
higher decay estimate on 6'?
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As explained in the Introduction and in Section 2, such a result does not follow immediately from an
induction argument. Indeed, the traces of A26’ and of 9, A20’ do not vanish on the boundary (even when
the traces of AZQ(’) and of 8,,A29(’) do), and therefore we cannot apply Proposition 2.6 to A%6".

However, it turns out that when agéom =0, we can use (a variant of)) the linear analysis of Section 3
to analyze the long-time behavior of A%6’. In other words, in this case, there are boundary layers in the
vicinity of the boundary, but they are driven by a linear mechanism. Theorem 1.3 will follow.

To that end, the strategy is to consider the equation satisfied by A?0’. As we have seen previously, the
structure of the equation is overall the same. The main difference lies in the fact that the traces of A%6’
and 9, A%0’ do not vanish on the boundary, which makes the situation rather close to the one described in
Theorem 1.2. Following the methodology of the previous section, we may lift them thanks to a corrector
which remains linear at main order. Modifying slightly the bootstrap argument from Section 2 in order
to account for these boundary layers, we eventually prove Theorem 1.3, or rather the following more
precise version:

Proposition 4.1. There exists a universal constant gy such that the following statement holds. Let
00 € H'™(Q) such that 0p|yq = dnb0lq = 0, and 820p|yq = 0. Assume that ||0p| g1+ < &o.
There exists a boundary layer profile 6% € L™ (R, H?(R2)), given by

loc

4 i . .
6P = (1 D715 (O] (4, Zood) + O (¥, Ziop)),
j=
where Zyo = z(1+1)1/4, Ziop=(1-2)(1 +0)'4 and ®£ € H°(T x Ry, such that the following estimates
hold on ™™ := 0" — 6B forall t > 0:

1330 ™ (@)l 2 S 60l s (1 +1) 72,

197 A%0™ (1) 12 < 160l s (1 +1) 7",
IA%™™ (@) 112 < [160ll s

198 AT20™™ (1) || 12 S (160l s (1 41) .

Remark 4.2. Note that the assumptions of Proposition 4.1 are slightly weaker than the ones of Theorem 1.3.
Indeed, we do not require that 6y € H, 3 but rather that 6, € Hg and 830_0 = 0. According to Lemma 2.1,
these properties are propagated by the equation. Using the notation of Section 2 and setting G = 3.0, we
infer that G and 9,G vanish at z=0and z = 1.

4.1. General strategy. Following the same strategy as in Section 3, we look for an ansatz for 6" as a sum
of a boundary layer part #BL, whose role is to lift the trace of A%6’ and 3, A%6’ on the boundary, and an
interior part ™, which vanishes at a high order on the boundary, and for which we will therefore be able
to prove better decay estimates. Let us give a few additional details on these two parts:

» As in the previous section, the boundary layer term will be defined as an asymptotic expansion in
powers of (1 + £)~1/4 and the width of the boundary layers will also be (1 + £)~1/4 The different terms
of the expansion will be constructed recursively: the main-order terms will lift the traces of A%6’ and
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dp A%0’ (or rather, their limits as # — 00), and the next-order terms will correct error terms generated by
the first-order ones. The precise construction of the boundary layer is the purpose of Section 4.4 below.

o In fact, A20™™ = A%’ — BL) is not identically zero on the boundary, but it is of order (1 +¢)~.
Hence we construct additional small correctors 6., oﬂ{‘, which handle the remaining traces and part of
the error term.

« Thanks to the design of the boundary layer, the remaining interior part 6" = @™™ —§, — alli\fctL is such that
eint — aneint — A29int — anAzeiﬂt — 0 on aQ

As a consequence, A*9'™ satisfies assumptions that are similar to those of Lemma 2.4, and it is reasonable
to expect that || A*™|| ;> remains uniformly bounded. Applying Proposition 2.6 first to 3>A20™", and
then to 920, we infer that [|02A%0™ |2 = O((1 +1t)~!) and [|8¢6™]|,2 = O((1 +1)~2). We will use
a bootstrap argument to propagate these bounds; the corresponding argument is described in Section 4.5.

Before constructing 6B and proving the decay estimates on ™", some preliminary (and somewhat
technical) steps are in order. The traces of A?0’ and 9, A%6’ need to be decomposed as an asymptotic

expansion in powers of (1 +1)~1/4

, in order to identify the relevant boundary conditions for the terms in
the expansion of #BL. This is performed in Lemma 4.9 below, whose proof involves some high-regularity
bounds on 6. This is the main reason for the requirement 8y € H'# from Theorem 1.3. As a consequence,
the organization of the rest of this section is the following. In Section 4.2, we prove some quantitative H*
bounds (s < 14) on 6’ under our bootstrap assumption. In Section 4.3, we provide a decomposition of
A?0'|yq and 3, A%0'|5q under the bootstrap assumption. The main results of each section are given in
the beginning of the corresponding section. The reader wishing to avoid the technicalities may jump to
Section 4.4, in which we construct the boundary layer, using the decomposition of Section 4.3 together

with arguments from Section 3. Eventually, we close the bootstrap argument in Section 4.5.

Let us now introduce the bootstrap assumption that will be used throughout this section. We shall
decompose 0’ as 6’ = OB 4-9™™. As explained above, the remainder 6™ does not satisfy A26™™|;q =
9y A20™™| 0= 0, and therefore 6™™ will be further decomposed into a sum of correctors and an interior

term.
The term 0BT will take the form
0P = Lo 0, 1408 (1= 2) + - Opo(x, (1 +1)12) + Lout. (4-1)
14t P T4t >0 ’

with boundary layer profiles O, ®po such that

1Oallporxm,) < B

for some constant B > 0. Note that the amplitude of the boundary layer term 6B is O ((1+¢)~'), whereas
we recall that the amplitude of the boundary layer term in Section 3 was O (1) (compare (4-1) with (1-6)).
This is directly linked to the fact that 6’|y = 9,60'|9q = 0 in this section, while these quantities were
nonzero in Section 3. However we keep the same notation for the sake of simplicity.
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The remainder term 6™ will satisfy the bootstrap assumptions
sup (14071076 ™(@)l|,2 + A6 0)]|,2 < B,
tel0,T]

sup (14+1)18,820™™ (1)l 2 + (1 + 1) |329™™|| > < B,
t€l0,T]

(4-2)

where Y™™ = A729, 9"™m,
As a consequence, our bootstrap assumptions on 6’ read as follows:
Vi e (0,T), Vke{4,...,8), 13502 < BA+0)F +BA+0)'T,
Vi€ (0,T), YkelO0,...,8), ||8§9/||L2 < B(1 +t)_%+§, ||3;‘A29/||L2 <B, (4-3)
Vie,T), 139 ®l<B+07F.
Note that these assumptions imply in particular that for 0 <k <3
¥l S BA+0TEHF vee[0,T]. (4-4)

Let us prove inequality (4-4) in the case k = 3 (the other cases are treated in a similar fashion and left to
the reader.) By the Gagliardo—Nirenberg—Sobolev inequality,

1 4
I llwce S TN I s + Il Le
By (4-3), [¥ll2 SI¥ 2 S B(1 417"/, while

<B(+1)7¢.

~

1 1
5 2 2 2 2
1879112 S 18:0x8" 1 22 < 1936”11 7.118;0°11

Estimate (4-4) follows.

We also infer from (4-3) some interpolated inequalities (which may be suboptimal when compared to
the bootstrap assumption on 8;‘A29’, depending on the values of k, £): for all k, £ > 0 such that k + ¢ <8,
we have

kol kL 1 | BT | a kbl g/ 1 5 —94t kyt_ gk 9 €
1050, 0112 < 10,6115 197761 5" S B(L+1)787% 4+ B(141)27 4 RTS8, (4-5)

4.2. High regularity bounds under the bootstrap assumption. The purpose of this subsection is to
prove the following estimates, which are the analogue of Lemma 2.13 in higher regularity (see also
Remark 2.18):

Lemma 4.3. Let 0 =6’ + 6 be a solution of (1-7), and assume that 0y € H'* satisfies the assumptions
of Theorem 1.3. Let T > 0 be such that the bounds (4-3) hold on (0, T) for some constant B € (0, 1).
Assume furthermore that ||6y|| g1+ < B. Then, forallt € [0, T],
16O Nge S B, 16O ge S BA+1)2, 16111 S B(L+1)3,
105A%0" 12 S B, 110,°0" 2 SBA+07", 110, °¥ 2 SBA+1)72
Proof. First, recalling that
8,0 =—-V5iy.ve
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and using the bootstrap assumptions (4-3) and (4-4) together with the tame estimates (2-15), we infer that
1:09011,> S B2 +074,

and thus [|6(1)]| yo < 1160l ye + B> < B. A similar argument also shows that [|0(1)]| 7 < B+ B In(1+1).
Let us then compute the equation satisfied by 3'°9, where 3 € {9, 9,}. We have

3,000 +u-v3'% =9,y —[9'°, u-Vv]6.
Multiplying by 8'°9 and integrating by parts, we obtain
di“tna“)eny <2019"0x ¥ ll 2 +211[8", u - V16| 2.
Using the bootstrap assumptions (4-3), we have
19"°9, 9 |2 S BA+1)5 Vi e[0, T].

As for the commutator term, using the tame estimates (2-16) together with the identity u = V4, we
obtain, for any k > 5,

I10%, - V101l 12 < 1 llwzee 1011zt + 199 1| 11611926 lloo 10 % 1| 11411926l
11
SBA+DTF 01 gt + 110:0 1 311920 [l oo + 107601 111020 [l oo (4-6)
In particular, using the estimates (4-5), we get, for k = 10,
11", - V10112 S B+ 1) % 0]l 0+ B2(1+1)5.
Assuming that B < 1, we obtain
d 3 _u
q; 1010 SBA+0OF+ B+ 5[0 g0.
The Gronwall lemma then ensures that
u u
100 SN0l o+ BA+1)s SBA+1)F. (4-7)
We then use the same strategy to estimate ||8§A49 |lz2. The linear term in the right-hand side is now
AN =03tA%0" = 0(B) in L

The only difference in the treatment of the commutator term lies in the bound of terms of the form
831&83 8Z7 0’. For those, we use our first estimate on [|0|| ;10 (4-7) together with the bootstrap assumptions
(4-3) (see in particular (4-4), (4-5)), and we obtain

1, 11
1829839701 2 S 182 ool 10 S B2 +1) 755 < B2

It follows that d
11
a||3§A49||L2 <SB+B(+1)75(82A% 2,

and therefore ||83A40||L2 < B(1 4+ 1). The next step is to prove that SUp,¢0.7] ||8§’A29/||L2 < B.

~

To that end, we check that 9°A20’ satisfies the assumptions of Lemma 2.4. The source term is
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S=u- VBEAZQ/ + [BSAZ, u - V10. Classically, the first term is orthogonal to 6’. Tt is therefore sufficient
to bound the commutator. The terms involving 6 can be treated as perturbations of the dissipation term
||8ZA9’||%2, and therefore we focus on [d%A?, u - V]@'. First, note that
_3
IV A%Y) - VO'll 2 < IVE 11Vl 12 S BA+1)7HI9]A0| 2.
The other terms can be estimated thanks to the bootstrap assumptions together with the preliminary
bounds on [|8]| ;10 and [|02A% || ;2. We obtain

I8SA2, u - V10| 2 S BA+1) "2 185A%0 || 2 + B2+ 1) + B +1)"273] A0/ 12
for some § > 0. The details are left to the reader. Using a Cauchy—Schwarz inequality, it follows that

d L1 i
5||a§’A249’||§2+c||a,ZA9/||§2<192(1+z) LB 4+nT98A% 12,

~

The Gronwall lemma then implies that sup, (o 7 ||8EA26V||L2 < 160l y1o + B> < B.
We then follow the same strategy to obtain bounds on ||0|| 12, ||8§A49 |72 and ||8§ A%0|| ;2. We have

d
g fllae S 1976”1l s + I10"2, - V1611 2.

The first term in the right-hand side is bounded by B(1 + ¢). The commutator is estimated thanks to (4-6)
together with the bootstrap assumptions and our preliminary bounds on derivatives up to order 10. We
obtain [|0(¢)|| g2 < B(1 +1)% We then write

JTAYN +u-VIIAY =030A%0 —[32A% u- V6.

The first term in the right-hand side is bounded by C B in L. We then check that the nonlinear term can be
treated perturbatively, using the bounds on 6’ obtained so far, and we infer that || 8;‘A49/ Ol < B(1+1).
Once again, we then use Lemma 2.4 in order to prove that || 8§A29/(t) ll;2 < B and that

d 1 3
0Ol S BA+DT2N0O s + BA+1)2.

The computations are very similar to the ones above, are left to the reader, and lead to the estimate of

10 () [l s
The last step is to prove additional decay on ||8;00’||Lz and ||8)11 ¥|l;2. Setting S = —8;0(14 -V, we
can decompose S into S = S|+ S5, + Sa, with S| =u - VE);O@/, and

10 _ 10N 1
Sa = _Z( P )aza;(’ k¢a§+19+;< P )a;l “yaka.g,
=<

k<6
10N J10-k ) akt1 10N 11—k, ok
Si=— Y (k)azax paktlo4+ Y (k)ax v9k.0,
7<k<9 6<k<9

so that

_ . _1
ISil2 S B*A+0)2+BA+0)7"0018% 2, 1Sall2 S B +0)"218)° Ayl 2.



LONG-TIME BEHAVIOR OF THE STOKES-TRANSPORT SYSTEM IN A CHANNEL 2001

Hence for B sufficiently small, S satisfies the assumptions of Proposition 2.6, and we obtain
18:°6" )2 S BA+07".
Differentiating the equation on 839 with respect to time, we get
39,070" = (1 —G)3,0)%% — 8,0) (- V)0’ — 8,Gd%y.

Estimating the norm of each term in the right-hand side and using Proposition 2.6, we obtain, for all
1€[0,T],

18,8760" (1)1l 12 <

s (491001A% @)l + B,
s€l0,T]

Writing
39! A%0' =370' — 3] A*(u - V),
we find that [|3,0 A%0’|| > < B(1+1)~!, and thus [|3,870’|| .2 < B(1 +1)~2 Going back to the equation
on 976, we find that
310y =9,020' + 87 (VY - VO = 0((1+1)72) in L%
Finally, plugging these estimates into the equation on 6 leads to the desired bound on ||8]| zo. O

Let us now prove a useful (albeit technical) result concerning the trace of 823 o'

Corollary 4.4. Under the assumptions of Lemma 4.3, forall t € [0, T],
1
126" |0l sy S BA+D75.

The same estimate holds for the trace at 7 = 1.

Proof. Using Theorem 3.1 in Chapter 1 of [Lions and Magenes 1968],

1 7
3 g 4 8
1926 Lemoll =ty S 1613, 19203 o

where % B+ %y =s. Taking B = 10 and y = 8 and using the bounds of Lemma 4.3, we obtain the desired
result. (|

4.3. Decomposition of the traces of A?0’ and 3, A*6’. The role of the boundary layer is to lift the traces
of A%6’ and 3, A%6’ on the boundary. Therefore we first need to prove that these traces converge towards
a (generically nontrivial) limit. In fact, we will even need to have a rather precise asymptotic expansion
of the traces in powers of (14 ¢)~!/% This is the main purpose of this section.

The first result of this section concerns the long-time behavior of A%0’|yq and 9, A%0'|3q:

Lemma 4.5 (long-time behavior of 3¥A%0'|3q and of 027G (1)|yq, k =0, 1). Fork =0, 1, let
Vip(t, X) =05 A0 (1, x, 2=1), (1, x) = 05 A0/ (1, x, 2=0).

Assume that 60 € H'*(Q) and 6y = 8,60 = 0 on 9Q, 8260 =0 0n IQ. Let T > 0, B € (0, 1) such that
the bootstrap assumptions (4-3) hold on [0, T]. Assume furthermore that ||6p|| g4 < B. Then there exist
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universal constants By, 6 > 0 and functions yc? r€H %), ya] r€H 8(T) such that if B < By,

vVt [0, T],

1
1Yerlmom S 18l + B> and vy O =virlwam S B G55

1
1Yarlms S 180l + B> and iy, O = Yarllwa S B G5 Y €[0.T1.
In a similar fashion, for k = 2,3, a € {top, bot}, there exists g’;’T € R such that

185 21 S 100ll s + B> fork € (2,3},
BZ

|8t — 092G (1, 0)| < _ wrelo,7),
’ (141)%
2

gy — 3G 0| < —2— vielo,.T).
’ (141)2

The same estimates hold for g{‘opﬁT — BfG(t, 1).

The proof of Lemma 4.5 is postponed to the end of this section.

The second intermediate result of this section pushes further the decomposition of ny (t). It holds
under additional structural assumptions on 8B and #™™ = ¢’ — BL. More precisely, let us assume that
there exist profiles @é, \Dg such that

4 ; . 1 . 1
0L x,2) = 3 (1+ 071750 (x, 1 +1)72) + O, (x, 1 +1)7 (1 —2))),

=0
" (4-8)
PP x, ) = DA+ (W o, (1072 + W, (1407 (1= 2)),
j=0
where there exists a universal constant ¢ > 0 such that, for all Zy > 0,
) . 4
1O 19 (T x (20 400y + MWL 111 (T x (20 00y S (100l 114 + B?) exp(—c Zg)). 4-9)
In the course of the proof, we shall also need the following assumption:
9201 |,0 € H'(T), 90,0 H(T). (4-10)

Remark 4.6. The profiles ®;, W are not the same as the ones of Section 3. However we kept the same
notation for convenience.

Definition 4.7 (definition of yaj ’k). Let @é, \I’[{ be the boundary layer profiles from (4-8), with a €
{top, bot}, j € {0, ..., 4}.
Let npot = 1 and np = —1. We then define the following coefficients:
Vet =12g; 1807V, |2,
Vo' =8ga r0x07 W4l z=0 — 51107 {¥y, Og)x. 21 10,
Vo' =40nagg 1x05 Vg z=0.
Va > =20(0ag; 1003 Wslz—0 + g 70:07 Va1 z—0) + 2[02{ ¥, OF}x 21|z

4-11)
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where { -, -}, z denotes the Poisson bracket

{f.8}xz=0xf 032G —0zf d:g.

Remark 4.8. The bounds (4-9) ensure that ||yaj . lasen S B?. We shall actually derive stronger regularity
estimates in the course of the proof, as we construct explicitly the profiles ®; and V.

Lemma 4.9 (decomposition of y(f). Assume that 0y € H(Q) and 0y = 8,60 = 0 on 3, 839_0 =0
on 382. Let T > 0, B € (0, 1) such that |0y g14(q) < B and such that the bootstrap assumptions (4-3)
hold on [0, T). Assume furthermore that there exist profiles @é, \Ilaj satisfying (4-9) and (4-10) such that
g™ = @' — OBL satisfies (4-2), where B is defined by (4-8). Define the coefficients yaj k by (4-11).
Then for j =0, 1, a € {top, bot}, there exists Fg’T e Whe°((0, T); L*(T)) such that for all t € [0, T1,

V00 =y07 +r22A 407 4y A+ 07T+ T0 () —y 02+ T) T =y 4+ 1) 75,
v =y e+ A+ 4y 20407 4T 0 =y A+ T T+ 2+ 1)
where, forall € [0, T1, for j=0,1, £=0, 1,2,
18T LDl 2y S BPA+07 7, T Ol sry S B2 (1 +0) 734,
Let us now prove Lemmas 4.5 and 4.9.

Proof of Lemma 4.5. We have
%Aze/ =(1—G)320' —43,Gd.3>y — 297Gy

4
4
=3 (5) G0 Ry + AT @y 0,6) — A0 0.6 . (+12)
k=1

We now take the trace of the above equation at z =0, recalling that G|,—0 = 9, G|, = 0 (see Lemma 2.1),
Vl,—0 = 0;¥|,—0 =0, and 0’| ,—p = 3,6'|,—0 = 0. We obtain

d
a3y Voou = —602Gl2=00: 2V 2= + 6(07 9 1:=09: 076 |:=0) + 4(07 ¥ |:=00070"|:=0)'

— 6(3x 02V 1,20070"|:=0)" — 4(3x 2V |,=0820"|,=0).  (4-13)

We then estimate each term in the right-hand side using Lemma 4.3. Note that 822G| .=0 1s bounded
in L*°(Ry x (0, 1)). We focus on the first term, which has the smallest decay. Using Theorem 3.1 in
Chapter 1 of [Lions and Magenes 1968], we infer that, for any s > 0,

3 5
10029 le=oll s < 179 Le=oll et SV Iy W02V s

where 8, y are such that %,B + %y =s+ 1. Let us choose § =y =10, s =9. According to Lemma 4.3,

¥l o2 < B(1+41)72 As for the other term, using the short-hand notation from Section 2,

1 1
4 5 3 _1
1029 Loz < 160122 S 1000, 1601 2e 2 S BA+D72,

%xl—i—%xo
Hence

17
185029 | .ol o S B +1)" .
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The quadratic terms, involving traces of derivatives of ¥ and of 6’, have a higher decay. Let us estimate

for instance sttpE)x 8220’ at z = 0. We have, for any s > l,

1079 1:200x 9260 Lol rrs 1y S 1137 W |0l ooy 19826 ool s 1y + 1132 W Lol 2 (1) 1185376 =0 [l Lo (1) -

Using once again Theorem 3.1 in Chapter 1 of [Lions and Magenes 1968], we find that

L2L2 S B(l +t)_7

195826 |o=oll Lty S 1161} Wnage e
and we recall that ||/ ||y < B(1+ 1)~9/8 (see (4-4)). The same arguments together with Lemma 4.3
also imply

1859260 .ol gr1or2(ry S T4 Wna“e I 185A%0")| 1> < B,

HSLZ ~ |
while

1929 |=oll s 1) S IIlﬁIISzHﬁIIa lﬁlleHV N IIWIISZHﬂIIG || (4-14)

L2u "

with %,8 + %y =s. Taking 8 =10 and y =9, we obtain, for some s > 9,

1039 1.—09: 926 |oll s (1) S B2 (1 +1) 5.

The other terms are treated in a similar fashion. We infer that there exists § > 0 such that
2

This completes the proof of the estimate on y?.

||Va (t)”H‘)(T) Vte (0, T).

The estimate for yal follows from a similar argument. Taking the vertical derivative of (4-12), we have
d

gazﬁe/ =(1-G)d,d%¢’

3 5
3 B 5 _
- (k)aﬁc;ag a3y — j(k)aﬁcaxag Ky 0. A2(0.99,60') — A2(3,9.6").
k=1 k=1

Taking the trace of the above equation at z = 0, we obtain

d
4 Yoot = —1002G 08,07 |:—0 — 10870997 |:=0

+ 697 (079 1:=09:076'| .20 — 8:07¥/1:~0976"|:=0)
+10(3 Y ,=00:020._o + 83,208,826 |,=0) + 502V |.=00, 326, _o)’
— 1003, ¥/1:006 |0 + 8120876 |:=0)" — 5(3x Y/ |:=00:6|:=0)'.
The highest-order term is the first one. We recall that 8§G and 83G are uniformly bounded by C B in L,
and that the trace of ng in H® is evaluated thanks to (4-14). Once again, the quadratic terms have a
higher decay and can be handled as perturbations. The trace of 82‘ 0’|,—o can estimated thanks to yt?ot. We

then obtain, for some § > 0,
2

B
m vVt e (0, T),

||)/a Ol ascry

and the desired estimate for yl follows.
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Let us now address the convergence of aé‘G(t) ls as t — oo. We recall that
89,05G(1,2=0) = =8 u Vo[ Zo = 9+18,90,0' — 0,y 0,0 ..
Since ¥ |,—o = 0¥ |;—0 = 0 and 6’| ,—¢ = 9,0'|,—0 = 0, we have

0;07G (t, 2=0) = 3029 |:=09:920'|:=0 — 002V |:=0926" | .-

As above,
2 2/ 2 2/
107 ¥ 1:=00x 970" | :=0ll L1 (1) < 1197 |z=0ll L2 1102056 =0l L2(Tr)
< 1192 3,020’ <BX(1+1)77
SN0 g2 10x0;0 | oy S BT (1+1)7 4.
The estimate on 9, 8Z3G(t, z=0) is similar and left to the reader. Il

We now turn towards the decomposition of y(? and yal for a € {top, bot}:

Proof of Lemma 4.9. We focus on a = bot by symmetry, and we start with the decomposition of yt?ot.
Let us go back to (4-13). The main term in the right-hand side is —692G|,—0d,32V|.—. Following
Lemma 4.5 and using the decomposition 8’ = §BL + 6™™ we write

3 _7
3Z2G|z=03x8Z2W|z=0 — (1 + t)_2g§0t,rax B%IIJI())ONZ:O +(1+1) 4g§ot,T3x8%\I-’;ot|Z:O
_3_J j
+ Z(l +1)"2 i822G|z=03x8%‘1’t{ot|z=0

j=2

_3_ i
+ 2 (1+n72 4(8z2G|Z=0_gt%ot,T)axa%wéqu:O
j=0,1

1
+07G.=00x 029" ;=0 + O (B* exp(—c(1 +1)%),
where the exponentially small term comes from the traces of derivatives of \IJt{,p evaluated at Z = (1+1)"/4
The assumptions of the lemma and the bootstrap inequalities (4-2) ensure that, for all ¢ € [0, T],
3 (41727 02G.209: 05 W,y g <BX1+072
Jj=2 ' L2(T)
102G 12200 029" =0l .21y S 192G lloo 19:60™™ |2 S B> (1 +1)2.

Furthermore, Lemma 4.5 ensures that for all ¢ € (0, T')

_3
102G ;=0 — 8porr| S B* (A +1)7%,
and therefore

<B¥1+1)7%.
L2(T)

3 ;
“ _201(1 +1)72 £(8§G|z=0 _gtz)ot,T)axa%qjéOHZ:O
Jj=0,

We now address the quadratic terms in (4-13), namely
B, 0') 1= 6{324, 320"} |,—0 + 4(328,80" — 8,8, ¥ 320") | ..
Decomposing ¥ and 6’ into their boundary layer and their remainder part, we find that the main-order

quadratic term is

_7
(1 + t) 4 [68% \pt())otax a% ®got + 4a%lpl(3)otax a%®80t - 68)6 a% \Ijt())ota%®got - 48X a%lpgotag ®got]/ |

z=0

=:(1 +t)_%yboot,NL’
while all the other terms are bounded in L2(T) by C BX(1+1)72.
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Defining y./ by (4-11), we find that
0,2 -1 -3 2 2.0
O (Vpor (1 +1)72) = —6(1 + 1) 72 g1 70x 97 Vo z—0>
_3 _1 _1
8 (oor (1 +1)75) = —6(1+ 1) % g 78:97 Wpoyz0 + (1 + 1% Yoy xis
where we recognize the main terms in —68§G|Z:08x 3§W| .=0- Now, define Fgot’T by
0 r 3 24/
Door, 7 (1) = 6/t > (1487277076 (5)|:=00x 07 Wioy 70 ds
Jj=2

T _%_l 2 2 2/
+6 t > (14972750, G($)]:20 — 8bor, 7)0x 07 Wpoy z=0 95
j=0.1

T 4 : .
+/ B(Z(l +5) 25 (x, Zoo) + Y™, 0’(s)) ds
t j=1

T 4 ; .
+ [ B+ 979 Zoo, 2 (145)7 7404 (5, Zio) + 6" ds
]:

+ OB exp(—c(1+1)%)).

The last — exponentially small —term comes once again from the trace of \I!t{,p at the lower boundary,
ie., at Z = (1+1)"/% We do not write its full expression for the sake of readability.
Note that the assumptions (4-2) on 6™™ ensure that

< B(141)7%.

~

1826™™ .ol 12 < ||9fem||f‘; ||a§9fem||fz

Recalling Corollary 4.4 and using the assumption 8% @f; |z—0 € HY/2(T) (see (4-10)), we also infer that

1026™™ | —oll s S BA+1)7F.
Interpolating between these two estimates, we find in particular that

1930 <oll s S B(L+1)7 5.
The above estimates ensure that for k =0, 1

I8¢ Thor, 7 (Dl 2y < B2+,

1T Ol S B2 4075,

Therefore we obtain the decomposition announced in the lemma for yc? .

The decomposition of y,! follows from similar arguments and is left to the reader. 0

4.4. Iterative construction of the boundary layer profile. Let us now turn towards the construction of the
boundary layer profile, and more generally, of an approximate solution. The purpose of this subsection is
to prove the two following lemmas. Our first result, which is truly the core of the construction, is valid
under the bootstrap assumption (4-3) on 6’:

Lemma 4.10. Let 6 € H'*(Q) such that |6l 1+ < B < 1, and 0plyq = dubolae = 0, 8260p|yq = 0.
Let 0 =0 + 0’ be a solution of (1-7), and assume that the bounds (4-3) hold on (0, T). Let yﬁT, yalj
be defined by Lemma 4.5.
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Then there exist profiles 86{ e HY T x R,), \DC{ e H) (T x Ry), j € {0, ..., 4} and a corrector
6. € H°(RQ), depending only on VC?,T» yalyT, gZ’T and gg’T, such that, defining OB by (4-8), yajj by
Lemma 4.5 and y;] * by (4-11), the following properties hold.:

(1) Bounds on the profiles: @Z;, \Ilg satisfy (4-9).

(2) Bound on the corrector: setting V. = A™29,0,,

sup (I13x A% (Ol 2 + A+ 02132001l 2) S 160l s + B2,
t€l0,T]

sup ((1+6)> (18,320 | + 129 l12)) S 160l g1+ + B>
t€[0,T]

(3) Traces at the top and bottom: at 7 = 0,
A2 (O 4+00) im0 = Yoy 1oy (1) ¥ (140 =Rl (14T 2=yl (14T) 75, (4-15)
8. A OB +0,) .m0 = Vi 1+ (14D T4y b2 (140 2=y (14 T) T =y L2(4T) 72, (4-16)
Similar formulas hold at 7 = 1.

(4) Evolution equation: 68" + 6, satisfies
3O +0.) = (1 —G)a2A2OB +6,) — (VEAT20, (0B +6,) - V(OB +6,)) + RBL,
and the remainder RB is such that, fort=0,1, forallt €0, T],

9
18/ 0 RB || > S B2 +10)727  [92A%RPY S B2 +07%,  |A*RPY)| 2 S B*(1+1)7s.

Remark 4.11. The reader may compare formulas (4-15), (4-16) with the ones from Lemma 4.9. The
terms F;’T are lifted neither by the boundary layer term 6B nor by the corrector 6, and an additional
corrector will be built to handle them; see Lemma 4.13 below.

Remark 4.12. Actually, all profiles @ﬁ, \IJ,{, and therefore 6BL, wBL, depend on T through yc?’ T ya]’T.
However, in order not to burden unnecessarily the notation, we will omit this dependency in the present
section. The dependency will be restored in Section 4.5 when we perform the final bootstrap argument.

Once the boundary layer part is constructed, under an additional bootstrap assumption on the remainder,
we can define a nonlinear corrector:

Lemma 4.13. Let 6) € H'*(Q) such that ||6o|| 1+ < B < 1, and 0plaq = 8ubolye = 0, 826p|aq = 0.

Let 0 =0 + 0’ be a solution of (1-7), and assume that the bounds (4-3) hold on (0, T).

Let 6BL 4Bl be given by Lemma 4.10, and let 6™ = 0’ — 6BL. Assume that (4-2) holds on (0, T), and
define F;,T as in Lemma 4.9.

Then there exists 0111-\2“ € H3(Q) such that

2 _NL _ 10 2 _NL S
A0y |e=0 = Tpor 75 0 A%03g [:=0 = Dot 7

2 _NL _ 10 2 _NL _ 1
A Olift lz=1 = 1—‘top,T’ 9;A Olift le=1 = Ftop,T
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and, forallt €0, T],
|A%oN I S B2 A+077, 97 A% S BPA+071 s, afoltle S B2 A+0 7
As a consequence, setting %P := 9Bt 1 6. + alli\itL, we have
A%O™P = A?0', 3, A%0%P =9, A% on Q.
Furthermore 0% is a solution of
3,60 = (1 — G)3>A™20%P — (VLEAT25,0%P . VOPPY 4 S,
and the remainder Sier, is such that, for all k,m > 0 with k +m <8,

9
1850 Sremll 2 S B2A 4+ [02A%Semll S B*(A+0D7%  [|[A*Swemll 2 S B2(1+1) 75,

The main part of this section will be devoted to the proof of Lemma 4.10. The strategy will be very
similar to the one of Section 3, and we will often refer the reader to the computations therein. We
begin with the construction of the profiles (H)é, \Ilaj I, To that end, we plug the ansatz (4-8) into (1-7) and
identify the powers of 1 + ¢ in the vicinity of z =0 or z = 1. Note that for z <« 1 and ¢ € [0, T], setting
Z=(0+1'"*zand using Lemma 4.5,

G(t,2) = 392Gt 0022 + 132G (1, 002> + 0(z*
=10+ 2+ HA+ 0 i g r 2+ O+ 2+ (140 122+ 2)). (4-17)
2 8bot, T 6 8vot, T .
A similar expansion holds in the vicinity of z = 1. Furthermore, in the vicinity of z = 0, setting

S = —(V+y - VO’') and assuming that (4-2) holds,

S= Y (4073 (9,0,0,0] —0,Wi 3,0l Y+ 01+ %) inL?
0<i,j<4

Following the computations of the previous section and identifying the coefficient of (1 +1)"27//4 we
obtain, for j € {0, ..., 3} (compare with (3-8)),
—(141/)0l+1Z23,0] =9, V] + 5, (4-18)
where the source terms SC{ are defined by
V=5 =0,
Sp=—1g2 1 Z%0, 97, (4-19)

S =182 1270, —natgl 1 230,00 + 0, (87 909,00 — 3, 00,00),

with Nbot = I, Ntop = —1. ] )
Let us now proceed to define recursively the profiles @}, W} .

I'We recall that these profiles are different from the ones constructed in Section 3, in spite of a similar notation.
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Main order boundary layer terms: ®° and ®). The role of the boundary layer profiles ®; for j=0,1
is to correct the traces of A%0’ and 9. A20’ on 02 at main order, i.e., ya 7 (see Lemma 4.9). Choosing
lIJ] such that 84 lI’J = 0y @j for j =0, 1 and recalling (4-18), we are led to

Z3;0% =420 inT x (0, +00),

az®2|z:o = ya,T’ 836)2\2:0 =0,

®),0=0, 8200, 1=0, limz.,0)=0
and
7350 =4329;0) in T x (0, +00),

1 5@l 1

3 ©,42=0 =0, 070 ,412=0 = Na¥a 1>
Onze0=0, 920} ,,=0, limz 0, =0.

Note that these systems are identical to (3-2) and (3-3) respectively. As a consequence, as in the previous
section (see (3-5)), we find that

O, Z)= Y k72907 (k) xo (k|2 Z)e™,
kez\{0}

1 1 1
wx,2)= ) k|k|2y”<k>[ k12 ZxG(IK12 Z) — xo(Ik|> Z)]e’™,
keZ\{0}

(4-20)

where xo is defined in Corollary 3.3. Since ||y£T Il o < 1160l 1+ + B? according to Lemma 4.5, it follows

that
0 0 2
1Oall 122 + 1191l L2522 S 6ol s + B,

0 0 2
IWallger2 + 11Wall L2 g2e S 6ol s + B

In a similar fashion, recalling the definition of x; from Corollary 3.3 (see also (3-6)),

5 . 1 ;
OL(x. Z)=na Y |kI729} 1) x1 (k|2 Z)e™™,
kez\{0}

1 1 1 1 i
(. Z)=n4 Y. _—;y”(lo[ k|2 Zx{ (k|2 Z) = 3x1(Ik|> Z)]e™.
kez)\{0} !

(4-21)

Since ||, 7l zs < 1160l g1+ + B2 we also have
1O 22,2 11O 2 2t <1160l j1e + B2
all g2V L} alll2Ezt < 1IY0IH )
1 1 2
Mol 22 MW ll2pz S 100l e + B

Let us now define the boundary terms ya 7 and ya J by (4-11). It follows from the above expressions for
\I’[{ and @{, and from the boundary conditions x((0) = x, ’(0) = 0 that

0.2 2 0,3 2
1V, Moy S B, v, Ngvem S B,

(4-22)
Iy eorry < B2, lya Il mscr S B
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In a similar fashion, defining the source terms Sg, SS by (4-19), we have
S22 + 182 2 e S B,
X Z x*'Z
; ; 5 (4-23)
I1S: g0z + 11851 L2520 S B

Note however that because of the quadratic term {\I/0 ®°}x, 7, SS does not have the same self-similar
structure as \IQ{ , ®Z, for j =0, 1, which is also shared by Sg.

Correctors @2’ o and ®£’ o We recall that the coefficients vd ¥ are defined by (4-11), and are estimated
in (4-22) above. The terms y£*2(1 +7)"'2 and y£’3(1 + 7)73/4 in Lemma 4.9 are constant in time, but
smaller (for 7 >> 1) than Vc?, o~ Hence they give rise to a profile @8‘(1 whose construction is very similar
to the one of ®2, but whose size is much smaller. More precisely, we set

0%, 2)= Y kI [PX20A+T)" 2 + 703 (1 + T) 3 | xo(k|2 Z)e'™,
kez\{0}

OLa(e 2y =g 3 W[ O+ T 42020+ 1) ] (k1 e
keZ\{0}

Remembering (4-22), we have, for j =0, 1,
10Lall 2 + 0Ll 2z S B2+ T)77H,
”a%®£,a|220”1‘119/2(‘[) S B (1 + T)—§+£.
Analogously to W0 and W}, we also define

V=)

kez*

\chl',a =TNa Z

kez+ Lklk |

TR 00+ 17722+ T (G0 = 20(E) lemprnze™

[P RO+ T) 7+ 921+ T) 2] (e x] ©) — 31 (8)) le—pprze™,

so that 84 \Pga = 0y @Z a» and we have

. . 5 1,
”lpcj-,a”HfmﬁZ + ”\Ijg,a”L;H? SBX(14+T)7 24,

Lower-order boundary layer terms: ©2, ©} and ©7 ,. We recall that ®., W/ must satisfy (4-18), where
the source term S is given by (4-19). Note that since W2, ¥! and ®° have been constructed in the
previous step, the source terms Sg and Ss are defined unequivocally and have exponential decay. Moreover,

following Lemma 4.9 and noting that
3 3

) i _1_J i _
AP o= (A + 071050, +2 ) (A +0727502020] o+ 01+,
=0 j=0

we enforce the following boundary conditions:
242 20 502 B 20320
8Z®a|z =0= Va —20707047-0- 0794 z=0 = Na¥y' —29 RCFASHPA

3 2 553 2 (4-24)
8Z®a|Z —0=VYa —20 3z®a\z =0° 3z®a\zzo=’7a7/a — 29 8Z®a|z =0
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where the coefficients )/aj K are defined in (4-11) and estimated in (4-22). There remains to specify the
relationship between W, and ®}. In order that A2yBL = 3,6BL at main order, following the computations
of the previous section (see in particular (3-9)), we take, for j =2, 3,

W +20%02W/2 = 5,0/,

Eliminating W2 from the equation on ®2, we find that the system satisfied by ©? is

Z0,0% —20502 =400 —2g2 105(Z%0, W) — 80305 WY,

®5|Z:0 = 8Z®Z|Z:0 =0, (4-25)

®2(Z)—> 0 as Z— oo,
together with (4-24). Note that 20,85 WJ ,_o = —3;0p ,_, and 43,0, ¥}, ,_, = 3,0, ,_, so that the
boundary conditions are (once again) redundant. In other words, taking the trace of (4-25) at Z =0, we
find 8502 ,_, = y>? — 2070200 ,_. Differentiating twice more with respect to Z, we find that the
Fourier transform of 8% @ﬁ, after a suitable lifting, satisfies an equation of the form (3-4) with boundary

conditions of the type (iii) from Lemma 3.2. Using the explicit Fourier representation of W9 and ®
(4-20), we find that

2 2 2 2 2 2
19 1oz + 19l 220 S W60l e + B, W5l gz + 1% 2522 S 60l s + B
In a similar fashion, ®? satisfies the system

20503 30103 =43203 +40752 +632320) —273233 0],
3 3
®a|Z=0 = aZ®a|2=o =0,
®2(Z) >0 asZ— oo,
together with (4-24). Once again, we find that the lifted Fourier transform of 8%@2 satisfies an equation

of the form (3-4) with boundary conditions of the type (iv) from Lemma 3.2. Using the explicit Fourier
representation of ®}, (4-21) together with the estimates on Sg (4-23), we find that

1921 1022 + 1032zt < W0l s + B2, 1931210 + 15l 220 < 160l s + B2,
Note that the Fourier representation of 65 and of the linear part of @3 also ensure that, for j =2, 3,
192041 z=0ll scr) + 182, | z=0ll 152y < 60l 14 + B. (4-26)
Eventually, we define ®%’a analogously to ®2 so that

Z3,0?2 , — 205,07, =4070% , —83307W
©7 41z=0 =020 ,1z=0 =0,
0502 7= = —20205 00 Iz—0 Vj € (4,5},

®%’a(x, Z)—0 asZ— oo.
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Once again, note that the boundary conditions are redundant. We also define W2, by 9;W?, =
0, ®2F , — 2020202

c,a’

with homogeneous boundary conditions at Z = 0. We obtain
2 2 2 _1
||®L’a||Hx9LZZ+||®L’a|lL%HZ|8 SB (1+T) 29
_1
W2 ol ppiog3, + 192 2 o S B2 +T)72,

Boundary layer corrector 92. As in the previous section, we need to define a higher-order boundary
layer corrector ®%, whose role is to ensure that

187 A720% — 8,y Ph 2 S BA+0)T.
To that end, we choose ®%, W# 5o that
AWy +20707W) 4+ ;W) = 0,0,
Z9,0% —80% =45, vt
Eliminating W from the equation, we find
70508 — 49,01 =4320% — 83202 W2 — 497 W0,
We enforce the boundary conditions (which are redundant)
Olz=0=0z0,1z=0=0, 05;0717-0 =20,0,%|z=0. 930}|z=0= 30,0, ¥; |70,

together with a decay assumption at infinity. Looking at the equation satisfied by the Fourier transform
and applying Lemma 3.2, we infer that there exists a (nonunique) solution ®? of this equation such that

4 4 2
191 o2 + 109G 1 2 g1s S 6ol s + B

As in the previous section (see the discussion on page 1993), nonuniqueness comes from the fact that
the Fourier transform of 8%@3 satisfies an ODE of the form (3-4), with boundary conditions at Z =0
for 950% and 8%@2. However, the boundary conditions above do not prescribe any condition on 85@2
for any k > 6. We lift this indetermination by requiring (somewhat arbitrarily) that 8% ®§ |z=0 = 0. The
solution thus obtained satisfies the previous Sobolev estimates, and its trace satisfies

10203 z=0ll s (ry + 195,02 20l sr1sizcry S 160l e + B2 (4-27)

Lift of the remaining traces of order B. At this stage, we have defined @{;, \IJC{ for 0 < j <4 together
with @i as !a forO0<j < 2 Let x € C°(R) be a cut-off function such that x =1 on (—%, %) and
Supp x C (=24, 1). Setting ©/, = W/, =0 for j >3 and Zpo = (1 +1)'*2, Zop = (1 +1)"/*(1 = 2),
the main boundary layer term is given by

OB = Z<1+r) 4@+ ) Zoa)x () 3 (140 4O 407 ). Zop)x (1-2).
j—O

Y = ZO<1+t)—2"*<wbm+\vibm><x, Zoo) X (2)+ zo(l+r>—2—'*<\lfmp+wg',mp><x, Ziop)x (1-2).
J=
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By construction, we have

_1 _3
A2BL 1o = Y1+ Vi (1 + D77+ yin (1 + 07 ~ Vo2 (1473 =y 51+ 1)
+2(141)72823207 | z=0 +2(1 +1) 7202320} | z=0,

_1 _1 _1 _1
8- A%pniin:=0 = Voot F Yot 1 (107 F Voot 21072 = Yo 1 (L4 T) 73 =y p (14072
— _3
+2(14+0719705078 1720 +2(1 +1) 79795 Ol z—0.

Similar formulas hold at z = 1. Comparing with Lemmas 4.9 and 4.10, we see that we need to lift
the traces of 838;@{; for k =2,3 and j > 3. We lift these remaining traces thanks to a corrector allllf‘t‘
which we define in Fourier space in the following way. Let ¢4, {5 € C2°(R) such that ¢;(Z) = Z//j!ina
neighborhood of zero and such that Supp ¢; C (—}‘, %) In order to apply the last estimate of Lemma 3.6,
we further choose ¢; so that

/0 Y7k (2)dZ =0 Vke(2.3). (4-28)
We then take
ot k. 2) = l>3201<1+t)—§—*|k|—2 1027 Ol ()| 720 Gas (K121 +1)%)
T iy Ao E 00, M 220 G (K - (1 40,
so that 23,201

. 5 _3
Aol .m0 = —2(1 +1) 74320507 | z=0 — 2(1 +1) 7202050}l 2o,

. 5
I AZoim| o = —2(14+1)182030; | 720 — 2(1 +1) 7702830 | 7—0.

The estimates on the traces @{; for j > 2 (see (4-26), (4-27)) ensure that, for all k, m > 0 such that
k+m <10,

k
ot e < (160l 1o + B2 (1 +1) 727575, 429)
10l e S (U60 L ps + B (A +1)7>73 %.
We define an associated corrector ¢11113 =A%) ollllt‘tl According to Lemma 3.6 and using (4-28), we have,
for all k, m > 0 such that k +m < 13,
1k
IO s S 160l + BH (L4073 757%, @30,
101y s S (6011 e + BH(1 +z>—“—§+§

Evaluation of the remainder. Let us now focus on the different remainder terms in the equation satisfied

BL . . .
by 6., in view of defining one last linear corrector.

o Remainder stemming from the nonlinear term: Using Lemma 3.5 together with the estimates on ®£,

we have
1 _,BL BL k
v main Vem.aun Z bot c bot’ ®bot + ®c,b0t}xyZ(x’ Zvor) X (2)
0=<j.k<4
k k
- Z top c ,top> ®top + ®c,t0p}va(x’ ZtOP)X (1-2)
0<j.k=<4

1+ O(exp(—c(1+1)5)) in HA(Q).
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In the above expansion, we put aside the terms corresponding to k = j = 0, which are part of Sg and are
lifted by 63. If j+k>1, we have, when 0 <s+r <8,

1

1 s _
W, Obot + Ot ioplrz(x, A+ 03X @y s S B> (1 41)375,

bot c bot ’

and the same estimate holds for the top boundary layer. We infer that

_u
Vo - VOBE = (14677 (W, Obgdr.z (X, Zbo) X (2)
_(1+t)7f{lpt0pv [Op}x Z(X Z[Op)X(l _Z)+RNL9
where, forallr,s >0, r +s5 <8,

_34s_1
IRNLI s S BX (141673375,

Note in particular that || Rnp || s < B>(141)7'7% with § = %

o Remainder stemming from the Taylor expansion of G: As explained in the construction of ®§, @3,
when defining the boundary layer term, we replaced G by its Taylor expansion in the vicinity of z =0
and z = 1. Recalling (4-17), we have, in the vicinity of z = 0, setting Z = (1 + 14z,

1 1 _
Ga wmam = ( )1 gbot TZzaxwr%{;in + 6(1 N )3 gbot TZ38 wmam + O((l +t) (Zz + Z4)3 1thmam)
2 t

1
= mgbothza ‘I’bot(x Z)x(2)
t)2
+(1+1)" (2gb0thza Woot (X, Z) + £ 8hor 12705 Wiy (x, 2)) x (2) + Rg.

where the first two terms enter the definition of ®%  and ©}

bot respectively, and the remainder term Rg

bot
satisfies

IRG Iy S BXA+074475 if0<r+s<8.

e Remainder stemming from B — A=23,68L: We now address the fact that Azwg;n
<1

9,0BL  More precisely, using the definition of \Ila, we have, in QN { < 5},

main’

is not equal to

_n_j=2 i 1
AZyBL _5.6BL —2 Y (1407277 9202w (x, 1 +1)12)x(2)
j=3.4

+Ya +z)—2—*a Wl (1 +0i)x (@)
j=1

+2 5 (407 TR 0 (404X @
J=1

+ YA+, (40 ()
Jj=0

+ 0(exp(—c(1+1)5)) in H ().
A similar expression holds in 2N {z > 5 } replacing bot with top and z with 1 — z. The exponentially

small remainder comes from the commutator of the bilaplacian with multiplication by x (see Lemma 3.5),
and from the estimates on ¥}, \D({,a. We now apply Lemma 3.6 and its variant Remark 3.9: more precisely,
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in order to avoid a high loss of horizontal derivatives, we apply the “self-similar version” from Remark 3.9
to the term involving 32 W!, and the second statement from Lemma 3.6 to all other terms. We obtain

A, yBL — AT2929BL —. R,

main x “main —
with
3 3
sup ((1+0)* 187 Rpzll 2 + 1+ 02T 519 A*Rpzll 2 + (1 4+ D519, A* Rz 1 12) < B.
1€[0,T]
Note that the decay of this remainder is similar to the one of Rnp, and Rg, but its order of magnitude
is B. Hence we call it a “linear” remainder. In order to simplify the forthcoming bootstrap argument, we
will lift it thanks to another (linear) corrector.
e Remainder stemming from olliif‘:: Recalling (4-29), (4-30) and using a variant of Remark 3.9, we have,
setting R 1in = a,alliif‘t‘ — A‘zafalliif‘t‘, for k+m < 10,
9
sup ((1+0>197 Retinllz2 + (1407107 A*Retinll 22 + (1 + 05110, A* R tinl12) S B.
1€[0,T]
Once again, R, jip is a linear remainder, and shall be lifted before the bootstrap argument of the next

subsection. We also have
1G] A5l 2 < B2 (1 41) 72,

In the remainders above, all terms of order B2(1 +¢)~3 in L? will be included in the remainder for
the interior part (see Section 4.5), while the terms of order B(1 + )3 will be lifted thanks to a linear
corrector o ®, which we now construct.

Definition of o®. Let o ¥ be the solution of
30 =0’A26R —Rpao — Rejin, oR(t=0)=0.
Note that 3,6 %|30 = 8,0,0 8|30 = 0, and therefore o % |3q = 9,0 8|30 = 0 for all # > 0. Applying A? to
the above equation and taking the trace at z = 0, we have, using the identity (4-18)
0, A% |. = — A (Ra2 + Re,tin) =0
= _8XA211”£;H|Z:O - 318?‘7111if1t1|z:0

j—2 ; j—2 ;
=2 X (14077 T80 Wylz-0+2 2 54N+ T 80300 lz-0 = 0.
j= Jj=

Hence A20R|,_g=0forall r € (0, T). In a similar way, 3. A?c%|._o =0 for all f € (0, T), and the same
properties hold at z = 1. Applying first Lemma 2.4 to 9, A*c'®, and then Proposition 2.6 to 3} A% R,
320k and 8,0%0®, we infer

l0x A% ¥ |2 < 160ll e + B,

133 A% 8 12 < (6ol e + BH(L+1)7,
1320 % 112 < (ol s + BHA +1)72,
1,00 %12 < (160l s + BH(L +1) 7,
188 A 20 %]l 12 < (160l s + BH(A +1) 2.
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Furthermore, looking at the expressions of R 2 and R, 1y and recalling the estimates on ‘I%{ , we can perform
similar estimates for zx (z)d.0 % and (1 — z) x (1 — z)3.0 & For instance, estimating the commutators, we
find that
8 A% (2x (2)9.0™) = A 2x (29,97 4720 ®) = A*(2x (2)8:(Rp> + Re tin)
= 0 A% (2x (0.0 %) + (A%, 2x (231074720 * + 92X (2)9;, A%Jo *
— A 2x ()3 (Rp2 + Re,iin)),
where
A%, 2x @)8:107 A2 M| 2 + 192X (208, Ao Rl 2 S 197 A% R |2 S (160l e + BH(A +1)7
1A% @ (@0 (Ra2 + Regin)) 12 S (60l g1s + B (1 + )7+
It follows that, for all r € [0, T],

IA*(zx (2)3.0®) 112 < (I160]l g1 + B?) In(2 + 1).

Conclusion. Let

O =0l + o R 0B (x (@) — D+ OB (x (1 —2)— 1), 65 =68 + 655,
where

O = Z (+07""5(©) +©1)(x, Z,), a € {top, bot}.
=0
Then (up to a redefinition of @{1 + @c,a as @fl), the bounds on the profiles @é and the corrector 6., together
with the boundary conditions on 6B

Most of the remainder terms have already been evaluated. There only remains to evaluate the quadratic
hft

+ 6, announced in the statement of Lemma 4.10, are all satisfied.

terms involving o};," and o R We have for instance

18282V yBL ) - Vo R |l gy S BXA+07T (1 +0721 S BX1+10)73.
For the H® estimate, we write, for z < %,

a WBL a R 3 I/Imaln a R
Z

main
Both terms in the right-hand side belong to H8, and we infer
IVEYBL Vo R |y < B2 140" n@ +1).

The statement of Lemma 4.10 follows. O

Proof of Lemma 4.13. Assume that 6™™ = ¢’ — 9Bl satisfies (4-2), and define Fi’T as in Lemma 4.9.
According to Lemma 4.9,

||F£,T(t)||L2(Tr) S BZ(] _|_t)—l+£’

. o4
19,75 7 (Dl 2y S B2 +0)72H4,
IT 7 Ol sry S B +D)7575,
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We now lift these traces thanks to a corrector 0111.\2“, whose definition is similar to the one of olliifrt‘, namely

Nt k)= Y <1+r>—1—%|k|—4—frf“<r k>;4+j(|k|z<1+r>l>

=0,1
"~ + X AT TR (CIT 2 R (KT = (140,
j=0,1

where we recall that ¢; € C2°(R), ¢(Z) = Z7/j! in a neighborhood of zero, and ¢; satisfies (4-28).
It follows from the estimates on F] .7 and from the formula defining alll\g“ that, for £ =0, 1,

197 ot [l g < B2(1 +07E S ifkm<d,
lowx sy S B> (140712,
||Z‘71§tL||H9(Qn{z<l}) +1I(1 = 2oy IIHe(m{Z>I}) < B*(141)~ .
The function crl ft L has been designed so that
A0t 1z=0 = Tpoi(1), 9 A0y |e=0 = Tpoe (1),
Ao lz=1 = Tiop(1), A0 1=t = Tiop(0).

Furthermore, according to Remark 3.9 and using (4-28), we have, for all k, m > 0 such that k +m <8,

k

|A™ tht ||HmHA < B? (1 +t)_ -3+ ,

.;;

_ 41k
18, A7 20N | s S B(1+1) 747575,

The statement of Lemma 4.13 follows immediately from these estimates and Lemmas 4.9 and 4.10. [
4.5. Bootstrap argument for 9™, 1In this subsection, we complete the proof of Theorem 1.3 thanks to a
bootstrap argument (or rather, two nested bootstrap arguments). We start with an initial data 6y € H'#(Q),
with (|60 14y < B and 6y = 8,60 =0 on IR, 926p =0 on IQ. We assume that B < By < 1, where By

is a small universal constant, so that Theorem 1.1 holds.
Let C > 2 be a universal constant to be determined. We define

Ty = sup{T > 0: (4-3) holds on (0, T) with B = 5||90||H|4}.

By continuity, 71 > 0. For any T € (0, T1), we define an associated boundary layer profile 62" (see
Lemma 4.10 and Remark 4.12) together with a corrector 6.. We recall that there exists a universal
constant Cy such that, for all m,k >0 withk+m <8, forall T € (0, T}), t € [0, T],

16EL @) | szt < Cr(l60ll e + B +1)714575 <2Cy |60 e (1 4+ 1)~ F475,
provided C?By < 1. Similarly, for all ¢ € [0, T}],
(L4230 2 + 19 A*0cll 2 + (1407 13:976c ] 12 + (1 + 07109l 2 < 2C1 1160 415

We then introduce a new time

T, = sup{T € (0, T}) : ™™ = 6’ — 6L satisfies (4-2) on (0, T) with By = (2C 4 3C)||60]| g4} (4-31)
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On (0, 7»), relying on Lemma 4.13, we construct an approximate solution #%PP. We now set 6™ =
0/ — 9P = grem _ g — cff}tL. Note that we can always choose |6l 1+ small enough so that for all
te0, ), forO0<k+m<8,
O g < Cloll e (14 1) 72575,
Consequently, 0™ satisfies (4-2) with B3 = (3C +5C1)||6o]| g1+ on (0, T>). Note that B; < B for j =1, 2, 3.
Our goal is now to prove that T = T» = +oo for a suitable choice of C, provided || || y14 is sufficiently

small. To that end, we check that A%6'™ satisfies the assumptions of Proposition 2.6.
By construction (see Lemma 4.13),

Oint — aneint — A29int — anAzeiIlt =0 ond.
Furthermore, defining the quadratic form

O(f,8) =—(V*A%d, f-Vg),

we have, recalling Lemma 4.13,

30™ = (1 —G)a> A2 4 !

rem’

(4-32)
where, recalling the definition of Sy, from Lemma 4.13,
Stem = —Srem + QO 6™, 6™) + Q(6™, 6*P).
We claim that we have the following estimates on S :

Lemma 4.14 (estimates on Srlem). Let T, be defined by (4-31).

o L% and H* estimates: for all t € [0, T»),

1 1
(1+1)% (I+0)*

o H¥ estimate: there exist S;, ST € L™([0, T2), L*(R)) such that A*S), (1) = S; + ST, with

197 Sem Dl 2 < B

rem

102A282, (D2 < B

rem

rem

||Sﬁ(l‘)||L2 < Bz(l—: )2 Vte[0,T,) and /Qsi(f)A49int(t) -0
)8
o Estimates on the time derivative: for all t € [0, T,),
441 2 1
Hafax‘svrem(t)”L2 S B (1+t)4'

Proof. We estimate each term separately. The estimates on Si., have already been proved in the previous
subsection (see Lemma 4.13). Therefore we focus on the quadratic terms. It follows from the estimates
of Lemmas 4.10, 4.13 and from the bootstrap estimates (4-2) on 6™™ that

1% Q%P + 6™, 6| 2 < B2(141)73,
102A2Q(O%P + 6™, 9|l 2 < BX(14-1)72
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For the H® estimate, the situation is slightly different, because A*Q(6%PP 4- 6™, i) involves deriva-
tives of order 9 of #™ for which we have no estimate. Therefore, as in Section 2, we decompose
A*Q(H%P 49" 9int) into two parts, writing
A4Q(9app + eint’ eint) — _(VJ_Afzax (Qapp + eint)) . VA4gint

— 9% VLA-23,(9%p 4 9int) . gint — [A* VEAT2Y, (6P 4 6™) . V],

It can be easily checked that the term [A%, VA2, (6%PP + M) . V]9I™ can be evaluated as above, and
we have
I[A%, VEAT29,(07 4+ 01 . V19| > < B2(1+10) 213 (1 +1)7275 < B2 (1 +1)2.

Furthermore, since (A*6™(z, -, z)) =0 for all ¢, z,

/ 8Z8VJ- A—Zax (Qapp + gint) k QintA4eint —0.
Q
Eventually, integrating by parts the remaining term,
- /Q((VJ_A_zax (QaPP + Qint)) : VA49int)A49int = % /QV . (VJ‘A_zax (Qapp + Qiﬂt)) |A49int|2 =0.

Therefore, setting

ST = —VEAT29, (6% +0™) . VAY™ — 93VLA25, (92pp + gint) . gint,
Sﬁ — A4Q(9int, Qapp) _ [A4, vJ_A72ax (Qapp + eint) . V]Oint,
we obtain the desired H® estimates.
We now need to estimate the time derivative of 8*SL._ in L% Note that the definition of time 7> (see

X rem
(4-31)) ensures that
18,020 (1) [|,2 < B(1+1)73 Ve €0, T»].

Setting '™ = A29,0'" it follows that
19,979 ™l g+ S B +0)7 Vi €0, Tal.

From there, differentiating with respect to time 3¢S., , we obtain the desired estimate in L. The only

problematic term is 9,37 v/"9,0%P, which we decompose as
0,07 Y™ 9.0 x (2) + 8,07 Y ™ 9.0 (1 — x (2)),

with x € C2°(R) such that x =1 in a neighborhood of zero and x (z) = 0 for |z]| > % Let us consider the
first term. Recalling that /" (z=0) = 0, we write, using the Hardy inequality,

10,3390, x D)2 < | To,03u™

L2||Zaz93ppx (@ lL=

SN8,820, ™™ | 2112907 x (2) || 1
<B4+ xBA+0"'<BX 147"

The term involving (1 — x(z)) is treated similarly, exchanging the roles of z =0 and z = 1. O
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Conclusion. We apply the operator A* to (4-32). We recall that by construction, A26™™ = §, A%’ =0
on 0. We obtain
a A401nt (1 _ G)a A291nt+ A4 rem _ [A4 G]a 1iylnt

Let us now check that the assumptions of Lemma 2.4 are satisfied. The decay assumptions on A*S],

follow from Lemma 4.14. Therefore it suffices to check that the decay of the commutator term satisfies
the desired bounds. Using (2-16) together with the bounds on G (see Lemma 4.3), we have, for all
t € (0, To), . . .
1A%, G109 ™[I 2 S NG llwroe 199 ™ 17 + Gl s 110 ¥ ™ [l oo
<BX 1+ i +BX 1+ +0" 7 <BXA+0)3
Therefore, according to Lemma 2.4, there exists a universal constant C; such that, for all ¢ € (0, T»),
setting B = (34 2C1)C 16l s (see (4-31)),
IA%™ @)1 2 < C2(10™ (7t = )| s + B?).

From there, we apply Proposition 2.6 twice (first to 8§A29im and then to 8;‘ "), and we obtain, up to a
change in the constant C», for all ¢t € [0, T3]
192A%6™ (D)1l 2 < C2(16™ (= Ol s + BH(A+1)7,
1936™ (1)1l 2 < C2(116™ (1 = 0) [l s + B (1 +1) .
There remains to bound o, 8;‘9““ and ajwim in L2 To that end, we differentiate (4-32) with respect to
time, and we obtain
3,9,0%0™ = (1 — G)d 9, ™+ 8,0%S.  —8,Gd Y™,

The source term 9,97 SL . is evaluated in Lemma 4.14. As for the commutator term, we have

19, G3Y™ || 2 < 18, Gl 1039 ™ | 2 S BX A+ S B3 1+~

Using Proposition 2.6, we find that, for any ¢ € (0, 7»),

4 Hint e
18,040 12 < C(16™ (¢ = 0) | s + B )(1+z)3

Using (4-32),

139 ™ Dll2 < C2(10™ (1 = 0l s + B) ———5 V1 € (0, To).

(1+t)3

Grouping these estimates with the ones on oy tL from Lemma 4.13, we infer that, up to a change of the
constant Cy, for any ¢ € (0, T3)

(L+ 02 [30™™ @)l 2 + I1A*0™™ 1)l 2 < C2(160]l s + B,
(1 + 018,350 ™ (1) | .2 + 192%™ ()]l .2) < C2(ll60ll gs + B?).
We now recall that B3 = (3C + 5C)||6o|| 551+ for some constant C that remains to be chosen. We want to

pick C so that
Co (1601l s + BC +5C1)2(16013,14) < (C + CDII6o |l g1+
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It is sufficient to take C such that 2C, < (C + C}), and ||6o]| 14 sufficiently small. We then infer that the

bounds within (4-31) are satisfied with B; replaced by B, /2. It follows that 7, = T. From there, recalling

the estimates on AL, we deduce that there exists a universal constant Cs such that, for all ¢ € (0, T}), for

allke {4,...,8},
185671 2 < 118%0B% || 2 + [|9%6™™ | 12

< C3(l60ll e+ B(L 4075 + (140 7).
Similar estimates hold for 86’ and 83y in L Hence we further choose the constant C so that
2C3(l6oll s + B) = Clifll s

provided ||6p|| 514 is sufficiently small. We conclude that 71 = +o00. Theorem 1.3 follows.

Appendix A: Well-posedness of the Stokes-transport equation in Sobolev spaces

The aim of this section is to prove the well-posedness of the Stokes-transport on the domain of interest of
the present paper, namely 2 = T x (0, 1). The proof is also valid on any regular enough bounded domain
of R with d =2 or 3.

Theorem A.1. Ler Q satisfy either

(1) =Tx(0,1) or

(2) Q is a simply connected compact subdomain of R?, d =2, 3, regular enough.
Letm >3, pg € H™(Q) (and Q of regularity C"?). The system

dhp+u-Vp=0,
—Au+Vp=—pe,,

divu =0, (A-1)
ulyo =0,
Pli=0=0

has a unique global solution for the present regularity
(p,u) € CRy; H™(Q)) x C(Ry; H" ().

Moreover, the solution obeys the energy estimate

t
lp@liam < lpolln exp(C [ 1Va@)lzx+ 1V ()L ds). (A-2)

The proof of this result follows rather classical techniques. It also relies on a previous work of one of the
authors [Leblond 2022], including in particular the well-posedness in a weak sense of the system (A-1).

Remark A.2. The well-posedness in the weak sense of (A-1) in T x (0, 1) is a direct consequence its the
well-posedness in R x (0, 1) stated in [Leblond 2022, Theorem 1.2]. In this latter unbounded domain, the
Poiseuille flows are avoided thanks to a zero flux condition on the velocity field. In the periodic case, this
condition is no longer required as the periodicity of the solution prevents the existence of Poiseuille flows.
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A priori estimate. Formally, the energy estimate for any derivative of order m can be written as

1d )

=S =—/ 9" u-Vpd"p,

S N9 el Q[ u-Vipd™p
due to the divergence-free condition satisfied by u. We apply the tame estimate (2-16), together with
the continuous Sobolev embedding of H™(£2) in L°°(£2) and the Stokes equation regularization estimate
lullgm S Nloll gm—2, to get

d
3 18"l < (UValie + IVa L) 1Al m-

One therefore obtains the same inequality with the complete H” norm on the left-hand side, and the
estimate (A-2) follows. This energy estimate tells us that p remains in H™(2) as long as ||Vu||p~
and |Vp|| L~ are integrable in time. Regarding the properties we know from [Leblond 2022] about the
solutions of this equation it is enough to prove that the solution exists globally and is unique. Let us recall
from [Galdi 2011, Theorem IV.6.1] and [Leblond 2022, Section 2.1] that the source term and the solution
of the Stokes equation satisfy for all times

el S pllgm-2, lullwie S llollze. (A-3)

Also, the uniform norm of p is constant since p is transported by an incompressible vector field. We also
observe

t
IVolli~ = IVpollix exp(C [ I1Vus)li~ds) < [Vpollix exp(Cllopllims). (A

Putting these considerations together leads to

IV poll >
ol zm < llpoll m exp CII,OolletJrW(CXP(CII,OOIILM)— D).

This suggests that if pg € H™ N W', the solution exists globally in time in H™. In particular, if m is
large enough so that H™(Q) < W!°°(Q), the Stokes-transport system is well-posed in H™.

Proof. An iterative scheme allows us to formalize the previous considerations. Let p° : t — po, which
belongs to C(R., H"(S2)). Now if p" belongs to C(R.., H"(R)), which is true for N = 0, we know

that the Stokes system
—AuN +VpN =—pVNe_,

diva®™ =0,

ullyo =0
admits for any time a unique solution u" () € H"™+%(Q2) obeying inequalities (A-3). By linearity of the
problem, u" in H"*+%(Q) inherits the continuity of p" in H™(2). Then since u” belongs in particular
to C(Ry, H"T2(Q)), the transport equation

{atpN—H _|_uN . V,ON+1 =0,

PVt i—o = po
has a unique strong solution p~ +tle C(Ry, H™(R)). This concludes the definition of the sequences (o) n
and (u")y. We thereafter show that for any 7 > 0 the sequence (p” )y is bounded in L>((0, T), H™(Q))
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and equicontinuous in C((0, T), H™(Q)), so it converges in C((0, T), H™1(Q)) to a solution of the
original system up to an extraction. Since this is true for any 7 > 0 and by uniqueness of the weak
solution ensured by [Leblond 2022, Theorems 1.1 and 1.2], we get the well-posedness of the system and
the proposition is proven.

Boundedness. Let us show that we have, for any N € N,

\V4 0
PPN expichpolion - 1)) =t B0 (A5)
lollL>

This inequality is immediately satisfied for N = 0 since p° is constant in time and equal to pg. Let N € N
such that (A-5) is satisfied. Then the tame estimate (2-15) provides here

o™ | zzm < Nl ool m exp <C||po||Loot +

d
310" O S UV o™ g + 170 e ™ o 0™
The considerations (A-3) and (A-4) applied to p, pV +1 and u" lead here to
d
g 10" e < lpolles 1™ Lz + 1V poll = exp(C llpoll ) 0™ 1.
From here, we use the Gronwall lemma to estimate || oVt g,
| t
o™+ 1 m < exp(CllpollLt) (||,00||Hm +ClIVpollL~ / o™ ()| 2 ds). (A-6)
0

Then, according to the assumption on p”, we observe that

t
ClIV ol / 16" (5)1 1 di
0
IV ool

t
p CIIﬂoIIHmHVpollLoof eXP<C||,00||L°CS+ ™ (exp(ClipollL=s) — 1)) ds
0 o0

exp(ClipollLoot) =1 IV poll .o dr
< Cllpollam 1V poll 1 / exp( r)
) looll~ ) Cllpolli~

IV poll L

= llpoll (eXP(—(eXP(CIIPoIILoot) -D)-1).
ool

The latter bound substituted in (A-6) yields exactly the result (A-5). Therefore, for any 7" > 0 the sequence

(o) is uniformly bounded in L>(0, T, H™(R)).

Equicontinuity. We find a uniform bound on (3,p")y in H"~1(Q) to show the equicontinuity of the
sequence in C((0, T), H™~'()). This bound, uniform in N € N and ¢ € [0, T'], is obtained thanks to
the tame estimate, the bounds (A-3) and the uniform bound (A-5) on p”,

N N—1 N
13: 0™ | g1 = ™~ Vo || gy
SN VN I gmet + 11V o™ o ™ =1 g

Slpollzoello™ 1z -+ 110N~z 11V pollco €xp(Cll polloot)

Vool
S lleollwi 1ol zm GXP(CIIpollet + W(eXP(Cllpollet) - D).



2024 ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

Regularity. Let us show that the limit p belongs to L>°((0, T), H™(2)). For any ¢ € [0, T], (o™ (¢))y is
uniformly bounded in H™(£2) with respect to N and ¢. Hence according to Banach—Alaoglu theorem,
for any ¢ the sequence is weakly compact in H™(2). Thus up to an extraction, p" (¢) converges weakly
toward a p(¢) € H™(L2), and this limit satisfies

1@l < Timinf || o™ (1) [ .

where the right-hand side is uniformly bounded thanks to (A-5). As p" already converges weakly in
H™(L2), we can identify p and p, which then belongs to L°°((0, T'), H™(£2)). Finally, to reach the
regularity C((0, T'), H™(2)), Lemma I1.5.6 in [Boyer and Fabrie 2013] tells us that since in particular
p € L®0,T), H"(2)) N Cev((O, T), H"~1(Q)) then p € Cev((O, T), H™(2)). Hence it is enough to
show that 7 — || p(¢)|| g is continuous to prove the strong continuity of p in H™(€2). By weak continuity,

lleollgm < ligriionf o)l .
Also by weak convergence
lp@)llm <Timinf 0™ ()l < By (1),

which proves by clamping that # > || p (¢) || g= is continuous at t =0. This can be performed for any 7 €[0, T'],
hence the continuity. Finally, u € C 0((0, T), H"2(Q)) by (A-3) and linearity of the Stokes equation.

Appendix B: About the bilaplacian equation

We use throughout the paper the following classical regularity result:

Lemma B.1 (regularity). Let f € H™ (), m > —2. The problem
ANy =f VYlag=Vle=0,

admits a unique strong solution ¥ € Hg N H™4(Q) such that

Il s S LS W

The eigenvalues and eigenfunctions of the bilaplacian in a channel can be semiexplicitly computed
(see [Leblond 2023] for the details):

Lemma B.2 (spectrum of the bilaplacian). The eigenvalues of the operator A* on HO2 inTx(—1,1) are
the union, for all k € Z, of strictly increasing sequences (A, i)nen such that

Ak = (0% + k%)%,

with associated (unnormalized) eigenfunctions

cos(wy k7)) — COS(@n k) cosh(rp xk2), ne€2N,
b = eikx COSh(rn,k)
k= .
sin(wy xz) — sin(@n.r) sinh(r, xz), ne2N+1,

sinh(r, ¢)

with w, = (k* — A;{,f)]/z and ry i = (k* + A;{,f)l/z. Note that to simplify the calculations, the domain
was chosento be T x (—1, 1) and not Q =T x (0, 1).
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Appendix C: Proof of Lemma 3.2

The proof of the lemma relies on energy estimates in weighted Sobolev spaces, with weights that grow
like exp(cZ*/) for Z > 1. Unfortunately, we have not been able to treat all four cases for the boundary
conditions simultaneously, but we will treat (i) and (iii) (resp. (ii) and (iv)) together. Note that when (3-4)
is multiplied (formally) by Ww or by —dzWw, where w € C*°([0, +00)) is an arbitrary weight function,
there are many commutator terms when we integrate by parts the fifth-order derivative. The main idea is
that if the weight is adequately chosen, all these commutators can be absorbed in the main-order terms,
which will be designed to have a positive sign. Hence we start with the following result, which will allow
us to control the commutators:

Lemma C.1. Let ¥ € C2°([0, +00)) such that ¥(0) =0, and let r € (0, 1).

(1) Let W € C*([0, +00)) such that W(Z) = exp (Z*°) for Z > 1,and W > 1, 3?}W >0, W =l ina
neighborhood of zero.
Then, for k € {1, 2}, there exists a constant Cy, independent of r, such that, for all r € (0, 1),

1057 W (r2)|? ‘
FKw(z)PL——" 4z
V phw )Pt

< Cur36h UOO 0, W(2)*W(rZ) dz+foo wz(z)(razv;(rz) + Wgzz)) dZ],
0 0

2) Let ®: Z+> VW(Z)/Z. Then, fork € {1, 2, 3,4}, forall c > 0, for r sufficiently small,

°° 242k 4ok 2
Lz-c(rZ) 5 exp((rZ)5)d; ®(2)°dZ
0

o UOO 93w (2)2exp((r2)5)dZ + /oo 3,0 (Z)2(rZ)3 exp((rZ)%) dZ].
0 0

Proof. e For k =0, ..., 3, let us consider weights wy € Wll *((0, +00)) such that
Vkel0,...,3), VZ>1, w(Z)=e 2730 exp(z5),
VZe(0,1), o(Z)=w3(Z)=1, wy(Z)=Z72 wy(Z)=
Note that the weights wy satisfy the following assumptions:
e Fork € {1,2}, o < . Jor—1wp51-
e For k € {1, 2}, |0zwi| < Cr/wrwi—1 for some constant Cy.
c w(0) =
o w3 <CW, wo(Z) <C(Z2W(Z)+ Z7 ' W(Z)).

Let us now introduce, for k =0, ..., 3,

o
I :=f 105 W(2) Pwr(rZ) dZ.
0
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Then by the definition of W, wg, w3, there exists a constant C (independent of r > 0) such that

rozW(rZz) . W Z) iz,
Z z?

o o
rlo+ I §C/ 105U (2)|* W (rZ) dZ+/ \112(2)<
0 0

Let us set E =r2ly+ I3. Fork =1, 2, integrating by parts and using the conditions W (0) = w,(0) =0,
we have
o o0
I = _/ 3§_I\I/(Z)a§+1\p(z)wk(rz) dz — rf 8§_I\D(z)a§w(z)azwk(rz) 47z,
0 0

Using the properties of wg, we deduce that there exist constants Cy such that

I < Cy (\/Ik—11k+1 + r\/Ika—l)-

Since r2Iy < E, we deduce first that I} < E 4 r~!'\/LE, and plugging this inequality into the bound
on I, we find, since r € (0, 1),
4 2
L <r73E, L <r73E.

The first inequality from Lemma C.1 then follows easily by noticing that

,W)2 9ZW)2
(zW) <o, 7z W)

Sa)].

e Let us now set, for k € {1, ..., 4},
o0
J :=[ 3 ®(2) 0 (rz)dz,
0

where the weights ¢; € Wli)’coo (R) satisfy ¢ = 0 in a neighborhood of zero, £ (Z) = ZCT2K/5 exp (24/3)

for Z large enough, and &y < /Ce—1kr1» 028k S /Cilr_1. Let F:=r~2J4+ Ji. As above, for k € {2, 3},
we have

Ji < Cy, (\/Jk—l-]k +r\/Jka_1>.

From there, we infer that, for k € {1, ...4}, Jp < r2k=D/3 g
Now, since ¥ = Z®, we have E)é\IJ =7 aéfb —|—48§<I>. It follows that

/ 00(3?1/(2))2 exp((r2)*%)dz
0
- /oo(za§q> + 433 @)% exp((r2)*°)dz
0

— / ” Z%(35®)? exp((r2)*°) dz + / b 16(35 @)% exp((rZ)*°)dz
0 0 00
—4 / (agcb)zi(z exp((rZ)*°))dz
=/ zz(a§¢)2exp((r2)4/5)dz+16/ (33 ®) > exp((rZ2)*°)dz
0 0 00
—4/0 (14 2r2)%) (0 ®) exp((r2)*%) dz.
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We split the last integral into two parts, forrZ <1 andrZ > 1. WhenrZ <1,
—1 -1

r r
4f0 (1+ g‘(rzﬁ)(agcb)zexp((rZ)4/5) dz < 8/0 (03 D)? exp((rZ2)*°)dZ.
And for rZ > 1, for a suitable choice of 3

(o)
/ (1+ g‘(rzﬁ)(agob)Zexp((rZ)4/5) dZ < J3 <r3F.

We infer that
x
/ @3 W(2))2 exp((rZ)*5)dZ = C"'r 21, — Cr3F,
0

and therefore, for r sufficiently small,

o0
F< / (33w (2))? exp((rZ)*°)dZ + J;.
0
The result follows. O

We now turn towards the proof of Lemma 3.2. In both cases, we start with a formal a priori estimate,
from which we deduce an appropriate notion of variational solution in a suitable Hilbert space. Existence
and uniqueness then follow in a straightforward manner from the Lax—Milgram lemma.

First case: conditions (ii) and (iv). As explained above, we start with a formal a priori estimate. Let
w € C*°(R;) be an arbitrary weight function, and multiply (3-4) by 9z (¥ (Z)w(Z))/Z. On the one hand,

/Oo BSW(2)dz(Yw)(Z) dZ:/oo BSW(2)03(Yw)(Z) dZ—35W(0)d7 (¥ w)(0)+85 W (0)d2 (Ww)(0).
0 0

Note that the two boundary terms vanish in cases (ii) and (iv). We obtain
o0 x 3 o
/ W(Z2)dz(Yw)(Z)dZ = / D3V (2)*w(Z) + Z(i) / W (2)0y *W(Z)d5w(Z)dZ.
0 0 k=1 0

On the other hand, since W(0) =0,

W(Z)az (¥ Z— Yw)(Z)oz(VYw)(Z
[ v@nwn@ - [T wn@iwne 2

=——/ (Vw )(Z) (Z (Z))dZ

Choosing w such that dzw > 0, the right-hand side has a positive sign. We then choose w(Z) = W(rZ)
for some W € C*°(R;) such that W (§) = exp(§ 43y fore > 1, W(E)=1for&ina neighborhood of zero,
¢ W >0, and r > 0 small enough. With this choice, the positive terms in the energy are bounded from
below by

foo(a%\v(z)ZW(rZ) dz+/oo \pz(z)<W(”Z) +r8zW(rZ))dZ.
0 0

VA Zz
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Lemma C.1 then implies that there exists an explicit constant § > 0 such that, for k =1, 2, 3,

foo W (2)03*W(2)dkw(Z) dZ’
0

< ra[/oo(a%w(znzvv(rm az+ [ \IJZ(Z)(W;Z) +razWZ(rZ)) dZ].
0 0

Therefore, for r > 0 sufficiently small, we obtain

W(rZ) Ly 8ZW(rZ)> 4z

oo 3 2 > 2
/O 039 (2)) W(rZ)dZ—i—/O lI!(Z)( o ~

1 2 00
5/ S(Zz) dz+/ S(Z2)*W(rz)dz.
o Z 0

This leads us to the following formulation: let

H = {\p € H3(Ry) : ¥(0) =0, /m(B%W(Z))Zexp((rZ)4/5) dZ < +o0,
0

foo W()AZ 2+ Z75) exp((rZ2)*%) dZ < —|—oo},
0

and let
Ho = {¥ e H:9,¥(0) =d2¥(0) =0}.

We endow H and H( with the norm

IIWlli=/oo(a§xp(2))zw(rz)dz+f°° \I,z(z)<W(rZ) N 8zW(rZ)>dZ’
0 0

zz Tz
where W is the previous weight. We say that W € H is a solution of (3-4)-(ii) (resp. ¥ € Hy is a solution
of (3-4)-(iv)) if and only if, for all ® € H (resp. ® € Hy),

Az(P(Z)W(rZ)) dz_/c’o S(Z)
=] =

/OO 8%\D8§(¢W(r-))+/oo\II(Z) dz(®(Z)W(rz))dz.
0 0

Existence and uniqueness of solutions of (3-4)-(ii) (resp. of (3-4)-(iv)) in H (resp. H) follow easily from
the Lax—Milgram lemma. Using the equation, we then infer that

o.¢]
/ (35U (2))? exp((rZ)*3)dZ < 4o0.
0
The result follows.

Second case: conditions (i) and (iii). The estimates in the case of conditions (i) and (ii1) are similar, but
slightly less straightforward, since we shall need to combine two estimates.

We first multiply (3-4) by —8%\IJ(Z)w 1(Z)/Z, with a weight w to be chosen later. We obtain on the
one hand

—foo BSW(2)zW(Z)wi(Z) dz:/w(angnzwl(m dz+foo SV (2)05W (Z)d wi(Z)dZ.
0 0 0
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Note that the boundary term —8%&‘(0) 8§\D(0)w1(0) vanishes in cases (i) and (iii). The first term gives a
positive contribution to the energy, and the second one will be treated below with the help of Lemma C.1.

On the other hand, we obtain for the zeroth order term, noticing that either 8%\11(0) =0 (in case (ii1)) or
(Z7'W(Z))]:=0 = 027¥(0) =0 (in case (1)),

~W(Z) , ™, d (¥(Z)
—/0 ~ anJ(Z)wI(Z)dz_fo 8ZW(Z)§<Tw1(Z)>dZ.

As in Lemma C.1, we set ®(Z) = W (Z)/Z. Let us write 8%\1’ as
ZW(Z) = 05(ZD(2)) =20,D(Z) + Z02D(Z).

Performing integrations by parts and assuming that dzw(0) = 0, we obtain

00 5 d
/0 az‘I’(Z)d—Z(CP(Z)wl(Z)) dz
1

=3 [ @orw@ - zosu@yaz+
0

oo
/ W(2)* 2703w (2)dZ.
0
We shall choose w; so that 8%w1 > (0, so that the last term has a positive sign. However, for Z > 1,
wy — Zdzw; < 0, and therefore we need to add another term to the energy. More precisely, we now
multiply (3-4) by —Z~197(dzPw;), with a weight w, which vanishes identically in a neighborhood of
zero. We obtain

_fw \IJ(ZZ) 0z(0zPw») dZ:/OO(anD(Z))ZlW(Z) dZ.
0 0

We then take w; (Z) = W;(rZ), with 0 < r < 1 and Wy, W, satisfying the following properties:

e Wi =1, W, =0 in a neighborhood of zero.

« 33W; > 0.

e Wi(Z)=Cexp (Z*3) for Z large enough.

« Wat 3(Wi = Z8z W) Z (14 Z*5) exp (Z*7).

Our energy is then

/ (03W(2))* Wy (rZ) dZ+/ (029(2))*[Wa+ 3(Wy — ZW)](rZ)dZ
0 0 [ed]
+%r3f W(Z)*Z Wi (rZ)dz
0

(o) o0
2 / (039 (2))exp((rZ)5) dZ + f (020(2))(1 + (r2)9) exp((rZ)?) dZ.
0 0
Let us now consider the two commutator terms, namely

o0 o0
r/ AFW(2)05W(Z)d;W1(rZ)dZ and / AHW(2)02 (3, DPw,) dZ.
0 0
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For the first one, we write 35 W = Z33 ®+332®. We note that 3z W1 (rZ) <1, 7-(rZ) ™13 exp((r2)*/%).
Using the second part of Lemma C.1, we infer that there exists § > 0 such that

r/OO W (2)0W(Z)W|(rZ)dZ
0

< ( / 04w (2) Wi (r2) dZ>2 ( / T D 02 exp(r D)) dZ>2
0 0 1

1

2

+r( f 04w (2) W1 (r2) dZ>2 ( / 2 (202 exp(r2) ) dZ)
0 0

s| [T a4 2 4 Oo 2 4 4
Sr (0¥ (Z)) exp((rZ)5)dZ + (02D(2))°(rZ)5 exp((rZ)sdz|.
0 0
Let us now address the second commutator term. We have for instance, using once again Lemma C.1,
o0
/ W(Z)d>dwy(rZ)dZ

0 o0 % o 8 4
s(f (aQ\IJ(Z))le(rZ)dZ) (/ 1,Z>c<rZ>s(a%d>>2exp(<r2>s>d2>
0 0

1
2

< r%[ [asw@renenihazs [T ae@renhenen dZ]
0 0

The two other terms are treated in a similar fashion. As in the first case, we find that for » small enough,
the energy is controlled by

1 2 00 ) 4
fOS(ZLZ)dZJr/O S22 + 2 exp - 2)3 dZ.

We conclude by a Lax—Milgram type argument. 0
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RECONSTRUCTION FOR THE CALDERON PROBLEM
WITH LIPSCHITZ CONDUCTIVITIES

PEDRO CARO, MARIA ANGELES GARCIA-FERRERO AND KEITH M. ROGERS

We determine the conductivity of the interior of a body using electrical measurements on its surface. We
assume only that the conductivity is bounded below by a positive constant and that the conductivity and
surface are Lipschitz continuous. To determine the conductivity we first solve an associated integral
equation in a ball B that properly contains the body, finding solutions in H'(B). A key ingredient is to
equip this Sobolev space with an equivalent norm which depends on two auxiliary parameters that can be
chosen to yield a contraction.

1. Introduction
We consider the conductivity equation in a bounded domain 2 C R” and place electric potentials
¢ € H'/2(3Q) on the Lipschitz boundary 9€2:
{V -(cVu)=0 1in L,
ulpg = ¢.

Throughout the article, the conductivity o is assumed to be bounded above and below by positive constants,

(1)

so that (1) has a unique weak solution u in the L>-Sobolev space H'(2). The Dirichlet-to-Neumann
map A, can then be formally defined by

Ao 1 Q= 0 dvulpq, ()

where v denotes the outward unit normal vector to d€2. This provides us with the steady-state perpendicular
currents induced by the electric potentials ¢.

Motivated by the possibility of creating an image of the interior of a body from these noninvasive
voltage-to-current measurements on its surface, Calderén [2006] asked whether the conductivity o is
uniquely determined by A, and, if so, whether o can be calculated from A, . In two dimensions, Astala
and Péivérinta answered the uniqueness part [2006b] and also provided a reconstruction algorithm [2006a].
The two-dimensional problem has distinct mathematical characteristics, so from now on we consider
only n > 3.

With n > 3, it has so far been necessary to make additional regularity assumptions. Kohn and Vogelius
[1984] proved uniqueness for real-analytic conductivities, and Sylvester and Uhlmann [1987] improved
this to smooth conductivities. Nachman, Sylvester and Uhlmann [Nachman et al. 1988] then proved
uniqueness for twice continuously differentiable conductivities, and Nachman [1988] and Novikov [1988]

MSC2020: 35R30.
Keywords: Calderén inverse problem, conductivity, reconstruction, low regularity.
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provided reconstruction algorithms. These pioneering articles provoked a great deal of interesting work,
including that of Brown [1996], Pdivérinta, Panchenko and Uhlmann [Piivirinta et al. 2003] and Brown
and Torres [2003] for conductivities with % derivatives. In the past decade, a breakthrough was made
by Haberman and Tataru [2013], who proved uniqueness for continuously differentiable conductivities
or Lipschitz conductivities with ||V log o ||« sufficiently small. Garcia and Zhang [2016] then provided
a reconstruction algorithm under the same assumptions. Two of the authors removed the smallness
condition from the uniqueness result in [Caro and Rogers 2016], and the purpose of this article will be to
extend this work to a reconstruction algorithm that holds for all Lipschitz conductivities. We will not
assume that the conductivity is constant near the boundary, nor will we extend the conductivity in order
to achieve this, leading to simpler formulas than those of [Garcia and Zhang 2016]; see Section 3.

Before we outline the proof, we remark that there are also uniqueness results for conductivities in
Sobolev spaces; see [Haberman 2015; Ham et al. 2021; Ponce-Vanegas 2021]. In particular, [Haberman
2015] proved that uniqueness holds for bounded conductivities in Whn (), with n =3 or 4. Note that this
is a strictly larger class than Lipschitz, however there are obstacles to reconstruction via their methods;
see Remark 11.2 for more details. It has been conjectured that Lipschitz continuity is the sharp threshold
within the scale of Holder continuity; see for example [Brown 1996] or [Uhlmann 1998, Open Problem 1].

When o is Lipschitz, weak solutions to (1) are in fact strong solutions; see for example [Zhang and
Bao 2012, Theorem 1.3]. Defining the Dirichlet-to-Neumann map as in (2) by identifying o 0,u|yq with
the normal trace of o Vu, we have the divergence identity

/ Ag[¢]w=/owvw
2 Q

whenever (¢, ) € H'/2(3Q) x H'(Q); see for example [Kim and Kwon 2022, Proposition 2.4]. Given
this identity, it is possible to describe the heuristic which underlies the reconstruction: For each & € R",
one hopes to choose an oscillating pair (¢, ¥) so that the right-hand side becomes a nonlinear Fourier
transform of o evaluated at £. As the left-hand side can be calculated from the measurements, the
conductivity might then be recoverable by Fourier inversion. Indeed, much of the literature, including the
original work of Calderén [2006], has involved pairs (e, e? ), with p, p’ € C" chosen carefully, so
that p 4 p’ is equal to a real constant multiple of —i&, where i := +/—1. The hope is that the essentially
harmonic u is not so different from e, := e”**, and so the complex vector p is chosen in such a way that
p - p =0, so that e, is harmonic.

1/2

In fact we begin by noting that u is a solution to the conductivity equation if and only if v=0""“u is a

solution to the Schrodinger equation
Av=gqgv in L, 3)

where formally g = o~ 12Ac1/?, Kohn and Vogelius [1985] observed that if o|3q and v - Vo |yq are
known, then the Dirichlet-to-Neumann map A, for the Schrodinger equation (3) can be written in terms
of A,, and so the literature has mainly considered the essentially equivalent problem of recovering g
from A, (which is intimately connected to inverse scattering at fixed energy). We will only partially
use the equivalence however: we will recover ¢ directly from A,,, circumventing the need to calculate
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V- Vo|yq. This is connected to the fact that our conductivities are not regular enough to define g in
a pointwise fashion. However, as noted by Brown [1996], it suffices to define (qv, V) := (g, vi) for
suitable test functions i, with

(q,e):= —/ Vall2. V(o). (4)
Q

By the product rule and the Cauchy—Schwarz inequality, (¢, ) and (gv, ¢ ) are bounded linear functionals
on H'(B), where B is a ball that properly contains €2, so in particular we can make sense of ¢ and qv as
distributions.

Rather than solving (3) directly, we consider solutions to the Lippmann—Schwinger-type equation

v=A"oM,[v]+e,, (5)

where M, : f — ¢qf and the inverse of the Laplacian is defined using the Faddeev fundamental solution;
see Section 2.1. Integral equations like this are usually solved globally, however we will find a v € H'(B)
which is a solution of (5) in the ball B. Writing v = e, (1 + w) and additionally requiring that the
remainders w vanish in some sense as |p| — oo gives hope that the nonlinear Fourier transform will
converge to the linear Fourier transform in the limit. Solutions of this type were introduced to the problem
by Sylvester and Uhlmann [1987] and have since become known as CGO solutions, where CGO stands
for complex geometrical optics. Substituting into (3) and multiplying by e_,, we find that

Ayw=My[l+w] inQ, (6)

where A, := A +2p - V. In much of the literature A, is inverted using the Fourier transform and the
resulting integral equation is solved globally via a contraction for A_pl oM, and Neumann series. In order
to reconstruct o from A, (as opposed to just proving uniqueness), we must additionally determine which
electric potentials should be placed on the boundary in order to generate the CGO solutions. A contraction
for A;l oM, can also be helpful in this step; however, the need for such a contraction was circumvented
in the uniqueness result of [Caro and Rogers 2016], instead solving the differential equation (6) via the
method of a priori estimates.

Nachman and Street [2010] were able to recover the boundary values of CGO solutions that had
been constructed via a priori estimates, however, we were unable to take advantage of their ideas; see
Remark 11.1 for more details. Instead we will reprove the existence of CGO solutions, this time via
Neumann series; however, we will adopt the previously mentioned intermediate approach of solving the
integral equation in the ball B. That is to say, we find a w € H'(B) such that

I— A, oMpw = A, oMy [1], (7

where the identity holds as elements of H '(B). This is equivalent to (5) when Ao M, is defined
appropriately; see Remark 9.3.

Most of the article will be occupied by the proof of the contraction for A;l oM, in Sections 4-9. In
Section 4 we give a sketch of its proof before proving the key Carleman estimate in Section 5. In Section 6
we incorporate the associated convex weights into our localised versions of the Haberman—Tataru norms,
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so that they not only depend on p but also on an auxiliary parameter A > 1. The final estimate for A~!,
proved in Section 7, is somewhat weaker and easier to prove than the main estimate of [Caro and Rogers
2016], so the present article also simplifies the uniqueness result of that work. In Section 8 we bound M,
with respect to the new norms, and in Section 9 we choose the parameters in order to yield the contraction.

In Section 2 we list some of the main definitions before presenting the reconstruction algorithm in
Section 3. The reconstruction formulas will not make mention of the new norms, which are only used in
Section 11 to prove the validity of the formulas. In the final Section 12 we suggest some simplifications
that could make the algorithm easier to implement.

2. Preliminary notation

We invert our main operator A, initially on the space of Schwartz functions S(R") using the Fourier
transform defined by

feri= [ e o
for all § € R" and f € S(R"). By integration by parts, one can calculate that

A f(E) =my(&) f(§), where m,(§) = —[£]> +2ip - &, (8)

for all £ € R". The reciprocal of this Fourier multiplier is integrable on compact sets, so we can define an
inverse by

1 .
— lX d
Qn)" f - p@)g 5(6) dg

for all x e R"” and g € S(R").

2.1. The Faddeev fundamental solutions. Writing the inverse Fourier transform of the product as a
convolution, we find

Alg(x) = / F,(x —y)g(y)dy 9)
Rn
for all x € R" and g € S(R"), where the fundamental solution Fp for A, is defined by

F,(x) :== lim ! f e
r—o0 (27)" Jin p(é)

Here x € S(R") must be positive and satisfy x (0) = 1, but the limit is insensitive to the precise choice

X(/r)ds.

of x and so the integral is often written formally, taking ¥ = 1. This fundamental solution was first
considered by Faddeev [1965] in the context of quantum inverse scattering.

We also consider the associated fundamental solution G, := e, F, for the Laplacian, and we will often
write G,(x, y) := G,(x — y). This is not so different from the usual potential-theoretic fundamental
solution. Indeed, by subtracting one from the other, one obtains a harmonic function which is thus smooth

by Weyl’s lemma:
Cn 1

(2—n) |x|"=%’

H,(x) :=G,(x) — (10)
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where ¢, denotes the reciprocal of the measure of the unit sphere. For more details regarding the properties
of Faddeev’s fundamental solutions, see [Newton 1989, Section 6.1].

2.2. The boundary integral. For notational compactness we write the reconstruction formulas in terms
of the bilinear functional B/, : H'2(0Q) x H' () — C defined by

BIn, (9, V) := m(o—l/zAg[a—l/zqﬂ —v- VPN, (11)

where Py[¢] denotes the harmonic extension of ¢. Brown [2001] calculated o]y from A, so the
boundary integral Bl can be recovered from A,. In Lemma 10.1 we will prove that

BIn, (¢, G,(x,9)) € H'(B\ ),

where B properly contains €2 and f(x) denotes a function that takes the values f(x) for all x in the
domain. This allows us to define 'y, : H'2(3Q) — H'/?(3Q) by taking the outer trace on d<:

Ua,[¢]:= BIa, (9, Gp(X, *))aq- (12)

As H, is smooth, the singularity of G, is the same as that of the usual potential-theoretic fundamental
solution, so Iy, shares many properties with the single layer potential; see for example [Mitrea and
Taylor 1999, Propositions 3.8 and 7.9]. However, we will not need these types of estimates going forward.

3. The reconstruction algorithm

Recall our a priori assumptions, that the boundary and conductivity are Lipschitz continuous and that the
conductivity is bounded below by a positive constant.

The first step of the reconstruction algorithm is to determine the electric potentials that we place on the
boundary in order to generate the CGO solutions. As in the previous reconstruction formulas of [Garcia
and Zhang 2016; Nachman 1988; Novikov 1988], we resort to the Fredholm alternative; however, once
we have obtained the contraction, the argument will be direct, avoiding the use of generalised double
layer potentials. The proof is postponed until Section 11.

Theorem 3.1. Consider p € C" such that p-p =0and |p|> = p- p is sufficiently large. Let s, be defined
by (12). Then

() Tp, : HY2(0Q) — HY?(0Q) is bounded compactly,

(1) if Ta, (@] =@, then =0,
(iii) I —Ta, has a bounded inverse on H 12(3Q),

and if v=e,(1+w), where w € H'(B) is a solution to (7), then
(iv) vlpe = A —Tp,) eplsal-

Next we provide a formula for the Fourier transform ¢ (&) := (q, e~'6%), where ¢ is defined in (4).
Again we postpone the proof until the penultimate section.
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Theorem 3.2. Let I1 be a two-dimensional linear subspace orthogonal to & € R", and define
St:=TN{eeR":|0] =1}.

For® € S, let & € S' be such that {6, ¥} is an orthonormal basis of T1, and define

o E (. 'R - (OE (o EN
p.—‘C9+l<—§+(‘L’ _T) 19), ,0.——‘[9+l(—§—(‘1,' _T> 19),

where T > 1. Let Blp, and I'p,, be defined by (11) and (12), respectively. Then

1 2T
j(£) = lim —— BIn, (I—Tx)™" /) do dr.
(€)= lim > . /S1 A, (@T=T3,) " [eplagl, e,) d dr
Finally, we recover o from g using the approach of [Garcia and Zhang 2016]. By [Brown 2001] and
Plancherel’s identity, we can now calculate the right-hand side of
Aw+ |Vw|> = in Q,
{ = (13)
wlae = 5 logo|yq.
If w e H'(R) is the unique bounded solution to (13), we then have

o=e?" inQ.

This completes the reconstruction algorithm.

172

That w =logo /< solves (13) follows directly by inspection of the definition (4) of ¢g. For uniqueness,

note that if w also solved (13), then u = w — w would solve
{V -(yVu)=0 1in Q,
ulpe =0,

where y := e +?. Then u = 0 by uniqueness of solutions for elliptic equations; see for example [Gilbarg
and Trudinger 1983, Corollary 8.2].

4. Sketch of the proof of the contraction for A‘p1 oM,

One of the main ideas of [Haberman and Tataru 2013] was to extend the domain of A;l using Bourgain-
type spaces that are adapted to the problem, instead of the usual Sobolev spaces. With s = % or —%, their
norms are defined by

Il s f € SR = Nmpl* £l 2.

where m,, is the multiplier defined in (8). Then X » 1s defined to be the Banach completion of S(R") with
respect to this norm. It is immediate from the definitions that

185 8ll g1z < lglg -1 (14)

whenever g € S(R"), which can be used to continuously extend the operator. For ease of reference we
will call (14) the trivial inequality.
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On the other hand, Haberman and Tataru also proved that My, : f + g f satisfies
IMg fllg12 < ClIVIogo|leo(l+ IplflIIVIOgGIIOO)IIfIIX}J/z (15)

whenever f € X ,(1)/ 2; see [Haberman and Tataru 2013, Theorem 2.1]. Together these inequalities yield a
contraction for A;l oM, whenever |p| > 1 and ||V log o || is sufficiently small. In order to remove this
smallness condition, we will alter the norms in such a way that the constant of (15) can be taken small for
any Lipschitz conductivity, while maintaining a version of (14).

There is a natural gain for the higher frequencies in (15) whereas a gain for the lower frequencies
can be engineered in (14) by introducing convex weights. This was the key observation of [Caro and
Rogers 2016]. In order to have a gain for all frequencies, in at least one of the inequalities, we dampen
the higher frequencies relative to the lower frequencies in our main norm (with the lower frequencies
dampened relative to the higher frequencies in the dual norm), so that the gain for the lower frequencies
in our version of (14) is passed through to our version of (15).

We prove the Carleman estimate in Section 5, we define new Banach spaces in Section 6, and then we
extend the domain of A;l via density in Section 7. We prove our version of (15) in Section 8 and then
combine the estimates to obtain the contraction in Section 9.

5. Bounds for A‘p1 with convex weights
Let B be an open ball centred at the origin, with radius

R :=2sup |x],

xeQ

so that we comfortably have 2 C B. The forthcoming constants will invariably depend on this R, but
never on the auxiliary parameters p € C" or A > 1.

5.1. The Carleman estimate. Here we will deduce our estimate for A_pl from a Carleman estimate for A,
before defining the main spaces and their duals in the following section. We improve upon the estimate

oA Fllz2s) < CUF Il 2 (16)

whenever f € CJ°(B), which does not seem strong enough to construct CGO solutions for Lipschitz
conductivities. The inequality (16) follows by combining

01218l 28) < Cligl g2 (17)
whenever g € X /1)/ ? with the trivial inequality (14), and then

o121 f i < CILF 2 -

whenever f € C°(B). The constants C > 1 depend only on R. Away from the zero set of the Fourier
multiplier m ,, these inequalities are obvious, and the localisation serves to blur out the effect of the zero
set; see Lemma 2.2 of [Haberman and Tataru 2013] for the proof.
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In the following lemma we improve the constant in (16) by introducing exponential weights that depend
on the auxiliary parameter A > 1. The extra gain in terms of A will be key to constructing our CGO
solutions for Lipschitz conductivities.

Lemma 5.1. Consider p € C" such that p - p =0, and write 6 :=Re p/|Re p|. Then

/ () 200 g
R”

2
1AL F 0P dx <
/B o Mpl?

whenever f € C°(R") and A > 1 satisfies |p| > 4AR.

Proof. If m, had been defined slightly differently at the beginning, including a superfluous p - p term, we
could have proved a version of this lemma without the hypothesis that p - p = 0. In fact, we begin by
reducing to a purely real vector case. Indeed, letting Re p, Im p € R” denote the real and imaginary parts

of p, respectively, we define Ay,  as in Section 2, but with m, replaced by

Re P
mpe (€)= —|€|>+2iRep-&+Rep-Rep
for all £ € R". Then, observing that
mp(€) = —|EP +2ip & +p- p = mre (& +1mp)
and defining the modulation operator by Modyy, , f(x) := ¢/ IM#* f(x), we find that
Modim [A,! 1= AR} ,[Modn f]

whenever f € C°(R"). Recalling that lp|?> =2|Re /o|2 if p - p =0, it will therefore suffice to prove

/ A5 FOOREHO dy < ——— MR TRer / )R dy

whenever |[Re p| > 2L R. Recalling that 6 := Re p/|Re p|, by rotating to e, this would follow from

/ A7 0P dr < f ()2 dx (19)

)\. 2 R~

whenever f € C°(R") and T > 2AR.
In order to prove (19), we will first prove the closely related Carleman estimate

18025y < 55128 4 20,V 4D @) 20)
whenever g € S(R"). Defining ¢ (x) = tx, + %)»x,%, the integrand of the right-hand side can be rewritten as
¢?Ale?g) = Ag—Vg-Vg—V-(Vog) +|Velg.

Defining the formally self-adjoint A and skew-adjoint B by

Ag=Ag+|Vpl’g and Bg=-Vg-Vg—V-(Vpg)
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and integrating by parts, we have that

1A +B)g N7y = A&7 2 gy + IBENZ 2 gen, + fR A, Blgs. 1)
where [A, B] = AB — BA denotes the commutator. By the definition of ¢, we have

Ag(x) = Ag(x) + (T 4+ Ax,) g (x),

Bg(x) = —2(T + Axy) 8,8 (x) — Ag(x),
which yields
[A, Blg(x) = —4197 g(x) +4A(T + Ax,) g (x).

After another integration by parts, we find

f[A,B]gg=4A/ |ax,,g|2+4xf VoPlgl,
Rn Rn R~

so that, substituting this into (21) and throwing three of the terms away, we find

e AGe™8) 122 g0 > 41 fR IVePigh
As |Vo(x)| = T — AR whenever |x,| < R, this yields

le? Ale™ &) 172 qny = 417 = AR)?IIgII7 5 )

which implies (20) whenever T > 2AR and g € S(R").

Finally, by density, the inequality (20) also holds for every g € L2 _(R") such that

loc
M2 (A + 276, - V412 (e 2g) € LA(RY).
Choosing g = **/2 A7l o, f with f € CE(R"), we find that (20) implies (19). O

Remark 5.2. The proof of Lemma 5.1 yields the following strengthened estimate: if p € C" and
6 :=Re p/|Re p|, then

185 F0 P dx / | )P0 d
/|9-x|<|Rep|/(2x) )»|R ARe p|?

whenever f € S(R") is such that the right-hand side is finite and A > 1.

5.2. Estimates for derivatives. The inequality of Lemma 5.1 has a gain in the sense of L2, however,
this is not enough to construct CGO solutions for Lipschitz conductivities since we need to control the
first-order partial derivatives present in the operator M. For this we consider

12 (22)

1
el = 25101 2l W o oy + 7l D

and combine Lemma 5.1 with the trivial inequality (14).
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Lemma 5.3. Consider p € C" such that p - p =0, and write 6 := Re p/|Re p|. Then there is a constant
C > 1, depending only on the radius R of B, such that

-1
1A, f”XXZ < W||f||L2(Rn’el(0-x)2)

whenever f € C°(B) and A > 1 satisfies |p| = 4AR.

Proof. The first term in the definition (22) is bounded using Lemma 5.1, so it remains to bound the second
term. Combining the trivial inequality (14) with (18), we see that

||A_plf||5(ll7/2 < ||f||5(;1/2 < m—l/znf“Lz(R") < w—l/zllflle(Rn,ew.x)z)
whenever f € CX°(B), where the constant C > 1 depends only on R. Dividing by 1174 yields the desired

estimate for the second term. O

Lemma 5.4. Consider p € C" such that p - p =0, and write 6 := Re p/|Re p|. Then there is a constant
C > 1, depending only on the radius R of B, such that

— 2
185" il < CAAE R £l
whenever f € C°(B) and A > 1.

Proof. The second term in the definition (22) can be bounded easily using the trivial inequality (14), so it
remains to bound the first term. By (17), we have

1/2

ARZ/2) (1/2 AR?/2
10121811 25 a2y < € 2101218l 28y < CelIgl g1

whenever g € X 4 2, where the constant C > 1 depends only on R. Taking g = A_pl f and multiplying the

inequality by A!/4

yields
— 2 —
MEPI AL Fll 2 g ooy < CAE I A f L1

A final application of the trivial inequality (14) yields the desired estimate. U

6. The new spaces

We must extend the domain of A_pl by taking limits, so we carefully define Banach spaces using equivalence
classes. We define

X,/2(B) :={lf1s: f € X)/*},
where the equivalence class [ f]p is given by
[f15:={g € X}/* :esssupp(f — ) CR"\ B}.

The space can be endowed with the norm

1A 18N 12 ) = inflligll 512 2 & € Lf 1B},
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so that
(X,*(B), ||+ 1312 5)) is a Banach space.

We can rephrase the inequality (17) in terms of this norm. Indeed, as

o118l 28) < Cligl g2

whenever g € [ f]p, where C > 1 is a constant depending only on R, we can take the infimum to find

o121 f 2y < ClLF g2 - (23)

12

Identifying the elements [ f]p of X (B) with f|p, the restriction of f to B, this yields the embedding

X/*(B) = L*(B). (24)

Moreover, we have the following equivalence of norms.
6.1. Equivalence with the Sobolev norm. There are constants ¢, C > 0, depending only on R, such that
clol™ 21 f sy < 115, < Clol 21 s (25)

whenever f € H'(B) and |p| > 1. To see this, note that

Ime (&) <21+ oD (1 +[51%)
for all £ € R", so that
gl <221+ 1D 218l a1 )

whenever g € H'(R"). Thus H'-extensions are also X }/ ?_extensions, so the right-hand inequality of (25)
follows by taking the infimum over H'-extensions g of f € H'(B).

For the left-hand inequality, consider gg := xpg, where xp is a smooth function equal to one on B
and supported on 2B. Then, separating the low and high frequencies,

g5 (€)* d& +2 / Im, (&)|1g5(€)|* d&

815,y < 18153, + 16101 [
[&1>4]p]

1E1<4lpl

< Clolligh
14

whenever |p| > 1, where the second inequality follows from Lemma 2.2 of [Haberman and Tataru 2013].
Restricting the left-hand side to B, we find that

I8l s < Clol2lgll 1.

172

Now if g is an X '/2_extension of f e X (B), then f = g almost everywhere in B, so we can replace g

on the left-hand side by f and take the infimum over g to obtain the left-hand inequality of (25).
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6.2. The main space. We define our main norm by

. 1
el £ € X208 o 201 I g oy + 77 1 sy
and note that by (23) it is equivalent to the homogeneous norm:
TS gy SN F Ml gy < Callte MR PN g2 )0 (26)
where C > 1 depends only on R. Thus we can conclude that
(X:)/Z(B), | * ”Xi{i(B)) is a Banach space. 27)
Later we will use that the constants in this norm equivalence are independent of |p]|.

6.3. A minor variant of the main space. We also consider the norm || o || v defined by

»(B)

1/2

1
1 4, 11/2
fex: (B)Hmax{ Pl 21 g, e_k(wz),mnfnxm(m}

Notice that little more than some signs have changed. As before, this norm is equivalent to the homoge-

neous norm:
1/4
W 1/4hR2)2 ”f”Xl/z(B) ”f”yl/z B S < Ca ||f||X1/2(B), (28)
where C > 1 depends only on R, and so
(Xl/z(B) [| o ||Y|/2 (B)) is a Banach space. (29)

Recalling the embedding (24), this can be identified with the intersection of the spaces

%12
0 B), sl ||X1/2(3))

As (29) is dense in both of these spaces, we can identify the dual of their intersection with the sum of

(L2(B), 1o 2 ¢l 2 5 prion2))  and (

their duals; see for example [Bennett 1974, Theorem 3.1]. This provides an alternative identification of
the dual of (29) which we describe now.

6.4. The dual space. Let X ;.13/ 2(B) denote the Banach completion of CZ°(B) with respect to the norm

lellg-: f € CEBY = lllmpl ™2 fll 2.

1/2

We endow L?(B) + X (B) with the norm

. 1 b 1/4 JR%/2
Iy 1) = _ind fu(mllf 205 oy + A2 g ),

with the infimum taken over all f” € L?(B) and f* e X 1/2

(B). Then

(L*(B) + X;,IC/Z(B)’ [| o ”Y{_l'){f(B)) is a Banach space. (30)
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With real-bracket pairings, Plancherel’s identity takes the form

(f,8) = /R IOGHOL S B IQHEHTE (31)

so that, by similar arguments to those used for Sobolev spaces, we find

. 1 * . 2
1/2 oll. ~ v—1/2 1/4 2R*/2) o1 . .
(X—p (B)7 )\,1/46)‘R2/2 || ”Xl/ﬁ(B)) == (Xp,c (B)a)" e ” ”X;I/Z),
see for example [Jerison and Kenig 1995, Proposition 2.9]. On the other hand, it is easy to see that

- 1
(L2B), X411 2 el grion)) = (LZ(B), PPN ||L2(B,ex<9.x)z>)-
Thus the dual of (29) can be identified with the sum of the two dual spaces as described in (30); see for
example [Bennett 1974, Theorem 3.1].
7. The locally defined extension of A_p1

We are now ready to extend the domain of A_pl by combining Lemmas 5.3 and 5.4. This extension will
make no sense outside of B in contrast with the globally defined extension of f € C°(B) A_pl f given
by the trivial inequality (14). We denote the globally defined extension by A;l and the locally defined
extension by Tf .

Corollary 7.1. Consider p € C" such that p - p = 0 and A > 1. Then there is a continuous linear
extension Tf of

feCEB) > A flp
and a constant C > 1, depending only on the radius R of B, such that
B
1Ty fllxiagy < CUElly 12 s,

whenever f € L>(B) + X;,IC/Z(B) and |p| = 4AR.

Proof. By Lemma 5.3 and the density of C°(B) in

1
2
(L (B)a W” b ”LZ(B’e)L(G-x)Z))v

we can extend f € C°(B) — A_pl f1|p to a bounded linear operator Tg that satisfies

B
||Tpf||Xi(§(B) < W“f”m(&ex(h)z)

whenever f € L?(B). The constant C > 1 depends only on R. On the other hand, by Lemma 5.4 and the
density of C°(B) in
Sy — 2
(Xp,lc/z(B)7 )\‘1/46)\1? /2” R ”X;I/Z),
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we can extend f € C°(B) — A_pl f1|B to a bounded linear operator TB that satisfies
IT £l gy < CAMAAE2 Fll g
1/2

whenever f € X
Considering now f = f” + % with f* € L>(B) and f% € X,

(B). Again, the constant C > 1 depends only on R.
1/Z(B), we define

B, ._ mB b B
T, f:=T f+T,f"

One can show that this is well defined using the linearity of the previous extensions and the density
of C°(B). Then, by the triangle inequality and the previous bounds,

1
IT5 £l < C(Wllf | 2eromn, + A AR £7) />

where the constant C depends only on R. Since the left-hand side is independent of the representation
f = f"+ f*, we can take the infimum over such representations, and the desired inequality follows. [J

8. The bound for M,

With a view to further applications, we write part of this section in greater generality. Consider bounded
functions ag, ay, ..., a, C L*°(R") with compact support:

suppa; CQC B={x eR":[x] < R},

where R :=2sup, . |x|. Define the bilinear form B : HY(B)x H'(B) —» C by

B(f.g) = / a0 fg+ / A-V(fg),
Q Q

where A is the vector field with components (ay, ..., a,). This is well defined by an application of the
product rule, followed by the Cauchy—Schwarz inequality.

Proposition 8.1. Consider p € C" such that p-p =0 and ). > 1. Then there is a constant C > 1, depending
only on the radius R of B, such that

1 eARZ/Z n

1
|B(f,g>|<C(W|| 7 |WZ)Z||aj||L°°(S2)||f||Xl/2(B)||g||Y1/2 @)

%2

whenever (f, g) € X1/2(B) o (B).

Proof. For the first term, we note that, by the Cauchy—Schwarz inequality,

x)2 2 1 1
/ aofg‘ <llaolloolle™ ™™ /2 fll 2 lle™ ™ Pl 2y < <77 A pplaollecl Lz p I8l i
Q : o

172 X2

whenever (f, g) € X
definition of the norms.

(B) x X, (B). The second inequality follows directly from the weightings in the
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For the more difficult first-order term, we consider a positive and smooth function y, equal to 1 on the
ball of radius % supported in the unit ball, and bounded above by 1. Then we work with fp := xp f and
g = xBg, where xp := x(*/R) is equal to 1 on  and supported on B. Letting A" denote the vector
field with components

b

) = — fe’*'f ( s )a(s)ds
Iy Jo O 611 )Y

forallx e R"and j =1, ..., n, and letting A := A — A, by integration by parts,

[ avGo==[ V2 fugat [ 455fugn).
Q Rﬂ n
Noting that ||V - A’ |loo < C|plllAllso, the first term can be bounded as before:

. 2 — . 2
<CIV- Aol 2 f 1l 2y lle™ 0 28 125

f VA fags

1/2 1/2
< CllAllool o121 F 1 2 oy |01 218N 2 ooy

Again by the weightings in the definitions of the norms, this implies that

1
b

whenever (f, g) € X};/Z(B) X Xl_/pz(B).
It remains to show that
emz/z
< Clm—l/z||A||oo||f||x;{,§(3)||g||y;ffp(3)- (32)

/ A (fagw)

Using the product rule, we can separate into two similar terms,

/ A* -V (fags) = /R ATV fpgn+ /R A*Vgp fa, (33)

and initially treat the first term on the right-hand side (the second term will eventually be dealt with by
symmetry). We decompose the integral as

f APV fygp = / A'.VLfyLgy+ / A*.VLfyHgp + / A* .V H pgs,
n Rn Rn Rn

where L denotes the low-frequency filter defined by

: f e"*'fx<i)f<s>ds
) Ja 25|

and H := I — L. By the properties of x, the frequency supports of VLfgLgp and A" are disjoint, so that

Lf(x):=

by Plancherel’s identity the first term is in fact 0, yielding

/Au'vagB:/ An'VLfBHgB+/ AF-VHfpgp.

n
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Then, by the Cauchy—Schwarz inequality (writing [ o [|2 := || ® || z2(rn))s

<Aoo (VL2 Hgsll2 + IV H f5ll2llg 8 12).

/ Aﬁ-VfBgB
Now as [|A*|| < C||Alloo and

IVLfgl2llHggll2 < ClpllILfBl2IlHgpll2 < Cll fall21IVHgR 2,
we find that

S Cll Al (1fBl2IIVHgal2 + IVH fBll21Ig8112)-

f AT fags

Since the right-hand side is symmetric in the roles of fz and gp, we can conclude the same bound for the
second term on the right-hand side of (33), yielding

S CllAlo (1 fBl2IIVHgBl2 + IVH fBll21IgB112)- (34)

f A (fgn)

Now clearly we have that

AR%/2

I fBll2 < ||f||L2(B PR and |[ggll2<e ”g”LZ(B’e—A(Q-x)z)'

On the other hand, by Lemma 2.2 of [Haberman and Tataru 2013], we have

IVHfBll2 < C||f||X|/2 and  [VHgpll2 < Clgl e,

where (f, g) € X V2 xV /,2 denotes any pair of extensions of (f, g). Substituting these inequalities
into (34) and taking the infimum over extensions yields

/ A (fgn)

R2)2
< ClAloo U1 2 gg or0w2 18 52 gy + €2 1F 5125y 181 2 )

Recalling the weightings in the norms, this completes the proof of (32). 0
From this we can deduce our estimate for M, : f + qf, where g is defined in (4).

Corollary 8.2. Consider p € C" such that p - p =0 and A > 1. Then there is a C > 1, depending on
IV logo||so and the radius R of B, such that

1 1 e)»RZ/Z
1My flly-12 5 < C<A1/2|p| +ot |p|1/2>||f||x;{§(3)

(B).

whenever f € Xl/2

Proof. By an application of the product rule, the definition (4) can be rewritten as

{g. V) = fIVIOgUI w——/ Viogo - Vi
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Using our a priori assumptions that o is bounded below and Vo is bounded above almost everywhere
(which follows from Lipschitz continuity), Vlogo = o~ Vo is a vector of bounded functions. Thus, by
taking

ap = ilVlogcﬂ2 and A= ——Vlogo
we can write

My f,8):={qf. g):=(q, &) =B(f, 8

for all (f, g) € Xl/z(B) X Xl/z(B) Then, by Proposition 8.1, we find that

1 1 e“*z/2 “
My [, &)l (

1/2

for all (f, g) € X (B) x X 1_/ j (B). Finally, using the identification

172

(X5 B, NNy ()" = (L2B) + X, 2(B). 2 lly 112 ),

we obtain the desired inequality. U

9. Locally defined CGO solutions via Neumann series

1/2

Let X, (B) and Y. ; ;/ . (B) denote the Banach spaces defined in (27) and (30), respectively. Recall that

fe CSO(B) — A_pl f1B can be extended as a bounded linear operator

2 2
T8 v, /3(B) > X;/2(B)

using Corollary 7.1 and that My, : f +— ¢f, with g defined in (4), is bounded as

1/2 1/2

2(B) = Y, J2(B)

by Corollary 8.2. The contraction will follow by choosing |p| and A appropriately so that the product of
the operator norms is small.

Theorem 9.1. Consider p € C" such that p - p =0 and A > 1. Then there is a Cy > 1, depending on
IV log o ||eo and the radius R of B, such that

ITE oM, ||£(X1/Z(B)) : (35)

1/Z(B) thereisaw € X, / (B) such that

whenever |p| > AR and ) = 36C2 Forall f € Yk
(I—TS oMpw =T5[f]. (36)

Moreover, there is a C > 1, depending only on R, such that

Il gy < CFlly1r2 (37)
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Proof. By combining Corollaries 7.1 and 8.2, we have that Tg oM, is a bounded operator whenever
|p| = 4AR. Furthermore, there exists a constant Cy > 1 such that

1 1 MR/2 1
BoM, [|.orz, . < C + 5+ S35
ITo oMy ety < Co\ iy, T T2 ) S 2

p

whenever |p|!/? > 6Coe“e2/2 and A'/? = 6Cy. Then, by Neumann series, I — Tf oM, has a bounded

inverse,

I-TEoM) ™' = (T8 oM,
k=0

on Xi{E(B), and sow = (I— Tff oMq)_lej[f] satisfies (36). Moreover,

B kB B
lwiyi gy < D NT oM T 125y < 2T L M g1
k>0

by the triangle inequality, the contraction (35), and summing the geometric series. Then (37) follows by a
final application of Corollary 7.1. U

Recall that we can also use the trivial inequality (14) to extend f € C°(B) — A;l f as a bounded
linear operator

1. y—1/2 12
AXS? S X2

In the following corollary we clarify that the restriction of this extension to the ball B and the previous
locally defined extension Tg are the same. We also record the properties of our CGO solutions that we
will need in the remaining sections.

Corollary 9.2. Consider p € C" and A > 1 as in Theorem 9.1. Then
-1 1
”Ap o Mq ”‘C(X/l»,//%(B)) < 2 (38)

there is a w € H'(B) that solves (7), and there is a C > 1, depending on ||V 10g ¢ ||« and the radius R
of B, such that

Il 125 < Cliglig-1. (39)
Moreover, v =e,(1 +w) € H'(B) solves the Lippmann—Schwinger-type equation
(I—Syv=e,, whereSy:=e, A} oMyle_,e] (40)
as elements of H'(B), and is also a weak solution to the Schrodinger equation (3).
Proof. By Corollary 7.1, the equivalence of norms (26), and the trivial inequality (14),
IT58 = A, 2l 5y < ITpLe = 8jllyre g + 1A, 85 = &1l g2

<C(lg —gj||Y;:)/cz(B) +1gji— gllx;l/z),
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and given that the dual norms are also equivalent, by (28), we can choose g; € CX°(B) such that the
right-hand side converges to 0. Then, combining with Corollary 8.2, the contraction (38) follows directly
from the previous contraction (35).

Taking f = M,[1] in Theorem 9.1, we find w € Xi{;(B) solving

w =TS oMy[1+ w].

y-12

Again by Corollary 8.2, we have My[l +w] €Y, ¢

can also write

(B), so that, taking this as the function g above, we

w=A,"oM,[1+w] 41)

1/2
Ap
w € H'(B) solves (7). Moreover, the inequality (39) follows from the previous inequality (37) combined

with (26) and the dual version of (28).
Finally, writing v = e, (1 4+ w), we can multiply (41) by e, to find

as elements of X,”(B). Thus, combining with the norm equivalences (25) and (26), we find that

vV—e,= epA;I oMyle_,v] =:S,[v]

as elements of H'(B). Then, by integration by parts and Plancherel’s identity (31), cancelling the Fourier
multipliers,

—/R VS, [v]- Vi = A AL oMyle_pvle, Ale—pe, ]

=/R m;IMq/[e_\pv]mp(eplﬂ)v
= (qv. ) (42)

whenever ¥ € CZ°(B). Given that e, is harmonic, we see that v € H 1(B) is also a weak solution to the
Schrodinger equation (3). O

Remark 9.3. The CGO solutions v = e, (1 + w) given by Corollary 9.2 also satisfy

v=> e)(A," o MyF[1], (43)
k>0

with convergence in H 1(B). On the other hand, we have that
-1 kr11 — -1 k _qk
ep(Ap oM,) [l]—(epAp oMyle_,e]) [ep]—Sq[ep]
as elements of H'!(B). Substituting this into (43), we find that
v=> Skle,]

again in the H '(B)-sense. If we had proven that S, is contractive on H 1(B), we could have solved (40)
more directly by Neumann series, and the solution would have taken this form.
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10. The boundary integral identities

Here we use the divergence theorem to equate the boundary integral to an integral over the domain. Iden-
tities similar to the first identity of Lemma 10.1, often known as Alessandrini identities, are foundational
for the Calderén problem. Recall that our boundary integral BI,, : H'/?(dQ) x H'() — C is defined
by

BIn @0 = [ (@ P aclo™ 91— v T RV, (44)
aQ
where Py[¢] denotes the harmonic extension of ¢. A key idea of [Nachman 1988] and [Novikov 1988]

was to take the Faddeev fundamental solution within boundary integrals similar to this, yielding similar
formulas to the second identity in Lemma 10.1.

Lemma 10.1. Let g be defined by (4), and let Bl be defined by (44). Then

Blp, (laq, ¥) = (qv, ¥)

whenever \ is harmonic on Q and v € H' () solves the Schradinger equation (3). Moreover,
BlIp, (v|ae, Gp(x, ) = Sy4[v](x)

as elements of H' (B \ Q), where S, is defined in (40).

Proof. For the first identity, consider the weak solution to the conductivity equation given by u = o ~!/?

v.
Recalling that Vo is bounded almost everywhere, by an application of the product rule, we find that
Au=—0"'Vo - Vu € L*(2). Thus the normal traces can be defined so that the divergence theorem can

be applied to o Vuo =2y — V Py[¢]y, yielding

By, (Wlag. ¥) = /Q(o—w V(o ™2Y) = VPylulsel - V) (45)
see for example [Kim and Kwon 2022, Proposition 2.4]. Now, as ¥ is harmonic on €2, we have
/Q V(Polvlsel —o'/?u) - Vi =0,
which can be substituted in (45) to find that
By, Oha ) = [ @Vu- 9@ = Vo ) V).

Then, after applying the product rule again, terms cancel and one finds that the right-hand side of this
identity is equal to (go'%u, ) = (qv, ¥), as desired.

For the second identity, recall that G_, :=e_,F_, is a fundamental solution for the Laplacian. In
particular AG_,(e,x) =0on Q forall x € B\ Q. On the other hand, G, inherits a skew symmetry
from F,,

G p(y,x)i=e_p(y =) F p(y —x) =ep(x = ) F(x —y) =: Gy(x, y), (46)
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so we can reinterpret this as AG,(x,¢) =0on Q forall x € B\ Q. Thus, we can substitute this into the
first identity to find that
BIx, (s, Gp(x,+)) = (qv, Gy(x,*)) (47)
forall x € B\ Q.
Now, for any f € H'(2) and any smooth v, supported in a small ball centred at x and properly
contained in B \ ©, we have that

/B<qﬁ Gp(y,°)>wx(y)dy=<qf,fBGp(y,')wx(y) dy>. (48)

This follows by interchanging the integral and the gradient, using Lebesgue’s dominated convergence
theorem, and applying Fubini’s theorem. Then using the skew symmetry (46) again and the kernel
representation (9) of A7l the right-hand side of (48) can be rewritten as

(qf, €—pA__1 [ep‘/fxp = /l; epA_pl[Qfe—p]()’)‘/fx(Y) dy. (49)

Here we have considered A_pl to be the globally defined extension given by (14), and the identity follows
by moving the Fourier multiplier m;l from one term to the other after an application of Plancherel’s
identity (31). Combining (48) with (49) and recalling the definition (40) of S, we find that

/B (@f. Gy, W () dy = /B S,LF10)¥x () dy.

Now by the bounds of the previous section, we have that S,[ ] € H (B), and so, letting ¥, approximate
the Dirac delta §,, we find that

(@f, Gp(x,¢)) =Sq[f1(x) (50)

for almost every x € B \ by a suitable version of the Lebesgue differentiation theorem; see for example
[Muscalu and Schlag 2013, Theorem 2.12]. Taking f = v and combining (47) with (50) yields the second
identity. O

11. The proofs of Theorems 3.1 and 3.2

The second identity of Lemma 10.1 allows us to define Ty, : H'/?(3Q2) — H'/?(9Q) by taking the outer
trace Ty : H' (B \ Q) — H'/?(3) of the boundary integral:

La (@] :=ToalBIa, (¢, Gy(x, )] (S
for all ¢ € H'/?(3R2). Moreover, it gives us the alternative representation
Ia, [¢]1 =Ty oSy 0 Pyl¢], (52)

where S, is defined in (40) and P,[¢] denotes the solution to (3) with Dirichlet data ¢.

We restate the main theorems from Section 3 before proving them. The proof of the second part of
the following theorem bears some resemblance to the argument of [Astala et al. 2016, Theorem 3.1],
allowing us to avoid the use of double layer potentials.
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Theorem 3.1. Consider p € C" such that p-p =0and |p|* = p- p is sufficiently large. Let I's, be defined
by (12). Then
(1) Ty, : H'2(3Q) — H'?(3Q) is bounded compactly,
(ii) if Ta, [$] = @, then ¢ =0,
(iii) I —T's, has a bounded inverse on HY2Q),
and if v=e,(1+w), where w € H'(B) is a solution to (7), then
(iv) vlse = I —Ta,) " eyloal-

Proof. By hypothesis (I —S;)v = e,, so part (iv) follows from the alternative representation (52) and
part (iii), which in turn will follow from parts (i) and (ii) by the Fredholm alternative.

To see (i), note first that the trace operator Tyg : H' (B \ Q) — H!/?(3Q2) and solution operator
P, H 12(9Q) — H'(Q) are bounded. Combining this with the alternative representation (52), it will
suffice to show that S, : H (@) — H'(B\ Q) is bounded compactly. For this we recall that, on B \ Q,
we have the representation (50), and so by applications of the product rule we can divide the operator
into three parts S, = S| + S, + S3, where

SiLfli= [ 1V10goIEF0IGy(+ =) .

Solf]:= —%fQVIOgo(y>-Vf<y>Gp<-—y>dy,

Silfli= [ Vioga():VGy(+ =31y

By our a priori assumptions, V logo =0 ~!Vo € L>(Q)", and on the other hand G, and VG, are locally
integrable by (10). Thus, by Young’s convolution inequality,

Si:L*(Q) = L*(B\Q), S;:H'(Q)— L*(B\Q), and S3:L*(Q)— L*(B\D)
are bounded. Moreover, by Lebesgue’s dominated convergence theorem, we can take derivatives under
the integral, and by (10) we have that

Xj =y —yi)

8X.,~8X,'G)O(X_Y) =Cpn |X—y|n+2

+ 0k, 0x, Hy (X — y).

On the one hand, the second-order Riesz transforms are easily bounded in L? noting that the Fourier
multipliers —§;§; /1§ | are uniformly bounded; see for example [Muscalu and Schlag 2013, Section 7.2].
On the other hand, the operator corresponding to the second term can be bounded in L?(B\ 22) by Young’s
inequality again. Together we find that

S1:L*(Q)— H*(B\Q), S»:H'(Q) — H*(B\Q), and S3:L*(Q)— H'(B\Q)

are bounded. Thus, by Rellich’s theorem, all three operators are bounded from H 1(Q) to H' (B \ Q)
compactly. Altogether we find that S, maps H '(Q) to H'(B \ Q) compactly, which completes the proof
of (i).
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In order to see (ii), we combine its hypothesis with the alternative representation (52), obtaining

¢ =Ty, [9] =Taa oS, o Pylo]. (53)

By the bounds of Section 9, we know that S, o P;[¢] = epA;1 oMyle_, Pyl¢]]l € H'(B), so we can
replace the outer trace on 92 with the inner trace as they both extend the restriction to d€2 of smooth
functions, which are dense in H'(B). On the other hand, combining the calculation (42) with the defining
property of P,[¢], we have that

—/W V(Sy 0 Pylg]) - Vi = (q Py 1. %) = —f VP,I$]-Vy

n

whenever ¢ € CZ°(£2), and so A[S, o Py[¢] — P;[¢]] =0 in 2 in the weak sense. Combining this with
our hypothesis (53) and the uniqueness of solutions for the Dirichlet problem with zero boundary data,
we find that

Sy o0 Pyl = Py[¢] in Q. (54)

If we had a contraction for S, it would be easier to conclude that ¢ = 0. In any case, we can use the
contraction we have by considering

ni=e_,Sq0 Pylp]l = A, oMyle_, Pylopl] = A o My (],

where the final identity follows from the definition of 1 and (54). Then our contraction (38) implies that n
must be the zero element of X i/ i(B), so, by the equivalence of the norms, e,n must be the zero element
of H'(B). Then, by the definition of n and (54) again, P,[¢] is the zero element of H Q). Finally, by
uniqueness of the Dirichlet problem, ¢ is the zero element of H!/2(32), which completes the proof of
the injectivity. O

Remark 11.1. Much of the previous argument is insensitive to the choice of fundamental solutions used
to invert A and A ,. Rather than troubling ourselves to invert A, using the Faddeev fundamental solution,
we could have more easily inverted the operator using the a priori estimates proved in the uniqueness result
of [Caro and Rogers 2016]. Indeed, we were able to use those estimates to find a different fundamental
solution K, and w such that

wx) — (qu, Kp(x,*)) = (g, Kp(x,+)) in B\ Q.
The associated CGO solutions v = e, (1 + w) satisfy
v(x) — (qu, L,(x,)) =e,(x) in B\,

where L,(X,y) :=e,(x —y)K,(X,y) as before. However, not only are these fundamental solutions less
explicitly defined, they also fail to satisfy the skew symmetry law (46): that is K_,(x,y) = K,(y, X).
Thus, even though we know that L, (e, y) is harmonic on R" \ {y}, one is unable to conclude that L ,(x, )
is harmonic on R"\ {x}, which is what allowed us to take it in the boundary integral identity. We attempted
to modify the fundamental solution so that the skew symmetry law is satisfied as in [Nachman and Street
2010]; however, we were unable to do this while maintaining the contraction.
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We are now ready to complete the formula for the Fourier transform § (&) := (g, e~¢*), with ¢ defined
in (4). The proof makes use of the boundary integral identity again combined with the averaging argument
due to [Haberman and Tataru 2013].

Theorem 3.2. Let I1 be a two-dimensional linear subspace orthogonal to £ € R", and define
S':=TIN{e eR":|0] = 1}.

For® € S, let & € S! be such that {0, v} is an orthonormal basis of T1, and define

o E L (a ERN o (E (o 18R
p.—‘C9+l< §+(T T) 19), p = r@—i—z( 5 (r T) 19),

where T > 1. Let BI5, and T'_ be defined by (11) and (12), respectively. Then

1 2T
a6 = tim o [

BIn, (I—Ta,) eyl /) dé dr.
T—oo 2t T T Jst A”(( Aa) [ep|dS2]» €p ) T

Proof. Noting that p - p = p’ - p' = 0, we can take the CGO solution v = e,(1 + w) € H'(B) given
by Corollary 9.2 and ¥ = e,y in the first boundary integral identity of Lemma 10.1. Noting also that
o+ p' = —i&, the right-hand side of the identity can be written as ¢ (&) plus a remainder term. Indeed,
we find that

Bla, (Vlse, ep) = G(5) + (qu, 7). (55)
Now, for any extension € X /1/ * of w and smooth xp equal to 1 on 2 and supported on B, by duality
we have that
7é 7'§. ~ ~
qw, e N < llglly-rnllxpe™ ¥l g1 < Cligl e Bl e,

where the constant C > 1 depends on |£| and R; see [Haberman and Tataru 2013, Lemma 2.2] or [Caro
et al. 2013, (3.17)]. Taking the infimum over extensions, we find

qw, e 5% < Cligllg-12lwll g172 ).

Then, using the estimate (39) for the remainder in Corollary 9.2 and taking an average over p, we find that

1 2T ) C 2T
. / (g, 5% o dr < —— 112 1» d6 dr,
27TT T JS! 27TT T Sl Xp

where C > 1 depends on |§|, the radius R, and |V log 0 || . Now, [Haberman and Tataru 2013, Lemma 3.1]
proved that the right-hand side converges to 0 as T — oo. Combining with (55), noting that (&) is
unchanged by the average, yields

§(&) = lim —

2T
—_— BI ,e,)dfdr.
T—oo 2T Jr /Sl A, (Vlag ep) t

Finally, we can use our formula for the values of v on the boundary given by Theorem 3.1, which
completes the proof. O
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Remark 11.2. In [Haberman 2015; Ham et al. 2021; Ponce-Vanegas 2021], the contraction was found
after taking similar averages over p, which yields the existence of a sequence of CGO solutions

{vi=ep,(1+wj)}j>1 with|pj| - ocoas j — oo.

The authors of the aforementioned works were able to take advantage of the existence of these solutions
to prove uniqueness; however, in order to reconstruct in terms of these solutions, one would need to know
which values of p; € C" to take.

12. Reconstruction in practice

There is an extensive literature dedicated to the real-world practicalities of the Calderén problem, such as
stability, partial data and numerical implementation; see for example [Caro et al. 2016; Delbary et al.
2012; Kenig et al. 2007]. Here we suggest some simplifications that would make things easier to measure
and calculate without dwelling on how much the simplifications would corrupt the image.

12.1. What to measure. An approximation of the conductivity on the surface o |3 could be measured
directly by placing real potential differences over pairs of adjacent electrodes, measuring the induced
current, and applying Ohm’s law. Earlier reconstruction algorithms also required the perpendicular
gradient of the conductivity on the surface, which seems harder to measure directly. We would also need
to measure an approximation of

1 2T
Measr (§) := 7— /1/ Aolo™%e,l07 %, db dr
T JS'JoQ

forall € € R~'7"N[—cT, cT]", where ¢T > 1 and R is approximately twice the diameter of Q. For the
complex integrand one can place two separate real electric potentials. Given sufficient access to a large
enough part of the surface, one would hope to approximate the inner integral with some accuracy; however,
applying the oscillating electric potentials could prove to be the more difficult technical challenge. The
outer averaged integrals seem less important and a more rudimentary finite sum approximation could be
sufficient.

12.2. What to calculate. Given Measr and o |jq, one could then employ a triangular finite element
method to calculate an approximate solution to

1/2

Av=(Regr)v in Q,
V=05 on d€2,

where, letting 1 denote the characteristic function of the domain, g7 is defined by

s £ ~
Z e Measr(é)—i-TlQ(S) .

EeR1Z"N[—cT,cTT"

qr(X) := Gn Ry

Then the grayscale image is given by v2, taking T as large as is practicable.
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12.3. Justification of the simplifications. A loose interpretation of Theorem 3.1 is that v|yq is not so
different from e,|3q (this is known as the Born approximation; see [Delbary et al. 2012; Knudsen and
Mueller 2011; Siltanen et al. 2000] for numerical implementations). Indeed, if the conductivity were
constant, then Iy, would be identically O and so part of the reconstruction integral from Theorem 3.2
could be rewritten using the divergence theorem:

2
/ a,,Po[ep]ep,Z/ Vep~Vepr=,0-,0// e—’f'xz—ﬂlg(s).
99 Q Q 2

Note also that, by the uncertainty principle, § and ﬂ; are essentially constant at scale R~'. Thus the
reconstruction formula approximately simplifies to ¢ ~ limy_, o, g7 pointwise. Note that the cutoff of the
frequencies serves to mollify, so that gr is a function even though it approximately converges to g in the
distributional sense. Finally, one observes that o!/2 is the unique solution to the Schrodinger equation
with v[pq = G|ég.
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i WEAKLY TURBULENT SOLUTION
TO THE SCHRODINGER EQUATION ON THE TWO-DIMENSIONAL TORUS
WITH REAL POTENTIAL DECAYING TO ZERO AT INFINITY

AMBRE CHABERT

We build a smooth time-dependent real potential on the two-dimensional torus, decaying as time tends
to infinity in Sobolev norms along with all its time derivatives, and we exhibit a smooth solution to
the associated Schrodinger equation on the two-dimensional torus whose H* norms nevertheless grow
logarithmically as time tends to infinity. We use Fourier decomposition in order to exhibit a discrete
resonant system of interactions, which we are further able to reduce to a sequence of finite-dimensional
linear systems along which the energy propagates to higher and higher frequencies. The constructions are
very explicit, and we can thus obtain lower bounds on the growth rate of the solution.

1. Introduction

1.1. Main result. In this paper, we build an explicit C* solution to the Schrodinger equation on the
two-dimensional torus T2 := R? / (2nZ)?,

iu(t,x)=—Au(t,x)+ V(, x)u(t,x), (,x)e€][0,400)x Tz, (1-1)

where the potential V (¢, x) is real, smooth on the interval [0, +00) x T2, and decaying at infinity in
Sobolev norms. With a carefully chosen V, we are able to exhibit weakly turbulent behaviour; that is, we
are able to prove the following theorem.

Theorem 1.1. There exist a real smooth potential V (t, x) and a smooth function u(t, x) such that
iou(t,x)=—Au(t,x)+ Vi, x)u(t,x), (,x)e€][0,400)x T2 (1-2)
Furthermore, given any small constant § > 0 and any order s > 0, there exists cs ¢ > 0 such that, as t — oo,
lu(@) s > cs,5(log 1) =%, (1-3)
Finally, the potential V satisfies the bound,
forallk e N, foralls >0, tl—l>ngo ||8th(t, Nl gs =0. (1-4)

We will in Section 5 explore possible upper bounds for the decay rate of V, which is subpolynomial;
see (5-16).

MSC2020: primary 35B40; secondary 35Q41.
Keywords: linear Schrédinger equation, weak turbulence, resonant system, forward cascade of energy, backward integration.
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1.2. Earlier work. The first example of unbounded growth of the Sobolev norms for the Schrodinger
equation (1-1) on the torus T2 was given in [Bourgain 1999a], although there the potential V was chosen
to be quasiperiodic. Bourgain proves that a logarithmic growth of the Sobolev norms can be achieved
in this setting and that it is optimal. Bourgain [1999b] also studied the case of a random behaviour in
time with certain smoothness conditions. Furthermore, Bourgain proves in those articles that, with a
bounded smooth potential V, the growth in any norm H* is bounded by #° for all & > 0 (with a constant
that depends upon s, V, ¢) and that, for a potential analytic in time, the bound can be refined to (log#)“.

With regards to the logarithmic growth rate we are able to achieve in the present article, it is necessarily
subpolynomial as V' is assumed to be smooth and bounded, but we may not use the logarithmic a priori
bound as V (¢) is not analytic in ¢ in our construction. Still, logarithmic growth rate is nearly optimal as
the optimal growth is necessarily subpolynomial.

The study of upper bounds on the possible growth rate of Sobolev norms of the solutions to the linear
Schrédinger equation has a long history. The general question can be formulated as follow: consider u a
regular solution to

i0;u =Hu+ P(H)u, (1-5)
where H is either the Laplacian —A on a d-dimensional torus, or, more generally, when the domain is R4
or even a manifold, a time-independent self-adjoint nonnegative operator with some assumptions on its
spectrum, and P(¢) is a smooth time-dependent family of pseudodifferential operators of order strictly
less than 2. Then one can try and prove an upper bound on the growth rate of ||u(t)| gs as t — oo.

Maspero and Robert [2017, Theorem 1.9] proved, along with global well-posedness, ¢ upper bounds
on the growth rate in the case where H has an increasing spectral gap (as is the case for the Laplacian
on Zoll manifolds) and P(¢) is a smooth perturbation with suitable assumptions. They also proved
polynomial upper bounds in broader settings. Under the increasing spectral gap assumption, the bound
can be improved to (logt)¥ for some y > 0 when P(¢) is analytic in time, which is reminiscent of
Bourgain’s bound. Using those results, [Bambusi et al. 2021] proved #° upper bounds on the growth rate
of solutions to (1-5) in an abstract setting, which includes in particular the case where H is the harmonic
oscillator in R? and P(t) is a pseudodifferential operator of order strictly lower than H depending in a
quasiperiodic way on time. The first result of a #* upper bound with an unbounded P (t) was obtained
in [Bambusi et al. 2022] on the torus T¢ with H = —A. Finally, #° upper bounds have been proved for
general hamiltonians of quantum integrable systems in [Bambusi and Langella 2022].

Regarding the dual question of exhibiting growth of Sobolev norms in solutions to (1-5), Maspero
[2022; 2023] proved the existence of solutions with (unbounded) polynomial growth in the case where H
has a fixed spectral gap and P (¢) is a potential periodic in time using a resonance phenomenon. Loosening
the time smoothness hypothesis, Erdogan, Killip and Schlag [Erdogan et al. 2003] showed genericity of
Sobolev norm growth when the potential is a stationary Markov process. See also [Delort 2010; Eliasson
and Kuksin 2009; Nersesyan 2009; Wang 2008].

Regarding potentials whose Sobolev norms decay to O with time more specifically, Faou and Raphaé¢l
[2023] were able to exhibit logarithmic growth in the context where

H=—A+|x)?
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is the harmonic oscillator on R?. Their method relies on quasiconformal modulations of so-called
bubble solutions of the unperturbed Schrédinger equation. It is not surprising that we are able to exhibit
logarithmic growth on the torus as the setting is similar. Indeed, both the harmonic oscillator on R? and
the Laplacian on the torus are operators with compact resolvent and a spectrum with geometric properties
(as it is formed of points in a lattice) which allows for explicit resonance mechanism. Let us note that
the author was able to prove in [Chabert 2024] that their method extends to the case where the cubic
nonlinear term u|u|? is added to the equation, using an approximation scheme similar to the one found in
the present article.

The method we shall use here is inspired by the seminal work [Colliander et al. 2010] refined by
[Guardia and Kaloshin 2015]. Indeed, we use that, on the two-dimensional torus, eigenfunctions of
the Laplacian are given by e"* for n € 7> with eigenvalue |n|?. The lattice structure is then used to
produce resonance phenomena between carefully chosen frequencies of the Fourier decomposition of the
solution u. The idea is that only certain resonant interactions will dominate the behaviour of the solution;
thus, using an arbitrarily small potential, we are able to transfer the energy of the solution to higher and
higher frequencies, leading to the growth of Sobolev norms.

1.3. Main ideas of the proof. The first step of the proof is directly inspired by [Colliander et al. 2010]. In
Section 2, we decompose (1-1) into Fourier frequencies, thus reducing it to an infinite-dimensional ODE
on the Fourier frequencies (a, (¢)) of the solution. This enables us to exhibit some resonant interactions
between Fourier frequencies, which will dominate the behaviour of the solution in terms of Sobolev norms.
In that spirit, we first study a resonant Fourier system where we drop the nonresonant interactions. We then
build a family of Fourier frequencies (,),>0, satisfying carefully computed orthogonality properties,
along which we are able to transfer energy to higher frequencies (as |m,| — o0o) with a well-tailored
potential V for a solution (a, (¢#)) whose Fourier frequencies are almost supported on the (m,,).

In Section 3, we give a detailed construction of a potential allowing said energy transfer to higher
frequencies, thanks to the crucial point that, as we only consider resonant interactions, we may light up
only specific Fourier frequencies in the potential, which further reduces the resonant system to a sequence
of finite-dimensional linear systems which we can explicitly solve.

In Sections 4 and 5, we prove that the solution to the resonant system yields a solution to the full
system up to a perturbation thanks to a Cauchy sequence scheme, thus concluding that the perturbation
decays to 0 as t — oco. We finally use the explicit construction of the solution to the resonant system to
deduce lower bounds on the growth of the Sobolev norm of the full solution, thus concluding to the proof
of Theorem 1.1.

2. Fourier decomposition and resonant system

2.1. Reduction to a resonant Fourier system. We now show how (1-1) can be heuristically approximated
by an easier equation, focussing on the resonant interactions. Indeed, as we wish to find smooth solutions
of (1-1), we may write

u(t,x) = Z a, (£)el X =1’ (2-1)

nez?
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We now set the potential to take the form

Vit x)=— Z 20, (¢) sin(|n|?1)e™*, (2-2)

nez?

where v_, = v, is real. Thus, we need only find a solution to the /> system

. o
ditn =Y ap()vym(t)(e " mt —e7Tmal), (FS)
meZ?
where we set
. 2 2 2
o, = m?+m —n|* —|n|%,
- . 2 2 2
Wy = Im|* = m —n|* —|n|*.

Now, in the spirit of [Colliander et al. 2010], we expect that the resonant interaction will dominate,
that is, the interaction between frequencies m, n such that one of ) , or w,, , is 0. We thus define, for
neZz?,

. 2. 0,,12 2 2
[f(n):={meZ :|m|°+|m—n|"—|n* =0},

- 2 2 2 2
) i={meZ°:\m|” — |m —n|” —|n|” =0}

and define the approximated system

dan=Y  amOVam(® = Y an@)vam (). (RFS)

mels(n) me@es(n)

We observe that (RFS) conserves the /2 norm. Indeed,

%n(awn,%:zRe(Z Y aOanOvew® =Y > an_(r)ammvn_m(r)).

neZ? mel(n) n€Z? meTyes(n)

However, m € T'f (n) if and only if n € ', (m). Using moreover that v_; = vi, we see that the right-hand

side equals 0.

2.2. Geometric interpretation of the resonant frequencies. Now, we turn our attention to the geometric

interpretation of the equation a)j,;/ » = 0: we first see that w;} , = 0 if and only if

{m—i—(n—m):n, (2-3)

Im >+ |n —m|* = |n|?,

which means that m is orthogonal to n — m. This can be reformulated by saying that m resonates with
m +1, where [ € Z? is orthogonal to m.

Similarly we see that w,, , = 0 if and only if (n —m) is orthogonal to n, which finally means that m
and n are resonant frequencies if one of m or n is the sum of the other one and an orthogonal vector. We
may sum these facts up in a lemma.

Lemma 2.1. Forall n,m € 7%, we have m € T’

s (n) if and only if m and n —m are orthogonal. Moreover,

m € ' (n) if and only if n and n —m are orthogonal.
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2.3. Explicit family of resonant frequencies and further reduction. We shall now build a potential
(v (t)) and a specific solution to (RFS) by constructing two families (my) and (I;), k > 0, of vectors
of Z? which satisfy good orthogonality properties. Namely, in some sense, we require that there are no
exceptional resonances.

Lemma 2.2. There exist two families (my)x>0 and (Ix)k>0 of vectors of 72 such that

(P1) my #0, Iy #0;
(P2) my LIy k=K,
(P3) mip1 =my+ 1
(P4) my is not orthogonal to my and is not orthogonal to my — Iy for all k, k';
(P5) my — Iy is not orthogonal to Iy for all k, k',
(P6) my — Iy is not orthogonal to Iy for all k' #k +1;
(P7) my — Iy — Ii is not orthogonal to I, for all k, k',
(P8) Iy + my is not orthogonal to Iy for all k, k',
(P9) Iy +my — lp is not orthogonal to Iy for all k # k',
(P10) les1l > |l + 1.

Moreover, we can find families such that there exist universal constants C > 1 > ¢ such that, for all

n > 1, we have
m,| < C"(n—1)!,

c(n—1!<
< |l < Cnl.

|
cn! < |
At first glance these properties may seem overwhelming, but it follows quite directly from geometric
observations that they greatly reduce the system if we choose the potential with nonzero Fourier frequencies
supported in the set {=£/}x>0. More precisely, before proving Lemma 2.2, we will state and prove the

following lemma.

Lemma 2.3. Set A := (%I, k >0} and A" := {my, k > 0}. Set moreover ¥ := {m; — I, k > 0}. Assume
(@ (1)) ez is a solution to (RFS) with potential (v, (t)), such that (a,(0)) is supported in A" U'Z (in the
sense that a,(0) = 0 whenever n ¢ A" U X). If (v,(t)), is supported in A for all t > 0, then (a,(t)) is
supported in A" UZ forallt > 0.

Moreover, define pi(t) := am, (1), sk(t) := am,—, (t) and ri(t) := v, (t) (with the convention that
p—1 =r—1 =0). The system (RFS) reduces to,

0t Pk = Pr—1Vk—1 — — ,
forall k>0, { i Pk = Prk—17k—1 = Pk+1Tk — SkT% (2-4)
01 Sk = DTk
Proof. As v,(t) =0 whenever n ¢ A, (RFS) reduces to
dan =) an@vi-m@® = Y an(O)Vam (). (2-5)

mel' L (n) mel - (n)

n—meA n—meA
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In order to prove the first part of the lemma, we need only show that, whenever n ¢ A’ U X, those m that
appear on the right-hand side of (2-5) are also not in A’ U X. Indeed, the system then reduces to a linear
system with zero initial condition on Z2\ A’ U X, so by uniqueness we have a, (¢) = 0 for all  whenever
n¢g ANNUZ.

Take n ¢ A’UX. We claim that if m € A’ U T satisfies n —m € A, then m ¢ I (n) UT;(n). Indeed,
assume first that m = my, for some k and n —m € A. Then there exists k' > 0 such that n —m = £/

(i) If n =my + 1, then k # k' as otherwise n = my1 € A’; but then my is not orthogonal to n —my =l
thanks to (P2), thus my ¢ I';f(n). Similarly, n — mj = I is not orthogonal to n = my + ;- thanks
to (P8).

(ii) If n = my — Iy, then k' # k as otherwise n € ¥ and k' # k — 1 as otherwise n = my_; € A’. Thus,
my ¢ Tt (n) as my is not orthogonal to —I;s by (P2), and my ¢ I';

o es() as [y = n — my is not

orthogonal to my — Iy = n thanks to (P6).
Now, assume that m = my, — [ for some k > 0 and n — m = £l for some kK’ > 0.

() ¥n=my — Il + 1, thenk £k asn ¢ A’, so my — [; is not orthogonal to /s thanks to (P5)— thus
my —I; ¢ Tt (n) —and [y is not orthogonal to my — I; + I thanks to (P9) — thus my — I ¢ [ ().

res
(i) Finally, if n = my — [y — I, then— as my — [ is not orthogonal to —/; thanks to (P5) — we find
that my — I ¢ F:gs(n) and —as my — [y — [y is not orthogonal to —/ thanks to (P7) — we also find
that my — I ¢ Fr’es(n).

In order to prove the second part of the lemma, we follow the same steps. Take k& > 0. First, let
m e F:gs(mk) N (A’U X) such that my —m = +l. As m is orthogonal to [, properties (P2) and (P5)
yield that m = my, and thus m; = my £ lr. As my is orthogonal to /i, (P5) yields that necessarily
myg =my + Il =myp 41, and thus k' =k — 1 (as from (P3) and (P10) we have |m;41| > |m;|), which yields
the contribution py_r¢—1 to the right-hand side of the first equation.

Now, let m € ' (my) N (A" U X) such that my —m = %lp. As [y is orthogonal to my, (P2) yields
that k = k' —thus m = my = [, — and both are in I'_ (mi) N (A" U X). This yields the contribution
— Pk+17k — SkTk to the right-hand side of the first equation.

Finally, take k > 0 and m € Frts(mk — L) N (A'U X) such that my — [y —m = %2 as m is orthogonal
to Iy, we find again that m = my/, and thus that my = [ 4+ my £ [. If the sign is a minus, property (P9)
yields that k" = k, and thus m = my, which gives the contribution pyry to the right-hand side of the second
equation (as we recall that v_, = v, for all n). If the sign is a plus, we find that my — [y = my | is
orthogonal to [}, which contradicts property (P5).

We see moreover that there is not a m € I' o (my — I;) N (A" U X) such that my — I —m € A. Indeed by
definition of I' ., this would mean that there is a k" such that mj — I is orthogonal to /;- thus contradicting

property (P5). U

We now turn to the proof of Lemma 2.2. Choose m € Z2\ {0} arbitrarily; for example, mo = (1, 0). As
my4+1 = my +Ix, we need only construct the /i for k£ > 0. We will do so by induction. Assume the sequence
(my) is constructed up to k = n and satisfies properties (P1)—(P10) (which means that [y, ..., [,_; have
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been constructed). We need to construct /,, € Z? (and thus myu+1 = my +1,) such that the properties still
hold up to kK = n + 1. Define m the vector obtained from m, by applying a rotation by angle 7 /2 (which
is orthogonal to m,, and which has the same Euclidean norm). We will show that there is @ € N such that
n+1<a< C(n+1), with C a universal constant such that setting [, := am will suffice.

e (P1) always holds, and (P3) holds by definition.

o In order for (P2) to hold, observe first that, by construction, /,, = am is orthogonal to m,. Moreover,
we need, on the one hand, my to be nonorthogonal to [, for k < n — 1. However, since my L [y up to
k = n by induction and since we are in dimension 2, this amounts to asking /; to be nonorthogonal
to m, for k < n — 1, which is true by induction from (P2). On the other hand, we need m,; to be
nonorthogonal to [; up to k = n; that is, since [; L m; and since we are in dimension 2, we need only
prove that m, | = m, 4+ am is not parallel to my for k < n. It is always true for k =n as a > 0, and,
for each k < n — 1, there is at most one value of a for which m, could be parallel to my (as m is not
parallel to my, otherwise m; would be orthogonal to m,,, thus contradicting (P4)). This excludes at most n
possible values for a.

o In order for (P4) to hold, we need m,, | - my # 0 for k < n. It is always true for k = n, and for k < n it
means that m,, - my +am -my £ 0. Now, m - my, # 0, otherwise this would contradict (P2). Thus, at most n
possible values of a are to be excluded. We also need m 41 - (my — ;) # 0 for k < n, which is always
true for k = n if we set a > 2, and it follows from the construction of (P5) that m - (my — ;) # 0, as m,, is
not parallel to m; — [i; hence this excludes at most n values of a. We finally need my, - (m,, —am) # 0 for
k < n —1, which excludes at most n values of a, as m - my # 0.

o In order for (P5) to hold, we need, on the one hand, mj — [ to be nonparallel to m,; for k < n, which
excludes at most n values of a, as this is always true for k = n and as my — I is not parallel to m for
k < n thanks to (P4). On the other hand, we need m,, — [,, = m,, — am to be nonparallel to my for k < n,
which again excludes at most n values for a as m is not parallel to m; for k < n thanks to (P2).

« In order for (P6) to hold, we need, on the one hand, (m, 41 —I;) -l # 0 for k < n—1, which is equivalent
to am - [ # constant. As we know that m - [ # O (otherwise my is orthogonal to m,,), this excludes at
most n values for a. One the other hand, we need m; — am to be nonorthogonal to am for k < n — 1,
which is ensured by the fact that |m| > |my].

e In order for (P7) to hold, we need, on the one hand, m, —am —Ij to be nonorthogonal to /; for k <n—1,
which excludes at most n values for a, as m - [ # 0. On the other hand, we need mj — [ — am to be
nonorthogonal to am for kK < n — 1, and once again this excludes at most n values for a.

e In order for (P8) to hold, we need, on the one hand, am + m; to be nonorthogonal to am for k < n,
thus excluding at most n values for a, and, on the other hand, /; + m,, + am to be nonorthogonal to /; for
k < n — 1, which excludes at most n values for a, as m - [, # 0.

« In order for (P9) to hold, we need, on the one hand, am + my — [; to be nonorthogonal to am for
k < n—1, thus excluding at most n values for a, and, on the other hand, /; +m, —am to be nonorthogonal
to I, excluding once again at most n values for a.
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We thus finally see that any a > 1 except maybe at most C(n 4 1) values can be chosen, where C > 2.
Up to taking C a little larger we may thus find n + 1 < a < C(n + 1) such that setting [, = am enables
the induction hypothesis to be satisfied.

By this procedure we are able to construct sequences for which the desired properties hold. Moreover,
we have n|m,| < |l,| < Cn|m,|, and thus

nlmy| < |mpq1| < C/nlmn|

for C’ = +/C + 1; thus proving the last part of the lemma.

3. Solution to the resonant system

Thanks to the previous section, we are now able to exhibit explicit potential (r;(¢)) and an explicit solution
(pe(2)), (sk(1)) to (2-4) for which we control precisely the energy transfer between Fourier frequencies.
We turn to the explicit study of the mechanism that will allow energy transfer between frequencies. We
start at + = 0 with well-chosen values for pg, p1, so and set the other p; and s; to be 0. The idea is then
to locally fully transfer the energy from (px, Sk, pr+1) t0 (Pr+1, Sk+1, Pr+2) in finite time, thus ensuring
that, for all given n, after a time 7,,, we have p; = s = 0 for all k£ < n. Now, as (RFS) conserves the
12 norm, this ensures that the Sobolev H® norm is greater than |m,|* fort > T,.

3.1. General form of the solution to the linear system. Explicitly, fix an interval I = [f, ¢;] and a smooth
function ¢ on I. Fix k > 1. We look at the system

0 Pr+1 = (1) pr,
0 pk = —@ () pry1 — P ()sy, (3-1)
sk = @ (1) prs

which corresponds to (2-4) when we only light up r;(¢) = ¢ (¢); that is, we set ri/(t) =0 for k' £k on I.
In comparison, (2-4) is a system on all different values of k, whereas in system (3-1) we have fixed a
particular value for k. Hence, the equation for py4 corresponds to the first line of (2-4), where k is
replaced by k 4+ 1 and r; = 0 for [ # k. The system can then be written in the form of a simple linear

system:
Pk+1 Pk+1
| pe |=0MA| pr |- (3-2)
Sk Sk
where we set
01 O
A=1]-10 —1 (3-3)
01 O
Now, the solution with initial condition
Pr+1(to)
pr(to)

sk (1)
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is given by
Pr+1() ' Pr+1(f)
pe() | = exp((/ o (s) dS) A) pr(to) |- (3-4)
sk (1) fo sk (1)

Now, one can compute

L(cos(T/2) + 1) % sin(T+/2) A(cos(Tv2)—1)
exp(TA) = _%fz sin(T«/i) cos(T«/f) —% sin(Tv2) | . (3-5)
T(cos(TV/2) - 1) % sin(T+/2) 4(cos(Tv/2)+ 1)
This explicit matrix allows us to build three moves in order to transfer a specific configuration from
(Pks Sk> Pk+1) 10 (Dk+1, Sk+1, Pk+2) in finite time.

3.1.1. First move. Start with

Di+1(t0) 1/2
o) | =1-1/v2]. (3-6)
sk (to) 1/2

We set ¢, a nonnegative C°° function with support in [fg, #;] such that f ¢="1Tm/ (4ﬁ). We have

Pis1(t1) 1/v/2

pe(t) | =1 0 |. (3-7)
si(t1) 1/+/2
3.1.2. Second move. We now set
Pi+1(t0) 0
pr(o) | =11]. (3-8)
sk (10) 0

With the integral of ¢ being 77/(2+/2), we have

Pt (1) 1/3/2

@) |=1 0 |. (3-9)
si(tr) 1/3/2
3.1.3. Third move. If finally we set
Pi+1(t0) 0
pr(to) | =10 (3-10)
sk (10) 1

and set the integral of ¢ to be 7/+/2, we have

Pi+1(t1) -1
pe@) |=| O]. (3-11)
si(t1) 0
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3.2. Idea of the construction of the potential and the resonant solution. These easy observations yield
the construction both of the potential (r¢(¢)) and of the solution (p(¢)), (sx(¢)). We may represent the
solution (pg(t)), (sx(t)) as points in the semi-infinite chain

S0 S1 Y 83 S4 S5
Po P1 2 P3 P4 Ps Po

where the arrows represent the possible interactions between the Fourier frequencies induced by the
potential (r(z)).
Assume that, at t = 0, we start with the configuration

S1=0

=

S0 =

p2=0

Sl-

=
I

N—

bo=—

Then, using the first move, if we light up only ¢ during an appropriate time, we may fully transfer the
mass from pg to sg and p; equally:

S1=O

s
I
S-

e

p2=0

=
(=]
I
o
=
[
Sl-

Now, we clear p; using the second move; that is, lighting up only r;(¢), we can fully transfer the mass
from p; to s; and p; equally:

©
S
Il
-
9
©
=
Il
=

Y

=

po=0 p1=0 D2 =
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Finally, we use the third move to transfer fully the remaining mass from sy to p; lighting only rg again:

S():O S1 =

\

po=0["——p1

o=

S-

P2 =

o=

Thus, we find exactly the same situation as at the start, with indexes incremented by 1. This enables us
to start a recursive scheme so that, as time goes by, we repeat these three moves to transfer the mass to
higher frequencies. The strategy to ensure that the potential V decreases in Sobolev norms as t — o0 is
that, up to lighting ry for a longer time, we may at each step choose it to be arbitrarily small.

3.3. Explicit computation of the potential and of the resonant solution. We now make the previous
argument rigorous. We first find a smooth function ¢ on R, nonnegative and nondecreasing, such that
¢ =0o0n (—o0,0], ¢ =1o0n[1,4+00), and we set & = fol ¢. Take (Br)r>0 to be a sequence of positive
real numbers such that 8 < 1. The (Bx) will control the amplitude to which we light up r¢, and we will
fix them later in order to control the decay of the potential V in Sobolev norms.

3.3.1. Initialising the induction. We choose, at t =0,

p1(0) 1/2
poO) | = [ -1/v2 (3-12)
50(0) 1/2
(and the other py, sy are set to 0). We now set
A Pod (), 0<r<1,
ro(t) = 775 Po. 1<t <1410, (3-13)
i Bobtlo+2 1), 1+1<1<to+2,

where we set £y such that foto+2 ro = 77/ (4+/2), which means 7y = a(By 1'—2). We set r(t) = 0 on

[0, to+ 2] for all £k > 1.
Now, at t =ty + 2, we find
pi(to+2) 1/4/2
polo+2) =1 0 |. (3-14)
so(to+2) 1/+/2

Set now
s Piet—+2),  w+2<1<i+3,
ri(t) = zjjaﬁl, to+3<t<tg+3+1, (3-15)
sRBie@Gti+n—0), 3+i+n <t<d+io+i,
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with #; such that the integral of r; on [2+1y, 4+1o+11] is equal to 7w/ (2«/5), which means | = a (B8, I 2).
Set r () =0on [2+41y, 4+ 19+ 1] for all k = 1. Now, at t =4+t + t;, we have

P24 +1+1) 1/2

p1d+1+1) 0

st@G+to+n) | = 1/2 |, (3-16)
po(4+to+1) 0

sod+19+1) /32

and the other py, s are equal to 0. To finish the cycle, we need to transfer all the mass from sy to p;, and
we will end up with (p2, p1, s1) = (1/2, —1/«/5, 1/2) which was exactly the initial state on (p1, po, So)-
This enables us to start a recursive process. More precisely, set

ﬁﬂo(b(l—(‘l*l-fo*l-tl)), 4410+ <t <S+1+1,
ro(t) = ﬁﬁo, S+n+n<t<5+nm+1H+1, (3-17)
FabodO+io+n+i0—1), S+io+in+io<t<6+i+1+1,

with once again 7y = oz(,BO_1 —2),and ri(¢) =0on [4+19g+ 1,6+ 19+ 1 + 9] for k = 1. We have, at
t=6+2t+1,

pa(1) 1/2

p1(1) —1//2

sio | =] 12 |, (3-18)
po(t) 0

50(1) 0

as was expected.

3.3.2. Recursive scheme. Sett, := oz(,Bn_1 —2). Suppose, for T, =6n + 2ty +3t; +3t2+- - -+ 3,1 + 15,
we have

Pn+1 1/2
p | =|-1/v2], (3-19)
Sn 1/2

with the other py, si being equal to 0. We set now

Bt (1), T, <t <1+T,
ra(t) = %ﬁn, 14T, <t <1+4+T,+1t,, (3-20)
B QA Tty —1), 14T 41, ST ST+ 241y,

all the other r¢ being set to O on [7,,, T, +2 +1¢,]. Now we have, att =T, +2+1,,

Pl 1/3/2
Pn = 0

Sn 1/3/2

(3-21)
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Now set
s B¢t = (Ty +2+ 1)), Ty +241, <t <Tp+3+1,,
0 = g P Th+3+1, <t < Ty +3+ 1 +ing, (3-22)

s Bur1 ¢ (L 44ty tuy =0, Ty 43+t sy <O Ty H 44+ g,

the other r; being settoOon (7, +2+1t,, T, +4+ 1, + t,+1]. We have, att =T, +4 41, + ty41,

pn+2(Tn +4+tn+tn+l) 1/2

pn+1(Tn +4+tn+tn+l) 0

Sn1 (T +4+t,+6400) | =] 1/2 |. (3-23)
pn(Tn+4+tn+tn+l) 0
Sn(Ty + 4+ ty + tyt1) 1/\/5

Set finally

Fabndt = (Titd+t+inn),  Tatdtintinn <SEST+5+ 0+,
rn(t) = 5 Pr- To+5+tn+ it SES T+ 5+t + a1 + 1,
<

ﬁﬁn¢(Tn+6+tn+tn+l+tn_t)a Tn+5+tn+tn+l+tn thn+6+tn+tn+l+tn-

<
<

We now have, at 7,41 =T, + 6+ 1, + th41 + tn,

Pn42(1) 1/2

Pn+1(l) _1/\/E

Spe1(8) | = 1/2 . (3-24)
Pn(t) 0
sp (1) 0

We may now induce this construction for all n > 1, which yields a solution (pg(¢), sx(¢)) to (2-4), thus
leading to a solution (a,(¢)) of (RFS) which we control very explicitly.

Remark 3.1. Provided the §; are small enough, the explicit construction yields firstly that |a, ()| < 1 for
all n, ¢, and secondly the following behaviour for (a,(¢)): for each n, observe that a, (f) = 0 outside of
a finite interval. Moreover, this interval can be divided into a bounded number of subintervals, so that
either those subintervals are of length 2 (corresponding to the time we take to light up an r or turn it off),
or a,(¢) is a finite linear combination of oscillating factors ¢'/!, where the frequency f is of the order
of By for some k and hence is arbitrarily small.

3.4. Explicit choice for By in order for V to decay. In order to prove Theorem 1.1, we need to ensure
that V and all its derivatives decay with respect to all Sobolev norms as t — co. Now, from the construction,
we see that, for all # > 0, there is a unique k(¢) such that v, = 0 for all n # £/;(;). Now, for any m € N
and any s > 0, we have

197" V (2, ) s == By ko I (3-25)
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As k(t) — +o00 when t — 400, and thus as |l;)| — 400, we need to ensure that 8; decays faster with
respect to k than any power of /;. A natural choice is

Br = ||, (3-26)

and we will see that this choice indeed enables us to close the estimates.

4. Approximation

4.1. Resonant solution and perturbation decomposition. In order to construct a solution to the full
system (FS), we try and approximate it by the solution (a,(¢)) built in the previous section. In this spirit,
we set the solution (b,(¢)) to have the a priori form b, (t) = a, (t) + c,(t), where a,(t) is the solution
to (RFS) built above and ¢, is a perturbation. We may thus write

By (an+ca) =Y (m+ ) () Wy () (e “mnl — 71l (4-1)
mez?
and we already know that
dan=Y_  anOVem@® = D an)vam(t). (4-2)
melt(n) meTres(n)

Thus we need (c,) to solve
dycn =Y Cm(t)Vn_p(t)(e 7’ — Tl
mez? - e
+ D an @ (et — Ny (v (e Ot (4-3)

meTiks(n) m@Tres (1)
Our goal is now to build a solution (c,) to (4-3) which decays as t — co. We will use a Cauchy sequence
method: equation (4-3) is globally well-posed in ['(Z), so we may set, for a given integer N > 0, the
solution (cY) on Ry with initial condition ¢¥ (Ty) = 0. We have

Ty
HOEESY / CN () Vnm (8) (e mn® — = 1%ma) ds
t

72
me Ty Ty

N Z / am(s)vnfm(s)e_iw;"sds'i_ Z / am(S)Un,m(s)e_iwr;‘nSds’
mgTita(m) * ' M Tras(m) * "

from which we infer, for t < Ty,

Ty
Il @l <2 f ||<cN(s))||p||(vn(s))||11ds

+> ) am(s)vn m(s)e'nntds| £y Y

n m¢Tres(n) " m¢les(n)

am<s>vn7m (s)e'“mn® ds|,

which we rewrite as the inequality, for t < Ty,

Ty
ey )l < aelt) + / el (NI B(s) ds. (4-4)
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By Gronwall’s lemma,

Tn s
forallt < Ty, Il @)l <a(¢)+f a(s)ﬂ(s)exp(/ ,B(a)do) ds. (4-5)

4.2. Estimates on a(t). First, let us study (). The set of pairs (m,n —m), n € Z% and m ¢ F:gs (n)

(resp. m ¢ I' . (n)), is equal to the set of pairs (n1, n2) € 7% such that n; and n, aren’t orthogonal (resp.
ny and n| 4 ny aren’t orthogonal). Moreover, we have v, (s) = 0 for all n # +I; for a given k > 0, and

we recall that v_, = v,. Finally, we know that a,(s)v;, (s) = 0 as soon as

n ¢ {my, mg — b, meg1, M1 — b1, Mo} =: Ex.

a(t)=Y_" Y I(k.n0, (4-6)

k>0 neEy

We may then write

where I (k, n) is a sum of at most four quantities of the form

T‘I‘l
Jk,n, w, 1) = f an(s)ri(s)e'* ds (4-7)

and w is a frequency belonging to Z\ {0}, thus ensuring |w| > 1. (It is here that we use the nonresonance
of the interactions).
We may now write

Ty t Ty n t
/ an ()rp(s)e'™ ds = [( / a,(0)e'”” da)rk(s):| — / ( / a,(0)e'”” da>r,;(s)ds.
t s t t s

The bracket term is equal to O as r¢ is O at Ty for all k. Moreover, we may infer from the construction
of r; that

fR F()] ds < Cr (4-8)

with C a universal constant independent of k (indeed, we use that r; is a constant except maybe on a
finite number of intervals of length 2 where its derivative is bounded by c¢B||¢’ || 0)-
Finally, we have

t
f an(0)e'* do| < C, 4-9)

with C a universal constant independent of s, n, f, w. Indeed, for any n, using Remark 3.1, we know
that, on the one hand, |a,| < 1 on R4, and, on the other hand, that, outside of a fixed finite number of
intervals of length 2 (yielding a bounded contribution to the integral), a,, is either equal to 0 or equal to a
finite linear combination with a bounded number of terms of oscillating exponentials e/*, with frequency
f = C'B;, where C’ is a universal constant and [ > 0. Thus, up to choosing |m| larger, we can require
that we always have | f| < 1/2. Hence, we are left with integrating oscillating exponentials e/ +®7
where | f + | > 1/2 (since |w| > 1). A simple integration is enough to conclude the proof of the claim.
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This yields the bound
J(k,n,w,t) < Cpy, (4-10)

where C is a universal constant. Moreover, we see that r¢(s) = O for all s > T 1; thus we have
Jk,n,w,t)=0 forallt > T4;. 4-11)

From this we may infer the bound

) <C Y B (4-12)

k>k(t)

where we set k(¢) to be the smallest nonnegative integer such that ¢ < Ti4;. Using moreover the fast
decay of B, we may further bound, up to taking a larger C,

a(t) < Chq)- (4-13)
4.3. Estimates on B(t). As for S(t), we see that, for all z, there is a unique /() such that r;(t) =0 as
soon as k # [(t); thus we find that

B() = 4ri)(1). (4-14)
This yields the bound

N N
/ B(o)do < 4/ ry(0)do < Ck(s) +1);
f 0
indeed, we see that the integral of r; over R is a constant independent of k.

4.4. Conclusion of the estimates on ¢¥. We may thus bound, for r < Ty,

Ty

N lp < C(,Bk(t) + Bi(s)Bis) exp(C(k(s) + 1)) dS)- (4-15)

Now, from the construction of (r¢(s)), we have [(s) > k(s), and thus B« < Bk(s). Therefore, for t < Ty,

we have
Ty

I @)l < c<ﬂk(,> + | Bl exp(Clk(s) +1)) ds>. (4-16)

Now, k(s) is equal to k£ on an interval with measure /; such that [; 8 is equal to a constant, yielding the
bound
ey @l < C(ﬂkm + > ﬂkec"). (4-17)

k>k(t)

As By is decaying faster than a double exponential, we finally have,

forall 1 < Ty, [l )l < Chrne™™. (4-18)
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5. Cauchy sequence and conclusion

5.1. Cauchy sequence. We now prove that (¢V) is a Cauchy sequence in /' (Z). Set M > N. We look at

the equation satisfied by ¢ — ¢V:

Tn
(epf =)0 =— Z/ () — eh) () vuom () (€' “mr® — e'®nn®) ds + M (Ty)
t

meZ?
A

m¢rres(”) T mgres(n)
Thus

Ty
(M — Myl <2 / 1™ — MY a1 ds + 1 (Tn)) |l
t

55| i
n m¢l"res(n) y
+Z Z ‘f am(s)vn m(s)e mens

T mgTies(n)

Ty
<2 / M — MY I ds + CBrryye* ™ + CBrery
t

Tn
S 2/ 1M = MY Il Wals)) |l ds 4 CBy—1eCN D,

Using the backward Gronwall lemma,

TN S
(M —cMy@e)lip < CﬁN_leC“V—“(l + [ B exp( / B(o) da) ds), (5-1)
t t

where B(s) = 2||(v,(s))l;1. We know that B(s) = 4r;5)(s), and thus f; B(o)do < C(k(s)+1). We have

Tn
(e —cMyenlip < CﬂN_leCW—”(l - Br(s) exp(Ck(s))ds) (5-2)

This upper bound decays to 0 as N, M — oo if we fix ¢. This shows that (c"V(¢)) is a Cauchy sequence
in /'(Z?), and it thus converges to a c(¢) such that, using integral form of the differential equation,
b = a + c is a solution to (RFS). We have, moreover,

[ (ca ()l < CBrirye ™, (5-3)

and this upper bound decays to 0 as t — 400, as expected.

5.2. Growth of the Sobolev norm: qualitative result. In order to conclude, we recall that ||(a,(¢))|;2 is
preserved and that, for all ¢ > 0, there are at most five of the a, that are nonzero. Therefore, we have,
on the one hand, that a; = O for |k| < |m,| and for all ¢t > T,,, and, on the other hand, that there exists
|k| = |m,| such that |ax(¢)| > €, where ¢ > 0 is a universal constant. Now, if we set N large enough, we
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can ensure that ||(c,(¢))||p < &/2 for t > Ty. Therefore, for all + > Ty with N large enough, there exists
|k| = |my| such that by = ay + ¢y satisfies |by| = ¢/2. Now, this ensures that,

forallt > Ty, [1(bu()llms = kI*|br] = (/2)Imn ]’ (5-4)

This already yields a qualitative result for Theorem 1.1, as we already proved in Section 3.4 that the
potential V along with all its time derivatives are decaying in all Sobolev norms when ¢t — 4-00.

5.3. Quantitative estimates on the growth rate. We now investigate the quantitative bounds that we can
hope to get on the rate of growth.
We first see that 7, < CB,” 1 using the fast decay of 8,,. Moreover, as |[,| < C"n!, we find that

T, < exp(C"n!log(C"n')). (5-5)
This yields the lower bound
[(Ba @) lms = Slmaenyl’ (5-6)

where 6 > 0 is a constant and n(¢) is the largest integer n such that exp(C"n!log(C"n!)) < t. Now, we
know moreover that |m,| > c(n — 1)!, thus leading to the lower bound

lu@)l s = ec® ((n(r) — DY*. (5-7)
In order to obtain better bounds, take n > 0. We first use Stirling’s formula

ni~ (L) Vo, (5-8)
which ensures that, provided » is large enough,
C"nlog(C"n!) < (14 nn)d+mn", (5-9)
Now set f(x) := x”*. We find that, provided
F(d+mn) <logt (5-10)
and provided »n is large enough, we have n < n(¢). Now, provided n is large enough, we also have

(n—D!'> (1 =nn)="" = £((1 —nn). (5-11)

Thus, setting E(x) to be the largest integer k such that k < x, we can find a lower bound of the form

1 _ N
()| s > (cf(ﬁE(fl(IOg r))))

S (1_77)2 —1 (1_77)2 -1 . .
= cgp€Xpls f(ogt)log| ——— f~ (logt) (provided ¢ is large enough)
l+n 1+7n
(1—- 77)3 —1 -1 . .
> Cs .y €xpls mn f~(logt)log(f~ (logt)) (provided ¢ is large enough)
n

> ¢y, (log 1) 1=/ +0)
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As we may choose 1 arbitrarily, we find that, given any &, s > 0, there exists cs ¢ > 0 such that, for ¢ > 1,
lu(@)ll s > cs,s(log 1)* 1, (5-12)
thus concluding the proof of Theorem 1.1.

5.4. Estimates on the decay rate of V. We now prove similar upper bounds on the decay rate of the
potential V(¢). Fix s > 0 and m € NU {0}. Thanks to (1-4), we may bound

107V (£, ) ms < el Mol (5-13)

where M = M,, s > 0 and k() is the unique k > O such that ry¢) 7 0. We may furthermore infer from
the previous subsection that, given § > 0, there exists c¢s > 0 such that

k() = cs(logt)' . (5-14)
Thus
197V (¢, )|l gs < Csexp(My,.s — (log)' =) (1 — 8) loglog t). (5-15)

As this holds for all § > 0, we may conclude that, for all § > 0, there exists C; ,, s such that
187"V (2, )l s+ < Cs.m.s exp(—(log1)' ) loglog ). (5-16)

As this yields a quantitative bounds for the decay of V/, it should be noted that it is subpolynomial in the
sense that the upper bound decays slower than ¢ ~¢ for all ¢ > 0. It doesn’t seem that we can improve
the bound, as, on [Ty, Tx+1], ||V (¢)|| g1 is of order By and Ty is of order ﬂ;il. As forall e > 0
asymptotically we have B3 | < By, we thus cannot hope for a better bound.
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