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UNIFORM CONTRACTIVITY OF THE FISHER INFINITESIMAL MODEL
WITH STRONGLY CONVEX SELECTION

VINCENT CALVEZ, DAVID POYATO AND FILIPPO SANTAMBROGIO

The Fisher infinitesimal model is a classical model of phenotypic trait inheritance in quantitative genetics.
Here, we prove that it encompasses a remarkable convexity structure which is compatible with a selection
function having a convex shape. It yields uniform contractivity along the flow, as measured by an
L version of the Fisher information. It induces in turn asynchronous exponential growth of solutions,
associated with a well-defined, log-concave, equilibrium distribution. Although the equation is nonlinear
and nonconservative, our result shares some similarities with the Bakry—Emery approach to the exponential
convergence of solutions to the Fokker—Planck equation with a convex potential. Indeed, the contraction
takes place at the level of the Fisher information. Moreover, the key lemma for proving contraction
involves the Wasserstein distance W, between two probability distributions of a (dual) backward-in-time
process, and it is inspired by a maximum principle by Caffarelli for the Monge—Ampere equation.

1. Introduction
Let us consider the nonlinear model
F,=TI[F,—1], neN, xeR, (1-1)

describing the evolution of the distribution F,, = F, (x) of a one-dimensional trait x € R, subject to sexual
reproduction and the effect of selection at each generation. The operator 7 above is defined by

TIF1(x) := e ™ B[F](x), x eR, (1-2)

BIF](x) := // G(x _ A +X2)F(x1) F) dn, xeR (1-3)
R2 2 | Fll

for any F € Lﬂr (R)\ {0}. On the one hand, the operator B describes the distribution of traits of descendants
of the previous generation Fj,_|, arising as recombination of parental traits in agreement with Fisher’s
infinitesimal model [1919], which is a classical model in quantitative genetics; see also [Barton et al.
2017]. Accordingly, the mixing kernel G is set to a centered Gaussian distribution with unit segregation
variance without loss of generality, namely

-2y eR. (1-4)

G()C) = We y
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On the other hand, the trait-dependent mortality function m = m(x) > 0 represents the effect of selection
on the population, which acts multiplicatively over the descendants. In other words, the multiplicative
factor e 7™ in (1-2) represents the survival probability to the next generation of individuals having the
trait x. We note that the time-discrete generations n € N are assumed nonoverlapping since, altogether,
F,, describes the distribution of those offspring of F,_; having survived after the selection step, and then
different generations do not get mixed; see [Calvez et al. 2024] for further insight.

As the model is tracking only one trait distribution, it applies either when individuals are hermaphroditic,
or when the traits are equally distributed between male and female individuals within the population. We
refer to [Barton et al. 2017] for a comprehensive presentation of the model, its derivation and its limitations.

The goal of this paper is to extend the studies initiated in [Calvez et al. 2024] to a broader class of
selection functions. Specifically, when m is a strongly convex function we prove asynchronous exponential
growth [Webb 1987] of solutions to (1-1). In other words, we derive quantitative rates for the relaxation
of the solutions {F; },en of (1-1) to a strongly log-concave quasiequilibrium of the form A" F, where
A >0and F € L'(R) NP(R) is an appropriate probability density. The fact that the quasiequilibrium is
strongly log-concave is crucial in our approach and will be present throughout the paper.

Definition 1.1 (log-concavity). Consider any nonnegative function F =e~" : R? — R,:

(i) F is said to be log-concave when V is a convex function.

(ii) F is said to be strongly log-concave with log-concavity parameter ¥ > 0 (or y-log-concave) when
V is a strongly convex function with convexity parameter y (or y-convex).

When the potential function V is in C?(R¢), we can equivalently formulate log-concavity in terms of
second-order derivatives. Namely, F is log-concave when D?V > 0, and F is y-log-concave when
D*V > ylI,.

We remark that in order for an ansatz of the form F,,(x) = A" F (x) to define a solution to (1-1), we
need that the pair (%, F) solves the nonlinear eigenproblem

AF=TI[F], xeR,

F >0, /RF(x)dx —1. (1-5)

Hence, the possible quasiequilibria are to be found as solutions to (1-5). Note that contrarily to the special
quadratic regime treated in [Calvez et al. 2024], the Gaussian structure can no longer be exploited and, in
particular, the existence of solutions to (1-5) is unclear. Indeed, the above nonlinear integral operator is
1-homogeneous but nonmonotone, and therefore the Krein—Rutman theorem [Mahadevan 2007] cannot
be applied as it has been done in other (usually linear) problems in population dynamics [Berestycki
et al. 2016; Li et al. 2017]. Hence, the study of the nonlinear evolution problem (1-1) and the nonlinear
eigenproblem (1-5) requires innovative ideas.

Throughout this paper, we address jointly the following two problems: (i) existence of a strongly
log-concave solution (A, F') to (1-5), and (ii) quantitative relaxation of the solutions to (1-1) towards the
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quasiequilibrium A" F. We make the crucial hypothesis that m is a strongly convex function,

m’ >a for some o > 0. (HD)

The function m necessarily reaches its minimum value over R. For convenience, we assume the following
additional hypothesis without loss of generality:

m=>0 and m(0)=0. (H2)

The L relative Fisher information Z, plays a pivotal role in our analysis, as it measures the contractivity
along the flow (see methodological notes below). It is defined as follows, for a pair of functions
P,QeLL®NC'(R):

To(PI0) = | L (1og £ (1-6)
0 =175 og o)l -
Theorem 1.2. Let m € C2(RY) satisfy (H1)—(H2). Then, the following statements hold true:
(i) (existence of quasiequilibrium) There is at least one solution (A, F) to (1-5). In addition, F = e~ Ve
L#([RE) NC*®(R) is B-log-concave, where 8 > % is uniquely defined by the relationship
pmatF (1-7)
=« . -
1428
Moreover, (A, F) is the unique solution to (1-5) among all pairs (A, F) such that
d F
—(log — L*(R). 1-
dx(OgF>€ ®) (1-8)
(i1) (one-step contraction) Consider any Fy € L fr(R) N CY(R) such that
d Fo
——(log—= ) e LR H
dx(OgF>e ®). (H3)
and let {F,},eN be the solution to (1-1) issued at Fy. Then, we have
Zoo(Fu || F) < Too(Fu—1 |l F) (1-9)

1428
foranyn e N.

(ii1) (asynchronous exponential growth) Consider any Fy € LL([R{) NCY(R) satisfying the assumption
(H3) above, and let {F,},cn be the solution to (1-1) issued at Fy. Then, we have

[ Fnll L 2y
—L _al=cC : (1-10)
[ FptllLt 1+2p

DKL( Fo 'F)<C( 2 >2n (1-11)
| Follz - \1+28
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for everyn € N, where C > 0 is a explicit constant depending on Fy, and Dxy is the Kullback—Leibler
divergence (or relative entropy), that is,

DxL(P|Q) := / log<w>P(x) dx, P,Q¢€ L}F(R) NP(R). (1-12)
R Q(x)

Remark 1.3 (case of quadratic selection). For quadratic selection m(x) = %a |x|?, we have that m
satisfies the hypotheses (H1)-(H2) in Theorem 1.2, and then our new result applies. Such a special case
was studied in detail in [Calvez et al. 2024], where in particular it was proven that there is a unique
eigenpair (A, F) of (1-5), which involves a Gaussian eigenfunction F (x) = G ,2(x) with variance 02>0

satisfying
1 1
_2 = +

_— 1-13
o 14+02/2 (1-13)

In particular, F is (1/0?)-log-concave (see Definition 1.1), which is compatible with our new result
in view of the identity 0> = f~! stemming from (1-7) and (1-13). Furthermore, the contraction factor
in (1-9) predicted by Theorem 1.2 also recovers the one obtained in [Calvez et al. 2024] for quadratic

2 GB+2a)—y(B+2a)2 -8
1428 2
which agrees precisely with the contraction factor found in [Calvez et al. 2024, Lemma 6.3].

selection. Specifically,

’

Remark 1.4 (close-to-equilibrium initial data). In contrast with [Calvez et al. 2024], where the above
framework was restricted to m(x) = % o |x|? but generic Fy € M1 (R), Theorem 1.2 applies to a broader
class of selection functions satisfying (H1)—-(H2) at the cost of restricting to initial data fulfilling the
hypothesis (H3). Specifically, such a condition imposes a precise behavior of the tails of Fy, which must
be very close to those of the eigenfunction F (in particular, two Gaussian initial distributions should have
the same variance).

Remark 1.5 (conditional uniqueness). Another difference with [Calvez et al. 2024] is that the current
approach does not guarantee global uniqueness of solutions to the eigenproblem (1-5), but only within
the class of eigenpairs satisfying (1-8). Nevertheless, we conjecture that global uniqueness holds true, as
in the quadratic case m(x) = %a |x|%. Proving global uniqueness would require a careful control of the
behavior at infinity, in the spirit of [Calvez et al. 2024], which is beyond the scope of this paper.

Remark 1.6 (on the convexity assumption). The convexity assumption (H1) ensures that » must have
a unique minimum. It implies that the quasiequilibrium F obtained in Theorem 1.2 is log-concave,
as a consequence of the Prékopa—Leindler inequality. In the presence of multiple local minima of m,
it was proven in [Calvez et al. 2019, Corollary 1.5] that several quasiequilibria could coexist in the
time-continuous version of (1-1) provided that the variance of kernel (1-4) is small enough (in original
units). That is, in the case of nonconvex m there is evidence that the generalized eigenproblem (1-5) may
admit nonunique solutions, in contrast with general conclusions of the Krein—Rutman theory in the linear
case. This is illustrated by numerical simulations shown in Figure 1, where two different quasiequilibria
(one of them bimodal) are found numerically if m has two minima. A similar behavior can be observed
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(b) Nonuniqueness of quasiequilibria for the double-well selection function.

Figure 1. (a) Double-well selection function m(x) = 0.015((x — 3)? + 1)(x + 5) used in the
simulations. (b) Time-evolution of the normalized profiles F,/| F,||;1 up to generation n = 40
(solid line) for two different choices of initial datum Fy. On the left, Fy = 1;_35,.5) leads
to concentration near the left (globally) optimal trait. On the right, Fy = 1;_; 535 leads to
concentration near the right (locally) optimal trait.

in a population adapting to a heterogeneous, patchy environment, when each patch is associated with a
different optimal trait [Dekens 2022]. The same conclusions also hold for the (continuous) time-marching
problem in [Raoul 2021; Patout 2023; Guerand et al. 2025].

Remark 1.7 (log-concavity and contraction factor). For any « > 0, we have that the log-concavity

parameter § in (1-7) and the corresponding contraction factor —5= in (1-9) satisfy the properties

1+2/f3

2
a0 = ﬁ\_ad1+2,8
a0 = ﬂ/ooandl 2ﬂ\0

See Figure 2. In particular, we have genuine contraction in (1-9) since 0 < < 1 for every o > 0.

l+2ﬁ

Remark 1.8 (one-dimensional traits). In this paper we restrict to one-dimensional traits, but note that
an analogous version of (1-1) and (1-5) makes sense in higher dimensions yet. In fact, these were studied
in [Calvez et al. 2024] for quadratic selection functions. However, a higher-dimensional version of our
result for generic strongly convex selection function would require some nontrivial improvements of the
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Figure 2. Plot of the log-concavity parameter S of the eigenfunction F (left) and the contraction

parameter ﬁ in Theorem 1.2 as a function of « (right).

present methods. Just to emphasize some nontrivial obstructions, we remark that our approach exploits
a maximum principle for the Monge—Ampere equation in convex but not uniformly convex domains,
as described below. In this setting, it is not even clear why the standard elliptic regularity should hold
up to the boundary, as in the seminal work [Caffarelli 1996]. In two-dimensional domains with special
symmetries, this theory has been developed recently in [Jhaveri 2019], but a higher-dimensional extension
would require further work which goes beyond the scope of this paper. The extension to any dimension was
achieved in [Khudiakova et al. 2024], which was released during the time of revision of the present work.

Bibliographical notes. This work can be viewed as another step in using optimal transportation tools
for nonconservative problems arising in biology. The connection between the Fisher infinitesimal model
and the L? Wasserstein distance was spotted by G. Raoul [2017] (see also [Mirrahimi and Raoul 2013]
for similar results in a different context of protein exchanges between cells). In fact, when there is no
selection (that is, m = const.), the operator 7 is nonexpansive for the latter distance. Contraction cannot
be expected because of translational invariance. Nevertheless, it is contractive with rate 1/+/2 in the class
of distributions having the same center of mass (the latter being preserved by the flow) [Raoul 2017,
Theorem 4.1 and Corollary 4.2]. This remarkable structure was further exploited by G. Raoul [2021] in a
perturbative setting, when selection is small (in amplitude), and restricted to a compact interval (m is
constant beyond a certain range). More precisely, G. Raoul proved that the dynamics is well captured by
some averaged quantities (“moments”) of the Gaussian distribution coupled with the selection function,
provided that the initial data is well-prepared, in the basin of attraction of the stationary state, and the
amplitude of selection is small enough. For that purpose, he carefully established that the contraction
issued from the infinitesimal operator was robust enough to dominate detrimental effects due to selection.
Note that the later references consider overlapping generations, that is, a continuous-in-time rather than
discrete dynamics. However, some fruitful analogy can be drawn between the results and methodology.

In parallel, the regime of small segregation variance (when G (1-4) has variance 2 and ¢ is small
enough) was investigated by [Calvez et al. 2019; Patout 2023] in another perturbative setting, without
exploiting the Wasserstein metric structure. This methodology built upon the seminal works on vanishing
viscosity limits associated with linear (asexual) modes of reproduction in quantitative genetics models
[Diekmann et al. 2005; Perthame and Barles 2008; Barles et al. 2009]. Interestingly, it was proven in
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[Calvez et al. 2019] that the problem (1-5) lacks uniqueness in full generality. More precisely, it was
possible to build a solution to (1-5) centered in the vicinity of any local minimum of m, provided that the
selection value at the local minimum is close enough to the global minimum. This result gives a clear
separation with linear, order-preserving operators (and nonlinear extensions [Mahadevan 2007; Nussbaum
1988]) for which (1-5) genuinely admits a unique solution (under standard irreducibility assumptions); see
Remark 1.6. The Cauchy problem initialized with some concentrated initial data was further investigated
in [Patout 2023] (in a multiplicative perturbative approach) and more recently in [Guerand et al. 2025] (in
a moment-based approach), still in the regime of small segregation variance. The case of zero segregation
variance was the subject of the recent [Frouvelle and Taing 2025].

Heuristically, uniqueness of the (nonlinear) eigenpair (A, F) is rather clear when the selection function m
is convex, and [Calvez et al. 2024] was a first contribution in this direction, restricted to m(x) = %oz lx]2.
By exploiting the quadratic structure of the operator 7 in (1-2) (which involves products and convolutions
by Gaussian density functions), it was possible to prove asynchronous exponential growth towards the
explicit Gaussian distribution of equilibrium F, starting from any initial configuration Fy. This was
achieved by a careful study of the binary tree of ancestors, together with explicit change of variables in
a high-dimensional integral, to prove a sort of concentration of measure estimates. More precisely, it
was shown that the traits of the ancestors decorrelate sufficiently fast, backward in the tree, from the
trait of the individual at generation n. This implies that the dependence of the trait distribution F, at
generation n upon the initial distribution Fy diminishes exponentially fast. Asynchronous exponential
growth is a consequence of this observation, which is a backward feature.

Last, but not least, let us mention that both the infinitesimal model (1-2), and the relative information
(1-6) (or rather (1-18) below) date back to a couple of seminal works [Fisher 1919; 1922] respectively on
seemingly different purposes; see [Stigler 2005] for a discussion.

Methodological notes. In the present study, we push further the observations of [Calvez et al. 2024]. We
identify a key mechanism ensuring a one-step contraction for the flow (1-1). This can be summarized
roughly as follows:

For any two given individuals with traits X and X' respectively, the associated parental traits
(X1, X2) and (X}, X}) are closer to each other than X and X' are, in some sense.

See also [Garnier et al. 2023, Appendix F.2] for a visual explanation. To make sense of this contraction,
we shall work with the L> Wasserstein distance, denoted by W, (in contrast with the L? Wasserstein
distance). This naturally leads to estimates on the so-called L relative Fisher information Zo, (1-6)
(in contrast with the (L?) relative Fisher information Z5, see (1-18) below). The core estimate (1-9) is
forward-in-time, and it naturally arises as a dual estimate of a backward-in-time estimate analogous to
the work in [Calvez et al. 2024].

A forward-backward argument. We propose a short warm-up to this argument, which may help the
reader follow our method (without details of the proofs). Indeed, one complication of our setting is that
each individual has two parents, so that the dimension of the distribution doubles at each generation.
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Nonetheless, the same methodology can be applied to the case of a single parent, which boils down to a
linear operator. We thus consider, temporarily, the linear operator

A[F]1(x) := em(“f G(x—y)F(y)dy, xeR, (1-14)
R

in place of the above nonlinear operator 7 in (1-2). In this simpler case, the Krein—-Rutman theorem can
be applied (at least formally), and there exists an eigenpair (A, F') of the linear eigenproblem (1-5) with
T replaced by .A. Now, consider any solution {F};},,cn to the time-discrete problem (1-1) with 7 replaced
again by the linear operator .A. We may introduce the associated relative distribution u, = F,,/(A" F) to
follow the trend of F), across generations. It satisfies the equation

Ja G = Vup—1(y) F(y)dy

2(X) = = | P(x;y)un ; N, R,
n (x) [ Ga—2F(ds /R(x Vin—1(y)dy, neN, xe

where the x-dependent probability distribution function P(x; -) is defined as

Gx—y F(y)
JrG(x—2) F(2)dz’

P(x;y) = x,y€eR, (1-15)
and it can be interpreted as the transition probability from trait y to trait x. The fact that it is a probability
distribution function, f P(x; y)dy =1, is immediate by the choice of the normalization, which is such
that constant functions u, = const. are invariant by the flow.

Next, it can be proven that, if F is strongly log-concave, then we have

Woo(P(x;-), P(x';+)) <«k|x —x], (1-16)

where x € (0, 1) is related to the modulus of convexity of V = —log F. By duality, this backward
contraction estimate results in the forward estimate (see Lemma 2.4)

d d
|~ dogun) sxuaaogun_oﬂw,

LDC

which, by iteration and using the L relative Fisher information, can be expressed as
Too(Full F) < k" Loo (Foll F). (1-17)

As mentioned in Remark 1.8, the key estimate (1-16) is a consequence of the maximum principle on the
Monge—-Ampére equation for the optimal transportation plan between P (x; -) and P(x’; -). Interestingly,
this is an argument borrowed from the theory of conservative equations, whereas our problem is not. The
trick is to match an individual to its ancestor, which is obviously a conservative process, backward-in-time.

Analogy with the Bakry—Emery argument. There is some analogy between our results and the standard
Bakry—Emery method for exponential relaxation towards equilibrium for the gradient flow of some
displacement convex “entropy”, for instance, the Fokker—Planck equation with a convex potential [Bakry
1994; Arnold et al. 2001; Villani 2003; Bakry et al. 2014]. Indeed, from (1-9) (alternatively (1-17) in the
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linear case) we obtain exponential convergence on a quantity which is the L™ analog of the usual (L?)

d P
ii(oxg)

Recall that, in the usual Bakry—Emery argument, the exponential convergence is established at the level

relative Fisher information,
2

P(x)dx. (1-18)

L(P|Q) 22/

R

of the dissipation of entropy, that is, the usual relative Fisher information [Villani 2003]. In turn, the
exponential relaxation of the dissipation is intimately linked with the displacement convexity of the
entropy functional (essentially because the gradient flow is differentiated, which leads to the second
derivative of the entropy functional). In our argument, it is the convexity of V = —log F which induces
the geometrical relaxation of the uniform relative Fisher information.

Connection with another projective metric. The uniform relative Fisher information (1-6) may also be
viewed as a kind of first-order version of the Hilbert’s projective distance associated with the cone of
nonnegative functions, that is,

o Py _ P(x) . P(x)
A 0= °S°(1°g Q) =suplog 5y TR oy

The latter distance is well-suited for the analysis of 1-positively homogeneous, order-preserving operators
[Nussbaum 1988]. An obvious reason is the projective character of that metric [Nussbaum 1994], which
makes it insensitive to the exponential growth (or decay) O(A"). This character is also shared by Zo, (in
contrast with 7).

A linear argument, even in the nonlinear case. The previous discussion focused on the linear operator
(1-14) for the sake of clarity. Interestingly, the nonlinear case under study (1-2) also involves a linear
argument when formulated backward in time. Similarly, define the relative distribution u,, = F,,/(A" F),
where the pair (A, F) is the strongly log-concave solution to (1-5) from part (i) in Theorem 1.2. Then, u,
satisfies the forward-in-time nonlinear problem

1
Up(x) = —————— // P(x; x1, x0)up—1(x)up—1(x2) dx1dxy, neN, x eR, (1-19)
ltp—1 Fllpr JJpa

where the function P (x; x1, x2) is explicitly defined as

G(x = 3(x1 +x2)) F(x1) F(x2)
[ G(x — A(x} +xb)) F(x}) F(x}) dx; dx}’

Since P is normalized with respect to the variables (x;, x;), it can be regarded as a Markov kernel with

x eR, (x1,x) € R% (1-20)

P(x;x1,x) =

source x € R and target (x1, xo) € R? representing the probability of transitioning from the trait of the
offspring x to the traits of the parents (x1, x2). In Lemma 2.6, we prove the very same contraction estimate
as in (1-16) for the family of Markov kernels P indexed by its first variable x. The key difference is
that this Markov kernel makes the transition between u,, and u,_; ® u,_; due to the joint distribution of
parental traits (the nonlinearity, in fact). This is rescued by an appropriate tensorization property of the
relative Fisher information, which is expressed in Lemma 2.4.
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A close-to-optimal result despite a nonoptimal argument. The rate of contraction ﬁ coincides with
the optimal one in the quadratic case (see Remark 1.3). However, there is a nonoptimal step in the
proof. Indeed, our key contraction estimate (1-16) is a consequence of the maximum principle on the
Monge—Ampere equation satisfied by the Brenier transportation map between the joint distributions of
the parental traits (X, X») and (X}, X}). There is some subtlety here to be noticed, as the contraction is
set for the L°° Wasserstein distance (maximum of the optimal transportation displacement), whereas the
Brenier transportation map used in our argument is optimal for the L? Wasserstein distance. Nevertheless,
in the quadratic case, the transportation map is simply a translation, so that it comes with the same cost,
measured either in (weighted) L? or in L

In the recent contribution [Khudiakova et al. 2024], the authors used a different approach based on
Langevin dynamics to make the connection between the two joint distributions. Hence, they bypassed the
use of the Brenier map. Their approach is much simpler, and it enabled them to extend the result readily to
higher dimensions. These results were originally motivated by a computation in a previous version of our
paper, where we obtained an upper bound on the displacement |7 (x) — x ||, for the Brenier map between
a strongly log-concave density and a perturbation of it. In the current version, such an estimate cited
by [Khudiakova et al. 2024] is not crucial, as the important one concerns the displacement ||7(x) — x||;
(see Sections 2.3 and 2.4) and interpolating £, estimates from ¢, ones worsens the coefficients (see
Remark 3.1). We have moved the ¢, estimates to Appendix C for an easier readability. In [Khudiakova
et al. 2024], the authors bypass this delicate issue of choosing ¢;- rather than ¢,-based distances by

establishing some fruitful anisotropic version of our Corollary C.2.

Organization of the paper. In Section 2 we provide a sketch of the proof of the one-step contraction
property in Theorem 1.2(ii) under an additional technical condition. In Section 3 we derive the fundamental
contraction property of the one-step transition probability of the problem under the W, ; Wasserstein
distance (see definition below), thus removing the technical condition used in the sketch of proof of
Section 2. In Section 4 we analyze a truncated version of the time-marching problem (1-5) to bounded
intervals, which will be necessary in the next part. Section 5 focuses on proving the existence of strongly
log-concave solutions of the nonlinear eigenproblem (1-5) as claimed in Theorem 1.2(i). In Section 6
we prove asymptotic exponential growth of (1-5) for restricted initial data (H3) as in Theorem 1.2(iii).
Finally, Appendices A and B contain some technical results to alleviate the reading of the paper.

Notation.  (vector norms) Throughout paper, R? will be endowed with the various £, norms, namely,

for any z = (21, ..., 2q) e R4 and any 1 < g < oo we define
(Zfl_l IZilq)l/q if 1 <g < oo,
lzllg :== - . (1-21)
maxi<j<g |Zil if g = o0.

The associated £, and £, open balls centered at O with radius R > 0 are respectively denoted by

Br:={zeR’: |zl < R},

1-22
Or:=1{z€R’: |zl < R}. (122
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o (characteristic function) Given any set A C R?, we will denote the associated characteristic function of
convex analysis by x4 : R — (—o00, +00], which is the mapping defined by

0 ifzeA,

1-23
+oo ifze R\ A. (1-23)

xa(z) == {

« (measure spaces) We denote by M (R?) the space of finite Radon measures, endowed with the total
variation norm, and M T (R?) represents the cone of nonnegative finite Radon measures. Similarly, P(RY)
is the subspace of probability measures, endowed with the narrow topology except otherwise specified.

o (Wasserstein metrics) For any 1 < p < oo, we define the L? Wasserstein space
Py(RY) = {P e P(RY) : /Rd|z|p P(dz) < oo} if 1< p < oo,
Poo(le) ={P € P(Rd) : supp P is compact}.

Similarly, we consider the L? Wasserstein metric associated with the £, vector norm of R?. Specifically,
forany P, Q € P([R{d) and any 1 < p, g < oo we define

1/p
(- i VP
Woo(P.Q):=( inf [ Iz-2lfy(z.dd) " if1<p<oo,

Weoq(P, Q):= inf y-esssupllz—2Z|,,
o Yel(P.Q) " _ sepe v

(1-24)

where I'(P, Q) is the family of transference plan y € PR x R)? with marginals P and Q. Whilst the
L? Wasserstein distances could be infinitely valued over P(R?), note that they take finite values over
Py (R9) at least, although not exclusively. In particular, note that the L>° Wasserstein distances take finite
values over distributions P and Q that only differ on a space translation independently of their supports
being compact or not. For this reason, throughout paper we shall not restrict to compactly supported
distributions, but in all our computations the involved L°° Wasserstein distances will take finite values, as
it will become clear later in the proofs.

2. Proof of the one-step contraction property

For the reader’s convenience, we provide first the main ingredients behind the proof of the fundamental
one-step contraction property in Theorem 1.2(ii). Here, we shall assume that Theorem 1.2(i) holds
true, i.e., there exists a -log-concave solution (A, F') to (1-5) with 8 given by (1-7) (recall the precise
notion of strong log-concavity in Definition 1.1). We remark that its use will be crucial in our following
argument, but its proof is not apparent with regards to classical approaches based on the application of
the Krein—Rutman theorem. For this reason, a major part of this paper is devoted to rigorously addressing
this question, which will be introduced in full detail in Section 5 of this paper.

2.1. Sharp log-concavity parameter. First, we elaborate on the precise value of 8 given in (1-7). Specifi-
cally, we prove that it amounts to the sharpest possible log-concavity parameter of a generic solution
(A, F) to (1-5). To this end, it is worthwhile to note that the nonlinear operator 7 in (1-2) can be restated
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as the composition of a multiplicative operator and a double convolution operator, namely,

e—m

IE L

T[F]= (GxFxF) (2-1)
for every F € L}F([R{) \ {0}, where we define F(x) :=2F(2x) for x € R. The starting point is to realize
that strong log-concavity is stable under convolutions. This is a classical corollary of the celebrated
Prékopa—Leindler inequality, which reads as follows (see [Saumard and Wellner 2014, Proposition 7.1]
for further details).

Lemma 2.1 (stability of log-concavity under convolutions). Assume that Fy, F, € LL(R) satisfy that F;
are y;-log-concave for some yy, v» > 0. Then F| x F; is also y-log-concave for y > 0 given by

1_1.1
vy v

Let us remark that the above result could be applied to any pair of Gaussian distributions F| and F;
with respective variances 012 and 022 since they are in particular y;-log-concave with parameters y; =1/ ol.z
for i = 1,2. In doing so one finds that the above result is consistent with the classical fact that the
convolution F; x F, of two Gaussian distributions is again Gaussian with variance o= 012 + 022.

In addition, note that the mortality function m has been chosen «a-convex by the hypothesis (H1)
in Theorem 1.2, and then e™" is «-log-concave. Since strong log-concavity is also preserved under
multiplication, and F is 4y -log-concave whenever F is y-log-concave, we obtain that log-concavity must

also be preserved under the full operator 7.

Lemma 2.2 (stability of log-concavity under 7). Assume that F € LL(R) \ {0} is y-log-concave for some
y > 0. Then, T [F] is also §-log-concave for § > 0 given by

2y

5= .
1y

Thereby, log-concavity is preserved by the dynamics in (1-1), and we also obtain that the sharpest
log-concavity coefficient of the eigenfunction F' must be the one given in (1-7).

Lemma 2.3 (propagation of log-concavity). (i) Assume that Fy € LL(R) \ {0} is By-log-concave for some
Bo > 0. Then, the solution {F,},cN to the evolution problem (1-1) satisfies that F, is B,-log-concave for

B, > 0 satisfying the recurrence
2 ﬂl’l*l
1+28,_,

(i) Assume that (A, F) is any solution to the nonlinear eigenproblem (1-5) and that F is strongly

ﬂn =u+ ne N (2_2)

log-concave. Then, F is B-log-concave with 8 given by (1-7), that is,

2p
1428

Proof. Since (i) is clear by Lemma 2.2, we just prove (ii). Recall that for any solution (1, F) of (1-5) with

B=a+

y-log-concave F, we can build F, (x) = A" F(x), which solves the evolution problem (1-1). Therefore,
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the above applied to {F, },en shows that F is §,, log-concave for any n € N with {8}, ¢y satisfying the
recurrence (2-2) above and §y = y. Since 8, — B, then F is also B-log-concave. O

2.2. The renormalized problem. We introduce a renormalized version of the evolution problem (1-1).
Specifically, for any solution { F}, },en to (1-1) we renormalize by the strongly log-concave quasiequilibrium
A" F granted in Theorem 1.2(i). Namely, we set

neN, xeR. (2-3)
By inspection, we obtain that {u, },cn must solve the evolution problem

1
Up(x) = ———— // P(x; x1, x2)up—1(x)up—1(x2) dxy dx; (2-4)
lup—1 Flip JJwe

for any x € R, where P(x; x1, x2) is the one-step transition probability of transitioning from the parental
traits (x1, xp) to the descendant trait x. More, specifically, P(x;-) € L L([R{Z) NPR?) is a probability
density on two variables (x, x2) depending on the parameter x € R which takes the form (recall the
notation F = e~ ")

—Woinn) -y e R, (x1,x2) € R?,

P(x;x1,x):= 700

W(xs xi, x2) = L = Lo + x>+ Vo) + Vi), (2-5)

Z(x):= /f e~ WOxL2) g s
R2

Inspired by our method in [Calvez et al. 2024], we plan to study the relaxation to zero of H % (loguy) || oo
as n grows. Nevertheless, contrarily to the aforementioned paper, we do not need to accumulate a large
enough amount of generations in order to observe some ergodic behavior, but we rather find a precise
contraction of such a quantity after a single step.

2.3. A nonlinear Kantorovich-type duality. Our new approach exploits a nice nonlinear version of a
Kantorovich-type duality which relates the L°° transport distance to the Lipschitz norm of the log of
test functions. This nonlinear extension is reminiscent of the usual Kantorovich duality theorem, which
relates the L' transport distance to the Lipschitz norm of test functions; see [Ambrosio et al. 2008,
Theorem 6.1.1]. More specifically, we remark that the usual Kantorovich duality is fundamental in the
linear setting to establish a general equivalence between the contraction of a forward semigroup under the
Lipschitz norm, and the contraction of its backward (or dual) semigroup under the L' transport distance.
We refer to [Kuwada 2010] for further extensions, yet in a linear setting. In our case, our nonlinear relation
provides a method to derive contraction of a forward semigroup under the Lipschitz norms of the log of
tests functions, once we know that there is contraction of the backward semigroup under a suitable L>
transport distance. Interestingly, our nonlinear relation does not only apply to the linear setting, but also
to our nonlinear setting. To the best of our knowledge, this relation appears to be new. Moreover, it does
not represent an isolated example but there is a full family of related inequalities interpolating between
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the (classical) L' result and the (seemingly new) L result, and which further adapt to L? transport
distances; see Appendix A.

Lemma 2.4 (L*°-type Kantorovich duality). Consider the one-step transition from ug to uy in (2-4),

where it is assumed that ug € C'(R) with ug > 0 and %(log ug) € L*(R). Then, we have

llogui () —logu1 (B)] < | 4= (loguo)| _ Woet (P(x; ), P(: ) 2-6)

In

for any x, x € R. Here, the metric W | represents the L> Wasserstein distance associated with the £,

norm; see (1-24).
Proof. Set x, x € R and assume that
Woo 1 (P (x3 ), P(x;-)) <00
(otherwise the inequality is obvious). Indeed, this will always be the case as we prove later in Section 3.

Then, consider any y € I'(P(x; -), P(x; -)) minimizing the W | transport distance (1-24) and note that

) = ——— / / wo(x1)to(x2)y (dx1, dxz, diy, di2)
||Mo Pl

= W //2 exp(log uo(x1)—loguo(x1)+logugp(xz)—log uo()?z))
O IR xug(X))uo(R2)y (dxy, dxz, d3y, d5s)

< e [ e[ oz |, i x= Gzl Juo ooy @ d, di di)
L! 2

<exp(| Laoguo)|  Wooa (PG, PG B,

where in the next-to-last line we have used the mean value theorem and in the last one we have exploited
the fact that y is minimizer. Then, taking the logarithm at each side of the above inequality ends the
proof. (|

Remark 2.5 (the choice of £; norm). We note that Lemma 2.4 is a particular instance of Proposition A.1
in Appendix A which can be recovered by settingd; =1,d» =2, =1 and

u(xy, x2) == uo(xuo(x2),  (x1,x2) € R%,

However, the special choice g = 1 (that is £; norms) is apparently less clear at this stage since in fact
choosing any other 1 < g < oo would be possible in Proposition A.1 and it would yield more generally

flog s () —logur (8)] = 27| L (ogup) || Woe.y (Px; ), PG5 ) @7

for every x, X € R. Here, the metric W, , represents the L> Wasserstein distance associated with the
£, norm; see (1-24). By the natural relation between ¢; and £, vector norms, we infer that the above
estimate (2-6) is sharper than (2-7), namely

Wo 1 (P(x; ), P(&;+)) <219 W g (P(x:-), P(;-)).
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Therefore, it is clear that whenever ¢ > 1, the additional factor 2'/¢" makes the one-step contraction
factor in next section nonoptimal as compared to the explicit one-step contraction for quadratic selection
m(x) = % o |x|?, as illustrated in Remark 2.7 and detailed later in Remark 3.1.

2.4. Contraction of the one-step transition probability. The last step of our argument requires showing
that the mapping x e R~ P(x;-) € LL(IRZ) NP(R?) is a contraction when the space P(R?) is endowed
with the W, 1 Wasserstein distance in (1-24). Specifically, in the following result we quantify the exact
Lipschitz constant, which will account for the precise contraction factor in Theorem 1.2(ii).

Lemma 2.6 (W, |-contraction). Consider the one-step transition probability P = P (x; x1, x2) defined
in (2-5) in terms of the potential V of the B-log-concave quasiequilibrium F = e~V in Theorem 1.2(i).
Then, the following inequality holds true for every x, X € R:

Woo, 1 (P(x;+), P(X;+)) < lx —xI.

1428

A similar contraction property, with respect to W, distances instead of W, appeared previously in
[Ollivier 2007; 2009] leading to the definition of coarse Ricci curvature of a Markov kernel P (x; - ):
Wi(P(x;-), P(x;-)) g

k(x,x)=1-— — , x, xelR.
lx — x|

Specifically, the above references proved that a positive lower bound on the coarse Ricci curvature amounts
to the aforementioned contraction of the forward semigroup under the Lipschitz norm (or equivalently,
the contraction of the backward semigroup under the L' transport distance [Kuwada 2010]). For heat
kernels in a linear setting, this hypothesis on the coarse Ricci curvature is compatible with the Bakry—
Emery convexity condition and was proved equivalent to the contraction of the backward semigroup in
all W, transport distances [von Renesse and Sturm 2005], including W,,. However, the decay of the
L relative Fisher information has not been addressed in those works, and a nonlinear adaptation of them
does not seem straightforward.

Before entering into the details of the proof of the Lemma 2.6, let us note that putting Lemmas 2.4
and 2.6 together automatically implies the one-step contraction estimate

|4 ogun)| (loguo) | _. 2-8)

- 1+2,B”dx

which can be iterated and propagated into (1-9) in Theorem 1.2(ii) (at generation n), thus concluding this
section. Nevertheless, we remark that Lemma 2.6 is far from straightforward as one typically cannot even
ensure that the above W, 1 distance must be finite because the probability densities P (x; -) and P(x; -)
are supported on the full plane R2.

Remark 2.7 (quadratic selection). In the case of quadratic selection m(x) = % o |x|? studied in [Calvez
et al. 2024], we recall from Remark 1.3 that the unique eigenfunction of (1-5) is the Gaussian F = G ,2
with variance o> = B~ . Therefore, one easily obtains from (2-5) that

2
P(x,x1,x2) ocexp(—2|x — o1 +x)|" = 281x11* — 1BIx2 ).
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Completing squares with respect to the variables (x1, x) we readily find that P(x;-) = G, s is the
density of a bivariate normal distribution with mean and covariance matrix determined by

1 1
(3B

Wy i= (x,x), 2 l:= (4 4 )
1428 i ith

Since X is independent of x, any couple of Gaussians P (x; -) and P(X; -) must agree up to a translation

in the direction joining their means. Hence, the transport cost reduces to moving the center p, of P(x; )
to the center uz of P(X; - ), which yields Lemma 2.6 (with identity indeed):

. 2 .
Woo 1 (P(x;-), P(x; ) =[x — pzll = 1+25|x_x|'

The goal of this section is to prove Lemma 2.6. To alleviate the notation, throughout this section we

let z := (x1, x2) € R?, we fix x, ¥ € R with x # ¥ and then we simplify the notation on the one-step
transition probability in (2-5) by setting p(z) := P(x; x1, x2) and p(z) := P(X; x1, x2), that is,

. W(z) = 1 W (z)
p = — , D = = , 2-9
@ Z ¢ @ Z ¢ @9

where the potentials W and W, and the normalizing constants Z and Z are then given by
2
W (2) := W(x; x1,x2) = 5|x — 3(x1 +x2)| "+ V(xp) + V(x2),
=~ - - 2
W(2) = W(E; x1,x2) = 3|8 — 501 +x2) | 4+ V(x1) + Vi(x2), (2-10)

Z:= Z(x):// e WDd, 7= z()z):// e W@ g,
R2 R2

For any transport map 7 : R> — R? with Ty p = p, note that a possible strategy in order to estimate
the W1 distance is to compute an L° bound for the ¢; associated displacement, namely,

Woot(p, P) < [IT =111 | - (2-11)

Whilst the choice of T is somehow arbitrary at this point, a comfortable one is usually the Brenier map
T : R*> — R? from the density p to the density p, which is characterized as the unique transport map
satisfying Ty p = p and solving the Monge problem [Brenier 1991]

J[ 17 =216 per dz = W00, ),

where W) is the L? Wasserstein distance associated with the £, norm of R?; see (1-24). As we anticipated
in the Methodological notes in Section 1, in many cases this nonoptimal argument leads to no loss of
generality since the W, 1 and the uniform bound of the £; displacement of the Brenier map have the
same order. This was further depicted in the example of the Gaussians from Remark 2.7, where the
Brenier map is a translation, and therefore the transport cost is indeed identical to the displacement.
Our proof of Lemma 2.6 is based on the derivation of a novel L* bound of the ¢; displacement
T — I]|; associated with the Brenier map T between the densities p and p. We derive those bounds
by reformulating such a Brenier map as a solution to a Monge—Ampere equation and using a version
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of Caffarelli’s maximum principle along with the strong log-concavity of our densities. Indeed, by the
strong log-concavity of F in Theorem 1.2(i) we have

> > - (1tB 3 10
—D(, xylogp=—Dg, ylogp > (4 % %j—ﬂ) > B (0 1) )

and then p, p are S-log-concave. The aforementioned strategy recalls the one applied in Caffarelli’s
contraction principle [2000] (see also [Colombo and Fathi 2021; Colombo et al. 2017]) to find Lipschitz
bounds of the Brenier map between strongly log-concave probability densities. Yet, in order to obtain
Lipschitz bounds on the map (i.e., bounds on the Hessian of the potential), it is necessary to differentiate
twice the Monge—Ampere equation; here we only require bounds on the displacement, and we need to
differentiate only once. This recalls more what was done in [Ferrari and Santambrogio 2021], where the
goal was to obtain Lipschitz bounds on the logarithm of the solution of a JKO scheme or, equivalently,
L* bounds of the displacement associated with the Brenier map between two subsequent measures in
the same JKO scheme. Among the important differences, [Ferrari and Santambrogio 2021] was not
concerned with log-concave measures, but required one of the two to be obtained from the other via the
JKO scheme. As another important difference, [Ferrari and Santambrogio 2021] was concerned with £,
displacement bounds, and the choice of the Euclidean ball played a special role. In our setting, in view
of the definition (1-24) of W, 1, the choice of ¢; is not suitable and we focus on £;. For the £; norm,
we obtain new bounds on the Monge—Ampere equation, which lead to the sharp contraction factor, and
which cannot be recovered by interpolation from known ¢, estimates; see Remark 3.1.

For the reader’s convenience, we provide below a formal proof of Lemma 2.6 under the strong additional
assumption that the maximal £, displacement associated with the Brenier map is attained. Whilst true in
particular situations (see Remark 2.7), unfortunately this hypothesis is not necessarily always true, and
thus the rigorous derivation requires further work which we provide in detail in Section 3.

Formal proof of Lemma 2.6. 1t is well known that the Brenier map T : R — R? from p to p takes the
form T = V¢ for some convex function ¢ : R — R. Since p, p > 0 and p, p € C*®°(R?), the regularity
results in [Caffarelli 1992b] imply that ¢ € C°°(R?). Moreover, the change of variable formula implies

)4

det(D*¢) = , zeR% 2-12
et(D°¢) 5ove z (2-12)

As usual we make the change of variables through the displacement potential
V(2) =0 ) —1llzll3, zeR. (2-13)

In view of the relation (2-11), we note that the core of the proof then reduces to obtaining L bounds for
the £; norm of the displacement of the Brenier map, that is,

H(@) = T@) —zlh = IV¥@Ih = 0, ¥ @]+ 10,¥ @), z R (2-14)

We start by restating the Monge—Ampere equation (2-12) by taking its logarithm,

~

logdet(D*yr(z) + 1) = W(V(2) +2) — W(z) + log % e R2. (2-15)
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Taking partial derivatives d,, in (2-15) we have
tr((D>¢) ™' 0, D*Y) = VW(VY +2) - 0, VY + (VW (VY +2) — VW) ¢, zeR? (2-16)

for k =1, 2. Let us assume that H attains its maximum at some z* = (x}, x;) € R? (for the general case
where the maximum is not attained we refer to Section 3) and let us also define the auxiliary function

H (2) := sgn(0, ¥ (2)) 0, ¥ (2) + 520 (00, ¥ (z9)) 0¥ (), 2 € R (2-17)

Then, H must also attain its maximum at z* and it agrees with the maximum of H. In particular, we have
the necessary optimality conditions
VH(z*)=0, D*H(z*)<0. (2-18)

Now, we perform an appropriate convex combination of (2-16) depending on the signs of d,, ¥ (z*) and
0x, ¥ (z*) in order to make the auxiliary function H in (2-14) appear.

Case 1: 9,, ¥ (z*) > 0 and 0y, (z*) > 0. In this case we have H:= 0y, ¥ + 0x,¥. Evaluating (2-16) at
z* and summing over k € {1, 2} we have

tr((D?¢(z*) ' D*H(z*) = VW (VY () +2%) - VA + (YW (VY (2*) +29) — VW) - (1, D).

By the optimality conditions (2-18) and since D?¢(z*)~! is positive definite, the term in the left-hand
side above is nonpositive, and we obtain

(VW (VY (") +25) = VW) - (1, 1) < VW =W)(z) - (1, 1) =% — x.

By expanding the left-hand side we obtain
(VW (VY () +29 - VW) - (1, 1)
IR ACRRE LA

+ V'O v (@) +x) =V &)+ V' (0¥ @) +x3) —V(x3)

2
8xl * 8x2 ¥ * * 1 2 Ty /%
> ’”(Z); V) | gow @ + o@D = 2P f ),

where we have used that in this case dy, ¥ (z*) > 0 and 9y, (z*) > 0, along with the S-convexity of V.
Therefore, we conclude that X > x and

H o — H * — ﬁ * <

1HIlL (%) (z)_1+2ﬁ

Case 2: 0,, ¥ (z*) <0 and 9y, (z*) < 0. This case follows the same argument as Case 1. Indeed, note
now that H = —0y, ¥ — dx,¥. Then, we sum over k € 1, 2, multiply by —1 on (2-16) and we obtain

1428 ~
+2 Pl <x—+

Hence, in this case we obtain x > X and we recover

|x —X].

IH|L~ = H(z*) = H(z*) <

< lx — x|
1+28
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We show below that the other two cases (namely, d,, ¥ (z*) > 0 and 9,,¥ (z*) < 0, or 9y, ¥ (z*) <O
and 9y, (z*) > 0) cannot happen.

Case 3: 0,, ¥ (z*) > 0 and 0,,¥ (z*) < 0. Our goal is to show that this case cannot take place. In this
case, we have H:= 0y, ¥ — 0y, Y. Taking the difference of (2-16) with k = 1 and k =2 we obtain

tr((D*¢ (") ' D2H (M) = VW(VY (2*) +27) - VH () + (VW (Vi (") +2°) = VW () - (1, —1).
Since z* is a maximizer of ﬁ, we have
(VW (VY (") +2%) = VW () - (1, 1) < V(W =W)(z") - (1, = 1) =0

The expansion on the left-hand side is now radically different because the above factor %(8)( V(@) +0x,Y (%)
cancels and now we obtain
(VVV(VIIf(Z*)JrZ*) —VW(Z*)) (1, =) = V'@, ¥ @) +x) = V' (x)) = V' (0, () +x3)+V'(x3)
> B0, Y (21—, ¥ (27) = B H ("),

which implies ||H ||z~ = H(z*) = H (z*) = 0. This is clearly impossible since otherwise T (z) = z for all
z € R?, that is, x = *.

Case 4: 0,, ¥ (z*) <0 and 9,,¥ (z*) > 0. This case cannot happen either thanks to the same argument as
in Case 3 with H replaced by H= — 0y, ¥ + 0y, . Thus, we omit the proof. g
2.5. Proof of the one-step contraction property. With all the above machinery in hand, we are finally in

position to prove the one-step contraction property (1-9) in Theorem 1.2.

Proof of Theorem 1.2(ii). Combining Lemmas 2.4 and 2.6 applied to the solution (2-3) of (2-4) we obtain

d 1 Fy 2 d Fu1
—| log — < — | log
dx F )|~ 14+2|dx F

for every n € N, and this amounts to (1-9). Il

LOO

3. Main contractivity lemma

In this section, we provide a rigorous proof of Lemma 2.6, where the a priori assumption that the maximal
displacement associated with the Brenier map must be attained is no longer required. To do so, we shall
argue by deriving a local version of the lemma valid for more general strongly log-concave densities
f and g compactly supported on an appropriate domain and bounded away from zero on it. More
specifically, we propose to adapt the contribution of the maximum principle to the formal argument above
(Section 2.4) to compact domains. However, since the maximum may be attained at the boundary, the
boundary information is crucial in order to infer information from the nonlinear elliptic PDE (2-12), and
therefore the choice of the domain cannot be made arbitrarily.

We refer to Appendix C for a bound on the maximum of |7 — I||> (in £> norm) for the Brenier map

T : Bg — By between two generic strongly log-concave probability densities f =e~" and g =7V,
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Figure 3. Comparison of the theoretical contraction factor ﬁ in Lemma 2.6, and the contraction

factor % obtained by estimating the £; norm with the £, norm in R?.

supported and strictly positive on an Euclidean ball Bg. Specifically, we obtain
1 ~
Wos2(fo8) < 1T =112 5, = ” VW = Wll2 | L« 5, 3-1)

where y > 0 is the log-concavity parameter of f and g.

Remark 3.1 (inaccuracy of controlling £; by £, norms). We may be tempted to apply this £, estimate to
our setting by setting f and g as truncations of p o< e™ W and p e‘W (see (2-9)—(2-10)) to £, balls and
using the Cauchy—Schwarz inequality to get £, estimates. Specifically, consider an increasing sequence
of balls Bg and set f and g in (3-1) to be the truncation of p and p on such balls. First, recall that

1 /" 1
2 2 2TV (x) i B0
D" W(x1,x) =D W(XI»XZ)—( i ‘_11+V,,(x2)) > (0 )

because V” > 0, and therefore we can set y = B in (3-1). Also note that
V(W —W)(x1, x2) = 5(F = x, §—x).

Altogether this implies the £, estimate

1 =~ 1y1,~ ~ 1
Wooa(f:8) < [IT =1z 1 5,y < G NIV =W)la] oo = 3G =2 ¥ =), = T
and by the Cauchy—Schwarz inequality we also have the ¢; estimate
1 -
Woo1(f:8) = V2Woca(f,8) < glx =5

In particular, we note that such an estimate only provides contraction as long as 8 > 1 and, in addition,
the contraction factor is worse than the one claimed in Lemma 2.6 as depicted in Figure 3.

We refer to [Khudiakova et al. 2024] for a nice and fruitful anisotropic version of (3-1) which enables
us to obtain directly the claimed contraction factor.
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Thus, we need to improve our proof and avoid using the £, norm. This was done, formally, in the
previous section, but we need a rigorous proof which also takes care of the boundary. Let us focus on the
observation made in [Ferrari and Santambrogio 2021, Lemma 3.1] that, for generic f and g smooth on a £,
ball and bounded away from zero on it, the maximal £, displacement of the Brenier map must be attained
at some interior point in the ball. Apparently, the use of £, norms to quantify the size of the displacement
proved extremely well-suited to control the boundary information on £, balls. Interestingly, in the sequel
we show that in order to find precise information about the maximizers for the £, displacement, we need
densities f and g to be supported over £, balls B (see (1-22)). This is the content of the following.

Lemma 3.2 (maximizers in the £; setting). Consider two densities f, g € LL(RZ) NP(R?), assume that,
{zeR*: f(2) >0} ={z € R*: g(z) > 0} = Ok,

where Qp is the L ball (see (1-22)), and suppose that f, g € Cl"s(QR) for somed > 0. LetT =V¢:
Or — Qg be the Brenier map from f to g, define the displacement potential ¥ (2) := ¢ (z) — %Hzll% and
the displacement function quantified in the £| norm

H(z):= T @) =zl = 3, ¥ @I+ 13 ¥ (@),  z€ Ok (3-2)
Then, T € C*%(Qr) and we have the optimality conditions
VH((Z) =0, D?H(z*)<0 (3-3)
for any maximizer z* = (2}, 25) € Qr of H, where H is the auxiliary function

H (2) = sgn(dy, ¥(z")) 0, ¥ (2) + 5200, ¥ (2%) 0, ¥ (), 2z € Or. (3-4)

In contrast with the standard regularity theory for optimal transport, Q is not uniformly convex.
Then, the regularity theory of the Monge—Ampere equation is not directly applicable in full generality.
Specifically, since f,g € C Lo Q g) are bounded away from zero on Q &, we have T e C%9( Q r) by
[Caffarelli 1992a]. However, the lack of uniform convexity may prevent the full elliptic regularity
[Caffarelli 1996], which claims that T is a diffeomorphism of class C>%(Qpg). Fortunately, we can
proceed as in [Jhaveri 2019, Theorem 3.3] which, thanks to a clever symmetrization argument around
each corner of Qr and the classical interior regularity in [Caffarelli 1992b], shows that T is indeed a
diffeomorphism of class C>*(Q ). Moreover, it fixes the corners and sends each segment of the boundary
to itself. This guarantees in particular that H € C*(Qp) and the optimality conditions above make sense,
as shown below.

Proof of Lemma 3.2. We remark that z* € Q g must also be a maximizer of H since we have
H(z) < H(z) < H(") = H(z")

for every z* € Qg by the definitions of H and H in (3-2) and (3-4). Since the maximizer z* may lie in
principle in all Q R, two possible options arise, either z* € Qg or z* € dQg. In the first case, the usual
optimality conditions at interior points yield (3-3). In the second case, namely z* € d O, note that the
result is trivial if z* is one of the four corners since those are fixed points of T and therefore H=0.
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Hence, from here on we will assume that z* € 0 Q is not at a corner, but it lies in the interior of some of
the four segments. Note that at those points we only have to prove that VH (z*) =0. In fact, we remark
that those z* can be approached by interior points from any direction, and then the above readily implies
the second-order optimality condition D*H (z*) < 0. To show that VH (z*) = 0, note that the boundary
d Q g contains four segments:

ST i={(x1,x2) €eR*:x; =R, x2€ [-R, R]}, S§ :={(x1,x)eR?:x; €[-R, R], x=R)},
Sy i={(x1,x) €R*:x; =—R, xa € [-R, Rl}, S, :={(x1,x)eR?:x; €[—R, R], xo=—R).
Since T (dQr) = d Qg and each segment is mapped to itself, we have
¥ (z)=0 ifzeS USy, (3-5)
¥ (z)=0 ifzeSTUS;. (3-6)

By differentiation it is clear that we also have

0¥ (@) =0 ifz€dQr (3-7)
Now, we argue according to the four possible segments of d Qg that z* may belong to.

Casel: z* € Sf“ US| In this case, by (3-5) we have d,,¥(z*) = 0 and therefore we have

H(z) = sgn(@y, ¥ (z%) 3, ¥ (), z€ Ok

Since z* is a maximizer of H, there exists A € R (indeed L. > 0if z* € Sf“ and A <0if z* € §) such that
its gradient at z* equals the multiple A(1, O) of the outer normal vector, that is,

VH(z") = sgn(0y, ¥ (z*)) (gx'xzzg*;) - (g) ’

This implies that the second component of the gradient must vanish, but the first one also vanishes by the
condition (3-7) on the crossed derivative. Then, we have VH (z*) = 0.

Case 2: z* ¢ S;r U S, . In this case, by (3-6) we have 9,,¥ (z*) = 0 and therefore we have

H(z) = sgn(@y, ¥ (z*) 8, ¥ (2), z€ Og.

Since z* is a maximizer of H, there exists A € R (indeed A > 0 if z* € S; and A < 0if z* € §;) such that
its gradient at z* equals the multiple A (0, 1) of the outer normal vector, that is,

VA =sea, v (7)) = (7).

Oxy 0, ¥ (2%) A
This implies that the first component of the gradient must vanish, but the second one also vanishes by the
condition (3-7) on the crossed derivative. Then, we have VH (z*)=0. O

We remark that the unique formal point of the sketch of the proof of Lemma 2.6 in Section 2 which could
break down is the fact that for the global densities f = p and g = p in (2-9)—(2-10) the £; displacement
of their Brenier map does not necessarily attain its maximum. In particular, we may be deprived of the
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optimality condition (2-18), which was crucially used throughout the maximum-type principle sketched
in Section 2. However, Lemma 3.2 does guarantee that the maximum must be attained and the optimality
conditions (3-3) must hold in particular when f and g are set to be the truncation of the densities p and p
on £, balls. In fact, the result does not exploit the special potential V' in the definition (2-9)—(2-10) of
p, b, which corresponds to the potential of the eigenfunction F = ¢~V in Theorem 1.2(i), but it can
actually be replaced by any strongly convex function supported on Q. Since we shall use this more
general version later in Section 4, we state in full generality below.

Lemma 3.3 (maximum principle on ¢, balls). For any y-convex potential V € C 1,8

loc (R) with y > 0, any
x, X € Rwith x #X, and any R > 0 we define f, g € Li(Rd) NP(R?) given by

1 1 ~
f@z;fmﬁ mw=7ﬂmhzeW,

where the potentials W and W, and the normalizing constants Z and Z are
2
W) = 3lx — 51 +x)| 4+ V) + V) + x5, @),
~ - 2
W(2) =55 — 300 +x) | + V) + V) + x5, ),

Z:= f/ e VDaz, 7= /f e V@ g,
R2 ’ R2 ’

and x g, is the characteristic function associated to the L ball Or; see (1-23). Then, the Brenier map
T =V¢:Qr— Qg from f to g satisfies

2 -
Woo1 () < [IT =1 | ngyy = 5, 15 = 1

As explained above, we omit the proof since it follows the formal proof of Lemma 2.6 in Section 2
and the optimality conditions in Lemma 3.2. In particular, by setting V = V (and therefore y = 8) we
have that Lemma 3.3 is directly applicable to the truncations to Qr of the densities p, p in (2-9)—(2-10).

Definition 3.4 (truncation to Q). For the probability densities p, p € L. (R?) N P(R?) given in (2-9)-
(2-10), we define their truncations to the £, ball Qg (see (1-22)) as

1 W 1 &
)= —e" R(Z), pr(z) = N_e_WR(Z)’
Pr( Zn Pr(2) A
Wr@) :=W(@+x5,(), Wr@):=W(@)+xg,),
Zg :=f e~ Wr® gy Zr :=/ e Wr@ dz
R2 ’ R2 ’

for any R > 0, where x Ox is the characteristic function associated to the £, ball Qg; see (1-23).

Then, we are in position to rigorously prove Lemma 2.6 by taking limits R — oo and noting that
Lemma 3.3 yields a uniform bound of the displacement independent of R.

Rigorous proof of Lemma 2.6. Consider p and p given in (2-9)—(2-10) and set the associated Brenier map
T :R?> — R? from p to p. Similarly, we consider the family of truncations p and pp in Definition 3.4
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and we set the associated Brenier maps Tx : R — R2. By the above Lemma 3.3 we have

Tz — 111 ——|x — | (3-8)

for every R > 0. We set the optimal transference plans y € I',(p, p) and yg € I',(pg, Pg) associated
with the W, » distance, which are known to be supported on the graph of the above Brenier maps, i.e.,

y=U,T)sp, vr:=U,Tr)4Pg-

Since the involved potentials W and W are B-convex, we have enough integrability on p and p to ensure
that p, p € P»(R?). Hence, the dominated convergence theorem applies and we have indeed

Pr— P, Pr— P in (PR, Wan).

By stability of optimal transference plans, the sequence yr must converge narrowly to some optimal
transference plan (up to a subsequence); see [Ambrosio et al. 2008, Proposition 7.1.3]. Since the unique
optimal transference plan between p and p is precisely the above y supported on the graph of T, we obtain

yr — ¥ narrowly in P(R?).

Now we use the Kuratowski convergence of the supports under the narrow convergence of measures; see
[Ambrosio et al. 2008, Proposition 5.1.8]. Namely, consider any z € R%. Since (z, T(z)) € supp y, there
exists (z%, wX) e supp yx such that (z%, w®) — (z, T(z)). Since yy is supported on the graph of Tg, we
have zR € Qg and wR = Tr(z%). In particular, we have Tg(z®) — z8 — T'(z) — z as R — oo and by the
above uniform bound (3-8) the same bound is preserved in the limit, that is,

~ 2
Woot(p, P) < |IT =11 |, < 1728

Remark 3.5 (replacing £, balls by £; balls). We note that in Lemmas 3.2 and 3.3 the choice of £ is
crucial. However, this is not the only possible choice and a similar proof could be obtained if replacing
£~ balls with £; balls. It is clear anyway that the shape of the boundary and the norm to be optimized
should satisfy some form of compatibility conditions.

|x — x| O

4. Analysis of a truncated problem

In this part, we study an auxiliary version of the original time marching problem (1-1) restricted to the
bounded interval Ig := (—R, R) with R > 0, namely,

=TrIEX |1, neN, xeR. (4-1)
Here, we truncate the selection function m p as
mpg(x) :==mx)+ x;,(x), xR, (4-2)

where x T is the characteristic function associated to the interval I g (see (1-23)), so that the truncated
integral operator T takes the form

TRIF1(x) := e ’"W)/f ( x1+x2) DY 4 i, xR (4-3)
R2 I1Fll
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Again, solutions of the form FnR (x) = AW®)"FR(x) come as eigenpairs of the nonlinear eigenproblem
ARFR = TR[F®], xeR,

k>, / FRx)dx =1. -4
R

The goal of this section is to derive an analogous truncated version of Theorem 1.2. More specifically,
we study (i) existence of a unique strongly log-concave solution (AR, FR) to (4-4), and (ii) quantitative
relaxation of the solutions to (4-1) towards the quasiequilibrium AR FR

Theorem 4.1 (truncated problem). Consider any m € C*(R) satisfying (H1)—(H2) in Theorem 1.2. Set
any R > 0 and define the truncation mg according to (4-2). Then, the following statements hold true:

(i) (existence of quasiequilibrium) There is a unique solution (\R, FR) to (4-4). In addition, FR == V" €
L fr([RR) NC>®(Ig) is compactly supported on I g and bounded away from zero on it and B-log-concave

with parameter B > 0 given in (1-7) in Theorem 1.2.

(ii) (one-step contraction) Consider any FOR € L}F([R{) N CY(Ig) compactly supported on I g and bounded
away from zero on it, and let {Ff}neN be the solution to (4-1) issued at FOR. Then, we have

FR
(e )], = e (e 5)
SR L(Tx) 1+2,3 dx FR

(iii) (asynchronous exponential growth) Consider any FOR € LL(R) NCY(Ig) compactly supported on Ir

L®(Ig)
foranyn e N.

and bounded away from zero on it, and let {FnR}neN be the solution to (4-1) issued at FOR . Then, we have

FR
1Ml |

2 n
—CR<1+2/3)’
Cl 1+2,3

for any n € N and some constants Cg, C, depending on R and FOR.

IIFR 1z

H ”FR”Ll

As we show below, our proof exploits the overarching local contraction result, Lemma 3.3, to answer
simultaneously both questions. More specifically, our main observation is the following type of contraction
which holds true providing that the initial data FOR is strongly log-concave.

Lemma 4.2 (Cauchy-type property). Let m € C?*(R) satisfy (H1)—(H2) in Theorem 1.2. Consider a
Bo-log-concave density FOR € LL(IR) NCL8(Ig) with Bo>0and 0 < § < 1, compactly supported on Ir
and bounded away from zero on it. Let {F”R tnen be the solution to (4-1) issued at FOR . Then, we have

d (1., ¥ d (| EY,
dx gF dx OgFf_Z

where the sequence {B,}neN is defined by recurrence as in (2-2).

2
Lo(n) 1+2,3n 2

n>?2,

L(Ig)



1860 VINCENT CALVEZ, DAVID POYATO AND FILIPPO SANTAMBROGIO

Proof. For any n € N, we define
FR -
ul(x):= n () , xe€lg,

FnR—l (x)

and note that, arguing as in (2-3), we have that {u, },cn must solve the following analog of (2-4):

| 2l 2||L

R _
) =R
1

// PR(x; x1, x)ul  (epul | (x2) dxy dxo
ORr

for any x € Iz and n > 2. We remark that the system above holds only on I ¢ and the one-step transition
probability PnR (x;-)e LL(Q R)NP(QOR) is not time-homogeneous but it depends explicitly on 7, namely

1
ZR(x)
2
WX x1, x0) == 4x = G +x) [+ VL) + VE, (),

Z;f(x) = // €_W"R(X;x]’x2) dxy dxs,
Or

where we let VX : I — R so that FR = eV, By Lemma 2.2, VR, is B, _,-convex and therefore the
contractivity Lemma 3.3 applies to f = PR(x;-) and g = PR(X; -) with x, X € I leading to

—WR(x;x1,x2)
b

PR(x:x1, x) := e x elg, (x1,x) € Ok,

Woo 1 (PR(x; ) PR<x--))<#|x—X|
00, n ’ s 4 n ’ —= 1—{—2[3}172 .

Therefore, arguing as in Lemma 2.4 we end the proof. g

Proof of Theorem 4.1. Step 1: Proof of (i). Under appropriate assumptions on F; R we shall prove that
||FR||L1/||FR (21 and FR/||FR||L1 must converge as in (iii), and their limit (AR, FR) solves (4-4). We
set a B-log-concave density FOR € L}F(R) NCY8(Ig) with By > B and 0 < & < 1, compactly supported
on I g and bounded away from zero on it. Let {FnR}neN be the solution to (4-1). Since the initial datum
has been chosen strongly log-concave, Lemma 4.2 implies

d ER 2 N g FR
log = log —R
d-x F Loo(iR) 1 +2ﬂ d-x FO

n—1
for all n > 1 because FR are B,-log-concave with 8, > B for all n € N by Lemma 2.2. Setting VR : Iz — R

R .
Vi’ we obtain

L>(Ig)

as before so that FX = e~

n n—1 k
2 d
! = 3 |goE-vio] L, s | et = v
“dx(v m)HLOO(IR)_k_Zl ax Ve =y L°°<Le>_Z 1128) lax ™" =Y ez,

k=m

forall n > m > 1. Since —5— 1+2;3 < 1 by Remark 1.7, {%(V"R)}nel\l is a Cauchy sequence in C(Ig) and

therefore it must converge uniformly to some limit D® € C(Ig). In particular, we have

%(log E®y— DR inC(Ip). (4-5)
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Now, we show that FR /|| FR|| . must also converge when evaluated at least at one point, and we choose
x = 0 for instance. To this purpose, we note that FX(0)/||FX|[;1 can be restated as

[, G (Gitx) exp(—(VE ()= V,E (0)—(VE  (x2)=VE (0))dx dxy
Jio M5, G (=L xixn) exp(—m ()~ (VE )= VR (0) = (VE | (x2)—V,E [ (0)) d’dixi dixy

and, by the fundamental theory of calculus, V. 1(x) — 1(O) in the integrand can be represented by

R R ! dvn—l T
V.o (x) =V, ,(0) = o Ox)xdf, xelg,
0

which converges uniformly to some limit. Therefore, there exists L® € R such that

FR©
g R( ) — L%,
|5

(4-6)
Putting (4-5)—(4-6) together and using the fundamental theorem of calculus gives

R R ! :
() 1oy Fn©) +f i(logFR)(Gx)xdeaLR+/ DR (Ox)xd6 in C'(Ig).

log = log
IFR L IFf N Jo dx " 0

We define FR(x) := exp(LR + fol DR(6x)x d6 + Xip (x)) € LL(R) NP(R) and therefore we achieve

FR
IERN L

—~ F® inC'(Ip). 4-7)

Our second step is to prove the convergence of || FnR /I F, R " ll.1. Note that we have

I ERI (x1) F,°(x2)
—n L /f Hpg(x1, x2) Rl Rl dxidx, (4-8)
IER g R? NE, e TF,Z
where we have defined
Hg(x1, x2) = / e "G (x — J(x1 +x2))dx, (x1,x2) € R
Ir

Since Hy is a bounded function, we have Hg € L' (Q ) and, consequently, the above uniform convergence
(4-7) of the normalized profiles, along with (4-8), implies that there must exists AR with
Il AR

o QLT 4-9
IR Il 2

The last step is to show that (AR, F®) must solve (4-4). This is actually clear because we have

IERI  FR [FR }
LER M WERI T LUER 11

for all n € N, and ||FR||L1/||FR Iz and FR/||FR||L1 converge in the above sense (4-7)—(4-9). We note
that F® must be B-log-concave because so is FR for all n € N. The uniqueness of the solution to (4-4)
will not be analyzed here, but it will hold as a consequence of the next contraction property in Step 2.
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Step 2: Proof of (ii). Once a strongly log-concave solution (AR, F®) of the truncated nonlinear eigen-
problem (4-4) exists, the one-step contraction property follows the same ideas as in the global version in
Theorem 1.2(ii) sketched in Section 2. More specifically, we shall argue like in the proof of Lemma 4.2
where again we replace u,, by the normalization of FX by the quasiequilibrium (A®)" FR That is, for
any n € N, we define

which must solve

1
u,’f(X)z—R// PR(xsxy, xuf (e)up (x2) dxy dx;
1 r ||L' Or

R
llut,,

for any x € Ig and n € N, where PR(x;-) € L}F(Q R)NP(OR) is the one-step transition probability

— WR(y-
e w (x,X1,xz)’

PR(x; x1, x0) = x elg, (x1,x) € Ok,

ZR(x)
2
WR(x: x1,x0) o= 5 |x — 3G+ x|+ VE@D) + Vi),

ZR(x) = // e~ Whaixix) dxydx;.
Or

Again, we let VR : I — R so that FR = ¢~ vE By Step 1 we have that V¥ is -convex and therefore
the contractivity result, Lemma 3.3, applies to PR (x;-) and PR (X;-) withx, x € Ir leading to

Woo 1 (PR (x; ), PR(F; ) <

lx — X|.
1+25

Therefore, arguing as in Lemma 2.4 we end the proof.

In particular, the above implies that (A®, F®) must be the unique solution to the truncated nonlinear
eigenequation (4-4). Indeed, if a second solution (A%, FR) exists, one can always define the special
solution FR(x) = (A )" FR(x) of (4-1) and therefore the above one-step contraction implies

d FR 2 d FR
dx F Leo(Tg) 1+28|dx F

Since ﬁ < 1 by Remark 1.7, we have FR = F* (and therefore AR = A%) because both FR and FR

are probability densities by definition.

L(Ig)

Step 3: Proof of (iii). We prove that the convergence in Step 1 holds for generic initial data FOR €
LL([R) N C'(Ig) compactly supported on I and bounded away from zero on it, and not necessarily
strongly log-concave. Note that by the above one-step contractivity property we have again

n
(r239) la
Loc(iR) 1+2ﬂ

dx
for all n € N. Then, the same argument as in Step 1 can be applied with explicit convergence rates and
equal to (ﬁ)n at each step: first %(log Ff), then log(FnR (0)/||FnR||L1), hence log(Ff/HFfllLl), and

finally also || FnR 71/l FnR_1 |1 Therefore, we readily obtain the claimed convergence rates for the rates

Lr—vr (VE - VF)

’

L>=(Ig)

of growth and the normalized profiles. O
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5. Existence and uniqueness of strongly log-concave quasiequilibria

In this section, we employ the truncated quasiequilibria in the above Theorem 4.1 to build a globally
defined quasiequilibrium of the nontruncated model (1-1), thus proving Theorem 1.2(i). In the following,
we show that the probability densities in the family { F®} .o are uniformly tight, and therefore weak limits
cannot lose mass at infinity, which will be useful in the sequel in order to pass to the limit with R — oo.

Proposition 5.1 (bounded second-order moments). Under the assumptions in Theorem 4.1, let us consider
the unique eigenpair AR, FR) of (4-4) for any R > 0 according to Theorem 4.1(i). Then,

sup/ x2 FR(x)dx < oo. (5-1)
R>0JR

We recall that a similar result was necessary in [Calvez et al. 2024]. Indeed, a general strategy was
developed therein to propagate second-order moments along any solution {F},},cn under the a priori
knowledge that the centers of mass stay uniformly bounded. However, such a condition proved difficult to
verify unless the initial datum Fj is centered at the origin, and m is an even function, which would leave
the center of mass fixed at the origin (and thus bounded) for all times. To overcome this problem, an
alternative approach was developed in [Calvez et al. 2024, Lemma 4.5] in order to control the convergence
to zero of the center of mass in the case of quadratic selection. Unfortunately, the proof exploits the
Gaussian structure in a crucial way and cannot be easily adapted to more general selection functions.
Here, we propose an alternative strategy based on the extra knowledge that F are S-log-concave.

Proof of Proposition 5.1. Step 1: Uniform bound of the variance. Let us define the center of mass and
the variance

R ::/RxFR(x)dx and a%g :=/R(x—ILR)2FR(X)dx’

for any R > 0. Since each eigenfunction F¥ is B-log-concave, a straightforward application of the
Brascamp-Lieb inequality shows that variances a% satisfy

ok < (5-2)

| =

for any R > 0; see [Brascamp and Lieb 1976, Theorem 4.1]. Then, in order to control the (noncentered)
second-order moments, we actually need to find a bound of the center of mass pp.

Step 2: Uniform bound of the center of mass. Assume that {ftz}r~0 is unbounded by contradiction.
Changing variables x with —x if necessary, we may assume without loss of generality that wp /' 400 as
R ' 400 up to an appropriate subsequence, which we denote in the same way for simplicity of notation.
Note that integrating (4-4) against ¢”*™) and remarking that [, B[F®](x) dx = [, F®(x)dx =1 (where
B is given in (1-3)) we obtain

ArBr=1 (5-3)

for every R > 0, where each factor reads

Ag:= / "k FR(x)dx, Bg:= / ¢® (501 +x2)) FR (1) F*(x2) dxy doxa,
R R2



1864 VINCENT CALVEZ, DAVID POYATO AND FILIPPO SANTAMBROGIO

and ¢® := G x e~% By Chebyshev’s inequality we know that

/ FR(x)dx > (5-4)
lx—pg |<vV20g

for all R > 0. Therefore, noting that m is nondecreasing in R by virtue of the hypotheses (H1)—-(H2) we
obtain the lower bound

Ag = / O FR(ydx =1 min "0 = Lk —v20m) (5-5)
Ix—pg|<vV20 lx—pg |<vV20k

for large enough R > 0 so that [z —/20 g, g ++/20 ] C R,. Similarly, using (5-4) and noting that
$® is nonincreasing at the right of its maximizer (by strong log-concavity, see Lemma 2.2) we obtain

Bg > / / @R (3(x1 +x2)) FR(xy) FR(xp) dxy dx,
|xi—mg |<v20x

=

min_ ¢*(x) = ;6 (g +v208) (5-6)
[x—pg |§\/§0R

ENT

for large enough R > 0 so that [ 20, 1 R ++/20 ] lies in that region of the domain. Note
that the above can be obtained if R > 0 is large enough since u® —v/2 0z — 0o by assumptions, but
the maximizers of ¢® must converge to the maximizer of ¢, which is a fixed number in the real line.
Multiplying (5-5) and (5-6) yields the lower bound

ARBg = he"vx Y200 (G x ") ( +4/2 0 ) (5-7)

for large enough R > 0. Lemma B.2 provides an explicit lower bound (B-6) on Gaussian convolutions.
Therefore, applying it to the second factor in (5-7) with the choices

f=e" y=a, xo=pg, 8=«/§(7R

implies the lower bound
Viog

FESTL Sl
AnBe= G020 [T el +n2) dz
0
o V2
22\ (@R R
=(22) [T e e aa (59

where in the last line we have used the bound (5-2) of variances. Since the left-hand side in (5-8) diverges
as R — oo because p — +00, we reach a contradiction with (5-3), and this ends the proof. O

Theorem 5.2 (existence of quasiequilibria). Under the assumptions in Theorem 4.1, let us consider the
unique eigenpair (AR, FR) of (4-4) for any R > 0. Then, there exist . € Rand F € Lfr([R{) N C*(R)
which is B-log-concave (with B given in (1-7)) such that

XR—>X, FR—>F, as R — oo,

up to subsequence, both pointwise and in any space (P,(R), W,) with 1 < p < 2. Moreover, the pair
(X, F) is the unique solution to (1-5) among all pairs (A, F) satisfying (1-8).
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Proof. Step 1: Existence via limit as R — co. Let us notice that by (5-1) in Proposition 5.1 we have that
{F®) g0 is a uniformly tight sequence of probability measures. Therefore, by Prokhorov’s theorem there
must exist R, / oo and some limiting probability measure F € P(R) such that

F® _ F  narrowly in P(R). (5-9)
By integration on (4-4) we also obtain that

28 = [[ e s Gy (b ) B ) (e d d,
R

m

and then we can pass to the limit as » — o0 in the eigenvalues too. Specifically, since e™"* — ¢~ ™ in
L*®(R), we have e 7% x G — ¢~ % G in Cp(R), and therefore by (5-9) we obtain
AR (5-10)
as n — oo, where A is given by
A= // (7" % G)(%(xl +x2)) F(x) F(xy)dxydx, = / TIF]l(x)dx. (5-11)
R? R

Putting (5-9) and (5-10) together and taking limits as n — oo in (4-4) implies that {F Ry cn must
also converge pointwise to some other limit F e LL(R) by Fatou’s lemma. Note that since F¥ are all
B-log-concave, their pointwise limit F must be also. Indeed, note that we further have

AF(x)=T[F](x), xeR, (5-12)

and therefore, F € Ll (R) NP(R), in view of (5-11). Then, we actually have F* — F in L' (R) (thus
narrowly in P(R)) by Scheffé’s lemma. Since F is a narrow limit of the same sequence, we have F=F
and by (5-12) we obtain that (A, F') must satisfy the initial problem (1-5). Let us also emphasize that we
indeed have convergence in any L” Wasserstein space with 1 < p < 2 because all the p-th order moments
with 1 < p < 2 are uniformly integrable by (5-1); see [Ambrosio et al. 2008, Proposition 7.1.5].

Step 2: Uniqueness of quasiequilibria. Note that several different convergent subsequences of {F®}z_
in Step 1 could give rise to various eigenpairs (A, F) of (1-5). Whilst the global uniqueness is unclear with
this method, we prove that there can only exist one solution to (1-5) among the pairs (A, F') satisfying
(1-8). We exploit the one-step contraction property in Theorem 1.2(ii). Specifically, assume that (A, F)
is any other solution to (1-5) and define F, (x) = A" F(x), which is clearly a solution to the evolution
problem (1-1) with initial datum Fy € L ﬂr(IR) N C'(R) satisfying the hypothesis (H3) by virtue of the
assumption (1-8). Then, (1-9) implies

d F 2 d F

—(log —= < —(log — .

dx F/l, " 1+2p|dx F /|~
Again, since ﬁ < 1 by Remark 1.7, we obtain that F/ F must be constant. Since both F" and F are
normalized probability densities, then we necessarily have that F = F (and therefore 1 = ). O

6. Convergence to equilibrium for restricted initial data

In this section, we prove asynchronous exponential growth as claimed in Theorem 1.2(iii). More
specifically, we show that for restricted initial data the asymptotic behavior of the rate of growth of the
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mass || Fy, ||zt /]| Fu—1ll;1 and the normalized profiles F, /|| F,| ;1 is dictated by the solution (A, F) of the
eigenproblem (1-5) obtained in Theorem 1.2(i). We derive the relaxation of the normalized profiles under
the relative entropy metric. Our starting point is the one-step contraction property of the L°° relative Fisher
information in Theorem 1.2(ii) and the following version of the logarithmic-Sobolev inequality with respect
to strongly log-concave densities, which relate the (L?) relative Fisher information and the relative entropy.

Proposition 6.1 (logarithmic-Sobolev inequality). Consider any pair P, Q € LL(R) NP(R) such that Q
is y-log-concave for some y > 0. Then, we have

DkL(PlQ) < iysznQ) —12 P1O). 6-1)

where Dxy is the relative entropy (1-12), I, is the usual (or L2) relative Fisher information (1-18), and
Lo is the L™ relative Fisher information (1-6).

On the one hand, the first part of the inequality (6-1) amounts to the usual logarithmic-Sobolev
inequality with respect to a strongly log-concave measure; see Corollary 5.7.2 and Section 9.3.1 in [Bakry
et al. 2014] for details. On the other hand, the second part of the inequality readily holds by definition.
Therefore, putting Theorem 1.2(ii) and Proposition 6.1 together, we end the proof of Theorem 1.2(iii).

Proof of Theorem 1.2(iii). By iterating n times the one-step contraction property in Theorem 1.2(ii) and
using the logarithmic-Sobolev inequality (6-1) in Proposition 6.1 we obtain

< . F><C( : )zn ©2
=G -
RN 1+28
for every n € N, where the constant C; reads
1
Cri= 5 TRl F),

and it is finite by the assumption (H3). This proves the relaxation of the normalized profiles towards F in
the relative entropy sense. Regarding the rate of growth, we note that

F, n— F,_
M Fallpr // <x1+X2) 1(x1) 1(x2) dxy dxs 63)
| Fy—1ll R2 2 | Fotllp | Fuetllp
=//2¢<x1 JZ”Z) F(x)) F(x2) dx, dx». (6-4)
R

where (A, F) is the solution to (1-5) in Theorem 1.2(i), and ¢ := G * e~ again. Taking the difference of
the two identities (6-3) and (6-4) above, we achieve
”Fn”L' ‘ F.1 Foa
l

o nE —FQ®F
I Fn—tllr Footllpr — 1Fa—1llp

- ' ol Lo

L!

” n—llll 1 || ll—1||l 1

— 1] \/D (—F"—l ’F)<C< 2 )
IR e W T A ="N\1+28)
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with a explicit constant C, > 0 taking the form

Cr = |lpllL~/Cy.

Note that above, we have used successively Holder’s inequality, Pinsker’s inequality, the tensorization
property of the relative entropy, and (6-2) to reach the conclusion. O

Appendix A: Intermediate dualities

For simplicity of the discussion, we do not present here the intermediate Kantorovich-type dualities in
the case of nonlinear transition semigroups as in (2-4), but we rather focus on linear semigroups. More
specifically, we have the following intermediate result which is reminiscent of the natural interpolation of
Kantorovich duality for L! Wasserstein distance, and Lemma 2.4 for L% Wasserstein metric.

Proposition A.1. Consider any u,v € Pp(le)for some 1 < p < 0o, and set any function u € C'(R?)

such that u > 0 and V (u'/?) € L (R, RY). Then, the following inequality holds true for any 1 < q < oo,
and q’ given by é—l—% =1:

1/p 1/p
‘(/ u(x) ,u(dx)) — </ u(x) v(dx))
Rd Rd

Here, W), , denotes the L¥ Wasserstein distance associated with £, norm of RY, see (1-24), and we use

the convention that u'/* =log u for all u > 0.

< IV @'/?ylly

|Loo Wp,q(,u’ U)'

Proof. Let us consider any constant-speed geodesic ¢ € [0, 1] +— p; € Pp(Rd ) in the Wasserstein space
(Pp([Rd ), W,.4) joining p to v. Specifically, p satisfies the continuity equation

a o +div(pv) =0, 1e[0,1], x € R?,

(A-1)
pPo=Mn, p1=V,
in the distributional sense and, in addition, we have
lvellg Nl o,y = Woia (s ), 2 €10, 10, (A-2)

Let us also define the function

E(t) := fw u(y) pi(dy), tel0,1].
Since p € Lip([0, 1], Pp([Rd)), we have E € AC([0, 1]) and by the continuity equation (A-1) we have
4E 1/p 1/p
— D= /Rd Vu(y) - vi(y) pr(dy) = prd V@) () - v (u T () pi(dy) (A-3)

for a.e. 1 € [0, 1], where we have used the identity Vu = pV (u'/?)u'/?’. Therefore, we obtain

< ”/W IV @ PYO) g oe D P (v) pe(dy)

<plIva'’?,|

. /R ) g ) )

<plIva' i,

Lo || llvs ||q ”LP(p,) “ul/p/ ”LP’(pD
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for a.e. t € [0, 1], where in the first step we have used Holder’s inequality with the exponent g applied to
the inner product in the integrand of (A-3), and in the last step we have used Holder’s inequality with
exponent p applied to the integral of the second line. Using the constant-speed condition (A-2) in the
second factor, and ||u!/ P ;. (o) = E@®)Y P in the last one, we obtain the relation

< PV @ P) || oo Wp,g (e VIE@)P

dE
'E(t)

for a.e. t € [0, 1], which amounts to

‘dEl/P

—— O = [IVa'"ly

(0

L Wp,q (M ’ V)
for a.e. ¢ € [0, 1]. Integrating between 0 and 1 implies

IEQO)? —EMYP < [[IV@"P)],

Lo Wp,q (/J" U).
Then, noting that E(0) = [, u(x) u(dx) and E(1) = [, u(x) v(dx) ends the proof. O

As a consequence, we obtain the following result, which allows identifying the Lipschitz constant of a
function with the Lipschitz constant of an associated nonlinear functional over P, (RY).

Corollary A.2. Consider any 1 < p < 00, set any v € Cl([R{d) with Vv € L°°([R€d, Rd), and assume that
v > 0 when p < 00 but not necessarily when p = oo. Define the functional ®, , : P, (RY) — R by

(Jga v)? M(dx))l/p if p < oo,

®, (1] = { .
o log(fps €*® p(dx))  if p= o0,
forany u € Pp(Rd). Then, for any 1 < q < oo the following identify holds true:

2 1 e )
sup .
w,veP,(RY) Wp,q(,uva V)

[Vl

Lo —

Proof. First, note that the change of variable v = u'/? and Proposition A.1 readily imply

} > su q)p,v[,u] - q)p,v[v]
= Wpgv)
©w,veP, (RY) p.g s

11Vl

On the other hand, also note that by particularizing the measures u, v € Pp(Rd ) to be Dirac masses at
respective points x, x’ € R? we obtain
ch,v[M]_(Dp,v[V] cbp,v[ax]_q)p,v[sx/] U(X)—U(X/)

e =0 = sup === [1vlly|
M,UEPP(Rd) Wp’q(,u/a U) x,x'eRd Wp,q(gx’ 5)6’) x.x'eRd ”)C —x ||q

L>*

This proves the converse inequality and then the above identity holds. O
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Appendix B: Lower bound of Gaussian convolution of log-concave densities
We present a technical result which computes an explicit lower bound on the convolution of a Gaussian
density and any strongly log-concave probability density.

Lemma B.1 (lower bound I). Consider any f = e~V € L1 (R) N P(R), such that V € C'(R) with
V'(0) =0, and f is y-log-concave for some y > 0. Then, we have

Fx0= 7 y+1,
(G f)(x0+8) = G(26) f (x0 — 5)/ eXp<Tz ) dz (B-1)
0

for any § > 0 and each xy > VTHS , where G denotes the standard Gaussian distribution (1-4).
Proof. For simplicity of notation, we define x+ := xo = § and we note that we can write

1
@m)!”2
where the function U : R — R is defined by

(G * f)(rs) = F) / VU g (B-2)
R

U):=V@)+3ix—x)% xeR

Since the potential V is y convex, we have that the potential U is (y+1)-convex. By the convexity

inequality applied to the pair of points (x, x_) we then obtain

y+1
2

for any x € R. Consider the unique minimizer x, € R of the potential U. Since in particular x, is a critical
point of U, we have

Ux)=U@) +U'(x)(x_- —x)+ (x— —x)? (B-3)

0=U"(xs) = V' (xs) + (x5 — X4).

Multiplying above by x* using that V’(0) = 0 by hypothesis along with the convexity inequality of V
applied at the pair (x,, 0), we infer yx2 < (x; — X,)Xy, and therefore

x| <

. B-4
y+1x+ (B-4)

Since U’ (x) > 0 for x > x, and x_ — x > 0 for x < x_, (B-3) implies
p
1
U) = Ux) + %(x_ —x)?

for any x € (x,, x_). Let us note that indeed we have the appropriate ordering x, < x_ since by (B-4)
and the assumption x¢ > VT”S we obtain

1 1
Xy < Xy = x0+98)<xp—8=x_.
« ST y+1(0 ) < Xo

Writing everything in terms of V implies
y+1
2

Ve - U@ 2 —3 0 —x) + o — 2 (B-5)
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for any x € (x,, x_). Injecting (B-5) into (B-2) we obtain

y+1

(G* f)(xy) = Glry —x) f(x) / N exp( (x_ —x>2> dx.

Of course, the above implies (B-1) by a simple change of variables z = x_ — x, and noting again that

1 1 y y+2
X4 = (x0—98) — (xo+9) = 0— )

X — Xy = X_ — X
y+1 y+1 y+1 y+1

’

thanks to (B-4), which yields again positive a positive upper bound by the assumption xg > y7+25 . O

Note that arguing along the same lines, we can prove an analogous result where the above positive
strongly log-concave density f is replaced by its truncation fp to intervals I := (—R, R). Specifically,
anything that we need to guarantee is that [x,, x_] C Ig. First, note that x_ < R amounts to the condition
xo < R+ 4. Second, by (B-4) we obtain that x, > —R as long as #m_ < R, which amounts to the
condition xo < (y +1)R —§. If we take R large enough (namely R > 25/y) then we have that the former
condition on xy is the most restrictive. Therefore, we have the following result.

Lemma B.2 (lower bound II). Under the assumptions in Lemma B.1, let us define
fr(x) = e VRO, x eR,

VR(x) :=V(x)+ x;,(x), xe€R,

forany R > 0, where x Tr is the characteristic function associated to I g (see (1-23)). Then, we have

(G * o) (x0+8) = G(28) fr(xo— 6) f e exp(y ; 1Z2) dz (B-6)
0

forany § > 0, each VTJFZS <x9 < R+36,and every R > 2}/—5.

Appendix C: Euclidean estimates on the displacement of the Brenier map between perturbations
of log-concave measures

In this section we present a proof of the uniform bound of the £, norm on the displacement of the Brenier
map between perturbations of log-concave measures.

Lemma C.1. Consider two densities f, g € Lfr([Rd) NP(RY), assume that

{zeR?: f(z) >0} ={z e R : g(z) > 0} = Bg,

where By is the Euclidean ball, and suppose that f = e~ ", g =e~" are y-log-concave for some y > 0

and f, g € CY3(BR) for some 8 > 0. Let T = V¢ : Bg — By, be the Brenier map from f to g. Then,
1 ~
Wos2(fo8) < [IT =12 o 5, < ;H IVOW =W l2| e -

As mentioned in Remark 3.1, this result is not enough for the sake of this paper, but was the starting
point to prove Lemma 2.6. The technique to prove it is essentially based on the computations in [Ferrari
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and Santambrogio 2021], but we provide the proof here since the statement is not a direct consequence
of it. On the other hand, this very result has its own interest, as one can see from the recent paper
[Khudiakova et al. 2024].

Proof of Lemma C.1. Since f, g € C'**(Bpy) are bounded below on By by a positive constant, f =g =0
outside Bg, and Bp, is uniformly convex, Caffarelli’s theory [1996] proves that T € C 25(B r). We consider
T(z) —z =Vy(z), where ¥ (z2) = ¢(z) — %||Z||%- The function ¥ solves the Monge—Ampere equation,
which we write in logarithmic form:

logdet(D>y(z) + 1) = W(Vyr(z) +2) — W(z), zeR% (C-1)
Taking partial derivatives d,, in (C-1) we have
tr((D*¢) ™10, D>Y) = VW (VY +2) - 3, VY + (VW (VY +2) — VW) -er, z€RY,

for 1 <k <d. We then multiply by 0., and sum over k, so that we obtain
2 4y —1 2 v 1 2 o d
tr((D )Y D Mmﬂ) =VW(VY+2)-05 31V )+ (VW (VY +2)-VW)- Vi (2), zeR
k

We now consider the point z* € B which maximizes %||V1//||§, which is also the maximum point
for the displacement |7 — I||>. Such a point exists since the ball By is compact. Moreover, [Ferrari
and Santambrogio 2021, Lemma 3.1] shows that such a maximum cannot be attained on the bound-
ary d Bg. Hence, we can apply first- and second-order optimality conditions. In particular, we have
9y (311V¥113) (z*) = 0 and the Hessian matrix D?(5[|Vy/[|3)(z*) has to be negative-definite, i.e.,

> 8, D2 (29 ¥ (%) + (D2 (2)* < 0.
k

Using the fact that (D2 (z*))? is the square of a symmetric matrix, and hence is negative, we obtain
that ), dx, D2 (2%)dy, ¥ (2*) is itself negative definite, and the trace of its product times (D*@¢)~! is also
negative. This allows to obtain

(VW (VY (") +29) = VW () - Vi (z*) <0,

which implies
(YW (VY@@ +25) = VW) - V(@) < VW = W)l [V ()2,
and hence by y-convexity of W we have
yIVY @I < VW = W)l VY @) 2,
which ends the proof. U

Similarly to Lemma 2.6 for the £ norm of the displacement of the Brenier map, a more general result
1.8
loc

holds for strictly positive densities f, g € C, °(R?) supported in the full space R?.
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Corollary C.2. Consider two densities f, g € L L(Rd) N P(RY), assume that f, g > 0, and suppose
that f = eV, g = e~V are y-log-concave for some y > 0 and f, g € Cll.f([l%d) for some § > 0. Let
T = V¢ : R — R? be the Brenier map from f to g. Then,

Woea(£.8) = [T = Tl s = 5 NIV OF = W]

The proof is similar to the one of Lemma 2.6 arguing by a truncation argument and applying the local
version in Lemma C.1. Specifically, we truncate W and W and accordingly f and g to an increasing
sequence By of Euclidean balls preserving the Lipschitz and convexity bounds. We obtain a sequence of
optimal transport maps T transporting the associated truncations fr onto gg and satisfying

7% = Tl 5 < SNV = W)l oy,
(BR) y

for all R > 0. Finally, we pass to the limit in the above estimate as R — oo.

Acknowledgments

The authors are indebted to Thomas Lepoutre for stimulating discussions and valuable suggestions on
the paper’s presentation. We also thank Laurent Lafleche for pointing us to the identity in Corollary A.2.
Vincent Calvez and David Poyato have received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation program (grant agreement no. 865711). David
Poyato has received funding from the European Union’s Horizon Europe research and innovation program
under the Marie Sktodowska-Curie grant agreement no. 101064402, and partially from grant C-EXP-
265-UGR23 funded by Consejeria de Universidad, Investigacién e Innovaciéon & ERDF/EU Andalusia
Program, from grant PID2022-1372280B-100 funded by the Spanish Ministerio de Ciencia, Innovacién y
Universidades, MICIU/AEI/10.13039/501100011033 & “ERDF/EU A way of making Europe”, and from
Modeling Nature (MNAT) project QUAL21-011 funded by Junta de Andalucia. Vincent Calvez thanks
the France 2030 framework programme Centre Henri Lebesgue ANR-11-LABX-0020-01 for creating an
attractive mathematical environment. Filippo Santambrogio acknowledges the support of the Lagrange
Mathematics and Computation Research Center project on Optimal Transportation.

References

[Ambrosio et al. 2008] L. Ambrosio, N. Gigli, and G. Savaré, Gradient flows in metric spaces and in the space of probability
measures, 2nd ed., Birkhiuser, Basel, 2008. MR Zbl

[Arnold et al. 2001] A. Arnold, P. Markowich, G. Toscani, and A. Unterreiter, “On convex Sobolev inequalities and the rate of
convergence to equilibrium for Fokker—Planck type equations”, Comm. Partial Differential Equations 26:1-2 (2001), 43-100.
MR Zbl

[Bakry 1994] D. Bakry, “L’hypercontractivité et son utilisation en théorie des semigroupes”, pp. 1-114 in Lectures on probability
theory (Saint-Flour, 1992), edited by P. Bernard, Lecture Notes in Math. 1581, Springer, 1994. MR Zbl

[Bakry et al. 2014] D. Bakry, I. Gentil, and M. Ledoux, Analysis and geometry of Markov diffusion operators, Grundl. Math.
Wissen. 348, Springer, 2014. MR Zbl

[Barles et al. 2009] G. Barles, S. Mirrahimi, and B. Perthame, “Concentration in Lotka—Volterra parabolic or integral equations:
a general convergence result”, Methods Appl. Anal. 16:3 (2009), 321-340. MR Zbl


http://msp.org/idx/mr/2401600
http://msp.org/idx/zbl/1145.35001
https://doi.org/10.1081/PDE-100002246
https://doi.org/10.1081/PDE-100002246
http://msp.org/idx/mr/1842428
http://msp.org/idx/zbl/0982.35113
https://doi.org/10.1007/BFb0073872
http://msp.org/idx/mr/1307413
http://msp.org/idx/zbl/0856.47026
https://doi.org/10.1007/978-3-319-00227-9
http://msp.org/idx/mr/3155209
http://msp.org/idx/zbl/1376.60002
https://doi.org/10.4310/MAA.2009.v16.n3.a4
https://doi.org/10.4310/MAA.2009.v16.n3.a4
http://msp.org/idx/mr/2650800
http://msp.org/idx/zbl/1204.35027

UNIFORM CONTRACTIVITY OF THE FISHER INFINITESIMAL MODEL 1873

[Barton et al. 2017] N. H. Barton, A. M. Etheridge, and A. Véber, “The infinitesimal model: definition, derivation, and
implications”, Theoret. Popul. Biol. 118 (2017), 50-73. Zbl

[Berestycki et al. 2016] H. Berestycki, J. Coville, and H.-H. Vo, “Persistence criteria for populations with non-local dispersion”,
J. Math. Biol. 72:7 (2016), 1693—-1745. MR Zbl

[Brascamp and Lieb 1976] H. J. Brascamp and E. H. Lieb, “On extensions of the Brunn—Minkowski and Prékopa—Leindler
theorems, including inequalities for log concave functions, and with an application to the diffusion equation”, J. Functional
Analysis 22:4 (1976), 366-389. MR Zbl

[Brenier 1991] Y. Brenier, “Polar factorization and monotone rearrangement of vector-valued functions”, Comm. Pure Appl.
Math. 44:4 (1991), 375-417. MR Zbl

[Caffarelli 1992a] L. A. Caffarelli, “Boundary regularity of maps with convex potentials”, Comm. Pure Appl. Math. 45:9 (1992),
1141-1151. MR Zbl

[Caffarelli 1992b] L. A. Caffarelli, “The regularity of mappings with a convex potential”, J. Amer. Math. Soc. 5:1 (1992), 99-104.
MR Zbl

[Caffarelli 1996] L. A. Caffarelli, “Boundary regularity of maps with convex potentials, II”, Ann. of Math. (2) 144:3 (1996),
453-496. MR Zbl

[Caffarelli 2000] L. A. Caffarelli, “Monotonicity properties of optimal transportation and the FKG and related inequalities”,
Comm. Math. Phys. 214:3 (2000), 547-563. Correction in 225:2 (2002), 449-450. MR Zbl

[Calvez et al. 2019] V. Calvez, J. Garnier, and F. Patout, “Asymptotic analysis of a quantitative genetics model with nonlinear
integral operator”, J. Ec. polytech. Math. 6 (2019), 537-579. MR Zbl

[Calvez et al. 2024] V. Calvez, T. Lepoutre, and D. Poyato, “Ergodicity of the Fisher infinitesimal model with quadratic
selection”, Nonlinear Anal. 238 (2024), art. id. 113392. MR Zbl

[Colombo and Fathi 2021] M. Colombo and M. Fathi, “Bounds on optimal transport maps onto log-concave measures”,
J. Differential Equations 271 (2021), 1007-1022. MR Zbl

[Colombo et al. 2017] M. Colombo, A. Figalli, and Y. Jhaveri, “Lipschitz changes of variables between perturbations of
log-concave measures”, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 17:4 (2017), 1491-1519. MR Zbl

[Dekens 2022] L. Dekens, “Evolutionary dynamics of complex traits in sexual populations in a heterogeneous environment: how
normal?”, J. Math. Biol. 84:3 (2022), art.id. 15. MR Zbl

[Diekmann et al. 2005] O. Diekmann, P.-E. Jabin, S. Mischler, and B. Perthame, “The dynamics of adaptation: an illuminating
example and a Hamilton—Jacobi approach”, Theoret. Popul. Biol. 67:4 (2005), 257-271. Zbl

[Ferrari and Santambrogio 2021] V. Ferrari and F. Santambrogio, “Lipschitz estimates on the JKO scheme for the Fokker—Planck
equation on bounded convex domains”, Appl. Math. Lett. 112 (2021), art. id. 106806. MR Zbl

[Fisher 1919] R. A. Fisher, “The correlation between relatives on the supposition of mendelian inheritance”, Trans. Royal Soc.
Edinburgh 52:2 (1919), 399-433.

[Fisher 1922] R. A. Fisher, “On the mathematical foundations of theoretical statistics”, Philos. Trans. Royal Soc. London Ser. A
222:594-604 (1922), 309-368. Zbl

[Frouvelle and Taing 2025] A. Frouvelle and C. Taing, “On the Fisher infinitesimal model without variability”, J. Stat. Phys.
192:1 (2025), art.id. 9. MR Zbl

[Garnier et al. 2023] J. Garnier, O. Cotto, E. Bouin, T. Bourgeron, T. Lepoutre, O. Ronce, and V. Calvez, “Adaptation of a
quantitative trait to a changing environment: new analytical insights on the asexual and infinitesimal sexual models”, Theoret.
Popul. Biol. 152 (2023), 1-22. Zbl

[Guerand et al. 2025] J. Guerand, M. Hillairet, and S. Mirrahimi, “A moment-based approach for the analysis of the infinitesimal
model in the regime of small variance”, Kinet. Relat. Models 18:3 (2025), 389-425. MR Zbl

[Jhaveri 2019] Y. Jhaveri, “On the (in)stability of the identity map in optimal transportation”, Calc. Var. Partial Differential
Equations 58:3 (2019), art.id. 96. MR Zbl

[Khudiakova et al. 2024] K. A. Khudiakova, J. Maas, and F. Pedrotti, “L°°-optimal transport of anisotropic log-concave
measures and exponential convergence in Fisher’s infinitesimal model”, preprint, 2024. arXiv 2402.04151


https://doi.org/10.1016/j.tpb.2017.06.001
https://doi.org/10.1016/j.tpb.2017.06.001
http://msp.org/idx/zbl/1394.92082
https://doi.org/10.1007/s00285-015-0911-2
http://msp.org/idx/mr/3498523
http://msp.org/idx/zbl/1346.35202
https://doi.org/10.1016/0022-1236(76)90004-5
https://doi.org/10.1016/0022-1236(76)90004-5
http://msp.org/idx/mr/450480
http://msp.org/idx/zbl/0334.26009
https://doi.org/10.1002/cpa.3160440402
http://msp.org/idx/mr/1100809
http://msp.org/idx/zbl/0738.46011
https://doi.org/10.1002/cpa.3160450905
http://msp.org/idx/mr/1177479
http://msp.org/idx/zbl/0778.35015
https://doi.org/10.2307/2152752
http://msp.org/idx/mr/1124980
http://msp.org/idx/zbl/0753.35031
https://doi.org/10.2307/2118564
http://msp.org/idx/mr/1426885
http://msp.org/idx/zbl/0916.35016
https://doi.org/10.1007/s002200000257
http://msp.org/idx/mr/1800860
http://msp.org/idx/zbl/0978.60107
https://doi.org/10.5802/jep.100
https://doi.org/10.5802/jep.100
http://msp.org/idx/mr/3991898
http://msp.org/idx/zbl/1420.35167
https://doi.org/10.1016/j.na.2023.113392
https://doi.org/10.1016/j.na.2023.113392
http://msp.org/idx/mr/4652832
http://msp.org/idx/zbl/1527.35058
https://doi.org/10.1016/j.jde.2020.09.032
http://msp.org/idx/mr/4154935
http://msp.org/idx/zbl/1456.49036
http://msp.org/idx/mr/3752535
http://msp.org/idx/zbl/1383.60006
https://doi.org/10.1007/s00285-021-01712-0
https://doi.org/10.1007/s00285-021-01712-0
http://msp.org/idx/mr/4376205
http://msp.org/idx/zbl/1492.35359
https://doi.org/10.1016/j.tpb.2004.12.003
https://doi.org/10.1016/j.tpb.2004.12.003
http://msp.org/idx/zbl/1072.92035
https://doi.org/10.1016/j.aml.2020.106806
https://doi.org/10.1016/j.aml.2020.106806
http://msp.org/idx/mr/4162959
http://msp.org/idx/zbl/1454.35385
https://doi.org/10.1017/S0080456800012163
https://doi.org/10.1098/rsta.1922.0009
http://msp.org/idx/zbl/48.1280.02
https://doi.org/10.1007/s10955-024-03386-6
http://msp.org/idx/mr/4849451
http://msp.org/idx/zbl/1556.35046
https://doi.org/10.1016/j.tpb.2023.04.002
https://doi.org/10.1016/j.tpb.2023.04.002
http://msp.org/idx/zbl/07736783
https://doi.org/10.3934/krm.2024021
https://doi.org/10.3934/krm.2024021
http://msp.org/idx/mr/4874799
http://msp.org/idx/zbl/07985296
https://doi.org/10.1007/s00526-019-1536-x
http://msp.org/idx/mr/3948988
http://msp.org/idx/zbl/1418.35208
http://msp.org/idx/arx/2402.04151

1874 VINCENT CALVEZ, DAVID POYATO AND FILIPPO SANTAMBROGIO

[Kuwada 2010] K. Kuwada, “Duality on gradient estimates and Wasserstein controls”, J. Funct. Anal. 258:11 (2010), 3758-3774.
MR Zbl

[Li et al. 2017] F. Li, J. Coville, and X. Wang, “On eigenvalue problems arising from nonlocal diffusion models”, Discrete
Contin. Dyn. Syst. 37:2 (2017), 879-903. MR Zbl

[Mahadevan 2007] R. Mahadevan, “A note on a non-linear Krein—Rutman theorem”, Nonlinear Anal. 67:11 (2007), 3084-3090.
MR Zbl

[Mirrahimi and Raoul 2013] S. Mirrahimi and G. Raoul, “Dynamics of sexual populations structured by a space variable and a
phenotypical trait”, Theoret. Popul. Biol. 84 (2013), 87-103. Zbl

[Nussbaum 1988] R. D. Nussbaum, Hilbert’s projective metric and iterated nonlinear maps, Mem. Amer. Math. Soc. 391, Amer.
Math. Soc., Providence, RI, 1988. MR Zbl

[Nussbaum 1994] R. D. Nussbaum, “Finsler structures for the part metric and Hilbert’s projective metric and applications to
ordinary differential equations”, Differential Integral Equations 7:5-6 (1994), 1649-1707. MR Zbl

[Ollivier 2007] Y. Ollivier, “Ricci curvature of metric spaces”, C. R. Math. Acad. Sci. Paris 345:11 (2007), 643-646. MR Zbl

[Ollivier 2009] Y. Ollivier, “Ricci curvature of Markov chains on metric spaces”, J. Funct. Anal. 256:3 (2009), 810-864. MR
Zbl

[Patout 2023] F. Patout, “The Cauchy problem for the infinitesimal model in the regime of small variance”, Anal. PDE 16:6
(2023), 1289-1350. MR Zbl

[Perthame and Barles 2008] B. Perthame and G. Barles, “Dirac concentrations in Lotka—Volterra parabolic PDEs”, Indiana
Univ. Math. J. 57:7 (2008), 3275-3301. MR Zbl

[Raoul 2017] G. Raoul, “Macroscopic limit from a structured population model to the Kirkpatrick—Barton model”, preprint,
2017. arXiv 1706.04094

[Raoul 2021] G. Raoul, “Exponential convergence to a steady-state for a population genetics model with sexual reproduction
and selection”, preprint, 2021. arXiv 2104.06089

[von Renesse and Sturm 2005] M.-K. von Renesse and K.-T. Sturm, “Transport inequalities, gradient estimates, entropy, and
Ricci curvature”, Comm. Pure Appl. Math. 58:7 (2005), 923-940. MR Zbl

[Saumard and Wellner 2014] A. Saumard and J. A. Wellner, “Log-concavity and strong log-concavity: a review”, Stat. Surv. 8
(2014), 45-114. MR Zbl

[Stigler 2005] S. Stigler, “Fisher in 19217, Statist. Sci. 20:1 (2005), 32-49. MR Zbl

[Villani 2003] C. Villani, Topics in optimal transportation, Graduate Studies in Mathematics 58, Amer. Math. Soc., Providence,
RI, 2003. MR Zbl

[Webb 1987] G. F. Webb, “An operator-theoretic formulation of asynchronous exponential growth”, Trans. Amer. Math. Soc.
303:2 (1987), 751-763. MR Zbl

Received 28 Apr 2023. Revised 15 May 2024. Accepted 20 Sep 2024.

VINCENT CALVEZ: vincent.calvez@math.cnrs.fr
CNRS, Université de Bretagne Occidentale, UMR 6205, Laboratoire de Mathématiques de Bretagne Atlantique, Brest, France

DAVID POYATO: davidpoyato@ugr.es
Departamento de Matemadtica Aplicada and Research Unit “Modeling Nature” (MNat), Facultad de Ciencias,
Universidad de Granada, Granada, Spain

FILIPPO SANTAMBROGIO: santambrogio@math.univ-lyonl.fr
Université Claude Bernard Lyon 1, CNRS, Ecole Centrale de Lyon, INSA Lyon, Université Jean Monnet,
Institut Camille Jordan UMR5208, Villeurbanne, France

mathematical sciences publishers :.msp


https://doi.org/10.1016/j.jfa.2010.01.010
http://msp.org/idx/mr/2606871
http://msp.org/idx/zbl/1194.53032
https://doi.org/10.3934/dcds.2017036
http://msp.org/idx/mr/3583503
http://msp.org/idx/zbl/1355.45003
https://doi.org/10.1016/j.na.2006.09.062
http://msp.org/idx/mr/2347601
http://msp.org/idx/zbl/1129.47049
https://doi.org/10.1016/j.tpb.2012.12.003
https://doi.org/10.1016/j.tpb.2012.12.003
http://msp.org/idx/zbl/1275.92098
https://doi.org/10.1090/memo/0391
http://msp.org/idx/mr/961211
http://msp.org/idx/zbl/0666.47028
http://msp.org/idx/mr/1269677
http://msp.org/idx/zbl/0844.58010
https://doi.org/10.1016/j.crma.2007.10.041
http://msp.org/idx/mr/2371483
http://msp.org/idx/zbl/1132.53011
https://doi.org/10.1016/j.jfa.2008.11.001
http://msp.org/idx/mr/2484937
http://msp.org/idx/zbl/1181.53015
https://doi.org/10.2140/apde.2023.16.1289
http://msp.org/idx/mr/4632375
http://msp.org/idx/zbl/1530.35057
https://doi.org/10.1512/iumj.2008.57.3398
http://msp.org/idx/mr/2492233
http://msp.org/idx/zbl/1172.35005
http://msp.org/idx/arx/1706.04094
http://msp.org/idx/arx/2104.06089
https://doi.org/10.1002/cpa.20060
https://doi.org/10.1002/cpa.20060
http://msp.org/idx/mr/2142879
http://msp.org/idx/zbl/1078.53028
https://doi.org/10.1214/14-SS107
http://msp.org/idx/mr/3290441
http://msp.org/idx/zbl/1360.62055
https://doi.org/10.1214/088342305000000025
http://msp.org/idx/mr/2182986
http://msp.org/idx/zbl/1100.01511
https://doi.org/10.1090/gsm/058
http://msp.org/idx/mr/1964483
http://msp.org/idx/zbl/1106.90001
https://doi.org/10.2307/2000695
http://msp.org/idx/mr/902796
http://msp.org/idx/zbl/0654.47021
mailto:vincent.calvez@math.cnrs.fr
mailto:davidpoyato@ugr.es
mailto:santambrogio@math.univ-lyon1.fr
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Anna L. Mazzucato ~ Penn State University, USA
alm24 @psu.edu

Clément Mouhot ~ Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy William Minicozzi I Johns Hopkins University, USA

berti @sissa.it minicozz@math.jhu.edu
Zbigniew Btocki  Uniwersytet Jagielloriski, Poland Werner Miiller ~ Universitdt Bonn, Germany
zbigniew.blocki @uj.edu.pl mueller @math.uni-bonn.de
Charles Fefferman  Princeton University, USA Igor Rodnianski  Princeton University, USA
cf@math.princeton.edu irod @math.princeton.edu
David Gérard-Varet ~ Université de Paris, France Yum-Tong Siu  Harvard University, USA
david.gerard-varet @imj-prg.fr siu@math.harvard.edu
Colin Guillarmou  Université Paris-Saclay, France Terence Tao  University of California, Los Angeles, USA
colin.guillarmou @universite-paris-saclay.fr tao@math.ucla.edu
Ursula Hamenstaedt ~ Universitéit Bonn, Germany Michael E. Taylor ~ Univ. of North Carolina, Chapel Hill, USA
ursula@math.uni-bonn.de met@math.unc.edu
Peter Hintz ETH Zurich, Switzerland Gunther Uhlmann  University of Washington, USA
peter.hintz@math.ethz.ch gunther @math.washington.edu
Vadim Kaloshin Institute of Science and Technology, Austria Andrds Vasy  Stanford University, USA
vadim.kaloshin @ gmail.com andras @math.stanford.edu
Izabella Laba  University of British Columbia, Canada Dan Virgil Voiculescu  University of California, Berkeley, USA
ilaba@math.ubc.ca dvv@math.berkeley.edu
Richard B. Melrose ~ Massachussets Inst. of Tech., USA Jim Wright ~ University of Edinburgh, UK
rbm@math.mit.edu jr.wright@ed.ac.uk
Frank Merle  Université de Cergy-Pontoise, France Maciej Zworski ~ University of California, Berkeley, USA
merle @ihes.fr zworski @math.berkeley.edu
PRODUCTION

production@msp.org

Silvio Levy, Scientific Editor

Cover image: Eric J. Heller: “Linear Ramp”

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2025 is US $475/year for the electronic version, and $735/year (4$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2025 Mathematical Sciences Publishers


http://msp.org/apde
mailto:alm24@psu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:david.gerard-varet@imj-prg.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:peter.hintz@math.ethz.ch
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 18 No.8 2025

Uniform contractivity of the Fisher infinitesimal model with strongly convex selection 1835
VINCENT CALVEZ, DAVID POYATO and FILIPPO SANTAMBROGIO

The L estimate for parabolic complex Monge—Ampere equations 1875
QIZHI ZHAO

Spectral asymptotics of the Neumann Laplacian with variable magnetic field on a smooth 1897
bounded domain in three dimensions
MAHA AAFARANI, KHALED ABOU ALFA, FREDERIC HERAU and NICOLAS RAY-
MOND

Characterization of weighted Hardy spaces on which all composition operators are bounded 1921
PASCAL LEFEVRE, DANIEL LI, HERVE QUEFFELEC and LUIS RODRIGUEZ-PIAZZA

Long-time behavior of the Stokes-transport system in a channel 1955
ANNE-LAURE DALIBARD, JULIEN GUILLOD and ANTOINE LEBLOND

Reconstruction for the Calderén problem with Lipschitz conductivities 2033
PEDRO CARO, MARIA ANGELES GARCIA-FERRERO and KEITH M. ROGERS

Weakly turbulent solution to the Schrédinger equation on the two-dimensional torus with real 2061
potential decaying to zero at infinity
AMBRE CHABERT



	1. Introduction
	2. Proof of the one-step contraction property
	2.1. Sharp log-concavity parameter
	2.2. The renormalized problem
	2.3. A nonlinear Kantorovich-type duality
	2.4. Contraction of the one-step transition probability
	2.5. Proof of the one-step contraction property

	3. Main contractivity lemma
	4. Analysis of a truncated problem
	5. Existence and uniqueness of strongly log-concave quasiequilibria
	6. Convergence to equilibrium for restricted initial data
	Appendix A. Intermediate dualities
	Appendix B. Lower bound of Gaussian convolution of log-concave densities
	Appendix C. Euclidean estimates on the displacement of the Brenier map between perturbations of log-concave measures
	Acknowledgments
	References
	
	

