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SPECTRAL ASYMPTOTICS OF THE NEUMANN LAPLACIAN
WITH VARIABLE MAGNETIC FIELD
ON A SMOOTH BOUNDED DOMAIN IN THREE DIMENSIONS

MAHA AAFARANI, KHALED ABOU ALFA, FREDERIC HERAU AND NICOLAS RAYMOND

This article is devoted to the semiclassical spectral analysis of the Neumann magnetic Laplacian on a smooth
bounded domain in three dimensions. Under a generic assumption on the variable magnetic field (involving
a localization of the eigenfunctions near the boundary), we establish a semiclassical expansion of the lowest
eigenvalues. In particular, we prove that the eigenvalues become simple in the semiclassical limit.

1. Motivation and main result

1.1. The operator. Let Q C R? be a smooth connected open bounded domain. We consider A : Q@ — R3,
a smooth magnetic vector potential. The associated magnetic field is given by

B(x) =V x A(x)
and assumed to be nonvanishing on Q. For & > 0, we consider the self-adjoint operator

% = (—ihV — A)? (1-1)
with domain
Dom(%,) = {¢¥ € HX(Q) :n- (—ihV — A)y =0 on 92},

where n is the outward pointing normal to the boundary.
The associated quadratic form is defined, for all ¥ € H! (), by

0 (¥ = /Q \(—ihV — A)y 2 dx.

Since 2 is smooth and bounded, the operator .%, has compact resolvent and we can consider the
nondecreasing sequence of its eigenvalues (X, (h)),>1 (repeated according to their multiplicities). The
aim of this article is to describe the behavior of the eigenvalues A, (k) in the semiclassical limit # — 0.

1.2. The operator on a half-space with constant magnetic field. The boundary of Q2 has an important

influence on the spectral asymptotics. Let us consider xy € 92 and the angle 6 (xg) € [—% %] given by

B (xo) - n(x0) = || B(x0) || sin(6(xo)),
where n(xp) is the outward pointing normal at xg.
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Near xg, one will approximate €2 by the half-space R3 ={(r,s,t) € R}:¢ > 0} (the variable ¢ playing
the role of the distance to the boundary). Then, this will lead us to consider the Neumann realization of

Lo = (D, —tcos+s sin9)2+DS2+Dt2

in the ambient space LZ([R{i), which already appeared in [Lu and Pan 2000] in the context of Ginzburg—
Landau theory. We use the notation D = —i 0. The corresponding magnetic field is b(8) = (0, cos 9, sin 6).
We let

e(0) =infsp(Ly).

It is well known (see [Helffer and Morame 2002; Lu and Pan 2000] and also [Raymond 2017, Sec-

tion 2.5.2]) that e is even, continuous and increasing on [0, %] (from ®¢ :=e(0) € (0, 1) to 1) and analytic

on (0, %) Moreover, we can prove that, for all 6 € (O, %), e(0) is also the groundstate energy of the

Neumann realization of the “Lu—Pan” operator, acting on LZ([R{%F),

Lo = (t cos® — s sin0)* + D? + D?; (1-2)

see [Raymond 2017, Section 0.1.5.4]. In this case, the groundstate energy belongs to the discrete spectrum
and it is a simple eigenvalue.
These considerations lead us to introduce the function 8 on the boundary.

Definition 1.1. We let, for all x € 092,
B(x) =1[B(x)|le®(x)).

1.3. Context, known results, and main theorem. The function § plays a central role in the semiclassical
spectral asymptotics. The one-term asymptotics of Aj (k) are established in [Lu and Pan 2000] (see also
[Raymond 2010a] and [Fournais and Helffer 2010], where additional details are provided).

Theorem 1.2 [Lu and Pan 2000]. We have
A1(h) = h min(bmin, Bmin) + 0(h),
where byin = min, g || B(x)| and Bmin = minyeyo B(X).

When B is constant (or with constant norm), more accurate estimates of the groundstate energy have
been obtained in [Helffer and Kachmar 2023; Helffer and Morame 2004; Raymond 2010b]. When looking
at Theorem 1.2, natural questions can be asked. Can we describe more than the groundstate energy? Is
the groundstate energy a simple eigenvalue? In three dimensions, most of the results in this direction
have been obtained rather recently:

e When by < Bmin, We can prove that the boundary is essentially not seen by the eigenfunctions with
low eigenvalues and that they are localized near the minima of || B||. Then, if the minimum is unique and
nondegenerate, the analysis of [Helffer et al. 2016] applies and it can be established that

An(h) = bminh + Coh®'* + (C1(2n — 1) + C2)h* 4 o(h?),

where the constants (Cyp, C1, Cz) € R x Ry x R reflect the classical dynamics in a magnetic field.
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e When B is constant (or with constant norm), we can prove that By < byin and that B, = || B]|.
In this case, the eigenfunctions with low eigenvalues are localized near the points of the boundary
where the magnetic field is tangent, that is, where e(6(x)) is minimal. Assuming that the magnetic field
becomes generically tangent to the boundary along a nice closed curve and assuming also a nondegeneracy
assumption, we have, from [Hérau and Raymond 2024],

An(h) = Bminh 4+ Coh*3 + C1h3% + (C2(2n — 1) 4+ C3)R? + 0(h?)

for some constants (Co, Cy, Ca, C3) € R? x Ry x R.

The result in [Hérau and Raymond 2024] is stated in the case of a constant magnetic field, but only the
fact that its norm is constant is actually used in the analysis; see Section 3.2.1 in that same work. Note
that without the additional nondegeneracy assumption and stopping the analysis before Section 5.6 in
that same work provides us with the two-term expansion. This observation is motivated by [Helffer and
Kachmar 2023], where the two-term expansion of the groundstate energy has been obtained independently
and where examples are also analyzed in detail.

When Bnin < bmin and when || B| is variable, it seems that less is known. The first estimates of the
low-lying eigenvalues, and not only of the first one, are done in [Raymond 2010a] (see also [Raymond
2009]), where an upper bound is obtained under a generic assumption (see Assumption 1.3 below):

An(R) < Bminh + Coh*? 4+ (C1(2n — 1) + C2)h* + o(h?) (1-3)

for some constants (Cyp, C1, C7) € R x Ry x R and where C is explicitly given by

_ VdetHessy, B
2[|B (xo) | sin 6 (x0)

The upper bound (1-3) is obtained by means of a construction of quasimodes in local coordinates near

Cy

the minimum of 8 and involves a number of rather subtle algebraic cancellations. At a conference in
Dijon in March 2010, S. Vii Ngoc suggested to the last author that these algebraic cancellations were the
signs of a hidden normal form. At the same conference, J. Sjostrand also suggested that a dimensional
reduction in the Grushin spirit (see the remarkable survey [Sjostrand and Zworski 2007]) could provide us
with the lower bound. Retrospectively, we will see that both of them were somewhat right, but that some
microlocal techniques needed to be developed further in order to tackle the problem in an efficient way.

Until now, the matching lower bound to (1-3) has only been obtained for a toy model in the case of a
flat boundary with an explicit polynomial magnetic field; see [Raymond 2012]. The aim of this article
is to establish a lower bound that matches (1-3) in the general case. To do so, we will, of course, work
under the same assumption as in [Raymond 2010a].

Assumption 1.3. The function B has a unique minimum, which is nondegenerate. It is attained at xy € 052,
and we have

B(xg) € (0, %) (1-4)
Moreover, we have

Bmin = B(x0) = mCl)lglz B(x) < min [|B(x)[| = bmin.
X€ xeQ



1900 MAHA AAFARANI, KHALED ABOU ALFA, FREDERIC HERAU AND NICOLAS RAYMOND

The main result of this article is a three-term expansion of the n-th eigenvalue of .%,. Thereby, it
completes the picture described above.

Theorem 1.4. Under Assumption 1.3, there exist Cy, C1 € R such that, for alln > 1, we have
v detHess,, B ( 1

: n—;

| B (x0) || sin 6 (xo) 2

In particular, for all n > 1, ©,(h) becomes a simple eigenvalue as soon as h is small enough.

dn(h) = Bminh + Coh’'* + ( ) + cl> h* + o(h?).

1.4. Organization and strategy of the proof. In Section 2, we recall the already known results of
localization of the eigenfunctions near xg. This formally reduces the spectral analysis to a neighborhood
of xg. This suggests that we should introduce local coordinates near xy. These coordinates (7, s, t) are
adapted to the geometry of the magnetic field: the coordinate s is the curvilinear coordinate along the
projection of the magnetic field on the boundary (we use here that 6 (xg) < %), the coordinate r is the
geodesic coordinate transverse to s, and ¢ is the distance to the boundary. A rather similar coordinate
system has been used and described in [Hérau and Raymond 2024] (inspired from [Helffer and Morame
2004]). Then, the local action of the operator is described in Section 2.3, where we perform a Taylor
expansion with respect to the normal variable ¢ only. After a local change of gauge, this makes an
approximate magnetic vector potential appear, see (2-10). In Section 2.3.2, we define a new operator
on LZ(IRi) by extending the coefficients, seen as functions of (r, s) defined near (0, 0), to functions on R2.
Since this extension occurs away from the localization zone of the eigenfunctions, we get a new operator
.Zhapp whose spectrum is close to that of .%},, see Proposition 2.11.

In Section 3, we perform the analysis of ,Zhapp with the help of the change of coordinates (r, s) —
F(r,s) = (u1, up), whose geometric role is to make the normal component of the magnetic field constant
(here, we use 0(xg) > 0). This idea is reminiscent of [Morin et al. 2023] in two dimensions; see
Proposition 2.2 in that work. We are reduced to the spectral analysis of the operator .47, see (3-1). Then,
we conjugate .47, by a tangential Fourier transform (in the direction ) and a translation/dilation 7 (after
these transforms, the variable u; becomes z). After these explicit transforms, we get a new operator %ﬁ’
which can be seen as a differential operator of order 2 in the variables (z, ) with coefficients that are
h-pseudodifferential operators (with an expansion in powers of / = h!/?) in the variable u only, see (3-10).
Its eigenfunctions are localized in (z, ), see Proposition 3.3 and Remark 3.4.

In Section 4, this localization with respect to z suggests that we should insert cutoff functions in the
coefficients of our operator. By doing this, we get the operator %b, see (4-1). The advantage of (/1?:) is that
it can be considered as a pseudodifferential operator with operator-valued symbol in a reasonable class
S(R?, N), see Proposition 4.2. The principal operator symbol ¢ (u, v) is unitarily equivalent to the Lu—Pan
operator || B (v, —u)||Lsw,—u) (Where we make a slight abuse of notation by forgetting the reference to the
local coordinates on the boundary), see Proposition 4.4. Then, we may construct an inverse for ng — A by
means of the so-called Grushin formalism as soon as A is close to Bnin, sSee Lemma 4.5. This is the first
step in the approximate parametrix construction for %b — A given in Proposition 4.7, which is the key
of the proof of Theorem 1.4. Let us emphasize that this parametrix construction is inspired by [Keraval
2018] and based on ideas developed by A. Martinez and J. Sjostrand. This formalism has recently been
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used in [Hérau and Raymond 2024] in three dimensions (see also [Bonnaillie-Nogl et al. 2022; Fahs et al.
2024; Fournais et al. 2023] in the case of two dimensions). At a formal level, this parametrix construction
relates the kernel of %b — A to that of an effective pseudodifferential operator QZE (A), see (4-7).

In Section 5 we relate the spectrum of Jl@ﬁ to that of the effective operator ( pf.lff) W see (5-1). Note: the
effective operator is an operator in one dimension. This contrasts with [Hérau and Raymond 2024], where
a double Grushin reduction is used: here this reduction is done in one step with the help of the Lu—Pan
operator. The quasi-parametrix in Proposition 4.7 is the bridge between the spectra of %ﬁ and ( p;ff)w.

We emphasize that we have to be very careful when studying this connection since the symbol of
the effective operator is not necessarily real-valued (only its principal symbol py is a priori real). This
again contrasts with [Hérau and Raymond 2024] and all the previous works on the subject. This non-self-
adjointness comes from the fact that .4 is not self-adjoint on the canonical L?-space but on a weighted
L?-space. That is why a short detour into the world of non-self-adjoint operators is used in Section 5.
In fact, one will not need the operator (pS™)" more than its approximation (p°¥)" near the minimum
of pg, see Section 5.1. This approximation is a complex perturbation of the harmonic oscillator. Its
spectrum is well known as well as the behavior of its resolvent.

In Section 5.2.1, we use rescaled Hermite functions to construct quasimodes for 4/1%1. This shows that
the spectrum of the model operator is in fact real, and we get an accurate upper bound of A, (%n) in (5-5).
This reproves in a much shorter way (1-3) (see [Raymond 2010a, Theorem 1.5], where the convention
|B(x0)|| =1 is used). Section 5.2.2 is devoted to establishing the corresponding lower bound (by using

in particular that the eigenvalues of the non-self-adjoint operator ( p}.l“"d)w have algebraic multiplicity 1).

Remark 1.5. The above analysis explains the presence of B, attached to the lowest eigenvalue of the
Lu—Pan operator, as the leading term in the semiclassical asymptotics. Similarly, the constant

v detHess,, B
1B (x0) | sin 6 (xo)

appears as the uncertainty constant attached to the effective harmonic oscillator ( p;.ln"d) W after the Grushin
reduction to a one-dimensional problem. This spectral gap combines the normal component of the magnetic
field with the spectrum of the Lu—Pan operator (and thus it has no obvious dynamical interpretation). The
latter is deeply related to the nondegeneracy assumption on 8. However, the geometric interpretation of
the constants Co and C is not clear since they come from the non-self-adjoint linear part of ( pg“’d)w.

2. Localization near x( and consequences
2.1. Localization estimates. In this section, we gather some already-known localization properties of the
eigenfunctions; see [Raymond 2009].

Proposition 2.1 (localization near the boundary). Again under Assumption 1.3, for all € > 0 such that
Bmin + € < bin, there exist a, C, hg > 0 such that, for all h € (0, hy) and all eigenfunctions W of %,
associated with an eigenvalue ). < (Buin + €)h, we have

/ A IID VA Y 2 4 < Cllyr 1%, (2-1
Q
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For 6 > 0, we consider the §-neighborhood of the boundary given by
Qs = {x € Q:dist(x, 0Q2) < 8}.

Due to Proposition 2.1, in the following, we take

§ = hl/2-n

forn e (0, %) We consider %, s = (—ihV — A)?, the operator with magnetic Neumann condition on 92
and Dirichlet condition on 925 \ 02.

Corollary 2.2. Let n > 1. There exist C, hg > 0 such that, for all h € (0, hy),
M (Lhs) — Ce™ M < ap(H) < M (L)

Note that the upper bound in Corollary 2.2 easily follows from the min-max theorem, whereas the
lower bound is obtained by using Proposition 2.1.

Thanks to Corollary 2.2, we may focus on the spectral analysis of .%} 5. The following proposition can
be found in [Fournais and Helffer 2010, Chapter 9] and [Helffer and Morame 2002, Theorem 4.3] (see
also the proof of [Hérau and Raymond 2024, Proposition 2.9]).

Proposition 2.3 (localization near xg). Let M > 0. There exist C, hy > 0 and o > 0 such that, for all
h € (0, ho) and all eigenfunctions ¥ of %, s associated with an eigenvalue X such that A < Bminh + M h3/2,

we have

[ sy o [l g o ax < Cly P 22
Qs Qs

Proposition 2.3 invites us to consider a local chart near xp and to write the operator in the corresponding
coordinates. In order to simplify our analysis, we construct below a system of coordinates compatible
with the geometry of the magnetic field.

2.2. Adapted coordinates near xy. This section is devoted to introducing coordinates adapted to the
magnetic field. Most of the properties of our coordinates system have been established in [Hérau and
Raymond 2024].

2.2.1. Coordinate in the direction of the magnetic field on the boundary. We set
B(x)
1B’

and we consider its projection on the tangent plane at x € 9€2:

b(x)=

bl (x) = b(x) — (b(x), n(x))n(x),

where n is the outward pointing normal.
Due to Assumption 1.3, near xg, the vector field b! does not vanish. This allows us to consider the unit

vector field
bl (x)

T = 13T
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and the associated integral curve y given by

Y'(s)=Ffy(), y(0)=xo,
which is well-defined on (—sg, s9) for some sg > 0. Clearly, y is smooth and with values in 9€2.

2.2.2. Coordinates on the boundary. Denoting by K the second fundamental form of 92 associated to
the Weingarten map defined by,

forall U,V € T,02, K,(U,V)={dn,(U),V),
we can consider the ODE with parameter s of unknown r — y (r, s),
2y (r.s) = —K @,y (r. ), 8,y (r. )y (. 5)),

with initial conditions
y(©0.9)=y(s), 3,y0,5)=—y'(s)",

where L is taken in the tangent space and such that (y’, y’*, n) is a direct orthonormal basis. The minus
is here so that (9, y, 95y, n) is also a direct orthonormal basis along y (- ). The curve y (r, -) is the image
of y(-) under the geodesic flow on 92 (with initial velocity orthogonal to y(-)) at time r.

This ODE has a unique smooth solution (—rg, ro) x (—so, so) > (r, s) — y(r,s), where ro > 0 is
chosen small enough. Let us gather the important properties of (r, s) — y (7, s). Their proofs may be
found in [Hérau and Raymond 2024].

Proposition 2.4. The function (r, s) — y(r, s) is valued in 2. Moreover, we have
|0,y (r,s)l=1, (3,y,dsy)=0.

In this chart y, the first fundamental form on 0S2 is given by the matrix

$09= (g gryy): @O =Ny @GP,

For all s € (—sg, 59), we have «(0, s) = 1 and 9, (0, s) = 0.
2.2.3. Coordinates near the boundary. We consider the tubular coordinates associated with the chart y:
y=@s, )~ T(,s,t)y=y@F,s)—tn(y(r,s)) =x. (2-3)

The map I is a smooth diffeomorphism from Qg := (—rg, r9) X (—So, So) X (0, tp) to I'(Qyp), as soon as
top > 0 is chosen small enough. The differential of I" can be written as

dI'y = [(Id =t dn)(9,y), (Id —t dn)(d;y), —n], (2-4)

and the Euclidean metric becomes

G = (dMN)Tdr = (g (1)) , (2-5)
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with

(5. 1) = I(Xd —z dr) (3, ) || ((Id —t dn)(3,y), (Id —t dn) (3,))
T\ =1 dm) (3, ), (1d —1 dm) (D)) 1(1d =1 dm) () |12 :

We have g(r, s) = g(r, s, 0), where g is defined in Proposition 2.4.

2.2.4. The magnetic form in tubular coordinates. In this section, we discuss the expression of the magnetic
field in the coordinates induced by I'. This discussion can be found in [Raymond 2017, Section 0.1.2.2]
and [Hérau and Raymond 2024, Section 3.2]. We consider the 1-form

3
o=A-dr=>) Agdx.
e=1
Its exterior derivative is the magnetic 2-form

w=do= Y (3Ar—dAr) dxi Adxy,
1<k<t<3
which can also be written as

w = Bydx; Adxy — Bpdx; Adx3z+ By dxy Adxs.
Note also that,
forallU,V e R}, w(U,V)=det(U,V,B)=(UxV, B).

Let us now consider the effect of the change of variables I'(y) = x. We have

3
F*UZZAjdyj, A=@NToAoT, (2-6)
j=1
and
Mo=T*do =d(™o)=[-,-,V x A].
Here we use the notation I'* for the pullback by I'. This also gives that, for all U, V € R3,
det(dT'(U), dI'(V), B) =det(U, V,V x A) or detdl'(-,-,dI'"'(B)) =det(-,-,V x A),

so that,
V x A = (detdl")dI' " (B).
Note then that, using (2-5), we get
lgI”'"*’V x A =8, (2-7)

where B(y) := dFy_ (B (x)) corresponds to the coordinates of B(y) in the image of the canonical basis
by dI'y. With our specific change of coordinates (2-3), we have

B =dI'(B) =B1(Id =t dn)(0,y) + B2(1d —t dn) (0, ) — Bsn.
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For all x € 02, 1.e., t =0, we have

B(x) =Bi(r,5,0) 9,y + By(r,s5,0) 85y — B3(r, s, O)n(y (r, 5)),

2-8
IB(x)||> = Bi(r, s, 0) +a(r, $)B3(r, s, 0) + B3 (r, s, 0). %)

Moreover, we have
Bl(ras$0):<Bsary)’ a(rsS)BZ(r,S,O):<B, aSV)’ 83(r9s70):_<B$n>'

Note that our choice of coordinate s (along the projection of the magnetic field on the tangent plane) and
of transverse coordinate r implies that

B1(0,s,0)=0, By(0,s,0) >0,
thanks to Assumption 1.3.
Definition 2.5. In a neighborhood of (0, 0), we can consider the unique smooth function 6 such that
B(y(r,s)) -n(y(r,s)) =B (y(r, )| sin6(r, s)
and satisfying 0(r, s) € (O, %) With a slight abuse of notation, we let
B(r,s) =By (r,5)e@(r,s)).

Remark 2.6. We have
Bi(r,s) = =By (r,s))| sin(@(r, s)).

Moreover, since B, > 0 and ¢ (0, s) =1,
B2(0,s,0) = [|B(y(0,s))[ cos€(0,s), B3(0,s,0)=—[B(y(0,s))|sin6(0,s).
In fact, we can choose a suitable explicit A such that (2-7) holds in a neighborhood of (0, 0, 0).

Lemma 2.7. Considering

t
Ai(r, s, 1) :/ (gl ?B:1(r, s, ) dr,
0

As(r,s, 1) = —fotngP/zBl](r, 5,7) dr+/0r[|g|1/283]<u, 5, 0) du,
A~3(r, s, 1) =0,
we have V x A(r, s,1)=|g|'*B(r, s, t).
Proof. This follows from a straightforward computation and the fact that |g|'/28 is divergence-free. [

Remark 2.8. Note that the proof of Lemma 2.7 does not involve global geometric quantities on the
boundary as in [Hérau and Raymond 2024, Proposition 3.3], since our analysis is local near xg.



1906 MAHA AAFARANI, KHALED ABOU ALFA, FREDERIC HERAU AND NICOLAS RAYMOND

2.3. First approximation of the magnetic Laplacian in local coordinates. 1f the support of ¥ is close
enough to xo, we may express Qy, (%) in the local chart given by I'(y) = x. Letting ¥ (y) = ¥ o '(y), we
have then

On(Y) = / (G (—ihVy — A, (—ihVy — A()¥)|g]"/? dy.
In the Hilbert space L*(|g|'/? dy), the operator locally takes the form
1817 2 (=ihVy — A(Y)) - 1g]"*G™ (—ihV, — A(y)), (2-9)

where G is defined in (2-5). From now on, the analysis deviates from [Hérau and Raymond 2024].

1/2

2.3.1. Expansion with respect to t. Due to the localization near the boundary at the scale #'/~, we are led

to replace A by its Taylor expansion AP at order 3 and g and G by their Taylor expansions at order 2.
We let 3
A5, 0 =tllg" P Bal(r, 5, 0) + Cof> + G5,

AP, 5, 1) = —tllg BN, 5, 0) + F(r, 5) + Eai® + Esf?, (2-10)
A s, =0,

where 7 =ty (h~'/?*"t) for some smooth cutoff function x equal to 1 near 0 and where

F(r,s) =f [1g]'/?B51(¢, s, 0) de, (2-11)
0

and the functions C;(r, s) and E;(r, s) are smooth. We emphasize that we only truncate the terms of
order at least 2 in ¢ in the above expression.
Due to Assumption 1.3, (r, s) — (F(r, s), s) is a smooth diffeomorphism on a neighborhood of (0, 0).
We also consider the expansions

1812 (r, 5, 1) = ao(r, s) + tay (r, s) + t2ax(r, s) + O(3),
G~ = (Mo(r, ) +tMi(r,s) + > My(r, )) "' + O(),

and we let
m(r, s, t) = ao(r, s) +tay(r, s) +2ax(r,s), M(r,s,t) = Mo(r,s) + My (r,s) + > Ma(r, s). (2-12)
Recall that |g|(7, s, 0) = a (7, s).

2.3.2. Extension of the functions of the tangential variables. It will be convenient to work on the half-
space Ri instead of a neighborhood of (0, 0, 0).

Given €g > 0, consider a smooth, odd, and nondecreasing function ¢ : R — R such that {(x) = x on
[0, 9] and ¢ (x) = 2¢q for all x > 2¢g. In particular, ||¢ |00 = 2€9. We let

Z(r,s) = (£(r), £(s)).

The following lemma is a straightforward consequence of Assumption 1.3.
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Lemma 2.9. For €y small enough, the function ,3 = BoZ:R*— Ry is smooth and has a unique minimum
(at (0, 0)), which is nondegenerate and not attained at infinity.

Let us now replace the function & : (r, 5) — «a(r, 2B, s, 0) by %o Z in (2-10) and (2-11). We
replace the other coefficients C; and E; by C; o Z and E; o Z. Note that we have the following.

Lemma 2.10. For €y small enough, the function

TR (r,s) (/Or[|g|1/283](2(£, s), 0) de, s) =u=(uy,up) € R?

is smooth, and it is a global diffeomorphism.
This leads us to consider the new vector potential
Ai(r,5,1) = 1C1 + Caof? + G517,
As(r,s, 1) = —tEy + _g1(r, 5) + Eaf? + Ext?, (2-13)
As(r,5,1) =0,
where C| = «'/?B,, E| = «'/2B; and with the notation f =foZ.

The rest of the article will be devoted to the spectral analysis of the operator associated with the new
quadratic form

QP (¢) = /R G0 by — A, (~ihVy — AG)g)indy.

This self-adjoint operator .i”happ is acting as
MmN (=ihV, — A) - (M)~ (=ihV, — A)

in the ambient Hilbert space L*(R3, rivdy). We recall that m and M are given in (2-12). This spectral
analysis is motivated by the fact that the low-lying spectra of %}, and ,,thapp coincide modulo o(h?) in the
sense of the following proposition.

Proposition 2.11. We have, foralln > 1,
An(h) = 1 (L) + o(h?).

We omit the proof. It follows from Corollary 2.2, the localization estimates given in Proposition 2.3
(which are also true in the coordinates (r, s, t) for the eigenfunctions of .i”hap P by using the same arguments),
and the min-max theorem. These localization estimates allow us to remove the cutoff functions up to
remainders of order ¢'(h°°) and to control the remainders of the expansion in 7.

3. Change of coordinates and metaplectic transform

In order to perform the spectral analysis of ﬁhapp, it is convenient to use the change of variable # given
in Lemma 2.10. More precisely, we will use the unitary transform induced by _# defined by

U:L*(R3, mdy) — L*R3, mlJac_#~'|dudt), ¢+ ¢,
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where we use the notation f wu.t)=f(7 ~I(u), t) and the slight abuse of notation f = f . Then, we
focus on the operator A4}, = U fhappU -1 acting in L%(R3, m|Jac B4 11 du dr). The operator .4}, is acting
as

Ny =ULPPU =m g, - (M) 9, (3-1)
where
—ihéo 8u1 —tél —fzéz —f3é3
Dp= | —ihd, —uy—ihEyd, +1E, —iEy—1°E;
—ih 3,
and
Co=0d 71 =a'?Bs, Ey=3d; 7. (3-2)

Notation 3.1. We will use the following classical notation for the semiclassical Weyl quantization of a
symbol a = a(u, v). We let

War(u) = /W ei(”_x)'“/ha<¥, v)lﬁ(x)dxdv.

Proposition 3.2. Let K > 0 andn € (0, %) Let B be a smooth function of the real variable equal to 0
near 0 and 1 away from a compact neighborhood of 0. There exists hg > 0 such that, for all h € (0, hg)

1
(2mh)?

and for all normalized eigenfunctions W of 4, associated with an eigenvalue A such that A < Kh, we

have, in LZ([RRi),
w
Uy —v
[2(57)] v oo

Proof. To simplify the notation, we write
~f U1 — V2
=8\ 710 )
h1/2—n

Note that EXV is a bounded operator by virtue of the Calderén—Vaillancourt theorem (see [Zworski 2012,
Theorem 4.23]).
Let ¥ be a normalized eigenfunction of .4}, associated with an eigenvalue A such that A < KA. The

[1]

eigenvalue equation gives us

(MEN Y, BN ) = ME) WII* + ([, B 1v, EN v), (3-3)

where (-, -) is the scalar product in L?(R3 ,ntfJac_Z ! dudr).

According to the localization at the scale /'/?

in {r < h(l_")/z}, and we obtain, for j =2, 3,

with respect to ¢, we can insert a cutoff function supported

17 EY il < CRMEY ¥l + 6™y |. (3-4)
Then, we write
AEN W BY V) 2@ inprac s dwan = (D - (MDD EN W, Jae £ BNV V) 2@ auan
= (M) 2,8} ¥, Zn(1Tac_7 T EY ¥)) L2(RY, dudr)-
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We notice that [Z),, |Jac/¢_1 |l = €(h) and that 14“1(1\;1)_1 = ¢ > 0. This implies that
BNV BV 12w inprac s duany = ENZREN WP = ChIZWEY WINIEY ¥
> el ZhE) wI* — CRAIEY I,

where we use the Young inequality to get the last estimate.
By using again the Young inequality and (3-4) to deal with the powers 72 and 7> in Z,, this yields, for
some ¢, C > 0,

(AEY VS BNV 2@ iprac s dudny = CONEN ) = CRITNEN WP+ Ry I?, (3-5)

where
0%(9) = 1h 3,011* + [|(hCo Dy, — tC)@|I* + |(hDyy — u1 +hEgDy, +tEDe|*.

Then, using again the Young inequality, we find that
00 (@) = [1h d9lI* + hCoDu, 1> + 31 (h Dy, —u)@ | — 2[R Eo D, 01> — Clite|*.
Notice that there exists ¢ > 0 such that
1Col = ¢, |Eol < 3, (3-6)

where we recall (3-2) and Lemma 2.10. Indeed, we have Ey(0, 0) = 0 and, for some ¢y > 0, we have
Co = cp > 0. In particular, €y can be chosen small enough in the extension procedure in Section 2.3.2
that (3-6) holds. This shows that, for some ¢y > 0,

O0(@) = lh 3@l + collh Dy, @lI* + 3| (A Dy, — u)ell* — Clitg|>. (3-7)

On the support of E;, we have (v, — u1)? > ch'=2 for some ¢ > 0. Thus (3-4), (3-5), (3-7), and again
the localization in ¢ yield

AEN VS BNV 2@ a1 duan = 30 T IES WIP+ 0By, (3-8)
Using classical results of composition of pseudo-differential operators, we have
(s EN 1 BY ) S CRUMEN WP + 6(h™) 1911, (3-9)
where E has a support slightly larger than that of E;. Here we use the energy estimate
2 EY Yl = 6 DIES Wil + o h) |,

which follows from rough estimates of (3-3).
Thus, by combining (3-3), (3-8), and (3-9) with the fact that A < K&, we obtain

1€ V17 < MAME Y1+ o).
Finally, by an induction argument on the size of the support of E, we get

I} wil = 6B Y. O
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Let us consider the partial semiclassical Fourier transform %, with respect to u; and the transla-

1/2

tion/dilation T : u; + (u; — vp)h™ '/~ = z. Slightly abusing notation, we identify 7" with ¢ > @ o T.

We mention that .%, is the metaplectic transform associated with the linear symplectic application
(12, v2) = (v2, —u2); see, for instance, [Martinez 2002, Section 3.4]. Letting V = .7, ! T, we have

V¥(—ih 0y, —u)V = —h'?z.
For the following it is pertinent to introduce the new semiclassical parameter
h=h/2

keeping in mind that we continue to deal not only with h-pseudodifferential operators but also with
asymptotic expansions in 7. The preceding equality then becomes

V*(—ih du, —uy)V = —hz.
Similarly, with the dilation W : r — h~'/?t = k', we get

WV VW = ha,

with
—iC} 8, —1C} — ht?x (h*11)2C5 — h* x (h*"1)C;
Tp= | —2—i 50, + B — 2y (W02 ES — B33 (W)L |
—i 0

where the coefficients of the conjugated operator @5 are now given by P? = P(vy + hz, —u»). Here the
Weyl quantization can be considered only in the variables (12, v>) since z is now a “space variable”. We
let

M = mp ™ PG} Imn (M)~ 7,

where mp(-,t) =m(-, ht) and Mp(-,t) = M (-, ht). The operator /ﬂf is equipped with the domain
(VW)~! Dom .4, (which is still made of functions satisfying the Neumann boundary condition). Note
that .47, and h%/l%t are unitarily equivalent since

WV VW = h2 A7 (3-10)
After all these elementary transforms, Proposition 3.2 can be reformulated as follows.

Proposition 3.3. Let K > 0andn € (0, %) Let & be a smooth function of the real variable equal to 0
near 0 and 1 away from a compact neighborhood of 0. There exists ho > 0 such that, for all i € (0, hig)
and for all normalized eigenfunctions \r of Jﬁ%ﬁ associated with an eigenvalue )\ such that . < K, we have

B2y = O(h™).

Remark 3.4. As a consequence of the Agmon estimates and working in the coordinates (u1, us, t),
we notice that the eigenfunctions are also roughly localized in “frequency” in the sense that, for all
(e, B,¥) € N? and all n € (0, 1), there exist C, /ip > 0 such that, for all & € (0, f),

12%2P DYy || 4+ 111%2P DY || < CR21@HPH0) |1y
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4. A pseudodifferential operator with operator symbol

Proposition 3.3 invites us to insert cutoff functions in the coefficients of the operator JV,f. Working from
now on with the semiclassical parameter /i, we therefore consider

My = Umn ™ Y 2 - mn (M)~ )™ 2, (4-1)
where
—iCyd, —1C, — 2y (h*"1)2C, — K26 x (K1) C,
D=\ —2—iE)d, +1E, — > (W) E) — B2 x (W¥"1)3ES | (4-2)
—i 0
with P° = P (v, +hxy(2)z, —uy), where x,(z) = x0(A*"z), the function xo being smooth, with a compact
support, and equal to 1 on a neighborhood of the support of 1 — E.

4.1. The symbol and its properties. Expanding the operator ,/Vhb with respect to /i (say first at a formal
level) suggests that we should consider the following self-adjoint operator, depending on the parameters
(12, v2) and acting in the variables (z, #) as

no(u2, v2)

= (—iCo(vy, —u2) 8, — tCy (U2, —u2))? + @~ (v, —ur) (—z — i Eog(v2, —u2) 8, 4+ 1 E1 (v, —up))? — 92,

with the domain
Dom(ng) = { € L*(R%) : no(uz, v2)¥ € L*(R2), 8, (z, 0) = 0},

and where we recall that C| and E| are given in (2-13). The domain of ng(u3, v;) depends on (uz, vy).
However, we can check that it is unitarily equivalent to a self-adjoint operator with domain independent of
(u2, V), see the proof of Proposition 4.4 below. In the following, we will use a class of operator symbols
of the form

S(R?, L(eA, o)) = {a € € (R?, L(<A, o)) : Yy eN?3C) > 0: 107 all (o, < Cy s
where 7] and % are (fixed) Hilbert spaces. We also introduce
B =1{y € L*(RY) : Vo e N2, || <k = (1) + (2)%) 3%y € LA(RD)} (4-3)

and the class of symbols
S(R*, N) = (1) SR, LB, Bin)),
k=N
and we notice that ng € S(R?, 2).

Remark 4.1. Note that these classes of symbols are not algebras. However, the classical Moyal product
of symbols in S (R%, N) and S(R?, M) is well-defined and belongs to § (R%, N + M); see [Keraval 2018,
Theorem 2.1.12].
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In fact, for N > 2, by using a classical trace theorem, we may also define
BN = € By : 0¥ (2,0) =0} (C Domny)

and the associated class SNU(R?, N). We can also write ng € SNU(R?, 2) to remember that the domain
of ng is equipped with the Neumann condition.

By expanding %b in powers of /i and by using the composition theorem for pseudodifferential operators
[Keraval 2018, Theorem 2.1.12], we get the following.

Proposition 4.2. The operator %b is an h-pseudodifferential operator with symbol in the class SN*(R?, 2).
Moreover, we can write the expansion

b

My =ng +hni + 07y + w0y (4-4)

with ny, na, and ry in the class SN (R?, 8).

Proof. Let us recall that Jl%b is given in (4-1). Let us notice that the operator @; , defined in (4-2), is
indeed a pseudodifferential operator with operator-valued symbol. With respect to the variables z and ¢, it
is a differential operator of order 1 whose symbol is

—iCy 3, —1C, — ht2 (h*11)2C) — B2 x (h*'1)3C,
—z—iE)d, +1E, — hi®x (h*"1)*E, — h*1®x (h*"1)° E;, (4-5)
—i 3,

and belongs to S (R%, 1). The functions/symbols [mp =11 and [my (M)~ belong to S (RZ, 0). Combining
these considerations with (4-1), it remains to apply the composition theorem for pseudodifferential
operators with operator symbols, see Remark 4.1.

To get (4-4), it is sufficient to use the Taylor expansions in 4 of the symbol (4-5), [my~'1°, and
[my(Mz)~'1°, and to apply again the composition theorem (the worst remainders being roughly of order 8
in (z,1)). 0

Remark 4.3. We will see that the accurate descriptions of n; and n, in (4-4) are not necessary to prove
our main theorem. The use of the more restrictive class SNeU(R2, 8) allows us to deal with the uniformity
in the semiclassical expansions in /.

Let us describe the groundstate energy of the principal symbol ng. From now on, we lighten the
notation by setting (us, v2) = (u, v).

Proposition 4.4. For all (u, v) € R?, the bottom of the spectrum of nq belongs to the discrete spectrum
and it is a simple eigenvalue that equals B (v, —u). The corresponding normalized eigenfunction f, .
belongs to the Schwartz class and depends on (u, v) smoothly.

Moreover, there exists ¢ > 0 such that, by possibly choosing €y smaller in Lemma 2.9, we have, for all
(u, v) € R?,

infsp(no(u, v)ljs ) = Bmin +¢ = B(v, —u).
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Proof. By using the Fourier transform in z and then a change of gauge, we are reduced to the case when
Ey = 0. With a rescaling in z, ng is unitarily equivalent to

(=i 8, —tC)* +a N (=Coz +1E))* — 87 = (=i 8, — thy)> + (b3z + th1)* — 2,
with
biy=Bi, by=('"’By), b3=-B;s,

where the functions are evaluated at (vy, —u3). Recalling (2-8), we see that the Euclidean norm of
b = (b1, by, b3) is
612 = Bl

with a slight abuse of notation. By homogeneity, we can easily scale out | B|| and consider the operator

(—i 3, —thy)* — 7 + (tby + b32)*,
with
by =cosfcose, by=cosfsing, bz=sind.
Completing a square leads to the identity
(—i o, —tb2)2 — 8t2 +(tby -|—b32)2 = —8,2 4+ (¢ cos @ —sinp D, — zsin 6 cos gz))z + (cos ¢ D, — 7 sin B sin (p)z.
This shows, thanks to the rescaling z = Z sin ¢ (since sin ¢ is nonzero) and the change of gauge
52
w s eii% sin@cosq)w
that the operator is unitarily equivalent to
th + (1 cos @ — Dz)? + (cot p D; — Z sin 0)?
and then, by the Fourier transform, to
th + (tcosO — {)2 + (¢ cotp + sin@D;)z.
Thanks to the change of gauge
.2 cot 9
V> e 2sind
(which is well-defined since sin 8 # 0), this last operator is unitarily equivalent to
th + DZ2 + (t cos O — z sin 9)2,
which is nothing but the Lu—Pan operator defined in (1-2), which is unitarily equivalent to
cos? 0D} +sin® §D? + (t — z)?

(whose domain is independent of 9).
The eigenfunction §, ,, belongs to the Schwartz class by virtue of [Raymond 2009, Corollaire 5.1.2]
and the stability of the Schwartz class under Fourier and gauge transforms. O
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4.2. An approximate parametrix.
4.2.1. Inverting the principal symbol.
Lemma 4.5. Consider € > 0 and A < Bmin + €. We let

no(u, v) — A -fu,u)
('9fu,v> 0 .

For € small enough, Zy(A) : Domng x C — LZ(R%F) x C is bijective. Its inverse is denoted by 2y and is

Po(N) = (

given by
-1
20=2p(A) = <(n0(u, v-A)y Ju ) ,

() fu) A— B, —u)

where (no(u, v) — A)Il is the regularized resolvent on (span fu,U)L.
Moreover, we have 2, € S(R?, 0).

Proof. Using the same algebraic computations as in [Keraval 2018] and the spectral gap in Proposition 4.4,
we get the announced inverse. Moreover, it is also clear that 2y is bounded from Lz(lRi) to Lz(lRi)
uniformly in (u, v). The fact that it belongs to the class S (R2, 0) follows from weighted resolvent
estimates similar to [Raymond 2009, pp. 100-101]; see also [Fahs et al. 2024, Appendix]. U

We let

2 3
—A fu.
WH(A):(nO+hnl+h ny+i’ry fu.

<'vfu,u> 0

where ng, ny, ny, and ry are given in Proposition 4.2.

) = Po(N) + hP\ + > Py + B> %y,

4.2.2. The approximate parametrix. Let us now construct an approximate (at order 2) inverse of 9};‘/
when it acts on the Schwartz class (with Neumann condition). We consider

On OF
Dy =20+h2 +h*2 =" ,
0, Oy
where

1
21 =—-2021 2y, Zr=-20922)+ 207120712 — lf{a%, P} 2. (4-6)

By Remark 4.1, the symbols 2; and 2, belong to S(R?, M) for some M > 8. By computing products of
matrices and using the exponential decay of f, ,,, we get

Q5 (M) =A—(po+hpi+ 1 pan), (4-7)
with pg = (v, —u) and py, pa.a € Sga(1), where
Sp2(1) = {a € €°(R?, C) : Va e N?,3C, > 0: 0% < Cy).
In addition, A + pa A € Sg2(1) is analytic in a neighborhood of Bpin.

Remark 4.6. Let us emphasize here that nothing a priori ensures that the subprincipal symbols p; and
pa. £ are real-valued since our formal operator is not self-adjoint on the canonical L2-space.



SPECTRAL ASYMPTOTICS OF THE NEUMANN LAPLACIAN 1915

The reason to consider the expressions (4-6) simply comes from the semiclassical expansion of
the product Q,‘;V @hw by means of the composition theorem [Keraval 2018, Theorem 2.1.12]. These
explicit choices, with the Calderén—Vaillancourt theorem [Keraval 2018, Theorem 2.1.16] to estimate the
remainders, imply the following proposition.

Proposition 4.7. There exists N > 2 such that the following holds. We have
3 3
g]gv «@,;V = Idnyw(ﬁi)xy(R) +h %;Q, y;"gg’ = Idy(@i)xy(n@) +h ‘%);I,/r’
where %y o and %y, belong to S (R, N) and where N (@i) denotes the Schwartz class on [R{i with

Neumann condition at t = 0.
In particular, we have, for all ¥ € YNe“(Ri),

oY (A — MY+ ODYBY =¥ + 6Vl 2@ sy
OV (A = MY+ (0D Ry = 0V | 2@z
and, for all p € S (R),

(4-8)

A — MO o +PBHHY o = o(m)llgl,
BONHY o =0+ o@)lgl.

Here, P = ({-, fu’v))w, By is given in (4-3), and || - || 2w 2, IS the L?-norm defined thanks to the
Bochner integral valued in the Banach space By.

(4-9)

5. Spectral consequences

This last section is devoted to the proof of Theorem 1.4, with the help of Proposition 4.7. The spectrum
of e/igf will be compared to the spectrum of a model operator, derived from an effective 4-pseudodifferential

operator whose symbol has the following expansion in powers of i = h'/%:

P = po+hpi + 1 pa g, (5-1)
see (4-7).

5.1. A model operator. Let us consider

prod(U) = p§(0) + 1 Hess(,0) po(U, U) + hp{™(U), U = (u, v),
lin

where p|" is the linear approximation of p; at (0, 0). The corresponding i-pseudodifferential operator
(pyoH?

we can compute its spectrum and estimate its resolvent. Let us explain this. Thanks to Assumption 1.3,

is not self-adjoint due to the linear part. However, this operator still has compact resolvent, and

the quadratic form Hessg,0) po(U, U) can be diagonalized with a rotation (which is a symplectic trans-
formation in two dimensions). Thus, by using a metaplectic transformation (or by means of an explicit
linear transformation in u), we may assume that the symbol is

p}rﬁnod — psz(o) 4 %do(u2 4+ U2) + h(au + Bu)

for some dy > 0 and («, B) € C2.
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Remark 5.1. In fact, we have

detHess,, B
1| B (x0) |12 sin® 8 (xp)

dy = \/detHess(o,o) po = \/detHess(o’o) B(v, —u) = \/

where we use the notation introduced at the beginning of Section 3, the change of variable ¢ in
Lemma 2.10, and Remark 2.6.

By completing the square and recalling that we deal with #-quantizations and that we have let & = h'/?,

we get

d ha'\? hB\ 242
(p;_lIlOd)W — ﬁ;ff(o) + _O u + o + hz Du + IB , ﬁ;:_lff(o) — psz(o) _ o + /3 hz‘
2 dy dy 2dy

For alln > 1, we let
Sty =™ PO H, (- )](u + 3>,
do
Fan@) =072 fu(h ),

where H, is the n-th normalized Hermite function.
The family (f,,.5)s>1 is a total family in L?*(R) (but not necessarily orthogonal). It satisfies

DY fon = KR fon, 5-2)
A4y = Ldo(2n — D + 551 (0).

By the analytic perturbation theory (see [Kato 1995, Chapter VII]), the spectrum of ( pg“’d)w is made of

eigenvalues of algebraic multiplicity 1, and it is given by
sp((pp°)") = {3do@n — DA* + p5(0), n > 1}

Moreover, for all compact K C C, there exists Cx > 0 such that, for all u € K,

Ck
s of( Feff 2 mody Wy
dist(p;," (0) + A, sp((pr°)™))

I((preHY — pe0) — r2 )~ < (5-3)

To see this, consider the operator

When % = 1, we have the estimate
Ck
dist(i, sp())’

which follows from the fact that the eigenvalues have algebraic multiplicity 1 (the Riesz projectors

(et — )Ml < (5-4)

associated with the finite number of eigenvalues in K have rank 1). To get (5-3), we use the rescaling
u = hn and (5-4).
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5.2. Refined estimates.

5.2.1. From the model operator to JV,f. The functions (f,, 1) can serve as quasimodes for Ji%ﬁ with the
help of (4-9). Indeed, by taking A = Anm"d(h) and ¢ = f, 5, we see that

(A = A4 (O fun = OR3).

Since (Q;)W fu.n 1s localized near (z, ) = (0, 0) (due to the exponential decay of §, ,,, which is uniform
in (u, v)), we get
(A7 =28 mQDY fun = O ).

By using the inverse Fourier transform and translation/dilation, (Q;)W Jn.n becomes a quasimode for .4,
see (3-1) and the end of Section 3. But the operator .4}, is unitarily equivalent to a self-adjoint operator
for a suitable scalar product on the usual L2-space. Therefore, we can apply the spectral theorem, and we
deduce that

dist(A™ (), sp(H)) < CR.

In particular, this implies that, for # small enough, )\Ln"d(h) is real. This shows that we necessarily have

2, a2
a4+
p1(0) eR, py(0) — e R.
2dy
This also implies that
Do (M) < AP (R) + CR3. (5-5)

5.2.2. From %ﬁ to the model operator. Let n > 1. Let us consider an eigenfunction i of g/ljf associated
with the eigenvalue A, (,/%f).

We know that A, (%u) = Bmin + 0(1) and that the corresponding eigenfunctions are localized in (z, )
(due to the Agmon estimates and Proposition 3.3). Thus, in (4-8), we can replace %b by f/ig.lﬂ, and we
deduce that

(PEHY = A (ANBY = 0B DY, vl < CIBY, (5-6)

for n > 0 as small as we want. We use Remark 3.4 to control the remainders ||/ || .2, 4,) by € (B[]l
By taking the scalar product with 3, taking the real part and using the min-max principle, we get that

Jn(N) = Brin + p1(0)h — Ch*.
This establishes the two-term asymptotic estimate
Jn(H55) = Brin + p1 (O + O (7).
Therefore, we can focus on the description of the eigenvalues of the form
Jn (A5 = B + 1O + pun ()R
for u,(h) € D(0, R) with a given R > 0. We have

(DY — Buin + P10V + 0 (MR B = OB 1B, (5-7)
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where v, denotes a normalized eigenfunction associated to the n-th eigenvalue of f/iﬁ. In fact, by
considering (5-7) and again Proposition 4.7, the function B, is microlocalized near (0, 0), the minimum
of the principal symbol pg. Since this minimum is nondegenerate, the quadratic approximation of the
symbol shows that P, is microlocalized near (u, v) = (0, 0) at the scale R for any n € (0, %) In
particular, we deduce that

((PF°HY = (Bmin + P12 + sy (AP = 6 (1) Bl
From the resolvent estimate (5-3), this implies that

a’+ B2
2dy

() e D(%(zj — 1) +di, sz”"), dy = p2(0) —

j>1
where D(z, r) denotes the disc of center z € C and radius r > 0. In particular, we have

pi(h) > 3do+dy — Ch'™.
This shows that
M (A = Bunin + 1O+ (3do + )R — CRZN,

and thus, with (5-5), we get
pi(h) = 3do+dy + 01"
and
M) =2y + o (R,

Let us now deal with Az(%ﬁ) and recall (5-5). Assume by contradiction that w, (%) € D (%do +d;, Ch 1*3’7).
Then, we have
2 (h) — i (R)] < CR' 1,
We infer that
(P = AP )Py = 60| By |

for all ¥ € span(yr1, ¥2). Moreover, coming back to (4-8) (see also (5-7)), we also get that ||y || < C||Bv ||

for all ¢ € span(yrq, ¥). In particular, P (span(i/i, ¥»)) is of dimension 2. Let us consider the Riesz
od\ W
)

projector (in the characteristic subspace of (pp" associated with the smallest eigenvalue)

1 _
M=-— (¢ — (ppreHhWy~lde,
207 Jog oty nd—4n)

which is of rank 1. Then, for all ¢ € P(span(¥r1, ¥2)), we write, with the Cauchy formula,
1 _ _
Mp=¢+— (€= (preH™) ™ = @ =2 () He de.
201 JgGady.pi—n)

But, we have

€ — (PPoHMy= — (¢ =2 m) ™ = (¢ = A7) T — (YWY TH(pehV — Amed(h)),
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so that, by using the resolvent estimate (5-3), we get
ITlp — @l < CRP MR35 4/3730 g || = ChY||g]|.

This shows that the range of IT is of dimension at least 2 as soon as # is small enough. This is a
contradiction. Therefore, we must have u, (%) € D(3(3do) +di, Ci' 7). In particular, we have

pua(h) =3(5do) +dy + ('), M (AF) = AP (h) + O (R,
We proceed by induction to get that, for all n > 1,
pn () = 20 — 1) (hdo) +di + OR' =), 1y (M) = A (R) + 6 (3, (5-8)

5.2.3. End of the proof of Theorem 1.4. Proposition 2.11 shows that the first eigenvalues of .%}, coincide
with those of .i”happ modulo o(k2). Then, by (3-1), .fhapp is unitarily equivalent to .47,. The operator .4}, is
unitarily equivalent to hz%ti’ see (3-10). Theorem 1.4 follows from (5-8) and (5-2) (see also Remark 5.1
for the explicit formula for dy).
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