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CHARACTERIZATION OF WEIGHTED HARDY SPACES
ON WHICH ALL COMPOSITION OPERATORS ARE BOUNDED

PASCAL LEFEVRE, DANIEL LI, HERVE QUEFFELEC AND LUIS RODRIGUEZ-PIAZZA

We give a complete characterization of the sequences 8 = (8,) of positive numbers for which all
composition operators on H>(8) are bounded, where H?(f) is the space of analytic functions f on the
unit disk D such that ZZO:O la,|?B, < +oo if f@)= Zf:o a,z". We prove that all composition operators
are bounded on H?(p) if and only if j is essentially decreasing and slowly oscillating. We also prove that
every automorphism of the unit disk induces a bounded composition operator on H>(p) if and only if 8 is
slowly oscillating. We give applications of our results.

1. Introduction

Let 8 = (B,)n>0 be a sequence of positive numbers such that

liminf 81/ > 1. (1-1)

n—oo

The associated weighted Hardy space H?(B) is defined to be the Hilbertian space of analytic functions
f@)= Z;O:O a,z" such that

LIP = lan|* By < oo (1-2)
n=0

Condition (1-1) is equivalent to the inclusion H?(8) € Hol(D). Indeed, if (1-1) holds, we have
H?(B) € Hol (D) since |a,|*B, is bounded and thanks to the Hadamard formula. Conversely, testing the
inclusion H2(8) C Hol (D) on the function f(z) =Y o0, (n/B(n))~'z" € H*(B), we get (1-1) from the
Hadamard formula.

Condition (1-1) will therefore be assumed throughout this paper, without repeating it.

When B, = 1, we recover the usual Hardy space H?; the Bergman space corresponds to 8, = 1/(n+ 1)
and the Dirichlet space to 8, =n + 1.

Recall that a symbol is a (nonconstant) analytic self-map ¢ : D — D, and the associated composition
operator C, : Hz(ﬁ) — Hol (D) is defined as

Co(f)=Ffoop. (1-3)
An important question in the theory is to decide when C, is bounded on H 2(B), i.e., when
C,: H*(B) — H*(B).
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This question appears in the literature in several places. For instance, it is Problem 1 in the thesis of
Nina Zorboska [1988, p.49]. This thesis contains many interesting results, in particular Propositions 3.1
and 4.2 of the present paper (we discovered the content of Zorboska’s thesis once the present paper was
almost finished). See also Question 36 raised by Deddens in [Shields 1974, p. 122.c].

When H?(B) is the usual Hardy space H % (i.e., when B, = 1), it is well known, as a consequence of
the Littlewood subordination principle [1925], that all symbols generate bounded composition operators
[Shapiro 1993, pp. 13—-17]. On the other hand, for the Dirichlet space, corresponding to 8, =n + 1, not
all composition operators are bounded since there exist symbols ¢ not belonging to the Dirichlet space
(e.g., any infinite Blaschke product).

Note that, by definition of the norm of H?(8), all rotations Ry, defined by Ry(z) = ez, with 6 € R,
induce bounded and surjective composition operators on H>(8) and send isometrically H?(8) into itself.

Our goal in this paper is to characterize the sequences 8 for which all composition operators act
boundedly on the space H 2(B), i.e., send H*(B) into itself.

In Shapiro’s presentation for the Hardy space H?, the main point is the case ¢ (0) =0 and a subordination
principle for subharmonic functions (Littlewood’s subordination principle). The case of automorphisms
is claimed to be simple, using an integral representation for the norm and some change of variable. For
general weights 8, the situation is different, as we will see in this paper, and it turns out that the conditions
on B for the boundedness of the composition operators C, on H 2(B) are not the same depending on
whether we consider the class of all symbols such that ¢ (0) = 0, or the class of symbols ¢ = T;,, where
atz
I+az

It is clear that when these two classes of composition operators are bounded, then all composition

T.(2) = fora e D. (1-4)

operators are bounded. Recall that every symbol ¢ can be written as the composition ¢ = T, o i, where
¥ (0) =0 and a = ¢(0), and then Cy, = Cy, 0 C7,.
In many occurrences, the weight g is defined as

1
ﬂn=/ t"do (1), (1-5)
0

where o is a positive measure on (0, 1); more specifically the following definition is often used: let
G: (0, 1) - R be an integrable function, and let Hé be the space of analytic functions f: D — C such
that

11 = /D [f@PG( =12 dA() < 0. (1-6)

Such weighted Bergman-type spaces are used, for instance, in [Kellay and Lefévre 2012; Kriete and
MacCluer 1995; Li et al. 2014]. We have HZ = H*(B) with

1 1
,3,,:2[ r2"+lG(1—r2)dr=/ "G(1 —1)dt, (1-7)
0

0

and the sequence 8 = (B,), is nonincreasing (actually, the representation (1-5) is equivalent, by the
Hausdorff moment theorem, to a high regularity of the sequence §, namely its complete monotony).
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When the weight g is nonincreasing (or more generally, essentially decreasing), all the symbols
vanishing at the origin induce a bounded composition operator. This was proved by C. Cowen [1990,
Corollary, p.31], using Hadamard multiplication. We can also use Kacnelson’s theorem (see [Chalendar
and Partington 2014] or [Lefevre et al. 2021, Theorem 3.12]). Actually that follows from an older theorem
of Goluzin [1951] (see [Duren 1983, Theorem 6.3]), which itself uses a self-refinement observed by
Rogosinski of Littlewood’s principle [Duren 1983, Theorem 6.2].

For weights defined as in (1-5), we have at our disposal integral representations for the norm in H?(8),
and, as in the Hardy space case, this integral representation rather easily allows us to decide when
the boundedness of C7, on H?(B) occurs. This is not always the case, as shown by T. Kriete and
B. MacCluer in [Kriete and MacCluer 1995]. They consider spaces of Bergman-type A2(~; = ch;, where
é(r) = G(1 —r?), defined as the spaces of analytic functions in D such that

fD If@1*G(lz]) dA < 00

for a positive nonincreasing continuous function G on [0, 1). They prove [Kriete and MacCluer 1995,
Theorem 3] that, for

é(r)zexp(—B B>0, O<ua<?2,

=)
(—re)’
and

px)=z+t(1-2)7, l<y<3, 0<r<277,

¢ is a symbol and C, is bounded on A2(~; ifand only if y > o + 1.
Here

1
By :/ t1e~B/A=VD" gy < exp(—cn®/ @)y,
0

We point out that B is nonincreasing, so, for every symbol ¢ fixing the origin, the composition operator Cy,
is bounded. Nevertheless, choosing y < « + 1, there exist symbols inducing an unbounded composition
operator, hence not all the Cr, are bounded. Actually, for every o € (0, 2], no C7, is bounded because
has no polynomial lower estimate (see Proposition 4.5 below).

Contents of the paper. In Section 2, we introduce several notions of growth or regularity for a sequence f —
essentially decreasing, polynomial lower and upper bounds, slow oscillation — and give some connections
between them. In Section 3, we consider the composition operators whose symbol vanishes at the origin.
We show that, in order for all these operators to be bounded, it is necessary that 8 be bounded above. We
show that 8 is essentially decreasing if and only if all these operators are bounded and

sup [|Cyll < +o00.
(0)=0
In Theorem 3.3, we give a sufficient condition for having all the composition operators C, with
¢(0) = 0 bounded, allowing us to give an example of a sequence 8 for which this happens even
though SUPy, (0)=0 |Cyll = +00 (Theorem 3.7). In Section 4, we prove that all C7, are bounded on H 2(B)
if and only if B is slowly oscillating (Theorems 4.6 and 4.9). We state our main result.
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Theorem 1.1. Let 8 be a sequence of positive numbers, and let

Tu(z) = 1“:;2

for a € D. The following assertions are equivalent:
(1) For some a € D\ {0}, the map T, induces a bounded composition operator Ct, on H 2(B).
(2) For all a € D, the maps T, induce bounded composition operators Ct, on H 2(B).
(3) B is slowly oscillating.

The deep implication is (2) = (3). Its proof requires some sharp estimates on the mean of Taylor
coefficients of T, for a belonging to a subinterval of (0, 1). Once we found the equivalence of (1) and (2),
we realized that it already appeared in the thesis of Zorboska [1988].

In Section 5, we show (Theorem 5.1) that if 8 is slowly oscillating, and moreover all composition
operators are bounded on H?(f), then B is essentially decreasing. We thus obtain the following theorem.

Theorem 1.2. Let 8 be a sequence of positive numbers. Then all composition operators on H?(B) are
bounded if and only if B is essentially decreasing and slowly oscillating.

For the notion of essentially decreasing and slowly oscillating sequences, see Definitions 2.1 and 2.2.

We end the paper with some results about multipliers.

A first version of this paper, not including the complete characterization given here, was put on arXiv on
30 November 2020 (and a second version on 21 March 2022) under the title “Boundedness of composition
operators on general weighted Hardy spaces of analytic functions”.

2. Definitions, notation, and preliminary results
The open unit disk of C is denoted by D and we write T for its boundary d[D. We set
en(z)=2", n>0.

The weighted Hardy space H?(B) defined in the introduction is a Hilbert space with the canonical

orthonormal basis

1 Zna n >05 (2_1)
n

5 >

and the reproducing kernel K, given, for all w € D, by

el(z) =

Ko@) =) ef@ehw)=>" 50" (2-2)
n=0 n=0""

Note that H? is continuously embedded in H>(B) if and only if B is bounded above. In particular, this
is the case when g is nonincreasing. In this paper, we need a slightly more general notion.

Definition 2.1. A sequence of positive numbers § = (8,),>0 is said to be essentially decreasing if, for
some constant C > 1, we have, for all m >n > 0,

Bm = CBy. (2-3)
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Note: saying that f is essentially decreasing means that the shift operator on H>(8) is power bounded.
If B is essentially decreasing and if we set
,gn = Sup B>
m>n

the sequence B = (,3,,) is nonincreasing and we have 8, < B,, < CB,. In particular, H 2(,B) = H? (,3) (with
equivalent norms) and H 2 is continuously embedded in H 2(B).

Definition 2.2. A sequence f is slowly oscillating if there are positive constants ¢ < 1 < C such that

B

c<—<C whenn/2<m<2n. (2-4)
n

We may remark that this is equivalent to the existence of some function p: (0, co) — (0, co) which is
bounded above on each compact subset of (0, o) and for which 8,,/8, < p(m/n), equivalently

LB ).
) = By

Definition 2.3. The sequence of positive numbers 8 = (8,) is said to have a polynomial lower bound if

there are positive constants ¢ and « such that, for all integers n > 1,
Bn>cn”“. (2-5)

This means that H?(8) is continuously embedded in the weighted Bergman space 53271 of the analytic
functions f: D — C such that

115 = “/D [f@PA— 1z dAR) < o0

since B2 _| = H*(y) with y, ~n~°.

Definition 2.4. The sequence of positive numbers 8 = (f8,) is said to have a polynomial upper bound if
there are positive constants C and y such that, for all integers n > 1,

Bn < Cn”. (2-6)
The following simple proposition links these notions.

Proposition 2.5. (1) Every slowly oscillating sequence B has polynomial lower and upper bounds.

(2) There are sequences that are essentially decreasing and with polynomial lower bound but are not
slowly oscillating.

(3) There are bounded sequences that are slowly oscillating but not essentially decreasing.
Proof. (1) This is clear because, for some ¢ € (0, 1), if 2/ <n < 2/*! then

Bn = cBri = /T B > cpin,
with @ = log(1/c)/log2, and, for some C > 1,

Bn < CPoy < CITB1 < CHinY,
with y =log C/log?2.
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(2) Let5 > 0. Weset By =81 =1 and, forn > 2,

The sequence B is nonincreasing.
For n and k as above, we have

1 1

Bn = W = EQ
hence 8 has arbitrarily slow polynomial lower bound. However we have, for k > 2,
Bk (k)= 1
= = — —> O,
Bu (k=117 kS koo

so B is not slowly oscillating.

(3) We define B, as follows. Let (ax) be an increasing sequence of positive square integers such that
limg_, o @gt1/ax = 00, for example a; = 4"2, and let by = ./arai+1; with our choice, this is an integer
and we clearly have a; < by < ag+1. We set

:3n=

ai/n for ap <n < by,
(ar/bn = (1/ags1)n  for by <n < api.

The sequence (f8,,) is slowly oscillating by construction. Indeed, since the other cases are obvious, it
suffices to check that, for ay <n/2 < by <n < ayy1, the quotient 8, /8, remains lower and upper bounded
when n/2 <m < n (it will then be automatically also satisfied when n <m < 2n). But, for n/2 <m < by,

we have )
Bn  ax/m  aragyr by

Bn  njayr  mn mn

’

which is < 2b?/n? <2 and > b7/n* > (n/2)?/n* = §; and, for by < m, we have

m/a
P _ m/Git1 =" e[L1].
Bn n/agy n
However, even though (8,,) is bounded, since 8, <1 for a;y <n < by and, for by <n < ag41,
1
ﬁn S ﬂakJrlfl = (ak+l - 1) S la
k41
it is not essentially decreasing, since

1 —1 ak+1
Pt _ (@1 — D~ [ 0

1
B, Va1 ap o

Now we are going to recall some well-known facts about matrix representation of an operator 7" defined

on a Hilbert space with an orthonormal basis (e,),>0 and explain how they translate into our framework.
The entry a,, , (Where m, n > 0) is defined by the m-th coordinate of 7 (e,):

Am,n = e;:,(T(en))»

where € (x) stands for the k-th coordinate of the vector x.
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We shall use the notation f (k) for the k-th Fourier coefficient of a function f € L!'(—m, 7):
o 1 T ”
_ —ikt
k)= /;n f@e " dr.

Let us point out that when the operator is the composition operator C,, associated to the symbol ¢,
viewed on H 2(,3), its matrix representation in the basis (eff )n>0 has an entry (m, n), which we write as

(e8)*(Cyp(el)) = VP (p") = m@(m)

VB " VB

since the m-th Taylor coefficient of ¢" coincides with its m-th Fourier coefficient.

We say that the reproducing kernels K, have a slow growth if

[ Kwll < L 2-7)
(I = Jw])*

for positive constants C and s. We have the following equivalence.

Proposition 2.6. The sequence B has polynomial lower bound if and only if the reproducing kernels K,
of H?*(B) have a slow growth.

Proof. Assume that the reproducing kernels have a slow growth. Since

[ Kwll” = ;
= B
we get, for any k > 2,
|w|2k CZ
<

Be — (1—jwh>

Taking w = 1 — 1/k, we obtain g > C'k~>".
For the necessity, we only have to see that

L L D B TR 0
B = B T o p T (1= Jwer

3. Boundedness of composition operators whose symbol vanishes at the origin

3.1. Necessary conditions. We begin with this simple observation, see [Zorboska 1988, Proposition 3.1].

Proposition 3.1. If all composition operators with symbol vanishing at 0 are bounded on H*(B), then the
sequence B is bounded above.

Proof. Let f € H*®. Write f = Ap+ f(0), where A is a constant and ¢ a symbol vanishing at 0. We have
p=Cy(z) € H?(B), by hypothesis, and so f € H?(B) and H® C H?(B). It follows (by the closed graph
theorem, since the convergence in norm implies pointwise convergence) that there exists a constant M
such that || f || g2(s) < M|| f |l for all f € H*. Testing this with f(z) = z", we get B, < M?>. [l
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Let us point out that boundedness of §,, does not suffice. For example, let (8,) be a sequence such that
Bak+2/ Bak+1 —=> 0o (for instance Box = 1 and P41 = 1/(k + 1)); if ¢(z) = 2%, then

2n+1y2 202n+1) 2
I1Co @ DI = 122V 12 = Baaur1y;
since [|z2"T1]|? = Bon41, the operator C, is not bounded on H?(B).
A partial characterization is given in the next proposition.
Proposition 3.2. The following assertions are equivalent:

(1) All symbols ¢ such that ¢(0) = 0 induce bounded composition operators C, on H 2(B) and

sup [|Cyll < 00. 3-1)
»(0)=0
(2) B is an essentially decreasing sequence.

Of course, by the uniform boundedness principle, (3-1) is equivalent to

sup [|[fop| <oo forall fe Hz(ﬁ).
¢(0)=0
Let us point out an important fact: we shall see in Theorem 3.7 that there are weights 8 for which all
composition operators Cy, with ¢(0) = 0 are bounded but sup,, )¢ [|Cy || = +00.

Proof. (2) = (1) We may assume that § is nonincreasing. Then the Goluzin—Rogosinski theorem [Duren
1983, Theorem 6.3] gives the result; in fact, writing

o 00
f@=) " and (Cpf) (@)= du",
n=0 n=0
it says that
Z ldi|* < Z lex|* foralln >0,
0<k<n 0<k<n

and hence, by Abel summation,
o0 o0
ICo fIP =D " 1dul*Ba <D leal*Bu = I F1I%,
n=0 n=0

leading to C, bounded and ||Cy|| < 1. This same result was also proved by Cowen [1990, Corollary of
Theorem 7]. Alternatively, we can use a result of Kacnelson [1972]; see also [Chalendar and Partington
2014; 2017, Corollary 2.2; Lefevre et al. 2021, Theorem 3.12].

(1) = (2) Set M =sup,,)— ICyll. Let m > n, and take

9(2) = P (@) = 2(2(A+2"7) ",

Then ¢(0) =0 and [p(2)]" = %(z" + z); hence
LB+ Bm) = 19" 17 = [ICy (e I* < ICII* lenll* < M?By,

so B is essentially decreasing. U
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Remark. Let us mention the following example. For 0 < r < 1, let 8, = wnr?* forn > 1 and By = 1.
This sequence is eventually decreasing, so it is essentially decreasing. The quantity || f ”312 8~ | £(0)]? is
the area of the part of the Riemann surface on which rD is mapped by f. E. Reich [1954], generalizing
Goluzin’s result [1951] (see [Duren 1983, Theorem 6.3]), proved that, for all symbols ¢ such that ¢(0) =0,

the composition operator C,, is bounded on H 2(B) and

1
ICyll < sup /nr"~! <

1
o1 V2er/log(1/r)

ForO<r < 1/«/5, Goluzin’s theorem asserts that |Cy || < 1.

Note that this sequence S is not slowly oscillating, since 8,,/8, = 2r2". Hence, from Theorem 4.9
below, we get that no composition operator Cr, is bounded on H?(B).

However, that the weight 8 is essentially decreasing is not necessary for the boundedness of all
composition operators C,, with symbol ¢ vanishing at 0, as we will see later (Theorem 3.7).

3.2. Sufficient condition.
Theorem 3.3. Let B = ()2, be a sequence of positive numbers that is weakly decreasing, i.e.,
for every § > 0, there exists a positive constant C = C(8)
such that B,, < CB, whenever m > (1 + d)n. (3-2)
Then, for all symbols ¢ : D — D vanishing at 0, the composition operator C,, is bounded on H 2(B).

Let us point out that (3-2) implies that 8 is bounded.

Note that Zorboska showed [1988, Example 1, pp. 14-15] that, for 8, = exp(n“), with 0 < a < 1, which
is unbounded, the symbol ¢(z) = zX, k > 2, induces an unbounded composition operator on H 2(B).

To prove Theorem 3.3, we need several lemmas.

Lemma 3.4. Let ¢: D — D be an analytic self-map such that ¢(0) = 0 and |¢’(0)| < 1. Then there exists
p > 0 such that, for all integers n and m,

|¢" (m)] < exp(—[(1 + p)n — m]).
Proof. Since ¢(0) = 0, we can write ¢(z) = z¢1(z). Since |¢’(0)| < 1, we have ¢;: D — D. Now let
M(r) = sup,—, lo1(2)]. Cauchy’s inequalities say that |¢] (m)| < [M(r)]"/r™. We have M (r) < 1, so
there exists a positive number p = p(r) such that M (r) = r”. We get

n
r -7 (I1+p)n—m
pm—n ’

@™ (m)] = 1@} m —n)| <
and the result follows by taking r =e~!. O

The following result of V. E. Kacnelson [1972] was used in [Chalendar and Partington 2014; 2017,
Corollary 2.2]; see also [Lefevre et al. 2021, Theorem 3.12].

Theorem 3.5 [Kacnelson 1972]. Let H be a separable complex Hilbert space, and let (e;);>0 be a fixed
orthonormal basis of H. Let M : H — H be a bounded linear operator. We assume that the matrix of M

with respect to this basis is lower-triangular: (Mej|e;) =0 fori < j.
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Let (y;)j>0 be a nondecreasing sequence of positive real numbers, and let I be the (possibly un-
bounded) diagonal operator such that I'(ej) = y;e;, j > 0. Then the operator I''MI':H— His
bounded and, moreover,

IT='MT|| < M.

We need the following generalization of Kacnelson’s theorem, which is implicitly used in [Lefevre
et al. 2021, p. 13]. The matrix A only needs to be lower-triangular with respect to the order induced by
the sequence (d,),.

Lemma 3.6. Let A: £, — €5 be a bounded operator represented by the matrix (am n)m.n» i€, Qmp =
(Aey, em), where (e,)n>0 is the canonical basis of 5.
Let (d,)) be a sequence of positive numbers such that, for every m and n,

dn <d, = am,=0. (3-3)
Then, D being the (possibly unbounded) diagonal operator with entries d,,, we have
IDT'AD| < || A].

We will propose two different proofs. The first one, using complex variables, is an adaptation of that
of Kacnelson, and we reproduce it for the convenience of the reader; the second one is new and uses real

variables.
Proof 1. Let Cy be the right-half-plane Cy = {z € C : Re z > 0}. We set Hy = span{e, : n < N} and
Ay = PyvAJy,

where Py is the orthogonal projection from £, onto Hy and Jy is the canonical injection from Hy into £5.
We consider, for z € Cy,
Ay(@)=D*AyD*: Hy — Hy,
where D*(e,) = d}ey.
If (@m.n(2))m.n 1s the matrix of Ay (z) on the basis {e, : n < N} of Hy, we clearly have

am,n(z) = am,n(dn/dm)z-
In particular, we have, thanks to (3-3),
amn(2) =0 ifd, <d,

and
lam.n(z)| <suplax;| ;=M forall z € Cy.
k,l
Since
IAN@I* < IAN@DITs = Y lama@P < (N + 1)*M?,
m,n<N
we get

IAN @] < (N+1)M forall z € C.
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Let us consider the function uy : Co — C defined by
un(z) = lAn @Il (3-4)

This function u y is continuous on Co, bounded above by (N + 1) M, and subharmonic in Cy. Moreover,
thanks to (3-3), the maximum principle gives

supuy(z) =supun(z).
60 8(]:()

Since ||D?*|| = ||D~*|| =1 for z € 9Cy, we have

[An@II < |AN]l for z € 3C,,
and we get
supun(z) < [[Anll < [IA]l.
Co
In particular, uy (1) < || A and, letting N go to infinity, we obtain |[D~'AD| < ||A||.
Proof 2. Since d, is positive, we can write d, = e~ ", where p, € R. Let x = (x,),>0 and y = (¥,)n>0
be in £2 with finite support. We are interested in controlling the sum

d, __
S= Z am,nixn}’m7
m,n

which can also be written
S = E am’ne_lpn_pm‘xny_m
m,n

since the nontrivial part of the sum runs over the pairs (m, n) such that d,, > d,,, i.e., p, > p.
Now we introduce the function

f@) = m fort € R,
which is positive and belongs to the unit ball of L'(R). Moreover, its Fourier transform satisfies, for
every x € R,
F(HH(=x) = / fe™ dr =e .
We get ’
S = /R f(r)(Zam,nxnefp"’W) dt = /R FO(AE®), y(t) e dt,
where "
x(1) = (ne™ =0 and  y (1) = (e 0.
We obtain

S| SfRf(t)IIAIIIIX(I)IIIIy(t)II dt=Af(t)IIAIIIIXIIIIyIIdt= AT

since || f L1 = 1.
Since x and y are arbitrary, this proves ID~'AD| < ||A]|. U
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Proof of Theorem 3.3. First, if |¢'(0)| = 1, we have ¢(z) = az for some a with |a| = 1, and the result is

trivial.
So, we assume that |¢’(0)| < 1. Then, by Lemma 3.4, there exists p > 0 such that, for all m, n,

" (m)| < exp(—[(1+ p)n —m]).
It follows that, with § = %,0, we have
lg"(m)| < exp(—8n) whenm < (1+8)n.

Since ¢(0) = 0, we also know that @(m) =0ifm <n.
Now, using property (3-2), there exists M > 1 such that

Bn < MpB, whenm > (1+d)n.
Define now a new sequence y = (y,) as

ynzrnax{ﬂn, sup ,Bm}.
m>(1+8)n

We have
(1) B =< VYn = MB,,
(2) Vi <y if m > (148)n.

Item (1) implies that Hz(y) = H2(ﬂ), and we are reduced to proving that Cy,: Hz(y) — Hz(y) is
bounded.

Let A= (@mn)mn= (gﬁ’(m))m,n. We have to prove that

1 2 —1 2
/ / am,n)m,n

= Vm
represents a bounded operator on £;.
Define the matrix

A= (am,n 1{(m,n):m§(l+8)n})m,nv

and set A, = A — A. Define analogously B; and B, = B — Bj.
Then A, is a Hilbert—Schmidt operator because (recall that a,, , = 0 if m < n) we have

oo (148)n oo (14+8)n
DO amal’ D D exp(- 28n)<2(8n+1)exp( 28n) < +o0.
n=1 m=1 n=1 m=n

Since A is bounded, it follows that A» = A — A; is bounded.
We now remark that, writing As = (.1 )m.n,» We have, with d,, = 1/ /¥,

dp <dy = VYm>vw = m<A+6n = au,=0.

Hence we can apply Lemma 3.6 to the matrix A,, which implies that B, is bounded.
Now, we have liminf 8,/ > 1, so B, > e for n large enough; hence we have 8, > ce™" for

every n > 1.
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Since y is bounded (like B is), we have, for some positive constant C,

00 (1+6)n 00 (l+8)n
Yoy —|amn| => > —exp( Z(Sn)<Z—(8n+1)exp(—8n)<+oo,
n=1 m=n n=1 m=n

meaning that Bj is a Hilbert—Schmidt operator.
Therefore B = B; + B, is bounded, as desired. |

As a corollary of Theorem 3.3, we can provide the following example.

Theorem 3.7. There exists a bounded sequence B, with polynomial lower bound, which is not essentially
decreasing, and for which every composition operator with symbol vanishing at 0 is bounded on H*(B).
We hence have SUPy,(0)=0 |Cyll = +o0.

It should be noted that, for this weight, the composition operators are not all bounded, as we will see
in Proposition 4.10.

Proof. Define 8, = 1 for n < 3!, and, for k > 3,

Bn = 1/k! fork! <n <(k+1)!—2and forn = (k+ 1)!,
{ﬁn =1/(k+1)! forn=(k+1)!—1.

Note that, for m > n, we have 8,, > B, only if n =(k+1)! —1and m = (k+ 1)! =n + 1 for some
k>3.

However g is not essentially decreasing since, for every k > 3, we have 8,4+1/8, =k+1if n=(k+1)!—1.

The sequence 8 has a polynomial lower bound because 8, > 1/(2n) for all n > 1. In fact, for £ > 3,
wehave 8, > (k+1)/n>1/nifkl<n<(k+1)!—-2o0orifn=(k+1)!,and, forn=(k+1)! —1, we
have ng, =[(k+ D! —1]/(k+ 1! > % It has a polynomial upper bound since it is bounded above by 1.

Now, it remains to check (3-2) in order to apply Theorem 3.3 and finish the proof of Theorem 3.7.
Note first that we have 8,,/8, <1 if m > n + 2. Next, for given § > 0, there exists an integer N such
that (14 6)n >n+ 2 foreveryn > N, so B,,/Bn < 1if m > (1 +6)n and n > N. It suffices to take
C = maxi<u<N Pn+1/Pn to obtain (3-2). The last assertion follows from Proposition 3.2. |

4. Boundedness of composition operators of the symbol 7,

Recall that, for a € D, we defined

zeD. (4-1)

It is well known that 7, is an automorphism of D and that 7,,(0) = a and T,(—a) =
Though we do not really need this, we remark that (7,),¢(—1,1) is a group and (7, )4e(0,1) 1S @ semigroup.

It suffices to see that T, o T, = T,4p, With
a+b

l+ab’
In this section, we are going to prove a necessary and sufficient condition for the statement that all

a*xb=

(4-2)

composition operators Cr, for a € D are bounded on H?(f). Namely, we have the following theorem,
the proof of which will occupy Sections 4.2 and 4.3.
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Theorem 4.1. All composition operators Cr,, with a € D, are bounded on H?(B) if and only if B is
slowly oscillating.

Before that, let us note the following fact; see also [Zorboska 1988, Proposition 3.6]. Recall that if ¢
and ¥ are two symbols, then Cy, 0 Cy, = Cyop.

Proposition 4.2. If Cr, is bounded on H?>(B) for some a € D\ {0}, then Cy, is bounded on H*(B) for
allb € D.
Moreover, the maps Crt, are uniformly bounded on the compact subsets of D.

We decompose the proof into lemmas. The first one was first proved in [Zorboska 1988] (see also
[Gallardo-Gutiérrez and Partington 2013, Proposition 2.1]) and follows from the fact that if b = pe'? and Ry
is the rotation Ry(z) = e/?z, which induces a unitary operator Cr, on H 2(B), then T, = Ry o TooR g
and CT;, = CR%) OCTp OCRH.

Lemma 4.3. The composition operator Cy, is bounded if and only if Cr,, is bounded, with equal norms.

Lemma 4.4. Let r € (0, 1) such that Ct, is bounded. For any b € D satisfying |b| <2r/(1 + r), Cr, is
bounded and we have ||Cr,|| < ||Cr, 2.
Proof. Let S be the circle C(0, r) and u: S — R be the continuous function defined by

s+r ‘
14571l

u(s) = ‘ (4-3)

By connectedness, u(S) contains the segment [0, 2r/(1 + r2)] = [u(—r), u(r)]. Let now
2r
b D(o, —)
< 1472
By the above, there exists s € S such that |b| = u(s). This means that

1T,(0) = 1b] = [u(s)| = |Ts(r)| = |(Ts o T,)(0)].

Therefore, Tj,(0) = e'* (T o T,)(0) for some « € R, and hence, by Schwarz’s lemma, there is some 6 € R
such that 7, = Ry o Ts o T, o Ryg. We then have C, = Cg, o C1, 0 Cr1, 0 Cp,. Since Cg, and Cg, are
unitary, we get, using Lemma 4.3 for Cr,,

ICz, Il = IC7, 0 Cr, || < IC I C, || = IIC, 1. O

Proof of Proposition 4.2. 1t suffices to use Lemmas 4.3 and 4.4 and do an iteration, noting that if
ro=la| > 0and r,11 = 2r, /(1 +72) =r, %71y, then (r,),>0 increases to 1. O

4.1. An elementary necessary condition. We begin with an elementary necessary condition. It is implied
by Theorem 4.9, but its statement deserves to be pointed out. Moreover, its proof is simple and highlights
the role of the reproducing kernel.

Proposition 4.5. Let a € (0, 1), and assume that T, induces a bounded composition operator on H 2(,B).
Then B has polynomial lower bound.
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Proof. Since

we have || K| < K[| forO<x <y <1
We define by induction a sequence (u,),>0 with

up=0 and u,4=T,(uy,).

Since T,(1) =1 (recall that a € (0, 1)), we have

1 1 1_a2

1—u 1:/ T'(tydt= | —dt;

SR w (L+an? ™’
hence

1—a

14a

LetO<x < 1. Wecan find N > 0 such that uy <x <uy41. Then

(I —up) <1 —upy1 < (1 —a®)(1 —uy).

l—x<l—-uy<(1-a>)V.

On the other hand, since C*T,, K. = Kz, for all z € D, we have

1
N+1 N+1
IK M < 1 Kuyi I < NCT M Ky | < ICT YKl = —== I C, IV

VBo

Let s > 0 such that (1 —a?)~* = ||Cy, ||. We obtain

1
Kyl < m I1Cr,Il- (4-4)

We get the result by using Proposition 2.6. Il

Remarks. (1) For example, when B, = exp[—c(log(n + 1))?], with ¢ > 0, no 7, induces a bounded
composition operator on H2(8), even though C, is bounded for all symbols ¢ with ¢(0) =0, since B is
decreasing, as we saw in Proposition 3.2.

(2) For the Dirichlet space D2, we have B, = n+ 1, but all the maps 7, induce bounded composition
operators on D?; see [Lefevre et al. 2021, Remark before Theorem 3.12]. In this case 8 has polynomial
upper bound even though it is not bounded above.

(3) However, even for decreasing sequences, a polynomial lower bound for § is not enough for some 7,
to induce a bounded composition operator. Indeed, we saw in Proposition 2.5 an example of a decreasing
sequence B with polynomial lower bound but not slowly oscillating, and we will see in Theorem 4.9 that
this condition is needed to have some 7, induce a bounded composition operator.

(4) Gallardo-Gutiérrez and Partington [2013] give estimates for the norm of C7,, witha € (0, 1), when C7,
is bounded on H?(B). More precisely, they proved that if 8 is bounded above and C7, is bounded, then

[
Icni = (352,
l—a
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where o =inf{s > 0: (1 —2)~° ¢ H*(B)}, and

l T
Ienl = (122)
—a
where 7 = % sup Re W(A), with A the infinitesimal generator of the continuous semigroup (S;) defined
as S; = Cr,,,,» namely (Af)(z) = f'(z)(1 —z?), and W (A) its numerical range.
For B, =1/(n+1)" with 0 < v < 1, the two bounds coincide, so they get

1 (v+1)/2

Icnl=(22)

4.2. Sufficient condition. The following sufficient condition explains in particular why all composition
operators Cr, are bounded on the Dirichlet space.

Theorem 4.6. If B is slowly oscillating, then all symbols that extend analytically in a neighborhood of D
induce a bounded composition operator on H*(B).
In particular, all Cz,, for a € D, are bounded on H?(B).

To prove Theorem 4.6, we begin with a very elementary fact.

Lemma 4.7. Let ¢ : D — D have an analytic extension to an open neighborhood Q of D. Then there are
a constant b > 0 and an integer A > 1 such that

b .
Gy < {€ . n=dm,
~le ™ if m > an.

Proof. Let R > 1 such that D(0, R) C Q. For 0 <r < R, we set

M(r) = sup g(2)].
lzl=r
Take any r € (0, 1), for instance r = e~!. We have M (r) < 1, so we can write M (r) = e” for some
positive p.
Cauchy’s inequalities give

MOV

)| < == =e

Choose A; = max(2,2/p) and by = p —){1. Then |<E71(m)| <e Pmifn > am.
For the second inequality, write R =: e, with 8 > 0. Let o > 0 with M (R) < e®. Cauchy’s inequalities

again give
—~ M(R)]"
Pom) < U < gonm
Choose A, =max(2, 2a/f) and by = —akz_l. Then |<Z)7’(m)| <e 2™ if m > ron. We get the conclusion

taking b = min(by, b,) and choosing an integer A > max(\Ay, A2). ]

Lemma 4.8. Let (B,) be a slowly oscillating sequence of positive numbers. Let A = (ay n)m.n be the
matrix of a bounded operator on €. Assume that, for some integer ) > 1 and some constants c, b, we

have:
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(1) |am.n| < ce™" when n > am,
() |@m.n| < ce™"™ when m > in.
Then the matrix A = (ay /B /Bn)m.n also defines a bounded operator on €.

Proof. In the sequel || - || stands for the £%-norm.

Since B is slowly oscillating, it has polynomial lower and upper bounds: for some «, y > 0 and
§e(0,1),wehave s(n+1)"*<pB, <8 '(n+1).

The matrix A is Hilbert-Schmidt far from the diagonal since

Z Z |amn|2,3m < Z Z (n+1)a+y|amn|2 < Z(n+1)a+y+l _2bn < 100

n=1Am<n n=1 Am<n
and

> X lamal?ot < S Y 0 Dl S Z(n+ 1>a+v< )3 e—%m) < ioo.

n=0 m>An n=0 m=>An m>in

Since f,,/ B, remains bounded from above and below around the diagonal, the matrix A behaves like A
near the diagonal. More precisely, if /, J are blocks of integers such that (m, n) € I x J implies that
n /Az < m < A2n, then, with obvious notation (e.g., Py is the orthogonal projection on span(e,, n € 1)),
the slow oscillation of g gives, for some C > 0,

/B B\ 2
> am,nxnym,/ﬂ’" <Al > |xn|2|ym|2ﬁ—m < C'2I AP x| Pry].

(m,n)elxJ (m,myelxJ n

Fork=0,1,2,...,let Jy =[xk, A*H1[ and, for k = 1,2, ..., we define I = [A*~1, A¥F2[. We also
define Iy = [0, A2[.
We define the matrix R to have entries

. :{J—ﬁm/ﬁnam,n if (m. n) € U (T x Ji).

0 elsewhere.
Let H; be the subspace of the sequences (x,),>0 in £; such that x, =0 forn ¢ I, i.e.,
H, =span{e, :n € I;} and ﬁk = span{e, : n € Ji}.

Let Py be (the matrix of) the orthogonal projection of ¢, with range H; and Q; that with range He.
Then Ry = Py A Qy is the matrix with entries a,, , when (m, n) € I} x J; and O elsewhere. By the above
discussion, we have

|(Rix | )| < C2| Al Qix || Peyll.

We point out that, for every y € 22, we have > P y|I* < 3]||y||? since each integer belongs to at most
three intervals 1.

In the same way, for every x € €2, we have > 1 Okx > < ||lx]|? since the subspaces ﬁk are orthogonal.

Summing up over k, we get the boundedness of R =) ;- ; Rx.
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Now let us check when the entries of R do not coincide with the entries of A. Actually, it happens
when (m, n) does not belong to the union of the Iy x J;. When n > 1, it means that n belongs to some J,
but m ¢ I,: either m < A?~! or m > AP*2, and hence either m/n < A~ or m/n > A. Therefore the
nonzero entries (m, n) of A—R satisfy either n > Am or m > An.

That ends the proof since we have seen at the beginning that A — R is Hilbert—Schmidt. ]

Remark. The proof shows that, instead of (1) and (2), it is enough to have

> nMapa> <oco and Y m*|amal* < oc.

m<Cin m>Con
Moreover, the proof also shows that, when § is slowly oscillating, if we set
E={(m,n):Cin <m < Cyn} forsome C;, Cp >0,

then the matrix (v/Bn/B,1g(m, n)) is a Schur multiplier over all the bounded matrices, while Kacnelson’s
theorem (Theorem 3.5) says that, if y = (y,,) is nonincreasing, the matrix (y,,/y,) is a Schur multiplier
of all bounded lower-triangular matrices.

Proof of Theorem 4.6. Thanks to Lemma 4.7, the hypotheses of Lemma 4.8 are fulfilled by the matrix
whose entries are a,, , = ﬁ’(m). It follows (with the notation of Lemma 4.8) that A is bounded on ¢2,
which means exactly that 7, is bounded on H 2(B). O

4.3. Necessary condition. The main theorem of this section is the following.

Theorem 4.9. If the composition operator Cr, is bounded on H*(B) for some a € D\ {0}, then B is
slowly oscillating.

Let us give a corollary of this result.

Proposition 4.10. For the weight 8 constructed in the proof of Theorem 3.7, no automorphism T, with
0 < a < 1 can be bounded.

Proof. Indeed, it is clear that § is not slowly oscillating, since

B+iy—1 1
Busy k41 koo

To prove Theorem 4.9, we need estimates on the Taylor coefficients of 7. Actually, the Taylor

O

coefficients of 7" are the Fourier coefficients of x € R 77(e'*), and we shall denote them with the
same notation 7/";" Sharp such estimates are given in [Szehr and Zarouf 2020; 2021], and we thank
R. Zarouf for interesting information on this subject (see also [Borichev et al. 2024]). Our method, using
stationary phase and the van der Corput lemma, is a variant of that used in [Szehr and Zarouf 2020; 2021]
and goes back at least to [Girard 1973]. However, we need minorizations of |TZ(m)| when m is close
to n, and Szehr and Zarouf’s estimates show that this quantity oscillates and, for individual a, can be
too small for our purpose, so we cannot use them and have to prove an estimate in mean for a in some
subinterval of (0, 1).
We begin with a standard fact, which we give with its proof for the convenience of the reader.
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Lemma 4.11. Leta € (0, 1), and let
1 —a?
14+2acosx +a?

be the Poisson kernel at the point —a. Then, for all x € [—m, ],

P_y(x) =

T,(e™) = expli Va(x)], (4-5)
where .
V,(x) = f P_,(t)dt. (4-6)
0
Proof. For t € [—m, 7], write
oit .
V(O == eliv),

with v a real-valued, C'-function on [—, 7] such that v(0) = 0. This is possible since |/ (e'’)| = 1 and
¥ (0) = 1. Differentiating both sides with respect to #, we get

o 1—a? e’ +a
. Ut ./
—_— = t —.
e (14 aei?)? fv'( )l—i-ae”
This implies
, 1-a?
V(1) = Mtacd? P_4(2),
and the result follows since v(0) =0 = V,(0). ]

Let us note that, with V,, the function of Lemma 4.11, the Fourier formulas give, since Tf(m) is real
or since nV,(x) —mx is odd,

Znﬁ(m) = / exp(i[nV,(x) —mx])dx =2Re I, ,, 4-7)
where

Lnn :/ expi[nV,(x) —mx]dx. (4-8)
0

Now the main ingredient for proving Theorem 4.9 is the following.

Proposition 4.12. Let [ := [%, %] There exist constants o > 1, e.g., o« = %, and § € (O, %) such that, for

n large enough (n > ng), we have

/; |7/";"(m)|2da > % forallm € o 'n, an]. 4-9)
Proof. We will set once and for all
g="". (4-10)
so that a~! < ¢ < a where a = % (say). We will only consider pairs (a, g) satisfying
acl=[3.3]. qeJ:=[%2] (4-11)

Such pairs will be called admissible.
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With this notation, we set, for 0 < x <,

Fy(x) = Va(x)—%x:/Ox P_,(t)dt —gx, (4-12)

where P_, is the Poisson kernel at —a. We have
(1—a?)

F’ =
2 1+2acosx +a?

— q’
and the unique (if it exists) critical point x, = x,(a) of F; in [0, ] is given by P_,(x,) = ¢q, that is,

11-a* 1+d*

COS X4 = ET 2a = hq(a). (4-13)

We now proceed through a series of simple lemmas and begin by estimates on 4, and x,.

Lemma 4.13. There are positive constants C > 1 and é € (0, %) such that, for every admissible pair (a, q),
we have

lhg(@)| <1=8 and |h)(a)| <C, (4-14)
so there is one critical point x,(a) satisfying

§<xy(a)<m—38 and sinx,(a)>$; (4-15)

moreover,
lx,(@|<C and §<|P ,(x))|=<C. (4-16)
Proof. We have

hyta) = ( ) 4 (<159 = @) 0@

with u and v respectively decreasing and increasing on [0, 1] and with v < 0, so that we have, for g € J,

1 3 15

he@ =u(3) = VST

Similarly:
2 1 5 5.1 5 11
”‘q@z”(@)*”(z)—m‘z =373 12

Next, 2h:] (a)=(1— l/q)l/a2 — (141/q); hence |h’q (a)] < C. So, writing x, = x,(a) = arccos h,(a),
we get, with another constant C > 0,
I, (@)]

1 _<cC
J1—hy(a)? =

since hy (a)2 < 1—4. Finally, é <((1- a)2 <1+2acosx, + a? < 4, and since

1, (@)| =

2a(1 —a?)sinx,
(1+2acosx, +a%)?’

we get the final estimates, ending the proof. U

P (xy) =

Back to Proposition 4.12.
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We saw in (4-7) that the value of a,, , := TZ(m) is given by the formula
amp = % Re Ly p. (4-17)
We have the following estimate, whose proof is postponed (recall that ¢ = m/n and x, = x4(a)).
Proposition 4.14. We have
i nFy(xg)+7/4]

Lpn="2an"1"——— + O™, (4-18)
|PL,(xq)]

where the O only depends on a and so is absolute as long as (a, q) is admissible.

Note that % > % ‘We hence have

44nF,
dpp = gn_l/chS[T[/ :f‘l’l q(.xq)] + O(n_3/5). (4_19)
T | P~ (xg)]
It will be convenient to introduce ¢, (a), which we do by setting
Fy(xq(a)) = ¢q4(a). (4-20)

Then, since % + % = {—0, cos?(n/4+x) = %(1 —sin2x) and |P/ ,(x,)| > § by Lemma 4.13, we have

2 1 _; 1 —sin[2n¢,(a)]

_1 O (n—11/10
G =T TG O
implying, since | P’ ,(x,)| < C by Lemma 4.13 (again for (a, ¢) admissible) and changing &,
ay, , > én~ (1 —sin[2ng,(@)]) + O (n~'/1°). (4-21)

We will also need estimates on the derivatives of ¢, (a).
Lemma 4.15. If (a, q) is admissible, then ¢, decreases on I and, moreover,
(D) gy @] =3,
@) lgj@| =C.
Proof. Note, in passing, that, with x = x,(a) € [0, ] (thanks to (4-12)),

wq(a)Z/o [P_a(t) = P_a(x)]dt <0

since the integrand is negative. Next, if f and g are real C'-functions and

fa)
®(a) =/ gla,r)dt,
0

the chain rule gives
, , f(a) ag
(@) = f'(@ga. (@) +/ @, ndr.
0

With g(a, t) = P_,(t) and f(a) = x,(a), we get, remembering that x, (a) is critical for F,

xq(a) xq(a)
go(;(a) =[P_a(x4(a)) —q]x;(a)—l—/o 3({;; (a,t)dt =/(; 85’;,1 (a,t)dt.
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But P, (1) = 1+2) 72, (—a)* coskt, so we have
/ (@) - k—1 2+ k
¢ (@) = /0 (—2 k;k(—a) cos kt) dr="= %(—a) sin[kx, (a)],

2 1 _ —2sinx,(a)
a’ 7 +ae®@ 14 2acosx,(a)+a?

that is,

¢l (@) = <0. (4-22)

Now, (4-15) gives (1).
Since |x’ (a)] < C by Lemma 4.13, the chain rule and (4-22) clearly give the uniform boundedness of
|<p (a)| when (a, q) is admissible, and this ends the proof. O

Lemmas 4.13 and 4.15 will now be exploited through a simple variant of the van der Corput inequalities.

Lemma 4.16. Let f: [A, Bl — R, with A < B, be a C*-function satisfying | f'| = 8 and | f"'| < C, and
let us put M = ff e dx. Then

Y C(B— A)
M < né + né?
Proof. Write .
Ginf (eznf)/
inf’

and integrate by parts to get

inf 1B . 1"
M=|:e :| _l_/ lnf(x)de = M1+M27
ll’lf, A nJa [f ()C)

with | M| <2/(nd) and |M>| < (B — A)/n) - C /8. O

End of proof of Proposition 4.12. The preceding lemma can be applied with A = %, B= %, f =9, and
n changed into 2n, since Lemma 4.15 shows that this f meets the assumptions of Lemma 4.16. This

/CZinqoq(a) da <
1
1

Now, integrating (4-21) on I and using (4-23) gives, for some numerical § € (0, 7),

gives us, uniformly with respect to (a, ¢g) admissible,

(4-23)

s1q

/ sin[2n¢,(a)]lda| <
I

[ TP da = o0+ 02 + 011 = Jou!
1

forn >ngand o' <m/n <« (recall that A = ﬁ(m)). This ends the proof of Proposition 4.12. [J
Proof of Theorem 4.9. By Proposition 4.2, Cr, is bounded for all a € D, and, thanks to Lemma 4.4,

K:= sup |[Cr,| <+o0.
1/2<a<2/3

Matricially, this can be written, for all a € (3, 3),

| 5)..

<K.




CHARACTERIZATION OF WEIGHTED HARDY SPACES WITH BOUNDED COMPOSITION OPERATORS 1943

In particular, for every n > 1, we have, considering the columns and rows of the previous matrix,

o0 ﬂ o0
> |T:<m)|zﬁ—’" <K% ie. Y _|TJm)[*Bn < KBy,
m=1 n m=1

and, for every m > 1,

o Bun
T (m)|?22 < K2, T
n§=l| (m)| 5, = ie., E | (m)l

ﬁl’}‘l
In particular, for every n > 1,
> TFGDIPB < KBy (4-24)
4/5)n=<j=<(5/4)n
and, for every m > 1,
K2
> TEm)P o ﬁ S (4-25)
(4/5)m=<k=<(5/4)m "

Integrating on a € (%, %) and using Proposition 4.12, we get, from (4-24), for n large enough,
8 K?
- D Bish (4-26)
@4/5)n=<j=(5/4n

and, from (4-25), for m large enough, we have both

b 1 _5K%1
~ 2 T (4-27)
(4/5)m<k<m m
and 5
) Z 1 5K- 1
2 <22 (4-28)
m<k<(5/4)m P 24 P

Since the harmonic mean (over the sets of integers [%m, m] and [m, %m], which have cardinality ~n ~ m)
is less than the arithmetical mean, we obtain, from (4-27) and (4-28), both

125 K*
Bu<nsg— D, B (4-29)
4/5)ym<k<m
and )
10K
<—— . 4-
Bnsas— ) b (4-30)
m<k<(5/4)m

Now assume that n <m < %n. From (4-29), we have
1 1
BuS— >, B, D, BSh
(4/5)m=<k=<m 4/5)n=<k=<(5/n
thanks to (4-26). From (4-30) and (4-26), we treat the case 2n < m < n in the same way. We conclude

5
that, for some constant ¢ > 0, we have, for n and m large enough satisfying ‘5—‘n <m< %n,

Pm =< B, (4-31)
which means that g is slowly oscillating. U
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Proof of Proposition 4.14. We will use a variant of [Titchmarsh 1986, Lemma 4.6, p. 72] on the van der
Corput’s version of the stationary phase method. A careful reading of the proof in [Titchmarsh 1986,
p. 72] gives the version below, which only needs local estimates on the second derivative F”, as occurs in
our situation. For the sake of completeness, we will give a proof, postponed to the Appendix.

Proposition 4.17 (stationary phase). Let F be a real function with continuous derivatives up to the third
order on the interval [A, B] and F” > 0 throughout 1A, B[. Assume that there is a (unique) point c in

1A, B[ such that F'(c) = 0 and that, for some positive numbers )y, A3, and n, the following assertions
hold:

(D) [ce=n,c+n] S [A, B],
(2) F"(x) = Xy forall x € [c —n, c+n],
(3) |F”(x)| < A3 forall x € [A, B].

Then
i LF(©)+7/4]

B
IFO) gy — /271 O(L oy ) 4-32
/A e x b4 Fro12 + 77)»2+n 3)s (4-32)

where the O involves an absolute constant.

We will show that Proposition 4.17 is applicable with F' = nF, and
[A,B]=[0,7], c=x; Xa=xon, A3=Con, n=(2hy) '/’

The parameter 7 is chosen to make both error terms in Proposition 4.17 equal: (n1,)~! = n*13; so
n= kn "2
and
L s =k = 0 ) 4-33)
nia

(with k = (koCo)~'/3 and & = 2/kok).
The slight technical difficulty encountered here is that F| q”(x) vanishes at 0 and 7r. But Proposition 4.17
covers this case. We have
sin x
(14+2acosx +a2)2n’
and there are some positive (and absolute) constants g and o such that

F"(x)=nF](x)=nP’ (x)=2a(1—a%

F'(x)>kon=2»x, forxelo,m—ol. (4-34)

Now (for n large enough), we have [x, — 1, x, + 1] C [0, m — o ]. Hence assumptions (1) and (2) of
Proposition 4.17 are satisfied.
Finally, since F(x) = nF,(x) = n[V,(x) —gx] and F" = nF(;” =nV)" =nP”,, we have, for all
x € [0, 7] and (a, ¢q) admissible,
|[F"(x)] < Con = A3,

where Cj is absolute and assertion (3) of Proposition 4.17 holds.
With (4-33) this ends the proof of (4-18), once we note that nV,(x,) = F" (x,). O
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5. Boundedness of all composition operators

In this section, we characterize all the sequences § for which all composition operators are bounded
on H?(B). The main remaining step is the following theorem.

Theorem 5.1. Assume that all composition operators C, are bounded on H 2(B). Then B is essentially
decreasing.

As an immediate consequence, we obtain Theorem 1.2.

Proof of Theorem 1.2. Assume that B is essentially decreasing and slowly oscillating. All composition
operators Cy, with ¥ (0) = 0 are bounded on H 2(B) (see the introduction or Proposition 3.2). Since f is
slowly oscillating, all the composition operators Cr,, with a € D, are bounded thanks to Theorem 4.6.
Now it is very classical that we can get the boundedness of every composition operators. Indeed given a
symbol ¢, the symbol y» = T, o ¢ fixes the origin for a = —¢(0). Since C, = Cy, o Cr_,, the conclusion
follows.

Assume that all composition operators are bounded on H?(f); in particular, the C 7, ones are bounded
on H?(B), and B is slowly oscillating, thanks to Theorem 4.9. It also follows from Theorem 5.1 that f is
essentially decreasing. O

We will use the following elementary, but crucial, lemma.

Lemma 5.2. Let u be a function analytic in an open neighborhood Q of D. Then, for every ¢ > 0, there
exists an integer N > 1 such that

o0
> luP(HP <e forallp=1. (5-1)
Jj=Np

Proof. From Lemma 4.7, we know that there exist some integer A > 1 and a constant b > 0 such that
|Lﬁ’(j)| < e % when Jj = Ap. Therefore, for any N > X, we have

o0
Y P(HPF = —e )l < (1—e7?) e N <
Jj=Np

as soon as N is chosen large enough. U

Proof of Theorem 5.1. Thanks to Theorem 4.9, we know that § is slowly oscillating.

Now, assume that the sequence 8 is not essentially decreasing.

We are going to construct an analytic function ¢ : ) — D such that the composition operator C,, is not
bounded on H?(B). This function ¢ will be a Blaschke product of the form

o) = [ Tue™ = =%

1+ a7
Pl Pl +arz

for a sequence of numbers ax € (0, 1) such that ), _, (1 —ax) < +o00 and a sequence of positive integers 7
increasing to infinity.
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Observe that ¢ will be indeed a convergent Blaschke product, with n; zeroes of modulus a,i/ e

k=1,2,...,because, for T,(z) = (z+a)/(1 +az), with 0 < a < 1, we have
2(1 —ay)

|To, (2") — 1] <
1 -z

and, setting ar = e ™%, we get
1
Yo m—a™) <> mier/m) =Y e < +oo.
k k k

These sequences will be constructed by induction, together with another sequence of integers (my)x>1.
Since B is not essentially decreasing, there exist integers nj > m; > 4 such that 8,, > 28,,,. We start
with
1 3

=] —— > —
aq 1 m1_4.

Using Lemma 5.2 with u = T, we get No > 1 such that

o
Z |7/}'7f(j)|252_15 for all m > 1.
j=Nom

Assume now that we have constructed increasing sequences of integers
mi,my,...,Mg, N1, N2, ..., 0k, No, Ni, ..., N
such that, for 1 </ <k — 1, we have

mpgr >4m; and ngp >4n

and, for 1 <[ <k,
n > Ni_ym; and B, >2'B,,

and
o0
Y lgrihrP =27,
J=Ni—1my
where

m=1—1 and @) =T,E".
mj

We then apply Lemma 5.2 again to the function u = uy = ¢ - - - gx. We get Ny > Ni_1 such that

o
Yl (HP =278 forallm > 1. (5-2)
j=Nim

Since B is not essentially decreasing but is slowly oscillating, there exist my41 > 4my, and ngy1 > 4ny
such that
k+1
Ni+1 = Nkmk-‘rl and ,Bnk_H = 2 + lek+l‘

We set
1

o and  @ri1(2) = Ty, ().

ag+1 =1—

This ends the induction.



CHARACTERIZATION OF WEIGHTED HARDY SPACES WITH BOUNDED COMPOSITION OPERATORS 1947
It remains to check that

RUEAED D PR REE
k=1 k=1 k=1

to get that the infinite product ¢ = [],. ¢« converges uniformly on compact subsets of D.
To show that the composition operator Cy, is not bounded on H 2(p), it suffices to show that, for some
constant ¢; > 0, we have, for all k > 2,

2ny
S e = e (5-3)
Jj=nx

Indeed, since B is slowly oscillating, there is a positive constant § < 1 such that
Bj =8By, for j=n,nc+1,...,2n.
Then, if we set ex(z) = z™*, we have, since Cy(er) = @™,

1Coe) 3oy Y e () 12B; _ 18

”ek”i]2(ﬂ) N lek - /Smk

= 2518 g +o0,

and so Cy, is not bounded on H 2(B).
We now have to show (5-3). Let us agree to write formally, for an analytic function f(z) =Y 1o, fez*
and an arbitrary positive integer p,

p
f@ =) fid+0@rh.
k=0
For that, we set

o0 [o¢]
G =[] ev@= ] a+o0@E".
I=k+1 I=k+1
We have, for k > 2,

9(2) = v (D (2) G (2),
where vy = @ - - - @r_1.

Remark now that, for 0 < a < 1, we have

T,z)=a+(1—a®z+ 0D,

SO
Pk (2) = Ty (2™) = ar + (1 — ap) 2™ + O (z°™).
Then
o0 my
[Gi(2)]™ = < I1 az) + 0 (") (5-4)
I=k+1
and

[or (D™ = a™ + (1 —aPympa] ' 2™ + O (Z*™). (5-5)



1948

PASCAL LEFEVRE, DANIEL LI, HERVE QUEFFELEC AND LUIS RODRIGUEZ-PIAZZA
But

1 =1 _
at” 1_<1——> >e li=c,
myg
and

(1 —ak)mkamk I (1 —ak)mka,i"k_l > 0.
Moreover, since | —x >e > for0 <x <

< 2, we have
00 my 00 1 00
> ) — > -2 47) = —2):=c3.
( I al) > exp< ( 3 ml)mk) > exp( 3 ) exp(~2) = cs
I=k+1 I=k+1 I=1
Afterwards, by (5-2), we have
[e.¢]
Z |Uz1k(j)|2§2_15-
J=Nig—1my
Set v} = g1 + g2, with

{glm = > (),
22(2) =

Zj>Nk,|mk vk k(])Zj'
By (5-9), we have, with || - [l2 = [ - | .2(T),

le2l3= > RGP <27,

Jj>Ni_1my

Besides, since ¢y is inner as a product of inner functions, we have |vx(z)| =1 for all z € T, so

lgill3 = llvell3 — llgall3 = 1—271.
Now, ¢ = v " G'* = F| + F,, with

Fi=g1¢*G;* and F, = g¢" G
Using (5-4), (5-5), (5-7) and (5-8), we get
nk+Ng—1my 00 2my, Ng—1mj
> IRGIP= ( I1 az) [(1—apymea™ ™' Y 18P = A =27)c3e3.
j=ni I=k+1 j=0
As

2 —15
IF2115 < llg2ll3 e 121G 115, <27,
we get, using the inequality |a + b|> > %lal2

~ IbI*.
2ng ng+Ng—1my ng+Ng—1my ng+Ni_1my
PG DENIOE Ol 3 > RODP= 3 IROFP
J=nk J=nk J=nk J=nk
> (1 21522 g 15 o 1

E(1 —2_15)6_10/3 _2—15 > 2—9 _ 2—15 > 0.

(5-6)

(5-7)

(5-8)

(5-9)
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6. Some results on multipliers

In this section, we give some results on the multipliers on H2(8), which show how the different notions
of regularity for § come into play.

The set M(H?(B)) of multipliers of H 2(B) is by definition the vector space of functions 4 analytic
on D such that hf € H?(B) for all f € H>(8). When h € M(H?(B)), the operator M, of multiplication
by 4 is bounded on H2(8) by the closed graph theorem. The space M (H?(B)) equipped with the operator
norm is a Banach space. We note the obvious property

M(H?(B)) — H®™ contractively. (6-1)
Indeed, if h € M(H?(B)), we easily get, for all w € D,
M} (Ky) = h(w)K,y,

and so by taking norms and simplifying, we are left with |h(w)| < | M}||, showing that h € H* with
Alloo < [IMp]].

Proposition 6.1. We have M(H?*(B)) = H*® isomorphically if and only if B is essentially decreasing.

Proof. The sufficient condition is proved in [Lefevre et al. 2021, beginning of the proof of Proposition 3.16].
For the necessity, we then have | M| = ||h| » for every h € H*> by the Banach isomorphism theorem.
Now, for m > n (recall that e, (z) = z),

en(z) =7"""7"=(M,,_,en)(2);

so, since | M, _ || < C|les—nllooc = C for some positive constant C,

B = llemll* < C*lea||* = C?B,. 0

In [Lefevre et al. 2021, Section 3.6], we gave the following notion of an admissible Hilbert space of
analytic functions.

Definition 6.2. A Hilbert space H of analytic functions on [, containing the constants, and with
reproducing kernels K,, a € D, is said to be admissible if

(i) H? is continuously embedded in H,
(i) M(H)=H®,
(iii) the automorphisms of D) induce bounded composition operators on H,

) H?‘HH < h(} — :Z:) for a, b € D, where h: R™ — R™ is a nondecreasing function.
bl -

We proved in that paper that every weighted Hilbert space H2(8) with 8 nonincreasing is admissible

@iv

under the additional hypothesis that the automorphisms of ) induce bounded composition operators. In
view of Theorem 4.6, we get the following result.
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Proposition 6.3. Let 8 be a weight.
(1) If B is essentially decreasing, then we have (1), (ii), (iii) in Definition 6.2.
(2) If B is slowly oscillating, then we have (iv) in Definition 6.2.
Let us give a different proof from the one in [Lefevre et al. 2021].

Proof. (1) Let us assume that g is essentially decreasing. Then item (i) holds, as well as item (ii), by
Proposition 6.1. Item (iii) is Theorem 4.6.

(2) Now we assume that 8 is slowly oscillating.
LetO0<s <r < 1.
Without loss of generality, we may assume that r, s > % It is enough to prove

1K, |I* < ClIK 2|1 (6-2)
for some constant C > 1. Indeed, iteration of (6-2) gives
IKAN? < CHIK a1,
and if k is the smallest integer such that P2 < s, we have

k-1 logr > logs

and
1 _

k
2 _Dl—r’

where D is a numerical constant. Writing C = 2% with o > 1, we obtain

() ===
I K 1=r
To prove (6-2), we pick some M > 1 such that
Bow = M~'B,
and
Bt =M,

for all n > 1, since 8 is slowly oscillating. Write t =r?. We have

_L _

implying, since 12" ~! < 4",

t2n
K, <—+M§ —+4M§ —<5MK O
1K, |1? 3, 1K1

The notion of an admissible Hilbert space H is useful for the set of conditional multipliers:
M(H,p)={we H:w(fop)e Hforall f e H}.

As a corollary of [Lefevre et al. 2021, Theorem 3.18], we get the following.



CHARACTERIZATION OF WEIGHTED HARDY SPACES WITH BOUNDED COMPOSITION OPERATORS 1951

Corollary 6.4. Let B be essentially decreasing and slowly oscillating. Then
(1) M(H?, ¢) S M(H*(B), ),
(2) M(H*(B), 9) = H*(B) if and only if ||¢lloo < 1,
3) M(HZ(,B), @) = H® if and only if ¢ is a finite Blaschke product.

We add here as another application of our results an answer to a question appearing in Problem 5 in
the thesis of Zorboska [1988].

Theorem 6.5. Let 8 be a weight such that H>(B) is disc-automorphism-invariant, and let ¢ be a symbol
inducing a compact composition operator on H*(B). Then the Denjoy—Wolff point of ¢ must be in D.

In other words, ¢ has a fixed point in D.

In the statement, “H?(B) is disc-automorphism-invariant” means that, for all the automorphisms 7,
where a € D, we have that C7, is bounded on H 2(ﬂ) (equivalently it is bounded for at least one a € D\ {0}).

For the definition of the Denjoy—Wolff point, we refer to [Shapiro 1993].

Proof. From Theorem 4.9, we know that 8 is slowly oscillating, and from Proposition 6.3, we know that

K 1—1|b
”a”ﬂfh( | |) for every a, b € D, (6-3)
||Kb||H2(,3) 1 —|al

where h: RT™ — R is a nondecreasing function.
Now we split the proof into two cases:

o If ) 1/B, < oo, then H 2(B) c A(D) (continuously) thanks to the Cauchy—Schwarz inequality. It
follows from [Shapiro 1987, Theorem 2.1] that ||¢|l« < 1, and the conclusion follows obviously.

o If Y 1/, = 0o, then the normalized reproducing kernel K, /|| K| is weakly converging to 0 when
|z] = 17 since || K| — +o0.
Since Cy, is compact, Cy is compact as well, and we get

K
29@ .0 when|z| — 17
| K|l

and equivalently
K-

Kool

— +00 when |z| > 1.

But, from (6-3), we get

1 —
h<1|—(p|(z|)|) — 400 when |z]| > 17;
— |z

hence, since 4 is nondecreasing,

1 —p(2)]
1 —|z]

By the Denjoy—Wolff theorem [Shapiro 1993], the conclusion follows in this case too. ]

— 400 when |z| > 1.
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Appendix

In this appendix, we give the proof of Proposition 4.17.
The following lemma can be found in [Montgomery 1994, Lemma 1, p.47].

Lemma A.l. Let F: [u, v] = R, withu < v, be a C*-function with F” > 0 and F' not vanishing on [u, v].

Let )
J=/ e FO) gy,
u

(@) if F' > 0onlu,v], we have |J| <2/F'(u),
(b) if F' <0onu,v],wehave |J| <2/|F'(v)|.

Then:

Proof of Proposition 4.17. Write now the integral I of Proposition 4.17 on [A, B] as [ = I} + I, + I3, with

c—n c+n B
he g e [ e [ e
A c—n c+n

Lemma A.l with u = A and v = ¢ — n implies, since F’ <0 on [A, ¢ — 7],
2

< ———=<—: (A-1)
|F'(c=m| ™~ niz
where, for the last inequality, we just have to write
|F'(c =)= F'(c) = F'(c—n) =nF"(&)
for some & € [¢ — 1, ¢] and to note that F”(§) > A,, by hypothesis.
Similarly, Lemma A.1 with u = ¢+ n and v = B implies
2
= (A-2)

|| < ——— <
F'(c+n) ~ nia

We can now estimate I. The Taylor formula shows that

F(x)=F(c)+3(x—c)*F"(c) +R,

with
IR| < $1x —cPAs.
Hence 0
L=¢f© / 2exp(3ix*F"(c)) dx + S,
0
with

1
|S] < k3f %x3 dx = 1—12774)»3.
0
Finally, set
n
K=/ 2exp(%ix2F”(c)) dx.
0
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We make the change of variable x = /2/F”(c)+/t. Recall that fooo el /J/tdt = ﬁei”/ 4 is the classical
Fresnel integral and that an integration by parts gives, for m > 0,

/*OO eit 2
m f
Therefore, with m = %nZF”(c),

< ——
2 m e” 21
_ > =t im/4
Vol FENF@ R

1 1 - C
F/'(c) /m = nha

with
[Rn| <C

All in all, we proved that

h=,—="—= il expli(F(c) +m/4)] +0<L+774?») (A-3)
2= F’(c) 3

and the same estimate holds for 7, thanks to (A-1) and (A-2).
We have hence proved Proposition 4.17. (I
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