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We consider here a two-dimensional incompressible fluid in a periodic channel, whose density is advected
by pure transport, and whose velocity is given by the Stokes equation with gravity source term. Dirichlet
boundary conditions are taken for the velocity field on the bottom and top of the channel and periodic
conditions in the horizontal variable. We prove that the affine stratified density profile is stable under
small perturbations in Sobolev spaces and prove convergence of the density to another limiting stratified
density profile for large time with an explicit algebraic decay rate. Moreover, we are able to precisely
identify the limiting profile as the decreasing vertical rearrangement of the initial density. Finally, we
show that boundary layers are formed for large times in the vicinity of the upper and lower boundaries.
These boundary layers, which had not been identified in previous works, are given by a self-similar ansatz
and driven by a linear mechanism. This allows us to precisely characterize the long-time behavior beyond
the constant limiting profile and reach more optimal decay rates.
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1. Introduction

The Stokes-transport system
op+u-Vp=0,
—Au+Vp=—pe,,
divu =0,
Pli=0 = po

models the evolution of an incompressible inhomogeneous fluid with density p and velocity and pressure

(1-1a)

fields (u, p). For physical reasons and without loss of generality, we assume that the initial density pg is
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nonnegative. This equation will be studied in a two-dimensional periodic strip, namely Q2 =T x (0, 1)
with variables (x, z) €  and with Dirichlet boundary condition of the velocity field:

u=0 onodQ. (1-1b)

It consists of a coupling of the transport equation for the density of the fluid with a velocity field
satisfying for all times the Stokes equation with gravity forcing —pe,, where e, is the unitary vertical
vector. This equation has been studied in particular in [Héfer 2018; Mecherbet 2021] showing that
(1-1a) is a model obtained as the homogenization limit of inertialess particles in a fluid-satisfying Stokes
equation. The more recent paper [Grayer 2023] shows that this system is obtained as a formal limit where
the Prandtl number is infinite. In this paper, the domain is chosen as 2 =T x (0, 1), which describes a
physically meaningful situation including Dirichlet boundary conditions.

Well-posedness. The well-posedness of this system has been shown in [Antontsev et al. 2000] for
piecewise constant initial data in bounded domains of R” and in [Leblond 2022] for arbitrary L°° data in
bounded domains of R? and R? or in the infinite strip R x (0, 1), the well-posedness in 2 =T x (0, 1)
being a direct consequence.

Well-posedness in Sobolev spaces is required for our results. Since this result does not seem to appear in
the literature, we provide a concise proof of the global well-posedness of this problem in Appendix A for
the sake of completeness. More precisely, for any pg € H™ with m > 3, there exists a unique strong solution
(p, u) of (1-1a) with p e C(Ry; H™(R2)) andu € C(R4; H™2(Q)). Well-posedness in other domains and
spaces has also been proven; see for example the recent results [Mecherbet and Sueur 2024; Inversi 2023].

Steady states. Before going further let us observe that the stationary states, i.e., states such that 9,p =0,
of this system are precisely the stratified density profiles, which means in this paper density profiles
depending only on the vertical variable z. Indeed, for such a map p; = p;(2),

(0.1, p) = (s 0.~ [ py()d2)

is a solution of (1-1a). To show the converse, let us introduce the potential energy associated to a density
profile p,

E(p) := /sz dx dz.
The energy balance is

d
SB@ = [ 2p=— [ zuVo= [ wep=—|Vul.. (1-2)
Q Q Q

where the divergence-free and the Dirichlet boundary conditions on u are used in the integration by parts.
The last equality is simply the basic estimate of the Stokes equation. The potential energy dissipates exactly
through the viscosity effects. From this observation we see that the whole evolution is nonreversible; the
fluid only rearranges in states of lower potential energy. Moreover, a stationary state is exactly a state for
which u = 0; therefore it means that the density p and the pressure p must satisfy

Vp=—pe,

so that the pressure is independent of the x-variable, implying p depends only on the z-variable.
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The aim of this paper is to study the long-time behavior of perturbations of stratified initial data in the
stable regime, with lighter fluid on top and heavier fluid on the bottom. We will prove three different
results: The first one, Theorem 1.1, provides the stability of such stratified profiles, together with some
decay estimates. The second one, Theorem 1.2, gives an explicit asymptotic decomposition of solutions
of a linear version of (1-1a) as t — oo. In particular, we identify boundary layer profiles in the vicinity of
the top and bottom boundaries. Eventually, in Theorem 1.3, we go back to the nonlinear system (1-1a) and
provide a more precise description of the solutions as + — oo, building on the analysis from Theorem 1.2.
A striking consequence of our results lies in the fact that the boundaries slow down the relaxation towards
the asymptotic state. This new observation could probably be adapted to other systems; see Remark 1.4.

Main stability result. For simplicity and in the rest of this paper, we consider perturbations of the
affine profile p,(z) = 1 — z, although more general profiles such that d, 0, < O could be considered; see
Remark 2.8.

Our main stability result for perturbations vanishing on the boundary is the following:

Theorem 1.1. There exists a small universal constant gy > 0 such that, for any py € H®(Q) satisfying
lpo — psll g6 < €0 and po — ps € HS(Q), the solution p of (1-1a) satisfies
€0

, _ < g, 1-3
141 0= Pocllut() S €0 (1-3)

o= pollizg) S

where poo is given by the decreasing vertical rearrangement of po:
o
Poc(2) 1= /O Lo<z<i{po=2) dA-

Note that the condition on Hg (£2) is equivalent to the following requirements, discussed in the following
subsections:

polag = pslas  Ompoloe = npslag-

This theorem will be proven in Section 2, and we provide a scheme of proof at the end of this section.

Remarks on the main stability result.

» Since the set of steady states is not discrete, it is expected that ps is not asymptotically stable, and that
the long-time behavior is given by a slightly modified density profile. In general, this asymptotic profile
depends on the entire nonlinear dynamics in a very nonexplicit way. However the transport equation is
remarkable since it preserves the measure of the level sets. This property combined with the fact that
the asymptotic profile is strictly decreasing (as a smooth perturbation of p;) allows us to identify the
asymptotic profile as the decreasing vertical rearrangement of pg, which can be computed directly from pg
without dependence on the full nonlinear dynamics. See Section 2.4 for details.

« In fact the identification of the limit as the decreasing vertical rearrangement is quite general and only re-
quires two properties. First the density needs to converge to a stratified (i.e., independent of x) and decreas-
ing limiting profile. Second, the density should satisfy a transport equation with well-defined characteristics.
This is in particular the case for the incompressible porous medium equation; see Section 2.4 for details.
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« This result proves the stability of the particular state p;(z) =1 —z. We believe that the result generalizes
and our proofs adapt to the case of stratified p; € H® satisfying

sup d; 05 < 0.

0,1
This remark is detailed at the end of Section 2.2. We note that without the monotony assumption,
lighter fluid might be below heavy one, and physical instabilities — similar to the Rayleigh—Bénard
or Rayleigh—Taylor instabilities — are expected to develop (see [Drazin and Reid 2004]). Some weak
convergence up to extraction toward a stationary state could be proven, but the limit might be a non-
trivial w-limit set in general. In any case, it is not clear whether convergence to the rearranging steady
state holds.

¢ One can of course wonder about the strong regularity requirement in Theorem 1.1. It turns out that
one can adapt a strategy developed in [Kiselev and Yao 2023] about the instability of the incompressible
porous media equation. Indeed, the arguments are essentially geometric, and the result is the same: there
exist smooth perturbations small in H?~(£2)-norm such that lim sup,_, . ||0(t) — ps]| Hs (@) = oo for any
s > 1. Therefore, this shows the existence of a regularity threshold between H 2(Q) and H®(Q) between
stability and instability. The details are provided in the thesis of Antoine Leblond [2023].

« Finally, an interesting question is the optimality of the (1 4+ ¢)~! decay in (1-3). The dynamics of
the equation preserve the fact that the perturbation and its normal derivative are vanishing on 9€2 i.e.,
p— ps € HOZ(Q). For higher normal derivatives this property is not preserved, and this is the main
reason why the time-decay is limited. This is one of the main motivations to study the formation of
boundary layers in this system, together with the possibility to allow nonvanishing perturbations on 9£2.
Theorem 1.3 below indicates that the optimal decay rate under the assumptions of Theorem 1.1 is very
likely (1 + 1)~/ We refer to the discussion at the top of page 1961 for more details.

Related results and comparison with the incompressible porous medium equation. In [Gancedo et al.
2025] the interface problem for (1-1a) is considered also in the domain Q2 = T x (0, 1). The interface
problem treats the case where the density is equal to two different constants below and above an interface
['(t) C Q. The question lies in the regularity of the interface, the well-posedness for L*> densities
being established in [Leblond 2022; Antontsev et al. 2000]. More precisely, the authors prove local
well-posedness for the interface in C!¥ for 0 < y < 1 as well as the global well-posedness and decay
of small perturbation in H3(T) of the flat interface with lighter fluid on top. The proof is very different
from ours as it uses a contour dynamics equation, but the spirit of the stability result is pretty similar.

Let us also compare the results and properties of the Stokes-transport equation and of the incompressible
porous medium equation, namely (1-1a) where the Stokes equation is replaced by Darcy’s law,

dhp+u-Vp=0,
u+Vp=-pe:, (1)
divu =0,

Pli=0 = po.
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This equation has been intensively studied and we only cite comparable results. The question of well-
posedness is much more difficult than for the Stokes-transport equation. In particular global well-posedness
like Theorem A.1 seems to remain an open question. Local in time well-posedness has been shown in
[Cérdoba et al. 2007; Xue 2009; Yu and He 2014; Constantin et al. 2015], whereas ill-posedness through
nonuniqueness in some spaces has been shown in [Cérdoba et al. 2011; Shvydkoy 2011; Isett and Vicol
2015].

Concerning classical global solutions, the only known results have been proven for initial data close
enough in Sobolev space to the stratified initial data p,(z) = 1 — z by [Elgindi 2017] in R? and T? and
later generalized in [Castro et al. 2019a] to the domain T x (0, 1). More precisely, these results prove that
the profile ps(z) = 1 — z is asymptotically stable under small perturbations in H™ for some m. Let us also
mention the recent work [Park 2025], which revisits these results, relying mainly on energy estimates.

In T x (0, 1), the boundary conditions identified and used by Castro, Cérdoba and Lear [Castro et al.
2019a] ensure that the main linearized structure remains stable by differentiation, which makes the
analysis of that work similar to the one of the periodic or whole space case. This analysis has then been
extended by the same authors to the Boussinesq system with a damping velocity term in [Castro et al.
2019b]. In particular integrations by parts of high-order derivatives are possible to obtain uniform bounds
in Sobolev spaces of high enough regularity. By using similar boundary conditions for Stokes-transport in
T x (0, 1), the results of [Castro et al. 2019a] could be adapted in a straightforward way. In our situation,
the presence of the Dirichlet boundary condition is the major obstacle. In particular, uniform bounds in
high-regularity Sobolev spaces are no longer valid, as Theorem 1.3 below will highlight. This is due to
the presence of boundary layers, as explained above. More details are provided below in the scheme of
the proof.

Eventually, let us mention that the existence of the limiting profile was obtained in [Elgindi 2017;
Castro et al. 2019a] through a fixed-point argument. One contribution of the present paper is to precisely
identify the long-time asymptotic profile as the decreasing vertical rearrangement of py. As explained
previously, our method to identify the limiting profile is robust and in particular also applies to show
that the long-time asymptotic profile for the incompressible porous media equation is also given by the
decreasing vertical rearrangement.

Linear asymptotic expansion for nonvanishing perturbation on 3. Theorem 1.1 is only valid under the
assumption that the perturbation and its normal derivative are vanishing on 9€2, i.e., when pg— p; € HOZ(Q).
If the perturbation does not vanish on the boundary, this question is nontrivial even for the linearized
equations around p; = 1 — z: denoting by 6 the perturbed density, we consider

00 —u-e;, =0,
—Au+Vp=—be,,
divu =0,
01=0 = 6o.

(1-5)

It can be easily checked that Theorem 1.1 is also valid for (1-5). In other words, if 6y € H N Hg, then
0N <1+ )~ L. Note that there is no smallness assumption in this case because the system is linear.
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If 8y or 9,6y do not vanish on the boundary, however, it turns out that # vanishes as t — oo but with a
much slower rate. This is due to the formation of boundary layers of typical size ~'/# as t — oo, in the
vicinity of z =0 and z = 1. More precisely, we will prove the following result in Section 3:

Theorem 1.2. Let 6y € H*(2) for some s sufficiently large. Then the solution of (1-5) satisfies
0=00+60%+0¢"" inL*Q)ast— oo,

QBL

where 6y(z) = % fozn 6o(x, z) dx is the horizontal average of the initial data and is the boundary

layer part whose leading terms are

6% = @0 (x, 1% (1 —2)) + O (x, 112) + Lo, (1-6)

with ©9 174

top
Furthermore, fort > 1,

(resp. @éot) decaying exponentially as Zop = t14(1 — 2) = oo (resp. as Zpoy = 1'%z — 00).

_ _1 _3 _1 _3
C6olaall 2t 5 + O™ %) < 0% )12y < Cllfolaall 25 + O F).

Remarks on the linear asymptotic expansion.

« In fact, the definition of OB is more involved and is given as a sum in powers of ¢ ~'/4 of different
boundary layer profiles. For instance, in the vicinity of z =0 and for # > 1,

4 .
I 1
OBk =3 1730 (x,t4z).
—

Furthermore, the construction can be iterated. Up to a stronger regularity requirement on the initial data,
we could probably push the expansion of OB further and prove that 6 = 0B 4+ O (+=*) for k arbitrarily
large. In this case, the definition of 6B has to be modified in order to include profiles up to j = 4k. We
shall give more details on this matter in Remark 3.8.

» Note that the scaling of boundary layers is consistent with the estimates of Theorem 1.1: heuristically,

1/4

one power of ¢'/* is lost with each differentiation (with respect to z.)

Nonlinear asymptotic expansion. Let us now go back to the nonlinear problem in the case where
Po — Ps € HOZ(Q). In this case, p(t) — ps and 3,(p(t) — ps) vanish on the boundary for all ¢ > 0 (see
Lemma 2.1). As a consequence, the advection term is negligible in the vicinity of the boundary, and
we expect the dynamics to be driven by a linear mechanism in this zone at main order. Building on the
analysis of Theorem 1.2, we then derive uniform bounds in H®(£2), modulo some boundary layer terms:

Theorem 1.3. There exists ¢g > 0 small such that, for any po € H 14Q) satisfying || po — ps || g1+ < €o and
P — Ps € HO3 (R2), the solution p of (1-1a) satisfies

0 =poo+0B+00"% inL*(Q) ast— oo,

OBL

where is the boundary layer part given by

0% = 1@0p(x, 14(1 = 2)) + 1Oy (v, 152) +Lout.

1/4

with Oy (resp. Opoy) decaying exponentially as Zop = 141 —z2) - o0 (resp. as Zyot =1'/"7 — 00).
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A more precise version of the theorem, including H* estimates on the remainder, will be provided in
Proposition 4.1. We note that [|§BL|| e S+ 1)~%/8 so this result strongly suggests that the optimal
decay of p— po is like t~/8in L?(2), which is close to the rate 7! obtained in Theorem 1.1. Theorem 1.3
also shows that the decay rate is dictated by boundary layers. Nevertheless, it is not excluded that the
nonlinear dynamics drive the system to the case where these boundary layer terms always vanish, although
we expect this behavior to be rather unlikely. Let us emphasize that the formation of boundary layers, let
alone the construction of boundary layer profiles, had not been identified in previous works, even in the
linear setting of Theorem 1.2. We believe that our analysis could be extended to the incompressible porous
media (IPM) system (1-4), for which similar boundary layers are expected to develop; see Remark 1.4
below. Let us also recall that in the cases without boundaries (see [Elgindi 2017; Castro et al. 2019a; Park
2025]), the rate of decay of p — p, can be arbitrarily large, provided the initial data is sufficiently smooth.

Let us now say a few words about the case when the initial data py of (1-1a) is such that pg — ps or
dn (0o — ps) do not vanish on the boundary. We expect the scaling of the boundary layers to be different.
Indeed, if the ansatz of the linear case (1-6) is plugged into (1-1a), we find that the quadratic term becomes
dominant close to the boundary, and cannot be balanced by other terms in the equation. As a consequence,
studying (1-1a) when p — p5 ¢ Hg(SZ) goes beyond the scope of this paper. We expect that the boundary
layer equations become nonlinear in this setting.

Note that Theorem 1.3 requires more stringent assumptions on the initial data than Theorem 1.1, since
the initial perturbation is assumed to be small in H 14 (rather than H®), and its second normal derivative
is also assumed to vanish on the boundary (i.e., 8Z2 (p — ps)lag = 0). Actually, the latter condition can be
slightly weakened; see Proposition 4.1 for a more precise statement.

Remark 1.4 (extension to the incompressible porous medium equation). We believe that Theorem 1.3
could be extended to the IPM equation (1-4) when the initial datum pg is sufficiently smooth and such
that pg — ps € H(} (i.e., the trace of py — p; vanishes on the boundary). In this case, (p(¢) — ps)|sg =0
for all £ > 0 (see Lemma 2.1).

In this setting, the boundary layer ansatz from Theorem 1.3 should be replaced with

fBL = %@gy(x, t2(1—2) + %@,ﬂ‘“(x, t2z)+1lot.,
where the profiles ®"M for a € {top, bot} satisfy

—OyM +3Z0,0,™M = 9, WM WM = 5, 0™,
This system should be compared with (4-18), and is endowed with the boundary conditions

IPM IPM 2 o IPM
YV, " z=0=0,"1z=0=0, 0870, "|z=0 = Va,

where Yiop(x) = lim,_ o0 8262, X, 1), Yoor(x) = lim;_,o0 326/(2, x, 0).

Therefore the situation is very similar to the one of Theorem 1.3: the main difference lies in the
thickness of the boundary layer (+~!/? for IPM vs. t~!/4 for Stokes-transport), which is consistent with the
order of the damping term (32 A~! for IPM vs. 3> A~2 for Stokes-transport). Furthermore, if agﬁ Oola =0
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for 0 < ¢ < k and for some k > 1, then the above ansatz should be replaced by

1 ! 1 1
0% = 7Oy (6, 17 (1 = ) + 7 O (v, 122) + Lot

Note that this is consistent with the results of [Park 2025] (see also [Castro et al. 2019b]), in which
the author proves that ||p(t) — ps|l;2 < t7%~1/2 under a slightly more stringent version of the previous
assumption.

However, if the trace of pg — ps on the boundary does not vanish, the situation is different. In this
scenario, the nonlinear terms are expected to be of leading order close to the boundary, and we expect
that nonlinear boundary layers are created.

Interpolating between the IPM system and the Stokes-transport system, it is also natural to wonder
what happens for fractional equations such as

360 +u-Ve=0d>(—A)"%,

with o € (1, 2). One should however define carefully the fractional operator (—A) ™ in this setting, since
the domain T x (0, 1) is bounded in the vertical direction (the boundedness in the horizontal direction is
not really an issue since we can rely on a Fourier definition of the fractional laplacian in the horizontal
variable.) One canonical choice is to use a spectral definition of the fractional laplacian. However, in
the present setting, there are two possible choices for the eigenbasis: the eigenfunctions of the laplacian,
or the ones of the bilaplacian, described in Lemma B.2. These two choices seem to lead to different
operators, and in particular, they are incompatible with one another.

Therefore it seems better to consider the so-called “restricted fractional laplacian”: for ¢ € H 2 (Q)
such that |y =0 and 9,¥ |y =0 if & > % extend ¥ by zero outside €2, and define

Ay (', Z)— Ay (x, 2) dr' dz’

(—A)*y = CaPV/

<k (¥, 2) = (', 2)[*

The equation for v then becomes
(=)%Y =0,0 inQ, Yo =0.

The main advantage of this choice is to be compatible with the end cases « = 1 (IPM) and o = 2
(Stokes-transport). However, due to the nonlocal nature of the fractional laplacian, having a description
of the boundary layer formation seems much more involved.

Schemes of proofs. Here we explain the main steps and difficulties of the proofs of Theorems 1.1, 1.2
and 1.3.

Rewriting of the equation. Since perturbations of p;(z) = 1 — z are considered, it is natural to introduce
the perturbation 6 as
p=ps+0,

with initial perturbation 6y = po — ps. Substituting this expression in (1-1a) and recalling that stratified
states do not contribute to the velocity field in the Stokes equation, we obtain the following equation for
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the perturbation 6:
0 4+u-Vo =u,,
—Au+Vp=—0Oe,,

divu =0,
ulyo =0,
O1i=0 = 6p.

We note that we used the notation # = (u,, ;) and that x and z indices always denote the horizontal
and vertical components and never derivatives with respect to x or z.

The Stokes equation can be simplified by introducing the stream function of the divergence-free velocity
field u through u = V- = (=3, d,v). Substituting it in the Stokes equation and considering the curl

of this equation, we get
90 +u-V0=u,,

A2y = 9,6,
u=vty,

Vs = 0n¥lse =0,
01r=0 = o.

Notice that this writing is consistent with the previous observation that any z-dependent perturbation of
the density does not affect the velocity field.

Once the steady states of (1-1a) are identified as the stratified density profiles, i.e., functions depending
only on z, it is natural to decompose the perturbation 6 (¢, x, z) as the sum of its horizontal average 0(t, z)
and its complement 6'(z, x, z) with zero horizontal average, following [Elgindi 2017] and others:

_ _ 27
0%, =0, +0'(,x,2), 6,2 =5 [ 0w x 2 dx,

We note that contrary to [Elgindi 2017; Castro et al. 2019a], 6 denotes the average rather than the
fluctuation, as this seems a more natural notation. In particular our notation is comparable to the standard
notation used for the Reynolds-averaged Navier—Stokes equations.

This decomposition is actually orthogonal in any Sobolev space H” and one can project the transport
equation onto the two appropriate complementary subspaces, leading to

90"+ u-V0') = (1-03.0)u;, 6= =06)

80 +u-vo =0, 0),=0 = o,

! (1-7)
A*y = 0,0, Vlaa =0,
u=v-ty, Vlaq =0.

Although more complicated at first sight, this equation allows us to distinguish the evolution of 6" and of
the average perturbation 6. This is needed since the whole perturbation cannot be expected to decay in
Sobolev spaces due to its pure transport. Only the average-free part 6’ is decaying.

Toy problem on the torus. In order to get an intuition of the decay of [|6'||,2(q) and to highlight the
specific difficulties of our work, we will first explain the strategy in the case when the problem is set
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on the torus, in order to avoid the issues associated with the boundary conditions. More precisely, we
consider the following linear problem for 6’ on the torus T?:

30 =1 —G)dy + S,
A% =d,0, (1-8)
9/|l=0 - 9(/)5

where G is a given small function of ¢ and z, whose finality is to be replaced by 3.0. The source term S,
which will include the nonlinearities of the system, will be omitted in this short presentation for simplicity.
Note that (1-8) differs from our original system through the periodic boundary conditions on v in the
vertical variable. The choice of periodic boundary conditions simplifies the analysis in several ways,
which we will detail below.
For any s > 0, applying A*/? to the first equation of (1-8) and projecting on A*/?6’, we obtain, after
several integrations by parts in the right-hand side,
LIk == [ AN - Gaity
2dr L T2
=— [LaFa-omary
< —(1=ClIGla) A3 Y17, (1-9)
where C is a universal constant. As a consequence, if C||G(t)]|ys+2 < 1, then the H* norm of @’ is
nonincreasing, and whence uniformly bounded.
Then, the decay of ||6/(7)|| ;> is deduced by using the following Gagliardo—Nirenberg interpolation
inequality, which in the case of the torus can be proved simply by Fourier analysis:

- 1 -
1071 M%7, < £ 1A + K210 A% 1., (1-10)

where 3! f denotes the antiderivative of f with null horizontal average, and K > 0 is an arbitrary positive
constant.
More precisely, combining (1-9) and (1-10) with ¢ = A2y for some r > 0 leads to

d r r

3182015 S —lA g,
SKANATHIS Y|, — Koy ATy 12,
SKAATT20 2, — K| A20)3,,

recalling that A%y = 3,6". Taking K ~ (1 +1)~" we deduce

d r 3 r r —
G870+ 18201 5 182202012 (1-11)

(1+1)3

Note that here the factor 3 could be made arbitrarily large by taking a larger multiplicative constant in K,
but any constant strictly larger than 2 is sufficient for the argument.
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Since A™/2%23720" is uniformly bounded in L*(T?) by |3y 20, || ;y-+, this integrates into

10526} Il g+
I+t
Note that the index of regularity r is arbitrary. Hence, plugging this estimate back into (1-11) and using

V>0, (A0 S (1-12)

an induction argument, we find that, for any o > 0, r > 0,

Vi>0, [[AZ0/ (D)2 <(1+1)"2 107405l gr+2e. (1-13)
Let us emphasize that when G = 0, this estimate can be proved directly from the Fourier representation
formula
. k?
0'(tx,2)= ) 6(0) exp(— T r) exp(ik - (x,2)).
ke7?
ke #0

Hence the decay rate can be expected to be somewhat optimal. Moreover, in the case of the torus, the
rate of decay can be as large as desired, the cost being the regularity required on 6. Note that, for r =0,
o =2, we find the decay rate announced in Theorem 1.1.

Difficulties with Dirichlet boundary conditions. Let us now explain the main differences between (1-8)
on T? and the original system (1-7) on =T x (0, 1). The strategy will be identical. We first prove a
uniform bound for 6’ in H*(2), and then use interpolation inequalities together with the energy estimate
to obtain the decay estimate (1-12). However the derivation of the different bounds will be substantially
more involved.

We shall prove the uniform H*(2) bound for 6’ directly from the equation without spectral analysis.
More precisely, the estimate (1-9) remains valid for s = 0 since ¥ |3q = 3, ¥ |3 = 0. Higher-order uniform
estimates in H*(€2) fail in general due to nonvanishing terms on the boundary. The question is therefore
when the integration by parts done in (1-9) can be performed. The traces of 8’ and 9,0’ being zero, the
traces of Azw and 0, Azw are also vanishing (see Section 2.1) so integrations by parts in (1-9) can be
done for s = 4 provided G = 0. Therefore a uniform H* bound can be deduced when G = 0. When
G is nonzero, some traces no longer vanish. The strategy will be to treat them perturbatively, i.e., not
performing integration by parts on A%(Gv) A3, A similar interpolation argument (Lemma 2.7) allows
us to then deduce the analogue of (1-12), i.e., that ||@’||,2 is bounded by (1 417)~".

However, note that the higher decay (1-13) for r > 0 and @ > 2 does not hold in general, as Theorem 1.3
shows. Indeed, the decay rate is prescribed by the boundary layer part of the solution, for which we have
| A7/20BL |12 oc (1 4+1)~1+7/4=1/8 Hence the H* norm of #’ for s > 5 is not expected to be bounded.

Finally, let us mention that proving some time integrability on the velocity field is crucial in order to
obtain the convergence of §. As a consequence, the linear decay from (1-12) is not entirely sufficient
to complete the proof of Theorem 1.1. In previous works, this higher decay on the velocity field was
obtained either thanks to high-regularity bounds, or by taking advantage of the Fourier representation
of the solution. Since none of these tools are available here, we rely on a different argument, involving
bounds on the time derivative of 6'.
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Remark 1.5 (about the spectral decomposition). Since the equation is no longer set on the torus, but
rather in the domain 2 =T x (0, 1) endowed with boundary conditions, we can no longer perform a
(discrete) Fourier transform in the vertical variable. However it is possible to analyze explicitly the
eigenfunctions of the operator

L:0eL?— 3y €L? where A2 =93,:0, V]sq =0,V |sq =0, (1-14)

and show that the eigenvalues (Ax)rezxn Of the operator L behave asymptotically as kf /1k|* (see
Lemma B.2), so that the estimate (1-12) remains true. Details on the spectral analysis are presented in
[Leblond 2023].

Bootstrap. The last step of the proof consists in bringing the previous linear analysis into the full nonlinear
system. Intuitively, the strategy is the following: denote by (0, T*) the maximal time interval over which
10'1;2 < B(1 + 1)~! and 0’|l 7+ < B are valid with a constant B. In fact more estimates need to be
included in the bootstrap argument for technical reasons; see (2-9). On this time interval, the quadratic
terms can be treated perturbatively, provided ||6y|| y+ is sufficiently small. Hence the bootstrap estimates
hold with a constant which is better than B, and thus 7* = oo. It follows that 6" converges towards zero
in L2 and that the time derivative of  is integrable. Hence 6 has a limit in L? as t — oo. This is the
main part of the proof which is detailed in Section 2.3.

Identification of the limit. Since 0’ converges to zero in any H™ for m < 4 as t — oo and 6 has a limit
in L? as t — oo, the whole density p = p; 4+ 0 = ps +6+0' converges to some limit poo = o5 +04 in L?
and pn, depends only on z. The term 9,6 is small compared to 3,0, = —1, and so is its limit 8,0,,. Whence
Poo 18 strictly decreasing with respect to z, as is ps. The transport of the density by the divergence-free
field u ensures that the level sets of p are preserved by the time evolution, and by strong convergence this
is also the case for the limit p,. According to rearrangement theory, p is therefore a rearrangement
of po. One can show that there exists a unique decreasing vertical rearrangement of pg; hence po is
uniquely determined. This part of the proof is detailed in Section 2.4.

Linear boundary layers for system (1-5). Let us now give a sketch of the proof of Theorem 1.2. We start
with rather simple observations:

« First, it follows from the equation that 9,630 = 9,0,6|3q = 0. Therefore, for all ¢ > 0,

Olae) =6loq, mblaa(t) = 0nboloq.

« Taking the horizontal average of the evolution equation, we find that 9,0 =0, and thus 6 (¢) = ;. Hence
we focus on the long-time behavior of 6'.

o Let us denote by (br)rezxn+ the basis of eigenvectors of the operator L defined in (1-14) (see
Lemma B.2). Then we can always write

0' ()= exp(—rxt)f(t =0)bx,
keZ*xN

with (é,’( (t = 0))kez+xn € £>. We recall that Ax behaves asymptotically as |k, |2/|k|* Tt then follows from
Lebesgue’s dominated convergence theorem that 6/(1) — 0 in L? as t — oo.
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Therefore 6’(¢) vanishes in L? while keeping a constant — and nonzero — value on the boundary. As a
consequence, it is reasonable to expect that boundary layers are formed in the vicinity of z =0 and z =1

as t — oo. We then plug the ansatz (1-6) into (1-5) and identify the profiles @?Op, ®} .. The role of ®?op
(resp. of @got) is to lift the trace of 6 at the top boundary z = 1 (resp. at the bottom boundary z = 0). We

find that these two profiles satisfy an ODE, with boundary conditions given by
O, (x. Z=0) =0)(x, z=1), 03207, (x, Z=0) =0,

top

O0(x, Z=0) = 0 (x, z=0), 3700, (x, Z=0) =0.

In a similar way, the next-order boundary layer terms G)tlop and ®ll)0t lift the traces of 9,6y on 0€2. Hence

the first step is to construct explicitly the boundary layer profiles in terms of 6y. By construction, the

remainder 6’ — 6BL

decay analysis presented above to the remainder 6’ — #BL, and we find that ||(8’ — 0B (1) ]|, < (14+1)7L

vanishes on the boundary, together with its normal derivative. We can then apply the

Boundary layers for system (1-1a). We now turn towards Theorem 1.3. Note that the boundary layer
term in Theorem 1.3 is smaller than in (1-6). This is directly linked to the fact that under the assumptions
of Theorem 1.3, & = p — p, vanishes on the boundary, together with its normal derivative. Therefore,
the boundary layer term OBL (or rather A26BL) now lifts the traces of A%0’ and 9, A%6’. The overall
strategy is the same as the one described above: we first identify the boundary-layer part of the solution by
rigorously constructing the boundary layer profiles @{;m and ®tj0p.
on the remainder 0™™ = 0’ — 6BL noticing that A20™™ satisfies assumptions that are very close to the

We then prove some decay estimates

ones of Theorem 1.1. Note that the higher decay we obtain on 6™™ is the main reason behind the strong
regularity requirements on pg.

However, there are several new conceptual and technical difficulties compared with Theorem 1.2. The
main one lies in the fact that the traces A20’|yq and 9, A%0'|3o are not constant with respect to time.
They merely have a finite limit as + — oco. Hence we need to find an asymptotic expansion in powers of
(1+1)""* for A%0'|3q and 9, A%0'|yq as ¢ > 1. The main boundary layer profiles @got and @?Op
lift the first term in this expansion (i.e., the long-time limit of A26'|5q), whereas the next-order profiles

will

®{;,p, @éot for j > 2 will lift the lower-order terms. Furthermore, in order to prove that A%0’|3o converges
in H* as t — oo for some sufficiently large s, we shall need high-regularity bounds on #’. Eventually, the
proof of Theorem 1.3 involves two nested bootstrap arguments: one on 6, which allows us to construct

QBL

the boundary layer term on the interval on which the bootstrap assumption is satisfied, and a second

one on the remainder 6’ — #BL, on a possibly smaller interval.

Notation. Throughout the paper, we write A < B whenever there exists a universal positive constant C
such that A < CB.

2. Long-time stability of stratified profiles: proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. The proof follows the steps highlighted in the
Introduction: we decompose 6 into # = 6 4 6’, and we prove that " vanishes in L? with algebraic decay,
while 6 converges in L? towards a profile 6 (z). To that end, we first study the linearized Stokes-transport



1968 ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

system around a solution 6 close to an affine profile. Thanks to a crucial interpolation inequality (see
Lemma 2.7), which somehow replaces the spectral decomposition in the periodic setting, we quantify the
L? decay of solutions of the linearized equation with a source term (see Proposition 2.6). We then use
a bootstrap argument to show that the decay predicted by the linear analysis persists for the nonlinear
evolution. This allows us to prove that 6'(r) — 0 and that 0 — O in H*(RQ) as t — oo for all s < 4.
Eventually, we identify the asymptotic profile A, in terms of the initial data.

The organization of this section is the following. We start in Section 2.1 with some preliminary
remarks concerning the traces of 6 and 9,6. We then turn towards the analysis of the linearized system in
Section 2.2. The bootstrap argument is presented in Section 2.3. Eventually, we prove in Section 2.4 that
Poo 1S the rearrangement of the initial data pg.

2.1. Vanishing traces for 0’ and 3,0’. We prove here the following preliminary result:

Lemma 2.1. Let 6y € H"(Q2) withm > 3, and let 0 € Ly (Ry, H™) be the solution of (1-7). Assume
that 6y = 3,00 = 0 on 0K2. Then, forallt > 0,

0(t)|oe = 30 ()]s = 0.
If additionally 3260 = 0 on 92, then 820(t)|3q = 0 for all t > 0.

Remark 2.2. If py € Hj'(£2) then the solution p(z) of (1-1a) belongs to Hy" (€2) for all times. Indeed,
the solution of the transport equation can be written as

p(t) = po(X ()™,

where X : Ry x 2 —  is the characteristic function associated to u, defined as the solution of the
ordinary differential equation
X (1) =u, X)),
X(0) =Idg.

We recall that X (¢) is a diffeomorphism of €2 for all times t € R.. Since u(¢) € HOI(Q) due to the
homogeneous Dirichlet condition, the boundary 92 is stable for the characteristic function at all times
t > 0. In other words, X (t)|3q = Idsq, and consequently X (1)~ Yyq =1dyq. It follows that if Po € H(} (2),
then p(¢)|3q = 0 for all # > 0. The claim for higher values of m follows easily by induction.

Note that the assumptions of Lemma 2.1 are different since pg = 1 — z + 6y does not vanish on the
boundary.

Proof. We recall (see Theorem A.1) that 0 € C(Ry, H™)NC'(Ry, H™ ). Therefore, taking the trace of
(1-1a), we get
00laq +ulsa - VOlsa = u;lsq,

where u|3o = 0. Hence 0,60|3 = 0 and the trace of 6 is constant in time, equal to 0. Since horizontal
derivatives preserve this property, we even have 8ft9 laq = 0 for any £. Let us now consider the normal
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derivative. We recall that d,, coincides (up to a sign) with d,. Applying one vertical derivative to the

equation,
0;0,0 + 0,u-VO +u-Vo,0 =0,u,,
where
dzulpq - VO|sq = dzuxlsq 0x0laq + d;uzlaq 9:0|aq-
We recall that 9,030 = 0 and we use the divergence-free condition to observe d,u,|3q = —0dxux|sq = 0.

In the end we get 9,63 = O for all times; hence 8 € HOZ(Q). Trying to go further, applying the same
ideas, we get
8820 laq = 82uzlag.

However, E)Zzu . does not vanish on 9€2, and therefore we cannot iterate the argument. Nevertheless, we get

25 1 2 1
0,0;0)3 = o= /T%leag =5 fﬂ_axazux|89 =0.
Note that for higher orders of derivation, we cannot infer any cancellation in general. U

Definition 2.3. In the rest of the paper, we will set
G(t,2) = 8.0(t, 2).

Under the assumptions of Lemma 2.1, we infer that G|yq = 9;G |0 = 0.

2.2. Study of the linearized system. This subsection is concerned with the study of the linear system

3,0 =(1—G)ay +S in (0, +00) x Q,
A%y = 3,60 in (0, +00) x 2, 2-1)
V0se =V¥lsa =0, 6'|=0 =06,

which is satisfied by (6’, ) in the first place, with G = 3.6 and § = —(V1 - VO')". It will also be
satisfied for various derivatives of (9’, ¥) with different source terms S. The term G will always be 3.6.

Our goal is to analyze the long-time behavior of 6’, under suitable decay assumptions on S. For later
purposes, we have decomposed our results into several separate statements, whose proofs are postponed
to the end of the section. The first one is a uniform L? bound on the solutions when the source term is
time integrable:

Lemma 2.4 (uniform L? bound on solutions of the linearized system). Let G € L® (R, H?), § €
L®(Ry, L?), and 0 € L% Let 6’ € L*(Ry, L?) be the unique solution of (2-1). Assume that S can be
decomposed as S = S| + S| satisfying for some 0,8 > 0 and anyt >0

, o)
/QSJ_(t, x)0'(t, x)dx =0, ISz S m (2-2)

Thus, there exists a universal constant yg € (0, 1) such that if
Gl g2 = o, (2-3)
then
16'1l> < 16l 2 + Cso.



1970 ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

Remark 2.5. The term S, will often have the structure S| = u - VO': indeed, provided u and 6’ have
sufficient regularity, the divergence-free and homogeneous Dirichlet conditions ensure that

/(u-V@’)G’:l/u-VI0’|2=—l/diVu|9/|2+l/ u-nlo'|> =0.
Q 2 Ja 2Ja 2 Jaq

Our second result, which is at the core of Theorem 1.1, gives a quantitative algebraic decay on 6’

Proposition 2.6. There exists a universal constant yy € (0, 1) such that the following result holds. Let
T>0,GeL®Ry, H?), S € LRy, L?), and 6} € L* such that 9720, € H*. Let 0’ € C(Ry, H?)
be the unique solution of (2-1). Assume that 0" and 9,0' vanish on 02, and that S decomposes into
S =81+ 8+ Sa with, for some 0,5 > 0andallt € [0, T],

/ _ o 1AV, ]
JoS1@ 080 dr =0, IS0 < G ISa0l 5 P2 @)

Assume moreover that G satisfies (2-3), and that there exist A, o > 0 such that for all t € [0, T']

A%37%0'(t < :
187920 Ol2 < G

(2-5)

Then
||96||L2 +A+o

(1 + t)min(lJrot,B) Vi e [0’ T]

16"l 2 <

In order to prove this quantitative decay, we shall need to analyze the structure of the dissipation term

— [ o = [ 1Ay

In previous works for different but related models [Castro et al. 2019a], at this stage, an explicit spectral
decomposition of the solution was used, relying on Fourier series. Note that such a spectral decomposition
is also available for the operator A~292 (see Lemma B.2). However, since we cannot interpolate for an
arbitrary regularity, we choose here to use a different approach. We replace this spectral analysis with
the following result, which can be seen as an interpolation lemma. It is noteworthy that in spite of its
deceitfully simple form (and proof), this lemma provides the correct scaling for the solutions.

Lemma 2.7. For any £ > 0, and for all ¥ € H3*=2(Q) satisfying

Al = 0 A%y =0,
we have for all K > 0

— 1 B
10,7 A% 17 S 1oL AV I + K219 Aty 7.
Proof. Since Ay and 9, A*Yy vanish on the boundary <2, we have after three integrations by parts

=— /S2 EAYATEA Y < 9EAY | 2152 A3 Y || o
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On another hand, we also have by integrations by parts
1920 15 = = [ ol Ao Aty = [ Vo Aty - va Aty
= — [ Ayl Aty < o AW 19 AN .
Hence, using the second bound in the first inequality, we obtain
1057 A2 12, < 195 AY 12 105 A2 11, 19 A% 1.

Gathering the similar terms on the left-hand side and applying Young’s inequality yields, for any constant
K >0,

4 2
0y A%y lI7, < 9L AW, 85 Aty
_2 i3 2 g 2
SKTNAEAY])T + (K5[0 Aty ;),)’?
1 _
< 28 AY T + K287 Aty 7. O

Let us now turn towards the proof of Lemma 2.4 and Proposition 2.6.

Proof of Lemma 2.4. The energy estimate in (2-1) writes

1d

1T Qa2 — _ / /
1015 = [A—Gaxye + [ o

A few integrations by parts provide, since ¥ |30 = I, ¥ s =0,
[a=6pwe' == [(1-Gya’y=— [ A-Gway. (2-6)
Using the Sobolev embeddings H> C L™ and H> C W4 we get
/Q(l — G0 < —(1=C|Gl )| AVl

At this point we have

1d

1013 <~ =CwIAvIL + [ 6= —Crlapll.+ [ s @)

So if yy is small enough, in a universal way, the first term in the right-hand side is nonpositive. Therefore

d . o
5”9 Ol < N8Oz < m
and since § > 0 this inequality integrates as
16702 < 16gll 2 + Cso. O

Proof of Proposition 2.6. Back to (2-7) and plugging the decomposition of S we get

d
EIIG/IIiz + (1= Cyo) AV N172 < USyllz2 + 1Sallz2) 16”1 2
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Then assumption (2-4) and Young’s inequality provide
101, o N 1612,
(1402 Q402 T AFDF2 14
161l 2 116117,

ISall2 160712 S HAY |l 2 Sl + — .
AllL L wL(l—i_t)% 1q WLZ " 1+1

ISyl 2116”1l 2 <

’

Hence if yy is small enough, the dissipative term y,|| A ||> can be absorbed, and we have, for some
co € (0, 1),

o? 16°17.
(141142 e

We now use the interpolation lemma, Lemma 2.7, with ¢ = 0, recalling that Azw lag = 0,6’ |30 = 0 and

d
31012 + ol A2 <

AP |sq = 3,0,0'|sq = 0. Choosing K = i /co(1 +1)~! with « > 0 arbitrary large independently of
the data, we obtain
1A%0:20"117, o?

(1+l‘)3 (1+t)1+28'

i m2 K m2. < .3
a1 ”L2+_1+t”9 72 Sk
Plugging assumption (2-5) provides

(k3AZ+02)
(1 + t)min(3+2a,1+25) ’

d 2 K 2

—1|0 — 6 <

| ”L2+1—|—t” 7 3
which for a suitable choice of « integrates into

1052+ A+o
(1 _;’_t)min(l-i-a,S)

Remark 2.8 (stability for more general stationary profiles). Let us now explain how our results can be

10"l < v €[0,T]. O

generalized to other stably stratified profiles p;. Let p; € H (0, 1) such that sup 9,05 < 0. The linear
evolution equation on 6’ can be written as

3,0 = —d, 0505

Multiplying the above equation by —6’/9, ps, we obtain

1d 1 / 2 / I / 2
- o' (t dx = | o,y60 =— Ayr|.
> dr /sz—azps (t,x) o Y Q| vl

Since 9, ps is bounded from above and below by negative constants, — fQ (6")%/9, py is equivalent to the

L? norm, and the main linear estimate remains the same. However, additional commutators stem from
the nonlinear terms when we use the weight —1/9, p,. For instance,

/u-ve’ o —1/(9’)2u-v !
Q — 0, ps 2 Jq 31/05'

These commutators will enter the terms S; and S| from Lemma 2.4 and Proposition 2.6. Also, the

constant yyp involved in the smallness condition (2-3) on G will now depend on 9, ps, but the result still
holds. We leave the details to the reader, and stick to the case of a linearly stratified profile for simplicity.
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Let us now consider the case of nonstably stratified profiles. First, if 9,05 > 0, we have the opposite
sign in front of the dissipative term fQ |Avy|?: at the linearized level, the perturbation grows. For the
nonlinear equation, starting from a small perturbation, ||6’(7)|| ;2 will have a transient growth for small
times, until its norm becomes of order 1 and the nonlinear term can no longer be neglected. In fact, when
d,ps 1s constant—say 9, p; = 1 — the equation satisfied by 9 is

0,0 4+u-VO0+uy; =0,

and therefore
1d

51001 =~ [ wp= [ (ay)=o.
In this case, the L2 norm of 0 is increasing on the whole interval [0, 4-00), but remains bounded since
the L? norm of p is conserved.

Let us indicate a few facts about the long-time behavior of solutions in the general case pg € L™ (see
Section 3.6 in [Leblond 2023] for a proof of these results). The velocity u belongs to L?([0, 4+00), HOl ().
Furthermore the w-limit set in H~! of py is nonempty and contained in the set of stratified rearrangements
of pg. However it is not known in general whether this w-limit set is a singleton.

We now go back to the case where pg is a small perturbation of a stratified state p;. When 9, o,
is not of constant sign, we cannot conclude a priori, even at the linearized level. Indeed, if a density
profile is not monotonous, then we cannot guarantee the proper sign in front of the integral d,p|Av|%
Therefore, if a profile admits a nonmonotonous function in any of its neighborhoods, in arbitrary high
regularity, and in particular in H®, the proof of our stability result does not hold. In particular, when
d;0s < 0 and 9,ps vanishes at a single point zg € (0, 1), this point is also an inflection point and
therefore py(z) = ps(z0) + O((z —z0)%) in a neighborhood of zg. Perturbing p; by a function of the type
e(z — z0)*x (z — z0) with a cut-off function x € C;°(R) breaks the monotony. Thus, even in the case
when p, is monotonous, but has a vanishing derivative at single point, we cannot conclude.

2.3. Bootstrap argument. The purpose of this subsection is to prove, thanks to a bootstrap argument, that
under the assumptions of Theorem 1.1, the solution 6 of (1-7) enjoys the same decay rates as the ones
predicted by the linear analysis (see Proposition 2.6). More precisely, we shall prove the following result:

Proposition 2.9. Let 0y € H®(Q) such that 6ylya = 3x00lsq = 0. There exists g > 0 such that if
160l go < & < &g the solution of (1-7) satisfies

& _
[ERCHGIIESS T+ 10:0"Ollgs S &, 10Olgs Se, ¥t >0. (2-8)

Remark 2.10. The interplay between horizontal derivatives of # and the considered regularities is
consistent with the operator A_Zaf from the linearized system

30" =0, = AT29%0.

Note that A~2 denotes the operator solving the bilaplacian A%y = f equation endowed with the boundary
condition ¥ |y = 3, ¥ |yq = 0.
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A proof of Proposition 2.9 is provided in the rest of this section. Remarks motivating the necessity
of the bootstrap hypothesis and the method in general are included throughout. We also present our
understanding of the obstacle to the iteration of this method to higher regularity on the perturbation.

Bootstrap assumption and general argument. 1Let 0 < B < 1. For some Cy > 1, to be chosen later,
let 6 € HZ N HS such that [|6]| zo < B/Co. In particular [|36]l,> < B/Co, [18:0)llz+ < B/Co, and
1060l g2 < B/Cyp. Let us note g := ¥|;,=0. We also have, according to Lemma B.1, with universal
positive constants gathered under the same notation C,

Ioll s < Cll3:O31l 2 < CB/Co,
and therefore,
19,86l =oll 12 < 11 = 32001l L= 1970 12 + 1192 (V40 - VO [ 1.2
< (L4 13:000l z2) 137 Yol .2 + 118 (V0 - VEQ) 1.2
< C(B/Co+ (B/Cop)?.
Up to a choice of Cy > 1 large enough, we find that all the bounds here above are strictly smaller than B.

Therefore, by continuity of the Sobolev norms of €, ensured by Theorem A.1, there exists a maximal
time 7" € Ry U {+o00} such that the following inequalities are satisfied on [0, T*):

B
136" (1)| 12 < s 18:6"(t) | y+ < B,
+1 (2-9)

B B
!/ _
19:60llm2 < B, 1008 Ollz < 55

We recall that these decay rates follow the behavior of the linearized system; see Proposition 2.6.

Let us assume by contradiction that 7* < +00. We show below by a bootstrap argument that hypothesis
(2-9), combined with Lemma 2.4 and Proposition 2.6, actually leads to an improvement of the inequalities,
satisfied with some new constant 0 < B < B, which contradicts the maximality of 7* Whence T* = +o00
and inequalities (2-9) hold for all times.

Remark 2.11. Let us wait a little on the choice of the constant B. We will choose B < yp, so that

assumption (2-3) is satisfied on (0, 7).

Preliminary bounds. Throughout the proof we require estimates on 6’ and v derived from the bootstrap
hypothesis (2-9). For the sake of readability, we introduce the following short-hand notation:

and [|g]l < -
(I+0)" I+

IF1%g?  when || £II <
——
ar+pr’

First, from an integration by parts, since 6’|yq = 9,0'|9q = 0 (see Lemma 2.1)
[ERASS /QafAe’afAe’ =— /Q 330'8,A%0" < 1820"|| 121100 || g+

We deduce, by assumption (2-9), for all ¢ € (0, T*)

1 1
1076”1l g2 S N3360" 112, 110:0" (1124 S (2-10)

H4 ~ 1_|_t)%

%xl—i—%xo
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We also get by interpolation, for any 0 < m <4, for all r € (0, T*)

/ / -7 / T
10x0" ) [ m S N0x0 )1, * 110:0" (D] s S RV (2-11)
(1=2)x1+2 %0
We will frequently use Agmon’s inequality in dimension 2, namely
1 1
Ve HyNH*(Q), |fllz~ SIUFILIFIZ,
together with the following direct consequence:
1 1
Ve HNHYQ), IVl SIFILIFI.
We infer, in particular, for all r € (0, T*)
1 1 B
2 2 2
1850" (Ol S N30 (D172 11850" Ol < m
Loq+lyl
2X1+2><2 . B (2_12)
IV (DL SN3:0" O 10:0 (Ol 1ys S —-
(141)2
%XH—%XO

We also need estimates on . Any Sobolev norm of order larger than 4 inherits the decays from 6’ thanks
to Lemma B.1, providing, for ¢ € (0, T%),

B
1829 (1) e S 1826 1)1l 2 S 7
+1
B (2-13)
3w (1)l o SN1820" (Ol 2 S

RE

We also need higher-order decays on 3,1 in L?(£2). We access this quantity thanks to the control of 3,6’
by rewriting
00"+ (u-Vo'y

1-G ’
We know that ||G ||~ < |Gl g2 < B so it is enough to have B smaller than a universal constant to ensure
that the inverse of (1 — G) is well-defined, which allows us to estimate 9,1 and afw in L% We illustrate
the computation for 9,y since the same reasoning applies for 3)%1,0 with a few extra terms:

0: ¥ (Dll2 S N80 (D2 + Nlu - VO' 1)l .2
S 180" )|z + 199 D)2 190" (O Nl 2 + 10 )11 £2119:0" (1) || 2
B
S 106"l 2+ 10:6" D17 +Ho: ¥ ()2 T
—_— — (141)2

)2

Y =

2 2x2
Hence for B > 0 small enough once again we get

2 2 < —
1930 Ol S
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By interpolation and Agmon inequalities we deduce, in the same fashion as above, the following decay
estimates, with the latest valid for 0 <m < 4:

B B
1929 (Ol > < 82 @)~ S — VIR~ S -,
(141)2 (I+1)4 (I4+1)2
m B (2_14)

B l_m
IV Dl S —— 1879 @Ol STV Ol 1079 Oy S ——5—-
(1+1)% (I40)"3

Remark 2.12. Let us come back briefly to the derivation of estimates (2-14), which ensure that i decays
faster than 6'. Note that such a fast decay is necessary to close the estimates: indeed, || ()] y 1. should be
time integrable in order that 6 (¢) converges as ¢t — 00. Formally, one needs to take an antiderivative in space
of the equation, i.e., apply the operator A~232 to (1-7). However, because of the nonlinear term, this is a
rather tedious operation. Therefore we rather derive estimates on 9,6’, and use (1-7) in order to infer esti-
mates on 1. Note that the two operations (taking a time derivative or an antispace derivative) are equivalent
at main order, since the linear operator is d; — A_Zaf. This idea, although simple, seems to us to be new.

H® bound on the solution and H* bound on G. In our nonlinear bootstrap argument, we shall need
some high Sobolev bound on the solution. In order to lighten the proof of the bootstrap as much as
possible, we isolate in the present subsection this technical step.

Lemma 2.13. Let 6y € HO(2) such that 6y|sq = 3x00]sc = 0. Let T* be the maximal time on which the
assumptions (2-9) are satisfied. Then, forallt € (0, T*),

2
10'Ollgs S BA+07, [G@)llys < B/Co+CB% 8GO < (lf_—t)g-

Proof. We cannot estimate 0’ in H® directly from its evolution equation since it requires an assumption

on G = 3,0 € H® and therefore on 6 in H’. To get around this, we directly perform an estimate from the
whole perturbed evolution equation, namely

00+u-V0 =u,.
For any derivative of order 6 (and less) of the previous equation, we obtain
1d 6,02 6 60 _ 6 6
> dr 1001172 +/Q[a ,u-V]300°0 = an 0”0,

where the commutator comes from the incompressibility assumption and the no-slip boundary condition.
Hence we get

d
7100 SN0 llgo + 110°, - VIO 2.

The first term is dealt with thanks to the bilaplacian regularization (Lemma B.1) and estimate (2-10),
B
+1)7

Notice that this %—algebraic decay, issued from the linear system, is critical to prove the %—algebraic

2
0x Wil s S 11050 sz S

growth control of 6 in H%(R2). Concerning the nonlinear term, we rely on the following tame estimate,
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valid for any m € N,

V. ge H"NL®(Q), |fellan SNfleeliglhan + 1 fllanlgle, (2-15)
which leads to

Ve H"NW *(Q), g H"'NLX(Q), 1", flgll2 SNV Fllzollglgm-1+1 £ anllgllze. (2-16)
Hence, we decompose the nonlinear commutator into
[0% u- V10 = —[3° 8,93,10 + [3°, 3,1 9,16.
Each part can be estimated, thanks to (2-16), as follows:

100°, 991801112 S NV Lo 110:6 1l g5 + 19 [l s 1106 Lo ,

< 2 / 1 < B B
S IV e 101 gs + 10:0°[ g3 110:0" [ L S s 101 s + ——.
—_———— (1+l‘)1 1+1¢

+

Bl
NN

5
7
and

110°, 9:19:011 22 S NV Il 102611 g5 + 11929 1 76119:6 [ Lo

B
SV e 100 gs + 19260 1 12 VOl Lo S 71601 s + + X
Nl —_—— (1+1)2 141t (1412

3 1

2 2

where we observed in particular that

B
VOl < IVO Il + 1G> S r+B.
1+1)2

In the end, gathering and summing up all these bounds provides
2

<101 s + 1
t)2 (1412

’

d
et} <
ar 101 s S

and we get
1 1
1011176 S 11601l s + B(1+1)2 < B (1+1)2.

Eventually, let us prove decaying bounds on d;G and uniform bounds on G. We recall that G = 3,0
depends only on the variables ¢ and z. From the evolution equation and one integration by parts we
observe (omitting the factors % for clarity)

9,0 = —u-V§ = / (0,09,0' — 9,19,0") = —aZ/ ER
T T
SO we can write

9,G = —afjwaxwe/.

The same arguments as above lead to

2
18:Gll 20,1y S 10 ¥ oo 16l g2 + N9 ¥l 2116l e <

+

(1+1)5
+

ENEN]
D=
I
Blw
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Using the H® estimate, we also have

2
18:G ll 0.1y S N0 Wl 101l s + 10x Yl s 10"l oo S

I+

(1+1)+4

ESIN}

D=
Bl

Since the right-hand side of the above inequality is time-integrable, we infer that

1t
1Glla40.1) = NGO 5201 +/0 18: Gl 4 0.1y < B/ Co + C B

Moreover, for all t € (0, T*),

LG, < B
183Gl S NG00 G £ s

X7+7X

ENIN
=]
N
Bl

Remark 2.14. In the estimate of 3%, it would be tempting to proceed to the same computations as
in (2-6) in order to exhibit a dissipative term, which would allow us to ignore its contribution as for
lower-order derivatives. Doing so requires to control the boundary integrals, which do not vanish a priori
in this case,

/ 969,185 = —/ 2%y A%0%y = —|| A%y |2, +/ (3050 AIOY — 35 8,9 AY).
Q Q Q2
For instance, trying to bound the integral involving the higher order of z-derivatives on ¥ provides at best
V 861//32A3610‘ B gorioss 10710 [ gosass < B2(1+1)3F3.
aQ

This estimate ensures no better growth control than [|6']| o < (1 + )3/ which is not enough to close the

bootstrap and get the control by (1 41)!/2

Improvements of the bootstrap bounds. We now improve the uniform bound on 6’ and 8,0” in H*(R),
relying on the linear analysis from Section 2.2. Since 0’| g+ < [|0x6’|| g4, it is enough to treat 9,6". Also
we have according to Lemma B.1 the inequality

1801+ S I1A%3:6 12

since 9,6’ belongs in particular to HO2 N H*(Q) as detailed in Section 2.1, so it is enough to deal with
3 A0 in L*(Q).

Lemma 2.15 (uniform bound for ||3,6’|| y4). As long as the bootstrap hypothesis (2-9) holds we have
||8xA29’(t)||Lz < B/Co—l-CBz. (2-17)

Proof. In view of the application of Lemma 2.4 to A23,6’, we observe that its evolution is governed by
the equation

9 A%0,0" = (1 — G)a, A%,y — [A%0,, Gloy Y — A%0,(u - VO'Y,
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which is of the form (2-1) with A?3, v = 326" and 9, A%d, ¥ = 3,326 vanishing on the boundary 92 and
with
S =—[A%d,, G1ayy — [A%0,,u-V10 —u-VA%,0.
S| S1

We already know that ||G || 42 satisfies the smallness assumption (2-9) for B > 0 small enough. We show
that S presents an algebraic decay strictly larger than 1, as in (2-2). To do so we apply the tame estimate
(2-16) to the two commutator terms. Let us emphasize that we need to be thorough by substituting
u = V+1 such that the transport operator can be written as

w-V=—3,0d + 0 Yd,.

Hence the nonlinear term presents formally only a vertical derivative of order 1. This makes a difference
in the estimates and allows us to reach more optimal decay rates.
On the one hand, we get for the perturbation due to G, using (2-14),
2

1A%, G12Y 2 < NGl s 1829 Nl +IVG L 1879 11> S
—— — —
5

7

7 Z

TET
Note that we used here the uniform H* bound on G from Lemma 2.13. On the other hand the contribution
of [A2d, u-V]0' splits into four terms as follows:

(A3, u-V]0' = —A%(8,0,93:0") + A*(0>9d,0') — [A?, 8,419%0" + [A?, 8,119.0,6'.

We estimate each term accordingly. We have, for instance, using the bootstrap assumption (2-9), the
preliminary bounds (2-12) and (2-14), and Lemma 2.13,

IA2(@293,0") | 12 S 11829 (| g4 118.0  Loo + 1029 || o< 1| 8,0”[| ¢
SN2 211V e + 1020 1 Lo 116 11 s S

14+1)3
1+} -4
The limiting decay comes from one of the commutators, which we estimate, thanks to (2-16) together
with the bounds (2-14), (2-11) and (2-12):
2
1A%, 8:91076" 12 S IV lloo 076"l + 19 1l s 11956 |l e <

=.
(I+1)s
30 it

Gathering these estimates provides

2

INTIFERS =
+1)3
and Lemma 2.4 applies, ensuring
| A%8,0'|| 12 < [|A%8,05]l 2 + C B O
0

Lemma 2.16 (decay of ||8)§9’ l72). As long as the bootstrap hypothesis (2-9) holds, we have

B/Co+ B?

830'||,> <
1070112 S 111
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Proof. Note that 8;?9/ satisfies (2-1) with the source term
S=58=-d(u- Vo).
We can bound the whole term S = S as follows:
15112 < 1938 93,0 | 2+1193 (B 8.0) .2
SNV 12190 | oo 110 | 1970 | 21959 1 1211826 | oo+ 1195 ¥ [l 00 18706 .2

SN2 521180 ([ oo + IV Nl 2o 1926 | 2 + 11829 | 5211V | 2 + 118: W 1 1011026 | g2 S EwSTE

+%>2

[N

3 1 7,1
+5=2 +§=2 Z+f>2

[S][9%
D=
[S119%

Assumption (2-4) is satisfied with § = 1. Additionally, the norm of (Azax_ 2)839/ = A%9,0’ is bounded
according to (2-17), so assumption (2-5) is satisfied with A = ||A28x96|| 2+C B? and o = 0. Moreover,
the traces of 8)?0’ and 0, 839’ vanish as a direct consequence of Lemma 2.1. Therefore min(1 + «, §) =1
and Proposition 2.6 provides

1

1+

Using inequality (2-17), we obtain the desired estimate. O

1856112 < (126411 12 + 18280 | Lo ((0.07.2) + B

Lemma 2.17 (stronger decay of ||0;0,0'(¢)||;2). Under assumptions (2-9) we have, for all t € (0, T*),

B/Cy+ B2
193,02 < B0t B
(1+1)2

Proof. The pair (3,0,0’, 9,0, satisfies (2-1) with
S=—8,Gd*Y — 8,0, (u- V0.

Note that 9,3,6 and 9,,9,0,6" vanish on the boundary, from Lemma 2.1. In order to apply Proposition 2.6,
we have to bound (Aza;z)a,axe/ in L?(). Going back to (1-7), we have

A?3719,0' = A*(1 = G)y) — A% (- V'),
the norm of which can be estimated as
1870 10,6'll 12 < A+ G gAY [l 12 + 1A%, (- VO [ 12
S80I 2 + 1Y 115 IVE [l + IV 210 s S

3¢l

B/Co+BZ+ B?
I+1¢ (1+;)§'

ENI
W
=

Hence assumption (2-5) is satisfied with @ = 1 and A = C(B/C¢ + B?).
Letus set S| :=u-Vd,0,0’, indeed orthogonal to 9,9,6" in L*(Q2). We further define

S) = —8,Gd>y — du -V,
SA:=0,0,u-V0 —du-Voe,

so that S| + §) 4+ Sa = §. Let us now check that S and Sx satisfy the assumptions of Proposition 2.6.



LONG-TIME BEHAVIOR OF THE STOKES-TRANSPORT SYSTEM IN A CHANNEL 1981

The first term in §) can be bounded directly as follows, using Lemma 2.13:

2

18: GOV llz2 < |8 Gllex N3V 2 S e

242

The second requires, for instance, a bound on 3;6” in H' (), obtained directly from the evolution equation:

13:0" 11 11 S (L + y) 10l g1+ [l - VO || 1
S A+l llg + lull g IVE | + lull L VOl B
S A4y 0¥l + 1152 1VO e + IV 2 ll6 2 S ——
N——— 1

+1)

7

+

=

ol
BI—
NN

7 +

Hence )
0xu - V3,0 (|12 S 10wl L 190" | g1 S VO 1< 18,0 g1 S

137

(I+0)+

+

[S][3%
Bl

and S satisfies the assumption (2-4) with o = C B? and § = %. Continuing our computations,

B||Ad;0
10;0x2 - VOl 12 SV |l 12 IVO || oo S BlA% Y12
—_——

~ ’

(1+1)}
2
and the same consideration applies for
B||Ad; 0|l 2
12 - V9.0 12 S NV N2 [IV0:8 [l S ——————.
———— (1 +t)7

3
Hence
Sx=0,0,u-V0' —ou-Vo0

indeed satisfies assumption (2-4). Finally Proposition 2.6 applies with min(1 4+ «, §) = 2 and we obtain

B/Co+ B?

9,0,0’ <
18:2:6'llc2 S =

g
Conclusion. Let us close the bootstrap argument. Assuming [|6p|| 6 < B/Co, we had, by continuity-in-
time of the Sobolev norms of 6 ensured by Theorem A.1, existence of a maximal time 7* € R} U {+o00}
such that (2-9) is satisfied for any ¢ € [0, T*), reported here:

37 B /
1956 ||L2§1—, 10x0"ll g+ < B,
+1 B (2-18)
/
I1Gllg2 < B, 19,00 ||L2§m-
These decay estimates induce, as shown in Lemmas 2.13, 2.15, 2.16, and 2.17 that (2-18) holds for
another constant B defined as
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where C > 0 is universal. By choosing Cy large enough and B small enough, we have B < B and
inequalities (2-18) are strictly satisfied for any ¢ € [0, T*). Therefore T* must be 4-00; otherwise the
continuity of # — |6 (¢) || s would imply the existence of a larger validity time interval for (2-18). In the end,
these bounds are valid for all times, and setting e := B/Cy closes the demonstration of Proposition 2.9.

Remark 2.18 (generalization at any order). Motivated by the fact that the perturbed subproblem

300" = (1 -Gy,

Ay =0te),

0 Wloe = udy " ¥lse =0
is stable under horizontal derivation we could expect to propagate arbitrarily high horizontal regularity
on 6’. Nevertheless, our proof relies on the control

10116 S (1+1)2,

which we can obtain thanks to the classical divergence-free condition on # canceling the extra-derivative
term. Let us try to do the same on 80; we write

-1
3004+ > Coxd ™ u-vorko +u-valo = oy,
k=0

and multiply by 86" Then the estimation does not close, even though one of its terms does not contribute,
just as in the initial equation. Indeed, we have
1d

—1
B 1
T ||8f9||§16+gocg,k /Qaﬁ(af ku-Van)aéafH—l—i/Qu-V|868f9|25 1LY 1 611050 6.

—_—
=0
Note that crossed derivatives integrands, such as

/Q 3tu - va99°ate

do not lead to a vanishing integral. Hence deriving an estimate on 8};9/ in H° requires first the derivation
of an estimate of 6 in H*¢, in the spirit of Lemma 2.13. We will derive such estimates in Section 4 (see
Lemma 4.3), at the price of much stronger and more complicated bootstrap assumptions (see (4-3)).

2.4. Convergence as t — oo and identification of the asymptotic profile. Regarding the asymptotic
behavior of the density for the Stokes-transport system without any assumption on the type of initial data,
we can only say that if p converges toward some po, in H ', this limit profile is stratified. Indeed, the
energy balance (1-2) ensures that u € L>(R,, H'), and since u is also Lip(Ry, H') by linearity of the
Stokes system, we infer that ||u(¢)| g1 — 0 as t — oo, but without any information about its decay rate.
At least we have

IVp+pecllyt < llullm ——0.

The H~! convergence of p leads to the existence of p, such that

VDo = —Pct;.
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Observing that 9, poo = 0 and that the domain 2 =T x (0, 1) is convex ensures that p., and p, are both
independent of the horizontal coordinate x.

In the context of a small perturbation of the stationary profile p;(z) = 1 — z, we obtained explicit decay
rates for Sobolev norms of u. We show that these decays are sufficient to ensure the strong convergence
of p toward a limit profile po,. Moreover, the smallness of the perturbation 6 does not affect the vertical
monotonicity of the whole density p, from which we deduce that p, is exactly the vertical rearrangement
of pp.

Proposition 2.19. Under the assumptions of Theorem 1.1, the whole density p converges in H™ for any
m < 4 towards its vertical decreasing rearrangement.

Proof. The proof is divided in the following steps:

Convergence. 1t is enough to show that 3, p belongs to L' (R, H™) for m < 4, which implies the strong
convergence of p(¢) in H™ and existence of a limit py,. Let us estimate d;p in H™ for any 0 <m < 4,
using the tame estimates (2-15)

19:pllm = llw -V pllpm < 110; ¥ dxpllam + |05 0z 01l Him

S IV lLelloxpllam + 1 gmeillxpllLee + 10 Lo [ o1l st + 1102 Lam [0z o1l oo

Recalling that 3.p = —1 4+ G + 9.6 is bounded in H>(), that 3, p = 3,6’ decays as (1 +1)~'+"/4 for
m < 4, as well as the decay estimates (2-13) and (2-14), we find
ool

which is integrable for any m < 4, hence the convergence.

0ol am <

Stratified limit. Since p converges, so do 8’ = (p — p,)’ and 6 = p — p,. We obtained in (2-8) that 6’
vanishes in H” for m < 4, and therefore the limit p is stratified. Hence po, can be written as the sum
of p, and the limit 64, of 6. In view of (2-8) this limit satisfies in particular ||3,0 ||z~ < Ceo, with the
notation of Theorem 1.1. At least for &9 > 0 such that Cey < 1 = —9,0,, we know that Sup o, 1 0; P00 < 0,
which means that po, is strictly decreasing with respect to z.

Rearrangement. The divergence-free character of the velocity field u# ensures that all L? norms and the
cumulative distribution function of p(¢) are preserved along time, in the sense

VA=0, Hp@) >} =I{po> A} (2-19)

This property transfers to the limit state po, by L? strong convergence of p. According to rearrangement
theory such as that developed in [Lieb and Loss 2001, Chapter 3], we say that two maps are rearrangements
of each other if they have the same level sets, in the sense of (2-19). Adapting slightly the construction of
[Lieb and Loss 2001], we know there exists a unique vertical decreasing rearrangement of pg : Q — R4,
which can be defined as

o0
Py (2) == fo Lo<z<|{po>2y d2.

In the end, we know that po is a decreasing rearrangement of po; therefore it is p; by uniqueness.  []
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Remark 2.20. Note that the above argument extends immediately to the settings investigated by Elgindi
[2017] and Castro, Cérdoba and Lear [Castro et al. 2019a] for the incompressible porous media problem,
as mentioned in the Introduction.

Notice that we actually have ||3,0]|.~ < &g for all times. Therefore the total density has a strictly
negative vertical derivative, for all x € T and for all times ¢t € R, since

aZp(t9x9 ) = _1+829(t9x7 ')a

and the density reordering is essentially horizontal. This is a rare case in which we can describe the
asymptotic profile. This intuition of having heavy fluids sinking under the lighter ones prompts to wonder
if, at least in a weak sense, the density profile should always converge toward the vertical rearrangement of
the initial datum, unless it is already stratified. This question remains open, both for the Stokes-transport
equation and for the incompressible porous media.

3. Formation of large-time boundary layers in the linear setting: proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. We consider the linear problem

060 = 0,y in (0, +00) x €2,
A =00 inQ, Ylso=0hVle=0, (3-1)
0(t = 0) = 6o,

with 6y € H®(Q) arbitrary. The difference with the linear analysis of Section 2.2, and in particular with
Proposition 2.6, lies in the fact that we do not assume that 6y and 9,6y vanish on the boundary. As a
consequence, as explained in the sketch of the proof in the Introduction, boundary layers are created as
t — oo close to z =0 and z = 1, and the purpose of this section is precisely to describe the mechanism
driving the apparition of these boundary layers. We will therefore decompose 6 as the sum of an interior
term decaying like ! in L and some boundary layer terms which lift the traces of # and 3,6 on the
boundary. This will lead us to Theorem 1.2. We will then return to our nonlinear system (1-7) in Section 4.
In fact, we will prove a more precise version of Theorem 1.2:

Proposition 3.1. Let 6y € H*(Q2) for some s > O sufficiently large. Let 0 € C(RL, H®) be the unique
solution of (3-1). There exists a boundary layer profile 08" of the form
4 . . .
OBl = 3" (14075 (O, (¥, Zbor) + Ol (x, Ziop)),
i=0

with Zpoy = z(1+1)Y* and Ziop = (1 — 2)(1 +1)V/4, such that 6™ = 6 — 6B satisfies, for all t > 0,

160l 5
(141)%

< 1%0lla:
~ 1+t

1826™ (£)]| 1> 16™ ) g S NOollas,  [1AT2020™ (1) )|2 <

Furthermore, there exists a constant ¢ > 0 such that || ®£( Dy S 6ol as exp(—cZ4/5)f0r all Z > 0.

The organization of this section is the following. After motivating the ansatz (1-6), we formally derive
the equation satisfied by the boundary layer profiles. We then construct the boundary layer part of the
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solution, denoted by #BL, and we establish some properties. Eventually, we prove that 8 — §BL satisfies
the assumptions of Proposition 2.6, and we conclude.

3.1. Motivation for the ansatz and derivation of the boundary layer equations. We recall (see page 1966)
that a simple spectral decomposition suggests that the solution 6 has strong variations close to the
boundaries, and that 6(¢)|yq = 6olaq, 9.0 (t) |50 = 0ubp|yq. Hence we take an ansatz of the form

0(1) ~ 0™ + Oy, (x, (1+1)%2) + OF (x, (1 +1)* (1 —2))
(17O (x, (1 +D)%2) + (1 +1) 7Ok, (x, (1 +1%(1 —2)) +Lo.t.
for some @ > 0 to be determined, where
0™ sq = 0.0™sq =0,

®lﬁot(x’ Z) -0 and ®tj0p(x7 Z)— 0 asZ— oo.

The role of ®Y

top
boundary z = 0). Hence we take

Opp(x. Z=0) =6p(x,2=1), 9700, (x, Z=0) =0,

top

O (x, Z=0) = 6p(x, z=0), 3700, (x, Z=0) =0.

(resp. of ®got) is to lift the trace of 9y at the top boundary z = 1 (resp. at the bottom

In a similar way, the next-order boundary layer terms @tlop and @ém lift the traces of 9,6y on 0€2, i.e.,

Opp(*, Z=0) =0, 03204,,(x, Z=0) = —0:60(x, z=1),
O, (x, Z=0)=0, 8,0} (x, Z=0) = d,00(x, z=0).
Similarly, we assume that
Y () 2P+ (L4 07w (x, (L4 0)%2) + (L) 74w (x, (1+0)%(1 —2))
+ (1072 G, (LD + (L +0) 72U (x, 1+0%(1—2) + Lot
where
W =9,0/,
W/ =9,/ =0 onZ=0,
\IIL{ — 0 as Z — oo, a € {top, bot}.
Plugging these ansatz into (3-1), we find that at main order
a(l+16)7128,00 = (1 + 1), w’.
Consequently, identifying the powers of (1+¢), we take o = }‘, which is precisely the ansatz (1-6). Hence
the equation for \Ilfl), a € {top, bot}, becomes
175wl =920 in T x (0, +00),
0 0
‘I'a|Z=o = 82\%\2:0 =0,
aé‘pg\zzo = V(;)(x)’ 3§‘I’2|z=o =0,
limz— oo WO(x, Z) =0,

(3-2)
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where yl?ot(x) = 0,60(x, z=0), ytgp (x) = 0y00(x, z=1). Note that the above boundary conditions are

redundant: indeed, if 92 \Ifgl 7o =0, then it follows from the equation (after one differentiation with respect

to Z) that 8% \I—'gl 7—o = 0. Hence in the following subsection we will drop the condition 8% \I—'gl 7-0=0.
In a similar fashion, the equation for IDJ, a € {top, bot}, is

—0W) + 735wl =432w! in T x (0, +00),
\IJ;|Z:0 = 8Z‘I’Lhz:o =0,

8élpth:O =0, a%qﬂhz:o =¥, (%),

limz_ 0o W) (x, Z) =0,

(3-3)

where yblot(x) = 0,0;6p(x, 2=0), yt(l)p(x) = —0,0,0p(x, z=1). Once again, the condition aé\llilzzo =0
is redundant and is automatically satisfied when one takes the trace of the equation at Z = 0, using the
other boundary conditions. We now turn towards the well-posedness of (3-2) and (3-3).

3.2. Construction of the main profiles. The well-posedness of (3-2) and (3-3) stems from the following
result:

Lemma 3.2. Letm > mqg > 0 and let S € C([0, +00)), § > 0, such that

1 2 00
1512 = [ 320z + [“ 52 exps2) a2 < +oo.
Consider the ODE
ZE)%\I!(Z) =-mV(Z)+S(Z) in(0,4+00), Zlim v (Z)=0, (3-4)
—>00

endowed with one of the following four boundary conditions:
(i) W(0) = dz¥(0) = a5 W(0) =0.

(i) W(0) =33 W(0) = 35w (0) =0.

(i) W(0) = 32W(0) = 5 W(0) =0.

(iv) W(0) =9z¥(0) = 32¥(0) = 0.

Then there exists a constant ¢ > 0 depending only on mg and 8 such that (3-4) endowed with one of the
Sfour previous conditions has a unique solution ¥ € Hlf)c(R+) such that, forall k € {0, ...,5},

® ak 2 4 2
/ 105w (2) 2 exp(cZ5) dZ < C||S|* < +00.
0
As a consequence, for k <4, there exists a constant C such that
105w (z)| < C|S| exp(—%Z%) VZ > 0.

The proof of Lemma 3.2 is postponed to Appendix C, and relies on the use of the Lax—Milgram lemma
in weighted Sobolev spaces. As a corollary, we have the following result:
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Corollary 3.3. For all j € {0, 1}, there exists a unique solution x; € C*°(0, +00) of the ODE
Zayx;— jogx;+4x; =0 on (0, +00),
endowed with the boundary conditions

¢ %0(0) =3z x0(0) =0, 33 x0(0) =1,
o 9zx1(0) =97 x1(0) =0, 81(0) =1,

and such that, for j =0,1, 0 <k <5,
00 K 4
/O 105 x,(Z)| exp(cZ3) dZ < +oc.

Furthermore, 8%)(0(0) = x1(0) =0.

Proof. Let us start with xo. Let n € C2°(R) such that n = 1 in a neighborhood of zero. Then xo — Z4n /4!
satisfies (3-4) with the boundary conditions (i) and with a C*° and compactly supported source term.
Hence the result follows from Lemma 3.2. The C* regularity of xo follows easily from the ODE (3-4)
and from an induction argument. Differentiating the ODE and taking the trace at Z = 0, we obtain
97 x0(0) = =497 x0(0) = 0.

Concerning x;, we first consider the solution of the ODE

Zo3¢+4¢ =0 on (0, +00),
$(0)=0;0(0)=0, 370(0)=1, ¢(+00)=0.
The existence, uniqueness, and exponential decay of ¢ follow from a lifting argument and Lemma 3.2 with
boundary conditions (ii). We then set x;(Z) = — f;o ¢ and note that 8Z(Z8§X1 — 8§X1 +4x;)=0. Asa
consequence, Z 8; x1(Z) — 83 X1(Z) +4x1(Z) = const. = 0 on (0, +00), thanks to the decay properties

of ¢ at infinity. Hence the existence, uniqueness and decay of y; follow. Taking the trace of the equation
at Z =0, we find that x{(0) = 0. O

Let us now explain how we construct the boundary layer profiles \I!({ for a € {top, bot} and j =0, 1
which satisfy (3-2) and (3-3). Taking the Fourier transform of (3-2) with respect to x and dropping the
index a, we infer that @,9 satisfies

174530 230
450 A0 30 §0
8Z‘I’k|z=0 =Vie»  Wrz=o = aZ‘I’k|z=0 =0.
Considering the function y defined in Corollary 3.3, it is then easily checked that
=~ A 1
U = k1727 xo(lk1>Z)
is a solution of the problem. We infer that

A~ 1 i
Vx,2)= Y k720 xo(lk12Z)e™ (3-5)
keZ\{0}
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is a solution of (3-2). In a similar way,

3 A L ikx
W(x,2) =Y |kI729), xi(k|2Z)e™* (3-6)
keZ\{0}

satisfies (3-3).
As a consequence, we have the following estimates, which follow easily from formulas (3-5) and (3-6):

Corollary 3.4. Let yl?, yal € L*(T). Then (3-2) (resp. (3-3)) has a unique solution 1112 € H)?/A'LZZ ﬂL)zc H;/z
(resp. \IJJ € HXH/4LZZ ﬂL)ZCH;/z). Furthermore, for all m > %,
I 2 S 17 Wmeom S U000l sy, IWellzzmm S ve lmn-ss S 10560l g7

1 1 1 1
IWalltmr2 S NVa lam-1s SN0B0ll gm-srs(@y,  IWallL2mm S 1¥a lme-n S 105601l m-sia (.-

Additionally, the profiles \Ilg and \IJ; have exponential decay: there exists a universal constant ¢ > 0 such
that, for any Zo > 1 and any m € N,

4
1l (20,4000 S 1601l 1 () €XP(—CZ),
4
Wl (20,4000 S 1601l 2 () €XP(—CZ).
3.3. Construction of an approximate solution. The idea is now to find a decomposition of 0 as 6 =
6BL + 0" where 6Bl is a solution of
3,68 = 92A20BL 1 5,
with a remainder term S, such that, for some § > 0,
S, =0(1+n7")  in L),
S,y =0(1+n"""" in H (),
S, (N =01+n7)  inL* (),
and a boundary layer profile 6BL such that 8B |3 (r = 0) = 6ylaq, 9,.0B"|9a = 9,0]sq. Recall that the
operator A~2 is endowed with homogeneous conditions for the trace and the normal derivative on the
boundary of 9€2.
As a consequence, the interior part ™™ satisfies
ateil’lt — a)%A—Zein[ _ Sr

and the trace of A" vanishes on 9<2, together with its normal derivative. Thus we may apply Lemma 2.4

and Proposition 2.6, and we obtain ||0™]| ;2 = O ((141¢)~"), which will complete the proof of Theorem 1.2.
The main-order part of 6B will be given by the profiles @é, j=0,1, a e {top, bot}, constructed in

Corollary 3.4. However, a few adjustments must be made in order to have a suitable decomposition:

« First, the profiles @é must be truncated away from z = 0 and z = 1, so that their (exponentially small)
trace does not pollute the opposite boundary. Since @Z has exponential decay, this introduces a remainder
of order exp(—ct'/?), which will be included in S,. More precisely, the error terms generated by this
truncation will be dealt with thanks to the following lemma, whose proof is left to the reader:
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Lemma 3.5. Let ¥ € L*(T x (0, +00)) such that there exist ¢, C > 0 such that

o
// 1W(x, Z)|*exp(cZ3)dZ dx < C < +o0.
TJO

Let ¢ € L*(0, 1) such that Supp ¢ C (%, 1). Then there exists a constant ¢’ > 0, depending only (and
explicitly) on c, such that

1 1
W x, (1+032)¢ @2 S ClIE oo exp(=c(14+1)5).
« More importantly, the main-order profiles (G)é, lIJC{ ) for j =0, 1 do not satisfy exactly
A+ (x, (141)72)) = O] (x, (1 +1)72).

Indeed, when constructing \112, we only kept the main-order terms in A2 i.e., the z-derivatives. It turns out
that the term 28)%822 in the bilaplacian generates an error term in the equation which is not O ((1 + 172).
As a consequence, we introduce lower-order correctors, whose purpose is precisely to cancel this error
term. We emphasize that the construction of such additional correctors is quite classical in multiscale
problems. In order to determine the order at which the expansion can be stopped, we will rely on the
following lemma, whose proof is postponed to the end of this section:

Lemma 3.6. « Ler f € H*(T, LZ(R+)) such that there exist constants c, Cy > 0 such that, for all
ke{0,...,4},

0k £ (x, Z)| < Cyexp(—cZ5) Y(x,Z)eT xRy, (3-7)
Then there exists a constant C depending only on ¢ such that
_ 1 ccC
A2 (f e, A +DTDX@)] 2 = —5-
(I+1)s

Furthermore, if
2 * 3
/ Z2 f(x, Z)dZ=/ Z3f(x,Z)dZ=0 VxeT,
0 0
this estimate becomes
cC
1+
o Let f € HX(T, L*(R.)) such that (3-7) holds for all k € {0, 1,2}. Then there exists a constant C
depending only on ¢ such that

||A‘2(f(x’ (1+ t)%Z)X(Z)) ||L2 =

CcCy
+0

With the two above lemmas in mind, we define 8B in the following way. Let x € C>°(R) be a cut-off

A2 (F G, (14D Dx @) ]2 <

function such that x =1 on (—%, Alf), and Supp x C (—%, %) We look for 6BL in the form

4 j i 1 4 J i 1
0Pt x,2) =Y (1 +0)730L (x. 1+ 03 x(@) + Y (A +07104,(x. A +0i(1—2))x(z— 1)

Jj=0 Jj=0
__.nBL BL
- ebot + Qtop
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and

4 ) ) | 4
YL 2) = ) () T R, (D ) X @+ Y ()T W G, (14D (1=2) x = 1)

j= 0 Jj=0
bot +wtop

The profiles @é, lIfj for j =0, 1 and a € {bot, top} were defined in the previous subsection, and we
now proceed to define ®;, ¥, for j > 2. The reason why we stop the expansion at j = 4 follows from
Lemma 3.6, as we will see shortly.

We focus on the part near z = 0, since the part near z = 1 works identically. Setting Z = (1 +1)/%z,
we have
8 i . j
oo = (141! Z(l + 07 [~3/O0 (. 2) + 320200, (x. D] ).

=0
For j =0, 1, the bracketed term in the right-hand side is simply 9, \Ilgot(x, (14+10)42). Similarly, we
choose W for j =2, 3,4 and a € {bot, top} so that

W =—1jO)+1720,0]. (3-8)
With this choice, we have
3,0BL = 9, Bl

There remains to choose @é so that 9, yBL = A‘zanBL + O((1+1)7%) in L2 To that end, we observe
4

4 .
A2YBE =S A+ 0T (L DX @) +2) (072020 (x, Z)x (2)
4 ) i=0
J A j
+D A+ (x, 2)x ()
j=0
4 3
+ <4)(1+t) gk (x, )R ()
j=0 k=0

1
+2 Z( )(1+z) 20wl (x, Z)x 2P (2).
Jj=0 k=0

&~

The last two terms are handled by Lemma 3.5 (anticipating that lDL{ will have exponential decay for
Jj=2,3,4).
We obtain
A2yBL = 3.6BL 4 O (exp(—c'(1+1)5))
F(141) 2 [—8,02, + 05w +20202W0 1(x, Z)x (2)
_3
+ (14173 8,08 + 97w +20202W 1(x, Z)x ()
+ A+ [=8,0f, + 05w +20202W2 + 3200 (x, 2)x (2)

+ 3 A+ (x, 2)x(2) (3-9)
j=5
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for some functions @iot depending on the profiles \Ilgot (for instance ®° = 28%8% \Ilgot + a;‘\pgot). Thanks
to Lemma 3.6, the inverse bilaplacian of the last term has a size of order (1 + )~2 in L% Hence it will be
included in the remainder S,. Note that the reason why we need to stop the expansion in 6B at j = 4
is dictated by the above formula and by Lemma 3.6. If we stop the expansion for a lower j, then the
remainder may be greater than (1 +¢)~2 in L2

Therefore we focus on the terms of order (14 ¢)~//4 with j =2, 3, 4. We treat the cases j = 2 and

j = 3 simultaneously, and we will focus on the case j = 4 later.

e Construction of \IJ‘H/ for j =2, 3: Remembering (3-8), we choose ®£ and \Ilgf for a € {bot, top} and
j =2, 3 so that

0, W) =—1j0l+128,0], —8,0] +35W] +20203w) 2 =0,
endowed with the boundary conditions

lim W/ =0, W/(Z=0)=3dzV¥/(Z=0)=0/(Z=0)=03,0/(Z=0)=0.

Z— 00

As before, we note that the boundary conditions at Z = 0 are redundant. Eliminating @Z; from the equation,
we find that ¥ satisfies
Zo3W) — jorw) =497Wi + 87,
V/(Z=0)=03,¥/(2=0) =0,
1

AW/ = —20%92W/ 2= _—§/ atZ =0,
Z a X Z a ] a a (3_10)
BV = 20295 Wi 2 = —J,ilazsg at Z =0,
lim W/ =0,

Z—00

where Sé. =—2(Zdz — j)afB%\I/,{_z. Therefore
i oJ i+3 02,72 4aj=2qj-2
05,S] = —270579; W) "* = —8070, w2
As a consequence, 8% \Il,f is a solution of
i1 J i1 N
z_aga_éxpg, =49320, W) —8d%a, "W, T,
Wy =0 atZ=0,
; - . .
Wy = —20202W, ", W, =-20205W) " atZ=0,
limz_, o 05,94 = 0.
Note that the boundary condition E)é \IQ{ (Z=0) = 0 follows from the identity

8, 05w] =175/ @1

Taking the Fourier transform with respect to x, we observe that 8% W, (k) satisfies (3-4) with nonhomoge-
neous boundary conditions of type (iii) (for j = 2) or (iv) (for j = 3). Using the Fourier representations
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(3-5) and (3-6) for W° and W', we anticipate that W2 and W} can be written as
Vi, 2)= Y K70 (kI Z)e
keZ\(0}

Wi, 2)= Y kT 6k 2)e*,
keZ\{0}

(3-11)

with x2, x3 € C*°((0, +00)) decaying like exp(—EZ4/ 3). The precise construction of x> and x3 will be
performed below. We obtain the following result:

Lemma 3.7. Let a € {top, bot} and y?, y! € L*(T). Consider the solutions W2, W} of (3-2), (3-3) given
by Corollary 3.4.

Then there exist unique solutions \IJ2 € H; o4

7/4

2 2 5/2 3¢ 7/2
L,NLiH v 7

LZZ ﬂLJZCH of (3-10). Further-
more, for any m € N,
2 2
Wil g2 S 10x00ll gn—seys  1WG L2y S 10x00l pmra-s/s(q)
3 3
IWall gz S 10500l m-1ia(ys 1WG L2y S 1020011 prma-1/3 ()
Additionally, the profiles \Ilg and \112 have exponential decay: for any Zo > 1, foranym e N,
102 70z 00 16011 ) €xP(—EZ).

1921tz oo S W60l 2y eXP(—EZ5).
Proof. In view of (3-11), it is sufficient to construct x, and x3. We first construct the solution ¢; of
Z056;(Z) = —4;(2) —80) 12,
$;(0)=0, 3;,7¢;(00==20%x;2(0), 3)7¢;(0)=—-203x;2(0),
limz o0 ¢;(Z) =0

Note that after a suitable lifting, ¢; satisfies (3-4) with the boundary conditions (iii) from Lemma 3.2 (for
J =2)or (iv) (for j = 3). Hence the existence and uniqueness of ¢; (and its exponential decay) follow
from Lemma 3.2. Now, define x; as

Wxj=¢j, xj(H+o0)=0 for0<k<j—1.
It follows that x; decays like exp(—¢Z*). Furthermore, by construction
051 Z05x) — jogx; +4x) — 2AZdz — Pigxj-2] =0.
We deduce that ZE)%XJ ]BZXJ +4x;+2(Z0oz — ])BZXJ 2 is a polynomial of order at most j — 1, which
has exponential decay at infinity. Therefore, the following equality holds:
Zdx;— joyxn; +4xj —2(Zdz — j)dxj—2 =0.

Taking the trace of the above identity at Z = 0, we infer that x;(0) = 0. In a similar way, we also find
that ', i (0) = 0. Now, defining \IJ] by (3-11), we obtain that \IJ] satisfies (3-10). The Sobolev estimates
are then a consequence of the Fourier representation formula. O
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» Construction of \IJ;‘: The definitions of \IJ;‘ and @2 are similar. We choose \IJj such that
Zo Wi — 49t wd = 492wk + 54,
WH0) = 0,9 (0) =0, FWi=—1St HUi=-19,8t atz=0,
limz o U2 =0,
where
St=—(Z8; —4)(20202W> + 3¢ WD),

Therefore the Fourier transform of 8? lIJ;‘, after a suitable lifting, is a solution of (3-4). The main difference
with the construction of W for j < 3 lies in the fact that 35w is not fully determined. Indeed, we lack a
boundary condition on 8§IIJ;‘ for some k£ > 6. Once again, this phenomenon (a high-order corrector is
underdetermined) is quite common in multiscale problems. In fact it turns out that lIJ;1 could be determined
in a unique fashion if we were looking for a higher-order expansion (see Remark 3.8). In this case, we
should choose lllg‘ot so that 8§®§0t| z—o lifts the trace of A%6|,—. In the present case, since we merely
wish to close the first-order expansion, we simply further require that 8% v 1z=0 = 0, so that the lifted
Fourier transform of 8% \IJ;‘ satisfies the boundary conditions (i) of Lemma 3.2. We conclude that \IJ;‘ is
well-defined and satisfies the same estimates as \Ilg for j < 3. The details of the proof are left to the
reader.

3.4. Estimate of the remainder and conclusion. At this stage, we have constructed 6BL such that, for
allt >0,

0B (1) s =0 (1)laq = bolsgs

30BE (1) ]aq = 3.0 (1)]aa = dnbolag
and

8,01 = A72026%L + A20, T, + O(exp(—c(1+0)%) in L?,

where T, = Tiop + Thor and

Toow = [ £ (140706, (1 +052x()].
j=5

with a similar expression for Ti,p. According to Lemma 3.6,
IAT20: Tl 2 S 0ol s (L+D) 72 13, A720:Tpllz2 S N60llas (1+1) 7.
Furthermore,
-2 _s
NAT=0 Tl g SN0x T ll 2 S 6ol s (1 +12) 73
for some finite (and computable) index s > 0. Therefore " = 6 — #BL solves
3,0 = 92 A20"M — A=29. T, + O (exp(—c(1+1)%),

and 6™ = 9,0 = 0 on d$2. We first apply Lemma 2.4 to A%6™ and find that || A20™(¢)||,;2 < (|60l s for
all t > 0, for some finite s. From there, we apply Proposition 2.6 to 8)%9““ with ¢ = 0, and we deduce that
||830im(t)||Lz < 160l s (1 +1)~L. As in Section 2, estimates on 1™ can be obtained by deriving bounds
on 9,0'™. More precisely, applying Proposition 2.6 to 3;6™, we find that [|3,0™(¢) | ;2 < 1160l a5 (1 4+ 1) 72,
and therefore ||8§A_291m|| 12 S 6ol gs (14 ¢)~2 This completes the proof of Theorem 1.2.
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Remark 3.8 (construction of an approximation at any order). Since A6 solves the same equation as 6,
one can easily iterate this construction. More precisely, if 6y € H*, it can be proved that there exist
J

ot @tjop)of j<ak such that the following result holds:

sequences of profiles (®

4k o , , : _
O(t,x)= > (1 +t)_£[®ﬁot(x, (I+0)342)x(2) +®tjop('x’ A+0)*(1—2)x(—D]+60L,@)
j=1

and
1020l g S 1.

rem

10Lm Ol 2 S m,

For instance, the role of @é‘(’;t is to lift the trace of A%/@ at z = 0, the one of @if;l is to lift the one of

3,A%0 at 7 =1, etc.
The details of the construction are very similar to the ones of the profiles ©, for 0 < j < 3 above and
are left to the reader.

3.5. Proof of Lemma 3.6. We first define a function f; such that
303 f1 =T

and 85 J1(+00) =0 for 0 < k < 3. Note that the exponential decay assumption on f ensures that f;
exists, and f] € W4 N H* Moreover, for 0 < m, my < 4,

871957 f1(x, Z)| < C exp(—cZ5),
with possibly different constants C and c. Setting Z = (1 +1)'/#z, we infer that
1
A A+ filx, Dx @) = f(x. 2)x (@) +2(1+1) 72007 f1(x, Z)x(2)
F A+ fi(x, 2)x(2) + Oexp(—ct3)) in L,

where the term O (exp(ct!/?)) stems from the commutator-involving derivatives of x (see Lemma 3.5).
Note that 8%8% f1 satisfies the same decay assumptions as f, and therefore we can lift it by another
corrector f> such that

03 fr = 20797 fi,
1.€., B%fz = —28ff]. Therefore

A+ A, 2)+( 072 flx, 2)x@) = f(x, 2)x@+ 01+~ inH 2

The only remaining issue lies in the fact that f|, f> and their normal derivatives do not vanish on the
boundary. Hence we set a;(x) = f;(x,0), b;(x) = 0z fi(x, 0), and we add a corrector

At x,D)=— X A+077 (@ @) +2(1+1)3b; () x (2).
i=1,2

Now

AX((A+0)7 f10e, 2+ +0)72 folx, D)) x @+ +0)7 ) = £, Dx (D) +0((1+0)77) in H2,
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and fork =0, 1
(407" A6 D)+ A +072 olx, ZDX @)+ (1 +07" f3)lae =0.
It follows that
(407 10, D)+A+072 o, D)X @+A+07 f5=A72(f(x, 2)x @)+ O0(1+0)7F) in H2,
Let us now prove that when fooo sz( -, Z)dZ = fooo ZSf( -, Z)dZ =0, we gain an additional factor
(14+1)~"4 Tt can be easily checked that

1 3
flzmo=7¢ [~ Z°f(-.2)dz =0,
1 1,
Iz filz=0 = —5 , Z f(-,2)dZz=0.
Hence, with the notation above, a; = b; = 0 and therefore f3 = O((1 + 1)~'/%). With the same
arguments, we infer that

(1407 f1(x, D+ 73 folx, D) x @O+1+0 " f1=A72(f (x, 2)x @) +0((1+0)"") in HA D

Remark 3.9. Note that the first statement of Lemma 3.6 provides a better decay of the H~2 norm, but the
second one requires less horizontal derivatives on f. In the next section, we will also use the following
variant: Assume that there exists a sequence (yx)xez such that

. 1
fx,2)= Y we*™o(kl22),
keZ\{0}

where ¢ € C*(R) decays like Cy exp(—cZ*/). Then, following the previous computations,

. 1
[, Z)= Y kP pe o (k|2 2),
kez\{0}

. 1
L, Z2)=2 Y |k ™0 (k2 2),
kez\{0}

where ag%p(*m) = ¢, and =™ (4-00) = 0. Hence

1A 0 A nix@le SC (X kPP a+n7i
keZ\{0}

4. Long-time boundary layers in the nonlinear setting: proof of Theorem 1.3

We now go back to the long-time analysis of (1-7) when 6y = 9,6 =0 on d$2. We recall (see Theorem 1.1)
that in this case 6'(¢) converges towards zero in H* for all s < 4 as t — o0.

A natural question is to investigate whether the algebraic decay rate provided by Theorem 1.1 can be
improved, possibly at the cost of a stronger regularity requirement on the initial data. In other words,
if we assume that 6y € H® with s large, can we prove a uniform H*® bound on a solution, and thereby a
higher decay estimate on 6'?
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As explained in the Introduction and in Section 2, such a result does not follow immediately from an
induction argument. Indeed, the traces of A26’ and of 9, A20’ do not vanish on the boundary (even when
the traces of AZQ(’) and of 8,,A29(’) do), and therefore we cannot apply Proposition 2.6 to A%6".

However, it turns out that when agéom =0, we can use (a variant of)) the linear analysis of Section 3
to analyze the long-time behavior of A%6’. In other words, in this case, there are boundary layers in the
vicinity of the boundary, but they are driven by a linear mechanism. Theorem 1.3 will follow.

To that end, the strategy is to consider the equation satisfied by A?0’. As we have seen previously, the
structure of the equation is overall the same. The main difference lies in the fact that the traces of A%6’
and 9, A%0’ do not vanish on the boundary, which makes the situation rather close to the one described in
Theorem 1.2. Following the methodology of the previous section, we may lift them thanks to a corrector
which remains linear at main order. Modifying slightly the bootstrap argument from Section 2 in order
to account for these boundary layers, we eventually prove Theorem 1.3, or rather the following more
precise version:

Proposition 4.1. There exists a universal constant gy such that the following statement holds. Let
00 € H'™(Q) such that 0p|yq = dnb0lq = 0, and 820p|yq = 0. Assume that ||0p| g1+ < &o.
There exists a boundary layer profile 6% € L™ (R, H?(R2)), given by

loc

4 i . .
6P = (1 D715 (O] (4, Zood) + O (¥, Ziop)),
j=
where Zyo = z(1+1)1/4, Ziop=(1-2)(1 +0)'4 and ®£ € H°(T x Ry, such that the following estimates
hold on ™™ := 0" — 6B forall t > 0:

1330 ™ (@)l 2 S 60l s (1 +1) 72,

197 A%0™ (1) 12 < 160l s (1 +1) 7",
IA%™™ (@) 112 < [160ll s

198 AT20™™ (1) || 12 S (160l s (1 41) .

Remark 4.2. Note that the assumptions of Proposition 4.1 are slightly weaker than the ones of Theorem 1.3.
Indeed, we do not require that 6y € H, 3 but rather that 6, € Hg and 830_0 = 0. According to Lemma 2.1,
these properties are propagated by the equation. Using the notation of Section 2 and setting G = 3.0, we
infer that G and 9,G vanish at z=0and z = 1.

4.1. General strategy. Following the same strategy as in Section 3, we look for an ansatz for 6" as a sum
of a boundary layer part #BL, whose role is to lift the trace of A%6’ and 3, A%6’ on the boundary, and an
interior part ™, which vanishes at a high order on the boundary, and for which we will therefore be able
to prove better decay estimates. Let us give a few additional details on these two parts:

» As in the previous section, the boundary layer term will be defined as an asymptotic expansion in
powers of (1 + £)~1/4 and the width of the boundary layers will also be (1 + £)~1/4 The different terms
of the expansion will be constructed recursively: the main-order terms will lift the traces of A%6’ and
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dp A%0’ (or rather, their limits as # — 00), and the next-order terms will correct error terms generated by
the first-order ones. The precise construction of the boundary layer is the purpose of Section 4.4 below.

o In fact, A20™™ = A%’ — BL) is not identically zero on the boundary, but it is of order (1 +¢)~.
Hence we construct additional small correctors 6., oﬂ{‘, which handle the remaining traces and part of
the error term.

« Thanks to the design of the boundary layer, the remaining interior part 6" = @™™ —§, — alli\fctL is such that
eint — aneint — A29int — anAzeiﬂt — 0 on aQ

As a consequence, A*9'™ satisfies assumptions that are similar to those of Lemma 2.4, and it is reasonable
to expect that || A*™|| ;> remains uniformly bounded. Applying Proposition 2.6 first to 3>A20™", and
then to 920, we infer that [|02A%0™ |2 = O((1 +1t)~!) and [|8¢6™]|,2 = O((1 +1)~2). We will use
a bootstrap argument to propagate these bounds; the corresponding argument is described in Section 4.5.

Before constructing 6B and proving the decay estimates on ™", some preliminary (and somewhat
technical) steps are in order. The traces of A?0’ and 9, A%6’ need to be decomposed as an asymptotic

expansion in powers of (1 +1)~1/4

, in order to identify the relevant boundary conditions for the terms in
the expansion of #BL. This is performed in Lemma 4.9 below, whose proof involves some high-regularity
bounds on 6. This is the main reason for the requirement 8y € H'# from Theorem 1.3. As a consequence,
the organization of the rest of this section is the following. In Section 4.2, we prove some quantitative H*
bounds (s < 14) on 6’ under our bootstrap assumption. In Section 4.3, we provide a decomposition of
A?0'|yq and 3, A%0'|5q under the bootstrap assumption. The main results of each section are given in
the beginning of the corresponding section. The reader wishing to avoid the technicalities may jump to
Section 4.4, in which we construct the boundary layer, using the decomposition of Section 4.3 together

with arguments from Section 3. Eventually, we close the bootstrap argument in Section 4.5.

Let us now introduce the bootstrap assumption that will be used throughout this section. We shall
decompose 0’ as 6’ = OB 4-9™™. As explained above, the remainder 6™ does not satisfy A26™™|;q =
9y A20™™| 0= 0, and therefore 6™™ will be further decomposed into a sum of correctors and an interior

term.
The term 0BT will take the form
0P = Lo 0, 1408 (1= 2) + - Opo(x, (1 +1)12) + Lout. (4-1)
14t P T4t >0 ’

with boundary layer profiles O, ®po such that

1Oallporxm,) < B

for some constant B > 0. Note that the amplitude of the boundary layer term 6B is O ((1+¢)~'), whereas
we recall that the amplitude of the boundary layer term in Section 3 was O (1) (compare (4-1) with (1-6)).
This is directly linked to the fact that 6’|y = 9,60'|9q = 0 in this section, while these quantities were
nonzero in Section 3. However we keep the same notation for the sake of simplicity.
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The remainder term 6™ will satisfy the bootstrap assumptions
sup (14071076 ™(@)l|,2 + A6 0)]|,2 < B,
tel0,T]

sup (14+1)18,820™™ (1)l 2 + (1 + 1) |329™™|| > < B,
t€l0,T]

(4-2)

where Y™™ = A729, 9"™m,
As a consequence, our bootstrap assumptions on 6’ read as follows:
Vi e (0,T), Vke{4,...,8), 13502 < BA+0)F +BA+0)'T,
Vi€ (0,T), YkelO0,...,8), ||8§9/||L2 < B(1 +t)_%+§, ||3;‘A29/||L2 <B, (4-3)
Vie,T), 139 ®l<B+07F.
Note that these assumptions imply in particular that for 0 <k <3
¥l S BA+0TEHF vee[0,T]. (4-4)

Let us prove inequality (4-4) in the case k = 3 (the other cases are treated in a similar fashion and left to
the reader.) By the Gagliardo—Nirenberg—Sobolev inequality,

1 4
I llwce S TN I s + Il Le
By (4-3), [¥ll2 SI¥ 2 S B(1 417"/, while

<B(+1)7¢.

~

1 1
5 2 2 2 2
1879112 S 18:0x8" 1 22 < 1936”11 7.118;0°11

Estimate (4-4) follows.

We also infer from (4-3) some interpolated inequalities (which may be suboptimal when compared to
the bootstrap assumption on 8;‘A29’, depending on the values of k, £): for all k, £ > 0 such that k + ¢ <8,
we have

kol kL 1 | BT | a kbl g/ 1 5 —94t kyt_ gk 9 €
1050, 0112 < 10,6115 197761 5" S B(L+1)787% 4+ B(141)27 4 RTS8, (4-5)

4.2. High regularity bounds under the bootstrap assumption. The purpose of this subsection is to
prove the following estimates, which are the analogue of Lemma 2.13 in higher regularity (see also
Remark 2.18):

Lemma 4.3. Let 0 =6’ + 6 be a solution of (1-7), and assume that 0y € H'* satisfies the assumptions
of Theorem 1.3. Let T > 0 be such that the bounds (4-3) hold on (0, T) for some constant B € (0, 1).
Assume furthermore that ||6y|| g1+ < B. Then, forallt € [0, T],
16O Nge S B, 16O ge S BA+1)2, 16111 S B(L+1)3,
105A%0" 12 S B, 110,°0" 2 SBA+07", 110, °¥ 2 SBA+1)72
Proof. First, recalling that
8,0 =—-V5iy.ve
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and using the bootstrap assumptions (4-3) and (4-4) together with the tame estimates (2-15), we infer that
1:09011,> S B2 +074,

and thus [|6(1)]| yo < 1160l ye + B> < B. A similar argument also shows that [|0(1)]| 7 < B+ B In(1+1).
Let us then compute the equation satisfied by 3'°9, where 3 € {9, 9,}. We have

3,000 +u-v3'% =9,y —[9'°, u-Vv]6.
Multiplying by 8'°9 and integrating by parts, we obtain
di“tna“)eny <2019"0x ¥ ll 2 +211[8", u - V16| 2.
Using the bootstrap assumptions (4-3), we have
19"°9, 9 |2 S BA+1)5 Vi e[0, T].

As for the commutator term, using the tame estimates (2-16) together with the identity u = V4, we
obtain, for any k > 5,

I10%, - V101l 12 < 1 llwzee 1011zt + 199 1| 11611926 lloo 10 % 1| 11411926l
11
SBA+DTF 01 gt + 110:0 1 311920 [l oo + 107601 111020 [l oo (4-6)
In particular, using the estimates (4-5), we get, for k = 10,
11", - V10112 S B+ 1) % 0]l 0+ B2(1+1)5.
Assuming that B < 1, we obtain
d 3 _u
q; 1010 SBA+0OF+ B+ 5[0 g0.
The Gronwall lemma then ensures that
u u
100 SN0l o+ BA+1)s SBA+1)F. (4-7)
We then use the same strategy to estimate ||8§A49 |lz2. The linear term in the right-hand side is now
AN =03tA%0" = 0(B) in L

The only difference in the treatment of the commutator term lies in the bound of terms of the form
831&83 8Z7 0’. For those, we use our first estimate on [|0|| ;10 (4-7) together with the bootstrap assumptions
(4-3) (see in particular (4-4), (4-5)), and we obtain

1, 11
1829839701 2 S 182 ool 10 S B2 +1) 755 < B2

It follows that d
11
a||3§A49||L2 <SB+B(+1)75(82A% 2,

and therefore ||83A40||L2 < B(1 4+ 1). The next step is to prove that SUp,¢0.7] ||8§’A29/||L2 < B.

~

To that end, we check that 9°A20’ satisfies the assumptions of Lemma 2.4. The source term is
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S=u- VBEAZQ/ + [BSAZ, u - V10. Classically, the first term is orthogonal to 6’. Tt is therefore sufficient
to bound the commutator. The terms involving 6 can be treated as perturbations of the dissipation term
||8ZA9’||%2, and therefore we focus on [d%A?, u - V]@'. First, note that
_3
IV A%Y) - VO'll 2 < IVE 11Vl 12 S BA+1)7HI9]A0| 2.
The other terms can be estimated thanks to the bootstrap assumptions together with the preliminary
bounds on [|8]| ;10 and [|02A% || ;2. We obtain

I8SA2, u - V10| 2 S BA+1) "2 185A%0 || 2 + B2+ 1) + B +1)"273] A0/ 12
for some § > 0. The details are left to the reader. Using a Cauchy—Schwarz inequality, it follows that

d L1 i
5||a§’A249’||§2+c||a,ZA9/||§2<192(1+z) LB 4+nT98A% 12,

~

The Gronwall lemma then implies that sup, (o 7 ||8EA26V||L2 < 160l y1o + B> < B.
We then follow the same strategy to obtain bounds on ||0|| 12, ||8§A49 |72 and ||8§ A%0|| ;2. We have

d
g fllae S 1976”1l s + I10"2, - V1611 2.

The first term in the right-hand side is bounded by B(1 + ¢). The commutator is estimated thanks to (4-6)
together with the bootstrap assumptions and our preliminary bounds on derivatives up to order 10. We
obtain [|0(¢)|| g2 < B(1 +1)% We then write

JTAYN +u-VIIAY =030A%0 —[32A% u- V6.

The first term in the right-hand side is bounded by C B in L. We then check that the nonlinear term can be
treated perturbatively, using the bounds on 6’ obtained so far, and we infer that || 8;‘A49/ Ol < B(1+1).
Once again, we then use Lemma 2.4 in order to prove that || 8§A29/(t) ll;2 < B and that

d 1 3
0Ol S BA+DT2N0O s + BA+1)2.

The computations are very similar to the ones above, are left to the reader, and lead to the estimate of

10 () [l s
The last step is to prove additional decay on ||8;00’||Lz and ||8)11 ¥|l;2. Setting S = —8;0(14 -V, we
can decompose S into S = S|+ S5, + Sa, with S| =u - VE);O@/, and

10 _ 10N 1
Sa = _Z( P )aza;(’ k¢a§+19+;< P )a;l “yaka.g,
=<

k<6
10N J10-k ) akt1 10N 11—k, ok
Si=— Y (k)azax paktlo4+ Y (k)ax v9k.0,
7<k<9 6<k<9

so that

_ . _1
ISil2 S B*A+0)2+BA+0)7"0018% 2, 1Sall2 S B +0)"218)° Ayl 2.
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Hence for B sufficiently small, S satisfies the assumptions of Proposition 2.6, and we obtain
18:°6" )2 S BA+07".
Differentiating the equation on 839 with respect to time, we get
39,070" = (1 —G)3,0)%% — 8,0) (- V)0’ — 8,Gd%y.

Estimating the norm of each term in the right-hand side and using Proposition 2.6, we obtain, for all
1€[0,T],

18,8760" (1)1l 12 <

s (491001A% @)l + B,
s€l0,T]

Writing
39! A%0' =370' — 3] A*(u - V),
we find that [|3,0 A%0’|| > < B(1+1)~!, and thus [|3,870’|| .2 < B(1 +1)~2 Going back to the equation
on 976, we find that
310y =9,020' + 87 (VY - VO = 0((1+1)72) in L%
Finally, plugging these estimates into the equation on 6 leads to the desired bound on ||8]| zo. O

Let us now prove a useful (albeit technical) result concerning the trace of 823 o'

Corollary 4.4. Under the assumptions of Lemma 4.3, forall t € [0, T],
1
126" |0l sy S BA+D75.

The same estimate holds for the trace at 7 = 1.

Proof. Using Theorem 3.1 in Chapter 1 of [Lions and Magenes 1968],

1 7
3 g 4 8
1926 Lemoll =ty S 1613, 19203 o

where % B+ %y =s. Taking B = 10 and y = 8 and using the bounds of Lemma 4.3, we obtain the desired
result. (|

4.3. Decomposition of the traces of A?0’ and 3, A*6’. The role of the boundary layer is to lift the traces
of A%6’ and 3, A%6’ on the boundary. Therefore we first need to prove that these traces converge towards
a (generically nontrivial) limit. In fact, we will even need to have a rather precise asymptotic expansion
of the traces in powers of (14 ¢)~!/% This is the main purpose of this section.

The first result of this section concerns the long-time behavior of A%0’|yq and 9, A%0'|3q:

Lemma 4.5 (long-time behavior of 3¥A%0'|3q and of 027G (1)|yq, k =0, 1). Fork =0, 1, let
Vip(t, X) =05 A0 (1, x, 2=1), (1, x) = 05 A0/ (1, x, 2=0).

Assume that 60 € H'*(Q) and 6y = 8,60 = 0 on 9Q, 8260 =0 0n IQ. Let T > 0, B € (0, 1) such that
the bootstrap assumptions (4-3) hold on [0, T]. Assume furthermore that ||6p|| g4 < B. Then there exist
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universal constants By, 6 > 0 and functions yc? r€H %), ya] r€H 8(T) such that if B < By,

vVt [0, T],

1
1Yerlmom S 18l + B> and vy O =virlwam S B G55

1
1Yarlms S 180l + B> and iy, O = Yarllwa S B G5 Y €[0.T1.
In a similar fashion, for k = 2,3, a € {top, bot}, there exists g’;’T € R such that

185 21 S 100ll s + B> fork € (2,3},
BZ

|8t — 092G (1, 0)| < _ wrelo,7),
’ (141)%
2

gy — 3G 0| < —2— vielo,.T).
’ (141)2

The same estimates hold for g{‘opﬁT — BfG(t, 1).

The proof of Lemma 4.5 is postponed to the end of this section.

The second intermediate result of this section pushes further the decomposition of ny (t). It holds
under additional structural assumptions on 8B and #™™ = ¢’ — BL. More precisely, let us assume that
there exist profiles @é, \Dg such that

4 ; . 1 . 1
0L x,2) = 3 (1+ 071750 (x, 1 +1)72) + O, (x, 1 +1)7 (1 —2))),

=0
" (4-8)
PP x, ) = DA+ (W o, (1072 + W, (1407 (1= 2)),
j=0
where there exists a universal constant ¢ > 0 such that, for all Zy > 0,
) . 4
1O 19 (T x (20 400y + MWL 111 (T x (20 00y S (100l 114 + B?) exp(—c Zg)). 4-9)
In the course of the proof, we shall also need the following assumption:
9201 |,0 € H'(T), 90,0 H(T). (4-10)

Remark 4.6. The profiles ®;, W are not the same as the ones of Section 3. However we kept the same
notation for convenience.

Definition 4.7 (definition of yaj ’k). Let @é, \I’[{ be the boundary layer profiles from (4-8), with a €
{top, bot}, j € {0, ..., 4}.
Let npot = 1 and np = —1. We then define the following coefficients:
Vet =12g; 1807V, |2,
Vo' =8ga r0x07 W4l z=0 — 51107 {¥y, Og)x. 21 10,
Vo' =40nagg 1x05 Vg z=0.
Va > =20(0ag; 1003 Wslz—0 + g 70:07 Va1 z—0) + 2[02{ ¥, OF}x 21|z

4-11)
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where { -, -}, z denotes the Poisson bracket

{f.8}xz=0xf 032G —0zf d:g.

Remark 4.8. The bounds (4-9) ensure that ||yaj . lasen S B?. We shall actually derive stronger regularity
estimates in the course of the proof, as we construct explicitly the profiles ®; and V.

Lemma 4.9 (decomposition of y(f). Assume that 0y € H(Q) and 0y = 8,60 = 0 on 3, 839_0 =0
on 382. Let T > 0, B € (0, 1) such that |0y g14(q) < B and such that the bootstrap assumptions (4-3)
hold on [0, T). Assume furthermore that there exist profiles @é, \Ilaj satisfying (4-9) and (4-10) such that
g™ = @' — OBL satisfies (4-2), where B is defined by (4-8). Define the coefficients yaj k by (4-11).
Then for j =0, 1, a € {top, bot}, there exists Fg’T e Whe°((0, T); L*(T)) such that for all t € [0, T1,

V00 =y07 +r22A 407 4y A+ 07T+ T0 () —y 02+ T) T =y 4+ 1) 75,
v =y e+ A+ 4y 20407 4T 0 =y A+ T T+ 2+ 1)
where, forall € [0, T1, for j=0,1, £=0, 1,2,
18T LDl 2y S BPA+07 7, T Ol sry S B2 (1 +0) 734,
Let us now prove Lemmas 4.5 and 4.9.

Proof of Lemma 4.5. We have
%Aze/ =(1—G)320' —43,Gd.3>y — 297Gy

4
4
=3 (5) G0 Ry + AT @y 0,6) — A0 0.6 . (+12)
k=1

We now take the trace of the above equation at z =0, recalling that G|,—0 = 9, G|, = 0 (see Lemma 2.1),
Vl,—0 = 0;¥|,—0 =0, and 0’| ,—p = 3,6'|,—0 = 0. We obtain

d
a3y Voou = —602Gl2=00: 2V 2= + 6(07 9 1:=09: 076 |:=0) + 4(07 ¥ |:=00070"|:=0)'

— 6(3x 02V 1,20070"|:=0)" — 4(3x 2V |,=0820"|,=0).  (4-13)

We then estimate each term in the right-hand side using Lemma 4.3. Note that 822G| .=0 1s bounded
in L*°(Ry x (0, 1)). We focus on the first term, which has the smallest decay. Using Theorem 3.1 in
Chapter 1 of [Lions and Magenes 1968], we infer that, for any s > 0,

3 5
10029 le=oll s < 179 Le=oll et SV Iy W02V s

where 8, y are such that %,B + %y =s+ 1. Let us choose § =y =10, s =9. According to Lemma 4.3,

¥l o2 < B(1+41)72 As for the other term, using the short-hand notation from Section 2,

1 1
4 5 3 _1
1029 Loz < 160122 S 1000, 1601 2e 2 S BA+D72,

%xl—i—%xo
Hence

17
185029 | .ol o S B +1)" .
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The quadratic terms, involving traces of derivatives of ¥ and of 6’, have a higher decay. Let us estimate

for instance sttpE)x 8220’ at z = 0. We have, for any s > l,

1079 1:200x 9260 Lol rrs 1y S 1137 W |0l ooy 19826 ool s 1y + 1132 W Lol 2 (1) 1185376 =0 [l Lo (1) -

Using once again Theorem 3.1 in Chapter 1 of [Lions and Magenes 1968], we find that

L2L2 S B(l +t)_7

195826 |o=oll Lty S 1161} Wnage e
and we recall that ||/ ||y < B(1+ 1)~9/8 (see (4-4)). The same arguments together with Lemma 4.3
also imply

1859260 .ol gr1or2(ry S T4 Wna“e I 185A%0")| 1> < B,

HSLZ ~ |
while

1929 |=oll s 1) S IIlﬁIISzHﬁIIa lﬁlleHV N IIWIISZHﬂIIG || (4-14)

L2u "

with %,8 + %y =s. Taking 8 =10 and y =9, we obtain, for some s > 9,

1039 1.—09: 926 |oll s (1) S B2 (1 +1) 5.

The other terms are treated in a similar fashion. We infer that there exists § > 0 such that
2

This completes the proof of the estimate on y?.

||Va (t)”H‘)(T) Vte (0, T).

The estimate for yal follows from a similar argument. Taking the vertical derivative of (4-12), we have
d

gazﬁe/ =(1-G)d,d%¢’

3 5
3 B 5 _
- (k)aﬁc;ag a3y — j(k)aﬁcaxag Ky 0. A2(0.99,60') — A2(3,9.6").
k=1 k=1

Taking the trace of the above equation at z = 0, we obtain

d
4 Yoot = —1002G 08,07 |:—0 — 10870997 |:=0

+ 697 (079 1:=09:076'| .20 — 8:07¥/1:~0976"|:=0)
+10(3 Y ,=00:020._o + 83,208,826 |,=0) + 502V |.=00, 326, _o)’
— 1003, ¥/1:006 |0 + 8120876 |:=0)" — 5(3x Y/ |:=00:6|:=0)'.
The highest-order term is the first one. We recall that 8§G and 83G are uniformly bounded by C B in L,
and that the trace of ng in H® is evaluated thanks to (4-14). Once again, the quadratic terms have a
higher decay and can be handled as perturbations. The trace of 82‘ 0’|,—o can estimated thanks to yt?ot. We

then obtain, for some § > 0,
2

B
m vVt e (0, T),

||)/a Ol ascry

and the desired estimate for yl follows.
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Let us now address the convergence of aé‘G(t) ls as t — oo. We recall that
89,05G(1,2=0) = =8 u Vo[ Zo = 9+18,90,0' — 0,y 0,0 ..
Since ¥ |,—o = 0¥ |;—0 = 0 and 6’| ,—¢ = 9,0'|,—0 = 0, we have

0;07G (t, 2=0) = 3029 |:=09:920'|:=0 — 002V |:=0926" | .-

As above,
2 2/ 2 2/
107 ¥ 1:=00x 970" | :=0ll L1 (1) < 1197 |z=0ll L2 1102056 =0l L2(Tr)
< 1192 3,020’ <BX(1+1)77
SN0 g2 10x0;0 | oy S BT (1+1)7 4.
The estimate on 9, 8Z3G(t, z=0) is similar and left to the reader. Il

We now turn towards the decomposition of y(? and yal for a € {top, bot}:

Proof of Lemma 4.9. We focus on a = bot by symmetry, and we start with the decomposition of yt?ot.
Let us go back to (4-13). The main term in the right-hand side is —692G|,—0d,32V|.—. Following
Lemma 4.5 and using the decomposition 8’ = §BL + 6™™ we write

3 _7
3Z2G|z=03x8Z2W|z=0 — (1 + t)_2g§0t,rax B%IIJI())ONZ:O +(1+1) 4g§ot,T3x8%\I-’;ot|Z:O
_3_J j
+ Z(l +1)"2 i822G|z=03x8%‘1’t{ot|z=0

j=2

_3_ i
+ 2 (1+n72 4(8z2G|Z=0_gt%ot,T)axa%wéqu:O
j=0,1

1
+07G.=00x 029" ;=0 + O (B* exp(—c(1 +1)%),
where the exponentially small term comes from the traces of derivatives of \IJt{,p evaluated at Z = (1+1)"/4
The assumptions of the lemma and the bootstrap inequalities (4-2) ensure that, for all ¢ € [0, T],
3 (41727 02G.209: 05 W,y g <BX1+072
Jj=2 ' L2(T)
102G 12200 029" =0l .21y S 192G lloo 19:60™™ |2 S B> (1 +1)2.

Furthermore, Lemma 4.5 ensures that for all ¢ € (0, T')

_3
102G ;=0 — 8porr| S B* (A +1)7%,
and therefore

<B¥1+1)7%.
L2(T)

3 ;
“ _201(1 +1)72 £(8§G|z=0 _gtz)ot,T)axa%qjéOHZ:O
Jj=0,

We now address the quadratic terms in (4-13), namely
B, 0') 1= 6{324, 320"} |,—0 + 4(328,80" — 8,8, ¥ 320") | ..
Decomposing ¥ and 6’ into their boundary layer and their remainder part, we find that the main-order

quadratic term is

_7
(1 + t) 4 [68% \pt())otax a% ®got + 4a%lpl(3)otax a%®80t - 68)6 a% \Ijt())ota%®got - 48X a%lpgotag ®got]/ |

z=0

=:(1 +t)_%yboot,NL’
while all the other terms are bounded in L2(T) by C BX(1+1)72.
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Defining y./ by (4-11), we find that
0,2 -1 -3 2 2.0
O (Vpor (1 +1)72) = —6(1 + 1) 72 g1 70x 97 Vo z—0>
_3 _1 _1
8 (oor (1 +1)75) = —6(1+ 1) % g 78:97 Wpoyz0 + (1 + 1% Yoy xis
where we recognize the main terms in —68§G|Z:08x 3§W| .=0- Now, define Fgot’T by
0 r 3 24/
Door, 7 (1) = 6/t > (1487277076 (5)|:=00x 07 Wioy 70 ds
Jj=2

T _%_l 2 2 2/
+6 t > (14972750, G($)]:20 — 8bor, 7)0x 07 Wpoy z=0 95
j=0.1

T 4 : .
+/ B(Z(l +5) 25 (x, Zoo) + Y™, 0’(s)) ds
t j=1

T 4 ; .
+ [ B+ 979 Zoo, 2 (145)7 7404 (5, Zio) + 6" ds
]:

+ OB exp(—c(1+1)%)).

The last — exponentially small —term comes once again from the trace of \I!t{,p at the lower boundary,
ie., at Z = (1+1)"/% We do not write its full expression for the sake of readability.
Note that the assumptions (4-2) on 6™™ ensure that

< B(141)7%.

~

1826™™ .ol 12 < ||9fem||f‘; ||a§9fem||fz

Recalling Corollary 4.4 and using the assumption 8% @f; |z—0 € HY/2(T) (see (4-10)), we also infer that

1026™™ | —oll s S BA+1)7F.
Interpolating between these two estimates, we find in particular that

1930 <oll s S B(L+1)7 5.
The above estimates ensure that for k =0, 1

I8¢ Thor, 7 (Dl 2y < B2+,

1T Ol S B2 4075,

Therefore we obtain the decomposition announced in the lemma for yc? .

The decomposition of y,! follows from similar arguments and is left to the reader. 0

4.4. Iterative construction of the boundary layer profile. Let us now turn towards the construction of the
boundary layer profile, and more generally, of an approximate solution. The purpose of this subsection is
to prove the two following lemmas. Our first result, which is truly the core of the construction, is valid
under the bootstrap assumption (4-3) on 6’:

Lemma 4.10. Let 6 € H'*(Q) such that |6l 1+ < B < 1, and 0plyq = dubolae = 0, 8260p|yq = 0.
Let 0 =0 + 0’ be a solution of (1-7), and assume that the bounds (4-3) hold on (0, T). Let yﬁT, yalj
be defined by Lemma 4.5.
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Then there exist profiles 86{ e HY T x R,), \DC{ e H) (T x Ry), j € {0, ..., 4} and a corrector
6. € H°(RQ), depending only on VC?,T» yalyT, gZ’T and gg’T, such that, defining OB by (4-8), yajj by
Lemma 4.5 and y;] * by (4-11), the following properties hold.:

(1) Bounds on the profiles: @Z;, \Ilg satisfy (4-9).

(2) Bound on the corrector: setting V. = A™29,0,,

sup (I13x A% (Ol 2 + A+ 02132001l 2) S 160l s + B2,
t€l0,T]

sup ((1+6)> (18,320 | + 129 l12)) S 160l g1+ + B>
t€[0,T]

(3) Traces at the top and bottom: at 7 = 0,
A2 (O 4+00) im0 = Yoy 1oy (1) ¥ (140 =Rl (14T 2=yl (14T) 75, (4-15)
8. A OB +0,) .m0 = Vi 1+ (14D T4y b2 (140 2=y (14 T) T =y L2(4T) 72, (4-16)
Similar formulas hold at 7 = 1.

(4) Evolution equation: 68" + 6, satisfies
3O +0.) = (1 —G)a2A2OB +6,) — (VEAT20, (0B +6,) - V(OB +6,)) + RBL,
and the remainder RB is such that, fort=0,1, forallt €0, T],

9
18/ 0 RB || > S B2 +10)727  [92A%RPY S B2 +07%,  |A*RPY)| 2 S B*(1+1)7s.

Remark 4.11. The reader may compare formulas (4-15), (4-16) with the ones from Lemma 4.9. The
terms F;’T are lifted neither by the boundary layer term 6B nor by the corrector 6, and an additional
corrector will be built to handle them; see Lemma 4.13 below.

Remark 4.12. Actually, all profiles @ﬁ, \IJ,{, and therefore 6BL, wBL, depend on T through yc?’ T ya]’T.
However, in order not to burden unnecessarily the notation, we will omit this dependency in the present
section. The dependency will be restored in Section 4.5 when we perform the final bootstrap argument.

Once the boundary layer part is constructed, under an additional bootstrap assumption on the remainder,
we can define a nonlinear corrector:

Lemma 4.13. Let 6) € H'*(Q) such that ||6o|| 1+ < B < 1, and 0plaq = 8ubolye = 0, 826p|aq = 0.

Let 0 =0 + 0’ be a solution of (1-7), and assume that the bounds (4-3) hold on (0, T).

Let 6BL 4Bl be given by Lemma 4.10, and let 6™ = 0’ — 6BL. Assume that (4-2) holds on (0, T), and
define F;,T as in Lemma 4.9.

Then there exists 0111-\2“ € H3(Q) such that

2 _NL _ 10 2 _NL S
A0y |e=0 = Tpor 75 0 A%03g [:=0 = Dot 7

2 _NL _ 10 2 _NL _ 1
A Olift lz=1 = 1—‘top,T’ 9;A Olift le=1 = Ftop,T
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and, forallt €0, T],
|A%oN I S B2 A+077, 97 A% S BPA+071 s, afoltle S B2 A+0 7
As a consequence, setting %P := 9Bt 1 6. + alli\itL, we have
A%O™P = A?0', 3, A%0%P =9, A% on Q.
Furthermore 0% is a solution of
3,60 = (1 — G)3>A™20%P — (VLEAT25,0%P . VOPPY 4 S,
and the remainder Sier, is such that, for all k,m > 0 with k +m <8,

9
1850 Sremll 2 S B2A 4+ [02A%Semll S B*(A+0D7%  [|[A*Swemll 2 S B2(1+1) 75,

The main part of this section will be devoted to the proof of Lemma 4.10. The strategy will be very
similar to the one of Section 3, and we will often refer the reader to the computations therein. We
begin with the construction of the profiles (H)é, \Ilaj I, To that end, we plug the ansatz (4-8) into (1-7) and
identify the powers of 1 + ¢ in the vicinity of z =0 or z = 1. Note that for z <« 1 and ¢ € [0, T], setting
Z=(0+1'"*zand using Lemma 4.5,

G(t,2) = 392Gt 0022 + 132G (1, 002> + 0(z*
=10+ 2+ HA+ 0 i g r 2+ O+ 2+ (140 122+ 2)). (4-17)
2 8bot, T 6 8vot, T .
A similar expansion holds in the vicinity of z = 1. Furthermore, in the vicinity of z = 0, setting

S = —(V+y - VO’') and assuming that (4-2) holds,

S= Y (4073 (9,0,0,0] —0,Wi 3,0l Y+ 01+ %) inL?
0<i,j<4

Following the computations of the previous section and identifying the coefficient of (1 +1)"27//4 we
obtain, for j € {0, ..., 3} (compare with (3-8)),
—(141/)0l+1Z23,0] =9, V] + 5, (4-18)
where the source terms SC{ are defined by
V=5 =0,
Sp=—1g2 1 Z%0, 97, (4-19)

S =182 1270, —natgl 1 230,00 + 0, (87 909,00 — 3, 00,00),

with Nbot = I, Ntop = —1. ] )
Let us now proceed to define recursively the profiles @}, W} .

I'We recall that these profiles are different from the ones constructed in Section 3, in spite of a similar notation.



LONG-TIME BEHAVIOR OF THE STOKES-TRANSPORT SYSTEM IN A CHANNEL 2009

Main order boundary layer terms: ®° and ®). The role of the boundary layer profiles ®; for j=0,1
is to correct the traces of A%0’ and 9. A20’ on 02 at main order, i.e., ya 7 (see Lemma 4.9). Choosing
lIJ] such that 84 lI’J = 0y @j for j =0, 1 and recalling (4-18), we are led to

Z3;0% =420 inT x (0, +00),

az®2|z:o = ya,T’ 836)2\2:0 =0,

®),0=0, 8200, 1=0, limz.,0)=0
and
7350 =4329;0) in T x (0, +00),

1 5@l 1

3 ©,42=0 =0, 070 ,412=0 = Na¥a 1>
Onze0=0, 920} ,,=0, limz 0, =0.

Note that these systems are identical to (3-2) and (3-3) respectively. As a consequence, as in the previous
section (see (3-5)), we find that

O, Z)= Y k72907 (k) xo (k|2 Z)e™,
kez\{0}

1 1 1
wx,2)= ) k|k|2y”<k>[ k12 ZxG(IK12 Z) — xo(Ik|> Z)]e’™,
keZ\{0}

(4-20)

where xo is defined in Corollary 3.3. Since ||y£T Il o < 1160l 1+ + B? according to Lemma 4.5, it follows

that
0 0 2
1Oall 122 + 1191l L2522 S 6ol s + B,

0 0 2
IWallger2 + 11Wall L2 g2e S 6ol s + B

In a similar fashion, recalling the definition of x; from Corollary 3.3 (see also (3-6)),

5 . 1 ;
OL(x. Z)=na Y |kI729} 1) x1 (k|2 Z)e™™,
kez\{0}

1 1 1 1 i
(. Z)=n4 Y. _—;y”(lo[ k|2 Zx{ (k|2 Z) = 3x1(Ik|> Z)]e™.
kez)\{0} !

(4-21)

Since ||, 7l zs < 1160l g1+ + B2 we also have
1O 22,2 11O 2 2t <1160l j1e + B2
all g2V L} alll2Ezt < 1IY0IH )
1 1 2
Mol 22 MW ll2pz S 100l e + B

Let us now define the boundary terms ya 7 and ya J by (4-11). It follows from the above expressions for
\I’[{ and @{, and from the boundary conditions x((0) = x, ’(0) = 0 that

0.2 2 0,3 2
1V, Moy S B, v, Ngvem S B,

(4-22)
Iy eorry < B2, lya Il mscr S B
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In a similar fashion, defining the source terms Sg, SS by (4-19), we have
S22 + 182 2 e S B,
X Z x*'Z
; ; 5 (4-23)
I1S: g0z + 11851 L2520 S B

Note however that because of the quadratic term {\I/0 ®°}x, 7, SS does not have the same self-similar
structure as \IQ{ , ®Z, for j =0, 1, which is also shared by Sg.

Correctors @2’ o and ®£’ o We recall that the coefficients vd ¥ are defined by (4-11), and are estimated
in (4-22) above. The terms y£*2(1 +7)"'2 and y£’3(1 + 7)73/4 in Lemma 4.9 are constant in time, but
smaller (for 7 >> 1) than Vc?, o~ Hence they give rise to a profile @8‘(1 whose construction is very similar
to the one of ®2, but whose size is much smaller. More precisely, we set

0%, 2)= Y kI [PX20A+T)" 2 + 703 (1 + T) 3 | xo(k|2 Z)e'™,
kez\{0}

OLa(e 2y =g 3 W[ O+ T 42020+ 1) ] (k1 e
keZ\{0}

Remembering (4-22), we have, for j =0, 1,
10Lall 2 + 0Ll 2z S B2+ T)77H,
”a%®£,a|220”1‘119/2(‘[) S B (1 + T)—§+£.
Analogously to W0 and W}, we also define

V=)

kez*

\chl',a =TNa Z

kez+ Lklk |

TR 00+ 17722+ T (G0 = 20(E) lemprnze™

[P RO+ T) 7+ 921+ T) 2] (e x] ©) — 31 (8)) le—pprze™,

so that 84 \Pga = 0y @Z a» and we have

. . 5 1,
”lpcj-,a”HfmﬁZ + ”\Ijg,a”L;H? SBX(14+T)7 24,

Lower-order boundary layer terms: ©2, ©} and ©7 ,. We recall that ®., W/ must satisfy (4-18), where
the source term S is given by (4-19). Note that since W2, ¥! and ®° have been constructed in the
previous step, the source terms Sg and Ss are defined unequivocally and have exponential decay. Moreover,

following Lemma 4.9 and noting that
3 3

) i _1_J i _
AP o= (A + 071050, +2 ) (A +0727502020] o+ 01+,
=0 j=0

we enforce the following boundary conditions:
242 20 502 B 20320
8Z®a|z =0= Va —20707047-0- 0794 z=0 = Na¥y' —29 RCFASHPA

3 2 553 2 (4-24)
8Z®a|Z —0=VYa —20 3z®a\z =0° 3z®a\zzo=’7a7/a — 29 8Z®a|z =0
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where the coefficients )/aj K are defined in (4-11) and estimated in (4-22). There remains to specify the
relationship between W, and ®}. In order that A2yBL = 3,6BL at main order, following the computations
of the previous section (see in particular (3-9)), we take, for j =2, 3,

W +20%02W/2 = 5,0/,

Eliminating W2 from the equation on ®2, we find that the system satisfied by ©? is

Z0,0% —20502 =400 —2g2 105(Z%0, W) — 80305 WY,

®5|Z:0 = 8Z®Z|Z:0 =0, (4-25)

®2(Z)—> 0 as Z— oo,
together with (4-24). Note that 20,85 WJ ,_o = —3;0p ,_, and 43,0, ¥}, ,_, = 3,0, ,_, so that the
boundary conditions are (once again) redundant. In other words, taking the trace of (4-25) at Z =0, we
find 8502 ,_, = y>? — 2070200 ,_. Differentiating twice more with respect to Z, we find that the
Fourier transform of 8% @ﬁ, after a suitable lifting, satisfies an equation of the form (3-4) with boundary

conditions of the type (iii) from Lemma 3.2. Using the explicit Fourier representation of W9 and ®
(4-20), we find that

2 2 2 2 2 2
19 1oz + 19l 220 S W60l e + B, W5l gz + 1% 2522 S 60l s + B
In a similar fashion, ®? satisfies the system

20503 30103 =43203 +40752 +632320) —273233 0],
3 3
®a|Z=0 = aZ®a|2=o =0,
®2(Z) >0 asZ— oo,
together with (4-24). Once again, we find that the lifted Fourier transform of 8%@2 satisfies an equation

of the form (3-4) with boundary conditions of the type (iv) from Lemma 3.2. Using the explicit Fourier
representation of ®}, (4-21) together with the estimates on Sg (4-23), we find that

1921 1022 + 1032zt < W0l s + B2, 1931210 + 15l 220 < 160l s + B2,
Note that the Fourier representation of 65 and of the linear part of @3 also ensure that, for j =2, 3,
192041 z=0ll scr) + 182, | z=0ll 152y < 60l 14 + B. (4-26)
Eventually, we define ®%’a analogously to ®2 so that

Z3,0?2 , — 205,07, =4070% , —83307W
©7 41z=0 =020 ,1z=0 =0,
0502 7= = —20205 00 Iz—0 Vj € (4,5},

®%’a(x, Z)—0 asZ— oo.
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Once again, note that the boundary conditions are redundant. We also define W2, by 9;W?, =
0, ®2F , — 2020202

c,a’

with homogeneous boundary conditions at Z = 0. We obtain
2 2 2 _1
||®L’a||Hx9LZZ+||®L’a|lL%HZ|8 SB (1+T) 29
_1
W2 ol ppiog3, + 192 2 o S B2 +T)72,

Boundary layer corrector 92. As in the previous section, we need to define a higher-order boundary
layer corrector ®%, whose role is to ensure that

187 A720% — 8,y Ph 2 S BA+0)T.
To that end, we choose ®%, W# 5o that
AWy +20707W) 4+ ;W) = 0,0,
Z9,0% —80% =45, vt
Eliminating W from the equation, we find
70508 — 49,01 =4320% — 83202 W2 — 497 W0,
We enforce the boundary conditions (which are redundant)
Olz=0=0z0,1z=0=0, 05;0717-0 =20,0,%|z=0. 930}|z=0= 30,0, ¥; |70,

together with a decay assumption at infinity. Looking at the equation satisfied by the Fourier transform
and applying Lemma 3.2, we infer that there exists a (nonunique) solution ®? of this equation such that

4 4 2
191 o2 + 109G 1 2 g1s S 6ol s + B

As in the previous section (see the discussion on page 1993), nonuniqueness comes from the fact that
the Fourier transform of 8%@3 satisfies an ODE of the form (3-4), with boundary conditions at Z =0
for 950% and 8%@2. However, the boundary conditions above do not prescribe any condition on 85@2
for any k > 6. We lift this indetermination by requiring (somewhat arbitrarily) that 8% ®§ |z=0 = 0. The
solution thus obtained satisfies the previous Sobolev estimates, and its trace satisfies

10203 z=0ll s (ry + 195,02 20l sr1sizcry S 160l e + B2 (4-27)

Lift of the remaining traces of order B. At this stage, we have defined @{;, \IJC{ for 0 < j <4 together
with @i as !a forO0<j < 2 Let x € C°(R) be a cut-off function such that x =1 on (—%, %) and
Supp x C (=24, 1). Setting ©/, = W/, =0 for j >3 and Zpo = (1 +1)'*2, Zop = (1 +1)"/*(1 = 2),
the main boundary layer term is given by

OB = Z<1+r) 4@+ ) Zoa)x () 3 (140 4O 407 ). Zop)x (1-2).
j—O

Y = ZO<1+t)—2"*<wbm+\vibm><x, Zoo) X (2)+ zo(l+r>—2—'*<\lfmp+wg',mp><x, Ziop)x (1-2).
J=
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By construction, we have

_1 _3
A2BL 1o = Y1+ Vi (1 + D77+ yin (1 + 07 ~ Vo2 (1473 =y 51+ 1)
+2(141)72823207 | z=0 +2(1 +1) 7202320} | z=0,

_1 _1 _1 _1
8- A%pniin:=0 = Voot F Yot 1 (107 F Voot 21072 = Yo 1 (L4 T) 73 =y p (14072
— _3
+2(14+0719705078 1720 +2(1 +1) 79795 Ol z—0.

Similar formulas hold at z = 1. Comparing with Lemmas 4.9 and 4.10, we see that we need to lift
the traces of 838;@{; for k =2,3 and j > 3. We lift these remaining traces thanks to a corrector allllf‘t‘
which we define in Fourier space in the following way. Let ¢4, {5 € C2°(R) such that ¢;(Z) = Z//j!ina
neighborhood of zero and such that Supp ¢; C (—}‘, %) In order to apply the last estimate of Lemma 3.6,
we further choose ¢; so that

/0 Y7k (2)dZ =0 Vke(2.3). (4-28)
We then take
ot k. 2) = l>3201<1+t)—§—*|k|—2 1027 Ol ()| 720 Gas (K121 +1)%)
T iy Ao E 00, M 220 G (K - (1 40,
so that 23,201

. 5 _3
Aol .m0 = —2(1 +1) 74320507 | z=0 — 2(1 +1) 7202050}l 2o,

. 5
I AZoim| o = —2(14+1)182030; | 720 — 2(1 +1) 7702830 | 7—0.

The estimates on the traces @{; for j > 2 (see (4-26), (4-27)) ensure that, for all k, m > 0 such that
k+m <10,

k
ot e < (160l 1o + B2 (1 +1) 727575, 429)
10l e S (U60 L ps + B (A +1)7>73 %.
We define an associated corrector ¢11113 =A%) ollllt‘tl According to Lemma 3.6 and using (4-28), we have,
for all k, m > 0 such that k +m < 13,
1k
IO s S 160l + BH (L4073 757%, @30,
101y s S (6011 e + BH(1 +z>—“—§+§

Evaluation of the remainder. Let us now focus on the different remainder terms in the equation satisfied

BL . . .
by 6., in view of defining one last linear corrector.

o Remainder stemming from the nonlinear term: Using Lemma 3.5 together with the estimates on ®£,

we have
1 _,BL BL k
v main Vem.aun Z bot c bot’ ®bot + ®c,b0t}xyZ(x’ Zvor) X (2)
0=<j.k<4
k k
- Z top c ,top> ®top + ®c,t0p}va(x’ ZtOP)X (1-2)
0<j.k=<4

1+ O(exp(—c(1+1)5)) in HA(Q).
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In the above expansion, we put aside the terms corresponding to k = j = 0, which are part of Sg and are
lifted by 63. If j+k>1, we have, when 0 <s+r <8,

1

1 s _
W, Obot + Ot ioplrz(x, A+ 03X @y s S B> (1 41)375,

bot c bot ’

and the same estimate holds for the top boundary layer. We infer that

_u
Vo - VOBE = (14677 (W, Obgdr.z (X, Zbo) X (2)
_(1+t)7f{lpt0pv [Op}x Z(X Z[Op)X(l _Z)+RNL9
where, forallr,s >0, r +s5 <8,

_34s_1
IRNLI s S BX (141673375,

Note in particular that || Rnp || s < B>(141)7'7% with § = %

o Remainder stemming from the Taylor expansion of G: As explained in the construction of ®§, @3,
when defining the boundary layer term, we replaced G by its Taylor expansion in the vicinity of z =0
and z = 1. Recalling (4-17), we have, in the vicinity of z = 0, setting Z = (1 + 14z,

1 1 _
Ga wmam = ( )1 gbot TZzaxwr%{;in + 6(1 N )3 gbot TZ38 wmam + O((l +t) (Zz + Z4)3 1thmam)
2 t

1
= mgbothza ‘I’bot(x Z)x(2)
t)2
+(1+1)" (2gb0thza Woot (X, Z) + £ 8hor 12705 Wiy (x, 2)) x (2) + Rg.

where the first two terms enter the definition of ®%  and ©}

bot respectively, and the remainder term Rg

bot
satisfies

IRG Iy S BXA+074475 if0<r+s<8.

e Remainder stemming from B — A=23,68L: We now address the fact that Azwg;n
<1

9,0BL  More precisely, using the definition of \Ila, we have, in QN { < 5},

main’

is not equal to

_n_j=2 i 1
AZyBL _5.6BL —2 Y (1407277 9202w (x, 1 +1)12)x(2)
j=3.4

+Ya +z)—2—*a Wl (1 +0i)x (@)
j=1

+2 5 (407 TR 0 (404X @
J=1

+ YA+, (40 ()
Jj=0

+ 0(exp(—c(1+1)5)) in H ().
A similar expression holds in 2N {z > 5 } replacing bot with top and z with 1 — z. The exponentially

small remainder comes from the commutator of the bilaplacian with multiplication by x (see Lemma 3.5),
and from the estimates on ¥}, \D({,a. We now apply Lemma 3.6 and its variant Remark 3.9: more precisely,
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in order to avoid a high loss of horizontal derivatives, we apply the “self-similar version” from Remark 3.9
to the term involving 32 W!, and the second statement from Lemma 3.6 to all other terms. We obtain

A, yBL — AT2929BL —. R,

main x “main —
with
3 3
sup ((1+0)* 187 Rpzll 2 + 1+ 02T 519 A*Rpzll 2 + (1 4+ D519, A* Rz 1 12) < B.
1€[0,T]
Note that the decay of this remainder is similar to the one of Rnp, and Rg, but its order of magnitude
is B. Hence we call it a “linear” remainder. In order to simplify the forthcoming bootstrap argument, we
will lift it thanks to another (linear) corrector.
e Remainder stemming from olliif‘:: Recalling (4-29), (4-30) and using a variant of Remark 3.9, we have,
setting R 1in = a,alliif‘t‘ — A‘zafalliif‘t‘, for k+m < 10,
9
sup ((1+0>197 Retinllz2 + (1407107 A*Retinll 22 + (1 + 05110, A* R tinl12) S B.
1€[0,T]
Once again, R, jip is a linear remainder, and shall be lifted before the bootstrap argument of the next

subsection. We also have
1G] A5l 2 < B2 (1 41) 72,

In the remainders above, all terms of order B2(1 +¢)~3 in L? will be included in the remainder for
the interior part (see Section 4.5), while the terms of order B(1 + )3 will be lifted thanks to a linear
corrector o ®, which we now construct.

Definition of o®. Let o ¥ be the solution of
30 =0’A26R —Rpao — Rejin, oR(t=0)=0.
Note that 3,6 %|30 = 8,0,0 8|30 = 0, and therefore o % |3q = 9,0 8|30 = 0 for all # > 0. Applying A? to
the above equation and taking the trace at z = 0, we have, using the identity (4-18)
0, A% |. = — A (Ra2 + Re,tin) =0
= _8XA211”£;H|Z:O - 318?‘7111if1t1|z:0

j—2 ; j—2 ;
=2 X (14077 T80 Wylz-0+2 2 54N+ T 80300 lz-0 = 0.
j= Jj=

Hence A20R|,_g=0forall r € (0, T). In a similar way, 3. A?c%|._o =0 for all f € (0, T), and the same
properties hold at z = 1. Applying first Lemma 2.4 to 9, A*c'®, and then Proposition 2.6 to 3} A% R,
320k and 8,0%0®, we infer

l0x A% ¥ |2 < 160ll e + B,

133 A% 8 12 < (6ol e + BH(L+1)7,
1320 % 112 < (ol s + BHA +1)72,
1,00 %12 < (160l s + BH(L +1) 7,
188 A 20 %]l 12 < (160l s + BH(A +1) 2.
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Furthermore, looking at the expressions of R 2 and R, 1y and recalling the estimates on ‘I%{ , we can perform
similar estimates for zx (z)d.0 % and (1 — z) x (1 — z)3.0 & For instance, estimating the commutators, we
find that
8 A% (2x (2)9.0™) = A 2x (29,97 4720 ®) = A*(2x (2)8:(Rp> + Re tin)
= 0 A% (2x (0.0 %) + (A%, 2x (231074720 * + 92X (2)9;, A%Jo *
— A 2x ()3 (Rp2 + Re,iin)),
where
A%, 2x @)8:107 A2 M| 2 + 192X (208, Ao Rl 2 S 197 A% R |2 S (160l e + BH(A +1)7
1A% @ (@0 (Ra2 + Regin)) 12 S (60l g1s + B (1 + )7+
It follows that, for all r € [0, T],

IA*(zx (2)3.0®) 112 < (I160]l g1 + B?) In(2 + 1).

Conclusion. Let

O =0l + o R 0B (x (@) — D+ OB (x (1 —2)— 1), 65 =68 + 655,
where

O = Z (+07""5(©) +©1)(x, Z,), a € {top, bot}.
=0
Then (up to a redefinition of @{1 + @c,a as @fl), the bounds on the profiles @é and the corrector 6., together
with the boundary conditions on 6B

Most of the remainder terms have already been evaluated. There only remains to evaluate the quadratic
hft

+ 6, announced in the statement of Lemma 4.10, are all satisfied.

terms involving o};," and o R We have for instance

18282V yBL ) - Vo R |l gy S BXA+07T (1 +0721 S BX1+10)73.
For the H® estimate, we write, for z < %,

a WBL a R 3 I/Imaln a R
Z

main
Both terms in the right-hand side belong to H8, and we infer
IVEYBL Vo R |y < B2 140" n@ +1).

The statement of Lemma 4.10 follows. O

Proof of Lemma 4.13. Assume that 6™™ = ¢’ — 9Bl satisfies (4-2), and define Fi’T as in Lemma 4.9.
According to Lemma 4.9,

||F£,T(t)||L2(Tr) S BZ(] _|_t)—l+£’

. o4
19,75 7 (Dl 2y S B2 +0)72H4,
IT 7 Ol sry S B +D)7575,
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We now lift these traces thanks to a corrector 0111.\2“, whose definition is similar to the one of olliifrt‘, namely

Nt k)= Y <1+r>—1—%|k|—4—frf“<r k>;4+j(|k|z<1+r>l>

=0,1
"~ + X AT TR (CIT 2 R (KT = (140,
j=0,1

where we recall that ¢; € C2°(R), ¢(Z) = Z7/j! in a neighborhood of zero, and ¢; satisfies (4-28).
It follows from the estimates on F] .7 and from the formula defining alll\g“ that, for £ =0, 1,

197 ot [l g < B2(1 +07E S ifkm<d,
lowx sy S B> (140712,
||Z‘71§tL||H9(Qn{z<l}) +1I(1 = 2oy IIHe(m{Z>I}) < B*(141)~ .
The function crl ft L has been designed so that
A0t 1z=0 = Tpoi(1), 9 A0y |e=0 = Tpoe (1),
Ao lz=1 = Tiop(1), A0 1=t = Tiop(0).

Furthermore, according to Remark 3.9 and using (4-28), we have, for all k, m > 0 such that k +m <8,

k

|A™ tht ||HmHA < B? (1 +t)_ -3+ ,

.;;

_ 41k
18, A7 20N | s S B(1+1) 747575,

The statement of Lemma 4.13 follows immediately from these estimates and Lemmas 4.9 and 4.10. [
4.5. Bootstrap argument for 9™, 1In this subsection, we complete the proof of Theorem 1.3 thanks to a
bootstrap argument (or rather, two nested bootstrap arguments). We start with an initial data 6y € H'#(Q),
with (|60 14y < B and 6y = 8,60 =0 on IR, 926p =0 on IQ. We assume that B < By < 1, where By

is a small universal constant, so that Theorem 1.1 holds.
Let C > 2 be a universal constant to be determined. We define

Ty = sup{T > 0: (4-3) holds on (0, T) with B = 5||90||H|4}.

By continuity, 71 > 0. For any T € (0, T1), we define an associated boundary layer profile 62" (see
Lemma 4.10 and Remark 4.12) together with a corrector 6.. We recall that there exists a universal
constant Cy such that, for all m,k >0 withk+m <8, forall T € (0, T}), t € [0, T],

16EL @) | szt < Cr(l60ll e + B +1)714575 <2Cy |60 e (1 4+ 1)~ F475,
provided C?By < 1. Similarly, for all ¢ € [0, T}],
(L4230 2 + 19 A*0cll 2 + (1407 13:976c ] 12 + (1 + 07109l 2 < 2C1 1160 415

We then introduce a new time

T, = sup{T € (0, T}) : ™™ = 6’ — 6L satisfies (4-2) on (0, T) with By = (2C 4 3C)||60]| g4} (4-31)
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On (0, 7»), relying on Lemma 4.13, we construct an approximate solution #%PP. We now set 6™ =
0/ — 9P = grem _ g — cff}tL. Note that we can always choose |6l 1+ small enough so that for all
te0, ), forO0<k+m<8,
O g < Cloll e (14 1) 72575,
Consequently, 0™ satisfies (4-2) with B3 = (3C +5C1)||6o]| g1+ on (0, T>). Note that B; < B for j =1, 2, 3.
Our goal is now to prove that T = T» = +oo for a suitable choice of C, provided || || y14 is sufficiently

small. To that end, we check that A%6'™ satisfies the assumptions of Proposition 2.6.
By construction (see Lemma 4.13),

Oint — aneint — A29int — anAzeiIlt =0 ond.
Furthermore, defining the quadratic form

O(f,8) =—(V*A%d, f-Vg),

we have, recalling Lemma 4.13,

30™ = (1 —G)a> A2 4 !

rem’

(4-32)
where, recalling the definition of Sy, from Lemma 4.13,
Stem = —Srem + QO 6™, 6™) + Q(6™, 6*P).
We claim that we have the following estimates on S :

Lemma 4.14 (estimates on Srlem). Let T, be defined by (4-31).

o L% and H* estimates: for all t € [0, T»),

1 1
(1+1)% (I+0)*

o H¥ estimate: there exist S;, ST € L™([0, T2), L*(R)) such that A*S), (1) = S; + ST, with

197 Sem Dl 2 < B

rem

102A282, (D2 < B

rem

rem

||Sﬁ(l‘)||L2 < Bz(l—: )2 Vte[0,T,) and /Qsi(f)A49int(t) -0
)8
o Estimates on the time derivative: for all t € [0, T,),
441 2 1
Hafax‘svrem(t)”L2 S B (1+t)4'

Proof. We estimate each term separately. The estimates on Si., have already been proved in the previous
subsection (see Lemma 4.13). Therefore we focus on the quadratic terms. It follows from the estimates
of Lemmas 4.10, 4.13 and from the bootstrap estimates (4-2) on 6™™ that

1% Q%P + 6™, 6| 2 < B2(141)73,
102A2Q(O%P + 6™, 9|l 2 < BX(14-1)72
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For the H® estimate, the situation is slightly different, because A*Q(6%PP 4- 6™, i) involves deriva-
tives of order 9 of #™ for which we have no estimate. Therefore, as in Section 2, we decompose
A*Q(H%P 49" 9int) into two parts, writing
A4Q(9app + eint’ eint) — _(VJ_Afzax (Qapp + eint)) . VA4gint

— 9% VLA-23,(9%p 4 9int) . gint — [A* VEAT2Y, (6P 4 6™) . V],

It can be easily checked that the term [A%, VA2, (6%PP + M) . V]9I™ can be evaluated as above, and
we have
I[A%, VEAT29,(07 4+ 01 . V19| > < B2(1+10) 213 (1 +1)7275 < B2 (1 +1)2.

Furthermore, since (A*6™(z, -, z)) =0 for all ¢, z,

/ 8Z8VJ- A—Zax (Qapp + gint) k QintA4eint —0.
Q
Eventually, integrating by parts the remaining term,
- /Q((VJ_A_zax (QaPP + Qint)) : VA49int)A49int = % /QV . (VJ‘A_zax (Qapp + Qiﬂt)) |A49int|2 =0.

Therefore, setting

ST = —VEAT29, (6% +0™) . VAY™ — 93VLA25, (92pp + gint) . gint,
Sﬁ — A4Q(9int, Qapp) _ [A4, vJ_A72ax (Qapp + eint) . V]Oint,
we obtain the desired H® estimates.
We now need to estimate the time derivative of 8*SL._ in L% Note that the definition of time 7> (see

X rem
(4-31)) ensures that
18,020 (1) [|,2 < B(1+1)73 Ve €0, T»].

Setting '™ = A29,0'" it follows that
19,979 ™l g+ S B +0)7 Vi €0, Tal.

From there, differentiating with respect to time 3¢S., , we obtain the desired estimate in L. The only

problematic term is 9,37 v/"9,0%P, which we decompose as
0,07 Y™ 9.0 x (2) + 8,07 Y ™ 9.0 (1 — x (2)),

with x € C2°(R) such that x =1 in a neighborhood of zero and x (z) = 0 for |z]| > % Let us consider the
first term. Recalling that /" (z=0) = 0, we write, using the Hardy inequality,

10,3390, x D)2 < | To,03u™

L2||Zaz93ppx (@ lL=

SN8,820, ™™ | 2112907 x (2) || 1
<B4+ xBA+0"'<BX 147"

The term involving (1 — x(z)) is treated similarly, exchanging the roles of z =0 and z = 1. O



2020 ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

Conclusion. We apply the operator A* to (4-32). We recall that by construction, A26™™ = §, A%’ =0
on 0. We obtain
a A401nt (1 _ G)a A291nt+ A4 rem _ [A4 G]a 1iylnt

Let us now check that the assumptions of Lemma 2.4 are satisfied. The decay assumptions on A*S],

follow from Lemma 4.14. Therefore it suffices to check that the decay of the commutator term satisfies
the desired bounds. Using (2-16) together with the bounds on G (see Lemma 4.3), we have, for all
t € (0, To), . . .
1A%, G109 ™[I 2 S NG llwroe 199 ™ 17 + Gl s 110 ¥ ™ [l oo
<BX 1+ i +BX 1+ +0" 7 <BXA+0)3
Therefore, according to Lemma 2.4, there exists a universal constant C; such that, for all ¢ € (0, T»),
setting B = (34 2C1)C 16l s (see (4-31)),
IA%™ @)1 2 < C2(10™ (7t = )| s + B?).

From there, we apply Proposition 2.6 twice (first to 8§A29im and then to 8;‘ "), and we obtain, up to a
change in the constant C», for all ¢t € [0, T3]
192A%6™ (D)1l 2 < C2(16™ (= Ol s + BH(A+1)7,
1936™ (1)1l 2 < C2(116™ (1 = 0) [l s + B (1 +1) .
There remains to bound o, 8;‘9““ and ajwim in L2 To that end, we differentiate (4-32) with respect to
time, and we obtain
3,9,0%0™ = (1 — G)d 9, ™+ 8,0%S.  —8,Gd Y™,

The source term 9,97 SL . is evaluated in Lemma 4.14. As for the commutator term, we have

19, G3Y™ || 2 < 18, Gl 1039 ™ | 2 S BX A+ S B3 1+~

Using Proposition 2.6, we find that, for any ¢ € (0, 7»),

4 Hint e
18,040 12 < C(16™ (¢ = 0) | s + B )(1+z)3

Using (4-32),

139 ™ Dll2 < C2(10™ (1 = 0l s + B) ———5 V1 € (0, To).

(1+t)3

Grouping these estimates with the ones on oy tL from Lemma 4.13, we infer that, up to a change of the
constant Cy, for any ¢ € (0, T3)

(L+ 02 [30™™ @)l 2 + I1A*0™™ 1)l 2 < C2(160]l s + B,
(1 + 018,350 ™ (1) | .2 + 192%™ ()]l .2) < C2(ll60ll gs + B?).
We now recall that B3 = (3C + 5C)||6o|| 551+ for some constant C that remains to be chosen. We want to

pick C so that
Co (1601l s + BC +5C1)2(16013,14) < (C + CDII6o |l g1+
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It is sufficient to take C such that 2C, < (C + C}), and ||6o]| 14 sufficiently small. We then infer that the

bounds within (4-31) are satisfied with B; replaced by B, /2. It follows that 7, = T. From there, recalling

the estimates on AL, we deduce that there exists a universal constant Cs such that, for all ¢ € (0, T}), for

allke {4,...,8},
185671 2 < 118%0B% || 2 + [|9%6™™ | 12

< C3(l60ll e+ B(L 4075 + (140 7).
Similar estimates hold for 86’ and 83y in L Hence we further choose the constant C so that
2C3(l6oll s + B) = Clifll s

provided ||6p|| 514 is sufficiently small. We conclude that 71 = +o00. Theorem 1.3 follows.

Appendix A: Well-posedness of the Stokes-transport equation in Sobolev spaces

The aim of this section is to prove the well-posedness of the Stokes-transport on the domain of interest of
the present paper, namely 2 = T x (0, 1). The proof is also valid on any regular enough bounded domain
of R with d =2 or 3.

Theorem A.1. Ler Q satisfy either

(1) =Tx(0,1) or

(2) Q is a simply connected compact subdomain of R?, d =2, 3, regular enough.
Letm >3, pg € H™(Q) (and Q of regularity C"?). The system

dhp+u-Vp=0,
—Au+Vp=—pe,,

divu =0, (A-1)
ulyo =0,
Pli=0=0

has a unique global solution for the present regularity
(p,u) € CRy; H™(Q)) x C(Ry; H" ().

Moreover, the solution obeys the energy estimate

t
lp@liam < lpolln exp(C [ 1Va@)lzx+ 1V ()L ds). (A-2)

The proof of this result follows rather classical techniques. It also relies on a previous work of one of the
authors [Leblond 2022], including in particular the well-posedness in a weak sense of the system (A-1).

Remark A.2. The well-posedness in the weak sense of (A-1) in T x (0, 1) is a direct consequence its the
well-posedness in R x (0, 1) stated in [Leblond 2022, Theorem 1.2]. In this latter unbounded domain, the
Poiseuille flows are avoided thanks to a zero flux condition on the velocity field. In the periodic case, this
condition is no longer required as the periodicity of the solution prevents the existence of Poiseuille flows.
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A priori estimate. Formally, the energy estimate for any derivative of order m can be written as

1d )

=S =—/ 9" u-Vpd"p,

S N9 el Q[ u-Vipd™p
due to the divergence-free condition satisfied by u. We apply the tame estimate (2-16), together with
the continuous Sobolev embedding of H™(£2) in L°°(£2) and the Stokes equation regularization estimate
lullgm S Nloll gm—2, to get

d
3 18"l < (UValie + IVa L) 1Al m-

One therefore obtains the same inequality with the complete H” norm on the left-hand side, and the
estimate (A-2) follows. This energy estimate tells us that p remains in H™(2) as long as ||Vu||p~
and |Vp|| L~ are integrable in time. Regarding the properties we know from [Leblond 2022] about the
solutions of this equation it is enough to prove that the solution exists globally and is unique. Let us recall
from [Galdi 2011, Theorem IV.6.1] and [Leblond 2022, Section 2.1] that the source term and the solution
of the Stokes equation satisfy for all times

el S pllgm-2, lullwie S llollze. (A-3)

Also, the uniform norm of p is constant since p is transported by an incompressible vector field. We also
observe

t
IVolli~ = IVpollix exp(C [ I1Vus)li~ds) < [Vpollix exp(Cllopllims). (A

Putting these considerations together leads to

IV poll >
ol zm < llpoll m exp CII,OolletJrW(CXP(CII,OOIILM)— D).

This suggests that if pg € H™ N W', the solution exists globally in time in H™. In particular, if m is
large enough so that H™(Q) < W!°°(Q), the Stokes-transport system is well-posed in H™.

Proof. An iterative scheme allows us to formalize the previous considerations. Let p° : t — po, which
belongs to C(R., H"(S2)). Now if p" belongs to C(R.., H"(R)), which is true for N = 0, we know

that the Stokes system
—AuN +VpN =—pVNe_,

diva®™ =0,

ullyo =0
admits for any time a unique solution u" () € H"™+%(Q2) obeying inequalities (A-3). By linearity of the
problem, u" in H"*+%(Q) inherits the continuity of p" in H™(2). Then since u” belongs in particular
to C(Ry, H"T2(Q)), the transport equation

{atpN—H _|_uN . V,ON+1 =0,

PVt i—o = po
has a unique strong solution p~ +tle C(Ry, H™(R)). This concludes the definition of the sequences (o) n
and (u")y. We thereafter show that for any 7 > 0 the sequence (p” )y is bounded in L>((0, T), H™(Q))
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and equicontinuous in C((0, T), H™(Q)), so it converges in C((0, T), H™1(Q)) to a solution of the
original system up to an extraction. Since this is true for any 7 > 0 and by uniqueness of the weak
solution ensured by [Leblond 2022, Theorems 1.1 and 1.2], we get the well-posedness of the system and
the proposition is proven.

Boundedness. Let us show that we have, for any N € N,

\V4 0
PPN expichpolion - 1)) =t B0 (A5)
lollL>

This inequality is immediately satisfied for N = 0 since p° is constant in time and equal to pg. Let N € N
such that (A-5) is satisfied. Then the tame estimate (2-15) provides here

o™ | zzm < Nl ool m exp <C||po||Loot +

d
310" O S UV o™ g + 170 e ™ o 0™
The considerations (A-3) and (A-4) applied to p, pV +1 and u" lead here to
d
g 10" e < lpolles 1™ Lz + 1V poll = exp(C llpoll ) 0™ 1.
From here, we use the Gronwall lemma to estimate || oVt g,
| t
o™+ 1 m < exp(CllpollLt) (||,00||Hm +ClIVpollL~ / o™ ()| 2 ds). (A-6)
0

Then, according to the assumption on p”, we observe that

t
ClIV ol / 16" (5)1 1 di
0
IV ool

t
p CIIﬂoIIHmHVpollLoof eXP<C||,00||L°CS+ ™ (exp(ClipollL=s) — 1)) ds
0 o0

exp(ClipollLoot) =1 IV poll .o dr
< Cllpollam 1V poll 1 / exp( r)
) looll~ ) Cllpolli~

IV poll L

= llpoll (eXP(—(eXP(CIIPoIILoot) -D)-1).
ool

The latter bound substituted in (A-6) yields exactly the result (A-5). Therefore, for any 7" > 0 the sequence

(o) is uniformly bounded in L>(0, T, H™(R)).

Equicontinuity. We find a uniform bound on (3,p")y in H"~1(Q) to show the equicontinuity of the
sequence in C((0, T), H™~'()). This bound, uniform in N € N and ¢ € [0, T'], is obtained thanks to
the tame estimate, the bounds (A-3) and the uniform bound (A-5) on p”,

N N—1 N
13: 0™ | g1 = ™~ Vo || gy
SN VN I gmet + 11V o™ o ™ =1 g

Slpollzoello™ 1z -+ 110N~z 11V pollco €xp(Cll polloot)

Vool
S lleollwi 1ol zm GXP(CIIpollet + W(eXP(Cllpollet) - D).



2024 ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

Regularity. Let us show that the limit p belongs to L>°((0, T), H™(2)). For any ¢ € [0, T], (o™ (¢))y is
uniformly bounded in H™(£2) with respect to N and ¢. Hence according to Banach—Alaoglu theorem,
for any ¢ the sequence is weakly compact in H™(2). Thus up to an extraction, p" (¢) converges weakly
toward a p(¢) € H™(L2), and this limit satisfies

1@l < Timinf || o™ (1) [ .

where the right-hand side is uniformly bounded thanks to (A-5). As p" already converges weakly in
H™(L2), we can identify p and p, which then belongs to L°°((0, T'), H™(£2)). Finally, to reach the
regularity C((0, T'), H™(2)), Lemma I1.5.6 in [Boyer and Fabrie 2013] tells us that since in particular
p € L®0,T), H"(2)) N Cev((O, T), H"~1(Q)) then p € Cev((O, T), H™(2)). Hence it is enough to
show that 7 — || p(¢)|| g is continuous to prove the strong continuity of p in H™(€2). By weak continuity,

lleollgm < ligriionf o)l .
Also by weak convergence
lp@)llm <Timinf 0™ ()l < By (1),

which proves by clamping that # > || p (¢) || g= is continuous at t =0. This can be performed for any 7 €[0, T'],
hence the continuity. Finally, u € C 0((0, T), H"2(Q)) by (A-3) and linearity of the Stokes equation.

Appendix B: About the bilaplacian equation

We use throughout the paper the following classical regularity result:

Lemma B.1 (regularity). Let f € H™ (), m > —2. The problem
ANy =f VYlag=Vle=0,

admits a unique strong solution ¥ € Hg N H™4(Q) such that

Il s S LS W

The eigenvalues and eigenfunctions of the bilaplacian in a channel can be semiexplicitly computed
(see [Leblond 2023] for the details):

Lemma B.2 (spectrum of the bilaplacian). The eigenvalues of the operator A* on HO2 inTx(—1,1) are
the union, for all k € Z, of strictly increasing sequences (A, i)nen such that

Ak = (0% + k%)%,

with associated (unnormalized) eigenfunctions

cos(wy k7)) — COS(@n k) cosh(rp xk2), ne€2N,
b = eikx COSh(rn,k)
k= .
sin(wy xz) — sin(@n.r) sinh(r, xz), ne2N+1,

sinh(r, ¢)

with w, = (k* — A;{,f)]/z and ry i = (k* + A;{,f)l/z. Note that to simplify the calculations, the domain
was chosento be T x (—1, 1) and not Q =T x (0, 1).
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Appendix C: Proof of Lemma 3.2

The proof of the lemma relies on energy estimates in weighted Sobolev spaces, with weights that grow
like exp(cZ*/) for Z > 1. Unfortunately, we have not been able to treat all four cases for the boundary
conditions simultaneously, but we will treat (i) and (iii) (resp. (ii) and (iv)) together. Note that when (3-4)
is multiplied (formally) by Ww or by —dzWw, where w € C*°([0, +00)) is an arbitrary weight function,
there are many commutator terms when we integrate by parts the fifth-order derivative. The main idea is
that if the weight is adequately chosen, all these commutators can be absorbed in the main-order terms,
which will be designed to have a positive sign. Hence we start with the following result, which will allow
us to control the commutators:

Lemma C.1. Let ¥ € C2°([0, +00)) such that ¥(0) =0, and let r € (0, 1).

(1) Let W € C*([0, +00)) such that W(Z) = exp (Z*°) for Z > 1,and W > 1, 3?}W >0, W =l ina
neighborhood of zero.
Then, for k € {1, 2}, there exists a constant Cy, independent of r, such that, for all r € (0, 1),

1057 W (r2)|? ‘
FKw(z)PL——" 4z
V phw )Pt

< Cur36h UOO 0, W(2)*W(rZ) dz+foo wz(z)(razv;(rz) + Wgzz)) dZ],
0 0

2) Let ®: Z+> VW(Z)/Z. Then, fork € {1, 2, 3,4}, forall c > 0, for r sufficiently small,

°° 242k 4ok 2
Lz-c(rZ) 5 exp((rZ)5)d; ®(2)°dZ
0

o UOO 93w (2)2exp((r2)5)dZ + /oo 3,0 (Z)2(rZ)3 exp((rZ)%) dZ].
0 0

Proof. e For k =0, ..., 3, let us consider weights wy € Wll *((0, +00)) such that
Vkel0,...,3), VZ>1, w(Z)=e 2730 exp(z5),
VZe(0,1), o(Z)=w3(Z)=1, wy(Z)=Z72 wy(Z)=
Note that the weights wy satisfy the following assumptions:
e Fork € {1,2}, o < . Jor—1wp51-
e For k € {1, 2}, |0zwi| < Cr/wrwi—1 for some constant Cy.
c w(0) =
o w3 <CW, wo(Z) <C(Z2W(Z)+ Z7 ' W(Z)).

Let us now introduce, for k =0, ..., 3,

o
I :=f 105 W(2) Pwr(rZ) dZ.
0
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Then by the definition of W, wg, w3, there exists a constant C (independent of r > 0) such that

rozW(rZz) . W Z) iz,
Z z?

o o
rlo+ I §C/ 105U (2)|* W (rZ) dZ+/ \112(2)<
0 0

Let us set E =r2ly+ I3. Fork =1, 2, integrating by parts and using the conditions W (0) = w,(0) =0,
we have
o o0
I = _/ 3§_I\I/(Z)a§+1\p(z)wk(rz) dz — rf 8§_I\D(z)a§w(z)azwk(rz) 47z,
0 0

Using the properties of wg, we deduce that there exist constants Cy such that

I < Cy (\/Ik—11k+1 + r\/Ika—l)-

Since r2Iy < E, we deduce first that I} < E 4 r~!'\/LE, and plugging this inequality into the bound
on I, we find, since r € (0, 1),
4 2
L <r73E, L <r73E.

The first inequality from Lemma C.1 then follows easily by noticing that

,W)2 9ZW)2
(zW) <o, 7z W)

Sa)].

e Let us now set, for k € {1, ..., 4},
o0
J :=[ 3 ®(2) 0 (rz)dz,
0

where the weights ¢; € Wli)’coo (R) satisfy ¢ = 0 in a neighborhood of zero, £ (Z) = ZCT2K/5 exp (24/3)

for Z large enough, and &y < /Ce—1kr1» 028k S /Cilr_1. Let F:=r~2J4+ Ji. As above, for k € {2, 3},
we have

Ji < Cy, (\/Jk—l-]k +r\/Jka_1>.

From there, we infer that, for k € {1, ...4}, Jp < r2k=D/3 g
Now, since ¥ = Z®, we have E)é\IJ =7 aéfb —|—48§<I>. It follows that

/ 00(3?1/(2))2 exp((r2)*%)dz
0
- /oo(za§q> + 433 @)% exp((r2)*°)dz
0

— / ” Z%(35®)? exp((r2)*°) dz + / b 16(35 @)% exp((rZ)*°)dz
0 0 00
—4 / (agcb)zi(z exp((rZ)*°))dz
=/ zz(a§¢)2exp((r2)4/5)dz+16/ (33 ®) > exp((rZ2)*°)dz
0 0 00
—4/0 (14 2r2)%) (0 ®) exp((r2)*%) dz.
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We split the last integral into two parts, forrZ <1 andrZ > 1. WhenrZ <1,
—1 -1

r r
4f0 (1+ g‘(rzﬁ)(agcb)zexp((rZ)4/5) dz < 8/0 (03 D)? exp((rZ2)*°)dZ.
And for rZ > 1, for a suitable choice of 3

(o)
/ (1+ g‘(rzﬁ)(agob)Zexp((rZ)4/5) dZ < J3 <r3F.

We infer that
x
/ @3 W(2))2 exp((rZ)*5)dZ = C"'r 21, — Cr3F,
0

and therefore, for r sufficiently small,

o0
F< / (33w (2))? exp((rZ)*°)dZ + J;.
0
The result follows. O

We now turn towards the proof of Lemma 3.2. In both cases, we start with a formal a priori estimate,
from which we deduce an appropriate notion of variational solution in a suitable Hilbert space. Existence
and uniqueness then follow in a straightforward manner from the Lax—Milgram lemma.

First case: conditions (ii) and (iv). As explained above, we start with a formal a priori estimate. Let
w € C*°(R;) be an arbitrary weight function, and multiply (3-4) by 9z (¥ (Z)w(Z))/Z. On the one hand,

/Oo BSW(2)dz(Yw)(Z) dZ:/oo BSW(2)03(Yw)(Z) dZ—35W(0)d7 (¥ w)(0)+85 W (0)d2 (Ww)(0).
0 0

Note that the two boundary terms vanish in cases (ii) and (iv). We obtain
o0 x 3 o
/ W(Z2)dz(Yw)(Z)dZ = / D3V (2)*w(Z) + Z(i) / W (2)0y *W(Z)d5w(Z)dZ.
0 0 k=1 0

On the other hand, since W(0) =0,

W(Z)az (¥ Z— Yw)(Z)oz(VYw)(Z
[ v@nwn@ - [T wn@iwne 2

=——/ (Vw )(Z) (Z (Z))dZ

Choosing w such that dzw > 0, the right-hand side has a positive sign. We then choose w(Z) = W(rZ)
for some W € C*°(R;) such that W (§) = exp(§ 43y fore > 1, W(E)=1for&ina neighborhood of zero,
¢ W >0, and r > 0 small enough. With this choice, the positive terms in the energy are bounded from
below by

foo(a%\v(z)ZW(rZ) dz+/oo \pz(z)<W(”Z) +r8zW(rZ))dZ.
0 0

VA Zz
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Lemma C.1 then implies that there exists an explicit constant § > 0 such that, for k =1, 2, 3,

foo W (2)03*W(2)dkw(Z) dZ’
0

< ra[/oo(a%w(znzvv(rm az+ [ \IJZ(Z)(W;Z) +razWZ(rZ)) dZ].
0 0

Therefore, for r > 0 sufficiently small, we obtain

W(rZ) Ly 8ZW(rZ)> 4z

oo 3 2 > 2
/O 039 (2)) W(rZ)dZ—i—/O lI!(Z)( o ~

1 2 00
5/ S(Zz) dz+/ S(Z2)*W(rz)dz.
o Z 0

This leads us to the following formulation: let

H = {\p € H3(Ry) : ¥(0) =0, /m(B%W(Z))Zexp((rZ)4/5) dZ < +o0,
0

foo W()AZ 2+ Z75) exp((rZ2)*%) dZ < —|—oo},
0

and let
Ho = {¥ e H:9,¥(0) =d2¥(0) =0}.

We endow H and H( with the norm

IIWlli=/oo(a§xp(2))zw(rz)dz+f°° \I,z(z)<W(rZ) N 8zW(rZ)>dZ’
0 0

zz Tz
where W is the previous weight. We say that W € H is a solution of (3-4)-(ii) (resp. ¥ € Hy is a solution
of (3-4)-(iv)) if and only if, for all ® € H (resp. ® € Hy),

Az(P(Z)W(rZ)) dz_/c’o S(Z)
=] =

/OO 8%\D8§(¢W(r-))+/oo\II(Z) dz(®(Z)W(rz))dz.
0 0

Existence and uniqueness of solutions of (3-4)-(ii) (resp. of (3-4)-(iv)) in H (resp. H) follow easily from
the Lax—Milgram lemma. Using the equation, we then infer that

o.¢]
/ (35U (2))? exp((rZ)*3)dZ < 4o0.
0
The result follows.

Second case: conditions (i) and (iii). The estimates in the case of conditions (i) and (ii1) are similar, but
slightly less straightforward, since we shall need to combine two estimates.

We first multiply (3-4) by —8%\IJ(Z)w 1(Z)/Z, with a weight w to be chosen later. We obtain on the
one hand

—foo BSW(2)zW(Z)wi(Z) dz:/w(angnzwl(m dz+foo SV (2)05W (Z)d wi(Z)dZ.
0 0 0
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Note that the boundary term —8%&‘(0) 8§\D(0)w1(0) vanishes in cases (i) and (iii). The first term gives a
positive contribution to the energy, and the second one will be treated below with the help of Lemma C.1.

On the other hand, we obtain for the zeroth order term, noticing that either 8%\11(0) =0 (in case (ii1)) or
(Z7'W(Z))]:=0 = 027¥(0) =0 (in case (1)),

~W(Z) , ™, d (¥(Z)
—/0 ~ anJ(Z)wI(Z)dz_fo 8ZW(Z)§<Tw1(Z)>dZ.

As in Lemma C.1, we set ®(Z) = W (Z)/Z. Let us write 8%\1’ as
ZW(Z) = 05(ZD(2)) =20,D(Z) + Z02D(Z).

Performing integrations by parts and assuming that dzw(0) = 0, we obtain

00 5 d
/0 az‘I’(Z)d—Z(CP(Z)wl(Z)) dz
1

=3 [ @orw@ - zosu@yaz+
0

oo
/ W(2)* 2703w (2)dZ.
0
We shall choose w; so that 8%w1 > (0, so that the last term has a positive sign. However, for Z > 1,
wy — Zdzw; < 0, and therefore we need to add another term to the energy. More precisely, we now
multiply (3-4) by —Z~197(dzPw;), with a weight w, which vanishes identically in a neighborhood of
zero. We obtain

_fw \IJ(ZZ) 0z(0zPw») dZ:/OO(anD(Z))ZlW(Z) dZ.
0 0

We then take w; (Z) = W;(rZ), with 0 < r < 1 and Wy, W, satisfying the following properties:

e Wi =1, W, =0 in a neighborhood of zero.

« 33W; > 0.

e Wi(Z)=Cexp (Z*3) for Z large enough.

« Wat 3(Wi = Z8z W) Z (14 Z*5) exp (Z*7).

Our energy is then

/ (03W(2))* Wy (rZ) dZ+/ (029(2))*[Wa+ 3(Wy — ZW)](rZ)dZ
0 0 [ed]
+%r3f W(Z)*Z Wi (rZ)dz
0

(o) o0
2 / (039 (2))exp((rZ)5) dZ + f (020(2))(1 + (r2)9) exp((rZ)?) dZ.
0 0
Let us now consider the two commutator terms, namely

o0 o0
r/ AFW(2)05W(Z)d;W1(rZ)dZ and / AHW(2)02 (3, DPw,) dZ.
0 0
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For the first one, we write 35 W = Z33 ®+332®. We note that 3z W1 (rZ) <1, 7-(rZ) ™13 exp((r2)*/%).
Using the second part of Lemma C.1, we infer that there exists § > 0 such that

r/OO W (2)0W(Z)W|(rZ)dZ
0

< ( / 04w (2) Wi (r2) dZ>2 ( / T D 02 exp(r D)) dZ>2
0 0 1

1

2

+r( f 04w (2) W1 (r2) dZ>2 ( / 2 (202 exp(r2) ) dZ)
0 0

s| [T a4 2 4 Oo 2 4 4
Sr (0¥ (Z)) exp((rZ)5)dZ + (02D(2))°(rZ)5 exp((rZ)sdz|.
0 0
Let us now address the second commutator term. We have for instance, using once again Lemma C.1,
o0
/ W(Z)d>dwy(rZ)dZ

0 o0 % o 8 4
s(f (aQ\IJ(Z))le(rZ)dZ) (/ 1,Z>c<rZ>s(a%d>>2exp(<r2>s>d2>
0 0

1
2

< r%[ [asw@renenihazs [T ae@renhenen dZ]
0 0

The two other terms are treated in a similar fashion. As in the first case, we find that for » small enough,
the energy is controlled by

1 2 00 ) 4
fOS(ZLZ)dZJr/O S22 + 2 exp - 2)3 dZ.

We conclude by a Lax—Milgram type argument. 0
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