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LONG-TIME BEHAVIOR OF
THE STOKES-TRANSPORT SYSTEM IN A CHANNEL

ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

We consider here a two-dimensional incompressible fluid in a periodic channel, whose density is advected
by pure transport, and whose velocity is given by the Stokes equation with gravity source term. Dirichlet
boundary conditions are taken for the velocity field on the bottom and top of the channel and periodic
conditions in the horizontal variable. We prove that the affine stratified density profile is stable under
small perturbations in Sobolev spaces and prove convergence of the density to another limiting stratified
density profile for large time with an explicit algebraic decay rate. Moreover, we are able to precisely
identify the limiting profile as the decreasing vertical rearrangement of the initial density. Finally, we
show that boundary layers are formed for large times in the vicinity of the upper and lower boundaries.
These boundary layers, which had not been identified in previous works, are given by a self-similar ansatz
and driven by a linear mechanism. This allows us to precisely characterize the long-time behavior beyond
the constant limiting profile and reach more optimal decay rates.
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1. Introduction

The Stokes-transport system
op+u-Vp=0,
—Au+Vp=—pe,,
divu =0,
Pli=0 = po

models the evolution of an incompressible inhomogeneous fluid with density o and velocity and pressure

(1-1a)

fields (u, p). For physical reasons and without loss of generality, we assume that the initial density pg is
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nonnegative. This equation will be studied in a two-dimensional periodic strip, namely Q2 =T x (0, 1)
with variables (x, z) € 2 and with Dirichlet boundary condition of the velocity field:

u=0 onodQ. (1-1b)

It consists of a coupling of the transport equation for the density of the fluid with a velocity field
satisfying for all times the Stokes equation with gravity forcing —pe,, where e, is the unitary vertical
vector. This equation has been studied in particular in [Hofer 2018; Mecherbet 2021] showing that
(1-1a) is a model obtained as the homogenization limit of inertialess particles in a fluid-satisfying Stokes
equation. The more recent paper [Grayer 2023] shows that this system is obtained as a formal limit where
the Prandtl number is infinite. In this paper, the domain is chosen as 2 =T x (0, 1), which describes a
physically meaningful situation including Dirichlet boundary conditions.

Well-posedness. The well-posedness of this system has been shown in [Antontsev et al. 2000] for
piecewise constant initial data in bounded domains of R” and in [Leblond 2022] for arbitrary L°° data in
bounded domains of R? and R? or in the infinite strip R x (0, 1), the well-posedness in 2 =T x (0, 1)
being a direct consequence.

Well-posedness in Sobolev spaces is required for our results. Since this result does not seem to appear in
the literature, we provide a concise proof of the global well-posedness of this problem in Appendix A for
the sake of completeness. More precisely, for any pg € H™ with m > 3, there exists a unique strong solution
(p,u)of (1-1a)y with pe C(Ry; H™(R2)) andu € C(Ry; H™2(Q)). Well-posedness in other domains and
spaces has also been proven; see for example the recent results [Mecherbet and Sueur 2024; Inversi 2023].

Steady states. Before going further let us observe that the stationary states, i.e., states such that 9,0 =0,
of this system are precisely the stratified density profiles, which means in this paper density profiles
depending only on the vertical variable z. Indeed, for such a map p; = ps(2),

(0.1, )= (s, 0. [ py)d2)

is a solution of (1-1a). To show the converse, let us introduce the potential energy associated to a density
profile p,

E(p) := /sz dx dz.
The energy balance is

d
TB@ = [ zp=— [ zuVo= [ we.p=—|Vul.. (1-2)
Q Q Q

where the divergence-free and the Dirichlet boundary conditions on u are used in the integration by parts.
The last equality is simply the basic estimate of the Stokes equation. The potential energy dissipates exactly
through the viscosity effects. From this observation we see that the whole evolution is nonreversible; the
fluid only rearranges in states of lower potential energy. Moreover, a stationary state is exactly a state for
which u = 0; therefore it means that the density p and the pressure p must satisfy

Vp = —pé;,

so that the pressure is independent of the x-variable, implying p depends only on the z-variable.
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The aim of this paper is to study the long-time behavior of perturbations of stratified initial data in the
stable regime, with lighter fluid on top and heavier fluid on the bottom. We will prove three different
results: The first one, Theorem 1.1, provides the stability of such stratified profiles, together with some
decay estimates. The second one, Theorem 1.2, gives an explicit asymptotic decomposition of solutions
of a linear version of (1-1a) as t — oo. In particular, we identify boundary layer profiles in the vicinity of
the top and bottom boundaries. Eventually, in Theorem 1.3, we go back to the nonlinear system (1-1a) and
provide a more precise description of the solutions as t — oo, building on the analysis from Theorem 1.2.
A striking consequence of our results lies in the fact that the boundaries slow down the relaxation towards
the asymptotic state. This new observation could probably be adapted to other systems; see Remark 1.4.

Main stability result. For simplicity and in the rest of this paper, we consider perturbations of the
affine profile p;(z) = 1 — z, although more general profiles such that 9, p; < 0 could be considered; see
Remark 2.8.

Our main stability result for perturbations vanishing on the boundary is the following:

Theorem 1.1. There exists a small universal constant ey > 0 such that, for any py € H®(Q) satisfying

lpo — psllge < &0 and pg — ps € H02(Q), the solution p of (1-1a) satisfies

0
— — 0 < g0, 1-3

where p is given by the decreasing vertical rearrangement of py:

o= pPooll L2 <

o0
Poo(2) = /0 Lo<z<|(py>2) d2.

Note that the condition on HOZ(Q) is equivalent to the following requirements, discussed in the following
subsections:

Polag = pslas  Onpolae = dnpslag-

This theorem will be proven in Section 2, and we provide a scheme of proof at the end of this section.

Remarks on the main stability result.

« Since the set of steady states is not discrete, it is expected that p is not asymptotically stable, and that
the long-time behavior is given by a slightly modified density profile. In general, this asymptotic profile
depends on the entire nonlinear dynamics in a very nonexplicit way. However the transport equation is
remarkable since it preserves the measure of the level sets. This property combined with the fact that
the asymptotic profile is strictly decreasing (as a smooth perturbation of p) allows us to identify the
asymptotic profile as the decreasing vertical rearrangement of pg, which can be computed directly from pq
without dependence on the full nonlinear dynamics. See Section 2.4 for details.

« In fact the identification of the limit as the decreasing vertical rearrangement is quite general and only re-
quires two properties. First the density needs to converge to a stratified (i.e., independent of x) and decreas-
ing limiting profile. Second, the density should satisfy a transport equation with well-defined characteristics.
This is in particular the case for the incompressible porous medium equation; see Section 2.4 for details.
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« This result proves the stability of the particular state p;(z) = 1 —z. We believe that the result generalizes
and our proofs adapt to the case of stratified p; € H® satisfying

sup 9,05 < 0.

©,1)
This remark is detailed at the end of Section 2.2. We note that without the monotony assumption,
lighter fluid might be below heavy one, and physical instabilities — similar to the Rayleigh—Bénard
or Rayleigh—Taylor instabilities — are expected to develop (see [Drazin and Reid 2004]). Some weak
convergence up to extraction toward a stationary state could be proven, but the limit might be a non-
trivial w-limit set in general. In any case, it is not clear whether convergence to the rearranging steady
state holds.

e One can of course wonder about the strong regularity requirement in Theorem 1.1. It turns out that
one can adapt a strategy developed in [Kiselev and Yao 2023] about the instability of the incompressible
porous media equation. Indeed, the arguments are essentially geometric, and the result is the same: there
exist smooth perturbations small in A%~ (2)-norm such that lim sup,_, . [|,0(t) — s || 5= (@) = oo for any
s > 1. Therefore, this shows the existence of a regularity threshold between H?($2) and H 5(Q) between
stability and instability. The details are provided in the thesis of Antoine Leblond [2023].

« Finally, an interesting question is the optimality of the (1 +¢)~! decay in (1-3). The dynamics of
the equation preserve the fact that the perturbation and its normal derivative are vanishing on 02 i.e.,
p— ps € H&(Q). For higher normal derivatives this property is not preserved, and this is the main
reason why the time-decay is limited. This is one of the main motivations to study the formation of
boundary layers in this system, together with the possibility to allow nonvanishing perturbations on 9<2.
Theorem 1.3 below indicates that the optimal decay rate under the assumptions of Theorem 1.1 is very
likely (14 ¢)~%/% We refer to the discussion at the top of page 1961 for more details.

Related results and comparison with the incompressible porous medium equation. In [Gancedo et al.
2025] the interface problem for (1-1a) is considered also in the domain Q2 =T x (0, 1). The interface
problem treats the case where the density is equal to two different constants below and above an interface
I'(z) C Q. The question lies in the regularity of the interface, the well-posedness for L densities
being established in [Leblond 2022; Antontsev et al. 2000]. More precisely, the authors prove local
well-posedness for the interface in C'7 for 0 < ¥ < 1 as well as the global well-posedness and decay
of small perturbation in H3(T) of the flat interface with lighter fluid on top. The proof is very different
from ours as it uses a contour dynamics equation, but the spirit of the stability result is pretty similar.

Let us also compare the results and properties of the Stokes-transport equation and of the incompressible
porous medium equation, namely (1-1a) where the Stokes equation is replaced by Darcy’s law,

dhp+u-Vp=0,
u+Vp=—pe,, (1-4)
divu =0,

Pli=0 = po.
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This equation has been intensively studied and we only cite comparable results. The question of well-
posedness is much more difficult than for the Stokes-transport equation. In particular global well-posedness
like Theorem A.1 seems to remain an open question. Local in time well-posedness has been shown in
[Cérdoba et al. 2007; Xue 2009; Yu and He 2014; Constantin et al. 2015], whereas ill-posedness through
nonuniqueness in some spaces has been shown in [Cérdoba et al. 2011; Shvydkoy 2011; Isett and Vicol
2015].

Concerning classical global solutions, the only known results have been proven for initial data close
enough in Sobolev space to the stratified initial data p,(z) = 1 — z by [Elgindi 2017] in R? and T? and
later generalized in [Castro et al. 2019a] to the domain T x (0, 1). More precisely, these results prove that
the profile ps(z) = 1 — z is asymptotically stable under small perturbations in H™ for some m. Let us also
mention the recent work [Park 2025], which revisits these results, relying mainly on energy estimates.

In T x (0, 1), the boundary conditions identified and used by Castro, Cérdoba and Lear [Castro et al.
2019a] ensure that the main linearized structure remains stable by differentiation, which makes the
analysis of that work similar to the one of the periodic or whole space case. This analysis has then been
extended by the same authors to the Boussinesq system with a damping velocity term in [Castro et al.
2019b]. In particular integrations by parts of high-order derivatives are possible to obtain uniform bounds
in Sobolev spaces of high enough regularity. By using similar boundary conditions for Stokes-transport in
T x (0, 1), the results of [Castro et al. 2019a] could be adapted in a straightforward way. In our situation,
the presence of the Dirichlet boundary condition is the major obstacle. In particular, uniform bounds in
high-regularity Sobolev spaces are no longer valid, as Theorem 1.3 below will highlight. This is due to
the presence of boundary layers, as explained above. More details are provided below in the scheme of
the proof.

Eventually, let us mention that the existence of the limiting profile was obtained in [Elgindi 2017;
Castro et al. 2019a] through a fixed-point argument. One contribution of the present paper is to precisely
identify the long-time asymptotic profile as the decreasing vertical rearrangement of pg. As explained
previously, our method to identify the limiting profile is robust and in particular also applies to show
that the long-time asymptotic profile for the incompressible porous media equation is also given by the
decreasing vertical rearrangement.

Linear asymptotic expansion for nonvanishing perturbation on 2. Theorem 1.1 is only valid under the
assumption that the perturbation and its normal derivative are vanishing on 9€2, i.e., when pp—p5 € Hg (2).
If the perturbation does not vanish on the boundary, this question is nontrivial even for the linearized
equations around p; = 1 — z: denoting by 0 the perturbed density, we consider

00 —u-e, =0,
—Au+Vp=—be,,
divu =0,
01r=0 = 6o.

1-5)

It can be easily checked that Theorem 1.1 is also valid for (1-5). In other words, if 6y € H °N Hoz, then
el <+ 1)~ 1. Note that there is no smallness assumption in this case because the system is linear.
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If 6y or 3,6y do not vanish on the boundary, however, it turns out that 6 vanishes as t — oo but with a
much slower rate. This is due to the formation of boundary layers of typical size t~!/# as t — oo, in the
vicinity of z = 0 and z = 1. More precisely, we will prove the following result in Section 3:

Theorem 1.2. Let 6y € H*(R2) for some s sufficiently large. Then the solution of (1-5) satisfies

0=6+6+0@¢") inL*(Q)ast— oo,

QBL

where 0y(z) = % 027T 0o(x, z) dx is the horizontal average of the initial data and is the boundary

layer part whose leading terms are

6% = @0 (x, 17 (1 —2)) + O (x, 112) + Lot (1-6)

with @9 1/4

top
Furthermore, fort > 1,

(resp. ®t1)0t) decaying exponentially as Z,p, = t14(1 = 2) = oo (resp. as Zpoy = t'7%7 — 00).

1 _3 _1 _3
C N6olaall2t ™5 + 0@~ 8) < 105112 < Clifolaall 2t 5 + O %).

Remarks on the linear asymptotic expansion.

« In fact, the definition of OB is more involved and is given as a sum in powers of t~'/4 of different
boundary layer profiles. For instance, in the vicinity of z =0 and for ¢ > 1,

4 .

BL —L A 1

0 :-Zot 10 (x, 112).
J=

Furthermore, the construction can be iterated. Up to a stronger regularity requirement on the initial data,
we could probably push the expansion of #BL further and prove that # = 0B 4+ O (+=%) for k arbitrarily
large. In this case, the definition of #B" has to be modified in order to include profiles up to j = 4k. We
shall give more details on this matter in Remark 3.8.

» Note that the scaling of boundary layers is consistent with the estimates of Theorem 1.1: heuristically,

1/4

one power of #'/* is lost with each differentiation (with respect to z.)

Nonlinear asymptotic expansion. Let us now go back to the nonlinear problem in the case where
Po — Ps € HOZ(Q). In this case, p(¢) — ps and 3,(p(t) — ps) vanish on the boundary for all ¢ > 0 (see
Lemma 2.1). As a consequence, the advection term is negligible in the vicinity of the boundary, and
we expect the dynamics to be driven by a linear mechanism in this zone at main order. Building on the
analysis of Theorem 1.2, we then derive uniform bounds in H®(£2), modulo some boundary layer terms:

Theorem 1.3. There exists gy > 0 small such that, for any py € H'*(Q2) satisfying || po — ps || 14 < €0 and
00— Ps € HS(Q), the solution p of (1-1a) satisfies

0= poo+0B+ 0@ inL*(Q) ast — oo,

QBL

where is the boundary layer part given by

08 = Logp(x, 1 (1= 2)) + 2O (x, 152) + Lot

1/4

with Oy (resp. Ovor) decaying exponentially as Zp = V41 —2) > 00 (resp. as Zyot =1'/77 — 00).
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A more precise version of the theorem, including H*® estimates on the remainder, will be provided in
Proposition 4.1. We note that [|§BL|| L2(Q) <1+ 1)~9/8 so this result strongly suggests that the optimal
decay of p— po is like £ =/8 in L?(£2), which is close to the rate r~! obtained in Theorem 1.1. Theorem 1.3
also shows that the decay rate is dictated by boundary layers. Nevertheless, it is not excluded that the
nonlinear dynamics drive the system to the case where these boundary layer terms always vanish, although
we expect this behavior to be rather unlikely. Let us emphasize that the formation of boundary layers, let
alone the construction of boundary layer profiles, had not been identified in previous works, even in the
linear setting of Theorem 1.2. We believe that our analysis could be extended to the incompressible porous
media (IPM) system (1-4), for which similar boundary layers are expected to develop; see Remark 1.4
below. Let us also recall that in the cases without boundaries (see [Elgindi 2017; Castro et al. 2019a; Park
2025]), the rate of decay of p — px, can be arbitrarily large, provided the initial data is sufficiently smooth.

Let us now say a few words about the case when the initial data py of (1-1a) is such that pg — ps or
dn(po — ps) do not vanish on the boundary. We expect the scaling of the boundary layers to be different.
Indeed, if the ansatz of the linear case (1-6) is plugged into (1-1a), we find that the quadratic term becomes
dominant close to the boundary, and cannot be balanced by other terms in the equation. As a consequence,
studying (1-1a) when p — ps ¢ HOZ(Q) goes beyond the scope of this paper. We expect that the boundary
layer equations become nonlinear in this setting.

Note that Theorem 1.3 requires more stringent assumptions on the initial data than Theorem 1.1, since
the initial perturbation is assumed to be small in H'# (rather than H®), and its second normal derivative
is also assumed to vanish on the boundary (i.e., BZZ (p — ps)lag = 0). Actually, the latter condition can be
slightly weakened; see Proposition 4.1 for a more precise statement.

Remark 1.4 (extension to the incompressible porous medium equation). We believe that Theorem 1.3
could be extended to the IPM equation (1-4) when the initial datum pg is sufficiently smooth and such
that pg — ps € HO1 (i.e., the trace of py — ps vanishes on the boundary). In this case, (p(t) — ps)|ag =0
for all £ > 0 (see Lemma 2.1).

In this setting, the boundary layer ansatz from Theorem 1.3 should be replaced with

gBL = %@{gy(x, t11(1—2)+ %@{fﬁ‘(x, 177) +1lot,

where the profiles M for a € {top, bot} satisfy
—OpM+1Z0,0)™M = 0, WMo WM = 5, 0™,
This system should be compared with (4-18), and is endowed with the boundary conditions
WM =M, =0, 320" =y.,

where Yiop(x) = lim,_, o0 826(t, x, 1), Yoor(x) = lim;_,o0 3262, x, 0).

Therefore the situation is very similar to the one of Theorem 1.3: the main difference lies in the
thickness of the boundary layer (+~!/? for IPM vs. t~!/4 for Stokes-transport), which is consistent with the
order of the damping term (E))%A_1 for IPM vs. 3> A~ for Stokes-transport). Furthermore, if 83590|39 =0
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for 0 < ¢ < k and for some k > 1, then the above ansatz should be replaced by

1 1 L
QBL = (k1 ®g}19\4(x, t2 (1 — Z)) + m@{gtvl(x, tzz) +1l.o.t.

Note that this is consistent with the results of [Park 2025] (see also [Castro et al. 2019b]), in which
the author proves that ||p(f) — ps|l .2 < %71/ under a slightly more stringent version of the previous
assumption.

However, if the trace of pg — ps on the boundary does not vanish, the situation is different. In this
scenario, the nonlinear terms are expected to be of leading order close to the boundary, and we expect
that nonlinear boundary layers are created.

Interpolating between the IPM system and the Stokes-transport system, it is also natural to wonder
what happens for fractional equations such as

30 +u-Vo=0>(—A)"0,

with o € (1, 2). One should however define carefully the fractional operator (—A) ™ in this setting, since
the domain T x (0, 1) is bounded in the vertical direction (the boundedness in the horizontal direction is
not really an issue since we can rely on a Fourier definition of the fractional laplacian in the horizontal
variable.) One canonical choice is to use a spectral definition of the fractional laplacian. However, in
the present setting, there are two possible choices for the eigenbasis: the eigenfunctions of the laplacian,
or the ones of the bilaplacian, described in Lemma B.2. These two choices seem to lead to different
operators, and in particular, they are incompatible with one another.

Therefore it seems better to consider the so-called “restricted fractional laplacian”: for ¥ € H>*(Q)
such that ¥|yq =0 and 0,¢ |y =0 if & > %, extend ¥ by zero outside €2, and define

Aw(x/v Z/) - AW(X» Z) dx/ dzl

(=AY = canf

>k (¥, 2) — (&, 2)[*

The equation for i then becomes
(—A)*Y =060 inQ, Ylg =0.

The main advantage of this choice is to be compatible with the end cases « = 1 (IPM) and o = 2
(Stokes-transport). However, due to the nonlocal nature of the fractional laplacian, having a description
of the boundary layer formation seems much more involved.

Schemes of proofs. Here we explain the main steps and difficulties of the proofs of Theorems 1.1, 1.2
and 1.3.

Rewriting of the equation. Since perturbations of p;(z) = 1 — z are considered, it is natural to introduce
the perturbation 6 as
p=ps+0,

with initial perturbation 6y = pg — ps. Substituting this expression in (1-1a) and recalling that stratified
states do not contribute to the velocity field in the Stokes equation, we obtain the following equation for
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the perturbation 6:
00 +u-Vo =u,,
—Au+Vp=—fe,,

divu =0,
ulyo =0,
0110 = 6.

We note that we used the notation u# = (u,, u,) and that x and z indices always denote the horizontal
and vertical components and never derivatives with respect to x or z.

The Stokes equation can be simplified by introducing the stream function of the divergence-free velocity
field u through u = Vv = (—d.v, d,v). Substituting it in the Stokes equation and considering the curl

of this equation, we get
00+u-Vo =u,,

A%y = 9,6,
u=Vvty,

Vlsa = 0n¥laq =0,
01r=0 = 6o.

Notice that this writing is consistent with the previous observation that any z-dependent perturbation of
the density does not affect the velocity field.

Once the steady states of (1-1a) are identified as the stratified density profiles, i.e., functions depending
only on z, it is natural to decompose the perturbation 6 (¢, x, z) as the sum of its horizontal average 0(t, z)
and its complement 6’(z, x, z) with zero horizontal average, following [Elgindi 2017] and others:

- _ 2
0%, 0 =06, +0(0x, 2, 0.0 =5 [~ 66, dx.

We note that contrary to [Elgindi 2017; Castro et al. 2019a], 6 denotes the average rather than the
fluctuation, as this seems a more natural notation. In particular our notation is comparable to the standard
notation used for the Reynolds-averaged Navier—Stokes equations.

This decomposition is actually orthogonal in any Sobolev space H™ and one can project the transport
equation onto the two appropriate complementary subspaces, leading to

06"+ u-V0'Y =(1—0.0u;,  0'li=o =06,

3,0 +u-vo =0, 61i=0 = 6o,

) , (1-7)
A%y = 0,0, Ylae =0,
u=VL1//, 8nw|8§2=0-

Although more complicated at first sight, this equation allows us to distinguish the evolution of 6’ and of
the average perturbation 6. This is needed since the whole perturbation cannot be expected to decay in
Sobolev spaces due to its pure transport. Only the average-free part 6’ is decaying.

Toy problem on the torus. In order to get an intuition of the decay of [|6']|;2(q, and to highlight the
specific difficulties of our work, we will first explain the strategy in the case when the problem is set
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on the torus, in order to avoid the issues associated with the boundary conditions. More precisely, we
consider the following linear problem for 8’ on the torus T?:

00" =(1—G)o ¥ + S,
A% =9d,0, (1-8)
9/|t:0 :9(/),

where G is a given small function of ¢ and z, whose finality is to be replaced by d.0. The source term S,
which will include the nonlinearities of the system, will be omitted in this short presentation for simplicity.
Note that (1-8) differs from our original system through the periodic boundary conditions on 1 in the
vertical variable. The choice of periodic boundary conditions simplifies the analysis in several ways,
which we will detail below.
For any s > 0, applying A*/? to the first equation of (1-8) and projecting on A*/?6’, we obtain, after
several integrations by parts in the right-hand side,
LAk =~ [ AN - Gaity
2dt L T2
=— [LaFa-oparly
< —(1=ClGlus) A3 YT, (1-9)
where C is a universal constant. As a consequence, if CIG®)| gs+2 < 1, then the H® norm of 0’ is
nonincreasing, and whence uniformly bounded.
Then, the decay of ||¢’(¢)]|;2 is deduced by using the following Gagliardo—Nirenberg interpolation
inequality, which in the case of the torus can be proved simply by Fourier analysis:

- 1 -
071 A%17: S 2 I AGIZ + K210 A% 17, (1-10)

where ! f denotes the antiderivative of f with null horizontal average, and K > 0 is an arbitrary positive
constant.
More precisely, combining (1-9) and (1-10) with ¢ = A%y for some r > 0 leads to

d r r

3182017 S —lAaT i,
SKIATHIS Y, — K AT Ry,
KA 202, — KA |12,

recalling that A%y = 9,6’". Taking K ~ (1 +1)~" we deduce

d r 3 r r —
AT+ 1A S 1A% |17, (1-11)

(1+1)

Note that here the factor 3 could be made arbitrarily large by taking a larger multiplicative constant in K,
but any constant strictly larger than 2 is sufficient for the argument.
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Since A’/ 2+28x_ 26’ is uniformly bounded in L*(T?) by o, 20(’)|| pr+4, this integrates into

197200 || g+
141
Note that the index of regularity r is arbitrary. Hence, plugging this estimate back into (1-11) and using

V>0, A0/ (1) S (1-12)

an induction argument, we find that, for any o > 0, r > 0,

Ve>0, A0/ (Ol < A+ 2870l yreze. (1-13)
Let us emphasize that when G = 0, this estimate can be proved directly from the Fourier representation
formula
A k2
0'(t,x,2)=_ 6 (0) exp(— |k)|c4t) exp(ik - (x, 2)).
ke7?
ky#0

Hence the decay rate can be expected to be somewhat optimal. Moreover, in the case of the torus, the
rate of decay can be as large as desired, the cost being the regularity required on 6. Note that, for r =0,
o =2, we find the decay rate announced in Theorem 1.1.

Difficulties with Dirichlet boundary conditions. Let us now explain the main differences between (1-8)
on T2 and the original system (1-7) on =T x (0, 1). The strategy will be identical. We first prove a
uniform bound for 6’ in H*(£2), and then use interpolation inequalities together with the energy estimate
to obtain the decay estimate (1-12). However the derivation of the different bounds will be substantially
more involved.

We shall prove the uniform H*(£2) bound for @’ directly from the equation without spectral analysis.
More precisely, the estimate (1-9) remains valid for s = 0 since |30 = 9,V |ao = 0. Higher-order uniform
estimates in H*(€2) fail in general due to nonvanishing terms on the boundary. The question is therefore
when the integration by parts done in (1-9) can be performed. The traces of 8’ and 9,0’ being zero, the
traces of A2y and 9, A%y are also vanishing (see Section 2.1) so integrations by parts in (1-9) can be
done for s = 4 provided G = 0. Therefore a uniform H* bound can be deduced when G = 0. When
G is nonzero, some traces no longer vanish. The strategy will be to treat them perturbatively, i.e., not
performing integration by parts on A%2(Gv)A3y. A similar interpolation argument (Lemma 2.7) allows
us to then deduce the analogue of (1-12), i.e., that ||6’]| ;> is bounded by (1 4+ 1)~

However, note that the higher decay (1-13) for r > 0 and @ > 2 does not hold in general, as Theorem 1.3
shows. Indeed, the decay rate is prescribed by the boundary layer part of the solution, for which we have
| A7/26BL |2 oc (1 41)~1+7/4=1/8 Hence the H* norm of 6’ for s > 5 is not expected to be bounded.

Finally, let us mention that proving some time integrability on the velocity field is crucial in order to
obtain the convergence of 6. As a consequence, the linear decay from (1-12) is not entirely sufficient
to complete the proof of Theorem 1.1. In previous works, this higher decay on the velocity field was
obtained either thanks to high-regularity bounds, or by taking advantage of the Fourier representation
of the solution. Since none of these tools are available here, we rely on a different argument, involving
bounds on the time derivative of 6'.
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Remark 1.5 (about the spectral decomposition). Since the equation is no longer set on the torus, but
rather in the domain 2 =T x (0, 1) endowed with boundary conditions, we can no longer perform a
(discrete) Fourier transform in the vertical variable. However it is possible to analyze explicitly the
eigenfunctions of the operator

L:0eL’— 3¢ €L? where A’ =0,0, ¥]sg = 0,V|sa =0, (1-14)

and show that the eigenvalues (Ax)rezxn Of the operator L behave asymptotically as k%/ |k|* (see
Lemma B.2), so that the estimate (1-12) remains true. Details on the spectral analysis are presented in
[Leblond 2023].

Bootstrap. The last step of the proof consists in bringing the previous linear analysis into the full nonlinear
system. Intuitively, the strategy is the following: denote by (0, 7*) the maximal time interval over which
10’2 < B(1 + £)~! and 10"l 7+ < B are valid with a constant B. In fact more estimates need to be
included in the bootstrap argument for technical reasons; see (2-9). On this time interval, the quadratic
terms can be treated perturbatively, provided ||6p|| 5+ is sufficiently small. Hence the bootstrap estimates
hold with a constant which is better than B, and thus 7* = co. It follows that 6 converges towards zero
in L2, and that the time derivative of 6 is integrable. Hence 6 has a limit in L? as t — oo. This is the
main part of the proof which is detailed in Section 2.3.

Identification of the limit. Since 6’ converges to zero in any H™ for m < 4 as t — oo and 6 has a limit
in L? as t — oo, the whole density p = p; +6 = ps +6 + 6’ converges to some limit pos = p5 + oo in L?
and ps, depends only on z. The term .6 is small compared to 3, 0, = —1, and so is its limit 8,6,,. Whence
Poo 18 strictly decreasing with respect to z, as is ps. The transport of the density by the divergence-free
field u ensures that the level sets of p are preserved by the time evolution, and by strong convergence this
is also the case for the limit p,. According to rearrangement theory, po, is therefore a rearrangement
of pg. One can show that there exists a unique decreasing vertical rearrangement of pg; hence po is
uniquely determined. This part of the proof is detailed in Section 2.4.

Linear boundary layers for system (1-5). Let us now give a sketch of the proof of Theorem 1.2. We start
with rather simple observations:
o First, it follows from the equation that 9,03 = 0,0,0 |3 = 0. Therefore, for all ¢ > 0,

Ola) =6olaq,  Imblaq(?) = dnbolsq.
o Taking the horizontal average of the evolution equation, we find that 3,6 = 0, and thus () = 6. Hence
we focus on the long-time behavior of 6",

e Let us denote by (bx)rezxn+ the basis of eigenvectors of the operator L defined in (1-14) (see
Lemma B.2). Then we can always write
0'()= Y. exp(—ixt)d,(t =0)by,
keZ*xN
with (é,’( (t = 0))kez+xn € £2. We recall that A; behaves asymptotically as |k, |2 / |k|* Tt then follows from
Lebesgue’s dominated convergence theorem that 6/() — 0 in L? as t — oo.
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Therefore 6’ (t) vanishes in L> while keeping a constant — and nonzero — value on the boundary. As a
consequence, it is reasonable to expect that boundary layers are formed in the vicinity of z =0 and z =1
as t — oo. We then plug the ansatz (1-6) into (1-5) and identify the profiles ®?Op, ©) .. The role of @?Op
(resp. of @got) is to lift the trace of 6 at the top boundary z = 1 (resp. at the bottom boundary z = 0). We

find that these two profiles satisfy an ODE, with boundary conditions given by
O, (x, Z=0) =0y(x, z=1), 020, (x, Z=0) =0,

top

O (x, Z=0) =6)(x,z=0), 9820 (x,Z=0)=0.

In a similar way, the next-order boundary layer terms ®t10p and @éot lift the traces of 9,60y on d€2. Hence

the first step is to construct explicitly the boundary layer profiles in terms of 6y. By construction, the
remainder 6’ — #BL vanishes on the boundary, together with its normal derivative. We can then apply the

decay analysis presented above to the remainder 6" — 6BL and we find that ||(8’ — 6BL) (1) | ;2 <1+ 1L

Boundary layers for system (1-1a). We now turn towards Theorem 1.3. Note that the boundary layer
term in Theorem 1.3 is smaller than in (1-6). This is directly linked to the fact that under the assumptions
of Theorem 1.3, 6 = p — p, vanishes on the boundary, together with its normal derivative. Therefore,
the boundary layer term 6B (or rather A20BL) now lifts the traces of A%0’ and 3, A%0’. The overall
strategy is the same as the one described above: we first identify the boundary-layer part of the solution by
lj)ot and @{op.
on the remainder 6™™ = 0’ — 6BL, noticing that A26™™ satisfies assumptions that are very close to the

rigorously constructing the boundary layer profiles ® We then prove some decay estimates
ones of Theorem 1.1. Note that the higher decay we obtain on 8™ is the main reason behind the strong
regularity requirements on pg.

However, there are several new conceptual and technical difficulties compared with Theorem 1.2. The
main one lies in the fact that the traces A29’| 30 and 8,,A20’|3Q are not constant with respect to time.
They merely have a finite limit as £ — co. Hence we need to find an asymptotic expansion in powers of
(1+1)""* for A%0'|yq and 3, A%0’|yq as ¢t > 1. The main boundary layer profiles @got and ©°  will

top
lift the first term in this expansion (i.e., the long-time limit of A26'|5q), whereas the next-order profiles
@{Op, ®{)0t for j > 2 will lift the lower-order terms. Furthermore, in order to prove that A20’|ag converges

in H* as t — oo for some sufficiently large s, we shall need high-regularity bounds on 6’. Eventually, the
proof of Theorem 1.3 involves two nested bootstrap arguments: one on 6, which allows us to construct

QBL

the boundary layer term on the interval on which the bootstrap assumption is satisfied, and a second

one on the remainder 6’ — OB, on a possibly smaller interval.

Notation. Throughout the paper, we write A < B whenever there exists a universal positive constant C
such that A < CB.

2. Long-time stability of stratified profiles: proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. The proof follows the steps highlighted in the
Introduction: we decompose @ into 8 = 6 + ', and we prove that #” vanishes in L> with algebraic decay,
while @ converges in L? towards a profile 6 (z). To that end, we first study the linearized Stokes-transport
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system around a solution 6 close to an affine profile. Thanks to a crucial interpolation inequality (see
Lemma 2.7), which somehow replaces the spectral decomposition in the periodic setting, we quantify the
L? decay of solutions of the linearized equation with a source term (see Proposition 2.6). We then use
a bootstrap argument to show that the decay predicted by the linear analysis persists for the nonlinear
evolution. This allows us to prove that 6'(r) — 0 and that 0 — O in H*(Q) as t — oo for all s < 4.
Eventually, we identify the asymptotic profile 6, in terms of the initial data.

The organization of this section is the following. We start in Section 2.1 with some preliminary
remarks concerning the traces of 6 and 9,6. We then turn towards the analysis of the linearized system in
Section 2.2. The bootstrap argument is presented in Section 2.3. Eventually, we prove in Section 2.4 that
Poo 18 the rearrangement of the initial data py.

2.1. Vanishing traces for 0’ and 93,,0’. We prove here the following preliminary result:

Lemma 2.1. Let 6y € H™(Q2) withm > 3, and let 0 € Ly, (Ry, H™) be the solution of (1-7). Assume
that 6y = 0,69 = 0 on d92. Then, forall t > 0,

0()|ae = 3u0(t)la = 0.
If additionally 326y = 0 on 32, then 320 (t)]yo = 0 for all t > 0.

Remark 2.2. If pg € Hy'(£2) then the solution p(z) of (1-1a) belongs to Hjy' (€2) for all times. Indeed,
the solution of the transport equation can be written as

p(t) = po(X(1)™H,

where X : Ry x 2 —  is the characteristic function associated to u, defined as the solution of the
ordinary differential equation
d
—X(@) = X
TX() = u(t, X (1),
X (0) =1dg.

We recall that X (¢) is a diffeomorphism of 2 for all times t € R;.. Since u(¢) € HOI(SZ) due to the
homogeneous Dirichlet condition, the boundary 92 is stable for the characteristic function at all times
t > 0. In other words, X ()|3q = Idsq, and consequently X (1) V5o =1dyq. It follows that if pg € HO1 (2),
then p ()]s = 0 for all £ > 0. The claim for higher values of m follows easily by induction.

Note that the assumptions of Lemma 2.1 are different since pg = 1 — z + 6y does not vanish on the
boundary.

Proof. We recall (see Theorem A.1) that 8 € C(Ry, H™) N C'(Ry, H™ ). Therefore, taking the trace of
(1-1a), we get

00lpq +ulsa - Volsa = u;lsq,

where u|3o = 0. Hence 0,03 = 0 and the trace of 6 is constant in time, equal to 0. Since horizontal
derivatives preserve this property, we even have 36|y = 0 for any £. Let us now consider the normal
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derivative. We recall that 9, coincides (up to a sign) with d,. Applying one vertical derivative to the

equation,
0;0,0 +0,u-VO0+u-Vo,0 =o,u,,
where
o ulye - VO|ya = d;uxlaq 0x0]sq + d:u;|se 00 sq-
We recall that 0,630 = 0 and we use the divergence-free condition to observe d,u;|3q = —0xux|sq = 0.

In the end we get 9,03 = O for all times; hence 6 € H(f(SZ). Trying to go further, applying the same
ideas, we get
8,826laq = 82uzlag.

However, 8Z2u . does not vanish on 0€2, and therefore we cannot iterate the argument. Nevertheless, we get

= 1 1
a,afmmzE]Taiuzm=—§[Taxazux|m=o.

Note that for higher orders of derivation, we cannot infer any cancellation in general. U

Definition 2.3. In the rest of the paper, we will set
G(t,z) = 0,0(t, 2).

Under the assumptions of Lemma 2.1, we infer that G|yq = 9,G|q = 0.

2.2. Study of the linearized system. This subsection is concerned with the study of the linear system

30 =(1—G)ay+S in (0, +00) x £,
A%y =93,0" in (0, +00) x 2, -1
Vlpg =0¥lag =0, 61— =6,

which is satisfied by (', ) in the first place, with G = 3.6 and S = — (V1 - V&')". It will also be
satisfied for various derivatives of (6’, ) with different source terms S. The term G will always be .6.

Our goal is to analyze the long-time behavior of 6’, under suitable decay assumptions on S. For later
purposes, we have decomposed our results into several separate statements, whose proofs are postponed
to the end of the section. The first one is a uniform L? bound on the solutions when the source term is
time integrable:

Lemma 2.4 (uniform L2 bound on solutions of the linearized system). Let G € L*°(R,, H ), Se
L>®Ry, L?), and 6} € L* Let 0' € L™ (Ry, L?) be the unique solution of (2-1). Assume that S can be
decomposed as S = S| + 8| satisfying for some 0,8 > 0 and any t > 0

, o
[0 08 dr =0, 150l S e (2-2)

Thus, there exists a universal constant yo € (0, 1) such that if
Gl m2 < yo, (2-3)
then
1622 < 16yl 2 + Cso.
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Remark 2.5. The term S will often have the structure S, = u - V@': indeed, provided u and 6’ have
sufficient regularity, the divergence-free and homogeneous Dirichlet conditions ensure that

/(u-VH/)Q/: 1/ u-ve'? = —1/ divu|9/|2+1/ u-nlo'? =0.
Q 2Jq 2Jq 2 Jaq
Our second result, which is at the core of Theorem 1.1, gives a quantitative algebraic decay on 6

Proposition 2.6. There exists a universal constant yy € (0, 1) such that the following result holds. Let
T >0,Ge LRy, H?), S € L°(Ry, L?), and 6} € L? such that 37%0) € H* Let 0’ € C(Ry, H?)
be the unique solution of (2-1). Assume that 60’ and 3,0 vanish on 092, and that S decomposes into
S =S8+ 8+ Sa with, for someo,5 >0andallt €0, T],

AVl 2

/ _ _o < 1AV i
[ 5108/ x) dx =0, IS0l = s ISa0Ie S F2e @)

Assume moreover that G satisfies (2-3), and that there exist A, o > 0 such that for all t € [0, T']

A20720' (¢ < )
|AZ0°0" (D)2 < NG

(2-5)

Then
6ol 2+ A+o

T oyt Y E10.71

[CROIERS

In order to prove this quantitative decay, we shall need to analyze the structure of the dissipation term

— [ oo = [ 1ayP.

In previous works for different but related models [Castro et al. 2019a], at this stage, an explicit spectral
decomposition of the solution was used, relying on Fourier series. Note that such a spectral decomposition
is also available for the operator A—Za)% (see Lemma B.2). However, since we cannot interpolate for an
arbitrary regularity, we choose here to use a different approach. We replace this spectral analysis with
the following result, which can be seen as an interpolation lemma. It is noteworthy that in spite of its
deceitfully simple form (and proof), this lemma provides the correct scaling for the solutions.

Lemma 2.7. For any £ > 0, and for all v € H3Y"2(Q) satisfying

AP lag = 0, A%Y 130 =0,
we have for all K > 0

- 1 _
10,7 AW 117 S 2 100 AV Iz + K210, Ay,
Proof. Since A%y and 3, A?y vanish on the boundary 92, we have after three integrations by parts
105 A%y 2, = — fQ 3EAZY L2 ATy = /Qvajjmp VL2 Ay

S /Qawaaf—2A3x// <19y AW 2110, A% || .
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On another hand, we also have by integrations by parts
1,72 a% 15 = = [ ol Ao Aty = [ Vol Aty - vaaty
=— [ alyal Aty < 19 APy 19 AN .
Hence, using the second bound in the first inequality, we obtain
195 A2 12, < 19 Ayl 195 A%, 0! A%y,

Gathering the similar terms on the left-hand side and applying Young’s inequality yields, for any constant
K >0,

196 A2y 12, < ot avll, 13 Aty ),
< K-HatAY ) + (K3 Aty )]
< 0L A2+ K210 Aty |2, O
Let us now turn towards the proof of Lemma 2.4 and Proposition 2.6.

Proof of Lemma 2.4. The energy estimate in (2-1) writes

g ||L2=/(1—G)8 vo' +/ so'.

2 dr
A few integrations by parts provide, since ¥ |yq = 9,V |sq =0,
[a-6pyo' =— [(a-Gya’y=- [ Aa-6yay. (2-6)
Q Q Q

Using the Sobolev embeddings H? C L™ and H> C W4 we get

[ =6ye’ <~ = CIGIw AV ]2
At this point we have

SR =~ = ClAvIE+ [ 50 =—(-Cllayl+ [ 50 @)

So if yp is small enough, in a universal way, the first term in the right-hand side is nonpositive. Therefore

o
||9 Ol = 151Dl = A0
and since § > 0 this inequality integrates as

16"l 2 < 1651l L2 + Cs0- O
Proof of Proposition 2.6. Back to (2-7) and plugging the decomposition of S we get

d
5”9/”%2 + A= Cy) AP 172 < ISyl + 1Sallz2) 116l 2
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Then assumption (2-4) and Young’s inequality provide
e . o n 167117
(1-|—t)%+8 (1+t)% N (1+41)+2 1+¢
1671l .2 116117,

ISall2 10712 S TAY |22 Swllayl. +— :
AllL L wL(l_i_t)% Y IﬂLz Yo 1+t

ISyll 2110l 2 <

’

Hence if yy is small enough, the dissipative term yy|| A ||> can be absorbed, and we have, for some
co€ (0, 1),

o2 167117,
(102 = T4r

We now use the interpolation lemma, Lemma 2.7, with ¢ = 0, recalling that Azzﬁ lag = 0,0'|30 = 0 and
On Azllflagz = 0,0,0'|90 = 0. Choosing K =k /co(1 + )~ withk >0 arbitrary large independently of
the data, we obtain

d
310122+ col vl <

1A%920"]17, N o?
(1+1)3 (1+0)t+2°

i 2 K m2 < .3
a1 ”L2+_1+t”0 72 S«
Plugging assumption (2-5) provides

(K3A2 + 0.2)
1+ [)min(3+2a,1+28) ’

d 2 K 2

—||6 — 6 <

G101+ 1615
which for a suitable choice of « integrates into

6ol +A+o

T pymmirey V0 E0.T] O

10"l <

Remark 2.8 (stability for more general stationary profiles). Let us now explain how our results can be
generalized to other stably stratified profiles p;. Let p, € H°(0, 1) such that sup 8. p; < 0. The linear
evolution equation on 6’ can be written as

00" = —03, 050, .
Multiplying the above equation by —6’/9, ps, we obtain

1d [ 1 o 2
sar JoTap? 0 e = fLawd == [1avE

Since 9, ps is bounded from above and below by negative constants, — fQ (6)?/9, py is equivalent to the

L? norm, and the main linear estimate remains the same. However, additional commutators stem from
the nonlinear terms when we use the weight —1/9, p,. For instance,
/
/u-V@’ 0 =l/(0/)2u-v 1 )
Q —0:ps 2 Ja 0205

These commutators will enter the terms S and S, from Lemma 2.4 and Proposition 2.6. Also, the

constant yp involved in the smallness condition (2-3) on G will now depend on 9, o5, but the result still
holds. We leave the details to the reader, and stick to the case of a linearly stratified profile for simplicity.
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Let us now consider the case of nonstably stratified profiles. First, if d,p; > 0, we have the opposite
sign in front of the dissipative term fQ |Av|?: at the linearized level, the perturbation grows. For the
nonlinear equation, starting from a small perturbation, ||6(¢)| ;2 will have a transient growth for small
times, until its norm becomes of order 1 and the nonlinear term can no longer be neglected. In fact, when
d;ps 1s constant—say 9, 0; = 1 — the equation satisfied by 6 is

0,0+u-V0+u,=0,

and therefore

LR =~ [(up= [ (apr=zo0.
In this case, the L? norm of 6 is increasing on the whole interval [0, +00), but remains bounded since
the L? norm of p is conserved.

Let us indicate a few facts about the long-time behavior of solutions in the general case pg € L™ (see
Section 3.6 in [Leblond 2023] for a proof of these results). The velocity u belongs to L2([0, 4+00), HO1 (2)).
Furthermore the w-limit set in H~! of pg is nonempty and contained in the set of stratified rearrangements
of pg. However it is not known in general whether this w-limit set is a singleton.

We now go back to the case where pg is a small perturbation of a stratified state p;. When 9, o,
is not of constant sign, we cannot conclude a priori, even at the linearized level. Indeed, if a density
profile is not monotonous, then we cannot guarantee the proper sign in front of the integral 3, 0| Av/|%
Therefore, if a profile admits a nonmonotonous function in any of its neighborhoods, in arbitrary high
regularity, and in particular in H®, the proof of our stability result does not hold. In particular, when
d;ps < 0 and 9,p; vanishes at a single point zg € (0, 1), this point is also an inflection point and
therefore p;(z) = ps(z0) + O((z — z0)?) in a neighborhood of zg. Perturbing ps by a function of the type
e(z — z0)*x (z — z0) with a cut-off function x € C;°(R) breaks the monotony. Thus, even in the case
when p; is monotonous, but has a vanishing derivative at single point, we cannot conclude.

2.3. Bootstrap argument. The purpose of this subsection is to prove, thanks to a bootstrap argument, that
under the assumptions of Theorem 1.1, the solution 6 of (1-7) enjoys the same decay rates as the ones
predicted by the linear analysis (see Proposition 2.6). More precisely, we shall prove the following result:

Proposition 2.9. Ler 6y € H 5(Q) such that 6ylasq = 9bolag = 0. There exists g9 > 0 such that if
160l o < & < &g the solution of (1-7) satisfies
€

930/ (t < ,
[EX ()IleNHt

186"l S, 160D gs Se, VE>0. (2-8)

Remark 2.10. The interplay between horizontal derivatives of 6 and the considered regularities is
consistent with the operator A~232 from the linearized system

30" =0, = AT29%0.

Note that A~2 denotes the operator solving the bilaplacian A%y = f equation endowed with the boundary
condition ¥ |yq = 0¥ |5 = 0.
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A proof of Proposition 2.9 is provided in the rest of this section. Remarks motivating the necessity
of the bootstrap hypothesis and the method in general are included throughout. We also present our
understanding of the obstacle to the iteration of this method to higher regularity on the perturbation.

Bootstrap assumption and general argument. Let 0 < B < 1. For some Cy > 1, to be chosen later,
let 6 € HZ N HS such that [|6y]| ye < B/Co. In particular [|836}|l;> < B/Co, 186l z+ < B/Co, and
10,00l g2 < B/Cy. Let us note ¥ := ¥|;—9. We also have, according to Lemma B.1, with universal
positive constants gathered under the same notation C,

[Woll g+ < Cll0x05ll2 < CB/Co,
and therefore,

18:8560 li=oll L2 < 11 — 3,80l L 1820l L2 + 185 (V40 - VO [ 12
< (41300l z2) 135 W0ll 2 + 18 (V0 - VOO I 12
< C(B/Cy+ (B/Cp)?).

Up to a choice of Cy > 1 large enough, we find that all the bounds here above are strictly smaller than B.
Therefore, by continuity of the Sobolev norms of 6, ensured by Theorem A.1, there exists a maximal
time 7* € Ry U {+00} such that the following inequalities are satisfied on [0, T*):

B
126" ()]l 2 < s 826" (t) |l g+ < B,
+1 (2-9)

- / —
19:0(t) |l g < B, [19;0x0° (1)l L2 = 02

We recall that these decay rates follow the behavior of the linearized system; see Proposition 2.6.

Let us assume by contradiction that 7* < +00. We show below by a bootstrap argument that hypothesis
(2-9), combined with Lemma 2.4 and Proposition 2.6, actually leads to an improvement of the inequalities,
satisfied with some new constant 0 < B < B, which contradicts the maximality of 7% Whence T* = 400
and inequalities (2-9) hold for all times.

Remark 2.11. Let us wait a little on the choice of the constant B. We will choose B < yy, so that

assumption (2-3) is satisfied on (0, 7*).

Preliminary bounds. Throughout the proof we require estimates on 6" and ¥ derived from the bootstrap
hypothesis (2-9). For the sake of readability, we introduce the following short-hand notation:

and [Igll S z
(1+20) (1+1)

1A%l when || £1] <
———
ar+pr’

First, from an integration by parts, since 0'|3q = 9,05 = 0 (see Lemma 2.1)
[ERASS /SZB)%AG/E)?AH/ = — /Qage/axAze/ < 11820'|| 12118,0"|| g+

We deduce, by assumption (2-9), for all ¢t € (0, T*)

(2-10)

T

1 1 B
1056l 2 S 1930”112, 110:60" (D110 S
(1+1)2

%xl—i—%xo
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We also get by interpolation, for any 0 <m < 4, for all t € (0, T*)

m

00" (1) | gm S 10,0’ (2) 4 0,0 (1) S ——- (2-11)
l lam S || I s S Q10 ?
(1=2)x1+2 %0
We will frequently use Agmon’s inequality in dimension 2, namely
Ve HLAHAQ). [ fle S IAILIFI.,
together with the following direct consequence:
1 1
Ve HINHYQ), IVl SIFILILI,
We infer, in particular, for all € (0, T*)
[ERAGIIESI ERAGIH a2’ (z)n,,z < 5,
141)2
Ix 1+%><% (2-12)
V30" ()l S I|3x9’(t)|| 2[10:6" (t)||H4 ST
1+1)2

%xl—i—%xO

We also need estimates on 1. Any Sobolev norm of order larger than 4 inherits the decays from 6’ thanks
to Lemma B.1, providing, for ¢ € (0, T%),

E

1029 ()l g+ S 1320’ D)1l 2 S 7
(2-13)

S

18:% ()l go S N820" ()| 2 S ——
(141)2

We also need higher-order decays on ,v in L?(£2). We access this quantity thanks to the control of 3,6’
by rewriting
90"+ (u-ve'y

1-G )
We know that ||G ||~ < |G|l g2 < B so it is enough to have B smaller than a universal constant to ensure
that the inverse of (1 — G) is well-defined, which allows us to estimate 9,y and Bfw in L% We illustrate
the computation for 9,y since the same reasoning applies for 8?1// with a few extra terms:

1059 (Dl 2 S 13,0" D)l L2 + - VO'@) || .2
SN80" |2 + 109 (Dl Lo 190" | 2 + 19 ()11 12110:0" (1) ||
B
S13:0" )12 + 18:6' DI +1: 9 Dl 2 T
—_— (1+1)2

e e’
2 2x2

Yy =

Hence for B > 0 small enough once again we get

1829 ()1l > < S Ao
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By interpolation and Agmon inequalities we deduce, in the same fashion as above, the following decay
estimates, with the latest valid for 0 <m < 4:

[ERZOIIEES

B B
N RO = IVOR ()~ S
(1+1)1 (1+1)?

3
2

(2-14)

+0)i

2 < B < 4
VYOl S —. 1929 Ollan S 1107 w(t)lle [N lﬁ(t)llm S
(1 (1+1)
Remark 2.12. Let us come back briefly to the derivation of estimates (2-14), which ensure that i decays
faster than 6'. Note that such a fast decay is necessary to close the estimates: indeed, || ()] y 1.~ should be
time integrable in order that 6 (¢) converges as t — co. Formally, one needs to take an antiderivative in space
of the equation, i.e., apply the operator A—Za§ to (1-7). However, because of the nonlinear term, this is a
rather tedious operation. Therefore we rather derive estimates on 9;0’, and use (1-7) in order to infer esti-
mates on 1. Note that the two operations (taking a time derivative or an antispace derivative) are equivalent
AT29?

at main order, since the linear operator is d; — <. This idea, although simple, seems to us to be new.

HS bound on the solution and H* bound on G. In our nonlinear bootstrap argument, we shall need
some high Sobolev bound on the solution. In order to lighten the proof of the bootstrap as much as
possible, we isolate in the present subsection this technical step.

Lemma 2.13. Let 6y € H(Q2) such that 6y|yq = 9.00]50 = 0. Let T* be the maximal time on which the

assumptions (2-9) are satisfied. Then, forallt € (0, T*),
1 B?
10" gs S BA+072, G(®)lgs < B/Co+CB, ||3rG(t)|ILoo§m-

Proof. We cannot estimate 6’ in H® directly from its evolution equation since it requires an assumption
on G = 9.6 € H®, and therefore on 6 in H. To get around this, we directly perform an estimate from the
whole perturbed evolution equation, namely

00 +u-Vo=u,.
For any derivative of order 6 (and less) of the previous equation, we obtain

6 6 6 6
2dt||a e||L2+/[a u-V109°0 = /aawae

where the commutator comes from the incompressibility assumption and the no-slip boundary condition.
Hence we get

d
10l S 19V llgo + 110°, w - VIO 2.

The first term is dealt with thanks to the bilaplacian regularization (Lemma B.1) and estimate (2-10),

2
185 ll o S 11350 Ml 12 S

.
+1)2

Notice that this %—algebraic decay, issued from the linear system, is critical to prove the %—algebraic
growth control of 6 in H%(Q). Concerning the nonlinear term, we rely on the following tame estimate,
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valid for any m € N,

V. ge H"NL®(Q), | fellan SN flleelighan + 1 flamlglie, (2-15)
which leads to

VfeH"NW (@), ge H"'NL>(Q), 18", flgll2 SNV fllzeliglpm-t+I flzmlgllze. (2-16)
Hence, we decompose the nonlinear commutator into
[0% u- V10 = —[2° 8,¥ 3,10 +[2°, 3, ¥d.16.
Each part can be estimated, thanks to (2-16), as follows:

I10°, 9:9 1001112 S NV L1026 1l 75 + 109 Il s 106 Lo

< 2 / / < B
S IV L 1011 e + 10:07 1 3110507 [ L S s 10l g + —,
—_— 1) l+1
: b+
and
I18°, 810,011 2 SNVl 13:01 s + 185 1| s 11920 oo
5 B B? B?
SV lize 100 gs + 1050 2 VOl S 71101 s + + T
—_— N (141)2 I+t (14102

3

1
2 2

where we observed in particular that

VOl < IVO I + Gl S +B.

(141}
In the end, gathering and summing up all these bounds provides

B2
(1403

d B
100 S ——=10lpe + :
! (1+1)7

and we get

101126 < 160l s + BA +1)2 < BA(1+1)7.

Eventually, let us prove decaying bounds on 3;G and uniform bounds on G. We recall that G = 3,0
depends only on the variables ¢ and z. From the evolution equation and one integration by parts we
observe (omitting the factors % for clarity)

9,0 =—u-Vo = /T(azz/faxe’ 00,0 = —d. /Taxl//e’,
SO we can write

9,G = —33/[3)(1//9/.

The same arguments as above lead to

2
18:Gll 20,1 S I3x ¥ e 101l g2 + 10 W | 210"l oo S

+

(1+0)2+1

E ]

+

=
I
Bl
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Using the H® estimate, we also have

2
18:G ll 0.1y S N0 W o 10 1 ars + 10 Wl s 19 e S

+

(140l

SR
8=
(STE
BN

Since the right-hand side of the above inequality is time-integrable, we infer that

t
Gl a40.1) = 1GOOI 520,17 +/0 10:Gll 20,1y =< B/Cy+CB2.

Moreover, for all t € (0, T™*),
1 B2

3 1
10: Gl S 110Gl 10, Gl S N

X

=+ 5 X

EN[N)
ENIe)
FN-
ISV

Remark 2.14. In the estimate of 3%, it would be tempting to proceed to the same computations as
in (2-6) in order to exhibit a dissipative term, which would allow us to ignore its contribution as for
lower-order derivatives. Doing so requires to control the boundary integrals, which do not vanish a priori
in this case,

/ %9, 19% = —f 20y A%00y = —[| A%y |2, +/ (82050 ABSY — 309 8,80 AYr).
Q Q Q2
For instance, trying to bound the integral involving the higher order of z-derivatives on v provides at best
‘/ 861//32A861//‘ W [ oo 197 W [ oz < BA(1+1)32.,
194

This estimate ensures no better growth control than [|6']| 6 < (1 + )%/ which is not enough to close the

bootstrap and get the control by (1 4¢)!/2

Improvements of the bootstrap bounds. We now improve the uniform bound on 6’ and 9,0 in H*(Q),
relying on the linear analysis from Section 2.2. Since ||6|| g+ < [|0x0’]| 4, it is enough to treat 9,.6". Also
we have according to Lemma B.1 the inequality

10,01 ¢ S I1A%3:6'|l 12

since 9,0’ belongs in particular to Hg N H*(RQ) as detailed in Section 2.1, so it is enough to deal with
3xA%0’ in L*(Q).

Lemma 2.15 (uniform bound for ||3,60’|| 4). As long as the bootstrap hypothesis (2-9) holds we have
13, A%6" (1)l ,2 < B/Co+ CB>. (2-17)

Proof. In view of the application of Lemma 2.4 to A?3,6’, we observe that its evolution is governed by
the equation

3 A%0:0" = (1 — G)a, A%d,yf — [A2Dy, Gy — A%0, (- VO'Y,
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which is of the form (2-1) with A%9, v = 8)%0/ and 9, A3, = BZB)%G’ vanishing on the boundary d<2 and
with
S =—[A%0,, Gloyy — [A%0,, u-V]0 —u-VA?3,6 .

We already know that ||G || 2 satisfies the smallness assumption (2-9) for B > 0 small enough. We show
that S} presents an algebraic decay strictly larger than 1, as in (2-2). To do so we apply the tame estimate
(2-16) to the two commutator terms. Let us emphasize that we need to be thorough by substituting
u = V- such that the transport operator can be written as

u-V=—3,0d + dyd,.

Hence the nonlinear term presents formally only a vertical derivative of order 1. This makes a difference
in the estimates and allows us to reach more optimal decay rates.
On the one hand, we get for the perturbation due to G, using (2-14),
2

1A% G102 112 < G g 1039 I +IV Gl 11039 1 s S .
—_— ——" (+ni

7

i i
Note that we used here the uniform H* bound on G from Lemma 2.13. On the other hand the contribution
of [A20,,u-V]0’ splits into four terms as follows:

[A%0,,u- V10 = —A*(0,0,%3.0") + A2(3>yd,0") — [A%, 0,1410%0" + [A?, 8,119.8,6’.

We estimate each term accordingly. We have, for instance, using the bootstrap assumption (2-9), the
preliminary bounds (2-12) and (2-14), and Lemma 2.13,

IA2(@0293,0") 1.2 S 829 Nl 741180 | oo + 1829 | o0 (1.0 || g+
SN2 211VO (1o + 1029 (| e 16 || 15 <

.
+1)2

1+ -4
The limiting decay comes from one of the commutators, which we estimate, thanks to (2-16) together

with the bounds (2-14), (2-11) and (2-12):

2
A2, 0.91926 112 SV Y loollO70 12 + W 1 5119261 e S Y
)4
3+0 iti
Gathering these estimates provides
BZ
1Sl S —.
1+1)a
and Lemma 2.4 applies, ensuring
1A%0,:0'[l 2 < |A%0,0 .2 + CB>. m

Lemma 2.16 (decay of ||8£0’ l72). As long as the bootstrap hypothesis (2-9) holds, we have

B/Co+ B?

330'|| ;2 <
1070112 S T+1
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Proof. Note that 8;0’ satisfies (2-1) with the source term
S=S8=-d(u-vo.
We can bound the whole term S = S as follows:
1SN 22 < 183D, 8:0") | 2+1183 (8 9,0)) I .2
SN330:0 11201056 | Lo +110: | oo 11956 | 2+ 197 1 211926 | Lo 41185 | o< 1105 926" 1.2
SN02Y 201050 | oo 4 IV [l oo 1976”1 112 + 1059 [ 2 VO [l oo + 105 | 0119761 2 S

>2

(1402

+ +i=2 >2

[N

+i=2 +

[SI[3%}
Blw
[SI[3%}
ENEN]
NI—

Assumption (2-4) is satisfied with § = 1. Additionally, the norm of (A%23-2)330’ = A23,0’ is bounded
according to (2-17), so assumption (2-5) is satisfied with A = ||A28x9(’)|| 2+C B? and o = 0. Moreover,
the traces of 326’ and 3,060’ vanish as a direct consequence of Lemma 2.1. Therefore min(1 +a, §) = 1
and Proposition 2.6 provides

1
T+
Using inequality (2-17), we obtain the desired estimate. ]

1856 112 < (1920411 L2 + 182850 [| oo (0.07.2) + B

Lemma 2.17 (stronger decay of ||3;0,0'(¢)| ;2). Under assumptions (2-9) we have, for all t € (0, T*),

B/Cy+ B?
/
10:0x0" I 2 S A+

Proof. The pair (9,0,0’, 9,0,v) satisfies (2-1) with
S=—8,Gd*Y — 8,0, (u- V8.

Note that 9,0,6" and 9,,0,9,6  vanish on the boundary, from Lemma 2.1. In order to apply Proposition 2.6,
we have to bound (Aza;z)ataxe’ in L2(R2). Going back to (1-7), we have

A?9719,6' = A (1 — G)y) — A% (u-V8)),
the norm of which can be estimated as
1A%0,10,6ll 12 < A+ G ) 1AW (112 + 1 A%0; (- VO | 12
S80I 2 + 1Y s VO Lo + VY [l 181 s S

+

B/Cy+ B? N B?
141 (l—l—t)%.

ESIN
D=
W
Bl

Hence assumption (2-5) is satisfied witho =1 and A = C(B/Cop + B?).
Letus set S| :=u-Vd,0,0’, indeed orthogonal to 9,9,6" in L?(S2). We further define

Sy = —8,Gd>y — d,u- Vb,
SA = 0;0,u-V0 —0;u-Vob,

so that S| + §) + Sa = S. Let us now check that §) and Sa satisfy the assumptions of Proposition 2.6.
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The first term in S can be bounded directly as follows, using Lemma 2.13:
BZ
(I+0%

10:GO>Y |12 < 19, Gl 102% ] 12 S
242

The second requires, for instance, a bound on 3,0 in H'(2), obtained directly from the evolution equation:

18:0" Il 1 S (L + yo) 10x Y|l g1+ Il - VO || 1

SA+y) oyl g+ lullgi VO || Lo + ull L IVO' || g1
SA+yo) 10:¥ g + 1Y 1 g2 1V0 e + IV Lo 107 2 S N )1'
r)4
: 1+ 1+
2
(1+0)%

SIS}

+

[N

Hence
0xte - V30"l 12 S H0xull Lo 180" 1 g1 S NIV Lo l10:0 | g1 S

and § satisfies the assumption (2-4) with o = C B?and § = ?T' Continuing our computations,
Bl A3 0x |l 2

18:8x2 - VO'll 2 SNV Y Il 2 VO [l S i
— (141)2
2
and the same consideration applies for
B|| A3 0|l 2
10 - V30l 2 S IVl VD8 || § —————.
— 1+0n2
2
Hence
Sp = 0,0,u-VO' —d,u-vVo.0
indeed satisfies assumption (2-4). Finally Proposition 2.6 applies with min(1 + «, §) = 2 and we obtain
B/Co+ B?
10,0,/ § ZL0E D O
(14+1)?

Conclusion. Let us close the bootstrap argument. Assuming ||6y|| ys < B/Cp, we had, by continuity-in-
time of the Sobolev norms of 8 ensured by Theorem A.1, existence of a maximal time 7* € R} U {400}
(2-18)

such that (2-9) is satisfied for any ¢ € [0, T*), reported here:
1061l g+ < B,

3302 < —,
100" 2 < T+

I1Gllg> < B, 000"\ 2 < TR

These decay estimates induce, as shown in Lemmas 2.13, 2.15, 2.16, and 2.17 that (2-18) holds for

another constant B defined as
0
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where C > 0 is universal. By choosing Cy large enough and B small enough, we have B < B and
inequalities (2-18) are strictly satisfied for any ¢ € [0, T*). Therefore T* must be 4+-00; otherwise the
continuity of ¢ — ||6(¢) || ys would imply the existence of a larger validity time interval for (2-18). In the end,
these bounds are valid for all times, and setting ¢y := B/Cy closes the demonstration of Proposition 2.9.

Remark 2.18 (generalization at any order). Motivated by the fact that the perturbed subproblem

9,0f6" = (1—G)of 'y,

Ay =000,

o = 040 P lae =0
is stable under horizontal derivation we could expect to propagate arbitrarily high horizontal regularity
on 6'. Nevertheless, our proof relies on the control

16116 < (1+1)2,

which we can obtain thanks to the classical divergence-free condition on # canceling the extra-derivative
term. Let us try to do the same on 30; we write

=1
3004+ > Coxd ™ u- Voo +u-valo = sy,
k=0
and multiply by 86" Then the estimation does not close, even though one of its terms does not contribute,
just as in the initial equation. Indeed, we have
1d

-1
- 1
3 100N X Coe [ 306w V300800 + 5 [ u-V10°0[61° < 109 w1350 -

e’
=0
Note that crossed derivatives integrands, such as

/Qaj;’u - V%9859L0

do not lead to a vanishing integral. Hence deriving an estimate on afe/ in H° requires first the derivation
of an estimate of 6 in H*, in the spirit of Lemma 2.13. We will derive such estimates in Section 4 (see
Lemma 4.3), at the price of much stronger and more complicated bootstrap assumptions (see (4-3)).

2.4. Convergence as t — oo and identification of the asymptotic profile. Regarding the asymptotic
behavior of the density for the Stokes-transport system without any assumption on the type of initial data,
we can only say that if p converges toward some p, in H !, this limit profile is stratified. Indeed, the
energy balance (1-2) ensures that u € L*(Ry, H"), and since u is also Lip(Ry, H ) by linearity of the
Stokes system, we infer that ||u(?)|| ;1 — 0 as t — oo, but without any information about its decay rate.
At least we have

IVp+pecllyr S lullm —— 0.

The H~! convergence of p leads to the existence of p, such that

V Poo = —pooe;.
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Observing that 9, poo = 0 and that the domain 2 =T x (0, 1) is convex ensures that p., and p, are both
independent of the horizontal coordinate x.

In the context of a small perturbation of the stationary profile p;(z) = 1 — z, we obtained explicit decay
rates for Sobolev norms of u. We show that these decays are sufficient to ensure the strong convergence
of p toward a limit profile po.. Moreover, the smallness of the perturbation 6 does not affect the vertical
monotonicity of the whole density p, from which we deduce that p, is exactly the vertical rearrangement
of pg.

Proposition 2.19. Under the assumptions of Theorem 1.1, the whole density p converges in H™ for any
m < 4 towards its vertical decreasing rearrangement.

Proof. The proof is divided in the following steps:

Convergence. 1Tt is enough to show that d; p belongs to L'(R,, H™) for m < 4, which implies the strong
convergence of p(¢) in H™ and existence of a limit p,. Let us estimate d;p in H™ for any 0 <m <4,
using the tame estimates (2-15)

ol gm = llu- Vollgn < 0: ¥ 0xpllam + 11090l m
S IVl locpllam + 1l gmei10xpll e + 110x W oo |0 et 4+ N0x P L 19201l oo

Recalling that 3.p = —1 4+ G + 9.6’ is bounded in H>(L), that 3, p = 3,6’ decays as (1 +1)~'+"/4 for
m < 4, as well as the decay estimates (2-13) and (2-14), we find

2
9ol m < — 2
(025

which is integrable for any m < 4, hence the convergence.

Stratified limit. Since p converges, so do 6’ = (p — p,)’ and 6 = p — p;. We obtained in (2-8) that 6’
vanishes in H” for m < 4, and therefore the limit p is stratified. Hence po, can be written as the sum
of py and the limit 4, of 6. In view of (2-8) this limit satisfies in particular ||3.0 ||z~ < Ceg, with the
notation of Theorem 1.1. At least for g > 0 such that Cey < 1 = —09, py, we know that Sup(g.1) 92000 <0,
which means that p is strictly decreasing with respect to z.

Rearrangement. The divergence-free character of the velocity field u ensures that all L? norms and the
cumulative distribution function of p(¢) are preserved along time, in the sense

VA=0, [{p@®) >} =I{po > A}. (2-19)

This property transfers to the limit state po, by L7 strong convergence of p. According to rearrangement
theory such as that developed in [Lieb and Loss 2001, Chapter 3], we say that two maps are rearrangements
of each other if they have the same level sets, in the sense of (2-19). Adapting slightly the construction of
[Lieb and Loss 2001], we know there exists a unique vertical decreasing rearrangement of pg : 2 — R,
which can be defined as

N o)
P (2) == fo Lo<z<|{po>2y dA.

In the end, we know that po is a decreasing rearrangement of po; therefore it is p; by uniqueness. [
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Remark 2.20. Note that the above argument extends immediately to the settings investigated by Elgindi
[2017] and Castro, Cérdoba and Lear [Castro et al. 2019a] for the incompressible porous media problem,
as mentioned in the Introduction.

Notice that we actually have ||3,60]|.~ < &g for all times. Therefore the total density has a strictly
negative vertical derivative, for all x € T and for all times ¢t € R, since

8Zp(t7-xa '):_1+820(t7x5 ')7

and the density reordering is essentially horizontal. This is a rare case in which we can describe the
asymptotic profile. This intuition of having heavy fluids sinking under the lighter ones prompts to wonder
if, at least in a weak sense, the density profile should always converge toward the vertical rearrangement of
the initial datum, unless it is already stratified. This question remains open, both for the Stokes-transport
equation and for the incompressible porous media.

3. Formation of large-time boundary layers in the linear setting: proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. We consider the linear problem

060 = dyy in (0, +00) x 2,
Ay =30 inQ, VYlag=3dwVlsq=0, (3-1)
0(t = 0) = 6y,

with 6y € H%(Q) arbitrary. The difference with the linear analysis of Section 2.2, and in particular with
Proposition 2.6, lies in the fact that we do not assume that 6y and 0,6y vanish on the boundary. As a
consequence, as explained in the sketch of the proof in the Introduction, boundary layers are created as
t — oo close to z =0 and z = 1, and the purpose of this section is precisely to describe the mechanism
driving the apparition of these boundary layers. We will therefore decompose 6 as the sum of an interior
term decaying like #~! in L? and some boundary layer terms which lift the traces of 6 and 3,6 on the
boundary. This will lead us to Theorem 1.2. We will then return to our nonlinear system (1-7) in Section 4.
In fact, we will prove a more precise version of Theorem 1.2:

Proposition 3.1. Let 6y € H*(2) for some s > O sufficiently large. Let 6 € C(R., H®) be the unique
solution of (3-1). There exists a boundary layer profile 68" of the form

4 o ,
6B = > 1+ 1) 71O (X, Zoo) + Ol (X, Ziop)),
Jj=
with Zpoy = z(1 +1)Y* and Ziop = (1 — 2)(1 +1)V/4, such that 0™ = 6 — 6B satisfies, for all t > 0,

60|l 5
1+t

160l 25

aZein[ t < .
I X ()”L2N (1—i—l‘)2

o 18 O s S N6ollms,  1AT220™ (@) )12 <

Furthermore, there exists a constant ¢ > 0 such that ||®é( Dl sy S 6ol as exp(—cZ4/5)f0r all Z > 0.

The organization of this section is the following. After motivating the ansatz (1-6), we formally derive
the equation satisfied by the boundary layer profiles. We then construct the boundary layer part of the
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solution, denoted by 6B, and we establish some properties. Eventually, we prove that § — #BL satisfies
the assumptions of Proposition 2.6, and we conclude.

3.1. Motivation for the ansatz and derivation of the boundary layer equations. We recall (see page 1966)
that a simple spectral decomposition suggests that the solution € has strong variations close to the
boundaries, and that 9(¢) |y = 6olsq, 9.0 (t)|sq = 9.6p|se. Hence we take an ansatz of the form

0(t) ~ 6™+ 0 Ot(x (1+0%2)+ @top(x A+0%*0 —2))
+(LH)“&MQ(1+0%)+U+4)“Q®@41+0%1—@%H0L
for some o > 0 to be determined, where
0™ 50 = 3.0™sg =0,

bot(x Z)— 0 and @{Op(x Z)—>0 asZ— oo.

The role of ©Y

top
boundary z = 0). Hence we take

top(x Z=0)=6p(x,z=1), 98;0° (x,Z=0)=0

bot(x Z=0) =6y(x, z=0), 82®b0t(x Z=0)=
In a similar way, the next-order boundary layer terms ®! and ®t1>0t

OL,(x, Z=0)=0, 3,0 (x, Z=0) = —3.0p(x, z=1),
@bot(x, Z=0)=0, 8Z®bot(x, Z=0) =0,00(x, z=0).

Similarly, we assume that
Y () =Y+ 1+ 07U (L (L+D%2) + (1070 (x, (14+0)%(1 —2))

F (407 W (x, A+ 0%2) + (1407 (x, (1+0)%(1 = 2)) +Lo.t.,

(resp. of ®b0t) is to lift the trace of y at the top boundary z = 1 (resp. at the bottom

top
top lift the traces of d,6p on 92, i.e.,

top

where
W =9,07,
W/ =9,9/=0 onZ=0,

IIIC{ — 0 as Z — oo, a € {top, bot}.
Plugging these ansatz into (3-1), we find that at main order

a(l4+1)7'28,0% = (1 4+1)~*5,w’.
Consequently, identifying the powers of (1+1), we take o = %, which is precisely the ansatz (1-6). Hence
the equation for 1112, a € {top, bot}, becomes

1Z5w0 =920 in T x (0, +00),

0 0
‘I’a|Z=o = aZq’mz:o =0,
0
3§‘y2|z=o =y (), 85 lI’a|z =0,
limz_, o \I’,?(x, Z)=

(3-2)
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where yé)ot(x) = 0,0y (x, z=0), ytgp(x) = d,6p(x, z=1). Note that the above boundary conditions are

redundant: indeed, if 9z \Ilgl 7o =0, then it follows from the equation (after one differentiation with respect

to Z) that 95 "I’g\zzo = 0. Hence in the following subsection we will drop the condition 93 "I’g\zzo =0.
In a similar fashion, the equation for \I/;, a € {top, bot}, is

—3 Wl +Z33w! =432W!  in T x (0, +00),
1

‘.II;‘Z=O = aZ\Ila|Z=() = Oa

aéqﬂhzzo =0, 8§\Ij¢%|z:0 = Val (x),

limz—00 W} (x, Z) =0,

(3-3)

where yy,, (x) = 8,8,60(x, 2=0), Y0p(x) = —03,8:00(x, z=1). Once again, the condition d3¥, ,_, =0
is redundant and is automatically satisfied when one takes the trace of the equation at Z = 0, using the
other boundary conditions. We now turn towards the well-posedness of (3-2) and (3-3).

3.2. Construction of the main profiles. The well-posedness of (3-2) and (3-3) stems from the following
result:

Lemma 3.2. Let m > mgy > 0 and let S € C([0, +00)), & > 0, such that

1 2 00
IS = | s az+ [ 752 exp(57%)dZ < +oo.

Consider the ODE
Z3W(Z) = —mW(Z)+S(Z) in (0, +00), Z]im W(Z) =0, (3-4)
—> 00

endowed with one of the following four boundary conditions:

(i) W(0) = dzW(0) =35 W(0)=0.

(ii) W(0) = 33 W (0) = 93 ¥ (0) =0.
(i) W(0) = 32w (0) = 33 ¥ (0) = 0.
(iv) W(0) = 3z¥(0) = 92¥(0) = 0.

Then there exists a constant ¢ > 0 depending only on mg and § such that (3-4) endowed with one of the
four previous conditions has a unique solution ¥ € Hlic([RiJr) such that, forallk € {0, ...,5},

ok 2 4 2
/0 105w (2) 2 exp(cZ5) dZ < C||S|1* < +00.
As a consequence, for k < 4, there exists a constant C such that
105w (z)| < C|S| exp(—gz%) VZ > 0.

The proof of Lemma 3.2 is postponed to Appendix C, and relies on the use of the Lax—Milgram lemma
in weighted Sobolev spaces. As a corollary, we have the following result:
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Corollary 3.3. For all j € {0, 1}, there exists a unique solution x; € C*°(0, +00) of the ODE
Zogx; — Jogx;+4x; =0 on (0, +00),
endowed with the boundary conditions
e X0(0) = 3zx0(0) =0, 33 x0(0) = 1,
e 97x1(0) =35 x1(0) =0, 33 x1(0) =1,

and such that, for j =0,1, 0 <k <5,
o0 K 4
fo 105 x;(Z)| exp(cZ3) dZ < +oo.

Furthermore, 8%)(0(0) = x1(0) =0.

Proof. Let us start with xo. Let n € C2°(R) such that n = 1 in a neighborhood of zero. Then xo — Z4n /4!
satisfies (3-4) with the boundary conditions (i) and with a C*° and compactly supported source term.
Hence the result follows from Lemma 3.2. The C* regularity of yq follows easily from the ODE (3-4)
and from an induction argument. Differentiating the ODE and taking the trace at Z = 0, we obtain
37 x0(0) = =43z x0(0) = 0.

Concerning xp, we first consider the solution of the ODE

Z33¢+4¢ =0 on (0, +00),
¢0) =700 =0, 9700)=1, ¢(+00)=0.
The existence, uniqueness, and exponential decay of ¢ follow from a lifting argument and Lemma 3.2 with
boundary conditions (ii). We then set x((Z) = — fZOO ¢ and note that 82(283)(1 — 8%)(1 +4x,)=0. As a
consequence, Zag)(l (Z2)— 3§X1 (Z) +4x1(Z) = const. =0 on (0, +00), thanks to the decay properties

of ¢ at infinity. Hence the existence, uniqueness and decay of x; follow. Taking the trace of the equation
at Z =0, we find that x;(0) = 0. O

Let us now explain how we construct the boundary layer profiles \IJL{ for a € {top, bot} and j =0, 1
which satisfy (3-2) and (3-3). Taking the Fourier transform of (3-2) with respect to x and dropping the
index a, we infer that @,? satisfies

174530 20
450 A0 30 G0
aijk\Z:O =Yk> lI’k|Z=0 = 8Z‘I’1<|Z=0 =0.
Considering the function xg defined in Corollary 3.3, it is then easily checked that
~ oA 1
Wy = (k1727 xo (k|2 2)
is a solution of the problem. We infer that

A~ 1 P
W(x,2) = Y k7200 xo(k|ZZ)e™™ (3-5)
kez\{0}
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is a solution of (3-2). In a similar way,

5 . 1 ;
Uy(x, Z) = > |kI729,, x1(k|ZZ)e™ (3-6)
kez)\{0}
satisfies (3-3).

As a consequence, we have the following estimates, which follow easily from formulas (3-5) and (3-6):

Corollary 3.4. Let yf, yal € LA(T). Then (3-2) (resp. (3-3)) has a unique solution \Ilg € H)C9/4L2Z ﬂLi H;/z
(resp. \I—‘; € H;1/4LZZ F‘IL)ZCH;/Z). Furthermore, for all m > %,
Il e S UvQ lamon SU:00l pmriys  1Wellzmm S Ive llgme-sm S 10<60l w72y

1 1 1 1
IWall a2 S NVa lam-1s S 060l gm-sisc@y,  1WallL2mm S N¥a lame-nm S 105601l -5 (.-

Additionally, the profiles \112 and \IJ; have exponential decay: there exists a universal constant ¢ > 0 such
that, for any Zo > 1 and any m € N,

4
I T 20,00 S 16011111 (@) €XP(—EZ),
4
W | (T zo, 4000 S 1601l r2() €XP(—EZ3).
3.3. Construction of an approximate solution. The idea is now to find a decomposition of 6 as 6§ =
OBL 4+ gint where #BL is a solution of
3,60 =92A"%0BL 1 5,
with a remainder term S, such that, for some § > 0,
S, =01+  inL* <),
Sy =0(1+n"""") in H(Q),
S (1) =0(1+n")  in LX),
and a boundary layer profile 6BL such that 8B |5 (r = 0) = 6plaq, 9,0B"|sq = 9,0]sq. Recall that the
operator A~2 is endowed with homogeneous conditions for the trace and the normal derivative on the
boundary of 9€2.
As a consequence, the interior part 6™ satisfies
8t0int — a%A—Zeint _ Sr

and the trace of #'™ vanishes on 9<2, together with its normal derivative. Thus we may apply Lemma 2.4

and Proposition 2.6, and we obtain ||0™]|;2 = O ((14¢)~1), which will complete the proof of Theorem 1.2.
The main-order part of 8B will be given by the profiles @{;, Jj=0,1, a € {top, bot}, constructed in

Corollary 3.4. However, a few adjustments must be made in order to have a suitable decomposition:

« First, the profiles G)é must be truncated away from z = 0 and z = 1, so that their (exponentially small)
trace does not pollute the opposite boundary. Since ®£ has exponential decay, this introduces a remainder
of order exp(—ct!/3), which will be included in S,. More precisely, the error terms generated by this
truncation will be dealt with thanks to the following lemma, whose proof is left to the reader:
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Lemma 3.5. Let W € L*(T x (0, +00)) such that there exist ¢, C > 0 such that

o0
fT/ 1W(x, Z)|*exp(cZ3)dZ dx < C < +oc.
0

Let ¢ € L*°(0, 1) such that Supp¢ C (}1 1). Then there exists a constant ¢’ > 0, depending only (and
explicitly) on c, such that

1 1
G, L+ D328 @ 2 S Clig lloo exp(—c'(1+1)5).

» More importantly, the main-order profiles (@;ﬁ, \Ilcf) for j =0, 1 do not satisfy exactly
A1+ 07 (x, (1+t)%z)) O (x, (1+1)i2).

Indeed, when constructing \112, we only kept the main-order terms in A2 i.e., the z-derivatives. It turns out
that the term 283 812 in the bilaplacian generates an error term in the equation which is not O ((1 + H72).
As a consequence, we introduce lower-order correctors, whose purpose is precisely to cancel this error
term. We emphasize that the construction of such additional correctors is quite classical in multiscale
problems. In order to determine the order at which the expansion can be stopped, we will rely on the
following lemma, whose proof is postponed to the end of this section:

Lemma 3.6. « Let f € H*(T, Lz([RR+)) such that there exist constants c, C1 > 0 such that, for all
kef0,...,4},

10K £ (x, Z)| < Crexp(—cZ5) V¥(x,Z)eT x Ry, (3-7)
Then there exists a constant C depending only on c¢ such that
_ 1 CC1
A2 (fx. A+ x@)] 2 < —-
(1+1)3

Furthermore, if
2 * 3
/ Z2f(x, Z)dZ=/ Z3f(x,2)dZ=0 VxeT,
0 0

this estimate becomes

ccC cCy
T 141
e Let f € HX(T, L*(Ry)) such that (3-7) holds for all k € {0, 1,2}. Then there exists a constant C
depending only on c such that

|A2(f 0, A +D7Dx )] 2 <

_ 1 CC1
A2 (fx, A+ x@)] . < —-
(1+1)2
With the two above lemmas in mind, we define B in the following way. Let x € C°(R) be a cut-off
function such that x =1 on ( 7 4) and Supp x C ( ) We look for 6Bl in the form

i i 1 4 J i 1
OBL(r,x,2) 1= Y (1 + 0710, (x. (1 +03)x (@) + Y (1 +0 7500, (. A+ 03 (1 —2)x (@~ 1)
j=0 j=0

BL
Hbot + Qtop
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and

4
PP x )= Y (D) TR (1+r)4z)x<z)+2(1+t> 1w G, (140 (1=2) x 1)

Jj=0 Jj=0
]//bot—i_wtop

The profiles @{;, \IJ,{ for j = 0,1 and a € {bot, top} were defined in the previous subsection, and we
now proceed to define @fl., \IJJ for j > 2. The reason why we stop the expansion at j =4 follows from
Lemma 3.6, as we will see shortly.

We focus on the part near z = 0, since the part near z = 1 works identically. Setting Z = (1 +1)/*z,
we have

9 iy j
o b = (1+1)” 12(l+r> =170 2) + 52020}, (x. 2)]x ).

j=0
For j =0, 1, the bracketed term in the right-hand side is simply axlllgm(x, (14+1)17%7). Similarly, we
choose ¥, for j =2, 3,4 and a € {bot, top} so that

W] =—1j0!+ 170,07, (3-8)
With this choice, we have

9,6%L = o, yBL.

There remains to choose ®£ so that 9,8l = A‘28§9BL + O((14+1)7%) in L2 To that end, we observe
4 4

_I i _1_J i
A wbot—Z(Hf) SR (L Z) (@) +2) (14172 F 002 W (x, Z)x(2)
j=0

A+ (x, 2)x(2)

M#o

3

]:0
4
#3030 (3) a0 o 22 P

j=0 k=0

~

1

+2 Z( )+ 0205wl (o, X0 @),
j=0 k=0

The last two terms are handled by Lemma 3.5 (anticipating that \IJC{ will have exponential decay for
j=2,3,4).
We obtain

APYBL = 5,685 4+ 0 (exp(—c'(1+1)3))
(1072 =00 + 05 Wi, 420705 W 16, 2)x ()
3
+ (L4175 [—0, 08, + 35 W + 28705 1(x, 2) (2)
+(1+1)7"[-0, @bot+ AW +20202WE 4+ 0100 (x, Z)x(2)
+Y A+ (x, 2)x(2) (3-9)

j=5
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for some functions ®;  depending on the profiles W/ . (for instance ®° = 23232} + W] ). Thanks
to Lemma 3.6, the inverse bilaplacian of the last term has a size of order (1 4 ¢)~2 in L% Hence it will be
included in the remainder S,. Note that the reason why we need to stop the expansion in B at j = 4
is dictated by the above formula and by Lemma 3.6. If we stop the expansion for a lower j, then the
remainder may be greater than (1 +¢)~2in L

Therefore we focus on the terms of order (1 + ¢)~//* with Jj =2,3,4. We treat the cases j =2 and

Jj = 3 simultaneously, and we will focus on the case j =4 later.

o Construction of \I’L{ for j =2, 3: Remembering (3-8), we choose @é and \IJ[{ for a € {bot, top} and
Jj =2, 3 so that

0,V = —1j0l+129,0], —5,0] +05W] +2022w/ 2 =0,
endowed with the boundary conditions

lim W) =0, W/(Z=0)=3d,V¥/(Z=0)=0/(Z=0)=03;0/(Z=0)=0.

Z— 00

As before, we note that the boundary conditions at Z =0 are redundant. Eliminating ®}, from the equation,
we find that W satisfies

ZSW) — jorw) = 497w + 8/,
W/(Z2=0) =03,V (Z=0) =0,
1

W = 2922w/ 2 =—28§/ atZ=0,
Z*a x°Z Fa j a 4 (3_10)
W = 2923w % = —j%lazsg at Z=0,
lim ¥/ =0,

Z—00

where S,{ =—2(Zdz — j)a)%B%\IJZ_Z. Therefore
858) = —270) 7 92wi =2 = —8p%9, P wi2,
As a consequence, aé lIJL{ is a solution of

Z0305,W) = 40205, w) — 8040 w2,
Wl =0 atZ=0,
03W) = 2022w %, AW =—20203w] 0 atZ=0,
limyz_, o 05, W) = 0.

Note that the boundary condition aé \DL{ (Z=0) =0 follows from the identity

8.05w] =1z5/ 0.

Taking the Fourier transform with respect to x, we observe that 8% W, (k) satisfies (3-4) with nonhomoge-
neous boundary conditions of type (iii) (for j = 2) or (iv) (for j = 3). Using the Fourier representations
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(3-5) and (3-6) for W° and W', we anticipate that \Ilg and \113 can be written as

W2x, Z)= Y K790 xa (k2 Z)e,

kez\{0}
3 -3 31 th (3-1D)
\Ija(xvz): Z |k| yakX3(|k|ZZ)e
kezZ\{0}

with x2, x3 € C*°((0, +00)) decaying like exp(—EZ4/ 3). The precise construction of x, and x3 will be
performed below. We obtain the following result:

Lemma 3.7. Let a € {top, bot} and y?, y! € L*(T). Consider the solutions W2, W} of (3-2), (3-3) given
by Corollary 3.4.

Then there exist unique solutions \IJZ € H; /4

5/2

L2NL2H)? W3 e H]* LN L2H)? of (3-10). Further-

more, for any m € N,
1l 2, S 1800l sy, 193N 20y S 18<60ll gma-s ey
13l 2, S 1800l gy, 1N 2y S 18<B0ll rmra-tys -
Additionally, the profiles 11’3 and \Ps have exponential decay: for any Zy > 1, forany m € N,
1921t 000 S W01 exp(—éz%>
I3 1 i (T (20,4000 S 100 11202y €XP(— CZ )

Proof. In view of (3-11), it is sufficient to construct x, and x3. We first construct the solution ¢; of

Z050,(2) = —4;(2) =83} " xj-2, |
$;(0)=0, aé_fq&j(O) = —202x,;-2(0), a;‘fq’;j (0) = —283 x,-2(0),

Note that after a suitable lifting, ¢; satisfies (3-4) with the boundary conditions (iii) from Lemma 3.2 (for
J =2)or (iv) (for j = 3). Hence the existence and uniqueness of ¢; (and its exponential decay) follow
from Lemma 3.2. Now, define y; as

Mxj=dj, xj(+oo)=0 for0<k<j—1.
It follows that x; decays like exp(—EZ4/ 5). Furthermore, by construction
OLLZOxj — jO3xj +4x; —2(Zdz — ))d%xj—2] =0.
We deduce that Zagx, ]BZXJ +4x;+2(Z3z — ])BZXJ 2 is a polynomial of order at most j — 1, which
has exponential decay at infinity. Therefore, the following equality holds:
Zdx;— jogx; +4x; —2(Zdz — j)d5xj—2 =0.

Taking the trace of the above identity at Z = 0, we infer that x;(0) = 0. In a similar way, we also find
that x /(O) 0. Now, defining \Il] by (3-11), we obtain that lI’J satisfies (3-10). The Sobolev estimates
are then a consequence of the Fourier representation formula. U
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« Construction of W?: The definitions of W and © are similar. We choose W such that
ZooWd — 493w = 492w + 52,
VH0) =092 (0) =0, FWi=—1St HUi=—-19;5t atZ=0,
limz_, 0 W# =0,
where
St=—(Z8; —4)(20202¥> + 8} w0,

Therefore the Fourier transform of 8? \D;‘, after a suitable lifting, is a solution of (3-4). The main difference
with the construction of W for j < 3 lies in the fact that 35 W4 is not fully determined. Indeed, we lack a
boundary condition on 85 \I—';1 for some k£ > 6. Once again, this phenomenon (a high-order corrector is
underdetermined) is quite common in multiscale problems. In fact it turns out that W could be determined
in a unique fashion if we were looking for a higher-order expansion (see Remark 3.8). In this case, we
should choose \I!f)‘ot
wish to close the first-order expansion, we simply further require that 8% lIf;‘|| z=0 = 0, so that the lifted

so that 8; @ﬁotl 7o lifts the trace of A26 |.—0. In the present case, since we merely

Fourier transform of 93 W? satisfies the boundary conditions (i) of Lemma 3.2. We conclude that W is
well-defined and satisfies the same estimates as W, for Jj < 3. The details of the proof are left to the
reader.

3.4. Estimate of the remainder and conclusion. At this stage, we have constructed 6BL such that, for
all 7 > 0,

68 (1) s = 0()]aq = olsa,

30B"()]aq = 3.0 (1) aq = dnbolac
and

3,68 = A=2920BL + A=29, T, + O (exp(—c(1 +1)5) in L,

where T, = Tiop + Tpor and
T = | (40706, (1052 x()],

j=5
with a similar expression for Ti,p. According to Lemma 3.6,
IAT2 Tl S 0ol as (L + 072 18, A720 Tl 2 S 6ollas (14172
Furthermore,
) _3
IAT= Tl s S N0xTrll2 S 6ol gs (1 4+1)"4
for some finite (and computable) index s > 0. Therefore pint — g — 9BL solves
3,6™ = 92 A2 — A729.T, + O (exp(—c(1 +1)3),

and 6" = 9,0 = 0 on d$2. We first apply Lemma 2.4 to A%6'™ and find that || A20™(¢) ;2 < [|60|| s for
all # > 0, for some finite s. From there, we apply Proposition 2.6 to 8)%9““ with o = 0, and we deduce that
||8§01m(t) 22 < N160llas (14+1)~L As in Section 2, estimates on ™™ can be obtained by deriving bounds
on 9,0™. More precisely, applying Proposition 2.6 to 8,6™™, we find that [|3,0™(¢) ;2 < 1160l zs (1 +1) 72,
and therefore || 8§A_29i“‘||Lz < 116l s (1 + )2 This completes the proof of Theorem 1.2.
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Remark 3.8 (construction of an approximation at any order). Since A6 solves the same equation as 6,
one can easily iterate this construction. More precisely, if 8y € H*, it can be proved that there exist
sequences of profiles (O], ®fop)05 j<4k such that the following result holds:
H i 1 ' 1 ;
0(t,x) =Y (1+0)7 O] (x, A +1)72)x(2) + Oopx, 14+ (1 =2)) x (2 = D]+ (1)
j=1
and

10Ol 2 S 102 o S 1.

(1+nk

"/ is to lift the trace of A%/ at z = 0, the one of @fc)j;rl is to lift the one of

For instance, the role of ©,

9,A% 6 at z =1, etc.
The details of the construction are very similar to the ones of the profiles ® for 0 < j <3 above and
are left to the reader.

3.5. Proof of Lemma 3.6. We first define a function f] such that

37 f1=f,

and 8§ fi1(+00) =0 for 0 < k < 3. Note that the exponential decay assumption on f ensures that f;
exists, and f € W*% N H* Moreover, for 0 < m;, m, < 4,

™19 £, (x, Z)| < C exp(—cZ3),
with possibly different constants C and c. Setting Z = (1 4 1)!/#z, we infer that
1
AN A+D7 i, D) x @) = f(x, 2)x (@) +2(1 + 1) 729795 fi(x, Z) x(2)
F(1+07"0% fi(x, Z)x(2) + O(exp(—cts)) in L2,

where the term O (exp(ct'/?)) stems from the commutator-involving derivatives of x (see Lemma 3.5).
Note that 8)%8% f1 satisfies the same decay assumptions as f, and therefore we can lift it by another
corrector f> such that

07 fr = 20307 fi,
i.e., 9% f» = —202 fi. Therefore

AT+ A, 2)+( 1072 fo(a, 2)x@)=f(x, 2)x@+0((1+07" inH2

The only remaining issue lies in the fact that f}, f> and their normal derivatives do not vanish on the
boundary. Hence we set a;(x) = f;(x, 0), b;(x) = 9z fi(x, 0), and we add a corrector

A x, 2 =— X A+07 7 (@) +2(1+0)ib(x0)) 1 (2).
i=1,2

Now

A((A+0)7 f10, 2+ 4072 folx, D) x @+ +D7 ) = f (6, Dx () +0((1+0)77) in H?,
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and for k =0, 1
(DT i, D)+ (A +0D72 Hlx, 2)x @) + A +0D7" ) lag =0.
It follows that
(1407 it D+ U+ 73 x, 2)x@+A+D 7 f5=A72(f(x, 2)x @)+ 01+~ in H2.

Let us now prove that when [, Z2f(-, Z)dZ = [;° Z* f(-, Z) dZ = 0, we gain an additional factor
(14+1)~Y4 Tt can be easily checked that

I Y B v _
fllz:o—6/O Z°f(-,2)dZ =0,

1 o0
0z filz=0=—73 | Zf(-,2)dZ =0.

Hence, with the notation above, a; = b; = 0 and therefore f3 = O((1 + 1)~ /%), With the same
arguments, we infer that

(407" fitx, 2+U+073 fr(x, ) x @Q+14+07" r=A"2(f(x, 2)x @)+O0((1+)"") in H2. O

Remark 3.9. Note that the first statement of Lemma 3.6 provides a better decay of the H~2 norm, but the
second one requires less horizontal derivatives on f. In the next section, we will also use the following
variant: Assume that there exists a sequence (yx)xez such that

. 1
fx,Z)y="Y we™o(k|22),
kez\{0}

where ¢ € C®(R) decays like Cj exp(—cZ*/°). Then, following the previous computations,

_ i _ 1
hx2)= 3 k7 we™ o (k2 2),
kez\{0}

. 1
L, Z)=2 Y |k e O (k|2 2),
kez\{0}

where 9% o™ = ¢, and ¢=™ (+00) = 0. Hence

1A A+05x @) S X kPnP) a+n75
keZ\{0}

4. Long-time boundary layers in the nonlinear setting: proof of Theorem 1.3

We now go back to the long-time analysis of (1-7) when 9(’) = 8,,9(’) =0 on 0Q2. We recall (see Theorem 1.1)
that in this case 6'(¢) converges towards zero in H® for all s < 4 as t — o0.

A natural question is to investigate whether the algebraic decay rate provided by Theorem 1.1 can be
improved, possibly at the cost of a stronger regularity requirement on the initial data. In other words,
if we assume that 9y € H® with s large, can we prove a uniform H*® bound on a solution, and thereby a
higher decay estimate on 6'?
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As explained in the Introduction and in Section 2, such a result does not follow immediately from an
induction argument. Indeed, the traces of A26’ and of 9, A0’ do not vanish on the boundary (even when
the traces of A2e(; and of 8,,A296 do), and therefore we cannot apply Proposition 2.6 to A26".

However, it turns out that when agéom =0, we can use (a variant of) the linear analysis of Section 3
to analyze the long-time behavior of A%6’. In other words, in this case, there are boundary layers in the
vicinity of the boundary, but they are driven by a linear mechanism. Theorem 1.3 will follow.

To that end, the strategy is to consider the equation satisfied by A%6’. As we have seen previously, the
structure of the equation is overall the same. The main difference lies in the fact that the traces of A%0’
and 9, A26’ do not vanish on the boundary, which makes the situation rather close to the one described in
Theorem 1.2. Following the methodology of the previous section, we may lift them thanks to a corrector
which remains linear at main order. Modifying slightly the bootstrap argument from Section 2 in order
to account for these boundary layers, we eventually prove Theorem 1.3, or rather the following more
precise version:

Proposition 4.1. There exists a universal constant gy such that the following statement holds. Let
6o € H™(Q) such that 0p|yq = dnbolae = 0, and 320p|yq = 0. Assume that |0 || g1+ < &o.
There exists a boundary layer profile 6B € L® (R,., H?(R2)), given by

loc

4 ; . .
0Bk = 3" (14071750 (¥, Zood) + Oy (x. Ziop)),
j=0
where Zpor = z(141)1/4, Ziop=(1—-2)(1 +0)Y4 and @é e H(T x R.), such that the following estimates
hold on 6™ := 0" — 6B forall t > 0:

1930 ()l 2 < 160ll s (1 + )72,

197 A%0"™ (1) 12 < 160l s (1 +1) 7,
IA*™™ (@)1 2 S 1160l s

198 AT20™™ (1) | 2 S 160l s (1 41)2.

Remark 4.2. Note that the assumptions of Proposition 4.1 are slightly weaker than the ones of Theorem 1.3.
Indeed, we do not require that 8y € H, 3 but rather that 6, € Ho2 and agéo = (0. According to Lemma 2.1,
these properties are propagated by the equation. Using the notation of Section 2 and setting G = 3.6, we
infer that G and 90,G vanish at z=0and z = 1.

4.1. General strategy. Following the same strategy as in Section 3, we look for an ansatz for 6" as a sum
of a boundary layer part 8%, whose role is to lift the trace of A?6” and 3, A%6’ on the boundary, and an
interior part ™™ which vanishes at a high order on the boundary, and for which we will therefore be able
to prove better decay estimates. Let us give a few additional details on these two parts:

» As in the previous section, the boundary layer term will be defined as an asymptotic expansion in
powers of (14 ¢)~!/4 and the width of the boundary layers will also be (1 +¢)~!/4 The different terms
of the expansion will be constructed recursively: the main-order terms will lift the traces of A%6’ and
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9u A%0’ (or rather, their limits as t — 00), and the next-order terms will correct error terms generated by
the first-order ones. The precise construction of the boundary layer is the purpose of Section 4.4 below.

o In fact, A20™™ = A%(#’ — #BL) is not identically zero on the boundary, but it is of order (1 + 1)~
Hence we construct additional small correctors 6,., alli\g“ , which handle the remaining traces and part of
the error term.

o Thanks to the design of the boundary layer, the remaining interior part §" = ™™ — g, — alll\g“ is such that
Gmt anell’lt 2911‘1[ an 29“1{ 0 on aQ

As a consequence, A*0™™ satisfies assumptions that are similar to those of Lemma 2.4, and it is reasonable
to expect that || A*0'™||,>» remains uniformly bounded. Applying Proposition 2.6 first to 8fA29i“t, and
then to 320, we infer that [|02A20™|,2 = O((1 +£)~1) and |30 2 = O((1 +1)2). We will use
a bootstrap argument to propagate these bounds; the corresponding argument is described in Section 4.5.

Before constructing OB and proving the decay estimates on 8™ some preliminary (and somewhat
technical) steps are in order. The traces of A?0" and 3, A%6’ need to be decomposed as an asymptotic

~1/4 in order to identify the relevant boundary conditions for the terms in

expansion in powers of (1 4 ¢)
the expansion of #BL. This is performed in Lemma 4.9 below, whose proof involves some high-regularity
bounds on 6. This is the main reason for the requirement 6y € H'# from Theorem 1.3. As a consequence,
the organization of the rest of this section is the following. In Section 4.2, we prove some quantitative H*
bounds (s < 14) on 6’ under our bootstrap assumption. In Section 4.3, we provide a decomposition of
A%0'|5q and 3, A%0'|3q under the bootstrap assumption. The main results of each section are given in
the beginning of the corresponding section. The reader wishing to avoid the technicalities may jump to
Section 4.4, in which we construct the boundary layer, using the decomposition of Section 4.3 together
with arguments from Section 3. Eventually, we close the bootstrap argument in Section 4.5.

Let us now introduce the bootstrap assumption that will be used throughout this section. We shall
decompose 6’ as 6’ = 6BL 4 9™™, As explained above, the remainder #™™ does not satisfy A20™"|;q =
9 A%0™™|so= 0, and therefore 6™™ will be further decomposed into a sum of correctors and an interior
term.

QBL

The term will take the form

gBL — lJlrt(%p(x (1+41)i (l—z))+ 1 @bot(x (1+1)7z)+1lodt., (4-1)

with boundary layer profiles Oy, ®po such that

1Oallporxr,) < B

for some constant B > 0. Note that the amplitude of the boundary layer term 68 is O ((1+ 1)~ 1), whereas
we recall that the amplitude of the boundary layer term in Section 3 was O (1) (compare (4-1) with (1-6)).
This is directly linked to the fact that 6’3o = 9,60'|5q = 0 in this section, while these quantities were
nonzero in Section 3. However we keep the same notation for the sake of simplicity.
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The remainder term 6™ will satisfy the bootstrap assumptions

sup (1+0)2[90™™ (1)l 2 + | A*0™™ (1)l > < B,
t€l0,T]

sup (1+1)18,870™™ (1)l 2 + (1 + 1) |32¢™™|| > < B,
tel0,T]

where ™™ = A729,6%™,
As a consequence, our bootstrap assumptions on 6’ read as follows:

(4-2)

Vi€ ©,T), Vkeld,....8), [0k <BA+0)F+B1+0)7,
Vie(0,T), Vke(0,...,8), (8%l < B +n)"5%5, [0*A%'|,. < B, 4-3)
Vie 0, T), 83yl <B(+1)75.

Note that these assumptions imply in particular that for 0 <k <3
19w S BA+0TSHE Ve[0T, (4-4)

Let us prove inequality (4-4) in the case k = 3 (the other cases are treated in a similar fashion and left to
the reader.) By the Gagliardo—Nirenberg—Sobolev inequality,

1 4
I llwsce S NN 0¥ 1 s + 1022
By (4-3), [¥ll2 SI¥ 2 S B(1 410717/ while

<B(1+1)7%.

~

1 1
102911 2 S 119:0:0" [l 22 S 11976"112,11926”11 2,

Estimate (4-4) follows.

We also infer from (4-3) some interpolated inequalities (which may be suboptimal when compared to
the bootstrap assumption on 8;‘ A%0', depending on the values of k, £): for all k, £ > 0 such that k + £ < 8,
we have

k ¢ K9 e
8

105056 12 < 119500 157 11500 1557 < B(L+0)7 515 4 B(1 4 1) Hi 40055, (4-5)

4.2. High regularity bounds under the bootstrap assumption. The purpose of this subsection is to
prove the following estimates, which are the analogue of Lemma 2.13 in higher regularity (see also
Remark 2.18):

Lemma 4.3. Let 0 = 0" 40 be a solution of (1-7), and assume that 0y € H' satisfies the assumptions
of Theorem 1.3. Let T > 0 be such that the bounds (4-3) hold on (0, T) for some constant B € (0, 1).
Assume furthermore that |6y || 12 < B. Then, forall t € [0, T],

16N S B, 10 < BA+0)?2, 1011 s < B 41)3,
195A%0 1> S B, 1180011 SBA+0)7Y 11010% ), SBU+1)72

Proof. First, recalling that
3,0 = —V-Liy . ve



LONG-TIME BEHAVIOR OF THE STOKES-TRANSPORT SYSTEM IN A CHANNEL 1999

and using the bootstrap assumptions (4-3) and (4-4) together with the tame estimates (2-15), we infer that
18,0500 2 S B2 +0)73,

and thus [|6(t)|| yo < |10 yo + B> < B. A similar argument also shows that [|0(¢) 7 < B+ B> In(1 +1).
Let us then compute the equation satisfied by 3'°6, where 9 € {9y, 3.}. We have

3,00 +u-va'% =9,y —[3'° u- V.
Multiplying by 8'°0 and integrating by parts, we obtain
%ua“’euu <2090y ll2 +20[8", u- VI 2.
Using the bootstrap assumptions (4-3), we have
19"99, ¥ ll,2 < BA+1)5 Vi el0, T,

As for the commutator term, using the tame estimates (2-16) together with the identity u = V1, we
obtain, for any k > 5,

I10%, - V10112 S 1 llwzee 1011zt + 109 | 11t 1926 lloo + 0% | 111 11926l 0
_u
S B+ 5101 + 110201 7311066 oo + 1076 || 15411026 || - (4-6)
In particular, using the estimates (4-5), we get, for k = 10,
1'%, - V10112 < B(L+1)" 5 6] o+ B2 +1)5.
Assuming that B < 1, we obtain
d 3 _u
a||9||Hlo SB+10)8+B(1+1)" 8|6] go.
The Gronwall lemma then ensures that
1 1
10@ 10 SN0l o+ BA+1)s SB(A+1)5. (4-7)
We then use the same strategy to estimate || 8§A49 |lz2. The linear term in the right-hand side is now
AW =0A%0" = 0(B) inL>
The only difference in the treatment of the commutator term lies in the bound of terms of the form
81210 33 8Z7 0’. For those, we use our first estimate on |0 ;10 (4-7) together with the bootstrap assumptions

(4-3) (see in particular (4-4), (4-5)), and we obtain

1

/ _ 1
182932870l .2 S1B2W oo IO 10 S B*(1+1)"3 T8 < B2

It follows that q
_u
3 108%00 S B4+ BA+0TT[97A] 12,
and therefore [|[32A*0;2 < B(1 +t). The next step is to prove that SUP;[0.7] 186A20")1,» < B.

~

To that end, we check that 3)?A20/ satisfies the assumptions of Lemma 2.4. The source term is
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S=u- VBEAZQ’ + [8)? A% u-Vi. Classically, the first term is orthogonal to 6’ It is therefore sufficient
to bound the commutator. The terms involving @ can be treated as perturbations of the dissipation term

187 A6’||?,, and therefore we focus on [9° A%, u - V]6'. First, note that
X L X
I(VE0C A ) - VO |12 < [V 1o VO70' |12 < BA +1) 73107 A0l 2.

The other terms can be estimated thanks to the bootstrap assumptions together with the preliminary
bounds on ||| ;10 and [|9>A%0]| ;2. We obtain

1[8SA2, u - V102 < BA +1) "3 88A% || 2 + B2 + 1)+ B +1)"27% 3] A0 12
for some § > 0. The details are left to the reader. Using a Cauchy—Schwarz inequality, it follows that
d Zie i
3 107032+l AT, S B2 (1 +07 7 4+ B+ 90A% 1.

The Gronwall lemma then implies that sup; ;o 71 108 A%6 |12 < (160l o + B* < B.
We then follow the same strategy to obtain bounds on ||0|| 12, ||8;‘A49||Lz and ||8§A29||Lz. We have

d
012 S 19361+ 1[0, - V16 2.

The first term in the right-hand side is bounded by B(1 + ¢). The commutator is estimated thanks to (4-6)
together with the bootstrap assumptions and our preliminary bounds on derivatives up to order 10. We
obtain [|0(t) || g2 < B(1 +1)% We then write

d TN +u-VIrAY =03°A%0 —[0¢A* u- V6.

The first term in the right-hand side is bounded by C B in L2 We then check that the nonlinear term can be
treated perturbatively, using the bounds on 6’ obtained so far, and we infer that || 8;‘ A ()| 12 S B(141).
Once again, we then use Lemma 2.4 in order to prove that ||8§A29/ (®)]l2 < B and that

d —1- 3
10O S BA+0T10@) s + B(1L+0)7.

The computations are very similar to the ones above, are left to the reader, and lead to the estimate of

10l 14
The last step is to prove additional decay on ||8;09/||Lz and ||8;1 ¥l ;2. Setting S = —8;0(u -V, we
can decompose S into S = S+ S + S, with S| =u - VB;OG/, and

10V, 10 10\, 11
Sa==3 (G JoarFpaltte+ 30 Yol Hwatae,
k<5

k<6
10 10—k ) ak+1 10N 11—k, ak
Si=— Y (k)azax yotlo+ Y (k)ax vka.0,
7<k<9 6<k<9

so that

_ 1 _1
ISl S B*A+0)2+BA+0)""°18% 2, [1Sall2 S BUA+0)72)|3,°Ay |l 2.
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Hence for B sufficiently small, S satisfies the assumptions of Proposition 2.6, and we obtain
18.°6" @)1 2 < B +1)~".
Differentiating the equation on 83 6 with respect to time, we get
3,0,070' = (1 —G)3,0)%% — 8,8)(u - V)0’ — 8,Gd"y.

Estimating the norm of each term in the right-hand side and using Proposition 2.6, we obtain, for all
1€[0,T],

13:026' 01122 S s ( sup (1 +5)[18,0] A0/ ()]l 2 + B).
selV,

Writing
30! A%0' =276' — 3] A*(u- V),
we find that [|9,0] A%0’|| > < B(1+1)", and thus [|3,870"|| > < B(1 +1)~2 Going back to the equation
on 376’, we find that
310y = 8,000’ +87(Viy - Vo) = 0((1+1)") in L%

Finally, plugging these estimates into the equation on @ leads to the desired bound on ||8]| 5. (]
Let us now prove a useful (albeit technical) result concerning the trace of 839/ :

Corollary 4.4. Under the assumptions of Lemma 4.3, for all t € [0, T],
1
1826 |0l vy S BA+1)75.
The same estimate holds for the trace at 7 = 1.

Proof. Using Theorem 3.1 in Chapter 1 of [Lions and Magenes 1968],
7
8

1
3 8 4 g
1826 oll vty S 1603, 0026 N

where % B+ %)/ =s. Taking 8 = 10 and y = 8 and using the bounds of Lemma 4.3, we obtain the desired
result. O

4.3. Decomposition of the traces of A?0’ and 3, A*0’. The role of the boundary layer is to lift the traces
of A%0’ and 3, A%6’ on the boundary. Therefore we first need to prove that these traces converge towards
a (generically nontrivial) limit. In fact, we will even need to have a rather precise asymptotic expansion
of the traces in powers of (14 ¢)~!/% This is the main purpose of this section.

The first result of this section concerns the long-time behavior of A%0’|yq and 3, A%0|5q:

Lemma 4.5 (long-time behavior of 3¥A%0'|3q and of 927G (1)]9q, k =0, 1). Fork =0, 1, let
Vigp(t: X) 1= 05 A%0 (1, x, 2=1),  po,(t, x) := 05 A0/ (1, x, 2=0).

Assume that 6y € H'*(Q) and 0y = 8,00 = 0 on 02, 8260 = 0 on 0. Let T > 0, B € (0, 1) such that
the bootstrap assumptions (4-3) hold on [0, T]. Assume furthermore that ||6y| g1+ < B. Then there exist
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universal constants By, § > 0 and functions yao, r€H %), )/al’T € H3(T) such that if B < By,
Sl S 100l + B2 and 10 = v gl S B s Vi €10.T1,
el S W60l + B2 and Ny} @) = v pllnen S B s V1 €10.7),

In a similar fashion, for k =2, 3, a € {top, bot}, there exists glﬁj’T € R such that

185 11 S 60l s + B> fork € (2,3},

B2
|goLr — 02G(1,0)| S o Vi €[0,7),

)2

BZ
1

lgio 7 —0:G(t,0)] S
bot, T z (1+l‘)7

Vi € [0, T).

The same estimates hold for g{‘op’T — aé‘G(t, 1).

The proof of Lemma 4.5 is postponed to the end of this section.

The second intermediate result of this section pushes further the decomposition of y[f (t). It holds
under additional structural assumptions on #BL and #™™ = ¢’ — §BL. More precisely, let us assume that
there exist profiles @{1., \IJ[{ such that

4 j i 1 i 1
0Lt x,2) = 3 (L4071 71O, (x, 1 +1)72) + O, (x, 1+ (1—2))).

j=0
. ‘ (4-8)
YPL (1 x, ) = YA+ (W (o, (L4072 + W (x, (1407 (1 —2)),
j=0
where there exists a universal constant ¢ > 0 such that, for all Zy > 0,
. . 4
1O 59T x (zo.+00)) T IWa N 11 (Tx (2. +00)) S 160l s + B?)exp(—cZy). (4-9)
In the course of the proof, we shall also need the following assumption:
0201120 H'(T), 30J17_0€ HZ (T). (4-10)

Remark 4.6. The profiles ®£, \I!({ are not the same as the ones of Section 3. However we kept the same

notation for convenience.

Definition 4.7 (definition of yaj ’k). Let ©}, W/ be the boundary layer profiles from (4-8), with a €
{top, bot}, j € {0, ..., 4}.
Let npot = 1 and np = —1. We then define the following coefficients:
Vo = 1285 10x87 V| 2o,
Vo =884 10:07V,|z=0 — 30al97 (¥, ©g)x.2] 20,
Vo' = 401085 18:97 Yy 20,
Va2 =20(nagg 10203 Val 70 + g4 10:05 W0 z=0) + 2[05 (¥, O}r 21( s

4-11)
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where { -, -}, z denotes the Poisson bracket

{f,8h,z=0:f02G —03zf dxg.

Remark 4.8. The bounds (4-9) ensure that ||yaj : lasm S B?. We shall actually derive stronger regularity
estimates in the course of the proof, as we construct explicitly the profiles ®; and W, .

Lemma 4.9 (decomposition of ya) Assume that 6y € H"™(Q) and 6y = 9,00 = 0 on 9%, 3290 =0
on 0K2. Let T > 0, B € (0, 1) such that |0yl 14y < B and such that the bootstrap assumptions (4-3)
hold on [0, T]. Assume furthermore that there exist profiles @é, lIJj satisfying (4-9) and (4 10) such that
o™ = @' — OBL satisfies (4-2), where 0B is defined by (4-8). Define the coefficients y; by (4-11).

Then for j =0, 1, a € {top, bot}, there exists FC{’T e Wh°((0, T); L*(T)) such that for all t € [0, T,

_1 _3 _1 _3
Vo) =Vor +ve A+ +y A+ 077 +T0 1 () =y 2+ T) 72 =y A+ T) 77,
_1 _1 _1 _1
Ya® =Yor+va A+ 1+ 204072+ T p () =y, A+ T) i 4y, 2 (14 T) 7
where, forallt €10, T], for j =0,1, £=0,1, 2,
e 2 —1—t+4 J 2 B
19, Ty 7Ol L2y S B (1 +1) LT Ol S B (A +0)7 2575,
Let us now prove Lemmas 4.5 and 4.9.

Proof of Lemma 4.5. We have

a9

o A% = (1—-G)d0' —49,Gd. 3}y —207Gay

4
4 - N N/
—Z<k)a§Gaxaj Y+ A2(0,90,0') — A2,y d.0).  (4-12)
k=1

We now take the trace of the above equation at z =0, recalling that G|,—9 = 9,G|,=0 = 0 (see Lemma 2.1),
Ym0 = 0,%|,—0 =0, and 0’|,—¢ = 3,0’|,—0 = 0. We obtain

d
3y Voo = 602 Glz=00: 02V |2=0 + 69 |e=095 976" |c=0)" + 4(0 ¥ |:=0000|-—0)’

— 6(3:9; 1220976 |:=0) — 4(3:97¥/1:=0976":=0).  (4-13)
We then estimate each term in the right-hand side using Lemma 4.3. Note that 822G| ;=0 18 bounded

in L*° (R, x (0, 1)). We focus on the first term, which has the smallest decay. Using Theorem 3.1 in
Chapter 1 of [Lions and Magenes 1968], we infer that, for any s > 0,

192029 |e=oll s < 12 L=l s S ||w|| ||a4w||HyL2,

where B, y are such that %,B + %y =5+ 1. Let us choose 8 =y =10, s =9. According to Lemma 4.3,
¥l o2 < B(141)72 As for the other term, using the short-hand notation from Section 2,

HI L2

139 gpore SN0 g2 S I|9IIH10L2|I9||H12L2 <B(1+072.

5 ><1+§ x0
Hence

17
18,029 |.=oll o < B(1+1) .
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The quadratic terms, involving traces of derivatives of 1y and of 6’, have a higher decay. Let us estimate
for instance agx/fax 830/ at z =0. We have, for any s > l,

189 1,2085826 Lol zrs (1) S 1187 % Lol Lo (1) 185326 oo | = (1) + 187 ¥ Lol 11 (1) 19826 |0 ll v 1) -

Using once again Theorem 3.1 in Chapter 1 of [Lions and Magenes 1968], we find that

19,926 =0l ooy S ||9'|| 4Lz||8 o' || <BA+172,

L2L2~
and we recall that ||/ || 3.0 < B(1+ 1)~9/8 (see (4-4)). The same arguments together with Lemma 4.3
also imply

||axa§e’|Z:o||H|9/zm5||9’|| 12218260 15, < 185A20') 2 < B,

HSL2 ~
while

1829 |=oll =) S ||w||82Hﬁ||a4w||L2Hy < ||w||82H,g||e I’ (4-14)

L2H "

with %,B + %y =s. Taking 8 =10 and y =9, we obtain, for some s > 9,

1929 1200020 |—ol s 1y < B>(1 +1£) 75

The other terms are treated in a similar fashion. We infer that there exists § > 0 such that
2

(1 + 1)1+

This completes the proof of the estimate on ..

||J/a Ol o Vi€ (0, 7).

The estimate for y,! follows from a similar argument. Taking the vertical derivative of (4-12), we have

%azﬁe/ = (1—-G)d,d%¢’

3 5
3 . 5 _
-3 (k)a§G83 Kol — > (k)afGaxag o 4+ 0, A2(0.90,6') — A2(0,19.0') .
k=1 k=1

Taking the trace of the above equation at z = 0, we obtain

iy = —1002G =033 ¥ |0 — 100 Gl—oB 0¥ |-
+607 (979 |:=09:976"|:—0 — 8079 |:=0926'|:=0)
+ 100329 12005970, + 97 12200076 |:20) + 5(07 ¥ |:=00,076,_y)’
— 108,07 9/1:0076| 0 + 09120826 |:=0)" — 5(3x02Y'|:00:6|:=0)'.
The highest-order term is the first one. We recall that S?G and 8§G are uniformly bounded by CB in L,
and that the trace of 831# in H° is evaluated thanks to (4-14). Once again, the quadratic terms have a
higher decay and can be handled as perturbations. The trace of 82‘ 0’|,=o can estimated thanks to yt?m. We
then obtain, for some § > 0,
2

B
m Vi e (0, 7),

||J/a Ollpsay| S

and the desired estimate for ya] follows.
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Let us now address the convergence of BfG(t)lm as t — 0o. We recall that
335G (t, z=0) = —35u - VO'[,_g = 35T18,98,0' — 8,19,0'] ..
Since ¥ |,—0 = 0p¥|;—0 = 0 and 6'|,—¢ = 9,,0'|,—0 = 0, we have

3,02G (t, z=0) = 3029 |,—00,020'|.—0 — 9,029 |,—0026"| .0

As above,
182912005926 |=0ll L1 1y < 1029 =0l 21 10926 |=o0 | L2
< 182 9,920/ < BX(1+1)73
SNV N2 l0x0;0" (| 12y S BT (1+1) 4.
The estimate on 9, 813G(t, z=0) is similar and left to the reader. U

We now turn towards the decomposition of 3 and y,! for a € {top, bot}:

Proof of Lemma 4.9. We focus on a = bot by symmetry, and we start with the decomposition of yt?ot.
Let us go back to (4-13). The main term in the right-hand side is —6822G| 2=00x 8221/f| .=0. Following
Lemma 4.5 and using the decomposition 8’ = §BL + ™™ we write
2 2 -3 2 23,0 -1.2 2l
097G z=00x0; ¥ |z=0 = (1 +1)7 2 8hor, 70x 07 Wioyy z=0 T (1 +1) 77 8ioo 705 07 Wy z=0
3 i .
+ > (1+ t)_§_£812G|Z=08Xa%\péot|220
j=2
_3_i ;
+ 2 d+n72 i(azzGlFO - ggot,T)axa%\pt{ot\Z:O
j=0,1
+02G B 929 ™™o + O (B2 exp(—c(1 +1)5),

where the exponentially small term comes from the traces of derivatives of \IJt{,p evaluated at Z = (14-1)!/4,
The assumptions of the lemma and the bootstrap inequalities (4-2) ensure that, for all ¢ € [0, T],

Y (141727 592G 200 95 W g <B*1+072
jz2 ' L)

187G 1:=08: 029" |-=0ll 12y S 187G lloo 19:6"M |2 < B> (1 +1) 77

Furthermore, Lemma 4.5 ensures that for all r € (0, T)

_3
107G 220 — 8hor.7| S B> (1 4+1)77,
and therefore

< BX(141)71,

_3_ i
H Z (1+t) 2 4(822G|Z=0_gl%ot,T)axa%\IjlgOﬂZ:O m "~

j=0,1

We now address the quadratic terms in (4-13), namely
By, 0") := 6{02, 826'Y |.=0 +4(3; ¥ 8,076 — 9,97 9026")| 0.

Decomposing v and 6’ into their boundary layer and their remainder part, we find that the main-order
quadratic term is

_7
(1 1)73[605 Wy 807 O + 407 Wy 05 O, — 6385 W 0500 — 48583 Whor07080 ] |, g

bot
7
= (1 4+ 07 Yy nis
while all the other terms are bounded in L*(T) by C B*(1+1)"2.
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Defining yf J by (4-11), we find that
_1 _3
B ooy (1 +1)72) = =61+ )72 gy 7:0:97 Yoy 2—0-
_3 _7 _7
0 (Vor (1 +0)7%) = =6(1+0) 7 g 1805 Wiy 7m0 + 1L+ Sy

where we recognize the main terms in —6822G| 2=00x 831//| .=0- Now, define Fgot r by

o (1)=6 ! S (145)"27592G(5) |00, 02 W ds
bot, T - i 5 z z=00x 97 Fpot)z=0
J=

T 3 i
+6 [ X A5 102G (9)]:m0 — &R0t 1) 0x 93 Wiy 7o ds
j=0,1

T 4 P
[ B A+ W Zoo) + Y7, 0(5)) ds
t j=1

T 4 o
+/ B((l +S)_2\Ijl:())0t(x’ Zbot), Z (1 +s)—1—ﬁ®é0t(x’ Zbot) +0rem> ds
t =
+ O (B*exp(—c(1+ z)%)).
i
top
ie., at Z = (1+41)"7% We do not write its full expression for the sake of readability.

Note that the assumptions (4-2) on 6™™ ensure that

The last— exponentially small — term comes once again from the trace of W, , at the lower boundary,

1307 ol 2 < 167711 6301 < B +1)F.

Recalling Corollary 4.4 and using the assumption 8% @5 |z—0 € HY/2(T) (see (4-10)), we also infer that

12267 —oll srs2 S B +1)7+.
Interpolating between these two estimates, we find in particular that

1930 <ol s < B(L+1) 3.
The above estimates ensure that for k =0, 1

16f Thor, 7 (Dl 2y € B>+,

1T+ Oller) S BXA+07%,

Therefore we obtain the decomposition announced in the lemma for yao .

The decomposition of y,! follows from similar arguments and is left to the reader. ]

4.4. Iterative construction of the boundary layer profile. Let us now turn towards the construction of the
boundary layer profile, and more generally, of an approximate solution. The purpose of this subsection is
to prove the two following lemmas. Our first result, which is truly the core of the construction, is valid
under the bootstrap assumption (4-3) on 0’:

Lemma 4.10. Let 6) € H'(Q) such that ||0o|| 1+ < B < 1, and 0plyq = 8ub0lpa = 0, 826plsq = 0.
Let 0 =6 + 0’ be a solution of (1-7), and assume that the bounds (4-3) hold on (0, T). Let yaO,T, yal’T
be defined by Lemma 4.5.
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Then there exist profiles @é e H3(T x Ry), \IJ({ e H(T x Ry), j €{0,...,4} and a corrector
0. € H(RQ), depending only on yﬁr, )/al’T, giT and gz,T, such that, defining 68" by (4-8), ya]j by
Lemma 4.5 and y; * by (4-11), the following properties hold:

(1) Bounds on the profiles: @é, IIJ[{ satisfy (4-9).

(2) Bound on the corrector: setting ¥, = A™29,6,,

sup ([18x A0 ()2 + (1 +D[13360:(1) 1l 2) S 6ol g1+ + B,
tel0,T]

sup (1403 (18:350: N + 107%e (D1 12)) < 60l g1 + B>
t€l0,T]

(3) Traces at the top and bottom: at 7 = 0,
AXOP 400 |0 = Vo V2 (40 2 4y 03 (40 T =y 22 (4 T) 122 (14T) 77, (4-15)
8. A2 (0P 400) .m0 = Vil 1+ (1) T HHye2 (L) T =y T T k24T 2. (4-16)
Similar formulas hold at 7 = 1.

(4) Evolution equation: 0B + 0, satisfies
3 OB +6.) =(1—G)a’A2(H +6.) — (VEAT20, (651 4-6,) - V(6B +6,)) + RPL,
and the remainder RB is such that, for£=0,1, forallt €0, T],

9
90 RB 2 S B2+, 192A%RBY| < B2 (1 4+10)72,  |A*RPY| . S BA(1+1)7s.

Remark 4.11. The reader may compare formulas (4-15), (4-16) with the ones from Lemma 4.9. The

QBL

terms I’ [{’T are lifted neither by the boundary layer term nor by the corrector 6., and an additional

corrector will be built to handle them; see Lemma 4.13 below.

Remark 4.12. Actually, all profiles @é, \IJC{ , and therefore 9B, wBL, depend on T through ylﬂT, yal’T.
However, in order not to burden unnecessarily the notation, we will omit this dependency in the present
section. The dependency will be restored in Section 4.5 when we perform the final bootstrap argument.

Once the boundary layer part is constructed, under an additional bootstrap assumption on the remainder,
we can define a nonlinear corrector:

Lemma 4.13. Let 6) € H'*(Q) such that ||6pl| g1« < B < 1, and 6plae = dub0lse = 0, 320plsq = 0.

Let 0 =0 + 6’ be a solution of (1-7), and assume that the bounds (4-3) hold on (0, T).

Let OB yBL pe given by Lemma 4.10, and let ™™ = 6’ — 0B Assume that (4-2) holds on (0, T), and
define FiT as in Lemma 4.9.

Then there exists 011.}{“ e H3(Q) such that

2 _NL _ 0 2 _NL _pl
A%y |z=0 = Tpor 7y 0 A%00g [2=0 = Dot 7

2 _NL _ 10 2 _NL _
A0 lz=1 = Tiop 70 A%y lz=1 = Tigp 7
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and, forallt € (0, T],
IAoflle S BAA 4070, [92A%N e S B+, ot S B 072
As a consequence, setting 0P := 9Bl 4 6. + Gll-}tL, we have
AP = A%0,  3,A%0%P = 3,A%0" on dS.
Furthermore 6*° is a solution of
307 = (1 — G)32A20%P — (VL AT25,0%P . VOPPY 4 S,
and the remainder Sien, is such that, for all k,m > 0 withk +m < 8,

1920%Stemll 2 < B2 407370 10228 emll S B2A+072, | A*Seemllz2 < BAX(1+1)75.

The main part of this section will be devoted to the proof of Lemma 4.10. The strategy will be very
similar to the one of Section 3, and we will often refer the reader to the computations therein. We
begin with the construction of the profiles @é, lIJ[{ I To that end, we plug the ansatz (4-8) into (1-7) and
identify the powers of 1 4 ¢ in the vicinity of z =0 or z = 1. Note that for z < 1 and ¢ € [0, T'], setting
Z = (1+1)"/4z and using Lemma 4.5,

G(t,z) = 307G(t, 002> + L3]G (t, 002> + O (2"
_ 1 -1.2 2,1 -3.3 3 —1 54 -3 .52 3
=L+ 22+ L0+ T g 2P O+ )71 2P+ 1+ 075 (Z2 4+ Z%). (4-17)

A similar expansion holds in the vicinity of z = 1. Furthermore, in the vicinity of z = 0, setting
S = —(V+y - VA’') and assuming that (4-2) holds,
itj—1 . ; . ; .
S= Y (407 (9,9],0,0)  — 8, 0,0] Y +0(1+1"%) inL>
0<i,j<4

Following the computations of the previous section and identifying the coefficient of (1 +7)727//4 we
obtain, for j € {0, ..., 3} (compare with (3-8)),

—(143/)0] +123,0] =0, V] + S, (4-18)
where the source terms SL{ are defined by
s0=s! =0,
Sp=—1g2 120, W, (4-19)
S =182 1270, %) —natgd 1 230, W0 4+, (8,909,00 — 3, 009,07),

with Nbot = I, Ntop = -1 ) )
Let us now proceed to define recursively the profiles 7, W, .

I'We recall that these profiles are different from the ones constructed in Section 3, in spite of a similar notation.
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Main order boundary layer terms: ®° and ®). The role of the boundary layer profiles ®;, for j=0,1
is to correct the traces of A%0’ and 9, AZG/ on 92 at main order, i.e., y .7 (see Lemma 4.9). Choosing
\IJ] such that 84 \If] = Oy ®J for j =0, 1 and recalling (4-18), we are led to

Z350%=4320" inT x (0, +00),

8§®2|z=0 = yc?,T’ 93 ®O|z —0=0,

®)720=0, 8200, ,=0, limz.,8)=0
and
7350 =4323;0) in T x (0, +00),

a4®1|z =0, 8§®31|z:o = naya],T’
Onze0=0, 920},_0=0, limz O, =0.

Note that these systems are identical to (3-2) and (3-3) respectively. As a consequence, as in the previous
section (see (3-5)), we find that

A~ 1 ;
OY(x.Z)= > k7290 (k) xolk|> Z)e™,
keZ\{0}

1
wix.Z)= Y - |k|2y”(k)[ k12 Zxg(IK12 Z) — xo(Ik|? Z)]e™,
keZ\{O}

(4-20)

where o is defined in Corollary 3.3. Since ||y£T Il o < 1160l g1s + B? according to Lemma 4.5, it follows

that
0 0 2
1090 1112 + 1051 2 52 < 160l 15 + B2,

0 0 2
100 2z + 1900 2 20 S 601 + B2,

In a similar fashion, recalling the definition of x; from Corollary 3.3 (see also (3-6)),

35 A 1 i
Ou(x. Z)=na Y [kI729} () x1(1k|2 Z)e™™,
kez)\{0}

1 1 1 1 ;
Vi, 2 =m0 Y ——5Par 0[P Zx (K12 2) = 330 (k|2 2)]e™.
kezvjo) Lk1k]2

(4-21)

Since ||, 7 llgs < 1160l g1e + B2 we also have
A + 1) < |60l g1+ + B?
a HXZI/ZLZZ allL2gZl S Y0l s
1 1 2
1Wall e 2 + 19l 23 < 60 e + B2,

Let us now define the boundary terms ya / and Va " by (4-11). It follows from the above expressions for
\Ilé and ®f, and from the boundary conditions xo(0) = x,, "(0) = 0 that

2 0,3 2
ly &2 oy < B Ny lgnem S B2,

(4-22)
Iyt lmoray S B, ||V;’2||H8(T)§Bz-



2010 ANNE-LAURE DALIBARD, JULIEN GUILLOD AND ANTOINE LEBLOND

In a similar fashion, defining the source terms Sg, S;:’ by (4-19), we have
1520 2 + 1821l 2 g2s S B2,
X VA x 7
3 3 5 (4-23)
1S3 o2 + 1S3 2 20 S B2

Note however that because of the quadratic term {¥?, ®%}, 7, S does not have the same self-similar
structure as W7, ©, for j = 0, 1, which is also shared by Sg.

Correctors @2’ o and G)ll:, o We recall that the coefficients yaj * are defined by (4-11), and are estimated
in (4-22) above. The terms yc?’z(l +7)"Y/? and y£’3(1 + T7)~3/* in Lemma 4.9 are constant in time, but
smaller (for 7 >> 1) than ytg o~ Hence they give rise to a profile @8’ « Whose construction is very similar
to the one of @2, but whose size is much smaller. More precisely, we set

_ ~ _3 1 ;
O0,x.2)= > I [p22 A +T) "2 + 523 k(1 + 7)™ xo (k|2 Z)e'™,
kez\{0}

5 _1 ~ _1 1 i
Ol 2)=na Y KIT[PMOA+T)T5+ 520+ 1) 2 xi (k2 Z)e™.
kez\{0}

Remembering (4-22), we have, for j =0, 1,
) . 14
102all 222 1020l 2mz S B*(1+T) "4,
. 1 i
10201 |z=0ll oy S B*(1+T)"2F4,
Analogously to 0 and W, we also define

V=)

kez*

vl=n Y

kez+ ik

'k|k|2 [P ()1 +T)~ 1 P93y (1 + T)_Z](%EX(/)@) _ XO(E))|$=|k|'/2Z€ikx,

PN A+T) 1+ 920+ T) 7] (Rex | €)= x1(©)) e 2z€™,

so that Békllia =0y ®Z;a, and we have
. 1y
II‘IJZ-,QIIHXB/szZ + 1w AVEVERS B*(1+T) 273,

Lower-order boundary layer terms: @2 @3 and @2 We recall that @{1, lIJj must satisfy (4-18), where
the source term SJ is given by (4-19). Note that since \IJO \IJ1 and @0 have been constructed in the
previous step, the source terms S§ and Ss are defined unequivocally and have exponential decay. Moreover,

following Lemma 4.9 and noting that
3 3

_I j _1_J j _
APOPM o= (1 +0)750500 ;0 +2 Y (1417275070200, o+ 01+,
=0 j=0

we enforce the following boundary conditions:
8§®§\Z =0 = Vao’z - 2828%®2|Z:0’ a%®3|z=o = ’7uVal’1 - 2828%®2|Z:0’

3 2 503 1,2 2 (4-24)
82®a\Z 0=V, —20 az®mz 00 0705z20 =MaV," —20 8z®a|z =07
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where the coefficients yaj * are defined in (4-11) and estimated in (4-22). There remains to specify the
relationship between W, and ®}. In order that A2yBL = 3,68 at main order, following the computations
of the previous section (see in particular (3-9)), we take, for j =2, 3,

AW +20202W/ 72 = 5,0/

Eliminating W2 from the equation on ®2, we find that the system satisfied by ©2 is

Z030] —20502 =40107 —2g2 105(Z%0, V) — 80305 WY,

2 2

O12z=0 =020, =0, (4-25)

@2(2) —0 asZ — o0,
together with (4-24). Note that 20,85 W) ,_ = —3;0; ,_, and 43,0, ¥}, ,_, = 3,0, ,_, so that the
boundary conditions are (once again) redundant. In other words, taking the trace of (4-25) at Z =0, we
find 8§®3| 70 = y 92— 28%8%@& z—o- Differentiating twice more with respect to Z, we find that the
Fourier transform of 8%@2, after a suitable lifting, satisfies an equation of the form (3-4) with boundary

conditions of the type (iii) from Lemma 3.2. Using the explicit Fourier representation of W2 and ®2
(4-20), we find that

2 2 2 2 2 2
10z 1102, + 1912520 S N0l s + B 1 llgnzz + 12122 S 100l s + B7
In a similar fashion, @3 satisfies the system

73503 —30103 =43203 + 4953 4+ 632020} — 2732536,
3 3
®a|Z:0 = 3Z®a\z:0 =0,
@Z(Z) —0 as Z — oo,
together with (4-24). Once again, we find that the lifted Fourier transform of 8%@2 satisfies an equation

of the form (3-4) with boundary conditions of the type (iv) from Lemma 3.2. Using the explicit Fourier
representation of ® Cll (4-21) together with the estimates on Sg’ (4-23), we find that

1021 102 + 1031 21 S W0l s + B2 1931 22,0 + 19 220 S 16011 ps + B2,
Note that the Fourier representation of @2 and of the linear part of @2 also ensure that, for j = 2, 3,
192051 z=0ll 31y + 18507 | z=0ll 152y < 6ol y1s + B. (4-26)
Eventually, we define @ia analogously to ®2 so that

Z330?%,—20,02  =40202 , —8339W?
©2 1720 =0202 ,|7=0 =0,

0502 |7—0 = 20205700 z=0 Vj € (4,5},
@ia(x, Z)—>0 asZ — oo.
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Once again, note that the boundary conditions are redundant. We also define lIJCZ,a by aé\lli g =
O, —20702W2

c,a’

with homogeneous boundary conditions at Z = 0. We obtain
2 2 2 _1
||®C’a||HBL22 + ||('-Dc7a”L§HZI8 5 B (1+T) 25
2 2 2 _1
W allgor2 +I1WE Ml 220 S B (A4+T)72.

Boundary layer corrector @2. As in the previous section, we need to define a higher-order boundary
layer corrector ®%, whose role is to ensure that

187 A% — 8,y P2 S BA+1)7
To that end, we choose ®%, W# 5o that
AWy 42070507 4+ 97 W) = 0,03,
Z0,0% —80* =49,
Eliminating \IJ;1 from the equation, we find
Z050% —4020% =4920* — 80202 w2 — 45700,
We enforce the boundary conditions (which are redundant)
Oplz=0=070;|7=0 =0, 050317—0 =20]0,%]|z=0. 930;|z=0= 30,95, |z0.

together with a decay assumption at infinity. Looking at the equation satisfied by the Fourier transform
and applying Lemma 3.2, we infer that there exists a (nonunique) solution ®% of this equation such that

4 4 2
101192 + 11951 2 s S 160l s + B

As in the previous section (see the discussion on page 1993), nonuniqueness comes from the fact that
the Fourier transform of 8; @2 satisfies an ODE of the form (3-4), with boundary conditions at Z =0
for 85,0% and 8% ©%. However, the boundary conditions above do not prescribe any condition on 8§ O}
for any k£ > 6. We lift this indetermination by requiring (somewhat arbitrarily) that 3% @i |z=0 = 0. The
solution thus obtained satisfies the previous Sobolev estimates, and its trace satisfies

185031 z=0ll s (1) + 18502 =0l gr1sr2cry S 6ol e + B2 (4-27)

Lift of the remaining traces of order B. At this stage, we have defined ®£, \Dg for 0 < j < 4 together
with @{,a, \Ilg,a for 0 < j <2. Let x € C°(R) be a cut-off function such that x =1 on (—Alf, é—lt) and
Supp x C (=1, 1). Setting ., = W/, = 0 for j =3 and Zpo = (1 +1)'*2, Zop = (1 +1)"/*(1 - 2),
the main boundary layer term is given by

OBk = 2(1+r) i)+ 0! Lo (x, me)x(z>+2(1+t) 14 (O + O 0p) (%, Ziop) x (1—2),
]:0

yBL = Z(1+t) 2”(\Ifbot+xpfbot)(x Zbot)x(z)—i-Z(l—}-t) Z"(qupjupg,mp)(x,zmp)xa—z).
j=0
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By construction, we have

A2pBL _ 0 0 1 -3 0 1 30 ATV -0 (14T 3
malan O_Vbot,T+ybot,2( +t) +yb0t,3( +t) Vbot,Z( + ) Vbot,3( + )
_3 _3
+2(1 +1)7%3%8203 | 70 +2(1 4+ 1) 7202020} .| z=0,

8 A er]?laml yblot,T + yblot,l(1 +t)_£ + )/blot,Z(1 +t)_% - Vblot,l(1 + T)_% - yblot,Z(1 + t)_%

F2(141) 71920303 | 7m0 +2(1 +1)"192030? | 7—0.
Similar formulas hold at z = 1. Comparing with Lemmas 4.9 and 4.10, we see that we need to lift
the traces of 8}%85(9{; for k =2,3 and j > 3. We lift these remaining traces thanks to a corrector alliif‘t’
which we define in Fourier space in the following way. Let ¢4, {5 € CX°(R) such that {;(Z) = Z//jlin a
neighborhood of zero and such that Supp ¢; C (—Alf, Alf) In order to apply the last estimate of Lemma 3.6,

we further choose ¢; so that

o0
/ Z5¢(2)dZ =0 Vke(2,3). (4-28)
0
We then take
3_JH 6 i3 g 1
ol k=2 Y (40 k05 Oy (k)20 Lag (klz(1+1)F)
1>3,j=0,1 gl 1
42 Y A+ i R T85Ol (1) 20 Las; (KI(1 = 2)(1+1)D),
[>3,j=0,1
so that

3
Al —g = —2(1+1) 3020303, | z=0 — 21 + 1) 202030 | z—0.
5
On %00 = —2(1 + 1) 719705 Oy z=0 — 2(1 + 1) 710703 Oyl 2.
The estimates on the traces @é for j > 2 (see (4-26), (4-27)) ensure that, for all k, m > 0 such that

k+m <10,

k
|8 st S (U6oll e + B+ 1) 7275+, 429)
19: 0t Il ez S 6ol s + B (1 41) 7 iHi

We define an associated corrector ¢111‘ft = A‘28xalli‘frt‘. According to Lemma 3.6 and using (4-28), we have,

for all k, m > O such that kK +m < 13,
i _3_1 K
il g e S (100l s + B (14 1)7375F3,

lin ’ 4k (4-30)
10 Brigell xS (60Nl gr1s + BHY(L41) 77874,

Evaluation of the remainder. Let us now focus on the different remainder terms in the equation satisfied

by QrEaLm, in view of defining one last linear corrector.

e Remainder stemming from the nonlinear term: Using Lemma 3.5 together with the estimates on ®£,

we have
L k
\4 wmaln Ver?l;n = Z (1 bot c bot’ ®bot + ®c bot}x z(x, Zpo) X (2)
0<jk<4
- top L{’topa top c top}x Z(x Ztop)X (1 - Z)
0<j,k<4

1+ 0(exp(—c(1+1)5)) in H ().
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In the above expansion, we put aside the terms corresponding to k = j = 0, which are part of S> and are
lifted by @2. If j+k>1, wehave, when 0 <s+4r <8,

W+ W s O+ O ez, L+ D3 x @l ss S BXA 41575,
and the same estimate holds for the top boundary layer. We infer that

_u
VEyBL L VeBL — (1407 (W), 00 i 2(x, Zoo) X (2)
- (1 +t)_7{\lj[0p’ top}x,z(x7 Z[OP)X(I _Z)+RNL7

where, forall r,s >0, r +s5 < 8,
| RNLIarms S BX(1 +1)~3+i—%

Note in particular that | RL || s S B2(141)7!7° with § = &

o Remainder stemming from the Taylor expansion of G: As explained in the construction of 65, @)Z,
when defining the boundary layer term, we replaced G by its Taylor expansion in the vicinity of z =0
and z = 1. Recalling (4-17), we have, in the vicinity of z = 0, setting Z = (1 + 4z,

1 1 _
Gox 1z”maun = —lggot,TZ2axwr]?1]z:in + —3gb0t TZ38 1ﬁmam + 0((1 +1) 1(Z2 + Z4)3 wl?‘l]‘;ln)
2(1+1)2 o(1+1)3

2(1 N )5 gbot TZ28 quot(x Z)X(Z)
1)2
F(+077 (e 1 220, Wl (x, Z) + Lep 1 230,00 (x, 2))x (2) + Ra,

where the first two terms enter the definition of ®§ot and @f)ot respectively, and the remainder term Rg
satisfies
1

IRGImzms S BX(14+0)7T575 if0<r+s<8.

e Remainder stemming from 2% — A=29,6BL: We now address the fact that Azwgin is not equal to

9,0BL  More precisely, using the definition of lI’a , we have, in Q2N {z <3 },

main’

_h_j—2 i 1
A?yBL 568 —2 Y (1407277 9202w (v, A +0)72)x(2)
j=3.4

+ XA+ 50w (x40 X ()
jz1

12 Y A+ 020200 (x, (1 4+1)
xYZ Fc,bot\ 2)x(2)
j=1,2

+ YA+ (D)) ()
Jj=0
+ O(exp(—c(1+1)5)) in HY Q).

A similar expression holds in N {z > 5 } replacing bot with top and z with 1 — z. The exponentially
small remainder comes from the commutator of the bilaplacian with multiplication by x (see Lemma 3.5),
and from the estimates on W, , W/ ,. We now apply Lemma 3.6 and its variant Remark 3.9: more precisely,
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in order to avoid a high loss of horizontal derivatives, we apply the “self-similar version” from Remark 3.9
to the term involving 32 W!, and the second statement from Lemma 3.6 to all other terms. We obtain

A, wBL — AT2929BL —. R,

main X “'main
with
3 3
sup ((1+0 187 Rpzll2 + A+ T 597 A%RA2 12 + (1 + )50, AR Az )1 12) < B.
1€[0,T]
Note that the decay of this remainder is similar to the one of RNy, and Rg, but its order of magnitude
is B. Hence we call it a “linear” remainder. In order to simplify the forthcoming bootstrap argument, we
will lift it thanks to another (linear) corrector.
* Remainder stemming from o\1: Recalling (4-29), (4-30) and using a variant of Remark 3.9, we have,
setting R jin = ataf;gg — Afzafalliifr:, for k +m < 10,
9
sup (1403197 Reginll 2 + (1407110 A* Retinll 22 + (14 05 |8 A* Re tinll2) S B.
1€[0,T]
Once again, R, jip is a linear remainder, and shall be lifted before the bootstrap argument of the next
subsection. We also have
1G] A 2ol 2 S B2 (1 4+1) 72,

In the remainders above, all terms of order B%(1+¢)~3 in L? will be included in the remainder for
the interior part (see Section 4.5), while the terms of order B(1 + )~ will be lifted thanks to a linear
corrector o ®, which we now construct.

Definition of o ®. Let o ¥ be the solution of
3R =3?A26R —Rpyo — Rejin, oR(t=0)=0.
Note that 8,0 % |30 = 8;0,0%|3q = 0, and therefore o ¥ |yq = 8,0 8|3 = 0 for all r > 0. Applying A to
the above equation and taking the trace at z = 0, we have, using the identity (4-18)
8 A% |20 = =A% (Ra2 + Retin) =0
= —0x Az‘pg;ﬂz:() — 0 8?alliifrtl|z=0

. , . ,
=2 _23(1 +0) T 202w Izm0+2 23 T+ HU+0727782020)] 1220 =0.
J= J=

Hence A0 ®|,_g=0forall t € (0, T). In a similar way, 3. A’c®|._o =0for all # € (0, T), and the same
properties hold at z = 1. Applying first Lemma 2.4 to 9, A*c'®, and then Proposition 2.6 to 8;A20R,
320 R and 8,0%0 R, we infer

185 A% ¥l 2 < 160l e + B2,

193 A% Rl 2 < (160l s + BHA +1) 7,
1320 %112 < (6oll s + BH(L+1)72,
13,930 ® 12 < (60l s + BH(A+1)73,
198 A6 R )| 2 < (160l s + BHA +1) 7>
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Furthermore, looking at the expressions of R x> and R, ji, and recalling the estimates on \IJ[{, we can perform
similar estimates for zx (z)d.0 % and (1 —z) x (1 — z)d.0®. For instance, estimating the commutators, we
find that

A (zx (2)3.0") = A*(2x (2)8.9; A0 ®) — A*(2x(2)0,(Rp2 + Re.tin))
= 0] A% (2x (290" + [AY, 2x(2)0,10] A0 ® + 322X ()0, Ao "
— A*(z2x(2)0.(Ra2 + Re,tin)),
where
I[A%, 2x(2)8:10; A0 Kl 12 + 10212 x (), A%l K112 S 1107 A% R |2 S (W60l s + BHA +1)7",
1A% 2x ()3, (Rp2 + Rein)) |22 S (160l g1 + BH (1 +1)75.
It follows that, for all r € [0, T],

I1A*(zx (2)3.0®) 12 < (I160]l g1 + B?) In(2 + 7).

Conclusion. Let

b =0l +oF +0B (0@ — D+ (x(1 =) — 1), 6*L=gEk + 0Bl
where

4 P .
o5k = S (1+07171(©] + 01 )(x, Z,), a € {top, bot}.
j=0
Then (up to a redefinition of @é + ®£,a as ®£), the bounds on the profiles ®£ and the corrector 6., together

QBL

with the boundary conditions on + 6, announced in the statement of Lemma 4.10, are all satisfied.

Most of the remainder terms have already been evaluated. There only remains to evaluate the quadratic

terms involving alli‘rft and o ®. We have for instance

10282 (VEY Rt - Vo R lluns S B2 +073(1+074 S BA(1 4072,

main
For the H?® estimate, we write, for z < %,

ax wBL

BL R main R
O ¥mind.0 " = =290 ",

Both terms in the right-hand side belong to H8, and we infer

IVEYBL  VoR|| s < BA(1+1)"iInQ2+1).

main
The statement of Lemma 4.10 follows. O

Proof of Lemma 4.13. Assume that ™™ = ¢’ — 9Bl satisfies (4-2), and define FC{,T as in Lemma 4.9.
According to Lemma 4.9, '
T2 2 Oll 2y S B*(A+10)71F4,

i o4
1,7 (2 S B*A+0)725,

1T 2 Ollgacry S B2 +0)7 54,
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‘We now lift these traces thanks to a corrector alli\g‘, whose definition is similar to the one of alliif‘t‘, namely

ot k)= Y <1+z)—1—%|k|—4—frfw(r k>;4+,<|k|z<1+t>l>

=0,1 1
" + X A+ R (DI 2 DG (K= 2)(1+ 1)),
j=0,1

where we recall that {; € C2°(R), ¢(Z) = Z7/j! in a neighborhood of zero, and ¢ ; satisfies (4-28).
It follows from the estimates on F;’T and from the formula defining crfi\%tL that, for £ =0, 1,

18L oM s prr S B2+ 0727575 ifk+m < 3,
o llas o) < B2(1 o7
lzoit o (anfe<t ) + 10 = 20ig o (gt S B2 +D 7=
The function crhﬁ has been designed so that
A% lz=0 = Thor(1), 0n A0 |20 = Ty (1),
Aot le=1 = Tiop(®), A 0 o= = gy ().
Furthermore, according to Remark 3.9 and using (4-28), we have, for all k, m > 0 such that k +m <8,
IAT20NE N s < BA(1+0)7375%5,
18, A2 N e S B2+ 1) 4734,
The statement of Lemma 4.13 follows immediately from these estimates and Lemmas 4.9 and 4.10. [J

4.5. Bootstrap argument for ™. In this subsection, we complete the proof of Theorem 1.3 thanks to a
bootstrap argument (or rather, two nested bootstrap arguments). We start with an initial data 8y € H'#(),
with [|6o]| 714y < B and 6y = 3,60 = 0 on 92, 320y = 0 on 92. We assume that B < By < 1, where By
is a small universal constant, so that Theorem 1.1 holds.

Let C > 2 be a universal constant to be determined. We define

Ty =sup{T > 0:(4-3) holds on (0, T) with B = 5||90||H14}.

By continuity, 77 > 0. For any T € (0, T1), we define an associated boundary layer profile QTBL (see
Lemma 4.10 and Remark 4.12) together with a corrector 6.. We recall that there exists a universal
constant Cy such that, forall m, k >0 withk+m <8, forall T € (0, T}), t € [0, T],

16EL ) |zt < Cr(l60ll s + BH(+1)714575 <2C1 |60 e (1 4+ 1) 7173,
provided C?By < 1. Similarly, for all ¢ € [0, T}],
L+ 021070l 12 4+ 19 A%l 2 + (1 + 219,970l 12 + (1 4+ 10| 12 < 2C1 1601l 14
We then introduce a new time

T, =sup{T € (0, T}) : 0™™ = ¢’ — OBL satisfies (4-2) on (0, T) with By = (2C +3C)) |60l g4} (4-31)
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On (0, T»), relying on Lemma 4.13, we construct an approximate solution #%P, We now set " =
f' — 9¥P = grem _ g, ahft Note that we can always choose |6yl 1+ small enough so that for all
te0, ), for0<k+m=<S8,
oD W s < Cloll e (14 1) 72575,
Consequently, 0™ satisfies (4-2) with B3 = (3C +5C1) |6l g1+ on (0, T>). Note that B; < B for j =1, 2, 3.
Our goal is now to prove that T = T> = +oo for a suitable choice of C, provided [|0y || 514 is sufficiently

small. To that end, we check that A%6™ satisfies the assumptions of Proposition 2.6.
By construction (see Lemma 4.13),

O™ = 3,0™ = A?0™ = 9,A?0™ =0 on IQ.
Furthermore, defining the quadratic form
O(f.8) =—(V-A%0: f - Vg)',
we have, recalling Lemma 4.13,
3,0 = (1—G)a>A~20™ 4 SL . (4-32)
where, recalling the definition of Sy, from Lemma 4.13,
Srlem — Srem -+ O (67 +0int, Qint) + Q(Qint, PPy

We claim that we have the following estimates on S, :

Lemma 4.14 (estimates on S, ). Let T, be defined by (4-31).

rem

e L% and H* estimates: for all t € [0, T»),

1 1
(I+1)%” (1+1)*

o HS3 estimate: there exist Sﬁ, SJZ_ e L>®([0, T»), L*(2)) such that A*S rem(t) = —|— S2, with

184S, 2 < B? 1824282, (Dl > S B?

IS;Oll2 < B ! s Viel0,Tr) and / S3 (AWM (1) =0
(1+1)3 Q
o Estimates on the time derivative: for all t € [0, T3),
1
19,03 St Ol S B

Proof. We estimate each term separately. The estimates on S, have already been proved in the previous
subsection (see Lemma 4.13). Therefore we focus on the quadratic terms. It follows from the estimates
of Lemmas 4.10, 4.13 and from the bootstrap estimates (4-2) on 6™™ that

197 QO P + 6™, 6™) |2 < BA(1+1) 77,
192A% Q6% + 6™, 0™) |12 < B* (1 +1) 7.
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For the H® estimate, the situation is slightly different, because A*Q(#%P + 9", 9"y involves deriva-
tives of order 9 of '™, for which we have no estimate. Therefore, as in Section 2, we decompose
A*Q (%P + 0™ 9ty into two parts, writing
A4Q(9app + eint’ eint) — _(vJ_A—Zax (Happ + eint)) . VA49int

— 05 VLEA=20,(0%p + i) . gint — [A* VEAT29, (0%P +0™) - V]O™.

It can be easily checked that the term [A%, VEA29,(6%PP + 00t . V]AI™ can be evaluated as above, and
we have
IIA%, VEAT29, (0% + 0™ . VO™l 2 < B2+ 2F5 (1 +1) 2 < B2 (1 41) 2.

Furthermore, since (A*0™(z, -, 7)) =0 for all 1, z,

/ 828V-LA_28x (Qapp + Qint) i 9intA49im —0.
Q2
Eventually, integrating by parts the remaining term,
- A((VLAizax (eapp + eim)) : VA46im) A49im = % /QV . (VJ-AfZE)x (Qapp 4 eint))|A49int|2 —0.

Therefore, setting

§T = —VEATZY, (67 + 6™ . VA — 93 VL A-29, (92PP 4 gint) . gint,
Sﬁ — A4Q(0int, eapp) _ [A4, vJ_Afzax (eapp + eint) . v]eint’
we obtain the desired H® estimates.
We now need to estimate the time derivative of 3*SL._ in L2 Note that the definition of time 7> (see

X “rem
(4-31)) ensures that
18,026™ (1) || 2 < BA+10)"> Vi e[0, Trl.

Setting " = A=29,6™, it follows that
19,039 ™ | s S BA 407> V1 €0, T1].

From there, differentiating with respect to time 3%S_. . we obtain the desired estimate in L2 The only

rem?
problematic term is 9,37 y"9,0%P, which we decompose as

302y ™M,0%P x (2) + 8,7¢™3,60P (1 — x (2)),

with x € C2°(R) such that x = 1 in a neighborhood of zero and x (z) = 0 for |z| > % Let us consider the
first term. Recalling that /" (z=0) = 0, we write, using the Hardy inequality,

18,0530 x )12 < | Z0,059™ | 12067 @)l

S 18,828, 9™ 1 121128.0% x (2) || .
<SBA+0) 3 xBA+n"'<B*(1+07*

The term involving (1 — x(z)) is treated similarly, exchanging the roles of z =0 and z = 1. ]
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Conclusion. We apply the operator A* to (4-32). We recall that by construction, A29™™ = 3, A%9'" =0
on 9€2. We obtain
atA49int — (l _ G)axA29int + A451

Ie

o — (A%, Gla,y™.

Let us now check that the assumptions of Lemma 2.4 are satisfied. The decay assumptions on A*S],

follow from Lemma 4.14. Therefore it suffices to check that the decay of the commutator term satisfies
the desired bounds. Using (2-16) together with the bounds on G (see Lemma 4.3), we have, for all
t € (0, To), , , ,
A%, G10:9 ™12 S NG llwroe 199 ™ 17 + Gl 151192 ¥ ™ oo
<BXA+0 T+ B+ +0"F < B2 (14101
Therefore, according to Lemma 2.4, there exists a universal constant C, such that, for all ¢ € (0, T5),
setting B = (3 +2C1)5||90||H14 (see (4-31)),
IA*™ @)l 2 < C2(10™ (2 = O)l| g5 + BY).

From there, we apply Proposition 2.6 twice (first to 3>A26™ and then to 96'™), and we obtain, up to a
change in the constant Cy, for all 7 € [0, 7]
197 A%0™ ()2 < C2(10™ (1 = 0) | gs + BHY(A + )7,
136™ @) 2 < C2(10™ (1 = 0) | gs + B (1 +1) 2.
There remains to bound 9,9%0™™ and 8" in L2 To that end, we differentiate (4-32) with respect to
time, and we obtain
3,0,070™ = (1 — G)d 9, ™ 4 ,0%S).  —8,Gd Y™,

The source term 9,97 SL . is evaluated in Lemma 4.14. As for the commutator term, we have

: : 241 _
18,G2Y ™12 < 19, GllpelldZy™ 2 S B A+ 23 B3+

Using Proposition 2.6, we find that, for any ¢ € (0, 75),

it it/ ) 1
19:036™ 112 < Co10™ ¢ = Ol + B) -
Using (4-32),
1879 ™ @l 2 = Co10™ ¢ = 0) s + B 7 L)a Vi€ 0. 1)

Grouping these estimates with the ones on alli\ictL from Lemma 4.13, we infer that, up to a change of the
constant Cy, for any t € (0, T»)

L+ 370" ®) [l 2 + [ A*0™™ (@)l 2 < Co(l160]l s + B,
(L4 (119,050™™ )| .2 + 1]¥ ™™ ()| .2) < C2(lI60ll s + B).
We now recall that B3 = (3C 4+ 5C) |60 14 for some constant C that remains to be chosen. We want to

pick C so that
Co (180l s + BC +5C1)*1160113,14) < (C + CD 160l g1+
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It is sufficient to take C such that 2C» < (C + Cy), and ||6]| g1+ sufficiently small. We then infer that the
bounds within (4-31) are satisfied with B; replaced by B;/2. It follows that 7, = T}. From there, recalling
the estimates on ABL, we deduce that there exists a universal constant Csz such that, for all t € (0, T}), for
allk e {4,...,8},

1950112 < 1850P 12 + 8 56™™ 2

= Cy(loll s+ B +075 + (1407,
Similar estimates hold for 86’ and 83y in L. Hence we further choose the constant C so that
2C3 (1160l 13 + B%) < Cll6oll 14

provided ||6p|| 14 is sufficiently small. We conclude that 77 = 4-00. Theorem 1.3 follows.

Appendix A: Well-posedness of the Stokes-transport equation in Sobolev spaces

The aim of this section is to prove the well-posedness of the Stokes-transport on the domain of interest of
the present paper, namely 2 =T x (0, 1). The proof is also valid on any regular enough bounded domain
of R? with d =2 or 3.

Theorem A.1. Let Q satisfy either

(1) =Tx(0,1)or

(2) Q is a simply connected compact subdomain of R, d =2, 3, regular enough.
Letm >3, pg € H™(Q) (and Q of regularity C"*?). The system

hp+u-Vp=0,
—Au+Vp=—pe,,

divu =0, (A-1)
ulpo =0,
Pli=0=0

has a unique global solution for the present regularity
(p, w) € C(Ry; H" () x C(Ry; H"(Q)).

Moreover, the solution obeys the energy estimate

IOl = ool exp(C [ IV e~ + 900l ds). (A-2)

The proof of this result follows rather classical techniques. It also relies on a previous work of one of the
authors [Leblond 2022], including in particular the well-posedness in a weak sense of the system (A-1).

Remark A.2. The well-posedness in the weak sense of (A-1) in T x (0, 1) is a direct consequence its the
well-posedness in R x (0, 1) stated in [Leblond 2022, Theorem 1.2]. In this latter unbounded domain, the
Poiseuille flows are avoided thanks to a zero flux condition on the velocity field. In the periodic case, this
condition is no longer required as the periodicity of the solution prevents the existence of Poiseuille flows.
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A priori estimate. Formally, the energy estimate for any derivative of order m can be written as

1d 2

25 19m :—/ 8m’ .V1pa™ ,

2dtII Pl Q[ u-V]pd”p
due to the divergence-free condition satisfied by u. We apply the tame estimate (2-16), together with
the continuous Sobolev embedding of H™ (£2) in L°°(2) and the Stokes equation regularization estimate
el < ol gn-2, to get

d
aua’"pniz S UIVulize + 11V pllze) ol 3m-

One therefore obtains the same inequality with the complete H” norm on the left-hand side, and the
estimate (A-2) follows. This energy estimate tells us that p remains in H™(2) as long as ||Vu||p~
and ||Vp||.~ are integrable in time. Regarding the properties we know from [Leblond 2022] about the
solutions of this equation it is enough to prove that the solution exists globally and is unique. Let us recall
from [Galdi 2011, Theorem IV.6.1] and [Leblond 2022, Section 2.1] that the source term and the solution
of the Stokes equation satisfy for all times

lwlam S lollpn-2, llullwie S ollzes. (A-3)

Also, the uniform norm of p is constant since p is transported by an incompressible vector field. We also

observe .
IVplli= = IV pollix exp(C [ I1Vus) i ds) < [Vpollix exp(Cllopllims).  (Ad)
Putting these considerations together leads to
Vool Lo
lollam < lpollam exp| Cllpoll Lot + W(GXP(CII/)OIILOOI) - D).

This suggests that if pg € H™ N W', the solution exists globally in time in H™. In particular, if m is
large enough so that H™(Q) — W!°(Q), the Stokes-transport system is well-posed in H"™.

Proof. An iterative scheme allows us to formalize the previous considerations. Let p° :  — po, which
belongs to C(R,, H™(R)). Now if p" belongs to C(R,., H"(R2)), which is true for N = 0, we know

that the Stokes system
—AuN +VpVN =—pNe_,

diva™ =0,

uVyo =0
admits for any time a unique solution " (t) € H"*?(Q) obeying inequalities (A-3). By linearity of the
problem, " in H™*2(2) inherits the continuity of p» in H™ (). Then since u” belongs in particular
to C(Ry, H m+2(Q)), the transport equation

{aZpN+l +uN X va+l =0,
PN =0 = po

has a unique strong solution pNtleC (R4, H™(£2)). This concludes the definition of the sequences ( oMN
and (u"™)y. We thereafter show that for any 7 > 0 the sequence (p” )y is bounded in L®((0, T), H™(R))



LONG-TIME BEHAVIOR OF THE STOKES-TRANSPORT SYSTEM IN A CHANNEL 2023

and equicontinuous in C((0, T), H™1(Q)), so it converges in C((0, T), H™1(Q)) to a solution of the
original system up to an extraction. Since this is true for any 7 > 0 and by uniqueness of the weak
solution ensured by [Leblond 2022, Theorems 1.1 and 1.2], we get the well-posedness of the system and
the proposition is proven.

Boundedness. Let us show that we have, for any N € N,

IV poll <

—————(exp(CllpollL=t) = 1)) =: By, (1). (A-5)
lpoll Lo

This inequality is immediately satisfied for N = 0 since p° is constant in time and equal to pg. Let N € N

such that (A-5) is satisfied. Then the tame estimate (2-15) provides here
d

N+ 12 N N+1)2 N+1 N N+1
gl Ol SUVET e o™ Wyn + 1V Mz ™ L o™ M

The considerations (A-3) and (A-4) applied to oV, pN*1 and u" lead here to

d

- N+1 Hl< (o)
10" e S ool llo

From here, we use the Gronwall lemma to estimate || o™V t!|| g,

o™ lgm < |l poll g exp(cupoupoz+

N+1 N+1||H”’-

[z + 11V poll L exp(Cllpoll 1) ]| o

t
L™+ < eXP(Cllpollet)(llpolle + ClIVpollL> / 1™ ()1 dS>- (A-6)
0

Then, according to the assumption on p”, we observe that

t
ClIVpoll / 10" (5) 1 ds
0

t

Vool

=< Clipollam IV ool / eXp(CllpollLoos +
0

(exp(ClipollL=s) — 1)) ds
lleoll Lo

exp(Cllpollpoot)—1 ||v/00||L°0 dr
< Cllpollam 1V poll / exp( r)
0 ool ) Cloollis

IV ol

= llpoll em (eXp<—(eXP(CllpollLoct) —DJ=1).
ll ooll Lo

The latter bound substituted in (A-6) yields exactly the result (A-5). Therefore, for any T > 0O the sequence

(p™)y is uniformly bounded in L>(0, T, H™(S2)).

Equicontinuity. We find a uniform bound on (3,0")y in H"~'(Q) to show the equicontinuity of the
sequence in C((0, T), H™~'(R)). This bound, uniform in N € N and ¢ € [0, T], is obtained thanks to
the tame estimate, the bounds (A-3) and the uniform bound (A-5) on p”,
19: o™ [l g1 = 1w~ VN [ s
S eIV oM Lt + 1V o™ e ™ ] s

Slpolizell o™ Ham + 110~ #n 1V polloo €xp(Cll oo lloot)

IV poll L= )>.

S Mool Nl poll e eXp(CII,OollLoolJr ool (exp(Cllpollz=t) =1
LLX)
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Regularity. Let us show that the limit p belongs to L>((0, T), H™(R2)). For any ¢ € [0, T], (o™ (1)) is
uniformly bounded in H™(£2) with respect to N and ¢. Hence according to Banach—Alaoglu theorem,
for any ¢ the sequence is weakly compact in H” (). Thus up to an extraction, p (t) converges weakly
toward a p(t) € H™(L2), and this limit satisfies

15@) | < Timinf || o™ () ] .

where the right-hand side is uniformly bounded thanks to (A-5). As p” already converges weakly in
H™(Q2), we can identify p and p, which then belongs to L*°((0, T), H™(2)). Finally, to reach the
regularity C((0, T'), H™(2)), Lemma I1.5.6 in [Boyer and Fabrie 2013] tells us that since in particular
o €L®0,T), H"(2)) N C\?V((O, T), H"1(Q)) then p € C?V((O, T), H™(2)). Hence it is enough to
show that ¢ — || p(#)|| = is continuous to prove the strong continuity of p in H"™(£2). By weak continuity,

leoll m < lirln\ionfllp(t)llﬂm-
Also by weak convergence

lo@) |l g < liminf || o (0) || zm < Bpy (1),
N—oo

which proves by clamping that ¢ || p (¢) || g» is continuous at # =0. This can be performed for any ¢ € [0, T],
hence the continuity. Finally, u € C 00, T), H™2(Q)) by (A-3) and linearity of the Stokes equation.

Appendix B: About the bilaplacian equation

We use throughout the paper the following classical regularity result:

Lemma B.1 (regularity). Let f € H"(2), m > —2. The problem
Ay =f, Ylae=0Vle=0,

admits a unique strong solution { € HO2 N H™4(Q) such that

Il gmes S AL N

The eigenvalues and eigenfunctions of the bilaplacian in a channel can be semiexplicitly computed
(see [Leblond 2023] for the details):

Lemma B.2 (spectrum of the bilaplacian). The eigenvalues of the operator A* on HO2 inT x(—1,1) are
the union, for all k € Z, of strictly increasing sequences (A, i )nen such that

Ank = (0% + k%)%,

with associated (unnormalized) eigenfunctions

cos(wp k2) — cos(@n k) cosh(r, xz), ne?2N,
by = oikx cosh(rp &)
nk = .
sin(wn 12) — 0@ Gon ), e N+,

sinh(ry, k)

with w, = (k* — )\rll’/,f)l/z and ry j = k* + A:l{lf)l/z. Note that to simplify the calculations, the domain
was chosen to be T x (—1,1) and not 2 =T x (0, 1).
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Appendix C: Proof of Lemma 3.2

The proof of the lemma relies on energy estimates in weighted Sobolev spaces, with weights that grow
like exp(cZ*?) for Z > 1. Unfortunately, we have not been able to treat all four cases for the boundary
conditions simultaneously, but we will treat (i) and (iii) (resp. (ii) and (iv)) together. Note that when (3-4)
is multiplied (formally) by Ww or by —dzWw, where w € C*([0, +00)) is an arbitrary weight function,
there are many commutator terms when we integrate by parts the fifth-order derivative. The main idea is
that if the weight is adequately chosen, all these commutators can be absorbed in the main-order terms,
which will be designed to have a positive sign. Hence we start with the following result, which will allow
us to control the commutators:

Lemma C.1. Let ¥ € C2°([0, 4-00)) such that ¥(0) =0, and let r € (0, 1).

(1) Let W € C*([0, +00)) such that W(Z) = exp (Z4/5)f0r Z>1,and W > 1, 822W >0, W=lina
neighborhood of zero.
Then, for k € {1, 2}, there exists a constant Cy, independent of r, such that, for all r € (0, 1),

2105 W) '
‘/ 950 (2)] oz 97

I . k)|:/oo|a%\IJ(Z)|2W(VZ)dZ+/OO q;l(Z)(razW(rZ) n W(rZ))dZ].
0 0

Z Z2
) Let ®: Z+— V(Z)/Z. Then, fork € {1,2,3,4}, forall c > 0, forr sufficiently small,

* 242k 40k >
1rZ>c(rZ) 5 exp((rZ)S)E)ZCD(Z) dz
0

2(k—1)

<.r s [/OOa§W(Z)2exp((rZ)§)dz+/ooazqa(Z)z(rz)%‘exp((rZ)é‘)dz].
0 0

Proof. e For k =0, ..., 3, let us consider weights wy; € W1 *°((0, 400)) such that
— ,—l7—3G-h 3
Vkel0,...,3}, VZ=>1, w(Z)=e Z75 exp(Z53),
VZe©,1), o) =w(2)=1, a(2)=Z7 wiZ)=
Note that the weights wy satisfy the following assumptions:

e Fork € {1,2}, oy < Jor—1wy1.

o Fork € {1, 2}, [0zwi| < Cry/wrwi—1 for some constant Cy.
e w(0)=0

« 03 < CW, o(2) < C(Z*W(Z)+ Z7 '8, W (2)).

Let us now introduce, for k =0, ..., 3,

o0
I :=/ 105 W(2)Pwr(rZ)dZ.
0
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Then by the definition of W, wg, w3, there exists a constant C (independent of r > 0) such that

rozWrZ) n WrZz) iz,
Z Z?

o0 o0
rPlo+ 13 < c/ 103W(Z)*W (rZ) dZ+f wz(Z)(
0 0

Letus set E =r2lp+ ;. Fork =1, 2, integrating by parts and using the conditions ¥ (0) = w,(0) =0,
we have

o0 o
I = —/ 3 W(Z)a T W (2w (rZ2) dZ — r/ A (Z2)a W (Z2)azan (rZ) dzZ.
0 0

Using the properties of wy, we deduce that there exist constants Cy such that

I < Co(V Ik=1 L1 + 1/ I k).

Since r2Iy < E, we deduce first that I, < E 4+ r~'\/LE, and plugging this inequality into the bound
on I, we find, since r € (0, 1),
4 2
L <r3E, L Sr3E.

The first inequality from Lemma C.1 then follows easily by noticing that

2 2 2
@WP _ @
W ~Y ~Y

e Letus now set, fork € {1, ..., 4},
[e.0]
Ji :=/ (20 (rz)dz,
0

where the weights ¢ € WIL’COO (R) satisfy ¢ = 0 in a neighborhood of zero, {y(Z) = Z 2+26/5 exp (Z413)

for Z large enough, and &, < /Ci_18kr 1, 028k < N/Tilr1. Let F:=r~2J,+ Ji. As above, for k € {2, 3},
we have

Ji < Ck<\/Jk_1Jk +I’\/kak_1).

From there, we infer that, for k € {1, ...4}, J; < r2k=D3
Now, since ¥ = Z®, we have Békll = Zaéd> + 48%@. It follows that

/Oo(aéqJ(Z))zexp((rZ)“/S) dz
0
= / oo(za§q> + 485 ®)2 exp((r2)*°)dzZ
0

- / T 220500 exp(r2)*1%) dZ + / 16030 exp((r2)*%) dz
0 0 00
—4 / @302 (Zexp((r2)*%)) dz
0 0Z
:/ 22(3§¢)26Xp((r2)4/5)d2+16/ (93 ®) exp((r2)*%) dz
0 0 o
—4f0 (14 £0-2)3)(03®)2 exp((rZ)*/%) dZ.
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We split the last integral into two parts, forrZ <1 andrZ > 1. WhenrZ <1,

-1 1

,
4/0 (1+ g‘(rZ)%)(agcb)z exp((r2)*°)dz < 8/0 (33 D)2 exp((r2)*°)dZ.
And for rZ > 1, for a suitable choice of {3

[e.¢]
/ (1+ g*(rZ)%)(agcb)?exp((r2)4/5) dZ < K <riF.
r—l
We infer that
o0
/ 03w (2))2exp((rZ)*/%)dZ = C'r 2], — Cr3F,
0

and therefore, for r sufficiently small,

0
F< f (B39 (Z))? exp((r2)*°)dZ + J,.
0
The result follows. U

We now turn towards the proof of Lemma 3.2. In both cases, we start with a formal a priori estimate,
from which we deduce an appropriate notion of variational solution in a suitable Hilbert space. Existence
and uniqueness then follow in a straightforward manner from the Lax—Milgram lemma.

First case: conditions (ii) and (iv). As explained above, we start with a formal a priori estimate. Let
w € C*(R,) be an arbitrary weight function, and multiply (3-4) by 3z (¥ (Z)w(Z))/Z. On the one hand,

/OO BSW(2)d7(Yw)(Z) dZ:/00 W (Z2)d3 (Yw)(Z) dZ—a5W (0)dz(Ww)(0)+33 ¥ (0)d%(¥w)(0).
0 0

Note that the two boundary terms vanish in cases (ii) and (iv). We obtain

o0 o0 3 o0
/ a;w(Z)aZ(\pw)(Z)dZ:/O (B%W(Z))Zw(Z)—i-Z(z)fo 3w (2)93 W (2)0kw(Z)dz.
k=1

0

On the other hand, since ¥ (0) =0,

W(Z)dz(V Z— Vw)(Z)dz(Yw)(Z
/O (2)dz(Yw)(Z) /(w)()z( w)()Z(Z)

=——/ (Vw)(2) 55 (Z (Z))dz

Choosing w such that 0w > 0, the right-hand side has a positive sign. We then choose w(Z) = W (rZ)
for some W € C®(R..) such that W (&) = exp(&*°) for £ > 1, W(&) = 1 for £ in a neighborhood of zero,
0¢W >0, and r > 0 small enough. With this choice, the positive terms in the energy are bounded from
below by

[ @varwezazs [ wz(z><w(’"f) +razW(’Z)) iz,
0 0 Z 7
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Lemma C.1 then implies that there exists an explicit constant § > 0 such that, for k =1, 2, 3,

/oo W (Z)03 W (Z)dkw(Z) dZ‘
0

< Uoo(agqf(Z))ZW(rZ) 4z + /Oo \112(2)<W(rz) +razW(rZ)> dZ].
0 0

A Z
Therefore, for r > 0 sufficiently small, we obtain

W(rZ) IzW(rz)
77 +r Z )dZ

/OO(B%W(Z))ZW(rZ) dz + /oo \112(2)(
0 0

1 2 o0
5/ S(2) dZ+f S(Z)*W(rz)dZ.
0o Z? 0

This leads us to the following formulation: let
oo
H = {\11 € H3(R,) : w(0) =0, / (33w (2))? exp((rZ)*°)dZ < 400,
0

/Oo W(Z)AZ 2+ Z75) exp((rZ2)¥%) dZ < ~|—oo},
0

and let
Ho:={¥ e H:9,¥(0) =d2¥(0) =0}.

We endow H and H( with the norm

17, = /°°<a;w<z>>2W(,Z) dz + /oo lI,z(Z)(W(rZZ) +razW(rZ)) iz
0 0 Z 7

where W is the previous weight. We say that W € H is a solution of (3-4)-(ii) (resp. ¥ € Hy is a solution
of (3-4)-(iv)) if and only if, for all ® € H (resp. ® € Hy),
az(P(Z)W(rZ)) /°° S(Z)
0

o) 3 3 o0 B
/0 aztpaz(q>W(r-))+fo w(Z) > dZ = -

Iz(P(Z)YW(rZ))dZ.

Existence and uniqueness of solutions of (3-4)-(ii) (resp. of (3-4)-(iv)) in H (resp. Hp) follow easily from
the Lax—Milgram lemma. Using the equation, we then infer that

o0
/ (339 (2))? exp((rZ)*°)dZ < +o0.
0
The result follows.

Second case: conditions (i) and (ii1). The estimates in the case of conditions (i) and (iii) are similar, but
slightly less straightforward, since we shall need to combine two estimates.

We first multiply (3-4) by —3%\11(Z )wi(Z)/Z, with a weight w; to be chosen later. We obtain on the
one hand

—/OO BV (2)5W(Z)w(Z) dzzfoo(aéxp(Z)fw](Z)dZJr/oo AW (2)33W(2)dzw(Z)dZ.
0 0 0
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Note that the boundary term —Bé\IJ(O) B%IIJ(O)wl (0) vanishes in cases (i) and (iii). The first term gives a
positive contribution to the energy, and the second one will be treated below with the help of Lemma C.1.
On the other hand, we obtain for the zeroth order term, noticing that either 8%\11(0) = 0 (in case (iii)) or
(Z7'W(Z))|:=0 = 97¥(0) = 0 (in case (1)),

CY(Z) 4 _ ® 9 d (VY(Z)
—/0 7 GZ\I/(Z)wl(Z)dZ—/O GZ\I/(Z)E< ~ wl(Z))dZ.

As in Lemma C.1, we set ®(Z) = W (Z)/Z. Let us write 8%\11 as

ZW(Z) = 02(Z29(2)) =20,D(Z) + Z02D(Z).

Performing integrations by parts and assuming that dzw1(0) = 0, we obtain

oo
d
f 07V(2) 17 (P (Z)wi(2)) dZ
0
3 [™ |
— 5/0 (0,9)(w(Z) — Zazwl(Z))dZ+§/0 W(2)*27 93w (2)dZ.
We shall choose w; so that 8%11)1 > 0, so that the last term has a positive sign. However, for Z > 1,
w) — Zdzw; < 0, and therefore we need to add another term to the energy. More precisely, we now
multiply (3-4) by —Z~197(dzPw,), with a weight w, which vanishes identically in a neighborhood of
zero. We obtain

_/ OO 2y, (o7 0wn) dz = / 002 u2)az.
0 0

We then take w;(Z) = W;(rZ), with 0 < r < 1 and Wy, W satisfying the following properties:
e Wi =1, W =0 in a neighborhood of zero.
« 35 W; >0.

Wi(Z) = C exp (Z*/°) for Z large enough.

Wa+ 3 (W1 = Zdz W) 2 (14 Z*3) exp (Z*5).

Our energy is then

/ (03W(2))* W (rZ) dZ—I—f (07P(2)*[Wa+ 3(Wy — ZW)](rZ)dZ
0 0 00
+%r3/ W(2)’Z7 Wi (rZ)dZ
0

o0 o0
> f 03W(2)> exp((rZ)5)dZ + / (029 (2))(1 + (r2)%) exp((rZ)) dZ.
0 0
Let us now consider the two commutator terms, namely

o o
r / 3W(2)02W(2)d; W (rZ)dZ and / AW (2)02(3,Pwy) dZ.
0 0
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For the first one, we write B%IIJ = ZB%CIJ +38%CI>. We note that 0, W (rZ) < 1,7-.(rZ)"'5 exp((rZ)4/5).
Using the second part of Lemma C.1, we infer that there exists § > 0 such that

o.¢]
r/ W (2)05W(Z)W,|(rZ)dZ
0
3

< ( / @2 W (- 2) dZ)2 ( / T2 ) B30 exp((r D)) dZ)
0 0 1

1

2

+r( / oo(aéw(Z))ZWl (rZ) dZ)z ( / h L7-(r2) "5 (320 (2))* exp((rZ)5) dZ)
0 0

s[ [ a4 2 4 > 2 4 4
Sr (0,¥(Z2)) exp((rZ)5)dZ + (0zP(2)“(rZ)s exp((rZ)sdz|.
0 0
Let us now address the second commutator term. We have for instance, using once again Lemma C.1,
oo
f 3w (2)03dwa(rZ)dZ
0

< (/Oo(a§W(Z))2W1 rZ) dZ>2 </oo 1,Z>C(rZ)?(agcb)zexp((rzﬁ)dz)
0 0

1
2

Wit

< [ / T W2 exp(r2) ) dZ + / 02,0202 2)H exp((r2)’ dZ}.
0 0

The two other terms are treated in a similar fashion. As in the first case, we find that for  small enough,
the energy is controlled by

1 [ee)
f 5(222)2 dZ+/ S22+ ) exp (r2)F dZ.
0 0

We conclude by a Lax—Milgram type argument. (Il
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