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RECONSTRUCTION FOR THE CALDERON PROBLEM
WITH LIPSCHITZ CONDUCTIVITIES

PEDRO CARO, MARIA ANGELES GARCIA-FERRERO AND KEITH M. ROGERS

We determine the conductivity of the interior of a body using electrical measurements on its surface. We
assume only that the conductivity is bounded below by a positive constant and that the conductivity and
surface are Lipschitz continuous. To determine the conductivity we first solve an associated integral
equation in a ball B that properly contains the body, finding solutions in H'(B). A key ingredient is to
equip this Sobolev space with an equivalent norm which depends on two auxiliary parameters that can be
chosen to yield a contraction.

1. Introduction
We consider the conductivity equation in a bounded domain 2 C R” and place electric potentials
¢ € H'/2(3Q) on the Lipschitz boundary 9€2:
{V -(cVu)=0 1in L,
ulpg = ¢.

Throughout the article, the conductivity o is assumed to be bounded above and below by positive constants,

(1)

so that (1) has a unique weak solution u in the L>-Sobolev space H'(2). The Dirichlet-to-Neumann
map A, can then be formally defined by

Ao 1 Q= 0 dvulpq, ()

where v denotes the outward unit normal vector to d€2. This provides us with the steady-state perpendicular
currents induced by the electric potentials ¢.

Motivated by the possibility of creating an image of the interior of a body from these noninvasive
voltage-to-current measurements on its surface, Calderén [2006] asked whether the conductivity o is
uniquely determined by A, and, if so, whether o can be calculated from A, . In two dimensions, Astala
and Péivérinta answered the uniqueness part [2006b] and also provided a reconstruction algorithm [2006a].
The two-dimensional problem has distinct mathematical characteristics, so from now on we consider
only n > 3.

With n > 3, it has so far been necessary to make additional regularity assumptions. Kohn and Vogelius
[1984] proved uniqueness for real-analytic conductivities, and Sylvester and Uhlmann [1987] improved
this to smooth conductivities. Nachman, Sylvester and Uhlmann [Nachman et al. 1988] then proved
uniqueness for twice continuously differentiable conductivities, and Nachman [1988] and Novikov [1988]
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provided reconstruction algorithms. These pioneering articles provoked a great deal of interesting work,
including that of Brown [1996], Pdivérinta, Panchenko and Uhlmann [Piivirinta et al. 2003] and Brown
and Torres [2003] for conductivities with % derivatives. In the past decade, a breakthrough was made
by Haberman and Tataru [2013], who proved uniqueness for continuously differentiable conductivities
or Lipschitz conductivities with ||V log o ||« sufficiently small. Garcia and Zhang [2016] then provided
a reconstruction algorithm under the same assumptions. Two of the authors removed the smallness
condition from the uniqueness result in [Caro and Rogers 2016], and the purpose of this article will be to
extend this work to a reconstruction algorithm that holds for all Lipschitz conductivities. We will not
assume that the conductivity is constant near the boundary, nor will we extend the conductivity in order
to achieve this, leading to simpler formulas than those of [Garcia and Zhang 2016]; see Section 3.

Before we outline the proof, we remark that there are also uniqueness results for conductivities in
Sobolev spaces; see [Haberman 2015; Ham et al. 2021; Ponce-Vanegas 2021]. In particular, [Haberman
2015] proved that uniqueness holds for bounded conductivities in Whn (), with n =3 or 4. Note that this
is a strictly larger class than Lipschitz, however there are obstacles to reconstruction via their methods;
see Remark 11.2 for more details. It has been conjectured that Lipschitz continuity is the sharp threshold
within the scale of Holder continuity; see for example [Brown 1996] or [Uhlmann 1998, Open Problem 1].

When o is Lipschitz, weak solutions to (1) are in fact strong solutions; see for example [Zhang and
Bao 2012, Theorem 1.3]. Defining the Dirichlet-to-Neumann map as in (2) by identifying o 0,u|yq with
the normal trace of o Vu, we have the divergence identity

/ Ag[¢]w=/owvw
2 Q

whenever (¢, ) € H'/2(3Q) x H'(Q); see for example [Kim and Kwon 2022, Proposition 2.4]. Given
this identity, it is possible to describe the heuristic which underlies the reconstruction: For each & € R",
one hopes to choose an oscillating pair (¢, ¥) so that the right-hand side becomes a nonlinear Fourier
transform of o evaluated at £. As the left-hand side can be calculated from the measurements, the
conductivity might then be recoverable by Fourier inversion. Indeed, much of the literature, including the
original work of Calderén [2006], has involved pairs (e, e? ), with p, p’ € C" chosen carefully, so
that p 4 p’ is equal to a real constant multiple of —i&, where i := +/—1. The hope is that the essentially
harmonic u is not so different from e, := e”**, and so the complex vector p is chosen in such a way that
p - p =0, so that e, is harmonic.

1/2

In fact we begin by noting that u is a solution to the conductivity equation if and only if v=0""“u is a

solution to the Schrodinger equation
Av=gqgv in L, 3)

where formally g = o~ 12Ac1/?, Kohn and Vogelius [1985] observed that if o|3q and v - Vo |yq are
known, then the Dirichlet-to-Neumann map A, for the Schrodinger equation (3) can be written in terms
of A,, and so the literature has mainly considered the essentially equivalent problem of recovering g
from A, (which is intimately connected to inverse scattering at fixed energy). We will only partially
use the equivalence however: we will recover ¢ directly from A,,, circumventing the need to calculate
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V- Vo|yq. This is connected to the fact that our conductivities are not regular enough to define g in
a pointwise fashion. However, as noted by Brown [1996], it suffices to define (qv, V) := (g, vi) for
suitable test functions i, with

(q,e):= —/ Vall2. V(o). (4)
Q

By the product rule and the Cauchy—Schwarz inequality, (¢, ) and (gv, ¢ ) are bounded linear functionals
on H'(B), where B is a ball that properly contains €2, so in particular we can make sense of ¢ and qv as
distributions.

Rather than solving (3) directly, we consider solutions to the Lippmann—Schwinger-type equation

v=A"oM,[v]+e,, (5)

where M, : f — ¢qf and the inverse of the Laplacian is defined using the Faddeev fundamental solution;
see Section 2.1. Integral equations like this are usually solved globally, however we will find a v € H'(B)
which is a solution of (5) in the ball B. Writing v = e, (1 + w) and additionally requiring that the
remainders w vanish in some sense as |p| — oo gives hope that the nonlinear Fourier transform will
converge to the linear Fourier transform in the limit. Solutions of this type were introduced to the problem
by Sylvester and Uhlmann [1987] and have since become known as CGO solutions, where CGO stands
for complex geometrical optics. Substituting into (3) and multiplying by e_,, we find that

Ayw=My[l+w] inQ, (6)

where A, := A +2p - V. In much of the literature A, is inverted using the Fourier transform and the
resulting integral equation is solved globally via a contraction for A_pl oM, and Neumann series. In order
to reconstruct o from A, (as opposed to just proving uniqueness), we must additionally determine which
electric potentials should be placed on the boundary in order to generate the CGO solutions. A contraction
for A;l oM, can also be helpful in this step; however, the need for such a contraction was circumvented
in the uniqueness result of [Caro and Rogers 2016], instead solving the differential equation (6) via the
method of a priori estimates.

Nachman and Street [2010] were able to recover the boundary values of CGO solutions that had
been constructed via a priori estimates, however, we were unable to take advantage of their ideas; see
Remark 11.1 for more details. Instead we will reprove the existence of CGO solutions, this time via
Neumann series; however, we will adopt the previously mentioned intermediate approach of solving the
integral equation in the ball B. That is to say, we find a w € H'(B) such that

I— A, oMpw = A, oMy [1], (7

where the identity holds as elements of H '(B). This is equivalent to (5) when Ao M, is defined
appropriately; see Remark 9.3.

Most of the article will be occupied by the proof of the contraction for A;l oM, in Sections 4-9. In
Section 4 we give a sketch of its proof before proving the key Carleman estimate in Section 5. In Section 6
we incorporate the associated convex weights into our localised versions of the Haberman—Tataru norms,
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so that they not only depend on p but also on an auxiliary parameter A > 1. The final estimate for A~!,
proved in Section 7, is somewhat weaker and easier to prove than the main estimate of [Caro and Rogers
2016], so the present article also simplifies the uniqueness result of that work. In Section 8 we bound M,
with respect to the new norms, and in Section 9 we choose the parameters in order to yield the contraction.

In Section 2 we list some of the main definitions before presenting the reconstruction algorithm in
Section 3. The reconstruction formulas will not make mention of the new norms, which are only used in
Section 11 to prove the validity of the formulas. In the final Section 12 we suggest some simplifications
that could make the algorithm easier to implement.

2. Preliminary notation

We invert our main operator A, initially on the space of Schwartz functions S(R") using the Fourier
transform defined by

feri= [ e o
for all § € R" and f € S(R"). By integration by parts, one can calculate that

A f(E) =my(&) f(§), where m,(§) = —[£]> +2ip - &, (8)

for all £ € R". The reciprocal of this Fourier multiplier is integrable on compact sets, so we can define an
inverse by

1 .
— lX d
Qn)" f - p@)g 5(6) dg

for all x e R"” and g € S(R").

2.1. The Faddeev fundamental solutions. Writing the inverse Fourier transform of the product as a
convolution, we find

Alg(x) = / F,(x —y)g(y)dy 9)
Rn
for all x € R" and g € S(R"), where the fundamental solution Fp for A, is defined by

F,(x) :== lim ! f e
r—o0 (27)" Jin p(é)

Here x € S(R") must be positive and satisfy x (0) = 1, but the limit is insensitive to the precise choice

X(/r)ds.

of x and so the integral is often written formally, taking ¥ = 1. This fundamental solution was first
considered by Faddeev [1965] in the context of quantum inverse scattering.

We also consider the associated fundamental solution G, := e, F, for the Laplacian, and we will often
write G,(x, y) := G,(x — y). This is not so different from the usual potential-theoretic fundamental
solution. Indeed, by subtracting one from the other, one obtains a harmonic function which is thus smooth

by Weyl’s lemma:
Cn 1

(2—n) |x|"=%’

H,(x) :=G,(x) — (10)
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where ¢, denotes the reciprocal of the measure of the unit sphere. For more details regarding the properties
of Faddeev’s fundamental solutions, see [Newton 1989, Section 6.1].

2.2. The boundary integral. For notational compactness we write the reconstruction formulas in terms
of the bilinear functional B/, : H'2(0Q) x H' () — C defined by

BIn, (9, V) := m(o—l/zAg[a—l/zqﬂ —v- VPN, (11)

where Py[¢] denotes the harmonic extension of ¢. Brown [2001] calculated o]y from A, so the
boundary integral Bl can be recovered from A,. In Lemma 10.1 we will prove that

BIn, (¢, G,(x,9)) € H'(B\ ),

where B properly contains €2 and f(x) denotes a function that takes the values f(x) for all x in the
domain. This allows us to define 'y, : H'2(3Q) — H'/?(3Q) by taking the outer trace on d<:

Ua,[¢]:= BIa, (9, Gp(X, *))aq- (12)

As H, is smooth, the singularity of G, is the same as that of the usual potential-theoretic fundamental
solution, so Iy, shares many properties with the single layer potential; see for example [Mitrea and
Taylor 1999, Propositions 3.8 and 7.9]. However, we will not need these types of estimates going forward.

3. The reconstruction algorithm

Recall our a priori assumptions, that the boundary and conductivity are Lipschitz continuous and that the
conductivity is bounded below by a positive constant.

The first step of the reconstruction algorithm is to determine the electric potentials that we place on the
boundary in order to generate the CGO solutions. As in the previous reconstruction formulas of [Garcia
and Zhang 2016; Nachman 1988; Novikov 1988], we resort to the Fredholm alternative; however, once
we have obtained the contraction, the argument will be direct, avoiding the use of generalised double
layer potentials. The proof is postponed until Section 11.

Theorem 3.1. Consider p € C" such that p-p =0and |p|> = p- p is sufficiently large. Let s, be defined
by (12). Then

() Tp, : HY2(0Q) — HY?(0Q) is bounded compactly,

(1) if Ta, (@] =@, then =0,
(iii) I —Ta, has a bounded inverse on H 12(3Q),

and if v=e,(1+w), where w € H'(B) is a solution to (7), then
(iv) vlpe = A —Tp,) eplsal-

Next we provide a formula for the Fourier transform ¢ (&) := (q, e~'6%), where ¢ is defined in (4).
Again we postpone the proof until the penultimate section.
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Theorem 3.2. Let I1 be a two-dimensional linear subspace orthogonal to & € R", and define
St:=TN{eeR":|0] =1}.

For® € S, let & € S' be such that {6, ¥} is an orthonormal basis of T1, and define

o E (. 'R - (OE (o EN
p.—‘C9+l<—§+(‘L’ _T) 19), ,0.——‘[9+l(—§—(‘1,' _T> 19),

where T > 1. Let Blp, and I'p,, be defined by (11) and (12), respectively. Then

1 2T
j(£) = lim —— BIn, (I—Tx)™" /) do dr.
(€)= lim > . /S1 A, (@T=T3,) " [eplagl, e,) d dr
Finally, we recover o from g using the approach of [Garcia and Zhang 2016]. By [Brown 2001] and
Plancherel’s identity, we can now calculate the right-hand side of
Aw+ |Vw|> = in Q,
{ = (13)
wlae = 5 logo|yq.
If w e H'(R) is the unique bounded solution to (13), we then have

o=e?" inQ.

This completes the reconstruction algorithm.

172

That w =logo /< solves (13) follows directly by inspection of the definition (4) of ¢g. For uniqueness,

note that if w also solved (13), then u = w — w would solve
{V -(yVu)=0 1in Q,
ulpe =0,

where y := e +?. Then u = 0 by uniqueness of solutions for elliptic equations; see for example [Gilbarg
and Trudinger 1983, Corollary 8.2].

4. Sketch of the proof of the contraction for A‘p1 oM,

One of the main ideas of [Haberman and Tataru 2013] was to extend the domain of A;l using Bourgain-
type spaces that are adapted to the problem, instead of the usual Sobolev spaces. With s = % or —%, their
norms are defined by

Il s f € SR = Nmpl* £l 2.

where m,, is the multiplier defined in (8). Then X » 1s defined to be the Banach completion of S(R") with
respect to this norm. It is immediate from the definitions that

185 8ll g1z < lglg -1 (14)

whenever g € S(R"), which can be used to continuously extend the operator. For ease of reference we
will call (14) the trivial inequality.
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On the other hand, Haberman and Tataru also proved that My, : f + g f satisfies
IMg fllg12 < ClIVIogo|leo(l+ IplflIIVIOgGIIOO)IIfIIX}J/z (15)

whenever f € X ,(1)/ 2; see [Haberman and Tataru 2013, Theorem 2.1]. Together these inequalities yield a
contraction for A;l oM, whenever |p| > 1 and ||V log o || is sufficiently small. In order to remove this
smallness condition, we will alter the norms in such a way that the constant of (15) can be taken small for
any Lipschitz conductivity, while maintaining a version of (14).

There is a natural gain for the higher frequencies in (15) whereas a gain for the lower frequencies
can be engineered in (14) by introducing convex weights. This was the key observation of [Caro and
Rogers 2016]. In order to have a gain for all frequencies, in at least one of the inequalities, we dampen
the higher frequencies relative to the lower frequencies in our main norm (with the lower frequencies
dampened relative to the higher frequencies in the dual norm), so that the gain for the lower frequencies
in our version of (14) is passed through to our version of (15).

We prove the Carleman estimate in Section 5, we define new Banach spaces in Section 6, and then we
extend the domain of A;l via density in Section 7. We prove our version of (15) in Section 8 and then
combine the estimates to obtain the contraction in Section 9.

5. Bounds for A‘p1 with convex weights
Let B be an open ball centred at the origin, with radius

R :=2sup |x],

xeQ

so that we comfortably have 2 C B. The forthcoming constants will invariably depend on this R, but
never on the auxiliary parameters p € C" or A > 1.

5.1. The Carleman estimate. Here we will deduce our estimate for A_pl from a Carleman estimate for A,
before defining the main spaces and their duals in the following section. We improve upon the estimate

oA Fllz2s) < CUF Il 2 (16)

whenever f € CJ°(B), which does not seem strong enough to construct CGO solutions for Lipschitz
conductivities. The inequality (16) follows by combining

01218l 28) < Cligl g2 (17)
whenever g € X /1)/ ? with the trivial inequality (14), and then

o121 f i < CILF 2 -

whenever f € C°(B). The constants C > 1 depend only on R. Away from the zero set of the Fourier
multiplier m ,, these inequalities are obvious, and the localisation serves to blur out the effect of the zero
set; see Lemma 2.2 of [Haberman and Tataru 2013] for the proof.



2040 PEDRO CARO, MARIA ANGELES GARCIA-FERRERO AND KEITH M. ROGERS

In the following lemma we improve the constant in (16) by introducing exponential weights that depend
on the auxiliary parameter A > 1. The extra gain in terms of A will be key to constructing our CGO
solutions for Lipschitz conductivities.

Lemma 5.1. Consider p € C" such that p - p =0, and write 6 :=Re p/|Re p|. Then

/ () 200 g
R”

2
1AL F 0P dx <
/B o Mpl?

whenever f € C°(R") and A > 1 satisfies |p| > 4AR.

Proof. If m, had been defined slightly differently at the beginning, including a superfluous p - p term, we
could have proved a version of this lemma without the hypothesis that p - p = 0. In fact, we begin by
reducing to a purely real vector case. Indeed, letting Re p, Im p € R” denote the real and imaginary parts

of p, respectively, we define Ay,  as in Section 2, but with m, replaced by

Re P
mpe (€)= —|€|>+2iRep-&+Rep-Rep
for all £ € R". Then, observing that
mp(€) = —|EP +2ip & +p- p = mre (& +1mp)
and defining the modulation operator by Modyy, , f(x) := ¢/ IM#* f(x), we find that
Modim [A,! 1= AR} ,[Modn f]

whenever f € C°(R"). Recalling that lp|?> =2|Re /o|2 if p - p =0, it will therefore suffice to prove

/ A5 FOOREHO dy < ——— MR TRer / )R dy

whenever |[Re p| > 2L R. Recalling that 6 := Re p/|Re p|, by rotating to e, this would follow from

/ A7 0P dr < f ()2 dx (19)

)\. 2 R~

whenever f € C°(R") and T > 2AR.
In order to prove (19), we will first prove the closely related Carleman estimate

18025y < 55128 4 20,V 4D @) 20)
whenever g € S(R"). Defining ¢ (x) = tx, + %)»x,%, the integrand of the right-hand side can be rewritten as
¢?Ale?g) = Ag—Vg-Vg—V-(Vog) +|Velg.

Defining the formally self-adjoint A and skew-adjoint B by

Ag=Ag+|Vpl’g and Bg=-Vg-Vg—V-(Vpg)



RECONSTRUCTION FOR THE CALDERON PROBLEM WITH LIPSCHITZ CONDUCTIVITIES 2041

and integrating by parts, we have that

1A +B)g N7y = A&7 2 gy + IBENZ 2 gen, + fR A, Blgs. 1)
where [A, B] = AB — BA denotes the commutator. By the definition of ¢, we have

Ag(x) = Ag(x) + (T 4+ Ax,) g (x),

Bg(x) = —2(T + Axy) 8,8 (x) — Ag(x),
which yields
[A, Blg(x) = —4197 g(x) +4A(T + Ax,) g (x).

After another integration by parts, we find

f[A,B]gg=4A/ |ax,,g|2+4xf VoPlgl,
Rn Rn R~

so that, substituting this into (21) and throwing three of the terms away, we find

e AGe™8) 122 g0 > 41 fR IVePigh
As |Vo(x)| = T — AR whenever |x,| < R, this yields

le? Ale™ &) 172 qny = 417 = AR)?IIgII7 5 )

which implies (20) whenever T > 2AR and g € S(R").

Finally, by density, the inequality (20) also holds for every g € L2 _(R") such that

loc
M2 (A + 276, - V412 (e 2g) € LA(RY).
Choosing g = **/2 A7l o, f with f € CE(R"), we find that (20) implies (19). O

Remark 5.2. The proof of Lemma 5.1 yields the following strengthened estimate: if p € C" and
6 :=Re p/|Re p|, then

185 F0 P dx / | )P0 d
/|9-x|<|Rep|/(2x) )»|R ARe p|?

whenever f € S(R") is such that the right-hand side is finite and A > 1.

5.2. Estimates for derivatives. The inequality of Lemma 5.1 has a gain in the sense of L2, however,
this is not enough to construct CGO solutions for Lipschitz conductivities since we need to control the
first-order partial derivatives present in the operator M. For this we consider

12 (22)

1
el = 25101 2l W o oy + 7l D

and combine Lemma 5.1 with the trivial inequality (14).
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Lemma 5.3. Consider p € C" such that p - p =0, and write 6 := Re p/|Re p|. Then there is a constant
C > 1, depending only on the radius R of B, such that

-1
1A, f”XXZ < W||f||L2(Rn’el(0-x)2)

whenever f € C°(B) and A > 1 satisfies |p| = 4AR.

Proof. The first term in the definition (22) is bounded using Lemma 5.1, so it remains to bound the second
term. Combining the trivial inequality (14) with (18), we see that

||A_plf||5(ll7/2 < ||f||5(;1/2 < m—l/znf“Lz(R") < w—l/zllflle(Rn,ew.x)z)
whenever f € CX°(B), where the constant C > 1 depends only on R. Dividing by 1174 yields the desired

estimate for the second term. O

Lemma 5.4. Consider p € C" such that p - p =0, and write 6 := Re p/|Re p|. Then there is a constant
C > 1, depending only on the radius R of B, such that

— 2
185" il < CAAE R £l
whenever f € C°(B) and A > 1.

Proof. The second term in the definition (22) can be bounded easily using the trivial inequality (14), so it
remains to bound the first term. By (17), we have

1/2

ARZ/2) (1/2 AR?/2
10121811 25 a2y < € 2101218l 28y < CelIgl g1

whenever g € X 4 2, where the constant C > 1 depends only on R. Taking g = A_pl f and multiplying the

inequality by A!/4

yields
— 2 —
MEPI AL Fll 2 g ooy < CAE I A f L1

A final application of the trivial inequality (14) yields the desired estimate. U

6. The new spaces

We must extend the domain of A_pl by taking limits, so we carefully define Banach spaces using equivalence
classes. We define

X,/2(B) :={lf1s: f € X)/*},
where the equivalence class [ f]p is given by
[f15:={g € X}/* :esssupp(f — ) CR"\ B}.

The space can be endowed with the norm

1A 18N 12 ) = inflligll 512 2 & € Lf 1B},
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so that
(X,*(B), ||+ 1312 5)) is a Banach space.

We can rephrase the inequality (17) in terms of this norm. Indeed, as

o118l 28) < Cligl g2

whenever g € [ f]p, where C > 1 is a constant depending only on R, we can take the infimum to find

o121 f 2y < ClLF g2 - (23)

12

Identifying the elements [ f]p of X (B) with f|p, the restriction of f to B, this yields the embedding

X/*(B) = L*(B). (24)

Moreover, we have the following equivalence of norms.
6.1. Equivalence with the Sobolev norm. There are constants ¢, C > 0, depending only on R, such that
clol™ 21 f sy < 115, < Clol 21 s (25)

whenever f € H'(B) and |p| > 1. To see this, note that

Ime (&) <21+ oD (1 +[51%)
for all £ € R", so that
gl <221+ 1D 218l a1 )

whenever g € H'(R"). Thus H'-extensions are also X }/ ?_extensions, so the right-hand inequality of (25)
follows by taking the infimum over H'-extensions g of f € H'(B).

For the left-hand inequality, consider gg := xpg, where xp is a smooth function equal to one on B
and supported on 2B. Then, separating the low and high frequencies,

g5 (€)* d& +2 / Im, (&)|1g5(€)|* d&

815,y < 18153, + 16101 [
[&1>4]p]

1E1<4lpl

< Clolligh
14

whenever |p| > 1, where the second inequality follows from Lemma 2.2 of [Haberman and Tataru 2013].
Restricting the left-hand side to B, we find that

I8l s < Clol2lgll 1.

172

Now if g is an X '/2_extension of f e X (B), then f = g almost everywhere in B, so we can replace g

on the left-hand side by f and take the infimum over g to obtain the left-hand inequality of (25).
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6.2. The main space. We define our main norm by

. 1
el £ € X208 o 201 I g oy + 77 1 sy
and note that by (23) it is equivalent to the homogeneous norm:
TS gy SN F Ml gy < Callte MR PN g2 )0 (26)
where C > 1 depends only on R. Thus we can conclude that
(X:)/Z(B), | * ”Xi{i(B)) is a Banach space. 27)
Later we will use that the constants in this norm equivalence are independent of |p]|.

6.3. A minor variant of the main space. We also consider the norm || o || v defined by

»(B)

1/2

1
1 4, 11/2
fex: (B)Hmax{ Pl 21 g, e_k(wz),mnfnxm(m}

Notice that little more than some signs have changed. As before, this norm is equivalent to the homoge-

neous norm:
1/4
W 1/4hR2)2 ”f”Xl/z(B) ”f”yl/z B S < Ca ||f||X1/2(B), (28)
where C > 1 depends only on R, and so
(Xl/z(B) [| o ||Y|/2 (B)) is a Banach space. (29)

Recalling the embedding (24), this can be identified with the intersection of the spaces

%12
0 B), sl ||X1/2(3))

As (29) is dense in both of these spaces, we can identify the dual of their intersection with the sum of

(L2(B), 1o 2 ¢l 2 5 prion2))  and (

their duals; see for example [Bennett 1974, Theorem 3.1]. This provides an alternative identification of
the dual of (29) which we describe now.

6.4. The dual space. Let X ;.13/ 2(B) denote the Banach completion of CZ°(B) with respect to the norm

lellg-: f € CEBY = lllmpl ™2 fll 2.

1/2

We endow L?(B) + X (B) with the norm

. 1 b 1/4 JR%/2
Iy 1) = _ind fu(mllf 205 oy + A2 g ),

with the infimum taken over all f” € L?(B) and f* e X 1/2

(B). Then

(L*(B) + X;,IC/Z(B)’ [| o ”Y{_l'){f(B)) is a Banach space. (30)
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With real-bracket pairings, Plancherel’s identity takes the form

(f,8) = /R IOGHOL S B IQHEHTE (31)

so that, by similar arguments to those used for Sobolev spaces, we find

. 1 * . 2
1/2 oll. ~ v—1/2 1/4 2R*/2) o1 . .
(X—p (B)7 )\,1/46)‘R2/2 || ”Xl/ﬁ(B)) == (Xp,c (B)a)" e ” ”X;I/Z),
see for example [Jerison and Kenig 1995, Proposition 2.9]. On the other hand, it is easy to see that

- 1
(L2B), X411 2 el grion)) = (LZ(B), PPN ||L2(B,ex<9.x)z>)-
Thus the dual of (29) can be identified with the sum of the two dual spaces as described in (30); see for
example [Bennett 1974, Theorem 3.1].
7. The locally defined extension of A_p1

We are now ready to extend the domain of A_pl by combining Lemmas 5.3 and 5.4. This extension will
make no sense outside of B in contrast with the globally defined extension of f € C°(B) A_pl f given
by the trivial inequality (14). We denote the globally defined extension by A;l and the locally defined
extension by Tf .

Corollary 7.1. Consider p € C" such that p - p = 0 and A > 1. Then there is a continuous linear
extension Tf of

feCEB) > A flp
and a constant C > 1, depending only on the radius R of B, such that
B
1Ty fllxiagy < CUElly 12 s,

whenever f € L>(B) + X;,IC/Z(B) and |p| = 4AR.

Proof. By Lemma 5.3 and the density of C°(B) in

1
2
(L (B)a W” b ”LZ(B’e)L(G-x)Z))v

we can extend f € C°(B) — A_pl f1|p to a bounded linear operator Tg that satisfies

B
||Tpf||Xi(§(B) < W“f”m(&ex(h)z)

whenever f € L?(B). The constant C > 1 depends only on R. On the other hand, by Lemma 5.4 and the
density of C°(B) in
Sy — 2
(Xp,lc/z(B)7 )\‘1/46)\1? /2” R ”X;I/Z),
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we can extend f € C°(B) — A_pl f1|B to a bounded linear operator TB that satisfies
IT £l gy < CAMAAE2 Fll g
1/2

whenever f € X
Considering now f = f” + % with f* € L>(B) and f% € X,

(B). Again, the constant C > 1 depends only on R.
1/Z(B), we define

B, ._ mB b B
T, f:=T f+T,f"

One can show that this is well defined using the linearity of the previous extensions and the density
of C°(B). Then, by the triangle inequality and the previous bounds,

1
IT5 £l < C(Wllf | 2eromn, + A AR £7) />

where the constant C depends only on R. Since the left-hand side is independent of the representation
f = f"+ f*, we can take the infimum over such representations, and the desired inequality follows. [J

8. The bound for M,

With a view to further applications, we write part of this section in greater generality. Consider bounded
functions ag, ay, ..., a, C L*°(R") with compact support:

suppa; CQC B={x eR":[x] < R},

where R :=2sup, . |x|. Define the bilinear form B : HY(B)x H'(B) —» C by

B(f.g) = / a0 fg+ / A-V(fg),
Q Q

where A is the vector field with components (ay, ..., a,). This is well defined by an application of the
product rule, followed by the Cauchy—Schwarz inequality.

Proposition 8.1. Consider p € C" such that p-p =0 and ). > 1. Then there is a constant C > 1, depending
only on the radius R of B, such that

1 eARZ/Z n

1
|B(f,g>|<C(W|| 7 |WZ)Z||aj||L°°(S2)||f||Xl/2(B)||g||Y1/2 @)

%2

whenever (f, g) € X1/2(B) o (B).

Proof. For the first term, we note that, by the Cauchy—Schwarz inequality,

x)2 2 1 1
/ aofg‘ <llaolloolle™ ™™ /2 fll 2 lle™ ™ Pl 2y < <77 A pplaollecl Lz p I8l i
Q : o

172 X2

whenever (f, g) € X
definition of the norms.

(B) x X, (B). The second inequality follows directly from the weightings in the
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For the more difficult first-order term, we consider a positive and smooth function y, equal to 1 on the
ball of radius % supported in the unit ball, and bounded above by 1. Then we work with fp := xp f and
g = xBg, where xp := x(*/R) is equal to 1 on  and supported on B. Letting A" denote the vector
field with components

b

) = — fe’*'f ( s )a(s)ds
Iy Jo O 611 )Y

forallx e R"and j =1, ..., n, and letting A := A — A, by integration by parts,

[ avGo==[ V2 fugat [ 455fugn).
Q Rﬂ n
Noting that ||V - A’ |loo < C|plllAllso, the first term can be bounded as before:

. 2 — . 2
<CIV- Aol 2 f 1l 2y lle™ 0 28 125

f VA fags

1/2 1/2
< CllAllool o121 F 1 2 oy |01 218N 2 ooy

Again by the weightings in the definitions of the norms, this implies that

1
b

whenever (f, g) € X};/Z(B) X Xl_/pz(B).
It remains to show that
emz/z
< Clm—l/z||A||oo||f||x;{,§(3)||g||y;ffp(3)- (32)

/ A (fagw)

Using the product rule, we can separate into two similar terms,

/ A* -V (fags) = /R ATV fpgn+ /R A*Vgp fa, (33)

and initially treat the first term on the right-hand side (the second term will eventually be dealt with by
symmetry). We decompose the integral as

f APV fygp = / A'.VLfyLgy+ / A*.VLfyHgp + / A* .V H pgs,
n Rn Rn Rn

where L denotes the low-frequency filter defined by

: f e"*'fx<i)f<s>ds
) Ja 25|

and H := I — L. By the properties of x, the frequency supports of VLfgLgp and A" are disjoint, so that

Lf(x):=

by Plancherel’s identity the first term is in fact 0, yielding

/Au'vagB:/ An'VLfBHgB+/ AF-VHfpgp.

n
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Then, by the Cauchy—Schwarz inequality (writing [ o [|2 := || ® || z2(rn))s

<Aoo (VL2 Hgsll2 + IV H f5ll2llg 8 12).

/ Aﬁ-VfBgB
Now as [|A*|| < C||Alloo and

IVLfgl2llHggll2 < ClpllILfBl2IlHgpll2 < Cll fall21IVHgR 2,
we find that

S Cll Al (1fBl2IIVHgal2 + IVH fBll21Ig8112)-

f AT fags

Since the right-hand side is symmetric in the roles of fz and gp, we can conclude the same bound for the
second term on the right-hand side of (33), yielding

S CllAlo (1 fBl2IIVHgBl2 + IVH fBll21IgB112)- (34)

f A (fgn)

Now clearly we have that

AR%/2

I fBll2 < ||f||L2(B PR and |[ggll2<e ”g”LZ(B’e—A(Q-x)z)'

On the other hand, by Lemma 2.2 of [Haberman and Tataru 2013], we have

IVHfBll2 < C||f||X|/2 and  [VHgpll2 < Clgl e,

where (f, g) € X V2 xV /,2 denotes any pair of extensions of (f, g). Substituting these inequalities
into (34) and taking the infimum over extensions yields

/ A (fgn)

R2)2
< ClAloo U1 2 gg or0w2 18 52 gy + €2 1F 5125y 181 2 )

Recalling the weightings in the norms, this completes the proof of (32). 0
From this we can deduce our estimate for M, : f + qf, where g is defined in (4).

Corollary 8.2. Consider p € C" such that p - p =0 and A > 1. Then there is a C > 1, depending on
IV logo||so and the radius R of B, such that

1 1 e)»RZ/Z
1My flly-12 5 < C<A1/2|p| +ot |p|1/2>||f||x;{§(3)

(B).

whenever f € Xl/2

Proof. By an application of the product rule, the definition (4) can be rewritten as

{g. V) = fIVIOgUI w——/ Viogo - Vi
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Using our a priori assumptions that o is bounded below and Vo is bounded above almost everywhere
(which follows from Lipschitz continuity), Vlogo = o~ Vo is a vector of bounded functions. Thus, by
taking

ap = ilVlogcﬂ2 and A= ——Vlogo
we can write

My f,8):={qf. g):=(q, &) =B(f, 8

for all (f, g) € Xl/z(B) X Xl/z(B) Then, by Proposition 8.1, we find that

1 1 e“*z/2 “
My [, &)l (

1/2

for all (f, g) € X (B) x X 1_/ j (B). Finally, using the identification

172

(X5 B, NNy ()" = (L2B) + X, 2(B). 2 lly 112 ),

we obtain the desired inequality. U

9. Locally defined CGO solutions via Neumann series

1/2

Let X, (B) and Y. ; ;/ . (B) denote the Banach spaces defined in (27) and (30), respectively. Recall that

fe CSO(B) — A_pl f1B can be extended as a bounded linear operator

2 2
T8 v, /3(B) > X;/2(B)

using Corollary 7.1 and that My, : f +— ¢f, with g defined in (4), is bounded as

1/2 1/2

2(B) = Y, J2(B)

by Corollary 8.2. The contraction will follow by choosing |p| and A appropriately so that the product of
the operator norms is small.

Theorem 9.1. Consider p € C" such that p - p =0 and A > 1. Then there is a Cy > 1, depending on
IV log o ||eo and the radius R of B, such that

ITE oM, ||£(X1/Z(B)) : (35)

1/Z(B) thereisaw € X, / (B) such that

whenever |p| > AR and ) = 36C2 Forall f € Yk
(I—TS oMpw =T5[f]. (36)

Moreover, there is a C > 1, depending only on R, such that

Il gy < CFlly1r2 (37)
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Proof. By combining Corollaries 7.1 and 8.2, we have that Tg oM, is a bounded operator whenever
|p| = 4AR. Furthermore, there exists a constant Cy > 1 such that

1 1 MR/2 1
BoM, [|.orz, . < C + 5+ S35
ITo oMy ety < Co\ iy, T T2 ) S 2

p

whenever |p|!/? > 6Coe“e2/2 and A'/? = 6Cy. Then, by Neumann series, I — Tf oM, has a bounded

inverse,

I-TEoM) ™' = (T8 oM,
k=0

on Xi{E(B), and sow = (I— Tff oMq)_lej[f] satisfies (36). Moreover,

B kB B
lwiyi gy < D NT oM T 125y < 2T L M g1
k>0

by the triangle inequality, the contraction (35), and summing the geometric series. Then (37) follows by a
final application of Corollary 7.1. U

Recall that we can also use the trivial inequality (14) to extend f € C°(B) — A;l f as a bounded
linear operator

1. y—1/2 12
AXS? S X2

In the following corollary we clarify that the restriction of this extension to the ball B and the previous
locally defined extension Tg are the same. We also record the properties of our CGO solutions that we
will need in the remaining sections.

Corollary 9.2. Consider p € C" and A > 1 as in Theorem 9.1. Then
-1 1
”Ap o Mq ”‘C(X/l»,//%(B)) < 2 (38)

there is a w € H'(B) that solves (7), and there is a C > 1, depending on ||V 10g ¢ ||« and the radius R
of B, such that

Il 125 < Cliglig-1. (39)
Moreover, v =e,(1 +w) € H'(B) solves the Lippmann—Schwinger-type equation
(I—Syv=e,, whereSy:=e, A} oMyle_,e] (40)
as elements of H'(B), and is also a weak solution to the Schrodinger equation (3).
Proof. By Corollary 7.1, the equivalence of norms (26), and the trivial inequality (14),
IT58 = A, 2l 5y < ITpLe = 8jllyre g + 1A, 85 = &1l g2

<C(lg —gj||Y;:)/cz(B) +1gji— gllx;l/z),
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and given that the dual norms are also equivalent, by (28), we can choose g; € CX°(B) such that the
right-hand side converges to 0. Then, combining with Corollary 8.2, the contraction (38) follows directly
from the previous contraction (35).

Taking f = M,[1] in Theorem 9.1, we find w € Xi{;(B) solving

w =TS oMy[1+ w].

y-12

Again by Corollary 8.2, we have My[l +w] €Y, ¢

can also write

(B), so that, taking this as the function g above, we

w=A,"oM,[1+w] 41)

1/2
Ap
w € H'(B) solves (7). Moreover, the inequality (39) follows from the previous inequality (37) combined

with (26) and the dual version of (28).
Finally, writing v = e, (1 4+ w), we can multiply (41) by e, to find

as elements of X,”(B). Thus, combining with the norm equivalences (25) and (26), we find that

vV—e,= epA;I oMyle_,v] =:S,[v]

as elements of H'(B). Then, by integration by parts and Plancherel’s identity (31), cancelling the Fourier
multipliers,

—/R VS, [v]- Vi = A AL oMyle_pvle, Ale—pe, ]

=/R m;IMq/[e_\pv]mp(eplﬂ)v
= (qv. ) (42)

whenever ¥ € CZ°(B). Given that e, is harmonic, we see that v € H 1(B) is also a weak solution to the
Schrodinger equation (3). O

Remark 9.3. The CGO solutions v = e, (1 + w) given by Corollary 9.2 also satisfy

v=> e)(A," o MyF[1], (43)
k>0

with convergence in H 1(B). On the other hand, we have that
-1 kr11 — -1 k _qk
ep(Ap oM,) [l]—(epAp oMyle_,e]) [ep]—Sq[ep]
as elements of H'!(B). Substituting this into (43), we find that
v=> Skle,]

again in the H '(B)-sense. If we had proven that S, is contractive on H 1(B), we could have solved (40)
more directly by Neumann series, and the solution would have taken this form.
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10. The boundary integral identities

Here we use the divergence theorem to equate the boundary integral to an integral over the domain. Iden-
tities similar to the first identity of Lemma 10.1, often known as Alessandrini identities, are foundational
for the Calderén problem. Recall that our boundary integral BI,, : H'/?(dQ) x H'() — C is defined
by

BIn @0 = [ (@ P aclo™ 91— v T RV, (44)
aQ
where Py[¢] denotes the harmonic extension of ¢. A key idea of [Nachman 1988] and [Novikov 1988]

was to take the Faddeev fundamental solution within boundary integrals similar to this, yielding similar
formulas to the second identity in Lemma 10.1.

Lemma 10.1. Let g be defined by (4), and let Bl be defined by (44). Then

Blp, (laq, ¥) = (qv, ¥)

whenever \ is harmonic on Q and v € H' () solves the Schradinger equation (3). Moreover,
BlIp, (v|ae, Gp(x, ) = Sy4[v](x)

as elements of H' (B \ Q), where S, is defined in (40).

Proof. For the first identity, consider the weak solution to the conductivity equation given by u = o ~!/?

v.
Recalling that Vo is bounded almost everywhere, by an application of the product rule, we find that
Au=—0"'Vo - Vu € L*(2). Thus the normal traces can be defined so that the divergence theorem can

be applied to o Vuo =2y — V Py[¢]y, yielding

By, (Wlag. ¥) = /Q(o—w V(o ™2Y) = VPylulsel - V) (45)
see for example [Kim and Kwon 2022, Proposition 2.4]. Now, as ¥ is harmonic on €2, we have
/Q V(Polvlsel —o'/?u) - Vi =0,
which can be substituted in (45) to find that
By, Oha ) = [ @Vu- 9@ = Vo ) V).

Then, after applying the product rule again, terms cancel and one finds that the right-hand side of this
identity is equal to (go'%u, ) = (qv, ¥), as desired.

For the second identity, recall that G_, :=e_,F_, is a fundamental solution for the Laplacian. In
particular AG_,(e,x) =0on Q forall x € B\ Q. On the other hand, G, inherits a skew symmetry
from F,,

G p(y,x)i=e_p(y =) F p(y —x) =ep(x = ) F(x —y) =: Gy(x, y), (46)
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so we can reinterpret this as AG,(x,¢) =0on Q forall x € B\ Q. Thus, we can substitute this into the
first identity to find that
BIx, (s, Gp(x,+)) = (qv, Gy(x,*)) (47)
forall x € B\ Q.
Now, for any f € H'(2) and any smooth v, supported in a small ball centred at x and properly
contained in B \ ©, we have that

/B<qﬁ Gp(y,°)>wx(y)dy=<qf,fBGp(y,')wx(y) dy>. (48)

This follows by interchanging the integral and the gradient, using Lebesgue’s dominated convergence
theorem, and applying Fubini’s theorem. Then using the skew symmetry (46) again and the kernel
representation (9) of A7l the right-hand side of (48) can be rewritten as

(qf, €—pA__1 [ep‘/fxp = /l; epA_pl[Qfe—p]()’)‘/fx(Y) dy. (49)

Here we have considered A_pl to be the globally defined extension given by (14), and the identity follows
by moving the Fourier multiplier m;l from one term to the other after an application of Plancherel’s
identity (31). Combining (48) with (49) and recalling the definition (40) of S, we find that

/B (@f. Gy, W () dy = /B S,LF10)¥x () dy.

Now by the bounds of the previous section, we have that S,[ ] € H (B), and so, letting ¥, approximate
the Dirac delta §,, we find that

(@f, Gp(x,¢)) =Sq[f1(x) (50)

for almost every x € B \ by a suitable version of the Lebesgue differentiation theorem; see for example
[Muscalu and Schlag 2013, Theorem 2.12]. Taking f = v and combining (47) with (50) yields the second
identity. O

11. The proofs of Theorems 3.1 and 3.2

The second identity of Lemma 10.1 allows us to define Ty, : H'/?(3Q2) — H'/?(9Q) by taking the outer
trace Ty : H' (B \ Q) — H'/?(3) of the boundary integral:

La (@] :=ToalBIa, (¢, Gy(x, )] (S
for all ¢ € H'/?(3R2). Moreover, it gives us the alternative representation
Ia, [¢]1 =Ty oSy 0 Pyl¢], (52)

where S, is defined in (40) and P,[¢] denotes the solution to (3) with Dirichlet data ¢.

We restate the main theorems from Section 3 before proving them. The proof of the second part of
the following theorem bears some resemblance to the argument of [Astala et al. 2016, Theorem 3.1],
allowing us to avoid the use of double layer potentials.
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Theorem 3.1. Consider p € C" such that p-p =0and |p|* = p- p is sufficiently large. Let I's, be defined
by (12). Then
(1) Ty, : H'2(3Q) — H'?(3Q) is bounded compactly,
(ii) if Ta, [$] = @, then ¢ =0,
(iii) I —T's, has a bounded inverse on HY2Q),
and if v=e,(1+w), where w € H'(B) is a solution to (7), then
(iv) vlse = I —Ta,) " eyloal-

Proof. By hypothesis (I —S;)v = e,, so part (iv) follows from the alternative representation (52) and
part (iii), which in turn will follow from parts (i) and (ii) by the Fredholm alternative.

To see (i), note first that the trace operator Tyg : H' (B \ Q) — H!/?(3Q2) and solution operator
P, H 12(9Q) — H'(Q) are bounded. Combining this with the alternative representation (52), it will
suffice to show that S, : H (@) — H'(B\ Q) is bounded compactly. For this we recall that, on B \ Q,
we have the representation (50), and so by applications of the product rule we can divide the operator
into three parts S, = S| + S, + S3, where

SiLfli= [ 1V10goIEF0IGy(+ =) .

Solf]:= —%fQVIOgo(y>-Vf<y>Gp<-—y>dy,

Silfli= [ Vioga():VGy(+ =31y

By our a priori assumptions, V logo =0 ~!Vo € L>(Q)", and on the other hand G, and VG, are locally
integrable by (10). Thus, by Young’s convolution inequality,

Si:L*(Q) = L*(B\Q), S;:H'(Q)— L*(B\Q), and S3:L*(Q)— L*(B\D)
are bounded. Moreover, by Lebesgue’s dominated convergence theorem, we can take derivatives under
the integral, and by (10) we have that

Xj =y —yi)

8X.,~8X,'G)O(X_Y) =Cpn |X—y|n+2

+ 0k, 0x, Hy (X — y).

On the one hand, the second-order Riesz transforms are easily bounded in L? noting that the Fourier
multipliers —§;§; /1§ | are uniformly bounded; see for example [Muscalu and Schlag 2013, Section 7.2].
On the other hand, the operator corresponding to the second term can be bounded in L?(B\ 22) by Young’s
inequality again. Together we find that

S1:L*(Q)— H*(B\Q), S»:H'(Q) — H*(B\Q), and S3:L*(Q)— H'(B\Q)

are bounded. Thus, by Rellich’s theorem, all three operators are bounded from H 1(Q) to H' (B \ Q)
compactly. Altogether we find that S, maps H '(Q) to H'(B \ Q) compactly, which completes the proof
of (i).
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In order to see (ii), we combine its hypothesis with the alternative representation (52), obtaining

¢ =Ty, [9] =Taa oS, o Pylo]. (53)

By the bounds of Section 9, we know that S, o P;[¢] = epA;1 oMyle_, Pyl¢]]l € H'(B), so we can
replace the outer trace on 92 with the inner trace as they both extend the restriction to d€2 of smooth
functions, which are dense in H'(B). On the other hand, combining the calculation (42) with the defining
property of P,[¢], we have that

—/W V(Sy 0 Pylg]) - Vi = (q Py 1. %) = —f VP,I$]-Vy

n

whenever ¢ € CZ°(£2), and so A[S, o Py[¢] — P;[¢]] =0 in 2 in the weak sense. Combining this with
our hypothesis (53) and the uniqueness of solutions for the Dirichlet problem with zero boundary data,
we find that

Sy o0 Pyl = Py[¢] in Q. (54)

If we had a contraction for S, it would be easier to conclude that ¢ = 0. In any case, we can use the
contraction we have by considering

ni=e_,Sq0 Pylp]l = A, oMyle_, Pylopl] = A o My (],

where the final identity follows from the definition of 1 and (54). Then our contraction (38) implies that n
must be the zero element of X i/ i(B), so, by the equivalence of the norms, e,n must be the zero element
of H'(B). Then, by the definition of n and (54) again, P,[¢] is the zero element of H Q). Finally, by
uniqueness of the Dirichlet problem, ¢ is the zero element of H!/2(32), which completes the proof of
the injectivity. O

Remark 11.1. Much of the previous argument is insensitive to the choice of fundamental solutions used
to invert A and A ,. Rather than troubling ourselves to invert A, using the Faddeev fundamental solution,
we could have more easily inverted the operator using the a priori estimates proved in the uniqueness result
of [Caro and Rogers 2016]. Indeed, we were able to use those estimates to find a different fundamental
solution K, and w such that

wx) — (qu, Kp(x,*)) = (g, Kp(x,+)) in B\ Q.
The associated CGO solutions v = e, (1 + w) satisfy
v(x) — (qu, L,(x,)) =e,(x) in B\,

where L,(X,y) :=e,(x —y)K,(X,y) as before. However, not only are these fundamental solutions less
explicitly defined, they also fail to satisfy the skew symmetry law (46): that is K_,(x,y) = K,(y, X).
Thus, even though we know that L, (e, y) is harmonic on R" \ {y}, one is unable to conclude that L ,(x, )
is harmonic on R"\ {x}, which is what allowed us to take it in the boundary integral identity. We attempted
to modify the fundamental solution so that the skew symmetry law is satisfied as in [Nachman and Street
2010]; however, we were unable to do this while maintaining the contraction.
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We are now ready to complete the formula for the Fourier transform § (&) := (g, e~¢*), with ¢ defined
in (4). The proof makes use of the boundary integral identity again combined with the averaging argument
due to [Haberman and Tataru 2013].

Theorem 3.2. Let I1 be a two-dimensional linear subspace orthogonal to £ € R", and define
S':=TIN{e eR":|0] = 1}.

For® € S, let & € S! be such that {0, v} is an orthonormal basis of T1, and define

o E L (a ERN o (E (o 18R
p.—‘C9+l< §+(T T) 19), p = r@—i—z( 5 (r T) 19),

where T > 1. Let BI5, and T'_ be defined by (11) and (12), respectively. Then

1 2T
a6 = tim o [

BIn, (I—Ta,) eyl /) dé dr.
T—oo 2t T T Jst A”(( Aa) [ep|dS2]» €p ) T

Proof. Noting that p - p = p’ - p' = 0, we can take the CGO solution v = e,(1 + w) € H'(B) given
by Corollary 9.2 and ¥ = e,y in the first boundary integral identity of Lemma 10.1. Noting also that
o+ p' = —i&, the right-hand side of the identity can be written as ¢ (&) plus a remainder term. Indeed,
we find that

Bla, (Vlse, ep) = G(5) + (qu, 7). (55)
Now, for any extension € X /1/ * of w and smooth xp equal to 1 on 2 and supported on B, by duality
we have that
7é 7'§. ~ ~
qw, e N < llglly-rnllxpe™ ¥l g1 < Cligl e Bl e,

where the constant C > 1 depends on |£| and R; see [Haberman and Tataru 2013, Lemma 2.2] or [Caro
et al. 2013, (3.17)]. Taking the infimum over extensions, we find

qw, e 5% < Cligllg-12lwll g172 ).

Then, using the estimate (39) for the remainder in Corollary 9.2 and taking an average over p, we find that

1 2T ) C 2T
. / (g, 5% o dr < —— 112 1» d6 dr,
27TT T JS! 27TT T Sl Xp

where C > 1 depends on |§|, the radius R, and |V log 0 || . Now, [Haberman and Tataru 2013, Lemma 3.1]
proved that the right-hand side converges to 0 as T — oo. Combining with (55), noting that (&) is
unchanged by the average, yields

§(&) = lim —

2T
—_— BI ,e,)dfdr.
T—oo 2T Jr /Sl A, (Vlag ep) t

Finally, we can use our formula for the values of v on the boundary given by Theorem 3.1, which
completes the proof. O
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Remark 11.2. In [Haberman 2015; Ham et al. 2021; Ponce-Vanegas 2021], the contraction was found
after taking similar averages over p, which yields the existence of a sequence of CGO solutions

{vi=ep,(1+wj)}j>1 with|pj| - ocoas j — oo.

The authors of the aforementioned works were able to take advantage of the existence of these solutions
to prove uniqueness; however, in order to reconstruct in terms of these solutions, one would need to know
which values of p; € C" to take.

12. Reconstruction in practice

There is an extensive literature dedicated to the real-world practicalities of the Calderén problem, such as
stability, partial data and numerical implementation; see for example [Caro et al. 2016; Delbary et al.
2012; Kenig et al. 2007]. Here we suggest some simplifications that would make things easier to measure
and calculate without dwelling on how much the simplifications would corrupt the image.

12.1. What to measure. An approximation of the conductivity on the surface o |3 could be measured
directly by placing real potential differences over pairs of adjacent electrodes, measuring the induced
current, and applying Ohm’s law. Earlier reconstruction algorithms also required the perpendicular
gradient of the conductivity on the surface, which seems harder to measure directly. We would also need
to measure an approximation of

1 2T
Measr (§) := 7— /1/ Aolo™%e,l07 %, db dr
T JS'JoQ

forall € € R~'7"N[—cT, cT]", where ¢T > 1 and R is approximately twice the diameter of Q. For the
complex integrand one can place two separate real electric potentials. Given sufficient access to a large
enough part of the surface, one would hope to approximate the inner integral with some accuracy; however,
applying the oscillating electric potentials could prove to be the more difficult technical challenge. The
outer averaged integrals seem less important and a more rudimentary finite sum approximation could be
sufficient.

12.2. What to calculate. Given Measr and o |jq, one could then employ a triangular finite element
method to calculate an approximate solution to

1/2

Av=(Regr)v in Q,
V=05 on d€2,

where, letting 1 denote the characteristic function of the domain, g7 is defined by

s £ ~
Z e Measr(é)—i-TlQ(S) .

EeR1Z"N[—cT,cTT"

qr(X) := Gn Ry

Then the grayscale image is given by v2, taking T as large as is practicable.
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12.3. Justification of the simplifications. A loose interpretation of Theorem 3.1 is that v|yq is not so
different from e,|3q (this is known as the Born approximation; see [Delbary et al. 2012; Knudsen and
Mueller 2011; Siltanen et al. 2000] for numerical implementations). Indeed, if the conductivity were
constant, then Iy, would be identically O and so part of the reconstruction integral from Theorem 3.2
could be rewritten using the divergence theorem:

2
/ a,,Po[ep]ep,Z/ Vep~Vepr=,0-,0// e—’f'xz—ﬂlg(s).
99 Q Q 2

Note also that, by the uncertainty principle, § and ﬂ; are essentially constant at scale R~'. Thus the
reconstruction formula approximately simplifies to ¢ ~ limy_, o, g7 pointwise. Note that the cutoff of the
frequencies serves to mollify, so that gr is a function even though it approximately converges to g in the
distributional sense. Finally, one observes that o!/2 is the unique solution to the Schrodinger equation
with v[pq = G|ég.
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