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WEAKLY TURBULENT SOLUTION
TO THE SCHRÖDINGER EQUATION ON THE TWO-DIMENSIONAL TORUS

WITH REAL POTENTIAL DECAYING TO ZERO AT INFINITY

AMBRE CHABERT

We build a smooth time-dependent real potential on the two-dimensional torus, decaying as time tends
to infinity in Sobolev norms along with all its time derivatives, and we exhibit a smooth solution to
the associated Schrödinger equation on the two-dimensional torus whose H s norms nevertheless grow
logarithmically as time tends to infinity. We use Fourier decomposition in order to exhibit a discrete
resonant system of interactions, which we are further able to reduce to a sequence of finite-dimensional
linear systems along which the energy propagates to higher and higher frequencies. The constructions are
very explicit, and we can thus obtain lower bounds on the growth rate of the solution.

1. Introduction

1.1. Main result. In this paper, we build an explicit C∞ solution to the Schrödinger equation on the
two-dimensional torus T2

:= R2/(2πZ)2,

i∂t u(t, x) = −1u(t, x) + V (t, x)u(t, x), (t, x) ∈ [0, +∞) × T2, (1-1)

where the potential V (t, x) is real, smooth on the interval [0, +∞) × T2, and decaying at infinity in
Sobolev norms. With a carefully chosen V , we are able to exhibit weakly turbulent behaviour; that is, we
are able to prove the following theorem.

Theorem 1.1. There exist a real smooth potential V (t, x) and a smooth function u(t, x) such that

i∂t u(t, x) = −1u(t, x) + V (t, x)u(t, x), (t, x) ∈ [0, +∞) × T2. (1-2)

Furthermore, given any small constant δ > 0 and any order s > 0, there exists cδ,s > 0 such that, as t →∞,

∥u(t)∥H s ⩾ cδ,s(log t)s(1−δ). (1-3)

Finally, the potential V satisfies the bound,

for all k ∈ N, for all s ⩾ 0, lim
t→∞

∥∂k
t V (t, · )∥H s = 0. (1-4)

We will in Section 5 explore possible upper bounds for the decay rate of V , which is subpolynomial;
see (5-16).
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1.2. Earlier work. The first example of unbounded growth of the Sobolev norms for the Schrödinger
equation (1-1) on the torus T2 was given in [Bourgain 1999a], although there the potential V was chosen
to be quasiperiodic. Bourgain proves that a logarithmic growth of the Sobolev norms can be achieved
in this setting and that it is optimal. Bourgain [1999b] also studied the case of a random behaviour in
time with certain smoothness conditions. Furthermore, Bourgain proves in those articles that, with a
bounded smooth potential V , the growth in any norm H s is bounded by tε for all ε > 0 (with a constant
that depends upon s, V, ε) and that, for a potential analytic in time, the bound can be refined to (log t)α .

With regards to the logarithmic growth rate we are able to achieve in the present article, it is necessarily
subpolynomial as V is assumed to be smooth and bounded, but we may not use the logarithmic a priori
bound as V (t) is not analytic in t in our construction. Still, logarithmic growth rate is nearly optimal as
the optimal growth is necessarily subpolynomial.

The study of upper bounds on the possible growth rate of Sobolev norms of the solutions to the linear
Schrödinger equation has a long history. The general question can be formulated as follow: consider u a
regular solution to

i∂t u = Hu + P(t)u, (1-5)

where H is either the Laplacian −1 on a d-dimensional torus, or, more generally, when the domain is Rd

or even a manifold, a time-independent self-adjoint nonnegative operator with some assumptions on its
spectrum, and P(t) is a smooth time-dependent family of pseudodifferential operators of order strictly
less than 2. Then one can try and prove an upper bound on the growth rate of ∥u(t)∥H s as t → ∞.

Maspero and Robert [2017, Theorem 1.9] proved, along with global well-posedness, tε upper bounds
on the growth rate in the case where H has an increasing spectral gap (as is the case for the Laplacian
on Zoll manifolds) and P(t) is a smooth perturbation with suitable assumptions. They also proved
polynomial upper bounds in broader settings. Under the increasing spectral gap assumption, the bound
can be improved to (log t)γ for some γ > 0 when P(t) is analytic in time, which is reminiscent of
Bourgain’s bound. Using those results, [Bambusi et al. 2021] proved tε upper bounds on the growth rate
of solutions to (1-5) in an abstract setting, which includes in particular the case where H is the harmonic
oscillator in Rd and P(t) is a pseudodifferential operator of order strictly lower than H depending in a
quasiperiodic way on time. The first result of a tε upper bound with an unbounded P(t) was obtained
in [Bambusi et al. 2022] on the torus Td with H = −1. Finally, tε upper bounds have been proved for
general hamiltonians of quantum integrable systems in [Bambusi and Langella 2022].

Regarding the dual question of exhibiting growth of Sobolev norms in solutions to (1-5), Maspero
[2022; 2023] proved the existence of solutions with (unbounded) polynomial growth in the case where H
has a fixed spectral gap and P(t) is a potential periodic in time using a resonance phenomenon. Loosening
the time smoothness hypothesis, Erdoğan, Killip and Schlag [Erdoğan et al. 2003] showed genericity of
Sobolev norm growth when the potential is a stationary Markov process. See also [Delort 2010; Eliasson
and Kuksin 2009; Nersesyan 2009; Wang 2008].

Regarding potentials whose Sobolev norms decay to 0 with time more specifically, Faou and Raphaël
[2023] were able to exhibit logarithmic growth in the context where

H = −1 + |x |
2
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is the harmonic oscillator on R2. Their method relies on quasiconformal modulations of so-called
bubble solutions of the unperturbed Schrödinger equation. It is not surprising that we are able to exhibit
logarithmic growth on the torus as the setting is similar. Indeed, both the harmonic oscillator on R2 and
the Laplacian on the torus are operators with compact resolvent and a spectrum with geometric properties
(as it is formed of points in a lattice) which allows for explicit resonance mechanism. Let us note that
the author was able to prove in [Chabert 2024] that their method extends to the case where the cubic
nonlinear term u|u|

2 is added to the equation, using an approximation scheme similar to the one found in
the present article.

The method we shall use here is inspired by the seminal work [Colliander et al. 2010] refined by
[Guardia and Kaloshin 2015]. Indeed, we use that, on the two-dimensional torus, eigenfunctions of
the Laplacian are given by ein·x for n ∈ Z2 with eigenvalue |n|

2. The lattice structure is then used to
produce resonance phenomena between carefully chosen frequencies of the Fourier decomposition of the
solution u. The idea is that only certain resonant interactions will dominate the behaviour of the solution;
thus, using an arbitrarily small potential, we are able to transfer the energy of the solution to higher and
higher frequencies, leading to the growth of Sobolev norms.

1.3. Main ideas of the proof. The first step of the proof is directly inspired by [Colliander et al. 2010]. In
Section 2, we decompose (1-1) into Fourier frequencies, thus reducing it to an infinite-dimensional ODE
on the Fourier frequencies (an(t)) of the solution. This enables us to exhibit some resonant interactions
between Fourier frequencies, which will dominate the behaviour of the solution in terms of Sobolev norms.
In that spirit, we first study a resonant Fourier system where we drop the nonresonant interactions. We then
build a family of Fourier frequencies (mn)n⩾0, satisfying carefully computed orthogonality properties,
along which we are able to transfer energy to higher frequencies (as |mn| → ∞) with a well-tailored
potential V for a solution (an(t)) whose Fourier frequencies are almost supported on the (mn).

In Section 3, we give a detailed construction of a potential allowing said energy transfer to higher
frequencies, thanks to the crucial point that, as we only consider resonant interactions, we may light up
only specific Fourier frequencies in the potential, which further reduces the resonant system to a sequence
of finite-dimensional linear systems which we can explicitly solve.

In Sections 4 and 5, we prove that the solution to the resonant system yields a solution to the full
system up to a perturbation thanks to a Cauchy sequence scheme, thus concluding that the perturbation
decays to 0 as t → ∞. We finally use the explicit construction of the solution to the resonant system to
deduce lower bounds on the growth of the Sobolev norm of the full solution, thus concluding to the proof
of Theorem 1.1.

2. Fourier decomposition and resonant system

2.1. Reduction to a resonant Fourier system. We now show how (1-1) can be heuristically approximated
by an easier equation, focussing on the resonant interactions. Indeed, as we wish to find smooth solutions
of (1-1), we may write

u(t, x) =

∑
n∈Z2

an(t)ei(n·x−|n|
2t). (2-1)
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We now set the potential to take the form

V (t, x) = −

∑
n∈Z2

2vn(t) sin(|n|
2t)ein·x , (2-2)

where v−n = vn is real. Thus, we need only find a solution to the l2 system

∂t an =

∑
m∈Z2

am(t)vn−m(t)(e−iω+
m,n t

− e−iω−
m,n t), (FS)

where we set
ω+

m,n := |m|
2
+ |m − n|

2
− |n|

2,

ω−

m,n := |m|
2
− |m − n|

2
− |n|

2.

Now, in the spirit of [Colliander et al. 2010], we expect that the resonant interaction will dominate,
that is, the interaction between frequencies m, n such that one of ω+

m,n or ω−
m,n is 0. We thus define, for

n ∈ Z2,
0+

res(n) := {m ∈ Z2
: |m|

2
+ |m − n|

2
− |n|

2
= 0},

0−

res(n) := {m ∈ Z2
: |m|

2
− |m − n|

2
− |n|

2
= 0}

and define the approximated system

∂t an =

∑
m∈0+

res(n)

am(t)vn−m(t) −

∑
m∈0−

res(n)

am(t)vn−m(t). (RFS)

We observe that (RFS) conserves the l2 norm. Indeed,

d
dt

∥(an)∥
2
l2 = 2 Re

(∑
n∈Z2

∑
m∈0+

res(n)

an(t)am(t)vn−m(t) −

∑
n∈Z2

∑
m∈0−

res(n)

an(t)am(t)vn−m(t)
)

.

However, m ∈ 0+
res(n) if and only if n ∈ 0−

res(m). Using moreover that v−k = vk , we see that the right-hand
side equals 0.

2.2. Geometric interpretation of the resonant frequencies. Now, we turn our attention to the geometric
interpretation of the equation ω

+/−
m,n = 0: we first see that ω+

m,n = 0 if and only if{
m + (n − m) = n,

|m|
2
+ |n − m|

2
= |n|

2,
(2-3)

which means that m is orthogonal to n − m. This can be reformulated by saying that m resonates with
m + l, where l ∈ Z2 is orthogonal to m.

Similarly we see that ω−
m,n = 0 if and only if (n − m) is orthogonal to n, which finally means that m

and n are resonant frequencies if one of m or n is the sum of the other one and an orthogonal vector. We
may sum these facts up in a lemma.

Lemma 2.1. For all n, m ∈ Z2, we have m ∈ 0+
res(n) if and only if m and n−m are orthogonal. Moreover,

m ∈ 0−
res(n) if and only if n and n − m are orthogonal.
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2.3. Explicit family of resonant frequencies and further reduction. We shall now build a potential
(vm(t)) and a specific solution to (RFS) by constructing two families (mk) and (lk), k ⩾ 0, of vectors
of Z2 which satisfy good orthogonality properties. Namely, in some sense, we require that there are no
exceptional resonances.

Lemma 2.2. There exist two families (mk)k⩾0 and (lk)k⩾0 of vectors of Z2 such that

(P1) mk ̸= 0, lk ̸= 0;

(P2) mk ⊥ lk′ ⇔ k = k ′;

(P3) mk+1 = mk + lk ;

(P4) mk is not orthogonal to mk′ and is not orthogonal to mk′ − lk′ for all k, k ′;

(P5) mk − lk is not orthogonal to lk′ for all k, k ′;

(P6) mk′ − lk is not orthogonal to lk for all k ′
̸= k + 1;

(P7) mk′ − lk′ − lk is not orthogonal to lk for all k, k ′;

(P8) lk + mk′ is not orthogonal to lk for all k, k ′;

(P9) lk + mk′ − lk′ is not orthogonal to lk for all k ̸= k ′;

(P10) |lk+1| > |lk | + 1.

Moreover, we can find families such that there exist universal constants C > 1 > c such that, for all
n ⩾ 1, we have

c(n − 1)! ⩽ |mn| ⩽ Cn(n − 1)!,

cn! ⩽ |ln| ⩽ Cnn!.

At first glance these properties may seem overwhelming, but it follows quite directly from geometric
observations that they greatly reduce the system if we choose the potential with nonzero Fourier frequencies
supported in the set {±lk}k⩾0. More precisely, before proving Lemma 2.2, we will state and prove the
following lemma.

Lemma 2.3. Set 3 := {±lk, k ⩾ 0} and 3′
:= {mk, k ⩾ 0}. Set moreover 6 := {mk − lk, k ⩾ 0}. Assume

(an(t))n∈Z2 is a solution to (RFS) with potential (vn(t))n such that (an(0)) is supported in 3′
∪6 (in the

sense that an(0) = 0 whenever n /∈ 3′
∪ 6). If (vn(t))n is supported in 3 for all t ⩾ 0, then (an(t)) is

supported in 3′
∪ 6 for all t ⩾ 0.

Moreover, define pk(t) := amk (t), sk(t) := amk−lk (t) and rk(t) := vlk (t) (with the convention that
p−1 = r−1 = 0). The system (RFS) reduces to,

for all k ⩾ 0,

{
∂t pk = pk−1rk−1 − pk+1rk − skrk,

∂t sk = pkrk .
(2-4)

Proof. As vn(t) = 0 whenever n /∈ 3, (RFS) reduces to

∂t an =

∑
m∈0+

res(n)
n−m∈3

am(t)vn−m(t) −

∑
m∈0−

res(n)
n−m∈3

am(t)vn−m(t). (2-5)
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In order to prove the first part of the lemma, we need only show that, whenever n /∈ 3′
∪6, those m that

appear on the right-hand side of (2-5) are also not in 3′
∪ 6. Indeed, the system then reduces to a linear

system with zero initial condition on Z2
\3′

∪ 6, so by uniqueness we have an(t) = 0 for all t whenever
n /∈ 3′

∪ 6.
Take n /∈ 3′

∪6. We claim that if m ∈ 3′
∪6 satisfies n − m ∈ 3, then m /∈ 0+

res(n)∪0−
res(n). Indeed,

assume first that m = mk for some k and n − m ∈ 3. Then there exists k ′ ⩾ 0 such that n − m = ±lk′ .

(i) If n = mk + lk′ , then k ̸= k ′ as otherwise n = mk+1 ∈ 3′; but then mk is not orthogonal to n −mk = lk′

thanks to (P2), thus mk /∈ 0+
res(n). Similarly, n − mk = lk is not orthogonal to n = mk + lk′ thanks

to (P8).

(ii) If n = mk − lk′ , then k ′
̸= k as otherwise n ∈ 6 and k ′

̸= k − 1 as otherwise n = mk−1 ∈ 3′. Thus,
mk /∈ 0+

res(n) as mk is not orthogonal to −lk′ by (P2), and mk /∈ 0−
res(n) as lk′ = n − mk is not

orthogonal to mk − lk′ = n thanks to (P6).

Now, assume that m = mk − lk for some k ⩾ 0 and n − m = ±lk′ for some k ′ ⩾ 0.

(i) If n = mk − lk + lk′ , then k ̸= k ′ as n /∈ 3′, so mk − lk is not orthogonal to lk′ thanks to (P5) — thus
mk − lk /∈ 0+

res(n) — and lk′ is not orthogonal to mk − lk + lk′ thanks to (P9) — thus mk − lk /∈ 0−
res(n).

(ii) Finally, if n = mk − lk − lk′ , then — as mk − lk is not orthogonal to −lk′ thanks to (P5) — we find
that mk − lk /∈ 0+

res(n) and — as mk − lk − lk′ is not orthogonal to −lk′ thanks to (P7) — we also find
that mk − lk /∈ 0−

res(n).

In order to prove the second part of the lemma, we follow the same steps. Take k ⩾ 0. First, let
m ∈ 0+

res(mk) ∩ (3′
∪ 6) such that mk − m = ±lk′ . As m is orthogonal to lk′ , properties (P2) and (P5)

yield that m = mk′ , and thus mk = mk′ ± lk′ . As mk is orthogonal to lk , (P5) yields that necessarily
mk = mk′ + lk′ = mk′+1, and thus k ′

= k −1 (as from (P3) and (P10) we have |mi+1| > |mi |), which yields
the contribution pk−1rk−1 to the right-hand side of the first equation.

Now, let m ∈ 0−
res(mk) ∩ (3′

∪ 6) such that mk − m = ±lk′ . As lk′ is orthogonal to mk , (P2) yields
that k = k ′ — thus m = mk ± lk — and both are in 0−

res(mk) ∩ (3′
∪ 6). This yields the contribution

−pk+1rk − skrk to the right-hand side of the first equation.
Finally, take k ⩾ 0 and m ∈ 0+

res(mk − lk)∩ (3′
∪6) such that mk − lk − m = ±lk′ : as m is orthogonal

to lk′ , we find again that m = mk′ , and thus that mk = lk + mk′ ± lk′ . If the sign is a minus, property (P9)
yields that k ′

= k, and thus m = mk , which gives the contribution pkrk to the right-hand side of the second
equation (as we recall that v−n = vn for all n). If the sign is a plus, we find that mk − lk = mk′+1 is
orthogonal to lk′+1, which contradicts property (P5).

We see moreover that there is not a m ∈ 0−
res(mk − lk)∩ (3′

∪6) such that mk − lk −m ∈ 3. Indeed by
definition of 0−

res, this would mean that there is a k ′ such that mk −lk is orthogonal to lk′ thus contradicting
property (P5). □

We now turn to the proof of Lemma 2.2. Choose m0 ∈ Z2
\{0} arbitrarily; for example, m0 = (1, 0). As

mk+1 = mk +lk , we need only construct the lk for k ⩾ 0. We will do so by induction. Assume the sequence
(mk) is constructed up to k = n and satisfies properties (P1)–(P10) (which means that l0, . . . , ln−1 have
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been constructed). We need to construct ln ∈ Z2 (and thus mn+1 = mn + ln) such that the properties still
hold up to k = n + 1. Define m the vector obtained from mn by applying a rotation by angle π/2 (which
is orthogonal to mn and which has the same Euclidean norm). We will show that there is a ∈ N such that
n + 1 ⩽ a ⩽ C(n + 1), with C a universal constant such that setting ln := am will suffice.

• (P1) always holds, and (P3) holds by definition.

• In order for (P2) to hold, observe first that, by construction, ln = am is orthogonal to mn . Moreover,
we need, on the one hand, mk to be nonorthogonal to ln for k ⩽ n − 1. However, since mk ⊥ lk up to
k = n by induction and since we are in dimension 2, this amounts to asking lk to be nonorthogonal
to mn for k ⩽ n − 1, which is true by induction from (P2). On the other hand, we need mn+1 to be
nonorthogonal to lk up to k = n; that is, since lk ⊥ mk and since we are in dimension 2, we need only
prove that mn+1 = mn + am is not parallel to mk for k ⩽ n. It is always true for k = n as a > 0, and,
for each k ⩽ n − 1, there is at most one value of a for which mn+1 could be parallel to mk (as m is not
parallel to mk , otherwise mk would be orthogonal to mn , thus contradicting (P4)). This excludes at most n
possible values for a.

• In order for (P4) to hold, we need mn+1 · mk ̸= 0 for k ⩽ n. It is always true for k = n, and for k < n it
means that mn ·mk +am ·mk ̸= 0. Now, m ·mk ̸= 0, otherwise this would contradict (P2). Thus, at most n
possible values of a are to be excluded. We also need mn+1 · (mk − lk) ̸= 0 for k ⩽ n, which is always
true for k = n if we set a ⩾ 2, and it follows from the construction of (P5) that m · (mk − lk) ̸= 0, as mn is
not parallel to mk − lk ; hence this excludes at most n values of a. We finally need mk · (mn −am) ̸= 0 for
k ⩽ n − 1, which excludes at most n values of a, as m · mk ̸= 0.

• In order for (P5) to hold, we need, on the one hand, mk − lk to be nonparallel to mn+1 for k ⩽ n, which
excludes at most n values of a, as this is always true for k = n and as mk − lk is not parallel to m for
k < n thanks to (P4). On the other hand, we need mn − ln = mn − am to be nonparallel to mk for k ⩽ n,
which again excludes at most n values for a as m is not parallel to mk for k < n thanks to (P2).

• In order for (P6) to hold, we need, on the one hand, (mn+1 −lk) ·lk ̸= 0 for k ⩽ n−1, which is equivalent
to am · lk ̸= constant. As we know that m · lk ̸= 0 (otherwise mk is orthogonal to mn), this excludes at
most n values for a. One the other hand, we need mk − am to be nonorthogonal to am for k ⩽ n − 1,
which is ensured by the fact that |m| > |mk |.

• In order for (P7) to hold, we need, on the one hand, mn −am −lk to be nonorthogonal to lk for k ⩽ n−1,
which excludes at most n values for a, as m · lk ̸= 0. On the other hand, we need mk − lk − am to be
nonorthogonal to am for k ⩽ n − 1, and once again this excludes at most n values for a.

• In order for (P8) to hold, we need, on the one hand, am + mk to be nonorthogonal to am for k ⩽ n,
thus excluding at most n values for a, and, on the other hand, lk + mn + am to be nonorthogonal to lk for
k ⩽ n − 1, which excludes at most n values for a, as m · lk ̸= 0.

• In order for (P9) to hold, we need, on the one hand, am + mk − lk to be nonorthogonal to am for
k ⩽ n −1, thus excluding at most n values for a, and, on the other hand, lk +mn −am to be nonorthogonal
to lk , excluding once again at most n values for a.
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We thus finally see that any a ⩾ 1 except maybe at most C(n + 1) values can be chosen, where C ⩾ 2.
Up to taking C a little larger we may thus find n + 1 ⩽ a ⩽ C(n + 1) such that setting ln = am enables
the induction hypothesis to be satisfied.

By this procedure we are able to construct sequences for which the desired properties hold. Moreover,
we have n|mn| ⩽ |ln| ⩽ Cn|mn|, and thus

n|mn| ⩽ |mn+1| ⩽ C ′n|mn|

for C ′
=

√
C + 1; thus proving the last part of the lemma.

3. Solution to the resonant system

Thanks to the previous section, we are now able to exhibit explicit potential (rk(t)) and an explicit solution
(pk(t)), (sk(t)) to (2-4) for which we control precisely the energy transfer between Fourier frequencies.
We turn to the explicit study of the mechanism that will allow energy transfer between frequencies. We
start at t = 0 with well-chosen values for p0, p1, s0 and set the other pk and sk to be 0. The idea is then
to locally fully transfer the energy from (pk, sk, pk+1) to (pk+1, sk+1, pk+2) in finite time, thus ensuring
that, for all given n, after a time Tn , we have pk = sk = 0 for all k ⩽ n. Now, as (RFS) conserves the
l2 norm, this ensures that the Sobolev H s norm is greater than |mn|

s for t ⩾ Tn .

3.1. General form of the solution to the linear system. Explicitly, fix an interval I =[t0, t1] and a smooth
function φ on I . Fix k ⩾ 1. We look at the system

∂t pk+1 = φ(t)pk,

∂t pk = −φ(t)pk+1 − φ(t)sk,

∂t sk = φ(t)pk,

(3-1)

which corresponds to (2-4) when we only light up rk(t) = φ(t); that is, we set rk′(t) = 0 for k ′
̸= k on I .

In comparison, (2-4) is a system on all different values of k, whereas in system (3-1) we have fixed a
particular value for k. Hence, the equation for pk+1 corresponds to the first line of (2-4), where k is
replaced by k + 1 and rl = 0 for l ̸= k. The system can then be written in the form of a simple linear
system:

∂t

pk+1

pk

sk

 = φ(t)A

pk+1

pk

sk

 , (3-2)

where we set

A =

 0 1 0
−1 0 −1

0 1 0

 . (3-3)

Now, the solution with initial condition pk+1(t0)
pk(t0)
sk(t0)


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is given by pk+1(t)
pk(t)
sk(t)

 = exp
((∫ t

t0
φ(s) ds

)
A
) pk+1(t0)

pk(t0)
sk(t0)

 . (3-4)

Now, one can compute

exp(T A) =


1
2(cos(T

√
2) + 1) 1

√
2

sin(T
√

2) 1
2(cos(T

√
2) − 1)

−
1

√
2

sin(T
√

2) cos(T
√

2) −
1

√
2

sin(T
√

2)

1
2(cos(T

√
2) − 1) 1

√
2

sin(T
√

2) 1
2(cos(T

√
2) + 1)

 . (3-5)

This explicit matrix allows us to build three moves in order to transfer a specific configuration from
(pk, sk, pk+1) to (pk+1, sk+1, pk+2) in finite time.

3.1.1. First move. Start with pk+1(t0)
pk(t0)
sk(t0)

 =

 1/2
−1/

√
2

1/2

 . (3-6)

We set φ, a nonnegative C∞ function with support in [t0, t1] such that
∫

φ = 7π/(4
√

2). We havepk+1(t1)
pk(t1)
sk(t1)

 =

1/
√

2
0

1/
√

2

 . (3-7)

3.1.2. Second move. We now set pk+1(t0)
pk(t0)
sk(t0)

 =

0
1
0

 . (3-8)

With the integral of φ being π/(2
√

2), we havepk+1(t1)
pk(t1)
sk(t1)

 =

1/
√

2
0

1/
√

2

 . (3-9)

3.1.3. Third move. If finally we set pk+1(t0)
pk(t0)
sk(t0)

 =

0
0
1

 (3-10)

and set the integral of φ to be π/
√

2, we havepk+1(t1)
pk(t1)
sk(t1)

 =

−1
0
0

 . (3-11)
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3.2. Idea of the construction of the potential and the resonant solution. These easy observations yield
the construction both of the potential (rk(t)) and of the solution (pk(t)), (sk(t)). We may represent the
solution (pk(t)), (sk(t)) as points in the semi-infinite chain

p0

s0

p1

s1

p2

s2

p3

s3

p4

s4

p5

s5

p6

where the arrows represent the possible interactions between the Fourier frequencies induced by the
potential (rk(t)).

Assume that, at t = 0, we start with the configuration

p0 = −
1

√
2

s0 =
1
2

p1 =
1
2

s1 = 0

p2 = 0

Then, using the first move, if we light up only r0 during an appropriate time, we may fully transfer the
mass from p0 to s0 and p1 equally:

p0 = 0

s0 =
1

√
2

p1 =
1

√
2

s1 = 0

p2 = 0

Now, we clear p1 using the second move; that is, lighting up only r1(t), we can fully transfer the mass
from p1 to s1 and p2 equally:

p0 = 0

s0 =
1

√
2

p1 = 0

s1 =
1
2

p2 =
1
2
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Finally, we use the third move to transfer fully the remaining mass from s0 to p1 lighting only r0 again:

p0 = 0

s0 = 0

p1 = −
1

√
2

s1 =
1
2

p2 =
1
2

Thus, we find exactly the same situation as at the start, with indexes incremented by 1. This enables us
to start a recursive scheme so that, as time goes by, we repeat these three moves to transfer the mass to
higher frequencies. The strategy to ensure that the potential V decreases in Sobolev norms as t → ∞ is
that, up to lighting rk for a longer time, we may at each step choose it to be arbitrarily small.

3.3. Explicit computation of the potential and of the resonant solution. We now make the previous
argument rigorous. We first find a smooth function φ on R, nonnegative and nondecreasing, such that
φ = 0 on (−∞, 0], φ = 1 on [1, +∞), and we set α =

∫ 1
0 φ. Take (βk)k⩾0 to be a sequence of positive

real numbers such that βk ≪ 1. The (βk) will control the amplitude to which we light up rk , and we will
fix them later in order to control the decay of the potential V in Sobolev norms.

3.3.1. Initialising the induction. We choose, at t = 0,p1(0)

p0(0)

s0(0)

 =

 1/2
−1/

√
2

1/2

 (3-12)

(and the other pk , sk are set to 0). We now set

r0(t) =


7π

4
√

2α
β0φ(t), 0 ⩽ t ⩽ 1,

7π

4
√

2α
β0, 1 ⩽ t ⩽ 1 + t0,

7π

4
√

2α
β0φ(t0 + 2 − t), 1 + t0 ⩽ t ⩽ t0 + 2,

(3-13)

where we set t0 such that
∫ t0+2

0 r0 = 7π/(4
√

2), which means t0 = α(β−1
0 − 2). We set rk(t) = 0 on

[0, t0 + 2] for all k ⩾ 1.
Now, at t = t0 + 2, we find p1(t0 + 2)

p0(t0 + 2)

s0(t0 + 2)

 =

1/
√

2
0

1/
√

2

 . (3-14)

Set now

r1(t) =


π

2
√

2α
β1φ(t − (t0 + 2)), t0 + 2 ⩽ t ⩽ t0 + 3,

π

2
√

2α
β1, t0 + 3 ⩽ t ⩽ t0 + 3 + t1,

π

2
√

2α
β1φ(4 + t0 + t1 − t), 3 + t0 + t1 ⩽ t ⩽ 4 + t0 + t1,

(3-15)
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with t1 such that the integral of r1 on [2+t0, 4+t0+t1] is equal to π/(2
√

2), which means t1 =α(β−1
1 −2).

Set rk(t) = 0 on [2 + t0, 4 + t0 + t1] for all k ̸= 1. Now, at t = 4 + t0 + t1, we have
p2(4 + t0 + t1)
p1(4 + t0 + t1)
s1(4 + t0 + t1)
p0(4 + t0 + t1)
s0(4 + t0 + t1)

 =


1/2
0

1/2
0

1/
√

2

 , (3-16)

and the other pk , sk are equal to 0. To finish the cycle, we need to transfer all the mass from s0 to p1, and
we will end up with (p2, p1, s1) = (1/2, −1/

√
2, 1/2) which was exactly the initial state on (p1, p0, s0).

This enables us to start a recursive process. More precisely, set

r0(t) =


π

√
2α

β0φ(t − (4 + t0 + t1)), 4 + t0 + t1 ⩽ t ⩽ 5 + t0 + t1,
π

√
2α

β0, 5 + t0 + t1 ⩽ t ⩽ 5 + t0 + t1 + t0,
π

√
2α

β0φ(6 + t0 + t1 + t0 − t), 5 + t0 + t1 + t0 ⩽ t ⩽ 6 + t0 + t1 + t0,

(3-17)

with once again t0 = α(β−1
0 − 2), and rk(t) = 0 on [4 + t0 + t1, 6 + t0 + t1 + t0] for k ̸= 1. We have, at

t = 6 + 2t0 + t1, 
p2(t)
p1(t)
s1(t)
p0(t)
s0(t)

 =


1/2

−1/
√

2
1/2
0
0

 , (3-18)

as was expected.

3.3.2. Recursive scheme. Set tn := α(β−1
n −2). Suppose, for Tn = 6n +2t0 +3t1 +3t2 +· · ·+3tn−1 + tn ,

we have pn+1

pn

sn

 =

 1/2
−1/

√
2

1/2

 , (3-19)

with the other pk , sk being equal to 0. We set now

rn(t) =


7π

8
√

2α
βnφ(t), Tn ⩽ t ⩽ 1 + Tn,

7π

8
√

2α
βn, 1 + Tn ⩽ t ⩽ 1 + Tn + tn,

7π

8
√

2α
βnφ(2 + Tn + tn − t), 1 + Tn + tn ⩽ t ⩽ Tn + 2 + tn,

(3-20)

all the other rk being set to 0 on [Tn, Tn + 2 + tn]. Now we have, at t = Tn + 2 + tn ,pn+1

pn

sn

 =

1/
√

2
0

1/
√

2

 . (3-21)
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Now set

rn+1(t) =


π

2
√

2α
βn+1φ(t − (Tn + 2 + tn)), Tn + 2 + tn ⩽ t ⩽ Tn + 3 + tn,

π

2
√

2α
βn+1, Tn + 3 + tn ⩽ t ⩽ Tn + 3 + tn + tn+1,

π

2
√

2α
βn+1φ(Tn + 4 + tn + tn+1 − t), Tn + 3 + tn + tn+1 ⩽ t ⩽ Tn + 4 + tn + tn+1,

(3-22)

the other rk being set to 0 on [Tn + 2 + tn, Tn + 4 + tn + tn+1]. We have, at t = Tn + 4 + tn + tn+1,
pn+2(Tn + 4 + tn + tn+1)

pn+1(Tn + 4 + tn + tn+1)

sn+1(Tn + 4 + tn + tn+1)

pn(Tn + 4 + tn + tn+1)

sn(Tn + 4 + tn + tn+1)

 =


1/2
0

1/2
0

1/
√

2

 . (3-23)

Set finally

rn(t) =


π

√
2α

βnφ(t − (Tn + 4 + tn + tn+1)), Tn + 4 + tn + tn+1 ⩽ t ⩽ Tn + 5 + tn + tn+1,

π
√

2α
βn, Tn + 5 + tn + tn+1 ⩽ t ⩽ Tn + 5 + tn + tn+1 + tn,

π
√

2α
βnφ(Tn + 6 + tn + tn+1 + tn − t), Tn + 5 + tn + tn+1 + tn ⩽ t ⩽ Tn + 6 + tn + tn+1 + tn.

We now have, at Tn+1 = Tn + 6 + tn + tn+1 + tn ,
pn+2(t)
pn+1(t)
sn+1(t)
pn(t)
sn(t)

 =


1/2

−1/
√

2
1/2
0
0

 . (3-24)

We may now induce this construction for all n ⩾ 1, which yields a solution (pk(t), sk(t)) to (2-4), thus
leading to a solution (an(t)) of (RFS) which we control very explicitly.

Remark 3.1. Provided the βk are small enough, the explicit construction yields firstly that |an(t)|⩽ 1 for
all n, t , and secondly the following behaviour for (an(t)): for each n, observe that an(t) = 0 outside of
a finite interval. Moreover, this interval can be divided into a bounded number of subintervals, so that
either those subintervals are of length 2 (corresponding to the time we take to light up an rk or turn it off),
or an(t) is a finite linear combination of oscillating factors ei f t , where the frequency f is of the order
of βk for some k and hence is arbitrarily small.

3.4. Explicit choice for βk in order for V to decay. In order to prove Theorem 1.1, we need to ensure
that V and all its derivatives decay with respect to all Sobolev norms as t →∞. Now, from the construction,
we see that, for all t ⩾ 0, there is a unique k(t) such that vn = 0 for all n ̸= ±lk(t). Now, for any m ∈ N

and any s ⩾ 0, we have

∥∂m
t V (t, · )∥H s ≃ βk(t)|lk(t)|

s+2m . (3-25)
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As k(t) → +∞ when t → +∞, and thus as |lk(t)| → +∞, we need to ensure that βk decays faster with
respect to k than any power of lk . A natural choice is

βk := |lk |
−|lk |, (3-26)

and we will see that this choice indeed enables us to close the estimates.

4. Approximation

4.1. Resonant solution and perturbation decomposition. In order to construct a solution to the full
system (FS), we try and approximate it by the solution (an(t)) built in the previous section. In this spirit,
we set the solution (bn(t)) to have the a priori form bn(t) = an(t) + cn(t), where an(t) is the solution
to (RFS) built above and cn is a perturbation. We may thus write

∂t(an + cn) =

∑
m∈Z2

(am + cm)(t)vn−m(t)(e−iω+
m,n t

− e−iω−
m,n t), (4-1)

and we already know that

∂t an =

∑
m∈0+

res(n)

am(t)vn−m(t) −

∑
m∈0−

res(n)

am(t)vn−m(t). (4-2)

Thus we need (cn) to solve

∂t cn =

∑
m∈Z2

cm(t)vn−m(t)(e−iω+
m,n t

− e−iω−
m,n t)

+

∑
m /∈0+

res(n)

am(t)vn−m(t)e−iω+
m,n t

−

∑
m /∈0−

res(n)

am(t)vn−m(t)e−iω−
m,n t . (4-3)

Our goal is now to build a solution (cn) to (4-3) which decays as t → ∞. We will use a Cauchy sequence
method: equation (4-3) is globally well-posed in l1(Z), so we may set, for a given integer N > 0, the
solution (cN

n ) on R+ with initial condition cN (TN ) = 0. We have

cN
n (t) = −

∑
m∈Z2

∫ TN

t
cN

m (s)vn−m(s)(e−iω+
m,ns

− e−iω−
m,ns) ds

−

∑
m /∈0+

res(n)

∫ TN

t
am(s)vn−m(s)e−iω+

m,ns ds +

∑
m /∈0−

res(n)

∫ TN

t
am(s)vn−m(s)e−iω−

m,ns ds,

from which we infer, for t ⩽ TN ,

∥(cN
n (t))∥l1 ⩽ 2

∫ TN

t
∥(cN

n (s))∥l1∥(vn(s))∥l1 ds

+

∑
n

∑
m /∈0+

res(n)

∣∣∣∣∫ TN

t
am(s)vn−m(s)eiω+

m,ns ds
∣∣∣∣ + ∑

n

∑
m /∈0−

res(n)

∣∣∣∣∫ TN

t
am(s)vn−m(s)eiω−

m,ns ds
∣∣∣∣,

which we rewrite as the inequality, for t ⩽ TN ,

∥(cN
n (t))∥l1 ⩽ α(t) +

∫ TN

t
∥(cN

n (s))∥l1β(s) ds. (4-4)
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By Gronwall’s lemma,

for all t ⩽ TN , ∥(cN
n (t))∥l1 ⩽ α(t) +

∫ TN

t
α(s)β(s) exp

(∫ s

t
β(σ) dσ

)
ds. (4-5)

4.2. Estimates on α(t). First, let us study α(t). The set of pairs (m, n − m), n ∈ Z2 and m /∈ 0+
res(n)

(resp. m /∈ 0−
res(n)), is equal to the set of pairs (n1, n2) ∈ Z2 such that n1 and n2 aren’t orthogonal (resp.

n2 and n1 + n2 aren’t orthogonal). Moreover, we have vn(s) = 0 for all n ̸= ±lk for a given k ⩾ 0, and
we recall that v−n = vn . Finally, we know that an(s)vlk (s) = 0 as soon as

n /∈ {mk, mk − lk, mk+1, mk+1 − lk+1, mk+2} =: Ek .

We may then write

α(t) =

∑
k⩾0

∑
n∈Ek

I (k, n, t), (4-6)

where I (k, n) is a sum of at most four quantities of the form

J (k, n, ω, t) :=

∣∣∣∣∫ Tn

t
an(s)rk(s)eiωs ds

∣∣∣∣ (4-7)

and ω is a frequency belonging to Z\{0}, thus ensuring |ω| ⩾ 1. (It is here that we use the nonresonance
of the interactions).

We may now write∫ Tn

t
an(s)rk(s)eiωs ds =

[(∫ t

s
an(σ )eiωσ dσ

)
rk(s)

]TN

t
−

∫ TN

t

(∫ t

s
an(σ )eiωσ dσ

)
r ′

k(s) ds.

The bracket term is equal to 0 as rk is 0 at TN for all k. Moreover, we may infer from the construction
of rk that ∫

R+

|r ′

k(s)| ds ⩽ Cβk, (4-8)

with C a universal constant independent of k (indeed, we use that rk is a constant except maybe on a
finite number of intervals of length 2 where its derivative is bounded by cβk∥φ

′
∥∞).

Finally, we have ∣∣∣∣∫ t

s
an(σ )eiωσ dσ

∣∣∣∣ ⩽ C, (4-9)

with C a universal constant independent of s, n, t , ω. Indeed, for any n, using Remark 3.1, we know
that, on the one hand, |an| ⩽ 1 on R+, and, on the other hand, that, outside of a fixed finite number of
intervals of length 2 (yielding a bounded contribution to the integral), an is either equal to 0 or equal to a
finite linear combination with a bounded number of terms of oscillating exponentials ei f t , with frequency
f = C ′βl , where C ′ is a universal constant and l ⩾ 0. Thus, up to choosing |m0| larger, we can require
that we always have | f | < 1/2. Hence, we are left with integrating oscillating exponentials ei( f +ω)σ

where | f + ω| ⩾ 1/2 (since |ω| > 1). A simple integration is enough to conclude the proof of the claim.
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This yields the bound

J (k, n, ω, t) ⩽ Cβk, (4-10)

where C is a universal constant. Moreover, we see that rk(s) = 0 for all s ⩾ Tk+1; thus we have

J (k, n, ω, t) = 0 for all t ⩾ Tk+1. (4-11)

From this we may infer the bound

α(t) ⩽ C
∑

k⩾k(t)

βk, (4-12)

where we set k(t) to be the smallest nonnegative integer such that t ⩽ Tk+1. Using moreover the fast
decay of βk , we may further bound, up to taking a larger C ,

α(t) ⩽ Cβk(t). (4-13)

4.3. Estimates on β(t). As for β(t), we see that, for all t , there is a unique l(t) such that rk(t) = 0 as
soon as k ̸= l(t); thus we find that

β(t) = 4rl(t)(t). (4-14)

This yields the bound ∫ s

t
β(σ) dσ ⩽ 4

∫ s

0
rl(σ )(σ ) dσ ⩽ C(k(s) + 1);

indeed, we see that the integral of rk over R+ is a constant independent of k.

4.4. Conclusion of the estimates on cN . We may thus bound, for t ⩽ TN ,

∥(cN
n (t))∥l1 ⩽ C

(
βk(t) +

∫ TN

t
βk(s)βl(s) exp(C(k(s) + 1)) ds

)
. (4-15)

Now, from the construction of (rk(s)), we have l(s) ⩾ k(s), and thus βl(s) ⩽ βk(s). Therefore, for t ⩽ TN ,
we have

∥(cN
n (t))∥l1 ⩽ C

(
βk(t) +

∫ TN

t
β2

k(s) exp(C(k(s) + 1)) ds
)

. (4-16)

Now, k(s) is equal to k on an interval with measure lk such that lkβk is equal to a constant, yielding the
bound

∥(cN
n (t))∥l1 ⩽ C

(
βk(t) +

∑
k⩾k(t)

βkeCk
)

. (4-17)

As βk is decaying faster than a double exponential, we finally have,

for all t ⩽ TN , ∥(cN
n (t))∥l1 ⩽ Cβk(t)eCk(t). (4-18)
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5. Cauchy sequence and conclusion

5.1. Cauchy sequence. We now prove that (cN ) is a Cauchy sequence in l1(Z). Set M > N . We look at
the equation satisfied by cM

− cN :

(cM
n − cN

n )(t) = −

∑
m∈Z2

∫ TN

t
(cM

m − cN
m )(s)vn−m(s)(eiω+

m,ns
− eiω−

m,ns) ds + cM
n (TN )

−

∑
m /∈0+

res(n)

∫ TM

TN

am(s)vn−m(s)e−iω+
m,ns ds +

∑
m /∈0−

res(n)

∫ TM

TN

am(s)vn−m(s)e−iω−
m,ns ds.

Thus

∥((cM
n − cN

n )(t))∥l1 ⩽ 2
∫ TN

t
∥((cM

n − cN
n )(s))∥l1∥(vn(s))∥l1 ds + ∥(cM

n (TN ))∥l1

+

∑
n

∑
m /∈0+

res(n)

∣∣∣∣∫ TM

TN

am(s)vn−m(s)e−iω+
m,ns ds

∣∣∣∣
+

∑
n

∑
m /∈0−

res(n)

∣∣∣∣∫ TM

TN

am(s)vn−m(s)e−iω−
m,ns ds

∣∣∣∣
⩽ 2

∫ TN

t
∥((cM

n − cN
n )(s))∥l1∥(vn(s))∥l1 ds + Cβk(TN )eCk(TN )

+ Cβk(TN )

⩽ 2
∫ TN

t
∥((cM

n − cN
n )(s))∥l1∥(vn(s))∥l1 ds + CβN−1eC(N−1).

Using the backward Gronwall lemma,

∥((cM
n − cN

n )(t))∥l1 ⩽ CβN−1eC(N−1)

(
1 +

∫ TN

t
β(s) exp

(∫ s

t
β(σ) dσ

)
ds

)
, (5-1)

where β(s) = 2∥(vn(s))∥l1 . We know that β(s) = 4rl(s)(s), and thus
∫ t

s β(σ) dσ ⩽C(k(s)+1). We have

∥((cM
n − cN

n )(t))∥l1 ⩽ CβN−1eC(N−1)

(
1 +

∫ TN

t
βk(s) exp(Ck(s)) ds

)
. (5-2)

This upper bound decays to 0 as N , M → ∞ if we fix t . This shows that (cN (t)) is a Cauchy sequence
in l1(Z2), and it thus converges to a c(t) such that, using integral form of the differential equation,
b = a + c is a solution to (RFS). We have, moreover,

∥(cn(t))∥l1 ⩽ Cβk(t)eCk(t), (5-3)

and this upper bound decays to 0 as t → +∞, as expected.

5.2. Growth of the Sobolev norm: qualitative result. In order to conclude, we recall that ∥(an(t))∥l2 is
preserved and that, for all t ⩾ 0, there are at most five of the an that are nonzero. Therefore, we have,
on the one hand, that ak = 0 for |k| < |mn| and for all t ⩾ Tn , and, on the other hand, that there exists
|k| ⩾ |mn| such that |ak(t)| ⩾ ε, where ε > 0 is a universal constant. Now, if we set N large enough, we
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can ensure that ∥(cn(t))∥l1 ⩽ ε/2 for t ⩾ TN . Therefore, for all t ⩾ TN with N large enough, there exists
|k| ⩾ |m N | such that bk = ak + ck satisfies |bk | ⩾ ε/2. Now, this ensures that,

for all t ⩾ TN , ∥(bn(t))∥H s ⩾ |k|
s
|bk | ⩾ (ε/2)|m N |

s . (5-4)

This already yields a qualitative result for Theorem 1.1, as we already proved in Section 3.4 that the
potential V along with all its time derivatives are decaying in all Sobolev norms when t → +∞.

5.3. Quantitative estimates on the growth rate. We now investigate the quantitative bounds that we can
hope to get on the rate of growth.

We first see that Tn ⩽ Cβ−1
n using the fast decay of βn . Moreover, as |ln| ⩽ Cnn!, we find that

Tn ⩽ exp(Cnn! log(Cnn!)). (5-5)

This yields the lower bound
∥(bn(t))∥H s ⩾ δ|mn(t)|

s, (5-6)

where δ > 0 is a constant and n(t) is the largest integer n such that exp(Cnn! log(Cnn!)) ⩽ t . Now, we
know moreover that |mn| ⩾ c(n − 1)!, thus leading to the lower bound

∥u(t)∥H s ⩾ εcs((n(t) − 1)!)s . (5-7)

In order to obtain better bounds, take η > 0. We first use Stirling’s formula

n! ∼

(n
e

)n√
2πn, (5-8)

which ensures that, provided n is large enough,

Cnn! log(Cnn!) ⩽ ((1 + η)n)(1+η)n. (5-9)

Now set f (x) := x x . We find that, provided

f ((1 + η)n) ⩽ log t (5-10)

and provided n is large enough, we have n ⩽ n(t). Now, provided n is large enough, we also have

(n − 1)! ⩾ ((1 − η)n)(1−η)n
= f ((1 − η)n). (5-11)

Thus, setting E(x) to be the largest integer k such that k ⩽ x , we can find a lower bound of the form

∥u(t)∥H s ⩾

(
c f

(
1 − η

1 + η
E( f −1(log t))

))s

⩾ cs,η exp
(

s
(1 − η)2

1 + η
f −1(log t) log

(
(1 − η)2

1 + η
f −1(log t)

))
(provided t is large enough)

⩾ cs,η exp
(

s
(1 − η)3

1 + η
f −1(log t) log( f −1(log t))

)
(provided t is large enough)

⩾ cs,η(log t)s(1−η)3/(1+η).
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As we may choose η arbitrarily, we find that, given any δ, s > 0, there exists cδ,s > 0 such that, for t > 1,

∥u(t)∥H s ⩾ cδ,s(log t)s(1−δ), (5-12)

thus concluding the proof of Theorem 1.1.

5.4. Estimates on the decay rate of V . We now prove similar upper bounds on the decay rate of the
potential V (t). Fix s ⩾ 0 and m ∈ N ∪ {0}. Thanks to (1-4), we may bound

∥∂m
t V (t, · )∥H s ⩽ c|lk(t)|

M−|lk(t)|, (5-13)

where M = Mm,s > 0 and k(t) is the unique k ⩾ 0 such that rk(t) ̸= 0. We may furthermore infer from
the previous subsection that, given δ > 0, there exists cδ > 0 such that

|lk(t)| ⩾ cδ(log t)1−δ. (5-14)

Thus
∥∂m

t V (t, · )∥H s ⩽ Cδ exp((Mm,s − (log t)1−δ)(1 − δ) log log t). (5-15)

As this holds for all δ > 0, we may conclude that, for all δ > 0, there exists Cδ,m,s such that

∥∂m
t V (t, · )∥H s ⩽ Cδ,m,s exp(−(log t)1−δ) log log t). (5-16)

As this yields a quantitative bounds for the decay of V , it should be noted that it is subpolynomial in the
sense that the upper bound decays slower than t−ε for all ε > 0. It doesn’t seem that we can improve
the bound, as, on [TN , TN+1], ∥V (t)∥H1 is of order βN and TN+1 is of order β−1

N+1. As for all ε > 0
asymptotically we have βε

N+1 ≪ βN , we thus cannot hope for a better bound.
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[Erdoğan et al. 2003] M. B. Erdoğan, R. Killip, and W. Schlag, “Energy growth in Schrödinger’s equation with Markovian
forcing”, Comm. Math. Phys. 240:1-2 (2003), 1–29. MR Zbl

[Faou and Raphaël 2023] E. Faou and P. Raphaël, “On weakly turbulent solutions to the perturbed linear harmonic oscillator”,
Amer. J. Math. 145:5 (2023), 1465–1507. MR Zbl

[Guardia and Kaloshin 2015] M. Guardia and V. Kaloshin, “Growth of Sobolev norms in the cubic defocusing nonlinear
Schrödinger equation”, J. Eur. Math. Soc. (JEMS) 17:1 (2015), 71–149. MR

[Maspero 2022] A. Maspero, “Growth of Sobolev norms in linear Schrödinger equations as a dispersive phenomenon”, Adv.
Math. 411 (2022), art. id. 108800. MR Zbl

[Maspero 2023] A. Maspero, “Generic transporters for the linear time-dependent quantum harmonic oscillator on R”, Int. Math.
Res. Not. 2023:14 (2023), 12088–12118. MR Zbl

[Maspero and Robert 2017] A. Maspero and D. Robert, “On time dependent Schrödinger equations: global well-posedness and
growth of Sobolev norms”, J. Funct. Anal. 273:2 (2017), 721–781. MR

[Nersesyan 2009] V. Nersesyan, “Growth of Sobolev norms and controllability of the Schrödinger equation”, Comm. Math.
Phys. 290:1 (2009), 371–387. MR Zbl

[Wang 2008] W.-M. Wang, “Logarithmic bounds on Sobolev norms for time dependent linear Schrödinger equations”, Comm.
Partial Differential Equations 33:10-12 (2008), 2164–2179. MR

Received 10 Apr 2024. Revised 14 Aug 2024. Accepted 20 Sep 2024.

AMBRE CHABERT: ambre.chabert@ens.psl.eu
Département de Mathématiques et Applications, Ecole Normale Supérieure, Paris, France

mathematical sciences publishers msp

https://doi.org/10.1080/03605302.2024.2302017
https://doi.org/10.1080/03605302.2024.2302017
http://msp.org/idx/mr/4740727
https://doi.org/10.1007/s00222-010-0242-2
https://doi.org/10.1007/s00222-010-0242-2
http://msp.org/idx/mr/2651381
https://doi.org/10.1093/imrn/rnp213
http://msp.org/idx/mr/2652223
http://msp.org/idx/zbl/1229.35040
https://doi.org/10.1007/s00220-008-0683-2
https://doi.org/10.1007/s00220-008-0683-2
http://msp.org/idx/mr/2470926
http://msp.org/idx/zbl/1176.35141
https://doi.org/10.1007/s00220-003-0892-7
https://doi.org/10.1007/s00220-003-0892-7
http://msp.org/idx/mr/2004977
http://msp.org/idx/zbl/1033.81023
https://doi.org/10.1353/ajm.2023.a907703
http://msp.org/idx/mr/4647651
http://msp.org/idx/zbl/1527.35327
https://doi.org/10.4171/JEMS/499
https://doi.org/10.4171/JEMS/499
http://msp.org/idx/mr/3312404
https://doi.org/10.1016/j.aim.2022.108800
http://msp.org/idx/mr/4515736
http://msp.org/idx/zbl/1504.35424
https://doi.org/10.1093/imrn/rnac174
http://msp.org/idx/mr/4615226
http://msp.org/idx/zbl/1520.35044
https://doi.org/10.1016/j.jfa.2017.02.029
https://doi.org/10.1016/j.jfa.2017.02.029
http://msp.org/idx/mr/3648866
https://doi.org/10.1007/s00220-009-0842-0
http://msp.org/idx/mr/2520519
http://msp.org/idx/zbl/1180.93017
https://doi.org/10.1080/03605300802537115
http://msp.org/idx/mr/2475334
mailto:ambre.chabert@ens.psl.eu
http://msp.org


Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Anna L. Mazzucato Penn State University, USA
alm24@psu.edu

Clément Mouhot Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Massimiliano Berti Scuola Intern. Sup. di Studi Avanzati, Italy
berti@sissa.it

Zbigniew Błocki Uniwersytet Jagielloński, Poland
zbigniew.blocki@uj.edu.pl

Charles Fefferman Princeton University, USA
cf@math.princeton.edu

David Gérard-Varet Université de Paris, France
david.gerard-varet@imj-prg.fr

Colin Guillarmou Université Paris-Saclay, France
colin.guillarmou@universite-paris-saclay.fr

Ursula Hamenstaedt Universität Bonn, Germany
ursula@math.uni-bonn.de

Peter Hintz ETH Zurich, Switzerland
peter.hintz@math.ethz.ch

Vadim Kaloshin Institute of Science and Technology, Austria
vadim.kaloshin@gmail.com

Izabella Laba University of British Columbia, Canada
ilaba@math.ubc.ca

Richard B. Melrose Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Frank Merle Université de Cergy-Pontoise, France
merle@ihes.fr

William Minicozzi II Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Müller Universität Bonn, Germany
mueller@math.uni-bonn.de

Igor Rodnianski Princeton University, USA
irod@math.princeton.edu

Yum-Tong Siu Harvard University, USA
siu@math.harvard.edu

Terence Tao University of California, Los Angeles, USA
tao@math.ucla.edu

Michael E. Taylor Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Gunther Uhlmann University of Washington, USA
gunther@math.washington.edu

András Vasy Stanford University, USA
andras@math.stanford.edu

Dan Virgil Voiculescu University of California, Berkeley, USA
dvv@math.berkeley.edu

Jim Wright University of Edinburgh, UK
j.r.wright@ed.ac.uk

Maciej Zworski University of California, Berkeley, USA
zworski@math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Cover image: Eric J. Heller: “Linear Ramp”

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2025 is US $475/year for the electronic version, and $735/year (+$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers

http://msp.org/apde
mailto:alm24@psu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:david.gerard-varet@imj-prg.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:peter.hintz@math.ethz.ch
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/


ANALYSIS & PDE
Volume 18 No. 8 2025

1835Uniform contractivity of the Fisher infinitesimal model with strongly convex selection
VINCENT CALVEZ, DAVID POYATO and FILIPPO SANTAMBROGIO

1875The L∞ estimate for parabolic complex Monge–Ampère equations
QIZHI ZHAO

1897Spectral asymptotics of the Neumann Laplacian with variable magnetic field on a smooth
bounded domain in three dimensions

MAHA AAFARANI, KHALED ABOU ALFA, FRÉDÉRIC HÉRAU and NICOLAS RAY-
MOND

1921Characterization of weighted Hardy spaces on which all composition operators are bounded
PASCAL LEFÈVRE, DANIEL LI, HERVÉ QUEFFÉLEC and LUIS RODRÍGUEZ-PIAZZA

1955Long-time behavior of the Stokes-transport system in a channel
ANNE-LAURE DALIBARD, JULIEN GUILLOD and ANTOINE LEBLOND

2033Reconstruction for the Calderón problem with Lipschitz conductivities
PEDRO CARO, MARÍA ÁNGELES GARCÍA-FERRERO and KEITH M. ROGERS

2061Weakly turbulent solution to the Schrödinger equation on the two-dimensional torus with real
potential decaying to zero at infinity

AMBRE CHABERT

A
N

A
LY

SIS
&

PD
E

Vol.18,
N

o.8
2025


	1. Introduction
	1.1. Main result
	1.2. Earlier work
	1.3. Main ideas of the proof

	2. Fourier decomposition and resonant system
	2.1. Reduction to a resonant Fourier system
	2.2. Geometric interpretation of the resonant frequencies
	2.3. Explicit family of resonant frequencies and further reduction

	3. Solution to the resonant system
	3.1. General form of the solution to the linear system
	3.1.1. First move
	3.1.2. Second move
	3.1.3. Third move

	3.2. Idea of the construction of the potential and the resonant solution
	3.3. Explicit computation of the potential and of the resonant solution
	3.3.1. Initialising the induction
	3.3.2. Recursive scheme

	3.4. Explicit choice for beta_k in order for V to decay

	4. Approximation
	4.1. Resonant solution and perturbation decomposition
	4.2. Estimates on alpha(t)
	4.3. Estimates on beta(t)
	4.4. Conclusion of the estimates on c^N

	5. Cauchy sequence and conclusion
	5.1. Cauchy sequence
	5.2. Growth of the Sobolev norm: qualitative result
	5.3. Quantitative estimates on the growth rate
	5.4. Estimates on the decay rate of V

	Acknowledgements
	References
	
	

