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) WEAKLY TURBULENT SOLUTION
TO THE SCHRODINGER EQUATION ON THE TWO-DIMENSIONAL TORUS
WITH REAL POTENTIAL DECAYING TO ZERO AT INFINITY

AMBRE CHABERT

We build a smooth time-dependent real potential on the two-dimensional torus, decaying as time tends
to infinity in Sobolev norms along with all its time derivatives, and we exhibit a smooth solution to
the associated Schrodinger equation on the two-dimensional torus whose H® norms nevertheless grow
logarithmically as time tends to infinity. We use Fourier decomposition in order to exhibit a discrete
resonant system of interactions, which we are further able to reduce to a sequence of finite-dimensional
linear systems along which the energy propagates to higher and higher frequencies. The constructions are
very explicit, and we can thus obtain lower bounds on the growth rate of the solution.

1. Introduction

1.1. Main result. In this paper, we build an explicit C* solution to the Schrodinger equation on the
two-dimensional torus T2 := R?/(27Z)?,

iu(t,x) =—Au(t,x)+ V(t, xu(t,x), (t,x)€[0,400) x T2, (1-1)

where the potential V (¢, x) is real, smooth on the interval [0, +00) x T2, and decaying at infinity in
Sobolev norms. With a carefully chosen V, we are able to exhibit weakly turbulent behaviour; that is, we
are able to prove the following theorem.

Theorem 1.1. There exist a real smooth potential V (t, x) and a smooth function u(t, x) such that
iu(t,x)=—Au(t,x)+ Vi, x)u(t,x), (,x)e€][0,400)x T2 (1-2)
Furthermore, given any small constant § > 0 and any order s > 0, there exists cs ; > 0 such that, as t — 00,
lu(®) | s = c5.5(log £)* . (1-3)
Finally, the potential V satisfies the bound,
forallk e N, foralls >0, tl_l)IIolo ||8,kV(t, s =0. (1-4)

We will in Section 5 explore possible upper bounds for the decay rate of V, which is subpolynomial;
see (5-16).

MSC2020: primary 35B40; secondary 35Q41.
Keywords: linear Schrodinger equation, weak turbulence, resonant system, forward cascade of energy, backward integration.

© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2025.18-8
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

2062 AMBRE CHABERT

1.2. Earlier work. The first example of unbounded growth of the Sobolev norms for the Schrodinger
equation (1-1) on the torus T2 was given in [Bourgain 1999a], although there the potential V was chosen
to be quasiperiodic. Bourgain proves that a logarithmic growth of the Sobolev norms can be achieved
in this setting and that it is optimal. Bourgain [1999b] also studied the case of a random behaviour in
time with certain smoothness conditions. Furthermore, Bourgain proves in those articles that, with a
bounded smooth potential V, the growth in any norm H* is bounded by #° for all £ > 0 (with a constant
that depends upon s, V, ¢) and that, for a potential analytic in time, the bound can be refined to (log#)“.

With regards to the logarithmic growth rate we are able to achieve in the present article, it is necessarily
subpolynomial as V' is assumed to be smooth and bounded, but we may not use the logarithmic a priori
bound as V (¢) is not analytic in ¢ in our construction. Still, logarithmic growth rate is nearly optimal as
the optimal growth is necessarily subpolynomial.

The study of upper bounds on the possible growth rate of Sobolev norms of the solutions to the linear
Schrodinger equation has a long history. The general question can be formulated as follow: consider u a
regular solution to

i0;u=Hu+ P(t)u, (1-5)
where H is either the Laplacian —A on a d-dimensional torus, or, more generally, when the domain is R?
or even a manifold, a time-independent self-adjoint nonnegative operator with some assumptions on its
spectrum, and P(¢) is a smooth time-dependent family of pseudodifferential operators of order strictly
less than 2. Then one can try and prove an upper bound on the growth rate of ||u(¢)| gs as t — oc.

Maspero and Robert [2017, Theorem 1.9] proved, along with global well-posedness, ¢ upper bounds
on the growth rate in the case where H has an increasing spectral gap (as is the case for the Laplacian
on Zoll manifolds) and P(¢) is a smooth perturbation with suitable assumptions. They also proved
polynomial upper bounds in broader settings. Under the increasing spectral gap assumption, the bound
can be improved to (log#)” for some y > 0 when P(¢) is analytic in time, which is reminiscent of
Bourgain’s bound. Using those results, [Bambusi et al. 2021] proved ¢ upper bounds on the growth rate
of solutions to (1-5) in an abstract setting, which includes in particular the case where H is the harmonic
oscillator in R? and P(¢) is a pseudodifferential operator of order strictly lower than H depending in a
quasiperiodic way on time. The first result of a #* upper bound with an unbounded P (t) was obtained
in [Bambusi et al. 2022] on the torus T¢ with H = —A. Finally, ¢° upper bounds have been proved for
general hamiltonians of quantum integrable systems in [Bambusi and Langella 2022].

Regarding the dual question of exhibiting growth of Sobolev norms in solutions to (1-5), Maspero
[2022; 2023] proved the existence of solutions with (unbounded) polynomial growth in the case where H
has a fixed spectral gap and P (¢) is a potential periodic in time using a resonance phenomenon. Loosening
the time smoothness hypothesis, Erdogan, Killip and Schlag [Erdogan et al. 2003] showed genericity of
Sobolev norm growth when the potential is a stationary Markov process. See also [Delort 2010; Eliasson
and Kuksin 2009; Nersesyan 2009; Wang 2008].

Regarding potentials whose Sobolev norms decay to 0 with time more specifically, Faou and Raphaél
[2023] were able to exhibit logarithmic growth in the context where

H=—-A+|x|?
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is the harmonic oscillator on R?. Their method relies on quasiconformal modulations of so-called
bubble solutions of the unperturbed Schrodinger equation. It is not surprising that we are able to exhibit
logarithmic growth on the torus as the setting is similar. Indeed, both the harmonic oscillator on R? and
the Laplacian on the torus are operators with compact resolvent and a spectrum with geometric properties
(as it is formed of points in a lattice) which allows for explicit resonance mechanism. Let us note that
the author was able to prove in [Chabert 2024] that their method extends to the case where the cubic
nonlinear term u|u|? is added to the equation, using an approximation scheme similar to the one found in
the present article.

The method we shall use here is inspired by the seminal work [Colliander et al. 2010] refined by
[Guardia and Kaloshin 2015]. Indeed, we use that, on the two-dimensional torus, eigenfunctions of
the Laplacian are given by e/"* for n € Z*> with eigenvalue |n|?>. The lattice structure is then used to
produce resonance phenomena between carefully chosen frequencies of the Fourier decomposition of the
solution u. The idea is that only certain resonant interactions will dominate the behaviour of the solution;
thus, using an arbitrarily small potential, we are able to transfer the energy of the solution to higher and
higher frequencies, leading to the growth of Sobolev norms.

1.3. Main ideas of the proof. The first step of the proof is directly inspired by [Colliander et al. 2010]. In
Section 2, we decompose (1-1) into Fourier frequencies, thus reducing it to an infinite-dimensional ODE
on the Fourier frequencies (a,(¢)) of the solution. This enables us to exhibit some resonant interactions
between Fourier frequencies, which will dominate the behaviour of the solution in terms of Sobolev norms.
In that spirit, we first study a resonant Fourier system where we drop the nonresonant interactions. We then
build a family of Fourier frequencies (m,,),>0, satisfying carefully computed orthogonality properties,
along which we are able to transfer energy to higher frequencies (as [m,| — oo) with a well-tailored
potential V for a solution (a,(¢)) whose Fourier frequencies are almost supported on the (m,,).

In Section 3, we give a detailed construction of a potential allowing said energy transfer to higher
frequencies, thanks to the crucial point that, as we only consider resonant interactions, we may light up
only specific Fourier frequencies in the potential, which further reduces the resonant system to a sequence
of finite-dimensional linear systems which we can explicitly solve.

In Sections 4 and 5, we prove that the solution to the resonant system yields a solution to the full
system up to a perturbation thanks to a Cauchy sequence scheme, thus concluding that the perturbation
decays to 0 as t — oo. We finally use the explicit construction of the solution to the resonant system to
deduce lower bounds on the growth of the Sobolev norm of the full solution, thus concluding to the proof
of Theorem 1.1.

2. Fourier decomposition and resonant system

2.1. Reduction to a resonant Fourier system. We now show how (1-1) can be heuristically approximated
by an easier equation, focussing on the resonant interactions. Indeed, as we wish to find smooth solutions
of (1-1), we may write

u(t, )=y ay(t)e! "I, @2-1)

nezZ?
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We now set the potential to take the form

V(t,x) ==Y 20,(t) sin(|nr)e™"™, (2-2)

nez?

where v_, = v, is real. Thus, we need only find a solution to the /% system

o L
an =Y ap()vy_m(1)(e " mt — 7" mal), (FS)
meZz?
where we set
+ . 2 2 2
Wy op = |m| + |m —I’ll - |I’l| ,
- . 2 2 2
@y = |m|”—|m —n|” —|n|".

Now, in the spirit of [Colliander et al. 2010], we expect that the resonant interaction will dominate,
that is, the interaction between frequencies m, n such that one of a),j; , or o, . is 0. We thus define, for
neZ7z?,

. 20,12 2 2
F:gs(n) ={meZ" :\m|~+|m—n|"—|n|” =0},

- 2 2 2 2
) :={meZ :\m|”—|m—n|"—|n|" =0}

and define the approximated system

dan=Y  amOVam(@® = Y an®)vum (). (RFS)

melt(n) meles(n)

We observe that (RFS) conserves the [2 norm. Indeed,

%n(an)n%z:zRe(Z > a@anOve =Y > an_a)ama)vn_m(z)).

neZ? mel(n) n€Z? meles(n)

However, m € T';f (n) if and only if n € '

s (m). Using moreover that v_; = vy, we see that the right-hand

side equals O.

2.2. Geometric interpretation of the resonant frequencies. Now, we turn our attention to the geometric

+/

interpretation of the equation w,,’, = 0: we first see that w;} , = 0 if and only if

)

{m—i—(n—m):n, (2-3)

im|? +n —m|* = |n|?,

which means that m is orthogonal to n — m. This can be reformulated by saying that m resonates with
m +1, where [ € Z? is orthogonal to m.

Similarly we see that w,, , = 0 if and only if (n —m) is orthogonal to n, which finally means that m
and n are resonant frequencies if one of m or n is the sum of the other one and an orthogonal vector. We
may sum these facts up in a lemma.

Lemma 2.1. Forall n,m € 7%, we have m € T,

s (n) if and only if m and n —m are orthogonal. Moreover,

m € I'i.(n) if and only if n and n —m are orthogonal.
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2.3. Explicit family of resonant frequencies and further reduction. We shall now build a potential
(v (¢)) and a specific solution to (RFS) by constructing two families (my) and (I;), k > 0, of vectors
of 72 which satisfy good orthogonality properties. Namely, in some sense, we require that there are no
exceptional resonances.

Lemma 2.2. There exist two families (my)x>0 and (Ix)k>0 of vectors of 72 such that

(P1) my #0, Iy #0;
(P2) my LIy & k=k;
(P3) myp1 =my+Ii;
(P4) my is not orthogonal fo my and is not orthogonal to my — Iy for all k, k';
(P5) my — I, is not orthogonal to Iy for all k, k';
(P6) my — Iy is not orthogonal to Iy forall k' #k +1;
(P7) my — I — Iy is not orthogonal to Iy, for all k, k’;
(P8) Ij + my is not orthogonal to Iy for all k, k',
(P9) Iy + my — Iy is not orthogonal to I, for all k #k’;
(P10) |lkr| > 1l + 1.

Moreover, we can find families such that there exist universal constants C > 1 > ¢ such that, for all

n =1, we have
cin—D!I< |my| < C*(n— 1),
en! <, < C"nl.
At first glance these properties may seem overwhelming, but it follows quite directly from geometric
observations that they greatly reduce the system if we choose the potential with nonzero Fourier frequencies
supported in the set {=£/;}x>0. More precisely, before proving Lemma 2.2, we will state and prove the

following lemma.

Lemma 2.3. Set A :={=%ly, k >0} and A" := {my, k > 0}. Set moreover ¥ .= {my — I, k > 0}. Assume
(an (1)) ez is a solution to (RFS) with potential (v, (t)), such that (a,(0)) is supported in A" U'Z (in the
sense that a,(0) = 0 whenever n ¢ A’ UX). If (v,(t)), is supported in A for all t > 0, then (a,(t)) is
supported in A" UZ forallt > 0.

Moreover, define pi(t) := am,(t), sk(t) := am,—1,(t) and ri(t) := v, (t) (with the convention that
p—1 =r—1 =0). The system (RFS) reduces to,

0t Pk = Pr—1Tk—1 — — ,
forall k>0, { t Pk = Pk—1Tk—1 — Pk+1Vk — SkTk (2-4)
0rSk = PkTk-
Proof. As v,(t) =0 whenever n ¢ A, (RFS) reduces to
dan=Y  anOVem®—= D amOvam(®). (2-5)

melt (n) meTl < (n)

n—meA n—meA
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In order to prove the first part of the lemma, we need only show that, whenever n ¢ A’ U Z, those m that
appear on the right-hand side of (2-5) are also not in A’ U X. Indeed, the system then reduces to a linear
system with zero initial condition on Z>\ A’ U %, so by uniqueness we have a, (t) = 0 for all # whenever
n¢g AN'UX.

Take n ¢ A’ UX. We claim that if m € A’ U X satisfies n —m € A, then m ¢ 'L (n) UT_(n). Indeed,
assume first that m = my for some k and n —m € A. Then there exists k€’ > 0 such that n —m = .

(i) If n =my + 1, then k # k' as otherwise n = my1 € A’; but then my is not orthogonal to n —my = i
thanks to (P2), thus my ¢ I';5 (n). Similarly, n — my = I is not orthogonal to n = my + Iy thanks
to (P8).

(ii) If n = my — I, then k' # k as otherwise n € X and k' # k — 1 as otherwise n = m;_; € A’. Thus,

res

my ¢ Tt (n) as my is not orthogonal to —I» by (P2), and my ¢ T

res (n) as lk’ =n—mg is not

orthogonal to my — [;; = n thanks to (P6).
Now, assume that m = my — [ for some k > 0 and n — m = %I for some k' > 0.

() fn=my — Il +1p, then k #k" as n ¢ A’, so my — I is not orthogonal to ;s thanks to (P5) — thus
my — I ¢ Tt (n) —and Iy is not orthogonal to my — I; + I+ thanks to (P9) — thus my — [ ¢ ().

res
(i1) Finally, if n = my — Iy — [, then — as my — [ is not orthogonal to —I; thanks to (P5)— we find
that my — Iy ¢ ', (n) and—as my — I — [} is not orthogonal to —I; thanks to (P7) — we also find

res

that my — I ¢ Fr_es(n).

In order to prove the second part of the lemma, we follow the same steps. Take k > 0. First, let
m e F:gs(mk) N (A’U X) such that my —m = £l. As m is orthogonal to /i, properties (P2) and (P5)
yield that m = my/, and thus my = my £+ l. As my is orthogonal to [, (P5) yields that necessarily
myg =my + Il =myp 41, and thus k' =k — 1 (as from (P3) and (P10) we have |m; 11| > |m;|), which yields
the contribution pj_r¢—; to the right-hand side of the first equation.

Now, let m € ' (my) N (A" U X) such that my —m = +l;. As [y is orthogonal to my, (P2) yields

res
that k = k' —thus m = my £ [ —and both are in ' (m;) N (A’ U X). This yields the contribution
— Pk+1Tx — Sk7k to the right-hand side of the first equation.

Finally, take k > 0 and m € F;gs(mk — )N (AU ) such that my — [y —m = %l: as m is orthogonal
to [y, we find again that m = my/, and thus that my = [y 4+ my £ [. If the sign is a minus, property (P9)
yields that ¥’ = k, and thus m = my, which gives the contribution pyr; to the right-hand side of the second
equation (as we recall that v_, = v, for all n). If the sign is a plus, we find that m; — Iy = my/y; is
orthogonal to /;11, which contradicts property (P5).

We see moreover that there is not a m € I’ (my — ) N (A" U X) such that my — [ —m € A. Indeed by
definition of I'_, this would mean that there is a k” such that mj — I} is orthogonal to [y thus contradicting

property (P5). O

We now turn to the proof of Lemma 2.2. Choose i € Z>\ {0} arbitrarily; for example, mo = (1, 0). As
Mmy4+1 = my+I, we need only construct the /; for k£ > 0. We will do so by induction. Assume the sequence
(my) is constructed up to k = n and satisfies properties (P1)—(P10) (which means that ly, ..., [,_; have
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been constructed). We need to construct /,, € Z2 (and thus myu+1 = my, +1,) such that the properties still
hold up to k = n + 1. Define m the vector obtained from m, by applying a rotation by angle /2 (which
is orthogonal to m, and which has the same Euclidean norm). We will show that there is a € N such that
n+1<a< C(n+1), with C a universal constant such that setting /,, := am will suffice.

o (P1) always holds, and (P3) holds by definition.

o In order for (P2) to hold, observe first that, by construction, [, = am is orthogonal to m,. Moreover,
we need, on the one hand, m; to be nonorthogonal to [, for k < n — 1. However, since m; L [; up to
k = n by induction and since we are in dimension 2, this amounts to asking /; to be nonorthogonal
to m, for k < n — 1, which is true by induction from (P2). On the other hand, we need m, 1 to be
nonorthogonal to ; up to k = n; that is, since /; L my; and since we are in dimension 2, we need only
prove that m,, | = m, 4+ am is not parallel to my for k < n. It is always true for k =n as a > 0, and,
for each k < n — 1, there is at most one value of a for which m, 4 could be parallel to m; (as m is not
parallel to my, otherwise m; would be orthogonal to m,,, thus contradicting (P4)). This excludes at most n
possible values for a.

e In order for (P4) to hold, we need m,, | - my # 0 for k < n. It is always true for k = n, and for k < n it
means that m,, - my +am -my # 0. Now, m - my, #£ 0, otherwise this would contradict (P2). Thus, at most n
possible values of a are to be excluded. We also need m 41 - (my — ) # O for k < n, which is always
true for k = n if we set a > 2, and it follows from the construction of (P5) that m - (my —I;) # 0, as m,, is
not parallel to my — [i; hence this excludes at most n values of a. We finally need my, - (m, —am) # 0 for
k < n — 1, which excludes at most n values of a, as m -my # 0.

o In order for (P5) to hold, we need, on the one hand, m; — [ to be nonparallel to m,,; for k < n, which
excludes at most n values of a, as this is always true for k = n and as my — [ is not parallel to m for
k < n thanks to (P4). On the other hand, we need m, — [, = m,, — am to be nonparallel to my for k < n,
which again excludes at most n values for a as m is not parallel to my for k < n thanks to (P2).

o In order for (P6) to hold, we need, on the one hand, (m, 41 —Ii) -l # 0 for k <n—1, which is equivalent
to am - Iy # constant. As we know that m - [; # 0 (otherwise my, is orthogonal to m,), this excludes at
most n values for a. One the other hand, we need mj; — am to be nonorthogonal to am for k < n —1,
which is ensured by the fact that |m| > |my].

« In order for (P7) to hold, we need, on the one hand, m, —am —Ij to be nonorthogonal to /; for k <n—1,
which excludes at most n values for a, as m -l # 0. On the other hand, we need my — [y — am to be
nonorthogonal to am for kK < n — 1, and once again this excludes at most n values for a.

e In order for (P8) to hold, we need, on the one hand, am + m; to be nonorthogonal to am for k < n,
thus excluding at most n values for a, and, on the other hand, I + m, + am to be nonorthogonal to /; for
k < n — 1, which excludes at most n values for a, as m - [ # 0.

e In order for (P9) to hold, we need, on the one hand, am + m; — [y to be nonorthogonal to am for
k < n—1, thus excluding at most n values for a, and, on the other hand, /x +m, —am to be nonorthogonal
to I, excluding once again at most n values for a.
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We thus finally see that any a > 1 except maybe at most C(n 4 1) values can be chosen, where C > 2.
Up to taking C a little larger we may thus find n 4+ 1 < a < C(n + 1) such that setting [, = am enables
the induction hypothesis to be satisfied.

By this procedure we are able to construct sequences for which the desired properties hold. Moreover,
we have n|m,| < |l,| < Cn|m,|, and thus

nlmy| < [mpq1| < C/n|mn|

for C’ = /C + 1; thus proving the last part of the lemma.

3. Solution to the resonant system

Thanks to the previous section, we are now able to exhibit explicit potential (7, (¢)) and an explicit solution
(px (1)), (sk(t)) to (2-4) for which we control precisely the energy transfer between Fourier frequencies.
We turn to the explicit study of the mechanism that will allow energy transfer between frequencies. We
start at = 0 with well-chosen values for pg, p1, so and set the other p; and s; to be 0. The idea is then
to locally fully transfer the energy from (px, Sk, Px+1) to (Pr+1, Sk+1, Pk+2) in finite time, thus ensuring
that, for all given n, after a time 7,,, we have p; = s = 0 for all k£ < n. Now, as (RFS) conserves the
12 norm, this ensures that the Sobolev H® norm is greater than |m,,|° fort > T,,.

3.1. General form of the solution to the linear system. Explicitly, fix an interval I = [fy, #;] and a smooth
function ¢ on I. Fix k > 1. We look at the system

0 pry1 = @ (1) pr,
0 pk = — (1) prt1 — P ()si, (3-D
sk = @ (1) pr,

which corresponds to (2-4) when we only light up r; () = ¢ (¢); that is, we set ri/ (1) =0 for k' £k on I.
In comparison, (2-4) is a system on all different values of k, whereas in system (3-1) we have fixed a
particular value for k. Hence, the equation for pp.; corresponds to the first line of (2-4), where £ is
replaced by k + 1 and r; = 0 for [ # k. The system can then be written in the form of a simple linear

system:
Pik+1 Pk+1
| pk |=0@WA| pr | (3-2)
Sk Sk
where we set
01 0
A=|-10 -1 (3-3)
01 0
Now, the solution with initial condition
Pr+1(0)
Pk (o)

sk (o)
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is given by
Pr41(1) ‘ Pr+1(to)
p(t) | =exp (( f o (s) dS) A) pr(to) | - (3-4)
si (1) fo sk (1)

Now, one can compute

Lcos(TV2) + 1) % sin(T+/2) 4(cos(Tv/2) 1)
exp(TA) = —% sin(Tv/2)  cos(T+/2) —\sz sin(Tv2) | . (3-5)
T(cos(Tv/2)— 1) % sin(T+/2) %(cos(Tv/2)+ 1)
This explicit matrix allows us to build three moves in order to transfer a specific configuration from
(Pks Sks Pk+1) 10 (Pk+1, Sk+1, Pi+2) in finite time.

3.1.1. First move. Start with

Pr+1(to) 1/2
pi(to) | =1—-1/v2]. (3-6)
sk (to) 1/2

We set ¢, a nonnegative C* function with support in [fy, #;] such that f ¢="Tm/ (4+/2). We have

Prt1(t1) 1/7/2

pe@) = 0 |- (3-7)
si(t1) 1/v/2
3.1.2. Second move. We now set
Pr+1(to) 0
pe(o) | =11]- (3-8)
sk (fo) 0

With the integral of ¢ being 7/(2+/2), we have

Prs1(t) 1/3/2

pe(t) =1 0 |. (3-9)
sk(t1) 1/+/2
3.1.3. Third move. If finally we set
Pi+1(t0) 0
pr(to) | =10 (3-10)
sk (to) 1

and set the integral of ¢ to be 7/+/2, we have

DPi+1(t1) -1
pe(t) |=| 0]. (3-11)
s (1) 0
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3.2. Idea of the construction of the potential and the resonant solution. These easy observations yield
the construction both of the potential (r¢(¢)) and of the solution (p(¢)), (sx(¢)). We may represent the
solution (pg(t)), (sx(¢)) as points in the semi-infinite chain

S0 S1 852 53 S4 S5
Po P1 P2 pP3 P4 Ps Ps

where the arrows represent the possible interactions between the Fourier frequencies induced by the
potential (r(2)).
Assume that, at t = 0, we start with the configuration

S():% S1=O
p=_L —1 =0
0 72 P1=3 pP2=

Then, using the first move, if we light up only r¢ during an appropriate time, we may fully transfer the
mass from pg to so and p; equally:

SOZ\L@ s1=0
po=0 Plzﬁ p2=0

Now, we clear p; using the second move; that is, lighting up only r;(¢), we can fully transfer the mass
from p; to s; and p; equally:

=

1
SOZTE S1 =
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Finally, we use the third move to transfer fully the remaining mass from s¢ to p; lighting only ry again:

S()=O S1 =

=

po=0["——| p1

Il
Si-
<
)
Il
=

Thus, we find exactly the same situation as at the start, with indexes incremented by 1. This enables us
to start a recursive scheme so that, as time goes by, we repeat these three moves to transfer the mass to
higher frequencies. The strategy to ensure that the potential V decreases in Sobolev norms as t — oo is
that, up to lighting r; for a longer time, we may at each step choose it to be arbitrarily small.

3.3. Explicit computation of the potential and of the resonant solution. We now make the previous
argument rigorous. We first find a smooth function ¢ on R, nonnegative and nondecreasing, such that
¢ =0o0n (—00,0],  =1o0n[l1,4+00), and we set & = fol ¢. Take (Br)r=0 to be a sequence of positive
real numbers such that 8y < 1. The (Bx) will control the amplitude to which we light up r¢, and we will
fix them later in order to control the decay of the potential V in Sobolev norms.

3.3.1. Initialising the induction. We choose, at t = 0,

r1(0) 1/2
poO) | = -1/v2 (3-12)
50(0) 1/2
(and the other pg, s are set to 0). We now set
/a Pod @), 0<r<l,
ro(t) = § ;7% o, I<1< 1+, (3-13)
Bt +2—1), 1+ <t <to+2,

where we set #y such that fotOJrz ro="7Tm/ (4x/§), which means 7o = a(8; - 2). We set r(t) = 0 on

[0, to +2] for all k > 1.
Now, at t = fg + 2, we find
p1(to +2) 1/3/2
o+ =1 o |. (3-14)
so(fo +2) 1//2

Set now
s P1ot—(+2),  0+2<1<n+3,
ri(t) = ﬁﬁls th+3<t<t+3+1, (3-15)
2\1/15&/81¢(4+t0+11_[)5 3+tn+n <t <4410+1,
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with #; such that the integral of ; on [2+1y, 4+ 19 +11] is equal to n/(2\/§), which means t; = oz(,B]_1 —-2).
Setri(t) =0on [2+4 1y, 4+ 1o+ t1] for all kK # 1. Now, at t =4 4ty + t;, we have

p2(4+to+1) 1/2

P14 +t+1) 0

si@+no+n) = 1/2 |, (3-16)
po(d+1o+1) 0

so(4+10+1) 1/3/2

and the other py, s are equal to 0. To finish the cycle, we need to transfer all the mass from sy to p;, and
we will end up with (p2, p1, s1) = (1/2, —1/«/5, 1/2) which was exactly the initial state on (py, po, So).
This enables us to start a recursive process. More precisely, set

FPodt —(+n+n),  A+n+u<t<S+i+n,
ro(t) = ﬁﬁo, SH+tg+t <t <5+Hn+H+1, (3-17)
FabodO+io+n+i—1), S+ig+n+io<t<6+i+0+1,

with once again 7y = 01(/30_1 —2),and r,(t) =0on [44+19+1,6+ 19+ 1 + 9] for k = 1. We have, at
t=6+2t+1,

pa(t) 1/2

p1(t) ~1/v2

s1(t) | = 1/2 , (3-18)
po(t) 0

s0(t) 0

as was expected.

3.3.2. Recursive scheme. Sett, := oz(,Bn_1 —2). Suppose, for T,, = 6n +2tg+3t; +3tr +- - - +3t,—1 + 1,
we have

DPn+1 1/2
p | =1-1/vV2], (3-19)
s, 1/2

with the other py, si being equal to 0. We set now

5250 B9 (), T, <t<1+4T,,
) = S%aﬁ”’ 1+ T, <t <1+ T+ 1y, (3-20)
8\7/7%06'Bn¢(2+Tn+tn_t)’ 1+Tn+tn<t<Tn+2+tn7

all the other r; being set to O on [7,, T, +2 +¢,]. Now we have, att =T, +2+1,,

Pn+1 l/ﬁ
Dn = 0

Sn 1/3/2

(3-21)
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Now set
Zjiaﬁ”+l¢(t_(Tn+2+tn))’ Tn+2+tn<t<Tn+3+tn,
rn+1(l‘)= 2\7/%(1'3"4-19 Tn+3+t”<t<Tn+3+tn+tn+], (3_22)

Jmﬂn+l¢(Tn +4+tn +tn+1 _t)» Tn+3+tn+tn+l <t< Tn +4+tn+tn+1v

the other ry being setto O on [T, +2+1¢,, T, +4+t, + t,+1]. We have, att =T, + 4+ 1, + t,+1,

pn+2(Tn +4+tn+tn+l) 1/2

pn+l(Tn +4+tn+tn+l) 0

Spp1(Tn+4+t,+t,01) | =) 1/2 |. (3-23)
pn(Tn +4+tn+tn+1) 0
Sn(Tn+4+tn+tn+1) 1/\/5

Set finally

ﬁﬁnqb(t_(Tn +4+tn+tn+1))a T, +4+tn+tn+1 St<T, +5+tn+tn+1’
ra(t) =\ 7oz Bns Tt 5+tn+ing) SES T4 5+ tn+ log1 + 1,
+tn <

ﬁﬂn¢(Tn+6+tn+tn+l+tn_t)’ Tn+5+tn+tn+1 tn thn+6+tn+tn+l+tn‘

We now have, at T,41 =T, + 6 + 1, + t, 41 + 1,

pn+2(t) 1/2

er—l(t) _1/\/§

s | = 1/2 |- (3-24)
Pn(t) 0
su (1) 0

We may now induce this construction for all n > 1, which yields a solution (px(t), sx(¢)) to (2-4), thus
leading to a solution (a, (¢)) of (RFS) which we control very explicitly.

Remark 3.1. Provided the S are small enough, the explicit construction yields firstly that |a, (t)| < 1 for
all n, ¢, and secondly the following behaviour for (a,(¢)): for each n, observe that a, () = 0 outside of
a finite interval. Moreover, this interval can be divided into a bounded number of subintervals, so that
either those subintervals are of length 2 (corresponding to the time we take to light up an r¢ or turn it off),
or a,(¢) is a finite linear combination of oscillating factors ¢'/!, where the frequency f is of the order
of Bi for some k and hence is arbitrarily small.

3.4. Explicit choice for By in order for V to decay. In order to prove Theorem 1.1, we need to ensure
that V and all its derivatives decay with respect to all Sobolev norms as t — co. Now, from the construction,
we see that, for all # > 0, there is a unique k(#) such that v, = 0 for all n # %/;(;). Now, for any m € N
and any s > 0, we have

18"V (£, s 2 Breoy ey T2 (3-25)
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As k(t) — 400 when t — 400, and thus as |l;)| = 400, we need to ensure that ; decays faster with
respect to k than any power of /;. A natural choice is

Br = [l 71!, (3-26)

and we will see that this choice indeed enables us to close the estimates.

4. Approximation

4.1. Resonant solution and perturbation decomposition. In order to construct a solution to the full
system (FS), we try and approximate it by the solution (a,(¢)) built in the previous section. In this spirit,
we set the solution (b, (¢)) to have the a priori form b, (¢t) = a,(t) + c,(t), where a,(¢) is the solution
to (RFS) built above and ¢, is a perturbation. We may thus write

B (an+cn) =Y (@m+Cn)(O)Vn_p (1) (e — g7 nal), 4-1)

mez>
and we already know that

dan=Y_  anOVem@®— D amO)vam(0). (4-2)
melk(n) melyes(n)
Thus we need (c;) to solve

Bicn =Y Cm()Vy_p(t)(e 7 — Tl
mez? - o
+ D @@ (e = Ny (v (e Ot (4-3)
m@Tis(n) m@Tres(n)
Our goal is now to build a solution (c,) to (4-3) which decays as t — co. We will use a Cauchy sequence

method: equation (4-3) is globally well-posed in /' (Z), so we may set, for a given integer N > 0, the
solution (cN ) on R with initial condition ¢V (Ty) = 0. We have

Ty
CNOEESY / N () U () (e~ 0" — =i’ dis

meZz? r
N
- > / A () ()€™ “n® ds + ) / A () Vp—m ()€™ “mn* ds,

mgTibem * ! m¢Tre(n) "'

from which we infer, for t < Ty,

e @l < / " ||<cN<s>>||p (v (s))Ilp ds

D3> Y T [ womenee

n m$rres(n) T m¢@ies(n)

am ($)Vp—m (s)e”‘)'" nS ds

which we rewrite as the inequality, for t < Ty,

Ty
ey )l < o) + [ (e ()1 Bs) ds. (4-4)
t
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By Gronwall’s lemma,
Tn s
forall r < Ty, ||(c,]1v(t))||11 <al) +/ a(s)B(s) exp([ ,B(U)do) ds. 4-5)
t t

4.2. Estimates on a(t). First, let us study «(¢). The set of pairs (m,n —m), n € Z*>and m ¢ T (n)

res

(resp. m ¢ I' ¢
ny and n| 4+ ny aren’t orthogonal). Moreover, we have v, (s) = 0 for all n # +I; for a given k > 0, and

(n)), is equal to the set of pairs (ny, ny) € 72 such that n; and n, aren’t orthogonal (resp.

we recall that v_, = v,. Finally, we know that a,(s)v;, (s) = 0 as soon as

n & {my, mg — by, My, M1 — g1, Mo} =: Ex.

a()=Y_ Y Ik.n), (4-6)

k>0 I’lEEk

We may then write

where [ (k, n) is a sum of at most four quantities of the form

Tn
Jk,n, o, 1) := / an(s)ri(s)e's ds 4-7)

and o is a frequency belonging to Z\ {0}, thus ensuring |w| > 1. (It is here that we use the nonresonance
of the interactions).
We may now write

T, ) t ) Tn Tn t )
/ ap(Hre(s)e' ds = |:(/ ap(0)e'®? da)rk(s)] —/ (/ ap(o0)e'®? da)r,i(s) ds.
t N t t s

The bracket term is equal to O as r¢ is 0 at Ty for all k. Moreover, we may infer from the construction
of ry that

/R re(s)lds < CBy, (4-8)

with C a universal constant independent of k (indeed, we use that r; is a constant except maybe on a
finite number of intervals of length 2 where its derivative is bounded by ¢B||¢’ |l o)-
Finally, we have

<C, (4-9)

t
/ a,(0)e'”’ do
N

with C a universal constant independent of s, n, ¢, w. Indeed, for any n, using Remark 3.1, we know
that, on the one hand, |a,| < 1 on R4, and, on the other hand, that, outside of a fixed finite number of
intervals of length 2 (yielding a bounded contribution to the integral), a,, is either equal to O or equal to a
finite linear combination with a bounded number of terms of oscillating exponentials ¢'/?, with frequency
f = C'B;, where C’ is a universal constant and / > 0. Thus, up to choosing |mg| larger, we can require
that we always have | f| < 1/2. Hence, we are left with integrating oscillating exponentials e/(/+®)°
where | f + w| > 1/2 (since |w| > 1). A simple integration is enough to conclude the proof of the claim.
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This yields the bound
Jk,n, o, 1) < Ch, (4-10)

where C is a universal constant. Moreover, we see that r;(s) = 0 for all s > T4 1; thus we have
Jk,n,w,t)=0 forallt > Ty4;. 4-11)

From this we may infer the bound

a)<C Y B (4-12)

k>k(t)

where we set k(¢) to be the smallest nonnegative integer such that ¢ < T4 ;. Using moreover the fast
decay of B, we may further bound, up to taking a larger C,

a (1) < CBrr)- (4-13)
4.3. Estimates on B(t). As for 8(t), we see that, for all ¢, there is a unique [(¢) such that 7, () =0 as
soon as k # [(t); thus we find that

B(t) = 4ri)(1). (4-14)
This yields the bound

N N
| #ordo < [ nioy@rdo < cis + 1
t 0
indeed, we see that the integral of r; over R, is a constant independent of k.

4.4. Conclusion of the estimates on ¢¥. We may thus bound, for r < Ty,

Tn
N aniy < C(,Bk(t) + Bi(s)Bics) exp(C (k(s) + 1)) dS)- (4-15)
t
Now, from the construction of (r¢(s)), we have [(s) > k(s), and thus B« < Bk(s). Therefore, for t < Ty,

we have
Ty

e @)l < c(ﬂkm + | Bl exp(Clk(s) + 1)) ds>. (4-16)

Now, k(s) is equal to k£ on an interval with measure [, such that [; §; is equal to a constant, yielding the
bound

ey Nl < C(ﬂk<,>+ > ﬂkec"). (4-17)

k>k(1)

As By is decaying faster than a double exponential, we finally have,

forall 1 < Ty, ey )l < Chrne™ ™. 4-18)
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5. Cauchy sequence and conclusion

5.1. Cauchy sequence. We now prove that (¢) is a Cauchy sequence in /' (Z). Set M > N. We look at

the equation satisfied by ¢ — ¢V:

Tn
(e =ehn == f (e — M) () Vnom(5)(r® — &%) ds + M (Ty)
t

meZ?
- T [ [ e
m¢rlje—s( ) me¢es(n)
Thus

Ty
(e — Myl <2 / 1M — M) 1 a ()11 ds + 11X (T ) Il

+Z Z 'fTM am(s)vn m(S)e za);;,,s
" m¢Tit(n)
5 e

o mglagn) N

Ty
<2 / (M — MY Il Wa ()l ds + CBrryy eI + CBrery)
t

Tn
s2 f 1Cep’ = el @als)llp ds + Cy—1eC N0,

Using the backward Gronwall lemma,
TN N
ey = e @l < CﬂN_leCW—“(l + [ B exp( f ﬁ(a)da) ds), (5-1)
t t

where B(s) = 2|[(v,(s))l;1. We know that B(s) = 4r;(5)(s), and thus ]St B(o)do < C(k(s)+1). We have

Ty
(e — Myl < CﬁN_leCW—‘)(l + Brs) exp<Ck<s>>ds). (5-2)

This upper bound decays to 0 as N, M — oo if we fix ¢. This shows that (cV (¢)) is a Cauchy sequence
in /'(Z?), and it thus converges to a c(¢) such that, using integral form of the differential equation,
b =a + c is a solution to (RFS). We have, moreover,

(ca() I < CBrepe ™, (5-3)

and this upper bound decays to 0 as t — 400, as expected.

5.2. Growth of the Sobolev norm: qualitative result. In order to conclude, we recall that ||(a, (¢))]|,2 is
preserved and that, for all ¢ > 0, there are at most five of the a, that are nonzero. Therefore, we have,
on the one hand, that @, = 0 for |k| < |m,| and for all ¢+ > T,, and, on the other hand, that there exists
|k| = |m,| such that |a;(¢)| > €, where ¢ > 0 is a universal constant. Now, if we set N large enough, we
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can ensure that ||(c, (#))||; < &/2 for t > Ty. Therefore, for all t > Ty with N large enough, there exists
|k| = |my| such that by = ay + ¢ satisfies |by| > ¢/2. Now, this ensures that,

forallr > Ty, [[(bn(O)llms = |kI°|be] = (8/2)Imn ]’ (5-4)

This already yields a qualitative result for Theorem 1.1, as we already proved in Section 3.4 that the
potential V along with all its time derivatives are decaying in all Sobolev norms when t — +00.

5.3. Quantitative estimates on the growth rate. We now investigate the quantitative bounds that we can
hope to get on the rate of growth.
We first see that 7, < CB,; ! using the fast decay of B,. Moreover, as |I,| < C"n!, we find that

T, < exp(C"n!log(C"n')). (5-5)
This yields the lower bound
[Bn @ lEs = Slmael’ (5-6)

where § > 0 is a constant and n(t) is the largest integer n such that exp(C"n!log(C"n!)) < t. Now, we
know moreover that |m,| > c(n — 1)!, thus leading to the lower bound

lu@ s = ec®(n(@) — DY’ (5-7
In order to obtain better bounds, take n > 0. We first use Stirling’s formula
ni~ (L) Vo, (5-8)
e
which ensures that, provided 7 is large enough,
C"n!log(C"n!) < (1 + n)n) M, (5-9)
Now set f(x) := x*. We find that, provided
f((d+mnn) < logt (5-10)
and provided n is large enough, we have n < n(¢). Now, provided n is large enough, we also have
(n=D!> (1 =mm) ™" = f((1 = nn). (5-11)

Thus, setting E (x) to be the largest integer k such that k < x, we can find a lower bound of the form

lu(Oll s = (Cf(—E(f (10gt))))

S (1 _77)2 -1 (1_77)2 -1 . .
= cgyexpls f (logt)logl ———— f "(logt) (provided ¢ is large enough)
+1n I+n
(1— 77)3 —1 -1 . .
= Cyp €XP ST S~ (logt)log(f~ " (logt)) (provided ¢ is large enough)
n

> ¢ n(log t)S(l—n)3/(1+7)).
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As we may choose 1 arbitrarily, we find that, given any &, s > 0, there exists ¢ ¢ > 0 such that, for r > 1,
lu(@) |15 > cs,5(log1)* =, (5-12)
thus concluding the proof of Theorem 1.1.

5.4. Estimates on the decay rate of V. We now prove similar upper bounds on the decay rate of the
potential V(¢). Fix s > 0 and m € NU {0}. Thanks to (1-4), we may bound

10V (t, Y s < clliy|M ol (5-13)

where M = M,, ; > 0 and k(¢) is the unique k > O such that ry ) 7 0. We may furthermore infer from
the previous subsection that, given § > 0, there exists ¢s > 0 such that

k| = cs(log )=, (5-14)
Thus
107V (¢, )|lgs < Csexp(My, s — (log ) 7%)(1 —8) loglog ). (5-15)

As this holds for all § > 0, we may conclude that, for all § > 0, there exists Cs ,, ¢ such that
187"V (&, )|+ < Cs.m.s exp(—(log1)' ™) loglog 1). (5-16)

As this yields a quantitative bounds for the decay of V/, it should be noted that it is subpolynomial in the
sense that the upper bound decays slower than ¢ ~° for all ¢ > 0. It doesn’t seem that we can improve
the bound, as, on [Tx, Tn+1], ||V ()| g1 is of order By and Ty is of order ,BIQL. As forall e > 0
asymptotically we have By ;| < Bn, we thus cannot hope for a better bound.
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