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MICROLOCAL PARTITION OF ENERGY
FOR FRACTIONAL-TYPE DISPERSIVE EQUATIONS

HAOCHENG YANG

This paper is devoted to the proof of the microlocal partition of energy for fractional-type dispersive
equations including the Schrodinger equation, the linearized gravity or capillary water-wave equation
and the half-Klein—-Gordon equation. Roughly speaking, a quarter of the L? energy lies inside or outside
the “light cone” |x| = |¢ P'(&)| for large time. In addition, based on the study of the half-Klein—Gordon
equation, the microlocal partition of energy will also be proved for the Klein—-Gordon equation.

1. Introduction

1.1. Background. The classical partition of energy states that the energy of the solution w to the linear
wave equation
(8> — Aw =0,
wli—o = wo € H'(RY), (W)
dwli—o = wy € L*(RY),
inside and outside the light cone |x| = |#| satisfies, in odd dimension d,

lim (E™(wo, wi, 1) + E™(wo, wi, —1)) = 3w}, + | Vwl|7.,

t——+00

lim (E®(wo, wi, 1) + E® (wo, wi, —1)) = [[,wl|3, + [[Vw][3.,
t—>+400

1-1)

where

Ein(wo, wi, t) = /

x| <[z

(IVw]* + 8, w]?) dx,
|

E°(wg, wi, 1) :=/ (V| + [d,w]?) dx.

lx|>¢]

A proof of this can be found in [Duyckaerts et al. 2011; 2012], where the authors applied this result
to study the soliton of the focusing energy-critical nonlinear wave equation in dimension d = 3, 5 via
some nonlinear analysis on small data solutions. One may also refer to [Cote et al. 2015a; 2015b] for
the application in equivariant wave maps. In even dimension d, the limits (1-1) do not hold in general
settings. It is essential to add some extra corrections, which have been calculated in detail for radial
solutions in [Cote et al. 2014] and for general data in [Cote and Laurent 2024]. In these references, the
authors also discovered some special data such that the corrections vanish, an application of which to the
4-dimensional focusing energy-critical wave equation can be found in [Cdte et al. 2018].
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The above results have been recently revisited in [Delort 2022] using the tools of microlocal analysis.
Consider first a solution u of the half-wave equation

{(3z/i—IDxI)M=0

HW
u|;=0:uo€L2. ( )

Since u = e'!1Pxly, the stationary phase formula shows that one expects the microlocalized energy of the
solution outside a convenient neighborhood of {(x, &) : x =¢(&/|§])} at time ¢ to vanish when ¢ goes to
infinity. Because of that, it is natural to ask whether the microlocalized energy close to the preceding
point, truncated outside the wave cone, gives rise to lower bound of the form (1-1). More precisely, if one
defines this microlocalized truncated energy as

E?,V;,;(uo,r) |op@™ se)u)|?.. (1-2)
x+1GE/EDY (el = e

where x, x € Cfo(Rd) are chosen to be real, radial and equal to 1 near zero with § € ]0, %] then it has
been proved in [Delort 2022] that in any dimension d

lim (ESY o, )+ EXY s(uo, =) = lluol 7 (1-4)

t——+400

This result may be used to recover (1-1) in odd dimension by taking u = (—id; 4+ | D,|)w. Actually, the
truncated energy in (1-2) may be expressed from the microlocalized truncated energy for the solution u
of the half-wave equation and from extra terms. These extra terms give a zero contribution at the limit ¢
tending to infinity in odd dimensions, but not in even ones.

The heuristics underlying estimate (1-4) for the half-wave equation are as follows. Define the quantiza-
tion Op(a}'¥y ;) of the symbol (1-3) by

O )0 = g [ @aly o) fr ) ds.

(2m)d
Then (1-2) may be written as

E)}(Iv;’s(uo, 1) = (Op(a)}(l’\g’a)e”m luo, Op(an )e!!1Px |uo>

= (uo, ™17 Op ()} )" Op (@’ e P ug) . (1-5)

If the symbols were smooth ones, so that symbolic calculus (whose details can be found in [Zworski
2012]) could be used, one would expect the composition Op (a?};" 5" Op (a?"; s) to be equal, modulo
negligible remainders, to Op(b), with b = |aHW sI% and the conjugation =11 Op(b)e'"1P| to be equal,
up to remainders, to Op(c), where c(x, &) = b(x —1t(&/1§])). Applying this to (1-5), one could write this
quantity as (ug, Op(e)up) modulo a term tending to zero when ¢ goes to infinity, where e is given by

X\ oof IX—1(E/IEDI— 1] L
ItI%J”S X |2]° lx—1(/1EDI>1t]-

e(t,x,s>=x2(
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This symbol e roughly cuts-off the phase space on the domain

§ >|t|}

{(X,S) el S v -
{(x,é):sgn(t)x-i<0}. (1-6)

3
When ¢t — +00, the truncated domain tends to the half-space

€]
As a consequence, the sum of truncated energy at time ¢ and —¢ covers the whole phase space.

We emphasize that all the arguments above are merely formal. They hold only if all the involved
functions are regular enough. In fact, it has also been proved in [Delort 2022] that the cut-off operator
Op (a?}?(” s) may not even be bounded if the singular cut-off |x| > |¢] is replaced by x - (§/|§]) > t, which
seems to work formally.

The above formal point of view, though purely heuristic, suggests that the classical result (1-1) might
be extended to a large class of dispersive equations. In the general system

(% - P(Dx))u )

as in the half-wave equation, one may expect that the energy concentrates in the phase space around
x +tP’(§) =0 and the partition of energy holds with generalized “light cone”

x| = [t P'(£)].
The first result for the Schrodinger equation has been given in [Delort 2022] with truncation
ES (ug, 1) == | Op@t (1)u(n) | 7. (1-7)
x+t&
Schr([ X, S) ( _1+8)1|x|>|t5|. (1—8)
&1 (V12]15]) 2
The result is similar:
: Sch Sch
dim (3 (o, 1) + E5 (o, =) = 3luoll 7. (1-9)

Here the extra factor in the cut-off x is only for technical use, and the loss of half of the total energy
lluol17, is due to the convexity of P(§) = HHE

The goal of this paper is to examine if the microlocal partition of energy results (1-4), (1-9) may be
extended to a large class of dispersive equations. In particular, this generalized result covers the system
of linearized gravity or capillary water-wave with infinite depth

324‘—|Dx|%u:0, (LGWW)
U _|p,ru=o0, (LCWW)
or with finite and constant depth 4,
3;” — D, |7 tanh(h| Dy ) =0, (LGWW,,)
oru

9 | D,|2 tanh(h| D, )u = 0. (LCWW,,)
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Moreover, the system of half-Klein—-Gordon
atu

— = {Dyu=0 (HKG)

can also be covered by the generalized result, and the associated conclusion will further imply the
microlocal partition of energy for the standard Klein—Gordon equation

(0} — A+ Dw =0,
wli—o =wo € H'(RY), (KG)
w0 = wy € L2(RY).

One may have noticed that (1-4) and (1-9) are proved only for § € ]0, %] or ]0, %[ The case § > %
seems useless since with such § the cut-off x gives no information in the concentration of energy. The
critical case § = 0, however, leads to some interesting results in the limit of truncated energy. The related
results will be presented in detail in the next part.

1.2. Main results. We consider the fractional-type dispersive equation

{(81‘/i — P(Dy))u =0,
ul=0 = uo,

(E)

where P is radial and smooth except at £ = 0. For simplicity, P will be identified as a function of p = |&|
in what follows. We further assume that P is a fractional-type symbol. Namely, the following hypotheses
hold for some pg, p; # 0:

(D PD s strictly positive and monotone on |0, +ool.
(2.0) 3Py =20, p — 0+, |P(1)(,o) — Py| ~ pPo, |P(2)(,0)| ~ ppofl‘
2.1) 3P; >0, p—> 400, [PV(p)—Pi|~p?, [PD(p)|~p"~". (Hyo p)
(3.0) VjeN*, j>=3, Vpel0,1[, |PY(p)| < proti=i.
(3.1) VjeN* j>=3, Vpell,oof, |PY(p)| < pPrHi=i,

We introduce the symbol

x+1tP'(&)
a(t,x,§)=ays(t,x,8§)=x (f Lixi>pe01Pr©)l (1-10)
|t|§+6

where § € R, and x € C>°(R?) is real with x (0) = 1. The corresponding truncated energy is defined as
E(uo, 1) = Ey5(uo. 1) = || Op(a, s) u@)172 = 10p(ay,s )" P up)l7.. (1-11)

where
Op(ays O P () = 5 / SHEHIPO (1, x, §)ilo(€) dE. (1-12)

b4

In Propositions 2.1, 2.2, and 3.1, we shall prove that, under some extra conditions on P, the operator
Op(a(t)), together with its variations to be introduced later, is bounded on L2 uniformly in |f| > 1.
E(ug, t) is therefore a well-defined truncated energy, at least when the time |¢] is sufficiently large.
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We first state the fundamental result which is available for fractional equations, namely (E) with
P’ (&) = |€|P(£/|&]), such as Schrodinger equation (p = 1), linearized gravity water-wave equation

(p=—1), and linearized capillary water-wave equation (p = J).

Theorem 1.1. Let x € C° (RY) be a real function such that x (0) = 1. We further assume that P satisfies
hypotheses (H,, ) with Py = Py =0.

) 17 5 <0,
limEy (0, 1) =0. (1-13)
Gi) If 5 =0,
| | A )
im Ey .0 = [ G, 0lin(po)l o dpdo, (1-14)

where (p, w) is the polar coordinate. The function G, (p, w) is defined, when P is convex, by

1 o 10,202 2
Gy(p, w):= @0 f / e 2Dy (VP (p)ro++/ p~ 1 P'(p)y) dy dr| (1-15)
0 Jyw=0
and, when P is concave, by
> L=y 7 P ’
Gelp@) =g e x(V=P"(p)ro+~/p~'P'(p)y) dy dr (1-16)
0 Jyw=0
(iii) If 0 < 8 < L, we further assume that x is radial. Then
im Ey (o, 1) = glluoll7.. (1-17)

Remark 1.2. In (1-17), we manage to calculate the limit of E, 5(uo, t) and E, s(ug, —t) as t — +00,
instead of their sum as in (1-1) and (1-9). Notice that the heuristics discussed after (1-6) in the case of
half-wave equations do not predict this fact. This shows the limitation of this formal reasoning when
sharp cut-offs are involved in the symbols.

Remark 1.3. For the Schrodinger equation, the special structure of P’(§) = & allows us to reduce the
regularity required for x. In Appendix C, we will show that limits (1-13) and (1-14) hold for all x € L',

We will see later that our proof of Theorem 1.1 does not hold for P with nonzero Py, P, such as the
half-Klein—Gordon equation (HKG), where P; = 1. In order to deal with this difficulty, one way is to add
some cut-off in the frequency &. To be precise, we introduce the modified truncated symbol

P/
a1, x,§) =yt x, §) = x (%ﬁ)hxbnnmsn(l - X1)<|t|$€0>Xh<|f|q ) (1-18)

where €, €] satisfies

0<€0<

1 < {+o° ! pr= (1-19)

po+1’ =1/(pr+1) ifpr<-—1,
and y;, xp, € C2° are radial and equal to 1 near zero. This symbol will be concerned only when p; <0 < po;
the reason for this will be explained later. The corresponding truncated energy is denoted by

E™(ug, 1) = EFS(uo, 1) := |Op @S ()u®) 7.
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Theorem 1.4. Let x € C° (RY) be a real function such that x (0) = 1. We further assume that P satisfies
the hypotheses (H,, ,,) with p1 <0 < po, Py, Py > 0, and that €, € satisfy condition (1-19).

@ If 8 <0,

. d .
A Exs (o, ) =0. (1-20)
i) If 5 =0,
lim E™%0.0) = = [ G, (. liio(pw) p*~" dpd (1-21)
t>+oo KO 0, %)= (Zﬂ)d x (0, w)|upg(pw)|”p paw,

where (p, w) is the polar coordinate. The function G, (p, w) is the same one defined by (1-15) and (1-16).

(i) If 0 <6 < %, we further assume that x is radial. Then

lim EY§(uo, 1) = lluol 7. (1-22)

t— =00
Remark 1.5. In this theorem, we only consider the case p; < 0 < pg, which is enough to cover all
Py, Py #0. Actually, when pg < 0 (resp. p; > 0), the hypotheses (H,, ,,) with Py > 0 (resp. Py > 0) are
equivalent to (H, ,,) with Py = 0 (resp. P; = 0), which has been studied in Theorem 1.1.

Another way to deal with nonzero Py, Pj is to add an extra factor in the cut-off x, namely, consider an
alternative truncated symbol

alt alt x+tP/(§)
a (L-x’g):a (ta-xag)=x<— 1x|> P'(&)]s (1‘23)
o RNV

where A € C®°(R? \{0}) is strictly positive, radial and satisfies the following conditions for some og, o] € R:
(1.0) p— 0+, A(p)~ p™.
(1.1) p— 400, A(p)~ p°'.

(2.0) Vp €10, 1[, AV (p) S p™~. c
. . ( (J'(),(T])
2.1) ¥pell, oo, AV (p)<p" .
A
@ tim 225 o0
p—>+00 pUI

The associated truncated energy is denoted by
E™(ug, 1) = EY , (uo, 1) := [0p (@ , (0))u(1)]2.,
and the result becomes:

Theorem 1.6. Let x € C é’o([R?d) be a real function such that x (0) = 1. We assume that P satisfies the
hypotheses (H,, ,,) and A satisfies condition (Cy o,) With oo = po, 01 < pi.

(i) If §+301 <0,

im EY A (o, 1) =0. (1-24)
(i) If 8+ 101 =0,
: 1 . -
im B 0.0 = [ 6o, wlin(oo) o' dp o (1-25)
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where (p, w) is the polar coordinate. The function G;‘(“(,o, w) is defined, when P is convex, by

2

/P// —1 P’
Galt(,O, y / / € 2(r2+‘y| )X (/O)rw + /0 (,0))’ dy dl" (1-26)
(277) =0 A1p!
and, when P is concave, by
1 o0 . /— P —1pr 2
G;lt(p,a)) = y / f eté(—r2+|y|2)x( (Io)ra) +U p (p)y>dy dr (1‘27)
(27'[) w=0 klp 1
i) If0<é6+ %01 < %, we further assume that x is radial. Then
lim E% \ (uo, 1) = §lluoll3.. (1-28)

t—+o0

Remark 1.7. The proof of Theorem 1.1 fails when |x/¢| is close to Py or P;. The extra factor A together
with the condition oy > pg, o1 < p; allows us to eliminate this case, and a demonstration similar to
Theorem 1.1 will work when |x/¢| is away from Py, P;.

As a byproduct of Propositions 2.1 and 2.2, where the uniform-in-¢ boundedness on L? of Op(a(t))
and Op(a™9(¢)) will be proved, these operators are also uniformly bounded with yx identically equal
to 1, namely:

Theorem 1.8. Let pg, p1 # 0 and P satisfy the hypotheses (H,, ). There exists a constant C > 0
independent of t such that,

(1) when Py= P; =0,

10P(Ljxj> @)Dl ey < €
holds for all |t| > 0;
(i) when Py, P; > 0,

§ 3
ol o))

holds for all |t| > ty > 1, where €, €| are arbitrary parameters satisfying (1-19) and y;, x, € C2° are

<C
L(L?)

equal to 1 near zero.

The boundedness of Op (1) for measurable sets E C R?? is of great concern in microlocal analysis, and
the results above give a positive answer to some E defined via convex functions. If one changes to Weyl
quantization, this problem is known as localization of the Wigner distribution. In fact, in this case, we have

(Op" (Lp)u, v} / Wiu, v)(x, &) dx dE,

(2 )d /2
where

1 . 1
W 06, 6) = s /R e Fulx+5y)o(x = 3v) dy

is the Wigner distribution of (u, v). It has been found that the operator properties of Op" (1) (boundedness,
positivity, spectrum, etc.) are related to the geometry of E. For example, when E is an ellipsoid, in
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[Flandrin 1988; Lieb and Ostrover 2010], the authors gave some sharp estimates of the L?-norm of
Op® (1), which is related to the size of the ellipsoid. As another example, when E is a polygon on R?
with N sides, it was proved in [Lerner 2024] that the norm of Op™” (1) can be controlled by /N /2 for
N > 3. In the same paper, the author also proved that there exists open set E such that Op”(1g) is not
even bounded on L2 The readers may refer to [Lerner 2024] for more results on this topic.

By applying the results of Theorems 1.4 and 1.8 to half-Klein—Gordon equation (HKG), we are able to
obtain the following microlocal partition of energy for Klein—-Gordon equation, which is an analogue of
partition of energy for wave equation.

Theorem 1.9. Let w be the unique solution to Klein—-Gordon equation (KG), namely

(07— A+ 1w =0,
wli—o = wo € H'(RY),
wl=0 = w; € LZ(Rd)a

where wq, wy are real, and so is w. Then, the truncated energy

EXS(wo, wi, 1) == [|Op(afS ) a,w(®)[17, + 10p@XC () Vw@®)lI7, + 10p@ S ) w @7,  (1-29)

satisfies
Jim EE (o, wi, 1) = g(lwoll3 + lwil172). (1-30)
where
a®S(t,x,6) =a¥o(t, x, &) := Ljj=1e /160 X <%) (1-31)

O<e<l,and x € C¥ (RY) is a real and radial function equal to 1 near zero.

Remark 1.10. In view of the similarity between wave equation and Klein—Gordon equation, one may ask
what (1-30) will become if we apply the same truncation 1|y~ as in classical result (1-1). The answer
is, forall 0 < rg < ry,

lim (3wl + IVwl* + [wl*) dx = |1 115,01 I DxDwoll 31 + L1901 (| DxDwill35,  (1-32)

t—>=+o00 ro<|x/t|<r

where 109, pil = P~ '(Iro, r1[). Since P’ takes values in [0, 1[, we have in particular,

lim (3w|*>+|Vw|* +|w[*>) dx = 0.

t—+oo 1x|> ]

A detailed discussion of (1-32) will be given in Appendix D.

1.3. Nonnullity of the limit in the critical case. In Theorems 1.1, 1.4, and 1.6, we calculate the limit

of energy in three cases. In the subcritical case § < 0 (or § 4 %01 < 0), the truncated energy tends to O,

no matter which x we choose. This phenomenon also exists in the supercritical case 0 < § < % (or

0<d+ %01 < %), where the limit is always half of the total energy ||ug||;2. In the critical case § = 0 (or
8+ %01 = (), however, the limit does depend on our choice of x. If we further assume x to be radial, it

is not difficult to check that the limits (1-14), (1-21), and (1-25) are bounded and nonnegative.
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In fact, when x is radial, the function G, G‘)’(lt can be written in the form

/ 3BT+ (viP”(P)m + vP’(p)/Px/) d

VYo

11
4 2n)d

’

where + and — stand for the convex and concave cases, respectively, x = (x1, x’) € R x RY~L and A > 0,
o € R. By the Plancherel theorem, it is equal to

11 2

4 2m)M

’

-1
fez«ims)/(mm»i( fi p E/> 1 ( P )2 d
w JEP NP ) JE @\ i)

which, after a change of variable, reads

1 1

NIl (1-33)

0o )l
f e 2p(hp7)2 Y

Therefore, G, can be estimated by

G (,0 Cl))\4(2 )2d||X”L1

A natural question is then whether limits (1-14), (1-21), and (1-25) are nonzero for nontrivial initial data
uo. The answer is positive for the fractional equation, i.e., with P’(£) = |£|P~'&, p # 0. More precisely:

Proposition 1.11. Under the assumption P'(§) = |E|P~'&, (1-33) can be written, up to some multiple
with constants, as

G(p) =

1-20 2
/,e Lo (pE g )A(s)ds
R(

If p#20 +1and x € S(RY) with x(0) # 0, 5(,0) is nonzero except on a set of null Lebesgue measure.

Proof. Since x is a Schwartz function, the complex function
/ eiﬁ(%l’fl'f‘ &%) "(g) déj

is analytic on upper half-plane {z € C : Im z > 0} and continuous on its closure. In [Lusin and Priwaloff

1925], the authors proved that either the real zeros of such function form a set of zero Lebesgue measure,
or it is identically zero. The same result holds thus for é(p) = |F(p?~'72%)|%. Due to the fact that
x(0) £0, G is nonzero as pP~17291 is small enough, and G is therefore nonzero almost everywhere. [J

As a consequence, the limits (1-14), (1-21), and (1-25) are strictly positive for all nontrivial ug € L?
under the assumption p # 1 (or p # 201+ 1). If p =1 (or p =207 + 1), the function G, (p) (or G‘;(“)
will no more depend on p and the limits (1-14), (1-21), (1-25) will take the form co(x) |lugll?,, where

To obtain a nonzero limit, it suffices to choose x such that the quantity above is nonzero. For example,

L2

co(x) =

2(2m)d

one may take
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» x to be positive and supported in a sufficiently small ball centered at zero;
e x to be Gaussian;

o x of the form x = x(-/R), with x € C2°, x(0) #0, and R > 1.

1.4. Plan of this paper. The proofs of Theorems 1.1, 1.4, and 1.6 will be divided into two parts: uniform
boundedness of truncated operator and calculation of limit. In Section 2, we will prove that Op(a(t))
and Op(a™9(¢)) are uniformly bounded on L? in three steps. The first two steps are exactly the same,
while the difference arises in the last step where one may see the difficulties caused by nonzero Py, P;.
As a byproduct of this proof, Theorem 1.8 can be shown easily. Section 3 is devoted to the uniform
boundedness of Op (@™ (¢)), which is much simpler than that of Op(a(¢)) and Op (@™94(z)) thanks to the
extra factor A. The uniform boundedness of truncated operators allows us to calculate the limits stated in
Theorems 1.1, 1.4, and 1.6 only for some regular data ug, which will be made precise in Section 4. In
Section 5, we will prove the microlocal partition of energy for the Klein—Gordon equation by studying
the half-Klein—Gordon equation.

In Appendix A, we collect technical inequalities which are frequently used in this paper, as well
as some criteria of L?-boundedness for pseudodifferential operators. Several stationary phase lemmas
are presented in Appendix B; these are key techniques in calculating the limit of truncated energy. As
mentioned before, our main result Theorem 1.1 can be refined for the Schrédinger equation, whose
rigorous statement and proof will be given in Appendix C. Appendix D is devoted to the discussion on the
classical partition of energy for the Klein—Gordon equation due to the study of the asymptotic behavior of
the solution to the half-Klein—Gordon equation. The last part, Appendix E, contains some details omitted
in Section 4, especially for concave P.

1.5. Notations and conventions. To end this section, we clarify some notations and conventions used in
this paper.

« We say a is a symbol on R? if a is a function on {(x, &) € R? x R?}. The corresponding (pseudodiffer-
ential) operator is defined by

Op(a) f(x) :=

o [ etat e1f @ as.

To make this definition meaningful, we will assume in this paper that a is a measurable function with at
most polynomial growth in & and that f belongs to the class of Schwartz functions.

« For any function P : RY — C, which can be regarded as a symbol independent of x, the corresponding
operator will be denoted by P (Dy).

o The kernel (or kernel function) of a linear operator A : S (RY) > S'(RY) is defined as (if it exists) a
tempered distribution K on R? x R? such that

Aux) = / K(x. y)u(y) dy.
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For the simplicity of notation, in this paper, we will use the symbol of the kernel function to represent the
operator, i.e.,

Ku(x) = / K(x, y)u(y)dy.

e A function F : RY — C is said to be radial if there exists a function f : [0, co[ — C such that
F(x) = f(|x|) for all x € R? In this case, we will not distinguish the functions F and f. That is, we will
write instead F(x) = F(|x|) or f(x) = f(|x|) for x € R4

o We will use ¢, C, sometimes equipped with superscripts and subscripts, to represent all the small and
large constants respectively.

» For nonzero quantities p, r, the notation p ~ r means that there exist constants ¢, C > 0 such that
c<p/r<C.

2. L?-boundedness of microlocal truncation operators

The goal of this section is the demonstration of following proposition, which eventually implies Theorem 1.8.
Proposition 2.1. Let py, p1 #0, § e R, and x € C ?O([R?d ). There exists a constant C > 0 independent
of t such that, for all |t| > 0,
10p(ay,s() 22y < C,

where the symbol ay s(t) is defined in (1-10) and P satisfies the hypotheses (H, ,,) with Py = P = 0.

In parallel, we shall also prove the following result:
Proposition 2.2. Let po > 0> p1, § €R,and x € C* (RY). We assume that P satisfies the hypotheses
(Hpy, p,) with Py, Py > 0. Then the modified truncated symbol

abS(t, x, &) = ays(t, x,£)(1 —xo(i)xh( ; )

|7] =<0 |z

which has already been defined in (1-18), corresponds to a bounded operator on L2, uniformly in
|t| > to > 1. Here x;, x € C° are radial and equal to 1 near zero and €, € satisfy the condition (1-19).

One can see in the following proof that our demonstration cannot eliminate the truncation in & in
the definition (1-18) of ™. In fact, after some change of scaling, we will decompose the symbol a
(or a™9) into three components, two of which are bounded for all Py, P; > 0, while our treatment for the
last component does not hold for nonzero Py, P;. The complementary cut-off in & is used to solve this
problem. Note that it is still unknown whether such restriction is essential.

To begin with, one observes that it is equivalent to study the cut-off inside the cone, namely

. +tP’
a(t,x, &)=y (ﬂ>1x<mm@)|’

|t|%+8

X<x+tP’(§))
1|37+

since the operator with symbol
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is bounded uniformly in ¢ and § € R, due to Lemma A.10 together with Lemma A.5. In this section, we
will not distinguish @ and @' and denote both of them as a.
With a reflection in &, ¢ can be assumed to be positive. The application of Lemma A.4 allows us to

_ § x/Vi+ P'(E/1)
a(t, x,§) =a<t, Vix, ﬁ) =X( et >1|x/ﬁ|<P/<s/ﬁ>|-

Now, we split @ into high and low frequencies, namely @ = @’ + a*, where

a(t,x, &) =a(t, x, &) 5 (&),

and x € C° (R?) is a radial function which equals 1 near zero. In the following, we shall treat the high-

replace a by

and low-frequency parts at the same time. Before entering the next step, we introduce some notations
which will be frequently used in this section. In all cases, we set

=152 €10, +ool.
With j =0 for the low-frequency part and j = 1 for the high-frequency part, we set,

e when P; =0,

X(t,x) :=|i\/_i, E(t, &)= P’(%>, v =+
« when P; >0, P' > P;,
X(t,x) ::m—Pj, B(t, &) := P/(E)—Pj, v = +;
! Vi
e when P; >0, P’ < P},
al €]

X(t, x) ::Pj—ﬁ, B(t,§) = Pj_Pl<$)’ Vi=

Note that for all nonzero &, = is strictly positive. With these notations our problem can be reduced to

the uniform-in-u, ¢ boundedness of

(Po+v0X) &5 + (Po+wE) 5 (&
O<%<1X ’

7

b —
b(l,u,x,é)—x( 7

b . E) ((P1+v1X),%+(P1+le)|%>1 g ~)( g)
) » Xy = X - - -
M X w O0<z<1 X \/;

We emphasize that our definition of X does not ensure its strict positivity, but one may always eliminate

the part X < 0, due to the uniform boundedness of the operator with symbol

XCﬂ+wXﬁﬁ%E+w@%)
M 9

which is also a consequence of Lemmas A.10 and A.S.
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Now, we decompose b' (1 = b, f) as the sum of b}, b, b} with cut-off 0 < % < land & ~ 1 and

0 <1—% « 1, respectively. To be precise,

=
[

o>

bty x, §) = (e, 1 x, §) + B, %, §) + (1, X, 8),
by(t, pw, x,§) =b'(t, u, x, &) x0(X/ B,
Bt pyx, §) = b (1, X, )Y (X/ B),
byt pw,x,8) =b'(t, u, x, &) x1(1 — X/ B,
where xo, x1 and ¥ are radial, smooth and compactly supported. xo, x; are supported in a small

neighborhood of zero and equal to 1 near zero, while W is compactly supported in ]0, 1[. By regarding u
as a t-independent parameter, we can reduce Propositions 2.1 and 2.2 to the following proposition:

Proposition 2.3. There exist t, p-independent constants C > 0 such that

@G) if Py, PL =0, forallt, u >0,

10p (b (t, i)l 12y < C, (2-1)
1I0p (' (2, i)l 212y < C (2-2)
@Gi) if Ph= P, =0, forallt,u >0,
10p (b (2, i)l 212y < C; (2-3)
@iii) if Py, Py >0and p1 <0< pg, foralliu >0, t > 1,
. § 3
Op| by, (A — x| —— )xn| — <C. (2-4)
t2 t2te £(L2)

Before giving the proof, we indicate below the consequence of this proposition, which implies
Propositions 2.1 and 2.2, and will be used in the end of this section to conclude Theorem 1.8.

Corollary 2.4. Let x, xi, xn be defined as before.

(1) If P satisfies (Hp, ,,) with po, p1 # 0 and Py = Py =0, the operator

+1P(§)
Op <X <XT> 1|x|>zP/(s>>

is bounded on L* uniformly int # 0 and p > 0.
(i) If P satisfies (Hp, ,,) with po, p1 # 0 and €, €| satisfy condition (1-19), the operator

+1P
Op (x (%)lﬂﬂm(sn(l — X1 (,f—eo)m (tfm ))

is bounded on L? uniformly int > 1 and j1 > 0.
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2.1. Study of the symbols by and b. In this part, we shall prove (2-1) and (2-2). One observes that both
b and b* are supported for X ~ &, which allows us to reduce our problem via dyadic decomposition.

Proof of (2-2). We start with a homogeneous dyadic decomposition

23
kez

where ¢ € Cfo([Rid ) is radial and supported away from zero. In this way, we may decompose b as
> 50 be and B as 3", _ by, where

) (Pi+vX) 5+ (P +vBE)E\ /X
bk(r,u,x,s>=x< — 'é')\lf(g)wz—kmxm(zki;), (2-5)

where 1 € C°(RY) is also radial and supported away from zero. The extra factor i comes from the

—~

truncation X ~ & ~ (¢~ 1/2|&|)Pi ~ 2kPi. This factors implies that the by’s are almost orthogonal so that it
suffices to prove the uniform (in k, #, ) boundedness of Op(Ek).

Note that, due to the compact support of x and the fact that 0 < ¢ < X/E < 1 — ¢ for some small
¢ > 0, we have

. X
2%~ BS|X-E|= H(Pj-i-u,-X)—‘ - ‘(Pj-i“%/E)iH
x| €]
X — &
< ‘(Pj‘FVjX)m—i-(Pj-l-vjd)E‘ S,u (2-6)

When 2¢(7i+D > 1, we shall apply the Calderén—Vaillancourt theorem (see Lemma A.11). For
each derivative in x, if it acts on y, one gains t~'/2u~! < r~1/227kPi by (2-6). If 3, acts on W or V¥,
one obtains factors of size r~1/227%Pi. As for the derivatives in &, similarly, it leads to factors of size
P'(E/Ot™ 1 21 B7P (& /1)t~ Y? or t 71227k which are all controlled by 1 ~1/227X as |&| ~ 2K/t
and 2*7 < 1. Since

172327k =20k = g1 —k(pitD) <1,

we may conclude by a change of scaling (Lemma A.4).
When 12K(PTD < 1, we shall use Lemma A.9. We first check the assumption (A-6) of this lemma with

wi €10, +o0[ defined by

/\inkpf if P; —{—va~2ka,
{ if Pj + UjX ~ 1.
Note that we have either P; +v; X ~ Pj+v,E~1lor Pi+v;X ~ P, +v;E ~ 2kPi 1n fact, by definition,
P; +v;X and P; + v; E are both strictly positive. Thus, it is sufficient to consider |k| > 1. When P; is
nonzero and kp; <0, we have X ~ & ~ 2kPi « 1 and then Pj+v;X ~ Pj+v;E ~ 1. While P; is nonzero
and kp; > 0, we have similarly X ~ E ~ 2%/ > 1 and P; 4+ v;X ~ P; 4+ v;E ~ 2*Pi. Otherwise, P; is
equal to zero, which implies trivially P; +v; X = X ~ 2kPi and Pi+v,E=E~ 2kPi . Due to observation
X ~ E~2kri jtis easy to obtain that, for all , 8 € N?—!and N e N,

wabi al—tpifd (@, =)\
10,0 Di(t, o, rw, pO)| < Co.p.N&L(T, P14 |
k

K =
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where x = rw, & = p0 are polar coordinates and
gk(ryp) =1, ok il j1ppphr-
The operator of kernel g is controlled by
86l L2 ran S (V125 x Vi25)3 = (120t Dys < 1,

which is no more than the assumption (A-5) of Lemma A.9. As aresult, we may conclude (2-2) by (A-7). U

The idea of the proof of (2-1) is similar. The only difficulty is that b, has a singularity near X = E. We
may treat the part away from X = E as above and study the area near X = E by convexity (or concavity)
of P.

Proof of (2-1). As before, we begin with the homogeneous dyadic decomposition in &/+/¢, namely
bi =Y oo bik and b} = Y o bk, with

(P +viX) &+ (P40 8) X £
by = al 1 1-= )y tix .
1k X( " ) >E(<1X1< E)W( )(0(2,(\/;>

It suffices to prove that Op (b ) is bounded on L2, uniformly in k, £, . In comparison with by defined
by (2-5), the main difficulty is that the nonsmooth term cannot be deleted. In the case 2Kt <1, we
may repeat exactly the same argument as in the study of by since this argument does not require any
regularity in |x|, |&].

When 12D > 1, we will separate the singularity near X/& = 1. Consider the decomposition

b1k = Dby +bY
N L) e
b, = bk (V1282170 (B — X)),

where x; € C° (RY) is radial and equal to 1 near zero.
The proof of the boundedness of b/1 & is similar to that of the case r2K(Pit1) < 1. By setting g €10, 400

as before, namely
_[m27Rf Py v X ~ 2R
i if P v X ~ 1,

we may have, for all o, B € N?=land N € N,

aabBps —la|-1p|[ d(@, —0) -
|8w89b1’k(t’ m, rw, PQ)l <Ca,ﬂ,Nhk(r’ IO)/*'Lk T s
where

hi(rop)= > 1,001, 2-7)
nN\/EZk(’)j+l)/2

with

Jy o= (2530720 26200 (g 1),

[[VEP @250y — 2k iDL Jr P (732K ) (4 1) 4 28 D] P s 0,
" [WEP 22k ) (n 1)) — 2k D JE P (22K gy 4 2k (D] if P < 0,
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Note that by writing in the polar system r = |x|, p = ||, we have that b/l, « 1s supported for p ~ 2kt
and +/12K0-P)/2|8 — X| « 1 due to the cut-off ¥;. We first make a decomposition in p, namely

pelcT2Vic2Viic | I

n,\,\/;zk(ﬁj‘#l)/z

and then the support /12K(1=P))/2| & — X| « 1 ensures that r lies in I, defined above, once p belongs
to J,. This gives the control /; defined in (2-7).

In order to apply Lemma A.9, it suffices to check that the operator with kernel /4 is uniformly bounded
on L*(R..), which can be reduced to |1,||J,| < 1 and that {I,} forms a uniformly finite cover. In fact,
since the I,’s are pairwise disjoint (except for end points), one observes that, for all w € L?(R,.),

2 2
H/hk<-,p>w<p>dp = le,l(-)/lf,,w)w(p)dp
LX(Ry) n L2(Ry)
2
=300 [ Louerdp
n L2(Ry)

2 2
< LN, wisg,, S D 1Lwlhag, )
n n

where the last inequality follows from the first assertion |7,,||J,| < 1. The second assertion guarantees
that each point of Ry belongs to at most N intervals in {J,} for some N € N. This implies that
>l J”w||i2 ®,) <N ||w||i2 R,y which proves the uniform-in-f, k L2(R,.)-boundedness of the operator
with kernel Ay.

The first assertion is obvious since n ~ /r2K(Pi+D/2 implies that

al L] < 25502 (| /2P (17325002 (0 1)) — VEP' (1722830 -PDp) | 4 202k i~ D)
< Zk%(l—pﬂ(\/;zkm,»—l),—%Zk%(l—pj) + zczk%(p,—n) <1
As for the second one, we observe that I, N I, 4; # & if and only if
WP (7725300 ) — /1P (172252072 (n 4 1)) | < 26253,

Without loss of generality, we may assume / > 0. Actually, the left-hand side has the following equivalence:

[WiP! (7225500 py — JiP (173252 072 (n 4 1))
= |2420=P1p"(173283 0D (4 51))| for some s € [0, 1]
~ 2K20=PD 5 (172283072 (n 4 s1)) P! since | P (p)] ~ pPi !
~ zk%(lfl’j)l x 2kpi=1) — 2k%(17j*1)l.

To prove the last equivalence, we may use the fact that n, n 41 ~ /r2K?i+D/2 which implies that

NI < p <ptsl <n+1 < CH/r2k 2D,
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In conclusion, we have that [, N [,,4; # @ holds for finitely many /. As a result, Op(b’l’ ) 1s bounded
uniformly in ¢, k.
It remains to study the smooth symbol b ;, which reads

(Pj+VjX)|)C—|+(Pj+UjE)|§—| 5 X
V= z 27k Xy —=— |1 1-=
e R

x (1= 1) (Vr2k20=r) (8 — X)).

Note that this symbol is smooth, since the singularity X/ E =1 is removed by the (1 — ) factor. Under the
condition 2%+ > 1, it satisfies the condition of the Calderén—Vaillancourt theorem (see Lemma A.11).
In fact, each derivative in x leads to a factor of size ~'/2u~! (from x), t~1/?27%Pi (from  and ), or
2k(=p/2 (from (1 — ¥1)). The condition £2¥i*1D > 1 implies that r~1/227*Pi < 25(1=P))/2_ while the
compact support of x and support of (1 — x;) ensures that

1722420 < X — 8| S,

ie., 7121 <2(=PD/2k The same argument for d; gives that each derivative in & leads to a factor of
size 27kK(1=P))/2_The desired result thus follows from a change of scaling (Lemma A.4). ]

2.2. Study of the symbol by with Py = P; =0. In the case Py = P, =0, due to the lack of almost orthogo-
nality as l;k’s and by ;’s, the remaining symbol b, will be treated via the Cotlar—Stein lemma (Lemma A.3).
As before, we start with homogeneous dyadic decomposition in &, namely bé = 1x-0 >0k and

bo=1x-0Y 4o k> With
CkZX((Pj—i_UjX)l;_l+<Pj+wa)%)x0(£)<ﬂ< : ) (2-8)
n g/ " \2k1 )
It suffices to prove the (uniform-in-7) boundedness of ), _, ¢ as the multiplication with 1x.¢ is trivially

bounded on L.
We first check that the Op(cx)’s are bounded uniformly in k, ¢, u. More precisely, all the ¢;’s satisty

the following estimate:

Lemma 2.5. There exists C > 0 independent of k, t such that, forallt > 0and k € Z,
10p (el 222y < € min(max(1, (1240t 0) =Ny 2 rehys) < C, 29)
where Ny € N depends only on dimension d.

Proof. We observe that ¢ is supported for X « & ~ 2%, which implies, on the one hand, as in (2-6),

, X
ki ~ | X — B < (Pj+UjX)|7|+(Pj+VjE)% S K,

and, on the another hand,

x| < V12800 g ~ 12K,
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As a consequence of the second result, [|Op(ck)ll z(z2) can be trivially bounded by

10Ol 2y S llekll ey S (124PD) 34,
It remains to check that
10p () ll 212y < € max(1, (r2KPrHDy=Na),

which can be proved via the Calderén—Vaillancourt theorem (see Lemma A.11). In fact, from each
derivative in x, we may obtain extra factors of size t~12 =1 (action on x) or t~'/227%Pi (action on o).
As we have seen that /2 ~1 < t=1/227kPi ' each derivative in x leads to a factor of size (t'/22kPi)~1,
Similarly, the action of d: on yx, xo, ¢ gives factors of size t_l/zu_12k(1’f_1), t~V22=k and t—1/22-k
respectively. We may also check that ¢ =1/2,~12K(i=1) < 2=k¢=1/2 To sum up, ¢ is smooth and satisfies

1 ot 1 1Bl
|8§3£Ck(x,§)| gCa,/g<\/;2kpj) (\/;2k> VO(,,BGNCI, (2-10)

By Lemma A 4, it is equivalent to consider the rescaled symbol

Cr(x, &) = ck(z"%(”f‘”x, 2—k%(pj—1)é_)’

which, as a result of (2-10), satisfies, for all y € N2,

~ 1)\ —
18 ¢ Call pooaay S (125PFD)=I71,

By applying the Calderén—Vaillancourt theorem (Lemma A.11) to ¢¢, we have, due to estimate (A-8), that
10p (el 222y = 10P @)l 22y < € max (1, (r24P+D)~M), O

In order to conclude (2-3) by the Cotlar—Stein lemma (Lemma A.3), it is sufficient to check conditions
(A-2) and (A-3), namely:

Lemma 2.6. There exist t, u-independent constants C such that, for all t, u > 0,

sup 3 10p(c) Op(e)* 15,2 < €. sup 3 0p(c) Op(e)* 12,2, < (2-11)
kely ez, kel—jez_
sup Y 10p(e)” Op(@)l3 sy €. sup 3 I0p() Op(enliysy SC. (2-12)
keZv ez, kel e7_

where Z_ = Z N ]—o0, O[ corresponds to the low-frequency part and 7 = Z N[0, +o0[ corresponds to
the high-frequency part.

Proof of (2-11). By symbolic calculus, Op(ci) Op(c;)* is an operator of symbol

ey (x, §) =

Q) / e Mer(x, & +ma(x+y.E Fmdi.

By definition (2-8), ¢;(x, &) is supported for |£| ~ 2!./t. Thus, cxfic) is nonzero only if |/ — k| < Ny for
some large Ny € N*. As a consequence, (2-11) can be reduced to the uniform boundedness of Op(c;),
which has already been proved in Lemma 2.5. ]
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Proof of (2-12). We apply again the symbolic calculus to obtain the following expression of the symbol
of Op(cx)* Op(cy):

e (x, £) = / M E T ey, £) dndy.

(2m)4

Recall that ¢; is supported for |x| < /727 and |&| ~ ¢!/22! with the estimate (2-10). We shall check
that, forall [, k e N,
10p(c)* Op(enl z2y < 2724, (2-13)

which is enough to conclude (2-12). Due to (2-9), we may ignore the case |k —[| < Ny for some fixed
large Ny € N. Note that it is sufficient to prove (2-13) only for [/ > k, since for terms with / < k, we have

”Op(Ck)* Op(Cl) ”L:(Lz) = ”(Op(ck)* Op(CZ))*HL(Lz)
1
= 10p(c)* Op(ci)ll 1) S o= 3dll—k|

One observes that the bound of the operator with symbol cfic; can be controlled by

10p(citeD o2y S llekterll L2ax as) S H/ e Ve (y, & +ma(y, &) dy
L2(dn d§)

The integrand of the last integral is supported for

&+l ~25/e, gl ~2Vi and |y| < miniVE, 2P V0). (2-14)

Moreover, we may apply integration by parts in y to obtain some extra bounds in the estimate. To be
precise, for all Ny € N,

=iy v & L) _Ay M =iy (v & L)
/e ”c;((y,éJrn)Cz(y,E)dy:/( |n|2> e Me(y, §+ma(y. §) dy

= [ 8, @O E F ity )Y dy
= > Cap f e % ek (y. &+ m)dfe(y. £)Inl TN dy.
lee|+[BI=2N)

Since we have reduced our problem to the case I > k + Ny, the integral above is supported for |n| ~ 2/1/z.
Together with (2-10) and (2-14), we have

‘/6iy’ick(y,é—{—n)cl(y,é)dy‘

< ¥ ca,,gf|a;fck<y,s+n>||afcz<y,s>||n|—”1dy
lee|+]BI=2N;

< 2 1|s+n|~zkﬁ1e|~zlﬁ(2kp’~/z)_'“'(21”’«/;)_ﬂ'(ZZ«/b_ZN'/1y|§min<2"”fﬁ,2”’fﬁ) dy
o+ BI=2N;
N 1|g+n|~2kﬁ1|s|~zlﬁ(2l VO TN min(M /1, 27 /)N
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The estimate above holds for all Ny € N, and thus for all N € [0, oo[. In particular, we choose N| = %d ,
which gives

10p(citeDll iy S Hf e Mer(y, E+ma(y, §)dy
L2(dn d§)

[ f\—d
S \/Z) ||1|g+n|~2kﬁ1\§|~zlﬁ||L2(dnd$)
< @'V x (281 x 2zﬁ)%d — 93dk=1) _ —3dlk=I|
As a conclusion, we have managed to prove that

—Lalk—
sup Z”OP(Ck) Op(cl}”au) sup 22 b=l _ o
keZ e+ keZ. et

which completes the proof. (Il

2.3. Study of the symbol by with Py, P; > 0. Till now, we have finished the proof of Proposition 2.1. To
complete the proof of Proposition 2.2, it remains to check (2-4). Note that the argument above relies on
the fact that | X| < 2P/ implies x is supported in a region of area (4/72%77)¢, which is not true in the case
where Py, P; are nonzero. To overcome this problem we need the extra truncation in &.

Proof of (2-4). As above, we may ignore the nonsmooth factor 1o-x,z<. There remain smooth symbols

Sx ) ((P1+v1X)|j§—|+(P1le)%> (X)(l ~)<g) < 3 )
C , X, = — —
X " X0 = X N Xh t2+€1

" (Po+v0X) 5+ (PowE) 5\ (X[ & £
C(t,x,§)=x( )XO(:)X( )(1—;@)( ; )
K = Vi e

We shall first check that ¢ belongs uniformly to the Hormander class S?’ . for some « € ]0, 1[, namely
the collection of smooth symbols c(x, &) such that, for all «, 8 € N,

IBfafc(x, &< <§>—\,3|+K\oz|‘

It is well known that the operators with symbol in this class are bounded on L2 a proof of which can
be found in [Hormander 1994]. We begin with the observation that the high-frequency symbol ¢* is
supported for ¢1/2 < || < ¢1/2+€1 | Before calculating the bounds of derivatives in x and £, recall that our
goal is to show (2-4) under the condition ¢ > 1.

For each derivative in &, we obtain from x a factor of size

-3, —1pn |S|) _1<|§|)p1§_1 E_l
1P < :

The last inequality is due the support of ¢*. More precisely,

(Eyl“E<|X—E|<'(P1+U1X)—+( 14V 1»-4)i S e
Vi ~ |x| €]
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From the factor xg, one gains
XP'E/ND X1 -
=S
E E/i B
Trivially, we will also obtain (£)~! from the derivative on (1 — %) and xy,.

As for derivatives in x, if 8, acts on x, one gains r~ /2! < (/f2)~!. When it acts on ¥, the
resulting factor is of size

;,vl(E)_’”_]m
VIE 1\t '

When 0 > p; > —1, we have

1 —p1—1 1 1 1 1
;(%) £ = g1 772017 < (g)r 3 S ()< (ra)mog,

Thus, ¢ € S?’K for any « € 0, 1[ such that
(5+€)1—x)—5 <0,

which is possible by choosing « close to 1. When p; < —1, the estimate above becomes

1/]&] —n-l _|E|1_K 13 —p-l P _1+(%+51)(1_K)_( 1+ 1De «
;($> £1=" <$> B S prebe gy

To conclude &* S?’ .» it suffices to choose « € ]0, 1[ such that

—1+(34€)d—k)— (p1+ Der <0,

which is equivalent to
1

€6 ————~
—(p1+ 1D

This can be realized by choosing « close to 1, due to the definition (1-19) of €.

[1- (e -]

172

To prove the uniform boundedness of ¢°, which is supported for ¢!/ < |&] < ¢!/2, we shall apply

the Calderén—Vaillancourt theorem (Lemma A.11). As above one may check easily that each d¢ gives
it
while each 9, gives
(B gt
NAWI R
As a consequence, the desired result follows from Lemma A.4 and the Calder6n—Vaillancourt theorem
(Lemma A.11) once we have

7T TR <y s ]

equivalently, (1 + pg)eg < 1, which is exactly the definition (1-19) of €. [l
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—-172

2.4. Proof of Theorem 1.8. In all the proof above, we regard p € ]0, +o0[ as a time-independent

parameter. This allows us to take the limit 4 — 400 with all the uniform estimates remaining true.
Rigorously, due to Corollary 2.4, for all f, g € S(RY) andr e R, u > 0,

P/
Kf, Op (x (%ﬁ)l.x.wmmr, s>)g>‘ <ClF gl (2-15)

where 2 =1 when Py = P; =0, and

§ §
Qt,&E)=01-
o= )n( )
when Py, P; > 0.

The left-hand side of (2-15) is equal to

’

1 i +1P'(§) S
'(2n)dff(x)e EX(%)MWP/@»Q(I,S)g(é)dédx

which, when © — 400, due to the dominated convergence theorem, tends to
1
2m)?

’

/ FEOEE Lo 2t )3 @) dE dx

where we take x (0) = 1 without loss of generality. In conclusion, for all f, g €S (RY),

(£, OP(Lixj=epe) (1, €))g)| < CIl fll 2 llgll 12

Theorem 1.8 follows from the density of S (RY) in L2

3. L2-boundedness of microlocal truncation operators: an alternative symbol

In this section, we will treat those P with nonzero Py, P; in an alternative way. Instead of adding extra
truncation in £, we shall add some extra factor in the main truncation x. To be precise:

Proposition 3.1. Let P, A satisfy conditions (H, ,,) and (Cy o) of Section 1.2 respectively, with
p1 <0 < pg, 09 = po, and o1 < p1. We further assume that § + %O’j < %, Jj =0, 1. Then there exist
time-independent constants C > 0, ty >> 1, such that, for all |t| > to,

10p(@ss x ()l < C,
where ai‘(]’ta,A is defined in (1-23)

Without loss of generality, we may assume ¢ > 0. Meanwhile, the change of scaling (Lemma A.4)
allows us to reduce to the symbol

G\, (i)
bt,x,6) ZX(\[&_—\[>H<\[8_—\[) (3-1)
PIAE) PTEAE)

where H € C°(R\{0}) N L°°(R). To recover the desired result in Proposition 3.1, it suffices to take
H = 110,400[-
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As in the previous section, we set,

e when P; =0,

e
I
SI=
[1]
I
T
N
&
&Q/
\C
I
-

e when P; >0, P’ > Pj,

XZ:——Pj,

(1]
I
“tl
~
Rl
~——
[
s
=
I
+

« when P; >0, P' < P;,

]

,_ x|
X:=P

R - €] o
VA P(ﬁ)’ NE

With these notations, via homogeneous dyadic decomposition, we may rewrite symbol b as

b(t,x,8) =Y bi(t, x,§),

kez
bk(t,x,s):)(((Pl+v1X)|§_|+<P1+UIE)é_|)H< X—& )¢< 3 ) 50,
TIAG) ARINGVARNY s
bk(t,x,§)=x<(P0+VOX)|xl+(PO+VOE)%)H< X-= )go( s ) Vk <0,
NG BRNGYARN

where ¢ € C;’O([R{d ) is radial and supported in an annulus centered at zero.
One observes that, due to factors x and ¢, by is supported for

X — Bl SOPTIAE) ~ P (/12H 7,
where j =0 when k <0, j = 1 when k > 0. By using the fact that E ~ |£/4/7|?/ ~ 2kPi, we obtain

1 1 1 1
< 9202k O=P) 45 +2072

__1‘
—
(=

The last inequality is the consequence of our assumptions op > pg and o7 < pj. Since 6 + laj — l <0, if
we further assume that ¢ > 7o > 1, the inequality above implies that X ~ E, which allows us to add a
complementary factor 1/ (27%Pi X) to the definition of by, where ¥ € C2°(R) is radial and supported in an

annulus centered at zero. In this way, we may reduce Proposition 3.1 to:

Proposition 3.2. Under the same assumptions as in Proposition 3.1, the operator Op(by) is bounded,
uniformly in t and k.

In what follows, we keep using the subscript j, where j =0 for k <0 and j =1 for k > 0. By
definition,

e )= ((Pj+va)ﬁ—|+(P-+vjE)|§—|)H< X—E ) ( £ ) (i)
R NG i)\ )\ )
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When P; =0, by is supported for

x & :
~lx = Sl lix—my>=
B |§|‘ ’ x] s‘+ ‘( el

< )1( 8—*A(€) ~2~ kp,tts—*(«/_zk oj _ 3-‘1—%0’_/—%2]((0']—[7]).

~

When P; # 0, we observe that 2koj L 2kPi < 1, due to the choice p; < 0 < po. By choosing Supp ¢ small,
which allows us to take Supp ¥ small, we have P; +v; X ~ 1. Thus, by is supported for
3

‘( ~ D

X

_— P =
Il |s| P+ X + (B +v;8)

ISI’ P+ i X

‘(P +v]X)| |

1
< 8—*A ~ t t2k oj [3+§Uj_§2k6f_
S —Pj X (é) 3 (V125

If 12Kt 1, by setting pu :=12191/271/22k@=P1) € ]0, 1] in the case P; =0, and 1 :=*T0i/2=1/22ke) ¢

10, 1[ in the case P; # 0, one may check that, for all «, B € NY~land N e N,

|- dw, —0)\"
10200 by (rew, po)| < 19! ﬂ'lrsﬁwlpwmk<7>
By applying Lemma A.9, we have
||Op(bk)||£(L2) S ||1r§\/;2kpj 1[)"“\/22"”L2(Ri) =Cv tzk(pj‘i‘l) < C.

If £25PitD > 1, we decompose by as the sum of b/, b,’(’ , which are defined by

bk(tv-xv 5) = b,’{(t,x, S) +b],</(t’ X, f)’
by(t, x, &) = by xo (122 7P (X — B)),

where xo € C2°(R) is radial, supported in a neighborhood of zero, and equal to 1 near zero.
Clearly, b; is smooth on R?. Thus, to prove the boundedness of Op (b)), we may apply the Calderon—
Vaillancourt theorem (Lemma A.11). By definition, b} reads

(ﬂ+va)|;7+(Pj+vja)§> ( x_g ) ( £ ) (x) o
i H T — (1 — \/;2/‘2(1 P(X — & ,
X( 1PTIAE) Aiam)) \ Vi V{5 )00 (X -8)

which is supported for

1 1 L _1 .
1722k < | X — B <52 A(E) ~ P20k

As a consequence, ¢~ 0+0/2) < pk(j+(1=pp)/2)

For each d,, when it acts on x, one obtains in its bound an extra factor of size

128N ~ 1~ (8+305) p—kp; < 2k5(1=pj)ok(@=p)) < Pk3(1=p))

1
Vi
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When 9, acts on ¥ and (1 — xo) factors, we gain ¢ ~1/227kP < 2k(pj+D/2=kpj — ok(1=p))/2 apd 2k(1=P)/2

respectively. For each 9, similarly, one gains 2¢(/=1/2 in its bound. Namely, for all &, 8 € N,
19992 by (x, £)] S 2430 -p e 1BD),

The uniform boundedness of Op (b)) follows from Lemma A.4 and the Calderén—Vaillancourt theorem
(Lemma A.11).

It remains to study the symbol b;. To overcome the singularity near X = &, we will apply Lemma A.9
with the same setting of u as in the previous paragraph, namely p := t3+/2=1/22k;=p)) ¢ 10, 1[ in
the case P; =0, and p := 3+0i/2=1/29ko; 210, 1[ in the case P; # 0. It is easy to check that, for all
o, BeN"land N e N,

d(w, —0)\"N
19534 bic(reo, pO)| S 1 Pl v, p)<—(‘° )> ;
I
where
(o)=Y 1,(01,00),
nwﬁzk@_,ﬂ)/z
which is exactly the same one defined in (2-7). We have seen that the operator with symbol %, is bounded
on L?(R.) uniformly in k. By Lemma A.9, we may conclude the uniform-in-k boundedness of b, and
the proof of Proposition 3.2; hence Proposition 3.1 is completed.

4. Limit of truncated energy

In this section, we will complete the proof of Theorems 1.1, 1.4, and 1.6 by calculating the limit of truncated
energy for some regular initial data ug. These three results will follow from the proposition below:

Proposition 4.1. Let a, s (t) be the symbol defined by
x+tP'(&)
a=ax,8,A(t,an)=X<ﬁ s o)) 4-1)
2P A([7]2€)
where P € C*®(RY\{0}) is assumed to be a real radial function satisfying that P" (p) # 0 for all p €10, ool.
Furthermore, we assume that x € Cfo(Rd) is real and radial with x (0) = 1 and that A verifies condition
(Csy.0,) Without any restriction in oy, 07.

With these settings, if there exists to >> 1 such that Op(a(t)) is bounded on L* uniformly in |t| > to, for
all ug € L?, the limits (1-24), (1-25), and (1-28) hold true.

Corollary 4.2. We consider the same symbol a with an extra truncation in &, i.e.,

+1P'
S )

112 A(|e]28)
where X1, xn € Cfo(lRid) are equal to 1 in a neighborhood of zero, and €y, €1 > 0.

a=dys At ,x, &)= X(

If P, A satisfy the same conditions as in Proposition 4.1 and Op(as A (1)) is bounded on L? uniformly
in |t| > to > 1, then, forall ug € L2, the limits (1-24), (1-25), and (1-28) hold true with Eg’ltX’A(t) replaced
by [|Op (as, . (1))u()][3>.
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In order to complete the proof of Theorems 1.1 and 1.6, we may combine Propositions 2.1 and 3.1 with
Proposition 4.1, where we need to take A =1 in the proof of Theorem 1.1. In the same way, Theorem 1.4
follows from Proposition 2.2 and Corollary 2.4 with A = 1.

Before calculating the limit of truncated energy, we remark that, in the hypotheses of Proposition 4.1
and Corollary 4.2, Op(a(t)) (or Op(a(t))) is assumed to be bounded uniformly in |¢| > #y > 1, which
allows us to replace general uo € L? by those belonging to some dense subset of L2 In what follows, we
may assume that itp € C2°(R\{0}). As a consequence, by taking 7y > 1,

(- xl><|tf_eo))<h(|f|€, )ao@) — i0(®),

which proves Corollary 4.2 from Proposition 4.1.

4.1. Supercritical case 0 < § + %al < % In this part, we will study the case & + %(71 € ]0, %[ (associated

to the limit (1-17), (1-22), or (1-28)) by following the same method introduced in [Delort 2022].
By definition, the truncated energy introduced in (1-11) is

Ey 5.0 (€1) = 1|Op(ay.s,a(en)u(en)|7
_ ! /ez‘x~(s—s/>eiez(P(&)—P(s/))X(LP/@))

(2) EAIN(ET3)
(x+etP’(§/)

EARIN(E1)

)1);>|P/(§)a|P/($/)|l20(€)I20(S/) d-x ds d";:/a

where t >> 1 and € = +. In the polar system x =rw, & = p6, & = p’#’, the integral above can be written as
1 / o (rPw-0—rp00)) i€t (P(p)—P (o)) (ra) + EIP/(P)9> (Vw + GIP/(p/)9/>
(2m)2 13 A2 p) 1A (12 p)
X 1§>p/(p)’p/(p/)ﬁo(pé)ﬁo(p’e/)(r,o,o’)d_l d0do' dwdrdpdp’.

We firstly focus on the integral in 6, with integral in 6’ treated in exactly the same way,
: tP'(p)6
/ ¢iPe0 (M)ﬁo(/ﬁ) do. (4-2)
12 A(12p)
In this part, we always set

w=139"1 €10, 11,

which is strictly positive and small, since we may choose ¢ > 5 >> 1. Due to Lemma B.5, (4-2) can be
written as the sum of

je™ i r—tP’ R r
(2n);(d—1)eze4(d—l)e—,erp(rp)—;(d—l)x< 1 (1,0) )uo(—epa))/c (_)
1A p) t
and a remainder

o _ r r
e lerpMd 1S;(d+1)(a)v /"lﬂ pv;_P/(p)vt; I",OM2>K<;>,
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where « € C2°(]0, oo[) equals 1 in a neighborhood of 1, and S, (w, u, p, r’,t; ¢) is supported for
¢>c>0,p~1and |r'| < and satisfies, for all « e N~1 j k. I,y €N,

|950;,0,0,,97 S| < Cpu ™10 gym=y

Note that it is harmless to add an extra factor «, since the integrand of (4-2) is supported for r ~ ¢, which is
a consequence of the cut-off x together with > 1, 5+ 5 01 < 5, and p ~ 1. We may repeat this argument
for the integral in 6’ and the truncated energy E, s o (et) can be decomposed into a principal part

L fe—ierm—p’)el‘er(P(n)—Pw))X( r—1P'(p) )x( r—tP'(p') )
(2m)d+t 13N (1)) " \t3 A (17 p')

X Lo pr(p), pr(oyiio(—€p)iio(—€p' @) (pp") 2~V 2( )dwdrdpdp (4-3)

and remainders

1 . N , r r
/e—zer(p—p)ezet(P(p)—P(p ))MZ(d—l)KZ <;)Sm <w W, o, - P'(p), t; rppL2>

(27-[)d+1

r _
X S (w '~ = P 13 rmﬁ)1;>p/<p),p/(pl>(rpp’>d Ydwdrdpdp/,

where (m, m’) takes values among (—%, —%), (—%, —%), (— ‘“2”, d+1) Note that due to the
1

condition § + 201 > >, we have

1 1
rou? = rpt2(5+301)—1 ~ 26+30) o 2 .

The sum of these remainders can be simplified as

. N ny 1 r r
/eter(ﬂﬂ)etet(P(P)P(P ))_22(607 w,p, ,0,, ot ;_P/(p), ;_P/(p/))1;>P/(p),P/(p/) da)dr dp d,O/,
w2
(4-4)
where Z(w, i, p, p',r, t;s,s’) is supported for r ~ ¢, p, p’ ~ 1 and |s|, |s’| < u and satisfies for all
aeN=L Gk K Ly, y eN,

0% a; %ok, 30y 0Y 5| < ety

Before proceeding further, we introduce the integral

1(t, €, 61,62, Eé; F) ::/ei[r(el/H—ei,o/)—t(ezP(p)—i—eéP(p/))]1;>P,(p)’P/(p,)

x F(p,p',r.t;r —eiext P'(p), r —eiest P'(p))) drdpdp’. (4-5)

The limit of such integral has been studied in [Delort 2022] for strictly convex P, while the concave case
can be studied with almost the same argument. To be precise:
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Proposition 4.3. Let F(p, p',r, t; ¢, ') be a smooth function on [R{i x R% and §' € ]%, 1[. Assume that
F is supported for

pop' ~1, e~ gl S

and forall j, j', k,y,y €N,

100,0k0Y 1 F(p. o' 1.1 6.8 S 1700,

|appr§§’

We assume further that the following pointwise limit exists:

lim F(p,p',rv/t+1P'(0'), t; ¢/1,8'V/1) = Folp, p).

t——+00

Under all the assumptions above, we have

t—+00

o0
lim I(t,—e,e,—e,e;F)zgf Fo(p, p)dp
0

foralle =+ and P € C* with P” > 0 or P" <.

The proof for strictly convex P follows from that of Proposition 3.1.3 in [Delort 2022]. As for the con-
cave case, we will give a brief proof in Appendix E. Note that we compute the limit of 1 (¢, —€, €, —€, €; F)
for both signs € = +1, while in [loc. cit.] only the limit of the sum of these two terms was determined.
The proof of our stronger result is not essentially different from the one in [loc. cit.] and we shall explain
the modification one has to make to the argument in Appendix E.

With the notations above, the truncated energy E, s A (€t) given by the sum of (4-3) and (4-4) equals

Eysa(et) =1(t,—€,€,—€,e; F)+1(t, —€, €, —€, €; Fp),

where

Flp.plorii6.8) = —— K2<£>fx<;)x<g—/>
eI mydtt 1A ) )\t A p)

Ao ESVEPPUIR /%(dfl)d
X uo(—epw)up(—ep'w)(pp’) w,

/
Fr(p. p'.r.1:¢.¢) = 720%2) f 52(60, BN p o plts % %) dw.
r

It is easy to check that F, F satisfy the conditions of Proposition 4.3 with

8 =8+1%01+1.

Note that due to the condition 6 + %01 € ]O, %[, we have §' € ]% 1[, which is required by Proposition 4.3.

The corresponding limit is

/ 1 A ~ X YV ))
Fo(p, p)) = Gm)i up(—epw)itg(—ep'w)(pp’)? dw
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and 0, respectively. Therefore, we may conclude (1-17), (1-22), and (1-28) by Proposition 4.3. In fact,
with € = %, one has

t—1>1rinoo Ey5() = [_l)lgrnoo Ey s(et) = [_lginool(t, —€,€,—€,€; F) +t_1)15rnOO I(t,—€, €, —€,€; FR)

o
:%/ Fo(p. p)dp +0
0

1 1

~ A~ d—1 1 2
= dom [ dn(—eporin—epolp’ ! dodp = g ol

4.2. Subcritical and critical case § + %al < 0. In the rest of this section, we will study, under the
condition § + %01 < 0, the truncated energy E, 5 a(uo, €t), with € = &, t > 1o > 1. Here, we only write
the proof of the case P’ > 0, while the case P” < 0 can be calculated in exactly the same way.

By definition (1-11), the truncated energy E, s A (uo, €t) equals

1 /eix~($—S')eiet(P(E)—P(S’))X(x+EIP/(§)) (XJF“P/(E/))
(27‘[)2d t%”A(t%g) l‘%+8A(l‘%$/)
X Ljs |z pe ey io(@)io(E) d§ d8'dx,
which can be rewritten in the polar system x = rw, & = p, & = p'0 as
1 Sirar(pB—p'e") jiet(P(p)—P(o) ro—+etP'(p)o ro+etP'(p")o’
2m)% AP N,
(2m) t2HA(t2p) t2OA(t2p")
X L piio), P 0 (p8)iio(0'8)) (rpp)* " dr d6 d6' dw dp dp.

We decompose E, 5 A (uo, €t) as the sum of E4(et), where E, E_ are defined as integrals over p > p/,
o' > p, respectively, and the dependence on y, 8, A, ug is omitted for the simplicity of notation. Since
E_ = E, it is enough to focus on the study of E(et). We first check that:

Lemma 4.4. The integral
/ ¢l (p0=0'0) i€t (P(R)=P(p) (rw + EfP’(P)G) (rw + etP’(p/)0’>
2 A2 p) 12 A2 p)
X e pio)Lps prio(p0)ito(p'0") (rpp' )~ dr d6 d6' dew dp dp'

Ey(er) =

(27.[ )Zd

equals, up to some O (t~/?) terms,
1
W /9,9feﬁ(ew+§dl)
ro+€eP'(p)0 (r+ P"(p)w)w+€P'(p)0’
X( PBA(t2 p) )X( 1A(t2 p) )
% 1201 p2 2 o oliio(—€pw) 2(P'(p))? ' p*94=D 4o do’ dr dw dwdp. (4-6)

oI VTP (0)pw-(O—0")+rpw-(0—6")+w P (0)8-w] ,~€i[rw+5 P" (0)w?]

Proof. To begin with, via the change of variables,

1 / / w
r—rt2+tP(p), p = p—-7,
12
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the integral £ (¢t) can be rewritten as

d—1
4 /ei[tP’(p),oar(«9—0/)+ﬁrpw~(9—9/)+\/EwP/(p)0’~w+rw9’~a)]
(27T)2d
« PP O=25)) (ra) - \/?P’(pl)(w + 69))
tA(t2p)
(m + VP (p)(@+€8)) — e/i(P'(p) = P/(p — t—%w))gl)
X
BAE2p —w)

~ N _1
X 1r>01p>%>0u0(p0)u0((10 =12 w)@’)

r 1 ! d—1 -1 d—1 1
X $+P(p) P T (p—tT2w) dOde drdwdwdp.

Due to y, i factors, the integrand is supported for

1
O<r,w§t8+§“‘, o~1, @7
o+ b, lo+ed| <P,

In fact, p ~ 1 follows directly from the fact that ii( is compactly supported away from zero. Since yx is
compactly supported, the first x factor implies that

r=|I(r +V1P'(p))wl = V1P (p)8]|
<Iro+ViP' () (@+€0)| SPPAE p) ~ 17127,
which further implies that
Vilo+€0] S [ViP'(p) (@ +€0)| < [ro+ VTP (p) @+ €0)| + [rol S P A2 p) ~ 17+3,
By applying a similar argument to the second x factor, we obtain
w~ WP (p) = VIP'(p— 172 w)|
<10+ VEP () = V1P (p—t72w)| +r

IO +VIP (P +eVTP (p =17 1w)0| +7 S 137,
and that

Vitlo+ed'| ~ [V P (p)(w+ed))|
< Iro+viP' (p)(@+ed") —ev/1(P'(p)—P'(p—12w)6' |+r+IV1(P'(p)— P (p—t 2 w))]
< t8+%m +r+w < t6+%01.
As a result, the boundedness of integrand implies that
1 1 1 2d=1) 1
E+(€t) < td_] x t2(5+§0'1) x <_t5+20|) — t2(5+§ﬂ'1)d,
~ NG

which tends to zero as t — +00 when § + %01 < 0, and the limits (1-13), (1-20), and (1-24) follow. In
the remainder of this section, we take § + %01 =0.
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The support of integrand also allows us to simplify E (et), up to some O(¢~'/?) terms, as

d—1
4 /ei[tP’(p)pw(&—@’)—i—ﬁrpm(e —0")+twP' (p)0-w+rwb’-w]

(zn)zd /
X eei[‘ﬂp,(")w—%f’”(p)wz]){ <rw+ Vip (:0)(604-69))
PBA(t2p)
(rw + V1P (p)(w+€b) — GP”(p)wQ’)
X X
BA(t7p)

% 1201 p= -2 - 0to(p0)iio(08) (P'(0))*~! p* ™V d6 db' dr dw dw dp.
Here, we use the approximations

4 2 3
t(Pw) - P( - E)) - r(—P%p)(—ﬂl) e, O(w—a))
12 12 2 t 12

1
=V1P'(p)w— 5P (p)w’ + O (7?)
to simplify the phase and

Aro=rlo=g)) =)o) -romso( )

to simplify the argument of the second y.

By applying a change of variable in 6, 6,
60— t_%Q —€w,
0 > 126 — €w,
we can rewrite £ (et) as
1

/ ei[ﬁP’(p)pa)-(9—9')+rpa)-(6 —0)+wP (p)0 - wt+t~2rwo -w)
Q)2 Jy.pre Jiewtrsi

x e—€ilrutsP (], (”0 + GPI/(/))G)
t5A(t2p)
((r + P"(p)w)w +eP'(p)0' — €r? P”(p)w@’)
XX
t‘SA(t%,o)

X 1201, 2 -0fio(t 2 p — €p@)ilo(t™2 08 — €p)
% (P ()41 24~V 40 a0’ dr dw dwdp + O (t~2),
where the integrand is supported for 0 <r,w <1, p ~ 1, and |0], |0’] < 1 due to (4-7) together with
8+ %01 = 0, which allows us to do another simplification and write E (et) as (4-6). O
Till now, we have managed to write E (et), up to some admissible terms, as (4-6), namely
1

/ VTP (0)par(6—8') 41pa- 60" +w P (0)F ] ,—eilrut L P (p)w?]
2m)% Jy e Viewtsi-)

5 (rw+eP/<p)9> ((r+P”(p)w)w+eP/(p>9/>

X X
1A (12 p) BA®2 p)

X 112012 2 olio(—€pw) P (P'(0))~ 0"V d6 46" dr dw dw dp.
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In the rest of this section, we will calculate the limit of this integral and conclude Proposition 4.1. Since
the integral in 0, 6’ is over a sphere centered at ew with radius /7, we may write 6, 6’ in local coordinates

0 =hew+y, h=t1—vi—|y]?
0’:h’ea)+y’, h/=«/;— ’t—|y’|2,

where i, h' €R, v, ¥ ew’ :={z € R?:z-w=0}. The condition of support implies that |x|, |i'], |y|, |V/| < 1.
It is easy to check that, as t — +00,
: Vi E—ViZ i yI> Iy'P
«/Zw'(9—9)=€\/;( t—=1yl = t—|)’|)—>€ S 5 )
Q-a):e(\/;—\/t—|y|2) — 0,
0 -w=e(Nt—Vt—1y]*) > 0.
Therefore, by the dominated convergence theorem, as ¢ tends to infinity, the limit of E (et) equals

b
(27‘[)2d

f o<ilP @ (L= L1y P) —ru— L P (pu?]
, / L’ : 0
y, YV Ew—,r,w> ra)—{—eP/(,O)y (r—f—P”(p)w)a)—f—eP/(,o)y/
X )\,1100-1 X )\’lpgl
x |fo(—epw) > (P (p)) 1 p2 =D dy dy' dr dw dwdp,

which, after a change of variable, is equal to

v,y €wt,r,w>0

(2m)™ Jap°
o (YPTOC+wiot+ey/p7 P(p)y
X ALpt
X |fig(—epw)|*p?~ dy dy' dr dw dw dp. (4-8)

In order to give a compact form, we introduce the functions

i L2 +y)?) VP (p)ro+e€/p~1P'(p)y
2 X dy,
y-0=0 Ap

H(r,w) = -
r,w Py~

F(r,w) := /OO H(s,w)ds.

Note that since x € S(R?), H decays rapidly at infinity, uniformly in w. Thus, F is well-defined. With
these functions, we can rewrite the integral (4-8) as

1

o0 (e8]
—// H(r, a))/ H(r 4w, o) dwdrliig(—epw)|?p® ' dw dp
@m)® JJo 0

1 o0 —_—
= / / 0, F(r, ) Fr, @) drlio(—epa) o™ das dp.
0
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Asa consequence,

lim EX’(g,A(uo,El‘) = lim 2Re E 4 (et)
t—>00 t—00

2 e L
:_(2n)d Re/f 3, F(r, 0)F(r, o) drliig(—epw) > 0% dw dp

- (zn)d // —|F| (r, w) drlio(—epw)|*p? " dwdp

= a7 | 1O 0)Pliu-ep) Po’" dwdp,

where

2

FO, o) = —
2y

00 ) P + -1 P’
f / eezg<r2+|y|2>x(v (p)er;mp (p)y>dydr
w=0

which is exactly Gi“(,o, w) defined in (1-26), or (1-15) with oy =0 and A; = 1. The limits (1-14), (1-21),
and (1-25) thus follow.

5. Study of the Klein—-Gordon equation

In this section, we shall prove Theorem 1.9 via a study of the half-Klein—Gordon equation, i.e., (E) with
P (&) = (&€). Let w be the (real) solution to the Klein—Gordon equation (KG). We have then

=@ —A+Dw= —<% — P(Dx)> (% - P(Dx)>w

O

is the unique solution to the half-Klein—Gordon equation with initial data

Thus, the complex-valued function

w1 2
Uy = ul;—g = T + P(Dy)wy € L~.

Due to the fact that w is real-valued, we have the relations
dw=—Imu, w=(D,) 'Reu.

In this section, we denote the truncation Op(afG(t)), whose symbol is defined in (1-31), as A(¢), and
define operators A (¢) as Op(a} KG(r)), where

+1tP'(§) 3
afo () =X<x|tT)1|X|>|IP(E)|X<|t|G) (5-1)

0<éd<> 1 ,0<e<l,and x € COO(R") are the same as in (1-31). Since we are interested in the behavior
ast — +oo, it is harmless to assume ¢ > 1. Before continuing the proof, we clarify that all the involved
operators are bounded uniformly in ¢ > 1.
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Lemma 5.1. There exist a time-independent constant C > 0 and ty >> 1 such that, for all t > t,

A 22, 1ALl @2 < C.

Proof. 1t is obvious that P(§) = (§) satisfies the hypotheses (H, ,,) with pg =1, P =0, and p; = -2,
P; = 1. In what follows, we shall focus on symbols aiG(t) (with aKG(t) treated in the same way) and
decompose them into high and low frequencies. Let ¥ € C2°(R¢) be a radial function which is equal to 1
in the ball B(0, 1) and vanishes outside a larger ball B(0, 2). We may write

afG@) :=df°nx®), af50) :=af01 =)&)

For the low-frequency part ak By G(1), it is easy to construct a symbol P;(£) such that P; satisfies the
hypotheses (H,,, ,,) with po = p; =1 and Py = P; =0, and that P;(§) = P(§) for all |§| < 2. In this
way, we have
x+tP/(§)

I t|%+8

ai,(t X, E)=x ( )1|x|>|zp/(g)|)?($),

where the factor involving ¢¢ disappears since the symbol is supported for |£| < 2 « #€ by choosing 7 > 1.
Now, we may apply Proposition 2.1 to obtain the uniform-in-¢ boundedness of the operator with symbol

x+1P/(£)
X\ i)

|l‘|2+8

and hence boundedness of the operator Op (a¥ By S(1)).

The boundedness of Op (a iy (t)) is actually an immediate consequence of Proposition 2.2. More
precisely, by choosing an arbitrary €’ such that (¢’, €) satisfies conditions (1-19) associated to P (i.e.,
with pp =1 and p; = —2), namely

1
=1, 0<e —— =1,
po+1 2 —(p1+1)

we are able to apply Proposition 2.2 to obtain the uniform boundedness of the operator with symbol

x+tP'(§) £ £
X (T) L@ (1 =) <F>X (F)

If we add the high-frequency truncation (1 — ¥ )(£), the symbol will be supported in [£] > 1>> 1€ since
we have chosen ¢ >> 1. As a result, the truncation (1 — x) equals 1 and the uniform boundedness of
Op(aXG (1)) follows.

We have shown that A (t) = Op (af}(t)) +Op (aiﬁl (t)) is uniformly bounded on L2 By repeating the
same argument and replacing Propositions 2.1 and 2.2 by Theorem 1.8, we may also obtain the uniform
boundedness of A(z). U

0<e <

Now we turn back to the proof of Theorem 1.9. By definition, the truncated energy (1-30) can be
expressed as
2 2
‘|

Re u(xr)

EXO(&t) = [|A() Imu(£0) |17, + HA(t) (?)

L2
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The three terms on the right-hand side take the form
———\ |12
05%(t, 0, R) = 3| A(t) (Ru(£1) + eoRu(E0)) | . (5-2)

where €9 € {+, —} and R is a bounded Fourier multiplier taking values among 1, D, (D)™, and (D,)~".
Due to the uniform boundedness of truncation operators A(¢), A+ (t), (5-2) can be written as

Y AL Ru(En) + €A () Ru(ED)| 7, + OUI(AG) — Ax() Ru(x0)] 2)
+ O([[(A(1) — Az (1) Ru(£1) || 12)
= 11 AxORu(ED 7, + 11 A+ (O Ru(ED) |17, + €0 Re(A+ () Ru(Et), Az (t) Ru(En)) 2
+ O (A1) — A=) Ru(E1) || 12) + O(|(A(1) — Az (1) Ru(£1) || 12)
= LI AL (O Ru(E0)|17, + o Re{Ax(t) Ru(Et), Az () Ru(ED) 12 + O(I(A() — Ax(1)) Ru (1) | 12),

where we use the fact that for all complex-valued functions f e L?

ADF=ADF, A« f=Az(OF.
In order to conclude the desired limit (1-30), it suffices to prove:

Proposition 5.2. Let vy, v1,9 be two functions in L2 With A(t), A+ (t) as above, we have following limits:

Jim AL 0= P vl = g llvoll g, (5-3)
dim (A= PPIvy, Az ()T PIvg )2 =0, (5-4)
Jim [I(A@) = Ax@)e™ P17, = 0. (5-5)

Once Proposition 5.2 is proved, we may apply the three limits with vg = Rug and vo,; = Rug to obtain
: KG 1 2
Jlim Q%% ¢0, B) = § | Ruoll},
since, due to the definition of u, we have, for all € R,
Ru(r) = "PPIRuy,  Ru(r) = e PP Ryy.
As a result, the limit (1-30) follows from

lim EXS(wg, wy, 1) = lim EXS(wo, wy, 1)

t—to0 t—+400
= lim Q5%(r. —1. D+QEC(r. —1, De(Dy) ™)+ 05t 1. (Dx) ™)
2 2
1 2 | DPx 1 ) 1o _1 > 2
— = u + u + u = —||lu = —(||w =+ [|lw .
8(u ollZ2 H 05|, H (0| ,,) = glolliz = g Uhwollzy +lwil7)

In the rest of this section, we shall prove the limits (5-3), (5-4), and (5-5). We have seen that the
operators A(t), A4(¢) are bounded uniformly in # > 7y > 1. As a result, it suffices to calculate these
limits for those vg, vg,; belonging to some dense subspace of L2 In what follows, we assume 9, Up,] are
smooth and supported in an annulus centered at zero.
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The first limit (5-3) is no more than a consequence of (1-22) with P(§) = (§), €1 =€, x» = x, and
any €p € ]0, %] The exceptional truncation yx; is not a problem, since it disappears when |¢| is large
enough. For the remaining results (5-4) and (5-5), we will apply a similar argument as in the proof of
Proposition 4.1 for supercritical case.

5.1. Limit of interaction term. We first calculate the limit (5-4). Clearly, via conjugation, it is enough to
study the limit of

(A+@e" P PIvg, A_ ()P Py ) (5-6)

L2’

since the other one can be recovered by relation

(A_(@)e= PPy, Ay (D)et PPy )2 = (A_(D)e= PPy, Ay (el PPy 1),

= (A1) TPy, A_(D)e T PIGy ),

where the Fourier transform of vy, v ; still belongs to the class C é’o([F\Rd\{O}).
By definition (5-1) of AL(¢) =Op (aEG (1)), (5-6) equals, in the polar system,

L[ yena-rwan gisrrspiy  (TOELP 0 (ro— 1P/ ()
(2m)H PR, (218

X L2 pi(p). (o) 00(00)0.1(0'0") (rpp")* ' d6 6’ dwdr dp dp'.

Here we may omit the truncation in & = p0 and &’ = p’0’ by taking ¢ >> 1. As in previous section, we
focus on the integrals in 6 and 6’, which are equal to, by Lemma B.5,

/
irpwd_ (TOFIP (P)O\or—e iy a1 ot T AR R4
/e X( l»%‘i‘ls vo(pQ)dQ—e I’L S*%(d*l) a)’l’L,pvt P (p)starpM K t ’

0 (To—tP' (00— irp' : :
/e—zrp 0 X(#) UO,I(:O/Q/) do’ =e 1P /de_lSjl i (a), M, ,0’, ——P/(,O’), t; r,O,,bLZ)K<—>a
T Ld-1) t t

respectively, where = t=1/2 and S£(w, u, p, r', t; ¢) is supported for ¢ > ¢ >0, p~ 1 and |r'| < p
and satisfies, for all & € N9~ jk,l,y €N,

|0507,0,0,,] S| < Cu~ 1D (eym=y.

Here we add extra factor k € C2°(]0, +o00[), which equals 1 in a neighborhood of 1, due to the support
of the integrand.
As a consequence, (5-6) reads

1 o Nt Py Pl r
/ezm p—0)~1(~P(0) P(”))]SO*(w,M,p,;—P/(p),z;rp/ﬁ)

(2n)2d

— ;T N . /2 2 r 1
X Sy w,u,p,;—P(p),t,mu S el PR D)

x D0(00) 00,1 (0’0" (pp") 2~V dw dr dp dp,
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which can be rewritten as I (¢, —, —, —, —; F) defined in (4-5), with
; / n s—1 ¢ 25-1Y) ¢ 5o, ¢ r 251\, 2"
F(p,p,rt;8,8)=8;|w,t 2,,0,;,t;r,0t Sy |, t Z,p,T,t;r,ot K 7)) (5-7)

In [Delort 2022], the author has proved in Proposition 3.1.1 that:

Proposition 5.3. Let F(p, o', r, t; ¢, ') be a smooth function on IRi x R% and §' € ]%, 1[. Assume that
F is supported for

pop ~1 et LIS
and, forall j, j', k,y,v €N,

0]07,0k0Y 0L F(p. p'.r 118, ¢ S 170 i),

Under all the assumptions above, we have

lim I(t, £, £, £, +£; F)=0.

t—+00

It is easy to check that the function F defined in (5-7) satisfies the conditions above with §' = § + %
and the limit (5-4) follows.

5.2. Limit of the energy outside the truncation area. It remains to prove (5-5), which requires a study
of the L2-norm of (A(t) — A+ (¢))e™"P(PIy,. As in previous part, by conjugation, it suffices to focus on

L i
/elxse”P@)(l_X)(w)lx>|tP’<5)|ﬁo(§)d§’

(A1) = A+ (D) Py (x) = 1

(2m)d

where we omit again the truncation in £ by assuming 7 > 1. Actually, we have

(A(t) — A_(1))e~itPDyg = (A(t) — AL (1))e' PPy,

with 50 belonging to the same subspace C fo([R{d\{O}).
We first check that the L2-norm of (A(t) — A, (t))e''? P~y concentrates near |x| =1, i.e.:

Lemma 5.4. There exists a radial function k € Cfo(Rd ) supported in an annulus centered at zero such
that, when t — +00,

(A(t) — Ap(1))e" P Pyy = i (;) (A1) — AL (1)) PPy + 07N,

forany N € N.

Proof. Let kg € C° (R?) be a radial function supported near zero and equal to 1 near zero. By definition,

e P’
/e,xgenp(s)(l _ X)(L(é))1|x|>|tp’($)|ﬁ0(§) dé.

1318

(A@) = Ac)e"" P (0 = g

Due to the support of integrand, namely 0 < ¢ < |§] < C and |x| > ¢ P’(|&]), the function above is
supported for |x| > tcg, where 0 < ¢g < P’(c). That is to say, when Supp xq is chosen small enough,

KOG) (A@) = A ()" PIug(x) =0 V1, x.
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Let k1 € C° (R?) be a radial function supported outside the unit ball. We further assume that «
equals 1 away from zero. By observing that | P’(£)| < 1 for all £ € R% we have

. 5o P
K1 <)I_C> (A(r) — A+(t))e”P(D")vo(x) — I(Czlfrt)g)l /et(x§+tP($))(1 _ X)(%ﬁ)ﬁo(g) dE.

Note that the nonsmooth term 1y~ pr(e) is identically 1 as we add the cut-off x1. By integration by parts
in £, we may rewrite the quantity above as

€1G) [ ieripen =0 [ertP/(S) B (x—l—tP/(g))A }
(Zn)d/e . |x+tP’(€)|2(1 x) QT 0o(§) | d&
e (7)

B (Kzl‘y(nf)ff 5. D) de+ T [T D)6

where v (x) = xvo(x), and

-9 P’ P’
go(t, x, &) = if[x“ &) (1— )<L@)>]

PP (3
_ xHtPE o (x+1PE)
N G )< (3 )

are smooth symbols satisfying, for all o, 8 € N,
10200 (1, x, £)] S 17~ G40l G=9)IB1 - j — g, 1.

By the Calderén—Vaillancourt theorem (Lemma A.11) and Lemma A.4, the L(L*)-norm of operators
Op(gx)’s is bounded by =%, which implies that

28 ~28
St voll 2 + lvillg2) ~ ¢

L2

[{(x)voll2-

K1 (f) (A(t) — A4 (1))e " PPy,

By repeating this procedure M times, we obtain

—2Ms M —2M$
St 1) ol S 17777
L2

i <§> (A®) — A (1) PPy,

The last estimate follows from the fact that vy is a Schwartz function. The proof is completed by choosing
k=1—kg—ki. g

Thanks to Lemma 5.4, it remains to estimate the L?(dx)-norm of
« (;) (A@) = Ap@)e PPy (x),
or equivalently, in the polar system, the L?(r?~'drdw)-norm of 1 (¢, r, w) defined by

. . tP'(p)0
I1(t,r,0) = KG) /e”p“"ee””(")(l - X)(W)lwm/(p)ﬁo(l)@)l)d_l dp do. (5-8)
12
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To begin with, we decompose (5-8) into three parts I, (¢, r, w), [_(t, r, w), Io(¢, r, ®) by inserting

w6 w—0 w406 w—0
xo\ 5= ) x| == ) 1=Xo| =) — x| =
t° 2 1“2 1°" 2 t°72

into the integral respectively, where xo € C Z_’O(Rd) is radial, supported in a small ball centered at zero,

and equal to 1 near zero. The desired result (5-5) thus follows from the lemma below:

Lemma 5.5. For all N € N, there exist constants C, Cy, which are independent of t, r, o, such that

14 (2, 7, )17 2 a1 gy guny < Cn Y, (5-9)
-, 7, )17 2 a1 gy guny < CE (5-10)
1o(t, 7, )72 a1 g gy < Cvt - (5-11)

Proof of (5-9). The integral I, (¢, r, ), by definition, reads

j tP'(p)o )
K(;) /el[rpw-6+tp(p)](1 _X)(Fa)—i— 1+5(p) )Xo(w +1 >1r>zp/(p)ﬁo(,09),0d_l dp do.
12

8
1°"2
The integrand of I is supported for

Ir—tP (0)| = | —r0 + 1P (0)0] = [rw+1 P (0)0] — 1|0 + | = ct27 — Cet x 1972 = (¢ — Ceg)t2 ™,
where 0 < cg < 1 is the radius of Supp yo. This implies that
I —1P'(p)] = 17+,

As a consequence, the integrand of . is smooth. This allows us to apply integration by parts in p, since
o~ 1and
1
rw-6 +1P'(p)| = | —r+1P'(p)] —rlo+6] > (c — 2Cco)t> ™ > 13+,

More precisely, by using
—i

ei[rpa)-@-i-tP(p)] —
rw-60+tP'(p) ?

i[rpw-0+tP(p)]
one may gain ¢~/ from |rw-0 +1P’(p)|~" and ¢'/2~? from each d,. In conclusion, after integrating
by parts M times in p we have

1@t )] S 1720

Due to the factor «, I, is supported for r ~ ¢, which implies that

2 —4Ms+d —-N
M4t 7, )17 2 i gray ST <

’

where M is large enough so that 4M§ —d > N. (I

Proof of (5-10). The integral I_ will be treated as in Section 4. We first observe that the integrand of
I_(t, r, w), which reads

i tP'(p)o -0
K(;)/ez[rpw-9+tP(p)](1_X)(Va)-i‘ (p) )Xo(w—>1r>tP’(p)ﬁ0(p9)pd_ld,od@,

1 1
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is supported for, as t > 1,
lro+tP'(p)0| = r0 +tP'(p)8| —rlw—6| =r+1tP'(p) — CCOI%J”S > c't,

where 0 < ¢p < 1 is the radius of Supp xo. That is to say, the factor (1 — x) is identically 1, and /_

becomes
- min(p,(P) 7' (r/0) ‘ w—0Y\ .
K <_) / et / e”’ow’e)(o< ; )UO(PQ) d6 p?~" dp,
) Jpo s 72

where 1o (p6) is supported for p € [po, p1] and we use the convention (P’)~!(s) = 400 when s > 1. Now,
we may apply Lemma B.1 with A =rp, u = t‘sf%, and

yY—2\ . X—Y\a.
F(x,y,z, u; P)=X0< )m( )vo(py)-
2 2

Here xp € Cfo([R?d) is chosen to be equal to 1 on the support of yo. Note that F has to be taken
at (x,y,7) = (w, 8, w) in order to recover the above integral. This corresponds in the statement of

Lemma B.1 to x =60, y =6, and z = w (and no variable ’). The extra term p is an extra parameter
staying in a compact subset. Due to our choice of s, it is clear that 7 ~ ¢ and p ~ 1 imply Au? > ct?® > 1.
As a result, the integral in 6 equals

, w—0Y\. -1 _
f ) e'”"“%( - )vo(pe>de = Qn) T Pty (@, p s o),
S t°72
with Sy, (@, p, i; ¢) smooth, supported for p ~ 1, ¢ > 1, and satisfying, forall o, € N, j, k,y € N,
185070,,0] Sy (@, p. 113 O < Cu ™™ ~5¢g)" 7

This formulation allows us to rewrite /_r“~D/2 up to multiplication with constants, as

Ld—1 r min(o1, (P (r/0) b 1y
I_(t,r, a))ﬂ( -D =K(;>/ e’[err’P(p)]So(w, 0, I TPI ),07( —1) dp.
Po

Now, we may apply integration by parts in p. Due to the fact that r+¢ P'(p) ~t and min(p;,(P") "' (r/1))~1,
the boundary terms and remaining term are all bounded by #~!, namely

-t r o2V <1,
which implies (5-10). O

Proof of (5-11). Unlike the study of I, Iy will be estimated via integration by parts in the 0-variable. It
is clear that the integrand of

. . +tP'(p)0 R
lot, 1, 0) = K(?) /e”pwheeltp(p)(l - X)(%)lwm(p)vo(p@)/)d_l

r w+06 w—0
x| 1—=xo s )~ Xo| =3 dpdb
92 192
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is supported away from {6 + w = 0}, which allows us to rewrite the integral above in local coordinates
0 =hw++v1—h%y, hel[-1,1], yewt NS,

where w™ is defined as the hyperplane {y € R? : y - w = 0}. In this way, we may rewrite I as

K(%)/eirphFo(l‘,F,/O,a),hw+my)(l_hz);d_l
[ ((h+1)w+d1——}ﬂy) ((h_1)w+my
e — X0

1
1572

1 dhdydp, (5-12)
1572

where

ro+tP'(p)0

Folt,r, p,w,0) =€"PP (1 — X)( T >1r>tP’(p)i30(,09)/?d_l-
12

Note that due to the cut-off away from +w, the integrand of (5-12) is supported for

|(h+ Dw+v1—h2y> > ct®1.

By developing the inequality above we obtain

Thus, Fy is supported for p ~ 1 and satisfies, for all k € N,

|8;f(Fo(t, r,p,w, ho+ my)” < ((1=20)k

The same estimates hold for (1 — £2)4/>~! and cut-off x¢’s in dimension d > 2, while in the trivial case
d =1, I is identically zero.
Now, we may apply M times integration by parts in & for (5-12). Asr ~ ¢, p ~ 1, each 9 in the

1728 we have

amplitude gives
[Io(t, 7, )| S Lpest M2,
and (5-11) follows from

2 —4AMé+d -N
o, 7y )17 a1 grgery S 70T S17H,

by choosing 4M§ —d > N. (Il

Appendix A: Technical lemmas
This appendix is a collection of technical lemmas which are used in previous sections.

Al. Some technical inequalities.

Lemma A.1. For any real number m > d — 1, there exists a constant C = C(m, d) > 0 such that

Sup/ (Rwo—&)™dw < CR™WD,
geRd JS-!

Proof. By a change of variable, it is equivalent to study the boundedness of

/ K(w—§)do,
RS4-!
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where K (x) = (14|x|™)~". This integral can be regarded as a convolution of K and the Borel measure pg,
which is defined by,

Ve G, (und)i= [ plw)do.

We introduce the o-dimensional density of a Borel measure u:

w(B(x,r))
sup —— 2 ——.

r>0

() -
M/f‘ x):=

Note that M,(ffQ 1)(S) = M(d ])(S/R) and that M}ff—l) is a bounded function. Thus, Ml(ffe_l)(é) is bounded
uniformly in R > 0 and & € R?.

Now, it suffices to show that there exists some constant ¢ = c¢(m, d) such that, for any Borel measure u
on R%,

K pE) <cM{V@).

By applying a translation, the problem can be reduced to the case & = 0:
n
.1
Kin® = [ Ky dum = [ Ko)duo) = tim 15" u0.r7)),
d Rd n—-oon =

where the last equality follows from dominated convergence theorem, with r( ") defined by K '(1—j/n)=

(")Sd !, We may calculate r expllcltly

. L
O j/n _
J 1—j/n

Therefore, by the definition of (d—1)-dimensional density, we have

n
-1 1 (n)\d—1
K % 1(0) < M~ (0) lim nZ(rj )
d—1 d—1

=MD (0) lim —i Jm_\" :M<d—1>(0)/1 X\
n—>ool”t}_1 1—j/n K o \1—x .

The last quantity is finite since m > d — 1. ]

Lemma A.2. Let S_; € C*®(R) with |S) (§)| < Co ()" for any « € N. Then, for any N € N, there
exists some constant C such that

/R ¢S 1(S)d$' 27V +log_(IAh) VA #0, (A-1)

where the integral on the left-hand side should be understood as an oscillatory integral and the function
log_ is defined by

llog(n)[ if t €10, 1[,

0 otherwise.

log_(t) := {
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Proof. For simplicity, we may assume A > 0 and that S_; is supported in [cg, oo[ for some ¢y > O.
When X > ¢ for some small constant ¢ > 0, we may apply integration by parts on &; then the left-hand
side of (A-1) can be controlled by

C
x/@rzds,sm—l.
R

To obtain arbitrary polynomial decrease for large A, we only need to apply integration by parts several times.
When A < ¢, we introduce a cut-off x € C2°(R) such that x =1 in a large neighborhood of 0. For
the part where |A£] is small,

ca/h dé

/eikfs_l(é)x(xs)ds' < C/ 7 S C'(1+log_(3)).
R “

For the remaining part where [A£]| is large, we need to estimate

fRe‘“S_1<s>(1 — X)(AE) dE.

By applying integration by parts in &, we will obtain two integrals. The first one is of the form

/ e S_1(E) X' (A§) dE,
R
which can be treated as above. The second one takes the form

1 .
X/ ¢S5 (E)(1 — ) (ME) dE,
R

which is bounded by

1

—/ ()2 de < C. 0
A Jigl=c/m

Lemma A.3 (Cotlar-Stein lemma). Let H be a Hilbert space and {T}};cN be a series of bounded operators
on H. If

1
A=sup > T TN gy < +00. (A-2)
JEN keN
1
B=sup» T} Till2 4, < +00, (A-3)
JeN keN

the operator T = jen Ij is well-defined via the pointwise limit,

J
Vue H, Tu:= lim Tiu inH.
J—400
j=0
Moreover, T is bounded on H with estimate
1Tz < VAB. (A-4)

The inequality (A-4) was first given in [Cotlar 1955] for finite sum with || 7; T, || z(z) and ||Tj* Tillzcr
decreasing exponentially in | j — k|. The generalized version stated above and its proof can be found, for
example, in Theorem 1, Chapter VII of [Stein 1993].
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A2. Criteria on L*-boundedness of pseudodifferential operators.

Lemma A.4. Let a be a symbol on R and ). > 0. The rescaled symbol

a(x,&):= a(kx, ;)

10p(a) i zir2y = 10p(@) |l £r2y-

satisfies

Lemma A.5. Let a be a symbol on RY and the symbol G is defined as

a(x,&):=a(§,x).
Then we have

10p(@)l£cr2) = 1OP(@) [l £(22)-

Lemma A.6. Let K be a kernel function of operator K defined as
Ku(x) := / K, x —y)u(y)dy.

If there exists Ko € L' (R?) such that

K (x,2)| < Ko(z) ¥x, z € RY,
we have
I 22y < 1Kol

Lemma A.7. Let a and b be symbols satisfying

la(x, &) < b(x,§),
and B € L(L?) be an operator defined by

Buto) = [ b, £0(&) ds.
Then
10p@l£(z2) < 1Bl £(22)-
Lemma A.8. Let m : S x S?~! x 10, oo[ — C be a smooth function satisfying for all a, o' € N¢~1
and N e N N
820 m(w, o, w)| < ca,af,NAu“"“"<d(‘“’T_“’/)> :

where A is a quantity independent of w and o', d is the distance on the sphere S'. For all A > 0, the
operator Ty is defined by

Thu(w) = / e m(w, o', Wu(w) do.
gd-1
Then there exists a constant C > 0 such that

1l
T3l £z si-1y < CAAT2E@7D,
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When p € [1, oo, the condition on m becomes m( -, -, ) € C;’O(Sd_1 x §4=1) uniformly in p > 1.
By using the local coordinate of the unit sphere S¢~! (which is compact and thus can be covered by finite
local patches), one can reduce the problem to the R?~! case without considering the parameter x. The
proof of this reduced case can be found in, for example, [Sogge 2017, Theorem 2.1.1]. As for the case
€10, 1], one may refer to [Delort 2022, Proposition A.1.7]. A direct consequence is stated as following:

Lemma A.9. Let a(x, &, i) be a smooth symbol on R? x R? depending on a parameter i € 10, oo|. Let
b be a function on [RR%r such that the associated operator B defined below is bounded on L*(R.), namely

o0
1Bl ey <00 BF) = [ b o) o) dp. (A-5)
0
If, in the polar system x =rw, & = p0, a(x, &, ) satisfies, forall o, B € N and N € N,

d(w, —9)>‘N (A6)

13507 atro, 0. 10| < Cap.b(r. p)u—lal—lﬂl<
n

then we have
10p@) Il zz2@eyy < ClIBll 2@, ) (A-7)

where C > 0 is a universal constant.

Proof. By the definition of Op(a), we have
1 *© irpwb A d—1
Op(@)u(rw) = —— e’ a(rw, p)u(pd)p*~" dodp.
Q2m)? Jo Jsi-r
It is easy to check that || £ (0, 0)Il 12(4pae) = )|l 12gey, With f(p, 0) = i(p0)p@~1/2. Thus,

1eg_
IOp(@)ull L2gey = 10p@u(ra)r2 "Vl 124 4w

1 o ) ]
B H (2m)d / /g G, p6) f(p. 0)(rp)* " d6 dp
0 —

o 1
/ (rp)2¢@-Y
0

By applying the previous lemma with m(w, 6, u) = a(rw, pf, 1), where r, p should be regarded as
parameters, A = b(r, p), and A = rp, we obtain

L2(dr dw)

< Co dp

L2(dw)

/g P atw, ph) (. 0)do

L2(dr)

_Lleg_
< Ci(rp) 2" Db(r, p)II £ (0, Pl L2a6)-
L2(da))

f P a(rw, po) f(p, 0) do
Sd_]

Thus,

I0p(@)ull 2Ry < CoCi

/0 b(r. O)ILF @, D) 1200 dp

L2(dr)
< CoCrllBlizc2on 1 S @5 o) 2246 apy = Cl Bl 2@y 1l 22 may - O
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Lemma A.10. Let a be a symbol on RY, depending on some parameter . € 10, ool. If, for all a € N,

sup [[0ga(x, )1 < Card™1,
xeRd §

the operator Op(a) is bounded on L2, uniformly in .

Proof. Due to Lemma A.4, the problem can be reduced to the case A = 1. The kernel of the operator
Op(a) is K(x,y) = J(x,x —y), where

o, 2) = /e"Z'éa<x,s>ds.

(2m)4

We first observe that, for all x € R?, |J(x,2)| < (Zn)_d||a(x, I L which is uniformly bounded. Then,
by integration by parts, we have, for all N e N,

[MRERITEIDY

la|=2N

[ oo erae| < Y sup hogac. ol < G
|a|=2Nx€Rd

That is to say, J is bounded and has any polynomial decay in z, uniformly in x. In particular,

Ko, =1 x =) S = y) 7@
The conclusion follows from Schur’s lemma. ]
Lemma A.11 (Calderén—Vaillancourt theorem). For smooth symbol a € C*®(R¢ x R?), the following

estimate holds:

I0p@ I £z2y S sup 119208 all o drey - (A-8)
lel. | BI<Ng e

where Ny is a universal constant depending only on dimension d.
The earliest version of (A-8) was given in [Calder6n and Vaillancourt 1971], where «;, B; are required
to be no more than 3 for all j =1, 2, ..., d. Then, in [Coifman and Meyer 1978], the authors optimized

itto Ny = [%d] + 1, while some other assumptions in «, 8 are given in the same paper. Readers may also
find an alternative proof via the Gabor transform in [Hwang 1987].

Appendix B: Stationary phase lemmas

Lemma B.1. Let
F: (S H*x10,11 - C,

0,0, w,0', p)—> FO,0, 0,0, 1,

be a smooth function supported for d(0',0) +d(0', w') < &', where d is the metric on the sphere S~
and §' > 0 is a small constant. We assume that F satisfies, foralla,a’, B, B’ €N, j, N € N,

d©’, ) >‘N

|8§‘8§‘/8’38ﬂ’81F| < Cu—al—lﬂlll—lﬂl—j<
n

w W )
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For any parameter ). > 0, we define the integral

1.0, 0,0 A, 1) = / MY E 6,0, w, 0, 1) db.
gd—]

If 8 is small enough (depending on the sphere S?~1), and Au*> > ¢ > 0, then we can write

Fik d ISj:

L0, 0,00, n0) =e - 1)(9,w,w/,u;ku2),
where S:—L(d_l)/z(Q, w, ', W; £) is a smooth function supported for d(0, ') < 28', satisfying, for all

a,B,8 €N, j,y, NeN,

1Bl 1o~ d)—y [ A0 )\ TV
1350530590 §%1 g S CuTTIATI g Ty V< p > (B-1)
Moreover, for (| > c >0, S_(d 1)/2(9 w, @', |L; ) can be decomposed as
@) DFTINF©,0, 0,0, e 2V 4 8E, L 0,0,0, 150, (B-2)

—3(d+1)

where ST “d+1) /2(9 w, @', L; &) is smooth and supported for d (0, ") < 28/, satisfying the estimate (B-1)
with d — 1 replaced by d + 1.

Lemma B.2. Let
Fo: (S H*x10,11— C,

0,0, 0,0, 1) FO,0, 0,0, 1),
be a smooth function supported for min(d (6, 9), d(©@’, —0)) > §' > 0, where d is the metric on the sphere
S and §' is constant. We assume that F satisfies, forall a, o', B, B’ €N, j, N € N,
/ —N
B 3/33 3] F0| < CM—Ia—Ia’—IﬂI—j<M>
u

For any parameter ). > 0, the integral

1+(0, 0, &' A, p) = / M 6,0, w, 0, 1) do’
sd-1

can be written as

(0, 0,05 1, p) = e uIREG, 0, 0, s Ap),

where RT(6, w, o', ju; ¢) is a smooth function satisfying, for alla, B, B’ €N, j, v, N € N,

log0f o, 879! RE| < cplI=IP1=i(g) =N, (B-3)

For the proof of Lemmas B.1 and B.2, one may find a general result in [Delort 2022, Proposition A.1.1].
Remark B.3. In Lemmas B.1 and B.2, the dependence on «’ is not crucial in the proof; we may eliminate

the conditions and results involving «’. Meanwhile, if F (resp. Fp) depends on some other parameters,
the same condition can be inherited by S_;_1)/2 (resp. R) from F (resp. Fp).
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Lemmas B.1 and B.2, together with Remark B.3, result in the following lemmas, which are important
techniques used in the main text.

Lemma B.4. Let
G:(SH?x10,1]1 > C,

O, 0,10~ GO, 0,1,
be a smooth function supported for d(0', w) < &', where d is the metric on S*~' and 8’ > 0 is a small
constant. We further assume that, forall o', 8 € Ne-1 j, N eN,
d(', o) >‘N

|95850,G1 < u'“"'ﬁ'J'(
7

For A > 0, € € {£}, we define
10, », u; ) :=/ MY GO, w, 1) do’.
Sd—l

Then, under the conditions that §' is small enough and that Au?> > ¢ > 0 for some constant c, the integral I
may be written as the sum of principal terms

ej:ezAMd—IS:t

e’a)’ ;)\‘ 2 9
—%(d—l)( Wy ApL”)

and a remainder

eéike-wud—]R(G, w, ,bL, )‘-M)a

where Snj; @, w, u; ¢) is a smooth function supported on d (0, *w) < 28, ¢ > ¢ > 0, satisfying, for all
o, fe N1, j.n, N eN,

0g 8 o7 o1 S| < M—lal—lﬁl—j<§>m—n<

d©, +w)\ ™V
w910 - | >

I
and R0, w, u; ¢) is a smooth function satisfying, for all N € N,
RIS (6)~".
Moreover, if G depends on some extra parameters, the same bound for G (and its derivatives in parame-
ters) can be inherited by Sf( d-1))2 and R.

Proof. We only give the proof for ¢ = 4, while the other one can be treated in the same way. To begin
with, we introduce the functions

Fi0,0", w, 1) := G(£6', +o, ) x (6 —0)),
FO(Qv 0/7 w, I’L) = G(le w, I'L)(l - X(e - 0/) - X(Q +9/))’

where x € C° (R?) is radial and supported in a small neighborhood of zero, with value 1 near zero. By
using these functions, we may rewrite the integral I as Iy + I_ 4 Ip with

1i=/ei"w‘9’Fi(9,9’,ia),u) o', Iozfeiw'e’Fo(e,e’,w, w)de’.
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It is clear that Fy, Fy satisfy the conditions in Lemmas B.1 and B.2, respectively. Then, by applying
these lemmas, we can obtain the desired expressions and corresponding estimates. There remain two
points to check: the support of Sf( d-1)2 and the dependence on extra parameters. The latter is merely an
application of Remark B.3, while the former can be shown by observing that, when Supp x is taken to be
small enough, the integrand of integrals /. is supported on d(+6’, w) < § and d(#,0") < §'. O

Lemma B.5. Let x € Cf.’o([Rid) and f € Cfo([RRd\{O}). Assume that P is smooth on 10, oo, and A is a
positive function such that
A(p) ~p?  asp—> 400,
AV () Sp” Yo>py>0,jeN,
A(p)

g

— Ao as p — 400

hold for some o € R and 1y > 0.
Then there exists ty > 1 depending on f, P’, and A such that, for e, €’ € {+1, —1}, § + %(f € [0, %[,
r>c>0,andt > ty, the integral

o tP'(p)o
/ o€ rpw€X<rwl+;—l(’o)>f(p9)d9
sd—1 2t A(ﬁp)
can be decomposed as a principal term
r—1P'(p)

() D giee B giec ) =3d=1) (5—
120 A(t2p)

) f(—epw)
and a remainder

il _ r
e lGGFPMd 1S_(d+1)/2<w’ Mapv;_P/(p)at;rpM2>,

where = t3T012=12 S (w, u, p, ', t; ¢) is supported for ¢ > ¢ >0, p~ 1 and |r'| < p and satisfies,

foralla e N~V j k. 1,y eN,

i okl - j+1 -
19295080007 S 1 41| < Cu D ymy
Proof. Using the notation r = #(r’ 4+ P’(p)), where |r'| < = t519/2=1/2 we can rewrite the integral as

e ! P’ 0
/ TP (p)ph (r @+ - 8(’0)(6?4_6 ))f(pG) deo. (B-4)
gd-1 t72A(t2p)

Consider the function

/ P/ _ _ _
F(x,y,z,u;p,r’,t)=x(rx+ l(p)()i y))i(x y))?(y Z)f(py),
ut"2°A(t2p) w 127

with x e C° (RY) taking value 1 in a large ball centered at the origin. By setting A =7 (*'+ P’ (p))p > ¢ >0,
we may rewrite the integral (B-4) as

/ eiiee,}h(iew)eF(—Ga), 9, —€w, U; P, r,’ t) de.
Sd-1
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Note that the integrand in (B-4) ensures that | 4+ €6| < u < 1, which allows us to add x factors in the
definition of F.

By using the fact that p ~ 1, it is easy to verify that when x, y, z € S¢7!, for all «, o/, B € N¢~1,
Jok,I,N €N,

’ . , . d ’ _N
182998 8] koL F (x, y, z, s p. )| < Cp 1= |—|ﬂ|—j—l< (Z Z)> |

and that F is supported for p ~ 1, |r'| S u, d(x, y) < Cou < 1, which ensures that
a2 =269 (4 L Pl (p))p > ¢ > 0.
Therefore, the conclusion follows from Lemma B.1 with extra parameters p, r’, ¢ but without the
o’-variable. O
Appendix C: A refined result for the Schrodinger equation

In the case of the Schrodinger equation P () = %lé |2, the structure of P’(£) = & allows us to prove parts
(i) and (ii) of Theorem 1.1 for nonsmooth y, namely:

Theorem C.1. Let a, s and E, s be as defined in (1-10) and (1-11), respectively. We assume, as in
Theorem 1.1, that A is identically equal to 1. Then, for any ug € L% we have:

G) If xeL'and$ <0,
,iiinoo Ey s(uo, 1) =,ii‘lloo Ey 5(uop, —1) =0. (C-1)

(i) If x e L' and 8 =0,

lim E,s(uo,1)= lim_E, s, 1) / Gy (@)lio(pw) 2 dpdw,  (C-2)

t—+00

~eny

where (p, w) is the polar coordinate, and the function G, () is defined as

/ e’%l"'zx(x) dx
x-w>0

In order to prove the limits (C-1) and (C-2), we indicate that, compared with Theorem 1.1, the only

2
G (w) =

i (C-3)

difficulty is the loss of regularity in x, which can be overcome by finding a bound of the operator Op(a(t))
depending merely on || x||z1.

C1. An alternative bound of the truncated operator. The goal of this subsection is to find a uniform
bound of Op(a(?)), which involves less regularity of xy than Proposition 2.1. Via Lemma A.4, it suffices
to study the symbol

+
b(x,&)=x (%)hst’

where A = |t|? €10, oo[. To be precise, we shall prove the following proposition.
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Proposition C.2. There exists a constant C > 0 independent of ) such that, for all A > 0,

IOP®) I 222y < CA4NIx NI

Proof of Proposition C.2. 1t is easy to calculate that

f Ib(x. &) dx < /‘x(j%ﬁ)

/ Ib(x, £)] d < /’x(%ug)‘dé — 2 0xllL.

Thus, the desired estimate follows from Schur’s lemma and Lemma A.7. O

dx =29 xl .1,

C2. Calculation of the limit. By Proposition C.2, when § < 0, we have

10p@)llz2) < Cr*lx NIt — 0 ast— oo,
which implies (C-1).

In the critical case § = 0, when x is smooth, compactly supported, and constant near zero, the limit
(C-2) follows from the limit (1-14). If x is no more than an L' function, we may approximate x by some
regular function in L'. To be precise, for all n € N, there exist x, € C>°(R¢), which are constant near
zero, such that

I = allr <+

To highlight the dependence on y, in the rest of this section, we will add the subscript y for concerning

x +t&
ay(t,x,§)=x (W)hans-

Proposition C.2 implies that, for all ug € L? and 1 # 0,

|0p(ay)e”PIug — Op(ay, e " P ug| 2 = [|Op(ay—y, e Pugll

terms, for example,

it P(Dy)

1
SClix = xallptlle uollz2 < Clluoll 2.

Therefore, for fixed ug € L2 the limit
Op(ay)e'"" Py — Op(ay,)e P PYugin L*  asn — oo

is uniform in . We may conclude (C-2) by passing to the limit t — +o00:

it P(Dy)

lim E, s(ug,t)= lim ||Op(a,)e uol|?
im Ey 5(uo,t) = lim [[Op(ay) oll72

= lim lim ||Op(a, )e"PPIyg|?, = lim lim | Op(ay, )e'' TP yg|?
ta:l:oon—>oo|| p( X") O||L2 n—>OOt~>:l:oo|| p( Xn) OHLZ

L 1 . 2 d—1 _ . 2 d-1
= lim ——— [ Gy, (0)|uo(pw)|"p" " dpdw = Gy ()|uo(pw)|" " dpdw.

(2m)?

The last equality follows from the dominated convergence theorem and the continuity of G on x € L',
which is obvious due to the definition (C-3) of G .
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Appendix D: Partition of energy for the Klein—~Gordon equation — a classical setting

In this part, we shall give a proof of (1-32) via an alternative study of asymptotic behavior of the solution
to the half-Klein—Gordon equation (HKG), namely

{(Bt/i — P(Dy))u =0,
uli=o = uo,

where P(£) = (£) is a smooth symbol. As in Section 5, instead of studying the solution w to the
Klein—Gordon equation (KG), we turn to

a
u= (4 + P(D»)w,
i
which is a solution to the half-Klein—Gordon equation with initial data
U =u|l=0: l—+P(Dx)w0 eL”.
Using this notation, we may rewrite the integral on the left-hand side of (1-32) as

/ 13w + Vw2 + [wP) dx
ro< f <r

2 2 2
f(|1r0<|:|<narw| Lt fn VoI Lz w] ) d

1 2. 14 . Dy : 1 1 2
= | ro<|*|<r Irnl't| + r0<|’f|<rllﬁReu +| r0<|f|<r1<D)f> Reu\ dx
X
2 D, | 12
= |Im1ro<|§|<r1u| + Im1r0<|§|<r1mu +|Relr0<|§|<r1<Dx> M| dx
X
— [(jm1 P02 1 |im1 girwy Do [*
- r0<|§|<r1 0 r0<|§|<r1 (Dx> 0
; 12
+‘Re1r0<|%|<rle”P(DX)(Dx) Yo | )dx.
Notice that the term on the right-hand side takes the form of
X 2
/‘Ag(;)v(z‘,x) dx, (D-1)

where A € {Re, Im}, g(y) = 1,,<|y|<r,» and v is a solution to the half-Klein—-Gordon equation, which can
be written as v(r) = /PPy, with

Vo = Uo,

which all belong to L2, since ug € L2 In order to calculate the limit of such quantity, we need to study
the asymptotic behavior of v, which will be given in the next part.

D1. Asymptotic behavior. In this part, we shall state our problem in a general setting. Let u be the
unique solution to (E) with initial data ug € L% We assume the symbol P is smooth except at zero, which
covers all the fractional-type equations. Since P’ is well-defined except at zero, we may introduce v the
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push-forward of Lebesgue measure under P/, i.e.,
v(E) :=Leb(P"Y(E)) VE c R measurable. (D-2)
For all functions g € L, we are interested in the asymptotic formula
g(?)u(t) — g(— P (D)u(t) +0.2(1) ast — oo, (D-3)
We denote by G the collection of those functions g satisfying this formula for all u¢ € L% namely
G:={g € L™ : (D-3) holds for all ug € L?} := {g € L™ : (D-3) holds for all uq with i € Cfo(Rd)}.

The two definitions given above are equivalent since the multiplication with g(x/¢) and Fourier multiplier
g(—P’(Dy)) are both bounded on L? uniformly in time. The equivalence then follows from the fact that
the subspace F~'C (?O([Rd\{O}) is dense in L2 where F is the Fourier transform.

In order to prove (1-32), we may use the following lemma:

Lemma D.1. Let E C R? be any measurable set whose boundary has null Lebesgue measure, namely
Leb(0E) =0.
If the measure v defined in (D-2) is absolutely continuous with respect to Lebesgue measure, we have
1z €G.

We assume this lemma is true and prove it later. It is easy to check that the assumptions in Lemma D.1
hold true for P(§) = (§) and E = {r¢p < |y| < r1}. As aresult, (D-1) can be written as

Jlo s

when t — 400. Recall that ]pg, pi[ = P~ (Iro, r1]). Actually, this formula implies (1-32), since as

2
dx:fIAlg(—P’(Dx))v(t,x)lzdx+0(1)

= / | ALy, i (I D2 DV (2, )P dx + 0(1),

t — +00, we have

f (18:w]* + |[Vw]? + |w|*) dx
ro< % <r

2

+ |Re 1ro<|§|<r1 (Dx>_1u(t, X)|2) dx

2

2 D
=/(|Imlro<|’[‘|<r1u(t’x)| + ‘Imlm<|f|<rlﬁu(t,x)
X

D,
=/(!Imljm,pl[(um)u(r,x>|2+‘Imlm,m(liD(D )

+ [Re Ly (1 DL D{D)uct, x)|2) dx +o(1)

u(t, x)

= |1 L0 1D DB W] + [ Lo (AP D VW] 72 + | L1 (1D Dw 32 + 0(1)
= |1 L0t IDx DB w3 + | Lo i1 D Dw |31+ 0(1)
= 1L1p0. o0 (I Dx Dwi 151 4 1119, [ (I D Dwoll 72 + 0(1).
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In order to complete the proof of (1-32), we give now the proof of Lemma D.1.

Proof of Lemma D. 1. Without loss of generality, we may assume in what follows that iy € C2°(R?). Now,
we fix x € Cfo([R{d ) which equals 1 in a ball centered at zero and consider the symbol

ertP’(é))

(D-4)
|t | %4—8

ap(t, x,§) =X<

where § € ]0, %[ We have seen that Lemmas A.5 and A.10 imply the uniform-in-# boundedness of
Op(ao(t)). Moreover, by integration by parts, we can prove that for all ug € L?

lu(t) — Op(ap(t))u(t)||;2 — 0 ast — Foo.
By writing
E,:=E+B(0,ct™2™), E,:=E°+ B(0, ct2™),

where ¢ > 0 is a constant determined by Supp x, we may apply the uniform-in-time L?-boundedness of
multiplication with 1g(x/¢) and Fourier multiplier 1g(— P’(D,)) to obtain that, as t — Fo0,

1E< >M(t x) = 1p(=P'(D)u(t, x)

= 1E( )Op(ao(t))u(t x) = Op(ao()1e(=P'(Dx)u(t, x) +or2(1)

1g (;) Op(ao(t)1g, (= P'(Dy)u(t, x) — Op(ag()1e (=P (Do))u(t, x) +op2(1)
=1k ( )Op(ao(t))lE,\E( P'(Dy))ut, x)_lE‘< >Op(ao(t))1E( P'(D))ut, x) +op2(1)

_1E( )Op(ao(t))lE,\E( P'(Do))u(t, x)— 1E<§) Op(ao(t)1png, (—P'(Dy))u(t, x)+or2(1).

Note that in the calculation above, it is possible to add extra cut-off in — P’(D,) since the symbol ay(?) is
supported for

- (—P’(s»' et
As a consequence, the uniform boundedness of multiplication with 1g(x/¢), 1gc and Op(ag(?)) implies

lim sup
t——+00

1 (f)u(r) —1p(—P'(D)u(r)
L2

< limiup(”1E[\E(—P/(Dx))u(t) | >+ |1eng (=P (DY@ )

= (2n)_%d lim sup(|| 1 g\ £ (—P")ilo ||L2 + | lEmg’(—P’)IQOH L2) (Plancherel theorem)
t—+00

= @m) (|1, e (—PDiio] 2+ |1, eni (—P)ito],2)  (DCT)
S N1Loe(—P ol 2.
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The last quantity is actually zero since d E has zero Lebesgue measure and v is absolutely continuous
with respect to Lebesgue measure, which ensures that 15 (— P’(£)) vanishes almost everywhere. O

D2. Further remarks on G. In the proof of (1-32), we only study the function

g(y) = 1ro<|y|<F1‘

A natural question is whether (1-32) holds true for other functions g, or equivalently, which type of
function is contained in the class G. In this part, we shall indicate an error in a classical result and prove
that G contains at least the continuous functions.

The asymptotic formula (D-3) was, to our knowledge, first studied in [Strichartz 1981], where the
author claimed in Corollary 2.2 that, when v is absolutely continuous with respect to Lebesgue measure,

L* =g. (D-5)

However, the original proof given in [loc. cit.] is false. Actually, the author managed to prove in
Theorem 2.1 that for general v

{Fourier transform of finite measure} C G

and reduce the conjecture to
1z Cc G for bounded and measurable E C RY. (D-6)

The method used in [loc. cit.] is that, by regularity of Lebesgue measure, we may choose a series of
compact sets { K, },en and bounded open sets {U, },en such that for all n e N

K, CKyy1, Ui CU,, K,CECU,, hrfooLeb(U"\K") =0.
n—

Then it is easy to find smooth functions g, € C°(U,) which are nonnegative, range in [0, 1], and equal
to 1 on K,,. Clearly, 1 — g, is supported in U,\ K,, whose measure tends to zero. By the dominated
convergence theorem and the fact that 0 < 1g — g, < 1, we have

. _ N —+

lim sup (1 — gn) (=P (Dl = @)~ Lk = gn) (= P'E)itg(®) 17, 0.

— 00
Note that, to apply the dominated convergence theorem, we need (1 — g,,)(— P’(£)) converges to zero
almost everywhere, which is a consequence of absolute continuity of v with respect to Lebesgue measure.

Therefore, in order to prove (D-6), it suffices to check that

limsup [|(1g — g,) (x/Oul|2, =255 0. (D-7)
t—4o00 x

Once it holds true, one has, for all n € N,

limsup || 1£(x/6)u — 1 (—P'(Dy)ull 2

t—+oo

< limiup llgn(x/t)u — gn(—P'(Dx))ull 2 + limilm I(Le — gn)(x/D)ull 2
e e +limsup |(1r — ) (=P (Dy)ull 2
t—> 00

=limsup |(1g — g) (x/Dull 2 +limsup [[(Lg — gu) (=P (Dx))ull 2,

t— =400 t—+oo
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since g, is obviously the Fourier transform of some finite measure. The two quantities on the right-hand
side vanish as n tends to infinity, and the desired conclusion 1 € G follows.
The proof of (D-7) given in [Strichartz 1981] is to find &, € G such that

C>2h,>21p, and h,— 0 ae,
where O, = U,\ K, is an open set. If such A, exists, one obtains immediately that

lim limsup ||(1E—gn)(X/t)u(t)||Lz< lim limsup [|A, (x/Du®)]7

n—>+00 ;5400 t—=4o00

< hm lim sup ||k, (— P’ (D, ))M(f)HLz

n—>+00 15400

~ lim_@m) f 12(—=V P2 dg = 0.

Note that the second inequality is a consequence of /1, € G and the last equality follows from the dominated
convergence theorem.

Since we only know that G contains a subset of continuous functions (Fourier transform of finite
measures), it is essential to assume the 4,,’s to be continuous. However, for general decreasing bounded
open sets O, even if their measures decrease to zero, such continuous #,’s do not exist. Otherwise, it
is harmless to assume /,,’s are supported in the same large ball. Then, for one thing by the dominated
convergence theorem,

lim / h,(y)dy =0,
n——+00

and for another thing, we have
/hn(y) dy > / ha(y)dy =Leb(0,) 20
On

where O, is the closure of open set O,,. Here the first inequality is due to the continuity of the /,,’s. As a
result,

lim Leb(0,)=0

n——+00

The contradiction arises from the fact that Leb(O,) tends to zero does not imply that Leb(0,) tends
to zero. For example, let {r;};en be a sequence of rational numbers in the unit ball B = B(0, 1) of R4
centered at zero. Consider the series of open sets

O, = B(rj.277™").
JjeN
Clearly the O,’s are open as the union of open sets and
Leb(0,) <) Leb(B(rj, 27 /™) <> 27Ut~ 27 0 asn — +oo.
JeN jeN
Since {rj}jen is dense in B = B(0, 1), the closure of each O, contains at least the unit ball B. As a

consequence,
lim Leb(0,) > lim Leb(B)=Cy > 0.
n——+00

n—+0o0o
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We emphasize that the argument above does not falsify (D-5) and it is still unknown whether this conjecture
is true. Here we shall prove rigorously that all bounded continuous functions belong to G.

Proposition D.2. If the measure v defined in (D-2) is absolutely continuous with respect to Lebesgue
measure, we have

CYR cg.

Proof. As in the proof of Lemma D.1, we assume that iy € C2° (RY). To begin with, we check that the
Schwartz class S C G. For any g € S,

(g (;) - g(_P/(Dx)))M(Z, x)
1 :
= oy /ez(x-s+zp(s)> (g@) —g(—P’(E))>ﬁo(§)d§

1 i(x-E+t X 1 ! T / A
= 2y / e ”@”<;+P<s>) /0 g (;x—(l—r)P(&)) dril(€) dé

] 1
- ! i+ P(E) (T p .
_(2n)dtfe 35[/0 g(tx a f)P(S))dtuo(S)}ds
i

. 1
= o / el /0 g”(%x—ﬂ—r)P/@))(r—1>drP”<s>ao(s>ds

| 1
+(2j;)dt/ei(x-é+tP(§))fo g’<;x—(1—r)P’(§)> deeitn(E) dE.

Notice that, by Lemma A.5 and A.10, the operator of symbol

" T !/ / T /
g ?x—(l—f)P(S) . 8 ;x—(l—f)P(S)
is bounded uniformly in # and t and that functions

P"(&)ito(§),  dgilo(8)

belong to L2 since we have assumed iip € C2°(R?). As a consequence,

“ (g G) = g(—P’(Dx»)u(r, %)

By noticing that G is closed under L°°-norm, we have

1 t—=Foo
Say

Sl 0.

L2

C):=]geC’: lim g(y)=0}=Scg,
|y|=+o0
where S is the closure of S with respect to L°°-norm.
It remains to pass to general continuous function g. In fact, we only need to consider those g > 0,
since once may always write g as the difference of two nonnegative continuous functions, which are both
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bounded. Let us fix x € CZ° which equals 1 near zero and define, for all R > 0,

Xr(Y) == x(%)-

For arbitrary R > 0, we have

limsup || (g(x/1) — g(—P'(D))u(®) |2

t—=+o00

< I,imiuP I ((gxr)(x/1) — (gxR)(— P (D))u(t)| 12
+limsup [[(g(1 — xr)(x/Du(@)|l 2 + I,imiuP 1(g(1 — xr)(—=P'(D)u(t)ll 2

t—+00

= limsup [|(g(1 — xg) (x/Du®) || 2 +limsup | (g(1 = xg)) (—P"(D:))u(®) .2,

t—=+o00 t—=+00

since g xR € C8 . The second term on the right-hand side can be calculated as

. _1 N

llmiup 181 = x&)(—P' (D )u@)l 2 = 2m) 2| (g (1 = x&))(—P)io |l 12,

t— 00
which, due to the dominated convergence theorem and the absolute continuity of v with respect to
Lebesgue measure, converges to zero as R — +00. As for the cut-off in x, we observe that

limsup [|(g(1 = xr))(x/Du@)|| 2 < gz limsup [[(1 — xg) (x/Du(?)]| 2.

t—+o00 t—=+00

Note that since yg € S C G, (1 — xg)(x/t)u(t) can be written, when t — +00, as

u(t) — xg(—=P'(D))u(t) +o072(1).
As a result,
lim sup [|(1 — xg)(x/H)u(t)|| 2 = limsup [[(1 — xg)(—=P'(Dx))u ()| 12

t—+o00 t—+oo

_1 A
= Q)72 (1 = xw)itoll 2
We have seen that the last quantity tends to zero as R — +o00. In conclusion, we have proved that, for all

up € F-LCX(RI\{0}),

GJim_limsup] (e(x/0) = g~ P (D))u)] 2 =0.

and thus g € G. O

D3. Proof of (D-5) for the dispersive system. Before ending this section, we give a proof of (D-5) for
the dispersive system. To be precise, we assume that there exists some dense subspace Dy C L? such that

le"PPYug )l oo < Clug)ltl 24 Yug €Dy Vit| > 1, (D-8)
where C(ug) is a constant depending on ug.

Theorem D.3. Assume that P is smooth except at zero and v defined in (D-2) is absolutely continuous with
respect to Lebesgue measure. Then the dispersion estimate (D-8), associated with some dense subspace
Dy C L?, implies (D-5).
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Proof. Recall that, as mentioned in previous section, it has been proved in [Strichartz 1981] that, when v
is absolutely continuous with respect to Lebesgue measure, (D-5) is equivalent to (D-6). Therefore, it
suffices to check that, for all ug € Dy,

— 0 ast— Fo0,
L2

1 (f)ua) —1(Du(t)

where E is any bounded measurable set.

In Lemma D.1, we have proved this result for those £ whose boundary has zero Lebesgue measure.
The idea of treatment of general E is to approximate it by a finite union of cubes and control the remaining
part via a dispersion estimate. To begin with, we fix an arbitrarily small € > 0. By outer regularity of
Lebesgue measure, there exists an open set E. O E such that

Leb(E\E) < le.

Since any open set can be expressed as the union of almost disjoint closed cubes, we may find finitely
many closed cubes {K; }szl such that K; C E. and

Leb(E\Ec) < 3e,  where Ec =L, K;.

One may observe that

Leb(E\E. UENE) <e€.

Now, for any ug € Dy, we have

1E(§>u<r> — 1e(Dy)u(r)

L2
< H (g, —1p) (;)u(m + 1, (f)u(r) —1e.DOu®)| + | s — 10 DIu®] .
L2 L?
< Cluo) | (Lp, — m(f) 11727 + ‘ 1p, (;)u(w — 15 (Dou®)|  +Cr) 7| Lg, — 1p)io]
L2 L2

< C(up) Leb(E\E. U E\E)? +

1r, (f)um — g (Dou(t)

i +(2m) 3¢ |Le\EuENE@E)io ()| L2
L

< Clup)e? +‘

1p, (;)um — 1 (Dou(t)

+2m) 2| 1 Eug £ (€ (6) [z
L2

Due to the fact that E. is the union of finitely many closed cubes, the boundary of E. has zero Lebesgue
measure. As a result, the second term on the right-hand side tends to zero as r — +o0, i.e.,

lim sup
t—=+o00

S [PV QTG

1E(§>u<r> — 1e(Dy)u(n)

L2
Since @iy € L? and Leb(E \E:U EN\E) < €, the right-hand side becomes arbitrarily small, if € > 0 is

taken small enough. The desired result thus follows. (I

The dispersion estimate (D-8) holds for all symbols P we deal with in the present paper, as a conse-
quence of stationary phase lemma.
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Proposition D.4. Let P be radial and smooth except at zero. If P” > 0 or P” < 0, the dispersion estimate
(D-8) holds with Dy = F~1C2°(RY\{0}).

Proof. Without loss of generality, we assume that > 1. Let u( be any function in Dy = F~!C (‘;’O(Rd\{O}).
To prove the inequality (D-8), it is equivalent by definition to prove that

H/ei(X~§+tP(§))ﬁ0(§) d&

Since P is radial, we may write the inequality above in the polar system & = p6 as

<2,
L>®(dx)

“ SRR BT

L(dx)

By letting s = x -6/t € R, it suffices to prove that

sup /eit(sp—i-P(p))ﬁO(pe)pd—l d,o' rst—%d_

seR,0eS4-1

Since p stays between two positive constants and P” # 0 on ]0, +o0[, this inequality follows from
stationary phase lemma. [l

Corollary D.5. Equation (D-5) holds for all P satisfying condition (H, ,,) with po, p1 # 0.

Appendix E: Proof of Proposition 4.3

In [Delort 2022], the author proved Proposition 4.3 for strictly convex P. In this part, we will explain how
the same argument works for strictly concave P and how to calculate the limit for € = = respectively.
Since most of the calculations were done in Section 3 of [loc. cit.], we will omit these details.

By definition I (¢, —¢, €, —¢, €; F) equals

/ eie[r(-ﬂ-ﬁ-ﬂ/)—t(—P(/O)+P(/)/))]1§>P,(p)’Pr(p1)F(p, o' r.t;r—tP'(p),r—tP'(p"))drdpdp’,
which can be split into 7 and /_, with domain of integral p — p’ > 0 and p — p’ < 0, respectively. Namely,
I = / eie[r(—p+p’>—z<—P(p)+P(p’>>]1r>tP,(p,)1p,p,>0F(p, o r.tir—tP'(p), r — zP/(p’)) drdpdp,

I_ = / e"e[r(*/’“’/)*t(*P(pHP(pl))J1r>tp/(p/)1p_p/<0F(p, p'.r.t;r—tP'(p),r—tP'(p"))drdpdp.
In what follows, we study mainly the integral /., with /_ manipulated in the same way. By the change of
variables r — tr +tP'(p), p' — p —w, I, reads
t/eiet[—(r+P/(,0—w))w—(—P(p)+P(p—w))]lr>01w>0
x F(p,p—w,t(r+P(p—w)), t;tr —tP'(p)+tP'(p—w), tr)drdpdw.

We introduce the notation

P(p")—P(p)=P'(p)(p' — p)+g(p. p)(p' — p)?,
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where g is strictly negative since P is concave;

Flp.p'rt:6,6) = F(p, p, tr. 151,18,
which is smooth, supported for
poolr~ 1 fel g S
and satisfies, for all j, j', k,y,y €N,

J akay ay ) 1-8") (k+y+y'
|8/J78p aragaé"F(p’p,ar’tvga{/)|St( X Y V)

Moreover, we have the pointwise limit

lim f(p o L—i—P’(p/) t'i ¢
t_)w 9 bl ﬁ 9 9 ﬁ’ ﬁ

With these notations, /7 can be expressed as

>=Fo(p,p’)~

P / e—iet[rw—g(p—w,p)wzl1r>01w>of(p, p—w,r+P(p—w)t;r—P(p)+P(p—w), r) drdpdw.

The same calculus as in Lemma 3.1.4 of [Delort 2022] shows that, up to some terms tending to zero, I
equals

t/eigtrwlr>oei€’g(pw’p)w21w>oﬁ(p, p—w,r+P(p),t;r, r) drdwdp

, , ror
= [ 71, gels TV, oF(p p— P'(p), 1; —=, —=
/ Gt NN
whose formal limit by taking the pointwise limit of the integrand is
[ 0 I oo ) dr duw dp.

The error between this integral and /. is actually o(1), due the calculation of the proof of Proposition 3.1.3
of [loc. cit.]. In conclusion, we have

Iy = / eI, o€l 0L, o Fo(p, p)dr dwdp + o(1),

= / TN, eSO 0 Fo(p, p)dr dwdp +o(1).
As a consequence, the limit of 1 (¢, —€, €, —€, €; F) is

/ e—ierw1r>0 dr (eieg(p,p)w21w>0 + e—ieg(p,p)w21w<0) du)FO(lOv ;0) d,O

- / —ie(w —i€0)”' (cos(eg(p, p)w?) +sgn(w)i sin(eg(p, p)w?)) dw Fo(p, p)dp

. 2
_ / ic(w—ic0) " cos(g(p, p)w?) dw Folp, p) dp +/ % dw Fo(p, p)dp.

where the integrals in r and w should be understood in the sense of oscillatory integral and distribution,
respectively.
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Due to the assumption that P is strictly concave, or equivalently P” < 0, g is negative. Since
(w —i€0)~! is homogeneous of degree —1, the right-hand side of the equality above can be rewritten as

sin(w?)

lw]

/ —ie(w — iEO)*1 cos(wz) dw Fy(p, p)dp — / dw Fy(p, p)dp.

For one thing, the distribution (w £ i0)~! can be expressed as
(w=+i0)~" = F7idy+P.V. %

And for another thing, due to the Dirichlet integral fooo(sin y/y)dy = 7, we have
2
/ sin(w )dwzz.
lw] 2

lim I(t, —, ¢, —€, €; F):f(nSo—ieP.V. %) cos(w?) dw Fo(p,p)dp+sgn(g)%/Fo(p,p)dp

t—+00

These identities imply

=n/Fo(p,p)dp—%/Fo(p,p)dp

= % / Fo(p, p)dp.

In the case of strictly convex P, it has been proved in [Delort 2022] that

Iim I(t,—€,¢€,—€,¢€; F)
t——+00

- 2
zfie(w+i60)“COS(g(p,p)wz)dw Fo(p,p)dp—/wdw Fo(p, p) dp,

where g is positive. We may repeat the argument above and conclude that

lim I(t, —€,€,—€,¢€; F) = [(n80+ie P.V. %) cos(wz) dw Fy(p, p)dp — % / Fo(p, p)dp

t——+00

=n/Fo(p,p>dp—%fFo(p,p)dp
=%fFo(p,p)dp-
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