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ON THE KINK-KINK COLLISION PROBLEM FOR
THE ¢® MODEL WITH LOW SPEED

ABDON MOUTINHO

We study the elasticity of the collision of two kinks with an incoming low speed v € (0, 1) for the nonlinear
wave equation in dimension 14-1 known as the ¢ model. We prove for any k € N that if the incoming
speed v is small enough, then, after the collision, the two solitons move away with a velocity v, such
that |v; — v| < v¥ and the energy of the remainder will also be smaller than v*. This manuscript is the
continuation of our previous paper where we constructed a sequence ¢, of approximate solutions for
the ¢® model. The proof of our main result relies on the use of the set of approximate solutions from our
previous work, modulation analysis, and a refined energy estimate method to evaluate the precision of our
approximate solutions during a large time interval.

1. Introduction

1.1. Background. Considering the potential function U (¢) = ¢*(1—¢?)? the partial differential equation
known as the ¢ model in domain 1+ 1 is defined by

3Pt x)—32p(t, x)+ U (¢(t,x)) =0, (t,x) eRxR. (D

The solutions ¢ (¢, x) of (1) preserve the energy given by

E@) (1) = /R L3¢ (t, ) + [0 (2, X)) + U (p(t, x)) dx, (energy)

and the momentum

P(¢p) = —/ 0:p(t, x)oxp(t, x)dx. (momentum)
R

The kinetic energy and potential energy are given, respectively, by
Exin(9) (1) = / 3180, )P dx,  Ep(d)(®) = / 310:0 (1, )P + U@, 0) dx.
R R

The vacuum set V of the potential function U is the set U 10} = {—1,0, 1}. The unique constant
solutions with finite energy of (1) are the functions of the form ¢ = 7 for any n € V.
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Furthermore, it is well known that if a solution ¢ (¢, x) of the partial differential equation (1) is in the
energy space, which is the set of strong solutions with finite energy, then the solution is global-in-time
(see the introduction of [Moutinho 2023] for a proof) and there exist numbers 1, 7, € V such that

lim ¢@,x)=mn, lim ¢ x)=mn
X—>—00 xX—>—+00

for all + € R. The set of solutions of (1) with finite energy is invariant under space translation, time
translation, space reflection, time reflection, and Lorentz transformations.

The unique nonconstant stationary solutions of (1) with finite energy are the kinks which are the space
translation of either Hy 1(x) or H_; o(x) that are denoted by

eﬁx —e™ 2x

. Hoo)=—Hyi(—x)= ————,
Vivarm HOTTIIETSR

and the antikinks which are the space translation of the functions

Hy1(x) =

—/2x _eﬁx
Hoy,_1(x) =—Hp,(x) =

1/1+672xf2x’ 1+e2\/§x'

Hio(x) = Hp,1(—x) =

Using the identity o~ s
/ —
it is not difficult to verify that
” d Ho,1(x) 2 : (2
—— o, 1(x =—.
dx r®  2V2
The kink Hy,; satisfies the Bogomolny identity, which is H(;’ 1(x) =/2U (Hyp,1(x)), and the estimate
dk
- Ho,1 ()| i min(e¥>, e72V%) (3)
dxk
for any k > 1, and clearly
| Ho,1 (x)] < e¥2mintx0) @)

For the ¢ model there are stability results for the kinks. In [Moutinho 2023], the orbital stability
of two kinks with energy close to the minimal was obtained, and also the dynamics of two interacting
kinks, which is a kink-kink solution with low kinetic energy and potential energy slightly bigger than
the minimum possible for two kinks, was described in function of the initial data and the energy of the
solution. In [Kowalczyk et al. 20217, the asymptotic stability of a kink for the ¢#® model was obtained,
and moreover, asymptotic stability of a single kink was also obtained for a certain class of nonlinear wave
equations of dimension 1+ 1. There are also asymptotic stability results for a single kink in other models;
for example, see [Kowalczyk et al. 2017; Delort and Masmoudi 2022] for the ¢* model.

This manuscript is the sequel of [Moutinho 2024]. In this paper, we study the traveling kink-kink
solutions of (1) with speed 0 < v < 1 small enough. More precisely, we consider the following definition.
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Definition 1. The traveling kink-kink with speed v € (0, 1) are the set of solutions ¢ (¢, x) that satisfies,
for some positive constants K, ¢ and any ¢ > K, the decay estimate

—( x—vt —s( x+vt _
(¢(I,X),3z¢(t,X))—Ho,1<—) —H—1,0<—) <e™, (%)
H V1—v? VI-v2/) lm®xr2®
where, for any —1 < v < 1 and any y € R,
[ u <x—vt+y>
0,1\ —F/—
(| 0
’ 1 — 2 —v , <x—vt—|—y>
Ji—v2 P\ VTo 2
v [ el
1,0\ —F/—
H 10(@): 1—v? (7
V=02 v <x+vt—y>
VT2 O\ VT2

The existence and uniqueness of solutions ¢ (¢, x) satisfying (5) for any 0 < v < 1 was obtained in
[Chen and Jendrej 2022], but the uniqueness of the solution of (1) satisfying

> —( x—vt —( x+vt
lim |p(t, x) — Ho | (—) + H_l,o(—)
t—>+ooH /]_UZ /1_U2

for 0 < v < 1 is still an open problem. For references on the existence and uniqueness of multisoliton

=0
H{(R)x L (R)

solutions of other nonlinear dispersive partial differential equations; see, e.g., [Martel 2005; Combet 2011].

For nonintegrable dispersive models, there exist previous results about the inelasticity of the collision
of two solitons. For example, Martel and Merle [2011] verified that the collision between two solitons
with nearly equal speed is not elastic. More precisely, they showed that the incoming speed of the two
solitons is different to their outgoing speed after their collision.

Since the ¢° model is a nonintegrable system, the collision of two kinks with low speed 0 < v < 1 is
expected to be inelastic. More precisely, we expect the existence of a value k > 1 such thatif 0 <v <« 1
and ¢ (¢, x) is a solution (1) satisfying the condition (5), then ¢ (¢, x) should have inelasticity of order v,
which means the existence of ¢t < 0 with |z] > 1 such that

t t — vyt t
X+ vy +)’1())+PTU>)(X vt + ya(t)

(¢(I,X),3z¢(t,X))=H—o,i< >+r0(t,X), )

V11— v} V11— v%
with v* « ||r0(t)||HX1(R)XL§(R) <K vand vr(1), y1, y2 satisfying
vF g (0) — vl + max [;()] < v ©
je{l2}

for all ¢ < O satisfying |¢| >> 1. Actually, in the quartic gKdV, the collision of the two solitons satisfies a
similar property to our previous expectations in (8) and (9); see [Martel and Merle 2011, Theorem 1] for
more details.
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However, in this manuscript, we prove for the ¢® model and any k > 1 that if 0 < v < 1 and 7 is close
to —oo, both estimates (8) and (9) are not possible. Indeed, we demonstrate that if v < 1 and ¢ (¢, x)
satisfies (5), then there exists a number ¢ 2, € R satisfying, for all ¢ close to —oo,

——(x+vet—ern — (X —vrt+en
(@ (t. x), 3 (¢, x)) = Ho | (f—) + H_l,o(#

vl—v% v1—v§
k

. 2
hrnSup”rc,v(t)HHXI><L)2r =v,
t——00

) +rc,v(t» x),

limsup |v (v, 7) — v| < v, (10)
——00
In conclusion, the inelasticity of the collision of two kinks cannot be of any order v¥ for any 1 < k € N,
if the incoming speed v of the kinks is small enough. The problem to verify the inelasticity of the
collision of kinks for the ¢® model is still open. But, because of the conclusion obtained in this paper,
the change |[v — vy| in the speeds of each soliton is much smaller than any monomial function vk, More
precisely, for all k > 0,

L vr(v,t)—v
lim lim sup M =
v—01 I——00 Uk

0. an

This is a new result.

The study of collision of kinks for the ¢® model is important for high energy physics; see, for example,
[Gani et al. 2014; Dorey et al. 2011]. Actually, in [Gani et al. 2014], it was shown numerically that there
exists a critical speed v, such that if each of the two kinks move with speed v with absolute value less
than v, and they approach each other, then they will collide and the collision will be very elastic, which is
exactly the result we obtain rigorously in this paper. The study of the dynamics of multisoliton solutions
of the ¢ model has also applications in condensed matter physics, see [Bishop and Schneider 1978], and
cosmology, see [Vilenkin and Shellard 1994].

For other nonlinear dispersive equations, there exist rigorous results of inelasticity and stability of
collision of solitons. For gKdV models, the inelasticity of collision of solitons was proved for the quartic
gKdV in [Martel and Merle 2011], and, for a certain class of gKdV, inelasticity of collision between
solitons was also proved in [Mufioz 2010; 2012]; see also [Martel and Merle 2009]. For the nonlinear
Schrodinger equation, Perelman [2011] studied the collision of two solitons of different sizes and showed
that the solution does not preserve the two solitons’ structure after the collision. See also [Martel and
Merle 2018] for discussion on the inelasticity of the collision of two solitons for the fifth-dimensional
energy critical wave equation.

1.2. Main results. The main theorem obtained in this manuscript is the following result:

Theorem 2. There exists a continuous function vy : (0, 1) xR— (0, 1) and, forany0 <6 <1and k € N>,
there exists 0 < §(0, k) < 1, such that if 0 <v <80, k), and ¢(¢t, x) is a traveling kink-kink solution
of (1) with speed v, then there exists a number e, i such that |e, x| < 1n(8/v2). Furthermore, if
2-6
- _ln(l/v)

— 9’

v
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then vy (v, 1) —v| < v* and

X —epytuvst X +epy—vst
o(t, x) — Ho,l(—> - H—1,0< )
‘ V1 =02

—v% l—v HI(R)
+ af¢<f’X)_Jf——f—z§Hé’l( «/elvi—t:ft +~/——vf " (%i_v;ﬂ) L%(R)Svk‘
v UL . Vg
then ' v
¢(t,X)—H0,1(%) _H—l»‘)(%) HI®)
+ a,¢(t,x)—ﬁf’6,1(x71vf—;vt)+ 1v_vzHi1’°(xf/elvf—;w) o=

Remark 3. The second inequality in Theorem 2 follows from the energy estimate method used in
Section 3 to estimate the energy norm of the remainder during a large time interval.

Clearly, Theorem 2 implies (11). Actually, the first item of Theorem 2 is a consequence of the second
item of this theorem and the following result about the orbital stability of two moving kinks.

Theorem 4. There exists a constant ¢ > 0 and, for any 6 € (0, 1), there exists §(0) € (0, 1) such that if
0<v<¥8@),and (Yox), Yi(x)) e Hx1 (R) x Lﬁ (R) is an odd function satisfying

1o, YD)l iz < 0>, (12)
and yo > —41In v, then the solution (¢ (t, x), 0,0 (¢, x)) of the Cauchy problem
Fp(1,x) —07¢ (1, x) +U'($(t,x)) =0,

Hy 1(ﬂ) +H_ 0( sl )-Hﬂo(x)
¢0,x) | _ AWV =2 AVT =02 (13)
(0, %) |

—V

X — Yo v X+ Yo
——H]| ( ) + H' <—> + Y1 (x)
T—o2 ! V1 =2 V1 =02 1.0 V1 =12

H0,1<x _y(”> +H1,o<x+y(”) Yt x)

is given for all t > 0 by

[¢(t x)]_ V1 =02 V1 =02
- . (19
%ot %) L 3 (x _y(t)> 2 <—x+y(t)) + 3y (1, x)
Vi PN\vi=r) Vi TP\ T
such that
19(0) = yol + I (¢, )l 112 < cllPo oIl e Fe(l430)' e el (15)

(@) —v| < CIIl/fo(x)IlHXle;
for all t € R>o.
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Remark 5. Theorem 4 allows us to extend the description of the traveling kink-kink for all time below

_Indl Jv)>7?

v

from which we will deduce the first inequality in Theorem 2.

1.3. Notation. In this subsection, we explain the notation that we are going to use in the next sections.

First, for any real function f : R - R satisfying the conditions f(¢,-) € LY°(R), and 9, f (¢, -) € Li([R{),
_>

we define the function f : R? — R? by

]_g(t, x)=(f(, x),0 f(t,x)) forevery(t,x)¢€ R2.

For any k£ € N and any smooth function f : R — R, we use the notation

d.x
FOx)=—f(x) forallx €R.
dxk

For any 7z € R, we use the notation H(il(x) = Hp1(x —2), Hfl’o(x) = H_1,0(x — z). For any subset
D CR, any v € (0, 1) and any function y : D — R, we define the functions Hp 1,y : D xR — R2

H_104y:DxR— R? by
x+vt—y(t)
()

H x—vt+y(t)
U= V-2

N
Hfl,O,v,y(t» x)=

v (x—vt—i—y(t)) ’ v (x—i—vt—y(t)) '
N R NV g Vi—er U VT2
For any set D C R and any nonnegative function k : D — R>(, we say that f(x) = O (k(x)), if f has the

same domain D as k and there is a universal constant C > 0 such that | f (x)| < Ck(x) for any x € D. For
any two nonnegative real functions fj(x) and f>(x), we have fi < f if there is a universal constant C > 0

>
HO,I,v,y(tsx):

such that f(x) < Cf>(x) for any x € R. Furthermore, for a finite number of real variables «y, ..., a,
and two nonnegative functions fi(«1, ..., &y, x) and fo(ay, ..., ®,, x) both with domain D x R C R+
we say that f1 Sq,.. a, f2 if there is a positive function L : D — R, such that

filoy, .o, an, x) < L(oy,...,an) ooy, ...,0,,x) forall (ay,...,an,x) €D xR.

We write f1 = foif fi S frand fo S fi.
We consider for any f € Hx1 (R) and any g € Lﬁ (R) the norms

2 1/2
) gl = lglzg.

af
L Ny =1y = <”f”%§(R>+ Hﬁ

LI®)

We also consider the norm || - || 1, ,2 given by

1A, LNz = (il g + 12172 )"
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for any (f1, f>) € H!(R) x L2(R). For any (fi, f2) € L2(R) x L2(R) and any (g1, g2) € L2(R) x L2(R),
we let

((f1, 2), (81, 82)) = /R S1(x)g1(x) + fa(x)ga(x) dx.

For any functions fi(x), g1(x) € L)%([RR), we let

rogr) = /R fi(0g1(x) dox.

In this manuscript, we consider the set N as the set of all positive integers. For any n € N, and
any a, b € R", we denote the scalar product in the Euclidean space R" by

(a:b)=> ajbj,
j=1

where a = (ay, ...,a,) and b = (by, ..., b,).

1.4. Organization of the manuscript. First, from the global well-posedness of the partial differential equa-
tion (1), we recall that if ¢ is a strong solution of (1) with finite energy satisfying lim,_, + 0 ¢ (fo, x) = £1
for some 7y € R, then the function ¢ satisfies

¢ (2, x) — Ho1(x) — H-1,0()|| 1) < +00

for all t € R.
In Section 2.1, we will review our results from [Moutinho 2024] about the existence of a sequence of
approximate solutions (¢ ,)x>2 of (1) for which there exists a set of real numbers (yi(v))r>2 satisfying

. — —_— —_—
IEE]Ooll(pk(t’ x) - HO,],U,yk(t’ x) - H—],O,U,yk (tv X)HHXIXL)Z( - 0’

and if v < 1, then [|8] A(x,0) (¢, )l s St pHH=1/20=2V2011 for all t € R, [ € NU {0}, and s > 0.
In Section 2.2, we will verify that any solution of (1) with finite energy close to a sum of two kinks
can be written as

1
o, x) =@ o(t, x)+ na H/ (x_id(t)"‘ck(f))

V1—1d(t)? V1—1d()?
P10 , (—x —3d(t) + i (1)
V1I-1d@)? V1I-1td@)?

such that, for any r € R, u(t) € Hx1 (R) satisfies the orthogonality conditions

<u(t’ 0. H 1<x — 3d() + Ck(l‘))> o, <u(t’ 0. H, 1<—x — %d(t)'+ck(t))> o
Moreover, using A(¢) = 0, we can verify that y;, y, € C 2([RR). Furthermore, using (16), we will estimate
A(p)(t, x). More precisely, we will estimate the expression A(¢)(t, x) — A(gg.y) (¢, x), in terms of
y1(t), y2(t), d(t), u(t, x) and the estimate of the term A (¢ ,)(#, x) will follow from the main results of
Section 2.1 about the decay with respect to ¢ of the approximate solutions. The function ¢ (¢) will not

) +u(t,x), (16)

appear in the evaluation of A(¢)(, x), since we will use only its decay.
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In Section 3, we will construct a function L(¢) to estimate || (u (), 0;u(t))|| HIxL2 during a large time
interval. The main argument in this section is analogous to the ideas of Section 4 of [Moutinho 2023].
More precisely, for

x — 2d(t) + cr ()

V1-1td@)?

wk,v(ta x)=

we consider first
Li(n)= f Byu(t, x)? 4 duu(t, x)° + U" (Ho,1 (i, (1, X)) — Ho,1 (Wi, (8, =) )u(t, x)° dx.
R
From the orthogonality conditions satisfied by u(z, x), if v < 1, we deduce the coercivity inequality

@@, By, 12 S Lao),

The function L(¢) will be constructed after correction terms L,(¢) and L3(¢) are added to L;(¢). The
motivation for using the correction term L3(¢) is to reduce the growth of the modulus of the expression
2 / [07u(t, x) = 82u(r, x) + U" (Ho,1 (wi o (t, X)) — Ho1 (wi o (2, %)) )u(t, x)]0u(t, x) dx

R

in L, (t). The time derivative of L,(¢) will cancel with the expression

3
/RE[U”(Ho,l(wk,v(t,x))—Ho,l(wk,v(t,x)))]u(t,x)zdx,

from L (¢). Finally, under additional conditions in the growth of the functions y;(¢), y2(¢), if 0 < v K 1,
the function L(t) = Z?: 1 Lj(t) will satisfy, for a constant C (k) depending only on k, the estimates

D), due))]?
In(1 /vy oD g2

1), 851,12 S L)+ Chyv* In(1/v)*™

IL(1)| <

for all ¢ in a large time interval, where ny is the number described in Theorem 8. Hence, using Gronwall’s
lemma and the two estimates above, we will obtain an upper bound for || (u(t), d;u(?))]| HIxL? when ¢
belongs to a large time interval. o

In Section 4, we will estimate ||¢ () — @i ()|l HIxL2 during a large time interval. This estimate follows
from the study of a linear ordinary differential system whose solutions y;, y, are close to y;, y, during a
time interval of size much larger than — In(v)/v and from the conclusions of the last section. Indeed, the
closeness of the functions y;, y» with y;, ¥, during this large time interval is guaranteed because of the
upper bound obtained for || (u(¢), d,;u(t)) || IxL2 from the control of L(¢), which implies that y;, y, will sat-
isfy a ordinary differential system very close to the linear ordinary differential system satisfied by y; and y;.

In Section 5, we will prove Theorem 4; the proof of this result is inspired by the demonstration of
[Kowalczyk et al. 2021, Theorem 1; Martel et al. 2006, Theorem 1]. This result will imply in the next
section the second item of Theorem 2. In addition, the main techniques used in this section are modulation
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techniques based on [Kowalczyk et al. 2021, §2; Martel et al. 2006], the use of conservation of energy
of ¢ (¢, x) and the monotonicity of the localized momentum given by

+00
P+(¢(t),8z¢(t))=—/o 0 (t, x)0xp(t, x)dx.

Finally, in Section 6, we will show that the demonstration of Theorem 2 is a direct consequence of the
main results of Sections 4 and 5. For complementary information, see the Appendices.

2. Preliminaries
2.1. Approximate solutions.
Definition 6. We define A as the nonlinear operator with domain C 2(R2, R) that satisfies
AP, x) = 871 (1, x) — 8791 (1, ) + U (11, x))
for any ¢, (¢, x) € C*(R?, R).

In [Moutinho 2024], we constructed a sequence of approximate solutions (¢« (v, , x))ken., of the
partial differential equation (1) such that

" e (v 1. 3) — H (x—vt) H <x+vt) 0
1m kU, 1, X) — 0,1 - —-1,0 =V,
t—+o00 /1_v2 /1_02 Hxl
v X — vt v X+ vt
lim 8¢k(v,t,x)+—H/ ( )— H' <—) =0
1o Vi—or P\ VT=? —2 P\VT=02 /|

More precisely, in [Moutinho 2024] we proved the following result:

Theorem 7. There exist a sequence of functions (¢i (v, t, X))k>2, a sequence of real values §(k) > 0 and
a sequence of numbers ny € N such that, for any 0 < v < §(k), ¢r(v, t, x) satisfies

im gy (v, 1,3) — Ho,l( i )—H_l,o(ﬂ)‘ =0,
V1=22 VI=v2/ g
i Jo 0+ s (5) - 1_H<¢1+_—t> p
m a"pk(”’t’x)_\/&Hé,l(XJrll)t__vezv’k)Jr lv_vz /—1,0<x:/l;t—_+;vk) LZZO’

with e, x € R satisfying
In(8/v?)
. V2
lim ———— — =
v—0  v|In(v)|?
Moreover, if 0 < v < §(k), then for any s > 0 and | € NU {0}, there is C(k, s, 1) > 0 such that

€.k —

< Ck, s, U™ (Jt]v +In(1 /v?))"* e~ 2V2HIY,
H; (®)

al
H WA(gbk(v’ f, X))
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We consider the Schwarz function G defined by

eV eV eV
—————— +2V2x +h
(1 + €2V2x)3/2 (1 + 2V2x)3/2 (1 + 2V2x)3/2

Glx) = V> - (17)
for all x € R, where k; is the real number such that G satisfies (G(x), H(/)’ 1)) 2@ = 0. The function G
satisfies the identity

2
TG00+ U (Ho ()G () = [~24Ho 10+ 300, 100> +8VEH (o) (19)

see Lemma A.1 and Remark A.2 in the Appendix of [Moutinho 2024] for the proof.
From now on, for any v € (0, 1), we consider the function d, : R — R defined by

dy(t) = % ln(% cosh («/Evt)2> for any 1 € R.
The function d, describes the movement between two kinks for the ¢® model during a large time
interval when their total energy is small and their initial speeds are both zero. For more information, see
Theorem 1.11 from [Moutinho 2023].

Moreover, from the proof of Theorem 7 in [Moutinho 2024], we can construct inductively an explicit
sequence of smooth functions (¢x,»)ken., and for each k € N there exists a real number 7 ,, satisfying

V2 (8
|Tkwl < —In| —
v v
such that ¢ (v, t, x) := @i (t + Tk, x) satisfies Theorem 7 for all k € N>,. More precisely, from
[Moutinho 2024], we have the following theorem:
Theorem 8. There exist a sequence of approximate solutions gy (¢, x), functions rr(v, t) that are smooth
and even on t, and numbers ny € N such that if 0 < v < 1, then, for any m € Nsq,

m

" St V2 EDT (1 /) + [t |p] eV (19)

Ire, 1) < v D In(1/v)™, ‘ ri(v, 1)

Furthermore, @i (t, x) satisfies for pr(v, t) = —%dv )+ Zl;:z rj(v, t) the identity

@kv(f,x)=H01(M>+H_lo(L’M>
+e‘\/zdu(t)|: <x+pk(v,t) )_g(—x—i-,ok(v,t))]

’t - ,t
+Rk,v(m, M) _ Rk,v(m, M) 20)

V1—1d,()? V1—1d,@1)?
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and, for anyl e NU{0} and s > 1 the estimates

ot VR [In(1/0%) + [t o] e 2V 1)

~

Hy(R)

al
HWA((pk,v(t,x))
dl / X+ (U,t) n — v
—,[(Awk,m,x),Ho,l( 1‘?" l,z)msk,z v In(1/02) + [efo]* eV (22)
d (1= 3dv()?)

where Ry ,(t, x) is a finite sum of functions px ; ,(t)hy i (x) with hy ; € 7(R) and each py ; ,,(t) being an

even function satisfying, for allm e N,

‘dmpk,i,v(t)

PO < s 040102+ )™ e,

~

where ny ; € N depends only on k and i.

Remark 9. Furthermore, Remark 5.2 of [Moutinho 2024] implies that if v > 0 is small enough, then the
function r; satisfies

l

d
—n2(v, 1)

atl 51 v2+l[1n(1/v2) 4 |t|v]e*2\/§\t|v

172 (v, )l oy S v In(1/v?),

forall/ e N.

Remark 10. At first look, the statement of Theorem 8 seems to contain excessive information about
the approximate solutions ¢ (v, ¢, x) of [Moutinho 2024]. However, we will need all of it to study the
elasticity and stability of the collision of two kinks with low speed 0 < v < 1.

2.2. Auxiliary estimates. First, we recall the Lemma 2.1 of [Moutinho 2023].

Lemma 11. If x5, x| are real numbers satisfying z = x, — x| > 0 and o, B, m > QO with o # B, then
/R |x — xq |me_‘)‘(x_)“)Jre_ﬁ(’cz_)‘”r Sy, p Max((14z")e™ %, e_ﬂz),

Furthermore, for any o > 0,

f |x _ xllme—a(x—x1)+e—a(xz—x)+ S,m,oc [1 +Zm+l]e—az.
R

Actually, we will also need to use the following lemma, which we proved in [Moutinho 2024].
Lemma 12. In the notation of Theorem 8, for v € (0, 1), let wy,, : R* — R be the function
x + pr(v, 1)
Vi—ido?

and let f € L°(R) be a function satisfying ' € .7 (R). Then, if 0 < v < 1, we have for any | € N that

wk,v(ta x) =

al
gf(wk,u(t,x))
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is a finite sum of functions qi j.i.,(t)h; (Wi (¢, X)) with h; € 7 (R) and gy 1.i.»(t) a smooth real function

satisfying . 1
gk.iivllLe@ S v

Furthermore, if 0 < v < 1, we have for all | € N and any s > 0 that

l
Skosi U
Hi(R)

al
Wf(wk,v(tv x))

Moreover, we will use the following result several times in the computation of the estimates of this paper.

Lemma 13. For any s > 1, we have for any functions f, g € Z(R) that

I fgllms® Ss I f las@llgliew + I8l m:@ll flliem Ss L @8l ®)-

As a consequence,
I fglm @ Ss 1 gsi w8 s+ gy
forall s > 0.

Proof. See the proof of Lemma A.8 in [Tao 2006]. O

Finally, we need also Lemma 2.5 of [Moutinho 2023] which studies the coercive properties of
the operator
—37 + U"(Hg (x) + H_1,0(x))
when z > 1. More precisely:

Lemma 14. There exist ¢, § > 0 such that if z > %, then for any g € H'(R) satisfying

(g(x), Hy | (x —2)) = (g(x), H | o(x)) =0,

we have that

d2
<—ﬁg(x) + U//(Ho,l(x —2)+ H_10(x))g(x), g(x)> > c||g||ilxl ®)

Proof. See the proof of Lemma 9 in [Moutinho 2023]. O

In this manuscript, to simplify our notation, we denote d,(¢) by d(¢), which means that

d(t) = %2 1n(% cosh (ﬁvz)2>. 23)

In Lemma 3.1 of [Moutinho 2024], we have verified by induction the estimates
[d®)] S,

(24)
1dV 1)) < vle 2V for any [ € N>j.

From now on, we consider for each k € N>, the function ¢y ,, (¢, x) satisfying Theorem 8. Next, for 7Ty x >0
to be chosen later, we consider the following kind of Cauchy problem:

{afc/)(z, x)—32¢(t,x)+ U'(p(t,x)) =0,

(25)
1 (Tok ). 3 (Toe, X)) — (b (T %) drbieov (Toes ) | mrr 2y < v
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Our first objective is to prove the following theorem.

Theorem 15. There is a constant C > 0 and for any 0 < 6 < 4—1‘, k € Nx3 there exist C1(k) > 0, g9 >0
and 0 € N such that if
32k In(1/v?)

2/2 v

O<v<drg and Toi=

then any solution ¢ (t, x) of (25) satisfies

— T
1 (2, %), i (2, %)) = (@r.u(t, X), B orw (X)) | 112 < Crlk)™ In(1 /)™ exp(C%) (26)

if
In(1/v)>~*
[t —Tox| < ———.

Clearly, we can obtain from Theorems 8 and 15 the following result:

Corollary 16. There is a constant C > 0 and for any 0 < 6 < }‘, k € N>j there exist Ci(k) > 0, §go >0
and n € N such that if
32k In(1/v?)

272 v

O<v<drp and Tox=

then any solution ¢ (t, x) of

{aqu(r, x) —32¢(t, x) + U'(p(t, x)) =0,
1 (Toser %), rp (Tokr %)) — (i (v, To s %), B (v, Toker )l i yx 22y < v

satisfies

1t ), B (1, 1)) — G, 1), 3y, 1. 2Dl iz < C1 (v In(1 /)™ exp(CW),

if
In(1/v)>~°
|t — TO,kI < —v .

Proof of Corollary 16. This follows from Theorems 7, 8 and 15. O

With the objective of simplifying the demonstration of Theorem 15, we will elaborate on necessary
lemmas before the proof of Theorem 15. Similarly to [Moutinho 2024], using the notation of Theorem 8§,
we consider

x—3d(1) +ck(v, 1)
NV

From now on, we denote any solution ¢ (¢, x) of the partial differential equation (25) as

Wi (2, x) = (27)

P13 = 0. 3) + =2 H (i (1060) + 2D H (i =)+t ), 28)
1—1do — 1d(1)

such that
(u(r, x), Hy (i, (2, X)) = {u(t, x), Hj { (i, (£, —x))) = 0. (29)
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Therefore, for {(¢) = d(¢t) —2cx (v, t) and from the orthogonal conditions (29) satisfied by u(¢, x), we
deduce the identity

y1(t) [ (@@ %) — @t x), Hy (w2, X)) ]
=M
[yz(t)} © [<¢><z ) = @, X), HYy o (1, —2)) | 0
where, for any ¢t € R, M (¢) is denoted by
1 Hg 11172 (Hf, (x — gr(0)), H | o(x))
M(t) = ’ ’ 2 .
<H (= & (2)), H o(x)> ”HO*IHL;Z(

Moreover, since In(1/v) < &, we obtain from Lemma 11 that (Hé’l(x — &), H- 1,o(x)> « 1. Therefore,
since the matrix M (¢) is a smooth function with domain R, then M (¢)~! is also smooth on R.

Next, for ¥ (¢, x) = ¢ (¢, x) — @y (¢, x), we obtain from the partial differential equation (25) that (¢, x)
satisfies the partial differential equation

(”(sﬂk o(, X))

T vt x) " =o0. (31)

32 92
SV (60 =SSP 0+ A, x)+Z

Since ¢y , satisfies Theorem 8 and the partial differential equation (1) is globally well-posed in the energy
space, we can verify for any initial data (Yo(x), ¥1(x)) € Hx1 (R) x L)zc (R) that there exists a unique

solution ¥ (¢, x) of (31) satisfying (1 (0, x), 9,% (0, x)) = (Yo(x), ¥1(x)) and
W (2, %), (2, x)) € C(R; H}(R) x L3 (R)). (32)

Therefore, for any function /4 € . (R), we deduce from (31) that

d
77V x), h(x)) = (@ (2, x), h(x)),
d? 3?
ﬁhﬂ(t ,X), h(x)) = <8x2W(t,X)—U/(ﬁok,u(t,X)+W(t,X))+U'(90k,u(t,X)),h(X)>

— (A @k, (1, x), h(x)),
which implies that the real functions
Pr() = (e, x), HG (wio(, x) and - Pa(e) = (e, x). H' | g(wio(t, =)

are in C?(R). In conclusion, using (30) and the product rule of derivative, we deduce that y;, y» € C*(R).
In conclusion, we obtain the following lemma:
Lemma 17. Assuming the same hypotheses of Theorem 15, there exist functions y1, y» : R — R of class C?
such that any solution ¢ (t, x) of (25) satisfies for any t € R the identity
yi(1) »2(1)
¢, x) = @ro(t, x)+ —Ho 1 (Wi, (7, X)) +

1—1d(1)? V1—1d(@)?

where (u(t), o,u(t)) € Hx1 (R) x L)%([R{) and the function u satisfies the orthogonality conditions

<M(t’ )C), H(;,](wk,v(t’ )C))> = O’ (u(t’ X), H(;’l(wk,v(t’ —X))> =

Ho](wk o(t, —x)) +ul(t, x),
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Remark 18. Moreover, Theorem 8 implies that

d2 y](t) H! 1 41
a2 W 0.1 (W (7, (=177 x))

1

s ) . d’ d )
= —1 Vi Et;(t)Z H6,1(wk,v(t, (=D *x)) + 2());(1)1;))2(;3)/2 Hé,l(wk,u(t, (—1)/*1x)
vi-1 —1d(t
4 4
+2yj(t)atpk(v7 t) H(/)i](wk,v(tv (_l)j-i-lx))

Y (Od(t)d(t) . |
+ %((-DH—W + o (v, D) HE (Wi o (8, (=17 1x))
2(1—zd(1)?)

yi(ty 92
—3d(@)

Therefore, from Theorem 8, Remark 9 and estimates (24), we deduce from the estimate above that
a2 /1 - Ld(t)?

yj ()

= ——L——Hj (i (1, (=)' x)) —

V1=1d@)?

[Hf (e (t, (=D FTx))].

H(;,](wk,v(t, (_1)j+1x))]
y(t)d(t) " .
WHO,I(UH{,U(Z‘, (_1)]+1x))
Loy 9
V1-1d@ror

where Q; (¢, -) is a function in Hx1 (R) satisfying

[Hj  (weo(t, (=D T) ]+ Q1(2, x),

101, )y ST max [3;(0)]+v max |y; @)1 (In(1/v%) + [t|v)e 2V,
X je{l1,2} je{l,2}

Moreover, using identities
Lt () = U Hoyr G0 Hy 1), ) = 16/3240)
de 0,1 X) = 0,1 X 0’1 X), - e ’
estimates (24) and the estimates of r; (v, t) in Theorem 8 and Remark 9, we obtain
9% 92 .
(ﬁ — @)[Hé’l(wk,v(ta (—1)J+1X))]
8+/2e—V2d(0) ‘
= _l—ld(t)zH(/)/,l(wk,v(t’ (—1)]+1X))
-1 . .
— U"(Ho,1 (wo(t, (=1)7 ) Hy y (wie o (1, (=1 x)) + 022, ),

where Qs (t, -) is a function in H!(R) satisfying

1920t )l 1y S v* (In(1/0%) + [¢[v)e 22110,
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Consequently, using Lemmas 12, 13, 17 and identity A(¢) = 0, we conclude from Taylor’s expansion

theorem that

A o) (t, x) + 37u(t, x) — 32u(t, x) + U (@ (t, X)) (@ (t, X) — @10 (2, X))

+ j).1+).2I'16’] (wk,v(tv x)) + %Hé’] (wk’v(t’ —¥)
- =30

yl([)gﬁe—ﬁd(t) yz(t)gﬁe—ﬁd(t)

Hy | (wyo(t, —x))

Hy | (wi (2, x))

I —3d(0)? 1—1d@?
. (t)d(t) " y ([)d(l‘) u
- %Hm Weo(r. ) = %Hal (Wi, (1, —x))

U" (Ho,1 (wk,v (1, X)) U" (Ho, (wi,v (1, —X)))

— t H/ v, — t =
yi(?) \/W 0.1 Wk (T, X)) — y2(7) m

Hy 1 (g, (£, —x))

=09, x), (33

where Q(¢, -) is a function in Hx1 (R) satisfying, for all r € R,
2 6 2 6
1R, )l mrwy S Nu@) gy + lu®)l, +,-2}?§} lyj (@l +jgl{%} lyj (@)l
. 3 2 —24/2|t|v
(¢ (t In(1 t ,
+[jrg}?§}|yj( )+ max y;( )] (In(1/v%) + |t]v)e

if v > 0 is small enough.
Next, from (33) of Remark 18, we consider the terms

y1(1)
rd(1)?
y2(t)

V1-1td@)?

Yi(t,x) = [U"(@ro(t, %)) = U" (Ho 1 (wy (2, x)))] Hy 1 (wi,o (2, X)), (34)

Ya(t, x) = [U" (gr,o(t, x)) — U" (Ho,1 (wo (£, —x))) ] Hy 1 (we o (2, —X)). (35)

Now, we will estimate the expressions
(Y1(0), Hy  (wi o (t, %)), (Ya(t), Hy 1 (w2, —X))).
Lemma 19. In notation of Theorem 8 and Lemma 17, the functions Y|(t) and Y, (t) satisfy
(Y1 (1), Hyy (Wi (1, 1)) = 4v/2e Y24y, (1) 4y, (1) Res; (v, 1),
(Ya(t), Hy 1 (Wi (1, %)) = —43/2¢ V240 3, (1) 4+ 3 (1) Resy (v, 1),
where, for any j € {1,2} and all v € (0, 1), the function Res; (v, t) is a Schwarz function on t satisfying

foranyl e NU{0}, if 0 < v K 1, the estimate

81
‘_ Res; (v, )| < v [In(1/v2) + [r]v] ™ e 2V20 (36)

ot!

for a number n, > 0 depending only on k € Nx>,.
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Proof of Lemma 19. First, we observe that

dl
& V20

d' v? 2
y = '—v— sech (v2v1) | < pH g2V 2l

dtl 8

Using Taylor’s expansion theorem, Theorem 8 and Lemma 13, we deduce that
U" (@, (t, %)) = U" (Ho,1 (Wi (1, X)) — Ho, (o, —x))) + e~ V2AOUS (Hy j (wye o (2, x))
— Ho,1 (o (7, —0))[G (wg,v (2, X)) — G(wg o (£, —x))] +resi (v, 1, x),
where, if 0 < v < 1, res; (v, t, x) is a smooth function on the variables (¢, x) which satisfies for some

N € N and any s > 0, [ € NU {0} the inequality

<ot vV [In(1 /%) 4 r]p] e 2V, (37)

~

H :
—resi (v, t, x)
or! Hy

Therefore, using
U" (r.o(t, X)) — U" (Ho,1 (wi o (2, X)))
= U" (@10 (t, x)) = U" (Ho,1 (wi o (7, X)) — Ho,1 (wi,o (1, —x)))
+U" (Ho,1 (wk,v(, X)) — Ho,1 (we,v(t, —x))) — U” (Ho,1 (i (2, x))),
we obtain that
Yi(, V1= 5d@)?
= [U"(Ho,1 (wi,(t, X)) — Ho,1 (i, (t, —x))) — U" (Ho,1 (kv (¢, X)) |y1 () Hy | (Wi, (x, 1))
+ 310 OUS (Ho i (w1 %)) = Ho,1 (wio (. —)))G w6, 1)) Hy 4 (w1, ))
— 310V OUD (Ho y (w1, %)) — Ho1 (Wi (t, =) G i (8, —x)) HG, y (wio (1, X))
+ y1(®)resy (v, 1, x). (38)
By a similar reasoning, we obtain that
Yyt x)vV1—1d(?
= [U"(Ho,1 (wio(t, X)) — Ho,1 (i, (¢, —x))) — U" (Ho,1 (o (1, —x))) | y2(8) Hy (Wi v (2, —x))
+32(0)eVXOUD (Hy y (wy o1, %)) = Ho, 1 (i (8, —3)))G (i o (1, ) Hy 1 (Wi o (2, —x))
— 120 VX OUS) (Hy (w2, X)) — Ho1 (i (1, =) G (Wi (1, —x)) HY, y (wi o1, —))
+ y2(t) resy (v, 1, x), (39)

where, if 0 < v < 1, resy(v, ¢, x) is a smooth function on ¢, x satisfying, for some constant n; > 0,
any / € NU{0} and s > 0, the estimate

<o v [In(1/0%) 4 [t]v] e 2V, (40)

t!

I
Ha—resz(v, t,x)
H}
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Next, from the fundamental theorem of calculus, we have for any ¢ > 1 that
[U"(H , (x) + H_1,0(x)) — U (Hg | (x)) ] Hg , (x)
= U (Hg | (x))H_1,0(x)3, Hy  (x) + /0 1 U (Hg | +60H_1,0)(1 —0)H_y 0(x)*3, Hy | (x) 6,

from which with Lemma 11, estimates (3), (4) and

l

d
S [H_10(x) +e V2]

V2x  —34/2x
dx! ¢ ),

<; min(e™

we obtain that

([U"(Hg , (x) + H_1,0(x)) — U (Hg | (x))10, Hg, | (x), 0 Hg | (x))

— VX /R U(3)(H0,1(x))HO/’I(x)zefﬁ" dx +res3(),  (41)
with res; € C*°(R>) satisfying, for all/ e NU {0} and ¢ > 1,

resy (0)] < e 2V

Next, using U € C*°(R) and estimates (3), (4), we deduce for all ¢ > 1 and any / € NU {0} that

aa—;,[U@)(Hé,l(x) +H_1,0(x) — UV (HS 1<x>>]‘ St [H_10(x0)].
Therefore, since G defined in (17) is a Schwarz function, Lemma 11 implies that

int(¢) = ([U® (Hg , (x) + H-10(x)) = U (H  (x))|G(x — 0)dy Hy 1 (x), 0 Hy 1 (x))
satisfies for all ¢ > 1 and any [ € NU {0} the inequality |int" ()| < e V%, Moreover, using the identity

UB (¢) = —48¢ + 120¢°, (42)

we can deduce similarly that
inty(¢) = (U (Hg , (x) + H_1,0())G(—x)H. | o(x), dx H | (x))

satisfies |int§l)(§)| < eV for any / e NU{0} and ¢ > 1. As a consequence, we deduce that there exists
a real function int3 : R>; — R satistying, for any / € NU {0},

. 1A —J2
i’ (©)] i e,
where the function ints satisfies the identity

<U(3)(H(i1 (x) 4+ H_10(x)G(x — £)d Hél (x), 0x H(il (X)>
— (U (HS () + Ho1,0(0)G(—x) Hp y (—x), 8, Hy, (1)

— / U (Ho.t (x) HY (226 (x) dx + ints (©). (43)
R
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From Theorem 8, estimates (24) and the identity

2
2
e~V % sech (v2]t[v)’,
it is not difficult to verify for any / € N U {0} that if 0 < v < 1, then

d! 2k, (t
eXp Ioka (. ) 51 v2+le*2\/§|t|v‘ (44)
dr! / I 2

t 1-— Zd(t)

In conclusion, from estimates (38), (41), (43) and Lemma 32 of Appendix A, we obtain using identity

x —2d(t) + cr

V1-1td@)?

wk,v(ta x)=

and Theorem 8 that Y/ (¢) satisfies Lemma 19.
The proof that Y, (¢) satisfies Lemma 19 is similar. First, from the fundamental theorem of calculus,
we have for any real number ¢ > 1 the identity
[U"(Hg  (x) + H_1,0(x)) = U" (H_1,00) |H | o(x)
= [U"(Hg (x)) —2]H’ | o(x) + U (Hg | (x)) H_1 o(x)H' | (x)

1
+ / [UW (Hg  (x) + 0 H_1,0(x)) = U O H_1,0() [ H-1,0(x)*H | o (x)(1 —6) db.
0

Therefore, estimates (3), (4), identity (42) and Lemma 11 imply for any ¢ > 1 the estimate
d' _
d—§,<U”<H§,1(x)+H_1,o<x>>—U”(H_l,o<x>>—U”<Hg, LO)H2, HY | o) HY ()| S £e ™2V (45)
Similarly, Lemma 11 and identity (42) imply that the functions
ints(§) = (UD(H§ , (x) + H_1,0(x))G(x — ) H. | o(x), & Hy (X)),
ints (¢) = (U (Hy  (x) + H-1,0(x))G(—x) H. | (x), 8, Hy ; (x))

satisfy the estimates

lint” ()] + [intd ()] < eV (46)

for all { > 1 and any / € NU {0}. Therefore, from estimates (44), (39), (45), (46), Lemma 11 and
Theorem 8 imply that

<Y2(t9 x)? H(S,l(wk,v(t’ x)))

" / / d(t)
=yz(t)/R[U (Ho,l(X))—2]Ho,1(X)H_1,o<x+

V1—1d()?

where resg(v, t) is a real function, which satisfies for some constant n; >0, if 0 < v <K 1,

) dx 4+ yy(t)resg(v, t), (47)

<ot [in(1/02) + [rfo] e 220

al
‘W resg (v, t)
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for all I e NU {0}. So, from identity (144) of Appendix A, estimates (24),
l

dx!
and Lemma 11, we conclude the proof of Lemma 19 for Y;(¢). O

Remark 20. If v < 1, using the formula U"(¢) =2 — 24(1)2 + 3O¢4, Lemmas 11, 12, the estimates (37),
(38), (39) and (40) of the proof of Lemma 19 imply for any s > 0 that

2 —2f|z|u

[H—l O(X) + e 2)(] Ny mln(e ‘/Ex’ e—3\/§X)’

max | Y;(®)llus < ,max lyj(H)|ve
je{l,2} €{1,

3 22|ty 2 —2f|z|u

[max, 10:Y; (Dl ay S jmax, lyj@®)v7e + max, lyj(@)]v7e

46—2ﬁ|z|v 3e—2ﬁ|z|v ()(t)lv e 2f|z|v

max ||8 Y; (t)||Ha Ss max |y;(H)]v + max |y;(t)|v + max |y
Jj€ jef1.2} je(1,2}

These estimates above don’t depend on k, because from Theorem 8 we can Verlfy for any / € NU {0} the
existence of 0 < &;; < 1 such that if 0 < v < §;, then

< v In(1/v),

~

LP®)

H (v, 1)
which implies, for any / € N and any v < 1,

<l L) —v < |=3d (1) + (v, )]

~

l
Ha—[—ld(t)Jrck(v ]
arlt 2 ’ .
L ([R)

3. Energy estimate method

In this section, we will repeat the main argument of Section 4 of [Moutinho 2023] to construct a function
L : R — R, which is going to be used to estimate the energy norm of (u(¢), d;u(t)) during a large
time interval.

First, we consider a smooth cut-off function x : R — R satisfying 0 < x <1 and

1 ifx <2,
xo=1 T (48)
0 ifx > 2
Next, using the notation of Theorem 8, we let
k k
X)) =—=3d)+ Y _riw,0), x)=5d@) =Y rj@D). (49)
j=2 j=2
Actually, Theorem 8 and estimates (24) imply that
max [1;(0)| Sv, In(1/v) Sxa(r) —xi(r),  max |;(1)] < p2e~ 22y, (50)
jell.2) jell.2)

From now on, we define the function x; : R> — R by

K1t x) = x(x_—xl(”) 51)

x2(1) — x1(2)
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Clearly, using the identities

2X1(t )= —x1(t) ( x—x1(1) )_()'Cz(f)—il(t))(x—xl(t)) < x—x(1) >
" x2(t) —x1 ()" \ xa (1) — x1(1) (x2(1) — x1(1))? x(t) —x1(1) )
9 1 L x—x1(t)
= 0 (xz(t) —m(t))’
we obtain the estimates
soen| et | Saen|  fois (52)
ot L@ " In(1/v) dx L@ " In(1/v)

Finally, using the notation (28) and the functions Y;(¢), Y>(¢) denoted respectively by (34) and (35),
we define the function A : R — R by

gﬁefﬁd(t)

A(t, x) = —A(gr,)(2, x)m

[y1 (1) Hgy (wi o (7, X)) 4 y2(6) Hy y (wy o (2, —x)) ]

2(1)d (1)
1—1d(1)?

yi(0)d(t)

_Yl(t,x)—Yz(t,x)—f—m

Hy  (wi,o (1, X)) + Hy  (we,o(t, =) (53)

for any (¢, x) € R? Clearly, in the notation of Remark 18, we have the identity
Ofu(t, x) — 92u(t, x) + U" (Ho,1 (wi o (1, X)) — Ho.1 (wio(t, —X)))u(t, x)
Y1) W (1)

= ——————H} | (Wi,y (1, X)) — ———=—=Hjy 1 (W, o (t, —x)) + A(t, x) + Q(t, X)
— %d(t)z 0,1 Wy X 1 — %d(t)z 0,1 Wy X X X
+ [U" (Ho.1 (wi, o (1, X)) = Ho.1 (wi,o (2, =x))) = U" (a0 (1, ) Ju(t, x).  (54)

Next, we consider

L(t)= f du(t, x)* 4 dyu(t, x)* +U" (Ho1 (wy.o (1, X)) — Ho 1 (Wi o(t, —))u(t, x)* dx
R

+2/ Btu(t,x)axu(t,x)[)'cl(t)xl(t,x)+)€2(t)(l—Xl(t,x))]dx—Z/ u(t,x)A(,x)dx. (55)
R R

From now on, we use the notation ﬁ(t) =(u(t), ou(t)) e Hx1 (R) x L% (R). The main objective of Section 3
is to demonstrate the following theorem.

Theorem 21. There exist constants K, ¢ > 0 and, for any k € Nx3, there exists 0 < §(k) < 1 such that if
0 < v <§(k), then the function L(t) given in (55) satisfies, while the condition

max v2y; (O] + vl ()] < v** In(1/v)"™ (56)

is true, the estimates

cld® 31, 12 = L)+ Chyv* In(1/v)*™,

v

In(1/v)

IL(1)] < K[ IO 1312 + CRNED 20 1n<1/v)"k]

. - - j
v max |y;(@)|||u(t K max ||u(t ,
v max [ ONEO |z + K ma 7O,
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where C(k) > 0 is a constant depending only on k and ny is the number defined in the statement
of Theorem 8.

Proof of Theorem 21. To simplify the proof of this theorem, we describe briefly the organization of our
arguments. First, we let

L(t) = L1(t) + Lo(t) + L3(¢)
be such that

Li(t) = / du(t, x)? 4 deu(t, x)* + U (Ho1 (.o (¢, x) — Ho 1 (we o (£, —X))u(t, x)*dx,  (L1)
R
Ly(t) = Z/R Ou(t, x)0 u(t, x)[x1(t) x1(¢, x) +x2(6)(1 — x1(¢, x)) ] dx, (L2)
L3(t):—2/u(t,x)A(t,x)dx. (L3)
R

Next, instead of estimating the size of |L(1)|, we will estimate L j(t) for each j € {1, 2, 3}. Then, using
these estimates, we can evaluate with high precision

|L1(t) + La(t) + L3 (1)1,

and obtain the second inequality of Theorem 21. The proof of the first inequality of Theorem 21 is short
and it will be done later.
From identity (23), Remark 20 and (53) satisfied by A(z, x), we deduce from the triangle inequality that

—24/2v1]

TAG, ) gy S MA@k E | g1y + Ve max |y;(1)|+v max |y;(1)].
* * je{1,2} Jje{1,2}

Therefore, from Theorems 7 and 8, we obtain the existence of a value C (k) > 0 depending only on k

such that if v < 1, then

IAG, ) g1 g S C v (In(1/v) + |z|v)”ke—2ﬁ"'” +p2e 22l max lyj (O] +v max lyj (). (57)

In conclusion, we obtain from (L3) and the Cauchy—Schwarz inequality the existence of a value C (k) > 0
depending only on k satisfying

L3]S (@) 2 [C v (In(1/v) 4] ]v) " =2V 42 =2V 2w max ly; (O)|+ max ly; (Dv]. (58)
! Jell, Jell,
Next, Lemmas 12, 13, Remark 20 and identity (53) satisfied by A(¢, x) imply the inequality

—22|tlv

0
||afA(t,x)||Hg(R>§Hg[A(mxv,t,xn + max [y; (0v’e

+ max |y;(#)|v*+ max |5;(1)|v,
Hi®y J€l12 jel1.2) jell.2)

from which with Theorem 8 we conclude the existence of a new value C (k) depending only on k satisfying

18, Az, )|

S C )™ (In(1/v)+1r]v) e 221 4 max |y; (1) [v3e 221 4 max [5;()[v?+ max [5;()]v.  (59)
Jje{1,2} Jje{l,2} Jefl,2y
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In conclusion, the identity (L.3), estimate (59) and Cauchy—Schwarz inequality imply the existence of a
new value C (k) > 0 depending only on k, which satisfies

L3(t)+2/ du(r, x)A(t, x)dx
R
< 2k+1 ng —2./2|tlv ] 3 —22|tlv
S llue, x) | 2[C R (In(1/v) 4 [1]v) e +,~2}?’§} lyj()|v’e ]
e 0z [ max 1301 + ma [5;0)l]. (60)
Next, Theorem 8 implies that if v < 1, then

Li(t)
= 2/ du(t, x)[87u(t, x)—d7u(t, x)+U" (Ho,1 (w o (¢, x))— Ho 1 (i v (t, —x)) )u(t, x)] dx
R

d
o [ U (o ) = Ho . =0 1 0 0
2(1—3d(n?) " Jm

d
2(1+2)2)”2 fR U (Ho1 (wi.o(t,)) = Ho,1 (e, (7, =) Hg (Wi o (1, —x)u(t, x)* dx

+0(1 n(1/v )Il(u(t) 3zu(t))llH1 Lz) (61)

Thus, from Lemma 17, identity (53), Remark 18, hypothesis (56), estimates (60), (61) and orthogonality
conditions (29), we obtain the existence of a value C (k) > 0 depending only on k such that if v < 1, then

Li(t) + Ls(1)
= ZfR du(t, X)[U" (Ho,1 (wi,v(t, x)) — Ho, 1 (wev (t, —x))) — U (@, (t, X)) Ju(t, x) dx
O — e (Ho,1 (wie,u(t, x)) — Ho1 (o (t, —x))) H y (wie,o (8, —))u(t, x)* dx
21— 3d@)* Jr ’
d(?d( > U9 (Ho,1 (wi, (¢, x)) = Ho,1 (Wi (£, =2))) Ho 3 (wio (1, 0)u(t, x)* dx
— zd(t
4

O(v max |y;(t t max |7 ()|’ u(t ma Ol
+0 (v max (5Ol Ly + max [FONy, 0 + 1O max 1;©OF)

+0(||ii(t>||H;XL;[J_ren{elx’);}|y',~(r)|v2+|y,~<r)|v3e—2ﬁ"“]+||u<t>||Hlez1 i )>
+ O (CUIE@) | 120 In(1/0)™). (62)

Moreover, using estimates (24), Lemma 13 and identity U (¢) = % (1 — ¢*)%, we obtain from Theorem 8
that if 0 < v <« 1 and s > 0, then

1[0 (Hoa (wea e, 3)) = Ho.t(wea (e, =) = U" (@t 2D |y Sk v2e V200,
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Therefore, we deduce using the Cauchy—Schwarz inequality that

‘2‘/;{at”(tax)[UN(HO,l(wk,v(ta-x))_HO,I(wk,v(t» —x))) = U"(gro (1, X)) |u(t, x) dx

SN[V (Hoa (wiw (1, ) = Hot (o, 3))) = U @ (6, 0 Ju (e, )| 2 18,200, )12
S [V Ho.i (wiw (1, x)) = Ho,t (Wi (1, =3))) = U (@it )] [ 1 1117112
SOOI 2

In conclusion,

Ly(1) + L3 (1)
d
=20 lg() L /R U (Ho1 (wi,o(t, %)) — Ho,1 (i, (1, —x))) Hg j (Wi (t, —x))u(t, x)* dx
— 2d(t
4
d(1)

U (Ho,1 (wi,o(t, x)) — Ho,1 (Wi, o (£, —x))) H { (wie o (£, x)u(t, x)* dx

21 —1d@)? Jr
8 = Jj - 2
i t t t 10
+ O max 15Ol ()l e+ max O, o +1EON< e max 1y;0OF)
> . 2 3 -2v2 >\ n2 v
+0(||u<r>||ngL;[jr€n{g} 19 (D0 + |y ()| e 2V ] 4 ””(””H%XL%M)
+ O(CENED N g1 r20™H In(1/0)™). (63)

Based on the arguments of [Jendrej et al. 2022; Moutinho 2023], we will estimate the derivative of L(¢),
for more accurate information see the third step of Lemma 4.2 in [Jendrej et al. 2022] or Theorem 4.1
of [Moutinho 2023]. Because of an argument of analogy, we only need to estimate the time derivative of

Ly (1) :2)&1(I)/ x1(t, x)ou(t, x)o,u(t, x)dx
R

to evaluate with high precision the derivative of L,(¢). From the estimates (52), we can verify first that
if v <« 1, then

Lz,l(z)zle(r)/XI(z,x)afu(t,x)axu(z,x)dx+2fc1(t)/Xl(:,x)a,u(z,x)aj,u(z,x)dx
R R

v S
O(In(l/v) Ilu<f>lngxL;>,

from which we deduce, using integration by parts and estimates (50), (52), that

L1 (1) = 241(7) fR X1t x)07ut, x)d.u(r, x) dx + O(ln (f IS ||ﬂ(r>||§,;x@)

= 2x1(t)/ x1(t, x)[0%u(r, x) — 3%u(r, x)18,u(t, x) dx
R

+2x1(t)/RX1(t,X)U”(Ho,l(wk,v(t,X)) — Ho,1 (Wi ,o(t, —x)))u(t, x)d,u(t, x) dx
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+ 21 (1) f x1(t, x)9%u(t, x)dcu(t, x) dx
R

—2x1(1) / x1(t, x)U" (Ho,1 (o (1, X)) = Ho,1 (wi,o (£, —=x)))u(t, x)dxu(t, x) dx
R

v =2
+ 0(1n(1/v) ||u<r)||H;XL§>,

and, after using integration by parts again, we deduce from (52) that

Lo (t) =251 (1) / x1(t, ) [07u(t) — 82u(t) ]9, u(r) dx
R

+25c1(t)/RX1(t)U”(Ho,1(wk,u(t,X)) — Ho, 1 (wy,v (8, —x)))u(1)du(t) dx

x1(t) U(3) H H H 2d
TM RXl(l‘) (Ho,1 (wk,y(t, x)) — Ho 1 (g, » (£, —X))) O’l(wk,v(t,x))u(t) X
4
% X0 OU (Ho. (g (1,2)) = Ho. (g 1, —0) Ho 1 (e (1, —0)u(0) d
—d(t
4

v =52
0 (ln(l/v) ”u(t)”HXI(R)XL)Z((R))‘

Next, using estimates (3) satisfied by Hp i, definition of x; (¢, x), Theorem 8 and identity (27), we deduce,
for v « 1, the inequality

49d(1) 98 1
-2 100

|x1(t, ) Hy 3 (i (£, )|+ (1= x1.(8, X)) Hy y (o (2, —=x))| S e S v100 n(1/v)’

from which we conclude that

Lyi(t) = 2x1(t)/ x1(O[7u(t, x) — 3%u(t, x))d,u(t, x) dx
R

+2J%1(t)/ x1(OU" (Ho,1 (we,o(t, %)) — Ho,1 (Wi, (£, —X)) )u(t, x)0xu(r, x) dx
R

x1(2)

T
V1—1d(6)?* IR

v 5
0(1n<1/v) ||u<r>||Hxle%).

Furthermore, from Remark 18, estimate (57) of A(z, x) and identity (54) satisfied by u(z, x), we conclude

U (Ho,1 (wk,o(t, x)) — Ho,1 (e (1, —x))) Hy y (i o (t, —x))u(t, x)* dx

the existence of a value C (k) > 0 depending only on k and satisfying, for any positive number v < 1,

: x1(1)
Lon(t) = —===—= | U (Ho,1(wiu(t, %)) = Ho1 (we,o(t, =) Hy 1 (we o (1, =x)ut, x)* dx
— Zd(t) R .
+ O ([d@ N grer2[v Jmax 15,01+ C(k)v** In(1/v)™ 4 v jr&;gl?é}||zi(t)||fo1 )

> 3 22 2. v > \n2
+0(|Iu(t)||H;ng[v e~ 22l jrer}%}lyj(t)lJrv ij'(t)I]Jrln(l/v) IIM(f)IIHXle§>-
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Therefore, using an argument of analogy, we obtain, for any positive number v < 1, that
x2(1)
1—3d0)?* Jr
x1(7)
—1d(1)? Jr
+ O (Id O g r2[v max, 15 (0)] + C v In(1/v)"™*] + v jrer}%}||ﬁ’(z)||gwg)

Lo(t) = U (Ho,1 (wi,v(t, X)) — Ho,1 (ko (t, =) ) H 1 (i o (t, X)u(t, x)* dx

U (Ho,1 (wio (1, X)) — Ho,1 (Wi,o (8, —x))) H{) y (wie o (£, —x))u(t, x)* dx

v
In(1/v)
where C (k) > 0 is a parameter depending only on k. Moreover, using (49) and Theorem 8, we deduce
from estimate (64) that

d()
d(t)
C Va—dae Jr

- . 2k+1 . - j
+0(||u<r>||ngLg[vjr€n{=la§}|yj<r>|+C(k>v * 1n<1/v)"k]+ngg§}||u(r>||gmz)

+ o(nii(z)uH; Ve 22 max 1y, 01+ 0201+ ()1, ng), (64)

L) = U (Ho,1 (wi.v(t, x)) — Ho,1 (wie.o(t, —x))) Hy j (wie,o (¢, x))u(t, x)* dx

U (Ho,1(wio(t, x)) — Ho,1 (o (t, —x))) Hy y (i o (, —x))u(t, x)* dx

v
In(1/v)

Finally, the estimates (65) and (62) imply, for any k& € N3, the existence of a parameter C (k) > O,
depending only on &, which satisfies for any positive number v < 1 the estimate

- O(W(t)n 2 [v3e 2V max 1y; ()] + CHOIES ||ﬁ’<r)||§,mg). (65)

L) = O0(v max |¥;®)||[#( max ||Z(0)|” O(||u(t max |y; ()|
@)1= 0(v max 5;OIEO Nz + mas 7O 1,.,) + O(FON sy max 13 0F)

+ O (IO sz [ max 13501 + 1y e )

+ 0<||ﬁ<z>||i,xle§ +CENEWD) | 120 1n<1/v)”k>, (66)

v
In(1/v2)
from which we obtain the existence of a new constant C(k) > O satisfying the second inequality of
Theorem 21 if the condition (56) is true and v < 1.

Now, it remains to prove the first inequality of Theorem 21. Using change of variables and Lemma 14,
it is not difficult to verify that there exists K > 0 such that if v « 1, then

Li(0) = Kl @(®). 3u@)31, 12
Next, from the definition of L,(#) and estimates (50), we obtain that if v << 1, then
|La(0)] < v @), 317112+
and while condition (56) is true, we deduce from Theorem 8 and estimate (57) the following inequality:

IL3(0)] Sk (@), ()| g1 207 In(1 /)™
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So, using Young’s inequality, we can find a parameter C; (k) > 0 large enough depending only on k such that
IL3(D] < 5 K11 @(@), 3u@) 1, 12 + Cr(v* In(1/v)™.

In conclusion, all the estimates above imply the first inequality of Theorem 21 if 0 < v < 1 and
condition (56) is true. O

4. Proof of Theorem 15

From the information of Theorem 21 in the last section, we are ready to start the demonstration of
Theorem 15.

Proof of Theorem 15. First, for any (, x) € R% Lemma 17 implies that ¢ (¢, x) has the representation

¢(tax)=(pk,v(t’x)+%Hé’l(wk,v(t’x))—i_ yz(lt). ZH(S’](wk,v(ta _x))+u(tvx)v

such that the function u(¢, x) satisfies the orthogonality conditions (29) and y;, y, are functions in C 2(R).

Step 1 (ordinary differential system of y;(¢), y2(¢)). From Remarks 9, 18 and the definition of A(z, x)
in (53), we have that u(¢, x) is a solution of a partial differential equation of the form

Ou(t, x) — dgu(t, x) + U" (Ho1 (wi,o(t, X)) — Ho,1 (i, u(t, —x)))u(t, x)
M w0y — 22

V1—1d(@)? 1—3d (1)

where Pj (v, ¢, x) satisfies for any 0 < v <« 1 and any ¢ € R the inequality

Hy (wio(t, —x)) + A1, x) + Pi(v, 1, x), (67)

1P, £, 0) gy S NIy + max [y; @)+ max [5;(0)[v* (In(1/0) + Jr]p)e 22110
* o Jje{L2) J€{1,2}
6 6 4 2 —2V2
@l + max 1y, OF + max 1y, O* (In(1/v%) + rlv)e .
With the objective of simplifying our computations, we let

ng+1
NOL(t) = ||u(t)||%11 + 'Ien{?);} |yj(;)|2 + v2(k+1)(|tlv +1n(1/v2)) o, 2v/2]tv
Jjell,

6 6 . 3 2 —242
+ lu (Ol + max 1y; ()1 + max 13, (v (In(1/v) + ltv)e V2o

+ max |y O (1n(1/v?) + jr|v) " =220 (68)
JEel,

where 7y is the number denoted in Lemma 19. Also, from Theorem 8, Lemma 19 and identity (53), we
deduce that

[<<A(t,x), Hé,l(wk,v(f»x)»)] — V240 |:—4\/§ 42 ] |:yl(t)

R
A(t, x), Hy | (w2, —X)) 42 —42 yz(t)]+ est(?), (69)
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where, if v < 1, the real function Rest(?) satisfies, for any ¢ € R,

max{l,n}

V2 Rest(1)] i v24HD (1w 4+ In(1/03) ™ + max | @)|v*(Itlv + In(1/v%))
Jel,
- max 3@ (Itlv +1n(1/v%).  (70)
Jeu,

From the orthogonality conditions (29), Theorem 8 and Lemma 12, we obtain the estimate

d()

T
1—2d@)?

(07u(t, x), Hy (e o (t, x))) = (Bru (e, x), Hgy (Wi o (1, ) 2 + OUdO [ 1207 (TD)

Also, using integration by parts, identity
d3
—mHo,l(x) + U"(Ho,1(x))Hy 1 (x) =0,

Lemma 11 and the Cauchy—Schwarz inequality, we deduce that if 0 < v < 1, then

(—07u(t) + U" (Ho,1 (wro (1, X)) = Ho1 (we o (1, —)))u(t), Hy j (wio (2, x)))
= (u(t), [U" (Ho,1 (wio(t, X)) — Ho,1 (Wi (t, —x))) — U" (Ho,1 (wie.v (¢, X)) | Hj ; (wie o (2, X))
+ O [ld(0) | g1 xr2)
= O |i(0)]| 1 x12)- (72)

From now on, we denote any continuous function f(¢) as Ox(NOL(t)), if and only if f satisfies

the estimate
| f ()] Sk NOL(t).

In conclusion, applying the scalar product of the (67) with Héﬂl(wk,v(t, x)) and Hé’l(wk’v(t, —Xx)), we
obtain using Lemma 11 and estimates (71), (72) that

IHy 3, Od(Be~20) [yl(z)]
O@dne V) H 12, | L0

_ ) [—4fz 42 ] [ylm] N [O(UZIIZI(I)IIH;ng)}
4V2 —av2] @] T LO@HIED g xp2)

O o x), HY (e 1))
B (1-}@0)2)”2< t o | +[0k(NOL(t))} -
4O e, x), B (et —xp) | LOHNOL)

(1—%d(l)2)]/2(

Step 2 (refined ordinary differential system). Motivated by (73), for j € {1, 2} we define the functions

C g
¢i() = yi(0) — y;(Tox) + 272 (s)

' W(u(s), H{ | (we o (s, (=D Hx))) ds.
0,k - Z
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Clearly, we can verify using (24), Lemma 12 and the Cauchy—Schwarz inequality that

2v2d .
é] (t) = .).)j(t) + %(u(h -x)v H(;i](wk,v(tv (_1)J+l-x))>a
(1—4d(1)?)
2v/2d , .
50 = 50+ — 220D e, 00, Hostt, (D)) + 0@ ).

(1- 4dw?)

In conclusion, from the ordinary differential system of equations (73) we deduce that

yi(t) 0 0 L O y() OWlu®pH)

d |y | 0 0 0 1| {yar) Ollu(®) g1

ar | e | T | =16 V240 1620 g 0| | | T Oc(NOL(1)) + O 2| (t) || g1 2)
é (1) 16e=V24®)  _16e=V2d0) ¢ o | [é2(0) Ok(NOL(®)) + O (W2|[1(1) | 11 12)

Actually, using the change of variables

er(t) =y1(t) —y2(8), ex(t) =y1 (1) +y2(t), &1(t) =c1(t) —c2(r) and & (1) = c1(t) + c2(0),

we obtain from the ordinary differential system of equations above that

ei(t) 0 010 e O@lu(®)lz)
dlen|_ 0 001\ lew| O llu@) 1) 74
dr | &) ~32¢V20 0.0 0| | (1) O(NOL(1)) + O (W2|[i (1) 1 2)
210) 0 000]| L& Oc(NOL(1)) + O (W2 |[u(t) | 1 < 1.2)
To simplify our notation, we let
0 010
B 0 001 -
M= _3pp-vaa g g 0| (73)
0 000

It is not difficult to verify that all the solutions of linear ordinary differential equation
L(t)=M@)L(t) for L(t) € R*

are the linear space generated by the functions

tanh (v/2vr) V2vt tanh (v2v1) — 1
0 0
L = , L =
1) V2v sech («/Evt)2 2() 202t sech (\/zvt)z + +/2v tanh (\/Evt)
0 0

L;(1) = Ly(t) =

o o = O
- o = O
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Also, by elementary computation, we can verify for any ¢ € R that
det [L (1), La(0), L3(), La(t)] = —2v. (76)

In conclusion, using the variation of parameters technique, we can write any C! solution of (74) as
L) = Z?:l a;(t)L; (1), such that a; (1) € C'(R) forall 1 <i <4 and

tanh (v/2v?) V2t tanh (v/2v1) — 1 00| [a ()

0 0 L t|]|a@)

V2v sech («/ivz‘)2 2v?t sech (\/ivt)2 + +/2v tanh («/fvt) 00]|as)
0 0 0 1| Laa(®)

O @llu(®)ll 1)
O@llu(®)ll 1)

_ , (77
OLNOL®) + 0@ i Oy | )
Or(NOL(1)) + O (W2|[i (1) || g1 1.2)
with
tanh (\/EvTo,k) \/EvTo,k tanh (\/EvTo’k) —1 0 0 ay(Tox)
0 0 I Tox | | ax(To k)
V/2v sech (\/iUTO,k)Z 2v%¢ sech (\/EUTO,k)Z ++/2vtanh (v2vTo,) 0 0 || a3(Tox)
0 0 0 1 as(To,x)
y1(Tox) — y2(To.x)
y1(To.x) + y1(To k)
. : 78
c1(To.x) 78)
¢2(To.x)

Step 3 (estimate of || (7)]| 1x2). From now on, for C; > 1, C; > 0 being fixed numbers to be chosen
later, we consider the set

. C2v|t — T() k|
B =4JteR| m -(t 2 (t <C 2(k+1)1 1 ng+3 L2UIF = 10,k ‘
1,6 ! ije{?’g}ly,( ™+ y; v < Crv n(1/v)™* "3 exp 7o)

We also consider the set
- 2
Du,v = {t eR | ”u(t)”H)}xL% <V }

First, if v2|y(To,k)| +u|y(Tor)| < v3¥ and v « 1, then Tox € Bc,,c, N D,,,,. Indeed, this happens when

1(@r.0 (To.0) - B0 (To.)) — (D (Toa), 3 (Tou ) |z < v,

because, since u(¢, x) satisfies the orthogonality conditions (29), we can verify using Lemma 11 that
loro(Ton) =@ (Tonllyyy = max y; (To.0* + lu(To.lly,- (79)
By a similar reasoning but using now Lemma 12 and estimate (79), we can verify that if 0 < v < 1, then

max 5 (To.)” + 10u(To.0 I, S 1k (Ton) 4k, (To.0) = @ (Toi): 9 Toi) yypze B0)
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where Tj ; satisfies the hypothesis of Theorem 15, for more details see Appendix B in [Moutinho 2023].
Also, for any 6 € (0, 1), if v < 1, then while

In(1/v)>~?
It —Toxl < ————

and t € B¢, ¢, N D,,,, we can verify the estimate

max v2|y; ()] +v]3;(0)] < v* T In(1/v)",
jell,2)

from which with estimate (73), the definition of NOL(t) at (68), the definition of D, , and the assumption
of k > 2, we obtain that

max [§; (0] S v In(L/0)™ + vl ez + EONG 0z
] N X X

In conclusion, if v <« 1, from Theorem 21, we deduce that the functional L(¢) defined in last section
satisfies, for a constant Cy and a parameter C (k) depending only on k, the estimates

IL()] S max |3 OWEO N prprz + 1EON 31, 2 + CETEO ] g2 In(1/0)™

> 2 v
+ ”u(t)”H}XLEW’

Colld (171 @y 2y < L0+ C U In(1/0)*™

Therefore, from the ordinary differential system of equations defined in (73), we conclude for v <« 1 that
ift e Be,.c, "Dy y and

In(1/v)>?
< v

|t — Tokl , (81)

then there exists a constant C (k) > 0 depending only on & satisfying

; = 2%k+1 =02 v

ILOI S CUNu@ | gpsr2v™ " In(1/v)™ + ””(t)”H;xL%m‘

Therefore, by a similar argument to the proof of Theorem 4.5 in [Moutinho 2023], we can verify from
Theorem 21 and the Gronwall lemma applied on L(#) that there exists a constant K > 1, independent
of k and v, such that if ¢ satisfies condition (81) and ¢ € B¢, ¢, N Dy, then we have the estimate

K|t — T07k|v)
In(1/v)

In conclusion, if v K 1, t € B¢, ¢, and ¢ satisfies (81), then t € D, ,, and (82) is true.

1), B |2 S max (7 (To,0 | 1 w2 v In(1/v)" ) exp( (82)

Step 4 (estimate of y;(¢), y2(¢)). Next, we will use the estimate (82) in the ordinary differential system of
equations (74) to estimate the evolution of y;(¢) and y,(¢) while ¢ € B¢, ¢, and ¢t satisfies condition (81).
From (68), we have that if € B¢, c,, t satisfies condition (81) and 0 < v < 1, then

K|t — To,k|v>

In(1/v) 83)

NOL(t) < v* max (|[i(To o) || 1 2. v** In(1/0)"F1) exp(
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In conclusion, from the Cauchy problem (25) satisfied by ¢, identity (76) and estimates (79), (80), and (83),
we deduce from the linear system (77) the estimates

t— T,
@ (O S v Jefo + 1In(1 /vy + exp( & U T0xT),
In(1/v)

t— T
la2(0)] Sk v In(1 oy exp( & U L0kl
In(1/v)

t— T,
las ()] Sk v2k+l[|t|v +1] ln(l/v)nk-‘rl exp Kv| 0,k| ’
In(1/v)

laa ()] S v In(1/v)" ! exp(K ”'lil(_l—/Tg)’")
In conclusion, using the initial condition (78), we deduce from the fact that Ty x is in B¢, ¢,,the fundamental
theorem of calculus and the elementary estimate
v|t|
[t|lv < In(1/v) eXP(ln(l/v))’
that if {61 4+ (1 —60)Tox|0 <6 < 1} C Bc, .., and ¢ satisfies (81), then

(K+ D)t —Toxlv
In(1/v) )

K|t —Toxlv

In(1/v) )
In conclusion from the ordinary differential system of equations (74) satisfied by e; (¢) for j € {1, 2, 3, 4},
the fact that e (1) = yi(t) — y2(1), e2(t) = y1(t) + y2(1) and (1) = ¢1(1) — c2(2), §2(1) = c1 (1) + c2(2),
we can verify by triangle inequality and the identity

lai ()] + laz (t)| S v In(1/v)™ exp(

vlaa ()] + las(®)| S v In(1 /)"t exp<

e (1) .

et | o
NG ‘;“’LJ(’)
eq(t)

the existence of C;(k) > 0 depending on k such that for C; = K 4+ 2 and v < 1 we have that if

In(1/v)>~?
[t —Toxl < —

thenr € BCl(k),Cz- U
Remark 22. For any constants 6, y € (0, 1), obviously

lim v” exp(In(1/v)?) = 0.
v—>+10

In conclusion, for fixed k € N large and 0 < 6 < %, we can deduce from Theorem 15 that there isa Ay g > 0
such that if 0 < v < Ay g, then

1 (2, %), Db (¢, %)) — (e (v, 1, %), Dppic (v, £, X)) || g g2 < V™12,
for all ¢ satisfying

In(1/v)>~°
|t — Tox| < —
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5. Proof of Theorem 4

Remark 23. The importance of this theorem is to describe the dynamics of the two solitons before the
collision instant, for all # < 0 and |#| > 1. More precisely, if two moving kinks are coming from an
infinite distance with a sufficiently low speed v satisfying v < §(2k), then the inelasticity of the collision
is going to be of order at most O (v¥) and the kinks will move away each one with the speed of size in
modulus v + O (v) when ¢ goes to —o0.

The proof of Theorem 4 uses energy estimate techniques from [Henry et al. 1982], and the monotonicity
property of the function

+o0
P+(¢(t),8z¢(t))=—/0 3¢ (1, x)0xp (1, x) dx, (84)

which is nondecreasing on ¢t when ¢ (z, - ) is odd on x. Furthermore, the demonstration of Theorem 4 is
quite similar to the proof of Theorem 1 of [Kowalczyk et al. 2021] and also uses modulation techniques
inspired by [Raphaél and Szeftel 2011; Kowalczyk et al. 2021].

Moreover, since the solution ¢ (¢, x) is an odd function in the variable x for all ¢ € R, we have that

+0o0 ax , 2 at , 2
E<¢>=2[/0 SRR AL +U(¢><t,x)>dx}=2E+<¢(r>,at¢<r»,

where
+oo 8x¢(ts X)2 + al‘d)(ts x)2
2

EL($(0). 0 (1)) = /0 + U@ ) dx (85)
is a conserved quantity.

5.1. Modulation techniques. First, similarly to [Kowalczyk et al. 2021], we consider, for any 0 < v < 1,
y € R, the following function on x € R:

Ho (=2
Hi@y.0=| _, <71‘f_>y , (86)
\/l—vzHO’l(«/l—vz)

H_1o((v, y),x) = —Ho1 (v, y), —x) forall x € R.

Next, we consider the antisymmetric map

0 1
J=[_1 0], (87)

and based on [Kowalczyk et al. 2021], we consider for any 0 < v < 1 and any y € R the following
functions, which were defined in Section 2.3 of [Kowalczyk et al. 2021]:

1 H < xX—y )
0,1
Coyry= | VI 1 VIV (88)
1—U2H0’1(»,/1—v2)
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v X=y g ( xX—y )
1—02 T—2 I\ /T2

Dy y(x) = 2 (89)
—1 H ( x—y )_ v X=y g < xX—y )
(=2 O 2) T (=2 Vi O\ T
See also [Chen and Jendrej 2019].
The following identity is going to be useful for our next results.
Lemma 24. For any v € (0, 1), there holds
— _
(35 Ho.1((v, 0), x), JDo.u) = —(1 = v*) 2| Hg 1|17,
Proof. See the proof of Lemma 2.4 from [Kowalczyk et al. 2021]. ]

Next, for any value yg > 1, we will modulate any odd function (¢, ¢;) close to
— —
H_10((v, y0), x) + Ho,1((v, o), x)

in the energy norm in terms of an orthogonal condition.
Lemma 25. There exist K > 0 and &y, §; € (0, 1) such that if 0 < v < 81, y0 > 1/61,0 <68 < &g and
(1 —Ho1—H-10, %) € Hx1 (R) x Li(R) is an odd function satisfying

161 (). 2(x)) — H-10((v, y0). %) — Hoo1 (v, ¥0), )l 112 < v, (90)

then there exists a unique y > 1 such that |y — yo| < K8v and the function

R(x) = (¢1(x), ¢2(x)) — H_10((v, $), ) — Ho 1 (v, $), x)

satisfies S
€1y sz < Kdv oD

and (£ (x), J o D, 3(x)) = 0.
Proof of Lemma 25. The proof is completely analogous to that of Lemma 2.1 of [Kowalczyk et al. 2021]. [J

Corollary 26. In the notation of Lemma 235, there exists a constant C > 1 such that if v € (0, 1) is small
enough, then there exists at most one number y > 21n % satisfying

— . K —
IIKoIIngL;Emm{Sov,f&)v} and (ko(x), J o Dy y(x)) =0,

where
Ko (x) = (@1 (x), p2(x)) — H_1.0((v, y), x) — Ho1 (v, ), %)

Proof of Corollary 26. Let y;, y» two real numbers satisfying the results of Corollary 26. We consider the
functions

K00 = (k1,0(x), k1.1 (X)) = (¢1(x), p2(x)) — H_1.0((v, y1), ) — Ho1 (v, y1), %),
B (x) = (c2,0(x), k2,1 (x)) = (po(x), b1 (X)) — H_1.0((v, y2), X) — Ho 1 (v, y2), x).

Choosing x = y;, we obtain the ng identity

Ho,l(O)—H0,1<yl_yz)Z—Ho,l( — )+Ho,1(ﬂ)+K2,o(y1)—m,o(y1). 92)
V1 —v? V1—v? V1 =2
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Since there exists a constant ¢ > 0 satisfying for any f € Hx1 (R) the inequality

I f e < cll fllag,

we deduce from (92) and the hypotheses of Corollary 26 that
Y= 2cK —2y
Hy 1(0) — H, < 3 H
‘ 0.1(0) 0,1<m)‘_ 3C ov+‘ o,1<m>

from which we deduce the estimate

— 2cK
17[0,1(0)—15[0,1<y1 yz)‘s ¢ Sov +2v*.

V1—v? 3C

Consequently, since Hp ; is an increasing function and Hé’ 1(0)= %, we obtain that if §; <1 and 0 < v < 81,
then

9

—Y1—»n
o (222)
‘ 1—v2

5K
[yi —y2| < —C5ov-
3C

Therefore, choosing C = 2¢ + 1, from Lemma 25, we have y; = y; if v > 0 is small enough. (I

Finally, using Lemma 25 and repeating the argument of the demonstration of Lemma 2.11 in [Kowalczyk
et al. 2021], we can verify the following result.

Lemma 27. There exist K > 1,8y > 0 and 6, € (0, 1) such that if 0 < 8, < 89,0 < v <61, yo > %ln%
and the solution (¢ (t, x), 0,9 (¢, x)) of (1) satisfies, for T > 0,

. — —
sup inf [[(¢ (2, x), 9@ (2, x)) — H_1,0((v, y), x) — Ho1((v, ), X) | g1x 12 < S2v, 93)
te[0,T] YER=y, ’

then there exists a real function y; : [0, T] — R > such that the solution (¢ (t), 3,¢(t)) satisfies, for
any0<t<T,

(@ (1), 3¢ (1) = H_1.0((v, y1 (1)), ) + Ho 1 (W, y1 (1)), 1) + @11, Y2 (@), (94)
W1 @) Y2l gy 2 < K20, (95)

where (Y1(2), Y2 (2)) € Hx1 (R) x L%([R{) and y|(t) satisfy the orthogonality condition of Lemma 25,
and y\(t) is a function of class C" satisfying the inequality

191(0) = vl < KOIW1 @), 2|1 ez + 72210, (96)

Proof. First, from Lemma 25 and the fact that 65) € C(R; H (R) x L2(R)), if &; is small enough, we can
find a constant K > 0 and a function y : [0, T] — (3 In %, +oo) such that for

—> R — R
K(t,x) = (@, x), 0 (1, x)) — H_1 o((v, (1)), x) — Ho,1((v, (1)), x), 97)
we have ¥ (), $(¢) satisfying the orthogonality condition of Lemma 25 and

RO w22 < Ko (98)
forall0<r <T.
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Next, we will construct a linear ordinary differential system of equations with solution y; (¢) and we
will verify that if y;(0) = $(0), then y; () = y(¢) for all t € [0, T'].

Step 1 (construction of the ordinary differential equation satisfied by y;). The argument of the demon-
stration of the remaining part of Lemma 27 is completely analogous to the proof of Lemma 2.11 of
[Kowalczyk et al. 2021]. More precisely, similarly to Lemma 2.11 of [Kowalczyk et al. 2021], we will
construct an ordinary differential equation with solution y;(#), which, during their time of existence,
preserves the orthogonality conditions

<(¢1(I’ )C), w2(ts X)), JDv,yl(t)(x)> = Os (99)

where J is defined in (87), and we will verify that if y; (0) = y(0), then y; () = y(¢) for all 0 <t < T. From
the global well-posedness of the partial differential (1) in the energy space, we have for any 7 > O that
¢(t,x) — Hy1(x) — H_1 o(x) € C([—Ty, Tol, H' (R)) and 3,¢ (¢, x) € C([—Tp, Tol, L2(R)). Therefore,
if there exists a interval [0, T7] C [0, T] such that y; € C ([0, T;]) when restricted to this interval and

(@), 0p(1)) = m((v, yl(t)),X)Jrfm((v,yl(t)),X)+(¢1(t), Yo(t)) foranyr€(0,71], (100)
then (Y1 (¢), Y2 () = (Y1 (¢, x), ¥a(t, x)) satisfies, for any functions ki1, hy € #(R), the identity
%((l/n (t, x), ¥a(t, X)), (h1(x), ha(x))) = (3; (Y1 (2, x), Y2, X)), (h1(x), h2(x)))

if t € [0, T11.
Consequently, if we derive the (99) in time, we obtain the following linear ordinary differential equation
satisfied by y; (¢):

IO, %), Ya(t, X)), T3y, Doy, 1y (X)) + (8 (Y1 (£, %), Ya(t, X)), TDy ) (x)) = 0. (101

Since x’”Héyl(x) e .7 (R) for all m € NU {0}, we have that the functions w;, w, : [0, T] x (1, +00) —> R
defined by

w1 (1, y) = (W11, %), Y2 (1, x)), Jy Dy (x)), 02(t, y) = (0, (Y1 (2, X), Y2(t, X)), Dy, (x))
are continuous and, for any ¢ € [0, T], w(¢, - ), wa(¢, ) : (1, +00) — R are smooth.

Step 2 (partial differential equation satisfied by @)). First, we consider the self-adjoint operator
Hess(y (1), x) : HX(R) € L2(R) — R,

which satisfies, for all r € [0, T],

Hess(y1 (1), x) = [—af * U//(Ho’l()i/_ly—;%» B HOJ(_«);I_—LL(;)» ﬂ (102)

and the self-adjoint operator Hess; (y(¢), x) : sz(lR) C L)ZC (R) — R denoted by

—32 4+ U x=yi(®)
Hessl(yl(t),x)=|: o tv (H(“(«/]_vz )) 0}. (103)
0 1
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Next, we consider the maps Int : R> — R? and 7 : R? x Hx1 (R) — R? which we denote by

0
=[G 20

| (2 (2= oo

0
= | o o) - ()

for any (y, x) € R? and ¢ € H! (R). Therefore, if [0, T1] C [0, T, y1 € C'([0, Ty]) and y; > 1,0 < v; < 1
then, from the partial differential equation (1) and identity (100), we deduce that (v (¢, x), Y2(¢, x)) is a
solution in the space C ([0, T1], Hx1 (R) x L%(R)) of the partial differential equation

0 (Y1 (1, x), Yo, x)) = (31(1) — V)[Co,y, 1) (x) — Cyy, (1 (—x)] + J Hess(y1 (1), x) (Y1, x), Y2(t, x))
+Int(y1(#), x) + T (31 (1), x, Y1(2)),  (106)
where J is the antisymmetric operator defined in (87).
In the next step, we will assume the existence of 0 < 77 < T such that y; is of class C Uin the
interval [0, T1], and y; > 1 for any ¢ € [0, T|]. Moreover, we will prove that when this condition is true,
then |y, (¢) — v| is sufficiently small for all ¢ € [0, T].

Step 3 (estimate of |y;(f) — v|). Uniquely in this step, for any continuous nonnegative function
f:10,T1] x (0, 1) x (1, 4+00) — R, we say that a function g : [0, T1] x (0, 1) x (1, 4+00) — R is O(f)
if and only if g is a continuous function satisfying the following properties:
o Thereis a constant ¢ > 0 such that |g (¢, v, y)| <cf (¢, v, y) forall (¢, v, y) in [0, T1]x (0, 1) x (1, +00).
e g(t,-):(0,1) x (1, +00) — R is smooth for all ¢ € [0, T1].
We recall that J, C, y, () and D, y, ) are defined, respectively, in (87), (88) and (89). Using Lemma 11,
we obtain that if y;(#) > 1 and v € (0, 1) is small enough, then
{Cu.y1()(x), J 0 Dy y, (6 (X)) + [{Cy, (1) (X), T Cyy; (1) (=) + (Do yy (1) (X)5 I Dy y, (1) (—%))|
<yi)te YO (107)
Furthermore, using the partial differential equation (106) satisfied by (i (¢, x), ¥ (¢, x)), we deduce
for any ¢ € [0, T1] C [0, T'] the identity
<al(w1 (t; .X'), WZ(I» -x))v ‘IDU,y] ([)(X))
= (y1(1) = v)(Cy,y;(1)(X), IDy y, 1y (X)) — (Y1 (&) — V)(Cy,y, (1) (—X), I Dy y, (1) (X))
+(J Hess(y1 (£), x) (Y1 (t, x), Y2 (t, X)), I Dy y, (1) (X))
+(T 1), x, Y1(1) +Int(y1 (1), x), Dy y, (5 (x)).  (108)
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Moreover, from Lemma 24 and identity J* = —J, we have

(D310 (X)s Coyyy 0y (X)) = =(Dy,yy 0y (1), I Coyyn () = (L= v 2 Hg ylI7,. (109)

Therefore, using (108), estimates (107) and Lemma 11, we deduce the following estimate

(8, (Y1 (2, ), Y2 (2, X)), TDy y, 1) (%))
= (@O =)A= Hy 12, + 0 (0)fe 2/200))
+(J Hess(y1 (1), x) (W1 (¢, X), Ya(t, X)), JDy 3, (1)
+(T 1), x, Y1), IDy y, ) (X)) + (Int(y1 (), X), T Dy y, 1) (X)).
Furthermore, since for any { € R we have the identity
U (Hgl(X) + H_1,0(x)) — U'(Hg ;(x)) = U'(H_1,0(x))
= —24H_ o(x) Hy , (x) (H-1,0(x) + Hg , (x)) + Z ( ) H_10(x)/ Hy , (x)° 7,
j=1

we deduce from Lemma 11 and the definition of function Int that |[Int(y;(¢), x, ¥ (¢))]|] L2 < e~ 2Vn®,

Next, since ||U? | zoeg—1,17 < o0 for any / € NU {0}, we deduce using Lemma 13 and the definition of
function 7 that

1T, 2 1)z < IT G102 Y1)l S I 03,
Asa consequence,
(8,1, ), Y22, 2)), I Dy ) ()
= (@O = 0)[(1 =) 2H 12, + 01 (e V2]
[ Hess (1 (1), X)W1 (£, %), ¥2(t, ), I Doy 0 (0) + 01O 1 G 011,20 (110)

for any ¢ € [0, T1].
Furthermore, using identities (102), (103), the formula of D, y in (89) and Lemma 11, we can deduce
the estimate

I[Hess(y (1), x) — Hess; (y1 (1), )1 Dy, yy (0 0 | 2oy S € 2V21 0

for all ¢ € [0, T1]. Thus, after using integration by parts and the Cauchy—Schwarz inequality, we deduce
for all ¢ € [0, T7] that

|(J[Hess(y1 (1), x) — Hessi (y1 (1), )19 (1), Doy 0y,300 ()| S IF Ol gy 2”10

Consequently, since (j(a),a) =0 for all a € R? we obtain that if y; is a function of class C' in the
interval [0, T7] and v € (0, 1) is small enough, then

(0 (W1 (2, %), Y2 (2, X)), I Dy, y, 1) (X))

, 1 Hy 12, .
=<y1<r>—v>[ ot omn'e y“’))} (4 Hessy (y1 (1), ) (W1 (4, ), 2 (¢, ), I Doy, ()

_ -
+0E YO L0, ) (1D
for any ¢ € [0, T1].
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Next, using (103), it is not difficult to verify the identity

Hess | (y1(2), x) Dy, y,(1)(x) = vJ[0x Dy y, (1) (X)] = J Cy y, (1) (X);
see Lemma 2.4 of [Kowalczyk et al. 2021] for the proof. Consequently, we have for any ¢ € [0, 7] that

<J HeSSl(Yl(t)’ X)(W] (tv -x)’ wZ(t’ -x))’ JDU,y|(Z)(-x)>
= _U((llll (tv X), 1/IZ(l‘v -x))v Jayl Dv,yl(t)(x)> + ((‘//1 (ta X), 1//2(t’ x))’ JCU,yl(l)(x))'

In conclusion, estimate (111) and identity (101) imply that

11,12,
0’21);; + OO, Y2 ) |1z + 1 (D) eV <”)}

(1) — v)[ﬂT

= 0 22O 1|1 (). Y21 erz)  (112)
for all r € [0, Ty].

Step 4 (proof that y; € C h. Equations (101) and (108) imply that y; satisfies the ordinary differential
equation
1(0) =V [(Cuy10) (X)), IDy 3,1y (X)) = (Coo,yy (1) (=), I Doy 31y () + (W1 (1), Y2(2)), T By, Dy yy 1) (1))]
= —v((W1(t, %), Y2(t, X)), J By, Dy y, () (X))
— (J Hess(y1 (1), x)(W1(1, x), Ya(t, X)) + T (y1(t), x, Y1(6)) + Int(y1 (1), x), IDy 5,1y (x)),  (113)

which is a first-order nonautonomous differential system of the form

1 () —v)ay(t, y1(1)) = Bu(t, y1(1)),
where the functions «,, B, : [0, T] x R — R are continuous when v € (0, 1).

Moreover, from the hypotheses of Lemma 27, Lemma 11 and identities (102), (104), (105), we can
deduce for any ¢ € [0, T'] that the restrictions of «, (¢, - ) and B,(¢, - ) in the set (3 In %, +oo) are locally
Lipschitz when v is small enough.

Furthermore, from the first step, we have y;(0) = y(0) > 3 ln% which implies y; (O)4e_2ﬁy 10 <3
if v is small enough. Moreover, we deduce from (97) and (98) that || (1 (0), ¥2(0))]| ix2 =K Sov and
we also have —||H6 1 ”%2

ay (0, y1(0)) = (I—TW; + O(v) >0,

because of the estimate (112) when v is small enough.
Consequently, the Picard—Lindelof theorem implies the existence of an interval [0, 7] C [0, T'] such
that y; : [0, T1] = Ro21nq1/v) 15 @ C! function and since y1 satisfies (101), we have for any ¢ € [0, T;] that

9
(Y12, x), Y2 (t, %)), IDy 3,1y (X)) = (Y (0, x), IDy 3, 0)(x)) =0. (114)
Furthermore, since y(r) > 31n %, we can deduce from the continuity of function y;, Lemma 25 and
Corollary 26 the identity y;(¢) = y(¢) for all ¢ € [0, T1]. Consequently, y;(z) > 3In % forall r € [0, T7] and

@), Y22 = [ B, %) = Horo((, 31 (0)), %) = Ho b ((w, y1(1)), )| iz < Ko (115)

for all # € [0, T1], because of estimate (97) and identity (98).
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Therefore, using a bootstrap argument and estimate (112), we can conclude that the function y;
is in C'[0, T] and satisfies (114) for all ¢ € [0, T]. Finally, estimate (96) is a direct consequence
of (112), (115) and the fact that y; > 31In % O

5.2. Orbital stability of the parameter y. In this subsection, we consider ¢ (¢, x) as a solution of (1)
having finite energy and with an initial data (u;(x), u;(x)) satisfying the hypotheses of Theorem 4.
Moreover, if v is small enough, from the local well-posedness of the partial differential equation (1) in the
space of solutions with finite energy, we can deduce from Lemma 25 the existence of a constant C > 0
and a positive number € such that, for all 7 € [0, €],

(¢ (1, %), 8, (1. %)) = H_1,0((v, y(1)), x) + Ho 1 (v, (1)), x) + (W1 (1, )., (1, 2)),

where (Y1 (z, x), Y2 (¢, x)) is an odd function in x, and y(t), (Y (¢, x), Y2 (¢, x)) satisfy the orthogonality
conditions in Lemma 25 and the inequality

1Y) — Yol + 1 (Y1 (1, ), Yot X)) sz < 2C N er, un)ll gz (116)

Finally, we are ready to start the proof of Theorem 4

Remark 28 (main argument). The main techniques of the demonstration of Theorem 4 are inspired by
the proof of Theorem 1 of [Kowalczyk et al. 2021].
More precisely, recalling the functions £ and Py from (85) and (84), we will analyze the function

M(@(t)) = E+(¢(1)) —vP(p(2)). (117)

First, from the local well-posedness of the partial differential equation (1) in the energy space, it
is enough to verify Theorem 4 in the case where (#1(x), us(x)) is a smooth odd function because the
estimate (15) and the density of smooth functions in Sobolev spaces would imply that (15) would be true
for any (u1(x), uz(x)) € Hx1 X Lﬁ satisfying the hypothesis of Theorem 4.

Since Py (¢) is not necessarily a conserved quantity, M (¢) is not necessarily a constant function given
any smooth initial data of (¢ (0, x), 9;¢ (0, x)) satisfying the hypotheses of Theorem 4.

However, P, (¢) is a nonincreasing function in time, more precisely, for smooth solutions ¢ (¢, x)
of (13), we can verify using integration by parts, from the fact that ¢ (¢, x) is an odd function in x for

any ¢ € R, the estimate
d

+00
E[‘ / at¢<r,x>ax¢<t,x>dx] = 3¢(t,0)* > 0. (118)
0
In conclusion, since it was verified before that £ (¢) is a conserved quantity, we have that
M(gp (1)) < M(¢(0)) foranyr =0,

and using Lemma 25, we will verify that M (¢ (0)) — M (¢ (¢)) satisfies a coercive inequality, from which
we will deduce (15).

Proof of Theorem 4. From the observations in Remark 28, it is enough to prove Theorem 4 for the case
_)
where 1o(x) is a smooth odd function. To simplify our proof, we separate the argument into different steps.
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Step 1 (local description of solution ¢ (¢, x)). From the observation of inequality (116) and from the
Lemma 25, we can verify the existence of an interval [0, €] such that if ¢ € [0, €], then

(1. x). 8, (1.x)) = H_10((v. (). %) + Ho 1 (. y(0). 1) + W1 (6. %), Yot x)), (119)
with v(¢), y(¢), (Y1(¢, x), Y¥2(t, x)) satisfying all the conditions of Lemma 25.
Step 2 (estimate of E. (¢ (¢), d;¢(¢)) around the kinks). We recall the definition of E(¢(¢), 9,¢(t))
in (85) given by

T B:p(t, x)* +3,p (2, x)*

EL (1), 3 (1) = fo : U ) do.

Next, we substitute ¢ (¢, x) and 9,¢ (¢, x) in the equation above by the formula of (¢ (¢, x), d;¢ (¢, x)) in
Step 1. Using (4), (3) and the fact that y(¢) > 1 for 0 <t < ¢, we obtain for all x > 0 that

3! x4 y()
——H-10
0x J1 — 2

from which we also deduce, using Lemma 11, the estimate

< (1= v?2) 2= V200+) for any 1 e NU{0}, (120)

| 5, (%)HL],O(%) < A=) Py(n)e VD0, (121)

In addition, since ||U® || o[_1.1] < +00 for any [ € N, we can deduce using Lemma 13 the inequality

o (s () - 0o (25 e

l
S (6 )l

H{
In conclusion, since
o0 = Hor (25 ) 4 Horo(F20 ) + i, (122)
v , [ x—=y() v , x+y(t)
i d(t, x) = ————H, H' —_— ,X), 12
W O=" 0*‘(m>+m ‘”(m)*w 012

we deduce from the formula (85), estimates (120), (121) and Taylor’s expansion theorem that

E(¢(1), 09 (1))

o (x =y x—y()
=/0 - 2>Ho-l<r_vz) +U<H°’1(~/—1—vz>>dx
+00

+/+OOU/(H01( _y(t)»lﬁl(t,x)dx
0 AV =2
y()

1 +00
+ E|:f0 (1, x)2 + U”<H0,1 <m>>wl(t, x)2 + Y (t, x)2:| dx
+HO(( =y B O(HWt)”HJ e VPO 4y, D) (124)

)3 Yi(t, x)
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while (¢ (¢, x), 0;¢ (¢, x)) satisfies identities (122) and (123). Moreover, from (122), we can obtain
from (124), while (¢ (¢), 0:¢ (¢)) satisfies (122) and (123), that

E (1), 96(1))
e (x—y0 x=y(1)
‘/_oo 2(1—02)H0’1<x/—1—v2) +U<H°’1(¢1—v2>)dx
/+OO H ( y()>1//(t X)—H (ﬁ)aw(r x)
/—1—1)2 0,1 /—1 2 0,1 /—1_ 1

+00
e

1 +0o0
+§UO axwl(t,x)2+U”(H0,l<%))w (t, )2+ Yo (2, x) dx]

+0((1 =) Py@e 2 O) 1 O (IF Oy r2e 2O + 1910, 03y gy). - (125)

We also recall the Bogomolny identity Hé’l(x) = /2U (Hp,1(x)), from which we deduce with change
of variables that

I1Hg I

1 X 2 X 0,172
— | H] (—) dx:/U(H ( ))dx:\/l—v24. (126)
Z/R 01 1—12 R o1 V1 =02 2

Step 3 (conclusion of the estimate of £ (¢)). Since H_o,; ((v, y(2)), x) is defined by

HO,l(L%)
I_I_O,I((va(t))’x): v {_vitly(t)
st (5)

and we can verify by similar reasoning to (124) the identity

— 2 —
E(Ho 1 (v, y(0). x)) = / mHé,l(zli—iZ) +U<H°’1(f/—1i(g>> -

We conclude that E(m((v, y()),x))=(1/+/1—12)| H(;’l ”i%‘ In conclusion, using (125), we obtain that

E(¢(1), 0:9 (1))

1 , oy H y (1)
=ttt [ it (G e e
+ - Hél( y(t))3x¢1(t,x)+/+ooU/<Ho1( _y(t)>)1ﬁ1(t,x)dx
V1 =2 V1 =02 o0 AV =02

1 +o0
+5[/0 3x1ﬂ1(f,x)2+U”(Ho,1(\/§>)lﬁ1(t )2 +(t, x) ]
+0((1 =)™ 2y PO 4 | (0, V)l gpeaze ™) + OUYL O g
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From this using integration by parts we conclude that
E (¢(1), 9;9(1))
1
= ——— {1113 + 0(J 0 Co i, ¥

i
+1[ a0 o @ x>2+U”<H ("_—y(’)»w(r x)]
) 0 2\, xWY1\l, 0,1 \/1_— 1

+0((1 =)™ 2y 2O 1 0 (Wi (1), Vo)l rze PO+ I OI,), (127
where the function C, ,(x) is defined in (88).

Step 4 (estimate of —v P, (¢ (¢), d;¢(¢))). First, we recall from (84) that Py (¢(t), ;¢ (t)) is given by
+00
PO, 80O == [ a1, 0089(0,3) dx.

Then, while (¢ (¢, x), 0;¢ (¢, x)) satisfies the formula

(1, %), 8 (1, x)) = H_1.0((v. (1)), ) + Ho.1 (v, y(0)), ) + (Y1 (¢, %), Y21, 1)),

using the estimates (120) and (121), we obtain by similar reasoning to the estimate of (2.12) of Lemma 2.3
in [Kowalczyk et al. 2021] that

2
—vP(p(1), 0:0(2)) = ——h”HélH%% —v(J 0 Cyy1)» @)(1‘))
+00 2
+U/ A1 (2, X)Ya(, X)dx+0<(1 )y(t)e—Z\/fy(t)>
0

+ O(ﬁe—ﬁymn(wm, wzo))anxL;). (128)

More precisely, the errors in the estimate (128) come from estimate (120) and the Cauchy—Schwarz

+00
/O ‘H/_l,o(Ly(”)‘na Y1t 01+ (e, 1)1

from Lemma 11 applied to the integral

too (x—y(@®)\,, [(x+y@)
R e A = I

and from the elementary estimate

0 2 +oo 2
x — y(t) x+y() 23y
H | ——= dx+ H' (— dx <e Yo,
/_oo O’1<v1—v2> 0 PAVT— 2 ~

which can be obtained from (120).

inequality applied to
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Step 5 (estimate and monotonicity of M (¢ (¢), 9,¢(¢))). From estimates (127) and (128), we deduce

M@ (1), 3¢ (1))
=E (¢(1), 0:¢(1)) —vP(¢(1), 0,0 (1))

4 1 oo /" - (t)
=¢1—v2||Ho,1||ig+5[ 0 a0’ U (Ho,1<jl_—yw))wl<r,x>2dx}

+ O (I @), Y2y, 12 + WO, Y2 () 127 >0)
+ 0@, ++y e V2 O). (129)

Furthermore, using estimate (127) and Lemma 11, we can also verify the estimates

. — 1 _
E(Ho1(v, y() + H_10(v, (1)) = IH 1132+ O(y(n)e V2 ®),
v X

N =
— —_— v —
Pi(Hoi, y(0) + Horow, (1) = =1 Hy, 17, + 0 (r(ne 22,
— v x
Therefore, we obtain that
= —> —
M (Ho (v, y(0) + H 1000, (1) = V1 = 2 Hy 1 I} + O(y (e V2 ), (130)

from which we deduce

M), 9 (1))
— M(Ho, (v, y(0)) + H_1.o(v, y(0)))

+1[ +OO¢ (t, X) + By (¢ x)2+U”(H (x_y(t)))w (t x)zdx}
) 0 2\, x W1\, 0,1 m 1\,

+0 (max{y(®e 220, y)e 22O 40 (v (), Y2y, 2 HI W1 O, Y2 (D) 1 12)-

Consequently, since M (¢ (0), 9;¢(0)) > M (¢p(2), 9,9 (¢)) for all + > 0 and

(@ (0). %p(0) = Ho 1 (v, y(0)) + H_1 5(v. (0)) + (¥1(0), ¥2(0)),

we have for every ¢ > 0 the estimate

+0o0

Yot )2+ 0y 1,00 + U“(Ho,l (f/i_(;)) Vi, x)? dx

Sy 2O 1300 VO Lo (Y (1), Y2y, 12 + IO, 2O
+H1W10), Y2000l 1 cr2.

from which with Lemma 34 we deduce for all ¢ > 0 that
I @, Va1, 2 S YO V2O 4y @) V2O 41 (0), 2Ol g2, (131)

if v 1.
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Step 6 (final argument). The last argument is to prove that the set denoted by
BO = {1t € Rag | I(¥1 (1), Y2 () mpscrz < 0% y(@) = y(0) and (119) is true}  (132)

is the proper R>¢. From the hypotheses of Theorem 4 and Step 1, we can verify that 0 € BO.
Furthermore, from Step 1, we have obtained that there exists € > 0 such that if 0 < ¢ < ¢, then

(@ (. x), (1, x)) = H_1.0((w, y(0)), X) + Ho 1 (v, y(1)). X) + (1 (2, X). Y2t X))

and
19(0) = Yol + 11 (0, V2O |1 wzz < 2C 1 (ur, u2) || g1z (133)

2+9 and Lemma 25 implies the estimate

11 0), Y2 OD s xzz < I Gun, un)l gy

from (133) and Lemma 27, we deduce the existence of a constant 0 < K independent of € and v such

Since ||(u1, u2)llgixp2 < v

that y(¢) is a function of class C' in [0, €] and for any ¢ € [0, €], the inequality

15(0) — vl < KU @), Y2 @) iz +e V20 (134)
is true. Therefore,
(1) = v — K[ (0), 20 12+ V2D (135)
while ¢ € [0, €]. Moreover, from inequality (133) and the observations done before, to prove that
[0, €] C BO it is only needed to verify that y(¢) > y(0) for all ¢ € [0, €].

First, since y(¢) is continuous for ¢ € [0, €], there exists €3 € (0, €) such that if 0 <¢ < ¢;, then

y(t) > 3y(0),

50 (133), (135) and the estimate [|(¥1 (0, ¥2(0) | 1w z2 S 11, w2) | g1 2 < 03+ imply that if 0<7 < e
and 0 < v <« 1, then
J(t) > v— v — Ke W02 > 4y (136)

In conclusion, estimate (133), the hypothesis of yg > 41n% and inequality (136) imply for v <« 1 that
if 0 <t < e, then y(t) > y(0) + 2vt and [0, &2] C BO.

If ¢ € [er, €], it is not difficult to verify that y(¢) > y(0) in this region. Indeed, the continuity of the
function y would imply otherwise the existence of #; satisfying €x <t; <€, y(¢;) = y(0) and y(s) > y(0) for
any € <s < t;, which implies that estimate (136) is true for 7 € [¢;, #1]. But, repeating the argument above,
we would conclude that y(#;) > y(0) + ‘Slvt,-, which is a contradiction. In conclusion, the interval [0, €]
is contained in the set BO.

Similarly, from Lemma 27, we can use inequality (135) to verify that y(t) > y(0) + %‘vt always
when [0, t] C BO. Therefore, estimate (131) implies

1@ @O, V2Ol erzi S 1, w7, 2+ 3 (0) 26 V2O 074 (137)

if [0,7] € BO.
In conclusion, BO = Rs¢ and estimates (134), (137) imply the result of Theorem 4 for all t > 0. [J
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6. Proof of Theorem 2

First, from Theorem 1.3 in [Chen and Jendrej 2022], we know for any O < v < 1 that there exist § (v) > 0,
T (v) > 0 and a solution ¢ (¢, x) of (1) with finite energy satisfying the identity

X —vt —X — vt
¢<r,x)=Ho,1(m)+H_1,o(m)+w<t,x>, (138)
and the decay estimate
Supl| (Y (1, ), Y (1, )| g1 2% < +00 (139)

t>T

for any T > T (v) and § < §(v). Moreover, we can find §(v), T (v) > 0 such that

sup |(W(t, x), W (t, X))l g1 26" < 1. (140)
t>T () A

Indeed, in [Chen and Jendrej 2022] it was proved using fixed point theorem that for any 0 < v < 1 there
is a unique solution of (1) that satisfies (139) for some 7', § > 0.

Next, if we restrict the argument of the proof of Proposition 3.6 of [Chen and Jendrej 2022] to the travel-
ing kink-kink of the ¢® model, we can find explicitly the values of §(v) and T (v). More precisely, we have:

Theorem 29. There is 5o > 0 such that if 0 < v < 8 there exists a unique solution ¢ (t, x) of (1) with
X — vt X + vt
h(t,x)=¢(t,x)— Ho, <m> - H—l,O(m)»
satisfying (139) for some 0 <8 < 1 and T > 0. Furthermore, we have if
. 41n(1/v)

v
that

It x), Bh(t, ) e < eV (141)
This solution is also an odd function on x.
Proof. See Appendix B. O
Finally, we have obtained all the framework necessary to start the demonstration of Theorem 2.

Proof of Theorem 2. First, from Theorem 29, for any k € N bigger than 2 and 0 < v < §j, we have that
the traveling kink-kink with speed v satisfies for

5 _ 32%In(1/v?)
the estimate
1A (Ton), 3h(To ) g2 < vV (142)

for h(t, x) the function denoted in Theorem 29. Now, we start the proof of the second item of Theorem 2.

Step 1 (proof of second item of Theorem 2). First, in the notation of Theorem 8, we consider

¢k(vs z, x) = gok,v(t, X+ Tk,v)-
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For the T ; given before, we can verify using Theorems 7 and 8 that

x—vTox x +vTpx
‘ o1 (v, Tok, x) — Ho 1 <—) - H—l,o(—

In conclusion, Theorem 15 and Remark 22 imply that there is Ay g > 0 such that if also v < Ay 4, then

1 (1. ), (1, X)) = (i (v, 1, %), e (v £, X)) | g1 g2 < VP72,

J1I=12 V1I=v /g
v x —vTp4 v x+vTox
Byi(v. To k. x) + ——— H; =) - Hool = )| =2
+ || 0:x (v, Tox x)+m 0’1<\/1——v2) V11— _1’0< 1—v2> H}_v

while 2-6/2
In(1/v)>~%/
[t —Tox| < ——.

Also, Theorems 7 and 8 implies that if v <« 1 and
41n(1/u)2—9 In(1/v)>~*

=t=-
v v

k]

then there exist ey , satisfying

1 8
ev,k—ﬁln(ﬁ) <<1
such that
X —epy+ut X+epy—vt

R = R e

1—v2 1—v2 H)

v , (X —eky+ut v , X +epy— vt 2%k—1/2

e = G ) R Lt (v = | IR L

In conclusion, the second item of Theorem 2 follows from the observation above and Remark 22.
Step 2 (proof of first item of Theorem 2). From Step 1, for
In(1/v)>~?

’

v
we obtained that ¢ (#p, x) satisfies (143). Next, we will study the behavior of ¢ (¢, x) for ¢ < tg, which is
equivalent to studying the function ¢ (¢, x) = ¢ (— (¢t +1p), x) for t > 0.

However, from the estimate (143), we can verify that (¢ (0, x), 9,¢1 (0, x)) satisfies the hypotheses of
Theorem 4, if we consider yp = ex,, — v#p and 0 < v << 1. Therefore, using the result of Theorem 4 and
the identity ¢, (¢, x) = ¢ (—(¢ +1y), x), we obtain the first item of Theorem 2. O

Appendix A: Auxiliary estimates

In this appendix, we complement our article by demonstrating complementary estimates.

Lemma 30. For
e—ﬁx eﬁx eﬁx

k
(1 + e2v2x)3/2 +x(1 + e2V21)3/2 + (14 e2v26)3/2°

Gx)=e V> -
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we have that
| Ut By (026 dx
- /R U (Hy () Hy () 2™V dx — /2 /R [U"(Ho, 1 (x)) — 21H} , (x)e™ V> dx.
Remark 31. Indeed, the value k; in Lemma 30 can be replaced by zero, since
fR U (Ho, 1 (x))H} 1 (x)* dx = 0.

Proof of Lemma 30. First, from identity H(’)’ {(x) =U'(Hp,1(x)) and integration by parts, we can verify
the identity

/R U (Ho,1(x))Hf 1 (x)*G(x) dx = /R U'(Ho,1 (x)[G" (x) = U" (Ho,1)G(x)]dx.

Also, since —G" (x)+U" (Ho,1(x))G(x) = [U" (Ho,1 (x))~2]e V2 +8+/2Hj | (x) and (H{ |, U'(Ho,1)) =0,
we conclude using integration by parts that

/ U (Ho,1(x))Hj 1 (x)*G(x) dx
R
=- /R U’ (Ho.1 (x))[U" (Ho (x)) — 2]e™V dx

= /R HY\(O[U" (Ho 1 (x)) — 2]~ dx,

= fR U (Ho 1 () Hy ()% V> dx — \/E/R[U”(HO,] (x)) —21Hj  (x)e V¥ dx. O
Now, using integration by parts and identity (27) of [Moutinho 2023], we have that
- /{R[U”(Ho,l(x)) —2]e V2 Hy | (x) dx = —«/E/R[6Ho,1(x)5 —8Hy 1 (x)le V¥ dx =4, (144)
from which we deduce the following lemma.
Lemma 32. / U (Hy,1 (x)Hj 1 ()G (x) dx — / U (Ho, 1 () Hy  (x)%e™V> dx = 44/2.
Lemma 33. TheRre is 8 > 0, ¢ > 0 such that if !

0<v <, d(t):%]n(%cosh(«/ivt)z),
then for

1 1
x — 5d(t) ) _ ( X+ 5d(t) )
— |, Hy (x,)=H_jo| ———— ),

Hy (x, 1) = H0,1<

and any g € Hx1 (R) such that

(g(x), 3XH(;':1(X,I)>=O, (g(x), 8xH(;1(x’t)>=0a

we have
cllgly < (—97(x) + U"(H (v, ) + Hy, (x, )8 (), g(0)). (145)
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Proof of Lemma 33. First, to simplify our computations we let

1
Vi) = —F7/—m—-
V1= 3d(0)?

Next, we can verify using a change of variables that

(U"(H, (x, 0))g(x), g(x)) =V 1 = 3d (1) /R U (Hoa ) [8((y + 3d@vaw)vich)] dv.

and 2

[0 [ [i[gwd;}))]] dy. (146)

R dx 1—1d@®)? /) Ldy
R
We now let
17,2 -1
g1t,y) =g(yV1—-3d)?) =gy )

Moreover, L = —8)% + U"(Hp,1(x)) is a positive operator in L2(R) when it is restricted to the orthogonal

complement of Hé’l (x)in L)ZC (R); see [Jendrej et al. 2022] or [Moutinho 2023] for the proof. In conclusion,
we deduce that there is a constant C > 0 independent of v > 0 such that

d? -
<—ﬁg<x) + U (Hef (xr, 1)g (), g<x>> > V1= 1d0 1810 )12 q. (147)
X !
so, from d (1) = vtanh (\/Evt) and identity (146), we deduce that there is a constant C1 > 0 such that
if v<1,then

d2
<—@g(x) + U (Y (x.10)g (x), g(x)> > Cillg ()11 - (148)

Similarly, we can verify for the same constant Cy > 0 that if (g(x), 0xH " ((x,1))2 =0 and v K 1, then

d? _
<—ﬁg(x> + U (Hy, (6, 1)g(x), g(x)> > C1lg0131 - (149)
The remaining part of the proof proceeds exactly as the proof of Lemma 2.6 of [Moutinho 2023]. O

Lemma 34. There exist C > 1, ¢ > 08 > 0 such that if 0 < v < 8, then for any (¢1, ¢2) € HX1 (R) x Li(R)
we have that

2 2 X 2 2 2
/prz + 0y 07 + U”<Ho,1 (m>>¢1(x) dx = cll(@1, @) 1,2 — Cl@1, 92), TDy 0 (x))".

Proof. The proof is completely analogous to that of property (2) of [Kowalczyk et al. 2021, Lemma 2.8]. [J

Appendix B: Proof of Theorem 29

0 1
=[%0)

We start by letting
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and we consider for x € R and —1 < v < 1 the functions

(=)
-1, — 2
AR N N (150)
_]—UzHil’O(«/l—v2>
i vxH', o(L)
Yl ot v) =1 VI (151)
—1,0, V) = 1H,<x>+v2xH(2)<x)’
| Vi o\ =) Tim o\
and we write, for j € {0, 1}, wé"l(x, v) = Wil,o(_x’ —v).
Next, we will use Lemma 2.6 of [Chen and Jendrej 2022].
Lemma 35. The functions
YO o(vsx, 1) = =Ty o(x +vt, v), (152)
Y oix, )= —Jyl oG+ vt v) + 1/ 1 —02Y0 (i x +vt, 1) (153)
are solutions of the linear differential system
02 t
d [wl(r)] _, —m+U”(H71,o< x—f_”vz» 0 |:wl(t)i|’ (154)
dt [wa(1) 0 1 wa (1)
and the functions
Yo (vix, ) =—Jg  (x —vt, v), (155)
Yl (uix, ) =—Jyl  (x —vt, v) + 1V 1 = 02Y0, (v x — vt, 1) (156)
0,1 0,1 0,1
are solutions of the linear differential system
9? x—vt
d wl(t):| —2 4 U (Hoa( ) 0 |:w1(t)i|
— =J 9x2 TAV1—02 . 157
dr |:w2(t) 0 T Lwa (157)

Now, similarly to [Chen and Jendrej 2022], we consider the linear operator L4 _(v, t) defined by

9?2 ” X —vt X+t
L. (.1)= x2 +U (HO,]( —l—zﬂ) + H_1,0( —l—zﬂ)) 0 ' (158)
0 1
We recall that
e«/ix 1

d
Hy(x) = and ‘—lHo,l(x) < min(eﬁx, e‘zﬁx) for any [ € N.

dx

\/l—i-ezﬁx’

From now on, we let ‘l’£1,0(v; t,x) = 1/’11,0()6 + vt, v) and W({,l(v; t,x) = wfl’o(x — vt,v) for
any j € {0, 1}. Furthermore, using Lemma 11, we can verify similarly to the proof of Proposition 2.8 of
[Chen and Jendrej 2022] the following result.
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Lemma 36. There exists C > 0, such that for any 0 < v < 1, we have for all t € R> that

d o 0 —2J§v|z|>
— vit,x)— Ly _J v, X <Cexp| — ],
Hatwo’l( ) +, 1[/0,1( )L2 p( m
9 —2/2v]t|
=0 oit,x) =Ly Ty, ((vit,x) fCeXp(—),
H or "1 ’ b0 2 N
Hiwl (it,x)— Lo _JWd i, x) V10290 (v: 1, %) <C(|t|v+1)vexp(M>
g T T R Vice )
3 . 0 (—2ﬁv|t|)
— vyl it x) =Ly _Jyl, it )+ 1 =02y 0, (v;t, <C(|tlv+Dvexp[ — ).
H 8t1// l,O(U X) =+, l// I,O(U X) v ‘// l,O(v x) L% (| |U )U Xp m

Next, we consider a smooth cut function 0 < y (x) < 1 that satisfies

1 ifx<2(1—=1073),

x() = {0 if x> 2.

From now on, for each 0 < v < 1, we consider p(v) = %v(l —1073) and we also let
X+ vt X+ vt
xl(v;t,x)zx( ) Xz(v;t,X)=1—X( )
p)t p(v)t
Lemma 37. There is ¢, 9 > 0 such that if 0 < v < &, then

QG r>—l[/ (1. x)” + 0,7 (1 x>2+U”(H ("_—”)H{ ( oy .))r(t x)zdxi|
) - 2 R t ) X ’ 0,1 m —-1,0 l_vz ,

2
—i—Zv/Xj(v;t,x)(—l)ja,r(t,x)axr(t,x)dx
j=1 'R

satisfies, for any t > M,
v

1

- 1 - j - j
Q. 1) = clF (3102 — ;[Drm, MG GONZRICE t>>2]

j=0

Proof. From the definitions of Ipll’o and w&l, we can verify that there is a constant C > 0 such that
if v « 1, then

o x—vt \\?
<r(t),H0’1< 1_v2)>

. X+ vt 2
<V(t), H—1,0<—,—1 = v2)>

Then, using the estimates (159) and (160), the proof of Lemma 37 is analogous to the demonstration of
Lemma 2.3 of [Jendrej et al. 2022] or the proof of Lemma 2.5 in [Moutinho 2023] or the demonstration
of Lemma 33 in Appendix A U

< C{r @), 3 (), Yo, (0 DY+ 02 (1), 8r (DT, 2]. (159)

< C[(r @), 8r @), ¥l o ) + V(). 8r ()G, 2] (160)
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Remark 38. Proposition 2.10 of [Chen and Jendrej 2022] implies that for any 0 < v < 1, there is Ty,
and ¢, such that Lemma 37 holds with ¢, in the place of ¢ for all r > T,,.

Lemma 39. There exists C > 0 such that, for any 0 < v < 1, if f(t,x) € L°(R; Hx1 (R)) and

h(t,x) € LY (R>1; Hx1 (R) N Ct1 Rs1; L%(R)) is a solution of the integral equation associated to the
partial differential equation

32h(t. x) — 32z x)+U“<H (x_—”> t+H (ﬂ))h(r X) = £, x)
t ’ X ’ 0,1 m —1,0 m ’ - ’ ’

for some boundary condition (h(ty), 0;h(ty)) € Hxl([R{) X Li (R), then

ot h)—l[/ Bh(t, x)* + dch(t x)2+U”(H (x_—vt)JrH (ﬂ))h(t x)zdxi|
) - 2 R t ’ X ) 0,1 m —-1,0 m )

2
+Zv/ Xj (s 1, ) (=1 8;h(t, x)dh(t, x) dx
j=1 'R

satisfies

]
‘EQ(hh)‘

—/2vt(1 —1073)2 1
SC[IIf(t)IILgII(h(t),8th(t))llﬂngg+II(h(t),8th(t))lléng§<vexp< lji_—vz )>+;>}

forallt > 1.

Proof. First, from the equation satisfied by A(z, x), we obtain that

f [afh(t, x) — 82h(t, x) + U”(Ho,l (x_—v’) + H_l,o(ﬂ))h(t, x)2:|8th(t, x)dx
R V1 =2 V1 —v?
=/f(t,x)8th(t,x)dx. (161)
R

As a consequence, we deduce by integration by parts that

i[/ah(t)2+a h(t)2+U”(H <x_” )+H <x+” ))h(t)zdx:|
dt t X 0,1 ;—1 — 1)2 —1,0 /—1 — 1)2
_ U<3> Hoa (=2 ) i o 22 Wiy (222 Vi) ? dx
vl—v \/l—v2 V1 =02 O\ VT2
U(3)(H (x—vt) o (x—l—vt >>H/ (x+vt )h 2
¢1_—v2/ R W) e W) ) A Wiy
+2ff(t,x)h(t,x)dx. (162)
R
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Next, from the definition of x;(v; ¢, x) and x2(v; ¢, x), we can verify for each j € {1, 2} that

i[v/ xj (s £, ) (= 1) 3h(t, x)dch(t, x) dx}
dt R

:v/ Xj(v;t,x)(—l)iafh(t,x)axh(t,x)dx+vf Xj 3 £, X) (=D 8,h(1, X)37 h(t, X) dx
R R
. v
+0<||X||L30(R);|I(h(t),8th(l))||2ng§)v

from which we deduce using integration by parts that

i[v/ xj (s 1, x)(=1)? 3h(t, x)dch(t, x) dx}
dt R

=v /R xj(v;r,x)(—l)fa?ha,x)axra,x)dx+0(||>'<||L;>O<R>%||<h<r>,ath<r>>||%w%). (163)
From the equation satisfied by A(z, x), we have that
vaxj(v;t,x)(—l)fafh(z,x)axh(z,x)dx
=v/RXj(v;t,x)(—l)jf(t,x)axh(t,x)dx—I—v/RXj(v;t,x)(—l)jafh(t,x)axh(t,x)dx

—v fR X t, x)(—l)jU”<Ho,1 <%> + Hl,o<%>)h<t, x)3:h(t, x) dx.

So, using integration by parts, we obtain for any j € {1, 2} that

2\/1—1)2/ X (v; t,x)atzh(t,x)axh(t,x) dx
R
/x (v: t x)U<3>(H ( X )+H ( Xt ))H < Xl >h(t )2 dx
= i(v; ¢, 01| —— —10| —— — ,
R V1 =02 V1 =02 01 V1 =2
X —vt X + vt x + vt
Y AT PN £ WA TR PN
R 1 —0? 1 —? M\ VT =02
1
+ 0(||X’||L§C(R);||(h(f), 3th(f))||%ﬂxL§ + I f Ol 2 lIh (@), ath(t))HH;ng)-

From the definitions of x(v; ¢, x) and x»(v; ¢, x), we can verify for all # > 1 that
x — vt V20t (142 x 1073)
H| (—)Xl(v; 1, x) <v/2ex (— ,
S\ VT=02 P V1 =2

: X+t . V2vut (1 —1073)?
H_l’()(\/W)XZ(U’ t,x) <\/§exp(— N )
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In conclusion, we obtain that
Z ij(v t,x)(— l)Jazh(t x)o h(t, x)dx
" /U<3>(H ( X )+H ( X ))H ( i >h(t )2 dx
0,1 1,0\ —7— —
2«/1—v N Vi—z)) "N\ Vi =2
— vt X+ vt X + vt
> U(3)(H01< v )+H_10(—))H’_ <_)h<t,x)2dx
2«/1—1}2/&% AV =02 AV =02 M\ v1T=2
. 1
+0 <||X ||L;~0<R);||(h(t), 3th(f))||%1X1XL)2( ol f Ol 2 1I(h(2), dh(E)l a; ng>

20t(1 —1073)2
+0<vexp(_\/_z’1t(_v2)l/2 ) >||h(t,x)||%_1;(qu)>~ (164)

So, using estimate (164), Lemma 39 will follow from the sum of (162) and (163). O

Lemma 40. There is C > 0, such that, for any 0 < v < 1, if f(t,x) € L°(R; Hx1 (R)) and h(t, x) €
L (Rs1; Hx1 (R)) N C}(Rzl; L)zc (R)) is a solution of the integral equation associated to the partial

differential equation

afh(t,x)—afh(r,x)+U”(Ho,1( * oo >+H_1,0< rrul ))h(t,x):f(t,x)

V1—v? V1—1v?
for some boundary condition (h(ty), d;h(ty)) € H; (R) x L%(R), thenforZ(t) =(h(t, x), 0/h(t, x)) we have
d - 0 I —24/2vt
E(h(f), Y0 0))| =C _||f(f)||L§([Ra) + ”muH\!(R)xL)%(R) exp(m)],
d - 0 I —24/2vt
‘EM(”’ Vo (v; 1) <C _||f(f)||L§(|R<) + ||m||H;(R)xL§(R) eXP(m)]

d
T (). WL o 0) + (1= v)) 20, Y2, o0 t))’

r —24/2
=CllIf®Oll2+ IIWIIH;ng(IIIUJF l)exp<%)}

d
() g (03 D) + (1 =) R0, v v r)>‘

—24/2
< c[nf(t)nL; A+ IR 12 (0 + 1) exp(%)]-

Proof of Lemma 40. This follows directly from the identity

dro =L Z(z)+[ 0 ] (165)
dt T T ThT ft, x|

and from Lemma 36. |
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Proof of Theorem 29. For . 41n(1/v)

v
we consider similarly to [Chen and Jendrej 2022] the norms

Ty

2 2 1/2
ez, = sup e e, Dz el = sup e L, )l g+ 10ut, )21

t>To 0 >Tp
Next, from Lemma 40, we can verify using the fundamental theorem of calculus that there is a constant
C > 1 such that if v « 1, then for any ¢t > Ty we have that

N 0 r eVt e—(2ﬁ+1)m
[(h (), ¥, o(; D) < C| 11 fl 2 + 1Al g : (166)
’ L v,7p v v, Ty
5 i eVt - o~ (V24D
(h®, ¥L1o@ D) = C|Ifll2, —5 + Wil e <M+1>”’+nhu,ﬁ%T} (167)
N 0 r e~V e—(2ﬁ+1)m
(R (), 0,1 (03 D) < C| 11 fl 2 + 1Al : (168)
L v,TO v v.TO
5 r eVt B e—(zﬁ-i-l)vz
[(h(®), o1 DN = C| 1 fllz2, —5 + kg, te YD L > } (169)

Also, from Lemma 39, we can verify using the fundamental theorem of calculus for any ¢ > T that
there is a constant K > 1 such that if v < 1, then

Tl g o2t e~ 2vt - o
/t ‘5Q(s,h)‘dssl<[ 112, llgy, =+ 10, ( — e FQuty2u(1-10 ))ﬂ (170)

v v, Ty

In conclusion, similarly to Step 1 in the proof of Lemma 3.1 of [Chen and Jendrej 2022], we deduce
using the estimates (166)—(170) with Lemma 37 that there exists a new constant C > 1 such that for
any t > Tp and v < 1 we have

C
2 a2
1Bl = 1A a7

The fact that the constant C in (171) is independent of v follows from
Ty > 41n(1/v)’

v
which implies that
e—2vt e—2vt
vt + vt
We also observe that if (g (¢, x), d;g1(¢, x)) and (g2(¢, x), 0,82(¢, x)) are in the space (g(t), d;g(t)) €

H!(R) x L2(R) such that

<

(8 (1), 3Nl Lo 17y, 4001, H} xL2) = 1, (172)

then, since U € C, we can verify that the function
N )t x) = U/(H_l,o( L ) + Ho,1 (L‘”> +(t, x)) - U/(H_l,o( sl ))
- U/(Hm( i )) - U”(H_Lo( il ) + Ho,l( il ))g(t, X (73)
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satisfies, for some new constant C > 1 and any v < 1,
IN @, §10) — N, 820Dy < Clllgi @y + 18201l 1llg1®) = 8201
which implies
IN@. 1@ = Nw. g2l < Ce " gillgy, + g2l Mer =gy, . (174)

In conclusion, by repeating the argument of the proof of Proposition 3.6 of [Chen and Jendrej 2022], we
can verify using the Lipschitz estimate of (174) and estimate (171) that if
o> 41In(1/v)
v

and v,

then there exists a map
S:{ueHyg |y, <1}—{ueHyg | luly, <1} (175)

such that u (¢, x) = S(u)(z, x) is the unique solution of the equation

2 2 / X+t X — vt .
0y u(t, x) —oyu(t, x)+U"| H-10 ﬁ + Ho,1 ﬁ u(t, x) =N, @), x), (176)

such that u € HUI’TO. Indeed, the uniqueness is guaranteed by estimate (171) and from estimates (171)
and (174) we have that the map S is a contraction in the set

1
B={ueHlp |luly <1},
v, T

and so Theorem 29 follows similarly to the proof of Proposition 3.6 of [Chen and Jendrej 2022] by using
Banach’s fixed point theorem. O
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