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Let (M", go) be a smooth compact Riemannian manifold of dimension n > 3 with nonempty boundary d M.
Let I C R" be a symmetric convex cone and f a symmetric defining function for I" satisfying standard
assumptions. Under an algebraic condition on T, which is satisfied for example by the Gérding cones I';"
when k < %n, we prove the existence of a locally Lipschitz viscosity solution g, = e**g to the fully
nonlinear Loewner—Nirenberg problem associated to (f, I'),

{f(k(—gulAgu))=1, AM—g'Ag) €T on M\ M,
u(x) — 400 as disty, (x, 9M) — 0,

where A,, is the Schouten tensor of g,. Previous results on Euclidean domains show that, in general,
u is not differentiable. The solution u is obtained as the limit of smooth solutions to a sequence of fully
nonlinear Loewner—Nirenberg problems on approximating cones containing (1, 0, ..., 0), for which we
also have uniqueness. In the process, we obtain an existence and uniqueness result for the corresponding
Dirichlet boundary value problem with finite boundary data, which is also of independent interest. An
important feature of our paper is that the existence of a conformal metric g satisfying A(—g~'A derl
on M is a consequence of our results, rather than an assumption.
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1. Introduction

A pertinent theme in conformal geometry is to establish the existence of conformal metrics satisfying
some notion of constant curvature. For example, given a compact Riemannian manifold (M", go) of
dimension n > 3 with nonempty boundary d M, a natural question is whether there exists a conformal
metric which is complete on M \ dM and has constant negative scalar curvature on M \ dM. In the
seminal work of Loewner and Nirenberg [1974], the authors proved among other results the existence and
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uniqueness of such a metric when M \ dM is a bounded Euclidean domain with smooth boundary' and
go is the flat metric. Aviles and McOwen [1988] later extended this result to the Riemannian setting; for
further related results we refer, e.g., to [Allen et al. 2018; Andersson et al. 1992; Aviles 1982; Finn 1998;
Gover and Waldron 2017; Graham 2017; Han and Shen 2020; Han et al. 2024; Jiang 2021; Li 2022b;
Mazzeo 1991; Véron 1981]. We note that the related problem of finding conformal metrics with constant
scalar curvature on closed manifolds, known as the Yamabe problem, was solved in [Aubin 1970; Schoen
1984; Trudinger 1968; Yamabe 1960].

Since the works of Viaclovsky [2000] and Chang, Gursky and Yang [Chang et al. 2002], there has been
significant interest in fully nonlinear generalisations of Yamabe-type problems, including on manifolds
with boundary. Suppose that

' C R" is an open, convex, connected symmetric cone with vertex at 0, (1-1)
IF={eR":%>0VI<i<n)CICI'{={eR": A+ -+21, >0} (1-2)
fec®mn CO(F) is concave, 1-homogeneous and symmetric in the A;, (1-3)
f>0mI, f=0o0ndl, fi,>0mmIforl<i<n. (1-4)

In this paper, we study the natural generalisation of the Loewner—Nirenberg problem to the fully nonlinear
setting on Riemannian manifolds. That is, for (f, I') satisfying (1-1)—(1-4) and a compact Riemannian
manifold (M, go) with nonempty boundary d M, we study the existence and uniqueness of a conformal
metric g, = e?*gy satisfying

{ fO(=g"Ag)) =1, A(=g;'Ag) €T on M\ M,

(1-5)
u(x) > 400 as d(x, oM) — 0.

Here,

A, = mC——fi—g
£ =2 £ 2mn—1)

denotes the (0, 2)-Schouten tensor of a Riemannian metric g, Ric, and R, denote the Ricci curvature
tensor and scalar curvature of g, respectively, A(T") denotes the vector of eigenvalues of a (1, 1)-tensor T,
and d(x, M) is the distance from x € M to d M with respect to gg. Typical examples of (f, I') satisfying
(1-1)-(1-4) are given by (okl/ k, F,j) for 1 <k <n, where oy is the k-th elementary symmetric polynomial
and FZ ={AeR":0;(A)>0V1=<j<k}. When f =0, (1-5) reduces to the original Loewner—Nirenberg
problem on Riemannian manifolds discussed above.

Much of the motivation to study (1-5) stems from the fact that, as a consequence of the Ricci decompo-
sition, the Schouten tensor fully determines the conformal transformation properties of the full Riemann
curvature tensor. We note that, for g, = e g0, one has the transformation law

Ag, :—ngou—%|Vg0u|§0g0+du®du+Ago, (1-6)

which demonstrates the fully nonlinear nature of (1-5) when f # coy. Moreover, (1-5) is nonuniformly
elliptic when f # coj.

Loewner and Nirenberg [1974] also considered the problem on a class of nonsmooth Euclidean domains, but we will not be
concerned with such generalisations in this paper.
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By the 1-homogeneity of f, without loss of generality we may assume
f(3o....3)=1 (1-7)
As in [Li and Nguyen 2014], we define MIJE to be the number satisfying
(=i, 1,..., 1) €drl.

We note that /,Lff is uniquely determined by I" and is easily seen to satisfy le €[0,n—1]. When T =T,
one has M;: =n—k)/k.
Our first main result concerns the solution to the Loewner—Nirenberg problem (1-5) under the assump-
tion
ui > 1. (1-8)

Observe that, for I = F,j, (1-8) holds if and only if k£ < %n. The role of condition (1-8) will be discussed
later in the introduction.

Theorem 1.1. Let (M, go) be a smooth compact Riemannian manifold of dimension n > 3 with nonempty
boundary oM, and suppose (f, ') satisfies (1-1)—(1-4), (1-7) and (1-8). Then there exists a locally
Lipschitz viscosity solution to (1-5) satisfying

lim  (u(x)+Ind(x, 3M)) =0, (1-9)
d(x,0M)—0

which is maximal in the sense that if u is any continuous viscosity solution to (1-5), then u <u on M\ oM.
Moreover, when (1,0, ...,0) € I', u is smooth and is the unique continuous viscosity solution to (1-5).

We recall that a continuous function # on M\ d M is a viscosity subsolution (resp. viscosity supersolution)
to the equation in (1-5) if, for any xg € M \ O0M and ¢ € C*(M \ dM) satisfying u(xg) = ¢(xp) and
u(x) < @(x) near xg (resp. u(x) > @(x) near xg), we have )\(—g(;lAgw)(xo) efrel: f(n) =1}
(resp. A(—g; 1Agw)(xo) e R"\{A eI : f()) > 1}). We say that u is a viscosity solution to the equation in
(1-5) if it is both a viscosity subsolution and a viscosity supersolution.

Remark 1.2. In previous work studying equations of the form f(A(—g, 'A ¢.)) = L, it has been typical
to assume that the background metric g satisfies A(—g 'A ¢) € I on M (a notable exception is a result
of Gursky, Streets and Warren [Gursky et al. 2011], which will be discussed later in the introduction).
In contrast, one of the key points of this paper is that we do not assume the existence of such a metric
in Theorem 1.1. Rather, the existence of such a metric is established as a by-product of the proof of
Theorem 1.1 (see Theorem 1.6), and our proof of Theorem 1.1 would not be substantially simpler even
if we were to assume the existence of such a metric from the outset. We note that after our work was
submitted, Professor Rirong Yuan [2024] brought to our attention his work, where a conformal metric
satisfying k(—g‘lAg) € I' is constructed under the assumption (1-8) by an entirely different method.
See also [Yuan 2022], which considers the existence problem for (1-5) assuming A(—g, 'A ¢) €I and
(1,0,...,0) €I, and addresses (1-9) and uniqueness of solutions under an even stronger assumption
on I' (see condition (1.20) therein).
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Remark 1.3. In the case that M \ M is a Euclidean domain, the existence of a Lipschitz viscosity
solution to (1-5) was established by Gonzéles, Li and Nguyen [Gonzdlez et al. 2018]. It was also shown in
their work that this solution is unique among continuous viscosity solutions. We note that the uniqueness
of the viscosity solution obtained in Theorem 1.1 remains an open problem when M \ M is not a
Euclidean domain and (1,0, ...,0) € 9T".

Remark 1.4. In [Li and Nguyen 2021; Li et al. 2023] it was shown that if M \ dM is a Euclidean domain
with disconnected boundary and I C F;“ (in particular, this implies (1,0, ..., 0) € d"), then the Lipschitz
viscosity solution to (1-5) is not differentiable. Thus, in general, the Lipschitz regularity of the solution
in Theorem 1.1 cannot be improved to C ! regularity when (1,0, ...,0) € dI". On the other hand, the
existence of a unique smooth solution to (1-5) satisfying (1-9) when (1,0, ..., 0) € I' is new even when
M \ dM is a Euclidean domain. This smoothness result can be viewed as an analogue of the result in
[Gursky and Viaclovsky 2003] on the existence of a smooth solution to the ok-Yamabe problem for the
trace-modified Schouten tensor on closed manifolds.

To describe the proof of Theorem 1.1, we first introduce some notation and an equivalent formulation
of the result. Fort € [0, 1], Ae R"ande=(1,...,1) € R", we define

.
T+n(l—1)
As shown in [Duncan and Nguyen 2023, Appendix A], I satisfies (1-1), (1-2) and (1,0, ...,0) e I" if
and only if there exists r satisfying (1-1), (1-2) and a number 7 < 1 for which I" = (F)’. Note that (1-7)

implies f° (%, R %) = 1. An equivalent formulation of Theorem 1.1 is then as follows.

Ai=1tA+(1—1)o1(VNe, fT(A):= and T'":={A:A7 €T}

Theorem 1.1'. Ler (M, go) be a smooth compact Riemannian manifold of dimension n > 3 with nonempty
boundary oM, and suppose (f, I') satisfies (1-1)-(1-4), (1-7) and (1-8). Then, for each T < 1, there exists
a smooth solution u to

{ff(M—gulAgl,» =1, Mg, 'Ag) €TT on M\3M, (1-10)

u(x) — 400 asd(x,oM) — 0,

and moreover u satisfies (1-9) and is the unique continuous viscosity solution to (1-10). When t = 1, there
exists a Lipschitz viscosity solution u to (1-10) satisfying (1-9), which is maximal in the sense that if i is
any continuous viscosity solution to (1-10), then t <u on M \ M.

Remark 1.5. If we label the solution to (1-10) in Theorem 1.1" as u® for each T < 1, then we will show
that, for each compact set K C M \ d M, there exists a constant C which is independent of t but dependent
on M, go, f, I' and K such that

lu"|corxy <C forall T €0, 1].

In the proof of Theorem 1.1, we will first prove the existence of a unique smooth solution to (1-10)
when t < 1. The Lipschitz viscosity solution in the case T = 1 is then obtained in the limit as 7 — 1. In
turn, for each v < 1, the existence of a smooth solution to (1-10) is obtained as the limit of smooth solutions
to Dirichlet boundary value problems with finite boundary data. Although we only need to consider
constant boundary data in the proof of Theorem 1.1", we will prove the following more general result.
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Theorem 1.6. Let (M, go) be a smooth compact Riemannian manifold of dimension n > 3 with nonempty
boundary dM, and suppose (f, ') satisfies (1-1)—(1-4) and (1-8). Let v € C®°(M) be positive and
& € C®(OM). Then, for each t < 1, there exists a smooth solution u to

:ff(k(—g;‘Agu)) =y, AM—g'A,)eTT on M\ oM,

1-11
u==¢& on oM, ( )

and moreover u is the unique continuous viscosity solution to (1-11). When t = 1, there exists a Lipschitz
viscosity solution to (1-11).

Remark 1.7. If we label the solution to (1-11) in Theorem 1.6 as u® for each 7 < 1, then we will show
that there exists a constant C which is independent of ¢ but dependent on M, go, f, I', ¥ and & such that

[t |lcoaap <C forall T €0, 1].

The existence of a smooth solution to (1-11) when t < 1 is achieved using the continuity method,
which relies on obtaining a priori estimates. To keep the introduction concise, we only discuss the C°
estimates here and postpone the discussion of the other estimates to the main body of the paper. Now, if
one assumes A(—gq 'A %) € ' on M, then it is straightforward to obtain both the a priori upper and lower
bounds on solutions to (1-11). Since we do not make such an assumption on g, a large portion of our
work involves proving the lower bound. The a priori lower bound is obtained in two independent stages,
which can be summarised as follows:

(1) First, in Section 2, we prove a local interior gradient estimate on solutions to (1-11) of the form
|Veottlgo (x) < C(r~' 4 &™P5: ) for x € B2, (1-12)

where B, is a geodesic ball contained in the interior of M. An important feature is that the estimate (1-12)
does not depend on a lower bound for u.

(2) Second, in Section 3.2, we construct suitable barrier functions to prove a lower bound for u in a
uniform neighbourhood of d M — this is one of the key new ideas in this paper.

We note that the assumption ;Lff > 1 is used in both stages above. Once the lower bound in a uniform
neighbourhood of d M is established in the second step, the local interior gradient estimate from the first
step and a trivial global upper bound in Proposition 3.1 then allows one to propagate the lower bound
to all of M — see the proof of Proposition 3.2 for the details. As indicated in Remark 1.7 above, it is
important that all estimates in the two steps above (as well as the boundary gradient estimates obtained in
the main body of the paper — see Proposition 3.8) are independent of 7.

In fact, the proof of Step (2) provides a purely local lower bound: if xo € 9M and u solves (1-11) in
M N B, (xp), then u > C in M N B, (xp). In our subsequent work [Duncan and Nguyen 2025], we show
that this local lower bound cannot hold when (1-8) fails, that is when ufi <1.

We now discuss the two steps above in more detail. Our local interior gradient estimate, which is also
of independent interest, is as follows.
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Theorem 1.8. Let (M, go) be a smooth Riemannian manifold of dimension n > 3, possibly with nonempty
boundary, and suppose (f, ') satisfies (1-1)-(1-4) and (1-8). Fix T € (0, 1], fix a positive function
Y € C*(M) and suppose that u € C3(B,) satisfies

T A =¥, Mg, Ag) €TT (1-13)
in a geodesic ball B, contained in the interior of M. Then
[Vgoit] g (x) < C(r_1 +e™Pa ) for x € B2, (1-14)

where C is a constant depending on n, f, T, |Igollc3s,) and ||V ||c1(p,) but independent of T and infp, V.

We note that Theorem 1.8 was previously obtained for (f, ') = ((rk1 / k, F,j) when k < %n and t =11in

the thesis of Khomrutai [2009]. Roughly speaking, one important observation in the thesis is as follows:
if ,0|Vg0u|§,0 attains its maximum at xg (here p is a cutoff function satisfying standard assumptions), then
in a “worst case scenario” (i.e., in a situation where the gradient estimate cannot be obtained somewhat
directly), the ordered eigenvalues A1(xp) > -+ - > A, (xo) of (—g, 'A ) (x0) are greater than or equal to a
perturbation of (1, ..., 1, —1)%|Vu|2(x0). But when k£ < %n, the vector (1, ..., 1, —1) belongs to i,
and so by (1-13) and homogeneity of akl/ k. the gradient estimate follows. In our proof of Theorem 1.8, we
show that this phenomenon persists for general cones satisfying M}L > 1. In order to circumvent certain
arguments of Khomrutai that rely on algebraic properties of the o} operators, we appeal to some general

cone properties recently observed by Yuan [2022].

Remark 1.9. For gradient estimates on solutions to equations of the form (1-13) which depend on
two-sided C? bounds, see for instance [Guan 2008; Gursky and Viaclovsky 2003]. For gradient estimates
for the related positive cone equation, see e.g., [Chen 2005; Guan and Wang 2003; Jin et al. 2007; Li
2009; Li and Li 2003; Viaclovsky 2002; Wang 2006].

Remark 1.10. We have been informed that in an upcoming work of Baozhi Chu, YanYan Li and Zongyuan
Li [Chu et al. 2023], a Liouville-type theorem for a fully nonlinear, degenerate elliptic Yamabe-type
equation on negative cones is proved for all ,ulJf # 1. As an application of this Liouville-type theorem
and the method in [Li 2009] (which dealt with local gradient estimates for equations on positive cones),
the authors obtain local interior gradient estimates for solutions to (1-13) depending only on one-sided
€ bounds for all ;LIJE # 1 without assuming concavity of f. Counterexamples to both results are also
given when ;LIJE = 1. This proof is entirely different from our proof of Theorem 1.8.

We now turn to the second step mentioned above, namely the lower bound in a neighbourhood of 0 M.
This is achieved through constructing suitable comparison functions on small annuli; the main step here
is to prove the following proposition (see Proposition 3.4 for a more precise version).

Proposition 1.11. Suppose (f, I') satisfies (1-1)—(1-4) and (1-8), let gy be a Riemannian metric defined
on a neighbourhood Q2 of the origin in R", let m € R and define A,_,, :={x : r— < dg(x,0) <ry}.

2We would like to thank Baozhi Chu, YanYan Li and Zongyuan Li for bringing [Khomrutai 2009] to our attention.



THE 03-LOEWNER-NIRENBERG PROBLEM ON RIEMANNIAN MANIFOLDS FOR & < % 2209

Then there exist constants S > 1 and 0 < R < 1 depending on gy, f, I and m such that, whenever
1 <ry/r— < S andry < R, there exists a solution to

F(—g, ' Ag, ) > 1, A(—g,'Ag,) €T onA, .,
wx)=m forx €S, _,

w(x) > —o0 as dg,(x,S,,) — 0.

Our construction of w in Proposition 1.11 is modelled on the radial solutions of Chang, Han and
Yang [Chang et al. 2005] to the ox-Yamabe equation on annular domains in R" when k < %n To apply
Proposition 1.11 to complete the second step, we attach a collar neighbourhood N to dM and cover
a neighbourhood of M in M by sufficiently small annuli whose centres lie in N and whose inner
boundaries touch d M. On each of these annuli, the solutions constructed in Proposition 1.11 then serve
as the desired lower bound by the comparison principle. See the proof of Proposition 3.3 for details.

Remark 1.12. The assumption ,uff > 1 plays an important role in our proof of Proposition 1.11, and in
fact a similar construction is not possible when MIJE < 1. More precisely, given a smooth metric go defined
on an annulus A, r and given a cone I" satisfying (1-1), (1-2) and u}’ < 1, there is no smooth metric
guw = €V go satisfying A(— g, A ¢») €on A, g and for which w — —o0 at either boundary component
of A, r. The proof of this nonexistence result uses arguments different in nature to those considered in

this paper and appears in our more recent work [Duncan and Nguyen 2025].

For the remainder of the introduction, we discuss in more detail how our results and methods compare
to previous work on fully nonlinear problems of Loewner—Nirenberg type. As mentioned before, when
M \ M is a Euclidean domain, the existence of a Lipschitz viscosity solution to (1-5), as well as
uniqueness of this solution among continuous viscosity solutions, was established in [Gonzalez et al.
2018]. Moreover, counterexamples to C! regularity were given in [Li and Nguyen 2021; Li et al. 2023].
The proof in [Gonzdlez et al. 2018] uses Perron’s method, which in turn uses canonical solutions on
interior/exterior balls and a comparison principle on Euclidean domains established in [Li et al. 2018].
Since one cannot use exterior balls in the Riemannian setting and since it is not currently known whether
the comparison principle in [Li et al. 2018] extends to the Riemannian setting, a different approach to
that in [Gonzalez et al. 2018] is required to prove Theorem 1.1".

On the other hand, for (f, ') = (ak1 / k, F,j), 2 < k < n, Gursky, Streets and Warren [Gursky et al.
2011] proved the existence of a unique smooth solution to (1-5) with the Ricci tensor in place of the
Schouten tensor (see Remark 1.13 below for the relation between this result and Theorem 1.1, and see also
[Wang 2021; Li 2022a] for some further related results). As in the present paper, the solution of Gursky,
Streets and Warren is constructed as a limit of solutions with finite boundary data, and these solutions
are in turn obtained using the continuity method. Their method for obtaining an a priori lower bound
on solutions is different to ours and is instead based on the explicit construction of a global subsolution.
Roughly speaking, the subsolution construction in [Gursky et al. 2011] uses the fact that, in the analogous
formula to (1-6) for the Ricci tensor, the gradient terms are collectively nonnegative definite and so can
be neglected in certain computations. In our case, the gradient terms do not have an overall sign, thus
leading to our new approach for the lower bound discussed above.
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Remark 1.13. Since /,Li_",_+ = (n —k)/k, it is easy to see that ;LI#), =m—k)/k+m—1)1—r1). Thus
k k

n—k+k(n—2)
k(in—1)

wr,.>1 ifandonlyif 7 <a,;:=
(Fk)f ’

On the other hand, for t = (n —2)/(n — 1), we have

— 1 - i
(0" =g Ap)) = S -0 (=i Rice,).

Since (n —2)/(n — 1) < anx if and only if k < n, we therefore see that Theorem 1.1’ recovers the result
of [Gursky et al. 2011] for k£ < n.

The plan of the paper is as follows: In Section 2 we prove the local interior gradient estimate
stated in Theorem 1.8. In Section 3 we consider the Dirichlet boundary value problem (1-11), proving
Theorem 1.6. Finally, in Section 4 we turn to the fully nonlinear Loewner—Nirenberg problem (1-10),
proving Theorem 1.1” (and hence Theorem 1.1).

Notation. Throughout the rest of the paper, if X is a (1, 1)-tensor satisfying A(X) € I" then we frequently
write f(X) := f(A(X)).

2. Proof of Theorem 1.8: the local interior gradient estimate

In this section we prove the local interior gradient estimate stated in Theorem 1.8. Throughout the section,
unless otherwise stated all derivatives and norms are taken with respect to go. Moreover, C will denote a
constant that may change from line to line and depends only on n, f, T, [|goll¢c3(p,) and [V [lc1(s,)-

2.1. Set-up and main ideas of the proof. Our set-up for the proof of Theorem 1.8 is similar to that in the
related works [Chen 2005; Guan and Wang 2003; Jin et al. 2007; Khomrutai 2009; Li 2009; Li and Li
2003; Wang 2006] on local gradient estimates. Throughout this section we write § = A, and

W= Vzu—f—%qulzgo—du@du—S.

By a standard argument, it suffices to consider the case r = 1 in the proof of Theorem 1.8. Suppose
p € C°(By) is a cutoff function in By with p =1o0n By )2, |Vp| < Cp'/? and |V?p| < C. Set H = p|Vul|?
and suppose H attains a maximum at xo. We may assume that |Vu| > 1 at x(, otherwise we are done.
Choosing suitable normal coordinates centred at xo, we may also assume W = (w;;) is diagonal at x
with wq; > --- > w,,, and hence at xo we have

:wii=uii_ug+%|v”|2_sﬁ forall 1 <i <n, -1

uij=uiuj+S,-j fOI‘i;ﬁj.

Using the fact that H;(xo) = 0 for each i, we obtain at xg

n
Pi
> uauy = —==|Vul?, (2-2)
=1 2'0
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and hence
n

S w

=1

< Cp~'2vul*. (2-3)

For Ag a large number to be fixed later, we may assume at x that

v Vul?
p—l/zgcM and |S|§| “', (2-4)
Ao Ao

otherwise we are done. Note that, by combining (2-3) with the first estimate in (2-4), we have

n

S i

I=1

IVbtl3
Ap

<C

(2-5)

Denote by F; ij the coefficients of the linearised operator at (g, ! W)(xp), that is,

Fii = 7
T Ay

A=(gy' W) (x0)

Then (Ftij ) is a positive definite, diagonal matrix. Also define
n
.Ff = Z Fél and ﬁ[j =Ujj— S[j.
i=1
By homogeneity and concavity of f, itis easy to see that 7z > 1/C > 0: indeed, writing A = A (g, "W (xo),
we have

E-Z o -0 = f(x)+Z )= fT(L ). (2-6)

i=1
With our set-up and notation established, we now briefly discuss the main ideas in the proof of

Theorem 1.8. The first step is to obtain the following lemma.

Lemma 2.1. Under the same hypotheses as Theorem 1.8 but without the restriction ,uff > 1, there exists a

constant C such that

0> —CF.(1+e*)|Vul*-C ]-'t F” at xo. (2-7)

The proof of Lemma 2.1 is by now standard and will be given in Section 2.2.
Now, in the case that the positive term on the right-hand side of (2-7) dominates |Vu|*F, in the sense
that
Z Flig? > e|Vul*F, atxg (2-8)

for a suitably chosen small constant & > 0, then the desired gradient estimate is routine (the details will
be given later). On the other hand, if (2-8) fails for our suitably chosen small constant ¢ > 0, we will
see that the ordered eigenvalues wy; > --- > w,, of W at x¢ are greater than or equal to a perturbation
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of (1,...,1, —1)%|Vu|2. As mentioned in the introduction, this phenomenon was previously observed
in the case (f, ') = (akl/ k. F,:L) when k < %n in the thesis of Khomrutai [2009]. Using the fact that
(1,...,1,—1) eI (this is the only place in the proof of Theorem 1.8 where the assumption ,uff >1is

used), the gradient estimate again follows. The details will be given in Section 2.3.

2.2. Proof of Lemma 2.1. We follow closely the proof in [Guan and Wang 2003]. In what follows, all
computations are implicitly carried out at xg. First observe that, by (2-2),

20ipi n n
Hij = (pij - ,lo ])|VM|2 +2p Z”lij”l +2,02Mi1uj1,
=1 I=1

and hence, by positivity of (Ffij ) and nonpositivity of (H;;),

n n 2 n n
. . 20
0> FiH;=Y Fl |:<,0i,~ — —’)qu|2 +2p > wiiiug +2p Zulﬂ
i=1 i=1 p =1 =1
=—C|Vul’Fr +20 Y Filuiiu; +2p Y _ Fi'uj,. (2-9)

il il
Now, commuting derivatives yields
> Fllwiiu = Flluiu —C|\Vul* F,
il il
=Y Fi{ i — (5IVul? —u?),+ (S Jus — C|Vu F
il
ln
=Y WV —F Y wga+2 Y Flujua+Y  Fi (S —C|Vul* Fr, (2-10)
=1 k.l il il
where to reach the last line we have used the fact that f* is homogeneous of degree 1 to assert that
Zi Ftii(wii)l = (f’(gO_IW))l = (1#62”)1. Also, since |Vu| > 1, we can bound the penultimate term in
(2-10) from below by —C |Vu|?F,, and also observe that

n n
D WPy =" e Yy +2e* ¢ | Vul* = —Ce*|Vul®, (2-11)
=1 =1
Also, by (2-5) we have
Y L Vel ; (2-12)
T UriUru) = AO T

k.l
and likewise

22 Flujuiug = ZZ<F;iui Z”il”l> > _2Z(|F;‘iui|
il ; 7 i

Substituting (2-11)—(2-13) back into (2-10) and recalling F; > 1/C, we get

|Vul|*
>-C Fr. (2-13)
Ag

5w

l

|Vul*
Ap

> Fllwiu = —C(1+ ™) |Vul* Fr = CF;
il

’



THE 03-LOEWNER-NIRENBERG PROBLEM ON RIEMANNIAN MANIFOLDS FOR k < % 2213
and, substituting this back into (2-9), we see

0> —CF,(1+¢e*)|Vul? C,O]:T (2-14)

The desired estimate (2-7) then follows from (2-14) and the following inequality, which is a consequence
of the Cauchy—Schwarz inequality and the second inequality in (2-4):

> Fluiz s ZF“?I Of,|Vu|4. O
il
2.3. Proof of Theorem 1.8. We begin this section by stating a central result in our argument, namely
Proposition 2.2. The proof of Theorem 1.8 is then given assuming the validity of Proposition 2.2 — this
should serve to elucidate the ideas outlined at the end of Section 2.1. The proof of Proposition 2.2 will be
given later in the section and consists of a series of technical lemmas.
To this end, for 1 > 8y > A, /10 4 small number to be fixed later, define the set
I={ie{l,...,n}:|wj+IVul*| <28§|Vul*}.
We remind the reader that all computations are implicitly carried out at x¢, and that we have the ordering
wip > - > wyy,. We will prove:
Proposition 2.2. There exists a constant C>1 depending only onn, f, T, |lgollc3s,) and |¥llc1(s,)
such that if Agl/lo <8 <C'and

> Flli < CTlo|Vul' F, (2-15)
then: !
(1) Z={n}, and
2) [wn—1,0-1 = 3| Vul| < 28| Vul®
Assuming the validity of Proposition 2.2 for now, let us complete the proof of Theorem 1.8.
Proof of Theorem 1.8. We start by fixing C sufficiently large so that Proposition 2.2 applies. Then, for
Ag > C'° to be fixed later, if Aal/lo <y < C!and (2-15) is satisfied,

Vul? Vul?
| | and wnn:_(1+an)| |

Wp—1,n—1 = (1 +an—1)

for some |a,_1/, |a,| < 48¢p. On the other hand, since w{; >--- > wy, foreacha =1, ..., n—2, we can
Write Wyy = Wy—1 -1 + X for some X, > 0. Therefore

Wil X 1 +an—

' - [Vl 2-16
Wyp—2n—2 | = | Xn—2 + 2 l+a,—1 | (2-16)
Wn—1,n—1 0 l+a,

Wnn 0 —(1+ay)
—_———

B
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with the first vector on the right-hand side of (2-16) clearly belonging to I'* for each t < 1 since each
entry is nonnegative. We also observe that 5 is a perturbation of By := (1, ..., 1, —1) and that By € ['*
for any 7 < 1 since we assume ,u}L > 1. Therefore, since |a,_1|, |a,| < 48y, for Cc sufficiently large we
will have B € " with f*(B) > % f¥(Bp). Monotonicity of f then implies

Y = fT(win, ..., o) = SIVUP F1(B) = HVul* £7(By),

which implies the desired gradient estimate.
It remains to address the case that, for the value of C fixed in the foregoing argument, (2-15) is not
satisfied. Then
Y Flad = CT AT IVt F,, (2-17)
il

and substituting (2-17) into (2-7) we therefore have

|Vul*
Ag

-2/5

0> —CF.(1+&*)|Vul* = CpFr——+C A" p|Vul* F.

Multiplying through by c Ag/ 5p then yields the estimate

- ccC
0>—CCAp(1 4 ¢*)|Vul* -

T/5p2|w|4+,02|W|4. (2-18)
AO

It follows that if we choose Ay > max{(25 C)* 3, C 10} (where C and C are the constants in (2-18)), then
we have (for a possibly different constant C)

0> —Cp(1+e*)|Vul* + p*|Vul*, (2-19)

and therefore
H? = p?|Vul* < C(1+e*)H. (2-20)
After dividing through by H we again arrive at the desired gradient estimate. U

The rest of the section is devoted to the proof of Proposition 2.2, which we obtain through a series of
three lemmas. In the first of these lemmas we show that if A(; 1/10 <& < C~!for C sufficiently large,

then 7 # @.

Lemma 2.3. There exists a constant C > 1 depending only onn, f, T, |Igollc3s,) and ¥ | c1(s,) such
that if Ag'/1° <8y <C7 ', then I # @.

Proof. It is clear that, for §o < +/1/n, there is at least one index j € {1, ..., n} such that u? > 6(2)|Vu|2.
We claim that, for such an index j, we have j € Z. We follow the method in [Guan and Wang 2003]. We
know that, for [ # j, we have u;; = u ju; + Sj; and therefore

Zuﬂm:Zujulz—i-ZSﬂul.

I#] I#] I£]
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It follows that

Zuﬂul Zu]u, +ZSjlul+u”u]

I#] I#j
=u;|Vu| +ZSj1ul+ujjuj—u§
I#]
=Y Sju —up (] — |Vul®) —uj)).
I#]
Hence
. @5 _|Vul?
2 2
(G = 1Vu) = u) = 3 S| = | Jujur| = € e
I#] =1
It follows that
3 3
u| (24) |Vu|
112 = [VaP) — 1 = € +> S < C8°vuP, (2-21)
I#j
—1/10

where to reach the last inequality we have used A, < 8. Substituting |u ;| > §o|Vu| back into (2-21)

yields
|5 — |Vul?) —ujj| < C8)|Vul*. (2-22)

Next, substituting u;; = w;; + u? - %|Vu|2 + §;; into (2-22) and again applying (2-4), we obtain

lwjj + 51Vul?| < C8|Vul® + = C8|Vul* +8°|Vul?. (2-23)

|Vu|?
A

It is clear that one can then choose C sufficiently large so that the right-hand side of (2-23) is less than

258|Vu|2 for §p < C~'. Once such a choice is made, we see that (2-23) implies j € Z, which proves the

claim and therefore the lemma. U

In our subsequent arguments we will use the following proposition, which is essentially a consequence
of [Yuan 2022, Theorem 1.4] —see Appendix A for a summary of the proof.

Proposition 2.4. Suppose T satisfies (1-1) and (1-2) with T # l":[ (equivalently, Mff > 0). Then there
exists a constant 0 = 0(n, I') > 0 such that, forany A € I' with A1 > - -+ > A,

—f(k)_OZ—(A) ifi e{n—1,n}ori <O0. (2-24)

We are now in a position to show that if one additionally assumes (2-15) holds for c sufficiently large,
then |Z| = {n} (recall once again the ordering wi; > --- > wy,).

Lemma 2.5. There exists a constant C > 1 depending only on n, f, T, |gollc3(s,) and ||V |lc1(p,) such
that if Ag'/1% <8y < C~! and (2-15) is satisfied, then |I| = {n}.
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Proof. We first claim that if C is sufficiently large and (2-15) holds, then u;; > —28(2)|Vu|2 for j € 7.
Indeed, suppose for a contradiction that this is not the case. Then we would have

o o, B | Vul* y .
Y Flan = Flas, > zF,ffuﬁj—F,ffA—8 > 2F 53| Vul* — FJ7 830\ Vul*
il ..
> FI83|\Vul* > 085 Vul* Fy, (2-25)

with the last inequality following from Proposition 2.4 — note that Proposition 2.4 applies in this case
since w;; < 0 by virtue of j € Z if Cis sufficiently large. But this contradicts (2-15) if Cis sufficiently
large, proving the claim.

By the claim, we may therefore suppose that C is large enough so that u ;; > —253|Vu|2 whenever
j € Z. Then, for j € Z, we therefore have

—2685|Vul* — 5+ 5IVul* = Sjj <ujj—ui + 5 |Vul* = Sj; = wj; < —5|Vu|* + 265 Vul?,
with the last inequality following from the definition of Z. That is,
(2-4)
—u5 < (—1+480)|Vul +8j; <" (=1+489)|Vul® +85°|Vul* < (=1 +563)|Vul*. (2-26)

Clearly (2-26) cannot hold for more than one index if 108(2) < 1. Hence |Z| < 1 for c sufficiently large,
and after increasing C further if necessary so that Z # & (recall that this is possible by Lemma 2.3), it
must be the case that |Z| =1, i.e., Z = {n}. [l

To finish the proof of Proposition 2.2 it remains to show (after taking C larger if necessary) that
|Wn—1,n—1 — %|Vu|2| < 28| Vu|?. This is the focus of the next lemma.

Lemma 2.6. There exists a constant C > 1 depending only on n, f, T, |gollc3(s,) and ||V |lc1(p,) such
that if Ag'/1% <8y < C™" and (2-15) is satisfied, then

(w101 = 31 Vu?| < 280| Vu .
Proof. Step 1: In this first step we show
Watn-1 > (3 —280)|Vul*. (2-27)
Suppose for a contradiction that wy,_1,,—1 < (3 —280)|Vul?, i.e.,
Un—tn—1 = tp_y = Sp—1.a-1 < —280| Vur|*. (2-28)

Either urzl_l < 8|Vu)? or ui_l > 80|Vu|?. In the former case, (2-28) then implies

(2-4)
Un—1n—1 < —80|Vul* + Su14m1 < —80|Vul* +8°|Vu|* < —180|Vul* (2-29)

if §p < %, and one obtains a contradiction as in (2-25) if C is sufficiently large — note that Proposition 2.4
is again justified since w,_; ,—1 is the second lowest eigenvalue. If instead uﬁ_ = 80| Vu|?, the proof
of Lemma 2.3 shows that n — 1 € Z. This contradicts the conclusion |Z| = {n} of Lemma 2.5 if C is
sufficiently large. Thus (2-27) is established, which completes the proof of Step 1.
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Step 2: In this second step we show

Wyt a1 < (3 +280)Vul®. (2-30)
Indeed, we have
2 | 2 24 | 2, <10jw.. (2
Wp—1,n—1 = Un—1,n—1 _un_1+§|vu| _Sn—l,n—l = |un—1,n—1|+§|vu| +80 Ivul .

But |uy—1,—1] < 8o|Vu|?, else one would obtain a contradiction as in (2-25) if C is sufficiently large
(again we are using the fact w,_; ,_1 is the second lowest eigenvalue, so Proposition 2.4 applies). The
estimate (2-30) thus follows, which completes the proof of Step 2.

With (2-27) and (2-30) established, the proof of Lemma 2.6 is complete. O

Proof of Proposition 2.2. This is an immediate consequence of Lemmas 2.3, 2.5 and 2.6. U

3. Proof of Theorem 1.6: the Dirichlet boundary value problem

As discussed in the introduction, in the proof of Theorem 1.1, we will first address the corresponding
Dirichlet boundary value problem with finite boundary data. To this end, in this section we prove
Theorem 1.6. Our proof uses the continuity method, and we proceed according to the following steps:

(1) In Section 3.1 we give a routine proof of the global upper bound on solutions for T < 1, independent
of whether or not ,ul“f > 1.

(2) In Section 3.2 we prove the global lower bound on solutions for T < 1 when MF > 1. As outlined in the
introduction, we use two main ingredients: our local interior gradient estimate obtained in Theorem 1.8
and a lower bound in a uniform neighbourhood of dM, which is obtained by constructing suitable
comparison functions on small annuli (see Propositions 3.3 and 3.4).

(3) In Section 3.3 we prove the global gradient estimate for t < 1 when ,uff > 1. To obtain the lower
bound for the normal derivative on d M, we use our comparison functions on small annuli constructed in
Section 3.2, and to obtain the upper bound for the normal derivative on d M, we use comparison functions
similar to that of [Guan 2008] (this latter argument does not use ,uff > 1). For the interior estimates we
use Theorem 1.8, and for estimates near d M we appeal to the proof of Theorem 1.8.

(4) In Section 3.4 we prove the global Hessian estimate for t < 1 following arguments of [Guan 2008].
These estimates apply whether or not MIJE > 1.

(5) In Section 3.5 we complete the proof of Theorem 1.6: we first prove the existence of a unique smooth
solution when 7 < 1 using the continuity method, and we then obtain a Lipschitz viscosity solution in the
case T = 1 in the limit as T — 1.

We point out that, in order to obtain a Lipschitz viscosity solution in the limit T — 1 in Section 3.5,
it is important that our a priori C' estimates obtained in Sections 3.1-3.3 are uniform in 7 € [0, 1]. On
the other hand, the global Hessian estimate in Section 3.4 deteriorates as T — 1; this is to be expected
in view of the work in [Li and Nguyen 2021; Li et al. 2023], where the nonexistence of C? solutions is
established for all Euclidean domains with disconnected smooth boundary when 7 = 1.
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3.1. Upper bound. The global upper bound on solutions to (1-11) is routine and does not require the
assumption i > 1.

Proposition 3.1. Suppose (f, ') satisfies (1-1)—(1-4), and let T < 1. Let ¥ € C*(M) be positive and
& € C®(0M). Then there exists a constant C which is independent of t but dependent on gy, f, T, a

lower bound for infy  and an upper bound for supy,, & such that any C 2 solution to (1-11) satisfies
u<ConM.

Proof. Suppose the maximum of u occurs at xo € M. If xg € 0M, then u(xg) < &(xp). f xoe M\ M,
then ngou(xo) < 0 and du(xgp) = 0, and hence

¥ (x0)e™ ™ < [T (—gy ' Agy) (x0),
which yields

T(_ —1
u(xp) < %m(%) (x0). 0

3.2. Lower bound. In this section we obtain the global lower bound on solutions to (1-11).

Proposition 3.2. Suppose (f, I') satisfies (1-1)—(1-4) and (1-8), and let T < 1. Let yr € C*° (M) be positive
and & € C°(0M). Then there exists a constant C which is independent of t but dependent on gg, f, T,
an upper bound for ||V || c1 () and a lower bound for infyy & such that any C 3 solution to (1-11) satisfies
u>ConM.

There are two main ingredients in our proof of Proposition 3.2: our local interior gradient estimate
from Theorem 1.8 and a lower bound in a uniform neighbourhood of d M; the assumption ,ufrr > 1 plays a
role at both stages. As pointed out before, a delicate point is that we do not assume that the background
metric satisfies A(—g,’ 1Ag0) € I on M —if such an assumption is made, then the proof of the lower
bound is as straightforward as the proof of Proposition 3.1. In our case, the global lower bound requires
more work and is one of the key steps in this paper.

To state our result concerning the lower bound near d M, for § > 0, we define

Ms={xeM:d(x,oM) < 4§},

where d(x, 9 M) is the distance from x to d M with respect to go. It is well known that, for § > 0 sufficiently
small, M; is a tubular neighbourhood of d M. We show the following.

Proposition 3.3. Under the same hypotheses as Proposition 3.2, there exists a constant § > 0 which is
independent of t but dependent on go, f, I, an upper bound for sup,, ¥ and a lower bound for infyys &
such that any C? solution u to (1-11) satisfies u > infyp &€ — 1 in M.

Assuming the validity of Proposition 3.3 for now, we give the proof of Proposition 3.2.

Proof of Proposition 3.2. Let § > 0 be as in the statement of Proposition 3.3, so that u satisfies the lower
bound u > infyy & — 1 in My. It follows that

u>infé§ — 1 —diam(M, go) sup |Vgyulg, in M. (3-1)
oM M\ M;
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On the other hand, by Theorem 1.8 and the uniform upper bound for u obtained in Proposition 3.1, we
have
[Veolt] g, <CO'+1) in M\ Ms;. (3-2)

Substituting (3-2) into (3-1), the proof of Proposition 3.2 is complete. (]

Roughly speaking, to prove Proposition 3.3 we cover a neighbourhood of d M by small annuli on which
we construct suitable comparison functions. The construction of such comparison functions is given in
the following proposition (which is a more precise version of Proposition 1.11 stated in the introduction).
For a Riemannian metric gy defined on a neighbourhood of the origin in R", let r(x) = dg, (0, x), let
S, = 0B, denote the geodesic sphere of radius r centred at the origin, and denote by A,, ,, the annulus
B, \ B,,. We also write

and recall the convention g, = e go-

Proposition 3.4. Suppose (f, I') satisfies (1-1)-(1-4) and (1-8), and let gy be a Riemannian metric defined
on a neighbourhood 2 of the origin in R". Fix a constant ¢ > 0. Then there exists a constant C > 1
depending only on gy, f and I', and a constant 0 < R < 1 depending additionally on &, such that, for
eachm € R,

w(r) == (/3+s)1n( ”‘r>+m (3-3)

ry —r—
satisfies

o fl=pf+C7le,1,...,1)
FOgy A = S s

w(x) =m forx €S,_,

>0, M—g,'Ag)eT onA, ,.,

(3-4)
w(x) > —o0 asd(x,S,,) — 0,

whenever 1 <ry/r_ <14¢/Q2(B+2))andry < R.

Remark 3.5. Our choice of w in (3-3) is motivated by the work of Chang, Han and Yang [Chang et al.
2005] on radial solutions to the oy-Yamabe equation on annular domains in R”. Indeed, when ¢ = 0 and
,uff = (n—k)/k, (3-8) corresponds to the leading order term in the solution to the ox-Yamabe equation in
I, on annular domains in R" for k < %n

Remark 3.6. We reiterate that Proposition 3.4 relies crucially on the assumption ,uJF“ > 1 and that a
similar construction is not possible when Mff < 1—see Remark 1.12 in the introduction.

Assuming the validity of Proposition 3.4 for now, we first give the proof of Proposition 3.3 —the
reader may wish to refer to Figure 1 in the following argument.

Proof of Proposition 3.3. We attach a collar neighbourhood N to dM such that gy extends smoothly to
M U N; we denote this extension also by gg. Let

D= inf dg (x,d(MUN))
xedM
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Figure 1. An annulus in the covering of a neighbourhood of dM in M in the proof of Proposition 3.3.

denote the thickness of N. Fix ¢ > 0 and let m = infjy, &, and cover a neighbourhood of M in M by a
finite collection of annuli {A,: - (xi)h<i<k centred at x; such that the collection {A i () /z(xi)} still
covers a neighbourhood of dM in M, and such that, for each i,
(1) x; €N,
) r+ri <D,
(3) rl =dg(x;, IM),
(4) the closed ball Bri (x;) is contained in a single normal coordinate chart (U;, ¢;) mapping x; to the
origin,
ri £
5 <l —,
) rt T 2(B+2)
(6) rl.+ < R is sufficiently small so that
f(_/’l“?‘_ +C_187 15 R 1)
Ce?m (rf|r —ri)?

(here C and R are as in the statement of Proposition 3.4, where we are implicitly identifying the

>sup
M

annulus A, i (x;) with its image under ¢;, which is possible by property (4)).

In what follows, we continue to implicitly make the identification between A, - (x;) and its image
under ¢;.

Let w; denote the solution obtained in Proposition 3.4 on A, - (x;) with ¢ > 0 and m = infyy, € as
fixed above. Since w; is radially decreasing and w; (x) =infyy & for x € S,i (x;), we have w; <infyy &
onA, o (x;) NdM. On the other hand, w; = —0c0 < u on Sri (x;). Therefore, the comparison principle
(see Proposition 3.7 below) yields u > w; on A, - (x;) N M for each i. This yields a finite lower bound
foruonA,i i )2 (x;). Since we assume the collection {A,: . 42 (x;)} still covers a neighbourhood
of 9M in M, we may piece together the estimates for u on each annulus A, i i (x;) to obtain the
desired estimate for # on a uniform neighbourhood of 9M in M. ]
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In the above proof we made use of the following comparison principle.

Proposition 3.7 (comparison principle). Let o > 0 be a positive constant and (M, g) a compact Riemann-
ian manifold with nonempty boundary M. Suppose u, v € CO(M) with at least one of u or v belonging
to C2(M\ aM). If f(—gu_lAgu) > f(—gv_lAgv) >« > 0 in the viscosity sense on M\ oM and u < v
onoM, thenu <vin M.

In the proof of Proposition 3.3, we only needed Proposition 3.7 in the case that both u, v e C>(M\ dM).
In this case, the proof of Proposition 3.7 is standard in light of the fact that if f(—g, 1Agv) >0, cis
a positive constant and w = v + ¢, then f(—g;lAgw) < f(—gv_lAgv). The case when u € C°(M) in
Proposition 3.7 will be needed later in the paper. When u € C2(M \ dM), Proposition 3.7 follows from
[Caffarelli et al. 2013, Theorem 2.1], since the proof on page 130 therein applies also on Riemannian
manifolds with boundary. When v € C%(M \ M), Proposition 3.7 again follows from [Caffarelli et al.
2013, Theorem 2.1], therein considering f(x, s,p,M):=—F(x,—s,—p,—M) in place of F.

We now give the proof of Proposition 3.4.

Proof of Proposition 3.4. Tt will be more convenient to write our conformal metrics in the form g¥ = v2g,
so that g, = g¥ for ¥ = v=2. Then the (0, 2)-Schouten tensor of gV is given by

(Agn)ij = v (V2 0)ij — 3072 Vg v[3, (80)is + (Agy)is-

In a fixed normal coordinate system based at the origin, it follows that if v = v(r) then

Py,
(€)' Ag)! = v2(x<s§’ +x° f’) + 00| |+ O(P)vlve |+ O()* asr—0,  (3-5)
r
where
k:v—r(l—&> and X:m—&; (3-6)
rv 2v v vr
we refer the reader to Appendix B for the derivation of (3-5). Therefore
(") 4! = —02 (260 + x 0) — wio? (3-7)
g g )j = UM TS j

in the sense of matrices, where |¥| = O (r?)v|v.| + O (F)v|v,| + O(1)v? as r — 0.

Step 1: In this first step we compute and estimate the quantities on the right-hand side of (3-7) for our
particular choice of w in (3-3), i.e., for

v(r) =e My =P (3-8)
where we have written A =m — (8 + ¢) In(ry —r_). For shorthand we write ¢ (r) = r — r. Then
v=eMB+e)p P and v, =eMBHe)B+e+ D (3-9)

from which it follows that

rv +¢& v
P R R R S )
2v 2 v

v
—=B+ar e,
rv
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Therefore
A= &(1 — &> =B+ey o (1 - Er(p_l) (3-10)
rv 2v 2
and
LA - =131 Dre™! 3-11
X—T—U—r——(ﬁ+8)” o (I=(B+e+Dro ). (3-11)

For W we estimate using (3-9) to get
W] < Crzvlvrrl + Crv|v.| + Ccv?
<Cre Mo P20+ o 41719 < Crre Mg =y, (3-12)

where to obtain the final estimate in (3-12) we have used the fact that r, ¢ <1 and

_l2<r3‘< <l+ € )<C
r ~<r —
== r0) =

Step 2: We now use the computations from Step 1 to analyse the eigenvalues of the matrix on the
right-hand side of (3-7), or more precisely the eigenvalues of

xPx;
—v2<x5§’ + x 2’) —ns?,
r

which are given by
—(xv? + 27+, P 41, . AR ).

We write this vector of eigenvalues more conveniently as

2
XV
—? — 1,1,...,1).
(—2v n)(kv2+n+ )

We make the following two claims:
Claim 1: There exist constants ¢; > 0 and 0 < R; < 1 depending only on gy, f and I" such that

22—y >cie PP 22 inrl < <y} (3-13)

whenever 1 <ry/r_ <14¢/(2(8+2)) and ry < Ry.
Claim 2: There exists a constant ¢; > 0 depending only on gy, f and I', and a constant 0 < R, < 1
depending additionally on & such that

xv?

A2+
whenever 1 <ry/r— <1+¢/(2(8+2)) and ry < R;.

+1> —MF 4+ce in{r_ <r<ry} (3-14)

Once the claims are proved, Proposition 3.4 is obtained as follows. First fix r4 and r_ such that
1 <ry/r- <1+¢/(2(B+2)) and ry < min{R;, Ry}. By Claim 2 and the definition of MIJE,
XV

2
f()\ T +1,1,...,1)>f(—uff+c28,1,...,1)>0 in{r_ <r <rg}.
Ve
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Then, by Claim 1, it follows that

2
f((—kvz—n)<%+l, L ..., 1)) >cie T f (it dege, 1, L., D) in {ro < <1y,
v i+

from which (3-4) follows. To complete the proof of Proposition 3.4, it therefore remains to prove Claims 1
and 2.

Note: We will use at various stages the fact that

1<r_+<1+; = 0<g0r_l<L inf{r_ <r <rg}. (3-15)

r_ 2(B+2) 2(B+2)
Proof of Claim 1. Suppose 1 <ry/r— <14¢/(2(8+2)) and ry < 1. We start by computing

—p? =e g2 (B 4g) (—ﬂ er - <pr—1>. (3-16)
By (3-15) and (3-16), it follows that
—? > %e—“qy—zﬂ—zg—z in{r_ <r<ry). (3-17)
Recalling also that
n=Cire N 722, (3-18)
we see that (3-17) and (3-18) imply
A== (CT =Cir)e o B2 in{r_ <r <1y (3-19)

The inequality (3-13) then follows from (3-19) after taking r, sufficiently small. This completes the
proof of Claim 1. (]

Proof of Claim 2. Suppose 1 < ry/r— <1+4+¢/(2(8+2)) and r4 < 1. By (3-16) and the fact that
wi = 2+ B)/B, we have

242 242
—?— ;LIJE)LUZ =— —; ﬂkvz = —; ﬂe_ZAgo_zﬂ_zg_z(,B +¢€) (? — (pr_1>, (3-20)

and, by the formula for x in (3-11), we have
—xvt=e M (BHe)e T 2 er T = (B e+ 1)). (3-21)

It follows from (3-20) and (3-21) that
—xv? —a? — it = e—2A¢—2ﬁ—2€—2%(a —B+2r o). (3-22)

On the other hand, by (3-15), we have

%(8— B+2r ) > g in{r_ <r<ry},
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which when substituted into (3-22) yields

—xv? = a? —urkv > 2e YT il < <y ). (3-23)

Recalling (3-18), the estimate (3-23) therefore implies

—xv? = 2% — pfav? —n—pfn > (% — Cr)e_ZA(p_zﬂ_z’“?_2 in{r_ <r<ry}. (3-24)

After taking r smaller if necessary (but in a way that only depends on ¢ and the constant C in (3-24)),
we therefore have

—2A , —2p—2e-2
2P

—xv? —1v? /LF)LU o/ ,urnz%e inf{r_ <r <ry},

or equivalently

2 & ,—2A  —28-2¢
XV +,4¢ ¢
1>— 3-25

Av2+n+ =Tt Az —n (3-25)

On the other hand, by (3-16), we have
0<—a?—n<—-a?<Ce e 257272 in{r_<r<ry).
Thus, if r is chosen sufficiently small (but depending only on gg, f, I' and &), we see
2
XV .
sz+n+lz—uff+ce in{r_ <r<ry},

as required. This completes the proof of Claim 2. (I

As explained above, with Claims 1 and 2 established, the proof of Proposition 3.4 is complete. [

3.3. Gradient estimate. In this section we prove the global gradient estimate.

Proposition 3.8. Suppose (f, ') satisfies (1-1)—(1-4) and (1-8), and let T < 1. Let Y € C*(M) be
positive and & € C*°(0M). Then there exists a constant C which is independent of t but dependent on
go, f» U and upper bounds for ¥ || c1 > 1§ lc2omy and |ullcocary such that any C3 solution to (1-11)
satisfies |V ut|g, < C on M.

Proof. By a conformal change of background metric, we may assume without loss of generality that
E=0.

By our interior local gradient estimate in Theorem 1.8, we only need to prove the gradient estimate
near the boundary, say in Bj,2(yo) N M, where yo € dM is arbitrary. Consider H = p|V, | 20°
is a smooth cutoff function satisfying p =1 on By,2(yo), p = 0 outside By (o), |Vg0p|go <Cp

where p
1/2 and
|Vg20p|g0 < C. Suppose that H attains its maximum at xo € M. If xo ¢ B{(yo) N M, then Vgu =0 in
B1,2(y0) N M and we are done. If xo € Bi(yo) N (M \ M), then our proof of Theorem 1.8 applies and
we again obtain the desired estimate. It remains to consider the case that xo € By (yp) N9M.

We first observe that, since £ = 0 on d M, the tangential derivatives of # on d M vanish. Therefore,
we only need to bound the normal derivative V,u(xg), where v denotes the inward pointing unit normal

to dM at xo. We first consider the lower bound for V,u(xg). With the same setup and notation as in
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the proof of Proposition 3.3, except now with m = u(xo) = 0, consider an annulus A,_, (y) satisfying
S, (y) NOM = {xo} and conditions (1)—(6) in the proof of Proposition 3.3. Then the function w on
A,_ ;. (y), as defined in (3-3), satisfies w <u on A,_, (y) NdM since w(xg) = u(xp) and w is radially
decreasing. By the comparison principle stated in Proposition 3.7, it follows that w <u on A,_, (y)NM.
Thus, for x € A,_,, (y) " M, we have

u(x) —ulxo) _ ulx) —wlxo) _ w) —wlxo)
d(x,xo)  d(x,x0) — d(x,xg)

which implies

Vyu(xo) = Vyw(xp).

For the upper bound for V,u(xp), we use a barrier function constructed in [Guan 2008]. First observe
that, since I’ ¢ T';", we have

-1 n—2 2 -1
0 <oi1(—gy Ag) =Agu+ T|Vgo”|g0 —01(gy Ag)-

Now let d(x) = d(x, 9M) and recall Ms = {x € M : d(x) < §}. It is well known that, for sufficiently
small § > 0, d is smooth in M;s with |V, d|,, = 1. To obtain an upper bound for V,u(xo), it suffices to
find a function it € C3(Mj) satisfying

o1(—8y ' Ag;) <0 in Mj,
u=u on oM, (3-26)
u=>u on oMs\ oM.

Indeed, once such a function # is obtained, the maximum principle implies # > u on Mj, and it follows
that, for any x € M;, we have

u(x) —ulxo) _ ux) —u(xo) _ u(x) —u(xo)
d(x,xo)  d(x,x0) —  d(x,xp)

which implies V,u(x¢) < V,u(xg).
To this end, we define as in [Guan 2008]

_ 1 d(x)+ 82
= 1 )
=S e

We first observe that u[yy = 0 = u|yy. Next we calculate o1 (—g, 1Agg). In what follows, we denote
by Vd the differential of d (whereas V,,d will continue to denote the gradient of d with respect to go).
Routine computations yield

1 Vgd(x)
n—2d(x)+8%

Vil (x) =

and

1 (ngod(x) Vd(x)@Vd(x))

2 - —_ —
Vol = S G038~ @) 1800
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from which it follows that

-1 _ n—=2 -2 -1
o1(—8y Agi) = Agolt + T|Vgo”|go —o1(8y Ag)
1 1 C
<C- + ;
2(n —2) (d(x) +8%)?%  d(x)+ 82

where we have used the fact that |V, d|g, =1 and |Ag d| < C in M; for § sufficiently small. We then see
that the negative term on the last line of (3-27) dominates the remaining terms for § > 0 sufficiently small.

(3-27)

Therefore, for § > 0 sufficiently small, we have o1(—g, 'A ¢) < 0in M;.
Finally, we observe that on 0 Ms \ d M we have

_ 1 §+82 1
= 1 > In(1/6).
a2 n( 82 )_n—Z n(1/9)

Choosing § smaller if necessary so that

1
— In(1/6) > mﬁfllxu on dMs\ oM,
the construction of u is complete. This completes the proof of Proposition 3.8. ]

3.4. Hessian estimate. In this section we give the global Hessian estimate assuming t < 1.

Proposition 3.9. Suppose (f, ') satisfies (1-1)—(1-4), and let T < 1. Let v € C*(M) be positive and
£ € C®(dM). Then there exists a constant C depending on gy, f, I', (1 — 1)~ and upper bounds for
1 llc2any> 18 lc2ay and Nlull o1 (ary Such that any solution to (1-11) satisfies |Vg20u|g0 <ConM.

We point out that we do not require ,uff > 1 in Proposition 3.9.

Proof. If the maximum of |V§0u| ¢ occurs in M \ M, then one can appeal to the proof of the global
estimate in [Gursky and Viaclovsky 2003] if f = okl/ k. or the proof of the global estimate in [Guan
2008] for general (f, I') satisfying (1-1)-(1-4). So we suppose that the maximum occurs at a point
xp € 0M. Let e, denote the interior unit normal vector field on dM, and fix an orthonormal frame
{e1, ..., e,—1} for the tangent bundle of 0 M near xg. By parallel transporting along geodesics normal
to dM, we may extend this to an orthonormal frame {ey, ..., e,} for the tangent bundle of M near xy.
Since (VgZOu),-J- (x9) = (ngoé)ij (xp) for i, j # n, we only need to estimate (ngou),-j (xp) when at least one
of i or j are equal to n. The proof is almost identical to that in [Guan 2008], but for the convenience
of the reader we summarise the argument here. In what follows, all computations are carried out in a
neighbourhood of x¢ on which the frame {ey, ..., e,} is defined.

Still with the convention g, = e go, it will be convenient to write the equation in (1-11) in the
equivalent form

fOM(—gy AL ) =ve™, A(—g,'A;)eT on M\ M, (3-28)
where
Ay, =TAg, + (1= D)o1(=8, ' Ag,)8u

= —rngou —(1=1)Agugo— bn’,|Vg0u|Z,0go + tdu ® du + A;,O
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and b, ; = %(n —2—(n—3)7). Writing Flu] = f(A(—g()_lA;u)) and
Fii — af

0Aij la=g;'ay,

’

the linearisation of F' at u in the direction n (excluding zero-order terms) is given by

Ly =F7(x(Vgn)ij+ (1 —1)Agn(80)ij +2bn = (Vgglts Vo) o (80)ij — 2T e, 0;m)

0

= FY(x(Vamij — 2t i djn) + (1 = T) Mgy 4 2 (Viytt, Viy) go) Z F'i. (3-29)

0
1

Now suppose § > 0 is sufficiently small so that d(x) =d(x, dM) is smooth in Ms ={x € M :d(x) < §}.
For a positive constant N to be determined later, define

N
v=—d“—d. (3-30)
2
A routine computation shows that, for § > 0 sufficiently small,
|£d| < Co Y F" in Mj, (3-31)
i

where Cy is a constant independent of T but depending on go and an upper bound for [|u||¢1(pr). It follows
that
Ld® =2dLd +2(1 —1)|Vyd|} Y F'+2F7 8id ;d
i

>2dLd +2(1 —1) Z Fii

]

>2((1 —1) — Cod) Z F' in M;. (3-32)

Choosing N > 4(1+ Cp)/(1 — ) and subsequently § < min{N !, Co_l}, one sees from (3-31) and (3-32)
that the function v defined in (3-30) satisfies

Lv > Z F' and v<-% in M;. (3-33)

1

d
2

With (3-33) in hand, one can then show the following.

Lemma 3.10. Fix 8 > O sufficiently small as in the foregoing argument. If h € C*(My) satisfies h <0
on oM, h(zg) =0 for some zo € oM and

—Lh < C; Z Fi' in Mj (3-34)
i

for some constant C1, then
(Vgoh)n(z0) = C, (3-35)

where C is a constant depending on go, C1, (1 —1)~" and upper bounds for ”h”CO(AZg) and ||ullc1(ar)-
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Proof. It is clear from the definition of v that we can choose A > 0 large (depending on ||/ ||C0( T )) such
that —Av —h > 0 on d Ms. On the other hand, using (3-33) and (3-34), we have

L(—Av—h) < (—A+C) > F" in M,
i
and hence £L(—Av — h) <0 in M; for A sufficiently large. Thus, for A sufficiently large the maximum
principle yields —Av—h > 01in Ms, and since (—Av—h)(zo) =0, it follows that (Vg,(—Av—h)),(z0) =0,
e, (Vgoh)n(z0) < —A(Vg,v),(20). The estimate (3-35) then follows. [l

We now continue the proof of Proposition 3.9. Suppose i € {1, ..., n—1} and define & = (Vg (u —&)i,
where (as in the proof of Proposition 3.8) & denotes the extension of & to M; such that £ is constant along
geodesics normal to dM. By differentiating (3-28), one can show directly that |£(Vg,u);| <C Y, F i
and by (2-6) we also have ILE|<C<C . F ii Therefore h satisfies the assumptions of Lemma 3.10,
and it follows from Lemma 3.10 that

(Vg w)in(x0)] < C.

It remains to estimate the double normal derivative (ngou)n,, (x0). Note that, since {ej, ..., e,} is an
orthonormal frame and (V, u);; (x0) = (V,€);i (xo) for i € {1, ..., n—1}, obtaining an upper (resp. lower)
bound for (ngou),m (x0) 1s equivalent to obtaining an upper (resp. lower) bound for A, u(xp). Now, since
rc F1+, the lower bound Agu > —C in M is immediate. To obtain the upper bound for (ngou),m (x0),
we may assume (ngO u)nn(x9) > 1, otherwise we are done. We may also assume that, with respect to the
frame fe1, ..., e,}, the Hessian of u at xo is given by V. u(x0) = diag((Vg, u)11(xX0), - - . » (Vi tt)n (X0))-
Then, by (3-28), monotonicity of f and our estimates for (ngou) ij(x0) when i and j are not both equal
to n, we have

Y (x0)e™ ™ = f(—gy ' AL (x0)) = f((1 = T)(Vg u)un(x0)g0+ B). (3-36)

where B is a symmetric matrix bounded in terms of [[u|| 1. Observing that, by homogeneity of f,

1 _
;f(fgo+B)=f(go+t 'B) = f(go) ast— oo,
we see that (3-36) implies an upper bound for (ngou) an(x0). O

3.5. Proof of Theorem 1.6. We first prove the existence of a smooth solution to (1-11) when t < 1. Fix
e>0,andlet S, = {r € [0, 1 —¢]: (1-11) admits a solution in C>*(M)}. Since (1-11) admits a unique
smooth solution when t =0, S, is nonempty. A computation as in (3-29) (but now including zero-order
terms) shows that the linearised operator is invertible as a mapping from C>%(M) to C*(M), from which
openness of S, follows. By Propositions 3.1 and 3.2, solutions to (1-11) admit a global C? estimate. By
Proposition 3.8, solutions to (1-11) therefore admit a global C' estimate. Note that, at this point, the
estimates are independent of . By Proposition 3.9, one then obtains the global C? estimate on solutions to
(1-11), which do now depend on e. With the C? estimate established, (1-11) becomes uniformly elliptic,
and the regularity theory of Evans and Kyrlov [Evans 1982; Krylov 1982; 1983] then implies a C>*
estimate. Thus S, is also closed, and so S, = [0, 1 — ¢]. Since ¢ > 0 was arbitrary, existence of a C 2.
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solution to (1-11) for any T < 1 then follows. Higher regularity then follows from classical Schauder
theory, and uniqueness is a consequence of the comparison principle in Proposition 3.7.

Now, since the solutions obtained to (1-11) are uniformly bounded in C'(M) as T — 1, along a
sequence 7; — 1 these solutions converge uniformly to some u € C%!'(M). The proof that u is a viscosity
solution to (1-11) when 7 =1 is exactly the same as in the proof of Theorem 1.3 in [Li and Nguyen
2021] and is omitted here. ]

4. Proof of Theorem 1.1’: the fully nonlinear Loewner-Nirenberg problem
In this section we prove Theorem 1.1’. Our proof proceeds according to the following steps:

(1) In Section 4.1 we construct a smooth solution to (1-10) when T < 1. The solution is obtained as the
limit of solutions with constant finite boundary data m € R (which we know to exist by Theorem 1.6) as
m — OQ.

(2) In Section 4.2 we prove that there exists a smooth solution u to (1-10) when t < 1 satisfying the
asymptotics stated in (1-9).

(3) In Section 4.3 we prove that any smooth solution to (1-10) must satisfy (1-9) when 7 < 1. When
combined with the maximum principle, this will imply that the solution u obtained to (1-10) is unique
when 7 < 1.

(4) In Section 4.4 we complete the proof of Theorem 1.1'.

4.1. Existence of a smooth solution to (1-10) when T < 1. Fix t < 1, and suppose that (f, I') satisfies
(1-1)—(1-4), (1-7) and (1-8). By Theorem 1.6, we know that, for each m € R, there exists a unique smooth
solution u,, to

{ff(x(—g;mlAgum)) =1, M—g,'Ag,)ETT onM\oM, @-1)

Uy =M ondM.

In this section we show that, in the limit 7m — o0, one obtains a smooth solution u to (1-10).

Proposition 4.1. Fix t < 1, and suppose that (f, ') satisfies (1-1)-(1-4), (1-7) and (1-8). Let u,, denote
the unique smooth solution to (4-1). Then a subsequence of {uy,}, converges locally uniformly as m — 0o
to a solution u € C*®°(M \ 0M) of (1-10). Moreover, given any constant o > 0, there exists a constant
8 > 0 independent of t© but dependent on gy, o, f and ' such thatu > o in Mg\ M.

Proof. Since the comparison principle in Proposition 3.7 implies u,,4+1 > u,,, to prove the existence of a
limit u € C*°(M \ dM) solving (1-10), it suffices to show that, for each compact set K C M \ d M, there
exists a constant C independent of m such that [u,, || c2(xy < C; higher order estimates then follow from
the work of Evans and Krylov [Evans 1982; Krylov 1982] and classical Schauder theory.

The lower bound is trivial (and in fact global) since u,, > u; for all m. Next we address the local upper

bound — note that whilst we obtained a global upper bound in Proposition 3.1, the bound therein depends

1

on m, which is insufficient for our current purposes. Recalling the normalisation f (%, R 3) =1, we



2230 JONAH A.J. DUNCAN AND LUC NGUYEN

have by concavity and homogeneity of f

f(/\)ff(m:\)) Vf((”(”) (x—‘”me) AC —a ) (4-2)

n

for A € I', and thus any solution to the equation in (4-1) satisfies R,, < —n(n — 1). On the other hand,
by [Aviles and McOwen 1988], there exists a smooth metric g,, = >" gy satisfying

{ng:—n(n—l) on M\ M, “43)

w(y) = 400 as d(y,oM) — 0.

By the comparison principle for the semilinear equation (4-3), u,, < w in M \ M for each m, which
yields a finite upper bound for u,, on any compact subset of M \ d M which is independent of m. The
local gradient estimate then follows from Theorem 1.8, or alternatively one can appeal to [Guan 2008,
Theorem 2.1] since we have the two-sided C° bound at this point. For the local Hessian estimate, we
appeal to [Guan 2008, Theorem 3.1]. We therefore obtain the full C? estimate ||u,, llc2(xy < C(K) on any
compact set K C M \ dM, as required.

It remains to prove the second assertion in the statement of Proposition 4.1. Fix & > 0 and consider
the solution uy1 to (4-1) with m = o + 1. Since u,4; admits a global C 0 estimate depending only g, o,
f and I, there exists a constant § > 0 depending only on gy, «, f and I" such that uy4; > o in My. By
the comparison principle in Proposition 3.7, u > uy11 in M \ dM, and in particular u > « in M5\ dM, as
required. (Il

4.2. Asymptotics. Fix T < 1 and suppose that ( f, I') satisfies (1-1)—(1-4), (1-7) and (1-8). In this section
we show that there exists a smooth solution u to (1-10) satisfying (1-9), that is

lim  (u(x)+Ind(x, dM)) = 0. (4-4)
d(x,0M)—0

Remark 4.2. At this point of the argument, we do not know that this constructed solution coincides with
the one obtained in Section 4.1, although we will later see in Section 4.3 that this is the case.

We start by proving an upper bound on the growth of any smooth solution to the equation in (1-10),
irrespective of the boundary data or whether 7 < 1 or uff > 1.

Proposition 4.3. Let (M, gg) be a smooth Riemannian manifold with nonempty boundary and suppose
that (f, ') satisfies (1-1)—(1-4) and (1-7). Then there exist constants § > 0 and C > 0 depending only
on go such that any continuous metric g, = e**go satisfying
f(k(—g;lAgu)) > 1, )»(—gu_lAgu) e I' in the viscosity sense on M \ oM 4-5)
satisfies
u(x)+Ind(x, 9M) < Cd(x, dIM)'/? in Ms\ IM. (4-6)

In particular, any continuous metric g, = e**go satisfying (4-5) satisfies

limsup (u(x)+Ind(x,dM)) <O. 4-7)
d(x,dM)—0
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Proof. By (4-2), the comparison principle for viscosity sub- and supersolutions to uniformly elliptic
equations implies that if g,, = e?"g satisfies

o1(—8y Ag,) < 3n INQEM\IM, 4-8)
w(x) > 400 as d(x, 02) — 0,
then u < w in Q. Since o1(—g,, lAgw) =—Q2(mn-— 1))_1ng, the transformation law for scalar curvature
implies that the equation in (4-8) is equivalent to
S
—nj‘)l + 285w + (n —2)|Vgw|3, <ne®. (4-9)

We follow an argument of Gursky, Streets and Warren [Gursky et al. 2011], in turn based on the original
argument of Loewner and Nirenberg [1974], to construct such local supersolutions near d M. For a
point xgp a distance d from dM, consider a point z¢ a distance R > d from d M, which lies along the
shortest path geodesic from xg to 0M. We may assume R is small enough so that Agodz(z(), ) >1
on Bg(zp), and so that there exists a function % defined on [0, R?] satisfying

n—2)(W)>+2h" <0, K > max |Sg, | + C(go), h(0)=0, (4-10)

where C (go) is a sufficiently large constant to be fixed in the proof. Indeed, once c (go) is fixed, the
function h(t) = +/t + &2 — ¢ satisfies (4-10) for ¢ sufficiently small and 7 in a sufficiently small interval
[0, R?].

Let r denote the distance from zg, and define on Bg(z¢) the radial function

w(r) = —In(R* = r?) + h(R* = r*) + Ina,

where o > 0 is to be determined. Exactly as in the proof of Lemma 5.2 in [Gursky et al. 2011], a direct
computation shows that, for R sufficiently small and C (go) sufficiently large, the left-hand side of (4-9)

satisfies

4nR? 4nR?
" 2 T (4-11)

Sgo 2
_n_l—|—2Ag0w—|—(n—2)|Vng|g0§(Rz_rz)ze =—

Therefore, if we take o = 2R, we see w indeed satisfies (4-9). We then obtain
u(x0) < w(xp) = —In(R*> — (R —d)*) + h(R* — (R — d)*) +In(2R)

= —In(d2R —d))+h(d(2R —d)) +1In(2R)

_4
2R

But 4(d(2R —d)) = /d2R —d) + &2 — ¢ < Jd2R —d) < C+/d and

d d

for sufficiently small d, and thus (4-6) follows. The inequality (4-7) is a clear consequence of (4-6). [

=—lnd—ln<1 >+h(d(2R—d)).

We are now in a position to prove the existence of a smooth solution to (1-10) when t < 1 with the
desired asymptotic behaviour in (4-4).
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Proposition 4.4. Fix t < 1, and suppose that (f, ") satisfies (1-1)—(1-4), (1-7) and (1-8). Then there
exists a smooth solution g, = e*’gq to (1-10) and a constant C independent of T but dependent on g,
f and T such that the following holds: for each ¢ > 0 sufficiently small, there exists a constant a > 0
independent of t but dependent on go, €, C, f and I such that

v(x) +Ind(x, dM) > In+/1 =2 —In(1 +ad(x, IM)) in A°C M, (4-12)
where
Az =lxeM\aM 1dx) +ad? = £}
In particular,
lim (v(x)+Ind(x, dM)) =0. (4-13)
d(x,0M)—0

Proof. Consider an exhaustion of M by smooth compact manifolds with boundary defined by
My ={xeM:dx,aM) > ;.
By Proposition 4.1, for each j, there exists a smooth solution g, = e?Vi) gg to

{ ST =8y Ag,) =1 M=gy; Ag, ) €T on M\ IMyj),

v(j)(x) = 400 as d(x, dM;)) — 0.
(Note that we put parentheses around the index j to avoid confusion with the solutions u,, to (4-1)). Since
v(j)(x) = 400 as d(x, dM(;)) — 0, the comparison principle in Proposition 3.7 implies that if j < m,
then
v(m)|M<j> < V(- (4-14)
Now, as justified in the proof of Proposition 4.1, a subsequence of {v(;}; converges locally uniformly to
some v € C*(M \ dM). We claim that v is our desired function. It is clear that v solves the equation

in (1-10). We now establish (4-12), which we split into two steps: in the first step we show v(x) — 400
as d(x, dM) — 0, and in the second step we prove (4-12).

Step 1: In this first step we show that v(x) — +o00 as d(x, dM) — 0. To this end, let d(x) = d(x, M),
and define ¢ = —In(B(d + ad?)), 8y = ez‘pgo, where a and B are positive constants to be determined.
Writing %¢ = ¥ ~2, so that ¥ = B(d + ad?), we compute near d M

Ve ¥ |3, = B*(1+2ad)* and V; = B(1+2ad)V;d+2aBVd® Vd,
where Vd denotes the differential of d. It follows that, near 0 M,
8y Aq =8 (U V¥ TalVe ¥ gy 80— ¥ Ag)
= B%gy "' (380 +24%d*[g0 — Vd ® Vd —dV2d] —d(1 +3ad)V2d
+2ad[gy — Vd ® Vd] — d*(1 +ad)*Ag,). (4-15)
Taking for instance a = 1, we then see that, for § fixed sufficiently small and B fixed sufficiently large,

fr(—g(glAgw) >1 in Ms\oM. (4-16)



THE 03-LOEWNER-NIRENBERG PROBLEM ON RIEMANNIAN MANIFOLDS FOR & < % 2233

To use (4-16) to show v(x) — 400 as d(x, M) — 0, we follow the proof of [Loewner and Nirenberg
1974, Theorem 5]. For m >> 1, denote by S, the set where ¢(x) = —In(B(d + d*)) > m. We may
assume (by taking m sufficiently large) that S, is a tubular neighbourhood of 9 M contained in M;. Let
Ym =08, \0M and D,, = ming, v, and suppose J is sufficiently large so that 3,, C M;) for all j > J.
Then ¢ =m and v > D,, on X,,, and, by the monotonicity in (4-14), we also have v(;) > D,, on X, for
each j > J. Therefore

vy +max{0,m — Dy} >m=¢ onx, 4-17)
and
v(jy +max{0,m — Dy} =00>¢ ondM. (4-18)

In light of (4-16)—(4-18), the comparison principle in Proposition 3.7 implies v(;) +max{0, m — D, } > ¢
on My N S,,. Sending j — oo, it follows that v + max{0,m — D,,} > ¢ in §,,, and in particular
v(x) > +ooasd(x,dM) — O.

Step 2: In this second step we show that v satisfies (4-12). The method is essentially a quantitative
version of Step 1, requiring a more careful choice of parameters a and B in the definition of ¢.

We first claim that the two quantities in the square parentheses in (4-15) are nonnegative definite for
sufficiently small d. Indeed, observe that go(x) —Vd (x) ® Vd(x) is the induced metric on 9 My(,)\d M and
is therefore nonnegative definite. Moreover, Vg20 d is a bounded tensor near d M whose kernel contains Vd.
Hence ngod is bounded from above by C(go— Vd ® Vd) for some constant C depending only on (M, go).
Therefore, go — Vd ® Vd —d ngod is nonnegative definite for d sufficiently small, as claimed.

In light of (4-15) and the above claim, we see that, for § chosen sufficiently small independently of a
(but depending on (M, gp)) and c > 1 a constant such that [A |, |Vg20d| o = C on Ms, we have

—g,'Ag, > B3y (50 —d(1+3ad)V, d — d*(1 + ad)* Ag,)
> B%g; " (1 — Cd — C(1+3a)d* — 2Cad® — Ca’d*)go (4-19)
in Ms\ dM. Since we will eventually take a large, we may assume a > 1, in which case (4-19) implies
~g, ' Ay, = B*(3 — Cld +4ad® +2ad® + a*d*])1d  in My \ oM. (4-20)

Now fix ¢ > 0 small, define B =1/4/1 — 2¢ and denote by Ag the set

) JI=2
Ad = {x € M\ M : p(x) = —In(B(d +ad?)) > —In 10?)6} — {x e M\ M :d+ad® < u}

100C

where C is the constant in (4-20). It is easily verified that, in A‘E’, we have C (d+4ad*+2ad> +a*d*) <e.
Moreover, if we define
T8 =9AY\OM,

then X¢ converges to M as a increases. It follows from these two facts and (4-20) that, for a sufficiently
large (depending only on (M, go)),

—g(;lAgw > Bzdiag(%—s,...,%—e) =diag(%,...,%) in A?.
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It then follows from our normalisation f (%, R %) =1 that
fi(—g," Ag,) =1 in AL (4-21)
We now let
C{ =minv.
Ea

Since v(x) — +o00 as d(x, dM) — 0 (by Step 1) and since X¢ converges to dM as a increases, we can
choose a large enough so that C¢ > —In(e/ (1006)). Moreover, this choice of a depends only on g, &,
C, f and T': since each v(;) was constructed according to the procedure in the proof of Proposition 4.1,
we know from the second statement in Proposition 4.1 that there exists § = §(go, ¢, Cc , f»T) > 0 such
that vy > —1n(s/(1005)) in (M(jy)s \ dM;) for each j. Taking j — oo, we see v > —1n(e/(1006))
in Ms\ M. Therefore, to ensure C¢ > —In(g/ (1006)), one only needs to pick a large depending on
5 =258(g0,¢, C, f,T).

We now fix such a value of a and suppose J is sufficiently large so that X C M(;) for all j > J. Then
¢= —1n(s/(1006)) and v > C¢ on X¢, and, by the monotonicity in (4-14), we also have v(;) > C¢ on X¢
for each j > J. Therefore,

V() > —In

1006 ~=¢ onXx/ (4-22)
and

V(j)=00>¢ ondM. (4-23)
In light of (4-21)—(4-23), the comparison principle in Proposition 3.7 then yields
V()= ¢ in Ag NM;.
Sending j — oo, it follows that v > ¢ in Ag, ie.,
v>¢=—In(B(d+ad*)) =Inv/1—2¢c —Ind —In(1+ad) in A%,

This is precisely (4-12) after relabelling constants, and thus the second step is complete.

To complete the proof of the proposition, we observe that (4-12) implies

d(hrenlnf (v(x)+1Ind(x,0M)) > 1In~/1—2¢,
X

and, since ¢ > 0 is arbitrary, it follows that

d(hg‘l inf (v(x) +1Ind(x,dM)) > 0. (4-24)
X
By (4-24) and Proposition 4.3, we therefore see that v satisfies (4-13). ]

4.3. Uniqueness. Having just established the existence of a smooth solution to (1-10) satisfying (4-4)
when 7 < 1 and ;% > 1, we now turn to uniqueness of solutions. We start with the following.

Proposition 4.5. Fix t < 1, and suppose that (f, ") satisfies (1-1)—(1-4), (1-7) and (1-8). Then any
continuous viscosity solution g, = e**gq to (1-10) satisfies (4-4).
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Proof. Let u be a continuous viscosity solution to (1-10). By Proposition 4.3, we know that u satisfies
lim supg, gar)—0@(x) +1Ind(x, aM)) <0, so it remains to show

d(hran inf (u(x) +Ind(x, 0M)) > 0. (4-25)

To prove (4-25), we attach a collar neighbourhood N to d M, extend gy smoothly to M UN and consider
the sequence {M )} ; of smooth compact manifolds with boundary given by

MY ={xe MUN :d(x,M) < j'}.

Note that for x € M and j sufficiently large, d(x, dM ) =d(x, dM)+ j~'. Fix ¢ > 0. By Proposition 4.4,

there exist constants § > 0 and a > 0 depending on go, ¢, f, I' but independent of j, and a smooth

2uh)

metric g,;) = e go for each j such that

[H(=g 5 Ag ) =1, M=gAg ;) €T" on MV \omP
and
u(x) +1Ind(x, aMP) > In/1T—2¢ —In(1 +ad(x, IMY)) in (MU)s\ aMD,

In particular, for j sufficiently large so that (M))s N M # &, we have
u@ (x) —i—ln(d(x, IM) + %) > In/1—2¢ — ln<1 +ad(x, dM) + ;—l) in Ms_y;. (4-26)
Now, by the comparison principle in Proposition 3.7, u/?|,; < u for each j, and thus (4-26) implies
u(x) + ln(d(x, IM) + ;) >In+/1—2¢ — 1n<l +ad(x, dM) + ‘;’) in Ms_1;;\aM.  (4-27)

After taking j — oo in (4-27), it follows that

d(hmmf (u(x)+Ind(x,0M)) = In+/1—2¢,

and, since ¢ > 0 is arbitrary, we obtain (4-25). ]
Finally we prove uniqueness of solutions to (1-10) when 7 < 1.

Proposition 4.6. Fix t < 1, suppose that (f, ') satisfies (1-1)—(1-4), (1-7) and (1-8), and let v denote the
smooth solution to (1-10) obtained in Proposition 4.4. Then v is the unique continuous viscosity solution
to (1-10).

Proof. Suppose that w is a continuous viscosity solution to (1-10). By Proposition 4.5, both v and w
satisfy (4-4). For 6 > 0, define X5 = {d = §}. Then, for each ¢ > 0, there exists a minimal §, > 0 such
that w < v+¢ on X; . Writing v, = v + ¢, we have

FT(—gy Ag) = [T (—g;  Ag,) = €2 < ™,

and thus v, is a supersolution of the equation in (1-10). By the comparison principle in Proposition 3.7,
it follows that w < v +¢ on M \ M;,. By minimality of §., we have §; — 0 as ¢ — 0, and thus w <v
on M \ d M. Reversing the roles of w and v, we see that w > v on M \ dM, and therefore w = v. |
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4.4. Proof of Theorem 1.1'. The existence of a smooth solution to (1-10) for each T < 1, the asymptotic
behaviour stated in (1-9) and uniqueness in the class of continuous viscosity solutions follow from
Propositions 4.4 and 4.6. Let us denote these solutions by u*. As observed previously, these solutions u*®
satisfy a locally uniform C! estimate which is independent of t; i.e., for each compact set K C M \ M,
there exists a constant C independent of T but dependent on gg, f, I" and K such that

luller gy < C.

It follows that a subsequence of {17} converges locally uniformly in C%¢ to some u € C10C (M, go) for
each o € (0, 1). As noted in the proof of Theorem 1.6 in Section 3.5, the fact that u is a viscosity solution
to (1-10) when t = 1 follows from exactly the same argument as in the proof of [Li and Nguyen 2021,
Theorem 1.4]. It remains to show that u satisfies the asymptotics in (1-9) and is maximal.

To this end, first note that, since we only require u to be a viscosity subsolution in Proposition 4.3,

limsup (u(x)+Ind(x,9M)) <O. (4-28)
d(x,0M)—0
To show that
d(hranlnf (u(x)+Ind(x,0M)) >0, (4-29)

we first recall that u is the C%® limit of the solutions u” as t — 1. By Proposition 4.4, for each & > 0
sufficiently small, there exist constants § > 0 and a > 0 independent of 7 (but dependent on gy, ¢,
f and I') such that

u*(x)+Ind(x, 9M) > In+/1 —2¢ —In(1 +ad(x, dM)) in Ms\ M. (4-30)
Taking T — 1 in (4-30), we obtain
u(x)+Ind(x,dM) >In~/1—2& —In(l +ad(x,dM)) in Ms\ oM,

and (4-29) then follows exactly as in the proof of Proposition 4.4.

Finally, to see that u is maximal, suppose that i is another continuous viscosity solution to (1-10). By
Proposition 4.3, (4-28) holds with # in place of u, and we also know that (1-9) is satisfied with u®
place of u for each T < 1. Combining these facts, it follows that, for each T < 1 and ¢ > 0, there exists
8 > 0 such that

u<u,:=u"+e in M;\ oM.

On the other hand, 7 (=g, A, ) = € % fT (=g Ag,) < 1on M\ M and f*(—g; ' Ag,) > 1in the
viscosity sense on M \ d M; to see this latter inequality, observe

o I
ff) = mf(T)H— (I=1)o1(M)e) > m(ff()\) + (I =1)o1(A) f(e)

@ 1 nfoy Lo\
Y e (ff( =D e ))—m).

By the comparison principle in Proposition 3.7, it follows that # < u] in M \ M;, and therefore u < u;
in M\ dM. Taking ¢ — 0 and then 7 — 1, it follows that # < u in M \ 9 M, as claimed. |
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Appendix A: Proof of Proposition 2.4: a cone property

Proposition 2.4 is essentially a consequence of [ Yuan 2022, Theorem 1.4]. We summarise the details here
for the convenience of the reader. Let I' be any cone satisfying (1-1) and (1-2), and define

kr =max{k:(0,...,0,1,...,1)eTI}.
——— ——
k n—k
Assume for now that there exists a constant 6 =0 (n, I') > 0 such that, whenever A € I with A1 > ... > A,,,

af — af

—@X) =0 —(A) fori>n—«r. A-1
AL ;%() i =n—«r (A-1)
Since kr = 0 if and only if ' = T';}, we see that k > 1 whenever I" # '), and thus (2-24) holds for
i € {n—1,n}. Also, it is easy to see that «r is equal to the maximum number of negative entries a vector

in I" can have; i.e.,
kr =max{k : (—ai, ..., —Qk, Cg1, ..., ) €I, a;j >0forall 1 < j <n}.
Thus (2-24) also holds if A; <O.
It remains to justify (A-1), for which we follow [Yuan 2022]. By concavity, f;(1) > f;(A) whenever
A; < A;. In particular, our ordering implies

af 1 < 3f
Mz > o, ®

which establishes (A-1) for ' =T';f.
On the other hand, for a general cone I" satisfying (1-1) and (1-2), we have

n
Z Jik)ui >0 whenever A, u €T (A-2)
i=1
Suppose ' # F;f, in which case it is clear that x > 0, and fix any «y, ..., @, > 0 such that
(—a1, ooy —Op, Oipt1s - - -, 0y) €T
Then (A-2) implies
n Kr
D aifuirtV) =) i fuita(h) > 0. (A-3)
i=kp+1 i=1

We may assume o > - - - > o, in which case (A-3) implies

aq
e A) > = fu(B).
Zi:Kr-H o
The desired estimate then follows for all i > n — k, again by our ordering. (I

Appendix B: The Schouten tensor for a radial conformal factor

In this appendix we prove the formula (3-5). In normal coordinates, r = v x12 + -+ +x2, and therefore
0;v(r) = (x;/r)v,. It follows that -
gf)j XiXj

) 1)2=U2
r

r re

2 ij
|Vg0v|g0 =gy divdjv=
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where we have used the fact that 5
Xi

0
3r_«/x12+...+x33xi

has unit magnitude. Moreover,

8; XiXi (Vs U
(vi)v)iJ-:aiajv—rfjakv:T ,+%(———)—F§‘jakv.

Combining the above, we therefore see that

(8, Ag)! = v(g5 " Ag)} =078l  (Ag)ij

pig. . V. Tk xpv 2
2 go 81/ pi XiXj [ Urr & pi +ijkbr v, p 1 p
-7 |: vr vr+ 8o or \r 2) 780 T T, 20201 T (80 A |-

Now write ggi =8P + x P!, where x = O(r?) as r — 0. Then

( —1A )P 2 557 +prl' Urr Ur U% 817
.= — - _—— | — .
Ev Aej vr vr \r r? 2027

pig. x;x; v v I x Xk v
+v2[x Uy, x i ’(ﬁ——r)—gé’ — (8 A ]
=v2(w§.’+

vr vr \r 12
where A and x are as in (3-6). Now, since x = O(r?), we have

=y’

X J
J 14
3 ) +‘I{,-,

2285 oyl vzx”‘%(% f) O (r)lvye| + O(r)vlvy ],

and, since szj = O(r) and (gO_IAgO)‘;.7 = 0(1), we also have

5 piFfjxkvr 2, —1 p 2
vigf' ———=0(vly| and v(g; ' Ag) = O(Dv?.

The claim (3-5) then follows.
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