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¢2 DECOUPLING THEOREM FOR SURFACES IN R3

LARRY GUTH, DOMINIQUE MALDAGUE AND CHANGKEUN OH

We identify a new way to divide the §-neighborhood of surfaces M C R? into a finitely overlapping
collection of rectangular boxes S. We obtain a sharp (¢2, L?) decoupling estimate using this decomposition
for the sharp range of exponents 2 < p < 4. Our decoupling inequality leads to new exponential sum
estimates where the frequencies lie on surfaces which do not contain a line.

1. Introduction

Consider the manifold

My = {1,862, ¢ (&1, 62)) 1 1, 62 € [0, 1]}, (1-1)

where ¢ : R — R is a smooth function. Denote by Ns(My) C R3 the d-neighborhood of the manifold M.
Our main theorem is an ¢> decoupling theorem for My into (¢, §)-flat sets. This type of theorem was
introduced by [Bourgain et al. 2020].

Definition 1.1. Let ¢ : R> — R be smooth. We say that S C [0, 1]* is (¢, §)-flat if
sup |p(u) —¢p(v) —Vo(u) - (u —v)| <. (1-2)

u,ves
For a measurable function f : R® — C and a measurable set S C R?, denote by fs a smooth Fourier

restriction of f on the set S x R. We refer to Definition 2.1 for the rigorous definition.

Theorem 1.2. Let ¢ : R — R be a smooth function. Fix € > 0. Then there exists a sufficiently large
number A depending on € and ¢ satisfying the following.
For any § > 0, there exists a collection Ss of finitely overlapping sets S such that:

(1) The overlapping number is O(8~°) in the sense that

D xs < Cepd™ . (1-3)

SeS;
(2) Sis (¢, AS)-flat and of the form of a parallelogram.
3) For2 < p <4, we have

1/2
I fllr < Cepd™ ( 3 ||fs||2Lp) (1-4)
SESa

for all functions f whose Fourier supports are in Ns(My).
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One important aspect of our theorem is that the collection S is not a strict partition of [0, 1]? since the
sets § € Ss are O (6§~ ¢)-overlapping. The decoupling inequality (1-4) for the hyperbolic paraboloid is not
true if a family S; is a partition of [0, 1]?. In other words, the O (8~¢)-overlapping property is necessary
for the theorem to hold; see Appendix A. The situation is different for curves (€, ¢ (£)) in R?, where Yang
[2021] proved a version of Theorem 1.2 using a strict partition. We realized that to prove an £2 decoupling
inequality of the form (1-4), it is crucial to understand the number of possible choices of (¢, §)-flat sets.
For a curve (&, ¢(£)) € R* and a given point p € [0, 1], there is essentially one choice of a (¢, §)-flat
set containing the point p with the maximal size. On the other hand, for the hyperbolic paraboloid in R?
and a given point p € [0, 1]?, there are essentially O (log 8~") many choices of (¢, §)-flat sets, which is
the form of a rectangle with dyadic sidelengths, containing the point p and with maximal size. This turns
out to be the reason why a partition is not enough and we need (1-3). For the hyperbolic paraboloid in R"
with n > 4, the possible choices of (¢, §)-flat sets containing a point is ~ §~4n for some A, > 0, which
is why we do not have an analogous theorem without any 8 ~!'-power loss; see Appendix B.

Next we describe our main application of Theorem 1.2, which is to prove discrete restriction estimates
for manifolds My not containing a line segment. For a function F and a set A, define

VFIZ, = P2 (1-5)
LY (A) |A| LP(A)

Denote by A; a collection of §-separated points in [0, 1]%. Define e(z) := >,

Corollary 1.3. Let ¢ be a polynomial of degree d with coefficients bounded by 1. Suppose that the
manifold Mgy does not contain a line segment. Then, for 2 < p <4, € > 0, and any sequence {ag}sep;,

1/2
< c¢,,€5€< > |a5|2) . (1-6)

§ehs

we have

> ace(x- (€, ¢(5)))

Eehs

Ly (Bs—a)

An (£2, LP) discrete restriction estimate is an inequality of the form (1-6). Corollary 1.3 is sharp in
the following senses: First, the range of p of (1-6) is optimal for the paraboloid, though we expect that
a wider range of p is possible for generic polynomials ¢. Second, the inequality (1-6) is false for any
p > 2 for some collection Aj if the manifold My contains a line segment.

The (¢2, LP) discrete restriction estimate (1-6) implies the sharp (£, L?) discrete restriction estimate.
Li and Yang [2021] obtained a sharp £7 decoupling inequality for smooth manifolds, but their decoupling
does not seem to imply (£7, L?) discrete restriction estimates.

Our second application is about the Strichartz estimate for the nonelliptic Schrodinger equation on
irrational tori. Let us introduce the conjecture. For « € R\ Q, « < 0, define A= %(811 +adx). Let v
be a solution of the partial differential equation

idv—Av=0, v(0,x)=f(x), (1-7)

where the initial data f is defined on the torus T2. We let ¢'’ A f(x) :=v(x,t). The Strichartz estimate
for the elliptic Schrédinger equation on irrational tori, which corresponds to the case « € R\ Q, « > 0,
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was studied in [Deng et al. 2017; 2022]. As in the case of the elliptic Schrddinger equation on irrational
tori in [Deng et al. 2017, Conjecture 1.2], we make the following conjecture.

Conjecture 1.4. Let o be an irrational number. Then
) T/ for2<p=<4,
e fllLrqo.r1x12) < Cea NN Fll 2y § TP 4+ N1=4/P for4d < p <6, (1-8)
TYPNI=6/p L NI=4/P  for6<p
for functions f whose Fourier support is in [—N, N1

Corollary 1.5 gives partial progress on the conjecture for the range 2 < p < 4.

Corollary 1.5. Let o be an irrational number. Consider 2 < p <4. ForT > N,

1€ fllLro.71x71) < CeaN T PN fl 20r2) (1-9)
for functions f whose Fourier support is in [—N, N1

A theorem analogous to Corollary 1.5 for the elliptic Schrddinger equation is obtained as a corollary of
an £2 decoupling theorem [Bourgain and Demeter 2015] for the paraboloid, which is observed by [Deng
et al. 2017]. Corollary 1.5 is not always true if « is not irrational. We refer to [Sun and Tzvetkov 2020;
Mizutani and Tzvetkov 2015] for related topics.

We prove the corollaries in Section 4.

1.1. Comparison to decoupling inequalities in the literature. Let M C R? be a manifold in R® with
nonvanishing Gaussian curvature, and let Ps(M) be a partition of Ns(M) into approximate §'/% x §!/2 x §
caps 6. In their foundational decoupling paper, Bourgain and Demeter [2015] proved that if M has
everywhere positive Gaussian curvature and 2 < p < 4, then

1/2
IfllLr @y Se 3_6( Z ||f0||i4(R3)> (1-10)
0ePs(M)
for all f with supp f C Ns(M). It is observed in [Bourgain and Demeter 2017a] that (1-10) is false
for the hyperbolic paraboloid. The counterexample comes from the geometric fact that the hyperbolic
paraboloid contains a line. Based on this observation, one might expect (1-10) to hold for manifolds
avoiding a line segment.

Conjecture 1.6. Let ¢ be a polynomial of degree d. Assume that M does not contain a line segment and
has everywhere negative Gaussian curvature. Define

Ps:={la,a+8" x[b,b+8Y:a,beszn[0,1—-8"). (1-11)
Then, for2 < p <4,
1/2
1f o @) Se 8—6(2 ||fe||i,,(R3)) (1-12)
0ePs

for functions f whose Fourier supports are in Ns(M).
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Conjecture 1.6 implies Corollary 1.3 in the case that the determinant of the Hessian matrix of ¢ is
negative. Unfortunately, it is not clear how to prove Conjecture 1.6 using the current decoupling techniques.
Instead of proving Conjecture 1.6, we introduce a modified version of the decoupling inequality, which is
inspired by (¢, §)-flat sets, and prove that this decoupling still implies Corollary 1.3. Both Conjecture 1.6
and Theorem 1.2 imply Corollary 1.3, but neither of them seems to imply the other.

Let us review decoupling for smooth manifolds to motivate the use of (¢, §)-sets. Bourgain and
Demeter [2015; 2017a] proved that if M has everywhere nonzero Gaussian curvature and 2 < p <4,
then

1/p
1 1l Lo ey 566—%8‘1)1/2‘””( > llfellip<Rs)> (1-13)

0ePs(M)

for all f with supp f C Ns(M). As mentioned before, if the Gaussian curvature is positive, then the
above decoupling inequality may be refined to an (¢, L?) decoupling (see [Bourgain and Demeter 2015]),
which has the form

1/2
1l @) Se 8—6( > ||fa||ip(R3)) : (1-14)
0ePs(M)

When M is the truncated paraboloid P2 = {(&, |E|*) € R? : |£] < 1}, we have that Ps(P?) is the coarsest
partition of Ns(P?) such that each piece 6 is essentially flat. Bourgain and Demeter [2015] also proved
sharp decoupling estimates for the cylinder Cyl = {(&, &, &3) : 512 + 522 =1, |&]| < 1} and the cone
C= {(51, &, VE 12 + 522) : }‘ <& 12 + 522 < 4}, where their §-neighborhoods are partitioned into planks 0
of dimensions about 1 x §!/2 x §. They observed that these are the coarsest (¢, §)-flat sets. Based
on this, Bourgain, Demeter, and Kemp [Bourgain et al. 2020] introduced the notion of (¢, §)-flat sets
(Definition 1.1) for a general manifold Mg and asked if there is a partition of N5(My), denoted by
Ps(My), such that each element is (¢, §)-flat and for 2 < p < 4 the following £” decoupling is true:

l/p
£ 1l o) 565—€|7>5<M¢>|1/2—”P< > ||fe||§,,(R3)> (1-15)

0€Ps(My)

for all functions f whose Fourier supports are in Ns(My). This question is answered affirmatively in [Li
and Yang 2021].
One may ask if there is a partition of Ns(M) such that each element is (¢, §)-flat and for2 < p <4
the following £2 decoupling is true:
1/2

11l Se 5_e< 3 ||fe||§,,(R3)> (1-16)

0ePs(My)

for all functions f whose Fourier supports are in Ns(M,). Note that (1-16) implies (1-15) by Holder’s
inequality. When S is the truncated hyperbolic paraboloid, Bourgain and Demeter proved that

1/2
1 1oy Se 8—68—1/2(1/2—1/17)( Z ||f9||iv(u33)> . (1-17)

0€Ps(Myg)
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They also proved that the loss of § on the right-hand side is necessary up to the loss of §~¢, and the sharp
example comes from the geometric fact that the hyperbolic paraboloid contains a line. At first, this might
look like a counterexample to the question raised in (1-16). However, since there are multiple choices
of (¢, 8)-flat sets, it does not give a counterexample. Also, given that the ¢> decoupling theorem for a
curve in R? is proved by [Yang 2021] (which is the two-dimensional version of (1-16)), one might still
expect that (1-16) is true for some collection of (¢, §)-flat sets. In Appendix A, we prove Theorem A.1,
which says that, for the hyperbolic paraboloid, there is no partition, whose elements are (¢, §)-flat, such
that (1-16) holds. The proof of Theorem A.1 crucially uses the assumption that a collection of (¢, §)-flat
sets is a partition. However, in all of the known applications of decouplings we are aware of, it does not
matter if a collection of (¢, §)-flat sets is a partition or O (§~¢)-finitely overlapping. Theorem 1.2 says
the ¢? decoupling theorem is true after allowing the collection S to be O (log §~!)-finitely overlapping;
see (1-3). Our decoupling theorem is still useful in the sense that it implies Corollaries 1.3 and 1.5 and
Proposition 1.10. Also, by Holder’s inequality, our decoupling “essentially”” implies the £7 decoupling
theorem (1-15) of Yang and Li.

Let us finish this subsection by mentioning higher-dimensional manifolds. It is conceivable that the
£P decoupling conjecture is still true in high dimensions. Let us introduce some notation to state the
conjecture. For a function ¢ : R - R, we say S C [0, 11" lisa (¢, §)-set if (1-2) is true. Consider
the manifold

Mg :={(.¢&): &[0, 11"}, (1-18)

For a measurable function f : R” — C and a measurable set S C R"~!, denote by fs the Fourier restriction
of f on the set S x R.

Conjecture 1.7. Let ¢ : R"~! — R be a smooth function. Fix € > 0. Then there exists a sufficiently large
number A depending on € satisfying the following.
For any § > 0, there exists a collection Sy of finitely overlapping sets S C [0, 11"~ such that:

(1) The overlapping number is O (log8~") in the sense that

> xs < Celog(8™h). (1-19)
5685
(2) Sis (¢, Ad)-flat.
(3) For2<p< 2(n_+11)’ we have
" 1/p
Ifller < Ce5_€(#55)1/2_1/p(2 ||fs||’2p> (1-20)
S655

for all functions f whose Fourier supports are in Ns(My).

Conjecture 1.7 is known for the paraboloid and hyperbolic paraboloid but would be new for general
manifolds. The ¢” decoupling inequality for manifolds in R?> and R3 are proved in [Yang 2021] and
[Li and Yang 2021]. It remains open for higher dimensions. One main ingredient of £7 decoupling for
manifolds in R? is £? decoupling for a curve in R?. Since we now have ¢> decoupling for manifolds in R3,
it might be possible to prove £” decoupling for manifolds in R*.
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1.2. Example: hyperbolic paraboloid. Our theorem is even new for the hyperbolic paraboloid. Let us
state this special case.

Theorem 1.8. Consider ¢ (£, &) = &,&. For2 < p <4,
27 logs~! 1/2
1fllzs < cea—é( > > ||fs||i4) (1-21)
m==2""1og8~! SERyms1/2 5-mgl/2

for all functions f whose Fourier support is in Ns(Mg).

The set Romgi/2 p-mg1/2,o is defined in Section 2.1.

While the ¢7 decoupling for the hyperbolic paraboloid does not imply the Tomas—Stein theorem for
the manifold, our theorem implies the Tomas—Stein theorem for the manifold. As an application of
Theorem 1.8 to exponential sum estimates, we will prove Corollary 1.5 in Section 4.

Theorem 1.8 itself does not imply £” decoupling by [Bourgain and Demeter 2017a]. However, in the
proof of the theorem, we proved a slightly stronger inequality, which is a mixture of ¢2 and £” norms for
all the intermediate scales. We do not state this as a theorem as it is very involved. But this inequality
likely implies the £” decoupling by [Bourgain and Demeter 2017a].

We state the following version of the Stein—Tomas restriction theorem, which is recorded in [Demeter
2020, Theorem 1.16 and Proposition 1.27]. Let H be the truncated hyperbolic paraboloid.

Theorem 1.9 [Tomas 1975; Stein 1986]. For 4 < p < 0o, we have

||1?||Ln(35,1) < 81/2||F||L2(N3(I]-ﬂ))
foreach 0 <& < 1, each ball Bs-1 C R3, and each F € L*(Ns(H)) supported in Ns(H).
Proposition 1.10. Theorem 1.8 implies Theorem 1.9 up to a §~€ loss.
Proof of Proposition 1.10. Theorem 1.9 with p = oo is trivial, so it suffices to prove the p = 4 case and

invoke interpolation for the remaining exponents p € (4, 0c0). Apply Theorem 1.8 with p =4 to obtain

the estimate
27T 1ogs™!

1/2
||F||L4(Bg_.)566—6< > > ||<F>s||i4(R3)). (1-22)

m=—2""10g 8~ SERyms1/2 5-mg1/2 g
Note that (f )s = f)?g Using Holder’s inequality, we have, for each S € Romg1/2 5-mg1/2 ¢, that

I = 1/2 = 1/2 1/2 1/2 4
IF sl sy < NFXs I % o) I s | oty < WF I s N 1 o sy < Vs A IE 2y

Using the above inequality to bound the right-hand side of (1-22), we have

27 logs~! 1/2
-~ _ 1/2 2
1Pl sa, ) Se 8 f( > > |Ns(S)|" IIFIILZ(NA(S)))
m=—2"11og 8~ SERms1/2 y—ms1/2 o
_ 1/4
< 87 max INsCOIHIF 1l 20, 1y -
Im|<log s~

SERHmg1/2 y-ms1/2 g

It remains to note that |Ns(S)| < 8 for each S € Romsi/2 -ms1/2 o and each [m| < log s O
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1.3. Proof strategy and structure of the paper. In Section 2, we prove £> decoupling inequalities for
perturbed hyperbolic paraboloids using a collection of O (log §~!)-overlapping (¢, §)-flat sets. Our result
is new even for the hyperbolic paraboloid. The main new idea for the hyperbolic paraboloid is an iterative
way of using broad-narrow analysis, which is combined with the induction-on-scale argument by [Bourgain
and Demeter 2015; Bourgain et al. 2016]. To prove the theorem for perturbed hyperbolic paraboloids
(Theorem 2.2), we combine the aforementioned argument with a restriction theory for perturbed hyperbolic
paraboloids developed by [Buschenhenke et al. 2020; 2022; 2023; Guo and Oh 2024]. In Section 3, we
use the £2 decoupling for the perturbed hyperbolic paraboloids as a black box and prove the £? decoupling
for general polynomials. This argument is essentially the same as that of [Li and Yang 2021]. In Section 4,
we prove Corollaries 1.3 and 1.5 from the decoupling theorem. In Appendix A, we prove that there is no
€2 decoupling for the hyperbolic paraboloid in R? using a partition. This explains why it is necessary to
introduce log(8~') many partitions in Theorem 1.2. In Appendix B, we prove that there does not exist a
collection of (¢, 8)-flat rectangles such that £2 decoupling for the collection is true in high dimensions
without any additional power. In Appendix C, we prove the sharpness of Theorem 1.2.

1.4. Notation. For a function F and a set A, define

1
VENLp ) 1= a1 F I ocay- (1-23)

[Te| =TTt (1-24)

i=1 i=1

For a ball Bg of radius K centered at ¢(Bg), define

For real numbers a;, define

2\ —100
wp, (x) 1= (1 + X ) . (1-25)
For a measurable set A and a function f, define
1
Firwiar= o [ s (1-26)
A |Al Ja
For a ball B, we define
117y = 1B S U (1-27)

For a rectangular box 7', we denote by CT the dilation of 7" by a factor of C with respect to its centroid.

For two nonnegative numbers A; and A,, we write A; < A, to mean that there exists a constant C such
that A} < CA,. We write A] ~ Ay if A < Ay and A, S Aj. We also write A <, A; if there exists Ce
depending on a parameter € such that A; < CcAj.

2. Perturbed hyperbolic paraboloids

Consider the manifold My associated with

BE1, &) =i+ arof] +aodEr + Y aiE{ES, (2-1)

3<j+k=d
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where the coefficients a; ; satisfy
laj ] <1071
for d > 3.
When d = 2, the manifold My is associated with

¢ (1, 852) == &16.

Note that this is a special of case of (2-1) as we allow a; ; to be zero.

Definition 2.1. Let S be a rectangle in R?. Take a smooth function Eg : R? — R such that:

(1) The support of é\s is contained in 2.S.
(2) 0< Es(1. &) < 1 forall (&1, &) € R2.
3) ’E\S is greater than 1—10 on the set S.

4) IEsll,r < 1000.

Given a function f : R?> — C, define fs:R?> — C by

fs(x1, x2, x3) := /2 =y, x0—y2,x3)Es(y1, y2) dy1 dy».
R

Note that this is a convolution of f and Eg for the first two variables.

(2-2)

(2-3)

Theorem 2.2 (uniform ¢? decoupling for perturbed hyperbolic paraboloids). Fix d > 2 and € > 0. Then

there exists a sufficiently large number A depending on d and € satisfying the following.

Let My be a manifold of the form (2-1) satisfying (2-2). Then, for any § > 0, there exists a family Ss of

rectangles S C R? such that:

(1) The overlapping number is O(log ~1Y in the sense that

> xs < Caclog(6™h).
SES,;

(2) Every S is (¢, Ad)-flat and of the form of a parallelogram.
(3) For all f whose Fourier support is in Ns(My),

1/2
stqfowMQ.

SES(;
The constant Cy ¢ is independent of the choice of ¢.

(2-4)

(2-5)

The first step of the proof is to construct the family Ss. A restriction theory for perturbed hyperbolic
paraboloids is developed by [Buschenhenke et al. 2020; 2022; 2023; Guo and Oh 2024]. We use this

theory, in particular, the language in [Buschenhenke et al. 2023] to construct the family.
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2.1. Construction of the family Ss. To construct a family Ss, we will first define null vectors of the
Hessian matrix of ¢. Let us recall the notions in Section 3.1.1 of [Buschenhenke et al. 2023]. Consider
two vectors at & € [0, 1]% defined by

we = (—A@®)., D and ve:= (1, —BE)). (2-6)
Here A and B are given by
B $2 (&) ~ é11()
— and B(§)= ,
$12(8) +/|Hp(8)] $12(8) + /1 Hg ()]

and Hg (&) is the determinant of the Hessian matrix of ¢. The functions ¢;;(§) are defined by 9;9;¢ (§).
Note that by (2-2) we have

A(§)

(2-7)

|A®)| <1077 and |B(&)] <107 (2-8)
By (3.7) of [Buschenhenke et al. 2023], the vectors wg and vg have the following properties:

(we)Hy(&)(we)" =0 and  (ve) Hy(&)(vg)" =0. (2-9)

Moreover, by (2-2), wg and ve are linearly independent.
We are now ready to define a family S5. Assume that §~! is a dyadic number. Let us first define Rs;
the family Ss will be a subset of it:

Rs = U Reaa1- (2-10)
{1<a<6=1/2:0e2?)
We need to define R, ,,-1. Every element in the set will be a rectangle with dimension da x o~ !. Introduce

a parameter 8 which will be related to the angle of the long direction of the rectangle and the &-axis.
Define

Reqa-t i= U Riw.a-1 so2p- (2-11)
{BeZ:0<B<6"'a—27}

Here R, o1 502 18 a collection of the translated copies of the rectangle of dimension da x a~! with the
angle o B with respect to the £j-axis, so that the elements of Risa,a-1,sq2p are disjoint and their union
contains [0, 1]2. So we have defined

Ry = U U Riwaa-! 502 (2-12)
{(1<a<6~1/2:qe2?} {BeZ:0<B<6~1a~2r}

The family Ss in Theorem 2.2 will be a subcollection of Rs.

Definition 2.3. Let A be a sufficiently large constant, which will be the constant A in Theorem 2.2. We
say two rectangles Ry and R, are comparable if

Ry C2AR, and R, C2AR;. (2-13)

Remark 2.4. Suppose that R| and R, are comparable. Let L be an affine transformation such that L(R)
and L(R,) are rectangles. Then L(R;) and L(R;) are also comparable.
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Let us now explain how to choose rectangles. Let A be a large number. Let R € Ry -1 5425- If the
two following conditions are satisfied, we add R t0 Sso o1 5424

(1) Ris (¢, AS)-flat.

(2) For any point z € R, we consider a rectangle centered at z, of dimension o x «~!, with a long
direction parallel to the vector w,. This rectangle is comparable to R.

If the two following conditions are satisfied, we also add R t0 Ssq o1 502"
(1) Ris (¢, Ad)-flat.

(2) For any point z € R, we consider a rectangle centered at z, of dimension o x a~!, with a long
direction parallel to the vector v,. This rectangle is comparable to R.

Recall that v, and w, are defined in (2-6). After this process, we finally have
Ss = Ssaat 5028- (2-14)
o B

We define a partition of unity associated with R, o1 5025. Namely, we take smooth functions
{ER}RERaa,a*I,&xzﬁ such that

(1) the support of Er is contained in 2R,
(2) 0 < Eg(&1, &) < 1 forall (51, &) € R%,
3) F’:;g is greater than % on the set R,

(4) for any & € [0, 1]%, we have

Z Er(§) =1, (2-15)
Re/R’ﬁa‘m*l .Suzﬂ
(5) BRI < 1000.
For a function f, define fr by
fR(Xl , X2, X3) = /2 f(x1 — Y1, X2 — Y2, )C3)ER(y] , y2) dy1 dyz. (2—16)
R

2.2. Properties of partitions. We have defined partitions Ss; see (2-14). Now let us study some properties
of these partitions.

Proposition 2.5. Let A be a sufficiently large constant. Then
R5]/2’5]/2’0 C Ss. (2-17)

This says that our partitions contain the squares with the canonical scale. As a remark, for the hyperbolic
paraboloid, note that the decoupling

1/2
Iflls <Ces™( D ||fs||i4) (2-18)

SERs1/2 5172 9

is false for some functions f whose Fourier transforms are supported on the §-neighborhood of the
hyperbolic paraboloid.
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Proof. Take R € Rgi2 5112 9. Since R is a square, by the definition of Ss, it suffices to prove that R is
(¢, Ad)-flat. By definition, we need to prove that
sup ¢ (u) — () —Vou) - (u—v)| < Aé. (2-19)
u,veR
Since R is a square of side length §'/2 and ¢ has the Hessian matrix whose determinant is bounded by 2
(see (2-1) and (2-2)), (2-19) follows from an application of Taylor’s theorem. Il

Proposition 2.6 (finitely overlapping property). For any & € [0, 112,
#HSeSs:&eSy<Alog(s™). (2-20)

This proposition gives a proof of the first property of the family S5 in Theorem 2.2 (recall that A is a
constant depending only on d and €). Let us give a proof.

Proof. Fix & € [0, 1]%. Since the number of dyadic numbers « with 1 < o < 8~'/2 is O(log(6™")), it
suffices to show that, given o,

#{B € Z : there exist S € Sy o1 5425 8-t £ € S} S A. (2-21)

Denote by ) ¢ (resp. Sa.¢) the rectangle centered at z, of dimension §a x !, with a long direction
parallel to the vector weg (resp. vg).

Suppose that § € S for some S € Sy o1 5025- Then § is comparable to either Sy ¢ or S ¢. Without loss
of generality, we may assume that S is comparable to S; . Then the angle between the long direction
of S and wg is < Aa?. Since {Sazﬂ}ﬁez is Sa-separated, there are only ~ A many g satisfying the
property. This gives the proof. O

What follows is a technical lemma, which says that the angle between the longest direction of a
rectangle S and the &;-axis (or &;-axis) is small. If S is a square, it is not clear how to define “the longest
direction of S”. So we prove such a statement under the condition (2-22) to guarantee that S looks like a
rectangle quantitatively.

Lemma 2.7. Let A be a sufficiently large number. Let S € Sso o1 542p- SUppose that

length of the long direction of S o A2
length of the short direction of S —

(2-22)

Then we have

2

(2-23)
Proof. Suppose that § € Ssy o1 542p- Let us follow the proof of Proposition 2.6. Fix § € S. Without
loss of generality, we may assume that S is comparable to Sy ¢. Then, by Euclidean geometry, the angle
between the long direction of S and wg is S Ada?. The condition (2-22) says that o> < A™2, so the
angle is bounded by < A~!. On the other hand, by (2-6) and the normalization condition (2-2), the angle
between we and the &j-axis is bounded by 10794, Since A is sufficiently large, the angle between the
long direction of S and the &;-axis is bounded by 107>¢. Therefore, §a? 8, which indicates the angle, is

bounded by 1074, O
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Definition 2.8. Define D(§) to be the smallest constant such that

1/2
11+ < D) ( > I ||i4) (2-24)

ReS;
for all manifolds My of the form (2-1) satisfying (2-2) and functions f whose Fourier supports are
in Ng (M¢)

One of the key properties of the partitions is the parabolic rescaling lemma. This type of rescaling is
very crucial in [Bourgain and Demeter 2015; Li and Yang 2021]. We observe that the same rescaling
lemma still holds for our collections. The proof uses a basic property of perturbed hyperbolic paraboloids;
for example, see Lemma 3.2 of [Guo and Oh 2024].

Lemma 2.9 (parabolic rescaling). Let§ <o < 1. Let R’ € S,. Then we have

1/2
I frlle < CD<a—15)(Z ||fR||i4) (2-25)

RGSa
for all manifolds Mgy of the form (2-1) satisfying (2-2) and functions f whose Fourier supports are
in Ns(Mgy).

Proof. Suppose that R’ has dimension oo x ! for some 1 <« < o ~!. Then the Fourier support of fg'
is contained in 2R’ x R. By using the triangle inequality, we may assume that the Fourier support of f/
is contained in B x R, where B is a box with dimension o« x o ~!. By translation and rotation, we may
assume that the Fourier support of fz is [0, «~!] x [0, c«]. By abusing notation, let us still call this
box R’. After the change of variables, our phase function changes. Let us denote the new phase function
by

G061, &) =818+ br o] +hooks + Y biaE]Eh. (2-26)

3<jt+k=d
For convenience, we introduce b1, = 0. Note that

bkl S1, 2<j+k=d. (2-27)

Since R’ is (¢, Ao)-flat, by definition,

sup |¢o(u) — ¢o(v) — Voo (u) - (u —v)| < Ao. (2-28)
u,veR’
Take u = (0, 0) and v = (¢, 0). Since V¢o(u) = 0, this inequality becomes
d
sup | bjot!| < Ao. (2-29)
0<t<a~! =2

By [Li and Yang 2021, Proposition 7.1], this inequality gives
bjol Soal, 2<j<d. (2-30)
Similarly, we take u = (0, 0) and v = (0, ¢), where 0 < ¢ < o«. Then, by the same reasoning, we obtain

Ibo,jl So(ca)™, 2<j=<d. (2-31)
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We next do rescaling. Define L(£, n) := (¢~ '&, ocan) and

B, n):=0""go(L(E, ). (2-32)
The function q~5(é§ , 17) can be rewritten as
§i62+ (00 by 0)EL + (0atbo)ER + Y (0¥ 'k by E] ). (2-33)
3<j+k=<d

To apply the induction hypothesis, we will prove
bkl So o™ 2<jtk<d (2-34)

The cases for j =0 or kK = 0 follow from (2-30) and (2-31). Hence we may assume that j > 1 and k& > 1.

I we have 1 < ¢~ Ft/. So what we

Let us consider the subcase k < j. By the inequality | <o <o~
need to prove follows from

bj il So kL (2-35)

Since k > 1 and o < 1, this follows from (2-27). Let us next consider the subcase k > j. By the inequality
1 <a <o~ !, wehave 0¥~/ <o *t/. So what we need to prove follows from

bjxl SoI Tt (2-36)

Since j > 1 and o < 1, this follows from (2-27).
We have now proved (2-34). So the function (2-33) can be rewritten as

E162 + 2,067 + c0085 + Z Cj,ks]jéfa (2-37)
3<jt+k=d
where
lejl S1, 2<j+k<d. (2-38)

By applying a linear transformation, we may assume that ¢ o = c9 2 = 0. Moreover, by using the triangle
inequality, we may assume that |c; | < 1019, By abusing the notation, let us still denote by ¢ the new
phase function. By (2-32) and a change of variables on physical variables, the §-neighborhood of M
becomes the o ~!§-neighborhood of M ¢~ For functions ¢ whose Fourier supports are in N,-15(M;), we
have

1/2
||g||L4sD<a—1a>( > ||gR~||i4) : (2-39)

4
R7eS 15

We next rescale back to the original variables. Given R” € S,-15, by definition, we have

sup |¢pu) —p(v) — Vo) - (u—v)| < Ac™'s. (2-40)

u,veR”
By (2-32), we can see that L~ (R") is (¢, A8)-flat. To conclude that L~ (R") € S;, it remains to show
the following property: For any point z € L~ (R"), we consider a rectangle centered at z, of dimension

1

oo x o« ', with a long direction parallel to the vector v; let us denote this by R,. This rectangle is

comparable to L~ (R").
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Let us prove the property. Fix z € L™!(R”), and let v, be a vector associated with the phase ¢. By
Remark 2.4, it suffices to show that L(R;) is comparable to R”. After calculating the Hessian matrix, we
see that L (v;) is comparable to the vector vy, (;) associated with the phase function é. Since R” belongs
to S,-15, this gives the desired property. U

2.3. The broad-narrow analysis. In this subsection, we introduce a multilinear decoupling and show
that a linear decoupling constant is comparable to a multilinear decoupling constant up to epsilon loss
(Theorem 2.12). This framework is introduced by [Bourgain and Demeter 2015].

Definition 2.10. Let n(£) be the unit normal vector of My at the point (§, ¢ (£§)). We say three points
£y, E2)y € € [0, 11% are N~ !-transverse if

In(Em) AnEa) AnEg)l = N (2-41)
Three squares 71, 12, 73 C [0, 1]? are called N ~!-transverse if every triple &4y € 7; is N ~I_transverse.

Definition 2.11. Define Dy, (8, N~!) to be the smallest constant satisfying the following: for any
N~ !-transverse squares Ty, T2, T3 € R4 4.0 for s <a<1,

3
[+
i=1

for all manifolds My of the form (2-1) satisfying (2-2) and functions f whose Fourier supports are
in N(; (M¢)

1/2
= D, N—l)(Z ||fR||i4) (2-42)

L R€55

Recall that the definition of f;, is given in the paragraph below (2-14). The main theorem of this
subsection follows.

Theorem 2.12. Given € > 0, there exists a sufficiently large number N depending on € such that, for all
8 > 0, we have

D) < C57( sup Dyu(8', N1 +1). (2-43)

§<8'<1
Proof. We do a broad-narrow analysis by [Bourgain and Guth 2011]. Let K be a sufficiently large number,
which will be determined later. Take a sufficiently large constant K; such that K is sufficiently large
compared to K. Fix a ball Bx. We write
f= 3  fo (2-44)
T€Rk—172 k~1/2 9

—1/2

Recall the definition in (2-11). Each t is a square of side length K . Consider a collection of squares

C:={t €Rg-1nx-120: I fellisse = KON f sz} (2-45)

We will consider several cases. By a pigeonholing argument, we can see that C is nonempty. Take
71 € C. Consider the first case that all the squares T € C are in the (K 1)_1—neighborhood of 7;. Denote
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by 7| the neighborhood. Then, by the triangle inequality, we have

I f sy < H Z Jz + Z I fellaBe)- (2-46)

4
{IGRK*]/Z,K*I/Z,O:IQT{#g} L*(Bk) T¢C

By the definition of C, this gives

1 1) <2 > fr : (2-47)
{TG'RKfl/z‘Kfl/ztO:tﬂTf;zé@} L*(Bk)
The set 7; depends on a choice of Bx. Hence, by summing over all possible squares, we have
1/4
1f1lsBe) S ( > ||fff||i4(3,()) . (2-48)

’
T GRKfl,Kfl‘O

We next consider the case that there exists 7, € C outside of the (K 1)_1—neighb0rhood of 71. There are
two subcases. Suppose that there is 73 € C such that 7y, 172, 73 are 10K ~I_transverse. Then we have

10 S KT o llsco (2-49)

By an application of a randomization argument and the uncertainty principle, we have

m f:L’i

where fr,- is a modulation of f,. The definition of wp, is given in (1-25). We refer to (2.5)—(2.8) of
[Guth et al. 2023] for the details of the argument.

) (2-50)

L4(wpy)

200
I fllLay) S K

Lastly, suppose that there does not exist such a 73. Denote by &(; the center of 7; fori = 1,2. By
Definition 2.10, all the elements T € C are contained in the set

Zo:={£ €0, 117 : [n(Eay) AnE) An(E)| < 100K '} (2-51)
Here n(£) is the unit normal vector of the manifold (2-1) at the point (&, ¢ (£)). By the definition of C,

we can obtain
D[

TCZy

[WATZITISRS (2-52)

L4(Bx)

We apply a uniform £2 decoupling theorem for the set Z of [Li and Yang 2021, Theorem 3.1] and obtain

1/2
I Fllzscay) Se K€ (Z ||fs||i4(ka)) (2-53)
S

for any € > 0. Here S C [0, 1% is a rectangular box, and the collection {S}s has bounded overlap.
Moreover,

LS 6 €017 InGay) Ante) An@)l S K. (2-54)
N
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The function fs is the Fourier restriction of f to the rectangle S x R.! Define

Z:=1{& €0, 11*: [n(&1)) An() AnE)| =0} (2-55)
Then, by the separation between 7, and 1, and by the normalization conditions (2-1) and (2-2), one can
see that
(2—54) C NCK]/K(Z)- (2—56)
Let us state this as a lemma.
Lemma 2.13. {£ €0, 11%: |nEqy) AnEp) AnE)| S K1Y C Nek, x (2).

We postpone the proof of this lemma and continue the proof of Theorem 2.12. By the lemma, each §
in (2-54) is contained in a rectangle with dimension 1 x CK{K~!. Let us fix S. Suppose that

length of the long direction of S

— =K. (2-57)
length of the short direction of S

Then we decompose S into squares of side length equal to the length of the short direction of S. Then the
number of squares is bounded by O(K;). By Proposition 2.5, we have

1/2
||fs||L4§<l<1)”4( > ||fy||i4), (2-58)

{S’eSx:8'N2S#2}

where K 2 <X < (KK —1)2. Since K is sufficiently large compared to K1, the term (K D74 on the
right-hand side will not make any trouble.

Let us consider the case that

length of the long direction of S

> K. 2-59

length of the short direction of S — ! ( )
Assume that K is large enough that K| > A2. By translation and rotation, we may assume that § is
contained in " := [0, 1] x [0, CK; K 1. By Lemma 2.7, after some change of variables, we may write
the new phase function as

Qg +asl+bE + Y biE g, (2-60)
3<j+k=d
where
lal+161+ > bkl <1077 (2-61)
3<j+k=d

We will apply the following lemma.

Lemma 2.14. Let K, be a number such that 1 < K, <8712, Let §' = [0, 1] x [0, Kz_l]. Suppose that
the phase function is

O, &) =Ebr+akl +bE + Y bk &5, (2-62)

3<j+k=d

IThere is a minor technical issue. In the work of [Li and Yang 2021], the authors used a characteristic function for the cutoff
function. The proof can be modified so that the cutoff is smooth. In our application, we use a smooth cutoff function.
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where
lal+ 161+ Y bkl <1077 (2-63)
3<jt+k=d
Then, for any € > 0, we have
1/2
If5'll4(8y,) < Cea.aKs — sup ( > ||fT||i4(wBK2)) (2-64)

Ka<L=(K2)? \{es, :T 25}

for all functions f whose Fourier support is in Ns(Mg). Here fg is the Fourier restriction of f to the
rectangle S’ x R.

Let us assume this lemma and finish the proof. By (2-53) and Lemma 2.14, we have

12
1fllsBe) < Ce(KT'K)KE sup (Z ||fT||i4(wBK)) : (2-65)
(K 'K)<L=<(K)? \res,

To summarize, by considering all possible cases, we have

1/4 3 1/2
11z 56( > ||ff/||‘;4) + k™I /. (FKS sup (Z ||fT||i4) (2-66)
i=1 L

TeR, K'K<L=(K)* \Tes,
1
for some transverse ;. By Definition 2.11 and Lemma 2.9, we have

1 -1
’Kl .0

D) Se D(K#8) + K2 Dy (8, 10K~1) + K€ sup D(LS). (2-67)
(K[ 'K)<L=(K)?

We apply this inequality to the first and third terms on the right-hand side of (2-67) repeatedly and obtain
the desired result. U

Proof of Lemma 2.13. For simplicity, we introduce F'(§) :=n(§1)) An(§@2)) An(§). By the definition of
the normal vector n(€), this can be rewritten as

hoEay 0eEa) —1
F(&)=c|di9(Ep) 00Ep) —1 (2-68)
019(&) o) —1

for some |c| ~ 1. After routine computations, this is equal to

—019(8)(020 (1)) — 020 (§(2))) + 020 (§) (310 (§(1)) — 019 (§(2))
—019(61)) 029 (E2) +019(52) 0 (E)). (2-69)

Recall that &1y and &) are fixed. For simplicity, we write the function as

F(&)=A01¢(&)+Boo&)+C. (2-70)
‘We first claim that

max(|02¢ (1)) — 0200 ()|, 1019 (E(1y) — 3190 (E2)]) 2 Kll (2-71)
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The claim is equivalent to
1
Vo) — Vo)l 2 K (2-72)
By Taylor’s theorem, note that

V20 (Ey) - (Eay — E)| ~ IV (Em) — Vo (E))l- (2-73)

Since the absolute value of eigenvalues of the Hessian matrix of ¢ is comparable to 1 and by the separation
€1y —&@)| 2 1/Ky, we have

V2o () - (Eay — €| 2 (2-74)

1
Ky’
This completes the proof of the claim.

Let us continue the proof of Lemma 2.13. Recall (2-70). Let us consider the case |A| < |B|. The case

|A| > | B| can be dealt with similarly. To prove Lemma 2.13, let us fix & € [0, 11> and suppose that
FEe =X, |XI<SKkL (2-75)
It suffices to show that there exists o € R such that
o lo| SKiK,
e F(§+(x,0))=0.

By Taylor’s theorem, since F is a polynomial of degree d — 1,

j
FE+@0)=FE+aFEa+ Y &'@aﬁ (2-76)
2<j<d-1 ’
By the expression (2-70), . ' .j
o] F (&) = Ad] T 9 (&) + Bd] 029 (). (2-77)

By the normalization (2-1) and (2-2), we have

F(€+ (a,0)) = F(&) + (31 F(§))a + O(Ba?)
=X+ (01 F()a+ O(Ba?). (2-78)

Note that |[d; F (§)| ~ | B|. By (2-71), we have |B| 2 Kfl, and we can find || < K1 K ! such that
X 4 (81 F(&)a + O(Ba?) = 0. O

Proof of Lemma 2.14. We use an induction on K». By taking C. 4 4 sufficiently large, we may assume
that Lemma 2.14 is true for sufficiently large K, (compared to A).
We write our phase function (2-62) as

A+ BG1, &) = (asf + ) bj,osf) +EE+bE + ). (2-79)
3<j<d
On the set (&1, &) € S/, '

AE) + B, &) = AED + O(K, ). (2-80)
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By [Li and Yang 2021, Proposition 7.1],

sup A (61|~ max Jal, max [b; ). (2-81)
0<§:<1 J

Let us consider the case that the left-hand side of (2-81) is smaller than AK ! for some fixed large
number A. We would like to show that S’ € S(k,)-1- First, note that S"is (¢, K, 1)—ﬂat. Also, for any
z € §', the angle between the £;-axis and v, is smaller than O (AK5 ]). Hence the rectangle, centered at z
of dimension 1 x K ! with a long direction parallel to the vector v,, is comparable to §’. So we see that
S" € S(k,)-1. This already gives the desired result (2-64).

We next consider the case that the left-hand side of (2-81) is larger than %AK > ! We write our function
as

r= [ Ferenas. (2-82)
R3
We do a change of variables
X3 — M_IX3 and &+ ME&;,

so that the Fourier support of f is contained in the § M -neighborhood of

(M(AE) + B, 6) & €10, 1], £ €0, K, ']} (2-83)

for some M~! > AK{1 such that

M sup |AGED|~ 1.
0=<&1<1
Note that

M(AGED) + B, &) = MAED + O(A™)). (2-84)

After the change of variables, the ball Bk, on the physical ball becomes a ball of radius K»/M, which is
still larger than A. Then we use a uniform ¢> decoupling for a curve of [Yang 2021, Theorem 1.4] by
ignoring the &;-variable and obtain

1/2
I fsill o < CEE(AN? <Z ||fr||i4> : (2-85)
T/

Here the sidelength of the longest direction of T’ is (A’)~!, which is smaller than or equal to A~1/4,

The set 7’ has dimension (A")~! x (K»)~!. We next do a isotropic rescaling (with translation), and
T’ becomes a rectangle with dimension 1 x A’/K,. Since A’/K, > 1/K>, by applying the induction
hypothesis on K, and rescaling back, the left-hand side of (2-85) is bounded by

Ko\ 172
Cg%vece(A/)é/Z (7> (Z I fr ||%4> . (2-86)
T
Recall that A’ > A'/4_ Since A is sufficiently large, we have

(AN~ < (™

and we can close the induction. O
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2.4. Bourgain—Demeter-type iteration. We have shown that the linear decoupling constant is bounded by
the multilinear decoupling constant (Theorem 2.12). The next step is to bound the multilinear decoupling
constant. Here is an ingredient.

Lemma 2.15 (ball inflation lemma). Let ¢ be a function (2-1) satisfying (2-2). Let p =4, q = %, and
N > 0. Let 71, T2, 13 be N~ '-transverse squares. For any p >0, € > 0, and xg € R3,

3 1/2\ p 1/p
2
(f ) (Iﬂ( > Iy, M) ) dx)
B&xo.p™) Nizi N\JeRr,, p0:/Cri) ,

3

1/2
< Cenp™ H[( > Wl | (xo))) (2-87)
i=1 MJER, p,0:JCTi} P

Jor all functions [ whose Fourier supports are in N 2(My).
The proof of the ball inflation lemma is standard. We refer to [Bourgain et al. 2016, Theorem 6.6] for
the details; see also [Bourgain and Demeter 2017b, Theorem 9.2].

We are ready to give a proof of Theorem 2.2. Let I' be the smallest constant such that, for every € > 0,
we have
D) <C.87 "¢ for every dyadic § < 1, (2-88)

where C; is a constant depending on €. Our goal is to prove I' = 0.
We introduce some notation. Take g := %, and note that

1 1/2 172
q
Define
) 3 1/2
Ar(b) = H( > Wi, )) :
i=1 MJeR w2 /2 o1 CTi} e Lien@
) 3 1/2
Ay(b) == H( > Il £s Ili;(wm . /2))) . (2-90)
i=1 MJERw2 g2 oI CTi} ' L ems
) 3 12
Ay(b) = H( > s, )> :
i=1 MJER w2 sb2 o CTi} e Lien@

where 0 < b < 1. For0 < b < 1 and * = 2, q, 4, we let a,(b) be the infimum over all exponents a

satisfying

5 1/2

Au(b) San 8—“( > sk ||’i4(R3)) (2-91)

RES(;
for every § > 0, every N~ !-transverse squares t;, and every choice of a function f. Lastly, define
I —a.b
4, = liminf _ %) (2-92)
b—0 b

forx=2,q,4.
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Lemma 2.16. We have the following inequalities:

(1) (setup) a, < oo forx=2,q,4,

(2) (rescaling) a4 > T,

3) (Lz-orthogonality) a > 2ay,

(@) (ball inflation) a, > Yas+ %ao.

Notice that by combining all the inequalities in the lemma, we obtain
I'<a4 <2a,—a> <0.
Hence, in order to prove Theorem 2.2, it suffices to prove Lemma 2.16.
Proof of Lemma 2.16. Let us show inequality (1). It suffices to show
I' < Cb+a.(b)

for some constant C. By the essentially constant property and Bernstein’s inequality, we have

3
[+
i=1

for any * =2, ¢g,4 and 0 < b < 1. By the definition of a,(b) (see (2-91)), we have

3 1/2
[Tr] = 8‘“"“*@( >l ||i4(R3)) .
i=1

L R655

S8TPALb)

L4

Hence we have
Dy (8, N71) S 87 a®),

Combining this with Theorem 2.12 gives
D(§) < §7€5~Ctmax(®),
Since € > 0 is arbitrary, by the definition of I', we obtain (2-94).
Let us next show inequality (2). By the definition of ay4, it follows from
as(b) <T-(1-b).
By Holder’s inequality and Minkowski’s inequality, we have
3 1/2
Ab) £ H[( 3 ||ff||i4(R3)) .
i=1 MR sb/2 o3I CTi)

By the parabolic rescaling lemma (Lemma 2.9), this is further bounded above by

3

12 12
D(sl—b)m< > ||fflli4(R3)) SD((SI_I’)(Z"JCJ”@(RS)) '

i=1 {JeSs:JCti} J€S;s

187

(2-93)

(2-94)

(2-95)

(2-96)

(2-97)

(2-98)

(2-99)

(2-100)

(2-101)
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By (2-88) and (2-91), we have

§7u®) < g=TH1=b), (2-102)
This gives (2-99).

Let us move onto inequality (3). By the L2-orthogonality and Holder’s inequality, we obtain

3 1/2
~ < )
As(b) < IH( > ||L§(w3(x_8_h))) L4
i=1 {JERBb’Bb’OZJCT,’} xeR3
3 1/2
< 2 -
S H[( > ||Lg(wwy8b))) L (2-103)
i=1 {JERw s o/ CTi} xeR3
The last expression is Aq (2b), so we have
§7b) < §7ag2h), (2-104)
or equivalently,
a(b) < a,(2b). (2-105)
After some computations, this gives
a > 2ay. (2-106)
This completes the proof of inequality (3).
Lastly, let us show inequality (4). By the ball inflation lemma (Lemma 2.15),
3 1/2
A < §°€ 2 -
Agb) <e 8 m< > I £ ||Lz(wB(X‘5_,,))> ) (2-107)
i=1 NJERw2 sb/2 oI CTi} Liers
By Holder’s inequality and (2-89),
Ag(b) Se 87 Ar(b)' P Ag(b)' 2, (2-108)
By the definition of a, (b), this gives
§9% ) < g—€g—(a(b)+as(0)/2 (2-109)
After some computations, this gives
ag > tas+ Las. (2-110)
This completes the proof of inequality (4). O

3. General manifolds

We have proved the ¢> decoupling for perturbed hyperbolic paraboloids. We will use this decoupling as a
black box and prove Theorem 3.1. This section does not contain any novelty, and we simply follow the
argument of [Li and Yang 2021] in Appendix A.

The proof of Theorem 1.2 can be reduced to that of £> decoupling for polynomials (Theorem 3.1). We
refer to Section 2.3 of [Li and Yang 2021] for the details.
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Theorem 3.1. Fix d > 2 and € > 0. Then there exists a sufficiently large number A depending on d and €
satisfying the following.

Let ¢ be a polynomial of two variables of degree d with coefficients bounded by 1. For any § > 0, there
exists a collection S; of finitely overlapping sets S such that:

(1) The overlapping number is O(8~€) in the sense that

> xs < Caed ™. (3-1)
5655
(2) Sis (¢, Ad)-flat and of the form of a parallelogram.
¢ p g
(3) We have
1/2
1flls < Caes™( D I fsl7s (3-2)
L
SeSs

for all f whose Fourier support is in Ns(Mg).
The constant Cy ¢ is independent of the choice of ¢.

To prove Theorem 3.1, we use Theorem 2.2 as a black box. Theorem 2.2 is a decoupling theorem for a
phase function (2-1) satisfying (2-2), but by a simple change of variables, this theorem can be generalized
to that for a polynomial function ¢ with bounded coefficients such that

|Hp(6)] 21 (3-3)
for all £ € [0, 1]%. Here Hy is the determinant of the Hessian matrix of ¢.

3.1. Sketch of the proof of Theorem 3.1. Let M be a sufficiently large number, which will be determined
later; see the end of Section 3. The proof is composed of three steps.

Step 1: Dichotomy: a curved part and a flat part. Decompose [0, 1]? according to the size of |Hy(5)]:

Seurved 1= {(€1. £2) € [0, 117 ¢ | Hy(§1. £2)| > M ™'},
S = {(§1.82) € [0, 117 1 | Hy (61, £2)] < M7},

Introduce a parameter M < M;. Decompose [0, 1]° into squares of side length M. Then on each square,

(3-4)

one can see that |Hy| > %M ~! because M L '« M'and V Hy is bounded. By the triangle inequality,

> fr +H ook

{(ITl=M7 TN Seurved A9) {Itl=M "7 C St}

11l < (3-5)

L4 L4

After applying the triangle inequality, we apply Theorem 2.2 (see also the discussion below Theorem 3.1)
to the first term on the right-hand side, and this gives

12 12
H > fr SMI( > ||fr||i4> Se Mla*(Z ||fs||§4> . (3-6)
L4 }

{It1=M; 2N Seurved # 2} {IT1=M; "N Seurved £ 2) (5€Ss

Since M| is a fixed number independent of &, this already gives the desired bound. It remains to bound
the second term on the right-hand side of (3-5).
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Step 2: Analysis of the flat part. We next bound the term

Hfo

{It1=M]" 17 C St}

(3-7)

L4

By the generalized two-dimensional uniform ¢? decoupling for polynomials, see Theorem 3.1 in [Li and
Yang 2021], we can cover Sg, by rectangles 7" satisfying

T C{51,&) €l0, 11 |Hy(51, &) S M) (3-8)

and

e

{lel=M; "t C S

1/2
Se M¢ (Z ||fT||i4> : (3-9)

Let us fix T. Take an affine transformation L such that it maps [0, 11? to T. Take ¢, := ¢ o L. Then
one can see that

|Hg, (E) S M (3-10)

for all £ € [0, 1]%. By [loc. cit., Proposition 7.1], all the coefficients of Hy, (§) are bounded above by
~ M~'. Hence we can apply [loc. cit., Theorem 3.2] and obtain a rotation p such that

$2(81,62) =10 p(§1, &) = a) + M b1, &). (3-11)

Here a and b have coefficients bounded above by ~ 1, and « is a positive number. By the uncertainty
principle, the term M % B(&1, &) is negligible on the ball of radius M* on the physical side. Hence we
apply the two-dimensional uniform £> decoupling of [loc. cit., Theorem 4.4] to the one variable polynomial
a(&;) and partition [0, 1] into intervals I such that each rectangle is (¢, AM~*)-flat. Combining all the
inequalities we have obtained so far, we have

1/2
H > f SGM€<ZIIfTIIi4) &Mé(
L4 T

{lel=M; "7 C St}
Step 3: Iteration. By (3-5), (3-6), and (3-12), we obtain

1/2
> ||f5/||i4) : (3-12)

S'€Sy-a

172

1/2
||f||L4scea-é<Z||fs||i4) +CE(M“)€( > ||f5/||i4) : (3-13)

SeSs S'€Sy—a

The first term is already of the desired form. To bound the second term, we fix S” and do rescaling. Let L
be an affine transformation mapping [0, 1]* to §’. Since S’ is (¢, AM~%)-flat, we have

sup [pu) —¢p(v) =V (u) - (u—v)| < AM™". (3-14)

u,ves’

Fix any point ug € ', and define

$() == A~ M (§(Luo) — ¢ (LE) — Ve (Luo) - (Lug — L§)). (3-15)
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Then by (3-14), we have supg¢(g 2 |¢~>(§ )| < 1. By [Li and Yang 2021, Proposition 7.1], all the coefficients
of ¢ are bounded by 1. So this phase function satisfies the hypothesis of Theorem 3.1. We apply (3-13)
to the function and obtain

1/2 1/2
||fo||L4scea—€( > ||fs||i4) +ce<M“>€( > ||fy||i4). (3-16)

{SeSs:SNS'#2} {S'€S,),—20:SNS' £}

By (3-13) and (3-16), we have

1/2 1/2
1fllLs < (Ce+ CHM*))8™¢ ( > ||fs||i4) + CS(M”)E( > ||fy||i4) . (3-17)
SeS;s S,ESM—Za
We repeat this process O (log,, §~!) times, and we obtain
1/2
1S llps Se (872 467 '08m G5 ( > ||fs||i4) : (3-18)

SeS;

We take M large enough that log,, C. < €. This completes the proof.
4. Proof of Corollaries 1.3 and 1.5

We prove Corollaries 1.3 and 1.5. We first remark that Corollary 1.3 holds under a general condition.

Remark 4.1. Fix d > 2. Let ¢ : R> — R be a smooth function. Given a straight line / intersecting [0, 117,
we parametrize the line by y (¢) with the unit speed. Assume that

Py (1) =ao+ait +axt> + - +aqt’ + Et), (4-1)
where
|E()] < ot (4-2)
and
laz| +- - -+ aq| = Cy > 0. (4-3)

Here, ¢y and Cy are independent of the choice of the line /. Then (1-6) is true.

Corollary 1.5 is stated using the language of a partial differential equation. By Fourier series, we can
write the operator ¢/’2 f as

hf@y = Y f®e(xr, x2,x3) - (51, &, & — ad)). (4-4)
&£e[—-N,N12NZ72
Also by Parseval’s identity, we have
1oy~ D, If@P 4-5)
£e[-N,N12nz2

Hence Corollary 1.5 can be rephrased as follows.
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Corollary 4.2. Let o be irrational. Suppose that
P E) =E0—EF and As=(8Z x a8Z) N[0, 1]%. (4-6)

Then, for2 < p <4 and € > 0, we have

1/2
< cese( > |as|2> : 47

L£(85—3) SGA(;

> ace(x- (€, ¢(4)))

§€hs

4.1. Proof of Corollary 1.3. Suppose that the manifold M, does not contain a line. Fix € > 0. By
Theorem 3.1 with § replaced by 67, we have

12
Il < cd,ea—é( 3 ||fs||i4) (4-8)

5685,1

for all f whose Fourier support is in Ng(My). Since ¢ does not contain a line, by a compactness
argument, for any /, we can parametrize it as a function of ¢ and write

b(t,at +b) =ag+ait +axt> +- - +aqt?, (4-9)
where
max(laz|, |azl, ..., laq]) ~ 1. (4-10)

Suppose that S is a rectangle and is (¢, A5¢)-flat. We claim that the length of a long direction of S is
smaller than or equal to Cy8 for some constant Cy depending on the choice of ¢. We may assume that
the angle between the long direction of S and the &;-axis is smaller than or equal to 7. Let [ be a line
segment passing through the center of S and parallel to the long direction of S but contained in S. For
convenience, we introduce a parametrization of the line /: y (t) = (¢, at + b), where ¢t € [bg, b1]. To prove
the claim, it suffices to show that

|b1 —bol = Cyp,48. (4-11)

By the definition of (¢, A8?)-flat, we have

[S;JIL ] |6 (y (bo)) — ¢ (v (1)) — V(v (b)) - (v (bo) — ¥ (1))] < A8 (4-12)

By (4-9) and (4-10), after some computations, this can be rewritten as
sup @ (t — bo) +a(t —bo)* + - - - +aa(t —bo)?| < A, (4-13)

t€[bo,bi]
where

max(|az|, asl, ..., laal) ~ 1. (4-14)
By [Li and Yang 2021, Proposition 7.1], (4-13) gives
max(|d2(bo —b1)*|, |a3(bo — b1)*|, ..., 1da (b — b1)?)) S A8 (4-15)

The condition (4-14) gives |by — bg| < &, and this finishes the proof of the claim.
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We have proved the claim. Corollary 1.3 will follow by counting the number of frequencies in As
contained in a §¢-neighborhood of each S € S;. The claim says that each S contains at most < 1 many
frequencies in Ag, and this gives the desired result. Let us give more details. We take f to be a Fourier
transform of

> v, (4-16)

§€hs

where ¢ is a smooth bump function supported on the ball of radius 8¢ centered at the point (&, ¢ (£)).
By the claim, we have

1/2 e 1/2
(Z ||fs||i4) S (Z ||ws||i4) . (4-17)
SeSa gehs
On the other hand, by the definition of f, we have
£l s ~ HZ@H : (4-18)
£ L
Note that
Ve (x) = 8"e(&, 9 (6)¥p(0.5-0), (4-19)

where g is a smooth function essentially supported on the ball B. Corollary 1.3 follows from this, (4-8),
(4-9), and (4-10). This completes the proof.

4.2. Proof of Corollary 1.5. As we discussed, it suffices to prove Corollary 4.2. For simplicity, we only
consider o = +/2. The general case can be proved identically. For ¢ (&, &) =& 12 —522 and Ay =387 x /287,
our goal is to show that

> ace(x- (€, ¢(5)))

§ehs

1/2
< ceae( > |a5|2) : (4-20)

L£(35_3) EGA(;

This will follow easily from Theorem 1.8 by counting the number of frequencies in As contained in a
83—neighb0rhood of each S € &5. Suppose that (m; 6, ni«/iS) € As N Ng(S) fori =1, 2. Then using the
definition of (¢, 8%)-flat, we have

Im38% — 2n38% — (m38% — 2n38%) — 2(m 8, —v/2n18) - ((m) — m2)8, V/2(n) — n2)8)| < 8°.

This simplifies to
|(my —m2)* = 2(n1 —n2)?| <6,
o)
[m1 —may — v2(n1 —na)llmy —ma+~2(n —n2)l| < 6.

By Lemma 4 of Section 2, Chapter 2 of [Cassels 1972], we have 1/b!*¢ Sela+ V2b| forany a,b e Z.
Therefore, if (m, n1) # (m», ny), the above displayed inequality implies that |n; — ny| 2 §~1+¢ Since
the elements of As N Ng3(S) are 2 §-separated, there are fewer than <S¢ 8 - frequencies in As N Ng3 (),
as desired.
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Appendix A: Partition is not enough

In this appendix, we prove that there is no £> decoupling for the hyperbolic paraboloid using a partition.
Note that in Theorem 1.8 we introduce O(logé~!) many partitions to obtain £> decoupling for the
hyperbolic paraboloid. The following theorem shows that it is necessary to introduce many partitions.

Theorem A.1. Let My be the hyperbolic paraboloid given by ¢ (&1, 62) = §1&. Fix 0 <€ < ﬁ and
A > 1. Then the following is false: for any § > 0, there exists a family Ss of rectangles S C R? such that

(1) the interiors of rectangles are disjoint:

int(S)) Nint(S,) =&, Si, S € Ss, (A-1)
(2) every S is (¢, Ad)-flat,
(3) for all f whose Fourier support is in N5(Mg),

12
TP cE,ASE(Z ||fs||i4) . (A-2)

SeSs

Proof. Fix 8 > 0. For simplicity, assume that ! is a dyadic number. Suppose that such a family S;
exists for a contradiction. Let us first consider the partition

0.17=|J (0. 11x[as,as+8])=: JCa.

aeZN[0,6—1—1]

(A-3)
0. 17= () (b8, 65+81x[0, 1) = Ds.
beZM[0,6-1—1] b
Let us fix C,. Consider a collection of elements of S5 which have a large intersection with C,:
Ss.c, i={S€Ss:|1SNC,| > 8'8127¢). (A-4)

Define Ss ¢, similarly. By abusing notation, let us denote by Ss , and S ;, the sets S5 ¢, and Ss p,. Recall
that elements of the set S5, are disjoint by the first condition (A-1).

‘We claim that
J snc,
S€Ss.q

> %5 and > 1559 (A-5)

Let us assume this claim for a moment and finish the proof of the theorem. By taking the union over a

in (A-5), we have
U J snc.
a€Zn[0,6~1—1] S€Ss.q

> 9 (A-6)

By pigeonholing, there exists Dy, € Ss 5 such that

‘Dbﬂ( U U SﬂCa)

aeZN[0,671—1] S€Ss.4

> 2. (A-7)
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This implies

Db“( J U S) = 100°- (A-8)
aeZN[0,671—1] S€Ss.4
We claim that if S € S5, for some a, then
DN S| < 8lsl/2Fe, (A-9)

Note that this means that S does not belong to S p,. Since the area of Dy, is 8, the first inequality of (A-5)
gives

< 7559- (A-10)

U SN Dy

SE€Ss,py,

This contradicts the second inequality of (A-5). Let us give a proof of (A-9). Suppose that S € S ,. It
suffices to prove that

S C (o, B) + ([0, 1] x [0, C8'/7F<]) (A-11)

for some «, B € [0, 1]. To prove this, we use the assumption that S is (¢, Ad)-flat. By the definition

1/2—e

of Ss 4, the rectangle S contains a line segment parallel to the &;-axis with length & . Since our

manifold is translation invariant, for simplicity, assume that the line is [0, §'/>7¢] x {0}. We will show
that if p = (p1, p2) is an element of S, then |ps| < §1/2+€ . This gives the proof of (A-9). To show the
bound of p,, we set u = (0, 0). Then by the definition of (¢, A§)-flat (Definition 1.1),

|p1p2| < AS. (A-12)
Similarly, we use u = (§'/27¢, 0), and this gives
|p1p2— 877 pa| < As. (A-13)

Combining these two gives |pa| < 81/2F¢,
It remains to prove (A-5). By symmetry, let’s show only the first inequality. We will use assump-
tion (A-2). Fix C,. Let us first show that there exists S € Ss such that

1SN C,| > (logs~1)~10s1+4, (A-14)
Suppose that such an S does not exist for a contradiction. We take f such that

(D f is supported on the §-neighborhood of the set My N (C, x R),
2) f is equal to 1 on the %S—Heighborhood of the set My N (C, x R).

Here My is the hyperbolic paraboloid. Then f is essentially supported on a box with dimension
871 x 1 x 8! and has amplitude ~ 2. So we have

Il s~ 828724 ~ §3/2, (A-15)
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On the other hand, by pigeonholing, there exists j such that

1/2 1/2
(Z ||fs||i4) < <1og8—1>”2(2 ||fs||i4> : (A-16)
SeSs SeS{{
where the elements S of S({ satisfy
ISNCy| ~ 8277, (A-17)

Here, we used the fact that, for large j, the right-hand side of (A-16) is negligible (which is proved
in (A-18)). Since we are assuming that there does not exist S satisfying (A-14), (A-16) is true for
j >4elog, 8~ +101og, log §~!. Note that fs is essentially constant on a box with volume (8§627/)~!
and has amplitude §527/. Since S; is a partition (see (A-1)), the cardinality of Ssj is bounded by 2/. So
we have

> ||fs||i4) S @S) Y max || fsl o S 277(67277)(8727) T ~ 572070, (A-18)
Ses]
Inequality (A-2), (A-15), and (A-18) give

832 < (log 871)1/25¢53/2070/4, (A-19)

We get a contradiction from the assumption that j > 4€ log, §~' + 101og, log §~!. The same argument
works for a general situation. Let C C C, C [0, 11> be a convex set (polygon). Then we can show that
there exists S € Ss such that

1SN C| > (logs~H~10s% ). (A-20)

Let us explain the proof. First, since C is a convex set, we can find a rectangle C C C such that |E | Z|Cl;
for example, by the Kovner—Besicovitch theorem. Since Cisa rectangle in C,, we can repeat the proof
of (A-14) and find S € S; such that

ISNC| > [SNC| > (ogd~H~1%*|C| > (logs~H)~1%%|C]. (A-21)
This gives (A-20).
We have shown that there exists S; € S5 such that (A-14) holds. In particular, S; € Ss 4; see (A-4) for

the definition of S5, and note that we used the assumption that € is small. If we have |S; N C,| > %8,
then this gives (A-5). So suppose that
81T <181 N Cul < 1550. (A-22)

Since S is a rectangle, the set C, \ (S1)€ is either a convex set or a union of two convex sets. Let us write
it as
Ca\ (S =C11UCp. (A-23)

Here Cy; and Cy; are disjoint convex sets and

|C11]+|Cral < |C,l(1 —8%). (A-24)
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This finishes the first round of the iteration. Let us explain how to proceed. If Cy; satisfies |Cy1| < §81/4,
then we leave this set. If |Cy;| > 88'/4, then we apply (A-20) to the convex set C;; and obtain the set
S> € Ss such that

155N Ci1] 2 (logs™")~1%8%|Cyy . (A-25)

By the stopping time condition |C;;| > 88!/# and the assumption that € is small, we have S, € Ss.c,; see
(A-4) for the definition. We write Cq1 \ (S2)¢ = C11 U Ci12. Then we have

IC111] + |Cir2] < [Crp|(1 = 8%), (A-26)

1/4_ then we have

where the Cy; are convex sets. Repeat this process for Cy. If [Cy2| < 88
IC111l+ [Crizl + [Cr2] < Cal(1 = 8%)* +|Cp2]8%. (A-27)
If |Cia| > 88'/4, then we have
IC111l + Cri2l + [C11z| + [Crial < [Cal (1= 8%)2. (A-28)

This finishes the second round of the iteration. We repeat this process M times with M > §~%. Denote
by {Cx}x and {Sy}y a collection of convex sets and a collection of rectangles S € Ss, respectively, that
we obtained via this process. Note that

D ICxI+ YISy NCal = 1Cal =3. (A-29)
X Y
We have
dlexl= Y. ICcxl+ Y. ICx|
X {X:|Cx|=881/4) {X:|Cx|<881/4}
<Gl =8+ (] Cx[8* < q5lCal. (A-30)
{X:|Cx|<881/4}

The last two inequalities follow from the fact that all Cyx are disjoint and Cy C C,. This completes the
proof of the claim (A-5). [

Appendix B: Higher dimensions

In this appendix, we prove that an analogous result to Theorem 1.2 is false in higher dimensions. For
convenience, let us consider only a manifold in R4, Higher-dimensional manifolds can be handled in a

similar way. Definitions 1.1 and 2.1 can be naturally generalized to higher dimensions. We will not state
10
T .

Theorem B.1. Consider ¢ (&1, &, &3) = 512 + 522 - 532. Fix0<e < ﬁ. Let A be a constant. Then the

them. Recall that the critical exponent p of decoupling for the hyperbolic paraboloid in R* is

following statement is false.
For any 8 > 0, there exists a collection Ss of rectangular boxes S C [0, 113 such that:

(1) The overlapping number is O (log8~") in the sense that

> xs < Celog(8™h. (B-1)
5683
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(2) Sis (¢, Ad)-flat and of the form of a parallelogram.
(3) We have

1/2
1f N0 < Cesf(z ||fs||im/3> (B-2)

SeSs

for all f whose Fourier support is in Ns(Mg).

The same conclusion of Theorem B.1 occurs if (B-2) is replaced with

1/2

I flle < Ces™ ( 3 ||fs||%p) (B-3)
SeSs
for2 < p< %. Inequality (B-6) is the only place where (B-2) is used. One may check that (B-3) still
implies the desired result.

Proof. Let us prove the result by contradiction. Fix 0 < € < 10~!%. Define

Ci={(1, &, &) €0, 11 1 1 + &7 — &5 = 0). (B-4)

172 many canonical blocks P with dimension 1 x §'/2 x §. Let us denote by P the

We cover C by ~ 4§~
collection of blocks. Note that each block is (¢, Ad)-flat for some large constant A. For given P € P, we
take translated copies and cover [0, 177 so that they are disjoint. Denote by Pp the collection of translated
copies of P. Note that the cardinality of Pp is comparable to § /2.

Fix P’ € Pp for some P € P. We next decompose P’ into parallel tubes with radius 8%, where X is
sufficiently large number. Let us denote by Pp_p: the collections of tubes P”. We claim that, for given
P” € Pp_pr, there is an element S of Ss such that the diameter of the set S N P” is larger than or equal to

(log 718, To prove the claim, let us use the hypothesis (B-2). Take a function f such that

(logs—1)8—>¢ (log6—1)873¢
feO= Y &= > lynes®. (B-5)
j=1 j=1
—1y5—5¢
where {B; }j(.li‘?a 7 is an arithmetic progression with difference (log §~!)6>¢ and | J ; Bj C P”. By direct
computations, one can see that

1/2
11l 2 (log 5—1)1/55—560/2—1/00/3»<Z ||fj||i.o/3> g (B-6)
J

Hence inequality (B-2) says that there must be an element S of Ss containing at least two B;. This means

that the diameter of SN P” is larger than or equal to (log §~!)8¢. This completes the proof of the claim.

For given P’ € Pp, denote by Sp: the elements of S € S; satisfying the following property: for some

P” € Pp p: the diameter of S N P” is larger than or equal to (log8~')8%. The claim says that Sp is
nonempty.

We next claim that if S is (¢, Ad)-flat and S € S5, then S is contained in a box with dimension

§1/273¢/2 5 §175¢  §3¢ . Let us give a proof. First of all, by an affine transformation, we may assume that §
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contains a line {0} x {0} x [0, 8°¢], and our new phase function is b)) = 5124—5253. Letv=(v1, v2, v3) €S.
We will show that
lug| 82732 and vy S8 (B-7)

By the definition of a (¢, Ad)-flat set with u = (0, 0, 0), we obtain

v} + vau3| < AS. (B-8)

We next use u = (0, 0, ) and obtain
v} + vav3 — 85vy| < AS. (B-9)

These two inequalities give |vy| < 8'7¢. This bound and (B-8) give |vy| < 8'/273¢/2. This proves the
claim.

By the claim, if Pl’ € Pp, and Pz/ € Pp, and the angle of the longest directions of P; and P, is greater
than §!/27190¢ then any two sets S; € S P and S, €S p; are distinct. Note also that

U snp’

S/ESP/

> 85| P'|. (B-10)

Let us finish the proof of the theorem. To get a contradiction, we need to prove that there exists
£ € [0, 11% such that the number of S € Ss containing & is greater than the right-hand side of (B-1). To
prove this, it suffices to show that there exists & € [0, 1]? satisfying

DO D dsnp(E) 28710 (B-11)
PeP P'ePp S'eSp:

for some number « > 0. This follows from a pigeonholing argument with

N N s ®de=d Y 3 lsnp () dé

3 3
017 pep prepp s'esp pep Pepp V1011 ges,
z 8—3/28—1/255653/2 ~ 5—1/24—56. O

Appendix C: Sharpness of Theorem 1.2

Let us discuss the sharpness of Theorem 1.2. More precisely, we would like to discuss if the range of p
for which (1-4) holds is sharp. An example of a manifold where the aforementioned range of p is not
sharp is given by

P (€1, 5) = & (C-1)

The ¢2 decoupling for (C-1) is proved for 2 < p < 6 by [Bourgain and Demeter 2015], and this range
of p is sharp. Motivated by this example, let us introduce the following definition.

Definition C.1. We say ¢ (€1, &) depends only on a variable if there exists an affine transformation L
such that

(L1, 82) = ¥ (1) +a& (C-2)
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for some function v and some a € R. Second, we say ¢ (£1, &) does not depend on any variable if

(1, 62) = a+bé +ch (C-3)

for some a, b, c € R. Lastly, we say ¢ (&1, &) depends on two variables if it is not of the form of (C-3)
and there does not exist L such that (C-2) holds.

Here is a complete characterization of the ¢£2 decoupling theorem.

Proposition C.2. Let p > 2. Consider a polynomial ¢ := ¢ (€1, &). Suppose that Ss is a family constructed
in Section 2.1 and Section 3.

(1) Let ¢ depend on two variables. Then (1-4) is true for2 < p < 4.

(2) Let ¢ depend only on one variable. Then (1-4) is true for 2 < p <6.

(3) Let ¢ not depend on any variable. Then (1-4) is true for 2 < p < oo.
The ranges of p stated in items (1), (2), and (3) are sharp.

Proof. Let us first prove item (1). Theorem 1.2 gives (1-4) for 2 < p < 4, so it suffices to prove that
the range is sharp. Let Hy(£) be the Hessian matrix of ¢. By [de Bondt and van den Essen 2004,
Theorem 3.1], Hy(§) is not identically zero. Consider

Zy = {& e R?: det (Hy(£)) = 0}. (C-4)

Since det Hy (&) is not identically zero, it is a zero set of a polynomial. So there exists a square T not
intersecting Zy. Since Hy(§) is independent of the parameter §, we may assume that the size of 7 is
independent of §. Let us fix such a t. Assume that § is smaller than the sidelength of 7. Let f be a
smooth bump function of the §-neighborhood of

{(61,62,0(1,62)):§ e} (C-5)
One can see that if £ € 7, then
det Hy (§)] 2 1. (C-6)

So the multiplication of eigenvalues of Hy (&) does not change the sign over & € 7.
Suppose that the eigenvalues of Hy (&) have the same sign for all § € T. Then each § € S; intersecting T
is a square with length §'/2 x §!/2. So we have

£=>fs Ifs)] =811, (C-7)
S
where T is a tube with dimension §71/2 x §=1/2 x §~!. Then
8267 S My S lLr@s)- (C-8)
On the other hand,
1/2
(Z ||fs||ip) SRS T P~ 57 22870, (C-9)
S

This shows that the decoupling inequality is false for p > 4.
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Suppose that the eigenvalues have different signs. Then, as in the previous case, we have

8§ Nl p w3y (C-10)
We need to calculate U
(Z ||fs||%p) . (C-11)
SES@

By the construction of Ss, we have |fs| = 821TS, where T has dimension 84 x §!=4 x § for some
0 < A < 1. Here the number A depends on the choice of S. Also, the cardinality of Ss is comparable
to 8! up to §7¢ losses. So we have

1/2
( Z ||fS||ip) / <. 6—58—1/282|Tsll/p ~§ €5~ 1/252572/p. (C-12)
S€eSs
This shows that the decoupling inequality is false for p > 4, and completes the proof of item (1).
Let us move on to item (2). Since ¢ depends only on one variable, after some change of variables and
abusing notation, we may assume that ¢ (&1, &) = ¥ (&1). Fix x,, and define

g(x1, x3) := f(x1, x2, x3). (C-13)

Then (1-4) simply follows from [Yang 2021, Theorem 1.4]. Let us show the sharpness. Since i is a
one-variable polynomial, the zeros of i are finite. So we can find an open interval I C [0, 1] such that,
for every & € I, we have |y (&1)| > 1. We write I as a union of intervals J with length 8!/, Take f to
be a smooth bump function of the §-neighborhood of

{61,862, 9(81,82)) : &1 € 1,5 €0, 1]}. (C-14)

Then similar calculations in the proof of item (1) give the sharpness for p. We leave out the details.
Lastly, let us prove item (3). If ¢ does not depend on any variable, then, according to our construction,
fs = f.So (1-4) is true for 2 < p < oco. This completes the proof of Proposition C.2. g
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