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CONSTANT SIGN AND SIGN CHANGING NLS GROUND STATES
ON NONCOMPACT METRIC GRAPHS

COLETTE DE COSTER, SIMONE DOVETTA, DAMIEN GALANT,
ENRICO SERRA AND CHRISTOPHE TROESTLER

We investigate existence and nonexistence of action ground states and nodal action ground states for
the nonlinear Schrodinger equation on noncompact metric graphs with mixed homogeneous Kirchhoff
and Dirichlet boundary conditions. We first obtain abstract sufficient conditions for existence, typical of
problems with lack of compactness, in terms of “levels at infinity” for the action functional associated
with the problems. Then we analyze in detail two relevant classes of graphs. For noncompact graphs with
at least one half-line, we detect purely topological sharp conditions preventing the existence of ground
states or of nodal ground states. We also investigate analogous conditions of metrical nature. The negative
results are complemented by several sufficient conditions to ensure existence, either of topological or
metrical nature, or a combination of the two. For graphs with infinitely many edges, all bounded, we focus
on periodic graphs and infinite trees. In these cases, our results completely describe the phenomenology.
Furthermore, we study nodal domains and nodal sets of nodal ground states and we show that the situation
on graphs can be totally different from that on domains of RV,

1. Introduction

We investigate the existence of constant sign and sign changing solutions of the nonlinear Schrédinger
equation
u’ + u|P"u = u, (1-1)

where p > 2 and A is a real parameter, on noncompact metric graphs under various assumptions.
Throughout this paper we consider the class G of connected metric graphs G = (V, E) where the sets V
and [ are at most countable, every vertex V € V has finite degree, and the lengths of the edges e € [ are
bounded away from zero (see Definition 2.1 below). A graph of this type is noncompact if at least one
edge is unbounded (i.e., it is a half-line) or if it consists of an infinite number of bounded edges, giving rise
to two classes of graphs that behave quite differently and that we will treat separately. Every half-line is
considered to end at a “vertex at infinity” of degree 1. The set of all such vertices of V is denoted by V.
The analysis of differential equations on metric graphs experienced a massive growth in recent years,
in particular motivated by the potential of graphs to serve as simple models for signal propagation in
branched structures. In this context, stationary nonlinear Schrédinger equations such as (1-1) gained
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a prominent interest, as it is well known that to any couple (u, A) satisfying (1-1) there corresponds a
standing wave solution ¥ (¢, x) := eiM

—i0 (1, X) = O Y (8, %) + Y (1, )P 2P (1, ). (1-2)

Nonlinear dispersive equations such as (1-2) are largely studied in view of the role they play in many

u(x) of the time-dependent nonlinear Schrodinger equation

applications, such as, e.g., in the modeling of quantum mechanical systems in Bose—FEinstein condensation
or in the modeling of optical fibers.

It is clear however that, when considering any differential model on graphs, it is not enough to prescribe
a differential equation that describes the behavior of the system in the interior of each edge. The equation
must be complemented with suitable matching conditions at the vertices, specifying how the interaction
among edges behaves at the junctions. In the case of nonlinear Schrodinger equations, there is a wide
class of vertex conditions that can be considered. In the present paper, we couple (1-1) with a specific
choice of boundary conditions. Precisely, given a (not necessarily finite) set Z C V \ V, of degree-1
vertices, we are interested in solutions to the problem

u” 4+ |ulP~2u=xru on every edge of G,

u is continuous ong, (1-3)
Yoevi,(V)=0  forevery veV\(ZUVy),
u(v)=0 for every v € Z,

where u/,(V) is the outgoing derivative along the edge e incident at the vertex V and e > V means that the
sum is extended to all such edges. The boundary condition for v ¢ Z (together with the continuity of u) is
the homogeneous Kirchhoff condition, by far the most used in the literature. It is a natural analogue of the
Neumann boundary condition for metric graphs (see, e.g., [Berkolaiko and Kuchment 2013, Section 1.4]).
The boundary condition for vV € Z is the homogeneous Dirichlet condition, which by contrast has been
discussed only in a few papers (see, for instance, [Esteban 2022]). Here we choose to include mixed
conditions to highlight their role in the existence (or nonexistence) of various types of solutions to (1-3).
The requirement that all nodes of Z have degree 1 prevents the graph from being disconnected by the
Dirichlet conditions, but more general frameworks can easily be treated building on the results of this paper.

Coupling the operator —d?/dx? with our boundary conditions guarantees its self-adjointness. This is
a natural requirement in the analysis of quantum mechanical problems (see, e.g., [Adami et al. 2020]
for an overview of boundary conditions ensuring self-adjointness on metric graphs and [Berkolaiko and
Kuchment 2013, Section 1.4] for a thorough discussion).

Solutions to (1-3) can be found by a variational approach that has been employed very frequently to
deal with this kind of problem or with its variants. In our setting, the appropriate function space to set
problem (1-3) is

HY(G) :={u e H'(G) | u(v) =0 for every V € Z}.

Standard arguments show that the H'(G) solutions of problem (1-3) are exactly the critical points of the
action functional J, : H % (G) — R defined by

1
D) =31 132 + 3Mul}a g, — Sl (1-4)
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that is of class C2 on H%(Q). Hereafter the parameter A satisfies as usual A > —wz(G), where
m2
” % || L2 (g)

wz(G):= inf
veHyO\O0} [[VlI72 g

denotes the bottom of the spectrum of the Laplacian on G associated to the boundary conditions in (1-3).
This assumption is standard when working with this problem and is justified by the fact that, under it, the
quadratic part in (1-4) provides a norm on H'(G) equivalent to the usual H'-norm.

When looking at solutions to (1-3) from the variational perspective, one has to take into account that the
functional J; is not bounded from below on Hé(g). A standard way to recover the notion of minimality
is to introduce the Nehari manifold associated to J,, defined by

N.z(G) :={u € Hy(G) | u #0, J (u)u =0}
= {u € Hy(G) |u#0, 132, + Mullfaig, = lull], g}

Clearly, N, z(G) contains all solutions to (1-3). Itis a C I_manifold diffeomorphic to the unit sphere of
H é (@) and is a natural constraint for J,, in the sense that constrained critical points of J, are in fact true
critical points. Other approaches are possible (for instance, one could constrain J, on the unit sphere
of L?(G)), but the Nehari approach has the advantage that it works also in cases where the nonlinearity is
not homogeneous, thus providing a framework suitable to be generalized to a wider class of nonlinear terms.

Definition 1.1. We say that a function u € N, z(G) is a ground state for problem (1-3) if

J)L(M)Z inf )JA(U).

veN, z(G

Since we want to discuss both one-signed and sign changing solutions, we will also consider nodal
ground states, roughly the analogue of ground states among sign changing functions. To define rigorously
this notion, we let

ut :=max(u,0), wu :=min(u,0)

and define the nodal Nehari set as
M;.,2(G) :={u € Hy(G) | u™ € N 2(G)} = {u € Hy(G) | u™ #0, J{(w)u™ = 0}.

The nodal Nehari set contains all nodal solutions of (1-3) but, contrary to N, z(G), in general is not a
manifold (see, e.g., [Bartsch and Weth 2003; Castro et al. 1997; Szulkin and Weth 2010]) and is not a
natural constraint for J;, which causes some extra difficulties when proving existence results.

Definition 1.2. We say that a function u € M;_z(G) is a nodal ground state for problem (1-3) if

Ji(w) = inf ) Jr(v).

veM,; z(G

It is well known that, whenever they exist, ground states (resp. nodal ground states) provide constant
sign solutions (resp. sign changing solutions) of (1-1) of minimal action. Actually, to look for one-signed
solutions of nonlinear Schrédinger equations as minimizers of suitable functionals is a standard strategy,
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that has been widely exploited on graphs in the mass constrained setting, where ground states are defined
as minimizers of the energy functional u — %||u’||i2 @~ %Hull{p @) restricted to an L2-sphere (see, e.g.,
[Adami et al. 2014a; 2015; 2016; 2019; 2022; Berkolaiko et al. 2021; Boni and Carlone 2023; Besse et al.
2022a; 2022b; Boni and Dovetta 2021; 2022; Dovetta and Tentarelli 2022; Kairzhan et al. 2021; 2022;
Pierotti and Soave 2022; Pierotti et al. 2021; Tentarelli 2016]). In particular, these works have shown that
the existence of ground states for the prescribed-mass problem on noncompact graphs is a rather unlikely
event. Obstructions to existence are provided mostly by the topology of the graph, and sometimes also
by its metrical properties. Conversely, the action approach has not received much attention so far (some
results in this direction can be found, e.g., in [Adami et al. 2014b; De Coster et al. 2023; Kurata and
Shibata 2020; Pankov 2018]). Let us stress that, though clearly critical points of the action on Nehari sets
are also critical points of the energy on a suitable L?-sphere and vice versa, the general relation between
the action and the energy approach is not fully understood. First investigations in this direction started
only recently in [Dovetta et al. 2023; Jeanjean and Lu 2022] for NLS equations posed on domains of R",
but many of the results obtained therein extend with no difference to metric graphs. Specifically, if on the
one hand those analyses proved that mass constrained ground states of the energy are always also ground
states of the action, on the other hand they showed that the converse is in general not true. Hence, there
may well exist action ground states that are not energy ground states among functions with the same mass,
and the actual occurrence of this phenomenon on metric graphs has been proved, e.g., in [Agostinho et al.
2024, Theorem 1.4; Dovetta 2024, Proposition 2.4]. This somehow further motivates the independent
study of the action ground state problem even in a context, as that of graphs, in which a well-developed
theory of energy ground states is already available. In addition, to the best of our knowledge, nodal
ground states, and more generally sign changing solutions, on general metric graphs have never been
investigated up to now, neither for the action nor for the energy problem. In the nodal setting, actually,
the asymmetry between the action and the energy point of views is more pronounced, as it is not even
clear how to define a general variational framework to deal with sign changing solutions with prescribed
mass (that is, no analogue of the nodal Nehari set is known for the energy).

The main concern of the present paper is thus to begin a systematic study of action ground states and
nodal ground states for (1-3), characterizing the dependence of the problem on topological and metrical
properties of the graph. On one side, as it is reasonable to expect, with purely Kirchhoff vertex conditions
(i.e., Z = @), we will find that sometimes the same topological conditions that rule out mass constrained
ground states do prevent existence of action ground states too (this is the case for graphs with half-lines,
as in Theorem 1.6 below), and analogous conditions for nodal ground states will be identified. On the
other side, we will also show that there are graphs (periodic ones and trees) for which action ground
states exist for every admissible value of A, whereas existence of mass constrained ground states depends
on the value of the mass.

To begin the discussion of our results, we observe that if G is compact, the existence of a ground
state and of a nodal ground state can be proved via standard compactness arguments. Indeed, the
compactness of the domain guarantees compactness for Sobolev embeddings H'!(G) < L”(G), which
is all that is needed to obtain strong convergence of minimizing sequences for the above variational
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problems (see, e.g., [Dovetta 2018, Proposition 3.1] for further details on such compactness results in the
context of mass constrained critical points of the energy).

On the contrary, if G is noncompact, since as we said above the existence of ground states is unlikely,
it is not surprising that the analogous eventuality for nodal ground states is even more so. As for ground
states, we are going to derive sufficient conditions for both existence and nonexistence of nodal ground
states involving topological features, metrical ones and combinations of the two.

Our analysis is based on a rather abstract procedure, typical of problems with lack of compactness,
consisting in locating thresholds on the levels of J,, involving the so-called level at infinity

J2°(G; Z) :=inf{liminf J, (uy) | (un)n S N3, 2(G), limu, = 0 weakly in Hy(G)}.

Theorem 1.3. Let G € G be a noncompact graph and A > —wz(G).

@ 1f
inf Ji(v) < J3(G: 2), (1-5)

veN; z(G
then there exists a ground state of J, in N z(G). Moreover, ground states have constant sign on G\ Z.

(i) If

inf  Jiy(v) <J°G; Z2)+ inf  J(v), (1-6)
veM;, z(G) veN,, z(G)

then there exists a nodal ground state of J, in M, z(G).

Theorem 1.4. For every noncompact graph G € G and ) > —wz(G),

inf  Jy(v)>2 inf Jy(v). (1-7)
veM, z(G) veN;, z(G)

If equality holds, then G admits no nodal ground states of J, in M, z(G).

Remark 1.5. Inequality (1-7) also holds when G is a compact metric graph, and is then strict as nodal
ground states always exist in this case.

This abstract strategy, though general, is absolutely insufficient to obtain existence results if one is
not able to compute the level J7°(G; Z) in concrete cases. Here we will detect specific properties of the
graph that permit such computation and make sure that, in certain cases, the ground state level or the
nodal ground state level lie below the level at infinity. Since this is where the topology and the metric of
the graph become crucial, the analysis of such questions is carried out separately according to the class of
graphs under study.

We first discuss the case of graphs with at least one half-line. For every such graph, wz(G) = 0 and so
the following results hold for every A > 0.

We identify topological conditions on G that prevent the existence of ground states and nodal ground
states. We describe them here in a concise way, referring to Section 4 for a more detailed discussion.
To begin with, recall that the set of vertices at infinity of G is

Voo = {V € V| Vv is the vertex of degree 1 of some half-line}
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(A) (B) ©
Figure 1. Examples of graphs G with corresponding set F'(G) containing 0 (A), 1 (B), and 4 (C)
edges, respectively. Here, Kirchhoff conditions are assumed at every vertex, and edges in F (G)
are drawn thicker.

and define the set
F(G) = {e € E| at least one connected component of (V, E\ {e}) has no vertices in Vo, U Z}.

The set F(G) is thus the set of edges of G (if any) whose removal disconnects G creating a connected
component without vertices in Vo, U Z. Basically, if F(G) is nonempty, there exists at least one “bridging”
edge in the graph that, once removed, creates at least one connected component separated from all
the half-lines and all the vertices with homogeneous Dirichlet condition (see Figure 1 for a concrete
illustration of F(G) on different graph structures). The cardinality of F(G) is a purely topological notion
and plays a fundamental role in the nonexistence of ground states and nodal ground states. Roughly, we
will see that the presence of bridging edges in F(G) may facilitate existence of such states, especially if
the connected components without vertices in V,, U Z they isolate have a very simple structure. On the
contrary, a low cardinality of F(G) somehow corresponds to a too-intricate graph structure not compatible
with existence. This is stated rigorously in the next theorem, where for every A > 0 we denote by

s, = inf J,(v
pi= ot A (V)

the ground state level of J, on R.

Theorem 1.6. Let G € G be a noncompact graph with at least one half-line and ). > 0. Then

inf  J(v) <s; (1-8)
veN;, z(9)
and
inf  Jy(v) <s, 4+ inf Ji(v). (1-9)
veM, z( veN;, z(9)
Moreover,
(1) if#F(G) =0, then
inf  J,(v) =s; (1-10)
veN,,z(G)

and it is not achieved, unless G is isometric to R or to a “tower of bubbles” depicted in Figure 2;

(il) if #F(G) < 1, then

inf  J,(v)=sy+ inf Ji(v) (I-11)
veM; z(G) veN;, z(G)

and it is never achieved.
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£ £

o0 o0

Figure 2. An example of a “tower of bubbles” graph. Each of these graphs, identified in
Example 2.4 of [Adami et al. 2015], is built of a real line and a finite sequence of two-by-two
tangent circles.

The preceding results are the main examples where a purely topological assumption on the graph rules
out the existence of ground states or nodal ground states. The families of graphs fulfilling each of the
conditions of Theorem 1.6 are rather large and it is not difficult to exhibit examples of structures with
these properties (see Figure 1(A)—(B) and Figure 3). In the case of ground states, the condition #F(G) =0
was already shown to prevent existence of mass constrained ground states of the energy in [Adami et al.
2015, Theorem 2.5], where it was named assumption (H). In contrast, the analogous condition for nodal
ground states is established here for the first time. We underline that both assumptions on the cardinality
of F(G) are sharp for nonexistence. Indeed, in Section 4 we will show that there exist graphs satisfying
#F (G) > 1 that admit a ground state, and graphs satisfying #F (G) > 2 that admit a nodal ground state.

These nonexistence results are complemented in Section 4 by a number of sufficient conditions to ensure
existence. Relying on techniques developed for energy ground states in [Adami et al. 2015, Section 6;
2016, Section 3], it is easy to construct graphs where existence of action ground states is guaranteed by
purely topological properties whenever Z = & (see Theorem 4.8 and Figure 6 below). Notably, this turns
out to be impossible as soon as Z # <. In this case, a necessary condition of metrical nature for the
existence of ground states arises: the diameter of the set of all bounded edges of the graph must exceed a
threshold depending on A but not on the graph itself (Theorem 4.9). The same constraint holds true for
nodal ground states, where it is not even needed to have a nonempty set Z (Theorem 4.11). In addition to
providing purely metrical nonexistence results, these theorems imply that the interplay between topology
and metric must be further exploited if one hopes to recover existence. We give examples of this fact by
describing two general procedures to construct graphs where existence is granted (Theorems 4.12-4.16).
The former relies on the metric only, and shows that one and two sufficiently long edges with vertices
of degree 1 not in Z are enough to have ground states and nodal ground states, respectively. The latter
basically consists in a suitable gluing of graphs hosting ground states to obtain structures supporting
nodal ground states (see, e.g., Figure 7).

(A) (B)
Figure 3. Further examples of graphs with half-lines satisfying #F (G) = 0 (A) and #F (G) = 1 (B).
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The previous results highlight how the presence of at least one vertex with homogeneous Dirichlet
conditions affects the existence of ground states and nodal ground states. Indeed, the fact that vertices in
Z play the same role as those at infinity in the definition of F(G) suggests the idea that an edge ending at
a vertex with zero Dirichlet conditions behaves as an half-line. This heuristic comparison makes some
sense, since H'! functions tend to zero at infinity along each half-line. However, Theorem 4.9 unravels
that the analogy with half-lines is not complete: edges with endpoints in Z are somehow “worse”, as
they make metrical assumptions necessary to obtain existence. We may be tempted to say that existence
of ground states simply requires edges ending in Z to be long enough (and thus sufficiently close to
half-lines), but this is not true in general, as ground states can exist even on graphs where all edges with
vertices in Z are arbitrarily short (see Remark 4.10 below).

Section 5 of the paper deals with noncompact graphs in the class G with an infinite number of edges,
whose length is uniformly bounded from above. Given the huge variety of structures in this class,
we confine ourselves to two subclasses of major relevance, that have already been studied extensively
in the literature in many contexts (see, e.g., [Adami et al. 2019; Besse et al. 2022a; 2022b; Dovetta and
Tentarelli 2022; Dovetta et al. 2020; Gilg et al. 2022; Pankov 2018; Pelinovsky and Schneider 2017] for
results related to those we discuss here): periodic graphs and regular trees.

Without entering the details of the definition of periodic graphs (for which we refer to [Berkolaiko and
Kuchment 2013, Definition 4.1.1]), let us mention here that we always work assuming that the set Z shares
the same type of periodicity as the graph itself. Our main result in this respect completely describes the
phenomenology from the point of view of ground states and nodal ground states (results in this direction
for ground states on periodic graphs were already given in [Pankov 2018]).

As for graphs with half-lines, if G is a periodic graph then wz(G) = 0, so that the next theorem holds
again for every A > 0.

Theorem 1.7. Let G € G be a periodic graph and ) > 0. Then G admits a ground state. Furthermore,

inf  J,(v)=2 inf J;(v)
9) g9)

veM,; z( VEN), Z
and there are no nodal ground states.

It is interesting to note that the above results are insensitive of the degree of periodicity, i.e., the
dimension n of the group Z" whose action leaves the graph invariant. This is particularly relevant when
put in relation with the available results for prescribed-mass energy ground states (compare, e.g., [Adami
et al. 2019, Theorems 1.1-1.2], where n = 2, with [Dovetta 2019, Theorem 1.1], where n = 1), whose
existence has been shown to depend strongly on the value of n.

The last results of Section 5 concern regular trees, i.e., acyclic, noncompact metric graphs with infinitely
many bounded edges, all of the same length, and where all the vertices have the same degree, with the
possible exception of a unique root vertex of degree 1. If such a vertex with degree 1 is present, we speak
of a rooted tree (see Figure 4(A)), otherwise we speak of an unrooted tree (see Figure 4(B)). Regular trees
are well-known examples of noncompact graphs satisfying wz(G) > 0 (see, e.g., [Dovetta et al. 2020]).
Hence, in this setting our results involve also negative values of A.
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(A) (B)

Figure 4. Examples of a rooted tree (A) and an unrooted tree (B).

Theorem 1.8. Let G be a regular tree and A > —wz(G). Then
(1) if G is unrooted or if G is rooted and Z is empty, G admits a ground state;
(i) if G is rooted and Z is not empty, there are no ground states on G;

(iii) independently of Z, there are no nodal ground states on G.

As in the case of periodic graphs, the above theorem provides a complete description of the problem
for regular trees. As one may expect, the role of the set Z is crucial to discriminate between existence and
nonexistence on rooted trees. Moreover, as already seen for periodic graphs, observe that Theorem 1.8(i)
establishes the existence of ground states of the action on trees for every admissible value of the parameter A.
It is interesting to compare this result with [Dovetta et al. 2020, Theorem 1.2], where it is shown that
existence of mass constrained ground states of the energy on trees does depend on the mass. In particular,
when p €[4, 6), energy ground states do not exist if the mass is smaller than a positive threshold. However,
this seeming asymmetry is not sufficient to guarantee that, on trees, the action approach is more general
than the energy one. Indeed, [Dovetta et al. 2020] does not provide any information on the values of the
parameter A associated to energy ground states, and nothing is known about the mass of action ground
states identified in this paper. Hence, it is not clear whether the ground states of the action given by
Theorem 1.8(i) for A > —wz(G) coincide with the mass constrained ground states of the energy found in
[Dovetta et al. 2020, Theorem 1.2].

We observe that the discussion developed here requires no restrictions on the nonlinearity power p,
so that all our results apply for every p > 2. In particular, the existence statements listed above provide
constant sign and sign changing solutions to (1-3) also when p > 6, the so-called L?-supercritical regime,
whose analysis is much harder in the context of fixed mass critical points of the energy (first investigations
in this direction have been initiated in [Borthwick et al. 2023; Chang et al. 2024]).

To conclude, we study nodal domains (i.e., the connected components of G \ u~1(0)) and the nodal
set (i.e., the set #~!(0)) of nodal ground states u. As one may expect, nodal ground states have exactly
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two nodal domains (Theorem 6.1). We also show that the nodal set can have an arbitrary number of
components and an arbitrary measure. This is in contrast with the case of open domains of R", where
unique continuation principles forbid nonzero solutions to vanish on nonempty open subsets.

Theorem 1.9. For every k, m,n € N with m > 2, there exists a graph G and a nodal ground state u on G
such that u="(0) is the union of k isolated points, m half-lines and n line segments.

The remainder of the paper is organized as follows. Section 2 collects some preliminary facts useful
for the subsequent analysis, while Section 3 provides the proof of the abstract results contained in
Theorems 1.3—1.4. Section 4 analyzes the case of graphs with half-lines, while periodic graphs and trees
are dealt with in Section 5. Qualitative properties of nodal ground states are studied in Section 6.

Notation. Throughout, we will drop the dependence of N, z(G), M, z(G), J, on A and G, writing Nz,
Mz and J whenever possible, keeping the complete notation only if necessary. Similarly, when the
context permits it, we will not explicitly indicate, in norms, the dependence on the domain of integration.
Furthermore, when Z = @, we do not put @ as a subscript and simply write H'(G), N, M, etc.

2. Preliminaries
For the precise notion of metric graphs, we refer to [Berkolaiko and Kuchment 2013]. However, we make
precise in the following definition the class of graphs that we consider in this paper.
Definition 2.1. We denote by G the class of metric graphs G = (V, E) such that
e G is connected and has an at most countable number of edges;

» deg(V) < oo for every vV € V, where deg(v) denotes the degree of the vertex V, i.e., the number of
edges incident at V;

o ¢ :=inf,cf £, > 0, where £, denotes the length of the edge e.

A graph G € G is noncompact as soon as one of the following two eventualities occurs:
(i) G has at least one unbounded edge (i.e., a half-line),
(ii) the number of edges of G is infinite.

Remark 2.2. One could add in the definition of G the assumption that every vertex V satisfies deg(Vv) # 2.
Indeed, vertices V of degree 2 can a priori be eliminated from any metric graph, by melting the two edges
incident at V into a single edge. In some cases however (see Remark 3.2) the possibility of using vertices
of degree 2 turns out to be quite handy. Adding or removing vertices of degree 2 from a graph changes it
combinatorially, but not as a metric space, and in this paper we will identify graphs that differ only by
vertices of degree 2.

As anticipated in the Introduction, we couple (1-1) with mixed Kirchhoff and Dirichlet boundary
conditions. Given a noncompact graph G € G, we let Z C V denote a set of vertices of degree 1 (possibly
empty or infinite) where we impose homogeneous Dirichlet conditions and we set

H)(G):={uec H (G)|u(v) =0 for every v € Z}.
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The Nehari manifold associated to J on H % (G) is
Nz :={ueHy@G) |u#0, J (uu=0}
={u € Hy(Q) |u#0, W3+ xlul3=Illul?},
while the nodal Nehari set is
Mz :={ue Hy(G) |u*™ € Nz} ={u € Hy(G) | u™ #0, J'(wyu™ =0}.
The nodal Nehari set contains all nodal solutions of (1-3), but, generally, it is not a manifold. However,
the following fundamental property holds for global minimizers on compact graphs.
Proposition 2.3. Let G € G be compact and » > —wz(G). If u € My satisfies
J(u)= inf J(v),
W)= int (v)
then J'(u) = 0.
Proof. The fact that any function realizing the minimum of the action restricted to its nodal Nehari set is in
fact a critical point of the action is a very general property, that holds true for a large class of NLS equations
including the one we consider in this paper, and is not specific of graphs. A detailed proof can be found,
e.g., in [Bartsch et al. 2005, Proposition 3.1] in the case of NLS equations (with more general nonlinearities
than the one of this paper) posed on bounded domains of R with homogeneous Dirichlet conditions at

the boundary. The proof reported therein uses only abstract tools of critical point theory (in particular, the
deformation lemma). For this reason, that argument extends with no modification to compact graphs. [

Obviously Mz C N7z and, for u € Nz, the functional J defined in (1-4) takes the simple form

Tw) = «llullh =13+ Mul3), «:=5—-, (2-1)

S |-

from which we see that J is positive on A/z. Actually much more can be said, as stated in the next proposi-
tion, which rephrases in the present setting an analogous result of [De Coster et al. 2023, Proposition 2.3].

Proposition 2.4. For every . > —wz(G) and p > 2, there exists a constant C > 0 depending only on A
and p such that, for all noncompact G € G,

inf > .
uler/l\/z lull, > C >0
Moreover, if (uy), C Nz satisfies sup,, J (u,) < 00, then (uy,), is bounded in H 1(G) and
inf [luyll2 >0, inflluyllec > 0.
n n
As is well known, there is a natural continuous projection 7, : H % (9) \ {0} —> Nz, defined by

2 N —
||u/||2+>»||u||2>"-2’ 2-2)

D
llaell’p

W) =n,(wu, ny(u)= (

sothat u e Nz ifand only if ny (u) =1. Ifu € H%(Q) satisfies u* # 0, then 7, (u™) +m, (u™) € M.
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Remark 2.5. For every metric graph G and every set Z of degree-1 vertices, the map

t— inf J,(v
vt ) T )

is increasing and continuous on (—wz(G), +00). This property of the action ground state level is actually
general and does not depend on the fact that we are considering the problem on graphs. For this reason,
we redirect the interested reader, e.g., to [Dovetta et al. 2023, Lemma 2.4] for a detailed proof (in the
context of open subsets of RY).

3. Proof of the abstract results

In this section we prove the abstract results stated in Theorems 1.3—1.4. The strategy for the proof of the
existence results is to construct special minimizing sequences for J on Nz or Mz, to avoid problems
caused by the noncompactness of the graphs.

Remark 3.1. In this and in the next sections we will freely use the following fact: if u % 0 solves
problem (1-3) and u > 0 on G, then u > 0 on G, except of course at vertices in Z. For the convenience of
the reader we sketch a proof (full details can be found in [Adami et al. 2015]). If the claim were false,
there would exist an edge e of the graph on which u is not identically zero but on which there exists
xp € G\ Z such that u(xg) = 0. If xo belongs to the interior of e, u” vanishes at that point, by regularity.
Otherwise, x is a vertex V ¢ Z, so that the derivatives u/,(V) are nonnegative for every e > v, thus they
all vanish by the Kirchhoff condition. By uniqueness in the Cauchy problem, we deduce that u vanishes
identically on the edge e, a contradiction.

Remark 3.2. The proof of the next results relies on the following approximation procedure. Given a
noncompact graph G € G, we construct an increasing sequence (K,), € G of connected compact graphs
such that Unzl K, = G, and a sequence (x,), € H'(G) of cut-off functions such that

O=xn=1, ”Xr/l”oof%y Xn|K,_y =1, supp xn» € Kn,
with £ as in Definition 2.1.

To describe the graphs /C,, we begin by performing a preliminary operation on G as follows. On each
half-line of G (if any) we insert vertices of degree 2 at the points of coordinates k¢, k = 1,2, .... Every
half-line can now be viewed as a sequence of consecutive edges (each of length £). With some abuse of
notation, we still call G = (V, E) the new graph obtained in this way (see Remark 2.2). Let now Vg € G be
a fixed vertex. For every n > 1, let V,, be the set of vertices of V that can be reached from Vv traveling on
at most n edges. As each node of G has finite degree, the sets V,, are finite and, since G is connected, for
each vertex v € G (different from Vg) there exists no(V) > 1 such that v belongs to V,, for every n > ng(V).
Then we define the graph K, as (V,, E,), where E, is the set of edges of E whose vertices belong to V,,.
2>1/Cn = G. Finally, we define x, to be equal to 1
on K,_1,to 0 on G\ K, and affine on every edge of IC_,, \ K,—1. All the required properties trivially hold
(the bound on y, follows from the fact that all edges of G have length at least £).

Finally, given u € H.(G), it is straightforward to check that y,u — u in H'(G) as n — oc.

Clearly, each K, is connected and compact, and [ J
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Exploiting Remark 3.2, we now construct suitable minimizing sequences for J on Az and M.

Proposition 3.3. Let G € G be noncompact and . > —wz(G). There exists a minimizing sequence
(un)n SNz for J and u € H%(Q) such that

up, —u weakly in H'(G), u>0, J'(u)=0.

Proof. Keeping in mind the notation of Remark 3.2, let (X,), be the sequence of compact graphs
approximating G and let d/C, =V, \ V,,_;. Define the Hilbert space H, := H %ua K, (K,,) and the Nehari
manifold associated to J on H,, namely

Ny:={ueH,|u#0, J (u)u=0}.

If u € H,, it vanishes on 0/C,, and, after extending it by 0, it can be viewed as a function in H % (G), that
we still denote by u. Therefore, N,, € N for every n > 1. Let u,, € N, be a ground state for J restricted
to H,, that is,

n) = inf .
J(uy) Ulerjle(v)

The existence of u,, is standard by the compactness of the embedding of H'(K,) into L”(K,,) observing
that, by construction, wzuyx, () > wz(G). Also, as u € N, if and only if |u| € NV, and J(u) = J (|ul),
we can assume that u, > 0 on G.

We claim that (u,), is a minimizing sequence for J on A. First, since K,,_; C K, for every n, the
sequence (J (u,)), is nonincreasing.

Given any ¢ > 0, let u € Nz be such that J () < infyen, J(v) +¢/2. Let (x,), be the sequence of
cut-off functions of Remark 3.2. For every n, the function i, := m; (x,u) is in Nz and supp i, C K,,,
which means, in particular, that i,, (restricted to &C,,) is in ;. Moreover, by Remark 3.2 and the continuity
of m,, as soon as n is large enough we have

J(@@,) < inf J(v)+e.
UGNZ
Therefore, for all n large,

= i < ) < 1
J(uy) vlel}\f[ JWw) < J(u,) < vléI}\f[‘Z J()+e.

Thus (u,), is a minimizing sequence for J on N7, and the claim is proved. Since (u,), is bounded
in H % (@) (like all minimizing sequences), up to a subsequence it converges weakly to some u € H % 9)
that also satisfies u > 0. Since u,, minimizes J over N, it follows that J'(u,)¢ = O for every ¢ € H,.
As u +— J'(u)¢ is weakly continuous on H%(g), letting n — oo shows that J'(u)¢ = 0 for every ¢ € H,
and every n, and thus, by density, that J'(«) = 0. O

Proposition 3.4. Let G € G be noncompact and A > —wz(G). There exists a minimizing sequence
(Up)p S Mg for J and u € H}(g) such that

up, —u weakly in H'(G) and J'(u)=0.
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Proof. The proof is very similar to the one of Proposition 3.3, to which we refer for the notation. Let
M, :={veH,|vteN,)
and, for each n, let u, € M, be a nodal ground state for J restricted to H,, that is,

J(uy) = vér};f[ J(v).

The existence of u, follows plainly by the compactness of the embedding of H'(/C,) into L?(K,) as, for
example, in [Szulkin and Weth 2010, Theorem 18] observing again that wzusi, (K,) > wz(G).

We claim that (u#,), is a minimizing sequence for J on M. As above, (J(u,)), is nonincreasing.
If u € M, we have (y,u)* = x,u®, and both functions are nonzero if n is large enough. By the continuity
of r; and Remark 3.2, as n — o0,

Ot + 105, ™) = M) + ) =u  in Hy(G).

Now, given any ¢ > 0, let u € M satisfy J () < infpq, J + /2. Define i1, := 73 (xuu™) + 7050 (Xt "),
so i, € My, suppi, C K,, whence ii, € M,,. Then, for every n large enough,

J(uy) = Uér}\ﬁ J() < J(u,) < Ueilxﬁz J(v) +e,
showing that (u,), is a minimizing sequence for J on M. Since, by Proposition 2.3, J'(u,)¢ = 0 for
every ¢ € H,, we conclude exactly as in the proof of Proposition 3.3. O
We are now in position to prove Theorems 1.3-1.4.
Proof of Theorem 1.3. Let us prove the two statements separately.

Proof of (i). Let (u,), € Nz be the minimizing sequence for J on Az constructed in Proposition 3.3 and
let u > 0 be its weak limit. We first show that u # 0. Indeed, if this were the case, then u,, — 0 in H % (9),
so that
inf J(v) =liminf J(u,) > J*(G; 2),
veNyz n—00

which is ruled out by assumption (1-5). Now as u # 0 and J'(u) = 0, u is a nontrivial solution of (1-3).
In particular, u € Nz and then, by (2-1) and weak lower semicontinuity,

J ) = kllully < Timinfuflu, ||} =Timinf J (u,) = UIG% J(v),
— — 7

showing that u is a ground state. As such, u is positive on G \ Z by Remark 3.1. 0

Proof of (ii). Consider the minimizing sequence (u,), given by Proposition 3.4 and its weak limit
ue H}(g) satisfying J'(u) = 0. We first show that u® # 0. For every n,

J(up) = J W) +J () > J )+ inf J(v).

If, for instance, ut = 0, then u,J{ — 0in H% (G), so that

inf J(v) =liminf J(u,) > limian(u:[) + inf J(v) > J*(G; Z) + inf J(v),
veEMyz n—oo n—00 veNyz veNyz
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by definition of J*°(G; Z), which contradicts (1-6). In the same way one proves that u~ £ 0. As J'(u) =0,
it follows that u is a nonzero sign changing solution of (1-3), and hence u € Mz. Then by weak lower
semicontinuity, we conclude that

J () = «||u||?, <« liminf||u,||? =liminf J (u,) = inf J(v),
p n—o0o 14 n— oo veEMZ

namely that u is the required minimizer, i.e., a nodal ground state of (1-3). U
Proof of Theorem 1.4. Let u € M. Since u™ € N,

Jw)=JuH+Ju)>2 i%f J(v),

which is (1-7).
Now assume that u € M, satisfies

Jw)= inf J(w)=2 inf J(v).
W= T =2 jnf, J©)

Then J (ut)=J (u™) =inf,cpr, J (v), and therefore u™ are both ground states of J. As such, by Remark 3.1,
they cannot vanish in G \ Z, which is a contradiction since u® = 0. O

4. Graphs with at least one half-line

In this section we discuss ground states and nodal ground states for noncompact graphs with at least
one half-line. These graphs may have infinitely many edges. When a finite number of edges is required,
it is explicitly mentioned in the statement of the result. Since for such kind of graphs the bottom of the
spectrum of —d?/dx? on H} (G) always satisfies

wz(G) =0,

all the results of this section will hold for every A € (0, +00).

The prototype cases in this context are given by the real line and the half-line, about which everything
is known (see, e.g., [Cazenave 2003; Le Coz 2009]). Since the ground states on R play a very important
role in what follows, we recall briefly their main features. On the real line the only nontrivial L? solutions
to (1-1) are called solitons and are unique up to translations and sign. Denoting by ¢; the unique positive
and even soliton, for every A > 0,

sy = () = Uej\fflf(R) Ji(v),
A

namely the solitons are the ground states on R (see, e.g., [Le Coz 2009, Proposition 3.12]). Similarly,
on the half-line (with Z = @) there is a unique nontrivial L? solution (up to sign) to (1-1), given by the
so-called half-soliton 1y, i.e., the restriction of ¢, to R™. It is the ground state, and

L) = inf  J(v) = is:. 4-1)

UENA(R+)
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If Z = {0} (the vertex of the half-line) there are no nontrivial L? solutions to (1-1), as any nontrivial
solution of u” + |u|”~?u = Au on R that vanishes at the origin corresponds to a periodic orbit in the
phase plane associated to the equation and thus is not in L?(R™).

For a general graph with half-lines, a first marker of the importance of the level s, is given by the
following straightforward property.

Proposition 4.1. Let G € G contain at least one half-line and A > 0. Then
1 .
38 < Uler/l\g J(v) < 3. 4-2)

Proof. The inequalities can be easily proved, using rearrangement techniques, arguing exactly as in the
proof of [Adami et al. 2015, Theorem 2.2]. O

In the search for ground states, it is crucial to understand whether one can reverse the second inequality
in (4-2) (see, e.g., the discussion in [Adami et al. 2015; 2016] in the context of energy ground states
of prescribed mass). In [Adami et al. 2015, Theorems 2.3—-2.5] the authors individuated a topological
condition on G under which this can actually be done. To state it we recall that V, denotes the set of
vertices at infinity of G. Every vertex at infinity is a vertex of the graph G, but is not a point of the metric
space G. The assumption introduced in [Adami et al. 2015] is:

for every e € [, every connected component of the graph (V, E\ {e})
contains at least one vertex V € V. (H)
In [Adami et al. 2015, Theorem 2.3] the authors proved that, if G satisfies assumption (H), then for every
u € H'(G) we have #u~'(t) > 2 for almost every t € (0, |u|ls). The main consequence of this (originally

proved in [Adami et al. 2015, Theorem 2.5] for the problem of prescribed-mass ground states) is described
in the following result.

Theorem 4.2 [De Coster et al. 2023, Theorem 2.6]. If G € G satisfies assumption (H) and ). > 0, then
- _
U12N J() =3,

and it is never achieved, unless G is isometric to R or to a “tower of bubbles” shown in Figure 2.

In this paper the setting is different from that of [Adami et al. 2015; De Coster et al. 2023] for at least
two reasons: first, the boundary conditions are more general and the presence of the set Z must be taken
into account; second, we are also interested in nodal ground states. For these reasons it is convenient to
reformulate and generalize assumption (H) in a form that is more suited to handle the questions under
study. As in the Introduction, consider the set

F(G) ={e € E | at least one connected component of (V, E\ {e}) has no vertices in Vo, U Z}
and the assumptions

#F(G) =0, (HO)
#F(G) < 1. (HI)
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Note that (HO) and (H1) are, respectively, the assumptions in (i) and (ii) in Theorem 1.6. From now on,
with some abuse of notation, we denote the graph (V, E\ {e}) simply by G \ e.

To investigate the relations between assumptions (HO) and (H), it is convenient to define a new graph G
in the following way. If Z = &, we set G = G. Otherwise, we replace every (finite) edge e ending at a
vertex of Z by a half-line, still called e. We obtain in this way a new graph G= (@ E) that has the same
number of vertices and edges as G. The only difference is that edges of G terminating at vertices of Z are
replaced, in g, by half-lines terminating at vertices in Voo

Then it is easily seen that

G satisfies (H0) <= G satisfies (H). (4-3)

Indeed, to say that G satisfies (HO) means that there are no edges in E whose removal generates a connected
component without vertices in Vo, U Z, namely that for every e € E, every connected component of G \ e
has a vertex in Voo U Z. But this, read on G, means that every connected component of G \ e has a vertex
in Vo, which is (H) for G.

Furthermore, to say that #F (G) = 1, namely that F'(G) = {e} for exactly one edge e, means that the
graph G \ e decomposes as

G\e=Ggx UG, (4-4)

where Gk is connected and has no vertices in Vo, U Z, while G’ is connected and contains all the vertices
of Voo U Z. Also, there are no edges other than e that permit a decomposition like (4-4). As G has at least
one half-line, the unique e € F(G) can never have a vertex in Z. However, e can be a half-line. In this
case, though, G\ e = Gx U {V}, where V is the vertex at infinity of the half-line e. Thus in this case
the graph G is made of a set of bounded edges without vertices in Z and a single half-line attached to it.

The next result plays a key role in the proof of some of the subsequent results. Roughly, it states that
any graph satisfying #F (G) = 1 can be turned into a graph satisfying (HO) by attaching to it a suitable
half-line.

Lemma 4.3. Let G € G be a graph with at least one half-line satisfying #F (G) = 1. Let e be such that
F(G) = {e} and Gk be the connected component of G \ e as in (4-4). Choose a vertex V in Gg and define
a new graph Gy by! Gy=GUh, where h is a half-line attached at V. Then Gy satisfies (HO).

Proof. Let Vo, be the vertex at infinity of 4 and assume by contradiction that #F Gv) > 1, namely that
there exists ¢ € F(Gy). We claim that & # h. Indeed, removing /& from Gy would leave Vo isolated,
sphttlng Gy \ & into the two connected components G and {Vs.}. Since both of them contain vertices
in \/oo, this violates the definition of e. Slmllarly, it cannot be ¢ = e: removing e from gv, and recalling
that & is attached to Gg, would decompose gV into connected components as (Gx U h) UG, violating
again the definition of ¢ as before. We are left with the case where ¢ is different from both 4 and e. In this
case we have the decomposition

av\é:: 51<U5',

IShorthand for (VU {Veo}, EU{h}), where Vs is the vertex at infinity of 4.
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with obvious meaning of the symbols. By construction, the half-line 4 is attached to g Removing h and
Voo from G’ does not disconnect it and, since G’ contains at least another vertex in Voo U Z, we see that
g \ ({Vso}, {h}) is not empty. Therefore 51( and G’ \ ({Voo}, {h}) are both nonempty, connected, disjoint
and their union is G \ e, namely ¢ € F(G). Since we also have ¢ € F(G), this shows that #F (G) > 2,
violating the assumption. O

We can now prove that the assumptions (HO) and (H1) are sufficient to rule out the existence of ground
states and nodal ground states respectively, as stated in Theorem 1.6.

Proof of Theorem 1.6. We split the proof into two parts.

Part 1: proof of (1-8) and (1-10). Of course it is sufficient to work with nonnegative functions, which
we do without further warnings. Since G contains at least one half-line, Proposition 4.1 guarantees that
infyen, J(v) <. To prove the reverse inequality under assumption (HO), let G be the graph defined
after the statement of assumptions (HO)—(H1).

Since, as metric spaces, G C a, every function u € H% (@) extended by 0 on a \ G can be seen as a
function it € H'(G). Plainly,

||ﬁ||Lq@) = ||M||L‘i(g) for every g € [1, +o0], ||ﬁ/||L2(§) = ||M/||L2(g)-
This implies that it € N (a) and since G satisfies (H) (because G satisfies (HO); see (4-3)),

T =kl =K1l g = I @2 inf J@)=s,

by Theorem 4.2. As this holds for every (nonnegative) u € Nz, (1-10) is proved.

Assume now that for some nonnegative u € Nz we have J () = s;. Considering, as above, the function
i € N(G), we see that J(ii) = J(u) = s;, namely that i is a ground state for J on N'(G). As such,
u(x) > 0 for every x € a, which shows that Z = &, namely that 5 = G. We then conclude by Theorem 4.2.

Part 2: proof of (1-9) and (1-11). We first prove (1-9). By density, for every ¢ > 0 there exists a nonnegative
u; € Nz(G) with compact support such that

Jwy) < inf J@)+e.
veNz(G)

Similarly, there exists a nonnegative u, € N'(R) with compact support such that J (u3) < s, +¢. By taking
a translation of u (if necessary), we can make sure that its support, identified with an interval on some
half-line of G, does not intersect the support of u;. We then define w € H'(G) by

ui(x)  if x € G\ supp(uz),
—uy(x) if x € supp(uy).

w(x) = {
Obviously, w € Mz and
J(w)=Ju)+ J(u) <s,+ inf J(v)+ 2e.
UENZ

Since ¢ is arbitrary, we conclude.
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We now prove the reverse inequality in (1-11) under assumption (H1). If #F (G) =0, then G satisfies (HO)
and Theorem 1.6(i) shows that inf,ep;, J(v) =s,, so that the inequality to be proved is inf,eaq, J (V) > 2s;.
Given any u € M, applying Theorem 1.6(i) to u* and u~ immediately yields

Jw)=JuH)+Jw") > 2s;,

the inequality being strict since both u* and u~ vanish somewhere on G. This ensures that nodal ground
states do not exist in this case.
Suppose now that #F (G) = 1. Let e be the unique element of F(G) and consider the decomposition (4-4):

G\e=GgUg'.
Given a vertex V of Gk, for every u € M, at least one among u™ and u~, say u™, vanishes at v. Let av
be the graph constructed in Lemma 4.3, obtained by attaching to v a half-line 4. Since u™ vanishes at v,

it can be extended to a function ™ simply by defining it to be 0 on A. Clearly, #™ € N7 (Gy) and, since
5\, satisfies (HO) by Lemma 4.3, we obtain J (iz1) > s;. Then

J@)=J@H)+J@)=J@H+Jw) =+ inf J(v),

concluding the proof of (1-11).

It remains to show that the infimum is not achieved when #F (G) = 1. To this end, it suffices to observe
that the inequality used above, J (1) > s;, is in fact strict. Indeed if J (i) = s, = inf, . NG I (v), then
a™ is a ground state on G, and hence it cannot vanish anywhere, contrary to the fact that #t =0 on h. O

Remark 4.4. The assumptions of Theorem 1.6 are sharp. Indeed, Theorem 4.8 below shows that there
exist graphs G satisfying #F (G) > 1 that admit ground states, while in Theorem 4.16 and Remark 4.18
we exhibit graphs G satisfying #F (G) > 2 that admit nodal ground states.

Theorem 1.6 shows that nonexistence of ground states or nodal ground states can be determined by
purely topological properties of the graph. The situation for existence is, on the contrary, more involved.

In some cases, existence results for ground states based solely on the topology of the graph can be
easily obtained when Z = &, as, for example, if G has a finite number of edges. In this respect, there
is not much to say since the techniques developed in [Adami et al. 2016, Section 3] for the problem of
prescribed-mass minimizers of the energy work in the present setting as well, as we now briefly show.

For the reader’s convenience, let us first recall with the next lemma a standard relation between the
action of a function and the number of preimages of each value it attains. These properties are stated
in [De Coster et al. 2023, Propositions 2.2 and 2.8] and are consequences of standard rearrangement
techniques on graphs. For this reason, we omit the proof of the lemma.

Lemma 4.5. Let G be a noncompact metric graph. Given A > 0 and an integer K > 1, let u € N, z
satisfy u > 0 on G and #u=l(r) > K for almost every t € (0, maxg u). Then J, (u) > K%sx. Furthermore,
if equality holds then

o #u~l(t) = K for almost every t € (0, maxg u);

e the support of u has infinite measure;

o u~'(t) has zero measure for all t € (0, maxg u).
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Since we use Theorem 1.3 in what follows, we prove the following characterization of J*°(G; Z).

Proposition 4.6. Let G € G be a noncompact graph with a finite number of edges and . > 0. Then
JX(G; Z) = ;. (4-5)

Proof. By density, for every & > 0 there exists u = u, € N'(R) with compact support such that J () < s, +e¢.
For every n large enough, the function u, (x) = u(x —n) is supported in R* and, as such, it can be seen as
an element of Nz by placing its support on a half-line of G and then extending it by 0 outside its support.
Clearly u, — 0in H'(G) and

liminf J (u,) < s) +¢.
n

Since ¢ is arbitrary, the “<” part is proved. For the reverse inequality, let (u,), C Nz be a sequence
converging weakly to O in HY(G) with J, (u,) — J°(G; Z). We can assume u,, > 0 for every n since
otherwise we replace it by |u,| that is still in Nz. By weak convergence, we also see that u, — 0
in L5
Therefore, letting v, := (u,, — &,)", we see from Proposition 2.4 that v, # 0 for every n large enough.

Since G contains at least one half-line, by construction #v,; L(t) > 2 for every t € (0, max v,) and every n,

(G). Hence, if ¢, denotes the maximum of u,, on the set of all bounded edges of G, clearly &, — 0.

since v, vanishes on the set of all bounded edges, and the same holds for m; (v,). So J (;ry (v,)) > s, by
Lemma 4.5. Furthermore, as n — oo,
1oy, 113 + Mlva 3 - ey 3+ AMluall3

ny(v)P % = < =1+o(1), (4-6)
lvallh |l 4 o(1)

entailing
1. < J (0 (0a) = J (m2.(0p)va) = kmz (V)P llog 1) < k(14 o(D) |unllh = J () 4 0(1),

from which we obtain liminf, J(u,) > s,. Since this holds for every sequence converging weakly to 0,
the proof is complete. O

Remark 4.7. The assumption that the graph has a finite number of edges in Proposition 4.6 cannot be
removed. This can be seen considering, for instance, the following example. On a real line we insert,
for each integer k > 1, a node vy at the point of coordinate k and a terminal edge L; of length k, by
identifying v; with an endpoint of L; (Figure 5). By density, for every ¢ > 0 there exist k > 1 and
ur € N(RT) with compact support in [0, k] such that J (u;) < %s,\ + &. Since u; can be considered as
a function on the edge L, we obtain a sequence (u;); € N (G) that converges weakly to 0 and such
that liminfy, J; (uy) < %s;\ + &. This proves that J°(G) < %s,\. By Proposition 4.1, we obtain in fact
J2(G) = 35

Having established (4-5), Theorem 1.3 yields existence of a ground state on a noncompact graph with
a finite number of edges as soon as one can prove that inf,cp, J(v) < s,. This condition is analogous to
the one appearing in the fixed mass case. As we anticipated above, such an inequality can be shown to
hold for a number of graphs with Z = & exploiting only topological properties, by the use of the “graph
surgery” techniques developed in [Adami et al. 2016, Section 3].



CONSTANT SIGN AND SIGN CHANGING NLS GROUND STATES ON NONCOMPACT METRIC GRAPHS 223
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Figure 5. The graph G described in Remark 4.7.

Theorem 4.8. For every A > 0, every graph G depicted in Figure 6, for every length of its edges, satisfies

inf J(v) <s
veN ( ) »
Cll’Ld therefme admits a gmund state.

Proof. The inequality can be proved starting with a soliton on R, via rearrangement techniques, exactly
as in the final part of Section 3 in [Adami et al. 2016]. The basic idea is that, on each of these graphs,
one can construct explicit functions built from pieces of the positive even soliton ¢, on R and pieces of
its monotone rearrangement on R™, then projected on the Nehari manifold. For instance, on the tadpole
such a function coincides on the loop of the graph (of total length L) with the restriction of the soliton to
the interval [—L/2, L/2], and on the half-line with the monotone rearrangement on R of the restriction
of the soliton to R\ [—L/2, L/2]. The construction on the other graphs in Figure 6 is analogous. Since
rearrangements always lower the normalizing factor n; defined in (2-2), it is then easy to check that these
functions realize action levels strictly smaller than that of the soliton s,. Existence of a ground state
follows then from Theorem 1.3. O

When Z is not empty, the existence of a ground state is harder to obtain and further conditions of
metrical nature have to be imposed. Indeed, the next theorem shows that, if a graph hosts a ground state,

(A) (B)

00 00 /
(©) Q (D) N

Figure 6. Some graphs with Z = & admitting ground states. (A): line with a pendant; (B): signpost;
(C): tadpole; (D): 3-fork.
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the diameter of the set 13 of all bounded edges cannot be arbitrarily small. Recall that diam(B) is given
by the supremum of lengths of the shortest paths between any two points of 5.

Theorem 4.9. There exists a constant C > 0 depending only on A > 0 and p such that, for every G € G
with at least one half-line and every Z # & such that inf,cpr, J (v) is achieved, we have

diam(B) > C,
where, as above, B is the set of all bounded edges of G.

Proof. Let u € Ny satisfy J (1) = inf,ep, J(v). As usual we can assume that u > 0. Let us show that u
attains its L®-norm in B. Suppose by contradiction that u instead attains its maximum at a point y on a
half-line /. Then #u~'(t) > 2 for every 0 <t <max u. Indeed, ¢ is attained at least once on s and once on a
path y joining y to a point in Z. Thus Lemma 4.5 and Proposition 4.1 imply that J () > s, =inf,epn;, J (V).
Let us show that the inequality must be strict, which gives the desired contradiction. If this were not
the case, Lemma 4.5 would imply that #u~!(¢) = 2 for almost every ¢ € (0, max u). Since u already has
two preimages on i U y, this means that ¥ must be constant on G \ (& U y). This contradicts the last
assertion of Lemma 4.5 unless G = h U y, that is G is a half-line and homogeneous Dirichlet conditions
are imposed at its origin. But this is impossible, because, as we already recalled, on the half-line with
zero Dirichlet boundary conditions there is no nonzero solution.

Let then x € B be such that ||u|| .o = u(x). By the Cauchy—Schwarz inequality, (2-1) and Proposition 4.1,
letting z be any vertex in Z, we have

lulloo = ()] = u(x) —u(z)| < v/diamB)|u'll 12(g) < v diam(B)\/%

which, coupled with Proposition 2.4, yields

=

_ 1 . p_ S 2
€ < llull < Nl ul < 5 diam(5)’ 1(;)

for a suitable constant C > 0 depending on A and p only. O

Remark 4.10. Comparing Theorems 4.8 and 4.9 highlights the effect of the set Z on the existence of
ground states. One may wonder whether Theorem 4.9 can be improved to obtain a universal lower bound
involving only the total length of the edges with a vertex in Z, rather than the whole set 5. However, this
cannot be done in general: it is easy to exhibit graphs where ground states do exist and the length of the
edges with vertices in Z is arbitrarily small. To see this, let G be any given graph with Z = @ and such
that inf,cprg) J (V) < sy (e.g., any of the graphs in Figure 6). Exploiting, for instance, the approximation
procedure described in Remark 3.2, one can construct a function u € N'(G) so that J(u) < s; and the
support of u is contained in a suitable neighborhood of B. In particular, there exists M > 0 such that the
restriction of u to each half-line of G satisfies u = 0 on [M, +00). For every £ > 0, let then G, be the
graph obtained by attaching a single edge of length £ at the point x = M of one of the half-lines of G, and
assume that the vertex of degree 1 of this edge is the only vertex in Z. Clearly, one can think of u as a
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function in Nz(G,) for every ¢, so that inf,epr,(g,) J (v) < J(u) < s;, thus implying existence of ground
states in Nz (G,) by Theorem 1.3 and Proposition 4.6.

In the case of nodal ground states, it is not even needed to have Z # & to recover the analogue of
Theorem 4.9.

Theorem 4.11. There exists a constant C > 0 depending only on . > 0 and p such that, for every G € G
with at least one half-line and every Z such that inf,cpq, J (v) is achieved, we have

diam(B) > C,

where, as above, B is the set of all bounded edges of G.

Proof. Let u be a nodal ground state. Observe that if u™ attains its L°°-norm on a half-line, as in
Theorem 4.9, we prove that J; (u™) > s;. Hence J; (1) = J, (ut) + L (u™) > s;, +infyepny, ) Ji(v) which
contradicts (1-9). The same is valid for u~. Hence both u™* and u™ attain their L°°-norm on 3 only. Thus
u changes sign in B and as such, has a zero in B. We then conclude as in Theorem 4.9 working on u*. [J

In view of Theorems 1.6, 4.9 and 4.11, it is clear that a suitable combination of topological and metrical
features is needed to guarantee existence of ground states with Z # & and nodal ground states. Towards this
direction, we conclude the discussion of this section with two general procedures to construct graphs where
ground states and nodal ground states do exist. The first one is genuinely of metrical nature, in that it is com-
pletely independent of the topology of the graph. The second one mixes topological and metrical properties.

In the next statement, by pendant we mean a finite-length terminal edge whose vertex of degree 1 is
not in Z.

Theorem 4.12. There exists a constant C > 0 depending only on . > 0 and p such that, for every
noncompact graph G € G with a finite number of edges,
(1) if G has a pendant of length a > C, then inf, ey, J (V) is achieved,

(i) if' G has two pendants of lengths ay, a; > C, then inf,crq, J (V) is achieved.

Remark 4.13. The assumption that G has a finite number of edges cannot be removed. This can be
easily seen as follows. For point (1) it is enough to consider the graph G in Remark 4.7, for which
infyen; ) J (v) = %s,\. Therefore, if u were a (positive) ground state, by Lemma 4.5, almost every
t € (0, max u) would be attained only once on G, which is incompatible with the presence of vertices of

degree 3. For point (2) one can simply consider any periodic graph, since such graphs admit no nodal
ground state by Theorem 1.7.

Remark 4.14. In Theorem 4.12, C is the same for ground states and for nodal ground states and depends
on the presence of the pendants but not on the rest of the graph. This will be of great help in Section 6.

Proof of Theorem 4.12. Let Y, € H H(R) be the positive half-soliton satisfying, by (4-1), J () = %sk.
By density, there exists a function u; € N'(R") supported in some interval [0, C] such that

J(uy) < 3s;,

(for example, one may take (y; — 8)™ with § small and then project it on N (RT)).
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Figure 7. Example of a graph G, as in Theorem 4.16, constructed starting with two graphs in
Figure 6. If the vertical edge on the right is sufficiently far from the pendants of the graph, nodal
ground states exist.

(1) Let G, be a graph with at least one pendant of length a. If a is larger than C, we may consider [0, C]
as contained in the pendant, identifying x = O with its vertex of degree 1. Extending u; by O on the
remaining part of G,, we obtain a function &; € Nz(G,) such that

J(ii) = J(uy) < 3.

The existence of a ground state follows from Proposition 4.6 and Theorem 1.3.

(2) We denote by G,, 4, a graph with two pendants e, e; of lengths a;, a; and we show thatif a; > C
and ap > C, then

inf J() < I®Guy.ar; Z) + inf J(v), 4-7)
VEM7(Gay ay) UGNZ(gul.az)

which, via Theorem 1.3, establishes the existence of a nodal ground state. By Propositions 4.1-4.6, for
every ay, ap,

J® Gy a0 Z) = 52, inf  J(v) > 1s;,
@@ B N7 Gy ay) 2%

so that

J® 7 inf  J(v) > 3s,.
Gar e )+veNzl?ga..a2> () 2 35

Now, using the same u; as in (1), we define

ui(x) if x € [0, a;] Cey,
uy(x) = —u1(x) ifx €[0,a2] Ce,
0 elsewhere on Gy, 4, .

Clearly &t € Mz(Gg, 4,) and
J(iiy) = 2J (uy) < 3s;.
This proves (4-7). O

We now discuss the second procedure to find nodal ground states. The idea is to take two graphs
admitting ground states and connect them by the addition of a faraway edge. So, let G', G be any two
noncompact graphs with a finite number of edges for which inf, ¢ Ny J (V) < sy Given L > 0, we glue
together G! and G? by taking a new edge of length 1, attaching its first endpoint to the point x = L on
a half-line i! of G! and its second endpoint to the point x = L on a half-line h? of G2. We call G; the
resulting graph (see Figure 7) and we let the set Z; of vertices of degree 1 in G; with homogeneous
Dirichlet conditions be given by the union of the corresponding sets of vertices in G' and G.
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Lemma 4.15. Ler A > 0 and G, G2, G, be the graphs described above. Then

lim inf  J(@)=min( inf J(v), inf J(v)).
L—o0 veNz, (Gr) VEN,,1(Gh) veN,2(G?)

Proof. Without loss of generality, assume that

ci:= inf Jw) < inf J)=:c. (4-8)
veN,1(G) VEN 2(G?)

For every & > 0 there exists a function u, € N1 (G') with compact support such that J (u.) < c1 + &. For
every L large enough, we can view u, as a function in Nz, (Gy), after extending it to zero on Gy, outside
its support. Therefore

limsup inf J(v) <limsupJ(u.)=J(u:) <ci+e¢

L—oco VENZ, (GL) L—0o0

and since ¢ is arbitrary we deduce that

limsup inf J@W) <cy. 4-9)

L—>oo VENZ; (GL)
We now prove a complementary inequality. For every L, let u; € Nz, (G) satisfy

1
Jup) < inf Jw)+— 4-10
( L)_ueNzL(gL) (v) 7 (4-10)

and notice that by (2-1), (4-9) and (4-10), u is bounded independently of L. Let

ur(xp)= min wuz(x), wur(yr)= min ur(x)
h'N[o,L h2N[0,L
and set

8 =max(up(xp), ur(yr)).

Since uy is uniformly bounded in L*(Gy), 81 — 0as L — oo.

Consider the function (u; —8;)" € H éL (GL), which does not vanish identically, for all L large, by
Proposition 2.4. Exactly as in (4-6), ny ((uy —8.)*) <1+0(1) as L — co.

Set vy, = m; ((ur —8.)™). Now vy, € Nz, (GL), it vanishes at x;, y;, and

J(r) = «n; ((ur =) P e = 80)TN) < k(A +o(MW)llurllh = J(ur) +o(1) (4-11)

as L — oo.

We now cut G; at x; and y;, splitting it into three parts G' € G', G2 € GZ and G° = G \ (G' UG?).
We call v; (i =1, 2) the two vertices of G> created on A’ (see Figure 8).

We can use vy, to construct a function v,{ € H%l (G") by setting

v (x) ifxedl,
0 elsewhere on G!

v (x) = {

and in the same way we construct a function v% eH éz G?). Finally, we call vz the restriction of vy, to G°.
Setting Z3 ={vy, Val, by construction we have vi € Hé3 (GY).
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I @l Vi @3

\ @? \p) .
7

Figure 8. The graph G, of Figure 7 splits into the three graphs G', G? and G°.

o]

If v} # 0, then there exists 6; € R so that v} € Nj. 7i(G'). Taking 6; = 0 if v} = 0 and recalling that
vr, € Nz, (GL), we obtain
3
S 72 A g LA

— : (4-12)
loz I3 oz 13 loz 113

Furthermore,
J = Lyp 2\p 3Py > Lue 1202 13 11#
() = k(LI 4+ 13 IL + (13 12) = e max{[[v} 112, 12 12, v} 12).

Since, by (4-12), A is a convex combination of the 6;’s, at least one of the three will satisfy 6; > A.

If 6, > A, by Remark 2.5, we have K||U1L||Z > cy. If 6, > A, by (4-8), we have Kllv%IIZ >y > cy.
If 63 > A, we have «|| vi ||§ > infy; (g5 J =55 = ¢y since G satisfies (HO) and by the assumptions on G'.
In each case we deduce, via (4-11), that

J(ur) = J(ve) +o(l) = c1 +o(l)
as L — 00, so that by (4-10),
liminf inf J(v) > liminf| J(uy) ! >
1mLm in v) > 1rnL1n ur I >cj.

veNz, (GL)

In view of (4-9), this ends the proof. U

Theorem 4.16. Let A > 0 and G', G* and Gy be the graphs considered above. If L is large enough, then
there exist nodal ground states on Gy .

Proof. Without loss of generality, we assume that

min( inf J(v), inf J(v))= inf J(v).
veN,1(Gh veN,2(G?) veN,1(Gh)

Let ¢ := (s,\ — infuesz ) J(v)). By Lemma 4.15, we choose L so large that

1
3

inf Jw)> inf J()—¢ 4-13
veNzL(QL) ()_veNZ](Ql) () ( )

and that there exist nonnegative u’ € N7 (G'), with compact support satisfying

Jwy < inf J(v)+e.
veN,i (GY)
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o] *- o]

Figure 9. A graph with #F (G) = 2 where nodal ground states never exist, independently of the
length of the edges.

In particular, there is M > 0 such that the restriction of u' to each half-line of G/ vanishes on [M, 4+00).
Hence, for every L > M, we define w : Gy — R as

ul(x) ifxegl,
w(x) = —u’(x) ifxeq?

0 elsewhere on Gy,

where with a slight abuse of notation we still denote by G!, G? the corresponding subgraphs of G; . Clearly,
w € Mz, (Gr) and, by (4-13) and the choice of ¢, we have

inf . J)<Jw) =JuwH+JwH< inf J@)+ inf J@W +2e< inf J@)+s,
veMz, (GL) veN,1(Gh) veN,2(G%) veNz, (GL)

in turn implying existence of nodal ground states by Theorem 1.3 and Proposition 4.6. O

Remark 4.17. Concrete examples of graphs fulfilling the hypotheses of Theorem 4.16 can be produced
starting, for instance, from any of the graphs in Figure 6 (see, e.g., Figure 7). Since inf,ecpr,g) J (V) < 55
implies #F (G) > 1, by construction we have #F (G ) > 2.

Remark 4.18. Theorems 1.6(ii) and 4.11 show that, if (H1) holds, or if the set of all bounded edges
of G is too small, nodal ground states never exist, whereas Theorem 4.16 proves that there exist graphs
with #F (G) > 2 and a sufficiently large compact core where nodal ground states do exist. However, even
though the former provides sufficient conditions for nonexistence, the latter are not sufficient conditions
for existence. It is in fact not difficult to produce examples of graphs with #F (G) = 2, and compact core
of arbitrary size, where nodal ground states do not exist. For instance, consider the graph in Figure 9.
If u is a nodal ground state on this graph, we know that either u is identically equal to zero on the two
half-lines or it has constant sign on them. Assume thus that # > 0 on the half-lines. Then, since u™ is not

identically zero, u™

vanishes on the set 3 of the bounded edges of G at least at a point different from the
vertex of the half-lines. We then have that u™ has always at least two preimages for every t € (0, maxu™)
by Theorem 6.1 and hence J(u") > s; by Lemma 4.5. In view of Remark 3.1, as u~ € Nz(G) vanishes

somewhere on the graph, we have also that J (1 ™) > inf,ecnr,(g) J(v). This implies that

Jw)=Jw)+Jwh) > inf JW)+s;,
veNZ(G)

which contradicts (1-9).
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5. Graphs with infinitely many bounded edges

In this section we extend our discussion about ground states and nodal ground states to graphs with
infinitely many edges whose length is uniformly bounded. In particular, we focus on two subclasses of
such graphs that have already been considered in the literature: periodic graphs and regular trees.

5.1. Periodic graphs. Throughout this section, when we speak of a periodic metric graph we mean a
graph fulfilling [Berkolaiko and Kuchment 2013, Definition 4.1.1]. We avoid reporting the full details of
the definition here. For our purposes, it is enough to recall that, if G is a periodic graph, then there exists
a number n € N and a compact subset W C G, called a fundamental domain of G, such that

g=J Wi
kez"
where W is a copy of W for every k € Z", and W; N W; contains at most finitely many points for
every i # j. In this case, we say that G is a Z"-periodic graph.
Since we are concerned with problems involving homogeneous Dirichlet conditions on a subset Z
of the vertices of G, we specify that when G is a Z"-periodic graph, we only consider here Z"-periodic
subsets Z (that is, Z N Wy is a copy of Z N W for every k € Z").

Proof of Theorem 1.7. We address independently the case of ground states and nodal ground states.

Part 1: existence of ground states. Let (u,), C Nz be such that lim,, J (u,) =inf,en;, J(v). Exploiting the
periodicity of G and Z, we can assume with no loss of generality that u,, attains its L°°-norm on Wy, for
every n. Since (u,), is bounded in H'(©), up to subsequences u, — u in H'(G) and u,, — u in Ls(9)
as n — oo. Furthermore, u # 0 on G because, if this were not the case, by the strong convergence of (i)
to u in L (Wy) we would have |[u, || L~g) = unllLow,) — 0 as n — oo, contradicting Proposition 2.4.

If u, — u in L?(G), then by standard Gagliardo—Nirenberg inequalities u,, — u in L”(G) and, by weak
lower semicontinuity, n; (1) < 1, so that

. _ PUD 1 b
vlel}\ﬁz J() = J () = ey, @) lull, < limiclju,|l; = vlel}\ﬁz J(v),

i.e., m, (u) is a ground state.
Let us thus show that u,, converges to u strongly in L2(G). Assume by contradiction that

lim inf ||, — u||3 > 0.
n

Let 0 € R and (1,), C R be such that u € Ny z, u, —u € N,, z for every n. By the weak convergence of
(un)n to u in H'(G), Brézis—Lieb lemma [1983] and the fact that u,, € Nz, we have

g —ully - lluj, —u'l13 ~lually — llu, 113 = Nlullh + Nl 13 4 o(1)
llun — ull3 llun — ull3
Al |2 = 0llull? + o(1 A—0)|ull?2+o(1 ul|?
_ lunlls —O1ull3 ()z)»—i-( Mull; ()=A+ llull5

A—6)+o(l) (51
llitn —ull3 et — ull3 i —ull3

An
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as n — oo. Applying again Brézis—Lieb lemma, we obtain

inf J;,(v) = 1imx||u,,||§ =limk||u, — M||§ +/<||u||§. (5-2)
veN, z n n

Keeping in mind that A > 0, we distinguish three cases. If 6 > X, then, by Remark 2.5,

limx||u, —ul|? +«|ul|? > «|u||? > inf Jy(v) > inf J,(v).
I [l I lJully, =« ||p_UENH‘Z o (V) o (V)

If 6 = A, we see from (5-1) that A,, — A as n — oo. Therefore, using again Remark 2.5,

lim k[t — w12+ [lul|2 > lim inf
n n v

inf J. inf J, =2 inf J,(v).
Eg}knl o (V) +v€1/r%72 o (v) ve%z (V)
If 6 < A, we have liminf, A, > XA and, similarly,

limk|u, —u|? +«l|u||? > liminf inf J, (v) > inf J, (v).
il — ul ] = liminf inf () > inf J,(0)

In all three cases, (5-2) yields a contradiction.

Part 2: nonexistence of nodal ground states. By Theorem 1.4, it is enough to show that
inf J(v) <2 inf J(v).
o, @ =2 1 I

To this end, given ¢ > 0, let u € Nz be such that J(u) < inf,cpr, J(v) 4+ &. With no loss of generality, we
can take such u to be nonnegative, compactly supported on G and attaining its L°°-norm on Wj (it is, for
instance, enough to apply Remark 3.2 to a suitable ground state of J in Az, that exists by the first part of
the proof). Hence, there exists M > 0 such that supp(u) C Ulkli v Wk. Let then u € Nz be a translation
of u on G such that supp(u) C U‘k|>M W and define w : G — R as

u(x) if x € supp(u),
w(x):= 1 —ulx) if x €supp(nn),
0 elsewhere on G.

By construction, w € Mz and J(w) = J(u) + J (@) < 2inf,ep;, J(v) + 2¢. Given the arbitrariness
of ¢ > 0, we conclude. O

Remark 5.1. Observe that J*(G; Z) = inf,epr, J (v) for every periodic graph G and every set Z with
the same periodicity. This is the reason why it is not possible to rely directly on the abstract result of
Theorem 1.3 to prove Theorem 1.7.

5.2. Regular trees. Recall that a regular tree is an acyclic, noncompact metric graph with edges all of
the same length and vertices all of the same degree d > 3 (unrooted tree), with the possible exception of a
single vertex of degree 1 (rooted tree). If G is an unrooted tree, then necessarily Z = & since every vertex
has degree at least 3, whereas if G is a rooted tree either Z = @ or it coincides with the root of G (i.e., the
unique vertex of degree 1).

We divide the proof of Theorem 1.8 into two parts, proving first statements (i)—(ii) on ground states
and then statement (iii) on nodal ground states.
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Proof of Theorem 1.8. We split the proof in several steps.

Step 1: ground states when G is an unrooted tree. Let (u,), C N be such that lim,, J(u,) = inf,cpn J (v).
Exploiting the symmetry of G, it is not restrictive to assume that u,, attains its L°-norm in the same fixed
edge of G, for every n. Indeed, the problem is invariant under any isometry of G and the isometry group
of the tree G acts transitively on the edges of G. Hence, arguing as in the proof of Theorem 1.7 shows
that the weak limit in H'(G) of (i), provides a desired ground state for J in V.

Step 2: ground states when G is a rooted tree and Z = &. Let r be the root of G, d > 3 be the degree of
each vertex of G different from the root, and G be the unrooted tree obtained by gluing together d copies
of G at their roots. We first prove that

J®@G)= inf J(w)= inf J(v). (5-3)
veN|(G) veN(G)

To this aim, given any function u € N{,}(G), we construct a sequence (u,), C N (G) converging weakly
to 0 in H'(G) by translating u along G and extending it by O on the remaining part of the graph. This
proves that J*°(G) < infyen,,g) J(v). Next, let (u,), C N (G) be a sequence converging weakly to 0
in H'(G) and such that J(u,) — J*(G). Since u,(r) — 0 by Ly (G) convergence, we can assume
without loss of generality that each u,, satisfies u,(r) = 0, namely that u, € N{,}(G). This shows that
J*®(G) = infyen,, ) J (v), and the first equality is proved.

To prove the second equality, notice that any u € N,)(G) can be seen as an element of N(G), after
extending it by 0 on G \ G. On the other hand, any u € A/(G) with compact support can be considered
(when translated in such a way that r ¢ supp(«)) as an element of N{,(G). By density this is enough to
conclude the proof of (5-3).

By (5-3) and Theorem 1.3, in order to prove the existence of a ground state, it is sufficient to show that

inf J(w) < inf J(®). (5-4)
veN(G) veN(G)
To this end, let u € N'(G) be a positive ground state of J in N'(G), whose existence is guaranteed by the
previous step. Take a vertex V of G and split the graph at v into d disjoint rooted trees G;, i =1, ..., d.
For every i, let u; > 0 be the restriction of u to G; and A; € R be such that u; € Ny, (G;). Since u € N(@©G)
and u > 0 on G, we have

_ ||l/l ”LZ(g)
l?
|| ||L2(g)
so that
)\’ ( )\)Z ”ul”LZ(g) )\,
< ( max —_— X Aj.
T <i<d ! |lu || 5 lgigd !
L2(G)
Hence, there exists j € {1, ..., d} such that n; (u;) < 1. Since each G; is a copy of G, we then have
d
inf JOW) <J@m(u;)) =kn,(u:)?||u ) <K wil?, . =«lull’ - = inf J(v),
ORI RN CRR (] ;u Nvgy =l g = inf J@)

that is (5-4).
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Step 3: ground states when G is a rooted tree and Z # @. Since Z coincides with the root of G, as in the
first part of Step 2 we have
inf J()= inf J(v),
veNz(9) veN(G)

where G is the unrooted tree corresponding to G as above. That the problem on G has no ground state
follows by the fact that, if u were a ground state in Az (G), it would be also a ground state in N (G), as
any function on G vanishing at the root can be regarded as a function on G as well after extending it by 0.
Since this is impossible because ground states never vanish on G, we conclude.

Step 4: nodal ground states when G is an unrooted tree or G is a rooted tree and Z #= . If G is an
unrooted tree, exploiting again its symmetry, it is easy to adapt the argument developed in the proof of
Theorem 1.7 to show again that

inf J(w)=2 inf J(v),
veM(G) veN(G)

and likewise, if G is a rooted tree with Z # &, that

veM v

inf J(w)=2 inf J().
z(9) eNz(G)

This implies that nodal ground states do not exist by Theorem 1.4.
Step 5: nodal ground states when G is a rooted tree and Z = &. Since, given any u € M, at least one

between u' and u~ vanishes at the root r, it follows that

inf J(w)= inf J(w)+ inf J(v).
veM(G) veN(G) veN;(G)

Arguing as in the proof of Theorem 1.4, this immediately implies that nodal ground states do not exist. [

6. Qualitative properties of nodal ground states

The first result of this section concerns the nodal domains (i.e., the connected components of G \ u=1(0))
of any minimizer u in M,_z(G).

Theorem 6.1. Let G € G and A > —wz(G). Let u € Mz be a nodal ground state. Then u has exactly two
nodal domains.

Proof. Assume for contradiction that there are at least three nodal domains. Up to a change of sign,
we can make sure that on at least two of them u is positive, and we call G; one of the two. Since u
solves (1-1), multiplying by u and integrating on G; we have

[P 2 = iy ax = g, + [l <o, (©-1)
g1 gi
because on 3G, either u = 0 or u’ = 0 (this happens at vertices of degree 1 not in Z).

Now we define v € H} (G) by

ulx) ifxeg\g,

V) = { 0 ifxeg,
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and we observe that v~ = u~ € Nz and that v (not identically zero by construction) satisfies

/<I<v+>’|2 + AT = TPy dx = f<l<u+)’|2 + A lu T =t Pydx — | (w4 Aul* —u)?)dx =0
g g G

by (6-1) and because ut € Nz. Therefore v € Mz and

J(v) = KHUHIL?p(g) = K”””ip(g) _K”’/tnip(g,) < K””“ip(g) = J(u),
violating the minimality of u. 0

To conclude we are left to prove Theorem 1.9. To this end, we will actually prove three independent
statements, the full proof of Theorem 1.9 then following by their combination. Each of these statements
exhibits a graph supporting a nodal ground state with nodal set respectively given by

(1) k isolated points;
(2) m > 2 half-lines all attached to the same vertex;
(3) n line segments all attached to the same vertex.

These three constructions, though mutually independent, can all be carried out on the same kind of
graph, that we now describe. Given N € N and L > 0, let v, vV, be two vertices joined by N edges
el,...,en,each of length L. Attach to v; a pendant and a half-line and do the same to V. In this way
we obtain the graph Gy ;. depicted in Figure 10. Throughout, we fix A > 0 and the length of the two
pendants so that nodal ground states in M, (Gy, ) exist (independently of any other feature of the graph),
which is possible by Theorem 4.12.

Proof of (1). Here we show that, for a suitable choice of L, the graph G ; admits a nodal ground state u
such that u~1(0) consists of k isolated points.

Proposition 6.2. For every k € N there exists L > 0, depending on A and k, such that, for every L > L,
every nodal ground state u on Gy.1 has a nodal set of the form u='(0) = {x, ..., xx}, where x; belongs to
the interior of the edge e;.

To prove this proposition we consider also the graph G,; made of k + 1 half-lines and a pendant all
attached at the same vertex. The length of the pendant of G| coincides with that of the two pendants
of Gk.r. Hence, by Theorem 4.12, ground states exist in N}, (§k+ 1)-

Lemma 6.3. Foreveryk e N,

lim inf J(w)= inf J().
L—00 veN; (Gk,1) veN; (Gry1)
Proof. The argument is similar to that in the proof of Lemma 4.15. Using suitable compactly supported
functions in NV} (Gx41), one immediately checks that
limsup inf J(v) < inf  J(v).

L—oo VENL(Gk.L) VEN; (Grt1)
To show that

liminf inf J@)> inf J(v), (6-2)
L—o00 veN;(Gr.L) veEN; (Gra1)
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Figure 10. The graph Gy ; with N =5.
it is enough to note that, if u; € N (Gk 1) satisfies

1
Jwp) < inf  J()+ R

veN; (Gk,L)
then
max min |u;(x)| >0 as L — oo.
I<i<k x€e;
This allows one to obtain (6-2) working exactly as in the proof of Lemma 4.15. U

Lemma 6.4. If L — oo, then

limsup inf J(@)<2 inf J(v).
L—soo VEM(Gk.L) VEN; (Grt1)

Proof. The proof follows the same lines as the one of Theorem 4.16. O
Proof of Proposition 6.2. Let u be a nodal ground state in M, (Gk.1).

Step 1: for L long enough, either u = 0 on the pendants or it has no zero on their closure. Assume by
contradiction that # % 0 on a pendant p, but u(xp) = 0 for some xp on p. With no loss of generality, let
u > 0 at the vertex of degree 1 of p. Outside p, u < 0 thanks to Theorem 6.1. Denoting as usual by | p|
the length of p, since u is a solution to (1-1), we have u™ € N (0, |p|) with u™(|p|) = 0, so that

Jw" > inf J@) > inf J(v).

veN,.(0,1p]) N (G
U(|;’|)=O VEN; (Gk+1)

This is because the pendant of §k+ | can be identified with the interval [0, |p|], but u™ is not a ground
state in NV, @H 1) as ground states never vanish.
Letting then

= inf J@w) — inf J()>0
veN;.(0,pl) VEN; (Git1)
v(lph=0

and recalling that u~ € N, (Gx. 1), it follows that

inf J)=Jw=Jwu)+Jwh) > inf Jw+ inf J(@W)+34,
veEM;, (Gr.L) veN,(Gr.L) veN; (Gri1)

contradicting Lemmas 6.3-6.4 for L large enough.
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Step 2: u(Vi)u(va) < 0. Assume that this is not the case. Since u solves (1-1), on any of the two half-lines
either u = 0 or it never vanishes. Combining with Step 1, this implies that there existi € {1, ..., k} and
X1, Xo € ; U{Vvy, Vo} with u(x;) = u(x,) =0 and, for all x € (x1, X»), u # 0. Without loss of generality,
let u > 0 on (x, x2). By Theorem 6.1, we know that u < O on the remaining part of the graph and
u~ € N, (Gk.1), while we can think of u™ as a function in A (R) with compact support. Hence we have

inf J)=JwH+Jw)>s+ inf J(@),
veEM; (Gr.L) veN; (Gk.L)

which contradicts Theorem 1.6.

Step 3: conclusion. The previous steps ensure that u = (0) C vaz 1 €; and that it is a finite union of points
by uniqueness of the solution of the Cauchy problem for (1-1). The uniqueness of the zero of u on each e;
follows then by Theorem 6.1. 0

Proof of (2). Here we prove the following result.

Proposition 6.5. Let m > 2. There exists a graph G that admits a nodal ground state u such that u='(0)
is the union of m > 2 half-lines attached at the same vertex.

The graph G is obtained from the graph G ; by attaching m half-lines at a suitable point. Before
proving Proposition 6.5 we establish the following lemma.

Lemma 6.6. Let G be a noncompact graph with a finite number of edges. Let Gbea graph obtained from

G by attaching m > 2 half-lines hy, ..., h,, at one of its points p. If there exists a nodal ground state
in M ;\(5), then
inf _ J(v)> inf J(v). (6-3)
vEM;.(G) vEM,(G)

Proof. Let ui be a nodal ground state on G and assume without loss of generality that (p) > 0. Denote
by u the restriction of & on G and by ¢; the restriction of i to the half-line &; fori =1, ..., m.

If it (p) =0, since u solves (1-1), each ¢; vanishes identically. Hence, u € M, (G), J (i) = J (1) and
(6-3) follows.

If i (p) > 0, each ¢; coincides with a portion of the same soliton ¢, . With a slight abuse of notation
we denote by ¢! (p) the outgoing derivative of ¢; at p along &;. Note that ¢>lf (p) < O for every i. Indeed,
if on the contrary we had, for instance, ¢i (p) > 0, then the restriction of # to the union of the /;’s would

contain at least one full soliton ¢;, so that ||u|| > ||oa ||Z. This would lead to

p
Lr(U; hi)

inf_ J(v)=J@) = K(||ﬁ+||5 + a5 > «kllgslly,+ inf_ J(w) =si+ inf_ J(v),
vEM,;.(G) veN,L(G) veN,(G)

which contradicts (1-9).
As, forall i € {1, ..., m}, ¢; is a solution to (1-1), we have in particular ¢; € Ny, (h;) with
S 9F dx = [ @07 dx [, 0] dx+ g @[®) + [, 891 dx _h [, 7 b+ H@[®)
= = = <
fhi¢i2 dx fhid)iZ dx fhid)z‘z dx

O;
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since ¢; is a portion of ¢, and ¢/(p) < 0. Letting then x be the number such that u™ € N, (G),

_ Z ”¢l ”Lz(h ”M+||L2(g)
l
la*)?

L2(g) ”M ”LZ(g)

which, combined with the preceding inequality, yields u > A.
Since, analogously to Remark 2.5, for a given X, the map

1
. Ly,/2 1 +112 LToq,,—2 RTIN4
M= Ue./\llnf ©) 2”1) ||L2(g)+ 2/"“”1) “LZ(Q)+ 2)"”1) ”LZ(g) p”v”Lﬁ(g)a

ok

where M, 3 (G) := {ve HY(G) | v € N,(G) and v~ € N;(G)}, is increasing, we have

inf _ J)=J@ =@t |5+ 1a15) = eut |4+ u" )= inf J@) > inf J(v). O
veEM,(G) veEM,,,.(G) VEM,(G)
Proof of Proposition 6.5. Consider the graph Gy ; with L > L given by Proposition 6.2. On this graph, by
Theorem 4.12 and Proposition 6.2, we have a nodal ground state « with #~'(0) = {xo}. Let now G be the
graph obtained from G ; by attaching m half-lines at the point xq and let # € M, (G) be the function
obtained extending # by 0 on each of the additional half-lines.
By Theorem 4.12, nodal ground states exist on G and, by Lemma 6.6,
inf Jw=Jw)=J@) > inf J@w)= inf J(©).
veM; (Gr.L) veM; (G) veM; (G1,L)

This proves that i is a nodal ground state on G and hence the existence of a nodal ground state whose
nodal set is given by m half-lines attached at the same point. O

Proof of (3). Here we prove the following statement.

Proposition 6.7. Let n € N. There exist a graph G, a subset Z €V \ V, of its vertices of degree 1 and a

nodal ground state u € M, z(G) such that u='(0) consists of n line segments attached at the same point,

2\2/(p—2)
each of length smaller than or equal to 2"? (%) .
Similarly to construction (2), the graph G will be obtained from G; ; by attaching n line segments at

one of its points. To do this we need the next lemma.

Lemma 6.8. Let G be a noncompact graph with a finite number of edges. Let G bea graph obtained
from G by attaching n line segments s1, ..., s, at one of its points p. Assume that each line segment has a

length smaller than or equal to a number S > 0 and ends at a vertex with Dirichlet boundary condition.

pin2/(p=2)
JI({ﬁ) (T) - Then

inf _J(w)>= inf J(®).
veM,, z(G) veM,; z(G)
Proof. We proceed in the same way as in the proof of Lemma 6.6. With no loss of generality, let i (p) > 0.
Denote by u the restriction of & to G and by u; the restriction of u to s; for every i. Moreover, let u; (p)
be the outward derivative of u; at p along s;. As i is a nodal ground state, u; (p)u;(p) < 0. Indeed, if this
were not the case, we would have u/ (p) > 0 and, since u; satisfies the Dirichlet condition at the end of s;,
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[e,¢]e elv elo ele¢]

N § AV 7 N
Figure 11. Example of a graph as in Theorem 1.9 hosting a nodal ground state whose nodal set
(thick on the picture) is made of two isolated points, two groups of three and four line segments
respectively, and a group of five half-lines.

)\’) 1/([)—2)

by a phase plane analysis we would have u; (xg) := max u; > max ¢, = (% p . Considering the

first zero x; € s; of u;, it would then follow that

A\ P2 X0 _ SJ (@)
(%) sui(XO)—ui(m):f ui(s) ds < v/xo —xlli'llz <\ =,
X
which contradicts the choice of S. The rest of the proof follows as in that of Lemma 6.6. g

Proof of Proposition 6.7. The proof is the same as the one of Proposition 6.5, using Lemma 6.8 instead of
Lemma 6.6 and observing that, by Theorem 4.12, J (i) < 2s;. O

Remark 6.9. Graphs fulfilling Theorem 1.9 can be obtained combining ad libitum the constructions (1),
(2), (3). The general result is a graph as the one depicted in Figure 11.
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