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CONTROLLABILITY OF PARABOLIC EQUATIONS
WITH INVERSE SQUARE INFINITE POTENTIAL WELLS

VIA GLOBAL CARLEMAN ESTIMATES

ALBERTO ENCISO, ARICK SHAO AND BRUNO VERGARA

We consider heat operators on a convex domain �, with a critically singular potential that diverges as
the inverse square of the distance to the boundary of �. We establish a general boundary controllability
result for such operators in all dimensions, in particular providing the first such result in more than one
spatial dimension. The key step in the proof is a new global Carleman estimate with a carefully chosen
weight that captures the appropriate boundary conditions, the global geometry of the domain �, and the
H 1-energy for this problem. The estimate is derived by combining two intermediate Carleman inequalities
with distinct and carefully constructed weights involving nonsmooth powers of the boundary distance.

1. Introduction

We consider, on a bounded domain in Rn , the heat operator with a potential that diverges as the inverse
square of the distance to the boundary hypersurface. More precisely, our setting will be the following:

Setting. Throughout the paper, we let 0 denote a closed, connected, and convex C4-hypersurface in Rn

(n ⩾ 1), and we let � denote the interior domain that is bounded by 0. In addition, we let d0 :�→ R

denote the distance to 0.

We will consider the following equation on � and over a time interval:

−∂tv+

(
1+

σ

d2
0

)
v+ Y · ∇v+ Wv = 0. (1-1)

Here, σ ∈ R is a parameter measuring the strength of the singular potential, while Y and W represent first
and zero-order coefficients that are less singular at 0.

Our main objective in this paper is to derive boundary null controllability for the above equation. Given
any initial state v(0) and T > 0, the question is whether one can pick some control f on the boundary
(0, T )×0 so that the evolution through (1-1) — together with the boundary control — drives the solution
to the target state v(T )= 0 at time T . While results have been established in one spatial dimension using
moment methods (see [Biccari 2019]), here we provide, to our best knowledge, the first such result for
general domains in arbitrary dimensions.
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To show the above property, we derive sharp Carleman estimates for the operator in (1-1). Indeed,
genuinely new estimates are needed, since the singular potential scales as the Laplacian near the hyper-
surface 0, hence one cannot treat (1-1) as a perturbation of the standard heat equation. Moreover, these
estimates will enable us to obtain robust boundary observability and controllability results, in that we both
treat any spatial dimension and deal with a large class of lower-order coefficients. Note the inclusion of Y
and W in (1-1) is very natural in our context, as d0 itself fails to be regular and well-behaved away from 0.

1.1. Boundary asymptotics. Let us start by describing the role of the strength parameter σ in the boundary
asymptotics of solutions to (1-1). We let σ < 1

4 , and we consider the Cauchy problem associated to (1-1),
with initial data v(0)=v0. Moreover, it will often be convenient to write σ :=κ(1−κ), with κ :=κ(σ )< 1

2 .
According to the classical Frobenius theory for ODEs, the inverse-square singularity of the potential at

d0 = 0 implies the characteristic exponents of this equation are precisely κ and 1 − κ . Therefore, if κ is
not a half-integer (which ensures that logarithmic branches will not appear), solutions to the equation
are expected to behave either like dκ0 or d1−κ

0 close to 0 and correspond to the Dirichlet and Neumann
branches, respectively. As a result, the boundary data for our problem must be formulated with these
d0-weights taken into account.

Now, as such quantities will naturally appear throughout the article, we set the following notation for
future convenience:

Definition 1.1. Given a strength parameter σ ∈
(
−∞, 1

4

)
:

• We let κ := κ(σ ) ∈ R be the unique parameter satisfying

σ := κ(1 − κ), κ < 1
2 . (1-2)

• We define the associated Dirichlet and Neumann trace operators:

Dσφ := d−κ
0 φ|d0↘0, Nσφ := d2κ

0 ∇d0 · ∇(d−κ
0 φ)|d0↘0. (1-3)

• In addition, we introduce the following notation:

1σ :=1+
σ

d2
0

. (1-4)

Remark 1.2. We stress that throughout the paper, κ will always implicitly depend on σ via the rela-
tion (1-2). Note that there is a one-to-one correspondence between the values of σ ∈

(
−∞, 1

4

)
and

κ ∈
(
−∞, 1

2

)
. In particular:

σ ↗
1
4 ↔ κ ↗

1
2 ,

σ = 0 ↔ κ = 0,

σ = −
3
4 ↔ κ = −

1
2 .

In addition, all the associated quantities in (1-1) and Definition 1.1 reduce to the standard ones in the
absence of the singular potential, i.e., when σ = 0.
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Later in this paper, we will show that the Dirichlet and Neumann traces in (1-3) indeed lead to viable
well-posedness theories for (1-1), at least for a subset of values σ ; see Sections 3 and 4. As a result, (1-3)
provides natural notions of boundary data for our upcoming main boundary control results.

The specific range of σ for which we will develop well-posedness results is discussed further below.
For the moment, we note σ =

1
4 can be viewed as a critical threshold, as (1-1) is expected to be ill-posed

for σ > 1
4 ; see [Baras and Goldstein 1984; Biccari 2019; Vazquez and Zuazua 2000]. (Moreover, Biccari

[2019] showed — in one spatial dimension — that the cost of boundary control blows up in the limit
σ ↗

1
4 .) We also highlight σ = −

3
4 as another natural threshold, since the Dirichlet branch fails to lie in

L2 once σ ⩽ −
3
4 .

Remark 1.3. Analogues of the adapted boundary data (1-3) have been considered before in the literature
in different contexts for other singular operators; see, e.g., [Mazzeo and Melrose 1987; Warnick 2013].
The boundary conditions (1-3) were also used in [Enciso et al. 2021] toward Carleman and observability
estimates for the wave equation analogue of (1-1).

1.2. Motivation. Parabolic problems involving inverse square potentials have been intensively studied in
the past decades; see [Baras and Goldstein 1984; García Azorero and Peral Alonso 1998], for instance,
as well as references within for some early results. Since the literature in this area is far too extensive
to describe in full, we restrict our focus here to null controllability and Carleman estimates to keep the
present discussion concise.

First, in one spatial dimension, in which we can set � := (0, 1) without loss of generality, there are
ample results treating the singular heat operator

−∂t + ∂2
x +

σ

x2
. (1-5)

For instance, interior null controllability results for (1-5) — with the control supported away from x = 0 —
were established in [Cannarsa et al. 2005; 2008; 2020; Martinez and Vancostenoble 2006]. Also, various
boundary null controllability results for (1-5) have been proven, both at x = 1 (away from the singularity)
[Cannarsa et al. 2020] and at x = 0 (at the singularity) [Biccari 2019; Cannarsa et al. 2017; Gueye 2014].

Remark 1.4. Many of the above results treated the degenerate parabolic operator

−∂t + ∂x(xα∂x ·), α ∈ (0, 2). (1-6)

However, this can be transformed to (1-5) through an appropriate change of variables, at least for a subset
of parameters σ ; see [Biccari 2019, Appendix A] for details.

Of particular relevance is the recent result of Biccari [2019], which established boundary null controlla-
bility at x = 0 for (1-5), with σ < 1

4 . As Biccari [2019] applied the moment method, which relied strongly
upon an eigenfunction decomposition of ∂2

x +σ x−2, the results do not readily extend to higher dimensions,
nor to parabolic equations with general lower-order terms as in (1-1). Partly for this reason, the author
listed several open questions of interest; see [Biccari 2019, Section 8].

A key motivation of the present work is to address a number of these points:
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(1) We use Carleman estimates to prove our controllability result. Such techniques have the advantage
of being more robust, in that they allow one to treat lower-order terms and to more easily extend to
nonlinear problems.

(2) We treat the case where the potential diverges on all of 0. As mentioned in [Biccari 2019], even in
one spatial dimension, the case of a potential singular at both x = 0 and x = 1 cannot be treated via
the moment method.

(3) We obtain boundary null controllability in all spatial dimensions, under the assumption 0 is convex.
To our knowledge, this is the first such boundary control result in higher dimensions; see the
discussions below.

In particular, [Biccari 2019] highlighted the problem of developing Carleman estimates adapted to the
weighted boundary data (1-3) as being especially challenging.

Next, turning to higher dimensions (with general � ⊆ Rn), [Cannarsa et al. 2009; Ervedoza 2008;
Vancostenoble and Zuazua 2008] established interior controllability results for the singular heat operator,

−∂t +1+
σ

|x−x0|
2
, x0 ∈�, (1-7)

i.e., a singular potential that diverges as an inverse square of the distance to a single interior point. The
above results were then extended in [Cazacu 2014] to the case x0 ∈ 0, in which the potential instead
diverges at a single boundary point.

The case of higher dimensional settings (1-1), where the potential becomes singular on all of 0, is
known to be particularly difficult. Incidentally, these arise naturally when considering parabolic equations
on conformally compact Riemannian manifolds; see, e.g., [Vázquez 2015]. Along this direction, Biccari
and Zuazua [2016] first proved interior null controllability for the operator −∂t +1σ using Carleman
estimates.

Biccari and Zuazua [2016] stress that one cannot employ their results to derive boundary controllability
or boundary observability properties. The key reason is that their Carleman estimates do not capture an
appropriate notion of the Neumann data at the boundary, (1-3) in particular. Moreover, the Carleman
estimate in [Biccari and Zuazua 2016] only captures the full L2-norm, and not the (unweighted) H 1-norm;
as we shall see, the full H 1-norm will be a critical part of our setup.

1.3. Boundary controllability and observability. In this subsection, we state the main results of this
paper. However, before doing so, we first give a precise description of the lower-order coefficients Y and
W in (1-1):

Definition 1.5. We let Z denote the collection of all pairs (Y,W ), where:

• Y :�→ Rn is a C1-vector field, and W :�→ R is an L∞-function.

• Y extends to a C3-vector field on a neighborhood of 0.

• d0W extends to a C2-function on a neighborhood of 0.
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While the exact form of Definition 1.5 is technical in nature, at an informal level, our results will
require Y and W to have sufficient regularity at 0. On the other hand, since d0 fails to be regular away
from 0, it will also be useful for Y and W to be less regular away from 0; see Remark 3.2. Though the
conditions in Definition 1.5 are not optimal, we adopt these particular assumptions in their current form,
since they allow for a simpler presentation.

The main result of this paper is the boundary null controllability for the singular parabolic equation (1-1).
More precisely, we consider the following Cauchy problem:

Problem (C). Given initial data v0 on �, as well as Dirichlet boundary data f on (0, T )×0, solve the
initial-boundary value problem for v,

−∂tv+1σv+ Y · ∇v+ Wv = 0 on (0, T )×�,

v(0)= v0 on �,

Dσv = f on (0, T )×0,

(1-8)

where σ ∈
(
−

3
4 , 0

)
, and where the lower-order coefficients satisfy (Y,W ) ∈ Z .

The following statement, which is a simplification of the more precise Theorem 4.6 in the main text,
represents our main boundary control result:

Theorem 1.6. Let � ⊆ Rn be a bounded domain, with a convex, connected, C4-boundary 0, and fix
σ ∈

(
−

3
4 , 0

)
. Then, Problem (C) is boundary null controllable in any positive time — for any initial

data v0 ∈ L2(�) and any T > 0, there exists Dirichlet boundary data f ∈ L2((0, T )×0) such that the
corresponding solution v to (1-8), with the above v0 and f , satisfies v(T )≡ 0.

Theorem 1.6 is, to our best knowledge, the first boundary controllability result for (−∂t +1σ )v = 0 in
spatial dimensions higher than 1, and for equation (1-1) — containing also general lower-order terms —
in any dimension.

To prove Theorem 1.6, we employ (the variational formulation of) the celebrated Hilbert uniqueness
method (HUM); see [Lions 1988; Micu and Zuazua 2005]. As is standard, the main step is to obtain key
estimates — most crucially an appropriate observability inequality — for the dual problem. Thus, in the
context of observability, we will consider the following Cauchy problem for the backwards singular heat
equation:

Problem (O). Given final data uT on �, solve the following problem for u,

∂t u +1σu + X · ∇u + V u = 0 on (0, T )×�,

u(T )= uT on �,

u = 0 on (0, T )×0,

(1-9)

where σ ∈
(
−

3
4 , 0

)
, and where the lower-order coefficients satisfy (X, V ) ∈ Z .

Remark 1.7. Since σ < 0, the boundary condition in (1-9) implies Dσu = 0. While one could develop
an equivalent theory using instead the condition Dσu = 0, here we remain with u = 0 to be consistent
with the existing literature, e.g., [Biccari 2019; Biccari and Zuazua 2016].



246 ALBERTO ENCISO, ARICK SHAO AND BRUNO VERGARA

A first consideration in the proof of Theorem 1.6 is finding an appropriate choice of spaces for the
controllability Problem (C), as well as the corresponding spaces for the observability Problem (O). To
apply the HUM, one requires estimates for an appropriately defined Neumann trace in Problem (O):

• The Neumann trace should be bounded by the final data uT .

• The Neumann trace should satisfy a boundary observability estimate; that is, it should be bounded
from below by u(0).

We will show that the above indeed holds when uT lies in the usual energy space.
In particular, in Section 3, we briefly summarize the well-posedness theory for Problem (O) with final

data uT ∈ H 1
0 (�)— that is, the analogue of strict solutions in [Biccari 2019; Biccari and Zuazua 2016].

We then show (in Proposition 3.14) that if σ ∈
(
−

3
4 ,

1
4

)
, then the quantity Nσu from (1-3) is indeed

well-defined and bounded in L2 by the H 1-norm of uT . Furthermore, if σ < 0 as well, then we prove (in
Theorem 3.17) observability by bounding Nσu in L2 from below by the H 1-norm of u(0). The above
two estimates can be roughly summarized by the following theorem:

Theorem 1.8. Let � ⊆ Rn be a bounded domain, with a convex, connected, C4-boundary 0, and fix
σ ∈

(
−

3
4 , 0

)
. Moreover, let u be a solution to Problem (O), with final data uT ∈ H 1

0 (�). Then, the
Neumann data Nσu on 0 is finite, and∫

�

|∇u(0)|2 ≲
∫
(0,T )×0

(Nσu)2 ≲
∫
�

|∇uT |
2.

Using the estimates of Theorem 1.8, the boundary null controllability of Theorem 1.6 then follows by
adapting standard duality arguments. In Section 4, we develop the dual theory of weak (or transposition)
(H−1-)solutions for Problem (C), now in the presence of the singular potential. We then show (in
Theorem 4.6) that in this setting, one can construct the desired null boundary controls in L2.

We stress that the well-posedness theories for Problems (C) and (O) are far from direct due to the
singular potential, and are further complicated by the lower-order terms. Thus, for completeness, we
develop both theories in Sections 3 and 4.

The key ingredient to establishing the crucial Theorem 1.8 is a new global Carleman estimate, proved
in this paper, that captures both the boundary data (1-3) and the H 1-energy of the solutions. This is
discussed in the following subsection.

1.4. Global Carleman inequality. Carleman estimates have found many applications in PDEs, such as
in unique continuation [Aronszajn 1957; Calderón 1958; Carleman 1939; Dos Santos Ferreira 2005;
Escauriaza and Fernández 2003; Hörmander 1985; Tataru 1995], control theory [Duyckaerts et al. 2008;
Fursikov and Imanuvilov 1996; Laurent and Léautaud 2019; López et al. 2000; Tataru 1992; 1994],
inverse problems [Belishev and Kurylev 1992; Bukhgeim and Klibanov 1981; Klibanov 1992], and
embedded eigenvalues in the continuous spectrum of Schrödinger operators.

We next motivate and state the new global Carleman estimate for the singular parabolic operator
±∂t +1σ . The premier issue is that of capturing the Neumann boundary data from (1-3), which now
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involves powers of d0 that blow up at 0. This is achieved through a specially constructed Carleman
weight that is designed to generate precisely the correct power of d0 at 0.

In the Carleman estimate of [Biccari and Zuazua 2016] (which yielded interior observability for
solutions of (∂t +1σ )u = 0), the authors employed a weight having, near 0, the form

f0(t, x) :=
1

t3(T −t)3

[
C − d0(x)2ψ(x)−

(
d0(x)

d0

)s

esψ(x)
]
, (1-10)

with s a large enough real number, C and d0 constants, and ψ ∈ C4(�) a function of d0 so that f0 is
sufficiently smooth near and at 0. For our case, we must replace s by a smaller power depending on κ , so
that appropriate singular weights appear upon differentiation. In particular, near 0, our weight will be of
the form

F0(t, x) :=
1

t (T −t)

[ 1
1+2κ

d0(x)1+2κ
+β

]
, (1-11)

with β > 0 a suitably chosen constant. A key step will be then to show that the weight (1-11) indeed
suffices to capture the Neumann trace from (1-3) on 0.

Next, observe that in order to prove Theorem 1.8, our Carleman estimate will also need to control
the H 1-norm on �. In [Biccari and Zuazua 2016], their choice of weight (1-10) yields control of a bulk
quantity that is roughly of the form∫ T

0

1
t3(T −t)3

∫
�

ds
0|∇u|

2 dx dt, s > 0.

Because of the factor d0(x)s , which vanishes near 0, their estimate fails to capture the full H 1-energy
of u. (Only the full L2-norm was needed in [Biccari and Zuazua 2016].)

For our setting, we show that by using the weight (1-11) instead, we can capture the full Ḣ 1-norm,
without a weight that degenerates at 0. Here, we note that our assumption of 0 being convex is crucial,
as this ensures that the bulk terms in our Carleman estimate containing |∇u|

2 are uniformly positive.
Unfortunately, (1-11) does not yet suffice for a global Carleman estimate on all of �. This is because

while d0 is C4 near 0 (by the regularity of 0), it can fail to be differentiable elsewhere in � due to the
presence of caustics. To get around this, we replace d0 by a more general boundary defining function
y ∈ C4(�) that coincides with d0 in a thin neighborhood of 0. While this function y remains regular
away from 0, it also retains almost the same convexity properties as d0 . See Definition 2.1 for the precise
properties of y, and Lemma 2.4 for its construction.

Thus, for our global Carleman weight, we replace d0 in (1-11) by y:

F(t, x) :=
1

t (T −t)

[ 1
1+2κ

y(x)1+2κ
+β

]
. (1-12)

Since y is “close enough” to d0 for our purposes, by using F , we both capture the Neumann trace and
bound the global Ḣ 1-norm on all of � as desired.

We emphasize that the above still leaves untreated one fundamental issue — while these arguments
suffice to control the L2-norm of ∇u, the same cannot be said for the L2-norm of u itself. Away from the
(unique by construction) critical point x∗ of y, our Carleman inequality allows us to control bulk integrals
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(over (0, T )×�) of u2 with uniformly positive weights, provided σ ∈
(
−

3
4 , 0

)
. However, these weights,

which are accompanied by factors of |∇ y|
2, can become nonpositive near x∗.

To overcome this rather serious obstacle, we construct two boundary defining functions y1, y2 with
distinct critical points x1,∗ ̸= x2,∗; see Lemma 2.4. We then sum the two Carleman estimates arising from
y1 and y2. In particular, the above-mentioned nonpositivity for the y1-Carleman estimate near x1,∗ can be
overcome by a positive L2-contribution in the y2-estimate (since x1,∗ is away from x2,∗), which also has
an extra factor of the large Carleman parameter λ. Thus, by combining two Carleman estimates, we can
absorb all nonpositive terms into positive ones.

Remark 1.9. Similar tricks involving summing two Carleman estimates with different weights were used
in [Alexakis and Shao 2015; Jena 2021; Shao 2019], in the context of wave equations.

Combining all the above leads to our Carleman estimate, for which an informal simplified version is
stated below; see Theorem 2.9 for the precise statement.

Theorem 1.10 (global Carleman estimate). Let �⊆ Rn be a bounded domain, with a convex, connected,
C4-boundary 0, and fix σ ∈

(
−

3
4 , 0

)
. Then, there are two boundary defining functions y1, y2 ∈ C4(�),

such that, for any T > 0 and λ ≫ 1, and for any sufficiently regular function u satisfying u = 0 on
(0, T )×0,

Cλ
∫
(0,T )×0

(Nσu)2 dS dt +

∑
j=1,2

∫
(0,T )×�

e−2λF j (±∂t u +1σu)2

≳ λ
∑
j=1,2

∫
(0,T )×�

e−2λF j
[
y2κ

j |∇u|
2
+ y6κ−1

j (λ2
+ y−1−4κ

j )u2], (1-13)

where F j is the Carleman weight (1-12), but with y replaced by y j .

The proof of Theorem 1.10 follows the usual multiplier approach to Carleman estimates for heat
equations, using the weights (1-12) for both y1 and y2. Aside from the ideas mentioned before, there
are two key technical challenges to overcome. The first is showing that the boundary terms capture the
Neumann trace; this follows from computations for the boundary terms (Lemma 2.7), along with the
detailed understanding of boundary asymptotics gained from Proposition 3.14.

The second, and more difficult, challenge is to ensure all the top-order bulk terms obtained in the
computations have good sign. As there are many singular weights involved, we have more dangerous
terms to consider than in standard derivations of Carleman estimates. These are treated via extensive
computations (see Lemma 2.7) that use, in an essential way, both the geometry of the domain — via
convexity of the level hypersurfaces of y — and our assumption that σ ∈

(
−

3
4 , 0

)
.

Remark 1.11. In the full statement, Theorem 2.9, of our Carleman estimate, the power 1 + 2κ in (1-12)
is replaced by a more general parameter 2p. For purposes of boundary control, one requires 2p = 1 + 2κ
to capture the Neumann trace. However, allowing for more general powers p leads to unique continuation
properties for a larger range of σ . We plan to revisit this point in a future paper.
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Remark 1.12. Note the estimate in the precise Theorem 2.9 differs from that of Theorem 1.10 in that
the Neumann integral in (1-13) is replaced by various boundary limits of integrals over hypersurfaces
{y j = δ}, as δ ↘ 0. However, one can show that, in the context of Problem (O), each of these boundary
limits will either vanish or be bounded by the desired Neumann integral; for details, see the proof of
Theorem 3.17, as well as Section 3.3 for the limit computations. The simpler Neumann integral was
written in (1-13) for conceptual clarity.

1.5. Further discussion. Let us now elaborate on the specific range σ ∈
(
−

3
4 , 0

)
that is assumed in all

our main results. As mentioned before, this is required in the proof of Theorem 1.10 to ensure positivity
of the bulk L2-terms. However, there are also conceptual reasons for applying this particular restriction.

First, the condition σ >−
3
4 is crucial to the setup of our well-posedness theories. As mentioned before,

on the control side (Problem (C)), this is needed for solutions of (1-8) with inhomogeneous Dirichlet data
to be L2-integrable on �. Furthermore, on the observability side (Problem (O)), this seems necessary in
order to bound the Neumann trace from above by the H 1-energy; see Proposition 3.14. The latter is an
essential part of the Hilbert uniqueness method setup we apply here. Thus, we do not expect our results
to extend to σ ⩽ −

3
4 , at least within the well-posedness and HUM settings adopted in this paper.

Of course, the case σ = 0 is just the classical heat equation, for which global Carleman estimates are
now standard. However, one should note that the proof of Theorem 1.10 does not carry over to this case
simply by setting σ = 0, as it uses in a crucial way the critical singularity of the potential.

On the other hand, it is less clear whether our results can be extended beyond to the range σ ∈
(
0, 1

4

)
,

though there seem to be some obstacles. For one, note the Carleman estimate (1-13) fails to control the
full H 1-energy when σ > 0 (κ > 0). Furthermore, in this regime, the boundary condition u = 0 in (1-9)
does not directly imply Dσu = 0. Therefore, one could expect that our Carleman weight (1-12) and our
choice of spaces are not well-adapted to this case σ ∈

(
0, 1

4

)
.

Remark 1.13. Also worth mentioning is the result of Gueye [2014], which established boundary controlla-
bility of the degenerate parabolic equation (1-6) in one spatial dimension using spectral theoretic methods
and a variant of Ingham’s inequality. However, this result cannot be directly compared to ours, since
[Gueye 2014] uses different spaces in its HUM setup. In particular, [Gueye 2014] showed that the
L2-norm of the Neumann datum controls the fractional H−κ -norm of the solution, and vice versa. In
contrast, we are less optimal with regards to regularity, but we use the smoothing property of parabolic
equations to our advantage.

Finally, for wave operators having the same singular potential (i.e., −∂2
t +1σ ), we recently established

in [Enciso et al. 2021] — in the special case n > 2 and � a unit ball — boundary observability through
a similar sharp global Carleman estimate. While the Carleman weight is different from (1-12), due to
the equation being hyperbolic, it is built upon the same sharp power of d0 yielding both the H 1-energy
and the Neumann boundary trace. Interestingly, this observability fails to imply boundary control for
wave operators, as the lack of smoothing prevents us from applying the HUM machinery. Using this
framework, boundary controllability would necessitate working with fractional Sobolev spaces of optimal
regularity, as in [Gueye 2014].



250 ALBERTO ENCISO, ARICK SHAO AND BRUNO VERGARA

One can also view Theorem 1.10 partly as extending the methods of [Enciso et al. 2021] (which hold
only for � being a unit ball) to all convex domains. It would be interesting to determine whether the
results of [Enciso et al. 2021] also hold for general convex �.

1.6. Organization of the paper. In Section 2, we construct boundary defining functions that coincide
with the distance d0 near the boundary 0. These are then used to prove a precise version of our global
Carleman estimate, Theorem 1.10. The applications of this Carleman estimate to boundary observability
and controllability are then presented in Sections 3 and 4, respectively.

2. The Carleman estimate

In this section, we prove a precise version of Theorem 1.10 — our main Carleman estimate for parabolic
operators with inverse square potentials.

In the remainder of the paper, we adopt the setting described in the beginning of the introduction — in
particular the domain �⊆ Rn , its convex boundary 0, and the distance d0 to the boundary. Moreover,
since d0 is always C4 in a neighborhood of 0, we can also adopt the following for convenience:

Setting (regularity of d0). Let 0< d0 ≪ 1 be such that d0 is C4 on the domain

{x ∈� | d0(x) < 2d0}.

2.1. Construction of boundary defining functions. As described in the introduction, the proof of our
Carleman estimate will require, as weights, boundary defining functions that extend d0 while essentially
preserving concavity and regularity. Here, we detail the construction of such functions.

First, we list the precise conditions needed for our constructions:

Definition 2.1. Given constants ε, ε′ > 0, we call y ∈ C4(�) an (ε, ε′)-boundary defining function for �
if and only if the following properties hold:

(a) y is strictly positive on �, and y = d0 on {x ∈� : d0(x) < d0}.

(b) y has a unique critical point x∗ ∈�, with d0(x∗) > 2d0.

(c) y satisfies the following gradient bounds:{
|∇ y|

2
= 1, d0(x)⩽ d0,

|∇ y|
2 ⩾ 1

2 , d0 < d0 < 2d0.
(2-1)

(d) y satisfies the following concavity properties for each x ∈� and ξ ∈ Rn:
−ξ · ∇

2 y(x) · ξ ⩾ 0, d0(x)⩽ d0,

−ξ · ∇
2 y(x) · ξ ⩾ −ε′

|ξ |2, d0 < d0(x) < 2d0,

−ξ · ∇
2 y(x) · ξ ⩾ ε|ξ |2, d0(x)⩾ 2d0.

(2-2)

Remark 2.2. Definition 2.1 implies x∗ is a nondegenerate maximum of y, that is, ∇ y(x∗) = 0 and
∇

2 y(x∗) is negative-definite. Furthermore, note that x∗ is the only maximum of y, so that ∇ y vanishes
only at x∗.
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Definition 2.3. Given any ε, ε′ > 0, we refer to (y1, y2) as an (ε, ε′)-boundary defining pair in � if and
only if the following properties hold:

(i) Both y1 and y2 are (ε, ε′)-boundary defining functions.

(ii) The (unique) critical points of y1 and y2 are distinct: x1,∗ ̸= x2,∗.

In the proof of our global Carleman estimates, we will employ a carefully constructed boundary
defining pair. As the first step, we show that any convex domain admits such a pair, given sufficiently
small parameters:

Lemma 2.4. There exist C,C ′, ε0 > 0 — depending only on �, d0 — such that, for any 0< ε < ε0, there
exists a (Cε,C ′ε)-boundary defining pair (y1, y2) in �.

Proof. We begin by constructing one such boundary defining function y1. First, note that if Tp0 is the
tangent hyperplane to 0 at a point p and x ∈�, then

d0(x)= inf
p∈0

dist(x, Tp0),

by the convexity of 0. This implies d0 is a concave function on �; in particular, for any ξ ∈ Rn , the
distributional derivative −ξ · ∇

2d0 · ξ is a nonnegative measure.
Consider now the function

dε := φε ∗ d0, φε(x) := ε−nφ
( x
ε

)
(2-3)

for a small parameter 0< ε < ε0, where φ is a standard positive mollifier:

φ ∈ C∞

c (B1(0), [0,∞)),

∫
Rn
φ(x) dx = 1.

Note dε is smooth and concave by the concavity of d0 — indeed, for all ξ ∈ Rn ,

−ξ · ∇
2dε · ξ = φε ∗ (−ξ · ∇d0 · ξ)⩾ 0, (2-4)

since φ ⩾ 0 and −ξ · ∇
2d0 · ξ is a nonnegative measure on �.

We now introduce a new cutoff ϕ ∈ C∞(�) such that

ϕ(x)=

{
1, d0(x)⩽ d0,

0, d0(x)⩾ 2d0.
(2-5)

In terms of these functions, we then set y1 ∈ C4(�) as

y1(x) := d0(x)+ [1 −ϕ(x)][dε(x)− d0(x)− ε|x |
2
], (2-6)

with ε < ε0 ≪ d0. (Note 1 −ϕ ≡ 0 near 0, where dε fails to be defined.)
To begin with, in the region {d0 ⩽ d0}, we note that y1 = d0 , since ϕ = 1 there by (2-5). Furthermore,

the above implies
|∇ y1|

2
= 1, −ξ · ∇

2 y1 · ξ ⩾ 0, ξ ∈ Rn.

In particular, all the conditions in Definition 2.1 are satisfied by y1 on {d0 ⩽ d0}.
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Next, consider the intermediate region {d0 < d0 < 2d0}. Since d0 is C4 there,

∥dε − d0∥C4({d0<d0<2d0}) ⩽ Cε.

Moreover, since |∇d0| = 1 and |1 −ϕ| ⩽ 1 in this region, the above implies

y1 ⩾
d0

2
− C ′ε > 0, |∇ y1|

2 ⩾ 1 − C ′ε2 > 1
2 , (2-7)

for sufficiently small ε0 (depending on �, d0), as well as

−ξ · ∇
2 y1 · ξ = −ξ · ∇

2d0ξ − ξ · ∇
2[(1 −ϕ)(dε − d0 − ε|x |

2)
]
· ξ ⩾ −C ′ε|ξ |2 (2-8)

for all ξ ∈ Rn , where C ′ > 0 denotes constants (depending on �, d0) that can change between lines. Thus,
y1 satisfies the conditions of Definition 2.1 on {d0 < d0 < 2d0}.

Lastly, consider the region {d0 ⩾ 2d0}, on which

y1 = dε − ε|x |
2.

The above, along with (2-3), implies that y1 is uniformly positive on this region for sufficiently small ε0,
and that y1 is uniformly concave, since by (2-4),

−ξ · ∇
2 y1 · ξ = −ξ · ∇

2dε · ξ + 2ε|ξ |2 ⩾ 2ε|ξ |2, ξ ∈ Rn.

Moreover, since y1 is a positive function on � whose gradient does not vanish on {d0 ⩽ 2d0} and which
is uniformly concave on {d0 ⩾ 2d0}, y1 must have a unique critical point x1,∗ ∈ {d0 > 2d0}, its maximum.
Therefore, y1 satisfies all the conditions of Definition 2.1 on {d0 ⩾ 2d0}.

The above yields that y1 is a (Cε,C ′ε)-boundary defining function, for appropriate constants C,C ′ and
sufficiently small ε0. It remains to construct a new function y2 so that (y1, y2) defines a corresponding
boundary defining pair.

To this end, note by the Morse lemma, there is a neighborhood U ⊂ {d0 > 2d0} around x1,∗ and local
coordinates z : U → Rn such that y1 is a quadratic form on U : y1 = z · A · z, with A a nonsingular n × n
matrix. Furthermore, without loss of generality, one can assume z(x1,∗)= 0, and U is an open ball B2η(0)
in z-coordinates, for some small η > 0. As the critical point x1,∗ is nondegenerate, |∇ y1| ⩾ c0 > 0 on
U \ U ′, where U ′

= Bη(0) in z-coordinates.
We then take a cutoff function χ ∈ C∞(�) satisfying χ ≡ 1 on U ′ and χ ≡ 0 on � \U , and we define

the function
y2 := y1 + δχb · z, b ∈ Sn−1, δ ≪ 1. (2-9)

Since y2 coincides with y1 on � \ U , then y2 satisfies all the conditions of Definition 2.1 (with the same
parameters) on both {d0 ⩽ d0} and {d0 < d0 < 2d0}.

For the remaining inner region, note we have on U ′ that

∇z y2 = 2A · z + δb,

so that y2 has a critical point at
z(x2,∗)= −

1
2δA−1b ̸= 0,
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which is unique in U ′. Moreover, as the shift δχb · z is supported in U and

∥δχb · z∥C j ≲ δη1− j , j ⩽ 4, (2-10)

no new critical points are introduced as long as δ is taken small enough with respect to η; in particular,
we can ensure that |∇z y2|> 0 in U \U ′. Similarly, by further shrinking δ if needed, (2-9) and (2-10) also
ensure that, on {d0 > 2d0},

−ξ · ∇
2 y2 · ξ ⩾ Cε|ξ |2, ξ ∈ Rn,

possibly with a different value of C . Thus, y2 satisfies all the conditions of Definition 2.1, hence (y1, y2)

is our desired boundary defining pair. □

Finally, since d0 fails to be regular away from 0, it will often be useful to replace our singular operator
by a smoother variant:

Definition 2.5. Given any y ∈ C4(�), we define the y-modified operators

1σ,y :=1+ σ y−2, σ ∈ R. (2-11)

For convenience, we also adopt the following notation for the y-derivative:

Dyv := ∇ y · ∇v, v ∈ C1(�). (2-12)

In particular, when y is a boundary defining function, so that y = d0 near 0, the difference d−2
0 − y−2

is hence bounded on �. Thus, it will suffice to prove Carleman estimates for ±∂t +1σ,y , which has a C4

singular potential, rather than ±∂t +1σ .
With this notation in hand, we prove a pointwise Hardy-type inequality associated with Dy-derivatives

that will useful in proving our Carleman estimates:

Lemma 2.6. The following holds for any q ∈ R, y ∈ C4(�), and v ∈ C1(�):

y2q(Dyv)
2 ⩾ 1

4(1 − 2q)2 y2q−2
|∇ y|

4v2
+ ∇ ·

[ 1
2(1 − 2q)y2q−1

∇ y|∇ y|
2v2]

−
1
2(1 − 2q)

[
y2q−11y|∇ y|

2v2
+ 2y2q−1(∇ y · ∇

2 y · ∇ y)v2]. (2-13)

Proof. This is a direct consequence of the inequality

0 ⩽ (yq Dyv+ byq−1
|∇ y|

2v)2

= y2q(Dyv)
2
+ b2 y2q−2

|∇ y|
4v2

+ 2by2q−1
|∇ y|

2vDyv

= y2q(Dyv)
2
+ b(b − 2q + 1)y2q−2

|∇ y|
4v2

− 2by2q−1(∇ y · ∇
2 y · ∇ y)v2

− by2q−11y|∇ y|
2v2

+ ∇ · (by2q−1
∇ y|∇ y|

2v2),

which holds for any constants q, b ∈ R. Equation (2-13) is then obtained by taking the optimal value of
the parameter b :=

1
2(2q − 1). □
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2.2. The global pointwise inequality. Our aim here is to prove the following key lemma, which serves
as the pointwise Carleman inequality obtained from a single boundary defining function y. In particular,
this attains adequate control for our solutions everywhere except near the critical point of y.

Lemma 2.7. Fix T > 0, and let p, σ ∈ R satisfy

0< p < 1
2 , p2

− 2p + σ ⩾ −
3
4 . (2-14)

Let ε, ε′, δ > 0 be sufficiently small (depending on T, �, d0, σ, p), let y ∈ C4(�) be an (ε, ε′)-boundary
defining function, and let x∗ denote the critical point of y. Then, there exist C,C ′, λ0 > 0 (depending
on T, �, d0, σ, p, ε, ε′, δ) such that the following inequality holds on [0, T ]×� for any λ⩾ λ0 and any
u ∈ C2([0, T ] ×�):

e−2λF
|(±∂t +1σ,y)u|

2
−4(∂t J t

+∇· J )⩾Cλθe−2λF y−1+2p
|∇u|

2
−C ′λ2θ3e−2λF y−3+4p1Bδ(x∗)u

2

+ Ce−2λF (λ3θ3 y−4+6p
+ λθy−3+2p)1�\Bδ(x∗)u

2, (2-15)

where the weight F is given by

F(t, x) := θ(t) f (y(x)), θ(t) :=
1

t (T −t)
, f (y) :=

1
2p

y2p
+β, (2-16)

with β > 0 an arbitrary constant, where J t is a scalar function satisfying

|J t
| ⩽ Ce−2λF

|∇u|
2
+ Ce−2λFλ2θ2 y−2u2, (2-17)

and where J is a vector field satisfying, sufficiently near 0,

∇ y · J − e−2λF∂t u Dyu ⩽ Ce−2λFλθy−1+2p(Dyu)2 + Ce−2λFλ3θ3 y−3+2pu2. (2-18)

Proof. Throughout, we let C,C ′ > 0 denote constants with the same dependencies as in the lemma
statement, and such that their values can change from line to line. Furthermore, it suffices to prove (2-15)
for just the backward operator ∂t +1σ,y , as the estimate for −∂t +1σ,y then follows via a time reversal
t 7→ T − t .

For clarity of exposition, we divide the proof into four steps.

Step 1. The conjugate inequality. First, we prove the key preliminary commutator estimates for the
operator ∂t +1σ,y . For this, let us set

v := e−λF u. (2-19)

Furthermore, the following constant will be useful later in the proof:

z :=
1−2p
2y(x∗)

> 0. (2-20)

Using (2-19) and (2-20), we expand (∂t +1σ,y)u as

e−λF (∂t +1σ,y)u = e−λF (∂t +1σ,y)(eλFv)= Sv+1v+A0v, (2-21)
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where Sv and A0 are given by

Sv := ∂tv+ 2λ∇F · ∇v+ λ(1F − 2zDy F)v, A0 := λ∂t F + 2λzDy F + λ2
|∇F |

2
+ σ y−2. (2-22)

Multiplying (2-21) by Sv, and noting from Cauchy’s inequality that

e−λF (∂t +1σ,y)uSv ⩽ 1
4 e−2λF

|(∂t +1σ,y)u|
2
+ |Sv|2,

we then conclude
1
4 e−2λF

|(∂t +1σ,y)u|
2 ⩾1vSv+A0vSv. (2-23)

We now expand the terms on the right-hand side of (2-23). First, we have

1vSv =1v∂tv+ 2λ1v(∇F · ∇v)+ λ(1F − 2zDy F)v1v = I1t + I11 + I10 . (2-24)

The first term on the right-hand side is straightforward:

I1t = ∇ · (∇v∂tv)+ ∂t
( 1

2 |∇
2v|

)
. (2-25)

The most involved term is I11 , requiring multiple applications of the Leibniz rule:

I11 = ∇ · [2λ∇v(∇F · ∇v)] − λ∇F · ∇(|∇v|2)− 2λ(∇v · ∇
2 F · ∇v)

= ∇ · [2λ∇v(∇F · ∇v)− λ∇F |∇v|2] + λ1F |∇v|2 − 2λ(∇v · ∇
2 F · ∇v). (2-26)

A similar computation also yields

I10 = ∇ · [λ(1F − 2zDy F)v∇v] − λ(1F − 2zDy F)|∇v|2 −
1
2λ∇(1F − 2zDy F) · ∇(v2)

= ∇ ·
[
λ(1F − 2zDy F)v∇v−

1
2λ∇(1F − 2zDy F)v2]

− λ(1F − 2zDy F)|∇v|2

+
1
2λ1(1F − 2zDy F)v2. (2-27)

Moreover, for the remaining term in (2-23), we expand

A0vSv =
1
2A0∂t(v

2)+ λA0∇F · ∇(v2)+ λ(1F − 2zDy F)A0v
2

= ∂t
( 1

2A0v
2)

+ ∇ · (λA0∇Fv2)− 1
2∂tA0v

2
− λ∇F · ∇A0v

2
− 2zλDy FA0v

2. (2-28)

Combining (2-24)–(2-28), the estimate (2-23) then becomes

1
4 e−2λF

|(∂t +1σ,y)u|
2 ⩾ ∂t J 0

t + ∇ · J 0
+ 2zλDy F |∇v|2 − 2λ(∇v · ∇

2 F · ∇v)+Av2, (2-29)

where the zero-order coefficient A is given by

A := −
1
2∂tA0 − λ∇F · ∇A0 − 2zλDy FA0 +

1
2λ1(1F − 2zDy F), (2-30)

and where the scalar J t and vector field J0 are given by

J t
=

1
2 |∇v|2 +

1
2A0v

2,

J0 = ∇v∂tv+ 2λ∇v(∇F · ∇v)− λ∇F |∇v|2 + λ(1F − 2zDy F)v∇v

−
1
2λ∇(1F − 2zDy F)v2

+ λA0∇Fv2.

(2-31)
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Step 2. First-order terms. We record here the following identities for F :

∇F = θy−1+2p
∇ y,

∇
2 F = −(1 − 2p)θy−2+2p(∇ y ⊗ ∇ y)+ θy−1+2p

∇
2 y,

1F = −(1 − 2p)θy−2+2p
|∇ y|

2
+ θy−1+2p1y.

(2-32)

As a result, we see from (2-32) that

2zλDy F |∇v|2 − 2λ(∇v · ∇
2 F · ∇v)

= 2zλθy−1+2p
|∇ y|

2
|∇v|2 − 2λθy−1+2p(∇v · ∇

2 y · ∇v)+ 2(1 − 2p)λθy−2+2p(Dyv)
2

⩾ 2λθy−1+2p
[∇v · (ηz|∇ y|

2 I − ∇
2 y) · ∇v] + 2(1 − 2p)λθy−2+2p(Dyv)

2

+ 2(1 − η)zλθy−1+2p(Dyv)
2, (2-33)

for some 0< η < 1 whose value will be chosen later.
Applying the Hardy inequality

(
with q = −1 + p and q = −

1
2 + p

)
, we see that

2(1 − 2p)λθy−2+2p(Dyv)
2
+ 2(1 − η)zλθy−1+2p(Dyv)

2

⩾ ∇ · JH +
1
2(1 − 2p)(3 − 2p)2λθy−4+2p

|∇ y|
4v2

+ 2(1 − η)(1 − p)2zλθy−3+2p
|∇ y|

4v2

− (1 − 2p)(3 − 2p)λθy−3+2p1y|∇ y|
2v2

− C ′λθy−2+2pv2, (2-34)

where the vector field JH is given by

JH := (1 − 2p)(3 − 2p)λθy−3+2p
∇ y|∇ y|

2v2
+ 2(1 − η)(1 − p)zλθy−2+2p

∇ y|∇ y|
2v2. (2-35)

In particular, we have collected all terms of order y−2+2p or better into the final negative term in the
right-hand side of (2-34). Furthermore, any term containing ∇ y ·∇

2 y ·∇ y can be included in this negative
term by default, since by Definition 2.1 both |∇ y|

2
= 1 and ∇ y · ∇

2 y · ∇ y = 0 in the region d0 ⩽ d0.
Combining now (2-29) with (2-33)–(2-35) yields

1
4 e−2λF

|(∂t +1σ,y)u|
2
− (∂t J t

+ ∇ · J )

⩾ 2λθy−1+2p
[∇v · (ηz|∇ y|

2 I − ∇
2 y) · ∇v] +

1
2(1 − 2p)(3 − 2p)2λθy−4+2p

|∇ y|
4v2

+ 2(1 − η)(1 − p)2zλθy−3+2p
|∇ y|

4v2
− (1 − 2p)(3 − 2p)λθy−3+2p1y|∇ y|

2v2
+Av2

− C ′λθy−2+2pv2, (2-36)
where the vector field J in (2-18) can now be given explicitly by

J := J0 + JH

= ∇v∂tv+ 2λ∇v(∇F · ∇v)− λ∇F |∇v|2 + λ(1F − 2zDy F)v∇v−
1
2λ∇(1F − 2zDy F)v2

+ (1 − 2p)(3 − 2p)λθy−3+2p
∇ y|∇ y|

2v2
+ 2(1 − η)(1 − p)zλθy−2+2p

∇ y|∇ y|
2v2

+ λA0∇Fv2. (2-37)
Recalling that y satisfies Definition 2.1, we then have, for any ξ ∈ Rn ,

ηz|∇ y|
2
|ξ |2 − ξ · ∇

2 y · ξ ⩾


ηz|ξ |2, d0 ⩽ d0,( 1

2ηz − ε′
)
|ξ |2, d0 < d0 < 2d0,

ε|ξ |2, d0 ⩾ 2d0.

(2-38)
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In particular, letting ε′ be sufficiently small, and choosing

η :=
4ε′

z
∈ (0, 1), (2-39)

we obtain from (2-38) that
ηz|∇ y|

2
|ξ |2 − ξ · ∇

2 y · ξ ⩾ C |ξ |2. (2-40)

Furthermore, the same concavity properties (2-2) also yield the following in �:

−1y ⩾


0, d0 ⩽ d0,

−ε′n, d0 < d0 < 2d0,

εn, d0 ⩾ 2d0.

(2-41)

From (2-36) and (2-40), we now conclude
1
4 e−2λF

|(∂t +1σ,y)u|
2
− (∂t Jt + ∇ · J )

⩾ Cλθy−1+2p
|∇v|2 +

1
2(1 − 2p)(3 − 2p)2λθy−4+2p

|∇ y|
4v2

+ 2(1 − η)(1 − p)2zλθy−3+2p
|∇ y|

4v2
− (1 − 2p)(3 − 2p)λθy−3+2p1y|∇ y|

2v2
+Av2

− Cλθy−2+2pv2. (2-42)

Step 3. The zeroth order terms. It remains to estimate the zero-order coefficient A. First, for A0, note
from (2-22) and (2-32) that

A0 = σ y−2
+ λ2θ2 y−2+4p

|∇ y|
2
+ 2zλθy−1+2p

|∇ y|
2
+

1
2p
λθ ′y2p. (2-43)

Using that
|θ ′

| ≲ θ2, |θ ′′
| ≲ θ3, (2-44)

we then compute that
−

1
2∂tA0 ⩾ −C ′λ2θ3 y−2+2p. (2-45)

Next, using (2-32) and (2-43) we expand

−λ∇F · ∇A0 = −λθy−1+2p DyA0

⩾ 2σλθy−4+2p
|∇ y|

2
+2(1−2p)λ3θ3 y−4+6p

|∇ y|
4
−λ3θ3 y−3+6p(∇ y ·∇

2 y ·∇ y)

+ 2z(1 − 2p)λ2θ2 y−3+4p
|∇ y|

4
− C ′λ2θ2 y−2+2p, (2-46)

as well as

−2zλDy FA0 = −2zλθy−1+2p
|∇ y|

2A0

⩾ −2σ zλθy−3+2p
|∇ y|

2
− 2zλ3θ3 y−3+6p

|∇ y|
4
− C ′λ2θ2 y−2+2p. (2-47)

Lastly, observe from (2-32) that
1
2λ1(1F − 2zDy F)

=
1
2λθ1[−(1 − 2p)y−2+2p

|∇ y|
2
+ y−1+2p1y − 2zy−1+2p

|∇ y|
2
]

⩾ −(1 − 2p)(1 − p)(3 − 2p)λθy−4+2p
|∇ y|

4
+ 2(1 − 2p)(1 − p)λθy−3+2p

|∇ y|
21y

− 2z(1 − 2p)(1 − p)λθy−3+2p
|∇ y|

4
− C ′λθy−2+2p. (2-48)
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Thus, combining (2-30) and (2-45)–(2-48) yields

A⩾ [2σ |∇ y|
−2

− (1 − 2p)(1 − p)(3 − 2p)]λθy−4+2p
|∇ y|

4

− [2σ z|∇ y|
−2

+ 2z(1 − 2p)(1 − p)]λθy−3+2p
|∇ y|

4
+ 2(1 − 2p)(1 − p)1y|∇ y|

−2λθy−3+2p
|∇ y|

4

+ 2λ3θ3
[(1 − 2p)− zy]y−4+6p

|∇ y|
4
+ 2z(1 − 2p)λ2θ2 y−3+4p

|∇ y|
4
− C ′λ2θ3 y−2+2p. (2-49)

Putting (2-49) together with our estimate (2-42), we then have

1
4 e−2λF

|(∂t +1σ,y)u|
2
− (∂t Jt + ∇ · J )

⩾ Cλθy−1+2p
|∇v|2 + 2

(
p2

− 2p + σ |∇ y|
−2

+
3
4

)
λθy−4+2p

|∇ y|
4v2

+ 2z[p − η(1 − p)− σ |∇ y|
−2

]λθy−3+2p
|∇ y|

4v2
− (1 − 2p)λθy−3+2p1y|∇ y|

2v2

+ 2λ3θ3
[(1 − 2p)− zy]y−4+6p

|∇ y|
4v2

+ 2z(1 − 2p)λ2θ2 y−3+4p
|∇ y|

4v2

− C ′λ2θ3 y−2+2pv2. (2-50)

Choosing ε′ sufficiently small, so that (2-39) implies

p − η(1 − p)⩾ 1
2 p + Cε,

and recalling (2-14), (2-20), and (2-41), we conclude that

1
4 e−2λF

|(∂t +1σ,y)u|
2
− (∂t Jt + ∇ · J )

⩾ Cλθy−1+2p
|∇v|2 + Cλ3θ3 y−4+6p

|∇ y|
4v2

+ 2
(

p2
− 2p + σ |∇ y|

−2
+

3
4

)
λθy−4+2p

|∇ y|
4v2

+ z(p − 2σ |∇ y|
−2)λθy−3+2p

|∇ y|
4v2

− C ′λ2θ3 y−3+4pv2. (2-51)

We now claim that (2-51) implies

1
4 e−2λF

|(∂t +1σ,y)u|
2
− (∂t Jt + ∇ · J )

⩾ Cλθy−1+2p
|∇v|2 + C(λ3θ3 y−4+6p

+ λθy−3+2p)|∇ y|
4v2

− C ′λ2θ3 y−3+4pv2. (2-52)

First, when σ ⩽ 0, we have that (2-52) follows from (2-14), (2-51), and the inequalities

2σ |∇ y|
−2λθy−4+2p

|∇ y|
4v2 ⩾ 2σλθy−4+2p

|∇ y|
4v2

− C ′λθy−2+2pv2,

2
(

p2
− 2p + σ +

3
4

)
λθy−4+2p

|∇ y|
4v2 ⩾ 0,

z(p − 2σ |∇ y|
−2)λθy−3+2p

|∇ y|
4v2 ⩾ zpλθy−3+2p

|∇ y|
4.

(The first inequality above follows, since |∇ y|
−2

− 1 vanishes near 0 and is bounded from below on �
by a negative constant.) On the other hand, the case σ > 0 follows from (2-14), (2-20), (2-51), and the
inequalities

2
(

p2
− 2p +

3
4

)
λθy−4+2p

|∇ y|
4v2 ⩾ 0,

2σλθy−4+2p
|∇ y|

2v2
− z2σλθy−3+2p

|∇ y|
2v2 ⩾ 4pσλθy−4+2p

|∇ y|
2v2.

Combining the above two cases completes the proof of (2-52).
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Step 4. Completion of the proof. Since x∗ is the only critical point of y, it follows that |∇ y| is bounded
away from zero on � \ Bδ(x∗), and hence (2-52) becomes

e−2λF
|(∂t +1σ,y)u|

2
− 4(∂t Jt + ∇ · J )

⩾ Cλθy−1+2p
|∇v|2 + C(λ3θ3 y−4+6p

+ λθy−3+2p)1�\Bδ(x∗)v
2
− C ′λ2θ3 y−3+4pv2.

Furthermore, on � \ Bδ(x∗), the negative term in the right-hand side of the above can be absorbed into
the positive terms by taking λ sufficiently large, and hence

e−2λF
|(∂t +1σ,y)u|

2
− 4(∂t Jt + ∇ · J )

⩾ Cλθy−1+2p
|∇v|2 + C(λ3θ3 y−4+6p

+ λθy−3+2p)1�\Bδ(x∗)v
2
− C ′λ2θ3 y−3+4p1Bδ(x∗)v

2. (2-53)

The desired estimate (2-15) now follows from (2-53) by (2-19), and by noting that

e−2λF y−1+2p
|∇u|

2 ⩽ Cy−1+2p
|∇v|2 + Cλ2θ2 y−3+6p

|∇ y|
2v2

⩽ Cy−1+2p
|∇v|2 + Cλ2θ2 y−4+6p1�\Bδ(x∗)v

2
+ C ′λ2θ2 y−3+4p1Bδ(x∗)v

2.

It remains to prove the inequalities (2-17) and (2-18). For the latter bound, we apply (2-19), (2-32),
(2-37), and (2-43) to obtain

∇ y · J − ∂tvDyv ⩽ 2λθy−1+2p(Dyv)
2
− λθy−1+2p

|∇v|2 + Cλθy−2+2p
|v||Dyv| + Cλθy−3+2pv2

⩽ Cλθy−1+2p(Dyv)
2
+ Cλθy−3+2pv2

⩽ Ce−2λFλθy−1+2p(Dyv)
2
+ Ce−2λFλ3θ3 y−3+2pu2,

whenever d0 < d0 (so that |∇ y|
2

= 1 by Definition 2.1). Notice, in particular, that terms containing
derivatives of v in directions other than along ∇ y are nonpositive and hence can be omitted. The desired
(2-18) now follows from the above, (2-16), (2-19), and (2-44). Similarly, for (2-17), we estimate

|J t
| ⩽ C |∇v|2 + Cλ2θ2 y−2v2 ⩽ Ce−2λF

|∇u|
2
+ Ce−2λFλ2θ2 y−2u2,

where we applied (2-19), (2-31), (2-32), and (2-43). □

2.3. The global Carleman estimate. In this subsection, we will state and prove the precise version our
main global Carleman estimate. Before doing so, we must first improve the pointwise estimate (2-15)
by eliminating the negative term in the right-hand side that is supported near the critical point of the
boundary defining function. This is accomplished below by summing two instances of (2-15), using two
boundary defining functions with distinct critical points.

Lemma 2.8. Fix T > 0, and let σ, p ∈ R satisfy (2-14). There exist C, ε, ε′, λ0 > 0 (depending on
T, �, d0, σ, p) and an (ε, ε′)-boundary defining pair (y1, y2) such that, for all u ∈ C2([0, T ] ×�) and
λ⩾ λ0,

2∑
j=1

e−2λF j |(±∂t +1σ,y j )u|
2
− 4

2∑
j=1

(∂t J t
j + ∇· J j )

⩾ C
2∑

j=1

e−2λF j
[
λθy−1+2p

j |∇u|
2
+ (λ3θ3 y−4+6p

j + λθy−3+2p
j )u2], (2-54)
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where F j ( j = 1, 2) is given by

F j (t, x) := θ(t)
( 1

2p
y j (x)2p

+β j

)
, θ(t) :=

1
t (T −t)

, (2-55)

for appropriately chosen β j > 0, where the scalars J t
j satisfy

|J t
j | ⩽ Ce−2λF j |∇u|

2
+ Ce−2λF jλ2θ2 y−2

j u2, (2-56)

and where the vector fields J j satisfy, sufficiently near 0,

∇ y j · J j − e−2λF j ∂t u Dy j u ⩽ Ce−2λF jλθy−1+2p
j (Dy j u)

2
+ Ce−2λF jλ3θ3 y−3+2p

j u2. (2-57)

Proof. Lemma 2.4 yields a (ε, ε′)-boundary defining (y1, y2) satisfying the properties of Definition 2.3,
for any sufficiently small ε and ε′. In particular, y j ( j = 1, 2) has a unique critical point x j ∈ �, with
d0(x j ) > 2d0, at which it attains its maximum R j := y j (x j ). Since x j is the (unique) global maximum
of y j , and since x1 ̸= x2, there exist δ > 0, 0< r1 < R1, and 0< r2 < R2 such that

Bδ(x1)∩Bδ(x2)=∅, {r1⩽ y1⩽ R1}∩{y2⩽r2}⊇ Bδ(x1), {r2⩽ y2⩽ R2}∩{y1⩽r1}⊇ Bδ(x2). (2-58)

See Figure 1 for an illustration of this setting.
We can thus apply Lemma 2.7 with y = y j , our given p, σ , the above δ, and sufficiently large λ > 0.

Summing both estimates, we derive
2∑

j=1

e−2λF j |(±∂t +1σ,y j u)|
2
− 4

2∑
j=1

(∂t J t
j + ∇· J j )

⩾ Cλθ
2∑

j=1

e−2λF j y−1+2p
j |∇u|

2
− C ′λ2θ3

2∑
j=1

e−2λF j y−3+4p
j 1Bδ(x j )u

2

+ C
2∑

j=1

e−2λF j (λ3θ3 y−4+6p
j + λθy−3+2p

j )1�\Bδ(x j )u
2. (2-59)

Figure 1. The domain � with convex boundary 0 is depicted together with balls centered at the
critical points x1, x2 of two good boundary defining functions y1, y2. In a neighborhood of 0,
these functions agree with the distance to the boundary d0 .
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Furthermore, we write the Carleman weights F j as

F j (t, x)= θ(t) f j (y j (x)), f j (r) :=
1

2p
r2p

+β j ,

and we choose β1, β2 > 0 to satisfy
β2 −β1 :=

1
2p
(r2p

1 − r2p
2 ).

Notice that with the above choice, we have

f1(r1)= f2(r2). (2-60)

Then, for each j = 1, 2 and j∗
:= 3 − j , we have that

e−2λF j y−3+4p
j 1Bδ(x j ) ⩽ e−2λθ(t) f j (r j )y−4+6p

j 1Bδ(x j ) ⩽ Ce−2λθ(t) f j∗ (r j∗ )y−4+6p
j∗ 1Bδ(x j )

⩽ Ce−2λF j∗ y−4+6p
j∗ 1�\Bδ(x j∗ ), (2-61)

with C > 0 independent of λ. (Here, the first and third steps in (2-61) follow from (2-58) and the
monotonicity of f1 and f2, while the second step is a consequence of (2-60) and the fact that both y j , y j∗

are bounded away from 0 on Bδ(x j ).)
Applying (2-61) and taking λ large enough, the negative term in the right-hand side of (2-59) can be

absorbed in the subsequent positive term, and we arrive at

2∑
j=1

e−2λF j |(±∂t +1σ,y j )u|
2
− 4

2∑
j=1

(∂t J t
j + ∇· J j )

⩾ C
2∑

j=1

e−2λF j
[
λθy−1+2p

j |∇u|
2
+ (λ3θ3 y−4+6p

j + λθy−3+2p
j )1�\Bδ(x j )u

2].
Finally, the desired (2-54) follows by noting that the factor 1�\Bδ(x j ) in the above can be removed — this
is because � is covered by � \ Bδ(x1) and � \ Bδ(x2), and both y1, y2 are bounded away from zero on
Bδ(x1)∪ Bδ(x2). □

We can now state our main global Carleman estimate:

Theorem 2.9. Fix T > 0, and let σ, p ∈ R satisfy (2-14). Then, there exist constants C, ε, ε′, λ0 > 0
(depending on T, �, d0, σ, p) and an (ε, ε′)-boundary defining pair (y1, y2) such that the following
Carleman estimate holds:

C
2∑

j=1

∫
[0,T ]×�

e−2λF j
[
λθy−1+2p

j |∇u|
2
+ (λ3θ3 y−4+6p

j + λθy−3+2p
j )u2]

⩽ lim sup
δ↘0

2∑
j=1

∫
[0,T ]×{y j =δ}

e−2λF j
[
λθy−1+2p

j (Dy j u)
2
+ λ3θ3 y−3+2p

j u2]
+ lim sup

δ↘0

2∑
j=1

∣∣∣∣∫
[0,T ]×{y j =δ}

e−2λF j ∂t u Dy j u
∣∣∣∣ + 2∑

j=1

∫
[0,T ]×�

e−2λF j |(±∂t +1σ,y j )u|
2, (2-62)
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for all λ⩾ λ0 and for all u ∈ C2([0, T ] ×�) having finite energy,

sup
t∈[0,T ]

∫
{t}×�

(|∇u|
2
+ d−2

0 u2) <∞, (2-63)

and where both F j ( j = 1, 2) and θ are defined as in (2-55).

Proof. Let C, ε, ε′, λ0, (y1, y2) be chosen as in Lemma 2.8. Integrating the pointwise estimate (2-54)
over the domain [0, T ]× {y j > δ} and applying both the fundamental theorem of calculus (in t) and the
divergence theorem (in x) yields

C
2∑

j=1

∫
[0,T ]×{y j>δ}

e−2λF j
[
λθy−1+2p

j |∇u|
2
+ (λ3θ3 y−4+6p

j + λθy−3+2p
j )u2]

⩽
2∑

j=1

∫
[0,T ]×{y j>δ}

e−2λF j |(±∂t +1σ,y j )u|
2
+ 4

2∑
j=1

∫
{T }×{y j>δ}

|J t
j | + 4

2∑
j=1

∫
{0}×{y j>δ}

|J t
j |

+ 4
2∑

j=1

∫
[0,T ]×{y j =δ}

(∇ y j · J j ). (2-64)

By (2-57), there exists C ′ > 0 (with the same dependencies as before) with∫
[0,T ]×{y j =δ}

(∇ y j ·J j )⩽C ′

∫
[0,T ]×{y j =δ}

e−2λF jλθy−1+2p
j (Dy j u)

2
+C ′

∫
[0,T ]×{y j =δ}

e−2λF jλ3θ3 y−3+2p
j u2

+ C ′

∣∣∣∣∫
[0,T ]×{y j =δ}

e−2λF j ∂t u Dy j u
∣∣∣∣, (2-65)

for j = 1, 2. For the remaining boundary integrals for J t
j , note that

λkθ ke−λF j ⩽ λkθ ke−λθβ j

converges uniformly to 0 as t ↗ T and t ↘ 0, for any k ⩾ 0. The above, combined with (2-56) and (2-63),
imply that the terms of (2-64) containing J t

1 , J t
2 vanish:

4
2∑

j=1

∫
{T }×{y j<δ}

|J t
j | = 4

2∑
j=1

∫
{0}×{y j<δ}

|J t
j | = 0. (2-66)

Combining (2-64)–(2-66) and then letting δ ↘ 0 results in (2-62). □

Remark 2.10. While the final boundary term in (2-62) (involving ∂t u) is expected to vanish in our
applications of Theorem 2.9, it has to be treated especially delicately. Thus is due to the presence of ∂t u,
which counts for two spatial derivatives in the context of parabolic equations, and which makes this the
least regular boundary term. In particular, we will have to take full advantage of the structure of our heat
operator in order to ensure that this term is well-defined and finite.
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3. Boundary observability

As an application of Theorem 2.9, we present in this section a boundary observability result for critically
singular (backwards) heat equations. Throughout, we let �, 0, d0 , and the constant d0 be as in previous
sections.

Before stating our key results, we must first develop the requisite well-posedness theory for our
singular heat operators. For this, we will also have to treat the more general inhomogeneous extension of
Problem (O):

Problem (OI). Given final data uT on �, and forcing term F on (0, T )×�, solve the following final-
boundary value problem for u:

(∂t +1σ + X · ∇ + V )u = F on (0, T )×�,

u(T )= uT on �,

u = 0 on (0, T )×0,

(3-1)

where σ ∈
(
−

3
4 , 0

)
, and where the lower-order coefficients satisfy (X, V ) ∈ Z .

Our analysis of Problem (OI) is closely connected to the setting studied in [Biccari and Zuazua 2016]
(but only for subcritical σ ). Since we are dealing with boundary rather than interior observability, here we
must deal more carefully with boundary asymptotics. Moreover, the presence of lower-order terms in (3-1)
complicates the analysis. As a result, we provide abridged proofs of several key results for completeness.

Remark 3.1. We note that all the theory in this section applies to the forward heat equation as well, with
the final data uT replaced by initial data u0 at t = 0. Indeed, this can be obtained by applying the time
transformation t 7→ T − t .

For future convenience, we also use Lemma 2.4 to fix the following:

Setting (boundary defining function). Fix a boundary defining function (Definition 2.1) y ∈ C4(�). (The
associated constants ε, ε′ are not relevant.)

The above is mainly for technical simplification, as this allows us to replace d0, which can fail to be
differentiable away from 0, by a smoother quantity.

Remark 3.2. Equation (3-1) can now be rewritten as

∂t u + y−κ
∇ · [y2κ

∇(y−κu)] + X · ∇u + Vyu = F, (3-2)

where the modified potential Vy is given by

Vy = V − κy−11yφ+ κ(1 − κ)(|∇ y|
2 y−2

− d−2
0 )φ. (3-3)

Note in particular that (X, Vy) ∈ Z . In the upcoming analysis, it will often be more convenient to express
1σ in terms of “y-twisted” derivatives, yκ∇ y−κ and y−κ

∇ yκ .
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3.1. Elliptic and semigroup theory. The first task is to establish the elliptic and semigroup properties for
the singular operator 1σ + X · ∇ + V.

The following Hardy inequality will play a crucial role in our analysis:

Proposition 3.3. For any φ ∈ H 1
0 (�),

1
4

∫
�

d−2
0 φ2 ⩽

∫
�

|∇φ|
2. (3-4)

Remark 3.4. See [Brezis and Marcus 1997; Marcus et al. 1998] for details on Proposition 3.3. We
mention that the explicit constant 1

4 in (3-4) is only valid when 0 is convex; for more general � and 0,
one still has (3-4), but with 1

4 replaced by a possibly smaller positive constant.

Corollary 3.5. The following holds for any σ ∈
(
−

3
4 , 0

)
and φ ∈ H 1

0 (�),

∥φ∥H1(�) ≃ ∥yκ∇(y−κφ)∥L2(�) + ∥φ∥L2(�), (3-5)

where the constants depend on � and σ .

Proof. Half of (3-5) is an immediate consequence of (3-4):

∥yκ∇(y−κφ)∥L2(�) ≲ ∥∇φ∥L2(�) + ∥y−1φ∥L2(�) ≲ ∥∇φ∥L2(�).

For the reverse inequality, we integrate by parts to obtain, for φ ∈ C∞

0 (�),∫
�

|∇φ|
2 ⩽

∫
�

φ(−1φ− σ y−2φ)

⩽ −

∫
�

φ(y−κ
∇ · [y2κ

∇(y−κφ)])+ [∥∇φ∥L2(�) + ∥φ∥L2(�)]∥φ∥L2(�)

⩽
∫
�

|yκ∇(y−κφ)|2 + [∥∇φ∥L2(�) + ∥φ∥L2(�)]∥φ∥L2(�).

The result now follows from the above via approximation. □

Remark 3.6. One can in fact show, using (3-4), that (3-5) holds for all σ < 1
4 .

Next, we show that 1σ + X · ∇ + V generates an appropriate semigroup, from which one can derive
well-posedness properties for Problem (OI):

Proposition 3.7. Fix σ ∈
(
−

3
4 , 0

)
and (X, V ) ∈ Z , and consider the operator

Aσ :=1σ + X · ∇ + V, (3-6)

which we view as an unbounded operator on L2(�),

Aσ : D(Aσ )→ L2(�), D(Aσ ) := {φ ∈ H 1
0 (�) | Aσφ ∈ L2(�)}.

Then, there exists γ ⩾ 0 such that:

• λI − Aσ is invertible for any λ > γ , and

∥(λI − Aσ )−1 f ∥L2(�) ⩽ (λ− γ )−1
∥ f ∥L2(�), f ∈ L2(�). (3-7)
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• −Aσ generates a γ -contractive semigroup t 7→ e−t Aσ on L2(�); that is,

∥e−t Aσφ∥L2(�) ⩽ eγ t
∥φ∥L2(�), t > 0, φ ∈ L2(�). (3-8)

Furthermore, if φ ∈ D(Aσ ), then φ ∈ H 2
loc(�), and

∥y−κ
∇[y2κ

∇(y−κφ)]∥L2(�) + ∥∇φ∥L2(�) ≲ ∥Aσφ∥L2(�) + ∥φ∥L2(�), (3-9)

with the constant of the inequality depending only on �, σ, X, V.

Proof sketch. First, by the computations in Remark 3.2, we have

Aσ = y−κ
∇ · (y2κ

∇ y−κ)+ X · ∇ + Vy . (3-10)

We begin with the resolvent estimate (3-7). Note −Aσ can be associated with the bilinear form
Bσ : H 1

0 (�)× H 1
0 (�)→ R, given by

Bσ (φ, ψ) :=

∫
�

[
yκ∇(y−κφ) · yκ∇(y−κψ)− (X · ∇φ)ψ − Vyφψ

]
. (3-11)

By Definition 1.5 and (3-5), there exist c > 0 and γ ⩾ 0 such that

Bσ (φ, φ)⩾ c∥φ∥
2
H1(�)

− γ ∥φ∥
2
L2(�)

. (3-12)

In particular, when λ > γ , the Lax–Milgram theorem and (3-12) imply that for any f ∈ L2(�), there
exists a unique φ ∈ H 1

0 (�) such that

λ

∫
�

φψ +Bσ (φ, ψ)=

∫
�

fψ, ψ ∈ H 1
0 (�). (3-13)

Applying an integration by parts to (3-13), we see that f = (λI − Aσ )φ (at least in a weak sense).
Moreover, setting ψ := φ in (3-13) and recalling (3-12) yields

(λ− γ )∥φ∥
2
L2(�)

⩽ ∥ f ∥L2(�)∥φ∥L2(�),

from which the resolvent inequality (3-7) immediately follows.
The next step is to obtain the H 2-estimate (3-9). The H 1-bound

∥∇φ∥L2(�) ≲ ∥Aσφ∥L2(�) + ∥φ∥L2(�) (3-14)

is a consequence of (3-11), (3-12), and an integration by parts. Moreover, interior regularity for Aσ
follows from standard elliptic theory (see [Evans 2010, Section 6.3]), since all the coefficients of Aσ
are bounded on any compact subset of �. In particular, φ ∈ D(Aσ ) implies φ ∈ H 2

loc(�), and hence it
suffices to bound y−κ

∇[y2κ
∇(y−κφ)] in (3-9) while assuming that φ is supported sufficiently near 0.

Let /∇ and /1 denote the gradient and Laplacian on the level sets of y, respectively. The informal idea
is then to integrate by parts the identity∫

�

Aσφ /1φ =

∫
�

{
y−κ

∇ · [y2κ
∇(y−κφ)] + X · ∇φ+ Vyφ

}
/1φ. (3-15)
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In particular, estimating lower-order terms using Definition 1.5 and (3-4), and noting that /∇φ and /∇2
φ

have zero trace on 0, we obtain the estimate

∥y−κ /∇[y2κ
∇(y−κφ)]∥2

L2(�)

≲ ∥Aσφ∥L2(�)∥ /1φ∥L2(�)+∥φ∥L2(�)∥y−κ /∇[y2κ
∇(y−κφ)]∥L2(�)+∥φ∥

2
H1(�)

+∥y−1φ∥L2(�)∥ /1φ∥L2(�)

≲ [∥Aσφ∥L2(�) + ∥φ∥H1(�)]
∥∥y−κ /∇[y2κ

∇(y−κφ)]
∥∥

L2(�)
+ ∥φ∥

2
H1(�)

.

(Formally, there is not enough regularity to carry out the above manipulations, and one must approximate,
e.g., by replacing /1φ in (3-15) with appropriate difference quotients; see [Evans 2010, Section 6.3].)
The above then implies

∥y−κ /∇[y2κ
∇(y−κφ)]∥2

L2(�)
≲ ∥Aσφ∥

2
L2(�)

+ ∥φ∥
2
H1(�)

. (3-16)

In addition, for normal derivatives, we bound, using (3-4), (3-6), and (3-16),

∥y−κDy[y2κDy(y−κφ)]∥L2(�) ≲ ∥Aσφ∥L2(�) + ∥ /1φ∥L2(�) + ∥φ∥H1(�)

≲ ∥Aσφ∥L2(�) + ∥φ∥H1(�). (3-17)

The desired estimate (3-9) now follows by combining (3-14), (3-16), and (3-17).
It remains to prove the semigroup property for −Aσ . By the Hille–Yosida theorem (see, e.g., the

discussions in [Evans 2010, Section 7.4]), this is a consequence of (3-7), provided we show that Aσ is
closed and densely defined. The latter property holds, since D(Aσ ) contains C∞

0 (�) and hence is dense
in L2(�).

Finally, to see that Aσ is closed, consider a sequence (φk) in D(Aσ ) such that

lim
k→∞

φk = φ, lim
k→∞

Aσφk = ψ, (3-18)

with both limits in L2(�). Then, all the φk’s lie in H 2
loc(�), and (3-9) yields that

∥y−κ
∇[y2κ

∇(y−κ(φk −φl))]∥L2(�) + ∥∇(φk −φl)∥L2(�) ≲ ∥Aσφk − Aσφl∥L2(�) + ∥φk −φl∥L2(�),

for any k, l ∈ N. Since the right-hand side of the above goes to zero as k, l → ∞ by (3-18), then (φk) is a
Cauchy sequence in a weighted H 2-space, and

lim
k→∞

∇φk = ∇φ, lim
k→∞

y−κ
∇[y2κ

∇(y−κφk)] = y−κ
∇[y2κ

∇(y−κφ)].

The above then implies ψ = Aσφ, and hence Aσ is indeed closed. □

Remark 3.8. Hardy’s inequality ensures the usual Sobolev space H 1
0 (�) suffices for working at the level

of first derivatives. However, the situation changes for second derivatives, as the left-hand side of (3-9) is
no longer comparable to the H 2-norm.

3.2. Strict solutions. Following the discussions in [Biccari 2019; Biccari and Zuazua 2016], we now
define two notions of solutions of (3-1), and we state the corresponding well-posedness results:
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Definition 3.9. Given uT ∈ L2(�) and F ∈ L2((0, T )×�), we call

u ∈ C0([0, T ]; L2(�))∩ L2((0, T ); H 1
0 (�))

a mild solution of Problem (OI) if and only if the following holds:

u(t)= e(T −t)Aσ uT −

∫ T

t
e(s−t)Aσ F(s) ds, t ∈ [0, T ]. (3-19)

Proposition 3.10. Suppose uT ∈ L2(�) and F ∈ L2((0, T )×�). Then, there is a unique mild solution u
to Problem (OI). Furthermore, u satisfies the estimate

∥u∥
2
L∞([0,T ];L2(�))

+ ∥yκ∇(y−κu)∥2
L2((0,T )×�) ≲ ∥uT ∥

2
L2(�)

+ ∥F∥
2
L2((0,T )×�), (3-20)

with the constant of the inequality depending only on �, σ , X , V .

Proof sketch. Both existence and uniqueness are immediate from (3-19). For (3-20), we only consider
when uT ∈ D(Aσ ) (so that u(t) ∈ D(Aσ ) and ∂t u(t) ∈ L2(�) for every t ∈ [0, T )); the general case then
follows by approximation.

By the fundamental theorem of calculus, (3-2), and integrations by parts,

∥u(T )∥2
L2(�)

− ∥u(t)∥2
L2(�)

= 2
∫ T

t

∫
�

u
{

F − y−κ
∇ · [y2κ

∇(y−κu)] − X · ∇u − Vyu
}∣∣

t=s ds

= 2
∫ T

t

∫
�

Fu|t=s ds + 2
∫ T

t

∫
�

|yκ∇(y−κu)|2
∣∣
t=s ds +

∫ T

t

∫
�

(∇ · X − 2Vy)u2∣∣
t=s ds,

for any t ∈ [0, T ). Rearranging and recalling Definition 1.5, we obtain that

∥u(t)∥2
L2(�)

+ 2
∫ T

t

∫
�

|yκ∇(y−κu(s))|2 ds

⩽ ∥uT ∥
2
L2(�)

+

∫ T

t

[
∥F(s)∥L2(�) + ∥y−1u(s)∥L2(�)

]
∥u(s)∥L2(�) ds.

Applying (3-4), (3-5), and absorbing then yields,

∥u(t)∥2
L2(�)

+ ∥u∥
2
L2((0,T );H1(�))

≲ ∥uT ∥
2
L2(�)

+ ∥F∥
2
L2((0,T )×�) +

∫ T

t
∥u(s)∥2

L2(�)
ds,

and the result follows from Gronwall’s inequality. □

Definition 3.11. Given uT ∈ H 1
0 (�) and F ∈ L2((0, T )×�), we call

u ∈ C0([0, T ]; H 1
0 (�))∩ H 1((0, T ); L2(�))∩ L2((0, T );D(Aσ ))

a strict solution of Problem (OI) if and only if:

• (∂t +1σ + X · ∇ + V )u = F almost everywhere on (0, T )×�.

• u(T )= uT holds as an equality in H 1
0 (�).
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Proposition 3.12. Suppose uT ∈ H 1
0 (�) and F ∈ L2((0, T ) × �). Then, the mild solution u from

Proposition 3.10 is also the unique strict solution to Problem (OI). Furthermore, u satisfies the energy
inequality

∥u∥
2
L∞([0,T ];H1(�))

+ ∥y−κ
∇[y2κ

∇(y−κu)]∥2
L2((0,T )×�) ≲ ∥uT ∥

2
H1(�)

+ ∥F∥
2
L2((0,T )×�), (3-21)

again with the constant depending only on �, σ, X, V.

Proof sketch. That the mild solution is also the strict solution is immediate. For (3-21), we again need
only consider uT ∈ D(Aσ ).

By the fundamental theorem of calculus, integrations by parts, and (3-2),

∥yκ∇(y−κu(T ))∥2
L2(�)

− ∥yκ∇(y−κu(t))∥2
L2(�)

= −2
∫ T

t

∫
�

∂t uy−κ
∇ · [y2κ

∇(y−κu)]
∣∣
t=s ds

= 2
∫ T

t

∫
�

(−F + X ·∇u + Vyu)y−κ
∇ · [y2κ

∇(y−κu)]
∣∣
t=s ds + 2

∫ T

t

∫
�

|y−κ
∇ · [y2κ

∇(y−κu)]|2
∣∣
t=s ds.

Rearranging the above and applying Hardy’s inequality then yields

∥u∥
2
L∞([0,T ];H1(�))

+ ∥y−κ
∇ · [y2κ

∇(y−κu)]∥2
L2((0,T )×�) ≲ ∥uT ∥

2
H1(�)

+ ∥F∥
2
L2((0,T )×�).

The desired (3-21) now follows from the above and from (3-9). □

Remark 3.13. While our well-posedness theory only applies when the lower-order coefficients X and V
are time-independent, this restriction is not essential. In fact, one can also treat time-dependent X and V
using a Galerkin method approach; see [Warnick 2013], which develops this theory for critically singular
hyperbolic equations.

3.3. The Neumann trace. From now on, we will focus mainly be on strict solutions to Problem (OI),
which are particularly relevant as this level of regularity is sufficient to define and control the Neumann
boundary trace.

Proposition 3.14. Fix uT ∈ H 1
0 (�) and F ∈ L2((0, T )× �), and let u denote the strict solution to

Problem (OI) (with this uT and F). Then, the Neumann trace Nσu is well-defined in L2((0, T )×0) and
satisfies the bound

∥Nσu∥
2
L2((0,T )×0) ≲ ∥uT ∥

2
H1(�)

+ ∥F∥
2
L2((0,T )×�), (3-22)

where the constant in the above depends on �, σ, X, V .
Furthermore, the following limit holds in L2((0, T )×0):

lim
d0→0

d−1+κ
0 u =

1
1−2κ

Nσu. (3-23)
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Proof. For any x ∈ 0 and 0< y0 < 2d0, we let ηy0(x) denote the point on the level set {y = y0} that is
reached from x along the integral curve of ∇ y. Letting dS be the surface measure on 0, then for any
0< y′

0 < y0 < 2d0,∫
(0,T )×0

[
y2κDy(y−κu)|(t,ηy0 (x)) − y2κDy(y−κu)|(t,ηy′

0
(x))

]2 dS(x) dt

=

∫
(0,T )×0

(∫ y0

y′

0

Dy[y2κDy(y−κu)]|(t,ηy(x))dy
)2

dS(x) dt

⩽
∫ y0

y′

0

y2κ dy ·

∫
(0,T )×0

∫ y0

y′

0

∣∣y−κDy[y2κDy(y−κu)]|(t,ηy(x))
∣∣2 dy dS(x) dt

≲ (1 + 2κ)−1 y1+2κ
0 ·

∫ T

0

∫
�

∣∣y−κ
∇[y2κ

∇(y−κu(s))]
∣∣2 ds,

where we used that 2κ >−1 and that y = d0 near 0. By the inequality (3-21), the right-hand side of the
above vanishes when y0 ↘ 0, and it hence follows that Nσu exists as an element of L2((0, T )×0).

Next, let χ : R → [0, 1] be a cutoff function satisfying

χ(s)=

{
1 s < d0,

0 s > 1
2 3d0.

Then, a similar computation as before, again using that 2κ >−1, yields

∫
(0,T )×0

(Nσu)2 =

∫
(0,T )×0

(∫ 2d0

0
Dy[χ(y)y2κDy(y−κu)]|(t,ηy(x)) dy

)2

dS(x) dt

≲ d1+2κ
0

∫
(0,T )×0

∫ 2d0

0

∣∣y−κDy[y2κDy(y−κu)]|(t,ηy(x))
∣∣2 dy dS(x) dt

+ d1+2κ
0

∫
(0,T )×0

∫ 2d0

0

∣∣yκDy(y−κu)|(t,ηy(x))
∣∣2 dy dS(x) dt

≲
∫ T

0

∫
�

|y−κ
∇[y2κ

∇(y−κu(s))]|2 ds + ∥u∥
2
L2((0,T );H1(�))

,

where we also used (3-5). The bound (3-22) follows from (3-21) and the above.
Next, for (3-23), we first note, for any 0< y0 < 2d0, that∫

(0,T )×0

(
yκ−1u|(t,ηy0 (x)) −

1
1−2κ

Nσu|(t,x)

)2
dS(x) dt

=

∫
(0,T )×0

[
y2κ−1

0

∫ y0

0
Dy(y−κu)|(t,ηy(x)) dy −

1
1−2κ

Nσu|(t,x)

]2

dS(x) dt

=

∫
(0,T )×0

(
y2κ−1

0

∫ y0

0
y−2κ[y2κDy(y−κu)|(t,ηy(x)) −Nσu|(t,x)

]
dy

)2

dS(x) dt,
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where we used the boundary condition u =0 on 0 from (3-1), and that κ <0. We next employ Minkowski’s
inequality on the above to derive[∫

(0,T )×0

(
yκ−1u|(t,ηy(x)) −

1
1−2κ

Nσu|(t,x)

)2
dS(x) dt

]1
2

≲ y2κ−1
0

∫ y0

0
y−2κ

[∫
(0,T )×0

(
y2κDy(y−κu)|(t,ηy(x)) −Nσu|(t,x)

)2 dS(x) dt
]1

2

dy

≲ sup
0<y<y0

[∫
(0,T )×0

(
y2κDy(y−κu)|(t,ηy(x)) −Nσu|(t,x)

)2 dS(x) dt
]1

2

.

Since Nσu ∈ L2((0, T )× 0), its definition (1-3) implies the above converges to 0 as y0 ↘ 0. This
immediately implies the desired limit (3-23). □

Remark 3.15. With some modification, one can extend the preceding well-posedness theory (Proposi-
tions 3.10 and 3.12) and Proposition 3.14 to 0 ⩽ σ < 1

4 .

Next, we prove a technical result, roughly stating that the least regular boundary term in the Carleman
estimate (2-62) indeed vanishes in our present setting:

Proposition 3.16. Let uT ∈H 1
0 (�), and let u denote the strict solution to Problem (O) (that is, Problem (OI)

without forcing term F ≡ 0). Then, u satisfies

lim
δ↘0

∫
(0,T )×{y=δ}

e−2λF∂t(y−κu)y2κDy(y−κu)= 0,

lim
δ↘0

∫
(0,T )×{y=δ}

e−2λF∂t(y−κu)y−1+κu = 0,
(3-24)

for any λ > 0, where F denotes the weight

F(t, x) :=
1

t (T −t)
[y(x)1+2κ

+β], β > 0. (3-25)

Proof sketch. Define the bilinear maps B1,B2 : H 1
0 (�)→ R by

B1(uT ) := lim
δ↘0

∫
(0,T )×{y=δ}

e−2λF∂t(y−κu)y2κDy(y−κu),

B2(uT ) := lim
δ↘0

∫
(0,T )×{y=δ}

e−2λF∂t(y−κu)y−1+κu,
(3-26)

where u is the strict solution to Problem (O) with final data uT . It then suffices to show that both B1 and
B2 are everywhere vanishing.

The main step is to show that both B1 and B2 are well-defined and finite. The process is similar to the
proof of Proposition 3.14, except we need more care with regularity. Somewhat informally, we use the
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divergence theorem to bound B1 by

|B1(uT )| =

∣∣∣∣limδ↘0

∫
(0,T )×{y>δ}

∇ · [e−2λF∂t(y−κu)y2κ
∇(y−κu)]

∣∣∣∣
⩽ 1

2 lim sup
δ↘0

∣∣∣∣∫
(0,T )×{y>δ}

e−2λF∂t [|yκ∇(y−κu)|2]
∣∣∣∣+C

∫
(0,T )×�

|∂t u|
∣∣y−κ

∇·[y2κ
∇(y−κu)]

∣∣
+ C

∫
(0,T )×�

|∂t u|yκ |y2κDy(y−κu)|

≲ sup
t∈[0,T ]

∫
�

|yκ∇(y−κu(t))|2 +

∫
(0,T )×�

y2κ
|y2κDy(y−κu)|2

+

∫
(0,T )×�

(
|∂t u|

2
+

∣∣y−κ
∇ · [y2κ

∇(y−κu)]
∣∣2)

= I1,1 + I1,2 + I1,3, (3-27)

where all constants here and below can depend on �, σ , X , V , as well as β, λ, and where we also noted
that λ3t−3(T − t)−3e−2λF is bounded.

For I1,1, we apply Corollary 3.5 and Proposition 3.12, which yield

I1,1 ≲ ∥uT ∥
2
H1(�)

. (3-28)

For I1,3, we recall the heat equation (1-9), Proposition 3.3, and (3-21) to obtain

I1,3 ≲ ∥uT ∥
2
H1(�)

. (3-29)

For I1,2, we integrate the pointwise Hardy inequality of Lemma 2.6, with parameters q := 1 + κ and
v := y2κDy(y−κu), and we recall Propositions 3.12 and 3.14:

I1,2 ≲
∫
(0,T )×�

(
y2+2κ

|Dy[y2κDy(y−κu)]|2 + y1+2κ
|y2κDy(y−κu)|2

)
+ lim
δ↘0

∫
(0,T )×{y=δ}

y1+2κ
|y2κDy(y−κu)|2

≲ ∥uT ∥
2
H1(�)

+

∫
(0,T )×�

y1+2κ
|y2κDy(y−κu)|2.

(Formally, the region near the critical point of y, where |∇ y| = 0, can be trivially treated.) Integrating
Lemma 2.6 again, now with q :=

3
2 + κ , yields

I1,2 ≲ ∥uT ∥
2
H1(�)

. (3-30)

Combining (3-27)–(3-30), we see that

B1(uT )≲ ∥uT ∥
2
H1(�)

.

Also, applying the above to differences of final data, we see that B1 is continuous.
Next, for B2, we have

|B2(uT )| =
1
2

∣∣∣∣∫
(0,T )×0

e−2λF∂t(y−1u2)

∣∣∣∣ ≲ sup
t∈[0,T ]

lim
δ↘0

∫
{y=δ}

y−1
|u(t)|2 + lim

δ↘0

∫
(0,T )×{y=δ}

y2κu2.
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The last term in the above vanishes by Proposition 3.14. For the remaining term, we again integrate
Lemma 2.6, with q = 0, which yields

|B2(uT )| ≲ sup
t∈[0,T ]

∫
�

(|Dyu|
2
+ y−1u2)≲ ∥uT ∥

2
H1(�)

,

where in the last step, we also applied Propositions 3.3 and 3.12. Like for B1, the above suffices to imply
the finiteness and continuity of B2.

(Formally, to rigorously show B1(uT ), B2(uT ) are well-defined, we would need, as in the proof
of Proposition 3.14, to estimate differences of the associated integrals over (0, T ) × {y = δ1} and
(0, T )×{y = δ2}, with δ1, δ2 ↘ 0. However, we skip this step here, as the details of this are analogous to
the above.)

Finally, by continuity, it suffices to show B1 and B2 vanish on a dense subspace of H 1
0 (�). For this,

we consider the domain D(Aσ ) from Proposition 3.7. Observe in particular that if uT ∈ D(Aσ ), then the
relations (see (3-19))

u(t)= e(T −t)Aσ uT , ∂t u(t)= e(T −t)Aσ (−AσuT )

imply that ∂t u is a mild solution to Problem (O), with final data −AσuT ∈ L2(�). Also, Proposition 3.10
yields ∂t u ∈ L2((0, T ); H 1

0 (�)), and hence Dσ (∂t u)= 0 as an element of L2((0, T )×0). Applying the
above to (3-26), we now have both B1(uT )= 0 and B2(uT )= 0 whenever uT ∈ D(Aσ ), as desired. □

3.4. Observability. Lastly, we state the key observability inequality and unique continuation property
satisfied by solutions of Problem (O):

Theorem 3.17. Let uT ∈ H 1
0 (�), and let u be the corresponding strict solution to Problem (O). Then, the

observability estimate
∥u(0)∥2

H1(�)
≲ ∥Nσu∥

2
L2((0,T )×0) (3-31)

holds with the constant of the inequality depending on �, σ, X, V.
In particular, if Nσu ≡ 0 on (0, T )×0, then u ≡ 0 on [0, T ] ×�.

Proof. Applying the global Carleman estimate of Theorem 2.9, with σ := κ(1−κ) from Problem (O) and
with p := κ +

1
2 , so that

p ∈
(
0, 1

2

)
, p2

− 2p +
3
4 = σ,

we see that there exists a boundary defining pair (y1, y2) (again, the values of the associated constants are
not important) such that, for sufficiently large λ > 0,

2∑
j=1

∫
(0,T )×�

λθe−2λF j (|∇u|
2
+ y−2

j u2)

⩽ lim sup
δ↘0

2∑
j=1

∫
(0,T )×{y j =δ}

λ3θ3e−2λF j [y2κ
j (Dy j u)

2
+ y−2+2κ

j u2
]

+ lim sup
δ↘0

2∑
j=1

∣∣∣∣∫
(0,T )×{y j =δ}

e−2λF j ∂t u Dy j u
∣∣∣∣ + 2∑

j=1

∫
(0,T )×�

e−2λF j (∂t +1σ,y j u)
2. (3-32)
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In the above, (θ, F1, F2) are defined from (y1, y2) via (2-55), and the left-hand side of (2-62) was further
simplified by recalling that κ < 0. (While (2-62) holds for classical regular solutions, this can be extended
to strict solutions via approximation.)

For the first boundary term in (3-32), we apply Proposition 3.14 to obtain

lim sup
δ↘0

2∑
j=1

∫
(0,T )×{y j =δ}

λ3θ3e−2λF j [y2κ
j (Dy j u)

2
+ y−2+2κ

j u2
]

≲ lim sup
δ↘0

2∑
j=1

∫
(0,T )×{y j =δ}

λ3θ3e−2λF j [|y2κ
j Dy j (y

−κ
j u)|2 + y−2+2κ

j u2
]

≲
∫
(0,T )×0

(Nσu)2, (3-33)

where we also noted in the last step that λ3θ3e−2λF j is bounded. Moreover, from Proposition 3.16, the
remaining boundary term in (3-32) vanishes.

Next, from Definition 1.5 and the definition of y, we have
2∑

j=1

∫
(0,T )×�

e−2λF j (∂t +1σ,y j u)
2 ≲

2∑
j=1

∫
(0,T )×�

e−2λF j (|∇u|
2
+ y−2

j u2). (3-34)

Thus, combining (3-32)–(3-34) and taking λ sufficiently large yields
2∑

j=1

∫
(0,T )×�

e−2λF j (|∇u|
2
+ y−2

j u2)≲
∫
(0,T )×0

(Nσu)2. (3-35)

Note (3-35) implies unique continuation — if Nσu ≡ 0, then u ≡ 0 on [0, T ] ×�.
Finally, applying the Hardy inequality (3-4) to (3-35), we have∫ T

0
e−cλθ(t)

∥u(t)∥H1(�) dt ≲
∫
(0,T )×0

(Nσu)2, c > 0.

Applying the inequality (3-21) on each interval (0, t) (with F ≡ 0) in the left-hand side of the above, we
can estimate the H 1-norm of u(t) from below by the H 1-norm of u(0). Since e−cλθ is clearly integrable
on (0, T ), then (3-31) follows. □

4. Boundary controllability

In this section, we prove our main boundary controllability result for the forward heat equation by applying
the Neumann regularity (Proposition 3.14) and boundary observability (Theorem 3.17) for the backward
heat equation. In particular, here we are primarily concerned with the setting of Problem (C):

(−∂t +1σ + Y · ∇ + W )v = 0 on (0, T )×�,

v(0)= v0 on �,

Dσv = f on (0, T )×0.

As usual, we adopt the same setting as described in previous sections.
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4.1. Regular solutions. The first step is to briefly discuss how solutions of Problem (C) with nonzero
Dirichlet data are constructed for sufficiently regular data.

Proposition 4.1. Given v0 ∈ H 1
0 (�) and f ∈ C∞

0 ((0, T )×0), there exists

v ∈ C0([0, T ]; H 1
loc(�))∩ H 1((0, T )× L2(�))∩ L2((0, T ); H 2

loc(�))

that solves Problem (C) in the following sense:

• (−∂t +1σ + Y · ∇ + W )v = 0 almost everywhere on (0, T )×�.

• v(0)= v0 holds as an equality in H 1
loc(�).

• Dσv = f holds in the trace sense in C0([0, T ]; L2(0)).

Moreover, if uT ∈ H 1
0 (�) and F ∈ L2((0, T ) × �), and if u is the corresponding strict solution of

Problem (OI), with lower-order coefficients given by

(X, V ) := (−Y,W − ∇ · Y ) ∈ Z, (4-1)

then the following identity holds:∫
(0,T )×�

Fv =

∫
�

uT v(T )−
∫
�

u(0)v0 +

∫
(0,T )×0

Nσu f. (4-2)

Proof sketch. For convenience, we adopt the shorthand

Bσ :=1σ + Y · ∇ + W. (4-3)

First, we construct a suitable extension vf : (0, T )×�→ R of f :

• We extend f to a sufficiently small neighborhood (0, T )× U0 of (0, T )×0 by defining it to be
constant along the integral curves of ∇ y at each time. Calling this extension f0 , we then define, on
(0, T )× U0, the function

vf := yκ f0 −
1

2κ
y1+κ(κY · ∇ y + yWy) f0 ∈ C2((0, T )× U0). (4-4)

• vf is then extended arbitrarily to all of (0, T )×� as a C2-function.

Furthermore, observe that since f ∈ C∞

0 ((0, T )×0), we can also arrange such that vf smoothly extends
to t = 0 by the condition vf |t=0 ≡ 0.

The key observation is that (−∂t + Bσ )vf lies in L2((0, T )×�). To confirm this, we need only check
that (4-4) has this property on (0, T )× U0, on which we can assume y = d0. For the first term on the
right-hand side of (4-4), we have

(−∂t + Bσ )(yκ f0)= y−κ
∇ · (y2κ

∇ f0)+ Y · ∇(yκ f0)+ Wy yκ f0 + O(yκ)

= 2κyκ−1
∇ y · ∇ f0 + yκ−1(κY · ∇ y + yWy) f0 + O(yκ),

since f0 and its derivatives are bounded up to 0 by definition. As ∇ y · ∇ f0 vanishes (again by the
definition of f0), we hence obtain

(−∂t + Bσ )(yκ f0)= yκ−1(κY · ∇ y + yWy) f0 + O(yκ). (4-5)
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In addition, since Y and yWy are C2 at 0 (by Definition 1.5), we have

(−∂t + Bσ )
[
−

1
2κ

y1+κ(κY · ∇ y + yWy) f0
]

= −
1

2κ
[y−κ

∇ · (y2κ
∇ y)](κY · ∇ y + yWy) f0 + O(yκ)

= −yκ−1(κY · ∇ y + yWy) f0 + O(yκ). (4-6)

Summing (4-5) and (4-6), and recalling that κ ∈
(
−

1
2 , 0

)
, we conclude that

(−∂t + Bσ )vf = O(yκ) ∈ L2((0, T )×�). (4-7)

Next, we define vh as the strict solution to the following problem:

(−∂t + Bσ )vh = −(−∂t + Bσ )vf on (0, T )×�,

vh(T )= v0 on �,

vh = 0 on (0, T )×0.

(4-8)

Note that the existence of vh follows from Proposition 3.12 (adapted to the forward heat equation — see
Remark 3.1) along with (4-7). Finally, observe that

v := vh + vf , (4-9)

which lies in the required space, suffices as our desired solution to Problem (C).
Lastly, given uT , F , and u as in the hypotheses, we write∫

(0,T )×�
Fv =

∫
(0,T )×�

(
∂t u + y−κ

∇ · [y2κ
∇(y−κu)] + X · ∇u + Vyu

)
v

= I1 + I2 + I3 + I4, (4-10)

and we integrate each term on the right-hand side of (4-10) by parts. First,

I1 =

∫
(0,T )×�

u(−∂tv)+

∫
�

u(T )v(T )−
∫
�

u(0)v(0)

=

∫
(0,T )×�

u(−∂tv)+

∫
�

uT v(T )−
∫
�

u(0)v0. (4-11)

To see that the right-hand side of (4-11) is well-defined, we consider, for instance,∫
�

uT v(T )=

∫
�

uT vh(T )+
∫
�

uT vf (T ).

Note that both terms on the right-hand side are finite, since uT , vh, vf ∈ L2(�) by Proposition 3.12, (4-4),
and the assumption κ >−

1
2 ; the remaining term involving u(0)v0 is treated similarly. Next, observe from

(3-3) and (4-1) that

I3 + I4 =

∫
(0,T )×�

u(Y · ∇v+ Wyv)−

∫
(0,T )×0

(Y · ∇ y)
[

lim
y↘0

yκu
]
Dσv

=

∫
(0,T )×�

u(Y · ∇v+ Wyv), (4-12)

where the boundary term in (4-12) vanishes due to (3-23).
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For the remaining term I2, we first obtain

I2 = −

∫
(0,T )×�

yκ∇(y−κu) · yκ∇(y−κv)+

∫
(0,T )×0

NσuDσv

= −

∫
(0,T )×�

yκ∇(y−κu) · yκ∇(y−κv)+

∫
(0,T )×0

Nσu f,

where we note that Nσu is well-defined by Proposition 3.14, and where we also note that yκ∇(y−κu),
yκ∇(y−κvh), and yκ∇(y−κvf ) all lie in C([0, T ]; L2(�)), by Corollary 3.5, Proposition 3.12, and (4-4).
Integrating by parts again then yields

I2 =

∫
(0,T )×�

u∇ · [y2κ
∇(y−κv)] +

∫
(0,T )×0

Nσu f −

∫
(0,T )×0

DσuNσv. (4-13)

We claim the last term in the right-hand side of (4-13) vanishes. However, treating this (informally written)
term properly requires additional comments:

• For the Neumann trace “Nσv”, we first notice from Proposition 3.14 that Nσvh is well-defined,
with a finite value on (0, T )×0. Also, from (4-4), we see directly that Nσvf (or, more accurately,
y2κDy(y−κvf ) in the limit y → 0) blows up like O(y2κ) at (0, T )×0.

• By the second part of Proposition 3.14, the Dirichlet trace Dσu exists and vanishes to order O(y1−κ)

at (0, T )×0.

Thus, the informally stated product “DσuNσv” vanishes at (0, T )×0 like O(y1+κ), which is a positive
power of y since κ >−

1
2 .

Combining (3-3) and (4-10)–(4-13) then yields∫
(0,T )×�

Fv =

∫
(0,T )×�

u(−∂tv+ Bσv)+
∫
(0,T )×0

Nσu f +

∫
�

uT v(T )−
∫
�

u(0)v0,

and the desired identity (4-2) follows from the equation satisfied by v. □

Remark 4.2. In proving Proposition 4.1, the extension vf := dκ0 f0 may have seemed natural at first
glance. However, this vf runs into issues, since (−∂t + Bσ )vf fails to lie in L2((0, T )×�). As a result,
one requires the extra correction term in (4-4) to ensure vf is sufficiently well-behaved near the boundary.
In fact, this correction term also motivates the boundary conditions imposed in Definition 1.5.

4.2. Weak solutions. The next task is to derive, using the identity (4-2), a well-posedness theory for
Problem (C) that is dual to that of Problem (OI).

Definition 4.3. Given v0 ∈ H−1(�) and f ∈ L2((0, T )×0), we call

v ∈ C0([0, T ]; H−1(�))∩ L2((0, T )×�)

a weak (or transposition) solution of Problem (C) if and only if for any F ∈ L2((0, T )×�),∫
(0,T )×�

Fv = −

∫
�

u(0)v0 +

∫
(0,T )×0

Nσu f, (4-14)

where u is the strict solution to Problem (OI) with the above F, with uT ≡ 0, and with lower-order
coefficients X and V given by (4-1).
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Proposition 4.4. Given v0 ∈ H−1(�) and f ∈ L2((0, T )×0), there exists a unique weak solution v of
Problem (C). In addition, v satisfies

∥v∥2
L∞([0,T ];H−1(�))

+ ∥v∥2
L2((0,T )×�) ≲ ∥v0∥

2
H−1(�)

+ ∥ f ∥
2
L2((0,T )×0), (4-15)

where the constant depends on �, σ , Y , W .

Proof sketch. Define the linear functional S : L2((0, T )×�)→ R by

SF := −

∫
�

u(0)v0 +

∫
[0,T ]×0

Nσu f,

where u is the strict solution to Problem (OI) with the above F , with uT ≡ 0, and with X and V given
by (4-1). Observe that S is bounded, since

|SF |
2 ≲ ∥u(0)∥2

H1(�)
∥v0∥

2
H−1(�)

+ ∥Nσu∥
2
L2((0,T )×0)∥ f ∥

2
L2((0,T )×0)

≲ (∥v0∥
2
H−1(�)

+ ∥ f ∥
2
L2((0,T )×0))∥F∥

2
L2((0,T )×�), (4-16)

where in the last step, we applied (3-21) and (3-22). By the Riesz representation theorem, there exists a
unique v ∈ L2((0, T )×�) such that ∫

(0,T )×�
Fv = SF.

In particular, v satisfies the desired identity (4-14).
In addition, the representation theorem and (4-16) also imply the estimate

∥v∥2
L2((0,T )×�) ≲ ∥v0∥

2
H−1(�)

+ ∥ f ∥
2
L2((0,T )×0),

hence it remains only to obtain the C0([0, T ]; H−1(�))-estimate for v. For this, we fix any τ ∈ (0, T ]

and uτ ∈ H 1
0 (�), and we let u be the strict solution of

(∂t +1σu + X · ∇ + V )u = 0 on (0, τ )×�,

u(τ )= uτ on �,

u = 0 on (0, τ )×0.

(4-17)

For sufficiently regular v0 and f, uniqueness yields that v must be equal to that of Proposition 4.1. As a
result, the identity (4-2) yields ∫

�

uτv(τ)=

∫
�

u(0)v0 −

∫
(0,T )×0

Nσu f.

The estimate (3-21) then implies∣∣∣∣∫
�

uτv(τ)
∣∣∣∣ ⩽ ∥u(0)∥H1(�)∥v0∥H−1(�) + ∥Nσu∥L2((0,T )×0)∥ f ∥L2((0,T )×0)

≲ ∥uτ∥H1(�)

[
∥v0∥H−1(�) + ∥ f ∥L2((0,T )×0)

]
,

and the desired C0([0, T ]; H−1(�))-estimate for v follows. Finally, the general case v0 ∈ H−1(�) follows
via an approximation argument. □

4.3. Null controllability. We can now turn our attention to the main null control result. The first step is
to properly characterize the desired null control:
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Proposition 4.5. Fix any v0 ∈ H−1(�). Then, f ∈ L2((0, T )×0) is a null control for Problem (C) (that
is, the weak solution v to Problem (C), with the above v0 and f , satisfies v(T )= 0) if and only if for any
uT ∈ H 1

0 (�),

0 =

∫
(0,T )×0

Nσu f −

∫
�

u(0)v0,

where u is the strict solution of Problem (O), with (X, V ) as in (4-1).

Proof. For sufficiently regular v0 and f, this follows from the identity (4-2) (with F ≡ 0). The general
case then follows by approximation. □

Theorem 4.6. Problem (C) is boundary null controllable — more specifically, given any v0 ∈ H−1(�),
there is a null control f ∈ L2((0, T )×0) for Problem (C).

Proof. Consider the following seminorm on H 1
0 (�),

∥uT ∥N := ∥Nσu∥L2((0,T )×0), uT ∈ H 1
0 (�), (4-18)

where u is the strict solution of Problem (O), with uT as above and with (X, V ) as in (4-1). Theorem 3.17
implies that (4-18) defines a norm, and we can now define N to be the Hilbert space completion of H 1

0 (�)

with respect to (4-18).
Consider now the functional Iσ : H 1

0 (�)→ R given by

Iσ (uT ) :=
1
2

∫
(0,T )×0

|Nσu|
2
−

∫
�

u(0)v0, (4-19)

with u as before. The observability inequality (3-31) then implies Iσ extends to a continuous functional
on N, and this continuity also implies the estimate

Iσ (uT )⩾ c∥uT ∥
2
N − C∥v0∥

2
H−1(�)

, uT ∈ N,

with c,C > 0. In particular, Iσ is coercive, hence Iσ has a minimizer u∗

T ∈ N.
Let {uT, j } be a sequence in H 1

0 (�) with uT, j → u∗

T in N, and let {u j } be the corresponding solutions
to Problem (O). By (3-31) and (4-18), there exist functions f ∈ L2((0, T )×0) and u0 ∈ H 1

0 (�) such that

∥ f −Nσu j∥L2((0,T )×0) → 0, ∥u0 − u j (0)∥H1
0 (�)

→ 0.

Finally, taking the first variation of Iσ and recalling the above limits, we therefore obtain, for any
uT ∈ H 1

0 (�) (and with u as before),

0 = lim
h→0

1
h
[Iσ (u∗

T + huT )− Iσ (u∗

T )] =

∫
(0,T )×0

Nσu f −

∫
�

u(0)v0.

As a result, by Proposition 4.5, the above f is the desired null control. □
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