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FOCUSING DYNAMICS OF 2D BOSE GASES IN THE INSTABILITY REGIME

LEA BOSSMANN, CHARLOTTE DIETZE AND PHAN THÀNH NAM

We consider the dynamics of a 2D Bose gas with an interaction potential of the form N 2ˇ�1w.N ˇ � /

for ˇ 2
�
0; 3

2

�
. The interaction may be chosen to be negative and large, leading to the instability regime

where the corresponding focusing cubic nonlinear Schrödinger equation (NLS) may blow up in finite time.
We show that to leading order, the N -body quantum dynamics can be effectively described by the NLS
prior to the blow-up time. Moreover, we prove the validity of the Bogoliubov approximation, where the
excitations from the condensate are captured in a norm approximation of the many-body dynamics.

1. Introduction

Since the pioneering work of Bose [1924] and Einstein [1925], and especially after the experimental
realization of the Bose–Einstein condensation [Anderson et al. 1995; Davis et al. 1995], there has been a
remarkable effort to understand the macroscopic behavior of interacting Bose gases from first principles.
From the mathematical point of view, the theory of interacting Bose gases goes back to Bogoliubov [1947],
who proposed an effective method to transform a weakly interacting Bose gas to a noninteracting one,
subject to a modification of the kinetic operator due to the interaction effect. While the original work
of Bogoliubov focuses on the spectral property of bosonic systems towards a microscopic explanation
for Landau’s criteria of superfluidity, his ideas are also applicable to quantum dynamics. In the present
paper, we will justify Bogoliubov’s approximation in the dynamical setting for a class of Bose gases with
attractive interactions.

In the presence of large attractive interaction potentials, blow-up phenomena have been observed in
experiments with ultracold Bose gases [Bradley et al. 1995; Cornish et al. 2000; Donley et al. 2001].
In these experimental settings, first a repulsive interaction was used to prepare an initial state, and then
the interaction was switched to attractive by means of Feshbach resonances. When the strength of the
attractive interaction was increased beyond a critical threshold, a blow-up process happened, where a large
fraction of the condensate was lost [Roberts et al. 2001]. Heuristically, this behavior can be explained
by describing the condensate by the solution of a focusing cubic nonlinear Schrödinger equation (NLS),
which may exhibit a finite-time blow-up.

In the present work, we will focus on the instability regime for dilute Bose gases in two dimensions,
where the corresponding NLS is mass-critical. Before the blow-up time, we give a rigorous derivation
of Bose–Einstein condensation and Bogoliubov’s theory; in particular, we prove that the many-body
dynamics are effectively described by the solution of the NLS, and that the kinetic energy of the system
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diverges in finite time. To our knowledge, this is the first result of this kind for dilute Bose gases in the
instability regime.

1.1. Mathematical setting. In the framework of many-body quantum physics, the dynamics of a system
of N (spinless) bosons in R2 can be described by the linear N -body Schrödinger equation�

i@t‰N .t/DHN‰N .t/;

‰N .0/D‰N;0;
(1-1)

where the wave function ‰N .t/ belongs to L2
s .R

2N /, the space of square integrable functions of N

variables in R2 satisfying the bosonic symmetry

‰N .t;x1; : : : ;xN /D‰N .t;x�.1/; : : : ;x�.N // for all � 2 SN and xi 2 R2; (1-2)

where SN denotes the set of all permutations of f1; ...;N g. We will work on a nonrelativistic system
with short-range interactions, where the underlying Hamiltonian is typically given by

HN D

NP
jD1

.��j /C
1

N � 1

P
1�j<k�N

wN .xj �xk/; (1-3)

where
wN .x/DN 2ˇw.N ˇx/; ˇ > 0; (1-4)

with a real-valued, even and bounded potential w. We do not impose any positivity condition on w;
in particular, the attractive case w � 0 is allowed.

When w is bounded, the Hamiltonian HN is self-adjoint on L2
s .R

2N / with the same domain as the
noninteracting Hamiltonian. Therefore, the linear Schrödinger equation (1-1) has a unique global solution
‰N .t/D e�itHN‰N .0/ with t 2R, for every initial state ‰N .0/ 2L2

s .R
2N /. The major challenge in the

analysis of (1-1) is that the relevant dimension grows fast as N !1, making it very difficult to extract
helpful information about the quantum system. Therefore, in practice, it is desirable to obtain collective
descriptions by reasonable approximations, based on suitable assumptions on the initial state. In the
present work, we will assume that the initial state exhibits the Bose–Einstein condensation (BEC), and
that the particles outside of the BEC have bounded kinetic energy. These assumptions allow a rigorous
derivation of effective nonlinear equations describing the BEC and the excitations which are computable
by numerical methods.

Roughly speaking, Bose–Einstein condensation (BEC) is the phenomenon where many particles occupy
a common quantum state. In particular, this is the case when the N -body wave function is approximately
given by a factorized state, namely

‰N .t;x1;x2; : : : ;xN /� '.t;x1/'.t;x2/ � � �'.t;xN / (1-5)

in an appropriate sense. Here the normalized function '.t; � / 2L2.R2/ describes the condensate, and its
evolution is governed by the cubic nonlinear Schrödinger equation (NLS)�

i@t'.t;x/D
�
��xC b j'.t;x/j2��.t/

�
'.t;x/;

'.0;x/D '0.x/;
(1-6)
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where
b D

Z
R2
w; �.t/D 1

2
b
Z

R2
j'.t;x/j4 dx: (1-7)

The equation (1-6) can be formally obtained from (1-1) using the assumption (1-5) and the fact that
wN .x/DN 2ˇw.N ˇx/! bı.x/ weakly.

The coupling constant bD
R
w plays a crucial role in (1-6). The focusing case b< 0 and the defocusing

case b> 0 correspond to rather different physical situations. In particular, we are interested in the focusing
case where the NLS (1-6) may blow up in finite time, even if the initial datum '.0/ is smooth. The
possibility of the finite-time blow up is closely related to instability, which we will explain below.

1.2. Stability vs. instability. Since the 2D cubic NLS (1-6) is mass critical, it is well-known from
[Weinstein 1983] that the possibility of the finite-time blow up for H 1-solution depends not only on the
sign of the interaction, but also on its strength. To be precise, let us denote the critical interaction strength
as the optimal constant a� > 0 in the Gagliardo–Nirenberg interpolation inequality� Z

R2
jrf .x/j2 dx

�� Z
R2
jf .x/j2 dx

�
�

1
2
a�
Z

R2
jf .x/j4 dx for all f 2H 1.R2/: (1-8)

Equivalently, a� D kQk2
L2 where Q is the unique positive solution of

��QCQ�Q3
D 0 in R2

(see [McLeod and Serrin 1987; Kwong 1989]). From [Weinstein 1983, Theorems 3.1 and 4.2], we have
two distinct regimes:

� NLS stability regime: b > �a�. The NLS (1-6) has a unique global solution for all initial data
'0 2H 1.R2/ satisfying k'0kL2 D 1.

� NLS instability regime: b < �a�. A finite-time blow up occurs, for example, if the initial data
'0 2H 1.R2/\L2.R2I jxj2 dx/ satisfy k'0kL2 D 1 andZ

R2
jr'0.x/j

2 dxC 1
2
b
Z

R2
j'0.x/j

4 dx < 0: (1-9)

In the instability regime, we refer to [Merle and Raphael 2004] for the universality of the blow-up
profile, [Merle and Raphael 2005] for a precise description of the solutions near the blow-up time, and
[Merle and Raphael 2003; 2006; Raphael 2005] for works on the blow-up rate. We also refer to [Merle
1993] for a complete characterization of the minimal-mass blow-up solutions in the special case b D�a�.

Unlike the NLS (1-6), for the N -body quantum dynamics (1-1), the solution ‰N .t/ exists globally for
every L2-initial datum. Nevertheless, we can still discuss stability and instability regimes by considering
the boundedness of the energy per particle.

� Many-body stability regime: The system is stable of the second kind if

HN � �CN (1-10)

for some constant C > 0 independent of N (see [Lieb and Seiringer 2010]). In principle, (1-10) is stronger
than the NLS stability. By testing (1-10) against factorized states, we see that

R
w � �a�. However, the
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condition
R
w � �a�, or even

R
jw�j< a� with w� Dminfw; 0g the negative part of w, does not imply

the many-body stability (1-10), except if ˇ � 1
2

[Lewin 2015]. The range of ˇ guaranteeing (1-10) can be
improved for trapped systems; see [Lewin et al. 2016; 2017; 2018; Nam and Rougerie 2020].

� Many-body instability regime: If
R
w < �a�, then (1-10) fails to hold. More precisely, we have

HN � �CN 1C2ˇ; (1-11)

and the optimality of (1-11) can be seen by testing against factorized states and using kwN kL1 � CN 2ˇ .
In particular, (1-11) allows the energy per particle to diverge to �1 as N !1, which is consistent with
blow up of the NLS (1-6).

Our goal is to make a rigorous connection from the many-body Schrödinger equation (1-1) to the
NLS (1-6) in the instability regime.

1.3. Derivation of NLS from many-body dynamics. The rigorous derivation of the NLS from the many-
body Schrödinger equation (1-1) has been studied since the 1970s, initiated by Hepp [1974], Ginibre
and Velo [1979] and Spohn [1980], and has gained renewed interest since the 2000s with important
developments including the derivation of the Gross–Pitaevskii equation in 3D by Erdős, Schlein and
Yau [Erdős et al. 2009; 2010]. We refer to [Benedikter et al. 2016] for a pedagogical introduction to the
subject and a detailed discussion of the literature. In particular, in the defocusing case (w � 0), we refer to
[Kirkpatrick et al. 2011; Jeblick et al. 2019] for the derivation of the 2D NLS (1-6) and [Chen and Holmer
2017; Boßmann 2020] for the derivation of the effectively 2D dynamics of strongly confined 3D systems.

In the focusing case (w� 0) in 2D, most of the existing works in the literature are based on the stability
condition

R
jw�j < a�. In this case, the focusing NLS (1-6) is globally well-posed, and its derivation

from the many-body equation (1-1) was given by Chen and Holmer [2017] and Jeblick and Pickl [2018]
under the technical addition of a trapping potential like V .x/D jxjs , enabling them to use the many-body
stability (1-10) for 0< ˇ < .sC 1/=.sC 2/ by [Lewin et al. 2017]. Since the stability (1-10) was later
extended to trapped systems for 0 < ˇ < 1 [Nam and Rougerie 2020], the approaches in [Chen and
Holmer 2017; Jeblick and Pickl 2018] are conceptually applicable for that range of ˇ. After that, Nam
and Napiórkowski [2019] removed the trapping potential and derived (1-6) for all 0< ˇ < 1, still under
the crucial assumption

R
jw�j< a�.

In the present paper, we will give a novel derivation of the focusing NLS (1-6) which covers arbitrarily
negative potentials w and all ˇ 2

�
0; 3

2

�
. Without the stability condition

R
jw�j< a�, one only has the very

weak bound (1-11) instead of (1-10), and to our knowledge, the derivation of the NLS (1-6) prior to the
blow-up time is only available for ˇ < 1

2
, following the methods in [Pickl 2010; Chen and Holmer 2017;

Nam and Napiórkowski 2017a; 2019; Jeblick and Pickl 2018; Chong 2021]. Although we do not expect
our extended range ˇ 2

�
0; 3

2

�
to be optimal, it is sufficiently large and in particular covers the physical

setting of dilute Bose gases where ˇ > 1
2

. Actually, we will derive (1-6) from a stronger result, namely a
norm approximation of the many-body quantum dynamics also describing the fluctuations around the
condensate in the spirit of Bogoliubov’s theory. That result requires further notation and explanation,
which we defer to the next section.
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We conjecture that our results hold for all ˇ 2 .0;1/, and also for ˇ D ˇN ! 0 slowly such that
limN!1 log.N ˇ/=N D 0. The latter scaling regime was considered in [Caraci 2021] for the repulsive
case w � 0. For the repulsive potential w � 0, it is also possible to consider the critical scaling regime
with wN .x/D e2Nw.N ˇx/. In this so-called Gross–Pitaevskii regime, it was proved in [Jeblick et al.
2019] that the correlations at short distance leads to a subtle correction to the leading order where the
coupling constant b in (1-6) must be replaced by the zero-scattering energy of w. It is natural to expect a
similar result for the attractive case w � 0, but this remains an open problem.

It is also interesting to consider the derivation of the focusing NLS in one and in three dimensions.
In three dimensions, the focusing cubic NLS always has finite-time blow-up for all strength of the
interaction, and the asymptotic behavior of the many-body quantum dynamics has been established
for 0 < ˇ < 1

3
in [Nam and Napiórkowski 2017a; Chong 2021]. It remains open to understand the

case ˇ > 1
3

. In one dimension, the focusing cubic NLS is globally well-posed (it is mass subcritical), and
the norm approximation of the many-body quantum dynamics for all ˇ > 0 has been derived in [Nam and
Napiórkowski 2019]. It is possible to obtain the finite-time blow-up in one dimension by considering a
quantum system with three-body interactions, and we expect that the techniques introduced in the present
paper is also helpful for the corresponding problem (see, e.g., [Nguyen and Ricaud 2024] for a related
model in the stationary setting).

Finally, we refer to [Michelangeli and Schlein 2012] for a pioneering study on the rigorous understanding
of the many-body dynamical instability for bosons. This work is based on a different setting where the
particles have a relativistic dispersion law and an attractive potential of the form jxj�1, ensuring that the
corresponding Hartree theory has finite-time blow-up for a sufficiently large interaction coupling constant.
On one hand, the general idea of proving the instability by Fock space from [Michelangeli and Schlein
2012] is very helpful for us (see, in particular, Corollary 4). On the other hand, on the technical side,
the analysis in [Michelangeli and Schlein 2012] does not extend to our case. More precisely, while the
N -independent interaction potential considered in [Michelangeli and Schlein 2012] places the system in
a mean-field regime, controlling the N -dependent potential will be the main task of our approach.

2. Main results

Recall that we consider the Schrödinger equation (1-1) with the Hamiltonian HN given in (1-3), where
wN .x/DN 2ˇw.N ˇx/ as in (1-4). We will give rigorous descriptions of the macroscopic behavior of the
many-body dynamics ‰N .t/D e�itHN‰N;0 when N !1, including the NLS (1-6) as the leading-order
approximation, and a norm approximation in L2

s .R
2N / as the second-order approximation.

We always impose the following condition on the interaction potential:

Assumption 1. Let w 2L1.R2/ be compactly supported and w.x/D w.�x/ 2 R.

We do not put any assumption on the sign and the size of w.

2.1. Derivation of the NLS. Let us recall the following well-known result concerning the NLS (1-6)
(see, e.g., [Cazenave 2003, Theorem 4.10.1]):
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Lemma 2. For every b 2 R and '0 2H 1.R2/ with k'0kL2 D 1, there exists a unique solution

' 2 C.Œ0;Tmax/;H
1.R2//

of (1-6) with a unique maximal time Tmax 2 .0;1�. Moreover, if Tmax <1, then

lim
t%Tmax

k'.t/kH 1 D1: (2-1)

For nontrivial interactions w, the many-body quantum state ‰N .t/ is not expected to be close to the
factorized state '.t/˝N in norm (see Theorem 5 below). Therefore, the leading-order approximation (1-5)
has to be understood in an average sense, which can be formulated properly in terms of reduced density
matrices. For every normalized vector ‰N 2L2

s .R
2N /, its one-body density matrix 
 .1/

‰N
is a nonnegative

operator on L2.R2/ with kernel



.1/
‰N
.xIy/D

Z
R2.N�1/

‰N .x;x2; : : : ;xN /‰N .y;x2; : : : ;xN / dx2 � � � dxN : (2-2)

Equivalently, it can be obtained by taking the partial trace



.1/
‰N
D Tr2!N j‰N ih‰N j: (2-3)

Clearly, if ‰N D '
˝N , then 
 .1/

‰N
D j'ih'j (the rank-one projection onto ' 2L2.R2/). In general, the

approximation


.1/
‰N
� j'ih'j (2-4)

with respect to the trace norm is an appropriate interpretation of (1-5). Our first main result is a rigorous
derivation of the NLS (1-6) from (1-1).

Theorem 3 (NLS evolution of the condensate). Let ˇ 2
�
0; 3

2

�
, 0 < ˛1 < min

�
ˇ; 1

8
; 1

16
.3� 2ˇ/

�
and

let w satisfy Assumption 1. Let '.t/ be the solution of (1-6) on the maximal time interval Œ0;Tmax/ as
in Lemma 2 with initial datum '0 2 H 4.R2/, k'0kL2 D 1. Let ‰N .t/ be the solution of (1-1) with a
normalized initial state ‰N;0 2L2

s .R
2N / satisfying

N Tr..1��/q
 .1/
‰N;0

q/� C; q D 1� j'0ih'0j; (2-5)

for some constant C > 0. Then for every t 2 Œ0;Tmax/, we have Bose–Einstein condensation in the
state '.t/, i.e.,

Tr
ˇ̌


.1/

‰N .t/
� j'.t/ih'.t/j

ˇ̌
� CtN

�˛1 (2-6)

for sufficiently large N , where Ct is independent of N and continuous on Œ0;Tmax/.

The initial condition (2-5) means that at the time t D 0, the total kinetic energy of all excited particles
outside the condensate '0 is bounded. Thus, there are only few excitations, which is a key assumption
allowing us to control the fluctuations around the condensate '.t/ for all t 2 Œ0;Tmax/ by using an energy
method. The kinetic bound (2-5) has been proven for the ground state or low-lying excited states of
trapped systems with suitable repulsive interactions; see, e.g., [Seiringer 2011; Lewin et al. 2015b].
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In Theorem 3 we do not make any assumption on the sign of the potential w, but our result is mostly
interesting in the focusing case w � 0. It substantially extends the result in [Nam and Napiórkowski
2019] where the NLS (1-6) was derived under the stability condition

R
jw�j< a� and the smaller range

ˇ 2 .0; 1/ (see also [Chen and Holmer 2017; Jeblick and Pickl 2018] for earlier related results). Without
the stability condition, the derivation of the NLS (1-6) prior to the blow-up time is only available for ˇ< 1

2
,

for instance by following the methods in Pickl 2010; Chen and Holmer 2017; Nam and Napiórkowski
2017a; 2019; Jeblick and Pickl 2018; Chong 2021] and using the uniform-in-N bounds on the Hartree
equation which we prove in Lemma 10.

The speed of the divergence of Ct as t ! Tmax depends on the solution of the NLS in Lemma 2, but it
is beyond the scope of this paper to investigate the quantitative behavior of this nonlinear problem.

The following statement is a direct consequence of Theorem 3 and the definition of Tmax in Lemma 2.

Corollary 4 (Many-body blow up). We keep the same assumptions as in Theorem 3, and assume addition-
ally that Tmax <1. Then there is a sequence N.t/ 2 N such that N.t/!1 as t % Tmax and such that

lim
t%Tmax

1

N.t/

D
‰N.t/.t/;

N.t/P
jD1

.��j /‰N.t/.t/
E
D lim

t%Tmax

Tr.��
 .1/
‰N .t/

/D1: (2-7)

The implication of Corollary 4 follows from a well-known argument (see [Michelangeli and Schlein
2012, Remark 2]): for every t 2 Œ0;Tmax/, the trace convergence in Theorem 3 and Fatou’s lemma imply that

lim inf
N!1

Tr..1��/
 .1/
‰N
.t//� Tr

�
.1��/j'.t/ih'.t/j

�
D k'.t/k2

H 1.R2/
: (2-8)

Therefore, if Tmax <1, then the one-body blow-up condition (2-1) implies the many-body blow-up
result (2-7). Note that (2-8) is only an inequality, hence the reverse direction, which would imply that
the many-body blow-up phenomenon does not occur at any fixed time t 2 Œ0;Tmax/, cannot be deduced
from Theorem 3. We expect that this holds true, but a proof would require some additional analysis,
which we will not pursue in the present work. Moreover, it is an open question whether the number of
the excitations blows up as t ! Tmax.

We will derive Theorem 3 from a stronger result, namely the norm convergence of the many-body
dynamics (see Theorem 5 below). On the technical side, it would be interesting if one could prove
Theorem 3 directly using an analysis at the level of density matrices, but we do not see how to achieve
this (without going to the norm approximation).

2.2. Norm approximation. Let us now discuss the fluctuations around the condensate. For this purpose,
we first introduce the Hartree-type equation�

i@tuN .t;x/D
�
��xC .wN � juN .t; � /j

2/.x/��N .t/
�
uN .t;x/DW h.t/uN .t;x/;

uN .0;x/D '0.x/;
(2-9)

with
�N .t/D

1
2

ZZ
R2�R2

juN .t;x/j
2wN .x�y/juN .t;y/j

2 dx dy: (2-10)

The Hartree dynamics (2-9) plays the same role as the NLS dynamics (1-6) in the leading-order description,
but using the former is slightly more natural for the second-order approximation (see Lewin et al. 2015a;
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Nam and Napiórkowski 2017a; 2017b; 2019; Brennecke et al. 2019] for a similar choice). In particular,
(2-9) has a unique global solution, and kuN .t/kH 1 is bounded uniformly in N and locally in time when
t 2 Œ0;Tmax/, with Tmax given in Lemma 2. Moreover, since uN .t/! '.t/ in L2.R2/ as N !1, the
convergence (2-6) remains true if '.t/ is replaced by uN .t/ (see Lemma 10 for the details).

To describe the excitations around the condensate, it is convenient to switch to a Fock space setting
where the number of particles is not fixed. Let us introduce the one-body excited space

H?.t/D fuN .t/g
?
� HDL2.R2/ (2-11)

and the (bosonic) Fock spaces over H?

F�N
?

.t/D

NM
kD0

kO
sym

H? � F?.t/D
M
k�0

kO
sym

H? � F D
M
k�0

kO
sym

H: (2-12)

Note that F?.t/ and its subspace F�N
?

.t/ are time-dependent via uN .t/, and they are naturally embedded
in the full Fock space F over H.

Let us recall the standard second quantization formalism, where the creation and annihilation operators
on F , a|.f / and a.f /, are defined by

.a|.f /�/.k/.x1; ...;xk/D
1
p

k

kX
jD1

f .xj /�
.k�1/.x1; ...;xj�1;xjC1; ...;xk/ for all k � 1; (2-13a)

.a.f /�/.k/.x1; ...;xk/D
p

kC 1

Z
R2

dxf .x/�.kC1/.x1; ...;xk ;x/ for all k � 0 (2-13b)

for all f 2 L2.R2/ and � D .�.k//1
kD0
2 F . It is also convenient to introduce the operator-valued

distributions a
|
x , ax by

a|.f /D

Z
dxf .x/a|

x; a.f /D

Z
dxf .x/ax; (2-14)

which satisfy the canonical commutation relations

Œax; a
|
y �D ı.x�y/; Œax; ay �D Œa

|
x; a

|
y �D 0: (2-15)

Using this language, we define the second quantization of one- and two-body operators as

d�1.T /D 0˚
M
k�1

kX
jD1

Tj D

“
T .xIx0/a|

xax0 dx dx0;

d�2.S/D 0˚ 0˚
M
k�2

X
1�i<j�k

Sij D
1
2

ZZZZ
S.x;yIx0;y0/a|

xa|
yax0ay0 dx dy dx0 dy0;

(2-16)

for T .x;x0/ and S.x;yIx;y0/ the kernels of the operators T on H and S on H2 (see, e.g., [Solovej 2014,
Section 7]). In this language, the Hamiltonian (1-3) can be expressed equivalently as

HN D d�1.��/C
1

N � 1
d�2.wN / (2-17)
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on HN . We also introduce the number operator on Fock space F ,

N D d�1.1/; (2-18)

where 1 this is the identity operator on H, and define the cut-off functions

1�m
D 1.N �m/; 1>m

D 1.N >m/ for all m 2 .0;1/: (2-19)

Following the approach in [Lewin et al. 2015a; 2015b], the N -body dynamics ‰N .t/ 2L2
s .R

2N / can
be decomposed as

‰N .t/D

NX
kD0

uN .t/
˝.N�k/

˝s �
.k/
N
.t/D

NX
kD0

a|.uN .t//
˝.N�k/p

.N � k/!
�
.k/
N
.t/ (2-20)

for ˝s the symmetric tensor product and where the vector

ˆN .t/D .�
.k/
N
.t//NkD0 2 F

�N
?

.t/� F?.t/ (2-21)

describes the excitations around the condensate uN .t/ (see Section 3 for details).
Our goal is to approximate the N -body dynamics ˆN .t/ by the solution ˆ.t/ of the simpler evolution

equation �
i@tˆ.t/D H.t/ˆ.t/;

ˆ.0/Dˆ0;
(2-22)

where H.t/ denotes the Bogoliubov Hamiltonian

H.t/D d�1.h.t/CK1.t//C
1
2

�“
K2.t;x;y/a

|
xa|

y dx dyC h:c:
�
: (2-23)

In (2-23), h.t/ is defined in the Hartree equation (2-9), and

K1.t/D q.t/eK1.t/q.t/; K2.t/D q.t/˝ q.t/eK2.t/; (2-24)

where
q.t/D 1�p.t/D 1� juN .t/ihuN .t/j (2-25)

and the kernel of the operator eK1.t/ and the function eK2.t/ 2 H
2 are given byeK1.t;x;y/D uN .t;x/wN .x�y/uN .y/;eK2.t;x;y/D uN .t;x/wN .x�y/uN .y/:

(2-26)

The effective generator H.t/ emerges from the Bogoliubov approximation when we write HN in the
second quantization formalism, then implement the c-number substitution a.uN /; a

|.uN / 7!
p

N , and
finally keep only the terms that are quadratic in creation and annihilation operators. Note that H.t/ is an
operator on the full Fock space F since h.t/ does not leave H?.t/ invariant, but it does not contradict
the fact that ˆ.t/ 2 F?.t/ (see, e.g., [Lewin et al. 2015a] for a detailed explanation). Moreover, H.t/ is
N -dependent, although we do not make this explicit in the notation. The Bogoliubov equation (2-22) is
globally well-posed (see Lemma 7).

Now we are ready to state our second main result.
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Theorem 5 (Bogoliubov excitations from the condensate). Let ˇ 2
�
0; 3

2

�
, 0< ˛2 <min

�
1
8
; 1

16
.3� 2ˇ/

�
and let w satisfy Assumption 1. Let uN .t/ be the solution of the Hartree equation (2-9) with initial
datum '0 2 H 4.R2/, k'0k D 1. Let ˆ.t/ D .�.k/.t//1

kD0
2 F?.t/ be the solution of the Bogoliubov

equation (2-22) with initial datum ˆ0 D .�
.k/
0
/1
kD0
2 F?.0/ satisfying kˆ0k D 1 and

hˆ0; d�1.1��/ˆ0i � C (2-27)

for some constant C � 0. Let ‰N .t/ the solution of the Schrödinger equation (1-1) with initial datum

‰N;0 D

NX
kD0

'0
˝.N�k/

˝s �
.k/
0
D

NX
kD0

a|.'0/
˝.N�k/p

.N � k/!
�
.k/
0
: (2-28)

Then, for all t 2 Œ0;Tmax/, we have the norm approximation



‰N .t/�

NX
kD0

uN .t/
˝.N�k/

˝s �
.k/.t/





� CtN
�˛2 ; (2-29)

where the constant Ct is independent of N and continuous in t 2 Œ0;Tmax/.

Under the decomposition (2-28), the kinetic condition (2-5) is equivalent to condition (2-27) in
Theorem 5 (see Remark 6 below). Strictly speaking, the stateˆN;0 in (2-28) is not normalized in L2

s .R
2N /,

but the condition (2-27) ensures that

1� k‰N;0k
2
D 1�k1fN>N gˆ0k

2
� 1� hˆ0; .N=N /ˆ0i � 1�CN�1: (2-30)

In the mean-field regime ˇ D 0, the norm approximation in the form (2-29) was first given in [Lewin
et al. 2015a], and higher-order corrections to Bogoliubov’s theory were recently derived in [Boßmann
et al. 2021]. For repulsive interaction w � 0, the validity of Bogoliubov’s theory in 3D was extended to
0< ˇ < 1 in [Brennecke et al. 2019] and ˇ D 1 in [Caraci et al. 2025] (see also [Nam and Napiórkowski
2017a; 2017b] for earlier results). We expect that the ideas from these works in 3D apply to handle the
repulsive case in 2D as well, possibly allowing a larger value of ˇ in 2D. Our result is mainly interesting in
the attractive case w � 0 in 2D, where the validity of Bogoliubov’s theory was known only for 0< ˇ < 1

in the stability regime
R
jw�j> �a� [Nam and Napiórkowski 2019].

There have been many works devoted to the dynamics around the coherent states in Fock space,
initiated in [Hepp 1974; Ginibre and Velo 1979; Grillakis et al. 2010; 2011; Boccato et al. 2017]. Our
method is also applicable to this setting, but we skip the details. We refer to [Lewin et al. 2015a] for
a detailed comparison between the N -body setting and the Fock space situation, and [Benedikter et al.
2016] for further results.

The ideas of our proof are explained in the next section, and the full technical details are provided
afterwards.

Notation. We will use C > 0 for a general constant which may depend on w and '0 and which may vary
from line to line. We also use the notation Ct to highlight the time dependence. When it is unambiguous,
we abbreviate the L2-norm and the corresponding inner product by k � k and h � ; � i, respectively.
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3. Proof strategy

In this section we explain the main ingredients of the proof. We will focus on Theorem 5, which implies
Theorem 3. Our approach is based on Bogoliubov’s approximation where the fluctuations around the
condensate are effectively described by an evolution equation with a quadratic generator in Fock space.
The main mathematical challenge is to justify this approximation by rigorous estimates. Let us first give
an overview of the proof strategy, and then we come to the detailed setting.

As an important input of Bogoliubov’s theory [1947], we expect that most particles are in the conden-
sate uN .t/, which is governed by the Hartree equation (2-9). The first step in our analysis is to establish
several uniform-in-N bounds for the Hartree dynamics, which is nontrivial due to the instability issue.
These one-body estimates require a careful adaptation of the analysis of the NLS (1-6) in [Cazenave 2003],
which will be discussed in Section 4. In the following, we will focus on the many-body aspects of the proof.

In order to extract the excitations, namely the particles outside the condensate, from the N -body wave
function ‰N .t/, we use the unitary transformation UN .t/ introduced in [Lewin et al. 2015b]. This is a
mathematical tool to implement Bogoliubov’s c-number substitution [1947], resulting in the evolution
ˆN .t/ D UN .t/‰N .t/ on the excited Fock space F�N

?
.t/ where the generator GN .t/ was computed

explicitly in [Lewin et al. 2015a]. Thus, we can rewrite (2-29) in terms of excitations as

kˆN .t/�ˆ.t/k
2
� CtN

�˛2 (3-1)

for all t 2 Œ0;Tmax/, where ˆ.t/ is the solution to the Bogoliubov equation (2-22).
The main difficulty in proving (3-1) is the lack of the stability of the second kind (1-10). More precisely,

with an arbitrarily negative potential w, we do not expect to have a good lower bound for the generator
GN .t/ of ˆN .t/, which in turn prevents us from obtaining a good kinetic bound for ˆN .t/. A key
observation in [Nam and Napiórkowski 2019] is that a weaker version of the stability (1-10) holds if we
restrict to a space of few excitations. Rigorously, for the truncated dynamics ˆN;M .t/ 2 F�M

?
.t/ which

is associated to the generator 1�MGN .t/1�M with a parameter M D N 1�ı, ı 2 .0; 1/, it was proved
in [Nam and Napiórkowski 2019] that ˆN;M satisfies an essentially uniform kinetic bound, and hence
kˆN;M .t/�ˆ.t/k can be controlled efficiently (see Lemma 7 below).

Thus, by the triangle inequality, the main missing ingredient for (3-1) is a good estimate for the norm
kˆN .t/�ˆN;M .t/k. For this term, we cannot use the analysis in [Nam and Napiórkowski 2019], which
crucially relies on the stability condition

R
jw�j < a�. The main novelty of the present paper is the

introduction of a new method which does not require any information about the full dynamics ˆN . This
kind of idea was previously used in [Nam and Napiórkowski 2017a], where various propagation bounds
were established by Cauchy–Schwarz inequalities of the form

jhˆN ;AˆN;M ij � kˆN kkAˆN;Mk: (3-2)

However, this approach is insufficient to handle the dilute regime where ˇ> 1
2

because the Hilbert–Schmidt
norm of the operator with integral kernel wN .x�y/uN .x/uN .y/ diverges as N ˇ . An alternative would
be to follow the approach in [Nam and Napiórkowski 2019], which avoids the Cauchy–Schwarz argument
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described above and uses a different strategy, relying on the a priori estimate hˆN ; d�1.1��/ˆN i �

Ct;".N CN 2ˇ/ ([Nam and Napiórkowski 2019, Lemma 10]. However, in the instability regime, we
do not have the a priori bound (1-10) but only (1-11). This leads to the much weaker kinetic estimate
hˆN ; d�1.1��/ˆN i�CN 1C2ˇ , which is not sufficient to close the argument in [Nam and Napiórkowski
2019] for ˇ > 1

2
.

To improve the Cauchy–Schwarz argument, we write 1DW�1W with a suitable weight W > 0 —
eventually we choose W D

�
1C d�2.jwN j/

�1=2; see (3-22) — and split (3-2) into

jhˆN ;AˆN;M ij � jhˆN ;W�1AWˆN;M ijC
ˇ̌
hˆN ;W�1ŒW;A�ˆN;M i

ˇ̌
: (3-3)

The first term on the right-hand side of (3-3) looks similar to jhˆN ;AˆN;M ij but it is easier to bound
by the Cauchy–Schwarz inequality provided that we can bound kA�W�1ˆN k in terms of kˆN k in
an average sense. For the second term on the right-hand side, we gain some cancelation due to the
commutator ŒW;A�, which eventually ensures that kW�1ŒW;A�ˆN;Mk is much smaller than kAˆN;Mk.

Now let us provide further details of the above ingredients.

3.1. Reformulation of the Schrödinger equation. Our starting point is a reformulation of the Schrödinger
equation (1-1), following the method in [Lewin et al. 2015a; 2015b].

Let uN .t/ be the Hartree evolution in (2-9). To factor out the contribution of the condensate, we use
the excitation map UN .t/ W H

N .t/! F�N
?

.t/ defined by

UN .t/D

NM
kD0

q.t/˝k

�
a.uN .t//

N�kp
.N � k/!

�
; (3-4)

where q.t/ D 1� juN .t/ihuN .t/j as in (2-25). It was proven in [Lewin et al. 2015b] that UN .t/ is a
unitary transformation and its inverse is given by (2-20), namely

UN .t/
�ˆD

NX
kD0

uN .t/
˝.N�k/

˝s �
.k/
D

NX
kD0

a|.uN .t//
˝.N�k/p

.N � k/!
�.k/

for allˆD .�k/
N
kD0
2 F�N
?

.t/. Heuristically, the mapping UN provides an efficient way of focusing on the
fluctuations around the Hartree state uN .t/

˝N ; in particular, UN .t/uN .t/
˝N D� is the vacuum of F?.t/.

It was also proven in [Lewin et al. 2015b] that, for f;g 2 H?.t/, we have these identities on F�N
?

.t/:

UN a|.uN /a.uN /U
�
N DN �N ;

UN a|.f /a.uN /U
�
N D a|.f /

p
N �N ;

UN a|.uN /a.g/U
�
N D
p

N �Na.g/; (3-5)

UN a|.f /a.g/U �N D a|.f /a.g/:

If Bose–Einstein condensation holds, then, in an average sense, N �N in F�N
?

.t/. Therefore, (3-5) can
be interpreted as a rigorous implementation of Bogoliubov’s c-number substitution [1947], where a.uN /

and a|.uN / are formally replaced by the scalar number
p

N .
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Remark 6. From (3-5) we have U �
N

d�1.qAq/UN D d�1.qAq/ for any operator A on H. Consequently,
(2-5) is equivalent to (2-27).

Now we consider the transformed dynamics

ˆN .t/D UN .t/‰N .t/: (3-6)

The Schrödinger equation (1-1) can be written in the equivalent form�
i@tˆN .t/D GN .t/ˆN .t/;

ˆN .0/D UN .0/
�‰N;0:

(3-7)

Here, the generator GN .t/ can be computed explicitly, using the second-quantized form (2-17) and the
rules (3-5) (see [Lewin et al. 2015a, Appendix B]), as

GN .t/D .i@tUN .t//U
�
N .t/CUN .t/HN U �N .t/D

1
2

4X
jD0

1�N .Gj CG�j /1
�N (3-8)

with

G0 D d�1.h/C d�1.K1/
N �N
N � 1

C d�1.q.t/.hC�/q.t//
1�N
N � 1

; (3-9a)

G1 D�2a|
�
q.t/.wN � juN .t/j

2/uN .t/
�NpN �N

N � 1
; (3-9b)

G2 D

“
K2.t;x;y/a

|
xa|

y dx dy

p
.N �N /.N �N � 1/

N � 1
; (3-9c)

G3 D

ZZZZ
.q.t/˝ q.t/wN 1˝ q.t//.x;yIx0;y0/uN .t;x/a

|
xa|

yay0 dx dy dx0 dy0
p

N �N
N � 1

; (3-9d)

G4 D
1

N � 1
d�2.q.t/˝ q.t/wN q.t/˝ q.t//: (3-9e)

Recall that h.t/ is given in (2-9), and K1.t/ and K2.t/ are given in (2-24). In the above notation,
wN denotes the function wN W R

2! R in G1.t/, and the two-body multiplication operator wN .x�y/ in
G3.t/ and G4.t/.

3.2. Simplified equations. Following Bogoliubov’s heuristic ideas [1947], we consider a simplification
of (3-7), where only the quadratic terms G0 and G2 in the generator are kept. This leads to the Bogoliubov
equation (2-22), whose well-posedness is well-known; see, e.g., [Nam and Napiórkowski 2019, Lemma 5].

Lemma 7 (Bogoliubov dynamics). Let w satisfy Assumption 1, let uN .t/ be the Hartree evolution in
(2-9) with initial state '0 2H 4.R2/, and let ˆ0 2 F?.0/ be a normalized vector satisfying (2-27). Then
the Bogoliubov equation (2-22) with initial condition ˆ0 has a unique global solution

ˆ 2 C.Œ0;1/;F/\L1loc
�
.0;1/;Q.d�1.1��//

�
and ˆ.t/ 2 F?.t/ for all t > 0. Moreover, for every t 2 Œ0;Tmax/ and " > 0, we have

hˆ.t/; d�1.1��/ˆ.t/i � Ct;"N
"; (3-10)

where Tmax is given in Lemma 2 and the constant Ct;" is independent of N .
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Proof. The global well-posedness of ˆ.t/ is shown in [Lewin et al. 2015a, Theorem 7]. The kinetic
bound (3-10) follows from the analysis in [Nam and Napiórkowski 2019, Lemma 5] and the uniform
bounds of uN .t/, which will be given later in Lemma 10. �

In order to estimate the difference kˆN .t/�ˆ.t/k, we follow [Nam and Napiórkowski 2019] and
introduce the truncated dynamics ˆN;M .t/ 2 F�M

?
.t/, which solve the equation�

i@tˆN;M .t/D 1�MGN .t/1�MˆN;M .t/;

ˆN;M .0/D 1�Mˆ0:
(3-11)

As explained in [Nam and Napiórkowski 2019], the main advantage of (3-11) is that the truncated
generator is stable, namely

1�MGN .t/1
�M
�

1
2

d�1.��/�Ct;"N
" (3-12)

for all t 2 Œ0;Tmax/ and M � N . This allows us to establish an efficient kinetic bound for ˆN;M .t/,
which is not available for ˆN . Consequently, it is much easier to compare ˆN;M .t/ with the Bogoliubov
dynamics. We collect some known properties of ˆN;M .t/ in the following lemma.

Lemma 8 (Truncated dynamics). We keep the assumptions of Lemma 7. Let M D N 1�ı for some
constant ı 2 .0; 1/. Then (3-11) has a unique global solution ˆN;M .t/ 2 F�M

?
.t/ with t 2 Œ0;1/.

Moreover, for every t 2 Œ0;Tmax/ and "D ".ı/ > 0, we have

hˆN;M .t/; d�1.1��/ˆN;M .t/i � Ct;"N
" (3-13)

and

kˆN;M .t/�ˆ.t/k2 � Ct;"N
"

�r
M

N
C

1

M

�
: (3-14)

Proof. The global well-posedness of ˆN;M .t/ follows from the general method in [Lewin et al. 2015a,
Theorem 7] (see also [Nam and Napiórkowski 2019, Section 6]). Given the uniform bounds of uN .t/ in
Lemma 10, the bounds (3-13) and (3-14) follow from the arguments in Lemmas 11 and 15 in [Nam and
Napiórkowski 2019], respectively. �

3.3. From the truncated to the full dynamics. Given Lemma 8, the missing piece for the proof of
Theorem 5 is an estimate for kˆN .t/�ˆN;M .t/k. The main new ingredient of the present paper is the
following bound:

Proposition 9. We keep the assumptions of Lemma 7. Let M DN 1�ı for some constant ı 2 .0; 1/. Let
ˆN andˆN;M be solutions of (3-7) and (3-11), with initial dataˆN .0/D1�Nˆ0,ˆN;M .0/D1�Mˆ0,
respectively. Then for every t 2 Œ0;Tmax/ and every " > 0, we have

kˆN .t/�ˆN;M .t/k2 � Ct;"N
"

�
1
p

M
C

N ˇ

M 3=2

�
: (3-15)

Eventually, we will take ı > 0 small, hence the condition ˇ < 3
2

is needed to ensure that the error term
N ˇ=M 3=2 on the right-hand side of (3-15) is negligible.
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In order to prove Proposition 9, by norm conservation of kˆN .t/k and kˆN;M .t/k, it suffices to
show that hˆN .t/; ˆN;M .t/i is close to 1. For technical reasons, it is more convenient to consider
hˆN .t/; f

2
M
ˆN;M .t/i with fM a smoothened of version 1�M . To be precise, we fix a smooth function

f WR! Œ0; 1� such that f .s/D 1 for s � 1
2

and f .s/D 0 for s � 1, and define the operator fM on F by

fM D f

�
N
M

�
: (3-16)

We will deduce Proposition 9 from a Grönwall argument and the estimateˇ̌̌̌
d
dt
hˆN .t/; f

2
MˆN;M .t/i

ˇ̌̌̌
� Ct;"N

"

�
1
p

M
C

N ˇ

M 3=2

�
: (3-17)

It remains to explain the proof of (3-17). Let us drop the time dependence from the notation where it
is unambiguous. From (3-7) and (3-11), we haveˇ̌̌̌

d
dt
hˆN .t/; f

2
MˆN;M .t/i

ˇ̌̌̌
D
ˇ̌
=hˆN ; ŒGN ; f

2
M �ˆN;M i

ˇ̌
(3-18)

since ˆN;M 2 F�M
?

and f 2
M

1�M D f 2
M

. Then it is straightforward to decompose GN into the sum of
Gj as in (3-8). Since fM is a function of N , only the particle number nonpreserving terms G1, G2 and
G3 contribute to the commutator.

One of the most difficult terms is the quadratic one
ˇ̌
hˆN ; ŒG2; f

2
M
�ˆN;M i

ˇ̌
, where two annihilation

operators hit ˆN . Since G2 only changes the number of particles by at most 2, the commutator with f 2
M

allows us to gain a factor M�1. Therefore, estimating (3-18) essentially boils down to proving a bound for

1

M

ˇ̌̌̌“
dx dy uN .x/uN .y/wN .x�y/hˆN ; a

|
xa|

yˆN;M i

ˇ̌̌̌
: (3-19)

In [Nam and Napiórkowski 2019], a variant of this term was estimated using a kinetic bound for ˆN

based on the method in [Lewin 2015] and the stability condition
R
jw�j< a�. In the present paper, since

we are considering a general potential w including the instability regime
R
w� < �a�, we only have

hˆN ; d�1.1��/ˆN i � CN 1C2ˇ; (3-20)

which can be deduced from a variant of the energy lower bound (1-11). However, the latter bound is too
weak, and inserting it in the analysis in [Nam and Napiórkowski 2019] produces a solution only for ˇ < 1

2
.

Another idea, which can be extracted from the approach in [Nam and Napiórkowski 2017a], is to
handle (3-19) by the Cauchy–Schwarz inequality

jhˆN ; a
|
xa|

yˆN;M ij � kˆN kka
|
xa|

yˆN;Mk: (3-21)

(To be precise, a variant of this argument was used in [Nam and Napiórkowski 2017a] to compare ˆN

directly with the Bogoliubov dynamics ˆ.) The advantage of (3-21) is that no information about ˆN is
needed. However, since we have to couple (3-21) with the singular potential wN .x �y/ in (3-19), we
eventually obtain a large factor kwN kL1 �N 2ˇ, and the final bound is only good for ˇ < 1

2
.
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Thus, to cover the extended range ˇ 2
�
0; 3

2

�
, new ideas are needed to handle (3-19). In the present

paper, on the one hand, we will not rely on any information of ˆN ; moreover, instead of using directly
(3-21) we will further decompose (3-19) by introducing a weight given by

R WD d�2.jwN j/C 1D 1
2

Z
dx dy jwN .x�y/ja|

xa|
yaxay C 1: (3-22)

By inserting 1DR�1=2R1=2, we can write

a|
xa|

y DR�1=2a|
xa|

yR
1=2
CR�1=2ŒR1=2; a|

xa|
y �: (3-23)

Then, using the triangle inequality we can bound (3-19) by

1

M

“
dx dy juN .x/j juN .y/j jwN .x�y/j jhˆN ;R�1=2a|

xa|
yR

1=2ˆN;M ij

C
1

M

“
dx dy juN .x/j juN .y/j jwN .x�y/j

ˇ̌
hˆN ;R�1=2ŒR1=2; a|

xa|
y �ˆN;M i

ˇ̌
: (3-24)

The key point is that although the first term in (3-24) looks similar to (3-19), it is much easier to control.
Indeed, by the Cauchy–Schwarz inequality, we have

1

M

“
dx dy juN .x/j juN .y/j jwN .x�y/j jhˆN ;R�1=2a|

xa|
yR

1=2ˆN;M ij

�
1

M

“
dx dy juN .x/j juN .y/j jwN .x�y/jkaxayR�1=2ˆN kkR1=2ˆN;Mk

�
1

M

�“
dx dy jwN .x�y/jkaxayR�1=2ˆN k

2

�1=2

�

�“
dx dy juN .x/j

2
juN .y/j

2
jwN .x�y/j

�1=2

kR1=2ˆN;Mk: (3-25)

Then, by the definition of R, we can bound“
dx dy jwN .x�y/jkaxayR�1=2ˆN k

2
D
˝
ˆN ;R�1=2 d�2.jwN j/R�1=2ˆN

˛
� kˆN k

2; (3-26)

without relying on any information on ˆN . The other factors in (3-25) can be bounded efficiently using
kwN kL1 � C and good estimates on ˆN;M and uN , given that R can essentially be controlled in terms
of the kinetic energy; see (5-3). All this allows us to bound (3-25) by Ct;"N

"=
p

M kˆN k, which appears
as the first error term on the right-hand side of (3-17).

We still have to bound the second term in (3-24). This term looks complicated, but in principle, we
gain a huge cancelation from the commutator ŒR1=2; a

|
xa

|
y � due to the fact that R is a “local operator”.

To make it more transparent, we can use

R1=2
D

1

�

Z 1
0

1
p

s

R
RC s

ds (3-27)
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to write, for any operator B,

ŒR1=2;B�D
1

�

Z 1
0

ds
1
p

s

�
R

RC s
;B

�
D

1

�

Z 1
0

ds

p
s

RC s
ŒR;B�

1

RC s
: (3-28)

In particular, a straightforward computation shows that

ŒR; a|
xa|

y �D
�
d�2.jwN j/; a

|
xa|

y

�
(3-29)

D jwN .x�y/ja|
xa|

y C

Z
dz
�
jwN .z�x/jC jwN .z�y/j

�
a|

xa|
ya|

zaz :

Let us take jwN .x �y/ja
|
xa

|
y from (3-29) and insert it in (3-28). The corresponding contribution from

the second term in (3-24) can be controlled by

1

M

Z 1
0

ds
p

s

“
dx dy juN .x/j juN .y/j jwN .x�y/j2





axay
R�1=2

RC s
ˆN









 1

RC s
ˆN;M





: (3-30)

The resolvents .RC s/�1 are important in two respects: one the one hand, they provide sufficient
decay in s via the estimate .RC s/�1 � .1C s/�1. On the other hand, they compensate for the singular
interaction, which is similar to the argument in (3-26) although jwN j

2 is way more singular than jwN j.
To combine these two ideas, we apply the Cauchy–Schwarz inequality on R2 �R2 to (3-30), where

we write
jwN j

2
D jwN j

1C"=2
jwN j

1�"=2 (3-31)

for " > 0 small. We estimate the term coming from jwN j
1�"=2 using

R�1=2

RC s
d�.jwN j

2�"/
R�1=2

RC s
�

R1�"

.RC s/2
�

1

.1C s/1C"
: (3-32)

Here, we used that
d�2.jwN j

2�"/�
�
d�2.jwN j/

�2�"
�R2�"; (3-33)

which relies heavily on the locality of R, namely d�2.jwN j/ is the second quantization of a two-body
multiplication operator (see Lemma 12). For the term coming from jwN j

1C"=2, by calculating the
L2-norm of jwN j

1C"=2, which appears in (3-31), we eventually obtain Ct;"N
"N ˇ=M 3=2, the second

error term on the right-hand side of (3-17). The cubic term hˆN ; ŒG3; f
2

M
�ˆN;M i can be handled similarly.

This completes our overview of the main ingredients of the proof.
In our analysis, the restriction to ˇ < 3

2
seems a purely technical limitation. We conjecture that it

could be improved. For example, one would be able to cover all ˇ > 0 if the higher-moment estimate
hˆN;M ;N bˆN;M i � Cb;"N

" were established for all b � 1. At present, however, we are not able to
show that, and we will only use the first moment bound (b D 1) from Lemma 8.

Organization of the paper. In Section 4, we establish uniform-in-N estimates for the Hartree dynamics.
The most technical part of the paper is contained in Section 5 where we prove Proposition 9. From this,
we conclude the main results in Section 6.
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4. Uniform estimates for Hartree evolution

In this section, we consider the Hartree evolution uN in (2-9). By Assumption 1, it is globally well-posed
in H k , k 2 f1; 2; : : : g, for any fixed N by [Cazenave 2003, Corollary 6.1.2]. However, it is a priori not
clear whether kuN .t/kH k is bounded uniformly in N for fixed t 2 Œ0;Tmax/. In the following lemma, we
prove such uniform bounds for all times prior to the NLS blow-up time Tmax.

Lemma 10. Let w satisfy Assumption 1. Let '0 2H 4.R2/ and Tmax be as in Lemma 2. Then, for every
T 2 Œ0;Tmax/, there exists a constant C D C.T; '0/ > 0 such that, for all t 2 Œ0;T � and all N sufficiently
large,

kuN .t/kL1 � C kuN .t/kH 2.R2/ � C; k@tuN .t/kH 2.R2/ � C: (4-1)

Moreover, for '.t/ the solution of the NLS (1-6),

kuN .t/�'.t/kL2.R2/ � CN�ˇ: (4-2)

For interactions satisfying the stability condition
R

R2 jw�j< a�, (4-1) has been shown in [Nam and
Napiórkowski 2019, Lemma 4]. As explained in [Nam and Napiórkowski 2019], the key point is to get
the uniform bound kuN .t/kH 1.R2/ � C , and the rest follows from a rather general argument. In the
stability regime considered in [Nam and Napiórkowski 2019], this bound follows immediately from
energy conservation and (1-8), namely

E ŒuN .t/�D kruN .t/kC
1
2

“
dx dy juN .t;x/j

2wN .x�y/juN .t;y/j
2

� kruN .t/k�
1
2
k.wN /�kL1kuN .t/k

4
L4

� kruN .t/k
2

�
1�

R
R2 jw�j

a�

�
: (4-3)

For a general w in Lemma 10, the estimate (4-3) is not available, hence the estimate of kuN .t/kH 1.R2/

is more complicated. Instead of studying uN directly as in [Nam and Napiórkowski 2019], we will focus
on the difference

�N .t/D uN .t/�'.t/: (4-4)

We will bound �N .t/ by a bootstrap argument consisting of two steps:

(1) If k�N .t/k � ı D
p

a�=.32 kwkL1/, then kr�N .t/k � C . This follows from energy conservation
and the a priori bound k'.t/kH 1.R2/ � C on Œ0;T �.

(2) If k�N .s/k � ı for all s 2 Œ0; t �, then k�N .t/k �N�ˇ� ı for sufficiently large N . To prove this,
we use Step 1 and Gronwall’s lemma.

The conclusion thus follows from the continuity of the map t 7!k�N .t/k and the initial condition �N .0/D0.
Now let us go to the details.

Proof of Lemma 10. For simplicity, we consider the solutions uN .t/ and '.t/ of (2-9) and (1-6) without the
phases �N .t/ and �.t/, respectively. Due to the gauge transformation uN 7! expf�i

R t
0�.s/ dsguN , this

does not change the N -dependence of the estimates (4-1). Let ı D
p

a�=.32 kwkL1/ with a� as in (1-8).
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Step 1. Assume that k�N .t/k � ı for some t 2 Œ0;T �. Using the energy conservation of (2-9) and the fact
kwN kL1 D kwkL1 , we can bound

E ŒuN .t/�D E Œ'0�D kr'0k
2
C

1
2

“
j'0.x/j

2wN .x�y/j'0.y/j
2 dx dy

� kr'0k
2
C

1
2
kwkL1k'0k

4
L4 � C: (4-5)

On the other hand, using (1-8) and the assumption k�N .t/k � ı, we can bound

k�N .t/k
4
L4 �

2ı2

a�
kr�N .t/k

2
D

1

16 kwkL1

kr�N .t/k
2:

Combining with 1
2
kr�N .t/k

2 � kruN .t/k
2Ckr'.t/k2, we find that

EN ŒuN .t/�� kruN .t/k
2
�

1
2
kwkL1k�N .t/C'.t/k

4
L4

�
�

1
2
kr�N .t/k

2
�kr'.t/k2

�
� 4kwkL1

�
k�N .t/k

4
L4 Ck'.t/k

4
L4

�
�

1
4
kr�N .t/k

2
�C; (4-6)

where we used that kr'.t/k � C on Œ0;T �. Consequently, (4-5) and (4-6) imply that kr�N .t/k
2 � C .

Step 2. Let s 2 Œ0; t � and assume that k�N .s/k� ı. Then, dropping the time dependence from the notation,
we find that

1
2

ˇ̌
@sk�N .s/k

2
ˇ̌
D
ˇ̌
=
˝
�N ; .wN � juN j

2/�N C
�
wN � .juN j

2
� j'j2/

�
'C .wN � j'j

2
� b j'j2/'

˛ˇ̌
� k�N kk'kL1

�

wN � .juN j
2
� j'j2/



C 

wN � j'j
2
� b j'j2



�
DW k�N kk'kL1.A1CA2/: (4-7)

On the right-hand side of (4-7), we have k�N .s/k � ı by our assumption, and k'.s/kL1 � C since
'.s/2H 2.R2/ [Cazenave 2003, Theorems 5.3.1 and 5.4.1] and Sobolev’s embedding H 2.R2/�L1.R2/

[Lieb and Loss 2001, Theorem 8.8 (iii)].

Estimate of A1. Usingˇ̌
juN j

2
� j'j2

ˇ̌
D
ˇ̌
.juN j � j'j/.juN jC j'j/

ˇ̌
� j�N j

2
C 2 j'j j�N j; (4-8)

we can bound

A1 � kwN kL1.k�N k
2
L4 C 2 k'kL1k�N k/� C k�N k: (4-9)

In the last estimate, we used (1-8) and the bound kr�N .t/k
2 � C from Step 1.

Estimate of A2. Observing that b D bwN .0/ and bwN .�/D bw.�=N ˇ/, Plancherel’s theorem yields

A2 �





bw. � =N ˇ/� bw.0/
j � j






L1



j � jbj'j2


L2 � CN�ˇ: (4-10)

Here, we used kr'k � C and the fact that bw is Lipschitz.
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In summary, inserting (4-9) and (4-10) in (4-7), we arrive at

@sk�N .s/k
2
� C

�
k�N .s/k

2
CN�2ˇ

�
: (4-11)

Consequently, we obtain k�N .t/k � CN�ˇ by Gronwall’s lemma since �N .0/D 0.

Conclusion. Define
tmax
N D supft 2 Œ0;T � W k�N .t/k � ıg: (4-12)

Assume that tmax
N

<T . By [Cazenave 2003, Theorem 4.10.1], the map Œ0;T �3 t 7! k�N .t/k is continuous,
hence k�N .s/k � ı for s 2 Œ0; tmax

N
�. By Step 2, this implies that

k�N .t
max
N /k � CN�ˇ < ı (4-13)

for sufficiently large N , which contradicts tmax
N

< T . Hence, tmax
N
� T , and consequently

k�N .t/k � ı for all t 2 Œ0;T �:

By Step 1, we get kr�N .t/k
2 � C . Therefore,

kuN .t/kH 1 � k�N .t/kH 1 Ck'.t/kH 1 � C for all t 2 Œ0;T �: (4-14)

The remaining estimates in (4-1) can be deduced from the H 1-bound as in [Nam and Napiórkowski 2019,
Lemma 4], using Duhamel’s formula. The bound (4-2) also follows from the above argument, where
the error term N�ˇ comes from (4-10). �

5. From the truncated to the full dynamics

In this section we prove Proposition 9. As explained in Section 3.3, the key step is to prove the propagation
bound (3-17). We use (3-18) and (3-8) to decomposeˇ̌̌̌

d
dt
hˆN .t/; f

2
MˆN;M .t/i

ˇ̌̌̌
�

3X
jD1

ˇ̌
hˆN ; Œ.Gj CG�j /; f

2
M �ˆN;M i

ˇ̌
(5-1)

with Gj given in (3-8). In the next subsections, we will handle the cases j D 1; 2; 3 separately, and then
conclude (3-17) as well as Proposition 9.

As a preparation, let us collect here two auxiliary estimates which will be used repeatedly in this
section. The first one is a simple Sobolev-type estimate.

Lemma 11. Let W 2 Ls.R2/ with s 2 .1; 2� and denote by W .x � y/ the corresponding two-body
multiplication operator. Then

d�2

�
jW .x�y/j

�
� CskW kLs.R2/N d�1.1��/ (5-2)

as operators on F .

In particular, Assumption 1 guarantees that w 2L1C".R2/ for every " > 0, hence Lemma 11 implies
that

d�2

�
jwN .x�y/j

�
� C"N

"N d�1.1��/: (5-3)
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Here we used the fact thatZ
R2

jwN .x/j
˛ dx DN 2ˇ.˛�1/

Z
jw.x/j˛ dx for all ˛ > 0: (5-4)

Proof. Using Sobolev’s embedding Ls0.R2/ � H 1.R2/ with 1=s0 C 1=s D 1 [Lieb and Loss 2001,
Theorem 8.8], we have“

dx dy jW .x�y/j jf .x;y/j2 � Cs

Z
dx kW .x� � /kLs.R2/kf .x; � /k

2
H 1.R2/

D CskW kLs.R2/hf; .1��y/f iL2.R2�R2/ (5-5)

for all f 2H 1.R2 �R2/. Therefore, we have the two-body inequality

jW .x�y/j � CskW kLs.R2/.1��y/ (5-6)

for each y 2 R2, which implies the second-quantized form (5-2). �

The second estimate is concerned with the second quantization of a two-body multiplication operator:

Lemma 12. Let A� 0 be a multiplication operator on H2 such that A.x;y/DA.y;x/ and let s 2 Œ1;1/.
Then

d�2.A
s/� Œd�2.A/�

s: (5-7)

Proof. On every k-particle sector Hk , k � 2, we have

d�2.A
s/D

X
1�i<j�k

As
ij �

� X
1�i<j�k

Aij

�s

D Œd�2.A/�
s: (5-8)

This concludes the proof since d�2.A/ preserves the particle number. �

5.1. Estimate of the linear terms. We consider first the linear terms in (5-1).

Lemma 13. For every t 2 Œ0;Tmax/ and " > 0, we haveˇ̌˝
ˆN ; Œ.G1CG�1/; f

2
M �ˆN;M

˛ˇ̌
� Ct;"

N "

p
N
: (5-9)

Proof. From the definition of G1 in (3-8), we obtainˇ̌
hˆN ; ŒG1; f

2
M �ˆN;M i

ˇ̌
D 2

ˇ̌˝
ˆN ; a

|
�
q.t/.wN � juN j

2/uN

�
!1ˆN;M

˛ˇ̌
(5-10)

with

!1 D
N
p

N �N
N � 1

�
f 2

�
N
M

�
�f 2

�
N C 1

M

��
; (5-11)

where we used that g.N /a|
x D a

|
xg.N C 1/. For f as in (3-16), we have

j!1j �
CN

M
p

N
1�M (5-12)
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in the sense of operators on F�N
?

.t/. We will use the simple bound

a.v/a|.v/D a|.v/a.v/Ckvk2 � .N C 1/kvk2; (5-13)

where v D q.t/.wN � juN j
2/uN satisfies

kvkL2 �


.wN � juN j

2/uN




L2 � kwN kL1kuN k

2
L2kuN kL1 � Ct (5-14)

by Lemma 10. Therefore, by the Cauchy–Schwarz inequality, we deduce from (5-10) and (5-13) thatˇ̌
hˆN ; ŒG1;f

2
M �ˆN;M i

ˇ̌
� 2kˆN k



a|
�
q.t/.wN �juN j

2/uN

�
.N C1/�1=2




opk.N C1/1=2!1ˆN;Mk

�Ct





.N C1/3=2

M
p

N
1�MˆN;M





�Ct;"
N "

p
N
: (5-15)

In the last estimate, we used that

kN 1=2ˆN;Mk
2
D hˆN;M ;NˆN;M i � Ct;"N

"; (5-16)

which follows from the kinetic estimate (3-13) in Lemma 8. Similarly, we also getˇ̌
hˆN ; ŒG

�
1; f

2
M �ˆN;M i

ˇ̌
� Ct;"

N "

p
N

(5-17)

since ˇ̌
hˆN ; ŒG

�
1; f

2
M �ˆN;M i

ˇ̌
D 2

ˇ̌˝
ˆN ; a

�
q.t/.wN � juN j

2/uN

�e!1ˆN;M

˛ˇ̌
; (5-18)

where

e!1 D
N
p

N �N C 1

N � 1

�
f 2

�
N
M

�
�f 2

�
N � 1

M

��
(5-19)

as an operator on F�N
?

. From (5-15) and (5-17), we obtain (5-9). �

5.2. Estimate of the quadratic terms. We turn to the quadratic terms in (5-1).

Lemma 14. For every t 2 Œ0;Tmax/ and " > 0, we have

ˇ̌
hˆN ; ŒG2; f

2
M �ˆN;M i

ˇ̌
� Ct;"

�
1
p

M
C

N ˇ

M 3=2

�
N "; (5-20)

ˇ̌
hˆN ; ŒG

�
2; f

2
M �ˆN;M i

ˇ̌
� Ct;"

N "

M
: (5-21)

Proof. The bound (5-20) is one of the most difficult estimates in this section. We use the strategy explained
in Section 3.3.

Step 1. Let us abbreviate

!2 D

p
.N �N /.N �N � 1/

N � 1

�
f 2

�
N
M

�
�f 2

�
N C 2

M

��
(5-22)
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as an operator on F�N
?

. For N � 2, we have

j!2j �
C

M
1>M=2: (5-23)

We also observe that in the relevant estimate for G2, K2 D q˝ q eK2 in (2-24) can be replaced by eK2 as
for any �; �0 2 F?.t/ we have�
�;

“
dx dy K2.x;y/uN .x/uN .y/a

|
xa|

y�
0

�
D

�
�;

“
dx dy eK2.x;y/uN .x/uN .y/a

|
xa|

y�
0

�
: (5-24)

Hence, we can write

hˆN ; ŒG2; f
2

M �ˆN;M i D

“
dx dy wN .x�y/uN .x/uN .y/hˆN ; a

|
xa|

y!2ˆN;M i: (5-25)

By writing

a|
xa|

y DR�1=2a|
xa|

yR
1=2
CR�1=2ŒR1=2; a|

xa|
y � (5-26)

with RD d�2.jwN j/C 1 as in (3-22) and using the triangle inequality, we find thatˇ̌
hˆN ; ŒG2; f

2
M �ˆN;M i

ˇ̌
� E1C E2 (5-27)

where

E1 D

“
dx dy jwN .x�y/j juN .x/j juN .y/j jhˆN ;R�1=2a|

xa|
yR

1=2!2ˆN;M ij; (5-28)

E2 D

“
dx dy jwN .x�y/j juN .x/j juN .y/j

ˇ̌
hˆN ;R�1=2ŒR1=2; a|

xa|
y �!2ˆN;M i

ˇ̌
: (5-29)

Step 2. Now let us estimate E1. By the Cauchy–Schwarz inequality,

E1 �

“
dx dy jwN .x�y/j juN .x/j juN .y/jkaxayR�1=2ˆN kkR1=2!2ˆN;Mk

�

�“
dx dy jwN .x�y/j juN .x/j

2
juN .y/j

2

�1=2

�

�“
dx dy jwN .x�y/jkaxayR�1=2ˆN k

2

�1=2

kR1=2!2ˆN;Mk: (5-30)

From Lemma 10, we can bound“
dx dy jwN .x�y/j juN .x/j

2
juN .y/j

2
� kuN k

2
L1kuN k

2
L2kwN kL1 � Ct : (5-31)

Moreover, (3-26) yields“
dx dy jwN .x�y/jkaxayR�1=2ˆN k

2
� kˆN k

2
� 1: (5-32)

From Lemma 11 and the kinetic estimate in Lemma 8, we get˝
ˆN;M ; d�2.jwN j/ˆN;M

˛
� C"N

"
hˆN;M ;M d�1.1��/ˆN;M i � Ct;"MN 2": (5-33)
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Combining this with (5-23) and the fact that R commutes with !2, we find that

kR1=2!2ˆN;Mk
2
�

C

M 2
hˆN;M ;RˆN;M i �

Ct;"N
"

M
: (5-34)

Inserting (5-31), (5-32) and (5-34) in (5-30), we conclude that

E1 �
Ct;"N

"

p
M
kˆN k (5-35)

for every constant " > 0.

Step 3. We turn to estimate the second term E2, which is more involved. Using (3-29) and (3-28), we get

ŒR1=2; a|
xa|

y �D
1

�

Z 1
0

ds

p
s

RC s
jwN .x�y/ja|

xa|
y

1

RC s

C
1

�

Z 1
0

ds

Z
dz

p
s

RC s

�
jwN .x� z/jC jwN .y � z/j

�
a|

xa|
ya|

zaz
1

RC s
: (5-36)

This allows us to write

E2 D

“
dx dy jwN .x�y/j juN .x/j juN .y/j

ˇ̌
hˆN ;R�1=2ŒR1=2; a|

xa|
y �!2ˆN;M i

ˇ̌
� C.E2;1C E2;2/; (5-37)

where

E2;1D

Z 1
0

ds
p

s

“
dx dy jwN .x�y/j2juN .x/j juN .y/j

ˇ̌̌̌
hˆN ;

R�1=2

RCs
a|

xa|
y

1

RCs
!2ˆN;M i

ˇ̌̌̌
; (5-38)

E2;2D

Z 1
0

ds
p

s

•
dx dy dz jwN .x�y/j jwN .x�z/j juN .x/j juN .y/j

�

ˇ̌̌̌
hˆN ;

R�1=2

RCs
a|

xa|
ya|

zaz
1

RCs
!2ˆN;M i

ˇ̌̌̌
: (5-39)

Estimate of E2;1. By the Cauchy–Schwarz inequality, we find for any constant " 2 .0; 1/ that

E2;1 �

Z 1
0

ds
p

s

“
dx dy jwN .x�y/j2juN .x/j juN .y/j





axay
R�1=2

RC s
ˆN









 1

RC s
!2ˆN;M






�

Z 1
0

ds
p

s

�“
dx dy jwN .x�y/j2C"juN .x/j

2
juN .y/j

2

�1=2

�

�“
dx dy jwN .x�y/j2�"





axay
R�1=2

RC s
ˆN





2�1=2



 1

RC s
!2ˆN;M





: (5-40)

By Lemma 10, we obtain“
dx dy jwN .x�y/j2C"juN .x/j

2
juN .y/j

2
� kuN k

2
L1kuN k

2
L2kjwN j

2C"
kL1

� CtN
2ˇ.1C"/: (5-41)
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Moreover, using that“
dx dy jwN .x�y/j2�"a|

xa|
yaxay D d�2.jwN j

2�"/�
�
d�2.jwN j/

�2�"
�R2�" (5-42)

by Lemma 12, we can bound“
dx dy jwN .x�y/j2�"





axay
R�1=2

RC s
ˆN





2

D

�
R�1=2

RC s
ˆN ; d�2.jwN j

2�"/
R�1=2

RC s
ˆN

�
�

�
ˆN ;

R1�"

.RC s/2
ˆN

�
�

1

.1C s/1C"
: (5-43)

In the last estimate we used that R� 1. Moreover, using again the fact that R commutes with !2, we find
with (5-23) that



 1

RC s
!2ˆN;M





2

�
C

M 2.1C s/2
hˆN;M ;1>M=2ˆN;M i

�
C

M 2.1C s/2

�
ˆN;M ;

2N
M
ˆN;M

�
�

Ct;"

M 3.1C s/2
N ": (5-44)

Here in the last estimate, we used the kinetic bound in Lemma 8. Inserting (5-41), (5-43) and (5-44) in
(5-40) we find that, for every constant " 2 .0; 1/,

E2;1 � Ct;"

Z 1
0

ds
p

s
p

N 2ˇ.1C"/

s
1

.1C s/1C"

s
1

M 3.1C s/2
N "

� Ct;"
N .1C"/ˇC"=2

M 3=2

Z 1
0

ds

.1C s/1C"=2
� Ct;"

N .1C"/ˇC"=2

M 3=2
: (5-45)

Estimate of E2;2. Similarly, for every constant " > 0 small, by the Cauchy–Schwarz inequality,

E2;2 D

Z 1
0

ds
p

s

•
dx dy dz jwN .x�y/j jwN .x� z/j juN .x/j juN .y/j

�

ˇ̌̌̌�
ˆN ;

R�1=2.N C 1/�1=2

RC s
a|

xa|
ya|

zaz
.N C 3/1=2

RC s
!2ˆN;M

�ˇ̌̌̌
� kuN k

2
L1

Z 1
0

ds
p

s

•
dx dy dz jwN .x�y/j jwN .x� z/j

�





axayaz
R�1=2.N C 1/�1=2

RC s
ˆN









az
.N C 3/1=2

RC s
!2ˆN;M






� Ct

Z 1
0

ds
p

s

�•
dx dy dz jwN .x�y/j2�"





axayaz
R�1=2.N C 1/�1=2

RC s
ˆN





2�1=2

�

�Z
dz





az
.N C 3/1=2

RC s
!2ˆN;M





2 Z
dx jwN .x� z/j2

Z
dy jwN .x�y/j"

�1=2

: (5-46)
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In the last estimate, we used the uniform bound kuN kL1 � Ct from Lemma 10. Using again (5-42) and
R� 1 we find that•

dx dy dz jwN .x�y/j2�"




axayaz

R�1=2.N C 1/�1=2

RC s
ˆN





2

D

�
R�1=2.N C 1/�1=2

RC s
ˆN ; d�2.jwN j

2�"/.N � 2/
R�1=2.N C 1/�1=2

RC s
ˆN

�
�

�
ˆN ;

R1�"

.RC s/2
ˆN

�
�

1

.1C s/1C"
: (5-47)

Since w is bounded and compactly supported, we getZ
dx jwN .x� z/j2

Z
dy jwN .x�y/j" � CN 2ˇ": (5-48)

Moreover, using (5-23) together with N 2 �M d�1.1��/ on F�M and Lemma 8, we haveZ
dz





az
.N C 3/1=2

RC s
!2ˆN;M





2

D
C

M 2

�
ˆN;M ;

N .N C 3/

.RC s/2
ˆN;M

�
(5-49)

�
C

M 2.1C s/2
hˆN;M ;N 2ˆN;M i �

Ct;"N
"

M.1C s/2
: (5-50)

Therefore, we deduce from (5-46) that

E2;2 � Ct;"

Z 1
0

ds
p

s

s
1

.1C s/1C"

s
N "

M.1C s/2
N 2ˇ" � Ct;"

N .ˇC1=2/"

p
M

: (5-51)

Putting (5-45) and (5-51) together, we conclude from (5-37) that

E2 � Ct;"

�
N .1C"/ˇC"=2

M 3=2
C

N .ˇC1=2/"

p
M

�
: (5-52)

Conclusion of (5-20). Inserting (5-35) and (5-52) in (5-27), we obtain (5-20).

Step 4. It remains to prove (5-21). Similarly to (5-25), we can write

hˆN ; ŒG
�
2; f

2
M �ˆN;M i D

“
dx dy wN .x�y/uN .x/uN .y/hˆN ; axaye!2ˆN;M i (5-53)

with

e!2 D

p
.N �N C 2/.N �N C 1/

N � 1

�
f 2

�
N � 2

M

�
�f 2

�
N
M

��
(5-54)

as an operator on F�N
?

. This term is much easier to estimate than (5-25) since now two annihilators
hit ˆN;M . To be precise, we have

je!2j �
C

M
(5-55)
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similarly to (5-23). Therefore, by the Cauchy–Schwarz inequality,ˇ̌
hˆN ; ŒG

�
2; f

2
M �ˆN;M i

ˇ̌
�

“
dx dy jwN .x�y/j juN .x/j juN .y/jkˆN kkaxaye!2ˆN;Mk

� kˆN k

�“
dx dy jwN .x�y/j juN .x/j

2
juN .y/j

2

�1=2

�

�“
dx dy jwN .x�y/jkaxaye!2ˆN;Mk

2

�1=2

� Ct

˝
ˆN;M ; d�2.jwN j/je!2j

2ˆN;M

˛1=2
�

Ct;"

M 2
hˆN;M ;N "N d�1.1��/ˆN;M i

1=2
� Ct;"

N "

M
: (5-56)

Here we used again (5-31), Lemma 11 and the kinetic estimate in Lemma 8. Thus, (5-21) holds true.
This completes the proof of Lemma 14. �

5.3. Estimate of the cubic terms. Concerning the cubic terms in (5-1), we have the following bounds:

Lemma 15. Let ˆN 2 F?.t/, t 2 Œ0;Tmax/ and " > 0. Then

ˇ̌
hˆN ; ŒG3; f

2
M �ˆN;M i

ˇ̌
� Ct;"

�
1
p

N
C

N ˇ

M
p

N

�
N "; (5-57)

ˇ̌
hˆN ; ŒG

�
3; f

2
M �ˆN;M i

ˇ̌
� Ct;"

N "

p
N
: (5-58)

Proof. Again, (5-57) is much more difficult than (5-58). We will proceed similarly to the quadratic terms.

Step 1. Analogously to (5-23), we define

!3 D

r
1�

N � 1

N � 1

�
f 2

�
N
M

�
�f 2

�
N C 1

M

��
(5-59)

as an operator on F�N
?

, which satisfies

j!3j �
C

M
1�M : (5-60)

Moreover, similarly to (5-25) we can write

hˆN ; ŒG3; f
2

M �ˆN;M i D
1
p

N

“
dx dy wN .x�y/uN .x/hˆN ; a

|
xa|

yay!3ˆN;M i: (5-61)

By decomposing a
|
xa

|
yay as

a|
xa|

yay DR�1=2a|
xa|

yayR1=2
CR�1=2Œa|

xa|
yay ;R1=2�; (5-62)

we obtain ˇ̌
hˆN ; ŒG3; f

2
M �ˆN;M i

ˇ̌
� E3C E4; (5-63)
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where

E3 D
1
p

N

“
dx dy jwN .x�y/j juN .x/j jhˆN ;R�1=2a|

xa|
yayR1=2!3ˆN;M ij; (5-64)

E4 D
1
p

N

“
dx dy jwN .x�y/j juN .x/j

ˇ̌
hˆN ;R�1=2Œa|

xa|
yay ;R1=2�!3ˆN;M i

ˇ̌
: (5-65)

Step 2. Let us first estimate E3. By the Cauchy–Schwarz inequality,

E3 �
1
p

N

“
dx dy jwN .x�y/j juN .x/jkaxayR�1=2ˆN kkayR1=2!3ˆN;Mk

�
kuN kL1
p

N

�“
dx dy jwN .x�y/jkaxayR�1=2ˆN k

2

�1=2

�

�“
dx dy jwN .x�y/jkayR1=2!3ˆN;Mk

2

�1=2

: (5-66)

We can simplify the right-hand side using (3-26) and Lemma 10. Moreover, by (5-60) and Lemma 11,

j!3j
2NR�

C"N
"

M 2
N 2 d�1.1��/� C"N

" d�1.1��/ (5-67)

on F�M . Combining this with the kinetic bound in Lemma 8, we find that“
dx dy jwN .x�y/jkayR1=2!3ˆN;Mk

2
D kwN kL1hˆN;M ; j!3j

2NRˆN;M i

� C"N
2" (5-68)

for every constant " > 0. Therefore, we deduce from (5-66) that

E3 �
Ct;"N

"

p
N

: (5-69)

Step 3. Now we turn to the complicated error term E4. A direct computation shows that�
d�2.jwN j/; a

|
xa|

yay

�
D jwN .x�y/ja|

xa|
yay C

Z
dz jwN .x� z/ja|

xa|
ya|

zazay ; (5-70)

and with (3-28) this yields

ŒR1=2; a|
xa|

yay �D
1

�

Z 1
0

ds

p
s

RC s
jwN .x�y/ja|

xa|
yay

1

RC s

C
1

�

Z 1
0

ds

Z
dz

p
s

RC s
jwN .x� z/ja|

xa|
ya|

zazay
1

RC s
: (5-71)

Thus, by the triangle inequality and the bound kuN kL1 � Ct from Lemma 10, we can split

E4 D
1
p

N

“
dx dy jwN .x�y/j juN .x/j

ˇ̌
hˆN ;R�1=2Œa|

xa|
yay ;R1=2�!3ˆN;M i

ˇ̌
� Ct .E4;1C E4;2/; (5-72)
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where

E4;1 D
1
p

N

Z 1
0

ds
p

s

“
dx dy jwN .x�y/j2

ˇ̌̌̌�
ˆN ;

R�1=2

RC s
a|

xa|
yay

1

RC s
!3ˆN;M

�ˇ̌̌̌
; (5-73)

E4;2 D
1
p

N

Z 1
0

ds
p

s

•
dx dy dz jwN .x�y/j jwN .x� z/j

�

ˇ̌̌̌�
ˆN ;

R�1=2

RC s
a|

xa|
ya|

zazay
1

RC s
!3ˆN;M

�ˇ̌̌̌
: (5-74)

Estimate of E4;1. By the Cauchy–Schwarz inequality we have

E4;1 �
1
p

N

Z 1
0

ds
p

s

“
dx dy jwN .x�y/j2





axay
R�1=2

RC s
ˆN









ay
1

RC s
!3ˆN;M






�

1
p

N

Z 1
0

ds
p

s

�“
dx dy jwN .x�y/j2�"





axay
R�1=2

RC s
ˆN





2�1=2

�

�“
dx dy jwN .x�y/j2C"





ay
1

RC s
!3ˆN;M





2�1=2

: (5-75)

The right-hand side can be simplified using (5-43) and the estimate“
dx dy jwN .x�y/j2C"





ay
1

RC s
!3ˆN;M





2

D


jwN j

2C"




L1

�
ˆN;M ;

N j!3j
2

.RC s/2
ˆN;M

�
� Ct;"N

.1C"/2ˇ N "

M 2.1C s/2
; (5-76)

which follows from (5-60), R� 1, and the kinetic bound in Lemma 8. Altogether, this gives

E4;1 �
Ct;"
p

N

Z 1
0

ds
p

s

s
1

.1C s/1C"

s
N .1C"/2ˇ

N "

M 2.1C s/2

� Ct;"
N .1C"/ˇC"=2

p
N M

: (5-77)

Estimate of E4;2. By the Cauchy–Schwarz inequality,

E4;2 D
1
p

N

Z 1
0

ds
p

s

•
dx dy dz jwN .x�y/j jwN .x� z/j

�

ˇ̌̌̌�
ˆN ;

R�1=2.N C 2/�1=2

RC s
a|

xa|
ya|

zazay
.N C 3/1=2

RC s
!3ˆN;M

�ˇ̌̌̌
�

1
p

N

Z 1
0

ds
p

s

•
dx dy dz jwN .x�y/j jwN .x� z/j

�





axayaz
R�1=2.N C 2/�1=2

RC s
ˆN









ayaz
.N C 3/1=2

RC s
!3ˆN;M






�

1
p

N

Z 1
0

ds
p

s

�•
dx dy dz jwN .x�y/j2�"





axayaz
R�1=2.N C 2/�1=2

RC s
ˆN





2�1=2

�

�•
dx dy dz jwN .x�y/j"jwN .x� z/j2





ayaz
.N C 3/1=2

RC s
!3ˆN;M





2�1=2

: (5-78)
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We can bound•
dx dy dz jwN .x�y/j2�"





axayaz
R�1=2.N C 2/�1=2

RC s
ˆN





2

D

“
dx dy jwN .x�y/j2�"





axay
R�1=2

RC s
ˆN





2

�
1

.1C s/1C"
(5-79)

as in (5-43). Since w is bounded and compactly supported, we have the pointwise estimate

jwN .x�y/j"jwN .x� z/j2 D jwN .x�y/j"jwN .x� z/j21fjy�zj�CN�ˇg

� CN 4ˇ
jwN .x�y/j"1fjy�zj�CN�ˇg: (5-80)

Moreover, the operators d�2.1fjy�zj�CN�ˇg/, R, N and !3 all commute. Consequently, using R � 1

and (5-60), we can bound“
dy dz 1fjy�zj�CN�ˇg





ayaz
.N C 3/1=2

RC s
!3ˆN;M





2

D

�
ˆN;M ; d�2.1fjy�zj�CN�ˇg/

N C 3

.RC s/2
j!3j

2ˆN;M

�
�

C

M.1C s/2
hˆN;M ; d�2.1fjy�zj�CN�ˇg/ˆN;M i: (5-81)

Using Lemma 11 with s D 2ˇ=.2ˇ� "/, we obtain

d�2.1fjy�zj�CN�ˇg/� C"N
"N�2ˇN d�1.1��/ (5-82)

for every " > 0. Therefore, together with Lemma 8, we deduce that•
dx dy dz jwN .x�y/j"jwN .x� z/j2





ayaz
.N C 3/1=2

RC s
!3ˆN;M





2

�
CN 4ˇ

M.1C s/2



jwN j
"




L1hˆN;M ; d�2.1fjy�zj�CN�ˇg/ˆN;M i

�
Ct;"N

.2ˇC2/"

.1C s/2
: (5-83)

Inserting (5-79) and (5-83) in (5-78) we find that

E4;2 D
Ct;"
p

N

Z 1
0

ds
p

s

s
1

.1C s/1C"

s
N .2ˇC2/"

.1C s/2
�

Ct;"N
.ˇC1/"

p
N

(5-84)

for every constant " > 0. From (5-77) and (5-84) we get

E4 � Ct;"

�
N ˇ

p
N M

C
1
p

N

�
N ": (5-85)

Conclusion of (5-57). Given the decomposition (5-63), the desired bound (5-57) follows immediately
from (5-69) and (5-85).
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Step 4. It remains to prove (5-58). Similarly to (5-61), we can write

hˆN ; ŒG
�
3; f

2
M �ˆN;M i D

1
p

N

“
dx dy wN .x�y/uN .x/hˆN ; a

|
yaxaye!3ˆN;M i (5-86)

with

e!3 D

r
1�

N
N � 1

�
f 2

�
N � 1

M

�
�f 2

�
N
M

��
(5-87)

as an operator on F�N
?

, which satisfies

je!3j �
C

M
1�M : (5-88)

By the Cauchy–Schwarz inequality,ˇ̌
hˆN ; ŒG

�
3; f

2
M �ˆN;M i

ˇ̌
D

1
p

N

ˇ̌̌̌“
dx dy wN .x�y/uN .x/h.N C 1/�1=2ˆN ; a

|
yaxayN 1=2e!3ˆN;M i

ˇ̌̌̌
�
kuN kL1
p

N

“
dx dy jwN .x�y/jkay.N C 1/�1=2ˆN kkaxayN 1=2e!3ˆN;Mk

�
Ct
p

N

�“
dx dy jwN .x�y/jkay.N C 1/�1=2ˆN k

2

�1=2

�

�“
dx dy jwN .x�y/jkaxayN 1=2e!3ˆN;Mk

2

�1=2

D
Ct
p

N
hˆN ; kwN kL1N .N C 1/�1ˆN i

1=2
˝
ˆN;M ; d�2.jwN j/N je!3j

2ˆN;M

˛1=2
�

Ct;"N
"

p
N
kˆN khˆN;M ; d�1.1��/N 21�M M�2ˆN;M i

1=2
�

Ct;"
p

N
N 2"; (5-89)

where we used Lemma 11 and the kinetic bound in Lemma 8. This concludes the proof of (5-58) and
thus of Lemma 15. �

5.4. Conclusion of Proposition 9. First, inserting the bounds from Lemmas 13, 14 and 15 in (5-1), and
using M �N to simplify some error terms, we find that the desired propagation bound (3-17) holds true,
namely that ˇ̌̌̌

d
dt
hˆN .t/; f

2
MˆN;M .t/i

ˇ̌̌̌
� Ct;"N

"

�
1
p

M
C

N ˇ

M 3=2

�
:

Proof of Proposition 9. Define

B.t/ WD 1�<hˆN .t/; f
2

MˆN;M .t/i: (5-90)

By (2-27) and by definition (3-16) of fM , we obtain

B.0/D hˆ0; .1�f
2

M /ˆ0i � hˆ0;1
>M=2ˆ0i �

2

M
hˆ0;Nˆ0i �

C

M
: (5-91)
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Combining this with (3-17), we can therefore bound

B.t/� Ct;"

�
1
p

M
C

N ˇ

M 3=2

�
(5-92)

for all t 2 Œ0;Tmax/ and " > 0.
To conclude Proposition 9, we prove that

kˆN .t/�ˆN;M .t/k2 � 4B.t/: (5-93)

Let us drop the time dependence from the notation for simplicity and write

kˆN �ˆN;Mk
2
D kˆN k

2
CkˆN;Mk

2
� 2<hˆN ; ˆN;M i

� 2� 2<hˆN ; f
2

MˆN;M i � 2<hˆN ;g
2
MˆN;M i: (5-94)

Here we defined g2
M
D 1�f 2

M
and used that kˆN k� 1, kˆN;Mk� 1. Moreover, by the Cauchy–Schwarz

inequality,

2 jhˆN ;g
2
MˆN;M ij � kgMˆN k

2
CkgMˆN;Mk

2

� 2�kfMˆN k
2
�kfMˆN;Mk

2
� 2� 2 jhˆN ; f

2
MˆN;M ij: (5-95)

Thus, (5-93) follows immediately. �

6. Conclusion of the main theorems

6.1. Proof of Theorem 5. Let M DN 1�ı with ı 2 .0; 1/. Recall that ˆN .t/ and ˆN;M .t/ are defined
in (3-6) and (3-11), respectively. Since UN WH

N !F�N
?

.t/ is a unitary transformation, the desired norm
approximation (2-29) is equivalent to

kˆN .t/�ˆ.t/k
2
� CtN

�˛2 : (6-1)

By Lemma 8 and Proposition 9, we can bound

kˆN .t/�ˆ.t/k
2
� 2 kˆN .t/�ˆN;M .t/k2C 2 kˆN;M .t/�ˆ.t/k2

� Ct;"N
"

�
1
p

M
C

N ˇ

M 3=2
C

r
M

N

�
D Ct;"N

".N .ı�1/=2
CN 3ı=2Cˇ�3=2

CN�ı=2/ (6-2)

for all t 2 Œ0;Tmax/ and " > 0. Here we have put back M DN 1�ı at the end. The optimal choice for ı is

ı D

(
1
4
.3� 2ˇ/ if ˇ � 1

2
;

1
2

if ˇ � 1
2
;

(6-3)

which implies (6-1) with every 0< ˛2 <min
�

1
8
; 1

16
.3� 2ˇ/

�
. �
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6.2. Proof of Theorem 3. The implication of the convergence of density matrices from the norm
convergence is well-known; see, e.g., [Lewin et al. 2015a, Corollary 2]. Here we recall a quick
derivation for the reader’s convenience. We will again drop the time dependence from the notation.
Let q D 1�pD 1�juN ihuN j as in (2-25). By using the rules (3-5) (see also Remark 6), Theorem 5 and
Lemma 7, it follows that

N Tr.q
 .1/
‰N

q/D k
p
NˆN k

2
� 2 k

p
N1�N .ˆN �ˆ/k

2
C 2 k

p
Nˆk2 � Ct;".N

1�2˛2 CN "/:

Then by the triangle and Cauchy–Schwarz inequalities, we conclude that

Tr
ˇ̌


.1/
‰N
� j'ih'j

ˇ̌
� Tr

ˇ̌
p� j'ih'j

ˇ̌
CTr jp.
 .1/

‰1
� 1/pjCTr jq
 .1/

‰1
qjC 2 Tr jp
 .1/

‰1
qj

� 2 kuN �'kL2 C 2 Tr.q
 .1/
‰1

q/C 2

q
Tr jq
 .1/

‰1
qj

q
Tr jp
 .1/

‰1
pj

� Ct;".N
�ˇ
CN�˛2N ."�1/=2/:

Here we used Tr.p/D Tr 
 .1/
‰N
D 1 and Lemma 10. Thus (2-6) holds for ˛1 Dmin.ˇ; ˛2/. �
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[Erdős et al. 2009] L. Erdős, B. Schlein, and H.-T. Yau, “Rigorous derivation of the Gross–Pitaevskii equation with a large
interaction potential”, J. Amer. Math. Soc. 22:4 (2009), 1099–1156. MR
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