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REGULARITY FOR NONLOCAL EQUATIONS
WITH LOCAL NEUMANN BOUNDARY CONDITIONS

XAVIER ROS-OTON AND MARVIN WEIDNER

We establish fine results on the boundary behavior of solutions to nonlocal equations in C*¥ domains
which satisfy local Neumann conditions on the boundary. Such solutions typically blow up at the boundary
like v < dist* ! and are sometimes called large solutions. In this setup we prove optimal regularity results
for the quotients v/dist* !, depending on the regularity of the domain and on the data of the problem. The
results of this article will be important in a forthcoming work on nonlocal free boundary problems.
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1. Introduction

The study of nonlocal operators of the form
Lv(x)=pv. | (v(x)—v(x+h))K(h)dh, (1-1)
Rn

where K : R" — [0, oo] is a kernel satisfying for some s € (0, 1)

K (h/|h|)

K(h) = ,
( ) |h|n+25

0<A<K@®) <A forall@ e S"!, K(h)=K(—h) (1-2)

has been an important area of research in analysis and probability for the past 30 years. Operators L of the
type (1-1)—(1-2) arise naturally as generators of 2s-stable Lévy processes, and are used to model different
kinds of real-world phenomena involving long range interactions, e.g., in mathematical finance and in
physics. From a PDE perspective, it is of particular interest to study the effect of the nonlocality of L on
the regularity of solutions to nonlocal equations. By now, the question of interior regularity of solutions
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is fairly well-understood, and there are several important works in this context, such as [Caffarelli and
Silvestre 2009; 2011a; 2011b; Silvestre 2006; Bass and Levin 2002; Kassmann 2009; Di Castro et al.
2014; 2016; Barrios et al. 2014; Ros-Oton and Serra 2016b].

A much more delicate question is the one of boundary regularity of solutions to nonlocal problems.
Previous works have mostly focused on nonlocal Poisson problems, given as

{Lv —f inQ, (13

v=0 inR"\Q.

The nonlocal Poisson problem (1-3) arises naturally as the Euler—Lagrange equation of a nonlocal energy
minimization problem and can therefore be studied via variational methods, but also via nonvariational
methods. For (1-3) it was proved (see [Ros-Oton and Serra 2014; Grubb 2015]) that weak solutions
satisfy v € C*(Q), once dQ € C'"7 and f € L*(Q). The C* regularity of solutions is optimal, as one
can see from the explicit example (see [Getoor 1961; Landkof 1972; Dyda 2012])

(=AY (1= |x[*)% =cns >0 in By, (1-4)

which also remains valid for L satisfying (1-1)—(1-2) (see [Ros-Oton 2016]). However, it turns out that
once the domain, the kernel, and the data are regular enough, also the quotient v/d® will be regular,
yielding a fine description of the behavior of the solution v at the boundary. The best known result in the
literature, establishing optimal boundary regularity of weak solutions of (1-3) in terms of the regularity
of the domain and the data was shown in [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020;
Grubb 2015] (see also [Ros-Oton and Serra 2016a; 2016b; Abels and Grubb 2023]) and reads as

Qectr, fecttrs(Q) = disec"’y(s_z) forallk e NU{0}, y €(0,1).  (1-5)

All the previously mentioned results on the nonlocal Poisson problem (1-3) address weak solutions for
which one can prove that they must remain bounded in © (see [Servadei and Valdinoci 2014; Korvenpis
et al. 2016]). However, explicit computations reveal that there also exist pointwise solutions of (1-3),
which explode at the boundary of the domain behaving asymptotically like d*~!. The following most
prominent example goes back to a work by Hmissi [1994] (see also [Bogdan 1999, Example 1, p.239;
Bogdan et al. 2009, Example 3.3; Dyda 2012]):

(=AY (1= |x»'=0 in By. (1-6)

The example (1-6) has initiated the conceptual study of boundary blow-up for solutions to nonlocal
equations (see [Grubb 2014; 2015; 2018; 2023; Abatangelo 2015; 2017; Abatangelo et al. 2023; Chan
et al. 2021]). In this theory, solutions such as (1-6) are sometimes called “large solutions”. Due to the
explosion at the boundary, the above function cannot be a weak solution, and clearly violates (1-5).

In order to have a unified framework which also allows for singular behavior at the boundary, it is
necessary to keep track of the boundary behavior of the solution, or more precisely to prescribe somehow
the behavior of the quotient v/d*~!. In this spirit, the following Neumann problem, which was introduced
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in [Grubb 2014] (see also [Grubb 2018; 2023]), can be seen as a generalization of (1-3)

Lv=f inQ,
v=0 inR"\Q, (1-7)
BU(%)zg on 02,

where v(xg) € S"~! denotes the inner unit normal at xo € 2. The problem (1-7) is a natural nonlocal
Neumann problem with inhomogeneous Neumann data g, and one can show that the problem is well-posed
in suitable function spaces, at least if the domain is C* (see [Grubb 2014]). Moreover, the solutions blow
up at every boundary point where v/d*~! does not vanish.

Remark 1.1. The functions in (1-4) and (1-6), are both solutions to (1-7), with g =1 and f = ¢, and
with g = (s — 1)2°~% and f =0, respectively, in case Q = Bj.

The Neumann condition in (1-7) is purely local in nature in the sense that it is imposed only on
the topological boundary d€2. Therefore, (1-7) is conceptually completely different from the nonlocal
Neumann problem introduced in [Du et al. 2012; Dipierro et al. 2017] (see also [Alves and Torres Ledesma
2020; Vondracek 2021; Audrito et al. 2023; Foghem and Kassmann 2024; Grube and Hensiek 2024]). It
is also of entirely different nature than [Barles et al. 2014a; 2014b; Bogdan et al. 2003; Chen and Kim
2002], where local boundary conditions are imposed, but instead the operator is changed, depending on
the domain.

Main result. The aforementioned regularity results (1-5) from [Ros-Oton and Serra 2017; Abatangelo
and Ros-Oton 2020] do not apply to (1-7) since solutions are in general not continuous and might even
explode at the boundary. However, it is natural to expect fine regularity results for the quotients v/d*~!
depending on the regularity of the domain and the data.

When Q is C* and K|g.—1 is C*, the regularity theory for (1-7) was developed by Grubb [2014]
using an approach via pseudodifferential operators.

Our goal in this work is twofold: to establish sharp boundary regularity estimates for (1-7) in C*”
domains, and at the same time to prove them for the first time as localized estimates in 2 N B;. This is
new even for C* domains, and it is crucial for our application to free boundary problems.

Our main result is the following:

Theorem 1.2. Let L, K, s, A, A be as in (1-1)-(1-2). Letk € N, y € (0, 1) withy # s, and Q C R" be a
C* 1Y domain, and K € C**+2+3(S"=1). Let v e L) (R") with v/d*~" € C(Q) be a viscosity solution

to
Lv=f inQNBs,

v=0 inB\Q,

8”(#) =g ond2N By,

where v : 32 — S" ! is the normal vector of Q, and f € C(Q)NX(QN By), g € C* 1T (@Q N By),

dVL®(QN By ifk+y <2s,

X(QNBy) =
(0 5) :ck—ZA‘W(Qr\Bz) ifk+y > 2s.

(1-8)
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. _ kty =
Then, it holds that v/d*~' e CIOJCFV (2N By) and

=1
ds— 1l Lo @nBy)

+vliL) sy + I1f @z + ||g||ck—1+r(3m32))»

v
7 e o =<
H ds—1 ‘ Cckv(@nBy) ~

for some ¢ > 0, which only depends onn, s, ,, A, k, y, Q, and || K || coxr2y+3(gn1y.

For the definition of L%S(R") and the notion of viscosity solutions, we refer to Section 2.

The regularity we obtain for v/d*~! depending on the regularity of the domain 2 and the data f, g is
expected to be optimal. For f and g, this is an immediate consequence of interior Schauder theory (see
[Ros-Oton and Serra 2016b]), and the order of the equation. For the regularity of the domain, we observe
that our results align with the ones in [Abatangelo and Ros-Oton 2020] once v € C (€ N B,). We obtain
results with regularity assumptions on K that are expected to be optimal in case €2 is a half-space (see
Theorem 1.7). As in [Grubb 2014], we rule out the case y = s. The result is expected to be false in this
case. It corresponds to proving Schauder-type regularity estimates of integer order.

Another key advantage of our approach is that it allows for localized results in €2 N B;. Nonetheless, if
Q C By, and v is a solution to (1-7), by application of the maximum principle (see Lemma 3.4) to the
estimate in Theorem 1.2 we can obtain the following bound which is purely in terms of f and g:

<c(lfllx@ + lgllcr1+r a0)-

|7
ds=Ulickr@ —

Thus, we have the following generalization of (1-5) to solutions of (1-7):

IQe cktly feckBtr(Q), gec Q)
v
ds—l

A weak maximum principle and nonlocal problems with local Dirichlet conditions. The example (1-6)

= e Ckr(Q) forallkeN, y € (0,1). (1-9)

of a nontrivial s-harmonic function that vanishes outside B; implies that the Poisson problem (1-3) for
the fractional Laplacian is ill-posed even in the homogeneous case. Therefore, maximum principles are
usually established under an additional assumption on the boundary behavior of the solution, ruling out
“large” solutions such as (1-6) (see [Silvestre 2007; Servadei and Valdinoci 2014; Felsinger et al. 2015;
Jarohs and Weth 2019; Feulefack and Jarohs 2023; Fernandez-Real and Ros-Oton 2024a]). Note that
a similar phenomenon occurs for local equations, where any constant function is a pointwise solution
inside the solution domain.

In this paper, we prove the following nonlocal weak maximum principle, which allows for solutions
that blow up at the boundary.

Proposition 1.3. Let L, K, s, A, A be as in (1-1)—(1-2). Let y > 0 and Q C R" be a CYY domain. Let
vE L%S (R™) with v/d*~" € C(RQ) be a viscosity solution to

Lv>0 inQ,
v>0 inR"\Q,
v >0 onodf.
dsfl

Then, v > 0.
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The condition v/d*~! > 0 in Proposition 1.3 includes solutions that blow up at the boundary, such
as (1-6). Previously, maximum principles including large solutions have been established in [Abatangelo
2015; Grube and Hensiek 2023; Liu and Zhuo 2025; Li and Liu 2023]. Proposition 1.3 extends these
results to general 2s-stable integrodifferential operators, and to C!'” domains, respectively.

Recall that a natural way to make the nonlocal Poisson problem (1-3) well-posed is to impose Neumann
boundary conditions as in (1-7). Another way would be to prescribe the limit of the quotient v/d*~!
directly, which leads to the following nonlocal problem with local Dirichlet data, which was introduced
independently in [Grubb 2014; Abatangelo 2015]:

Lv=f inQ,
v=0 inR"\Q, (1-10)
' —h ondQ.
dsfl

The weak maximum principle in Proposition 1.3 implies that the problems (1-10) and (1-3) are
equivalent, when 4 = 0. Thus, (1-10) can be seen as an inhomogeneous nonlocal Dirichlet problem.

Another contribution of this article is the following Schauder-type boundary regularity estimate for
solutions to nonlocal equations with local Dirichlet data:

Theorem 1.4. Let L, K, s, A, A be as in (1-1)—(1-2). Letk e N,y € (0, 1) withy # s, and Q2 C R" be a
CH1Y domain, and K € C**T213(S"1). Let v € L) (R") with v/d*~" € C(Q) be a viscosity solution
to (1-10) with f e C(Q)NX () and h € CH7 (0Q), where X is as in (1-8).

Then, it holds that v/d*~" € C.t (Q), and

<clfllxw + hllckr aa)

| 7=
ds—Uilckr@ —

Jfor some ¢ > 0, which only depends on n, s, A, A, k, y, 2, and || K || c2x+2r+3(gn-1y.

We refer to [Grubb 2015; 2023] for similar results in the framework of pseudodifferential operators.

Note that (1-10) can always be reduced to the homogeneous problem (1-3). In fact, if 2 and /4 are
regular enough, one can extend 4 to a smooth function in  and consider w := v —d*~'h. Then, w solves
the homogeneous problem (1-3) with a new right-hand side f = f — L(d*~'h). Since L(d*~'h) has
good regularity properties (see Corollary 2.5), we can prove Theorem 1.4, by application of the results in
[Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020].

Strategy of the proof: regularity for nonlocal problems with local Neumann data. Since the nonlocal
problem with inhomogeneous local Dirichlet data (1-10) can always be reduced to the homogeneous
problem (1-3) for which the boundary regularity theory was already established (see [Ros-Oton and Serra
2017; Abatangelo and Ros-Oton 2020]), the proof of Theorem 1.4 is rather simple.

In sharp contrast to that, for the Neumann problem (1-7) there is no cheap way to obtain the boundary
regularity results in Theorem 1.2 from the existing theory. In fact, it is already highly nontrivial to
establish Holder continuity of the quotient v/d*~! up to the boundary (see Theorem 1.6 below).

Our proof of Theorem 1.6 goes in three main steps.

First, we establish a weak maximum principle for solutions to the Neumann problem (1-7).



358 XAVIER ROS-OTON AND MARVIN WEIDNER

Proposition 1.5. Let L, K, s, A, A be as in (1-1)—(1-2). Let y > 0, Q C R" be a C2%Y domain, and
K € C3t2(S" 1) Letv e L%S (R™) with v/d“1 eC(Q) bea viscosity solution to

Lv>0 in<Q,
v>0 inR\Q,
av(l)go on 92,
bg

where bq is defined in (3-2). Then v > 0.

This result seems to be the first maximum principle for nonlocal problems with local Neumann boundary
conditions in the literature. We believe it to be of independent interest and refer to Lemma 3.4 for a
corresponding L* bound in the case of inhomogeneous data. The function b can be thought of as a special
regularized distance function taken to the power s — 1. We stress that the result is no longer true if the
function b is replaced by d*~!, where d is another regularized distance function. In fact, Proposition 1.5
holds true for the function in (1-6) if b= (1 —| - |)i_], but fails if we replace b by the regularized distance
d=(1~1]-1%.

The proof of Proposition 1.5 follows from a nonlocal Hopf-type lemma for solutions to the inhomo-
geneous Dirichlet problem (1-10) (see Lemma 3.3), which in turn follows from the weak maximum
principle in Proposition 1.3. All of these results rely heavily on explicit barriers for (1-10) in C'¥ domains
that are adapted to the geometry of the domain and blow up at the boundary like 4*~!. These barriers can
be seen as perturbations of (1-6), or rather of 1D solutions such as

L(x,)5'=0 in {x, > 0}. (1-11)
Note that (1-11) follows simply by differentiating the equation
L(x,)% =0 in {x, > 0}.

The previous identity is a classical fact for nonlocal operators (1-1)—(1-2) (see [Ferndndez-Real and
Ros-Oton 2024a, Lemma 2.6.2]).

The second main step in the proof of Theorem 1.6 is to establish Holder continuity of order «, for
a € (0, 1) small enough, up to the boundary of v/d*~! for solutions to (1-7) in C'¥ domains.

Theorem 1.6. Let L, K, s, A, A be as in (1-1)—=(1-2). Let y € (0, 1), Q C R" be a C>? domain, and
K € C3t2r(S" 1) Letv e L%S (R™) with v/dS*1 eC(Q) bea viscosity solution to

Lv=f inQNB,,
v=0 inB\Q,

av(d%l) —g¢ ondQNB,,

with f € C(2N By) and g € C(0QN By). Then, there exists ag > 0, such that when d*~% f € L*° (2N By)
for some o € (0, agl, and it holds that v/d*~' € C* (QN By), and

loc
(i : H o

10y oy + 1477 Flieianmy + g lieaan, )

v
77 o =<
H ds—! ‘ ceQnBy) —

where ¢ > 0 and ag depend only onn, s, A, A, y, and the C27 radius of Q.
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The proof of Theorem 1.6 uses the weak maximum principle in Proposition 1.5 and the interior weak
Harnack inequality, to establish a weak Harnack inequality for v/d*~! at the boundary (see Lemma 4.1).
This allows us to deduce a so called “growth lemma” for v/d*~!, stating that v/d*~' must be large
pointwise in a ball centered at the boundary, if v/d*~! was large in a measure-theoretic sense in a ball
away from the boundary. Such growth lemma allows to establish oscillation decay for v/d*~! at the
boundary, and to deduce the Holder estimate in Theorem 1.6. A similar proof for the classical Laplacian
can be found in [Lian and Zhang 2023].

Once the boundary Holder estimate is shown, we can establish the higher order boundary regularity in
Theorem 1.2 via a blow-up argument. This is the third, and last step of the proof. Theorem 1.6 is crucial
in order to deduce uniform convergence of the blow-up sequence.

The blow-up argument follows the scheme in [Abatangelo and Ros-Oton 2020] and relies on a Liouville
theorem in the half-space with local Neumann data (see Theorem 5.1). However, major modifications
have to be made in most of the steps due to the boundary blow-up of solutions. For instance, we need to
show the following new result (see Corollary 2.5):

ecHr — L@ Heck Q) ifk+y >1+s.

Moreover, the presence of a Neumann boundary condition complicates some of the arguments, such
as the proof of a stability result for viscosity solutions (see Lemma 2.13). Finally, as in [Abatangelo
and Ros-Oton 2020] we need to make use of a suitable notion of nonlocal equations up to a polynomial
(see [Dipierro et al. 2019; 2022]) in order to account for solutions that grow too fast at infinity (see
Definition 2.8).

Applications to free-boundary problems. We end the discussion of the main results of this article by
shedding some light on a, perhaps unexpected, connection between nonlocal problems with local Neumann
boundary data and free boundary problems. This connection is a main motivation for us to study (1-7).
Let us explain this phenomenon in the particular case of the fractional Laplacian.

The nonlocal one-phase free boundary problem, which was introduced in [Caffarelli et al. 2010] (see
also [Ros-Oton and Weidner 2024]), deals with the minimization of the functional

, dydx
tw)i= [[ w0 w0 ) (1-12)
(Bf x B{)° |x — ypt2

for some M > 0 and with prescribed values of w in R" \ B;. One can show (see [Caffarelli et al. 2010;
Ferndndez-Real and Ros-Oton 2024b]) that local minimizers of (1-12) are C*(B;) and that they are
viscosity solutions to
(=A)w=0 in QN By,
w=0 in By \ €2, (1-13)
w

7 =c,sM ondQ2N By,

where ¢, ¢ > 0 is a constant and 2 := {w > 0}. An important question in the theory is to determine the
regularity of the free boundary d€2 near so called “regular points”. These are the points xg € 02N B for
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which blow-ups of w are half-space solutions, i.e., (up to rotations and multiplicative constants)

w(xo——sl—rx) — wo(x) := (x,)% locally uniformly.
’

One can show using the extension for (—A)* (see [De Silva and Roquejoffre 2012; De Silva and Savin
2012; De Silva et al. 2014]) that once a sequence (w,) of viscosity solutions (1-13) is “e-close” to the

half-space solution wy in the sense that

(xn — g)i Swe(x) < (xp + )Y,

then it holds, as ¢ N\ 0, that

we () — (n)y — () u(x),

where u solves the so called “linearized problem”

{(—A)S((xn)ilm =0 in{x,>0}NBy,

(1-14)
o,u =0 on {x, =0}N B;.

Hence, (x,,)‘:flu is a solution to a nonlocal problem with local Neumann data (1-7) in the half-space, and
it explodes at the boundary {x, = 0} N Bj.

In order to establish regularity results for the free boundary 2 = {w > 0} near regular points, it is an
important step to establish boundary regularity results for the solution to the linearized problem. For
(1-14) this was done in [De Silva and Roquejoffre 2012; De Silva and Savin 2012; De Silva et al. 2014],
using the Caffarelli-Silvestre extension.

In the light of this connection, our main result Theorem 1.2 also makes a contribution to the theory of
the nonlocal one-phase problem (1-12), and provides a completely new proof of the regularity for (1-14),
even in the case of the fractional Laplacian.

We end this discussion by stating a variant of Theorem 1.2 in the special case 2 = {x, > 0}. This
result holds true under assumptions on the regularity of K which are expected to be optimal, and it will
be helpful in the study of the nonlocal one-phase free boundary problem (1-13) with respect to general
nonlocal operators (1-1)—(1-2), which we plan to investigate in a future work (see [Ros-Oton and Weidner
2025]).

Theorem 1.7. Let L, K, s, A, A be as in (1-1)—(1-2). Letk e N, y € (0, 1) with y # s. Let
ueC({x, >01NBy) with (x,)% 'u e L) (R")

be a viscosity solution to
L(x)'w)=f in {x, > 0} N By,
opu=g on d{x,, =0} N B,.

with f € C({x, > 0}NB) N X ({x, >0} N By), g € CK" " ({x, =0} N By), and K € C*K=>Tv (S~ 1) if
k+y > 2s, where X is as in (1-8). Then, it holds that
lellcror (g, =0pn8y) < € (el ooy =038 + 11 o) M 21 o8y + 1L L0082 + 181l =147 ((x,=0}Ba) )

for some ¢ > 0, which only depends on n, s, ., A, k, y, and (if k +y > 2s) also on || K || ck-254y (sn-1y.
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Finally, we make the following remark.

Remark 1.8. The following two problems are equivalent if v € C(Q2N By), i.e., if solutions do not blow
up on 92N By:

LU:f inQﬂBz, Lv:f inQﬂB2,
v=0 1in B\ Q, PN v=0 in B\,
8,,([1;)—_]) =g ondQNBy, dlf: on 02N Bs.

Indeed, since v =0 in B, \ €2, it holds for any xg € 02N B, that

Sy () —lime L —25(2)

X— X0 d(x) - x—xo d’

Recall that the second problem is satisfied by minimizers to the nonlocal one-phase problem (1-13).
Moreover, the above problem is the nonlocal counterpart of the over-determined Serrin’s problem whenever
Q C B, (see for instance [Fall and Jarohs 2015; Soave and Valdinoci 2019; Biswas and Jarohs 2020;
Dipierro et al. 2023]).

Organization of the paper. In Section 2 we introduce the notion of viscosity solutions to (1-7) and give
some preliminary lemmas. Among them are already several new results of independent interest, such
as the construction of explicit barriers exploding at the boundary (see Section 2.3), an analysis of the
regularity of L(d*~') in terms of the regularity of the domain (see Corollary 2.5), and a stability result
for viscosity solutions (see Lemma 2.13). In Section 3 we prove maximum principles for solutions to
nonlocal problems with local Dirichlet and Neumann data (see Propositions 1.3 and 1.5). Section 4 is
devoted to the proof of the Holder estimate up to the boundary (see Theorem 1.6). In Section 5 we prove a
Liouville theorem in the half-space (see Theorem 5.1), and in Section 6 we carry out a blow-up argument
to prove our main result, Theorem 1.2. Finally, Section 7 contains the proof of the regularity for the
inhomogeneous Dirichlet problem (see Theorem 1.4).

2. Preliminaries

In this section, we give several important definitions, such as the definitions of viscosity solutions to (1-7).
In Section 2.2 we establish the regularity of L(d*~') depending on the regularity of the domain and in
Section 2.3 we use these results to construct barrier functions. In Section 2.4, we introduce the notion
of nonlocal equations satisfied up to a polynomial, and in Section 2.5 we establish stability of viscosity
solutions and prove that the sum of two viscosity solutions is again a viscosity solution.

From now on, we denote by C?Om (A, A) the class of operators (1-1) with kernels satisfying (1-2).
Moreover, whenever we say K € C* (S*1) for some o > 0, we mean that || K | co(sn-1) < A. Sometimes,
we denote the class of operators (1-1) satisfying (1-2) and K € C*(S"~!) by E?Om()», A, ).

Moreover, given an open, bounded domain 2 C R" with 02 e C P for some B>1,d:=dg:R"— [0, 0c0)
will denote the regularized distance which satisfies d € C*°(2) N C#(R) and d = 0 in R" \ Q. Crucially,
we have dist(-, Q) <d < Cdist(-, Q) in R", i.e., the topological distance and the regularized distance are
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pointwise comparable. We will often use the fact that | D¥d| < cd?~* (see [Fernandez-Real and Ros-Oton
2024a, Definition 2.7.5]). Throughout this article, we will define d*'=0inR" \ Q.
In the following, whenever xy € 92, we write v/d* ! (xg) = limgs - x, v/d?{l(x).

2.1. Function spaces and solution concepts. Let us introduce the following function space:

LL(R") := {u el ey 1=/ luWMI(+[yh™"*dy < OO}, o> 0.
Rn
Typically, we will use the previous definition with o« = 2s. We are now in a position to give the notion

of viscosity solution to (1-7).

Definition 2.1 (viscosity solution). Let @ C R” be an open, bounded domain with 3Q € C!7. By
v e S" !, we denote the inner normal vector to 9<.

(i) We say that v € C(2) N L%S(R”) is a viscosity subsolution to
Lv=f inQNBy, 2-1)
where f € C(2N By), if for any x € Q N By and any neighborhood N, C 2 of x it holds that
Lo(x) < f(x) forallp € C2(N,)N L3 (R") such that v(x) =¢(x), ¢ >v. (2-2)

We say that v is a viscosity supersolution to (2-2) if (2-2) holds true for —v and — f instead of v and f.
Moreover, v is a viscosity solution to (2-2), if it is a viscosity subsolution and a viscosity supersolution.

(ii) For any function b € L} (R") with b/d*~! € C'(Q) we say that v € L) (R") with v/d*~! € C(Q) is
a viscosity subsolution to

d,(v/b)=g ondR2N By,
where g € C(02N By), if for any x € 02N By and any neighborhood N, C QN B; of x it holds that
0o (x) <g(x) forallge C?(Ny) NL>®(Q) such that v/b(x)=¢(x), ¢ <v/b. (2-3)

We say that v is a viscosity supersolution to (2-3) if (2-3) holds true for —v and —g instead of v and g.
Moreover, v is a viscosity solution to (2-3), if it is a viscosity subsolution and a viscosity supersolution.

Clearly, if in (i) Lv(x), or if in (ii) 9, (v/d"_l)(x) = limgay%x(v/d"_l)(y) exists in the strong sense,
then the notions of viscosity solutions coincide with the ones for strong solutions (see [Ferndndez-Real
and Ros-Oton 2024a, Lemma 3.4.13]).

2.2. Nonlocal operators and the distance function. The goal of this subsection is to establish several
lemmas on the regularity of L(d*~!) depending on the regularity of €. Lemma 2.3 will help us to establish
barriers in C'*7 domains and Corollary 2.5 is crucial for domains that are more regular.

The following lemma is a slight modification of [Ferndndez-Real and Ros-Oton 2024a, Lemma B.2.4].
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Lemma 2.2. Let L L}S“)m(k, A). Let Q C R" be a bounded Lipschitz domain with Lipschitz constant L
and C%' radius py > 0. Let xo € Q with p := da(xp), y > —1andy < B. Then,

/ a2 (xo+ 0y dy < C(1 +p7F)
Q\B,,/z

for some constant C > 0, depending only on n, y, B, po, L, and, if y > 0 or 8 <0 also on diam(S2).

Proof. We assume that xo = 0. By [Ferndndez-Real and Ros-Oton 2024a, Lemma B.2.4], there exists
k& > 0 such that for any ¢ € (0, «),

H' 7 ({d =1} N (Byivip \ Baip)) < C (2 p)" (2-4)
Note that
f @ )y dy < (diam(€)" 11,0y + k7 L, <0) P dy <c
(\Bp2)N{d>k} (2\B,2)N{d>«}

for some constant ¢ > 0 depending on « and, if y > 0 or 8 < 0 also on diam(€2), independent of p. The
independence of p is trivial if ¥k < 2p since then Q\ B,» C 2\ By/4, and otherwise, it follows from
the fact that B, N{d >k} = J once r <« /2 < k — p (recall that d(0) = p), so also in this case, we can
replace the domain of integration by €2\ B, 2. Moreover, using (2-4) and the coarea formula,

(Ml Pdy <e 2:((2j/))"’fj

jzl1

d”(NIVd(y)| dy)

/(Q\Bp/z)ﬂ{diK} [32_/+1p\33jp)ﬂ{dik}

) min{2/ p,k}
< Z(@Jmnﬁ [ e [ [ - (y)] dt)
izl 0 (Byj+1,\B,j ,)N{d=t}
<c) (@) <cpr P
Jj=1
for some ¢ > 0, where we used that y — 8 < 0. 0

The following lemma will be of central importance for the proof of Lemmas 2.6 and 2.7.

Lemma 2.3. Let L € E?Om(k, A). Let Q C R" be an open, bounded domain with Q2 € CYY for some
y > 0. Then, for any § € (0, s), there exists c¢; > 0, depending only on n, s, x, A, Q,y, 8, and the C'Y
radius of 2, such that

IL(d* Y| <c1d®™ "' inQ.

Moreover, for any € € (0, s), there exist ¢y, c3 > 0 depending only onn, s, ., A, y, &, and the CYY radius
of 2, such that
—L(d* ) < —ed* 43 in Q.
The first claim follows in a similar way as [Ferndndez-Real and Ros-Oton 2024a, Proposition B.2.1].

Proof. We let xg € 2 and write p = d(x¢). Then, we let

[(x) = (d(x0) + Vd(x0) - (x —x0))+
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and observe that
LI*™H=0 in{l >0}
as a consequence of L(I*) =0 and VI* = sI*"'VI = sVd(x0)l*~!. Next, we claim that

Cp*t7=3y)? in B2,

2-5
Clyl M d =1 (xo +y) + 171 P (xo + )| inR"\ By, )

|d* ' =15 (xo 4+ y) < {
From here, we can compute
|L(d* ") (xo)| = L@ " =" (x0)|
< Cps+)/—3/ |y|2—n—25 dy
By)o

+C f |y |7 BRI @S =120 (g 4 ) 15710 (g + y) | dy
(x0+SD\B, 2

<C(1+p" 714 pro=s=hy

where we applied Lemma 2.2 tod and to / withs — 1 —§ =:y < 8 :=2s — (1 +y)d (choosing y € (0, s)
so small that 8 > 0), in order to estimate the third integral. Since this estimate implies the first result, it
remains to verify the claim (2-5). In case x € B, 2(xp), we estimate

jd* ! =17 @) < 1d =117+ E 72 08,000 < NP LGB, a0 [0 =217 0° 72 < Cp* 7 2y 2.

Here, we used that | D?d| < Cd~'*7 by [Fernindez-Real and Ros-Oton 2024a, Lemma B.0.1] and that
[ > cp in B, »(xp). The latter statement follows since by the C Ly regularity of d, it must be

|d(x) —d(xp) — Vd(x0) - (x —x0)| < Cp'™7 forall x € B,>(xp),

due to Taylor’s formula, and therefore d(x) and p are comparable in B, />(xo), which yields for small
enough p for some ¢ > 0,

[(x) = d(x0)+ Vd(xp) - (x —x9) >d(x) — Cp”” >cp >0 forall x € B,(xp).

We can always assume that p > 0 is small, since otherwise, the result follows by the regularity of d*~!
away from the boundary of €.

Next, for x € R" \ B, 2(xo), we make use of the following algebraic inequality, which follows from
the C? regularity of the function ¢ — *~!=% in [min{a, b}, max{a, b}],

' =Y <cla—bP 1@+ 0710 foralla, b >0,
for any § € (0, s) and some ¢ > 0, depending only on s, §, which allows us to estimate
jd° 7 ) = 17| < eld () = L)1 T 00 + 1710 )
< clxg — x| TP T ) + 1T ),
where we used that by [Fernandez-Real and Ros-Oton 2024a, Lemma B.2.2] it holds
|d(x) = 1(x)| = Clxo — x|

This proves the first claim.
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Now, we turn to the proof of the second result. First, we observe that by similar arguments as in the
first part of the proof, we obtain

Cps Tt =3|y2 in By,

=P (o + y) < { L L .
Cly|THF2)|ge =170 (xg + y) + 17710 (xg + y)|  in R™\ B, 2,

and therefore
|L(d8+s—] _ l€+S—])(x0)| < C(l + pé‘-‘r)/—s—l + p$+)/5—s—l)'
We claim that for any e € S"~! it holds that
L((x-e) " Y =cox-e) " in{x-e>0},
(x-e) =0 in {x-e <0}
for some c, € [c—, c4+], where ¢y > c_ > 0 depend only on n, s, A, A. Once we have shown the claim
(2-6), we can conclude the proof, since it implies

—L@ N (x0) < =LA N (x0) + L@ = 15757 (x)|
S _Cloé‘fsfl +C(1 +p£+)/*5*1 _+_IOS+}/5*S*1) 5 _Cloé‘fsfl +C

(2-6)

Hence, it remains to prove (2-6). By the 2s-homogeneity of L we can apply [Ferndndez-Real and
Ros-Oton 2024a, Lemmas B.1.5 and 1.10.3(iii)] and deduce

L((x-o)5P Y =1 (=A)j(x - =ciop(x - )

for some constant ¢; > 0 and where ¢; is given by, see [Fall and Ros-Oton 2022, Lemma 2.4],

's+e) sin(m(—14¢))
I'(—s+¢)sin(m(—1—s+¢))
This concludes the proof. O

o= (=A)RET (1) =

The following lemma is crucial in the proofs of Lemma 2.13, and in Section 6. It follows by differenti-
ating the corresponding results in [Abatangelo and Ros-Oton 2020].

Lemma 2.4. Let L € E?Om()», A). Let k € N, and 2 C R" be an open, bounded domain with 02 € Cck+ly
for some y € (0, 1) with y # s, and 0 € 3. Assume that K € C*+2+3(S"~1), Let

neCH"(QNB)NC®(QN BY).
Then, there exists ¢ > 0, depending only onn, s, ., A, 2, y, k, such that the following holds true:
() Ifk=1andy < s, then
L@~ (Vd)m| < (|- |+ nO)|+ [Vn©)d” ™ in QN B,.
G) Ifk=2o0ry > s, then

(L@ (Vd)m) ek ssr @y < €11+ 1O+ V7 O))).
(iii) If k +y > 2s, then we have for any xo € Q2N By >

(L@~ (VYD cksr-2 (810 o < € T+ 10O+ VRO (x0).
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Proof. By [Abatangelo and Ros-Oton 2020, Corollary 2.3] (see also [Kukuljan 2021, Corollary 3.9] for
i > k+ 1), we deduce that

ID'L(d* )| < c(|- |+ nO))d* T~ inQN B, forallieN. (2-7)

By [Abatangelo and Ros-Oton 2020, Theorem 2.2] and the choice of i in the proof of [Abatangelo
and Ros-Oton 2020, Corollary 2.3], it follows that the assumption n € C kY( QN B)NC®(QNB)) is
sufficient for (2-7) to hold true. Let us now prove (i) and assume that k = 1 and y < s. Then, since
Din e C*(R"), another application of [Abatangelo and Ros-Oton 2020, Corollary 2.3] yields

IL@ D'l criv-s@np, < € fori €{1,2}.
Since V(d*n) = sd*~'(Vd)n + d*Vn, a combination of the previous two estimates with i = 1 implies
L@~ (V)| <sTHVL@ )]+ s L@ V)| <c(l- 1+ n0)] +[Vn©)d” ™ in QN By,

which yields the result in (i).
To see (ii) and (iii), we observe first that by application of (2-7), we have for any i € N

ID'L(@ (V)| < c(| -]+ |Vn@Da* "~ in QN By
Next, by differentiation, we obtain
D't (d*n) = sD' (d* " (Vd)n) + D' (d*Vn).
Thus, altogether for every i € N

|DY(L(@*~ ' (Vd)n))| < s D L@ )|+ s DL (V)|
<c(|- |+ IO Dd*Tr =D Lo+ VO hd* Y
<c(|- |+ O]+ V)@ ===1 in QN By . (2-8)
To conclude the proof of (ii), let xo € N By 2, and note that if k > 2 or y > s, then (2-8) applied with
i=k—1+4[y—s] implies

I DX~ VL@~ (VM) | 1% (B2 20
|_x — ylV_S_r}’_s]

(L@ (VI ck154r By ooy < SUP

X, y€By /2(x0)
<c(I-1+ O]+ V) Da” =51 (xg)a* Y 17 =51 (xq)
<c(l- 140 +1Vn0)]),

where we used that y < 1. From here, a covering argument (see [Ferndndez-Real and Ros-Oton 2024a,
Lemma A.1.4]) yields the desired regularity estimate in Q N B; /2-
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To prove (iii), note that if k + y > 2s, then (2-8) applied with i =k + [y — s] implies

| DX =T (L@~ (Vd)n)) Il 220 By 2 (x0))
|_x — y|V—25—h/—ﬂ

—1
[L(d*® (Vd)n)]C“V*ZS(Bd(xO)/z(XO)) = sup
X,Y€Ba(xg)/2(%0))

< (|- |+ O]+ 1Vn©O) )@ =151 (xg)d® v T =5 (xp)
<c(l- 1+ 1O +1Vn©0))d* " (xo),

where we used that y < 1. This implies (iii), and we conclude the proof. g

As a corollary, we obtain the following result:

Corollary 2.5. Let L € L2°M(1, A). Letk €N, and Q C R" be an open, bounded domain with 92 € ck+ly
for some y € (0, 1) withy # s, and 0 € dQ. Assume that K € C*+2r+3(S"=1) Let

neCh(QNB)NC®(Q2N BY).
Then, there exists ¢ > 0, depending only onn, s, ., A, 2, y, k, such that the following holds true:
() Ifk=1andy < s, then
L@ ') < clnllergnzd” ™" inQN By,
() Ifk=2ory > s, then
[L(ds_ln)]ckflfsﬂ/(ﬁmgl/z) =< C(”’?”cl(m) + 1l ck-1454v By ) -
(iii) If k +y > 2s, then we have for any xo € 2N By 2
[L(d“ln)]ckwf%(Bd(xO)/z(xo)) < C(||U||c|(gm) + Inllcrer @npyy)ds ™" (xo).

Proof. There exist N € N and § > 0, v; € S"~!, x; € 9Q N By, depending only on 2, such that 9,,d >
in 2N Bs(x;), fori € {1, ..., N}, and such that

1
2

N
xeQNByy:dx) <8/2) | Bs(x).
i=1
Then, by application of Lemma 2.4(i) to n := (3,,d) ~'n € C*7 (2 N Bs(x;)) NC> (2N Bs(x;)), we deduce
that for any i € {1, ..., N}

IL@~"'mI < el |+ In@x)]| +1Vn()Dd” =" in Q0 Bsja(x;).

Thus, we have proved (i) in QN B, N{d(x) <6/2}. The result in Qn B, N{d(x) > 6/2} is immediate
from the regularity of K (see [Ferndndez-Real and Ros-Oton 2024a, Lemma 2.2.6]).
The proofs of (ii) and (iii) follow from Lemma 2.4 in an analogous way. Il
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2.3. Barriers with boundary blow-up. Let us construct barrier functions that are suitable for establishing
maximum principles for solutions that blow up at the boundary. We establish a subsolution and a
supersolution in the following two lemmas.

Lemma 2.6. Let L € E?‘)m(k, A). Let Q C R" be an open, bounded domain with 02 € C Ly for some
y > 0. Then, for anyl € R, ¢ € (0, min{s, 1 —s}), and M > O there exists ¢; € C*°(2) such that
Loy <—d*'—M inQ,
¢ =0 inR"\ Q,
¢ /d " =1 on 3.

Moreover, if | > 0, then there exists § € (0, 1), depending only on n, s, ., A, diam(2), &, M, such that
¢ =0in 2N {d <38}. And ifl < 0, then for M large enough, depending on n, s, ., A, diam(S2), &, it
holds that ¢; <0 in Q.

Proof. Let ¢ € (0, s) and N > 1 to be chosen small and large, respectively, later. We set

¢i(x) = 1d""" (x) —d* 7 (x) — N1g(x).
Then, by Lemma 2.3,
Lo < Cllday_s_l — Czds_s_1 +c¢3—NLlg.

Since L1g > 0, by taking any § € (0, s) and then ¢ < §y, we see that there exists n > 0, depending on
s,l,e, M,$,y, such that
Loy<—d*™'—M imQn{d<n).

Moreover, there exists ¢4 > 0, depending on diam(£2), such that L1g > ¢4 in 2N {d > n}. Thus, choosing
N=M c;], we deduce that
Loy <—d*'—M inQ,

as desired. The remaining properties of ¢; follow immediately from its construction. g

Lemma 2.7. Let L € Lgom(k, A). Let Q C R" be an open, bounded domain with 0Q2 € C Ly for some
y > 0. Then, there is c; > 0, depending only onn, s, A, A, such that for any [ € R, ¢ € (0, min{sy, 1 —s}),
and M > 0 there exists y; € C°°(Q) such that

Ly >cad™'"+M inQ,
Y =0 inR"\ Q,
Y /ds T =1 on Q2.
Moreover, for any M > 0, if | > 0 is large enough, depending only on n, s, A, A, diam(S2), ¢, it holds that
Y > 0in Q.
Moreover, for any ¢ € (0, s), there is 1?; e C5(Q) such that for some cp > 0
Ly >des in Q,
U =0 inR"\ Q,
U/ =0 ondS,
(W /d* Y <cy ondQ.
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Proof. Letl € R and ¢ € (0, min{sy, 1 —s}). The proof is similar to the one of Lemma 2.6. We set
Yi(x) =1d° (x) +d* 7 (x) + Crl5(x)

and since ¢ < sy, we can choose § € (0, s) such that ¢ < §y and take C, > 0 to be chosen later. By
Lemma 2.3,

Ly > —cld® V4 erd®* ' — 34+ ¢4C, in Q,

for some constants cy, ¢z, ¢3, ¢4 > 0, depending only on n, s, A, A, §, and the C'7 radius of Q. Thus, if
we choose C; > 0 large enough, depending on M, [, cy, c2, c3, c4, €, diam(S2), then we deduce

Ly;>cd* "'+ M inQ.
Finally, we observe that upon choosing / > 0 large enough, depending only on ¢, diam(£2), we have
Y > 1d° ' +d7 >0 in Q.

For the second claim, we recall from [Fernandez-Real and Ros-Oton 2024a, Lemma B.2.6] that for
any ¢ € (0, s), there exist N > 0 and c¢; > 0 such that

L(—=Nd***)>d** —¢; inQ.
Let 1/72 € L*°(2) be the solution to the Dirichlet problem

Ly,=c inQ,
Ur=0 inR"\Q,
and observe that by the boundary regularity theory from [Ferndndez-Real and Ros-Oton 2024a], it holds
that Jz € C%(R), and hence for 17; = —Nd**¢ — 17/}, we obtain

dzl =0 onadQ.

Therefore, for some ¢ > 0,

0, /d* D= (1 =) /d’| <c2 on 0L,
as desired. O
2.4. Nonlocal equations up to a polynomial. We will need the following definition of nonlocal equations
that hold true up to a polynomial. It was introduced in [Dipierro et al. 2019] for the fractional Laplacian

and the theory was extended in [Dipierro et al. 2022] to general nonlocal operators (see also [Abatangelo
and Ros-Oton 2020]).

Definition 2.8. For k € N, a bounded domain @ ¢ R”, f € C(R), and K € C¥~1*3(S"~1) for some
8 > 0, we say that a function u € C(2) N Lés +x(R") solves in the viscosity sense

Lutf inQ,
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if there exist polynomials (pr)g-1 € Px—1 of degree k — 1, and functions ( fg)g~1 such that

L(ulp,) = fr+pr inQ forall R > diam(Q2),

| fr— fllLe — 0 as R— oo.

Remark 2.9. « In case k =0, we set Pp_; = P_; = {0}. Then, Lu 2 f is equivalent to Lu = f (see
[Dipierro et al. 2022, Corollary 2.13]).

« Instead of K € CK(S"!), here we only assume K € Ck=1%3(s"=1) for some § > 0. It is easy to see
that all the arguments in [Dipierro et al. 2022] remain valid under this weaker assumption. We decided to
make this change in order to have optimal assumptions on K in Theorem 1.7.

¢ As in [Abatangelo and Ros-Oton 2020], we assume uniform convergence fg — f. This is slightly
different from [Dipierro et al. 2019], where pointwise convergence was assumed.

The following lemma is a slight improvement of [Abatangelo and Ros-Oton 2020, Lemma 3.6] (see
also [Ros-Oton et al. 2025, Lemma 8.1]) in the sense that the estimate involves a weighted L' norm
instead of a weighted L°° norm.

Lemma 2.10. Let L € E?"m(A, A). Let u € C(By) be a viscosity solution to

Lu=f in B.
Then, the following hold true:

(1) Let B € (0,2s] if s # % and B € (0,1) if s = % If feC(By) andu e LéS(IR"), then it holds that
ueCl (B)and

loc

lu(y)l
s dy + 11 fllz<ca)

lullce s, ) = C(”””LOO(BI) +/
R\ B, |

for some ¢ > 0, depending only onn, s, A, A, B.

(i) If f € C¥(By) for some a > 0 such that 2s +a ¢ N, K € C*(S"™ "), and u € L}_, (R"), then

5 25+a
+
ueC"(By) and

lu(y)l

llull c2stacpy ) < C(”””LOO(BI) +/|;z pEET dy + [f]CO‘(Bl))

B |y
for some ¢ > 0, depending only onn, s, A, A, a.
Remark 2.11. From the proof it is apparent, that Lemma 2.10(ii) remains true if Lu £ f fork <a.

Proof. Let us first show (ii) in case o < 1. Let us define v = ulp,. We claim that v solves Lv = f in
B34 for some f € C*7%(B3,4) with

x |u(y)]
I fllce(Byya) < C(||M||L°°(Bl) +/ 5 DI dy +[flcessw) |- (2-9)
n 1
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To prove it, first, we observe that for any i € B34 and x € B3/4_ |, using that K € C* (S* 1,

Kx—y)—Kx+h-—
L)) = L)+ = [ =D Dy

< c|h|°‘/ lu(y)| dy
R

"B, |y|n+2s+a

Therefore, since we can add and subtract constants to f without affecting the left-hand side of the next
estimate, for any & € B34 it holds that

P 7 lu(y)l
o
”f - f( +h)”L°°(B3/4,‘h‘) =< C(gs‘s/if‘i_ |h| /Rn\Bl |y|n+—23+a dy . (2—10)
From here, we deduce that there exist g € L°°(B53/4) and a constant p such that f =g+ p. By construction
we have
~ lu(y)l
(&l oo (Bsq) < C(||M||L°°(Bl) +/R"\Bl DBt dy+g3s/(if )

We split v = vy + vy, where v and v, are solutions to

Lvy =g in Bj, Lvy=p in Bj,
V1 =V in R” \ B3/4, Uy = 0 in R” \ B3/4,

and note that the existence of vy, v, follows from [Fernandez-Real and Ros-Oton 2024a, Theorem 3.2.27]).
Then, by the maximum principle (see [Ferndndez-Real and Ros-Oton 2024a, Corollary 3.2.22]) we deduce
that

lu(|

|n+2s+¢x dy +0sc f)

lvill LB < C<||U||L°°([R”\B3/4) + ||§||L°°(B3/4)> < C<||“||L°O(Bl) +/ 0
R 3/4

Hence,

B, |y

)l

d .
\Bi |y|n+25+a y+gscf)

3/4

lvallLoe(Bssg) < UllLoo(Bsyg) + V1l Lo0(Bs ) < C(||M||L°°(Bl) +/

n

Then, by [Abatangelo and Ros-Oton 2020, Lemma 3.7], we deduce

)l
"B |y|n+2s+a

dy—i—oscf).

1Pl < Cllvall ey < C<||u||Loo<B]) + /
R B34

Altogether, we have shown

u(y)|
"B, |y|n+2s+a

dy 4 osc f).

I floo(Byay < 18N Lo (Bsys) + 1Pl Loo(Bs) < C(”M”LOC(Bl) +/ 0
R 3/4

Finally, as a direct consequence of (2-10), we deduce

~ lu(y)l
[f1ce(sq) < C| NullLes,) + i ————dy+[flc«Bs )

"B |y|n+2s+(x

which yields the claim (2-9).
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Thus, by application of the interior regularity estimate [Ferndndez-Real and Ros-Oton 2024a, Theo-
rem 2.4.1] to v, we obtain

lwll c2eve (g, p) = NIVl c2540 (B, ) < c(lvllze@y + I fllce(ssm)

)
§C<||M||L°°(Bl)+ / I e ).
R

"B, |y|n+25+a

as desired. This proves (ii) in case o < 1. The case @ > 1 goes in the same way by considering higher
order incremental quotients in the arguments above. Statement (i) was proved in [Ferndndez-Real and
Ros-Oton 2024a, Theorem 2.4.3]. The L* norm can be replaced by the LéS(IR") norm by the same
truncation argument we employed above. O

Next, we provide a lemma stating that equations up to a polynomial can be differentiated in the same
way as classical nonlocal equations. This lemma will be used in the proof of Lemma 5.3.

Lemma 2.12. Let L € LML, A). Letk €N, f € CY(B), and K € C*3(S"~1) for some § > 0. Let
ueCB)NLY . R withdu € Ly, s(R"). Then, it holds that

Lu*t r inB,
and 0; fr — 0, f, if and only if
L) =8, f inB.

Proof. Let us assume first that d;u € L§S+k71+5(R"), and assume that Lu k£l f in Bj. Then, there exist
polynomials pg € Py and functions fr € L°°(B;) with frp — f such that

L(ulp,)= fr+pr in By.

u(x+eh)—u(x)
Ih]
L(D!'ulp,) = L(D!"(ulp,)) — L(uD!1p,) = D! fr + DI pr — LuD!1g,),

Let us now consider difference quotients Df’u(x) = and compute

where, by following the proof of [Dipierro et al. 2022, Theorem 2.1], we can decompose
—L(uD}1p,)(x) = / uD} 1, (1)K (x = y) dy = dp 4 (x) + g (x)
R"\B3
for functions gg ; such that

k() = /R D) (I, Y dy =~ /B (DL yu() W (x. )+ u() Dl (x, v)) dy

R

for some function ¢ : B x (R"\ B3z) — R such that

sup ¥ (x, y) < C sup (1 + |x — y|) "= qup |V (x, y)| < C sup (1 + |x — y|) "2+

x€B x€B xeB x€B;

and polynomials dg j € Px—; with

dR,h(x) = Z Ka,hxa’ Ka.h = Ca/ Di_h[M(Y)agK(X - y)] dy, ca €R.

lor| <k—1 Br
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Clearly, it holds that gg , — gg, and dg  — dg, as R — oo, where

g0 = [ BOWE DL dw= Y 6t = [ A0IEKE -1,
BR BR

loe|<k—1
For the convergence gr , — gr we are using that for any x € By,

|15, (D u() Y (x, y) +1p, Mu(y) DL, ¥ (x, )|
< C|3u(y)| sup (14 |x — y|)~OFET=IH 1L Clu(y)| sup (14 [x — y) =@+ +H+D ¢ L1RM)

xeB x€eB

and dominated convergence. Moreover, from integrating by parts, we see that it holds for any x € B
> 1,2 = 1 25+k—148
[ R e miars [T R [ iy gy ar
2 2 3Bg
<c / u()[[y| " dy < oo,
B;

which implies that gg(x) — 0, as R — oo, uniformly in x.
Altogether, we have shown

L(3;ulp,) = lim D! fg + lim D" pg + lim dg j + lim gg.4 = 8; fr + 3; pr +dr + gr,
h—>0 h—0 h—0 h—0

which implies that
L@ulg) = f inBi,
as desired.

Let us now show the other implication, i.e., assume that L (d;u) £ d; f in By. Then, by [Dipierro et al.
2022] we observe that there are Fr : R” — R, and Pg € Py such that

L(MlBR) = Fr+ Pg in Bj.
Clearly, by the same arguments as above, we have
L((D"u)1g,) = D!L(ulp,) — L(uD!1p,) = D} Fg + D! Pr +dg  + gr

with Dl.hPR +dgr.p € Pr—1 and gg, — gr, as h — 0 with gg — 0, as R — oo. Thus, by the stability for
viscosity solutions up to a polynomial (see [Abatangelo and Ros-Oton 2020, Lemma 3.5]), we have that

frR+pr=L(%julpy) =0; Fr +0; Pr +dg + gr.,

where dg, pr, 9; Pr € Pr—1. Hence, after integrating the previous identity in x; and denoting F rR(x) =
S5 (fr — gr)(x', yi) dy, we can deduce

FR=FR+ﬁR inBl,

where ﬁR € Py is such that 8iFR = pr —dgr — 9; Pg. Then, since fr — f and gg — 0, as R — oo, we
deduce that F g — F, where 0; F = f, and the proof is complete. O
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2.5. Two lemmas on viscosity solutions. In this section, we prove two auxiliary lemmas for viscosity
solutions to nonlocal equations with local Neumann boundary data, namely a stability result, and that
sums of viscosity subsolutions are again viscosity subsolutions. Both results are standard for nonlocal
equations in the interior of the solution domain (see [Ferndndez-Real and Ros-Oton 2024a]). However,
since we consider equations at the boundary, where solutions satisfy a Neumann condition in the viscosity
sense, both results require a proof. Both proofs heavily rely on the interaction of nonlocal operators with
the distance function and the results in Section 2.2.

First, we prove a stability result, which will be crucial in the blow-up argument of our proof of the
higher boundary regularity.

Lemma 2.13. Let k e NU {0}, y € (0, 1) with y # s, and Q; C R" be open, bounded domains with
02, € C>Y such that 0 € 02, vo = e, for any j € N, and such that the C>7? radii of 2 and diam(£2;)
are uniformly bounded. Given a sequence r;j \, 0, we set S~2j = rj_1 Q; and c?j = d@j. Letv; € L%Hk (R™)
with v; /c?j_] € C(?Zj) be viscosity solutions to

Ljvjéfj inﬁjﬂBl,
v;=0 inR"\Q,
8v(vj/c?;_1):gj on a's‘zijl,
where f; € C(Qj NBy), g € C(Bﬁj N By), and (L;); C L‘?Om()»,A,k — 1+ «) for some a > 0.

Moreover, assume that there are v € LéHk(R”) with U/(Xn)i_l e C{x, =0}), feC{x, >0}NBy),

geC{x,=0}NBy), L€ E?‘“"(A, A k—1+a),and e; 0, q; € Py such that

vi/di™ = v/ in Lis.(B),

vj —> v in LéHk(R”),
|fi—pj—fl—0 in Ly (B1 N{x, > 0}),
lgj —q; —gl(x) <ce; >0 forall x € 3Q2; N By,
K;— K in Ck=1Fe sy,
Then, there exists q € Py such that v is a viscosity solution to
Lvif in By N {x, > 01,
v=0 in R*\ {x, > 0},

0 (v/(n) ) =g+q on BiNix, =0}.
Ifk =0, the same result holds with dj‘y fi € L®(Q; N By) and (x,)% " f € L®({x, > 0} N By).

(By) it follows that
(B1 N{x, > 0}). This property is enough to use the stability of

Proof. Let us define u; = v‘,»/c?‘;_l and u := v/(xn)ir_l. Since u; — wu in LY.

vj = 5;_1141' — (xn)i_lu =vin LY
viscosity solutions from [Ferndndez-Real and Ros-Oton 2024a, Proposition 3.2.12] to v; and v. The
higher order version which we require here follows from [Abatangelo and Ros-Oton 2020, Lemma 3.5].
Since v; — v in Léx([R{”), we also have that v =0 in By \ {x,, > 0}. Consequently, it only remains to

prove the convergence of the Neumann boundary condition.
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To do so, let xg € BiN{x, =0}. In case k > 1, we first truncate v and v; in B>(xo) and apply [Abatangelo
and Ros-Oton 2020, Lemma 3.6] to obtain the equations satisfied by v1p,(x0) and v;13,(xp). In order not
to over-complicate the notation, let us denote the truncations still by v and v; and the corresponding source
terms by f and f;. Then, let ¢ € C?(B,(xp)) for some r € (0, 1) with ¢ < u in B, (xo), ¢ (x0) = u(xo),
and ¢ =u in R" \ B, (x0) be a test function. Given 8 € (0, 1), n € (0, y), we define now

YO ) = =815, O [+ — @Y™ ¥V (@) = =815, () (WId; (1) —d; ().
There exist C > 0 and ¢ € (0, r/2), independent of §, j, such that
Li@d'y) <—C8d]™  in Q;0 Be(xo). (2-11)

This is due to [Ferndndez-Real and Ros-Oton 2024a, Proposition B.2.1, Lemma B.2.6, Corollary B.2.8],
and since € ;i M Br(xp) and the respective C%7 -radii of © ; are uniformly bounded. Indeed, the aforemen-
tioned results yield the existence of &y > 0 such that

—8L;(d5 ' [d; —d ") < —e18d!" in 50 By (x0).

Moreover, one computes by scaling from Q j to §2;, denoting d; = dgq;, and applying Lemma 2.2,

() +d; T ()l dy

—8L;(d} ' 1d; —d; " ILmn g, xp) < €8 /
Q;\ B (x0)
e [ G o
Q)\ By, (x0) b
<8147~ 4r"7) in ;N B, 2 (x0), (2-12)

where ¢, > 0 might depend on diam(£2;), which we assumed to be bounded, but not on j. Thus, by
combination of the previous two computations, we deduce (2-11) upon choosing ¢ < g if necessary.
Moreover, it is immediate by construction that

v® <0 inR". (2-13)

Next, we set ¢©@ := ¢ + @, For any § > 0, it still holds ¢® < u by (2-13), and ¢® (xo) = u(xo),
however u — ¢(5) has a strict minimum at xq in B, (xg).

It suffices to prove for any § > 0 small enough,

3.0 (x0) < g(x0) + g (x0), (2-14)

since then it follows that 8,¢ (xo) = 9,¢® (x0) + 8 < g(xo) + g (xo) + 8, and we obtain the desired result
upon taking the limit § N\ O.
Let us now construct test functions qb;.‘s) forany j e N as

50 _ wj=u;+y inR"\ B, (x),
T ete 4y inB(xo),
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where
cj=minfceR:¢+c+y " <u; inB,(x0)}.
Since w( ) ¥ @ (lower half-relaxed limits) in B, (xo) we obtain that ¢; — 0 and there exist x; € B, (xo)
with x; — xo such that (]5(5) (xj) = uj(x;) and ¢( ) < u; by [Fernindez-Real and Ros-Oton 2024a,
Lemma 3.2.10 and proof of Proposition 3.2.12].
Next, we argue that x; € 19 ;N Bi. Without loss of generality, we can assume that x; € B, (xp) upon

taking j € N large enough. In fact, if x; € Q j N Bg(xp), then we can compute using Corollary 2.5(1),
and (2-11),

L@ ) () = Lid} ™ ¢Lb,0x0) (x)) + ¢, Lj(d} ™ 1, (x)) (x))
+ L (01 5, 00) () + L5y ) (x))
< L' @) )+ ¢ Ly 0) + Li(d] ™ i Lam g, x)) (%))
— ¢ Lj(d} ™ L B, ) () +€llvjll g gy — €3] (x7)
<Crd! " (xj)—C8d] " (x)) (2-15)

for some constant C, > 0, depending also on ||v; || L) () and |[v]| Ll (®)- To estimate the fourth term in
the last estimate, we used an argument similar to (2-12), namely

—Lj(d; g g, 0) (3)) < Cf~ a5~ ()ly ™ dy
$2\B; (x0)

s oy e =
Q \Brr (.X())

for some ¢, > 0, where we applied Lemma 2.2. Let us now recall that n < y.
Hence, upon making ¢ > 0 even smaller, we can have in Q ;N Bg(x0),

C8d]™" > (Cr + Luz)lld;™ fill ooy + Loz I il L@ nm)-
Then it holds that

Li@d ' o) () < =Lumoyd! "GN} fill to@,nm — L=t 1 Fill i @,nm < £i (). (2-16)

However, by construction, d = lqﬁ( ) is a valid test function for the equation that is satisfied for d =y =V
at x;. Since we assumed that Xj € Q N By, it must hold that L; (d3 1<z§(5))(xj) > fi (xj) which
contradicts (2-16).

Therefore, it must be x; € G19) j N By, as we claimed before. Thus, by the boundary condition

8vxj ¢;5)(xj) =gjxj).

Passing this inequality to the limit, and using the uniform convergence |g; —¢q; —g| = 0, vy; = vo =€y,
and Q; — {x, > 0}, we obtain

3,0 (x0) — q(x0)) < g(x0),
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where g € Py is the limit of the sequence of polynomials (g;) ;. Thus, we have 3,0® (x0) < g(x0) +q(xop),
i.e., (2-14), as desired. This concludes the proof. Il

Second, we prove that the difference of two viscosity solutions is again a viscosity subsolution.

Lemma 2.14. Let k e NU {0}, Q C R" be an open, bounded domain with 32 € C>Y for some y > 0. Let
Le Lm0, A, k—1+a) for some a > 0. Let v, w € L} (R") with v/d*~', w/d*~! € C(Q) be viscosity
solutions to

k .
Lv=f1 in<, Lwéfz in S,
v=0 nR"\Q, w=0 in R*\ 2,
v/d ' =g1 ondQ, w/d =g, 0ondQ,

for some f1, fr € C(2) and g1, g» € C(0R2). Then, v — w is a viscosity solution to

Lo—w 2 fi—f inQ,
v—w=0 in R"\ @,
w—w)/d'=g—g ondQ.

Proof. We will only demonstrate the proof in case k = 0. The general case follows immediately by
combining the arguments with Definition 2.8. For the nonlocal equation, the result follows for instance
from [Ferndndez-Real and Ros-Oton 2024a, Lemma 3.4.14]. For the boundary condition, one can proceed
as follows. First, we define the sup- and inf-convolutions (see [Fernandez-Real and Ros-Oton 2024a,
Lemma 3.2.16]),

v
ds—l

f— 2 f—
v -2+ <l ) forallx e D, (v/d* ™ Y.(x) = (x) forallx e R"\ D,
- &

(v/dsfl)g(x) = Hle<d3

s—1\e w |X—Z|2 N s—1\e w n
(w/d'™")" = sup( —= () — forallx € D, (w/d")*(x)= - (x) forallx eR"\D.
D

with D C © open, bounded such that D N 32 # @. In analogy to [Fernandez-Real and Ros-Oton 2024a,
Proposition 3.2.17], we claim that for any x € 3Q N D it holds in the viscosity sense that

B (W/d*Ne(x) < g1(x) +8,  d(w/d ) > gr(x) + 8, (2-17)

where 8, 8° — 0, as ¢ — 0. Once (2-17) is proven, since (v/d* '), and —(w/d*~1)? are both semiconcave,
we have that at any point x € 3Q N D, where (v/d*~'), — (w/d*~")? can be touched by a paraboloid
from below, the functions (v/d*~!), and —(w/d*~')® must be in C'-!. Hence, by the linearity of d,, and
due to (2-17) it must hold that

0y ((/d’ e — (w/d* ") (x) < g1(x) — g2(x) +8: — 8" — g1(x) — ga(x) ase— 0.

Thus, by the stability for viscosity solutions (which was provided in a significantly more general framework
in Lemma 2.13), we deduce that 9, ((v — w)/ds_l) < (g1 — g2) in the viscosity sense. In a similar way,
one can prove 3,((v — w)/d*~") > (g — g»), and thus, we obtain the desired result.
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Thus, it remains to give a proof of (2-17). To see it, for any test function ¢ € C 2(B,(x0)) touching
(v/d*~"), from below at xo € 32N D, we define

YO (x) = —81p, (xg) ([ (x) —d' T (x)]

for some 7 € (0, ¥) and observe that ¢® = ¢ + @ is still a valid test function, touching (v/d*~'),
(strictly) from below, at xg. Then, there exists x, € D with x, € B¢ (xo) for some ¢ > 0, depending only
on the oscillation of v/d*~!, such that ¢ (- 4 xo —x,) — &~ !|xg — x;|* touches v/d*~! from below at x,.
Indeed, from the definition of (v/d°* ~1), we deduce that there exist x, € D with x, — xg such that

v |xo _xs|2

dsfl

(x0) > (v/d* e (x0) = (xe) +

v
dsfl

Hence, the rate of convergence x, — xo only depends on the oscillation of v/d*~!. Then, since ¢® is a
valid test function, we deduce that for any x € D,

|xo _xslz

$ (x4 x0 =) = (0/d" ™ (¥ 30— %) = () +

if & > 0 is so small that x + x9 — x. € D. Since the aforementioned inequality becomes an equality in
case x = x,, we deduce that indeed, ¢ (- + x¢ — x;) — e~ |xo — x,|? touches v/d*~! from below at x,,
as claimed.

We observe that x, ¢ Q2 since otherwise one would get a contradiction with the nonlocal equation
satisfied by v, in the exact same way as in the proof of (2-16), if & > 0 is small enough. Thus, x, € QN D,
and from the boundary condition satisfied by v, it follows 9,¢® (xo) < g1(x,). Thus, by the definition
of ¢, we have 3,6 (xo) = 3,0 (x0) + 8 < g1 (x,) + 8 for any 8 > 0. Thus, sending 6 — 0 and recalling
that x, — x¢, as € — 0, this proves the first statement in (2-17) with §; = g(x.) — g1(x0). Analogously,

one proves the second claim in (2-17). O

3. Nonlocal maximum principles with local Dirichlet and Neumann conditions

In this section, we establish weak maximum principles for nonlocal equations with local Dirichlet and
Neumann data (see Propositions 1.3 and 1.5).

First, we establish a weak maximum principle for solutions to the inhomogeneous Dirichlet problem
in (1-10) (see Proposition 1.3). Its proof goes by sliding the barrier subsolution ¢ from Lemma 2.6
underneath v from below.

Proof of Proposition 1.3. By assumption on v, we have that v/d*~! € C(Q) with v/d*~' > 0 on dQ. Let
z € 3 be such that mingq v/d*~! = v/d*'(z) =:1> 0. Let ¢ € (0, s) and M > 1 to be chosen later,
and recall the subsolution ¢; € C(2) from Lemma 2.6. We define

co:=inf{c e R: ¢y/d* "' —c <v/d* 'in Q}.
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Since also ¢;/d*~! € C(R), the above set is nonempty and ¢ < oo. In fact, recalling the definition of ¢,
it must be

co < /d° Ml ey + 1@0)+/d° Ml o @y < 10/d° | oo ) +1 + cldiam()[°, (3-1)
which is independent of M. Moreover, since ¢;/d*~!(z) =1 =v/d*~'(z), we have that cq > 0. Then, in
particular, we have

& /d* " —co<v/d*™' inR", and  ¢/d* " (xg) —co=v/d* ' (xp) forsome x; € Q.
In case xg € 2, we have

$—cod* '—v<0 inR" and (¢ —cod* ' —v)(x9) =0,

so it must be
0 < L(¢y — cod® " —v)(x0) < Loy (x0) — coL(d* ") (x0) < —d* "' (x0) — M + (I + co)ed® ! (xo),

where we used Lemma 2.6 and that |L(d*~")| < cd®” ! for any § € (0, s) by Lemma 2.3. Next, we fix
any 6 € (0, s), and take ¢ < §y and M so large, depending only on ¢y, /, diam(£2) (but not on xg), such
that

—d* 5 N (x) = M + (L4 co)ed® 5 H(xp) < 0.

Since cg is independent of M (see (3-1)), we obtain a contradiction. Thus, it must be xo € €2, which by
construction yields that ¢g = 0, and therefore ¢; < v in Q. Since / > 0, by Lemma 2.6, there exists § > 0
such that ¢; > 0 in Q2 N {d < §}. Therefore, v is a viscosity solution to

{vaO in QN{d > §},
v>0 inR"\(QN{d>8)).

Since ve C(2N{d > §}), we can apply the maximum principle for viscosity solutions to v (see [Ferndndez-
Real and Ros-Oton 2024a, Lemma 3.2.19]) and deduce that v > 0 in R", as desired. O

In particular, we have the following comparison principle:

Lemma 3.1. Let L € L'°(), A). Let Q@ C R" be an open, bounded domain with 9Q € C for some
y >0. Letv,b € Lés(R”) withv/d*~', b/d*~! € C(Q) be viscosity solutions to

Lb<f in<Q,
b<v inR"'\Q,

{ Lv>f inQ,
b/d"'<0 ondQ,

v/d*'>0 ondQ,

for some f € C(2). Then, v > b in R".

Proof. Since by [Fernandez-Real and Ros-Oton 2024a, Lemma 3.4.13] w = v — b is a viscosity solution
to Lw > 0 in 2 such that w/ds_1 > 0on 0€2, and w > 0 in R" \ €, it satisfies the assumptions of
Proposition 1.3. An application of this result concludes the proof. O
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As an application, we have the following version of a nonlocal Hopf lemma for viscosity solutions.
The proof follows in the same way as [Ferndndez-Real and Ros-Oton 2024a, Proposition 2.6.6], where
the Hopf lemma was proved for bounded solutions.

Lemma 3.2. Let L € L'°(), A). Let Q C R" be an open, bounded domain with dQ € CY for some
y >0. Letv € L;S([R{”) with v/d*~' € C(RQ) satisfy, in the viscosity sense,

Lv=f>0 inQ,
v>0 nR"\Q,
v/d*"'>0 ondQ,

for some f € C(R2). Then, either v=0in Q, or

v(x) > C( inf v)a”(x) inQ
{(xeQudist(x, Q) >8}

for some C, § > 0, which depend only on n, s, A, A, y, diam(L2), and the CY7 radius of 2.

Proof. First, by the weak maximum principle for viscosity solutions with boundary blow-up (see
Proposition 1.3), we have v > 0 in R". In order to deduce v > 0 in case v # 0, one uses the nonlocal
weak Harnack inequality (see [Ferndndez-Real and Ros-Oton 2024a, Theorem 3.3.1]). Then, we use the
subsolution ¢ from [Fernandez-Real and Ros-Oton 2024a, Corollary B.2.8] which satisfies

Lp <—1 in Ny,
max{d®,8" '} > ¢ > 8d* inR",

for some § > 0 and where N5 = {0 < d < §}. Let us define

¢, =minfv(x) : x € Q\ Ns} > 0.
Then, we have
cs6L¢ < Lv in Ns and cxdp <v inR*"\ Ns.

Hence, by the comparison principle in Lemma 3.1, we deduce that c¢,.6¢ <u in R", which implies the
desired result. U

Given a C"” domain  C R”, let us now consider functions b : R” — R, which arise as the solution to
the Dirichlet problem
Lb=fp in Q,
b =¢p in R"\ €, (3-2)
bgz/ds_l =gp on i,

for some f, > 0 with f, #0, e, > 0, and g, > 0. With the maximum principle (see Proposition 1.3)
at hand, the existence of b can be established using standard techniques. For well-posedness results in
case L = (—A)*, we refer to [Abatangelo 2015]. Moreover, by Proposition 1.3, we have b > 0 in 2, and
by the same argument as in the proof of (7-1), we have b/d*~! € L>®(R2). Moreover, if 3Q € C>? and
Jbs eb, gp are smooth, then by Theorem 1.4, we have bg/ds_1 e C'7(Q), and 9, (b/d“_l) exists in the
classical sense.
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In the following, we will denote by bg, the solution to (3-2) with f, =g, =1 and ¢, = 0.
As a corollary of the previous results, we obtain the following pointwise formulation of a nonlocal
Hopf lemma for solutions with boundary blow-up.

Lemma 3.3. Let L € L1°(), A). Let Q C R" be an open, bounded domain with 9Q € CY for some
y >0. Letv € L;S([R") with v/d*~" € C(Q) satisfy, in the viscosity sense,

Lv>0 in 2,
v>0 in R"\ @,
v/ds_lzg on 0€2,

for some g € C(3K2). Let xo € K2 be such that mingg g = g(xo) < 0. Then, either v = 0, or we have that
in the viscosity sense

dy(v/b)(x0) >0
for any b as in (3-2) with b/ds_1 =1ondQ2N({g <0} U{xe}).

In particular, Lemma 3.3 implies that for the regularized distance d,
8y (v/d*~") (x0) = 8,(v/b) (x0) + g (x0)3, (b/d* ™) (x0) > g(x0)dy (b/d* ™) (x0)-
We stress that the sign of the right-hand side depends on the choice of the regularized distance d.
Proof. Since g(xg) <0 we have by the construction of b in (3-2)
L(v—g(x0)b) = —g(x0) =0 in 2,
v—g(xe)b>0 inR"\Q,
(v—g(x0)b)/d’ " =g —g(x0) =0 ondQN{g <0},
(v —g(xo)b)/d’~' =g =0 ondRN{g=0).
Thus, an application of Lemma 3.2 to v — g(x¢)b yields that either v — g(x¢)b =0 in 2, or
v—g(x0)b > cd® near xo. (3-3)
We cannot have v — g(xo)b = 0, unless g(xg) = 0 (in which case v = v — g(xo)b = 0), since then
Lv=g(xo)Lb <g(xp) <0 in ,

a contradiction. Thus, unless v = 0, we have (3-3), and we compute, using that b >0 and (b/d* ") (xo) =1,

2D g(xo) .
0, (v/b)(x0) = lim 20" _ piy Y Z8@0BCO) A

d(x) e odey 2 edm = =e>0

If the limit in the previous estimate does not exist, we need to interpret the boundary condition in the
viscosity sense, i.e., take any smooth ¥ with ¥ (x) = (v/d*~!)(x¢) = g(x0) and ¥ > v/d*~!. Then, the
limit 9,1 (x0) exists, and an analogous computation as above yields 9, (xg) > ¢ > 0, i.e., 3,,(v/b)(xg) >0
in the viscosity sense. O
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Finally, we are in a position to prove the main result of this section, a maximum principle for nonlocal
equations with local Neumann conditions.

Lemma 3.4. Let L € L'°(), A). Let Q C R" be an open, bounded domain with dQ € C*Y for some
y >0and K € C"27(S"™). Let T C 9Q, v € L} (R") with v/d*~' € C(Q) satisfy, in the viscosity
sense,
Lv>f inQQ,
v>0 inR"\Q,
d(/b) =g ondQ\T,
v/b>0 ondQ2NT

for some f € C(Q) with d*T'7¢ f € L>(Q) for some ¢ € (0, 5], and g € C(dR2). Here, b is as in (3-2)
withb/d~" =10n dQ\ T for some I'" € . Then, there exists ¢ > 0, depending only onn, s, ., A, y, €,
and the C*? radius of Q2 and diam(S2), such that

v/d*N > —c||d*TF fllie@ —cligliicear)  in K.

Proof. The case f > 0 and g < O follows from the Hopf lemma (see Lemma 3.3). In fact, since
v/b € C(0R), there exists xg € 02 with mingq(v/b) = (v/b)(xg). If (v/b)(xg) = 0, then we have that
v/d*~' > 0 on 3. Otherwise, (v/b)(xy) < 0, and then by assumption it must be xo € 92\ I". However,
in this case Lemma 3.3 implies that either v = 0, (in which case we are done), or 9, (v/b)(xg) > 0, which
contradicts g(xg) < 0. Thus, we must have v/ d*~1' >0 on 9. However, by the weak maximum principle
(see Proposition 1.3), this implies v > 0, as desired.

Now, we explain how to get the result with general f, g. To do so, let 1/71 be the solution to

Ly =0 ing,
U1=0 inR"\Q,
U1/d*'=h onoQ,

for some smooth function z which satisfies 0 < h < 1, and is suchthat A =1 on dQ2\ ', and 2 =0 in
aQNT’.

From Lemma 3.3, we deduce that 9, (% /b) <0on dQ\TI. Since 02 € c2v, by Theorem 1.4 we have
that 8U(J1/b) € CY(0L2), and therefore, there is ¢y > 0 such that

d(Y1/b) < —co<0 ondQ\T.

Moreover, let us denote by 1;2 the function 1’; from the second claim of Lemma 2.7, which satisfies for
some ¢ > 0,
Lyr>d™ inQ,
Uy =0 inR"\ Q,
Ua/d*'=0 ondQ,
3, (Y2/b) < on IN.
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Hence, if we take M = co_1 (cp 4+ 1) > 0 and define 1; = Mlzl + 152, we obtain

LYy >d™  inQ,
V=0 inR"\ Q,

V/d*"'=Mh ondS,

3 (W/b)y<—1 ondQ\T.

We apply the previous argument with v replaced by
w=v+ (14 fllz=@ + lgl=@an) V-
Then, we have that in the viscosity sense,

Lw> f4+d* = (1d° ¢ fllLe@ + Iglleoam) =0 in €,

w>v>0 in R*\ ,
d(w/b) <g— (14" flliL= + lgllzeeam) <0 ondQ\T,
w/b>Mh >0 on dQNT,

Altogether, by the same argument as at the beginning of the proof, we have w > 0 in Q2. Let us now
observe that by construction and the same argument as in the proof of (7-1) we have

U <Cd* ' inQ

for some C > 0. Therefore, we obtain
vz P (Ild " fllzeg +lglixoan) = =C&* (18 fllix@ + lglxean)  in 2,
as desired.

Proof of Proposition 1.5. This is a special case of Lemma 3.4.

4. Holder estimates up to the boundary

The previous maximum principle for nonlocal equations with local Neumann conditions (see Lemma 3.4)
puts us in a position to establish a Harnack inequality for solutions to (1-7) at the boundary, which will
eventually lead to the Holder regularity estimate in Theorem 1.6.

To prove it, we adapt some of the ideas in [Lian and Zhang 2023] to the framework of solutions to
nonlocal problems which blow up at the boundary.

For § > 0, let us define Q5 = {x € Q : dist(x, 0R2) > &}.

Lemmad4.1. Let L € ﬁ?om (A, A). Let Q2 C R" be an open, bounded domain with 0 € 02 and 02 € c?r
for some y > 0and K € COT (S"™ ). Letv € Lés(Rn) with v/d*~' € C(RQ) be a viscosity solution to

Lv>f inQNB,
v>0 inR",

d(v/bg) <g ondQ2N B
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for some f € C(2N By) withd*™* f € L>®°(2N By) for some o € (0, 5], and g € C(02N By). Assume
that 0 € 092. Then,

][ (v/bo)dx <c _inf (v/ba)+c(Id"™ f-llL~@np) + I8+l L~@anB))
Q12NB; QNB, 1

where n > 1 and ¢ > 0 depend only onn, s, ., A, y, o, and the C%7 radius of Q. Here, bg, is defined as
in (3-2).

Proof. The interior weak Harnack inequality for viscosity supersolutions (see [Ferndndez-Real and
Ros-Oton 2024a, Theorem 3.3.1]) applied with v implies

f v(x)dx <c inf v(x)+c||f”L°°(521/2ﬁBl)v
Ql/ZmBl xEQl/zﬂB]

where ¢ > 0 depends on n, s, A, A, n, . Moreover, since b < ¢ > 0 in 1,2 N By, it follows for u :=v/b
by Lemma 3.2 that

)CEQ]/zﬂ 1

][ @y dr<c inf u(e)+clld ™ fllz@ans-
Ql/zﬂBl

Thus, it remains to show

inf < inf ai—¢ o0 00 (& . 4-1
erl]r/lzﬂBlu(X)_Cerlan,lM(X)+C(|| flle=@ns) + IgllL=mans)) (4-1)

Since v > 0, by the weak Harnack inequality, either v =0 in 1/, N By, or infg, »nB U > 0. Therefore,
without loss of generality, we can assume that infg, ,ng, v = 1.
To prove (4-1), let us take a set D C R" with 0D € C 2¥ such that

QNBypCDCQNBy,
Let w be a function such that
Lw=0 in D,
w<l1 in(Ql/zﬂBl)\D,
w=20 in Rn\(DU(Ql/QﬂBl)),
dv(w/bg) =0 ondDN By,-1,
w/bg <0 on dD \ By,-1,
w/bg>c1  inQNB,-1.
We construct w as follows. Let 4: dD — R and e : R* \ D — R be smooth functions such that for

some n < %

h:{O on 3D\ By,-1, e:{l inT,
Cl OnaDﬁanl, 0 inR"\(DU(Ql/zﬂBl)),
where T € (212N B1)\D,0<h <cy,and 0 <e < 1. We let w be the solution to
Lw=0 inD,
w=e in R"\ D,
w/bp=h ondD.
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Then, we can show that 9, (w/bg) > C > 0in dD N By,-1 (for any given C > 0) by making ¢; > 0 small
enough. Indeed, if w; solves the Dirichlet problem with boundary data zero and exterior data e, then by
the Hopf lemma (see Lemma 3.2), we have since w;/d}, € C L.7(D) by the boundary regularity results in
[Abatangelo and Ros-Oton 2020], and since 9D N By,-1 € 9€2,

0y (w1 /be) = 8y (wi/dyy ) (d}y ' /o) + (wi/dy )3, () /be)
= 0y(w1/dp)dp + (w1/dp)d,(dp) = wi/dp > co>0 ondDNBy,-1.
Moreover, if w, solves the Dirichlet problem with boundary data / and exterior data zero, we get from
Theorem 1.4 that |9, (w2/b)| < c3cy in By, -1 for some ¢3 > 0. Hence, choosing ¢; > 0 small enough,

we deduce the claim for w = (C/co)w + ws.
Thus, we have by construction, and using that infg, HNB U= 1, and w < dj, near 0D \ 0L,

Lwo—w)>f in D,
v—w>0 in R*\ D,
0,((v—w)/bg) <g ondDN By,
v—w)/bg>0 on dD\ By,-1.
Note that bg, satisfies
Lbg >0 in D,
Lbg #0 in D,
bo >0 in R"\ D,
bo/dy ' =1 ondDN By,
bo/d ' >0 ondD.

Since (3D N By,-1) D (3D N By,-1), we can apply the maximum principle for the Neumann problem
Lemma 3.4 with I' = 9D \ B,-1 and b = bq, and deduce

(v—w)/bg = —clld*™* f_|lL~wnB) — cllg+llL=@pnp,) in DN Bj.
Since, by construction, we also have

w/bg>cy=c; inf v>c; inf u in QN B, -1,
Q]/zﬂBl QI/ZOBI

for some ¢, > 0, since bg < ¢ > 01in 21/, N By, we deduce

v/bg = (w+v—w)/bg

>cy inf u—cl|d*™ f_llropnBy) —cllg+lL=@DpnB)
Q12NB)

>cy inf wu—clld* f-|lLe@nB) —cllg+lL=@ans) in QN B, -1,
Q]/zﬂB]

where we used D N By C 2N B;. Hence, we obtain (4-1), as desired. O



386 XAVIER ROS-OTON AND MARVIN WEIDNER

As a corollary of the previous weak Harnack inequality at the boundary, we obtain a growth lemma.

Lemma 4.2. Let L € L'°"(), A). Let Q C R" be an open, bounded domain with dQ € C*Y for some
y >0and K € C3*2 (S"™1). Let n > 1 be as in Lemma 4.1. Assume that xo € Q2 and let0 < R < 1. Let
Ve L%s (R™) with v/d“1 eC(Q) bea viscosity solution to

Lv>f in 2N Bgr(xp),
o(v/bo) <g on 92N Br(xo),
v>0 in BR(xo),
v > ba(1 —niP) in Big(x0) NQ forall j > 1,
v>(1—n/h) in Byig(xo) \ Q forall j > 1,
|Qg/4 N Bry2(x0) N{v/bg > 1} = $1Qgs4 N Brja(xo)|

for some f € C(QNBRr(xp)) withd*™* f € L (N Bg(x0)) for some a € (0, s], and g € C(32 N Br(xp)).
Then, there exist 5 > 0, and B € (0, 1), depending only onn, s, A, A, y, o, and the C27 radius of Q, such
that

inf  (v/bg) + R (|d* ™ f_ || Lo@nBr@oy) + RIIg+ |2 020 Br (o)) = 6
QNB, 1 (x0)

Proof. Let us assume without loss of generality that xo = 0. The proof follows from an application of the
weak Harnack inequality (see Lemma 4.1) to v,. It is slightly involved due to the appearance of the tail
term.

Indeed, we have

Lo = f0 = [ K G- dy = o,
R*"\Bg
where we used that by assumption, v > 0 in Bg. Then, we obtain from Lemma 4.1 (after scaling), using
the last assumption and setting u := v/bgq,
Tt R i@y + Rl e omnen 2 o ][ vz @)
0~ IR Qpr/4NBr)2

where ¢y > 0 is the constant from the weak Harnack inequality.

Next, we estimate ||d*~® f | @nBg). To do so, we apply a similar reasoning as in the proof of
Lemma 2.2. First, we recall that for any x € Bg 2, there exists « > 0 such that for any 7 € (0, ),

H''({d =1} N Byig \ By-1g) < CO/ R,
where C > 0 depends only on n and the C>” radius of Q (we refer to [Fernandez-Real and Ros-Oton

2024a, Lemma B.2.4] for a reference of this fact). Next, we observe that by the coarea formula, and since
0<bg<Cd!,

R“S/ v (YK (x —y)dy
Q\Br

<cy (1—nfR'* f NIy dy

= QN(B,j g \B,j-15)

<cy (A—-nHR'™ ((nfR)—"—ZS

j=1

/ d*'WIVA) | dy + k(! R)‘ZS)
(B,j g\B,j-1)Nd =k}
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) ) min{n/ Rk}
<c Z(l . Y]‘Iﬂ)RH_S ((n./ R)—n—ZS/ ts—l(
0

/ d?—[”_l(y)) dr + (n/ R)—ZS)
(B,j g \B,j—1 )Nd=t1}

j=1
<Y A= R (R + IR ) <Y (1 —nPyn2
jzl izl

for some ¢ > 0, depending only on n, s, A, A, k, C, n, where we also used that R < 1. Similarly,

RS f VoMK —y)dy <c) (1—nf)R'™ f 7" dy
(R™\)\Bg X

= R'0(B, j \B,j-15)

<cYy (=0 RTGIR)™> <)y (=P,
j=1 j=1
where we used that R'™* < 1, and ¢ > 0 depends only on 7, s, A. Therefore, we obtain
R [ o K =y dy e Y (1=
B jzl
Since this quantity vanishes as 8 > 0 goes to zero, we can make the whole expression smaller than c(/16,
which implies, by recalling the definition of f.

1 - 1 - 1
R™Nd™ f_llLo@nBgy < R TN ™ f_llL~@nBg) + R

/ v_(PK(- —y)dy
Q\Bg

co L>®(Bg)2)
< RN fo i onse + 1o
and therefore by the estimate (4-2)
. . co Co Co
inf w4+ R F || 1o R 0 > ==
B, + Il S=llz=@nBg) + Rlg+lL=@0nBR) = T " 16= 16
as desired. O

We are now in a position to prove the boundary Holder regularity.

Lemma4.3. Let L € LMM(), A). Let Q@ C R" be an open, bounded domain with dQ € C*? for some y >0
and K € C>*2(S"™). Assume that xo € 92 and let 0 < R < 1. Let v € L} (R") withv/d*~' € C(Q) be
a viscosity solution to
Lv=f in Q2N Br(xo),
v=0 in Bgr(x)\<,
d(v/bg) =g ondQN Br(xo)

for some f € C(2NBr(xg)) and g € C(02N Br(xg)). Then, there exist c > 0, and o € (0, 1), depending
onlyonn,s, A, A, y, and the C2%Y radius of @, such that if d*=¢ f € L (QN Bg(xg)) for some a € (0, ag],
then it holds that

[v/ds_1 ]C"‘(QﬂBR/z(XO))

< cR™(v/d Mz + vlle@ne) + RN £l Lo@nBroon + RIEI L= 02nB(x0))-
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Proof. Let us assume without loss of generality that xo = 0. We will prove the desired result in two steps.
Let us denote by 1 > 1 the constant from Lemma 4.2.

Step 1. We claim that for any k € N,

osc (w/bg) < cen ™ (Ilv/d* @) + IVl Le@ngy + RN ™ fllze@npe + R+ Rlgl L=@0nBg)

nkR

for some constant ¢ > 0, depending only on 7, s, A, A, y, and the C 2.7 radius of Q. To prove it, we
set &g :=min{p, ys, 1 —s[—log, (1 — 8'/2)1}, and 8 :=1 — n~%, where §', B, n are the constants from
Lemma 4.2. This yields

(1-8)=n"", ap<min{B,ys, 1 -5}, §<6/2. (4-3)
Let us set u = v/bg, take o € (0, ap], and
M =451 (lv/d* i@ + vl Le@ne) + R TN ™ £l L @nBrwoy + R + Rl Lo02nBr o))

where c¢; > 0 denotes the constant ¢; from Lemma 2.3.
The claim of Step 1 will follow immediately, once we construct an increasing sequence (my ), and a
decreasing sequence (My); such that for any k € N,
my <u<M; in B,rkR, (4-4)
My —my, :Mn—ock. (4-5)
We prove (4-4) and (4-5) by induction. Setting mg= —(8/2c;)M, My = (5/2c1)M, we obtain the desired
results for £ = 0. Let us now assume that (4-4) and (4-5) hold true for any j <k — 1.
We will now prove it for k. Clearly, one of the following two options always holds true:
|Qn—(k—1)R/4 N B, -t-ngp N {u > %(Mk_1 + mk_l)}| > %|Qn—(k—l)R/4 N B,-a-ng2|,
|Q,}7(k71)R/4 N B,-&-1g, N {u > %(Mk—l + mk_l)}| < %|Q,77(k71>R/4 N Bn—(k—l)R/2|.

In the first case, and in the second case, we define

v — (bo + 1pmolym,_, <0p)mi—1 (ba +1rpmoliy,_>0)Mi—1—v .
— ., w= , respectively.
Mi_1 —my_q M1 —mi_q

w

Let us assume that we are in the first case. The proof of the second case goes via the same arguments, and
we will skip it. Let us verify that w satisfies the assumptions of Lemma 4.2. First, if u(x) > %(Mk—l +mi_1)
for some x € €2, it follows that

M1 +my—
u(x) —my_ u(x) —my_ =l mg
(x) k=1 (x) k=1 5 k

w 1
_('x) - - - —
bq My_y —myg—y = My—y —my_ M1 —my—y 2

Thus, as an immediate consequence of being in the first case, we get

w 1 1
Qn—(k—])R/4 ﬂ Bn_(k_])R/Z ﬂ {% Z 5}) Z E‘Qn_(k_])R/‘" ﬂ Bn_(k_])R/Z .
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Moreover, by (4-4) (for kK — 1), we have

v—bomy_;

w >0 in Bn—(k—l)R NQ.

Mo —miy

Nonnegativity of w in B,-«-1g \ € follows by assumption and construction. We obtain
[L(bg + lgn@)l <c1 in €,

and therefore d*~“L(bg + 1gnq) € L°°(2N Bg). Then, by (4-5) (for k — 1) we have

[ =L+ 1pnolim, <op)mi—1 - f—cmp_y

Lw > in QN B. (4-6)
M1 —myp_4 M1 —mp_
Moreover, clearly
— 0y(bga/b _
av(w/bg)zg v(ba/bo)my_ _ 8 on 92N Bp.
My —my—y My—1 —my—

It remains to verify the fourth and fifth assumption of Lemma 4.2. Let us first consider j <k — 1. In
that case, for any x € B, -«-n+jg N2 it holds by (4-4) and (4-5) that

w u(x) —my_ Mp—j—1 —Mk—1

Y= (x) k=l Mk k

bq M1 —my_ My —myp_y
o M =M j i A mi 1 —my _1 Mj—j—1 —my—j—1 — 1
- My_1 —mg_q M1 —mp—y

Clearly, for any x € B, -«-n+j \ € and in case m;— < 0, by the same arguments as above, using (4-4),
we have
v(x) —my_y o Mi—j—1 — Mk

w(x) = >1—n%.

My —mp_1 = My —mp_y

If however my_; > 0, then we can use that v = 0 in Bg \ Q. Moreover, if j > k — 1 we compute for
X € By-u-n+jg N2,

u(x) —mg_q o Mo —my-

w
—(x) = >
bg My —mp_1 — M1 —my_

- (My—1 —my_1) — (Mo — my) _

1 —pet=D > | _poi,

M1 —my—;

Finally, for x € B,-«-n+jg \ €2, again by the same arguments as above, and using that v > mg by
construction, we have

v(x) —mp—11pm_ <0 o Mo —my-

> >1—n*.
My —myp_ My —myp_y

wx) =
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Consequently, all assumptions of Lemma 4.2 are satisfied for w with radius n~* =D R. Thus, we deduce
from Lemma 4.2 and the choice of 4,

w
u—my—1 = My_y —mp_1)—
be

> 28(My_| — mg—_1) — (n_(k_l)R)l+a(||ds_af||L°O(QﬂBn,(k,1>R) + c1lme-1l)
— (n_(k—l)R) ||g ”LOO(anBn*(k*DR) in 2N Bn—kR.

Moreover, by (4-3), the choice of M, (4-5), and the estimate |my_;| < Mo = (6/2c1)M, we estimate

= DR F (I fllem@ns, ¢y T ctlmi-il) + 0~ VR glli=@enn, w1y
<0~ DM = §(My—y — my_1).
Therefore, we deduce
my =8 (Mg—1 —my—1) +myg—1 <u < Mgy =: My in QN By,

which proves (4-4) for k. Equation (4-5) for k follows from (4-3). The proof of Step 1 is complete.

Step 2. Now that we have established the claim of Step 1, let us show how to conclude the proof. Let us
take x, y € Bg/>. We define k € N as

inflk e N : |x — y| > n7%(R/2)}.
Then, |x — y| < n7**!1(R/2) and by Step 1, it holds that
u(x) —ul _

ka —a
n"“(R/2) osC u
lx — y|* B, k1 (g

< cR™(Jlull o + vl Le@ne) + RN ™ fllLo@nsg + R + Rlgl L~@ansg)-
We can omit the additional summand +R'** by an additional scaling and normalization argument, i.e., by
assuming that R =1 and |[ul| (@) + V|| Le®n\@) + 1d° 7% fllLe@nB,) + 1€l L~ @ens,) = 1, applying the

previous estimate, and rescaling to general R. This concludes the proof after using that by Theorem 1.4 it
holds that bg/d*~! € C*(2N Bg/2(x0)). 0

We are now in a position to deduce the boundary Holder regularity estimate in C'¥ domains.

Proof of Theorem 1.6. Note that
3 (v/b) = 8,(v/d*™") — 8, (bg/d* M (v/d*™h),

and recall that |3, (bo/d*~')| < C. Hence, we can apply Lemma 4.3 (with R= % and varying xo € 89).
Combining it with the interior regularity results from [Ferndndez-Real and Ros-Oton 2024a, Theorem
2.4.3], and a covering argument, we deduce the desired result. In order to produce the tail-term in the
estimate, we employ a truncation argument in the same way as in the proof of Corollary 4.4. (|

We end this section with a boundary Holder regularity estimate for solutions that are defined up to a
polynomial and might grow fast at infinity.
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Corollary 4.4. Let L € ﬁ?"m()», A). Let k e NU{0}. Let Q@ C R" be an open, bounded domain with
I e C+Y for some y > 0 and K € C3t2v (S, Let feC(RN By), g € C(02N By), and v with
v/d*~! € C(RQ) be a viscosity solution to

LvE f inQnBy,
v=0 inB;\Q,
3,(v/d* Y=g ondQN By.

Then, there exists ag > 0 such that if for some o € (0, ag] we have d**'1=% f € L>®°(Q2 N By), then the
following holds true: Ifk =0, and v € L} (R"), then v/d*~' € C% (Q N Bs), and

loc

v 1—
7| ey T P sy 14 Flli@nsg + gl aansy)-

v
—_— <
H ds—! ‘ ce(QNBy) — C(’
IfkeN, K e C*""(S" ), andve L), s(R") for some § >0, then v/d*~' € C} (QN By), and

ds+1—a

v v
_— < _— n ) 00 ,

where ¢ > 0 and «, depend only onn, s, A, A, y, k, 8, and the C%7 radius of Q2.

Proof. In case k = 0, the proof follows by a truncation argument. Indeed, let us define w = v1p, and
observe that

Lw=f—L(vlgng,)=:f inQNB,.

Moreover, we can estimate
- 7 1
1d* T fllec@nsy) < cld*™ 7 flle@ney + vl @ sy

Thus, the desired result follows immediately by application of Theorem 1.6 to w, using that v = 0 in
B4\ 2, by assumption.

Let now k € N. Again, we define w = vlp,, but this time, since the equation only holds up to a
polynomial, we obtain for any R > 4,

Lw= fr—L(vlp,p,) +pr=:f inQNB;,

where fr — f in d*t1=¢L®(Q N B3), as R — oo, and pg € Pr_i. As in the proof of Lemma 2.10
(see also [Abatangelo and Ros-Oton 2020, Lemma 3.6; Kukuljan 2021, Lemma 4.8]), taking difference
quotients of order k — 1 + 8 of the equation for w, and using crucially that K € C¥~!¥9(S"~1), we can
find a polynomial p € Px_14s) and h with d*T1=%h e L (2N B3) such that

Lw=h+p in QN B3,
w=0 in R"\ (2N By),

and moreover, / satisfies the estimate

1— 1— —n—2s—(k—
IdS™ Rl L @nmy < C(I1AST ™ fllLo@nmy + vl 17727 E D) g gy). (4-7)
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Next, let us take a bounded domain D C R”" with 8D € C!¥ such that QN B, € D C QN Bs. Moreover,
we find w;, wy such that wl/difl, wl/dfjl € C(D) and w = w; + w» satisfying

Lwi=h in D, Lwy=p in D,
w;=w in R"\ D, and wr, =0 in R*\ D,
wy/dyy !t =v/dst ondD, wa/d5; ' =0 ondD.

The existence of w, € L°°(R") follows from [Ferndndez-Real and Ros-Oton 2024a, Theorem 3.2.27], and
we obtain w,/dj, € C¥ (D) from [Ferndndez-Real and Ros-Oton 2024a, Theorem 2.7.1], which yields
wz/d;)_1 =dp(wy/d}) € C7 (D) since 3D € C!7. Then, we can define w; := w — w,. We claim that

lwy/d3 M e(py < C(llv/déz_1 | L>@nB,) + ||d§2+1_ah||L°°(sszs))- (4-8)

To see this, let us recall the function v (with respect to D) from Lemma 2.7, and observe that by
Lemma 2.3, we can take it in such a way that

LGy +dy ") >cods ™" inD (4-9)
for some cy > 0. Moreover, recall v /d‘;)_1 =1 on dD. Then, let us define

v () = () (Ilv/dpy lleop) + Idp™ = hll=m) + lw/dg = @ns,)
+erdy @) llw/dgy | e @By

where ¢ := max{c, 1, 1}, and observe that by (4-9) we have

Lw; < LW in D,
w) < W in R"\ D,
wy/dy < w/dst ondD,

which, recalling that yr| < cld;)_l in D, and dp < dg, as well as the definition of D, imply that

s—1
wi -1 1- -1 Q -1
— = cact(Iv/dy ey + Ildy "Rl Loy + llw/ds " |l L~ @nBy)) +Czcl_ds—1 lw/dg " L @nBy)
D D

1 - 1
<c(llv/dg lizeoansy + 145~ hllL=@nsy) + Iv/dg lL=@nay).

which yields our claim in (4-8). As a direct consequence of (4-8), we deduce

-1 -1 -1
lwa/dy ey < lw/dpy Loy + lwi/d}y " L=y

< c(llv/ds Mzanpy + 1d5T "Rl Lo@nsy))- (4-10)
Finally, we claim that
1pllpy < cllwa/d3y L) (4-11)

Once we show (4-11), then the proof is complete after combination of (4-11), (4-10), (4-7), and application
of the boundary Holder regularity estimate (see Theorem 1.6) to w in €2, as in the case k = 0. We prove
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(4-11) by contradiction. Suppose there are sequences (L;);, (w;);, (p;); with

w:=0 in R"\ D
s 00 = 1, and ! ,
Ipjllz(D) w;/ds =0 ondD,

lim; o lw; /d)y |l L) = 0.

Then, up to subsequences, it holds that L; — L, w;, /d;;l — ug in L (D) for some ug € L°(D),
Pj, — Ppoin L(D). While the first convergence statement follows from [Abatangelo and Ros-Oton
2020, Lemma 3.7], the second convergence statement follows from Theorem 1.6 and the Arzela—Ascoli
theorem, and the third one is immediate from the boundedness of (p;,) in a finite dimensional space.

We can now make use of the stability result in [Ferndndez-Real and Ros-Oton 2024a, Proposition 2.2.36],
and deduce that for wg = di)_luo, it holds that

Lwo = po in D,
wo =0 in R"\ D,
0 = 1, and
lPoll (D) wo/dS ' =0 on 3D,

llwo/d3 || LDy = O.

Clearly, wg = 0 is not a solution to Lwg = pg in D, so we have obtained a contradiction, and conclude
the proof of (4-11). O

5. Liouville theorem in the half-space

The proof of our main result (see Theorem 1.2) is based on a blow-up argument. A crucial ingredient in
such proof is a suitable Liouville theorem in the half-space. In this section, we will establish such a result
for nonlocal problems with local Neumann boundary conditions:

Theorem 5.1. Let L € LM (A, A). Letk €N, y € (0, 1) with y # s, and K € Ck=1Tr=s+(sn=1) for
some § > 0. Let u € C(R") be a viscosity solution to

L)) "0 in i, > 03,

Ot = p in {x, =0},
lu(x)| < CA+|xD”  forall x € {x, > 0},

for some C > 0, p € Pi_1. Then, there exist ag € R for any B € (NU{0})" with |B| < k such that
u(x) = Z aﬂxf‘ o xPr forall x € {x, > 0}.
|Bl<k

In order to prove Theorem 5.1, we first establish the following one-dimensional version, which can be
proved by combination of the arguments in [Ros-Oton and Serra 2016a, Lemma 6.2; Abatangelo and
Ros-Oton 2020, Lemma 3.3].
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Lemma 5.2. Letk e N,y € (0, 1) with y # s, and u € C(R) satisfying

(=AY () T in (0, 00),
lu(x)| < CA + |xktr forall x > 0,

for some C > 0. Then, there exist ay, ay, . .., ax € R such that

k
ux) = Za‘,-xj forall x > 0.
j=0
Proof. In case k =1 and y < s, the proof is an application of [Ros-Oton and Serra 2016a, Lemma 6.2]
with u(x) := (x1)* 'u(x),and 8 =5 > 0, B =5+ y € (0, 25).

Incase k > 1 or y > s, we have k — 1 4+ [y —s] > 1. Let us define v(x) = (x4)* 'u(x), let
V : R x [0, 00) — R be the harmonic extension of v in the sense of [Abatangelo and Ros-Oton 2020,
Lemma 3.3], and finally define \7(x, y) = ff ~ ¥ (z,y)dz. Note that V satisfies (see [Abatangelo and
Ros-Oton 2020, Lemma 3.3])

div(y">VV(x, y)) =0 in R x (0, 00),
V(x,y)=v(x) on R x {0},
|‘7(X, y)| < C(l 4 |x|2(k—l+ﬁ/—s-|)+l+y+s 4 |y|(k—l+f)/—.&"|)+l+}/+s) in R x (0’ OO)
Next, by [Ros-Oton and Serra 2016a, Lemma 6.2] (see also [Ferndndez-Real and Ros-Oton 2024a,
Theorem 1.10.16]), we have the representation formula

oo
V(x,y)=V(rcost,rsinf) =Y a;0;(0)r’*, forallx eR, ye|0,00),
j=0
where a; € R, and (©;); is a complete orthogonal system in the subspace of even functions in
L*((0, ), (sin®)'~2* d9). By the Parseval identity, the bounds on | V| imply

o
ZajzR2+2j =/ f;(x’ y)2y1—2x dO' S CR4(k—1+fV—.Y1)+2+2y+2 — CR4(k+’—V—S-|)+2)/‘
=0 dBrN{y>0}

Therefore, it must be a; = 0 for any j > jo, where jo = min{j eN:24+2j>4k+ Ty —s]) —I—2y},
which implies
~ jO .
Vx,y)=Y a;0;@)r* forallx eR, yel0,c0).
j=0
Upon recalling the definition of V and V, this implies
Jo—1 _
v(x) = (x1)* Y bx
j=0
for some b; € R, and since |v(x)| < C(1 + lx )kt =145 and y € (0, 1) by assumption, it must be b; =0
for any j > k. Recalling that by definition u(x) = v(x)(x,)'~*, we deduce that u must be a polynomial
of degree at most k in {x > 0}, as desired. O
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Moreover, we will need the following lemma (see also [Kukuljan 2021, Proposition 4.3]):

Lemma 5.3. Let L € £LM°M(x, A). Letk € N, K € Ck=2+5(S"1) for some § > 0. Let f € Py. Then,
L)' S0 in (x> 0).

Proof. Let us first give a simple proof in case k = 1. Then, it suffices to prove that for any i € {1, ..., n}
L((xp)y ') =0 in {x, > 0}.

First, by integrating x +—> (xn)i_l in x;, and using that L((x,,)i_l) =0, we deduce
L((xp)y x,) =c¢ in{x, > 0}

for some constant ¢ € R. Then, since x — (x,,)i: x; is homogeneous of degree s, we deduce that for any
A>0andx € {x, > 0},

¢ =L((xn)} %) 0x) = 27 L)y Ax) (6) = A5 L)y ) (x) = A%

This implies that ¢ = 0, as desired.
For k > 2, we prove the result by induction. Assume that we know already

L)' ) S0 in {x, > 0) (5-1)
for every p € Pr—1. Now, let g € Px. Then, by integrating (5-1) with p := d;q fori € {1, ..., n}, by
Lemma 2.12 we find that there exists a constant ¢ € R such that

L)) "= e in{x, > 0},

Since ¢ *=' 0 for any k > 2, we conclude the proof. d
Finally, we state a Holder regularity estimate in the half-space, which follows from Corollary 4.4.

Corollary 5.4. Let L € LM°M(A, A). Let k e NU{0}, ¥ > 0, and K € C*='+3(S"~1) for some § > 0. Let
feC{x,>01NBy), g€ C{{x, =0}NBy), and u € C({x, = 0}) be a viscosity solution to

{L«xnnlu) Sf in{n>0N5,,
Opu = on {x, =0}N B;.
Then, there exists og > 0 such that lf(xn)SJrl “f € L®({x, > 0} N By) for some a € (0, ag], then the
following holds true: if k = 0 and (x,l)f|r Ywe L%s(R”) it holds that u € Cy .({x, > 0} N By), and
luell e gx,>0nBy)

< c(llull L (g, =0ynBs) + ||(Xn)iflu||L;S(Rn\B4) + 1 Ce) S Fll o (e =0nB) + 181l L (xa=0)n1B2))

and if k € N and (xn)+ ue L2y+(k 1+a)(R") it holds that u € C{{ ({x, > 0} N B), and

| —n—2s—(k—1+49) ||
L' ({x,>01\Bs)

+ 1 Ce) S Fll o (=008 + 181l L (xa=0)n1B2))
where ¢ > 0 and o depend only onn, s, A, A, y, k,é.

lull ce (x>0 < (el Lo (x,=0inma) + | 1G5 ull -
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Proof. The result follows directly from Corollary 4.4 applied to some domain  C R" with dQ e C!7,
which satisfies {x, > 0} N By C 2 C {x,, > 0} N By. O

With the help of the one-dimensional Liouville theorem in the half-space and the Holder regularity
estimate up to the boundary (see Corollary 5.4), the proof of Theorem 5.1 follows by a standard procedure,
which is explained in detail for instance in [Abatangelo and Ros-Oton 2020, proof of Theorem 3.10].

Proof of Theorem 5.1. First, we observe that by scaling Corollary 5.4, we obtain that for any R > 1,

[lce(sry < R [lull Lo pary + R NG5 ul - 17721 L o By Lik=tand  <s)
s+k— — s— —n—2s—(k— —
+ RSTh=1+TY v1+77H[(xn):_ lu]| T 25— (k=2+[y—s1+n) ”L‘({x,,>0}\B4R)1{k32°rV>5}
+ R pll L (x,=0}nBap) ]
< RN (5-2)

where we take n =14y —s — [y —s]+6 and used in the last estimate the growth condition on u, the fact
that || pl 2 ((x,=0)nBg) < cR*!, and the following computation using polar coordinates with y, = r cos @
for some 6 € [0, 27r) (similar to the proof of Lemma 4.2), which is slightly different in case (k =1 and
y<s)and(k>2ory >s). Incase k =1 and y < s, we obtain

1‘ s =2 I+ s—1 |—n—2s+1
RN a) T ul - 17" 1@ o) < CR +Y/ ) Iy dy
R"\ Byg

2 [e'e)
< CR1+S/ COS(@)j__l </ rs—1r—1—2s+1+y dr> de
0 4R

2
<cR'WSRYS ( / cos(6)%! d9> <cRM. (5-3)
0

In case (k > 2 or y > s), we obtain, using that n > 1 +y —s — [y — 57,

+hk—14+[y—s1+ —1 —n—=25—(k—2+[y—s1+n)
R? r—s n”[(xn)j_ M]|| e yosin ||L1({x,,>0}\B4)

< CRS—HC—I‘H—)/—S-‘-‘FT)] (yn)j__l |y|—n—25—(k—2+|—)/—s-\+7])+k+}/ dy
R™"\Bsr

2 o0
< CRs+k—1+fy—ﬂ+nf ”008(9)1_1 (/ pS—1p =125 42—y —sT+y —n dr) de
B 0 4R
2
< cRFHRYTS ( / cos(9)! d9> < cRM,
0

Next, let us take any T € S"~! such that 7, =0 and 0 < h < R/2. We consider the difference quotients

u(x+ht) —ux) px+ht)—px)
ha k) pl,T(x) - ha

and deduce from (5-2) (after applying the estimate to smaller balls of radius comparable to R inside Bg)
that

w],'[(x) =

lwi e lloBe < cR*TY™ forall R > 1.
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Clearly, since 7, = 0, w . satisfies in the viscosity sense
s— k=14[y—s] .
L((xp)Y lwl,f) = 0 in {x, > 0},

anwl,r=Pl,r on {x, = 0}.

(5-4)

Here, we are using that sums of viscosity solutions are again viscosity solutions by Lemma 2.14. Using
(5-4) and also that |py (x)| < c|x |¥=1=¢ since p € Ps_1, we can apply the previous arguments to w1,z
Eventually, this implies that wy ; (x) = (w1, (x + A1) — w1, (x))/ h* satisfies ||wy, ¢ || LoBg) < ¢ Rk+y—2x
This way, we obtain higher order difference quotients w; ., j € N, and they satisfy

LG wio) 20 in {x, > 0},

Iwjr=Pjr on {x, =0},
lwj llzoogry < cR*Y=7*  forall R > 1,
I pjcllLese < cR¥17/%  forall R > 1.

Then, taking jo € N as the smallest number such that joo > k + y, and upon taking the limit R — oo, we
deduce that

lim |y cllzoese < ¢ lim RETY =00 =0,
R—00 R—o0

ie., wj,r =0in R". Thus, w;,_1  is a function that is constant in the 7-direction. Clearly, we can also
take difference quotients of w,_1  in other directions / € S"~! with 7, = 0, and the same arguments as
before apply. Therefore, wj,—1,(x) = wjy—1,.(x,) is one-dimensional for any 7 € S with 7, = 0.

Unraveling the higher order difference quotients, we get that w ;> - (x) = (Vi(x,), x") + Va(x,) for
some one-dimensional functions V; : R — R"~! and V; : R — R, and continuing this argument jo — 1
times, we deduce that # must be a polynomial in x” with coefficients that are one-dimensional functions
from R — R in x,,.

Then, by the growth condition on u, for any multi-index 8 € (NU {0})"~! with || < k, we obtain
functions Ag in x, such that

u(x) =y (P Ap(xn).

1Bl<k

In particular, this implies that Df/u(x) = c(B)Ag(x,) for any |B| =k and some constant c(B) > 0, where
Df, denotes an incremental quotient approximating the partial derivative 8)’?, in the x’-variables. Therefore,
discretely differentiating the equation for u, we deduce

k=1+Ty —s]

c(BYL((x) 7" Ap)(x) = L)' DLy (x) = L(DP [(x)* " ul) (x) 0 in {x, >0}.

By the growth condition on u, it must be |Ag(x,)| < c(1+]x, NE=IBI+Y = ¢(14|x])", and since Ag was also
one-dimensional, i.e., LAg = (—A)pAg, we can apply Lemma 5.2 to Ag, which yields Ag(x,) = pg(x,)
for some polynomial pg € Py |5 = Po. Next, we recall from Lemma 5.3,

LG 62 ppea) 210 in fx, > 0},
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Thus, repeating the arguments from above, we deduce that, for every g with |8| < k it holds that

LG A "0 in (x, > O},

|Ag(x)| < C(1+ |x|)*=1F+Y  for all x € {x, > 0},

and hence Ag(x,) = pg(x,) for some polynomial pg € Pr_ . This implies u(x) = p(x) for some
polynomial p, and by the growth condition on u, it must be p € Pk, as desired. (|

6. Higher order boundary regularity

The goal of this section is to prove the desired higher order boundary regularity for nonlocal equations
with local Neumann conditions (see Theorem 1.2). The proof goes by a blow-up argument and heavily
uses the Liouville theorem in the half-space (see Theorem 5.1), as well as the boundary Holder estimate
(see Theorem 1.6).

Lemma 6.1. Let L € £?°m()\, A). Letk e N and Q C R" be an open, bounded domain with 32 € CKT1Y
for some y € (0, 1) withy # s, and K € C*T2v+3(S"=1). Let v € L} (R") with v/d*~" € C(Q) be a
viscosity solution to
Lv=f in 2N By,
v=0 in By \ ©,
,(v/d*HY=g ondQNB;.

Q) Ifk=1landy <s, f e C(QNB)) withd*™Yf € L*(QN By), g € CY(IRL N By), then for any
Xp€02N 31/2 andx € 2N 31/2 it holds that

v v
20 = (i 00 = AGo) - (¢ = x0) )|
v —
< (| g5t o g I 14 Flli@nsy + gleragnsy ) ix =zl

for some ¢ > 0, which only depends on n, s, ., A, y, and the C>Y radius of Q. If in addition, g = 0, then
A(xp) - vy, =0.

(i) Ifk>2o0ry >s, fe C*k D= (QNBy), g € CK17(dQ N By), then for any xo € 92N By 2,
there is Q(-; xo) € Py such that for any x € QN By it holds that

v
20 = 0 o)
< v k+y
- C<” a1 H Lo(Q) +llvllzewne) + | fllct-n-str @npy) + ||g||ckfl+y(3m31)) |x — xol

for some ¢ > 0, which only depends onn, s, A, A, y, k, and the CKLYY radius of Q.

Proof. Let us assume without loss of generality that xo = 0 € 32 with 9,, = e,. We set u :=v/d*~!.
We will prove the desired result by a blow-up argument. To do so, we assume by contradiction that for
any j € N there exist C**17 domains Q; CR", f; € C-1(Q; N By), g; € CKT7(3Q; N By), r; >0,
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operators L ; with ellipticity constants A, A, and v; € C(£2;) N L;S(R”) viscosity solutions to
Ljvj=fj ianﬂBl,
vj = in B] \Qj,
8u(v]/d;_1)=gj on aQ]mBl,
such that
|diam ;| + [|u jl| Lo (@) + V)l @m0 + Lix=tand y<sId; " fillLx;nm)
+ Lk=20ry > s3I fillcw—v-s+r(@,nmy) + 18l ct=14v(@;nmy) + 1djlcrriv@;np) = C

for some C > 0, denoted de =d,, and used that d; € Ck+Ly by [Ferndndez-Real and Ros-Oton 2024a,
Definition 2.7.5]. Finally, we assume by contradiction

supsupr ™ Y u; — Qll=@;np,) =00 forall Q € P.
jeNr>0

Observe that up to a rotation, r,,!2;, N B -1 = {x, > 0}. Moreover, we will write
d~]m 1r/;IQjm = (z]'m = rm_ldjm (I"m : )
for the (regularized) distance with respect to r,,'Q; .
We consider the LZ(Q‘,- N B,)-projections of u ; over Py, and denote them by Q; , € Py. They satisfy
the following properties:

luj = Qjrlir2;ns,) =< lluj — Qlliz@;ns,) for all Q € P,

/ (u;(x) = Qj,(x)Q(x)dx =0 for all Q € P.
Q;NB,
Next, we introduce
0(r) :=supsup p 7 lu; — Q. pllL>@;n8,)- (6-1)
jeN pzr

Observe that 6(r) 0o, as r \( 0. This follows from [Abatangelo and Ros-Oton 2020, Lemma 4.3]
applied with s = 0 (the proof remains exactly the same in this case).
As a consequence, there exist sequences (7)), and (j,), such that
), = QjprmllL>;,nB,,)
O (rm)

> 1 forallmeN. (6-2)

Let us define for any m € N,

uj, (rmx) — Qjm,r,,, (rmx)
9

W (X) = (6-3)
; i 0(rm)
and observe that by construction, we have
lwmll -1 Apy = 3 / W (X)Q(rmx)dx =0 forallmeN, Q€ P. (6-4)
" rin' Qi NB1
Next, we claim that
1wl pomta, ABg < cR* forall R>1, meN. (6-5)
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To see this, we estimate for any R > 1, using the definitions of 8 (Rr,,) and w,, (see (6-1) and (6-3)),
N4,y = Q. R Il L(R2;,, N BRry) N 1Q . Rrw = Qjirm | L2}, NBry,)
w0 ' 0(rm)

(Rru) 70 (Rr) o Qi ke Qj,,, ro |2, 0Br,,)
Y 0(rm) o 0(rm) '

Moreover, it follows that for any j € N, » > 0, and R > 1,

10 ke — Qjrlloo(@;nBg) < cO@)(RAY. (6-7)

lwmll Lo 2, BR) =

(6-6)

Indeed, if we write
Qi)=Y alxft - xfh peN af) e
|Bl<k
then by [Abatangelo and Ros-Oton 2020, Lemma A.10] we have for any || < k

rlﬂ‘m;’? §ﬂ2)r| <cllQjr— QjorllLe@;ns,)
<clluj— QjrllLe;np,) +clluj — Qj2rllLe;nB,)
<O +c02r)2r Y < ch(r)@2r)* .

By iteration of this inequality, we obtain for any / € N

| (13) §ﬁ2)r| < Z| ;ﬁz)ir_ §ﬁ2)1+1 |_C29(211")(21 )k—H/ 1Bl
0(2'r)

2ik+y=18D < g (r)(zlr)k-i-)/—\ﬁl .
0(r) -

< cO(r)rkTr Il Z

This yields for any R > 1

la}f) —ajfp,1 < O (Rr) 7P,
which implies (6-7).
Thus, combining (6-6) and (6-7),
(Rr)* 7 0(Rry) (er)k“’@(rm)
Ty +c o =
m O (rm) rm 0(rm)

where we used in the last step that # +— 6(r) is monotone decreasing, proving (6-5).

CRk—H/,

lwmllL=@;,nBr) <

Next, using (6-5), we will estimate the L) §1—1) horm of w,,. We have the estimate

2s+(k+[y—

/ djm—l(y)|y|—n—25—|'y—s'|+l+y dy
(2, \BRryy )d}j, =1}

st Ty gy
le \BRVm

CK_S—] dlam(Qjm)l—V/ |y|—n—s+y—!'y—s] < C(er))/—s—ry—ﬂ’
Rn\Ber

where we used that always y < s+ [y —s] < 0. Moreover, by a similar computation as in Lemma 2.2
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(withy :=s —1<2s+[y —s]—1—y =:B), we have
/ djm—l (y) |y|—n—23—]'y—s'|+1+y dy < C(er)y—s—[y—s'l ]
(2, \ Brryy )0{djj,, <}
Thus, altogether, using (6-5) and y € (0, 1) we obtain

] P

e @iy
o' Q2 \ BR

IA

— s—1 —n=2s—[yv—
ey’ f d;, i y)ly| T dy
r";l Q.//)1 \Br

— Cr:;l—}/-ﬁ-r]/—s-l / d.;m—l(y)|y|—n—25—|—y—s-|+1+]/ dy
Qi \BRry

< Cr;l—)/"rr]/—s] / d;:l(y)|y|—n—2S—|—y—S-H-1+)/ dy
(Qfm \BR)m{djm ZK}
4 Crg;)”rh/*ﬂ / d;m_l (y)|y|*n*2sff7/*ﬂ+1+7 dy
(R, \Br)N{d},,, <k}
< ersT VPSR, )Y SIS < Rr=s=Iy=s1 5 0 as R — oo0. (6-8)

Now, we investigate the equation that is satisfied by w,,. We claim that

|
im0, asm — oo forall |B| <k. (6-9)
0(rm)
Indeed, from the considerations above, we deduce that for any m, [ € N,
B _ B ! s
|ajm,rm ajm,2/rm| <c Z 9(2 lrm) (Zl—irm)k+y—|,3|'
0(rm) £ 0 (rm)
Hence, choosing / € N such that 2l €11, 2), we deduce
(B) (B) (B) B)
|ajm,rm| |ajmszlrm| |ajm’rm _ajmyzlrm|
Orm) — 0(rm) 0(rm)

[
< cB(rm)”! <|a§.ﬁf2,rm| + Ze(z—")(z—")k+y—'ﬂ) — 0 asm— oo,
i=1
which implies (6-9). ’

Let us now distinguish between the cases (k =1 and y <s)and (k> 2or y > s). Incase k =1 and
y < s, we find that it holds in the viscosity sense

dy 7Ly, (5 wn) = 1770 T (L, (5 - Yw)
LJ'" (djm_lujm (I"m : )) - LJm (djm_l Qjm,rm (rm : ))
r;%{ve(rm)
Finm ) =L, (3 Q) +)
0 (rm)

=47 0w )

=d;;y(rm-) in rnzlgjmﬂBr,;l. (6-10)
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Moreover, by Corollary 2.5(),
Id; L), (@57 Q) (i Momiziaynz o =145, L, @1 Q) L@y
<c )Lyl (6-11)
1BI=1

Therefore, recalling ||ds Y fi iz, nB) < C, and combining (6-10), (6-11), and (6-9), we obtain

Jm
75—V Fs—1

I, " Ly w2t 0,08 1)
s=y ()

”d]m me ||Lm(9jr71mBl) + Z‘,B|<l | Jms rml

0(rm)
Incase k > 2 or y > s, we first deduce by an argument analogous to (6-10),

Finm ) =L, (@5 Qj ) ()

—0 asm— o00. (6-12)

~o_1 -1
ij (d;-m wm) = (k 1) H‘V@(r ) nr, Qjm N Brrﬁl . (6—13)
Wl m
Next, using again Corollary 2.5(ii), we obtain
p—(k=D+s— )/[ij(ds IQ]m ru) P+ ) cr1o At nB,_ [ij(djn1 1Qjm,r,n)]C""_”V(QjmﬂBl)
e )l (6-14)

1Bl<k
in analogy to (6-11). Finally, recalling

—(k—1)+s—
r ( )s y[fj(rm . )]C(k_l)_H_y(rr;lQ ﬁB l) = [fj]c(k—l)fs#V(QjmﬂBl) < C:

Jm

and combining (6-13), (6-14), and (6-9), we obtain

B
[filcw-n-s+r(@,,nB) + 2 1p1<1 |ajf |

m 50 asm — oo.
O(rm)

[L;, (d~5r:1wm)]ck*1*3'+V(r,;lemmBrrzl) =c
Thus, there exists a polynomial p,, € Px_24r,—s] such that
L), (5 ww) = pm|l = 0, asm — oo in L. ({x, > 0}). (6-15)

Next, considering again all values for y, k at the same time, we treat the Neumann boundary condition:
avujm (rm ) — av(Qj,,l,rm)(rm ") _ 8jm (rm ) — a1)(Qj,,,,rm)(rm -)

0y Wy = = ondr-'Q; NB._i.
k—1 + k—1 + m Jm I'm
w00 00
We obtain
—(k=1)—
rm( ) y[av Qj,,,,rm (rm ')]C(k—])+y(ar’;19jmﬁ3 D= [0y Qjm,r,,,]c(kfl)er(anmmBl) C Z |a§f:)rm

1BI=<k

and using also that g;,, € cH1*r(Q j» N B1) by the boundary condition, we deduce

)
[8a)ce-vr 02,08 + Ligizi 17, |
0(rm)

—1
[8"'wm]C(k*IH}/(ar,;lemﬂB _1) =c = Ce(rm) — 0,
"m
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as m — o0o. Consequently, for any m € N there exists a polynomial g,, € Px_; such that
|x]”

6 (rm)

Finally, we are in a position to apply the stability theorem (see Lemma 2.13) to w,,. The convergence

[0y W (X) —gm| < ¢

— 0 forall x €dr,,'Q;, NB, 1. (6-16)

results in (6-12), (6-15) and (6-16) establish the required convergence of the source terms and the Neumann
boundary data.

Moreover, the operators L, converge to an operator L with the same ellipticity constants. By the
boundary Holder regularity estimate for solutions to the nonlocal Neumann problem (see Corollary 4.4
applied with k :=k+[y —s1, 8:=0, Q:=r,,'Q,, v:=d} 'wn, f:=L;, @} 'wy), and g :=d,wp),
together with the Arzela—Ascoli theorem, the sequence (wm)m converges in L3 ({x, > 0}) to some
w € C({x, = 0}). All the quantities on the right-hand side of the estimate in Corollary 4.4 will be bounded
uniformly in k, due to (6-8), (6-12), (6-15), and (6-16). Thus, in particular &;m—‘ (P )W —> ()5 w0
locally uniformly in {x, > 0}. Finally, in order to apply the stability result in Lemma 2.13, it remains to
establish ds 1(rm YWy — (xn)Jr w in L2s+(k+(y - 1)(R ). To see this, we also observe that by (6-5),

m

lwx)| < C( + |xDKY  forall x € {x, > 0. (6-17)

Therefore, using also (6-8) and a computation based on polar coordinates (along the lines of (5-3)) we
obtain, since y < 1,

/ s |5 (M wn (v) — ) w () |ly| 7RI gy
"\ B

S C/ (yn i—l|y|—n—2s—]’y—S‘|+1+}/ dy+C/ jm 1(y)|y| —n—2s—[y—s]+1+y dy
R\ B (i @)\ Br
<CR"™ =150 asR— .

This implies ds 1u)m — (x,,)Jr w in L2s+(k+[y - 1)(R ), by combining it with the locally uniform
convergence in LIOC({xn > 0}).
Thus, by stability of viscosity solutions (see Lemma 2.13), we deduce that in the viscosity sense

L((x)% 'w) 0 in {x, > 0},
d,w=p on {x, = 0},

k=1+4Ty—s1

where p € Py_1 is a polynomial, and moreover, by (6-4), it must be that

lwll Lo (8 nx,>0) = 3- (6-18)

An application of the Liouville theorem (see Theorem 5.1, using (6-17)) yields now that w € Py. Thus,
we can choose Q(x) = w(r,, 1x) in (6-4). This implies that
0= lim Wy (x)Q(ryx)dx = lim f Wy (Dwx) dx = [ wz(x) dx,
Binry'Q B1N{x,>0}

m— 00 B|ﬂi’y;lQ_im m—00 ol

where we used in the last step w,, — w and r,,'Q;, — {x, > 0}. This yields w = 0, which however
contradicts (6-18), and thus, we conclude the proof of (ii).
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Finally, if k =1 and y < s, then by the Liouville theorem (see Theorem 5.1), there exist a € R" and
b € R such that
w(x) = (a,x)+b.

Moreover, if g; =0, then also g = 0. Thus, it must be that d,w = 0 in {x, = 0}, which implies a, = 0. [
We are now in a position to prove our main result.

Proof of Theorem 1.2. We define u := v/d*~'. Let us assume that

lull oo@ny + 1d°77 fllLe@nBy Lty <25y + L f lck-25v @npy L4y >25) + 1€l ck-14+v panpy < 1.

First, we claim that for any xo € 2N By, with z € 92N By > such that |[xg — z| = d(xo) =:r < 1, there
exists a polynomial O € Py of degree k such that

[u = Qlexr s, =€ (6-19)

for some constant ¢ > 0, depending only on n, s, A, A, y, Q, k, where we assume without loss of generality
that v, = e,. This estimate already yields the desired result since it implies

[t]cerr (B, pon) = [ = Qlekr (B, 5 (xo) T 1@kt (B, o)) = €

From here, a covering argument (see [Ferndndez-Real and Ros-Oton 2024a, Lemma A.1.4]) together

with Holder interpolation (recall that [lu||z~®) < 1) yields the desired regularity estimate in QN B;.

1
k+y

estimate goes by the exact same arguments as in the proofs of Lemma 2.10 and Corollary 4.4.

Improving the global L* norm to the L%S (R™) norm, or the L, _(R"\ B;) norm, respectively, in the

To see (6-19), let us take z € 92N By > such that |xg — z| = d(x9) = r, and apply Lemma 6.1 to see
that there exists a polynomial Q € Py such that the function

u(xg+rx)— Q(xo+rx)
rk+y

uy (x) = satisfies  [|u, ||y < CRYY  forall R e [1,r7'].
Moreover, since ||u|lr~m@) <1, and Q € Pk, we deduce

Iyl o(pey < Cr "7 (1 4+ (rR)*) < CRMY  forall R>r~".
Together, this implies

[ 4" (xo + r)luy ()] [ 4" (xo + rx) d* (x0 + %)
dx <c _
R"\ B34 R"\ B34

dx =c — —dx
ey ] T

<c(l4r7h,
where we used Lemma 2.2 with y :=s — 1 < 0 =: 8. Moreover, we have by the definition of r,

—1 -1
”ds (XO +r . )urI|L°°(B3/4) S C’,.S .

Now, we apply the interior regularity theory for nonlocal problems (see Lemma 2.10). To do so, we
distinguish between the cases (i) k =1l and k+y =1+ y <2s and (ii) k + y > 2s. In case (i), we apply
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Lemma 2.10(i) with 8 = 1 + y, observe that automatically y < s, and obtain

[ds_l(u _ Q)]CH'V(Br/Q(xO)) = [ds_l(xo +r- )Mr]CH—y(Bl/z)

ds_l(xO +7r - )u,

s—1
SC”d (x0+r')ur”L°°(Bg/4)+C |x|n+1+y

L'(R"™\Bs/4)
+ el L@ (xo + 7 ) [ L8y
< o' b e U Lol ooy, oy + e I NLA T Q) Lo By a0y
<cer' et ld*7 fllLoocB, (xo)) +ert <ot
where we used Corollary 2.5(i) and that d > r/4 in B3, 4(xo) by construction, and r < 1.
In case (ii), we apply Lemma 2.10(ii) with & := k 4+ y — 25 > 0 and obtain

[d° 1 = Q) eker (8, oy = [ o +7 Dy leksr (8, )
ds_l(xo +ru,
|x|n+k+y

-1
<clld*™ (xo+r )yl LBy €

LY(R™"\B34)
+c[L@d Y xg+r- Yutr) ey =25(By )
< er' N el Ll ks sy oy + L ™ O ko258, 4000)

<crt T et Il crr—2s (B, (xg)) +ortT <ot

where we used Corollary 2.5(iii) in the second to last step.
Moreover, using again the L> estimate for u, with R = 1, we have

s+(k—1D)+y llut, s+(k—=1D+y

-1 -1
1d° " (u — QLB pxoy) = €’ Nl — Qll LB, jp(x0)) = €T lLoo(B)) < cr

and hence by Holder interpolation, we obtain that for any § € (0, k + y) it holds that

[dd‘—l(u _ Q)]C5(Br/2(x0)) < CrS—l-‘rk-H/—a‘
Therefore, altogether by the product rule,

[ = D)eksr 8, proy = [P @ 7 d* ™ = @)]ev (8,000

< YD1 O = O)er (8,000
|Bl=k a<B

< D0 D (10" e s 197 = @)t
|Bl=k a<p fea ys—1 I=s
+11077%d* " = Q) | (B, o xon [0%d" " 1er (B, (xo)))
< Z Z(r1—s—|a|rs—l+k+y—(k—|a\+y) +rs—1+k+y—(k—|oz|)rl—s—\al—y)
|Bl=k a<p

<e) ) =c (6-20)

|Bl=k a<p
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where we used that r < 1, and the following observation based on the fact that d € C k+1y (5_2) together
with corresponding estimates |D/d| < ¢;d'~/ (resp. |D/d'™%| < ¢;d'™*7/) in Q for every j < k (see
[Fernandez-Real and Ros-Oton 2024a, Lemma B.0.1]):
[09d" " 1cr 8, poyy < ID A" oo peyy s Jx— 'Y
X,y€B;/2(x0)

< cpls—lal-y for all |a| < k. (6-21)

This proves our claim (6-19). We can replace the L° norm of u# in R" \ B, by the LES(R”) norm via a
truncation argument, as in the proof of Corollary 4.4. We conclude the proof. U

Finally, we explain how to prove Theorem 1.7.

Proof of Theorem 1.7. The result follows immediately from Theorem 1.2, however it remains to prove that
the result only requires K € C k=2s+v(S"=1) if Q = {x,, = 0}. First of all, we recall the Holder estimate
(see Corollary 5.4), which holds true without any regularity assumption on K if kK = 0. For the Liouville
theorem (see Theorem 5.1), we only require K € Ck=1=s+y+8(gn=1y for an arbitrarily small § > 0 and
k—1—s+y <k—2s+y. In Lemma 6.1, additional regularity for K is assumed in order to apply
Corollary 2.5. However, if Q = {x, > 0}, we have

L@ Q)= L()7' @)= 0 in {x, > 0)

for any Q € Py. Hence, in case k =1 and y < s, the proof goes through exactly as before, without any
restrictions on K. If k > 2 or y > s, (6-13) needs to be interpreted as an equation up to a polynomial,
but the rest of the proof remains the same. Moreover, we apply the Holder estimate (see Corollary 5.4),
which would force us to impose K € C k=1 (5”‘1) in case k > 2 or y > s. Therefore, in this case, we
need to proceed a little differently. Indeed, we replace the computation in (6-8) by the following estimate,
based on polar coordinates (see also (5-3)) forn =1+y —s — [y —s] + 8 for some very small § > O:

s—1 —n—2s—(k—2 — s—1 —n—2s—[y—s]+2
[ YW)HLWR"\BR)SC/RH\B ()’ e RS g
R
2 00
< C/ COS(@)i_l(/ rs—lr—l—2s—[V—s]+2+7+ndr) dé
0 R

2 00
= c/ cos(6)%! (f r_l_‘sdr> d9 <cR™° -0,
0 R

as R — oo. Then, we can apply Corollary 5.4 with k := k — 1 and § := n and only need to assume that
K e C*¥=2+1(S"~1), which is fine by the same reasoning as for the Liouville theorem above. Moreover,
the stability theorem (see Lemma 2.13) can still be applied since k —2+n <k — 1 if we choose § < s — 1.

Finally, the proof of Theorem 1.2 relies on an application of the interior regularity result (see
Lemma 2.10). Incase k =1 and 1+ y < 2s, we apply Lemma 2.10(i), so in this case, no regularity
assumption on K is required, at all. In case 1 + y > 2s, we apply Lemma 2.10(ii) with & :=k +y —2s
(and interpret the equation up to a polynomial of degree k — 1, which is possible due to Remark 2.11), so
in this case, we need to assume only that K € Ck=25ty(S7=1) as desired. O
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7. Nonlocal equations with local Dirichlet boundary conditions

Finally, we give the proof of the boundary regularity for nonlocal equations with Dirichlet boundary
conditions (see Theorem 1.4).

Proof of Theorem 1.4. Let us first extend 4 in such a way that & € C¥7(R"). Then, we define
w :=v —d*~'h and observe that w solves

Lw=Ff in 2,
w=0 in R"\ €,
w/d*"'=0 ondQ,

where f = f - L(d*~'h). Moreover, for xy € € an application of Corollary 2.5 yields | f (x0)] <
c1d? ¥ (xg) incase k+y < 1+ s, as well as [f]Ck—l—.H—y(Q) <c¢yincase k+y > 1+ s, and also
[f]ck—Zery(Bd(XO)/2(XO)) < c3d* Y (xg) in case k + y > 2s. Since w/d*~! = 0 on 9%, by the maximum
principle (see Proposition 1.3) and a barrier argument (see for instance the proof of [Fernandez-Real
and Ros-Oton 2024a, Lemma 2.3.9], using the barrier from [Ferndndez-Real and Ros-Oton 2024a,
Lemma 2.3.10] in case k +y > 1 + s and the barrier 1} from the second claim in Lemma 2.7 in case
k+y < 1+4y) it holds that w € L*(£2) and

lwllze@) < Clld* ™ fli~ (7-1)
Thus w is a solution in the setting of [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020]. We
assume without loss of generality
lwll Lo (@) + ||ds_yf||Loc(§)1{k+y<1+s} + ||f||ck—l—s+y(sz)1{k+y>1+s} <1
Then, [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020] imply that for any z € 9€2 there exists
a polynomial Q, € Py_1 such that

lw(x) — Q,(x)d*| <clx —z/F 7+ <¢lx — /7@~ (x) forall x € B (2).

By adjusting the proof of [Ros-Oton and Serra 2017, Proposition 3.2] in case k +y < 1+, or the second
part of the proof of [Abatangelo and Ros-Oton 2020, Proposition 4.1] in case k + v > 1 + s, respectively,
according to the slight modification of the upper bound in the previous estimate, we get that for any
X0 € QN Bj(z), letting r := d(xp),

kty+s—1

, s -1
lw— Q:d’|l LB, y(x0)) < €T [w— Q:d°lck+r (B, jyxo)) S €°7 - (7-2)

Indeed, while the first estimate is immediate from the expansion, the second result follows by letting
v (x) = r 577 (u(xo + rx) — Qo (xo +rx)d* (xo +rx)),

and observing that by the previous estimate and the properties of f it holds that

vl L (Bgy < c(1+7"1) forall R >0, [f1cker—2 B, oy Likty>2s) S €r’
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Plugging these findings into the remainder of [Ros-Oton and Serra 2017, proof of Theorem 1.2; Abatangelo
and Ros-Oton 2020, proof of Theorem 1.4], we obtain (7-2). From there we can show, using Holder
interpolation, and also d € C¥+147(Q), that for any § € (0, k + ] it holds that

k+y+s—1-48 1—s 1—5s—6
9

" 1—s 1—s
[w— de‘]Ca(B,/z(xo)) =cr ld" " | Lo (B, o)) < CF ld Y]CS(B;'/Z(XO)) =cr

Thus, proceeding in a similar way as in the proof of Theorem 1.2, and using (7-2) as well as the previous
estimate, we obtain

o]

e = [DF(d"* (w — 0.d*Ncr (8, o))

< YY1 )@ (w — QA )] (8,0
|Bl=k a<p
< Y (19%d o B pxon [P (w — Q2d™)lev (8, pxo)
|Bl=k a=p o l—s B—a s
+[0%d" " Tev (B, p o 1877 (w — Q2d*) || L8, 12 (x0)))

<c Z Z(rI*S*\MrS*lHM _|_r17s7|ot|fyry+s71+|a|) <c.
|Bl=k a<pB

Ck+Y (By2(x0))

From here, by a covering argument, and using the continuity of the extension operator,

v s—1
| == ey S 0 =d" Rl + 1 o + Ml om)
<c(ll flle-1-s+r (@) + Il ck+r a2)) - O
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