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REGULARITY FOR NONLOCAL EQUATIONS
WITH LOCAL NEUMANN BOUNDARY CONDITIONS

XAVIER ROS-OTON AND MARVIN WEIDNER

We establish fine results on the boundary behavior of solutions to nonlocal equations in C*¥ domains
which satisfy local Neumann conditions on the boundary. Such solutions typically blow up at the boundary
like v =< dist*~! and are sometimes called large solutions. In this setup we prove optimal regularity results
for the quotients v/dist' !, depending on the regularity of the domain and on the data of the problem. The
results of this article will be important in a forthcoming work on nonlocal free boundary problems.
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1. Introduction

The study of nonlocal operators of the form

Lv(x) :p.v./ (v(x) —v(x +h))K(h)dh, (1-1)
Rn
where K : R" — [0, oo] is a kernel satisfying for some s € (0, 1)
K(h/|h
K(h) = % 0<A<K(@) <A forallo e S"!', K(h)=K(—h) (1-2)

has been an important area of research in analysis and probability for the past 30 years. Operators L of the
type (1-1)—(1-2) arise naturally as generators of 2s-stable Lévy processes, and are used to model different
kinds of real-world phenomena involving long range interactions, e.g., in mathematical finance and in
physics. From a PDE perspective, it is of particular interest to study the effect of the nonlocality of L on
the regularity of solutions to nonlocal equations. By now, the question of interior regularity of solutions
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is fairly well-understood, and there are several important works in this context, such as [Caffarelli and
Silvestre 2009; 2011a; 2011b; Silvestre 2006; Bass and Levin 2002; Kassmann 2009; Di Castro et al.
2014; 2016; Barrios et al. 2014; Ros-Oton and Serra 2016b].

A much more delicate question is the one of boundary regularity of solutions to nonlocal problems.
Previous works have mostly focused on nonlocal Poisson problems, given as

{Lv:f in Q, (1-3)

v=0 inR"\Q.

The nonlocal Poisson problem (1-3) arises naturally as the Euler—Lagrange equation of a nonlocal energy
minimization problem and can therefore be studied via variational methods, but also via nonvariational
methods. For (1-3) it was proved (see [Ros-Oton and Serra 2014; Grubb 2015]) that weak solutions
satisfy v € C*(Q), once 3Q € C''¥ and f € L>(Q). The C* regularity of solutions is optimal, as one
can see from the explicit example (see [Getoor 1961; Landkof 1972; Dyda 2012])

(=AY (1= |x»)% =cuy >0 in By, (1-4)

which also remains valid for L satisfying (1-1)—(1-2) (see [Ros-Oton 2016]). However, it turns out that
once the domain, the kernel, and the data are regular enough, also the quotient v/d* will be regular,
yielding a fine description of the behavior of the solution v at the boundary. The best known result in the
literature, establishing optimal boundary regularity of weak solutions of (1-3) in terms of the regularity
of the domain and the data was shown in [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020;
Grubb 2015] (see also [Ros-Oton and Serra 2016a; 2016b; Abels and Grubb 2023]) and reads as

Qeckty fecHtrs(Q = d—vs eCk7(Q) forallk e NU{0}, y €(0,1).  (1-5)

All the previously mentioned results on the nonlocal Poisson problem (1-3) address weak solutions for
which one can prove that they must remain bounded in © (see [Servadei and Valdinoci 2014; Korvenpis
et al. 2016]). However, explicit computations reveal that there also exist pointwise solutions of (1-3),
which explode at the boundary of the domain behaving asymptotically like 4*~!. The following most
prominent example goes back to a work by Hmissi [1994] (see also [Bogdan 1999, Example 1, p.239;
Bogdan et al. 2009, Example 3.3; Dyda 2012]):

(=AY (1= [x[H%'=0 in By. (1-6)

The example (1-6) has initiated the conceptual study of boundary blow-up for solutions to nonlocal
equations (see [Grubb 2014; 2015; 2018; 2023; Abatangelo 2015; 2017; Abatangelo et al. 2023; Chan
et al. 2021]). In this theory, solutions such as (1-6) are sometimes called “large solutions”. Due to the
explosion at the boundary, the above function cannot be a weak solution, and clearly violates (1-5).

In order to have a unified framework which also allows for singular behavior at the boundary, it is
necessary to keep track of the boundary behavior of the solution, or more precisely to prescribe somehow
the behavior of the quotient v/d*~'. In this spirit, the following Neumann problem, which was introduced
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in [Grubb 2014] (see also [Grubb 2018; 2023]), can be seen as a generalization of (1-3)

Lv=f inQ,
v=0 inR"\Q, (1-7)
0(-%)=¢ onog,

where v(xg) € S"~! denotes the inner unit normal at xo € 2. The problem (1-7) is a natural nonlocal
Neumann problem with inhomogeneous Neumann data g, and one can show that the problem is well-posed
in suitable function spaces, at least if the domain is C* (see [Grubb 2014]). Moreover, the solutions blow
up at every boundary point where v/d*~! does not vanish.

Remark 1.1. The functions in (1-4) and (1-6), are both solutions to (1-7), with g =1 and f =¢, s and
with g = (s — 1)2°~2 and f =0, respectively, in case 2 = Bj.

The Neumann condition in (1-7) is purely local in nature in the sense that it is imposed only on
the topological boundary 0€2. Therefore, (1-7) is conceptually completely different from the nonlocal
Neumann problem introduced in [Du et al. 2012; Dipierro et al. 2017] (see also [Alves and Torres Ledesma
2020; Vondracek 2021; Audrito et al. 2023; Foghem and Kassmann 2024; Grube and Hensiek 2024]). It
is also of entirely different nature than [Barles et al. 2014a; 2014b; Bogdan et al. 2003; Chen and Kim
2002], where local boundary conditions are imposed, but instead the operator is changed, depending on
the domain.

Main result. The aforementioned regularity results (1-5) from [Ros-Oton and Serra 2017; Abatangelo
and Ros-Oton 2020] do not apply to (1-7) since solutions are in general not continuous and might even
explode at the boundary. However, it is natural to expect fine regularity results for the quotients v/d*~!
depending on the regularity of the domain and the data.

When @ is C*® and K|g-1 is C*, the regularity theory for (1-7) was developed by Grubb [2014]
using an approach via pseudodifferential operators.

Our goal in this work is twofold: to establish sharp boundary regularity estimates for (1-7) in C*7
domains, and at the same time to prove them for the first time as localized estimates in €2 N B;. This is
new even for C* domains, and it is crucial for our application to free boundary problems.

Our main result is the following:

Theorem 1.2. Let L, K, s, A, A be as in (1-1)—(1-2). Letk e N, y € (0, 1) withy #s,and 2 CR" be a
CH LY domain, and K € C*213(S"1). Let v e L} (R") with v/d*~" € C(Q) be a viscosity solution

to
Lv=f inQnNB,,

v=0 inB\Q,

Bv(;j> =g ond2N By,

where v : 3Q — S"~! is the normal vector of Q, and f € C(Q)NX(QN By), g € CK117(HQN By),

dVL®(QNBy) ifk+y <2,

1-8
CK=24t7(QNBy) ifk+y > 2s. (1-8)

X(smBz):{
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v
dsfl

Then, it holds that v/d“1 € CHV(S_Z N By) and
=1

loc
|75

for some ¢ > 0, which only depends onn, s, ., A, k,y, Q, and |K | c2x+2v-+3(sn-1y.

+lvlizy @ gy + 11 lx@nsy) + ||g||ckfl+y(aszr132)>,

o =< 1]
Ccky(QNBy) — L% (Q2NBy)

For the definition of LéS(IR”) and the notion of viscosity solutions, we refer to Section 2.

The regularity we obtain for v/d*~! depending on the regularity of the domain Q and the data f, g is
expected to be optimal. For f and g, this is an immediate consequence of interior Schauder theory (see
[Ros-Oton and Serra 2016b]), and the order of the equation. For the regularity of the domain, we observe
that our results align with the ones in [Abatangelo and Ros-Oton 2020] once v € C (€N B,). We obtain
results with regularity assumptions on K that are expected to be optimal in case €2 is a half-space (see
Theorem 1.7). As in [Grubb 2014], we rule out the case y = s. The result is expected to be false in this
case. It corresponds to proving Schauder-type regularity estimates of integer order.

Another key advantage of our approach is that it allows for localized results in €2 N B;. Nonetheless, if
2 C B, and v is a solution to (1-7), by application of the maximum principle (see Lemma 3.4) to the
estimate in Theorem 1.2 we can obtain the following bound which is purely in terms of f and g:

=cllfllx@ +1Igllce-1+r o)

v
ds—l

Thus, we have the following generalization of (1-5) to solutions of (1-7):

Cky(Q)

ety fectE(Q), gectOQ)
1)
ds—l

A weak maximum principle and nonlocal problems with local Dirichlet conditions. The example (1-6)

= e Ck7(@Q) forallkeN, y e(0,1). (1-9)

of a nontrivial s-harmonic function that vanishes outside B; implies that the Poisson problem (1-3) for
the fractional Laplacian is ill-posed even in the homogeneous case. Therefore, maximum principles are
usually established under an additional assumption on the boundary behavior of the solution, ruling out
“large” solutions such as (1-6) (see [Silvestre 2007; Servadei and Valdinoci 2014; Felsinger et al. 2015;
Jarohs and Weth 2019; Feulefack and Jarohs 2023; Fernandez-Real and Ros-Oton 2024a]). Note that
a similar phenomenon occurs for local equations, where any constant function is a pointwise solution
inside the solution domain.

In this paper, we prove the following nonlocal weak maximum principle, which allows for solutions
that blow up at the boundary.

Proposition 1.3. Let L, K, s, A, A be as in (1-1)=(1-2). Let y > 0 and Q C R" be a C'Y domain. Let
v E LéS(R”) with v/d*~' € C(Q) be a viscosity solution to

Lv>0 inQ,
v>0 nR"\Q,
' >0 onoQ.
dsfl

Then, v > 0.
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The condition v/d*~! > 0 in Proposition 1.3 includes solutions that blow up at the boundary, such
as (1-6). Previously, maximum principles including large solutions have been established in [Abatangelo
2015; Grube and Hensiek 2023; Liu and Zhuo 2025; Li and Liu 2023]. Proposition 1.3 extends these
results to general 2s-stable integrodifferential operators, and to C'? domains, respectively.

Recall that a natural way to make the nonlocal Poisson problem (1-3) well-posed is to impose Neumann
boundary conditions as in (1-7). Another way would be to prescribe the limit of the quotient v/d*~!
directly, which leads to the following nonlocal problem with local Dirichlet data, which was introduced
independently in [Grubb 2014; Abatangelo 2015]:

Lv=f inQ,

v=0 inR"\S, (1-10)
' —h ondQ.
dsfl

The weak maximum principle in Proposition 1.3 implies that the problems (1-10) and (1-3) are
equivalent, when 2 = 0. Thus, (1-10) can be seen as an inhomogeneous nonlocal Dirichlet problem.

Another contribution of this article is the following Schauder-type boundary regularity estimate for
solutions to nonlocal equations with local Dirichlet data:

Theorem 1.4. Let L, K, s, A, A be as in (1-1)—(1-2). Letk e N,y € (0, 1) withy # 5, and Q2 C R”" be a
CHYY domain, and K € C*F2+3(S"=1). Let v € L) (R") with v/d*~' € C(Q) be a viscosity solution
to (1-10) with f e C(Q)NX(RQ) and h € C*k7 (3Q), where X is as in (1-8).

Then, it holds that v/d*~" e ctr (Q), and

loc

<c(lfllx@ + Inllcrr o)

|71
ds—lcrr@ —

for some ¢ > 0, which only depends on n, s, A, A, k, y, 2, and || K || c2x+2r+3(sn-1y.

We refer to [Grubb 2015; 2023] for similar results in the framework of pseudodifferential operators.

Note that (1-10) can always be reduced to the homogeneous problem (1-3). In fact, if Q and 4 are
regular enough, one can extend /4 to a smooth function in € and consider w := v —d*~'h. Then, w solves
the homogeneous problem (1-3) with a new right-hand side f = f — L(d*~'h). Since L(d*~'h) has
good regularity properties (see Corollary 2.5), we can prove Theorem 1.4, by application of the results in
[Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020].

Strategy of the proof: regularity for nonlocal problems with local Neumann data. Since the nonlocal
problem with inhomogeneous local Dirichlet data (1-10) can always be reduced to the homogeneous
problem (1-3) for which the boundary regularity theory was already established (see [Ros-Oton and Serra
2017; Abatangelo and Ros-Oton 2020]), the proof of Theorem 1.4 is rather simple.

In sharp contrast to that, for the Neumann problem (1-7) there is no cheap way to obtain the boundary
regularity results in Theorem 1.2 from the existing theory. In fact, it is already highly nontrivial to
establish Holder continuity of the quotient v/d*~! up to the boundary (see Theorem 1.6 below).

Our proof of Theorem 1.6 goes in three main steps.

First, we establish a weak maximum principle for solutions to the Neumann problem (1-7).
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Proposition 1.5. Let L, K, s, A, A be as in (1-1)—(1-2). Let y > 0, Q C R" be a C%" domain, and
K € C3*t2r(S" 1), Letv e L;S([R”) withv/d*~! e C(Q) bea viscosity solution to

Lv>0 in<Q,
v>0 inR"\Q,

8v<%> <0 onof,

where bg is defined in (3-2). Then v > 0.

This result seems to be the first maximum principle for nonlocal problems with local Neumann boundary
conditions in the literature. We believe it to be of independent interest and refer to Lemma 3.4 for a
corresponding L* bound in the case of inhomogeneous data. The function b can be thought of as a special
regularized distance function taken to the power s — 1. We stress that the result is no longer true if the
function b is replaced by d*~!, where d is another regularized distance function. In fact, Proposition 1.5
holds true for the function in (1-6) if b= (1 —| - |)‘j__l, but fails if we replace b by the regularized distance
d=(1-]-".

The proof of Proposition 1.5 follows from a nonlocal Hopf-type lemma for solutions to the inhomo-
geneous Dirichlet problem (1-10) (see Lemma 3.3), which in turn follows from the weak maximum
principle in Proposition 1.3. All of these results rely heavily on explicit barriers for (1-10) in C!'” domains
that are adapted to the geometry of the domain and blow up at the boundary like d°~!. These barriers can
be seen as perturbations of (1-6), or rather of 1D solutions such as

L(x,)5'=0 in {x, > 0}. (1-11)
Note that (1-11) follows simply by differentiating the equation
L(x,)} =0 in {x, > 0}.

The previous identity is a classical fact for nonlocal operators (1-1)—(1-2) (see [Ferndndez-Real and
Ros-Oton 2024a, Lemma 2.6.2]).

The second main step in the proof of Theorem 1.6 is to establish Holder continuity of order «, for
o € (0, 1) small enough, up to the boundary of v/d*~! for solutions to (1-7) in C'¥ domains.

Theorem 1.6. Let L, K, s, A, A be as in (1-1)-(1-2). Let y € (0,1), Q C R" be a C%Y domain, and
K € C3*t2r(S" 1), Letv e L;S([R”) with v/ds_1 € C(Q) be a viscosity solution to
Lv=f inQNB,,
v=0 inBy\Q,

3.,(%) =g ond2N By,

with f € C(R2N By) and g € C(02N By). Then, there exists oo > 0, such that when d*~* f € L*°(2N By)

for some o € (0, agl, and it holds that v/d*~! € Cﬁ‘)C(S_Z N By), and
v v _
_ <c _ )] " ds o ) 00 (¢ ),
|75 | cenm = U 5] gy + 1Pk + 1 Flliei@nn + I8 Gans,

where ¢ > 0 and ag depend only onn, s, A, A, v, and the C27 radius of 2.
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The proof of Theorem 1.6 uses the weak maximum principle in Proposition 1.5 and the interior weak
Harnack inequality, to establish a weak Harnack inequality for v/d*~! at the boundary (see Lemma 4.1).
This allows us to deduce a so called “growth lemma” for v/d*~!, stating that v/d*~' must be large
pointwise in a ball centered at the boundary, if v/d*~! was large in a measure-theoretic sense in a ball
away from the boundary. Such growth lemma allows to establish oscillation decay for v/d*~! at the
boundary, and to deduce the Holder estimate in Theorem 1.6. A similar proof for the classical Laplacian
can be found in [Lian and Zhang 2023].

Once the boundary Holder estimate is shown, we can establish the higher order boundary regularity in
Theorem 1.2 via a blow-up argument. This is the third, and last step of the proof. Theorem 1.6 is crucial
in order to deduce uniform convergence of the blow-up sequence.

The blow-up argument follows the scheme in [Abatangelo and Ros-Oton 2020] and relies on a Liouville
theorem in the half-space with local Neumann data (see Theorem 5.1). However, major modifications
have to be made in most of the steps due to the boundary blow-up of solutions. For instance, we need to
show the following new result (see Corollary 2.5):

e CHr — L@ HecH Q) ifk+y>1+s.

Moreover, the presence of a Neumann boundary condition complicates some of the arguments, such
as the proof of a stability result for viscosity solutions (see Lemma 2.13). Finally, as in [Abatangelo
and Ros-Oton 2020] we need to make use of a suitable notion of nonlocal equations up to a polynomial
(see [Dipierro et al. 2019; 2022]) in order to account for solutions that grow too fast at infinity (see
Definition 2.8).

Applications to free-boundary problems. We end the discussion of the main results of this article by
shedding some light on a, perhaps unexpected, connection between nonlocal problems with local Neumann
boundary data and free boundary problems. This connection is a main motivation for us to study (1-7).
Let us explain this phenomenon in the particular case of the fractional Laplacian.

The nonlocal one-phase free boundary problem, which was introduced in [Caffarelli et al. 2010] (see
also [Ros-Oton and Weidner 2024]), deals with the minimization of the functional

, dydx
I(w) := /f (w(x) —w(y)*———5+ M|{w > 0} N B| (1-12)
(Bf xBY)* |x — y[res

for some M > 0 and with prescribed values of w in R" \ B;. One can show (see [Caffarelli et al. 2010;
Fernandez-Real and Ros-Oton 2024b]) that local minimizers of (1-12) are C*(B;) and that they are
viscosity solutions to
(—A)’w=0 in QN By,
w=0 in B\ 2, (1-13)

v =cpsM ondQN By,

s
where ¢, ¢ > 0 is a constant and €2 := {w > 0}. An important question in the theory is to determine the
regularity of the free boundary 9€2 near so called “regular points”. These are the points xo € 9€2 N B; for
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which blow-ups of w are half-space solutions, i.e., (up to rotations and multiplicative constants)

w(xo—;i—rx) — wo(x) := (x,)} locally uniformly.
’

One can show using the extension for (—A)* (see [De Silva and Roquejoftre 2012; De Silva and Savin
2012; De Silva et al. 2014]) that once a sequence (w,) of viscosity solutions (1-13) is “e-close” to the

half-space solution wy in the sense that

(en — &) S we(x) < (x, +8)Y,
then it holds, as & N\ 0, that

w _ s

Le) = Chn)ie - ol e ),

where u solves the so called “linearized problem”

{(—A)S((xm‘lu) =0 in{x, >0}N By,

(1-14)
d,u=0 on{x, =0}NB;.

Hence, (xn)fflu is a solution to a nonlocal problem with local Neumann data (1-7) in the half-space, and
it explodes at the boundary {x, = 0} N B;.

In order to establish regularity results for the free boundary 2 = {w > 0} near regular points, it is an
important step to establish boundary regularity results for the solution to the linearized problem. For
(1-14) this was done in [De Silva and Roquejoffre 2012; De Silva and Savin 2012; De Silva et al. 2014],
using the Caffarelli-Silvestre extension.

In the light of this connection, our main result Theorem 1.2 also makes a contribution to the theory of
the nonlocal one-phase problem (1-12), and provides a completely new proof of the regularity for (1-14),
even in the case of the fractional Laplacian.

We end this discussion by stating a variant of Theorem 1.2 in the special case 2 = {x, > 0}. This
result holds true under assumptions on the regularity of K which are expected to be optimal, and it will
be helpful in the study of the nonlocal one-phase free boundary problem (1-13) with respect to general
nonlocal operators (1-1)—(1-2), which we plan to investigate in a future work (see [Ros-Oton and Weidner
2025]).

Theorem 1.7. Let L, K, s, A, A be as in (1-1)—(1-2). Letk e N, y € (0, 1) with y # 5. Let
ueC{x,>0yNBy) with (x,)% 'ue L) (R")

be a viscosity solution to
L) W)= fin{x, > 0} N By,
opu =g on d{x, =0} N B,.

with f € C({x, > 0}N By) N X ({x, > 0} N By), g € C*""H7({x, =0} N By), and K € C*=25Tv(S"~ 1) if
k+y > 2s, where X is as in (1-8). Then, it holds that
el chor (g, =030y < (el Lo (x> 0)nB2) + ||(xn)i_lu||L;J(Rn\Bz) A1 L2 >03n82) + 18 | =14 (=0} )

for some ¢ > 0, which only depends on n, s, ., A, k, y, and (if k +y > 2s) also on || K || ck-2s+y (sn-1).
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Finally, we make the following remark.

Remark 1.8. The following two problems are equivalent if v € C(2 N By), i.e., if solutions do not blow
up on d2N By:

Lv=f in QN By, Lv=f in QN By,
v=0 1in B\ L, PN v=0 1in B\,
8v<d:)_1> =g ondQN By, d% = on a2 N Bs.

Indeed, since v =0 in B, \ €2, it holds for any xo € 2N B, that

v
v\ o dsL U
o (i7) = lim i = lim (0.

Recall that the second problem is satisfied by minimizers to the nonlocal one-phase problem (1-13).

(x) = lime sy, ~=5(2)

Moreover, the above problem is the nonlocal counterpart of the over-determined Serrin’s problem whenever
Q C B, (see for instance [Fall and Jarohs 2015; Soave and Valdinoci 2019; Biswas and Jarohs 2020;
Dipierro et al. 2023]).

Organization of the paper. In Section 2 we introduce the notion of viscosity solutions to (1-7) and give
some preliminary lemmas. Among them are already several new results of independent interest, such
as the construction of explicit barriers exploding at the boundary (see Section 2.3), an analysis of the
regularity of L(d*~") in terms of the regularity of the domain (see Corollary 2.5), and a stability result
for viscosity solutions (see Lemma 2.13). In Section 3 we prove maximum principles for solutions to
nonlocal problems with local Dirichlet and Neumann data (see Propositions 1.3 and 1.5). Section 4 is
devoted to the proof of the Holder estimate up to the boundary (see Theorem 1.6). In Section 5 we prove a
Liouville theorem in the half-space (see Theorem 5.1), and in Section 6 we carry out a blow-up argument
to prove our main result, Theorem 1.2. Finally, Section 7 contains the proof of the regularity for the
inhomogeneous Dirichlet problem (see Theorem 1.4).

2. Preliminaries

In this section, we give several important definitions, such as the definitions of viscosity solutions to (1-7).
In Section 2.2 we establish the regularity of L(d*~!) depending on the regularity of the domain and in
Section 2.3 we use these results to construct barrier functions. In Section 2.4, we introduce the notion
of nonlocal equations satisfied up to a polynomial, and in Section 2.5 we establish stability of viscosity
solutions and prove that the sum of two viscosity solutions is again a viscosity solution.

From now on, we denote by C?Om(k, A) the class of operators (1-1) with kernels satisfying (1-2).
Moreover, whenever we say K € C“ (S*1) for some o > 0, we mean that | Kl ca(sn-1y < A. Sometimes,
we denote the class of operators (1-1) satisfying (1-2) and K € C*(S"!) by L‘?‘)m(k, A, ).

Moreover, given an open, bounded domain Q C R" with Q2 € C? for some > 1, d :=dgq :R" — [0, 00)
will denote the regularized distance which satisfies d € C*°(2) N C#(R) and d = 0 in R" \ Q. Crucially,
we have dist(-, Q) <d < Cdist(-, Q) in R", i.e., the topological distance and the regularized distance are
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pointwise comparable. We will often use the fact that |D*d| < cdP~* (see [Ferndndez-Real and Ros-Oton
2024a, Definition 2.7.5]). Throughout this article, we will define d*'=0inR" \ Q.
In the following, whenever xo € 92, we write v/d* ™! (xq) := limgs - x, v/a’gz_l(x).

2.1. Function spaces and solution concepts. Let us introduce the following function space:

LLR" = {M el ey 3=/ lu(WIA+[yD™"*dy < oo}, a > 0.
Rn

Typically, we will use the previous definition with o« = 2s. We are now in a position to give the notion
of viscosity solution to (1-7).

Definition 2.1 (viscosity solution). Let 2 C R” be an open, bounded domain with 3Q € C'7. By
v e §"!, we denote the inner normal vector to 9<2.

(i) We say that v € C(2) N Lés([R?”) is a viscosity subsolution to
Lv=f inQNBy, 2-1)
where f € C(2N By), if for any x € Q N B; and any neighborhood N, C Q2 of x it holds that
Lo(x) < f(x) forall g € C*(N,)NLA(R") such that v(x) =¢(x), ¢ >v. (2-2)

We say that v is a viscosity supersolution to (2-2) if (2-2) holds true for —v and — f instead of v and f.
Moreover, v is a viscosity solution to (2-2), if it is a viscosity subsolution and a viscosity supersolution.

(i) For any function b € L} (R") with b/d*~! € C'(Q) we say that v € L} (R") with v/d*~! € C(Q) is
a viscosity subsolution to

da,(v/b)y=g ondR2N By,
where g € C(02N By), if for any x € 32N By and any neighborhood N, C QN B; of x it holds that
oo (x) <g(x) forall ¢ e C?(N,)NL>®(Q) such that v/b(x)=¢(x), ¢ <v/b. (2-3)

We say that v is a viscosity supersolution to (2-3) if (2-3) holds true for —v and —g instead of v and g.
Moreover, v is a viscosity solution to (2-3), if it is a viscosity subsolution and a viscosity supersolution.

Clearly, if in (i) Lv(x), or if in (ii) 8U(v/d“_1)(x) = limggy_m(v/d“_l)(y) exists in the strong sense,
then the notions of viscosity solutions coincide with the ones for strong solutions (see [Ferndndez-Real
and Ros-Oton 2024a, Lemma 3.4.13]).

2.2. Nonlocal operators and the distance function. The goal of this subsection is to establish several
lemmas on the regularity of L(d*~!) depending on the regularity of 2. Lemma 2.3 will help us to establish
barriers in C!*¥ domains and Corollary 2.5 is crucial for domains that are more regular.

The following lemma is a slight modification of [Ferndndez-Real and Ros-Oton 2024a, Lemma B.2.4].
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Lemma 2.2. Let L € E?Om (A, A). Let Q C R" be a bounded Lipschitz domain with Lipschitz constant L
and C°%! radius po > 0. Let xg € Q with p :=dq(xg), y > —1land y < B. Then,

/ 4% (xo+ My dy < €1 +p"#)
Q\Bp/z

for some constant C > 0, depending only on n, vy, B, po, L, and, if y > 0 or B < 0 also on diam(S2).

Proof. We assume that xo = 0. By [Ferndndez-Real and Ros-Oton 2024a, Lemma B.2.4], there exists
k > 0 such that for any ¢ € (0, «),

H' ' ({d =1} N (Byi+1, \ By ) < C(27p)" . (2-4)
Note that
/ & ()IyI ™" dy < (diam(€)" 11,0y + k¥ 11, <o) I dy <c
(R2\B,2)N{d>k} (R2\B,2)N{d>«}

for some constant ¢ > 0 depending on « and, if y > 0 or 8 < 0 also on diam(€2), independent of p. The
independence of p is trivial if « < 2p since then Q\ B,/» C Q\ B4, and otherwise, it follows from
the fact that B, N{d >k} = & once r < k/2 <k — p (recall that d(0) = p), so also in this case, we can
replace the domain of integration by 2\ B, >. Moreover, using (2-4) and the coarea formula,

d” Iyl Fdy <c Z((zfm"ﬁ

jzl

d"(NIVd(y)| dy)

/«z\Bp/z)m{dsm f<32j+1p\83jp>n{d5x}

' min{2/ .k}
=c¢ Z((2’p)"’3/ 17 U dH”l(y)} dt)
= 0 (Byj+1,\Byj ,)N{d=t}
<c) (@) Py <cprF
izl
for some ¢ > 0, where we used that y — 8 < 0. (I

The following lemma will be of central importance for the proof of Lemmas 2.6 and 2.7.

Lemma 2.3. Let L € L7°" (A, A). Let Q@ C R" be an open, bounded domain with 3Q € CV for some
y > 0. Then, for any § € (0, s), there exists c1 > 0, depending only onn, s, ., A, 2, v, §, and the clv
radius of 2, such that

IL(d* Y <cd®” " inQ.

Moreover, for any ¢ € (0, s), there exist cp, c3 > 0 depending only onn, s, A, A, y, €, and the CY7 radius
of 2, such that
—L(d* ") < —d* ™3 inQ.
The first claim follows in a similar way as [Ferndndez-Real and Ros-Oton 2024a, Proposition B.2.1].

Proof. We let xg € 2 and write p = d(xg). Then, we let

[(x) = (d(x0) + Vd(xp) - (x — x0)) +
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and observe that
LI =0 in{l >0}
as a consequence of L(I*) =0 and VI* = sI*"'VI = sVd(xo)I*~!. Next, we claim that

Cp* v =3y|? in B2,

2-5
Clyl T a1 g +y) + 17 P (xo +y)| - in R\ Bpya. )

@ =P+ y) < {
From here, we can compute
L@ Do)l = 1L@ " =D (x0)]
<Cp*tr3 / ly[>" "> dy
By

+C f Iy |7 B A g =120 (g 4 9) + 15710 (g + y) | dy
(xo+)\Bp)2

SCU+p" 4 p7 7,

where we applied Lemma 2.2 tod and to [l withs —1 -6 =:y < :=2s — (1 +y)J (choosing y € (0, 5)
so small that 8 > 0), in order to estimate the third integral. Since this estimate implies the first result, it
remains to verify the claim (2-5). In case x € B,/»(x0), we estimate

d* ™ =17 @) < 1d =N+ P72 08,000 < NPl LGB, 00 [0 = X707 72 < Cp**7 72y P2,

Here, we used that |D?d| < Cd~'*" by [Fernandez-Real and Ros-Oton 2024a, Lemma B.0.1] and that
[ > cpin B, >(xp). The latter statement follows since by the C LY regularity of d, it must be

|d(x) —d(x0) — Vd(xo) - (x —x0)| < Cp't"  forall x € B, (x0),

due to Taylor’s formula, and therefore d(x) and p are comparable in B,/2(x¢), which yields for small
enough p for some ¢ > 0,

1(x) > d(xo) + Vd(xp) - (x —x0) > d(x) —Cp'TV >¢cp>0 forallx e B /2(x0).

We can always assume that p > 0 is small, since otherwise, the result follows by the regularity of d*~!
away from the boundary of €.

Next, for x € R" \ B, 2(xp), we make use of the following algebraic inequality, which follows from
the C? regularity of the function ¢ — ¢*~!=% in [min{a, b}, max{a, b}],

1 = < ela—bPla* 0+ 018 foralla, b >0,
for any 6 € (0, s) and some ¢ > 0, depending only on s, §, which allows us to estimate
|d° 7 ) = TN < eld () = L)1 T ) + 1710 ()
< clxo — x| TP TI 0 () + T )
where we used that by [Ferndndez-Real and Ros-Oton 2024a, Lemma B.2.2] it holds
|d(x) = 1(x)] < Cloo — x|

This proves the first claim.
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Now, we turn to the proof of the second result. First, we observe that by similar arguments as in the
first part of the proof, we obtain

Cpstr=3y|2 in By,

d6+s71_l€+5*1 (x + )<{
| [(xo+y) = C|y|(1+)/)5”d8+s—1—8(x()+y)+[€+S_]—5(x0+y)| in R"\ By/2,

and therefore
|L(d8+-8'—1 _18+S—1)(x0)| < C(l +p8+)/—s—] +p€+}/8—s—l).
We claim that for any e € S"~! it holds that

{L((x o) = (x-e) ! in{x-e >0,

(x-e)7 =0 in {x-e <0} 2-6)

for some c, € [c—, c4+], where ¢ > c_ > 0 depend only on n, s, A, A. Once we have shown the claim
(2-6), we can conclude the proof, since it implies

—L(d@* 7o) = =L (xo) + L@ T = 1777 (o)
< —C)O67S71 +C(1 +p€+)/*s71 +10€+)/5*571) < —Cp87S71 1C.
Hence, it remains to prove (2-6). By the 2s-homogeneity of L we can apply [Fernandez-Real and
Ros-Oton 2024a, Lemmas B.1.5 and 1.10.3(iii)] and deduce

L((x - ) =ci (A5 -5 = croax-o)57 !

for some constant ¢; > 0 and where c; is given by, see [Fall and Ros-Oton 2022, Lemma 2.4],
'(s+¢e) sin(@(—14¢))
'(—s+eé)sin(m(—1—s4+¢))
This concludes the proof. 0

> 0.

02 = (AR (1) =

The following lemma is crucial in the proofs of Lemma 2.13, and in Section 6. It follows by differenti-
ating the corresponding results in [Abatangelo and Ros-Oton 2020].

Lemma 2.4. Let L € E?Om(k, A). Let k € N, and Q C R" be an open, bounded domain with 02 € Cck+ly
for some y € (0, 1) with y # s, and 0 € 3. Assume that K € C*+2+3(S"1), Let

neCk”(QNB)NC®(QNB).
Then, there exists ¢ > 0, depending only onn, s, A, A, 2, y, k, such that the following holds true:
(1) Ifk=1andy < s, then
IL(@ ' (Vd)p| < c(|- |+ nO)|+ [Vn©))d" ™ in QN By.
(i) Ifk =2 o0ry > s, then

(L@~ (YD1 @npy < (- 1+ 10O + VR O))).
(iii) If k+y > 2s, then we have for any xo € 2N By >

(L@~ (VDD cker-25 (81 o < € 1 10O+ VRO (x0).
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Proof. By [Abatangelo and Ros-Oton 2020, Corollary 2.3] (see also [Kukuljan 2021, Corollary 3.9] for
i > k+1), we deduce that

ID'L(d*n)| < c(|-|+nO))d*Y =" inQN B, forallieN. (2-7)

By [Abatangelo and Ros-Oton 2020, Theorem 2.2] and the choice of ¥ in the proof of [Abatangelo
and Ros-Oton 2020, Corollary 2.3], it follows that the assumption n € C kY QN B)NC®(QNBy) is
sufficient for (2-7) to hold true. Let us now prove (i) and assume that k = 1 and y < s. Then, since
Din € C®(R™), another application of [Abatangelo and Ros-Oton 2020, Corollary 2.3] yields

IIL(dsDin)IICW_S@HBW <C forief{l,2).
Since V(d*n) = sd*~'(Vd)n + d*Vn, a combination of the previous two estimates with i = 1 implies
L@~ (V| < sT VL@ +s7 L@ V)] < e - [+ 1nO)] +[VO)Dd” ™ in QN By,

which yields the result in (i).
To see (ii) and (iii), we observe first that by application of (2-7), we have for any i € N

ID'L(@* (V)| < c(-1+VnO)Dd* =~ in QN By .
Next, by differentiation, we obtain
DY (d*n) = sD'(d* " (Vd)n) + D' (d* V).
Thus, altogether for every i € N

|DY(L(d*~ (Vd)n))| < s D L(@ )|+ s DL (V)|
<c(|- |+ O Dd*r =D 4| |+ VO hd Y
<c(|- 1+ O]+ VnO)Dd*t" == in QN B . (2-8)
To conclude the proof of (ii), let xo € 2N By 2, and note that if kK > 2 or y > s, then (2-8) applied with
i=k—1+4 [y —s] implies

I DAY =SHL(@ = (V) M) | 1% By o o))
|x — y|y—s—h/—ﬂ

(L@ (VYD k17 By peon < SUP

XsyEdeo/z(xo)
<c(|- 14 1O+ V) )d” === (xg)d* 77 17 =5 (xg)
<c(|- 1+ nO)+Vn0),

where we used that y < 1. From here, a covering argument (see [Ferndndez-Real and Ros-Oton 2024a,
Lemma A.1.4]) yields the desired regularity estimate in Q N B; /2.
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To prove (iii), note that if k 4+ y > 2s, then (2-8) applied with i =k + [y — s] implies

DM =L@~ (Vd)m) | LBy yaxo)
|x — yl)’—zs—’—y—ﬂ

—1
[L(ds (Vd)n)]Ck‘*'V_z"(Bd(xo)/z(xo)) = Sup
X, Y€ Ba(xy)/2(x0))

<c(|- 1+ O]+ V) )d” = =51 (xg)d> 7+ =51 (xg)
<c(|-1+ O]+ V) hd* ! (xo),

where we used that y < 1. This implies (iii), and we conclude the proof. ]

As a corollary, we obtain the following result:

Corollary 2.5. Let L € E?Om()», A). Letk e N, and Q C R" be an open, bounded domain with 0S2 € Ck+Ly
for some y € (0, 1) withy # s, and 0 € 9Q. Assume that K € C*T2r+3(S"=1) Let

neCk”(QNB)NC®(QNB).
Then, there exists ¢ > 0, depending only onn, s, A, A, 2, y, k, such that the following holds true:
(1) Ifk=1andy < s, then
s—1 y—s 0
|L(d”™ " n)l §C||n||cl(9m31/2)d n QmBI/Z-
() Ifk=2o0ry > s, then
[L(ds_ln)]ckflfsw(mel/z) = C(”’?”cl(m) + ”77||C"*1+5'+V(§20B1))-
(iii) If k +7y > 2s, then we have for any xo € N By,
L™ ] cter=2 8y pion = €Il cr@rmn + 11l v @npy)d ™ (xo).

Proof. There exist N e N and § > 0, v; € S"!, x; € 32N By, depending only on £, such that 3,,d >
in QN Bs(x;), fori € {1,..., N}, and such that

1
2

N
(x€eQNBip:dx) <8/2) | Bs(xi).

i=1
Then, by application of Lemma 2.4(i) to n := (Bvid)_l n e ChY(QN Bs(x;))NC®(2N Bs(x;)), we deduce
that for any i € {1, ..., N}
IL@ ™'l < e -1+ )]+ V) Dd” ™ in QN Bsja(x:).

Thus, we have proved (i) in N BixN{d(x) < 5/2}. The result in Qn Bi,N{d(x) > 6/2} is immediate
from the regularity of K (see [Ferndndez-Real and Ros-Oton 2024a, Lemma 2.2.6]).
The proofs of (ii) and (iii) follow from Lemma 2.4 in an analogous way. U
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2.3. Barriers with boundary blow-up. Let us construct barrier functions that are suitable for establishing
maximum principles for solutions that blow up at the boundary. We establish a subsolution and a
supersolution in the following two lemmas.

Lemma 2.6. Let L € E}Slom(k, A). Let Q C R" be an open, bounded domain with 0Q2 € C Ly for some
y > 0. Then, for any [ € R, € € (0, min{s, 1 — s}), and M > 0 there exists ¢; € C*°(2) such that

Ly <—d*'—M inQ,
¢ =0 inR"\ Q,
¢ /d =1 on dS2.
Moreover, if | > 0, then there exists § € (0, 1), depending only on n, s, A, A, diam(S2), ¢, M, such that
¢ > 0in QN{d < é6}. And ifl < 0, then for M large enough, depending on n, s, A, A, diam(S2), ¢, it
holds that ¢; < 0 in Q2.

Proof. Let € € (0, s) and N > 1 to be chosen small and large, respectively, later. We set

¢1(x) :=1d""" (x) —d* 7' (x) — N1g(x).
Then, by Lemma 2.3,
Lo < Clldéyisfl — Czdsisil +c¢3— NL1g.

Since L1g > 0, by taking any § € (0, s) and then ¢ < éy, we see that there exists n > 0, depending on
s,l,e, M,$,y, such that
Loy <—d*'—M imQn{d<n}.

Moreover, there exists ¢4 > 0, depending on diam(£2), such that L1g > ¢4 in QN {d > n}. Thus, choosing
N=M c4_1, we deduce that
Loy <—d—'—M inQ,

as desired. The remaining properties of ¢; follow immediately from its construction. O

Lemma 2.7. Let L € E?om(k, A). Let Q C R" be an open, bounded domain with 0Q2 € C Ly for some
y > 0. Then, there is c1 > 0, depending only onn, s, A, A, such that for anyl € R, ¢ € (0, min{sy, 1 —s}),
and M > 0 there exists {; € C°°(2) such that

Ly >cd™ "+ M inQ,
Yr=0 inR"\ @,
Y /d T =1 on 3.
Moreover, for any M > 0, if | > 0 is large enough, depending only on n, s, A, A, diam(S2), ¢, it holds that
Y >0in Q.
Moreover, for any ¢ € (0, s), there is J € C*(Q) such that for some cy > 0
Ly >df™ inQ,
U =0 inR"\ Q,
U/d =0 ondQ,
QW /d Y <, ondQ.
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Proof. Letl € R and ¢ € (0, min{sy, 1 — s}). The proof is similar to the one of Lemma 2.6. We set
Yi(x) =1d° "' (x) +d* ' (x) + Calg(x)

and since ¢ < sy, we can choose § € (0, s) such that ¢ < §y and take C, > O to be chosen later. By
Lemma 2.3,

LYy > —cld 4 d* S — 3+ cuCy in Q,

for some constants cy, ¢z, ¢3, ¢4 > 0, depending only on n, s, A, A, §, and the C7 radius of Q. Thus, if
we choose C; > 0 large enough, depending on M, [, ¢y, c2, c3, c4, €, diam(€2), then we deduce

Ly;>cd* "'+ M inQ.
Finally, we observe that upon choosing / > 0 large enough, depending only on ¢, diam(£2), we have
Y > 1d " +d7 >0 in Q.

For the second claim, we recall from [Fernandez-Real and Ros-Oton 2024a, Lemma B.2.6] that for
any ¢ € (0, s), there exist N > 0 and c¢; > 0 such that

L(—Nd*™®)>d* ™ —¢; inQ.
Let Jz € L™(2) be the solution to the Dirichlet problem

Ly,=c inQ,
Ur=0 inR"\,
and observe that by the boundary regularity theory from [Ferniandez-Real and Ros-Oton 2024a], it holds
that ¥, € C*(), and hence for ¥ := —Nd**¢ — y,, we obtain

dlﬁ_l =0 onadQ.

Therefore, for some ¢; > 0,

10,(W/d* N = (1 —5)|¥/d*| <cy ondL,

as desired. O

2.4. Nonlocal equations up to a polynomial. We will need the following definition of nonlocal equations
that hold true up to a polynomial. It was introduced in [Dipierro et al. 2019] for the fractional Laplacian
and the theory was extended in [Dipierro et al. 2022] to general nonlocal operators (see also [Abatangelo
and Ros-Oton 2020]).

Definition 2.8. For k € N, a bounded domain  C R”, f € C(R), and K € C¥~1*3(S"~1) for some

3 > 0, we say that a function u € C(2) N L%s 4+« (R") solves in the viscosity sense

L1

Lu% f ing,
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if there exist polynomials (pr)g>1 € Pr—1 of degree k — 1, and functions ( fz)g>1 such that

L(ulp,)= fr+pr inQ forall R > diam(f),

| fr— fllLe@ — 0 as R — oo.

Remark 2.9. « In case k =0, we set Py_; = P_; = {0}. Then, Lu 2 f is equivalent to Lu = f (see
[Dipierro et al. 2022, Corollary 2.13]).

o Instead of K € C¥(S"~!), here we only assume K € Ck=143(s"=1) for some § > 0. It is easy to see
that all the arguments in [Dipierro et al. 2022] remain valid under this weaker assumption. We decided to
make this change in order to have optimal assumptions on K in Theorem 1.7.

» As in [Abatangelo and Ros-Oton 2020], we assume uniform convergence fg — f. This is slightly
different from [Dipierro et al. 2019], where pointwise convergence was assumed.

The following lemma is a slight improvement of [Abatangelo and Ros-Oton 2020, Lemma 3.6] (see
also [Ros-Oton et al. 2025, Lemma 8.1]) in the sense that the estimate involves a weighted L! norm
instead of a weighted L°° norm.

Lemma 2.10. Let L € E?om (A, A). Let u € C(By) be a viscosity solution to

Lu=f in Bj.
Then, the following hold true:

(i) Let B € (0,2s] if s # 5 and B € (0,1) if s = 5. If f € C(By) and u € L} (R"), then it holds that
ueCh (B)and

loc

lu()|
"B, |y|n+2s

lullcs s, = C<||M||L°°(Bl) +/ dy + ||f||L°°(Bl)>
R

for some ¢ > 0, depending only onn, s, A, A, B.

(i) If f € C¥(By) for some a > O such that 2s +a ¢ N, K € C*(S"™V, and u € L} . _(R"), then

5 25+«
s+o
ue Cy.""(By) and

)l

llll casse(py ) < C(||u||L°°(Bl) +_A;{ e+ 2s+a dy + [f]C“(Bl))

B |y
for some ¢ > 0, depending only onn, s, \, A, «.
Remark 2.11. From the proof it is apparent, that Lemma 2.10(ii) remains true if Lu £ f fork < a.

Proof. Let us first show (ii) in case o < 1. Let us define v = ulp,. We claim that v solves Lv = f in
B34 for some f ekt /4) with

= lu()|
I fllce By < C(””HLOC(Bl) +/R"\B e dy + [flce(Bs) )- (2-9)
1
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To prove it, first, we observe that for any & € B3/4 and x € B34 |, using that K € C* (S* 1,
IK(x—y)—Kx+h—y)| d
Y

|L(ulgn p,)(x) — L(ulpnp)(x +h)| < |h|* lu(y)l -
R\ B, |
lu(y)l
< Clhlaf —————dy
Re\B, |y|TEte

Therefore, since we can add and subtract constants to f without affecting the left-hand side of the next
estimate, for any h € B34 it holds that

2z lu(y)l
o
If=fC+MleeBsa = C<(B?3S/S f+1hl /I;{”\Bl N dy ). (2-10)
From here, we deduce that there exist g € L°(B3/4) and a constant p such that f = g+ p. By construction
we have
- lu(I
81l LooBsyg) < C<||“||L°°(Bl) +/R"\31 W—ZSMdy-l-ng/gf .

We split v = v; + vy, where v; and v, are solutions to

Lvy =g in B3y, Lvy=p in B3y,
V1 =V in RH\B3/4, v2:O in RH\B3/4,

and note that the existence of v;, v, follows from [Fernandez-Real and Ros-Oton 2024a, Theorem 3.2.27]).
Then, by the maximum principle (see [Ferndndez-Real and Ros-Oton 2024a, Corollary 3.2.22]) we deduce
that

|lu(y)l

"B |y|n+2s+a dy+OSC f)
1

lvillLoe(Bsq) < C(”””L“(R"\Bg/m + ||g||L°°(Bg/4)> < C(”””LDO(Bl) +/ 0
R 3/4

Hence,

lu(y)l
"B |y|n+2s+a

dy-l—oscf).

lv2llzoo(Bsjs) < NullLoo(Bsya) + V11 Lo (Bs ) < C(”“”LOO(Bl) +/ 0
R 3/4

Then, by [Abatangelo and Ros-Oton 2020, Lemma 3.7], we deduce

ol
"B, |y|n+25+a

dy+oscf>.

I PllLoo(Bss) < CllvallLoe(ssy) < C(||M||L°°(B.) +/
R B34

Altogether, we have shown

lu(y)l
"B |y|n+2s+a

dy+oscf).

I f oo By < N8N LBy + 1Pl (By0) < C<||”||L°°(Bl) +/ 0
R 3/4

Finally, as a direct consequence of (2-10), we deduce

7 |u(y)]
[flceBsm) < C(||M||L°°(B.) -l-/W\B1 Wdy+ [flceBs) )

which yields the claim (2-9).
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Thus, by application of the interior regularity estimate [Ferndndez-Real and Ros-Oton 2024a, Theo-
rem 2.4.1] to v, we obtain

||M||c2~V+of(Bl/2) = ”v”CZH"’(Bl/Z) = C(||U||L°O(R") + ||JF||C'1(33/4))
lu(y)l
= C<||””L°°(Bl) + /I;"\Bl e dy +[flcessw ),
as desired. This proves (ii) in case o < 1. The case o > 1 goes in the same way by considering higher
order incremental quotients in the arguments above. Statement (i) was proved in [Ferndndez-Real and
Ros-Oton 2024a, Theorem 2.4.3]. The L* norm can be replaced by the LES(R”) norm by the same
truncation argument we employed above. O

Next, we provide a lemma stating that equations up to a polynomial can be differentiated in the same
way as classical nonlocal equations. This lemma will be used in the proof of Lemma 5.3.

Lemma 2.12. Let L € L7°"(\, A). Letk e N, f € C'(B)), and K € C**%(S"~1) for some § > 0. Let
ueCBYNLY . (R withdu € Ly, s(R"). Then, it holds that

Lu*t r inB,

and 0; fr — 0; f, if and only if
L@u) =, f inB.

k+1 .. .
Proof. Let us assume first that d;u € L%s +i—145(R"), and assume that Lu s f in Bj. Then, there exist

polynomials pg € Py and functions fr € L°°(B;) with fr — f such that

L(ulp,) = fr+pr in By.
u(x+eh)—u(x)
Ih|
L(D!'ulg,) = L(D!"(ulg,)) — L(uD!'1s,) = D! fr + D' pr — L(uD!'"13,),

Let us now consider difference quotients Dl.hu(x) = and compute

where, by following the proof of [Dipierro et al. 2022, Theorem 2.1], we can decompose
LD () = / uD! L, (K (x — y) dy = di 4 (0) + 8. (x)
R"\ B3
for functions gg » such that

grn(x) = fR D) W (. ) dy = fB (D yu ()Y (x. )+ u() DLy r. ) dy

R

for some function ¥ : By x (R" \ B3) — R such that

sup ¥ (x, y) < C sup (1 + |x — y) " F2H=ID 0 sup [V (x, y)| < C sup (14 |x — y|) "2 4D,

x€eB x€eB x€B; xeB;

and polynomials dg ; € Pr—1 with

dea) = 3 s kan=co [ DK DIdy, e R
Bgr

la|<k—1
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Clearly, it holds that gg , — gr, and dg  — dg, as R — oo, where

gR(x):f (MY (x, NIy,  dr(¥) = Y Kax”, Ka:ca/ 9i[u(y) 0y K (x — y)]dy.
Bg

lor| <k—1 Br
For the convergence gr , — gr we are using that for any x € By,

115, (D u(MY (x, y) + 1p, u(y) DL, ¥ (x, )|
< C|3u(y)] sup (1 + |x — y )~ T 4 Cly(y)| sup (1 + |x — y[)~ "=+ e LIRM)

x€B x€eB

and dominated convergence. Moreover, from integrating by parts, we see that it holds for any x € B)

o0 o0
_ 2 _ _ _
/ R 1|g;><x>|dRs/ R 1/ ()|l — y| "1 4 dR
2 2 dBR
<c f )y [~ dy < oo,
B;

which implies that gg(x) — 0, as R — oo, uniformly in x.
Altogether, we have shown

L(0julp,) = /llif% D! fr +I}iH}) D!'pr +I1if%dR,h +I1if%gR,h = 0; fr +0ipr +dr + &r,
— — h— h—

which implies that
L@ulg) = f inBi,
as desired.

Let us now show the other implication, i.e., assume that L (d;u) £ 0; f in By. Then, by [Dipierro et al.
2022] we observe that there are F : R” — R, and Pg € P} such that

L(btlBR) = FR + PR in B].
Clearly, by the same arguments as above, we have
L((D!u)1p,) = D! L(ulp,) — L(uD}'1p,) = D! Fg + D! Pr +dg.s + gr

with Df‘PR +dg.pn € Pr—1 and gr.p — gr, as h — 0 with gg — 0, as R — oo. Thus, by the stability for
viscosity solutions up to a polynomial (see [Abatangelo and Ros-Oton 2020, Lemma 3.5]), we have that

frR+pPr=L(0julp,) =0; Fgr +0; PR +dgr + gr,

where dg, pr, 0; Pr € Pr—1. Hence, after integrating the previous identity in x; and denoting F, r(x) =
5 (fr — 8r)(x', yi) dy, we can deduce

Fp=Fr+Pg in By,

where ﬁR € P is such that BiﬁR = pr —dr — 0; Pg. Then, since fr — f and gg — 0, as R — oo, we
deduce that Fg — F, where 9; F = f, and the proof is complete. U
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2.5. Two lemmas on viscosity solutions. In this section, we prove two auxiliary lemmas for viscosity
solutions to nonlocal equations with local Neumann boundary data, namely a stability result, and that
sums of viscosity subsolutions are again viscosity subsolutions. Both results are standard for nonlocal
equations in the interior of the solution domain (see [Fernidndez-Real and Ros-Oton 2024a]). However,
since we consider equations at the boundary, where solutions satisfy a Neumann condition in the viscosity
sense, both results require a proof. Both proofs heavily rely on the interaction of nonlocal operators with
the distance function and the results in Section 2.2.

First, we prove a stability result, which will be crucial in the blow-up argument of our proof of the
higher boundary regularity.

Lemma 2.13. Let k € NU {0}, y € (0, 1) with y # s, and Q; C R" be open, bounded domains with
Q2 € C>Y such that 0 € 02, vo = e, for any j € N, and such that the C>7 radii of 2 and diam(£2;)
are uniformly bounded. Given a sequence r; “\ 0, we set S~2j = rj_l Q; and Jj = dﬁ./‘ Letv; € L%H,{(R”)
with vj/cZ‘;_l € C(FSVZ.,-) be viscosity solutions to

Ljvjéfj inﬁjﬂBl,
vj=0 inR"\Q;,
av(vj/c?j_l):gj on aﬁjﬂBl,
where f; € C(ﬁj N By), gj € C(aﬁj N By), and (Lj); C E?Om(A,A,k — 1+ ) for some a > 0.

Moreover, assume that there are v € L%Hk(R") with v/(x,,)‘ﬂr_1 e C{x, =0}, feC{x, >0}NBy),

g€C({x, =0}NBy), L € L2\, A,k —1+a),and e; \|0, q; € Py such that

vi/d > v/ in Lig(B)),

vj —> v in LéHk([R{”),
|fi—pj—f1—=0 in Lig. (B1 N {x, > 0}),
lgj —q; —gl(x) <ce; >0 forallxeafzjﬂBl,
K;— K in Ck=1He (s,
Then, there exists q € Py such that v is a viscosity solution to
vy in By N {x, > 0},
v=0 in R"\ {x, > 0},

0n(v/(n)y ) =g+q on BiNfx, =0}
Ifk = 0, the same result holds with cij.‘V f; € L®(Q; N By) and (x,) " f € L®({x, > 0} N B)).

Proof. Let us define u; := vj/ci‘;._l and u = v/(x,,)‘ﬂr_l. Since u; — wu in L{%.(By) it follows that
vj = cij._luj — (xn)i_lu =vin Ly,
viscosity solutions from [Ferndndez-Real and Ros-Oton 2024a, Proposition 3.2.12] to v; and v. The
higher order version which we require here follows from [Abatangelo and Ros-Oton 2020, Lemma 3.5].

Since v; — v in L%S(IR”), we also have that v =0 in By \ {x, > 0}. Consequently, it only remains to

(B1 N {x, > 0}). This property is enough to use the stability of

prove the convergence of the Neumann boundary condition.
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To do so, let xg € BiN{x, =0}. In case k > 1, we first truncate v and v; in B>(xo) and apply [Abatangelo
and Ros-Oton 2020, Lemma 3.6] to obtain the equations satisfied by v1p,(x0) and v;13,(xp). In order not
to over-complicate the notation, let us denote the truncations still by v and v; and the corresponding source
terms by f and f;. Then, let ¢ € C?(B,(xp)) for some r € (0, 1) with ¢ < u in B, (xq), ¢ (xo) = u(xp),
and ¢ =u in R"\ B, (xo) be a test function. Given 8 € (0, 1), n € (0, y), we define now

YO ) = =81, O Gn)5 — )L ¥ (0) = =815, (O1d; (x) —d; ().
There exist C > 0 and ¢ € (0, r/2), independent of §, j, such that
Gs=l O eSS
Lj(dj wj ) < C<de in Q; N B (xp). (2-11)

This is due to [Ferndndez-Real and Ros-Oton 2024a, Proposition B.2.1, Lemma B.2.6, Corollary B.2.8],
and since j N Bgr(xo) and the respective C 2.7 _radii of ; are uniformly bounded. Indeed, the aforemen-
tioned results yield the existence of gy > 0 such that

—8L;(d}'[d;—d;"") < —c18d]™°  in ;N By, (xo).

Moreover, one computes by scaling from Q j o §2;, denoting d; = dg,, and applying Lemma 2.2,

() +d; NIy dy

—8L (5 1d; —d; "1 1ge g, x0) < C<3f
2\ B, (x0)
< / (3ds() +737dS ) y] T dy
S\ Br; (x0)
<8147~ 4r"7*) in ;N B, 2 (x0), (2-12)

where ¢; > 0 might depend on diam(£2;), which we assumed to be bounded, but not on j. Thus, by
combination of the previous two computations, we deduce (2-11) upon choosing ¢ < g if necessary.
Moreover, it is immediate by construction that

v® <0 inR" (2-13)

Next, we set 9@ := ¢ + @ . For any 8 > 0, it still holds ¢® < u by (2-13), and ¢ (x¢) = u(xo),
however u — qb(‘s) has a strict minimum at xq in B, (xg).

It suffices to prove for any § > 0 small enough,

3.0 (x0) < g(x0) + g (x0), (2-14)

since then it follows that 3,¢ (xo) = 8,0 (x0) + 8 < g(xo) + q(xp) + &, and we obtain the desired result
upon taking the limit 6 N\ 0.
Let us now construct test functions ¢§a) forany j e N as

wj=u;+y” inR"\ B, (xo),

o = !
T |etei+y  in Bo(x).
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where

cj :min{c eR: d)—l—c—l—t/f]@ <u; in Br(xo)}-

Since 1//1(.5) — @ (lower half-relaxed limits) in B, (xo), we obtain that c; — 0 and there exist x; € B, (xo)
with x; — x¢ such that ¢§.‘S)(x ) = uj(x;) and ¢§8) < u; by [Fernandez-Real and Ros-Oton 2024a,
Lemma 3.2.10 and proof of Proposition 3.2.12].

Next, we argue that x; € 19 ; N By. Without loss of generality, we can assume that x; € B, (xo) upon
taking j € N large enough. In fact, if x; € Q ;i N Bg(x0), then we can compute using Corollary 2.5(i),
and (2-11),

Li(d ') () = Lid} ™ ¢Lp,x0) () + ¢, Lj(d} ™ L, (5)) (X))
+ L (jdan s, (0) () + L ) (x))
<L) () 4 ¢ L))+ Li(ds uLlan b, ) (%))
—¢j L5 L B, ) () F cllvjll g oy — €87 (x))
<Crd] " (x)) - C(Sc?;?_s(x ) (2-15)

for some constant C, > 0, depending also on |[|v; || L} &) and |[v|l, L ®)- To estimate the fourth term in
the last estimate, we used an argument similar to (2-12), namely

& Iyl dy

—Lj(CZflan\B,(xo))(Xj) < C/
Qj\B,-(X())

sef oy e =
§2j\Brr; (x0)

for some ¢, > 0, where we applied Lemma 2.2. Let us now recall that n < y.
Hence, upon making & > 0 even smaller, we can have in €; N B, (xo),

Csd]™" > (Cr + Lu=)lld] " fill io@,nm) + Loz 1 Fill e @ 0y -
Then it holds that

Lid " o) (xj) < =Lu—oyd! " G} £ill Lo, nm — Lo 1 fill i@ 0y < £i (). (2-16)

However, by construction, c?j*1¢§.8) is a valid test function for the equation that is satisfied for c?;*lu J=Vj
at x;. Since we assumed that x; € Qj N By, it must hold that Lj(cij_lgb;‘s))(xj) > fj(x;), which
contradicts (2-16).

Therefore, it must be x; € EIe) ;N By, as we claimed before. Thus, by the boundary condition

0, 87 (x)) < g (x)).

Passing this inequality to the limit, and using the uniform convergence |g; —¢q; —g| — 0, vy; = vo = e,
and Q; — {x, > 0}, we obtain

3 (9 (x0) — g (x0)) < g(x0),
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where g € Py is the limit of the sequence of polynomials (g;) ;. Thus, we have 3,0 (x0) < g(x0) +¢q(x0),
i.e., (2-14), as desired. This concludes the proof. O

Second, we prove that the difference of two viscosity solutions is again a viscosity subsolution.

Lemma 2.14. Let k e NU {0}, Q C R" be an open, bounded domain with 32 € C*Y for some y > 0. Let
Le LM, A, k—1+a) for some a > 0. Let v, w € L} (R") with v/d*~', w/d*~" € C(Q) be viscosity
solutions to

k .
Lv=fi inQ, Lwéfz in 2,
v=0 inR"\Q, w=0 inR"\Q,
v/ds—lzgl on 89, w/ds_lzgz on 89,

for some f1, f» € C(R) and g1, g» € C(02). Then, v — w is a viscosity solution to

Lo-wE fi—fp ingQ,
v—w=0 in R"\ @,
w—w)/d*'=g1—g ondQ.

Proof. We will only demonstrate the proof in case k = 0. The general case follows immediately by
combining the arguments with Definition 2.8. For the nonlocal equation, the result follows for instance
from [Ferndndez-Real and Ros-Oton 2024a, Lemma 3.4.14]. For the boundary condition, one can proceed
as follows. First, we define the sup- and inf-convolutions (see [Fernandez-Real and Ros-Oton 2024a,
Lemma 3.2.16]),

v

2
0/d* ), (x) :=inf< U+ 8Z|> forallx € D, (v/d*),(x) = ——(x) forallx € R"\ D,

) ds—l ds—l
s—1\e w |)C—Z|2 n s—1\e w n
(w/d) = sup o (2) — - forallx e D, (w/d’~ )" (x)= P (x) forallx e R"\ D,
D

with D C Q open, bounded such that D N3 # &. In analogy to [Ferndndez-Real and Ros-Oton 2024a,
Proposition 3.2.17], we claim that for any x € 3Q N D it holds in the viscosity sense that

/A" Ne(x) <g1(x) +8,  d(w/d* ™ > ga(x) + 68, (2-17)

where 8, 8° — 0, as ¢ — 0. Once (2-17) is proven, since (v/d*~ 1), and —(w/d*~')? are both semiconcave,
we have that at any point x € QN D, where (v/d*~"), — (w/d*~")® can be touched by a paraboloid
from below, the functions (v/d*~!), and —(w/d*~")¢ must be in C!-!. Hence, by the linearity of 9,, and
due to (2-17) it must hold that

W ((/d N — (w/d* ™) (x) < g1(x) — g2(x) + 8 — 8 — g1(x) — ga(x) ase — 0.

Thus, by the stability for viscosity solutions (which was provided in a significantly more general framework
in Lemma 2.13), we deduce that 9, ((v — w)/d"'_l) < (g1 — &») in the viscosity sense. In a similar way,
one can prove 9, ((v — w)/d*~") > (g1 — g»), and thus, we obtain the desired result.
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Thus, it remains to give a proof of (2-17). To see it, for any test function ¢ € C 2(B,(x0)) touching
(v/ds_l)a from below at xy € 9Q2 N D, we define

PO (x) = —81p, () () (x) —d' T (x)]

for some 7 € (0, ) and observe that $® = ¢ + @ is still a valid test function, touching (v/d*~'),
(strictly) from below, at xg. Then, there exists x, € D with x, € B¢ (xo) for some ¢ > 0, depending only
on the oscillation of v/d*~!, such that $® (- 4+ x¢ —x;) —e~!|xg — x,|* touches v/d*~! from below at x,.
Indeed, from the definition of (v/ d*~1), we deduce that there exist x, € D with x, — x( such that

v

|2
ds—! :

lxo — xe

(x0) = (v/d* ™, (x0) = (xe) +

v
ds—!
Hence, the rate of convergence x, — xo only depends on the oscillation of v/d*~!. Then, since ¢ is a
valid test function, we deduce that for any x € D,

|xo _xs|2

@ (x +x0 — x0) < (0/d* Ve (x +x0 — x0) < dsv_l () +

if & > 0 is so small that x + x9 — x. € D. Since the aforementioned inequality becomes an equality in
case x = x,, we deduce that indeed, $® (- +x9 — x;) — e~ |xg — x,|? touches v/d*~! from below at x,,
as claimed.

We observe that x. ¢ Q since otherwise one would get a contradiction with the nonlocal equation
satisfied by v, in the exact same way as in the proof of (2-16), if & > 0 is small enough. Thus, x, € QN D,
and from the boundary condition satisfied by v, it follows 9,¢® (xo) < g1(x,). Thus, by the definition
of @, we have 3,¢ (x¢) = 3,0 (xg) + 68 < g1(x¢) + 6 for any § > 0. Thus, sending § — 0 and recalling
that x. — x¢, as € — 0, this proves the first statement in (2-17) with §; = g;(x:) — g1(x0). Analogously,
one proves the second claim in (2-17). O

3. Nonlocal maximum principles with local Dirichlet and Neumann conditions

In this section, we establish weak maximum principles for nonlocal equations with local Dirichlet and
Neumann data (see Propositions 1.3 and 1.5).

First, we establish a weak maximum principle for solutions to the inhomogeneous Dirichlet problem
in (1-10) (see Proposition 1.3). Its proof goes by sliding the barrier subsolution ¢ from Lemma 2.6
underneath v from below.

Proof of Proposition 1.3. By assumption on v, we have that v/d*~! € C(Q) with v/d*~! > 0 on 9Q. Let
z € 0L2 be such that minygq v/ds_l = v/ds_l(z) =:1>0. Lete € (0,s) and M > 1 to be chosen later,
and recall the subsolution ¢; € C(2) from Lemma 2.6. We define

co:=inflc eR: ¢;/d* ' —c <v/d* lin Q).
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Since also ¢;/d*~! € C(R), the above set is nonempty and cg < co. In fact, recalling the definition of ¢y,
it must be

co < v/d* N pwgmy + 1@ +/d oy < 0/d° | oo gy +1 + cldiam (), 3-1)
which is independent of M. Moreover, since ¢;/d*~'(z) =1 = v/d*~'(z), we have that cq > 0. Then, in
particular, we have

& /d* TV —co<v/d*! inR", and  ¢y/d°* "' (xp) —co=v/d*'(xg) forsome xo € Q.
In case xg € 2, we have

d—cod* ' —v<0 inR" and (¢ —cod* ' —v)(x9) =0,

so it must be
0 < L(¢y — cod® " —v)(x0) < Lgy(x0) — coL(d* ") (x0) < —d* ' (x0) — M + (I + co)cd® ! (xo),

where we used Lemma 2.6 and that |L(d*~")| < cd®~*~! for any 6 € (0, s) by Lemma 2.3. Next, we fix
any 6 € (0, s), and take ¢ < §y and M so large, depending only on ¢y, /, diam(£2) (but not on x¢), such
that

—d* ™ Y xo) = M + (I + co)ed® — 1 (xp) < 0.

Since ¢y is independent of M (see (3-1)), we obtain a contradiction. Thus, it must be xg € €2, which by
construction yields that ¢y = 0, and therefore ¢; < v in Q. Since [ > 0, by Lemma 2.6, there exists § > 0
such that ¢; > 0 in QN {d < §}. Therefore, v is a viscosity solution to

Lv>0 inQnN{d >},
v>0 InR"\(Q2N{d > 3}).

Since ve C(2N {d > §}), we can apply the maximum principle for viscosity solutions to v (see [Ferndndez-
Real and Ros-Oton 2024a, Lemma 3.2.19]) and deduce that v > 0 in R”, as desired. O

In particular, we have the following comparison principle:

Lemma 3.1. Let L € E?Om(k, A). Let Q C R" be an open, bounded domain with Q2 € CYV for some
y >0. Letv,b € LéS(R”) with v/d*~', b/d*~! € C(Q) be viscosity solutions to

Lb<f in<Q,
b<v inR"'\Q,

{ Lv>f inQ,
b/d*~' <0 ond<,

v/d*'>0 ondQ,

for some f € C(R2). Then, v > b in R".

Proof. Since by [Fernandez-Real and Ros-Oton 2024a, Lemma 3.4.13] w = v — b is a viscosity solution
to Lw > 0 in € such that w/ds_1 > 0on 092, and w > 0 in R" \ €2, it satisfies the assumptions of

Proposition 1.3. An application of this result concludes the proof. U
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As an application, we have the following version of a nonlocal Hopf lemma for viscosity solutions.
The proof follows in the same way as [Ferndndez-Real and Ros-Oton 2024a, Proposition 2.6.6], where
the Hopf lemma was proved for bounded solutions.

Lemma 3.2. Let L € L1°(A, A). Let Q@ C R" be an open, bounded domain with dQ € C for some
y >0. Letv € L%S(R”) with v/d*~" € C(Q) satisfy, in the viscosity sense,

Lv=f>0 inQ,
v>0 nR"\Q,
v/d*"'>0 ondQ,

for some [ € C(2). Then, either v=_0in 2, or

v(x) > C( v)ds(x) in Q

inf
{(reQudist(x,d2)>8}
for some C, § > 0, which depend only on n, s, A, A, y, diam(2), and the CYY radius of Q2.

Proof. First, by the weak maximum principle for viscosity solutions with boundary blow-up (see
Proposition 1.3), we have v > 0 in R". In order to deduce v > 0 in case v # 0, one uses the nonlocal
weak Harnack inequality (see [Ferndndez-Real and Ros-Oton 2024a, Theorem 3.3.1]). Then, we use the
subsolution ¢ from [Ferndndez-Real and Ros-Oton 2024a, Corollary B.2.8] which satisfies

L¢§—1 in Ns,
max{d®, 8!} > ¢ > 8d4* inR",

for some § > 0 and where Ny = {0 < d < 6}. Let us define

cy =minfv(x) :x € Q\ Ns} > 0.
Then, we have
cxdL¢ < Lv in N; and s8¢ <v inR"\ Ns.

Hence, by the comparison principle in Lemma 3.1, we deduce that c,6¢ < u in R", which implies the
desired result. O

Given a C!” domain  C R”, let us now consider functions b : R" — R, which arise as the solution to
the Dirichlet problem
Lb=fp in Q,
bo =¢p in R"\ Q, (3-2)
bg/ds_l =gp onais2,

for some f > 0 with f;, #0, ¢, > 0, and g, > 0. With the maximum principle (see Proposition 1.3)
at hand, the existence of b can be established using standard techniques. For well-posedness results in
case L = (—A)*, we refer to [Abatangelo 2015]. Moreover, by Proposition 1.3, we have b > 0 in €2, and
by the same argument as in the proof of (7-1), we have b/d*~' € L>(2). Moreover, if 3Q € C>¥ and
fb, eb, g» are smooth, then by Theorem 1.4, we have bQ/dS_l e C7(Q), and 9, (b/d‘_l) exists in the
classical sense.
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In the following, we will denote by bg, the solution to (3-2) with f, = g, =1 and ¢, = 0.
As a corollary of the previous results, we obtain the following pointwise formulation of a nonlocal
Hopf lemma for solutions with boundary blow-up.

Lemma 3.3. Let L € E?Om(k, A). Let Q@ C R" be an open, bounded domain with 3 € C'7 for some
y>0. Letv e L%S(R”) with v/d*~" € C(Q) satisfy, in the viscosity sense,

Lv>0 in 2,
v>0 inR"\ @,
v/d*"'=g ondQ,

for some g € C(3L2). Let xo € dS2 be such that mingg g = g(xo) < 0. Then, either v = 0, or we have that
in the viscosity sense

dv(v/b)(x0) > 0
forany b as in (3-2) withb/d*~' =1 0n 32N ({g < 0} U {xo}).
In particular, Lemma 3.3 implies that for the regularized distance d,
8y (v/d*™") (x0) = 8, (v/b) (x0) + g (x0) 3y (b/d* ") (x0) > g(x0)dy (b/d* ™) (x0)-
We stress that the sign of the right-hand side depends on the choice of the regularized distance d.
Proof. Since g(xg) < 0 we have by the construction of b in (3-2)
L(v—g(xo)b) > —g(x0) >0 in €,
v—gxo)b>0 inR"\Q,
(v —g(x0)b)/d* " =g —g(x0) =0 on IQN{g <0},
(v—g(x)b)/d* ' =g =0 ondN{g=0}.
Thus, an application of Lemma 3.2 to v — g(xo)b yields that either v — g(x9)b =0 in €2, or
v—g(x0)b >cd® near xo. (3-3)
We cannot have v — g(x9)b = 0, unless g(xg) = 0 (in which case v = v — g(x9)b = 0), since then
Lv=g(xo)Lb <g(xp) <0 in ,

a contradiction. Thus, unless v =0, we have (3-3), and we compute, using that » > 0 and (b /ds_l)(xo) =1,

LGOI g(xo) 1
b(x) . v(x) — g(x0)b(x) . dT(x)
== = lim > ¢ lim =c>0.

d(x) xX—x0 b(x)d(x) x—=xo  b(x)
If the limit in the previous estimate does not exist, we need to interpret the boundary condition in the
viscosity sense, i.e., take any smooth ¥ with ¥ (xo) = (v/d*~")(x9) = g(x0) and ¥ > v/d*~!. Then, the
limit 0,1 (xg) exists, and an analogous computation as above yields 9,1 (xg) > ¢ > 0, i.e., 9,(v/b)(xp) > 0
in the viscosity sense. U

9y (v/b)(x0) = lim
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Finally, we are in a position to prove the main result of this section, a maximum principle for nonlocal
equations with local Neumann conditions.

Lemma 34. Let L € Els“’m()», A). Let Q@ C R" be an open, bounded domain with 3 € C>? for some
y >0and K € C*(S"™1). Let T C 9Q, v € L} (R") with v/d*~" € C(Q) satisfy, in the viscosity
sense,
Lv>f inQ,
v>0 nR*"\Q,
d(v/b)=g ondQ\T,
v/b>0 ondQNT

for some f € C(Q) with d*T'=¢ f € L>®(Q) for some ¢ € (0, 5], and g € C(3S). Here, b is as in (3-2)
with b/d“1 =10ndQ\ T’ for some I'" € I'. Then, there exists ¢ > 0, depending only onn, s, A, A, y, ¢,
and the C*? radius of Q and diam(S), such that

v/d* ! > —cl|d*TF f o) — cliglliiepar  in 2.

Proof. The case f > 0 and g < O follows from the Hopf lemma (see Lemma 3.3). In fact, since
v/b € C(0R2), there exists xg € €2 with mingg(v/b) = (v/b)(xp). If (v/b)(xg) > 0, then we have that
v/d*~! > 0 on 9. Otherwise, (v/b)(xg) < 0, and then by assumption it must be xg € 2 \ I'. However,
in this case Lemma 3.3 implies that either v = 0, (in which case we are done), or d, (v/b)(xg) > 0, which
contradicts g(xo) < 0. Thus, we must have v/d*~! > 0 on 9Q2. However, by the weak maximum principle
(see Proposition 1.3), this implies v > 0, as desired.

Now, we explain how to get the result with general f, g. To do so, let % be the solution to

Ly =0 ing,
U1=0 inR"\Q,
Uh/d*'=h onodgQ,

for some smooth function 2 which satisfies 0 </ <1, and is suchthat A =10n 92\ I, and 4 =0 in
NI,

From Lemma 3.3, we deduce that E)U(zzl/b) <0on dQ\T. Since 3Q € C>?, by Theorem 1.4 we have
that 9, (1’;1 /b) € CY(0R2), and therefore, there is ¢y > 0 such that

3(W1/b) < —co<0 ondQ\T.

Moreover, let us denote by 1}2 the function J from the second claim of Lemma 2.7, which satisfies for
some ¢y > 0,
Ly, >d™ inQ,
Ur =0 inR"\ Q,
Ur/d*'=0 ondQ,
9, (Ya/b) <cy on dS2.
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Hence, if we take M = co_l(cz + 1) > 0 and define fﬂ’ = Mlzl + 1/;2, we obtain

LYy >d™  inQ,

U =0 in R"\ Q,
V/d*'=Mh ondS,
3 (W/b)<—1 ondQ\T.

We apply the previous argument with v replaced by
w=v+ (187 fllrem + lIgl=aan) V-
Then, we have that in the viscosity sense,

Lw> f4+d*S(1d* ¢ fllre@ + Igllze@a\r) =0 in L,

w>v>0 in R"\ €,
Ww/b) <g—(1d°7¢ fllre + IgllLe@ar) <0 ondQ\T,
w/b>Mh=>0 ondQNT.

Altogether, by the same argument as at the beginning of the proof, we have w > 0 in 2. Let us now
observe that by construction and the same argument as in the proof of (7-1) we have

U <Cd* ' inQ

for some C > 0. Therefore, we obtain

V> —J(Hds_sfﬂm@) +lIgllze@am) = —Cad*  (Ild* ™ fllze@) + IgllLepar)) inQ,
as desired.

Proof of Proposition 1.5. This is a special case of Lemma 3.4.

4. Holder estimates up to the boundary

The previous maximum principle for nonlocal equations with local Neumann conditions (see Lemma 3.4)
puts us in a position to establish a Harnack inequality for solutions to (1-7) at the boundary, which will
eventually lead to the Holder regularity estimate in Theorem 1.6.

To prove it, we adapt some of the ideas in [Lian and Zhang 2023] to the framework of solutions to
nonlocal problems which blow up at the boundary.

For § > 0, let us define Q25 = {x € Q2 : dist(x, 92) > 6}.

Lemma4.1. Let L € £?°m(k, A). Let Q C R" be an open, bounded domain with 0 € 9 and Q2 € C>Y
for some y > 0and K € COT2(S"™ ). Letv e L%S(R") with v/d*~' € C(Q) be a viscosity solution to

Lv> f inQN By,
v>0 inR",
o(v/bg) <g onad2N B
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for some f € C(2N By) withd*™® f € L*®(Q2N By) for some a € (0, 5], and g € C(02N By). Assume
that 0 € 092. Then,

][ (v/bo)dx <c _inf (v/bg)+c(ld*™® f-|lL=@na) + 18+ L~@enB))
Q]/zﬂBl QmBrfl

where n > 1 and ¢ > 0 depend only onn, s, ., A, y, o, and the C27 radius of Q. Here, bg, is defined as
in (3-2).

Proof. The interior weak Harnack inequality for viscosity supersolutions (see [Ferndndez-Real and
Ros-Oton 2024a, Theorem 3.3.1]) applied with v implies
| wmarse it v el Sl nn,
Q]/zﬂBl Q

x€R1,2NBy

where ¢ > 0 depends on n, s, A, A, n, . Moreover, since b < ¢ > 0 in 21,2 N By, it follows for u :=v/b
by Lemma 3.2 that
][ u(x)dx <c inf  u(x)+clld* ™ fllLo@ ,nB)-
Qi2NB XGQ|/2HB]

Thus, it remains to show

inf < inf a’— 0 o0 . 4-1
erllr/lzﬁB] u(x) < Cxeg;an_] u(x) +c(ll fllie=@nsy + IgllL=@ans)) 4-1)

Since v > 0, by the weak Harnack inequality, either v =0 in Q;/, N By, or infg, »nB V> 0. Therefore,
without loss of generality, we can assume that infg, LNB V= 1.
To prove (4-1), let us take a set D C R" with 9D € C 27 such that

9031/2CDCQﬂBl,
Let w be a function such that
Lw=0 in D,
w=<1l1 in (212N B\ D,
w=0 in Rn\(DU(Ql/zﬂB])),
dy(w/bg) >0 on 8DOBQ,771,
w/bg <0 on 8D\an71,
w/bg > ¢ in Qﬂanl.

We construct w as follows. Let 4 : dD — R and e : R" \ D — R be smooth functions such that for

somen<%
h:{O on 3D\ By,-1, e:{l inT,
ci ondDNB, -1, 0 inR*"\(DU(L1,2NBy)),
where T € (212N B1)\D,0<h <cy,and 0 <e < 1. We let w be the solution to
Lw=0 1inD,
w=e in R"\ D,
w/bp=h onadD.
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Then, we can show that 9, (w/bg) > C > 0in 9D N By,-1 (for any given C > 0) by making ¢; > 0 small
enough. Indeed, if w; solves the Dirichlet problem with boundary data zero and exterior data e, then by
the Hopf lemma (see Lemma 3.2), we have since w;/dj}, € Cc'v(D) by the boundary regularity results in
[Abatangelo and Ros-Oton 2020], and since D N By,-1 € 92,

3y (w1 /b@) = dy(w1/dy; Ny ! /be) + (wi/d)y)dy(d}y ! /be)
= 8,,(w1/df:,)dD + (wl/dsD)8U(dD) = wl/di) >co>0 ondDN an—l.
Moreover, if w, solves the Dirichlet problem with boundary data /# and exterior data zero, we get from
Theorem 1.4 that [d,(w2/bg)| < ¢3¢y in By, -1 for some c3 > 0. Hence, choosing ¢y > 0 small enough,
we deduce the claim for w = (C/co)w; + wy.
Thus, we have by construction, and using that iﬂfQ]/zm& v=1,and w < dj, near 9D \ 9€2,

Lv—w)>f in D,
v—w=>0 in R*\ D,
dy((v—w)/bg) <g ondDN By, 1,
(v—w)/bg >0 on dD\ By,-1.
Note that bg, satisfies
Lbg>0 inD,
Lbg #0 in D,
ba >0 in R"\ D,
bo/dy ' =1 ondDN By,
bo/d ' >0 ondD.

Since (0D N By,-1) (0D N By,-1), we can apply the maximum principle for the Neumann problem
Lemma 3.4 with I' = 9D \ B,,-1 and b = bq, and deduce

(v—w)/bg > —clld’™® f_|lL~wnBy) — cllg+lL=@pnB)) in DN Bj.
Since, by construction, we also have

w/bg>cr=c _inf v>cy inf u inQNB,-,
Q]/zﬁB] Ql/szl

for some ¢, > 0, since bg < ¢ > 01in 1, N By, we deduce

v/bg=(w+v—w)/bg

>co inf u—c|d*™ f_llLonp)) —cllg+llL~@DpnB)
Q12NB;

>cy inf u—clld”* f_|lLe@nB) —cllg+llL=@ans) n QNB, -1,
Q1 2NBy

where we used D N By C 2N B;. Hence, we obtain (4-1), as desired. U
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As a corollary of the previous weak Harnack inequality at the boundary, we obtain a growth lemma.

Lemma 4.2. Let L € C?"m()», A). Let Q@ C R" be an open, bounded domain with Q2 € C>? for some
y >0and K € C3*2 (S"1). Let n > 1 be as in Lemma 4.1. Assume that xo € Q2 and let0 < R < 1. Let
vE LES(R”) with v/ds_1 € C(Q) be a viscosity solution to

Lv>f in QN Br(xg),
d(v/bo) < g on 92N Br(xo),
v>0 in Bgr(xo),
‘ v > bo(l —nif) in By g(x0) N forall j > 1,
v > (1—niP) in Byig(x0)\ Q forall j > 1,
|Qp/4 N Brp2(x0) N{v/bg > 1} = 3|Qgs4 N Brja(xo)|

for some f € C(QNBr(xg)) withd*~* f € L®(QN B (x0)) for some a € (0, s], and g € C(02 N Br(x0)).
Then, there exist 6 > 0, and B € (0, 1), depending only onn, s, A, A, y, «, and the C27 radius of 2, such
that

inf  (v/bg) + R™(|d* ™ f_ || Lo @nBr(o)) + RIIg+ | L% 020 BR () = 8-
QNB, 1 p(x0)

Proof. Let us assume without loss of generality that xo = 0. The proof follows from an application of the
weak Harnack inequality (see Lemma 4.1) to v,.. It is slightly involved due to the appearance of the tail
term.

Indeed, we have

Loz f = [ oK@ -y dy = f,
R"\Bg
where we used that by assumption, v > 0 in Bg. Then, we obtain from Lemma 4.1 (after scaling), using
the last assumption and setting u := v/bg,
izglf,l u+ R d T foll Lo@nry + RIG+ L2 @nBg) = €0 ][ udx > %, 4-2)
IR Qr/4NBg)2

where co > 0 is the constant from the weak Harnack inequality.

Next, we estimate [|d*~¢ f lz@nBg)- To do so, we apply a similar reasoning as in the proof of
Lemma 2.2. First, we recall that for any x € B2, there exists « > 0 such that for any 7 € (0, «),

H''({d =t} Byig \ Byi-1g) <C/ )",

where C > 0 depends only on n and the C?? radius of Q (we refer to [Fernandez-Real and Ros-Oton
2024a, Lemma B.2.4] for a reference of this fact). Next, we observe that by the coarea formula, and since
0<bg<Cd!,

R‘“/ v—(y)K (x —y)dy
Q\Bpg

<cy (I—n/P)R'™ f T (lyl ™" dy

j>1 QN(B,jg\B,j-1g)

<c Z(l _ nj,B)RH-s ((an)—n—Zs

WV dy + &y’ R>—ZS>
j=1

‘/(B,]jR\B,]le)m{dSK}
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8 | i 5 min{n/ Rk} |
<c) (I1—-n")R H((UJR)_"_ S/ - (
2 i

j=1

<Y A= YR (R + R)TF) <Y (1 —nfPyn
j=1 j=1

/ d’H’l—l(y)) dr + (an)—Zs)
(B, j g\B,j—1 p)N{d=t}

for some ¢ > 0, depending only on n, s, A, A, x, C, n, where we also used that R < 1. Similarly,

R‘“/ v_<y>1<(x—y>dyScZ(l—nfﬂ)R‘“f |y~ dy
(R"\)\Br = R'N(B,j ¢ \B, j—1 )
<cYy (=R GIR)™ <)y (1—nF)n~27,
jzl1 jz=1
where we used that R'~* < 1, and ¢ > 0 depends only on 7, s, A. Therefore, we obtain
R”sf ' oMK —ydy<e) A—nP)y 2.
Rn\BR jZl

Since this quantity vanishes as 8 > 0 goes to zero, we can make the whole expression smaller than c(/16,
which implies, by recalling the definition of £,

1 o F 1 s— I+s
R™Nd™ follLo@nBe < R TN ™ f_llL~@nBgy + R

f v-(MK(- —y)dy
Q\Bg

co L>®(Bg/2)
< R~ f_ || Lo@npg) + I
and therefore by the estimate (4-2)
) _ co Cco Co
inf w4 R™dSTf || 1o +R %z > —— =_,
A I f-llL=@nBg) lg+lz>ponB) = TR
as desired. |

We are now in a position to prove the boundary Holder regularity.

Lemma4.3. Let L € L2°M(), A). Let @ C R" be an open, bounded domain with 3 € C*? for some y >0
and K € C>727(S"™Y). Assume that xo € 9Q and let 0 < R < 1. Let v € L} (R") with v/d*~' € C(Q) be
a viscosity solution to
Lv=f in QN Br(xp),
v=0 in Bgr(xp)\ 2,
d(v/bg) =g ondQN Br(xo)

for some f € C(2NBr(xg)) and g € C(02N Br(xp)). Then, there exist c >0, and o € (0, 1), depending
onlyonn,s, A, A, y,and the C27 radius of Q, such that if d*~% f € L°°(QN Bg(xo)) for some a € (0, o],
then it holds that

[U/ds_l ]C“(QﬂBR/z(XO))

_ s—1 1 -
<cR™*(v/d* =@ + IvllLemne) + R TN fllL@nBrioy + RIGH L~ @2nBr(x0)))-
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Proof. Let us assume without loss of generality that xo = 0. We will prove the desired result in two steps.
Let us denote by n > 1 the constant from Lemma 4.2.

Step 1. We claim that for any k € N,

osc (v/bg) < e *(Ilv/d* @)+ IVl Le@ngy+ R TN ™ fllzx@npe + R+ RIgIL~00nE)

nkR

for some constant ¢ > 0, depending only on n, s, A, A, y, and the C 2.7 radius of Q. To prove it, we
set op := min{p, ys, 1 —s[—log, (1 — 8'/2)1}, and 8 := 1 — %, where &', B, n are the constants from
Lemma 4.2. This yields

(1-8)=n"", ap<min{B,ys, 1-s}, §<6/2. (4-3)
Let us set u = v/bg, take @ € (0, ap], and

M =457 i (llv/d* Mo + vl Le@ng) + RN fll L @nBreoy + R + RIgI L0208 (x0))-

where ¢; > 0 denotes the constant ¢; from Lemma 2.3.
The claim of Step 1 will follow immediately, once we construct an increasing sequence (my); and a
decreasing sequence (My); such that for any k € N,
my <u<M; in B,rkR, (4-4)
M, —my = Mr]_ak. 4-5)
We prove (4-4) and (4-5) by induction. Setting mg = —(8/2c1)M, My = (6/2c1)M, we obtain the desired
results for k = 0. Let us now assume that (4-4) and (4-5) hold true for any j <k — 1.
We will now prove it for k. Clearly, one of the following two options always holds true:
|9, -6-vga N Bymsw—vpyn N {u = 3 (My_1 +my_1)}| = 5|Q-6-vgsa N By-a-ng)al.
|Qn—(k—l)R/4 N B,-t-ngp N {u > %(Mk_1 + mk_1)}| < %|Qn—(k—l)R/4 N Bn—(k—l)R/2|.
In the first case, and in the second case, we define

_ v—=(ba+ 1pnolim <0pmi—1 " — (ba +1rmolip,_,>0)Mi—1—v

9

w

, respectively.

M1 —myp_y M1 —myp_

Let us assume that we are in the first case. The proof of the second case goes via the same arguments, and
we will skip it. Let us verify that w satisfies the assumptions of Lemma 4.2. First, if u(x) > %(Mk_1 +mi_1)
for some x € €2, it follows that

M1 +my—
w u(x) —my_q u(x)—mg_y _ ——5— —Mp-1 |
—() = > Sp— =1
ba My_y —myg—y = My—1 —my— My 1 —my—y 2

Thus, as an immediate consequence of being in the first case, we get

w

1 1
Qn—("—'>R/4 N Bn—(k—l)R/z N {E > E H > 5 ‘Qn—("—”RM N Bn—(k—l)R/z .
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Moreover, by (4-4) (for k — 1), we have

w=————>0 1In Bn—(k—l)R NQ.
M1 —my_4

Nonnegativity of w in B,-«-1g \ €2 follows by assumption and construction. We obtain
|IL(bq + 1lrn@)l <c1 inQ,
and therefore d°*~“L(bg + 1gnq) € L°°(22N Bg). Then, by (4-5) (for k — 1) we have

_ [ —=Lbg+1gnolim,  <0p)mi—1 - f—cmp_y

Lw > in QN Bg. (4-6)
M1 —my—y My —my—,
Moreover, clearly
— 0y(bg/b -
8y (w/be) = g — dv(ba/bo)my— _ g on 92N Bp.
My —1 —my—y My —myp—y

It remains to verify the fourth and fifth assumption of Lemma 4.2. Let us first consider j <k — 1. In
that case, for any x € B, -«-n+jg N2 it holds by (4-4) and (4-5) that

i(x) _ u(x) —mi_ o Mk—j—1 — Mk

be My —myg—y = My —my—
- M1 — My—j—1 +my—j—1 —my_ - My—j—1 —mp—j— 1
- M1 —my— M1 —my—y

Clearly, for any x € B, -«-n+jg \ €2 and in case my_; < 0, by the same arguments as above, using (4-4),
we have
v(x) —mp_y o Mk—j—1 = Mk—1

w(x) = >1—nY.

My—y—my—y = Mp—1—my—
If however my_; > 0, then we can use that v =0 in Bg \ 2. Moreover, if j > k — 1 we compute for
X € Bn—(k—l)+jR N,

w u(x) —mi_q mo — My
—(x) = >

bo " Mi_i—mg_1 — Mig_j —my_
o My —my—1) — (Mo —mo) _

1— 77oz(k—l) > 1— naj.
My —mp—y

Finally, for x € B,-«-n+jg \ €2, again by the same arguments as above, and using that v > mg by
construction, we have

v(x) —mp—11pn,_ <0 _ Mo —my—
My —mi_ T M1 —my

w(x) = af

>1-n
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Consequently, all assumptions of Lemma 4.2 are satisfied for w with radius ~*~DR. Thus, we deduce
from Lemma 4.2 and the choice of §,

w
u—my_ =My, _mk—l)b_
Q

> 28 (M1 —mi—1) — (" VR (114 fllecans, g1y p) + C1lmi—1])
— (n_(k_l)R)||g||L°°(BQﬂB,F<k71>R) in QﬂBn—kR.
Moreover, by (4-3), the choice of M, (4-5), and the estimate |my_;| < Mo = (6/2c1)M, we estimate

(n*(kfl)R)lJra(

1"~ Fllei@ns, o + etlmil) + 7V RYIglL~ 008, w1
< * DS = (M —mi_1).

Therefore, we deduce
my :=08(Myg—1 —mg—1) +mp—1 Su < My_y =My in QN B, g,

which proves (4-4) for k. Equation (4-5) for k follows from (4-3). The proof of Step 1 is complete.

Step 2. Now that we have established the claim of Step 1, let us show how to conclude the proof. Let us
take x, y € Br/2. We define k € N as

inflk e N : |x — y| > n7%(R/2)).
Then, |x — y| < n~**1(R/2) and by Step 1, it holds that
lu(x) —u(y)| -

ko —a
n“*(R/2) osC u
lx — y[® B, —kt1(r))

< cR™(Jull oo + vl Lo@ng) + RN ™ fllLo@nsg + R + Rligl L @onsg)-
We can omit the additional summand +R'** by an additional scaling and normalization argument, i.e., by
assuming that R =1 and [[u|| Lo (@) + V]| Le®n\@) + 1d° ™ fllLe@nB,) + IIgllL>@enB,) = 1, applying the

previous estimate, and rescaling to general R. This concludes the proof after using that by Theorem 1.4 it
holds that bo/d*~! € C*(Q N Bgj2(x0)). 0

We are now in a position to deduce the boundary Holder regularity estimate in C'*¥ domains.

Proof of Theorem 1.6. Note that
3, (v/bg) = 8, (v/d* ") — 8, (ba/d* H(v/d* ™Y,

and recall that |9, (bo/d*~')| < C. Hence, we can apply Lemma 4.3 (with R= % and varying xp € 89).
Combining it with the interior regularity results from [Ferndndez-Real and Ros-Oton 2024a, Theorem
2.4.3], and a covering argument, we deduce the desired result. In order to produce the tail-term in the
estimate, we employ a truncation argument in the same way as in the proof of Corollary 4.4. (I

We end this section with a boundary Holder regularity estimate for solutions that are defined up to a
polynomial and might grow fast at infinity.
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Corollary 4.4. Let L € ﬁ?om (A, A). Let k e NU{0}. Let Q2 C R" be an open, bounded domain with
AQ € C> for some y > 0and K € COT2(S"™1). Let f € C(QN By), g € C(3QN By), and v with
v/d*~! € C(Q) be a viscosity solution to

LvE f inQnNB,
v=0 in B4\,
3,(v/d* Y=g ondQN By.

Then, there exists ag > 0 such that if for some a € (0, ag] we have d*t'=% f € L>®°(Q N By), then the
following holds true: Ifk =0, and v € L} (R"), then v/d*~" € C% (N By), and

v s+1—a
(P F 0l g + 12 ~@ngs + 18l ).
co@ngy = S\ 7T || ocanny vl @z, + 1l Sllze@nsy) + 1€llL=@ans,)

v
ds—!
IfkeN, KeC*""(S" Y andve L} | R") for some § >0, then v/d*~' € C (2N By), and

=1
A5Vl LBy

v 1—
HdY_—l‘ Co@nBy) < C<‘ +lvllzy . @nsy T [14° 717 £l Lo npy) + ||g||L<><>(amB4)>,

where ¢ > 0 and o, depend only onn, s, ., A, y, k, 5, and the C?7 radius of Q.

Proof. In case k = 0, the proof follows by a truncation argument. Indeed, let us define w = v1p, and
observe that

Lw=f—L(lgng)=:f inQNB,.

Moreover, we can estimate

41— ~ s —1
1T fllLo@nBy < clld* ™" fll L= @nB,) +C||U||L;S(R"\B4)'

Thus, the desired result follows immediately by application of Theorem 1.6 to w, using that v = 0 in
B4\ 2, by assumption.

Let now k € N. Again, we define w = vlp,, but this time, since the equation only holds up to a
polynomial, we obtain for any R > 4,

Lw = fr— L(lp,3,)+ pr=: f in 2N Bz,

where fr — f in d*T1=*L®°(Q N B3), as R — oo, and PR € Pr—1. As in the proof of Lemma 2.10
(see also [Abatangelo and Ros-Oton 2020, Lemma 3.6; Kukuljan 2021, Lemma 4.8]), taking difference
quotients of order k — 1 48 of the equation for w, and using crucially that K € C¥~1+3(S"~1), we can
find a polynomial p € Px_14s; and h with d*T1=*h e L®°(Q N B3) such that

Lw=h+p in QN B3,

{ w=0 in R"\ (2N By),

and moreover, & satisfies the estimate

1— 1—- —n—2s—(k—
IdST Rl Lnpy < C(I1AST ™ FllLeo@nay + vl 17727 D L gy).- 4-7)
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Next, let us take a bounded domain D C R" with 3D € C!7 such that QN B, € D C N Bs. Moreover,
we find w;, wy such that wl/dsD_l, wl/d;)_1 € C(D) and w = w; 4 w» satisfying

Lwi=h in D, Lw,=p in D,
w;=w in R"\ D, and wy, =0 in R*\ D,
wi/dyy !t =v/dit ondD, wa/d5; ' =0 ondD.

The existence of wy € L*°(R") follows from [Fernandez-Real and Ros-Oton 2024a, Theorem 3.2.27], and
we obtain wy/dj, € C (D) from [Fernandez-Real and Ros-Oton 2024a, Theorem 2.7.1], which yields
wz/df)_1 =dp(wy/d}) € C” (D) since 3D € C'7. Then, we can define w; := w — w,. We claim that

lwi /d35 N e(py < C(||U/dgs2_1 L @nBs) + ||d§2+1_ah||LOC(QmB3))- (4-8)

To see this, let us recall the function | (with respect to D) from Lemma 2.7, and observe that by
Lemma 2.3, we can take it in such a way that

Ly +dy ") >cdd™ " inD (4-9)
for some cop > 0. Moreover, recall v /di)_1 =1 on daD. Then, let us define

V@) =y )(lv/dy i@y + ldy™ ~ hllem) + lw/dg ' l2=@np,)
+e1ds ) lw/ds @By,

where ¢ := max{c, 1, 1}, and observe that by (4-9) we have
Lw, < LW in D,
w; < WY in R*\ D,

wy/dy !t <Ww/d Tt onaD,

which, recalling that ¥ < cld‘l")_1 in D, and dp < dgq, as well as the definition of D, imply that

s—1
—1 - —1 Q -1
< cacr(lv/dy ey + ldy "Rl Loy + llw/dy ' || L~@nBy) + c21 el lw/dg " | Lo @nBy)

dy 't b
< c(lv/ds e @ansy + 15T "Rl L@y + 1v/ds I Le@npy )
which yields our claim in (4-8). As a direct consequence of (4-8), we deduce
lwa/d3 I Leopy < lw/dsy I peepy + lwi/d3y L)
< c(llv/dy Mrnpy + 15T "kl Lo @ns,))- (4-10)
Finally, we claim that
Il < cllwa/dsy L) (4-11)

Once we show (4-11), then the proof is complete after combination of (4-11), (4-10), (4-7), and application
of the boundary Hélder regularity estimate (see Theorem 1.6) to w in €2, as in the case k = 0. We prove
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(4-11) by contradiction. Suppose there are sequences (L;);, (w;);, (p;); with

wi=0 inR"\ D
. 00 :1, and 4/' ,
IPjllL=(D) w;/ds =0 on dD,

lim oo lw; /dyy " ||y = 0.

Then, up to subsequences, it holds that L; — L, w;, /d‘L")_1 — ug in L*°(D) for some ug € L*°(D),
Pj, — Poin L°°(D). While the first convergence statement follows from [Abatangelo and Ros-Oton
2020, Lemma 3.7], the second convergence statement follows from Theorem 1.6 and the Arzela—Ascoli
theorem, and the third one is immediate from the boundedness of (p;,,) in a finite dimensional space.

We can now make use of the stability result in [Ferndndez-Real and Ros-Oton 2024a, Proposition 2.2.36],
and deduce that for wy = dg_luo, it holds that

Lwo = po in D,
wozo in Rn\D’
00 = 1, and
lPoll (D) wo/dy ' =0 ondD,

lwo/d3y || Loy = 0

Clearly, wo = 0 is not a solution to Lwg = pg in D, so we have obtained a contradiction, and conclude
the proof of (4-11). O

5. Liouville theorem in the half-space

The proof of our main result (see Theorem 1.2) is based on a blow-up argument. A crucial ingredient in
such proof is a suitable Liouville theorem in the half-space. In this section, we will establish such a result
for nonlocal problems with local Neumann boundary conditions:

Theorem 5.1. Let L € LM%, A). Letk €N, y € (0, 1) withy # s, and K € Ck=1H7=s+3(§n=1) for
some § > 0. Let u € C(R") be a viscosity solution to

L)) 0 in x> 0),

opu=p in {x, =0},
lu(x)| < CA+|xD”  forall x € {x, > 0},

for some C > 0, p € Pr_1. Then, there exist ag € R for any B € (NU{0})" with |B| < k such that

u()= Y agx{' - xPr forallx € (x, > 0).
|Bl<k

In order to prove Theorem 5.1, we first establish the following one-dimensional version, which can be
proved by combination of the arguments in [Ros-Oton and Serra 2016a, Lemma 6.2; Abatangelo and
Ros-Oton 2020, Lemma 3.3].
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Lemma 5.2. Letk e N, y € (0, 1) with y # s, and u € C(R) satisfying

(—A)* ((x34) " u) 0 in (0, 00),
lu(x)| < C(1 + |x])ktY forall x > 0,

k=1+4Ty—s]

for some C > 0. Then, there exist ag, ay, ..., a; € R such that

k
u(x) = Zajxj forall x > 0.
j=0
Proof. In case k =1 and y < s, the proof is an application of [Ros-Oton and Serra 2016a, Lemma 6.2]
with u(x) := (x+)s_1u(x), and§=s5>0,8=s5s4+y €(0,2s).
Incase k > 1 or y > s, we have k — 1 4+ [y —s] > 1. Let us define v(x) = (x4)* 'u(x), let
V : R x [0, 00) — R be the harmonic extension of v in the sense of [Abatangelo and Ros-Oton 2020,
Lemma 3.3], and finally define V(x, y) = ffoo V (z, y) dz. Note that V satisfies (see [Abatangelo and
Ros-Oton 2020, Lemma 3.3])
div(y'""2VV(x,y)) =0 in R x (0, 00),
V(x, y) =v(x) on R x {0},
V(x, y)| < C(l + |x PRIy =sDH 14y s |y|(k71+[yff1)+1+y+s) in R x (0, 00).
Next, by [Ros-Oton and Serra 2016a, Lemma 6.2] (see also [Ferndndez-Real and Ros-Oton 2024a,
Theorem 1.10.16]), we have the representation formula

(e8]
V(x,y)=V(rcost,rsinf) =Y a;0;(0)r’**, forallx eR, ye[0,00),
j=0
where a; € R, and (©;); is a complete orthogonal system in the subspace of even functions in
L?((0, ), (sin®)' =2 d@). By the Parseval identity, the bounds on |V| imply

o0
ZanR2+2j — / V(X, y)2y172s do < CR4(k71+f)/*ﬂ)+2+2y+2 — CR4(k+D/*S])+2y‘
i—0 dBrN{y>0}

Therefore, it must be a; = 0 for any j > jo, where jo = min{j eN:24+2j>4k+ [y —s])+ 2)/},
which implies
Jo
V(x,y)=) a;j®;@)r’* forallx eR, y €0, 00).
j=0
Upon recalling the definition of V and V, this implies
Jo—1 '
v(x) = (xy)° Z bjx’
j=0
for some b; € R, and since |[v(x)| < C(1+ |x[)¥+7 =145 and y € (0, 1) by assumption, it must be b; =0
for any j > k. Recalling that by definition u(x) = v(x)(x,)'~*, we deduce that u must be a polynomial
of degree at most k in {x > 0}, as desired. [l
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Moreover, we will need the following lemma (see also [Kukuljan 2021, Proposition 4.3]):

Lemma 5.3. Let L € LM%, A). Letk € N, K € Ck=2+3(S"=1) for some § > 0. Let f € Py. Then,

L)' )'E10 i > 0).

Proof. Let us first give a simple proof in case k = 1. Then, it suffices to prove that for any i € {1, ..., n}
L)' x) =0 in {x, > O},
First, by integrating x > (x,,)ﬁr_1 in x;, and using that L((xn)ﬁr_1 =0, we deduce

L((xn)+ xl) =c in{x, > 0}

for some constant ¢ € R. Then, since x +— (xn)f[ x; is homogeneous of degree s, we deduce that for any
A>0and x € {x, > 0},

¢ = L((x) %) (Ax) = A B L0 Axi) () = A L) ) (x) =

This implies that ¢ = 0, as desired.
For k > 2, we prove the result by induction. Assume that we know already

L)' p) 'S0 in {x, > 0) (5-1)
for every p € Pr_1. Now, let ¢ € Py. Then, by integrating (5-1) with p := 9;q fori € {1,...,n}, by
Lemma 2.12 we find that there exists a constant ¢ € R such that

L)) "= e in x> 0},

Since ¢ *=' 0 for any k > 2, we conclude the proof. (I
Finally, we state a Holder regularity estimate in the half-space, which follows from Corollary 4.4.
Corollary 5.4. Let L € LM (1, A). Let k e NU{0}, y > 0, and K € C*K='5(S"~1) for some § > 0. Let

feC{x,>0INBy), g€ C({x, =0}N By), and u € C({x, = 0}) be a viscosity solution to
{L((xn)i‘lu) £/ in{x,>0)NBy,
duu=g on {x, =0} N Bs.
Then, there exists og > 0 such that if(xn)SH*“f € L*®({x, > 0} N By) for some o € (0, ap], then the
following holds true: if k = 0 and (x,)% e Lés (R") it holds that u € Cy .({x, > 0} N By), and
llullco (gx,>0nB))
= C(||”||L°°({x,,>0 1By + 1) u||L1 (®n\By T ||()Cn)SJrl * fllLo(x,>01nBy) + ||g||L00({xn:o}m32)),
and if k e N and (x,,)Jr ue L2s+(k 1+3)(R”) it holds that u € Cy ({x, > 0} N By), and

—n—2s—(k—1+6)
ull - HL' {%.>01\ By)

+ 1) Fll e =0in8) + 18| 2% (xy=0inB2) )
where ¢ > 0 and ag depend only onn, s, A, A, y, k, é.

lullco e, =0pne1) < (el oo, =opnse + | ()"
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Proof. The result follows directly from Corollary 4.4 applied to some domain  C R" with dQ € C!7,
which satisfies {x, > 0} N B, C 2 C {x, > 0} N By. O

With the help of the one-dimensional Liouville theorem in the half-space and the Holder regularity
estimate up to the boundary (see Corollary 5.4), the proof of Theorem 5.1 follows by a standard procedure,
which is explained in detail for instance in [Abatangelo and Ros-Oton 2020, proof of Theorem 3.10].

Proof of Theorem 5.1. First, we observe that by scaling Corollary 5.4, we obtain that for any R > 1,

[ulce(sry < R [l Lo Byry + RS ] - 172 M L1 o By Lik=tand y<s)
k— - — —n—2s—(k—2+[y—
4+ RSTh=1+y s]Jrn”[(xn)s+ lu]| T2 (k=2+[y—s1+n) ||L1({x,1>0}\B4R)1{k32°rV>S}
+ R pll L ((x,=0}nBap) |
< cRM7—e, (5-2)

where we take n =14y —s — [y —s]+ 4 and used in the last estimate the growth condition on u, the fact
that || pll 2 (x,=0)nBg) < cR*=!, and the following computation using polar coordinates with y, = r cos @
for some 0 € [0, 27r) (similar to the proof of Lemma 4.2), which is slightly different in case (k =1 and
y<s)and(k>2ory >s). Incase k =1 and y < s, we obtain

R @)yl 72 o pygy < CR' / ) Y72 dy
R"™\ Bsg

2w 00
< CRHS/ cos(0)}! (/ Pl ey dr) do
0 4R

2
<cR'™WSRY™S (/ cos(6)%! d@) <cR'™7. (5-3)
0

In case (k > 2 or y > s), we obtain, using that n > 14+y —s — [y — 57,

s+k—1+[y—s]+n s—1 —n—2s—(k—=2+[y—s1+n)
R ” [(xn)+ ull-| ||L1({x,,>0}\B4)

< CRs-i-k—l-‘er—S'l—H}/ (Y :_—1 |y|—n—2s—(k—2+|'y—s'|+17)+k+)/ dy
R\ Bsr

2 00
< CRAY+k—1+|'V—s-|+T7/ COS(@)‘:__I </ rs—1r—1—2s+2— [y=sl+y—n dr> de
B 0 4R
2
< cRMSRYS (/ cos(6)5! d9) < cRMY.
0

Next, let us take any 7 € S"~! such that 7, =0 and 0 < & < R/2. We consider the difference quotients

u(x +ht)—ux) px+ht)— px)
ho s pl,r(x) = L

and deduce from (5-2) (after applying the estimate to smaller balls of radius comparable to R inside Bg)
that

wl,r(x) =

lwic |l < RV~ forall R > 1.
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Clearly, since 7, =0, w; . satisfies in the viscosity sense

LG wio) "0 in {x, > 0},

(5-4)
anwl,t:pl,r on {x, = 0}.

Here, we are using that sums of viscosity solutions are again viscosity solutions by Lemma 2.14. Using
(5-4) and also that | py . (x)| < c|x|[¥~17% since p € Pr_1, we can apply the previous arguments to wj .
Eventually, this implies that wy ; (x) = (w1, (x +ht) —w; (x))/h® satisfies [|wa ¢ || L (Bg) < ¢ Rk+y—2«
This way, we obtain higher order difference quotients w; , j € N, and they satisfy

§s— k—1+[y—s] .
L) 'wie) =770 in{x, > 0},

8nwj,r =Djt on {x, =0},
lwj llzoopgy < cR¥FY=7%  forall R > 1,
IpjcllLosgy < cR¥"177%  forall R > 1.

Then, taking jo € N as the smallest number such that joo > k + 3, and upon taking the limit R — oo, we
deduce that

lim [wjy ¢ llzesg <c lim RFFY=0* =0,
R—00 R—00

ie., wj  =0in R". Thus, w; 1 . is a function that is constant in the t-direction. Clearly, we can also
take difference quotients of w,_1  in other directions 7/ € S"~! with 7, = 0, and the same arguments as
before apply. Therefore, wj,—1 :(x) = wj,—1,: (x,) is one-dimensional for any 7 € S with 7, = 0.

Unraveling the higher order difference quotients, we get that wj,—» - (x) = (Vi(x,), x") 4+ Va(x,) for
some one-dimensional functions V; : R — R"~! and V5 : R — R, and continuing this argument jo — 1
times, we deduce that # must be a polynomial in x” with coefficients that are one-dimensional functions
from R — R in x,,.

Then, by the growth condition on u, for any multi-index g € (NU {0H"! with || < k, we obtain
functions Ag in x, such that

u(x) =y () Ap(xn).

|Bl<k

In particular, this implies that Df,u(x) =c(B)Ap(x,) for any |B| =k and some constant c(8) > 0, where
Df, denotes an incremental quotient approximating the partial derivative af, in the x’-variables. Therefore,
discretely differentiating the equation for u, we deduce

k=1+Ty—s]

c(BYL((x)5 " Ap)(x) = L((x)S" ' DPuy (x) = L(DP 1,5 ul) (x) 0 in {x, > 0}.

By the growth condition on u, it must be |Ag (x,)| < c(1+|x, ) ~1PH¥ =c(1+|x])”, and since Ag was also
one-dimensional, i.e., LAg = (—A)pAg, we can apply Lemma 5.2 to Ag, which yields Ag(x,) = pg(x,)
for some polynomial pg € Py_ g = Po. Next, we recall from Lemma 5.3,

LG T 6 ppea) 210 in (x, > 0}
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Thus, repeating the arguments from above, we deduce that, for every g with |8| < k it holds that

{ L) A9 "0 in (, > 0},

|Ag(x)] < C(1+ |x*=BHY  for all x € {x, > 0},

and hence Ag(x,) = pg(x,) for some polynomial pg € Px_g. This implies u(x) = p(x) for some
polynomial p, and by the growth condition on u, it must be p € Pk, as desired. U

6. Higher order boundary regularity

The goal of this section is to prove the desired higher order boundary regularity for nonlocal equations
with local Neumann conditions (see Theorem 1.2). The proof goes by a blow-up argument and heavily
uses the Liouville theorem in the half-space (see Theorem 5.1), as well as the boundary Holder estimate
(see Theorem 1.6).

Lemma 6.1. Ler L € [ﬁ?om()», A). Letk € N and Q C R" be an open, bounded domain with Q2 € Ck+1Y
for some y € (0, 1) withy # s, and K € C*T2r+3(S"=1). Let v € L} (R") with v/d*~" € C(Q) be a
viscosity solution to
Lv=f in 2N By,
v=>0 in By \ ©,
d,(v/dHY=g ondQNB.

) Ifk=1landy <s, f € C(QNBy) withd*7Vf € L*®(QN By), g € CY(02 N By), then for any
X0 € 02N By 3 and x € QN By it holds that

v _
< C(HFHLW(Q) +llvllzo@ne) + 1477 fllLc@ns) + ||g||cy(asszl)>|x — xo|'Y

for some ¢ > 0, which only depends onn, s, A, A, y, and the C%7 radius of Q. If in addition, g =0, then
A(xp) - vy, =0.

(i) Ifk>2o0ry >s, f e C* V=T (QNBy), g € CK-1T7(dQ N By), then for any xo € 32N By 2,
there is Q(-; xo) € Py such that for any x € N By it holds that

v

(0 = 0¥ x0)

v k
= C(H P Hw(g) + vl o@na) + I1f | cw-v-s+v @npy) + ||8||Ck-‘+y<asmBn)>|x — X"

for some ¢ > 0, which only depends onn, s, A, A, y, k, and the CH LY radius of 2.

Proof. Let us assume without loss of generality that xo = 0 € 92 with 9,, = e,. We set u := v/d* .
We will prove the desired result by a blow-up argument. To do so, we assume by contradiction that for
any j € N there exist C*™1'¥ domains Q; C R", f; € C¥-1(Q; N By), g; € CK-1"7@Q; N By), r; >0,
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operators L ; with ellipticity constants A, A, and v; € C(2;) N L%S(R”) viscosity solutions to
Ljvj=fj ianﬂBl,
V; = 0 in B] \Qj,
8,,(vj/djfl) =g; ondQ;NBy,
such that
|diam ;] + [l | L)) + 10 | Lo@ne) + Lik=tand y <s)1d; 7 fille@,nB)
+ Lik=20ry > sy fillcw—v-s4v (0B + 18l ci-14v(@;nmy) + I1djllcrriv @0y = C

for some C > 0, denoted de =d,, and used that d; € C k+Ly by [Ferndndez-Real and Ros-Oton 2024a,
Definition 2.7.5]. Finally, we assume by contradiction

sup sup r*k*VHuj — OllL=(@;np,) =00 forall Q € Py.
jeN r>0

Observe that up to a rotation, r,, 'Q jn N B,-1 = {x,, > 0}. Moreover, we will write
czjm 1’5191',,1 = ij = rm_ldjm (rm : )
for the (regularized) distance with respect to r,,1Q; .
We consider the L2(Q j N B,)-projections of u; over Py, and denote them by Q; , € Pi. They satisfy
the following properties:

luj— Qjrllrzns,) < luj — Qlir2@;np,) forall Q € Py,

/ (uj(x)—Q; (x)Qx)dx =0 for all O € P.
Q,;NB,
Next, we introduce
0(r) :=supsup p 7 |lu; — QjpllL>@;n8,)- (6-1)
JjeN pzr

Observe that 6(r) oo, as r \( 0. This follows from [Abatangelo and Ros-Oton 2020, Lemma 4.3]
applied with s = 0 (the proof remains exactly the same in this case).
As a consequence, there exist sequences (r,;),;, and (j,;), such that
N, = Qjrm lL (), 0B,

oY 0 (Fm)

> % for all m € N. (6-2)

Let us define for any m € N,

Ujn (rmx) — Qjm,rm (rmx)

Wi (x) = (6-3)
o 0(rm)
and observe that by construction, we have
”meLOO(r,;'Qj nBy) = % f 1 Wy (x)Q(rmx)dx =0 forallmeN, Q € Px. (6-4)
" ' 2, MBI

Next, we claim that
1wl i, npg < R forall R=1, meN. (6-5)
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To see this, we estimate for any R > 1, using the definitions of 8 (Rr,,) and w,, (see (6-1) and (6-3)),

”u]m Q]m Rry ”L (2, NBRry,) + ”Q]'m,er Qjm m ”L (Q,mﬁBer)

Jm

W Il 700 <
L ©inNBR) rm ye(rm) rm Ve(rm)
k+y . —0: 0O .
- (Rr,,;()w O(R7m) N 19 R l%;,r,,1 172 (QnNBarn) 6-6)
rm ' 0(rm) rm " 0(rm)
Moreover, it follows that for any j € N, r > 0, and R > 1,
1Q;.kr — Qjurll @By, < cOG)(RF)TY. (6-7)
Indeed, if we write
er()C)— Z a(ﬂ) ,31 “'xr/?n’ ,BENn (ﬂ) R,
|B1<k
then by [Abatangelo and Ros-Oton 2020, Lemma A.10] we have for any || < k
rlﬂllaﬁ) ;ﬁz)r| <cllQjr— QjarllLe@;ns,)
<clluj— QjrliLe@;ns,) +clluj — QjoarliLe;ns,,)
< )Y +c0@2r)@2r) T < c(r)@2r)F T
By iteration of this inequality, we obtain for any / € N
-1
) ) = S, | < e T o@C
i=0 i=0
0(2'r)
< ()18 ST ZE ity 18D < gy (2L Ykt 1AL
(r) Z 50 (" Q2'r)
This yields for any R > 1
@) —alfp| < o) (Rr) 1A,
which implies (6-7).
Thus, combining (6-6) and (6-7),
(Rr) Y0 (Rry) (R 70 (rm)
lwm |l (@;, nBr) < nzﬂ/ = +e ,Znﬂ, M < cRY,
Im " 0(rm) Im " 0(rm)
where we used in the last step that  +— 6(r) is monotone decreasing, proving (6-5).
Next, using (6-5), we will estimate the L2Y 4 (k+[y—s]—1) hOrm of w,,. We have the estimate
—n—2s—[y—s]+1+
/ a5~ ()ly| TR gy
Q]m \BRVm )m{djm 7’(}
< Ks—lf |y|—n—s+y—[y—s'| |y|1—s dy
QIm\BR’rr
CKS—l dlam(Q]m)l—Yf |y|—n—s+y—[y—s] < C(er)y—s—f)/—ﬂ’
IR’IL\BRVm

where we used that always y < s+ [y —s] < 0. Moreover, by a similar computation as in Lemma 2.2
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(withy :=s—1<2s+[y —s]—1—y =:8), we have

/ ;m—l (y)|y|—n—2s—[y—s]+l+y dy < C(er)y—s—[y—s]‘
Qjm \BRVm )m{djm <K}
Thus, altogether using (6-5) and y € (0, 1) we obtain
s=1y 1. [~n=2s—(k+Ty=s1-D)
”d |- HL'([R"\BR)

= C/ J;-m_l(y)|y|—l’l—25_|'y_s-|+l+y dy
7IQjm\BR

IA

eyt f o )y TR dy
rm Qj, \Br
=cr;1—V+FV—S1/ Jm (y)|y|—n 2s—[y—s1+1+y dy
le;1\Ber
_ _ 1 s —Ty—
Scr;fn y+Iy ST/ d.JS‘m (y)|y| n—=2s—[y—s]+1+y dy
Q;, \Br)N{d,,, >k}

_i_cr;:;er[yfs] / d;rn—l(y)|y|fn7257[yfs]+1+y dy
le\BR)m{d/m <K}
< cr,‘;_VHV_S] (Rrp)? S5 < Ry=5=1r=s1 . 0 a5 R — o0. (6-8)

Now, we investigate the equation that is satisfied by w,,. We claim that

aj), |
—JmIm_ 50, asm— oo forall |B| <k. (6-9)
0(rm)
Indeed, from the considerations above, we deduce that for any m, [ € N,
® _ B [
it~ 2 ch—e(z ) (it by I8
0(rm) L0 ()
Hence, choosing / € N such that 2y, €11, 2), we deduce
(B) (B) (B)
| ﬁi)rml < | Jms 2rm | ]m rm_ajmvzlrm
Orm) — 0(rm) 0(rm)

I
< cO(ry)" <|a§f‘>21 |+ Ze(z—i)(z—f)"ﬂ—'ﬂ') —0 asm— oo,
which implies (6-9). =

Let us now distinguish between the cases (k =1 and y <s) and (k> 2 or y > s). In case k = 1 and
y < s, we find that it holds in the viscosity sense
&V Ly, (@5 w) =r" 7 )y Ly, (S (- Y wim)

Ly, @5 g, Orm ) = Ly (5 Qo )
r250(ri)
FinCm ) =L, (3 Q) )
0(rm)

=d} 7 (rm )

=d; " (rn-) nr,'Q;, NB._i. (6-10)



402 XAVIER ROS-OTON AND MARVIN WEIDNER

Moreover, by Corollary 2.5(),
15,7 Ly @ Q) 0 Mgy oy = 15,7 Lin @3 Q)@
<c Z la jfj)rm (6-11)
1BI=<1
Therefore, recalling ||d‘;l;yf,-m |l L, nB)) < C, and combining (6-10), (6-11), and (6-9), we obtain

35—y Fs—1
”djm LJm(d;m wm)”Loc(”r;]QJmmB -1)
s=y B
. ”djm fjm“L"O(QjmﬂB]) + Z|/5|<1 | s rm|
- O(rm)
In case k > 2 or y > s, we first deduce by an argument analogous to (6-10),

Finm ) =L, (3 Q) )
w00

—0 asm— 00. (6-12)

L), (d} " wy) = ' NB . (6-13)

Next, using again Corollary 2.5(ii), we obtain

—(k—1 - —1 —1
r (k—=D+s V[L]m(djm Qjm’rm)(rm')]Ckfl"‘JrV(r,;lemﬂqu):[ij(djm Qjm’rm)]ck—l—.v-f—y(gjmmBl)

<c Y 1dP |, (6-14)
|Bl=<k
in analogy to (6-11). Finally, recalling

—(k—=1)+s—
r ( )+ 7/[fj (Vm ')]C(k—l)fxﬂ/(r’;'QijB ) = [fj]c(k—l>—s+y(gjmmgl) <C,

and combining (6-13), (6-14), and (6-9), we obtain
[fj]c<k*1H+V(QjmmBl) + Z|,3|<1 la ;m)rml
0(rm)

—0 asm — o0.

1
[L]m (d;;71 wm)]ck7]75+y(rr;19jm mBrfl) =c
Thus, there exists a polynomial p,, € Pr_24r,—s1 such that

L), (5 wn) = pul = 0, asm — oo in L, ({x, > 0)). (6-15)

Next, considering again all values for y, k at the same time, we treat the Neumann boundary condition:
avujm(rm 2) = 8U(Qjm,rm)(’”m -) i gjm(rm 2) = av(Qjm,r,,,)(rm -)

0y Wy = ndr 'Q: NB._i.
k—1)+ k—1)+ m Jm I'm
o O o G
‘We obtain
— _] _
rm(k ) y[anjm,rm(’”m')]C<k—1>+y(ar,;'g mB [anjm,rm]C“*lHV(aQ mBl) = Z| ;f?rm

|Bl<k
and using also that g;, € C =14v(Q jn N B1) by the boundary condition, we deduce
[gjm]c<k*1>+V(asz_,mmBl) + Z|5|5k |a§f)

,rm|

—1
[8vwm]c(k—l)+y(3rr;19 nB, 1) =c 0 () <ch(rm)~ —0,

Jm
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as m — o0o. Consequently, for any m € N there exists a polynomial g, € Px_; such that

| () |< |;K|)/
0y Wy, (x —q C
vWm m| = 9( )

Finally, we are in a position to apply the stability theorem (see Lemma 2.13) to w,,. The convergence

— 0 forallx €dr,'Q;, NB,1. (6-16)

results in (6-12), (6-15) and (6-16) establish the required convergence of the source terms and the Neumann
boundary data.

Moreover, the operators L, converge to an operator L with the same ellipticity constants. By the
boundary Holder regularity estimate for solutions to the nonlocal Neumann problem (see Corollary 4.4
applied with k :=k+[y —s1, 8:=0, Q:=r,'Q;,, vi=d} 'wn, f:=L;, @} 'wy), and g :=d,wp),
together with the Arzela—Ascoli theorem, the sequence (wm)m converges in L} ({x, > 0}) to some
w € C({x, = 0}). All the quantities on the right-hand side of the estimate in Corollary 4.4 will be bounded
uniformly in &, due to (6-8), (6-12), (6-15), and (6-16). Thus, in particular cijm—‘ (P YW = ()T w
locally uniformly in {x, > 0}. Finally, in order to apply the stability result in Lemma 2.13, it remains to
establish ds 1(rm Yw,, — (x,,)Jr w in L2s+(k+ry - 1)(R ). To see this, we also observe that by (6-5),

lw(x)| < C(1+|x)*"  forall x € {x, > 0}. (6-17)
Therefore, using also (6-8) and a computation based on polar coordinates (along the lines of (5-3)) we

obtain, since y < 1,

/R : |5 D wn(3) = )y w )|y 21 gy
n BR

< C/ (yn)ifl|y|fn72S7ﬁ/*S]+l+)/ dy + C/ d~;‘m—1(y)|y|7n725‘7[)/*ﬂ+1+)/ dy
R\ Bg (rm 2, )\Br
<CR"™ =150 asR— oo

This implies ds Ywp, — ()cn)Jr w in L2s+(k+[y _s1-1)(R"), by combining it with the locally uniform
convergence in LIOC({x,, > 0}).

Thus, by stability of viscosity solutions (see Lemma 2.13), we deduce that in the viscosity sense
L) w) T 0 in (x> 0),
W =p on {x, =0},

where p € Px_; is a polynomial, and moreover, by (6-4), it must be that

lwll L8100 = 3- (6-18)

An application of the Liouville theorem (see Theorem 5.1, using (6-17)) yields now that w € Py. Thus,
we can choose Q(x) = w(r,, Ix) in (6-4). This implies that

0= lim Wy ()0 (rpx)dx = lim W, (Xw(x)dx = wz(x) dx,

m=00 JBinr,'Q; Mm=00 JBiNry' BiN{x,>0}

m

where we used in the last step w,, — w and r,;IQ jm —> {xp > 0}. This yields w = 0, which however
contradicts (6-18), and thus, we conclude the proof of (ii).
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Finally, if k =1 and y < s, then by the Liouville theorem (see Theorem 5.1), there exist a € R" and
b € R such that

wx) = (a, x)+b.
Moreover, if g; =0, then also g = 0. Thus, it must be that d,w = 0 in {x,, = 0}, which implies a, =0. [
We are now in a position to prove our main result.

Proof of Theorem 1.2. We define u := v/d*~'. Let us assume that

lull Loy + 1d° 77 fll Lo @nBy Ly <25y + 1L f |l ck2s4v @By Litay>2s) + 1€l ck-1+v aanpy < 1

First, we claim that for any xo € 2N By, with z € 92N By, such that |[xg — z| = d(xo) =:r < 1, there
exists a polynomial Q € Py of degree k such that

[ — Qlcrr (B, 200 = € (6-19)

for some constant ¢ > 0, depending only on n, s, X, A, y, Q, k, where we assume without loss of generality
that v, = e,. This estimate already yields the desired result since it implies

[M]ck+V(B,./2(x0)) <[u— Q]Ck+V(Br/2(xo)) + [Q]Ck+V(Br/2(x0)) =c.

From here, a covering argument (see [Ferndndez-Real and Ros-Oton 2024a, Lemma A.1.4]) together

with Holder interpolation (recall that |lu|| .~ < 1) yields the desired regularity estimate in QN B.

1
k+y

estimate goes by the exact same arguments as in the proofs of Lemma 2.10 and Corollary 4.4.

Improving the global L° norm to the L%S([R") norm, or the L, (R"\ B;) norm, respectively, in the

To see (6-19), let us take z € 32N By, such that [xg — z| = d(x9) = r, and apply Lemma 6.1 to see
that there exists a polynomial Q € P; such that the function

u(xo+rx)— Q(xo+rx)
rk+y

THEIRE satisfies ||, ||, < CRETY  forall R e [1,77'].
Moreover, since ||ul|r~@) <1, and Q € Px, we deduce

lur |l Lo Bgy < Cr* 7 (1 + (rR)*) < CR¥”  forall R > r~".
Together, this implies

d* Y (xo 4 rx)|uy (x)| d*V(xo+rx) d*Y(xp+ x)
_— dx =C _— dx
R\ B34 R"\ B34

<
|x|n+k+y dx =c¢

R\ B34 |x|n |x|n

<c(4r7h,
where we used Lemma 2.2 with y :=s — 1 < 0 =: 8. Moreover, we have by the definition of r,
1d° =" o+ 7 Yty l| ooy < e

Now, we apply the interior regularity theory for nonlocal problems (see Lemma 2.10). To do so, we
distinguish between the cases (i) k =1and k+y =14y <2s and (ii) k + y > 2s. In case (i), we apply
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Lemma 2.10(i) with 8 = 1 + y, observe that automatically y < s, and obtain

[ (u— Q)]C1+V(Br/2(x0)) = [d*Yxo+r- )Mr]cl+y(31/2)

d*Nxo+ru,
|x|n+l+y

<clld* o+ 7 urllLop, +c

L'(R"\B3;4)
+el L@ o+ 7 )L
<cr' 4 er® T U Lo | ooy, o + P T TNL@ T ) Lo (85, 00
<cr ™ er AT fllem, oy ot T <ot
where we used Corollary 2.5(i) and that d > r/4 in B3, /4(xo) by construction, and r < 1.
In case (ii), we apply Lemma 2.10(ii) with @ := k + y — 2s > 0 and obtain

[d° = Q) ekr 8,y = [ (o +7 Dt leksr (8, )
& o +r s
|x|n+k+y

<clld* "o+ r urllLos,, + CH

L'(R™\B3/4)
+ L@~ (x0 + 7 ) kv (y
<crf Tl L] k=25 By, 150y T c[L(d@*! Q) crrr=25(By, 4 (x0))

< crs_l —{—crs_l ||f||Ck+V72S(Br(X())) + crs_l < crs_l,

where we used Corollary 2.5(iii) in the second to last step.
Moreover, using again the L> estimate for u, with R = 1, we have

S+(k—1)+]/||ur s+(k—=D+y

-1 s—1
1d*™ (U — Q) LB,y xo)) S € N — QllLoo(B, pxo)) < €T o)) < cr

and hence by Holder interpolation, we obtain that for any 6 € (0, k + y) it holds that

[ U= D)o,y < ™ T
Therefore, altogether by the product rule,

[(u — D) Ickr (B, jp(x0)) = [D (@' d " (u— Q) er 8,00
< D @%@ )@ = O)er sty
|Bl=k a<p

< Y (19%d 0 oo s, peson [P 74 (= @)er (8,000
IPl=k a<p B—a gs—1 o gl—s
+ 11077 d ™ (u — D) 28, 200n[0%d" " 1e7 (B, px0)))
<c Z Z(rlfsf|a|rs71+k+y7(k7\a|+}/)+rsfl+k+j/f(kf|a|)rlfsflalfy)
|Bl=k a<p

IDIPIEL (6-20)

|Bl=k a<p
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where we used that » < 1, and the following observation based on the fact that d € C¥*17(Q) together
with corresponding estimates |D/d| < ¢;d'~/ (resp. |D/d'~5| < c;d'=77) in Q for every j <k (see
[Fernandez-Real and Ros-Oton 2024a, Lemma B.0.1]):
[0°d" " Ner B, pioy < 1D S8 py  sUp = yI'7
x,Y€B;2(x0)

< crlmslal=y for all || < k. (6-21)

This proves our claim (6-19). We can replace the L°° norm of u in R" \ B, by the L%S([F\E”) norm via a
truncation argument, as in the proof of Corollary 4.4. We conclude the proof. U

Finally, we explain how to prove Theorem 1.7.

Proof of Theorem 1.7. The result follows immediately from Theorem 1.2, however it remains to prove that
the result only requires K € C k=2s+y (§"=1) if Q = {x, = 0}. First of all, we recall the Holder estimate
(see Corollary 5.4), which holds true without any regularity assumption on K if kK = 0. For the Liouville
theorem (see Theorem 5.1), we only require K € CK=1=5+v+3(S"=1) for an arbitrarily small § > 0 and
k—1—s+4+y <k—2s+y. In Lemma 6.1, additional regularity for K is assumed in order to apply
Corollary 2.5. However, if Q2 = {x, > 0}, we have

L@ 0) = L)' Q) =0 in (x> 0)

for any Q € Pr. Hence, in case k =1 and y < s, the proof goes through exactly as before, without any
restrictions on K. If k > 2 or y > s, (6-13) needs to be interpreted as an equation up to a polynomial,
but the rest of the proof remains the same. Moreover, we apply the Holder estimate (see Corollary 5.4),
which would force us to impose K € C k=1(s"=1) in case k > 2 or y > 5. Therefore, in this case, we
need to proceed a little differently. Indeed, we replace the computation in (6-8) by the following estimate,
based on polar coordinates (see also (5-3)) forn =1+y —s — [y —s| + 6 for some very small § > O:

-1 =25 —(k=2+[y— 1y =25y —s]+2
et 2 s G e g
R

2 [}
<c / cos(9)! ( f r“r”””m*y*"dr) do
0 R

2w 00
= c/ cos(t9)§r_l (/ r_l_‘sdr) d9 <cR™® -0,
0 R

as R — oo. Then, we can apply Corollary 5.4 with k := k — 1 and § := n and only need to assume that
K € Ck¥=21(S"~1), which is fine by the same reasoning as for the Liouville theorem above. Moreover,
the stability theorem (see Lemma 2.13) can still be applied since k —2+n <k — 1 if we choose § < s — 7.

Finally, the proof of Theorem 1.2 relies on an application of the interior regularity result (see
Lemma 2.10). In case k =1 and 1+ y < 2s, we apply Lemma 2.10(i), so in this case, no regularity
assumption on K is required, at all. In case 1 4+ y > 2s, we apply Lemma 2.10(ii) with & :=k +y — 2s
(and interpret the equation up to a polynomial of degree k — 1, which is possible due to Remark 2.11), so
in this case, we need to assume only that K € C k=2s+y (§"~1), as desired. [l
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7. Nonlocal equations with local Dirichlet boundary conditions

Finally, we give the proof of the boundary regularity for nonlocal equations with Dirichlet boundary
conditions (see Theorem 1.4).

Proof of Theorem 1.4. Let us first extend & in such a way that 4 € CK*7(R"). Then, we define
w :=v —d*~'h and observe that w solves

Lw=f in €,
w=0 in R"\ €,
w/d*~'=0 ondQ,
where f := f — L(d*~'h). Moreover, for xy € Q an application of Corollary 2.5 yields | f (xo)| <
c1d?” ¥ (xp) in case k +y < 1+, as well as [‘f]ck—l—x+y(§) < cyincase k +y > 1+, and also
[f]ck—ZH—y(Bd(m)/z(x())) < c3d* '(xg) in case k + y > 2s. Since w/d*~! = 0 on 3R, by the maximum
principle (see Proposition 1.3) and a barrier argument (see for instance the proof of [Fernandez-Real
and Ros-Oton 2024a, Lemma 2.3.9], using the barrier from [Ferndndez-Real and Ros-Oton 2024a,

Lemma 2.3.10] in case k + y > 1 + s and the barrier J from the second claim in Lemma 2.7 in case
k+y < 1+4s) it holds that w € L*(2) and

lwllze@) < Clld*™ fllx@)- (7-1)
Thus w is a solution in the setting of [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020]. We
assume without loss of generality
lwll L) + ||ds_yfllLoo@)l{k+y<1+s} + 1| Fllr-t-str (@) Liky > 145y < 1.

Then, [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020] imply that for any z € 9S2 there exists
a polynomial Q. € Py_; such that

lw(x) — Q,(x)d*| <clx —z|F 17 <¢lx — /a1 (x) forall x € B (2).

By adjusting the proof of [Ros-Oton and Serra 2017, Proposition 3.2] in case k +y < 1+ s, or the second
part of the proof of [Abatangelo and Ros-Oton 2020, Proposition 4.1] in case k + ¢ > 1+ s, respectively,
according to the slight modification of the upper bound in the previous estimate, we get that for any
X0 € 2N Bi(z), letting r := d(xg),

fty+s—1 : s—1
lw — Q:d* LB, pxoy) < ™71 [w— O:d* ety (B, jy(xgy) S €17 (7-2)

Indeed, while the first estimate is immediate from the expansion, the second result follows by letting
v (x) =r kv (u(xo +rx)— Q. (xg+rx)d*(xo+ rx)),

and observing that by the previous estimate and the properties of f it holds that

vl < e+ forall R >0, [florap, 0 Liktys2s) < e’
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Plugging these findings into the remainder of [Ros-Oton and Serra 2017, proof of Theorem 1.2; Abatangelo
and Ros-Oton 2020, proof of Theorem 1.4], we obtain (7-2). From there we can show, using Holder
interpolation, and also d € Ck1+7(Q), that for any 8 € (0, k + y] it holds that

. k —1-s 1—s - - 1—s—8
[w— 0:d°1c5(B, 5 (x0)) < €T Ty o T e oy e 1d T s, poy S8

Thus, proceeding in a similar way as in the proof of Theorem 1.2, and using (7-2) as well as the previous
estimate, we obtain

o]

- = [D*( "™ (w — Q.d*Ncr (8, 0y

< Y DI THOP T w = Qud*N)er (8,
|Bl=k a=p
< Y (19%d oo, oo [0 (w = Q2d™)lev (8, o)
|BI=k a=p ol bes s
109" N (8o 197 ( = Q) |18, 500

<c Z Z(rlfsfla|rs71+|0!| +rlfsfla\fyry+sfl+\a|) <ec.
|Bl=k a<p

Ck+Y (B2 (x0))

From here, by a covering argument, and using the continuity of the extension operator,

v _
| 75 o g = €U0 = iy 1 llerr-sev@) + Wl cserian)
< clfllck=1-s+r (@) + 1A llcrr ag2)) - O
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