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REGULARITY FOR NONLOCAL EQUATIONS
WITH LOCAL NEUMANN BOUNDARY CONDITIONS

XAVIER ROS-OTON AND MARVIN WEIDNER

We establish fine results on the boundary behavior of solutions to nonlocal equations in Ck,γ domains
which satisfy local Neumann conditions on the boundary. Such solutions typically blow up at the boundary
like v ≍ dists−1 and are sometimes called large solutions. In this setup we prove optimal regularity results
for the quotients v/dists−1, depending on the regularity of the domain and on the data of the problem. The
results of this article will be important in a forthcoming work on nonlocal free boundary problems.
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1. Introduction

The study of nonlocal operators of the form

Lv(x)= p.v.
∫

Rn
(v(x)− v(x + h))K (h) dh, (1-1)

where K : Rn
→ [0,∞] is a kernel satisfying for some s ∈ (0, 1)

K (h)=
K (h/|h|)

|h|n+2s , 0< λ≤ K (θ)≤3 for all θ ∈ Sn−1, K (h)= K (−h) (1-2)

has been an important area of research in analysis and probability for the past 30 years. Operators L of the
type (1-1)–(1-2) arise naturally as generators of 2s-stable Lévy processes, and are used to model different
kinds of real-world phenomena involving long range interactions, e.g., in mathematical finance and in
physics. From a PDE perspective, it is of particular interest to study the effect of the nonlocality of L on
the regularity of solutions to nonlocal equations. By now, the question of interior regularity of solutions
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is fairly well-understood, and there are several important works in this context, such as [Caffarelli and
Silvestre 2009; 2011a; 2011b; Silvestre 2006; Bass and Levin 2002; Kassmann 2009; Di Castro et al.
2014; 2016; Barrios et al. 2014; Ros-Oton and Serra 2016b].

A much more delicate question is the one of boundary regularity of solutions to nonlocal problems.
Previous works have mostly focused on nonlocal Poisson problems, given as{

Lv = f in �,
v = 0 in Rn

\�.
(1-3)

The nonlocal Poisson problem (1-3) arises naturally as the Euler–Lagrange equation of a nonlocal energy
minimization problem and can therefore be studied via variational methods, but also via nonvariational
methods. For (1-3) it was proved (see [Ros-Oton and Serra 2014; Grubb 2015]) that weak solutions
satisfy v ∈ C s(�), once ∂� ∈ C1,γ and f ∈ L∞(�). The C s regularity of solutions is optimal, as one
can see from the explicit example (see [Getoor 1961; Landkof 1972; Dyda 2012])

(−1)s(1 − |x |
2)s

+
= cn,s > 0 in B1, (1-4)

which also remains valid for L satisfying (1-1)–(1-2) (see [Ros-Oton 2016]). However, it turns out that
once the domain, the kernel, and the data are regular enough, also the quotient v/ds will be regular,
yielding a fine description of the behavior of the solution v at the boundary. The best known result in the
literature, establishing optimal boundary regularity of weak solutions of (1-3) in terms of the regularity
of the domain and the data was shown in [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020;
Grubb 2015] (see also [Ros-Oton and Serra 2016a; 2016b; Abels and Grubb 2023]) and reads as

∂� ∈ Ck+1,γ , f ∈ Ck+γ−s(�) =⇒
v

ds ∈ Ck,γ (�) for all k ∈ N ∪ {0}, γ ∈ (0, 1). (1-5)

All the previously mentioned results on the nonlocal Poisson problem (1-3) address weak solutions for
which one can prove that they must remain bounded in � (see [Servadei and Valdinoci 2014; Korvenpää
et al. 2016]). However, explicit computations reveal that there also exist pointwise solutions of (1-3),
which explode at the boundary of the domain behaving asymptotically like ds−1. The following most
prominent example goes back to a work by Hmissi [1994] (see also [Bogdan 1999, Example 1, p. 239;
Bogdan et al. 2009, Example 3.3; Dyda 2012]):

(−1)s(1 − |x |
2)s−1

+
= 0 in B1. (1-6)

The example (1-6) has initiated the conceptual study of boundary blow-up for solutions to nonlocal
equations (see [Grubb 2014; 2015; 2018; 2023; Abatangelo 2015; 2017; Abatangelo et al. 2023; Chan
et al. 2021]). In this theory, solutions such as (1-6) are sometimes called “large solutions”. Due to the
explosion at the boundary, the above function cannot be a weak solution, and clearly violates (1-5).

In order to have a unified framework which also allows for singular behavior at the boundary, it is
necessary to keep track of the boundary behavior of the solution, or more precisely to prescribe somehow
the behavior of the quotient v/ds−1. In this spirit, the following Neumann problem, which was introduced
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in [Grubb 2014] (see also [Grubb 2018; 2023]), can be seen as a generalization of (1-3)
Lv = f in �,
v = 0 in Rn

\�,

∂ν

(
v

ds−1

)
= g on ∂�,

(1-7)

where ν(x0) ∈ Sn−1 denotes the inner unit normal at x0 ∈ ∂�. The problem (1-7) is a natural nonlocal
Neumann problem with inhomogeneous Neumann data g, and one can show that the problem is well-posed
in suitable function spaces, at least if the domain is C∞ (see [Grubb 2014]). Moreover, the solutions blow
up at every boundary point where v/ds−1 does not vanish.

Remark 1.1. The functions in (1-4) and (1-6), are both solutions to (1-7), with g ≡ 1 and f = cn,s and
with g ≡ (s − 1)2s−2 and f = 0, respectively, in case �= B1.

The Neumann condition in (1-7) is purely local in nature in the sense that it is imposed only on
the topological boundary ∂�. Therefore, (1-7) is conceptually completely different from the nonlocal
Neumann problem introduced in [Du et al. 2012; Dipierro et al. 2017] (see also [Alves and Torres Ledesma
2020; Vondraček 2021; Audrito et al. 2023; Foghem and Kassmann 2024; Grube and Hensiek 2024]). It
is also of entirely different nature than [Barles et al. 2014a; 2014b; Bogdan et al. 2003; Chen and Kim
2002], where local boundary conditions are imposed, but instead the operator is changed, depending on
the domain.

Main result. The aforementioned regularity results (1-5) from [Ros-Oton and Serra 2017; Abatangelo
and Ros-Oton 2020] do not apply to (1-7) since solutions are in general not continuous and might even
explode at the boundary. However, it is natural to expect fine regularity results for the quotients v/ds−1

depending on the regularity of the domain and the data.
When � is C∞ and K |Sn−1 is C∞, the regularity theory for (1-7) was developed by Grubb [2014]

using an approach via pseudodifferential operators.
Our goal in this work is twofold: to establish sharp boundary regularity estimates for (1-7) in Ck,γ

domains, and at the same time to prove them for the first time as localized estimates in �∩ B2. This is
new even for C∞ domains, and it is crucial for our application to free boundary problems.

Our main result is the following:

Theorem 1.2. Let L , K , s, λ, 3 be as in (1-1)–(1-2). Let k ∈ N, γ ∈ (0, 1) with γ ̸= s, and �⊂ Rn be a
Ck+1,γ domain, and K ∈ C2k+2γ+3(Sn−1). Let v ∈ L1

2s(R
n) with v/ds−1

∈ C(�) be a viscosity solution
to 

Lv = f in �∩ B2,

v = 0 in B2 \�,

∂ν

(
v

ds−1

)
= g on ∂�∩ B2,

where ν : ∂�→ Sn−1 is the normal vector of �, and f ∈ C(�)∩X (�∩ B2), g ∈ Ck−1+γ (∂�∩ B2),

X (�∩ B2)=

{
ds−γ L∞(�∩ B2) if k + γ ≤ 2s,
Ck−2s+γ (�∩ B2) if k + γ > 2s.

(1-8)
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Then, it holds that v/ds−1
∈ Ck+γ

loc (�∩ B2) and∥∥∥ v

ds−1

∥∥∥
Ck,γ (�∩B1)

≤ c
(∥∥∥ v

ds−1

∥∥∥
L∞(�∩B2)

+ ∥v∥L1
2s(R

n\B2)
+ ∥ f ∥X (�∩B2) + ∥g∥Ck−1+γ (∂�∩B2)

)
,

for some c > 0, which only depends on n, s, λ,3, k, γ,�, and ∥K∥C2k+2γ+3(Sn−1).

For the definition of L1
2s(R

n) and the notion of viscosity solutions, we refer to Section 2.
The regularity we obtain for v/ds−1 depending on the regularity of the domain � and the data f, g is

expected to be optimal. For f and g, this is an immediate consequence of interior Schauder theory (see
[Ros-Oton and Serra 2016b]), and the order of the equation. For the regularity of the domain, we observe
that our results align with the ones in [Abatangelo and Ros-Oton 2020] once v ∈ C(�∩ B2). We obtain
results with regularity assumptions on K that are expected to be optimal in case � is a half-space (see
Theorem 1.7). As in [Grubb 2014], we rule out the case γ = s. The result is expected to be false in this
case. It corresponds to proving Schauder-type regularity estimates of integer order.

Another key advantage of our approach is that it allows for localized results in �∩ B2. Nonetheless, if
�⊂ B2, and v is a solution to (1-7), by application of the maximum principle (see Lemma 3.4) to the
estimate in Theorem 1.2 we can obtain the following bound which is purely in terms of f and g:∥∥∥ v

ds−1

∥∥∥
Ck,γ (�)

≤ c(∥ f ∥X (�) + ∥g∥Ck−1+γ (∂�)).

Thus, we have the following generalization of (1-5) to solutions of (1-7):

∂� ∈ Ck+1,γ , f ∈ Ck−2s+γ (�), g ∈ Ck−1+γ (∂�)

=⇒
v

ds−1 ∈ Ck,γ (�) for all k ∈ N, γ ∈ (0, 1). (1-9)

A weak maximum principle and nonlocal problems with local Dirichlet conditions. The example (1-6)
of a nontrivial s-harmonic function that vanishes outside B1 implies that the Poisson problem (1-3) for
the fractional Laplacian is ill-posed even in the homogeneous case. Therefore, maximum principles are
usually established under an additional assumption on the boundary behavior of the solution, ruling out
“large” solutions such as (1-6) (see [Silvestre 2007; Servadei and Valdinoci 2014; Felsinger et al. 2015;
Jarohs and Weth 2019; Feulefack and Jarohs 2023; Fernández-Real and Ros-Oton 2024a]). Note that
a similar phenomenon occurs for local equations, where any constant function is a pointwise solution
inside the solution domain.

In this paper, we prove the following nonlocal weak maximum principle, which allows for solutions
that blow up at the boundary.

Proposition 1.3. Let L , K , s, λ, 3 be as in (1-1)–(1-2). Let γ > 0 and �⊂ Rn be a C1,γ domain. Let
v ∈ L1

2s(R
n) with v/ds−1

∈ C(�) be a viscosity solution to
Lv ≥ 0 in �,
v ≥ 0 in Rn

\�,
v

ds−1
≥ 0 on ∂�.

Then, v ≥ 0.
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The condition v/ds−1
≥ 0 in Proposition 1.3 includes solutions that blow up at the boundary, such

as (1-6). Previously, maximum principles including large solutions have been established in [Abatangelo
2015; Grube and Hensiek 2023; Liu and Zhuo 2025; Li and Liu 2023]. Proposition 1.3 extends these
results to general 2s-stable integrodifferential operators, and to C1,γ domains, respectively.

Recall that a natural way to make the nonlocal Poisson problem (1-3) well-posed is to impose Neumann
boundary conditions as in (1-7). Another way would be to prescribe the limit of the quotient v/ds−1

directly, which leads to the following nonlocal problem with local Dirichlet data, which was introduced
independently in [Grubb 2014; Abatangelo 2015]:

Lv = f in �,
v = 0 in Rn

\�,
v

ds−1
= h on ∂�.

(1-10)

The weak maximum principle in Proposition 1.3 implies that the problems (1-10) and (1-3) are
equivalent, when h ≡ 0. Thus, (1-10) can be seen as an inhomogeneous nonlocal Dirichlet problem.

Another contribution of this article is the following Schauder-type boundary regularity estimate for
solutions to nonlocal equations with local Dirichlet data:

Theorem 1.4. Let L , K , s, λ, 3 be as in (1-1)–(1-2). Let k ∈ N, γ ∈ (0, 1) with γ ̸= s, and �⊂ Rn be a
Ck+1,γ domain, and K ∈ C2k+2γ+3(Sn−1). Let v ∈ L1

2s(R
n) with v/ds−1

∈ C(�) be a viscosity solution
to (1-10) with f ∈ C(�)∩X (�) and h ∈ Ck+γ (∂�), where X is as in (1-8).

Then, it holds that v/ds−1
∈ C1+γ

loc (�), and∥∥∥ v

ds−1

∥∥∥
Ck,γ (�)

≤ c(∥ f ∥X (�) + ∥h∥Ck+γ (∂�))

for some c > 0, which only depends on n, s, λ,3, k, γ,�, and ∥K∥C2k+2γ+3(Sn−1).

We refer to [Grubb 2015; 2023] for similar results in the framework of pseudodifferential operators.
Note that (1-10) can always be reduced to the homogeneous problem (1-3). In fact, if � and h are

regular enough, one can extend h to a smooth function in � and consider w := v−ds−1h. Then, w solves
the homogeneous problem (1-3) with a new right-hand side f̃ = f − L(ds−1h). Since L(ds−1h) has
good regularity properties (see Corollary 2.5), we can prove Theorem 1.4, by application of the results in
[Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020].

Strategy of the proof: regularity for nonlocal problems with local Neumann data. Since the nonlocal
problem with inhomogeneous local Dirichlet data (1-10) can always be reduced to the homogeneous
problem (1-3) for which the boundary regularity theory was already established (see [Ros-Oton and Serra
2017; Abatangelo and Ros-Oton 2020]), the proof of Theorem 1.4 is rather simple.

In sharp contrast to that, for the Neumann problem (1-7) there is no cheap way to obtain the boundary
regularity results in Theorem 1.2 from the existing theory. In fact, it is already highly nontrivial to
establish Hölder continuity of the quotient v/ds−1 up to the boundary (see Theorem 1.6 below).

Our proof of Theorem 1.6 goes in three main steps.
First, we establish a weak maximum principle for solutions to the Neumann problem (1-7).
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Proposition 1.5. Let L , K , s, λ, 3 be as in (1-1)–(1-2). Let γ > 0, � ⊂ Rn be a C2,γ domain, and
K ∈ C5+2γ (Sn−1). Let v ∈ L1

2s(R
n) with v/ds−1

∈ C(�) be a viscosity solution to
Lv ≥ 0 in �,
v ≥ 0 in Rn

\�,

∂ν

(
v

b�

)
≤ 0 on ∂�,

where b� is defined in (3-2). Then v ≥ 0.

This result seems to be the first maximum principle for nonlocal problems with local Neumann boundary
conditions in the literature. We believe it to be of independent interest and refer to Lemma 3.4 for a
corresponding L∞ bound in the case of inhomogeneous data. The function b can be thought of as a special
regularized distance function taken to the power s − 1. We stress that the result is no longer true if the
function b is replaced by d̃s−1, where d̃ is another regularized distance function. In fact, Proposition 1.5
holds true for the function in (1-6) if b = (1−| · |)s−1

+ , but fails if we replace b by the regularized distance
d̃ = (1 − | · |

4).
The proof of Proposition 1.5 follows from a nonlocal Hopf-type lemma for solutions to the inhomo-

geneous Dirichlet problem (1-10) (see Lemma 3.3), which in turn follows from the weak maximum
principle in Proposition 1.3. All of these results rely heavily on explicit barriers for (1-10) in C1,γ domains
that are adapted to the geometry of the domain and blow up at the boundary like ds−1. These barriers can
be seen as perturbations of (1-6), or rather of 1D solutions such as

L(xn)
s−1
+

= 0 in {xn > 0}. (1-11)

Note that (1-11) follows simply by differentiating the equation

L(xn)
s
+

= 0 in {xn > 0}.

The previous identity is a classical fact for nonlocal operators (1-1)–(1-2) (see [Fernández-Real and
Ros-Oton 2024a, Lemma 2.6.2]).

The second main step in the proof of Theorem 1.6 is to establish Hölder continuity of order α, for
α ∈ (0, 1) small enough, up to the boundary of v/ds−1 for solutions to (1-7) in C1,γ domains.

Theorem 1.6. Let L , K , s, λ, 3 be as in (1-1)–(1-2). Let γ ∈ (0, 1), � ⊂ Rn be a C2,γ domain, and
K ∈ C5+2γ (Sn−1). Let v ∈ L1

2s(R
n) with v/ds−1

∈ C(�) be a viscosity solution to
Lv = f in �∩ B2,

v = 0 in B2 \�,

∂ν

(
v

ds−1

)
= g on ∂�∩ B2,

with f ∈ C(�∩ B2) and g ∈ C(∂�∩ B2). Then, there exists α0 > 0, such that when ds−α f ∈ L∞(�∩ B2)

for some α ∈ (0, α0], and it holds that v/ds−1
∈ Cα

loc(�∩ B2), and∥∥∥ v

ds−1

∥∥∥
Cα(�∩B1)

≤ c
(∥∥∥ v

ds−1

∥∥∥
L∞(�∩B2)

+ ∥v∥L1
2s(R

n\B2)
+ ∥ds−α f ∥L∞(�∩B2) + ∥g∥L∞(∂�∩B2)

)
,

where c > 0 and α0 depend only on n, s, λ,3, γ , and the C2,γ radius of �.
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The proof of Theorem 1.6 uses the weak maximum principle in Proposition 1.5 and the interior weak
Harnack inequality, to establish a weak Harnack inequality for v/ds−1 at the boundary (see Lemma 4.1).
This allows us to deduce a so called “growth lemma” for v/ds−1, stating that v/ds−1 must be large
pointwise in a ball centered at the boundary, if v/ds−1 was large in a measure-theoretic sense in a ball
away from the boundary. Such growth lemma allows to establish oscillation decay for v/ds−1 at the
boundary, and to deduce the Hölder estimate in Theorem 1.6. A similar proof for the classical Laplacian
can be found in [Lian and Zhang 2023].

Once the boundary Hölder estimate is shown, we can establish the higher order boundary regularity in
Theorem 1.2 via a blow-up argument. This is the third, and last step of the proof. Theorem 1.6 is crucial
in order to deduce uniform convergence of the blow-up sequence.

The blow-up argument follows the scheme in [Abatangelo and Ros-Oton 2020] and relies on a Liouville
theorem in the half-space with local Neumann data (see Theorem 5.1). However, major modifications
have to be made in most of the steps due to the boundary blow-up of solutions. For instance, we need to
show the following new result (see Corollary 2.5):

∂� ∈ Ck+1,γ
=⇒ L(ds−1) ∈ Ck−1+γ−s(�) if k + γ > 1 + s.

Moreover, the presence of a Neumann boundary condition complicates some of the arguments, such
as the proof of a stability result for viscosity solutions (see Lemma 2.13). Finally, as in [Abatangelo
and Ros-Oton 2020] we need to make use of a suitable notion of nonlocal equations up to a polynomial
(see [Dipierro et al. 2019; 2022]) in order to account for solutions that grow too fast at infinity (see
Definition 2.8).

Applications to free-boundary problems. We end the discussion of the main results of this article by
shedding some light on a, perhaps unexpected, connection between nonlocal problems with local Neumann
boundary data and free boundary problems. This connection is a main motivation for us to study (1-7).
Let us explain this phenomenon in the particular case of the fractional Laplacian.

The nonlocal one-phase free boundary problem, which was introduced in [Caffarelli et al. 2010] (see
also [Ros-Oton and Weidner 2024]), deals with the minimization of the functional

I(w) :=

∫∫
(Bc

1×Bc
1)

c
(w(x)−w(y))2

dy dx
|x − y|n+2s + M |{w > 0} ∩ B1| (1-12)

for some M > 0 and with prescribed values of w in Rn
\ B1. One can show (see [Caffarelli et al. 2010;

Fernández-Real and Ros-Oton 2024b]) that local minimizers of (1-12) are C s(B1) and that they are
viscosity solutions to 

(−1)sw = 0 in �∩ B1,

w = 0 in B1 \�,
w

ds
= cn,s M on ∂�∩ B1,

(1-13)

where cn,s > 0 is a constant and � := {w > 0}. An important question in the theory is to determine the
regularity of the free boundary ∂� near so called “regular points”. These are the points x0 ∈ ∂�∩ B1 for
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which blow-ups of w are half-space solutions, i.e., (up to rotations and multiplicative constants)

w(x0 + r x)
r s → w0(x) := (xn)

s
+

locally uniformly.

One can show using the extension for (−1)s (see [De Silva and Roquejoffre 2012; De Silva and Savin
2012; De Silva et al. 2014]) that once a sequence (wε) of viscosity solutions (1-13) is “ε-close” to the
half-space solution w0 in the sense that

(xn − ε)s
+

≤ wε(x)≤ (xn + ε)s
+
,

then it holds, as ε↘ 0, that
wε(x)− (xn)

s
+

ε
→ (xn)

s−1
+

u(x),

where u solves the so called “linearized problem”{
(−1)s((xn)

s−1
+ u)= 0 in {xn > 0} ∩ B1,

∂nu = 0 on {xn = 0} ∩ B1.
(1-14)

Hence, (xn)
s−1
+ u is a solution to a nonlocal problem with local Neumann data (1-7) in the half-space, and

it explodes at the boundary {xn = 0} ∩ B1.
In order to establish regularity results for the free boundary �= {w > 0} near regular points, it is an

important step to establish boundary regularity results for the solution to the linearized problem. For
(1-14) this was done in [De Silva and Roquejoffre 2012; De Silva and Savin 2012; De Silva et al. 2014],
using the Caffarelli–Silvestre extension.

In the light of this connection, our main result Theorem 1.2 also makes a contribution to the theory of
the nonlocal one-phase problem (1-12), and provides a completely new proof of the regularity for (1-14),
even in the case of the fractional Laplacian.

We end this discussion by stating a variant of Theorem 1.2 in the special case � = {xn > 0}. This
result holds true under assumptions on the regularity of K which are expected to be optimal, and it will
be helpful in the study of the nonlocal one-phase free boundary problem (1-13) with respect to general
nonlocal operators (1-1)–(1-2), which we plan to investigate in a future work (see [Ros-Oton and Weidner
2025]).

Theorem 1.7. Let L , K , s, λ, 3 be as in (1-1)–(1-2). Let k ∈ N, γ ∈ (0, 1) with γ ̸= s. Let

u ∈ C({xn ≥ 0} ∩ B2) with (xn)
s−1
+

u ∈ L1
2s(R

n)

be a viscosity solution to {
L((xn)

s−1
+ u)= f in {xn > 0} ∩ B2,

∂nu = g on ∂{xn = 0} ∩ B2.

with f ∈ C({xn > 0} ∩ B2)∩X ({xn > 0} ∩ B2), g ∈ Ck−1+γ ({xn = 0} ∩ B2), and K ∈ Ck−2s+γ (Sn−1) if
k + γ > 2s, where X is as in (1-8). Then, it holds that

∥u∥Ck,γ ({xn≥0}∩B1) ≤ c
(
∥u∥L∞({xn>0}∩B2)+∥(xn)

s−1
+

u∥L1
2s(R

n\B2)
+∥ f ∥X ({xn>0}∩B2)+∥g∥Ck−1+γ ({xn=0}∩B2)

)
for some c > 0, which only depends on n, s, λ,3, k, γ , and (if k + γ > 2s) also on ∥K∥Ck−2s+γ (Sn−1).
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Finally, we make the following remark.

Remark 1.8. The following two problems are equivalent if v ∈ C(�∩ B2), i.e., if solutions do not blow
up on ∂�∩ B2: 

Lv = f in �∩ B2,

v = 0 in B2 \�,

∂ν

(
v

ds−1

)
= g on ∂�∩ B2,

↔


Lv = f in �∩ B2,

v = 0 in B2 \�,
v

ds
= g on ∂�∩ B2.

Indeed, since v ≡ 0 in B2 \�, it holds for any x0 ∈ ∂�∩ B2 that

∂ν

(
v

ds−1

)
= lim

x→x0

v

ds−1
(x)− limz→x0

v

ds−1
(z)

d(x)
= lim

x→x0

v

ds (x).

Recall that the second problem is satisfied by minimizers to the nonlocal one-phase problem (1-13).
Moreover, the above problem is the nonlocal counterpart of the over-determined Serrin’s problem whenever
� ⊂ B2 (see for instance [Fall and Jarohs 2015; Soave and Valdinoci 2019; Biswas and Jarohs 2020;
Dipierro et al. 2023]).

Organization of the paper. In Section 2 we introduce the notion of viscosity solutions to (1-7) and give
some preliminary lemmas. Among them are already several new results of independent interest, such
as the construction of explicit barriers exploding at the boundary (see Section 2.3), an analysis of the
regularity of L(ds−1) in terms of the regularity of the domain (see Corollary 2.5), and a stability result
for viscosity solutions (see Lemma 2.13). In Section 3 we prove maximum principles for solutions to
nonlocal problems with local Dirichlet and Neumann data (see Propositions 1.3 and 1.5). Section 4 is
devoted to the proof of the Hölder estimate up to the boundary (see Theorem 1.6). In Section 5 we prove a
Liouville theorem in the half-space (see Theorem 5.1), and in Section 6 we carry out a blow-up argument
to prove our main result, Theorem 1.2. Finally, Section 7 contains the proof of the regularity for the
inhomogeneous Dirichlet problem (see Theorem 1.4).

2. Preliminaries

In this section, we give several important definitions, such as the definitions of viscosity solutions to (1-7).
In Section 2.2 we establish the regularity of L(ds−1) depending on the regularity of the domain and in
Section 2.3 we use these results to construct barrier functions. In Section 2.4, we introduce the notion
of nonlocal equations satisfied up to a polynomial, and in Section 2.5 we establish stability of viscosity
solutions and prove that the sum of two viscosity solutions is again a viscosity solution.

From now on, we denote by Lhom
s (λ,3) the class of operators (1-1) with kernels satisfying (1-2).

Moreover, whenever we say K ∈ Cα(Sn−1) for some α > 0, we mean that ∥K∥Cα(Sn−1) ≤3. Sometimes,
we denote the class of operators (1-1) satisfying (1-2) and K ∈ Cα(Sn−1) by Lhom

s (λ,3, α).
Moreover, given an open, bounded domain�⊂Rn with ∂�∈Cβ for some β>1, d :=d� :Rn

→[0,∞)

will denote the regularized distance which satisfies d ∈ C∞(�)∩ Cβ(�) and d ≡ 0 in Rn
\�. Crucially,

we have dist( · , �)≤ d ≤ C dist( · , �) in Rn , i.e., the topological distance and the regularized distance are
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pointwise comparable. We will often use the fact that |Dkd| ≤ cdβ−k (see [Fernández-Real and Ros-Oton
2024a, Definition 2.7.5]). Throughout this article, we will define ds−1

≡ 0 in Rn
\�.

In the following, whenever x0 ∈ ∂�, we write v/ds−1(x0) := lim�∋x→x0 v/d
s−1
� (x).

2.1. Function spaces and solution concepts. Let us introduce the following function space:

L1
α(R

n) :=

{
u : ∥u∥L1

α(R
n) :=

∫
Rn

|u(y)|(1 + |y|)−n−α dy <∞

}
, α > 0.

Typically, we will use the previous definition with α = 2s. We are now in a position to give the notion
of viscosity solution to (1-7).

Definition 2.1 (viscosity solution). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C1,γ . By
ν ∈ Sn−1, we denote the inner normal vector to ∂�.

(i) We say that v ∈ C(�)∩ L1
2s(R

n) is a viscosity subsolution to

Lv = f in �∩ B1, (2-1)

where f ∈ C(�∩ B1), if for any x ∈�∩ B1 and any neighborhood Nx ⊂� of x it holds that

Lφ(x)≤ f (x) for all φ ∈ C2(Nx)∩ L1
2s(R

n) such that v(x)= φ(x), φ ≥ v. (2-2)

We say that v is a viscosity supersolution to (2-2) if (2-2) holds true for −v and − f instead of v and f .
Moreover, v is a viscosity solution to (2-2), if it is a viscosity subsolution and a viscosity supersolution.

(ii) For any function b ∈ L1
2s(R

n) with b/ds−1
∈ C1(�) we say that v ∈ L1

2s(R
n) with v/ds−1

∈ C(�) is
a viscosity subsolution to

∂ν(v/b)= g on ∂�∩ B1,

where g ∈ C(∂�∩ B1), if for any x ∈ ∂�∩ B1 and any neighborhood Nx ⊂�∩ B1 of x it holds that

∂νφ(x)≤ g(x) for all φ ∈ C2(Nx)∩ L∞(�) such that v/b(x)= φ(x), φ ≤ v/b. (2-3)

We say that v is a viscosity supersolution to (2-3) if (2-3) holds true for −v and −g instead of v and g.
Moreover, v is a viscosity solution to (2-3), if it is a viscosity subsolution and a viscosity supersolution.

Clearly, if in (i) Lv(x), or if in (ii) ∂ν(v/ds−1)(x)= lim�∋y→x(v/ds−1)(y) exists in the strong sense,
then the notions of viscosity solutions coincide with the ones for strong solutions (see [Fernández-Real
and Ros-Oton 2024a, Lemma 3.4.13]).

2.2. Nonlocal operators and the distance function. The goal of this subsection is to establish several
lemmas on the regularity of L(ds−1) depending on the regularity of�. Lemma 2.3 will help us to establish
barriers in C1,γ domains and Corollary 2.5 is crucial for domains that are more regular.

The following lemma is a slight modification of [Fernández-Real and Ros-Oton 2024a, Lemma B.2.4].
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Lemma 2.2. Let L ∈ Lhom
s (λ,3). Let �⊂ Rn be a bounded Lipschitz domain with Lipschitz constant L

and C0,1 radius ρ0 > 0. Let x0 ∈� with ρ := d�(x0), γ >−1 and γ < β. Then,∫
�\Bρ/2

dγ�(x0 + y)|y|
−n−β dy ≤ C(1 + ργ−β)

for some constant C > 0, depending only on n, γ, β, ρ0, L , and, if γ > 0 or β ≤ 0 also on diam(�).

Proof. We assume that x0 = 0. By [Fernández-Real and Ros-Oton 2024a, Lemma B.2.4], there exists
κ > 0 such that for any t ∈ (0, κ),

Hn−1(
{d = t} ∩ (B2 j+1ρ \ B2 jρ)

)
≤ C(2 jρ)n−1. (2-4)

Note that∫
(�\Bρ/2)∩{d≥κ}

dγ (y)|y|
−n−β dy ≤ (diam(�)γ1{γ>0} + κγ1{γ≤0})

∫
(�\Bρ/2)∩{d≥κ}

|y|
−n−β dy ≤ c

for some constant c > 0 depending on κ and, if γ > 0 or β ≤ 0 also on diam(�), independent of ρ. The
independence of ρ is trivial if κ ≤ 2ρ since then � \ Bρ/2 ⊂ � \ Bκ/4, and otherwise, it follows from
the fact that Br ∩ {d ≥ κ} = ∅ once r ≤ κ/2 ≤ κ − ρ (recall that d(0)= ρ), so also in this case, we can
replace the domain of integration by � \ Bκ/2. Moreover, using (2-4) and the coarea formula,∫
(�\Bρ/2)∩{d≤κ}

dγ (y)|y|
−n−β dy ≤ c

∑
j≥1

(
(2 jρ)−n−β

∫
(B2 j+1ρ\B3 j ρ)∩{d≤κ}

dγ (y)|∇d(y)| dy
)

≤ c
∑
j≥1

(
(2 jρ)−n−β

∫ min{2 jρ,κ}

0
tγ

[∫
(B2 j+1ρ\B2 j ρ)∩{d=t}

dHn−1(y)
]

dt
)

≤ c
∑
j≥1

((2 jρ)−β+γ )≤ cργ−β

for some c > 0, where we used that γ −β < 0. □

The following lemma will be of central importance for the proof of Lemmas 2.6 and 2.7.

Lemma 2.3. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C1,γ for some

γ > 0. Then, for any δ ∈ (0, s), there exists c1 > 0, depending only on n, s, λ,3,�, γ, δ, and the C1,γ

radius of �, such that
|L(ds−1)| ≤ c1dδγ−s−1 in �.

Moreover, for any ε ∈ (0, s), there exist c2, c3 > 0 depending only on n, s, λ,3, γ, ε, and the C1,γ radius
of �, such that

−L(ds−1+ε)≤ −c2dε−s−1
+ c3 in �.

The first claim follows in a similar way as [Fernández-Real and Ros-Oton 2024a, Proposition B.2.1].

Proof. We let x0 ∈� and write ρ = d(x0). Then, we let

l(x)= (d(x0)+ ∇d(x0) · (x − x0))+
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and observe that
L(ls−1)= 0 in {l > 0},

as a consequence of L(ls)= 0 and ∇ls
= sls−1

∇l = s∇d(x0)ls−1. Next, we claim that

|ds−1
− ls−1

|(x0 + y)≤

{
Cρs+γ−3

|y|
2 in Bρ/2,

C |y|
(1+γ )δ

|ds−1−δ(x0 + y)+ ls−1−δ(x0 + y)| in Rn
\ Bρ/2.

(2-5)

From here, we can compute

|L(ds−1)(x0)| = |L(ds−1
− ls−1)(x0)|

≤ Cρs+γ−3
∫

Bρ/2
|y|

2−n−2s dy

+ C
∫
(x0+�)\Bρ/2

|y|
−n−2s+(1+γ )δ

|ds−1−δ(x0 + y)+ ls−1−δ(x0 + y)| dy

≤ C(1 + ργ−s−1
+ ργ δ−s−1),

where we applied Lemma 2.2 to d and to l with s −1− δ =: γ < β := 2s − (1+γ )δ (choosing γ ∈ (0, s)
so small that β > 0), in order to estimate the third integral. Since this estimate implies the first result, it
remains to verify the claim (2-5). In case x ∈ Bρ/2(x0), we estimate

|ds−1
−ls−1

|(x)≤ |d −l|(x)∥ds−2
+ls−2

∥L∞(Bρ/2(x0)) ≤ c∥D2d∥L∞(Bρ/2(x0))|x0 −x |
2ρs−2

≤ Cρs+γ−3
|y|

2.

Here, we used that |D2d| ≤ Cd−1+γ by [Fernández-Real and Ros-Oton 2024a, Lemma B.0.1] and that
l ≥ cρ in Bρ/2(x0). The latter statement follows since by the C1,γ regularity of d , it must be∣∣d(x)− d(x0)− ∇d(x0) · (x − x0)

∣∣ ≤ Cρ1+γ for all x ∈ Bρ/2(x0),

due to Taylor’s formula, and therefore d(x) and ρ are comparable in Bρ/2(x0), which yields for small
enough ρ for some c > 0,

l(x)≥ d(x0)+ ∇d(x0) · (x − x0)≥ d(x)− Cρ1+γ
≥ cρ > 0 for all x ∈ Bρ/2(x0).

We can always assume that ρ > 0 is small, since otherwise, the result follows by the regularity of ds−1

away from the boundary of �.
Next, for x ∈ Rn

\ Bρ/2(x0), we make use of the following algebraic inequality, which follows from
the Cδ regularity of the function t 7→ t s−1−δ in [min{a, b},max{a, b}],

|as−1
− bs−1

| ≤ c|a − b|
δ
|as−1−δ

+ bs−1−δ
| for all a, b > 0,

for any δ ∈ (0, s) and some c > 0, depending only on s, δ, which allows us to estimate

|ds−1(x)− ls−1(x)| ≤ c|d(x)− l(x)|δ|ds−1−δ(x)+ ls−1−δ(x)|

≤ c|x0 − x |
(1+γ )δ

|ds−1−δ(x)+ ls−1−δ(x)|,

where we used that by [Fernández-Real and Ros-Oton 2024a, Lemma B.2.2] it holds

|d(x)− l(x)| ≤ C |x0 − x |
1+γ .

This proves the first claim.
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Now, we turn to the proof of the second result. First, we observe that by similar arguments as in the
first part of the proof, we obtain

|dε+s−1
− lε+s−1

|(x0 + y)≤

{
Cρε+s+γ−3

|y|
2 in Bρ/2,

C |y|
(1+γ )δ

||dε+s−1−δ(x0 + y)+ lε+s−1−δ(x0 + y)| in Rn
\ Bρ/2,

and therefore
|L(dε+s−1

− lε+s−1)(x0)| ≤ C(1 + ρε+γ−s−1
+ ρε+γ δ−s−1).

We claim that for any e ∈ Sn−1 it holds that{
L((x · e)ε+s−1

+ )= ce(x · e)ε−s−1
+ in {x · e > 0},

(x · e)s−1+ε
+ = 0 in {x · e ≤ 0}

(2-6)

for some ce ∈ [c−, c+], where c+ > c− > 0 depend only on n, s, λ,3. Once we have shown the claim
(2-6), we can conclude the proof, since it implies

−L(dε+s−1)(x0)≤ −L(lε+s−1)(x0)+ |L(dε+s−1
− lε+s−1)(x0)|

≤ −cρε−s−1
+ C(1 + ρε+γ−s−1

+ ρε+γ δ−s−1)≤ −cρε−s−1
+ C.

Hence, it remains to prove (2-6). By the 2s-homogeneity of L we can apply [Fernández-Real and
Ros-Oton 2024a, Lemmas B.1.5 and 1.10.3(iii)] and deduce

L((x · e)ε+s−1
+

)= c1(−1)
s
R(x · e)ε+s−1

+
= c1c2(x · e)ε−s−1

+

for some constant c1 > 0 and where c2 is given by, see [Fall and Ros-Oton 2022, Lemma 2.4],

c2 = (−1)sR(t
ε+s−1
+

)(1)=
0(s + ε)

0(−s + ε)

sin(π(−1 + ε))

sin(π(−1 − s + ε))
> 0.

This concludes the proof. □

The following lemma is crucial in the proofs of Lemma 2.13, and in Section 6. It follows by differenti-
ating the corresponding results in [Abatangelo and Ros-Oton 2020].

Lemma 2.4. Let L ∈Lhom
s (λ,3). Let k ∈ N, and �⊂ Rn be an open, bounded domain with ∂� ∈ Ck+1,γ

for some γ ∈ (0, 1) with γ ̸= s, and 0 ∈ ∂�. Assume that K ∈ C2k+2γ+3(Sn−1). Let

η ∈ Ck,γ (�∩ B1)∩ C∞(�∩ B1).

Then, there exists c > 0, depending only on n, s, λ,3,�, γ, k, such that the following holds true:

(i) If k = 1 and γ < s, then

|L(ds−1(∇d)η)| ≤ c(| · | + |η(0)| + |∇η(0)|)dγ−s in �∩ B1/2.

(ii) If k ≥ 2 or γ > s, then

[L(ds−1(∇d)η)]Ck−1−s+γ (�∩B1/2)
≤ c(| · | + |η(0)| + |∇η(0)|).

(iii) If k + γ > 2s, then we have for any x0 ∈�∩ B1/2

[L(ds−1(∇d)η)]Ck+γ−2s(Bd(x0)/2(x0)) ≤ c(| · | + |η(0)| + |∇η(0)|)ds−1(x0).
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Proof. By [Abatangelo and Ros-Oton 2020, Corollary 2.3] (see also [Kukuljan 2021, Corollary 3.9] for
i > k + 1), we deduce that

|Di L(dsη)| ≤ c(| · | + |η(0)|)dk+γ−s−i in �∩ B1/2 for all i ∈ N. (2-7)

By [Abatangelo and Ros-Oton 2020, Theorem 2.2] and the choice of ψ in the proof of [Abatangelo
and Ros-Oton 2020, Corollary 2.3], it follows that the assumption η ∈ Ck,γ (�∩ B1)∩ C∞(�∩ B1) is
sufficient for (2-7) to hold true. Let us now prove (i) and assume that k = 1 and γ < s. Then, since
Diη ∈ C∞(Rn), another application of [Abatangelo and Ros-Oton 2020, Corollary 2.3] yields

∥L(ds Diη)∥C1+γ−s(�∩B1/2)
≤ C for i ∈ {1, 2}.

Since ∇(dsη)= sds−1(∇d)η+ ds
∇η, a combination of the previous two estimates with i = 1 implies

|L(ds−1(∇d)η)| ≤ s−1
|∇L(dsη)| + s−1

|L(ds
∇η)| ≤ c(| · | + |η(0)| + |∇η(0)|)dγ−s in �∩ B1/2,

which yields the result in (i).
To see (ii) and (iii), we observe first that by application of (2-7), we have for any i ∈ N

|Di L(ds(∇η))| ≤ c(| · | + |∇η(0)|)dk+γ−s−i in �∩ B1/2.

Next, by differentiation, we obtain

Di+1(dsη)= s Di (ds−1(∇d)η)+ Di (ds
∇η).

Thus, altogether for every i ∈ N

|Di (L(ds−1(∇d)η))| ≤ s−1
|Di+1L(dsη)| + s−1

|Di L(ds(∇η))|

≤ c(| · | + |η(0)|)dk+γ−s−(i+1)
+ c(| · | + |∇η(0)|)dk+γ−s−i

≤ c(| · | + |η(0)| + |∇η(0)|)dk+γ−s−i−1 in �∩ B1/2. (2-8)

To conclude the proof of (ii), let x0 ∈�∩ B1/2, and note that if k ≥ 2 or γ > s, then (2-8) applied with
i = k − 1 + ⌈γ − s⌉ implies

[L(ds−1(∇d)η)]Ck−1−s+γ (Bd(x0)/2(x0)) ≤ sup
x,y∈Bdx0 /2

(x0)

∥Dk−1+⌈γ−s⌉(L(ds−1(∇d)η))∥L∞(Bd(x0)/2(x0))

|x − y|γ−s−⌈γ−s⌉

≤ c(| · | + |η(0)| + |∇η(0)|)dγ−s−⌈γ−s⌉(x0)ds−γ+⌈γ−s⌉(x0)

≤ c(| · | + |η(0)| + |∇η(0)|),

where we used that γ < 1. From here, a covering argument (see [Fernández-Real and Ros-Oton 2024a,
Lemma A.1.4]) yields the desired regularity estimate in �∩ B1/2.
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To prove (iii), note that if k + γ > 2s, then (2-8) applied with i = k + ⌈γ − s⌉ implies

[L(ds−1(∇d)η)]Ck+γ−2s(Bd(x0)/2(x0)) ≤ sup
x,y∈Bd(x0)/2(x0))

∥Dk+⌈γ−s⌉(L(ds−1(∇d)η))∥L∞(Bd(x0)/2(x0))

|x − y|γ−2s−⌈γ−s⌉

≤ c(| · | + |η(0)| + |∇η(0)|)dγ−s−1−⌈γ−s⌉(x0)d2s−γ+⌈γ−s⌉(x0)

≤ c(| · | + |η(0)| + |∇η(0)|)ds−1(x0),

where we used that γ < 1. This implies (iii), and we conclude the proof. □

As a corollary, we obtain the following result:

Corollary 2.5. Let L ∈Lhom
s (λ,3). Let k ∈N, and�⊂Rn be an open, bounded domain with ∂�∈Ck+1,γ

for some γ ∈ (0, 1) with γ ̸= s, and 0 ∈ ∂�. Assume that K ∈ C2k+2γ+3(Sn−1). Let

η ∈ Ck,γ (�∩ B1)∩ C∞(�∩ B1).

Then, there exists c > 0, depending only on n, s, λ,3,�, γ, k, such that the following holds true:

(i) If k = 1 and γ < s, then

|L(ds−1η)| ≤ c∥η∥C1(�∩B1/2)
dγ−s in �∩ B1/2.

(ii) If k ≥ 2 or γ > s, then

[L(ds−1η)]Ck−1−s+γ (�∩B1/2)
≤ c

(
∥η∥C1(�∩B1/2)

+ ∥η∥Ck−1+s+γ (�∩B1)

)
.

(iii) If k + γ > 2s, then we have for any x0 ∈�∩ B1/2

[L(ds−1η)]Ck+γ−2s(Bd(x0)/2(x0)) ≤ c
(
∥η∥C1(�∩B1/2)

+ ∥η∥Ck+γ (�∩B1)

)
ds−1(x0).

Proof. There exist N ∈ N and δ > 0, νi ∈ Sn−1, xi ∈ ∂�∩ B1, depending only on �, such that ∂νi d ≥
1
2

in �∩ Bδ(xi ), for i ∈ {1, . . . , N }, and such that

{x ∈�∩ B1/2 : d(x)≤ δ/2} ⊂

N⋃
i=1

Bδ(xi ).

Then, by application of Lemma 2.4(i) to η := (∂νi d)
−1η∈ Ck,γ (�∩ Bδ(xi ))∩C∞(�∩ Bδ(xi )), we deduce

that for any i ∈ {1, . . . , N }

|L(ds−1η)| ≤ c(| · | + |η(xi )| + |∇η(xi )|)dγ−s in �∩ Bδ/2(xi ).

Thus, we have proved (i) in �∩ B1/2 ∩{d(x)≤ δ/2}. The result in �∩ B1/2 ∩{d(x) > δ/2} is immediate
from the regularity of K (see [Fernández-Real and Ros-Oton 2024a, Lemma 2.2.6]).

The proofs of (ii) and (iii) follow from Lemma 2.4 in an analogous way. □
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2.3. Barriers with boundary blow-up. Let us construct barrier functions that are suitable for establishing
maximum principles for solutions that blow up at the boundary. We establish a subsolution and a
supersolution in the following two lemmas.

Lemma 2.6. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C1,γ for some

γ > 0. Then, for any l ∈ R, ε ∈ (0,min{s, 1 − s}), and M > 0 there exists φl ∈ C∞(�) such that
Lφl ≤ −dε−s−1

− M in �,
φl = 0 in Rn

\�,

φl/ds−1
= l on ∂�.

Moreover, if l ≥ 0, then there exists δ ∈ (0, 1), depending only on n, s, λ,3, diam(�), ε,M , such that
φl ≥ 0 in �∩ {d ≤ δ}. And if l < 0, then for M large enough, depending on n, s, λ,3, diam(�), ε, it
holds that φl ≤ 0 in �.

Proof. Let ε ∈ (0, s) and N > 1 to be chosen small and large, respectively, later. We set

φl(x) := lds−1(x)− ds−1+ε(x)− N1�(x).

Then, by Lemma 2.3,
Lφl ≤ c1ldδγ−s−1

− c2dε−s−1
+ c3 − N L1�.

Since L1� ≥ 0, by taking any δ ∈ (0, s) and then ε < δγ , we see that there exists η > 0, depending on
s, l, ε,M, δ, γ , such that

Lφl ≤ −dε−s−1
− M in �∩ {d < η}.

Moreover, there exists c4 > 0, depending on diam(�), such that L1� ≥ c4 in �∩{d ≥ η}. Thus, choosing
N = Mc−1

4 , we deduce that
Lφl ≤ −dε−s−1

− M in �,

as desired. The remaining properties of φl follow immediately from its construction. □

Lemma 2.7. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C1,γ for some

γ > 0. Then, there is c1 > 0, depending only on n, s, λ,3, such that for any l ∈ R, ε ∈ (0,min{sγ, 1−s}),
and M > 0 there exists ψl ∈ C∞(�) such that

Lψl ≥ c1dε−s−1
+ M in �,

ψl = 0 in Rn
\�,

ψl/ds−1
= l on ∂�.

Moreover, for any M > 0, if l > 0 is large enough, depending only on n, s, λ,3, diam(�), ε, it holds that
ψl ≥ 0 in �.

Moreover, for any ε ∈ (0, s), there is ψ̃ ∈ C s(�) such that for some c2 > 0
Lψ̃ ≥ dε−s in �,
ψ̃ = 0 in Rn

\�,

ψ̃/ds−1
= 0 on ∂�,

∂ν(ψ̃/ds−1)≤ c2 on ∂�.
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Proof. Let l ∈ R and ε ∈ (0,min{sγ, 1 − s}). The proof is similar to the one of Lemma 2.6. We set

ψl(x)= lds−1(x)+ ds−1+ε(x)+ C21�(x)

and since ε < sγ , we can choose δ ∈ (0, s) such that ε < δγ and take C2 > 0 to be chosen later. By
Lemma 2.3,

Lψl ≥ −c1ldδγ−s−1
+ c2dε−s−1

− c3 + c4C2 in �,

for some constants c1, c2, c3, c4 > 0, depending only on n, s, λ,3, δ, and the C1,γ radius of �. Thus, if
we choose C2 > 0 large enough, depending on M, l, c1, c2, c3, c4, ε, diam(�), then we deduce

Lψl ≥ cdε−s−1
+ M in �.

Finally, we observe that upon choosing l > 0 large enough, depending only on ε, diam(�), we have

ψl ≥ lds−1
+ ds−1+ε

≥ 0 in �.

For the second claim, we recall from [Fernández-Real and Ros-Oton 2024a, Lemma B.2.6] that for
any ε ∈ (0, s), there exist N > 0 and c1 > 0 such that

L(−Nds+ε)≥ dε−s
− c1 in �.

Let ψ̃2 ∈ L∞(�) be the solution to the Dirichlet problem{
Lψ̃2 = c1 in �,
ψ̃2 = 0 in Rn

\�,

and observe that by the boundary regularity theory from [Fernández-Real and Ros-Oton 2024a], it holds
that ψ̃2 ∈ C s(�), and hence for ψ̃ := −Nds+ε

− ψ̃2, we obtain

ψ̃

ds−1 = 0 on ∂�.

Therefore, for some c2 > 0,

|∂ν(ψ̃/ds−1)| = (1 − s)|ψ̃/ds
| ≤ c2 on ∂�,

as desired. □

2.4. Nonlocal equations up to a polynomial. We will need the following definition of nonlocal equations
that hold true up to a polynomial. It was introduced in [Dipierro et al. 2019] for the fractional Laplacian
and the theory was extended in [Dipierro et al. 2022] to general nonlocal operators (see also [Abatangelo
and Ros-Oton 2020]).

Definition 2.8. For k ∈ N, a bounded domain � ⊂ Rn , f ∈ C(�), and K ∈ Ck−1+δ(Sn−1) for some
δ > 0, we say that a function u ∈ C(�)∩ L1

2s+k(R
n) solves in the viscosity sense

Lu k
= f in �,
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if there exist polynomials (pR)R>1 ∈ Pk−1 of degree k − 1, and functions ( fR)R>1 such that

L(u1BR )= fR + pR in � for all R > diam(�),

∥ fR − f ∥L∞(�) → 0 as R → ∞.

Remark 2.9. • In case k = 0, we set P0−1 = P−1 = {0}. Then, Lu 0
= f is equivalent to Lu = f (see

[Dipierro et al. 2022, Corollary 2.13]).

• Instead of K ∈ Ck(Sn−1), here we only assume K ∈ Ck−1+δ(Sn−1) for some δ > 0. It is easy to see
that all the arguments in [Dipierro et al. 2022] remain valid under this weaker assumption. We decided to
make this change in order to have optimal assumptions on K in Theorem 1.7.

• As in [Abatangelo and Ros-Oton 2020], we assume uniform convergence fR → f . This is slightly
different from [Dipierro et al. 2019], where pointwise convergence was assumed.

The following lemma is a slight improvement of [Abatangelo and Ros-Oton 2020, Lemma 3.6] (see
also [Ros-Oton et al. 2025, Lemma 8.1]) in the sense that the estimate involves a weighted L1 norm
instead of a weighted L∞ norm.

Lemma 2.10. Let L ∈ Lhom
s (λ,3). Let u ∈ C(B1) be a viscosity solution to

Lu = f in B1.

Then, the following hold true:

(i) Let β ∈ (0, 2s] if s ̸=
1
2 and β ∈ (0, 1) if s =

1
2 . If f ∈ C(B1) and u ∈ L1

2s(R
n), then it holds that

u ∈ Cβ

loc(B1) and

∥u∥Cβ (B1/2) ≤ c
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s dy + ∥ f ∥L∞(B1)

)
for some c > 0, depending only on n, s, λ,3, β.

(ii) If f ∈ Cα(B1) for some α > 0 such that 2s + α ̸∈ N, K ∈ Cα(Sn−1), and u ∈ L1
2s+α(R

n), then
u ∈ C2s+α

loc (B1) and

∥u∥C2s+α(B1/2) ≤ c
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + [ f ]Cα(B1)

)
for some c > 0, depending only on n, s, λ,3, α.

Remark 2.11. From the proof it is apparent, that Lemma 2.10(ii) remains true if Lu k
= f for k < α.

Proof. Let us first show (ii) in case α < 1. Let us define v = u1B1 . We claim that v solves Lv = f̃ in
B3/4 for some f̃ ∈ C2s+α(B3/4) with

∥ f̃ ∥Cα(B3/4) ≤ C
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + [ f ]Cα(B3/4)

)
. (2-9)



REGULARITY FOR NONLOCAL EQUATIONS WITH LOCAL NEUMANN BOUNDARY CONDITIONS 371

To prove it, first, we observe that for any h ∈ B3/4 and x ∈ B3/4−|h|, using that K ∈ Cα(Sn−1),

|L(u1Rn\B1)(x)− L(u1Rn\B1)(x + h)| ≤ |h|
α

∫
Rn\B1

|u(y)|
|K (x − y)− K (x + h − y)|

|h|α
dy

≤ c|h|
α

∫
Rn\B1

|u(y)|
|y|n+2s+α dy.

Therefore, since we can add and subtract constants to f̃ without affecting the left-hand side of the next
estimate, for any h ∈ B3/4 it holds that

∥ f̃ − f̃ ( · + h)∥L∞(B3/4−|h|) ≤ C
(

osc
B3/4

f + |h|
α

∫
Rn\B1

|u(y)|
|y|n+2s+α dy

)
. (2-10)

From here, we deduce that there exist g ∈ L∞(B3/4) and a constant p such that f̃ = g+ p. By construction
we have

∥g̃∥L∞(B3/4) ≤ C
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + osc

B3/4
f
)
.

We split v = v1 + v2, where v1 and v2 are solutions to{
Lv1 = g̃ in B3/4,

v1 = v in Rn
\ B3/4,

{
Lv2 = p in B3/4,

v2 = 0 in Rn
\ B3/4,

and note that the existence of v1, v2 follows from [Fernández-Real and Ros-Oton 2024a, Theorem 3.2.27]).
Then, by the maximum principle (see [Fernández-Real and Ros-Oton 2024a, Corollary 3.2.22]) we deduce
that

∥v1∥L∞(B3/4) ≤ C
(

∥v∥L∞(Rn\B3/4) + ∥g̃∥L∞(B3/4)

)
≤ C

(
∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + osc

B3/4
f
)
.

Hence,

∥v2∥L∞(B3/4) ≤ ∥u∥L∞(B3/4) + ∥v1∥L∞(B3/4) ≤ C
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + osc

B3/4
f
)
.

Then, by [Abatangelo and Ros-Oton 2020, Lemma 3.7], we deduce

∥p∥L∞(B3/4) ≤ C∥v2∥L∞(B3/4) ≤ C
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + osc

B3/4
f
)
.

Altogether, we have shown

∥ f̃ ∥L∞(B3/4) ≤ ∥g̃∥L∞(B3/4) + ∥p∥L∞(B3/4) ≤ C
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + osc

B3/4
f
)
.

Finally, as a direct consequence of (2-10), we deduce

[ f̃ ]Cα(B3/4) ≤ C
(

∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + [ f ]Cα(B3/4)

)
,

which yields the claim (2-9).
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Thus, by application of the interior regularity estimate [Fernández-Real and Ros-Oton 2024a, Theo-
rem 2.4.1] to v, we obtain

∥u∥C2s+α(B1/2) = ∥v∥C2s+α(B1/2) ≤ c
(
∥v∥L∞(Rn) + ∥ f̃ ∥Cα(B3/4)

)
≤ c

(
∥u∥L∞(B1) +

∫
Rn\B1

|u(y)|
|y|n+2s+α dy + [ f ]Cα(B3/4)

)
,

as desired. This proves (ii) in case α < 1. The case α ≥ 1 goes in the same way by considering higher
order incremental quotients in the arguments above. Statement (i) was proved in [Fernández-Real and
Ros-Oton 2024a, Theorem 2.4.3]. The L∞ norm can be replaced by the L1

2s(R
n) norm by the same

truncation argument we employed above. □

Next, we provide a lemma stating that equations up to a polynomial can be differentiated in the same
way as classical nonlocal equations. This lemma will be used in the proof of Lemma 5.3.

Lemma 2.12. Let L ∈ Lhom
s (λ,3). Let k ∈ N, f ∈ C1(B1), and K ∈ Ck+δ(Sn−1) for some δ > 0. Let

u ∈ C(B1)∩ L1
2s+k+δ(R

n) with ∂i u ∈ L1
2s+k−1+δ(R

n). Then, it holds that

Lu k+1
= f in B1,

and ∂i fR → ∂i f , if and only if

L(∂i u)
k
= ∂i f in B1.

Proof. Let us assume first that ∂i u ∈ L1
2s+k−1+δ(R

n), and assume that Lu k+1
= f in B1. Then, there exist

polynomials pR ∈ Pk and functions fR ∈ L∞(B1) with fR → f such that

L(u1BR )= fR + pR in B1.

Let us now consider difference quotients Dh
i u(x)=

u(x+ei h)−u(x)
|h|

and compute

L(Dh
i u1BR )= L(Dh

i (u1BR ))− L(u Dh
i 1BR )= Dh

i fR + Dh
i pR − L(u Dh

i 1BR ),

where, by following the proof of [Dipierro et al. 2022, Theorem 2.1], we can decompose

−L(u Dh
i 1BR )(x)=

∫
Rn\B3

u Dh
i 1BR (y)K (x − y) dy = dR,h(x)+ gR,h(x)

for functions gR,h such that

gR,h(x)=

∫
Rn

Dh
i (1BR )(y)u(y)ψ(x, y) dy = −

∫
BR

(
Di

−hu(y)ψ(x, y)+ u(y)Di
−hψ(x, y)

)
dy

for some function ψ : B1 × (Rn
\ B3)→ R such that

sup
x∈B1

ψ(x, y)≤ C sup
x∈B1

(1 +|x − y|)−(n+2s+k−1+δ), sup
x∈B1

|∇yψ(x, y)| ≤ C sup
x∈B1

(1 +|x − y|)−(n+2s+k+δ),

and polynomials dR,h ∈ Pk−1 with

dR,h(x)=

∑
|α|≤k−1

κα,h xα, κα,h = cα

∫
BR

Di
−h[u(y)∂

α
x K (x − y)] dy, cα ∈ R.
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Clearly, it holds that gR,h → gR , and dR,h → dR , as R → ∞, where

gR(x)=

∫
BR

∂i [u(y)ψ(x, y)] dy, dR(x)=

∑
|α|≤k−1

καxα, κα = cα

∫
BR

∂i [u(y)∂αx K (x − y)] dy.

For the convergence gR,h → gR we are using that for any x ∈ B1,∣∣1BR (y)(D
i
−hu(y)ψ(x, y)+ 1BR (y)u(y)D

i
−hψ(x, y))

∣∣
≤ C |∂i u(y)| sup

x∈B1

(1 + |x − y|)−(n+2s+k−1+δ)
+ C |u(y)| sup

x∈B1

(1 + |x − y|)−(n+2s+k+δ)
∈ L1(Rn)

and dominated convergence. Moreover, from integrating by parts, we see that it holds for any x ∈ B1∫
∞

2
R−1

|g(2)R (x)| dR ≤

∫
∞

2
R−1

∫
∂BR

|u(y)||x − y|
−(n+2s+k−1+δ) dy dR

≤ c
∫

Bc
2

|u(y)||y|
−(n+2s+k+δ) dy <∞,

which implies that gR(x)→ 0, as R → ∞, uniformly in x .
Altogether, we have shown

L(∂i u1BR )= lim
h→0

Dh
i fR + lim

h→0
Dh

i pR + lim
h→0

dR,h + lim
h→0

gR,h = ∂i fR + ∂i pR + dR + gR,

which implies that

L(∂i u1BR )
k
= f in B1,

as desired.
Let us now show the other implication, i.e., assume that L(∂i u)

k
= ∂i f in B1. Then, by [Dipierro et al.

2022] we observe that there are FR : Rn
→ R, and PR ∈ Pk such that

L(u1BR )= FR + PR in B1.

Clearly, by the same arguments as above, we have

L((Dh
i u)1BR )= Dh

i L(u1BR )− L(u Dh
i 1BR )= Dh

i FR + Dh
i PR + dR,h + gR,h

with Dh
i PR + dR,h ∈ Pk−1 and gR,h → gR , as h → 0 with gR → 0, as R → ∞. Thus, by the stability for

viscosity solutions up to a polynomial (see [Abatangelo and Ros-Oton 2020, Lemma 3.5]), we have that

fR + pR = L(∂i u1BR )= ∂i FR + ∂i PR + dR + gR,

where dR, pR, ∂i PR ∈ Pk−1. Hence, after integrating the previous identity in xi and denoting F̃R(x)=∫ xi
−∞
( fR − gR)(x ′, yi ) dy, we can deduce

FR = F̃R + P̃R in B1,

where P̃R ∈ Pk is such that ∂i P̃R = pR − dR − ∂i PR . Then, since fR → f and gR → 0, as R → ∞, we
deduce that F̃R → F , where ∂i F = f , and the proof is complete. □
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2.5. Two lemmas on viscosity solutions. In this section, we prove two auxiliary lemmas for viscosity
solutions to nonlocal equations with local Neumann boundary data, namely a stability result, and that
sums of viscosity subsolutions are again viscosity subsolutions. Both results are standard for nonlocal
equations in the interior of the solution domain (see [Fernández-Real and Ros-Oton 2024a]). However,
since we consider equations at the boundary, where solutions satisfy a Neumann condition in the viscosity
sense, both results require a proof. Both proofs heavily rely on the interaction of nonlocal operators with
the distance function and the results in Section 2.2.

First, we prove a stability result, which will be crucial in the blow-up argument of our proof of the
higher boundary regularity.

Lemma 2.13. Let k ∈ N ∪ {0}, γ ∈ (0, 1) with γ ̸= s, and � j ⊂ Rn be open, bounded domains with
∂� j ∈ C2,γ such that 0 ∈ ∂� j , ν0 = en for any j ∈ N, and such that the C2,γ radii of � j and diam(� j )

are uniformly bounded. Given a sequence r j ↘ 0, we set �̃ j = r−1
j � j and d̃ j := d�̃ j

. Let v j ∈ L1
2s+k(R

n)

with v j/d̃s−1
j ∈ C(�̃ j ) be viscosity solutions to

L jv j
k
= f j in �̃ j ∩ B1,

v j = 0 in Rn
\ �̃ j ,

∂ν(v j/d̃s−1
j )= g j on ∂�̃ j ∩ B1,

where f j ∈ C(�̃ j ∩ B1), g j ∈ C(∂�̃ j ∩ B1), and (L j ) j ⊂ Lhom
s (λ,3, k − 1 + α) for some α > 0.

Moreover, assume that there are v ∈ L1
2s+k(R

n) with v/(xn)
s−1
+ ∈ C({xn ≥ 0}), f ∈ C({xn > 0} ∩ B1),

g ∈ C({xn = 0} ∩ B1), L ∈ Lhom
s (λ,3, k − 1 +α), and ε j ↘ 0, q j ∈ Pk such that

v j/d̃s−1
j → v/(xn)

s−1
+

in L∞

loc(B1),

v j → v in L1
2s+k(R

n),

| f j − p j − f | → 0 in L∞

loc(B1 ∩ {xn > 0}),

|g j − q j − g|(x)≤ cε j → 0 for all x ∈ ∂�̃ j ∩ B1,

K j → K in Ck−1+α(Sn−1).

Then, there exists q ∈ Pk such that v is a viscosity solution to
Lv k

= f in B1 ∩ {xn > 0},

v = 0 in Rn
\ {xn > 0},

∂n(v/(xn)
s−1
+ )= g + q on B1 ∩ {xn = 0}.

If k = 0, the same result holds with d̃s−γ
j f j ∈ L∞(�̃ j ∩ B1) and (xn)

s−γ
+ f ∈ L∞({xn > 0} ∩ B1).

Proof. Let us define u j := v j/d̃s−1
j and u := v/(xn)

s−1
+ . Since u j → u in L∞

loc(B1) it follows that
v j = d̃s−1

j u j → (xn)
s−1
+ u = v in L∞

loc(B1 ∩ {xn > 0}). This property is enough to use the stability of
viscosity solutions from [Fernández-Real and Ros-Oton 2024a, Proposition 3.2.12] to v j and v. The
higher order version which we require here follows from [Abatangelo and Ros-Oton 2020, Lemma 3.5].
Since v j → v in L1

2s(R
n), we also have that v = 0 in B1 \ {xn > 0}. Consequently, it only remains to

prove the convergence of the Neumann boundary condition.
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To do so, let x0 ∈ B1∩{xn =0}. In case k ≥1, we first truncate v and v j in B2(x0) and apply [Abatangelo
and Ros-Oton 2020, Lemma 3.6] to obtain the equations satisfied by v1B2(x0) and v j 1B2(x0). In order not
to over-complicate the notation, let us denote the truncations still by v and v j and the corresponding source
terms by f and f j . Then, let φ ∈ C2(Br (x0)) for some r ∈ (0, 1) with φ ≤ u in Br (x0), φ(x0)= u(x0),
and φ ≡ u in Rn

\ Br (x0) be a test function. Given δ ∈ (0, 1), η ∈ (0, γ ), we define now

ψ (δ)(x)= −δ1Br (x0)(x)[(xn)+ − (xn)
1+η
+ ], ψ

(δ)
j (x)= −δ1Br (x0)(x)[d̃ j (x)− d̃1+η

j (x)].

There exist C > 0 and ε ∈ (0, r/2), independent of δ, j , such that

L j (d̃s−1
j ψ

(δ)
j )≤ −Cδd̃η−s

j in �̃ j ∩ Bε(x0). (2-11)

This is due to [Fernández-Real and Ros-Oton 2024a, Proposition B.2.1, Lemma B.2.6, Corollary B.2.8],
and since �̃ j ∩ BR(x0) and the respective C2,γ -radii of �̃ j are uniformly bounded. Indeed, the aforemen-
tioned results yield the existence of ε0 > 0 such that

−δL j (d̃s−1
j [d̃ j − d̃1+η

j ])≤ −c1δd̃
η−s
j in �̃ j ∩ Bε0(x0).

Moreover, one computes by scaling from �̃ j to � j , denoting d j = d� j , and applying Lemma 2.2,

−δL j (d̃s−1
j [d̃ j − d̃1+η

j ]1Rn\Br (x0))≤ cδ
∫
�̃ j \Br (x0)

(d̃s
j (y)+ d̃s+η

j (y))|y|
−n−2s dy

≤ cδ
∫
� j \Brrj (x0)

(r s
j d

s
j (y)+ r s−η

j ds+η
j (y))|y|

−n−2s dy

≤ c2δ(1 + r−s
+ rη−s) in �̃ j ∩ Br/2(x0), (2-12)

where c2 > 0 might depend on diam(� j ), which we assumed to be bounded, but not on j . Thus, by
combination of the previous two computations, we deduce (2-11) upon choosing ε < ε0 if necessary.

Moreover, it is immediate by construction that

ψ (δ) ≤ 0 in Rn. (2-13)

Next, we set φ(δ) := φ +ψ (δ). For any δ > 0, it still holds φ(δ) ≤ u by (2-13), and φ(δ)(x0) = u(x0),
however u −φ(δ) has a strict minimum at x0 in Br (x0).

It suffices to prove for any δ > 0 small enough,

∂nφ
(δ)(x0)≤ g(x0)+ q(x0), (2-14)

since then it follows that ∂nφ(x0)= ∂nφ
(δ)(x0)+ δ ≤ g(x0)+ q(x0)+ δ, and we obtain the desired result

upon taking the limit δ ↘ 0.
Let us now construct test functions φ(δ)j for any j ∈ N as

φ
(δ)
j =

{
u j = u j +ψ

(δ)
j in Rn

\ Br (x0),

φ+ c j +ψ
(δ)
j in Br (x0),
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where

c j = min
{
c ∈ R : φ+ c +ψ

(δ)
j ≤ u j in Br (x0)

}
.

Since ψ (δ)j →ψ (δ) (lower half-relaxed limits) in Br (x0), we obtain that c j → 0 and there exist x j ∈ Br (x0)

with x j → x0 such that φ(δ)j (x j ) = u j (x j ) and φ(δ)j ≤ u j by [Fernández-Real and Ros-Oton 2024a,
Lemma 3.2.10 and proof of Proposition 3.2.12].

Next, we argue that x j ∈ ∂�̃ j ∩ B1. Without loss of generality, we can assume that x j ∈ Bε(x0) upon
taking j ∈ N large enough. In fact, if x j ∈ �̃ j ∩ Bε(x0), then we can compute using Corollary 2.5(i),
and (2-11),

L j (d̃s−1
j φ

(δ)
j )(x j )= L j (d̃s−1

j φ1Br (x0))(x j )+ c j L j (d̃s−1
j 1Br (x0))(x j )

+ L j (v j 1Rn\Br (x0))(x j )+ L j (d̃s−1
j ψ

(δ)
j )(x j )

≤ L j (d̃s−1
j φ)(x j )+ c j L j (d̃s−1

j )(x j )+ L j (d̃s−1
j u j 1Rn\Br (x0))(x j )

− c j L j (d̃s−1
j 1Rn\Br (x0))(x j )+ c∥v j∥L1

2s(R
n) − Cδd̃η−s

j (x j )

≤ Cr d̃γ−s
j (x j )− Cδd̃η−s

j (x j ) (2-15)

for some constant Cr > 0, depending also on ∥v j∥L1
2s(R

n) and ∥v∥L1
2s(R

n). To estimate the fourth term in
the last estimate, we used an argument similar to (2-12), namely

−L j (d̃s−1
j 1Rn\Br (x0))(x j )≤ c

∫
�̃ j \Br (x0)

d̃s−1
j (y)|y|

−n−2s dy

≤ c
∫
� j \Brr j (x0)

r s+1
j ds−1

j (y)|y|
−n−2s dy ≤ cr−s−1

=: cr

for some cr > 0, where we applied Lemma 2.2. Let us now recall that η < γ .
Hence, upon making ε > 0 even smaller, we can have in �̃ j ∩ Bε(x0),

Cδd̃η−γj >
(
Cr + 1{k=0}∥d̃s−γ

j f j∥L∞(�̃ j ∩B1)
+ 1{k≥1}∥ f j∥L∞(�̃ j ∩B1)

)
.

Then it holds that

L j (d̃s−1
j φ

(δ)
j )(x j ) <−1{k=0}d̃

γ−s
j (x j )∥d̃s−γ

j f j∥L∞(�̃ j ∩B1)
− 1{k≥1}∥ f j∥L∞(�̃ j ∩B1)

< f j (x j ). (2-16)

However, by construction, d̃s−1
j φ

(δ)
j is a valid test function for the equation that is satisfied for d̃s−1

j u j = v j

at x j . Since we assumed that x j ∈ �̃ j ∩ B1, it must hold that L j (d̃s−1
j φ

(δ)
j )(x j ) ≥ f j (x j ), which

contradicts (2-16).
Therefore, it must be x j ∈ ∂�̃ j ∩ B1, as we claimed before. Thus, by the boundary condition

∂νx j
φ
(δ)
j (x j )≤ g j (x j ).

Passing this inequality to the limit, and using the uniform convergence |g j −q j − g| → 0, νx j → ν0 = en ,
and �̃ j → {xn > 0}, we obtain

∂n(φ
(δ)(x0)− q(x0))≤ g(x0),
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where q ∈Pk is the limit of the sequence of polynomials (q j ) j . Thus, we have ∂nφ
(δ)(x0)≤ g(x0)+q(x0),

i.e., (2-14), as desired. This concludes the proof. □

Second, we prove that the difference of two viscosity solutions is again a viscosity subsolution.

Lemma 2.14. Let k ∈ N ∪{0}, �⊂ Rn be an open, bounded domain with ∂� ∈ C2,γ for some γ > 0. Let
L ∈ Lhom

s (λ,3, k −1+α) for some α > 0. Let v,w ∈ L1
2s(R

n) with v/ds−1, w/ds−1
∈ C(�) be viscosity

solutions to 
Lv k

= f1 in �,
v = 0 in Rn

\�,

v/ds−1
= g1 on ∂�,


Lw k

= f2 in �,
w = 0 in Rn

\�,

w/ds−1
= g2 on ∂�,

for some f1, f2 ∈ C(�) and g1, g2 ∈ C(∂�). Then, v−w is a viscosity solution to
L(v−w)

k
= f1 − f2 in �,

v−w = 0 in Rn
\�,

(v−w)/ds−1
= g1 − g2 on ∂�.

Proof. We will only demonstrate the proof in case k = 0. The general case follows immediately by
combining the arguments with Definition 2.8. For the nonlocal equation, the result follows for instance
from [Fernández-Real and Ros-Oton 2024a, Lemma 3.4.14]. For the boundary condition, one can proceed
as follows. First, we define the sup- and inf-convolutions (see [Fernández-Real and Ros-Oton 2024a,
Lemma 3.2.16]),

(v/ds−1)ε(x) := inf
D

(
v

ds−1 (z)+
|x − z|2

ε

)
for all x ∈ D, (v/ds−1)ε(x) =

v

ds−1 (x) for all x ∈ Rn
\ D,

(w/ds−1)ε = sup
D

(
w

ds−1 (z)−
|x − z|2

ε

)
for all x ∈ D, (w/ds−1)ε(x)=

w

ds−1 (x) for all x ∈ Rn
\ D,

with D ⊂� open, bounded such that D ∩ ∂� ̸= ∅. In analogy to [Fernández-Real and Ros-Oton 2024a,
Proposition 3.2.17], we claim that for any x ∈ ∂�∩ D it holds in the viscosity sense that

∂ν(v/ds−1)ε(x)≤ g1(x)+ δε, ∂ν(w/ds−1)ε ≥ g2(x)+ δε, (2-17)

where δε, δε→0, as ε→0. Once (2-17) is proven, since (v/ds−1)ε and −(w/ds−1)ε are both semiconcave,
we have that at any point x ∈ ∂�∩ D, where (v/ds−1)ε − (w/ds−1)ε can be touched by a paraboloid
from below, the functions (v/ds−1)ε and −(w/ds−1)ε must be in C1,1. Hence, by the linearity of ∂ν , and
due to (2-17) it must hold that

∂ν((v/ds−1)ε − (w/ds−1)ε)(x)≤ g1(x)− g2(x)+ δε − δε → g1(x)− g2(x) as ε→ 0.

Thus, by the stability for viscosity solutions (which was provided in a significantly more general framework
in Lemma 2.13), we deduce that ∂ν((v−w)/ds−1)≤ (g1 − g2) in the viscosity sense. In a similar way,
one can prove ∂ν((v−w)/ds−1)≥ (g1 − g2), and thus, we obtain the desired result.
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Thus, it remains to give a proof of (2-17). To see it, for any test function φ ∈ C2(Br (x0)) touching
(v/ds−1)ε from below at x0 ∈ ∂�∩ D, we define

ψ (δ)(x)= −δ1B1(x0)(x)[d(x)− d1+η(x)]

for some η ∈ (0, γ ) and observe that φ(δ) = φ +ψ (δ) is still a valid test function, touching (v/ds−1)ε

(strictly) from below, at x0. Then, there exists xε ∈ D with xε ∈ Bcε(x0) for some c > 0, depending only
on the oscillation of v/ds−1, such that φ(δ)( · + x0 − xε)−ε−1

|x0 − xε|2 touches v/ds−1 from below at xε.
Indeed, from the definition of (v/ds−1)ε we deduce that there exist xε ∈ D with xε → x0 such that

v

ds−1 (x0)≥ (v/ds−1)ε(x0)=
v

ds−1 (xε)+
|x0 − xε|2

ε
.

Hence, the rate of convergence xε → x0 only depends on the oscillation of v/ds−1. Then, since φ(δ) is a
valid test function, we deduce that for any x ∈ D,

φ(δ)(x + x0 − xε)≤ (v/ds−1)ε(x + x0 − xε)≤
v

ds−1 (x)+
|x0 − xε|2

ε

if ε > 0 is so small that x + x0 − xε ∈ D. Since the aforementioned inequality becomes an equality in
case x = xε, we deduce that indeed, φ(δ)( · + x0 − xε)− ε−1

|x0 − xε|2 touches v/ds−1 from below at xε,
as claimed.

We observe that xε ̸∈ � since otherwise one would get a contradiction with the nonlocal equation
satisfied by v, in the exact same way as in the proof of (2-16), if ε > 0 is small enough. Thus, xε ∈ ∂�∩ D,
and from the boundary condition satisfied by v, it follows ∂νφ(δ)(x0)≤ g1(xε). Thus, by the definition
of φ(δ), we have ∂νφ(x0)= ∂νφ

(δ)(x0)+ δ ≤ g1(xε)+ δ for any δ > 0. Thus, sending δ→ 0 and recalling
that xε → x0, as ε→ 0, this proves the first statement in (2-17) with δε = g1(xε)− g1(x0). Analogously,
one proves the second claim in (2-17). □

3. Nonlocal maximum principles with local Dirichlet and Neumann conditions

In this section, we establish weak maximum principles for nonlocal equations with local Dirichlet and
Neumann data (see Propositions 1.3 and 1.5).

First, we establish a weak maximum principle for solutions to the inhomogeneous Dirichlet problem
in (1-10) (see Proposition 1.3). Its proof goes by sliding the barrier subsolution φ from Lemma 2.6
underneath v from below.

Proof of Proposition 1.3. By assumption on v, we have that v/ds−1
∈ C(�) with v/ds−1

≥ 0 on ∂�. Let
z ∈ ∂� be such that min∂� v/ds−1

= v/ds−1(z) =: l ≥ 0. Let ε ∈ (0, s) and M > 1 to be chosen later,
and recall the subsolution φl ∈ C(�) from Lemma 2.6. We define

c0 := inf{c ∈ R : φl/ds−1
− c ≤ v/ds−1in �}.
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Since also φl/ds−1
∈ C(�), the above set is nonempty and c0 <∞. In fact, recalling the definition of φl ,

it must be

c0 ≤ ∥v/ds−1
∥L∞(�) + ∥(φl)+/ds−1

∥L∞(�) ≤ ∥v/ds−1
∥L∞(�) + l + c|diam(�)|ε, (3-1)

which is independent of M . Moreover, since φl/ds−1(z)= l = v/ds−1(z), we have that c0 ≥ 0. Then, in
particular, we have

φl/ds−1
− c0 ≤ v/ds−1 in Rn, and φl/ds−1(x0)− c0 = v/ds−1(x0) for some x0 ∈�.

In case x0 ∈�, we have

φl − c0ds−1
− v ≤ 0 in Rn and (φl − c0ds−1

− v)(x0)= 0,

so it must be

0 ≤ L(φl − c0ds−1
− v)(x0)≤ Lφl(x0)− c0L(ds−1)(x0)≤ −dε−s−1(x0)− M + (l + c0)cdδγ−s−1(x0),

where we used Lemma 2.6 and that |L(ds−1)| ≤ cdδγ−s−1 for any δ ∈ (0, s) by Lemma 2.3. Next, we fix
any δ ∈ (0, s), and take ε < δγ and M so large, depending only on c0, l, diam(�) (but not on x0), such
that

−dε−s−1(x0)− M + (l + c0)cdδγ−s−1(x0) < 0.

Since c0 is independent of M (see (3-1)), we obtain a contradiction. Thus, it must be x0 ∈ ∂�, which by
construction yields that c0 = 0, and therefore φl ≤ v in �. Since l ≥ 0, by Lemma 2.6, there exists δ > 0
such that φl ≥ 0 in �∩ {d ≤ δ}. Therefore, v is a viscosity solution to{

Lv ≥ 0 in �∩ {d > δ},
v ≥ 0 in Rn

\ (�∩ {d > δ}).

Since v∈C(�∩ {d > δ}), we can apply the maximum principle for viscosity solutions to v (see [Fernández-
Real and Ros-Oton 2024a, Lemma 3.2.19]) and deduce that v ≥ 0 in Rn , as desired. □

In particular, we have the following comparison principle:

Lemma 3.1. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C1,γ for some

γ > 0. Let v, b ∈ L1
2s(R

n) with v/ds−1, b/ds−1
∈ C(�) be viscosity solutions to

{
Lv ≥ f in �,

v/ds−1
≥ 0 on ∂�,


Lb ≤ f in �,

b ≤ v in Rn
\�,

b/ds−1
≤ 0 on ∂�,

for some f ∈ C(�). Then, v ≥ b in Rn .

Proof. Since by [Fernández-Real and Ros-Oton 2024a, Lemma 3.4.13] w = v− b is a viscosity solution
to Lw ≥ 0 in � such that w/ds−1

≥ 0 on ∂�, and w ≥ 0 in Rn
\�, it satisfies the assumptions of

Proposition 1.3. An application of this result concludes the proof. □



380 XAVIER ROS-OTON AND MARVIN WEIDNER

As an application, we have the following version of a nonlocal Hopf lemma for viscosity solutions.
The proof follows in the same way as [Fernández-Real and Ros-Oton 2024a, Proposition 2.6.6], where
the Hopf lemma was proved for bounded solutions.

Lemma 3.2. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C1,γ for some

γ > 0. Let v ∈ L1
2s(R

n) with v/ds−1
∈ C(�) satisfy, in the viscosity sense,

Lv = f ≥ 0 in �,
v ≥ 0 in Rn

\�,

v/ds−1
≥ 0 on ∂�,

for some f ∈ C(�). Then, either v ≡ 0 in �, or

v(x)≥ C
(

inf
{x∈�:dist(x,∂�)≥δ}

v

)
ds(x) in �

for some C, δ > 0, which depend only on n, s, λ,3, γ, diam(�), and the C1,γ radius of �.

Proof. First, by the weak maximum principle for viscosity solutions with boundary blow-up (see
Proposition 1.3), we have v ≥ 0 in Rn . In order to deduce v > 0 in case v ̸≡ 0, one uses the nonlocal
weak Harnack inequality (see [Fernández-Real and Ros-Oton 2024a, Theorem 3.3.1]). Then, we use the
subsolution φ from [Fernández-Real and Ros-Oton 2024a, Corollary B.2.8] which satisfies{

Lφ ≤ −1 in Nδ,
max{ds, δ−1

} ≥ φ ≥ δds in Rn,

for some δ > 0 and where Nδ = {0< d < δ}. Let us define

c∗ = min{v(x) : x ∈� \ Nδ}> 0.

Then, we have
c∗δLφ ≤ Lv in Nδ and c∗δφ ≤ v in Rn

\ Nδ.

Hence, by the comparison principle in Lemma 3.1, we deduce that c∗δφ ≤ u in Rn , which implies the
desired result. □

Given a C1,γ domain �⊂ Rn , let us now consider functions b : Rn
→ R, which arise as the solution to

the Dirichlet problem 
Lb = fb in �,
b� = eb in Rn

\�,

b�/ds−1
= gb on ∂�,

(3-2)

for some fb ≥ 0 with fb ̸= 0, eb ≥ 0, and gb ≥ 0. With the maximum principle (see Proposition 1.3)
at hand, the existence of b can be established using standard techniques. For well-posedness results in
case L = (−1)s , we refer to [Abatangelo 2015]. Moreover, by Proposition 1.3, we have b ≥ 0 in �, and
by the same argument as in the proof of (7-1), we have b/ds−1

∈ L∞(�). Moreover, if ∂� ∈ C2,γ and
fb, eb, gb are smooth, then by Theorem 1.4, we have b�/ds−1

∈ C1,γ (�), and ∂ν(b/ds−1) exists in the
classical sense.
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In the following, we will denote by b� the solution to (3-2) with fb = gb = 1 and eb = 0.
As a corollary of the previous results, we obtain the following pointwise formulation of a nonlocal

Hopf lemma for solutions with boundary blow-up.

Lemma 3.3. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C1,γ for some

γ > 0. Let v ∈ L1
2s(R

n) with v/ds−1
∈ C(�) satisfy, in the viscosity sense,

Lv ≥ 0 in �,
v ≥ 0 in Rn

\�,

v/ds−1
= g on ∂�,

for some g ∈ C(∂�). Let x0 ∈ ∂� be such that min∂� g = g(x0)≤ 0. Then, either v ≡ 0, or we have that
in the viscosity sense

∂ν(v/b)(x0) > 0

for any b as in (3-2) with b/ds−1
= 1 on ∂�∩ ({g < 0} ∪ {x0}).

In particular, Lemma 3.3 implies that for the regularized distance d ,

∂ν(v/ds−1)(x0)= ∂ν(v/b)(x0)+ g(x0)∂ν(b/ds−1)(x0) > g(x0)∂ν(b/ds−1)(x0).

We stress that the sign of the right-hand side depends on the choice of the regularized distance d .

Proof. Since g(x0)≤ 0 we have by the construction of b in (3-2)

L(v− g(x0)b)≥ −g(x0)≥ 0 in �,

v− g(x0)b ≥ 0 in Rn
\�,

(v− g(x0)b)/ds−1
= g − g(x0)≥ 0 on ∂�∩ {g < 0},

(v− g(x0)b)/ds−1
≥ g ≥ 0 on ∂�∩ {g ≥ 0}.

Thus, an application of Lemma 3.2 to v− g(x0)b yields that either v− g(x0)b ≡ 0 in �, or

v− g(x0)b ≥ cds near x0. (3-3)

We cannot have v− g(x0)b ≡ 0, unless g(x0)= 0 (in which case v ≡ v− g(x0)b ≡ 0), since then

Lv = g(x0)Lb ≤ g(x0) < 0 in �,

a contradiction. Thus, unless v≡ 0, we have (3-3), and we compute, using that b ≥ 0 and (b/ds−1)(x0)= 1,

∂ν(v/b)(x0)= lim
x→x0

v(x)
b(x)

− g(x0)

d(x)
= lim

x→x0

v(x)− g(x0)b(x)
b(x)d(x)

≥ c lim
x→x0

ds−1(x)
b(x)

= c > 0.

If the limit in the previous estimate does not exist, we need to interpret the boundary condition in the
viscosity sense, i.e., take any smooth ψ with ψ(x0)= (v/ds−1)(x0)= g(x0) and ψ ≥ v/ds−1. Then, the
limit ∂νψ(x0) exists, and an analogous computation as above yields ∂νψ(x0)≥ c> 0, i.e., ∂ν(v/b)(x0)> 0
in the viscosity sense. □
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Finally, we are in a position to prove the main result of this section, a maximum principle for nonlocal
equations with local Neumann conditions.

Lemma 3.4. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C2,γ for some

γ > 0 and K ∈ C5+2γ (Sn−1). Let 0 ⊂ ∂�, v ∈ L1
2s(R

n) with v/ds−1
∈ C(�) satisfy, in the viscosity

sense, 
Lv ≥ f in �,
v ≥ 0 in Rn

\�,

∂ν(v/b)≤ g on ∂� \0,

v/b ≥ 0 on ∂�∩0

for some f ∈ C(�) with ds+1−ε f ∈ L∞(�) for some ε ∈ (0, s], and g ∈ C(∂�). Here, b is as in (3-2)
with b/ds−1

= 1 on ∂� \0′ for some 0′ ⋐ 0. Then, there exists c > 0, depending only on n, s, λ,3, γ, ε,
and the C2,γ radius of � and diam(�), such that

v/ds−1
≥ −c∥ds−ε f ∥L∞(�) − c∥g∥L∞(∂�\0) in �.

Proof. The case f ≥ 0 and g ≤ 0 follows from the Hopf lemma (see Lemma 3.3). In fact, since
v/b ∈ C(∂�), there exists x0 ∈ ∂� with min∂�(v/b) = (v/b)(x0). If (v/b)(x0) ≥ 0, then we have that
v/ds−1

≥ 0 on ∂�. Otherwise, (v/b)(x0) < 0, and then by assumption it must be x0 ∈ ∂� \0. However,
in this case Lemma 3.3 implies that either v ≡ 0, (in which case we are done), or ∂ν(v/b)(x0) > 0, which
contradicts g(x0)≤ 0. Thus, we must have v/ds−1

≥ 0 on ∂�. However, by the weak maximum principle
(see Proposition 1.3), this implies v ≥ 0, as desired.

Now, we explain how to get the result with general f, g. To do so, let ψ̃1 be the solution to
Lψ̃1 = 0 in �,
ψ̃1 = 0 in Rn

\�,

ψ̃1/ds−1
= h on ∂�,

for some smooth function h which satisfies 0 ≤ h ≤ 1, and is such that h = 1 on ∂� \0, and h = 0 in
∂�∩0′.

From Lemma 3.3, we deduce that ∂ν(ψ̃1/b) < 0 on ∂�\0. Since ∂� ∈ C2,γ , by Theorem 1.4 we have
that ∂ν(ψ̃1/b) ∈ Cγ (∂�), and therefore, there is c0 > 0 such that

∂ν(ψ̃1/b)≤ −c0 < 0 on ∂� \0.

Moreover, let us denote by ψ̃2 the function ψ̃ from the second claim of Lemma 2.7, which satisfies for
some c2 > 0, 

Lψ̃2 ≥ dε−s in �,
ψ̃2 = 0 in Rn

\�,

ψ̃2/ds−1
= 0 on ∂�,

∂ν(ψ̃2/b)≤ c2 on ∂�.
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Hence, if we take M = c−1
0 (c2 + 1) > 0 and define ψ̃ := Mψ̃1 + ψ̃2, we obtain

Lψ̃ ≥ dε−s in �,
ψ̃ = 0 in Rn

\�,

ψ̃/ds−1
= Mh on ∂�,

∂ν(ψ̃/b)≤ −1 on ∂� \0.

We apply the previous argument with v replaced by

w = v+
(
∥ds−ε f ∥L∞(�) + ∥g∥L∞(∂�\0)

)
ψ̃.

Then, we have that in the viscosity sense,
Lw ≥ f + dε−s

(
∥ds−ε f ∥L∞(�) + ∥g∥L∞(∂�\0)

)
≥ 0 in �,

w ≥ v ≥ 0 in Rn
\�,

∂ν(w/b)≤ g −
(
∥ds−ε f ∥L∞(�) + ∥g∥L∞(∂�\0)

)
≤ 0 on ∂� \0,

w/b ≥ Mh ≥ 0 on ∂�∩0.

Altogether, by the same argument as at the beginning of the proof, we have w ≥ 0 in �. Let us now
observe that by construction and the same argument as in the proof of (7-1) we have

ψ̃ ≤ Cds−1 in �

for some C > 0. Therefore, we obtain

v ≥ −ψ̃
(
∥ds−ε f ∥L∞(�) + ∥g∥L∞(∂�\0)

)
≥ −Cds−1(

∥ds−ε f ∥L∞(�) + ∥g∥L∞(∂�\0)

)
in �,

as desired. □

Proof of Proposition 1.5. This is a special case of Lemma 3.4. □

4. Hölder estimates up to the boundary

The previous maximum principle for nonlocal equations with local Neumann conditions (see Lemma 3.4)
puts us in a position to establish a Harnack inequality for solutions to (1-7) at the boundary, which will
eventually lead to the Hölder regularity estimate in Theorem 1.6.

To prove it, we adapt some of the ideas in [Lian and Zhang 2023] to the framework of solutions to
nonlocal problems which blow up at the boundary.

For δ > 0, let us define �δ = {x ∈� : dist(x, ∂�)≥ δ}.

Lemma 4.1. Let L ∈ Lhom
s (λ,3). Let �⊂ Rn be an open, bounded domain with 0 ∈ ∂� and ∂� ∈ C2,γ

for some γ > 0 and K ∈ C5+2γ (Sn−1). Let v ∈ L1
2s(R

n) with v/ds−1
∈ C(�) be a viscosity solution to

Lv ≥ f in �∩ B1,

v ≥ 0 in Rn,

∂ν(v/b�)≤ g on ∂�∩ B1
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for some f ∈ C(�∩ B1) with ds−α f ∈ L∞(�∩ B1) for some α ∈ (0, s], and g ∈ C(∂�∩ B1). Assume
that 0 ∈ ∂�. Then,∫

�1/2∩B1

(v/b�) dx ≤ c inf
�∩B

η−1
(v/b�)+ c

(
∥ds−α f−∥L∞(�∩B1) + ∥g+∥L∞(∂�∩B1)

)
,

where η > 1 and c > 0 depend only on n, s, λ,3, γ, α, and the C2,γ radius of �. Here, b� is defined as
in (3-2).

Proof. The interior weak Harnack inequality for viscosity supersolutions (see [Fernández-Real and
Ros-Oton 2024a, Theorem 3.3.1]) applied with v implies∫

�1/2∩B1

v(x) dx ≤ c inf
x∈�1/2∩B1

v(x)+ c∥ f ∥L∞(�1/2∩B1),

where c > 0 depends on n, s, λ,3, η, α. Moreover, since b ≍ c > 0 in �1/2 ∩ B1, it follows for u := v/b
by Lemma 3.2 that ∫

�1/2∩B1

u(x) dx ≤ c inf
x∈�1/2∩B1

u(x)+ c∥ds−α f ∥L∞(�1/2∩B1).

Thus, it remains to show

inf
x∈�1/2∩B1

u(x)≤ c inf
x∈�∩B

η−1
u(x)+ c

(
∥ds−α f ∥L∞(�∩B1) + ∥g∥L∞(∂�∩B1)

)
. (4-1)

Since v ≥ 0, by the weak Harnack inequality, either v ≡ 0 in �1/2 ∩ B1, or inf�1/2∩B1 v > 0. Therefore,
without loss of generality, we can assume that inf�1/2∩B1 v = 1.

To prove (4-1), let us take a set D ⊂ Rn with ∂D ∈ C2,γ such that

�∩ B1/2 ⊂ D ⊂�∩ B1,

Let w be a function such that

Lw = 0 in D,
w ≤ 1 in (�1/2 ∩ B1) \ D,
w = 0 in Rn

\ (D ∪ (�1/2 ∩ B1)),

∂ν(w/b�)≥ 0 on ∂D ∩ B2η−1,

w/b� ≤ 0 on ∂D \ B2η−1,

w/b� ≥ c1 in �∩ Bη−1 .

We construct w as follows. Let h : ∂D → R and e : Rn
\ D → R be smooth functions such that for

some η < 1
8

h =

{
0 on ∂D \ B2η−1,

c1 on ∂D ∩ Bη−1,
e =

{
1 in T,
0 in Rn

\ (D ∪ (�1/2 ∩ B1)),

where T ⋐ (�1/2 ∩ B1) \ D, 0 ≤ h ≤ c1, and 0 ≤ e ≤ 1. We let w be the solution to
Lw = 0 in D,
w = e in Rn

\ D,
w/bD = h on ∂D.
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Then, we can show that ∂ν(w/b�)≥ C > 0 in ∂D ∩ B2η−1 (for any given C > 0) by making c1 > 0 small
enough. Indeed, if w1 solves the Dirichlet problem with boundary data zero and exterior data e, then by
the Hopf lemma (see Lemma 3.2), we have since w1/ds

D ∈ C1,γ (D) by the boundary regularity results in
[Abatangelo and Ros-Oton 2020], and since ∂D ∩ B2η−1 ⋐ ∂�,

∂ν(w1/b�)= ∂ν(w1/ds−1
D )(ds−1

D /b�)+ (w1/ds−1
D )∂ν(ds−1

D /b�)

= ∂ν(w1/ds
D)dD + (w1/ds

D)∂ν(dD)= w1/ds
D ≥ c0 > 0 on ∂D ∩ B2η−1 .

Moreover, if w2 solves the Dirichlet problem with boundary data h and exterior data zero, we get from
Theorem 1.4 that |∂ν(w2/b�)| ≤ c3c1 in B2η−1 for some c3 > 0. Hence, choosing c1 > 0 small enough,
we deduce the claim for w = (C/c0)w1 +w2.

Thus, we have by construction, and using that inf�1/2∩B1 v = 1, and w ≍ ds
D near ∂D \ ∂�,

L(v−w)≥ f in D,
v−w ≥ 0 in Rn

\ D,
∂ν((v−w)/b�)≤ g on ∂D ∩ B2η−1,

(v−w)/b� ≥ 0 on ∂D \ B2η−1 .

Note that b� satisfies 

Lb� ≥ 0 in D,
Lb� ̸= 0 in D,
b� ≥ 0 in Rn

\ D,
b�/ds−1

D = 1 on ∂D ∩ B4η−1,

b�/ds−1
D ≥ 0 on ∂D.

Since (∂D ∩ B4η−1) ⋑ (∂D ∩ B2η−1), we can apply the maximum principle for the Neumann problem
Lemma 3.4 with 0 = ∂D \ B2η−1 and b = b�, and deduce

(v−w)/b� ≥ −c∥ds−α f−∥L∞(D∩B1) − c∥g+∥L∞(∂D∩B1) in D ∩ B1.

Since, by construction, we also have

w/b� ≥ c1 = c1 inf
�1/2∩B1

v ≥ c2 inf
�1/2∩B1

u in �∩ Bη−1,

for some c2 > 0, since b� ≍ c > 0 in �1/2 ∩ B1, we deduce

v/b� = (w+ v−w)/b�

≥ c2 inf
�1/2∩B1

u − c∥ds−α f−∥L∞(D∩B1) − c∥g+∥L∞(∂D∩B1)

≥ c2 inf
�1/2∩B1

u − c∥ds−α f−∥L∞(�∩B1) − c∥g+∥L∞(∂�∩B1) in �∩ Bη−1,

where we used D ∩ B1 ⊂�∩ B1. Hence, we obtain (4-1), as desired. □
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As a corollary of the previous weak Harnack inequality at the boundary, we obtain a growth lemma.

Lemma 4.2. Let L ∈ Lhom
s (λ,3). Let � ⊂ Rn be an open, bounded domain with ∂� ∈ C2,γ for some

γ > 0 and K ∈ C5+2γ (Sn−1). Let η > 1 be as in Lemma 4.1. Assume that x0 ∈ ∂� and let 0< R ≤ 1. Let
v ∈ L1

2s(R
n) with v/ds−1

∈ C(�) be a viscosity solution to

Lv ≥ f in �∩ BR(x0),

∂ν(v/b�)≤ g on ∂�∩ BR(x0),

v ≥ 0 in BR(x0),

v ≥ b�(1 − η jβ) in Bη j R(x0)∩� for all j ≥ 1,
v ≥ (1 − η jβ) in Bη j R(x0) \� for all j ≥ 1,

|�R/4 ∩ BR/2(x0)∩ {v/b� ≥
1
4}| ≥

1
2 |�R/4 ∩ BR/2(x0)|

for some f ∈ C(�∩BR(x0)) with ds−α f ∈ L∞(�∩BR(x0)) for some α ∈ (0, s], and g ∈ C(∂�∩ BR(x0)).
Then, there exist δ > 0, and β ∈ (0, 1), depending only on n, s, λ,3, γ, α, and the C2,γ radius of �, such
that

inf
�∩B

η−1 R(x0)
(v/b�)+ R1+α

∥ds−α f−∥L∞(�∩BR(x0)) + R∥g+∥L∞(∂�∩BR(x0)) ≥ δ.

Proof. Let us assume without loss of generality that x0 = 0. The proof follows from an application of the
weak Harnack inequality (see Lemma 4.1) to v+. It is slightly involved due to the appearance of the tail
term.

Indeed, we have

Lv+(x)≥ f (x)−
∫

Rn\BR

v−(y)K (x − y) dy =: f̃ (x),

where we used that by assumption, v ≥ 0 in BR . Then, we obtain from Lemma 4.1 (after scaling), using
the last assumption and setting u := v/b�,

inf
�∩B

η−1 R

u + R1+α
∥ds−α f̃−∥L∞(�∩BR/2) + R∥g+∥L∞(∂�∩BR/2) ≥ c0

∫
�R/4∩BR/2

u dx ≥
c0

8
, (4-2)

where c0 > 0 is the constant from the weak Harnack inequality.
Next, we estimate ∥ds−α f̃ ∥L∞(�∩BR). To do so, we apply a similar reasoning as in the proof of

Lemma 2.2. First, we recall that for any x ∈ BR/2, there exists κ > 0 such that for any t ∈ (0, κ),

Hn−1({d = t} ∩ Bη j R \ Bη j−1 R)≤ C(η j R)n−1,

where C > 0 depends only on n and the C2,γ radius of � (we refer to [Fernández-Real and Ros-Oton
2024a, Lemma B.2.4] for a reference of this fact). Next, we observe that by the coarea formula, and since
0 ≤ b� ≤ Cds−1,

R1+s
∫
�\BR

v−(y)K (x − y) dy

≤ c
∑
j≥1

(1 − η jβ)R1+s
∫
�∩(B

η j R\B
η j−1 R)

ds−1(y)|y|
−n−2s dy

≤ c
∑
j≥1

(1 − η jβ)R1+s
(
(η j R)−n−2s

∫
(B
η j R\B

η j−1 R)∩{d≤κ}

ds−1(y)|∇d(y)| dy + κs−1(η j R)−2s
)
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≤ c
∑
j≥1

(1 − η jβ)R1+s
(
(η j R)−n−2s

∫ min{η j R,κ}

0
t s−1

(∫
(B
η j R\B

η j−1 R)∩{d=t}
dHn−1(y)

)
dt + (η j R)−2s

)
≤ c

∑
j≥1

(1 − η jβ)R1+s((η j R)−1−s
+ (η j R)−2s)

≤ c
∑
j≥1

(1 − η jβ)η−2s j

for some c > 0, depending only on n, s, λ,3, κ,C, η, where we also used that R ≤ 1. Similarly,

R1+s
∫
(Rn\�)\BR

v−(y)K (x − y) dy ≤ c
∑
j≥1

(1 − η jβ)R1+s
∫

Rn∩(B
η j R\B

η j−1 R)

|y|
−n−2s dy

≤ c
∑
j≥1

(1 − η jβ)R1+s(η j R)−2s
≤ c

∑
j≥1

(1 − η jβ)η−2 js,

where we used that R1−s
≤ 1, and c > 0 depends only on n, s,3. Therefore, we obtain

R1+s
∫

Rn\BR

ds−1(y)v−(y)K (x − y) dy ≤ c
∑
j≥1

(1 − η jβ)η−2 js .

Since this quantity vanishes as β > 0 goes to zero, we can make the whole expression smaller than c0/16,
which implies, by recalling the definition of f̃ ,

R1+α
∥ds−α f̃−∥L∞(�∩BR/2) ≤ R1+α

∥ds−α f−∥L∞(�∩BR/2) + R1+s
∥∥∥∥∫

�\BR

v−(y)K ( · − y) dy
∥∥∥∥

L∞(BR/2)

≤ R1+α
∥ds−α f−∥L∞(�∩BR) +

c0

16
,

and therefore by the estimate (4-2)

inf
�∩B

η−1 R

u + R1+α
∥ds−α f−∥L∞(�∩BR) + R∥g+∥L∞(∂�∩BR) ≥

c0

8
−

c0

16
=

c0

16
,

as desired. □

We are now in a position to prove the boundary Hölder regularity.

Lemma 4.3. Let L ∈Lhom
s (λ,3). Let�⊂ Rn be an open, bounded domain with ∂�∈C2,γ for some γ >0

and K ∈ C5+2γ (Sn−1). Assume that x0 ∈ ∂� and let 0< R ≤ 1. Let v ∈ L1
2s(R

n) with v/ds−1
∈ C(�) be

a viscosity solution to 
Lv = f in �∩ BR(x0),

v = 0 in BR(x0) \�,

∂ν(v/b�)= g on ∂�∩ BR(x0)

for some f ∈ C(�∩ BR(x0)) and g ∈ C(∂�∩ BR(x0)). Then, there exist c> 0, and α0 ∈ (0, 1), depending
only on n, s, λ,3, γ , and the C2,γ radius of�, such that if ds−α f ∈ L∞(�∩BR(x0)) for some α ∈ (0, α0],
then it holds that

[v/ds−1
]Cα(�∩BR/2(x0))

≤ cR−α
(
∥v/ds−1

∥L∞(�) + ∥v∥L∞(Rn\�) + R1+α
∥ds−α f ∥L∞(�∩BR(x0)) + R∥g∥L∞(∂�∩BR(x0))

)
.
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Proof. Let us assume without loss of generality that x0 = 0. We will prove the desired result in two steps.
Let us denote by η > 1 the constant from Lemma 4.2.

Step 1. We claim that for any k ∈ N,

osc
B
η−k R

(v/b�)≤ cη−αk(
∥v/ds−1

∥L∞(�)+∥v∥L∞(Rn\�)+ R1+α
∥ds−α f ∥L∞(�∩BR)+ Rα+ R∥g∥L∞(∂�∩BR)

)
,

for some constant c > 0, depending only on n, s, λ,3, γ , and the C2,γ radius of �. To prove it, we
set α0 := min{β, γ s, 1 − s[− logη(1 − δ′/2)]}, and δ := 1 − η−α0 , where δ′, β, η are the constants from
Lemma 4.2. This yields

(1 − δ)= η−α0, α0 ≤ min{β, γ s, 1 − s}, δ ≤ δ′/2. (4-3)

Let us set u = v/b�, take α ∈ (0, α0], and

M := 4δ−1c1
(
∥v/ds−1

∥L∞(�) + ∥v∥L∞(Rn\�) + R1+α
∥ds−α f ∥L∞(�∩BR(x0)) + Rα + R∥g∥L∞(∂�∩BR(x0))

)
,

where c1 > 0 denotes the constant c1 from Lemma 2.3.
The claim of Step 1 will follow immediately, once we construct an increasing sequence (mk)k and a

decreasing sequence (Mk)k such that for any k ∈ N,

mk ≤ u ≤ Mk in Bη−k R, (4-4)

Mk − mk = Mη−αk . (4-5)

We prove (4-4) and (4-5) by induction. Setting m0 = −(δ/2c1)M , M0 = (δ/2c1)M , we obtain the desired
results for k = 0. Let us now assume that (4-4) and (4-5) hold true for any j ≤ k − 1.

We will now prove it for k. Clearly, one of the following two options always holds true:∣∣�η−(k−1)R/4 ∩ Bη−(k−1)R/2 ∩
{
u ≥

1
2(Mk−1 + mk−1)

}∣∣ ≥
1
2

∣∣�η−(k−1)R/4 ∩ Bη−(k−1)R/2
∣∣,∣∣�η−(k−1)R/4 ∩ Bη−(k−1)R/2 ∩

{
u ≥

1
2(Mk−1 + mk−1)

}∣∣ ≤
1
2

∣∣�η−(k−1)R/4 ∩ Bη−(k−1)R/2
∣∣.

In the first case, and in the second case, we define

w =
v− (b� + 1Rn\�1{mk−1<0})mk−1

Mk−1 − mk−1
, w =

(b� + 1Rn\�1{Mk−1>0})Mk−1 − v

Mk−1 − mk−1
, respectively.

Let us assume that we are in the first case. The proof of the second case goes via the same arguments, and
we will skip it. Let us verify thatw satisfies the assumptions of Lemma 4.2. First, if u(x)≥ 1

2(Mk−1+mk−1)

for some x ∈�, it follows that

w

b�
(x)=

u(x)− mk−1

Mk−1 − mk−1
≥

u(x)− mk−1

Mk−1 − mk−1
≥

Mk−1+mk−1
2 − mk−1

Mk−1 − mk−1
=

1
2
,

Thus, as an immediate consequence of being in the first case, we get∣∣∣�η−(k−1)R/4 ∩ Bη−(k−1)R/2 ∩

{
w

b�
≥

1
2

}∣∣∣ ≥
1
2

∣∣�η−(k−1)R/4 ∩ Bη−(k−1)R/2
∣∣.
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Moreover, by (4-4) (for k − 1), we have

w =
v− b�mk−1

Mk−1 − mk−1
≥ 0 in Bη−(k−1)R ∩�.

Nonnegativity of w in Bη−(k−1)R \� follows by assumption and construction. We obtain

|L(b� + 1Rn\�)| ≤ c1 in �,

and therefore ds−αL(b� + 1Rn\�) ∈ L∞(�∩ BR). Then, by (4-5) (for k − 1) we have

Lw =
f − L(b� + 1Rn\�1{mk−1<0})mk−1

Mk−1 − mk−1
≥

f − c1mk−1

Mk−1 − mk−1
in �∩ BR. (4-6)

Moreover, clearly

∂ν(w/b�)=
g − ∂ν(b�/b�)mk−1

Mk−1 − mk−1
=

g
Mk−1 − mk−1

on ∂�∩ BR.

It remains to verify the fourth and fifth assumption of Lemma 4.2. Let us first consider j ≤ k − 1. In
that case, for any x ∈ Bη−(k−1)+ j R ∩� it holds by (4-4) and (4-5) that

w

b�
(x)=

u(x)− mk−1

Mk−1 − mk−1
≥

mk− j−1 − mk−1

Mk−1 − mk−1

≥
Mk−1 − Mk− j−1 + mk− j−1 − mk−1

Mk−1 − mk−1
= 1 −

Mk− j−1 − mk− j−1

Mk−1 − mk−1
= 1 − ηα j .

Clearly, for any x ∈ Bη−(k−1)+ j R \� and in case mk−1 < 0, by the same arguments as above, using (4-4),
we have

w(x)=
v(x)− mk−1

Mk−1 − mk−1
≥

mk− j−1 − mk−1

Mk−1 − mk−1
≥ 1 − ηα j .

If however mk−1 ≥ 0, then we can use that v = 0 in BR \�. Moreover, if j > k − 1 we compute for
x ∈ Bη−(k−1)+ j R ∩�,

w

b�
(x)=

u(x)− mk−1

Mk−1 − mk−1
≥

m0 − mk−1

Mk−1 − mk−1

≥
(Mk−1 − mk−1)− (M0 − m0)

Mk−1 − mk−1
= 1 − ηα(k−1)

≥ 1 − ηα j .

Finally, for x ∈ Bη−(k−1)+ j R \ �, again by the same arguments as above, and using that v ≥ m0 by
construction, we have

w(x)=
v(x)− mk−11{mk−1<0}

Mk−1 − mk−1
≥

m0 − mk−1

Mk−1 − mk−1
≥ 1 − ηα j .
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Consequently, all assumptions of Lemma 4.2 are satisfied for w with radius η−(k−1)R. Thus, we deduce
from Lemma 4.2 and the choice of δ,

u − mk−1 = (Mk−1 − mk−1)
w

b�
≥ 2δ(Mk−1 − mk−1)− (η

−(k−1)R)1+α
(
∥ds−α f ∥L∞(�∩B

η−(k−1)R)
+ c1|mk−1|

)
− (η−(k−1)R)∥g∥L∞(∂�∩B

η−(k−1)R)
in �∩ Bη−k R.

Moreover, by (4-3), the choice of M , (4-5), and the estimate |mk−1| ≤ M0 = (δ/2c1)M , we estimate

(η−(k−1)R)1+α
(
∥ds−α f ∥L∞(�∩B

η−(k−1)R)
+ c1|mk−1|

)
+ (η−(k−1)R)∥g∥L∞(∂�∩B

η−(k−1)R)

≤ η−α(k−1)δM = δ(Mk−1 − mk−1).

Therefore, we deduce

mk := δ(Mk−1 − mk−1)+ mk−1 ≤ u ≤ Mk−1 =: Mk in �∩ Bη−k R,

which proves (4-4) for k. Equation (4-5) for k follows from (4-3). The proof of Step 1 is complete.

Step 2. Now that we have established the claim of Step 1, let us show how to conclude the proof. Let us
take x, y ∈ BR/2. We define k ∈ N as

inf{k ∈ N : |x − y| ≥ η−k(R/2)}.

Then, |x − y| ≤ η−k+1(R/2) and by Step 1, it holds that

|u(x)− u(y)|
|x − y|α

≤ ηkα(R/2)−α osc
B
η−k+1(R/2)

u

≤ cR−α
(
∥u∥L∞(�) + ∥v∥L∞(Rn\�) + R1+α

∥ds−α f ∥L∞(�∩BR) + R1+α
+ R∥g∥L∞(∂�∩BR)

)
.

We can omit the additional summand +R1+α by an additional scaling and normalization argument, i.e., by
assuming that R = 1 and ∥u∥L∞(�)+∥v∥L∞(Rn\�)+∥ds−α f ∥L∞(�∩B1)+∥g∥L∞(∂�∩B1) = 1, applying the
previous estimate, and rescaling to general R. This concludes the proof after using that by Theorem 1.4 it
holds that b�/ds−1

∈ Cα(�∩ BR/2(x0)). □

We are now in a position to deduce the boundary Hölder regularity estimate in C1,γ domains.

Proof of Theorem 1.6. Note that

∂ν(v/b�)= ∂ν(v/ds−1)− ∂ν(b�/ds−1)(v/ds−1),

and recall that |∂ν(b�/ds−1)| ≤ C . Hence, we can apply Lemma 4.3
(
with R =

1
2 and varying x0 ∈ ∂�

)
.

Combining it with the interior regularity results from [Fernández-Real and Ros-Oton 2024a, Theorem
2.4.3], and a covering argument, we deduce the desired result. In order to produce the tail-term in the
estimate, we employ a truncation argument in the same way as in the proof of Corollary 4.4. □

We end this section with a boundary Hölder regularity estimate for solutions that are defined up to a
polynomial and might grow fast at infinity.
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Corollary 4.4. Let L ∈ Lhom
s (λ,3). Let k ∈ N ∪ {0}. Let � ⊂ Rn be an open, bounded domain with

∂� ∈ C2,γ for some γ > 0 and K ∈ C5+2γ (Sn−1). Let f ∈ C(� ∩ B4), g ∈ C(∂�∩ B4), and v with
v/ds−1

∈ C(�) be a viscosity solution to
Lv k

= f in �∩ B4,

v = 0 in B4 \�,

∂ν(v/ds−1)= g on ∂�∩ B4.

Then, there exists α0 > 0 such that if for some α ∈ (0, α0] we have ds+1−α f ∈ L∞(� ∩ B4), then the
following holds true: If k = 0, and v ∈ L1

2s(R
n), then v/ds−1

∈ Cα
loc(�∩ B4), and∥∥∥ v

ds−1

∥∥∥
Cα(�∩B1)

≤ c
(∥∥∥ v

ds−1

∥∥∥
L∞(�∩B4)

+ ∥v∥L1
2s(R

n\B4)
+ ∥ds+1−α f ∥L∞(�∩B4) + ∥g∥L∞(∂�∩B4)

)
.

If k ∈ N, K ∈ Ck−1+δ(Sn−1), and v ∈ L1
2s+k−1+δ(R

n) for some δ > 0, then v/ds−1
∈ Cα

loc(�∩ B4), and∥∥∥ v

ds−1

∥∥∥
Cα(�∩B1)

≤ c
(∥∥∥ v

ds−1

∥∥∥
L∞(�∩B4)

+ ∥v∥L1
2s+k−1+δ(R

n\B4)
+ ∥ds+1−α f ∥L∞(�∩B4) + ∥g∥L∞(∂�∩B4)

)
,

where c > 0 and α0, depend only on n, s, λ,3, γ, k, δ, and the C2,γ radius of �.

Proof. In case k = 0, the proof follows by a truncation argument. Indeed, let us define w = v1B4 and
observe that

Lw = f − L(v1Rn\B4)=: f̃ in �∩ B2.

Moreover, we can estimate

∥ds+1−α f̃ ∥L∞(�∩B2) ≤ c∥ds−1+α f ∥L∞(�∩B2) + c∥v∥L1
2s(R

n\B4)
.

Thus, the desired result follows immediately by application of Theorem 1.6 to w, using that v = 0 in
B4 \�, by assumption.

Let now k ∈ N. Again, we define w = v1B4 , but this time, since the equation only holds up to a
polynomial, we obtain for any R > 4,

Lw = fR − L(v1BR\B4)+ pR =: f̃ in �∩ B3,

where fR → f in ds+1−αL∞(� ∩ B3), as R → ∞, and pR ∈ Pk−1. As in the proof of Lemma 2.10
(see also [Abatangelo and Ros-Oton 2020, Lemma 3.6; Kukuljan 2021, Lemma 4.8]), taking difference
quotients of order k − 1 + δ of the equation for w, and using crucially that K ∈ Ck−1+δ(Sn−1), we can
find a polynomial p ∈ P⌊k−1+δ⌋ and h with ds+1−αh ∈ L∞(�∩ B3) such that{

Lw = h + p in �∩ B3,

w = 0 in Rn
\ (�∩ B4),

and moreover, h satisfies the estimate

∥ds+1−α
� h∥L∞(�∩B3) ≤ C

(
∥ds+1−α
� f ∥L∞(�∩B3) + ∥v| · |−n−2s−(k−1+δ)

∥L1(Rn\B4)

)
. (4-7)
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Next, let us take a bounded domain D ⊂ Rn with ∂D ∈ C1,γ such that �∩ B2 ⊂ D ⊂�∩ B3. Moreover,
we find w1, w2 such that w1/ds−1

D , w1/ds−1
D ∈ C(D) and w = w1 +w2 satisfying

Lw1 = h in D,
w1 = w in Rn

\ D,
w1/ds−1

D = v/ds−1
D on ∂D,

and


Lw2 = p in D,
w2 = 0 in Rn

\ D,
w2/ds−1

D = 0 on ∂D.

The existence of w2 ∈ L∞(Rn) follows from [Fernández-Real and Ros-Oton 2024a, Theorem 3.2.27], and
we obtain w2/ds

D ∈ Cγ (D) from [Fernández-Real and Ros-Oton 2024a, Theorem 2.7.1], which yields
w2/ds−1

D = dD(w2/ds
D) ∈ Cγ (D) since ∂D ∈ C1,γ . Then, we can define w1 := w−w2. We claim that

∥w1/ds−1
D ∥L∞(D) ≤ c

(
∥v/ds−1

� ∥L∞(�∩B4) + ∥ds+1−α
� h∥L∞(�∩B3)

)
. (4-8)

To see this, let us recall the function ψ1 (with respect to D) from Lemma 2.7, and observe that by
Lemma 2.3, we can take it in such a way that

L(ψ1 + ds−1
� )≥ c0dα−s−1

D in D (4-9)

for some c0 > 0. Moreover, recall ψ1/ds−1
D = 1 on ∂D. Then, let us define

9(x)= c1ψ1(x)
(
∥v/ds−1

D ∥L∞(∂D) + ∥ds+1−α
D h∥L∞(D) + ∥w/ds−1

� ∥L∞(�∩B4)

)
+ c1ds−1

� (x)∥w/ds−1
� ∥L∞(�∩B4),

where c1 := max{c−1
0 , 1}, and observe that by (4-9) we have

Lw1 ≤ L9 in D,
w1 ≤9 in Rn

\ D,
w1/ds−1

D ≤9/ds−1
D on ∂D,

which, recalling that ψ1 ≤ c1ds−1
D in D, and dD ≤ d�, as well as the definition of D, imply that

w1

ds−1
D

≤ c2c1
(
∥v/ds−1

D ∥L∞(∂D)+∥ds+1−α
D h∥L∞(D)+∥w/ds−1

� ∥L∞(�∩B4)

)
+ c2c1

ds−1
�

ds−1
D

∥w/ds−1
� ∥L∞(�∩B4)

≤ c
(
∥v/ds−1

� ∥L∞(∂�∩B3) + ∥ds+1−α
� h∥L∞(�∩B3) + ∥v/ds−1

� ∥L∞(�∩B4)

)
,

which yields our claim in (4-8). As a direct consequence of (4-8), we deduce

∥w2/ds−1
D ∥L∞(D) ≤ ∥w/ds−1

D ∥L∞(D) + ∥w1/ds−1
D ∥L∞(D)

≤ c
(
∥v/ds−1

� ∥L∞(�∩B4) + ∥ds+1−α
� h∥L∞(�∩B3)

)
. (4-10)

Finally, we claim that

∥p∥L∞(D) ≤ c∥w2/ds−1
D ∥L∞(D). (4-11)

Once we show (4-11), then the proof is complete after combination of (4-11), (4-10), (4-7), and application
of the boundary Hölder regularity estimate (see Theorem 1.6) to w in �, as in the case k = 0. We prove



REGULARITY FOR NONLOCAL EQUATIONS WITH LOCAL NEUMANN BOUNDARY CONDITIONS 393

(4-11) by contradiction. Suppose there are sequences (L j ) j , (w j ) j , (p j ) j with

∥p j∥L∞(D) = 1, and


L jw j = p j in D,
w j = 0 in Rn

\ D,
w j/ds−1

� = 0 on ∂D,
lim j→∞ ∥w j/ds−1

D ∥L∞(D) = 0.

Then, up to subsequences, it holds that L jm ⇀ L , w jm/d
s−1
D → u0 in L∞(D) for some u0 ∈ L∞(D),

p jm → p0 in L∞(D). While the first convergence statement follows from [Abatangelo and Ros-Oton
2020, Lemma 3.7], the second convergence statement follows from Theorem 1.6 and the Arzelà–Ascoli
theorem, and the third one is immediate from the boundedness of (p jm ) in a finite dimensional space.

We can now make use of the stability result in [Fernández-Real and Ros-Oton 2024a, Proposition 2.2.36],
and deduce that for w0 = ds−1

D u0, it holds that

∥p0∥L∞(D) = 1, and


Lw0 = p0 in D,
w0 = 0 in Rn

\ D,
w0/ds−1

D = 0 on ∂D,
∥w0/ds−1

D ∥L∞(D) = 0.

Clearly, w0 = 0 is not a solution to Lw0 = p0 in D, so we have obtained a contradiction, and conclude
the proof of (4-11). □

5. Liouville theorem in the half-space

The proof of our main result (see Theorem 1.2) is based on a blow-up argument. A crucial ingredient in
such proof is a suitable Liouville theorem in the half-space. In this section, we will establish such a result
for nonlocal problems with local Neumann boundary conditions:

Theorem 5.1. Let L ∈ Lhom
s (λ,3). Let k ∈ N, γ ∈ (0, 1) with γ ̸= s, and K ∈ Ck−1+γ−s+δ(Sn−1) for

some δ > 0. Let u ∈ C(Rn) be a viscosity solution to
L((xn)

s−1
+ u)

k−1+⌈γ−s⌉
= 0 in {xn > 0},

∂nu = p in {xn = 0},

|u(x)| ≤ C(1 + |x |)k+γ for all x ∈ {xn > 0},

for some C > 0, p ∈ Pk−1. Then, there exist aβ ∈ R for any β ∈ (N ∪ {0})n with |β| ≤ k such that

u(x)=

∑
|β|≤k

aβxβ1
1 · · · xβn

n for all x ∈ {xn > 0}.

In order to prove Theorem 5.1, we first establish the following one-dimensional version, which can be
proved by combination of the arguments in [Ros-Oton and Serra 2016a, Lemma 6.2; Abatangelo and
Ros-Oton 2020, Lemma 3.3].
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Lemma 5.2. Let k ∈ N, γ ∈ (0, 1) with γ ̸= s, and u ∈ C(R) satisfying{
(−1)s((x+)

s−1u)
k−1+⌈γ−s⌉

= 0 in (0,∞),

|u(x)| ≤ C(1 + |x |)k+γ for all x > 0,

for some C > 0. Then, there exist a0, a1, . . . , ak ∈ R such that

u(x)=

k∑
j=0

a j x j for all x > 0.

Proof. In case k = 1 and γ < s, the proof is an application of [Ros-Oton and Serra 2016a, Lemma 6.2]
with u(x) := (x+)

s−1u(x), and δ = s > 0, β = s + γ ∈ (0, 2s).
In case k > 1 or γ > s, we have k − 1 + ⌈γ − s⌉ ≥ 1. Let us define v(x) = (x+)

s−1u(x), let
V : R × [0,∞)→ R be the harmonic extension of v in the sense of [Abatangelo and Ros-Oton 2020,
Lemma 3.3], and finally define Ṽ (x, y) =

∫ x
−∞

V (z, y) dz. Note that Ṽ satisfies (see [Abatangelo and
Ros-Oton 2020, Lemma 3.3])

div(y1−2s
∇ Ṽ (x, y))= 0 in R × (0,∞),

Ṽ (x, y)= v(x) on R × {0},

|Ṽ (x, y)| ≤ C
(
1 + |x |

2(k−1+⌈γ−s⌉)+1+γ+s
+ |y|

(k−1+⌈γ−s⌉)+1+γ+s
)

in R × (0,∞).

Next, by [Ros-Oton and Serra 2016a, Lemma 6.2] (see also [Fernández-Real and Ros-Oton 2024a,
Theorem 1.10.16]), we have the representation formula

Ṽ (x, y)= Ṽ (r cos θ, r sin θ)=

∞∑
j=0

a j2 j (θ)r j+s, for all x ∈ R, y ∈ [0,∞),

where a j ∈ R, and (2 j ) j is a complete orthogonal system in the subspace of even functions in
L2

(
(0, π), (sin θ)1−2s dθ

)
. By the Parseval identity, the bounds on |Ṽ | imply

∞∑
j=0

a2
j R2+2 j

=

∫
∂BR∩{y>0}

Ṽ (x, y)2 y1−2s dσ ≤ C R4(k−1+⌈γ−s⌉)+2+2γ+2
= C R4(k+⌈γ−s⌉)+2γ .

Therefore, it must be a j = 0 for any j > j0, where j0 = min
{

j ∈ N : 2 + 2 j > 4(k + ⌈γ − s⌉)+ 2γ
}
,

which implies

Ṽ (x, y)=

j0∑
j=0

a j2 j (θ)r j+s for all x ∈ R, y ∈ [0,∞).

Upon recalling the definition of V and Ṽ , this implies

v(x)= (x+)
s

j0−1∑
j=0

b j x j

for some b j ∈ R, and since |v(x)| ≤ C(1 + |x |)k+γ−1+s and γ ∈ (0, 1) by assumption, it must be b j = 0
for any j ≥ k. Recalling that by definition u(x)= v(x)(x+)

1−s , we deduce that u must be a polynomial
of degree at most k in {x > 0}, as desired. □
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Moreover, we will need the following lemma (see also [Kukuljan 2021, Proposition 4.3]):

Lemma 5.3. Let L ∈ Lhom
s (λ,3). Let k ∈ N, K ∈ Ck−2+δ(Sn−1) for some δ > 0. Let f ∈ Pk . Then,

L((xn)
s−1
+

f ) k−1
= 0 in {xn > 0}.

Proof. Let us first give a simple proof in case k = 1. Then, it suffices to prove that for any i ∈ {1, . . . , n}

L((xn)
s−1
+

xi )= 0 in {xn > 0}.

First, by integrating x 7→ (xn)
s−1
+ in xi , and using that L((xn)

s−1
+ )= 0, we deduce

L((xn)
s−1
+

xi )≡ c in {xn > 0}

for some constant c ∈ R. Then, since x 7→ (xn)
s−1
+ xi is homogeneous of degree s, we deduce that for any

λ > 0 and x ∈ {xn > 0},

c = L((xn)
s−1
+

xi )(λx)= λ−2s L((λxn)
s−1
+
λxi )(x)= λ−s L((xn)

s−1
+

xi )(x)= λ−sc.

This implies that c = 0, as desired.
For k ≥ 2, we prove the result by induction. Assume that we know already

L((xn)
s−1
+

p) k−2
= 0 in {xn > 0} (5-1)

for every p ∈ Pk−1. Now, let q ∈ Pk . Then, by integrating (5-1) with p := ∂i q for i ∈ {1, . . . , n}, by
Lemma 2.12 we find that there exists a constant c ∈ R such that

L((xn)
s−1
+

q) k−1
= c in {xn > 0}.

Since c k−1
= 0 for any k ≥ 2, we conclude the proof. □

Finally, we state a Hölder regularity estimate in the half-space, which follows from Corollary 4.4.

Corollary 5.4. Let L ∈ Lhom
s (λ,3). Let k ∈ N ∪ {0}, γ > 0, and K ∈ Ck−1+δ(Sn−1) for some δ > 0. Let

f ∈ C({xn > 0} ∩ B2), g ∈ C({xn = 0} ∩ B2), and u ∈ C({xn ≥ 0}) be a viscosity solution to{
L((xn)

s−1
+ u) k

= f in {xn > 0} ∩ B2,

∂nu = g on {xn = 0} ∩ B2.

Then, there exists α0 > 0 such that if (xn)
s+1−α
+ f ∈ L∞({xn > 0} ∩ B2) for some α ∈ (0, α0], then the

following holds true: if k = 0 and (xn)
s−1
+ u ∈ L1

2s(R
n) it holds that u ∈ Cα

loc({xn ≥ 0} ∩ B2), and

∥u∥Cα({xn≥0}∩B1)

≤ c
(
∥u∥L∞({xn>0}∩B4) + ∥(xn)

s−1
+

u∥L1
2s(R

n\B4)
+ ∥(xn)

s+1−α
+

f ∥L∞({xn>0}∩B2) + ∥g∥L∞({xn=0}∩B2)

)
,

and if k ∈ N and (xn)
s−1
+ u ∈ L1

2s+(k−1+δ)(R
n) it holds that u ∈ Cα

loc({xn ≥ 0} ∩ B2), and

∥u∥Cα({xn≥0}∩B1) ≤ c
(
∥u∥L∞({xn>0}∩B4) +

∥∥[(xn)
s−1
+

u]| · |
−n−2s−(k−1+δ)

∥∥
L1({xn>0}\B4)

+ ∥(xn)
s+1−α
+

f ∥L∞({xn>0}∩B2) + ∥g∥L∞({xn=0}∩B2)

)
,

where c > 0 and α0 depend only on n, s, λ,3, γ, k, δ.
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Proof. The result follows directly from Corollary 4.4 applied to some domain �⊂ Rn with ∂� ∈ C1,γ ,
which satisfies {xn > 0} ∩ B2 ⊂�⊂ {xn > 0} ∩ B4. □

With the help of the one-dimensional Liouville theorem in the half-space and the Hölder regularity
estimate up to the boundary (see Corollary 5.4), the proof of Theorem 5.1 follows by a standard procedure,
which is explained in detail for instance in [Abatangelo and Ros-Oton 2020, proof of Theorem 3.10].

Proof of Theorem 5.1. First, we observe that by scaling Corollary 5.4, we obtain that for any R ≥ 1,

[u]Cα(BR) ≤ cR−α
[
∥u∥L∞(B4R) + R1+s

∥(xn)
s−1
+

u| · |
−n−2s

∥L1(Rn\B4R)1{k=1and γ<s}

+ Rs+k−1+⌈γ−s⌉+η
∥∥[(xn)

s−1
+

u]| · |
−n−2s−(k−2+⌈γ−s⌉+η)

∥∥
L1({xn>0}\B4R)

1{k≥2or γ>s}

+ R∥p∥L∞({xn=0}∩B4R)

]
≤ cRk+γ−α, (5-2)

where we take η= 1+γ −s −⌈γ −s⌉+δ and used in the last estimate the growth condition on u, the fact
that ∥p∥L∞({xn=0}∩BR) ≤ cRk−1, and the following computation using polar coordinates with yn = r cos θ
for some θ ∈ [0, 2π) (similar to the proof of Lemma 4.2), which is slightly different in case (k = 1 and
γ < s) and (k ≥ 2 or γ > s). In case k = 1 and γ < s, we obtain

R1+s
∥(xn)

s−1
+

u| · |
−n−2s

∥L1(Rn\B4R) ≤ C R1+s
∫

Rn\B4R

(yn)
s−1
+

|y|
−n−2s+1+γ dy

≤ cR1+s
∫ 2π

0
cos(θ)s−1

+

(∫
∞

4R
r s−1r−1−2s+1+γ dr

)
dθ

≤ cR1+s Rγ−s
(∫ 2π

0
cos(θ)s−1

+
dθ

)
≤ cR1+γ . (5-3)

In case (k ≥ 2 or γ > s), we obtain, using that η > 1 + γ − s − ⌈γ − s⌉,

Rs+k−1+⌈γ−s⌉+η
∥∥[(xn)

s−1
+

u]| · |
−n−2s−(k−2+⌈γ−s⌉+η)

∥∥
L1({xn>0}\B4)

≤ C Rs+k−1+⌈γ−s⌉+η
∫

Rn\B4R

(yn)
s−1
+

|y|
−n−2s−(k−2+⌈γ−s⌉+η)+k+γ dy

≤ cRs+k−1+⌈γ−s⌉+η
∫ 2π

0
cos(θ)s−1

+

(∫
∞

4R
r s−1r−1−2s+2−⌈γ−s⌉+γ−η dr

)
dθ

≤ cRk+s Rγ−s
(∫ 2π

0
cos(θ)s−1

+
dθ

)
≤ cRk+γ .

Next, let us take any τ ∈ Sn−1 such that τn = 0 and 0< h < R/2. We consider the difference quotients

w1,τ (x)=
u(x + hτ)− u(x)

hα
, p1,τ (x)=

p(x + hτ)− p(x)
hα

and deduce from (5-2) (after applying the estimate to smaller balls of radius comparable to R inside BR)
that

∥w1,τ∥L∞(BR) ≤ cRk+γ−α for all R ≥ 1.
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Clearly, since τn = 0, w1,τ satisfies in the viscosity sense{
L((xn)

s−1
+ w1,τ )

k−1+⌈γ−s⌉
= 0 in {xn > 0},

∂nw1,τ = p1,τ on {xn = 0}.
(5-4)

Here, we are using that sums of viscosity solutions are again viscosity solutions by Lemma 2.14. Using
(5-4) and also that |p1,τ (x)| ≤ c|x |

k−1−α since p ∈ Pk−1, we can apply the previous arguments to w1,τ .
Eventually, this implies that w2,τ (x)= (w1,τ (x +hτ)−w1,τ (x))/hα satisfies ∥w2,τ∥L∞(BR) ≤ cRk+γ−2α .
This way, we obtain higher order difference quotients w j,τ , j ∈ N, and they satisfy

L((xn)
s−1
+ w j,τ )

k−1+⌈γ−s⌉
= 0 in {xn > 0},

∂nw j,τ = p j,τ on {xn = 0},

∥w j,τ∥L∞(BR) ≤ cRk+γ− jα for all R ≥ 1,
∥p j,τ∥L∞(BR) ≤ cRk−1− jα for all R ≥ 1.

Then, taking j0 ∈ N as the smallest number such that j0α > k +γ , and upon taking the limit R → ∞, we
deduce that

lim
R→∞

∥w j0,τ∥L∞(BR) ≤ c lim
R→∞

Rk+γ− j0α = 0,

i.e., w j0,τ ≡ 0 in Rn . Thus, w j0−1,τ is a function that is constant in the τ -direction. Clearly, we can also
take difference quotients of w j0−1,τ in other directions τ ′

∈ Sn−1 with τ ′
n = 0, and the same arguments as

before apply. Therefore, w j0−1,τ (x)= w j0−1,τ (xn) is one-dimensional for any τ ∈ Sn−1 with τn = 0.
Unraveling the higher order difference quotients, we get that w j0−2,τ (x)= (V1(xn), x ′)+ V2(xn) for

some one-dimensional functions V1 : R → Rn−1 and V2 : R → R, and continuing this argument j0 − 1
times, we deduce that u must be a polynomial in x ′ with coefficients that are one-dimensional functions
from R → R in xn .

Then, by the growth condition on u, for any multi-index β ∈ (N ∪ {0})n−1 with |β| ≤ k, we obtain
functions Aβ in xn such that

u(x)=

∑
|β|≤k

(x ′)β Aβ(xn).

In particular, this implies that Dβ

x ′u(x)= c(β)Aβ(xn) for any |β| = k and some constant c(β) > 0, where
Dβ

x ′ denotes an incremental quotient approximating the partial derivative ∂βx ′ in the x ′-variables. Therefore,
discretely differentiating the equation for u, we deduce

c(β)L((xn)
s−1
+

Aβ)(x)= L((xn)
s−1
+

Dβ

x ′u)(x)= L(Dβ

x ′[(xn)
s−1
+

u])(x)
k−1+⌈γ−s⌉

= 0 in {xn > 0}.

By the growth condition on u, it must be |Aβ(xn)|≤ c(1+|xn|)
k−|β|+γ

= c(1+|x |)γ , and since Aβ was also
one-dimensional, i.e., L Aβ = (−1)sR Aβ , we can apply Lemma 5.2 to Aβ , which yields Aβ(xn)= pβ(xn)

for some polynomial pβ ∈ Pk−|β| = P0. Next, we recall from Lemma 5.3,

L((xn)
s−1
+
(x ′)β pβ(xn))

k−1+⌈γ−s⌉
= 0 in {xn > 0}.
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Thus, repeating the arguments from above, we deduce that, for every β with |β| ≤ k it holds that{
L((xn)

s−1
+ Aβ)

k−1+⌈γ−s⌉
= 0 in {xn > 0},

|Aβ(x)| ≤ C(1 + |x |)k−|β|+γ for all x ∈ {xn > 0},

and hence Aβ(xn) = pβ(xn) for some polynomial pβ ∈ Pk−|β|. This implies u(x) = p(x) for some
polynomial p, and by the growth condition on u, it must be p ∈ Pk , as desired. □

6. Higher order boundary regularity

The goal of this section is to prove the desired higher order boundary regularity for nonlocal equations
with local Neumann conditions (see Theorem 1.2). The proof goes by a blow-up argument and heavily
uses the Liouville theorem in the half-space (see Theorem 5.1), as well as the boundary Hölder estimate
(see Theorem 1.6).

Lemma 6.1. Let L ∈ Lhom
s (λ,3). Let k ∈ N and �⊂ Rn be an open, bounded domain with ∂� ∈ Ck+1,γ

for some γ ∈ (0, 1) with γ ̸= s, and K ∈ C2k+2γ+3(Sn−1). Let v ∈ L1
2s(R

n) with v/ds−1
∈ C(�) be a

viscosity solution to 
Lv = f in �∩ B1,

v = 0 in B1 \�,

∂ν(v/ds−1)= g on ∂�∩ B1.

(i) If k = 1 and γ < s, f ∈ C(� ∩ B1) with ds−γ f ∈ L∞(� ∩ B1), g ∈ Cγ (∂� ∩ B1), then for any
x0 ∈ ∂�∩ B1/2 and x ∈�∩ B1/2 it holds that∣∣∣ v

ds−1 (x)−
(
v

ds−1 (x0)− A(x0) · (x − x0)
)∣∣∣

≤ c
(∥∥∥ v

ds−1

∥∥∥
L∞(�)

+ ∥v∥L∞(Rn\�) + ∥ds−γ f ∥L∞(�∩B1) + ∥g∥Cγ (∂�∩B1)

)
|x − x0|

1+γ

for some c > 0, which only depends on n, s, λ,3, γ , and the C2,γ radius of �. If in addition, g ≡ 0, then
A(x0) · νx0 = 0.

(ii) If k ≥ 2 or γ > s, f ∈ C (k−1)−s+γ (�∩ B1), g ∈ Ck−1+γ (∂�∩ B1), then for any x0 ∈ ∂�∩ B1/2,
there is Q( · ; x0) ∈ Pk such that for any x ∈�∩ B1/2 it holds that∣∣∣ v

ds−1 (x)− Q(x; x0)

∣∣∣
≤ c

(∥∥∥ v

ds−1

∥∥∥
L∞(�)

+ ∥v∥L∞(Rn\�) + ∥ f ∥C (k−1)−s+γ (�∩B1) + ∥g∥Ck−1+γ (∂�∩B1)

)
|x − x0|

k+γ

for some c > 0, which only depends on n, s, λ,3, γ, k, and the Ck+1,γ radius of �.

Proof. Let us assume without loss of generality that x0 = 0 ∈ ∂� with ∂ν0 = en . We set u := v/ds−1.
We will prove the desired result by a blow-up argument. To do so, we assume by contradiction that for

any j ∈ N there exist Ck+1,γ domains � j ⊂ Rn , f j ∈ Ck−1(� j ∩ B1), g j ∈ Ck−1+γ (∂� j ∩ B1), r j > 0,
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operators L j with ellipticity constants λ,3, and v j ∈ C(� j )∩ L1
2s(R

n) viscosity solutions to
L jv j = f j in � j ∩ B1,

v j = 0 in B1 \� j ,

∂ν(v j/ds−1
j )= g j on ∂� j ∩ B1,

such that

|diam� j | + ∥u j∥L∞(� j ) + ∥v j∥L∞(Rn\� j ) + 1{k=1and γ<s}∥ds−γ
j f j∥L∞(� j ∩B1)

+ 1{k≥2or γ>s}∥ f j∥C (k−1)−s+γ (� j ∩B1) + ∥g j∥Ck−1+γ (� j ∩B1) + ∥d j∥Ck+1,γ (� j ∩B1) ≤ C

for some C > 0, denoted d� j = d j , and used that d j ∈ Ck+1,γ by [Fernández-Real and Ros-Oton 2024a,
Definition 2.7.5]. Finally, we assume by contradiction

sup
j∈N

sup
r>0

r−k−γ
∥u j − Q∥L∞(� j ∩Br ) = ∞ for all Q ∈ Pk .

Observe that up to a rotation, r−1
m � jm ∩ Br−1

m
→ {xn > 0}. Moreover, we will write

d̃ jm 1r−1
m � jm

:= d̃ jm =: r−1
m d jm (rm · )

for the (regularized) distance with respect to r−1
m � jm .

We consider the L2(� j ∩ Br )-projections of u j over Pk , and denote them by Q j,r ∈ Pk . They satisfy
the following properties:

∥u j − Q j,r∥L2(� j ∩Br ) ≤ ∥u j − Q∥L2(� j ∩Br ) for all Q ∈ Pk,∫
� j ∩Br

(u j (x)− Q j,r (x))Q(x) dx = 0 for all Q ∈ Pk .

Next, we introduce

θ(r) := sup
j∈N

sup
ρ≥r

ρ−k−γ
∥u j − Q j,ρ∥L∞(� j ∩Br ). (6-1)

Observe that θ(r) ↗ ∞, as r ↘ 0. This follows from [Abatangelo and Ros-Oton 2020, Lemma 4.3]
applied with s = 0 (the proof remains exactly the same in this case).

As a consequence, there exist sequences (rm)m and ( jm)m such that

∥u jm − Q jm ,rm ∥L∞(� jm ∩Brm )

r k+γ
m θ(rm)

≥
1
2 for all m ∈ N. (6-2)

Let us define for any m ∈ N,

wm(x)=
u jm (rm x)− Q jm ,rm (rm x)

r k+γ
m θ(rm)

, (6-3)

and observe that by construction, we have

∥wm∥L∞(r−1
m � jm ∩B1)

≥
1
2 ,

∫
r−1

m � jm ∩B1

wm(x)Q(rm x) dx = 0 for all m ∈ N, Q ∈ Pk . (6-4)

Next, we claim that
∥wm∥L∞(r−1

m � jm ∩BR)
≤ cRk+γ for all R ≥ 1, m ∈ N. (6-5)
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To see this, we estimate for any R ≥ 1, using the definitions of θ(Rrm) and wm (see (6-1) and (6-3)),

∥wm∥L∞(r−1
m � jm ∩BR)

≤
∥u jm − Q jm ,Rrm ∥L∞(� jm ∩BRrm )

r k+γ
m θ(rm)

+
∥Q jm ,Rrm − Q jm ,rm ∥L∞(� jm ∩BRrm )

r k+γ
m θ(rm)

≤
(Rrm)

k+γ θ(Rrm)

r k+γ
m θ(rm)

+
∥Q jm ,Rrm − Q jm ,rm ∥L∞(� jm ∩BRrm )

r k+γ
m θ(rm)

. (6-6)

Moreover, it follows that for any j ∈ N, r > 0, and R ≥ 1,

∥Q j,Rr − Q j,r∥L∞(� j ∩BRr ) ≤ cθ(r)(Rr)k+γ . (6-7)
Indeed, if we write

Q j,r (x)=

∑
|β|≤k

a(β)j,r xβ1
1 · · · xβn

n , β ∈ Nn, a(β)j,r ∈ R,

then by [Abatangelo and Ros-Oton 2020, Lemma A.10] we have for any |α| ≤ k

r |β|
|a(β)j,r − a(β)j,2r | ≤ c∥Q j,r − Q j,2r∥L∞(� j ∩Br )

≤ c∥u j − Q j,r∥L∞(� j ∩Br ) + c∥u j − Q j,2r∥L∞(� j ∩B2r )

≤ cθ(r)r k+γ
+ cθ(2r)(2r)k+γ

≤ cθ(r)(2r)k+γ .

By iteration of this inequality, we obtain for any l ∈ N

|a(β)j,r − a(β)j,2lr | ≤

l−1∑
i=0

|a(β)j,2i r − a(β)j,2i+1r | ≤ c
l−1∑
i=0

θ(2ir)(2ir)k+γ−|β|

≤ cθ(r)r k+γ−|β|

l−1∑
i=0

θ(2ir)
θ(r)

2i(k+γ−|β|)
≤ cθ(r)(2lr)k+γ−|β|.

This yields for any R > 1

|a(β)j,r − a(β)j,Rr | ≤ cθ(r)(Rr)k+γ−|β|,

which implies (6-7).
Thus, combining (6-6) and (6-7),

∥wm∥L∞(� jm ∩BR) ≤
(Rrm)

k+γ θ(Rrm)

r k+γ
m θ(rm)

+ c
(Rrm)

k+γ θ(rm)

r k+γ
m θ(rm)

≤ cRk+γ ,

where we used in the last step that t 7→ θ(r) is monotone decreasing, proving (6-5).
Next, using (6-5), we will estimate the L1

2s+(k+⌈γ−s⌉−1) norm of wm . We have the estimate∫
(� jm \BRrm )∩{d jm ≥κ}

ds−1
jm (y)|y|

−n−2s−⌈γ−s⌉+1+γ dy

≤ κs−1
∫
(� jm \BRrm )

|y|
−n−s+γ−⌈γ−s⌉

|y|
1−s dy

≤ cκs−1 diam(� jm )
1−s

∫
Rn\BRrm

|y|
−n−s+γ−⌈γ−s⌉

≤ c(Rrm)
γ−s−⌈γ−s⌉,

where we used that always γ < s +⌈γ − s⌉< 0. Moreover, by a similar computation as in Lemma 2.2
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(with γ := s − 1< 2s + ⌈γ − s⌉ − 1 − γ =: β), we have∫
(� jm \BRrm )∩{d jm<κ}

ds−1
jm (y)|y|

−n−2s−⌈γ−s⌉+1+γ dy ≤ c(Rrm)
γ−s−⌈γ−s⌉.

Thus, altogether, using (6-5) and γ ∈ (0, 1) we obtain∥∥d̃s−1
jm wm | · |

−n−2s−(k+⌈γ−s⌉−1)∥∥
L1(Rn\BR)

≤ c
∫

r−1
m � jm \BR

d̃s−1
jm (y)|y|

−n−2s−⌈γ−s⌉+1+γ dy

≤ cr1−s
m

∫
r−1

m � jm \BR

ds−1
jm (rm y)|y|

−n−2s−⌈γ−s⌉+1+γ dy

= cr s−γ+⌈γ−s⌉
m

∫
� jm \BRrm

ds−1
jm (y)|y|

−n−2s−⌈γ−s⌉+1+γ dy

≤ cr s−γ+⌈γ−s⌉
m

∫
(� jm \BR)∩{d jm ≥κ}

ds−1
jm (y)|y|

−n−2s−⌈γ−s⌉+1+γ dy

+ cr s−γ+⌈γ−s⌉
m

∫
(� jm \BR)∩{d jm<κ}

ds−1
jm (y)|y|

−n−2s−⌈γ−s⌉+1+γ dy

≤ cr s−γ+⌈γ−s⌉
m (Rrm)

γ−s−⌈γ−s⌉
≤ Rγ−s−⌈γ−s⌉

→ 0 as R → ∞. (6-8)

Now, we investigate the equation that is satisfied by wm . We claim that

|a(β)jm ,rm
|

θ(rm)
→ 0, as m → ∞ for all |β| ≤ k. (6-9)

Indeed, from the considerations above, we deduce that for any m, l ∈ N,

|a(β)jm ,rm
− a(β)jm ,2lrm

|

θ(rm)
≤ c

l∑
i=1

θ(2l−irm)

θ(rm)
(2l−irm)

k+γ−|β|.

Hence, choosing l ∈ N such that 2lrm ∈ [1, 2), we deduce

|a(β)jm ,rm
|

θ(rm)
≤

|a(β)jm ,2lrm
|

θ(rm)
+

|a(β)jm ,rm
− a(β)jm ,2lrm

|

θ(rm)

≤ cθ(rm)
−1

(
|a(β)jm ,2lrm

| +

l∑
i=1

θ(2−i )(2−i )k+γ−|β|

)
→ 0 as m → ∞,

which implies (6-9).
Let us now distinguish between the cases (k = 1 and γ < s) and (k ≥ 2 or γ > s). In case k = 1 and

γ < s, we find that it holds in the viscosity sense

d̃s−γ
jm L jm (d̃

s−1
jm wm)= rγ−sds−γ

jm (rm · )r1−s
m L jm (d

s−1
jm (rm · )wm)

= ds−γ
jm (rm · )

L jm (d
s−1
jm u jm (rm · ))− L jm (d

s−1
jm Q jm ,rm (rm · ))

r2s
m θ(rm)

= ds−γ
jm (rm · )

f jm (rm · )− L jm (d
s−1
jm Q jm ,rm )(rm · )

θ(rm)
in r−1

m � jm ∩ Br−1
m
. (6-10)
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Moreover, by Corollary 2.5(i),

∥ds−γ
jm L jm (d

s−1
jm Q jm ,rm )(rm · )∥L∞(r−1

m � jm ∩B
r−1
m
) = ∥ds−γ

jm L jm (d
s−1
jm Q jm ,rm )∥L∞(� jm ∩B1)

≤ c
∑
|β|≤1

|a(β)jm ,rm
|. (6-11)

Therefore, recalling ∥ds−γ
jm f jm ∥L∞(� jm ∩B1) ≤ C , and combining (6-10), (6-11), and (6-9), we obtain

∥d̃s−γ
jm L jm (d̃

s−1
jm wm)∥L∞(r−1

m � jm ∩B
r−1
m
)

≤ c
∥ds−γ

jm f jm ∥L∞(� jm ∩B1) +
∑

|β|≤1 |a(β)jm ,rm
|

θ(rm)
→ 0 as m → ∞. (6-12)

In case k ≥ 2 or γ > s, we first deduce by an argument analogous to (6-10),

L jm (d̃
s−1
jm wm)=

f jm (rm · )− L jm (d
s−1
jm Q jm ,rm )(rm · )

r (k−1)−s+γ
m θ(rm)

in r−1
m � jm ∩ Br−1

m
. (6-13)

Next, using again Corollary 2.5(ii), we obtain

r−(k−1)+s−γ
[L jm (d

s−1
jm Q jm ,rm )(rm · )]Ck−1−s+γ (r−1

m � jm ∩B
r−1
m
) = [L jm (d

s−1
jm Q jm ,rm )]Ck−1−s+γ (� jm ∩B1)

≤ c
∑
|β|≤k

|a(β)jm ,rm
|, (6-14)

in analogy to (6-11). Finally, recalling

r−(k−1)+s−γ
[ f j (rm · )]C (k−1)−s+γ (r−1

m � jm ∩B
r−1
m
) = [ f j ]C (k−1)−s+γ (� jm ∩B1) ≤ C,

and combining (6-13), (6-14), and (6-9), we obtain

[L jm (d̃
s−1
jm wm)]Ck−1−s+γ (r−1

m � jm ∩B
r−1
m
) ≤ c

[ f j ]C (k−1)−s+γ (� jm ∩B1) +
∑

|β|≤1 |a(β)jm ,rm
|

θ(rm)
→ 0 as m → ∞.

Thus, there exists a polynomial pm ∈ Pk−2+⌈γ−s⌉ such that

|L jm (d̃
s−1
jm wm)− pm | → 0, as m → ∞ in L∞

loc({xn > 0}). (6-15)

Next, considering again all values for γ, k at the same time, we treat the Neumann boundary condition:

∂νwm =
∂νu jm (rm · )− ∂ν(Q jm ,rm )(rm · )

r (k−1)+γ
m θ(rm)

=
g jm (rm · )− ∂ν(Q jm ,rm )(rm · )

r (k−1)+γ
m θ(rm)

on ∂r−1
m � jm ∩ Br−1

m
.

We obtain

r−(k−1)−γ
m [∂νQ jm ,rm (rm · )]C (k−1)+γ (∂r−1

m � jm ∩B
r−1
m
) = [∂νQ jm ,rm ]C (k−1)+γ (∂� jm ∩B1) ≤ c

∑
|β|≤k

|a(β)jm ,rm
|,

and using also that g jm ∈ Ck−1+γ (� jm ∩ B1) by the boundary condition, we deduce

[∂νwm]C (k−1)+γ (∂r−1
m � jm ∩B

r−1
m
) ≤ c

[g jm ]C (k−1)+γ (∂� jm ∩B1) +
∑

|β|≤k |a(β)jm ,rm
|

θ(rm)
≤ cθ(rm)

−1
→ 0,
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as m → ∞. Consequently, for any m ∈ N there exists a polynomial qm ∈ Pk−1 such that

|∂νwm(x)− qm | ≤ c
|x |

γ

θ(rm)
→ 0 for all x ∈ ∂r−1

m � jm ∩ Br−1
m
. (6-16)

Finally, we are in a position to apply the stability theorem (see Lemma 2.13) to wm . The convergence
results in (6-12), (6-15) and (6-16) establish the required convergence of the source terms and the Neumann
boundary data.

Moreover, the operators L jm converge to an operator L with the same ellipticity constants. By the
boundary Hölder regularity estimate for solutions to the nonlocal Neumann problem (see Corollary 4.4
applied with k := k +⌈γ − s⌉, δ := 0, � := r−1

m � jm , v := d̃s−1
jm wm , f := L jm (d̃

s−1
jm wm), and g := ∂νwm),

together with the Arzelà–Ascoli theorem, the sequence (wm)m converges in L∞

loc({xn ≥ 0}) to some
w ∈ C({xn ≥ 0}). All the quantities on the right-hand side of the estimate in Corollary 4.4 will be bounded
uniformly in k, due to (6-8), (6-12), (6-15), and (6-16). Thus, in particular d̃s−1

jm (rm · )wm → (xn)
s−1
+ w

locally uniformly in {xn > 0}. Finally, in order to apply the stability result in Lemma 2.13, it remains to
establish d̃s−1

jm (rm · )wm → (xn)
s−1
+ w in L1

2s+(k+⌈γ−s⌉−1)(R
n). To see this, we also observe that by (6-5),

|w(x)| ≤ C(1 + |x |)k+γ for all x ∈ {xn > 0}. (6-17)

Therefore, using also (6-8) and a computation based on polar coordinates (along the lines of (5-3)) we
obtain, since γ < 1,∫

Rn\BR

∣∣d̃s−1
jm (y)wm(y)− (yn)

s−1
+
w(y)

∣∣|y|
−n−2s−(k+⌈γ−s⌉−1) dy

≤ C
∫

Rn\BR

(yn)
s−1
+

|y|
−n−2s−⌈γ−s⌉+1+γ dy + C

∫
(r−1

m � jm )\BR

d̃s−1
jm (y)|y|

−n−2s−⌈γ−s⌉+1+γ dy

≤ C Rγ−s−⌈γ−s⌉
→ 0 as R → ∞.

This implies d̃s−1
jm wm → (xn)

s−1
+ w in L1

2s+(k+⌈γ−s⌉−1)(R
n), by combining it with the locally uniform

convergence in L∞

loc({xn ≥ 0}).
Thus, by stability of viscosity solutions (see Lemma 2.13), we deduce that in the viscosity sense{

L((xn)
s−1
+ w)

k−1+⌈γ−s⌉
= 0 in {xn > 0},

∂nw = p on {xn = 0},

where p ∈ Pk−1 is a polynomial, and moreover, by (6-4), it must be that

∥w∥L∞(B1∩{xn>0}) ≥
1
2 . (6-18)

An application of the Liouville theorem (see Theorem 5.1, using (6-17)) yields now that w ∈ Pk . Thus,
we can choose Q(x)= w(r−1

m x) in (6-4). This implies that

0 = lim
m→∞

∫
B1∩r−1

m � jm

wm(x)Q(rm x) dx = lim
m→∞

∫
B1∩r−1

m � jm

wm(x)w(x) dx =

∫
B1∩{xn>0}

w2(x) dx,

where we used in the last step wm → w and r−1
m � jm → {xn > 0}. This yields w = 0, which however

contradicts (6-18), and thus, we conclude the proof of (ii).
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Finally, if k = 1 and γ < s, then by the Liouville theorem (see Theorem 5.1), there exist a ∈ Rn and
b ∈ R such that

w(x)= (a, x)+ b.

Moreover, if g j ≡ 0, then also g ≡ 0. Thus, it must be that ∂nw= 0 in {xn = 0}, which implies an = 0. □

We are now in a position to prove our main result.

Proof of Theorem 1.2. We define u := v/ds−1. Let us assume that

∥u∥L∞(Rn) + ∥ds−γ f ∥L∞(�∩B2)1{1+γ<2s} + ∥ f ∥Ck−2s+γ (�∩B2)1{1+γ>2s} + ∥g∥Ck−1+γ (∂�∩B2) ≤ 1.

First, we claim that for any x0 ∈�∩ B1/2 with z ∈ ∂�∩ B1/2 such that |x0 − z| = d(x0)=: r ≤ 1, there
exists a polynomial Q ∈ Pk of degree k such that

[u − Q]Ck+γ (Br/2(x0)) ≤ c (6-19)

for some constant c>0, depending only on n, s, λ,3, γ,�, k, where we assume without loss of generality
that νz = en . This estimate already yields the desired result since it implies

[u]Ck+γ (Br/2(x0)) ≤ [u − Q]Ck+γ (Br/2(x0)) + [Q]Ck+γ (Br/2(x0)) ≤ c.

From here, a covering argument (see [Fernández-Real and Ros-Oton 2024a, Lemma A.1.4]) together
with Hölder interpolation (recall that ∥u∥L∞(Rn) ≤ 1) yields the desired regularity estimate in �∩ B1.
Improving the global L∞ norm to the L1

2s(R
n) norm, or the L1

k+γ (R
n
\ B2) norm, respectively, in the

estimate goes by the exact same arguments as in the proofs of Lemma 2.10 and Corollary 4.4.
To see (6-19), let us take z ∈ ∂�∩ B1/2 such that |x0 − z| = d(x0)= r , and apply Lemma 6.1 to see

that there exists a polynomial Q ∈ Pk such that the function

ur (x) :=
u(x0 + r x)− Q(x0 + r x)

r k+γ
satisfies ∥ur∥L∞(BR) ≤ C Rk+γ for all R ∈ [1, r−1

].

Moreover, since ∥u∥L∞(Rn) ≤ 1, and Q ∈ Pk , we deduce

∥ur∥L∞(BR) ≤ Cr−k−γ (1 + (r R)k)≤ C Rk+γ for all R ≥ r−1.

Together, this implies∫
Rn\B3/4

ds−1(x0 + r x)|ur (x)|
|x |n+k+γ

dx ≤ c
∫

Rn\B3/4

ds−1(x0 + r x)
|x |n

dx = c
∫

Rn\B3r/4

ds−1(x0 + x)
|x |n

dx

≤ c(1 + r s−1),

where we used Lemma 2.2 with γ := s − 1< 0 =: β. Moreover, we have by the definition of r ,

∥ds−1(x0 + r · )ur∥L∞(B3/4) ≤ cr s−1.

Now, we apply the interior regularity theory for nonlocal problems (see Lemma 2.10). To do so, we
distinguish between the cases (i) k = 1 and k + γ = 1 + γ ≤ 2s and (ii) k + γ > 2s. In case (i), we apply
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Lemma 2.10(i) with β = 1 + γ , observe that automatically γ < s, and obtain

[ds−1(u − Q)]C1+γ (Br/2(x0)) = [ds−1(x0 + r · )ur ]C1+γ (B1/2)

≤ c∥ds−1(x0 + r · )ur∥L∞(B3/4) + c
∥∥∥∥ds−1(x0 + r · )ur

|x |n+1+γ

∥∥∥∥
L1(Rn\B3/4)

+ c∥L(ds−1(x0 + r · )ur )∥L∞(B3/4)

≤ cr s−1
+ cr2s−(1+γ )

∥Lv∥L∞(B3r/4(x0)) + cr2s−(1+γ )
∥L(ds−1 Q)∥L∞(B3r/4(x0))

≤ cr s−1
+ cr s−1

∥ds−γ f ∥L∞(Br (x0)) + cr s−1
≤ cr s−1,

where we used Corollary 2.5(i) and that d ≥ r/4 in B3r/4(x0) by construction, and r ≤ 1.
In case (ii), we apply Lemma 2.10(ii) with α := k + γ − 2s > 0 and obtain

[ds−1(u − Q)]Ck+γ (Br/2(x0)) = [ds−1(x0 + r · )ur ]Ck+γ (B1/2)

≤ c∥ds−1(x0 + r · )ur∥L∞(B3/4) + c
∥∥∥∥ds−1(x0 + r · )ur

|x |n+k+γ

∥∥∥∥
L1(Rn\B3/4)

+ c[L(ds−1(x0 + r · )ur )]Ck+γ−2s(B3/4)

≤ cr s−1
+ c[Lv]Ck+γ−2s(B3r/4(x0)) + c[L(ds−1 Q)]Ck+γ−2s(B3r/4(x0))

≤ cr s−1
+ cr s−1

∥ f ∥Ck+γ−2s(Br (x0)) + cr s−1
≤ cr s−1,

where we used Corollary 2.5(iii) in the second to last step.
Moreover, using again the L∞ estimate for ur with R = 1, we have

∥ds−1(u − Q)∥L∞(Br/2(x0)) ≤ cr s−1
∥u − Q∥L∞(Br/2(x0)) ≤ cr s+(k−1)+γ

∥ur∥L∞(B1) ≤ cr s+(k−1)+γ ,

and hence by Hölder interpolation, we obtain that for any δ ∈ (0, k + γ ) it holds that

[ds−1(u − Q)]Cδ(Br/2(x0)) ≤ cr s−1+k+γ−δ.

Therefore, altogether by the product rule,

[(u − Q)]Ck+γ (Br/2(x0)) = [Dk(d1−sds−1(u − Q))]Cγ (Br/2(x0))

≤

∑
|β|=k

∑
α≤β

[(∂αd1−s)(∂β−αds−1(u − Q))]Cγ (Br/2(x0))

≤

∑
|β|=k

∑
α≤β

(
∥∂αd1−s

∥L∞(Br/2(x0))[∂
β−αds−1(u − Q)]Cγ (Br/2(x0))

+ ∥∂β−αds−1(u − Q)∥L∞(Br/2(x0))[∂
αd1−s

]Cγ (Br/2(x0))

)
≤ c

∑
|β|=k

∑
α≤β

(
r1−s−|α|r s−1+k+γ−(k−|α|+γ )

+ r s−1+k+γ−(k−|α|)r1−s−|α|−γ
)

≤ c
∑
|β|=k

∑
α≤β

≤ c,
(6-20)
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where we used that r ≤ 1, and the following observation based on the fact that d ∈ Ck+1,γ (�) together
with corresponding estimates |D j d| ≤ c j d1− j (resp. |D j d1−s

| ≤ c j d1−s− j ) in � for every j ≤ k (see
[Fernández-Real and Ros-Oton 2024a, Lemma B.0.1]):

[∂αd1−s
]Cγ (Br/2(x0)) ≤ ∥D|α|+1d1−s

∥L∞(Br/2(x0)) sup
x,y∈Br/2(x0)

|x − y|
1−γ

≤ cr1−s−|α|−γ for all |α| ≤ k. (6-21)

This proves our claim (6-19). We can replace the L∞ norm of u in Rn
\ B2 by the L1

2s(R
n) norm via a

truncation argument, as in the proof of Corollary 4.4. We conclude the proof. □

Finally, we explain how to prove Theorem 1.7.

Proof of Theorem 1.7. The result follows immediately from Theorem 1.2, however it remains to prove that
the result only requires K ∈ Ck−2s+γ (Sn−1) if �= {xn = 0}. First of all, we recall the Hölder estimate
(see Corollary 5.4), which holds true without any regularity assumption on K if k = 0. For the Liouville
theorem (see Theorem 5.1), we only require K ∈ Ck−1−s+γ+δ(Sn−1) for an arbitrarily small δ > 0 and
k − 1 − s + γ < k − 2s + γ . In Lemma 6.1, additional regularity for K is assumed in order to apply
Corollary 2.5. However, if �= {xn > 0}, we have

L(ds−1 Q)= L((xn)
s−1
+

Q) k−1
= 0 in {xn > 0}

for any Q ∈ Pk . Hence, in case k = 1 and γ < s, the proof goes through exactly as before, without any
restrictions on K . If k ≥ 2 or γ > s, (6-13) needs to be interpreted as an equation up to a polynomial,
but the rest of the proof remains the same. Moreover, we apply the Hölder estimate (see Corollary 5.4),
which would force us to impose K ∈ Ck−1(Sn−1) in case k ≥ 2 or γ > s. Therefore, in this case, we
need to proceed a little differently. Indeed, we replace the computation in (6-8) by the following estimate,
based on polar coordinates (see also (5-3)) for η = 1 + γ − s − ⌈γ − s⌉ + δ for some very small δ > 0:∥∥(xn)

s−1
+
wm | · |

−n−2s−(k−2+⌈γ−s⌉+η)
∥∥

L1(Rn\BR)
≤ c

∫
Rn\BR

(xn)
s−1
+

|x |
−n−2s−⌈γ−s⌉+2+γ+η dx

≤ c
∫ 2π

0
cos(θ)s−1

+

(∫
∞

R
r s−1r−1−2s−⌈γ−s⌉+2+γ+ηdr

)
dθ

= c
∫ 2π

0
cos(θ)s−1

+

(∫
∞

R
r−1−δdr

)
dθ ≤ cR−δ

→ 0,

as R → ∞. Then, we can apply Corollary 5.4 with k := k − 1 and δ := η and only need to assume that
K ∈ Ck−2+η(Sn−1), which is fine by the same reasoning as for the Liouville theorem above. Moreover,
the stability theorem (see Lemma 2.13) can still be applied since k −2+η≤ k −1 if we choose δ < s −η.

Finally, the proof of Theorem 1.2 relies on an application of the interior regularity result (see
Lemma 2.10). In case k = 1 and 1 + γ ≤ 2s, we apply Lemma 2.10(i), so in this case, no regularity
assumption on K is required, at all. In case 1 + γ > 2s, we apply Lemma 2.10(ii) with α := k + γ − 2s
(and interpret the equation up to a polynomial of degree k − 1, which is possible due to Remark 2.11), so
in this case, we need to assume only that K ∈ Ck−2s+γ (Sn−1), as desired. □
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7. Nonlocal equations with local Dirichlet boundary conditions

Finally, we give the proof of the boundary regularity for nonlocal equations with Dirichlet boundary
conditions (see Theorem 1.4).

Proof of Theorem 1.4. Let us first extend h in such a way that h ∈ Ck+γ (Rn). Then, we define
w := v− ds−1h and observe that w solves

Lw = f̃ in �,
w = 0 in Rn

\�,

w/ds−1
= 0 on ∂�,

where f̃ := f − L(ds−1h). Moreover, for x0 ∈ � an application of Corollary 2.5 yields | f̃ (x0)| ≤

c1dγ−s(x0) in case k + γ < 1 + s, as well as [ f̃ ]Ck−1−s+γ (�) ≤ c2 in case k + γ > 1 + s, and also
[ f̃ ]Ck−2s+γ (Bd(x0)/2(x0)) ≤ c3ds−1(x0) in case k + γ > 2s. Since w/ds−1

= 0 on ∂�, by the maximum
principle (see Proposition 1.3) and a barrier argument (see for instance the proof of [Fernández-Real
and Ros-Oton 2024a, Lemma 2.3.9], using the barrier from [Fernández-Real and Ros-Oton 2024a,
Lemma 2.3.10] in case k + γ > 1 + s and the barrier ψ̃ from the second claim in Lemma 2.7 in case
k + γ < 1 + s) it holds that w ∈ L∞(�) and

∥w∥L∞(�) ≤ C∥ds−γ f̃ ∥L∞(�). (7-1)

Thus w is a solution in the setting of [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020]. We
assume without loss of generality

∥w∥L∞(�) + ∥ds−γ f̃ ∥L∞(�)1{k+γ<1+s} + ∥ f̃ ∥Ck−1−s+γ (�)1{k+γ>1+s} ≤ 1.

Then, [Ros-Oton and Serra 2017; Abatangelo and Ros-Oton 2020] imply that for any z ∈ ∂� there exists
a polynomial Qz ∈ Pk−1 such that

|w(x)− Qz(x)ds
| ≤ c|x − z|k−1+γ+s

≤ c|x − z|k+γ ds−1(x) for all x ∈ B1(z).

By adjusting the proof of [Ros-Oton and Serra 2017, Proposition 3.2] in case k +γ < 1+ s, or the second
part of the proof of [Abatangelo and Ros-Oton 2020, Proposition 4.1] in case k + γ > 1 + s, respectively,
according to the slight modification of the upper bound in the previous estimate, we get that for any
x0 ∈�∩ B1(z), letting r := d(x0),

∥w− Qzds
∥L∞(Br/2(x0)) ≤ cr k+γ+s−1, [w− Qzds

]Ck+γ (Br/2(x0)) ≤ cr s−1. (7-2)

Indeed, while the first estimate is immediate from the expansion, the second result follows by letting

vr (x)= r−k−γ
(
u(x0 + r x)− Qz(x0 + r x)ds(x0 + r x)

)
,

and observing that by the previous estimate and the properties of f̃ it holds that

∥vr∥L∞(BR) ≤ c(1 + r s−1) for all R > 0, [ f̃ ]Ck+γ−2s(Br/2(x0))1{k+γ>2s} ≤ cr s−1.
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Plugging these findings into the remainder of [Ros-Oton and Serra 2017, proof of Theorem 1.2; Abatangelo
and Ros-Oton 2020, proof of Theorem 1.4], we obtain (7-2). From there we can show, using Hölder
interpolation, and also d ∈ Ck+1+γ (�), that for any δ ∈ (0, k + γ ] it holds that

[w− Qzds
]Cδ(Br/2(x0)) ≤ cr k+γ+s−1−δ, ∥d1−s

∥L∞(Br/2(x0)) ≤ cr1−s, [d1−s
]Cδ(Br/2(x0)) ≤ cr1−s−δ.

Thus, proceeding in a similar way as in the proof of Theorem 1.2, and using (7-2) as well as the previous
estimate, we obtain[
w

ds−1 − Qzd
]

Ck+γ (Br/2(x0))
= [Dk(d1−s(w− Qzds))]Cγ (Br/2(x0))

≤

∑
|β|=k

∑
α≤β

[(∂αd1−s)(∂β−α(w− Qzds))]Cγ (Br/2(x0))

≤

∑
|β|=k

∑
α≤β

(
∥∂αd1−s

∥L∞(Br/2(x0))[∂
β−α(w− Qzds)]Cγ (Br/2(x0))

+ [∂αd1−s
]Cγ (Br/2(x0))∥∂

β−α(w− Qzds)∥L∞(Br/2(x0))

)
≤ c

∑
|β|=k

∑
α≤β

(
r1−s−|α|r s−1+|α|

+ r1−s−|α|−γ rγ+s−1+|α|
)
≤ c.

From here, by a covering argument, and using the continuity of the extension operator,∥∥∥ v

ds−1

∥∥∥
Ck,γ (�)

≤ c
(
∥v− ds−1h∥L∞(Rn) + ∥ f ∥Ck−1−s+γ (�) + ∥h∥Ck+γ (∂�)

)
≤ c(∥ f ∥Ck−1−s+γ (�) + ∥h∥Ck+γ (∂�)). □
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