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A SHARP TRACE ADAMS INEQUALITY IN R*
AND EXISTENCE OF THE EXTREMALS

LU CHEN, GUOZHEN LU AND MAOCHUN ZHU

Let  C R* be a bounded domain with smooth boundary 9. In this paper, we establish the following
sharp form of the trace Adams inequality in W?2(2) with zero mean value and zero Neumann boundary
condition:

2
S(a) = sup / e do < o0
ueW22(@\{0}, |Auf,<1 7992
Joqudx=0. §450=0

holds if and only if @ < 1272,

Moreover, we prove a classification theorem for the solutions of a class of nonlinear boundary value
problem of biharmonic equations on the half-space Ri. With this classification result, we can show that
§(1272) is attained by using the blow-up analysis and capacitary estimate. As an application, we prove a
sharp trace Adams—Onofri-type inequality in general four-dimensional bounded domains with smooth
boundary.

1. Introduction

Let 2 € R" be a bounded domain with smooth boundary €2 and W™ ?(£2) denote the usual Sobolev
space: the completion of C*°(Q) under the norm

||-||=(Z /QIDaulpdx)

o] <m
If 1 < p <n/m, the classical Sobolev embedding asserts that W7 (2) < LP" (Q) for p* =np/(n—mp),
and WP (Q) < LP"(3Q) for p*=(n—1)p/(n—mp). However, when p = n/m, it is known that both
W™ P(Q) — L*°(R2) and WP (Q) — L*°(9) fail.
It is known that the analogue of optimal Sobolev embedding for W(;" n/ "(Q) (the Sobolev space
consisting of functions vanishing on the boundary 9€2) is given by the famous Trudinger—Moser inequality
(m = 1) [Moser 1970/71; Trudinger 1967] and Adams inequality (m > 1) [Adams 1988], which can be
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stated in the form

<c|Q| ifa=<a,m),

=400 ifa>aln,m),

sup / exp(a|u(x)|ﬁ)dx { (1-1)

m, AL Q
ueW, m (2)\{0}
A" 2u) p <1
m

where

n [7"22"T((m+1)
a)n_l[ F(%(n—m—i—l))
n [”n/zzmr(%)]nﬁm
wp—1 LT (3 (n—m))

Here w,—1 denotes the (n—1)-dimensional surface measure of the unit ball in R”. So far, the Trudinger—

_n__
n—m .
] when m is odd,

a(n,m)=

when m is even.

Moser—Adams inequalities (1-1) have been generalized in many other directions such as the Trudinger—
Moser inequalities on the unbounded domains, compact or complete and noncompact Riemannian
manifolds, CR spheres, hyperbolic spaces, Heisenberg groups, Hardy—Adams-type inequalities on hyper-
bolic spaces, etc., to just name a few from a long list of extensive works we refer the interested readers to
[Adachi and Tanaka 2000; Cohn and Lu 2004; Chen et al. 2020; 2021; 2022b; 2023a; 2023b; Chen 1990;
Li 2005; Cohn and Lu 2001; do 0 1997; 2024; Fontana 1993; Lam and Lu 2012; 2013; Lam et al. 2014; Li
and Lu 2021; Li et al. 2018a; 2018b; 2021; Li and Ruf 2008; Li and Zhu 2022; Liang et al. 2020; Lu and
Tang 2013; Lu and Yang 2017; Lu et al. 2024; Ma et al. 2021; Mancini et al. 2013; Nguyen 2018; 2024
Ruf and Sani 2013; Wang 2025; Xue et al. 2025; Yang 2007; Zhang and Zhu 2024; Zhang et al. 2025].

An interesting problem related to the Trudinger—Moser—Adams inequalities lies in investigating the
existence of extremal functions. Carleson and Chang [1986] first established the existence of extremals
for Trudinger—Moser inequalities on the unit ball through a symmetrization rearrangement inequality
combined with the ODE technique. After that, the existence of extremals was proved for any bounded
domains in R” (see [Flucher 1992; Lin 1996; Adimurthi and Druet 2004]). One can also see [Li 2001;
2005; Li and Ruf 2008; Zhu 2014] for existence of extremals for the Trudinger—Moser inequalities on
unbounded domains and compact Riemannian manifolds, and see [Lu and Yang 2009a; DelaTorre and
Mancini 2021; Chen et al. 2020] for the existence of extremals for Adams inequalities in bounded and
unbounded domains. We note that the Trudinger—Moser—Adams inequalities on the Sobolev spaces
W m (€2) without the Dirichlet boundary condition have also been established; the interested readers
can refer to [Chang and Yang 1988; Leckband 2005; Cianchi 2005; Lu and Yang 2009b; Tarsi 2012].

In this paper, we are interested in the borderline case of Sobolev trace inequality in Wi (). As
mentioned above, from the Sobolev embedding we know that W (R2) — L1(0R2) for any g € [1, 00),
but not for g = co. (See, e.g., Maz’ja’s book [1985]). Adams [1973] showed that W’”’%(Q) can be
embedded into the Orlicz space L4 (3S2), with ¢ (¢) = exp(|¢["/ =™ — 1) (see also [Maz’ja 1985]). The
first optimal trace inequality of Moser type on 02 was obtained in [Chang and Marshall 1985] in a
two-dimensional disk D for functions with zero boundary mean value. Namely,

sup / ¢’ do < +oo if and only if @ <. (1-2)
ueW'2(D)\{0} 9D
[pIVul?dx=1, [, udo=0
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Using the technique of blow-up analysis, Li and Liu [2005] extended the result of [Chang and Marshall
1985] to general bounded domains and obtained the existence of corresponding extremals. Yang [2006]
obtained another sharp form of trace Trudinger—Moser inequality for functions with zero mean value in
Q C R2. Furthermore, Cianchi [2008] formulated a unified framework for high-dimensional Trudinger—
Moser-type inequalities on a boundary dQ or smooth submanifold of arbitrary dimension in Q. In
particular, this includes the trace Trudinger—Moser inequality with the zero mean value in W' (Q)
for n > 3.

The main purpose of this paper is to study the second-order trace Adams inequality on a smooth
bounded domain 2 with zero mean value. Set

H:{MGWZ’Z(Q):IIAquSL fudsz, 8_14}39:0}'
Q ov

Our main results read as follows.

Theorem 1.1. Let Q € R* be a bounded smooth domain with smooth boundary 0Q2. Then if a < 1272,
we have

S(a):= sup / e do < 0. (1-3)
ueH\{0} JOQ

The constant 1272 is sharp in the sense that if « > 12702, then the supremum S(a) is infinity. Moreover,
the supremum is attained if a« < 1272,

As an immediate consequence of Theorem 1.1, we have the following result when 2 is a four-
dimensional ball B* and S3 is its boundary.

Corollary 1.2. If o < 1272, we have

S(a, BY := sup / e do < 00. (1-4)
ueH\(0} J 3

The constant 127t? is sharp in the sense that if & > 1272, then the supremum S (o, B*) is infinity. Moreover,
the supremum S(c, B*) is attained if o« < 127>,

As an application of Theorem 1.1, we can derive the following trace Adams—Onofri-type inequality on
any four-dimensional bounded domains.

Theorem 1.3. Assume that Q@ C R* is a bounded smooth domain with smooth boundary 3S2. For any
u € W*2(Q) with g_u = 0 on 022, there exists a constant C such that
v

1 ) 1 / " )
Aul*dx+ — | udx—1lo e'do )| = C.
48712/9' EaRTT A g( o

Remark 1.4. The Moser—Onofri and Adams—Onofri inequalities on the sphere can be obtained by using

the endpoint differentiation argument (see Beckner’s work [1993]). However, this method cannot be used to
establish the sharp trace Adams—Onofri inequality on general four-dimensional bounded domains due to its
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absence of conformal invariance. Our Theorem 1.3 offers a weak version of such a Moser—Onofri-type in-
equality on general bounded domains in R* from the sharp Adams trace inequality obtained in Theorem 1.1.

Remark 1.5. The first-order Sobolev trace inequality was due to Escobar [1988] and Beckner [1993].
The second-order and higher-order Sobolev trace inequalities were established by Ache and Chang
[2017], and subsequently by Ng6, Nguyen, and Phan [Ngo et al. 2020], and Q. Yang [2019], where they
established the sharp trace Sobolev inequality of higher-order on the real unit ball B"*! ¢ R"*!. Case
[2020] establishes a family of sharp Sobolev trace inequalities involving the W"’Z(R’jr, y%)-norm, which
leads to the well-known embedding

k—1

Wk,z(Rr:rl) s @ kajf%ﬂ(Rn).
j=0
More recently, Flynn, the second author, and Q. Yang [Flynn et al. 2023] introduced conformally

covariant boundary operators for Poincaré—FEinstein manifolds satisfying a mild spectral assumption.
Using these boundary operators the authors set up related higher-order trace Sobolev inequalities on
these manifolds. They later [Flynn et al. 2025] introduced an appropriate family of conformally covariant
boundary operators associated to the Siegel domain /" *! with the Heisenberg group H" as its boundary
and the complex ball Bfg“l with the complex sphere S**! as its boundary and prove all higher-order CR
Sobolev trace inequalities for the Siegel domain /"*! and the complex ball [B:EH. This generalizes the
Sobolev trace inequality in the CR setting by Frank, Gonzélez, Monticelli, and Tan [Frank et al. 2015] in
the case y € (0, 1) to the general case for all y € (0, n+ 1)\ N.

Remark 1.6. Besides the trace Trudinger—Moser inequalities on bounded domains as discussed earlier,
we also refer to the recent article [Chen et al. 2022a] by the authors and Yang, which studies trace
Trudinger—Moser and Adams inequalities under various constraints on the upper half-spaces Ri’” by the
Fourier rearrangement and the polyharmonic extension.

The general strategy we use in this paper is exploiting the blow-up analysis. We first prove the
subcritical trace Adams inequalities and the existence of extremals by using the sharp subcritical Adams
inequalities involved with zero mean value. Then, we take a sequence a; — 12772 and find a maximizing
sequence {u}x C W>2(Q) for S(1272). If uy is bounded in L>®(R), i.e., cx 1= max,eq |ux(x)| < oo, we
can easily show that u; converges to a function u in W2(82) by elliptic estimates. If ¢; — 400, i.e., the
blow-up arises, we apply the blow-up analysis method to analyze the asymptotic behavior of u#; near and
far away from the blow-up point p € 92, and derive an upper bound for the trace Adams functional,

S(127%) < |99 + 272127 Ar3 | (1-5)

where A, is the value at p of the trace of the regular part of the Green function for the operator A2+1/19.
Finally, we construct a function sequence in A to show that the upper bound can actually be surpassed,
which implies that the concentration phenomenon will not happen.

Neither the blow-up strategy in the study of second-order Adams inequality with Dirichlet boundary
condition (see [Lu and Yang 2009a]) nor the blow-up method for the first-order trace Trudinger—Moser
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inequality and existence of their extremals (see [Li and Liu 2005; Yang 2006]) can be easily generalized
to second-order trace Adams inequality case. In the following, we will introduce the main difference
between the proof of the second-order trace Adams inequality and those for the second-order Adams
inequality with Dirichlet boundary condition and the trace Trudinger—Moser blow-up analysis (see [Lu
and Yang 2009a; Yang 2006]). We will also outline the elements of novelty when we carry out the
blow-up procedure for our second-order trace Adams inequality.

First of all, the main difference between the blow-up analysis for the Adams inequality and that for the
Adams trace inequality blowing-up is the location of the blow-up points. For the former, the blow-up
points must be at some interior points, while for the latter the blow-up points must lie on the boundary
of 2, which leads to the situation where the related Euler-Lagrange equations of the maximizer sequence
are some biharmonic equations with the Neumann boundary condition and the analysis of asymptotic
behavior near and far away from the blow-up points is totally different.

Second, unlike the first-order case, one cannot show that the maximum point x; of u; lies on the
boundary 92 due to the absence of maximum principle of the biharmonic operator A%. We stress that
without this fact one cannot analyze the asymptotic behavior of u; near the blow up points p € d€2 if the
concentration phenomenon occurs. To overcome this difficulty, we will make use of the assumption that

ouy
— =0 on 9dQ
av

to show that there exists some point X; € d<2 such that

[ (X)) — ur (x)| = ox (1).

This important observation allows us to choose the maximum point x; on the boundary 9€2.
Third, when we try to analyze the asymptotic behavior of u; near the blow up point p, a crucial step is
to classify the solutions to the Liouville equation

A2y =0, xeRY,
% =exp(24n?y), x €9dRY,
¥ (0) =supy =0,

W _y, x € IRY,
ot

where Ri is the half-space {x = (x", 1) :x’ € R3, ¢ > 0. Instead of assuming V¥ € Wz’z(Ri) or other
global integrality condition for ¥ (see [Ache and Chang 2017; Ndiaye and Sun 2024]), we can prove the
classification theorem under the finite growth condition | B |Av| dx < CR?. This finite growth condition
can be verified by the technique of harmonic analysis. Indeed, in order to achieve this goal, we need to
prove an important local estimate for Auy:

/ lur Auy| dx < C,02, (1-6)
B, (xp)NQ2

when p is small. For this, we first rewrite u; Auy in terms of the Riesz potential, then by using the
Hardy-Littlewood—Sobolev inequality on the compact manifold with the boundary and the boundedness
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in Llog% L(Q)of A%uy, we can show that u; Auy is bounded in the Lorentz space L?%°(€2), which
implies (1-6). Applying this local estimate and a careful computation, we can show that the solution
must take the form

1 t
8 4 2 5 3 :
dad (14 (@) + (@) e

Fourth, when we try to obtain the upper bound for the trace Adams inequality if the concentration
phenomenon occur, an important step consists in finding the sharp lower bounds of the integral of | Auy|?
on some annular regions when we carry out the capacity estimates. In earlier work [Li and Liu 2005;
Yang 2006], this could be achieved by comparing the energy of u; with the quantity

min

/ |Vul|*dx, (1-7)
ue{u:u(Ry)=a, u(Ry)=b} {R1§|X|§R2}0Ri

whose extremal function is some harmonic function which can be explicitly obtained by solving some
equation on the half-space. However, in the second-order case, finding the explicit expression of the
corresponding extremal appears to be very hard. In this work, we will compute the upper bound by
directly comparing the Dirichlet energy of u; with some biharmonic function in the half annular region.
In our situation the boundary of the upper half annular region involves some part of €2 where uy is not
vanishing. This will add a lot of trouble in the comparison of the corresponding calculations since the
asymptotic behavior of u; cannot be obtained in this half annular region. In order to avoid the complicated
computations on d€2, we will modify the biharmonic function to cancel the integral on the boundary 0€2
(see Section 3.2).

Finally, since A requires that the test functions not only satisfy || Au|*> < 1, but also satisfy du/dv =0
on d€2, this makes the construction of test functions more complicated when we try to show that the
concentration upper bound can be surpassed.

This paper is organized as follows. Section 2 is devoted to proving the sharp subcritical trace Adams
inequality, and showing the existence of extremals. In Section 3, we show that the maximizing sequence
must concentrate around the blow-up point when the blow up arises. Moreover, we analyze the asymptotic
behavior of the maximizing sequence near and far away from the blow-up point, and derive an upper
bound for the trace Adams functional. In Section 4, we prove the existence of extremals by constructing
a proper test function sequence, and finish the proof of Theorem 1.1.

2. The best constant for the trace Adams inequality
In this section, we prove that the best constant in Theorem 1.1 is 1272, First, we recall the following
subcritical Adams inequalities for functions with zero mean value proved by Hang [2022]. Throughout
this section, we let 2 C R* be a bounded smooth domain with smooth boundary 9€2. We also recall that

— 2,2 . A O0u .
H—{ueW (Q): || Aull; <1, /Qudx_o, a_v|89_0}'
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Lemma 2.1 [Hang 2022, Theorem 3.2]. For any ¢ > 0, we have

sup /exp((16n2—8)|u|2)dx<oo. (2-1)
ueH\(0} J @

Next, we further prove the following.
Lemma 2.2. Ser a = sup{a : sup,cy [ € < +00). Then ar = 1672

Proof. By Lemma 2.1, we know o > 16772, In order to prove the lemma, we only need to show o < 16772,
Taking any p € 92, for any 0 < p < 8, we use the notation B, = B,(p) and set

1 x| ! i
T tou(1/Re) — + ifxeB nez,
o O R = R e (1R | AT Tog (1 R e

eX) =11, /72 10g(1/ Ro) log(p/|x]) if x € (B, \ B, yz) N,
Mi(|x]) if x € (Bs\ B,) N,

where {Ry}r>1 C R, R; \ 0, and 7, satisfies

L[ Q|
av las, py/m2log(1/Ry) v

aBs

0, mklas, = mkloss =0,

and 7y, Any are all O(1/,/log1/Ry). Since uy, is radial, we can choose some function ¢ (x) such that

dor 9
9k _ 2k _ hs(1) forx € 02,
av av

@k (x) = 05(1) and || Ag|l3 = 05(1) as § — 0.
For some fixed r > 4, set

up —or ifx € BsNQ,

Urto):= {rkqsk if x € (B, \ Bs) N,

where ¢ is a smooth function such that supp(¢y) C B, \ Bs, a;ﬂbg =0, and # is selected such that
V
fQ Ui (x) dx = 0. Easy computation directly gives

1UN3 = Oxr (1), IJAULIS =1+ Ox - (1).

Normalizing Uy by l7k = Ui /|| AU, we have ﬁk € H. Then it follows that for any fixed o > 1672, there
exists some &g > 0, such that

/ Ut Zf Ut > cptefolog/R) o
Q QNB, 47
as k — 00, and the proof is finished. O

Based on Lemma 2.2, we can show that the best constant of the inequality (1-3) is 1272

Lemma 2.3. Set I, (1) = [, e do. Then we have

sup Iy(u) <400 fora < 1272 and sup Iy(u) =400 fora > 1272
ueH\{0} ueH\{0}
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Proof. Take a smooth vector field V(x) whose restriction on 32 is the outward unit normal vector field.
Using the divergence theorem and Sobolev embedding theorem, we derive that for any ¢ > 0,

/ (12w —eyu? da:/ div(ﬁ(x)e(lzﬂz_s)uz)dx
1Y Q

:/(diV(D(x))+2(12772—8)M<1j(x),Vu>)e(12ﬂ2—8)u2 dx
Q

< c(l +f |Vul |u|e(12”2_8)”2> dx
Q

(1272 =¢)u

2
= C(l + ||vu||L4(Q) ||u||LP(Q) lle I|L(16n2—£)/(12n27€)(9))

1 2_v,,2
< c+c(lAullfs g + lulfa o) el ey e N o ajan gy (22)
where 1/p+ 3+ (1272 —¢)/(16x2 — &) = 1. This together with Lemma 2.2 yields

sup o 2_.(u) < 400
ueH\{0}

for any ¢ > 0. Using the test function Uy constructed in Lemma 2.2 again, one can easily check that for
any o« > 1272, I,(Uy) — +00 as k — oo. O

Let o be an increasing sequence converging to 12772, Then by the weak compactness of the Banach
space L!>7 !/ % there exists an extremal function u; € H \ {0} such that

/exp((xkluklz)daz sup / exp(aklulz)da.
A ueH\(0} Jag

Furthermore, we can show that the extremal function u; € H is smooth. For this, we first recall the
following elliptic regularity result.

Lemma 2.4 [Troianiello 1987, Theorem 3.17]. Suppose that f € LP(2) and h € WP (Q) for some p > 2.
Let u € W'2(Q) be a solution of

Au=f inQ,
M _ o onaQ.
av

Then u € WP (Q).
Lemma 2.5. For any oy < 1272, the functional I, (u) defined in H admits a smooth maximizer.

Proof. Obviously, there exists u; € H such that

Io,(up) = sup Iy, (u).

ueH\{0}
Hence uy satisfies the Euler-Lagrange equation
Ay = Vi for all x € 2,
dAuy _ Uk explogup)
= for all Q -
. ™ orall x € 9€2, (2-3)

fglAuklzdle, fgukdxz ,%:0 for all x € 9€2,
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where )
ug exp(oguy)

(2-4)
o M€

A = —/ u,% exp(aku,%) do, yr= /

9 )

By the Orlicz embedding (see Lemma 3.4 in [Hang 2022]), we obtain exp(u%) e LP(Q) for any p > 1.

Therefore, uy exp(aku%)/kk e W4 (Q) for any 1 < g < 2. We claim that u; € L>°(2). Indeed, we can
rewrite (2-3) as the systems

dup _ 0 (2-5)

Auk = Vg in Q,
on 092,

ov
and

2-6
M:hk on 0€2, (2-6)
ov

where hy = uy exp(aku,%)/kk. Applying Lemma 2.4 for (2-6), we know vy € W>9(R2). By the Sobolev
embedding theorem, we get v, € L*/“4~29)(Q). Using Lemma 2.4 again for (2-5), we derive that

{Avk = Yk in Q,

up € Wr/4=20(Q). Since g > 1, we can immediately obtain the claim by the Sobolev embedding
theorem.

From the boundedness of uy, we know that iy € W12(€2). Thus we have i € W22(2) from Lemma 2.4,
and hence h; € WP(Q) for any p > 2. By Lemma 2.4 again we have uy € W>? () for any p > 2,
which implies that u; € C'% () for some « € (0, 1) by the Sobolev compact embedding. Since on the

boundary 0€2,

9 2
ﬂ _ hk _ Uk CXp(OlkMk) c C],OZ(BQ)
av A.k

and v satisfies (2-6), the elliptic regularity gives that vy € C>*(Q). Since Auy = v € C>*(Q2) and
by (2-5), we can furthermore derive that u; € C**(2) using the elliptic regularity again. Repeating the
above procedure, we obtain u; € C*°(L2). Il

Now, we give the following important observation.

Lemma 2.6. —likm infAx > 0, and |Vl <c  for some ¢ > 0.
—00

Proof. By the elementary inequality ze’ > ¢’ — 1 for all ¢ > 0, we have

19Q] < sup f 27— qim [ e < 19Q| — liminf 12724, (2-7)
ueH\{0} Jog k—o00 Jh0 k— 00

This implies —lim infy_, o Ax > 0. By (2-4), (2-7) and Holder’s inequality, we derive

— 2 2
vl < =L (f u,% exp(aku%) da) </ exp(aku%) da) <ec. O
Ml 21\ Joq Blo)

Set ¢ = |ur(xg)| = max,eq |ur(x)|. If {cx} is bounded, then by the elliptic estimates with respect
to (2-3), there exists u € H N C* () such that uy — u in C*°(2) as k — oo, and Theorem 1.1 follows
immediately. In the sequel, we assume c; — 400 as k — oo. Passing to a subsequence, we may assume
that uy (x) > 0 for all k, for otherwise we consider —uy instead of uy.
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3. Blow-up analysis

In this section, we consider the blow-up case, that is u;(xx) — 0o as k — oo. Applying the Adams
inequality [1988], we know that passing to a subsequence, x; — p for some p € 9€2. Now, we show that
the weak limit of u; in W>2() is zero. Furthermore, u; must concentrate around the blow-up point p.

Lemma 3.1. If c; — 400, then uy — 0 in W>2(Q2) and uy, — 0 in L? () for any 1 < p < oo. Moreover,

) |Aug|>dx — 38, in the sense of measures,
(i1) %% is bounded in LP(Q2\ Bs(p)), forany p>1, § > 0;
(iii) ux — 0in C37(Q \ Bs(p)), forany y € (0, 1), § > 0.

Proof. Since uy is bounded in W22(2), we assume that u; — uo in W>2(2) with some ug € W>2(Q).
The compactness of the embedding of W>2(2) into L”(S2) implies uy — ug in L?(2) for any p > 1. If
167 %u?

up # 0, then by the concentration compactness principle (see Proposition 3.2 of [Hang 2022]), e is

bounded in L? (£2) for some p > 1. Similarly to (2-2), we can find some gg > 0 such that 12747 js bounded

in L'*t%(3Q), hence dAuy/dv is bounded in L9 3Q). Using the same argument in Lemma 2.5, we
get that uy is bounded in L°°(2). This contradicts ¢, — +00. Hence, we have ug = 0.
Now, we show that u; must concentrate around the blow-up point p. Let

A= :q €Q: lim liminf/ |Aug|* dx > 0}.
By (q)

r—0 k—oo

We claim that A contains only one point. Suppose that the claim does not hold. Then, for any g € €2, we
have

lim liminf/ |Aug|>dx < 1.
B, (q)

r—0 k—o0

Then there exist positive numbers » and § such that
/ |Aug|>dx < 8(q) < 1.
B,(q)

Using the same argument as that in (2-2) again, we see that there exists a constant a(q) > 1272 such that

2
/ D do < C,
9205, (q)

for some constant C, depending on g. Hence there exists an o > 1272 such that
/ e do <C,
a0
by using the covering argument. Therefore, it follows from the Vitali convergence lemma that

. 2
lim e do =109,
k——+o00 I
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which is impossible by the choice of u;. Next we show that A = {p} and

r—0 k—o0

lim liminf/ |Aug)® = 1.
B (p)

Suppose not: repeating the argument above, we can obtain that u; is bounded in L°°(Bs(p)) for some
6 > 0, which contradicts with ¢y — 400, and the statement (i) is proved.

The statement (ii) follows from (i) and Lemma 2.1, and the statement (iii) can be proved by the standard
regularity argument; we omit the details. O

To understand the asymptotic behavior of u; near the blow-up point p, we define

A

3 k 2

ry = —— exp(—aicj).
Ck

Indeed, r; decays very fast as k — oo:

Lemma 3.2. Forany y < 12722, it holds that e”cl%rg — 0as k — oc.

Proof. For any y < 1272, we have

2 _ 2 5 ) B 5
C]%I’,?eyck — e()/ a)ci; f u]%eozkuk do < / u]%eakuke(y ap)u? do
IQ a0

) 2/s 2 (s=2)/s
<[t (o) ([ o)
Q2 o I

=c,
provided s is large enough, where we have used the subcritical trace Adams inequality. O

The following important observation allows us to choose suitably approximate {x;} by points on the
boundary 0€2.

Lemma 3.3. There exists some point X € 02 such that
luge (k) — ur (xp) | = 0 (1),
as k — oo.

Proof. If x; ¢ 9%, since d(x, 0R2) is sufficiently small, then there exists a unique y; € Q2 such that
dy :==d(xg, 02) = |yr — x¢| and xx = yx + dyvi, where v is the inner normal vector of boundary 92 at
the point y;. Hence

1 1
d
g (x) — ux (v 5/ ]d—<uk<yk+zdkvk)\dr=/
o 1at 0

d
s (Vk +tdg, vi)di | dt — 0
avk

when k — 400 by the mean value theorem and the fact that %ﬂ |yk =0, and the proof is finished. [
Vk

In view of Lemma 3.3, we can take x; = x; € 02 and then

ug (xx) = cx +ox(1), (3-1)
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as k — oo. Define two sequences of functions on 9€2, namely,

{¢k(x)=uk(xk+rkx)/ck, x €Qr={x:x; +rx €Ql,
Y (x) = e (up (X +rex) —cr),  x € Q.

Up to translation and rotation, we can easily obtain ; — Ri as k — +o0.
Lemma 3.4. de(x) > 1 in C3 (RY).

Proof. By (2-3), for k large enough we have

4
A2y = Loy for all x € Bg(0) N €,
3 Ckr3uk exp(ouy) (3-2)
L Ag =" forall x € Br(0) N A,
ov Ck)\k

for any R > 0. By the definition of r;, we have

4 2
r A r uy exp(aiu 0| r
Kyl = —]; GXP(—OtkC/%)—k / ke Xpl@ti) do < | |—§ -0
Ck (o Ck JoQ )\k|Q| |Q| (o
and

3 2

riug exp(ogu

7 Uk exploguy) < 12 0,

Ck)\k Ck

as k — oo. Since ¢ is bounded in L} (Bg(0) N Q) and ¢y (xx) = 1 4 0 (1), by the standard elliptic

loc

regularity argument, we have ¢y — 1in C 3 (Bg 12(0) N Q). O

loc

In order to obtain the limit behavior of ¥, we need to check the following growth condition:
Lemma 3.5. f |Ayy| dx < CR.
Br(0)N2y

Proof. Direct computation gives that

f |Alﬁk|dx:ckrk_2/ |Aug|dx.
Br(0)N€ Bpry, (xi)NS2

Since ug (rex +xi)/cry — 1 in C3(Br NS for any R > 0, in order to prove this lemma we only need to
show that

(Rrk)_z/ lug Aug| dx < 1.
By (x0)NS2
Applying Holder’s inequality in Lorentz space (see [O’Neil 1963]), we get

) )
(Rry) |ur Augldx < (Rr) ™l X Bro, caone 1221 (B, (oonsy 1k Atk || 200 (B, (xon92)
BRry, (xi)NE2

S N Augell 200 (B, (x0))- (3-3)
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Now, we start to prove that [lugAugll 2~y S 1. Let G denote the Green function of the Laplacian
operator with Neumann boundary condition:

1 —

_AGX())):ax(y)__, x,yGQs
3G 12|

il =0

v ‘39 ’

Jo G:(y)dy =0, x € Q.

Obviously G, (y) satisfies G,(y) < |x — y|~2 for any x, y € Q. By integration by parts together with
Jq uk(x)dx =0 and dux/9v|yg = 0 and using the fact that [, |Aug|* dx =1 (see the Euler-Lagrange
equation (2-3)), we derive that

|uk<x>|5/ Augl x — ¥ dy
Q

and

IAuk(X)IS/

1
|x—y|—2fk<y>doy+f =y 2 dy+ — |Auk|dy51+/ =12 fi(y) doy.
Q2 Q o

12| Jo

where fi = uy exp(ozku,%) /M. Then it follows that

|uk<x>||Auk<x)|§(fg|<Auk><y>||x—y|—2dy)<1+fm |x—z|—2fk<z)doz). (3-4)

Now, we claim that

H (/ Aug) ] fx — y[ dy) (1 +/ =22 (@) dq)
Q I

Recall the Hardy-Littlewood—Sobolev inequality in R": for any f € L?(R"),

)
— 2 d
fw e —ypo

4
n

<1

L2

S llzr@y,
L4 (Rm)

. Hence it follows that

s“(f |Aug(y)||x — y| ™2 dy
L2°°(Q) Q

S lAul

wherep>1,0<9<nand$:%

H (/ |Aug(y)|x —y| 2 dy)
Q

Hence it suffices to prove that

H (/ |Aug)||x — y| 72 dy) (/ Ix — 2|7 fi(2) doz)
Q 02

For any ¢ > 0 sufficiently small, using the estimate (see [Maalaoui et al. 2016])

LS(RY)

L%(Q) S ||AM||L2(Q) S (3-5)

<1,
1200

-2 -2 —2— -2 -2 -2
X =y =z TP S =y T e =2 T -y T — 2
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we obtain

H(/ |Auk<y)||x—y|‘2dy)(/ |x—z|‘2fk<z>doz)

Q a2

§H</ |Auk<y>||x—y|“dy)(/ |x—z|2“fk<z>doz)
Q Q2

LZ,oo

L2,oc

" ‘/ (f A1z =y~ dy) f@l =21 do,
R Q L2
=1+ 1. (3-6)
Applying the generalized Holder’s inequality involving the Lorentz norm, we derive that
I < H/ | Aug()]x — y| 7>~ dy / lx — 2|7 fi(2) do, =1 x I
Q L¥e(Q) 11/ 02 L4/ 2=#),00(Q)

For I}, the boundedness of fractional integral operator directly gives I;; < || Aug]| 12()- For I12, we claim
that it can be dominated by || fx|l11(5q)- Define the auxiliary integral operators

Tg{r(x)zf Ma’cry, Tﬁ,(x):f Mday.
{

QN|x—y|<r} |x - Y|2_5 {oQN|x—y|>r} |-x - Y|2_8
Obviously,
1 1 < p2+e
T, ,(x)|dx < | sup — s dx |l filloieey S 1 fellLi oo
Q yea J{x—yl<r} 1X — Y|

and

2 1
ITer L@ = = il eo-

For any A > 0, we can write
T () + T2, (x) > 203 < [{x : T} (x) > A} + [{x: T2, (x) > A},
Choosing r such that 1/r>~¢ I fillLr o) = A, then [{x : Tg%r (x) > A} =0. Hence, we deduce that

rte 4/(2—¢)

1
[T () + T2, (x) > 20| S I illoe) = Saa—a el Ligg) »

which gives that 112 < || fkll1(sq)» and the claim is proved.
Gathering the estimates of 11 and 112, we derive that It S || Augll 2 I fill L1 (s)- For I, obviously

LS H/ | Aug(¥)|z — Y|_2fk(2)d)" SN Aukll L2
Q L'(0Q)

/ 2=y fi () do,
0

LX)

According to Corollary 6.16 in [Bennett and Sharpley 1988], we derive that

H/m 2= yI7? fi(2) o S /Q fi(@ log2 (1 + fi(2)) dor.

L2(Q) )
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Since f; = uy exp(aku%)/kk, it is easy to check that fasz Ji(2) log%(l + f1(2)) do, < 1.Combining the
estimates of I; and I,, we find that

H (/ | Aug(y)]]x — y| 2 dy) (/ x =z fi (@) doz)
Q 02

which accomplishes the proof of Lemma 3.5. U

<1

’

L2

Lemma 3.6. We have Y. (x) — ¥ (x’, 1) in C} (BIJ{(O)) (x' € AR, t € RT), where W (x', t) satisfies the

loc
equations

?21& = O, X € Ri,
?—;’/f =exp(24m?y), x €9RY,
¥ (0) =supy =0,

oy

5 =0 x € 9RY.

Furthermore, \r must take the form

2 4 1 t
v =—rtog((1+(2) P+ (@) R e ———
at 1+ (3 + () e
Proof. By (2-3), we can easily obtain

A = crd v for all x € Bg(0) N €,
W _
TS =0 for all x € Bgr(0) N 92, (3-7)
dAYy  ukexplony(14ui/ci))

- for all x € Br(0) N3,
Jat Ck

for any R > 0. Let — Ay, = vg; then ¥ and vg respectively satisfy the equations

{—Awk = forall x € Br(0) N,

3-8
W _ for all x € Br(0) N a2, G

at
and
—Avyg =ckr,fyk for all x € Br(0) N2,
{% — WDV /) ol x € Br(0) NS G-
dt Ck
Noticing

vk _ Uk exp(ax i (1 +ug/cr))

€ L®(Bgr(0) N a2,
ot Ck

applying Lemma 3.5 and the standard elliptic regularity, we deduce that

lokllcre @ mnan S 1

Then there exists some v € Cl""(BR/z(O) N ) such that vy — v in Cl’ﬂ(BR/z(()) N ) for any B < «.
Let m be the even extension of ¥, with respect to the boundary 8B;€r (0) N dR% ; then we have
—A% e CLY(BRr(0) Ny, m < ¥ (0) = 0. Using the Harnack inequality and elliptic regularity
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estimates, we get ||1?f7<||C3.u(BR(O)ka) < C. Hence there exists € C3*P(Br(0) N Q) such that ¥y — ¥
in C*P(Bg(0) N Q) for any 8 < «, where i satisfies the equation

A2y =0 in R?,
MY _ exp(24n2y) on 9RY,
Y (0) =supy =0,

W, on IRA .
dt

From (3-1), it is not difficult to see that

2 2
/ exp(4r2y) < —/ ueexp@u) _ (3-10)
BrNIRY Bg,, M2 Ak

Next, we will prove that ¥ must take the form

¥ =g os((14 (3) 0"+ () D) +

uah\)

Indeed, let ¢ (x) = faRI P(x, Y)Y (y',0)dy, where x = (x', 1), y= (), 1) and

4
P N ——

)= —3 Ty
is the Poisson kernel for the bi-Laplace operator on the upper half-space. It is not difficult to check that ¢
satisfies the equations

(—AY¢p=0, xeRY,

p=v(x), xeiRi, (3-11)
2~ x € IRY,

and [y o) Al dx < CR%.
Let w = ¢ — ¢. Then w satisfies

2 4
(=A)'w=0, xeRi,

w =0, x € ORY, (3-12)
ow 4

— =0, X € 3[R .

at

Noticing fB;(O) |[Aw|dx < fB+(O) |AY|dx + fB+(O) |A¢|dx < CR?, one can deduce that w must be
equal to zero. Hence w(x) f3R+ P, Y)Y (Y, 0)dE. Set yo(x’) = ¥ (x’,0). Then we know that
18A1/// ot|. IRE = (— A) Yo and 1//0(x’) satisfies the following equation in the distributional sense:

(—A) Iy = LePT V0 X/ e JR3,
{ 24;/2/30(;;’)2 r o1 (3-13)
fR3 e dx’ < 5.
Let no(x") = 8729 (x") + 1 log(27r%). Then ng satisfies
{(—A)ino =2¢3M,  x' e RS, Go14)
Jre e dx' < 72,
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From the result of Hyder [2019], we known that no(x") can be decomposed as ng = v + p, where p
is a polynomial of degree at most 2 and v(x’) = —a log |x’| + o(log |x’]) as |x’| — +oo. Furthermore,
no(x’) =log(2A/(1 + A%|x' — x(’)lz)) if and only if p is a constant. Noticing that ¥ (x’, ¢) is a Poisson
extension of ¥y on [Ri‘_l|r and f B: | Ay | dx < CR?, we deduce that p must be equal to constant. This proves

2
1+ 22x" — x>

Since ¥ (x) < ¥ (0) = SUP, et Y (x) =0, it follows that ¢ has the form

no(x") = log

1 2.2 4 1 t
P 0= =g log(1+(3) ') +(3) WP + 5 e R
2 (14 ()0 + (3)
where the second term ensures 88_;# }BW = 0. By an easy computation, one can see that
+
/ exp(24n 2y (x)) dx’ = 1. O
IR

3.1. Polyharmonic truncation functions. We first introduce some notation. If xo € €2, for small § > 0,
let Ms , = Bs(xo) ri We can choose a Fermi coordinate (see [Manasse and Misner 1963]) for M; ., by
the map 6 : Ms — Bg’ (0) x [0, 8], where 0(xp) = 0. We will identify M ,, with B;’ (0) x [0, §] through
the map 6. Under the Fermi coordinate, we can write the metric on the M; , as

g=gi;dx ® dxj+di®dt (i, j€{1,2,3)), (3-15)

where (1 —¢)d; j < gij < (1+¢)4; ; for small & > 0.
We choose a Fermi coordinate system (U, ;) near the point x; such that 6 (x;) =0, and 6, (U, N2) C
[R{i ={x="1eR*:t>0}, and 6, (U, NIQ) C 8[R§i. In the following, we make an even extension

for u 06, ! in the direction of ¢ under the Fermi coordinate system (Uy, 6;):
g (x) =ug o ' (x',1)  ift>0,
fig(x) = ug o0 ' (x', —1) ift <0,
Then it (x) € W*2(B,(0)) with || Ai| 125, 0y = 2/l Al || 125+ 0y, for small r > 0.
Now, we need some biharmonic truncation functions 12,1(” which was studied in [DelaTorre and Mancini

2021]. Roughly speaking, the value of the truncations functions ft,i” are close to cx/M in a small
neighborhood of 0, and coincide with i outside the same neighborhood.

Lemma 3.7 [DelaTorre and Mancini 2021, Lemma 4.20]. For any M > 1 and k € N, there exists a radius
,6,?4 > 0 and a constant ¢ = c(M) such that

(1) i = < in By (0);

~ Ck C .
(2) |ug — M‘ =< ; on aBﬁlzy(O),
I~ c .

~M
@ ,5,?”—> O,and’oL — +00, as k — o0.
Tk
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Let oM € C*(B 5(0)) be the unique solution of

= in Bu(0),
{ G0=0 i EpO (3-16)
av(vk )_av(uk) on 8B/3£4(0), i=0,1.
We consider the function
w306 in 6 (B (0)),
uy = . 4 (3-17)
Uy m Q\@k (Bﬁlﬁw (0))

Lemma 3.8 [DelaTorre and Mancini 2021, Lemma 4.21]. For any M > 1, we have
uf =+ 0,
uniformly on 0, ! (B M (0)).

Remark 3.9. Using the explicit form of the Green function of A2 on balls, namely Boggio’s formula
[1905], and the representation formula of solutions for (3-16), one can see that 814,’(” /v = 0 for any
x €6, (B (0) N 0L,

Lemma 3.10. Forany M > 1,

. 1
1 AulPdx < —
1msup/9| uy | X=

k—o00

Proof. Testing (3-2) with (uy — u,i”), by Lemmas 3.7, 2.6 and Remark 3.9, for any R > 0, we have

/ AukA(uk—u,](”) dx
6! (B3 (0NN

0
:/ yk(uk—u,i”)dx—/ (uk—u,iw)a—Aukdo
G;I(Bﬁ]y 0)NQ 3(0,:1(Bﬁ£4 0)NQ) v

+/ —(uk u,i”)Aukda
06, (B ()N v

Ug exp(aku )
f yk(uk—u%)dx—/ (g =) ————+d
0,;‘(3/3]?4 0)NS 9,;1(3/3134 (0)NI k

> —/ Ak_luk exp{aku%}(uk —u,i”) do + or(1)

07 (B (00)NIQ

c

> —/ A,:lck exp{akui}(ck——k) do + ox(1)

Brry 022 M

Ur(xg +rx) +c

=/ 1_L)exp{ Kk +13%) kakwk(x)}d0+0k(1)

TO)NIRE Ck
> ( ) / exp(24729 (x)} do + o (1).

B} (0)NaRY
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Letting R — oo, we get

f AukA(uk—u,’f’)dle—imk(l). (3-18)
. 67 (B.y (0)NQ M
Observing that Pk

/ |Au,’f’|2dx:/ |Av,§”|2dx+/ | Aug|? dx
Q o1 (Bﬁliw 0)HNQ ;! (Bﬁliw 0))

k

|Av,§”|2dx+1—/ |Aug|? dx

/91 (B3 ()N 07! (B3 ()N

k

|Av,{”|2dx+1—/ Aup Ay —ull) dx

/9,;1 (B3 (0)NG2 6, (B3 (0)NS2

—/ AukAu,’(W dx,
0,:1(35/(\4 0)HNS

by (3-18) and (3-17), we have

|Av,f’1|2dx—%/ Aug Av! dx + o (1)
9,:1(Bﬁ£4 0)NQ 6;‘(BﬁkM O)HNQ

| —

1
AM2 - =
L|W|W_M+

5i+1/ AV AWM — w) dx + o(1)
M 2 9*‘(3/3]?4(0))09
— % +or(1). 0
Lemma 3.11. We have
—A
lim | exp(asul)do = lim lim exp(agul) do = lim —* +[3<,
k—o00 BYo) L—o0k—>o0 Ber(xk)maQ k— o0 Ck

and consequently,

2

_)\k —Ck
— —> 00 and sup— < 00.

Ck ko Mk

Proof. By Lemmas 3.7 and 3.1, we have
2 _ 2 M2
f exp(axuy) do —/ exp(aruy) do —1—/ exp(a(uy )?)do
30 BQMG;I(Bﬁ]y (0)) 39\9;1(35% (0))
- —Mh( + o (1) ug

< 5 —k_ exp(aqu?) do + 192
i 07 (B (0)NIL —Ak
k

A
< —(1+ o (1) M>Z5 + 109,
Ck

Let k — 400 and M — 1; we find that

A
lim exp(axu}) do < — lim =5 439
k—+00 Jo0 k— 00 cx
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On the other hand, we also have

/ exp(aku%) do = (/ —I—/ ) exp(ozku%) do
09 0Q\Brr (1) Y Bry (009

Ak
> 092~ Br,, 1921 - 5 [ exp(Yi + ¢ (1)) do.
Ci JBrO)NIRYE

Letting k — +o00 and R — 400, we get that

A
lim exp(axud) do = — lim “5 439
k—>+00 Jaq k— 00 Cq
Combining the above estimates, we accomplish the proof of Lemma 3.11. O
Lemma 3.12. For any ¢ € C*°(9L2), one has
. CrlUg
— lim @(x)—— exp(axu3) do = @(p). (3-19)
k=00 Joq Ak

Proof. For any fixed M > 1, and k large enough, we divide d€2 into three parts,
Q1 = (0 (B (0)\ B, (x)) N0, Q0 =03RQ\6; (B (0), Q3= By (x) N 9L,

and split the integral as

/ @(x)
02

Cru Crlu
L exploud) do = ( / + / = / )w(x) L explogud) do
—Ak o Jo, Ja —Ak

=L+ +1s. (3-20)
For I;, we have
2
Uy 2
Ll <Msuplp| | ——exp(okuy)do
a0 Q) —Ak
”% 2
< Msup|p|(1+or(1)| 1 — —< exp(ouy) do
2 Br, N0 — Ak

< M sup |¢|(1 —/ exp(24n2y) do —i—ok(l))
Q2 BENaRY
—0 ask,R— oo. (3-21)

Next, by Lemma 3.10, Holder’s inequality, Sobolev embedding theorem and Lemma 3.11, we have

Ck M2 Ck M2
IL| Ssuplfﬂl—/ luele™ " do < sup lpl——llwell Ly o) €™ 4 v o)
Q2 Ak JOQ a2 — Ak
C
< csup || K50 ask— 0, (3-22)
IQ Ak

for some p > 1 and p’ with%—i—#: 1.



A SHARP TRACE ADAMS INEQUALITY IN R* AND EXISTENCE OF THE EXTREMALS 433

Finally, we have

I3 :/ (p(x)ckuk exp(aku,%)da
Bry, N2 —Ak
=/ @(rix + xi) exp{(¢x + Do i (x)} dx + or (1)
BinaR:

— () / exp(247 29 (X))} do +ox(1)

B NORY,
=@(p) +ox.r(1). (3-23)
Combining (3-21), (3-22) and (3-23), we obtain (3-19) and the proof is finished. Il

Lemma 3.13. Forany 1 < q <2, cyux — G weakly in W>9(2). Furthermore, for any Q' € Q\ p, we
have cyuyr — G in C®(Q), where G satisﬁes

A’G =3, |m in §,
IAG (3-24)
fQGZO, o —0 —|asz\ =0.
Moreover, we have
1
G=—mln|x—p|+Ap+¢(X), (3-25)

where A, is some constant depending on p, ¢(x) € QN cl(Q) and o(p) =
Proof. From (2-3), we have

A2 (cruy) = CkVk forall x € Q, 396
8iA(ckuk) = cpup exp(agu?) /o for all x € 9. (3-26)
%
Integrating both sides on €2, one has
dA ex 2
f ceve dx = f A2 (cuy) dx = / Ay o / Chttk eXPL) (3-27)
Q a0V 90 Ak

which together with Lemma 3.12 gives cxyx — —ﬁ as k — oo. For any ¢ € (1, 2), we have

/ [Aciui|? dx = sup{/ Acrui) Ap dx ||l = 1},
Q Q

where é + % = 1. By the Sobolev embedding theorem, we have sup, ., |¢(x)| < oo. Using Lemma 3.12,

we have
OA(cruy)

/A(ckuk)Agodxzf Az(ckuk)(pdx—/ ——¢do
Q Q a0y

CrUrp ex (akuz)
=fckykqo(x)dx—/ PR
Q

IQ Ak
1
=q </)(x)dx+§0(p)+0k(1)
< csup Igo(x)l <c, (3-28)

xe2
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which implies that

/ |Acrui|?dx < c.
Q

Combining this and the condition [, cxuxdx =0, [, urdx =0, we derive that cguy is bounded in
W24(Q) for any 1 < g < 2. Thus, there exists some G € W?>4(S2) such that cyur — G in W>4(Q) as
k — 00. Now, letting k — oo in (3-28), we have

/AGAMF—L/ 0(x)dx + o (p).
o EEA

Combining the assumptions on uy, (3-24) is proved.

For any Q' & Q\ p, we can choose some function ¢ € C*(R*) such that ¢(x) = 1 for x € Q' and
¢ (x) =0 for x belonging to a small neighborhood of p. By Lemma 3.1, we know that ¢uy — 0 in L?(Q)
as k — +oo. This together with the convergence Auy — 0 in L?(Q) as k — oo implies that e s
uniformly bounded in L* (') for any s > 1. Standard elliptic regularity gives that cxuy — G in C*(€)
for any positive integer k.

Next, we prove (3-25). Fix r > 0, without loss of generality, we assume p = 0, and choose some cutoff
function ¢ € C;°(B2,(0)) such that ¢ =1 in B, (0). Let

1
8(x) =G (x) + ¢ (x) In|x].
T
Then we have
A’gx)=f inQ,

where

f(x)— (A ¢-In|x|+2VAP-VIn |x|+2A(Vp-Vin |x|)+2Vp-VAIn |x|+¢- A%In |x|)+8(x)—@

Since 1/(47%)¢ - A>In|x| = 8(x) in R%, a careful computation yields

fx) = ﬁ(AZd) In|x|+2VA¢ - Vin|x| +2A(Vé - Vin [x]) + 2V - VAIn |x]) — ﬁ
Observing G € W>(Q) for any 1 < s < 2, we obtain f(x) € L?(Q) for any p > 2. By the standard

regularity theory, we get g(x) € C2 (Q)NCY(Q). Let A, =g(0) and

loc

() =gx) -8+ — (1—¢>)1n |x].

Then we have
1
G:—mln|x|+Al,+¢(x), (3-29)

where A, is some constant depending on p, ¢(x) € C}(Q)NCH(Q) and ¢(0) = 0, and the proof is
finished. O
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3.2. Neck analysis. In this subsection, we will use the capacity technique to derive the upper bound of
15,2 (uy) when ¢ — oco. The capacity technique applied to the existence of extremals for Adams inequali-
ties was first used by Lu and Yang in [2009a], and was improved by DelaTorre and Mancini [2021] by com-
paring the Dirichlet energy of maximizing sequence with the energy of a suitable polyharmonic function.

Based on Lemma 3.11, we only need to give the sharp upper bound of limy_, o, —A¢ /c,%. Let us fix a
large R > 0 and a small § > 0 and consider the annular region

Ar(R,§) :={x € Q:ryR < |x — x| <6}
Our strategy is to compare the Dirichlet energy of u; on Ax(R, §) with the energy of the function

1
Wi(x) 1= —m(bg |x — x| + o (%)),

where pi(x) € C*®() is chosen such that

OWrk(x) _ 0AW;(x)
P ov

=0 forxedQ

and [|pe(x)[lc3 = O(6).
As a consequence of Lemma 3.6, on d Bg,, (xx) N €2, we have that
1 n , OR™Y

M—I—O(C;l):qc_ log = +

uk(X) Gt Ck 47‘[26k 8 67‘[2€k 2

+oler ),
provided k is large enough. Similarly, a direct computation also gives

: N _ » K ; O(R/™!
M= @IDC =0/ gy Kege o ORTTD
ri ek 472r]l e RI rici

+o(rk_jck_1)

for any 1 < j <3, where

1 if j=1, o
7 1 if j is even,
K> jp= 2 ifj=2, and ej(x):=91 x if j is odd.
—4 if j=3, x|
Recalling the definition of W}, we have on 9 Bg,, (xx) N 2 that
o 1 — Ak 1 0 ()
Wy = — Io — log R 3-30
K= g2k 1272¢; & cd 4l gR+ Ck (3-30)
and
. K> ; 0@
APW = ——Z22 o (x—x) + ) forany 1</ <3. (3-31)
4712ckr,f RJ Ck

Hence, we conclude that on 9 Bg,, (xx) N €2,

- Wie 1o T L T ORTD 0B oy (o
ur(x) =Wy = 0 - 0g — o(c - c
k k 1272¢y g c,% 672%¢ : 2 Ck Ck k 12722 )*
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and
O(R™/71)

J
rka

AP (g — W) = +o(r el forany 1< j<3.

Similarly, in view of Lemma 3.13, we also derive that on d Bs(x;) N €2,

A, O
uk<x)—wk——+¥+ )

and

NI (g (x) = W) = % +oerh) forany 1<) <3,

where we have also used that [x — xx|/|x — p| — 1 uniformly on 9 Bs(xy).
Now, we compare [|Aug|lr2c4,(r.s)) and [AWil L2, (r.5))- Obviously,

1Al Fa0a, .oy = IAW T 24, (.50 = 2 /A gy MW AWid (3-32)
k

Step 1. Estimates for the right-hand side of (3-32).
Integrating by parts, the integral in the right-hand side equals to

2/ A(up —Wy) - AWy dx
Ak(R,5)

= —2/ v-((uk—Wk)AgVVk)daﬁ—Z/ v-(A%(uk—Wk)AWk)do,
dAL(R,8)\0Q dAL(R,8)\3Q

where we have used the fact that % = % =0on dA;(R,5)NI.
% v
On 0 Bgy, (xx) N €2, we have
(uk - Wk)A%Wk -V
1 1 — Ak 1 T OR™M o 0( ) K,
=— 1 — log — 1-— 2
4r2 (12n2c§ 7 Tonia ¥2 c,f U a) T O )y
1 1 — Ak 1 O(R™ ( ok ) 0(9) )
=— lo — log — + +1{1- +——+o0
72(ryR)3 <12n2c,% & c,% 67(2ck g 2 ck 1272 Ck (e 9

and
O(R™YH

Ai(uk—wk)AWk-v:( +o(c; ))O(rkR)_3.
Ck

Similarly, on d Bs(xx) N €2, we have

3 1 8
<uk—wk)Azwk-v=2—3< 20 90 4ot ))
bl k ck

and

()

A2 (g — W) AW, - v = (
Ck

+o(cy ))0(5—2).
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Then we can obtain

/ A(ur —We) - AWy dx
Ar(R,5)

1 —A 1 7T A OR™YH 06 o
log —% _ 1og———§+ ( )Jr ()Jr | k2 +o(e?).
2

2 2 2 2.2 2 2
127( i 6m=c; i i

Combining the above estimates, we derive that

2 2
”Auk”LZ(Ak(R,B)) - ||AWk”L2(Ak(R,8))
1 —Ak 1 T 24, OR™YH 00 ( o ) S
lo - log — — + + +(2——)+o0( ). (333
~ 672} g ¢t 3nic g2 ct ct ct 672 (€. (3-33)
Step 2. Estimates for ||Auk||L2(A (R.8))"
We rewrite ||Auk||L2(Ak(R 5 &
2 _ 2 2
||Auk||L2(Ak(R,8))_1_f | Aug| dx—/ |[Aug|”dx. (3-34)
Q\Bs (x) QNBRgry (xk)
Since )
1
A2(10g IXI)—| 2 A(logIXI)=W, A1+2(10gIXI)=—4ﬁ,
we have
v.G(S)A%G(S):_(—%Ian—A +05(1))( . 513+0(1))
11 1
=—p8—3<—mln5+Al,+oa(l)> (3-35)
and

v AGEAGCE) = —(— 1253+ O (o3 5 +O) = s S +op(1). (3-36)

Since
/ |AG|2dx:/ V(=GA2G 4+ A2GAG) do,
€2\ Bs (xk) QN3 Bs (xx)

we have by Lemma 3.13,

f AugPdx = (=215 l0gs — oLs + 4, +0s(1) + or (D). (3-37)
Q\By (x0) ci\ AT 87

By Lemma 3.6, we derive that

1
/ IAuk|2dx:l2/ |A1/f|2dx+0<i2):—2(/ V(AéllfAl//—lﬁA%lﬁ)dO‘)-i-o(lz)
QﬂBRrk(Xk) ck B; Ck ck 33; Ck

1 1
- ?(I—H) +0(C—2). (3-38)

k k
Observe that on E)B,JQr N Ri, we also have

1 1 1 1 1 1 1
Y(x) = 1g2 4n210gR+0<E>, UAzw(x)__m§+0(_)
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and
2
3

3 1 —4 (x’,t+(%) )-(x’,t) 1
VA2Y = — > +0(—=—
4”2(((t+(§)3 2+|x’|2)2> R ()

1 ! (ot (3)) e o1
”2<((t (%)§)2+|x’|2)2> R =)

0(5))k+ 00 +0(55)

Hence we can write

where

Since %Aw = exp(24m2y) for x = (x’, 0) € IR, set Yo (x) = ¥ (x’, 0). We have
I :/ VALY do
B NARY

= f | —exp4m Yo (N Yo(x) dx

R

(2)%) N
=— 55 o) dx' +0( %
/R* (Z) (0P +((2)%))° +(%)

—-+(0() o}

1 1
- e i 0(4)
472 8% e TR
where B% denotes the three-dimensional balls with radius R
So, we have
I e T L _ 1 logR)
M= 5logR——5log 7+ 5log2— 5 +0(~%

logR)

(3-39)
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Now, we estimate I, and rewrite it as
1:/ vAiwmpdazf uAiwAwdaJr/ VATYAY do =1, + 1.
aBE BiNRY BFNaRY

Since on aB; N [Ri, we have
1 11 1
A0 = =255+ 0(52)
1 1

272 R?

= [ v tavar =28 (g o () (- () = g+ 0 ()

Using the fact that % =0on B[RRi, we obtain

and Ay = — we therefore get

Hence we have | |
=5+ o(E). (3-40)
By (3-38), (3-39) and (3-40), we get

/ | Aug|? dx
B0y 1 1. R 1 1 log R 1
_1( 1 LI W GRS TPy (SR S P 0g )) (_)
cg<8n2+0(R> (~gmtory ~grloe s g+ 0% >+0 e
1o

13 1 I Lo(lEk) ]
(16ﬂ2+ slog 2 + 5 log % >+ck0(R . (3-41)

Combining (3-37) and (3-34), we derive that

s 1
||Auk||Ak(R’5)_l—g( 4ﬂ210g8 o A +05k(1))

1 3 1 R 1 b4 1 log R
g g o gaion D) Fo(5)
c]%< + 20g2+6n2 og +—

1672 " 4n 2) T 2%k

1 1 1 R 1 T log R
TV SATI SOUATEY S SO R
2 \1672 talogss e gl + »+0 = + o051 (1) (3-42)

Step 3. Estimates for AW
Since

L2(Ar(R,8))"

f |AWk|2dx:—/ VOMLAI W, — ADW AW, do
AL(R,5) AL(R.S)

3 1
=—/ VOV AW, — A2W AWy do
QNI Bs(xx) 3 X
+/ VOV AW, — A2W AWy do
QﬂaBRrk(,{k))

:= —III; +1II,. (3-43)
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From (3-30) and (3-31), we have

I i S PO L S T
= Cik — (0] — (o)
2T\ 22T T2n2e 22 T dmte 8

'<_ Ky3 )_ K1 Ky 1 +0(8)) 2R3r2
2

47 2c, R3r} 4rw2c, Rry 472 ¢ R2r}

RN L M ' R+ ! +0(5) (3-44)
=1-— 0 0 — . -
2\1272 272 T2 RN TR

Similarly, we can also obtain

e :/ VOVLAS W, — AYW AW, do
QNoBs

—K3 -K, 1e(x—x) K, »
1% 2, 1 k 243 0(5)
- log 8 )
((4 71080+ 00) (4 5 30~ x")+0(5)) % 4;1252) Tt
1/ -1 1
=L (=L ogs - )
c§(4n2 0gd = 5 +0)
Combining (3-43) and (3-44), we derive that
/ AW dx =1 L) (Rt P S SN S PO L Slog R+ — + 0(5)
x=1——=|-—logé——+-——=log——
ks 2\ax? 80 T ga2 T2 02T T 02T T g
1/-1_ & 1 — Mk
—1——=(-—1log=+——1log—X+0() ).
c,%(4712 OgR—i_12712 o8 c,% * ())
(3-45)

Now, we are in position to give the sharp upper bound for limy_, o _—}2"" Indeed, from (3-42), (3-45)
C

and (3-33), we can get k

2
N / |AW|? dx
Ar(R,5)

:1—i(L+ L tog B4 L joe —I—A) 1+i(_1 g8+ ! S log —* M +0(3))
2\1672 " 4x? 25 6m2 °2 2\ 42 127
—i<_11g5+ ! log_)\k— ! —Llogﬁ——logl—A +0(5)>
2\4r2 "°R 1272 % ¢ lex? 4x? T25 6m? -2 7
—i<_—11g£+ L ! 1g5——1og —A +0(5)>
2\4 R 1277 C,g 1672 4r2 ©28 62 2
>l( : lg_—)%—ZA log +os k(1) +0o(R™ 1))—1—2—
T \6n? T P 3y 2 612’

which implies

A
lim —2k <2r? exp( 3+ 12712Ap).

k—o00 Cq

Therefore, we can conclude with the following.
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Proposition 3.14. If ¢; — oo, then

2,2 24 -3
sup / e dx < |3Q| 4 2% A,
ueW22(Q), | Aul2<1 /o2

4. A test functions argument and the proof of Theorem 1.1
In this section, we assume A, =max,eyn A, for some p € 32. Now we construct a blowing up sequence
¢ with [, |A¢,|* =1, and
= — 1
/ 0" 4o > 9| + 212 A i, where §, = _/ ¢ dx. (4-1)
90 1€2] Jo
Take a Fermi coordinate system (U, 6) around p such that 6(p) = (0, 0), € maps d2N U inside IR,
and for any ¢ > 0 and x € 9€2, there exists 6 > 0 such that
(1-6)0 <g=gijdx;®dxj+dt @dt < (1+¢)0 in Ms,

where Ms = {x € Qs : dist(w(x), p) <38}.
Set

o o o M ET08((3) P/ 1 (3) /e 1)) + B+ g0

for some constants B, C, where
1 t/e
2573 (14 (n/2)1/)2 + (n/2)3 x' 2/
Let B = B,(p) N and R be a function of ¢ such that R — +o00 and Re — 0 as ¢ — 0. Set

g&‘(x/’ t) =

e 00(x) if x € B},
¢ =1 (G—np)/C ifxeBf, \Bf,,
G/C if x € Q\ B,

where 8 = G — Cas 0 6(x), n is some radial function in C§°(Bag.(p)) with n = 1 on Bg.(p), and
IVnl=O(/Re), |An| = 0(1/(Rs)2). One can easily verify that d¢.(x)/dv = 0 for any x € 9.
Now, we estimate fQ | A, |? dx; rewrite it as

f|A¢g|2dx=</ +/ )|A¢e|2dx =1 +1. (4-2)
Q B}, Q\B},

Since

L= / AdsP
Q\B},

=/ |AG|2+/ [A(MG = Ch 0o 2
Q\BEF B;—RE\B;—S

C? C? e
=11 4+ 11, + 11;. (4-3)

/ IVGV(G — Cs 00(x))|?
B;—RE\B;&I
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Let C satisfy
_1 10g((%)4/3R2) +B —# logRe + A,

C+ — , 4-4
C C (4-4)
by direct computing, one can easily verify that
1 _
L1, 1] = 55 (O(Re) + O(R™1), (4-5)
Similar as (3-37) and (3-41), we can obtain
|AG)? 3 1
I, = = V(=GA2G + A2GAG)do
asp, C A(Q\B?
1 1 1
=E( s logRe— 5 +4, —|—0(R8)> (4-6)
and
1—/ NP (R PO S S PO (LR (4-7)
' e P T e Tan? 22 T2 R 2 R ))

Combining (4-2), (4-3), (4-5), (4-6) and (4-7), we have

f|¢| 1 3+11 R+11 L of R
= (0]
=02\ T2 T an2 987 T2 B2 R

1 1 1 1
+C2( yp —5 log Re — o o TAp +0(R8)+0( ))

1 1 1 T log R
=2 162-I-@log —l——log +A + O(Re)+ O R .

To ensure that [, |A¢,|* = 1, we set

o Lo U e T Lo LA, +0(Re)+ o 2R (4-8)
= —log — + — log — & . -
1672 62 20 T ag2 8o T R

On the other hand, from (4-4), we have

2__ 1 B+ j0g T
Cc = 4nzloge—i—Al, B+6n210g2'

Therefore,

1

log R
~ Tem —— + O(Re )+0( R ) (4-9)

A straightforward computation gives

é‘ |Q|/¢$_

(O((Re)*log R) + O((Re)*loge) + O((Re)* log Re))

QI~ GI

(O((Re)*log R) + O((Re)* loge)).



A SHARP TRACE ADAMS INEQUALITY IN R* AND EXISTENCE OF THE EXTREMALS 443

Then
/ exp(127%(¢s — de)?) do
0
> [ ep(126@ - o ) dx'dr
aBL NORT

22 4/3 |x |2 2 2
> exp( 1272C2 — 3 log ( ) 2472 B — 2472C4, ) dx’
3B MRS 2

1
=exp(127°C* + 247> B+ O((Re)*log R) + O((Re)* loge)) / dx’.

5 ((3) /e +1)’

z
Let (%)3 x? = X. Then
1 2 1 2 @/2*PR g2
/ 4/3 a5’ = (2> 83/ F2+1)3 dx = (2) 83[ 27”—3 dr
B ((3)77I'1P/e2 + 1) g Bepri &+ T 0 (r* 4 1)
(2) e R 2
b4 0 (r 1)3
_ 3 l)
—° (1 * 0<R )

00 I”2
f dr = L.
o (ZHDIT TS

Hence, it follows from (4-8) and (4-9) that

where we have used the fact that

/ exp(l2n’2(¢g — )2 (x', 1)) dx’dt
By NIRS

> g3 (1 + 0 (%)) exp(12712C2 +247°B + 0((Rz?)4 log R) + 0((R.9)4 log 8))

4 167
<102 R 4 4 )
+ O(Re)+ O R + O((Re)"log R) + O((Re) " loge)

e | 1 1 | ) 2(L R )
—¢ exp(lZn (162+6 log 7+ 5 log 5-+ 4, ) +247% (55 log2 — ——

3 2 4 4 log R
= exp(—z +2logm +log2+ 127 Ap) + O((Re) " logR) + O((Re) loge) + O(Re)+ O R

— 2n?exp(=3 + 121 ‘ ! log R
=2m”exp(—3 + 127°A,) + O((Re)*log R) + O((Re)*loge) + O(Re) + O = )

Moreover, we have

f exp(127%(¢s — pe)?) do > / (1+ 127% (¢ — de)?) do
Q\IB}, IQ\d B,

1272

> [9Q\ B |+ 2/ (G — Co,)? do.
C* Jaa\ass,,
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Therefore,

/ exp(12772 (¢ — $e)?) do
Q2

1272

>[99 — O((Re)’) + ==

/ (G — C(O((Re)*log R) + O((Re)* log e)))2 do
IQ\ B,

2. (3 2 4 4 log R
+ 27 exp( 7+ 127 Ap) 4+ O((Re)"logR) 4+ O((Re) " loge)+ O R + O(Re)

1272

=19 + 272 exp(—3 + 127%A,) + s

/ G*+ O((Re)*log R)
o8 4 log R
+ O((Re) 10g8)+0(R8)+0< = )

Let R = log? ¢. Then we have R — oo and Re — 0, and

(Re)*log R + (Re)* log L + 0 (log R) + O(Re) = o(i).
€ R C?
Hence
/ exp(127% (s — ¢e)*) do > |3Q| + 277 exp(—3 + 12724,,),
Q2

as ¢ is small enough.

Proof of Theorem 1.1. In the subcritical case a < 1272, the inequality (1-3) and the sharpness of the
constant 12772 can be obtained from Lemma 2.3. In the critical case, that is & = 1272, we will address
the problem by dividing it into two cases. If ¢y = max,cq |ug(x)| is bounded, then the inequality (1-3) is
obvious, and by the elliptic estimates with respect to (2-3), there exists u € H N C°°(2) such that uy — u
in C*°(2) as k — oo, and Theorem 1.1 follows immediately. While if we assume that ¢, — 400 as
k — oo, one can find a contradiction between Proposition 3.14 and the arguments of the test functions for

(4-1) in Section 4, this means that ¢; must be bounded, and the proof is finished. O
Proof of Theorem 1.3. For any u € W>%() Wlth — =0o0n 0L, define u = 2l f u dx. Then we can
write

/me - dO’:/BQGXp (WHA(M Lt)”z)dO’

lu—it| 1 _ 2 1/(4872)[| Aull3
< | exp (127[2—_ )exp( IAG— )| )dcr < Coe 2 (4-10)
/39 1A u—it) 13 4872 ?

where we have used the elementary inequality ab < 127%a> + 48L2b2 and the trace Adams inequality in
T

Theorem 1.1. Then we have

1og<fme“—ﬁdo) <logC0+48 Sl Aull3.

1 1
lo e'do | < Aul“dx + — ua’x—Ho Co. O
g(/ag ) 487 2/' Fdx g g0

That is




A SHARP TRACE ADAMS INEQUALITY IN R* AND EXISTENCE OF THE EXTREMALS 445

Acknowledgement

The authors wish to express their appreciation to the referee who made many constructive comments
which helped improve the exposition of the paper.

References

[Ache and Chang 2017] A. G. Ache and S.-Y. A. Chang, “Sobolev trace inequalities of order four”, Duke Math. J. 166:14 (2017),
2719-2748. MR

[Adachi and Tanaka 2000] S. Adachi and K. Tanaka, “Trudinger type inequalities in R" and their best exponents”, Proc. Amer.
Math. Soc. 128:7 (2000), 2051-2057. MR

[Adams 1973] D. R. Adams, “Traces of potentials, II”, Indiana Univ. Math. J. 22 (1973), 907-918. MR

[Adams 1988] D. R. Adams, “A sharp inequality of J. Moser for higher order derivatives”, Ann. of Math. (2) 128:2 (1988),
385-398. MR

[Adimurthi and Druet 2004] Adimurthi and O. Druet, “Blow-up analysis in dimension 2 and a sharp form of Trudinger—Moser
inequality”, Comm. Partial Differential Equations 29:1-2 (2004), 295-322. MR

[Beckner 1993] W. Beckner, “Sharp Sobolev inequalities on the sphere and the Moser—Trudinger inequality”, Ann. of Math. (2)
138:1 (1993), 213-242. MR

[Bennett and Sharpley 1988] C. Bennett and R. Sharpley, Interpolation of operators, Pure and Applied Mathematics 129,
Academic Press, 1988. MR

[Boggio 1905] T. Boggio, “Sulle funzioni di green d’ordinem”, Rendiconti del Circolo Matematico di Palermo 20:1 (1905),
97-135.

[Carleson and Chang 1986] L. Carleson and S.-Y. A. Chang, “On the existence of an extremal function for an inequality of
J. Moser”, Bull. Sci. Math. (2) 110:2 (1986), 113-127. MR

[Case 2020] J. S. Case, “Sharp weighted Sobolev trace inequalities and fractional powers of the Laplacian”, J. Funct. Anal.
279:4 (2020), art. id. 108567. MR

[Chang and Marshall 1985] S.-Y. A. Chang and D. E. Marshall, “On a sharp inequality concerning the Dirichlet integral”, Amer.
J. Math. 107:5 (1985), 1015-1033. MR

[Chang and Yang 1988] S.-Y. A. Chang and P. C. Yang, “Conformal deformation of metrics on 52 . Differential Geom. 27:2
(1988), 259-296. MR

[Chen 1990] W. X. Chen, “A Triidinger inequality on surfaces with conical singularities”, Proc. Amer. Math. Soc. 108:3 (1990),
821-832. MR

[Chen et al. 2020] L. Chen, G. Lu, and M. Zhu, “Existence and nonexistence of extremals for critical Adams inequalities in R4
and Trudinger—-Moser inequalities in R2”, Adv. Math. 368 (2020), art. id. 107143. MR

[Chen et al. 2021] L. Chen, G. Lu, and M. Zhu, “Sharp Trudinger—Moser inequality and ground state solutions to quasi-linear
Schrodinger equations with degenerate potentials in R"”, Adv. Nonlinear Stud. 21:4 (2021), 733-749. MR

[Chen et al. 2022a] L. Chen, G. Lu, Q. Yang, and M. Zhu, “Sharp critical and subcritical trace Trudinger—-Moser and Adams
inequalities on the upper half-spaces”, J. Geom. Anal. 32:7 (2022), art.id. 198. MR

[Chen et al. 2022b] L. Chen, G. Lu, and M. Zhu, “Existence and non-existence of extremals for critical Adams inequality in any
even dimension”, J. Geom. Anal. 32:10 (2022), art.id. 243. MR

[Chen et al. 2023a] L. Chen, G. Lu, and M. Zhu, “Least energy solutions to quasilinear subelliptic equations with constant and
degenerate potentials on the Heisenberg group”, Proc. Lond. Math. Soc. (3) 126:2 (2023), 518-555. MR

[Chen et al. 2023b] L. Chen, B. Wang, and M. Zhu, “Improved fractional Trudinger—Moser inequalities on bounded intervals
and the existence of their extremals”, Adv. Nonlinear Stud. 23:1 (2023), art. id. 20220067. MR

[Cianchi 2005] A. Cianchi, “Moser-Trudinger inequalities without boundary conditions and isoperimetric problems”, Indiana
Univ. Math. J. 54:3 (2005), 669-705. MR


https://doi.org/10.1215/00127094-2017-0014
http://msp.org/idx/mr/3707288
https://doi.org/10.1090/S0002-9939-99-05180-1
http://msp.org/idx/mr/1646323
https://doi.org/10.1512/iumj.1973.22.22075
http://msp.org/idx/mr/313783
https://doi.org/10.2307/1971445
http://msp.org/idx/mr/960950
https://doi.org/10.1081/PDE-120028854
https://doi.org/10.1081/PDE-120028854
http://msp.org/idx/mr/2038154
https://doi.org/10.2307/2946638
http://msp.org/idx/mr/1230930
http://msp.org/idx/mr/928802
https://doi.org/10.1007/bf03014033
http://msp.org/idx/mr/878016
https://doi.org/10.1016/j.jfa.2020.108567
http://msp.org/idx/mr/4095805
https://doi.org/10.2307/2374345
http://msp.org/idx/mr/805803
http://projecteuclid.org/euclid.jdg/1214441783
http://msp.org/idx/mr/925123
https://doi.org/10.2307/2047807
http://msp.org/idx/mr/990415
https://doi.org/10.1016/j.aim.2020.107143
https://doi.org/10.1016/j.aim.2020.107143
http://msp.org/idx/mr/4085878
https://doi.org/10.1515/ans-2021-2146
https://doi.org/10.1515/ans-2021-2146
http://msp.org/idx/mr/4333969
https://doi.org/10.1007/s12220-022-00937-9
https://doi.org/10.1007/s12220-022-00937-9
http://msp.org/idx/mr/4423142
https://doi.org/10.1007/s12220-022-00985-1
https://doi.org/10.1007/s12220-022-00985-1
http://msp.org/idx/mr/4456210
https://doi.org/10.1112/plms.12495
https://doi.org/10.1112/plms.12495
http://msp.org/idx/mr/4550148
https://doi.org/10.1515/ans-2022-0067
https://doi.org/10.1515/ans-2022-0067
http://msp.org/idx/mr/4593735
https://doi.org/10.1512/iumj.2005.54.2589
http://msp.org/idx/mr/2151230

446 LU CHEN, GUOZHEN LU AND MAOCHUN ZHU

[Cianchi 2008] A. Cianchi, “Moser—Trudinger trace inequalities”, Adv. Math. 217:5 (2008), 2005-2044. MR

[Cohn and Lu 2001] W. S. Cohn and G. Lu, “Best constants for Moser—Trudinger inequalities on the Heisenberg group”, Indiana
Univ. Math. J. 50:4 (2001), 1567-1591. MR

[Cohn and Lu 2004] W. S. Cohn and G. Lu, “Sharp constants for Moser-Trudinger inequalities on spheres in complex space C"”,
Comm. Pure Appl. Math. 57:11 (2004), 1458-1493. MR

[DelaTorre and Mancini 2021] A. DelaTorre and G. Mancini, “Improved Adams-type inequalities and their extremals in
dimension 2m”, Commun. Contemp. Math. 23:5 (2021), art. id. 2050043. MR

[Escobar 1988] J. F. Escobar, “Sharp constant in a Sobolev trace inequality”, Indiana Univ. Math. J. 37:3 (1988), 687-698. MR

[Flucher 1992] M. Flucher, “Extremal functions for the Trudinger—Moser inequality in 2 dimensions”’, Comment. Math. Helv.
67:3 (1992), 471-497. MR

[Flynn et al. 2023] J. Flynn, G. Lu, and Q. Yang, “Conformally covariant boundary operators and sharp higher order Sobolev
trace inequalities on Poincaré—Einstein manifolds”, preprint, 2023. arXiv 2311.10070

[Flynn et al. 2025] J. Flynn, G. Lu, and Q. Yang, “Conformally covariant boundary operators and sharp higher order CR Sobolev
trace inequalities on the Siegel domain and complex ball”, J. Reine Angew. Math. 824 (2025), 39-87. MR

[Fontana 1993] L. Fontana, “Sharp borderline Sobolev inequalities on compact Riemannian manifolds”, Comment. Math. Helv.
68:3 (1993), 415-454. MR

[Frank et al. 2015] R. L. Frank, M. Gonzdlez, D. D. Monticelli, and J. Tan, “An extension problem for the CR fractional
Laplacian”, Adv. Math. 270 (2015), 97-137. MR

[Hang 2022] F. Hang, “Aubin type almost sharp Moser—Trudinger inequality revisited”, J. Geom. Anal. 32:9 (2022), art. id. 230.
MR

[Hyder 2019] A. Hyder, “Structure of conformal metrics on R” with constant Q-curvature”, Differential Integral Equations
32:7-8 (2019), 423-454. MR

[Lam and Lu 2012] N. Lam and G. Lu, “Sharp Moser-Trudinger inequality on the Heisenberg group at the critical case and
applications”, Adv. Math. 231:6 (2012), 3259-3287. MR

[Lam and Lu2013] N.Lam and G. Lu, “A new approach to sharp Moser-Trudinger and Adams type inequalities: a rearrangement-
free argument”, J. Differential Equations 255:3 (2013), 298-325. MR

[Lam et al. 2014] N. Lam, G. Lu, and H. Tang, “Sharp subcritical Moser-Trudinger inequalities on Heisenberg groups and
subelliptic PDEs”, Nonlinear Anal. 95 (2014), 77-92. MR

[Leckband 2005] M. Leckband, “Moser’s inequality on the ball B" for functions with mean value zero”, Comm. Pure Appl.
Math. 58:6 (2005), 789-798. MR

[Li 2001] Y. Li, “Moser-Trudinger inequality on compact Riemannian manifolds of dimension two”, J. Partial Differential
Equations 14:2 (2001), 163-192. MR

[Li 2005] Y. Li, “Extremal functions for the Moser-Trudinger inequalities on compact Riemannian manifolds”, Sci. China Ser. A
48:5 (2005), 618-648. MR

[Li and Liu 2005] Y. Li and P. Liu, “A Moser-Trudinger inequality on the boundary of a compact Riemann surface”, Math. Z.
250:2 (2005), 363-386. MR

[Li and Lu 2021] J. Li and G. Lu, “Critical and subcritical Trudinger—Moser inequalities on complete noncompact Riemannian
manifolds”, Adv. Math. 389 (2021), art.id. 107915. MR

[Li and Ruf 2008] Y. Li and B. Ruf, “A sharp Trudinger—-Moser type inequality for unbounded domains in R"”, Indiana Uniyv.
Math. J. 57:1 (2008), 451-480. MR

[Li and Zhu 2022] D. Li and M. Zhu, “Concentration-compactness principle associated with Adams’ inequality in Lorentz—
Sobolev space”, Adv. Nonlinear Stud. 22:1 (2022), 711-724. MR

[Lietal. 2018a] J. Li, G. Lu, and Q. Yang, “Fourier analysis and optimal Hardy—Adams inequalities on hyperbolic spaces of any
even dimension”, Adv. Math. 333 (2018), 350-385. MR

[Lietal. 2018b] J.Li, G. Lu, and M. Zhu, “Concentration-compactness principle for Trudinger—-Moser inequalities on Heisenberg
groups and existence of ground state solutions”, Calc. Var. Partial Differential Equations 57:3 (2018), art.id. 84. MR


https://doi.org/10.1016/j.aim.2007.09.007
http://msp.org/idx/mr/2388084
https://doi.org/10.1512/iumj.2001.50.2138
http://msp.org/idx/mr/1889071
https://doi.org/10.1002/cpa.20043
http://msp.org/idx/mr/2077705
https://doi.org/10.1142/S0219199720500431
https://doi.org/10.1142/S0219199720500431
http://msp.org/idx/mr/4289908
https://doi.org/10.1512/iumj.1988.37.37033
http://msp.org/idx/mr/962929
https://doi.org/10.1007/BF02566514
http://msp.org/idx/mr/1171306
http://msp.org/idx/arx/2311.10070
https://doi.org/10.1515/crelle-2025-0017
https://doi.org/10.1515/crelle-2025-0017
http://msp.org/idx/mr/4926942
https://doi.org/10.1007/BF02565828
http://msp.org/idx/mr/1236762
https://doi.org/10.1016/j.aim.2014.09.026
https://doi.org/10.1016/j.aim.2014.09.026
http://msp.org/idx/mr/3286532
https://doi.org/10.1007/s12220-022-00969-1
http://msp.org/idx/mr/4447304
https://projecteuclid.org/euclid.die/1556762424
http://msp.org/idx/mr/3945763
https://doi.org/10.1016/j.aim.2012.09.004
https://doi.org/10.1016/j.aim.2012.09.004
http://msp.org/idx/mr/2980499
https://doi.org/10.1016/j.jde.2013.04.005
https://doi.org/10.1016/j.jde.2013.04.005
http://msp.org/idx/mr/3053467
https://doi.org/10.1016/j.na.2013.08.031
https://doi.org/10.1016/j.na.2013.08.031
http://msp.org/idx/mr/3130507
https://doi.org/10.1002/cpa.20056
http://msp.org/idx/mr/2142630
http://msp.org/idx/mr/1838044
https://doi.org/10.1360/04ys0050
http://msp.org/idx/mr/2158479
https://doi.org/10.1007/s00209-004-0756-7
http://msp.org/idx/mr/2178789
https://doi.org/10.1016/j.aim.2021.107915
https://doi.org/10.1016/j.aim.2021.107915
http://msp.org/idx/mr/4290134
https://doi.org/10.1512/iumj.2008.57.3137
http://msp.org/idx/mr/2400264
https://doi.org/10.1515/ans-2022-0043
https://doi.org/10.1515/ans-2022-0043
http://msp.org/idx/mr/4529394
https://doi.org/10.1016/j.aim.2018.05.035
https://doi.org/10.1016/j.aim.2018.05.035
http://msp.org/idx/mr/3818080
https://doi.org/10.1007/s00526-018-1352-8
https://doi.org/10.1007/s00526-018-1352-8
http://msp.org/idx/mr/3797740

A SHARP TRACE ADAMS INEQUALITY IN R* AND EXISTENCE OF THE EXTREMALS 447

[Li et al. 2021] J. Li, G. Lu, and M. Zhu, “Concentration-compactness principle for Trudinger—-Moser’s inequalities on
Riemannian manifolds and Heisenberg groups: a completely symmetrization-free argument”, Adv. Nonlinear Stud. 21:4 (2021),
917-937. MR

[Liang et al. 2020] X. Liang, G. Lu, X. Wang, and Q. Yang, “Sharp Hardy—Trudinger—-Moser inequalities in any N-dimensional
hyperbolic spaces”, Nonlinear Anal. 199 (2020), art.id. 112031. MR

[Lin 1996] K.-C. Lin, “Extremal functions for Moser’s inequality”, Trans. Amer. Math. Soc. 348:7 (1996), 2663-2671. MR

[Lu and Tang 2013] G. Lu and H. Tang, “Best constants for Moser—Trudinger inequalities on high dimensional hyperbolic
spaces”, Adv. Nonlinear Stud. 13:4 (2013), 1035-1052. MR

[Lu and Yang 2009a] G. Lu and Y. Yang, “Adams’ inequalities for bi-Laplacian and extremal functions in dimension four”, Adv.
Math. 220:4 (2009), 1135-1170. MR

[Lu and Yang 2009b] G. Lu and Y. Yang, “A sharpened Moser—Pohozaev—Trudinger inequality with mean value zero in R2”,
Nonlinear Anal. 70:8 (2009), 2992-3001. MR

[Lu and Yang 2017] G. Lu and Q. Yang, “Sharp Hardy—Adams inequalities for bi-Laplacian on hyperbolic space of dimension
four”, Adv. Math. 319 (2017), 567-598. MR

[Lu et al. 2024] G. Lu, Y. Shen, J. Xue, and M. Zhu, “Weighted anisotropic isoperimetric inequalities and existence of extremals
for singular anisotropic Trudinger—-Moser inequalities”, Adv. Math. 458 (2024), art. id. 109949. MR

[Ma et al. 2021] X. Ma, X. Wang, and Q. Yang, “Hardy—Adams inequalities on H2 x [Ri”fz”, Adv. Nonlinear Stud. 21:2 (2021),
327-345. MR

[Maalaoui et al. 2016] A. Maalaoui, L. Martinazzi, and A. Schikorra, “Blow-up behavior of a fractional Adams—Moser—
Trudinger-type inequality in odd dimension”, Comm. Partial Differential Equations 41:10 (2016), 1593-1618. MR

[Manasse and Misner 1963] F. K. Manasse and C. W. Misner, “Fermi normal coordinates and some basic concepts in differential
geometry”, J. Mathematical Phys. 4 (1963), 735-745. MR

[Mancini et al. 2013] G. Mancini, K. Sandeep, and C. Tintarev, “Trudinger—Moser inequality in the hyperbolic space HN”, Adv.
Nonlinear Anal. 2:3 (2013), 309-324. MR

[Maz’ja 1985] V. G. Maz’ja, Sobolev spaces, Springer, 1985. MR

[Moser 1970/71] J. Moser, “A sharp form of an inequality by N. Trudinger”, Indiana Univ. Math. J. 20 (1970/71), 1077-1092.
MR

[Ndiaye and Sun 2024] C. B. Ndiaye and L. Sun, “Explicit forms for extremals of sharp Sobolev trace inequalities on the unit
balls”, Calc. Var. Partial Differential Equations 63:7 (2024), art.id. 181. MR

[Ngdetal. 2020] Q. A. Ngd, V. H. Nguyen, and Q. H. Phan, “Higher order Sobolev trace inequalities on balls revisited”, J. Funct.
Anal. 278:7 (2020), art. id. 108414. MR

[Nguyen 2018] V. H. Nguyen, “Improved Moser-Trudinger type inequalities in the hyperbolic space H"”, Nonlinear Anal. 168
(2018), 67-80. MR

[Nguyen 2024] V. H. Nguyen, “The sharp Hardy—Moser—Trudinger inequality in dimension n”, Trans. Amer. Math. Soc. 377:4
(2024), 2297-2315. MR

[do O 1997] J. M. B. do O, “N-Laplacian equations in RV with critical growth”, Abstr: Appl. Anal. 2:3-4 (1997), 301-315. MR

[do O et al. 20241 J. M. B. do O, G. Lu, and R. Ponciano, “Sharp Sobolev and Adams—Trudinger—Moser embeddings on
weighted Sobolev spaces and their applications”, Forum Math. 36:5 (2024), 1279-1320. MR

[O’Neil 1963] R. O’Neil, “Convolution operators and L(p, ¢q) spaces”, Duke Math. J. 30 (1963), 129-142. MR

[Ruf and Sani 2013] B. Ruf and F. Sani, “Sharp Adams-type inequalities in R"”, Trans. Amer. Math. Soc. 365:2 (2013), 645-670.
MR

[Tarsi 2012] C. Tarsi, “Adams’ inequality and limiting Sobolev embeddings into Zygmund spaces”, Potential Anal. 37:4 (2012),
353-385. MR

[Troianiello 1987] G. M. Troianiello, Elliptic differential equations and obstacle problems, Plenum Press, New York, 1987. MR

[Trudinger 1967] N. S. Trudinger, “On imbeddings into Orlicz spaces and some applications”, J. Math. Mech. 17 (1967),
473-483. MR


https://doi.org/10.1515/ans-2021-2147
https://doi.org/10.1515/ans-2021-2147
http://msp.org/idx/mr/4333970
https://doi.org/10.1016/j.na.2020.112031
https://doi.org/10.1016/j.na.2020.112031
http://msp.org/idx/mr/4116154
https://doi.org/10.1090/S0002-9947-96-01541-3
http://msp.org/idx/mr/1333394
https://doi.org/10.1515/ans-2013-0415
https://doi.org/10.1515/ans-2013-0415
http://msp.org/idx/mr/3115151
https://doi.org/10.1016/j.aim.2008.10.011
http://msp.org/idx/mr/2483717
https://doi.org/10.1016/j.na.2008.12.022
http://msp.org/idx/mr/2509385
https://doi.org/10.1016/j.aim.2017.08.014
https://doi.org/10.1016/j.aim.2017.08.014
http://msp.org/idx/mr/3695883
https://doi.org/10.1016/j.aim.2024.109949
https://doi.org/10.1016/j.aim.2024.109949
http://msp.org/idx/mr/4798299
https://doi.org/10.1515/ans-2021-2122
http://msp.org/idx/mr/4250462
https://doi.org/10.1080/03605302.2016.1222544
https://doi.org/10.1080/03605302.2016.1222544
http://msp.org/idx/mr/3555483
https://doi.org/10.1063/1.1724316
https://doi.org/10.1063/1.1724316
http://msp.org/idx/mr/155665
https://doi.org/10.1515/anona-2013-0001
http://msp.org/idx/mr/3089744
https://doi.org/10.1007/978-3-662-09922-3
http://msp.org/idx/mr/817985
https://doi.org/10.1512/iumj.1971.20.20101
http://msp.org/idx/mr/301504
https://doi.org/10.1007/s00526-024-02787-5
https://doi.org/10.1007/s00526-024-02787-5
http://msp.org/idx/mr/4773608
https://doi.org/10.1016/j.jfa.2019.108414
http://msp.org/idx/mr/4053619
https://doi.org/10.1016/j.na.2017.11.009
http://msp.org/idx/mr/3759470
https://doi.org/10.1090/tran/8820
http://msp.org/idx/mr/4744758
https://doi.org/10.1155/S1085337597000419
http://msp.org/idx/mr/1704875
https://doi.org/10.1515/forum-2023-0292
https://doi.org/10.1515/forum-2023-0292
http://msp.org/idx/mr/4790800
http://projecteuclid.org/euclid.dmj/1077374532
http://msp.org/idx/mr/146673
https://doi.org/10.1090/S0002-9947-2012-05561-9
http://msp.org/idx/mr/2995369
https://doi.org/10.1007/s11118-011-9259-4
http://msp.org/idx/mr/2988207
https://doi.org/10.1007/978-1-4899-3614-1
http://msp.org/idx/mr/1094820
https://doi.org/10.1512/iumj.1968.17.17028
http://msp.org/idx/mr/216286

448 LU CHEN, GUOZHEN LU AND MAOCHUN ZHU

[Wang 2025] X. Wang, “Singular Trudinger—Moser inequalities for the Aharonov—Bohm magnetic field”, Adv. Nonlinear Stud.
25:3 (2025), 807-821. MR

[Xue et al. 2025] J. Xue, C. Zhang, and M. Zhu, “Trudinger—-Moser type inequalities with logarithmic weights in fractional
dimensions”, Adv. Nonlinear Stud. 25:1 (2025), 152-170. MR

[Yang 2006] Y. Yang, “Moser—Trudinger trace inequalities on a compact Riemannian surface with boundary”, Pacific J. Math.
227:1 (2006), 177-200. MR

[Yang 2007] Y. Yang, “A sharp form of trace Moser—Trudinger inequality on compact Riemannian surface with boundary”,
Math. Z. 255:2 (2007), 373-392. MR

[Yang 2019] Q. Yang, “Sharp Sobolev trace inequalities for higher order derivatives”, preprint, 2019. arXiv 1901.03945

[Zhang and Zhu 2024] C. Zhang and M. Zhu, “Existence of ground states to quasi-linear Schrodinger equations with critical
exponential growth involving different potentials”, Adv. Nonlinear Stud. 24:3 (2024), 616-636. MR

[Zhang et al. 2025] T. Zhang, F. Yang, T. Cheng, and C. Zhou, “Anisotropic Adams’ type inequality with exact growth in R+,
Adv. Nonlinear Stud. 25:1 (2025), 34-55. MR

[Zhu 2014] J. Zhu, “Improved Moser—Trudinger inequality involving L” norm in n dimensions”, Adv. Nonlinear Stud. 14:2
(2014), 273-293. MR

Received 10 Oct 2023. Revised 28 Nov 2024. Accepted 14 Apr 2025.

LU CHEN: chenlu58188040@163.com
School of Mathematics and Statistics, Beijing Institute of Technology, Beijing, China

GUOZHEN LU: guozhen.lu®@uconn.edu
Department of Mathematics, University of Connecticut, Storrs, CT, United States

MAOCHUN ZHU: zhumaochun2006@126.com
School of Mathematics and Statistics, Nanjing University of Science and Technology, Nanjing, China

mathematical sciences publishers :'msp


https://doi.org/10.1515/ans-2023-0187
http://msp.org/idx/mr/4937338
https://doi.org/10.1515/ans-2023-0161
https://doi.org/10.1515/ans-2023-0161
http://msp.org/idx/mr/4870160
https://doi.org/10.2140/pjm.2006.227.177
http://msp.org/idx/mr/2247878
https://doi.org/10.1007/s00209-006-0035-x
http://msp.org/idx/mr/2262737
http://msp.org/idx/arx/1901.03945
https://doi.org/10.1515/ans-2023-0136
https://doi.org/10.1515/ans-2023-0136
http://msp.org/idx/mr/4747991
https://doi.org/10.1515/ans-2023-0159
http://msp.org/idx/mr/4870155
https://doi.org/10.1515/ans-2014-0202
http://msp.org/idx/mr/3194354
mailto:chenlu5818804@163.com
mailto:guozhen.lu@uconn.edu
mailto:zhumaochun2006@126.com
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Anna L. Mazzucato  Penn State University, USA
alm24 @psu.edu

Clément Mouhot ~ Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Massimiliano Berti ~ Sc. Intern. Sup. di Studi Avan., Italy Frank Merle  Université de Cergy-Pontoise, France
berti @sissa.it merle @ihes.fr
Zbigniew Btocki  Uniwersytet Jagielloriski, Poland William Minicozzi II  Johns Hopkins University, USA
zbigniew.blocki @uj.edu.pl minicozz@math.jhu.edu
Yu Deng  University of Chicago, USA Omar Mohsen  Université Paris-Cité, France
yudeng @uchicago.edu omar.mohsen.fr@gmail.com
Thierry Gallay  Université Grenoble Alpes, France Igor Rodnianski  Princeton University, USA
Thierry.Gallay @univ-grenoble-alpes.fr irod @math.princeton.edu
David Gérard-Varet  Université de Paris, France Xavier Ros Oton  Catalan Inst. for Res. and Adv. Std., Spain
david.gerard-varet@imj-prg.fr xros @icrea.cat
Colin Guillarmou  Université Paris-Saclay, France Nicolas Rougerie  ENS Lyon, France
colin.guillarmou @universite-paris-saclay.fr nicolas.rougerie @ens-lyon.fr
Ursula Hamenstaedt  Universitédt Bonn, Germany Yum-Tong Siu  Harvard University, USA
ursula@math.uni-bonn.de siu@math.harvard.edu
Sebastian Herr ~ Universitit Bielefeld, Germany Jian Song  Rutgers University, USA
herr @math.uni-bielefeld.de jiansong @math.rutgers.edu
Peter Hintz ETH Zurich, Switzerland Xavier Tolsa  Catalan Inst. for Res. and Adyv. Std., Spain
peter.hintz@math.ethz.ch xavier.tolsa@uab.cat
Vadim Kaloshin  Institute of Science and Technology, Austria Gunther Uhlmann  University of Washington, USA
vadim.kaloshin@gmail.com gunther @math.washington.edu
Carlangelo Liverani ~ Universita degli Studi di Roma Tor Vergata, Italy Andrés Vasy  Stanford University, USA
liverani @mat.uniroma2.it andras @math.stanford.edu
Jonathan Wing-hong Luk  Standford University Jim Wright  University of Edinburgh, UK
jluk@stanford.edu jr.wright@ed.ac.uk
Richard B. Melrose  Massachussets Inst. of Tech., USA Maciej Zworski  University of California, Berkeley, USA
rbm@math.mit.edu zworski@math.berkeley.edu
PRODUCTION

production@msp.org

Silvio Levy, Scientific Editor

Cover image: Eric J. Heller: “Linear Ramp”

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2026 is US $500/year for the electronic version, and $780/year (+$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley,
CA 94701-4004, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2026 Mathematical Sciences Publishers


http://msp.org/apde
mailto:alm24@psu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:yudeng@uchicago.edu
mailto:Thierry.Gallay@univ-grenoble-alpes.fr
mailto:david.gerard-varet@imj-prg.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:herr@math.uni-bielefeld.de
mailto:peter.hintz@math.ethz.ch
mailto:vadim.kaloshin@gmail.com
mailto:liverani@mat.uniroma2.it
mailto:jluk@stanford.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:omar.mohsen.fr@gmail.com
mailto:irod@math.princeton.edu
mailto:xros@icrea.cat
mailto:nicolas.rougerie@ens-lyon.fr
mailto:siu@math.harvard.edu
mailto:jiansong@math.rutgers.edu
mailto:xavier.tolsa@uab.cat
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 19 No.3 2026

A sharp trace Adams inequality in R* and existence of the extremals
Lu CHEN, GUOZHEN LU and MAOCHUN ZHU

Singularities of the Chern—Ricci flow
QUANG-TUAN DANG

The existence of topological solutions to the Chern—Simons model on lattice graphs
BoBO HUA, GENGGENG HUANG and JIAXUAN WANG

Entropy maximization in the two-dimensional Euler equations
MICHELE COTI ZELATI and MATIAS G. DELGADINO

Norm-variation of triple ergodic averages for commuting transformations

POLONA DURCIK, LENKA SLAVIKOVA and CHRISTOPH THIELE
Compactness results for sign-changing solutions of critical nonlinear elliptic equations of low
energy

HUSSEIN CHEIKH ALI and BRUNO PREMOSELLI

413

449

485

505

539

587



	1. Introduction
	2. The best constant for the trace Adams inequality
	3. Blow-up analysis
	3.1. Polyharmonic truncation functions
	3.2. Neck analysis

	4.  A test functions argument and the proof of 0=theorem.41=1.1
	Acknowledgement
	References

